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Abstract

It is vital to consider invariant measures of dynamical systems induced by partial differ-
ential equations with irregular coefficients because of their application and importance in
applied and pure mathematics. This thesis investigates the existence of invariant measures

for the Lasota equation in threefold.

Firstly, we consider a special choice of the coefficients using the interpolation theory. We
show that the law of the Liouville Fractional Brownian Motion with the Hurst parameter
H is an invariant measure of the Lasota equation with the drift coefficient a(x) = x
and the multiplication parameter A = H — % Secondly, we study the existence and the
uniqueness of mild solutions and prove the existence of invariant measures to the linear
Lasota equation assuming only some basic properties of the coefficients a and c. Lastly,
we consider the nonlinear Lasota equation and study the existence and the uniqueness of
a global mild solution with a new set of assumptions for the coefficient ¢ and prove the

existence of invariant measures.
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Chapter 1

Introduction

1.1 Overview

The concept of an invariant measure is an essential topic in mathematics and mathematical
physics, particularly in Partial Differential Equations (PDEs) and Dynamical Systems. It
is mostly simulated or modelled using differential equations. In modern mathematics,
both applied and pure, it is important to consider PDEs with irregular coefficients. In the
physical system, the importance of invariant measures appears in the Liouville Theorem.
The existence of an invariant measure is one of the problems in many PDEs. One of the
most important well-known evolution equations is called Lasota equation. The Lasota
equation is important due to its properties and applications. For instance, its nonlinear
version describes the process of differentiation and reproduction of the population of red
blood cells depending on the concentration of hormones at a specific stage. It is important
to study the behavior of the solution and the properties of such equation. Many authors
have studied the solution and the properties of the equation under different assumptions,
for instance, in such work of [7], [6], [27], [42], and [43].

A starting point of our deliberations is a result from the monograph [27] that the law of the
Brownian Motion is an invariant measure for the Lasota equation when the multiplication
parameter A = % The first objective of this thesis is to investigate what happens when
A #£ % We find that the law of the Liouville Fractional Brownian Motion with the Hurst
5. This is

achieved by using fractional integral and derivative operators. In particular, we show

parameter H is an invariant measure for such an equation when A\ = H —

that the two semigroups {gt}tzo corresponding to A = % + « on the fractional Sobolev
space (H*?[0,1] and {S;}i>0 corresponding to A = % on space LP(0,1), commute via
the fractional derivative D® and fractional integral I* maps. Our work is motivated by
the following principle. Suppose we know an invariant measure to one semigroup on one

Banach space and we have another Banach space with another semigroup for which those

1



Introduction 2

two semigroups are ”commuting” in an appropriate sense, then the new semigroup has
also an invariant measure. A such generalisation can massively help to understand more

PDEs and their properties in more complicated spaces such as interpolation spaces.

One of the fundamental questions to be asked about nonlinear evolution equations is the
existence and uniqueness of the solutions. Thus, in the second objective of this thesis, we
address this question and assume sufficient conditions for the coefficients of the Lasota
equation to find the existence and the uniqueness of mild solutions. Moreover, we study
the large-time behavior of the solutions. Studying such solutions along with proving the
existence of nontrivial invariant measures and their properties make our work in this thesis
more rigorous than Rudnicki in [43]. We study a nonlinear Lasota equation under certain

assumptions of the coefficients a and c¢. Our main equation is the following problem
ou(t, x) ou(t,x)

o U,
u(0,x) = ugp(z), x € [0,1]

= c(u(t,z)), t >0, z €0,1] (1.1.1)

where, ug € OC([O, 1],R). We consider first in Chapter 4 the linear part of the above
problem. We assume natural assumptions where the drift coefficient, i.e., the function a
is continuous and satisfies the so-called Osgood condition and the function ¢ = X - u, for
some A > 0, is constant. We prove the existence and the uniqueness of mild solutions
by using the characteristic method. In particular, we prove that a natural family of
linear operators associated with equation (1.1.1) with ¢ = 0, is a Cy-semigroup on an
appropriately chosen Banach space E = (C([0, 1]). Moreover, we characterise the domain
of the infinitesimal generator of this semigroup. Furthermore, we prove the existence of
an invariant measure under these natural assumptions and study some properties related

to this measure.

In the following Chapter 5 we generalise the linear case to be a nonlinear case and assume
our function ¢ to be Lipschitz on balls and of dissipative type. We prove the existence
and the uniqueness of mild solutions and analyse the property of these solutions. We
also provide an explicit solution by using the characteristic method. This solution allows
us later to study the operator’s properties, which guides us to prove the existence of an
invariant measure to the nonlinear Lasota equation with irregular coefficients. We prove
the existence of the invariant measure by following a similar path presented by Rudnicki
in [41]. We first define two Banach spaces E and Y with two semigroups. Then we
find a stationary process (in our case the Ornstein-Uhlenbeck process) in the space Y.
This process induces an invariant measure for the shift semigroup on the space Y. This
measure on Y induces a measure on the space E which turns out to be invariant for the

semigroup on F.
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1.2 Thesis Structure

This thesis comprises six chapters, including the introduction, we describe them as the

following.

In Chapter 2, we give basic definitions and notations that are necessary to make this
thesis well-contained. These preliminaries contain some definitions and results (presented
without proof) about linear operators, semigroup theory with some applications, random
variables and stochastic processes with values in Banach spaces, and probability measures

in Banach spaces.

In Chapter 3, our main work is motivated by a result presented in the monograph [28] by
Lasota and Mackey in 1981. We generalise the existence of the invariant measures for the
dynamical systems generated by a first-order PDE. Then, we construct this generalisation
by studying the Lasota equation with different parameters. In other words, we extend the
parameter to any parameter between % and % using the interpolation theory. Firstly, we
prove the existence of invariant measures for a special case if &« = 1, i.e., we consider the
spaces LP(0,1) and (H Lp (0, 7). Next, after we tested our method on the special case we
extend the result for o to be any value between (0, 1), i.e, (H*?(0,T). In the chapter the
drift coefficient a(z) in the equation (1.1.1) is equal to = and the function c(u) is linear

of the form Au.

Chapter 4 is devoted to studying the question of the existence and the uniqueness of a
solution to a first-order PDE. In particular, we study a more general case of the equation
presented in Chapter 3 when the coefficient a(x) is no longer equal to x but is allowed to
be irregular. We assume that a is only continuous and satisfies the Osgood condition. We
consider a linear case of Lasota equation, i.e., when ¢(u) = \-u, for some A > 0. We prove
that our PDE has a unique mild solution defined via characteristic methods corresponding
to the Ordinary differential equation (ODE). In particular, we show that the ODE has a
unique globally defined solution until —oo, i.e., the solution will be defined on (—o0, 0].
After having established the well-posedness of the equation, we employ methods developed
by Rudnicki [43], when the coefficient a was assumed to be a function of C!-class, to
prove the existence of invariant measures using a new set of assumptions and we prove

this measure satisfies some property.

Chapter 5 extends what we started in Chapter 4 by considering the nonlinear case under
new assumptions on the coefficient ¢. We assume that the function ¢ is Lipschitz on balls
and of dissipative type and we prove the existence and the uniqueness of mild solutions.
We also analyse the properties of an appropriate solution. Moreover, we use rigorously
the notion of a classical solution to prove the representation Theorem 5.35. Next, we

prove the existence of an invariant measure under our assumptions for the coefficients a
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and c. At the end of the chapter, we discuss our main contribution concerning the paper

by Rudnicki [43].

In Chapter 6, we present related future research questions that are revealed to some of

our main results in the thesis.



Chapter 2

Preliminaries

This chapter introduces the most important preliminaries in different topics in mathe-

matics that are used in the rest of the thesis in general.

2.1 Functional Analysis

Functional Analysis is an abstract branch of mathematics that arose from Classical Anal-
ysis. Some described it as infinite-dimensional Linear Algebra along with analysis [44]. Tt
heavily relies on vector spaces among other concepts such as metric space and topology.
Since this thesis depends on functional spaces, we provide fundamental definitions and

some basic theorems that are intensively going to be used.

2.1.1 Banach spaces

A Banach space is a normed vector space that is complete, see [44]. It is named after
Polish mathematician Stefan Banach who introduced it for the first time and studied it
systematically in the 1920s. We state in this section the most important definitions and

properties related to Banach spaces.

Definition 2.1. Assume that X is a real vector space. A real-valued function || - || on X
is called a norm if and only if for any x,y € X and for all & € R, the following properties
hold

L ||zl >0 (positivity),

2. ||z] =0 2=0 (definiteness),

3. |laz|| = lafllz]|  (homogeneity),



Preliminaries 6

4. ||z +yl < ||zl + llyl|  (triangle inequality).
Definition 2.2. A Banach space is a complete normed vector space.
Remark 2.3. A Banach space is a metric space and hence a topological space.
Definition 2.4. A topological space (for more detail see [46, Chapter X]) is called sepa-

rable if it has a countable dense subset.

In the following example, we provide the most important separable Banach space, which
we use throughout this thesis in fact our space is (C'([0, 1]). Proofs related to this example

are made available in Appendix B.1.

Example 2.5. Assume that a,b € R such that a < b. The space X = C([a,b]) which
defined by the following formula

= Cla,b] ={f : [a,b] = C : f is continuous }. (2.1.1)
1 a separable Banach space with a norm defined by

If[l' = sup [f(z)]. (2.1.2)

z€a,b]

Similarly, the space E = (C([a,b]) :=={f : [a,b] = C : f is continuous : f(a) =0} is also
a separable Banach space with the norm defined on (2.1.2). Moreover, the space E is a

closed subspace of the space X, see Lemma B.2.

Definition 2.6. Assume that X is a normed vector space. A function f : X — X is

called continuous at x if
Ve>0 36>0:ze X, ||z -2 <d=|f(x)— flzo)| <e.

If f is continuous at all z € X, then f is said to be continuous in X.

The following definition is taken from monograph [40], see Definition 7.17.

Definition 2.7. A function f : [a,b] — R is called absolutely continuous if for every
€ > 0 there exists § > 0 such that for any finite family of intervals I; = (a;,b;), 1 <j<n
which are pointwise disjoint, (J;_y» I; C [a,b] and 7%, |I;] <0,

Z|f flaj)l <e.

We also recall [40, Theorem 7.20].
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Theorem 2.8. If a function f : [a,b] — R is called absolutely continuous, then f is
differentiable at almost all points with respect to the Lebesgue measure of the interval [a, b],
the derivative function f' belongs to the space L'([a,b]), and the following Fundamental
Theorem of Calculus holds

Yy
f(y)—f(sc):/ F)dt, a<z<y<b

Definition 2.9. Assume that (X,d) and (Y, p) are two metric spaces. A function f :
X — Y is called continuous at x € X if for any ¢ > 0 there exists 6 > 0 such that if

d(z,y) <6 for then p(f(z),f(y)) <e.

Definition 2.10. Let {x,}5°; be a sequence of elements of a metric space (X,d). We

say that the sequence {z,}>° converges to z € X if
Ve>03N = N.:VYn> N then d(z,,z) <e.

We write lim, o0 £, = .

Definition 2.11. A sequence {z,}>; of elements of a metric space (X,d) is called a
Cauchy sequence if and only if for any € > 0 there exists N. € N such that for all
m,n > N then d(z,, z,) < €.

Definition 2.12. We say a metric space (X,d) is complete if every Cauchy sequence in

X is convergent.

Theorem 2.13. Assume that (X,d) and (Y,d) two metric spaces. Assume for every
n € N the function f, : X =Y is a continuous function and { fn}n>0 converges uniformly

to a function f on the same metric space, then f is also continuous.

Definition 2.14. Let f, : X — Y,n € N, where X is a set and (Y, d) is a metric space.
We say f, — f uniformly if and only if for any € > 0 there exists IV such that for all
n € N € N such that

d(fn(z), f(x)) <e, forevery xe€ X.

The following Theorem is called Sandwich Theorem for functions [46], which is related to

the limits of functions and it is very useful in proving some properties.
Theorem 2.15. Assume that I C R and a is an accumulation point of I. Let f,q,h :

I — R be functions such that g(x) < f(z) < h(z) for all x € I. If

g(z) = L and h(x) — L, then f(x)— L.

as T—a as T—a as T—a

Definition 2.16. A vector space endowed with an inner product is called Hilbert space.
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Definition 2.17. Let (X, d) be a metric space and M is a subset of X. We say that M

is compact if every sequence in M has a convergent subsequence with the limit in M.

Definition 2.18. Suppose that (X,d) is a metric space and the set A C X. Then, we
say that A is dense set in X if and only if for every z € X and every r > 0 there exists
y € A such that d(y,x) < r.

An equivalent definition to Definition 2.18 is the following:

Definition 2.19. Let (X,d) be a metric space. Then, a set D C X is dense set if and

only if for every x € X there exists a sequence {z,,} C D such that z,, — =.

Theorem 2.20. Let (E,d) is a metric space, a set A C E be dense in E, and that
ACBCE. Then BC E is dense in E.

Proof of Theorem 2.20. Let x € E, suppose > 0 is given. Since A is dense in F then
there exists y € A such that d(x,y) < r. Since A C B, then y is also in B. Hence B is
dense in F. O

Definition 2.21. Let (X,|| - ||) be a Banach space and let D C X be a dense linear
subspace of X. A linear map A : D — X is called closed in X x X if and only if the
graph(A) is closed, i.e., if (z,, Ax,) — (z,y) € X x X, where z,, € D, then z € D and
y = Ax.

2.1.2 Linear bounded operators

Knowing the general form of bounded linear functional in various spaces is very important.
Part of our work is mainly based on operators, and therefore, in this section, we introduce
some definitions and general properties of linear operators between two normed vector

spaces.

Definition 2.22. Let X,Y be vector spaces over R. A function T : X — Y is called a

linear transformation (or mapping) if for any «, 5 € R and z,y € X
T(aw + By) = aT(x) + BT(y).

Definition 2.23. Let T be a function from a set X to aset Y and B C Y. The inverse
image of B is defined by

T YB):={zxec X:T(x) € B}.
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Definition 2.24. Assume that X,Y are two normed vector spaces. f T: X — Y is a
linear function then T is called bounded if and only if there exists a real number C > 0
such that

[T ()| < Cllzfl, =€ X.

The following theorem plays an important role in proving some properties of linear oper-
ators on Banach spaces.
Theorem 2.25. [40, Theorem 5.4] If (X, -|) and (Y, | - ||) are two a normed vector
spaces and f : X — Y is a linear operators, then the following are equivalent

1. f is bounded,

2. f is continuous, i.e., continuous at every a € X,

3. f is continuous at one point of X.
The following two theorems are important results in the proofs related to Sobolev spaces
which are discussed in Section 2.3.2.

Theorem 2.26. [10, Theorem 6.2 ] If X and Y are two normed vector spaces and f :
X =Y is a linear and bounded (i.e., continuous) map, then the ker f is a closed subspace
of X, where

ker f ={z € X : f(z) =0}.

Theorem 2.27. [37] If (X, | - ||x) is a Banach space andY C X is a closed subspace of
X endowed with norm |ly|ly == ||lyllx, y € Y, then (Y, || - ||y) is also a Banach space.

Lemma 2.28. [37] Let X with norm ||-|x be a separable Banach space and Z be a linear

subspace of X. Let us endow Z with the norm inherited from X, i.e.,
|z]|z := [lz]|x, =€ Z

Then Z with norm || - ||z is a separable normed vector space.

Definition 2.29. Let X and Y be two Banach spaces. A linear map T : X — Y is called

an isomorphism if it is bijective and bounded and its inverse T~! : Y — X is bounded.

Definition 2.30. A map T : X — Y is called embedding if it is an injective continuous

map.

Corollary 2.31. Let X,Y,Z and E are Banach spaces and f : X =Y, g:Y = Z and

h:Z — E are isomorphisms, then ho go f is also an isomorphism and

(hogo f)™ = flogton™
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2.2 Measure Theory

Measure theory is a very important concept in mathematics, especially in analysis. Some
functions do not behave well under integration and their limits may not exist. Such
problems can be addressed by the measure theory which provides more general frameworks
to cover these problems. In this section, we introduce the basic notation of measure theory
including a brief introduction to the Lebesgue and probability measure. We will give more

information regarding the invariant measure in Chapter 3.

2.2.1 Probability measure

Definition 2.32. Let () be any non-empty set. A collection F of subsets of 2 is called a
o-field (or o-algebra) on Q if the following conditions are satisfied

L. 0eF,

2. F is closed under complements, i.e., if A € F then A € F,

3. F is closed under countable unions, i.e., if Ay, Ao, ... € F, then U;A; € F,

4. if Ay, Ag,... € F, then N;A4; € F.

Definition 2.33. The Borel o-field over a metric space (X,d) is the smallest o-field
containing all open sets of X and we write B(X). In particular, B(R) is the smallest

o-field on R that contains all open (or equivalently closed) subsets of R.

Proposition 2.34. Suppose X,Y are topological spaces with topologies denoted by top(X)
and top(Y'). Let B(X),B(Y) denote the Borel o-field on X,Y respectively, i.e.,

B(X) = o(top(X)) and B(Y) = o(top(Y)).
If a map f: X =Y is continuous then f is B(X)/B(Y) (Borel) measurable, i.e.,
f~YB) e B(X) forevery B e B(Y).

Definition 2.35. Let F be a o-field on 2. A probability measure on F is a function
P: F — [0,1] such that

2. if {A;}5°, € Q are pairwise disjoint sets (that is A; N A; = () for ¢ # j), then

Pl A =) P4
i=1 =1
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The triple (€2, F,P) is called a probability space, where §2 is the non-empty set, F is o-field
on €2, and P is the probability measure. The sets that belong to F are called events.

Definition 2.36. Let (2, F,P) be a probability space. A function £ : Q@ — R is called a
random variable or measurable if and only if £(A)~! € F for every A € B(R).

Definition 2.37. A stochastic process is a family £ = {£(t),t € T} of random variables
&(t) parametrized by t € T, where T C R.

The following definition is classical and we follow here Definition 1.1 from the book [31].

Definition 2.38. Suppose (2, F,P) is a probability space. A stochastic process w =
(w(t)) >0 18 called a Brownian Motion (BM for short) if and only if the following conditions
hold

1. w(0) = 0 almost surely, i.e., there exists a set ; € F such that P(2;) = 1 and for
all w € Q1, w(0,w) =0.

2. w has independent increments, i.e., if 0 < tg < t1 < --- < t, < oo, the random

variables w(tg), w(t1) — w(ty), w(ta) — w(ty), - ,w(t,) — w(t,—1) are independent.

3. if 0 < s < t then w(t) —w(s) is N(0,t—s), i.e., w(t) —w(s) has a normal distribution
with parameters p = 0 and 02 =t — 5. In other words, w(t) — w(s) is an absolutely

continuous random variable with density

_z2

1 _—a®_
Pr—s(r) = ——=e2t=9), x € R.

(2m)(t — s)
4. The trajectories [0,00) 5 t — w(t) are, almost surely, continuous functions.

Theorem 2.39. [13, Theorem 6.2] Suppose that (w(t))t>0 s a Brownian Motion on a
probability space (, F,P). Let Ay, A, ..., A, € B(R), for example A1 = (a1,b1), A2 =
(ag,b2),.... Let 0 <ty <ty <---<ty. Then

P({w € Q:w(t)(w) € A, w(t2)(w) € Az, ..., w(ty)(w) € Ap})

= / .. / Dty (21)Dtg—t, (T2 — T1)pey — t2(x3 — x2) .. . Dty —t,—1(Tn — Tp—1) dTp . . . dxy.
Ay An

In Chapters 4 and 5, we use the following sophisticated property mentioned in the book
by [31, Theorem 5.1] of the BM called the law of iterated logarithm. We write down the

presentation here as the following theorem.

Theorem 2.40. Let (w(t))i>0 be a Brownian motion. Then, almost surely,

t
lim sup —|w( ) =1
t—oo  +/2tloglog(t)



Preliminaries 12

2.2.2 Lebesgue measure

Definition 2.41. Let F be a o-field on a set 2. A measure p is a function
o F — [0, 00]
that satisfies the following conditions.

L u(®) =0,

2. if {A4;}52, € Q are pairwise disjoint sets (that is A; N A; = 0 for i # j), then
p[JAi] =D wA).
i=1 i=1

The measure p could be finite and we write p(2) < oo or infinite we write u(£2) = oc.
Moreover, the triple (£2, F, 1) is called measure space, see e.g. [2], p. 161 and/or Definition
1.3.5 in [4].

Definition 2.42. A set X C R is called Lebesgue measurable or simply measurable if for

any elementary set F, we have that
w(ENX) + p(E\ X) = p(E).

The set of all Lebesgue measurable subsets of R will be denoted by L(R).

Definition 2.43. If M is a subset of R such that M = UfZIPZ- for some pairwise disjoint

intervals Py, - Py, then M is called an elementary set.

Definition 2.44. The Lebesgue measure on B(R) is a unique [0, co]-valued measure
m : B(R) — [0,00] such that m([a,b]) = |b—a|, foralla,b € R,a < b Note that:

m([0, 00]) = oo.

Definition 2.45. The Lebesgue measure on £(R) is the unique [0, co]-valued measure
my, : L(R) — [0, 00] such that my ([a,b]) = [b—al, forall a,b € R,a <b.

It can be proved that the measure m from Definition 2.44 is the restriction of the measure
m from Definition 2.45, i.e., m(A) = mp(A) for every B(R).

Definition 2.46. A measurable space is a pair (£, F), where € is a non-empty set and
F is a o-field of subset of €, [2], p. 161 and/or Definition 1.2.3 in [4].

For any element S € F we say that S is a measurable set.

Usually, authors introduce the notion of a strongly measurable X-value function but we

do not do this because of the following corollary
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Corollary 2.47. If X is a separable Banach space then the classes of strongly measurable

functions and Borel measurable functions are equal.

2.2.3 Gaussian measures in Banach spaces

Definition 2.48. A Gaussian measure y on R is either concentrated at one point p = d,,

or has a density

1 7(z—m)2
f(x):\/ﬁe 2, relR

for some ¢ > 0 and m € R. Such a measure is denoted by .4 (m, q).

Definition 2.49. A Borel measure p has a density f(z) if and only if function f is a
Borel measurable and for every A € B(R)

H(A) = /A f(z) da.

Let (2, F,P) is a probability space. A density, if it exists, of random variable £ : @ — R

is a Borel measurable function f : R — [0, 00) such that
P e A) = / f(x)dx, for every A € B(R).
A

Definition 2.50. Suppose that (w(t))t>0 is BM. We define a cylinder set in the space

E=,C(0,1]) by ' ={x € E:z(t1) € A1,---x(t,) € A,}, where
O<ti<ta<---<t, <1 and A; <--- < A, € B(R).

The family of all cylinder sets is denoted by cyl(E). The law of BM is the unique Borel
probability measure p : B(E) — [0, 1] such that for every I' € cyl(E)

w(l) = / / Pey (1) Pty—ty (T2 — 1) - Pty —t,—1 (T — T — 1) dy, - - - day.
A An

Definition 2.51. Gaussian measure on a Banach space. Let E be a separable Banach
space with B(E) the Borel o-field. A probability measure p : B(E) — [0, 1] is called a
Gaussian measure on the space F if and only if the law of an arbitrary linear functional

¢ € E* is a Gaussian measure on (R, B(R)).

Proposition 2.52. The law of Brownian motion is a Gaussian measure on the space
E=,C([0,T])
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2.3 Lebesgue and Sobolev Spaces

Function spaces, in particular, L” and Sobolev spaces, are considered fundamental tools
in modern analysis such as partial differential equations (PDEs). The importance of these
spaces appears from the completeness property of the space which helps us to do analysis
and find the existence of solutions. In this section, we are not considering the whole
theory of such spaces instead, only properties that are useful and directly related to this

thesis are given.

2.3.1 Lebesgue spaces

In this subsection, we assume that p to be the Leagues measure on £(Ry). All definitions

in this section are valid if Ry is replaced by any Borel subset of R, for instance, R4 = [0, 1]

Definition 2.53. We say that a function f € £P(u) = £P(R4) if and only if

1. The function f: R4 — R is Lebesgue measurable,

2. fR+ |f(x)[Pdu(x) < 0.

Definition 2.54. Let f € LP(R4, 1), we define the equivalence classes of f as the follow
flv=1f1={9€LP:g~ [}

Any function g € [f]~ is called a representative of [f]~.

Definition 2.55. If 1 < p < oo, we define LP space to be the space of all equivalence

classes of measurable functions f : Ry — R such that

3=

1 fllzrry) = (/01 |f(:6)|pud(x)> < 0.

Definition 2.56. If f € LP(Ry,pu) we can define the norm of the equivalent class of

function f as follows

L1~y = 1 f1lp = </R+ [ (@)[? du(ﬂf)> '

Definition 2.57. Let X be a separable Banach space. We say that f € L} (R;;X) if

loc

and only if

1. f: R4 — X is measurable, and

2. f[OT] |f(s)|x ds < oo, for every T > 0.
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Now we state a theorem without proof that contains two basic inequalities called Holder

and Minkowski inequalities. The proof of this theorem can be found in [40, Theorem 3.5].

Theorem 2.58. Let p,q € [1,00) such that % —}—é = 1. Assume that f: Ry — [0,00) and
g : R — [0,00) are Lebesgue measurable functions. The first one is called the Hélder’s

and it is as follows

[ s@aterdu < ( @ du)’l’( e du>;- (231)

The second one is called Minkowski and it is as follows

(Lrsora) = (frias) +( fromw)

Theorem 2.59. The space LP(R4, ) is a Banach space.

The proof of this theorem can be found in [40, Theorem 3.11]. LP(R,,u) spaces are
important examples of Banach spaces. We use these spaces later in Chapter 3. Note that
the elements in the space LP are equivalent classes, and we suppose that all the elements
in LP are not equivalent classes but functions because if it is true for functions it follows

that it will be true for equivalent classes.

2.3.2 Sobolev spaces

As we mentioned before Sobolev spaces are a very useful concept in partial differential
equations. Specifically, the existence of a solution with more nice properties. The solution
of differential equations if it exists normally belongs to Sobolev spaces. Before we go
through the most important definitions and properties of such spaces we need to shed light
on notation called weak derivatives. This notation is a generalization of the derivative of
functions. Therefore, in this subsection, we start by setting up the definition of a weak
derivative. Most of the results in this section have been taken from [5]. We start by
setting up some notations. Let I C R be an open interval (or open set). We define the

space CZ°(I) as follows:

C*(I) = {¢: I — R such that ¢ is infinitely differentiable and there
exists a compact interval K C I : ¢(z) =0if = ¢ K}.

Definition 2.60. Assume that I C R is a Borel subset. A function u € L!(I) if and only

if u: I — R is Lebesgue measurable and

/I ()| du(z) = /R () 11 (&) dp() < oo,



Preliminaries 16

where
x, ifxel

0, ifedgl

]l[(.’IJ) =

Definition 2.61. A function u € L}, (I) if and only if u : I — R is measurable and for

every K C I compact interval,

| lut@)ldute) < .
K

Definition 2.62. Let u,v € Li (I). We say that v = Du (i.e., v is the weak derivative

loc

of u) if and only if for any function ¢ € CZ°([1),

[ @ @dnt) = (<) [ o(@)ota)dnto)

1 1

We now point out the basic definitions and properties of Sobolev spaces. From now on

we consider the interval I to be (0,1).

Definition 2.63. Let p € [1,00). We say that « € H'P(0,1) if and only if the function
u is continuous, f(o 0 |ulPdp < oo and there exists a function v : (0,1) — R, which is
Lebesgue measurable such that f(o 1 |[v[Pdp < oo, and Du = v (in a weak sense). The

space H'?(0,1) is called Sobolev space.

For a function u € HP(0,1) we define the norm in the space H*(0,1) as follows

lllpron = [ du+ [
(0,1) 0,1

1
| DulP du} 3 (2.3.2)

; 1)

Note: By definition above, the norm [|u|| ;1.5 (o 1) is finite.

Proposition 2.64. /5, Proposition 9.1] The space H'?(0,1) with norm defined by (2.3.2)

s a separable Banach space.

In the following, we introduce an equivalent definition to the Definition 2.63 which is an

important tool.

Definition 2.65. The space ﬁl’p(O, 1) is the space of all functions u € C([0, 1]) such that

the weak derivative Du of function u exists and Du € LP(0,1) .

The norm of the space H 1’p(O, 1) for any function wu is given by

p

Theorem 2.66. The space ﬁl’p(O, 1) with norm defined in (2.3.3) is a Banach space.
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It is important to say that those two spaces are equal and their norms are equivalent as

we formulate in the next result.

Theorem 2.67. H'?(0,1) = f]l’p(O7 1) and the norms are equivalent, i.e., there exists

C >0, such that for every u € H'*P(0,1) we have

1
E||U||H1m(o,1) < ||U||g1m(0,1) < CHUHHLp(o,l)'
Definition 2.68. The space (H'*(0,1) is defined as follows
oH'"P(0,1) := {u € H"?(0,1) : u(0) = 0}. (2.3.4)

Remark 2.69. Since H'?(0,1) = fIl’p(O, 1), the equality (2.3.4) makes sense.

Theorem 2.70. The space OHl’p(O, 1) is a closed subspace of the space H17p(0, 1). Equiv-
alently, the space 0Hl’p(O, 1) is a closed subspace of the space ﬁl’p(O7 1).

Corollary 2.71. The space 0H1’p(0, 1) is a Banach space with norm defined in quality
(3.1.3), i.e.,

lull gyt oy = el srncony

However, on this space (H Lp (0,1) we can introduce a different norm which is

1 v
llll 201y = (/O |Duypdx> = ||Dul| 0,1y for all u € oH"P(0,1). (2.3.5)

This norm allows us to state the following theorem.

Theorem 2.72. The space 0Hl’p(O, 1) endowed with norm |||ul|| (0,1 18 also a Banach
0

0,1
space. Moreover, the norms |||ul| HbP(0,1) 9d ||| Hir(o1) 0re equivalent. That is, there
0 ’ 0 )

exists C' > 0, such that for every u € 0Hl’p(O7 1)

1
GHUHOHLP(OJ) S H|U‘HOH1’p(O,1) S C”uHOHLp(OJ).

From Definitions 2.63, 2.65 and Theorem 2.67, we deduce the following property

HY(0,1) c C([0,1]). (2.3.6)

2.3.2.1 Bochner Integral

We do not define the Bochner integral here see for more details [49, Chapter V], Here we

only need the following useful result.
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Corollary 2.73. [49, Corollary 1] Assume that X is a separable Banach space. If a
function f : (a,b) — X is Borel measurable and the function (a,b) > r+— || f(s)||lx € R is

integrable, then f is Bochner integrable and
f(s)ds S/ F()|l+ ds.
1], @ales [ 5ol

2.4 (Cy-Semigroups

The most important set of preliminaries to mention in this Chapter is related to the theory
of semigroups in Banach Spaces. Semigroups can be used to solve some problems in PDEs.
In this section, we first give a number of definitions and identify related properties. Next,
we give the well-known result called the Hille-Yosida Theorem which helps to find the
infinitesimal generator of the strongly continuous semigroup. Finally, we provide some
examples of Cy-semigroups and some applications. Most of our materials in this section

are inspired by Pazy [33].

2.4.1 Definitions and properties

Definition 2.74. Let X be a Banach space with a norm ||-||x and let {S;}¢>0 be a family
of bounded linear operators from X to X. Then {S;};>¢ is called a strongly continuous
semigroup of bounded linear operators on the space X (or shortly Cy-semigroup on X)) if

and only if the following conditions are satisfied:
1. So =1 (where I is the identity element on X),

2. Spys = 51Ss  for every t,s € [0,00), and

3. IStz —z||lx =0 as t—0, for every z € X.

Sometimes we write S(¢),¢ > 0 to denote the semigroups instead of {S;}+>0.

Definition 2.75. A Cp-semigroup {S;}+>0 on a Banach space X is called a contraction
semigroup if and only if ||S|| < 1, for every ¢ € [0, 00).
It is called a uniformly bounded semigroup if and only if there exists M > 1 such that

||Se]] < M for 0<t< 0.

Corollary 2.76. [33, Corollary 2.3] If {St}t>0 is a Co-semigroup on a Banach space
X, then for every x € X the trajectory of the semigroup {St}i>0 starting at x, i.e., the
function

u:Ry =1[0,00) 3t Stz e X
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1S continuous.

Definition 2.77. If {S;}:>0 is a Cp-semigroup on a Banach space X, then we define

S —
D(A)={ze X : lim T oxists 1
t—0t
. S—a
and we put Az = lim , if z € D(A).
t—0+ t

A is called the infinitesimal generator of the semigroup {S¢}+>0, and D(A) is the domain
of A.

Remark 2.78.
The following theorem is one of the important results in the theory of semigroups and it

has been used in many places in mathematics. The proof of the theorem can be found
in [33, Ch. 1, Theorem 2.4].

Theorem 2.79. [33] Assume that {S(t)}i>0 is a Co-semigroup on a Banach space X
and let A be the infinitesimal generator of the semigroup. Then we have the following

properties hold:

1. Ift>0,z€X
t+h

,ﬁii% ) T(s)xds =T(t)x.
2. Fort >0,x € X
/ T(s)xds € D(A) and A(/ T(s)xds) =T(t)x — .
0 0
3. Ifx € D(A) and t >0, then T(t)x € D(A) and A(T(t)z) = T(t)(Az).
4. If x € D(A),

T(t)x — T(s)a = / t T(r)Az dr = / t AT (r)z dr.

5. D(A) is a dense subspace of X.

2.4.2 Useful examples of Cy-Semigroups

In this section, we present examples and applications of different Cy-semigroups in differ-
ent Banach spaces that are related to our work. We prove the first example in this section

with details, and all other models can be proved similarly.
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Example 2.80. Let X = LP(0,1), where 1 < p < oo. Define
(Tyx)(s) = x(se™"), z€ X, s€[0,1), t > 0. (2.4.1)

The family {Ti}i>0 is a Co-semigroup on the space LP(0,1), Moreover, {Ti}i>0 is a Cy

contraction type semigroup on LP(0,1), i.e., precisely the following inequality holds,

i
I Til 2(zro,1)) < €?, for every t > 0. (2.4.2)

Proof of Example 2.80. We need to check first if T} is 1) linear, and 2) bounded operator
before we dive in to prove the conditions of Cp-semigroup listed in the Definition 2.74.

First, regarding the linearity of T3, let z,y € LP(0,1) and s € R, o, 5 € R, then we have

Tilax + By)(s) = law + Byl(se™) = ax(se™) + By(se ™) = aTua(s) + BTuy(s)

Thus, the operator T; is linear for every ¢ € (0,1). For the boundedness, let us choose and
fix t > 0. For any z € LP(0,1). By applying the norm in the space LP(0,1) and changes

of variables we have

—t

&
HTt$HLP01) / |z (se |pds—et/0 |z ()|pdr<e/ |z (r |pdT—€t|£U|Lp01

Hence, T; is bounded and
i
T2l ey < €, >0 (2.4.3)

Now we verify the three conditions of the Definition 2.74 of Cy-semigroup. Regarding the
first condition, for any = € LP(0,1) and any s € (0,1) we have Tyz(s) = z(se?) = z(s), so

Ty = I. Regarding the second condition, for every r,;t > 0, and for any « € R we have
(TTv)(s) = [Ti(Ty))(s) = (Tr)(se ") = w(se~Pe ") = w(se” 7)) = (Typ,)(s).

Hence, T;T, = Tii,. Regarding the third condition, we need to show that [Tz —
Tl rpo1) — 0 ast — 0, for all z € LP(0,1). We consider two steps. For the first
step, we assume that the function x is more regular, which means that x is a Lipschitz

function. Then. for every ¢t € (0,1) we have

1
[T =0 = [ lotse™) = alop s

By considering our assumption above that function x is Lipschitz, with change of variables

we get

1 1 1
|Tix — x||P = / |z(r) — x(s)|Pds < / LP|se™t — s[Pds = LP | |se™' — s[Pds.
0 0 0
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To check if the expression above converges to zero, we consider two cases. The first case,

if p=1 then

1 1 1
1
L/ |se! —s\ds:L/ \s\(l—e_t)ds:L(l—e_t)/ |s|ds = §L(1—e_t).
0 0 0

So we proved that
1
0<|Tix — x| < L[§(1 —e .

Therefore, by the Sandwich Theorem 2.15 we get
lim ||Tix — z|| = 0.
t—0

In the second case, if p > 1, we have

| —0

1
¢ —t
0T —alp = 17 [ (1= s s = (1= O[]

For the second step of proving the continuity of Cy-semigroup condition, we consider the
set of Lipschitz functions is dense in LP(0,1). Let us choose and fix x € LP(0,1) and
€ > 0. Then, there exists a Lipschitz function y : [0,1] — R such that ||z — y|» < 5.
Since the function y is Lipschitz, by step 1 we can find §; > 0 such that

g .
\Tty—y]<1 if te[0,61).

5
Moreover, we can find d2 > 0 such that er < 2. Put § = min{d1,d2}. Then, if t € (0,9),
then by inequality (2.4.3), we get

[Tz — 2l Lr0,1) < |Te(® = y)|pr0,0) + 1Ty — Ylreo,) + 1y — 2loe(0,1)
5
=e?|x =yl + Ty — Yloro,n) + 1Y — Zlr0,1)

<2§+E+§—5
T4 4 4 7

By this, the third condition of Cy-semigroup follows.

Hence, we proved that the family {7;};>¢ of linear bounded operators defined on the

equation (2.4.1) is a Cp-semigroup on the space LP(0,1). O

Example 2.81. Let X = LP([0,00)) = LP. We define for t > 0,
[T fl(z) = f(t+ =), feLl xel0,00).

Then the family {T};}1>0 on the space LP is a Cy-semigroup of contraction.

It is straightforward to check that all the conditions in the Definition 2.7/ are satisfied.
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Example 2.82. Let X = (C([0,1]). Define
[Siz](s) = eMa(se™), z€ X, s€(0,1),t>0. (2.4.4)

Then the family {Si}i>0 is a Co-semigroup on the space X, in fact, This semigroup is

contraction type.

Proof of Example 2.82. We need to prove directly that the family {S; }+>¢ is a Cp-semigroup
on space X. Before proving that {S;}:>0 is a Cp-semigroup we need to attest if S; is well-
defined and for every ¢t > 0, S; : X — X is a linear bounded operator. Respectively, the
following checks these properties. For the first property, we need to show that if x € X
then Syz € X. Denote y = Syz. By the formula in the equation (2.4.4), we denote the
family of semigroups by y(s) = e*z(s), where z(s) = x(se™?), for every s € [0,1]. To
prove that y € X, it is sufficient to prove that z € X, because e* is just a constant. First
we notice that 2(0) = x(0e™*) = z(0) = 0. Secondly, we need to check if the function z
is continuous. One easy way to consider z as a composition of two functions as follows
z = x o @, where

©:[0,1] 3 s+ se " €]0,1].

Since the function ¢ is linear then it is continuous. Hence, we infer that z is also continuous
as a composition of two continuous functions (z from our assumption belongs to the space
X), see Theorem 4.7 in [39].

For the second property (that is, the linearity), let z,y belong to the space (C'(]0, 1]), and
a, 8 € R, then we have

Silax 4 By)(s) = eMax + By(se™!) = aSpx(s) + BSiy(s).

From that, we deduce that S; is a linear operator. For the boundedness of S;, let us fix

t > 0 then we have

ISell ,coa) = sup [(Six)(s)| = sup |eMz(e's)| =M sup |z(e's)|.
s€[0,1] s€[0,1] s€[0,1]

After Using a change of variables we get

I1Sez]l ooy = € sup [a(o)] < e sup |z(o)| = |

|zl o o.1)-
c€[0,et] c€[0,1] oC([0:1])

By that, we have found that S; is a linear bounded operator. After checking the properties
of the operator S; we now attest if the family {S;};>0 is a Cp-semigroup on the space
0C([0,1]). The first two conditions are apparent. For the third condition of Cyp-semigroup,
we need to verify the Cp-continuity property. In other words, for every = € ,C([0,1]), we

have ||Siz — z|| c(o1) — 0 as t — 0. Before commencing the proof of this condition,
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we prepare the reader for the following remarks. We notice that since z € ;C([0, 1]), then
x is continuous. Also, the function x is bounded, that means, for every s € [0, 1] there
exists a constant M > 0 such that |z(s)| < M. Furthermore, because the interval [0, 1] is

compact, then x is uniformly continuous, i.e.,
Ve'>0 3¢ >0: if |jr—s/ < then |z(r)—a(s) << (2.4.5)
To verify the third condition, our aim is for any € > 0 we need to find 4 > 0 such that
0<t<d= S —z|,cqu <€

Let t > 0, s € [0, 1], then we have

1Se(s) — 2(s)ll (o)) = leMa(se™) — x(s)]
Ma(se™t) — eMa(s) + eMa(s) — x(s)]

< eM|z(se™t) — x(s)| + [ — 1||z(s)| < - - (2.4.6)

First, we consider the first part of the equation (2.4.6). Since the function z(s) is uniformly

continuous, we need to check that |s — se™!| < §’. In other words,
|s —se | =s||l —e7 | < |1 —e7.

We know from [39, Theorem 8.6] that the function ¢ — e~* is continuous, in particular,

continuous at 0. So, let §” > 0 such that
0<t<d =let—e0 <.

Therefore, we infer that for every s € [0, 1] we have

0<t<d =|s—se <. (2.4.7)
By using the equation(2.4.5) with ¢’ = £, we can find ¢’ > 0 such that
2 (r) — z(s)| < Z it |r—s| <. (2.4.8)

Hence, we deduce from the equation (2.4.7) and the equation (2.4.8) that for every s €
[0, 1] the following

0<t<d,se0,1] then |z(se”?) — z(s)| <

IS



Preliminaries 24

At

Moreover, since t — e is continuous and 0 — e = 1, then we have

35" >0: eM<2if0<t <.

To conclude the first part of equation (2.4.6), if 0 < ¢ < min{d’,§"”} then for every
s €10, 1] we have
e €

Mz(se™) —x(s) < 2- 1= (2.4.9)

Regarding the second part of equation (2.4.6), notice that the function ¢ — (eM —1)is

also continuous and 0 — (e*® — 1) = 0. So, there exists 6" > 0 such that

0<t<§ =M1 < ﬁ (2.4.10)

By substituting equations (2.4.9) and (2.4.10) in the RHS of equation (2.4.6) and because
x is bounded we have. Then, if 0 < ¢t < min{d’, ", 5"}, then for every s € [0, 1]

+LMS

[Sa(s) —(s)] < 5 + 5 5

| ™

To sum up, we proved the following

Stz — x| ooy = sup [|Stz(s) —z(s)]| <e.
s€[0,1]
Hence we proved that the family {S;};>¢ that was defined on equation (2.4.4) is a Cp-
semigroup on the space (C([0,1]). O

Theorem 2.83. A family {Ti}+>0 is defined by
(Tyx)(s) = x(se” "), for any s € (0,1),t >0 (2.4.11)

is a Co-semigroup on the space (C1([0,1]).

This theorem is a special case of Example 2.82 and the proof can be done in a similar way

to that example.

Remark 2.84. The Cp-semigroup on the space (C([0,1]) from the previous Theorem
2.83 was denoted by symbol {7} }+>0. The Cp-semigroup on the space OHl’p(O, 1) from the
Theorem 2.85 below is denoted by the same symbol {7} }+>0. But these are different objects
because they are defined in different Banach spaces. Nevertheless, these two semigroups
agree on the smaller of these spaces. In the following Example 2.92 the former semigroup

will be denoted by {T ¢ }+>0. With this notation, the following condition holds:

Ty(z) = Ty(z), for every z € (C*([0,1]), for all ¢ € [0, 00).
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Theorem 2.85. A family {1;}+>0 defined by the equation (2.4.11) is a Cy-semigroup on
the space 0Hl’p(O, 1), which has been defined in equation (2.3.4) Moreover, {T;}1>0 is a

Cy-semigroup of contractions on the space 0Hl’p(O, 1).

Proof of Theorem 2.85. In order to prove that the family {7};}+>0 is a Cp-semigroup on
the space 0H1’p(0, 1), firstly we need to verify that for each ¢ > 0, the operator 7} is a
well-defined linear bounded operator.

Regarding the well-defined property, we need to show that:
if ze  H"P0,1) = Tae H"0,1).
First of all, suppose that x € 0Hl’p(O, 1), and denote y = Ty, i.e.,
y(s) = z(se™) for every s € [0, 1].

We need to show that the function y belongs to the space 0H1’p(0, 1); and to do that, the
function must satisfy all conditions in the definition of the space (H Lp (0,1). That is, we

need to show the following
1) y € C([0,1]) and y(0) =0
2) the weak derivative Dy exists and Dy belongs to space LP(0,1).

The first two conditions are straightforward. To prove the second condition, let Dx be a

weak derivative of the function z and let us put
z(s) := e {(Dx)(se”?), s€]0,1].

Since Dx € LP(0,1), we easily can check that z € LP(0,1) as a multiplication of two
measurable functions [39]. The aim is to prove that Dy = z. However, it is sufficient to

verify only the following equation
/ 2(s)p(s) ds = / y(s)¢'(s)ds, ¢ € CX(0,1). (2.4.12)
(0,1) (0,1)
Let us choose and fix ¢ € C2°(0,1). Then, by the above definition of function z, we get

/(0,1) 2(s)9(s) ds = / e '(Dz)(se™")o(s) ds

(0,1)

—t [ (Dose o) ds = -
(0,1)
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To calculate the last integral, we use changes of variables as follows o = se™* € [0,e7].

Note do = e~'ds, then we obtain
= [ (Do) do
(0,e7t)

Because z is weakly differentiable (Dz = x) and function ¢ € C2°(0, 1), then we can move

the derivative to the other direction as follows

d tO' g = — $J€t/€t0' g
== [, Hegecen = [ a()ld(o)a

—— [ alse s =~ [ ys)6(s)d,

(0,1) (o,

By that, we proved the equation (2.4.12). Thus, the verification of the second condition
is complete, and as a consequence y € (H Lp (0,1), and therefore, the operator T} is well-
defined. Regarding the second main property (boundedness and linearity of the operator
Ti), it can be proved in a similar way as in Example 2.80. Moreover, the family {7} }+>0
is a contraction Cy-semigroup. After showing that the operator T; is well-defined, linear
and bounded, we are now able to verify whether the family {T}}:>0, which was defined
by in equation (2.4.11), is a Cy-semigroup on space (H Lp (0,1). The first two conditions
are trivial. For the Cp-continuity condition, we take x € jH Lp ([0,1]), and then check the
following

T = ]| gy = 0 & t = 0. (2.4.13)

To prove the equation (2.4.13) is satisfied, we use the definition of the norm in the space
o LP([0,1]) defined by equation (2.3.5) and we consider two steps. The first step is to
attest the continuity condition when 2 € ,C([0,1]), which is a subspace in the space
o 2(]0,1]), see Example B.1. Then, in the second step we use the density of space
,C([0,1]) in (HP([0,1]).

Regarding the former, we assume that € ;C*([0,1]). Let t > 0, then we have

b P P
iz =l oy =1 | 145 atse™) =a(e)" as)"
1
:[/0 le'a'(se™") —$/(S)’p ds]l/p (2.4.14)

Since 2 € ,C([0,1]), there exists 6 > 0 such that

2
0<t<é = |eta'(se™") —2'(s)] < ?6

By substituting the last equation with the equation (2.4.14), we obtain

L9 1/p 2e
| Thx — x||OH1,p(071) S[/o }§|p ds] < ‘E‘p.
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Hence we proved that

|Tix — z|| w0 as t—0 (2.4.15)
0

0,1)

Regarding the latter step, the following result is known. One can prove this by slightly
modifying the proof of Lemma 6.1 from the book [23].

Lemma 2.86. The space (C([0,1]) is a dense subset of the space 0H1’p(0, 1). Moreover,

the natural embedding' (C*(]0,1]) — OHl’p(O, 1) s continuous.

Recall that we aim to prove equation (2.4.13). For this aim, we need to choose and fix

T € OHl’p(O, 1) and £ > 0. So, we want to find § > 0 such that

if 0<t<d then |Tiz—z| o (0,1) < €
0 El

By Lemma 2.86 we can find y € ,C'([0,1]) such that

€

Iz = yll v 1) < 3¢ (2.4.16)
By the equation (2.4.15) applied to the function y we can find § > 0 such that
. €
if 0<t<d then |Ty— yHOHLp(O’l) < 3 (2.4.17)

From the boundedness property, equations (2.4.16) and (2.4.17), we infer that if 0 < ¢ <6,
then

= E&.

W ™

e €
||El‘ - m”OHl’p(O,l) S g + 5 +
So we verified that
if 0<t<d then |Tix— Q:H()Hl,p(m) <e.

Hence, the family {7}}>0 of linear bounded operators defined in the equation (2.4.11) is
a Cp-semigroup in the space 0Hl’p(O, 1). O

Theorem 2.87. If {T;}1>0 is a Cy-semigroup on a Banach space X then a family {Si}i>o0
defined by Sy = eMT, for every t > 0, i.e.,

Syx = eMTyz, fort >0, AeR and z € X, (2.4.18)

is also a Cy-semigroup on the Banach space X.

!By this we mean the map (C([0,1]) 3 z +— z € (H"?(0,1).
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Before we embark on the proof of this result let us formulate the above result in terms of

the infinitesimal generators, see [33, Proposition 1.4].

Theorem 2.88. If {T;}+>0 is a Co-semigroup on a Banach space X with the infinitesimal
generator A, then the infinitesimal generator B of the family {S;}+>0 which defined by
equation (2.4.18), satisfies the following equality

B=A+\, e,

D(B)=D(A), and Bx = Ax+ Az, = € D(B)

Proof of Theorem 2.87. We assume that X is a Banach space, A € R and that {T}}:>0
is a Cp-semigroup on X. It is obvious that for each ¢ > 0, S; : X — X is well-defined,
linear and bounded. Moreover, for the Cp-semigroup conditions, the first two conditions

are easy to check. For the third condition, we need to prove the following
30>0:|Six—zx|x -0 as t—0.
Let x € X and by using the definition (2.4.18) of the Cp-semigroup {S;}+>0 we have
1S — x|x < Ty — z|x + | — 1]|z|x. (2.4.19)

Starting with the first term of the RHS of equation (2.4.19). Since the function ¢ — e
is continuous and 0 — €% = 1, then there exists 6’ > 0 such that eM < 7- By the
assumptions that {7} };>0 is a Cp-semigroup, then there exists 6” > 0 such that [Tz —z| <
£. Hence if 0 <t < min{d’, 6"}, then we have

MTyr — ) < <. (2.4.20)

| ™

For the second term of equation (2.4.19), the function z is continuous, and therefore,

bounded. As a consequence, we have for every s there exists a constant M > 0 such that

lx(s)] < M. (2.4.21)

We notice that t — (e*) is also continuous and 0 — (e"\) = 0. Thus, there exists 6"/ > 0

such that
€

2M°
Now after all this verification we substitute the equations (2.4.20), (2.4.22) and (2.4.21)
in the RHS of the equation (2.4.19) to get the following

leM — 1| < (2.4.22)

]St:c—aclxgg—i—ﬁ-M:s.
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Hence, if 0 < t < min{d’, 6", 6"} then | Sz — 2| < e. To conclude, we proved that
lim |Six — z|x =0 for every =z € X.
t—0

As a result, {S;}>0 is a Cp-semigroup in the Banach space X. O

The next example is a generalization of Example 2.80.

Example 2.89. Let X = LP(0,1) and {Si}i>0 is a family of bounded linear operators
defined on X as follows
Syx(s) = eMa(se). (2.4.23)

Then {Si}i>0 is a Co-semigroup on the space X.

Proof of Example 2.89. According to Theorem 2.87 it is sufficient to consider the case
A = 0. However, when A = 0, Sy = T3, for t > 0, where T; was defined in Example 2.80.
Moreover, we already proved in Example 2.80 that {7} }+>0 is a Cp-semigroup in the space
Lr(0,1).

[
Corollary 2.90. The family {St}+>0 that defined by the equation (2.4.23) is a Cy-semigroup

on spaces (C1([0,1]) and OHl’p(O, 1).

Proof of Corollary 2.90. According to Theorem 2.87 it is sufficient to consider the case
A = 0. However, when A = 0, from Theorem 2.83 and Example 2.82 we infer that
{S;}+>0 is a Cp-semigroup on the space (C'([0,1]) and in Theorem 2.85 that {S;};>0 is a
Co-semigroup on the space (H Lp (0,1). This completes the proof. O

2.4.3 ()-Semigroups and applications

This section contains some abstract theorems related to the Cy-semigroup on Banach
spaces. Also, we provide named spaces to apply those abstract theorems. The first

abstract result that we state in this section is a result of generalising the Theorem 2.83.
Theorem 2.91. Suppose that X and Z are Banach spaces satisfying the following as-
sumptions.

(i) Z C X is a dense subspace,

(ii) the embedding Z — X is continuous, that is, there exists a number M; > 0 such

that for every z € Z the following inequality holds |z|x < Mil|z|z.
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Assume that {T; }1>0 is a family of linear operators on X such that the following assump-

tion is satisfied.

(I) for every t € [0,00), T} is linear bounded operator on X and there exists My > 0
such that

sup [|Til|z(x) < Mo.
t€(0,1]

Assume that {Tt}tzo is a family of linear operators on Z such that the following assump-

tions are satisfied.

(a) if z € Z and t € [0,00), then Tz = T,z. In other words, T, is the restriction of Ty
to the space Z.

(b) The map Ty is a bounded linear map on Z.

(c) The family {Tt}tzo is a Cy-semigroup on Z.

Then, the family {Ti}i>0 is a Co-semigroup on the space X .

Proof of Theorem 2.91. The aim in this proof is to verify that {T}}:>0 is a Cp-semigroup
on space X. That means, three conditions need to be checked according to the Defini-
tion 2.74. Regarding the first condition, we need to show that Ty = Ix, where Ix is the
identity map on the space X. We notice that since {Tt}tzo is a Cy-semigroup on the space
Z we infer that Tp = I 7z, where Iz is the identity map on the space Z. From assumption
(a) we infer that
To(z) = Ty(z) = =, for every z € Z.

Since by assumption (i) above Z is a dense subspace of X and T : X — X is a linear
bounded operator, we infer, see e.g. [36, Theorem 1.7], that Ty = Ix. Regarding the
second condition, i.e. Tiy, = Ty, for every s,r > 0, we know that this condition is
satisfied in space Z, i.e. THT =TT, s,r > 0. Since Z is a dense subspace of X, by using
assumption (a) and [36, Theorem 1.7], we can deduce that this condition is also satisfied.
Regarding the Cy continuity, which is the third condition, let us choose x € X. We want
to prove that

%g% |Tix — x|x = 0. (2.4.24)

Let us take ¢ > 0. By assumption (i) there exists z € Z such that

[ —2lx < ; c (2.4.25)

(1+ M)

By assumption (c) there exists § > 0 such that

~ €
0<t<d = |Thz— —_—
<t< |Tiz Z‘Z<2M1
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After the above few verifications, now we apply the triangle inequality and assumption

(a) to the equation (2.4.24) to get the following

Tz —z||x =|Tiwe—Tiz+Tiz— 2+ z — x|x
<|Tix — Tiz|x + |Tiz — 2z|x + |z — z|x

<|Ti(z — 2)|x + |z — z|x + |Tiz — 2| x. (2.4.26)

By taking the first term and last them of the equation (2.4.26) and applying assump-

tions (I) and (ii), we get the following two equations:
ITi(x — 2)||x < Mollz — 2||x, t<1, (2.4.27)
and by assumptions (ii) and (a) we have
Tz — z||x < Mi|Tyz — 2|z = Mﬂf}z — 2|z, z€Z, t>0.

Finally, by substituting the equations (2.4.25) and (2.4.27) in the equation (2.4.24) pro-
vided 0 <t < J A1l:=min{d, 1} and we obtain the following

Tz — z||x = (14 Mo)|x — z|x + Mi|Tiz — 2|z

g g g )
< (1+ M, M-S <SS,
s M)sa g "M S2te T

Hence we proved that
0<t<min{f 1} = |Tzx—z|lx <e.

Hence, we proved the Co-continuity of the semigroup {7} }+>0. As consequence, the family

{T};}+>0 is a Cp-semigroup on the space X. O

In the following example, we show how one can apply Theorem 2.91 to produce a new

proof of the Cy-continuity from Theorem 2.85.

Example 2.92. This example shows how one can use the abstract Theorem 2.91. Let us

consider two specific spaces defined as follows
X = H"P(0,1) and Z = C([0,1]).

Firstly, let us note that by the Sobolev Embedding Theorem, see Lemma 2.86, assump-
tions (i) and (it) are satisfied. Let {T;}1>0 be the family defined by formula (2.4.11) in
Theorem 2.85 on the space X. Let {T}}s>0 be the family defined by formula (2.4.11) in
Theorem 2.83 on the space Z. Note that in that Theorem this family was denoted by
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{Ti}t>0, see Remark 2.84. By using Theorem 2.85 it follows that the assumptions regard-
ing the family {T}}4>0 in the abstract Theorem 2.91 are satisfied. Using Theorem 2.83 it
follows that the assumptions regarding the family {Tt}tZO in Theorem 2.91 are satisfied.
By Remark 2.8/ the assumption (a) is also satisfied. Hence we conclude that the family

{T:}i>0 is a Co-semigroup on the space X, as claimed.

The real power of the abstract Theorem 2.91 will be seen later when we prove a similar
result in the fractional Sobolev spaces.

Before ending this section, we provide important results. This result is a special case
of a known theorem called Calderon-Lions interpolation Theorem [30]. The purpose is
to show that one can apply Theorem 2.91 to produce a new result by using Calderon-
Lions interpolation Theorem. In the following theorem X, resp. Y, for a € [0, 1], are
the interpolation space between Xy and X7, resp. Yy and Y7, which are introduced in
Appendix IX.4 in the book [30].

Corollary 2.93 (Calderon-Lions Interpolation Theorem). [30, Theorem IX.20] Assume
that Xo, X1, Yo and Y1 are four complex vector spaces with norms denoted by | - |x,,
|- |x1, |- vy and | - |y, respectively. Suppose also that X1 C Xo and Y1 C Yy densely
and continuously. Suppose that Ty € L(Xo,Yp) and Th € L(X1,Y1) with the following
properties:

Tox = Tix for every x € X7. (2.4.28)

Denote

Mo = |Tollz(xo,v5) and My = |Tillzx, v1)-

Then the following holds.
(i) For every a € (0,1) we have Tox € Yy, if x € X4.

(ii) Denote by T, the restriction of the operator Ty to the space X, with range Y,. By

assertion (i), Ty 18 a linear map from X, to Y.

(i4) The map Ty : Xo — Yo is bounded and || Tyl z(x, v,) < My~ My

Remark 2.94. [30] Let us write down the previous result, i.e., Corollary 2.93, in a slightly
less rigorous way.

Assume that X, X1, Yp and Y7 are four complex vector spaces with norms denoted by
|“|x0, |- |x15 |- vy and |- |y, respectively. Suppose also that X; C X and Y7 C Y) densely
and continuously. Suppose that T € £(Xo, Yy), i.e. T is a bounded linear map from Xy
to Yy such that 7" maps the space X7 to the space Y7 and, the restriction of T to X is a
bounded linear map from X; to Y.

Denote

My = HT”L(XO,YO) and M = HTHL(Xl,YI)-
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Then the following holds.

(i) For every t € (0,1) we have
TreY,if z € X;.

(ii) The restriction of the operator T' to the space X; with range Y; is a bounded linear
map from X; to Y; and
IT | 2ox, sy < Mo~ "M,

Theorem 2.95. Assume that 0 < o < 1 and p > 1. Then the family {T;}+>0 defined

in (2.4.11) is a Co-semigroup on the space (H**(0,1), i.e.,

(i) for every t >0, if x € (H*?(0,1) then Tyx € ;H*?(0,1), the map
H(0,1) 3 2 — Ty € (H*P(0,1)
is linear and bounded,
(ii) Tox = z for every x € (HP(0,1),
(iii) Tyysx = Ty (Tsz) for every x € (H*P(0,1) and all t,s € [0, 00),
(iv) lim¢so4 [Thw — | gor1y = 0.

Proof of Theorem 2.95. To prove that the family {T;}+>0 is a Cp-semigroup on the space

oH*?(0,1), we use Theorem 2.91. We choose the following notation
X = H*(0,1), Z=,H""(0,1).

Assume that the Cp-semigroup {Tt}tZO on the space X is the semigroup from Theorem
2.85. We need to show that family {7} }+>0 on the space X satisfied relevant assumptions
of the abstract Theorem 2.91. For this purpose, to prove condition (i) we begin with the

following important auxiliary result.

Lemma 2.96. The condition (i) of Theorem 2.95 is satisfied.

Proof of Lemma 2.96. Let us choose and fix t > 0. We apply Calderon-Lions Interpolation

Theorem, see Corollary 2.93. For this purpose, we choose the following spaces

Xo =Yy = LP(0,1)
X, =Y; = H"(0,1),
Xo =Yy =gH*(0,1) 1= [LP(0,1), (H"(0,1)]a.
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Let Tp be the linear and bounded map 7} from the space LP(0,1) to LP(0,1), see Ex-
ample 2.80. Let 77 be the linear and bounded map 7; from the space H Lp (0,1) to
o 7(0,1), see Theorem 2.85. Since these maps are defined by the same formula (2.4.11)
we infer that assumption (2.4.28) from Corollary 2.93 is satisfied. We can also easily verify
all other assumptions of that Corollary 2.93. Therefore, we conclude that the map T,,
defined as the restriction of the map Ty to the space X, with range in X, is a bounded

linear map and moreover,

Tl oix.) < My~ Mg,

where

Mo = ||Toll£(xo) and My = [|T1]| (xy)-
On the other hand, by Example 2.80 and by Theorem 2.85, we have

D]

My = eé and My = et

Hence, we deduce that

ITulloex. < G

Thus, the proof of condition (i) is satisfied. O

Regarding the conditions (ii) and (iii) the proof of these conditions is a consequence of the
abstract Theorem 2.91. For condition (iv), i.e., the Cy-continuity we apply assumptions
of Theorem 2.91 and make sure that they are satisfied. According to equation (3.1.5) in
Corollary 3.10, the assumptions (i) and (ii) in Theorem 2.91 are satisfied. Moreover, in
Theorem 2.85 we have already checked that assumptions (b) and (c) are hold. Regarding
the assumption (I) we proved in the above Lemma 2.96 that T}, is a bounded linear map
(T, is the restriction of the map Tp to the space X, with range in X, is a bounded linear
map). According to assumption (i) in Theorem 2.91 and [36, Theorem 1.7] we infer that
assumption (a) in the abstract Theorem 2.91 is hold. Since all the assumptions of the
abstract theorem 2.91 is satisfied we deduce that {T}}:>0 is a Cp-semigroup on the space
X = H*?(0,1). O]

2.4.4 Hille Yosida Theorem and applications

Definition 2.97. Let X be a Banach space over R and A : D(A) — X is a linear operator
with the domain D(A), which is a subspace of X. Then, we define the resolvent set of A
as the set of all real numbers \ which satisfy the following two conditions

1. \I — A: D(A) — X is a bijective,

2. (Al —A)7!': X — X is bounded.
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We denote the resolvent set by p(A).

Remark 2.98. Condition 1 of Definition 2.97 implies that for every A € p(A), the inverse
(M — A)~! exists and is a bijection from X onto the set D(A). In particular,

D(A) = Range((A\ — A)71), for X € p(A). (2.4.29)

The following Theorem is called the Hille-Yosida Theorem for a Cp-semigroup of contrac-

tions.

Theorem 2.99. [33/

(1) If{S(t)}+>0 is a Co-semigroup of contractions on a Banach space X and if A denotes

the infinitesimal generator of this semigroup, then

(i) A is closed and D(A) is dense in X.
(ii) (0,00) C p(A) and ||[(A] — A)~Y| < %, for every A > 0. Moreover

(M — A7 f = /Oo e M, fdt, feX. (2.4.30)
0

(II) If A is a linear operator on a Banach space X with domain D(A) such that conditions
(i) and (ii) above are satisfied, then there exists a Cy-semigroup of contractions

{S(t)}t>0 such that A is the infinitesimal generator of this semigroup.

The above result can be easily modified to include contraction type semigroups.

Corollary 2.100. Assume that {S(t)}+>0 is a Co-semigroup of contraction type on a

Banach space X, in particular there exists v € R such that
S| < e, t>0.
Let A be the infinitesimal generator of this semigroup. Then the following hold.

(i) A is closed and D(A) is dense in X;

(ii) (y0,00) C p(A) and for every \ > ~,

(AI—A)—lfz/ooe—Mthdt, feX, [[M-AY<
0

> =

The identity (2.4.30) is a byproduct of the proof of the above Theorem given by Pazy
see [33, Ch. 1, Theorem 3.1].
The following Lemma is an important result that can be used to prove the infinitesimal

generator of the semigroups.
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Lemma 2.101. Assume that A is a densely defined linear operator in a Banach space

X. Assume that X belongs to the resolvent set p(A). Then
(i) (I — 3A)™! exists and is bounded and
1
Iy = (I - XA)—l = AR(\, A). (2.4.31)

(ii) )\(J,\ — I) = AJ)\, and
Jy— AR\ A) =1. (2.4.32)

Proof of Lemma 2.101. The first part is the consequence from the assumptions. Regard-
ing the second part (i), let A > 0, also ; > 0. From the first part of (i) we infer that the

inverse (I — +A)~! exists and bounded. Defined J\ = (I — +A4)~!, then we have

Jy = (I — %A)—l = (%)\I - %A)_l = [%(AI — )] = AR, A).

Hence we proved equality (2.4.31).
To prove part (ii), we multiply both sides of the equality (2.4.32) by A then we get the

following train of identities
)\JA — )\AR()\,A) =\ = )\J)\ — AJ)\ =\ — )\(J)\ — I) = AJ)\.

Regarding the second equality of part (ii), since A € p(A4), (M — A)(M — A)~! = I,
therefore, we infer that
MR A) — AR(M A) = 1.

So we deduce that equality (2.4.32) is satisfied. By this the proof of Lemma 2.101 is
complete. 0

Proposition 2.102. Assume that p € [1,00). Let {Ti}+>0 be a Cy-semigroup on the
Banach space X = Lp([O, oo)), defined

T ]() = f(t + ), =€ [0,00), t>0.

Let us denote by A the infinitesimal generator of this Cy-semigroup. Then the following
holds.

1. D(A) ={f € L?([0,00)) : Df € LF([0,00))}, where D is the weak derivative.

2. Af =Df, for fe D(A).

To prove Proposition 2.102, we first need to prove the following three auxiliary results:
Claims 2.103, 2.104, and 2.105.
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Claim 2.103. Let us assume the assumptions and notation from Proposition 2.102. If
the function f € Lp([O, oo)) and the number \ > 0, define a function gy € Lp([(), oo)) by
the following formula

gx =AM —A)7Lf. (2.4.33)

Then -
aa(z) =\ / L(0,00) (t — 2)e =) f(1) dt, 2 € [0, 00). (2.4.34)
0

Proof of Claim 2.103. Let us choose and fix number A > 0. We begin by observing
that since A > 0, by the Hille-Yosida Theorem, see Theorem 2.99 part (I), the map
(M — A)~! = R()\, A) exists and by identity (2.4.30) is satisfied. Take function f €
LP(]0,00)). Since R(A, A) = (A\I—A)~! is bounded linear operator, we define Jy : LP — LP
is also a bounded linear operator. Assume that gy = Jyf € LP[0,00). Moreover, since
R(A,A) is linear, then we have gy = AR(A, A)f = R(\, A)(A\f). Hence, the function
gx € RangeR(\, A). Since (AI — A)R(\, A) = I, we infer that the RangeR(\, A) C D(A).
Thus, g) € D(A). From our assumption of function gy, we have

g = IS = AR\ A)f = )\/ e M f dt.
0

Hence, for every = € [0,00) we have

(@) = A /O T T (@) di = A /0 T M (4 3 dt. (2.4.35)

By invoking the changing of variables of the above equation (2.4.35) as follows t' = t+z =
t=t' —x,t € [x,0) and dt = dt’, we obtain

(gA)(x) = (Inf)(x) = A /OO e ADp () dt = A /Ooo L(0,00) (t = 2)e A7) £(2) dt.

Therefore, we proved that

ga(x) = A /0 T one(t— D) D f(@ydt, w0, 00).

So the proof of the Claim 2.103 is complete. O

Claim 2.104. Let us assume the assumptions and notation from Proposition 2.102. As-
sume that f € LP([0,00)) and A > 0 and the function gy € LP(][0,00)) be defined by
equation (2.4.33). Then g is weakly differentiable on [0, c0) and the weak derivative Dgy
of g, satisfies the following equality

Dgx = —Af + Aga. (2.4.36)
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Proof of Claim 2.104. Let us choose and fix f € LP([0,00)) and A > 0. Let g\ €
LP([0,00)) be defined by equation (2.4.33). By the previous Claim 2.103, g, satisfies
identity (2.4.34). We aim to show that g, is weakly differentiable on [0, 00). Let us recall
that if the weak derivative exists it is unique [22, Ch-V Lemma 1]. We guess that the
following choice of function hy is good hy = Agyx — Af. Since by assumptions f € LP[0, c0)
and by identity (2.4.33) function gy is also belongs to LP[0, 00), we infer that the function
hy defined above, also belongs to LP[0,00). So, it is sufficient to show that for every
¢ € C§° we have

/ " g (@)¢' (@) du(z) = A / " F@)d(e) dulz) — X / T @é(@) du(z).  (2437)
0 0 0

To prove the above equation (2.4.37), let us take and fix ¢ € C§°. Note that by using
equation (2.4.34) we have

| m@o@de= [T I3 [ gt =) 0 ) )¢ ) da

It follows, by applying the Fubini Theorem [28, Theorem 2.2.3] to the double integral on
the RHS above we infer that

- )¢ () dx = - - —x e_’\(t_z) /(x) dx
/() g)\( )(b( )d )\/O f(t)[/o 1(0700)(1’L ) ¢( )d ]dt
= e M te’\x (x) dx] dt. 4.
)\/O f(t) [/0 @' (z)d ] t (2.4.38)

Note that, by using integration by parts for the second integral of equation (2.4.38) we
get

/t e’\ztb’(m) dx = e’\tgb(t) — e’\ogb(O) — )\/t e/\xqb(z) dx.
0 0

Since the function ¢ has a compact support in the interval (0,00), we infer ¢(0) = 0.

Hence

/ M (x) dx = eNo(t) —/ e Mo (x) da. (2.4.39)
0

0

Next we substitute equation (2.4.39) in the second integral of equation (2.4.38) we get

* / _ > Py B te,\x ) d

/0 or(2) () dx = A /0 (e M [Mo(t) /0 AN () da] dt
= > — ~ t e M=) () de] dt.
A/O (1) dt A/O f(t)[/A o(x) de] dt

0



Preliminaries 39

By introducing an appropriate indicator function and then using the Fubini Theorem
again for the right-hand side we obtain
00 t o] 00
/ Ol / Ae M=) () dor] dt = / FO)[A / 1(0,00) (t — 2)e 2" g(2) d] dt
0 0 0 0
= / o(x) [)\/ L(0,00) (t — 2)e M) F () dt] dz.
0 0

Note that according to identity (2.4.34) in Proposition 2.104

A [ ot =) M ()t = ga(a). @ € (0.50)

Therefore,
/O 03() (z) dz = A /0 f(@)é(x) dz — A /0 ox(2)o(z) d.

Thus we proved equality (2.4.37) and this completes the proof of the Claim 2.104. O

Claim 2.105. Let us assume the assumptions and notation from Proposition 2.102. As-
sume that f € LP([0,00)) and A > 0 and the function gy be defined by equation (2.4.33).
Then the function gy belongs to D(A) and satisfies

Agx = Dg,.

Proof of Claim 2.105. Let us choose and fix A > 0 and f € LP(]0,00)). Let us consider
the function gy be defined by equation (2.4.33). If follows from the Claim 2.104 that
Dgy € LP([0,00)). Also, since by identity (2.4.29) in Remark 2.98, Range((A — A)~') C
D(A) and since gy = A(A — A)~f € Range((A — A)~'), we deduce that g\ € D(A).

So we have proved the first part of our Claim. Moreover, by equation (2.4.33) we have

Agy = ANM — AL f = AT f
=M= I)f = Af = Af = Aga — Af.

On the other hand, by identity (2.4.36) in Claim 2.104 we infer that Dgyx = Agx — \f.
Therefore, we infer that Agy = Dgy. Hence, the proof of Claim 2.105 is complete. O

After we proved necessary Claims 2.103, 2.104 and 2.105, it is now possible to embark
with the proof of Proposition 2.102.

Proof of Proposition 2.102. Let us recall that A is the infinitesimal generator of the Cp-

semigroup {7};}+>0 on the space LP([0,00)). Our aim is to prove that properties 1 and 2



Preliminaries 40

are satisfied. Let us choose and fix an auxiliary number A > 0. Let us denote
V= A{f e LP([0,00)) : Df € L¥([0,00))}.
First we prove that D(A) C V and
Ag = Dg, for every g € D(A). (2.4.40)

Let us choose and fix an arbitrary g € D(A). Then, by the Hille-Yosida Theorem and
by identity (2.4.29) in Remark 2.98, D(A) C Range((A — A)~'), as well as by Lemma
2.101 part (i), we infer that there exists f € LP(]0,00)) such that

g=If=AM-A)"f.

In other words, because of the definition (2.4.33) of the function gy, ¢ = g). Hence
We proved that if ¢ € D(A) and A > 0 then there exists f € LP([0,00)) such that
g = Jaf = MM — A)71f, that means, g = g). From Claim 2.104 we infer that the
function g is weakly differentiable and Dg € LP(]0,00)). That proves that g € V. Also,
by Claim 2.105, we infer that Ag = Agy = Dgy = Dg what proves the equation (2.4.40).
Secondly, we need to show that V' C D(A). Let us take and fix an arbitrary function

f € V. Define an auxiliary function u as the follows
Df —\f =—-)\u. (2.4.41)

Thus, because LP(]0,00)) is a vector space, u € LP([0,00)). Let us consider a function
g defined by identity (2.4.33) with the function f replaced by the function u, i.e. gy :=
AAI — A)~lu. By Claim 2.104 we infer that gy is weakly differentiable and Dg) =
—Au+ Agy, i.e.

Dgy — Agx = —Au. (2.4.42)

We see now that f and g, satisfy the same equation and both belong to the space
LP([0,00)). Our aim is to show that f = gy. For this purpose let us define a function w

as follows

w:= f — gx.

It is sufficient to prove that w = 0. By linearity of weak derivative, we deduce that w is

weakly differentiable and, next by identities (2.4.41) and (2.4.42) we infer that

Dw=Df —Dgx= A — du— (=Au+Agx) = A(f —gx) = w
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We will show that Dw = Aw. For this aim, let us define an auxiliary function Z(z) =

e~ w(z). Function Z(z) is measurable and

/ |Z(2)|P dx < o0,
[a,b]

p

1oe([0,00)). Moreover,

for every bounded interval [a,b] C [0,00), which means that Z € L

one can show that function Z is weakly differentiable. Since we have Dw = Aw, we get
DZ = D(e w(z)) = D(e *)w(z) + e A D(w) = 0.

That means

/OOO Z(@)¢ () dz = 0, & € C((0, ).

Note that the function e ** is of C''-class classically and hence it is differentiable and the
weak it is equal to the classical derivative. Therefore, by the Lemma [24, Lemma 2], we

infer that there exists a number C € R such that
Z(x) = C, for almost all z € [0, 00),

where ”for almost all” means with respect to the Lebesgue measure. In view of the

definition of the function Z we deduce that
w(z) = Ce M, for almost all z € [0, 00). (2.4.43)

Now, we claim that C' = 0. Suppose by contradiction that C' # 0. Then since w belongs
to the space LP([0,00)) we have

oo>/ ]w(x)\pd;l::/ |Ce’\x|pdx:\C]p/ P dz = .
0 0 0

The last equality holds because |C|P > 0 and, as pA > 0, that [j* ePM dx = co. Hence we
deduce that

o0 > Q.

Thus, it is a contradiction. That means, C' = 0, and therefore, by identity (2.4.43), we
infer that w = 0. Hence, f = g). From the Claim 2.105 that states g\ € D(A), we infer
that f € D(A), which proves the second property 2.

So we have finished verifying Properties 1 and Property 2. Hence, the proof of the
Proposition 2.102 is concluded. O

Proposition 2.106. Assume that p € [1,00). Let {T;}i>0 be a Co-semigroup on the
Banach space LP(0,1), defined by equality (2.4.1), see Example 2.80. Let us denote by A
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the infinitesimal generator of this Cy-semigroup. Then the following holds.

D(A) ={f € LP(0,1) : f is weakly differentiable and
((0,1) 5 2 Df(2)} € LP(0,1), i.c., /1 2D f (@) dz < 0o},
0

(Af)(x) = —aDf(z), x € (0,1) for fe D(A).

In the above, the symbol D represents the weak derivative.

Proposition 2.107. Assume that {T}}+>0 be a Cy-semigroup on the Banach space ,C([0,1]),
defined by equality (2.4.1), see Example 2.80. Let us denote by A the infinitesimal gener-
ator of this Co-semigroup. Then the following holds true.

D(A) = {f € (,C([0,1]) : f is continuously differentiable on (0, 1]
and il_r% xDf(x) = 0};

(Af)(z) = —xDf(z), € (0,1) for fe D(A).
(Af)(0) =014 z=0.

The proof of this result can be done similarly to the proof of Proposition 2.106 and hence
will be skipped. This result is a special case of Theorem 4.20 from chapter 4 with function
a(z) = x.
Note that for a function f € (C([0,1]) which is continuously differentiable on (0, 1] the
condition

limzDf(x) =0

z—0

is equivalent to g € (C(]0, 1]), where

xDf(x), x€(0,1) for fe D(A).
0if z=0.

g(z) =

To prove Proposition 2.106, we first need to prove the following three auxiliary results
Claim 2.108, Claim 2.109 and Claim 2.110.

Claim 2.108. Let us assume the assumptions and notation from Proposition 2.106. As-
sume also the function f € LP(0,1) and the number A > %. Define a function gy € L”(0,1)
by the following formula

gr =AM — A)71f. (2.4.44)
Then

A

@) == [ ae ) (2.4.45)
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Proof of Claim 2.108. Let us choose and fix a number A > %. We notice that our current
semigroup is not a contraction semigroup. It is only a contraction type semigroup, with
constant %, in other words, it satisfies estimate (2.4.2). Hence, by Corollary 2.100, we
infer that since \ > %, R(\, A) := (M — A)~! exists and by identity (2.4.30),

(M - A1 f = /OOO e N, f dt.

One can see directly that in order for the above integral is convergent we need to assume

that A > L. Indeed, then A — 1 > 0 and thus [~ “»)'dt = L1 < co. Therefore,

P

|| / eNTf dt]| < / le T f) dt < / ek || ]| dt = / D at £ < oo.
0 0 0 0

We take f € LP(0,1). Since R(\, A) = (A — A)~! is bounded linear operator, we define
Jy = AR(MNA) : LP(0,1) — LP(0,1) is also a bounded linear operator. Assume that
gr = Jxf € LP(0,1). Moreover, since R(A, A) is linear, then we have

gr = AR, A) f = R(X, A)(AS).

Hence, g) € RangeR(\, A). Since (AI —A)R(\, A) = I, we infer that the RangeR(\, A) C
D(A). Thus, gx € D(A). From our assumption of function gy, we have

g =S = AR\ A)f = )\/ e M, f dt.
0

Hence, for every z € (0,1) we have

SN At Vdt x| e et
Y /O (T, f) () dt = A /0 Fe ) dt. (2.4.46)

By invoking the changing of variables of the above equation (2.4.46) we obtain

0 T
(9)() = A / P s (— Lay) =2 /0 P (y) dy. (2.4.47)

x Y A

Since we assume that the function f € LP(0,00) we infer that the integral (2.4.47) exists
because by Holder inequality with ( }10 + % =1),

L

/0 ) dy < /wﬁ 1P dy) 7 / F)IP dy)
1 /\ 1

S(/Oy 1dy"/lf )P dy)

< HfHLP(O,l (/0 yP (=) dy)

’S\H

‘B\’—‘
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Hence, we proved for A > %

AT
@) =75 [ 9 ) w e 0.0),
So the proof of the Claim 2.108 is complete. O

The following heuristic argument explains the content of Claim 2.109 Let us differentiate

equation (2.4.45), we get, for z € (0, 1),

(P0)@) = NN [ @ dy+ S

AN [T A
= Ta A v fy) dy + Ef(fU)
= 2 g\@ + 2 (@), (2.4.48)

Claim 2.109. Let us assume the assumptions and notation from Proposition 2.106. As-
sume that f € LP(0,1) and A > % and the function g, € LP(0,1) be defined by equa-
tion (2.4.44). Then g, is weakly differentiable on (0,1) and the weak derivative Dgy of

the function gy satisfies the following equality

—xDgx(z) = Aga(z) — A f(x), for z € (0,1). (2.4.49)

Proof of Claim 2.109. Let us choose and fix f € LP(0,1) and A > %. Let g\ € LP(0,1)
defined by equation (2.4.44). By the previous Claim 2.108, the function g satisfies identity
(2.4.45). We aim to show that g, is weakly differentiable on (0,1). We guess that the
following choice of function hy obtained from earlier calculated formula (2.4.48) for the

classical derivative of the function g, is good:

o), M)

x

ha(z) = , for z € (0,1).
From the above we deduce the following useful version of it:

—x hy(z) = Aga(z) — M\f(x), for x € (0,1).

Since by assumptions f € LP(0,1) and by identity (2.4.44) function g, is also belongs to
the space LP(0,1), we infer that the function h) defined above also belongs to LP(0, 1).
So, it is sufficient to show that for every ¢ € C§°(0,1) we have

1 / B 1y 1 A\
/0 gr(z)d' (x) dx = —/0 ;f(x)qﬁ(a:) d:c+/0 g)\(w)gqﬁ(m) dx. (2.4.50)
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To prove the above equation (2.4.50), let us take and fix ¢ € C§°(0,1). Note that by using
equation (2.4.45) we have

' / LA ro ,
[ o= [\ [ P s0m] o)

It follows, by applying the Fubini Theorem [28, Theorem 2.2.3] to the double integral on
the RHS above we infer that

1 1 1 A
[ @@= [ Pswl [ Se@ i (2.4.51)

Note that since the function ¢ has a compact support, we infer that ¢(1) = 0. If
€ (0,1), using integration by parts for the second integral of equation (2.4.51) we have

A
Py

1 Y , 1 )\2
| @ = o5+ [ o S

Next we substitute the last equation in the second integral of equation (2.4.51) and

[ @@= [ 5w / o)y d

1 A 1 A2
:_/ P () oly )?/\dy+/o[/() “f() y]é(w) o da

= [ 1w vt [ o) e

Thus we proved equality (2.4.50) as we wanted and this completes the proof of the
Claim 2.109. O

Claim 2.110. Let us assume the assumptions and notation from Proposition 2.106. As-
sume that f € LP(0,1) and A > % and the function gy be defined by equation (2.4.44).
Then the function gy belongs to D(A) and satisfies the following equality

(Ag)\)(l’) = —:L‘(Dg)\)(l’), LS (O> 1]'

Proof of Claim 2.110. Let us choose and fix A > ]lo and f € LP(0,1). Let us consider the
function gy be defined by equation (2.4.44). If follows from the Claim 2.109 that Dg) €
LP(0,1). Also, since by identity (2.4.29) in Remark 2.98, Range((A —A)™') C D(A) and
since gy = MAI — A)~'f € Range((M — A)™'), we deduce that gy € D(A). So we have
proved the first part of our Claim.

Moreover, by Lemma 2.101 we infer that for every x € (0, 1] we have

[Agal(z) = [AXA] — A) ' f)(z) = [AJrf)(=)
= [AUx = DfI(z) = NAS(2) = Af(2) = Agalz) — Af(2).
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On the other hand, by identity (2.4.49) we have —xDgy(x) = Agx(x) — Af(z), x € (0,1].
Therefore, we infer that Ag)(x) = —xDgy(z) for € (0,1]. Hence, the proof of the
Claim 2.110 is complete. O

After we proved necessary Claims 2.108, 2.109 and 2.110, it is now possible to embark
with the proof of Proposition 2.106.

Proof of Proposition 2.106. Let us recall that A is the infinitesimal generator of the con-
traction type Cop-semigroup {7} }+>0 on the space LP(0,1). Our aim is to prove properties
2.106 and 2.106 are satisfied. Let us choose and fix an auxiliary number A > %. Let us

denote
V:={f € LP(0,1): f is weakly differentiable and =D f(x) € LP(0,1)}.
First we will prove that D(A) C V and
Ag(x) = —xzDg(z), for every g € D(A) and z € (0,1). (2.4.52)

For this purpose, let us choose and fix an arbitrary g € D(A). Then, by the Hille-Yosida
Theorem and by identity (2.4.29) in Remark 2.98, D(A) C Range((A — A)™'), as well
as Lemma 2.101, we infer that there exists f € LP(0,1) such that

g(x) = Inf(z) = A\ — A7  f(z), for z € (0,1).

In other words, because of the definition (2.4.44) of the function gy, we see that g = g.
From Claim 2.109 we infer that function g is weakly differentiable and zDg € LP(0,1).
That proves that g € V. Next, by Claim 2.110, we infer that

Ag(z) = Agr(x) = —xDgx(z) = —zDg(x), for every z € (0,1] .

Hence, we proved equation (2.4.52). Secondly, we need to show that V' C D(A). To do

this, let us take and fix an arbitrary function f € V. Define a function u as follows
—xDf —Af = —-Au (2.4.53)

Thus, because LP(0, 1) is a vector space, u € LP(0,1). Let us consider a function gy defined
by identity (2.4.44) with the function f replaced by the function u, i.e., gy := A\ —A) " lu.
By Claim 2.109 we infer that g, is weakly differentiable and

—xDgy(z) — Aga(z) = =du(z), =€ (0,1). (2.4.54)
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Hence the functions f and g, satisfy the same equation and both belong to the space
LP(0,1). Our aim is to show that f = g). For this purpose let us define a function w as

follows

wi=f— g

It is sufficient to prove that w = 0. By linearity of weak derivative, we deduce that
w is weakly differentiable and by identities (2.4.53) and (2.4.54) we infer that for every
z € (0,1)

—zDw(z) = —zDf(z) — [~2zDgx(z)] = A(f(z) — gr(z)) = Aw(z).
Then, we conclude that
—xDw(z) = Mw(z), = € (0,1). (2.4.55)

We aim to prove that w = 0. We notice that equation (2.4.55) can be written as

dw
—r— = A\w.
xdw w

We solve this equation by the method of separation of variables and we infer that there

exists a constant C' € R such that

w(z) = %, xz € (0,1).

But since A > % we have

1 1
1 1
|~ P dz = — dz = 0.
o o P

So we proved that if C' # 0 then

= OQ.

L1 1/p
fallo = 1€1[ [ 125 o]

But because w € LP(0,1) hence we deduce that C' = 0. Therefore, w = 0. This is what
we wanted to prove. Hence, f = g). From the Claim 2.110 that states gy € D(A) we
infer that f € D(A), which proves the second property 2.106. By this, we have finished
the proof of Proposition 2.106. 0



Chapter 3

Invariant Measures on the

Fractional Sobolev Spaces

The existence of an invariant measure is one of the most important problems in the theory
of PDEs. In this chapter, we focus on proving the existence of the invariant measures for
PDEs and this helps us to understand the properties of PDEs. An important work on
the invariant measures was established by Lasota and Mackey [28, Example 11.1.1]. They
considered a Wiener measure (Gaussian measure) in the space of all continuous functions
x : [0,1] — R such that z(0) = 0. Also, they considered a Cp-semigroup {S:}:+>0 on the
space X = ,C([0,1]) corresponding to the following partial differential equation:

Ou(t, s) Ou(t,s) 1
= — 1
5 +s s 2u(t,s), t>0, se€[0,1], (3.0.1)

u(0,8) = z(s), s€0,1],

where z € X.

The solution to this equation can be written explicitly as follows:
u(t,s) = e%x(se_t), se0,1], t >0,
and the Cp-semigroup {S;}+>0 is defined by the analogous equation:
Syz(s) = ezz(se?), se[0,1,t>0, z € X. (3.0.2)

Remark 3.1. It is important to point out that the ”space” variable in this section is
denoted by a letter s € [0,1]. While the “space” variable in the following sections are
denoted by a letter x € [0,1]. To make matters even more complicated, the letter x is

used in the present section to denote the elements of the space of initial data. However,

48
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this should not be a problem for an attentive reader and should not lead to any confusion

or misunderstanding.

Lasota and Mackey [28] proved that the Cp-semigroup {S;}+>0 preserves the Wiener mea-
sure. In other words, the classical Wiener measure on the space X is an invariant measure
for {S¢}+>0. We formulate their contribution into the following Lemma. The proof of the
Lemma itself is made available in Appendix A.1.1, only pointing out that we add more

detail to the proof.

Lemma 3.2. Let C be any cylinder set on the space (C([0,1]). If {Si}i>0 is a Co-

semigroup in the same space, then the following equality satisfies

n(S71(C)) = u(C). (3.0.3)

Here, 1 is a Gaussian measure, which is the law of Brownian Motion, on the space
0C([0,1]), see Proposition 2.52.

By using the Lemma 3.2, we prove that it is possible to construct a generalisation to the
equation (3.0.1) with different parameters. The main novelty is to extend the parameter
to any parameter between % and % A such generalisation can massively help to under-
stand more PDEs and their properties in more complicated spaces such as interpolation
spaces.

To find this generalisation, we start by extending Lasota and Mackey’s work and define a
new Banach space and a new Cp-semigroup related to equation (3.0.1) but with different
parameters. We define an isomorphism operator between the two spaces and such an
operator needs to satisfy a suitable commutation property. If the operator exists, then
the invariant measure that was found in the Lasota and Mackey [28, Example 11.1.1] can
be used to define a new invariant measure for the new objects.

Accordingly, this chapter is organised as follows. The first Section 3.1 gives related pre-
liminaries about invariant measures and interpolation spaces. Next, Section 3.2 states our
abstract theorem as initially described above, which becomes a foundation for building
many of the results in the rest of this chapter, along with applications (using concrete
spaces) to the abstract theorem. Lastly, Section 3.3 gives our main result (the generali-

sation of Lasota and Mackey [28, Example 11.1.1].

3.1 Preliminaries

3.1.1 Introduction to invariant measure

Let us begin with defining a fundamental notion of this thesis, the definition of invariant

measures.
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Definition 3.3. Let (X, A, ) be a probability space. If {T}}:>0 is a measurable semiflow
on (X, A). Then p is called an invariant probability measure for the semiflow {T}};>¢ if

and only if for every ¢ > 0 and for every C' € A the following equality holds

In what follows we need also the following definition.

Definition 3.4. Let (X,.A) be a measurable space. Let Y be the space of all functions
defined on the interval [0, 00) with values in X. For an increasing sequence si,--- , s, €
[0,00) and a measurable set A = [ | A; € A™ we define a cylindrical set by the following
form

C(s1y 83 A1, Ap) ={x €Y 1 x(s1) € Ay, -+ ,x(sn) € A}

A special case of the above definition is when (X, .4) is equal to (R, B(R)).

3.1.2 Interpolation spaces

An interpolation space is a space who intermediate between two spaces [29]. One of the
most important applications of interpolation space is Sobolev spaces. In this section, we

define our main space H*?(0,1) by
HOP(0,1) = [L2(0, 1), H'(0, 1)a.

The following theorem generalise equation (2.3.6) in the following manner

Theorem 3.5. [4/5, Theorem 29] If a € (%, 1), then
H*P(0,1) C C([0,1]). (3.1.1)
Moreover, there exists a constant C = C(«,p) > 0 such that

lullc(oa)) < Cllullgero,1)-

Also, similarly to the Definition 2.68 of the space (H Lp (0,1) we can also define the space
oH*?(0,1) as the following

Definition 3.6. Let a € (%, 1), we define the space (H*"(0,1) as

GHOP(0,1) = {u € H*P(0,1) : u(0) = 0}. (3.1.2)

We can apply Theorem 2.27 to the following spaces. Let X = H'P(0,1) and ¥ =
oH Lp (0,1). We know from Theorem 2.70 that space Y is a closed subspace of space
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X. So, we deduce that Y is a Banach space and the norm of an element u € Y is given
by

3=

lully = llullx = ([ulfp1) + Dullo)" (3.1.3)

Since the space H*P(0,1) is subspace of the space C(]0,1]) we infer that the natural
embedding, call it ¢,
i: H*P(0,1) > u— u € C([0,1]), (3.1.4)

is well-defined. It is easy to observe that i is a linear map. Thus, condition (3.1.1) implies

that the natural embedding i is well defined linear map. Moreover, if u € H*?(0,1), then

li(u)llc o)y = lulleqoa)) < Cllullgero,),

which means that ¢ is a bounded map. Hence we can summarize that, the natural em-
bedding i defined in (3.1.4) is not only well-defined and a linear map but also bounded.

As a consequence of this, we can formulate the following Corollary.

Corollary 3.7. If a € (%, 1) then the natural embedding map i defined in formula (3.1.4)

1s well defined, linear and bounded.

As the earlier proofs, we can prove the following theorem.

Theorem 3.8. Let o € (%, 1), then the space (H*"(0,1) is a closed subspace of H*?(0,1).
Moreover, (H*?(0,1) endowed with the norm inherited from the space H*?(0,1) is a

Banach space.
Proof of Theorem 3.8. The proof of this theorem comes with three steps as follows

1. Prove that the space H"?(0,1) is well-defined.
2. The space (H*"(0,1) is a closed subspace of the space H*P(0,1).

3. oH"?(0,1) is a Banach space.

Step 1: We would like to show that the space (H*"(0,1) is well-defined. Let us fix
a > %. The reason we assume that o > % is that in this case Theorem 3.5 holds, i.e.
oH?(0,1) € C([0,1]). Hence, if u € H*P(0,1), then u € C([0,1]) so that u(t) makes
sense for all ¢ € [0, 1]. In particular, u(0) also makes sense. Hence we show that the space
oH*?(0,1) is well-defined.

Step 2: Let us fix a > ]%. According to Corollary 3.7 above the natural embedding

i: H*P(0,1) — C([0,1]) is bounded. Next, we consider the evaluation map jp as follows

Jo : C([0,1]) o u +— u(0) € R.



Invariant Measure 52

Obviously, jo is well defined and linear. Moreover, jg is bounded because

lFo(u)[| = |u(0)] < sup = [|ullc(o,1))-
tel0,1]

Hence,

o)l < llulleo-

Then jg is linear and bounded. Therefore the composition jyoi is also linear and bounded.
Denote ig = jp o ¢, i.e.,
io : H*?(0,1) 2 u — u(0) € R.

So we proved that ig(u) = u(0). Hence ig is bounded and linear.

Notice: we already know the definition of the space (H**(0,1) is

oH?(0,1) = {u € H*P(0,1) : u(0) = 0}
={ue H*?(0,1) : ip(u) = 0} = keri.

Using Theorem 2.26 we deduce that (H*"(0,1) is a closed subspace of space H*P(0,1).
Step 3: In order to prove that the space H“?(0,1) is a Banach space we apply Theorem
2.27 again for the following spaces. We choose X = H*?(0,1) and Y = ;H*"(0,1). Since
the space H*P(0,1) is a Banach space and (H""(0,1) is a closed subspace of H*?(0,1)
we deduce that (H**(0,1) is also a Banach space. O

Theorem 3.9. Suppose that X and F' are Banach spaces and V' C X is a dense subspace
of X. Suppose that A,B : X — F are bounded linear operators such that

A(x) = B(x) for every x €V,

then
A(z) = B(x), for every z € X.

Proof of theorem 3.9. The proof of this theorem is very simple. We start by assuming
that x € X. By the density of the set V' in X there exists sequence {zy,},en C V' such
that x, — = in X. By assumption, both A and B are bounded and hence continuous.
Thus, Az, — Ax and Bz, — Bz. On the other hand, Az, = Bz, for every n. Hence,
by the uniqueness of the limit in F', we infer that Ax = Bz, for every x € X. O

We conclude this section by stating an important corollary that helps us to prove some

properties.

Corollary 3.10. [45, corollary 23] If 1 > ag > o > 0, then

HY(0,1) C H*P(0,1) C H*?(0,1) C LP(0,1).



Invariant Measure 53

Moreover, each of those embedding is continuous, i.e., there exists C > 0 such that

HUHHWQ’Z’ < CHUHHLP Yu € HP
lullgor < Cllul|gozr — Yu € H®P

llullrr < Cllu|| e Yu € HYP,
And,

HY s dense in  HO®?P
H*P s dense in  HP (3.1.5)

HYP s dense in  LP.

Let us begin this section by recalling a definition of a positive operator in a Banach space.

Definition 3.11. [47, p. 1.14.1] Let Y be a complex Banach space and let A be a linear
closed operator in Y with a dense domain D(A) C Y, i.e., A : D(A) — Y. The operator

A is said to be positive, if and only if the following two conditions are satisfies

(i) the interval (—oo,0] is a subset of the resolvent set p(A) of A, and

(ii) there exists a constant C' > 0, such that

C

A=A < ,
I ) ||_1+|>\|

A€ (—00,0].

The importance of positive operators stems from the fact that one can define fractional
powers of such operators, see [47, section 1.15.1] for the definition and section 1.15.2
therein for basic properties. It follows that the definition of fractional powers of positive

operators is closed. The theorem below will play a fundamental réle in this thesis.

Theorem 3.12. [47, Theorem 1.15.3] Let A be a positive operator. It is supposed that
there exist two positive numbers € and C such that A" is bounded operator for t € [—¢, €]

and
A" < C  forallt € [—¢,¢]. (3.1.6)
If a and B are two complex numbers, 0 < Rea < Ref < o0 and 0 < 0 < 1 then

[D(A®), D(AP)]g = D(A(-01+5), (3.1.7)

Let X = LP(0,1;C). We know that the space X is a Banach space over field C. Define

B:D(B)>uwu' = Due LP(0,1;C).
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D(B) = {u € H'"?(0,1) : u(0) = 0}.
Bu =4 = Du.

The map B is well defined linear operator map. Note that the operator B is associated
with a certain Cy-semigroup. Consider the following family of bounded linear operators
{T}}+>0 such that if ¢t € [0, 1] then

ft+s), ifsel0,1—1],
0, if sel—t1],

(th) (S) = {
and T; =0 if ¢t > 1.
Proposition 3.13. The family {T}}+>0 is a Cy-semigroup on the space X = LP(0,1;C).
Note that we proved in Example 2.81 that the [T;f](z) = f(t + s) is a Cp-semigroup on

the space X = LP([0,0)).

Theorem 3.14. [21, Theorem 3.1] Let Y be a complex (-convex Banach space, let T €
(0,4+00),p € (1,+00) and X = LP(0,1;Y). Set D(B) = {u € H*P(0,1;Y);u(0) = 0} and
the map B : D(B) — X, B(u) = 4. Consider B is a closed operator in X. Then

i) R=U{0} C p(B) and

_ Co
(A= B)71|| < oy TS (o0

ii) V¢ € R, the operator B is bounded. The family (Big)ceR is a strongly continuous
group in L(X) and there exists a constant Cy > 0 such that

IBX|| < C1(1+¢*)e2ldl, ¢eRr.

If Y = C then we get the following simple consequence of Theorem 3.14.

Theorem 3.15. Let p € (1,+00) and X = LP(0,1;C). Set
D(B) = {u € H"?(0,1;C) : u(0) = 0},
where the operator B is defined as B:D(B) — X, B(u) =1,

Consider B is a closed operator in X. Then

i) RTU{0} C p(B) and

Co

A—B)7 Y < ,
I( ) H_1+|)\|

VYA € (—o0,0].
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ii) V¢ € R, the operator B is bounded. The family (Big) is a strongly continuous

group in L(X) and there exists a constant Cy > 0 such that

CeER

IBE|| < Ci(1+¢%)e2ldl, ¢ eRr. (3.1.8)
Corollary 3.16. In the framework and under assumptions of Theorem 3.15, we have
D(B’) = (H"?(0,1), 0 € (0,1). (3.1.9)

In particular, the operator B? is an isomorphism between the space 0HB’ID(O, 1) and the
space LP(0,1).

Proof of Corollary 3.16. Let us choose and fix § € (0,1). The proof of this corollary is
divided into four steps:

Step 1. It follows from Theorem 3.15 that the operator A = B satisfies assumptions of
Theorem 3.12. Indeed, if condition (3.1.8) is satisfied, then condition (3.1.6) is satisfied
with e = 1 and C' = 2C1e2. Hence it follows that B satisfies equality (3.1.7) (we take a

special case here) with « =0 and 8 =1, i.e.,
[D(B"), D(BY)]s = D(B?). (3.1.10)
Step 2. D(B") = X = L”(0,1;C) and
D(B'Y) = D(B) = {u € H"*(0,1;C) : u(0) = 0}.
Therefore, by identity (3.1.10), we infer that
D(B?) = [L*(0,1;C), {u € H"*?(0,1;C) : u(0) = 0}]s.

Step 3. By [47, Theorem 4.3.3] and the definition (3.1.2) of the space OHG’p(O, 1;C) we
get the following equality

[L7(0,1;C), {u € H'"?(0,1;C) : u(0) = 0}],, = (H""(0,1;C).

Hence, we infer that equality (3.1.9) holds.

Step 4. By [47, Theorem 1.15.1 part (b)], see also Step 6 in the proof of that result, the
operator B? is an isomorphism between the space D(B?) and the space LP(0,1;C). Ap-
plying the earlier proved identity (3.1.9), we infer that the operator B? is an isomorphism
between the space OHG’p(O, 1;C) and the LP(0,1;C). The proof is complete. O
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3.2 An Abstract Theorem about invariant measures

Theorem 3.17. Let (E, &) be a measure space and E # ) where £ is a o-field on E. Let

the following assumptions be true on the space E:

1. Suppose that for allt >0, Sy : E — E is £/E measurable.

2. Suppose that p is a probability measure on € such that

M(St_l(o)) =u(C), Ce&, forallt>0;

3. Suppose also that (F,F) is another measure space, where F is a o-field on F. As-

sume that a bijection map A : F' — E satisfies

A(B) €&, forall BeF,

so that A=' ewists and A=' : E — F is £/F measurable. We assume also that
A: F — E is F/E measurable

4. Define a measure v on the space (F,F) as the following formula:
v(C) = p(AC)), CeF. (3.2.1)
5. Define a family T, : F — F, t > 0, in the form

Ty(z) = At <St (A(:c))>, for every t >0

i.e.
Tt == A_l o St oA

In other words, the diagram (3.1) is commuting

T

D = )

FIGURE 3.1: A graph showing the commuting of the semigroups {T}};>¢ on the space
F and {S;}:>0 on the space E.

Based on this, it is clear that T} is measurable, for every t > 0.
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We assert the following statements for the measure v:

(i) v is a probability measure on the space (F,F),

(i1) For any C € F and t > 0 we have

Proof of Theorem 3.17. We need to prove the theorem in regard of two assertions (i)
and (ii).

Regarding the first assertion (i), which is related to whether v is a probability measure,
we need to satisfy two conditions that: (1) measure v of the empty set is zero, and (2)
v is o-additive. To check the first condition, from the definition of the measure v in

equality (3.2.1), we have
W(0) = w(A®)) = u(0) = 0.

For the second condition, let C), € F for n = 1,2,... (pairwise-disjoint). We have to show

that

V( ne1 (Cn)) = Zl/(Cn)-

n=1
Let us choose any sets C;, C; € F. Since A is bijection, we have
A(Ci) NA(C)) = A(Ci N Cy) = AD) = 0.

Therefore, A(C),) are pairwise-disjoint sets. Since u is o-additive and A is bijection, we

infer that

(A2 (€0) ) = (U2 AC) = S nAC).
n=1

It follows from the definition of the measure v and the last equation that

(U @) = (A @) - fjluwcn)) - i V(Ca),

which implies that v is g-additive. Therefore, v is a probability measure on the measure
space (F,F). This completes the proof of the first assertion (i).
Let us now prove the second assertion. Let us fix C' € F. By assumption (5) in Theo-

rem 3.17, we have

T7H0) = (A o S0 A)TH(C) = ATH(STHA(C)).
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Here we take the inverse of T; and then apply the set C for both sides. If we apply the

measure v to both sides of the above equation, we get
V(thl(C’)) = I/[A_l (S{l(A(C)))]. (3.2.2)
If we denote A(C) by C’, where C” is an auxiliary set, we obtain
C'=AC) & C=A1C).
Therefore, we can re-write the equality (3.2.1) as follows
v(ATHC")) = u(C). (3.2.3)

By taking the above equations (3.2.3), (3.0.3) and the definition of measure v in equa-
tion (3.2.1) and substituting them in equation (3.2.2), we get

which concludes the second assertion. Therefore, the proof of Theorem 3.17 is completed.
O

3.2.1 Invariant measures on the space OC’I([O, 1])

After we stated the abstract Theorem 3.17 in the previous section, we need to attest and
analyse our method in an example. In this section, we intend to define spaces E and F'
and apply them to the abstract Theorem 3.17 to generate a concrete model (which will
later facilitate the application of different spaces other than F and F'). However, we need
before that to mention some notations and auxiliary properties that are going to lead us
towards the application of the defined spaces. The main objective of this section is to
prove the existence of an invariant measure on the following defined spaces E and F'.
Let E = (,C([0,1]) be a space defined as the following

E =,C([0,1]) == {u e C([0,1]) : u(0) = 0}. (3.2.4)
The norm of this space E is given by

ull oo, = tSFp] u(t)]. (3.2.5)
€

)

Let F = (C'(]0,1]) be a space defined as the following

0C([0,1]) = {2 : [0,1] = R : z is of C'-class, and x(0) = 0, 2/(0) = 0}. (3.2.6)
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The space F' is endowed with the following norm:

= sup |z(s)|+ sup |z(s)]. 3.2.7
< ([0.1) SGM\ (s)| 86[071]! (s)] (3.2.7)

Define a new Cy-semigroup called {gt}tzo on the space F by

~ 3t

Six(s) =e2 x(se”?), s€0,1], t > 0. (3.2.8)

This Cy-semigroup is generated by the equation

ou ou 3
o T8 5. = ot (3.2.9)

Recall that the Cp-semigroup {S;}+>0 on the space E was given in equation (3.0.2).

Theorem 3.18. Let E = (C([0,1]) be the separable Banach space defined on (3.2.4)
and F = OCI([O, 1]) be the separable Banach space defined on (3.2.6). Then the Cy-
semigroup {gt}tz() on the Banach space F, generated by the equation (3.2.9), has an

invariant measure. Moreover, the measure v defined by
v(C) = pu(A(C)), Ce€B(F) (3.2.10)
is an invariant measure for {S~t}t20, where
A:Fs>x—2' cE,

is the derivative map. B(F) is the Borel o-field on the space F', and the measure L,
which is the law of Brownian motion on E, is the invariant measure for the Cy-semigroup
{St}t>0 generated by

ov ov 1

+s5—=_-v.

ot os 2

Based on the above Theorem, we can highlight the following properties:

1. F and F' are separable Banach spaces,

[\)

. {St}t>0 is a Cp-semigroup on the space E,
3. {S}}tzo is a Cy-semigroup on the space F',
4. The map A : F — FE is bijective,

5. For every t > 0, the map A is commuting. That is,

S;oA=AoS,.
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To reach the objective of this section, we need to verify all the properties listed in The-
orem 3.18. For the property 1, the space F is a separable Banach space, according to
Lemma B.2 and Theorem 2.27, we deduce that the space E is a separable Banach space.
Similarly, the proof that the space F' is a separable Banach space can be found in Ap-
pendix B.3.

For the property 2, which is extracted from Theorem 3.18, the Example 2.82 contains
prove that {S;}+>0 defined on equation (3.0.2) is a Cp-semigroup on the Banach space E.
Moreover, for the property 3, the Corollary 2.90 contains prove that {gt}tzo defined on
(3.2.8) is a Cp-semigroup on the Banach space F'.

Now we need to verify the property 4, which is extracted from Theorem 3.18, we need to

prove that the map A : ' — FE is bijective.

Proof of property 4. Since A is linear, for the injectivity of A it is sufficient to prove that
if v € F and A(z) = 0, then = 0. For this aim, we choose and fix z € F' and A(z) = 0.
Since A is the derivative map and the function z is of C''-class, we infer that the derivative
of x is zero and we deduce that there exists a constant C' € R such that x = C, see [39,
Theorem 5.11 part(c)]. In particular, (0) = C. But since x € F, x(0) = 0 and thus
C = 0. Therefore, x = 0 as required.

For the surjectivity of the map A, let us choose and fix y € E. We put
S
x(s) :/ y(o)do, s€[0,1].
0

and we will show that z € F' A(z) = y. In order to prove that z € F we need to show
that = is continuous, differentiable, z(0) = 0 and 2/(0) = 0. These properties follow
from properties of the Riemann integral, in particular, [39, Theorem 6.20 part (c)]. To
conclude, we proved that the map A is injective and surjective and we infer that it is

bijective. Therefore, the property 4 is satisfied. O

For property 5 that states for every ¢ > 0, the following diagram is commuting. That is,

]
R ]
-

‘t
©
>
St

FIGURE 3.2: A graph showing the commuting of the semigroups {S;};>0 on the space
0C"([0,1]) and {S¢}:>0 on the space (C ([0, 1]).

S;oA=AoS;. (3.2.11)
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Proof of property 5. To verify the property we need to show equality (3.2.11). For this
aim, let us choose and fix t > 0 and € F. We need to show that the following equation

is satisfied.

[S/(A@)](5) = [AS@)](s), s €[0,1] (3:212)

Let us start first with the LHS of the equation (3.2.12) as follows:

oIk

[Si(A(2))](s) = e%A(x)(se_t) =e2a/(se”"), se0,1].

On the other hand, for the RHS of equation (3.2.12) by using the definition (3.2.8) of
the Cp-semigroup {S't}tzo on the space F', we have, for s € [0, 1], the following train of

equalities satisfy

Thus, we conclude that the RHS and LHS of the equality (3.2.11) are equal. Consequently,
we find that the equation (3.2.12) is satisfied, and this completes the property 5. ]

To sum up, all properties extracted from Theorem 3.18 are satisfied, and therefore, the
defined spaces F and F are applicable to the Abstract Theorem 3.17 stated in Section 3.2.

Now we are going to prove our main Theorem in this section.

Proof of Theorem 3.18. We need to use the abstract Theorem 3.17 and verify all the
assumptions stated in it to prove Theorem 3.18 but on our concrete spaces E and F'.
Regarding assumption 1, we need to prove that for all £ > 0 the map S; : F — E is A/ A

measurable.

Proof of assumption 1. We proved in Example 2.82 that S; is bounded and linear for
every t > 0. Thus by [40, Theorem 5.4] we deduce that S; is continuous and therefore, it

is measurable by the Preposition 2.34. Consequently, the assumption 1 is valid. O

Regarding assumption 2, which studies whether p is a probability measure on A4 such
that:
n(S;H(C)) = u(C), CeA, forallt>0;

The assumption has already been verified in Lemma 3.2.

For the assumption 3, we need to show that A~!: E — F is measurable.

Proof of assumption 3. We do this by showing that it is bounded. Recall the space F =
oC ([0,1]), with o-filed A = B(E) and the space F = (C'([0,1]), with o-filed B = B(F).
Also, recall that A : F 3 z — 2/ € E is the derivative map. We already proved in 3.2.1
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that the map A is bijective, and therefore, the inverse of the map A exists.

In the following we need to prove that the map A~! satisfies the following equation:

[A_l(y)] (s) = /08 y(r)dr, se€l0,1],y € E. (3.2.13)

For this aim let us denote by I the linear operator defined by the RHS of equality (3.2.13).
Next we will show that the map I is indeed the inverse of A. For this, we need to verify
that (1) I is well-defined, and (2) Ao =idg as well as [ o A = idp.

Regarding the first condition, let us suppose that y € E, which means that y is continuous.
Since y is continuous then I(y) is differentiable [39, Theorem 6.20], and [I(y)]'(s) = y(s)
for every s € [0,1]. Therefore, I(y) is of C'-class because its derivative is continuous.

Moreover, since I(y) € E, we infer that

[I(1)](0)=0 and  [I(y)]'(0) = y(0) = 0.

Hence, we proved that I(y) € F, and therefore, we deduce that the map I is well-defined.
Regarding the second condition, we already know from above that A[I(y)](s) = y(s) for
all s € [0,1] because the map A is just the derivative. That is, on one hand A[I(y)] = y.
On the other hand, we need to prove that if 2 € F = I[A(z)] = 2. Let us take z € F.
Then, we have

[A(z)](s) = 2/(s), forallse0,1].

Applying the map I to the derivative of x, and using the Fundamental Theorem of Cal-

culus [40], we have

[1(2)](s) = /O ") dr = a(s) — 2(0) = a(s).

Hence we proved that I(2’) = x. In other words, I[A(z)] = z.

Thus, we proved that the map I : E — F is well-defined and Aol = idg and I o A = idp.
In other words, A= = I or I=! = A. After we have proven that the map A~! exists,
we need to study whether the map is measurable. According to the Proposition 2.34, it
is sufficient to verify if the map A~! is bounded. We start by taking y € E, and any
s € ]0,1]. Then, we have the following
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We know that I(y) € F' and by using the norm of the space F' that we defined before in
equation (3.2.7) we obtain the following

sup |[I(y)]'(s)| + sup |[I(1)](5)]
s€f0,1] s€l0,1]

= sup |y(s)|+ sup | y(r)dr|.
s€[0,1) sef0,1] Jo

1(W)lr

Since

sup )dr| = sup )| dr < )| dr,
[ w(r) y y

s€l0,1] JO s€[0,1]

we infer that

1
L (y)llF = ||?J”E+/0 ly(r)ldr < lylle + sup ly(r I/ [Ldr = llylle + ylle =2|yle-
re

O]

This prove that [|I(y)||r < 2||y||g. Therefore, I : E — F' is bounded and the linearity of
map I is obvious. Also, since the map A~! is bounded linear (i.e., continuous) and using
the Proposition 2.34, we deduce that A~! is measurable.

Regarding assumption 5, that studies whether the operator S, is measurable.

Proof of assumption 5. Similar to the above situation, if we can show that Sy is bounded
(hence continuous) then the operator will be measurable. Therefore, we just want to
verify that S; is bounded. Let z € F. By using the norm of the space F that we defined
before in equation (3.2.7) and the definition of the {S;}s>¢ we have for every s € [0, 1],

the following equations
1Sex]|r = sup [Spz(s)| + sup [[Spz]'(s)]
s€[0,1] s€[0,1]

=2 sup |z(e7's)|+ sup |6%t€_tl',(e_t8)]|
s€[0,1] s€[0,1]

= bt sup |z(o)|+ e sup |2’ ()]
o€l0,e7?] o€[0,e7?]
< et sup |z(o)| —1—65 sup |2'(0)]

oef0,1] oef0,1]

3 3
=e2'[ sup |z(o)|+ sup |2/(0)|] = e2’|z|p.
o€l0,1] a€l0,1]

Hence, we proved that S, is bounded, and therefore, it is continuous. By applying Propo-

sition 2.34, we infer that S; is measurable. O

Theorem 3.19. Let {SP};>0 be a Co-semigroup on the space Ey = (C([0,1]) given by

Sz (s) = e%x(se*t), s €[0,1], z € Ey, (3.2.14)
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and, let {SN’tO}tzo is a Co-semigroup on the space Fo = (C1(]0,1]) given by

SVz(s) =eza(se™), se0,1], z € R. (3.2.15)
Also, let Aal : Eg — Fy be a map defined by

(Aal(g;))(s) = /05 x(r)dr, rel0,1], z € Ep. (3.2.16)

Then,
AjloS) =890 A5 on Ep. (3.2.17)

That is, for all x € Ey, we have for every s € [0, 1] the following
(AT (SPx)](s) = [S7 (Mg '2)] (s). (3.2.18)

Proof of Theorem 3.19. Our aim is to prove the equality (3.2.17). Let us fix t > 0, and
choose = € Ey. We start with the LHS of the equality. By denoting y = Sz € Ep, and
using the Definition (3.2.14) of the Cp-semigroup SYz, we have for every s € [0, 1]

(Agty)(s) = /0 sy(r) dr = /0 Se%x(e—tr) dr = e? /0 Sx(e—fr) dr.

By applying the change of variables to the last integral, we get

—t —t

[ aotdo=c¥ [0 atyap. s o
0 0

[SIES

(Aaly)(s) =e

Thus, we proved
—1
3t

(Ag'Siz)(s) =e2 / z(p)dp, s € [0,1].
0
For the RHS of the equality (3.2.18), we know since Aglx € Iy, we can apply the the def-
inition of the Cy-semigroup {S’?}tzo. Thus, by the Definition of g?y in equation (3.2.15),

we have ,
3t

(SPAg ) (s) = e%Aalx(e_ts) =e2 / z(r)dr, s€[0,1].
0
Hence, we proved that for every s € [0, 1],
(AalS?a:) (s) = (ggAglx) (s).

Therefore, the proof of Theorem 3.19 is complete. 0

After verifying all the assumptions of the abstract Theorem 3.17, we now in the right
position to prove our concrete Theorem 3.18. In other words, we need to prove that the

Cy-semigroup {gt}tZO has an invariant measure. Since S; = A1 0.5, 0 A, then for any set
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C' and by taking the inverse for both sides we have

S,HC) = (A o S 0 A)THC) = AT (ST A(C)))
5, () = v[ATH(STHAC)]. (3.2.19)

Z/(St

From the equation (3.2.10), if we denote A(C) by C’ , then we get
C'=AC) e C=A1T)
Therefore, we can re-write the equation (3.2.10) as follows

v(AHC)) = u(C). (3.2.20)

Hence, applying the above consequence equation (3.2.20) and (3.0.3) along with the defi-

nition of the measure v in equation (3.2.10) to the equation (3.2.19) we obtain

v(571(C)) = u(S7HAC)) = u(A(C)) = (O).

To conclude, we have proved that V(S'til(C)) = v(C), which completes the proof of
Theorem 3.18. Ul

3.3 Existence of Invariant measures on the fractional Sobolev
spaces H*?(0,1)

Toward finding the invariant measure, we apply the output of the last section (Sect. 3.2.1)
against yet a new spaces X = LP(0,1) and Sobolev space F = (H*?(0,1), which are
broader spaces than what we have defined previously. But, before that, we are going to
attest our new spaces by taking a special case. In other words, we first take & = 1 in the

space F' as in the following section.

3.3.1 Invariant measures for a special case of Sobolev spaces

Let X = LP(0,1) defined in Definition 2.55 and F' = OHl’p(O, T') defined in Definition 2.68.
We want to study whether the following operators A and I and their properties are valid

on the new choice of spaces X and F. The operators A and I are defined as follows

A:F>3u— DuelX. (3.3.1)

t
I X>3u— / u(s)ds € F for every t € |[0,1]. (3.3.2)
0
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Note that: the definition of maps I and A here use the same formula in the previous Sec-
tion 3.2.1 but we mean by I here the Lebesgue integral and by A the weak derivative Du,

whereas before we meant the Riemann integral and the classical derivative respectively.

Proposition 3.20. The operator A defined in equation (3.3.1) is linear and bounded from
the space F' to the space X.

Proof of Proposition 3.20. The linearity property is straightforward. For the boundedness
property, let u € F. We know from equation (2.3.5) in Corollary 2.71 the following

IAaull = 1Al zoory = llll, ooy < Il rinony-

Hence the operator A is bounded. Moreover, ||A|| < 1. O

Lemma 3.21. If u € X, then for every t € [0,1] the expression [I(u)](t) defined by
equation (3.3.2) is well-defined.

Proof of Lemma 3.21. : Let us fix t € [0,1]. We need to show that the integral defined
in equation (3.3.2) exists. In fact, we notice that u is not a continuous function because
u € X, where X = LP(0,1) consists of all equivalent classes of functions. Thus, we cannot
use Riemann integral. Also, u is not even a function at all because v = [f]~. Therefore,
we can use fot f(s)ds, where u = [f]~, f : [0,1] — R, which for some function is Lebesgue

measurable and

/[0 P <o (3.3.3)

Because the integral is Lebesgue integral, then we can rewrite the original integral as

follows. t
/0f(s)ds:/[07”]1[07t](3)f(8)d8_

To study whether the above integral exists in the Lebesgue sense, we study it within two

cases: p=1and p > 1. If p =1 in equation (3.3.3), then have

[)mm®ﬂﬂ%=/ %mﬂﬂﬂﬁé/!ﬂﬂ%<w

(0,1] [0,1] [0,1]

Hence, the integral exists. If p > 1, by using Holder Inequality [40], we have

/[071] T0,(5)f(s)| ds < </[071] \ﬂ[o,t](s)|qu)q (/[071] ’f(sﬂpdS)p'

By the assumption (f[o y 1f ()P ds> " < 0, and <f[0 1 1 Logl? ds> "t < 0. Hence,

we deduce that the whole integral is finite, and therefore, it exists. To conclude, we proved
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that .
/f(s)ds exists if u = [f]~.
0

Suppose we have another representative function for u called g, such that u = [g]~, we

/Ot f(s)ds = /Otg(s) ds.

To verify this claim, let us first fix ¢ € [0,1]. Then we have

[ s [ atoras

We know that u = [f]~ = [g]~ = f =g a.e with respect to the Lebesgue measure. This
means, that there exists A C [0, 1] Lebesgue measurable such that u([O, 1] \A) =0, f(s) =
g(s) for s € A. Hence,

‘/Otﬂs)ds—/otg(s)ds

So, we proved that if uw € LP(0,1) then

can claim that

t
< /0 £(s) — ()| ds.

-/ [7(s) — g(s)] ds

= / 0ds = 0.
[0,1\A

/ f(s)ds = / g(s)ds, forall fg:u=/|f]~=[g]~.
0 0

As a consequence, we can put

/Otu(s) ds = /Otf(s) ds.

To sum up, we proved if v € X then [I(u)](t) is well-defined for all ¢ € [0,1]. O

Lemma 3.22. Ifu € X = LP(0,1), then I(u), which is defined by equation (3.3.2), is a

continuous function.

Proof of Lemma 3.22. Let us take and fix u € X. Our aim is to show that v := I(u) €
C([0,1]). For this aim, we consider two cases: p > 1 and p = 1.

Case 1. Assume that p = 1. We want to prove that v is right-continuous at every tg €
[0,1) and that v is left-continuous at every tg € (0, 1]. Firstly we choose and fix ¢ty € [0,1).
In order to prove that v is right-continuous at ¢y, by the Heine (equivalent) definition of
continuity, see [39, Theorem 2.41], it is sufficient to prove that if a sequence ()22, is

decreasing and converges to tg, then v(t,) — v(typ). So, let us choose and fix such a
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sequence (t,)>° ;. We have, since t,, > to, by properties of the Lebesgue integral,

[v(ty) — v(to)] = \/Onu(s)ds_/[)O“(S) ds|
= | t"u(s)ds|§/n\U(s)d8

to
1 1
- /0 Lo lu(s)| ds = /O fuls) ds,

where

fn(s) = 1[to,tn}|u(3)|7 s € [07 1]

Put also

o) 0 if s € [0,1]\ {to},
‘u(to)’, if s = to.

We observe that if s = ¢y then f,,(s) = |u(s)| but if s # g, then f,(s) — f(s). Hence

fn(s) = f(s) for all s € [0,1].

Hence assumption (82) of [39, Theorem 11.32] is satisfied. Moreover, for every n € N

[fn(s)] = fu(s) < g(s) := |u(s)|, s €0,1],

and fol lu(s)| ds < oo. Hence assumption (83) [39, Theorem 11.32] is satisfied. Hence
we can apply the Lebesgue Dominated Convergence Theorem [39, Theorem 11.32] and
deduce that

/01 Fuls)ds — /Olf(s)ds:o.

In summary, we deduce that

lim |v(t,) —v(to)| = 0.

n—oo

Therefore, v is right continuous at %.

Secondly we choose and fix ¢y € (0,1]. In order to prove that v is left-continuous at ¢,
again by the Heine (equivalent) definition of continuity, it is sufficient to prove that if a
sequence (t,)0°; is increasing and converges to ¢, then v(t,) — v(tg). So, let us choose

and fix such a sequence (¢,,)22 ;. We have, since t,, < to, by the properties of the Lebesgue
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integral,
() — ol = | " (s ds — / " u(s) ds|
= v ds| < /to lu(s)|ds
s asi< [
1 1
- / 1, 10)(3)u(s)| ds = / fa(s) ds,
0 0
where
fa8) = 1 g (u(s)], s € 0,1].
We put

o) 0 if s € [0,1]\ {to},
‘u(to)’, if s = to.

We observe that if s = tg then f,,(t0) = |u(to)| and therefore f,(to) — |u(to)|. Moreover,
if s # ty, then f,(s) — f(s). Hence

fn(s) = f(s) for all s € [0,1].

Hence assumption (82) of [39, Theorem 11.32] is satisfied.
Finally, for every n € N,

[fn(s)] = fu(s) < g(s) == [u(s)], s €]0,1],

and fol |u(s)|ds < co. Hence assumption (83) of [39, Theorem 11.32] is satisfied.
Again, by applying the Lebesgue Dominated Convergence Theorem [39, Theorem 11.32]
and deduce that

/01 Fuls) ds — /Olf(s)ds—o.

Hence, we deduce that

lim |v(t,) —v(to)| = 0.

n—oo

Therefore, v is left continuous at tg. O

Case 2. Assume that p > 1. Let us consider t1,t2 € [0, 1] such that 0 < ¢; < to < 1.

Then we have

v(tl):/otl u(s) ds, v(tg):/OtQ u(s) ds.
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By using the Holder Inequality (2.3.1) for the above v; and vg, we get

(1) — o(ta)| = ‘/:u(s)ds g/: lu(s)| ds

to % to %
< </ 14 ds) </ |u(3)\pds)
t1 t1
1
1 (2 P
<t -l ([ lutoras)
t
11 .
1 P
<o aals ([ Tt as)
0

1
< lt2 — tallull Lo (o,1)-

Hence, we proved that |v(t2) —v(t1)] < [t2 — t1]*||ul[zr(0,1), Where o = % =1- % > 0.

Therefore, v is Holder continuous with exponent o > 0, so it is continuous. O

Hence, since we proved that v is left continuous on (0, 1] and right continuous on [0, 1),

we infer that v is continuous on [0, 1], as claimed. O

Lemma 3.23. Ifu e X = LP(0,1), then I(u) € F. In other words, the operator I is a
mapping from the space X to the space F'.

Proof of Lemma 3.23. Let w € X. To show that I(u) € F = OHl’p(O, 1), we need to show,
in view of Definition 2.65, Theorem 2.67 and Definition 2.68, that the following are true:

e Statement 1: I(u) € C([0,1]). This is satisfied as it follows from Lemma 3.22.

e Statement 2: [I(u)](0) = 0. This is satisfied because [I(u)](0) = fo u(s)ds = 0.

0

e Statement 3: The weak derivative D (I(u)) exists and belongs to the space LP(0,1).

Regarding the last statement, let us denote v = I(u) and let us recall that v has a
derivative Dv where Dv € LP(0,1), if and only if we can find a function z € LP(0,1) such
that

1 1
| g = [ s ez,
0 0
To find this function, we guess that z = u. Since u € LP(0,1), it is sufficient to show that
1 1
/ o(0)¢ () dt = — / w(Bo(t) dt, Yo € C=(0,1). (3.3.4)
0 0

Recall that function ¢ € C2°(0,1) if and only if ¢ : [0,1] — R of C*°-class and there exists
a > 0 such that ¢ C [a,1 — a]. Also, from the assumption, u € LP(0, 1).
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Now, we assume that u € C'([0,1]). Then we have

olt) = [I(w)](t) = /0 u(s)ds, te0,1].

According to Rudin [39], we infer that in this case v € C*([0,1]) and v(0) = 0. Moreover,
v'(t) = u(t). Thus, to prove the equation (3.3.4), we use the Fundamental Theorem of
Calculus [39, Theorem 11.33]. since the function ¢ — v(t)$(t) is of C'-class, then we have
the following

1
o(D6(1) = (0)0(0) = [ Tu(s)o(s)ds.

On one hand, the left-hand-side is v(1)¢(1) = v(1) x 0 = 0 and v(0)¢(0) = v(0) x 0 =0

because function ¢ has a compact support. Therefore,

/0 %(v(s)qﬁ(s)) ds = 0. (3.3.5)

On the other hand, the derivative inside the integral on equation (3.3.5) of the right-hand-

side can be rewritten as follows

Hence, 1
/0 [0/ (s)o(s) +v(s)¢'(s)] ds = 0.

By distributing the above integral and rearranging it, and Since v/(s) = u, we infer that s

1 1
—/ u(s)p(s)ds = / v(s)¢'(s) ds (3.3.6)
0 0

To conclude, we proved that the equation (3.3.4) for u € C]0, 1] is satisfied. But, we want
that equation (3.3.4) holds for arbitrary u € LP(0,1), and to achieve that, we apply the
spaces that exist in Theorem 3.9, namely X, F' and V, to our special spaces. We choose
X =Lr(0,1), F = F and V = C([0,1]). We know already that V C X is dense of X.
Fix ¢ € C2°(0,1) and define two maps A and B by

1
A:LP(0,1) 9u»—>—/0 u(s)p(s)ds € F,

and
1
B:LP(0,1) 5 u / o(s)¢/(s)ds € F, where v = I(u).
0

The maps A and B are clearly bounded and linear maps from X to F' and the equa-
tion (3.3.6) shows that B(u) = A(u) for all w € C[0,1] = V. Therefore, by using the
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Theorem 3.9, we infer that B(u) = A(u), uw € LP(0,1) = X. That is,

1 1
—/ u(s)p(s)ds = / v(s)¢'(s) ds, ue LP(0,1).
0 0

Therefore, we proved that the weak derivative of v exists and Dv = u. In particular,
Dv € LP(0,1) and that concludes the proof of Lemma 3.23. O

Lemma 3.24. The map I, which was defined in equation (3.3.2), is a bounded linear map
from LP(0,1) to OHl’p(O, 1). That is, for every u € LP(0,1), there exists C > 0 such that

N e 0.0y < Cllullzeo,)-

Proof of Lemma 3.24. The proof of this lemma is similar to the proof of the map A~! in

the previous section. O

Theorem 3.25. Assume that p € [1,00). Let {SF}i>0 be a Cy-semigroup on the space
E = LP[0,1] given by (S¥z)(s) = e3 x(set),s €[0,1], z € E. Also, let {SNf}tzo be a Cop-
semigroup on the space F = 0Hl’p(O, 1) given by (S:fa:) (s) = e z(se7t),s€[0,1], z € F.
In addition, let A;l : B — F be defined as

(A5 (@) (s) = /O 2(r)dr, s €[0,1] (3.3.7)
Then, for every t > 0, we have
AtoSP =5Po At on E. (3.3.8)

In other words, the following diagram (3.3) is commuting

| o |

FIGURE 3.3: A graph showing the commuting of the semigroups {S?}:>o on the space
L7[0,1] and {S7},50 on the space H"?(0,1).

Proof of Theorem 8.25. To prove this Theorem, we are required to ultimately prove the
equation (3.3.8). We do this by following the abstract result Theorem 3.9 and naming
the abstract spaces X, F', and V. Using the notation from Theorem 3.25 we already have
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defined the space F' and we put X = E. This leaves us to define the space V' based on

the properties of the spaces X and F. Therefore, we choose
V - OC [O, 1]

To commence the proof, we need first to verify if the assumptions of the Theorem 3.9 are

satisfied. We choose and fix ¢ > 0 and we put
A=A'08 and B=5"0A " (3.3.9)

From the above equation (3.3.9), we observe the following points.

1. The operator A, L. X — F is a linear bounded operator according to Lemma 3.24.

2. S’tp : F— F is a linear bounded operator because (S’tp)tzg is a Cp-semigroup on
the space F', see Corollary 2.90. Hence, B = gtp o A;l : X — F'is also a bounded

linear operator.

3. S¥: X — X is a linear bounded operator because (S¢?);>0 is a Co-semigroup on the

space X, see Example 2.89.

4. As before the operator A, 1. X — F is linear bounded. Therefore, A := A, Lo gy
X — Fis also a bounded linear operator. Hence, the operators on the LHS and

RHS in equality (3.3.8) are linear bounded operators.

5. The space V is a dense subspace of the space X.

Let us observe that it follows from Example 2.89 and respectively Corollary 2.90 the

families {S’tp}tzo and respectively {S¢”}1>0 are Cp-semigroups.

By Rudin [40] and Theorem 2.20, the set C,(0, 1) is a dense subspace of LP(0,1). Thus, we
deduce that C.(0,1) is subset of ¢C([0, 1]). Hence, according to Theorem 2.20 we deduce
that ¢C([0, 1]) is also a dense subspace of LP(0,1). In other words, the space (C([0,1]) is
a dense subspace of the space LP(0,1).
Lastly, after verifying all the assumptions of the Theorem 3.9, we need now to verify the
following equation

Altost=8"0A  on V. (3.3.10)

By observing the above equation, we had proved something similar in Theorem 3.19, i.e.,

we proved the identity equation (3.2.17), which we recall as follows

AloS9 =590 A5 on V.
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To prove that the equation (3.3.10) holds on the space V', we need to compare the LHS of
the equation (3.3.10) with the corresponding LHS in the equation (3.2.17). Also, we need

to do the same comparison for the RHS expressions. For the left-hand sides, we have
At oSP =AgtoS) on V. (3.3.11)
Similarly, for the right-hand sides, we have
S oA =500 A5t on V. (3.3.12)
Toward the equivalence of the two equalities (3.3.11) and (3.3.12), we observe that
VX and Fy C F.

From which, and taking into account the two equalities (3.3.11) and (3.3.12), we obtain

three statements as follows
Ayt(x) = A]jl(x) in F, for every z € V,

S2(x) = SP(x) in E, for every z €V,

S9(y) = SP(y) in F, for every y € Fy.

We know that the first statement is a consequence of the definition (3.3.7) of the operator
A, ! and the definition (3.2.16) of the operator Ay' which gives the equality. To justify

the second statement, we have two different Cy-semigroups:
(i) {SP}izo on X = L7[0, 1;
(ii) {SP}t>0 on V.
Since V C X and if we propose an element x € V', then x € X. Therefore,
Sz €V and Sz € X.
However, since V C X, we also have
SPx € X and SPx € X.

We also remember that these two Cy-semigroups are defined by the same formula. Thus,

we deduce that not only S?x and SPx belong to the same space E but also that

SPx = SPr € X.
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That satisfies the second statement. Likewise, the third statement can be justified in the
same way as the above comparison. By this the assumptions of Theorem 3.9 are satisfied.
Hence, we deduce that these three statements imply (3.3.12) and (3.3.11). After all, we
see that the assumptions of Theorem 3.9 hold, therefore, the proof of Theorem 3.25 is
complete. ]

Theorem 3.26. Let {S’f}tzo be a Cy-semigroup on the Banach space F' and generated by

the following PDE
ou Ju 3

Let {S?}i>0 be a Co-semigroup on the Banach space E. Then the Borel measure v defined
by the following formula

v(C) = (A, (0)). C e B(F),
is an invariant measure of the Cy-semigroup {gf}tzo on the space F', where p is the law

of Brownian Motion on the space E, A;l : B — F is defined as in equation (3.3.7) and
B(F') is the Borel o-filed on the space F.

Proof of Theorem 3.26. The proof of this theorem can be done in a similar way as in
Theorem 3.18.

3.3.2 Invariant measures for a general case of fractional Sobolev spaces

In the previous section, we applied Theorem 3.18 on a special space £ = LP(0,1) and
Sobolev space F' = (H Lp (0,1). In this section, we intend to generalise the application to
a broader space of the space F'. In particular, we keep the same space E = LP(0,1) and
F = ,H*?(0,1), where a € (0,1). The goal of this section is to prove the existence of an
invariant measure for a Cp-semigroup in Sobolev space that can be used to understand
the properties of many PDEs. But, before we commence this ultimate generalisation, we
are required to generalise the Diagram (3.3) in Theorem 3.25 by using a new operator 1%,

defined as the inverse of the operator B introduced earlier in Corollary 3.16, i.e.,
I*:= (B*)~".

It can be shown that I is the fractional integral operator in the space (H*"(0, 1) defined

[1%(2)](s) = F(loz) /08(8 — ) z(r)dr, forall s € [0,1]. (3.3.13)

Moreover, from Corollary 3.16 we get the following result about the operator I*.
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FIGURE 3.4: A graph showing the commuting of the semigroups {5 } on space oH*?(0,1)
and {S;} on spaces and LP(0, 1) via the the fractional derivative D* and fractional integral
I% maps.

Proposition 3.27. If a € (0,1), then
R(B%) = ;H"?(0,1).

In particular, the operator I¢ is an isomorphism between the Lebesque space LP(0,1) and
the Sobolev space (H**(0,1).

Before we denoted the operator I by

[I(x)](s) = /08 z(r)dr, s€[0,1], x € OC([O, 1]),

where the operator I is the inverse of the operator A, and A is the derivative. However,
the operator I requires to be replaced by I for a € (0,1). We apply the same calculation
we had before for the property 5 in Section 3.2.1 but with replacing A with this fractional

integral operator I¢. That is, we need to show the following equality

SyoI*=1%0 S, on LP(0,1). (3.3.14)
where
(Sez)(s) = e%:z:(se*t), x € LP(0,1), s€|0,1], (3.3.15)
and
(S’tx)(s) = e(%“‘)tx(se_t), x € LP(0,1), s€[0,1]. (3.3.16)
Note that

Sz = eSS, x€ L*(0,1), t>0.

In the following, we need to formulate the equation (3.3.14) as a theorem so we can use

it, later on, to prove our main result (Theorem 3.30) in this section.

Lemma 3.28. We assume that o € (0,1) and p € (1,00). The family {Si}i>0 defined by
formula (3.3.16) is a Cy-semigroup on the space F = ;H*?(0,1).
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Proof of Lemma 3.28. Follows from Theorems 2.95 and 2.87. O

Theorem 3.29. We assume that o € (0,1) and p € (1,00). Let {St}+>0 be the Cp-
semigroup on the space E = LP(0,1) defined in equation (3.3.15), see Example 2.89. Let
{Si}i>0 be the Co-semigroup on the space F = (H*P(0,1) from Lemma 3.28. Let also

1% LP(0,1) — (HP(0, 1)

be the fractional integral operator of order «, defined by equation (3.3.13), that is an
isomorphism, see proposition 3.27. Then, for every t > 0 the following equality holds

SyoI*=1%05, on LP(0,1). (3.3.17)

Proof of Theorem 3.29. Let x € LP(0,1). We start with an observation that in view of
Example 2.89 that is {S;z} € LP(0,1). Then, for every s € [0, 1] the right-hand-side of
the target equality (3.3.17) is equal to

(S = s | (s — 1) Sya(r) dr

-1 ’ s — 1) Lesp(e~tr) dr

= ey J, et

— 2 L ) s—r) tee7tr) dr

= ) /0 ( ) ( ) dr. (3.3.18)

Using change of variables as follows, we put p = e 'r = r =e'pand 0 < p < se” !, dr =

eldp in the above equation (3.3.18), then we obtain the following

—t

(Sl = eh g [ (5= alo)et dp
s [ et dp
= F(a)et(“_l)/o (se™" = p)*ta(p) dp
e(%—o—a)t se~t » .
= F(oz)/o (se™t — p)*~Lz(p) dp. (3.3.19)

Since x € LP(0,1) as we assumed before, we deduce from Dore and Venni [21], see Corol-
lary 3.16, that
I%(z) € (H*P(0,1).

By Lemma 3.28 we can say that Sy(I*(z)) € (H*?(0,1). Moreover, by formula (3.3.16)

we have the following equation.

Sy (1%(x)) = e (1%(z)) (se™"), s € [0,1].
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For the left-hand-side of the equality (3.3.17), we fix s € [0,1] and we verify that the
equality is satisfied. Let ¢ > 0,

(S I%(z)](s) = F(la/ Y la(r) dr put r =p
I‘(la/ Y a(p)dp, se0,1]. (3.3.20)

Hence, from equations (3.3.19) and (3.3.20) we deduced and re-write the equality (3.3.17)
as follows
[SeI%(z)](s) = [I%(S;x)](s), for all s € [0, 1].

Therefore, the proof of Theorem 3.29 is complete. O

Before we formulate the main result in this section, let us denote by po the Borel prob-
ability measure on the space (C[0, 1] which is invariant for the semigroup {S:};>0. This

measure was earlier denoted by pu.

Theorem 3.30. Let a € (0,1) and {S't}tzo be a Cy-semigroup on the Banach space
F = H"?(0,1), which is defined in equation (3.3.16). This Cy-semigroup is generated by

the following PDE
ou ou 1

o P =
In addition, the Borel measure v, that is defined by the following formula

+ a)u (3.3.21)

va(C) = u(D*(0)), C € B(H*"(0,1)), (3.3.22)

is an invariant measure for the Co-semigroup {St}i>0, where

(i) D% := (I%)~! is the fractional derivative operator of order a,
(ii) B(,H*"(0,1)) is the Borel o-field on the space (H*?(0,1), and
(17i)  is the law of Brownian Motion on space LP(0,1).

Remark 3.31. It can be proved that the measure v, is the law of fractional Brownian
Motion with Hurst parameter H = % + « on space LP(0,1). Details will be presented in
a forthcoming paper. Note that when o = 0, then v, = p is the law of Brownian Motion

as proved in the book [28].

Proof of Theorem 8.30. This proof consists of two parts. In the first part we prove that
the Cp-semigroup {gt}tzo is generated by equation (3.3.21) and in the second part we
prove that v, is an invariant measure for the Cp-semigroup {S’t}

Part one. The method presented in this proof has been generalized and used later in this
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thesis in Step I of the proof of Theorem 5.35 in Section 5.3. Let us observe that formula
(3.3.23) below is a special of the formula (5.3.20).

Let us choose and fix a function z € ;H**(0,1). Define a function u by formula
u(t,s) = (S’tm)(s) = e(%+o‘)tx(se_t), t>0, sel0,1]. (3.3.23)

We need to show that this function u solves the equation (3.3.21) under an additional
assumption that the initial data function z is of C''-class. Indeed, by the chain rule, we

have the following

8u(att, s) _ (% —|—a)e(%+a)t:ﬂ(86_t) Se(%—&-a)tx/(se—t)
— (% +au(t, s) — eGFO (se™)se . (3.3.24)
And,
auét,s) _ efte(%jLa)tI/(SGft). (3.3.25)
S

Applying equations (3.3.24) and (3.3.25) to the equation (3.3.23) we get

du(t, s) du(t,s) 1 (L)t t( o=ty e —t | —t (i4a)t 1. —t
5 T5 o —(2+a)u(t,s)—e2 x'(se ")set + e tela TV (se7T)
1
= (5 + a)u(t, s).

Hence we proved that the semigroup {S't}tzo defined by equation (3.3.16) is corresponds
to equation (3.3.21), i.e., if u(t, s) := (5};1:) (s) then u solves equation (3.3.21).

Part two. From Theorem 3.29 we have the following equality
S~tOIa :IO‘OSt.

If we apply (I%)~! for both sides on the right side of the above equality, then we deduce
the following
Sy =I%0 S, 0 D* on (H*?(0,1). (3.3.26)

For any C € B(,H""(0,1)), if we take that the inverse to the equation (3.3.26) and apply
Corollary 2.31 then, we infer that

S, HC) = (I 0 Sy 0 D) TH(C)

= (D)7 (871 (™) (@)
- Ia<(St)_1(Da(C))).
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The last equality is a consequence of the fact that (D%)~! = I*. By taking the measure

v, for both sides, we obtain
va (St (0)) = va[I*(S,1(D*(C))]. (3.3.27)

To understand the last equality (3.3.27), let us choose and fix any arbitrary set C' that
belongs to the space B(OH “P(0, 1)) and then consider an auxiliary set C” such that

C' = D*(C) € B(L*(0,1)).
So, we can re-write the equation (3.3.22) as follows
va (1%(C")) = p(C") (3.3.28)
By substituting equations (3.3.28), (3.3.22) and (3.0.3) in the equation (3.3.27), we obtain

va (S (C)) = va [I*(S; H(DY(C)))]
ulS;H(DY(C))] = w(D(C)) = va(C).

Therefore, we proved that for any C' € B(,H“"(0,1)) we have

Hence, the proof of Theorem 3.30 is complete. 0

Remark 3.32. The measure p which is the law of Brownian motion on the space LP(0, 1)
is constructed from the measure yo on the space (C'[0, 1]. That is because the space (C0, 1]

is dense and subspace of the space LP(0,1) and the natural embedding
i:0C[0,1] — LP(0,1)

is linear and bounded and hence, it is measurable. These facts allow us to define a Borel

probability measure u on the space LP(0,1) by the following
1(A) = po(i71(A)) = po(ANC0,1]). (3.3.29)

In other words, pu is the image, or push-forward, of the measure gy via the map ¢. These
measures are different because they are defined in different spaces, but they are closely
related. For instance, if A € B(LP(0,1)) then AN yCI0,1] € B(,C|0, 1]). The measure g
makes sense not only in the space (C[0, 1] but also in a slightly bigger space and remains
invariant.

Note that the Kuratowski Theorem and equality (3.3.29) implies that for every A €
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B(,C[0,1]),

because, if A € B(,C[0,1]) then A € B(LP(0,1)) and they are different because the domain
of the measure is different p : B(LP(0,1)) — [0, 1] and uo : B(,C[0,1]) — [0, 1].

Remark 3.33. Assume that a € (0,1), 8 € [0, ) and consider the family {S't} defined
by (3.3.16). We proved in Lemma 3.28 that this family is a Cp-semigroup on the Banach
space & = (H “P(0,1). We believe that it can be proven this family is also a Cy-semigroup
on the Banach space F' = (H pp (0,1). Moreover, we believe that it can be proven that
there exists a unique ”extension” of the measure v, to the space F which is also an
invariant measure for this extension semigroup on the space F. The details will need to

be worked out.



Chapter 4

Solutions for First Order PDEs

under (General Assumptions

In this chapter, we study the existence and the uniqueness of a solution to a specific
first order Partial Differential Equation (PDE) called the Lasota equation. Due to its
properties and applications, the Lasota equation is considered one of the most essential
first-order PDEs. For instance, the nonlinear part describes the process of differentiation
and reproduction of the population of red blood cells depending on the concentration of
hormones at a specific stage. Using semigroup theory, we define a solution to the Lasota
equation under some sufficient conditions in a specified Banach space. The main two
results of this part of this section are Theorems 4.19 and 4.20 which we prove respectively
that a natural family of linear operators associated with equation (4.0.4) with ¢ = 0,
is a Cy-semigroup on an appropriately chosen Banach space F, and we characterise the
domain of the infinitesimal generator of that semigroup. We also study some properties
of the solutions and proved the existence of invariant measures of such equations under
natural assumptions on the coefficients. The properties of such equation were studied in

many papers, see for instance [6], [7], [41], [27] and [43].
Lasota in [27] studied the following problem

ovu(t, x) ov(t, )
ot alt, z) oz
v(0,2) = vo(x) for z € [0,1].

=c(t,z,v) for (t,x) € [0,00) x [0, 1], (4.0.1)

He proved the existence of a unique classical solution by using the characteristics method
under certain regularity assumptions on the coefficients a and ¢. For the convenience of

the reader, we state the assumptions here

Assumption 4.1. The functions a : [0,00) x [0,1] = R and ¢ : [0,00) x [0,1] x R — R

are of C'-class and satisfy the following

82
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i) a(t,x) >0, for (¢t,z) € [0,00) x [0, 1];
ii) ¢(t,xz,0) >0, for (t,z) € [0,00) x [0,1];
ii) e(t,xz,v) < ki(t)v+ ka(t), for (t,x) € [0,00) x [0,1], v > 0, k1, k2 € C([0,1]);

iv) a(t,0) =0, fort¢>0.

He also considered the following autonomous version of the problem (4.0.1)

ovu(t, ) ov(t,z)
5 a(x) o c(xz,v) for (t,z) € [0,00) x [0, 1], (4.0.2)
v(0,x) = vo(x) for xz € [0,1]. (4.0.3)

He proved that the problem (4.0.2)-(4.0.3) generates a semiflow {S;}+>0 on the space
C1([0,1]) (that is, the space of C''-class nonnegative functions). This semiflow was defined
by the following formula

Sivg = u(t,xz) for x € [0, 1].

where wu is the unique classical solution of the problem (4.0.2)-(4.0.3).

The set of Assumptions 4.1, was used in many research papers including Rudnicki [43]
and Brunovsky and Komornik [6] to find the properties of the Lasota equation. Rudnicki
in [43] studied the problem (4.0.2)-(4.0.3) and he confirmed that the existence of an exact

invariant measure for the semiflow {S;};>0 has more properties.

The main objective of this Chapter is to generalise the results of Lasota, Rudnicki, and
others by studying linear first-order differential equations without assuming that the drift
coefficient a(x) is a smooth function. We only assume that @ is a continuous function
satisfying so-called the Osgood condition. Then we prove that the informal family of
operators derived via informal application of the characteristics method is a Cy-contraction
semigroup in the space C'([0, 1]). Using this fact and applying the Rudnicki approach we

prove that our equation has an invariant measure for the coefficient A > 0.

Before we start, we need to state our equation and our assumptions. We consider the

following problem:

8u((9tt, ) n a(x)auézﬂf) = c(u(t,z)), t>0, z€[0,1] (4.0.4)
u(0,2) = uo(z), @ e[0,1] (4.0.5)

where ¢ : R — R is linear map and ug € (C([0,1]). From now on we assume that the

coefficient a satisfies the following assumptions.

Assumption 4.2. Let a : [0,1] — R.

A1l - The function a is continuous;
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A2 - a(0) =0 and a(z) > 0 for z € (0,1];
A3 - The function a satisfies the Osgood condition, i.e.,

la(x2) — a(z1)| < ¢(|ze — x1]), for all x1,z9 € [0, 1], (4.0.6)

for an increasing continuous function ¢ : [0, 1] — [0, c0) such that ¢(r) > 0 if r > 0,
#»(0) =0 and

1
1
dr = oo, for every § > 0,
/0 o(r)

ie.,

s 7
lim / dr = oo.
e—0T Jg gb(?")

Assumptions about the nonlinearity of function ¢ will be listed later in appropriate sec-
tions. In this chapter, we consider first the homogeneous linear problem of equation
(4.0.4)-(4.0.5), i.e., we assume that ¢ = 0 and at the end we assume c(x) = Au.

This chapter is organised as follows. In Section 4.1 we state the required preliminaries
which we use throughout the chapter. Section 4.2 is devoted to the existence and unique-
ness of solution for the homogeneous case of the problem (4.0.4)- (4.0.5). In section 4.3
we use Rudnicki’s [43, Theorem 1] as a case study to prove the existence of an invariant

measure under Assumption 4.2.

4.1 Preliminaries

In this section, we state the required definitions and properties of the solution to the first
order PDE. The definition below follows from [33, Definition IV.2.3] with the difference
that the phrase ”classical solution” is replaced by a strong solution. A generalisation of
Definition 4.3 to in-homogeneous problems will be presented later on in Section 5.1 in
Chapter 5.

Definition 4.3. Let X be a Banach space and A be a linear densely defined operator in
X, i.e. D(A) is a dense subspace of X and A : D(A) — X is a linear map. By a strong

solution to the following abstract Cauchy problem

d@;f) = Au(t), t>0, (4.1.1)
u(0) = =z, (4.1.2)

where xz € X, we mean an X valued function u defined on the interval [0, 00) such that

(i) w:[0,00) — X is continuous and
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(ii) u(0) = =z,

(iii) u: (0,00) — X is continuously differentiable,
(iv) u(t) € D(A) for every t > 0, and

(v) u/(t) = Au(t), for every t > 0.

The following Theorem is based on [33, Theorem IV.1.3].

Theorem 4.4. Let X be a Banach space and A be the infinitesimal generator of a Coy-
semigroup {Si}i>0. Then for all x € D(A) the abstract Cauchy problem (4.1.1)-(4.1.2)

has a unique strong solution given by the following formula

Definition 4.5. Let E be a Banach space and U C R x E be an open set. Assume that
f : U — E is a continuous function. Such a function is often called a time-dependent
vector field. If U C FE is open then the function f : U — F is often called a vector field
onU.

Before we state some results about the existence and uniqueness of solutions to our equa-
tion, we need to define a solution. We will define a local solution, a local maximal solution

and global solutions (for positive and negative times).

Definition 4.6. Let us assume the framework of Definition 4.5. Assume (tg,z9) € U. A

local solution of the following differential equation

dx
— = f(t 4.1.3
" _ i), (113
with the following initial condition
I(to) = X0 (414)

is a function ¢ : I — E, where I C R is an open interval such that ¢y € I, if and only if

the following conditions are satisfied

(i) if t € I then (¢t,x) € U (so that f(t,z) makes sense);
(ii) function ¢ is of C'-class,
(iii) ¢(to) = w0, i.e., the equation (4.1.4) is satisfied;

(iv) if t € I then ¢'(t) = f(t, ¢(t)), i-e., the equation (4.1.3) is satisfied for every ¢ € I.
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A local solution 9 : J — U of the problem (4.1.3)-(4.1.4) is said to extend a local solution
¢ : I — U of the problem (4.1.3)-(4.1.4) if and only if the following two conditions are
satisfied

(v) IcCJ;

(v) if t € I then ¥(t) = ¢(t).

A local solution ¢ : I — U of the problem (4.1.3)-(4.1.4) is said to be a maximal local
solution if and only if it can not be extended to a strictly larger interval than I.

A maximal local solution ¢ : I — U of the problem (4.1.3)-(4.1.4) is said to be global in
positive times if and only if the right end of the interval I is equal to co.

A maximal local solution ¢ : I — U of the problem (4.1.3)-(4.1.4) is said to be global in
negative times if and only if the left end of the interval I is equal to —oco.

A maximal local solution ¢ : I — U of the problem (4.1.3)-(4.1.4) is said to be global if
and only if it is global in both positive and negative times, i.e., the left end of the interval
I is equal to —oo and the right end of the interval I is equal to oo, in other words, the

interval [ is equal to R.
The following Theorem is based on Osgood’s Uniqueness Theorem see [34, Ch.3 Theorem
1], which plays an important role in our proof of the uniqueness of a solution.

Theorem 4.7. Assume that a : [0,1] — R is a continuous function satisfying the Osgood
condition. If x1,2z9 : [S,T] — R, for some S < 0 < T, are two solutions of the following
ODE problem

for some xg € R, then
l’l(t) = :Eg(t), t e [S, T}

We do not provide proof of this theorem since we only need the formulation above.
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4.2 Existence and Uniqueness of Solutions of Linear First

order PDEs

In this section, under Assumptions 4.2, we prove the existence and the uniqueness of a
global solution of the problem (4.0.4)-(4.0.5) in a special case, that is, a linear homoge-

neous case. In other words, we consider first the following problem:

&gf0+dwaﬁgw:0,tzmxemJ] (4.2.1)
u(0,7) = uo(z), z € 0,1], (4.2.2)

where uy € ,C([0,1]).
In what follows, note that if the function a : [0, 1] — R satisfies Assumption (Al) we can
find a nice extension of the function a to the half-line [0, c0). For instance, we can define

such a continuous extension a : [0,00) — R by the following formula

a(z) = al@), #memJL (4.2.3)
a(l), ifz>1.

But other choices are possible.

In this way, we could have assumed that a is defined on the whole interval [0, c0). But for
our purposes, we only need to know properties of a on the interval [0, 1]. Hence, although
we define below a function G on the whole interval [0, 00), we only need its properties on
the interval [0, 1].

To define a solution to equation (4.2.1) we follow the notation of Lasota [27] and use the
method of characteristics. Therefore, we consider first the following Ordinary Differential
Equation (ODE):

dx(t)
dt
z(0) = x0, w9 >0 (4.2.5)

=a(z(t)), tER, (4.2.4)

A solution to the above ODE is found in two distinct cases. Firstly, if g = 0, then
by Assumption (A2) we have a(0) = 0, so a function z(t) = 0 for t € Ry is a solution to
the equation (4.2.4).

Secondly, if zg > 0, then by employing the classical characteristics method we find the
following candidate for the solution to problem (4.2.4)-(4.2.5)

x(t) = G (t+ G(xo)), tel, (4.2.6)
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where - .

G(x) = —/x i dr, sothat G'(z)= @)’ x € (0,00) (4.2.7)
Since we have not specified the interval of I, let us define a function x(t),¢ € I by the above
formula (4.2.6) for the largest possible interval I. In other words, we want to determine
the domain of the function on the RHS of the formula (4.2.6). It will be shown below
that the largest interval I is of the form I = ( — oo, 7(2¢)), where 7(29) > 0. In some
cases T(xp) = oo and some other cases 7(zp) < co. To make the observation rigorous we
need the following result which formulates properties of the function G.
In the following proposition, we list some basic properties that function G(z), which
defined by formula (4.2.7), satisfies.

Proposition 4.8. Assume that a : [0,1] — R is a continuous function satisfying Assump-
tion 4.2 and let a be defined by formula (4.2.3). Let G : (0,00) — R be a function defined
by formula (4.2.7). Then the following conditions hold.

(i) G(1) =0,

(ii) If x < 1, then G(x) < 0 and if z > 1 then G(z) > 0,
(i1i) G(x) is (strictly) increasing, i.e., if 0 < x1 < xa, then G(x1) < G(z2),
(iv) lim, g+ G(z) = —00 and lim,_,oc G(x) =: G € (0, 00] exists,

(v) limy,,_ o G 1(y) =0,

vi) the function G is of C'-class, and
(vi)

G'(x) = for every x € (0, 00).

1
a(x)
(vii)(a) The function G is a bijection from (0,00) onto (—00, Gso),

(b) it maps bijectively the interval (0,1] onto interval (—oo, 0]

(c) and the interval [1,00) onto interval [0, Guo).

Proof of Proposition 4.8. The proof of the first three conditions (i), (ii) and (iii) is trivial.

Proof of condition (iv): Let us recall that from Osgood condition (4.0.6) we know that

6 é
/ 1 dr =00, forall >0, ie., lim / 1 dr = oo.
o o(r) e=0+ Jo (1)

Hence we proved that
lim [G(x)] = —o0.

z—0t
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FIGURE 4.1: Graph of functions G and G~! when G, = co.

By part (iii) the function G : (0,00) — R is increasing, the limit

G := lim G(z) € (0,00) U {oo}

T—00

exists. Let us stress that this limit is either a positive real number or co.

Proof of condition (v): First of all let us observe that since by condition (iii) the function
G is (strictly) increasing, the inverse G~! exists and is also (strictly) increasing. By
condition (i) the function G~1(0) = 1. Moreover, by conditions (ii) and (iv) the image by
G of the interval (1, 00) is equal to the interval (0, G ) and the image by G of the interval
(0,1) is equal to the interval (—oo,0). Finally, because by condition (iv) lim, .o+ G(z) =

—oo and G is (strictly) increasing, we infer that lim,,_. G~1(y) = 0.

Proof of condition (vi): Since the function a is continuous on [0,00) and a(xz) > 0 for
z € (0,00), by [39, Theorem 4.17] the function 1 is continuous on (0,00). From the
definition of the function G in formula (4.2.7) and the Fundamental Theorem of Calculus,
see [39, Theorem 11.33] we deduce that the function G is differential at every = € (0, 00)
and

G'(x) = —, z € (0,00).

Obviously by equation (4.2.3)

G'(z) = x € 10,1].

To finish the proof we observe that since the function % is continuous on (0, 00), also the
function (0,00) © x +— G'(x) is continuous. Hence we proved that the function G is of

Cl-class on the interval (0, 00).
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Proof of condition (vii): This has already been proved inside the proof of condition (v).

Hence, the proof of proposition 4.8 is completed. O

Theorem 4.9. Let us assume that the function a satisfies Assumption 4.2. Then for

every xo € [0, 1] there exists a unique mazximal solution of problem (4.2.4)-(4.2.5)
x:(—o0,7(x0)) = R,

where
o, if Goo = 00,
T(z0) = (4.2.8)
Goo — G(z0), if Goo < 0.
The uniqueness has to be understood in the following way.

Ifx1: (=00, 1) = R and x2 : (—o0,72) — R are two maximal solution of the ODE (4.2.4)
then 71 = 12 and x1(t) = x2(t) for all t € (—oo, 7).

Proof of Theorem 4.9. Let us choose and fix zp € (0,1] and define 7(x¢) by formula
(4.2.8). Next, let us define a function z : (—oo, 7(z¢)) — R by formula (4.2.6). Then, by
Proposition 4.8, we infer that the function z is of C''-class and, by the chain rule, see [39,
Theorem 5.5], and the equation (4.2.7), its derivative is given by the following formula

1 1

TG+ Go))] = a(z(t)), te (- oo,7(x0)).

2 (t) T
aG T+ Gao))

Hence the function x solves our equation (4.2.4) together with the initial condition (4.2.5).
The uniqueness of solution follows from Theorem 4.7 because the function a satisfies the
Osgood condition. To be precise, we argue as follows. Suppose by contradiction that
71 # 1. Without loss of generality we can assume that 71 < 73. Since the function «a
in equation (4.2.4) satisfies the Assumptions 4.2, by Theorem 4.7, we deduce that the

solution to the equation (4.2.4) is unique, i.e.,
x1(t) = xo(t) for all t € (—o0,11).

Therefore, the solution 1 : (—o0, 71) — R is not a maximal one because it can be extended
(by z2) to a strictly larger interval (—oo,72). This contradiction completes the proof of
Theorem 4.9. Ul

Example 4.10. Here we present an example related to Proposition 4.8 and equation (4.2.4).

In the equation (4.2.4), we choose o > 0 and define function a by

a(z) = az, forxz €0,1],
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The extension a can be defined as before, but it is more natural to consider
a(x) = ax, forz € |0,00).

One can check that these functions a and a satisfy all assumptions of Proposition 4.8.
Using equation (4.2.7) we can find an explicit formula for the corresponding function

G(x).

| 1 1
G(m):—/ dT:—/ fdr:%,xe((),oo).

a(r) ar

One can check with bare hands that in this case, the function G satisfies all properties
listed in Proposition 4.8. This is of course not surprising.

If we put G(x) =y, that implies e _ e ne = ay < z = . Since the inverse

«

function G~ is characterized by
Gl y) = = G (y) = e,

we infer, that the solution to the equation (4.2.4) is given by the following formula,

In zg

1‘(25) _ ea(t—l—G(aco)) — 0t a3t _ ot zo, L€ (—O0,00).

Hence, in this case we have

7(20) = 00

and the solution is global.

The formula (4.2.6) allows us to define a solution to the problem (4.2.4)-(4.2.5) as follows:

Gt + G(wp)), —oo <t <7(x0); if moe (0,1];

o(t, o) == (4.2.9)

O, if o = 0.

In particular, we deduce that ¢(t,z) is well defined for all ¢ € (—o0,0] and zy € [0, 1].
We showed in Theorem 4.9 that for every zg € [0, 1], the function

(—o00,7(20)) 2t — @(t,z0) €R
is a solution to problem (4.2.4). In particular, ¢(0,xg) = 0. Indeed,
©(0,z0) = G 1 (0, G(xo)) =Gt (G(xo)) = xp.

Using the above formulation we can define a solution to the problem (4.2.1)-(4.2.2). We

put
u(t, zo) == uo(¢(—t,x0)), o €[0,1], t € [0,00). (4.2.10)
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Inserting formula (4.2.9) into the last formula (4.2.10) we obtain the following expression

for a solution to equation (4.2.1) as follows

wlt,2) i up(G~H(—t + G(2))), =€ (0,1], t € [0,00). (42.11)

up(0), =0, te[0,00).

The above formula is based on the characteristics method. The solution ¢ of equation
(4.2.4) is called the characteristic of the first order PDE (4.0.4) and the equation (4.2.4)

is called the characteristic equation.

Remark 4.11. If the function a satisfies the Assumption 4.2 and the function ug is of
Cl-class, then by direct calculations one can prove that the function u(t,z) for (¢,z) €
[0,00) x [0,1], defined above in (4.2.11), satisfies equation (4.2.1) and initial condition
(4.2.2) point-wise, i.e.,

(i) at every (t,z) € [0,00) X [0, 1] the partial derivatives %(t,a:) and %Z(t, x) exist and the
equality (4.2.1) is satisfied;

(ii) at every z € [0,1], the identity (4.2.2) is satisfied.

We say such that function u(t,z) is a classical solution to the problem (4.2.1)-(4.2.2) in

the classical sense.

Let us observe that the definition of the function w that is given in equation (4.2.10) is

well posed due to the following Corollary.

Corollary 4.12. If the function ¢ is defined by formula (4.2.9) then the following condi-
tion is satisfied.
©o(s,x0) € [0,1], for all xy € [0,1], s <0.

Proof of Corollary 4.12. Let us choose and fix zy € [0, 1] and s < 0. Then by properties (i)
and (ii) of Proposition 4.8, we infer that G(z¢) < 0. Since s < 0, then also s+ G(zp) < 0.
Hence, by condition (vii) of the same Proposition, we infer that G~!(s + G(z0)) € [0, 1].
The result follows by using the formula (4.2.9). O

The above corollary is also an important result since we will use it later to prove the bound-
edness and the Cp-continuity in our main result of this section. The following two results
are important to prove the Cp-continuity condition of our main result (Theorem 4.19).

Before we state the proposition let us recall that

7(x0) >0, for every o € [0,1].



Solutions with assumptions for PDEs 93

Proposition 4.13. Assume that the function a satisfy Assumption 4.2 and ugy is a con-
tinuous function such that ug(0) = 0. Then the restriction of the function ¢ to the set

(—00,0] x [0,1], i.e., the function
@ :(—00,0] X [0,1] = R

defined by formula (4.2.9), is continuous with respect to variable t uniformly with respect

to xg variable, i.e., for every e > 0 there exists § > 0 such that

if t1,to € (—O0,0], |t1 — t2| <4,z € [0, 1] then |(,0(t1,$0) — 30(752,3:‘0” <e. (4.2.12)

To prove Proposition 4.13 we need first to formulate two claims. One is standard and the
second one is about some properties of the function ¢. The following claim is a special
case of [39, Theorem 4.19)].

Claim 1: If a set K is a compact subset of R? and a function f : K — R is continuous,
then f is uniformly continuous, i.e., for every € > 0 there exists 4 > 0 such that for all

= (71,72) € K and y = (y1,92) € K
if d(z,y) <6 then |f(x) — f(y)] <e.

Here, d is the classical Euclidean metric on R?

d(z,y) = /(1 — 21)2 + (y2 — 22)2.

We can not directly apply Claim 1 to the proof of Proposition 4.13 because the domain
of the function ¢ is the set (—o0, 0] x [0,1] which is not a compact set. Therefore, to
complete the proof we need the following additional claim.

Claim 2: For every € > 0 there exists T, < 0 such that
if t € (—o0,T:] and zg € [0, 1], then |p(t, zo)| < €. (4.2.13)

By formula (4.2.9) we can consider only zo € (0,1]. Moreover, since 7(z¢) > 0 by the

same formula we have
o(t, o) = G_l(t + G(ﬂfo)), t € (—00,0], o€ (0,1].

Let us now choose and fix € > 0. For the time being, we consider T. < 0. The precise
value of T, < 0 will be decided below. Since by Proposition 4.8, the function G~! takes

only positive values, by the last formula function ¢ also takes positive values. Moreover,
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functions G' and G~ are increasing. Hence, for zo € (0,1] and t < T
lp(t, m0)| = @(t,20) = G (t + G(z0)) < G T + G(1)) = G~ H(Ty).

To find the value of T, we observe that by part (v) of previously used Proposition 4.8 we
can find 7. < 0 such that G=1(T.) < . Having done so, we observe that if 2o € (0, 1] and
t < T, then

[o(t, xo)| < e

Thus the proof of Claim 2 is complete.

Proof of Proposition 4.13. Let us now choose and fix ¢ > 0. By Claim 2 there exists
T. < 0 such that the formula (4.2.13) holds with §, i.e.,

if t € (—o00,T;] and z¢ € [0, 1], then |p(t,z0)| < (4.2.14)

| ™

Let K = [T. — 1,0] x [0,1]. Then K is a compact subset of R?. Therefore, by applying
Claim 1 for function f = ¢, we can find § > 0 such that

if t1,t1 € [Tg — 1,0], xo € [0, 1], |t — t1] < & then |p(te, z0) — @(t1,20)| <e. (4.2.15)

Without loss of generality, we can assume that § < 1. the assertion of Proposition 4.13
follows from (4.2.14) and (4.2.15).

Thus the proof of Proposition 4.13 is complete. O

The following result follows from Proposition 4.13.

Corollary 4.14. For every ¢ > 0 there exists § > 0 such that

if s € [—0,0] and xy € [0, 1], then |@(s, ) — x| < €.

Proof of Corollary 4.14. Let us choose and fix € > 0. By the Proposition 4.13, we can
find § > 0 such that (4.2.12) holds. Putting t2 = 0 and t; = s, then we get the following

if s€ (—00,0], |s—0| <9, 29 €[0,1] then |p(s,zo) — ¢(0,20)] < €.

Because ¢(0,z9) = z¢ and s € [—4,0] then |s — 0] < 0, and therefore, we deduce the
result. O

We present now one of the most important results from the current subsection. We

continue to assume Assumption 4.2 hold.
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Theorem 4.15. If a function ug : [0,1] — R is continuous and uo(0) = 0, then for every
t > 0, the function u(t,-) has the same properties. Moreover, the function u satisfies the

initial condition (4.0.5).

Proof of Theorem 4.15. Firstly, we prove that the function u satisfies equation (4.0.5).
From the definition of the function u that given in equation (4.2.10) if we take t = 0
and zg € [0, 1] then we get u(0,x0) = uo(v(0,x0)) = up(zo) because by equation (4.2.9)
(0, z0) = 9. So our function u satisfies the initial condition.

Secondly, we need to prove that the function = — u(t, z) is continuous. Let us choose and
fix t > 0. We prove that wu(t,-) is continuous at xg = 0. According to [39, Theorem 4.1]

to prove this continuity it is sufficient to prove that

lim wu(t,zo) = u(t,0).

9—0T1

But we have already proved that u(¢,0) = 0, so we need to show that u(t,z9) — 0 when

zo — 0. Let us notice that in the view of formulae (4.2.9) and (4.2.10) we have
u(t, z9) = ug (G~ (=t + G(x0))), o € [0,1].
It follows from the condition (iv) of Proposition 4.8 that
G(z0) — —00, asxg— 0.

Hence, we infer

G(xg) —t — —o0, asxg— 0.

By applying G~! and using again condition (v) of Proposition 4.8 to the last equation,
we infer that
G Y(G(z9) —t) = 0, asxzg— 0.

By the assumptions of Theorem 4.15, the function wg is continuous at 0 and by [39,

Theorem 4.7], we infer that
U (G_I(G(SCQ) — t)) — uo(O) = 0, as rog — O+.

Hence we proved that

u(t,zg) — 0, asxzo— 0.

To prove that u(t,-) is continuous at x¢ € (0, 1], we use again the following formula
u(t, o) = ug (G~ (—t + G(z0))), w0 € (0,1].

Let us observe that u(t,-) is a composition of three functions, namely;
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(i) (0,1] 2 ¢ — —t + G(x0) € (—00,0],
(i) (—00,0] 3y = G~ (y) € (0,1],
(iii) [0,1] 2 z — up(2) € R.

Since each of these three functions is continuous, by [39, Theorem 4.7] we infer that u(t, -)

is also continuous on the interval (0, 1]. This completes the proof of Theorem 4.15. O

In the following result, we denote the unique maximal local solution to the ODE (4.2.4)
by (—o0,7(20)) >t — @(t,x0) € R. The proof of this result is based on the condition
of the uniqueness of the solutions in Theorem 4.9 and not on the explicit formula for the

solution so that it is applicable to equations that do not have explicit solutions.

Corollary 4.16. If s < 7(xg) and t < @(s,xo) then
o (t, p(s,20)) = @(t + s,20). (4.2.16)

Proof of Corollary 4.16. Let us fix so < 7(x¢) and x¢ € [0,1]. Define two functions as

follows

z1(t) = ¢(t, p(s,20)) and z2(t) = p(t + s, 20).

By the definition of the function ¢ in equality (4.2.16), function z; is a solution of equation

(4.2.4) with initial condition x1(0) = ¢(s,xo), i.e.,

dl‘;t(t) = a(z1(t)).

Now we claim that z2 is also a solution of equation (4.2.4) because by the chain rule [39,

Theorem 5.5] we have

dﬂc;t(t) — %[@(t +s,@0)] = ¢ (t+ s,@0) = a(p(t + s,30)) = a(z2(t)).

Moreover, z2(0) = ¢(0 + s,z9) = @(s,z9). Hence we have proved that z; and zo are
solutions to the same equation with the same initial condition. By the uniqueness part of

Theorem 4.9 we deduce that
x1(t) = x2(t), for all t.

By the definition of those functions we deduce that ¢ (¢, ¢(s,z0)) = (t + s, z0). O

We can apply an appropriate result obtained from Corollary 4.16 to deduce a solution

to the function w which exists in equation (4.2.10). However, before we formulate this
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solution, let us recall that u(t,zq) := ug(p(—t,z0)) for every zo € [0,1] and t € [0, 00).

Also, let us introduce the following notation
[ (u0)](z0) := u(t, o), xo € [0,1], t >0, (4.2.17)

whenever g : [0, 1] — R is a continuous function such that uy(0) = 0. Which means that,
according to Theorem 4.15, the function ug € (C'(]0,1])). In view of definition (4.2.17) of
the function m; and by Theorem 4.15, we deduce that 7 (ug) is also belongs to the space

0C ([0, 1]). In other words, we proved the following result.

Proposition 4.17. If the function uy € (C([0,1]), then m(up) € (C([0,1]) for every
t > 0.

In the following theorem, we state some properties that function 7 satisfies.

Theorem 4.18. Assume that the function ug : [0,1] — R such that ug(0) = 0. Ift,s >0,
then the following holds

Tits(uo) = e (s (uo)). (4.2.18)

Proof of Theorem 4.18. Let us choose and fix uy € (C([0,1]) and t,s > 0. Before we
embark on the proof, let us explain why equality (4.2.18) makes sense. For this aim,
we observe that in view of Proposition 4.17 the LHS of equation (4.2.18), i.e., mys(uo)
belongs to (C([0,1]). Similarly, 7s(uo) also belongs to (C([0,1]) and hence, m¢(ms(uo))
makes sense and belongs to ;C'([0, 1]). So, both sides of the equality (4.2.18) are elements
of the space (C([0,1]).

Next, let us also choose and fix zp € [0,1] and we need to show that the values of the
LHS and the RHS of equality (4.2.18) at xo are equal. We start with the RHS of the
equality (4.2.18) as follows

[ (s )uo] (z0) = msuo (p(—t, x0)) = uo (p(—s, ©(—t,20)))
= uo(ga(—s — t,a;o)) = up (go(—(s + t),a:o))
=u(s +t,x0) = Tsptuo(o)-

Hence, by the arbitrariness of zy we infer that equality (4.2.18) is true and therefore, the
proof of Theorem 4.18 is complete. O

We are now ready to formulate the main result of this current subsection.

Theorem 4.19. The family {7 }+>0, which defined by equation (4.2.17), is a Cy-semigroup
of linear and bounded operators on the Banach space (C([0,1]). In fact, it is a Cp-

semigroup of contractions on (C([0,1]).



Solutions with assumptions for PDEs 98

Proof of Theorem 4.19. Assume that ¢t € [0,00). First of all, we would like to show that
the map m : (C([0,1]) — ¢C([0,1]) is a linear bounded map. For the linearity, let us
choose two elements ug, vy € (C([0,1]). Let u be the solution to equation (4.2.1) given by
equation (4.2.10). Let v be also the solution to equation (4.2.1) but with the initial data

uo replaced by vg, given by an appropriate modification of the formula (4.2.10), i.e.
U(ta 1"0) = o (@(_tal’O))a o € [Oa 1]7 te [07 OO)

Note that up + vo € (C([0,1]), because the space (C([0,1]) is a vector space. Let z be
a solution to equation (4.2.1) but with the initial data ug + vy given by an appropriate
modification of the formula (4.2.10), i.e.,

2(t, o) == [uo + vo] (p(—t,z0)) = uo(p(—t,z0)) + vo(p(—t,x0)), xo € [0,1], t € [0,00).

Therefore, by formula (4.2.17), for every xg € [0, 1] we have

[t (uo + vo)](x0) = 2(t, w0) = uo((—t,20)) + vo(p(—t, x0))
= u(t, xo) + v(t, xo) = [mt(uo)](x0) + [m(v0)](z0)
= [m¢(uo) + 7t (vo)](wo).

Since xg is an arbitrary element of [0, 1], we infer that
[t (uo + vo)] = [me(uo) + 7 (vo)].
Similarly, for every g € [0, 1] and a € R we have
[mi(auo)](zo) = ault, z0) = almi(uo)](zo)-

Again, because ¢ is an arbitrary element of [0,1] we infer that [m(aug)] = afm(uo)].
Hence we proved that m; is a linear map. For the boundedness, let us choose and fix
t € [0,00). By using the definition (3.2.5) of the norm in the space (C([0,1]) and the
definition (4.2.17) of m; along with (4.2.10) we have

Imeuoll c (o) = sup |meuo(zo)l
z0€[0,1]
< sup |ug(p(—t,z0))| < sup |uo(s)| = |luoll- (4.2.19)
20€[0,1] s€[0,1]

The last inequality is a consequence of Corollary 4.12 and the following observation: if
two bounded sets A and B are such that A C B C R then sup A < sup B. Therefore, it is

bounded. Moreover, from equation (4.2.19) we infer that m; is contraction, which means
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that
< 1.
el (o qoap) <1

Now we need to verify the Cp-semigroup properties. We need to show that the following
three properties are satisfied.

(i) mo = I, where [ is the identity element in the space (C(][0,1]),

(11) TtTg = Tt+tsg, if t, s> 0,

(iif) [|meuo — uol| o (jo,1) — 0 as t — 0, for every ug € (C([0, 1]).
Let us begin with the observation that the second property has already been proven in
Theorem 4.18 above. Regarding the first property, let ug € (C([0,1]) and zo € [0,1],
then we have, [moug|(xo) = u(0,29) = uo(zg). Hence, mg = I. So the first property is

satisfied. Finally, we prove the last property, we aim to prove the following. Let us choose

ug € ¢C([0,1]) and n > 0. We want to find § > 0 such that
0<t<d = Hﬂ't’u,() — uOHOC([O,l]) <.
By using the norm on the space (C'(]0,1]) for every function uy we have

Imeuo — uoll = sup fu(t, x0) — uo(wo)| = sup |uo(p(—t,20)) —uo(xo)l.  (4.2.20)
z20€[0,1] 20€[0,1]

Note that the function ug : [0,1] — R is continuous. Therefore, since the interval [0, 1] is
compact, by [39, Theorem 4.19] we deduce that the function ug is uniformly continuous.

Hence we can find € > 0 such that if z1, 22 € [0, 1] then
|x1 — 22| < e = |up(x1) —uo(x2)| < n.

Using Corollary 4.14 with this €, we deduce that there exists 6 > 0 such that if s € [—4, 0]
and o € [0, 1] then
lp(s,z0) — 0| <e.

Therefore, we take ¢ € [0, d] and z¢ € [0, 1] then we obtain s = —t € [—6,0] and (s, xg) €
[0,1], by Corollary 4.12. Hence we have

luo (@(—t,20)) — uo(wo)| = |uo (e (s, z0)) — uo(xo)| < 1.

Provided that |¢(s, x0) — 29| < e. In other words, we proved the following:
If 7 > 0 then there exists 0 > 0 such that for ¢ € [0,0] and zo € [0, 1] we have

|uo (p(—t,20)) — uo(zo)| < 1.
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By taking the supremum for the above equation we obtain the following

ift €[0,6] = sup |uo(p(—t,20)) — uo(zo)| < 7. (4.2.21)
20€[0,1]

Hence by equations (4.2.20) and (4.2.21), we infer that
if t €[0,0] then |muo— uoll c(o,1) < n-

Hence the proof of condition (iii) is complete. So we proved that the family {m:};>0 is a
Co-semigroup of linear and bounded operators on the space (C([0,1]), which completes
the proof of Theorem 4.19 O

Theorem 4.20. The infinitesimal generator A of the Co-semigroup {m}i>0 of linear
and bounded operators on the space (C([0,1]), see Theorem 4.19, is characterised by the

following two equalities:

D(A) = {u :[0,1] = R : u is continuous, u(0) = 0

u:(0,1] = R:uis of Cl-class, and lim a(x)u'(z) = 0},

z—0

—a(x)Du(z), if = 1], u € D(A),
ey = [A@PE, i e @.1) we D)
0 if ©=0,

The proof of this theorem can be done similarly to the proof of Proposition 2.106 and will
be skipped. Theorem 4.20 is a generalisation of Proposition 2.107. Using Theorem 4.4 we

can formulate the following result.

Theorem 4.21. For every Cl-class function ug : [0,1] — R satisfying uo(0) = 0 and
lim, 0 a(z)u/(z) =0, i.e., for every ug € D(A), where A is the infinitesimal generator of
the Co-semigroup {m}i>0 on the space E = (C([0,1]), see Theorems 4.19 and 4.20, the
function u(t) defined by

u(t) = m(up), t>0

is the strong solution, in the sense of Definition 4.3, to the following problem

du
= = Au(t),  u(0) =uo. (4.2.22)

Proof of Theorem 4.21. Follows from Theorems 4.4 and 4.20. O

Using a notion of a mild solution introduced in the next chapter we can formulate the

following extension of the previous result.
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Theorem 4.22. For every continuous function ug : [0,1] — R satisfying uo(0) =0, i.e.,
for every ug € E = (C([0,1]), the function u(t) defined by

u(t) = m(up), t>0

is the mild solution, in the sense of Definition 5.7, of the problem (4.2.22), where, as in
Theorem 4.21, A is the infinitesimal generator of the Co-semigroup {m}i>0 on the space
E, see Theorems 4.19 and 4.20.

Next we will present a notion of a classical solution to equation (4.2.1).

Definition 4.23. A classical solution to equation (4.2.1)-(4.2.2) where up : [0,1] — R is

a continuous function such that uo(0) = 0, is a continuous function
u:[0,00) x [0,1] = R

which is of C'-class in (0,00) x [0,1], such that u(¢,0) = 0 for all ¢ € [0,1), and initial
condition (4.2.2) is satisfied and equation (4.2.1) is satisfied for every (¢, z) € (0, 00) %[0, 1].
A similar definition can be given for an in-homogeneous problem, assuming only that the

external force c is a continuous function

¢:[0,00) x [0,1] = R.
Recall that, the function m(ug) has been defined by equation (4.2.17). Since also u(t, xg) :=
uo((—t,z0)) for every o € [0,1] and t € [0,00), we can rewrite the definition of m(u)

as follows:
[ (uo))(w0) = uo(p(—t,30)), xo € [0,1], ¢ > 0.

Using the formula (4.2.9) we deuce that
[ (up)](x0) = uo(G_l( —t+G(x0))), wo €[0,1], ¢t>0.
Now we can define a function u(t, z), for (¢,x) € [0,00) X [0,1] given by
u(t,z) = [m(uo)](z) = uo (G~ (—t+ G(2))), x € 0,1], t>0. (4.2.23)

We can prove that if the function ug satisfies assumptions of the previous Theorem 4.21,
then the function u defined by formula (4.2.23) is a classical solution of the PDE (4.2.1)

in the classical sense, i.e.,
(i) u is of C'-class,

(i) u(0,2) = up(x) for every x € [0,1];
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(iii) equation (4.2.1) is satisfied for all (¢,2) € [0,00) x [0, 1].

4.2.1 Maps for finding properties for the solution

After we prove the existence and the uniqueness of the solution of the equation (4.2.1)
defined in Section 4.2, we now find the properties of that solution. Therefore, in this
section, we define a set of functions that lead us to those properties. Since we do not have
an infinite set of notations, we reused a few notations repeatedly to define the functions

between different spaces.

4.2.1.1 Maps ® and ® if c =0

To find the properties of the unique solution that we found in the previous section, see
equation (4.2.11), we give and recall some important notations that we are going to use
throughout the whole section.

e ,C([0,1]) is the space of all real-valued continuous functions such that «(0) = 0.

o Chuf ([O, oo)) is the space of all real-valued bounded and uniformly continuous func-

tions.
e C([0,00)) the space of all real-valued continuous functions on the interval [0, c0).

. CO([O, oo)) is the space of all real-valued continuous functions on [0, 00) vanishing
at infinity, i.e.,
Cl0,00) = {u € C([0,00)) : lim u(t) = 0}. (4.2.24)

— 00

Let {m}+>0 be a Cp-semigroup on the Banach space (C'([0,1]). We define the shift Cp-
semigroup {7} };>0 on the space Cp ¢ ([0,00)) or C;([0,00)) or C([0,00)) by the following

(Tig)(s) = g(t +5), s€Ry,t>0. (4.2.25)
Define the map @ : ,C'([0,1]) — C([0,00)) by the following
[@(v)](t) := (m)(1), t€[0,00), ve C([0,1]). (4.2.26)

First of all, we need to show that this map ® is well defined and for this purpose, we need

to observe that the following lemmata are true.

Lemma 4.24. Let us assume that {m}t>0 is an arbitrary Cy-semigroup on the Banach
space (C([0,1]). If v € (C(]0,1]) then ®(v), defined by formula (4.2.26), belongs to the
space C([0,00)). In particular, the map ® : ,C([0,1]) — C([0,00)) is well defined.
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Proof of Lemma 4.24. Since v € C([0,1]) and by Theorem 4.19 the family {m:};>0 is a
Co-semigroup on the space (C'([0, 1]), then by [33, Corollary 2.3], see also Corollary 2.76,
the function

ITv := {[0,00) > t — mv € ;C([0,1])}

is also continuous. Let us recall that ITv is the trajectory of the semigroup (7¢)¢>0 starting

at v. Define an evaluation map at 1 by
e1:0C([0,1],R) 3 v v(1) € R.

We need to show that the map e; is linear and bounded. The proof of linearity is straight-
forward. For the boundedness, starting with the left-hand side we have ||ej(v)||r =
|[v(1)| = |lv]]. On the other hand, for the RHS we know the norm on space (C([0,1]) is
given by

10ll e (to,17) = sup ()| = [v(1)].

z€(0,1]

Hence
lex(v)]| = [o(1)] < [[v]]- (4.2.27)

So the map e; is linear and bounded and hence it is continuous. Moreover, we proved

that ey is a contraction. Hence, the proof of the Lemma is concluded by observing that
®(v) = eg o Ilv,

so that ®(v), as a composition of two continuous functions is a continuous function from
[0, 00 to the set R. In other words, ¢(v) € C([0,00)) as claimed. O

Note that the above Lemma is an abstract result because it is true for any Cp-semigroup.
The next result strengthens the previous one. We formulate these abstract results because
they might be used for different equations, e.g, Burger equation (Burgers’ equation is
a fundamental PDE occurring in various areas of applied mathematics, such as fluid

mechanics).

Lemma 4.25. Let us assume that {m }+>0 is an arbitrary uniformly bounded Co-semigroup
on the Banach space (C([0,1]). If v € (C([0,1]) then ®(v) defined by formula (4.2.26) be-
longs to the space C([0,00)). Ifv € (C([0,1]) then ®(v) belongs to the space Cy 5 ([0, 00)).

Proof of Lemma 4.25. Let us choose and fix an element v € (C([0,1]). In the previ-
ous Lemma, we proved that ®(v) belongs to the space C([0,00)). So, now we need to

prove that ®(v) is bounded and uniformly continuous. Let us begin with the proof of



Solutions with assumptions for PDEs 104

boundedness. By inequalities (4.2.27) and (4.2.19) we get

[@(0)(1)] = lex (me(0)) | < | (me(0)) e o,y < Ivlloeqo,n- (4.2.28)

So, we proved that the function ®(v) is bounded. Next, we need to prove that it is
uniformly continuous. For this aim, let us choose 0 < ¢; < t3 < 0o and consider the

following

[®(v)(t2) — @(v)(t1)] = le1 (7, (v) — e (7, (v))] = le1 (w4, (V) — 7, ()]
< |mi, (v) = 7, (V)] o (0,1)) = 171 (Tta—t20 = 0) | (0,1)

Let us take an arbitrary € > 0. Then by the Cy-continuity of the semigroup {m}s>0 we
can find ¢ > 0 such that

if s € [0, 6] then |msv —v| c(o,1)) < €
Therefore, if 0 < to — t; < § then we infer that
[D(2)(t) = D(0)(11)] < Imiaety — vl 001 < e

This completes the proof of Lemma 4.25. O

Note that we have used contractivity of the semigroup {7 }+>0 on the space (C'([0, 1]) many

times. We also can strengthen the previous results by proving the following Proposition.

Proposition 4.26. If v € (C([0,1]) then ®(v) belongs to the space Cy([0,00)).

Proof of Proposition 4.26. Let us choose and fix an arbitrary function v € (C([0,1]).

Then, because G(1) = 0, we write the definition of map ¢ as follows
[@(v)](t) = [m(v)](1) = v(G7'(~t)), t€[0,00). (4.2.29)

We have already proved in Lemma 4.24 that the function ®(v) is continuous and thus, to
prove that it belongs to C’O([O, oo)) we need to prove that

lim [®(v)](¢) = 0.

t—00

By using formula (4.2.29) it follows that to prove the last equality it is sufficient to show
that
lim v(G~'(—t)) = 0. (4.2.30)

t—o00
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But we have

lim —t = —o0.
t—o0

On the other hand, by the properties of the function G we have

lim G '(x) =0.

T——00

Finally, because v € (C(][0,1]),

li =0.
)

According to [3, Theorem 8.17], by combining the last three equalities we deduce that the
identity (4.2.30) as required. O

Proposition 4.27. The space C;[0,00) is a closed subspace of the Banach space
C’b,uf([O, oo)) and hence it is also a Banach space with the norm induced by the norm from

the latter space.

Claim 4.28. Let {T;}:>0 be the shift Cp-semigroup on the space Cb,uf([O, oo)) or the
space C([0,00)) and {m};>0 be an arbitrary uniformly bounded Cp-semigroup on the

space (C'([0, 1]), then for every ¢ > 0 the following equality satisfies

Tio®=dom. (4.2.31)

Proof of Claim 4.28. We need first to prove that both sides of the above equality (4.2.31)
make sense. It is sufficient to consider only the space Cy,, f([O, oo)) For this purpose, we

recall that
@ : oC([0,1]) = Chup([0,00)) and Tp : Cpuy([0,00)) = Cour([0,00))
Therefore, the composition
Tyo®: (C([0,1]) = Chus([0,00)).
is well-defined. On the other hand,
T 1 oC([0,1]) = ¢C([0,1]) and @ : (C([0,1]) = Chus([0,0)).
Therefore, the composition
® o :C([0,1]) = Chuy ([0, 00)).

Hence, the equality (4.2.31) makes sense. It remains to prove it is true. For this purpose,

let us choose and fix v € (C([0,1]) and ¢ > 0. Then, using properties and definitions
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stated earlier, we have for every s € R,

LHS(0)](s) = [7(2(0))] (5)
= [2(v)](t +5)
= (m450) (1) = [ms(m)](1)
= [@(th)} (s) = [RHS(’U)] (s)
This completes the proof of claim 4.28. O

Let us emphasise that in Claim 4.28 {7} };>¢ is the shift semigroup while {7 };>¢ is an ar-
bitrary Cp-semigroup on the space (C ([0, 1]). It follows from the previous Proposition 4.26
that the function @ is not only well-defined as a function from the space C'([0, 1]) to the
space Cj . f([0,00)) but also is well defined as a function from the space (C([0,1]) to the
space Co([O, oo)) This new object we will denote by ®. Let us observe that in view of

equality (4.2.29) the new map $ satisfies the following

@ :,C([0,1]) = Co([0,0)) (4.2.32)

[B()(1) = (mw) (1) = 0(G (1)), t € [0,00). (4.2.33)
The next result list some fundamental properties of the latter function P.

Lemma 4.29. The map ® introduced above in identity (4.2.32) is well-defined and also

it 1s linear and bounded. In particular, it is continuous.

Proof of Lemma 4.29. The proof of the linearity of the map ® is standard. For bound-
edness, let us recall that the space Co([O, oo)) is endowed with the supremum norm.
Therefore, by inequality (4.2.28), we have for v € (C(][0,1}),

H‘i’(v)||co([0,oo)) = sup 12 cqop < IVl eqo-

This proves that d is bounded, in particular, it is a contraction map. O
Remark 4.30. Let us observe that Lemma 4.29 remains true for the map

®: 4C([0,1]) = Chuy([0,00))

with practically the same proof.
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Lemma 4.31. The family {T}}i>0 is a Co-semigroup of contractions on the space Cy 5 ([0, oo))

Moreover, the infinitesimal generator B of this semigroup satisfies the following

D(B) = {g € Cyus([0,00)) : g is of C'-class and g' € Cps([0,0))}
B(g)=4', g€ D(B).

See Example 1 in section IX.2 and Example 1 in section IX.5 in the monograph [49].

Remark 4.32. Let us observe that the Claim 4.28 remains true for the map
d : ,C([0,1]) = Co([0,00))

with practically the same proof.

4.2.1.2 Inverses of maps ¢ and P

In this subsection we denote the new maps by Q = ®~! (Q = ¢! respectively), where
®~! and ! are the inverse of the maps ® and & respectively defined before. Define a

map ) as the following
Q : Cb,uf([07 OO)) — OC([Oa 1])

Q)] (x0) := 1/1( — G(mo)), where ¢ € Cy,¢([0,00)), xo € (0,1].

Note that Q(1) is only defined for xy € (0, 1] because 0 ¢ Dom/(G).
Also, define the map Q by the following

Q : Co([0,00)) — (C([0,1]), (4.2.34)

[Q()](0) := 1 ( — G(x0)), if 20 € (0,1], ¥ € Co([0, 00)). (4.2.35)

Note that, so far Q(v) is only defined for zp € (0, 1] because 0 ¢ Dom(G). However, in

contrast to the case of map (), we can additionally define

[Q(¥)](0) = 0, if 3 € Cy([0,00)). (4.2.36)

This works, because ¥ € Cy([0, 00), R) so that lim;_,~ 1(¢) = 0, contrary to the previous
case. This is made more precise in the proof of Proposition 4.33 below. In the following,

we need to study some properties of maps Q and Q.

Proposition 4.33. Suppose ¢ € Cy([0,00)) then the map Qv defined by (4.2.35) and
(4.2.36) is continuous, i.e., Qy € 0C([0,1]). In particular, map Q defined by (4.2.34) is
well defined.
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Proof of Proposition 4.33. Let us choose and fix 1 € Cy(]0,00)). Our aim is to prove
that Qi € 0C([0,1]). To verify this aim, we need to prove two statements. First, we
need to prove that Qw is continuous at xq if z¢ € (0,1]. Second, we need to prove that
Q1 is continuous at 0. Regarding the first statement, the function —G : (0,1] — [0, c0)
is continuous and the function % : [0,00) — R is continuous. Hence, the composition

Yo (—G):(0,1] — R is also continuous. For the second statement, we need to show that

lim (0] (o) = [Q](0). (4.2.37)

z9—0T1

Using the definition of function Q1 we have

lim [Qy](zo) = lim ¢(—G(w)) (4.2.38)

I04)0+ x0~>0+

We know from the properties of function —G(x) that lim, g+ [—G(z9)] = co. Now in
equation (4.2.38) we put —G(xo) = ¢t and we need to find lim;_,~ 1(¢). We observe that
if ¢ only belongs to the space Cj ¢ ([0, oo)) then such a limit may not exists. This means
that the space we used Cj,f([0,00)) has to be replaced by the space Cy([0,00)) which
defined before by equality (4.2.24). Thus, since our function ¢ € Cy([0,00)), then the
limy o0 9 () not only exists but also is equal to 0. Therefore, by [3, Theorem 8.17] about
the limit of the composition of functions, we infer that

lim (-G (z0)) = lim b(t) = lim ¥(t) = 0.

zo—0F t—)limZOHOJr(—G(xo)) t—o0

So we proved that

lim [Q¢](x0) = 0.

SC()—)O+

On the other hand, from the equation (4.2.36) we have [Q1](0) = 0 which implies that
equality (4.2.37). This together with 0 = [Q¢](0) implies that Qv € (C([0,1]). O

Proposition 4.34. The map Q defined by (4.2.34) is not only well defined but also linear

and bounded (from Cy([0,00)) to C([0,1])).

Proof of Proposition 4.34. Recall that for v € Cy([0, 00)),

. v(—G(x)), if x € (0,1],
Guyiay  {PCC@) e
0, if x =0.

The proof of the linearity is straightforward. To prove the boundedness of the map Q,
let v € Cp([0,00)). Since Qu(0) = 0, by using the definitions of the norms in the spaces
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Co([0,00)) and (C([0,1]), we get

1Qull oo = sup [[Qul(z)] = sup |[Qu](x)|

z€[0,1] x€(0,1]

= sup [o(—G(2))[ < sup [v(t)| = [[v]lcy(0,00))-
z€(0.1] te[0,00)
where the last inequality is a consequence of proved earlier Proposition 4.8, that the
function —G maps bijectively (0, 1] into interval [0, c0). Therefore, the proof Proposition

4.34 is complete. ]

Proposition 4.35. Let & be the map as in formula (4.2.32) and Q be the map defined on
equation (4.2.35). Then we have Q o ® = id on (C([0,1]) and ® o Q = id on Cy([0,0)).
In particular,

P '=Q and Q7' = @.

Proof of Proposition 4.35. To prove this Proposition, we identify that there are two parts.
The first part is related to Q o ® = id on (C([0,1]), and the second part is related to
doQ =id on Cy([0,00)). However, before we proceed with the proof, we state that the
compositions Q o ® : ,C([0,1]) = (C([0,1]) and ® 0 Q : Cy([0, 00)) — Co([0,00)) are well
defined by Lemma 4.29 and Proposition 4.33.

Now we start with the first part, we need to prove that Q o ® = id on (C([0,1]), i.e.,

~

[Q o ®](v) =, for every v € ,C([0,1]).

For this purpose, let us choose and fix an arbitrary element v € (C'([0,1]). We need to

prove the following equality hold

(@0 ®](v) = v.

Let us notice that both sides of the above equality are functions belonging to the space
0C([0,1]). In particular, [Q o ®](v)(0) = 0 and v(0) = 0. Therefore, it is enough to prove
the following

[Q o ®](v)(x0) = v(xo) for every zq € (0,1].

For this purpose, we choose and fix 29 € (0, 1]. Then by the definition (4.2.35) of the map
Q followed by the identity (4.2.33) satisfied by $, we have
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This concludes the first part of the proof. For the second part, similarly to the previous

part, we need to show that ® o Q = id on the space Co([0,00),R). That means,

A ~

(@0 Q)(v) =v, for every v € Cy([0,00)). (4.2.39)

We notice that both sides of the above equality (4.2.39) are functions belonging to the
space Cy([0,00)). So it is enough to prove that

~ A~

[(® o Q)v(t)](z0) = v(wmo) for every zo € (0,1].
For this purpose, let us choose and fix an arbitrary element v € Cy([0,00)). Then for
every xg € (0, 1] we have

[(& 0 Q)v(t)](z0) = ®[Qu] (x0) = Qu(G™(~0))
=v(—G(G 7 (~x0))) = v(wo).

This concludes the second part of the proof and therefore, the proof of Proposition 4.35

is complete. ]

The following result is an obvious consequence of Proposition 4.35.

Corollary 4.36. The map & is bijection between (C([0,1]) and Co([0,c0)).

Let us observe that Claim 4.28 can also be generalised to the map d as follows.

Claim 4.37. In the above framework, for every ¢t > 0,
Tiod=dom, (4.2.40)

in the space E, where {T}}¢>¢ is the shift semigroup on the space Cy([0,00)) defined by
the following version of identity (4.2.25).

(Tr9)(s) = g(t +5), g€ Co([0,0)), s€Ry,t>0. (4.2.41)

Proof of Claim 4.37. We divide the proof of this claim into two parts. In the first part,
we start with the observation that by Proposition 4.27 the space Cy([0,00)) is a closed
subspace of Cj,,£([0,00)). Moreover, for every t € [0, 00), T, maps the space Co([0,0))
into itself and the family {T’t}tz() is a restriction of the Cp-semigroup {7}}i>0 defined
by formula (4.2.25) from Cp,,¢([0,00)) to Cy([0,00)). Since by Lemma 4.31, the family
{Ti}+>0 is a Cp-semigroup of contractions on the space Cj,f([0,00)), we deduce that the

family {7} };>0 is also a Cp-semigroup of contractions on the space Cy([0, 00)).
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In the second part of the proof, we first need to show that both sides of the equality (4.2.40)

make sense. For the left-hand-side, we recall that
& : ,C([0,1]) = Co([0,00)) and Ty : Co([0,00)) — Co([0,50)),

so that the composition of those maps satisfies

Tyod: 0C([0,1]) — Cop(]0, 00)).
For the right-hand-side, we also recall that

7 0C([0,1]) = 4C([0, 1]) and & : (€ ([0,1]) = Co([0, %0))

so similarly, the composition of both maps d and m; satisfies

dom: (C([0,1]) = Co([0,00)).

So, we proved that both sides of the equality (4.2.40) make sense. Next, we want to prove
that equality (4.2.40) holds. For this aim let us choose and fix v € (C'([0,1]) and ¢ > 0.
Then, by using properties and definitions of the maps <i>, T, and m; we have, for every

s €R,

(i 0 ®)(0)](s) = [T2((v))

Hence, the proof of equality (4.2.40) holds, and thus the proof of the Claim 4.37 is com-
plete. O

4.2.1.3 Maps ¢ and Q if c#0

In this section we study equation (4.0.4) which is a special case of equation studied
by Rudnicki [43]. We know that for A = 0 equation (4.0.4) generates a Cp-semigroup
{m¢}+>0 on the Banach space (C([0,1]). The infinitesimal generator of this semigroup
{m}+>0 denoted by A, see Theorem 4.20. By Theorem 2.88, the operator A + A is
an infinitesimal generator of a Cy-semigroup on the space ;C([0,1]). This semigroup is
related to the linear part of equation (4.0.4) if ¢ = Au, for A > 0, denoted by {S;}+>0 and
defined by the following formula

[Spu](z) = e (mu) (z), t>0,2 € [0,1].
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Given a parameter v > 0 we introduce a Banach space Y =Y, defined by the following

Y =Y, ={veC([0,00)): sup [v(s)|e™”* < oo} (4.2.42)
$€[0,00)

with a norm defined by

v]ly == sup |v(s)le™*, veY.
5€[0,00)

Note also that Yy is equal to the space of all continuous and bounded functions v :

[0,00) — R.

Let {T}}+>0 be a family of linear operators on the space Y defined by
(Tig)(s) = g(t +5), t,s>0,0€Y. (4.2.43)

Proposition 4.38. The space defined by formula (4.2.42) is a separable Banach space.
A standard proof of Proposition 4.38 is omitted. The proof of the next proposition is also

standard and hence also omitted.

Proposition 4.39. Let Y be the separable Banach space defined in formula (4.2.42). Let
{Ti}t>0 be the shift semigroup defined by formula (4.2.43) on the spaceY. Then the family

of linear operators {T;}+>0 is a measurable semigroup on the measurable space (Y,B(Y)).

The next result is a generalisation of our previous Claim 4.37. This is an abstract result in
the sense that the semigroup {S;}:>0 is an arbitrary semigroup. The following corollary

will be valid for our concrete semigroup that is defined by the formula (4.2.47).

Proposition 4.40. Let {S;}i>0 be a Co-semigroup of bounded linear operators on the
Banach space E = (C([0,1]) such that

1St z(my < MM, forallt >0, (4.2.44)

where M > 1 and X\ > 0 are some constants'. Assume that v = XAandletY =Y, be the
Banach space defined earlier in formula (4.2.42). Then the map ® : E —'Y defined by

(®v)(t) = (Sw)(1), t € [0,00), (4.2.45)

1s a well-defined linear and bounded map from the space E to the space Y. Moreover, the

following equality is satisfies

DoS;=T;0d on E for every t>0. (4.2.46)

! According to [33, Theorem 1.2.2] such constants always exist.
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Proof of Proposition 4.40. We divide the proof into four steps.

1. The map @ is well defined, i.e., if v € E then ®v € Y.
2. The map @ is linear and bounded from the space E to the space Y.
3. Verify that the equality (4.2.46) makes sense.

4. Verify that the equality (4.2.46) holds true.
Regarding the first step, let us denote by e; the evaluation map at position z =1, i.e.,
e1: E3v—0(l) e R
Note that e; is a linear contraction and hence a continuous function. Since
(Pv)(t) = e1(Spv), for every v € E and t € [0, 00)

and, by [33, Corollary 2.3], the map [0,00) 3 t — Syv € E is continuous for every v € E.

Therefore, we deduce that for every v € F,
v € C([0,00)).

In order to complete the proof that ®v € Y we only need to check the growth condition.
From the definition of the map ® and the condition (4.2.44), we infer that for any C' > 0

|Do| < CeMe.

Since by assumptions 7 > A, we infer that ®v indeed belongs to the space Y.
Regarding the second step, we need to show that ® is a linear and bounded map. For the

linearity, let u,v € F and «, 8 € R. Then we have
Dlau + pu|(t) = Si(au + fv)(1) = aSwu(l) + BSiv(l) = adu + SDu.
Thus @ is linear. To prove the boundedness of @, let us fix v € F. Then we have
|®v|y = sup \va(t)\e_w = sup |[Stv](1)\e_7t <sup sup |[S] (x)\e_w
>0 >0

t>0 x€[0,1]
= sup |Spw|pe™ " < M sup |v|ge e = Mv|gsup e < Mv|g.
>0 >0 >0
Hence, we found that & is a linear bounded map.
Regarding the third step, we take v € (C([0, 1]). Then S;v € (C([0, 1]) because S; maps
the space (C([0, 1]) into itself. Thus, by step 1, we infer that ®(Sv) € Y.
Regarding the fourth step (4), let us choose and fix v € (C([0,1]) and ¢ > 0. Then, by
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using properties and definition (4.2.45) of the map ® and the family {7}};>0, and the
semigroup property of the family {S;}:>0, we have for every s € [0,00) the following

equalities hold.

(Ti 0 @)(v)](s) = [Ti(@(v)] (s) = [2(v)] (t + 5)
= (Sisv) (1) = [Ss(Sw)](1)
= [2(Sw)](s) = [® 0 Se(v)] ().

This concludes the proof of equality (4.2.46). Thus the proof of Proposition 4.40 is
complete. O

Corollary 4.41. Assume that A > 0. Let {S¢}i>0 be the Cy-semigroup of bounded linear
operators on the Banach space E = (C([0,1]) defined by

(Sw)(z) = eMmw(z) = e’\tU(G_l(—t + G(z))), =€ (0,1]. (4.2.47)

Assume also that y > X andY =Y., is the Banach space defined earlier in formula (4.2.42)
with this parameter . Let also ® be a map defined by

P E—Y,

4.2.48
(®v)(t) = (Spw)(1) = eMmw(l) = e’\tv(G_l(—t)). ( )

Then all the assertions of Proposition 4.40 hold, i.e., the map ® is a well-defined linear and
bounded (hence continuous) map from the space E to the space Y and the equality (4.2.46)

is satisfied. Moreover, ® is injective.?

Proof of Corollary 4.41. The proof of almost all parts of this Corollary follows from
Proposition 4.40. However, the injectivity of the map & is true only in our special semi-
group that is defined by the formula (4.2.47). To prove ® is an injective map, we need to
show that

if vi,v9 € E and ®(v1) = ®(vz) then vy = vo.

Since ®(v1) = ®(v2) then for every t > 0 we have ®(v1)(t) = ®(v2)(t) which means that
for every t > 0
St(v1)(1) = Si(v2)(1)-

Since S; is linear then we get [St(vl — ’02)](1) = 0. If we denote v = v; — vo, then

[S¢(v)] (1) = 0. By using the definition of S in formula (4.2.48) we obtain the following

[Sw](1) = Mm(l) = Mo (G_l(—t)) =0,t>0.

2Note that injectivity of ® is not always true and we didn’t assert it in the previous Proposition 4.40.
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Hence we have, for every ¢ > 0,
v(G7H(=t)) =0. (4.2.49)

From the properties of function G in Proposition 4.8 the function G~! maps bijectively
the interval (—oo,0] onto the interval (0,1]. Hence, we deduce that for every z € (0, 1],
there exists s € (—00,0] such that G=!(s) = x. If we denote s by —t, we have for every

x € (0,1] there exists t € (—o0, 0] such that
G H~t) ==
By substituting the above equation into equation (4.2.49) we get the following
v(G7Y(—t)) = v(z) =0, for every z € (0, 1]

Hence, we proved that v = 0 which implies that vy = vy. Therefore, the map @ is

injective. O

Remark 4.42. We should deduce from the proof above that it is enough to assume
that the family {S:}+>0 is a continuous semiflow on the Banach space (C([0,1]), i.e.,
the result is true without assuming that the maps S; are linear. This generalization of

Proposition 4.40 will be done later in Chapter 5.

In the next definition, we defined a map () which is the inverse of the map ® that is
defined in the equation (4.2.48).

Definition 4.43. Suppose ¢ € C([0,00)) and let us consider the following PDE in the
classical sense

ou(t, )

+a(x) ——= = Au(t,x),t > 0,2 € (0,1],

ot ©) 2% ) ©.1] (4.2.50)
u(t,1) =(t), t > 0.

We put Qiy(x) = u(0,z) for every x € [0,1]. We know that the solution to equa-
tion (4.2.50) with initial data wug is given by

u(t, z) = eMug (G_l(—t + G(2)).
If we put x = 1, then we get
u(t,1) = eMug (G (—t + G(1)) = eMuo (G~ H(~1). (4.2.51)

But from the second equation in (4.2.50) we have u(t,1)) = ¥(¢), t > 0. So by rearranging
equality (4.2.51) we obtain the following

up (G7H(=t)) = e My(t). (4.2.52)
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If we choose + = G71(—t) & t = —G(x) and replace those new variables in equa-
tion (4.2.52) we get,
uo(z) = e)‘G(x)w( — G(2)).

Hence we get that the map @ : Y — E defined by

@y (—G(x)), ifx , 1,
(Qv)(z) = ve@) . =01 (4.2.53)
0, if x =0.

This formula is similar to the formulae (4.2.35) and (4.2.36), in which we defined the
map Q.

Next, we need to prove a result, which is similar to Proposition 4.33 in the sense that
the space Cy([0,00)) is replaced by the space C([0,00)). However, such a result seems to
be not true and therefore, we need to use a smaller space than the space C([0,00)). The
space Y which was defined by formula (4.2.42) is a candidate for this purpose we need to

prove that it is a good candidate. Let us introduce the following auxiliary space.
Yo :={y€C([0,00):3C >0:|y(t)| < Cln(2+2t), t€[0,00)}. (4.2.54)

Proposition 4.44. If y € Yy, then the function Q(y) defined by (4.2.53) is continuous,
i.e., Q(y) € C([0,1]). In particular, the map Q : Yo — (C([0,1]) is well-defined.

Proof of Proposition 4.44. Let us observe that the last assertion about the map @ and the
space Y| is an obvious consequence of the first assertion and the definition (4.2.54) of the
space Yp. Let us choose and fix y € Yy. Then, we infer that y belongs to C([0, 00)) which
means that function y is a continuous function. Since by Proposition 4.8 the function
G is also a continuous function, so because the composition of continuous functions is
continuous, see [39, Theorem 4.7], we infer that functions Q(y) is continuous on the left
open interval (0,1]. Hence we only need to prove that Q(y) is continuous at 0. Since by
the definition of the function @ in formula (4.2.53), [Q(y)](0) = 0, it is sufficient to prove
that

lim [Q(y)](z) = 0. (4.2.55)

We take = € (0,1]. Then, since the function y € Y; we have

lim [[Q))(@)] = lim *%@y(~G(a))| = lim ey

z—0t
because if t = —G(x) then x — 07 if and only if ¢ — co. Moreover, because y € Y and

by the L’Hospital rule, see [39, Theorem 5.13], we infer that

lim e In(2 + 2t) = 0.

t—o00
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By applying the Sandwich Principle, see Theorem 2.15, we deduce that

lim {[Q(y)](z)[ = 0.

z—0t

Hence the equality (4.2.55) follows.
We proved that Q(y) € ,C([0,1]) which conclude the proof of Proposition 4.44. O

Proposition 4.45. Let ® be the map defined on (4.2.48) and Q be the map defined by
formula (4.2.53), then we have

Qo ® =1id on (C([0,1]),

and
do@Q =id on Y. (4.2.56)

Proof of Proposition 4.45. To prove this Proposition, we identify there are two parts.
The first part is related to @ o ® = id on (C([0,1]), and the second part is related
to ® o = id on Yy. Before we proceed with the proof, we need to ensure that the
compositions @ o ¢ : ;C'([0,1]) — (C(]0,1]) and P o Q : Yy — Y are well defined. This is
true because of Propositions 4.40 and 4.44. Now we start with the first part, we need to
show that

[Q o ®](v) =wv, for every v € ;C([0,1]). (4.2.57)

Since both sides of the above equality (4.2.57) are functions in the space (C'([0,1]) it is

sufficient to show that for every =y € (0, 1] we have
[Q 0 ®(v)](w0) = v(z0)-

For this purpose, let us choose and fix an arbitrary element v € (C([0,1]) and for every

xo € (0,1], by applying the definitions of ) and ®, we have

[Q 0 ®(v)] (w0) = Q[®v](o) = ¢ [@u] (= G(a0))
— *G(20) eA(_G(IO))U(G_l(G(JZo))) = v(xp),

which completes the first part of the proof. For the second part, we need to show that
®o() =id on Yy. For this aim, we choose and fix y € Yy. Let us first observe that in view
of the previous Proposition, Q(y) € (C([0,1]) and therefore the composition [® o Q](y) is
a well-defined element of Y. We need to prove that ®(Q(y)) = y. Note that by applying
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the definitions of maps @ and ® we have, for every ¢ € [0, 00)

[(@0Q)(y)](t) = @[Qu](1) = MQy (G (1))
— M e)\G(Gfl(—t))y( _ G(Gfl(_t))) _ y(t),

which concludes the second part of the proof, and therefore, the proof of Proposition 4.45

is complete. O

4.3 Applying the Rudnicki Method for Invariant Measures

In Section 4.2.1.3 we defined two maps ® and @) that are very important to connect our
semigroup which was generated from the problem (4.0.4)- (4.0.5) to the shift semigroup.
Therefore, we use these maps in this section as well to establish the existence of an invari-
ant measure. Our proof depends on applying the Rudnicki method in [43, Theorem 1].
We follow to prove the existence of the invariant measure but using our assumptions 4.2.
Before we state our main theorem, we need to mention some required results that help to

achieve our goal.

Proposition 4.46. The Cy-semigroups {m }+>0, which defined by equality (4.2.17) on the
space oC([0,1]) and {T}}i>0, which defined by equality (4.2.41) on the space Co([0,00))
are stable, that is, if v € (C([0,1]) and g € Cy([0,0)), then

tll>r20 mv =0 in (C([0,1]),
and

tlggo Tyg =0 in Cy([0,0)).
Proof of Proposition 4.46. Starting with the Cy-semigroup {m:}+>0, we claim that
[mv —0[ cqo,n) — 0 as t — oo.
By applying the definition of the norm on the space (C'([0, 1]) we have

S [0(GTH =t + G (@)l 001 = 0 as t— cc.
z€(0,

From the properties of the function G in Proposition 4.8, we have
0<G Y —t+G(x)) <G (). (4.3.1)

Now, applying the limit of composition of functions Theorem A.6, with choosing the func-
tions f(t) = G~!(—t+G(z)) and v(y) = v. We know that lim¢ o f(t) = lims_yoe G (—s) =
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0. Moreover, lim,_,ov(y) = 0, because the function v is continuous and v(0) = 0. Hence,
we get
lim v[G™!(—t + G(z))] = 0.

t—o00

But we need the uniformly continuous version. Therefore, let us take € > 0. Since the
function v is continuous and v(0) = 0, there exists § > 0 such that |v(y) — 0] < ¢ if
0 <y < 6. By Proposition 4.8 that the lim; .o, G™'(—t) = 0 we infer that there exists
T > 0 such that

0<G M ~t)y<6 if t>T.

Hence, by inequality (4.3.1) we have, for every x € (0, 1]
0<G ' (—t+G(x)) <6 if t>T.
Hence, we have, for every x € (0,1] and t > T,
(G (=t +G(x)) =0l o <&
In other words, we proved that for t > T,

S%hw«r%_ﬁ+G@»Mﬂ@Mfﬁoastﬁoq
z€(0,

which means that
tlggo mv = 0 in (C([0, 1]).

Hence we proved that the Cp-semigroup {m }+>¢ is stable on the space (C'([0, 1].

In a similar way one can show that {7} };>0 is stable on the space Cy([0, c0)). O

Remark 4.47. Note that the first part of the Proposition 4.46 generalises Theorem 3.12
in [11], where the authors proved that the semigroup is stable in the case when a(x) = x.
Moreover, it is relevant to mention that the importance of Proposition 4.46 can appear

in the proof of the following corollary.

Corollary 4.48. The unique invariant measure of the Co-semigroup {m }+>0 on the space
0C([0,1]) is the Dirac delta measure at 0, i.e., dg. The unique invariant measure of the

Co-semigroup {Tt}tzo on the space Cy([0,00)) is the Dirac delta measure at 0, i.e., .

Recall that, for any Banach space X with the Borel o-field denoted by B(X) the Dirac

delta measure at a, where a € X in the Borel probability measure ¢, is defined by

1, ifaeAeB(X),
0, ifadAeB(X).

Ga(A) =
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Proof of Corollary 4.48. We prove this corollary in two steps. For the first step we take
A € B(E) such that there exists r > 0 and B(0,7) N A = (). We claim that u(A) = 0. To

verify our claim, let us take t > 0. Then we have

u(A) = [ 1y dnte) = [ v duto)

where

1, iften (A,

oo =1, 14, =
T 0, g wl(A).

In order to show that fix — 0 as t — oo we choose and fix € E. By Proposition 4.46
for every € E, mux — 0 as t — oo and since |fiz| < 1 we infer that for every t > ¢
there exists tg > 0 such that ||mz||gz < r. Which means that, mx € B(0,r) and therefore,
max ¢ A for every t > tg. Hence fix = 0 as t — oo, t > ty. Next, we use Lebesgue’s
Dominated Convergence Theorem A.3,

lim/Eftxdu(x):/Etli_}r% fta;d,u(x):/EOdu(ac):O.

t—to

Hence we infer that p(A) = 0. For the second step, we take A € B(E) such that 0 ¢ A.
Let A, = AN (E\ B(0,1)), for k € N. Then, AN (E\ B(0, 1)) = 0. By step 1, we have
p(Ax) = 0. Moreover, Ay, C A and |J,~; Ax = A. By [13, Exercise 1.1] we infer that

u(A) = lim p(Ag) = lim 0=0.
k—ro00

k—o00

In particular, u(E \ {0} = 0). Since y is a probability measure, we infer that

1= u(E) = (B {0} + {0}) = 0+ u({0}) = 1.

Hence we proved that u = dg. O

Let us recall that the Cp-semigroup {7 }+>0 on the space (C(]0,1]) corresponding to the
equation (4.2.1). Thus, Corollary 4.48 can be rephrased by saying that the equation (4.2.1)
has only a trivial invariant measure on the space ;C([0,1]) and this invariant measure is
the Dirac delta measure at the origin. Hence, we need to modify the equation if we want
to find nontrivial invariant measures. So, instead of problem (4.2.1)-(4.2.2) which is a
special case of problem (4.0.4)-(4.0.5) with ¢(u) = 0, we will consider another special case
of problem (4.0.4)-(4.0.5) with c(u) = Au, v € R, A > 0 is a fixed parameter. In other

words, we consider the following problem

ou(t, x) ou(t,z)
o T, (4.3.2)
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Thus, if we look for the existence of nontrivial invariant measures we assume that A > 0.
Before we embark on proving the existence of the invariant measures for the equa-

tion (4.3.2) we need to state some useful definitions and properties.

Definition 4.49. [43]. We say that a measurable semiflow {T}};>¢ defined on a proba-
bility measure space (X, X, p1), with p being an invariant probability measure for {7} }+>0,
is exact if and only if the o-field 1,5 T; 1 (X) contains only sets of measure zero or one,
ie.,

if C € ()7, (&) then u(C) € {0,1}.

>0
Definition 4.50. Suppose that {T}}+>0 is a semiflow on a set Y. An element y € Y is
called A periodic point of the semiflow {7}};>¢ if and only if there exists ¢y > 0 such that
the following condition is satisfied
Tiyy = y. (4.3.3)

A number ¢y > 0 satisfying condition (4.3.3) is called a period of the periodic point y of
the semigroup {7}}+>0.

Let us now state the following profound result known as the Kuratowski Theorem which
plays an important role in our main proof of finding the invariant measure, see [32,
Theorem 3.9 and Corollary 3.3].

Theorem 4.51. Let X; and X5 are two complete separable metric spaces and E1 C X;.
Let ¢ : By — Xy be injective and Borel measurable. Then, Ey := ¢(F) € B(X2), i.e., Ey
are Borel subset of Xs.

Moreover, the map ¢ : E1 — FEs is a Borel measurable isomorphism. In particular, the

the inverse maps cp_l : By — E4 is Borel measurable.

The following corollary is a simple formulation from Kuratowski Theorem.

Corollary 4.52. Let X1 and Xo are two complete separable metric space and Fy C X7 is
Borel set. Let ¢ : By — X5 is an injective and continuous map. Then the set Fo = p(E1)
is Borel subset of Xo, i.e., Fy := ¢(F1) € B(X3).

Moreover, the map ¢ : By — FEs is a Borel measurable isomorphism. In particular, the

1

the inverse map ¢~ : Eo — F1 is Borel measurable.

Definition 4.53. Assume that 7' C R and £ = {{(¢) : t € T'} is a stochastic process. The

finite dimensional distribution ®;, ... ;, at times t1,---,t, € T of the process £ is a Borel

n

probability measure on R™ defined by the following formula
Byt (A) =P ((Ehy, -+ &) € A), A€ BRY). (4.3.4)

Definition 4.54. Assume that 7' C R. A stochastic processes £ = {£(t) : t € T'} defined

on a probability space (2, F,P) is called stationary if for any real number h, its finite
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dimensional distributions are unaffected by a shift through h. In other words, for all
t1, -+ ,tn €T, h € Rsuch that ty+h,--- ,t,+h €T, the finite dimensional distributions
of £ at times t1,--- ,t, and t; + h,--- ,t, + h are equal, i.e.,

Dty oty = Poyth tthe

It turns out that it is sufficient in Definition 4.54 to consider Borel sets of a special form

as is explained in the following result.

Proposition 4.55. A stochastic processes & = {£(t) : t € T} defined on a probability
space (2, F,P) is stationary if and only if for any real number h and all t1,--- ,t, € T
such that t1 + h,--- ,t, + h € T, the following equality holds

Dty (A) = Pty st (A),

for every set A= Ay x --- x A, € B(R™), where A; € B(R), i=1,...,n.

Proof of Proposition 4.55. The proof of this Proposition consists of two parts. The first
part is trivial, because if 4; € B(R), i = 1,...,n then A = 4} x --- x 4, € B(R"). For
the second part, we choose and fix h > 0, t1,--- ,t, € [0,00). We use a well-known result

[2, Example 10.1], that the Borel o-field on R" is generated by Borel ”rectangles”, i.e.,
B(R") = o(By(R™), (4.3.5)

where

By(R") = {Alx...xAn:AiEB(R% izl,---,n,}

By the "uniqueness of measures” property [2, Theorem 3.3] it follows from equality (4.3.5)

that if m; and msg are two probability measures of B(R™) which coincide on By(R"™), i.e.,
mi(A) = mg(A), for every A € By(R")

then these measures are equal, i.e.,
mi(A) =ma(A), for every A € B(R"™).

We use this property for two measures
my = Py .. 4

and mo = @y 1p . 1, 4h-

n

Since the measures m; and mg are equal in By(R™) for every set A, we infer that

Dyt (A) = Pty 1 (A)-
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The proof of Proposition 4.55 is complete. O

4.3.1 An Invariant measure for the shift-semigroup

In this section we construct an invariant probability measure for the shift semigroup
{T}}+>0 that defined by equation (4.2.43) in the space Y. For the completeness sake, we
recall some important results related to the Ornstein-Uhlenbeck process (or for short, OU

process).

4.3.1.1 The Ornstein-Uhlenbeck process

Assume that w = (w(s))sep,1) is a Brownian Motion defined on a probability space
(Q, F,P). In particular, we assume that the trajectories of w are P-almost surely contin-
uous, which means, there exists a set g € F such that P(Qy) = 1 and for every w € Qo,

the trajectory of w corresponding to w, i.e.,
w(-,w) = {[0,1] 3 ¢t = w(t,w) € R} € (C([0,1])
is continuous. Thus, without loss of generality we assume that
Q=,C([0,1]) (4.3.6)
and the Brownian Motion w is the canonical process defined by the following formula
w(s) : (C([0,1]) dwr w(s) €R, s€0,1].

For a set A C [0,00), we denote by F4 the o-field generated by the random variables
w(t), for t € A. In other words,

Far=o({(wt),...,w(t,) ' (B):n €N, t,...,t, € A, B€ BR")}).
Let £ ={£(t) : t € [0,00)} be the OU process defined by the following identity
£(t) = cw(e ™), t>0. (4.3.7)

Proposition 4.56. Let £ = {£(t) : ¢t € [0,00)} be the OU process defined by formula
(4.3.7). Then the following conditions are satisfied.

(i) If t € [0,00), then &(t) is N(0,1), d.e., £(t) has a normal distribution with parameters
pw=0 and oc® = 1.
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(i) Process & is stationary,

(iii) There exists a set Qg € F such that P(Qp) = 1 and for every w € Qq there exists
M = M(w) > 0 such that

I€(t,w)| < MIn(2 +2t), t € [0,00). (4.3.8)

The proof below uses the following different but equivalent (in some sense) definition of
the OU process,
£(t) = e tw(e*), t>0. (4.3.9)

Proof of Proposition 4.56. Proof of part (i). Using the alternative definition (4.3.9) we

have

and

Proof of part (ii). This result is standard and well known. One can also calculate, for

teRand h > 0,

E(f(t)f(t + h)) = E[etw(e—Qt)et+hw(€_2(t+h))]

_ 62t+hE[w(ef2t)w(ef2(t+h))] — RHh=2(t+h) _ o—h

Proof of part (iii). In order to prove this condition, we use the law of the iterated
logarithm for Brownian motion. According to Definition 2.38 condition (4) and Theorem
5.1 in [31], there exists a set Qy € F such that P(£y) = 1 and for every w € p, the
trajectory

[0,00) 2t +— B(t,w) € R is continuous (4.3.10)
and

lim sup — 2y (4.3.11)

t—oo  +/2loglog(2t)

Let us now choose and fix w € €. Then by equality (4.3.11), for every € > 0 there exists
T. = T.(w) > 0 such that for every t > T, (w), we have

|B(t,w)| < (14 ¢)y/2tlog(logt).
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Let us choose € = 1 for the remaining proof. Thus, for every e* > T} we have

|B(e?,w)| < 2v/2€e2t log(log(e2t)) = 2v/2e!/In(2t).
Let us observe that e?* > T, if and only if ¢ > %log T1. Hence we infer that

€(t,w)] = le (e, w)| < e (L +2)v2e!/(log(2 + 20))

1
< 2v/2log(2 + 2t), for every t € [5 log 11, 00). (4.3.12)

On the other hand, by condition (4.3.10) the function W(-,w) : [0,71] — R is continuous

and therefore, the function £(-,w) : [0, 3logT1] — R is continuous. Because the interval

0]
log(2+2t)

that this function is bounded, see [39, Theorem 2.41]. Therefore, there exists M > 0 such
that

[0, 2logT1] is compact and function : [0,1logTy] — R is continuous, we infer

1€(1)] 1
—= 7 M. f t 0,-1 . 4.3.13
g2+ 20) = M or every t € | > og T1] ( )

Combining inequalities (4.3.12)-(4.3.13) we infer that there exists C' > 0 such that
£(t)| < C'log(2 +2t), t>0.

O]

The importance of the law of the Iterated Logarithm for Brownian motion, see Theo-

rem 2.40, for this thesis lies in the following corollary.

Corollary 4.57. Let £ = {{(t) : t € [0,00)} be the OU process defined by formula (4.3.7).
Then P-almost surely the trajectories of the process & belong to the set Yo which was defined
before in formula (4.2.54).

Let Y be the space defined earlier in formula (4.2.42). Let B = B(Y') be the o-field of
Borel subset of Y. Since, the o-field B(Y) is equal to the o-field generated by the family
of cylindrical sets one gets the following abstract result. This is a consequence of a general

result due to Fernique, see [48, Corollary and Theorem 1.2, p.8]

Theorem 4.58. LetY be a separable metric space. Suppose that & = {£(t) : t € [0,00)} is
a stochastic process defined on a probability space (Q, F,P) such that P-almost surely, the
trajectories of the process & belong to Y. Then there exists a unique probability measure
m on the measurable space (Y, B(Y)) such that for every cylinder set C, 3 of the following

form

C=0C(s1,"+,8n; A1, ,Ap)={xz €Y :x(s1) € A1, ,x(sp) € Apn}, (4.3.14)

3Note that every cylinder set C' belongs to B(Y). Let us recall, see Corollary and Theorem 1.2, p.8 in
[48], that the Borel o field B(Y') on Y, is generated by the family of all cylinder sets.
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where 0 < 81 < $3 < -+ < 8, <00 and A; € BR"), i =1,...,n, one has
m(C) = &, . 5, (][ 40, (4.3.15)
i=1

where @y, ... o is the finite dimensional distribution of process & defined in formula (4.3.4).
Proof of Theorem 4.58. The proof follows from the Hahn’s extension theorem, see Theo-
rem 1.1.16 in [15]. O

Definition 4.59. Let Y be the separable Banach space defined in formula (4.2.42). Sup-
pose that & = {£(¢) : t € [0,00)} is a stochastic process defined on a probability space
(Q, F,P) such that P-almost surely, the trajectories of & belong to Y. Then the measure
m on the space (Y, B (Y)) from Theorem 4.58 is called the law of stochastic process €.

Remark 4.60. It is important to note that the meaning of what we say that “m is the
law of the OU process” appears implicitly in the course of the next Lemma 4.61. We

write
m(T,1(C) =P({w € Q: &(-,w) € T, H(C)}), C e B(Y).
Denoting the set T, *(C) by A we get

m(A) =P({we Q: £(w) € A}), AcB(Y). (4.3.16)

The definition of the OU process suggests introducing the following map
K :oC([0,1]) 2w {[0,00) 3 t = ew(e )} € Y C C([0,0)), (4.3.17)

where we use the concrete model (4.3.6) of the sample space (2.

Using this map we can rewrite the previous identity (4.3.16) in the following way
m(A) =P({weQ: K(w) e A}) =P(K'(4)), Ae€B(Y). (4.3.18)

In other words, the measure m is the image of the Wiener measure P via the transformation
K.

Lemma 4.61. Assume that v > 0 and Y =Y, is the separable Banach space defined
in formula (4.2.42). Let {Ti}+>0 be the shift semigroup defined by formula (4.2.43) in
the space Y. Suppose that & = {£(t) : t € [0,00)} is a stochastic process defined on a
probability space (0, F,P) such that P-almost surely, every trajectory of process & belongs

to the space Y. Let m be the law of the process £. Then m is a Borel probability measure on
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(Y,B(Y)). Moreover, the measure m is an invariant probability measure of the semigroup

{T};}+>0 if and only if the stochastic process £ is stationary.

Proof of Lemma 4.61. Let us first observe that it is known that m is a Borel probability
measure on (Y, B(Y)). We prove the second assertion of this Lemma in two steps.

Step 1. We prove that if ¢ is a stationary process then m is an invariant measure of
the semigroup {7;}+>0. Assume that the process ¢ is a stationary process. Let C' be a

cylindrical set of the following form
C={C(s1," - ,sn; A1, ,Ap)} ={x €Y 1 x(s1) € A1, ,x(sn) € Ay}

for some 0< s1 < - - < 8y, and Ay,---, A, € B(R). Let us choose and fix ¢ > 0. By the
definition of the inverse set and the definition of shift semigroup in equation (4.2.43) we

have

T,7YC) :={x e Y : Ty(z) € C}
={zeY:[Ti(x)](s;) € 4;, i=1,---,n}
={zeY:ax(t+s)€eA,i=1--,n}

Next, we calculate the measure m for both sides of the above equality to get the following

m(]?l(C')) = P({w €N:¢(hw) € T;l(C’)})
:]P’({we N, (w)ed,i=1,--- ,n})

= Qg st (AL X X Ap) =
To move ahead with the proof we use the stationarity of process &, so we have

= By (A X x Ay)
=P(s{fweQ:&,(w) €A, i=1,--,n})
=P({weQ:¢(,w) e C}) =m(0).

Hence we proved that for any cylindrical set,
m(T; 1 (C)) = m(C) for every C € B(Y).

Since the o-field generated by the cylindrical set is equal to the Borel o-field B(Y) we
deduce that
m(T; (D)) = m(D), for any arbitrary set D € B(Y). (4.3.19)

Step 2. We prove that if m is invariant of the semigroup {T}}:>0 then ¢ is a stationary

process. Assume that m is an invariant probability measure for the semiflow {T}}+>o.
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According to Definition 4.54, in order to prove that £ is a stationary process we need to

show that for all A > 0 and s1,--- , s, € [0,00) the following condition is satisfied
Dy, 50 (A) = g 4p . s, +n(A), for every A € B(R™). (4.3.20)
Let us recall that @, ... 5. (4) =P((&,, - ,&s,) € A) and

(I)s1+h,--- ,8n+h(A) = P(<£S1+h7 T 7£Sn+h> € A)

Let us choose and fix h > 0, t1,--- ,t, € [0,00) and a special Borel set A = A1 x...x A4, €
B(R™). Let C be any cylindrical set of the following form

C={C(s1," ,sn; A1, ,Ap)} ={x €Y 1 x(s1) € A1, ,x(sn) € Ap}.
Note that the set T, *(C) is equal to

T7'C)={zecY :TiwecCl={zcY x(t+-)eC} (4.3.21)
={zeY: :x(t+s1)€ AL - ,x(t+s,) € An}.

To prove condition (4.3.20) we start with the LHS and we get the following train of

equalities.

Dy (Ar X x Ay) =P{weQ: &, (w) €4, i=1,--- ,n})
=P({weQ:&(,w) € C}) =m(0)

Since m is invariant probability measure of T}, by using identity (4.3.21), we infer that

Dy s (A X x Ay) = m(T;71(0) =P({w € Q: €(-,w) € T, 1 (C)})
:P({w €&,  (w)eA, i=1,--- ,n})
=@y, s (A X X Ay).

Hence, by Proposition 4.55, we infer that condition (4.3.20) is satisfied. This implies that

¢ is a stationary process. O

The following proposition is related to [43, Proposition 4], where a similar result is proved

for a different space.

Proposition 4.62. Assume that v > 0 and let Y = Y, be the space defined in for-
mula (4.2.42). Let {T;}+>0 be the the shift semigroup on the space Y defined by equa-
tion (4.2.43). Let m be the law of the OU process & so that m is a probability measure on
(Y,B(Y)). Assume that the measure m is invariant for the semigroup {T}}+>0. Then the
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semigroup {T;}1>0 is exact on (Y,B(Y),m). Moreover, the measure m of the set of all

periodic points of {T;} on the space Y is equal to zero.

Before we embark on the proof of the above result let us state a couple of standard but
important results which are a consequence of Corollary and Theorem 1.2, p.8 in [48], that

the Borel o field B(Y') on Y, is generated by the family of all cylinder sets.

T, (B(Y)) =0 (&(t) i t € [s,00)). (4.3.22)

s

Proof of Proposition 4.62. To prove that {T}};>¢ is exact, we need to verify the following
condition

if A€ ()T, (B(Y)) then m(A) € {0,1}.
s>0

We assume that T, 1(B(Y)) is o-field generated by £(t) for every ¢ > s. Let us choose and
fix A€ Ny Ty "(B(Y)). Hence, A € T, (B(Y)) for every s > 0. Let us now choose and
fix s > 0. Hence, by equality (4.3.22), we infer that

Aco(&t):tels 00)).

Digression 4.63. Let us recall that o(£(t) : t € [s,00)) is the smallest o-field of subsets
of Q such that every £(t) is measurable with respect it. Obviously, this o-field is generated
by a family of sets of the form

{weQ:&(ti,w) € A1,...,&(tn,w) € An},

where s <t <ty <---<t,and Aj,...,A, € B(R). Thus this o-field is generated by a

family of all cylindrical sets.
By the definition (4.3.7) of the Ornstein-Uhlenbeck process we infer that
Aco(w(t):te(0,e ).

Since o (w(t) : t € (0,e2%]) = F,-2s we infer that

Ae (N Foo= () Fu

s>0 o<1

Applying the Blumenthal’s law [31, Theorem 2.7], we infer that m(A) is zero or one. So
we proved that T} is exact.

Now we want to show that the set of periodic points of {T};} has zero measure. In order
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to show that it is sufficient to show the set of bounded (continuous) functions has zero
measure. Let & be the OU process defined by (4.3.7). Since £ is a stationary process, by
Lemma 4.61 we infer that the measure m defined by (4.3.19) is an invariant probability
measure for the semigroup {7} };>0. From the law of iterated logarithm [31, Theorem 5.1]
it follows that

lim sup €@

————~—— =1 P— almost surely.
t—00 21og(2t)

This means that there exists a set ; € F such that P(Q;) = 1 and for every w € Qy,

(W)

limsup ——= =
t—oo  /2log(2t)
Therefore we infer that the sets of bounded function has measure zero. Hence we proved

that the set of periodic points of {T};} has measure zero. O

Lemma 4.64. P-almost surely every trajectory of the OU process & defined by (4.3.7)

belongs to the following space

{veC([0,00)): sup [ols)] < 00} (4.3.23)
s€[0,00) I+s
In particular, if v > 0 and Y =Y, is the space defined in formula (4.2.42), then P-almost
surely every trajectory of the OU process & defined by (4.3.7) belongs to Y,.

Remark 4.65. If we define the space Yj by the formula (4.2.42) with v = 0, then the
last assertion of Lemma 4.64 is not true for the space Yy. Indeed, by the law of iterated
logarithm, see e.g. equality (4.3.24) below, the trajectories of the O-U process £ are
unbounded. Indeed, since lim;_,~ \/2loglog(2t) = oo, we infer that lim sup,_, ., |£(t,w)| =

Q.

Proof of Lemma 4.64. Because the space defined by formula (4.3.23) is contained in the
space Y, it is sufficient to prove the first part of the Lemma. For this purpose, let
& ={&(t), t > 0} be the OU process defined by (4.3.7) in term of the Brownian motion
w = (w(t))e>0. We know from the definition of Brownian motion that P-almost surely
the trajectories ¢ — w(t) are continuous. Thus, as we have written earlier, there exists a
set Qo € F such that P(y) = 1 and for every w € p the trajectory of w corresponding
to w, i.e.,

w(-,w) = {[0,00) 3t — w(t,w) € R}

is a continuous function.
Since the composition and the product of continuous functions is a continuous function
and the function ¢ — e~2! is continuous, we infer that for every w € €y the trajectory of

& corresponding to w, is also a continuous function.
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Moreover, from the Law of the Iterated Logarithm for Brownian motion [31, Theorem

5.1] it follows that P-almost surely

€@

limsup ———==1

t—oo  +/2loglog(2t)

Thus, there exists a set ) € F such that P(Q;) = 1 and for every w € Qy,

lim sup _ Wl =1. (4.3.24)

t—oo  4/2loglog(2t)
Since by the 'Hospital rule, see e.g. [39, Theorem 5.13],

21o0g log(21
iy V2108 og(2t)

t—00 1+t

)

we infer that for every w € €y, there exists C' > 0 such that
I€(t,w)] < C(1+1), t>0.

Since Qg := QN Oy € F and P(Q9) = 1 we infer that P-almost surely every trajectory of
the process & belongs to space. O

The second part of Lemma 4.64 and the abstract Theorem 4.58 imply the following result.

Corollary 4.66. Assume that v > 0 and let Y = Y, be the separable Banach space
defined in equation (4.2.42). Let & be the OU process defined by formula (4.3.7). Then
there exists a unique probability measure m on the measurable space (Y,B(Y)) such that
for every cylinder set C' of the form (4.3.14), the equality (4.3.15) holds.

Moreover, this measure m is concentrated on the set Yy, defined in formula (4.2.54), which

means,

Yo e B(Y) and m(Yp) = 1.

Proof of Corollary 4.66. The proof of the first part is based on applying Theorem 4.58
and the proof of the second part is based on applying Corollary 4.57. 0

4.3.2 The main result

In this section, we present the main Theorem. It is a generalisation of [43, Theorem 1]
which was proved under stronger assumptions on the coefficients a and ¢. We begin by

recalling our Assumption 4.2 that we listed at the beginning of this chapter.
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A1 - The function a : [0, 1] — R is continuous;
A2 - a(0) =0 and a(z) > 0 for x € (0,1];

A3 - The function a satisfies the Osgood condition, i.e.,
la(z2) — a(x1)| < ¢(Jz2 — 21]), for all z1, 29 € [0,1],

for an increasing function ¢ : [0, 1] — [0, c0) such that ¢(r) > 0 if » > 0 and

/0(S d)(lr)dr = o0, forevery § > 0. i'e"gl_i>%1+ /j d)(lr)dr = 00.
Theorem 4.67. Assume that the Assumption 4.2 is satisfied. Assume that X > 0. Let
{St}t>0 be the Co-semigroup generated by equation (4.3.2), that given in Example 2.82.
Then, there exists a Borel probability measure p on the Banach space E = ,C([0,1])

satisfying the following conditions:

(1) p is invariant under {S},
(ii) uw(Per) =0, where Per is the set of periodic points of {S;},
(iti) {Si}i>0 is exact on (E,B(E),p),
(iv) each nonempty open subset of the space E has a positive measure,

(v) all moments of p are finite and even more, i.e. there exists B > 0 such that
/ A1 y(dv) < oo,
E

Proof of Theorem 4.67. First of all, we need to find a Borel probability measure p on the
space E which is invariant for the semigroup {S;}+>0. After that, We show that y satisfies
the set of conditions stated in the Theorem 4.67. We begin with proposing a candidate for
such a measure. For this purpose, let us choose v > A (note that this implies that v > 0)
and let Y =Y, be the Banach space defined by formula (4.2.42). It follows from Lemma
4.64 and Proposition 4.62 that there exists a Borel probability measure m on Y which
is invariant for the shift semigroup {7;};> on Y. Let ® : E — Y be the map defined in
formula (4.2.48). Then we define a function p by

p:B(E)> A m(®(A)) € [0,1]. (4.3.25)

To start with, we need to verify whether p defined above in formula (4.3.25) is a Borel
probability measure on the space E. In other words, we need to show that u satisfies the

following properties.
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(a) pis a well-defined map from B(F) to [0, 1];

(b) u is a probability measure on the space E.

Regarding the first property, since v > A, by Corollary 4.41, the map & is injective and
continuous. Moreover, E and Y are separable Banach spaces (in particular, separable
metric spaces, i.e., Polish spaces ). Hence, according to the Kuratowski Theorem, see
Corollary 4.52,

®(A) € B(Y), forevery A€ B(E).

This implies, that for every set A € B(FE), the RHS of identity (4.3.25) makes sense.
Hence the function p is well-defined. Regarding the property (b), we need to satisfy the
following two conditions: (1) p is o-additive, and (2) u(F) = 1.

To check the first condition, we need to show that
o0 [o.¢]
wlJA) =) nlA), i=1,---,n.
i=1 i=1

Again use the definition of measure u in the equation (4.3.25), so we have the following

u(J4) = m(o(Jan) = m(J o) = S mle(a) = > a4

Regarding condition (2), we need to show that p(E) = 1. For this aim, it is sufficient to

prove that there exists a set Yy C Y having the following two properties

(i) Yo € B(Y),
(i) Yo C ®(F).
Note that a natural candidate for Yy would be the space Y, but unfortunately, this is

not a good choice because ® : F — Y is not surjective. Therefore, we consider a set Yj

defined by an earlier formula (4.2.54), i.e.

Yo :={y € C([0,00)) : IC >0: |y(t)| < Cln(2+2t), t€[0,00)}.
— {ye0(0,00) : Tk € N: [y(t)] < kIn(2+2t), t € [0,00)}

Obviously, the set Yj is a subset of Y =Y,. We start with the proof of property (i). Let

us observe that

oo
Yo = | You
k=1
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where, for k£ € N we define
Yo = {y € C([0,00)) : |y(t)] < kIn(2+2t), t€[0,00)}.

Because a closed set is a Borel set and a countable union of Borel sets is a Borel set;
in order to prove that Y is a Borel set, it is sufficient to prove that every set Yy is a
closed subset of the space Y. Equivalently, it is enough to prove that for every k£ € N,
the set Y\ Yp ; is an open subset of Y. For this purpose, let us choose and fix a function
a €Y \Yyr. Weneed to find r > 0 and n € N such that

if pn(u—a)<rthenuel \Yy.
For this aim, we observe that since a € Y\ Yy, there exists to > 0 such that
la(to)| > k1n(2 + 2tp).

Put
to)|l — k1In(2 + 2t
. la(to)] 2n( + 21p) S0

Then we choose n € N such that n > tg, i.e. ¢ty € [0,n]. Take now an arbitrary u € Y
such that
pn(u—a) <e.

In view of the definition of p,,

sup |u(t) —a(t)| <e.
te[0,n]

Since to € [0,n] we infer

lu(to) — alto)| < e.

Note that the above inequality together with earlier proven inequality |a(to)| > & implies
that

lu(to) — a(to)| < |a(to)|-

Now we are going to prove that
lu(to)| > k1In(2 + 2tp).
By applying the fact ||z| — |y|| < |z — y| we infer that |u(tg)| satisfies the following

lu(to)| = |u(to) — alto) + alto)| = |a(to) — (a(to) — u(to))|
> |la(to)| — la(to) — u(to)|| = la(to)| — |a(to) — u(to)]
> la(to)] — |a(to) — € > |a(to)| — (la(to)| — k1In(2 + 2to)) = kIn(2 + 2t),
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which conclude the proof of the above inequality. This inequality implies that u € Y\ Y .
In other words, we proved that, if p,(u —a) < € then u € Y\ Yy ;. This is exactly the
proof that the set Y \ Yj is closed. To verify the property (ii), let us choose and fix
y € Yp. Then by Proposition 4.44, we infer that Qy € E. Hence x := Qy belongs to the
space E. Moreover, by equality (4.2.56) in Proposition 4.45, we deduce that

o(z) = 2(Qy) = v

This implies that y € ®(E). Hence we proved that Yy C ®(F).
From the definition (4.3.25) of u, the second property Yy C ®(E) and Corollary 4.66 we
deduce the following

u(E) = m((E)) = m(Yp) = 1.

From conditions (1) and (2), which are related to the measure p, we conclude that p
defined by equation (4.3.25) is indeed a Borel probability measure on the space E.

After proving the existence of the measure p, we now are ready to commence verifying
the properties that are stated in the Theorem 4.67. We start with the first Condition that

w is an invariant measure for {S;};>0. That is, we are going to prove that

1(S;1(A)) = u(A), for every t >0 and A € B(E). (4.3.26)

Proof of equality (4.3.26). Let us recall that {S;}s~0 is a Cp-semigroup on the space E and
{T}}+>0 is the shift semigroup on the space Y. Also, m is the Borel probability measure

on the space Y, see Lemma 4.61, which is invariant for {7} };>0. Let us also recall that
Do S, =T;09. (4.3.27)

Since {S¢}>0 is a Cp-semigroup, we infer that equality (4.3.26) holds for ¢ = 0. Let us
choose and fix t > 0. Let us also put Z = ®(F). We claim that 7;(Z) C Z. For this aim,
let us choose z € Z. Then there exists © € E such that z = ®(z). By equality (4.3.27)
we obtain the following

Tiz = Ty (®(x)) = ®(S¢(w)).

Hence, Tz € ®(E) because S;x € E. From this claim, we infer that we can define two
maps

Tt:ZBZ'—>th€Z

and

O:Esx— ®(x) € Z
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Since ® is injective, it is easy to note that the new map ® is injective from E to Z and
the following equality holds
PoS =T0d. (4.3.28)

Let us recall that by property (b) u(E) = 1. From equation (4.3.25), m(®(E)) = 1. Since
m is an invariant measure we infer that m(Z) = 1. Then m is concentrated on the set Z
which is a Borel subset of the space Y. Let us define the following family of subsets of
the set Z:

Z:={BCZ:BeB(Y)}

Obviously, Z is a subset of B(Y'). We also define a map m as a restriction of the measure
m to the o-field Z, i.e.,
m:Z > B~ m(B) € [0,1].

The map m is a probability measure and it is an invariant probability measure for the

semigroup {Tt}tzo‘ In particular,
m(T; Y (B)) =m(B), Bec Z. (4.3.29)

The measure m is often called the trace of the measure m to the set Z. We also have the

following formula related to the formula (4.3.25).

Claim 4.68. We have
u(C) = m(®(C)), C € B(E). (4.3.30)

The Proof of Claim 4.68 is a direct consequence of the definitions of the map ®, the
measure m and the definition (4.3.25) of the measure p.
Because the map @ is bijection, if we apply d~! to both sides of the equality (4.3.28), we
get the following:

S, = 1oT,0®, t>0.

Let us choose and fix an arbitrary set C' € B(E) and an arbitrary number ¢ € [0, c0).
Also, let us take the inverse image for both sides in the above equality, then by applying
the Corollary 2.31 we get

S;HO) = (7 o T P o @)(C) = &I H(9(C))].

By taking the measure p for both sides of the above equality, we get

u(S;H0)) = p[@ (T, H(@(C)))]. (4.3.31)
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From the equality (4.3.30), if we denote ®(C) by C’, where C’ is an auxiliary set, we

obtain

C'=d(C) e C=dHC).

As a consequence, we can rewrite the equality (4.3.30) as follows
p(@7HC") = m(C). (4.3.32)

Using the equality (4.3.32) and the definition of 7 in the equality (4.3.29) along with the
definition of y in equality (4.3.30) and substitute them in the equality (4.3.31) we get the

following final equations:

O

So far, we have proved the first condition of Theorem 4.67. Next, we need to prove

condition (ii) of Theorem 4.67.

Proof of condition (ii). Let us assume the following systems (E,B(E),{St}tzo,,u) and
(Z,Z,{Tt}tzo,rh). Also, we assume that the Proposition 4.62 is true for the system
(Z7 Z, {Tt}tzo, rh) Recall that the map ® : E — Z is a bijection, measurable and

doS, =T,0®, foranyt>D0. (4.3.33)

By applying the Kuratowski Theorem 4.51, the inverse ®~! : Z — E is measurable.
Define the following sets

P:={z€Z:3ty>0, Tyyz =z}, (4.3.34)

P:={ec E:3ty >0, Sye=ce}, (4.3.35)

where P is the set of periodic point of the semigroup {Tt}tzo and P is the set of periodic
point of the semigroup {S; }+>0. By using the definition (4.3.30) we have p(P) = Th(iD(P))

We know that m(P) = 0. So, in order to verify that p(P) = 0, it is sufficient to show that
®(P) = P. (4.3.36)

To verify the above equality we have two statements. The first statement is ®(P) C P and
the second statement is P C @(P) Regarding the first statement, we assume z € CTD(P)
and we want to show that z € P. For this purpose, let us take z € CiD(P), which means that

there exists an element e in P such that z = ®(e). Since e € P, by the equality (4.3.35),
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e is periodic, i.e.,

Jdee E:3Jty >0, S,e=e.

To show that z € P, we use the definition in formula (4.3.34) of the periodic points in P.
We need to prove that Ttoz = z. Take z € Z and ty > 0, then we have

Tyoz = Tty (é(e)) = (Tto o &))(6) = (<i> 0 Syy)(e) = é(StOe) = d(e) = z,

which implies that z € P. Regarding the second statement that requires P C @(P), we
follow the argument above. Assume z € P and we want to show z € ®(P). Take z € P.
Then by the definition of periodic point, there exists t, > 0 such that Tto(z) = 7z and
z € Z. Because map ® is bijection and z € Z, then there exists e € E such that z = ®(e).
To prove that z € ®(P) it is sufficient to prove that e € P. In order to do so, we use
again the definition in the equality (4.3.35) and show that Si,e = e.

(I)(e) =z= Ttoz = Tto (&)(6)) = (ﬁo o (i)) (6) = ((i) 0 Sto)(e) = (i)(sto(e))'

Hence ®(e) = ®(Sy,e). Thus, we infer that e = Sy,e because the map ® is injective.
Therefore, e € P. This concludes the proof of the second statement, and consequently,
we finish the proof of the equality (4.3.36). Since ®(P) = P we deduce that

u(P) =m(P) = 0.

By this, we verified the second condition (ii) of the Theorem 4.67. O

Now we need to prove the condition (iii) of Theorem 4.67, i.e, that the semigroup {S;}+>0

is exact on (E, B(E), p). We will show that

if A€ (]S (B(E)) then u(A) € {0,1}. (4.3.37)
t>0

Proof of condition (iii) . We start the proof by recalling the following. The map ® is
bijection and equality (4.3.33) holds. Also, the measure y is defined by u(A) = m(®(A)).
We assume that the system (Z, Z, {Tt}tzo, ﬁz) is exact. That is,

if C€()T;"(Z) then m(C) € {0,1}. (4.3.38)
t>0

In order to prove condition (4.3.37) we take and fix an arbitrary set A € (1,5 St (B(E)).
If we can prove that the set C' := ®(A) belongs to M=o T, 1(Z), then by the equa-
tion (4.3.38) we would deduce that m(C) € {0,1} from which we would infer that
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wu(A) € {0,1}. To do this, it is sufficient to prove that for every ¢t > 0 we have

C:=d(A) e T Y(2).

Since we assume that A € (1,5 S;YB(E)), then A € S; Y (B(E)) for every t > 0. Which
means that there exists a set B € B(E) such that A = S;'(B).
So let us choose and fix t > 0. Because ® : E — Z is an injective and measurable map, by
applying the Kuratowski Theorem 4.51 we infer that ®~! is also measurable. Therefore,
since B € B(E), we infer that

®(B) e Z. (4.3.39)

Now we claim that
C =T, Y®(B)). (4.3.40)

Indeed, by equality (4.3.33), because ®, T; and S; are bijections, their inverses exist. ®
is surjective because of the choice of Z So, if we take the inverse for both sides of the
equality (4.3.33), we get

St_l od =9 ! oTt_l.

By applying map ® for both sides in the above equality from the right we obtain
S;l=0"1oT 1o d. (4.3.41)

Since C' = ®(A) and A = S;'(B), we deduce that C' = &(S; !(B)). By substituting the
equality (4.3.41) in the last equality, we get

C = (i)[&)_l o thl ) 'i(B)] = T;l o ®(B) = thl (&)(B))
Hence we have verified claim (4.3.40). From the equation (4.3.39) we infer that C €
! (Z). Since t > 0 was arbitrary, we proved that C' = ®(A) € Nyoo Ty *(2), and there-
fore, by the exactness property of the system (Z, Z, {Tt}tzo, m) in the equation (4.3.38)
we infer that
m(C) = m(®(A)) € {0,1}.

From the definition of measure p in equation (4.3.30) we deduce that p(A) € {0,1}. That
means, {S;}+>0 is exact on (E, B(E), ). By this, we verified and completed the third
condition (iii) of Theorem 4.67. O

Proof of condition (iv). Let us recall that by formula (4.3.18) of the function K and the
definition of the map p in formula (4.3.25) we have

u(A) =m(®(A)), A€ B(E) and m(B) =P(K~'(B)), BeB(Y).
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Thus we can rewrite the measure p as follows

Now we need to find the map ' o K.

For this purpose let choose and fix w € Q. We denote z = (&~ ! 0o K)(w) and y = K(w).
Our aim is to find a formula that relates x to w. Then x = ®~!(y) and so y = ®(z).
Thus by the definition of the map K in formula (4.3.17), we deduce that for every ¢ > 0,
y(t) = e'w(e2!). By using the changes of variables, we get

x(s) = e’\G(S)y( —G(s)), s€l0,1].
Hence by using the definition of the function y we have
IB(S) — e)\G(s) (efG(s)w(ef2(7G(s)))) — e(Afl)G(s)w(eZG(s))’ se [07 1]

We have found a formula for the map ! o K : Q — E. To be more precise, if w € ,
then x = [®~! o K](w) is given by the formula (4.3.43) below

(@71 o K)w](s) = e()‘*l)G(S)w(eQG(S)), s €1]0,1], (4.3.43)

Also, we can choose the space @ = (C([0,1]). Before proceeding with the proof of

condition (iv), we state a remark that will help us with the proof.

Remark 4.69. So far we have chosen (2 = (C' ([0, 1]) but we are free to choose different

spaces for Q, for instance, for a set [0, 1] C R and parameter « € (0, 1],

Qo =¢C*(0,1]) :={w € ,C([0,1]) : sup Jwlt) = wls)] < 00},
o<s<t<1 |t —s|*

|w(t) —w(s)]
w = sup |w(t)|+ su _ 4.3.44
[ HOCQ([OJ]) te[OI,)l}‘ ) N S ( )

It follows that

w(t) = w(s)]
o = sup |w(t)|+ sup ——F——
oc (0.1]) te[ol,ol] (o) 0§s<§€)§1 |t — s|*

> sup OGS @: o @)

o<s<t<l  [t—s[* T o<t |t o<r<1 |7]*
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We also put
OCO([Ov 1]) = OC([Ov 1})

Let us recall that there exists a Borel probability measure on the set €2 which is equal to
the law of the Brownian Motion. This probability measure is usually called the standard
(classical) Wiener measure and we will denote it by P. Note that, almost surely trajecto-
ries of Brownian Motion are continuous. But, a stronger property is known, namely that
almost surely the trajectories of Brownian Motion are Holder continuous with every ex-
ponent « € (0, %) This is a well-known fact and can be proved by using the Kolmogorov
test. It follows that the law of the Brownian Motion induces a Borel probability measure
P, on the set §2,, i.e., the Borel probability measure P, is the law of the Brownian Motion
on the set {2,. Note that by definition €2, C 2. Moreover, both spaces 2 and 2, are
separable Banach spaces (with naturally defined norms), see e.g. (4.3.44) and that the
embedding iy : Q4 < € is linear and continuous (i.e., bounded). Moreover, it can be
easily shown that the measure P is the image of the measure P, via the map i,, i.e.,

P(A) = P, (i7" (A)), AcB(Q).

«

Finally, since the map i, is continuous (as noted above) and obviously injective, by the
Kuratowski Theorem, the image by i, of the set €, is a Borel subset of the set 2. In
other words, since i, (2q) = Q4, we deduce that €, is a Borel subset of the set 2 and the
restriction of the measure P to the set €2, is equal to the measure P,,.

It is known, that P, is a Gaussian measure on the separable Banach space €2,. Hence, by

the celebrated Fernique Theorem, see [19, Theorem 2.7], there exists 3, > 0 such that
/ ealléla B (du) < oo. (4.3.45)
Qa
It is also important to note that the measure P, is non-degenerate, i.e.,

P,(B) > 0, for every non-empty open B C ).

Now we go back to prove condition (iv) of Theorem 4.67. Our objective is to confirm that
the measure p is positive on open sets. For this aim let us choose and fix A > 0 as in the

system (4.3.2). Let us choose and fix an auxiliary number « € [0, 3) such that

1
A > 2(5 — ), (4.3.46)
ie.
A—1
——4+a>0
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We consider a map

Lo:Q0— E (4.3.47)
[La(w)](s) = eADEE,(e206)) | 5 € (0, 1],

and [(Lq)w](0) = 0.
Note that the RHS of the above equality is the same as RHS of equality (4.3.43). This

means that the map L, is the restriction of the map ®~! o K to the space Q.

Now it only remains to verify the following four properties of the map L.

1. the map L, is well defined, i.e., if w € OCO‘([O, 1]) and z = L,w, then x € OC([O, 1]),
2. the map L, is linear,
3. the map L, is continuous, (i.e., bounded);

4. the measure y satisfies

1(A) =Py ((La)"'(4)), for every A € B(E). (4.3.48)

Remark 4.70. Using Definition from section 13 of the book [2], see also section 3.6 of
[4], formula (4.3.48) above means that the measure p is equal to the image of the measure
P, under the mapping L,. Thus, using notation [2], u = P,L;! , and, using Bogachev’s
notation, u = P, o L', A very important result here is the change of measure Theorem,
i.e., Theorem 6.13 in [2]. In our context this theorem says that for every measurable
function f : E — [0,00) the two integrals below exist simultaneously and they are equal,
ie.,

/ £(0) pldv) = / F(Lo(w)) Paldw), (4.3.49)
E Qa

/Efdu:/gafoLadIPa.

To prove the first property (1), we fix w € (C ([0, 1]) and put = L,w. By the definition

or

of the map L, we have z(0) = 0 and

(=1

x(s) = (€2G(S))TW(62G(S)), s € (0,1].

Since the composition of continuous functions is continuous and the function G : (0,1] — R
is continuous, by [39, Theorem 4.9], we infer that the function z is continuous at every
s € (0,1]. To prove that x is continuous on the whole closed interval [0, 1] it is sufficient
to prove that, since x(0) = 0,

li =0.
()
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2G(s)

For every s € (0,1], we put r = e . Because G(s) — —oo when s — 07, we infer that

r — 0. Moreover,

A=1)
2

xz(s)=z(r)=r w(r).

Since w € (C*(]0, 1]) with « satisfying condition (4.3.46), we infer that

lim z(r) =0.

r—0t

Hence we infer that lim,_,5+ (s) = 0. Thus we proved the first property.
Now we will prove the second property (2). Recall that A > 0 and « satisfies condition
(4.3.46). In part (1) we proved that the map

Lo : oC%([0,1]) 3w s z € ,C([0, 1))

is well-defined. One can trivially prove that it is linear. Now we will prove the third
property (3) that it is bounded (and hence continuous). We begin with recalling the
definition of the norm in the space (C(]0,1]),

Izl co,1) = sup [z(s)].
s€[0,1]

Let us choose and fix A > 0, and « € [0, ) such that A > 2(3 — o). Hence we have

A—1
[Lawl| cqo.1)) = 2]l ,coay = sup |2(s)| = sup |z(s)] = sup r 2 |w(r)]
s€[0,1] 0<s<1 0<r<1
_ 2 |w(r)] |w(r)]
= sup r 2 —= < sup —— < ||w|| oo .
0<TI§)1 re _0<r1§)1 re < e o,

To verify part (4), we notice that the identity (4.3.48) follows from earlier proven identity
(4.3.42). By this, we confirm the property (iv) of Theorem 4.67. That is, we deduce each
nonempty open subset of the space ,C([0, 1]) has a positive measure p. Indeed, since L,

is continuous, L;!(A) is an open subset of Q,, for every open subset A of E. O

Finally, it remains to prove the last property of our main result of this section, Theorem
4.67.

Proof of condition (v). Let us observe that by the change of measure theorem, the Fer-
nique Theorem, see (4.3.45), the boundedness of the linear map L, defined by equation
(4.3.47) and the Change of Measure Formula (4.3.49) (which follows from the identify
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(4.3.48)) we deduce that with function f(v) = eBlvlE,
) _
/ 65““”1«: u(dv) = / f(’l)) ,U,(d'U) = / f(v) (Pa % La1>(dv)
E E E
< / PlLelzn e p ()

= / PallelZa Py (dw) < oo

[e3

if we choose 8 > 0 such that ,BHLQH%(Q& g) < Ba, where 5 is the constant in the Fernique
inequality (4.3.45). Hence, the proof of part (v) of Theorem 4.67 is complete. O

Hence, the proof of the whole Theorem is complete. O



Chapter 5

Invariant Measures for Dissipative
Nonlinear First Order PDEs

It is known in [43] that the Lasota equation (4.0.2) has an invariant measure under
Assumptions 4.1. In this chapter, in order to prove the existence and uniqueness of a
mild solution for a nonlinear Lasota equation, we assume a new set of assumptions for
the nonlinear case along with what we assumed in Chapter 4. Moreover, we analyse the
properties of this solution. In the end, we prove the existence of an invariant measure for
such equation. We do not investigate the question of the uniqueness invariant measure.

This is an interesting question for future research.

The organization of the present chapter is as follows. We dedicate the first Section 5.1
to state standard facts and definitions of the dissipative and Lipschitz functions. In the
second Section 5.2 we study the existence and the uniqueness of mild solutions for the
nonlinear evolution equation with Lipschitz nonlinearity. In Section 5.3 we prove the
existence and the uniqueness of mild solutions to evolution equations with dissipative
nonlinearity and we study the properties of such solutions. In Section 5.4 we present our
main theorem regarding the existence of an invariant measure for our nonlinear Lasota
equation. Lastly, Section 5.5 provides a discussion related to our work with compare to
the paper by Rudnicki [43].

145
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5.1 Preliminaries

In this section, we present all the information needed about the existence and the unique-

ness of the solution in order to define a mild solution for our PDE.

Definition 5.1. Suppose F is a Banach space with dual denoted by E*. A function
f:D(f) = E, where D(f) C E is a dense subset, is called dissipative if and only if for
every x € D(f) there exists z* € 9||z|| such that

glf(@),2") g <0.

The above definition is standard, see e.g., [33, Definition 1.4.1]
Notation:
e We mean by the dual space E* the following, E* := {¢ : E — R : @ is linear and bounded}.

o If F* is dual space of the Banach space E then we use notation
<x7()0> = E<I‘,QD>E* = 90(x>7 HAlS EuQD € E*

e To define the notation 0||z|| which we use in Definition 5.1, there are two cases:
Case 1: if z = 0, then 0||z| := {z* € E* : ||z*| g~ < 1}.
Case 2: if  # 0, then 0||z| := {a* € E* : (x,2*) = ||z| = [|z*| = 1}.

Example 5.2. If E is a Hilbert space, then by the Riesz Lemma [40, Theorem 4.12] and
[26, Theorem 3.8-1] the dual space E* can be identified with the space E itself. Hence in
this case Definition 5.1 can be rewritten in the following form, see Pazy [33].

Suppose E is a real Hilbert space with the inner product (-,-). A function f: D(f) = FE,
where D(f) C E is a dense subset, is called dissipative if and only if for every x € D(f)

(f(x),z) <0.

In particular, if E =R, then a function ¢ : D(c) — R such that D(c) C R dense subset,
is called dissipative if and only if for every x € D(c)

(c(x),x)r = c(x)x < 0. (5.1.1)

An example of such a function is c(x) = —23, for x € R. But another important example
of function c is a function c(x) = \x — 23, x € R, where X > 0 is fived. This function c

satisfies the following generalisation of condition (5.1.1):

c(z)r < Mz|*, = € D(c). (5.1.2)
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A function ¢ satisfying condition (5.1.2) will be called of dissipative type. Note that if the

function c is of dissipative type with constant X > 0 then the function c— M\l is dissipative.

Definition 5.3. Let X be a normed vector space with the norm denoted by | - |.

(1) A function f : X — X is a globally Holder with exponent o € (0,1] if and only if

there exists a constant C' > 0 such that

|f(z1) — f(z2)| < Clxy — xo|®, for all x1, 29 € X.
(2) A function f : X — X which is a globally Holder with exponent 1 is called globally

Lipschitz.

(3) A function f : X — X is a Lipschitz on balls if and only if for every R > 0 there

exists a constant C'r > 0 such that
|f(z1) — f(x2)| < Crlxy — x2|, for all 1,22 € Bx(0, R),
where Bx (0, R) is the closed ball in the space X centred at zero and of radius R.

(4) A function f: X — X is a Holder on balls with exponent « € (0, 1] if and only if for
every R > 0 there exists a constant C'r > 0 such that

|f(z1) — f(x2)| < Crlzy — 22]%, for all z1,z9 € Bx(0, R).

The definitions of globally Lipschitz/Holder functions make sense in every metric space.

For instance, we can take X = [0, 1] with metric
d(xl,l'g) = ‘.’L‘Q — 1'1’, xr1,T9 € [0, 1]. (5.1.3)

In general metric spaces, instead of using notions of Lipschitz/Hoélder functions on balls,

one often uses notions of locally Lipschitz/Holder functions. These two notions are equiv-
alent if X is a finite dimensional normed vector space. But in the case when X is an
infinite dimensional normed vector space, these two notions are not equivalent. Let us
recall that if (X,d) is a metric space then a function f : X — X is said to be locally
a-Holder with a € (0, 1] if and only if for every zg € X there exists R > 0 and a constant
C = C(zo, R) such that

d(f(xl),f(mg)) < Cd(xy,x9)*, for all z1,x9 € Br(zp).

A locally 1- Holder function is called a locally Lipschitz function. Obviously, if X is a

normed vector space with norm |- | and the corresponding distance function is defined by
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formula (5.1.3), then every function which is Holder on balls with exponent o € (0,1] is
also locally a-Holder. As we mentioned above, these notions are not equivalent in infinite

dimensional spaces.

5.1.1 Initial value problems in Banach space

Assume that X is a Banach space and A is the infinitesimal generator of a Cy-semigroup
{St}>0 of bounded linear operators on X. Consider the following linear in-homogeneous

initial value problem

dl;(tw = Au(t) + f(t), t>0, (5.1.4)
u(0) = up, (5.1.5)

where ug € X and f : [0,00) — X is a Bochner integrable function. The following
definition is [33, Definition IV.2.1] which gives the classical solution to an abstract in-
homogeneous Cauchy problem on the interval [0, c0). Pazy [33] used a notion of a classical
solution. As mentioned in Chapter 4, because we define a classical solution in a more

) b

”classical” way, Pazy’s ”classical solution” will be renamed here as ”strong solution”.

Definition 5.4. By a strong solution to the abstract in-homogeneous Cauchy prob-
lem (5.1.4)-(5.1.5), we mean a continuous function w : [0,00) — X which is continuously
differentiable on (0, c0), u(t) € D(A) for ¢t € (0, 00), equation (5.1.4) is satisfied on (0, 00),
and (5.1.5) holds.

In order to formulate the definition of a mild solution we need the following result (Lemma
5.5) that is stated in Pazy [33] (after Corollary IV.2.2) and in the proof of the main
Theorem in the paper by Ball [1]. This result provides motivation to define a mild
solution to the initial value problem (5.1.4)-(5.1.5).

Lemma 5.5. Assume that X is a separable Banach space and S = {S(t)}+>0 is a Cp-
semigroup on the space X. If f € LY(0,T; X), then a function z defining by

t
2 [0,T] 5t / S(t— ) f(r) dr € X, (5.1.6)
0
where the integral is meant in the Bochner sense, is well defined and continuous.

Before we start with the proof of this Lemma we need to mention an important result

that we use in the proof.

Lemma 5.6. Assume that f € L'(a,b; X) and the function 3 defined by

B:la,b] 31— p(r) e L(X,X)
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is strongly continuous, i.e., for every x € X the following function
B()x:[a,b] 3r— B(r)(z) e X

is continuous. Then the function
B-filab3r=pBr)f(r)e X

belongs to the space L'(a,b; X).

Proof of Lemma 5.5. The proof of this lemma is twofold. First, we verify that the function
z defined by formula (5.1.6) is well-defined. Second, we prove that the function z is
continuous. Regarding the former, we fix an element ¢ € [0,T]. Since f € L'(0,T; X)
then f € L'(0,t;X). Hence we apply Lemma 5.6 with replacing the interval (a,b) by
(0,t) and the function 3(r) replaced by S(t — r) for every r € [0,¢]. Note that if r € [0, ¢]
then also t —r € [0,¢] and t —r > 0. Therefore, S(t —r) € L(X,X). Moreover, by the
strong continuity, see [33, Corollary 1.2.3], we infer that function [ satisfies assumptions
of Lemma 5.6. Hence, the function [0,¢] > 7 — S(t — ) f(r) € X belongs to L'(0,T; X).
In particular, the integral fg S(t —r)f(r)dr exists and belongs to X. Hence we proved
that the function z is well-defined.

Regarding the second part, we need to show that the function z defined by formula (5.1.6)

is continuous. In order to do that we need to prove the following
(i) limyp—z(t) = 2(T) in X,
(i) limy—yo4+ z(t) =01in X,
(iil) limy_yy,— 2(t) = 2(tp) in X and ¢y € (0,7,
(iv) lmy o4 x(t) = x(tp) in X and ¢p € (0,7).
We only provide proof of part (iv). The proofs of all three remaining parts are similar.

Since the limit in the sense of Cauchy is equivalent to the limit in the sense of Heine, see

[39, Theorem 4.2], it is sufficient to prove that if (¢,),>0 is such that

n—o0

t, > to for every n, tlin% tn =to, then lim z(t,) = z(to). (5.1.7)
n—1t0

Let us choose and fix a sequence (t,)n>0 satisfies the equation (5.1.7). We want to show
that
lim z(t,) = z(to). (5.1.8)

n—o0
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For this purpose, let us observe that

o) = a(t0) = [ " Sty — 1) f(r) dr — O " S(to — 1) f(r) dr
-/ " St — ) f(r) dr + | " Sty — 1) (r) dr — 0 " S(to — 1) f(r) dr
= /0 ’ [S(tn — 1) f(r) = S(to —7) f(r)] dr + t ' Sty —r)f(r)dr.

Thus, by [49, Corollary V. 1], we have

|2(tn) — x(to)|x = / 0 1S(tn — 1) f(r) — S(to — r) f(r)|x dr
o (5.1.9)
+/ Hs(t"_r)HC(X)V("”ﬂX dr.

to

We first show that the second term of the RHS of the equality (5.1.9) converges to 0 as

n — oo. Since for every r € [0, t,] so that ¢, —r € [0,¢,] C [0,T], we have for every n

1S(tn = r)llcx) < Cr

Therefore,
tn tn T
/ 15(tn — M)l | £ (F)|x dr < Cr / ) dr = /0 Ly (P £ ()] x dr
to to

By applying the Lebesgue Dominated Convergent Theorem (LDCT) with the following
choices hn(r) = L1, (M) f(r)], g(r) = [f(r)| and h(r) = 0 for r € [0,7T]. Because t, —
to we easily infer that h,(r) — h(0) for every r € [0,T]. Moreover, since the function
feLN0,T;X),

[ stwyae= [ 101 <o

Hence the assumptions of LDCT are satisfied and therefore,

/OTtn(r) dr > /OT h(r) dr = 0.

This implies that

tn
/ 15(tn — )l 2o | () x dr — 0 as n = oo. (5.1.10)

to

By this, we deduce that the second term of the RHS of the equality (5.1.9) converges to 0
as n — 0o. Now we show that the first term of the RHS of the equality (5.1.9) converges

to 0 as n — oo. For this purpose, let us recall that from Lemma 5.6 for each r the function

B:]0,00)] 3t S f(r) € X
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is continuous. Since t,, —r — tg —r for every r € [0, t9] we infer that S(t, —r)f(r) is also

converges to S(top — r)f(r) in X. That is, for every r € [0, to]
|S(tn — 1) f(r) = S(to — ) f(r)|x = 0.

If we put hy,(r) = [S(t, —r)f(r) = S(to — ) f(r)|x then h,(r) = 0 for every r € [0,%].

Moreover,

ho(r) < |S(tn = P)[I[F(r)|x + (1S — ) |I[f(r)|x
< Cplf(r)|x =:g(r) re]0,T].

Put h(r) = 0, then again the assumptions of LDCT are satisfied and therefore,

/OThn(r) dr — /OTh(r) dr = 0.

Hence, we infer that

/0 U 1St — 1) F(r) — S(to — ) F(F)|x dr — 0. (5.1.11)

Hence, by substituting equations (5.1.10) and (5.1.11) into equation (5.1.9) we infer that
equation (5.1.8) holds. Thus, the proof of part (iv) of Lemma 5.5 is complete. O

Now we are ready to define the mild solution to problem (5.1.4)-(5.1.5).

Definition 5.7. Assume that A is a generator of a Cp-semigroup {S(t)}+>0 of bounded
linear operators on a Banach space X. Let a function f € L'(0,T;X) for some T >
0. A function v € C([0,T], X) is called a mild solution to the linear in- homogeneous

equation (5.1.4)-(5.1.5) if and only if the following equality holds

u(t) = S(t)uo + /Ot S(t—s) f(s)ds, foreveryt e [0,T]. (5.1.12)

It is important to remark that the function u defined by the formula (5.1.12) belongs to
the space C([0,T], X) because of Corollary 2.76 and our Lemma 5.5.

Recall that, if f = 0, then equation (5.1.4)-(5.1.5) is called linear homogeneous and in
this case, a mild solution is equal to S(t)uo, t € [0,7].

The same comments apply to the equation on the whole interval [0,00). The argument

at the bottom of page 105 of [33] implies the following corollary.

Corollary 5.8. Assume that T > 0. If x € X, f € LY(0,T;X) and a function u €
C([0,T],X) is a strong solution to the initial value problem (5.1.4)-(5.1.5) then u is also

a mild solution to the same problem.
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Remark 5.9. A converse to Corollary 5.8 is not true even when f = 0. Indeed, one can

find a simple counterexample:

We can also define a mild solution for the whole real half-line [0, c0) as follows.

Definition 5.10. Assume that A is a generator of a Cy-semigroup {S(t)}+>0 of bounded
linear operators on a Banach space X. Assume also that a function f belongs to L}, ([0, 00); X).

A function u € C(]0,00); X) is called a mild solution to the problem (5.1.4)-(5.1.5) if and
only if the following equality holds

u(t) = S(t)uo + /0 S(t—s) f(s)ds, foreveryt € [0,00).

Ball in [1] studied mainly a notion of a weak solution and he proved the uniqueness of a
weak solution and the equivalence between the notions of weak and mild solutions. The
following definition is taken from [1]. In this definition by A* we denote the dual operator
to the operator A, see [33, section 1.10]. The notation we use here is the notation from
that book. Whereas, the notion of an absolutely continuous function has been recalled
in Definition 2.7 in Chapter 2 of this thesis. An obvious advantage of a notion of a
weak solution is that one does not require A to be an infinitesimal generator of a Cpy-
semigroup. However, under some reasonable assumptions, see Theorem 5.12 below, if for
every x € X there exists a unique weak solution, then A is an infinitesimal generator of

the Cp-semigroup.

Definition 5.11. Assume that A is a densely defined closed linear operator on a real or
complex Banach space X.

(I) Assume that 7' > 0 and a function f € L'(0,T; X) is given. A function u € C([0,T]; X)
is called a weak solution of problem (5.1.4)-(5.1.5) if and only if for every v € D(A*) the
function [0, 7] > t — (u(t),v) € R is absolutely continuous and

d

7 {u(t),v) = (u(t), A™) + (£(1), )

for almost all ¢ € [0, T).!
(II) If a function f € L}, ([0,00); X), i.e., f € LY(0,T; X) for every T > 0, then a function
u € C([0,00); X) is called a weak solution of problem (5.1.4)-(5.1.5) if and only if for every

v € D(A*) the function (u(t),v) is locally absolutely continuous on [0, c0) and

d

2 {u(t),v) = (u(t), A™) + (£(1), )

for almost all ¢ € [0, 00).

'This ”almost all” we mean with respect to the Lebesgue measure on [0, T
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In the following, we formulate a significant feat presented in [1] about the weak solution
and the infinitesimal generator. In the next theorem, Ball [1] gives the existence and the

uniqueness of the weak solution of Problem (5.1.4)-(5.1.5).

Theorem 5.12. [1] Assume that A is densely defined closed linear operator on a real or
complex Banach space X, T > 0 and function f € L'(0,T;X). Then the following two

conditions are equivalent.

(i) For every uy € X, there exists a unique weak solution u of problem (5.1.4) -(5.1.5);

(ii) A is the infinitesimal generator of a Cy-semigroup {S(t)}t>0 on X.

In this case, the solution u is given by the formula (5.1.12) and hence u is a mild solution
to the initial value problem (5.1.4)-(5.1.5).

One can deduce the following corollary.

Corollary 5.13. Assume that A is the infinitesimal generator of a Co-semigroup {S(t) }+>0
on a Banach space X. Assume that T > 0, ug € X, f € L'(0,T7;X) and a function
u € C([0,T]; X). Then the following two conditions are equivalent.

(i) A function u is a weak solution of problem (5.1.4)-(5.1.5)

(i1) A function u is a mild solution to the problem (5.1.4)-(5.1.5)

Proof of Corollary 5.13. The proof of implication (i) = (ii) can be done in a similar
way to proof of Proposition 4.2 in [9], see also [16]. The proof of implication (ii) = (i)
can be found in the paper [1] by Ball. O

In the next result, we will prove that a classical solution to problem (4.2.1)-(4.2.2), is also

a weak solution to equation (5.1.4) satisfying the initial condition u(0) = ug.

Proposition 5.14. Let A be the infinitesimal generator of the Cy-semigroup {m}i>0 on
the space E = (C ([0, 1]), see Theorems 4.19 and 4.20. Assume thatuy € E. Assume that a
continuous function u : [0,00) x [0,1] — R is a classical solution to problem (5.1.5)-(5.1.4)
in the sense of Definition 4.23. Then a function u viewed as a function u : [0,00) — E is

a weak solution, in the sense of Definition 5.11, to the problem (5.1.4)-(5.1.5).

Proof of Proposition 5.14. For simplicity, we assume that f = 0. The same proof works
in the case when the function f # 0.
Assume that a continuous function u : [0, 00) x [0, 1] — R is a classical solution to problem

(4.2.1)-(4.2.2). Firstly it is easy to prove that the corresponding function u : [0,00) — E is
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well-defined and continuous, Let us take an arbitrary n € D(A*). According to Definition
5.11, it is sufficient to show that the function (0,00) 3 t — (u(t),n) is of C'-class, and
satisfies

%(u(t),A*m = (u(t), A*n), for every t € (0,00).

Note that

1
(u(t),n) :/0 u(t,z)n(x)dz, t>0.

Therefore, by the theorem about differentiation of a function defined by an integral, see

e.g. [39, Theorem 9.42], this function is differentiable and

1 1
G =5 [uton@de = [ Zut.antdo =

Since by the assumption the function u is a classical solution we infer that

o laxﬁu(t,a:) ) de — — lﬁu(t,x)ax 2\ da
== [ a2 @ ar = — [ (@)

Ox
_ [ Ola(@)n(=)] , [ dla(@)n(@)] | _ )
_/0 u(t,x)axdx—/o u(t,x)de—<u(t),A n),

where the last equality follows from the Integration by parts formula, see [39, Theorem

6.22]. Hence we proved that the function u is a weak solution. t

5.2 Solutions to Evolution Equations with Lipschitz Non-

linearity

Theorem 5.15. Assume that X is a Banach space and {S(t)}+>0 is a Co-semigroup on
X. If f: X — X is a globally Lipschitz map, then for every ug € X, there exists a unique

continuous function u : [0,00) — X such that

u(t) = S(t)u +/O S(t—s) f(u(s)) ds, ¢ >0, (5.2.1)

The proof of this Theorem is based on the fact that {S(t)}+>0 is a Cp-semigroup on the
space X and Theorem VI.1.2 in [33] with f(¢,z) = f(x).

Remark 5.16. The above Theorem is applicable in the following case: The Banach space
X =,C(]0,1]) and the Cp-semigroup {7 }+>0 that was defined by equation (4.2.17).

Definition 5.17. Assume that X is a Banach space and A is a generator of a Cj-

semigroup {S(t)}+>0 of bounded linear operators on a Banach space X. Assume also
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that f: X — X is a measurable function. A mild solution to the system

d‘(‘lgf) — Au(t) + flu(t)), t>0, (5.2.2)
u(0) = o, (5.2.3)

where ug € X, is a function u € C([0,00), X) satisfying f ou € LL ([0,00), X) so that
the equality (5.2.1) is satisfied.

Note that if f : X — X is a continuous function and u € C([O,oo),X) then fou €
C([0,00), X) and hence fou € Li ([0, 00), X).

Definition 5.18. A semiflow associated to the system (5.2.2)-(5.2.3) is a family {S(t) }+>0
of maps from X to X defined by

S(t)(up) = S(t,up) = St(ug) :=u(t), t€[0,00) and up € X,

where the function w is a mild solution to the system (5.2.2)-(5.2.3).

Remark 5.19. Theorem 5.15 can be rewritten in the following way:
Ifug € X and f : X — X is a globally Lipschitz map then there exists a unique mild
solution to problem (5.2.2)-(5.2.3).

Remark 5.20. Assume that {7 (t)}+>0 is a Cp-semigroup on a Banach space X and it’s
infinitesimal generator A. Assume that A € R. Let {S(¢)}+>0 be the Cy-semigroup on the

space X and it’s infinitesimal generator A + A, i.e.,

see Theorem 2.88. Assume also that f : X — X and fp : X — X are measurable functions
such that
f(z) = Az + fo(z). (5.2.4)

Assume that up € X. Let us consider equation (5.2.2). A mild solution to equation (5.2.2)

with the initial condition (5.2.3) by our definition is a function u satisfying

u(t) = m(t)uo + /0 m(t —s) f(u(s)) ds, ¢t>0.

In view of equality (5.2.4), equation (5.2.2) can be written in the following form

du(t)
dt

= [A+ Mu(t) + fo(u(t)), t>0. (5.2.5)
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Since A+ A is a generator of the semigroup {S(¢)}+>0, we can also define a mild solution

of the equation (5.2.5) by

u(t) = S(tuo + /0 S(t — s folu(s)) ds, t> 0.

One can prove the following Equivalence Theorem.
A function u € C([0,00), X) is a mild solution to equation (5.2.2) if and only if it is the
mild solution to the equation (5.2.5).

In this section, we considered equations with the nonlinearity f being globally Lipschitz.
A function f investigated in the next section is not globally Lipschitz. In the following
publications, we will investigate the existence of non-trivial invariant measures for our
problem. Let us note that according to the last part of Lemma 5.24, an example of
a globally Lipschitz map is provided by the Nemytski map associated with a globally
Lipschitz function ¢: R — R.

5.3 Solutions to Evolution Equations with Dissipative Non-

linearity

Our new contribution in this chapter is that we apply the abstract result and definition
from Ball [1] to define the mild solution to the special case of the semigroup {7 (t)}+>0.
This is only possible because we proved in Theorem 4.19 that {7 (¢) }+>0 is a Cp-semigroup
on the Banach space E = (C([0,1]). We consider special case of equation (4.0.4)-(4.0.5).

In particular, we consider the following nonlinear problem

ou(t, x) Oou(t,r)
TR a(z) o u(t,z) —ud(t,z), t>0,zel0,1], (5.3.1)
uw(0,2) = up(z), z €10,1] (5.3.2)

where uy € E = (C([0,1]). In this section we consider the Cp-semigroup {7(t)}+>0 from
Theorem 4.19 on the space F and it’s infinitesimal generator A. Let also {S(t)}+>0 be the
Co-semigroup on the space E and it’s infinitesimal generator A+ A1, so that S(t) = e M (t)
for t > 0. The next definition is a definition of a mild solution to Problem (5.3.1) as a

special case of the abstract definition .

Definition 5.21. Assume that up € E. A mild solution to the system (5.3.1)-(5.3.2)
is a function u € C([0,00), X) such that equality (5.2.1) is satisfied with X = F and
flu) = du —ud.

Let us notice that the function f : E — FE used above is of dissipative type. In the

following result, we use a notion of the mild solution introduced in Definition 5.17.
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Theorem 5.22. Assume that X is a separable Banach space and A is an infinitesimal
generator of a contraction type Cy-semigroup {S(t)}t>0 on X and assume that f : X — X
is a dissipative map. Then for every ug € X, there exists a unique continuous function
u : [0,00) = X which is a mild solution to the problem (5.2.2)-(5.2.3).

Moreover, the solution u depends continuously on the initial data ug. That is, if (ug)oe,

is an X -valued sequence and uy € X such that for every T > 0 if
uy — ug in X then u" — w in C([0,T], X),

where u" is the unique mild solution to equation (5.2.2) with the initial data uf, i.e., the

unique mild solution to the following equation

du(t
“dt( ) am () + Fun (1), t> 0
u"(0) = ug.
Proof of Theorem 5.22. See the proof of Theorem 5.5.8 in [18]. O

Remark 5.23. In Theorem 5.15 and Theorem 5.22, the equality (5.2.1) hold the same.

The only difference is the assumptions in these two Theorems.

In order to apply the above abstract result to our system (5.3.1)-(5.3.2), let us formulate

the following auxiliary results.

Lemma 5.24. Letc: R — R be a continuous function satisfying the following assumption
c(0) = 0. (5.3.3)

Let f be a function defined by
f:E3ur—couckE. (5.3.4)

Then the function f satisfies the following assertions.

(i) Function f is a well defined map from E to itself.

(i) Function f: E — E is continuous.

Moreover, if the function c is globally Lipschitz then f is also globally Lipschitz.

Remark 5.25. Assumption (5.3.3) is needed because our space E consists of continuous
functions vanishing at 0. If E were replaced by the space C([0,1]), assumption (5.3.3)

would not be required.
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Lemma 5.26. Let E = (C([0,1]). Then, the function
fo:E>ur —u’ € E, (5.3.5)

is dissipative, see Definition 5.1 and Lipschitz on balls.

The Proof of Lemma 5.24 is standard, see for instance [8, Proposition 5.1 and Theorem
5.2] for more difficult results. The Proof of Lemma 5.26 is classical and can be found in
the book [18, Chapter 6].

Next, we state the following theorem that is a consequence of Theorem 5.22.

Theorem 5.27. Assume that X\ > 0 and the function fo : E — E is defined by formula
(5.3.5). Then for every uy € E, there exists a unique continuous function u : [0,00) — E

such that the following equality is satisfied.

u(t) = S(t)ug + /Ot S(t—s) fo(u(s))ds, t>0, (5.3.6)

Moreover, the solution u depends continuously on the initial data ug. That is, if (ug)oe,

is an E-valued sequence and ug € E such that ugy — wy in E then, for every T' > 0.
u" — u in C([0,T), E),

where u" is the unique mild solution to equation (5.3.1) with the initial data ug, i.e., the

unique mild solution to the following equation
t
u"(t) = S(t)ug —|—/ S(t—s) fo(u"(s))ds. t>0.
0

We can get rid of the exponential function in the above Theorem by replacing the nonlinear
function fo by f = fo + Al, i.e.,

frE>um— M+ fo(u) = u—u’ € E. (5.3.7)

We tacitly assume that f maps F to E. To verify that the map f defined by formula
(5.3.7) is well defined, let us assume that v € E. Then we have,

[f(w)](z) = Mu(z) — (u(x))®, 2 e [0,1].

We want to show that f(u) € E. For this aim, let us first observe that if ¢ = 0 then
u(0) = 0 and hence [f(u)](0) = 0. Secondly, a composition of continuous functions is a

continuous function, see [39, Theorem 4.9], we infer that the function

0,1 3 2 — [f(w)](z) = Mu(z) — (u(z))’ € R
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is continuous. Hence, we showed that the function f is well defined. Using this new object

we deduce from Theorem 5.27 the following result.

Corollary 5.28. For every ug belongs to the space E there exists a unique continuous

function u : [0,00) — E such that the following equality is satisfied
t
u(t) = m(tyuo + / r(t— ) fu(s))ds, ¢ > 0. (5.3.8)
0

The Definition and Remark about the mild solution from the previous section 5.2 can be

generalised to the current setting as follows.

Definition 5.29. Assume that ug € E. A mild solution to the system (5.3.1)-(5.3.2) is a
function u € C ([0, 00), X) such that equality (5.3.6), or equivalently (5.3.8) is satisfied.

Remark 5.30. Theorem 5.27 or Corollary 5.28 can be rewritten in the following way.
If ug € E then there exists a unique mild solution to problem (5.3.1)-(5.3.2).

Example 5.31. Assume that ug =0 € E. Then by the definition (5.3.7) of the function
f, f(up) = 0. Moreover, since {m(t)}+>0 is a Co-semigroup on the space E, we infer that

w(t)(0) =0 for every t > 0. Hence the constant function u is defined by
u(t) :=up =0, t€[0,00)

satisfies equation (5.3.8). Hence this constant function u is the unique mild solution to

Problem (5.3.1)-(5.3.2).

We finish these considerations with the following version of Definition 5.18.

Definition 5.32. A semiflow associated to the system (5.3.1)-(5.3.2) is a family {S(¢) }+>0
of maps from F to E defined by

S(t)(uo) = S(t,up) = St(up) :=u(t), t€[0,00) and ug € E, (5.3.9)

where the function u is the unique mild solution to the system (5.3.1)-(5.3.2), hence with
the initial data ug. The existence and the uniqueness of a mild solution to the system
(5.3.1)-(5.3.2) is guaranteed by Remark 5.30.

Remark 5.33. It is important to bear in mind that a mild solution is not necessarily
a classical solution in the sense of Remark 4.11. First of all, even in the homogeneous
case, i.e., when the external force f = 0, the classical solution has been defined only for
the initial data function ug of C'-class. Secondly, the classical solution is required to be
of C'-class. On the other hand, the mild solution requires the initial data function ug

to be only a continuous function, and the mild solution is required itself to be only a
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continuous function as well. Finally, a classical solution satisfies equation (5.3.1) for every

(t,z) € [0,00) x [0, 1] while a mild solution satisfies the integral equation (5.3.8).

Corollary 5.34. The semiflow associated to the system (5.3.1)-(5.3.2) and introduced in
Definition 5.32 is continuous with respect to the initial data. That is, if n € N, ug € E
and € > 0, then there exists 6 > 0 such that if iy € E such that ||ig — uo||p < 0 then

sup ||S¢(to) — St(uo)||z < e.

teo,n]
Proof of Corollary 5.34. Follows from inequality (6.3.4) in [18, section 6.3]. In fact, in
that section a stronger result is proven, i.e., there exists C' € R such that for all n € N

and ug, g € F,

sup [Si(dio) — Si(uo)lls < e“"||io — uol -
te[0,n]

5.3.1 An explicit formula for a classical solution

In this section, we formulate a result about a special representation for the mild solutions
to the system (5.3.1)-(5.3.2). For this aim, we need to diverge a bit and consider the

classical characteristics method. We consider the following

ou(t, ) ou(t,z)
5 T a(z) o = c(u(t, z)) (5.3.10)
with the initial condition
u(0,z) = up(x), =€ [0,1]. (5.3.11)

We continue to assume that Assumption 4.2 are satisfied for the function a, whereas the
function ¢ depends only on the third variable, i.e., ¢ : R — R, and assumed to be Lipschitz
on balls and of dissipative type function such that (5.3.3) holds. Let us point out that
with a given function ¢ as above we associate the Nemytski map f : £ — FE by the

formula (5.3.4). In other words,
[f(w)](z) = c(u(x)), for every z € [0,1].

For instance, if
c(z) = Az — 23, for z € R, (5.3.12)

then the above Nemtyski map f is equal to the map f introduced earlier in (5.3.7).

The function f indeed maps the space F to itself, where the space F is always the same
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E = (,C([0,1] with the sup norm. For more details see Lemma 5.24. Moreover, this

function ¢ satisfies condition (5.1.2), i.e. ¢ is of dissipative-type (with constant \).

The equation (5.3.10) can be solved by the characteristics method. To be precise, we

consider a system of two ordinary differential equations in R x R as follows

dx(t)
e a(z(t)), (5.3.13)
dx(t) _

Suppose that u is a function of C''-class that solves equation (5.3.10) and z: I — R is a
solution to the equation (5.3.13) satisfying the initial condition z(0) = zp. The solution
to the equation (5.3.13) has been discussed in detail before in Section 4.2 and it is given
by the following formula

2(t) = G~ (t+ G(x0)), t>0.

Suppose that for every zg € R there exists a unique global solution z : Ry — R of equation

(5.3.14) satisfying the initial condition
2(0) = 2. (5.3.15)
where z is the local maximal solution equation (5.3.14) given by
2(t) == u(t, z(t), tel. (5.3.16)

This local maximal solution is indeed a global solution when the function ¢: R — R is
Lipschitz on balls and of dissipative type. Indeed, the local Lipschitzianity of the function
¢ implies that Problem (5.3.14)-(5.3.15) has a unique local maximal solution z defined
on some time interval [0, 7). The dissipativity type of function ¢, i.e. because function ¢

satisfies condition (5.1.2), implies that 7 = co. Indeed, by assumption (5.1.1) we have

d i _on 1 —2)\t —2\to
%[e 2X 12(t)?] = 5[—2/\6 (1)) + e M2z (t)z(t)]

<e MMz + Az()] =0, te0,7).

N |

Hence the function [0,7) > ¢ + e~2*|2(¢)|? is non-increasing, so that
e Pz(t)? < e P2(0))° = |20l?, te[0,7).

Thus we infer that
|2(t)] < e>‘t|zo|, te0,7).

So the solution cannot explode on the maximal interval of existence and hence 7 = oc.

This solution of equation (5.3.14) satisfying the initial condition (5.3.15) will be denoted
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by
¥(t,z0) == 2(t), teR4, 2z €R.

Note that because we assume that ¢(0) = 0, the unique solution of problem (5.3.14)-
(5.3.15) with zp = 0 is the constant function z(¢) = 0 for all ¢ € R;. Hence we infer
that

P(t,0) =0, teR;. (5.3.17)

From equation (5.3.16) we infer that ¢ (t, z0) = u(t,z(t)). Hence the general solution to
the system (5.3.10)-(5.3.11) is given by

u(t,z) = u(t,x(t)) =(t, z0) = @b(t, uo(xo)) = ¢(t,u0 [G_l(G(:U) — t)])

The above formula is a generalisation of equation (4.2.11) in Section 4.2. The above
formula has been derived for solutions of the C'-class. However, we show that it is
also valid for the mild solutions. To be precise we have the following representation
result. This result is a generalization of the classical characteristics method to the case of
the coefficient a(x) in equation (5.3.1) being only continuous and satisfying the Osgood
condition and the initial data ug being only a continuous function. The following theorem
plays a significant role later when we prove the injectivity of the map ¥, see Proposition

5.42, which is an important tool for finding the invariant measures.

Theorem 5.35. Representation Theorem. Assume that A > 0 and that ¢ : R — R
is a function given by formula (5.3.12). Let, for any zp € R, ¥ (-, z0) : [0,00) — R be the

unique solution z : [0,00) — R of the problem

dz

Zr=ca(t), 120, (5.3.18)

satisfying the initial condition
(0, 29) = 2(0) = 2. (5.3.19)

Let us assume that a function f is defined by formula (5.3.7). Assume that ug € E and
u: [0,00) = E is the unique mild solution to the problem (5.3.1)-(5.3.2), whose ezistence

is guaranteed by Remark 5.30. Then,

ult,z) = WY (t, up [G_I(G(m) — t)]), if (t,x) € [0,00) x (0,1], (5.3.20)

0, if (t,x) € [0,00) x {0}.

Note that we need the second line in the formula above (5.3.20) because as we mentioned
in Proposition 4.8 the domain of the function G is the interval (0,1]. In particular,

0 ¢ dom(G), so G(0) is not well defined. we have encountered the same issue in the case
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of the homogeneous equation, see equation (4.2.11) in Section 4.2.
Before we embark on the proof of Theorem 5.35, we need first to formulate an important

result about the existence of the function 1.

Lemma 5.36. Let us assume that X > 0 and a function/vector field ¢ : R — R is defined
by equality (5.3.12).

(o) Then for every zg € R, there exists a unique global solution z : [0,00) — R, which is a
solution of the ODE (5.3.18) and satisfies the initial condition (5.3.19).

Let 1) : [0,00) x R — R be the function introduced in Theorem 5.35. Then

(i) The function 1) is continuous. In particular, it is uniformly continuous on every rect-
angle [0, T] x [-M, M| for every T > 0 and every M > 0. mb, Moreover, equation (5.3.17)

is satisfied.
(ii) For every t € [0,00) the function 1y :==1(t,) : R = R, i.e.
Ui(20) ==Y (t, 20),t € [0,00), 20 € R,
18 1njective,
(iii) The function v is of C'-class and the derivative % satisfies

31/’(5;20) = c(¥(t, ), t>0,

and the derivative %Z’:O) solves the following linear equation

0 ) / 9 ?
2ALA) i, ) A, 120,
ov(0,20) 1

Dz

The function v is often called the flow associated with the ODE (5.3.18).

(iv) Moreover, if we replace the vector field ¢ by vector field —c and we denote by ¢; the
corresponding flow, the flow associated with the following ODE

dy _

dt - _C(y(t))v t > 07

then
dr oy =id and Py o ¢y = id, i.e., ¢y = by L.
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Proof of Theorem 5.35. The proof is divided into three steps.
Step I. Assume additionally that the initial data wug is of C'-class. In this step we show
that the function u defined by formula (5.3.20), i.e.,

u:[0,00) x (0,1] 3 (t,2) = ¥(t,uo[G(G(z) —t)]) € R
has the following four properties.
(i) If z € (0,1] then u(0,2) = 1(0,uo |G (G(x))]) = ¥(0,uplz]) = uo(z), because by
Lemma 5.36 and equality (5.3.19), ¥(0,z) = x for all z € [0, 1].

(ii) The function u is of C'-class.
Indeed, the composition of C'-class functions is of C-class, see [39, Theorem 5.5].
The claim follows because by assumption ug is of C'-class, the functions G and G~*
are of of C'-class, see Proposition 4.8 and function v is also of C''-class by Lemma

5.36.

(iii) The function u from part (ii) satisfies (5.3.1)-(5.3.2) point-wise, i.e., it is a classical

solution of that problem.

(iv) By applying Proposition 5.14 and Corollary 5.13 we deduce that the function u
viewed as a continuous map from [0, 00) to the Banach space (C([0,1]) is a mild
solution to problem (5.3.1)-(5.3.2).

Step II. If (u?) is a (C'([0, 1])-valued sequence and ug € 4C([0,1]) such that
ug — up in oC([0,1]),

then, for every T > 0,
un — u in C([Oa TLOC([O7 1]))7

where the function u defined by formula (5.3.20) and u" is a function defined by formula

(5.3.20) with ug replaced by ug, i.e.,

Y(tug[GHG(x) = t)]), if (¢, @) € [0,00) x (0,1],
0, if (t,z) € [0,00) x {0},

(5.3.21)

Proof Step II: Let us observe that we need to prove that for every T > 0,
u" — win C(]0,T] x [0, 1]).
In other words, we need to prove that for every 7' > 0

u"(t,x) = u(t,x) uniformly w.r.t. (¢,2) € [0,7] x [0, 1].
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To prove the last assertion let us choose and fix T > 0. By applying Theorem A.1,

and [35], we choose the following sets
X =[0,T] x[0,1], Z=R, 4 :[0,00) x R — R.

where function ¢ has been introduced in the statement of Lemma 5.36.

Note that
u' =vYovtandu=1owv
where
o™ 2 [0,T]%[0,1] 3 (t,2) — (s [GTHG@ = B)]), i (t2) € 0,7]x (0,1, € [0, 00)xR.
(t,0), if (¢,z) € 0,T] x {0},
and

(tuo[G~HG(z) - 1)]),  if (t,2) € [0,T] x (0, 1],
(t,0), if (¢,2) € [0,T] x {0},

v:[0,T7]x[0,1] > (¢,x) — € [0, 00) xR.

Now we need to make sure that all the assumptions are satisfied. In other words, we need
to show that
pov™ —1powvon|[0,T] x[0,1].

According to part (i) of Lemma 5.36, the function v is uniformly continuous on every
rectangle [0,7] x [-M, M] for T > 0 and M > 0. Regarding the functions v" and v, since
their first components are the same, it is sufficient to prove that the second components

converge uniformly, i.e., we need to prove that
up (GG (x) —t)) — uo(G~H(G(z) — t)) uniformly w.r.t. (t,x) € [0,7] x [0, 1].
The above formula follows by applying Theorem A.2 with the following choice of notations:

X =[0,7] x [0,1], Y =0,1]
g(t,z) =G HG(x) —t) €Y, for (t,z) € X,

fan=ug, and f = um.
Hence, we deduce that
up(G7HG(z) — 1) = uo(G™HG(z) — t)) uniformly w.r.t. (t,z) € [0,7] x [0, 1].

As consequence, we infer that v™ convergent uniformly to v on the set [0,7] x [0, 1]. Let

us observe that from (ii) in step I, on page 164 since the function u is of Cl-class, we
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deduce that functions v and v are continuous. Moreover, by [39, Theorem 2.41], the
set [0,7] x [0,1] is compact. Hence, see [39, Theorem 4.15] the sets v([0,77] x [0,1]) and
v™([0,T] x [0,1]) are compact. Furthermore, by the uniform convergence v — v on the
set [0,77] x [0,1] and [39, Theorem 2.41] again, we deduce that there exists M > 0 such
for every n € N

v"™([0,T] x [0,1]),v"([0,T] x [0,1]) C [0,T] x [—M, M].
In order to apply the Theorem A.1 we put
X =[0,7T] x[0,1], Y =1[0,T] x [-M,M], Z =R,
and

gn=0", g=v, Y =1

Then u™ =Yog, = 1Yov™ and u =Y og = 1pov. In the proof of Lemma 5.36, the function
1 is uniformly continuous on the set Y = [0,7] x [-M, M]. Therefore, Theorem A.1 is

applicable and so we deduce that
u"(t,x) — u(t,x) uniformly w.r.t. (¢,z) € [0,7] x [0,1].

By this, the proof of step II is complete.
Step ITI. Assume that up € F and u : [0,00) — E is the unique mild solution to the
problem (5.3.1)-(5.3.2). Our aim here is to prove that u satisfies identity (5.3.20). Recall
that £ = (C([0, 1]). Let us consider a sequence (u()5; such that uf belongs to the class
0C1([0,1]) and

ug — up in E = (C([0,1]).

Let u™ : [0,00) — E is the unique mild solution to the equation (5.3.1) with initial data
ug replaced by u(j. By the continuity part of Theorem 5.27 we infer that for every 7' > 0,
the following holds

u™ — win C([0,T7,,C([0,1])).

Because ug is regular, by Step I, the function u” satisfies formula (5.3.21). Let us denote

by z a function defined by formula (5.3.20). By Step II, we infer that for every T > 0,
u" — z in C([0,T7],,C([0,1])).
Hence, by the uniqueness of the limit, we infer that for every T > 0,

u=zin C([0,T],,C([0,1])).
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Because T' is arbitrary, we deduce that u = z. From the definition of the function z, we
infer that the function u satisfies formula (5.3.20). Therefore, the proof of Theorem 5.35

is complete. ]

Proof of Lemma 5.36. The uniform continuity of the function ¢ on a rectangle [0,7] x
[-M,M], when T > 0 and M > 0, is a consequence of continuity of function ¢ and
compactness of the rectangle [0, T] x [—-M, M], see [39, Theorem 4.19]. But the continuity
of the function ¢ follows from Theorem 10.8.1 in [20] because the function ¢ is locally
Lipschitz which is a consequence of the function c is of Cl-class. This proves part (ii).
Part (iii) follows from Theorem 3.4.2 in [14]. Finally, the proof of the last part (iv) follows
from [14, Theorem 3.2.1]. O

Below we analyse the properties of the global solution depending on the initial condition

20-

Proposition 5.37. Assume that ¢ : R — R is a function given by formula (5.3.12). Con-
sider an arbitrary zy € R. Let z : [0,00) — R be the unique global solution of the problem
(5.3.18)-(5.3.19). Then

1) if zg € {=V/\,0,V/A}, then the function ¢ has a unique solution if ¢(zg) = 0. Hence the
constant function z(t) = zp, for every t > 0, is a solution of the problem (5.3.18)-(5.3.19).
Hence

Y(t, z0) = 2o for every t > 0.

2) if zg > VA, then since c¢(z) < 0 for all z > \/A, then function z is decreasing on the
mazximal interval of the existence and z(t) > VA. Hence we get another proof that z is a
global solution and

z(t) € (VA 0), for every t > 0.

Moreover we can show that z(t) — VX as t — oo.

3) if 20 € (0,VN), i.e., 0 < 29 < VA, then ¢(z) > 0 for z € (0,v/X). Hence, the solution of
problem (5.3.18)-(5.3.19) is increasing and z(t) < V'X. Thus, we get another proof that z
s a global solution and

z(t) € (0,V'X), for every t > 0.

Moreover, z(t) — V' as t — co.
4) if 20 € (—V/),0), then the function c(z) < 0, so z is decreasing and

z(t) € (=VA,0),  for every t > 0.
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5) if 20 < —V/\, then the function ¢(z) > 0, so z is increasing and

2(t) € (=00, —V/\), for every t > 0.

In particular, for everyt € [0,00), 1 maps the set (—V/A,V/A) into itself, and the map ¢y
(which is equal to ;") also maps the set (—/\,V/A) into itself.

The above Proposition 5.37 is about the properties of the solutions to the ODE (5.3.18).
The representation Theorem 5.35 links solutions to the ODE (5.3.18) with solutions to
the PDE (5.3.1). From Theorem 5.35 and Proposition 5.37 above we get the following
corollary. The Corollary 5.38 is about properties of solutions to the PDE (5.3.1). These
properties are the consequence of that relationship. The following corollary about mild
solutions to Problem (5.3.1)-(5.3.2) describes solutions in very specific three cases which

correspond to parts (1), (3) and (4) of the previous Proposition 5.37.

Corollary 5.38. Let us assume that A > 0 and a function f is defined by (5.3.7). Assume
that up € E and u : [0,00) — E be the unique mild solution to problem (5.3.1)-(5.3.2).
Then, the following holds.

1) Ifug=0in E, i.e.,
up(x) =0, for every x € [0,1], (5.3.22)
then

u(t,z) =0, forall (t,z) € [0,00) x [0,1].

3) If for every z € (0,1], ug(z) € (0,v/X), then u(t,z) € (0,v/\) for every (t,z) € [0,00) x
[0, 1].

4) If for every x € (0,1], ug(z) € (—VA,0), then u(t,z) € (—V\,0) for every (t,x) €
[0,00) x [0,1].

Proof of Corollary 5.38. Assume that u : [0,00) — FE is the unique mild solution to
problem (5.3.1)-(5.3.2).

1) Assume that ug = 0 in E. Then by Example 5.31, the unique mild solution is the

constant function u(¢) = 0 and hence

u(t,z) =0, t>0, z €0,1].
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3) Assume that ug(z) € (0,v/)), for all z € (0,1]. By the representation Theorem 5.35

and condition (5.3.22) the solution u satisfies

u(t,x) = ¥(t,up [G_I(G’(az) - t)])
=(t,20), if (t,z) € [0,00) x (0,1],

where (-, z9) : [0,00) — R is the unique solution z : [0,00) — R of equation (5.3.18)
satisfying the initial condition (5.3.19). By applying part (3) of Proposition 5.37 we infer
that

Pt u[GHG(x) —t)] € (0,VN), t >0,z € (0,1].

4) Assume that ug(z) € (—V/\,0), for all 2 € (0,1]. By the representation Theorem 5.35

and condition condition (5.3.22) the solution u satisfies

u(t,x) = P(t,ug [G_l(G(:L') — t)])
=(t, z0), 1if (t,x) € [0,00) x (0,1],

Note that (-, z0) : [0, 00) — R is the unique solution z : [0,00) — R of equation (5.3.18)
satisfying the initial condition (5.3.19). Similarly to the above, by applying part (4) of
Proposition 5.37 we infer that

Y(t,ug[GTH(G(z) —t)] € (= VA,0), t>0,2€(0,1].

By this, the proof of Corollary 5.38 is complete. O

The above corollary can be used to prove the invariance of the sets Wy, WJ and W in

the following next section.

5.4 Invariant Measure for a Nonlinear PDE

In this section, we want to construct invariant measures for the nonlinear Lasota equation.
We consider our special case, the equation (5.3.1)-(5.3.2). We continue to assume the
assumptions about the coefficients a and ¢ as we listed before in Section 5.3.1 are hold.
Assume that there exists a continuous semiflow {S;};>¢ on the space E generated by the
equation (5.3.1)-(5.3.2). Recall that

clu) = —ud, ueR, \A>0. (5.4.1)
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Define uy = min{u > 0 : f(u) = 0} and u— = max{u < 0 : f(u) = 0}. In the case of
function ¢ that given by equation (5.4.1) we note that u; = VA and u_ = v/—=X. We
consider a space

Y =C([0,00)). (5.4.2)

Let us point out that this space Y is different from the space Y defined by formula (4.2.42)
in Section 4.2.1.3. We endow the space Y is a topology induced by a sequence (p, )5 of

seminorms on Y defined by

pn(u) == sup |u(t)], ueY. (5.4.3)
te(0,n]

The space Y is not a normed vector space. The family (p,)52; generates a metric d on

Y and (Y, d) is complete, see [38, chapter 1].
Proposition 5.39. The family {T;}i>0 defined by (Tyu)(-) = u(t +-) for t >0 is a

Coy-semigroup on the space Y .

Define the following sets
Wi ={veFE:0<v(x)<uy, for every z € (0,1]}.

Wy ={veFE:u_<wv(z) <0, for every z € (0,1]}.
Wo={veFE:u_<v(x)<uy, for every x € (0,1]}. (5.4.4)

Note that we consider above x > 0 because if z = 0 then v(x) = 0. Let us also define the

following maps
®: Wy 3w {[0,00) 2t (Sw)(1)} € C([0,00); (u—, uy)), (5.4.5)
and
Wy vrs {[0,00) 3t h ! (Sw(l)} €Y. (5.4.6)

where h : R — (u_,uy) is an increasing function such that h(0) = 0 and there exists some
R > 0 such that

uy —e *  ifx >R,
h(z) = (5.4.7)
u_ + e, if x < —R.

Let us observe that A~ : (u_,u,) — R is an increasing function such that h=1(0) = 0.

Note that from the definitions of maps ® and ¥ we infer that

[V (v)](t) = h_l(q)(v)(t)), for every ¢ > 0.
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Proposition 5.40. The sets WJ, Wy and Wy are invariant with respect to the (nonlin-

ear) semiflow {S¢}i>o, i.e.,
Uy € VVOJr = Sup € WJ, for every t > 0.

ug € Wy == Siug € Wy, for everyt > 0.

ug € Wo = Siug € Wy, for every t > 0.
Proof of Proposition 5.40. This result is a direct consequence of Corollary 5.38. O

The following two results are a generalization of Proposition 4.40 and Corollary 4.41 to
the nonlinear case. The importance of those propositions is to study the properties of the

mapping ¢ and ¥, which help us to prove the existence of the invariant measures.

Proposition 5.41. Let us assume that {S:}i>0 is the continuous semiflow on the space
E = OC([O, 1]), defined by formula (5.3.9). Let Y = C([O, oo)) be the topological vector
space defined earlier in equation (5.4.2) with the corresponding seminorm defined in equa-
tion (5.4.3). Let the maps ® and ¥ defined by (5.4.5) and (5.4.6) respectively. Then the

following statements are satisfied

(i) if v € Wy then the function {[0,00) > t — (Sw)(1) € (u—,uq)} belongs to the
space C([0,00)(u—,u;)), and hence, the map ® : Wy — C([0, 00)(u—,uy)) defined
by equation (5.4.5) is well-defined,

(ii) the map ¥ : Wy — Y is continuous,

(iii) the following equality holds
T,oW =UoS,. (5.4.8)

Proof of Proposition 5.41. Proof of item (i): To prove that the map ® is well-defined, let
us take e to be the evaluation map, which means, e; : E 3 v — v(1) € R. It is known
that e; is a linear contraction and hence, it is continuous. Since [®v](t) = e1(Sv) for
every v € E and t > 0, by Corollary 2.76, the map [0,00) 3 ¢t — S;v € F is continuous
for every v € E. Therefore, we deduce that for every v € E, ®v € C([0,00)). Hence the
map P defined by equation (5.4.5) is well-defined.

Proof of item (ii): Because [¥(v)](t) = h™'(®(v)(t)), t > 0, and the function h™' is
uniformly continuous on compact subsets of the open interval (u_,u4 ), it is sufficient to
prove that the map @ is continuous. Therefore, it is sufficient to prove that it is continuous
with respect to each seminorm p,. For this purpose, let us fix n € N, an element vy € FE

and € > 0. We want to find 6 > 0 with the following property.

If 4 € E and ||ag — uol|p < & then p, (®(d) — ®(uo)) < e.
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Thus, by definitions of map ® in (5.4.5) and the seminorm in (5.4.3) we have

pn(@(t0) — ®(uo)) = sup [[®(ho) — P (uo)](?)]

te[0,n]

— t:}ép] |[@(@0)](t) = [ (uo)](1)]

= sup |(Stﬂ0)(1) - (StUO)(1)|
te[0,n]

< sup sup ](Stﬂo)(l") - (Stuo)(:ﬂ)|
te[0,n] z€[0,1]

Hence, the result follows by applying Corollary 5.34.

Proof of item (iii): To prove the equality (5.4.8), let us choose and fix ¢ > 0 and v € Wj.
Then by using the definitions of the map V¥, the semiflow {S;};>0 and {7}}:+>0 we have
for every s > 0 and v € W,

Since s and v are arbitrary we deduce that Ty o W = W o S;.

Hence, we conclude that all the three statements in Proposition 5.41 is complete. O
Proposition 5.42. The map ¥ defined earlier in equation (5.4.6) is injective.
Proof of Proposition 5.42. Because [¥(v)](t) = h™'(®(v)(t)), t > 0, it is sufficient to

prove that the map @ is injective. Using the definition (5.4.5) of equality (5.3.20) from
Theorem 5.35, we deduce that if v € E and ¢ € [0,00) then because G(1) = 0 we have

(®0)(t) = (Sw) (1) = ¥ (¢, v(GTH(G(1) — 1))
= (t,v(G7H(-1))). (5.4.9)

We use the above established representation (5.4.9) of the map ® to prove its injectiv-
ity. For this aim let us choose and fix v!,v? € E such that ®(v!) = ®(v?). Thus, by

representation (5.4.9) we infer that
¢(t,v1(G_1(ft))) = 1/}(t,v2(G_1(ft))), for every t > 0.

Since for every t € [0,00) the map 9(t,-) : R — R is injective, by part II of Lemma 5.36,

we infer that

v (G (—t)) = v*(GTH(—1)), t € [0, 00).
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Since by Proposition 4.8 part (vii), the function G=! : (—00,0] — (0,1] is surjective, we
deduce that

vl (x) = v*(x), for every z € (0,1]. (5.4.10)

Because both v! and v? belong to the space E, we deduce that v!(0) = v2(0) and therefore
by the just proven identity (5.4.10), we deduce that v! = v2. The proof of injectivity is
complete. ]

Definition 5.43. Let p: B(Wy) — [0,1] be a measure p defined by
p(A) =m(¥(4)), AeBW), (5.4.11)

where m is the Borel probability measure which is the law of the stationary process, on
the space Y defined by formula (5.4.2), and ¥ the map defined by formula (5.4.6).

Corollary 5.44. The measure p defined by equation (5.4.11) is {S¢}i>0 invariant.

Proof of corollary 5.44. Let A € B(Wy) for t > 0. By using the definition of the measure
i in equation (5.4.11) we have

n(S;1(4)

(w(s;'(A)))
((H7H(S1(A)) =m((Seo TH7H(A)).

m
m

Applying the commuting property of the map ¥ and the invariant of the measure m, we

obtain

m((Seo T (A)) = m[(\llfl oTy) "1 (A)
— [Ty o W(A)] = m(W(A)) = u(4).

Hence we proved 1(S;'(A4)) = u(A), therefore, the proof of Corollary 5.44 is complete.
O

Now we are ready to prove our main result in the present section. This result generalises
[43, Theorem 1] by allowing coefficient a to satisfy natural weak assumptions and by con-
sidering the dissipative type and Lipschitz on balls nonlinearity. One important difference
between our work and Rudnicki’s proofs is that we do not prove the transformation ®
is a homeomorphism. In fact, we have only been able to prove that it is continuous and
injective. Fortunately, because of the Kuratowski Theorem, see Corollary 4.52, this is

sufficient to deduce that the inverse map ®~! is Borel measurable.

Theorem 5.45. Let E = (C([0,1]), the set Wy be defined in formula (5.4.4) and Y
be the space defined in formula (5.4.2). Let {St}i>0 be the semiflow associated to the
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system (5.3.1)-(5.3.2) on the space E as in Definition 5.32. Then there exists a probability
measure p defined on o-field of Borel subsets of Wy, such that the following conditions

are satisfied:

(i) p is invariant under {S¢}>o,

(i) pu(Per) =0, where Per is the set of periodic points of {St}i>0,
(i) {St}i>o is ezact on (Wo, B(Wo), 1)

(iv) the second moment of p is finite, i.e.,

/ lell3 (dv) < oo

Wo

Before we commence the proof of Theorem 5.45 we need to prove the following auxiliary

result.

Claim 5.46. The set W, defined in formula (5.4.4) is an open set, and hence, it is a
Borel, subset of the space E.

Proof of Claim 5.46. In order to prove that W is an open set in the space F, let us choose
and fix an arbitrary element vy € Wy. Since vy is continuous then by [39, Theorem 4.16 ]

there exists x1 € [0,1] and x9 € [0, 1] such that
max{vo(x) : x € [0,1]} = vo(x1) and min{vg(z) : = € [0, 1]} = vo(z2).

By the definition of Wy in formula (5.4.4) we infer that vo(z1) < u4 and vo(z2) > u—.

Let us now take r = min{u; — vo(x1),vo(z2) — u—}. Hence,
r <ug —wvg(xy) and r < vo(z2) —u_. (5.4.12)

Note that » > 0. We need to show that B(vg,r) C Wp. In order to prove that, we take
v € B(vg,r), then
sup |v(z) —vo(z)| < r.

z€[0,1]
Hence for every x € [0, 1] we have |v(x) — vg(x)| < r. That means,
vo(x) —r <wv(z) < vo(x) + 7

Obviously v € E because B(vg,r) € E. Moreover, from inequality (5.4.12) we infer

v(z) < wvo(z) + 1 <wo(x1) +us —vo(z1) = Uy



Invariant measures for dissipative first order PDEs 175

Hence, we proved that v(z) < uq for every x € [0,1]. Similarly, for v(x) > u_ because
v(x) > vo(z2) — 1 > vo(22) — vo(22) —u— = —u-.

To conclude, we proved that v € Wy. In other words, Wy is ( an open) Borel subset of E.
by this, the proof of Claim 5.46 is complete. O

Proof of Theorem 5.45. From Propositions 5.41 and 5.42 we infer that themap ¥ : £ — Y
is continuous and injective. Therefore, we deduce that the restriction map ¥ : Wy — Y is
also continuous and injective. By applying Corollary 4.52, we put X; = F and Xo =Y,
both these spaces are separable metric spaces. Also, put 1 = Wy. By claim 5.46, F; is
a Borel subset of X;. Hence we infer that the map U~!: U(E;) — E; is measurable.
Recall that the set W defined in formula (5.4.4) and the space Y defined in formula (5.4.2).
The semiflow {S;};>0 associated to the system (5.3.1)-(5.3.2) on the space E as in Defini-
tion 5.32. Let & = {& }+>0 be the Ornstein-Uhlenbeck process process and the trajectories
of ¢ belong to the space Y. Moreover, {T;}+>0 is the shift Cp-semigroup on the space Y.
The measure m = law(§) is the probability measure on the space Y satisfy the following
equality
m(T; ' (A)) = m(A) for every A € B(Y),

see Lemma 4.61. Since by Lemma 4.64, P-almost all trajectories of £ belong to the space Y,
we infer that m is a Borel probability measure on Y. Define a function p : B(Wp) — [0, 1]
by the following

1(A) ==m(¥(A4)), Ae B(W). (5.4.13)

Note that the RHS of the above formula (5.4.13) is meaningless unless the set U(A) belongs
to the family B(Y") of Borel subsets of Y. Also, it can be rewrite equation (5.4.13) in the
following equivalent form p = m o W. Note that if A € B(Wj) then because U~! is

measurable, we infer that

U(A) € B(Y).

Hence we deduce that m(¥(A)) makes sense for every A € B(Wj), and thus, we infer
that p which is defined by formula (5.4.13) is well defined. Note that our definition of
the measure p is the same as defined by equation (5.4.11) on Definition 5.43 made earlier.
Therefore, we have already proved in the Corollary 5.44 that this measure p is {S:}i>0
invariant.

To prove that p is a probability measure, let us define the space Yy by

Yo = {¢ € C[0,00) : lim @)l

—00 t

= 0}.

We need to show that Y satisfies the following three conditions:
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(i) Yp is a Borel subset of Y,
(i) Yo < W(Wo),

(iii) m(Yp) = 1.
Note that the conditions (i) to (iii) rewrittenabove imply the following equality
p(Wo) = m(¥(Wy)) = 1.

The assertion (i) above can be proved in a similar way as we proved that the set Wy is a
Borel subset of the space E, see Claim 5.46. The assertion (iii) above is a consequence of
Proposition 4.56 because every continuous function satisfying the growth condition (4.3.8)

belongs to the space Y. Indeed,

lim PO _ [ W(8) In(t + M)
t—oo T t—ooLln(t + M) t

~ t—o0 ln(t + M) t—00 t

Hence we only need to prove assertion (ii). To do this, we occupy ourselves with the

following proposition.

Proposition 5.47. If y € Yy, then there exists v € Wy such that ¥(v) = y.

Proof of Proposition 5.47. Let y € Yy. By formula (5.4.9) we have
(To)(t) = h o (t,0(GH(~1)))].
So we need to find v € Wy such that
¥(t,v(GH(-t))) = h[y@®)], t > 0. (5.4.14)

By Lemma 5.36, the function v, := (¢, -) is injective for every ¢ and ¢ := 1/1;1. Moreover,
the flow {¢}+>0 corresponding to the vector field —c. By applying ¢; to equation (5.4.14)
we infer that we need to find v € W{ such that

v(GTH (1)) = du(Rly(1)]), t>0.

If we denote x = G~1(—t) which implies that —t = G(r) <= t = —G(z), we get the

following equivalent form of equation (5.4.14)

v(z) = P_G(x) (h[y(—G(x))]), x € (0,1]. (5.4.15)
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We want to prove that v € Wy. In view of the last part of Proposition 5.37, it is sufficient
to prove that v € E. For this purpose, we need to establish the continuity of the function
v on the interval [0, 1] and to show that v(0) = 0. In view of identity (5.4.15) it is sufficient
to show that lim,_,o+ v(z) = 0, i.e., it is sufficient to prove that

lim ¢_g) (hly(=G(2))]) =0, =€ (0,1]. (5.4.16)

z—0t

Using the transformation # = G~1(—t) and observing that x — 0T if and only if t — oo,

we see that equality (5.4.16) is equivalent to

lim ¢ (hly(t)]) = 0. (5.4.17)

t—o00

Thus we need to prove the following: If y € Yp, then condition (5.4.17) is satisfied.

Let us recall that the flow ¢, is the one from Lemma 5.36. Our aim is to find condition
on the function y such that if v is defined by equality (5.4.15), then equation (5.4.17) is
satisfied. Let —c(z) = —Az + 23, and the flow ¢; corresponding to vector field —c, i.e., for
every zg € (0, V),

dpi(z0)
7 —c(¢t(20)) (5.4.18)

$0(20) = 20

If zo € (0,v/)) then also ¢;(z0) € (0,4/A) and
é(z0) = 0 as t — oo. (5.4.19)

Moreover,

di(z0) =& VA ast — —oc.

If the function y is bounded, i.e. there exists C' > 0 such that
0<y(t)<C, ;t>0,
then by property (5.4.19) we infer that

ot(hly(t)]) — 0 as t — co.

Suppose that zg is replaced by h[y(t)] € (0,+/A). The last observation implies that we can
assume that y(t) — oo as t — oo. Thus also h[y(t)] — V.
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We want to investigate the speed of convergence of h[y(t)] towards v/A so that condition

(5.4.17) holds. For our aim, let us introduce the following auxiliary function V' as follows
T odz
V(z) = / Az e (0, V).
a0 ¢(2)

where g is any fixed number belongs also to the interval (0,+/A). The function V satisfies

the following properties:

(i) V(xo) = 0;
(ii) The function V is increasing,

(iii) 9 =V'(x) = 75 > 0;

(iv) V(z) — +oo when z /X and

Viz) > - ln(ﬁ —x)+ ln(\& — xo)], x € (xp, \5),

1
ol
(v) =V(z) = 400 when = N\, 0 and

—V(x) > Inzg—Inz), =€ (0,x0);

1
IR

(vi) V(z) < m [111(\5\ —z0) —In(VA —z)], @ € (zo, V).

Now we observe that the flow ¢;, which satisfies (5.4.18), satisfies the following equality
V(¢gy) = —t + Cy, where Cj is a constant and ¢t € R.

To detect what is the constant Cj in the above solution we put ¢t = 0. Then we obtain
V(¢0) = Cp and hence,
V() = —t+Vi(go), t €R.

In other words, we proved that if the function ¢; is a solution to the equation (5.4.18)

then V(¢:) = —t + V(¢o) for every t € R. In particular,
V(pe(hly(t)]) = —t + V(h[y(t)]) for every t e R.

Using the last assertion and properties (iv) and (v) of function V', we infer that condition

(5.4.17) is equivalent to the following one
—t + V(hly(t)]) = —o0 as t — oo,

or equivalently,
t —V(hly(t)]) = +o0 as t — oo, (5.4.20)
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From property (vi) of the function V' above we have

t =V (h[y®)]) >t — A+ BIn(vV'X — hly(t)]), (5.4.21)
where
1
A;;J%az$mwﬁ—m)
1
D)

By the definition (5.4.7) of function h, for ¢ large enough, i.e. when y(t) > R,
VA = hly(t)] = e ¥,

Hence, for t large enough,

(VA = hly(1)]) = —y(t).

Hence, by inequality (5.4.21) we have
t —V(h[y(t)]) >t — A — By(t), for ¢ large enough. (5.4.22)
But

t—A—Bmw—u1_f_B§Q>

Since lim; oo % =0, and, because y € Yy, lim;_, @ = 0, we deduce that

lim ( —é—i):l

t—o00 t t

Hence

tllglo(t — A — By(t)) = 0.

Hence, by inequality (5.4.22) and Sandwich Principle (or a comparison Lemma), see [39,

Theorem 3.19] for a related result, we infer that

lim (¢ — V(Aly(1)])) = oc.

t—o00

Hence we proved that condition (5.4.20) is satisfied and therefore we deduce that also
condition (5.4.17) holds true.

By this, we conclude the proof of Proposition 5.47. O

Thus, we proved that the measure p defined by equation (5.4.13) is probability measure
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which is {S¢}:>0 invariant. Therefore, the proof of condition (i) of Theorem 5.45 is

complete.

The proof of conditions (ii) and (iii) of Theorem 5.45 can be done in the same fashion as

we proved parts (ii) and (iii) of Theorem 4.67 in Chapter 4.

The proof of condition (iv) of Theorem 5.45 follows trivially because Wy is a bounded
subset of F, i.e.,
lv|E < max{A\;, A_} = Ao < 00, veE Wj.

Hence
/ ol < A2 u(Wo) = A2 < oo.
Wo

Thus the proof of our main result in this section, i.e., Theorem 5.45, is complete. [
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5.5 Discussion

Our main contribution in Chapters 4 and 5 concerning the paper by Rudnicki [43] is
that we have been able to formulate and prove the well-posedness of the Lasota equation
for irregular drift coefficient a(z). In fact, as in Chapter 4, we assume that a is only
continuous and satisfies the Osgood condition. To formulate our results for the nonlinear
case of the Lasota equation, we use deeply some of the results from chapter 4, that the
corresponding linear equation generates a Cy-semigroup on the Banach space OC([O, 1])
so that a notion of a mild solution to the Lasota equation makes sense. We also use some
results about dissipative problems in Banach spaces to prove that the Lasota equation is

well-posed.

Rudnicki [43] and others have always assumed that the drift coefficient a(z) is of C'-class,
since their notion of a classical solution was intrinsically dependent on that assumption.
One could have suspected that the C'-class regularity of the function a was a redundant
assumption and we proved that this is the case. On the other hand, we also rigorously

use the notion of a classical solution to verify the representation Theorem 5.35.



Chapter 6

Open Problems and Future Work

In this Chapter, we outline open problems that can be considered for future research

directions. These open problems were encountered in Chapter 3 and in Chapter 4.

6.1 Open Problem of Chapter 3

We identified during our proving of the existence of invariant measures for the first-order
PDE, the following two open problems. The first problem is related to Theorem 3.30. The
theorem can be generalise to the case a € (—%, 0). We conjecture that our result can be
rewritten similarly to Remark 3.31. In this present case, the Hurst parameter H = o + %

could be an arbitrary element of (0, ).

The second open problem is that the law of Brownian motion p is an invariant measure

for the semigroup denoted by {S 2 (t) }+>0 generated by the following equation

ou ou 1
o T3 = 3t (6.1.1)

Denote by {J*(t)};>0 the semigroup on the E generated by equation (6.1.1) with 1 re-

placed by A. Is it true if 4 is an invariant measure for {J*(¢)}¢>o then A = 17

6.2 Open Problem of Chapter 4

We found two main open problems in this chapter. The first one is related to the The-
orem 4.19. It is an open problem whether the theorem holds on the Lebesgue spaces
L?(0,1) or Sobolev spaces (H*"([0,1]). In Chapter 3, we proved that this is true when

the function a(z) = = for € R. This should be easily generalised to the case when the
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function a is of C'-class. But the general case of a satisfying only Assumption 4.2 remains

open.

The second open problem is related to the Theorem 4.67, which is the main result of
Section 4.3. We studied there a problem of the existence of an invariant probability
measure for the Cyp-semigroup on the space (C'(]0,1]) generated by the equation (4.3.2).
We assumed very weak assumptions of the coefficient a but the coefficient ¢ was assumed
to be a constant. Our main tool was an earlier Theorem 4.19 that equation (4.3.2) with
¢ = 0, generates a Cy-semigroup on the space (C'([0,1]). Many open questions remain to

be investigated, and we are mentioning some of them as follows.

e Q1. Does equation (4.3.2) with ¢ = 0, generates a Cy-semigroup on spaces different
than (C'(]0,1])?7 We have tried and failed to prove such a result for the space
E = LP(0,1). On the other hand, as has been established in [11] and [12] that this

is true when a(x) = z.

Q2. Under what natural conditions on the function ¢, equation (4.3.2) generates a
Co-semigroup on space (C'([0,1])?
When this is the case, under what additional assumptions, does this semigroup has

an invariant measure?

Q3. Combine Q1 with Q2.

Q4. Suppose the answer of Q2 is positive, what can be said about linear equation

(4.3.2) with Au replaced by ¢(x)? What are the natural assumptions on function ¢?

Remark 6.1. Lemmata 4.24, 4.25 and Claim 4.28 have been formulated and proved for
abstract Cp-semigroups, not only for those used in this thesis. Would these results be
of any use in the study of the existence of invariant measures for other equations, e.g.,
the Burgers Equation. Completely different methods in the case of stochastic Burgers

Equations have been used in [17].

We ask if the following problem has a unique mild solution for every ug € E = (C ([0, 1]):
Ju(t, x)

ot
u(0,x) = up(x).

a(x)ﬁu((?tg;m) = c(u(t,z)),t >0, x€[0,1].

To prove the mild solution to the nonlinear above equation, we formulate the following
result which is a consequence of the Wintner Theorem, see the book by Hartman [25,
Theorem 5.1], see also [34, problem 8, p.36].
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Theorem 6.2. Assume that a function ¢ : R — R is continuous and satisfies

le(y)l < o(lyl), y€R,

for some function ¢ : [0,00) — [0,00), such that ¢(r) >0 if r > 0 and

>~ 1
/ ——dr = o0, for every N > 0.
N 9(r)

Then every local mazimal solution y(t), t € [to, T) of the equation

y'(t) = c(y(t), t>to,

s a global solution, i.e., T = oo.

Note that a non-trivial linear function c satisfies assumptions of the above Theorem 6.2.
Indeed,

o0
d
/ T for every N > 0.
N T



Appendix A

Referenced Theorems, Lemmas

and Propositions

For the sake of completeness in this thesis, we recall in this appendix important well-known

theorems that are used in some parts of our proofs.

A.1 Referenced Theorems, Lemmas and Propositions

Theorem A.1l. [35] Let X be a non-empty set and let Y and Z be two metric spaces.

Assume {gn}nen be a sequence of mappings from X to'Y such that
gn — g uniformly on X.
Let vy : Y — Z be a uniformly continuous function. Then

o g, — Y o g uniformly on X.

We also need a simpler version of the above theorem.

Theorem A.2. Let X and Y be two non-empty sets and let (N,d) be a metric space.
Assume that g : X — Y. Assume {fn}nen be a sequence of mappings from'Y to N such
that

fn — f uniformly on'Y.

Then
frnog— fog uniformly on X.

Theorem A.3 (Dominated Convergence Theorem [2]). Suppose that ¢ is an integrable

function and fi is a sequence of measurable functions such that |fix(z)| < é(z) almost
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everywhere and suppose that fi, converges to a function f almost everywhere. Then fi

and f are integrable and

lim frdu = / fdu.
Rn

k—o00 Rn

Theorem A.4 (Monotone Convergence Theorem [2]). Suppose fi is a sequence of mea-
surable functions on R™ such that 0 < fip(z) < frt1(x) for all k and x. Let f(x) =

lim frdu = fdu.
R?’L

k—o00 Rn

Theorem A.5 (Weierstrass Approximation Theorem [39]). Let f be a continuous real-
valued function on [a,b] and for any given € > 0 there exists a polynomial P € [a,b] such
that

|f(z) — P(z)| <e, z¢€]la,b].

Theorem A.6. [3, Theorem 8.17] Suppose that a continuous functions f(t) — yo as
t — oo and that function v(y) — vy as y — yo. Then the composition v(f(t)) — vo as

t — 00.

A.1.1 Proof of Lemma 3.2

Proof. Fix t > 0. Take a cylinder set C' of the following form

C=0C(81,--,8n;A41,...,Ap)
={r e E:x(s1) € A1,...,2(sn) € Ay}

for some 0 < s1 < ... < s, <1, and Aj,...,A, € B(R). By the definition of the inverse

set we have

S;HC) :={z € E: Si(x) € C}
={z € E: (Six)(s;) € 4, i=1,...,n}
:{er:e%x(sie_t)eAi, i=1,...,n}
={rc E:x(sie” Ee_%Ai, i=1,...,n}

:C’(sle_t,...,sne_t,e_iAl,...,e_%An) (A.1.1)

Note that sets e 2 A; are Borel. So we proved that S;1(C) is also cylinder set but with

different time and different base sets. Now, we take the measure u for both sides of
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equality (A.1.1) and put a? = e~t, (a > 0) we obtain

,u(S;I(C')) = M(C’(sle_t, o, Spe e_%Al, e 6_%1471))

= M(C(Oé2817 sy, A, ,aAn))
1
V(@2m)m(a?s; —0)...(a2s, — a2s,_1)

(G Tk 0?
32n
/ / klask O‘Skl dl‘l dl‘n

Using the change of variables formula as follows:

Since x1 € aAy then x1 = ayi, dr1 = ady; where y; € A;. Also x,, € aA,, then x,, = ayy,
dz, = ady, where y, € A,. Hence by substituting those changes into the above equality

we obtain

1
V@2m)r(a?)(s1 = 0) ... (sn — sn-1)

> (g —vp—1)>
/ /aerl(skskl)dyl - dyn
Ay

\/(27T) (51— 0) (sn — Sn 1)

(W —Yk—1)
/ / QZk e dyl dyn
Ay

(C(Sl,.. Sn,Al,.. . ,A )) = ,U,(C)

Hence, we proved
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Examples

In this section, we present some of the fundamental examples in functional spaces.

B.1 Examples of Separable Banach spaces

Proof of Example 2.5. To verify that our claim is a Banach space, we need to check

whether it is a complete normed space.

Normed Space: The conditions of normed space that were presented in Definition 2.1

must be validated as follows.
N1. [[f]| = 0, because sup,cpy |f(z)] > 0.
N2. [|0f] = supyejqp 0] = 0. If || f|| = O then supycqp [ f(z)] =0 and so f = 0.

N3. Let f € Cla,b] and for any scalar A, we have

A= IMIFI (B.1.1)

In order to verify the third condition, we start with the left-hand-side of the equal-
ity (B.1.1).
[AfIl = sup |[Af(z)] = [A] sup [f(=)],

x€[a,b] x€|a,b|

where we have here two cases:

Case 1: If A =0. Then

sup [0 =0, and |0| sup |f(x)|=0.
ye[a,b] ye[avb]
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Case 2: If A # 0. For every x belongs to [a, b], we have

Af(@)] < Al f(2)] < [A] sup |f(y)l-
y€la,b]

Since the right-hand-side of the above equation is an upper bound of {|\f(x)|: x €
[a,b]} then it is larger than the least upper bound, i.e

sup [Af(z)| <[l sup [f(y)l- (B.1.2)
y€la,b] y€la,b]

For the right-hand-side of the equality (B.1.1), we take = € [a,b]. Then

(Allf(@)] = [Af(@)] < sup [Af(y)| (divide by|A[)
y€la,b]

F@)] <~ sup M) Ve € [,
’)" y€la,b

Hence with the same argument above we deduce the following

sup |f(2)] < — sup [A()]
o,

y€la,b] €la,b] (B.l.?))
Al sup [f(z)| < sup [Af(y)l.
yE[a,b} ye[a,b]

So, from equations (B.1.2) and (B.1.3) we conclude that condition (N3) is held.

sup [Af(x)] = [Al sup |f(z)].
y€[a,b] y€la,b]

In other words, we proved [|Af]| = |Al[|f]|-

N4. We want to show that for every f, g € C|a,b], we have ||f + g|| = || fI| + llg||-

To prove this, let f,g € Cla,b] and x € [a, b], then we have

1f +gll = sup |f(z)+g(zx)] < sup |[f(z)[+ sup [g(z)] =[]+ gl

z€[a,b] x€|a,b] z€la,b]

Now we would like to verify with more detail the following equation

sup [|f(z)] + |g(x)|] < sup |f(x)]+ sup [g(z)]. (B.1.4)
z€[a,b] z€[a,b] z€[a,b]

Let = € [a, b], then we have

[f(@)| < sup [f(y)l (B.1.5)

z€[a,b]
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And similarly

lg(x)| < sup |g(y)|. (B.1.6)
yE[a,b}

So, by adding equations (B.1.5) and (B.1.6) together, we obtain

[f @)+ lg(2)| < sup [f(y)l + sup |g(y)| V€ [a,0]
ye[a,b] ye[a,b]

Assume that supyciqp [f(Y)] + supyepap [9(y)| = M. That means
|f(@)] +lg(x)] < M, V€ la,b]
Then, as arguing before in N3. M will be an upper bound of

{lf (@) +lg(x)| Va € [a,b]}.

Thus, sup,epp(lf(@)] 4 [g(2)]] < M. That is

sup [|f(z)|+ lg(x)]] < sup |f(z)|+ sup [g()|
z€la,b] z€la,b] z€[a,b]

Hence the proof of equation (B.1.4) is complete. Finally, Since all conditions of normed

space are valid, the function || - || is a norm.

Completeness: To verify the completeness of the normed vector space C|a, b], we have
to show that every Cauchy sequence in the space C|a,b] is convergent. We start with
taking {f,} to be a Cauchy sequence in Cfa,b]. Our objective is to find a function f €
Cla,b] such that || f, — f|| = 0 as n — oo. That is,

Ve>0 IN=N.:Vn>N then |f,—f] <e.

In order to meet our objective, we identify four requirements. The first requirement is to

find a candidate for f. Take x¢ € [a,b], then for every n,m € N we have

[fn(z0) = fm(x0)| < sup [fu(z0) = fm(z0)| = [l fn = fmll- (B.1.7)

z€a,b]

Now, take ¢ > 0. Because {f,} is a Cauchy sequence then there exists N € N such that
for all n,m > N then ||f, — fm|| < . Hence, by equation (B.1.7), we infer that

|fn(w0) — fn(z0)| <€ ,n,m > N.
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So, we verified that the sequence f,(z) is a Cauchy sequence in R. Because R is complete,

we deduce that f,(xg) is convergent in R. Let us denote the limit by f(xg). Thus,
fn(xo) — f(xo) asn — oo. (B.1.8)

After we proved that f,(zg) is convergent to f(z¢), the second requirement is to show
that f belongs to the space C|a,b]. Next of that, the third requirement is to prove that
fn — f in Cla,b]. However, before fulfillment of those requirements, we need to consider

and achieve yet another requirement that studies whether f,, converges to f uniformly.

Let € > 0. Since our sequence is Cauchy in C[a,b], then IN = N, such that for all
n,m > N we have || f, — fm| <. So,

sup || fu(@) = fm(2)| < e. (B.1.9)
z€[a,b]

Fix xg € [a,b]. Then, from equations (B.1.7) and (B.1.9) we infer that
Fa(@0) = fm(wo)| < e, where n,m € .

Now, let us fix n > N, and let m — oco. Then from equation (B.1.8) we deduce that

fm(z0) — f(xo). Since | fr(x0) — fin(z0)| < €, then we can rewrite it as follows
—€ < fal®o) — fm(z0) < e

fn(z0) — € < finl(®o) < fulx0) + €.

By using the Sandwich Theorem 2.15 for functions, we obtain

falzo) =& < f(xo) < fulwo) +e.

Thus
Ilf(z0) = fu(zo)|| <e.

Hence, f,, converges uniformly to f. Regarding requirement 2 studies whether f belongs
to the space Cfa,b]. We know from our assumption that f, € Cfa,b], and from the
results of proving requirement 4 that f, — f uniformly, we infer by Theorem 2.13 that

f € Cla,b]. Regarding requirement 3, let & > 0. Then, from the result of requirement 4,
IN = N.:Vx € [a,b],Yn >N then |fu(zx)— f(z)|<e

Therefore,

sup |fo(z) — f(z)| <e, Vn>N..
z€[a,b]
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Hence, the main objective (that studies the completeness of normed space C|a,b]) has

been proved. That means
Ve>03dN=N,.:Vn>N|fn— fl| <e.

Therefore, the normed space is complete and consequently the space X = Cla,b] is a

Banach space. O

Proof of the space X in equation (2.1.1) is separable. In order to prove the space Cla, b)
is separable, we need to find a subset that is countable dense in the space. For that, let
‘P, be polynomials with rational coefficients of degree n. For countability, it is clear that
Py, is a countable set because the rational numbers are countable and p = |J;2, Py, is a

countable union of countable sets. Let ¢(z) any a polynomial such that
q(z) =ap+ a1z + ... +apz” where a; €R, i=1,...,n.

For density, for every € > 0, we can choose b; € Q such that

3

Z_bl .
i =bil < 5=

For every € > 0, since rationals are dense, then it follows that p(x) = bg+ b1z +...+byz™.

Hence for every x € [a,b], we have

[P(x) — q(2)| < |bo — aol + by — ar]|2| + ... + [bp — an|2]|”

< |bgp —ap| +|b1 —a1|+ ...+ |bn —an| asx €]0,1] <

N ™

Now for any f € C[a,b] and € > 0, by Weierstrass Approximation Theorem A.5, we can
find a polynomial ¢ such that |f —¢| < §. Then

[P =fl <P =gl +llg—fll <e

Hence, the rational polynomials are dense and countable. Therefore, we can deduce that

the space Cla, b] is separable. O

Example B.1. The space (C([0,1]) is a subspace of the space 0Hl’p(O, 1).

Proof of the Example B.1. To verify this example, we need to check two statements:1)
The space (C*([0,1]) is subset of space OHl’p(O, 1) and 2) The space (C*([0,1]) is vector
space itself. For the former, we argue that any element x in the space ,C'([0,1]) is also
in the space (H 1P (0,1). This means, = has a weak derivative and Both z and 2’ have a
finite LP norm, which is true since they both continuous function on a closed and bounded

interval. For the latter, ,C([0,1]) is a vector subspace because: if z,y € ,C([0,1]) then
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az + By € (C1([0,1]) for any a and B in R. Tt is clear that az + By is continuously
differentiable as # and y are an element in space (C'([0,1]) and addition and scalar
multiplication preserve the continuity and differentiability. In more details, (ax + By) =
ax’ + By and (az + By)(0) = (az(0) + By(0)) = &(0) + B(0) = 0, and similarly for z’

(az + By)'(0) = (@) (0) + (By)'(0) = a(0) + B(0) = 0.

Hence, we proved that
oCL([0,1]) € (H'P(0,1).

Lemma B.2. The space (C([0,1]) is a closed subspace of the space C([0,1]).

Proof of the Lemma B.2. It is obvious to see that (C([0,1]) C C([0,1]) because any
element in the space (C([0,1]) is continuous, in particular, f(0) = 0. To prove the
space (C([0,1]) is a vector space itself, let z,y € (C([0,1]) and «, 8 € R then we have
az(s) + By(r) is continuous and ax(0) + By(0) = 0.

Finally, it remains to show that the space (C([0,1]) is closed. Let {z,}nen be a Cauchy
sequence in the space (C([0,1]) then z,, — = € C(]0,1]) uniformly because the space
C([0,1]) is complete. In particular, x,,(0) — 2(0). Since z,, € ;C([0,1]) this means that
2, (0) = 0. Hence z(0) = 0. Therefore, x € (C(]0,1]). Hence (C([0, 1]) is closed subspace
of the C([0,1]). O

Lemma B.3. The space F' = (C! ([0, 1]), defined by formula (3.2.6) is a separable Banach

space.

Proof of Lemma B.3. Let us consider the following map:
:Fsx— (x,2')€ ExE, where E=,C([0,1]). (B.1.10)

Based on the above map (B.1.10), the justification can be expressed in three steps. The

first step is to verify that the cartesian product £ x E, that is endowed with the norm:

1z, y)|lexe = |=|E + |ylE, (B.1.11)

is a Banach space. The second step of the justification is to prove that the cartesian
product E x E is separable. The third step is to justify that I', which was defined
in (B.1.10), is isometric.

Regarding the first step, there are two main conditions for the Banach space that need

to be satisfied, which are E' x E is complete. For the former (norm), it is obvious that
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FE x E is a vector space with addition and multiplication by scalars defined in a standard

way, i.e.,
ar(z1,y1) + az(x,y2) == (@1 + oz, iy + a2y2), o € K oy, y; € E.

Moreover, all the conditions, which are mentioned before in Definition 2.1 are clearly
satisfied. Regarding the latter condition, which is related to the completeness of the vector
space F x E, we need to study whether the space has a convergent Cauchy sequence. Let
(zn,yn) be a Cauchy sequence. Let ¢ > 0 and N € N such that for every n,m > N we

have

II(xn,yn) - (xmaym)H <eE.

From the definition of the norm of the space E x E, which is stated in equality (B.1.11),
we have

|Tn — Zm|E + |Yn — YmlE <€, n,m > N.

Hence, we see that sequences (x,) and (y,) are Cauchy in the space E. Since E is a

complete space, we deduce that the sequences (z,) and (y,) are convergent in E. That

means, there exist z,y € F such that x,, —» x and vy, — y in E.

Let us observe that (z,y) € E x E. Given an € > 0, we want an N; so that |z, — z|
€

is less than § and an Na so that the same is also true for |y, — y| and 5. If we take

N = max{Ny, N2} then we have

[(@n, yn) — (@, Y)|ExE < €.

Thus,
H(xn>yn)_(x7y)”E><E <g, for n > N.

Hence (zy,yn) — (z,y). By this we proved that E x E is complete.

Regarding the second step that the cartesian product E x E is separable, we have already
proven in Example B.1 that the space C ([0, 1]) is a separable Banach space. Since the
space oC' ([0, 1]) is a closed subspace of C([0,1]) with the same norms, then we deduce from
Lemma 2.28 that the space (C ([0, 1]) is also separable. Moreover, a cartesian product of
two separable normed vector spaces is separable . Hence, we deduce that the space E x E
is separable.

Regarding the third step which is to justify whether I', which was defined in equation
(B.1.10), is isometric, we start first by showing that the map I': F' 3> 2 — (z,2') e EX E

is injective. This is because:

[(z1) =T(x2) = (21,2)) = (12, 75) = 71 = T9.
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In addition to that the, map I' is isometry, that is
IT(x)||lgxe = ||z||F, for every x € F. (B.1.12)

To justify that the equality (B.1.12) holds, we start with the LHS. let 2 belongs to the

space F'. Then we have
IT(@)llexe = (2, 2)|Exe = |26 + |2/|6.

Similarly, for the RHS of equality (B.1.12), let = belongs to the space F. Then we deduce
from the definition of the norm of the space F' for an element x € F the following equality

is valid:

|lzllr = sup |z(s)|+ sup |a'(s)] = [z]lz + l|2"l| &
s€[0,1] s€[0,1]
As a consequence, the LHS and the RHS of equality (B.1.12) are equal.
However, the map I' is not surjective. For instance, if we take for example, elements
y(s) = s? and z(s) = s, then the ordered pair (y, z) belongs to the space E x E but does
not belong to I'(F).
Put
Z :=T(F).

Let us note we proved earlier that E x FE is a separable Banach space. Let us also note
that Z is a closed subspace of ¥ x E. Hence Z is a separable Banach space.

Moreover, we can show that I' : F' — Z is an isomorphism. Note that I' : ' — FE X E is
not surjective but we replace the ”co-domain” E x E by the range Z of the function T'.
Hence, with this change I becomes surjective. Hence we infer that F' is also a separable

Banach space. O
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