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Abstract

This thesis is concerned with various aspects of the representation the-
ory of finite dimensional algebras, with a focus on combinatorial and
homological aspects. We explore the aspects of representation theory
relating to tilting modules, cluster algebras, T-exceptional sequences,

and extriangulated categories.

The notion of a 7-exceptional sequence was introduced by Buan and
Marsh in Buan & Marsh (2021) as a generalisation of an exceptional
sequence for finite-dimensional algebras. We calculate the number of
complete T-exceptional sequences of certain classes of Nakayama al-
gebras. In some cases, we obtain closed formulas which also count
other well-known combinatorial sets and exceptional sequences of path

algebras of Dynkin quivers.

The modular Catalan numbers Cj ,, introduced in Hein & Huang
(2017) count equivalence classes of parenthesizations of xg * -+ % z,,
where * is a binary k-associative operation and k is a positive inte-
ger. The classical notion of associativity coincides with 1-associativity,
in which case (', = 1, and the single 1-equivalence class has size
given by the Catalan number C),. We introduce modular Fuss-Catalan
numbers C}, which count k-equivalence classes of parenthesizations of
To*- - -* T, Where x is an m-ary k-associative operation for m > 2. Our
main results are an explicit formula for C",, and a characterisation of

k-associativity.

Extriangulated categories were introduced by Nakaoka and Palu in
Nakaoka & Palu (2019a) as a simultaneous generalisation of exact cat-
egories and triangulated categories. We show that the idempotent

completion of an extriangulated category is also extriangulated. A



possible consequence of this is a methodology for constructing Krull-
Remak-Schmidt extriangulated categories, since an additive category
A has the Krull-Remak-Schmidt property if and only if A is idempotent
complete and the endomorphism ring of every object is semi-perfect;
see (Krause, 2015, Corollary 4.4).
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Chapter 1

Introduction

1.1 Introduction

This thesis is concerned with several aspects of the representation theory of finite-
dimensional algebras. An algebra is any set where there are notions of addition,
multiplication, and scalar multiplication which satisfy some natural properties. A
motivating example of an algebra is the set of 3-dimensional vectors R? with the
usual notions of addition of vectors, the vector cross-product, and scalar multiplica-
tion. Whilst such examples of algebras are well understood, more exotic examples
of algebras are less well understood and harder to study directly. Instead of study-
ing these exotic examples directly, a common strategy is to see how these algebras
act on other mathematical spaces called modules. For an algebra A, the set of its
modules is called its category of modules and is donated by mod A. The representa-
tion theory of finite-dimensional algebras is the study of the categories of modules
of algebras. The categories of modules mod A are usually infinite, however, in the
cases we are interested in, they have the Krull-Remak-Schmaidt property; which
states that every module M in mod A has a decomposition in terms of a subset of
modules, which themselves cannot be decomposed called indecomposable modules.
This is analogous to how any positive integer decomposes into a product of prime
numbers. So to understand mod A, and hence A, we have the smaller tasks of just

needing to understand the indecomposable modules over A.
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A first step in calculating the indecomposable modules of mod A is to cal-
culate its exceptional modules. These are indecomposable modules M with the
property of having no self-extensions of all degrees ¢ > 1, which is written as
Ext’(M, M) = 0,7 > 1. However, calculating exceptional modules is itself a chal-
lenge. To overcome this challenge, one considers exceptional sequences. These are
sequences of exceptional modules which satisfy certain properties. Exceptional se-
quences were first introduced in the context of algebraic geometry in the setting of
triangulated categories by Bondal (1989); Gorodentsev (1989); Gorodentsev et al.
(1987). They were then later introduced and studied in the context of the repre-
sentation theory of finite-dimensional algebras by Crawley-Boevey (1993); Ringel
(1994). Starting with an exceptional sequence, it is sometimes possible to generate
the whole set of exceptional sequences by performing a process of mutation on the
initial exceptional sequence, and hence obtain all the exceptional modules; see for
example Bondal (1989); Ringel (1994).

Extriangulated categories were first introduced by Nakaoka and Palu Nakaoka
& Palu (2019b), as a generalisation of both triangulated categories and ezact cat-
egories. The category of modules mod A is a prototypical example of an abelian
category, and abelian categories form one of the motivating examples for exact cat-
egories. Simply put, extriangulated categories represent the most abstract frame-
work where the notion of eztensions (therefore self-extensions) needed to define
exceptional sequences, exists. Extriangulated categories with the Krull-Remak-
Schmidt property are of interest in the literature; see for example Iyama et al.
(2018); Zhu & Zhuang (2021).

Another strategy for understanding the category mod A comes from tilting-
theory. Key ideas in tilting theory are those of torsion pairs (Happel, 1988, 4.1)
and tilting modules (Assem et al., 2006, Chapter VI, 2.1. Definition). A torsion
pair is a pair of subcategories (T, F) of mod A which are maximal with respect to
the property that there are no non-zero module homomorphisms from T to JF i.e.
Hom(T,F) = 0. Torsion pairs give us an alternative way of viewing the category
mod A because, to each module M, there is a way of associating an extension d,,
in Ext!(Z, X), for some Z € F and X € T; see for example Proposition 2.3.16.
A split torsion pair is a torsion pair that gives a complete description of mod A

in the sense that every module M in mod A decomposes into the direct sum of
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modules Z € F and X € T above. Moreover, if (T,) is a split-torsion pair, then
each indecomposable module is in T or F. So understanding split torsion pairs is
sufficient for understanding mod A. One source of torsion pairs is tilting modules;
see for example Definition 2.3.22. For a tilting module M, we can construct a
torsion pair (T(M), F(M)), where

T(M) ={X € mod A | Ext'(M, X) = 0},

and
F(M) ={X € mod A | Hom(M, X) = 0};

see for example (Happel, 1988, 4.3 Lemma). Of particular interest to this thesis
are combinatorics related to tilting modules in the category of modules mod ,Kn);
these are the combinatorics of the Catalan numbers C,. Catalan numbers are
a ubiquitous sequence of natural numbers in mathematics, which count many
combinatorial sets including the set of triangulations of polygons; see Stanley
(2015) for more on Catalan numbers. Also of particular interest to us is the
appearance of Catalan numbers in the theory of cluster algebras of Dynkin type A,,.
Cluster algebras are a class of commutative algebras defined combinatorially by a
process of iterated mutation which first appeared in Fomin & Zelevinsky (2002).
In this thesis, our cluster algebras will be subrings in the field F = Q(uy, ..., u,) of
rational functions in the indeterminates uy, ..., u,. To define a cluster algebra, one
starts the data of an initial seed. By applying all possible iterations of mutations
to the initial seed, other seeds are obtained. A cluster algebra is then the subring
of F generated from all the seeds obtained by this process of iterated mutation. For
the cluster algebras of Dynkin type A,,, the information in all the seeds admits a
combinatorial description in terms of triangulations of (n+3)-sided polygons, which
are counted by the Catalan number C,,;1; see (Fomin et al., 2017, Corollary 5.3.6).
Moreover, the mutation of the seeds of these cluster algebras can be described via
the flip operation the triangulations of (n + 3)-gons. This is mirrored in the
case of tilting modules in mod A,, 1, where basic tilting modules correspond to
triangulations of (n + 3)-gons, and a notion of mutation on tilting modules exists,
which also corresponds to the flip operation the triangulations of (n + 3)-gons; see
(Buan & Krause, 2004, Theorem C). Motivated by the ubiquity of the Catalan
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numbers and their combinatorics, we investigate in this thesis a generalisation of

these combinatorics, leading us to the notion of modular Fuss-Catalan numbers.

1.2 OQOutline

Chapter 2 is dedicated to recalling the prerequisite material for this thesis. An
important notion to this thesis is that of a category, as categories form a major-
ity of the framework and language for the work in this thesis. We start §2.1 by
defining a category and functors. We then introduce the classes of categories that
are of interest to us including; additive categories, abelian categories, triangulated
categories, and extriangulated categories. In §2.2, we recall the theory of quiver
representations and finite-dimensional algebras as pertaining to Chapter 3 of the
thesis. In particular, we recall the construction of the Auslander-Reiten transla-
tions 7 needed in the definition 7-exceptional sequences and recall the definition
of the Nakayama algebras. In §2.3, we recall different notions of mutations from
tilting theory, cluster algebras, exceptional sequences, and 7-exceptional sequences
which motivate the work in Chapter 3 and Chapter 4.

Chapter 3 is about counting complete T-exceptional sequences of Nakayama al-
gebras. Complete T-exceptional sequences, unlike compete exceptional sequences,
always exist for finite-dimensional algebras. Hence a natural question is to count
them. In this chapter we count the number of complete T-exceptional sequences
for certain classes of Nakayama algebras, and where possible establish connections
to other well-known and understood combinatorial sets. The main results of this
chapter are closed formulas and recurrence relations for the number of complete
T-exceptional sequences of some Nakayama algebras.

Chapter 4 introduces modular Fuss-Catalan numbers C}" . These numbers
arise as a result of generalising the Catalan combinatorics in a natural way: by
generalising associativity (flips) to the notion of k-associativity, and by replac-
ing Catalan numbers with their “higher-dimensional” analogue, the Fuss-Catalan
numbers. The main results of this chapter include an explicit formula for the
modular Fuss-Catalan numbers C7,, and a characterisation of the notion of k-

associativity.
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Chapter 5 studies the idempotent completion of an extriangulated category.
The main result of this chapter is that the idempotent completion of an extriangu-
lated category is also an extriangulated category, with an inherited extriangulated
structure. Applying these results to triangulated categories and exact categories,
we recover the analogous results for triangulated categories and exact categories
as in (Balmer & Schlichting, 2001, Theorem 1.5) (Biihler, 2010a, Proposition 6.13,
Remark 7.8).

The results of Chapters 3,4, and 5 are new, except where otherwise stated.
The results of Chapter 3 have been published in Msapato (2021a), the results of
Chapter 4 have been published in Msapato (2022) (this paper was selected to be
part of the Discrete Mathematics Editors’ Choice 2022 list), and the results of
Chapter 5 have been published in Msapato (2021b).



Chapter 2

Preliminaries

2.1 Category Theory

The notion of a Category and the language of Category Theory are essential to
the work which is to be presented in this thesis. So we will begin by recalling the
necessary and relevant concepts from category theory for this thesis. In particular,
this section will cover: categories and functors, additive categories, abelian cate-
gories, triangulated categories, and extriangulated categories. Our main references
for this section are, Leinster (2014), MacLane (2013), Happel (1988) and Nakaoka
& Palu (2019b).

2.1.1 Categories, functors and natural transformations

Definition 2.1.1. (Leinster, 2014, Definition 1.1.1) A category A consists of the

following data and axioms:
e a class of objects, which we will denote by ob(A);

e for any pair of objects A, B in ob(A), a class of morphisms or arrows from

A to B, which we will denote by A(A, B);
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e for any objects A, B,C in ob(A), a composition function
o: A(B,C) x A(A,B) - A(A,(C)

(9, f) = gof,

such that o is associative, i.e. for each f € A(A,B), g € A(B,C) and
h € A(C, D), we have that (hog)o f =ho(go f);

e for any object A, a morphism called the identity on A in A(A, A), which

we denote by 14;

e for any f € A(A, B), we have foly = f =10 f.

There are many standard notation conventions in category theory. We will lay
out the ones which we will be adopted in this thesis. Let A be a category and
A € ob(A). We will often write A € A to also mean that A is an object of A.
For morphisms f € A(A, B) and g € A(B,C), it will be convenient to write gf
for the composition g o f. In many diagrams to follow, we will write A B
to mean a morphism f € A(A, B). We will also occasionally write f: A — B to
mean a morphism f € A(A, B). For particular categories such as the categories of
modules; it is more standard to write Hom(A, B) or Homy (A, B) for the class of
morphisms from A to B in A. In the special case of the class of morphisms from
an object A in A to itself, we will write End(A) or End4(A) for A(A, A), and call
the morphisms in End(A) endomorphisms of A .

When talking about a category, we are usually concerned with its morphisms
and how the morphisms interact with each other through compositions. When
discussing composition, it is often helpful to illustrate them using commutative

diagrams. For example, the following diagram is said to be commutative (com-

mutes)
A—.B
[« b
X 25y
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if bf = ga. In general, a diagram is said to be commutative if for all paths of
arrows in the diagram starting and ending at the same objects, we have that the
compositions of all the arrows in these paths are equal.

The morphisms between objects inform us how two objects are related to each
other. A relationship between objects of a category that is often useful is the notion
of an isomorphism. An isomorphism between objects of a category conveys that

the objects are structurally the same, but not necessarily equal.

Definition 2.1.2. (Leinster, 2014, Definition 1.14) Let A be a category and A, B
be objects in A. A morphism f: A — B is an isomorphism if there exists a
morphism ¢g: B — A such that gf = 14 and fg = 15. The morphism g is called

the inverse of f. We then say that A and B are isomorphic and we write A = B.

Definition 2.1.3. (Borceux, 1994, Definition 1.7.3) Let A be a category. A mor-
phism r: B — C'is called a retraction if there exists a morphism ¢: C' — B such
that rq = 1¢. Dually, morphism s: A — B is called a section if there exists a

morphism t: B — A such that ts = 14.

For any given category A, we can always define another category A°P known as
the opposite or dual category which is defined in the following way. The objects
are given by ob(A°P) = ob(A). For every pair of objects A, B in A and every
morphism f € A(A, B), there is a corresponding morphism f°P in A°P(B, A).
Formally, the arrow (morphism) f°P is the reverse of the arrow (morphism) f.
Given morphisms f°° and ¢°® we define composition in A° as follows: ¢° fP =
(fg)°P where fg is the composition of f and g in A. The existence of the opposite
category leads to the notion of the principle of duality. Simply put, for every
categorical statement there is a dual statement which can be made by simply
reversing all arrows i.e. passing to the opposite category. In this thesis we will
often be using this principle, we will use the word, dually to indicate when we’re
invoking the principle of duality.

One of the strengths of category theory comes from the fact that it can be
applied to many areas of mathematics by defining categories of the objects of

interest. For example, in the area of group theory, one can define a category Grp,
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the category of all groups, where the objects are groups and the morphisms are

group homomorphisms. The next notion is we recall is that of functors.

Definition 2.1.4. (Leinster, 2014, Definition 1.2.1) Let A and B be categories, a

covariant functor F': A — B consists of the following data:
e a function from ob(A) to ob(B),
F: ob(A) — ob(B)
A— F(A),
e for any pair of objects A and B in A, a function
F: A(A,B) —» B(F(A),F(B))
f= E(f),
such that,

1. for all objects A in the category A, we have that F(14) = 1p(4) and,

2. for all objects A, B,C" and morphisms f € A(A, B), g € A(B,C), we have
that F(go f) = F(g) o F(J).

Contravariant functors are the dual covariant functors, in the sense that
they reverse arrows. If G: A — B is a contravariant functor, then every morphism
f € A(A, B) maps to a morphism G(f) € B(G(B),G(A)). Formally, a contravari-
ant functor from A to B is just a covariant functor from A° to B. Throughout
the thesis, we will abuse terminology by referring to covariant functors simply as
functors. When we are discussing functors, we are usually interested in functors

with some special properties.
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Definition 2.1.5. (Assem et al., 2006, A.2. Functors, 2.1. Definition) Let A,
and B be categories. The product category A x B is the category defined as
follows. The objects of A x B are pairs (A, B), where A € A and B € B. A
morphism f: (A,B) — (A, B')is a pair f = (fi: A = A, fo: B — B’) where
fi1 € Homy (A, A') and fo € Homgy (B, B'). A pair of morphisms (g1, g2) and (hy, hs)
in A x B are composed as follows, (g1, g2) 0oaxs (h1, h2) = (g1 04 h1, g2 05 he) if and
only gq, hy are composable morphisms in A and g, hy are composable morphisms
in B. In other words, composition in A x B is given by componentwise composition

in A and B respectively.

Definition 2.1.6. (Assem et al., 2006, A.2. Functors, 2.1. Definition) Let A, B

and C be categories. A bifunctor is a functor F': A x B — C.

Definition 2.1.7. (Leinster, 2014, Definitions 1.2.16,1.3.17) Let A, B be categories
and F': A — B a functor. If, for any pair of objects A, B in A, the function

F: A(A, B) — B(F(A), F(B))

f= E(f),

is injective, the functor F' is said to be faithful. If instead the function is always
surjective, the functor F' is said to be full. In the case a functor is both faithful
and full, we will say that it is fully faithful. If for any object B € B, there exists
an object A € A such that F'(A) = B, it is said that F' is essentially surjective.

Definition 2.1.8. (Leinster, 2014, Definition 1.2.18) Let A be a category. A
subcategory B of A consists of a subclass of objects ob(B) C ob(A), such that for
any pair of objects B, B in ob(B), there is a corresponding subclass of morphisms
B(B,B’) C A(B.B'). Moreover it is required that B be closed under composition

and identities.

10
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Given a category A and a subcategory B of A, there is a natural functor
1: B — A called the inclusion functor defined as follows. On objects, B — B for
all B € B, and on morphisms f — f for all morphisms f in B. This functor is
trivially faithful. In the case that the inclusion functor is also full, we call the
subcategory B a full subcategory.

An isomorphism of objects in a category gives us a notion of objects being
essentially the same. This notion is weaker than the notion of equality of objects.
It is natural to ask for a notion of two categories being essentially the same. It turns
out that in most practical situations, the notion of isomorphism between categories
is too strong. A more appropriate notion turns out to be that of equivalence.

But first, we need to recall natural transformations.

Definition 2.1.9. (Leinster, 2014, Definition 1.3.1) Let A and B be categories
and F, G be two functors from A to B. A natural transformation o: F' = G from
F' to G consists of the following data:

A class of morphisms F(A) =% G(A) for every object A € A, such that that

for every morphism A L Bin A, the following diagram commutes.

FA) 29 pep)
G(f) l

Ga) — q)

aA

If all the morphisms F(A) % G(A) are isomorphisms, « is said to be a natural

isomorphism.

Definition 2.1.10. (Leinster, 2014, Definition 1.3.15)(Assem et al., 2006, A.2.
Functors, 2.1 , 2.2. Definition) Let A and B be categories. An equivalence
between A and B consists of a pair of functors F': A — B and G: B — A together

with a pair of natural isomorphisms,

a:ly—>GoFand f: FoG — 13.
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When there is an equivalence between two categories A and B, the two categories
are said to be equivalent and we write A ~ B. The functors F' and G are called
equivalences, and G is called a quasi-inverse of F'. A duality is the dual notion

of equivalence between contravariant functors.

The following proposition is very useful in determining when a functor is an
equivalence.
Proposition 2.1.11. (Leinster, 2014, Proposition 1.3.18) Let A and B be cate-
gories and F': A — B be a functor. Then F' is an equivalence if and only if F' is

fully faithful and essentially surjective.

We will close this subsection by introducing the following key definitions.

Definition 2.1.12. Let € be any category, and let f: X — Z,g: Y — Z be
morphisms in €. The pullback of f and ¢ is an object P equipped with morphisms
px: P — X and py: P — Y, such that the following diagram commutes (this
diagram is said to be a pullback diagram), with the following universal property.

p 2 o x

Py f

y —— Z,
For any object Q equipped with morphisms ¢x: Q — X, and ¢y : Q — Y, satis-
fying fqx = gqy; there is a unique morphism u: () — P such that pxu = ¢x, and

Pyu = Qgy.
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Dually, given morphisms f: X — Y and ¢g: X — Z, the pushout of f and g is
an object P equipped with morphisms py: Y — P, and px: Z — P such that the
following diagram commutes (this diagram is said to be a pushout diagram), with
the following universal property.

f

X ——Y
g™ . p

For any object ) equipped with morphisms ¢z : Z — @), and gy : Y — (@), satisfying
qz9 = qyf; there is a unique morphism v: P — @ such that vpy; = ¢z, and

VPy = Qy-

Proposition 2.1.13. (Freyd, 1964, Proposition 2.151, Theorem 2.15*) The pull-
back of a pair of morphisms, if it exists, is unique up to isomorphism. Dually, the

pushout of a pair of morphisms, if it exists, is unique up to isomorphism.

2.1.2 Additive Categories

The categories we deal with in this work fall into one of the following types of cat-
egories; abelian categories, triangulated categories, and extriangulated categories.
All of these types of categories fall into the class of categories known as additive

categories. Hence, our next order of business is to define additive categories.

13
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Definition 2.1.14. (MacLane, 2013, §1.5) Let A be a category. An object T' € A
is called terminal, if for all objects A € A, there is exactly one morphism from A
to T'. Dually, an object I € A is called initial, if for all objects A € A, there is
exactly one morphism form I to A. If an object is both initial and terminal, we
will call it a zero object and denote it by 0.

If a category A has a zero object 0, then the zero object is unique up to unique
isomorphism. For any pair of objects A, B we have a morphism, called the zero

morphism 0: A — B, which is the composition of the morphisms A — 0, and
0— B.

Definition 2.1.15. (Keller, 1997, §1.1) Let A be a category. The category A is
Ab-enriched if for all objects A, B € A, the set of morphisms A(A, B) is an
abelian group (A(A, B),+), in such a way that the composition function

o: A(B,C) x A(A,B) = A(A, C)
is bilinear, i.e. for f,g € A(A, B), and e € A(B,C),

eo(f+g)=(eof)+(eoy),

and for f,g € A(B,C) and e € A(A, B),

(f+g)oe=(foe)+(goe).

Definition 2.1.16. (Leinster, 2014, Definition 5.1.1) Let A be a category, and let
A and B be objects in A. The product of A and B is an object AIIB that comes
equipped with a pair of morphisms 74: AIIB — A, and wg: AIIB — B called
projections such that, for any object X and pair of morphisms f: X — A, and
g: X — B, there exists a unique morphism h: X — AIIB such that the following

diagram commutes.

14
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X

N

A" ATIB—"2 -+ B

We can define a dual notion of the coproduct by reversing the arrows in the

above definition as follows.

Definition 2.1.17. (MacLane, 2013, §I11.3) Let A be a category, and let A, B be
objects in A. The coproduct of A and B is an object A® B that comes equipped
with a pair of morphisms is: A -+ A® B, and ig: B — A &® B called inclusions
such that, for any object X and pair of morphisms f: A — X, and g: B — X,
there exists a unique morphism h: A ® B — X such that the following diagram

commutes.

X

R

A—"* s ApB+2 B
Proposition 2.1.18. (MacLane, 2013, Chapter VIII, §2, Theorem 2) Let A be
an Ab-enriched category. The objects A and B in A have a product AIIB if and
only if they have a coproduct A @& B. Moreover, the coproduct and product of A
and B are isomorphic.
Going forward, when dealing with additive categories we will write A & B for

the product of two objects. We are now able to give the definition of an additive

category.

Definition 2.1.19. (Keller, 1997, §1.1) An Ab-enriched category A is said to be
additive if it has a zero object, and any pair of objects A and B in A admit a
product AIIB.

15
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A classic example of an additive category is the category Ab of abelian groups
(note that Ab is a subcategory of Grp). The zero object in Ab is just the trivial
group {0}. The product of two groups A and B in Ab is given by direct product
of groups A x B. Finally the sum of two morphisms (group homomorphisms)
f,9: A— Bis f+ g defined as (f + g)(x) := f(x) + g(x) for all x € A.

When considering a functor between two additive categories, it is desirable if
the functor preserves the additive structure of these categories in the following
sense.

Definition 2.1.20. (MacLane, 2013, Chapter VIII, §2) Let A and B be Ab-

enriched categories. A functor F': A — B is called additive if, for any pair of

objects A and B in A, the function
F: A(A,B) — B(F(A), F(B))

is a group homomorphism. In particular, for a pair of morphisms f, g € A(A, B),

we have that F(f +¢g) = F(f) + F(g).

Proposition 2.1.21. (MacLane, 2013, Chapter VIII, §2, Proposition 4) Let A
and B be Ab-enriched categories. A functor F': A — B is additive if and only if,

for any objects A, B in A,

F(A® B) = F(A) @ F(B).

Classic examples of additive functors are the Hom-functors which are defined
as follows for any additive A category. For any object A € A, we define the

Hom-functors on A as follows,
A(A,—): A — Ab
whereby
B — A(A, B).
Dually, we can define the functor,
A(—,A): A® — Ab

whereby
B~ A(B, A).

16
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2.1.3 Abelian Categories

Abelian categories are additive categories with extra structure. The motivation
and prototypical example of abelian categories is the category Ab. Abelian
categories first appeared in Buchsbaum (1955) and a couple of years later in
Grothendieck (1957). The abelian categories which will mostly be of interest to

us here will be categories of modules over finite-dimensional algebras.

Definition 2.1.22. (Freyd, 1964, Chapter 1 §1.4) Let A be a category. A mor-
phism f: A — B is called a monomorphism if, for any object C' € A, and
any pair of morphisms g,h: C — A such that fg = fh, we have ¢ = h. If f
is a monomorphism, we will say that f is monic for short. Dually, a morphism
f: A — B is called an epimorphism if for any object C' € A, and any pair of
morphism g,h: B — C such that gf = hf, then g = h. If f is an epimorphism,
we also say that f is epic.

Isomorphisms provide examples of morphisms which are both monomorphisms

and epimorphisms; see for example (Freyd, 1964, Proposition 1.42).

Proposition 2.1.23. (Freyd, 1964, Proposition 1.41) Let A be a category and
f: A— Band g: B— C be a pair of morphisms in A. If ¢gf is a monomorphism,

then so is f. Moreover, if both f and g are monomorphisms, then so is gf.

By the principle of duality, we have the following dual statement.

Proposition 2.1.24. (Freyd, 1964, Proposition 1.42) Let A be a category and
f: A— Band g: B — C be a pair of morphisms in A. If ¢gf is an epimorphism,
then so is g. Moreover, if both f and g are epimorphisms, then so is g f.

In the category Ab or, more generally, the category Grp, monomorphisms are

precisely the injective group homomorphisms, and epimorphisms are precisely the

surjective group homomorphisms. Monomorphisms and epimorphisms in Ab can

17
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also be classified in the following way. Let f: G — H be a morphism in Ab (i.e.
a group homomorphism). The kernel of f, denoted ker(f), is defined as follows;

ker(f):={g9 € G| f(g) = 0m, where Op is the identity element of H}.

It is well known that ker(f) is a subgroup of G. There is an inclusion map
i: ker(f) — G with the following properties; fi = 0 is the zero map, and for
all morphisms v: X — G such that fo = 0, there exists a unique morphism
u: X — ker(f) such that v = iu.

ker(f) ——— G —L— H

It is a well known result that the morphism f is injective (a monomorphism) if and
only if ker(f) = {0}, the trivial group i.e. the zero object of Ab. The inclusion
map 1 is itself injective (a monomorphism). The dual notion of the kernel of f is

known as the cokernel. The image of f, denoted im(f) is defined as follows;
im(f) :={h € H| there exists g € G such that f(g) = h}.

The cokernel is the quotient group coker(f) = H/im(f). There is a projection
map j: H — coker(f) with the following properties; jf = 0 is the zero map, and
for all morphisms v: H — X such that vf = 0, there exists a unique morphism

u: coker(f) — X such that uj = v.

It is also a well known result that the morphism f is surjective (an epimorphism) if
and only if coker(f) = {0}. The projective map j is itself surjective. The notions
of kernel and cokernel generalise to the context of an arbitrary category in the

following way:.
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Definition 2.1.25. Let A be a category and f: A — B a morphism in A. The
kernel of f is a morphism k: K — A such that fk = 0 and, for all morphisms

v: X — A such that fv = 0, there exists a unique morphism u: X — K such that

ku = v.
X
// U
)\//
k f
K s A s B

When the kernel of f exists, we will write ker(f): Ker(f) — A for the kernel of f.

Note that kernel of f: A — B in the category Ab defined prior is an example
of a kernel according to the above definition. It is well known fact that the kernel

of a morphism is monic.

Proposition 2.1.26. (Knapp, 2007, Proposition 4.34) Let A be a category, and
let k: K — A be the kernel of a morphism f: A — B in A. Then k is monic.

The notion of a cokernel in an arbitrary category is dual.

Definition 2.1.27. Let A be a category, and f: A — B a morphism in A. The
cokernel of f is a morphism ¢: B — @ such that; ¢f = 0, and for all morphisms
v: B — X such that vf = 0, there exists a unique morphism u: ¢ — X such that

ugq = v.

A I . B 50

u

|
|
|
|
I
|
I
~

X

When the cokernel of f exists, we will write coker(f): B — Coker(f) for the

cokernel of f.
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Note that cokernel of f: A — B in the category Ab defined prior is an example
of a cokernel according to the above definition. The dual statement that the
cokernel of a morphism is epic is also well known and easy to prove. The proof of
it is dual to the proof of the dual statement.

Proposition 2.1.28. Let A be a category, and let g: B — () be the cokernel of
a morphism f: A — B in A. Then q is epic.

Proof. The proof is dual to that of Proposition 2.1.26. m

Definition 2.1.29. (MacLane, 2013, Chapter VIII, §3) Let A be a category, and
f: A — B a morphism in A. The image of f, denoted im(f), is the kernel of the
cokernel of f. Dually, the coimage of f, denoted coim(f), is the cokernel of the
kernel of f.

Unlike in the category Ab, in a general category, a morphism need not have
a kernel nor a cokernel. An abelian category is a category where it is true that
every morphism has a kernel and cokernel as in the case with Ab. In particular,
abelian categories can be thought of as a generalisation of the category Ab, they

are defined as follows.

Definition 2.1.30. (MacLane, 2013, Chapter VIII, §3) An additive category A is

said to be abelian if it has the following properties:

1. every morphism in A has a kernel and a cokernel,

2. every monomorphism in A is a kernel of a morphism in A, and every epi-

morphism in A is a cokernel of a morphism in A.

In the instance of the category Ab, it is well known that a morphism f: G - H
is monic if and only if its kernel is {0} — G. Dually, f is epic if and only if its

cokernel is H — {0}. The same is true in a general abelian category.

Proposition 2.1.31. (Freyd, 1964, Theorem 2.17, Theorem 2.17*) Let A be an
abelian category, and f: A — B a morphism in A. Then f is monic if and only if

ker(f) =0: 0 — A. Dually, f is epic if and only if coker(f) =0: B — 0.
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Proposition 2.1.32. (Freyd, 1964, Theorem 2.15) Let A be an abelian category.

The pullback diagram of any pair of morphisms f: X — Z, and g: Y — Z exists.
P X
]
y —— Z,

Proposition 2.1.33. (Freyd, 1964, Theorem 2.15*) Let A be an abelian category.

The pushout diagram of any pair of morphisms f: X — Y, and g: X — Z exists.

x 1 sy

lg le
gz . p
Definition 2.1.34. (Gelfand & Manin, 2013, §6, 2 Definition) Let A be an abelian

category. A (cochain) complex is a sequence of morphisms,

A — ... oA, T A, I, T

such that f;1f; = 0 for all integers 1.

Since, for all integers 7, the composition f; 11 f; = 0, there is a unique morphism
a;: A; — Ker(fir1) such that f; = ker(fij11)a;. Dually, there exists a unique
morphism b; 1 : Coker(f;) — A;12 such that f; 11 = b;jricoker(f;).

Coker(f;)

A N

coker(f;) N

N ker(fi+1)

Ker(fit1)
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The (i + 1)™ cohomology of A® is defined to be the object
H'™(A®) := Coker(a;) = Ker(b;11).

Remark 2.1.35. We note that in the category Ab of abelian groups, the (i + 1)
cohomology is given by the quotient group H™'(A®*) =ker(f;y1)/im(f;), see for
example (Gelfand & Manin, 2013, §4, 4 Definition b).

Definition 2.1.36. (Popescu, 1973, Chapter 2 §2.3) Let A be an abelian category.

A sequence of morphisms,

fi—1 i fit1
s Ai,1 > Az > Ai+1 E—

in A is said to be exact at A; if ker(f;) = im(f;_1) for all i. The sequence is an
exact sequence if it is exact at every object A;.

A short exact sequence is an exact sequence of the following form.

0 s A f>B 9,0 s 0

Short exact sequences are sometimes called extensions. We say that such a short

exact sequence is an extension of C' by A.
Proposition 2.1.37. (Kashiwara & Schapira, 2005, Corollary 7.4) Let

0 v AL sp_9%,¢ s 0

be a short exact sequence in an abelian category A. The following statements are

equivalent:
1. fis a section;
2. g is a retraction;

3. B is isomorphic to A& C.
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Such a sequence sequence is a called a split exact sequence or a split extension.

Given any morphism f: A — B in an abelian category A, the following exact

sequence can be constructed,

0 —— ker(f) v A1, B > coker(f) —— O;

see for example (Freyd, 1964, Proposition 2.22). Short exact sequences are an
important structural property of abelian categories, especially from the point of
view of homological algebra. As such, when we consider functors between abelian
categories, we often care about those functors which preserve exact sequences.
Functors which preserve short exact sequences are known as exact functors, and

they’re defined as follows.

Definition 2.1.38. (Popescu, 1973, Chapter 3 §3.2) Let F': A — B be a covariant
additive functor between two abelian categories A and B. The functor F' is said

to be left exact if for any short exact sequence

0 N/ Ay ANy > 0
in A, the sequence
0 —— ra) 2% pey X9 p(o)

is exact in B. Dually, the functor F' is said to be right exact if for any short

exact sequence

in A, the sequence

£(f) F(g)

F(A) F(B) F(C) — 0

is exact in B. Finally, the functor F is said to be exact if for any short exact

sequence
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in A, the sequence

F(f)

0 —— F(A) Y 9,

F(B) F(C) —— 0

is a short exact sequence in B.

Example 2.1.39. (Freyd, 1964, Chapter 3 §3.1) Let A be an abelian category.
For any object A € A, the Hom-functor A(A, —): A — Ab is left exact. Dually,
the functor A(—, A): A — Ab is right exact.

Let A be an abelian category. The Hom-functors A(A,—): A — Ab provide

examples of left exact functors. Naturally, one may wonder, for what objects
P € A is the functor A(P,—): A — Ab exact?

Definition 2.1.40. (Kashiwara & Schapira, 2005, Definition 8.4.1) Let A be an
abelian category. An object P in A is called projective if the functor A(P, —): A —
Ab is exact. An object I in A is called injective if the functor A(—,1): A — Ab

1s exact.

Proposition 2.1.41. (Freyd, 1964, Proposition 3.31) Let A be an abelian cate-
gory. An object P € A is projective if and only if for every epimorphism f: X — Y
and every map p: P — Y, there exists a map ¢: P — X such that fqg = p.

P
//
7
q
7 p
L{/
f \ \
X » Y > 0

Dually, an object I € A is injective if and only if for every monomorphism ¢g: L —

M, and every map i¢: L — I, there exists a map j: M — [ such that jg = .

0 S M

> L
7
7
. //
li J///
7
7
//
)3
I
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Proposition 2.1.42. (Kashiwara & Schapira, 2005, Proposition 8.4.5) Let A be
an abelian category, and let P, and P, be projective objects in A. Then P, & P,
is a projective object if and only if P, and P, are projective objects. Dually, let I
and I be injective objects in A. Then I} & I, is an injective object if and only if

I, and I, are injective objects.

Definition 2.1.43. (Kashiwara & Schapira, 2005, Definition 8.4.1) Let A be an
abelian category. It is said that A has enough projectives if for every A in A,
there exists a projective object P and an epimorphism P — A. Dually, A has
enough injectives if for every object A in A, there exists an injective object [

and a monomorphism A — 1.

Definition 2.1.44. (Popescu, 1973, Lemma 2.11) Let A be an abelian category

and A an object in A. A projective resolution of A is an exact sequence

> Py > P > P > By > A > 0,

where each P; is a projective object. Dually, an injective resolution of A is an

exact sequence

0 > A h y Iq > 1y > I3

~

where each [; is an injective object.

Projective resolutions and injective resolutions may be thought of as a measure
of how close an object is to being projective and injective respectively in the
following sense. The more terms there are in the projective (injective) resolution

of an object, the further away it is from being projective (respectively, injective).

Proposition 2.1.45. (Popescu, 1973, Lemma 2.11) Let A be an abelian category.
If A has enough projectives, then every object in A has a projective resolution.
Dually, if A has enough injectives, then every object in A has an injective resolu-

tion.
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Let A be an abelian category with enough projectives and enough injectives.
Let A be an arbitrary object in A. Since A has enough projectives, we may

consider the projective resolution of A:

s Pt p Lp Ly > 0.

Applying the Hom-functor A(—, B) to the above projective resolution we obtain

*
3

0 — Hom(A, B) —s Hom(Py, B) —' Hom(P\, B) —2 Hom(Py, B) —— ... .

The i** extension group is defined to be i*" cohomology, denoted by
Exti(A, B) = ker(f1)/im(f7).

This construction induces a functor Ext?: A x A — Ab called the i*"-extension

functor, see for example (Oppermann, 2016, §25, Example 25.4).

Remark 2.1.46. In the above construction of the extension functor Ext'(—, B),
after taking the projective resolution of A € A, we may instead apply any other
right exact functor F': A — B to the projective resolution, before taking the ‘!
cohomology. This construction defines a functor R;F': A — B called the i'" right
derived functor of F. See (Oppermann, 2016, Definition 25.1, §25) for more
details. Analogous to the construction of Ext’(—, B) we may also construct the

extension functor Ext’(A, —) dually.

Our main interest is the first extension functor Ext!(—, —): A x A — Ab.
The extension groups Ext!(C, A) can be understood in terms of extensions of C'
by A (short exact sequences starting with A and ending with C'), for any objects
A,C in an abelian category A. Let A be an abelian category, and let A, C be

objects in A. Let us denote by E(C, A) the set of equivalence classes of extensions

of C' by A,

£:0 A1, p 2,

=

with the following relation. Two extensions
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and

£:0 N QAN NG > 0

are said to be equivalent if there exists an isomorphism b: B — B’, such that

the following diagram commutes, see for example (Oppermann, 2016, §27).

£:0 v AL 25 > 0

H / H

&0 AL B 2,0 > 0

~

(=

Consider an extension of C' by A,

£€:0 > A y B —2— C > 0,

and a morphism a: A — A'. Since A is an abelian category, the pushout P of
f and a exists by Proposition 2.1.33. By the universal property of the pushout
applied to the morphism ¢g: B — C and 0: A’ — C, there exists a morphism
g1 P — C such that the following is a short exact sequence,

a.&: 0 N AN - N > 0,

and the following diagram commutes with the left square being a pushout square.

£€:0 v AL sp 2y > 0

Lol

a.l: 0 A Lop e > 0

~

Dually, given a morphism c¢: C' — C’, we can construct an short exact sequence

c*¢. See (Oppermann, 2016, Construction 27.2) for more.

Definition 2.1.47. (Oppermann, 2016, Definition 27.3) Let £ € E(C, A),

£:0 AL, p 2, > 0,

and ¢’ € E'(C', A)
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/

€:0 NN ; YR N6 > 0,

be extensions. The direct product of ¢ and £ is defined to be,

e 0 — Ao A LY Bap 2 cac — 0.

When A = A’ and C' = (', the Baer sum of £ and ¢’ is defined to be the extension

E+¢:=(11) (1))

Theorem 2.1.48. (Oppermann, 2016, Theorem 27.4) Let A be an abelian cat-
egory and A, C be objects in A. The set E(C, A), together with the Baer sum,
forms an abelian group, where the additive identity Og(c,a) is given by the split

exact sequence.

Theorem 2.1.49. (Oppermann, 2016, Theorem 27.5) Let A be an abelian cate-
gory with enough projectives. Then for A, B € A, we have the following isomor-
phism,

E(A, B) = Ext'(—, B)(A) = Ext'(A, B).

Dually, if the abelian category A has enough injectives, then
E(A, B) 2 Ext'(A, —)(B) = Ext'(A, B).

Due to the above theorem, the first extension groups Ext'(A, B) may be under-
stood in terms of the group of extensions E(A, B). By Definition 2.1.40, projective
objects P in an abelian category A are those objects for which the functor A(P, —)
is an exact functor, and dually injective objects I are those for which the functor
A(—,I) is an exact functor. The 1% extension functor Ext'(—, —) also provides a

characterisation of projective objects and injective objects in a similar spirit.

Lemma 2.1.50. (Kashiwara & Schapira, 2005, Lemma 8.4.4) Let A be an abelian
category and P € A. Then P is a projective objective if and only if Ext'(P, A) = 0
for all objects A € A. Dually, I is an injective object if and only if Ext'(A, ) =0
for all objects A € A.
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2.1.4 Triangulated Categories

In this subsection, we will recall additive categories known as triangulated cat-
egories. Naively speaking, triangulated categories are additive categories where
the notion of short exact sequences is replaced by a notion of distinguished tri-
angles, which satisfy certain axioms. Triangulated categories appear in the study
in of abelian categories because given an abelian category A, there exists an asso-
ciated triangulated category known as the derived category D’(A) of bounded
complexes. Our main reference for this subsection is Happel (1988).

Let A be an additive category and T an auto-equivalence of A. A sextuple

(X,Y, Z,u,v,w) in A is a sequence of morphisms of the following form

X Y 7 "> TX)

A morphism of sextuples from (X,Y, Z, u,v,w) to (X', Y', Z',u/,v',w’) is a triple

(f,g,h) of morphisms in A such that the following diagram commutes.

X 2ty 7 Y3 TX
lf lg lh le
X vy Yy 77X

If f,g and h are isomorphisms in A, we say that the triple (f, g, k) is an isomor-
phism.

Definition 2.1.51. (Happel, 1988, §1) Let A be an additive category with auto-
equivalence T'. Let T be a set of sextuples of A. The triple (A,T,7) is called a
triangulated category if the following axioms hold. In this case, the elements of T

are then called distinguished triangles.

(TR1) Every sextuple isomorphic to a distinguished triangle is again a dis-
tinguished triangle. Every morphism u: X — Y in A can be embedded into
a distinguished triangle (X,Y, Z, u,v,w). The sextuple (X, X,0,1x,0,0) is
a distinguished triangle.

(TR2) If (X, Y, Z, u,v,w) is a distinguished triangle, then (Y, Z, TX, v, w, —Tu)

is also a distinguished triangle.
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(TR3) Given two distinguished triangles (X, Y, Z, u, v, w), (X', Y, Z' v/, v', w")
and two morphisms f: X — X', ¢g: Y — Y’ such that «'f = gu, there ex-
ists a morphism h: Z — Z’ such that (f, g, h) is a morphism from the first

distinguished triangle to the second.

(TR4)(Octahedral Axiom) Given distinguished triangles
(X,Y, 7 u,i,i), (Y, Z, X" v,5,7") and (X, Z, Y uov, k, k'),

there exist morphisms f: Z/ — Y’ ¢g: Y’ — X’ such that the following dia-
gram commutes and the second column is a distinguished triangle. Moreover,

we have that T'(u)k" = j'g.

+ . o,

X 257z > Y/ y TX
7 g
7’ Tioj’

Ty L 17
In the sequel, we will often refer to distinguished triangles simply as triangles

when (A, T,7T) is a triangulated category.

2.1.5 Extriangulated categories.

In this section, we will recall mostly from Nakaoka & Palu (2019a) the basic theory
of extriangulated categories needed for this thesis. Through out this subsection, €
will be an additive category equipped with a biadditive functor E: C°P x € — Ab,
where Ab is the category of Abelian groups.

Definition 2.1.52. (Nakaoka & Palu, 2019a, Definition 2.1). Let A, C' be objects
of €. Formally, an E-extension is a triple (A, d, C') with § € E(C, A). We will write
d € E(C, A) to mean that 0 is an E-extension.
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Since E is a bifunctor, for any a € C(A, A’) and ¢ € C(C’,C), we have the

following E-extensions:
a0 :=E(C,a)(0) € E(C, A,
'y :=E(c®, A)(0) € E(C', A) and
c*a,0 = a,c*d :=E(c?,a)(0) € E(C", A).
We will abuse notation by writing E(c, —) instead of E(c°?, —).

Definition 2.1.53. (Nakaoka & Palu, 2019a, Definition 2.3). Let (A, 0,C) and
(A’,¢',C") be any pair of E-extensions. A morphism (a,c): § — ¢ of E-extensions

is a pair of morphisms a € C€(A, A’) and ¢ € C(C, (") such that:
a0 = c*o’.

Lemma 2.1.54. (Nakaoka & Palu, 2019a, Remark 2.4). Let (A, d,C) be an E-

extension. Then we have the following.

1. Any morphism a € C(A, A’) induces a morphism of E-extensions,

(a,1¢): 6 — a.d.

2. Any morphism ¢ € €(C’,C) induces a morphism of E-extensions,
(La,c): 6 — 0.
Definition 2.1.55. (Nakaoka & Palu, 2019a, Definition 2.5). For any objects A, C
in C, the zero element 0 € E(C, A) is called a split E-extension.

Definition 2.1.56. (Nakaoka & Palu, 2019a, Definition 2.6). Let § € E(C, A) and
§ € E(C", A’) be any pair of E-extensions. Let ic: C' — C @ C" and i¢r: C' —
C®C' be the canonical inclusion maps. Let py: AGA — A, and py: AGA — A
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be the canonical projection maps. By the biadditivity of E we have the following

isomorphism.
E(CaC' A A)2E(C,A)aEC,A)aEC, A) e E(C A)

Let & ¢" € E(Cd C", Ad A’) be the element corresponding to (4,0,0,4") via
the above isomorphism. If A = A" and C' = C’, then the sum § + ¢’ € E(C, A) is
obtained by

5+ 08 =E(Ac, V) (6B ),

1
where Ag = :C%C@C’,andVA:(LQ:A@A%A.
1

Definition 2.1.57. (Nakaoka & Palu, 2019a, Definition 2.7). Let A, C' be a pair of
objects in €. Two sequences of morphisms A — B -2 C, and A g Y C
in € are said to be equivalent if there exists an isomorphism b € C(B, B’) such

that the following diagram commutes.

A= Y O

B
|k

A-*sp Y,

\
7
/
\
7

We denote the equivalence class of a sequence A — B - C, by A2 B LA
.

Definition 2.1.58. (Nakaoka & Palu, 2019a, Definition 2.8). Let A, B,C, A’, B', C’
be objects in the category C.

']

1. We denote by 0 the equivalence class [A — A& C 0% Cl.

2. For any two equivalence classes [A — B % C] and [A’ g Y ',

z,/

we denote by [A - B 5 Ol [A - B N C'"] the equivalence class

Ae A Be B % ca .
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Definition 2.1.59. (Nakaoka & Palu, 2019a, Definition 2.9). Let s be a correspon-
dence associating an equivalence class s(6) = [A = B - (] to any E-extension
d € E(C,A). We say that s is a realisation of E if the following condition (o)
holds.

(o) Let 6 € E(C,A) and & € E(C’, A') be E-extensions, with 5(5) = [A ——

B L Cland s(¢8') = [A' = B/ N C']. Then for any morphism (a,c): § — ¢’ of

E-extensions, there exists b € C(B, B’) such that the following diagram commutes.

A—*spB_Y,(C

s b le

/

+
Ao Yy

In this situation, we say that the triple of morphisms (a,b, ¢) realises (a,c). For
§ € E(C, A), we say that the sequence A —+ B %+ C realises § if 5(5) = [A
B-L Q).

Definition 2.1.60. (Nakaoka & Palu, 2019a, Definition 2.10). A realisation s is

said to be an additive realisation if the following conditions are satisfied,

1. For any objects A, C in €, the split E-extension 0 € E(C, A) satisfies

5(0) = 0.

2. For any pair of extensions d and ¢’, we have that,
s(6® ) =s(5) ®s().
We are now in a position to define an extriangulated category.

Definition 2.1.61. (Nakaoka & Palu, 2019a, Definition 2.12). Let € be an ad-
ditive category. An extriangulated category is a triple (C,E,s) consisting of
an additive category €, a bifunctor E: C°PC x — Ab, realisation s satisfying the

following axioms.
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(ET1) The functor E: C°? x € — Ab is a biadditive functor.
(ET2) The realisation s is an additive realisation of E.

(ET3) Let 6 € E(C,A) and ¢ € E(C", A") be any pair of E-extensions,

.T/

realised as 5(0) = [A - B -4 C] and s(&') = [A' = B’ N ("] respec-

tively. For any commutative diagram

A—*spB_Y,(C

A =2 B L
there exists a morphism ¢ € C(C, C") such that (a,c): § — ¢’ is a morphism
of E-extensions and the triple (a, b, ¢) realises (a, c).

(ET3)°P The dual of (ET3).

(ET4) Let 0 € E(D, A) and ¢’ € E(F, B) be any pair of E-extensions, realised
by the sequences, A B Dand B C 2, F. Then there exists

an object E in €, a commutative diagram

f/

AL B > D
|l
A > ' >
[
F=——F

in € and an E-extension 0" € E(FE, A) realised by the sequence A o

E, which satisfy the following compatibilities:
(i) s((f).8) = [D -5 E =<5 F).

(i) d*0” = 9.

(ifi) f.6" = e*".
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(ET4)°” The dual of (ET4).

In this case, we call s an E-triangulation of €.

Definition 2.1.62. (Bennett-Tennenhaus & Shah, 2021, Definition 2.31). Let
(C,E,s) and (C',[E',s") be extriangulated categories. A covariant additive func-
tor F': € — @ is called an extriangulated functor if there exists a natural

transformation
I'= {F(C,A)}(C,A)e@pxei E= E’(FOP_’ F—)

of functors € x € — Ab, such that s(6) = [X = Y - Z] implies that
s'(Lizx))(0) = [F(A) F(B) F(C)]. Here F°P is the opposite functor
CP — P given by F°P(A) = F(A) and F°P(f°P) = (F(f))°?. Furthermore, we
say that F'is an extriangulated equivalence if F' is an equivalence of categories.

We will conclude this section by introducing some useful terminology from

Nakaoka & Palu (2019a) and stating results about extriangulated categories which
will be helpful for the rest of the thesis.

Definition 2.1.63. (Nakaoka & Palu, 2019a, Definition 2.5, Definition 3.9). Let
(C,E,s) be a triple satisfying (ET1), (ET2), (ET3) and (ET3).

1. A sequence A — B -5 (' is called a conflation if it realises some E-

extension d € E(C, A).

2. A morphism f € C(A, B) is called an inflation if it admits some conflation

Ai>3—>0.

3. A morphism g € C(B, () is called a deflation if it admits some conflation

A— B2 0.

Definition 2.1.64. (Nakaoka & Palu, 2019a, Definition 2.19). Let (C,E,s) be a
triple satisfying (ET1) and (ET2).
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1. If a conflation A - B - C realises 6 € E(C, A), we call the pair (A -
B - C,6) an E-triangle or extriangle and denote it by the following

diagram.

2. Let A—25B 250 -5 and A =5 B L5 -5 beany

pair of E-triangles. If a triple (a,b,c) realises (a,c): 6 — 0’ we write it as
in the following commutative diagram and call (a,b,c) a morphism of E-

triangles.

A—"2s B2 C--y

I

/ /

!
A= p 20ty

Lemma 2.1.65. (Nakaoka & Palu, 2019a, Corollary 3.6). Let (C,E,s) be a triple
satisfying (ET1), (ET2), (ET3) and (ET3)*®. Let (a,b,¢) be a morphism of E-

triangles. If any two of a, b, ¢, are isomorphisms, then so is the third.

Lemma 2.1.66. (Nakaoka & Palu, 2019a, Proposition 3.7). Let (C,E,s) be a
triple satisfying (ET1), (ET2), (ET3) and (ET3)°". Let

A—“% By (-2 >

be any E-triangle in C. If f € C(A, X) and h € C(C, Z) are isomorphisms, then

of 1 o
X I, g kb, g ST
is again an [E-triangle.

Corollary 2.1.67. Let (C,E,s) be a triple satisfying (ET1), (ET2), (ET3) and
(ET3)". Let
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be any E-triangle in €. Suppose we have the following commutative diagram,

A—2spB-Lts(C
2
X 25y Y57

X 25y Yy gz 2l >
is an [E-triangle.

Proof. By Proposition 2.1.66,

is an [E-triangle. Now consider the following diagram.

aofil\ B hOb\ Z

X
| )
X

ryy Y47

Observe that it commutes, so it is an equivalence, which implies that

X 25y Yz 2l >

is an E-triangle. O

The following two propositions are special cases of propositions from Herschend
et al. (2021) which are stated for general n-exangulated categories, but here we
are restating them in the case of extriangulated categories which are in fact the

same as 1-exangulated categories by (Herschend et al., 2021, Proposition 4.3).

Proposition 2.1.68. (Herschend et al., 2021, Proposition 3.2). Let (C,E,s) be
a triple satisfying (ET1), (ET2), (ET3) and (ET3). Let (A - B - C,6)
and (X - Y % Z p) be pairs consisting of a sequence of morphisms and an

[E-extension. Then the following statements are equivalent.
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1. (A@XﬂB@Y@)CGEZ,(S@p) is an E-triangle.

2. Both of (A —+ B 2, ) and (X - Y -4 Z, p) are E-triangles.

Proposition 2.1.69. (Herschend et al., 2021, Corollary 3.3). Let (C,E,s) be a
triple satisfying (ET1), (ET2), (ET3) and (ET3)°®. Suppose that

T u
v 1 <y w>
1

XA—YA—F 7 ----- >

is an E-triangle. Then for t =2 —uovand p=1[1,0]: X & A — X,

.5
Xty Yz -2

is an E-triangle.

Proposition 2.1.70. (Nakaoka & Palu, 2019a, Corollary 3.12). Let (C,E,s) be
an extriangulated category. For any E-triangle A —*— B —— C -2 | the

following sequences of natural transformations are exact.

e(c,—) 2l e, —) 2l e, —) =225 m(o, ) 2L g, ) 222 ga, o)

e(—4) =2 e(—, B) L4 ¢(—,0) = B(—, 4) X8 E(—, B) 24 E(-,0)

The natural transformations 6% and d4 are defined as follows. Given any object

X in €, we have that
L (6%)x: C(A,X) = E(C,X) 5 g — fid,

2. (0)x: C(X,C) = E(X,A); f— fro.
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The exactness of the first sequence of natural transformations means that for
any object X in €, the sequence

( X) ( E(y,X

e, x) 2 (B x) “N era, x) =5, mie, x) BN mB, x) BN ga, x)

is exact in Ab and likewise for the second sequence.

Proposition 2.1.71. (Nakaoka & Palu, 2019a, Proposition 3.3). Let (C,E,s) be
a triple satisfying (ET1) and (ET2). Then the following are equivalent.

1. (C,E,s) satisfies (ET3) and (ET3)°P

2. For any E-triangle A ——» B —/— C S , the following sequences of

natural transformations are exact.
e QT R W T ) 2l gp
A 2 o By 2oL o, 0) = E(—, 4) 258 B(—

Lemma 2.1.72. (Nakaoka & Palu, 2019a, Lemma 3.2). Let (C,E,s) be a triple
satisfying (ET1),(ET2), (ET3), (ET3)°?. Then for any E-triangle,

A—"s B2y -2y,

the following statements hold:

1. yox =0,
2. 2,0 =0,
3. y*6=0.

Proposition 2.1.73. (Liu & Nakaoka, 2019, Proposition 1.20). Let (C,E,s) be

an extriangulated category. Let
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be an E-triangle realising f.0. Then there is a morphism g such that the following

diagram commutes

A—*5B-YsC--0y,
ool
o RNy S No JEL N
—f
z (d g)
and A —25 D® B ~—4% F -2 s an E-triangle.
Dually, let

be an E-triangle realising A*0. Then there is a morphism ¢g: D — B such that the

following diagram commutes,

[
~
&

=

*

S2]

~

d
A 3

| 1 b

A—2

2] o

g
and D — EFE@e B ——= (' ----- > is an E-triangle.

<
~
|
|
|
IOﬂ
|
~

—€
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Corollary 2.1.74. (Herschend et al., 2021, Proposition 3.5(2)). Let (C,E,s) be

an extriangulated category. Let

A—"% By (-5

2\
~

and

X =25y Yy 7z -4y

2\
2\

be E-triangles. Suppose we have the following commutative diagram.
A—"% Bty (C -5
A2y 2

Then there exists a morphism w: C' — Z such that wb = yu,w*d = ¢ and the

following is an E-triangle,

B4 CaY Z =0

Lemma 2.1.75. (Herschend et al., 2021, Lemma 4.1) Let € be an additive cate-
»y X 25 C

x1

gory with biadditive functor E: CP? x € — Ab. Let X, =A

and Yo=A 25 Y —25 C be sequences of morphisms in €. Suppose that

the following sequences of functors are exact,

e(C, —) L22 e(x, —) 229 (4, -)

and likewise for Y,. Then for any commutative diagram

1 x

A2 X 2,0
A
A2y 2.0
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2.2 Quiver Representations & Finite-Dimensional Algebras

the following statements are equivalent.
1. fo=(1a,f,1c): Xo — Y, is a homotopy equivalence.
2. fo= (14, f,1c): Xo — Y, is an equivalence of the sequences.
3. f: X =Y is an isomorphism.

Lemma 2.1.76. (Herschend et al., 2021, Proposition 2.21) Let § € E(C, A) be an
extension, and let X = A4 -5 X = Cand Y, = A 2y L5 O be sequences

of morphisms in €. Suppose that the following sequences of functors are exact,

G(‘Tlv—)

e(C, —) L3 e(x, ) (A, —) =2 E(C, )

e(_7$2)

C) o, X) C(—,C) = E(—, A)

and likewise for Y,. Let fo = (14, f,1¢): Xe — Y, be a commutative diagram.

A2 X =250
b
A2,y 2,C

Suppose there exists a commutative diagram g, = (14,9, 1¢): Yo = Xo;

ﬁ
C

Y2
7

/N
|l
A2 X

T2

\
7

then f, is a homotopic equivalence.

2.2 Quiver Representations & Finite-Dimensional

Algebras

In this section, we will recall two classes of categories which we will use in this the-

sis, the categories of quiver representations, and the category of modules over
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2.2 Quiver Representations & Finite-Dimensional Algebras

a finite-dimensional algebra. Of particular interest to us is a class of finite-
dimensional algebras known as, Nakayama algebras, which will be recall later
in this section. Our main references for this section are Assem et al. (2006) and
Schiffler (2014).

2.2.1 Quiver representations

Definition 2.2.1 (Definition 1.1). Schiffler (2014) A quiver @ is a tuple (Qy, @1, s, 1),

which consists of:
e a set (g, whose elements are called vertices,
e a set (1, whose elements are called arrows,
e a function s: ()1 — @y called the source map,
e and a function ¢: (Q; — Q) called the target map.

A quiver Q = (Qo, @1, s,t) is called finite if both @y and @ are finite sets. We
also say @ is connected if the underlying graph (Qq, Q1) is a connected graph.
All quivers from this point forward will be finite and connected. We will also

assume that we have no oriented cycles or loops, see Definition 2.2.8. In practice,

we will usually draw diagrams like the one below to represent quivers.

1
Example 2.2.2. / X
2 - > 3

The above diagram should be taken to represent the quiver @ = (Qo, @1, s, t)
where; Qo = {1,2,3},Q1 = {a,b,c}, and the maps s,t are defined by setting,
s(a) =1,s(b) = 1,s(c) = 2,t(a) = 2,t(b) = 3,t(c) = 3.

Definition 2.2.3. (Schiffler, 2014, Definition 1.2) Let I be a field, and @ a quiver.

A representation of the quiver @ is a collection V' = (V;, ¢a)icQo.acq,, Where
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2.2 Quiver Representations & Finite-Dimensional Algebras

V; is an F-vector space for each vertex i € (Qy, and where ¢, is a linear map
®a: Via) = Vi(a) for each arrow a € Q1. A representation V' is said to be finite-
dimensional if each F-vector space V; is finite-dimensional, in which case the
dimension-vector dim(V) = (dim(V;))ieq,- A representation is non-zero if

there is one vertex i € g such that V; # 0.

Example 2.2.4. Consider the quiver in Example 2.2.2. The following is an ex-

ample of a quiver representation.

oy
-

Definition 2.2.5. (Schiffler, 2014, Definition 1.3) Let @ = (Qo, @1, s,t) be a

quiver, and let V = (V;,¢,) and V' = (V/, ¢)) be quiver representations over ().
A morphism f: V' — V' of representations is a sequence (f;)ieq,, of linear maps

fi: Vi = V!, such that for every arrow a € @)1, the following diagram commutes.

$a
Vi@ —— Vi)
fs(a) ft(a)

"
Vi = Vi)

Let @ be a quiver. We denote by rep @) the category with objects given by
finite-dimensional representation over (), and morphisms as defined in Definition
2.2.5. The category rep @) is an abelian category with the property that for objects
V, V' in rep @, the group of morphisms (rep)Q(V,V’) is also an F-vector space;
see for example (Schiffler, 2014, Categories 3).

Definition 2.2.6. (Schiffler, 2014, Definition 1.5) Let @ be a quiver, and let W &
rep ) be a non-zero representation. The representation W is called indecom-

posable if there do not exist any non-zero representations U,V € rep() such that

w=UuagV.
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Theorem 2.2.7. Krull-Remak-Schmidt Theorem (Schiffler, 2014, Theorem
1.2) Let @ be a quiver, and let V' € rep ). Then there exists a positive integer n

such that V' can be decomposed as a direct sum,

where each V; is an indecomposable representation for 1 < i < n. Moreover n is
unique and this decomposition is unique up to permutation of the indecomposable
modules V;, and up to isomorphism of the indecomposable representations.

As a consequence of the above theorem, it is enough to understand the inde-
composable representations of rep () and the morphisms between them in order to
understand the category rep (). This is because every other representation of rep
() can be constructed as a direct sum of the indecomposable representations, and

morphisms between general objects can be described in terms of indecomposable

ones. We now recall some important classes of indecomposable representations.

Definition 2.2.8. (Schiffler, 2014, Definition 2.1) Let @ = (Qo, @1, 5s,t) be a
quiver, and let i, 5 € QQg. A path p from 7 to j of length k is a sequence

p=(i|ay,as,...,a;|7)

such that s(ay) = i,t(ar) = 7, and s(ap) = t(ap_1) for 2 < h <.

The constant path at vertex ¢ is the path of length 0 which starts at ¢ and
ends at 7, we will denote this path by e; = (i || 7). An arrow a with s(a) =4 and
t(a) = j can be considered as a path p = (i | a | j) of length 1. If i = j, the path
a is said to be a loop. A path p = (i | aj,as,...,a; | j) of length [ > 1 is said
to be an oriented cycle if ¢ = j. A quiver with no oriented cycles is said to be
acyclic.

Given paths p = (i | a1, as,...,an | j) and ¢ = (5 | b1, ba, ..., by | 1) from j to
[, we obtain a path pq = (i | a1,aq,...,ap,b1,ba, ..., b | [) from i to [ called, the

concatenation of ¢ and p.
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Definition 2.2.9. (Schiffler, 2014, Definition 2.2) Let @ = (Qo, @1, 5,t) be a
quiver, and let ¢ be a vertex in (). The projective representation at vertex ¢

is the quiver representation

Pi = (Pij7 ¢a)j€Q07a€Q1

defined as follows. The vector space F;; has basis the set of all paths from i to j
in the quiver Q). For a € ()1 with s(a) = j and t(a) = [ considered as a path, the
linear map ¢,: P;, — B, is defined on the basis of F;; as concatenation with a.

That is to say, for a path p from i to j,

Pa (p) = pa.

Proposition 2.2.10. (Schiffler, 2014, Proposition 2.3, Proposition 2.8) Let @ be
a quiver, and let ¢ be a vertex of (). The projective representation P; is a pro-
jective object of the category rep (). These are all the projective indecomposable

representations of () up to isomorphism.

The dual construction of a projective representation at a vertex i, is that of

the injective representation at vertex 4.

Definition 2.2.11. (Schiffler, 2014, Definition 2.2) Let @ = (Qo, @1, s,t) be a
quiver, and let 7 be a vertex in ()y. The injective representation at vertex i is
the quiver representation
Ii = (Iz‘j> (ba)jer,ate

defined as follows. The vector space I;; has basis the set of all paths from j to ¢
in the quiver Q. For a € 1 with s(a) = j and t(a) = [ considered as a path, the
linear map ¢,: I;; — I;; is the linear map is defined on the basis of I;; by deleting
the arrow a from all paths from j to ¢ which start with a, and mapping to zero

the paths from j to ¢ which do not start with a. That is to say, for a path p from
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1 t0 j

P ifp=ap’;
$a(p) = (2.1)

0 otherwise.

Proposition 2.2.12. (Schiffler, 2014, Proposition 2.5, Proposition 2.8) Let @
be a quiver, and let ¢ be a vertex of ). The injective representation I; is an
injective object of the category rep (). These are all the injective indecomposable

representations up to isomorphism.

Definition 2.2.13. (Schiffler, 2014, Definition 2.2) Let @ = (Qo, @1, s,t) be a
quiver, and let 7 be a vertex in ()y. The simple representation at vertex ¢ is the

quiver representation
Si = (Sija ¢a>j€Qo,a€Q1

defined as follows.
F ifi=j;
Si; = (2.2)
0 otherwise.

For any a € Q1, the linear map ¢,: S;; — S, is the zero map.

Proposition 2.2.14. (Schiffler, 2014, Proposition 2.8, Proposition 2.9) Let @ =
(Qo,Q1, s,t) be a quiver, and let i be a vertex in @)y. The representations S; are
simple indecomposable representations. These are all the simple indecomposable

representations up to isomorphism.

2.2.2 Path Algebras

In this section, we recall a class of finite-dimensional algebras which are of interest
to us. Recall that a finite-dimensional algebra is a finite-dimensional vector space

which also has a compatible ring structure.

Definition 2.2.15. (Assem et al., 2006, Chapter II, 1.2. Definition) Let @ be a

quiver. The path algebra F(Q of () is the algebra whose underlying F-vector space
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has basis all paths in ). Multiplication on the basis elements of F() is defined by
concatenation of paths. In particular, for two paths p = (i | a1, aq,...,a5 | j) and

q= (5| 0b1,bs,...,b; | 1), their product is defined to be

(Z | ai, @z, ..., ap, b17 b27 s 7bk7 | l) lf t(ah) = S(b1)7
pq= (2.3)
0 otherwise.

The following is straightforward from the definition of a path algebra.

Lemma 2.2.16. (Schiffler, 2014, Lemma 4.3) Let @ be a quiver, and FQ its path
algebra. The sum of the constant paths,

Irg = Z €,

i€Qo

is the identity element of F(Q).

It is also easy to observe that the path algebra of a quiver is finite-dimensional if
and only the quiver is finite and acyclic. Moreover, from the definition of multipli-
cation on the path algebra, it is easily observed that multiplication is associative.
See for example (Assem et al., 2006, Chapter II, 1.4. Lemma).

Let [ > 0 be a positive integer, we shall denote by @; the set of all paths in @)
of length greater than or equal to [. Furthermore, we denote by FQ); the subspace
of FQ) generated by all paths of length greater than or equal to [. The path algebra
F@ has the following natural decomposition as an F-vector space,

FQ = B FQ..
1>0

In studying an algebra A over a field F, the modules over A are of interest. So
let us recall the definition of a module over an algebra, more generally, a module

over a ring.

Definition 2.2.17. (Schiffler, 2014, Definition 4.8) Let R be a ring with an identity
element 15 # 0. A right R-module M over R is an abelian group together with

a binary operation * called a right R-action,

MxR—M
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(m,r) = mxr,
such that for any my, mo € M and r1,79 € R, we have that
1. (my +mg) % (ry +173) = my x 1y + my * 79 + Mg % 1] + Mg * T,
2. (myx71) %19 =My *x (12 % 79),
3. my x1p = my.

Right R-modules over a ring R can be defined dually by having the ring act on
the right. In the sequel, we will always consider right R-modules, hence we will

just refer to them as R-modules or modules over R.

Definition 2.2.18. (Schiffler, 2014, Definition 4.10) Let M and N be R-modules.
A module homomorphism from M to N is a map f: M — N, such that for all

m,m' € M, and r € R,
fm+m') = f(m) + f(m'),

F(rm) = r % f(m).

Definition 2.2.19. (Schiffler, 2014, Definition 4.9) Let R be a finite-dimensional
algebra and M a module over R. The module M is said to be finitely generated
if there exists a finite set of elements {my, mao,...,ms} C M, such that for every

m € M, there exists some aq, as,...,as € A such that,

m=ay*xmi+ag*xmg—+ -+ as*xmsg.

Given a ring R, we define mod R to be the category with object all finitely gen-
erated R-modules and morphisms given by module homomorphisms. In particular,

we will denote by mod F(Q) the category of all finitely generated FQ-modules.
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2.2.3 Quiver representations of bound quivers

In the above exposition, we made the assumption that the quivers had no loops

or oriented cycles. In the following, we will drop these assumptions.

Definition 2.2.20. (Schiffler, 2014, Definition 3.1) Let @ = (Qo, @1, s,t) be a
quiver possibly with loops or oriented cycles. Two paths p,q in @) are said to be
parallel if s(p) = s(¢) and t(p) = t(q). A relation p is a linear combination
p= Zp App of parallel paths, each of which has length greater than or equal to 2,

and the coefficients A, € F.

A bound quiver (@, R) is a pair consisting of a quiver @ = (Qo, @1, s,t) and
a set of relations R over (). Bound quivers generalise quivers in the sense that a
quiver is a bound quiver where the set of relations is empty. As with quivers, we
have representations of bound quivers. Given a path p = (i | a1, az,...,ax | 7), we

set ¢, to be the linear map which is the following composition ¢, = ¢q, . .. Pa,Pq, -

Definition 2.2.21. (Schiffler, 2014, Definition 3.2) Let (Q, R) be a bound quiver.
A representation of (@, R) is a representation V = (V;,¢,) such that for each
relation p =3 A,p € R, we have that ¢, =>_ A,¢, = 0.

Given a bound quiver (@, R), the category rep (@, R) of representations of
(@, R) is similarly defined as the category rep @ of representations over @; see for
example (Schiffler, 2014, Definition 3.2). Like the category rep @, the category rep
(@, R) is also an abelian category. The simple representations of (@), R) are defined
in the same way. The definitions of the projective and injective representations are
similar. It is also true that as objects of rep (@, R), the representations P;, I;, S;
are indecomposable. Moreover, the representation P; is a projective object in rep
(@, R), and I; is an injective object in rep (Q, R).

2.2.4 Path Algebras of bound quivers

Let @ be a quiver. If the quiver () has oriented cycles, then the path algebra FQ
is infinite-dimensional. However, for certain ideals of I of the path algebra F(Q), it

is possible to obtain quotient algebras FQ/I which are finite-dimensional.
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Definition 2.2.22. (Assem et al., 2006, Chapter II, 1.9. Definition) Let @ be a
quiver and F(Q the associated path algebra. The arrow ideal Ry of FQ) is the

two-sided ideal generated by all arrows in the quiver Q).

Considered as a vector space, the arrow ideal has the following vector space

Rq = PFQ,

>1

decomposition,

where F(Q); is the subspace of F() with basis the set of all paths of length greater

or equal to [. The n'" power of the arrow ideal Rg can be decomposed as,

Definition 2.2.23. (Schiffler, 2014, Definition 5.1) Let @ be a quiver. A two-sided
ideal I of F(@) is called an admissible ideal if there exists an integer n > 2 such
that,

Ry CIC Ré.

Remark 2.2.24. (Schiffler, 2014, Remark 5.1,5.2 Definition 5.1) Every admissible
ideal T is generated by a set of relations R, that is to say I = (R); see Definition
2.2.20. Hence given an admissible ideal I, we call the pair (@), ) a bound quiver.
Since I = (R), we can equivalently write (@, R) for the bound quiver (Q, I).

The quotient algebra FQ/I is called a bound quiver algebra. The condition
R C I guarantees that the algebra FQ/I is finite-dimensional.

Basic Connected Finite-Dimensional Algebras

Definition 2.2.25. (Assem et al., 2006, 1.4 Direct sum decompositions) Let A be
an F-algebra. An element e € A is idempotent if €2 = e. Idempotent elements
e1, €2 in A are orthogonal if e;e; = ese; = 0. An idempotent element e is prim-
itive if there does not exists two non-zero idempotent elements eq, e5 such that

e = e;+e5. We also call an idempotent element e central if ea = ae for all a € A.
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For an FF-algebra A, the elements 0 and 1 are always idempotents. Moreover,
for any idempotent element e, the element 1 — e is also idempotent. Together the
idempotents e and 1 — e, give an A-module decomposition of A = Ae & A(1 — e).

Example 2.2.26. Let ) be a quiver and F() its path algebra. For each i € @,

the constant paths e; are idempotent.

Proposition 2.2.27. (Assem et al., 2006, 1.4 Direct sum decompositions) Let A
be a finite-dimensional algebra. There exists a set of primitive pairwise orthogonal
idempotent elements {ej, es,...,e,} such that A admits the following A-module
decomposition,

A=Ae; D Aey @ --- D Ae,.

Moreover, the modules e; A are indecomposable modules for 1 < i < n and 1 =
€1+ e+ -+ +e,. Conversely every set of idempotents {ej, es,...,e,} such that
1 =e;+ey+---+e, and the modules e; A are indecomposable, induce an A-module
decomposition of A. The set of of primitive pairwise orthogonal idempotents
{e1,eq,...,e,} is called a complete set of primitive orthogonal idempotents

of A.

Definition 2.2.28. (Assem et al., 2006, Chapter I, 6.1. Definition) Let A be an
[F-algebra with a complete set of primitive orthogonal idempotents {eq, es, ..., e,}.
The algebra A is basic if Ae; = Ae; if and only if ¢ = j.

An A-module M is a basic module if each summand has no isomorphic copies
in N and if each summand has multiplicity of one in the direct sum composition

of M as an A-module.

Definition 2.2.29. (Assem et al., 2006, 1.4 Direct sum decompositions) An F-

algebra A is connected if A is not a direct product of two F-algebras.

Theorem 2.2.30. (Assem et al., 2006, Chapter II, 3.7. Theorem) Let A be a basic
connected finite-dimensional F-algebra. There exists a quiver () and an admissible

ideal I of FQ such that A = FQ/I.
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Example 2.2.31. (Assem et al., 2006, Chapter V, 3.2. Theorem, 3.8. Proposition)

Nakayama Algebras In this thesis, we will refer to the following class of algebras
_>

as Nakayama algebras. For a positive integer n > 1, let A, denote the linearly

oriented type A Dynkin quiver with n vertices,

(5] a2 as Qn—2 Qn—1
1 s 2 s 3 s n—1—""—n.

Figure 2.1: The linearly oriented type A quiver with n vertices.

%
Let C,, be the linearly oriented n-cycle.

/ 1 \
n 2
Q-1 %)
n—1 3
Op—2 (6%

Figure 2.2: The linearly oriented n-cycle.

We denote by I, the algebra FA, /R, and by A}, the algebra FC, /Rf, where
2 <t < n. Throughout the text, we will write P; for the indecomposable projective
module at vertex ¢ of the underlying quiver of the algebra A in question. Likewise

we will write S; for the simple A-module at vertex 1.

Theorem 2.2.32. (Schiffler, 2014, Theorem 5.4) Let @ be a quiver, and let I =

(R) be an admissible ideal generated by a set of relations R. Then there is an
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equivalence of categories,

modFQ /I ~ rep(Q, I).

In particular, if ) is an acyclic quiver with no loops, we have that

mod FQ) ~ rep().

By the above theorem, the representations of (@, I') correspond to the modules
of the bound algebra FQ /I, so in the sequel, we will not make a distinction between

representations and modules unless its necessary.

Theorem 2.2.33. Krull-Remark-Schmidt Theorem(Assem et al., 2006, Chap-
ter I, 4.10. Unique decomposition theorem) Let A be a finite-dimensional algebra
over a field F, and let M in mod A be a non-zero module. Then there exists a

positive integer n such that M can be decomposed as a direct sum,
ME=M &M & - @ My,

where each M; is an indecomposable representation for 1 < ¢ < n. Moreover n is
unique and this decomposition is unique up to permutation of the indecomposable

modules M; and up to isomorphism of the indecomposable modules M;.

As it was with the category rep (), we can observe from the above theorem
that in order to understand the category mod A, it is sufficient to understand the

indecomposable modules and the homomorphisms between them.

2.2.5 Auslander-Reiten Theory

Let A be a basic connected finite-dimensional algebra, and mod A be its category
of modules. By Theorem 2.2.33, it is enough to understand the indecomposable
modules of mod A in order to understand all of the modules of mod A. An anal-
ogous notion for the morphisms of mod A is that of irreducible morphisms.
Irreducible morphisms may be thought of as the morphisms from which all mor-

phisms of mod A may be constructed. An essential tool in the calculation of
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indecomposable modules and irreducible morphisms is Auslander-Reiten the-
ory. The information of indecomposable modules and irreducible morphisms can
capture by an Auslander-Reiten quiver. The Auslander-Reiten quiver of mod A
has vertices given by the indecomposable modules in mod A, and arrows given by
the irreducible morphisms in mod A. If mod A has finitely many indecomposable
modules, the Auslander-Reiten quiver is a complete picture of mod A; otherwise
it is a good first approximation. The Auslander-Reiten quiver has the additional
structure of almost split sequence; more will be said about this later. This
subsection does not represent an extensive exposition on Auslander-Reiten theory,
but simply what is required for the thesis. For a more complete exposition, the
reader is referred to our main references for this subsection, Schiffler (2014) and

Assem et al. (2006). Going forward, A will always be a finite-dimensional algebra.

Definition 2.2.34. (Schiffler, 2014, Definition 7.3) A morphism f: M — N in

mod A is irreducible if the following is true:
e f is not a section,
e f is not a retraction,

o if f = gh, where g: J — N and h: M — J are composable morphisms,

either g is a retraction or h is a section.

Definition 2.2.35. (Schiffler, 2014, Definition 7.1) A morphism f: M — N is

left minimal almost split provided the following holds:
e if h: N — N is such that hf = f, then A an automorphism,

e f is not a section, and there doesn’t a exist a morphism ¢g: N — M such

that gf = 1M7

e and for each morphism u: M — U which is not section, there exists a mor-

phism u': N — U such that the following diagram commutes.
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M
U

The dual notion to that of a left minimal almost split morphism is that of a

;)N
u/

right minimal almost split morphism.

Definition 2.2.36. (Schiffler, 2014, Definition 7.2) A short exact sequence in
mod A

0 v AL .92, ¢ s 0

is an an almost split sequence (or alternatively an Auslander-Reiten se-
quence) if f is a left minimal almost split morphism, and g is a right minimal

almost split morphism.

Proposition 2.2.37. (Assem et al., 2006, Chapter IV, 1.13. Theorem) A short

exact sequence in mod A

0 s A f>B 9,0 s 0

is an almost split sequence if and only if A and C are indecomposable modules,

and f and g are irreducible morphisms.

Auslander-Reiten Translation

In the following, we recall a functor 7 called the Auslander-Reiten transla-
tion. With it, we will show the existence of almost split sequences and construct
Auslander-Reiten quivers. To construct 7, we first need to construct other functors

starting with the standard F-duality,

D = Homp(—,F): mod A — mod AP
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from the category of right A-modules to the category of right A-modules. For a
module M € mod A,
D(M) = Homg(M, F)

is the space of a linear maps from M to F. For an A-module homomorphism
h: M — N,
D(h) = Homg(h,F): D(N) — D(M)

whereby
D(h)(g) =g o h.

D(M) is a right A-module by the following A-action. For a € A, f € Homp(M,T)
and m € M,

(f xa)(m) = f(am).

As the name suggest, the standard duality is a duality between mod A and mod A°P.

We abuse notation by also denoting the quasi-inverse of D by
D = Homp(—,F): mod A’ — mod A.

The quasi-inverse is defined dually from right A-modules to right A-modules; see
(Assem et al., 2006, Chapter I, 2.9. Standard dualities) for more details.
We will consider the A-dual functor

(=)' = Homu(—, A): mod A — mod AP

which admits a similar definition to the dual functor D. We will again abuse

notation and denote by
(=)' = Homa(—, A): mod A°® — mod A.

The functor (—)* is generally not a duality, however it does induce a duality be-
tween the full subcategory of projective right A-modules proj A, and the sub-
category of projective right A-modules proj A°®. The Nakayama functor v =
D(—)": mod — mod A°P. Before we can define the Auslander-Reiten translate, we

need to define the notion of a projective cover.
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Definition 2.2.38. (Schiffler, 2014, Definition 2.4) Let M be an A-module. A
projective cover of M is a projective A-module P together with a surjective A-
module homomorphism ¢g: P — M, such that for any other surjective A-module
homomorphism ¢': P — M with P’ projective, then there exists a surjective

A-module homomorphism such that gh = ¢'.

Injective covers are defined dually.

Definition 2.2.39. (Schiffler, 2014, Definition 2.5) A projective resolution in
mod A

s P, Ly p, 2, p N NRELENG ¥/ > 0,

is minimal if f, is a projective cover, and each f;: P; — ker(f;_1) is a projective

cover for every ¢ > 0.

Minimal projective resolutions are defined dually.

Proposition 2.2.40. (Assem et al., 2006, Chapter I, 5.8. Theorem) Let {eq,ea,...,e,}
be a complete set of primitive orthogonal components of A. Any A-module M has

a projective cover g: P(M) — M where
P(M) = (Ae)) @ --- @ (Aey,)™
for some positive integers s; for 1 < i < n.

Definition 2.2.41. A projective presentation of a module M € mod A is a

projective resolution

f1

P1 >P0 fo

s M s 0.

If this is minimal, we call it a minimal projective presentation.

We are now ready to construct the Auslander-Reiten translation, we will follow
the construction as in the section (Schiffler, 2014, 7.2 Auslander-Reiten Transla-
tion). Let M be an A-module and let
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Pl p s p > 0

be its projective presentation. Apply the Nakayama functor v to the projective

presentation, we may obtain the following exact sequence,

0—— ™™ s v, v > v B, vfo > vM

=

where 7 M := ker(vfi). Dually, let

0 > ]0 % > [1 2 > [2
be an injective presentation of M. By applying the inverse Nakayama functor v,

we may obtain the following exact sequence,
-1 -1
0 —— vy — L v 2% 7'M —— 0,

where 771 M := coker(v~!f;). The module 7M is called the Auslander-Reiten
translate of M, and 7= 'M the inverse Auslander-Reiten translate of M.
From this point forward, we will always donate by 7 the Auslander-Reiten
translation and 7! the inverse Auslander-Reiten translation. The Auslander-
Reiten translation has the following properties when its applied to indecomposable

modules.

Proposition 2.2.42. (Assem et al., 2006, Chapter IV, 2.10 Proposition) Let M

be an indecomposable module in mod A.
e The module M is projective if and only if 7M = 0.
e The module M is injective if and only if 77!M = 0.

e If M is a non-projective module, then 7M is an indecomposable non-injective

module; moreover 77 M = M.

e If M is a non-injective module, then 771 M is an indecomposable non-projective

module; moreover 77 1M = M.
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e An non-projective A-module N is isomorphic to a non-projective A-module

M if and only if TN = 7M.

e An non-injective A-module N is isomorphic to a non-injective A-module M

if and only if 77N = 771 M.

Definition 2.2.43. (Schiffler, 2014, Definition 7.9) Let M and N be A-modules,
and let P(M,N) to be the set of all A-module homomorphisms from M to N

which factor through a projective A-module, and set
Hom(M, N) := Hom(M, N)/P(M, N).

Dually, let I(M, N) be the set of all A-module homomorphisms from M to N

which factor through an injective A-module. Set
Hom (M, N) := Hom(M, N)/I(M,N).

Theorem 2.2.44. (Assem et al., 2006, Chapter IV, 2.13. Theorem)
The Auslander-Reiten formulas Let M and N be A-modules, there exists

the following isomorphisms
Ext'(M, N) = DHom(7 'N, M) = DHom(N, M),
these isomorphisms are are functorial in both arguments, which is to say that
Ext'(—, N) = DHom(7~'N, —) & DHom(N, 7—)

and

Ext' (M, —) = DHom(7 '—, M) = DHom(—,7M).

Theorem 2.2.45. (Assem et al., 2006, Chapter IV, 3.1. Theorem) Let M be an

indecomposable A-module
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e If M is non-projective A-module, then there is the following almost split

sequence in mod A

0 s TM s B s M

o

o If M is a non-injective A-module, then there is the following almost split

sequence in mod A

0 y M y F s 7 IM —— 0.

Example 2.2.46. Let A be the algebra I'2 given by the quiver

subject to the relation a8 = 0. The Auslander-Reiten quiver of modT? is as

follows,

The Auslander-Reiten translates are indicated by the dashed lines, specifically
751 = Sy and 75, = S3. The other modules are projective, hence each of their

Auslander-Reiten translates is the zero module.

2.3 Mutation: Cluster algebras, Tilting theory,

T-tilting theory, and exceptional sequences.

2.3.1 Cluster algebras

Cluster algebras are a class of commutative algebras defined combinatorially by

a process of iterated mutation. They were first introduced in 2001 by S. Fomin
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and A. Zelevinsky in a series of seminal papers Fomin & Zelevinsky (2002), Fomin
& Zelevinsky (2003), Berenstein et al. (2005), Fomin & Zelevinsky (2007) as an
approach towards problems on total positivity Fomin (2010) and canonical bases
in quantum groups. Since their inception, cluster algebras have become an object
of study in their own right. They find uses in many other areas including rep-
resentation theory Leclerc (2010), Poisson geometry Gekhtman et al. (2010) and
integrable systems Williams (2014). Of particular interest to us in this thesis are
the cluster algebras of type A, and their combinatorics. Before we recall this class
of cluster algebras, we first need to define cluster algebras of geometric type; in
this text we will simply refer to them as cluster algebras.

Let n and m be natural numbers such that n < m. We set our ambient field to
be F = Q(uy,...,u,), the field of rational functions over Q in m indeterminates.
We shall also denote by [n] the set {1,2,...,n}.

Definition 2.3.1. (Fomin et al., 2020, Definition 3.1.1) A labelled seed of geo-

metric type in F is a pair (X, B) where:

e X = (r1,...,%,) is an m-tuple of elements forming a free generating set of
F over Q. We say that X is the extended cluster and x = (z1,...,x,) is the
cluster of the seed. The x; where i € [n] are cluster variables and the z;

with n +1 <7 < m are frozen variables.

e The extended exchange matrix B is an integer matrix m xn matrix where
the top n X n matrix is a skew-symmetrizable matrix called the exchange

matrix.

Definition 2.3.2. (Fomin et al., 2020, Lemma 2.7.3, Definition 3.1.2) Let (5(,]:3;)
be a labelled seed. Fix some k € [n]. Then the seed mutation iy, in direction k
transforms (%, B) into a new labelled seed j;(%, B) = (X, f’)/) which is defined in

the following way.
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e Given B = (b;;), then B = (b};) where

(

bij + bzkbk] if by, > 0 and bkj > 0
bi; =
bz‘j — bzkbk] if b;, < 0 and bkj < 0;
bij otherwise
L
e The extended cluster X' = (],... ,},) is defined as follows, 2} = x; for j #

k and x), € IF satisfies the following relation called the exchange relation:

/ bz —bi
TRy = H x; "+ sz F

bix>0 bix <0

We say that two seeds (X, B) and (X, B/), are mutationally equivalent if we

can obtain one seed from the other through a finite sequence of mutations.

Definition 2.3.3. (Fomin et al., 2020, Definition 3.1.6) Let (%, B) be a labelled
seed and S be the set of all the labelled seeds mutationally equivalent to (X, B)
The cluster algebra A(x, B) with initial seed (%, B), is the subring of F generated

by all the cluster variables contained in the labelled seeds contained in S.

It is shown in (Fomin & Zelevinsky, 2003, Theorem 1.13) that the frozen vari-
ables do not play a significant role in the cluster algebras. So in the discussions
to follow, we won't deal with frozen variable explicitly. In other words we shall
assume n = m, unless stated otherwise.

It is often the case that two distinct labelled seeds (%, B) and (¥, C) of a cluster
algebra have the same cluster variables and exchange matrices up to relabelling of
the cluster variables. Since such a pair of labelled seeds hold the same information,
they are equivalent to each other (see Definition 2.3.4). So from the point of view
of the cluster algebra it is enough to just consider the equivalence classes of the
labelled seeds. The equivalence classes of labelled seeds will be called unlabelled

seeds. Unlabelled seeds can naively be thought of as the result of replacing the
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m-tuples X = (z1,...,x,,) in Definition 2.3.1 with sets {z1,...,x,,}, in the sense
that two seeds are no longer distinct if they have the same cluster variables but

different labelling.

Definition 2.3.4. (Fomin & Zelevinsky, 2002, §7, Definition 7.1) Two labelled
seeds (%,B) and (§,C) are equivalent if there exists a permutation o of [1,m)]

such that:
(i) o([1,n]) = [1,n],

(ii)) o(i) =i foralln+1<i<m,

<Hl> Yi = m(7(72)7
(iv) Cij = Bo(ioy-
An unlabelled seed [(%,B)] is the equivalence class of the labelled seed (%, B).

In the sequel, we only consider unlabelled seeds instead of labelled seeds. We

will abuse notation and write (X, B) to denote the unlabelled seed of (%, B).

Cluster Algebras via Quivers

If the exchange matrix B is skew-symmetric, the combinatorial data of a cluster
algebras can be presented in the form of a quiver Q(B) defined in the following
way. Given B, a skew-symmetric n X n integer matrix, we define the quiver Q(B)
to have n vertices labelled 1 to n corresponding to rows and columns of the matrix.
If b;; > 0, we draw b;; arrows from ¢ to j. If b;; < 0, we draw b;; arrows from j
to 4. This gives us a unlabelled seed in terms of the quiver (X, Q(B)) and we can
then define mutation in terms of the quiver; see (Fomin et al., 2020, 2.7 Matrix

Mutation) for more details on this construction.

Definition 2.3.5. (Fomin et al., 2020, Definition 2.1.2) Let (%X, Q(B)) be a unla-
belled seed. Fix some k € [n]. Then the seed mutation py, in direction k transforms
(%,Q(B)) into a new unlabelled seed y;(%, Q(B)) = (X, Q(E/)) which is defined

in the following way.
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e The mutation quiver ju;,(Q(B)) is obtained from the quiver Q(B) as follows.

a) For all paths i — k — j add an arrow from i to 7 with multiplicity

for each path.
b) Cancel a maximal collection of 2-cycles.

c) Reverse all arrows incident to k.

e The exchange relation is given by

!
Tpxy, = HZB’ + H:z:j.

i—k k—j
As above we can define a corresponding cluster algebra.

The following theorem by Fomin and Zelevinsky establishes a connection be-

tween combinatorics of Lie theory and cluster algebras.

Theorem 2.3.6. (Fomin & Zelevinsky, 2002, Theorem 3.1) (Fomin & Zelevinsky,
2003, Theorem 1.4) Let @ be a finite connected quiver on n vertices labelled by
[n], with no loops or 2-cycles. Then for the associated cluster algebra Ag, we have

the following:

1. All cluster variables are Laurent polynomials in the initial cluster variables

T1yeey Ty

2. A cluster algebra has finitely many cluster variables if and only if @) is muta-
tionally equivalent to a quiver whose underlying graph is simply laced ADE
Dynkin diagram (See Figure 2.3).

We have seen that there is a connection between cluster algebras with a seed

where the exchange matrix is quiver. This connection in fact extends to quiver

representations, where the simply-laced Dynkin diagrams play a key role.
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Definition 2.3.7. (Schiffler, 2014, §3.2.1) A quiver @ is of finite representation
type if the number of isomorphism classes of indecomposable representations in

the category rep () is finite.

Theorem 2.3.8. Gabriel’s Theorem(Assem et al., 2006, VIL.5, 5.10. Theorem)
Let @ be a finite, connected and acyclic quiver. The category rep @ is of finite
type if and only if the underlying graph of @) is a simply laced Dynkin Diagram.

We have purposely omitted further details about this connection as they are
not strictly relevant to the rest of this thesis. These details may be found in
(Assem et al., 2006, VIL.5 Reflection functors and Gabriel’s theorem) and Fomin
& Zelevinsky (2003) for example.
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A o— o o e g
D, - o e e

Es :

E;:

Es :

Figure 2.3: The simply laced Dynkin diagrams.
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Cluster Algebras of Dynkin Type A

The class of cluster algebras which we are interested in is the class of cluster
algebras of type A. This class of cluster algebras has an interesting combinatorial

description in terms of triangulations on polygons.

Definition 2.3.9. (Fomin et al., 2008, Definition 2.6) Let P,,, 3 be a convex (n+3)-
gon with n > 0. A diagonal in P, 3 is any non-boundary edge connecting two
vertices of P, 3. We then say that a triangulation 7" is a maximal collection of non-
crossing diagonals in the polygon P, 3. We shall denote the set of triangulations

of Pn+3 by An-{—?)'

Figure 2.4: A triangulation of Pg.

We now describe how to obtain a unlabelled seed given a triangulated polygon.
Let T" be a triangulation of P, 3. Label the diagonals of P,, .3 by 1,2,...,n. We
define the exchange matrix B(T) = (b;;) obtained from T" as follows:

1 if 7 and j label two sides of a triangle in T, with j following ¢ clockwise;
bij = —1 if i and j label two sides of a triangle in 7', with ¢ following j clockwise;
0 if 7 and 5 do not belong to the same triangle in 7.

Let x; be a variable corresponding to a diagonal i of P,, ;3. The resulting unlabelled
seed is (X = {1, 22, ..., 2.}, B(T)); see (Fomin et al., 2008, Definition 4.1) for a

more detailed exposition.

Definition 2.3.10. (Fomin et al., 2008, Definition 3.5) Let T' be a triangulation

of P, 13, we can flip a diagonal d in T to obtain a new triangulation of P, 3
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which we denote by T”. A flip in T" at d is the move where we remove the diagonal
labelled d in T' and replace it with the unique diagonal d’; the other diagonal of
the quadrilateral housing d.

Remark 2.3.11. Note that the lengths of the diagonals d and d’ satisfy Ptolemy’s
relation on the quadrilateral containing d and d’. Ptolemy’s relation is precisely

the exchange relation.

Theorem 2.3.12. (Fomin et al., 2017, Corollary 5.3.6) Cluster variables the un-
labelled seeds of a type A,, cluster algebra can be labelled by the diagonals of a

convex (n + 3)-gon P, ;3 so that
e unlabelled seeds correspond to triangulations of the polygon P, 3
e mutations corresponds to flips, and

e exchange matrices are given by B(~T) as in Definition 2.3.9.

Let n be a positive integer. The n'® Catalan number C,, is given by the closed

c - 1 (2n>
n+1l\n

It is well known that number of triangulations of a convex (n + 3)-gon is given

formula

by the Catalan number C,, 1, see for example Stanley (2015) for more on Catalan
numbers. So it follows from the above theorem that the number of unlabelled

seeds in a cluster algebra of type A, is given by C,, ;.
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2.3.2 Tilting theory

Tilting theory is a very important tool in the representation theory of finite-
dimensional algebras, it originates from the study of reflection functors and
coxeter functors; these functors play a crucial role in the proof of Gabriel’s theo-
rem (Theorem 2.3.8); see Bernstein et al. (1973) and Auslander et al. (1979). The
fundamental objects of study in tilting theory are tilting modules and torsion
pairs. Tilting modules were first axiomatised by Brenner and Butler in Brenner
& Butler (1980). Later on Happel and Ringel provided an alternative and equiv-
alent axiomatisation in Happel & Ringel (1982), which is the one that is more
generally used in the literature. One of the central ideas in tilting theory is that
the representation theory of certain finite-dimensional algebras A, is more easily
studied by replacing the algebra A with a less complicated and related algebra
B. In particular it turns out that for an algebra A and a tilting module T}y, the
representation theory algebra of B = End(74) is closely related to that of A. How-
ever, in general the module category mod A is not equivalent to mod B, but their
derived categories are, in other words D’(mod A) ~ Db(mod B) (Happel, 1987,
1.7 Corollary). Tilting theory also provides us with a method for constructing
equivalences between certain pairs of subcategories called torsion pairs of mod A
and mod B, these torsion pairs provide an almost complete description of mod A
and mod B; more on this later.

Through out this subsection, A will be a finite-dimensional algebra over a field
F.

Definition 2.3.13. (Happel, 1988, 4.1) A torsion pair (or a torsion theory) is

a pair of subcategories (T, F) of mod A satisfying the following conditions:
(a) Homa(M,N) = {0} for all M € T and N € F.
(b) If Homy (M, N) = {0} for all N € F, then M € 7.

(c) If Homa(M, N) = {0} for all M € T, then N € F.

In other words, a pair of subcategories (T, F) of mod A are a torsion pair if there

are no non-zero module homomorphisms from T to &, and the two subcategories
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are maximal with respect to this property. The subcategory T is called the torsion

class and the subcategory JF is called the torsion-free class.

Definition 2.3.14. (Assem et al., 2006, Chapter VI, 1.3. Definition) A subfunc-
tor of the identify functor 1: mod A — mod A is a functor ¢t: mod A — mod A
such that for M € mod A, the A-module t(M) is a submodule of M, and each
A-module homomorphisms f: M — N, restricts to an A-module homomorphism
t(f): t(M) — t(N). An idempotent radical is a subfunctor ¢ of mathbf1 with
the property that t(t(M)) = ¢(M) and t(M/t(M)) = 0 for every A-module M.

Proposition 2.3.15. (Assem et al., 2006, Chapter VI, 1.4. Proposition) Let (T, F)

be a torsion pair in mod A. Then the following statements hold:
e The torsion class T is closed under images, direct sums, and extensions.

e The torsion-free class F is closed under submodules, direct sums, and exten-

sions.

e There exists an idempotent radical functor ¢ such that T = {M | t(M) = M}
and F = {N | ¢(N) = 0}.

The idempotent radical functor ¢ associated to the torsion pair (T, ) is called

the torsion radical. It induces short exact sequences of the following form in
mod A.

Proposition 2.3.16. (Assem et al., 2006, Chapter VI, 1.5. Proposition) Let (T, F)
be a torsion pair in mod A and t: mod A — mod A the associated idempotent

radical functor. For each A-module M, there exists a short exact sequence

0 —— t(M) > M > M/t(M) —— 0

with ¢(M) € T and M/t(M) € F. This short exact sequence is unique up to the

isomorphism of short exact sequences.
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Remark 2.3.17. Consequently, torsion pairs provide us with an alternative way
of viewing the category mod A. In particular we can associate to the objects M

of mod A the short exact sequences

0 —— t(M) > M > M/t(M) —— 0.

In instances where the objects of mod A can be completely described in terms of
a torsion pair, in the sense that the above sequences split, (in other words each
A-module M = t(M) & M/t(M)), the torsion pair (T,F) is said to be splitting.
If a torsion pair (T,F) is splitting, then each indecomposable module of mod A
either lies in T or &F. So in this sense, a splitting torsion pair holds all information
about the module category mod A; see for example (Assem et al., 2006, Chapter
VI, 1.7. Proposition) and (Happel, 1988, §4.1) for more on splitting torsion pairs.

Definition 2.3.18. (Schiffler, 2014, Definition 5.5) Let M be an A-module. The
projective dimension of M, denote pd M, is the smallest positive integer d such

that there exists a projective resolution of the following form.

0 > Py y P4 > By > M > 0

If such a projective resolution does not exist, then we say that M has an infinite
projective dimension and we write pd M = oo. The injective dimension of an
A-module is defined dually. The global dimension gldim A of the algebra A is
defined to be gldim A := sup{pdM | M € mod A}.

Definition 2.3.19. (Schiffler, 2014, Definition 5.2) An algebra A is hereditary

if the submodule of a projective module is also projective.

Proposition 2.3.20. (Assem et al., 2006, Chapter VIL.1, 1.4. Theorem) An al-

gebra A is hereditary if and only if gldim A < 1.

Definition 2.3.21. (Geif3 et al., 2006, See for example §1 Introduction, 1.4) An
A-module M is rigid if Ext' (M, M) = 0.
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Definition 2.3.22. (Assem et al., 2006, Chapter VI, 2.1. Definition) An A-module
M is partial tilting if it satisfies the following:

(i) pd M <1,
(ii) Extl (M, M) = {0}.
Moreover, if there exists a short exact sequence in mod A

0 S| s M’ s M" —— 0

with M’ and M"” in add M, then M is called a tilting module. Where add M is
the subcategory of mod A generated by the direct summands of M.

One reason why partial tilting modules are of interest is that they are a great

source of torsion pairs.

Lemma 2.3.23. (Happel, 1988, See 4.2 Lemma) Let M be a partial tilting module
and let

T(M) := {X € mod A | there exists an integer d > 0,and an epimorphism M¢ — X}
and

F(M) :={X € mod A | Hom(M, X) = 0}.
The pair (T(M),F(M)) is a torsion pair in mod A.

The subcategory T(M) is the subcategory of mod A generated by M, and it
sometimes denoted by GenM; see for example (Assem et al., 2006, Chapter VI,
page 188). If M is a tilting module, then GenM has the following description.

Corollary 2.3.24. (Happel, 1988, 4.3 Lemma)(Assem et al., 2006, Chapter VI,
2.5. Theorem) Let A be finite-dimensional algebra of finite global dimension.. Let
M an A-module. Then M is a tilting module if and only if

T(M) = {X € mod A | Ext'(M, X) = 0}.
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The word partial in partial tilting has the connotation that partial tilting mod-
ules are tncomplete in some sense. This is indeed the case in the sense that every

partial tilting module can be completed to a tilting module in the following sense.

Lemma 2.3.25. (Assem et al., 2006, Chapter VI, 2.4. Lemma) Let M be a partial
tilting module in mod A. There exists a module N in mod A such that T'= M & N
is a tilting module.

From this viewpoint, tilting modules are the mazimal A-modules M satisfying
pd M < 1 and Ext'(M, M) = {0}. In particular, tilting modules are maximal

in the terms of the number of indecomposable direct summands they have up to

isomorphism.

Corollary 2.3.26. (Happel, 1988, 6.2 Corollary) Let A be finite-dimensional al-
gebra of finite global dimension. Let n be the number of isomorphism classes of
simple A-modules. Let M = @@;_, = M;", with M; indecomposable modules such
that M; 2 M; when ¢ # j, be a partial tilting module. Then M is a tilting module
if and only if » = n. Furthermore, M is a basic tilting module if r;, = 1 for all

1<t <n.
Tilting modules also have the following characterisation.

Lemma 2.3.27. (Happel, 1988, 6.3 Lemma) Let A be a finite-dimensional hered-
itary algebra. Let M be a partial tilting A-module. Then M is a tilting module
if and only if for any non-zero A-module N with Ext!'(N, N) = {0}, it is the case
that either Ext' (N, M) # 0 or Hom(N, M) # 0.

Definition 2.3.28. (Happel, 1988, §5.1) Let A be a finite-dimensional hereditary

algebra. A tilted algebra is an algebra of the form
B = Enda (M),

where M is a tilting A-module.
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Remark 2.3.29. The algebra A considered as an A module has the decomposition
A= @?:1 P;, where the P; are indecomposable projective modules such that P; 2
P; if i # j, and n is the number of isomorphism classes of simple A-modules; see
(Assem et al., 2006, 1.4 Direct sum decompositions) and (Schiffler, 2014, Example
6.3) for more details. Due to Lemma 2.1.50, we have that Ext'(A4, A) = 0, so A
is a basic tilting A-module, and in fact A = End4(A)°?. We will see later that
after removing a projective module P; (to then get an almost complete tilting
module) from the direct sum decomposition of A as an A-module, we can replace
P; with another A-module to obtain another tilting module 7', with tilted algebra
B = End(T"). In this sense T" is a close approximation of A and hence its tilted

algebra B is also a close approximation to the algebra A.

Definition 2.3.30. (Happel & Unger, 1989, §Introduction) Let A be a basic con-
nected finite-dimensional hereditary algebra. Let n be the number of isomorphism
classes of simple A-modules. Let M = @;_, M;", with M; indecomposable mod-
ules such that M; 2 M; when ¢ # j be a partial tilting module. The module M
is said to be an almost complete tilting module if r = n — 1. A module N
is a complement of an almost complete tilting module M if M & N is a tilting

module.

By Lemma 2.3.25, it can be seen that every almost complete tilting module
has a complement. In general an almost complete tilting module has at most two

non-isomorphic complements, and under certain assumptions it has exactly two.

Definition 2.3.31. (Happel & Unger, 1989, §Introduction) Let A be a basic con-
nected finite-dimensional hereditary algebra. An A-module M is sincere if for

any indecomposable projective module P, it is the case that Hom(P, M) # 0.

Theorem 2.3.32. (Happel & Unger, 1989, §Introduction, 2.3 Proposition) Let A

be a basic connected finite-dimensional hereditary algebra. Let M be an almost
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complete tilting A-module. Then M has exactly two non-isomorphic complements

if and only if M is a sincere module.

As a consequence of the above theorem, we have the following corollary.

Corollary 2.3.33. (Happel & Unger, 1989, 1.3 Corollary) Let A be a basic con-
nected finite-dimensional hereditary algebra. Let M be an almost complete tilting
A-module. If M is not a sincere module, then it has exactly one complement up

to isomorphism.

When an almost complete module has exactly two non-isomorphic comple-

ments, they may be related in the following manner.

Theorem 2.3.34. (Happel & Unger, 1989, 1.1 Theorem) Let A be a basic finite-
dimensional hereditary algebra. Let M be a sincere almost complete tilting A-
module. Let X and Y be the two non-isomorphic complements of M, and suppose

that Ext' (Y, X) # 0. Then there exists a short exact sequence

0 vy X s B9,y s 0

with £ € add M, where add M is the subcategory of mod A generated by the

direct summands of M.

To conclude, we have seen that for a basic tilting module M = @@}, M; we
may remove a summand A, to get an almost complete tilting module M /M;.
If M/Mj is a sincere module, then there exists an A-module M} which is not
isomorphic to M; such that M’ = M/M; & M7 is a basic tilting module. The
module M’ will be called a mutation of M in the direction j. Note that since not
every almost complete tilting module is sincere, mutation is not always possible in
any direction as in the situation of cluster algebras. To rectify this, 7-tilting theory
was introduced to make mutation always possible. To conclude this subsection we

H
will discuss the tilting theory of mod A,,.
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_)
Tilting modules in mod A,

Of particular interest to this thesis will be the tilting theory of the module category
mod Kn (the category of modules over the path algebra of the linearly oriented type
A quiver with n vertices), especially in relation to the cluster combinatorics of type
A cluster algebras. Before we can talk about this relationship, we first need to

recall some combinatorial language. We start by defining the Tamari lattice.

Definition 2.3.35. A binary parenthesization of the binary product xg*- - -*x, is
a parenthesization where each product is binary. For example the parenthesization

(((wo * 1) * x9) * (x5 % x4)) is binary whereas ((xg * 1) * T2 * o3 * x4) is not.

Definition 2.3.36. (Geyer, 1994, Definition 2.1) Let % be a binary operation, and
let T,, be the set of binary parenthesizations of the expression xg * - - - * x,, with

n + 1 symbols. The set T,, can be ordered by the associativity rule:
(x*xy)*z— xx(yx*z).

So that for two parenthesizations t,t' in T,, we have that ¢ < ¢’ if and only if we
can obtain t’ from ¢ by finitely many applications of the associativity rule. This

order is called the Tamari lattice.

There is a well-known bijection between binary parenthesizations of the ex-
pression xg * - - - % x,, and triangulations of the n + 2 sided convex polygon P, .,
see for example (Gelfand et al., 2008, Chapter 7, §3 ;page 240 and Figure 35). It
is also well-known that under this bijection, the associativity rule corresponds to
diagonal flips in triangulations; see for example (De Loera et al., 2010, Chapter 1,
§1.1, page 8). As a consequence, we may describe the Tamari Lattice in terms of
triangulations and diagonal flips. Consider the graph whose vertices are triangula-
tions of (n+2)-gons, and where there is an edge between two triangulations 7" and
T’ if and only if we can obtain 7" from T" by performing a flip on a diagonal of T" or
vice versa. This graph is the Hasse diagram of the Tamari lattice T,,. The Hasse
diagram of the Tamari lattice is given by 1-skeleton of the n-dimensional convex

polytope known as the associahedron. The associahedron was first introduced by
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in Stasheff (1963) and was later given the description in terms of triangulations
below; see (Lee, 1989, §2) or see for example (Ziegler, 2012, Chapter 0, page 18)
for a description of the associahedron in terms of parenthesizations.

Recall from Theorem 2.3.12; that the clusters of a cluster algebra of type A,
admit a description by triangulations of a convex polygon P, 3 (counted by the
Catalan number C,,1), and the mutation of the clusters corresponds to diagonal
flips. Hence the mutation graph of a cluster algebras of type A, is given by the
associahedron. A similar statement can be made with regard to the set of tilting
modules in mod A_:L, thus relating the cluster combinatorics of type A, cluster
algebras with the tilting theory of the module category mod IQ . It was shown by
in Gabriel (1981) that the number of basic tilting modules in modyn equals the
Catalan number C),,. Then Buan and Krause further showed the tilting modules

_>
in mod A,, form a Tamari lattice.

Definition 2.3.37. (Buan & Marsh, 2021, See for example §1)Let € be an ad-
ditive category and X C € be a collection. The right perpendicular and left

perpendicular subcategories of X are defined as follows respectively.
X+ :={Y € €| Hom(X,Y) =0 for all X € X},
X :={Y € €| Hom(Y, X) =0 for all X € X}.

Definition 2.3.38. (Buan & Krause, 2004, See for example §5) Let € be an addi-
tive category and X C C be a collection of objects. The right Ext-perpendicular
and left Ext-perpendicular subcategories of X are defined as follows respec-
tively.

Xt .= {Y € €| Ext'(X,Y) =0 for all X € X},

el = {Y € | Ext'(Y, X) = 0 for all X € X}.

The following defines a partial order on the set of isomorphism classes of basic

tilting objects in mod A.
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Proposition 2.3.39. (Happel & Unger, 2005, See for example §1) Let T and U

be basic tilting modules, we will write
Tr<vu

if and only if
T-LExt C U-LExt

This defines a partial order on the set of basic tilting modules up to isomorphism.

Proposition 2.3.40. (Buan & Krause, 2004, Proposition 5.4) Let T" and U be
basic tilting modules in mod A, then T covers U or U covers T if and only if T’
and U have n — 1 direct summands in common.

Therefore if T and U are basic tilting modules such that T" covers U, and M

is the direct sum of the n — 1 direct summands they have in common, then T/M

and U/M are the two complements of M. In particular U is a mutation of 7.

Proposition 2.3.41. (Buan & Krause, 2004, Proposition 5.5) Let 7" and U be
basic tilting modules. Then T covers U if and only if there are decompositions
T=X®Mand U =Y & M where X and Y are indecomposable modules with a

monomorphism X — M and an epimorphism M — Y.

Theorem 2.3.42. (Buan & Krause, 2004, Theorem C) The basic tilting modules
of mod A_:L are in correspondence with the triangulations of the convex (n + 2)-gon
P,.2. Moreover the set of basic tilting modules is a Tamari lattice with respect
to partial order T < U < Text C U+ext. In other words, the mutation of basic

_>
tilting modules mod A,, gives rise to the Tamari lattice.

2.3.3 7-tilting theory

Thus far, we have seen the notion of mutation in the context of cluster algebras and

tilting theory. In the context of cluster algebras, clusters can always be mutated in
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any direction, whilst in the context of tilting theory, tilting modules can only be in
the directions which give us since almost complete tilting modules. To rectify the
fact that mutation is not always possible in tilting theory, a generalisation of tilting
theory called 7-tilting theory was introduced, in particular support 7-tilting
pairs were introduced as a generalisation of tilting modules where mutation is
always possible. In this subsection, we will give a very brief introduction to 7-
tilting theory and support 7-tilting pairs. Our primary reference for this subsection
is Adachi et al. (2014). Throughout this subsection, A will be a basic finite-

dimensional algebra over an algebraically closed field F.

Definition 2.3.43. (Adachi et al., 2014, Definition 0.1) Let n be the number of
isomorphism classes of simple A-modules. Let M be an A-module and let m be

the number of non-isomorphic indecomposable direct summands of M.
(i) M is 7-rigid if Hom,(M,7M) =0

(i) If the module M is 7-rigid and m = n, then M is said to be a 7-tilting

module.

(iii) If the module M is 7-rigid and m = n — 1, then M is said to be an almost

complete 7-tilting module

(iv) M is support 7-tilting if there is an idempotent element e € A such that
M is a 7-tilting module in mod A/(e).

Recall by the Auslander-Reiten formula in Theorem 2.2.44, we have that
Ext'(M, N) = DHom(N, M),

therefore a 7-rigid module is rigid in the sense of Definition 2.3.21. The converse
statement is true when the projective dimension pd M < 1. It can then be observed
that a partial tilting module (Definition 2.3.22) is 7-rigid, and more specifically
tilting modules are 7-tilting. So in this way, 7-tilting modules may be considered

a generalisation of tilting modules. Like partial tilting modules, the number of
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non-isomorphic direct summands of 7-rigid modules cannot exceed the number of
simple A-modules up to isomorphism, see (Adachi et al., 2014, Proposition 1.3).
According to Lemma 2.3.25, every partial tilting module can be completed to a

tilting module. An analogous statement exists in this case.

Proposition 2.3.44. (Adachi et al., 2014, Theorem 2.10) Let M be a 7-rigid
module in mod A. There exists a module N in mod A such that T = M @ N is a

T-tilting module.

Although 7-tilting modules generalise tilting modules, from the point of view
of mutation expressed above they are not the generalisation that is required. From

the point of view of mutation, support 7-tilting pairs are the correct notion.

Definition 2.3.45. (Adachi et al., 2014, Definition 0.3) Let (M, P) be a pair
consisting of a M € mod A and P € proj A. Let m and p be the number of

non-isomorphic direct summands of M and P respectively.
(i) (M, P) is a 7-rigid pair if M is 7-rigid and Homy4 (P, M) = 0.
(ii) (M, P) is a support 7-tilting pair if (M, P) is 7-rigid and m + p = n.

(iii) (M, P) is an almost complete support 7-tilting pair if (M, P) is 7-rigid
andm+p=n—1.

The pair (M, P) is basic if both M and P are basic modules. A pair (M, P) will
be called a direct summand of a pair (M’, P') if M is a direct summand of M’ and

P is a direct summand of P’.

The notion of a support 7-tilting pairs is related to that of 7-tilting modules

by the following.

Proposition 2.3.46. (Adachi et al., 2014, Proposition 2.3) Let (M, P) be a pair
consisting of M € mod A and P € proj A. Let e € A be an idempotent element
such that add P = add Ae.
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(i) Then (M, P) is a 7-rigid (respectively, support 7-tilting, almost complete
support 7-tilting) pair if and only if M is a 7-rigid (7-tilting, almost complete
7-tilting) in mod A/(e).

(ii) In a support 7-tilting pair (M, P), the module P is completely determined
by M. This is in the sense that if (M, P) and (M, Q) are support 7-tilting
pairs in mod A, then add P = add Q.

By the above proposition, support 7-tilting pairs give rise to 7-tilting modules.
This statement is also true the other way. In particular any 7-tilting module is a
sincere support 7-tilting module; see (Adachi et al., 2014, Proposition 2.2) for
more details. We conclude this subsection by stating the theorem which says that

every basic almost complete support 7-tilting pair has exactly two complements.

Theorem 2.3.47. (Adachi et al., 2014, Theorem 2.18) Let (M, P) be a basic
almost complete support 7-tilting pair. Then (M, P) is a direct summand of
precisely two non-isomorphic basic support 7-tilting pairs (7', Q) and (77, Q’).

In the case of the above theorem, the basic support 7-tilting pairs (7', Q) and
(T", Q") are said to be mutations of each other. Moreover, by the above theorem,
mutation is always possible for a support 7-tilting pair; see (Adachi et al., 2014,
Definition 2.19) for more details.

2.3.4 Exceptional sequences

Motivated by an interest in mutation, we look to exceptional sequences. These
are sequences of certain rigid modules with certain orthogonality conditions. Ex-
ceptional sequences were first introduced in the context of algebraic geometry by
Bondal (1989), Gorodentsev (1989) and Gorodentsev et al. (1987), where they were
defined in the setting of triangulated categories. They were later studied in the set-
ting of categories of modules over a finite-dimensional algebra by Crawley-Boevey
Crawley-Boevey (1993) and Ringel Ringel (1994), it is this setting which is of in-
terest to us. For the remainder of this subsection, A will be a finite-dimensional

hereditary algebra over an algebraically closed field F.
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Definition 2.3.48. (Crawley-Boevey, 1993, §1, Page 118) Let A be a finite-
dimensional hereditary algebra over an algebraically closed field I, and let n be the
number of isomorphism classes of simple A-modules. An indecomposable module
M € mod A is exceptional if Hom (M, M) = F and Ext' (M, M) = 0.

A sequence of exceptional modules F = (M, ..., M,) is an exceptional se-
quence of length r if for each pair (M;, M;) with 1 <[ < j < r, we have that
Hom(M;, M;) = Extly(M;, M;) = 0. The sequence E is a complete exceptional

sequence if r = n.

Exceptional sequences were first introduced in the setting of triangulated cate-
gories in. When defining exceptional sequences in triangulated categories, it is also
required that all the extension groups of all degree Ext’ where ¢ € Z vanish; see for
(Bondal, 1989, §2). For finite-dimensional algebras (including non-hereditary alge-
bras), it is required in the definition of exceptional sequences that all the extension
groups Ext’ where i > 1 vanish; see for example (Westin, 2020, 6.1 Exceptional
sequences). The requirement that the higher extensions vanish for exceptional se-
quence is trivially satisfied for hereditary algebras, hence it is generally not stated
when working in the context of hereditary algebras.

We have seen that partial tilting modules, and 7-rigid modules can be completed
to tilting modules and 7-tilting modules respectively. An analogous statement

exists for exceptional sequences.

Proposition 2.3.49. (Crawley-Boevey, 1993, Lemma 1) Let A be a finite-dimensional
hereditary algebra over an algebraically closed field F, and let

E:(Ml,...,Mi,Nl,...,Nj)

be an exceptional sequence in mod A where ¢ + 7 < n. Then E can be extended

to a complete exceptional sequence

E' = (M,...,M;,Ly,..., Ly, Ny, ..., N).
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2.3 Mutation: Cluster algebras, Tilting theory, 7-tilting theory, and
exceptional sequences.

So far we have presented mutation for tilting modules, clusters in cluster al-
gebras, and support 7-tilting pairs. In all these settings, mutation has involved
replacing one object with another. For example mutation of a basic tilting module
involves replacing one summand of the tilting module with an appropriate choice
of A-module. Likewise the mutation of a cluster in cluster algebras involves re-
placing one cluster variable with another. We will soon see that there is a notion
of mutation for complete exceptional sequences. However mutation of complete
exceptional sequences differs from the other notions of mutation we have seen so
far in that it involves changing two entries of the sequence instead of one. In fact,

two complete exceptional sequences cannot only differ in one position.

Proposition 2.3.50. (Crawley-Boevey, 1993, Lemma 2) Let E = (M,..., M,)
and D = (Ny,..., N,) be two complete exceptional sequences in mod A that differ

only in one position. Then E = D.

Let E be an exceptional sequence in mod A. We will write C(E) for the smallest
full subcategory of mod A containing the sequence E which is closed under exten-
sions, kernels of epimorphisms, and cokernels of monomorphisms; see Crawley-

Boevey (1993) for more.

Lemma 2.3.51. (Crawley-Boevey, 1993, Lemma 3) Let E be a complete excep-
tional sequence in mod A. Then C(F) = mod A.

Lemma 2.3.52. (Crawley-Boevey, 1993, Lemma 6) Let (M, N) be an exceptional
sequence in mod A. Then there are unique A-modules Ry M and Ljy; N such that

(N, RyM) and (LN, M) are exceptional sequences in C(X,Y).

A consequence of the above lemmas is that we have a notion of mutation of
exceptional sequence. This mutation is particularly interesting because it can be
interpreted in terms of a group action by the Artin braid group. Let us recall the
definition of the Artin braid group. The Artin braid group action on exceptional
sequence was first observed Bondal (1989) and was later studied in the context of

module categories by Ringel (1994) and Crawley-Boevey (1993).
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2.3 Mutation: Cluster algebras, Tilting theory, 7-tilting theory, and
exceptional sequences.

Definition 2.3.53. (Kassel & Turaev, 2008, See for example, Definition 1.1) The

Artin braid group B, on r strands is the group defined by group presentation
<O'1, ., O0p ’ 0,05 = 0,04 for | Z—] |Z 2 and 0;0;410; = 0,410,041 for 1 S 1 S 7“—2>

Theorem 2.3.54. (Crawley-Boevey, 1993, Lemma 8, Lemma 9, Theorem) Let

E = (M;,..., M,) be an exceptional sequence in mod A. Then we have that:

e the sequence E' = (My, ..., M;_ 1, M1, N, M; o,...,M,) is an exceptional
sequence in C(E) if and only if N = Ry, M;,

e the sequence E” = (My,...,M; 1,0, M;, M;.o,...,M,) is an exceptional

sequence in C(F) if and only if O = Ly, M; 4,

e the setting o;E = E' and 0; 'E = E” defines an action of the Artin braid
group on r strands on to the set of exceptional sequences of length r in

mod A. Moreover, this group action is transitive if r = n.

To conclude, given an exceptional sequence in mod A, it may be mutated to
obtain two more exceptional sequences E' and E” as above. The former is called
the right mutation of E at i, whilst the latter is called the left mutation of £
at 7. It is the case that complete exceptional sequences always exist when A is a
finite-dimensional hereditary algebra. This is not the case if A is non-hereditary,
see for example 3.5.6. Buan and Marsh introduced 7-exceptional sequences Buan
& Marsh (2021) as a generalisation of exceptional sequences that ensure that com-

plete sequences always exists for finite-dimensional algebras.

85



Chapter 3

Counting 7-exceptional of

Nakayama algebras

3.1 Introduction

Let A be a finite dimensional algebra over a field IF, where [ is algebraically closed.
Let mod A be the category of finitely generated A-modules. An A-module M is
called exceptional if Hom(M, M) = F and Exty (M, M) = 0 for i > 1. A sequence
of indecomposable modules (M7, Ms, ..., M,) is called an exceptional sequence
if for each pair (M;,M;) with 1 < [ < 7 < r, we have that Hom(M;, M;) =
Ext’y(M;, M;) = 0 for i > 1, and each My, is exceptional for 1 < k < r. Exceptional
sequences were first introduced in the context of algebraic geometry by Bondal
(1989), Gorodentsev (1989) and Gorodentsev et al. (1987).

Exceptional sequences exhibit some interesting behaviours. It was shown in
Crawley-Boevey (1993) and in Ringel (1994) that there is a transitive braid group
action on the set of exceptional sequences. A characterisation of exceptional se-
quences for hereditary algebras was given in Igusa & Schiffler (2010) using the fact
that the product of the corresponding reflections is the inverse Coxeter element
of the Weyl group. The exceptional sequences for mod A,., where A, is the path
algebra of a Dynkin type A quiver are classified in Garver et al. (2015) using com-

binatorial objects called strand diagrams. The exceptional sequences over path
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3.1 Introduction

algebras of type A, were also characterised using non-crossing spanning trees in
Araya (2013). A natural question for exceptional sequences is to ask how many
there are. The number of them has been computed for all the hereditary Dynkin
algebras in Seidel (2001) and Obaid et al. (2013).

Exceptional sequences have been subject to a number of generalisations. The
signed exceptional sequences were introduced in Igusa & Todorov (2017).
More recently, weak exceptional sequences were introduced and studied in
Sen (2020b). Finally, the signed 7T-exceptional sequences and T-exceptional
sequences were introduced in Buan & Marsh (2021). It is 7T-exceptional se-
quences which are the subject of this chapter. An A-module M is called 7-
rigid if Hom(M,7M) = 0, see Definition 0.1 in Adachi et al. (2014). The 7-
perpendicular category of M in mod A is the subcategory J(M) = M+ N
L(rM), see Definition 3.3 in Jasso (2014). A sequence of indecomposable modules
(My, My, ..., M,) in mod A is called a T-exceptional sequence if M, is 7-rigid in
mod A and (M, Ms, ..., M,_) is a T-exceptional sequence in J(M,).

Our main results are derivations of closed formulas for the number of complete
T-exceptional sequences in the module categories of certain Nakayama algebras.
Most notably, we see that the complete T-exceptional sequences over the linear
radical square zero Nakayama algebras I'2 are counted by the restricted Fubini
numbers F, <o Mezo (2014). The numbers F), <o count the number of ordered set
partitions of the set {1, 2, ..., n} with blocks of size at most two. In the case for the
cyclic Nakayama algebra A, we get that the complete T-exceptional sequences are
counted by the sequence n". We remark that this sequence also counts the number
of complete exceptional sequences for the hereditary Dykin algebras of quivers of
type B and C, as shown in Obaid et al. (2013), and full weak exceptional sequences
over A" see (Sen, 2020a, Theorem 3.5). In fact, we show that the complete 7-
exceptional sequences over A coincide with the full weak exceptional sequences
over A7, see Corollary 3.6.13.

We remark that Buan and Marsh showed in Buan & Marsh (2021) that there is
a bijection between complete signed T-exceptional sequences and basic ordered sup-
port 7-tilting modules over a finite-dimensional algebra. So, one way of counting
signed T-exceptional sequences would be to count ordered support 7-tilting mod-

ules, but this would not give the number of (unsigned) 7-exceptional sequences,
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3.2 Definitions and Notation

which is what we consider here. In this direction, Asai (2018) gave a recurrence
relation for the number of support 7-tilting modules over Nakayama algebras with
a linearly oriented type A quiver. A recurrence relation for the number of 7-tilting
modules over the same algebras as Asai was given in Adachi (2016) . More recently,
the recurrence relations of Adachi and Asai were extended to 7-tilting modules and
support 7-tilting modules over Nakayama algebras whose quiver is an oriented cy-
cle in Gao et al. (2020). In Sen (2020a), the number of exceptional sequences over
the linear radical square zero Nakayama algebras I'> are counted. However, to
date the numbers of exceptional sequences for other classes of Nakayama algebras

have not been determined.

3.2 Definitions and Notation

Let A be a basic finite-dimensional algebra over a field ' which is algebraically
closed. Let mod A be the category of finite-dimensional A-modules. Denote by
P(A) the full subcategory of projective objects in mod A. If T is a subcategory of
mod A, we say an A-module M in T is Ext-projective in T if Ext! (M, T) = 0;
that is to say Exty(M,T) = 0 for all T € T. We will then write P(T) to denote
the direct sum of the indecomposable Ext-projective modules in T. In everything
that follows, we make the assumption that all subcategories are full, and closed
under isomorphism. We will also take all objects to be basic where possible, and
they will be considered up to isomorphism.

Recall that for an additive category €, and an object X in €, we denote by
add X the additive subcategory of € generated by X. This is the subcategory of €
with objects the direct summands of direct sums of copies of X. If € is skeletally
small and Krull-Schmidt, we denote by ind(€C) the set of isomorphism classes of
indecomposable objects in €. For any basic object X in €, let 6(X) denote the
number of indecomposable direct summands of X. We fix 6(A) to be n, where

n > 1 is a positive integer.

Definition 3.2.1. 7-perpendicular category (Jasso, 2014, Definition 3.3). Let

M be a basic 7-rigid A-module. The T-perpendicular category associated to
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3.2 Definitions and Notation

M is the subcategory of mod A given by Jyeqa(M). = M+ N+ (rM). If there is
no risk of ambiguity, we will write J(M) for the subcategory Jioqa(M).

Definition 3.2.2. 7-exceptional sequence (Buan & Marsh, 2021, Definition
1.3). Let k be a positive integer. A sequence (M, Ms, ..., M) in ind(mod A)
is called a 7-exceptional sequence in mod A if M is 7-rigid in mod A and
(My, My, ..., M;_4) is a T-exceptional sequence in J(My). If k = n we say that

the sequence is a complete T-exceptional sequence.

Remark 3.2.3. By Theorem 3.3.5, there is an additive exact equivalence of
categories between J(M), the 7-perpendicular category of a module M and a
category of modules mod Dy;. Therefore each 7-perpendicular category has an
Auslander-Reiten translation through this equivalence. The recursiveness of the
definition means that 7-rigidity is always with respect to the Auslander-Reiten
translation of the equivalent category of modules in question, and likewise the
T-perpendicular categories are always taken with respect to the equivalent cate-
gory of modules in question. In particular, the definition requires that Mj_; is
7-rigid in J(M}) with respect to the Auslander-Reiten translation of mod Dy,
(the category of modules equivalent to J(My)). Likewise, the definition also re-
quires that (My, My, ..., M_5) is a T-exceptional sequence in Jy,oq Das, (My_1), the
T-perpendicular category of Mj._; in the category of modules equivalent to J(Mj).
The rest of the sequence (M7, My, ..., My_5) and modules M;, where 1 <1i < k—2

are treated similarly.

For a positive integer n > 1, we will write (a), to stand for a modulo n. We
will also write [¢, j], for the set {(?)n, (i + 1)ny.. ., (J — L)n, (J)n}-
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3.3 Preliminary Results

3.3 Preliminary Results

In this section, we will state and prove results which will be used in later sections
to calculate the number of T-exceptional sequences over the algebras I, and A?.

For this section, we fix an arbitrary finite-dimensional F-algebra A.

Proposition 3.3.1. (Adachi et al., 2014, Theorem 2.10). Let M be a 7-rigid
A-module. Then the following holds:

1. The module M is Ext-projective in +(7M), which is to say that M is in
add(P(H(TM))).

2. The module Ty := P(+(7M)) is a 7-tilting A-module.

The A-module T); is called the Bongartz completion of M in mod A.

Example 3.3.2. Let A be the algebra I'Z given by the quiver

a1 g
1 > 2 > 3,

subject to the relation @ = 0. The Auslander-Reiten quiver of modT?3 is as

follows,

For the I'2-module M = 1, ind(*(71)) = ind(+2) = {3,;, 1}. Therefore it is easy

1
to see that 77 = P(+(71)) =3 @ ) @ 1. Tt is also easy to observe that T} is indeed

a 7-tilting I'3-module.

Proposition 3.3.3. (Adachi et al., 2014, Lemma 2.1). Let I be an ideal of A,
and let M, N be A/I-modules. Then we have the following:
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3.3 Preliminary Results

1. If Homu (M, 7N) = 0 then Homu,; (M, 74,1 N) = 0.

2. If I = (e) for some idempotent e € A, then it is the case that Hom4 (M, 7N) =
0 if and only if Hom (M, 74/1N) = 0.

The following lemma is well known and it will be important in the sequel.

Lemma 3.3.4. Let @ be a finite simple quiver with vertex set {1,2,...,n}. Let
I be the ideal of FQ generated by relations on () where each relation is a path in
Q and take A = FQ/I. For some j € {1,2,...,n} let QY be the quiver obtained
from @ by removing the vertex j and any arrows incident to j. Let 1U) C I be the
ideal of FQ) generated by the generating relations of I defined by paths of () not
containing the vertex j and take B = FQU /7. Then B = A/(e;) as an F-algebra

, where e; is the idempotent at vertex j of FQ).

Theorem 3.3.5. (Jasso, 2014, Theorem 3.8). Let A be a finite-dimensional al-
gebra and M a basic 7-rigid A-module. Let T); be the Bongartz completion of
M in mod A. Let Ey = Ends(Tys) and Dy, = Ey/{enr), where ey is the idem-
potent corresponding to the projective Ejy-module Hom (T, M). Then there
is an additive exact equivalence of categories between the category J(M), (the
T-perpendicular category of M in mod A) and the category mod D,,;. Moreover, if

M is indecomposable we have that (D) = §(A) — 1.

We now prove some results which will be crucial in our strategy for calculating

the number of T-exceptional sequences in mod A.

Definition 3.3.6. Interleaving. Let X = (X7, Xs,..., X;)andY = (¥}, Y5,...,Y))
be sequences. An interleaved sequence of X and Y is asequence Z = (2, Za, ..., Zsit)
with Z; € {X; : 1 <i <s}U{Y;:1 < j <t} such that the subsequence of Z

containing only elements X or Y is precisely X or Y respectively.
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3.3 Preliminary Results

Example 3.3.7. Let X = (5,;1, 6) and Y = <2, ;) be sequences in mod I'Z. The
41 . .
sequence Z = (2, 5, £y 6) is an interleaved sequence of X and Y. However W =

4 1
(5, 5,2,6, 2) is not an interleaved sequence of X and Y because the subsequence

containing only elements of X is not equal to X.

Let A and B be finite-dimensional F-algebras and let mod A and mod B be
the categories of finitely generated A-modules and B-modules respectively. We
may consider the category mod A @ mod B, the direct product category of mod A
and mod B. The objects of mod A @ mod B are pairs (M, N) with M € mod A
and N € mod B. A morphism between a pair of objects, (M, N7) and (My, Ny)
in mod A @ mod B is a pair of morphisms (f : M; — M, g : Ny — N3) where
f € mod A and g € mod B. The indecomposable objects of mod A @ mod B are
pairs (M,0) and (0, N) where M and N are indecomposable in their respective
categories. The category mod A @ mod B is an abelian category, in fact, there
is an exact, additive equivalence to mod(A x B). The category mod A & mod B
also has an Auslander-Reiten translate 74 5 which acts in the obvious way i.e.
Tap(M,0) = (aM,0) and 74 (0, N) = (0,75N). It is easy to see that the above
exact equivalence preserves the Auslander-Reiten translations, since irreducible
morphisms, left minimal almost split and right minimal almost split morphisms
are preserved under equivalence of categories. Let M be an A-module, we identify
M with the object (M, 0) in mod A @ mod B. We like wise identify the B-module
N with the object (0,NV) in mod A @ mod B. It is easy to observe that (M,0)
is 7-rigid in mod A @ mod B if and only if M is 7-rigid in mod A. The similar

statement for (0, N) and N is also true.

Theorem 3.3.8. Let A and B be finite-dimensional F-algebras. Suppose X =
(X1, Xo, ..., X) is a T-exceptional sequence in mod A and Y = (Y1, Y5,...,Y;) is a
T-exceptional sequence in mod B. Suppose Z = (Z1, Z, . .., Zs14) is an interleaved

sequence of X and Y. Then Z is a m-exceptional sequence in mod A ¢ mod B.
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3.3 Preliminary Results

Proof. We prove this by induction on s 4 t. For the base case, suppose s +t = 1.
Without loss of generality suppose t = 0, so Z = (X;). By assumption, X is
7-rigid in mod A, so it is 7-rigid in mod A @ mod B. This completes the base case.

Suppose the statement is true for s +t¢ = m. We consider the s +¢t =m + 1
case. Suppose the sequence Z = (Z1,Zs,...,Zms1) is an interleaved sequence
of X = (X1, Xs,...,Xs) and YV = (V1,Y5,...,Y;), where X is a 7-exceptional
sequence in mod A and Y is a 7-exceptional sequence in mod B. Suppose with-
out loss of generality that Z,,.; is in X ie. Z,.1 = X;. To show that Z is
a T-exceptional sequence in mod A & mod B, we need to show that Z,,.; is 7-
rigid in mod A @ mod B and that (23, Zs, ..., Z,) is a T-exceptional sequence in
J(A7B)(Zm+1), the T-perpendicular category of Z,,.; in mod A @ mod B. By as-
sumption, Z,,,1 is 7-rigid in mod A, so it is 7-rigid in mod A & mod B. Observe
that Homumed Asmod B(Xs, N) = Homped Aemod 5(IN, 7X5) = 0 for all N € mod B,
so it follows that

Ja,8)(Zms1) =
{U € mod A & mod B : Homy,od A@mod B(Xs, U) = Homyod aAemod 5(U, T4 Xs) = 0}
= Jmod A(X) ® mod B,

where Jpoq4(Xs) is the 7-perpendicular category of X, in mod A. By theo-
rem 3.3.5, Jmoaa(Xs) is equivalent to a category of modules over some finite-
dimensional F-algebra. By assumption, X is a 7-exceptional sequence in mod A,
thus X’ = (X1, X, ..., Xs_1) is a T-exceptional sequence in Jy0q 4(Xs). Moreover,
Z'=(Zy,Zs,...,Zy) is an interleaved sequence of X’ and Y, so it follows by the
inductive hypothesis that Z’ is a T-exceptional sequence in Jy,0q 4(Xs) ® mod B =
Ja,B)(Zm+1), hence Z is a T-exceptional sequence in mod A @ mod B. This com-

pletes the proof. n

We now prove the converse statement.
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Theorem 3.3.9. Let A and B be finite-dimensional [F-algebras. Suppose Z =
(Zy,Z, ..., Zy) is a T-exceptional sequence in mod A @ mod B. Then Z is an
interleaved sequence of some X = (X, Xs,..., X)) and Y = (Y1,Y5,..., Y, ),
where X is a 7-exceptional sequence in mod A and Y is a T-exceptional sequence

in mod B.

Proof. We prove this by induction on m.

For the base case, suppose m = 1, so Z = (Z;) is a T-exceptional sequence in
mod A & mod B. The module Z; either lies in mod A or mod B. Suppose without
loss of generality that Z; € mod A. So we define the sequence X := (Z;) and the
sequence Y to be the empty sequence. The sequence Z is trivially an interleaved
sequence of X and Y. As Z is a T-exceptional sequence in mod A & mod B, by
definition Z; is 7-rigid in mod A@&mod B, so Z; is 7-rigid in mod A. This completes
the base case.

Now suppose the statement is true for m = k. We consider the m = k +
1 case. The sequence Z = (Zy,Zs,...,7Zk+1) is a T-exceptional sequence in
mod A @& mod B, so by definition, Zy,; is 7-rigid in mod A & mod B and the
sequence Z' = (Zy,Zs,...,Z;) is a T-exceptional sequence in Jia g)(Zg4+1), the
T-perpendicular category of Zi,; in mod A @ mod B. Suppose without loss of
generality that Z;,; € mod A. We then observe that Homueq Aemod 5(Zk+1, N) =

Homyyod Asmod B(INV, 7Zk11) = 0 for all N € mod B, so it follows that

Ja,8)(Zmy1) =

{U € mod A ® mod B : HommodA@modB(Xsu U) = HommodA@modB(U, TAXS) = 0}
= Jmod A(Zk41) © mod B,

where Jiyoa 4(Zk+1) is the 7-perpendicular category of Z; .1 in mod A. By theorem

3.3.5 we have that Jyoq4(Zks1) is equivalent to a category of modules over some

94



3.3 Preliminary Results

finite-dimensional F-algebra. So we may apply the inductive hypothesis to 2,
hence 7’ is an interleaved sequence of some X' = (X1, Xs,...,X,) and ¥ =
(Y1,Ys, ..., Y s), where X’ is a 7-exceptional sequence in Jyoq4(Zk+1) and Y is
a T-exceptional sequence in mod B. Since Zj 1 is 7-rigid in mod A @& mod B, it is
also 7-rigid mod A, hence X = (X3, Xy, ..., X, Zx41) is a 7-exceptional sequence
in mod A. Clearly Z is an interleaved sequence X and Y, so this completes the
proof by induction.

]

We will now recall some standard definitions from Assem et al. (2006) which
we require for the rest of this chapter. Recall that the radical of an A-module M,
denoted by rad(M), is defined to be the intersection of all maximal submodules
of M. The quotient M /rad(M) is known as the top of M and is denoted top(M ).
The socle of an A-module M denoted soc(M) is the sum of the simple submodules
of M.

Definition 3.3.10. Radical Series (Assem et al., 2006, V.1). Let M be an
A-module. The radical series of M is defined to be the following sequence of

submodules,

0C---Crad*(M) C rad(M) C M.

Since the A-modules M are finite-dimensional as F-vector spaces, there exists
a least positive integer m such that rad™(M) = 0. The integer m is called the
length of the radical series and we denote it by I[(M) = m. We will also refer to
[(M) as the length of the module M.

Proposition 3.3.11. (Assem et al., 2006, V.3.5, V.4.1, V.4.2). Let A be a basic
connected Nakayama algebra and let M be an indecomposable A-module. Then
there exists some 1 <4 < n and 1 < j < [(B), such that M = P,/rad’(P;) and
§ = I(M). Moreover, if M is not projective, we have that 7M = rad(P;)/rad’"!(P)
and [(TM) = I(M).
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3.4 The I'? case

So we see that modules M of Nakayama algebras are uniquely determined by
their top, top(M) and their length [(M).

Proposition 3.3.12. (Adachi, 2016, Lemma 2.4). Let M = Pj/rad'(P;) and
N = P,/rad®(P) for 1 <, j,k,1 < n. Then the following conditions are equivalent,

1. Hom(M,N) #0

2. je€li,(i+k—1D],and (i+k—1), €[5, +1—1)]

3.4 The I'? case

Let n > 1 be a positive integer. In this section we will derive a closed formula for
the number of complete T-exceptional sequences in mod I'2. Recall that we denote

by A, the linearly oriented quiver with n vertices,

o] a9 as Qn—2 Qn—1
1 s 2 s 3 S .. — s n—1—"">n.

The algebra I} is defined to be the F-algebra, FA,/Rp. This is the path
algebra of the quiver A,, modulo the relations o, 1 =0 for 1 <i <n — 2.

The category mod I'? has the following Auslander-Reiten quiver.

n—1 n—2

n—1

/\/\ \/\

777777 n—1----n—2

Our strategy for calculating the number of 7-exceptional sequences is straight-
forward. For each M in ind(modI?), we will calculate the number of complete
T-exceptional sequences ending in M. If M is indecomposable, then either M = P;,
the projective at vertex i of A,, or M = S;, the simple at vertex i of A, (notice
that S,, = P,). In the former case 7P, = 0 for 1 < ¢ < n and in the latter case
75; = Sjp1 for 1 < j < n —1. In both cases we see that M is 7-rigid i.e. every
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indecomposable M in mod I'2 is 7-rigid. We recall that a sequence of indecompos-
able modules (M, My, ..., M, 1, M) is a T-exceptional sequence in mod I'2 if M is
T-rigid, and (M, Ma, ..., M, _1) is a T-exceptional sequence in J(M). Having seen
that every indecomposable module M is 7-rigid, what is left to do is to calculate
J(M) for each indecomposable module. Theorem 3.3.5 and Lemma 3.3.4 are the

main tools for these calculations.

Proposition 3.4.1. Let P; be an indecomposable projective module in mod I'2

for some 1 <17 < n. Then the 7-perpendicular category of P; in mod Fi is J(P;)
mod T2 | @ modI? ..

Proof. By definition Tp, = P(+(7F)). Since 7P, = 0, we have that *(7P) =
mod 2. As a result the Ext-projectives of +(7F;) are just the projectives of

mod I'?, hence
Tr, = P(*(rP)) = P P
j=1
Thus the F-algebra Ep, = Endr2 (Tp,) is precisely given by the path algebra of AP,

Qi—1 2 Qn

a9 a3 . (e . Q41 . Q4
1< 2 ¢ i—1 ¢—— 4 +——— §+1 n

modulo the relations ajo;_; = 0 for 3 < j < n. Let A?Lp(i) be the quiver

obtained from AP by removing the vertex ¢+ and any arrows incident to ¢,

(D) (%] Q5—1

. . (07 n
1< 2 < i—1 i+ 12y

The quiver A%PD has relations ajaj1=0for3<j<i—landi+3<j<n.
By Lemma 3.3.4, Dp, = Ep,/(ep,) is the path algebra of AP modulo its relations.
So it follows that J(P;) 2 modT? ; @& modI'?_, by Theorem 3.3.5. O

Proposition 3.4.2. Let S; be a simple non-projective module in mod I'? for some
1 <4 < n— 1. Then the 7-perpendicular category of S; in modT'? is J(S;) =
modI'? | ®modI?_, | ®modIl?.
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3.4 The I'? case

Proof. By definition Ts, = P(+(7.5;)). Since S; is a simple non-projective indecom-
posable module S;, we have that 7.5; = S;;;. Note that the only indecomposable
I'2-modules not in +(7.5;) are S;y1 and Pyy1. Observe also that Extrz (P}, ~(7.5;)) =
0if j #i+1,1 < j < n. We also have that Extrz (S;,=(7S5;)) # 0 for j #
i, and 1 < j < n because S;;; is in *(75;) in these cases. By Proposition 3.3.1,

S; is Ext-projective in +(7S;). Therefore

Ts, = P(H(rS)) = Sie €D P

jAit1

The F-algebra Es, = Endr2 (T,) is the path algebra of the following quiver,

. Qy
a3 Q-1 . S;
1« 24 1 —1 +—— vg,

a; Q43 an

1+ 2 <

AN
~.

modulo the relations ;a1 =0for 3 <j <i—1andi+4 < j <n. Here the
vertex vg, is the one corresponding to the simple non-projective module .S; and
the rest correspond to the projective modules P;. Consider the following quiver
obtained from the one above by removing the vertex vg, and any arrows incident

to (S

a2 a3 Qi—1 . . . Q43 e
1 < 2 < /i1 i i+2<+—— ... < n,

it has the relations ;a1 =0for3 < j <i—1andi+4 < j <n. By Lemma
3.3.4, Dg, = Eg,/{es,) is the path algebra of this quiver modulo its relations. So
it follows that mod Dg, = modT'? | @ modI2 , | ® modI'?. By Theorem 3.3.5,
the statement of this Proposition follows. O
Let us denote by G,, the number of complete T-exceptional sequences of mod I'2.
When n = 0,1, 2 the m-exceptional sequences coincide with the “classical” excep-

tional sequences since the algebra I'2 is the hereditary Dynkin type A algebra A,
in this case. Hence, Gy = G7; =1 and G, = 3.
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3.4 The I'? case

Lemma 3.4.3. Let P, be the indecomposable projective module in modI'? at
the vertex ¢ of A, for some 1 < ¢ < n. The number of complete T-exceptional

sequences in mod I'2 ending in B is,

-1
( " )Gn_iGi_l.
n—1i,1—1

Proof. Let (X1, Xy, ..., X, 1, P;) be a complete T-exceptional sequence in mod I'?
ending in P;. Then by definition and the fact that 6(J(FP;)) = n — 1, the sequence
(X1, X, ..., X, 1) is a T-exceptional sequence in J(F;). So to count the number of
complete T-exceptional sequences in mod I'2 ending in P;, we just need to count the
number of complete T-exceptional sequences in J(F;). By Lemma 3.4.1, J(P;) =
mod T2 ; & modT?_,. By Theorem 3.3.8 and 3.3.9, the T-exceptional sequences
of J(P;) are interleavings of 7-exceptional sequences of modI'? ; and modI'?_,.

The number of interleaved sequences coming from a sequence of length ¢ — 1 and

n—1

o i—l)' Thus the number of complete

a sequence of length n — ¢ is precisely (

. . . . -1
T-exceptional sequences ending in P; is (nfz 1—1) GnoiGi_q. O

Lemma 3.4.4. Let S; be the indecomposable simple non-projective module in
mod Fi at the vertex ¢ of A,, for some 1 <7 < n — 1. The number of T-exceptional

sequences in mod I'2 ending in S; is,

n—1
Gpi1Giy.
(n—i—l,i—l) et

Proof. Let (X1, Xs,...,X,_1,5;) be a complete T-exceptional sequence in mod I'2
ending in S;. Then by definition and the fact that 6(J(S;)) = n — 1, the sequence
(X1, Xa,...,Xpn_1) is a complete T-exceptional sequence in J(S;). Hence to count
the number of complete T-exceptional sequences in mod I'? ending in S;, we just

need to count the number of complete T-exceptional sequences in J(.S;). By Lemma

3.4.2, J(S;) ® modIl'? ; ® modI?2_, | ® modT'}. The number of interleaved se-

n—i—1

quences coming from a sequence of length ¢ — 1, a sequence of length n —¢ — 1 and

99



3.4 The I'? case

a sequence of length 1 is precisely ( -l ) = ( nl ) Thus the number of

n—i—1,i—1,1 n—i—1,i—1

complete T-exceptional sequences ending in 5; is (n_?_fz._l) Gn_i_1Gi_1. O

Theorem 3.4.5. Let (G, denote the number of complete T-exceptional sequences

in modI'2. Then G, satisfies the recurrence relation,

n n—1
n—1 n—1
Gn B Z (TL — Z,Z — 1) GniiGiil - Zl (n — = 172 . 1) aniflGifla

i=1 i=
with initial conditions Gog = G7 = 1.

Proof. Let M be an indecomposable in mod I'2, then either M is projective or M

simple non-projective. There are n projective indecomposable modules in mod I'2
denoted by P; for 1 < i < n. There are n— 1 simple non-projective indecomposable
modules in mod F% denoted by S; for 1 < i < n — 1. Therefore by Lemma 3.4.3
and 3.4.4, G, =30 (" )GuiGia + 00 (P ) GG, O

n—ii—1 n—i—1,i—1

Theorem 3.4.5 allows us to calculate the first ten terms of the sequence (G,,)22,
as:
1,1, 3,12,66, 450, 3690, 35280, 385560, 4740120, 6475140.

An ordered set partition of {1,2,...,n} is a partition of the set {1,2,...,n}
together with a total order on the sets in the partition. We refer to the sets
in an ordered partition as blocks. The restricted Fubini number F,, <, counts
the number of ordered set partitions of {1,2,...,n} with blocks of size at most
m. The restricted Stirling number of the second kind, denoted by {Z} <’
is the number of (unordered) partitions of {1,2,...,n} into k subsets with Ehe

restriction that each block contains at most m elements. Therefore

Fn,gm - i k'{Z}
k=0

It is shown in (Mezo, 2014, Section 5.4) that the restricted Fubini numbers

satisfy the recurrence:
m
n
Fn,gm - Z (Z>Fn—l,<m'

<m
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3.4 The I'? case

The sequence (F,, <2) is listed on the On-line Encyclopedia of Integer Sequences
(OEIS) as the sequence A080599. The first terms of this sequence coincide with
the first terms we calculated for (G,,) so we would like to prove that it is the case
that F,, <o = G,,.

When m = 2 the recurrence for F), <, is given as F,, <o = nF,_; <o+ (;) Fr_2<o.
In (Gellert & Sanyal, 2017, Theorem 3.7), the authors derive the closed formula

Fh<o= % ((\/g— 1)_n_1 — (—\/g — 1)_n_1> )

An exponential generating function for F), <., is given in (Komatsu & Ramirez,
2018, Theorem 4):

= x" 1
Z Fn,gmﬁ - 1 x? zm’
=0 ' S R
We will show that G,, = F), <2 by showing that the exponential generating functions

for G, and F}, <o coincide.

Theorem 3.4.6. Let (G,, denote the number of complete 7-exceptional sequences

in mod I'2. The exponential generating function of G,, is as follows,

> z" 1
R T
n=0 ’ —.13—5

Therefore G,, = F), <o and

G, = \% ((x/§— )™ — (V3 - 1)—"—1) .

Proof. First let us recall the recurrence relation for G,,.

n n—1
Cn = Z (n — 1,1 — 1) i + ; (n i1, — 1) Gp-i-1Gi-1.

i=1
N (n—1)! — (n—1)!
= ; (n — Z)‘(Z — 1)!Gn—sz—1 + ; (n i 1)|(2 _ 1)!Gn—z—1Gz—1-

Therefore
Gny1 = nZH nA! 7 'Gn—l—l—iGi—l + Zn: T 'Gn—iGi—l-
— (n+1—9)!(i —1)! — (n—)!l(e—1)!
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3.4 The I'? case

Let

ZG Wlthg 0) =1,

be the exponential generating functlon of GG,,. We then have that the first derivative
of g(z)is ¢'(z) = Y rr g Gni1%;. Expanding Gy41 in ¢/(z) by the recurrence relation
above we obtain the following.

n

o [t n! x
J(z) = Z (Z ST 1)!Gn+1—iGi—1> m_’_

n=0 =1

n=0

(& GG " GoiGi .
_Z<Z (n+1—10)!(i— ) +Z<Z (n—1) (l—l))x‘

K3 (3

= u n! "
> <; (n—i)l(i — 1)! G’”'G“> n!

Recall the Cauchy product of formal power series is as follows,

S [eS) ) k
(Z a3m5> <Z bt$t> = Z cpx® where ¢, = Z arbi_;.
t=0 1=0

s=0 k=0
By performing a change of variable in ¢/(z) by setting j = ¢ — 1 and factorising x
from the right summand we write,
(= Gn ;G Gn_j1Gj
/ Snity nj- n—1
g (x)= "+ — | "
(S S (S
Using the Cauchy product of formal power series, we obtain the following first

order non-linear ordinary differential equation.
d(x) = (g(x))* + z(g9(z))* = (1 + x)(g())* with initial conditions g(0) = 1.

It is easy to check that the unique solution to this ODE is given by,

-2 1

-2+ z(z+2) 1_x_§ '

g(z) =

This completes the proof. n
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3.5 The A2 case

Remark 3.4.7. Here we focused on 7-exceptional sequences, but it’s natural to
ask what is known about the more classical exceptional sequences. It is shown in
Sen (2020a) that the number of complete exceptional sequences of mod I'? are equal
to the sum, > 7, (’;) j"77. The first ten terms of the sequence (37, (7]‘) e,

are,

1,3,10,41,196, 1057, 6322, 41393, 293608, 2237921.

For comparison the number of complete T-exceptional sequences of modI'2 are

given by G, the first ten terms of the sequence (G,)>, are,

1,3,12,66, 450, 3690, 35280, 385560, 4740120, 6475140.

3.5 The A’ case

Let n > 1 be a positive integer. In this section we will derive a closed formula for
the number of complete T-exceptional sequences in mod A2. Recall that we denote

by C,, the linearly oriented n-cycle.
e
n 2
Qp—1 T JO{Q

n—1 3

NP

The algebra A2 is defined to be the F-algebra, FC,,/ R2Q. This is the path algebra
of the quiver C),, modulo the relations ;o 1), =0 for 1 < j < n.

The category mod A2 has the following Auslander-Reiten quiver.
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3.5 The A2 case

n n—1 n—2 3 1 n n—1

VAV RVAVAVE

****** n—1----n—2 it M

We will use the same approach for calculating the number of complete 7-exceptional
sequences for mod A? as we did for modI'2. If M is indecomposable in mod A?,
then M = P;, the projective at vertex ¢ of C,,, or M = S, the simple at vertex i of
Cn. In the former case 7F; = 0 and in the latter case 7.5; = S 11),. In both cases
M is 7-rigid i.e. every indecomposable M in modA? is 7-rigid. We recall that
a sequence of indecomposable modules (M7, My, ..., M, 1, M) is a T-exceptional
sequence in mod A2 if M is 7-rigid, and (M, My, ..., M, 1) is a T-exceptional se-
quence in J(M). Having seen that every indecomposable module is 7-rigid, what
is left to do is to calculate J(M) for each indecomposable module. Theorem 3.3.5

and Lemma 3.3.4 are the main tools for these calculations.

Proposition 3.5.1. Let P, be an indecomposable projective module in mod A2

for some 1 < i < n. Then the T-perpendicular category of P; in modA? is
J(P;) & modI?_,
Proof. By definition Tp, = P(+(7F;)). Since P, is projective, we have that 7P; = 0,

therefore 1 (7P;) = mod A2. As a result the Ext-projectives of +(7F;) are just the

projectives of mod A%, hence

Tp, = P(*(rP)) = D P;.
j=1
Thus the F-algebra Ep, = Endy2 (1p,) is precisely given by the path algebra of the

] o
quiver C}P,
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3.5 The A2 case

nyl%Q
| o

n—1 3

i,

modulo the relations a;a(;—1), = 0 for 1 <i < n.
Let C2"% be the quiver obtained from C¢P by removing the vertex at ¢ and

any arrows incident to i.

. Q42 Qn—1 o [e%1 a2 o1 .
7+ 1 < n—1+"—n« 1< 7—1

It has the relations ajo, = 0 and a1 =0fori+2<j<nand2<j <i—2.
By Lemma 3.3.4, Dp, = Ep, /(ep,) is the path algebra of the quiver P modulo
relations. It is easy to see that in fact Dp, is isomorphic to I'2_;. Hence by

Theorem 3.3.5, the T-perpendicular category J(M) = modT?_,. O

Proposition 3.5.2. Let S; be a simple module in mod Afl for some 1 < 7 < n.

Then the 7-perpendicular category of S; in mod A? is J(S;) & modI'?_, ®mod I'2.

Proof. By definition Ts, = P(+(75;)). Since S; is a simple A2-module, we have that
75; = S(i+1),. Note that the only A2-modules not in L(1S;) are Si+1), and Pryq), -
Observe also that Extyz (P;,+(75;)) =0 for j # (i +1),, and 1 < j < n. However
for j # i,i+1, Extz (S, - (75;)) # 0 because S(j41y, is in ~(7M). By Proposition

3.3.1, S; is Ext-projective in +(7.5;). Hence

Ts, =P(*(rS))=Se € P
J#(+1)n
is the Bongartz completion of S;.

The F-algebra Eg, = Endy2 (Ty,) is given by the path algebra of the quiver,
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3.5 The A2 case

«
Qn—1 g i1

. Qi+3 @ a . vS; i .
i+2¢+— . 4—n—1+"—n<+— 1%« =1 v,

modulo the relations Qyg, Qi1 = 0= ajop, and ;g =0 for i +4 <57 <n
and 2 < j <4 — 1. Here the vertex vg, is the one corresponding to the simple
module S; and the rest correspond to the projective modules P;. By Lemma 3.3.4,
Dg, = Eg,/(es,) is the path algebra of the quiver obtained from the one above by

removing the vertex vg;,,

. Q43 Qn—1 « (5] ag Qj—1 .
742 < Lok n—1+"2—n« 1< o —— =1

modulo the relations oo, = 0 and ajoj_; =0fori+4 <j<nand2 <j <i—1.
So it follows that mod Dg, = modI'2_, @& mod I'?. By Theorem 3.3.5 the statement

of this Proposition follows. O

Denote by L,, the number of complete 7-exceptional sequences in mod A2.

Theorem 3.5.3. Let L, be the number of complete T-exceptional sequences in

mod A2. Then L, satisfies the relation,
L,=nG,_1+nn—-1)G,_,,

with initial conditions L; = 1 and Ly = 4, and where G,, denotes the number of

complete T-exceptional sequences in mod I'Z.

Proof. Suppose M is an indecomposable projective A2-module, then by Lemma
3.5.1, the 7-perpendicular category J(M) = modI? ;. Suppose that the se-
quence (X1, X, ..., X,,_1, M) is a complete T-exceptional sequence ending in M in
mod A2 . Then by the fact that §(J(M)) =n — 1 and by definition, the sequence
(X1, Xs,...,X,_1) is a complete T-exceptional sequence in J(M) = modI?_,.
Hence the number of complete T-exceptional sequences ending in M is GG,,_1, which

is the number of complete T-exceptional sequences in mod I'2_;.
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3.5 The A2 case

Now suppose M is a simple A2-module. By Lemma 3.5.2, the T-perpendicular
category J(M) = modI? , & modT%. Arguing as above the number of com-
plete T-exceptional sequences ending in M is equal to the number of complete
T-exceptional sequences in J(M). Since J(M) = modI?_, & modI%, by The-
orem 3.3.8 and 3.3.9, the T-exceptional sequences of J(M) are interleavings of

T-exceptional sequences of modI'?_, and modI'?. The number of interleaved se-

quences coming from a sequence of length n — 2 and a sequence of length 1 is

n—1
n—2,1

ending in M is (n — 1)G,_2G; = (n — 1)G,—a.

precisely ( ) = (n—1). Thus the number of complete 7-exceptional sequences

An arbitrary indecomposable A%2-module is either projective or simple. There
are n projective modules and n simple modules up to isomorphism in mod A2,
hence the number of complete T-exceptional sequences in mod A2 is L,, = nG,,_; +

n(n — 1)Gp_o. It then follows easily that L; = 1 and Ly = 4. O

In the previous section we found the exponential generating function and closed
formula for GG,,. Using the above theorem, we can immediately do the same for
L,.

Theorem 3.5.4. Let L, denote the number of complete T-exceptional sequences

in mod A%. The exponential generating function of L, is as follows,

Proof. Let h(xz) =35> ann_T!L be the exponential generating function of L,,. Let

n=0

be the exponential generating function of GG,,. We then recall the recurrence rela-
tion of L,,

L,=nG,_1+nn—-1)G,_,.
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3.5 The A2 case

Therefore the exponential generating function of L, is,

00 " 00 o oo g

n=0

=2 G =1 D Cu-a n—2)!
n=0 n=0

oo _
=T g anl
n=0

" 1 N ) > o l,n—?
T E n— )
(n—1)! 7 (- 2)!

Therefore
hz) = xg(x) + 2*(g(x)) = (z + 2°)g().

By Theorem 3.4.6,

1
T) = ,
g() 1_I_§
hence
2
h(z) = T+ 2
l—2—%

]

Theorem 3.5.5. Let L, denote the number of complete 7-exceptional sequences

in mod A%. Then L, is given by the closed formula,

L= (V3 =12 = (Va1 ) I (B =)0 = (V=) ).

Proof. 1t is immediate from the recurrence relation for L,, and Theorem 3.4.6 that,

Ln = n(n\;;)! ((VB=1)" 2 (-v3-1)2)

+n(n — 1) (n\;;)! (V3= = (~vB-1)™?)

= T (Ot ) ().

O
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3.5 The A2 case

We calculate the first 10 terms of the sequence (L), to be,
1,4, 15, 84,570, 4680, 44730, 488880, 6010200, 82101600.

In comparison to T-exceptional sequences, there are no complete exceptional
sequences in mod A2, as we will show. In general, not much is known about

exceptional sequences over the Nakayama algebras A2.

Proposition 3.5.6. There are no complete exceptional sequences in mod A2 when

n > 1.

Proof. Suppose M = (M, My, ..., M,) is a complete exceptional sequence. Recall
that an indecomposable module in mod A? is either projective or simple. Since
Hom(P;, Pit1),) # 0 for 1 < i < n, the sequence M cannot consist entirely of
just indecomposable projective modules, so M must contain at least one simple
module.

Consider the simple module §; for some 1 < ¢ < n. Then S; has the following

infinite exact sequence as its projective resolution.

— P P —...—-P P —...—> P31 —PFP —5—0

We observe that the projective resolution of S; contains every projective indecom-
posable module of mod A2. We also observe that the only projective module P
such that Hom(P, S;) # 0 is P = P;,. Hence applying the functor Hom(—, S;) to

the above projective resolution we get the following sequence.

0 — Hom(S,,5) 2 Hom(P, 5) 25 .. "5 0 25 Hom(P, 5 24 0. 2%

We then observe that Ext"(S;, S;) = ker(f,+1)/im(f,) # 0, so no simple module in
mod A? is exceptional. From this we conclude M cannot contain simple modules,

a contradiction. O
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3.6 The A case

Unlike exceptional sequences, weak exceptional sequences number over A% have

been studied. Weak exceptional sequences are defined in Sen (2020b) as follows.

Definition 3.5.7. (Sen, 2020b, Definition 1.1). Let A be a finite-dimensional
algebra over a field F, where F is algebraically closed. A left A-module M is
called weak exceptional if Hom(M, M) = F and Exty (M, M) = 0. A se-
quence of indecomposable modules (M, My, ..., M,) is called a weak excep-
tional sequence if, for each pair (M;, M;) with 1 < i < j < r, we have that
Hom(M;, M;) = Ext} (M;, M;) = 0 and each M, is weak exceptional for 1 < k < r.

It turns out that for weak exceptional sequences over A%, the maximum length
need not be n and in fact can exceed n. According to (Sen, 2020b, Theorem 1.6),
if n =2m + 1 is odd, the maximum length of a weak exceptional sequence over
A2 is equal to 3m + 1. On the other hand, if n = 2m is even, then the maximum
length of a weak exceptional sequence over A% is 3m — 1. A weak exceptional
sequence with maximum length is called full. Again by (Sen, 2020b, Theorem
1.6), when n = 2m, the number of full weak exceptional sequences is given by
2m (% GV 1>, and when n = 2m + 1, the number of full weak exceptional

3
sequences is given by n.

3.6 The A! case

Let n > 1 be a positive integer. In this section we will derive a closed formula for
the number of complete T-exceptional sequences in mod A'. Recall that we denote

by C,, the linearly oriented n-cycle.
e
n 2
Qp—1 T JOZQ

n—1 3

NP
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3.6 The A case

The algebra A” is defined to be the F-algebra, FCn/Rg. This is the path algebra

of the quiver C), modulo the relations oo it1), - - - Qi+m-1)), = 0 for 1 < j <n.

Proposition 3.6.1. (Adachi, 2016, Proposition 2.5). Let A be a Nakayama alge-
bra. Let M be an indecomposable non-projective module in mod A. Then M is

rigid if and only if [(M) < n holds.

For our purposes, the following Proposition is a more convenient restatement
of Proposition 3.3.12.

Proposition 3.6.2. Let M be an indecomposable Al’-module with length 1 <
[(M) <n—1. Then Hom(X,7M) # 0 if and only if top(X) = top(rad®(rM)) for
some 0 < k < (M) — 1 and I(rad*(7M)) < I(X).

Proof. All indecomposable modules in mod A7 have simple tops. By Proposition
3.3.11, for a A”-module X, we have that X = P;/rad'®(P;) hence top(X) = S;.
Let M = P,y /rad®™ P,_;, then 7M = P(i)n/radl(M)(P(i)n) by Proposition 3.3.11
as well. Observe that for 0 < k < I[(M)—1, rad*(tM) = Py, /rad ™= (P, )
thus top(rad®(7M)) = S(i4x), and l(rad*(7M)) = (M) — k. By Proposition 3.3.12
we have that,

Hom(X,7M) # 0

if and only if
Je,(@+I(M)—1)],and (i +1(M)—1), €[5, +1(X) = D],

Suppose Hom (X, 7M) # 0, this implies that j = (7 + k),, for some 0 < k <
I(M)—1,and (i + (M) —1), = (j + a), for some 0 < a < I(X) — 1. It then
immediately follows top(X) 2 top(rad®(rM)) and I(rad®(rM)) < I(X).

For the converse, suppose that top(X) 2 top(rad®(7M)) and I(rad®(7M)) <
I(X). Then j = (i + k), for some 0 < k < I(M) — 1. Moreover, I(rad"(7M)) =
(M) — k < I(X) which implies i + (M) — 1 < (i + k) + I(X) — 1 therefore
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3.6 The A case

(i+1(M)—1), € [J,(j+1(X)—1)],. Hence by Proposition 3.3.12, Hom(X, 7M) #
0. [

By Proposition 3.6.1, every indecomposable module M of mod A is 7-rigid in
mod A” since it is either projective or has length (M) < n. Hence, we once again
adopt the same strategy for calculating the number of complete 7T-exceptional
sequences in mod A” as we have done thus far. For each M in ind(modA?),
we will calculate the number of complete T-exceptional sequences ending in M.
By definition a sequence of indecomposable modules (M, My, ..., M,_1, M) is a
T-exceptional sequence in mod A” if M is 7-rigid and (My, My, ..., M, 1) is a 7-
exceptional sequence in J(M). Having seen that every indecomposable A’-module
M is 7-rigid, what is left to do is to calculate J(M) for each indecomposable
module. Theorem 3.3.5 and Lemma 3.3.4 are once again the main tools these

calculations.

Proposition 3.6.3. Let M be an indecomposable A’’-module with length 1 <
I(M)<n—1and top(M)=25,. Then for all 1 <k <I(M)—1,

I(M)—1
PH(rM)) = M & (6)9 rad*(M)o € P
s=1 1<j<n
FE+LiH(M)]n
Proof. Suppose the A”-module M has top equal to top(M) = S; and has length 1 <
I(M) < n—11ie. M is not projective. By Proposition 3.3.11, M = P, /rad"™)(P,)
and 7M = rad(P)/rad®™*Y(P) with I[(M) = [(tM). It is easy to see that
top(TM) = S(iy1y, hence TM = Py, /rad ™) (P 1))

By Proposition 3.6.2, a A"-module X is not in +(7M) if and only if top(X) =
top(rad®(7M)) for some 0 < k < (M) — 1 and I(rad®(7M)) < I(X). Let X =
P;/rad"®)(P;) for some 1 < j < n. The statement top(X) = top(rad*(7M)) for
some 0 < k < (M) — 1 means that j = (i + 1 + k), for some 0 < k < [(M) — 1.
With this we are able to determine the Ext-projectives in +(7M).

Let Y = P, be the indecomposable project at the vertex [ with [ # (i + 1 +

k), for some 0 < k < I(M) — 1. Then P, is in +(7M) by Proposition 3.6.2.
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3.6 The A case

Moreover Extan (P, +(7M)) = 0 since P, is a projective A”-module. Hence P, is
Ext-projective in +(7M).

Let Y = rad®(M) for some 1 < s < [(M) — 1. Then observe that ¥ =
P(Hs)n/rad(l(M)_S)(P(Hs)n) meaning [(Y) = [(M) —s. Recall a A?-module X is not
in (1Y) if and only if top(X) = top(rad"(7Y)) for some 0 < r < (M) — s — 1
and [(rad” (1Y) < [(X). Therefore if X = P;/rad" ™) (P)), then j = (i + 1+ s+47),
for some 0 < r < [(M) — s — 1. This implies that {X : Hom(X,7Y) # 0} C {X :
Hom (X, 7M) # 0}, which further implies that Extx. (Y, N) = DHompn (N, 7Y) =
0 for all N in +(7M) by the Auslander-Reiten formula. Hence Y = rad®(M) is an

Ext-projective in +(7M).

By Proposition 3.3.1, M is Ext-projective in +(7M). For every other indecom-
posable A-module Y, we have that 7Y is in +(7M), therefore Extpn(Y,7Y) =
DHomn, (7Y, 7Y) # 0 i.e. they are not Ext-projective in +(7M). By definition,
Ty = P(H(TM)), hence by the above arguments,

I(M)—1
PErM)=Mae P rad(M)o P P
s=1 1<5<n
JEl+1,i+H(M)]n

O

Proposition 3.6.4. Let P; be an indecomposable projective module in mod A}
for some 1 < ¢ < mn. Then the 7-perpendicular category of P, in mod A} is

J(P;) 2 mod A,,_q, where A,,_; is the Dynkin type A hereditary algebra.

Proof. By definition Tp, = P(+(7F;)). Since B is projective, we have that 75 = 0
therefore 1 (7P;) = mod A". As a result the Ext-projectives of +(7F;) are just the

projectives of mod A} therefore

n

Tr, = P(*(rP)) = P P

Jj=1
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3.6 The A case

Thus the F-algebra Ep, = Endy2 (Tp,) is precisely given by the path algebra of the

quiver CPP,
2
n 2
Jo

n—1 3

o,

modulo the relations a;ait1), - - Qait@n-1)), = 0 for 1 < j < n.
By Lemma 3.3.4, Dy, = Ey;/{exr) is the path algebra of the quiver Co*”) which
is the quiver obtained from C°P by removing the vertex i. More precisely, C2?® is

the quiver,

. [ o1 fe! a1 a2 Qi—1 .
i+l & n—1+"n< 1< /i1

with no relations. It is easy to see that the path algebra IFC,?p(i) is isomorphic to

A,,_1. Hence the Proposition follows by Theorem 3.3.5. O

Proposition 3.6.5. Let M be an indecomposable Al’-module with length 1 <
I(M) < n—1 and top(M) = S;. Which is to say that M = P,/rad®)(P)).
Then the 7-perpendicular category of M in modA] is J(M) = mod Ayn)—1 ®
modAZiﬁ%%, where A,, is the Dynkin type A hereditary algebra.

Proof. By Proposition 3.6.3 the Bongartz completion of M is,

I(M)—1
Ty=Mo P rad’(M)o € P
s=1 1<5<n

G [i+1,i+1(M)]n

Hence the F-algebra E); = Endn (7)) is the path algebra of the following quiver
@n,
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Olrad (O} Qa3 QLo ql(M)—1
UM & Urad( ) L Urad2(M) rad’ L. ra 'Urad(l(l\{)fl)(M)
(1 — q)n (1—1),
a(i—q—l)/I\ ‘/0411
(t—q—1), (1 —2),
A (j—g—2) Q2

modulo the relations a,a,—1 ... —m_yan-1) = 0 for r € [i,i — (n — (M) — 1)],
and where ¢ =n — (M) — 1.

Let Qn M) he the quiver obtained from (), by removing the vertex vy; and

any arrows incident to vy,. More precisely, 1) §5 the following quiver with two
connected components,
a2 Qg3 aradl (M)-1
Urad(M) +—— Urad2(M) cee Urad(l(M)_l)(M)

(i —q)n / \z -1,
Oé(i—q—l)/l\ l&ll
(i—q—1), (& = 2)n
A(j—q—2) Q2
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and with relations ooy ... ay_(n_ir)—1y = 0 for r € [i,i — (n — (M) — 1)],,. By
Lemma 3.3.4, Dy; = Ejr/{enr) is the path algebra of QnUM) modulo relations. So
it follows that mod Dy; = mod Ajpr)—1 @ modAZj%;. So by Theorem 3.3.5, the

statement of the Proposition follows. O

Theorem 3.6.6. Let H, denote the number of complete T-exceptional sequences

in mod A]'. Then H,, satisfies the recurrence relation,

" /n—1)\.
H, = .Z_2Hn—ia
D> ( - 1>z

Proof. Let M be an indecomposable A”-module. Suppose (My, Ma, ..., M,_1, M)
is a complete T-exceptional sequence in mod A? ending in M. Then by defini-
tion and the fact that 6(J(M)) = n — 1, the sequence (My, M, ..., M,_4) is a
complete T-exceptional sequence in J(M). It then follows that the number of
complete T-exceptional sequences ending in M is equal to the number of complete
T-exceptional sequences in J(M).

The length of M is 1 < (M) < n. For each possible value of [(M), there are
n indecomposable A’-modules of that length. If [(M) = n then M is projective
and by Proposition 3.6.4, J(M) = modA,,_;. The number of T-exceptional se-
quences in mod A,,_; was shown in [Seidel (2001) [Proposition 1.1]] to be n" 2 =
(Zj)n””Ho, where Hy = 1.

If 1 <I(M) < n—1, then by Proposition 3.6.5, the T-perpendicular category
of M is J(M) = mod Ayr—1 @ mod AZ:;%? Arguing as above, the number of
complete T-exceptional sequences ending in M is equal to the number of complete
T-exceptional sequences in mod A;5)—; @ mod AZ:;%; By Theorems 3.3.8 and

3.3.9, this is equal to

n—1 n—1
VOEOD=2) pr MYUM)=2)
(n—l(M),l(M)—l)l( ) n=l(M) (M) -1 HM) n=U(M)
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So it follows that,

- n—1 " /n—1\ .
H, = (M) OM=2[ o = i 2H, .

l(M) ! =1
It is trivial to see that H; = 1. Using the recurrence we obtain H; =
(8)1_1H0 = 1, therefore Hy = 1. -

We are now in a position to derive the exponential generating function of H,.
First we state the following results and definitions which will be useful in deriving

the exponential generating function.

Lemma 3.6.7. (Wilf, 2005, Section 2.3 Rule 3'). Let f = > ° a,% and
9= 0" oby%r be the generating functions of the sequences {a,}32, and {b,}32

respectively. Then the series fg is the exponential generating function of the

(£ (o}

The Lambert W function is defined to be the function W(z) satisfying

sequence,
oo

n=0

W(z)e"® = 2.

The tree function 7'(z) is defined by the equation T'(z) = —W(—z). The func-
tions W and T have many applications in mathematics. For example, they appear
in the enumeration of trees and the calculation of water-wave heights. The reader

is referred to Corless et al. (1996) for more on Lambert’s W function.

Lemma 3.6.8. (Corless et al., 1996, Section 2, Equation 2.36). Let a > 1 and
n > 0 be integers. Let N(a,n) := a(a + n)""! be a function of two variables.
For a fixed positive integer a, the exponential generating function of the sequence
N(a,n) is given by,

> x"
E ala +n)"* ) = e~ W),
n=0 n

where W is Lambert’s W function.
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3.6 The A case

Theorem 3.6.9. The exponential generating function of H, is,

= x" 1
Hoom——
HX% nl 1+ W(-x)
where W is Lambert’s W function and H,, is given by the closed formula,
H,=n"

Proof. Let a, be the sequence a, = (n + 1)"'. Let h(z) = >>° H,%; and
g(z) =", an% be exponential generating functions of H,, and a, respectively.

Recall the recurrence relation of H,, is given by,

SO,

We make the change of variable j = k — 1 in % to obtain the following.

) (+ 17 Ho (41,

Hn_n*1 (n—l
n ’ J

j=

thus

n

Hn+1 n . i1
— = 1Y H,_;.
T (M

=0
We now study the exponential generating function of =4,
OOHn+1x”_°o "L /n\ . Wi-1H "
Pt Dl DY i JU D Hoy |
n=0 n=0 \7=0
By Lemma 3.6.7, the right hand side is given the product g(x)h(x). So we have,
> HTL+1 xn
— = h(z).
;n+ L1 = 9@)h(@)
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3.6 The A case

We can manipulate the right hand side so that the exponent of x matches the

factorial, hence
n+1

i Z Hpyq (nx+ 1! = g(x)h(z),

so we can write the left hand side in terms of h(x) as follows,

L(h(x) ~ Ho) = gla)h(a)

Since Hy =1,
h(z) — 1 = xh(z)g(x).
By Lemma 3.6.8, g(z) = e~ (=%) therefore,

1 1

h(x) = = .
(=) 1—xzg(x) 1—xe W2

Recall that Lambert’s W function is defined by the equation x = W (z)e"V®

(See Corless et al. (1996) for more on Lambert’s W function), thus —ze=" () =
W (—zx), giving us that,
1 1
h pr— pr—
L sl P
where T'(z) = —W (—=x) is called Euler’s tree function, again see Corless et al.

(1996). This exponential generating function is precisely the exponential generat-
ing function of the sequence n", see; Knuth & Pittel (1989) Section 2 equation 2.7
and Riordan (1968). O

It is interesting to note that n™ is also the number of complete exceptional
sequences over the hereditary algebras of type B and C; see section 5 of Obaid
et al. (2013). On a more interesting note, n” also counts the number of full weak
exceptional sequences (see Definition 3.5.7) over Al (Sen, 2020b, Theorem 1.4).
The full weak exceptional sequences over A" also have length n, so a natural
question to ask is whether the complete T-exceptional sequences over A coincide
with the full weak exceptional sequences (see Definition 3.5.7) over A”. We answer

this question in the affirmative. First, we state the following well known result.
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3.6 The A case

Lemma 3.6.10. (Biihler, 2010b, Lemma 10.20) Let A be an exact category and
let B be a full additive subcategory of A. Then if B is extension-closed in A, the
exact sequences A - B — (C'in A with A, B, and C' € B form an exact structure

on B. In particular for X, Y € B, we have that Ext!(X,Y) = Exty(X,Y).

Lemma 3.6.11. (Jasso, 2014, Proposition 3.6) Let A be a finite-dimensional
algebra and let M be a basic 7-rigid left A-module. Then the 7T-perpendicular

category J(M) is extension-closed in mod A.

Proposition 3.6.12. Let M = (My, M, ..., M,) be a complete T-exceptional

sequence in mod A]'. Then M is also a full weak exceptional sequence in mod A7.

Proof. We will argue by induction on n. In the case of n = 1, there is only
one indecomposable module which is both weak exceptional and 7-rigid, so the
statement follows trivially. Suppose that the statement is true for all 1 < n < k.
Let us consider the k+1 case. Suppose M = (M, My, ..., My,1) is a T-exceptional
sequence in mod A’,jﬂ

Let | = [(Mg41) be the length of My, then 1 <[ < k+ 1. By Propositions

3.6.4 and 3.6.5, the T-perpendicular category
J(Mys1) 2 mod Ay & AJT7L

By definition, the sequence (Mj, My, ..., My) is T-exceptional in J(Mjyq). By
Theorems 3.3.8 and 3.3.9, we have that the sequence (M, My, ..., My) is an in-

terleaving of a complete exceptional sequence X = (X1, X, ..., X;—1) in mod A;_4
with a complete 7-exceptional sequence Y = (Y1,Y5, ..., Y1) in mod Aiﬁj

By the inductive hypothesis, the sequence Y is a full weak exceptional sequence

in mod A{"1~. Moreover, we have that

Hom g, ,,)(Xi,Y;) = 0 = Homyy,,,)(Y;, Xi),
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3.6 The A case

where 1 <1<l —1and 1< j < k+1—1[. Therefore, since the T-perpendicular

category J(Mjy1) is a full subcategory of mod A’,ﬁﬂ, we also have that

HommodA’gi}(Xh Yj)=0= HommodA’gi}(YJﬁ Xi),

where 1 <i<[l—1land 1< j<k+1—1[. By asimilar argument, we also have
that
HommodA’Izii (Xj7 Xl) =0

for1<i<j<Il-—1and
HommodAzii(Y;Vm) =0

for 1 <i<j<k+1—1I. By Lemma 3.6.10, since J(M,1) is an extension-closed

subcategory of Ai]j, we can argue in a similar way that

1 1
EXtmOd Aﬁii ()(Z7 )/]) = Ext

k+1
mod Ak+1

(}/ja X’L) - 07

where 1 <i<l—1and 1 <j<k+1—1[. By another similar argument,

Xt aarpt (X5 Xi) =0
for1<i<j<Il-—1and
EXtrlnodAm%» ) =0

for 1 <i<j<k+1-1I. So we can conclude that the sequence (M, My, ..., My)
is weak exceptional in mod AZE, hence M = (M, My, ... My,q) is a full weak

exceptional sequence in mod Aii} This completes the proof. O

Corollary 3.6.13. The complete T-exceptional sequences of mod A" and the full

weak exceptional sequences of mod A coincide.
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Proof. Let us denote by T, the set of complete T-exceptional sequences in mod A}
and denote by W, the set of full weak exceptional sequences in mod A]'. Using
Proposition 3.6.12, we can construct the following map, f: T, — W,,, where by
f(M) = M. The map f is clearly injective and since | T,, |=| W,, |= n", the map
f is bijective, but more precisely the complete T-exceptional sequences of mod A7

and the full weak exceptional sequences of mod A}’ coincide. n

Unlike 7T-exceptional sequences, there are no complete exceptional sequences
in mod A7, as we will show. In general, not much is known about exceptional

sequences over the Nakayama algebras A”.

Proposition 3.6.14. There are no exceptional sequences (M, My, ..., M) in
mod A7 of length [ > 1. In particular, there are no complete exceptional sequences

in mod A}, where n > 1.

Proof. Suppose M = (My, M,, ..., M) is an exceptional sequence of length [ > 1.
Every indecomposable projective module in mod A7 has length n, so by Proposition
3.3.12 we have that Hom(P;, P;) # 0 for all 1 <4,j < n. As a consequence of this
M cannot contain more than one indecomposable projective module, in particular,
if [ > 1, then M must contain non-projective indecomposable modules.

Let N be a non-projective indecomposable module in mod A}'. Observe that
N = radk(R;) forsome 1 <i<nand1l<k<n-—1. We can further observe that
the length of N is I[(IN) = n — k and that top(/N) = S(i4x),. Further observe that

N has the following infinite sequence as its projective resolution.
. — P, — Fuwwy, — B — Piwry, — B — Piwg, — N — 0

Since N has length I(N) = n — k and top(N) = S(itk),, we can write N =
Plitry, /rad™ *( Py, ). By Proposition 3.3.12, we can observe that Hom(P;, N) =

0 and Hom(P1x),, N) # 0. Therefore by applying the functor Hom(—, V) to the

n’

above projective resolution, we obtain the following sequence.
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3.7 The I'""! case

0 — Hom(N, N) - Hom(Py.p,, N) 2 0 =2 Hom(Pyiyy,, N) 25 0 L .

n?

So we have that Ext?(N,N) = ker(f3)/im(f2) # 0. Which is to say any non-
projective module in mod A} is not exceptional. From this we conclude that M

cannot contain non-projective modules. A contradiction. O

3.7 The I'"! case

Let n > 1 be a positive integer. In this section we will study the combinatorics
for the number of complete T-exceptional sequence in mod I'"~!. Recall that we

denote by A, the linearly oriented quiver with n vertices,

a1 a9 a3 An—2 Qn—1
1 y 2 y 3 y . —sn—1—"n.

The algebra I'""! is defined to be the F-algebra, FA,/ Rg_l. This is the path
algebra of the quiver A, modulo the relation ayas ... a, 1 = 0.

Observe the following. Let M be an indecomposable module in mod '™,
then M belongs to one of the following disjoint sets. The first set contains the
indecomposable projective modules P; for 1 < j < n. The second set contains
non-projective modules of the form M =rad’(P;) where 1 < i <n —2 and P, is
the indecomposable projective at vertex 1. The third set contains indecomposable
modules which are neither projective or of the form M =rad’(P;) for 1 <1i < n—2.
Any indecomposable module M in mod I'"! has length (M) < n, therefore by

Proposition 3.6.1, every indecomposable module of mod I'"! is 7-rigid.

Proposition 3.7.1. Let P, be an indecomposable projective module in mod '~
for some 1 < ¢ < n. Then the 7-perpendicular category of P; in modI'"~! is
J(P;) 2 mod A,_; ®mod A;_;, where A; is the hereditary type A hereditary alge-
bra.

Proof. Let P; be an indecomposable projective with length 1 < I(P;) < n — 1.

By definition the Bongartz completion Tp, = P(+(7F)). Since P; is projective,
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7P; = 0 therefore +(7P;) = mod ', hence the Bongartz completion

Tr, =P ;.
j=1

Thus the F-algebra Ep, = Endpn-1(Tp,) is precisely the algebra T'~!, the path
algebra of the quiver A%,

() a3 Q-1 Q42 Qnp

. o . Q41 .
1« 2 < ok 1— 14— 1 ¢—1+1< oLk n

modulo the relation o, a,—1...a7 = 0. Let A?Lp(i) be the quiver obtained from AP
by removing the vertex ¢ and all arrows incident to 4.

a2 a3 Q1 . . Q42 «
1 < R e — i —1 141 L n

The quiver A" has no relations. By Lemma 3.3.4, Dy = Ey/{ey) is the
path algebra of the quiver A%D - Since Dy = IE‘ASLp(i), it follows that J(M) =
mod A,,_; ® mod A;_; by Theorem 3.3.5.

Proposition 3.7.2. Let M be an indecomposable module in mod I'"~! of the form
M = rad’(P,) for some 1 < i < n — 2 with length 1 < [(M) < n — 2. Then the
T-perpendicular category of M in mod I is

mod Al(M)—l D mod Al D mod Al 1=1

J(M) = ,
mod Anfl(M) S5 mod AI(M)fl 1 7é 1

where A; is the hereditary type A hereditary algebra.

Proof. Consider P; the indecomposable projective module at the vertex j in mod I'?!
with j # 1. Then it is easy to see that P; = rad’ ?(P,) and that P; has length
[(P;) =n—j+ 1. From this it follows that rad?(P;) = Pj, where 0 < ¢ <n —j.
Let M = rad’(P,) for some 1 < i < n—1. We observe that {(M) = n—i—1 and
top(M) = S;y1. In accordance to Proposition 3.3.11, M may in fact be written

as M = P,y /rad"""'(Py;). Using Proposition 3.3.11 again, we can see that
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Auslander-Reiten translate of M is given by 7M = rad(P;,1)/rad" *(Pi11) = Piyo
because rad(P;y1) = Piyo and [(Py1) = n—(i+1)+1 = n—1, hence rad" (P, 1) =
0. So we see that the only indecomposable I'~1-modules not in +(7M) are the
projectives P; = rad®(P1q) for 0 < s <nm —i—1, in other words i +2 < j < n
since [(Pyo) =n—1—1.

We can now determine the Ext-projectives of +(7M) where M = rad'(P).
By the above calculation, we can say that for 1 < 5 < i + 1, the projective
Pj is in (7 M) hence Extpn-i (Pt (TM)) = 0.

Let N = rad’(P,) for some j > i. Arguing as above we can see that the only
indecomposable I~ '-modules not in +(7N) are the indecomposable projectives
P,, where j +2 < m < n, so it follows that {X : Hom(X,7N) # 0} C {X :
Hom(X,7M) # 0}. This implies that Extpn-1(N,X) = D%szl(X, TN) =0
for all X in +(7M) by the Auslander-Reiten formula. Hence N = rad’(P,) is an
Ext-projective in +(7M).

For every other indecomposable I'"~! module Y, we have that 7Y is in +(7M),
therefore since Extpn-1(Y,7Y") = DHompn-1 (X, 7N) # 0. Therefore these modules
are not Ext-projective in +(7M). By definition Ty, = P(+(7M)), so by the above

arguments,
n—2 i+1
P(H(rM)) =M o @ rad®(P) & P Py
s=i+1 j=1

In the case when i # 1 the F-algebra Ey = Endpn-1(T)) is the path algebra of
the quiver @),

. Q41 . Qg a2
1+ 1 > 1 > > 1
J/oc
a —2 QL qitl QL qitl
rad™ rad? rad
Vpadqn—2 > .. > Vppqit! ——— UM Vg

By Lemma 3.3.4, Dy, = E);/{ey) is the path algebra of the quiver Q,(fM) which

is the quiver obtained from @),, by removing the vertex v,; and all arrows incident

125



3.7 The I'""! case

to vys. The quiver QSZ’M ) has two connected components.

Q41 . (a7 a9 1

1+ 1 > 7

~
2\

arad”*Z\ aradi+1\ )
fUI‘adn72 7 e 4 UradH_l

Since Dy = FQ%”M), it follows that J(M) = mod A;,; @ mod A,,_; 5 by Theorem
3.3.5. Recall that [(M) =mn —i — 1, hence J(M) = mod A, ;) @ mod Ayppy—1.
When i = 1 however, the F-algebra Ey; = Endpn-1(Thy) is the path algebra of

the quiver @/,

Xpadn—2 Xradn—3 N QXpaqitl N QXpaqitl N Qupp 1

Uradn—2 —_— Uradn—S 7 ... 7 Uradi+l 7 UM >

with no relations. By Lemma, 3.3.4 Dy, = Ep/{en) is the path algebra of the
quiver Q%”M) which is the quiver obtained from @)/, by removing the vertex v, and

all arrows incident to vy,;. This quiver has three connected components.

Xpadn—2 QXpadn—3 N Xpaditl N 1
L, —2 T _ .
Uradn 2 'Uradn 3 7 e ? Urad7’+1

Since Dy, = FQ’TE”M), it follows that J(M) = mod A,,_3 ® mod A; @ mod A; by
Theorem 3.3.5. Since [(rad'(P,)) = n — 2 then J(M) = mod Ayp)—1 © mod A; &
mod A;. O

Proposition 3.7.3. Let M be an indecomposable I'"~!-module such that M #

radk(P) for some indecomposable projective P and positive integer k. Suppose M
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has length 1 < [(M) < n—2, then the T-perpendicular category of M in mod I'"~?

is J(M) = mod Aynr)—1 & mod I‘Z:;E%_l.

Proof. By Proposition 3.3.11, we can write M = P, /rad™)(P)) for some 1 < i <
n—1and 7M = rad(P;)/rad ™ *1(P)). We will consider the case where i # 1 and
1 = 1 separately.

Suppose i # 1, then we have that P, = rad' (P) and I(P,)) = n — i + 1.
Therefore, rad?(P;) = P4, in particular we have that rad(P;) = P11, hence
™ = R-H/radl(M)(PiH). Now suppose that ¢ = 1, hence M = Pl/radl(M)(Pl),
then 7M = rad(Py)/rad™*1(P). Observe that top(rM) = S, and (M) =
I(M), hence TM = P,/rad®™)(P,). In either case of i, we have that 7M =
Py frad ™D (B, ).

Now let X = Pj/rad'(P;) be an arbitrary indecomposable I'"*~! module. By
Proposition 3.3.12, Hom(X,7M) # 0 if and only j € [i4+1,i+1(M)], and i+I(M) €
[, +1—1],. From this it follows that P; is not in (7 M) if i +1 < j <i+I(M).
Hence Extpn-1(P;, " (TM)) =01if j ¢ [i + 1,4+ [(M)].

Consider the module rad®(M) for 1 < s < (M) — 1. The length of rad®(M)
is given by I(rad®*(M)) = I(M) — s. Moreover, rad*(M) = P, /rad™=3(P,,),
from which it follows that 7rad®(M) = Py /rad®™)=%(P,, 1) Again let X =
pP;/ radl(Pj) be an arbitrary indecomposable I'"~! module. By Proposition 3.3.12,
Hom(X, 7 rad*(M)) # 0 if and only j € [i + s+ 1,0 + [(M)], and i + (M) €
(7,7 +1—1],. Therefore {X : Hom(X, rrad®(M)) # 0} C {X : Hom(X,7M) # 0},
which implies that Extpn-1(rad®(M),Y) = DHomps-1 (Y, 7rad®(M)) = 0 for all Y
in 1 (7M). In other words, rad®(M) is Ext-projective in +(7M).

By Proposition 3.3.1, M is Ext-projective in +(7M), so

I(M)—1

PlrM)=Mo P rad’M)e G P

JéE[i+1,i+1(M))
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3.7 The I'""! case

By definition, the Bongartz completion Ty, = P(+(7M)), so the F-algebra E); =
Endpn-1(T)) is the path algebra of the quiver @, modulo relations (set [(M) :=

m),
Qn QG 4m+2 . Qfpm+1 . o . Q1 (%)
n >i+m+1 ) 1 —1 >
J/a
aradm_l\ Xrad2 N Xradl
Uradm71 7 e 7 Uradl — UM

Since the vertices of the top row of the quiver correspond to the indecomposable
projectives of mod I'"~! and the arrows reflect the relations the corresponding maps

between the projectives, we see that we have the relation
OpOp—1 ..  Qjpm+10G0G 1 ... X = 0.
Let ng’M ) be the quiver obtained from (),, by removing the vertex vy, and all the

arrows incident to vy,

Qn Oéi+7n+2\

n yidm4l S M 2L,
Xpadm—1 *rad2
Vragm—1 > ... > Usradl
with the relation o, 1 ... v ymiiuo;_1...ap = 0. By Lemma 3.3.4, Dy, =
Ey/(en) is the path algebra of the quiver Q"™ modulo the relation
ApQp_1 .. Qgm10G06G_1 ... 0 = 0.
It follows that J(M) = mod Ays)—1 @ mod FZ:;%;_I by Theorem 3.3.5. ]

Theorem 3.7.4. Let K,, denote the number of complete T-exceptional sequences

in modI'"~!. Then K, satisfies the recurrence relation;

n -1 . .
K,=(n-1)n-2)"+3" (77 )(n — i 1)
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3.7 The I'""! case

n—3 n—2
n—1 . ) n—1 .
. (n—i—1),i—2 s —2 )
g (i—l)(n i+1) i+ 5 (i_1>(n i— 1)K,

i=1 =1

Proof. Let M be an indecomposable module in mod I'~!. Suppose that the se-
quence (X1, X, ..., X, 1, M) is a 7-exceptional sequence in mod I'""~!. Then by
definition and the fact that 6(J(M)) = n — 1, the sequence (X1, Xo,..., X, 1)
is a complete T-exceptional sequence in J(M). Hence the number of complete 7-
exceptional sequences ending in M is equal to the number of complete T-exceptional
sequences in J(M).

Suppose M is projective, hence M = P; for some 1 < ¢ < n, then by Proposition
3.7.1 the 7-perpendicular category J(M) = mod A,,_; @ mod A; ;. The number of
complete T-exceptional sequences in mod A; is precisely the number of complete
exceptional sequence in mod A; which is shown in [Seidel (2001) [Proposition 1.1]]
to be (I + 1)1, Therefore by Theorems 3.3.8 and 3.3.9 the number of complete
T-exceptional sequence ending in M = P is (7;:11) (n—i+ 1) 12,

Suppose M = rad’(P;) for some 1 < i < n —2. If i = 1 then we saw
in Proposition 3.7.2 that J(M) = modA,_3 ® mod A; @ mod A;. Arguing as
above it follows that the number of complete 7-exceptional sequences ending in
rad!(Py) is (nfﬁl)(n — 2)(n=92020 — (5, — 1)(n — 2)»=3)_ If it is the case that
2 <i<n—2,then J(M) = mod A, ;) ®mod Ayps)—1. Therefore the number of
complete T-exceptional sequences ending in M = radi(Pl) for some 2 <i<n-—2
is (1(5\1/17)171) (n — 1(M) + 1)~ MD=1 (M) M)=2 wwhere [(M) is the length of M.

Finally suppose that M is not of the form rad’(P) for some indecomposable

projective module P. By Proposition 3.7.3, J(M) = mod A1 ®mod FZ:;%%A
where [(M) is the length of M. Therefore the number of complete T-exceptional
sequences ending in M is (Z(X/;)l_l) Kn,l(M)l(M)l(M)*Q. Observe that in this case

the length of M is 1 < (M) < n — 2 and for each fixed value of [(M) there are

129



3.7 The I'""! case

n — (M) — 1 indecomposable modules M such that M # rad’(P).
By counting the number of complete 7-exceptional sequences ending in each
indecomposable I~ !-module M, the recurrence relation of K, follows. It is also

trivial to see that K; = 1. O

Theorem 3.7.5. Let h(z) = > o2 K, be the exponential generating function
of K,,. Then h(z) satisfies the first order linear ODE,

1
W (x)(1—xe VD) L h()eWED) = 2e72W ) _ o=WE2) Ly (—g) + §xW(—x)

Proof. Let h(z) = Y07, K,%: be the exponential generating function of K,,. Let
a(n) = (n+1)""'. Let g(z) = Y07 ;(n+1)""*Z:. Then g(z) = e~ (=*) by Lemma
3.6.8, where W (z) is Lambert’s W function. By the only Proposition in Section 6
of Obaid et al. (2013),

2n +2)"! = no (”) a(i)a(n — ).

So it follows from Lemma 3.6.7 that

n

:ZQnJrz"lx'. (3.1)
n=0 ’

We make the following observations about

n

—1 . .
> (Z‘_ 1)(71 — i 1) L2

i=1

With the change of variable j =i — 1,

n n—1
—1 . . —1 . .
2 (7? 1)(n_¢+1><n—“”~f‘2 =2 (n : >(n—j)(”‘ﬂ‘2)(1+1)f‘1 = 2(n+1)""?
, (e X J
=1 7=0

as shown in the proof of the only Proposition in Section 6 of Obaid et al. (2013).

We also observe that

n

n—1 . .
. 1 (n—i—-1)  +i—2
;1 (i—l)(n i+1) i
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3.7 The I'""! case

n—3
_ . . 3
= (T,‘ )(n — i )T 2 g2 (- 1) 5= 1)(n—2)"3,

n—3
-1 : . 3
(n )(n—i+1)(”_1_1)-z’1_2 = 2(n—|—1)”_2—n”_2—(n—1)"_2—5(n—l)(n—Q)"_3.
i
i=1
(3.2)
As a result we can write the recurrence for K,y (from Theorem 3.7.4) in the

following way

n—1
1 .
Ky = 2-2(n+2)”_1—(n—i—l)"‘l—n”_l—é(n)(n—l)”_z—l—E (Z " )(n—i)KnHi-i’_Q.

Making the change of variable j =i — 1 we get,
1 .
Kpii = 2:2(n+2)" ' —(n+1)""t—n"" 2 (n—1)"" 2+Z( ) n—j—1)K, ;- (j+1)y7*

We will now study the exponential generating function of K, ;. To do this we
look at the exponential generating function of each of the summands on the right

hand side. We have already seen from (3.1) that

o2+ 25 = (g(a))? (3.4)

To deal with the rest of the summands of K1 in (3.3) but the last one, we first

re-organise them in the following way using equation (3.2). Let

n—2
-1 : il1) i _ _ 4 3 -
¢(n) = Z (7;_ 1)(n—z+1)(" D472 = 9(n4-2)" = (n4- 1)V —n" 1—§n(n—1)” 2,
i=1

The change of variable j =i — 1 gives us

:nzs( ) n—g)" G+ 1

M
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3.7 The I'""! case

We have ¢(n) = 0 for n = 0, 1, 2 since the sum is empty for these values of n. This
further implies that,

x x

Z (n+2)" !_Z(n_Fl)nfl%_Z n1=73 __Zn an!
n=2 n=2 n=2

) o " e . 2" 3 00 . o

= (o) =1 =20) = 34 ) = 3o =5 St =

by (3.1). Lemma 3.6.8 resolves the second summand. The third summand is
resolved by Corless et al. (1996) in Section 2, page 4. This was previously was
done in Pdlya et al. (1937). This has been translated into English; see(Polya
& Read, 2012, Page 48)). To resolve the fourth summand we use the fact the
exponential generating function is a right index shift and multiplication by n of
the 3rd summand. Right index shifting is equivalent to formal integration and
by Rule 2’ in Section 2.3 page 41 of Wilf (2005) multiplication by n is equivalent
to differentiating and then multiplying the exponential generating function by x

(This is also given on the OEIS A055541). Therefore.

l,n

S 6 S = [~ 1= 2] — [V~ 1] [ (—2)—a] = S ()

3
= WED) 9 —eWED 41 4+ W(—z)+x+ ixW(—x)

— e—QW(—w)

—e WD L W(—2) + ;xW(—w) (3.5)

Now let us study the final summand of (3.3)

n—2
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3.7 The I'""! case

Notice that the term (") (n—(n—1)—1)Kin" "% = 0 and (") (n—n—1)Kon + 1" =
0 since Ky = 0. Therefore,

7‘2: CL) (n—=j =Ky - G+ 1) = ”0 (n) (n—j—1)K, ;- (j+1)y77"

By Lemma 3.6.7,

(Z(n - 1)Kni—7;> (Z(n + 1)”12—7;) .

n=0 n=0

By Rule 2" in Section 2.3 page 41 of Wilf (2005)

Therefore -
> (Z (M) - 0y G+ 1)“) o= () ~ b)), (36)

By Rule 1" in Section 2.3 page 41 of Wilf (2005),

ZKn—H - h/ )

We now write the exponential generating function of K, 1, using the expression of
K41 in (3.3) and the exponential generating functions of the summands of K,

obtained as in (3.4), (3.5) and (3.6).

o0 n 1
Z Kn—i—l% = 2¢2W(=2) —e_W(_I)+W(—x)+§xW(—:p)+(xh’(:v) —h(z))e V),
=0 :
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3.8 Justification

SO
1
h,(l') — 26—2W(_$) _ e—W(_ﬂC) + M/(_x) + §ZE|1/(—[E) + (xh/(x) . h(l‘))e_w(_x)7

Therefore we have the following first order linear ODE,

() h(z)e=W(=2) _ 2" W) — e=W(=2) L W (—x) + %:cW(—a:)
(1 — ze=W(=2) (1 — ze=W(o)

This ODE is of the form,

W(z) + Q(x)h(z) = F(x),

so we may apply the integrating factor method and give a general solution for
h(z),
h(z) =e V@ /V(:E)F(x)dx +C,

where V(X)) is the integrating factor,

—W(-2)
/Q da;—/ pp— T x)d

Unfortunately, we are unable to evaluate V(X) so we leave h(z) as it is.

3.8 Justification

In this section we would like to justify why we only look at the four cases above.
Our approach to counting the number of complete T-exceptional sequences in the
above module categories relied upon Theorems 3.3.8 and 3.3.9. We also took ad-
vantage of the fact that the 7-perpendicular categories of indecomposable modules
M were of the form J(M) = C @ D with € and D being module categories in the
the two families It or Af. Tt is our claim that these four cases, T2, "1 A% A"
are the only ones were all the 7-perpendicular categories J(M) are of this form.

In other words, our approach only works on these four cases.
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3.8 Justification

Proposition 3.8.1. Fix a positive integers ¢ > 3. Forn > ¢+ 1, let A = Al.
Then there exists an A-module M such that the 7-perpendicular category J(M)
is not a direct sum of module categories over algebras of the form A?, or I't, for

2<t <n <n.

Proof. We prove this by counter-example. Set M = Sj, the simple module at
vertex 1 of the quiver C, of A. Note that other simple modules also work, but
for simplicity we choose S;. The Auslander-Reiten translate of S; is 757 = Ss.
Using Proposition 3.3.11 and 3.3.12, we can say that Hom(X, Sy) # 0 if and only
if X = P,/rad"™)(P,) where I(X) is the length of X. It also follows that P, is
the only projective with non-zero maps to Ss. Therefore all other indecomposable
projective modules P; with j # 2 are in +(75;), hence they are Ext-projectives
in +(751). By Proposition 3.3.1, the module S; is Ext-project in +(75;). We can

thus conclude that,
P75 =D P 5.
J#2
By definition the Bongartz completion of M in mod A is Ty; = P(7.5;). Let Q,, be
the following quiver,

Vs

d
yl 32

n

y

n—1

o, L

Oy

S o

Y

where the vertices labelled j correspond to the projective P; and the vertex vy,
corresponds to the simple S; and the arrows correspond to the irreducible maps

between their respective modules. The F-algebra Ey; = Enda(7T)) is the path
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3.8 Justification

algebra of the quiver modulo relations. Let Q,’* be the quiver obtained from @,

by removing the vertex vs, and any arrows incident to vy, ,
i
n 3
J

n—1 4

o,

by Lemma 3.3.4, Dy = Eyr/{en) is the path algebra of the quiver @, modulo
relations. We have the relation oy 104 ... agas0 = 0 involving ¢ — 1 arrows because
it corresponds to Hom 4 (P11, P») = 0 since in mod A!, the composition of ¢ maps
between projectives is 0. However, at the same time we have that the composition
of the ¢’ — 1 arrows a1y, ... 0p—w—g) # 0 for 2 < ¢’ < t. Therefore as a module
category J(M) cannot be a direct sum of module categories of the form mod Af;,

! .
or mod I'¥, as required. O

Proposition 3.8.2. Fix a positive integers ¢t > 3. Forn > t+ 2, let A = I'%.
Then there exists an A-module M such that the 7-perpendicular category J(M)
is not a direct sum of module categories over algebras of the form T', or A%, for

2<t <n <n.

Proof. The argument is similar to that for the previous proposition. We prove this
by counter-example. Set M = S, the simple module at vertex 1 of the quiver A,
of A. The Auslander-Reiten translate of Sy is 757 = S;. By Proposition 3.3.11
and 3.3.12, Hom(X, S,) # 0 if and only if X = P,/rad'™)(P,) where [(X) is the
length of X. It also follows that P, is the only projective with non-zero maps
to Sy. Therefore all other indecomposable projective modules P; with j # 2 are

in 1(7.91), hence they are Ext-projectives in +(7.5;). By Proposition 3.3.1, the
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3.8 Justification

module S; is Ext-project in +(75;) We can thus conclude that,
P(rS) =P P e s
J#2
By definition the Bongartz completion of M in mod A is Ty; = P(7.5;). Let Q,, be

the following quiver,

« a32 oy as Qn—1
1 3 < 4 « R

Qn
Vg, X . n—1<+—mn,

where the vertices labelled j correspond to the projective P; and the vertex vy,
corresponds to the simple S; and the arrows correspond to the irreducible maps
between their respective modules. The F-algebra E,; = End(T)) is the path
algebra of the quiver ), modulo relations. Let Q! be the quiver obtained from

@, by removing the vertex v, and any arrows incident to vy,

32 a4 as Qn—1 «
1< 3 ¢ 4 < A/ n—1+"—n.

by Lemma 3.3.4, Dy = Ejy/{en) is the path algebra of the quiver @," modulo
relations. We have the relation ay1 104 ... agase = 0 involving ¢ — 1 arrows because
it corresponds to Hom 4 (P;, 1, P,) = 0 since in mod I';, the composition of ¢ maps
between projectives is 0. However, at the same time we have that the composition
of the t' — 1 arrows v, ap—1 . .. iy—(w—2) 7# 0. Therefore as a module category J(M)
cannot be a direct sum of module categories of the form mod A, or modT¥, as

required. O]

So we have shown that our strategy for deriving recurrences for the number
of complete T-exceptional sequences over Nakayama algebras only works in the
four cases we've studied. However, the statements of Theorems 3.3.8 and 3.3.9
are general enough that a similar strategy may be applied to other algebras, and
may prove as effective for counting the 7-exceptional sequences for the module

categories of those algebras.
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Chapter 4

Modular Fuss-Catalan numbers

The material in this chapter was published the journal Discrete Mathematics,
and can be found at https://doi.org/10.1016/j.disc.2021.112704. (©)2022.
This manuscript version is made available under the CC-BY-NC-ND 4.0 license
https://creativecommons.org/licenses/by-nc-nd/4.0/

4.1 Introduction

The Catalan numbers are a ubiquitous sequence of natural numbers with a rich
mathematical history. They appear in mathematics in widely different contexts
and count an ever growing list of sequences of combinatorial sets, see Stanley
(2015) for more on Catalan numbers. The n'" Catalan number C,,, where n is a

non-negative integer is given by the closed formula:

c - 1 (Qn)
n+1\n

Suppose * is an m-ary operation for m > 1. An m-ary parenthesization of the

m-ary product xg* - - - * x, is a parenthesization where each product is m-ary. For
example, when m = 3 the parenthesization ((zq* 1 *x2) * x5 x4) is 3-ary whereas
((xo*xx1)*x9%kx3%x4) is NOt. The Fuss-Catalan numbers are a natural generalisation
of Catalan numbers introduced by Fuss in Fuss (1791). They can be thought of

as “higher-dimensional” Catalan numbers. For example, the Catalan number C,,
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4.1 Introduction

counts the number of binary parenthesizations of the expression xg*- - -*x,,, whereas
the Fuss-Catalan number C]" counts the number of m-ary parenthesizations of the
expression xg*- - - *x,, where m and n are non-negative integers, such that m > 1.

The n'* Fuss-Catalan number with parameter m is given by the closed formula:

m 1 mn
Cn _(m—l)n%—l(n)'

When m = 2, we recover the Catalan numbers from the Fuss-Catalan numbers,
that is to say C? = C,. The modular Catalan numbers, introduced in Hein
& Huang (2017), count equivalence classes of parenthesizations of xg * -+ - % x,,
where *x is a binary operation satisfying the k-associative law, which generalises
the usual notion of associativity. In this chapter we introduce and study a higher-
dimensional version of the modular Catalan numbers, which we call modular Fuss-
Catalan numbers.

Let X be a non-empty set with a binary operation x : X? — X, and let n be a
positive integer. If x is associative, then the general associativity law states that
the expression x1 % - - - x x,, is unambiguous for all z1,...,x, € X. Which is to say,
all possible parenthesizations of the expression result in the same evaluation. The
order of operation of a binary operation * is left-justified if the order of operation
is understood to be from left to right, in which case we write x; x --- x x,, to
mean ((...((zy *x @) *x3) - *Ty_1) *x,). From this point onwards, it will be our
convention to treat all binary operation as left-justified. Let k& > 1 be a positive
integer. There is a notion of k-associativity for binary operations which generalises

the usual notion of associativity. A binary operation x is k-associative if
(X1 % Ty, kv K Tpy1) * Tppo = T1 * (Lo * - ++ * Tpyq * Tpyo) for all xy, ... 2410 € X.

By setting k& = 1, we recover the classical notion of associativity for binary op-
erations. In the case where k > 1, the general associativity law no longer holds,
which is to say in general the evaluation of the expression z; xxo* - - - %z, depends
on its parenthesization. The k-associative binary operations are studied in Hein
& Huang (2017).

Fix a positive integer m > 2. An m-ary operation on X is a map * : X —

X. Another way to generalise associativity of binary operations is to consider

139



4.1 Introduction

associative m-ary operations. An m-ary operation x is associative if for 1 < j <

m—1,

Ly Tk (TR L1 % K T (1)) ¥ Tjp (me1)+1 * Lt (m—1)42 % * * % Trnp(m—1)
= Ty KT kT (TR T (1) ¥ Tt (1) 1) ¥ T (mm1) 2% * Ty (m—1)
(4.1)
for all z1,..., Tmimm-1) € X, see for example (Post, 1940, §1).

As in the case for associative binary operations, there is a general associativity
law stating that the expression x*- - -xx, is independent of m-ary parenthesization
(see for example (Andres, 2009, Theorem 2.1)). Which is to say that all possible
parenthesizations of the expression result in the same evaluation. We note that n
is not arbitrary in this case, but is of the form n = m + g(m — 1) for some integer
g > 1. Associative m-ary operations are important for the study of m-semigroups
and polyadic groups. These are generalisations of semigroups and groups where
we consider associative m-ary operations instead of associative binary operations.
The m-semigroups were introduced in Dornte (1929) and polyadic groups were
introduced in Post (1940) and Sankappanavar & Burris (1981).

In this chapter we will study m-ary k-associative operations, which are a further
generalisation of associative binary operations that combines the two generalisa-
tions above. The order of operation of an m-ary operation * is left-justified if the
order of operation is understood to be from left to right, hence for an integer g > 1,

we Write Ty % -+ - % Tpyyg(m—1) 1O mean

(( .. ((Il* . ~*xm)*xm+1*- . ~*xm+(m_1)) o -*xm+(g_1)(m_1))xm+(g_1)(m_1)+1 .. .l‘m_,_g(m_l)).

From this point onwards, it will be our convention to treat all m-ary operations
as left-justified. An m-ary operation x is k-associative if for 1 < j < m — 1, the

following equality holds:

Ty KT * (T Tk KT k(m—1)) X Tjh(m—1)+1 ¥ Tjph(m—1)+2% " * Tyt k(m—1)

= L% - '*xj—l*xj*(mj—&—l*' . '*'Tj+k(mfl)*mj+k(mfl)+1)*xj+k(mfl)+2*' . '*xm+k(mfl)'

(4.2)

We note that the terminology “k-associativity” is used by Wardlaw in Wardlaw

(2001) to mean associativity of k-ary operations. This is not to be confused with
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the notion of k-associativity we consider here, which is a generalisation of asso-
ciativity for m-ary operations (and in the case of binary operations coincides with
the notion of k-associativity as introduced in Hein & Huang (2017)).

Let * be a k-associative m-ary operation, and g > 1 be a positive integer.
For n = m + g(m — 1) and k > 1, the expression x; * --- x x,, is ambiguous
without a parenthesization to clarify the order of operation, which is to say the
general associativity law no longer holds. Let p and p’ be two parenthesizations of
21 % - % x,. If we can obtain p’ from p via a sequence of finitely many left side to
right side applications of the k-associative property (4.2), then we write p < p'.
The k-associative order is the induced partial order on the set of parenthesizations
of zy*- - -xx,. The k-components are the connected components of the k-associative
order. Two parenthesizations of xx*- - -xx,, are k-equivalent if they lie in the same k-
component. When k = 1 and m = 2, we recover the well-known Tamari lattice (see
for example Geyer (1994)). In general, determining whether two parenthesizations
are k-equivalent is a non-trivial problem.

Cluster algebras are a class of commutative algebras defined combinatorially by
a process of iterated mutation. They were first introduced in Fomin & Zelevinsky
(2002), Fomin & Zelevinsky (2003), Berenstein et al. (2005), Fomin & Zelevinsky
(2007) as an approach towards problems on total positivity Fomin (2010) and
canonical bases in quantum groups. Since their inception, cluster algebras have
become an object of study in their own right. They find uses in many other areas
including representation theory Leclerc (2010), Poisson geometry Gekhtman et al.
(2010) and integrable systems Williams (2014).

To define a cluster algebra over the field F = Q(uy, . .., u,) of rational functions
in the indeterminates uq, ..., u,, one starts with a seed. A seed is a pair (X, B)
which consists of a set of variables x = {vy,...,v,}, which freely generates the

field F, and an integer matrix B called the ezchange matriz. By applying a certain
mutation rule py in a direction k, where 1 < k < n, to the seed (X, B), we obtain
another seed 11,(%,B) = (¥, ]~3,) consisting of a free generating set of variables X’
and exchange matrix B'. Let 8 be the set of variables obtained from performing
all possible finite sequences of mutations to the seed (X, B). The cluster algebra
with initial seed (%, B), which we denote by A (%, B) is the subring of F generated
by all the variables in &.
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Of particular interest to us are the cluster algebras of type A, (where n is a
positive integer), and their combinatorics. The seeds of a cluster algebra of type
A,, can be encoded as triangulations of an (n + 3)-gon; see (Fomin et al., 2017,
Lemma 5.3.1). Mutating a seed in a cluster algebra of type A, turns out to be
equivalent to performing a flip on a diagonal of the corresponding triangulation;
see (Fomin et al., 2017, Corollary 5.3.6). The number of seeds of a cluster algebra
of type A, is equal to the number of triangulations of an (n + 3)-gon, which is
the Catalan number C,,,1; see (Fomin et al., 2017, Corollary 5.3.6). Consider the
graph whose vertices are triangulations of (n+ 3)-gons, and where there is an edge
between two triangulations 7" and 7" if and only if we can obtain 7" from T by
performing a flip on a diagonal of 7" or vice versa. This graph is a regular graph
where each vertex has degree n. In fact this graph is the 1-skeleton of the n-
dimensional convex polytope known as the associahedron, see for example (Fomin
et al., 2020, §1.2). This 1-skeleton is usually realised as follows: the vertices are
binary parenthesizations of zy % - - - x .12, and the edges represent applications of
the associativity rule. Because of this correspondence, k-associativity is of interest
in the study of cluster algebras. In particular, viewing k-associativity as a mutation
rule, it might be possible to generalise the definition of cluster algebras to a wider
class of objects. If this is possible, then m-ary k-associativity could extend this

generalisation to a higher-dimensional setting.

4.2 me-ary Trees

In studying k-equivalence, it is often more convenient to do so by appealing to
other sequences of combinatorial sets counted by the Fuss-Catalan numbers. In
this section we will study k-equivalence via m-ary trees. In order to do this, we
use a known bijection between parenthesizations of m-ary expressions and m-ary
trees outlined in (Hilton & Pedersen, 1991, §0). For the rest of this section, we fix
integers m >2,9g>0,k>1,and n =m + g(m — 1).

Definition 4.2.1. m-ary Tree (Stanley, 2015, §4, A14(b)). An m-ary tree is a

rooted tree with the property that each node either has 0 or m linearly ordered
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4.2 m-~ary Trees

children. A leaf is a node with no children and the unique node without a parent
is the root of the tree. For a node with m-children, the {*" child refers to the {*"
node below when counting from left to right, and likewise the [** subtree refers to

the [*" subtree below when counting from left to right.

The objects we are calling m-ary trees in this thesis are commonly referred to
as full m-ary trees in the wider literature. There are multiple ways in which we can
traverse (systematically examine the nodes of the tree so that each node is visited
only once) the nodes of an m-ary tree. In this thesis, it will be our convention to

traverse m-ary trees by the pre-order traversal method. Recall that the pre-order

traverse is defined recursively as follows.

Definition 4.2.2. Pre-order traverse(Knuth, 1997, §2.3.1, page 319,336) If an

m-ary tree is empty, then do nothing. Otherwise,
e Visit the root

Traverse the 15 subtree of the root

2nd

Traverse the subtree of the root

Traverse the m™ subtree of the root.

It will be our convention in this thesis to draw m-ary trees with the root at
the top and leaves below the root. We shall denote the set of m-ary trees with
n leaves by B]". We will enumerate the leaves by the order in which the leaves
are visited in the pre-order traverse. Hence enumerating by 1 the first leaf to be
visited in the pre-order traverse, by 2 the second leaf to be visited in the pre-order
traverse, and so on up to n for the last leaf to be visited in the pre-order traverse.
We will endow the m-ary trees with an additional edge labelling with labels from
the set {l1,...,l,}. An edge will be given the label [; if it links a node with its 't

child. See the figure below for an example.
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—_

[\
w
W

Figure 4.1: A labelled 3-ary tree.

Definition 4.2.3. Tag. Let t1,...,t,, be m-ary trees. We define the tag of
t1,...,t, to be the m-ary tree t; A --- A t,,, which has the tree t; as the subtree

rooted at the i*" child of the root for 1 < i < n.

The following bijection is well-known, see for example (Hilton & Pedersen,

1991, §0).

Proposition 4.2.4. (Hilton & Pedersen, 1991, §0) Let X be a non-empty set and
let x : X™ — X be an m-ary operation. Take z1,...,x, in X. There is a bijection
between the set of m-ary trees on n leaves and the set of m-ary parenthesizations
of the expression 7 * - -+ * x,, which is defined in the following way. Let ¢ be an
m-ary tree with n leaves where the i'" leaf of ¢ is labelled &;. Consider the tree t
expressed as a bracketed tag of its leaves ¢;, where the ¢; are thought of as trees
consisting of just a root. The bijection maps t to the parenthesization obtained
by replacing A with % and replacing e; with z;. The inverse map from the set of
m-~ary parenthesizations of the expression zy * - - - * z,, to m-ary trees with n leaves

acts in the naturally opposite way.
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Example 4.2.5. Let t be the tree in Figure 4.1. Thinking of the leaves of ¢ as
3-ary trees consisting of just a root, assign to each leaf i the label ;. We can write
t as a tag of the leaves ¢; so t = (g1 A (62 Aeg A ey) Aes) Aeg Aer. Under the
bijection in Proposition 4.2.4 the tree t is assigned to the parenthesization of the

x; given by (x1 * (g * T3 * xy4) * T5) * Tg * T7.

Definition 4.2.6. Right k-rotation. Let £ > 1 be a positive integer. Let
t1,to, - oy tm—1)+k(m—1) be m-ary trees. Let 1 < 57 < m — 1. Suppose that ¢ € B!

has a subtree,
s = iGN AN AL A A jgkm—1)) At k(m—1)+1 At k(m—1) 2\ A (m—1)+k(m—1)

rooted at some node v in t. The right k-rotation of t at v is the operation of

replacing s with the subtree
s' = ti AtaA- - -/\tj_l/\tj/\(tj+1/\- . '/\tj—‘,-k(m—l)/\tj+k(m—1)+l)/\tj+k(m—l)+2/\' At (m—1)+k(m—1)-

Remark 4.2.7. It should be clear that under the bijection in Proposition 4.2.4,
right k-rotation of m-ary trees corresponds to a left side to right side application
of the k-associative rule in (4.2). We can also define a left k-rotation dually by
switching the roles of s and s’ in the definition above. In this case, a left k-rotation

corresponds to a right side to left side application of the k-associative rule in (4.2).

Definition 4.2.8. Let ¢t and ¢’ be m-ary trees with n leaves. If we can obtain
t' from t by applying finitely many right k-rotations to t, then we write ¢t <, t'.
The k-associative order is the induced partial order on B]'. The k-components are
the connected components (connected components of the Hasse diagram) of B!
under the k-associative order. Two m-ary trees with n leaves are k-equivalent if

they belong to the same k-component of B!".
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Example 4.2.9. The example below shows a right 2-rotation on a 3-ary tree. We
apply the right 2-rotation at v.

v v
ts t7 11 144
t4 t5 t5 t6
tv  ty 13 otz 1y

Figure 4.2: The tree on the right is a result of a right 2-rotation of the tree on the
left at v.

The subtree rooted at v is s = (t; AtaAtsAtyAts) At Aty = ((t1 AtaAt3) AtaALs) A
te/A\t7. The subtree s is then replaced by the subtree s’ = t1 A(taAtgAtyAtsAtg) A7 =
tl/\ ((tg/\tg/\t4) /\t5/\t6)/\t7 at v.

The following proposition is a generalisation of (Hein & Huang, 2017, Propo-
sition 2.5).

Proposition 4.2.10. Let ¢ be an m-ary tree such that we can perform a right
k-rotation of t at some node v. If k = pk’ for some positive integers p and £/, then
the right k-rotation at v can be decomposed into a sequence of p right &’-rotations

of t. The same holds for left k-rotations

Proof. We argue by induction on p. The case for p = 1 is trivial. Suppose for
induction that the statement is true for some p > 1. Suppose that £ = (p + 1)k’
for some positive integer £’.

Suppose we have a tree ¢ which we can right k-rotate at some node v. Denote

by s the subtree of t rooted at v. For some 1 < j <m —1,
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s =t ANta A ANtjog At Atjpr A A tjppkm—1) A tjgplrme1)+1 A -+ A
itkim=1)) N tigrm—1)41 A - A tm—1)4k(m—1)-

The right k-rotation replaces the subtree s with the subtree s’ where
s" =t Atg A AL AL A (L A A1 Atjpm A Aljgpis (m—1) AL pk! (m—1)4+1/\
ok (m-1)+2 A Ajikm—1) A tjkm—1)+1) A= A bm—1)+k(m—1)-

We will show that the result of this right k-rotation can also be obtained by
performing (p + 1) right &’-rotations.

Let r be the following subtree of s, which is rooted at the j* child of the root

of s,
r= (G A A Ak m1) Ak e A Akmet))-
We can write
r= (¢ At A Aljarm 1t Atjem A Aljp n—1)) A jipk/(m—1)+1 A+ Aljkm—1))

since the tag operation is left-justified. Performing a right pk’-rotation of ¢ at the

5 child of the root of s, we replace r with

= (A A Ayt Atjrm A+ Apkr m—1) A i m—1) 1) A+ = Aljtr(m—1))-

By the inductive hypothesis, this right pk’-rotation is the result of p right k’-
rotations.
Set
w= (tpr Ao Ajmey A A= A i m-1) A Ljipk/(m—1)+1);

then

=t ANuA - Atjrmet))-

Thus the right pk’-rotation of ¢ at the j*" child of the root of s, replaces s with ¢

at the node v in t where,

q = LNt - AL I AEGAUNE jpis (m—1) 42N+ A k(m—1)) Atk (m—1)41/A" At (m—1)+k(m—1)-
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We then perform a right &’-rotation of ¢ at v. This replaces ¢ with the subtree,

¢ = tiNta A - AL AN UNE it (1) 12N A jk(m—1) AL k(m—1)41) A At n 1) 4 k(m—1)-

It is easy to see that s’ = ¢/, therefore the result of performing the right & =
(p+ 1)k -rotation at v is precisely the result of performing (p+1) right-%" rotations.

The proof for left k-rotations is similar. n

Definition 4.2.11. Path. Let ¢t be an m-ary tree and n a positive integer. A
path p in t of length n from a node v to a node w is a sequence p = (vy, . .., v,) of

nodes such that vy = v,v, = w and (v;,v;41) is an edge in ¢t for 1 <i <n—1.

Definition 4.2.12. Depth. Let t be an m-ary tree with n leaves and edges
labelled by labels from the set {ly,...,l,}. For 1 <i¢ <mand 1< j < n, let
(5; (t) be the number of edges labelled /; in the unique path from the root to the
j™ leaf. Let 6% (t) = (6% (t),...,0k(t)) and set 6(t) = (6"(t),..., 0" (t)). The depth
of t is the n-tuple §(t).

Example 4.2.13. Let t be the tree in Figure 4.1. The depth of tree ¢ is given by
i) =((2,2,1,1,1,0,0),(0,1,2,1,0,1,0),(0,0,0,1,1,0, 1)).
The following lemmas are easy to verify.
Lemma 4.2.14. Suppose that ¢ is an m-ary tree with n leaves and depth
5(t) = (8"(1),...,8™(1)).

It then follows that 8 (t) # 0 and 6%(t) = 0 for i # m. Dually, 6! (t) # 0 and
84 (t) =0 for i # 1.

This is because the unique path from the root to the n' leaf involves choosing

the m'™ child at each stage. Similarly for the dual statement.
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Lemma 4.2.15. Suppose that ¢ is an m-ary tree with n leaves and depth

5(t) = (8(8),..., 8 (t)).

It then follows that 6"7'(f) = 1, moreover for 1 < i < m — 2, we have that
5ni—1<t) =0.

This is because the unique path from the root to the (n — 1) leaf involves
choosing the m*™ child at every stage but one, in which case, we choose the (m—1)™
child.

We shall prove the following result in the next section.

Theorem 4.2.16. Suppose that ¢t and t' are a pair of m-ary trees with n leaves
with depths §(t) = (6" (¢),...,0"(t)) and §(t') = (6" ('), ..., 6" (t')) respectively.
It then follows that ¢ and t’ are k-equivalent if and only if

m—1 m—1

Z —q)dh(t EZ —4)0%(#') mod k(m — 1)

=1 =1

where the addition on the n-tuples is componentwise.

The strength of the theorem is that it allows us to determine the k-equivalence
of m-ary trees from simply reading their depths. The case m = 2 is known, see
(Hein & Huang, 2017, Proposition 2.11)). We shall prove the case for general
m > 2. To do this, we appeal to another sequence of combinatorial sets counted
by the Fuss-Catalan numbers, the m-Dyck paths. The setting of m-Dyck path

turns out to be a more natural setting for studying k-equivalence.

4.3 m-Dyck Paths

In this section we prove Theorem 4.2.16. In order to do so, we appeal to a gen-
eralisation of Dyck paths known as m-Dyck paths to further study k-equivalence.
We prove the theorem by first proving an m-Dyck path version of it. For the rest
of this section, we fix integers m > 2, ¢ >0, k> 1and n =m + g(m — 1).
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Definition 4.3.1. m-Dyck Path. An m-Dyck path is a lattice path in Z? starting
at (0,0) consisting of up-steps (m, m) and down-steps (1, —1), which remains above
the z-axis and ends on the z-axis. The length of a Dyck path is defined to be the

number of down-steps it has.

Definition 4.3.2. Translated m-Dyck Path. Let a,b be non-negative integers
both not equal to 0. A translated m-Dyck path is a lattice path in Z? starting
at the point (a,b) consisting of up-steps (m,m) and down-steps (1, —1), which

remains above the line ¥ = b and ends on the line y = b.

We denote the set of m-Dyck paths of length n by D". Where it is convenient,
we refer to these paths as Dyck paths instead of m-Dyck paths. When referring
to a translated m-Dyck path that is a sub path of a larger m-Dyck path, we will
call it a sub m-Dyck path or just sub-Dyck path. The following lemma is straight

forward, so we state it without proof.

Lemma 4.3.3. For every m-Dyck path D of length n, we can write
D=N"S. SN™&S,

where N denotes the up-step (1,1) and S denotes the down-step (1,-1). Note that
when m # 1 the up-steps (1,1) are not steps on the path D since by definition
up-steps of D are of the form (m,m). Here N% is taken to mean a sequence of d;
consecutive up-steps N. The d; are non-negative integer multiples of m such that
di+---+d, =n,and d; +---+d; > j for 1 < j < n. The latter conditions on
the d; are because the m-Dyck paths start at (0,0) and end on the x-axis whilst
remaining above the z-axis. Moreover the n-tuple d(D) = (dy,...,d,) is unique

to each m-Dyck path D.
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Figure 4.3: A 3-Dyck path with 2 (3,3) up-steps. D = N3SN3SNYSNOSNOSNOS.

Let D = N4S...SN%S be an m-Dyck path of length n. When expressing
D in this way, if d; = 0, we will omit N% from the expression. In this form
we will also write S! to mean a sequence of [ consecutive S steps. For example,
D = N3SN3SNOSNOSNOSNOS = N3SN3S5.

We can express any m-ary tree as the tag of the m-ary sub-trees rooted at the

children of the root. Therefore, for t an m-ary tree with n leaves, we write
=t A At

where for 1 < ¢ < m each t; is an m-ary tree with n; leaves and ny +---+n,, = n.

Let € be the element of the singleton set B{', so € is the m-ary tree which
consists of just a root. Let B™ be the set m-ary trees with any appropriate
number of leaves, and likewise let D™~! be the set of (m — 1)-Dyck paths of any
appropriate length. We construct a map o,,: B™ — D™ ! from the set of m-ary

trees to the set of (m — 1)-Dyck paths. We define o, inductively in the following

t) NGO if t =¢;
om(t) =
N™ Yo, (t1)Som(t2)S ... Som(tm) otherwise.

way,

This construction generalises a well known map between binary trees (2-ary trees)
and Dyck paths (1-Dyck paths); see for example (Bernardi & Bonichon, 2009, Page
58, Tamari Lattice, Paragraph 2).
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Example 4.3.4. Consider the following 3-ary tree t = e Ae A (e Ae ANe). We
calculate o3(t),

03(t) = N?03(£)So3(e)Sos(e Ae Ae)

= N2NYSYSNS°SN?5()So(e)Sa(e)

= N?S*N?S2.
See Figure 4.4 below.
t=ecNeA(eNeNe)
03
—

o3(t) = N2S2N252

Figure 4.4: The image under o3 of the 3-ary tree t = e Ae(e Ae Ae).

Lemma 4.3.5. The map o,,: B™ — D™ ! sends m-ary trees with n leaves to

(m — 1)-Dyck paths of length n — 1.

Proof. We argue by induction. Recall that n = m + g(m — 1) for some integer
g > 0. We prove the result by induction on g. When g = 0 there is only one tree

to consider, namely t = A--- Ae.

t
; S .

It is easy to see that o,,(t) = N™~15™~1 which is an (m — 1)-Dyck path of length
m — 1.

Now suppose that the result holds for n = m + ¢'(m — 1) with 0 < ¢’ < g.
We consider the g + 1 case. If ¢ is an m-ary tree with m + (g + 1)(m — 1) leaves,
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then we may write £ = ; A --- Aty with the t; € B and ny + -+ + n,, =
m + (g + 1)(m — 1). By definition 0,,(t) = N '0,,(t;)Som(t2)S . .. Som(tm) and
by the inductive hypothesis, each o(t;) is an (m—1)-Dyck paths of length n; —1. In
the expression for ,,(t) we have m—1 down-steps S following the N™ ! inbetween
the 0,,(t;). Therefore, the length of o,,(t) is (ny — 1)+ -+ (N — 1) + (m — 1)
which is equal to m + (g + 1)(m — 1) — 1 as required.

What is left is to show that o,,(t) is weakly above the z-axis. By Lemma
4.3.3, each o,,(t;) can be written in the form o,,(t;) = N4S... SN%: S, where
di + - —l—dfli =mn;, and df + -+ +d. > r for 1 < r < n;. We can likewise
write that o,,(t) = N4S ... SN S where d; = (m — 1) +d} and d,, = 0, and for
2 < h < n either dj, = 0 or dj, = d', for some appropriate i and u. Since there are
m — 1 down-steps S following the N™~! inbetween the ,,(¢;), and the o,,(¢;) are
all weakly above the z-axis. It follows that di + -+ +d; > j — (m — 1), therefore
di+---+d; > j, for 1 < j < n, where there is equality if j = n. Thus o,,(¢) is
weakly above the z-axis, hence the map o, is indeed from B” to D" . ]

By the lemma above, ¢, induces a map o,,,: B — D" '. This map is in
fact a bijection between B!" and D" ;. For any tree t = ¢t; A --- A t,,, where for
1 <17 <m each t; is an m-ary tree with n; leaves and ny 4+ - - +n,, = n. The map

Om,n is defined as follows:

O () = N o (81) S0, (t2)S .. SO, (tm).
Proposition 4.3.6. The map 0,,,,: B — D' is a bijection.

Proof. Tt is well known that both the finite sets B™ and D" have cardinality
1 (mn

(sl ), see for example (Heubach et al., 2008, §3). Therefore, in order to

show that o,,, is a bijection, it suffices to show that it is a surjection. We argue

by induction on n. When n = 0, it is trivial.
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If D € D™, then the first step of D is an up-step N**(™=1) where k; > 1
is an integer, so we can write D = N™ I Nk(m=1)=(n=1) G a5 in Lemma 4.3.3.
Let (2, m — 2) be the first point on D with y-coordinate m — 2 after the point
(m—1,m—1). The step in D ending at (2}, m—2) must be a down-step S starting
at (z1,y1) = (27 +1,m — 1). The part of D from (m — 1,m — 1) to (x1,71) is a
translated (m — 1)-Dyck path D;, so we see that the path D starts as N~ 1D;S.
Let (x},m — 3) be the first point on D with y-coordinate m — 3 after the point
(), m —2). As above, the step in D ending at (2, m — 3) must be a down-step S
starting at (x2,y2) = (¢4, — 1,m — 2). The part of D from (2}, m — 2) to (z2,y2)
is a translated (m — 1)-Dyck path Dy. Therefore, D = N™'D;SD,S ... S, and
continuing this argument we see that can be write D = N 'D,SD,S...D,,S,
where the D; are translated (m — 1)-Dyck paths for 1 <i < m.

Regarding the translated (m — 1)-Dyck paths D; as (m — 1)-Dyck paths, they
each have length n; < n for 1 < i < m. Hence by the inductive hypothesis, for
each D; there exists an m-ary tree t; such that D; = 0, ,,(t;). It then follows that
D = Cpn(ty Ata A+ A).

[

Going forward, we drop the subscripts on 0y, , and just write o when it is clear

what is meant from the context.

Proposition 4.3.7. Suppose t is an m-ary tree with n leaves and depth

5(t) = (3" (t), ..., 6 (1))

It follows that
o(t) = N1S. ..  SN-1gN

where the d; are given by

di = (m —1)d7' (1),
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d; = (Z(m — i) (07 (t) — 5?1(75))) +1, for2<j <n.
i=1
Proof. Recall that n satisfies the equation n = m + g(m — 1) for some integer
g > 0. We prove the result by induction on g. When g = 0 there is only one tree

to consider, namely t = A --- Ae.

t
: e :

For this tree, (55 = 0;;, where the right side is the usual Kronecker delta function.
We also have that o(t) = N™1SNOSNOS.. . NOSNO = N™=1gm=1 We now
need to verify that the exponents of the Ns satisfy the relations above. Indeed
dy =m —1=(m—1)6}". Moreover i(m — )0 =)+ 1= (m—j)— (m—
Go1)41=(m-m)+ (-1 — ) +1=0=d for2<j<n.

Now suppose that the result holds for n = m + ¢'(m — 1) for all ¢ < g. We
consider the g+1 case. Let ¢t be an m-ary tree with n = m+ (g +1)(m —1) leaves.
We may then write t = t; A --- A t,,, where each t; is the subtree rooted at the i
child of the root of t. Each subtree ¢; has n; < n leaves and ny + --- 4+ n,, = n.
In writing ¢ as the tag of its sub-trees at the root, we partition the leaves of ¢.
We identify each leaf of ¢ with a pair (h, j) if it lies in the subtree ¢, and it is the
5 leaf in the pre-order traverse of t; where 1 < j < ny. Therefore, for the leaf
identified by (h, j),

o (th)+1  ifi=h;
0y 5(t) = ) (4.3)

52 i(th) otherwise.

By the inductive hypothesis o(t;) = N1 SN2 SN where

dp1(tn) = (m — 1)6,} (1)
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and
m

dp;(t) = Z(m - i)(fsif,j(th) - 5%’]-,1(75;1)) +1, for 2 <5 < my.

i=1
By definition, o(t) = N™ o (t;)Sco(t3) ... So(tm), so

o(t) = N"INU1gNh2g GNUm GNRIGN®R2G  NBr GN®BLG G Nbmnm

= Nm=DtdigNdeg  GNImGNEIGN®E2 S  NPra GNB1S G NDmmm

Now we verify that the exponents of the Ns satisfy the required relations. We see

that
(m—1)+diy = (m—=1)+ (m =137 (tr) = (m = 1)(67, (1) + 1) = (m — 13}, (t),

so the first exponent satisfies the required relation. We also see that

m m

dnj =Y (m=i)(0} ;(tn) =0y ;_py (tn))+1 =D (m—=i)(8;;(1)=0) ;_y (£)+1, for 2 < j <y,

=1 =1
by (4.3), therefore the d;, also satisfy the required relation for ¢.

The only exponents left to verify are the dj,; for 2 < h < m. In this case, the
leaf (h — 1,n,_1) is the rightmost leaf in the subtree ¢, 1, so by Lemma 4.2.14,
5;;;17%71(%_1) = 0 when ¢ # m. Therefore, by (4.3), 5;;;17%71@) = 0 when
i#£m,h—1,s0 52}”_’11%_1(15) = 1. The leaf (h, 1) is the leftmost leaf in the subtree
tn, so by a dual statement of Lemma 4.2.14, 52”71(%) = 0 when ¢ # 1. Therefore,

by (4.3), 52"71(25) =0 when ¢ # 1, h and 5&1(75) = 1. It follows that,

m

S (= s () = Gy, () + 1= (m = V8L (1) + (m = B) = (m = (b= 1)

i=1
= (m—m)oyy () + 1
= (m — 1)52171(%)

= dp,
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therefore the dj; also satisfy the required relations for 2 < A < m. This completes
the proof. n

Remark 4.3.8. It is important to note that d,, = 0 in Proposition 4.3.7 since
otherwise D is not a Dyck path. We can observe that d, = 0 by referencing
Lemma 4.2.14 and Lemma 4.2.15. Hence in the proposition above, o(t) is indeed
a Dyck path. Also note that since d,, = 0, this form of o(t) is the same as that

given in Lemma 4.3.3.

The bijection between m-ary trees with n leaves and (m — 1)-Dyck paths of
length n — 1 induces an operation corresponding to k-rotation on Dyck paths,
which we shall call a k-compression. Recall in the definition of a right k-rotation

we replace a sub-tree of the form,
s =ty AtgAtgA- - At At AL A Atjkm-1)) Ajrkm—1)+1 A" A1) 4k(m-1)
by a subtree of the form,
s =t At A At A (i Atjra s Ajikim—1)+1) Atjakm-1)+2 A"+ Atm—1)+k(m—1)-
It is easy to see that
o(s) = N""'D;SD,S ... D; SNV D,SD; 1S ... SDpikim—1),
and
o(s') = N"'D1SDyS ... D; 1 SD;SN*™ VD, 1S ... SDpyikim—1),
where D; = o(t;).

Definition 4.3.9. Right k-Compression. Let £k > 1 and 1 < 57 < m —1 be
positive integers. Let D be an (m — 1)-Dyck path of length n — 1. Suppose D
contains a sub-Dyck path of the form

X =N""'D,SD,S...D; SN VD,SD; 1S ... SDpikim—1),
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4.3 m-Dyck Paths

where the D; are (possibly translated) Dyck paths which may be empty. A right
k-compression at X is the operation of replacing X with the sub-Dyck path

X'=N""'D1SDyS...D; 1 SD;SN*™ VD, 1S ... SDyy i kim-1)-

A left k-compression is the inverse operation of replacing X’ with X. Let D, D’
be (m — 1)-Dyck paths of length n — 1. Write D =<, D’ to mean that D’ can be
obtained from D by applying finitely many right k-compressions. The k-associative

order is the induced partial order on D™ '. The k-components are the connected

components of D™ ! under the k-associative order. Two (m — 1)-Dyck paths of

length n — 1 are k-equivalent if they belong to the same k-component.
Let Ml C N"™ be the set of n-tuples of non-negative integers (e, ..., e,) satisfy-

ing the following relations,
e1+ - +e,=n-—1,

(m—1)|e; for 1 <i <mn,
er+---+eg>jg—1foral2<j<n.

Notice that it follows from the first and last relation that e, = 0.

Proposition 4.3.10. The map d: D”}' — M maps an (m — 1)-Dyck path of

length (n — 1) D = N4S...SN% to the n-tuple d(D) = (di,...,d,). This map

is a bijection.

Proof. Let D = N“S ... SN be an (m — 1)-Dyck path. Let d(D) = (di, . ..,d,).
Note that d,, = 0 by Remark 4.3.8, so the form of D is precisely as in Lemma 4.3.3.
By Lemma 4.3.3 the tuple (dy,...,d,_1) is unique, so the map d is well-defined.
Since D is an (m — 1)-Dyck path, by definition (m — 1)|d;. All Dyck paths start
and end on the z-axis, therefore they must go up the same number of times as they
go down. Hence if a path has length n — 1, which is the number of down-steps .S,
then d; + - - -+ d,, = n — 1. By definition, Dyck paths cannot go below the z-axis,
this is to say that dy +---+d;_y > j — 1 for all j > 2.
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4.3 m-Dyck Paths

Let f: M — D™ ! be the map given by f(e;,...,e,) = N1S... SN . This
is a (m — 1)-dyck path by the arguments similar to those above. It is easy to see
that f(d(D)) = D, and d(f((e1,...,€,))) = (e1,...,€e,). Therefore, d is indeed a
bijection. O]

Proposition 4.3.11. Let D, D" be (m — 1)-Dyck paths of length n — 1 with
d(D) = (dy,...,d,) and d(D’) = (d},...,d],). Suppose that we can obtain D’
from D by applying a right k-compression to D. There then exist 1 < j <i<n
such that d; = d; + k(m — 1), d; = d;j — k(m — 1) and d}, = dj, for h # i, j.

Proof. Recall from the definition of right k-compression, there exists a sub-dyck

path

X =N""'DSDsS ... Dy 1 SN*"VD,SDyi1S ... SDyikm—1)
in D which we then replace with the sub-dyck path

X' = N""1'D1SDsS ... Dy 1SD,SN*™ VD, 1S ... SDypikim-1)

to get D’. In replacing X with X’ we are simply moving the substring N*("=1 from
the immediate left of the (possibly translated) Dyck path D, to the immediate left
of (possibly translated) Dyck path D,y ;. Write D = N4S ... SN%. Since we
have the sub-dyck path X in D, we have the sub-strings N¥m-VD, = N4§ . . .S
and D,.1 = N%...S in D for some 1 < j < i < n. Therefore, in replacing X
with X’ to get D’ (moving the N*(m~1) up-steps) we can observe that we have the
sub-strings D, = N%~*m=1g S and N-DD, ., = NEtkm=1g S in the
Dyck path D’. This proves the statement of the proposition. O

Remark that if we replace right k-compression with left k-compression in the

proposition above, we get that j > 7 instead.

Corollary 4.3.12. Let D, D" be (m — 1)-Dyck paths of length n — 1. If D and D’
are k-equivalent, then d(D) = d(D’) mod k(m — 1).
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4.3 m-Dyck Paths

Proof. This is an immediate consequence of Proposition 4.3.11. O

Let D be an m-Dyck path of length n. A dyck path D is k-minimal if it is
minimal in its k-equivalence class. That is to say there does not exist a Dyck path
D’ € D™ such that D’ <, D. Let p = (x,y) in Z* be a point on the m-Dyck path
D. The level of the point p is the integer y, and we say that p is on the y'" level.
Proposition 4.3.13. An (m—1)-Dyck path D is minimal if and only if for d(D) =

(dy,...,d,), we have that d; < k(m — 1) for all i # 1.

Proof. Suppose that d; < k(m — 1) for all i # 1 and D is not minimal. We can
then left k-compress D to obtain another dyck path D’. By Proposition 4.3.11
there is some j > 1 such that the j-th entry of d(D') is d} = d; — k(m — 1).
By the assumption that d; < k(m — 1) for i # 1, we must have that d; < 0, a
contradiction. Thus D must be minimal.

Recall D is of the form D = N®S .. .SN%S .. . SN  Suppose that D is
minimal and there exists some ¢ # 0 such that d; > k(m — 1). We will show that
D is not minimal by demonstrating that we can left k-compress D. That is to say
we will show that there is a sub-Dyck path X’ in D which required to perform a

left k-compression, where
X'=N"1DSD,S...D; 1SD;SN*™ VD, 1S ... SD(1)4r(m-1)

for 1 <j<(m-—1).

Suppose the up-step N% starts at some point (b,1) and ends at (b+ d;, [ + d;).
The immediately preceding down-step S starts at (b — 1,1 + 1) and ends at (b, ).
Let 0 < z < b— 1 be maximal such that the point (x,1) is on the Dyck path D.
By the maximality, the point (z,[) is part of an up-step. Let U to be the up-step
in D beginning at (z,1) if (x,[) is at the start of an up-step; otherwise let U to be
the up-step containing (x,l). Let (z1,y;) be the end point of the up-step U. Let
(x0,Y0) = (x1— (m—1),y1 — (m —1)), this is the start point of the up-step U. See
the figure below.
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4.3 m-Dyck Paths

(b+d;, 1+ d;

Let (z2,y2) be the point at which it is the first time the Dyck path goes below
the level y; after the point (z1,y;). That is yo = y; — 1. We can then observe that
subpath D; starting from (x,7;) and ending at (zo — 1,92 + 1) is a translated
(m — 1)-Dyck path. Note that it could happen that (x1,11) = (22 — 1,52 + 1), in
this case D; is just the empty (m — 1)-Dyck path.

Let (x3,ys) be the point at which it is the first time the Dyck path goes below
the level y; — 1 after the point (2, y2), that is y3 = y; — 2. We define D5 to be the
path starting from (22, y2) to (x5 —1,y35+1). As before D, is a translated m-Dyck
path which starts and ends on the (y; — 1)*® level.

Let j = y; —1. We can repeat this procedure to define translated m-Dyck paths
D3, Dy, ..., D;. Here each m-Dyck path D, starts at the point (x,,y,) and ends at
the point (2,41 — 1, 9,41 + 1), where the start and end points are defined as above
and y,4+1 = y» — 1 = y; — . Note that the translated m-Dyck path D, begins on
the level y; = y1 — (j — 1) = [+ 1, so the last point of D; is (z;41 — 1,1+ 1) for
some z;41 — 1 < b. We claim that (z;4; — 1,0+ 1) = (b— 1,1+ 1). The point
(b— 1,1+ 1) is the last time we are on the (I + 1) level before the N% up-step.
By construction, there is a down-step from (x;1; — 1,0+ 1) to (z41,0). By the
maximality of x we have that z;;1 = b or x4 = x. Note that z;;; > x; > z, so

we have that x;,1 = b.
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4.3 m-Dyck Paths

So far we have constructed a subpath from (x¢,yo) to (b, + 1) given by
X” == NmilDlsDQS oo SDJS,

where the S down-steps are the down steps from (z; —1,y;+1) to (z;,y;). Note that
y; = y1—(i—1) for 2 <1 < j and the S after D; is the one from (b—1,141) to (b,1).
The N™ ! is the up-step U from (zg,vo) to (z1,1).

Since d; > k(m — 1), there is an up-step N¥m=Y from (b,1) to (211, yj11) =
(b+k(m—1),l4+ k(m —1)). We define D;;; to be the path from (x;1,y;4+1) to
(xj42 — 1,y;42 + 1) where (242, y;4+2) is the point at which the Dyck path first
sits on level [ + k(m — 1) — 1 after (zj4+1,yj11). In the same fashion we define
the (m — 1) — j + k(m — 1) sub paths Dj 9, Dji3... Dim—1)4k(m-1)- These are all
translated m-Dyck paths by the same arguments as above. By how we construct
the Dyck paths, we see that the path D;,—1)1k@m—1) ends on level yo = y; —(m—1).

We have thus successfully constructed the sub-Dyck path of D,

X'=N""1D\SD,S...D; 1SD;SN*™ VD, 1S ... SDg1y+k(m—1)-

As before the S are the intermediate down steps between the D; and the D; may
also be empty. O

We illustrate the constructive proof above with an example for the case where

k=2and m = 3.

(w3,3)

zﬁayﬁ)

(w7, y7)
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The N™~! = N? up-step is the one from (x¢, yo) to (1, y1). The translated 2-Dyck
paths Dy and D, are the empty paths N°S® at (xy,v1) and (z9,ys) respectively.
The N*m=1 = N2@) yp-step is the one from (b,1) to (x3,y3). The rest of the
translated 2-Dyck paths Ds, ..., Dg are the empty paths at (x4,v4),..., (27, y7)
respectively. Therefore, X’ in this case is the whole path above.

We now show that minimal m-Dyck paths do exist and that they are unique

in each k-equivalence class.

Proposition 4.3.14. Every k-equivalence class contains a unique minimal Dyck

path.

Proof. To show existence, we consider the bijection d: D”' — M from Proposi-
tion 4.3.10 where d(D) = (dy, ..., d,). Endow N with the standard lexicographic
order. By Proposition 4.3.11, d is order reversing. That is D <, D’ implies
that d(D’) <jex d(D). Recall that the lexicographic order is a partial order there-
fore it has no cycles because of anti-symmetry. Hence suppose that there is a
k-equivalence class with no minimal Dyck path. Take D belonging to such a class
and repeatedly left k-compress it. Since there is no minimal element in this class,

we can do this indefinitely. As a result we obtain the descending chain.
o =, DY <4 o< DY <, D.
Applying d to the descending chain, we get the ascending chain.
d(D) <jex d(D') <oy *++ <ioxe A(D*) <jex - - -

Since D™ ! is finite, this ascending chain must be a cycle. Since the lexicographic
order is anti-symmetric, this cycle must contain only one element. Therefore, if
a k-equivalence class does not have a minimal element, it only contains one Dyck
path in which case that Dyck path is trivially minimal. This is a contradiction to

our assumption. Thus every k-equivalence class has a minimal Dyck path.
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Suppose we have two minimal Dyck paths D and D’ in an equivalence class.
By Proposition 4.3.13 all but the first entries of d(D) and d(D’) are strictly less
than k(m — 1). But since D and D’ are k-equivalent, d(D) = d(D’) mod k(m —1).
This means all but the first entries of d(D) and d(D’) are equal. The equality of
these entries forces the first entries to also be equal since clearly it cannot be the
case otherwise. Therefore, d(D) = d(D’) which implies D = D’. Therefore, the

minimal Dyck paths are unique in their equivalence classes. O

Theorem 4.3.15. Suppose that D and D’ are m-Dyck paths of length n. The
m-Dyck paths D and D’ are k-equivalent if and only if d(D) = d(D’) mod k(m—1).

Proof. Suppose that D and D’ are k-equivalent. Furthermore, suppose without
loss of generality that we obtain D’ from D by application of a finite sequence of
k-compressions. From Proposition 4.3.11, we see that a k-compression maps d(D)
to an n-tuple which is congruent to d(D) modulo k(m —1). Therefore, since d(D’)
an n-tuple which is a result of a finite sequence of k-compressesions on D, then
d(D) = d(D") mod k(m — 1).

Suppose now that d(D) = d(D’) mod k(m — 1). Consider their respective

/
min

minimal representatives in their k-equivalence classes D,,;, and D’ . respectively.

It then follows that

d(Dpin) = d(D) = d(D') = d(D.,,,

) mod k(m — 1).

Therefore, d(D,;,) = d(D!

min

obtain that d(D,,) = d(D;

min

) mod k(m — 1), hence by Proposition 4.3.13 we
) which means D,,;, = D! ... Therefore, D and

D' belong to the same k-equivalence class. Therefore, we conclude D and D’ are

k-equivalent. O

Theorem 4.3.16. Suppose that t and t' are a pair of m-ary trees with n leaves

and depth §(t) = (6"(t),...,8(t)) and 6(¢') = d1(¢'),..., 0" (') respectively.
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The trees t and t' are k-equivalent if and only if

m—1 m—1
Z —i)dli(t) = Z(m —4)0%(t') mod k(m — 1),
i=1 i=1

where the addition on the n-tuples is componentwise.

Proof. Suppose that t and ' are k-equivalent, then their corresponding Dyck paths
D = o(t) and D’ = o(t') respectively are also k-equivalent. Therefore, by Theorem
4.3.15, d(D) = d(D’) mod k(m — 1). By Proposition 4.3.7,

di = (m —1)87 (1),
Z m — i) (0% (t) — 67 (t)) + 1, for j > 1.

Since d; = d} mod k(m — 1), we have that (m — 1)6(t) = (m — 1)6%(#') mod
k(m — 1). Furthermore, we observe that from the structure of the of m-ary trees

that 6% () = 0 and 6% (#') = 0 for 7 # 1. Thus

(m —1)8%(t) = (m — 1)% (') mod k(m — 1) for 1 <i < m,

hence
D (m—=1)df(t) =) (m—1)5(¢') mod k(m — 1).
=1 1=1
From the fact that,
dy = Yo (m =) (05 (t) = &7 () + 1 = dy = 3 (m — i)(&5 (') — 67 () + 1 mod
i=1 =1
k(m —1),
we conclude that,
D (m—i)s5(t) = (m—i)d5(t') mod k(m — 1).
=1 =1

From this congruence and the congruence

m m

dy = (m—i)(E(t) = 05() +1=dy=dy =) (m—i)(F(t) — & (1)) +1,

=1 =1
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we conclude that,

Z(m — )0k (t) = Z(m — )0% (') mod k(m — 1).

Continuing in this manner we obtain the following,

m m

Z(m - 2)551(25) = Z(m - i)5§i(t’) mod k(m — 1), for 1 < j < n.

=1 i=1
This is the same as saying,

[y

m—1

> (m— i) (t) =Y (m—i)d"(t) mod k(m — 1).

1

3

=1 %

Now for the converse, suppose that

m—1 m—1
Z — i)' (t) = Z(m —)0% (') mod k(m — 1).
i=1 i=1
This implies that,
> (m—i)dki(t) =) (m— )87 (') mod k(m — 1), for 1 < j <n.
i=1 i=1

This further implies that

dy = (m—1)6(t) = d| = (m — 1)6" (t) mod k(m — 1)

m

zm: (m—1) 5l (5;1'_1(75))—1-1 =d; = Z(m—i)(5?(25’)—5?_1(15'))—#1 mod k(m—1).

i=1
Therefore, by Theorem 4.3.15, D = o(t) and D’ = o(t') are k-equivalent which

implies that ¢ and ¢ are k-equivalent. O

4.4 An Application to m-ary operations

The main aim of this section is to prove Theorem 4.4.4, which gives a character-

isation of k-equivalence. To do so, we introduce a particular k-associative m-ary
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operation which will be denoted by o. This operation will be used to evaluate m-ary
parenthesizations and we will show that this operation characterises k-equivalence.
This is to say that two parenthesizations will be k-equivalent (k-associative) if and
only if their evaluations under this operation are equal. For the rest of this section,
we fix integers m > 2, g >0, k> 1 and n =m+ g(m — 1).

Let A = C(uy,...,u,) be the free unital associative algebra over C in n inde-
terminates uq, us, ..., u,. We define a binary operation o on A as follows. Let w be
an element of A of order k(m—1), for example w = e . For a,bin A, we define
aob=w-a+b, where - and + are the multiplication and addition operations in A
respectively. This is taken to be a left-justified operation. Sometimes we will omit
the - for convenience. The binary operation o on A induces an m-ary operation

on A™ defined in the following way,
a1 oas 0y =w" ag+wm 2 ag+ W A + Ay (4.4)
It is easy to see by direct calculation that the following two lemmas are true.
Lemma 4.4.1. The binary operation o on A is k(m — 1)-associative.

Lemma 4.4.2. The m-ary operation on A™ induced by the binary operation o on

A is k-associative.

Let X be a non-empty set and let x : X™ — X be an m-ary operation.
Take z1,...,x, in X. Recall that there is a bijection between the set of m-
ary trees on n leaves and the set of m-ary parenthesizations of the expression
X1 % -+ % Xy, see Proposition 4.2.4. We will write p; = p(xq * - -+ * x,); to be the
m-ary parenthesization of the expression z; * - - - % x,, corresponding to the m-ary
tree t. We denote the evaluation of p; with respect to o by p(uj o---owu,);. When

there is no risk of confusion, we omit the subscript .

Lemma 4.4.3. Suppose that p(z; % --- % x,); is an m-ary parenthesization of
x1 % - -+ % x, corresponding to the m-ary tree on n leaves t, which has depth

§(t) = (8" (t), ..., (t)) be the depth of ¢. It follows that

m m 1

3 (m—i)ali (¢) > (m—i)sy (1) 35 (m—i)oki ()
p(ulo...oun)t:wzzl .u1+wz:1 .u2+...+wz:1 Uy, -
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Proof. Recall that n satisfies the equation n = m + g(m — 1) for some integer
g > 0. We prove the result by induction on g. When g = 0 there is only on tree

to consider, namely t = A--- Ae.

t
: P .

For this tree, 5;1' = 0;;, where the right side is the usual Kronecker delta function.
it is easy to see that the statement holds in this case by the definition of uj0- - -ou,,
in (4.4).

Now suppose that the result holds for n = m + ¢’(m — 1) for all ¢ < g. We
consider the g+ 1 case. Let t be an m-ary tree with n = m+ (g+1)(m — 1) leaves.
We may write t = t; A-- - At,, where each t; is the subtree rooted at the i*" child of
the root of t. Each subtree t; has n; < n leaves and n; + - - - + n,, = n. In writing
t as the tag of its sub-trees at the root, we partition the leaves of t. We identify
each leaf of ¢ with a tuple (h, j) if it lies in the subtree ¢, and it is the j*® leaf in
the pre-order traverse of ¢, where 1 < j < ny,. Therefore, for the leaf identified
with (h, j),

l; e,
5%7].(75) _ (5?,j(th) +1 ifi=h; (45)
Oy i (tn) otherwise.

From the equation above, it follows that,

(m — i)k (ty) + (m —14) ifi=h;
(m — )8y (1) = (4.6)
(m — 2)523 (th) otherwise.
The identification of the leaves with the tuples (h, j) gives another labelling of the

variables u,, where 1 < s < n. Since the variable u, corresponds to the s** leaf of

t, and the s™ leaf is identified with (h, j), we write u, ;) for us. Hence

p(u1 OU9O-+-0 un)t = p(u(l,l) o} u(172) Ce u(mﬂ’bm))t'
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It is then easy to see that,

P(u(1,1) © U(1,2) © O Ummgn) )t =P(U(1,1) © *** O U(1ny) )t © P(U(2,1) O O+ O U2 ) 1,0

.. op(u(m,l) O+++0 u(m7nm))tm

= wm p(U(LI)O- . 'Ou(l,nl))t1+wm p(U(Zl)O- « O - 'OU(27n2))t2+' . ""p(u(m,l)o' : 'Ou(m,nm))tm.

By in the inductive assumption,

i(m—i)(sli (tr) i‘ (m—0)5,% ) (tn)
P(U@n,1) © Un,2) © O Uy 1y, =W U ) + wi R N s
S (m—i)oli (1)
<o wist (i) * U(h,ny)

from which it follows that,

S5 (m=i)afh, 1, (tn)+(m—h)

wm_hp(u(m) o) u(h,2) O--+0 u(hﬂh))th = i=1 . U(h71)+
$° (m—i)li , (ta)+(m—h) S (m—i)alh  (tn)+(m—h)
W=t e “Ugpo) + A wist (o) T “Ulh,ny,)-

By equation (4.6),

i=1

<Z<m — i)l <th>) - (m—h) = (Dm — )3l () | + (m = h)S% (1) + (m — h)

i=1
Therefore,
S5 (m=i)a(i ) (4) S5 (m=i)a(i ) (#)
p(u(l,l) o U(1,2) O+++0 u(m,nm))t —i=1 (1,1) . u(]_y]_) + (wi=1 (1,2) . u(]_72)+
3 =03 1) ()
N + wi=1 . U/(m,nm))

as required. This completes the proof.

O
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We are now able to prove our first main results.

Theorem 4.4.4. Suppose that p = p(xy x---xx,), and p' = p/(x1 % -+ *x 2,)p are
two m-ary parenthesizations of xy * - - - % x,, corresponding to the m-ary trees on
n leaves t and ¢’ respectively. It then follows that p and p’ are k-equivalent with

respect to k-associativity if and only if,

plugo---ouy)y=p'(uo---ouy,)y.

Proof. Suppose the parenthesizations p and p’ are k-equivalent. It follows that the
trees t and ¢’ are also k-equivalent. By Theorem 4.3.16,

- (m — )8 (t) = : (m — )" (t') mod k(m — 1).

1

3

=1 [

Therefore,

p(ul OUQ"'OUn)t :p/(ul ou2"'oun)t’

by Lemma 4.4.3.

Suppose that

p(u1 OUg-*-0O un)t :p'(ul OUg---0 un)t’,

then " N .
> (m—i)oyi () > (m—i)dy (t) > (m—i)81i (1)
wi=1 c U _|_ wi=1 < U9 + e _l_ wi=1 . un
3 (m—i)ali (¢) > (m—i)abi () 35 (m—i)6% (¢')
wi=1 . U/l + wi=1 . u2 + e + wr=1 . un'
Since uq, ..., u, are algebraically independent and hence linearly independent in

A, the coefficients of the u; on each side of the equation must be equal.
Hence

3 m—i)8li (¢ 5 m—i)éb (¢!
Ao _ Fosdio o
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Since w has order k(m — 1) this implies,

m—1 -1

> (m—i)d(t) =Y (m—i)d"(t) mod k(m — 1).

1

3

i=1 7

Hence t and ¢’ are k-equivalent by Theorem 4.3.16 which implies that p and p’ are
also k-equivalent by Remark 4.2.7. O]

Example 4.4.5. In example 4.2.9 we saw that the 3-ary parenthesization
((x129m3)T425) TG 7

is 2-equivalent to

T (($2I3$4)I51’6>I‘7.

Let us check the theorem above for this example.

The depth of the first tree is
(6" =(3,2,2,1,1,0,0),8” = (0,1,0,1,0,1,0)," = (0,0,1,0,1,0,1)).
Therefore, the valuation of ((xjxexs)r4xs)x627 With respect to o is
WSy + Wiy + whrs + Wiy + wles + wre + 7.
The depth of z1((xox324)T526)27 1S
(6" =(1,2,1,1,0,0,0),6” = (0,1,2,1,2,1,0),6" = (0,0,0,1,0,1, 1)),
hence the valuation of z1((xox324)r526)27 With respect to o is
w2x1 + C«JSZEQ + w4x3 + w3a:4 + w2x5 + wxg + 7.

Since w has order 4 the valuations are equal.
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4.5 Modular Fuss-Catalan Number

4.5 Modular Fuss-Catalan Number

Recall that we define the modular Fuss-Catalan number C7, to be the number of
k-equivalence classes of parenthesizations of xg*- - -*x,. In the previous sections we
saw that k-associativity corresponds to k-rotation and k-compression. Therefore,
i, also counts the k-equivalence classes of (m—1)-Dyck paths of length n. In this
section we follow the strategy of (Hein & Huang, 2015, §5) to derive an explicit
formula for C7",. By Proposition 4.3.14, each k-equivalence class has a unique
minimal element. Therefore, to count the number of k-equivalence classes, we just
need to count the number of minimal elements. For the rest of this section, we fix
integers m >2,g>0,k>1and n=m+ g(m—1).
Assume that [ is a positive integer in {1,...,n} such that (m—1) divides [. Let
N denote the up-step (1,1) and S denote the down-step (1, —1) in Z?. Denote by
Ly, the set of all strings (lattice paths) of the form N'SNSN* ... SN such
that iy +io+---+14, = n—1 where (m—1)|i, forall1 <p <nand 0 <iy,...,i, <
k(m —1). Thus L7, is a set of lattice paths of length n where the first up-step
is of size [. For integers 1 < j < k, denote by m; the number of (j — 1)(m — 1)s
appearing among the iy,...,4, € {O,m —1,2(m —1),...,(k—1)(m —1)}.

It is easy to see that

( . >
My, M, ..., M

mi+---+mrg=n
m2+2m3+---+(k71)mk:"—71

m—1

‘ m
k,n,l

For a string w = N'SN® SN . SN~ in L, and jin {0,1,...,n — 1} we
define
w* = N'SN'+. 8. SN"SN"S ... SN%.
Let Ly, ; be the subset of strings in L7, ; which are (m — 1)-Dyck paths of length
n. Since (m — 1)-Dyck paths can be thought of as 1-Dyck paths where up-steps
come in multiples of m — 1, the following lemmas follow by similar arguments to
Lemma 5.5 and Lemma 5.6 from Hein & Huang (2015), which can be thought of

as the m = 2 case. Thus we will state the followings lemmas without proof.

Lemma 4.5.1. For a string w in Ly, ; the set {0 < j <n—1:w* € LY, } has

cardinality [.
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4.5 Modular Fuss-Catalan Number

Let ¢ be the following map,
¢ . LZ?TL,Z X {0,1’.. .’n_ 1} % L?::’:l,l’
(w, ) = w*.

Lemma 4.5.2. For astring w in L}, ;, the fibre ¢~ (w) of ¢ over w has cardinality
o~ (w)| =1.

By Proposition 4.3.14, the modular Fuss-Catalan number counts the number
of minimal (m — 1)-Dyck paths. Moreover by Proposition 4.3.13, minimal Dyck
paths D satisfy d(D) = (dy, . ..,d,) where d; < k(m —1) for i # 1. Combining the
results of Proposition 4.3.13, Proposition 4.3.14 and Lemma 4.5.2,

l

‘LZ?n,l = 5 ’L;:,r;,l ‘ .

Let L', be the set of minimal (m — 1)—Dyck paths, then

1<i<n
(m—1)|1

Therefore,

m m f— l "
Ck,n_ |Lk,n = Z E Z (ml,...mk>

1<i<n mi+-+mp=n
m—1ll  mo42ma+-+(k—1)mp= 2=

m—1

is the number of minimal (m — 1)-Dyck paths of length n, so by Proposition 4.3.6,

it is the number of minimal m-ary trees of length n + 1. This completes the proof.
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4.5 Modular Fuss-Catalan Number

Example 4.5.3. In this example, we will count the number of 2-equivalence classes

AR
LA RA
FONFON

Figure 4.5: The complete list of the 3-ary trees with 7 leaves.

of 3-ary trees with 7

Observe that the trees 17, T» and T3 in the top row correspond to the following
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4.5 Modular Fuss-Catalan Number

parenthesizations

(1 % @ % x3) * Ty * T5) * Tg * X7,
xq % (X9 * T3 % Tq) * T5 * Tg) * Ty,
xl*xg*((:r3*x4*x5)*x6*x7)

respectively. We can see that we get the tree 75 from the tree T} by a 2-rotation at
the root of T7, and likewise we get the tree T5 from the tree T by a 2-rotation at the
root of Ty. Therefore T, T5 and T3 belong to the same 2-equivalence class. Further
observe that the other trees cannot be 2-rotated because they do not contain a
subtree of form required to perform a 2-rotation. We conclude that CS’,G = 10. Let

us check this against the explicit formula we have derived.

- = (.0

1<l<6 mi1+mo=6

A ma=tt

_2( 6,406 6(6
“6\4,2) "6\5,1) " 6\6,0

:%u@+§my+um

= 10.
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Chapter 5

Idempotent completion of

extriangulated categories

5.1 Introduction.

Extriangulated categories were introduced in Nakaoka & Palu (2019a) as a simulta-
neous generalisation of exact categories and triangulated categories in the context
of the study of cotorsion pairs. The known classes of examples of extriangulated
categories include exact categories, triangulated categories and extension-closed
subcategories of triangulated categories; see (Nakaoka & Palu, 2019a, Example
2.13, Remark 2.18, Proposition 3.22(1)). There are many extriangulated cate-
gories which a neither exact nor triangulated. For example, it is shown in (Jin,
2020, Theorem 2.4) that the category of Cohen-Macaulay differential graded mod-
ules over certain Gorenstein differential graded algebras is extriangulated. Another
is the subcategory K [_1’0](proj A), which is the subcategory of complexes conce-
trated in degree -1 and degree 0 in K®(proj A), where A is an Artin algebra; see
(Padrol et al., 2019, Proposition 4.39). For other constructions of extriangulated
categories which are neither exact nor triangulated; see for example, (Nakaoka &
Palu, 2019a, Proposition 3.30), (Zhou & Zhu, 2018, Example 4.14 and Corollary
4.12).
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5.1 Introduction.

Let A be an additive category. A morphism p: A — A in A is said to be
idempotent if p*> = p. The category A is said to be idempotent complete (or have
split idempotents) if every idempotent morphism in A admits a kernel. Every ad-
ditive category A can be embedded fully faithfully into an idempotent complete
category A called the idempotent completion (also called the Karoubi envelope);
see for example (Biihler, 2010a, Remark 6.3). The property of being idempo-
tent complete is often desirable and has interesting consequences. For example,
in defining n-Abelian categories for n > 2, one of the required axioms is that the
underlying additive category is idempotent complete, see (Jasso, 2016, Definition
3.1). Abelian categories ( note that 1-Abelian categories are precisely Abelian
categories) are idempotent complete, however for n > 2, idempotent completeness
is independent of the other axioms of n-Abelian categories. One important conse-
quence of idempotent completeness in the definition of n-Abelian categories is that
of the existence of n-pushouts, see (Jasso, 2016, Theorem 3.8). Furthermore, an
additive category A is Krull-Schmidt if and only if it is idempotent complete and
the endormorphism ring of every object is semi-perfect, see (Krause, 2015, Corol-
lary 4.4). So by taking the idempotent completion of extriangulated categories,
one could possibly obtain Krull-Schmidt extriangulated categories.

When A is a triangulated category, it has been shown that the idempotent
completion A is also triangulated; see (Balmer & Schlichting, 2001, Theorem 1.5).
It has also been shown (Liu & Sun, 2014, Theorem 2.16) that the idempotent
completion of a left triangulated category is again left triangulated, and likewise
for right triangulated categories. When A is an exact category, it has also been
shown that the idempotent completion is exact; see (Biihler, 2010a, Proposition
6.13). We will unify these results by showing that when A is extriangulated then
the idempotent completion is also extriangulated. In doing so, we also add to the
family of examples of extriangulated categories.

Independent work by Wang et al. (2022) has also shown that the idempotent
completion of an extriangulated category is extriangulated. Although the result is
the same, our work offers a different perspective. For example, the description of
Ext! functor of the idempotent completion which give is different to the description
of Wang et al. (2022). Our description of the biadditive functor has the advantage

of allowing us to easily observe that the Ext!-groups of an idempotent completion
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5.2 Idempotent completeness.

A are subgroups of the Ext!-groups of A. In particular, the Ext! bifunctor on A
behaves like a subbifunctor of the Ext! bifunctor on A, in the sense of (Herschend
et al., 2021, Definition 3.7). Our alternative perspective also leads us to a proof
of the main theorem which is quite different to the proof presented in Balmer &
Schlichting (2001) for the triangulated case and Wang et al. (2022) for extriangu-
lated case. In our work, the role of the idempotent morphisms is clarified and the
extriangles of the idempotent completion have an explicit description which isn’t
available in the treatment of Balmer & Schlichting (2001) and Wang et al. (2022).

5.2 Idempotent completeness.

In this section, we recall the basic theory of idempotent completions of additive
categories.

Let us set the common notation for this section. Let A be an additive category.
Given objects X, Y in A we will write A(X,Y") for the group of morphisms X — Y.
For an object X in A we denote the identity morphism of X by 1y.

Definition 5.2.1. (Karoubi, 1968, Definition 1.2.1,1.2.2). Let A be an additive
category. We say that A is idempotent complete if for every idempotent morphism

p: A— A (ie. p?=p)in A, there is a decomposition A = K & I of A such that
0 0

0 1;

I

P with respect to this decomposition.

Suppose r: A — B is a retraction with section s: B — A, that is to say rs =
1g. Then it can be observed that the morphism sr is an idempotent morphism.
Such an idempotent gives a decomposition of A in the sense of Definition 5.2.1
if the morphism r admits a kernel k. See (Biihler, 2010a, Remark 7.4) for more
details.

Definition 5.2.2. (Borceux, 1994, Definitions 6.5.3 ,6.5.1) An idempotent mor-
phism p: A — A in A is said to split if there is a retraction r: A — B and section

s: B — A such that sr = p and rs = 15.
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5.2 Idempotent completeness.

Proposition 5.2.3. (Biihler, 2010a, Remark 6.2)(Borceux, 1994, Proposition 6.5.4).

Let A be an additive category. The following statements are equivalent:

1. A is idempotent complete;
2. Every idempotent morphism in A admits a kernel;
3. Every idempotent morphism in A admits a cokernel;

4. Every idempotent morphism in A splits.

For this reason, idempotent complete categories are often referred to as cate-
gories with split idempotents. Every additive category A embeds fully faithfully
into an idempotent complete category A. The category A is commonly referred
to as the idempotent completion or as the Karoubi envelope of A.

Definition 5.2.4. (Balmer & Schlichting, 2001, 1.2 Definition). Let A be an
additive category. The idempotent completion of A is denoted by A and is defined
as follows. The objects of A are the pairs (A, p) where A is an object of A and
p: A — Ais an idempotent morphism. A morphism in A from (A,p) to (B,q) is
a morphism o: A — B € A such that op = qo = 0. For any object (4, p) in fl,
the identity morphism 1(4,) = p.

Proposition 5.2.5. (Biihler, 2010a, See e.g. Remark 6.3). Let A be an additive
category. The Karoubi envelope A is an idempotent complete category. The
biproduct in A is defined as (A,p) ® (B,q) = (A® B,p® q). There is a fully
faithful additive functor is: A — A defined as follows. For an object A in A, we
have that i4(A) = (A, 14) and for a morphism f in A, we have that is(f) = f.

The Karoubi envelope is unique with respect to the following universal property.
Proposition 5.2.6. (Biihler, 2010a, Proposition 6.10). Let A be an additive
category and let B be an idempotent complete category. For every additive functor

F: A — B, there exists a functor F: A — B and a natural isomorphism «: F =

Fig.
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5.3 Idempotent completion of extriangulated categories.

5.3 Idempotent completion of extriangulated cat-

egories.

For the rest of this section, let (C,E, s) be an extriangulated category and let C be

the idempotent completion of C.

Theorem 5.3.1. Let (€, E,s) be an extriangulated category. Let € be the idem-
potent completion of €. Then C is extriangulated. Moreover, in this case the

embedding i¢: € — Cis an extriangulated functor.

Our first step in proving the above theorem is the construction of a bifunctor
F: CP x @ — Ab for the extriangulated structure. Given a pair of objects (X, p)
and (Y, q) in C, we define F on objects by setting,

F((X,p), (Y,q) == p"¢.E(X,Y) = {p"q.0 | 0 € E(X,Y)}.

Lemma 5.3.2. Let p: X — X and ¢: Y — Y be morphisms in €. Then
P'¢.E(X,Y) ={p"¢.0 | 0 € E(X,Y)} is a subgroup of E(X,Y).

Proof. Observe that p*¢.E(X,Y) is the image of E(X,Y) under the group homo-
morphism E(p, ¢), therefore p*¢.E(X,Y") is a subgroup of E(X,Y). O

By Lemma 5.3.2, p*¢,.E(X,Y") is an Abelian group. We now need to define F
on morphisms.

Let a: (X,p) — (Y,q) and B: (U,e) — (V, f) be any pair of morphisms in
e. By definition these are morphisms a: X — Y and g: U — V in € such that
ap = qa =« and fe = f5 = 5. Take e € F((Y, q), (U, e)), we have that € = g*e.d.
for some 6. € E(Y, U), hence we observe that

B = Boa’q e d. = fee " = (Be).(qa)* o,

= (fB)«(ap)*é. = f.Bupa”o. = p" fu(a™B.d¢).
Since a*f,0. is in E(X, V) we have that a*f,¢ is an element of F((X,p), (V, f)).
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5.3 Idempotent completion of extriangulated categories.

For the pair (&, §) we define F(a°?, 3): F((Y,q), (U,e)) — F((X,p), (V, f)) as
follows. For e € F((Y, q), (U, e)) we set F(a°, 5)(¢) := B.a*e. It is easy to observe
that F preserves identity morphisms from the above definition. Let (aj, 51) and
(i3, B2) be a pair of composable morphisms in CP x € and (GV1da, 1 52) be their
composition. Then,

F((c1ds), B152)(€) = F(ar %, 1) (e)
= PP (ar)’e = Brfacaiase = Br.a] Brase,
so I preserves composition. This completes the definition of the bifunctor F: CoP
€ — Ab.

Our next step will be to verify that F: €°P x € — Ab is a biadditive functor.
We will only show that F is additive in the second argument since the proof for
additivity in the first argument is dual.

Proposition 5.3.3. Fix (X,p) in €. Then the functor F((X,p),—): € — Ab is

an additive functor.

Proof. For the zero object (0, 15) in €, we have that F((X, p), (0, 10)) = p*(10).E(X,0) =
{0}.

Now let (U,e) and (V, f) be any pair of objects in €. Denote by FY®Y the
Abelian group F((X,p),(U® V,e® f)) = {p*(e® )6 | § e E(X,UdV)}. We
also denote by FY the Abelian group F((X, p), (U,e)) = {p*e.c | e € E(X,U)}. We
likewise denote by F% the Abelian group F((X, p), (V, f)) = {p*f.7 | T € E(X,V)}.

Since E is a biadditive functor, there is a group isomorphism ¢: E(X,U @
V) = E(X,U) @ E(X,V), where an E-extension 6 € E(X,U & V) corresponds to
©(0) = (0y, dy) for some 6y € E(X,U) and oy € E(X, V).

Define the map G': F§®V — FY @GR, by setting G(p*(e®f).0) = (p*e.0y, p* foov)
where ¢(d) = (dy, dy) for some oy € E(X,U) and éy € E(X, V). Observe that for
any pair p*(e® f).0 and p*(e ® f).e where ¢(d) = (dy, dy) and ¢(e) = (ey, ey ) we
have that p(d +¢) = ¢(J) + ¢(g). So

Gp™(e@ )0+ (e@f)ug) = G (e® [).(0+¢)) = (P ex(dv +ev), pex(Ov +ev))
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5.3 Idempotent completion of extriangulated categories.

= (pe.du, p" fo0v) + (P escr, p" fucv) = G(p™ (e @ £).6) + G(p™(e @ f).e).

Hence G is a group homomorphism.

Define the map H: FY@FY — FY®Y by setting H (p*e.du, p* f.0v) = p*(e® f).6
where o~ !(dy, dy) = 6 for some 6 € E(X,U ¢ V), and where 6y € E(X,U) and
Sy € E(X,V). Take any pair (p*e.0y,p*f.0y) and (p*e.e, p*fiey) in FY @ FY.
Then if ¢~ '(0y,d0v) = § and ¢~ ey, ey) = € then ¢ ' ((0y + v, oy + ev)) =
0o 0y, ov) + ¢ Hev,ev). So

H((p*e.du, p™ fudv) + (P escv, 0" fuev)) = H((p*e.(dv + cv), p" f«(0v +ev))

= p* (e f)«(0+e) = p*(e®f)0+p™ (D f)se = H(p e.dy, p* fudv)+H (p*escu, p* feev).

Hence H is a group homomorphism.
We claim that Go H = 1gygpy . Take (p*e.dy, p* f.oy) € FE @ FY% and suppose
o (0, bv) = 5. Then H((peudu p" fu60)) = p(e © £).6. Since 8(6) = (3, bv),

we have that

GH((p*esdu,p* f+ov)) = G(p*(e ® f).0) = (p*e.du, p* fudy).

We also claim that H o G = lguev. Take ple ® f).0 € FY®Y and suppose
©(8) = (0y,0y). Then G(p*(e ® f).0) = (p*e.dy,p* fudv). Since = (dy, dy) = 6,

we have that

H(G(p*(e @ f)*(;)) = H((p*e*éU,p*f*év)) = p*(e @ f)*5

This shows that F((X,p), (U ® V,ea f)) = F((X,p), (U,e)) & F((X,p), (V, [)).
Therefore the functor F((X,p), —): € — Ab is additive. O

Proposition 5.3.4. Fix (X, p) in €. Then the functor F(—, (X,p)): CP — Ab is

an additive functor.

Proof. The proof is dual to the proof of the previous proposition. m
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5.3 Idempotent completion of extriangulated categories.

Having verified that the functor I is biadditive, the next thing we need to do
is to define a correspondence which will be a realisation. In order to define the
correspondence, we need the following lemmas. This lemma is a generalisation
of (Balmer & Schlichting, 2001, Lemma 1.13) in the setting of extriangulated

categories. The proof is also a straightforward adaptation.

Lemma 5.3.5. Let (A,G,t) be a triple satisfying (ET1), (ET2), (ET3) and
(ET3)°P. Let A, B,C be objects of A. Let § be an extension in G(C,A) with
t(0) =[A > B N C]. Let (e, f): § — 0 be a morphism of G-extensions where
e: A— Aand f: C — C are idempotent morphisms. Then there exists an idem-
potent morphism g: B — B such that the triple (e, g, f) realises the morphism of

G-extensions (e, f): § — 0.

C
|+ v |
A—s B2,

Proof. Since (e, f): 6 — § is a morphism of G-extensions and t is a realisation,

there exists a morphism ¢: B — B such that the following diagram commutes.
A—*>B-LsC
le i lf
\V
A—s B2,
Let h :=i* — 4. Then we have that ha = (i —i)a = 0 and bh = b(s*> — i) = 0 from

the commutativity of the above diagram and the fact that e and f are idempotent.
By the exact sequences in Proposition 2.1.71, b is a weak cokernel of a so there
exists h: C'— B such that h = hb. So we observe that h? = hbh = 0.

Let g = i+h—2ih. Since the morphisms i and h commute and h? = 0 we have
that g% = i2 + 2ih — 44%h. Since i*> = i+ h we have that ¢? = i+ h+2ih — 4ih = g.
We have that ga = ia + ha — 2itha = ia = ae, since ha = 0. We likewise have that
bg = bi + bh — 2bih = bi + bh — 2bhi = bi = fb. Therefore, the above diagram

commutes if we replace ¢ with g. This completes the proof. O
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5.3 Idempotent completion of extriangulated categories.

Lemma 5.3.6. Let (A, G, t) be an extriangulated category. Let A, B, C be objects
of A. Let & be an extension in G(C, A) with t(§) = [A %> B LN C]. Let
(e, f): d — 0 be a morphism of G-extensions realised by (e, i, f) where e: A — A
and 7: B — B are idempotent morphisms. Then there exists an idempotent
morphism ¢g: C' — C such that (e,g): § — J is a morphism of G-extensions
realised by (e,i,g). Dually if we instead assume that i: B — B and f: C — C
are idempotent. Then there exists an idempotent morphism k: A — A such that

(k, f): 0 — ¢ is a morphism of G-extensions realised by (k,1, f).

Proof. Since (e, f): 6 — ¢ is realised by (e, 1, f), we have the following commuta-

tive diagram.

~

o
%
k’ﬁ

a

s

~

Set h := f? — f. Then we have that
hb = f?b— fb = f(bi) — bi = (fb)i — bi = bi*> — bi = bi — bi = 0.
We also have that
RS = (f2— f) 0= f*f0— f0=fe.d —ed
= e.(f*0) — .0 = (€2),0 — e.0 = €, — e,6 = 0.

By Proposition 2.1.70 we have the following exact sequence in Ab.

G(C a

¢(C,4) —

Since h*d = (d4)c(h) = 0, it follows from the exactness of the above sequence that

there exists a morphism h: C' — B such that h = bh. From this we can observe
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5.3 Idempotent completion of extriangulated categories.

that h? = bhbh = hbh = 0. Now set g := f + h — 2fh, as f and h commute and
h? = 0, we then have that

P =(f+h—-2fh)%*=f 4 2fh —4f°h.
By noting that f? = f 4+ h we obtain
g =f+h—2fh=g.
It is then easy to check that,
gO=f"0+h"0—-2n"f0=e.d0+0—2h"0 =e.d —2e.h"d =e,0 —2e,0 = e,
and

gb=(f+h—2fh)b= fb+hb—2fhb=bi+0—2f0 = bi.

We have shown that g: C'— C'is an idempotent morphism such that (e, g): § — ¢
is a morphism of G-extensions realised by (e, 7, g). The proof of the other statement

is dual. O

An analogue of Lemma 5.3.5 where we replace the idempotent morphisms with

split idempotent morphisms can also be obtained.

Lemma 5.3.7. Let (A,G,t) be a triple satisfying (ET1), (ET2), (ET3) and
(ET3)°P. Let A, B and C be objects of A. Let § be an extension in G(C, A)
with t(6) = [A % B BN C]. Let (e, f): 6 — & be a morphism of G-extensions
where e: A — A and f: C — C are idempotent morphisms that split. Then there
exists an idempotent morphism ¢g: B — B that splits such that the triple (e, g, f)

realises the morphism of G-extensions (e, f).

.
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5.3 Idempotent completion of extriangulated categories.

Proof. Since e splits, there is an object X € A and morphisms e;: A — X and
e1: X — A such that e = ejey and ese; = 1x. Likewise, for f there is an object
Z € A and morphisms fo: C — Z and fi: Z — C such that f = fifs and
f2f1 =12z

Suppose that t(eq, fi0) = [X - Y - Z]. Consider the following diagram of
G-triangles.

X _*yy _ Y.z e fid
lel irl lﬁ
\l/
A—*ysp_t,0o_ 9, (5.1)
lez ET2 lfa
X T }\; 4 \ Z _eg*_f_f_é

Observe that

€€ f10) = e f10 = fi(e.0) = f1(f70) = fi(f1/2)"0 = ((f2/1) /)"0 = [io.

Therefore (eq, f1): eaffd — 0 is a morphism of G-extensions. So, by the axiom
(ET2), there exists a morphism r;: Y — B such that the top row of the above

diagram commutes. Also observe that

[3(e2:f10) = eauf5 10 = €2.(f70) = ewa(e.d) = ((e2e1)€2).0 = €2.0.

Therefore (eg, f3): 0 — €9 f10 is a morphism of G-extensions. So by axiom (ET2),
there exists a morphism ry: B — Y such that the bottom row of the above diagram
commutes. Collapsing the above diagram into the diagram below, we obtain the

following morphism of G-triangles and commutative diagram.

«f1o

Xty Y, gl
eze1=1x Jfﬂl fofi=1z (52)

«f1é

X =,y Y, gl
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5.3 Idempotent completion of extriangulated categories.

By Lemma 2.1.65, the morphism 791y is an automorphism of Y. That is to
say, there exists h: Y — Y such that ror1h = 1y and hrory = 1y. Set g =
(rih)ro: B — B. Observe that

g* = rih(ryrih)ry = rih(ly)ry = rihry = g,
so ¢ is an idempotent morphism. Moreover,
7“2(7"1h) = 1y.

So g is in fact a split idempotent. Now consider the following diagram.

A—*yp_t,(C

le ig lf (5'3)
A—*3s B,

Note that, by the commutativity of diagram (5.2),
oM = X
SO
x = (hrari)x = hx,

and similarly
Yrori =Y,
SO
y = y(rarih) = yh.

Using the fact that diagram (5.1) commutes, we further observe that
ga = rih(rea) = ri(hx)es = (rz)es = alejes) = ae,

and
bg = (bri)hry = fi(yh)ra = (fiy)r2 = (f1f2)b = [,

so diagram (5.3) commutes. This completes the proof. O
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5.3 Idempotent completion of extriangulated categories.

Definition 5.3.8. Let v be the correspondence between F-extensions and equiv-
alence classes of sequences of morphisms in C defined as follows. For any objects
Z,X in € and idempotent morphisms p: Z — Z,q: X — X in €, let § = p*q.e be
an extension in F((Z,p), (X, q)) such that

s(p'q.e) =X =Y L 7).

We set
t(0) == [(X,q) 2, (Y,r) 2, (Z,p)],

where r: Y — Y is an idempotent morphism such that rx = xq and yr = py

obtained by application of Lemma 5.3.5.

Remark 5.3.9. Before we can proceed any further, we need to show that the
above definition of v is well-defined in the following sense. Given an F-extension
J, t(6) is defined in terms of a choice of the representative s(0). We will show that
it is independent of this choice. Moreover, in the above definition, the idempotent
morphism r: Y — Y such that rx = xq and yr = py need not be unique. We will

show that all choices of such an idempotent give equivalent sequences.

Lemma 5.3.10. Let 0 = p*q.c be an extension in F((Z, p), (X, ¢)) such that
s(p'q.e) =X =Y L 7).

The following sequences of functors are exact;

G - Clag—) = o7
e((X’ Q)7 _) —_— F((va)’ _)
C(—,py)

C(—, (X,q) — =21 &(—, (V,r)) —=22s. &(—,(Z,p)) ——— F(—,(X,q))
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5.3 Idempotent completion of extriangulated categories.

where r: Y — Y is an idempotent morphism such that rz = xq and yr = py,
obtained by application of Lemma 5.3.5. In particular, py is a weak cokernel of zq

and zq is a weak kernel of py.

Proof. We will only show the exactness of the first sequence; the proof of the ex-
actness of the second sequence is dual. Since (C, E, t) is an extriangulated category,

the following sequence
e(z,-) =5 e(v,-) =22 e(X, -) == E(Z, -) (5.4)

1s exact.
We will start by showing exactness at C((Y,r), —). Since (5.4) is exact we have

that y oz = 0. So it follows that for f € C((Z,p), (A, e)),

(Clxq, (A, e))€(py, (A,e)))(f) = (f opy) o (zq) = fp(y o x)q = 0.

That is to say im(C(py,(A,e))) C ker(C(xq,(A,e))).
Let g € C((Y,r), (A, e)) be such that

C(zq, (A, e))(g) = goxq =0,

we have that grq = grz = 0. By the exactness of the sequence 5.4, y is a weak
cokernel of x, so we have that there exists a morphism h: Z — A such that

gr = hy. Since gr = hy we have that
gr = gr* = hyr = hpy.
Moreover for the morphism ehp: (Z,p) — (A, e) we have that
gr = egy = ehpy = ehppy = (ehp) o py.

This is to say gr € im(C(py,(A,e))), in particular ker(€(zq¢,(A,e))) € imC(py,(Ae))).
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5.3 Idempotent completion of extriangulated categories.

What is left is to prove exactness at €((X,q), —). Take a morphism
fr(Yor) = (Aje) in €((Yor), (4,¢)).
Then
(674 ¢y © Claa, (A, ))(f) = (f29).0 = (f(2)).0 = (f(rz)).6 = ((fr)x).6) = 0

by the exactness of (5.4). We conclude that im(C(zq, (4, €)) C ker((SZi’e)).
Take a morphism g: (X, q) — (A, e) € C((X,q), (4,¢€)). Suppose

52%4,@) (g) - 9*5 = 0.

Since ¢ is also a morphism in € and ¢ is an E-extension, we have by the exactness

of (5.4) that there exists h: Y — A such that g = hx. Now consider the morphism
' =ehr: (Y,r) — (A e).
We have that
Wwq = (ehr)zq = eh(rz)q = eh(zq)q = e(hx)q = e(g)q = g.

We conclude that ker(éae)) C im(€(zq, (A,€)). Therefore we have exactness at

C((X,q),—) as required. O

Proposition 5.3.11. Let § be an extension in F((C,p), (A, q)) realised under s
by the following sequences,

A% B2

A5y -5 C

Then given idempotents r: B — B and w: Y — Y such that

aq = ra, pb=br and xq = wx, py = yw (5.5)
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5.3 Idempotent completion of extriangulated categories.

the following sequences are equivalent,
(4,9) 5 (B,r) 25 (C,p),

(4,9) = (Y,w) = (C,p).
That is to say, v is well-defined.
Proof. Since the sequences A — B N C,and A = Y - C both realise

0, they are by definition equivalent in €. That is to say we have the following

commutative diagram,

A > > C
ol £

where the morphism f: B — Y is an isomorphism. Now consider the following

diagram.

(4,q) = (B,r) 2 (C,p)

’ l’wfr

(4,9) — (Y,w) == (C,p)

From the relations in (5.5) and those arising from the commutative diagram (5.6),

(5.7)

we can observe the following,

wf(ra)g = wf(ag)qg = wflag) = w(fa)g = w(z)q = (wr)qg = (xq)q = g, (5.8)

plyw)fr=ppy) fr = (py) fr = pyf)r = pb)r = p(br) = p(pb) = pb.  (5.9)

That is to say, diagram (5.7) is a commutative diagram. Now consider the following

diagram.

(4,q) —— (Y,w) — (C,p)

(A,q) = (B,r) 2 (C,p)

(5.10)

191



5.3 Idempotent completion of extriangulated categories.

From the relations in (5.5) and those arising from the commutative diagram (5.6),

we can observe the following,

rf N wx)g=rf(zq)qg =r(fx)qg =r(a)q = (ra)q = (aq)q = aq, (5.11)

p(br) f~ w = p(pb) f~'w = p(bf " w = p(y)w = p(yw) = p(py) = py.  (5.12)

That is to say, diagram (5.10) is a commutative diagram, and by Lemma 2.1.76
we have that wfre = (1(a,q), wf7, 1(cp)) is a homotopy equivalence, and hence by
Lemma 2.1.75, the morphism w fr is an isomorphism. We conclude that (5.7) is
an equivalence, that is to say v is well-defined. O

From Proposition 5.3.11 we conclude that t is well-defined in the sense of
Remark 5.3.9.

Lemma 5.3.12. Let § be an extension in F((Z,p), (X, q)) with s5(6) = [X -2
Y 4 Z] and v(6) = [(X,q) =5 (V,r) 25 (Z,p)]. Suppose that (X,q) ——
(W, s) — (Z, p) is another sequence realising § as an F-extension. Then u = u,q

and v = pv; for some u;: X - W and vy: W — Z.

Proof. Since (X, q) — (W, s) — (Z,p) realises §, there is an equivalence,
(X7Q> L <Y7T) L (Z7p)

| I |

(X,q) —— W,s) —— (Z,p)

where f is an isomorphism. Since the above diagram commutes fzg = u and

vf = py, soset u; = fr and v; = yf L. m

Proposition 5.3.13. Let t be the correspondence defined above. Then t is an

additive realisation of F.
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5.3 Idempotent completion of extriangulated categories.

Proof. Let § = p*q.e € F((Z,p),(X,q)) and &' = p"q¢.e’ € F((Z',p),(X',¢)) be
F-extensions with
s(0) =X YL 7,
®(0) = [(X,q) = (V1) = (Z,p)]

and

:El

s(0) = (X' Ly L 7,

o) = (X', q) <5 (V) 25 (7).

Suppose that we have a morphism of F-extensions (a,c): § — ¢’ for some a €

C((X,q), (X',¢') and c € C((Z,p), (Z,p/), that is to say

F((Z,p),a)(d) = F(c, (X, q))(5).
In other words, we have the following diagram in C.

(X>q) L (Y77n) L (Zap>

la l (5.13)

(X',¢) == (V1) s (2
By definition we have that § = p*q.e and §' = p™*¢.e’ for some € € E(Z, X)
and some ¢ € E(Z’,X’). Moreover the morphism a € C(X,X’) is such that
aq = ¢'a = a, likewise for ¢ € C(Z, Z") we have that cp = p'c = ¢. We also have by
definition that

F((Z,p), a)(0) = a.(p*q.e) = F(c, (X, 9))(8') = " (p" .e”).

Therefore we have a morphism of E-extensions (a,c): p*g.e — p™*q¢.e’. In other

words we have the following solid diagram in C.
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5.3 Idempotent completion of extriangulated categories.

*gxe
X —* 5y 2 5z 2
I
I
I
I
I

la :

’ P aq.E
X = sy 2L 7z -t >

o
e}

Since s is a realisation, there exists a morphism b: Y — Y’ making the above
diagram commute. Recall that by Lemma 5.3.5, we have that rx = xq, yr = py,
'’ = /¢’ and y'r" = p'y/. Tt then follows that 'br: (Y,r) — (Y',r") makes

diagram (5.13) commute since,
r'boraq = r'b(roq) = r'b(zq?) = r'(bx)q = '’ (aq) = (Y2’ )a = 2'¢a
and
py'r'br = p'(yr")or = (W )y'br = p/(y'b)r = p'e(yr) = (p'c)py = cpy.

So we conclude that t is a realisation of F.

Now we verify additivity of t. For any pair (Z, p), (X, ¢), we have that 0 = p*q.0

5]

s(0) =[x "% xo 27124

and

Yz1=0.

By definition we have that

q

[ [0 p]
v(0) = [(X,9) A (X.9) @ (Z.p) = (Z.p)],
since ¢ = 1(x,q) and p = 1(z,), we have that,

t(0) = 0.

Now take a pair of F-extensions § = p*q.e € F((Z,p),(X,q)) and §' = p*¢.e’ €
F((Z',p"), (X', ¢)). Since s is an additive realisation we have that

Ix I _/

= 5(p"q.e) ®s(p"q.e).

/*//)

s(p*q.e ®pqie
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5.3 Idempotent completion of extriangulated categories.

/

As s(prqe) = [X =YV 5 Z] and s(p*de’) = [X Y/ N Z'], we have that
spaceridd)=[Xe X Byay L 26 7
By the definition of ¢t we have that,

v(0) = [(X,q) = (Y,r) = (Z,p)],

v /o0

v(d) = [(X',¢) =5 (Y',1") ©5 (Z',p)] and

(z®2')(¢®q") ( (pop") (y®Y') (

(0@ = (XX ,q® ) YOY,ror ZeZ,pop) .

We have that

xz 0 q O xq 0
(zoa)(geq) = . = = (zq) & (+'¢),

/

x 0 ¢ 0 2/¢
likewise (p®p')(yBy') = py®p'y'. Tt is also easy to check that r @1’ is idempotent
and satisfies the required equations arising from Lemma 5.3.5. So it follows that

t(0 @) = t(8) @ (o).

This completes the proof. n

So far we have constructed the triple (é ,IF,t). Since @ is the idempotent com-
pletion of C, it is an additive category. Propositions 5.3.3, 5.3.4 and 5.3.13 show
that the triple (C,F,t) satisfies axioms (ET1) and (ET2) of the definition of an
extriangulated category, see Definition 2.1.61. So what is left is to verify axioms
(ET3), (ET3)°", (ET4) and (ET4).

Proposition 5.3.14. The triple (G, F,t) satisfies the axioms (ET3) and (ET3)*.
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5.3 Idempotent completion of extriangulated categories.

Proof. Let 6 = p*q.e € F((Z,p),(X,q)) and &' = (p')*(¢' )¢’ € F(Z',p), (X", ¢"))
be F-extensions with

5(6) =X 5V -5 7],
v(0) = [(X,q) = (Y,r) = (Z,p)],
whereby rx = xq and py = yr by Lemma 5.3.5 and
s(0) = (X Ly L 7,
o(0) = [(X',q) = (Y',0) =5 (Z',p)],

whereby 2’ = 2/¢' and p'y’ = ¢/’ by Lemma 5.3.5. Suppose we have the following
commutative diagram in C. Note that we have that Ja=aqg=aand r'b=0br=1>

by the definition of morphisms in €.

(X7Q) B (KT) B (Zap)

la lb (5.14)

(Xl,ql> L) (Y’,r’) _rPy (Z’,p’)

la lr’br EC (515)

!
X -y Lz T

Using the above relations, we have that
r'ore = r'beqg =r'v’'da=1rr"7'a =1r"2'a = 2'da = 2'a

hence the left square of diagram (5.15) commutes. Since € is an extriangulated

category, there exists ¢: Z — Z’ such that the diagram commutes and a.(p*g.e) =

/*/l)

c(p™q.e).
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5.3 Idempotent completion of extriangulated categories.

Consider the morphism p'ep: (Z,p) — (Z,p'), we have that
p'e(pp)y = p'e(py) = p'(cy)r = p'y'r'b(rr) = p'y' (r'br) = p'y'd,

so p'cp makes diagram (5.14) commute.

We also have that,

/% I/ *x ok Ik Ik |/ *x ok Ik | _/

(P'ep)*(p™qie’) = p*cp"p" ¢’ = p* P e’ = papTee = a.p P qE = aupTqie

therefore we have a morphism of F-extensions (a,p'cp): 6 — ¢’, as required. This

verifies (ET3). The proof for (ET3)" is dual. O

Before we can prove that € satisfies (ET4) and (ET4)°?. We first need to prove
the upcoming statements, which will play an important part in our proof of (ET4)
and (ET4)°P.

Lemma 5.3.15. Let § be an extension in F((Z,p), (X, q)) where 5(6) = [X ——
Y -4 Z) and ¢(6) = [(X,q) =5 (Y,r) 2% (Z,p)]. Then the following sequences

of natural transformations are exact.

F(—, (X,q)) =2 F(—, (v,r)) =2 F(-, (2, p))
F((Z,p),—) 2= F((Y,r), —) 23 F((X, q), -)

Proof. Let (A, e) be any object in €. We need to show that the following sequence

in Ab is exact.
F((Ae),x F((A,e),
F((A,e), (X,q) 2B R((A,e), (V7)) “2IY R((A, ¢), (2, p))-

Take 0 € F((A,e), (Y,r)). Recall that, by definition, we have that e*0 = r.0 = 0.
Suppose that F((A,e), py)(0) = (py).f0 = 0. Recall that, by construction py = yr,
hence we have that 0 = (py).0 = (yr).0 = y.(r.0). In particular we have that
r.0 = 0 € ker(E(A,y)). By Proposition 2.1.70, the following sequence is exact in

Ab.
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5.3 Idempotent completion of extriangulated categories.

E(A, X) 22 A, y) 224 54, 2)

Therefore we have that r.0 = 60 = z.(0) for some o0 € E(A, X). Observe the
following,
=e"0 =e'r.0 =z.(e'0),
thus
(xq)«(e*0) = (rz)u(e*0) = re(zie0) = 1(0) = 6.

Therefore we have that (zq).(g.e*c) = 6. In other words, 6 € im(F((A,e),zq))
and in particular, ker(F((A,e), py)) C im(F((A4,e), zq)).
Now take o € F((A,e), (X, q)), then

(py)«((2q)0) = (py)«(21qs0) = pi(yz)s(gs0) = 0

since y oz = 0 by Lemma 2.1.72. Hence im(F((A4, e), zq)) C ker(F((A4, e),py)).
The proof of the dual statement is dual. This completes the proof. n

Remark 5.3.16. Since C satisfies (ET3) and (ET3)°" we have that C satisfies
Proposition 2.1.71. By Lemma 5.3.15, we see that € induces long exact sequences
as in Proposition 2.1.70 without requiring that Cis an extriangulated category as

a priori.

Corollary 5.3.17. Let 6 be an extension in F((Z,p), (X, q)) where 5(6) = [X ——
Y % Z] and v(6) = [(X,q) =5 (V,r) 25 (Z,p)]. Suppose that (X,q) ——
(W,s) — (Z,p) is another sequence realising § as an F-extension. Then the

following sequences of natural transformations are exact.

F(—,(X,q) —=2 F(—,(W,s)) —= (-, (Z,p))
F((Z,p),—) === B((W, s), —) ==L F((X,q), —)

Proof. Since (X, q) — (W, s) — (Z, p) realises §, there is an equivalence,
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5.3 Idempotent completion of extriangulated categories.

(X,q) —— (Y,r) == (Z,p)

| I |

(X,q) —— (W,s) —— (Z,p)

Then, for any object (A, e) € C we have the following commutative diagram, where

by Lemma 5.3.15, the top row is exact.

F((Ae),(X,q)) ~22% F((Ae),(Y,r)) ~25 F((Ae),(Z,p)

| [ |

F((A,e),(X,q)) —— F((Ae),(W.5)) —— F((Ae),(Z,p))

From the above commutative diagram, it is easy to see that the bottom row is also

exact. O

The following proposition is an analogue of Proposition 2.1.73 in €. Remark-
ably, we are able to prove the statement of the following proposition without
requiring C to be extriangulated unlike in the statement of Proposition 2.1.73. We
only require that (é,F, t) satisfies axioms (ET1) and (ET2).

Proposition 5.3.18. Let § = p*q.c € F((C,p), (4, q)) be an F-extension where
5(0) = [A = B O and ¢(6) = [(4, q) =% (B,r) 25 (C,p)].
Let h: (E,w) — (C,p) be any morphism and suppose
s(h*8) = [A -5 D - E] and v(h*5) = [(4, q) % (D, s) % (B, w)].

Then there exists a morphism g: (D,s) — (B,r) such that (1(a4,h): h*6 =6

is realised by (1(a,q), g, h). Moreover
—es

o (1 )

t((dg).0) = [(D,s) "—" (B,w)® (B,r) = — " (C,p)]-
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Proof. We apply Proposition 2.1.73 to A —— B y O ----- > , the mor-

phism h: £ — C and A i, p—<¢5 g -T2 > . Then there is a morphism

g: D — B such that the following diagram commutes

| g I (5.16)

and that

D——FE&®B
Since h: (E,w) — (C,p) is a morphism in € we have that h = hw, therefore
18 = wh*§ = w*h*pq.e = w g, (h*p*e).
In other words h*0 € F((E,w), (A, q)), so we have that
e(h8) = [(A.q) = (D,5) % (E,w)],

where s: D — D is an idempotent morphism such that dg = sd and we = es.

Consider the following diagram.

(A, q) i) (D,s) —= (E,w) ---°- >
J=ras I (5.17)

(A, q) — (B,r) LA (C,p) LN

By diagram (5.16) and the relations h = hw = ph, we can observe that
(rgs)dq = rg(dq) = r(gd)q = rzq = vq and

py(rgs) = (pyr)gs = (py)gs = p(yg)s = p(he)s = (ph)es = h(es) = hwe.

Therefore diagram (5.17) commutes and (1(4,q), h) is realised by (1(a), 9, h).
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5.3 Idempotent completion of extriangulated categories.

Since dq = sd, we have that
(dq)+d = (5d)«p" que = 5:dup" ¢ = $.D"(dwqs€).
That is to say, (dq).0 € F((C,p),(D,s)). By definition (F,w) ® (B,r) = (E @
0

B, w®r), where w®r = , which we observe is an idempotent morphism.

w
0

<

Also observe that,

r
Therefore
—es
gs (h py)
t((dq)*(g) = [(D, 8) — (Ev ’U)) D (Bu T) — (Ca p)]a
as required. O

Corollary 5.3.19. Let € = p*q.0 € F((C,p), (A, q)) and § = t*¢.0 € F((Z,t),(A,q))

be F-extensions where
s(e) = [A % B - C) and v(e) = [(A.q) % (B.r) ™ (C.p)]

and

5(0) = [A -5 Y % 2] and v(6) = [(A,q) =% (Y, s) % (Z,1).

Suppose we have the following diagram, where the left square commutes i.e. uagq =

zq.
(A,q) =L (B,r) —2 (C,p) -5
(A,q) —= (V,5) —2 (Z,1) -2
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5.3 Idempotent completion of extriangulated categories.

Then there exists a morphism w: (C,p) — (Z,t) in € such wpb = tyu, w*d = ¢
and that the following is an F-triangle,

(B,r) b (C,p) @ (V) M (Z,1) 9%

Proof. This statement is the analogue of the statement of (Herschend et al., 2021,
Proposition 3.6) (Corollary 2.1.74). The proof of (Herschend et al., 2021, Propo-
sition 3.6) is a consequence of (ET2) and Proposition 2.1.73, or axioms (R0) and
(EA2) respectively in the language of Herschend et al. (2021). We have shown
that (€,F,¢) satisfies (ET2) in Proposition 5.3.13 and Proposition 5.3.18 shows
that (é,IF, t) satisfies Proposition 2.1.73. Hence the statement of the corollary

follows, by using an argument as in Herschend et al. (2021). ]

So far we have shown that the triple (€, F, ) satisfies the axioms (ET1), (ET2),
(ET3) and (ET3)°P. We are now in a position to prove axioms (ET4) and (ET4)°P.

Proposition 5.3.20. The triple (G, F,t) satisfies the axioms (ET4) and (ET4)*.

Proof. Let (D, p), (A, q),(F,t) and (B, r) be objectsin C and let § € F((D, p), (4, q))
and 0’ € F((F,t),(B,r)) be F-extensions with

s(8) =[A L B LS D),
and
s(0) = [B % ¢ L5 F
in the extriangulated category (C,E,s). Then by definition
®(6) = [(A.) 5 (B.r) 25 (D, p)],

for some idempotent r: B — B where

fg=rfand pf = f'r (5.18)
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and
(&) = [(B,r) 25 (C,5) 5 (F, 1)),
for some idempotent s: C' — C where
gr =sg and tg' = ¢'s. (5.19)
We must show that there exists an object (E,w) € G, an F-extension §” €
F((E,w), (A, q)) such that the following diagram commutes,

(4,9) -2 (B,r) L (D, p)

L

(A,q) =5 (C,s) 0 (B, w)

b

(F,t) (F,t)

and that the following compatibilities hold,
(1) ©((pf").8) = [(Dp) = (E,w) < (F,1)].

(2) (d)*6" = 6.

(3) (fg)0" = (€)"d".

Since (C,E,s) is extriangulated we can apply (ET4) to the above E-triangles

to get an object E in €, a commutative diagram

AL B I > D
T
A s C N (5.20)

AP
o

F | se—
in € and an E-extension §” € E(E, A) where

s(8") = [A L5 ¢ L5 B

such that the following compatibilities are satisfied:
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(i) s((f).0) = [D -5 B - F.
(ii) d*6" = 0.
(iii) f.6" = e*d'.

Recall that since ' € F((F,t),(B,r)), then by definition ¢’ = t*r,e’ for some
¢’ € E(F, B). Also recall that pf’ = f'r by (5.18), so we have that

fidh = fitre =t fire’ = (f'r)e’ =t (pf)e = 'p.(fiE).
In other words f.0" € F((F,t),(D,p)) and so we have by definition that
w(f10) = [(D.p) 2 (B,v) =% (F,1)], (5.21)
where v: ' — FE is an idempotent such that
dp = vd and te = ev. (5.22)

Now consider the element 0" € E(E,A). We are going to show that " €
F((E,v),(A,q)). Note that by the compatibility (iii), we have that f.0” = e*d’.
Recall the relations fq = rf,te = ev and t*0’ = ¢’ by (5.18) and (5.22). We can

then observe that
(f@):0" = (rf)ud" = rofd" = r.e*t*d

=r.(te)*d = r.(ev)*d = row*(e*d) € F(E,v), (B,r)).
Consider the F-triangle,
(4.q) L% (B.r) 2 (D,p) o

and the following diagram arising from it.
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5.3 Idempotent completion of extriangulated categories.

(fa)« (pf'

/ F(Ew),(Aq) 2% F((E,0),(Br) 225 F(Ew),(D.p))

C((Ew),(Dp)) —2— BB, A) — L 5B, B) —" B(E, D)

Note that the vertical inclusion maps are due to the fact that the F-extension
groups are subgroups of the respective E-extension groups and the diagram com-
mutes. By Lemma 5.3.15, the top row is exact in Ab. Moreover, the sequence
obtained by appending the morphism d: C((E,v),(D,p)) — F((E,v), (A, q)) to
the top row is exact by Proposition 2.1.71 and Lemma 5.3.15.

Observe that (fq).0” € F((E,v), (B,r)) and

) ((f0):8") = pu(f'[)eq:0" = p.0.q.0" = 0.

That is to say, (fq)«0” is in the kernel of (pf’), in the top row. So there exists an
F-extension o € F((F,v), (A, q)) such that (fq).c = (fq)+0", so (fq)«(c —§") = 0.
That is to say o —¢” is in the kernel of (fq). in the top row, therefore there exists
k € C((E,v),(D,p)) such that d4(k) = o — §”. In other words 0" = o — d4(k) €
F((E,v),(A,q)) as required.
Consider the solid part of the following diagram.

Aty o My B,
ls " (5.23)
Aty o My p 9,

LS

By (5.19) we have that,

sh=s(gf) = (s9)f = g(rf) = (9f)q = hq,

therefore the solid square commutes, so by axiom (ET3) for €, there exists a
morphism u: E — E such that (¢,u): §” — 0” is a morphism of E-extensions

realised by (g, s,u). Since ¢ and s are idempotent, it follows from Lemma 5.3.6
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that there exists an idempotent morphism w: E — FE such that (¢, w): §" — 0" is

a morphism of E-extensions and diagram (5.23) commutes. As
5// — q*(sl/ — w*(s// — w*q*5//’

we have that " € F((E,w), (A4,q)), and since s: C' — C' is an idempotent such
that
sh = hq and wh' = h's,

and furthermore
s(0") =[A 1 ¢S By,
we have that
w(@) = [(A,q) % (C,s5) 5 (B,w)].

Applying Corollary 5.3.19 to the following solid commutative diagram,

(A,q) L (B,r) 2L (D,p) -2
| o la (5.24)

(A,q) —2 (C,5) % (B, w) -2

we get a morphism d: (D,p) — (E,w) such that d o pf’ = wh' o gr,d*§" =

¢ and that
—pf’
i (d “’h/> (fa)+8"
(B,r) ~— (D,p) & (C,s) — (E,w) =" |

is an F-triangle.
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Applying Corollary 5.3.19 to the following solid commutative diagram,

—pf’

. (5.25)

(B,7) — (C,5) ————— (F,t) ~—---= N
we get a morphism e: (E,w) — (F,t) such that eo (J wh’) —tg'o (0 1) e =
(fq)+0" and that,

—d —wh' —pf’

5!
0 1 (é tg’) gr
*

(D,p) @ (C,s) — (B,w) ® (C,s) ~—— (F,t) ~—----* R

is an F-triangle.
By Proposition 2.1.69 applied to the above F-triangle, the following is an F-

triangle.

(D,p) —1= (E,w) —= (F,t) 5 (5.26)
Hence, by Corollary 2.1.67, we have that (5.26) is an F-triangle, so
e(pf).8) = [(D,p) == (B,w) < (F.1)].
Now consider the following diagram.

(4,9) L% (B,r) L (D, p)

b

(A, q) 45 (C,5) 2 (B, w) (5.27)
(Ft) (F,t)
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Using the relations arising from the commutative diagram (5.24), we have that the
top squares of the above diagram commute and that d*0” = §. From the relations
arising from the commutative diagram (5.25) we have that the bottom right square
of the above diagram commutes and that (fq).0"” = e*d’.

To conclude we have shown that there exists an object (E,w) € C, an F-

extension ¢” € F((E,w), (A, q)) such that the following diagram commutes,

(4,9) L% (B,r) L (D, p)

| [ |z

(A, q) LI (C,s) _wh', (E,w)

b

(F,t) (F,t)
and that the following compatibilities hold.
(1) ®(pf).0) = [(D,p) -5 (B,w) 5 (1)),
(2) (d)*6" = 6.
(3) (fa).0" = ()"
This completes the proof of (ET4). The proof of (ET4)°? is dual. O

Having shown that (G, E, t) satisfies (ET4) and (ET4)°?, we can now conclude
that (é,E,t) is an extriangulated category. Recall that there is a fully faithful
additive functor ie: € — € defined as follows. For an object A of C, we have
that ie(A) = (A4,14) and for a morphism f in €, we have that ie(f) = f. We
will show that this functor is an extriangulated functor in the sense of (Bennett-
Tennenhaus & Shah, 2021, Definition 2.31). In particular, the functor ic preserves

the extriangulated structure of C.

Proposition 5.3.21. Let € be an extriangulated category and C be its idempotent

completion. Then the functor i¢: € — Cis an extriangulated functor.
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Proof. 1t is easy to see that the functor ie is a covariant additive functor. So all

that is left is to define a natural transformation
I'={Tca}caecerxe: B = F(ig’—, ic—)
of functors €% x € — Ab, such that for any E-extension ¢ if
s() =X 5y -L 7

then

©(T(zx)(6) = [ie(4) 3 ie(B) % ie(C)]
First note that by definition, F((C, 1), (A, 1)) = E(C, A). So given a pair of objects
A,C in C we define I'i¢ 4): E(C, A) = F((C,1), (A, 1)) by setting '« )(0) = 0 for
all 6 € E(C, A). Given a morphism (f,g): (C;A) — (Z,X) in C°? x €, consider

the following diagram:

L'(c,a)

E(C, A) F(C,1),(4A,1))

E(f,g)l lﬂ*‘(fvg)

Lz,x)

E(X,Z) ——— F((X,1),(Z,1)).
For 0 € E(C, A), we have that E(f,g)(6) = f*g.6. Therefore I' z x)(E(f, 9)(d)) =
f*g.6. On the other hand, I'(¢ 4)(6) = 0 and F(f,g)(0) = f*g.d. So the diagram
commutes.
Let A,C be an objects in € and ¢ be any extension in E(C,A). Then by
definition, we have that I'¢ 4)(d) = 0 € F((C, 1), (A, 1)). Suppose

s(0) =A% B L (.
Then

t(Dica)(9) = [(A,1) = (B, 1) = (C, 1)]
= lie(A) "M io(B) “M jo(C)].
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So we conclude that ig: € — € is in fact an extriangulated functor as required. [

Theorem 5.3.22. Let (G, E, s) be an extriangulated category. Let € be the idem-
potent completion of €. Then C is extriangulated. Moreover, the embedding

je: @ — Cis an extriangulated functor.

Proof. This follows from the following Propositions 5.3.3, 5.3.4, 5.3.13, 5.3.14,
5.3.20 and 5.3.21. O

In the introduction we made the claim that Theorem 5.3.22 unifies the analo-
gous results for exact categories and triangulated categories. We will clarify this
claim starting with the triangulated case.

For the rest of this subsection, let (€,%, A) be a triangulated category with
an additive category €, shift functor ¥ and a collection of distinguished trian-
gles A. Balmer and Schlichting showed in (Balmer & Schlichting, 2001, Theorem
1.12) that the idempotent completion of (€, X, A) is again a triangulated category
(é,i,A). By (Nakaoka & Palu, 2019a, Proposition 3.22), the triangulated cat-
egory (C,X,A) may be viewed as an extriangulated category (C,E,s), therefore
from this viewpoint the idempotent completion is also an extriangulated category
(€, F,t) by Theorem 5.3.22. We will show that (€, F,t) has the structure of a tri-
angulated category (é, 3, ©), and that this triangulated structure coincides with
the triangulated structure (€, 3, A).

We start by recalling how the triangulated structure (é, 5, A) is defined in
(Balmer & Schlichting, 2001, Definition 1.10). The shift functor ¥: € — € in-
duces the functor ¥: € — € as follows. For an object (A,e), we have that
S(A,e) = (ZA,%e), and for a morphism f: (X,q) — (Y,p), we have that
S(f) = 2(f): (2X,2q) — (XY, ¥p). Elements of A are the following sequences

of morphisms.

Definition 5.3.23. (Balmer & Schlichting, 2001, Definition 1.10) A sequence of

morphisms
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5.3 Idempotent completion of extriangulated categories.

is a distinguished triangle in A if there exists a sequence of morphisms

/ /

v (A ) = (BLr) = (C'p) — (SA %)
such that t & t’ is isomorphic to the image of a distinguished triangle in A under
the embedding i¢: € — C.

By (Balmer & Schlichting, 2001, Theorem 1.12), the triple (é, 3, A) is a trian-
gulated category, in particular ¥ is an auto-equivalence on e.

Now let us recall how the extriangulated structure (€, E, 5) is defined in (Nakaoka
& Palu, 2019a, Proposition 3.22).

e For any objects A,C' € @, the biadditive functor E is such that E(C, A) :=
C(C, T A).

For § e E(C, A), a € C(A, A"), and ¢ € C(C",C), we have that

a0 :=Xaod and c*d :=doc.

e For an extension § € E(C, A) = C(C, X A) with a distinguished triangle

0 is realised as

Now let us consider the extriangulated category (C,F,¢).

Lemma 5.3.24. F(—, —) = C(—,%—).

Proof. Let (C,p) and (A, q) be any pair of objects in €. By definition
F((C,p),(A,q) ==p"¢.E(C,A) = {p"q.0 | 6 € E(C, A)}.

By the definition of (€, E,s) above, we have that

F((C,p),(A,q)) =p"q.C(C,EA) = {¥qodop|d e C(C,EA}.
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From this it can be observed that that F((C, p), (4,q)) C C((C,p),%(A4,q)).

We will now show the opposite inclusion. Take a morphism f in é((C, D), f](A, q)),
then by definition f is a morphism in C(C, ¥ A) such that ¥go f = f = fop, from
this it may be observed that f = Xq o f o p, therefore f € F((C,p), (A, q), hence
C((C,p),2(A, q)) CF((C,p), (A, q)). We conclude that

For any morphisms f: (X, q) — (Y,p),g: (U,e) — (V,i), and F-extension §: (Y, p) —
(XU, Se),

we also have that

C(f,2g)(0) =Sgodo f.

Therefore F(—, —) = C(—, ¥—) as required. O

The category (é,IF,t) is extriangulated with auto-equivalence ¥, such that
F(—,—) = C(—,%-), so by (Nakaoka & Palu, 2019a, Proposition 3.22) it has has
the structure of a triangulated category (é, s, ©), where O is defined as follows.

The collection © is defined to be collection of the sequences
(4,9) = (B,r) == (C,p) —— (LA, %q).
for which
t(8) = [(4,9) = (B,r) == (C,p)].

We will show that the collections © and A are equal, thus confirming that the
triangulated structure of (G,F,t) which is given as (C,%,0) coincides with the
triangulated structure of (€%, A).

Lemma 5.3.25. For any F-triangle ((4,q) —% (B,r) 2% (C,p),d) in (C,F,t)
there exists an F-triangle ((A’, ¢') > (B',r") LAN (C',p'),0") such that their direct
sum is isomorphic to the image of an E-triangle in (€, E,s) under the embedding

e G—>é
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Proof. Recall that for any object (X, w) € €, we have that
(Xw) @ (X,1—w) = (X & X, 0o (1-w) = (X, 1)

see for example (Thomason & Trobaugh, 1990, A.9.1). Consider an F-extension
d = p*q.e = Xqoeop wheree € E(C, A), and p: C' — C,q: A — A are idempotent

morphisms. Suppose that ¢ has an F-triangle

(A, q) 2 (B,r) -2 (C,p) -2 .

A—=s B2y -2y,

Now consider the following diagram.

zqdz(1—q)
5

(A® A qo(1-q)) (BaB,rad—r) 22U cgopa(1-p)

(0 o) (- ) ()

(A1) z > (B, 1) Y » (C, 1)

The vertical morphisms are isomorphisms, for example, by calculation we can

observe that the morphisms

(¢ 1-0): (ABAq0(1-g) — (A1)

and

4q
(A1) — (A Aqa (1-q)
l—gq
are mutual inverses. Making use of the fact that rx = z¢ and yr = py (see

Definition 5.3.8), it can also be observed that the squares of the diagram commute.

It can be further observed that the bottom row of morphisms give an F-triangle

(A1) ——— (B,1) ——— (C,1) —---*--- 5.
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Since the diagram commutes, and the vertical morphisms are isomorphisms, by

Corollary 2.1.67 the top row of morphisms realises the F-extension,

050 (p (1-p) = >0 5w,

(b 1-p) 0= " 00

1—gq E(1—q)

*

hence we have the F-triangle

(A@ Aq® (1 B q))xq@x(l q)(B ®B,ro (1 _ ))pyEB(_1>—p)y(C,69 C.pd (1 —p)) 580
(5.28)
Since (5.28) is an F-triangle, by Proposition 2.1.68, its direct summands are also
F-triangles, namely,

( q) (1-p)y

(A 1—q) =5 (B,1—r) 2% (C,1—p) -2

is an F-triangle. This concludes the proof.

]

Proposition 5.3.26. The triangulated structure of (€, %, ©) coincides with that
of (é, 2, A), that is to say © = A.

Proof. Recall that the distinguished triangles of A are direct summands of images
of distinguished triangles in A under the embedding ic: € — C (see Definition
5.3.23). It follows from Lemma 5.3.25 and the definition of © that the distinguished
triangles of © are direct summands of images of distinguished triangles in A under
the embedding ic: € — €, hence © C A.

We will now show the opposite inclusion. Consider a triangle in A

t: (A,q) —— (B,r) —— (C,p) —— (XA, Xq).

By the definition of A, there exists # € A such that t @t = ie(7) where 7 is a

distinguished triangle in (€, ¥, A). Suppose that

(A, q) =< (B ,r) L (C',p) =2 (A, 3¢,
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and
ie(1): (X,1) 2 (V,1) 2= (Z,1) —— (ZX, 1),

we then have the following isomorphism of triangles in (€, X, A)

(A A qo¢) 2% BaB,rar) =25 (Cal pay) 2 (SA®TA,T¢® I¢)

(X, 1) z s (Y, 1) ! s (Z,1) : y (BX,1).

Assign to t,t" and ie(7) the pairs

((A.q) = (B,r) = (C.p), ), (5.29)
(A ) 5 (Br') 5 (C". ), ), (5.30)
and
(X, 1) 5 (V1) 5 (Z,1),¢) (5.31)
respectively.

The isomorphism (1, @9, ¢3) induces an isomorphism of pairs (5.29) @ (5.30) =
(5.31). It can be observed that (5.31) is an F-triangle because it is the image
of a distinguished triangle in A. Since (5.29) @ (5.30) = (5.31), it follows that
(5.29) @ (5.30) is also an F-triangle by Corollary 2.1.67. By Proposition 2.1.68, it
follows that (5.29) is an F-triangle, therefore by the definition of © we have that
t € ©. So we conclude that A C O, therefore © = A as required. O]

Let (A, E) be an exact category, with certain smallness conditions on A, the
exact category (A, &) can be viewed as an extriangulated category (A,E! s) in
an analogous way to triangulated categories; see (Nakaoka & Palu, 2019a, Ex-
ample 2.13). Conversely, an extriangulated category in which every inflation is a

monomorphism, and every deflation is an epimorphism, has the structure of an
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exact category; see (Nakaoka & Palu, 2019a, Corollary 3.18). Biihler showed in
(Biihler, 2010a, Proposition 6.13) that the idempotent completion of (A, €) is an

exact category (jl, é), whereby a sequence of morphisms
t: (A,q) —— (B,r) —— (C,p)

is an ezact sequence in & if there exists a sequence of morphisms

1 (A q) == (Br) = (C",)
such that t @ t' is isomorphic to the image of an exact sequence in € under the
embedding iq: A — A; see (Biihler, 2010a, Proposition 6.13). By Theorem 5.3.22
the idempotent completion of (A, E! s) is an extriangulated category (jl, Fl r).
As in the triangulated case above, we can show that the category (jL, F! r) has an
exact structure (A, F). It is then true that (A, &) = (A, F) by arguments analogous

to the ones in the triangulated case shown above.
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