On a Class of Measures on

Configuration Spaces

Ahsan ul Haq

Thesis submitted for the degree of

Doctor of Philosophy

The University of York

Department of Mathematics

October 2012



Abstract

In this thesis we have explored a new class of measures 1y on configuration spaces
'y (of countable subsets of Euclidean space X = R?), obtained as a push-forward of
“lattice” Gibbs measure 6 on X%*. For these measures, we have proved the finiteness
of the first and second moments and the integration by parts formula. It has also
been proved that the generator of the Dirichlet form of vy satisfies log-Sobolev
inequality, which is not typical for measures on configuration spaces. Stochastic
dynamics of a particle in random environment distributed according to the measure
vy, is presented as an example of possible application of this construction. We
consider a toy model of a market, where this stochastic dynamics represents the
volatility process of certain European derivative security. We have derived the

“Black-Scholes type” pricing partial differential equation for this derivative security.



Contents

Abstract
Acknowledgments
Declaration

1 Preliminaries
1.1 Measures on Hilbert spaces

1.2 Configuration Spaces

2 A class of Measures on Configuration Spaces
2.1 Push-Forward Construction of Measures on Configuration Spaces
2.1.1 Measures on Finite Configuration Spaces
2.1.2  Push-forward measures on Infinite Configuration Spaces
2.2 Translation-Invariant Measures on X%* and their Properties
2.2.1 Gelfand Triple Associated with X%
2.2.2  Main Assumptions and Examples of Measures

2.3 Support and Finiteness of Moments of Push-Forward Measures

3 Integration by Parts Formula for Push-Forward Measures
3.1 Integration by Parts Formula on X z

3.2 Integration by Parts Formula on I'yx

10
10
22

31
31
31
35
36
36
45
50

56
56
66



4 Logorathmic Sobolev Inequality of Push-Forward Measures 75

4.1 What is Log-Sobolev Inequality 75
4.2 Logarithmic Sobolev Inequality on Configuration Spaces 80

5 Motion in Random Media and Stochastic Volatility 83
5.1 Stochastic Dynamics in Random Environment 83
5.2  Stochastic Volatility Models 88
5.2.1 Preliminaries 88

5.2.2  The Model 94

5.2.3 Pricing Partial Differential Equation 95

List of Notations 99

Bibliography 100



Acknowledgments

I would like to express my heartiest gratitude towards my PhD supervisor, Dr.
Alexei Daletskii, for being very supportive and for his patience all the way
through my work. I thank him also for his enthusiasm and help in introducing me
to this field. T would like to thank department staff, for their help and guidance in
official matters with very kind attitude. The financial support from Higher
Education Commission of Pakistan is gratefully acknowledged. I am very grateful
to all my friends for their help, in particular during my early days here. Their
support helped a great deal in staying sane.

I am deeply indebted to my parents for their tireless efforts and remarkable
contribution in bringing me to this stage. They have always been a source of
inspiration for me. I am thankful to my brothers and sisters for making sure that I
always had one less thing to worry about. Last but not the least, I take immense
pleasure in thanking my wife. She has always been very kind and patience. This
work was not possible without her support and encouragement. I am thankful to
Allah, the almighty, for blessing me with adorable daughters. Their smiles induced

the spirit and motivation to endure this arduous work.



Declaration

I declare that all the work in this thesis is original work, unless otherwise stated.



Introduction

Interest to configuration spaces has grown because of their applications to classical
and quantum statistical mechanics, quantum field theory and representation
theory.

To fix basic notations, let X be a topological space then the configuration space
['x over X is the space of all countable subsets without accumulation points
(configurations) of X. Configuration spaces are most often attributed to the study
of classical mechanical systems consisting of infinitely many points describing
positions of labeled particles. The work in this field gave rise to the study of
interacting  particle  systems initiated by  Ruelle and  Dobrushin
[Rue99, Dob68, Dob69]. We refer the reader to [Geoll] and references there in for
some further results in this field. In all these works, distributions of interacting
particle systems are described by Gibbs measures on I"y.

On the other hand Vershik, Gelfand, Graev [VGGT75] used 'y (with X a
Riemannian manifold) equipped with the Poisson measure in order to construct
representation of the group Diffy(X) (the group of diffeomorphisms of X with
compact support), see also [GSS64, Ism96] and references therein. They have also
discussed the construction of quasi-invariant measures over I'x.

At the same time, the corresponding representations of the Lie algebra of
compactly supported smooth vector fields Vecty(X) were constructed and used in
Quantum Field Theory in [GGPS74], see also [AKR99, GMO0O].

In [AKR98a, AKR98b|, configuration spaces were considered as infinite

dimensional manifolds. The development of geometry and analysis on ['y required
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existence of a measure p on I'y which is Dif fo(X)-quasi-invariant and satisfies an
integration by parts formula. One of the significant results of these papers is the
construction of diffusion processes on I'xy with the help of associated Dirichlet
form. We refer the reader to [ADK07, KK02, Kun99] (see also references therein
for some further works on analysis and geometry of configuration spaces).
Different measures lead to different versions of such analysis (actually
corresponding to physical systems defined by these measures).

In [AKR98a, AKR98b] this programme has been realized for Poisson and certain
class of Gibbs measures on I'x. In [BD09, BD10, BD11], authors have considered
the case of Poisson and Gibbs cluster measures (using a special projection
construction).

In the present work we explore the projection construction proposed in [BD09]
and use its version in order to study a completely different class of measures on
configuration spaces 'y, obtained as a push-forward of “lattice” Gibbs measure in
Xz (throughout this work X represents a d-dimensional Euclidean space R?).
These measures present interesting properties, including the Log-Sobolev
inequality, which is not typical for measures on I'y (note that neither Poisson nor
Gibbs measure on I'y satisfy Log-Sobolev inequality).

In Chapter 2 we introduce the push-forward construction of measures on
configuration spaces. We start with the case of finite configurations. For n € Z,
consider the space X(™ = {4 C X, |A| = n} of n-point subsets of X, where | - |
denotes the cardinality of A. The space X is called the space on n-point

configurations in X. Let us also consider the space defined by

—~

X”:{(x1’x2’... ’xn) EXTL’ xl#l'], vz%]}

We can identify X™ with the quotient space Xn /S, where S, is the symmetric

group acting on X by permutations of the coordinates. Consider the natural
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projection map p : Xn - Xn /S, = X™. Now, given a probability measure 6 on

Xv", we can define a measure vy on X by the formula
vg :=p*0, thatis, 1p(A)=0(p '(4), AcC X",

We show that this construction cannot be directly extended to the case of infinite
configuration spaces (because the so obtained measure will be in general
concentrated on space of the configurations with accumulation points). Therefore
we give a modification of the projection construction above, using a special map,

p: X% - I'y given by the formula

p(x) = {z) + a(k) ez,

where a(k) = |k|* "'k and Z¢ is the d-dimensional integer lattice. Our next goal
is to construct a class of measures on ['y, using this map. For this we use a
class of probability measures 6 on X% which, (a) have “off-diagonal” support (b)
are translation invariant with respect to the lattice shift Z? and (c) have finite
moments. The main example of such measures is given by Gibbs measures on X z,
We introduce the framework of Gelfand triple for X Z% and discuss main properties
of Gibbs measures on X% (mainly following [AKR95]). Then we introduce the
corresponding push-forward measures vy = p*f on ['xy. We prove the finiteness of
their moments and that they are supported on I'x.

Chapter 3 addresses the integration by parts (IBP) formula, first for measures on X z
and then for measures on I'xy. We start with recalling the IBP formula for general
probability measures in X Z* with examples of Gaussian and Gibbs measures. The

first main result of this chapter is the extension of the IBP formula for a special

class of vector fields o : XZ* — X Zd, defined as

~

Ue(x) = v(ag + alk))reze,
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where v € Vecty(X). Then we prove the main result of this chapter that is the
IBP formula for the push-forward measure vy on I'x.

The main aim in Chapter 4 is to discuss the Log-Sobolev inequality for the
push-forward 1y measures on I'xy. We start with collecting some background
material on Log-Sobolev inequality, giving examples and some known criteria for
Log-Sobolev inequality. Then we state and prove the main result, that is the
Log-Sobolev inequality for the push-forward measure vy on I'x such that 6 satisfies
Log-Sobolev inequality on X%°.

In the last chapter we discuss an example of possible application of the
constructed measure. We consider stochastic dynamics of a particle in a random
environment, described by the measure 1y on I'y and discuss conditions for
regularity of such dynamics. Then we give a “mathematical economics”
interpretation of this construction. We discuss a toy model in which this moving
particle represents a “traveling trade agent” and generates a stochastic volatility
process in a stock market. For this model, we derive the “Black-Scholes type”

pricing PDE.



Chapter 1

Preliminaries

1.1 Measures on Hilbert spaces

Cylinder Measures and Week Distributions

In this section we mainly follow [Sko74] to explain the construction of generalized
measures on Hilbert spaces. Let H be a real separable Hilbert space with norm
| - |, scalar product (-,-) and is equipped with Borel o-algebra B(H). Let u be a
probability measure on (H, B(H)). A standard way of describing y is to first define
it on a family of “elementary” sets (cylinder sets) and then extend it to the minimal

o-algebra containing these sets. Let us denote by F(H) the family of all finite

10



1.1. Measures on Hilbert spaces

dimensional subspaces of H. Let us consider K € F(H) and let B(K) be the Borel
o-algebra on K.
Let O : H — K be the orthogonal projection operator. For any set A € B(K),

the cylinder set with base A, is defined as
Ox'(A) :={z € H: Ok(x) € A} (1.1.1)

Let Cx (H) be the collection of all cylinder sets with base in B(K). It is a o-algebra
on H. Let us denote the union of all g-algebras Cx(H) by C(H) i.e.

It can be shown that o-closure of C(H) coincides with B(H) [Sko74, Ch.1].
Let p be a probability measure on (H, B(H)). For any K € F(H), let us define the

measure g on B(K), by the formula

pi(A) = p(OF(4)).

The measure pg is called the projection of measure p onto the subspace K. The
collection of all such projections px, K € F(H), is called the system of finite
dimensional distributions of measure .

Let us consider Ky, Ky € F(H) such that K; C K. Let B(K;) and B(K3) be the
Borel g-algebras defined on them and consider A; € B(K) and

We define the consistency condition by the formula

fr, (Ar) = pir, (Az). (1.1.2)

A family of measures p/ = {ux} where each px is a probability measure on

B(K), K € F(H), is called a weak distribution if it satisfies consistency condition.

11



1.1. Measures on Hilbert spaces

It is clear that the system of finite dimensional projections of any probability
measure 1 on H satisfies the consistency conditions (1.1.2) and is therefore a weak
distribution. In general we know that not every weak distribution defines a
measure on H, that is, coincides with the system of finite dimensional
distributions of some probability measure p on H. The condition that a weak
distribution must satisfy in order to correspond a measure is given in the following

lemma.

Lemma 1.1.1. Let B, be the ball centered at zero and radius r, in H. The weak
distribution {ug} is generated by some measure p on (H,B(H)) if and only if for
every € > 0 there exists b > 0 such that for all K € F(H),

pr(B,NK)>1—¢e, r>b.

Definition 1.1.2. A function ¢ : H — R s called cylinder if there exists a finite
dimensional subspace K C H such that ¢ is Cx(H) measurable. FEvery cylinder

function has the form
¢(x) = ox(Ok(2)), (1.1.3)

for some K € F(H) and B(K) measurable function ¢r : K — R.

Let ¢/ = {px} be a weak distribution. Then for an arbitrary non-negative
cylinder function ¢(z) we can define its integral with respect to the weak distribution

i/ by the formula

[ ot@wttan = [ xtepctdo). (1.14)

where ¢ is as in (1.1.3). Observe that the representation given in (1.1.3) is not

unique. So it must be shown that the expression on right hand side of (1.1.4) does

not depend on choice of K. Let Ky, Ky € F(H) such that K; C K5 and

¢(7) = ¢r, (Or, (7)) = ¢k, (Ok, (7)), =€ H.

12



1.1. Measures on Hilbert spaces

Then for x € Ko
¢K1 (OKI (ZL’)) - ¢K2<I>‘

Hence

[ oxwmn(dn) = [ o, (@ (d),

because of the consistency condition (1.1.2). This implies that the right hand side
of (1.1.4) is independent of choice of K so the integral on the left hand side is well

defined. Lemma 1.1.1 can also be stated in the form of integrals.

Lemma 1.1.3. The weak distribution {ux} is generated by some measure p on

(H,B(H)) if and only if

leiigl/exp{—e(x,x)} W (dz) = 1.

Let us give an example of a weak distribution which does not correspond to

any measure on H.

Example 1.1.4. For any finite dimensional K C H, define a measure ux by the

formula

i (A) = aKA/eXp (-%(:v,a;)) mi(de), A B(K), (1.1.5)

where mg (dz) is the Lebesgue measure associated with a Euclidean structure on K,
which is generated by the Hilbert structure of H. Observe that mg(dz) does not
depend on the particular choice of orthonormal basis in K. Let us set ax = (27)~™",
where 2n is the dimension of K.

Let us show that the collection p/ = {uk} is a weak distribution. Let K7 and K, be
two finite dimensional subspaces of H such that K; C K, and let K’ is orthogonal

to Kl and KQ = Kl -+ K'. Then for Al € B(Kl) and AQ = O[_{}(Al) N KQ € B(KQ)

13



1.1. Measures on Hilbert spaces

we can write

ey (As) = e, / exp (—%(a;, x)) i, (dz)

Az

= ax,ox / exp (—%(ml, m) mi, (dz) / exp (—%(m,x)) mi, (dz).

Aq

Using the fact that

aK/exp (—%(x,x)) mg(dr) =1 for any K,

K

we get
i, (A2) = pge, (Ar).

It proves that the consistency condition is satisfied. So that the family {px} forms

a weak distribution on H. Next step is to prove that (from Lemma 1.1.3)

im / bu() 1 (dz) £ 1,

where ¢.(x) = exp{—e(z,x)} and y is the finite dimensional distributions under
consideration. We start with the following function. For an arbitrary e > 0, and

K € F(H) let us consider the cylinder function
brca) = exp ~c(Oxl2). Ox(2) )
For this function we have
/qﬁK,e(x),u/(dx) = aK/eXp (—%(1 + 26)(x,x)) mg(dx) = (1 + 2(—:)_"/2,

where 2n is the dimension of K. Let us consider an increasing sequence of sets
{K, }nen C F(H) such that U K, is dense in H. Now we approximate the integral
n

of ¢.(x) with the help of the sequence of functions ¢, (x) given by the formula

Prne(r) = exp(—€(Ok, (z), Ok, (7)),

14



1.1. Measures on Hilbert spaces

where Ok, is projection operator onto K,. Then we have

/¢Kn,e(:t)u’(dm) = (14+2€)72.

Observe that for an arbitrary sequence K,, we have ¢k, (z) | ¢(x) as n — co. So

we obtain,

n—oo

i [ onotao) = tig { i o (@wan} o

— lim { lim (1 + 26)*5} ~0,

e—0 \n—oo
Therefore finite dimensional distributions px defined by (1.1.5) do not correspond

a Imeasure.

Similar to the case of measures on finite dimensional spaces, any probability

measure y on H can be defined by its characteristic functional.

Definition 1.1.5. Characteristic functional
Let 11 be a probability measure on (H,B(H)). Consider a function ¢, : H — C given
by the formula ¢.(x) = exp{u(z,2)}, z € H. The characteristic functional ¢ of the

measure [ 1S defined as

/(bz p(dr), =ze€ H. (1.1.7)
Observe that ¢, is bounded and B(H)-measurable, so ¢¥(z) < oo for all z € H.

The characteristic functional has the following properties:

1. 1(0) = 1.
2. ¢ H — C is continuous.

3. 1 is positive definite, in the sense that, for any N € N an arbitrary set

z1,000 28 € H
N
Z P(z — zj)aua; =0
ij=1
for all aq,---,ay € C.

15



1.1. Measures on Hilbert spaces

In the infinite dimensional case, the properties (1) — (3) do not guarantee that v
is a characteristic functional of some measure on H. The Minlos-Sazonov theorem
gives necessary and sufficient conditions. To state this theorem we need the notion

of trace-class operators.

Definition 1.1.6. Trace-class operator
A symmetric operator T : H — H 1is called a trace-class operator if for any
orthonormal  basis  {g;}ien  of H, it satisfies  the  condition

Tr(T) = Z(Tgi,gi) < 00, where the series converges absolutely. The trace Tr(T)

is independent of the choice of the orthonormal basis.

Theorem 1.1.7. [Minlos-Sazonov Theorem] A complex valued function (z),
defined on H, 1is the characteristic functional of a normalized measure on
(H,B(H)) if and only if it satisfies conditions (1) — (3), and for any € > 0 there
erists a symmetric, positive and trace-class operator T. such that

Re(¥(0) —9(z)) < € when (T.z,z) < 1.

Gaussian Measures on Hilbert Spaces

A very important class of measures on Hilbert spaces is given by Gaussian measures.
There are variety of ways in literature to define Gaussian measure. We give the

following definition.

Definition 1.1.8. A measure 1o on (H,B(H)) is called Gaussian measure with
mean vector o and covariance operator A if its characteristics functional has the
form

a,w)—

Naa(w) = X Bow) e H. (1.1.8)

1
2

Here aw € H and A is a symmetric, bounded and non-negative operator in H.

16



1.1. Measures on Hilbert spaces

Theorem 1.1.9. (See e.g. [DF91]) The weak distributions defined by the (1.1.8) is
o-additive on H (that is, it defines a measure on H ) if and only if, the operator A

1s of trace-class.

Observe that Example 1.1.4 is concerned with a Gaussian measure with
correlation operator A = Id. Thus it is not concentrated on H. In fact, for general
A it is always possible to construct a bigger space (superset of H) such that, the
measure corresponding to the finite dimensional distributions pg, is concentrated

on it. This will be discussed in next section.

Generalized Measures in Hilbert Spaces

If a weak distribution on H satisfies conditions of Minlos-Sazonov theorem then it
corresponds some measure on (H, B(H)). Lemma 1.1.3 and Example 1.1.4 show that
this is not always the case. If such measure fails to exist then the weak distribution
is generated by a so-called generalized measure constructed on some extension of
H. The theory of rigged Hilbert spaces, developed by I. Gelfand [GSS64], is used to
construct suitable extensions of H. The measures generated by weak distributions
in H, concentrate on these extensions. These are called generalized measures on H.
Let Hy be a Hilbert space and let (-, )¢ be the inner product and || - ||o be the norm
defined on it. We use the same subscript for elements of that space, for example,
To, Yo denote elements of Hy. Let A : Hy — Hy be a bounded, linear, symmetric,

positive operator. Let us define another inner product on Hy by the formula

(20,90 )- = (Ao, Yo )o (1.1.9)

and the norm || - ||- defined by the formula

| zo |2 = ( Azo, 0 )o.

17



1.1. Measures on Hilbert spaces

Let us denote the completion of Hy in this norm by H“. To keep our notations
simple, we ignore A in H”* for now and denote it as H_. We will use H* where
necessary. By construction Hj is everywhere dense in H_ that is Hy C H_. The
positivity of the operator A implies that, there exists A'/2 such that A = AY/2A1/2,
We will use the notation A™%2 := (AY2)7L. Let us denote the domain of the
operator A~Y/2 by H,. The continuity and positivity of A2 implies that H, is
dense in Hy. It can be equipped with the scalar product

(2,90 )y = (A7 2,y Do

The operator A can be extended to H_ using the continuity argument. Therefore

we have the relations
AV?H =H,, AY?Hy=H,, AH_ =H. (1.1.10)

Thus the space H_ can be identified with the dual of H, in the inner product of
Hy, see e.g. [BK95]. It gives the triple Hy C Hy C H_, referred as Rigged Hilbert

space or Gelfand triple.

Lemma 1.1.10. If a symmetric, positive operator A s trace-class in Hy then it can

be extended to a symmetric, positive and trace-class operator in H_.

Proof. By definition of scalar product in H_ we have
(Az_,y_)- = (Az_, Ay_)o.
Thus, we can write
(Ar_,y_)- = (Azv_,Ay_)o = (z_, Ay_)_
and

(Av_,zx_)_ = (Az_,Az_)y > 0.

18



1.1. Measures on Hilbert spaces

It proves that A is symmetric and positive in H_. Now we prove that A is trace-
class in H_. Let us consider that A admits a system of eigenvectors \; that forms

an orthonormal basis {e;} in Hy, that is
Ai = (Ae;,e;), where (e;,e;) = 1.

We will use the notation 7r(A), for the trace of A in Hy. We have assumed that A

is trace-class in Hy so we have

A)O = io: >\z < Q.
=1

Let us set

The family {k;} forms an orthonormal basis in H_. The trace of A in H_ is given

by

Tr(A)- =) (Aki, ki)- =) (Aki, Aki)
=1 =1

1
- <A2k1,k‘ :Z)\— €i s € )0
=1

= Z)\Z = TT’(A)O < Q0.
|

Let © be a probability measure on H_ and consider that its characteristic

functional is given by the formula

b(z.) = / ) p(d ).

H_

Define a functional ¢ on H, by the formula

bloy) = / o ().

H_

19



1.1. Measures on Hilbert spaces

From (1.1.10) we know that ¢)_ can be expressed in terms of ¢). Indeed, we have

Yo (o-) = p(ha_)

Thus v characterizes the measure p. It turns out that any positive definite,
continuous functional on H, defines a measure on certain extension of H,. We

have the following theorem.

Theorem 1.1.11. Let v be a continuous, positive definite functional on Hy such
that ¥(0) = 1 and assume that operator A is of trace-class in Hy. Define
Y_ : HA — C by the formula

Y (z_) =(Ax_) (1.1.11)
Then 1_ is the characteristic functional of some measure on H_.
Proof. We need to check that 1_ satisfies following conditions:
Loy (0)=1,
2. 1_ : H* — C is continuous,

3. 1_ is positive definite, in the sense that, for an arbitrary set ' ,--- 2 € H_

we have

for all ay, -+ ,ay € C,

4. For every ¢ > 0 there exists a trace-class operator A, in H_ such that

Re(¢_(0) —¢_(z-)) < e when (Ax_,z_) < 1.

The first condition is obviously satisfied because ¢(0) = 1.

We know that v is a continuous functional and A is a continuous operator so by

20



1.1. Measures on Hilbert spaces

virtue of the relation (1.1.11) ¢ _ is also a continuous functional.

To prove positive definiteness let us proceed as follows. For an arbitrary set

zh, .- ,xf € H,, we know from positive definiteness of ¢ that,

N
> vl —ah)Bis; > 0.

ij=1
Setting xﬁ =Az* k=1,--- N, we can write
N A -
D W(AEL —a))BiB; =0, (1.1.12)
ij=1

which implies that
N —
Z Qﬁ_(l’z_ - x]_)ﬁzﬂj = 0,

ij=1
which completes the proof of third condition.

Now for the last condition let us start with continuity of ¢(z, ), which implies that,

for each € > 0 there exists a § > 0 such that,
Re(y(0) —(z4)) <€, when (zi,24)0 <0
We know that Ax_ € Hy, therefore for z_ € H_ we have

Re(¢(A0) —¢(Az_)) <e, when (Az_,Azx_);<J.

Or
1
Re(y_(0) —¢_(z_)) <€, when <5Ax,,x,>0 < 1.
Let us denote A, = %A. From Lemma 1.1.10 we know that A is a trace-class

operator in H_ which implies that A, is a trace-class operators in H_. It completes

the proof. [ |

The measure corresponding to the characteristic functional ¢_(z_) is called

the generalized measure on Hj.

21



1.2. Configuration Spaces

1.2 Configuration Spaces

Definitions, Main Notations and Structures

In this section, we collect some known facts about configuration spaces of Euclidean

spaces, following [AKR98a, AKR98b, BD09].

Finite Configuration Spaces

Let X = R? be a d-dimensional Euclidean space. Let B(X) denote the collection
of Borel sets in X and B,(X) the collection of bounded sets in B(X). Let
X" = X x X x --- x X be the Cartesian product of n copies of X with the
corresponding Borel o-algebra B (X") defined on it. We define, for each n € Z,

the space X (™ of n-point configurations (n-point subsets) in X, that is,
XMW ={¢cX,|¢|=n}, nel,, (1.2.1)

where | A | denotes cardinality of the set A. Similarly, for each A € B,(X) we can
define X/(\n) by the formula

X\ ={cAlnl=n}, neZ.
We also define the space
X7 = {(z1, 29, ,xn) € X" T #xj, Yi#jh (1.2.2)
Let us consider the map p : X7 — X™ defined by the formula

p(xlaléa Tt >$n) = {x17$27' T 7$n}- (123)

Observe that the space X ™ can be identified with the quotient space Xn /S, where

Sy, is the symmetric group acting on X by permutations of the coordinates. Under

22



1.2. Configuration Spaces

this identification, the map p coincides with the canonical projection
Xn - Xn /Sh.

We equip X with the topology induced by the map p. The corresponding
o-algebra B(X™) coincides with the o-algebra generated by the mappings
qa : X — Z_ defined for every A € By(X) by the formula

aa(§) = [ENA]. (1.2.4)

Next we introduce the space of finite configurations X as the union
Xo= |J xt. (1.2.5)
ne’Zy

It is equipped with the topology of disjoint union of topologies and the

corresponding Borel o-algebra is denoted by B(Xj).

Infinite Configuration Spaces

A configuration space over X, denoted by I'yx, is defined as the set of all locally

finite subsets (configurations) in X:
I'x:={yCX,|lyNK|<oo foreach K € B,(X)}.

Here |A| denotes the cardinality of set A. We can identify each v € T'x with a

Radon measure

7226I7

xey

on X. Here ¢, denotes the Dirac measure at x. Thus, I'x becomes a subset of

the set My(X) of all Radon measures on X. Recall that M(X) has a standard

23



1.2. Configuration Spaces

topology called the vague topology. It induces the relative topology O(I'x) on I'x
that is the minimal topology with respect to which each mapping of the form

Txdyr— (f7) =) flx)eR,  feCo(X), (1.2.6)

z€y
is continuous. Here Cy(X) denotes the set of all continuous functions on X with
compact support. The topology O(I'x) is separable and completely metrizable, see
e.g. [KMMT78]. Let us denote the corresponding Borel o-algebra by B(I'x). The
o-algebra B(I'x) coincides with the o-algebra generated by the mappings of the
form

qr : I'x = Zy such that qx(y):=|yNA],

that is
B(Fx) = U(qA A e Bb(X))

For every A € B,(X) let us define the configuration space I'y by the formula
Fy={yelx:yCA}

It is obvious that,

ry=J X"

nely

It can be shown [Oba87] that the restriction mappings b : I'x — 'y defined by

ba(y) =vNA, AecBy(X),

are B(I'x)/B(I's)-measurable. Let v be a positive measure on B(I'x). Note that
the family of measures {v*} defined by

vAi=voby', A€ By(X),
is consistent, that is, for all Ay, Ay € By(X) such that A; C Ay

A A -1 A
r)*1\27/\1 (V 2) =v?o b/\z,/h =V
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1.2. Configuration Spaces

Conversely, by a version of Kolmogorov’s extension theorem for projective limit
spaces, the consistent family of measures {*} defines a unique measure v/ on I'y
such that

A =brv, A€ By(X).

see e.g. [Par67].

Poisson Measures

Let 1 be a non-atomic Radon measure on the measure space (X, B(X)), that is, for
all A € By(X) we have u(A) < oco. Let 1=p®@u® ---® p be the product measure
on X" defined by the formula

fn(A) = [[m(A); A=A x Ayx---x A, VA €BX). (1.2.7)
i=1
The product measure i defines a finite measure on X" and we can define its image

measure v, on X ™ under the map p,, : Xn — X" by the formula
vl A) = P, F(A) = in (p7'(A)), VA C X0, (128

That is, v, is the push-forward measure of i under the map p,,.
The Lebesgue-Poisson Measure 11, on I'y with the intensity measure p is defined

by the formula .
11, = z; %I/n.
The measure I, is a finite measure on (FA) and for all A € By(X) we have
I, (Ty) = ™.
Hence, we can define the probability measure 7, on B(I'y) by the formula

T o= e T (1.2.9)

e
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1.2. Configuration Spaces

For sets By, -+, By € B(X) and ny,--- ,np € Z,, let us define the cylinder sets

N1, Nk
By B by the formula

O — (v e Xo s |y OB =, =1 k).

Note that, for pairwise disjoint sets Bi,---, B, the measure m, s satisfies the

following property

M ;
N H B; i 67“(31‘)
i=1 v

It implies that for sets B; the values |y N B;| are mutually independent random
variables with mean values p(B;) on the probability space (I'y, B(I'p), m,,a). Using
definition of the measure II, , and expression for Laplace transform of 7, ,, the
consistency property of the family {m,x» : A € B,(X)} can be proved (See e.g.
[Oba87]). Hence, by a version of Kolmogorov’s extension theorem we can obtain a

unique probability measure 7, on B(I'x) such that
Tua =DPr T, A€ By(X). (1.2.10)

The measure 7, is called the Poisson measure on B(I'x) with intensity measure p.
We follow a standard procedure to compute Laplace transform of the measure .
Let us consider the function f € Cy(X) and let 45 := v N A for every A € By(X).

For A = supp(f), we can write

<f7’7>:<f77/\>7 ’YEFXa

and therefore
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1.2. Configuration Spaces

Using definition of m, x we get

X
Hence for all f € Cy(X), the Laplace transform of the measure 7, can be written

as

L, (f):= /e<f”>7ru(d’y) = exp /(ef(x) —1) p(dz) | . (1.2.11)

Ty X

Differentiable Functions and Vector Fields

For each point z € X = R%, let us denote the tangent space at that point by 7, X and
the associated tangent bundle would be denoted by the space T'(X) = |J,cx T2 X.
The gradient on X is denoted by V. Following [AKR98a|, we define the tangent

space of the configuration space I'x at v € I'x as the Hilbert space
T.Tx = L*(X = TX;dy),

or equivalently

T.Tx = PT.X.

xrey

The scalar product in 7,I'x is denoted by (-, -),.

A vector field U over I'yx is a mapping

x>y U('Y) = (U(V)w)zev SHNP'S
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1.2. Configuration Spaces

Thus, for vector fields Uy, Us over I'x we have

<U1 ZU1 xoUg ”)/EFX.

rey

For v € I'x and = € 7, denote by O,, an arbitrary open neighborhood of z in
X such that O,, Ny = z. For any measurable function F' : I'y — R, define the
function F,(v,.) : Oy, — R by

Fo(v,y) = F((\x) Uy),

and set

Vo F(y) = VE(7,9)|y=z reX,

provided Fj(7,.) is differentiable at z. In what follows we will use the following
notations; C§°(X) for the set of all C*°-functions on X with compact support,
Cp°(X) for the set of all C*°-functions in X with bounded derivatives and Vecty(X)

for the space of compactly supported smooth vector fields on X.

Definition 1.2.1. Denote by FC(I'x) the class of functions on I'x of the form
F(V) = f(<¢177>7 e 7<¢k7’7>) ) v E FX7 (1212)
where k € N, f € C°(R¥), and ¢, , ¢ € C(X).

Each F' € FC(I'x) is local, that is, there is a compact set K C X, which
depends on F' such that F(v) = F(yk) for all ¥ € I'x. Thus, for a fixed -y there are

only finitely many non-zero derivatives V,F (7).

For a function F' € FC(T'y), its I-gradient V' F' is defined as follows:
VIE(Y) = (VoF(7)eey, €T, Tx,  v€Tlk. (1.2.13)
The directional derivative of F' along a vector field U is given by

VELF(y) = (V'F(v) = V.F(7):U()., v€Tx (1.2.14)

xey
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1.2. Configuration Spaces

Note that the sum on the right-hand side contains only finitely many non-zero terms.

Further let FU(I'x) be the class of cylindrical vector fields U on I'y of the form

U)o =Y AiVu(z) €TX, z€X, (1.2.15)

i=1
where A; € FC(I'x) and u; € Vecto(X), and i =1,--- , k (k € N).

Any vector field u € Vecty(X) generates a constant vector field U on I'x defined
by V(7). := u(x). We shall preserve the notation u for it. Thus,

VoF(y) =) V.F(y).u(z), yeTly (1.2.16)

TEY

Integration by Parts Formula

Now we give the integration by parts formula for the Poisson measure 7, on I'x.
Let us start with the notion of logarithmic derivatives for a measure on X. Let
us consider a measure g on X which is absolutely continuous with respect to the
Lebesgue measure and has density p > 0. The logarithmic derivative is given by

_ V()
- pl@)

Here V¥ is the gradient on X. For all v € Vecty(X) and f € C5°(X) we define the

X sz pH2): eT,X. (1.2.17)

directional derivative VX f(z) of f(x) by the formula

(VI fi)(@) == (V* fil@), v(2))7,x

Therefore, using (1.2.17), for fi, fo € C5°(X) we can write

/ (VX () o)) = — / £ (@)X fo) @) () — / £1(2) fola) B () (),

X

where (¥ is called the vector logarithmic derivative of the measure p along the vector
v and is given by

B(x) == (B*(x),v(x)) 1, x + divv(x), (1.2.18)
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where div® is the divergence on X. The following result is proved in [AKR98a]

Theorem 1.2.2. For the Poisson measure 7, for all f,g € FC(I'x) and for any

v € Vecty(X), the following integration by parts formula holds:

/ (Vif) () 9() mu(dy) (1.2.19)
_ [ 1009 man) = [ )9 5 0) mlan). (1.2.20)
where B is ca;ed the vector logarithmicxderivative of 7, and is given by the formula
50 = () = [ 5@ e@mx + i o(@] (), (1221
1

where 3, is as given in (1.2.17).



Chapter 2

A class of Measures on

Configuration Spaces

2.1 Push-Forward Construction of Measures on

Configuration Spaces

2.1.1 Measures on Finite Configuration Spaces

Consider the n-point configuration space X ™. We can use the projection map

p: X" — X®™ (cf. (1.2.3)) in order to construct a probability measure on X ™.
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2.1.  Push-Forward Construction of Measures on Configuration Spaces

Indeed for any probability measure 6 on )?1, we can define the push-forward measure

v on X™ by the formula
v(A) =p"0(A) =0(p'(4), AeBX™M). (2.1.1)

The measure v is a probability measure on X because 6 is probability measure
and the map p is measurable. A simple example of v can be constructed as follows:
Let 4 be a probability measure on X which is absolutely continuous with respect

to the Lebesgue measure m on R,
u(dz) = m(z)dz,
where the density m(x) is continuous. Let us set
O(day, - ,dx,) = fildz) == iglu(dxi)
=m(xy) - -m(x,)dxy - - dz,. (2.1.2)

[t has continuous density with respect to the Lebesgue measure and thus ji (5{”) =1
Thus v is a probability measure on X ™. Let us consider a random configuration

v € X distributed according to v.

Lemma 2.1.1. Let B € B(X). The average number of points of v in B is given by

the formula
E, (#(y N B)) = nu(B), (2.1.3)

where E,, is expectation with respect to measure v.

Proof. We first prove that, for any f € Cy(X) the following equality holds:

t/quwwzn/f@mww. (2.1.4)

X (n)
Using the definition of the push-forward measure v we can write the left hand side

of (2.1.4) as:
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2.1.  Push-Forward Construction of Measures on Configuration Spaces

/ (f () = / (f,p()) %),

X (n) Xn

Further using the definition of the product measure i (formula (1.2.7)) we obtain:

[ vt atax) = [ [Z f(:m] () (das) -+ ()

xn xn k=1

—n [ fwutis).
Observe that,
B#00B) = [ (s ) vld)

X (n)

where 15 is the indicator function of set B and F, represents the expectation w.r.t.

the measure v. Formula (2.1.4) implies that

E,(#(yN B)) =n / u(dz) = nu(B).

B

Remark 2.1.2. Observe that lim E,(#(yN B)) = oo

n = oo
Let I be the space of all countable subsets (configurations) in X with

accumulation and multiple points, and let 'y be the space of configurations in X

without accumulation but with multiple points. That is, Iy is the set of all

Z-valued Radon measures on X.

We can try to directly extend the construction above to the infinite setting in the

following way. Consider the infinite product space

X®= X X, Xp=X,
k=1
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2.1.  Push-Forward Construction of Measures on Configuration Spaces

and define a map by the formula

p((z1, Ty ) ={z1, T,

An attempt to use the map p in order to define a measure on I'y meets several
problems first of which is the configuration so formed can have multiple and
accumulation points and thus does not belong to I'x in general. The way to
overcome this difficulty is to use the approach suggested in [VGGT75]. That is, we
can consider a measurable subset A of X such that the image of A under p is the
space I'y and then prove that (a) the set A has a full measure and (b) the map
p: A — D'y is a measurable map.

Moreover, we cannot expect this solution to work directly because of the Remark

2.1.2. Indeed, consider the product measure
Hoo = X Hpy ik = M
k=1
on X°°. Similar to the case of finite product,
ZZOO(XOO) =1,

where

X = X\ Diag(X™)

and

Diag(X®) = {x € X*; x), = x;, forsome wxy, ;€ Z%}
Now we can define a measure v on I'y by the formula
V=Pl

It is clear however that the average number of points of a random configuration =

distributed according to i, in any bounded set B C X will be infinite. Indeed,
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2.1.  Push-Forward Construction of Measures on Configuration Spaces

similar to the proof of the Lemma 2.1.1,
E (#(yN B)) Z/“Lk hm nu(B):oo.

Thus v = p*ls is not concentrated on the space I'y of locally finite

configurations. Therefore, we need to modify the map p.

2.1.2 Push-forward measures on Infinite Configuration

Spaces

As we have seen in the previous section that the construction on measure v, in the
previous section, cannot be directly extended to infinite configuration spaces. In
order to be able to do that, we need to modify the projection map p.

We can modify the construction above in the following way. Consider the infinite
product space

X% = % Xp, Xp = X

kezd

where Z? is the d-dimensional integer lattice and the product is the Cartesian
product of identical copies of X. The elements of X2 will be denoted by

X = (Tp)peze,vx € X, for any k € Z%. For k = (ky,- -+ ,kq) € Z* we define

d
k=3 k.
m=1

Let 6 be a probability measure on X2 and p: X2 I‘g( be a map defined in the
following way:
P (h) ega = Lo + (k) k}yeza (2.1.5)

where 7 : N — N is a function satisfying the estimate

2

n(m) >m2"" ,m €N and for some n € N. (2.1.6)
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2.2, Translation-Invariant Measures on X% and their Properties

We can define the push-forward measure vy = p* 6 on I' hX be the formula
ve(A) =6 (p~'(A)), V AcCTx. (2.1.7)

The correct choice of constant r in the formula (2.1.6) will guarentee that the

measure vy is in fact concentrated on I'yx. It is known that the series Z (1+|k") 2

kezd
converges for r > d. In what follows, we set r = d just for simplicity. We set

n(m) = m?1, so that the map p obtains the form
p(x) = {zr + a(k) ez, (2.1.8)
where
alk) = k| (2.1.9)

In what follows we study properties of so defined measure vy for some important
d .
classes of measures on X%°. We restrict ourselves to measures concentrated on

certain Hilbert subspaces of X%".

2.2 Translation-Invariant Measures on XZd and
their Properties

. . . d . .
In this section, we introduce a class of measures on X%°, which will be used for

construction of push-forward measures on I'x.

2.2.1 Gelfand Triple Associated with Xz

Let XZ* be the subspace of X2* which consists of all finite sequences in X%* and is

equipped with the norm || - ||o generated by the inner product

(u, v)y = Z Up VU, u= (ur)pezi, V= (Vk)peczs € XOZd.
kezd
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2.2, Translation-Invariant Measures on X% and their Properties

The completion of XZ* in the norm ||-||o is a real Hilbert space which will be denoted

by Ho = l5(X). Thus we have

Ho =1(X) = {x € X% x = (xp)pepa st Z lz)? < oo} :

kezd

We now have the following rigging of the Hilbert space H:
XZ'c Hoc X7,
where the duality pairing o an is given e inner product in H:
here the duality pairing of XZ* and X%* is given by the i duct in H
(u,W)O: Zukwk, ueng,WEXZd.
kezd
Let (u, V)4 be an inner product on XOZd defined by the formula
(u,v)y = Zukvk(1+|k\d)2, u,vex”
kezd

Let us consider the Hilbert space H., which is the completion of ond with respect
to the norm || - ||+ generated by this inner product.
Now let (x,y)_ be the inner product on Hg defined by the formula
(x,y)_ = Z zyr(1+ k|72, X,y € Ho.
kezd
Let ‘H_ be the completion of Hy in the norm || - ||~ which is generated by this inner
product. H_ can be identified in a standard way with the dual space ’H’+ using the

inner product (-, -)o, see [BK95]. Thus we have constructed the chain of spaces
XF'CcH, CHoCHoc X*, (2.2.1)

Let K, and K, be real Hilbert spaces. We denote by C*(K;, K) the set of all

mappings from K; to K5 that are k-times continuously differentiable in the sense
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2.2, Translation-Invariant Measures on X% and their Properties

of Fréchet (e.g. [BK95]) and by CF(Ky, K») the set of all mappings g of the class

C*(K,, K3) with global boundedness in the usual operator norms of the derivatives
gV Ky = LUK LKy L(K ) 0) 0 1= 0,1k,

where L(K, K3) denotes the space of bounded linear operators from K; into K.
For any function f € C*H_) := C*(H_,R) we will identify the derivatives
f/(x) € LIH_,R) and f"(x) € L(H_,L(H_,R)) with the vector f'(x) € H, and
the operator f(x) € L(H_,H.) respectively, by the following formulae:

A

F®)y =(f"®).y), xyeH-

(f"®)y)z = (f"(x)y,2)0, Xy z€H- (2.2.2)

Let us denote by By_(y,r) an open ball in H_ centered at y and of radius r. We

have the following result.

Lemma 2.2.1. For anyy € H_ and R € R, there exists N € N such that for all
x € By_(y, 1) and for all k € Z* with |k| > N, we have

|z + a(k)| > R,
where a(k) is defined by the formula (2.1.9).

Proof. For any y € H_ we have

D v+ [k 7P < oo,

kezd

which implies that
ep = |yl (1 + |k~ =0, |k| — 0.

Let us fix y € H_ and choose N; € N such that for all k € Z¢ with |k| > Ny, we
have ¢ < ;11, so that

1
el = ex(1 + [K]?) < 71+ |k|7).
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For any x € By_(y, 1) and k € Z* with |k| > Ny, we have

|2 + (k)| = |ze — ye + v + k|7 E]
> |y + [k ] — [z, — yil,

1
> [k = lyul — S (1+[K]%)

4
1
= RJY = (1 BI%) — (1 + k%)
1 1
S |pd_ = dy — 2 (14— 1).
> [K]* = 5(L+ K%)= S(I - 1)

Here we have used the estimate |z — yi(1 + [k|9) ™! < ||x —y[|- < 3. Let N, € N
be such that
N{ > 2R +1, (2.2.3)

and set N = max(Ny, Np). Then for k € Z% with |k| > N, we have
|:Ek + Oé(k?)| > R,
as required. [

Corollary 2.2.2. For the map p, defined in (2.1.5), we have
p(H_) c Tx. (2.2.4)

Proof. Let us fix x € H_ and show that the configuration p(x) does not have
accumulation points. Let A C X be compact and choose R € R, such that
A C Bx(0,R). By Lemma 2.2.1 (with y = x) there exists N € N such that
lzi + (k)] > R for all k€ Z? with |k| > N. It implies that |z + (k)| ¢ A, and

the result follows. n
We preserve the same notation for the restriction of p on H_.

Theorem 2.2.3. The map p : H_ — L'x is continuous.
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2.2, Translation-Invariant Measures on X% and their Properties

Proof. Recall that the topology in I'y is defined as the weakest topology that
makes all mappings v — (v, f), f € Co(X), continuous. Therefore it is sufficient to
show that for any f € Cy(X) the map H_ > x — (p(x), f) is continuous.

We fix f € Cy(X) and choose R € R, such that suppf C Bx(0,R). Let x € H_
be fixed and {x(™}°, be a sequence of elements of H_ that converges to x in H_
as n — oo. Without loss of generality we can assume that {x(™}>, C Byx(x,1/4).

Lemma 2.2.1 implies that there exists N such that
2" + (k)| > R, |a, + a(k)| > R, |k| > N,
which in turn implies that
FE + (k) = flap+ak)) =0, for  |k| > N.

Therefore

kezd
= 3 | o) - fac+a®)|  (226)
kez?
k| <N
— 0, n— oo, (2.2.7)
because x,(fn) — 11 as n — 00, and f is continuous. [ |

Lemma 2.2.4. Let p be a probability measure on X. Then for a bounded Borel set
A C X we have

> (A = afk)) < oo, (2.2.8)

kezd

where

A—ak)={y—a(k) : ye A}
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Proof. In order to prove that the series in (2.2.8) converges we cover the set A with
open balls. Let S(x) denote the open ball of radius § centered at = € A. Define the

collection S of all open balls with centers in A:
S={S(z); zeA}

S is an open cover for A. The compactness of A implies that there exists a finite

sub-cover T of S,
T={S;=5(); i=1,2,---,n},neN.
Let us define sets A; in the following way:
Ai=ANS;, S eT.

Clearly

A—a(k) = A - ak). (2.2.9)

= Y ( > (- a(k;))>. (2.2.10)
L 1

As S; are open balls of radius 3, for i =

(A — a(k)) N (A —a(m)) =0, for any k #m € Z°.

Therefore
> —alk) =p ( U - a(’f))) < p(X)

ke zd
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Thus

Yo uh—alk) <Y u( U i - a(’f)))

kezd i =1 kezd

<> uX) =nu(X) < .

Theorem 2.2.5. Let i be a probability measure on X, such that
/\y[s,u(dy) < oo, forany SeRT.
X
Then, for any bounded Borel set A C X and M, N € N, we have
S wlA — ()1 + k)Y < oo
kezd
Proof. The set A is bounded so, for a,,,b,, € X we can choose a d-dimensional

cube

A= X  [am, by

m=1,-,d

such that A C A. Using arguments similar to the proof of Lemma 2.2.4, we can
assume that b, — a,, < 1/2, m =1,--- ,d. Then the shifted sets A — a(k), k € Z4
are mutually disjoint, that is (A — a(k)) N (A +a(r)) =0 for k#r e Z% We
have

D A= alR)(L+ RN <7 ud —alk) (1 + kMY

kezd keza
bi—a(k)1 bg—a(k)q

- / / (1 + K™Y u(da).

d
k€L o) —a(k) ag—a(k)q

For any m =1,--- ,d and for y = (y1,- -+ ,yq4) € A — a(k) we have

Am — Ym < O-/(k:)m < bm — Ym,
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where a(k),, is the m-th component of the multi-index «(k). Then

(k) m| < max (|an — Ymls [bm — Yl ),

and
d d d
]k:]d — Z la(k)m| < max (Z @ — Yml, Z b — yml)
m=1 m=1 m=1
d d
g d max Z ’afm - ym‘27 Z ’bm - ym’Q
m=1 m=1

=d max ([la —yl, b -yl ).

Then

N
(U P < (14 0 ma (o = ] = ) )
< 01+ (a1, o - )

<0 (L@ (a4 -y 1) ),

For some constant C > 0. So we have

> A )L+ K1Y

kezd
b1—a(k)1 bg—a(k)q

<y [ - / (1 =P 4 = P ) Y )

kel a;—a(k)1 ag—a(k)q
< Cux) +ae [ (na M [ — M )mdy) < o0
X

because of our assumption on moments of the measure p. Thus

S p(A=al)(1+ K1) < oo,

kezd
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as required. [ ]

Theorem 2.2.6. Let i1 be a probability measure on X, such that
/]y\su(dy) < o0, yE€X, forany SR
X
Then, for any bounded Borel set A C X, and any numbers p, M, N € N, we have

S u(A = al) (1 + kM) < oo,

kezd

1 1
Proof. Assume first that M > d and let ¢ € N such that — + — = 1. We can write
p g

> A= alk) (1 + kMY (2.2.11)

kezd

= > u(A—a(®) 2L+ RPN (L [RMP(L 4 [RM) 7 (2.2.12)

kezd

Using Holder’s Inequality, we get

7 (A = k) (L KN (L KM [k

kezd

_ 1/p 1/q
< | D m(A—alk) (@ + KMV (1 + Ik!M)zp/q] [Z (1+ !k!M)2]

- 1/p 1/q
< | Y mA—alk)(1+ |k|M)N1] [Z (1+ |kf|M)‘2] ,

Lk €74 kezd

(2.2.13)

where Nj is the smallest integer such that Ny > (N + 2p)/q. We have

ST n(A = a(k) L+ ")V < .

kezd
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by Theorem 2.2.5 and
(1+ [&[*)™ < o0,

because M > d. Observe that, for M < d we have

Y (A= alk)L+ k)N

kezd
< D A= ak)(1+ k1YY < oo, (2.2.14)
kezd
and the theorem is proved. [

2.2.2 Main Assumptions and Examples of Measures

Let 8 be a Borel probability measure on H_ satisfying the following conditions:
(1) 6 (Diag(H-)) =0, where

Diag(H_)={x€H_ ;3 k,j € Z* st. vy —x; € Z% (2.2.15)

(2) For every j € Z¢, 6 is invariant under the map S; : X Z' 5 X2 defined by

the formula
St (k) p ega = (Ths) g (2.2.16)

that is,
* . d
S;i0 =190, jeZ. (2.2.17)

(3) All moments of @ are finite, that is,

/kaIPG(dx) <oo, p=12--, keZ (2.2.18)
H-—

Now we present three examples of measures that satisfy conditions (1) — (3) above.
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2.2, Translation-Invariant Measures on X% and their Properties

Example: Product Measures

Let p be a probability measure on X. We assume that the following conditions

hold.

(1) All moments of the measure p are finite, that is

/\:r;]pu(dx) <oo, p=12---. (2.2.19)

(2) The measure p is absolutely continuous with respect to the Lebesgue measure

on X.

Consider the product measure

0= ® e, ke€Z =pu (2.2.20)
kezd

The measure 6 is a probability measure on X 2% see e.g [Hal74].

Proposition 2.2.7. The measure 6 is supported on H_ and satisfies conditions

(1) = (3) of Section 2.2.2.

Proof. We first prove that (H_) = 1. We have

/ I 6dx) = [ 3 [0+ b1 20(ax

de ke 74
= > (L+ kY /\x| pu(dx) (2.2.21)
kezd

Observe that ||x||2 = oo for x € H¢, where H¢ = XZ\#_, which together with
above formula implies that (#H¢) = 0. Thus 0(H_) = 1.

Now let us verify conditions (1) — (3).

Condition (1): For every k,j € Z%, define the set

Dy ={xe X" : zp—x; €2 (2.2.22)
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2.2, Translation-Invariant Measures on X% and their Properties

Obviously, Diag(H_) C U dej. Due to the structure of the measure 6 we have
kj€EZ

0(Dy;) = 1t ® p(Diag(X?)), for any k,j € Z¢,
where Diag(X?) = {(z,y) € X? : x —y € Z%}. The measure p @ p is absolutely
continuous with respect to the Lebesgue measure on X2, which implies that

p @ pu(Diag(X?)) = 0. Therefore

6(Diag(H-)) < Y p® p(Diag(X?)) =0,

k,jezd

Condition (2): It follows directly from formula (2.2.20) that
Si0= ® py; =0, jeZ
kezd

So condition (2.2.15) is satisfied.
Condition (3): We have

/ |z [PO(dx) = / |z[Pp(dx) < oo, for any k € Z°,
x4 X
because of the condition (2.2.19). |

Example: Gaussian Measures

Let A be a bounded, strictly positive, symmetric linear operator in Hy. We assume

that A commutes with the map S; (defined in (2.2.16)), that is

S;A=AS;, jez' (2.2.23)
Observe that the map Sj,j € 7% preserves the space Hy. Let 6, be the Gaussian
measure on H_ with zero mean and correlation operator A~!. It can be defined by
its characteristic functional by the formula

/exp(z’(x, ¥)o )bo(dx) = exp(—% (A 'y, y)o), yEeH,, (2.2.24)

see e.g. [BK95, DF91].
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2.2, Translation-Invariant Measures on X% and their Properties

Proposition 2.2.8. The measure 6y satisfies Conditions (1) - (3) of Section (2.2.2).

Proof. Condition (1): It is sufficient to show that 6y(Dy;) = 0 for any k,j € Z%,
where the set Dy; is defined in (2.2.22). We have

0o(Dis) = by’ (Diag(X?)),

where 9§j is the projection of 6y on the space X% = X, x X;. It is known that all
finite dimensional projections of a Gaussian measure on a Hilbert space are Gaussian
(see [DF91]). Thus 027 is a Gaussian measure on X2, and is therefore absolutely

continuous with respect to the Lebesgue measure on X2, which implies that
0t (Diag(X?)) = 0.

Condition (2) and (3): Condition (2) follows directly from the formula (2.2.23).
It is known ([DF91]) that 6, satisfies Condition (3). [

Example: Gibbs Measures

Let 8y be the Gaussian measure defined in the previous section. Consider the block

matrix representation of B in the decomposition

X = x Xy, Xp=X
kezd

IB - (Bkj)k:,jGZd ; (2225)

where By, : X — X is a linear bounded operator (which can be identified with a
d x d matrix). We assume that By; = 0 if |k — j| > N, for some Ny € N.

B is strictly positive, that is,

1Cs >0, VyeH._, (By,y) > Cgly|*. (2.2.26)
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2.2, Translation-Invariant Measures on X% and their Properties

Let P(t),t € R be a polynomial of even order, that is
P(t) =ap+art + -+ agat™,  ag, >0, (2.2.27)

and set P(x) = P(|z|),z € X. For any finite A C Z? and € > 0 we can define the

Gibbsian modification of the measure 6, as

02 (dx) = ﬁ exp [—e Z P(a:k)} 0o (dx), (2.2.28)
keA

where M is the normalization factor given by

M = /exp[—eszk]eo (dx).

keA

For e sufficiently small, there exists the limit 6. := lim, szﬁé\ in the sense of week
convergence of finite dimensional distributions [MR00]. We will call 6. the Gibbs

measure defined by B, P and e.

Proposition 2.2.9. The measure 0. is supported on H_ and satisfies Conditions

(1) - (3) of Section 2.2.2.

Proof. We know from [AKR95] that 6, is Sj-invariant for j € Z¢ and

/|xk|p0 (dx) <oo, p=1,2,---.

So Conditions (2) and (3) are satisfied. In particular, we have

/ 2 P0.(dx) = M < oo.
xzd

Therefore, similar to (2.2.21),

/Hx|!2 (@)= [ 3 P+ b

XZd kezd

<MD 1+ < oo, (2.2.29)

kezd
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2.3. Support and Finiteness of Moments of Push-Forward Measures

which implies that 0. (H_) = 1.
Let us now prove condition (1). To prove this we use Dobrushin-Lanford-Ruelle
(DLR) equation for Gibbs measure. For all bounded A C Z% and f € FC (X%

let us define the measure 115 (y, dx) by the formula

/ e EAGY) f(x) X yae)B(dxy) (2.2.30)

d

N[+~

[ ety dx) -

xzd XZ

where x5 = (2)kea and

Ex(xy) =Y _ Pla)— Y Alk—jlavz; — Y Alk— jay
keA k.jeA ké{\
J

It is known that the measure 0, satisfies the DLR-equation [Geoll], that is, for any
finite A, A € Z% such that A C A we have

0.(4) = [ Taly. Atolay) (2.231)

xzd

Now we can set A = Dy; and observe that
HA(y7 Dk]) - 07

for any A such that k,j > A. Then (2.2.31) implies that ta.(Dy;) = 0. [

2.3 Support and Finiteness of Moments of Push-
Forward Measures

Let us consider a measure # on XZ* which satisfies conditions (1) — (3) of Section

2.2.2. Let us define the push-forward measure vy on I'y by the formula

vp(A)=6 (p7'(A)), V AcCTx, (2.3.1)
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2.3. Support and Finiteness of Moments of Push-Forward Measures

where p is given by the formula {z) + a(k)},cze and a(k) = |k|9 "k (see (2.1.8)
for details). Theorem 2.2.3 implies that p : H_ — I'x is measurable (with respect
to the Borel o-algebras B(H_) and B(I'x)). Then the measure vy is a probability
measure of T X

Condition (1), stated in Section 2.2.2 (formula (2.2.15)) leads to the following

theorem:

Theorem 2.3.1. Measure vy is supported on the space of configurations without
multiple points, that is,

I/g(rx) =1.

Proof. 1t follows from the definition of the map p that the configuration
p(x),x € H_ has multiple points if and only if x; — z; = a(j) — a(k) for some
k,j € Z¢. Observe that a(j) — a(k) € Z¢. Therefore

p! (fX\FX) C Diag(H_).

Thus
" (fX\FX) .y (p_l <fX\FX)> < 0 ((Diag(H_))) = 0,

because of Condition (1) of Section 2.2.2. |

Definition 2.3.2. We say that a measure vy on I'x has finite n-th moments if

w,(7) = [ ) < 00 for any £ € CF(X).
I'x

We denote by M™(I"x) the class of all measures on I'y with finite n-th moments.

Observe that, we have the inclusion

M Tx)c M*(I'x) m <n, mnéeN. (2.3.2)
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2.3. Support and Finiteness of Moments of Push-Forward Measures

Indeed, by Holder’s inequality,

m(f) = / ()™ vo(d)

m/n
< [/l(fﬁﬂ" Ve(dv)] = (mz, ()", (2.3.3)

which implies the inclusion.
In what follows, we prove that second moments of the measure vy are finite. We

introduce the following notations. Let

XN = % Xy,
kezd
K
X, = (a:k)kkefg e X¥\i  jezd (2.3.4)
J

Any element x € X Z% can be identified with the pair

X:<)\2j,l‘j), jGZd.

For any k € Z¢ we introduce the projection ), of the measure # onto X;, = X,
that is,
Ou(A) = / 0(d%, A), AeB(X). (2.3.5)
xZ4\ k

Proposition 2.3.3. For any k, j € Z% we have
O, = 0. (2.3.6)

Proof. Using notations (2.3.4) we can write

/f(a:)@k(da:): /f(m[ / 9(d¥<k,da:k)]

XZd\k

- / Flap)0(dx). (2.3.7)
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2.3. Support and Finiteness of Moments of Push-Forward Measures

The measure 6 is invariant under the map S; for any j € Z¢ (defined by the formula

(2.2.16)), so that (2.3.7) can be rewritten in the form

[ o= [ ses
- / (S5 22 0(dx)
- / F(z;) 0(dx)
- X/ 1) 05(d), 2.3.8)

0 = 0;. (2.3.9)

which implies that

In what follows, we will use the notation
0, =0; = 0 jecz? (2.3.10)
. We have the following result.
Theorem 2.3.4. We have vy € M*(Tx).

Proof. For f € Cy(X), the second moment of the measure vy may be written as

w2 (f) = / (£ ) vialdy)

xzd kezd
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2.3. Support and Finiteness of Moments of Push-Forward Measures

where fy(zg) = f(xp + a(k)). Thus

ng(f)_/ ( > fk(xk)fj(fﬂj)> 0(dx)

~z k,jezd

</(Z|mmm@wmm

~zd k,j ez

= [ 18t 155w o) 1)

k,j € ZdXZd

Here summation and integration are interchanged using Tonelli’s theorem (see e.g.

[AE09, Ch.6]). By Cauchy-Schwartz Inequality, we can write

/|fk$k||fy(xy|9dx J/fk x1,)0(dx) /foJ (dx)

x74

Therefore we have

m’ (f) d\l/fk:ck dx/f2xj (dx)
= > f;?(iﬂk)Q(dX)>2
(keZd\X4
(Z\!ﬁmWWQQ

kezd

I;le%?(f ( Z \/ O (supp(f —a(k))) (2.3.12)

kezd

The expression on the right hand side converges by the Theorem 2.2.6 with p = ()

It implies that second moment of the measure vy is finite. [ |
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2.3. Support and Finiteness of Moments of Push-Forward Measures

Corollary 2.3.5. Due to the inclusion (2.3.2) we have vy € M*(T'x).

Remark 2.3.6. For a fized bounded set A € B(x) the vg-average number of elements

of a configuration v € I'x is finite, that is,

E,,(#(NA)) = / (10.7) vo(dn).

I'x
This together with the Corollary 2.3.5 gives an alternative proof of the fact that vy

1s concentrated on I'x.

Remark 2.3.7. The n-th moment of the measure vy can be expressed in the

following form

m, = /(fﬁyl ve(dy) = / ( Z fk(%)) 0(dx)

Ty yzd k € 74

It can shown by the arguments similar to the proof of Theorem 2.3.4 that
vy € M"(FX)
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Chapter 3

Integration by Parts Formula for

Push-Forward Measures

3.1 Integration by Parts Formula on X z!

In this section, we recall main definitions related to the integration by parts (IBP)
formula on the space X%* following [AKR95]. Let us denote by FC®(X%’) the set

of functions f : X2 — R of the form

F&X) = fn(@mys e s Tmy), x€ X (3.1.1)
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3.1. Integration by Parts Formula on Xz

for some N € N, my,--- ,my € Z% and fy € C°(X") (which depend on f).
Similarly we can also define the set }'Cf(XZd) for any £ € N, assuming that
fv € CHXN). For f € FOX(X®) let us define the gradient Vf(x) by the
formula

X% 5 x s VIx)=(Vif(X)rez € XoZda

where

ka(x) = aixka(xmm e 7me)'

Let us introduce the class 9(H_) of all probability measures on H_ possessing a

logarithmic derivative. That is, § € 9%(H_) if and only if the following formula
holds for any ¢ € X2 and f € FCX(X%) -

[ (V6).0), 0tax) = — [ 1) 550, (312

H_
where Bg’ : H_ — R is a measurable function. Bf is called the logarithmic derivative

of the measure 6 in the direction of ¢. It can be represented in the form

By (x) = (Bs(x), ®)o, (3.1.3)

for some map By : H_ — H_. The map [y is called the vector logarithmic derivative

of the measure §. We assume that it satisfies the condition

/ 18 ()" 6(dx) < oo. (3.1.4)

Example 3.1.1. Let 6y be the Gaussian measure defined by the formula (2.2.24).
The integration by parts formulae (3.1.2) and (3.1.3) holds for the measure 6y with

B2(x) = Bgy (x) := —Ax. (3.1.5)

It is known [BK95, DF91] that

J UGl o) <o, foramy p= 12,0+
H-
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3.1. Integration by Parts Formula on Xz

Example 3.1.2. Let 6. be the Gibbs measure defined in Section 2.2.2. The
integration by parts formula (3.1.2) and (3.1.3) hold for the measure 0. with the

vector logarithmic derivative
By(x) = By, (x) = Bo,(x) + Q(x),  x€MH_, (3.1.6)
and Q : H_ — H_ is a measurable map having the representation
O(x) = (Qk(X))peza, Qu(x)=—P'(v) keZ', xeH_

It is known [AKR95] that

[l ealroax <o forany p=1.2.---. (3.1.7)
H_

For any 0 € M(H_), the IBP formula (3.1.2) can be extended to non-constant vector
fields.
The following result is known [DF91]:

Theorem 3.1.3. Let us consider a vector field V € CH(H_,H) (cf. Section 2.2.1)
given by its components by V(x) = (Vk(x))kezd' The integration by parts formula
takes the form

/ (VF(x), V(x))o 0(dx) = / £ (Bo(x) . V()0 B(dx)
H_

H—
- /f(x) divV(x)0(dx), f,g€ FCF(H-), (3.1.8)
H_

where

divV(x) = TrV'(x) = Z divy, Vi.(x),
kezd

and divg(Vy,) is the divergence of Vi, : H_ — R with respect to xy.
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3.1. Integration by Parts Formula on Xz

Integration by Parts Formula for a Special Class of Vector

Fields

In what follows we would like to establish the integration by parts formula for
a special class of vector fields on H_. Let 6 be a probability measure on X%
satisfying conditions (1) — (3) of Section 2.2.2. Let v € Vecty(X) and define a map
7: X% 5 X2 by setting

Up(x) = v(zg + alk)) ez,

where a(k) = |k|?"*k. The following result shows that ¥ generates a vector field on

H_.
Proposition 3.1.4. We have the following:
1.9:H — XE' and [ 0(x)]20(dx) < 0,
H

2.divi(x) <oco , xe€H_, and [ |divi(x)|6(dx) < cc.
H_

Proof. (1): By the definition of the space H_, every x € H_ satisfies the estimate

Z i (14 kD)2 < oo.

kezd

This implies that 27 (1 + |k|?)™ — 0 as |k| — oo, and we have,
|zl = o(1 + [k[).

The latter formula together with the triangle inequality and the identity
la(k)| = |k|? imply that

o + a(k)| = (1K = Jax]) = 0o, [k] — oo,
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3.1. Integration by Parts Formula on Xz

which in turn implies that, for any x € H_, there exists N € N such that for
|k| > N we have

x + a(k) ¢ supp(v), k€ Z%
Therefore, for any such k& we have
Up(x) = v(xg + a(k)) = 0.

Therefore, for any x € H_, only finite number of the elements of sequences vy (x)
are not equal to zero, which implies that 5(x) € XZ".

Moreover, we can write

/ 1) 12 6(dx) = / S ol + (k)21 + [K])20(d).
H_

H_ kezd

Using the notation (2.3.10), we have

= ST [ oo+ () P60 ds)

= sup [v(z)| > (1+ [k))00 (B — a(k)). (3.1.9)
zeX kezd

Observe that sup|v(z)| < oo because v € Vecty(X). Lemma 2.2.4 with u = 60
reX

implies that the series in (3.1.9) converges. Thus
[ 5613 6(x) < o
H_

(2): The first part of the statement follows directly from the fact that vy(x) = 0
for k big enough, so that it is only the finite number of non-zero terms in the right

hand side of the equality

div o(x) = Y divydi(ap).

kezd
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3.1. Integration by Parts Formula on Xz

In order to prove integrability of divo, we can write

/ |divo(x)| 0(dx) = / Z divy, v(zg + a(k))| 0(dx),
kezd
Z /\dwv x4 a(k))| 8V (dx)
kezd
< sup |divo(z)| Z 6B — a(k)) < oo,
zeX
kezd
by Theorem 2.2.5 with p = 0 (cf. proof of Part (1)). |

In the next theorem, we show that the integration by parts formula (3.1.8) can
be extended to the vector field v. Observe that we cannot apply Theorem 3.1.3

directly because 0 ¢ C}(H_,H), in general.

Theorem 3.1.5. For the vector field v(x), the integration by parts formula (3.1.8)
holds, that is,

/(Vf(X)ﬁ(X))ﬁ(dX) = —/f(X) By(x)0(dx), f € FCP(X™)  (3.1.10)
H- H_

where the logarithmic derivative B5(x) of the measure 0 in the direction of U has the

form
B (x) = (Bo(x),0(x)), + divo(x). (3.1.11)
Moreover, By € L*(H_,0).

Proof. We will use the following approximation arguments. Define a cut-off vector

field o) by setting

@,(CN) =0 , otherwise.
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3.1. Integration by Parts Formula on Xz

Let us show that ™) — @ in the space L*(H_ — H,,0) of square integrable maps

from H_ to H,. Indeed,

/H’\(N 0(x)]|20(dx) = / Z lv(z + (k)21 + |k|T)20(dx)

- \k\>N

= ST (1 R / oz + a(k))200 (dx)

kezd
|k| >N

<sup o)) D (1+ [KI9)?60 (B — a(k)).

X
e ke zd
k| >N

We know that

supo(e)| 3 (1+ K60 (B ~ a(k) < oo,

kezd

(cf. proof of Proposition 3.1.4, formula (3.1.9)), which implies that

sup [v(z)] Y (14 [k[*)?0N (B - a(k)) — 0, N — occ.
zeX ke zd
|k| > N

Therefore

/Ilv (x)[20(dx) — 0, N — oo.

This convergence implies that
(Bo(-), 7™ (Do — (Bo(-),0(-))o, N =00, in L'Y(H_,0).
It can be shown by similar arguments that
divo™) — dive, N — oo, in LY (H_,0),
and that

()No, N — o0, in LYH_,0).

@)

(V). 5™ ()0 — (V£(),
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3.1. Integration by Parts Formula on Xz

Thus we have that
“(N) — By, N —oo, in LY(H_,0), (3.1.12)

where
7 (%) = (B (x), 5N (x)),, + dive®™ (x).

As a corollary of formula (3.1.12) we have that 85 € L'(H_,6). It is clear that
W) € CHH_,H,) and therefore we have the following IBP formula

/ (V7(x), 5™ (x)) / £ BN x)0dx),  f e FCE. (3.1.13)

H_

The limit transition on both sides of the formula (3.1.13) implies the result of the

theorem. [ |

Next, we refine the integrability properties of the logarithmic derivative 3. Let
us introduce the Sobolev space H2(H_, #) as a completion of the space FC(X%")

in the norm || - ||12 given by the formula
|2, = / Ih(x)[?0(dx) + / |Vh(x)[20(dx) (3.1.14)
H_ H_

Theorem 3.1.6. The IBP formula (3.1.10) holds for any f € H**(H_,0).

Proof. We will use the following approximation argument. Let {f,}>°, be a

sequence of elements of FCy(XZ") that approximates f € H*2(H_,#), that is,

/|f x)*0(dz) — 0 as n — oo, (3.1.15)

and

/ IVf(x) =V u(x)|30(dz) — 0 as n — oo, (3.1.16)
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3.1. Integration by Parts Formula on Xz

For any f,,n=1,2,---, we have the IBP formula
/(an( ), 0(x))o0(dx) /fn x) B35 (x)0(dx). (3.1.17)
H

We can pass to the limit on both sides of the equality (3.1.17). Indeed, we have

[ (69 = £(). BBl

H—

N

J 19560 = 5,600 2660 [ [0 0(dx)
— H—

< /I!V(f(X)—fn(X)) 150(dx) /||@(X)||39(dx)- (3.1.18)
H— H_
Thus
/(v(f(x)—fn(x)),a(x))oe(dx) .0, N oo, (3.1.19)
H_

because of the formula (3.1.16) and part (1) of the Proposition 3.1.4. The limit
transition in the right hand side of formula (3.1.17) is justified by (3.1.15) [

Proposition 3.1.7. The logarithmic derivative ﬁg belongs to L*(H_,0).

Proof. We need to prove that

[ 18369 olax) <

We have

/ 165) 2 0(dx) / (80(),560)), + div()[ 0(d)

2 / (Bo(x),9(x))2 6(dx) + 2 / divo(x)[? 0(dx).  (3.1.20)

H- H—
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3.1. Integration by Parts Formula on Xz

Let us first prove that the second integral in (3.1.20) is finite. Indeed,
divo(x Z (x4 a(k
where ¢ (x) = divu(x). Observe that ¢ € Cy(X). We have

[ v otax) = [ {2}l < o0
H- H-

because vy € M?*(I'y) (see Theorem (2.3.4)).
For the first integral in (3.1.20), using Cauchy-Schwartz and Holder’s inequalities

we obtain

[ (3u().560); 0(ax) / 1B P2 6(dx)

H-
J / I5n(x WX)J J 10l o),

The first integral in the latter expression is finite by (3.1.4). Let us compute the

second integral. We have

Jeort o = f

- Y D, / [o(ar + (k) [o(@m + a(m))P6(dx),

m,keZ

Z lo(zg + a(k)?(1 + [k|Y)?| 6(dx)

kezd
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3.2.  Integration by Parts Formula on I'x

where Dy, = (1 + |k|?)? and D,, = (1 + |m|?)2. Using Holder’s inequality we obtain

JAECES

S DD, /|U (25 + (k)| *0(dx) /|v T + a(m))[46(dx)

k,mcZd
< sup |v(z)|* Z Dy, m\/Q \/9(1) —a(m))
zeX k,mez
2
< sup [ 1 + k|4 \/6’ ] : (3.1.21)
zeX ezd
where B = supp (v). The latter expression is finite by Theorem 2.2.6. [ |

3.2 Integration by Parts Formula on ['yx

The aim of this section is to prove an integration by parts formula for the measure
g on I'y introduced in Section 2.3. First we need to introduce certain classes of
functions on I'y. For a function F': 'y — R, define the function ZF := F o p, that
is

IF(x) = F(p(x)),x € H_, (3.2.1)
where p : H_ — T'x is the projection map defined in (2.1.5). Clearly, ZF is a

function on H_.

Lemma 3.2.1. The operator T defined above is an isometry from L*(Tx,vp) to

L*(H_,0).
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3.2.  Integration by Parts Formula on I'x

Proof. By the formula (3.2.1), we have

1P e = [ (F)Pralan

I'x
— [ @re)2 o
"
= 1ZF 122000 (3.2.2)
and the result is proved. [ |

Remark 3.2.2. The operator Z is not an isomorphism. Indeed, the function TF(x)
is symmetric with respect to permutations of the components of x = (xx)peza, which

implies that T : L*(Tx, vg) — L*(X%*,0) is not surjective.
In what follows, we will use the notation F= IF, F e L*(Tx,vp).
Lemma 3.2.3. Let F € FC(I'x). Then we have F' € H“*(H_,6).

Proof. According to the definition of the class FC(I'y), F' has the following form:

F(’}/) = f(<¢17’7>7"' 7<¢ma7>)7
where m € N, ¢; € C5°(X) for j =1,--- ;mand f € Cp°(X™). We can write
F(x) =TF(x) = F(p(x)
= f( <¢1,p(X)>, T <¢m7p(x)>)7 (323>

where

(6, p(x) = Y i(ze+a(k),  j=1,,m,

kezd

and a(k) = |k|*"'k. We will use the following notations:

@(X) = (5, p(x)),
F(&;(x)7) = F(61(x), -, ().
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3.2.  Integration by Parts Formula on I'x

So we have

and

For any N € N, let us set

kezd
k| <N
and
FN(x) = f(e) (%)),

According to formula (3.1.1),
FN e FOr(X™).

Formula (3.2.3) implies that

Vkﬁ(X) = Z (9zf( Q/Zgj (X) );n:l ng/Zgl(X) , k € Zd, (324)
i=1
and
ViEN(x) = > 0:f (6 ()7, Vol (x), k€ 2, (3.2.5)
i=1

where 0;f is the ¢ — th partial derivative of f. Observe that the expression (3.2.4)
is uniformly bounded, that is, 3C' € R such that

IViF(x)| < C, forall ke Z' and xeH_.

The estimate follows from the fact that f € C;°(R™) and ¢; € C§°(X).
Let us show that FN — F, N — oo, in the norm of the space HY*(H_,0). We
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3.2.  Integration by Parts Formula on I'x

have to prove that

/ ()ﬁN(x) — ﬁ(x)‘2 || VEY ) - vﬁ(x)HD O(dx) =0, N —oco. (3.2.6)
H_

We start with the first term in (3.2.6). We can write

P = Bo| = 137 00), — 1(8:00)7,

We know that f € Cp°(R™) and is therefore globally Lipschitz. Thus, there exists
a constant C' > 0 such that

FEY )T, = F(650),

<0 ol

1

.

-y

i=1

> Gilwn + alk

kezd
k| >N

So we have

/‘ﬁN(x)—ﬁ(x)‘ze(dx Z/
- 7‘[

(dX)

> Gilwn+ alk

_ 'kezd
k| >N

Observe that

/ S bl + a(k))
H

_ 'kezd

b(dx) = / (6 7) Posldn) < o0

because ¢; € C°(X), fori = 1,--- ,m and vy € M?('x) (Theorem 2.3.4). This
implies that
~ o2
/ ‘FN(X) - F(x)‘ f(dx) =0, N — oo. (3.2.7)
Ho
Now let us consider the second integral in (3.2.6). Using formulae (3.2.4) and (3.2.5)

we can write

2 ~ 2

|VEY ) = VP = 3 [V (x) - ViF(x)

0
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3.2.  Integration by Parts Formula on I'x

2

2y Y

kezd i=1

535S

kezd i=1

+0f (6;(0)) 7, Vil (x) = 0 (0,(x)) -, Vil (x)

535S

kezd i=1

+0if (6;(%)7, (V’f@v () - V’“(g"(x))

0 (0N ()", VidN (x) = 0if (6;(%) )", Vihi(x)

Of (B ()7, Vbl (%) = 0. (85(x) ), Vahi(x)

2

(aif(a?;y(x O (30)" )w (x)

2

<4k§;d§;[]aif<$§v<x>);—aif(dij(x)) [ [wadreof
e 0 (5,69)) | 1vk$?<x>—vk$i<x>)2]
< A (x) + aa(x), (328)
where
NX):4k§d§[ YT, 0 (8,00)7, | |Vadi o0 ]
—4]22;;“(% 50)[ w0 - w&(x)ﬂ- (3.2.9)

We will use the general form of Holder’s inequality. In our setting, it can be written

as,

[ / Z\¢@-<x>wi<x>|e<dx>]
S / Zld)z-(x)!%(dx) / Z\wi(x)\%(dx), di, i € CF(X) (3.2.10)
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3.2.  Integration by Parts Formula on I'x

Let us consider a¥(x). Using (3.2.10) we obtain

/i[z ‘Vk@(X))Q} o). (3.2.11)

5 i=1 bpezd

We know that f € Cp°(R™), therefore the function 0;f is globally Lipschitz for any

1=1,---,m. Thus, there exists a constant C' > 0 such that
4
— 0,f (y(x )) (3.2.12)
=1
m 4
S|y ‘ (3.2.13)
o 4
Z > gilar + ok (3.2.14)
=1 "kezd
k| >N
So we have
(BY )™, — 0 (35) [ eax)
5 =1
CZ/ > ilze+a (dx)
i=ly7 'kezd
|k| >N

Observe that

/ S bl + a(k)
H

0(ax) = [ 16,1l walan) < o0
_ ke 74 Tx
because ¢; € C(X), fori = 1,--- ,m and vy € M*(T'x) (Remark 2.3.7). This
implies that

ps

" =0 (65(x) )T_lre(dx) -0, N — oo (3.2.15)

71



3.2.  Integration by Parts Formula on I'x

Now consider the second integral on the right hand side of the formula (3.2.11). We
have

~ 2

VidN ()| = [Veilan+a()E, |k <N,

N 2
VidXx)| =0, k| > N.
Let us denote

bi(x) = V(i + (k).

We have
m 2
/Z [Z %(X)] 0(dx) =/|<@/}i77>|2w(d7) < 00, (3.2.16)
: <
because 1); € C°(X), fori = 1,--- ,m and vy € M?*(T'x) (Theorem 2.3.4).
Combining formulae (3.2.15) and (3.2.16) we obtain that

/a]lv(x)ﬁ(dx) — 0as N — oo. (3.2.17)

H_

Now we consider ad’ (x). We have

@f(éﬁ\](x) );n:l‘ = Cg < 00

sup
TEH_

because 0;f € C§°(R™). By the arguments similar to the proof of convergence

(3.2.17) we can write

m 2
/ az(x)0(dx) = 4Cy Y / > |Vo(ay + ak))| 0(dx)
_ =147 kezd
|k| >N
—0 as N — oo, (3.2.18)
This completes the proof. [ |
Let
5 LA(X™,0) — L*(Tx, vp) (3.2.19)
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3.2.  Integration by Parts Formula on I'x

be the adjoint operator of the isometry Z. We are now in a position to prove the

main result of this section.

Theorem 3.2.4. Let v € Vecty(X) and F € FC(I'x). Then the measure vy on I'x

given by (2.3.1) satisfies the integration by parts formula:

/ZV F(v) v o(x)v(dy) = /F(W)ﬁﬁg(v)l/e(dv), (3.2.20)
Tx ey Ly
where
v, =T By € L*(Tx, vp). (3.2.21)

Proof. The left hand side of the formula (3.2.20) can be written in the form

/Zv F(v) «v(z)vp(dy) = / Z V. F(p(x)) . v(z)0(dx)

TEY yzd z€p(x

/ > ViF(x) vy + ak)f(dx)

yzd kezd

_ / (vﬁ(x) | a<x)>09<dx) (3.2.22)

xzd

We know from Theorem 3.2.3 that F' € H“2(H_,6). Thus we can apply the IBP
formula (3.1.10) to get

/ (vﬁ<x>,@<x>)oe<dx>= | Feosge otax (3:2.2)

XZd de
It has been shown in Proposition 3.1.7 that 8] € L*(X?",0). Therefore we can
rewrite the right hand side of (3.2.23) in the form

[ s o) = [ £6)(5) 0wt (3:2.24)

XZd I'x
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3.2.  Integration by Parts Formula on I'x

Combining formulae (3.2.22), (3.2.23) and (3.2.24), we obtain the equality

[ X V.F) vt = [ PO, @), G229
Ly Z&7 Cx
where
v =105,
and the result follows. |
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Chapter 4

Logorathmic Sobolev Inequality of

Push-Forward Measures

4.1 What is Log-Sobolev Inequality

The purpose of this section is to prove the Logarithmic Sobolev Inequality (LST)
for the measure vy. We will derive it using the LSI for the measure 6. We need to
introduce suitable framework first.

To introduce the notion of LSI we state some known facts. Let (Y, B(Y), u) be a
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4.1. What is Log-Sobolev Inequality

probability space and H be a positive self-adjoint operator in L*(Y, u1) that is
(Hf, f) 20 forall feDH), (4.1.1)

where (-,-) denotes the inner product in L? and D(H) denotes the domain of the
operator H. We will write LP for LP(Y, i) in this subsection. Let T} := exp(—tH)

be the corresponding semigroup in L?. For p,q € [1, 00| we will write

1 Tellg—p == sup {ITefllp : f € LN L7, || fllg < 1},

where || - ||, denotes the L? norm. The semigroup T; is called contractive from L?
to L? if || T;||,—p < 1. For all ¢ > 0 the semigroup 7 is contractive in L? if and only
if (4.1.1) holds for all f € D(H) (See e.g. [Gro75])

The semigroup T; is called positivity preserving if for all Borel measurable functions
f = 0 and for all £ > 0 we have T;f > 0. The semigroup T} is positivity preserving

contractive semigroup if and only if
(Hf,(f—=1)T) >0 forall feD(H), (4.1.2)

where f*(z) = maz{f(x),0} (See e.g. [Gro75]).
Let p be the symmetrizing measure for 7}, that is, all operators T;, ¢t > 0, are

symmetric in L2,

Definition 4.1.1. Log-Sobolev Inequality

We say that the measure p satisfies the Logarithmic Sobolev Inequality with constant
Crs >0 uff
Crs e (f(HS)) = p(f*log(f)) — || FII* log([| £11), (4.1.3)

for all f € D(H). Here we use the notation

p(g) = /g(ﬂf)u(d:v), g: X - R
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4.1. What is Log-Sobolev Inequality

It is proved by Rothaus and Simon [Rot85, Sim76] in their famous mass gap
theorem that the Logarithmic Sobolev inequality (LSI) implies the Poincaré (or

Spectral-gap) inequality with Cs¢ > Cpg, that is,

1
Csa

(fES) = nlf?) = 117,

for any f € D(H). The Poincaré inequality implies that the spectrum of the operator
H has the gap (0,Csq). The following criteria of LSI are known:
Bakry-Emery criterion [BE84]:

Let us consider the function valued bilinear forms associated with the operator H,
1
[i(f,9) = 5| H(fg) — fHg — gHf

and

La(f.9) = 5 (HDW(£.9) - Tu(1 Hg) - T ). ).

where f,g € D(H). The forms I'; and I'y are also referred as carré du champ and
carré du champ itéré, respectively. The operator H satisfies Bakry-Emery condition

if there exist a constant C such that

1

F2(fa g) > Erl(fv g)

Let us assume that the semigroup 7; is ergodic, that is,

lim T, f(w) = pu(f), p—as.

for any bounded continuous function f. Then Bakry-Emery criterion states that u
satisfies LSI with Crg = C.
Perturbation result of Holley and Stroock [HS87]: Let u be a probability

measure that satisfies LST with the constant Crg (1) and let 1 be another probability
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4.1. What is Log-Sobolev Inequality

measure which is absolutely continuous with respect to p with density e=V®) that
is

() = e U@

() : (z),

where U : R — R is a bounded function. Then p satisfies LSI with the constant

Crs(i) = Crs(p) - e=20%°Y,

where

OscU =supU(x) — inf U(x).

xeX zeX
Below are the examples of some measures satisfying LSI:
Example 4.1.2. Gaussian Measure
The Gaussian Measure on R™ satisfies Log Sobolev inequality (see e.g. [Gro75]),

with the constant Crg = 1.

Example 4.1.3. Product Measure
Let pg, k = 1,--- ., n be the probability measures defined on a Hilbert space H such
that they satisfy LSI with the constants Crs(px) fork =1,--+ ,n. Then the product

measure given by the formula
p(xiyda) = x5 (dey,)
satisfies LSI (see e.g. [Gro75]), with the constant

Crs p > 1g€i<nN Crs(pu).

Example 4.1.4. Gibbs Measure

It has been shown in [AKR95] that the Gibbs measure 6. on X% given by (2.2.28),
satisfies LSI with constant Cpg, provided that the condition given below, in (4.1.4)
holds. Let € be as in (2.2.28) and for k > 0 let us choose ky € (0, ko] such that

Vee|0,k1], wehave Cg=—e2C,, (4.1.4)
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4.1. What is Log-Sobolev Inequality

where Cp is as given in (2.2.26) and C, is given by

C, =inf P"(t) > —o0

teR

for the polynomials P(t) defined in (2.2.27).

Theorem 4.1.5. Let r; satisfies (4.1.4). Then for any € € [0, k1] the measure

0. satisfies the log-Sobolev inequality given in (4.2.9) with the Sobolev coefficient
Crs = 20@1.

Example 4.1.6. Log-concave measure

To explain this important result we need definitions of log-concavity and ergodicity
and we also recall the framework of rigged Hilbert spaces given in the Section 2.2.1.
Let X be a dense linear subset of H, and let ¢p,7p € X. Let us denote by A(H_)
the family of measures p on H_ for which the logarithmic derivative B exists and
is differentiable and square integrable (see Section 3.1 for details). According to the
notations introduced in Section 2.2.1 its derivative is identified with the bounded
operator B'(x) € LI(H_,H). The measure p is said to be uniformly log-concave if
for all ¢ € X there exist a ¢ > 0 such that

<_ﬁ/($)¢, ¢> = C|¢’2 n— a.e.
To define ergodicity, let A € B(H_) and for all z € X let us define
A, =A+z={z+zlr € A}.

We say that A is X-invariant if A = A, for all z € X. Then measure u is said to
be X-ergodic if either p(A) =0 or u(A) =1 for all X-invariant sets A.
In [AKR95], it is proved that measures from the family A(H_) satisfy LSI if they

are uniformly log-concave and X -ergodic.
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4.2.  Logarithmic Sobolev Inequality on Configuration Spaces

4.2 Logarithmic Sobolev Inequality on
Configuration Spaces

Let 6 be a probability measure on H_ such that 6 € 9(H_) and it satisfies

conditions (1) — (3) of Section 2.2.2. Let us introduce the pre-Dirichlet form & on

d

X%
E(f, 1) = [ IVF)50(dx), (4.2.1)

X
where f € FC(XZ"). It has been proved in [AKR95] that (&, FC(XZ")) is closable.

We denote its closure by (&, D(&y)). By the definition, D(&) is the completion of

FC(XZ") in the norm | - ||¢, given by the formulae

111z, = /fQ(X)H(dX)Jr/HW(X)H%Q(CIX)

= {200y (4.2.2)

and therefore

D(&) = HY(H_,0). (4.2.3)

Let us introduce a pre-Dirichlet form &,, associated with the measure vy, defined

on functions Fy, Fy € FC(T'x) C L*(T'x,vg) by the expression

Euo(Fr Fy) = / (VP F(7), V7 Ey())y6(d7). (4.2.4)

Ix

Theorem 4.2.1. We have

I(D(E,,)) C D(Ey), (4.2.5)

and moreover

)
)

gyo(F7 F) = 50( )7 Fe D(gue)7 (426)

9
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4.2.  Logarithmic Sobolev Inequality on Configuration Spaces

where F = TF = Fop, see (3.2.1) for a detailed construction.
Proof. 1t follows from Lemma 3.2.3 and formula (4.2.2) that
I(FC(I'x)) € D(&).
By definition D(&,,) is the completion of FC(I'x) in the norm ||-|l¢,, , where

IFI3, = Eu(F.F)+ [ Fm(an).

I'x

Observe that, for F € FC(I'x),

I1FIE, = &(F.F)+ [ Feotax)
xzd

= ||F[|Z,- (4.2.7)

Therefore, approximating any F € D(E,,) by a sequence {F,}°, C FC(I'yx),
we obtain that the sequence F, converges to an element of D(&), and we have

F= lim,, oo ﬁn € D(&). This convergence also implies that

& (F,F) = lim &, (F,, F,)

n—oo

= lim &(F,, F,) = &(F, F). (4.2.8)

n—oo

The LSI for the measure 6 takes the form

CLs 5e(f,f)>/If(X)|2109|f(X)|9(dX)—||f||%2(n_,o) logl fll2ae-0ys  (4.2.9)
H-

for some constant Crs > 0 and any f € D(&).
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4.2.  Logarithmic Sobolev Inequality on Configuration Spaces

Theorem 4.2.2. Let us assume that 0 satisfies the LSI (4.2.9). Then the measure
vp satisfies the LSI with the same constant Crg, that is, for F' € D(E,,),

Cus&(F.F) > [ IFO)PloglPO)lva(d) = IF sy 9| Flliasom (4:2:10)

I'x

Proof. We have
Crs &y (F, F) = c15 Eg(F, F)
> / |F(x)[* log| F'(x)|0(dx) — [|F||72(3,_ 6) LogI| || 2300
H_
= / |E(9)|* log| F(1) ve(dy) = 1 F 72 ) Logl Fll 2 w0
I'x

(4.2.11)

because of the formula (4.2.9) and the fact that Z : L*(T'x,vy) — L*(H_,0) is an

isometry. |
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Chapter 5

Motion in Random Media and

Stochastic Volatility

5.1 Stochastic Dynamics in Random
Environment

The aim of this section is to study random motion of a particle in X = R? which
interacts with configuration of particles distributed according to the measure vp.

The motion is given by a random process satisfying the following stochastic
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5.1. Stochastic Dynamics in Random Environment

differential equation:
dZ(t) = a(Z(t),~)dt + dW (t), z¢€ X. (5.1.1)

Here W (t) is a standard Wiener process in X and the drift coefficient a has the

following form

a(x,v) = ZC($ - y)> (5'1'2)

yeY

for some map ( : X — X. We need to establish certain regularity properties of the
drift coefficient a, which will guarantee the existence of solution of (5.1.1).
We denote by C2P(X) the class of functions f : X — R which satisfy the following
conditions:
(i) Lipschitz condition:

(2) = £(2')] < Cyle — o,

for any z, 2" € X and some constant C'y > 0.

(ii) Compact support: There exist r; > 0 such that supp(f) C Bx(0,7y).

We need the following technical results.

Recall that the map p : H_ — L'y is defined as p(x) = {zr + a(k)}rcze where
a(k) = |k|4 k.

Lemma 5.1.1. For ally € H_ there ezists a constant C = C(y) such that

sup  |p(x) N Bx(0,R)| < C(y)R,

XE€ By _ (yvi)

For allx € By_(y, %) and R > %

Proof. Let y € H_ be fixed. Similar to the proof of Lemma 2.2.1, for any
x € By_(y, ;) there exists a constant Ny = Ny(y) € N such that |z + (k)| > R
for all k € Z¢ satisfying the inequality |k| > N where N = max{Ny, V2R + 1}.
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Then
Ip(x) N Bx(0,R)| = #{k € Z : |z, + k| < R}
<#{ke€Z k| <N}=4dN
< 4d max(Ny, 2R+ 1)
1
<8dNi(y) (R + 5) < 16d Ny (y) R,
provided R > 3. It proves the statement with C(y) = 16 d Ny (y). [

Lemma 5.1.2. For vy-a.a. v € I'x, there exists a constant C = C(7y) € R such that

[y Bx(0,R)| <C(v)R, R>

N | —

Proof. 1t follows from Lemma 5.1.1 that

1
Ip(y) N Bx(0, R)] < C(y) R, R> .

Recall that the set p(H_) has full vy-measure, that is, vy(p(H-)) = 0(H-) = 1.
This implies the result with C(vy) = C(y). [

% and x € X we have

Corollary 5.1.3. For vy-a.a. v € I'x and any R >
|7y N Bx(z, R)| < C(v)(|lz| + R).

Proof. The statement follows from Lemma 5.1.2 and the inclusion

Bx(z,R) C Bx(0, || + R). |
Now we can study regularity properties of the map af(-,~).

Theorem 5.1.4. Let ( € C'é:ip(X). Then for vg-a.a. v € Uy the function a(-,7) is

locally Lipschitz with linear growth, that is, it satisfies the following conditions:
(i) for any R >0, there ezists a constant Cpg > 0 such that

’a<x77) - CL(x/ufy)‘ < CR‘x - I/|, SL’,I’I € BX(0> R)
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(1) there exist constants Cy,Cy > 0 such that |a(x,v)| < Cy|z|+Cs, x € X. The

constants Cy, Cy, Cr may depend on 7.

Proof. (i): Let z,2’ € Bx(0,R), R > 0. Then

la(z,7) = ala', )| < Y [¢@ —y) = (2" = y)|- (5.1.3)

yeY

Observe that ((z —y) = 0 for any y such that x —y ¢ Bx(0,7¢) or equivalently
y ¢ Bx(z,r¢). In particular, ((z —y) = 0 if z € Bx(0, R) and
vé |J  Bx(,r) c Bx(0,R),
z€Bx (0,R)
where R’ = R+r¢. Therefore the number of non-zero terms in (5.1.3) cannot exceed
the number of elements of v in Bx (0, R’), and we have the following inequality:

la(z,7) —a(@’, I < Y Cl(e—y) = (@ —y)

yEBx (0,R’)
< 131 Bx(0, R)|Cele — /| = Cinle ),
where
Cr=0C(a,R,7) =|7NBx(0,R+r¢)|C¢ < 00,
for vg-a.a. v € T'. Thus the local Lipschitz property of a(-,7) is proved.
(ii): We have
la(z, | <Y IC@—y)l.

yey
Recall that {(x —y) = 0 for y ¢ Bx(x,r¢). Moreover it follows from the definition

of the class C”(X) that,
sup.ex|C(2)] < Cere.

Then similar to the proof of (i), we have,

ja(z, )] <Y [¢ =)l < Iy N Bx(,1¢)|Cere.

yeY
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Corollary 5.1.3 implies that

v N Bx (2, 7¢)| < Cr(y)(|z] +7),
for some constant Cg(7y) > 0, where r = max(r¢, ) and the result follows. |

Theorem 5.1.5. Let ( € COLip(X). Then, for vg-a.a. v € T'x, the stochastic
differential equation (5.1.1) has a unique solution for any initial value x(0) € X

and any time t € R.

Proof. Follows from Theorem 5.1.4 and general theory of stochastic differential

equations, see e.g. [Dks03]. |

Our next gaol is to establish certain continuity and smoothness properties of the

map a(-, 7).

Theorem 5.1.6. 1. Let ( € CY(X,X). Then a(-,v) € CY(X,X) for vy-a.a.
vel.

2. Let ¢ € C*(X, X) for some k =1,2,---. Then a(-,7) € C*¥(X, X).

Proof. We proved that for any R € R*, any x € Bx(0, R), there exists R’ € R*
such that

a(z, = Y (e—y),

yeyYNBx (0,R’)

provided ( has compact support. This sum contains only finite number of non-zero

terms (for vg-a.a. vy €T).

This implies that a(-,7) € CY(X, X) (resp. C*(X, X)) provided {(-—y) € C}(X, X)

(resp. ¢(- —y) € C*(X, X)) for any y € X. This implies the result of the theorem.
|
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5.2 Stochastic Volatility Models

5.2.1 Preliminaries

Derivative securities are contracts with their prices based on the price of another
asset called the primary asset or underlaying asset. In this section we are interested
in European options. A European option is a contract which can only be exercised
at the time of maturity. Let us consider, for example, European call option. It
gives its buyer the right, but not the obligation, to buy the the agreed units of
the underlaying asset at the predefined time, called the expiration date or maturity
date, for a predefined price, called the strike price. Let the strike price be K and
let the price of the asset at the expiry time T is Sy then the value of the contract

at maturity, that is pay-off, can be expressed as

_ B P ST - K if ST > K
h(Sy) = (Sr — K) (5.2.1)

0 if Sp< K.

If the price at maturity is higher than the strike price than the holder will exercise
the option to make a profit. The European options in their standard form, are path
independent because the function h(Sr) depends only on the price of the stock at
maturity, that is, S7. The question of derivative pricing involves finding the pricing
function V (¢, S;) which gives price at any time t.

Let us consider a filtered probability space (€2, B(Q2), F;, P), where {F;}i>o is the
filtration generated by the asset prices up to time ¢ < T'. Let price of the stock is

given by the process S; satisfying following stochastic differential equation (SDE)
dSt = /LSt dt + O'St th, (522)

where W, is the standard Brownian motion, p and o are constants representing

rate of return and volatility respectively. Black-Scholes-Merton took a root that
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assures the elimination of risk by adjusting between the risk-less (e.g. bonds, bank
accounts) and risky assets (e.g. options). The strategy they use is called dynamic
hedging strategy, because it allows continuous trading and ‘hedging’ means reduction
in risk. The portfolio of risky and risk-less asset, they consider, assumes following
properties; replicating (value of portfolio is almost surely equal to that of the security
at time T'), self-financing (variations in the value of portfolio are only due the change
in prices of assets) and there is no-arbitrage opportunity (to make a profit with no

cost). They derived their benchmark Black-Scholes PDE
Lps(V) =0,

where
01, , 5
£BS—§+508@+T(8%—'>.

This equation holds for s > 0 and ¢ < T and is solved backward in time with the
final value condition V (T, s) = h(s). The solution of the final value PDE exists and
is unique. This solution is called Black-Scholes formula and gives price of the call
option given the current price of the stock, time of maturity of the option, the strike
price of the option, the volatility of the underlaying asset and the interest rate of
the risk-less asset.

The same formula may also be derived with the equivalent martingale measures

approach. The discounted stock price S, = e~ S, satisfies
dgt = (,u - T)gtdt + O'Stth, (523)

which implies that the discounted stock price is not a martingale because above
expression contains a non-zero drift term if p # r. We can construct another
measure P*, equivalent to P, with respect to which the discounted stock price
becomes a martingale and assures no-arbitrage opportunity. The relation between

between martingales and no-arbitrage is explained after construction of this
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measure. This measure is constructed using Girsanov Theorem.
Let W, be the Brownian motion defined on the filtered probability space
(Q,B(2), F:,P) with P(W, = 0) = 1. Let U; be a P-measurable and F;-adapted

process, satisfying the condition (Novikov condition)

T
Ep |exp /det < 00.
0

DN | —

The stochastic integral
t

/ U dWy

0
is well defined and is a continuous, local martingale. Let us set

t t

1
M; = exp /USdWs - E/Sfds

0 0

Then M; is also a continuous local martingale. Let us define the equivalent

martingale measure P* by the formula
dP* = My dP.
Here P* is a probability measure on (€2, B(€2)).

Theorem 5.2.1 (Girsanov theorem). (see e.g. [KS91]) Define the process W

by the formula
t
Wt*:Wt—l—/Usds, 0<t<oo.
0
The process W is a Brownian motion under the probability measure P*.

Now we apply Girsanov theorem to change the drift coefficient in (5.2.3) into a

non-degenerate diffusion coefficient. Let us re-write (5.2.3) as

43, = o 3, K“_T> dt+th] :

g
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Let us set

In this case we set W;* with U; = w which becomes W} = W, + wt and then define

the probability measure P* with Hr = My by the formula
dP* = HrP.

By Girsanov theorem, the process Wy is a Brownian motion under the probability

P*. The discounted price process S; satisfies
dS; = o S, dWy. (5.2.4)

Let us consider the portfolio

Vi = a;S; + bre™,

where V(t) denotes the value of the portfolio at time ¢, .S; is the price process for the
risky asset (stock) and e is the price of risk-less asset (bond) at time ¢. The pair
(ag, by) is called the trading strategy and a4, by are adapted processes with respect to

the filtration {F;} and satisfy

T T

E /afdt < 00, /btdt< 00.

0 0

The self-financing of the portfolio means that the only change in the value is because

of the change in the market. It is expressed as
dV} = Q¢ dSt +r bt ertdt

This implies that the discounted value of the portfolio dV, = e "V, is a martingale
under the probability measure P* and is a self-financing strategy itself. The proof

is simple,

df/t = —re ""Vidt + e "1dV,
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using values of V; and dV; from above, we get

dV, = —re ", Sydt + e " adS,
= a;d(e”"Sy)

= atdgt, (525)
using (5.2.4), we get
dV, = o a;S; AW . (5.2.6)

Last equation proves that V; is a martingale with respect to P* and dV, = a,dS,
shows that the portfolio is self-financing.

The relation between no-arbitrage opportunity and the martingale property of the
price process (or the value of the portfolio) is very important to elaborate. Let
us prove this by contradiction and for that matter let us consider that the trading
strategy pair (as, b;)i=o is a self-financing but an arbitrage strategy. It means that

the value of the portfolio is always higher than the money in the bank, that is,
Vi > eV, (5.2.7)

with
P(Vy > e"Vp) > 0. (5.2.8)

But we know from the martingale property that
E*(Vy) = V.

Because P and P* are equivalent measures so (5.2.7) and (5.2.8) cannot hold. It
completes the proof.
The pay-off of the derivative security is the function of the price of underlying asset

at time 7. Let us denote that function by H := h(Sr). The portfolio V; we have
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considered, will replicate the derivative security if value of portfolio is a.s. equal to

the pay-off at the time of maturity 7', that is,
apSt +bre™ = H.
As we have proved above that V; is a martingale under P* so we have
Vi=E{Vr|F .
Using replicating property and re-introducing the discounting factor, we get
Vi=E{e""H|F}.

The Markov property of the price process S; says that the expectation with respect
to the past F; is same as with respect to the process S;. The value of the portfolio
may be written as

Vi=E { " H(Sr) |8, }.

Let P(t,z) represents the price of the derivative security at time ¢ with observed

price of the stock S; = s then the pricing formula becomes
P(t,x) =E" { e TTVH(SH) | S = s } .

The pricing formula for the price of European derivative security calculated
with equivalent martingale measures gives the same value as Black-Scholes
formula.

There are many important characteristics of stock return variability observed from
Empirical data. First, the implied volatility when plotted against strike price of
the asset, gives a convex curve often called “volatility smile” i.e. it changes
randomly with jumps of price movements with a tendency to revert to the mean.

Second, the volatility of the stock and the spot price are correlated. Wide variety
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of research literature is available addressing problem of stock return variability
(stochastic volatility models) with volatility satisfying different stochastic
processes.
For the purpose of literature review let us fix some notations. Let us consider the
following SDE

dSy = pSedt + f(Y3)SedWr,

where p is drift, W, is standard Brownian motion and f(Y;) gives volatility
process. In 1987, [HW8T7] gave their pioneering work considering non-correlated
case of stochastic volatility model with f(y) = /y. Later in [Hes93] a closed form
solution was presented for the correlated case with Y; satisfying CIR model. It was
further extended to jump, exponential-OU and Lévy processes (for correlated case)
in [Sco02, FPS00, CGMY03] and [PSMO08]. Recently, [AS09] gave power series

solution with volatility satisfying general 1t6 diffusion process with f € C*(R).

5.2.2 The Model

Let us consider model of a market with single risky asset S; with price evolution
described by the SDE
dSt = ,USt dt+0t St th, (529)

where W, is a 1-dimensional Brownian motion, u € R is the drift of the asset, and

oy is a volatility process given by the formula
O = f(Zt), t 2 0.

Here f : R? — R, is a bounded continuous function such that
f(z) > C > 0,Vz € R and Z; is a d-dimensional stochastic process given by
(5.1.1). We restate (5.1.1) for quick reference

dZ; = a(Zy,y)dt + dB,, z € R?, (5.2.10)
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where B; is a d-dimensional Brownian motion. We suppose that W, and B; are
independent. Theorem 5.1.5 implies that solution of equation (5.1.1) exists for any
initial value and hence the system of equations (5.2.9) and (5.1.1) has a unique

solution for any initial data. We need the following class of functions.

Definition 5.2.2. We denote by ¢ (R¥) for k € Z, the class of continuous and

bounded functions z : R¥ — R satisfying the following conditions,

1. Lipschitz and linear growth conditions, that is,

12(y) — 2(9)| < Kily — 9|

12(y)| < Kao(1 4+ [yl),
where i,y € R* and K., Ky are constants.

2. bound on first and second derivatives, that is
105 2(y)] < C(L+ Jy|™),

where 852 denotes k-th partial derivative of z with respect to y for k = 1,2

and m and C are positive constants.

5.2.3 Pricing Partial Differential Equation

We denote by ) the space of trajectories of the process (S, Z;)i=0 and by P the
corresponding distribution which is a probability measure on ). Let D be a
European derivative security with payoff h(Sy) at time 7' > 0. According to the
general approach to pricing theory (see e.g. [FPS00]), the no-arbitrage price D; of

the derivative security D is given by the formula

Dy =Eq (h(Sr)|F) e, (5.2.11)

95



5.2. Stochastic Volatility Models

where (F;);>o0 is the filtration generated by the price process S;, and Q is an
equivalent martingale measure of Sy, that is, a probability measure on the space €2
which is equivalent to P and such that the process S; is a Q-martingale.

Let u(Z;) be a Fi-adapted process defined by the formula

_Kr=T
u(Z) = T (5.2.12)

where r is the risk-free rate of return. To construct the equivalent martingale

measures we set
t 1 t

Mt =exXp | — /{U(ZT>dWT + X(ST7 Z’T‘)dB’T} - 5 /{UQ(ZT)dT + XQ(Sﬂ ZT)dT} )
0 0

where y : R! x R? — R? is a mapping that satisfies the following condition

T

1
Ep |exp 5/(X(ST,ZT))2dT < 00. (5.2.13)
0

Because f(Z;) > C > 0 therefore u(Z;) also satisfies a similar condition, that is

T

1
Ep |exp §/U(ZT)2dT < 00. (5.2.14)
0

Let us define the processes W/ and B} by the formulae

t
Wy =W, + / w(Z,)dr
0

t

B = Bt+/X(ST,ZT)dT (5.2.15)
0

and the probability measure Q on {2 as

dQ

o = Mr. (5.2.16)
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Then by Girsanov theorem the processes By and W, are Brownian motions under

Q. The system of SDEs (5.2.9) and (5.1.1) takes the form

where

9(t, S, Zt) = a(Z;) + x(St, Zy)
Proposition 5.2.3. The process (1 +r)~'S; is a Q-martingale.

Proof. The proof is standard. An application of the Girsanov theorem shows that
the process W/ is a standard Brownian motion under Q. In particular, equation

(5.2.17) implies that (1 + )75, is a martingale. |

Now we come back to the problem of derivative security D considered at the
start of this section. In the light of general theory of derivative pricing we remark
that the price process of the derivative security D is given by the formula (5.2.11),

where (@ is defined by formula (5.2.16). Let us consider the terminal value problem
ov 1 ™ l% d
— — =V (, (5.2.19
gt s e (5 V) e 5 )
together with the terminal condition
V(T,s,z) = h(s).

Theorem 5.2.4. Assume that f € # (RY), h € #(R) and g(t,-) € & (R)
uniformly in t € [0,T] then the price Dy is given by the formula

Dt = V(tu St7 Zt)7

where S; and Z; are the stock price and the volatility process respectively and the

function V(t, s, z) is the solution to terminal value problem (5.2.19).
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Proof. Recall that, because of the Markov property of the process (S, Z;), formula

(5.2.11) can be re-written in the form
Dt = V(tu St7 Zt)7

where V(t,s,2) = e‘T(T_t)Es,Z (h(S7—¢)) and E, , is the expectation with respect to
the solution of (5.2.17) and (5.2.18) with the initial condition

So=8,2y = z.

Let U be a differentiable operator defined by the formula
d

82 1 0? 8 0
—_— 2 —_— — —
Uf(s,z) = s f(z ) +3 2 922 +r +g (t,s,2 kE: 5o (5.2.20)

Consider the initial value problem

(aat H’{) ot 8,2) =0, (5.2.21)

v(0, s, z) = h(s).

Operator U is the Markov generator of the process (S, Z;) that solves the system
(5.2.17) and (5.2.18). Under the conditions assumed on functions f, h and ¢ in the
statement of the theorem, there is a unique solution to (5.2.21) given by the formula
[Fri75]

U(t,s,2) = Es . (R(S)). (5.2.22)

Making change of time ¢ — T — t we see that the function
v(t,s,z) = Eg . (h(S7—t))

satisfies the terminal condition problem

ov

e =Uv, v(T,s,z)=h(s) (5.2.23)
and thus the pricing function V (¢, s, z) satisfies the terminal value problem (5.2.19).
|
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