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ABSTRACT 

This thesis fundamentally extends the new theory, Mixture-Coupling Theory (MCT), 

to develop a new Thermo-Hydro-Mechanical-Chemical model by including swelling 

(e.g., hydration) and dissolution in soils/rocks, with the engineering application 

focusing on nuclear waste disposal. 

 

The Mixture-Coupling Theory is based on non-equilibrium thermodynamics and 

continuum mechanics. This thesis firstly builds an advanced Hydro-Mechanical (HM) 

coupled model by incorporating the swelling and dissolution influence. The model is 

then extended to unsaturated conditions. Afterwards, the unsaturated Hydro- 

Mechanical-Chemical (HMC) model is developed, and finally, a new coupled Thermo- 

Hydro-Mechanical-Chemical (THMC) formulation with consideration of swelling and 

dissolution is derived. All the numerical simulations in this thesis are for demonstration 

purpose with application in the field of nuclear waste disposal. 

 

Deep geological disposal is a major approach to treat high-level nuclear waste, in which 

the nuclear waste is isolated in the deep geological rock formation at a depth of 

hundreds of meters or several kilometres below the surface. The waste is kept away 

from the biosphere by a multi-barrier system consisting of artificial barriers (bentonite, 

concrete, et al.) and the natural surrounding rock. The swelling of backfill bentonite and 

clay-rich rock, and the chemically induced reaction (e.g., dissolution) have a significant 

influence on the integrity and stability of the engineered barriers and significantly affect 

the THMC process. 

 

The new coupled Thermo-Hydro-Mechanical-Chemical (THMC) model with 

consideration of swelling and dissolution achieves a deeper understanding of the 

rock/clay behaviour of the multi-barrier system and provides a more realistic prediction 

for nuclear waste disposal safety assessment. 
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Chapter 1 Introduction 

 

1.1 Nuclear waste disposal and the importance of THMC model 

Since the first commercial nuclear power station started operation in the 1950s, there 

have been about 440 power reactors now (WNA, 2022). Nuclear energy has become 

the world’s second-largest source of low-carbon power and provides 11% of the world’s 

electricity (WNA, 2022). However, the spent nuclear fuel after usage is still radioactive 

and harmful, which must be managed carefully.  

 

Due to the long half-life of some radioactive elements, such as uranium, the radiation 

of the spent fuel will remain harmful for a long time. Hence, it is crucial to isolate these 

wastes from human beings and the environment for many thousands of years (NEA, 

2013). Various isolation options have been put forwarded and discussed, such as 

geological disposal, disposal in outer space, rock melting, disposal at subduction zones, 

sea disposal, sub-seabed disposal, and disposal in ice sheets (NDA, 2015). Nevertheless, 

most of them are discarded because of political or safety reasons (NEA, 2008). The 

only well-accepted disposal approach is deep geological disposal, which has been 

discussed, studied, and even constructed. 

 

The concept of deep geological disposal is: Disposal holes or tunnels are constructed in 

a site in the natural rock formation to be the residence of nuclear waste. The site is 

hundreds of meters or several kilometres below the surface and the host rock works as 

a natural barrier for protecting the waste. The nuclear waste is packed with metal 

containers and placed inside the disposal holes, and the empty room between the 

container and the hole wall is backfilled with bentonite. The container, bentonite and 

concrete are referred to as the engineered multi-barrier and the host rock is the natural 

barrier (Ericsson, 1999, Freiesleben, 2013). Figure 1.1 and Figure 1.2 show the Swiss 
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concept of nuclear waste repository and the concept of the multi-barrier system, 

respectively. 

 

Figure 1. 1 Swiss concept of deep geological repository (NDA, 2010a) 

 

Figure 1. 2 Multi-barrier system – illustration of key components (NDA, 2010b) 

 

According to the radiation level, nuclear waste can be classified as (BEIS, 2018, NDA, 

2019): 1. High-level waste (HLW). The temperature may significantly rise due to 
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radioactivity; 2. Intermediate-level waste (ILW), which exceeds the upper boundaries 

of Low-level waste, but does not undergo significant temperature raise; 3. Low-level 

waste (LLW), of which the alpha activity is no more than 4 Giga becquerels per ton or 

the beta/gamma activity no more than 12 Giga becquerels per ton; 4. Very low-level 

waste (VLLW), can be disposed as common industrial waste. In UK, LLW and VLLW 

make up over 95% of the total volume of nuclear waste, but HLW and ILW contribute 

to over 99.9% of total radioactivity (BEIS, 2018). It is suggested that all HLW, most 

ILW and a small fraction of LLW should be stored and disposed by the deep geological 

facility (Alexander and McKinley, 2011, BEIS, 2018, NDA, 2019). 

 

From the above classification, high temperature is the main feature of HLW. For HLW, 

the temperature influence must be considered during waste storage and disposal, while 

for the rest, the temperature is not required to be taken into consideration (BEIS, 2018, 

NDA, 2019). The engineered and natural barriers of deep geological facility such as the 

clay barrier and host rock, once prepared and placed, will be progressively affected by 

a series of geological processes, which could mainly be described as thermal (T), hydro 

(H), mechanical (M) and chemical (C) processes. These processes do not affect the 

geoengineering infrastructure individually but synchronously, more than that, there is 

an interaction between them, which means some properties and parameters in one 

process may be affected by the others (Sijing and Enzhi, 2004), ‘Mutual feedbacks of 

the influences then lead to a combined process of development, the so-called coupled 

processes’ (Sijing and Enzhi, 2004), the term coupled process can also be described as: 

one process affects the initiation and progress of the others and in turn, it’s also affected 

by the other process. Therefore, the behaviour of rock/soil cannot be predicted with 

confidence by considering each process independently (Chan et al., 1996, Jing and Feng, 

2003, Sun, 2005, Tsang et al., 2009). The coupled modelling of thermal (T), hydraulic 

(H), mechanical (M), and chemical (M) process is very important for the analysis, 

estimation and prediction of the stability and safety of geoengineering infrastructure.  
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1.2 THMC model in other application fields 

The initial purpose for developing THMC coupling is the demand for safety analysis of 

nuclear waste disposal in the last 1980s (Jing and Feng, 2003). Now, the coupled THMC 

modelling has been applied in some other fields including mining engineering, ground 

pollution and chemical engineering, geothermal engineering, structural engineering and 

mining engineering (Peter, 2011). Some other THMC coupling application areas are 

presented here. 

 

1.2.1 Carbon capture and storage 

In recent years, a lot of unusual climate change, e.g. rising sea level, melting of snow, 

ice and permafrost in permanently frozen, resulting from enhancement of greenhouse 

gas by the increasing concentration and carbon dioxide (CO2) and other gases, have 

been reported (Gluyas and Mathias, 2013). 

 

A series of approaches are required to solve the climate change problem, including 

improving energy efficiency and using alternative energy sources (Wielopolski, 2011, 

Bandyopadhyay, 2014) or reducing greenhouse gas (especially CO2). ‘Predictions of 

the increased use of energy globally during this century and continued reliance on fossil 

fuels point to a further rise in greenhouse gas emissions’ (Wielopolski, 2011), and now, 

reducing greenhouse is the major research topic. The concentration of CO2  increased 

from 270 ppm before the industrial revolution (Gluyas and Mathias, 2013) to 320 ppm 

in 1965 (Keeling et al., 1976) and then to 368 ppm in 2000 (ESRL, 2017) and then to 

401 ppm in 2016 (ESRL, 2017). There is a pressing need to reduce the concentration 

of CO2. 

 

The method, carbon capture and storage, also called carbon sequestration, has been 

recognized as a cost-effective way to reduce carbon dioxide by global development 
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organizations, environmental regulatory groups and industrial coalitions (Al-Fattah et 

al., 2011). 

 

After the CO2 was injected into the aquifer, CO2  would be held in porous formation by 

a combination of trapping mechanisms (Figure 1.3), categorized as 1): Structural 

trapping: confinement CO2 phase with low permeability caprocks; 2): Residual trapping: 

trapping by capillary force and remaining disconnected blots of CO2  phase; 3): Mineral 

trapping: conversion to mineral precipitation by interaction with water and rock; 4): 

Solubility trapping: dissolution into underground water (Han et al., 2010, Saadatpoor 

et al., 2010, Zhang et al., 2015, Zhang et al., 2016b).  

 

Injection of massive CO2 will induce strong coupled thermo-hydro-mechanical-

chemical processes (Yin et al., 2011). The high pressure CO2 will change the stress field 

and the transport of CO2 flux may react with the host formation, meanwhile, the 

temperature, either from the injected CO2 flux or from the natural source, will influence 

the stress, transport or reactive processes. 

 

Figure 1. 3 Trapping mechanism of CO2 sequestration: (a) Structural Trapping; (b) 

Residual Trapping; (c) Mineral Trapping; (d) Solubility Trapping (Zhang et al., 

2016b) 
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1.2.2 Wellbore stability 

Access boreholes are required in many engineering applications, including the 

development of oil, gas, and geothermal energy, deep geological storage of nuclear 

waste and disposal of liquid and slurried solid wastes (Yin et al., 2010). Although a lot 

of new technologies have been used, borehole instability remains one of the most 

challenging issues in terms of the cost to drill and complete a well (Mohammed, 2017). 

 

It is estimated that the substantial economic losses of about US$ 8 billion per year 

worldwide are caused by wellbore instability (Peng and Zhang, 2007), and over 40% 

of all drilling-related nonproductive time is wasted (Yan et al., 2013).  

 

The main factors associated with wellbore instability during drilling operation are 

mechanical behaviour, pore water evolution, heat flux, chemical transport and reaction 

(Yin et al., 2010). As there are interactions between pore water, temperature, stress and 

geochemistry, it becomes a coupled THMC problem. 

 

1.2.3 More application areas 

Apart from these application areas, there are more research fields for THMC modelling, 

such as landfill (Kowalsky et al., 2014), tunnelling in the cold region (Lai et al., 1999), 

geothermal system (Xiong et al., 2013, Nandanwar and Anderson, 2014), cemented 

tailings backfill (Ghirian and Fall, 2013, Ghirian, 2016, Lu et al., 2017), sedimentary 

rocks to past glaciations (Nasir et al., 2013). 

 

1.3 The key novel mechanisms focused in this study for THMC model 

1.3.1 Swelling of clay/clay-rich rock 

In nuclear waste disposal, compacted bentonite is used as the backfill material due to 

its low permeability and good compatibility with the leachate contaminants. However, 



29 

 

the swelling phenomenon of bentonite requires careful consideration to address its 

impact on the Thermo, Hydro, Mechanical and Chemical processes and the overall 

behaviour of the engineering barrier. 

 

The swelling mechanism is a combination of physical-chemical reactions involving 

water and stress relief (ISRM., 1989), it can be categorized into three kinds: mechanical 

swelling, hydration swelling and osmotic swelling (Einstein, 1996). Mechanical 

swelling is caused by the dissipation of negative excess pore pressure, it can be viewed 

as an inverse process of consolidation. Osmotic swelling results from the large 

difference between the ion concentration close to the clay surfaces and the ions in the 

pore water. Dissolved minerals release a large amount of positive charges, e.g. Na+, K+, 

into clay layers and these positive charges will attract water molecules into the layers, 

resulting in the widening of the space.  

 

Hydration swelling is the result of exchangeable cations. In dry montmorillonite, the 

clay layers lie very close to each other and the distance between the two layers is about 

10
o

A   (Viani et al., 1983, Quirk and Marcelja, 1997). The exchangeable cations are 

absorbed on the layer surfaces (Viani et al., 1983). When in contact with water, the 

cations will hydrate and order themselves on a plane halfway between the clay layers. 

The hydration results in the widening between the two layers, and the distance increase 

to 12.5, 15.5, 19 and 22.5 corresponding to 1, 2, 3 and 4 
o

A layers of water molecules 

absorbed into the layers (Quirk and Marcelja, 1997). Figure 1.4 briefly illustrates 

hydration swelling and osmotic swelling. 
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Figure 1. 4 Hydration swelling and osmotic swelling (Ma et al., 2020) 

 

1.3.2 Dissolution of minerals 

Dissolution is another common phenomenon in rock/clay. It happens when fluid flows 

in porous media such as rocks in numerous geological and industrial settings like carbon 

capture and storage, enhanced oil recovery, pollution transport, nuclear waste disposal, 

etc. When in contact with water, the water-rock reaction starts and moves forward 

toward equilibrium until equilibrium by dissolving or leaching rock-forming minerals 

into the solution (Yadav and Chakrapani, 2006). If the solution is diluted by newly 

entered fluid, more minerals will be dissolved to maintain the equilibrium (Zhao, 2014). 

Limited minerals can be dissolved by the reaction of primary minerals with pure water, 

while most minerals are dissolved by acids provided by plant activity and bacterial 

metabolism (Bricker, 1988) as well as CO2 dissolved in water. As the minerals are 

dissolved by fluid, the pore space growths and channel size evolutes significantly 

(Fredd and Fogler, 1998, Ciantia et al., 2015), leading to change in porosity and 

permeability and other physical, mechanical characteristic of the porous media 

(Emmanuel and Berkowitz, 2007). And, in turn, changes in porosity and permeability 

will have a feedback effect on fluid flow (Zhao, 2014). A scanning electron microscope 
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(SEM) image (Ciantia et al., 2015) (Figure 1.5) shows a clear reduction of bond and 

particle size of calcarenites after 6 hours of chemical dissolution.  

 

Figure 1. 5 Pore size change due to dissolution in Calcarenites (Ciantia et al., 2015) 

 

1.4 Layout of the thesis 

The thesis aims to develop new THMC theoretical and numerical models, with 

consideration of swelling and dissolution, to study the complex couplings between the 

geochemical, hydrogeological, thermal, and mechanical processes in the subsurface 

system. The overall aim is achieved through several objectives, including 1: Building a 

basic coupled hydro-Mechanical (HM) formulation for the saturated condition and 
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extending it to unsaturated condition; 2. Taking the chemical modulus to form a 

reactive-diffusion-advection HMC model; 3. Incorporates the thermal process into the 

developed HMC model to build a THMC model. 

 

All the objectives are fulfilled, and the aim is achieved, and the layout of the thesis is 

arranged as:  

 

Chapter 1 introduces the engineering background of this research, including nuclear 

waste disposal, carbon capture and storage, wellbore stability, etc. The key novel 

mechanism, namely, swelling and dissolution, are introduced to build the foundation 

for further research work. 

 

Chapter 2 provides a literature review on the research of multiphysics coupling in 

porous media. It firstly introduces the concept of porous media and the basic laws to 

govern the mechanical, hydro, chemical and thermal behaviour. Different couplings 

between these processes are summarized later, followed by a review of the 

mathematical descriptions of these couplings. Next, the research on the swelling and 

dissolution in the THMC framework is reviewed, since these researches are based on 

different approaches, an introduction and a review on the mechanics approach, the 

mixture theory and the Mixture-Coupling Theory are provided. 

 

Chapter 3 presents the mathematical derivation of the coupled saturated HM coupling 

model with consideration of swelling and dissolution based on the Mixture-Coupling 

Theory. Two parameters, the swelling parameter and dissolution parameter, are 

introduced into the classic Biot’s poroelasticity. A numerical simulation is presented to 

show the role of swelling and dissolution. 

 

Chapter 4 extends the derivation in chapter 3 to the unsaturated case by considering the 
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saturation of pore fluid but neglecting the gas phase. Saturation terms are incorporated 

into the Biot type equation. The model developed in chapter 3 and chapter 4 build the 

influence of swelling and dissolution in a commonly known framework, making them 

friendly to engineers. 

 

Chapter 5 gives the coupled HMC model with swelling and dissolution. The swelling 

influence is linked to the fluid pressure, and the dissolution influence is represented by 

an independent term. The numerical simulations show that the swelling influence 

stopped in a limited time scale, while the dissolution influence shows its effect in a long 

time scale. 

 

Chapter 6 presents the most rigorous derivation of swelling and dissolution in the 

THMC framework by the Mixture-Coupling Theory. It considers the entropy 

production due to pore mass becoming bounded mass, as well as the entropy production 

caused by mineral dissolution. Different from pre chapters and existing research, the 

transport law for hydraulic, chemical and thermal processes all contain a term that 

represents the influence of bounded mass.  

 

Chapter 7 gives the conclusion of the thesis and recommendations for future work. This 

thesis has built a complete framework for swelling and dissolution in THMC coupling 

research. Throughout the derivations, some assumptions and simplifications are 

adopted to simplify the discussion, which also opens the door for further research to 

make different assumptions or explore more complicated cases. 
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Chapter 2 Literature review 

 

2.1 Porous media 

Porous media is a material formed by a solid skeleton with voids or pores which allow 

fluid to pass through. A typical example of natural porous media is the soil or rock 

which covers the earth's surface or forms the earth's crust.  When the pore space is fully 

filled with liquid (e.g., water, oil), the media is saturated; when partially filled with 

liquid and partially filled with gas, it is unsaturated.  

 

In geotechnical engineering, the research on porous media mainly focuses on 

deformation and mas/energy transport, which have been extensively explored by many 

researchers for over 100 years. The basic laws describing the deformation and 

mass/energy transport phenomenon are the Terzaghi effective stress principle, Darcy’s 

Law, Fick’s law, and Fourier's Law, as shown in equations (2.1) to (2.4). 

 

    1. Terzaghi effective stress principle 

 
wp = −σ σ I   (2.1) 

     2. Darcy’s Law 

 
k

p
v

= − u   (2.2) 

     3. Fick’s law 

 
c c

diffD c= − J   (2.3) 

     4. Fourier’s law 

 T = − q   (2.4) 

where σ  is the total stress tensor, σ  is the effective stress tensor, 
wp  is the water 

pressure, I  is the unit tensor, u , 
c

J , q  are the water flux, chemical flux and heat flux 

(flux by conduction) respectively; cc  and T  are chemical concentration and 
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temperature; k  is permeability, v  is viscosity,   is thermal conductivity, diffD  is the 

chemical diffusion coefficient. 

 

The four equations describe the stress (mechanical), fluid transport (hydro), chemical 

diffusion (chemical) and heat conduction (thermal) in porous media, which are the very 

basic processes considered in multi-physics coupling research. The effective principle 

is a very simple coupling in a way that the mechanical process is coupled with the 

hydraulic process through water pressure. Most of the existing THMC coupling 

equations for porous media can be viewed as a further extension, modification, 

integration or combination of these four equations. A good understanding of the basic 

four equations will be helpful to understand the complex coupled equations. 

 

2.2 Interaction between thermal, hydro, mechanical and chemical 

processes 

In the last section and chapter 1, processes affecting geo-engineering are classified into 

T, H, M and C. Each process has its source and may influence the other processes or be 

influenced by the other processes. For example, in nuclear waste disposal, the heat may 

be generated by the radiation of high-level waste, and the high temperature could affect 

the stress distribution and accelerate the chemical reaction, also, the temperature may 

be reduced by heat convection through groundwater transport. It is important to identify 

the detailed factors in each process so that one can evaluate their influence on soil or 

rock mass and how they affect other processes.  

 

However, due to the extremely complex environment, researchers prefer to primarily 

focus on some main processes and factors, and some less important ones would be 

ignored. Some of the major factors in each process and their interactions are shown in 

Table 2.1 
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Table 2. 1 THMC factors and interaction (Tsang, 1991, Jing and Feng, 2003, Chen 

and Brouwers, 2010, Ghirian, 2016, Thomas et al., 2002) 

 Mechanical (M) Hydraulic (H) Thermal (T) Chemical (C) 

 

 

 

M 

Stress, deformation, 

damage, strength and 

failure in matrix; 

initiation, growth, 

displacement of 

fractures. Source: in-

site stress, gravity, 

excavation, etc. 

Stress-deformation-

damage effects on 

matrix porosity and 

permeability, and 

fracture transmissivity 

and network 

connectivity (well- 

defined coupling) 

Mechanical work 

conservation into heat 

increment. (coupling 

effect not well defined 

and usually negligible) 

Mechanical alteration to 

transport path and flow 

properties by 

deformation, damage 

and fracturing. 

 

 

 

 

 

H 

Effective stress of 

matrix; aperture-

pressure-stiffness 

function of fractures; 

capillary and swelling 

pressures-relative 

saturation. (well-

defined coupling 

models) 

Darcian or non-Darcian 

fluid flow in matrix and 

fractures. Source: 

surface water 

infiltration, 

groundwater, oil/gas 

flow in energy 

reservoirs, hot/cool 

injection in geothermal 

energy fields. 

Heat convection by 

fluid velocity field 

(well-defined coupling 

models) 

 

 

 

 

Effects on pressure, 

velocity, saturation and 

dehydration/rehydration 

cycles on solid/gas 

solution, precipitation 

and solute retardation. 

(well-defined coupling 

models in geochemistry, 

less understood in rock 

mechanics) 

 

 

 

 

 

T 

Thermal stress and 

expansion of matrix; 

closure, opening, 

damage and/or 

irreversible 

deformation of 

fractures. (well-defined 

coupling models) 

Fluid buoyancy and 

viscosity change; fluid 

phase change 

(evaporation and 

condensation); thermal 

diffusion of moisture 

flow. (well-defined 

coupling models) 

Heat conduction, 

convection & radiation 

Sources: radioactive 

waste decay, 

geothermal gradient, 

hot/cool water injection 

and pumping, cooling 

by natural gas storage 

Temperature effect on 

reaction rate and 

chemical stability of 

minerals, elements 

(well-defined coupling 

models in geochemistry, 

less understood in rock 

mechanics) 

 

 

 

C 

Strength and 

deformability alteration 

and damage of rock/ 

soils due to chemical 

reaction. (coupling 

mechanism not well 

understood) 

Flow property changes 

of matrix and fractures 

due to chemical 

reaction (by gas 

solution and exsolution, 

solid dissolution and 

precipitation) 

Heat release or 

consumption due to 

chemical reaction. 

(well defined coupling 

models in chemistry, 

less understood in rock 

mechanics) 

Inter-species reaction, 

precipitation/dissolution, 

complexation, 

advection, dispersion, 

mineral alteration, 

diffusion, sorption and 

decay 
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2.3 Development of THMC model 

The complexity of multiphase fluid and heat flow, geomechanics, geochemical 

reactions, and the strong non-linearities in the mass and energy conservation equations 

make it a challenging issue to model the THMC processes within a coupled procedure 

mathematically (Zhang et al., 2012, Zhang et al., 2016a). Because of the complexity of 

the interaction between T, H, M, C processes, the development of THMC coupling 

theories has gone through a long way. 

 

Considering different possibilities of interaction between the four processes, the 

number of couplings is 11, i.e., TH, TM, TC, HM, HC, MC, THM, THC, HMC, TMC, 

THMC. To date, all of them have been researched to varying degrees. Looking back at 

the development history, the research starts from two ways coupling and then extended 

to three ways coupling and then four ways coupling. This thesis will follow the path of 

HM, HMC and THMC, thus, the literature review will also focus on HM, HMC and 

THMC coupling with the same layout. 

 

2.3.1 HM model 

The earliest Hydro-Mechanical coupling research is the Terzaghi effective stress 

principle (von Terzaghi, 1923, Terzaghi, 1943), which describes the influence of water 

pressure on stress behaviour. It is a simple one-way coupling as no stress influence on 

the fluid transport is considered, but it is one of the most important theories in soil/rock 

mechanics. The initial effective stress principle is proposed for one-dimension saturated 

porous media, it assumes the soil to be homogenous and isotropic, and the solid and 

fluid to be incompressible. Biot extended Terzaghi’s one-dimension theory to a more 

general three-dimension in which the compressibility of solid and fluid are considered 

(Biot, 1941). Moreover, the water amount change due to stress response is considered, 

making it a fully coupled Hydro-Mechanical framework. The model was further 
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extended to the general anisotropic elastic case (Biot, 1955) and nonlinear elastic case 

(Biot, 1973). 

 

The general Biot consolidation theory for isotropic linear elastic porous media can be 

written as a mixed stiffness form (Detournay and Cheng, 1993, Rutqvist and 

Stephansson, 2003, Merxhani, 2016) 

 

2
( ) 2

3

1

w

ij kk ij ij ij

w

ii

G
K G p

p
M

     

 

= − + −

= − +

  (2.5) 

where K  is the bulk modulus, G is the shear modulus, ij  is the strain tensor,   is the 

Biot’s coefficient,   is the increment of water content, M  is the Biot’s modulus, ij  is 

the Kronecker delta. M  can be linked to the bulk modulus of the solid grain sK  and 

the bulk modulus of water 
wK ;   can be linked to the bulk modulus of the solid grain 

sK   and the bulk modulus of the solid matrix K   (Cosenza et al., 2002). These two 

modulus can be obtained through pressure-volume relationship in compression tests.  

 
1

s wM K K

  −
= + , 1

s

K

K
 = −  (2.6) 

Equation (2.5) deals with the elastic response and pore fluid in porous media, it has 

been called the Biot poroelasticity, theory of poroelasticity, or Biot theory. 

 

From equation (2.5), the effective stress now becomes: 

 
w

ij ij ijp    = −   (2.7) 

which differs from the Terzaghi effective stress (2.1) in the coefficient   .    is a 

coefficient that ranges from 1 to 0, therefore, Terzaghi effective stress is a specific case 

with   being 1. 

 

Then, based on the pioneering work of Terzaghi and Biot, more research work is 
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furtherly carried out. Verruijt (1969) applied Biot theory to predict aquifer behaviour; 

Rice and Cleary (1976) redefined the material constant and adopted more familiar 

parameters from soil and rock mechanics. Some researchers  (Morland, 1972, Atkin and 

Craine, 1976, Bowen, 1980, Bowen, 1982, Katsube and Carroll, 1987, Rajagopal and 

Tao, 2005) re-examined Biot’s theory within the context of mixture theory. Coussy 

(Coussy, 1995, Coussy, 2004) derived the Biot theory through a thermodynamics 

approach. 

 

The original Biot theory is for the saturated condition, and the Hydro-Mechanical 

coupling equations are later developed for more complicated cases to consider the 

multiphase phase flow. Vaunat et al. (2000) described the retention curve in an 

encompassing way, covering all the possible soil states in the void ratio-water ratio-

suction space. Then they developed an elastoplastic HM model with considering the 

hysteresis of water storage mechanism and its dependence on the void ratio (Vaunat et 

al., 2000). Based on the sub-loading plasticity for unsaturated soil and the stress-

saturation approach, an advanced H-M model for unsaturated soil with different initial 

densities is presented (Zhou and Sheng, 2015). Sun and Sun (2012) developed an 

elastoplastic constitutive model for HM coupling with the degree of saturation and void 

ratio taken into account.  Among them, remarkable work was the constitutive model 

proposed by Lewis (Lewis and Schrefler, 1998), which is a fully coupled Hydro-

mechanical-Gas model and the relevant numerical solution. 

 

The Hydro-Mechanical coupling research is not only for porous media but can be also 

applied to fractured porous media (Berryman and Wang, 1995, Callari and Federico, 

2000, Berryman, 2002, Khalili, 2003, Borja and Koliji, 2009, Boutin and Royer, 2015, 

Choo et al., 2016, Song et al., 2019). Since this thesis focuses on traditional porous 

media, no further attention will be paid to these areas. 
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2.3.2 HMC model 

The chemical process is very common in porous media. The major chemical process 

includes diffusion, dissolution, precipitation, transport, complexation, etc. If dissolution 

takes place, minerals in the solid particle will be dissolved, resulting in the increment 

of pore size and further growth of permeability. Precipitation may clog up the fluid path. 

Other processes all have different influences on the porous media. Because the chemical 

process is so complicated, research on chemical process coupling still requires much 

further depth. 

 

The above-mentioned chemical processes may induce significant influence on 

mechanical process or hydraulic process and in turn, be influenced. The widest noticed 

interactions between chemical and hydraulic processes are the advection and osmosis 

phenomenon. The former is the chemical transport with the hydraulic flow and the latter 

is the fluid flow change due to chemicals.  

 

In porous media, the transport of chemical species is not only controlled by the 

concentration gradient but also controlled by the fluid flow, therefore the migration of 

chemical species in porous media is usually described by the Advection-Diffusion-

Reaction Equation, which describes the coupling of chemical migration with the 

hydraulic flow.  

 ( )
c

w

i

c c

d ffD R
c

c
t

c


= −  +   +


v   (2.8) 

in which R   is the source term, representing the change of concentration due to 

chemical reaction or other source terms. 

 

On the other hand, the presence of chemical species in fluid flow may induce the 

osmosis phenomenon, which is a result of concentration difference and has been 

explored by some researchers (Ghassemi and Diek, 2003, Ghassemi et al., 2009, Zheng 
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et al., 2011, Chen and Hicks, 2013, Chen et al., 2016, Chen et al., 2018, Ma et al., 2022).  

 

Unlike the well-defined interaction between hydraulic and chemical processes, the 

interaction between mechanical and chemical processes is still at an early age. The 

mechanical influence on the chemical process is normally considered to be weak. 

Although the pressure solution, which is the mineral dissolution at stressed contact 

(Yasuhara et al., 2016), has received some attention (Taron and Elsworth, 2010, 

Yasuhara et al., 2016, Ogata et al., 2019), very limited research has been conducted to 

explore the mechanical influence on the chemical process. On the other hand, the 

chemical influence on the mechanical process is very strong and therefore received 

wide attention. The presence of chemical species may affect the mechanical behaviour 

both physically (e.g. swelling, adsorption) and chemically (e.g. dissolution, 

precipitation). However, the mechanism and results are so complicated that no well-

accepted mathematical models have been developed yet. Although the chemical 

influence is well recognized, the HMC coupling research is not the mainstream. This is 

because most multiphysics coupling research adopts the mechanics approach (see 

section 2.5.1), which lacks the ability to build the coupling between mechanical process 

and chemical process due to the natural gap between geomechanics and geochemistry. 

This thesis tries to address the swelling and dissolution influence on mechanical 

behaviour, and a review of current research on swelling and dissolution in the THMC 

framework can be found in section 2.4. 

 

2.3.3 THMC model 

The early THMC coupled model was presented by incorporating chemical reactions 

into an existing THM model (Thomas et al., 2001, Gens et al., 2002, Thomas et al., 

2002). In the presence of temperature, the stress and mass content in equation (2.5) 

turns into (Ghassemi et al., 2009, Gao et al., 2021) 
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  (2.9) 

where s  is the thermal expansion coefficient of the solid, K  is the bulk modulus. 

 

Such a relationship describes the temperature influence on the mechanical and 

hydraulic field. Moreover, the hydraulic field can be affected by temperature indirectly 

through the fluid viscosity   (Zheng et al., 2011) 

 1.562( ) 0.661( 229)T T −= −   (2.10) 

For the chemical process, the most well-known temperature influence is that the 

chemical reaction can be accelerated under high temperature, such an interaction is 

normally presented in the reaction rate, e.g. the source term in equation (2.8). Another 

interaction is the diffusion coefficient as an equation of temperature, written as (Zheng 

and Samper, 2008) 

 0
0

0

( )
( ) ( )

( )
diff diff

TT
D T D T

T T




=   (2.11) 

However, when it comes to the temperature being affected, things are much simpler. 

The heat induced by mechanical deformation and chemical reaction is normally ignored. 

Some researchers adopt the deformation-induced heat as an equation of bulk modulus 

and thermal expansion coefficient (Tong et al., 2010, Fan et al., 2019). However, for 

the mechanical stress considered in THMC research, either elastic, plastic or creep, the 

rate of deformation is slow, and the scale is small, therefore the heat generated is 

negligible. Although sometimes massive geological movement may release a great 

amount of heat, THMC applications are normally settled in stable rock formations to 

avoid being subjected to such mass movement. Like mechanical deformation, the 

chemical reaction in porous media could generate a very limited amount of heat, which 

is usually neglected. 
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The most often considered coupling in the thermal process is the heat advection due to 

fluid flow. The fluid transport can carry heat to raise or decrease the temperature, 

therefore, the heat transport in porous media can be described by the heat conduction 

and advection equation as 

  (1 ) 0s s f f T f f

s f fC C T T C T
t

    


 − + −   +  = 
u   (2.12) 

where s

s  and f

f  are the phase density of solid and fluid, which are the mass of solid 

(fluid) against the volume of solid (fluid); sC and fC  are the specific heat capacity of 

the solid and fluid,   is the porosity. 

 

2.4 Swelling and dissolution in THMC framework 

2.4.1 Swelling in THMC framework 

The swelling phenomenon in clay or clay-rich rock has attracted the attention of 

researchers for many years. Lots of experimental works have been done to explore the 

mechanism or the impact of swelling. These works are normally conducted at the 

microscale to reveal the swelling mechanism by technology such as X-ray diffraction 

(Mooney et al., 1952, Norrish, 1954, Brown, 1982, Viani et al., 1983, Fukushima et al., 

1988, Zhou, 1995, Drits et al., 1997, Amorim et al., 2007, Chavali et al., 2017), thermo-

gravimetric analysis (Shanmugharaj et al., 2006, Diaz-Perez et al., 2007, Zhang et al., 

2019), or at the macroscale to explore the impact of swelling, such as swelling pressure 

(Cuisinier and Masrouri, 2004, Cuisinier and Masrouri, 2005, Zhang et al., 2007, 

Castellanos et al., 2008, Nowamooz et al., 2009, Weimin et al., 2014, Chen et al., 2017). 

 

The experimental findings greatly contribute to the theoretical and numerical modelling 

work. Modelling research on swelling is also conducted at the microscale and 

macroscale. Microscale modelling usually adopts the classical statistical mechanics 

based on Monte Carlo and the Molecular Dynamics method (Skipper et al., 1995, 

Karaborni et al., 1996, Shroll and Smith, 1999, Tambach et al., 2004, Anderson et al., 
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2010), these modellings show the molecular arrangement during swelling in molecular 

scale, hence are not practical for engineering applications. Macroscale modellings build 

the equation with macroscale properties, such as pressure, strain, temperature, and 

volume fraction, therefore, there are practical for engineering.  

 

Macroscale modelling is generally achieved through micromechanics viewpoint and 

macromechanics viewpoint (Lewis and Schrefler, 1987). The micromechanics 

viewpoint, such as the hybrid mixture theory (Murad et al., 1995, Moyne and Murad, 

2002, Gray and Miller, 2014) and the double structure theory (Gens and Alonso, 1992, 

Guimarães et al., 2014), starts at the microscale and arrives at the macroscale 

formulations, and the macromechanics viewpoint, such as the mixture theory and the 

Mixture-Coupling Theory, however, directly work on the macroscale and forms the 

constitutive relations without consideration the scale or effects on the microstructure. 

Different swelling models within the THMC framework have been developed by these 

approaches or theories, such as the ones by mixture theory (Loret et al., 2002, 

Kleinfelter et al., 2007, Chen et al., 2016), the ones by hybrid mixture theory 

(Bennethum and Cushman, 1996, Murad and Cushman, 2000), or the one by double 

structure theory (Sánchez et al., 2005). Among them, a noticeable one is the model 

proposed by Loret (Loret et al., 2002) using mixture theory, which has received wide 

attention and has been extended to different levels (Lei et al., 2014, Lei et al., 2016). 

 

In terms of the swelling model developed by Mixture-Coupling Theory, Heidug and 

Wong (1996) firstly developed the saturated HMC model to account for the swelling 

influence, in which a swelling parameter is introduced to represent the swelling 

influence on mechanical behaviour. This model has became the foundation of some 

further research. In Heidug’s model, the chemical potential of solute is linked to the 

solute mass fraction through a logarithmic function, resulting in the difficulty in 

developing analytical solutions for the stress-strain response (Ghassemi and Diek, 
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2003). To solve this issue, Ghassemi and Diek (2003) used a linear relationship for 

chemical potential and mass fraction, which made the constitutive relationship more 

friendly and received wide acceptance (Roshan and Rahman, 2011, Roshan and 

Aghighi, 2012, Kivi et al., 2015, Ma et al., 2018, Gao et al., 2021). Ghassemi and co-

workers further extended their model to involve thermo process (Ghassemi et al., 2009, 

Zhou and Ghassemi, 2009), however, they failed to consider the temperature influence 

on chemical potential, which was later refined by adopting a linear relationship to 

describe the chemical potential dependency on temperature (Roshan and Oeser, 2012, 

Gao et al., 2021). While the above researches are for saturated conditions, Chen and co-

workers managed to cover the unsaturated case (Chen, 2013, Chen et al., 2016). 

 

All the aforementioned research contributed greatly to the modelling of swelling within 

the THMC framework, however, they all ignored one point. From the swelling 

mechanics, some amount of water is bounded in the clay platelet, unlike the free pore 

fluid, this part of water does not flow. Since it was formerly part of the pore fluid, it 

must play a role of ‘sink term’ in the conservation equation of pore fluid. Although the 

aforementioned research derived the mass density of bounded mass, none of them 

derived it as the ‘sink source’ in the fluid transport equation, this is primarily because 

in the original Heidug’s research, the mass density of pore fluid and bounded fluid is 

not distinguished and the entropy production due to free fluid becoming bounded fluid 

is not considered. 

 

2.4.2 Dissolution in THMC framework 

Dissolution, as an independent process, has been explored extensively for a long time. 

However, very limited research has been done for dissolution in the THMC framework. 

Most existing THMC frameworks, when referring to ‘reactive’, only consider the 

chemical transport being influenced by mineral dissolution or porosity/permeability 

alteration but failed to directly link the mechanical-chemical process, like the ones 
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(Guimaraes et al., 2006, Zheng et al., 2010, Yin et al., 2011, Xiong et al., 2013, Nasir 

et al., 2014, Bea et al., 2016). The strong influence of chemical dissolution on stress-

strain response has been observed in laboratory experiments (Amanullah et al., 1994, 

Qi et al., 2009, Ciantia et al., 2015, Momeni et al., 2017, Chen et al., 2020, Lin et al., 

2020). The stress-strain curve of a dissolved rock sample in an unconfined compression 

test is much lower compared to the one of an intact sample and the mechanical 

properties, e.g., Young’s modulus significantly decreased. 

 

The mathematical modelling of the Mechanical-Chemical coupling has been explored 

widely by the mechanics approach. Some research tried to reduce the mechanical 

properties, e.g. bulk modulus and shear modulus, to represent the chemical dissolution 

influence (Zhang et al., 2016b), yet how the mechanical properties reduce is not 

discussed. Based on the principle of damage mechanics,  Sun et al. (2020)  and Fan et 

al. (2019) introduced the damage variable to reduce the mechanical properties. Similar 

research adopting damage mechanics also can be found in Chen et al. (2007), Lyu et al. 

(2018), Gerard et al. (1998). Unlike the above research, based on experimental results, 

Hu et al. (2012) and Jia et al. (2017) not only set the mechanical properties, e.g. bulk 

modulus and shear modulus, as a function of the introduced ‘chemical damage 

variable’, but also embedded this variable into the stress-strain relationship. Tao et al. 

(2019)  introduced a strain caused by the dissolution/precipitation from the solid matrix 

and defined the strain as the percentage of dissolved mineral volume against the total 

mineral volume. This method is more friendly and applicable in THMC research as the 

dissolved mineral volume can be estimated through geochemical kinetic modelling. 

However, he failed to explore deeper on this strain as it was only presented in the 

porosity change model.  

 

The above works are based on the mechanics approach (see section 2.5.1). As for 

research by mixture theory or other modifications of mixture theory, Kuhl et al. (2004) 
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introduced a chemical internal variable to relate chemical reaction and mechanical 

damage. Gawin (Gawin et al., 2003, Gawin et al., 2008) developed a coupled HMC 

model to model the calcium leaching in cementitious material, in which the strength 

properties of chemically degraded material during the reactive transport process are 

proposed. Coussy (2004) and other researchers (Haxaire and Djeran-Maigre, 2009, 

Zhang and Zhong, 2017b, Zhang and Zhong, 2018) adopted the thermodynamics 

consistency way to model the chemical dissolution, in which the thermodynamics 

variable, reaction extent, was introduced into the stress-strain relationship to describe 

the strain resulting from chemical dissolution. The variable, reaction extent, is a very 

important concept in geochemistry and can be easily estimated by geochemical kinetic 

modelling, making it a good choice for the chemical-mechanical modelling. 

 

2.5 Mechanics approach, mixture theory, Mixture-Coupling Theory 

This section introduces the approaches for modelling the multiphysics coupling in 

porous media. Generally speaking, there are two approaches, the mechanics approach 

and the mixture theory approach. These two approaches have been adopted by many 

researchers and generated great outcomings; meanwhile, they are modified or refined 

to derive new branches or theories, including the Mixture-Coupling Theory adopted in 

this thesis.  Other approaches may exist, but they are either not widely accepted or do 

not have a significant academic impact, consequently, they are not mentioned here. 

 

2.5.1 Mechanics approach 

The mechanics approach is based on the classic consolidation theory of Terzaghi 

(Terzaghi, 1943) and Biot (Biot, 1962, Biot and Temple, 1972). This approach focuses 

on the macroscopic process of THMC (e.g., pressure, displacement, concentration, 

temperature) and directly analyses the stress-strain relationship by continuum 

mechanics or soil/rock mechanics. This makes it very practical since the equations may 

be specially developed for the intended specific application, especially when dealing 
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with physical-physical coupling such as solid-fluid coupling. A lot of research has been 

done by using this approach including those for saturated HM coupling (Meroi et al., 

1995), multiphase flow coupling (Lewis and Schrefler, 1987, Xikui and Zienkiewicz, 

1992, Lewis and Schrefler, 1998, Schrefler and Scotta, 2001), THM or THMC coupling 

(Thomas, 1985, Thomas, 1988, Thomas et al., 1998, Gens et al., 2004, Gens et al., 2005, 

Seetharam et al., 2007, Zheng and Samper, 2008, Gens et al., 2010, Zheng et al., 2010) 

 

However, such an approach is not based on a systematic theory, therefore, it lacks the 

self-development capacity to incorporate more processes, such as chemical process or 

biological process (Laloui et al., 2003). This approach focuses on the macroscopic 

process of THMC, using macroscopic variables, i.e., pressure/ 

displacement/temperature/concentration, to build the constitutive relationships without 

understanding of the microscopic mechanism, making it difficult to couple the chemical 

process. Therefore, when trying to incorporate chemical processes, it has to borrow 

equations from geochemistry to form the constitutive relations due to the gap between 

geochemistry and geomechanics. The resulting constitutive relations are highly semi-

empirical and could not explain the inherent coupling mechanism and rely heavily on 

experiments. The results are often questioned on their accuracy since they are not 

obtained through rigorous mathematical derivation, and they must be validated and 

verified against experimental observations. 

 

2.5.2 Mixture theory 

Mixture theory is firstly developed by Truesdell (Truesdell, 1957) and extended by 

Bowen (Bowen, 1976, Bowen, 1980, Bowen, 1982, Bowen, 1984) and further modified 

by Humphrey and Rajagopal (Humphrey and Rajagopal, 2002, Humphrey and 

Rajagopal, 2003, Rajagopal, 2007). This approach ‘provides a means for studying the 

motions of bodies made up of several constituents by generalizing the equations and 

principles of the mechanics of a single continuum’ (Massoudi, 2003). 
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The basic assumption in mixture theory is: each point in the domain is regarded to be 

occupied by the particle belonging to each of the constituents of the mixture in a 

homogenized sense, and each constituent of the mixture is regarded as a single 

continuum (Rajagopal, 2007, Siddique et al., 2017). Each constituent of the mixture 

obeys the balance law of mass, momentum and energy. Moreover, the mixture, as a 

whole, satisfies the entropy inequality in addition to the balance laws (Miao et al., 1999). 

Moreover, ‘the Mixture theory provides a systematic framework to treat the 

thermomechanics of interacting continua even when there is interconversion taking 

place between the constituents’ (Rajagopal and Tao, 2005). In this case, the balance law 

of mass, momentum and energy of one constituent will take into account the 

contribution of those from other constituents (Rajagopal and Tao, 1995). 

 

Mixture theory has been adopted by many researchers to explore different couplings in 

porous media. Some researchers re-examined or extended the Biot theory by using the 

mixture theory, their research shows that the classic Biot theory is a specific case of the 

equations derived from the Mixture theory (Morland, 1972, Atkin and Craine, 1976, 

Bowen, 1980, Prévost, 1980, Bowen, 1982, Prevost, 1982, Katsube and Carroll, 1987). 

The transport laws, e.g. Fick’s law, Darcy’s law, are also rederived by Mixture theory 

(Atkin and Craine, 1976, Rajagopal and Tao, 1995). Grasley and Rajagopal (2012) 

revisited the notion of suction and derived new expressions for total, matric and osmotic 

suction for unsaturated geomaterials. The new expressions explained the behaviour that 

is incorrectly explained by the traditional theory (Grasley and Rajagopal, 2012). Some 

more complicated models considering different coupling were also developed (Hueckel, 

1992, Karalis, 1992, Huyghe and Janssen, 1999, Massoudi and Antaki, 2008, Massoudi, 

2010, Cui and Fall, 2015, Lu et al., 2017, Akaki and Kimoto, 2020).  

 

‘Mixture theory maintains the individuality of the solid and fluid phase and forms the 
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constitutive equations for each phase separately’ (Heidug and Wong, 1996), this makes 

it very powerful in modelling the coupling between different phases. However, the 

challenge is that the ‘interaction information between the phases is very difficult to 

obtain, and this lack of information must very often be filled by physical intuition and 

ad hoc assumptions’ (Heidug and Wong, 1996). 

 

2.5.3 Mixture-Coupling Theory  

To overcome the challenge in mixture theory, Heidug and Wong (1996) modified 

mixture theory by adopting Biot’s poroelasticity viewing a fluid-infiltrated rock/soil as 

a single continuum instead of explicitly discriminating between the solid and fluid 

phase. Such a view enables researchers to ‘employ the thermodynamic force-flux 

couplings, rather than introducing body forces between the constituents in the 

constituent equilibrium equations (or constituent equations of motion in the general 

case) as in classic mixture theory’ (Ma et al., 2022). 

 

The new theory was called ‘modified mixture theory’ before and was renamed as 

‘Mixture-Coupling Theory’ by Chen et al. (2016) to address the core of the theory and 

to distinguish it from other modifications or branches of mixture theory (Chen et al., 

2018). ‘This approach combines Biot’s theory and non-equilibrium thermodynamics. It 

simplifies the variables of interactions between solids particles which are normally 

difficult to obtain in geomaterials and enables incorporating the well-developed 

continuum mechanics for solids deformation’ (Ma et al., 2022). As Mixture-Coupling 

Theory adopts the fundamental principles of non-equilibrium thermodynamics (e.g. 

entropy), it could build a smooth link between geomechanics and geochemistry (Ma et 

al., 2020). 

 

Mixture-Coupling Theory was first developed to model the swelling phenomenon in 

saturated porous media (Heidug and Wong, 1996), and was then refined by Ghassemi 



51 

 

and co-workers (Ghassemi and Diek, 2003, Ghassemi et al., 2009) in terms of the 

swelling part. The theory was later extended to model the unsaturated porous media 

(Chen and Hicks, 2011, Chen, 2013). Further on, the thermal and chemical osmosis 

phenomenon were taken into account (Chen and Hicks, 2013, Chen et al., 2013, Chen 

et al., 2018). The derivation of the thermal process in some of the above citations is not 

so rigorous or complete, for example, in Ghassemi et al. (2009), the thermal transport 

equation only considered the heat conduction, but ignored the heat advection part; in 

Chen et al. (2013), the free energy balance equation failed to consider the temperature 

variation. The most rigorous and complete derivation of the thermal process so far is 

presented by Ma et al. (2022). Apart from porous media, Mixture-Coupling Theory is 

also applied to dual continuum media (Aghighi et al., 2021) 

 

2.6 Summary 

This chapter presents a general introduction to the relevant literature. It first introduces 

the concept of porous media and the basic processes (mechanical, hydro, chemical and 

thermal), as well as the basic equations of these processes. These concepts build the 

foundation of the following coupling research. Later, the couplings between these 

processes are reviewed including the hydro-mechanical (HM) model, hydro-

mechanical-chemical (HMC) model, and thermo-hydro-mechanical-chemical (THMC) 

model. The basic concepts and governing equations for these couplings are introduced, 

and the research progress is reviewed, giving the basic framework of the following 

chapters. As the swelling and dissolution influence is the key research point, the current 

research progress of swelling and dissolution in the THMC framework is thoroughly 

reviewed, which shows the drawbacks in current research and proves the need to 

conduct this thesis. Finally, the approaches used to develop the coupled equations are 

introduced and compared, demonstrating the advantages of the approach adopted in this 

thesis. 
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Chapter 3 Saturated coupled Hydraulic-Mechanical constitutive 

model with swelling and dissolution 

 

Many contemporary geotechnical engineering applications create a Chemical Disturbed 

Zone, where chemical reactions occurring at the molecular scale strongly change the 

engineering properties of rocks/soils (NNL, 2016). Applications include carbon capture 

and storage, shale gas extraction, acid mine drainage, nuclear waste disposal, hyper 

alkaline industrial wastes (e.g. steel slags and “red muds” from aluminium extraction), 

and accidental chemical spills (Moyce et al., 2014, Chen et al., 2015). 

 

Minerals in rocks/soils may dissolve into groundwater until they reach thermodynamic 

equilibrium (Yadav and Chakrapani, 2006). Most minerals react slowly in groundwater, 

however, when the pore fluid is replaced by reactive solutions or the life cycle of the 

engineering application is long enough (e.g. 100 years for nuclear waste disposal), the 

chemical processes will result in significant changes to the physical properties of the 

ground (e.g. the porosity, permeability, and strength) (Fredd and Fogler, 1998, 

Emmanuel and Berkowitz, 2007, Zhao, 2014). 

 

The swelling of rocks/soils is another engineering problem caused by molecular 

influence. Typically, two major mechanisms of swelling are observed in the clay 

platelets within a soil/rock, i.e. hydration swelling and osmotic swelling (Chen, 2013). 

Hydration swelling is the result of exchangeable cations of the dry clay. One to four 

water layers can be added between clay platelets due to cations hydrate, resulting in the 

space expansion between clay layers. Osmotic swelling results from the large difference 

of the ion concentration close to the clay surfaces or in the pore water. 

 

In this chapter, a novel mathematical formulation of the hydro-mechanical coupled 
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model based on Mixture-Coupling Theory is obtained, and the strong couplings 

between mineral dissolution and swelling are included. Helmholtz free energy is used 

to give the relationship between these couplings. The fully coupled formulations, which 

include dissolving and swelling, are obtained. Finally, the finite element method is used 

to solve the governing equations for demonstration purpose. The results show that both 

swelling and dissolving have a significant influence on the stress and strain change of 

the porous media rock. 

 

The developed model in this chapter is a further extension and modification of the 

classic Biot’s theory to involve swelling and dissolution influence. The saturated HM 

model developed in this chapter leads to the development of the unsaturated HM model 

in the next chapter and builds the foundation for the following chapters, including the 

HMC model in chapter 5 and the THMC model in chapter 6. 

 

3.1 Balance equations and dissipative process 

A domain V ,  which is big enough to include solid and fluid, has been selected within 

the soil/rock, with the assumption that S  is its boundary attached to the solid phase, 

allowing only movement of fluid across.  

   

3.1.1 Balance equation 

(1) Helmholtz free energy change should account for the deformation energy, transport 

energy and entropy production (Haase, 1990). The balance equation for the saturated 

condition can be derived as (Chen and Hicks, 2009, Chen, 2013): 

  s w w d d

V S S S V

D
dV dS dS dS T dV

Dt
   =  −  −  −    σn v I n I n  (3.1) 

in which w
I  and d

I  are the mass flux of water and dissolved chemicals, which can be 

defined as  

 ( )w w w s= −I v v  and ( )d d d s= −I v v  (3.2) 
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where w , d  are the mass density of water and dissolved chemical, which are defined 

relative to the volume of the mixture; w
v , d

v , s
v  are the velocity of water, dissolved 

chemical and the solid matrix. 

    

Other notations include:   is Helmholtz free energy density, σ  is the Cauchy stress 

tensor, w  is the chemical potential of water, d  is the chemical potential of dissolved 

chemicals, T  is temperature,   is the entropy produced per unit volume.  

 

Let t  be the time derivative and   be the gradient, the material time derivative is 

 s

t

D

Dt
=  + v  (3.3)  

The derivative version of the balance equation (3.1) for the Helmholtz free energy is 

expressed as   

 ( ) ( ) ( ) 0s s w w d d T    +   −   +   +   = − v σv I I  (3.4) 

 

(2) Balance equation for water mass is 

 ( )w w

V S

D
dV dS

Dt
 = −   I n   (3.5) 

The derivative version is 

 0w w s w +  + =v I  (3.6) 

w  is related to the phase density 
w

f through 

 
w w

f =   (3.7) 

 

In this thesis, three kinds of densities (mass/heat/entropy density) for the solid-fluid 

mixture are defined: mixture density, phase density and true density. Let   represent 

any component (water or chemical species) in the pore fluid, then, the definition of 

these densities are 
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        1. Mixture density: The mass is relative to the solid-fluid mixture volume.  

 
Mass of pore fluid component

Volume of the mixture

 
 =   (3.8) 

        2. Phase density: The mass is relative to the solid/fluid volume. It is denoted with 

the abbreviation of the phase name with ‘s’ for solid phase, and ‘f ’ for fluid phase. For 

example, f

  is the phase density of pore fluid component  , which equals the mass 

of pore fluid component divided by pore fluid volume: 

 f

Mass of pore fluid component

Volume of the pore fluid

 
 =   (3.9) 

         3. True density: The mass is relative to the volume of each component. It is 

denoted with the abbreviation of ‘t’. When there is only water but no chemical in the 

pore fluid, the phase density of water becomes the same as the ‘true density’ or ‘intrinsic 

density’. 

 

The mixture density and true density are widely used in literature, but the phase density 

is not. The definition of the mixture density is for the cases that a fluid with multi-

components or a solid with multi-minerals (not considered in this thesis). The definition 

of the three densities is not only for mass but also for energy, heat or entropy. 

 

3.1.2 Dissipative progress and saturated Darcy’s law  

The dissipation mechanism considered is the pore fluid passing through the solid matrix, 

the corresponding entropy production can be obtained through non-equilibrium 

thermodynamics (Katchalsky and Curran, 1965) 

 0 w w d dT   = −  − I I  (3.10) 

If neglect the transport of dissolved chemical/solid, equation (3.10) can be simplified 

as 

 0 w wT  = − I   (3.11) 
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The Darcy’s Law can be obtained by using the Phenomenological Equation (Chen, 2013)  

 
k fp


= − u   (3.12) 

where u  is the Darcy velocity, k  is the permeability,   is the viscosity of the pore fluid, 

and fp  is the pore fluid pressure. Note here: The chemical influence on fluid transport 

(e.g., osmosis) is not considered here to simplify the discussion.  

 

3.2 State equations for swelling and dissolution  

There are two types of water in a swelling/dissolving rock; 1) water in the pores which 

can be described using non-equilibrium thermodynamics, and 2) water in the clay 

platelets which has a strong feel of intermolecular and surface forces and 

thermodynamics is not applied (Israelachvili, 1991); The solids can be classed as two 

types; 1) the solid structure which follows the continuum thermodynamics (mechanics) 

and 2) the dissolving chemicals follows the intermolecular and surface forces. The 

dissolving chemicals do not contribute to the strength of the rock and surrounding the 

wetting place of the pores (Figure 3.1).    

 

Figure 3. 1 Water types and solid types 

 

3.2.1 Helmholtz free energy of pore space  

Take the pore space as the research object, then, based on classical thermodynamics, 



57 

 

the free energy density of pore space can be written as  

 
f w w d d

pore f fp    = − + +  (3.13) 

where fp  is the pore fluid pressure,  w

f , d

f  are the phase density of pore water and 

dissolved chemicals. 

From equation (3.13), it leads to  

 f w w w w d d d d

pore f f f fp        = − + + + +  (3.14) 

According to the Gibbs-Duhem equation in constant temperature, there is  

 
f w w d d

f fp    = +  (3.15) 

With equation (3.14) and (3.15), there is  

 w w d d

pore f f    = +   (3.16) 

   

3.2.2 Basic equation for deformation  

It is assumed that the rock maintains mechanical equilibrium so that  =σ 0 . With the 

entropy production (3.10), balance equation (3.4) and ignoring the transport flux d
I , 

the equation for   is  

 ( ): 0s s w w  +   − +   =v v I   (3.17) 

 

Remark: In the derivation of equation (3.17), the flux d
I  is ignored, which is based on 

the assumption that the dissolved chemicals do not flow out through the boundary. 

Equation (3.17) describes the free energy change of the system, including the 

mechanical energy and the mass energy. Since the dissolved chemicals remain in the 

system, equation (3.17) contains the water flux w
I   only but excludes dissolved 

chemical flux d
I . If assuming that the dissolved chemicals could flow out through the 

boundary, equation (3.17) would include the dissolved chemical flux d
I , as 

 ( ): 0s s w w d d   +   − +   +   =v v I I   (3.18) 
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Equations (3.17) and (3.18) are the free energy change of the mixture system under 

different assumptions (dissolved chemicals transport or not transport), using either of 

them, the final constitutive equation of mechanical behaviour will be the same. This is 

because the mechanical behaviour depends only on the occurrence of solid mineral 

dissolution instead of the transport of dissolved species.  

 

To measure the rock’s deformation state, classic continuum mechanics has been 

considered here.  First, an arbitrary reference configuration X  is selected, then at the 

time t  the position is x . The expression of Green strain E , the deformation gradient F ,  

 ( ), t


=


x
F X

X
, ( )

1

2
= −TE F F I , (3.19) 

The relationship between second Piola-Kirchhoff stress T and Cauchy stress σ  is  

1 TJ − −=T F σF  

where J (the Jacobian of F ) is 

 
0

dV
J

dV
= , sJ Jdiv=  (3.20) 

From the partial masses equation (3.6) and equation (3.17), the free energy equation 

(3.17) can be converted to the free energy in the reference configuration as   

 ( ) w wtr m = +TE  (3.21) 

  J = , 
w wm J =  (3.22) 

where   is the Helmholtz free energy in the reference configuration, wm  is water mass 

density in the reference configuration. 

 

3.2.3 Free energy density of the wetted mineral matrix   

Because the free energy of the mineral matrix includes the fluid ‘bound’ between the 

clay platelets, the free energy can be obtained by subtracting the contribution of the 

pore fluid poreJ  from the total free energy of the solid/ fluid system  .  The free 

energy density of the wetted mineral matrix is  
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 ( ) ( ) w w f d

pore bound dissolveJ tr m p m    − = + + −TE  (3.23) 

in which J =   is denoted as pore volume per unit referential volume. 

w w w

bound fm J J = −   is the mass density of bounded water at the reference 

configuration, dissolvem   is the mass density of dissolved minerals in the reference 

configuration. 

 

For the reason of convenience, the dual potential can be expressed as    

 ( ) f w w d

pore bound dissolveW J p m m   =  − − − +  (3.24) 

where W can be regarded as a function of E , fp , w , d , so the expression of T , , 

w

boundm  , dissolvem   can be given. Equation (3.24) implies the time derivative of 

( ), , ,f w dW p  E  satisfies the relation  

 ( ) ( ), , ,f w d f w w d

bound dissolveW p tr p m m    = − − +E TE  (3.25) 

There must be 

, ,f w d

ij

ij p

W
T

E
 

 
=    

, 
, ,w d

ij

f

E

W

p
 


 

= − 
 

, 

                                 
, ,f d

ij

w

bound w

E p

W
m




 
= − 

 
, 

, ,f w
ij

d

dissolve d

E p

W
m




 
= − 

 
 (3.26) 

From equation (3.25), there is 

, , , ,, ,, ,

( , , , )
f d f ww df w d

ij ijij

f w d f w d

ij f w d

ij E p E pEp

W W W W
W p E p

E p
   

   
 

          
= + + +                

E

 (3.27) 

If equation (3.27) is differentiated with respect to time, the fundamental constitutive 

equations for the evolution of stress, pore volume fraction, the mass densities in the 

bound water, and the mass density of dissolved chemicals can be obtained.   

 
f w d

ij ijkl kl ij ij ijT L E M p S H = − + −  (3.28) 
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 f w d d

ij ijM E Qp B B  = + + +  (3.29) 

 w f w d

bound ij ijm S E Bp Z X = − + + +  (3.30) 

 d f w d

dissolve ij ijm H E B p X Y = − − +  (3.31) 

where the parameters ijklL  , ijM  , ijS  , ijH  , B  , X  , Y  , Z  , dB   are as following group 

equations  

 

, , , ,
f w d f w d

ij kl
ijkl

kl ijp p

T T
L

E E
   

   
= =         

 

 

, , , ,
w d f w d

ij

ij

ij f

ijE p

T
M

p E
   

   
= − =         

 

 

, , , ,
f d f w d

ij

ij bound
ij w

ijE p p

T m
S

E
  



   
= = −        

 

 

, , , ,
f w f w d

ij

ij dissolve
ij d

ijE p p

T m
H

E
  



   
= =         

 (3.32) 

 

, ,f d
ij

bound

w

E p

m
Z




 
=  

 
 

 

, ,
, ,

f d w d
ij ij

bound

w f

E p E

m
B

p
  





   
= =   

    
 

 
, ,w d

ij

f

E

Q
p

 

 
=  

 
 

 

, ,f w
ij

dissolve

d

E p

m
Y




 
=  

 
 

, ,, ,f w f d
ij ij

bound dissolve

d w

E p E p

m m
X

 
 

    
= = −   

    
 

                                   

, ,, ,w d f w
ij ij

d dissolve bound

f d

E E p

m m
B

p
  



    
= − =   

    
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3.3 Coupled Hydro-Mechanical constitutive equations  

3.3.1 Mechanical behaviour  

Equations (3.28)-(3.31) give the general coupled equations for mechanical behaviour, 

water pressure, and chemical potential including non-linear, large deformation, and 

anisotropic conditions.  

As the attention of this thesis is focused on the coupled dissolution and swelling 

influence, therefore, a few assumptions are made to simplify the discussion. 

i) Small strain condition, which leads to the replacement of Green Strain 

tensor ijE   by strain tensor ij  , and Piola-Kirchhoff stress ijT   by Cauchy 

stress ij .  

ii) The parameters ijklL , ijM , ijS , Z , B , Q  are material-dependent constants 

and the material is isotropic, therefore, the tensors ijM , ijS  are diagonal and 

can be written in the below forms: 

 ij ijM = , ij s ijS  = , ij d ijH  =   (3.33) 

iii) The deformation is limited in the elastic region, then the stiffness can be 

written as a fourth-order isotropic tensor 

 ( )
2

3
ijkl ik jl il jk ij kl

G
L G K     

 
= + + − 

 
 (3.34) 

Here G  denotes the rock’s shear modulus and K denotes the bulk modulus.  

 

From the above assumptions and simplifications, the governing stress equation (3.28) 

can be simplified to  

 
2

2
3

f w d

ij kk ij ij ij s ij d ij

G
K G p           

 
= − + − + + 

 
 (3.35) 

where the quantity    is related to the bulk modulus K   and sK   in a manner from 

poroelasticity through the equation ( )1 / sK K = −  , sK   is the bulk modulus of the 
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solid grains. 

               

By introducing equation (3.15), and assuming that the linear relationship d wx =  

(note here, this relationship can be further modified), then the stress equation (3.35) can 

be rewritten as     

 
2

2
3

fs d
ij kk ij ij ijw d w d

f f f f

xG
K G p

x x

 
     

   

  
= − + − − +    + +   

 (3.36) 

By assuming mechanical equilibrium condition / 0ij jx  = , and using displacement 

variables ( )1, 2,3id i =  through ( ), ,

1

2
ij i j j id d = + , it leads to 

 2 ( ) 0
1 2

fs d

w d w d

f f f f

xG
G p

x x

 


    

  
 +   − − + =    − + +   

d d  (3.37) 

where d  is the displacement tensor,   is Pison’s ratio. 

 

Equation (3.37) presents a formula including both the swelling and dissolution 

influence on the mechanical behaviour.  

 

3.3.2 Fluid-phase     

From the fluid partial mass equation (3.6), fluid density relationship (3.7) and Euler 

identity (3.20), if neglecting the swelling/dissolution influence on pore fluid mass, the 

conservation equation of pore fluid can be written as  

 ( ) ( ) 0f f

f f +   =u  (3.38) 

Expanding the first term in equation (3.38) leads to  

 ( ) 0f f f

f f f  + +   =u   (3.39) 

in which the fluid density change can be written as 

 
1

f f f f
f ff f

f ff

f

p p

t p t K t

 
 

   
= = =

   
  (3.40) 
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where 
f

f

f f f

f

p
K 




=


is the bulk modulus of the pore fluid. 

 

From the assumptions and simplifications in section 3.3.1, the porosity change equation 

(3.29) becomes  

 f w d d

ii Qp B B   = + + +   (3.41) 

If neglecting the dissolution influence, with the Gibbs-Duhem equation, the porosity 

change equation (3.41) can be written as 

 f

ii f

f

B
Q p 



 
= + +  

 

  (3.42) 

where the coefficients Q  and B  are 

 ( )( )1/ sQ K  = −   (3.43) 

 ( )( )1/ 1 sB K  = −   (3.44) 

Invoking equation (3.42) and (3.40) into (3.39), it leads to  

 ( ) 0f f f f

f ii f ff

f f

B
Q p

K


   



  
+ + + +  =   

   

u   (3.45) 

Neglecting the space variation of fluid density, e.g. 0f

f =  , and with the Darcy 

velocity (3.12), the final hydraulic equation can be obtained as 

 2 0f f

f

f f

B k
Q p p

K




 

  
 + + + −  =   

   

d  (3.46) 

 

3.3.3 Equation Validation 

The basic Biot consolidation theory has been well-accepted by researchers and 

engineers. However, the complexity of the swelling and dissolution process, especially 

when the two processes occur simultaneously, has retarded the experimental work. The 

lack of experimental data makes it difficult to validate the presented model by 

experiments. 
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The coupled equations  (3.37) and  (3.46) can be validated by comparing with the 

equations developed by Lewis and Schrefler (1987) through using the mechanics 

approach. Equation (3.37) and equation (3.46) can be viewed as a further extension of 

the equations in Lewis and Schrefler (1987) by incorporating the coupled swelling and 

dissolution term  s d

w d w d

f f f f

x

x x

 

   
+

+ +
 into the mechanical equation and the 

f

f

B


 term 

into the hydraulic equation. The classic Biot consideration theory can be viewed as a 

specific or simplified case of the developed model. 

 

3.4 Numerical simulation  

In this section, a simple one-dimension numerical modelling is presented to show the 

influence of swelling and dissolution in the Bio type equation. The governing equations 

(3.37) and (3.46) with primary variable d , fp  are implemented by the classic finite 

element method proposed by Lewis and Schrefler (1987) through using the software 

COMSOL Multiphysics (Version 5.4). The basic Solid Mechanics and Darcy’s Law 

modulus in COMSOL are used and are extended to incorporate the swelling coefficient 

and the dissolution coefficient, as well as the coupling of pressure and strain. 

 

3.4.1 conceptual model 

3.4.1.1Model geometry and boundary condition 

The geometry of the numerical model is presented in Figure 3.2. A one-dimensional 

rectangle with 0.15m width and 0.3m height is selected to represent a host rock around 

the nuclear waste disposal. The left boundary A is fixed while the right boundary B is 

free, and both of them are permeable, allowing fluid to pass through. The upper and 

lower boundary are on rollers and impermeable. Under the above boundary conditions, 

the domain could only allow changes in the horizontal direction, therefore, one 
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observation line (the dotted line in Fig 3.2) lying in the central of the domain is selected 

to track the change along the horizontal direction. 

 

Figure 3.2 Numerical modelling geometry and boundary condition 

The sample is assumed to be in mechanical equilibrium and the initial effective stress 

is zero. The domain initially contains fluid at a pressure of 20MPa and maintains this 

value at the right boundary. At the beginning, the pressure at the left boundary drops to 

4MPa to simulate external disturbance. In such as condition, the fluid will flow from 

the right toward the left due to the pressure gradient. As the press loses, loading will be 

beard by the solid matrix, hence, deformation and effective stress/strain generate.  

 

3.4.1.2 Parameters 

In the mechanical equation (3.37), the dissolution term can be complex expressions. To 

simplify the discussion and show the influence of swelling and dissolution, it is 

assumed that dv 0.05d

w d

f f

x

x



 
= =

+
  and sw 0.2s

w d

f fx



 
= =

+
 . The coefficient 

f

f f

B
Q

K





 
+ +  

 

 in association with the fluid pressure in equation (3.46) is regarded to 
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be one term and named as void coefficient 
f

f f

B
q Q

K





 
= + +  

 

 

 

Other parameters adopted in the numerical simulation are listed in table 3.1. The 

material considered is the Tournemire argillite, which contains clay minerals. It is 

regarded to be traditional porous media without considering the fracture. The 

mechanical properties, i.e., Young’s modulus and Poisson’s ratio, as well as the 

hydraulic permeability are collected from the Tournemire argillite experiments (Rejeb 

and Cabrera, 2004); the Biot’s coefficient is collected from the numerical modelling 

case for Tournemire argillite (Maßmann et al., 2006); the void coefficient is assumed. 

 

Table 3. 1 Material parameters (Rejeb and Cabrera, 2004, Maßmann et al., 2006) 

Parameters Physical meaning  Values and units 

f

f  Density of water  1000kg/m3 

/k v  absolute permeability/dynamic viscosity  10-19m/s 

E  Young’s modulus  9270MPa 

  Poisson’s ratio 0.2 

  Biot’s coefficient 1 

q  Void coefficient 0.0005MPa-1 

sw  Swelling parameter 0.2 

dv  Dissolution parameter 0.05 

 

3.4.2 Numerical results 

The pore fluid pressure change is presented in Figure 3.3. As expected, fluid loses from 

the left boundary, and the pressure in the domain drops, as time goes by, pressure drops 

more and will finally reach equilibrium. The pressure distribution for swelling/non-

swelling and dissolution/non-dissolution are the same, this is because the porosity 

change due to dissolution is not considered, and since the Biot coefficient is taken as 1, 

the porosity change due to swelling is 0, therefore, the transport equation for 
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swelling/non-swelling and dissolution/non-dissolution cases are the same, and the 

pressure distribution of them shows no difference. 

 

Figures 3.4 and 3.5 show the horizontal displacement and strain of the domain. As water 

pressure drops, loading will be beard by the solid matrix, therefore, the domain 

consolidates. Since the left boundary is fixed but the right boundary is free, the right 

boundary moves toward the left direction (Figure 3.4). The negative displacement value 

in Figure 3.4 denotes the moving direction. The associated strain is presented in Figure 

3.5. As the swelling or dissolution influence on displacement is associated with the 

pressure (as shown in equation (3.37)) and the pressure decrease with time (Figure 3.3), 

the displacement at a longer time (1 year) is larger than the displacement at a shorter 

time (0.5 years). 

 

Biot theory describes the consolidation process, however, the swelling process would 

resist the consolidation and dissolution promote consolidation. In Figure 3.4, compared 

with the non-swelling and non-dissolution case (consolidation process, sw=0, dv=0), 

the swelling but non-dissolution case (sw=0.2, dv=0) shows a smaller displacement 

while the dissolution but non-swelling case (sw=0, dv=0.05) holds a greater 

displacement. Since dissolution and swelling have opposite influence on the 

consolidation process, the final displacement relies on the combined effect of swelling 

and dissolution. The corresponding strain is presented in figure 3.5. 
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Figure 3. 3 Evolution of pore fluid pressure with time and space (solid line: 0.5 year; 

dashed line: 1 year) 

 

Figure 3. 4 Evolution of horizontal displacement with time and space (solid line: 0.5 

year; dashed line: 1 year) 
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Figure 3. 5 Evolution of strain with time and space (solid line: 0.5 year; dashed line: 1 

year) 

3.4.3 Sensitivity analysis of swelling/dissolution coefficient 

The swelling and dissolution coefficient are two important concepts introduced into the 

Biot poroelasticity theory, although they have not been determined theoretically or 

experimentally, their influence on mechanical behaviour can be explored by sensitivity 

analysis. In this section, the swelling and dissolution coefficients are given with 

different values, e.g., sw 0.1, 0.2, 0.3=   and dv 0.05, 0.1, 0.15=  , to show their 

influence. 

 

From the analysis in section 3.4.1, the influence of swelling and dissolution on the 

hydraulic process is neglected for simplification, hence, only the mechanical results are 

presented. The swelling influence on displacement and strain are given in Figures 3.6 

and 3.7. From the numerical results, the larger the swelling coefficient is, the smaller 

the displacement/strain will be, showing a greater resistance effect of swelling on 

consolidation.  The opposite trend of dissolution influence is shown in Figures 3.8 and 

3.9: the larger the dissolution coefficient is, the greater the displacement/strain will be. 



70 

 

 

Figure 3. 6 Evolution of horizontal displacement with different swelling coefficients 

(solid line: 0.5 year; dashed line: 1 year) 

 

Figure 3. 7 Evolution of horizontal strain with different swelling coefficients (solid 

line: 0.5 year; dashed line: 1 year) 
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Figure 3. 8 Evolution of horizontal displacement with different dissolution 

coefficients (solid line: 0.5 year; dashed line: 1 year) 

 

Figure 3. 9 Evolution of horizontal strain with different dissolution coefficients (solid 

line: 0.5 year; dashed line: 1 year) 
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3.5 Conclusions and limitations  

This chapter developed a Hydro-Mechanical coupled model to consider the swelling 

and dissolution influence. Two parameters, namely the swelling parameter and the 

dissolution parameter, are incorporated into the mechanical equation of the Biot 

poroelasticity equation and are linked to the fluid pressure, and meanwhile, for 

simplification, the hydraulic equation ignored dissolution influence. The derivation 

extended the application of the Mixture-Coupling Theory and showed the capacity of 

Mixture-Coupling Theory to model complex problems in geotechnical engineering. 

 

In the derivation process of equations (3.17) and (3.21), the dissolved chemical/solid 

flux d
I  is ignored, following an assumption that the dissolved chemical/solid does not 

flow out the selected region, therefore, the d
I   term in equation (3.4) should also 

vanishes. If assuming that the dissolved chemical/solid flux d
I  can pass through the 

boundary, some equations presented before/and equation (3.22) may change, but the 

wetted matrix free energy equation (3.23) remains the same. This is because the free 

energy of the wetted matrix relies on the occurrence of dissolution, but not depends on 

migration of dissolved species. Since the stress-strain response is derived from equation 

(3.23), the final mechanical equation for the two assumptions is the same. When 

deriving the hydraulic equation, the influence of dissolution on porosity and the 

influence of dissolved chemicals on the fluid property are ignored, therefore, the 

transport equation for the two assumptions is also the same.  

 

In the derivation of the hydraulic equation, the influence of dissolution on porosity and 

fluid mass is ignored for simplification, and the fluid mass density variation against 

space is also ignored. If the amount of dissolved species is very limited, such an 

assumption would be reasonable, but in extreme cases (for example, high acidity 

solution passing through carbonate rock), these assumptions are worth more notice. In 

chapter 6, the influence of dissolution on porosity and fluid mass will be considered, in 
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terms of fluid mass density variation against space, it can be easily considered in the 

mathematic equation, but its influence is not revealed numerically. Future research can 

be done to explore the density variation, which is especially useful in large scale 

engineering applications. 

 

The thermodynamics approach adopts the chemical potential as the variable. Such a 

variable can represent either the chemical potential of the molecular, ion or cation 

brought by reactive dissolution, or the chemical potential of the constituent in the fluid 

which has the same chemical formula as the solid mineral brought by pressure solution, 

the developed model can be applied to both reactive dissolution and pressure solution.  

 

The developed model can be viewed as an extension case of the classic Biot 

consolidation equation and the Biot theory is a specific or simplified case of the 

presented model, showing the correctness of the adopted theory and the power of the 

theory to deal with complex case. 

 

The numerical simulation compared the mechanical deformation and strain of the 

swelling/dissolution case to those of the non-swelling/no-dissolution case and showed 

that the swelling process has a resistance effect on consolidation while dissolution has 

a promotion effect on consolidation. The simulation also showed that different values 

of the swelling parameter and dissolution parameter have different impacts on the 

mechanical behaviour, that is, the displacement/strain becomes smaller with a larger 

swelling coefficient and greater with a larger dissolution parameter. 

 

The numerical simulation is conducted for up to one year, at this time scale, the pressure 

has not reached equilibrium yet. On a longer time scale, the pressure will reach 

equilibrium gradually, and meanwhile, the influence of swelling and dissolution will 

culminate. 
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The swelling coefficients and the dissolution coefficients are undetermined yet. It 

would be not easy to determine them through theoretical derivation, but experimental 

research can be possible. Potential experiments can be conducted to measure the stress 

change and pressure evolution subject to swelling/dissolution influence, so that the 

relevant coefficient can be matched through the stress-pressure relationship curve. 

Another possible way can also be considered: from equation (3.28) to (3.31), for 

isotropic material, since ij d ijH  =  (see equation (3.33)), the dissolution coefficient 

links the stress influence on the dissolved mass density, then, experiments can be done 

to explore the stress change and the dissolved mass density change. Similarly, the 

swelling coefficient can be explored through the stress influence on the bounded mass 

density, as presented in equation (3.30). 
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Chapter 4 Unsaturated coupled Hydraulic-mechanical constitutive 

model with swelling and dissolution  

 

In this chapter, the Hydro-Mechanical model in chapter 3 is extended to the unsaturated 

condition. For unsaturated conditions, the free energy balance and mass balance 

equations are the same as those in chapter 3. The major difference is in the equations 

associated with hydraulic transport, as the unsaturated case must consider the fluid 

saturation ratio.  

 

4.1 Balance equations and dissipative process   

The same domain V  with that in chapter 3 is selected. Since this chapter deals with the 

unsaturated case, the domain must be big enough to contain solid, water and gas. To 

simplify the discussion, the air phase is assumed to be continuous with atmospheric 

pressure 0atmp =  (Neuman, 1975, Safai and Pinder, 1979)  

 

4.1.1 Helmholtz Free Energy Density 

Helmholtz free energy measures the useful work and is defined as the difference 

between internal energy and entropy (Haase, 1990). The balance equation for 

Helmholtz free energy can be derived based on the assumption of ignoring gas transport 

as (Chen, 2013): 

 s w w d d

V S S S V

D
dV dS dS dS T dV

Dt
   =  −  −  −    σn v I n I n   (4.1) 

where    is Helmholtz free energy density, σ   is the Cauchy stress tensor, s
v   is the 

velocity of the solid, 
w   is the chemical potential of water, 

d   is the chemical 

potential of dissolved chemical species, T  is temperature,   is the entropy production 

per unit volume, and the time derivative is  
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 s

t

D

Dt
=  + v   (4.2) 

in which t  is the time derivative and   is the gradient.    

 

In equation (4.1), w
I  and d

I  are the mass flux of water and dissolved solid/chemical 

that can be defined as  

 ( )w w w s= −I v v  , and ( )d d d s= −I v v  (4.3) 

where w  and d  are the mass density of water and dissolved chemical, w
v , d

v  are the 

velocity of water and dissolved chemical species.  

 

The derivative version of the balance equation (4.1) for the free energy is expressed as  

 ( ) ( ) ( ) 0s s w w d d T    +   −   +   +   = − v σv I I   (4.4) 

 

(2) Balance equation for water mass is 

 ( )w w

V S

D
dV da

Dt
 = −   I n   (4.5) 

The derivative version is 

 0w w s w +  + =v I   (4.6) 

The mass density of water 
w  is defined relative to the volume of the mixture. It is 

related to the phase density 
w

f  , which is defined as the mass of water against the 

volume of fluid, through 

 
w f w

f  =   (4.7) 

in which f  is the volume fraction of pore fluid.  The relationship between f  and the 

porosity of the medium   is  

 f fS =   (4.8) 

where fS  is the saturation of the pore fluid. 
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Equation (4.6) or (4.7) also applies if change the subscribe ‘ w ’ into ‘ f ’ to denote the 

pore fluid as a whole if the fluid volume changes very limit by dissolution. 

 

4.1.2 Dissipative progress and unsaturated Darcy’s law  

The dissipation equation at the solid/fluid boundary can be obtained by using non-

equilibrium thermodynamics, and the entropy production is described as  (Katachalsky 

and Curran, 1965) 

 0 w w d dT   = −  − I I   (4.9) 

where w and d  are the chemical potential of the pore water and dissolved solids, 

respectively. 

 

If assuming that the dissolved chemical species do not flow out through the boundary, 

the equation (4.9) becomes 

 0 w wT  = − I   (4.10) 

Through using Phenomenological Equations for equation (4.10), and the Gibbs-Duhem 

equation for the pore water giving the relationship between water pressure and water 

chemical potential, Darcy’s law can be obtained (Chen, 2013)  

 
k rf f
k

p


= − u   (4.11) 

where u  is the Darcy’s velocity, k  is the permeability, rfk  is the relative permeability, 

  is the viscosity of fluid, and 
fp  is the pore fluid pressure. 

  

 4.2 State equations for swelling and dissolving  

 4.2.1 Helmholtz free energy of pore space 

Based on classical thermodynamics, the Helmholtz free energy density of pore space 
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pore  can be written as  

 
f w w f d d

pore f fp S S    = − + +  (4.12) 

where p  is the average pressure in the pore space and the gas pressure has been ignored, 

w

f  is the phase density of water, d

f  is the phase density of dissolved solid/chemical. 

The time derivative of equation (4.12) is  

 ( ) ( )w f w w f w d f d d f d

pore f f f f
p S S S S        = − + + + +   (4.13) 

Using the Gibbs-Duhem equation for the pore fluid, there is 

 f w w f d d

f fp S S   = +   (4.14) 

Substituting equation (4.14) into (4.13), the time derivative of Helmholtz free energy 

can be simplified as 

 ( ) ( )w f w d f d

pore f f
S S    = +  (4.15) 

 

4.2.2 Basic equation for deformation  

It is assumed that the rock maintains mechanical equilibrium so that  =σ 0  . 

Substituting the entropy production equation (4.9) into the Helmholtz free energy 

balance equation (4.4) for the mixture and adopting the same assumption as that in 

section 3.2.2 (ignoring d
I ), it leads to 

 ( ): 0s s w w  +   − +   =v v I   (4.16) 

Equation (4.16) is the free energy at the current configuration. To measure the rock’s 

deformation state, classic continuum mechanics has been considered here: an arbitrary 

reference configuration X   is selected, then at the time t  , the position is x  . The 

expression of Green strain E , the deformation gradient F ,  

 ( ), t


=


x
F X

X
, ( )

1

2
= −TE F F I , (4.17)  

where I  is a unit tensor.  The relationship between second Piola-Kirchhoff stress T

and Cauchy stress σ  is  
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1 TJ − −=T F σF  

where J (the Jacobian of F ) is     

0

dV
J

dV
= , sJ Jdiv=  

By further consideration partial masses equation (4.6) and (4.16), along with the 

equation (4.17), it leads to   

 ( ) w wtr m = +TE  (4.18) 

  J = , 
w f w

fm J JS = =  (4.19) 

 

4.2.3 Free energy density of the wetted mineral matrix   

The free energy of the mineral matrix includes the fluid ‘bounded’ between clay platelet 

but excludes the solid minerals dissolved into the pore space. It can be obtained by 

subtracting the free energy of the pore space from the total free energy of the rock/ fluid 

mixture. Therefore, the free energy density of the wetted mineral matrix in the reference 

configuration is  

 ( ) ( ) w d

pore bound dissolveJ tr m p m    − = + + −TE  (4.20) 

where J =   is denoted as pore volume per unit referential volume and 

f d

dissolve fm JS =  is the mass of dissolved species per unit referential volume 

 

For the reason of convenience, the dual potential can be expressed as    

 ( ) w d

pore bound dissolveW J p m m   =  − − − +  (4.21) 

where W is a function of E , p , 
w , 

d , so the expression of T , , boundm  , dissolvem  

can be given. Equation (4.21) implies the time derivative of ( ), , ,w dW p  E  satisfies 

the relation  

 ( ) ( ), , ,w d w d

bound dissolveW p tr p m m    = − − +E TE  (4.22) 
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From which there must be 

 

, ,w d

ij

ij p

W
T

E
 

 
=    

, 
, ,w d

ijE

W

p
 


 

= − 
 

, 
, , d

ij

bound

E p

W
m




 
= − 

 
,

, , w
ij

dissolve d

E p

W
m




 
=  

 
 

  (4.23) 

Then, equation (4.22) can be written as 

, , , ,, ,, ,

( , , , )
d ww dw d

ij ijij

w d w d

ij w d

ij E p E pEp

W W W W
W p E p

E p
   

   
 

          
= + + +                

E

 (4.24) 

If equation (4.23) is differentiated with respect to time, and by substituting equation 

(4.24) into the time derivative of equation (4.23), for the stress ijT , there is  

 

, , , , , ,w d w d w d

ij

ij

ij ij ijp p p

T W W W
T

t t E E t E
     

           
= = = =                      

  (4.25) 

Substituting Equation (4.24) into equation (4.25) leads to the constitutive equation for 

stress with associate variables ijE , p , w , d : 

, , , ,, ,, ,
, ,

, ,, , , ,

d ww dw d
ij ijij d

w dw d
ijw d

d

ij ij w d

ij ij E p E pEp
p

ij

ij ij ij Ep p

W W W W
T E p

E E p

W W
E

E E E p

   
 

    

 
 

               = + + +                     

         
  = +               , ,

, , , ,
, , , ,

2 2 2 2

, , , , ,

w d

d w
w d w dij ij

w d w d d

p

d

w d

ij ijE p E p
p p

ij w d

ij kl ij ij ijp p p

p

W W

E E

W W W W
E p

E E p E E E

 

 
   

     

 
 


 





         
   + +               

          
= + + +                            

, , , , , , , ,

w

w d w d w d w d

d

ij dbound dissolve
ij

kl ij ij ijp p p p

T m m
E p

E E E E
       




 

        
= − − +                      

 

                                                                                                                                  (4.26) 

 

Similarly, the evolution of pore fraction, bounded water and dissolved chemicals can 

be obtained as: 
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, ,, , , ,, ,
, ,

2 2 2

, , ,,

ww d dw d
ijij ij d

ij

w d dw d
ij ij

w

w d

ij d

ij E pE E pp
E

ij w

ij E E

W W W W
E p

p E p

W W W
E p

E p p p p

   
 

   

  
 




              = − + + +                    

       
= − − −               

2

,

, , , , , ,, ,

w
ij

w d w d w dw d
ij ij ijij

w d

d

E

ij dbound dissolve
ij

E E EE

W

p

T m m
E p

p p p p



      





 

 
−  

  

        
= − + + −       

         

 

 (4.27) 

2 2 2 2

, , , ,,

, , , ,, ,

d dd
ij ij ij

d dd
ij ijij

w d

bound ijw w w w d w

ij E E p E pp

ij wbound dissolve
ijw w w w

E p E pE p

W W W W
m E p

E p

T m m
E p

 

 

 
     




   

          
= − − − −                     

       
= − + + −     

        , , d
ij

d

E p 


 
 
 

     

        (4.28) 

2 2 2 2

, , , ,,

, , , ,, ,

w ww
ij ij ij

w ww
ij ijij

w d

dissolve ijd d w d d d

ij E E p E pp

ij bound dissolve
ijd d d d

E p E pE p

W W W W
m E p

E p

T m m
E p

 

 

 
     




   

          
= + + +                     

       
= − − +     

        , , w
ij

d

E p 


 
 
 

 

 (4.29) 

Equation (4.26)-(4.29) can be written as 

 
w d

ij ijkl kl ij ij ijT L E M p S H = − + −  (4.30) 

 w d d

ij ijM E Qp B B  = + + +  (4.31) 

 
w d

bound ij ijm S E B p Z X = − + + +  (4.32) 

 
s w d

dissolve ij ijm H E B p X Y = − − +  (4.33) 

where the parameters ijklL  , ijM  , ijS  , ijH  , B  , X  , Y  , Z  , dB   are as following group 

equations 

 

, , , ,
w d w d

ij kl
ijkl

kl ijp p

T T
L

E E
   

   
= =         
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, , , ,
w d w d

ij

ij

ij

ijE p

T
M

p E
   

   
= − =         

 

 

, , , ,
d w d

ij

ij bound
ij w

ijE p p

T m
S

E
  



   
= = −        

 

 

, , , ,
w w d

ij

ij dissolve
ij d

ijE p p

T m
H

E
  



   
= =         

 (4.34) 

 

, , d
ij

bound

w

E p

m
Z




 
=  

 
 

 

, ,
, ,

d w d
ij ij

bound

w

E p E

m
B

p
  





   
= =   

    
 

 

, ,w d
ijE

Q
p

 

 
=  

 
 

 

, , w
ij

dissolve

d

E p

m
Y




 
=  

 
 

, ,, ,w d
ij ij

bound dissolve

d w

E p E p

m m
X

 
 

    
= = −   

    
 

, ,, ,w d w
ij ij

d dissolve bound

d

E E p

m m
B

p
  



    
= − =   

    
 

 

Equations (4.30)-(4.33) give the general coupled equation for the mechanical behaviour, 

pore volume fraction, the mass density of bounded fluids and the mass density of the 

dissolved minerals. As the attention of this thesis is focused on the coupled dissolution 

and swelling influence for unsaturated swelling soil/rock, a few assumptions are made 

including  

 

(i) Small strain assumption. This leads to the replacement of Green Strain tensor 

ijE by strain tensor ij , and Piola-Kirchhoff stress ijT  by Cauchy stress ij .  
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(ii) Materials parameters assumption. The parameters ijklL , ijM , ijS , Z , B , Q , X, 

Y are material-dependent constants and the material is isotropic, therefore, the 

tensors ijM , ijS , ijH  are diagonal and can be written in the forms of scalars  , 
s , 

d  as 

 ij ijM = , ij s ijS  = , ij d ijH  =  (4.35)  

(iii) Based on the assumption ii), the elastic stiffness ijklL   can be a fourth-order 

isotropic tensor 

 ( )
2

3
ijkl ik jl il jk ij kl

G
L G K     

 
= + + − 

 
 (4.36) 

where G  is the rock’s shear modulus and K is the bulk modulus.  

 

4.3 Coupled Hydro-Mechanical constitutive equations 

4.3.1 Mechanical behaviour  

Based on the material parameters simplification from i-iii in the last section, the 

governing stress equation (4.30) can be simplified to  

 
2

2
3

w d

ij kk ij ij ij s ij d ij

G
K G p           

 
= − + − + − 

 
 (4.37) 

where   is the Biot coefficient, which is related to the bulk modulus of the matrix K  

and the bulk modulus of the grain sK  through ( )1 / sK K = − . 

 

By introducing equation (4.14) into (4.37),  and assuming the linear relationship 

d wx = , then the stress equation (4.37) can be rewritten as    

 
( ) ( )

2
2 ( )

3

s d
ij kk ij ij ijf w d f w d

f f f f

xG
K G p

S x S x

 
     

   

 
= − + − − + 

+ + 
 (4.38) 
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Under mechanical equilibrium condition, / 0ij jx  =  , and using displacement 

variables ( )1, 2,3id i =  through ( ), ,

1

2
ij i j j id d = + , it leads to 

 
( ) ( )

2 ( ) 0
1 2

s d

f w d f w d

f f f f

xG
G p

S x S x

 


    

  
  +   − − +  =   − + +   

d d  (4.39) 

where d  is the displacement tensor,   is Poisson’s ratio. 

 

Since the average pressure p  can be interpreted as a function of pore fluid pressure and 

saturation, i.e.,  f fp S p=  (Li and Zienkiewicz, 1992) and its time derivative is 

 
f f f

f f f fs sC Cp p p
p S p S p

t t t 

   
= + = + 

   
  (4.40) 

where 
f

s f

S
C

p



=


 in the specific moisture content which is defined in terms of pressure.  

 

By introducing equation (4.40), equation (4.39) can be rewritten as  

 

( ) ( )

2 ( )
1 2

0f f fs d s

f w d f w d

f f f f

G
G

x C
S p p

S x S x



 


   

 
 +   

− 

    
 − − +  + =   + +    

d d

 (4.41) 

Equation (4.41) presents a formula including both the swelling and dissolution 

influence on the mechanical behaviour in the unsaturated case.  

 

4.3.2 Fluid-phase     

From the mass balance equation (4.6), density equation (4.7) and Euler identity, the 

conservation equation of pore fluid is (neglecting the pore fluid mass change due to 

swelling and dissolution)  

 ( ) ( ) 0f f f

f fS  +   =u  (4.42) 

From equation (4.42), (4.11) and the porosity change equation (as given in chapter 3), 
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it leads to  

 

( )

2

/

k 0
f

f f f f f

f f f

ff

f rff f f

f f

S S Q B p

kS
S p

t t v

   


  

  + +


+ + + −  =

 

 
 
 

d

 (4.43) 

where Q   is the void compressibility, relating to the scalar   through  

( ) ( )1/ /sQ K  = − , ( )1 1 sB K  = − .  

 

Considering the rate of change of saturation function and the rate of change of water 

density function  

 

ff f f f f f f
f

S Sf

f f f

S S p S p S p
C C

t t t K t K t


  



    
+ = + = +       

 (4.44) 

equation (4.43) can be rewritten as  

 

( )

2k

/ 0

f f
rf f

S

f

f
f f f f fs

f

k S p
p C

v K t

C p
S Q B S p S

t



 


  
−  + +    

  
+ + + +  = 

 
d

  (4.45) 

 

4.3.3 Equation summary and validation 

The coupled equations  (4.41) and  (4.45) can be validated by comparing with the 

unsaturated hydro-mechanical coupled equations derived from the mechanics approach 

which has been tested by a number of researchers. The stress-strain relationship and the 

hydraulic equations from the mechanics approach are (Lewis and Schrefler, 1987, 

Lewis and Schrefler, 1998) 

 

Stress-strain:   
2

2
3

ij kk ij ij ij

G
K G p     

 
= − + − 

 
 

Hydro:    
2k 0

f f f
rf f f f f fs

S

f

k CS p p
p C S Q S p S

v K t t
 



    
−  + + + + +  =        

d  
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Without considering swelling and dissolution (
s , d  in stress-strain relationship and  

/ f

fB    in hydraulic equation), equations (4.41) and (4.45) can go back to classic 

equations derived from the mechanics approach by Lewis and Schrefler (1987), Lewis 

and Schrefler (1998). The difference is the coupled swelling and dissolution term  

( ) ( )
s d

f w d f w d

f f f f

x

S x S x

 

   
+

+ +
  , and these two terms require experimental 

determination. 

 

4.4 Numerical simulation  

In this section, numerical modelling is presented to show the coupled hydro-mechanical 

behaviour, with consideration of swelling and dissolution, for the host rock around a 

nuclear waste container. The host rock for nuclear waste works as a barrier to prevent 

radionuclides from leaching into the biosphere via underground water.  

 

4.4.1 Conceptual model 

4.4.1.1Model geometry and material parameters 

Figure 4.1 shows a simplified one-dimensional model geometry (0.15m width and 0.3m 

height). Boundary A is fixed and permeable, and boundary B is free and permeable. The 

upper and lower boundaries are on rollers allowing only horizontal displacement and 

are set as impermeable. 
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Figure 4. 1 Numerical modelling geometry and boundary condition 

 

Table 4. 1 Material parameters (Rejeb and Cabrera, 2004, Maßmann et al., 2006) 

Parameters Physical meaning  Values and units 

f

f  Density of pore fluid  1000kg/m3 

/k v  absolute permeability/dynamic viscosity  10-19m/s 

m  Van Genuchten parameter 0.43 

M  Van Genuchten parameter 51Mpa 

E  Young’s modulus  9270MPa 

  Poisson’s ratio 0.2 

  Biot’s coefficient 1 

q  Void coefficient 0.0005MPa-1 

sw  Swelling parameter 0.2 

dv  Dissolution parameter 0.05 

 

 

4.4.1.2 Initial and boundary condition 

The domain is assumed to contain water at a pressure of −4 MPa (unsaturated condition), 

with the corresponding degree of saturation as 0.995 obtained through using Van 

Genuchten relationship as 
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( ) ( )( )

( )
( )

2
0.5 1/

1/ 1

1 1

/ 1

m
m

w w

rw

m
mw

k S S

S P M
−

−

 
= − − 

 

 = − +
 

  

The whole domain is in equilibrium and the effective stress is zero. 

 

4.4.1.3 Dissolution/swelling, and parameters 

In equation (4.41), a dissolution term  
( )

dv d

f w d

f f

x

S x



 
=

+
  and a swelling term 

( )
sw s

f w d

f fS x



 
=

+
 have been included to account for the dissolution and swelling 

process. In realistic conditions, both dissolution and swelling are time-dependent 

processes. To simplify the analysis, the dissolution and swelling terms are assumed to 

be constant as dv=0.05 and sw=0.2, respectively. The material parameters are listed in 

table 4.1, more details about the adopted parameters can be found in section 3.4.1. 

 

4.4.2 Numerical result 

At the beginning of the numerical simulation, the pore fluid pressure at boundary A 

drops from -4MPa to -20MPa. Pore fluid pressure and degree of saturation are 

maintained to be the initial value at boundary B. The software COMSOL is used to 

solve the coupled constitutive equations.  

 

4.4.2.1 pore fluid pressure and degree of saturation 

Figure 4.2 and Figure 4.3 shows the distribution of pore fluid pressure and saturation 

throughout the domain at different time. Because there is a direct link between pore 

fluid pressure and saturation by Van Genuchten relationship, the two figures show a 

similar trend. As the absolute permeability is assumed to be constant, and 

swelling/dissolution is assumed to have little influence on the absolute and relative 

permeability, the pore pressure remains the same for both (sw=0.2) and non-swelling 
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(sw=0), dissolving (dv=0.05) and non-dissolving (dv=0). 

 

 

Figure 4. 2  Evolution of pore water pressure with time (solid line: t=0.5 year, dashed 

line: t=1 year) 

 

Figure 4. 3 Evolution of saturation distribution with time (solid line: t=0.5 year, 

dashed line: t=1 year) 
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4.4.2 Effective stress, strain and displacement 

Figure 4.4 shows the change of horizontal effective stress. Effective stress at boundary 

B remains 0. At boundary A, ‘swelling and non-dissolving case have the smallest 

effective stress, while ‘non-swelling and dissolving case’ has the largest effective stress. 

Compare the different lines in Figure 4.4, it can be concluded that the swelling process 

decreases the effective stress and the dissolution process increases the effective stress. 

This is because the swelling effect reduces the total stress influence on the solid skeleton 

whereas the dissolution effect enlarges such influence. A similar trend can be found in 

the horizontal strain and displacement (Figures 4.5 and 4.6). Since the swelling and 

dissolution process have contrary effects on the rock, the deformation of the rock 

depends on the combined impact of swelling and dissolution (Figure 4.6). 

 

Figure 4. 4 Evolution of effective stress with time (solid line: t=0.5 year, dashed line: 

t=1 year) 
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Figure 4. 5 Evolution of horizontal strain with time (solid line: t=0.5 year, dashed line: 

t=1 year) 

 

Figure 4. 6 Evolution of horizontal displacement with time (sw=0.2, dv=0.05) (solid 

line: t=0.5 year, dashed line: t=1 year) 
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4.4.3 Sensitivity analysis of permeability parameter 

Permeability is very important in Hydro-Mechanical coupling. This section compares 

the influence of  ‘swelling + dissolving’ on the deformation of rock, under different 

permeabilities: 18/ 10k  −= and  19/ 10k  −= at 0.5 years (Note k is used in the figure 

label to represent /k  ). The pore fluid pressure and saturation change much faster at 

larger permeability ( 18/ 10k  −=  ) (Figures 4.7 and 4.8). Effective stress, horizontal 

strain and displacement in high permeability ( 18/ 10k  −= )  rock are all larger than in 

low permeability ( 19/ 10k  −= ) at the same time (0.5 years) due to the faster increase 

of water pressure caused by higher permeability. 

 

Figure 4. 7 Evolution of pore water pressure with time (solid line: k/v=10-19, dashed 

line: k/v=10-18) 
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Figure 4. 8 Evolution of saturation with time (solid line: k/v=10-19, dashed line: 

k/v=10-18) 

 

Figure 4. 9 Evolution of effective stress with time (solid line: k/v=10-19, dashed line: 

k/v=10-18)  
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Figure 4. 10 Evolution of horizontal strain with time (solid line: k/v=10-19, dashed 

line: k/v=10-18) 

 

Figure 4. 11 Evolution of horizontal displacement with time (solid line: k/v=10-19, 

dashed line: k/v=10-18) 
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4.4.4 Limitation discussion and further work 

The numerical simulation presented here is a simplified case for the demonstration 

purpose of the complex mathematical equations, with the assumptions made as 1) 

Swelling and dissolution do not impact permeability (or porosity) or concentrations, 

which presents only in very high saturation ratio and low kinetics reaction in a short 

period of time (e.g. < 1 year for quartz dissolution); 2) Variations of the chemical 

potential of water and of dissolved solids are linearly related. This only presents in the 

condition of low concentration of dissolved solids. The relationship between the 

chemical potential of water and of dissolved solid can be further modified according to 

a real situation; 3) The dissolution and swelling terms are assumed to be constant, 

however, they are functions of the state variables and need to be determined by 

experiments. 

 

4.5 Conclusions 

This chapter extends the Biot’s elasticity theory by including the influence of swelling 

and dissolution based on Mixture-Coupling Theory. A general coupled structure for 

swelling and dissolvable materials has been formed. The rigorous derivation obtained 

by using Helmholtz free energy and non-equilibrium thermodynamics gives a deep 

insight into the inter-effects between molecular reaction, rock deformation, pore water 

and water molecules in the clay platelets.  

 

The numerical simulation analyses the swelling and dissolution progress on the 

deformation of an unsaturated rock sample. The numerical results show that swelling 

and dissolution have a contrary influence on the rock deformation.  The research has 

focussed on unsaturated water flow, without considering the chemical transport, which 

is important in nuclear waste disposal industry and will be conducted in future research.  
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Chapter 5 Unsaturated Hydro-Mechanical-Chemical coupling with 

consideration of swelling and dissolution 

 

5.1 Introduction 

Swelling clay-rich geomaterials have been widely used for waste management as 

engineered or host barriers (e.g., nuclear waste disposal, liquid mining waste, etc.). 

These barriers, however, will be exposed to coupled thermal (T), hydraulic (H), 

mechanical (M) and chemical (C) processes, and may be strongly influenced by acidic 

or alkaline leachate (e.g., the hyper-alkaline leachates from the cementitious barrier of 

intermediate/low-level waste).  Research has been conducted to study the behaviour of 

engineered barriers under such coupled situations (Gens et al., 2004, Liu et al., 2011, 

Peter, 2011, Xiaodong et al., 2011), however, little research has been done on the 

coupled swelling and dissolution/precipitation processes.  

 

In this chapter, Mixture-Coupling Theory has been further extended to consider the 

influence of coupled swelling and dissolution/precipitation. Entropy is used to link the 

dynamic dissipation and energy function. The evolution of stress and pore volume 

fraction are obtained by analyzing the free energy density of the wetted matrix. 

Numerical simulations demonstrate the advantages of the new theoretical and 

mathematical formulations.  

 

5.2 Balance equations and dissipative process 

An arbitrary domain V is selected within the material. It is assumed to be big enough to 

include solid, water and gas. S is the boundary attached to the solid phase and only fluid 

is allowed to pass through. The gas phase is assumed to be continuous with atmospheric 

pressure and 
atmp   is assumed to be zero to simplify the discussion (Neuman, 1975, 
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Safai and Pinder, 1979). 

 

5.2.1 Flux and density 

The flux is defined as 

 ( )s  = −I v v   (5.1) 

where 
I  , 

v  , and    are the flux, velocity and mixture density, respectively.   

represents different fluid components: w =   denotes water, c =   denotes chemical 

(solute), f =  denotes the fluid as a whole. 

The fluid phase density (the concentration in mass per unit volume fluid) is defined as 

 /f fluidmass V  =   (5.2) 

in which the mixture density   is related to phase density f

  through 

 f

fS  =   (5.3) 

where fS  is the saturation of pore fluid,   is the porosity. 

 

The total pore-fluid mixture density (e.g., water and a chemical) can be defined as: 

 f w c  = +   (5.4) 

and the barycentric velocity of the fluids can be defined as 

 ( ) ( )/ /f w f w c f c   = +v v v   (5.5) 

The diffusion flux of the water and chemical, which is relative to the barycentric motion, 

can be written as 

 ( )f  = −J v v   (5.6) 

by introducing the equation (5.1), the relationship between 
J  and 

I  can be obtained 

as 

 ( )f s  = − −J I v v   (5.7) 

where s
v is the velocity of the solid.  
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5.2.2 Balance equations 

 (1) Energy balance: The balance equation for Helmholtz free energy in iso-thermal 

condition can be derived based on the assumption of ignoring gas transport (Chen and 

Hicks, 2009, Chen, 2013) 

 s w w c c

V S S S V

D
dV dS dS dS T dV

Dt
   =  −  −  −    σn v I n I n   (5.8)

where the material time derivative is 

 s

t

D

Dt
=  + v  (5.9)  

In equations (5.8),    is the Helmholtz free energy density, σ   is the Cauchy stress 

tensor, s
v  is the velocity of the solid, T  is temperature,   is the entropy produced per 

unit volume, t  is the time derivative and   is the gradient.  

 

The derivative version of the equation (5.8) is expressed as 

 ( ) ( ) ( ) 0s s w w c c T    +   −   +   +   = − v σv I I  (5.10) 

 

 (2) The general balance equation for mass can be written as 

 ( ) r
V S V

D
dV dS m dV

Dt

   = −  +  I n   (5.11) 

where 
S

dS−  I n  represents the mass change due to transport through the boundary 

and r
V

m dV

  represents the mass change due to reaction inside the system. 

 

According to equation (5.11), the balance equation for water mass and chemicals are: 

      Water balance: The balance equation for the water mass (assuming water change 

due to reaction is negligible): 

 ( )w w

V S

D
dV dS

Dt
 = −   I n   (5.12) 

and the derivative version is 
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 0w w s w +  + =v I   (5.13) 

 

      Chemical balance: considering a mineral reaction process (e.g., 
b cv B v C ) the 

chemical component C  in the solution will be either generated due to dissolution of 

mineral B or consumed due to precipitation (reverse process). The balance equation for 

the chemical component is 

 ( )c c

r
V S V

D
dV dS m dV

Dt
 = −  +  I n   (5.14) 

The derivative version of the equation (5.14) is 

 0c c s c
rm +  +  − =v I   (5.15) 

where rm  is the source term, representing the generation or consumption of the 

chemical specie. rm  can be written as 

 r c cm M =   (5.16) 

where   (number of moles per unit mixture volume ) is the extent of reaction,  c  is 

the stoichiometric coefficient (positive for dissolution and negative for precipitation), 

and 
cM  is the molar mass of the C. 

The time derivation of   can be linked to the dissolution/precipitation rate through 

 cr  =   (5.17) 

where r  is the dissolution/precipitation rate. 

 

5.2.3 Dissipative progress and dissolution entropy 

The entropy change of the system could be categorized as (1) the friction generated at 

the solid/fluid boundary; (2) the transport of chemical species; (3) the dissolution or 

precipitation induced entropy. Therefore, the dissipation can be obtained by using non-

equilibrium thermodynamics, and the entropy production function is described as 

(Katachalsky and Curran, 1965) 
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 0
dw w c cT    = −  −  +I I   (5.18) 

where d  represents the entropy change due to dissolution/precipitation. To simply the 

discussion, the chemical entropy change influence on fluid transport is neglected (e.g. 

chemical osmosis and 0d =  ), so the basic Darcy’s law can be obtained by using 

phenomenological equations (Chen, 2013): 

 
k rf f
k

p


= − u   (5.19) 

where u  is Darcy’s velocity, k is the permeability, rfk  is the relative permeability, and 

fp  is the pore fluid pressure. 

 

The diffusion flux is (Chen and Hicks, 2013) 

 c f c

f diffD w= −  J   (5.20) 

where f

f  is the fluid mass density, diffD   is the diffusion coefficient, and cw   is the 

mass fraction of the chemical component. 

 

5.3 State equations for swelling and dissolution/precipitation 

This chapter takes the same understanding as that in previous chapters: There are two 

types of water in a swelling/dissolving rock: 1) water in the pores which can be 

described using non-equilibrium thermodynamics, and 2) water in the clay platelets 

which is subjected to strong intermolecular and surface forces such that 

thermodynamics is not applicable (Israelachvili, 1991) (Figure 5.1). The solids can be 

classed into two types: 1) the solid structure, which follows the continuum 

thermodynamics (mechanics) and 2) the dissolved chemicals in the pore space, which 

do not support the structure strength (Figure 5.1).  
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Figure 5. 1 Water types and solid types 

5.3.1 Helmholtz free energy of pore space 

Based on classical thermodynamics, the Helmholtz free energy density of the pore 

space pore can be written as 

 f w w f c c

pore f f
p S S    = − + +   (5.21) 

where /f fluidmass V  =  denotes the mass of fluid component per unit volume fluid. 

p  is the average fluid pressure in the pore space (the gas has been ignored). The time 

derivative of equation (5.21) leads to  

 ( ) ( )pore

f w w f w w f c c f c c

f f f f
p S S S S        = − + + + +   (5.22) 

According to the Gibbs-Duhem equation in constant temperature as 

 
f w w f c c

f f
p S S   = +   (5.23) 

and substituting equation (5.23) into equation (5.22) gives 

 ( ) ( )f w w f c c

pore f fS S    = +   (5.24) 

 

5.3.2 Basic equation for deformation 

It is assumed that the soil/rock maintains mechanical equilibrium so that 0 =σ . With 

the entropy production (5.18)  and balance equation (5.10), the balance equation for 

can be obtained as 
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 ( ): 0s s w w c c   +   − +   +   =v v I I    (5.25) 

To measure the rock’s deformation state, classic continuum mechanics are considered 

here: An arbitrary reference configuration X  is selected and at the time t , its position 

is x . Some basic expressions are (Wriggers, 2008): 

 ( ), t


=


x
F X

X
, ( )

1

2
= −TE F F I , 1 TJ − −=T F σF ,

0/J dV dV=  , sJ J= v   (5.26) 

where E  is the Green strain, F  is the deformation gradient, I  is a unit tensor. T  is the 

second Piola-Kirchhoff stress and   is the Cauchy stress. 

 

From equation (5.25), using the mass balance equation (5.13), (5.15), and the 

mechanical relationship (5.26), it leads to: 

 ( )= w w c c c

rtr m m m   + + −TE   (5.27) 

 J =  ， k k f k

fm J JS = =  (5.28) 

where   is the free energy in the reference configuration, km  ( ,k w c= ) is the mass 

density of the fluid component in the reference configuration, and fS  is the saturation 

of pore fluid. 

 

5.3.3 Free energy density of the wetted mineral matrix 

Because the free energy of the mineral matrix is inclusive of fluid ‘bound’ between 

platelets which do not follow non-equilibrium thermodynamics, the free energy of the 

mineral matrix can be obtained by subtracting the contribution of pore space from the 

total free energy of the combined solids/fluids system. Therefore, from equation (5.21), 

(5.24), (5.27) and (5.28), the free energy density of the wetted mineral matrix is written 

as: 

 ( ) ( ) w c

pore bound rJ tr p m m    − = + + −TE   (5.29) 

where 
f fp S p=  is the average pressure in the pore space, J =  is denoted as the 
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pore volume per unit referential volume, w f w

bound fm m JS = −   is denoted as the 

referential mass density of bound water. 

 

For the reason of convenience, the dual potential (deformation energy) can be expressed 

as 

 ( )w w c

pore bound rW J p m m    =  − − − +   (5.30)  

where W  is a function of E , p , w , c . The expressions for T ,  , boundm  and rm

can be given. Equation (5.30) implies the time derivative of ( , , , )w cW p  E  satisfies 

the relation 

 ( ) ( ), , ,w c w c

bound rW p tr p m m    = − − +E TE   (5.31) 

Note: the variable for the reaction part in equation (5.31) is the chemical potential 

variation c . This variable is not widely used as most dissolution/precipitation research 

focuses on dissolution/precipitation rate rather than the change of chemical potential. 

Using Legendre transforms leads to 

 ( )c c c

r r rm m m  = −   (5.32) 

Invoking equation (5.32) into equation (5.31) leads to 

 ( ) ( ) ( ), , ,w c c w c

r bound rW p m tr p m m     − = − − −E TE   (5.33) 

Substituting 0

c

rW W m= −  , which can be expressed as total deformation energy 

considering reaction induced energy, into equation (5.33) leads to  

 ( ) ( )0 , , ,w w c

r bound rW p m tr p m m   = − − −E TE   (5.34) 

or 

 

( ) 0 0
0

, ,, ,

0 0

, , , ,

, , ,
ww

ij rr

w
ij r ij

w

r ij

ij E mp m

w

rw

rE p m E p

W W
W p m E p

E p

W W
m

m










    
= +       

    
+ +   

    

E

  (5.35) 
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Therefore,  

 0

, ,w
r

ij

ij p m

W
T

E


 
=    

, 0

, ,w
ij rE m

W

p



 

= − 
 

, 

                                      0

, ,ij r

bound w

E p m

W
m



  
= − 

 
, 0

, , w
ij

c

r E p

W

m



 

= − 
 

 (5.36) 

 

If equation (5.36) is differentiated with respect to time, the fundamental constitutive 

equations for the evolution of stress, pore volume fraction, the mass densities in the 

bound water and the chemical potential can be obtained 

 w

ij ijkl kl ij ij ij rT L E M p S H m= − + −   (5.37) 

 w

ij ij rM E Qp B Dm = + + +   (5.38) 

 w

bound ij ij rm S E B p Z X m= − + + +   (5.39) 

 c w

ij ij rH E Dp X Ym = + + +   (5.40) 

where the parameters ijklL , ijM , ijS , ijH , B , X , Y , Z  are defined as the following 

group of equations: 

 

, , , ,
w w

r r

ij kl
ijkl

kl ijp m p m

T T
L

E E
 

   
= =         

 

 

, , , ,
w w

ij r r

ij

ij

ijE m p m

T
M

p E
 

   
= − =         

 

 

, , , ,w
ij r r

ij bound
ij w

ijE p m p m

T m
S

E




   
= = −        

 

 

, , , ,
w w

ij r

c
ij

ij

r ijE p p m

T
H

m E
 

   
= − =         

 (5.41) 

, ,
, ,

c w
ij ij r

bound

w

E p E m

m
B

p
 





   
= =   

    
 

, ,ij r

bound

w

E p m

m
Z



 
= − 

 
, 

, ,w
ij rE m

Q
p



 
=  

 
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, , w
ij

c

r E p

Y
m



 
=  

 
, 

, ,, ,w w
ij ij

c

bound

r rE p E p

m
X

m m
 

    
= =   

    
 

 

5.4 Coupled Hydro-Mechanical-Chemical constitutive equations 

5.4.1 Mechanical behaviour 

Equations (5.37), (5.38), (5.39) and (5.40) give the general coupled equations for 

mechanical behaviour, porosity, mass density of the bounded water and chemical 

potential of the fluid component. These equations are for wide general cases like non-

linear, large deformation, and anisotropic conditions. As the attention of this article is 

focused on the coupled dissolution and swelling influence, a few assumptions are made 

including (Chen & Hicks, 2013): 

i. Small strains assumption that leads to the replacement of the Green Strain tensor 

ijE  by the strain tensor ij , and the Piola-Kirchhoff stress ijT  by the Cauchy stress 

ij . 

ii. The parameters ijklL , ijM , ijS , Z , B  and Q  are material-dependent constants and 

the material is isotropic, therefore, the tensors ijM , ijS and ijH are diagonal and can 

be written in the forms of scalars  ,
s and R , as 

 ij ijM =  , ij s ijS  = , ij R ijH  =  (5.42) 

Based on assumption ii), the elastic stiffness ijklL can be a fourth-order isotropic tensor: 

 ( )
2

3
ijkl ik jl il jk ij kl

G
L G K     

 
= + + − 

 
 (5.43) 

Here, G  denotes the material’s shear modulus and K  denotes the bulk modulus. 

 

With the assumptions i), ii), the stress equation (5.37) can be simplified to 

 
2

2
3

w

ij kk ij ij ij s ij R r ij

G
K G p m          

 
= − + − + − 

 
  (5.44) 
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where the quantity   is the Biot coefficient, which is related to the bulk modulus K

and sK in a manner from poroelasticity through the equation ( )1 / sK K = − . In this 

equation, the two terms, namely,  
s  and R , have been introduced to represent the 

swelling and reactive dissolution/precipitation influence on the mechanical behaviour.  

 

The term R r ijm   is interpreted as the stress change due to dissolution/precipitation. 

Since R   is related to the bulk modulus K  , it can be expressed as R r K =  . The 

dissolution/precipitation induced stress as 

 r r rKm =   (5.45) 

Equation (5.45) can be compared with the thermal-induced stress as (Xia et al., 2014): 

 s=T KT    (5.46) 

where s  is the thermal expansion coefficient of the solid. 

 

Substituting equation (5.45) into equation (5.44), the constitutive equation for stress 

response can be obtained as  

 
2

2
3

w

ij kk ij ij ij s ij r r ij

G
K G p Km          

 
= − + − + − 

 
  (5.47) 

Assuming mechanical equilibrium ( / 0ij jx  = ), and using displacement variables

( )1, 2,3id i =   through ( ), ,

1

2
ij i j j id d = +  , and introducing equation (5.23), equation 

(5.47) leads to 

 
2 ( ) 0

1 2

s
r rf w

f

G
G p K m

S


 

 

  
 +   − −  −  =    −   

d d   (5.48) 

where    is the Poisson's ratio, 
f fp S p=   is the average pore pressure and its time 

derivative is  (Lewis and Schrefler, 1987) 
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f f f

f f f fs sC Cp p p
p S p S p

t t t 

   
= + = + 

   
    

in which 
f

s f

S
C

p



=


 is the specific moisture content. 

Equation (5.48) can then be rewritten as: 

    2 ( ) ( ) 0
1 2

f f fs s
r rf w

f

CG
G S p p K m

S


 

  

   
 +   − −  + −  =    

−    
d d   (5.49) 

Equation (5.49) presents a general formula including the influence of both the swelling 

and dissolution/precipitation on mechanical behaviour.  

 

Considering the relationship in equation (5.16), the governing equation for both 

swelling and dissolution is 

2 ( ) ( ) 0
1 2

f

f fs s
d c cf w

f

CG
G S p M K

S


   

  

   
 +   − −  + −  =    

−     

d d   (5.50) 

And the governing equation for both swelling and precipitation is 

2 ( ) ( ) 0
1 2

f f fs s
p c cf w

f

CG
G S p p M K

S


   

  

   
 +   − −  + +  =    

−    
d d  (5.51) 

where  and d p   are the dissolution and precipitation coefficients, respectively. 

 

5.4.2 Fluid-phase 

From equation (5.3), the water density equation (5.13) and the Euler identity, the 

conservation equation of water is obtained as 

 ( ) ( ) 0f f f

f f
S   + =u  (5.52) 

From equations (5.52), (5.13), (5.19) and (5.38), it leads to  

 

( )

2

/

k 0

f f f f f

f f f

ff
f rff f f f

f f

S S Q B p

kS
S p

t t

   


  



  + +

  
+ + + −  = 

   

d

 (5.53) 

Considering the rate of change of saturation function and the rate of change of water 



108 

 

density function (Lewis and Schrefler, 1987) 

 

ff f f f f f f
f

S Sf

f f f

S S p S p S p
C C

t t t K t K t


  



    
+ = + = +       

 (5.54) 

Equation (5.53) can be rewritten as 

( )2k / 0
f f f

rf f f f f f fs
S f

f

k CS p p
p C S Q B S p S

K t t
  

 

    
−  + + + + + +  =        

d  

 (5.55) 

 

5.4.3 Chemical-phase 

From the partial mass equation(5.11), (5.13), (5.15) and the mass density equation (5.3), 

introducing equation (5.7) and using the Euler identity, leads to 

 ( ) ( )f

f rS J J m    +  +  =u J   (5.56) 

If the fluid is assumed to be incompressible, introducing the mass fraction 

/ f

f fw  =  and assuming 1J = , there is 

 ( ) ( )f f f

f f rS w w m    +   +   =u J   (5.57) 

Because 1w



=   and 0




= J , summing over all the fluid components leads to 

the relationship 

 ( ) ( )f f f

f f rS m  +  = u   (5.58) 

By invoking equation(5.58), equation (5.56) can be transformed to give 

 ( )f f f

f f r rS w w m w m      +   +   = − u J   (5.59) 

Because the dissolution/precipitation rate deals with mole concentration, with the 

relationship 
f

f

c M
w






= , equation (5.59) can be converted from mass fraction to mole 

concentration: 

 fS c c r
M


  






+  + =
J

u   (5.60) 
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where c  is the mole concentration of the fluid component, and r  is the 

dissolution/precipitation rate (moles per unit volume per unit time), the term 

rw m −   has been neglected. 

From equations (5.20) and (5.60), the chemical transport equation can be obtained as 

 2k
rff f

diff

k
S c p c D c r   



 
−   −  = 

 
  (5.61) 

 

5.4.4 Equation validation  

Equations (5.49), (5.55) and (5.61) represent the coupled mechanical, hydraulic, and 

chemical processes. The swelling and dissolution/precipitation influence, namely, 

s

f f

fS




 and /d p  , have been incorporated into the coupled HMC framework. The 

new governing equations are a further extension of Chen’s research (Chen, 2013), with 

considering the dissolution/precipitation influence. If the swelling and dissolution terms 

are ignored, the developed equations will be simplified to the governing equations 

proposed by Lewis (Lewis and Schrefler, 1987). 

 

The dissolution part in equation (5.51) (or more general equation (5.47)) has the same 

equation stress-strain relationship as in the literature (Coussy, 2004, Zhang and Zhong, 

2017b, Zhang and Zhong, 2018) with a rigorous mathematical derivation and further 

consideration of swelling/precipitation. Note: The name ‘dissolution parameter’ is to 

keep consistent with the name ‘swelling parameter’ in this paper, while it is called 

‘reaction dilation coefficient’ or ‘chemical dilation coefficient’ in reference (Coussy, 

2004, Zhang and Zhong, 2018)  
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5.5 Numerical simulation 

5.5.1 Numerical model 

Clay, which are used as part of the engineered barrier for nuclear waste disposal, will 

encounter the influences of swelling and dissolution/precipitation when in contact with 

hyper-alkaline leachates generated from the cement materials around the nuclear waste. 

(Note: In a geological disposal facility (GDF), cement and bentonite being in direct 

contact may be limited to plugs and/or seals, including borehole seals (a direct 

interaction), although leachate from cementitious backfill material used in association 

with one waste category could indeed migrate in groundwater to bentonite buffer 

material being used in another part of the GDF in association with a different waste 

category: an indirect interaction). In this section, a simple numerical simulation for 

demonstration purpose is presented to show the role of swelling and 

dissolution/precipitation in a coupled HMC process. 

 

5.5.1.1 Geometry and boundary condition 

Conceptual model: Figure 5.2 shows the prescribed geometry and boundary conditions, 

which represent a geomaterial sample around the nuclear waste container. The domain 

is a square with 1m width. The central line (the dashed line in figure 5.2) along the X 

direction is selected to track the change alone the horizontal direction and five 

observation points are selected to track the change at some points, as presented in Figure 

5.2. 
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Figure 5. 2 Geometry and Boundary condition 

Boundary condition: In this model, boundary A is free and permeable, while boundary 

B is fixed and permeable. The upper and lower boundaries are fixed and non-permeable 

so that no vertical displacement is allowed and no water passes through. At boundary 

B, water pressure decreases to -10 MPa at the start of the simulation.  

 

Initial condition: The whole domain is assumed to be at mechanical equilibrium, with 

zero effective stress throughout. The domain initially contains water at a pressure of -5 

MPa and a saturation degree of 0.995, according to van Genuchten’s model, given by 

( ) ( )( )

( )
( )

2
0.5 1/

1/ 1

1 1

/ 1

m
m

w w

rw

m
mw

k S S

S P M
−

−

 
= − − 

 

 = − +
 

 

Chemical condition: In the numerical simulation, it is assumed that quartz is the major 

mineral component of rock/clay, which will first form 4 4H SiO (solid) with water, and 

then react with hyper-alkaline leachate from the cement as (Haxaire and Djeran-Maigre, 

2009) 

 
4 4 2 2

2

42 2
solid liquid liquid liquid

H SiO OH H SiO H O
− −

+ = +   

The dissolution rate equation is (Savage et al., 2002) 



112 

 

 1rate sf

eq

Q
r k A

K

  
 = −      

  (5.62)  

in which r  is the dissolution rate in moles per unit volume porous media, ratek  is the 

rate constant, sfA  is reactive surface area per unit volume of porous media, Q  is the 

ion activity product,   is a ‘coefficient related to the stoichiometry of the reaction that 

forms an activated complex, but is often set to be 1’ (Savage et al., 2002),   is an 

empirical coefficient that is assumed to be 1 in this paper, and eqK   is the 

thermodynamic equilibrium constant described as  

 

2

2 4

2

eq

eq

eq

H SiO
K

OH

−

−

  
=

  

  (5.63) 

in which 2

2 4 eq
H SiO −    is the concentration of 2

2 4H SiO −   and 
eq

OH −    is the 

concentration of OH −   at equilibrium, respectively. Since eqK  is a constant value, 

2

2 4 eq
H SiO −    and 

eq
OH −    will influence each other, i.e. the higher 

eq
OH −    is, the 

higher 
2

2 4 eq
H SiO −   will be. So, in the numerical simulation, not only are the conditions 

for 
2 4

H SiO  required, but also the conditions for OH − .  

 

Chemical boundary and initial condition (
2

2

4H SiO
− ): The concentration of 

2 4
H SiO  on 

the left boundary is set to be 0.003 /mol L (t>0) to represent the 
2 4

H SiO  brought by the 

external groundwater. The domain contains no
2 4

H SiO   initially, but the mineral will 

react with the hyper-alkaline leachates at t>0, and the concentration of OH −
from the 

hyper-alkaline leachates is 0.3 /mol L  (pH=13.48) and applied to all the domain (t=0).    

 

The hydraulic and mechanical parameters, including the Poisson’s ration, shear 
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modulus, permeability, porosity and the Biot’s coefficient are mainly for the Opalinus 

Clay, and are adopted from the experimental results by Wild et al. (2015) and the 

modelling case by Ziefle et al. (2018). The reactive rate constant is adopted for the case 

of base mechanism from Hu et al. (2012); the diffusion coefficient, surface area and 

equilibrium constant are collected from different research, they are the general values 

for quartz (Lichtner and Seth, 1996, Savage et al., 2002). Detailed parameters are listed 

in Table 5.1.  

Table 5. 1 Material parameters  

Parameters Physical meaning  Values and units 

w

t  Density of fluid  1000kg/m3 

  Porosity 0.16 

k  permeability  6.8*10-20m-2 

  Dynamics viscosity 1*10-3Pa.s 

m  van Genuchten parameter 0.54 

M  van Genuchten parameter 44.4MPa 

G  Shear modulus  1.2GPa 

  Poisson’s ratio 0.18 

  Biot’s coefficient 1 

D Diffusion coefficient 10-9 m2/s(Lichtner and Seth, 1996)   

q  Void coefficient 5*10-10 

rate
k  Reactive rate constant 2.102*10-10 mol/m2/s (Hu et al., 2012) 

A  Reactive surface area 9.53*103 m2/m (Savage et al., 2002) 

eqK  Equilibrium constant                                      1*10-4 

 

5.5.1.2 Simulation procedure 

The swelling term s

f w

fS




  and the dissolution/precipitation term 

d
   may be 

complicated expressions. To simplify the discussion, the swelling coefficient is 
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assumed to be  0.2s

f w

fS




= . The coefficient associated with the pressure variable in the 

hydraulic equation (5.55) is simplified as one simple and named as void coefficient 

( )/
f

f f f fs
S f

f

CS
q C S Q B S p

K
 



   
= + + + +       

. The strain resulting from dissolution 

can be expressed by considering the volumetric strain (Tao et al., 2019) as 

 
( ) ( )1

1=
1

rem

s b b
d ini b b

s t s t

d n d nV M M

V V V


  
= − − = −

−
  (5.64) 

where n  is the change of the number of moles, sV  is the volume of the solid part, V is 

the total volume, 
bM  is the mole mass of mineral B, and b

t  is the true mass density of 

mineral B. 

 

If the dissolution rate is defined as the number of moles per unit time per unit volume 

of porous media as in equation (5.62), 
( )d n

V
 in equation (5.64) becomes the reaction 

extent  . From the stress-strain relationship (5.47) with consideration of dissolution 

influence only, the corresponding stress-strain relationship (assuming the solid is 

homogeneous and linearly elastic) can be obtained as  

 
( )1

1

b
d d d rb

t

d nM
K K Km

V
  

 
= − = − = −

−
  (5.65) 

With equation (5.65) and the relationship in equation (5.16),  it leads to  

 
1 1

1

b
d b

ro c t

M

M


  
=

−
  (5.66) 

Here, for 
b cv B v C  , ro   is the proportion of the stoichiometric coefficient of the 

product against reactant, e.g., /ro c b  = . 

 

For example: Considering quartz (e.g. 4 4H SiO ), as the density is 1800g/m3 and molar 
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mass 96g/mol, using equation (5.65) leads to 
( )

4
5.3*10

=
1

ro

d





−

−
 . The variable in equation 

(5.65) is dm  rather than  . In Equation (5.50), the variable has been switched to  , the 

coefficient before   changes to 
( )

3
5.3*10

1

b

d c cM


 


−

=
−

, which is a similar value as the 

‘reaction dilation coefficient’(1*10-5) in recent literature (Zhang and Zhong, 2018). 

 

To obtain a deep understanding of the influence caused by swelling and 

dissolving/precipitating, four scenarios are considered in the numerical simulation: 

 i). “No swelling and no dissolution”. In this scenario, the influence of swelling or 

dissolution is not considered, this situation becomes the classic theory described by 

Lewis’s research (Lewis and Schrefler, 1987).  

 

ii). “Swelling only”. In this scenario, only the influence of swelling is considered, this 

is the same as Chen’s research (Chen, 2013). 

iii). “Dissolution only”. 

iv). “Swelling and dissolution”.   

Note: By setting the dissolution parameter to be negative, the influence of precipitation 

can be analyzed. 

 

5.5.2 1D numerical results 

Figure 5.3 shows the distribution of pore water pressure along the middle line of the 

sample under the four scenarios at different times. The water pressure distributions in 

these scenarios are the same. This is because the porosity evolution, the water loss in 

the pore space due to swelling is ignored and the osmosis phenomena induced by 

chemical concentration variation are not considered to simplify the discussion. Figure 

5.3 shows that the pressure in the domain decreases gradually with time and reaches 

equilibrium at t=1000h. From equation (5.55), the time required to reach equilibrium 
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not only depends on the pressure and strain variables, but also depends on the associated 

coefficients, i.e., permeability, void coefficient and Biot coefficient. Numerical 

investigations show that the permeability and void coefficient has a much more 

significant influence than the Biot coefficient. The greater void coefficient and smaller 

permeability would lead to longer time required to reach equilibrium. The permeability 

adopted in table 5.1 is much larger than the permeability in chapter 4, resulting in a 

much shorter time to reach equilibrium in spite of a larger domain size.  Owing to the 

van Genuchten relationship between water pressure and saturation, the distribution of 

saturation (Figure 5.4) shows a similar trend as the pressure distribution in Figure 5.3.  

 

 

Figure 5. 3 Distribution of pore water pressure (scenario i, ii, iii, iv) 



117 

 

 

Figure 5. 4 Distribution of saturation (scenario i, ii, iii, iv) 

Figure 5.5 shows the horizontal displacements according to the four scenarios at 240 

hours and 600 hours. The displacement in scenarios i and iii looks like the “same”, and 

means that dissolution has ‘no’ contribution to displacement. However, this is because 

the dissolution rate is so slow that the amount of quartz dissolved within 600 hours is 

very small. The contribution of dissolution on displacement is very limited, even not in 

the same magnitude with the contribution of water pressure, so there is no significant 

influence of dissolution displayed in Figure 5.5. This also explains why the 

displacement in scenarios ii and iv is the same. Comparing scenarios i and ii, when 

there is only the influence of swelling, the displacement is significantly decreased, 

which means that swelling has a negative influence on the consolidation process.  

 

Because water pressure reaches equilibrium around 1000 hours, water pressure or 

swelling will no longer contribute to the displacement change after 1000 hours. The 

displacement change after 1000 hours is purely caused by dissolution. In Figure 5.6, at 

t=2000h, dissolution slightly enlarges the displacement, and at a longer time, the 

displacement is further enlarged. Considering the conclusion from Figure 5.5, it is clear 
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that swelling and dissolution have opposite influence on displacement. 

 

 

Figure 5. 5 Horizontal displacement (short time) 

 

Figure 5. 6 Horizontal displacement (long time) 

Figure 5.7 shows the H2SiO4 concentration distribution with time and space. In Figure 

7 (a), at the early stage, the concentration near boundary A is dominated by diffusion, 

Scenario i&iii, t=600h 

Scenario ii&iv, t=600h 



119 

 

whereas the concentration in the domain is dominated by the dissolution of quartz. As 

time increases, at t=120 hours, the concentration near boundary A exceeds the initial 

value (0.003 mol/L) due to the combined influence of dissolution and diffusion, 

however, the concentration in the domain is still dominated by dissolution, because the 

diffusion toward the right boundary B is slow. Later, the concentration in the domain 

exceeds the value on left boundary A and the diffusion direction reverse from B to A.  

 

In Figure 5.7 (b), the concentration at point A is higher than the concentration at other 

points before t=200h. This is because, at the very early stage, the concentration is 

dominated by diffusion, since point A is closer to the high concentration boundary, the 

concentration is higher; then as time goes by, the influence of dissolution becomes 

significant, and the combined influence of dissolution and diffusion makes the 

concentration at points B increase but not exceed the concentration at point B. 200 hours 

later, the dissolution process takes the dominate role, resulting in a higher concentration 

at point B, C, D, E, F. The concentration at points D and E are the same, because these 

two points are far away from the diffusion source, i.e., the left boundary, therefore, the 

concentration at these two points is controlled mainly by the dissolution process but the 

diffusion process has very limited influence. The dissolution reaction here is the same 

so the concentration is the same. After a sufficiently long time, the concentration at all 

these points reaches equilibrium but the equilibrium concentration is different, this is 

because the concentration at A, B C points is controlled by the joint effects of 

dissolution and diffusion as they are close to the left boundary and the concentration at 

D, E points are dominated by dissolution only. 

 

Figure 5.8 presents the influence of precipitation on horizontal displacement. Compared 

with Lewis’ research (Lewis and Schrefler, 1987), precipitation and dissolution have 

opposite influences. This is because, theoretically, precipitation can be viewed as an 

opposite process of dissolution. 
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               (a) concentration change along the observation line 

 

                 (b) concentration change at the observation points 

Figure 5. 7 H2SiO4 concentration change with space (a) and time (b) 
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Figure 5. 8 Horizontal displacement at t=5000h (dissolution and precipitation) 

5.5.3 2D numerical results 

The above 1D numerical simulation presents the influence of swelling and 

dissolution/precipitation on the mechanical behaviour. In this section, a simple 2D 

model is presented for engineering applications. The basic parameters and boundaries 

are the same as the 1D model. The difference is that the pressure at the domain and the 

left boundary varies linearly from -5MPa to -10MPa, representing the pressure variation 

in natural situation (Figure 5.9). At the start of the simulation, pressure at the right-hand 

boundary drops by -5MPa to simulate pressure change caused by engineering 

disturbance (e.g., excavation). 

 

The displacement distribution is presented in Figure 5.10. From (a) and (b), it can be 

found that at t=240h, the displacement in the “swelling only” situation is smaller than 

the displacement in “no swelling/dissolution” situation, which means the swelling 

process has a negative influence on displacement. From (a) and (c), dissolution has a 

very small influence on displacement as dissolution is kinetically controlled so that it 

doesn’t show influence in such a short time. Comparing (c) and (d) at a much longer 
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time (e.g., 20000 hours), the influence of dissolution becomes much more significant. 

This reveals the importance of including chemical reactions in the long term analysis 

for chemical disturbed soils/rocks.  

 

Figure 5. 8 Pressure condition in 2D model 

          

  (a. no swelling/dissolution, t=240h)                (b. swelling only, t=240h) 

           

(c. dissolution only, t=240h)                            (d. dissolution only, t=20000h) 

Figure 5. 9 Horizontal displacement distribution in different situations (unit: m) 
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5.5.4 Discussion and limitations  

This research is a further extension of Biot’s theory by incorporating the influence of 

swelling and dissolution/precipitation. Specific attention is paid to the chemical 

influence on mechanical behaviour. A group of general fully cross-coupling equations 

have been obtained as equations (5.37), (5.38), (5.39) and (5.40), and a further 

simplified equation for small strains is obtained in equation (5.44). 

 

There are a few limitations of this chapter: 

Theoretical derivation: 

1: The key feature of dissolution is the solid mineral mass change and the corresponding 

free energy change. However, this feature could not be found in the derivation process, 

and the dissolution mechanism is hidden. Such a limitation further leads to an imprecise 

constitutive result, see limitation 2. 

 

2: The dissolution term in the stress-strain equation (5.47) is derived from the reactive 

term in equation (5.27) and represents the stress caused by the dissolution of the solid 

mineral. Since equation (5.27) adopts the free energy change of the reaction product 

instead of that of the reactant, there will always be a r r ijKm −  term in the developed 

stress-strain relationship. Such a result is imprecise if the reaction occurs between the 

fluid components without changing the solid mineral, for example, 

2 2 2 3CO H O H CO+ →  . In this reaction, no solid mineral is involved, and no stress-

strain response generates from the reaction, but the constitutive relationship still 

contains a r r ijKm −  term.  

 

3. Equation (5.27) indicates that the chemical potential of the free water in the pore 

space and the bounded water in the interlayer space is the same. This is a rather rough 
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assumption as the chemical potential of free water and bounded water differs.  

 

4. The water in the interlayer space is strongly bounded by intermolecular force and 

does not flow. Since the bounded water mass is formerly part of the free pore water 

mass, it must be the ‘sink source’ of the free pore water mass. Although the equation 

for bounded mass has been derived in this chapter, it is not derived as the ‘sink source’ 

in the fluid transport equation, this is primarily because the mass density of pore fluid 

and bounded fluid is not distinguished and the entropy production due to free pore fluid 

becoming bounded fluid is not considered.  

 

Numerical modelling: 

1. As the attention of this paper has been focused on embedding the coupling of swelling 

and dissolution/precipitation terms into an HMC framework, the change of physical 

properties (e.g., permeability, bulk modulus) are ignored in the numerical simulation. 

But all of these physical properties can be incorporated into the final new constitutive 

equations.  

 

2. The clay-rich sample considered in this research is idealized and is assumed to be 

homogeneous. 

 

3. The water loss into the clay platelet is ignored. The osmosis phenomenon, induced 

by chemical components in the pore water, is not considered. 

 

4. The swelling and dissolution/precipitation terms (e.g., s

f w

fS




, d  etc.) need to be 

determined by further experimental research. Although a theoretical expression for the 

dissolution coefficient has been derived, experimental validation is still required. The 

relationship between the stress change and the reaction extent obtained in experiments 
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can be used to validate the dissolution coefficient. Because reactions may be complex, 

it is suggested to use a sample and solution that involves only one reaction or one 

dominant reaction. The swelling coefficient may be obtained through the relationship 

between the stress change and water pressure change in a swelling test. 

 

5.6 Conclusion  

In this chapter, Mixture-Coupling Theory has been extended to derive a new coupled 

hydro-mechanical-chemical formulation accounting for the complex molecular-scale 

swelling and dissolution/precipitation interactions. The distributions of pore water 

pressure, degree of water saturation, and displacement have been analysed using 

numerical simulations under various scenarios for swelling/dissolution/precipitation. 

The results demonstrate that the molecular-scale interactions can have a significant 

influence on the macro-scale physical deformation.  This indicates that molecular-scale 

influence should be sufficiently considered in a design of engineered barriers or a safety 

analysis of the natural barriers for waste management (e.g., nuclear waste disposal).  

 

This chapter is focused on the theoretical and numerical study, and the swelling and 

dissolution/precipitation parameters need to be determined by further experimental 

research. 
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Chapter 6 Constitutive equations for coupled THMC model with              

consideration of swelling and dissolution based on Mixture-Coupling 

Theory 

 

This chapter develops a new coupled Thermo-Hydro-Mechanical-Chemical (THMC) 

model with swelling and dissolution. It is not only an extension of the HMC model 

presented in chapter 5 by incorporating the thermal process but also a refinement and 

improvement of the derivation details discussed in section 5.5.4. The improvement of 

derivations includes: 

 

1. The mass density in the mixture now has been divided into two parts: the free mass      

in the pore space and the bounded mass in the interlayer space. This enables rigorous 

consideration of (1). The mass movement into the interlayer space and the 

corresponding entropy production; (2). The pore fluid mass loss due to swelling. 

2. The entropy production of free pore mass becoming bounded mass is considered, 

making the derivation more rigorous.  This consideration, together with the above one, 

also brings a more precise description of the Helmholtz free energy of the mixture. 

3. More detailed chemical reaction formula is considered. 

4. The entropy production due to chemical reaction is quantified and employed in the 

derivation, and the reaction extent is adopted as a variable in the mechanical equation. 

5. A new concept, solid affinity, is defined. This enables a deeper understanding of the 

free energy change in a reactive dissolution/precipitation process. 

6. The dissolution/precipitation influence on porosity change is derived and quantified 

and incorporated into the fluid/chemical transport equation.  

7. The bounded fluid mass is derived as a sink term in the fluid and chemical transport 

equation. It is also presented in the thermal transport equation to represent the influence 

of bounded mass on thermal transport. 



127 

 

 

6.1 Basic consideration 

6.1.1 Swelling and density 

As swelling is the result of fluid absorbed into the interlayers of clay, the fluid in the 

mixture system can be divided into two parts: the free fluid in the pore space and 

bounded fluid in the interlayer space, so, for the density of any fluid component, there 

is a relationship 

 pore bound

    = +   (6.1) 

in which  , pore

  and bound

  are the mixture density of overall fluid component  , 

pore fluid component    and bounded fluid component   .    represent the fluid 

component, when f = , it represents the fluid as a whole. 

 

From the density relationship, the mixture density of the pore fluid component pore

  is 

related to the phase density of the pore fluid component f

  through  

 f

pore fS   =   (6.2) 

in which   is the porosity, fS  is the saturation of pore fluid. 

 

6.1.2 dissolution and reaction extent 

For reactive dissolution/ precipitation, a general chemical reaction is considered as 

 A B C D

solid fluid solidfluid

A B C D   + → +   (6.3) 

in which Av  , Bv  , Cv  , Dv   are stoichiometric coefficients for reactants A  , B   and 

products C  , D  . Equation (6.3) describes a reactive process that involves the 

dissolution of mineral A  , consumption of fluid component B  , generation of fluid 

component C  and precipitation of mineral D . It is easy to include more reactants or 

products in the reaction, but only limited items are listed for clarity and simplicity. 
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Let   be the extension of reaction. The change in the number of moles per unit mixture 

volume is 

 
A

A

dn
v d

V
= −  , 

B

B

dn
v d

V
= − ,

C

C

dn
v d

V
= , 

D

D

dn
v d

V
=  (6.4) 

 

6.1.3 Flux  

Since a part of fluid is bounded in the interlayer, only the pore fluid can flow out through 

the boundary, so the flux should be defined for the free pore fluid, instead of the overall 

fluid or bounded fluid. 

 ( )s

pore

  = −I v v   (6.5) 

in which 
v , s

v  are the velocity of pore fluid component   and the solid. 

The total pore-fluid mixture density is 

 f

pore pore

 =   (6.6) 

and the barycentric velocity of the fluids can be defined as 

 ( )/f f

pore pore

  = v v   (6.7) 

The diffusion flux of the chemical, which is relative to the barycentric motion, can be 

written as 

 ( )f

pore

  = −J v v   (6.8) 

by introducing the equation (6.5), the relationship between 
J  and 

I  can be obtained 

as 

 ( )f s

pore

  = − −J I v v   (6.9) 

If sum up all fluid components, with the help of equation (6.5), it is easy to find  

 0 =J   (6.10) 

The Darcy velocity for the unsaturated condition is described as 
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 ( )f sS = −u v v   (6.11) 

 

6.2 Balance equations and entropy production 

6.2.1 Mass balance equation 

The mass balance equations in chapters 3, 4 and 5 are written for the overall fluid 

without distinguishing the pore fluid and bounded fluid. In this chapter, the balance 

equation is written for the pore fluid only, enabling one to set the bounded mass as the 

‘sink term’ for the pore fluid and consider the entropy production due to pore mass 

becoming bounded mass. 

 

For the free mass in the pore space, since some can be absorbed into the interlayers, 

some can be generated by the reaction, the mass balance for the fluid component   

can be written as 

 ( )pore ex
V S V V

D
dV dS dV v M dV

Dt

   

   = −  − +   I n   (6.12) 

where ex

  is the mass density of fluid component   that entered into the interlayer 

space; 1 = −  for the reactant, 1 =  for the product and 0 =  if   does not join the 

reaction.  

 

The balance for bounded mass is 

 ( )bound ex
V V

D
dV dV

Dt

  =    (6.13) 

Because the only source for bounded fluid is the fluid from the pore space, there must 

be 

 bound ex

  =   (6.14) 

The time derivation form for equation (6.12) is 

 
s

pore pore ex v M    

    +   +   + =v I   (6.15) 
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6.2.2 Heat balance equation 

The heat change considered in the mixture system is only the influx and efflux of 

thermal flow across the boundary. Although the chemical reaction can release or absorb 

some heat, the amount is normally very limited and has very feebly influence, so it is 

not considered. 

 

The total thermal flow q  can be divided into two parts: the heat flow carried by the 

pore fluid f
q , and the reduced heat flow q , which is the difference between the total 

heat flow and the heat flow caused by fluid (Katchalsky and Curran, 1965). 

 f= +q q q   (6.16) 

The heat flow carried by the fluid can be expressed as: 

 =f f fh h  =q I I   (6.17) 

where h  is the enthalpy of  th fluid component. 

 

The balance equation for the heat of the mixture system can be written as 

 ( )s f f f f

pore bound
V S S

D
q q q dV dS h dS

Dt
+ + = −  −   q n I n   (6.18) 

in which 
sq  , f

poreq  , f

boundq   are the heat mixture density of the solid, pore fluid and 

bounded fluid, they are defined as 

 s s sq C T=  , f f f

pore poreq C T=  (6.19) 

where sC , fC are the specific heat capacities of solid and pore fluid. The fluid heat 

capacity fC  can be determined by experiments or estimated through 

 
fC w C =    (6.20) 

in which w  , C   are the mass fraction and specific heat capacity of pore fluid 

component  . 

 

It should be noted that the fluid in the interlayer can feel the change of temperature so 
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that the heat density of the bounded mass changes with temperature, this is why 

equation (6.18) contains f

boundq . 

 

The time derivation of the heat balance equation (6.18) is 

 ( ) ( )+ + + 0s f f s f f s f f

pore bound pore boundq q q q q q h+ + +    +  =v q I   (6.21) 

This equation shows that the heat change of the mixture system, including the solid, 

pore fluid ad bound fluid, equals to the heat leaves the system by conduction and fluid 

convection. 

 

6.2.3 Internal energy balance equation 

The internal energy balance equation for the mixture system can be written as 

 ( )s
V V S

D
dV dV h dS

Dt

  = −  −   σv q n I n   (6.22) 

where   is the internal energy density, σ  is the Cauchy stress tensor. 

The derivative version of the balance equation (6.22) is 

 ( ) 0s s h   +   −   +   +   =v σv q I   (6.23) 

 

6.2.4 Entropy balance equation 

In an irreversible process, the entropy change combines two parts: the entropy exchange 

with surroundings and the entropy produced irreversibly. The entropy balance equation 

can be written as (Katchalsky and Curran, 1965) 

 ( )s f f

pore bound
V S V

D
dV dS dV

Dt
   + + = −  +  I n   (6.24) 

where 
s , 

f

pore , 
f

bound  are the entropy mixture density of the solid matrix, pore fluid 

and bounded fluid, respectively. I  is the entropy flow exchange with the surroundings 

and   is entropy produced irreversibly. 
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If only considering the influx and efflux of thermal flow, the expression of I  can be 

written as  

 
T T

 

 






− 
= = +




q I q
I I   (6.25) 

in which h T   = −  is the chemical potential of the pore fluid component  . 

The time derivation of equation (6.24) following the movement of the solid is 

 ( ) ( ) 0s f f s f f s

pore bound pore bound       + + + + +   +   − =v I   (6.26) 

For the sake of simplification, equation (6.26) could be written as 

 0mix mix s

  +   +   − =v I   (6.27) 

where mix s f f

pore bound   = + +  is the entropy density of the solid-fluid mixture. 

 

6.2.5 Helmholtz Free Energy balance equation 

From the definition of Helmholtz free energy, for the solid-fluid mixture system, there 

must be 

 ( )s f f

pore bound
V V V

D D D
dV dV T dV

Dt Dt Dt
     = − + +

      (6.28) 

where   is the Helmholtz free energy density of the solid-fluid mixture system. 

 

So that with equation (6.24), (6.25) ,(6.26) and (6.27), the local version of equation 

(6.28) is 

( )( )s s s mixh T T T T 

   +   =   −   −   − +   +   −v σv q I v I   (6.29) 

 

6.3.6 Dissipative progress and entropy production 

The entropy change of the system could be categorized as (1) the entropy production 

generated by fluid passing through the solid matrix; (2) the entropy production 

generated by free pore fluid becoming bounded fluid; (3) the dispassion of heat; (4) the 

entropy production caused by chemical reaction. The first, third and the fourth entropy 
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production can be obtained by using non-equilibrium thermodynamics (Katchalsky and 

Curran, 1965) and the second entropy production can refer to the result of Loret (Loret 

et al., 2002). The overall entropy production is 

 ( )0 bound exT T A    

      = −  −  + − +I I   (6.30) 

where  , bound

  are the chemical potential of pore fluid component and bounded fluid 

component.  

 

In equation (6.30), the terms on the right hand of the equality are: 

1: T T T
T T

 

 






 −  
−  = −  = − +        




q I q
I I  , the entropy production 

caused by heat exchange, including heat by convection and heat by advection; 

2:  −  I  , the entropy production caused by fluid flow, which includes the 

entropy by the fraction when pore fluid passes through the solid; 

3: ( )bound ex

    − , the entropy production generated when the free pore fluid entering 

into the interlayer space and becoming bounded fluid;  

4: A , the entropy production caused by the chemical reaction. 

The affinity A  of the reaction is defined as 
t

A


 = −  (Kondepudi and Prigogine, 

2014)  

 
A B C D

A t B t C t D tA v v v v   = + − −   (6.31) 

where t

  is the ‘true’ chemical potential, which is the potential that widely used in 

most chemical research, it is related to the chemical potential used in this thesis through: 

 t

M







 =   (6.32) 

With equation (6.32), the equation of affinity becomes 

 
A A B B C C D D

A B C DA v M v M v M v M   = + − −   (6.33) 
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6.4 State equations for swelling/dissolution  

This chapter deals with the state equations for swelling/dissolution. First, the free 

energy density of the pore space is analyzed by using classical thermodynamics. Then, 

the free energy density of the mixture system is obtained by non-equilibrium 

thermodynamics and continuum mechanics. Finally, the free energy of the wetted 

mineral matrix is obtained.  

 

6.4.1 Helmholtz free energy density of pore space  

From classical thermodynamics, the free energy density of the pore space pore is 

 f

pore fp S    = − +    (6.34) 

where f fp S p=  is the average pore pressure, fp  is the pore fluid pressure. 

The time derivation of equation (6.34) is:  

 
f f f

pore f f fp S S S           = − + + +     (6.35) 

According to the Gibbs-Duhem equation, for the pore fluid, there is 

 
f f f

f fp S T S    = +    (6.36) 

where f

f  is the phase density of pore fluid entropy, it is the summary of entropy of all 

fluid components, i.e. f

f f

 =  . 

Substituting (6.36) into (6.35) leads to 

 
f f f f

pore f f fS T S S        = − + +    (6.37) 

 

6.4.2 Helmholtz free energy density of the mixture system 

Assume that the rock maintains mechanical equilibrium so that  =σ 0  . With the 

entropy production (6.30) and balance equation (6.29), the equation for the free energy

  is  
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 ( ) ( ) ( ): 0s s s mix

bound exT T A           +   − +   + +   + − + = v v I v   

 (6.38) 

Recalling the continuum mechanics in chapter 3, from equation (6.38), it leads to the 

Helmholtz free energy density in the reference configuration as 

( ) B B C C mix

pore bound bound B Ctr m m v M v M A T          = + + + − − −  TE  (6.39) 

in which  

 J = , pore porem J = , bound boundm J = , mix mixJ =  (6.40) 

  is the free energy in the reference configuration and porem  , boundm  are the mass 

mixture density of the pore fluid component   and bounded fluid component   in the 

reference configuration; mix   is the entropy density of the mixture in the reference 

configuration. 

 

Invoking the affinity equation (6.33), equation (6.39) becomes 

   ( ) A A D D mix

pore bound bound A Dtr m m v M v M T         = + + − + −  TE   (6.41) 

Similar to the definition of affinity, a new concept sA  is defined as the ‘solid affinity’ to 

represent the affinity of the solid part in the reaction, written as 

 A A D D

s A DA v M v M = −   (6.42) 

Then, equation (6.41) can be written as 

 ( ) mix

pore bound bound str m m A T      = + + − −  TE   (6.43) 

In equation (6.43), the term sA −  represents the Helmholtz free energy change of the 

solid mineral due to reactive dissolution/precipitation. If the chemical reaction happens 

only within the fluids without changing the solid, sA  vanishes, and the free energy of 

the system will not be changed by the reaction. The terms porem   , bound boundm   

represent the free energy of the pore mass and bounded mass, respectively. They are 

associated with different chemical potentials, which is different from the equal chemical 
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potential assumption in equation (5.27). The different chemical potentials for free pore 

mass and bounded mass give a more precise description of the free energy change 

during a swelling process, which is more advanced than the equal chemical potential of 

pore mass and bounded mass in literature (Heidug and Wong, 1996, Roshan and Oeser, 

2012, Gao et al., 2021).  

 

6.4.3 Free energy density of the wetted matrix   

As fluid has been absorbed into the solid matrix, the free energy of the wetted matrix 

includes the free energy of the matrix and the free energy of the bounded fluid. This 

can be obtained by subtracting the contribution of pore fluid free energy pore  from 

the free energy of the mixture system  .  

 

With equation (6.39), (6.37) and (6.34), the free energy of the wetted matrix can be 

obtained as 

 ( )( ) wet

pore bound bound sJ tr p m A T     − = + + − − TE   (6.44) 

where 
wet mix f s f wet

bound J =  −  =  +  =   is the entropy density of the wetted 

matrix in the reference configuration, J =   is the pore volume fraction per unit 

referential volume. 

 

For the reason of convenience, the dual potential (deformation energy) can be expressed 

as 

 ( )w

pore bound boundW J p m    =  − − −    (6.45)  

where W  is a function of E , p , 
bound


 ,  , T .  

From Equation (6.44), there is  

 ( ) ( ), , , ,
wet

bound bound bound s
W p T p m A Ttr  

    = − − − − E TE   (6.46) 

Equation (6.46) must have 
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( )
, ,, ,

, ,, ,, ,

, , , ,

ij boundbound

ij boundijij bound

bound ij

ij Ep

bound

E pbound r E pE p

W W
W p T E p

E p

W W W
T

m T







  






 

 


    
= +       

      
+ + +     

     


E

 (6.47) 

in which 

 

, ,w

ij

ij p

W
T

E
 

 
=    

, 
, ,w

ijE

W

p
 


 

= − 
 

, 

, ,ij

bound

bound E p

W
m






 
= − 

 
, 

                 
, , w

ij

c

E p

W






 
= − 

 
, 

, ,ij bound

wet

E p

W

T 

 
 = − 

 
 (6.48) 

If equation (6.46) is differentiated with respect to time, the fundamental constitutive 

equations for the evolution of stress, pore volume fraction, the mass densities of the 

bound component, the solid affinity and the entropy of the wetted matrix can be 

obtained 

 ij ijkl kl ij ij bound ij ijT L E M p S H F T  = − + − −   (6.49) 

 ij ij boundM E Qp B D NT   = + + + +   (6.50) 

 bound ij ij boundm S E B p Z X R T       = − + + + +   (6.51) 

 s ij ij boundA F E Np R W CT  = + + + +   (6.52) 

 wet

ij ij boundH E Dp R C VT   = + + + +   (6.53) 

 

As the thesis introduces the solid affinity sA   to describe the Helmholtz free energy 

change by dissolution/precipitation, the cross-coupling group equations (6.49)-(6.53) 

are different from other research (e.g. Haxaire and Djeran-Maigre (2009), Karrech 

(2013), Zhang and Zhong (2017a)) in that equation (6.52) presents the solid affinity 

change instead of the overall affinity change. 
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6.5 Coupled field equation  

6.5.1 Solid phase 

Equation (6.49) represents the evolution of the Piola-Kirchhoff stress ijT  , volume 

fraction   , mass density of bounded fluid component boundm  , solid affinity sA   and 

entropy of the wetted matrix wet  with selected variables , , , ,boundp T E . 

 

Since equation (6.49) is rather general, to obtain the governing equations, the 

mechanical behaviour of the clay/rock is restrained to be in small condition and 

isotropic, so that the Green Strain tensor ijE   and the Piola-Kirchhoff stress can be 

substituted by strain tensor ij  and Cauchy stress ij , and the coefficients ijklL , ijM , 

ijS  , ijF  are assumed to be diagonal and can be written with a scalar coefficient and 

Kronecker delta ij .  

  

The coefficients are then written as 

 ij ijM = , ij s ijS   = , ij R ijH  = , ij T ijF  =  (6.54) 

If only consider the elastic deformation of rock, then, the stiffness ijklL  can be written 

in a form of a fourth-order isotropic tensor 

 ( )
2

3
ijkl ik jl il jk ij kl

G
L G K     

 
= + + − 

 
  (6.55) 

where G , K are the shear modulus and bulk modulus.  

 

Based on the assumption and relationships in equation (6.54) and (6.55), equation 

(6.49) becomes 
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2

2
3

ij kk ij ij ij s bound ij R ij T ij

G
K G p T             

 
= − + − + − − 

 
   (6.56)

in which T sK =  and s  is the thermal expansion coefficient. The swelling 

coefficient s

  is introduced to represent the influence of the bounded fluid component 

  on the mechanical behaviour. The value or expression of s

  requires experimental 

determination or further theoretical investigation. The term   is introduced into the 

stress equation to represent the stress caused by chemical dissolution/precipitation. 

 

From the discussion in chapter 5, equation (6.56) can be rewritten as (for dissolution 

only) 

 
2

2
3

ij kk ij ij ij s bound ij d ij s ij

G
K G p K KT             

 
= − + − + − − 

 
  (6.57) 

where d  is the dissolution coefficient. Equation (6.57) is for dissolution case only, if 

considering precipitation, the coefficient d  can be substituted by other expressions. 

 

6.5.2 Porosity 

Equation (6.50) illustrates the dependence of porosity on Green Strain tensor ijE  , 

average pore pressure p , chemical potential bound

 , reaction extent   and temperature 

T . From the results in section 6.5.1 and chapter 5, equation (6.50) can be written as 

 ii boundQp B D NT    = + + + +   (6.58) 

The expressions for the coefficients are 

 (1/ )( )sQ K  = − , (1/ )( 1) sB K  = − , ( ) sN  = −  (6.59) 

 

A

A A t

D

D D t

A D

A A D Dt t

M dissolution only

D M precipitation only

M M dissolution and precipitation

 

 

   




= −


−

  (6.60) 
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where 
A

A t
M  , 

D

D t
M   are the molar volume of mineral A  and D , respectively. 

 

 6.5.3 Bounded mass 

Equation (6.51) gives the evolution of bounded mass with associated variables of  stress, 

average pore pressure, chemical potential of bounded mass, reaction extent and 

temperature. From the assumptions and discussions in section 6.5.1 and 6.5.2, the 

bounded mass density can be simplified to: 

 bound s ij boundm B p Z X R T         = − + + + +   (6.61) 

With (1/ )( 1) sB K  = − . 

The coefficients Z  , X  , R  are undetermined in this thesis, which requires further 

exploration. 

 

6.5.3 Fluid phase 

The balance equation for the fluid as a whole is 

 ( )pore bound
V S V

D
dV dS dV v M d

Dt

  

   


= −  − +      I n   (6.62) 

Because    represents fluid only, therefore the reaction term in equation (6.62) 

accounts for the reactant B  and product C  only. 

 

The time derivation of equation (6.62) is 

 0s

pore pore bound v M  

    +   +   + − =  v I   (6.63) 

From equation (6.63), fluid density equation (6.2), Darcy velocity (6.11), flux equation 

(6.5) and Euler identity, it leads to  

 ( ) ( ) 0f f f

f f boundS m v M 

    +  + − = u   (6.64) 

Expanding the first term in equation (6.64) gives 

 ( ) ( ) 0f f f f f

f f f boundS S m v M 

      + +  + − = u   (6.65) 
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The fluid density is a function of pressure and temperature ( )= ,f f f

f f p T  (Hosking et 

al., 2020) 

 
1

( , )f f f f

f f f

f

T p p T
K

  
 

= −  
 

  (66) 

in which 
1 1

f

f

f f

f f T
K p





 
=    

 is the compressibility of the fluid, 
1

f

f

f

f f

f p
T






 
= −    

 is 

the thermal expansion coefficient of the pore fluid. 

 

Therefore, the first term in equation (6.65) becomes: 

 ( )
f

f f f f f

f f s f f

f

S
S C p T

K


    

 
= + −  

 

  (6.67) 

Invoking the porosity change equation (6.58), and with equation (6.67), (66), equation 

(6.65) becomes 

 

( )

( )

( )

f
f f f f f f f f fs
f f ii f s f

f

f f f f f f f

f s bound f f f f

bound

CS
S C S Q S p p

K

S B S N T S D

m v M

  

 




    



       

 

    
  + + + + +          

+ + − +

= − −



 

u

  (6.68)  

 

In equation (6.68), if assuming 0sC = , and neglecting the swelling ( bound

  and boundm )  

and dissolution terms ( ), the equation will reduce to    

 
( )

( ) 0

f
f f f f f f f f fs
f f ii f s f

f

f f f

f f f

CS
S C S Q S p p

K

S N T


    



  

    
  + + + + +          

+ − =

u
  (6.69) 

This equation is very similar to the fluid transport equation under coupled THMC 

conditions in some literature, for example, the one in Yin et al. (2010).  

 

If neglecting the space variation of 
f

f , e.g. 0f

f = , equation (6.68) can be further 
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simplified as 

 ( )

f
f f f f fs

ii s

f

f f f

s bound f

bound

f

f

CS
S C S Q S p p

K

S B S D S N T

m v M

  

 








   

 



    
  + + + + +          

+ + + −

−
= −



 

u

  (6.70) 

 

6.5.4 Chemical phase   

The balance equation for the chemical   is 

 ( )pore ex
V S V V

D
dV dS dV v M dV

Dt

       = −  − +   I n   (6.71) 

And the time derivation form of equation (6.71) is 

 s

pore pore bound v M         +   +   = − +v I   (6.72) 

With density relationship (6.2), flux relationship (6.9) and Euler identity, it leads to  

 ( ) ( )f

f f boundS m v M          +  +  = − +J u   (6.73) 

 

In the transport research, the pore fluid could be assumed to be incompressible. If the 

mass fraction of chemical   is defined as f

f fw  = , then equation (6.73) can be 

written as 

 ( ) ( )f f f

f f boundS w w m v M          +  +  = − +J u   (6.74) 

Because 0 =J , and  1w = , so that based on equation (6.74), summing over all 

fluid component leads to  

 ( ) ( ) ( )f f f

f f boundw S w w m v M          +  = − −u   (6.75)  

Invoking equation (6.75) into equation (6.74),  it leads to  

 
( )

f f f

f f

bound bound

S w w

m v M w m v M

   

      

  

  

+  + 

= − + + −

J u
  (6.76) 

The term ( )boundw m v M    −   in equation (6.76) is usually ignored since its 
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influence is insignificant for the dilute solution. Then, equation (6.76) becomes 

 f f f

f f boundS w w m v M          +   +  = − +J u   (6.77) 

Compared to most advection-diffusion equations, boundm  is added to account for the loss 

of pore mass due to swelling. The expression boundm  is given in equation (6.61). 

 

6.5.5 Thermal phase  

Since sq  , fq   are related to the volume of the mixture, similar to the density 

relationship, they can be related to the volume of solid and fluid phases through 

 s s

s sq q= , f f f

fq q S =  (6.78) 

where 1s = − is the volume fraction of the solid; s

sq , f

fq  are the heat phase density 

of the solid and the pore fluid.  

 

Similar to equation (6.19), s

sq and f

fq  are 

 s s s

s sq C T=  , 
f f f

f fq C T=  (6.79) 

where s

s  is the phase density of the solid (relative to the solid volume), f

f  is the phase 

density of the fluid (relative to the fluid volume). 

 

With the help of the flux equation (6.5), density relationship (6.78) and Darcy velocity 

(6.11), the heat flow fq in equation (6.17) can be written as 

 
f f f f f

f fh C T= =q I u   (6.80) 

where the expression f fh C T= is adopted. 

 

From balance equation (6.21), with the help of relationship (6.78), (6.79) and (6.80), 

the balance equation for heat can be written as 
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 ( )( ) ( ) ( )1 0s s f f f bound

s f fC T S C T q   − + + +   +   =q q   (6.81) 

Assume that the bounded fluid has the same heat capacity as pore fluid, equation (6.81) 

can be written as 

     ( )( ) ( ) ( ) ( )1 0s s f f f f f f f f

s f bound fC T S C T m C T C T   − + + +   +   =q u   (6.82) 

Equation (6.82) differs from most existing thermal transport equation in that the term 

( )f f

boundm C T  is added to represent the influence of bounded mass on thermal transport. 

 

6.6 Coupled Thermal-Hydro-Mechanical-Chemical constitutive equations 

for two fluid components case  

The field equations in section 6.5 consider the general case that different chemical 

components in the pore space and the interlayer space, therefore, the variable denoting 

the chemical influence is the chemical potential. However, in geotechnical engineering, 

the chemical potential is not a well-accepted variable as it is difficult to obtain the 

change of chemical potential through experiments or apply it to engineering 

applications.  

 

In this section, a two fluid components (water as the solvent and chemical as solute) 

case is considered to simplify the discussion and convert the variable of chemical 

potential to more friendly ones. 

 

6.6.1 Assumption for Chemical potential  

To simplify the discussion, it is assumed that only water (denoted by subscript w ) and 

one solute (denoted by subscript c ) are considered here, therefore the stress equation 

(6.56) reduces to  

( )
2

2
3

w w c c

ij kk ij ij ij s bound s bound ij R ij T ij

G
K G p T              

 
= − + − + + − − 

 
  (6.83) 
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To deal with the variable bound

 , this chapter follows the assumption made by Heidug 

and Wong (1996) that the bounded fluid holds the same chemical potential as pore fluid, 

so that w

bound   satisfies the Gibbs-Duhem equation (6.36). In this assumption, the 

equilibrium between bounded and pore water may be disturbed but can be regained in 

a negligible time. Such an assumption is valid when loading is slow enough (Lei et al., 

2016). According to the Gibbs-Duhem relationship, the evolution of bounded water 

chemical potential can then be described as 

 

f c

f fw w c

bound f w w w

f f f

p
T u

S

 
 

  
= = − −   (6.84) 

The above relationship could help to reduce the two chemical potential variables ( w

bound  

and 
c

bound ) to one (
c

bound ). 

 

Next, to deal with c

bound  , the relationship of the chemical potential of ideal dilute 

solution is adopted. The chemical potential of ideal dilute solution is  

 ( ) ( ), ln
RT

g p T x
M

  





= +   (6.85) 

where R  is the gas constant. x  is the mole fraction of fluid component  . ( ),g p T  

is the dependence of chemical potential on pressure and temperature. T   means that 

this term holds for constant temperature. 

 

Equation (6.85) describes the dependence of chemical potential on temperature, 

pressure (i.e. ( , )g p T
 ) and mole fraction. As derived by Katchalsky and Curran 

(1965), the dependence of chemical potential on pressure can be given by the 

dependence of volume on the number of moles. With the fact that many experimental 

evidences indicate the dependence of volume on the number of moles is weak, this 

chapter could neglect the pressure influence on chemical potential and consider the 

temperature influence only. As suggested by Job and Herrmann (2006), the dependence 
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of chemical potential on temperature can be approximated by a linear function as  

 c cT =   (6.86) 

Since the mass dependency part of equation (6.85) can be differential as 

 
ln ln 1

c c c

c c

c c c c c

RT x RT x x RT
x

M t M x t M x


    
= = =

  
  (6.87) 

The mole fraction cx  is related to a mass fraction cw  through 

 
( )1

c c
c

c c c w

x M
w

x M x M
=

+ −
  (6.88) 

When the solution is sufficiently dilute, the relationship can be simplified as 

 
c

c c

w

M
w x

M
=   (6.89) 

Therefore, combining equation  (6.86), (6.87) and (6.89), the evolution of chemical 

potential with mass and temperature is 

 
1 1c c c c c

c c c c

RT RT
x T w T

M x M w
   

 
= + = +   (6.90) 

 

6.6.2 stress, porosity, and bounded mass   

1. Stress 

Substituting equation (6.90), (6.84) and (6.89) into equation (6.83) leads to the stress 

evolution with strain, pressure, mass fraction, and temperature: 

( )1 2

2
2

3

w
cs

ij kk ij ij ij T ij R ijf w

f

G
K G p w T

S


         



  
= − + − − +  − +  −       

  (6.91) 

where 1  and 2  are 

 1

1
c

fc w

s s w c c

f

RT

M w


 



  
 = −  

 

 , 2

c f

f fc c w w

s s sw w

f f



 
   

 

 
 = − − +  

 

 (6.92) 

In equation (6.91), the term 1

cw   is explained as the chemical ‘chemically induced 

deformation’ (Heidug and Wong, 1996). The term ( )2T ijT +   represents the thermal 
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expansion of the wetted matrix, in which 2   is the contribution of bounded mass. 

When swelling happens, the matrix no longer consists of dry grains but wetted matrix 

with fluid bounded inside. Since the bounded fluid does not migrate or evaporate, the 

greater thermal expansion capability of the fluid will make the wetted matrix hold a 

greater expansion volume than the dry matrix. 

 

Once reaching the similar stress-strain relation as equation (6.92), some researchers (e.g. 

Ghassemi and Diek (2003), Roshan and Oeser (2012)) immediately adopts the 

assumption that the swelling coefficient for water and chemical is the same (i.e. 

0w c

s s s  = = ) to form their constitution equation. It should be mentioned that it is too 

early to make such as assumption as this assumption indicates the influence of different 

chemical components is the same, which is not very realistic. Such an assumption can 

make the equations simple but significantly limit the application of the equation and 

hide the swelling mechanism. Heidug and Wong (1996) made such an assumption only 

when doing the numerical simulation, following him, this chapter presents the 

constitutive equation with two different swelling coefficients and assumes their equality 

in the simulation part. 

 

2. Porosity 

With the two fluid components assumption, the porosity evolution equation (6.58) 

becomes 

 
w w c c

ii bound boundQp B B D NT    = + + + + +   (6.93) 

Then, introducing the chemical potential assumption and expression, the porosity 

evolution equation can be written as 
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1
cw
fc w c

ii f w w c c

f f

f c

f fw c c w

w w

f f

B RT
Q p B B w

S M w

N B B B T D


 

 

 
 

 

   
= + + + −      

   

  
+ − + − +    

  

  (6.94) 

With relationship (6.92) and (6.59), equation (6.94) can be written as 

 1 2

1 1w
c

ii f w

f

B
Q p w N T D

S K K

 
  



  − − 
= + + +  + −  +       

  (6.95) 

 

3. Bounded Mass 

The bounded mass equation (6.61) for the two fluid components case keeps the same 

as: 

 bound s ij boundm B p Z X R T         = − + + + +   (6.96) 

For the bounded chemical, involving the chemical potential equation (6.90) yields to  

 ( )
1c c c c c c c c c

bound s ij c c

RT
m B p Z w X R Z T

M w
   


= − + + + + +   (6.97) 

 

With then relationship (6.84), from equation (6.97), the bounded water mass density 

with associate variables of strain, pressure, mass fraction, reaction extent and 

temperature is 

     
1

c f

f fw w w w w c w w w

bound s ij f w w w

f f f

m B Z p Z u X R Z T
S

 
  

  

   
= − + + − + + −      

   

  (6.98) 

Then, with the chemical potential equation (6.90), the bounded water equation can be 

obtained as 

                       

1 1
c

fw w w w w c

bound s ij f w w c c

f f

f c

f fw w w w c

w w

f f

RT
m B Z p Z w

S M w

X R Z Z T


 

 

 
 

 

 
= − + + −  

 

 
+ + − −  

 

  (6.99) 
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6.6.1 Mechanical behaviour  

Assuming mechanical equilibrium condition / 0ij jx  =  , and using displacement 

variables ( 1, 2,3)id i =   through , ,

1
( )

2
ij i j j id d = +  , from Equation (6.91),  and 

incorporating the relationship 
f f f

f f f fs sC Cp p p
p S p S p

t t t 

   
= + = + 

   
to convert 

average pressure to pore fluid pressure, the governing equation for solid phase 

(neglecting the spatial divergence of saturation/density) can be obtained as 

 
( )

( )

2

1 2

1 2

0

w
f f fs s

f w

f

c

T R

CG
G S p p

S

w T




  

  

     
 +    − −  +       −     

+ −  +  −  =

d d
  (6.100) 

with 

 1

1
c

fc w

s sw c c

f

RT

M x


 



  
 = −  

 

 , 2

c f

f fc c w w

s s sw w

f f



 
   

 

 
 = − − +  

 

 (101) 

 

6.6.3 Hydraulic behaviour  

The transport of fluid may be complicated if consider the thermal and chemical osmosis 

phenomenon. A lot of researchers have paid special attention to fluid transport 

(Ghassemi and Diek, 2003, Ghassemi et al., 2009, Zheng et al., 2011, Kanfar et al., 

2017, Samper et al., 2020). The osmosis phenomenon can be derived in the framework 

of Mixture-Coupling Theory (Ma et al., 2022), however, the novelty of the thesis is the 

swelling and dissolution process, the complex coupling of thermal and chemical 

process is fluid transport is not the key issue, therefore, this chapter simply adopts 

Darcy’s law for pore fluid:   

 k
rf f

k
p


= − u   (6.102) 

where rfk  is the relative permeability, k  is absolute permeability and   is the viscosity 

of pore fluid. 
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Invoking the porosity change equation (6.95) and bounded mass equation (6.97), (6.99), 

and Darcy’s law into the fluid conservation(6.65),  we could have the final governing 

equation for pore fluid transport as(alternatively, substituting the chemical potential 

(6.84)and (6.90) relationship into equation (6.70)) 

 

( )

2

1 2

k ( )

1 1

1 1

w f
rf f f f f f fs

ii sf w

f f

f c f f

f

w c

bound boundf f

f f

k CB S
p S S Q S p C p

S K

S x S N T S D
K K

m m v M 






  

 
 

 
 

    
−  + + + + + +       

     

−  −  
+  + −  − +  

  

= − + + 

 (6.103) 

On the right hand of equation (6.103), there is 

 ( )

( )

1 1

w c

bound bound

c

fw c w w c c w c

s s ij f w w c c

f f

c f

f fw c c c w w w c

w w

f f

m m

RT
B Z B p Z Z x

S M x

R R Z Z Z T X X


  

 

 
 

 

+ =

   
+ + + + + −      

   

  
+ + + − − + +    

  

 (6.104) 

 

6.6.4 Chemical behaviour  

The diffusion of chemicals is described by Fick’s law 

 f

f diffD w  =  J   (6.105) 

where diffD  is the diffusion coefficient of  th fluid component. 

 

Invoking diffusion law and Darcy’s law into equation (6.76), the governing equation 

for chemical transport can be obtained as 

 
2 rff f f f f

f f diff f bound

k
S w D w k p w m v M           


+  −   = − +   (6.106) 
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6.6.5 Thermal behaviour  

The heat transport can be described by the Fourier’ Law 

 T = − q   (6.107) 

where   is the overall thermal conductivity coefficient. 

 

With equation (6.82) and the thermal convection law, the governing equation for 

thermal transport can be obtained  

  ( )( ) ( ) ( ) ( )1 0s s f f f f f T f f

s f bound fC T S C T m C T T C T    − + + −   +  =u   (6.108) 

in which fC  can be estimated through f w w c cC w C w C= + ,   is the overall thermal 

conductivity coefficient of the porous media and for dry media, it can be written as 

( )1 s f   = − + , with s , f being the thermal conductivity coefficient of the solid 

and the fluid, however, for wetted media, no theoretical relationship is given in 

literature.  

 

6.6.6 Equation discussion and validation 

1. Discussion 

The coupling equations (6.49), (6.50), (6.51), (6.52), (6.53) represent the very general 

cross-coupling between stress, pressure, chemical potential of bounded mass, reaction 

extent and temperature, they are appliable for general cases including large strain, 

anisotropy. Equation (6.57), (6.58), (6.70), (6.61), (6.77) are for small strain, isotropic 

and elastic deformation conditions, however, the variable for swelling is the chemical 

potential of bounded, although it is adopted by some researchers (Zhang and Zhong, 

2017a), it is an unfamiliar concept in geotechnical engineering, and the physical 

meaning of the coefficient for this variable is unknown. Therefore, equation (6.100), 

(6.103), (6.106), (6.108) adopt the assumption that chemical potential of the bounded 

mass is the same as that of the pore mass, so as to switch the variable into mass fraction, 

making it more applicable.  
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The swelling coefficient, i.e., s

 , has been added to describe the influence of swelling. 

The swelling coefficient s

  requires experimental work to determine. Specifically, the 

thermal influence associated with swelling is derived, which, as far as the author’s 

knowledge, although have been explored by experiments but is rarely described 

mathematically. 

 

The influence of fluid loss due to sorption into the interlayers has been considered in 

the hydraulic, chemical, and thermal transport equation. This is a step forward, but also 

it opens the question that what is the density of the bounded fluid. Equation (6.99) 

provides the bounded mass density change equation under coupled THMC situation, 

but the coefficients are rather difficult to determine. The bounded mass density is 

relative to the volume of the mixture, rather than the volume of the bounded mas, this 

distracts us to determine the coefficient theoretically. 

 

2. Validation 

For swelling:  

The mass equation (6.12) and free energy equations (6.38), (6.39), (6.43) in this thesis 

are different from those in existing papers such as Roshan and Oeser (2012), Gao et al. 

(2021), Roshan and Rahman (2011), Ghassemi et al. (2009), Heidug and Wong (1996), 

as the mass equation is written for the pore mass in the thesis while for overall mass in 

these papers, and the free energy equations in this thesis adopt different chemical 

potentials for pore mass and bounded mass while the same chemical potential for 

different mass in literature. Owing to the above difference, the final state equation (6.46) 

and the cross-coupling equations (6.49)-(6.53) are also different in that this adoptes the 

chemical potential bound

   while these papers adopt the chemical potential 
  . If 

assuming the bound

  =   at the very beginning of the derivations, the free energy 
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equations and cross coupling equations in the thesis will be the same as those in the 

literatures. This indicating that the equations in these papers are a specific case of the 

equations in this thesis, and this thesis has presented more general and more precise 

equations.  

 

The stress-strain equation (6.91) adopts two different swelling coefficients, if using the 

same expression for the two swelling coefficients, the stress-strain equation will be the 

same as the one derived in Gao et al. (2021) and very similar to the one in Roshan and 

Oeser (2012).  If neglecting the temperature influence on chemical potential, the stress-

strain equation will be the same as that presented in Ghassemi et al. (2009). If reducing 

the stress-strain equation to iso-thermal condition, the equation will be the same as the 

those developed in Heidug and Wong (1996), Ghassemi and Diek (2003), Roshan and 

Rahman (2011), Kivi et al. (2015). Overall, the present stress-strain relationship is the 

extension of the aforementioned research by including the temperature influence and 

the temperature dependency of chemical potential, and the aforementioned models can 

be viewed as simplified cases of the presented model. 

 

The transport equations for the swelling case in this thesis are different from those in 

the aforementioned papers: 1. The transport equations are written for pore fluid instead 

of overall fluid; 2. The bounded mass is incorporated as the sink term while the papers 

do not consider it. If considering the bounded mass to be negligible and the pore fluid 

density to be the same as overall fluid density, the transport equations will be the same 

as those in these papers. This also indicates that the transport equations in these papers 

are a specific case of the transport equations developed in this thesis when the bounded 

mass density is sufficiently small. 

 

For dissolution:  

The dissolution part can be compared to those presented in Coussy (2004), Haxaire and 
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Djeran-Maigre (2009), Karrech (2013), Zhang and Zhong (2017b), Zhang and Zhong 

(2017a), Zhang and Zhong (2018). The equations and methods for the derivations are 

different from those in these papers as this thesis provides a more advanced approach 

and gives a more precise free energy equation by defining the solid affinity sA  concept. 

The final state equation (6.46) and the cross-coupling equations (6.49)-(6.53) are also 

different in that this thesis adopts the solid affinity sA  as the coefficient for variable 

reaction extent    while these papers adopt the overall affinity A   as the coefficient. 

However, the final stress-strain equation (6.56) is the same, because, following the 

thermodynamics way, the variables adopted to represent the dissolution process are all 

reaction extent  . This thesis also managed to derive the coefficient but these existing 

papers made no attempt. 

 

6.7 Numerical simulation  

This section presents the role of dissolution/swelling in the THMC framework by 

numerical simulation. Although the dissolved chemicals may influence the swelling 

state and the swelling absorbed chemicals may affect the dissolution process, the 

mechanism and equations for each process are so complicated. To have a better 

understanding of the influence of swelling and dissolution, the numerical simulation 

part ignores their interaction and focuses on each process only. Therefore, the numerical 

simulation presented in this section does not include both swelling and dissolution in 

one THMC framework but separates them into two independent THMC frameworks. 

 

6.7.1 Numerical simulation for THMC-swelling 

This section presents the swelling influence in the THMC framework, it is a further 

extension of the HMC-swelling simulation in chapter 5 with specific attention to the 

thermal process and its influence on other processes. To do this, an iso-thermal 
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condition is set as a comparison to show the influence of temperature on the pressure 

and mass fraction change. Later, the swelling influence in non-isothermal condition is 

present, which is very similar to that in chapter 5; the swelling influence under non-

isothermal condition shows a very strong influence with the adopted parameters, the 

expansion capacity of the wetted matrix is ten times greater than that of the dry matrix. 

 

6.7.1.1 Numerical model 

6.7.1.1.1 equation assumption 

In this section, the classic finite element method is adopted to solve the governing 

equations (6.100), (6.103), (6.106), (6.108). Since the equations are so complicated and 

comprehensive, some assumptions and simplifications are made to simplify the 

discussion: 

 

1. Although the bounded masses have been derived as the sink source for the 

fluid/chemical transport equation, they are not considered in the numerical simulation 

as the coefficients of bounded mass are rather difficult to obtain. 

 

2. Although the spatial variation of density may exist due to temperature or chemical 

distribution, but this variation is ignored. 

 

3. The swelling coefficient, i.e., w

s  and c

s  , maybe complicated expression, for 

simplification, they are roughly assumed to be 0.2
w

s

f w

fS




= . Since the saturation fS  

adopted is very close to 1, the value of w

s  is assumed to be 180, regardless of the 

change in saturation and density. Till now, the equal swelling coefficient made by 

Heidug and Wong (1996) is adopted as 180w c

s s = = .  
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4. The term 1

cw  in the mechanical equation, which is explained as the ‘chemically 

induced deformation’ (Heidug and Wong, 1996), has been explored extensively by 

some researchers (Heidug and Wong, 1996, Ghassemi and Diek, 2003, Roshan and 

Rahman, 2011, Kivi et al., 2015), it is not considered in this numerical simulation. 

 

5. 
sC  is assumed to be 0, and the term ( )

w f
f f fs

sf w

f f

CB S
S Q S p C

S K



 

   
+ + + +      

   

 is 

regarded to be a constant value 105*10q −= . 

 

Based on the above assumptions, the numerical modelling focuses more on the swelling 

phenomenon and the thermal impact on other processes, especially the swelling process. 

The governing equations are now reduced to:  

     ( ) ( )2

2( ) 0
1 2

w
f fs

Tf w

f

G
G S p T

S


 

 

  
 +   − −  −  +  =    −   
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6.7.1.1.2 Geometry and boundary condition 

Geometry: the model adopted is a 1m*1m plane rectangle, as shown in Figure 6.1. 

 

Mechanical condition: The left boundary A is set to be free whereas the right boundary 

B is fixed. The upper and lower boundaries are constrained with no displacement 

allowed. The whole domain is at mechanical equilibrium and has no initial effective 

stress. 
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Figure 6. 1 Geometry and Boundary condition 

Hydraulic condition: The domain is unsaturated and filled with water of -5 MPa 

pressure. According to van Genuchten’s model in pre-chapters, the initial saturation is 

0.995. The pressure at boundary A is set to be -5MPa and maintains constant. At the 

beginning of the simulation, pressure at boundary B drops to -10MPa. 

 

To involve the temperature influence, the fluid viscosity is set to be a function of 

temperature (Zheng et al., 2011), as: 

 1.562( ) 0.661( 229)T T −= −   (6.113) 

Chemical condition: The chemical mass fraction on the right boundary is set to be 0.1 

and keeps constant during the whole simulation. On the left boundary, a mass fraction 

at 0.2 is applied to represent external chemicals brought by groundwater.  In the domain, 

the initial value is 0.1 and could change due to diffusion from the left to the right. 

 

The diffusion coefficient relates to temperature and viscosity through (Zheng and 

Samper, 2008) 

 0
0

0

( )
( ) ( )

( )
diff diff

TT
D T D T

T T




=   (6.114) 
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with 2

0( ) 5.95 9 /diffD T E m s= −  (Lichtner and Seth, 1996), 0 300T K=  

 

The conductivity coefficient   is estimated through 

 ( )1 s f   = − +   (6.115) 

where . s .,  f
 are the conductivity coefficient of the solid and pore fluid. 

 

 Thermal condition: the thermal condition is very similar to that of chemical condition 

with a fixed 300K on the right boundary, 350K applied on the left boundary and an 

initial 300K in the domain. 

 

The basic material considered is the same as that in Chapter 5: the hydraulic and 

mechanical parameters are taken from the experimental and numerical case for the 

Opalinus Clay by Wild et al. (2015) and Ziefle et al. (2018), which are the same are the 

parameters adopted in chapter 5. The thermal properties are taken from the 

experimental results (Zheng et al., 2011); the fluid entropy and the coefficient for 

chemical potential are taken from the modeling work of Roshan and Oeser (2012). 

Detailed parameters are listed in Table 6.1.  

 

Table 6. 1 Material parameter (Zheng et al., 2011, Roshan and Oeser, 2012, Ziefle et 

al., 2018) 

Parameter Physical meaning  Values and units 

 f

f
 Density of fluid  1000kg/m3, with  w

f
 

=900kg/m3,  c

f
=100kg/m3 

  Porosity 0.16 

k  Permeability  6.8*10-20m-2 

m  Van Genuchten parameter 0.54 

M  Van Genuchten parameter 44.4Mpa 
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G  Shear modulus  1.2GPa 

E  Young’s modulus 3.6E9GPa 

K  Bulk modulus 1.875GPa 

  Poisson’s ratio 0.18 

  Biot’s coefficient 1 

q Void coefficient 5*10-10 

s  Solid thermal conductivity 1.23W/m/K 

 f
 Fluid thermal conductivity 1.5W/m/K 

 s  Thermal expansion coefficient of solid 2*10-5/K 

 f
 Thermal expansion coefficient of fluid 2.1*10-4/K 

s
C  Specific heat capacity of solid 835.5J/kg/K 

w
C  Specific heat capacity of water 4202J/kg/K 

 f

f
 Entropy of fluid 3683J/kg/K 

 c  Coefficient for chemical potential -1060J/kg/K 

6.7.1.2 Numerical results 

6.7.1.2.1 thermal impact in non-swelling condition 

By setting an iso-thermal condition as contrast and neglecting the swelling term, the 

temperature influence is presented below: 

 

The temperature distribution within the domain at different times is presented in Figure 

6.2. Since viscosity and diffusion are functions of temperature, they also change (Figure 

6.3): the higher temperature is, the greater the diffusion coefficient is, the lower the 

viscosity is. Figure 6.4 shows the temperature influence of chemical distribution. 

Compared to the isothermal condition (T=300K), the mass fraction in the non-

isothermal condition changes quicker, this is because, as illustrated in figure 6.3, the 

diffusion coefficient increase with temperature.  

 

Intuitively, a high temperature leads to a lower viscosity and thus quicker fluid transport. 

At the early time (t=50h, 200h), the pressure change under higher temperature (iso-



160 

 

thermal) is quicker than that under low temperature (Figure 6.5). At a long time scale 

(t=500h), the pressure reaches equilibrium. The pressure distribution curves for non-

isothermal condition at 500h hours looks fall behind that in iso-thermal condition, but 

it does not mean the pressure change is slower. Actually, the curved line is the final 

status, and can never reach a straight line like that in the isothermal condition, which 

mainly results from the ununiform distribution of viscosity. 

 

 

Figure 6. 2 Temperature distribution with time and space 
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                                                                (a)                                                                

 

                                                                  (b) 

Figure 6. 3 Viscosity (solid line)/diffusion coefficient (dashed line) change with 

temperature (a) and space (b) 
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Figure 6. 4 Mass fraction distribution with time and space (Isothermal: solid line, non-

isothermal: dashed line) 

 

Figure 6.5 Pressure distribution with time and space (Isothermal: solid line, non-

isothermal: dashed line) 

Figures 6.6 and 6.7 show the displacement and strain of the domain under iso-thermal 

and non-isothermal conditions. Since pressure drops on the right boundary, fluid within 
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the domain flows out and fluid pressure changes. The change of fluid pressure leads to 

the stress working on the solid matrix, and thereby, the domain consolidates and a 

displacement field generate (Figure 6.6, solid line). As fluid pressure loss more and 

more, the displacement becomes larger. When there is a high temperature applied on 

the left boundary, the domain will expand. The expansion of the left part of the domain 

occurs earlier than that in the right part, leading to a movement toward the left side. The 

coaction effects of consolidation induced by pressure and expansion caused by 

temperature result in a complicated trend of displacement and strain, as shown in 

Figures 6.6 and 6.7. A noticeable point is that under isothermal condition, there is only 

the consolidation process, and the strain shows to be positive. However, under non-

isothermal condition, the domain may expand due to thermal expansion phenomenon, 

when the thermal expansion exceeds the consolidation process, the strain presents to be 

positive. 

 

Figure 6. 6 Displacement distribution with time and space (Isothermal: solid line, non-

isothermal: dashed line) 
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Figure 6. 7 Strain distribution with time and space (Isothermal: solid line, non-

isothermal: dashed line) 

6.7.1.2.2 thermal impact in non-swelling condition 

Enabling the swelling term and considering the non-isothermal condition, the following 

part shows the influence of swelling and the temperature influence on swelling 

behaviour. 

 

Figures 6.8 and 6.9 give the displacement and strain of swelling and non-swelling 

domain under isothermal condition. Clearly, the swelling process has a negative 

contribution to the displacement (Figure 6.8) which means that the pressure loss leads 

the sample to be consolidated but the swelling process resists such consolidation. This 

conclusion has been concluded in previous chapters. 
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Figure 6. 8 Displacement distribution with time and space (non-swelling: solid line, 

swelling: dashed line) 

 

Figure 6. 9 Strain distribution with time and space (non-swelling: solid line, swelling: 

dashed line) 

Figures 6.10 and 6.11 show the displacement and strain distribution of swelling rock 

under non-isothermal condition. Compared to the non-swelling case in figure 6.6, the 
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left boundary undergoes a much larger displacement toward the left direction, meaning 

that the thermal expansion exceeds the contribution of consolidation, and caused the 

left boundary to move toward the left. 

 

 This is because, due to swelling, water has been bounded into the matrix, the wetted 

matrix now has a greater thermal expansion capacity, based on the adopted parameters, 

the coefficient 2  can be determined as 5

2 1.70*10 =  , it can be found that the 

contribution of thermal stress of dry matrix is  

 50.1875*10T TT T = − =   (6.116) 

when swelling is caused by both water and chemical, it becomes 

 ( ) 5

2 =1.9375*10T T T T = − +    (6.117) 

It can be found that the thermal stress of the wetted matrix is more than 10 times greater 

than that of the dry matrix. when swelling happens, the matrix is no longer consisting 

of dry grains but a wetted matrix with fluid bounded inside. Since the bounded fluid 

does not migrate or evaporate, the greater thermal expansion capability of the fluid will 

make the wetted matrix hold a greater expansion capacity than the dry matrix. Because 

the wetted matrix includes both solid and fluid, the thermal expansion capability could 

not exceed the thermal expansion capability of bounded fluid.  

 

The thermal expansion capacity of the wetted matrix highly depends on the swelling 

coefficient and the temperature dependency of chemical potential 
 c . Unfortunately, 

the 
 c  value is difficult to determine or find in literature. If considering a less swelling 

influence, that is taking 90 = =w c

s s
  and 5

2 0.852*10 =  , the corresponding 

displacement and strain distribution are presented in Figures 6.12 and 6.13, from which 

we could find that the influence from thermal expansion of the wetted matrix becomes 

smaller but still very significant compared to iso-thermal condition. If neglecting the 
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temperature dependency of chemical potential, then 2 768 = ( 180 = =w c

s s
), this is 

a much smaller value compared to 50.1875*10T = , it can be predicted that in this 

case, the swelling has little influence on the thermal expansion capacity of the matrix. 

 

Figure 6. 10 Displacement distribution with time and space (Isothermal: solid line, 

non-isothermal: dashed line) 

 

Figure 6. 11 Strain distribution with time and space (Isothermal: solid line, non-
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isothermal: dashed line) 

 

Figure 6. 12 Displacement distribution with time and space ( 180 =w

s
: solid line, 

90 =w

s
 : dashed line) 

 

Figure 6.13 Strain distribution with time and space ( 180 =w

s
: solid line, 90 =w

s
 : 

dashed line) 
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6.7.1.3 Conclusion 

The numerical simulation shows in a higher temperature condition, the change of mass 

fraction and fluid pressure can be faster. When there is a temperature gradient in the 

system, the pressure distribution shows a different status from that in uniform 

temperature condition, which mainly results from the ununiform distribution of 

viscosity. The swelling process has a negative influence on the consolidation process; 

however, it is highly influenced by temperature and the swelling coefficient. The 

temperature dependency of chemical potential adopted in the simulation shows a great 

influence on the expansion of the wetted matrix, however, this coefficient needs further 

theoretical or experimental determination. 

 

6.7.2 Numerical simulation for THMC-dissolution 

This section presents the dissolution process in a coupled THMC framework through 

numerical simulation. It takes quartz dissolution in pure water solution as an example. 

The temperature influence on dissolution is first presented for a closed system scenario, 

which may be considered as dissolution taking place between an engineering facility 

and an aquitard. Later, the dissolution is modelled in an open system, the concentration 

change, as well as the dissolution rate and reaction extent, subject to dissolution-

advection, are presented. The porosity and strain change in a long time scale are 

predicted. 

 

6.7.2.1 Numerical model 

The numerical model considers the dissolution of quartz in a 2-dimensional rectangle 

with 0.5m width and 0.2m height. Quartz is the major mineral composition of clay 

/rock, and its dissolution and corresponding influence are of significant interest to many 

research fields. The dissolution of quartz in water can be written as 

 
2 2 4 42+ →SiO H O H SiO   (6.118) 



170 

 

The dissolution rate equation is (Savage et al., 2002) 

 1

  
 = −      

rate sf

eq

Q
r k A

K
  (6.119)  

in which r , ratek ,
sfA ,Q , 

eqK are the dissolution rate in moles per unit volume of porous 

media, rate constant, reactive surface area per unit volume of porous media, the ion 

activity product and the thermodynamic equilibrium constant.    and    are two 

coefficients and set to be 1. 

 

The dissolution rate constant ratek  is temperature-dependent, its simplified relationship 

with temperature is (Nguyen et al., 2016) 

 25 1 1
exp

298.15

  
= − −  

  

a
rate rate

E
k k

R T
  (6.120) 

where 25

ratek   is the rate constant at 25C  , 
aE   is the activation energy, R   is the gas 

constant. The temperature of 25 degree is called the Standard Reference Ambient 

Temperature, which is determined internationally as the reference temperature and any 

measurement at a different ambient temperature can be compared to the value measured 

at this stand temperature.  

 

The equilibrium constant 
eqK  is also temperature-dependent. A lot of experiments have 

been done to investigate the solubility of quartz under different temperatures, pressure 

or pH (Morey et al., 1962, Fournier and Potter II, 1982, Manning, 1994, Rimstidt, 1997), 

here, the empirical relationship proposed by Fournier and Potter II (1982) is adopted in 

the simulation: 

  
6 8

2 3

2179.7 1.1292*10 1.3543*10
log 4.66206 0.0034063eqK T

T T T
= − + + − +   (6.121) 

 

The properties for quartz are: molar mass: 60.086g/mol, molar volume: 22.68cm3/mol 
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 surface area: 9.53*103m2/m3 (Guthrie and Carey, 2015), 25 16.3log 1*10ratek −= (Savage et 

al., 2002). Other data adopted are listed in table 6.2 

 

Table 6. 2 Parameters adopted for the simulation 

Parameters Physical meaning  Values and units 

  porosity 0.2 

K  Bulk modulus 1.875GPa 

s
C  Specific heat capacity of solid 835.5J/kg/K 

w
C  Specific heat capacity of water 4202J/kg/K 

 f
 Thermal conductivity of fluid 1.5W/m/K 

s  Thermal conductivity of solid 1.23W/m/K 

 

6.7.2.2 Numerical result 

6.7.2.2.1 THMC-dissolution in Closed system 

1.  Isothermal condition 

Assume a closed system where there is no chemical exchange with the surroundings, 

but a chemical reaction takes place inside the system. The quartz will dissolve until 

equilibrium. Since the rate constant and equilibrium constant are temperature-

dependent (Figure 6.13), the time it takes to reach equilibrium and the corresponding 

concentration must be different, as shown in Figure 6.14. At 298.15K, from the 

adopted parameters, the dissolution will reach equilibrium at around 4 years with a 

4 4H SiO concentration of 1.18*10-4mol/L.  When the temperature rises to 350K, 380K 

and 400K, it takes 1000 hours, 200 hours, and 80 hours to reach equilibrium with 

4 4H SiO  concentration of 5.00*10-4 mol/L, 10.37*10-4 mol/L and 16.14*10-4 mol/L. 
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Figure 6. 13 Equilibrium constant and rate constant change with temperature 

 

Figure 6. 14 Concentration change with time under different temperature 

2. Non-isothermal condition 

The above section explored the temperature influence on the dissolution by assuming a 

unform temperature situation. This section shall explore the chemical distribution in 

non-unform temperature condition. To achieve this, a high temperature (T_left=350K 
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or 400K) is applied on the left boundary and the domain is given a low temperature 

(298.15K). Due to the temperature gradient, heat will transfer from the left side to the 

right side gradually and resulting in time-dependent non-uniform temperature 

distribution, as shown in Figures 6.15 and 6.17, the trend in the two situations are very 

similar.  

 

Since the left side holds a higher temperature, the dissolution rate on the left side will 

be quicker than that on the right side, resulting in a high chemical concentration in the 

left domain. The concentration difference in the domain will further lead to a diffusion 

of chemicals from the left side toward the right side. Assuming a diffusion coefficient 

of 1.17*10-9 (Rebreanu et al., 2008), the concentration distribution of 4 4H SiO  subject 

to dissolution and diffusion are presented in Figures 6.16 and 6.18, from which it could 

be found that the concentration change in higher temperature is quicker. 

 

Figure 6. 15 Temperature distribution with time and space (T_left=350K) 
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Figure 6. 16 Concentration distribution with time and space (T_left=350K) 

 

Figure 6. 17 Temperature distribution with time and space (T_left=400K) 
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Figure 6. 18 Concentration distribution with time and space (T_left=400K) 

6.7.2.2.1 THMC-dissolution in Open system 

The above research investigated the temperature dependence of dissolution in a closed 

system, However, the dissolution process in a closed system, once reaches equilibrium, 

will no longer go further, which means that no more quartz can be further dissolved. 

Due to the very low solubility of quartz, the amount of quartz that can be dissolved is 

so limited that no significant influence on strain/porosity can be observed. 

 

This section investigates the dissolution process in an open system. When reaching 

equilibrium, the concentration of dissolved species will no longer change, but the 

dissolution process keeps going, the chemicals generated from dissolution is the same 

as that been brought away by advection, reaching a dynamic equilibrium status. 

 

This time, it is assumed that the porous media is under a constant and uniform 

temperature of 350K. A fluid flow is injected into the media at a constant Darcy velocity 

of 1*10-7m/s from the left toward the right. The concentration distribution will be 

controlled by advection, diffusion, and reaction, as shown in Figure 6.19. It can be 
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found that the concentration in the domain increase with time, after 400 hours, the 

concentration reaches a maximum value of 4.20*10-4mol/L, which is less than the value 

in Figure 6.14. After 400 hours, the concentration does not change anymore, however, 

the dissolution rate is nonzero (Figure 6.20), meaning that the dissolution process keeps 

going on, this is the same as the estimation before. As given in equation (6.119), the 

dissolution is only associated with the concentration if assuming the reactive surface 

area to be constant, therefore, the trend in Figures 6.19 and 6.20 are very similar.  

 

The incessant dissolution process will result in an increasing amount of reaction extent 

(Figure 6.21): at 10 years, the reaction extent is less than 0.1 moles per unit volume 

porous media, but at 400 years, it reaches over 1.1 moles per unit volume porous media. 

Since the dissolution varies with space, the reaction extent also varies with space: the 

amount of quartz dissolved in the left domain is much more than that in the right domain, 

as shown in Figure 6.21. 

 

Figure 6. 19 Concentration distribution with time and space (350K) 
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Figure 6. 20 Dissolution rate distribution with time and space (350K) 

 

Figure 6. 21 Reaction extent distribution with time and space (350K) 

The porosity change is linked to the reaction extent through: 

  


=
qz

qz

t

M
  (6.122)  
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where 322.68 /


=
qz

qz

t

M
cm mol is the molar volume of quartz,  60.084 /=qzM g mol is the 

molar mass of quartz and  qz

t
is the true density of quartz.  

According to Tao et al. (2019), the strain resulting from dissolution is 

 
( ) 1

1=
1

 
  

= − − = −
−

rem qz qz

s
d ini qz qz

s t s t

d nV M M

V V
  (6.123)  

It can be found that the strain change and porosity change are both related to reaction 

extent and molar volume. Because the molar volume is very small and the reaction 

extent within 400 hours is very tiny (Figure 6.21), there couldn’t be observable 

porosity/strain change within 400 hours. If the dissolution process takes place for a 

sufficiently long time, the amount of quartz that has been dissolved increases to a 

certain level, and there could be a significant influence. As shown in Figure 6.22, when 

it comes to 10000 years, the porosity will increase by nearly 0.0013.  

 

If the dissolution reaction is quicker, that is temperature at 400K and Darcy velocity at 

1*10-6m/s, the porosity change can be more significant, as shown in Figure 6.23. The 

corresponding strain and porosity resulting from dissolution can be easily estimated 

through relationship (6.123) and (6.122), and are presented in Figure 6.22 and 6.23 

(strain switched to positive to fit the strain definition in geotechnical engineering) 
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Figure 6. 22 Porosity and strain change with time and space (350K) (Porosity: solid 

line, strain: dashed line) 

 

Figure 6. 23 Porosity and strain change with time and space (400K) (Porosity: solid 

line, strain: dashed line) 
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6.7.2.3 Conclusion 

The numerical simulation shows that the dissolution in a closed system in a high-

temperature situation is much quicker than that in low-temperature condition and the 

equilibrium concentration is also higher under a high temperature. In an open system, 

dissolution may reach a dynamics equilibrium status, in which case the dissolution 

keeps going on while the concentration remains constant. However, due to the sluggish 

dissolution rate, the amount of quartz that can be dissolved in a short time is very limited. 

If the dissolution keeps going on for over 100 years, the porosity change of strain can 

be significant. 

 

Although quartz is the major mineral of soil/rock, the dissolution rate is quite slow and 

solubility quite is low, therefore, in the presented simulation, a long time scale is 

required to show the influence. If for some minerals of quick dissolution rate, e.g., 

calcite in acid solution, less time scale may be required. 
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Chapter 7 Conclusion and recommendations 

 

7.1 Conclusion 

A series of new governing equations have been developed using Mixture-Coupling 

Theory and are summarized as: 

 

1. In chapter 3, the classic Biot’s consolidation theory has been extended to include the 

swelling and dissolution influence by using the Mixture-Coupling Theory. A general 

coupled structure for swelling and dissolvable materials has been formed. Two 

parameters, namely, the swelling coefficient and the dissolution coefficient, have been 

incorporated into the stress-strain equation to represent the influence of swelling and 

dissolution. The rigorous derivation obtained by using the Mixture-Coupling Theory 

gives a deep insight of the effects between reaction, deformation, and water pressure, 

and also extends the application of the Mixture-Coupling Theory. The numerical 

simulation shows that when there is swelling process, the displacement and strain will 

be smaller than the no-swelling case, which means that swelling has a resistance effect 

on consolidation and modelling also shows that the larger the swelling coefficient is, 

the greater the resistance effect will be. Meanwhile, the dissolution process could 

promote the consolidation, and the greater dissolution coefficient will lead to a larger 

displacement and strain. The overall mechanical behaviour depends on the joint 

influence of swelling and dissolution 

 

2. In chapter 4, the model developed in chapter 3 has been extended to the unsaturated 

condition. The saturation of pore fluid has been added to the mechanical and hydraulic 

equation to represent the unsaturated case. The governing equation is the same as those 

derived from the classic mechanics approach, if neglecting the swelling and dissolution 

parameter, proving the validity of the approach and the model for the unsaturated case. 
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The numerical results show that swelling and dissolution have a contrary influence on 

the rock deformation. The sensitivity analysis shows that the pressure changes faster 

with a larger permeability, and the mechanical behaviour also changes faster. 

 

3. In chapter 5, the Mixture-Coupling Theory has been further extended to incorporate 

the swelling and dissolution in the coupled HMC framework. The model considers a 

detailed reaction type, giving a deep insight into the stress response with dissolution 

process.  The model is very appliable to geotechnical engineering since the concept of 

reaction extent is friendly to engineers and reachable in either lab experiments or field 

experiments. The numerical simulation shows the swelling and dissolution process have 

opposite influence on the displacement, but the swelling influence starts with the 

pressure change and is effective in a short time period (depending on pressure change) 

while the dissolution process shows its influence in a long time scale. The simulation 

also shows that the concentration near the left boundary is dominated by diffusion at 

the early stage and dominated by diffusion and dissolution at a long time scale; in the 

middle and right part, the concentration is dominated by dissolution only.  

 

4. In chapter 6, the model in chapter 5 has been further extended to THMC conditions. 

The entropy change due to fluid transforming from pore space to inter platelet place is 

considered, and the reaction inducted entropy is also considered. A new term, solid 

affinity, is introduced to describe the energy change due to the dissolution of solid 

minerals, providing a more accurate energy change equation during the swelling and 

dissolution process and making the derivations more rigorous. The fluid loss due to 

sorption into the interlayer space has been incorporated into the pore fluid transport 

equation and the chemical mass transport equation as sink terms. The thermal expansion 

capacity change of the wetted matrix is derived. The influence of bounded mass on heat 

transport is also derived in the heat transport equation. The new model provides a 

comprehensive framework to study the swelling and dissolution influence in the 



183 

 

coupled THMC condition. The numerical result shows that the thermal process has a 

significant influence on the hydraulic and chemical processes, and the swelling process 

significantly changed the expansion capacity of the wetted matrix. The dissolution of 

quartz by pure water can be much quicker in a high-temperature situation, however, due 

to the very low dissolution rate and solubility, the dissolution can only bring significant 

influence on porosity and strain on a sufficient long-time scale,  

 

7.2 Recommendation for future work 

The thesis significantly extends the Mixture-Coupling Theory and the research on 

THMC coupling. More work could be done in the future: 

 

1. The gas pressure is assumed to be zero in this work, however, on most occasions, gas 

pressure is non-zero, and it may have a significant influence on the Thermo, Hydro, 

Mechanical, Chemical process. Meanwhile, the gas transport can be of significant 

importance in some geotechnical applications like landfill where the gas is poisonous 

or flammable. 

 

2. The mechanical behaviour of clay/rock has been assumed to be isotropic, 

homogeneous, and elastic conditions. In real engineering applications, clay often exabit 

anisotropic, heterogeneous and elastic-plastic features, such characteristics can be taken 

into account to obtain more realistic mechanical behaviour. 

 

3.The swelling coefficient and dissolution coefficient adopted in this thesis are assumed 

values. However, it is suggested to determine the swelling coefficient and dissolution 

through experiments. In the model presented in chapter 3 and 4, the dissolution and 

swelling influence are linked to the mechanical behaviour through pressure, the relevant 

coefficient can be obtained through the stress-pressure relationship in the experiments 

subject to swelling/dissolution influence.  In the model presented in chapter 5 and 6, 
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the reaction extent is adopted as the variable to denote the dissolution influence. The 

dissolution coefficient can be validated through the relationship between the stress 

change and the reaction extent obtained in experiments. The swelling coefficient may 

be obtained through the relationship between the stress change and water pressure 

change in a swelling test. 

 

4. The entropy production due to mass exchange and reactive dissolution are ignored 

in chapter 5 but are considered in chapter 6, the derived constitutive relations are very 

similar. Why do different considerations lead to similar results?  In what condition can 

the entropy production be ignored? 

 

5. From the numerical result, the temperature dependency coefficient of chemical 

potential has a great influence on the thermal expansion capacity of the wetted matrix. 

More experiments and theoretical work are required to determine this coefficient and 

verify its sensitivity to the expansion capacity change. 

 

6. The dissolution process in geotechnical engineering also takes place in a long time 

scale, therefore, it would be of significance to study the influence of dissolution together 

with the creep phenomenon.  

 

7. The numerical simulation considers only the dissolution of quartz for demonstration 

purposes. However, in engineering applications, such as carbon capture and storage, 

the mineral composition may include quartz, silica, mica, feldspar, etc. The dissolution 

of these minerals, as well as the precipitation of secondary minerals, can all be taken in 

account to model more complex reactions and corresponding couplings with other 

processes. 

 

8. The numerical simulation presented in the thesis are simple 1D or 2D for isotropic 
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condition. More complex 2D or 3D models with real geometry and boundary condition, 

as well as anisotropic and heterogeneous properties would be more helpful to predict 

the mechanical, hydraulic, chemical and thermal behaviour of engineering applications 

like nuclear waste disposal, carbon capture and storage. 

 

9. The presented models are highly theoretical, more work is required to apply the 

model to practice. In the first step, proper numerical algorithm should be adopted to 

solve the equations. In the second step, reasonable simplification can be made based on 

engineering problems. The presented mathematical equations include almost every 

aspect of the THMC coupling, however, some of them can be neglected to meet the 

engineering requirement, for example, the temperature influence in isothermal 

condition. Then, material parameters from field or lab experiments are required. It 

should be noticed that when doing the fully coupled modelling of dissolution, the 

mechanical property degradation much be considered. It is suggested to develop an 

engineer-friendly Graphical User Interface (GUI) which allows the users to select 

modulus by simple click instead of editing equations or programming work.  
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