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Abstract

This thesis develops the panel data models that are designed to capture and explain observed

comovements among macroeconomic/�nance variables.

In Chapter 1, we develop a unifying econometric framework for analysing the heterogeneous

spatial panel data models with common factors. In particular, a CCEX-IV estimation procedure

is developed to tackle the challenging issues of endogeneity due to the spatial lagged term and the

correlation between the regressors and factors. Asymptotic properties of the proposed estimators are

established and Monte Carlo simulations con�rm their satisfactory �nite sample performances. The

proposed method is then applied to analyse the growth of UK house prices over 1997Q1-2016Q4.

Chapter 2 extends the previous analysis to a dynamic framework and proposes a spatial-temporal

autoregressive model with unobserved factors. An iterative procedure is developed for consistent

estimation of parameters. The properties of the proposed estimators are investigated both theo-

retically and via extensive Monte Carlo simulations. Moreover, we develop network connectedness

measures that can track the evolving in
uence of any node on others at both individual and regional

levels through using the di�usion FEVDs and multipliers. We �nally employ the method to analyse

the synchronisation of international business cycles using the data for 79 countries over 1970-2019.

While the �rst two chapters study the conditional mean e�ects, we investigate the conditional

distributional e�ects in Chapter 3. Speci�cally, we develop a two-step procedure for estimating the

dynamic quantile panel data model with unobserved common factors. The proposed estimator is

shown to be consistent and follow an asymptotic normal distribution, but it is subject to asymptotic

bias due to the incidental parameters. We then apply the split-panel jackknife approach to correct

the bias, and con�rm its satisfactory performance by Monte Carlo simulations. Finally, the proposed

method is applied to an analysis of bilateral trade 
ows for 380 country pairs over 1960-2018.
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Introduction

Panel data models have been one of the most active and exciting research areas during the past

few decades due to its ability of modeling more realistic behavioral hypotheses and challenging

methodological issues. The panel data models enjoy the two most signi�cant advantages over

Compared with the time series or cross-section data model (e.g. Hsiao (2014)):

1. E�cient estimation of parameters of interest. Thee panel data possesses two dimensions

and thus has more data samples. This increases the degree of freedoms while reducing the

collinearity among explanatory variables.

2. Controlling the unobserved heterogeneity. In many empirical studies, a key issue is that some

unobserved attributes are correlated with explanatory variables. If omitted or ignored, it

could lead to inconsistent/misleading estimation results. As the main advantage, panel data

models allow us to control for all time-invariant and time-speci�c omitted variables through

adding individual and/or time e�ects.

Owing to these advantages, panel data models have become the primary technique for investi-

gating casual e�ects (e.g. Imai and Kim (2021)). But, the standard panel data models impose a

cross-section independence assumption, that is restrictive given the widely observed comovement

among economic agents (e.g. Mastromarco et al. (2016b)). Hence, panel data models with cross-

section dependence (CSD) have become the main research focus during the past decades.

Two strands of studies have been developed to model CSD among cross-section individuals:

v Factor models where CSD is assumed to arise from the in
uence of common factors on all

individuals. This type of CSD can be characterised as strong in the sense that their in
uence

does not die away as the number of cross-section unit grows.

v Spatial models explain cross-sectional comovements via neighbourhood/peer e�ects, whereby

the behaviour of each individual is related to the behaviour of a �nite number of its neigh-

1
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bours/peers. This type of CSD is weak in the sense that its in
uence becomes negligible as

the number of cross-section unit becomes large.

Both approaches su�er from the endogeneity: the factors can be correlated with the regressors

whereas the spatial lagged term induces the simultaneity bias. To avoid inconsistent estimation,

econometric methods have been developed for dealing with either factor or spatial dependence,

separately :

v For the factor-based approach, Pesaran (2006) proposes a common correlated e�ects (CCE)

estimator that uses cross-section average (CSA) of dependent and independent variables as

factor proxies, while Bai (2009) develops an iterative principle component (IPC) estimator that

estimates both factors and factor loadings by principle component analysis. Both methods

have been very popular and extended substantially. The CCE approach has been extended by

Kapetanios et al. (2011) to nonstationary models, by Chudik and Pesaran (2015) to dynamic

models, and by Harding and Lamarche (2014) to the quantile regressions. The IPC approach

has been extended to dynamic analysis by Song (2013) and Moon and Weidner (2017), to

grouping analysis by Ando and Bai (2015), and to quantile regressions by Ando and Bai

(2020).

v For the spatial-based approach, Kelejian and Prucha (1998, 1999) propose the IV/GMM esti-

mation where the IVs are obtained by higher orders of spatially lagged independent variables.

Lee (2004) develops the quasi-maximum likelihood (QML) estimation that identi�es all the

structural parameters from reduced form estimation. These methods have also been extended

extensively. Qu and Lee (2015) allow for endogenous spatial weighting matrix, and Pesaran

and Yang (2021) and Lee et al. (2022) extend the model to cases with dominant units.

This thesis consists of three chapters that aim to make contributions to the ongoing literature

on panel data models with CSD. In Chapters 1 and 2, we combine the aforementioned methods

and apply them to an analysis of heterogeneous panel data models withboth spatial and factor

dependence. In Chapter 3, we propose a two-step IPC procedure for estimating dynamic quantile

panel data models with interactive e�ects.

In practice, both weak and strong forms of CSD are pervasive. For example, the UK business

cycle may depend on unobserved global business cycle (strong dependence) but also on the business

cycles of the UK's major trading partners (weak dependence). Therefore, researchers are paying

more e�orts to combine both spatial and factor dependence and develop a joint approach. Pesaran

and Tosetti (2011) allow the error components to be spatially dependent and contain unobserved

factors, and propose the CCE estimator advanced by Pesaran (2006). Bailey et al. (2016a) develop
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a multi-step estimation procedure that can distinguish CSD that is purely spatial from the one that

is due to common factors. Mastromarco et al. (2016a) propose a technique for modelling stochastic

frontier panels by combining the exogenously driven factor-based approach and an endogenous

threshold regime selection mechanism. Bai and Li (2014) consider a homogeneous spatial panel

data model with common shocks, and develop the quasi maximum likelihood (QML) estimation.

Using a similar model structure, Yang (2021) develops consistent estimators that combine CCE and

instrumental variable (IV)/generalised method of moments (GMM) estimation. See also Bai and

Li (2021), Shi and Lee (2017a) and Lu (2017). Yet, all the aforementioned studies assume that the

slope parameters are homogeneous. In a data-rich environment, slope homogeneity is a restrictive

assumption, as the strength and direction of spatial dependence between entities may vary over

space. In the spatial literature, only recently, Aquaro et al. (2021) and Shin and Thornton (2021)

have explicitly allowed the slope parameters to be heterogeneous and develop the QML and the

control function-based estimators, see also LeSage and Chih (2018).

In Chapter 1, we follow this research trend and develop a unifying econometric framework for

the analysis of heterogeneous panel data models that can account for both spatial dependence and

common factors. To tackle the challenging issues of various sources of endogeneity, we propose the

CCEX-IV estimation procedure that approximates factors by the cross-section averages of regres-

sors and deals with the spatial endogeneity using the internal instrumental variables. We develop

the individual and Mean Group estimators, and establish their consistency and asymptotic normal-

ity. By contrast, the Pooled estimator is shown to be inconsistent in the presence of parameter

heterogeneity. Monte Carlo simulations con�rm that the �nite sample performance of the proposed

estimators is quite satisfactory. Finally, we apply the method to analyse the house price growth for

339 Local Authority Districts in the UK over 1997Q1-2016Q4. Our main �ndings are summarised

as follows: (i) The individual spatial coe�cients are quite heterogeneous, but overall positive. This

is in line with a priori expectation that the house price increase in nearby area causes the local

house demand to rise. (ii) The Mean Group spatial coe�cients at the regional level are all positive

and heterogeneous, but tightly clustered around the national mean of 0.57. The impacts of pop-

ulation growth are larger for North East & York, North West and South West while the impacts

of income growth are larger in the rest of regions. (iii) Following Greenwood-Nimmo et al. (2021)

and Shin and Thornton (2021), we conduct the generalised connectedness measure (GCM) analysis

at the regional level and identify London and East Midlands as the most in
uential transmitters of

population and income growth shocks a�ecting the house price growths in the UK. However, our

�ndings do not provide full support for the London-centric view of ripple e�ects where house price

appreciation begins in South East and London before spreading to the rest of the country. We �nd
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that the ripple e�ects originated from London may have eventually spread to North East & York

and South West, but not to North West and Wales.

In Chapter 2, we extend the model to a dynamic framework and propose a spatial-temporal

autoregressive model with unobserved factors. Following Ando et al. (2021c), a modi�ed IPC

estimation is proposed to consistently estimate parameters of interest. We show that the indi-

vidual estimator is
p

T-consistent. Monte Carlo simulations con�rm the satisfactory �nite sample

performance of the proposed estimator. Moreover, by using the di�usion Forecast Error Variance

Decomposition (FEVD) and multipliers, we develop network connectedness measures that can track

the evolving in
uence of any node on others at both individual and regional levels. We demonstrate

the usefulness of the proposed approach with an application to the business cycle synchronisation

covering 79 countries over the period 1970-2019. We �nd that (i) all the individual coe�cients are

quite heterogeneous and most of them are positive, in line witha priori expectation that the output

growth is both serially and cross-sectionally positively correlated. (ii) While individual countries,

like US, China and Germany are found to be among the largest transmitters of both country-speci�c

shock and total factor productivity (TFP) growth e�ects, countries located in the Northern Amer-

ica and Eastern Asia, or those with advanced economic development are identi�ed to be the most

in
uential groups.

Notice that most of the studies in the literature have studied the conditional mean e�ects, which

may be inadequate in examining a broad policy impact. For example, policy makers are interested

in uncovering not only the conditional mean e�ects, but also the e�ects across di�erent quantiles.

Since the seminal paper by Koenker and Bassett Jr (1978), quantile regression has become a stan-

dard approach to modeling distributional e�ects. Koenker (2004) introduced the quantile regression

to panel data analysis. Kato et al. (2012) study panel quantile regression with individual e�ects,

and �nd that more restrictive conditions need to be imposed in order to establish
p

NT asymp-

totic normality, e.g. the smooth objective function in nonlinear models. Galvao and Montes-Rojas

(2010) and Galvao (2011) study dynamic quantile panel models with individual e�ects and utilise

instrumental variable analysis to solve the Nickel bias (Nickell (1981)) arising from the dynamic

term in the model. Harding and Lamarche (2014) extends the model by adding interactive e�ects

to capture the CSD, and propose the use of the CCE estimator. See also other extensions by Ando

and Bai (2020) and Chen et al. (2021a) that allow the common factors to be quantile-dependent.

To the best of our knowledge, Harding et al. (2020) only studies the estimation of dynamic

quantile panel data models with common factors. By assuming both the dependent variable and

regressors to be a�ected by same set of common factors, they propose the CCE approach for

consistent estimation. This assumption is however restrictive.
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In Chapter 3, we propose a two-step procedure for estimating the dynamic quantile panel data

model with interactive e�ects. To account for the endogeneity induced by correlation between factors

and lagged dependent variable/regressors, we �rst estimate factors consistently via an iterative

principal component analysis. In the second step, we run a smoothed quantile regression for the

augmented model with estimated factors and estimate the slope parameters. The proposed two-step

estimator is consistent and asymptotically normally distributed, but subject to asymptotic bias due

to the incidental parameters. We then apply the split-panel jackknife approach to correct the bias.

Monte Carlo simulations con�rm that our proposed estimator has good �nite sample performance.

We �nally apply the method to analyse bilateral trade data for 380 country pairs of 14 European

Union (EU) and 6 OECD countries over the period 1960-2018. In particular, we �nd the bene�ts

of being an EU member could be larger/more signi�cant during economic recession.



Chapter 1

Estimation and Inference in

Heterogeneous Spatial Panels with a

Multifactor Error Structure

Abstract We develop a unifying econometric framework for the analysis of heterogeneous panel

data models that can account for both spatial dependence and common factors. To tackle the

challenging issues of endogeneity due to the spatial lagged term and the correlation between the

regressors and factors, we propose the CCEX-IV estimation procedure that approximates factors

by the cross-section averages of regressors and deals with the spatial endogeneity using the internal

instrumental variables. We develop the individual and Mean Group estimators, and establish their

consistency and asymptotic normality. By contrast, the Pooled estimator is shown to be inconsistent

in the presence of parameter heterogeneity. Monte Carlo simulations con�rm that the �nite sample

performance of the proposed estimators is quite satisfactory. We demonstrate the usefulness of our

approach with an application to the house price growth for Local Authority Districts in the UK

over 1997Q1-2016Q4.

Key Words: Spatial Dependence and Heterogeneity, Unobserved Common Factors, CCEX-IV

Estimation, the UK House Price Growth, GCM Analysis.

JEL Classi�cation: C13, C15, C23, R30.
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1.1 Introduction

The increasingly globalised nature of the world economy and pervasive evidence of cross-section

dependence (CSD) found in empirical studies (e.g., Pesaran (2015); Mastromarco et al. (2016a)) have

driven considerable interests in developing panel data models that can explain observed patterns

of comovement among economic and �nancial variables. As the interdependence among di�erent

economic agents could arise from strategic interaction or a common third factor, such as common

technological shocks and regulatory changes, two strands of work have been proposed accordingly.

The �rst uses a spatial-based approach by assuming that the behaviour of each spatial unit is

related to the behaviour of its neighbours. The second uses a factor-based approach which allows

each individual to be a�ected by unobserved factors with di�erent intensities. While these two

methods are mostly developed separately, researchers are now paying more e�orts to combine them

and develop a uni�ed characterisation of CSD.

To date, some progress has been made in the literature. Pesaran and Tosetti (2011) allow the

error components to be spatially dependent and contain unobserved factors, and propose the com-

mon correlated e�ects (CCE) estimator advanced by Pesaran (2006). Bailey et al. (2016a) develop

a multi-step estimation procedure that can distinguish CSD that is purely spatial from the one that

is due to common factors. Mastromarco et al. (2016a) propose a technique for modelling stochas-

tic frontier panels by combining the exogenously driven factor-based approach and an endogenous

threshold regime selection mechanism. Bai and Li (2014) consider a homogeneous spatial panel

data model with common shocks, and develop the quasi maximum likelihood (QML) estimation.

Using a similar model structure, Yang (2021) develops consistent estimators that combine CCE and

instrumental variable (IV)/generalised method of moments (GMM) estimation. See also Bai and

Li (2021), Shi and Lee (2017a) and Lu (2017).

The aforementioned studies have developed the joint analysis of the spatial and factor depen-

dence under the assumption that the slope parameters are homogeneous. In a data-rich environment,

slope homogeneity is a restrictive assumption, as the strength and direction of spatial dependence

between entities may vary over space. In the spatial literature, only recently, Aquaro et al. (2021)

and Shin and Thornton (2021) have explicitly allowed the slope parameters to be heterogeneous

and develop the QML and the control function-based estimators, see also LeSage and Chih (2018).

Following this research trend, our primary objective is to develop a unifying econometric frame-

work for the estimation of heterogeneous panel data models that can jointly accommodate the

spatial and factor dependence. To tackle the challenging issues for developing consistent estimation

in the presence of spatial heterogeneity and endogeneity caused by the spatial lagged term and the

correlation between the regressors and unobserved factors, we propose to combine the CCE and IV
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methods. Notice, however, in the panel data literature with interactive e�ects that most studies

impose some restrictions on the factor structure a�ecting the dependent and independent variables

(Pesaran and Tosetti (2011), Bai and Li (2014), Bai and Li (2021), and Yang (2021)). Follow-

ing the forecasting literature (Bai and Ng (2008)), we propose a more general factor structure by

explicitly allowing the factors a�ecting the dependent and independent variables to be arbitrarily

di�erent, so far as the rank condition is satis�ed (see Assumption 1.2.3 in Section 1.2). We may

apply the standard CCE approach to approximate unobserved common factors by employing the

cross-section averages (CSA) of dependent and independent variables, denoted �yt and �x t , and then

deal with the spatial endogeneity via the IV method. This is referred to as the CCE-IV estimation.

The conventional use of �yt as factor proxy leads to the small sample bias, due to its correlation

with idiosyncratic errors unless N is large. This issue will be more complicated in the presence of

spatial dependence. We conjecture that such a bias will be non-negligible, especially if the spatial

weighting matrix remains relatively dense for all the sample sizes. In this regard, we propose the

simple and robust approach of using�x t only as factor proxies that can directly control the factors

correlated with the regressors, which is referred to as the CCEX-IV estimation. The factors speci�c

to the regression residuals may be left unaccounted for, but this is shown not to a�ect consistency

of the CCEX-IV estimator. Hence, our approach is in line with the robust estimation, which is

widely employed to avoid uncertainty in (consistently) estimating nuisance parameters for potential

e�ciency gain.

The CCEX-IV estimation has several advantages over existing methods developed for homo-

geneous spatial panel data models with interactive e�ects. The QML/PC methods developed by

Bai and Li (2014, 2021) are computationally demanding, especially ifN is large, and require the

consistent estimation of the number of unobserved factors, which is a challenging task. Kuersteiner

and Prucha (2020) propose a quasi-di�erencing transformation to eliminate the individual factor

loadings and treat the factors as estimands in homogeneous dynamic spatial panel models. Their

GMM method is developed for �xed T panels while our approach is for largeT panels. Moreover,

the GMM procedure is more complicated in the presence of the multiple factors, which also re-

quires the number of factors to be estimated consistently. More importantly, an extension of these

methods to the heterogeneous spatial panels with interactive e�ects is currently unavailable. Fur-

thermore, our method can be relatively easily extended to the development of nonlinear/quantile

heterogeneous panel data models with both spatial dependence and common factors, e.g., Boneva

and Linton (2017).

We show that the parameters in the individual regressions can be estimated consistently by

applying the de-factored IVs directly to the original regressions. These estimators are
p

T-consistent
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and follow asymptotic normal distributions. We also establish
p

N -consistency and asymptotic

normality for the mean group (MG) estimator. We provide nonparametric variance estimators,

robust to residual heteroskedasticity and serial correlation. Moreover, we �nd that the pooled

estimator is no longer consistent in the presence of the heterogeneous parameters. This is mainly

due to the remaining correlation between the spatial lagged term and the random spatial coe�cients.

This is a new �nding, extending the seminal work by Pesaran and Smith (1995) who establish that

the pooled estimator is inconsistent in the heterogeneous dynamic panels. Only in the special case

with the homogeneous parameters, the pooled estimator becomes
p

NT -consistent and follows a

normal distribution asymptotically.

Via Monte Carlo simulations, we investigate the �nite sample performance of CCEX-IV and

CCE-IV estimators. The biases of the CCEX-IV individual and MG estimators are relatively small

in almost all cases. On the other hand, the performance of the CCE-IV estimator depends crucially

upon the degree of sparsity of the spatial weighting matrix. If the network is relatively sparse,

then its performance is satisfactory. However, if the network is relatively dense, the biases of the

CCE-IV spatial coe�cients remain substantial at all the sample sizes. In this case RMSEs of the

CCE-IV estimator are also signi�cantly higher than the CCEX-IV counterpart even for large N .

This is in line with our conjecture that the conventional use of �yt as factor proxies may su�er from

the remaining endogeneity due to the correlation between �yt and idiosyncratic errors, provided that

the network remains relatively dense even for largeN . Furthermore, we establish that the pooled

estimators exhibit substantial biases under the parameter heterogeneity.

We apply our approach to analyse not only the spatial patterns of quarterly real house price

growth for Local Authority Districts in the UK over the period 1997Q1-2016Q4, but also the

impacts of income and population growth. Our main �ndings are summarised as follows: (i) The

individual spatial coe�cients are quite heterogeneous, but overall positive. This is in line with a

priori expectation that the house price increase in nearby area causes the local house demand to

rise. (ii) The MG spatial coe�cients at the regional level are all positive and heterogeneous, but

tightly clustered around the national mean of 0.57. The impacts of population growth are larger

for North East & York, North West and South West while the impacts of income growth are larger

in the rest of regions. (iii) Following Greenwood-Nimmo et al. (2021) and Shin and Thornton

(2021), we conduct the generalised connectedness measure (GCM) analysis at the regional level and

identify London and East Midlands as the most in
uential transmitters of population and income

growth shocks a�ecting the house price growths in the UK. However, our �ndings do not provide

full support for the London-centric view of ripple e�ects where house price appreciation begins in

South East and London before spreading to the rest of the country. We �nd that the ripple e�ects
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originated from London may have eventually spread to North East & York and South West, but

not to North West and Wales.

The rest of the chapter is organised as follows. Section 1.2 describes the model and assumptions.

Section 1.3 develops the asymptotic theory. Section 1.4 presents the �nite sample performance of

the proposed estimator. Section 1.5 provides an empirical application. Section 1.6 concludes.

The mathematical proofs and the additional simulation and empirical results are presented in the

Appendix A.

Notations . C represents a positive constant. For anyN � N real matrix, A = ( aij ), kA k =
p

tr (AA 0) denotes the Frobenius norm. The row and column sum norms ofA are de�ned as

kA k1 = max
1� i � N

P N
j =1 jaij j and kA k1 = max

1� j � N

P N
i =1 jaij j. We denote vec(A ) as the vectorisation

operator that stacks the columns ofA into a column vector, � max (A ) as the largest eigenvalue of

A , and tr( A ) as the trace of A . We use
 as the Kronecker product operator,a � b representing

that a and b are equivalent in the order of magnitude, and (N; T )!1 implying that N and T tend

to in�nity jointly.

1.2 The Model and Assumptions

Consider the heterogeneous spatial autoregressive panel data model with unobserved common fac-

tors:

yit = � i y�
it + x 0

it � i + 
 0
1i f 1t + 
 0

2i f 2t + " it = � i y�
it + x 0

it � i + 
 0
yi f yt + " it ; (1.2.1)

where yit is the dependent variable of the i -th spatial unit at time t, y�
it =

P N
j =1 wij yjt is the

spatial lagged variable with wij the (i; j )-th entry of the N � N spatial weighting matrix, W , � i

is the heterogeneous spatial autoregressive parameter,x it = ( x it; 1; : : : ; x it;k )0 is a k � 1 vector of

independent variables and� i is a k � 1 vector of heterogeneous parameters,f 1t and f 2t are r1 � 1

and r2 � 1 vectors of unobserved factors with
 1i and 
 2i being the factor loadings, and" it is the

idiosyncratic disturbance. f yt = ( f 0
1t ; f 0

2t )
0 and 
 yi = ( 
 0

1i ; 
 0
2i )

0 are r y � 1 vectors of factors and

loadings with r y = r1 + r2. Next, we consider the following data generating process (DGP) forx it :

x it = � 0
1i f 1t + � 0

3i f 3t + v it = � 0
xi f xt + v it ; (1.2.2)

where f 3t is an r3 � 1 vector of unobserved factors,� 1i and � 3i are r1 � k and r3 � k matrices of

factor loadings, andv it = ( vit; 1; : : : ; vit;k )0 is a k � 1 vector of idiosyncratic disturbances. Moreover,

f xt = ( f 0
1t ; f 0

3t )
0 and � xi = ( � 0

1i ; � 0
3i )

0 are r x � 1 vector and r x � k matrix with r x = r1 + r3.
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The model given by (1.2.1) and (1.2.2) is general and practical. It can accommodate both weak

and strong CSD through the spatial lagged term and common factors. Furthermore, it allows the

dependent and independent variables to be in
uenced by di�erent factors (e.g., Bai and Ng (2008)):

yit and x it share the common factors,f 1t , but they are subject to their speci�c factors, f 2t and

f 3t . Importantly, the slope heterogeneity renders the data speaking about the relative susceptibility

of each spatial unit to external conditions. In this regard, our model encompasses several existing

studies, e.g., Pesaran (2006), Bai (2009), Bai and Li (2014), Aquaro et al. (2021) and Yang (2021).

To develop consistent estimation of the (k + 1) � 1 vector of parameters, � i = ( � i ; � 0
i )

0, we

should address two sources of endogeneity: the regressors,x it are correlated with factors while the

spatial lagged term, y�
it is correlated with both factors and idiosyncratic error, " it . Econometric

methods have been developed separately for dealing with the spatial or factor dependence. The

spatial endogeneity can be resolved by using QML (Lee (2004)) or IV/GMM estimation (Kelejian

and Prucha (1998, 1999)). The common factors can be approximated by the PC estimates (Bai

(2003, 2009)) or the CSA of the variables (Pesaran (2006)). Only recently, a number of studies have

attempted to combine both approaches. Bai and Li (2014) consider a homogeneous spatial panel

data model with common shocks and develop the QML estimator whilst Yang (2021) proposes to

combine CCE and IV/GMM analysis. See also Bai and Li (2021), Bailey et al. (2016a), Mastromarco

et al. (2016a), Shi and Lee (2017a) and Kuersteiner and Prucha (2020).

Following this trend, we propose to combine the CCE and IV estimation for consistently esti-

mating � i . We �rst stack (1.2.1) over i :

y :t = �W y :t + Bx :t + 
 y f yt + " :t ; (1.2.3)

where y :t = ( y1t ; � � � ; yNt )0, x it = ( x it; 1; � � � ; x it;k )0, x :t = ( x 0
1t ; � � � ; x 0

Nt )0, � = diag(� 1; � � � ; � N ),

� i = ( � 1i ; � � � ; � 1k )0, B = diag(� 0
1; � � � ; � 0

N ), 
 y = ( 
 y1; � � � ; 
 yN )0, and " :t = ( "1t ; � � � ; "Nt )0.

We then stack (1.2.3) overt:

y = ( I T 
 �W )y + ( I T 
 B)x + ( I T 
 
 y)f y + " ; (1.2.4)

wherey = ( y 0
:1; � � � ; y 0

:T )0, x = ( x 0
:1; � � � ; x 0

:T )0, f y = ( f 0
y1; � � � ; f 0

yT )0, and " = ( " 0
:1; � � � ; " 0

:T )0. Assume

for the moment that f yt , t = 1 ; : : : ; T , are observable, and de�ne the idempotent matrices:

~M Fy = M Fy 
 I N ; M Fy = I T � Fy(F 0
yFy) � 1F 0

y ;
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where Fy = ( f y1; : : : ; f yT )0 is a T � r y matrix. It is then easily seen that

~M Fy (I T 
 
 y)f y = ( M Fy 
 I N )( I T 
 
 y)f y = vec( 
 yF 0
yM 0

Fy
) = 0;

~M Fy (I T 
 B)x = ( M Fy 
 I N )( I T 
 B)x = ( I T 
 B)(M Fy 
 I N )x ;

~M Fy (I T 
 �W )y = ( M Fy 
 I N )( I T 
 �W )y = ( I T 
 �W )(M Fy 
 I N )y : (1.2.5)

The equivalence in (1.2.5) suggests that ~M Fy (I T 
 �W )y can be interpreted as the de-factored

spatial lagged term of the dependent variable or the spatial lagged term of the de-factored dependent

variable. Pre-multiplying (1.2.4) by ~M Fy , we obtain:

~y0 = ( I T 
 �W ) ~y0 + ( I T 
 B) ~x + ~" 0; (1.2.6)

where ~y0 = ( M Fy 
 I N )y is the de-factoredy , and ~x and ~" 0 are de�ned similarly. The transformed

model, (1.2.6) is a heterogeneous spatial panel data (HSPD) model for the de-factored data, to

which we can apply the IV/GMM method. Next, to derive the IVs internally, we rewrite (1.2.6) as

(I T 
 (I N � �W )) ~y0 = ( M Fy 
 I N )( I T 
 B)x + ~" 0:

Assuming that I N � �W is invertible (see Assumption 1.2.4 below), we obtain:

~y0 = ( I T 
 (I N � �W ) � 1)(M Fy 
 I N )( I T 
 B)x + ( I T 
 (I N � �W ) � 1) ~" 0

= ( M Fy 
 I N )( I T 
 (I N � �W ) � 1)( I T 
 B)x + ( I T 
 (I N � �W ) � 1) ~" 0; (1.2.7)

which implies that valid instruments can be constructed by (higher orders of) spatial lagged terms

of the de-factored regressors or the de-factored (higher orders of) spatial lagged terms of regressors.

This analysis is not feasible because factors are latent.

Yang (2021) studies a homogeneous spatial panel data model with interactive e�ects:

yit = �y �
it + x 0

it � + 
 0
i f t + " it : (1.2.8)

Assuming that yit and x it share the same common factors, she develops the CCE estimator with

(�yt ; �x 0
t )

0 as factor proxies. In the presence of spatial dependence, however, the use of �yt may result

in non-negligible biases unlessN is large. To illustrate, consider the homogeneous panel data model
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with unobserved factors:

yit = x 0
it � + 
 0

i f t + " it ;

and the augmented model with (�yt ; �x 0
t )

0 as factor proxies:

yit = x 0
it � + � 0

1i �x t + � 2i �yt + "̂ it ;

where �yt =
P N

i =1 yit =N, �x t =
P N

i =1 x it =N, and "̂ it = 
 0
i f t � � 0

1i �x t � � 2i �yt + " it . Assuming that " it

is independent off s, x js for all j and s, and cross-sectionally independent with uniformly bounded

variance, � 2
";i = var(" it ), we have:

E(�yt " it ) =
1
N

NX

j =1

E[(x 0
jt � + 
 0

j f t + " jt )" it ] =
1
N

NX

j =1

E(" jt " it ) =
� 2

";i

N
�

1
N

:

Hence, for smallN , the CCE estimator may su�er from �nite sample bias due to the \smearing

e�ect" (Greene (2010)). This issue will be more complicated in the presence of spatial dependence.

From (1.2.8), we obtain:

E(�yt " it ) =
1
N

� 0
N E[(I N � � W ) � 1(X :t � + 
 0f t + " :t )" it ] =

1
N

� 0
N E

�
(I N � � W ) � 1" :t " it

�

=
1
N

1X

r =0

NX

j =1

� r wr
ji E(" it )2 =

1X

r =0

NX

j =1

� r wr
ji

� 2
";i

N
�

C(�; W )
N

; (1.2.9)

where � N is an N � 1 vector of ones,X :t = ( x 1t ; : : : ; x Nt )0, 
 = ( 
 1; : : : ; 
 N ), " :t = ( "1t ; : : : ; "Nt )0 ,

wr
ji is the (j; i )-th element of W r . C(�; W ) is expected to increase withj� j and becomes larger as

the spatial weighting matrix, W is denser.

In this regard, we propose a simple and robust approach to use�x t only as proxies for unob-

served factors. This is referred to as the CCEX estimator.1 The main motivation behind the CCE

estimation lies in dealing with endogeneity caused by the correlation between regressors and un-

observed factors (see Section 3.3 in Bai (2009)). If so, it will be su�cient to control the factors

f xt in (1.2.2) that are correlated with f yt in (1.2.1), which can be approximated by �x t . Following

the similar logic, Norkut�e et al. (2021) propose the IV estimator for dynamic panel data models

1Only two studies have used this approach: Boneva and Linton (2017) apply the corresponding CCE estimator
in a binary choice model. Chen and Yan (2019) propose a three-step CCE estimator for a homogeneous panel data
model with common factors.
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with exogenous covariates and a multifactor error structure by using the de-factored covariates as

instruments. But, they employ the PC approach and do not consider the spatial e�ects.

We stack (1.2.2) overi and vectorise it:

vec(X 0
:t ) = � 0

1f 1t + � 0
3f 3t + vec(V 0

:t ) = � 0
x f xt + vec(V 0

:t ); (1.2.10)

whereX :t = ( x 1t ; : : : ; x Nt )0, � 1 = ( � 11; : : : ; � 1N ), � 3 = ( � 31; : : : ; � 3N ), � x = ( � 0
1; � 0

3)0 = ( � x1; : : : ; � xN ),

and V:t = ( v1t ; : : : ; vNt )0. Next, pre-multiply (1.2.10) by � = � 0
N 
 I k=N:

�x t = �� 0
x f xt + �v t ; (1.2.11)

where �x t = � vec(X 0
:t ) =

P N
i =1 x it =N , �� x = ( �� 0

x )0 =
P N

i =1 � xi =N, and �v t = � vec(V 0
:t ) =

P N
i =1 v it =N. Assuming that �� x has a full row rank, namely, rank (�� x ) = r x � k for all N including

N ! 1 , we have:

f xt = ( �� x �� 0
x ) � 1 �� x ( �x t � �v t ): (1.2.12)

Under Assumption 1.2.2, asN ! 1 , �v t converges to0 in quadratic mean (Lemma A.3.1 in the

Appendix A). 2 Hence, under Assumption 1.2.3,f xt can be approximated by �x t :

f xt = ( �� x0 �� 0
x0) � 1 �� x0 �x t + op(1);

where �� x
p

�! �� x0 = E( � xi ) as N ! 1 . Augmenting (1.2.1) with �x t only may leavef 2t unaccounted

for, in which case we may concern about any e�ciency loss. However, if the dimension off 2t is

larger than 1, the use of �yt does not always achieve e�ciency gain because �yt may not provide good

approximation to f 2t .3

Now, we make the following assumptions:

Assumption 1.2.1. The r y � 1 vector of unobserved factors,f yt = ( f 0
1t ; f 0

2t )
0 and the r x � 1

vector of unobserved factors,f xt = ( f 0
1t ; f 0

3t )
0 are covariance stationary with absolutely summable

autocovariances, and distributed independently of the idiosyncratic errors," is and v is , for all i; t

and s. Furthermore, F 0
yFy=T and F 0

xFx=T are nonsingular for all T , where Fy =
�
f y1; : : : ; f yT

� 0

and Fx =
�
f x1; : : : ; f xT

� 0.

2This holds with unequal weights if the granular condition in Pesaran (2006) is satis�ed.
3The rank condition speci�ed in Pesaran (2006) fails in this situation.
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Assumption 1.2.2. The idiosyncratic errors " it and v js are cross-sectionally uncorrelated and dis-

tributed independently of each other, for alli; j; t; s . For each i; f " it gT
t=1 and f v it gT

t=1 follow station-

ary linear processes:" it =
P 1

l=0 ail � i;t � l and v it =
P 1

l=0 B il � i;t � l , where(� it ; � 0
it )0 � IID (0k+1 ; I k+1 ),

over both i and t, with �nite fourth-order moments. Furthermore, f " it gT
t=1 and f v it gT

t=1 have abso-

lutely summable autocovariances uniformly ini . In particular, let � 2
";i := var( " it ) =

P 1
l=0 a2

il and


 v;i := var( v it ) =
P 1

l=0 B il B 0
il . Then, for all i , � 2

";i > 0 and 
 v;i is a positive de�nite matrix, and

there exists a positive constantC such that j� 2
";i j � C and k
 v;i k � C.

Assumption 1.2.3. The factor loadings, 
 yi and � xi , 1 � i � N , are cross-sectionally in-

dependently distributed and uniformly bounded in probability and follow the following processes:


 yi � IID (0; 
 
 ) and � xi = �� x0 + � � ;i , where � � ;i � IID (0; 
 � ) is independent of 
 yj for all

i and j , �� x0
r x � k

= ( �� 0
10

k� r 1

; �� 0
30

k� r 3

)0 is a matrix with full row rank, and 
 
 and 
 � are positive de�nite

matrices. Both 
 yi and � � ;i are independent of" jt , v jt and f at for all i , j , and t. Moreover, the

matrix �� x =
P N

i =1 � xi =N has full row rank for all N including N ! 1 .

Assumption 1.2.4. The N � N spatial weighting matrix, W = ( wij ) with wii = 0 , has bounded

row and column sum norms, i.e.,kW k1 < C and kW k1 < C , and

� sup := sup
i

j� i j < maxf 1=kW k1; 1=kW k1 g: (1.2.13)

Assumption 1.2.5. The parameters, � i = ( � i ; � 0
i )

0 follow a random coe�cient model:

� i = � + � i ; � i � IID (0; 
 � ); i = 1 ; : : : ; N; (1.2.14)

where � := E( � i ) = (E( � i ); E(� i )0)0 = ( �; � 0)0 and 
 � is a positive de�nite matrix. Moreover, � i is

independent of
 yj ; � xj , " jt , v jt , and fat for all i; j and t.

Remark 1.2.1. Assumptions 1.2.1{1.2.3 and 1.2.5 are standard. Assumption 1.2.1 allowsf 1t , f 2t ,

and f 3t to be correlated. If we use �yt and �x t as factor proxies, then the means of both factor
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loadings, E(
 yi ) and E(� xi ), should be nonzero (see Pesaran (2006)). Since we propose using only

�x t as factor proxies, we require the weaker condition, E(� xi ) = �� x0 6= 0. The rank condition,

rank( �� x0) = r x � k, is no more restrictive than the one imposed by Pesaran (2006) and Yang

(2021).4

The IVs can be obtained byX :t and their higher order spatial lagged terms such that

Q
NT � �

= ( Q0
:1; : : : ; Q0

:T )0;

whereQ :t is anN � � (� � (k+1)) matrix consisting of the � columns of the IV set (X :t ; : : : ; W r X :t ; : : :)

for r = 0 ; 1; 2; � � � and for each t. To make the columns ofQ :t valid instruments, we �rst need to

de-factorise them (see the discussion below (1.2.7)). Using�x t as factor proxies, we construct the

following de-factorisation matrix:

~M �X = M �X 
 I N with M �X = I T � �X ( �X 0 �X )+ �X 0; (1.2.15)

where �X = ( �x 1; : : : ; �x T )0 and ( �X 0 �X )+ is the Moore-Penrose inverse of �X 0 �X . We construct the

NT � � matrix of instrumental variables, denoted ~Q = ( M �X 
 I N )Q. Even if the factors, f 2t speci�c

to yit , may be left unaccounted for, this does not a�ect the validity of IVs, because (M �X 
 I N )Q

is uncorrelated with f 2t under Assumption 1.2.1.

We next introduce the identi�cation conditions for the individual coe�cient, � i and its mean,

� = E( � i ). De�ne:

~Q i 0
T � �

= M Fx (I T 
 b0
i )Q and Z i 0:

T � (k+1)
= (( I T 
 b0

i G)( I T 
 B)x ; X i: );

where M Fx = I T � Fx (F 0
xFx ) � 1F 0

x ; Fx = ( f x1; : : : ; f xT )0; bi is the N � 1 column vector with the

i -th entry being 1 and 0 otherwise,G = W S � 1 and X i: = ( x i 1; : : : ; x iT )0.

Assumption 1.2.6. For all i and T � 1:

(i) The � � � matrix, ~Q0
i 0

~Q i 0=T is nonsingular and has bounded second order moment.

4For convenience, we assume:E (
 yi ) = 0 (e.g. Norkut�e et al. (2021)). But as pointed out by an anonymous
referee, we need only to assumeE (
 2i ) = 0. Furthermore, we can also develop our theory based on the assumption
E (f 2t ) = 0 instead.
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(ii) The � � (k + 1) matrix, ~Q0
i 0Z i 0:=T has full column rank and bounded second order moment.

(iii) The � � 1 vector, ~Q0
i 0F2
 2i =

p
T has bounded second order moment.

(iv) As (N; T ) ! 1 , there exist an � � � nonsingular matrix � i , an � � (k + 1) full-column-rank

matrix 	 i , and an � � � positive de�nite matrix � i , such that

� i = plim
T !1

~Q0
i 0

~Q i 0

T
; 	 i = plim

T !1

~Q0
i 0Z i 0:

T
;

� i = lim
T !1

E

 
~Q0

i 0F2
 
 2 F 0
2

~Q i 0

T
+

~Q0
i 0
 ";i ~Q i 0

T

!

; (1.2.16)

where 
 
 2 = E ( 
 2i 
 0
2i ) and 
 ";i = E ( " i: " 0

i: ).

Remark 1.2.2. Assumption 1.2.6(i)-(iii) to be held for all T � 1 is needed to derive consistency

of the Mean Group and Pooled estimators for �xed T, see also Pesaran (2006) and Norkut�e et al.

(2021). If we are only concerned with largeT asymptotics, Assumption 1.2.6(i)-(iii) needs to hold

as T ! 1 . Assumption 6(iii) is implied by Assumptions 1.2.1-1.2.4, but we keep it to facilitate the

proofs for Theorems. Assumption 1.2.6(iv) ensures the existence of the asymptotic variance of the

individual estimators in Theorem 1.3.1.

Remark 1.2.3. As pointed out by one of the referees, ifB = 0 in (1.2.3), then the IVs de�ned

above are invalid and the full rank condition in Assumption 1.2.6 (ii) fails. To account for this

situation, we follow Lee and Yu (2014) and Yang (2021), and provide some discussions on how to

develop the GMM estimation using both linear and quadratic moment conditions in Section A.1 in

the Appendix A. But, the construction of quadratic moments for each individual requires consistent

estimation of idiosyncratic errors and the parameters from all other individual regressions. This

implies that all the parameters need to be determined simultaneously, which would pose a heavy

computational burden, especially if N is large. Furthermore, the construction of optimal quadratic

moment conditions relies on an analysis of the asymptotic properties of the GMM estimator. This

analysis is challenging because of parameter heterogeneity and beyond the scope of the current

study. Also, due to space constraints, we leave this important topic for future research.
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1.3 Asymptotic Theory

1.3.1 The Individual Estimator

Stacking equations (1.2.1) and (1.2.2) overt, we have:

y i: = � i y �
i: + X i: � i + Fy 
 yi + " i: = Z i: � i + Fy 
 yi + " i: ; (1.3.17)

X i: = Fx � xi + Vi: ; (1.3.18)

where y i: = ( yi 1; : : : ; yiT )0, y �
i: = ( I T 
 w i )y = ( y�

i 1; : : : ; y�
iT )0, w i = b0

i W is the i -th row of W ,

Z i: = ( y �
i: ; X i: ) and Vi: = ( v i 1; : : : ; v iT )0: We pre-multiply (1.3.17) by M �x de�ned in (1.2.15). Under

this transformation, f 2t are not removed from (1.3.17). Nevertheless, by augmenting (1.3.17) with

�X , we can consistently estimate� i using the IVs, ~Q i = M �X (I T 
 b0
i )Q.5 The individual CCEX-IV

estimator is given by

�̂ i =
�
Z 0

i: � i Z i:
� � 1 Z 0

i: � i y i: ; (1.3.19)

where � i = ~Q i ( ~Q0
i

~Q i ) � 1 ~Q0
i . Since M �X is an idempotent matrix, we have Z 0

i: M �X
~Q i = Z 0

i:
~Q i .

This suggests that we can estimate� i equally in two di�erent ways. The �rst uses ~Q i as IVs in

the de-factored regression ofM �X y i: against M �X Z i: . The second applies the IVs, ~Q i directly to

estimate (1.3.17). Substituting (1.3.17) into (1.3.19), we obtain:

�̂ i � � i =
�

Z 0
i: � i Z i:

T

� � 1 Z 0
i: � i (F1
 1i + F2
 2i + " i: )

T
: (1.3.20)

As shown in Section A.2.1 in the Appendix A, the right hand side (RHS) of (1.3.20) converges in

probability to 0 and follows a limiting normal distribution for each i .

Theorem 1.3.1. Consider the heterogeneous spatial panel data model with common factors given

by (1.2.1) and (1.2.2). Under Assumptions 1.2.1{1.2.4 and 1.2.6(i){(iii), as (N; T )!1 , the indi-

vidual estimator, �̂ i in (1.3.19), is consistent for � i . In addition, if Assumption 1.2.6(iv) holds and

5The instruments for the i -th individual regression can be expressed interchangeably as

(I T 
 b0
i )(M �X 
 I N )Q = ( M �X 
 1)(I T 
 b0

i )Q = M �X (I T 
 b0
i )Q:
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T=N2 ! 0, then as (N; T ) ! 1 ,

p
T(�̂ i � � i )

d�! N (0; 
 i );

where 
 i =
�
	 0

i �
� 1
i 	 i

� � 1 �
	 0

i �
� 1
i � i � � 1

i 	 i
� �

	 0
i �

� 1
i 	 i

� � 1
, and 	 i , � i , and � i are de�ned in

Assumption 1.2.6(iv).

A consistent estimator for 
 i , is given by


̂ i =
�

Z 0
i: � i Z i:

T

� � 1
 

Z 0
i:

~Q i

T

!  
~Q0

i
~Q i

T

! � 1

�̂ i

 
~Q0

i
~Q i

T

! � 1  
~Q0

i Z i:

T

! �
Z 0

i: � i Z i:

T

� � 1

;(1.3.21)

and �̂ i can be constructed by the Newey and West (1987) robust estimator:

�̂ i = �̂ i; 0 +
pTX

h=1

�
1 �

h
pT + 1

� �
�̂ i;h + �̂ 0

i;h

�
;

where�̂ i;h =
P T

t= h+1 êit êi;t � h ~qit ~q0
i;t � h=T, pT is the bandwidth of the Bartlett kernel, êi: = M �X (y i: �

Z i: �̂ i ) = ( êi 1; : : : ; êiT )0, and the � � 1 vector ~qit is the t-th column of ~Q0
i .

1.3.2 The Mean Group Estimator

Consider the CCEX-IV Mean Group estimator for � de�ned as

�̂ MG =
1
N

NX

i =1

�̂ i : (1.3.22)

Under Assumption 1.2.5 and using (1.3.20), we expand (1.3.22) as follows:

�̂ MG � � =
1
N

NX

i =1

(�̂ i � � i ) +
1
N

NX

i =1

� i =
1
N

NX

i =1

� i +
1
N

NX

i =1

�
Z 0

i: � i Z i:

T

� � 1 Z 0
i: � i F1
 1i

T

+
1
N

NX

i =1

�
Z 0

i: � i Z i:

T

� � 1 Z 0
i: � i F2
 2i

T
+

1
N

NX

i =1

�
Z 0

i: � i Z i:

T

� � 1 Z 0
i: � i " i:

T
: (1.3.23)

As shown in Section A.2.2 in Appendix A, the �rst term,
P N

i =1 � i =N dominates and determines the

asymptotic property of the Mean Group estimator.
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Theorem 1.3.2. Consider the heterogeneous spatial panel data model with common factors given

by (1.2.1) and (1.2.2). Under Assumptions 1.2.1 { 1.2.5 and 1.2.6(i){(iii), as N ! 1 , the Mean

Group estimator �̂ MG in (1.3.22), is consistent for � for either �xed T or T ! 1 . Furthermore,

as (N; T )!1 , we have

p
N

�
�̂ MG � �

�
d�! N (0; 
 MG ) ;

where 
 MG = 
 � = var( � i ).

We can estimate
 � consistently by the nonparametric estimator (Pesaran (2006)):


̂ MG = 
̂ � =
1

N � 1

NX

i =1

(�̂ i � �̂ MG )( �̂ i � �̂ MG )0: (1.3.24)

1.3.3 The Pooled Estimator

To derive the CCEX-IV Pooled estimator for � , we de-factor the data by pre-multiplying by M �X ,

and obtain ~y = ( ~y 0
1; � � � ; ~y 0

N )0 with ~y i = M �X y i: , and ~Z = ( ~Z 0
1; � � � ; ~Z 0

N )0, with ~Z i = M �X Z i: where

y i: and Z i: are de�ned in (1.3.17). We then run the IV regression of~y on ~Z using the NT � � matrix

of IVs, ~Q = ( ~Q0
1; � � � ; ~Q0

N )0 where ~Q i = M �X (I T 
 b0
i )Q. The Pooled estimator for � is given by

�̂ P = ( ~Z 0 ~Q( ~Q0 ~Q) � 1 ~Q0~Z ) � 1 ~Z 0 ~Q( ~Q0 ~Q) � 1 ~Q0~y : (1.3.25)

Under Assumption 1.2.5 and using (1.3.17) and (1.3.25), we have:

�̂ P � � =

2

4

 
1
N

NX

i =1

Z 0
i:

~Q i

T

!  
1
N

NX

i =1

~Q0
i

~Q i

T

! � 1  
1
N

NX

i =1

~Q0
i Z i:

T

! 3

5

� 1

 
1
N

NX

i =1

Z 0
i:

~Q i

T

!  
1
N

NX

i =1

~Q0
i

~Q i

T

! � 1
1
N

NX

i =1

~Q0
i (Z i: � i + F1
 1i + F2
 2i + " i: )

T
:

(1.3.26)

The Pooled estimator is inconsistent, due to the non-vanishing correlation between� i and y �
i: in

Z i: , see Remark 1.3.1 and Section A.2.3 in the Appendix A.

In the special case where the parameters are homogeneous, i.e.,� i � � for all i , the Pooled
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estimator, denoted as�̂ �
P , has the following representation:

�̂ �
P � � =

2

4

 
1
N

NX

i =1

Z 0
i:

~Q i

T

!  
1
N

NX

i =1

~Q0
i

~Q i

T

! � 1  
1
N

NX

i =1

~Q0
i Z i:

T

! 3

5

� 1

 
1
N

NX

i =1

Z 0
i:

~Q i

T

!  
1
N

NX

i =1

~Q0
i

~Q i

T

! � 1
1
N

NX

i =1

~Q0
i (F1
 1i + F2
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T
:

(1.3.27)

To establish the asymptotic properties of �̂ �
P , we assume:

Assumption 1.3.1. (i) For all T � 1, as N ! 1 , the � � � matrix,
NP

i =1

~Q0
i 0

~Q i 0=NT is non-

singular, and the � � (k + 1) matrix,
P N

i =1
~Q0

i 0Z i 0:=NT has a full column rank.

(ii) As (N; T ) ! 1 , there exist an � � � non-singular matrix, � , an � � (k + 1) matrix, 	 with

the full column rank, and a positive de�nite matrix. � �
P such that

� = plim
(N;T )!1

1
N

NX

i =1

~Q0
i 0

~Q i 0

T
; 	 = plim

(N;T )!1

1
N

NX

i =1

~Q0
i 0Z i 0:

T
;

� �
P = lim

(N;T )!1

1
N

NX

i =1

E

 
~Q0

i 0F2
 
 2 F 0
2

~Q i 0

T
+

~Q0
i 0
 ";i ~Q i 0

T

!

:

Theorem 1.3.3. Consider the spatial panel data model with common factors given by (1.2.1) and

(1.2.2). Suppose that the parameters are heterogeneous and follow the random coe�cient model

(1.2.14). Then, the Pooled estimator �̂ P in (1.3.25) is inconsistent for � . In the case where the

parameters are homogeneous, i.e.,� i � � for all i , the Pooled estimator�̂ �
P is consistent asN ! 1

for �xed T or T ! 1 under Assumptions 1.2.1{1.2.4, 1.2.6(i){(iii) and 1.3.1(i). In addition, if

Assumption 1.3.1(ii) holds and T=N2 ! 0, then as (N; T )!1 ,

p
NT (�̂ �

P � � ) d�! N (0; 
 �
P );

where 
 �
P =

�
	 0� � 1	

� � 1 �
	 0� � 1� �

P � � 1	
� �

	 0� � 1	
� � 1.
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Following Cui et al. (2022) we estimate
 �
P by


̂ �
P =

 
~Z 0� ~Z
NT

! � 1  
~Z 0 ~Q
NT

!  
~Q0 ~Q
NT

! � 1

�̂ �
P

 
~Q0 ~Q
NT

! � 1  
~Q0~Z
NT

!  
~Z 0� ~Z
NT

! � 1

; (1.3.28)

where � = ~Q( ~Q0 ~Q) � 1 ~Q0 and

�̂ �
P =

1
N

NX

i =1

~Q0
i ê

�
i: ê

� 0

i:
~Q i

T
; ê�

i: = y i: � Z i: : (1.3.29)

Remark 1.3.1. It is the interplay between parameter heterogeneity and the spatial autoregressive

structure that renders the Pooled estimator of � in (1.3.25) inconsistent. This is a new �nding in

the literature, which extends the seminal work by Pesaran and Smith (1995) who establish that the

Pooled estimator is inconsistent in the dynamic panels with the heterogeneous parameters. To see

this, we write the i -th individual de-factored regression at time t from (1.2.6) as follows:

~yit = � i ~y�
it + ~x 0

it � i + ~" it = � ~y�
it + ~x 0

it � + ~eit ; (1.3.30)

where ~eit = � � i ~y�
it + ~x 0

it � � i + ~" it and we have decomposed the error term,� i of the random coe�cients

in (1.2.14) as � i = ( � � i ; � 0
� i

)0. Then, the Pooled estimator for � de�ned in (1.3.25) is equivalent to

applying the 2SLS estimation to (1.3.30) with the new composite error term, ~eit . Notice that the

mean of� � i ~y�
it in ~eit is no longer zero because ~y�

it contains � � i . More importantly, the IVs in ~Q become

correlated with ~eit as ~Q is correlated with ~y�
it . Thus, the Pooled estimator in (1.3.25) is inconsistent

(see Section A.2.3 in the Appendix A). Notice that the term, ~x 0
it � � i is uncorrelated with ~Q under

Assumption 1.2.5. Hence, in the mixed case where the spatial coe�cient is homogeneous (i.e.,

� � i = 0 for all i ) but the slope coe�cients � i are heterogeneous, the Pooled estimator in (1.3.25) is

still consistent. In the special case where all the parameters are homogeneous, the Pooled estimator

in (1.3.27) becomes
p

NT -consistent.

Remark 1.3.2. The second result in Theorem 1.3.3 is slightly di�erent from Theorem 1 in Yang
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(2021). This is mainly because Yang (2021) assumes thatyit and x it share the same common

factors. Importantly, the CCEX approach only requires the condition, T=N2 ! 0, as the order

for the third term in (A.2.22) is Op(1=
p

N ) due to the independence between�V = ( �v :1; : : : ; �v :T )0

and " i: . But, if �yt is also included as a factor proxy, the order of this term becomesOp

� p
T=N

�

because the factor approximation error is correlated with" i: . In this case, one requires the stronger

condition, T=N ! 0.

1.4 Monte Carlo Simulations

We investigate the �nite sample performance of the CCEX-IV and CCE-IV individual, Mean Group

and Pooled estimators. To make the simulation design realistic, we construct the DGP in a data-

oriented manner by calibrating the values of the parameters following our empirical application:

yit = � i y�
it + � 1i x it 1 + � 2i x it 2 + 
 1i f 1t + 
 2i f 2t + � 1" it ; (1.4.31)

x it;p = � 1i;p f 1t + � 3i;p f 3t + � 2vit;p ; p = 1 ; 2; (1.4.32)

for i = 1 ; : : : ; N and t = 1 ; : : : ; T , where we set the number of regressors at 2 and unobserved factors

in both equations for yit and x it at 2.

We conduct four Monte Carlo experiments (see Table 1.1). In Experiments 1 and 2 we set

f 2t = f 3t while we generatef 2t and f 3t independently in Experiments 3 and 4. Each factor is

generated as an AR(1) process:

f r;t = � f r f r;t � 1 + � f rt ; t = � 49; : : : ; T ; r = 1 ; 2; 3;

with � f r = 0 :5 and � f rt � IIDN (0; 1 � � 2
f r

). We discard the �rst 50 observations as the burn-in

sample. We generate the factor loadings fromIIDN (0; 0:5). In Experiments 1 and 3, we set the

homogeneous parameters as

� i = � = 0 :5; � i 1 = � 1 = 1 ; � i 2 = � 2 = 0 :5; i = 1 ; : : : ; N;
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whereas in Experiments 2 and 4, we generate the heterogeneous parameters by

� i = 0 :5 + � � i ; � i 1 = 1 + � � i 1 ; � i 2 = 0 :5 + � � i 2 ; i = 1 ; : : : ; N;

where � i � � + IIDU (� 0:2; 0:2), � � i 1 � IIDN (0; 0:5) and � � i 2 � IIDN (0; 0:3). We also consider a

higher spatial dependence withE(� i ) = 0 :8.

Table 1.1: Experiment Settings

Factors for yit and x it

Same Di�erent

Coe�cients
Homogeneous Experiment 1 Experiment 3
Heterogeneous Experiment 2 Experiment 4

We allow idiosyncratic errors in (1.4.31) and (1.4.32) to be heteroskedastic and serially correlated.

For " it , the �rst half cross-section units are generated from an AR(1) process:

" it = � " i " i;t � 1 + � i (1 � � 2
" i

)0:5� " it ; i = 1 ; : : : bN=2c; t = � 49; : : : ; T;

whilst the second half cross-section units are from a MA(1) process:

" it = � i (1 +  2
" i

)0:5(� " it +  " i � " it � 1 ); i = bN=2c + 1 ; : : : ; N ; t = � 49; : : : ; T;

where � " i =  " i = 0 :5 for all i , � 2
i � IIDU (0:5; 1:5), � " it � IIDN (0; 1), and b:c denotes the integer

part. We generate each component ofv it as an AR(1) process:

vit;p = � vi;p vi;t � 1;p + � vi;p ; i = 1 ; : : : ; N ; t = � 49; : : : ; T ; p = 1 ; 2;

where � vi;p = 0 :5 and � vi;p � IIDN (0; 1 � � 2
vi;p

) for all i and p. We also discard the �rst 50

observations of" it and v it .

The � 1 in (1.4.31) and � 2 in (1.4.32) are used to control the proportion of the variance of the

unobserved components due to the idiosyncratic errors, and we set� 1 = 2 and � 2 = 3. For the

spatial weighting matrix, W , we use the standardh-ahead-and-h-behind neighbour speci�cation,

i.e., its elements are zero apart from those o�-diagonal elements that are withinh rows on either

side of the principal diagonal, which are set to be 1=2h. Then, we apply the row-sum normalisation.

In order to investigate the (robust) performance of the CCEX-IV and CCE-IV estimators against

the di�erent degrees of sparsity of the spatial weighting matrix, we consider three di�erent values
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of h = 2 ; 6; 0:3N . In particular, the design with h = 0 :3N implies that the overall level of spatial

dependence does not decay even asN increases. Each experiment is replicated 1,000 times for each

(N; T ) pair with N = f 20; 50; 100g and T = f 20; 50; 100g.

We employ the following estimation algorithm:

� Step 1: Construction of Factor Proxies, F̂ . We consider three cases:6 (i) the CCEX

estimator using F̂ t = �x t ; (ii) the CCE estimator using F̂ t = (�yt ; �x 0
t )

0; and (iii) the infeasible

estimator using the true factors.

� Step 2: De-factorisation of the Data . To deal with endogeneity caused by the correlation

between the regressors and the unobserved factors, we run regressions ofy i: , y �
i: , and X i: on

factor proxies, F̂ , and save the respective residuals.

� Step 3: Construction of the IVs . To deal with endogeneity caused by the spatial lagged

term, we use the instruments ( ~X ; ~X � ), where ~X = ( M F̂ 
 I N )X and ~X � = ( M F̂ 
 I N )( I T 


W )X with M F̂ = I T � F̂ (F̂ 0F̂ ) � 1F̂ 0 and X = ( X 0
:1; : : : ; X 0

:T )0.7

� Step 4: Computation of the individual, Mean Group and Pooled Estimates . For

Experiments 2 and 4 with the heterogeneous parameters, we obtain the individual estimates,

�̂ i = ( �̂ i ; �̂ 1i ; �̂ 2i )0, i = 1 ; : : : ; N , by (1.3.19) and the Mean Group estimate by (1.3.22). For

Experiments 1 and 3 with the homogeneous parameters, we obtain the Pooled estimate by

(1.3.25).

To evaluate the �nite sample performance of the estimators, we calculate:

� Bias and RMSE . The bias and RMSE for the q-th element of �̂ i , denoted as�̂ qi ; q = 1 ; 2; 3,

are de�ned as
P M

m=1 (�̂ m
qi � � qi)=M and

q P M
m=1 (�̂ m

qi � � qi)2=M , where M is the number of

replications, � qi is the corresponding true value and�̂ m
qi is the m-th estimation result. For

individual estimators we only report the average Bias and RMSE. Bias and RMSE of the

Mean Group and Pooled estimators are also provided. For convenience the values of Bias and

RMSE are multiplied by 100.

� Size and Power . The size of the t-test for an individual coe�cient at the 5% signi�cance

6We have also used (�yt ; �y�
t ; �x 0

t )
0 as factor proxies, where �y�

t =
P N

i =1 y�
it =N. The simulation results are generally

worse than those reported here but available upon request.
7We have also tried using ( ~X ; ~X 2� ), ( ~X ; ~X 3� ) and ( ~X ; ~X � , ~X 2� ) as IVs, where ~X r � = ( M F̂ 
 I N )( I T 
 W r )X .

The results are quite similar to those presented here and available upon request.
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level is evaluated as

Sizê� qi
=

1
M

MX

m=1

1(
j�̂ m

qi � � qi j

�̂ �̂ m
qi

> 1:96); q = 1 ; 2; 3;

where1(:) is the indicator function, and �̂ 2
�̂ m

qi
is the estimated variance using (1.3.21). Following

the standard practice in the literature (e.g., Zhang and Boos (1994)), we report the size-

adjusted power. For individual estimators, the average size and power are reported. The

size and power of the Mean Group and Pooled estimators are evaluated using the variances

estimated respectively by (1.3.24) and (1.3.28).

1.4.1 Simulation Results

We only report the simulation results for the individual and Mean Group estimators under Experi-

ment 4.8 Biases and RMSEs for the individual estimators are presented in Table 1.2. The biases of

the CCEX-IV individual estimator of ( � i ; � 1i ; � 2i ) are all relatively small in almost all cases, even

in small samples with (N; T ) = (20 ; 20). These bias values are also close to those of the infeasible

estimator. If the spatial weights matrix is sparse with h = 2, then the performance of the CCE-IV

individual estimator is relatively satisfactory except for N = 20. As h and/or � rise (e.g. h = 6

and � = 0 :8), its biases become substantially larger forN = 20, especially for the spatial coe�cient,

though the biases decline sharply withN . However, if we seth varying with N (i.e. h = 0 :3N ),

then the biases for the spatial coe�cient remain substantial at all the sample sizes. This is in line

with our conjecture in Section 1.2 that the use of �yt as factor proxies will su�er from the remaining

endogeneity due to the correlation between �yt and " it , so far as the spatial weighing matrix remains

dense even for largeN .

RMSEs of the CCEX-IV individual estimator of ( � i ; � 1i ; � 2i ) decrease withT, verifying Theorem

1.3.1 that the convergence rate of the individual estimator is
p

T. RMSEs for (� 1i ; � 2i ) do not depend

on N , though RMSEs for � i decline with N if h is �xed and rise with N if h is increasing with N .

Similar patterns are observed for the CCE-IV estimator. Interestingly, we observe that RMSEs for� i

increase withh but fall with � , whereas RMSEs for (� 1i ; � 2i ) show little variations. Overall, we �nd

that RMSEs for the CCE-IV estimator is no smaller than the CCEX-IV counterparts, suggesting

that the potential e�ciency gain from using � yt as a factor proxy does not o�set the higher biases. In

particular, if the spatial weighing matrix remains dense with h = 0 :3N , then RMSEs for the spatial

coe�cient are signi�cantly higher for the CCE-IV estimator than the CCEX-IV counterparts for all

8We provide the complete simulation results for Experiments 1 to 3 in Section A.4 in the Appendix A. Overall,
the results are qualitatively similar to those reported here.
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the sample sizes.

In Table 1.3 we report the biases and RMSEs for the Mean Group estimator. Overall, we

obtain qualitatively similar results to those reported for the individual estimators. The biases of

the CCEX-IV Mean Group estimator for ( �; � 1; � 2) are more or less negligible and close to those

of the infeasible estimator in almost all cases. On the other hand, the CCE-IV estimator tends to

display non-negligible biases ash or � starts to rise, especially for N = 20. In particular, if the

spatial weighing matrix remains dense withh = 0 :3N , then the bias of the Mean Group estimator

for � remains relatively large even whenN = 100.

RMSEs of both CCEX-IV and CCE-IV Mean Group estimators of ( �; � 1; � 2) decrease sharply

with N , verifying Theorem 1.3.2 that the convergence rate of the Mean Group estimator is
p

N ,

though its speed is rather slower for the Mean Group estimation of� in the case with h = 0 :3N .

Overall, we observe that RMSEs of CCEX-IV and CCE-IV Mean Group estimators display similar

patterns and magnitudes in most cases. This again suggests that the potential e�ciency gain from

using �yt as a factor proxy does not necessarily o�set the higher bias.

The size and power of thet-tests for the individual and Mean Group estimators are summarised

in Tables 1.4 and 1.5. As sample size increases (particularlyT), the size of thet-tests for the CCEX-

IV individual estimator (and the infeasible estimator) tends to the 5% nominal level in most cases.

But, we observe that the t-tests for the CCE-IV individual spatial coe�cient tend to be slightly

over-sized for smallh but under-sized for largeh if N is small, even for largeT. The powers of the

t-tests for CCEX-IV and CCE-IV estimators are more or less similar, and both tend to 1 as the

sample size (in particular, T) increases ifh is �xed. In the case with h = 0 :3N , the power falls with

N due to RMSEs increasing with N , but rises sharply with T. Moreover, the power of thet-tests

for the spatial coe�cient decreases with h.

Turning to the Mean Group estimator, we �nd that the size and power of the t-tests display

qualitatively similar patterns to those reported for the individual estimator. Now, the size distortion

for the CCE-IV estimator of � is more noticeable, especially for smallN . The power of the t-tests

for all the parameters approaches 1 quickly as sample size (in particular,N ) rises.

In sum, we establish that the �nite sample performance of the CCEX-IV estimator is quite

satisfactory in almost all cases considered. On the other hand, the performance of the CCE-

IV estimator depends crucially upon the degrees of sparsity of the spatial weighting matrix. If

the network is relatively sparse, then its performance is satisfactory. However, if the network is

relatively dense, the biases of the CCE-IV estimated spatial coe�cient remain substantial at all the

sample sizes. In this case the RMSEs are also signi�cantly higher than the CCEX-IV counterparts

even for largeN . This is in line with our conjecture that the use of �yt as factor proxies may su�er
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from the remaining endogeneity due to the correlation between �yt and idiosyncratic errors, which

leads to bias that becomes larger when the network becomes denser.

We also report the complete simulation results in the Appendix A, which provide the support for

the robust performance of the CCEX-IV estimator under the di�erent experiments. Furthermore,

we establish that the Pooled estimators exhibit substantial biases under parameter heterogeneity

(see Sections A.4.2 and A.4.4 in the Appendix A).
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1.5 Empirical Application

The study of comovements in house prices in the UK has a long history (Giussani and Hadjimatheou

(1991)). Recently, spatial techniques have become more popular in studying comovement of regional

house prices and the ripple e�ects in the UK (Holly et al. (2011); Gray (2012); Chelva and Shin

(2017)). Furthermore, Holly et al. (2011) argue that the comovement of house prices could also be

originated from (unobserved) economy-wide common shocks (e.g. the introduction ofHelp to Buy

or Buy to Let policies in UK) that a�ect all the regions. Another important issue is the parameter

heterogeneity. This will be of great relevance when the analysis is based on the regional level instead

of the national level, because of di�erent economic conditions and house market structures across

regions (Meen (1999)). Many empirical studies have also con�rmed the parameter heterogeneity

for regional studies in the UK, (Holly et al. (2011); Meen (2001); Chelva and Shin (2017)) and for

other countries (Aquaro et al. (2021)).

To analyse the spatial patterns of the UK house price growths, we apply our proposed model,

that can address the spatial dependence, unobserved common shocks and parameter heterogeneity

simultaneously, to the quarterly changes of real house price for 339 Local Authority Districts (LAD)

in the UK over the period 1997Q1-2016Q4 (T = 80). 9 Following the literature, we focus on the

demand side10 by analysing the two most popular determinants of house price growths: personal

income and population growths.11 See Section A.5.1 in the Appendix A for the data details.

As a preliminary examination of the data, we apply the cross-section dependence (CD) test

developed by Pesaran (2015) to house price growth. We �nd the CD statistic is 781.9, well above

the critical value of 1.96 at the 5% level, and strongly reject the null hypothesis of weak CSD. We

also report the estimate of CSD exponent (denoted� hereafter) proposed by Bailey et al. (2016b),

which is quite close to 1 (0.99). Both results indicate that there exists strong CSD in real house

price growths. Hence, we employ the heterogeneous spatial data model with common factors:

hpit = � i hp�
it + � pop

i popit + � inc
i inc it + eit ; (1.5.33)

eit = 
 0
yi f yt + " it ; i = 1 ; 2; : : : ; N ; t = 1 ; 2; : : : ; T;

where hpit is the real house price growth,popit the population growth and inc it the per capita

9LADs are local governments that are responsible for providing full or partial services to the public. In 2019,
there are 382 LADs in the UK (317 in England, 22 in Wales, 11 in Northern Ireland and 32 in Scotland). Due to the
data availability, we only analyse 339 LADs in England and Wales.

10 Housing economics theory suggests that any demand shock will lead to a temporary change in real house prices
while housing supply is inelastic in the short-run (Meen (2001)). Extensions to including dynamics and characterising
house price growths from the supply side deserve a separate future research.

11 An extensions of our study to include more determinants, such as interest rate and unemployment rate, is
straightforward. But, their e�ects on house prices are negligibly small and tend to appear with the wrong sign, see
Case and Shiller (2003); McQuinn and O'Reilly (2008); Chelva and Shin (2017).
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personal income growth for LAD i at time t. We include the spatial term, hp�
it =

P N
j =1 wij hpit

with wij being the (i; j )-th element of the spatial weighting matrix. As pointed out by Meen

(2001), the spatial weighting matrix should specify the relationship between house prices in di�erent

locations, using the spatial contiguity or distance decay (see Section A.5.2 in the Appendix A for

the construction of the spatial weighting matrices). Here we focus on the distance-based spatial

weighting matrix. 12

To control for spatial endogeneity and unobserved factors, we employ the CCEX-IV estimator

using �x t only and the CCE-IV estimator using (�yt , �x 0
t )

0 as factor proxies. In both cases we use the

combinations of ~X � and ~X 2� as IVs for the spatial lagged term.

1.5.1 Estimation Results for Individual LADs

First, we analyse the CCEX-IV estimation results for each LAD. To provide an overall visualisation

of the heterogeneous e�ects of the spatial term and explanatory variables on the real house price

growths, we display spatial maps of the individual coe�cients in Figure 1.1. We match the individual

spatial coe�cient, �̂ i , to the corresponding LAD on the choropleth map in Figure 1.1a. LADs

colored in green depict positive coe�cients: darker shades are associated with estimates closer to

unity while the lighter shades refer to �̂ i closer to zero. Similarly, blue areas are associated with

negative spatial coe�cients, with the lighter shade indicating �̂ i closer to zero while darker blue

areas representing more sizable coe�cients. We �nd that 51 of 339 individual spatial coe�cients

fall outside the interval (-1,1), which are regarded as outliers, plotted in the category `Outlier'.

The individual spatial coe�cients are quite heterogeneous, but overall positive (269, 93.4%)

and signi�cant (174, 60.4%). This �nding is in line with a priori expectation that the house price

increase in nearby area causes the local house demand to rise as they share amenities, but it also

causes the local house supply to fall as the suppliers will switch to an area with high house price

growth. Only 19 LADs exhibit a negative spatial coe�cient but all insigni�cant. Negative spatial

coe�cients can be observed under very speci�c cases in which the less developed districts, where

the house is of very poor quality in terms of economic and social values, are surrounded by more

developed areas.13

Turning to the CCE-IV results, we �nd that their individual spatial coe�cients are much smaller

12 When employing the contiguity-based spatial weighting matrix, the estimation results are less satisfactory. In
particular, the spatial coe�cients fall outside (-1,1) for 92 LADS (as compared to 51 in the model with the distance-
based one). These results at the regional and national level are presented in Table A.23 in the Appendix A.

13 This is the case for Ribble Valley ( �̂ i = � 0:25), a mainly rural district surrounded by the Greater Manchester
area, for South Bucks (�̂ i = � 0:21) and Slough (�̂ i = � 0:07), largely rural districts surrounded by the Great London
area, and for Monmouthshire ( �̂ i = � 0:11), a mainly rural district in the south coast of Wales, close to the two cities,
Cardi� and Newport. See the Rural-Urban Classi�cation de�ned in Section A.5.3 in the Appendix A.
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