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Abstract

GARCH-MIDAS model of Engle et al. (2013) describes the volatility of daily returns as the
product of a short term volatility component g;, modelled by a Unit GARCH(1,1), and a long
term component volatility 7, which is modelled by macroeconomic variable(s) which are ob-
served at a lower frequency. This model has been applied extensively in volatility modelling
using Maximum Likelihood Estimation (MLE) Method despite that little is known about its
finite sample properties. In this thesis, we fill this gap, and extend it to other models such as
EGARCH-MIDAS, and stochastic volatility models such as SVL-MIDAS and Heston-MIDAS
models and their jump augmented versions to capture the leverage effect and the impact of rare
events.

Results of our first contribution indicate that in sample and out sample performance of GARCH
type MIDAS models depend on the specification g; whereas 7; is not sensitive to the choice
of g;; our simulation and empirical studies suggest that whenever EGARCH(1,1), say, outper-
forms GARCH(1,1), EGARCH-MIDAS outperforms GARCH-MIDAS; and MLE estimate of
GARCH-MIDAS, and EGARCH-MIDAS are not consistent when the returns series contain
spikes or its volatility is highly persistent. These results led us to our second main contribu-
tion of estimating their parameters and those of their Jump augmented versions using Bayesian
approach by overcoming the complexity of their posterior distributions by applying Metropolis
Hasting simulation method. Our simulation and empirical studies indicate that our MCMC al-
gorithms successfully capture the jump component and produce accurate estimates when MLE
fails. Based on the findings of our first two contributions and the recognized out-performance
of stochastic volatility models over GARCH type models, we developed SV-MIDAS, SVL-
MIDAS, and Heston-MIDAS with their jump augmented extensions.

Our MCMC algorithms can be extended to more complex multicomponent volatility models
to be considered in our future work.
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Introduction

1.1 Motivations and Scopes

It is challenging to model and forecast the (unobservable) time-varying volatility of asset re-
turns because it requires us to jointly capture the salient features of the return volatility. Several
models have been proposed in the literature to capture the four stylised facts; (i) volatility is
time varying; (ii) it tends to clustered over time; (iii) the distribution of returns is asymmetric;
and (iv) it possesses a high kurtosis.

Two most popular volatility models are GARCH model proposed by Engle (1982) and Boller-
slev (1986), and the stochastic volatility (SV) model advanced by Taylor (1986). These models
have been successful in addressing the time-varying and clustering patterns of financial time se-
ries. However, they failed to capture large skewness/asymmetry and kurtosis of asset returns. A
number of simulation and empirical studies demonstrated that ignoring these issues may result
in misleading parameter estimates (violating the stationarity condition) as well as IGARCH ef-
fect (extremely high persistence), e.g. Feng (2004), Ausan and Galeano (2007), Choudhry and
Wu (2008), Liu and Hung (2010), Ewing and Malik (2017), Men et al. (2017) and Lin (2018))

To capture the asymmetric impact of the returns on volatility, GARCH models were extended
by including a leverage component, e.g. GJR-GHARCH(1,1) by EGARCH(1,1) by Nelson
(1991), Glosten et al. (1993), Log-GARCH(1,1) by Francq et al. (2013) and TARCH(1,1) by
Zakoian (1994). Harvey and Shephard (1996) developed the SV-L model, which captures the
leverage effect via the correlation between return innovation and volatility innovation, see also
Heston (1993).

Several extensions have also been proposed to capture the large kurtosis of the financial data.
The most popular approach aims to model the return innovation by the long-tail distributions
such as t-distribution, GED distribution or a mixture of two normal distributions, e.g. Nelson
(1991), Bai et al. (2003), Men et al. (2017) and Chen et al. (2020). Another popular approach
suggests adding jump components by assuming that the occurrence of rare events is governed
by a Bernoulli process while the magnitude of the jump follows a normal distribution with a rel-
atively large variance, e.g. the extended Heston Model by Bates (2001). On the contrary, it has
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not been popular to add a jump component in GARCH models mainly due to the intractability
of the maximum likelihood estimation especially when the number of parameters becomes very
large. Occasional shifts and structural breaks in volatility of returns have also been investigated
using Switching Regime GARCH and SV models, e.g. Zou and Chen (2013), Mota et al. (2014)
and Abi Jaber (2019).

The GARCH and SV models tend to produce highly persistent or integrated volatility, which
could be caused by the presence of structural breaks or rare events. This is known as IGARCH
effect, which led to the development of non-parametric multiplicative component volatility
models. They aim to transform the return series into stationary series that could be modelled by
asymmetric GARCH model with a smaller persistence, e.g. Feng (2004).

Following this research trend, we aim to develop the multiplicative volatility components model
of the form, 67 = 7,g,, where 7, is the long term volatility component and g, captures the
short term dynamic volatility component. The short term component is usually modelled by
GARCH(1,1) or GJR-GARCH(1,1) with unconditional mean of one. Nonparametric and de-
terministic models were proposed for modelling the long term component, e.g. Feng (2004),
Engle and Rangel (2008), Hafner and Linton (2010), Amado and Teriasvirta (2013), Engle et al.
(2013), and Han and Kristensen (2015). For example, Engle and Rangel (2008) assumed that
T; 1s deterministic, and proposed estimating it non-parametrically using the SPLINE-GARCH
model. Koo and Linton (2015) proposed estimating 7; by applying the kernel method to the
realised volatility. Han and Kristensen (2015) considered 7, = f(x;) where f(.) is a polynomial
function of order 1 and x; is a random variable. The main advantage of this multiplicative model
lies in that the scaled returns become stationary such that the unsatisfactory IGARCH effects
can be avoided by fitting GARCH model to the scaled returns.

In principle, 7; should be modelled as a function of the overall economic environment rather
than a specific financial variable. Notice that many macroeconomic variables, such as industrial
production and inflation rate, are observed at a lower frequency (monthly or quarterly). In this
regard, Engle et al. (2013) proposed the GARCH-MIDAS model where 7; is modelled using the
MIDAS regression which can deal with the data with mixed frequency. Since then, GARCH-
MIDAS models have been popular in many empirical studies, so as to identify the impacts of
macroeconomic conditions on the total volatility of asset returns, e.g. Alsheikhmubarak and
Giouvris (2017), Conrad et al. (2018), Yu et al. (2018), Lin and Chang (2020), Fang et al.
(2020) and You and Liu (2020).

Following this research trend, Chapter 2 reviews the main properties of the GARCH-MIDAS
processes and develops the EGARCH-MIDAS model to deal with the leverage effects. In Chap-
ter 3, we develop the jump-augmented GJR-GARCH-MIDAS and EGARCH-MIDAS models
that can also capture the large kurtosis of the returns. We then propose the Bayesian MCMC
estimation approach, because the Maximum Likelihood estimation becomes intractable in this
case. Finally, Chapter 4 presents the MIDAS extension to the SV model, called the SV-MIDAS
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model with and without jump component. The proposed Heston-MIDAS Model is expected to
shed further lights on the implication of the popular Heston Model in option pricing.

1.2 The summary of Chapter 2

In Section 2.2 we review the GARCH-MIDAS model proposed by Engle et al. (2013). The to-
tal volatility is specified by 6> = g, 7, where the short-term volatility, g; is assumed to follow a
Unit GARCH(1,1) process g; = (1 —a — ) + a@ +Bg:—1 with E(g;) = 1, and the long-
term volatility is modelled by log &, =m+ 0 YK | wi (@)X, s where wi(@)'s fork=1,...K, are
smoothing weights and X; is a macroeconomic variable. The parameters (o, 3,m, 0, ®) are
jointly estimated using Quasi Maximum Likelihood (QML) method. Recently, this model has
been applied to investigating the impact of macroeconomic variables on the return volatility for

several stock market indices and commodities.

In Section 2.3 we develop the EGARCH-MIDAS model as a competing model to the exist-
ing GJR-GARCH-MIDAS model advanced by Conrad and Kleen (2020). However, it is not
straightforward to impose the necessary condition, E(g;) = 1, unlike in GJR-GARCH-MIDAS,
because its intercept is not easily expressed as a function of other parameters. We overcome
this drawback by using the MA(eo) representation of EGARCH(1,1) from which E (g;) can
be expressed as an exponentially decaying infinite series whose element can be expressed as
a function of other parameters.We have also proposed the scaling approach by comparing the
sample mean of the average of the short term volatility estimate obtained by considering ¢ as

a parameter, scaled by its average, which is a good estimate of the unconditional mean E (g;).

In Section 2.4, we show that EGARCH-MIDAS model produces a larger kurtosis and a longer
memory of the autocorrelations p (k) of the return squared than those of EGARCH(1,1). These
are desired properties for capturing the observed large kurtosis and long memory of returns.

Despite the growing literature on the GARCH-MIDAS model, to date, there has been a lack
of studies that rigorously investigate statistical properties, the finite sample performance of the
QML estimator and the robustness with respect to the model misspecification. To fill this gap
we have conducted a comprehensive simulation study in Section 2.5. The main findings are
summarised as follows: First, QMLE can produce accurate parameter estimates and identify
the long- and short-term volatility components only if the numerical method used for maximis-
ing the log-likelihood achieves a global maximum. Second, the fit of the total volatility depends
on the correct model specification of the short term component, g;, though the estimation of
the long term component 7; seems to be rather insensitive. In particular, for EGARCH-MIDAS,

the scaling modification is necessary to produce the accurate estimate of the long term volatility.

In Section 2.6, we analyse the time-varying volatility patterns of the seven stock market indices
(SP500, NASDAQ, CAC40, DAX, FTSE100, NIKKEI, and HANGSENG) over the period Jan
2000-Aug 2019, but also evaluate the relative performance of GARCH-MIDAS, GJR-GARCH-
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MIDAS and EGARCH-MIDAS in terms of in-sample fit and out of sample forecasting. Our
main findings are summarised as follows: According to ABIC and RMSE, EGARCH-MIDAS
is the preferred model for SP500, NASDAQ, CAC40, DAX, FTSE100 and NIKKEI whereas
GJR-GARCH-MIDAS is the preferred model for HANGSENG. Furthermore, the global indi-
cator, Chicago Fed National Activity index CF NAI turns out to be the most influential variable
affecting the long-term volatility for all seven indices. This highlights the dominant position
of the US financial market. We next assess the forecasting performance of alternative mod-
els using RMSE and QLIKE loss functions, and find that EGARCH-MIDAS outperforms both
GJR-GARCH-MIDAS and GARCH-MIDAS for almost all cases considered. In practice, we
recommend to incorporate the leverage effect in the short term volatility component to improve

the fit of the total volatility as well as the forecasting power.

1.3 The summary of Chapter 3

In Section 3.2 we develop the general class of (asymmetric) GARCH-MIDAS models by adding
a jump component in the return equation to capture dynamics of rare events. The occurrence
of a rare event is usually modelled by incorporating a component of the form, b;z; where b,
is an indicator of a rare event/jump with probability k. We assume that b; follows a Bernoulli
distribution with a parameter, k i.e. P(b, = 1) = k, and P(b; = 0) = 1 — k. The size of jump, z

is assumed to follow a normal distribution, N(;, 62).

In Section 3.3 we propose the Bayesian MCMC methodology to estimating asymmetric GARCH-
MIDAS models with jump components, and describe how draws are simulated from the poste-
rior distributions. We derive the closed form of posterior distributions by using uninformative
prior distributions for EFEGARCH parameters, normal priors for the two regression parameters
of the long term component 7;, and normal prior with large variance and uniform prior for the
weighting function w (@) which controls the smoothness of 7;. Since the posteriors are not
conjugate, we adopt the Metropolis-Hasting (MH) Method and the Griddy-Gibbs method for
simulating draws from the posterior distributions. To implement the MH method, we derive
the 2nd order Taylor expansion of the posterior distributions of all the parameters, and deduce
the associated normal proposal distribution, from which draws from the complex posteriors
are obtained using acceptance/rejection method. The MCMC estimate is close to the QML
counterpart if the number of iterations/updates 1s sufficiently large (Markov Chain Monte Carlo
theorem). The precision of the MCMC estimate does not depend on the complexity or dimen-
sion of the model, since the joint density can be expressed as the product of marginal densities
by Bayes theorem. The additional parameters only increase the number of iterations. This is
a main advantage over the QML estimation that becomes intractable as the dimension of the

parameters rises.

In Section 3.4 we confirm the validity of the MCMC approach via a comprehensive simula-
tion study. First, when the simulated data do not contain outliers, both MCMC and QML esti-
mates are relatively accurate for GARCH-MIDAS model while MCMC produces more precise
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estimate of the leverage effects than QML for GJR-GARCH-MIDAS and EGARCH-MIDAS
models. However, when the simulated data contain jump components, QML estimates become
unreliable or computationally infeasible. Still, the proposed MCMC can be easily conducted
and produce relatively satisfactory estimates. This demonstrates that the Bayesian MCMC esti-
mation is indeed appealing for estimating asymmetric GARCH-MIDAS model with jump com-
ponents because the distributions of the parameters can be estimated by simulation without

assuming the normality distribution.

In Section 3.5 we address the important issues of leverage effects and rare events jointly by
applying the jump-augmented asymmetric GARCH-MIDAS models to an analysis of time-
varying volatility patterns of WTI daily returns over the period 9/2000-8/2019. We also eval-
uate the relative performance of GARCH-MIDAS-J, GJR-GARCH-MIDAS-J and EGARCH-
MIDAS-J models in terms of in-sample fit and out of sample forecast performance. To examine
the impacts of macroeconomic conditions on the long-run volatility, we consider a range of
macroeconomic indicators for US, China, Russia, Saudi Arabia and OPEC.

In sum, we document evidence that the joint modelling of the leverage effect, the long term
volatility and rare events through jump will be important in capturing the salient time-varying
volatility patterns of the daily WTI returns and improving the forecasting power. BIC con-
vincingly selects MIDAS models with jump components over MIDAS models without jump
components. The jump augmented MIDAS models produced significant long term coefficients
(0) with predicted signs for all macroeconomic variables. Overall, EGARCH-MIDAS-] is the
most preferred model. Furthermore, we find that the most influential variable is the OPppgc,
that explains 43.5% of the total volatility for WTT returns. This highlights the dominant posi-
tion of OPEC in the global oil industry. Finally, in terms of RMSE and QLIKE loss functions,
EGARCH-MIDAS-J outperforms both GJR-GARCH-MIDAS-J and GARCH-MIDAS-J for al-
most all cases considered.

1.4 The summary of Chapter 4

Continuous time stochastic volatility (SV) models have been popular for modeling volatility of
high frequency returns. We focus on the discrete versions, mainly the SV, SV with leverage
(SV-L), and the Heston Models, where the asymmetry/leverage effect is incorporated via the
correlation between the return and the volatility innovations. A number of studies showed that
the SV model with normal errors outperforms GARCH model with normal or t-distribution, e.g.
Carnero et al. (2003), Broto and Ruiz (2004) and Men et al. (2016).

Following the research trend in the GARCH-MIDAS literature, we develop the SV-MIDAS
models by applying the multi-component volatility model. We also consider the extensions

with leverage effects and jump components.

We then propose the Bayesian MCMC estimation method, because the conventional QML esti-
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mation tend to produce the misleading results. Furthermore, the QML will be unable to estimate
the SV-MIDAS model with leverage effects and jump components. We show that the posteriors
of parameters of the SV-MIDAS model are conjugate. In particular, we estimate the parameters
of the long term volatility component using the Metropilis-Hasting method while we evalu-
ate posteriors for the short term volatility using the Random Walk method. We the employ the
Griddy-Gibbs method for simulating the correlation between between the return and the volatil-

ity innovations.

Eraker (2003) listed the Bayesian MCMC estimation approach advantages over other estimation
methods employed for stochastic volatility models as follows: Bayesian MCMC approach esti-
mates the latent volatility, jump times, and jumps sizes, accounts for estimation risk, Bayesian
MCMC approach have superior sampling properties over other estimation approaches, and the
Bayesian MCMC approach is computationally efficient as we can test its accuracy through

Monte Carlo simulation experiments.

Our Simulation study confirms the reliability of our Bayesian MCMC estimation approach
which is important for two reasons. First, due to time discretization of the models from contin-
uous time to discrete time, we need to make sure that it does not lead to biases in the parameter
estimates. Second, methods for estimating MIDAS type models and multivariate jump models
are not well developed and it is important to verify that we can reliably estimate the parameters

for the sample size.

In the empirical study, we model WTI returns using the proposed SV-MIDAS models and
their jump augmented extensions by employing 10 economic indicators known for their im-
pact on WTI returns volatility. Our results suggest that Heston-MIDAS-J, SVL-MIDAS-J are
the favoured models according to DIC, and Bayes factor analysis. Also, we note that unlike
the Heston model (benchmark), Heston-MIDAS was able to detect a negative leverage effect
comparable to SVL-MIDAS model.



Asymmetric GARCH-MIDAS Models

2.1 Introduction

In the seminal paper, Engle et al. (2013) advanced the GARCH-MIDAS model, which incorpo-
rates macroeconomic determinants due to their important role in explaining asset price volatil-
ity, e.g. Chen et al. (1986), Engle et al. (2008), Clements (2007), and Campbell and Diebold
(2009). The total volatility, o; is expressed as the product of a short term volatility component,
g: and a long term volatility component 7;. g; is modelled by a unit-variance GARCH(1,1) pro-
cess whilst 7; is assumed to be a function of the low-frequency macroeconomic variables. This
is estimated by the MIDAS regression (Ghysels et al. (2006)) that can handle the data with the
mixed frequency. The use of unit-variance GARCH(1,1) for modelling the short term volatility
component g; enables us to identify the two volatility components separately and ensure that
the long term volatility is equal to the total volatility in the long run. Furthermore, GARCH-
MIDAS can be regarded as generalisation of the switching regime GARCH model (Bauwens et
al. (2006)), which is shown to outperform GARCH, because GARCH-MIDAS can be expressed

as GARCH with time varying intercept as a function of 7; and thus macroeconomic variable.

The GARCH-MIDAS model is a fully parametric multiplicative volatility component model.
Sachs (2004), Feng(2004), and Rangle and Engle (2008) developed the semi-parametric models
where g; is modelled by GARCH(1,1) and 7; is estimated using a non-parametric curve fitting
such as the kernel or spline method. First, GARCH-MIDAS can capture complex volatility
dynamics with a relatively small number of parameters that can be estimated by the quasi max-
imum likelihood (QML) method. On the other hand, the semi-parametric models are estimated
using a two-step procedure, where GARCH parameters are estimated based on a nonparametric

estimate of ;.

GARCH-MIDAS models have been extensively used for investigating whether macroeconomic
variables exert significant impacts on the return volatility of financial assets. Asgharian et al.
(2013) applied GARCH-MIDAS to the SP500 daily returns over the period January 1991-June
2008, using monthly data of 7 macroeconomic variables, and documented that GARCH-MIDAS
outperforms GARCH(1,1) in predicting the long term volatility. Using the implied volatility in-
dex of FTSE 100 during April 2000-December 2015, Alsheikhmubarak and Giouvris (2017)
found that London 3 months Inter Bank and unemployment rate have a significant impact on the
implied volatility index. Conrad et al. (2018) applied GARCH-MIDAS to estimating the long
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term and short term volatility components of crypto currencies using SP500 realised volatility
and Baltic dry index as a proxy of risk. Their results indicate that SP500 realised volatility
(Baltic dry index) has a negative (positive) and significant impact on the long term compo-
nent of Bitcoin volatility. Yu et al. (2018) observed that the hot money (change in foreign
exchange reserves minus foreign direct investment minus trade and service balance) has signif-
icantly positive impact on the long term volatility of the Chinese stock market over the period
2000-2016. Lin and Chang (2020) applied GARCH-MIDAS to studying the impacts of eq-
uity, bulk shipping, commodity, currency, and crude oil markets on the United States Oil Fund
(USO) and BlackRock World Energy Fund A2 (BGF) during July 2014—April 2020. Afees and
Gupta (2020) found that oil supply shocks have significant impacts on stock markets volatil-
ity of BRICS (Brazil, Russia, India, China, and South Africa) except China and South Africa,
while economics activity, oil consumption, and oil inventory demand shocks have significant
impacts on BRICS stock markets except China. You and Liu (2020) applied GARCH-MIDAS
model to forecasting daily exchange rate volatility by monthly monetary fundamentals.

To capture the leverage effect of the volatility, Conrad and Loch (2015) and Conrad and Kleen
(2019) developed the GJIR-GARCH-MIDAS model, which assumes unit-variance GJR-GARCH(1,1)
model for the short term volatility. Goldman and Shen (2018) advanced the Spline-GTARCH
model as an extension of Spline-GARCH of Engle and Rangel (2008) where the long term
component is estimated by spline curve fitting and the short term component is modelled by
unit-variance GTARCH(1,1).

As a main contribution, we develop the EGARCH-MIDAS model, which describes the dy-
namics of the short term volatility component in a different way from GJIR-GARCH: GARCH
can be expressed as an AR(e0) process whereas EGARCH is represented by an MA (o) process.
This approach is also motivated by the outperformance of EGARCH over GJR-GARCH as doc-
umented in several empirical studies, e.g. Awartani and Corradi (2005), Lin (2018), Chong et
al. (1999), Teresiene (2009), and Naimy (2018). We show that the EGARCH-MIDAS process
can produce the larger kurtosis than the EGARCH process. However, unlike GARCH, GJR-
GARCH, and GTARCH models, it is not straightforward to derive the unit-variance EGARCH
model, especially if we are interested in volatility forecasts that are evaluated using both g; and
T; at the end point of the sample. We overcome this issue and derive the expression for the
volatility forecast using the MA(eo) representation of EGARCH which enables us to express its
unconditional mean E(g;) from which we can express the intercept o as a function of the other

parameters to achieve E(g;) = 1E|

Despite the growing literature on the GARCH-MIDAS model, to date, there has been a lack
of studies that rigorously investigate statistical properties, the finite sample performance of the
QML estimator and the robustness with respect to the model misspecification. To fill this gap

we have conducted a comprehensive simulation study. The main findings are summarised as

'Borup and Jakobson (2019) proposed the realissd EGARCH-MIDAS. But, they bypass the identifiability issue
by simply imposing that the intercept is zero.
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follows: First, QMLE can produce accurate parameter estimates and identify the long- and
short-term volatility components only if the numerical method used for maximising the log-
likelihood achieves a global maximumE] Second, the fit of the total volatility depends on the
correct model specification of the short term component, g;, though the estimation of the long
term component T; seems to be rather insensitive. In practice, we recommend to incorporate the

leverage effect in the short term volatility component to improve the fit of the total volatility.

We aim to analyse the time-varying volatility patterns of the seven stock market indices (SP500,
NASDAQ, CAC40, DAX, FTSE100, NIKKEI, and HANGSENG) over the period Jan 2000-
Aug 2019, but also evaluate the relative performance of GARCH-MIDAS, GJR-GARCH-MIDAS
and EGARCH-MIDAS in terms of in-sample fit and out of sample forecasting. To investigate
the impacts of macroeconomic conditions on the long-run volatility, we consider a range of

macroeconomic variables.

Our main findings are summarised as follows: Both GJR-GARCH-MIDAS and EGARCH-
MIDAS outperform GARCH-MIDAS, highlighting the importance of the leverage effects in
practice. Furthermore, according to ABIC and RMSE, EGARCH-MIDAS is the preferred
model for SP500, NASDAQ, CAC40, DAX, FTSE100 and NIKKEI whereas GJR-GARCH-
MIDAS is the preferred model for HANGSENG. In terms of the in-sample fit using BIC
for EGARCH-MIDAS, GJIRGARCH-MIDAS, and GARCH-MIDAS models, we find that the
global indicator, Chicago Fed National Activity index CFNAI turns out to be the most influen-
tial variable affecting the long-term volatility for all seven indices. This highlights the dominant
position of the US financial market. The second-most influential variable is the country-specific
Industrial production (/P) growth.

We next assess the forecasting performance of GJR-GARCH-MIDAS and EGARCH-MIDAS
against GARCH-MIDAS as a benchmark model, using CFNAI and IP growth as the macroe-
conomic variable forecasting the long term volatility. In terms of RMSE and QLIKE loss func-
tions, we find that EGARCH-MIDAS outperforms both GJR-GARCH-MIDAS and GARCH-

MIDAS for almost all cases considered.

This Chapter is organized as follows: Section 2 provides an overview of GARCH-MIDAS
and GJRGARCH-MIDAS models. In Section 3 we develop the EGACRH-MIDAS model and
discuss the theoretical properties of the three models with a focus on the kurtosis and the auto-
correlation function. In Section 4 we discuss the estimation of the models using QML method.
Section 5 reports the main simulation results. Section 6 presents the empirical findings. Section
7 concludes.

2We strongly recommend the use of simulanneal.m of MATLAB. On the contrary, the popular finin.m function
tends to converge to a local maximum in which case a constant long term volatility stays outside the range of the
realised volatility.
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2.2 GARCH-MIDAS Models

Since the seminal work by Bollerslev(1986), a plethora of GARCH models have been proposed
for modelling the volatility of asset returns, assuming that the generating process of the returns
is stationary whose volatility reverts to a constant in the long run. However, empirical evidence
suggests that complex volatility dynamics can be better described by the component model or
two factor volatility model (Engle and Lee (1999), Adrian and Rosenberg (2008) and Conrad
and Kleen (2020)). One class of the models is thae multiplicative component model that de-
scribes the conditional volatility as a product of short-run and long-run components. In this
section we present an overview on the multiplicative volatility component model, called the
GARCH-MIDAS model by Engle et al. (2013), and its extension, the GJIR-GARCH-MIDAS
model by Conrad and Loch (2015) that can capture the leverage effect.

2.2.1 Symmetric GARCH-MIDAS model

Let r;; denote the return on day i of month (or quarter) . Then, the GARCH-MIDAS model
can be described by

rio =W+ TgEy  i=1l,..m t=1_.N 2.2.1)
2
i —
8iy = Qo+ 0‘% +Bgi-1: (2.2.2)
t

K
T=m+0 ) wlk 0,w)x_ (2.2.3)

k=1

We note:

a) n; is the number of days in month ¢, N is the number of months spanning the data, and
conditional on information of day (i — 1), & ,’s are independently and identically normally

distributed with mean O and variance 1.

b) {x:};—1,.n are the values of an explanatory variable X, and w(k, w;,®,) is a weighting
function whose shape is controlled by its parameters ®; and ®,, and K is the number of
past values of x;’s which are fed in the long term component, 7;. Conrad and Schienle
(2018) assumes that Zszl w(k, @, @ )x;_; is not degenerate for any (®;, ;) to ensure
that 7; is non-constant with probability one unless 8 = 0. In empirical studies, X is
taken as the realized volatility, RV, or a macroeconomic variable such as inflation rate or
industrial production growth rate (Engle et al. (2013), and Conrad and Loch (2015)).

¢) The parameters o, and 3 are positive and satisfy a + 8 < 1 to ensure stationary of the
short term component g;,. ¢ is constrained to be equal to 1 — a — 3 to ensure that

E(gi;) = 1 such that the total volatility coincides with 7; in the long run.

d) The parameters m and 6 are restricted to be positive to ensure non-negativity of 7;. In
practice this restriction can be waived by replacing (2.2.3)) by
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K

log(t) =m+6 Y w(k, 0,0)x (2.2.4)
k=1

In existing empirical studies, K is chosen to span past 1, 2, or 3 years, which correspond to
K = 12, 24, 36 for monthly macroeconomic variables. The weighting function, w(k, @, @) is

given by the exponential, exponential Almon lag or the beta-weight specification given by

(k, 01, ) = ()™ (= )™ for k=1,..K (2.2.5)
w(k, wp, @ —Z;(: T o] - 1 e or k=1,..., 2.

IVK+1 K+1

The advantage of using a parametric weighting function in (2.2.5)) is to uniquely determine the
K weights from @; and . But, w(k,®;, ;) is not necessarily a decreasing function of k,
implying that values of macroeconomic variables far from x; have more influence than its near-
est values as shown in Fig.2.1(a) To ensure a decreasing beta-weighting function in (2.2.5)),
we restrict @) = 1 and @, > 1 for every K. In other words, the weighting function has one

parameter @ = @, and reduces to

(1_KL+1)60—1
wk,0) = — ey (2.2.6)
== %)

which produces the equal weights if ® = 1 i.e. w(k) = %

Since K can be selected reasonably large (K = 36) by the user, the lag length K is not con-
sidered as a parameter. If we want to determine an optimal K, we suggest to estimate the model
for a range of values of K and choose the value for which higher values lead to no significant
gain in BIC or log-likelihood value (see also the simulation and empirical sections). Fig.2.1(b)
illustrates its impact for different values of @. The distribution of the weights seems to depend
on the value of K: The weights of X;_ and X;_; represent about 86% and 12% respectively for
K =12 and o, = 24. For K = 60 and @, = 24, their weights becomes about 33% and 32%,

respectively.

3This unusual pattern was justified by Conrad and Loch(2015) and Amendola et al. (2017) for real state data.
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Figure 2.1: Beta Weighting function

SWeight
Weight o

o 5 10 15 2 25 30 35 40 o 5 10 15 20 25 3 3, 40
25 30 35 40 [3 K

(a) o = 3,0, = 10, K = (12,24,36) (0) o =1,m, = (5,10), K = (12,24,36)

Note: Figure (a) shows the impact of not restricting @; = 1, where weighting function is not necessarily a decreas-
ing function for different monthly values for K. Figure (b) shows the impact of restricting to w; = 1, to ensure a
decreasing weighting function for different monthly values for K

2.2.2 Asymmetric GJR-GARCH-MIDAS model

Conard and Loch (2015) and Conrad and Kleen (2018) developed the GJIR-GARCH-MIDAS
model to jointly capture the volatility clustering and the leverage effect by assuming the short
term component, g; follows the GIR-GARCH(1,1) model by Glosten et al. (1993). The GJR-
GARCH-MIDAS model is given by

rig=UH+/Tgi& i=1,..,n, t=1,..,T 2.2.7)
2 2
ri—1r— ri—1s—
8ip = 0‘0"‘0‘( : ; ) -H’( : ; £) Uiy —u<o] T B&i-14 (2.2.8)
t t

K
log(t) =m+6 Y w(k, 01,)x (2.2.9)

k=1

The parameters « and f are positive and the presence of leverage effect is detected by the pos-
itive sign of . Then, g;, is weakly stationary if 0 < a+ B +7y/2 < 1E|

To identify the 2 components, 7; and g;,, Conrad and Kleen (2018) restricted the intercept
o to be equal to 1 —a —  — £ such that E(g;;) = 1, to ensure that the unconditional variance
var(ri;) = E(7). They investigated the in-sample and forecasting performance via simulations,
and found that it outperforms both GARCH(1,1) model and the Heterogeneous Autoregressive
(HAR) model of Corsi (2009). But, they also found that the estimate of 6 depends on the value
of K. Surprisingly, they did not provide the comparison with GARCH-MIDAS model and GJR-
GARCH(1,1).

Goldman and Shen (2018) proposed the Spline-GTARCH model, as an extension of Spline-
GARCH model by Engle and Rangel (2008), where the long term component is estimated using
the spline curve fitting and the short term component is modelled by unit-variance GTARCH(1,1)

“More accurately, Goldman and Shen (2018) imposed 0 < a+ 8 + ¢y < 1 to ensure that i+ 1s weakly stationary
where ¢ is the percentage of observations in the regime with negative innovations (¢&;; < 0). In practice, without
the loss of generality, ¢ is replaced by 1/2.
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model:
g =0+a(n 1 —u)’+y(r1— /-L)Zl(r,_lf;KO) +Bgi-1+ 06811y, ,—u<o) (2.2.10)

Therefore, we define GTARCH-MIDAS by

Tit =N+ /T8it€is
(ricg—w)?* | (ricig—p)?

8it =0+ 7 +v T I(ri,17u<0) +ﬁgi71,z+58i71,t1(ri,|7,—u<0)
K

log(t) =m+ 6 Z w(k, @1, @)Xk
k=1

where op = 1 —a — B — (y+ 8)/2. The parameters ¥ and § create the asymmetric response
of volatility to negative shocks. Goldman and Shen (2018) claim that GTARCH captures the
leverage effect better than GJR-GARCH as it produces a non-negligible . It also nests both
GARCH-MIDAS and GJR-GARCH-MIDAS.

2.3 The EGARCH-MIDAS Model

The EGARCH(1,1) model by Nelson (1991) is the first approach to model the volatility as a
function of the returns rather than the squared returns (appropriate for modelling the data pos-
sessing outliers). Moreover, it incorporates the leverage effect but does not nest GARCH(1,1),
unlike GJR-GARCH. The moments structure differs between EGARCH and GJR-GARCH
models. EGARCH is more suitable for modelling a long-memory financial data (the sample
autocorrelation of the squared returns does not decay exponentially as it is the case for GJR-
GARCH). Several studies found that EGARCH fits financial data better than GARCH models
(e.g. Anyfantaki and Demos (2016), Cuervo et al. (2014), Heynen et al. (1994), Lumsdaine
(1995)).

Following this research trend we now develop the EGARCH-MIDAS model given by

Fig = U+ /T8 i=1,..n t=1,..,T (2.3.1)
log(gis) = o+ V&1, +o{| &1, | —E(| &i-1,])} +Blog(gi—14) (2.3.2)
K
log (%) =m~+06 Y w(k,@r,0)x_; (2.3.3)
k=1

where g, o,y are real, | B |< 1 to ensure stationarity of the EGARCH component, and &;,’s are
iid with mean O and variance 1.

If we assume &;,’s are iid N(0,1), we can show that E(| &, |) = \/z, and replacing &, by

T
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Tig— 1

Nt in equation (2.3.2) we get:

- . 2
log(gis) = 0o+ Blog(gi_1s) + (\;T:T”)Jr (b%l \/;) (2.3.4)

€11
Vu8i—11

((\/r’% > () whereas it becomes (¢t — 7) \/% in the presence of bad news (\;’% <0).

Hence, if ¥ < 0, then a leverage effect is present (bad news have a larger impact than good

It is clear that the impact of &_1, on log(gi;) is (@ +7) in the presence of good news

news). From (2.3.4)), it is clear that we do not impose positivity restrictions on the parameters
of the short term component since log(g;,) is not restricted to be positive.

Despite the outperformance of EGARCH over GJR-GARCH documented in several studies, it
is not straightforward to identify the two volatility components, 7; and g; ; in EGARCH-MIDAS
model. We next discuss two approaches to overcome this identification issue.

2.3.1 Identification of the volatility components

Unlike the GJR-GARCH-MIDAS model, it is not straightforward to translate E(g;,;) = 1 into a
simple relation between the parameters @, v, &, and B of the short term component in (2.3.2)
or (2.3.4) due to Jensen inequality i.e. E(log(Y)) > log(E(Y)), i.e. for EGARCH, we have
E(log(gi)) > 0. We can overcome this issue by expressing E(g;,) as series or by using Central

Limit Theorem, as follows:

MA (o) representation of the EGARCH short term component: The first method for iden-
tifying the two volatility components is to use the infinite series approximation of E(g;,) given
by (Nelson (1991) and Kyriakopoulou (2015)):

a-ay/Z
—p

E(gi)—e [T T a(pi5) + LB Ea(pisy)] (2.3.5)
i=0

x2
where 6 = ¢ +79, 6 = a — 7, and ®(x) = [ #Zne*de.

Using the fact that % is EGARCH, we can easily check that (2.3.5) is also valid for the short
term component, g;;, of EGARCH-MIDAS. Then, E(g;;) = 1 or equivalently log(E(gis)) =0

is satisfied when:

_Oto af—i—logﬁ 0552 51(1)[35)+€05B 2¢(Bi52)])

i=1

a = oc\/% —(1-B) ilog(eO'SBZi‘slz D(B5))+ P B D(BS)) (2.3.6)

i=0
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As i increases, the terms, %382, B%5;, %87, B'3, will decrease to 0. Hence, we can truncate
the infinite series because the ith element of the series tends to log(1) as both e0-58%5¢ d(B5))
and O3B (Bi8,) will tend to B(0) = 0.5.

We note that estimating o by o+/2/m (ignoring the series term) leads to a small bias of
about 0.05 for various beta values in the range [0.83,0.99]. Similar graphs were obtained
when the leverage parameter Y is positive. Hence, we conjecture that restricting the intercept to

o = at+/2/m will produce a unit-variance EGARCH short term component.

Central Limit Theorem application: We estimate EGARCH-MIDAS by treating ¢ as a free

parameter 1.e.

log(gi,t):(xo-i—ﬁlo( (i1 ) | t—1 [.L| 2

g(8i—11 R
. v U8i— lz \/ngz 1t T

or equivalently

A A SR A iy Al
 Blog(gig )+ L g
8is = e%e Vi e (23.7)

2
T

and we normalize g;,’s by their sample mean, g, i.e. the mean of §f, = g;,/g tends to 1 in the
long run. From (2.3.7)), the normalisation reduces to normalizing the intercept ¢ by g while

the other parameters remain unchanged. Hence, the unit EGARCH component is:

zlt .a) ‘rlll‘ .u| %)

log(8is) = (09 —log(2)) + Blog(gi-1,) + 7~ =
7 AV Ttgl 1,z vV Tlgl 1t s

Finally, to keep the total volatility estimate unchanged, we multiply %; by g which is equivalent

to multiplying the long term component parameter estimates 7% and @ by g. Since g is positive,
the scaling does not affect the sign of the important parameter  in the economic interpretation

of the impact of macroeconomic variable.

2.3.2 Statistical properties of GJR-GARCH-MIDAS and EGARCH-MIDAS

Kurtosis of GJR-GARCH-MIDAS and EGARCH-MIDAS

Similar to GJR-GARCH-MIDAS (Conrard and Klein (2019)), EGARCH-MIDAS model pro-
duces a larger kurtosis than the standard EGARCH when the macroeconomic variable has a
significant impact on the long term volatility. This property is desired as most of return series

have large sample kurtosis.

Proposition 1: The kurtosis K of GIR-GARCH-MIDAS and EGARCH-MIDAS is greater than
the kurtosis their nested standard model. More precisely, they satisfy:

GJRGARCH-MIDAS:
E(1})

— 7~ Kcir > KGir
2(7)

KGirm = z
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EGARCH-MIDAS

Keaw = B oo
where Kgyry 18 the kurtosis of GJRGARCH-MIDAS, Kggy is the kurtosis of EGARCH-
MIDAS, Kgyr is the kurtosis of standard GIRGARCH(1,1), Kg¢ is the kurtosis of standard

EGARCH(1,1). See Appendix 1.
Long memory of EGARCH-MIDAS

Several extensions of GARCH model were developed to capture the long memory of volatil-
ity measured by the autocorrelation of the squared returns, denoted p, (k). GJR-GARCH(1,1)
fails to capture this stylised fact due to its the exponential rate of decay. Camero (2004) dis-
cussed the relationship between kurtosis, persistence, and first order autocorrelation, p,(1) for
GARCH(1,1) and EGARCH(1,1). Unlike GARCH, the decay rate of p,(1) of EGARCH does
not depend on f3, but on the other parameters o, ¢, and . From Conrard and Klein (2019), it is
easily seen that the implied p; (k) of GIR-GARCH-MIDAS model can be expressed as a linear
combination of the autocorrelation of 7, and g;. We show that this result can also be applied to
EGARCH-MIDAS model.

Proposition 2: Under general regular conditions of stationarity 0 <| B |< 1 for EGARCH-
MIDAS, 0<a<1,0<B<1l,and0< o+ + %/ < 1 for GIR-GARCH-MIDAS, the autocor-
relation function of squared returns for GIR-GARCH-MIDAS and EGARCH-MIDAS is given
by:

var(7) (p5 (k)var(w) + E*(w))var(g€’)
var((r; — )?) var((r; —1)?)

where p (k) and p5 (k) are the autocorrelation of squared ;s and g;. See Appendix 1.

(2.3.8)

p2(k) = p3 (k) +p5 (k)

We note that when 7, is constant (6 = 0) i.e. the macroeconomic variable has no impact on
the total volatility, (2.3.8) reduces to p(k) = p5(k) whereas when 7; is a slowly varying sta-
tionary process, pJ (k) is large, the first term of the right hand side measure by how much pj (k)
will be shifted away from the x-axis when p5 (k) decays to 0. Hence, (E)GJR-GARCH-MIDAS
models are appealing for modelling returns having long memory.

GJR-GARCH and EGARCH with time varying intercepts

We can show that GJIR-GARCH-MIDAS model is equivalent to GIR-GARCH(1,1) model with
a time varying intercept 0. By multiplying both sides of g;; in (2.2.8) by 7;, we express the
total volatility, 67 = ,g;, of GIR-GARCH-MIDAS as

. — )2 . _ )2
Gz%t:Tl(l_a—B—%/)—f—Ttoc(rll’t ®) _f_l_t,y(rlfl,t ©)

I(rifl,t_l-l<0) + Ttﬁgi—l,t
t Tt )
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Gl%t =t(l-a—p— %/) +a(rioi— u?’+ Y(ricie— “)2I(rf_l,,—u<0) +B6i2—1,t (2.3.9)

where the last equality is obtained by assuming that (i — 1)’h and i"* days belong to the same
month ¢. This shows that GIR-GARCH-MIDAS model is more general than the switching-
regime GJR-GARCH model, where we usually have the 2 or 3 regime-dependent intercepts.

Similarly, we show that EGARCH-MIDAS is EGARCH(1,1) with time varying intercept: Us-

ing (2.3.4), 07, can be expressed as

ll"

(ri14— u) |”‘—]ﬁr*#‘ 2
Blog(si- “)+y\}fzé’l 1z+a(\}fzgi71,t_ )

2
o;, = te®e

Since 1, = €/%8 (%), and Oi—1; = \/T8i—1,, the above equality becomes:

o2
Cit1s (ric1—H) |ri71,t_/"‘7
o7 = gloa() o0 P OE T e

[

)

(rj— 1,6~ u) "‘i—l,tfu‘i
o2 — %+(1-B)log(n), Blog(oi-1)+y V-1 ol VO 14

Lt

S0
~—

Hence,

0g(a7) = (au+ (1 Bog() + 1) oL 2 progior
(2.3.10)

The above specification is that of EGARCH(1,1) with time varying intercept &g+ (1 — )log(7) =
o+ (1= B)(m+ 6 Xi_y wik, )X, )

2.4 QML Estimation

We apply the the quasi-maximum likelihood (QML) method to estimate the parameters of GJR-
GARCH-MIDAS and EGARCH-MIDAS models. For the three model specifications given
by (2.2.1-2.2.3), (2.2.7-2.2.9) and (2.3.1-2.3.3), it is not straightforward to derive a density
of r = {ris}i=1.. n =1, .~ since the distribution of volatility components, g;; and 7;, are un-

known.

Assuming the conditional normality of €;,, the likelihood function is given by

N

T 1
log(L(r | ©) = -~ tog(2m) L ¥ 3" log(zzis) -
t l1i=1

N n l”
ZZ - (2.4.1)

1 Ttgzt

l\.)l'—‘

where T = YN | n, and @ is the vector of parameters, i.e. ® = (i, a,8,m,0,®) for GARCH-
MIDAS, © = (u,a,B,y,m,0,) for GIR-GARCH-MIDAS, and ® = (u, o, 3,7, 0, m, 0, ®)
for EGARCH-MIDAS.
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Since the estimation of the long term component, 7; requires ¢ > K, we maximise:

Noo& rll
Z _; (2.4.2)

Ttglt

l\.)l'—k

T 1 N n;
log(L(r | ®)) = —Elog (2m) — 5 Z Z log(%gi:) —
1=1i=K+1

The QML estimator of ® is then obtained by maximising log(L(r | ®)).

The QML can be estimated using the numerical algorithm such as the popular fmincon.m built
in the MATLAB function. Via simulations, we find that this function tends to produce a local
maximum instead of the global one. Thus, we highly recommend the use of simulannealbnd.m
function, especially when fmincon.m produces a unusually large estimate of the Beta weighting
function, @. As the covariance matrix of QML estimate is more complex than the inverse of an
information matrix, the parameters are estimated numerically from Gradient and Hessian. How-
ever, GIR-GARCH-MIDAS and EGARCH-MIDAS models introduce more parameters because
we need to estimate the long term volatility component. Notice however that if the number of
parameters is more than 7, then the QML tends to become unreliable, see Nakatsuma (2000),
Ardia et al. (2008) and Takaishi (2011).

Consistency and asymptotic normality of QMLE have been derived by Lee and Hanson (1994)
for GJR-GARCH(1,1) and Kyriakoupoulou (2014) for EGARCH(1,1). However, it is still
challenging to derive the relevant asymptotic theory for GIR-GARCH-MIDAS and EGARCH-
MIDAS. Wang and Ghysels (2014) provided the proof for the GARCH-MIDAS model only if
the long term volatility is estimated using the realised volatility rather than macroeconomic vari-
ables. The main issue is how to deal with stochastic macroeconomic variables that are observed
at a different frequency (month or quarter). Assuming that macroeconomic variable is observed
at the same daily frequency, Conrad and Kleen (2019) are able to provide the asymptotic the-
ory for GIR-GARCH-MIDAS. Given the existing consistency and asymptotic normality of the
EGARCH estimator, we conjecture that the approach by Conrad and Kleen (2019) can be em-
ployed to derive the asymptotic theory for EGARCH-MIDAS.

It is still challenging to derive the relevant asymptotic theory for GJR-GARCH-MIDAS and
EGARCH-MIDAS, though most existing studies simply assume that the QML estimator is nor-

mally distributed asymptotically. We leave this for future work, but evaluate the validity of the

QML estimator via simulations in the next section.

2.5 Simulation study

We investigate the finite sample performance of the QML estimator. To make the simulation
design realistic, we construct the DGP in a data-oriented manner as follows:

First, we generate a sample of 240 monthly observations for an artificial macroeconomic vari-
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able, which is assumed to follow an AR(1) process (e.g. Conrad and Kleen (2021)):
x;:(px,_l—i—S,, EtNN(O,l), t:177240

where we set ¢ = 0.95 and xo = 0. Second, we generate the long term component 7; by

K
log(n) =m+0 Y w(k,0)x 4
k=1

where we set K =24, @ = 5 and w(k, @) is the Beta weighting function given in (2.2.6)E| For pa-
rameter values, we set m = 0.1 and consider several values of 6 = {—0.8,—0.4,—0.2,0,0.2,0.4,0.8}.
Third, we generate the daily observations of the unit-variance short-term component, g;, for
each month ¢ and for i = 1,...,22 as follows:

GARCH-MIDAS: g;; = (1—a— )+ aw +Bgi-1;

- . g = (1 B 1)y gl h ) o
GJR-GARCH-MIDAS: g;; = (1-a—B—-4)+a +y Lo+ Bt

Tt Tt

EGARCH-MIDAS: log(g;;) = a\/%+ of ';;T;‘” - \/%} + yrﬁg%l“ +Bgi-1,

where the parameters of the models are chosen, and initial values o and go 1 are chosen to
enable us to simulate recursively/sequentially g;; and r;; because g; ; requires the value of r;_; ;
and computation of r;; requires the value of g;;. Finally, we generate the daily returns by
rir = W+ /T8isEir» where we set 4 = 0, draw & randomly from N (0,1), and we set the initial
values at ro; =0, and go; = 1.

We first depict the simulated return data generated by GARCH-MIDAS in Fig.2.2(a) and the
total volatility together with the long-term component, 7; and the short-term component, g;; in
Fig.2.2(b), and Table 2.5.1 reports the QML estimates for three models.

EGARCH-MIDAS and GJR-GARCH-MIDAS correctly reject the absence of the leverage ef-
fect whilst the three models produce similar estimates of 7;. In Fig.2.2(c) we showed that the
long term component, 7; estimated by three models are relatively close to the true one. In par-
ticular, we find that only the scaling procedure for EGARCH-MIDAS can produce accurate
estimates of 7; whereas unscalled EGARCH-MIDAS (with ¢ being estimated) tends to signif-

icantly underestimate the long term component.

>Due to K lagged values, we generated 240 4 K samples for x;.
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Figure 2.2: Beta Weighting function

(a) simulated daily re- (b) simulated volatility (c) simulated long term
turns component component

Note: Figure (a) shows the simulated daily return using GARCH-MIDAS; Figure (b) shows simulated total volatil-
ity, short term component of the total volatility and the long term component of the volatility; Figure (c) shows
the true, and simulated long term component of the volatility using GARCH-MIDAS, GJR-GARCH-MIDAS, and
EGARCH-MIDAS.

Table 2.5.1: QML estimation results for DGP constructed by GARCH-MIDAS

Model Parameters Fit statistic RMSE
u o B Y G} [0} m ]

True value 0 0.05 09 0 03 5 0.1 BIC LOG-L TV LV NY%

G-MIDAS 0.010 0.053 0.899 -0.358 4,943 -0.113 12409 -6178 0.019 0.028 0.022
(0.013) (0.009) (0.020) (0.083) (2.688) (0.046)

GIR-MIDAS 0.009 0.053 0.898 0.000 -0.349 5.347 -0.104 12417 -6178  0.019 0.025 0.02
(0.014) (0.011) (0.020) (0.012) (0.083) (3.06) (0.047)

EG-MIDAS 0.01 0.106 0.953 0.001 -0.363 4.422 -0.14 12432 -6181 0.0598 0.038 0.069
(0.005) (0.007) (0.001) (0.003) (0.020) (0.556) (0.079)

EG-MIDAS-U 0.01 0.107 0.953 0.001 -0.347 4.241 -0.294 12432 -6181 0.059 0.164 0.215

(0.463) (0.033) (0.007) (0.009) (0.078) (1.702) (0.859)
Note: The table reports the parameter estimates of GARCH-MIDAS (2.2.1}12.2.3), GIR-GARCH-MIDAS (2.2.7}

229), and EGARCH-MIDAS (23.1}2.33). We provide the results for monthly long term components. The

parameter estimates standard deviations are reported in brackets. The parameter estimates are based on 20 years

of observations. The long term component is assumed to depend on K=24 monthly observations. The covariate X;
is modeled as an AR(1) process. BIC = —2LOGL+ plog(T) where p is the number of parameters of the model, T
is number of returns, and LOGL is the Log-Likelihood.

Simulation results

Table [2.5.2] reports the QML estimation results for GARCH-MIDAS, GJR-GARCH-MIDAS
and EGARCH-MIDAS models when the data is generated by GARCH-MIDAS. We also present
the fit of the model using AIC, BIC and logL, as well as RMSEs of the total, long term, and
short term volatility. As described above, we use numerical algorithm, simunealbd.m in Matlab
to minimise any chance of convergence to the local maximum instead of the global maximum.
QML estimates for GARCH-MIDAS are pretty close to the true values in most cases considered.
Not suprisingly, GARCH-MIDAS is the best fitting model in terms of BIC while displaying the
smallest RMSEs of the total, long term, and short term volatility in all cases. Further, QML
estimates for GJR-GARCH-MIDAS look more or less consistent and clearly indicate that the
leverage coefficient is insignificant.

In Table 2.5.3| we present the QML estimation results when the data are generated from GJR-
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GARCH-MIDAS. QML estimates for GIR-GARCH-MIDAS are pretty accurate, including the
leverage coefficient and the long-run parameter, 0. GJR-GARCH-MIDAS is the best fitting
model, but also producing much smaller RMSEs than GARCH-MIDAS and EGARCH-MIDAS.

The QML estimation results are then reported in Table [2.5.4] when the data are generated from
EGARCH-MIDAS. QML estimates for EGARCH-MIDAS are mostly close to the true values.
Now, EGARCH-MIDAS is the best fitting model while displaying much smaller RMSEs than

other models in all casesE]

Table 2.5.2: QML estimation results for DGP constructed by GARCH-MIDAS

Model Parameters Fit Fit
Truevalues 6 % 0‘?9 L 0 5 o] BIC log-L TV LV sV
02 0001 0031 0.898 0069 0209 5.112 0086 1277206 636031 0.056 0.113 0.087
(0.014) (0.013) (0.008) (0.141) (60.980) (0.084)
04 -0.001 0031  0.899 0069 -0.384 519 0097 12800.77 -6374.67 0.065 0.15 0.114
(0.014) (0.013) (0.008) (0.148) (0.637) (0.088)
GMDAS 04 0002 0032 0897 007 0391 5129 0.101 1290633 -6427.45 0.062 0.127 0.093
(0.014) (0.014) (0.009) (0.138) (0.449) (0.081)
0.8 0002 0028 0.89 0071 -0.789 5253 0106 12967.62 -6458.11 0.103 0288 0.231
(0.014) (0.013) (0.008) (0.170) (0.674) (0.118)
0.8 -0.006 0.028 0901 0060 0753 5321 0103 12799.16 -6373.87 0.091 0238 0.191
(0.013) (0.013) (0.008) (0.167) (0.844) (0.108)
02 -0001 0030 0899 0005 0067 -0.192 5068 0090 12780.94 6360.47 0.059 0.119 0.0941
(0.014) (0.013) (0.013) (0.010) (0.144) (27.137) (0.088)
04 -0.002 0030 0899 0006 0066 -0.347 5155 0097 12860.25 -6400.12 0.072 0.151 0.120
(0.014) (0.013) (0.012) (0.010) (0.151) (0.519) (0.094)
GIRMIDAS 04 -0003 0032 0897 0006 0067 0381 5105 0104 1291523 -6427.62 0.069 0.144 0.104
(0.014) (0.013) (0.013) (0.011) (0.141) (0383) (0.085)
0.8 0006 0025 0902 0005 0068 -0.773 5161 0122 12979.64 -6459.82 0.118 0.318 0.207
(0.014) (0.012) (0.012) (0.010) (0.183) (0.639) (0.158)
0.8 -0.002 0027 0902 0004 0068 0769 5163 0.123 1283339 -6374.19 0.099 0.280 0.183
(0.014 (0.012) (0.012) (0.010) (0.166) (0475) (0.112)

-0.2 -0.003 0.057 0968 0.006 0.144 -0.189  5.055 0.084 12799.60 -6365.52 0.122 0.121 0.165
(0.821) (0.202) (0.007) (0.501) (0.250) (0.092) (10.517) (1.002)

-04 -0.008 0.048 0968 0.004 0.143 -0381 5.187  0.087 12828.59 -6380.01 0.127 0.147 0.204
(0.748 ) (0.203) (0.007) (0.465) (0.256) (0.093) (0.688) (0.196)

0.4 -0.001 0.084 0968 0.003 0.145 0.384 5.138  0.083 12936.40 -6433.91 0.136 0.158 0.215
(0.742) (0.260) (0.007) (0.529) (0.317) (0.088) (0.664) (0.220)

-0.8 0.002 0.039 0971 0.001 0.147 -0.788 5.236  0.112 12999.25 -6465.34 0.179 0.323 0.287
(0.723) (0.211) (0.005) (0.505) (0.268) (0.107) (0.705) (0.127)

0.8 -0.001 0.011 0971 0.001 0.144 0.760 5278  0.096 12857.35 -6384.39 0.158 0.273 0.247
(0.713) (0.311) (0.006) (0.616) (0.383) (0.097) (0.803) (0.234)

EG-MIDAS

Note: Note: This table reports the simulation results of QMLE approach when the data generating process
is GARCH-MIDAS. G-MIDAS, GIR-MIDAS, and EG-MIDAS refer to GARCH-MIDAS (22.1}2.2.3), GIJR-
GARCH-MIDAS (2.2.7}2.2.9), and EGARCH-MIDAS respectively. TV, LV, and SV, refer to total
volatility, Long-term component, and Short-term component respectively. We provide the results for monthly long
term components. The parameter estimates standard deviations are reported in brackets. The parameter estimates
are based on 20 years of observations. The long term component is assumed to depend on K=24 monthly obser-
vations. The covariate X; is modeled as an AR(1) process. BIC = —2LOGL + plog(T) where p is the number of
parameters of the model, T is number of returns, and LOGL is the Log-Likelihood.

%We have conducted the additional simulation using the EGARCH-MIDAS DGP with a very high volatility
persistence with § = 0.99. Both GARCH-MIDAS and GJR-GARCH-MIDAS tend to estimate the long term
component, 7; incorrectly (the estimates of 8 are insignificant too). We also obtained & +B =0.9987 for GARCH-
MIDAS and & —|—ﬁ' + %’ > 1 (1.006) for GJR-GARCH-MIDAS, both of which violate the stationary condition. In
this case only EGARCH-MIDAS can produce relatively correct estimates. These results are available upon request.
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Table 2.5.3: QML estimation results for DGP constructed by GJR-GARCH-MIDAS

Model Parameters Fit RMSE
(o) o 0 0] m
True values 6 g 0[.39 0_766 005 . o BIC log—L TV LV SV
-0.2 0.013  0.021 0.894 0978 -0.218 5.129 0.078 1244229 -6195.43 0.168 0.168 0.228
(0.013) 0.011) (0.008) (0.181) (47.524) (0.129)
-04 0.013 0.021 0.895 0.083 -0.371 5.121 0.111 12551.31 -6249.94 0.178 0.219 0.241
(0.013) 0.011) (0.009) (0.175) (0.476) (0.142)
G-MIDAS 04 0.013 0.021 0.894 0.084  0.386 5.107 0.094 12532.74 -6240.65 0.179 0.182 0.229
(0.013) (0.011) (0.009) (0.174) (0.493) (0.135)
-0.8 0.012 0.019 0.895 0.085 -0.778 5.237 0.093 12518.55 -6233.56 0.217 0.208 0.202
0.012) 0.011) (0.008 (0.214) (0.715) (0.164)
0.8 0.011 0.02 0.896 0.083  0.781 5.168 0.111 12692.65 -6320.61 0.218 0.263 0.237
(0.013) 0.011) (0.008) (0.201) (0.642) (0.154)
-0.2  0.001 0.022 0.899 0.058 0.049 -0.202 5.077 0.092 12429.38 -6184.69 0.072 0.162 0.161
(0.013) (0.011) (0.013) (0.009) (0.173) (85.086) (0.126)
-0.4  0.001 0.021 0900 0.060 0.049 -0.384 5.091 0.099 12538.99 -6239.50 0.079 0.213 0.146
(0.013) (0.011) (0.013) (0.009 (0.177) (0.427) (0.138)
GIR-MIDAS 0.4 0.001 0.016 0.898  0.061 0.050 0.391 5.075 0.095 12519.49 -6229.75 0.078 0.163 0.136
0.013) (0.011) (0.013) (0.009) (0.175) (0.272) (0.131)
-0.8  0.001 0.018  0.901 0.057 0.052 -0.786 5.081 0.091 12509.60 -6224.80 0.115 0.199 0.163
0.013) (0.011) (0.013) (0.009) (0.217) (0.494) (0.177)
0.8 -0.001 0.018 0.901 0.057  0.051 0.739 5.129 0.110 12681.79 -6310.89 0.105 0.253 0.155
(0.013) 0.011) (0.013) (0.009) (0.196) (0.577) (0.154)

02 0002 0022 0978 0038 0162 0189 5196 0.118 1245762 619452 0.182 0.172 0.366
(3.002) (0.350) (0.002) (0.009) (0.434) (0.101) (43.296) (1.107)

04 -0.002 0037 0978 -0.040 0.163 -0367 5035 0.089 1256528 -6248.35 0.174 0.252 0.412
(0.860) (0.234) (0.003) (0.011) (0.293) (0.117) (0.611) (0.271)

04 -0.002 0052 0977 -0040 0.163 0387 5084 0.077 12544.60 -6238.02 0.181 0.185 0.352
(0.979) (0.441) (0.003) (0.011) (0.547) (0.104) (0.566) (0.211)

0.8 -0.003 0058 0981 -0.037 0166 -0777 5.149  0.081 12535.80 -6233.61 0215 0.224 0.424
(1.107) (0.346) (0.002) (0.009) (0.435) (0.126) (0.789) (0.258)

0.8 -0.004 0.047 0981 -0038 0.164 0759 5161  0.089 12708.98 -6320.20 0.2145 0.525 0.451
(0.953) (0.280) (0.002) (0.009) (0.346) (0.127) (0.682) (0.202)

EG-MIDAS

Note:Note: This table reports the simulation results of QMLE approach when the data generating process is
GJR-GARCH-MIDAS. G-MIDAS, GJR-MIDAS, and EG-MIDAS refer to GARCH-MIDAS (2:2.1}2.2.3), GJR-
GARCH-MIDAS (2.2.7}2.2.9), and EGARCH-MIDAS respectively. TV, LV, and SV, refer to total
volatility, Long-term component, and Short-term component respectively. We provide the results for monthly long
term components. The parameter estimates standard deviations are reported in brackets. The parameter estimates
are based on 20 years of observations. The long term component is assumed to depend on K=24 monthly obser-
vations. The covariate X; is modeled as an AR(1) process. BIC = —2LOGL + plog(T) where p is the number of
parameters of the model, T is number of returns, and LOGL is the Log-Likelihood.
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Table 2.5.4: QML estimation results for DGP constructed by EGARCH-MIDAS

Model Parameters Fit RMSE
True values 6 ‘(; % 0g5 -0?1 0_00‘4 b ‘;’ (?1 BIC log—L TV LV SV
02 0025 0056 0893 0049 0213 5322 0.145 139712 -6959.88 0369 0.197 0.399
(0.016) (0.022) (0.008) (0.056) (0.708) (0.045)
0.4 0025 0054 0.896 0049 0407 5533  0.128 14024.11 -6986.34 0.406 0.181 0.400
(0.016) (0.021) (0.008) (0.058) (6.917) (0.047)
GMDAg 04 00240 0052 0898 0048 0392 5415 0.119 14081.18 -7014.87 0.413 0.214 0.455
0.016) (0.020) (0.008) (0.067) (2.403) (0.054)
0.8 0022 0039 0912 0047 0783 5681  0.138 14009.54 -6979.05 0.614 0.219 0.753
0.015) 0.016) (0.007) (0.108) (34.207) (0.117)
08 0022 0042 0908 0049 0786 5693  0.108 13906.79 -6927.68 0.579 0.236 0.617
0.015) 0.017) (0.007) (0.091) (2.036) (0.900)
02 0006 0049 0901 0098 0006 -0.195 5.101 0127 1388329 -6911.65 0222 0.189 0342
(0.016) (0.015) (0.014)) (0.009 (0.063) (0.4248) (0.0601)
0.4 0005 0048 0902 0.098 0001 -0401 5256 0119 1393576 -6937.88 0.249 0.190 0.374
(0.016) 0.015) (0.014) (0.009) (0.064) (2.764) (0.067)
GIRMIDAS 04 0004 0.049 0904 0098 0001 0407 5115 0127 13988.17 -6964.08 0.246 0.244 0.299
(0.016) 0.015) (0.014) (0.009) (0.061) (2.229) (0.056)
0.8 0007 0041 0908 0.096 0002 -0.79 5427 0143 13857.13 -6896.41 0.398 0.197 0.430
(0.015) 0.013) (0.013) (0.008) (0.086) (5.155) (0.084)
0.8 0.006 0043 0906 0098 0001 0802 5496 0.119 1375392 -6844.81 0.378 0.238 0.636
(0.015) 0.013) (0.013) (0.008) (0.078) (1.649) (0.078)

02 -0.001 0079 0953 -0.095 00394 -0.192 5223 0.114 13857.66- 689454 0.117 0.181 0.191
(1.586) (0.884) (0.014) (1.471) (1.014) (0.041) (0.892)) (0.171)

04 0001 0028 0946 -0.093 0.046 -0404 5268 0.113 13919.6 -6925.52 0.161 0.168 0.235
(1.809) (0.824) (0.013) (0.018) (0.973) (0.041) (1.434) (2.208)

04 -0.001 0008 0952 -0.097 0043 0397 5451 0.112 13967.97 -6949.7 0.149 0.183 0.156
(1.079) (0.427) (0.013) (0.014) (0.512) (0.042) (1.318) (1.443)

0.8 0.003 0.005 0957 -0.095 0055 -0.798 5296 0.114 1389892 -6915.17 0.254 0.175 0.175
(1.419) (0.581) (0.012) (0.019) (0.693) (0.056) (1.074) (2.012)

0.8 0001 -0.011 0956 -0.096 0055 0.796 5693  0.119 1379474 -6863.09 0.258 0.205 0.245
(1211) (0.457) (0.014) (0.018) (0.519) (0.061) (1.579) (2.099)

Note: This table reports the simulation results of QMLE approach when the data generating process is EGARCH-
MIDAS. G-MIDAS, GJR-MIDAS, and EG-MIDAS refer to GARCH-MIDAS (2.2.1{2.2.3), GJR-GARCH-
MIDAS (2.2.7}2.2.9), and EGARCH-MIDAS respectively. TV, LV, and SV, refer to total volatility,
Long-term component, and Short-term component respectively. We provide the results for monthly long term

EG-MIDAS

components. The parameter estimates standard deviations are reported in brackets. The parameter estimates are
based on 20 years of observations. The long term component is assumed to depend on K=24 monthly observations.
The covariate X; is modeled as an AR(1) process. BIC = —2LOGL+ plog(T) where p is the number of parameters
of the model, T is number of returns, and LOGL is the Log-Likelihood.

In sum, we establish that the finite sample performance of the QML estimator is relatively satis-
factory in all cases considered. In particular, for EGARCH-MIDAS, the scaling modification is
necessary in producing the accurate estimate of the long term and the total volatility. According
to BIC and RMSE, the accuracy of the total volatility will be improved when we use the cor-
rect specification of the short term volatility component. Moreover, we find that the long term
volatility component is similarly estimated across the different specifications of the short term

volatility component.

2.6 Empirical Application

Most existing empirical studies, using GARCH-MIDAS or GJR-GARCH-MIDAS, focus mainly
on investigating whether the impacts of (selected) macroeconomic variables on the total and the

long term volatility of the stock market indices are significant, e.g. Asgharian et al. (2013),
Alsheikhmubarak and Giouvris (2017), Conrad et al. (2018), and Lin and Chang (2020).
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We aim to analyse the time-varying volatility patterns of the seven stock market indices (SP500,
NASDAQ, CAC40, DAX, FTSE100, NIKKEI, and HSE), but also evaluate the relative per-
formance of GARCH-MIDAS, GJR-GARCH-MIDAS and EGARCH-MIDAS in terms of in-
sample fit and out of sample forecasting performance over the period Jan 2000-Aug 2019. To
investigate the impacts of macroeconomic conditions on the long-run volatility, we consider a
range of macroeconomic variables. First, we employ the country-specific macroeconomic vari-
ables: industrial production (/P), economic policy uncertainty (EPU), effective exchange rate
(EER), inflation rate (IN) and unemployment rate (UR). Next, we consider the global macro
indicators: global economic policy uncertainty (GEPU) and Chicago Fed national activity in-
dex (CFNI). For IP, EPU, EER, GEPU and FPU, we use the growth rate which is constructed
by 100log(X;/X;—1).

We report the descriptive statistics for the 7 stock market returns over the period Jan 2000-
Aug 2019 in Table in Appendix 1. We observe the large sample skewness, providing a
support for including the leverage component in the volatility model. We note that adding the
sub-period from Jan 2020 to Aug 2020, significantly increased the skewness and kurtosis of
the returns for US and European indices but not for NIKKEI and HANGSENG. During the
COVIDI19 pandemic period the largest fall in returns occurred for the U.S. and European in-
dices whilst returns for NIKKEI and HANGSENG fell less severely, see Fig.2.4.

We display the observations of the macroeconomic variables in Fig.2.5 in Appendix 1. Each
series tends to co-move, and captures the impacts of the major events such as Asian boom in
early 2000s, the Iraqi war in 2003, the global financial crisis in 2008, the sharp oil price de-
crease in 2014, and the covid-19 pandemic. From Panel B of Table we note that covid-19
pandemic does not change the overall correlation pattern. The correlations between the US and
European indices range between 0.43 and 0.57. On the other hand the correlations between the
US and Asian indices are much smaller (0.12-0.19) whist those between European and Asian

indices range between 0.26 and 0.37.

2.6.1 Benchmark estimation results

We first present the estimation results for GARCH(1,1), GJR-GARCH(1,1) and EGARCH(1,1)
models in Table in Appendix 1. We find that both GJR-GARCH(1,1) and EGARCH(1,1)
models produce a significant leverage effect for all indices[] ABIC statistic also favors GJR-
GARCH(1,1) over GARCH(1,1) for all indices Overall, both ABIC and RMSE select EGARCH(1,1)
as the preferred specification. We also obtained similar conclusions for the data over 2000-2020

including the ongoing pandemic period.

7Likelihood ratio (LR) test strongly rejects the null hypothesis, ¥ = 0 at the 1% significance level where ¥ is
the leverage parameter.

8 According to Kass and Raftery (1995), ABIC is the difference between the BIC values of two competing
models where the data strongly (weakly) favours the model of interest if ABIC is greater than 6 (between 2 and 6).
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We next report the estimation results for the SP500 index with IP growth selected as a de-
terminant of the long term volatility component in Table 2.6.1] This application is the same
as that analysed by Conrad and Kleen (2020), who applied only GJR-GARCH-MIDAS. Our
results using MATLAB code produce QML estimates of GJR-GARCH-MIDAS close to those
of Conrad and Kleen(2019), who obtained the estimates using R. Furthermore, the proposed
scaling procedure for EGARCH-MIDAS seems to work successfully for identifying the two
volatility components: 7;s estimated by GJR-GARCH-MIDAS and EGARCH-MIDAS are rel-

atively close to each other, see Fig. 3.1.

Comprehensive estimation results for all seven indices and seven macroeconomic variables
are reported in Tables in Appendix 1, where we present the QML estimates, BIC,
logL, RMSE and a volatility ratio defined by VR = var(log (1;))/var(log (%,g,))ﬂ Both GJR-
GARCH-MIDAS and EGARCH-MIDAS confirm the presence of a leverage effect in volatility
for all seven indices Furthermore, the short term volatility is highly persistent across three
models. Next, the size of the long run estimate, 6, is qualitatively similar across the 3 mod-
els, though 6 by GARCH-MIDAS becomes insignificant, suggesting that the standard error
of 6 depends on the correct specification of gt Overall, according to ABIC and RMSE,
EGARCH-MIDAS is the preferred model for SP500, NASDAQ, CAC40, DAX, FTSE100 and
NIKKEI whereas GIR-GARCH-MIDAS is the preferred model for HANGSENG.

Table 2.6.1: QML estimation results for SP500 using IP growth

Model i do a B 7 Per 0 @ ) BIC LOGL RMSE VR

GARCH 0.060 0020 0.100 0.884 0.985 2756739 1376522 6.77
(0.008) (0.001) (0.002) (0.003)

GMIDAS 0.063 002 0111 0869 0.980 -0.637 5323 0293 25306.33 -1262545 6.76 7.58
(0.01) (0.005) (0.003) (0.004) (0.123) (1.504) (0.0843)

GIRGARCH 0034 002 002 0899 0.123 00981 2548228 -1271821 6.66

(0.016) (0.004) (0.007) (0.008) (0.007)
0.035 0.024 0013 0.893 0.140 0976 -0.673 8.638 0.1052 23212.51 -11574.15 7.44 871

GIR-MIDAS (0.009) (0.006) (0.004) (0.004) (0.005) (0.112) (2.348) (0.0638)
0.02 0.019 0903 0.113 0977 -0.650 8271  0.074 29211 -14573 10.63
GIR-MIDAS(CK) (0.008) (0.006) (0.005) (0.007) (0.161) (1.782) (0.089)
EGARCH 0.03 0.002 0.145 0978 -0.099 0.978 2543448 -1269431 65
(0.015) (0.002) (0.010) (0.003) (0.006)
EG-MIDAS 0.030 0.000 0.148 0974 -0.1104 0.974 -0.527 9.888 0.0548 23179.41 -11553.01 6.26 5.90

(0.020) (0.000) (0.001) (0.000) (0.002) (0.097) (3.495) (0.0873)
Notes: G-MIDAS, GIR-MIDAS, GJR-MIDAS(CK), and EG-MIDAS refer to GARCH-MIDAS (2.2.112.2.3)),

GIR-GARCH-MIDAS(2.2.7}2.2.9), GIR-GARCH-MIDAS by Conrad and Kleen (2020), and EGARCH-
MIDAS2.3.1}j2.3.3) respectively. This table reproduce QML estimates of GIR-GARCH-MIDAS by Conrad and
Kleen (2020). Standard errors are given in brakets. BIC = —2LOGL + plog(T) where p is the number of pa-
rameters of the model, 7 is number of observations, and LOGL is the log-likelihood of the model. BIC in CK is
computed using p = 6 (U is not estimated) instead of p =7 for GIR-GARCH-MIDAS. Persistence, per is computed
by [6+ B, &+ + 7/2, B] for GARCH-MIDAS, GJIR-GARCH-MIDAS and EGARCH-MIDAS models.

Following the literature, we first set the range of @, say [1,50]. It is well-established (e.g. Engle et al. (2013))
that the estimation algorithm tends to result in a local-maximum if @ is estimated at near boundary (close to 1 or
50). To ensure that QML estimates do not correspond to a local-maximum, we repeat the numerical estimation
using the additional 12 intervals of @ in [1,4], [4,8], [8,12],...,[44,50] together with [1,50], and select the estimate
that produces the largest LOGL.

10The likelihood ratio test for the null, y = 0 strongly rejects GARCH-MIDAS against GIRGARCH-MIDAS
for all indices and macroeconomic variables.
""This may cast doubt upon the statistical independence between g; and %, derived by Wang and Ghyeles (2014)
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Figure 2.3: Long term volatility component of SP500
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Note: The long term volatility component, 7;, is estimated respectively by GARCH-MIDAS, GJR-GARCH-
MIDAS and EGARCH-MIDAS models..

2.6.2 In-sample fit comparison

In Table [2.6.2| we report the in-sample fit performance of alternative GARCH-MIDAS models,
where we reproduce the long term estimate, 6, VR and BIC from Table in Appendix 1.

We summarise the main findings as follows:

First, according to BIC, EGARCH-MIDAS is the preferred model for SP500, NASDAQ, CAC40,
DAX and NIKKEI whilst GIR-GARCH-MIDAS is the preferred model for HANGSENG across
all macroeconomic variables. For FTSE100 we obtained mixed results: EGARCH-MIDAS is
preferred for /P, EER, GEPU and GJR-GARCH-MIDAS is preferred for IN, EPU,CFNI.

Second, the long term estimates, é, produced by GJR-GARCH-MIDAS and EGARCH-MIDAS,
are mostly significant with predicted signs while those from GARCH-MIDAS tend to be in-
significant. IP growth has a significant counter-cyclical impact for all 7 indices. We also ob-
serve a significant negative impact of EER growth on the volatility for all indices except for
HANGSENG showing a positive impact, which may reflect the Chinese governments policy to
keep Yuan low to boost their exports (Li and Moosa (2017) and Anisul (2021)). Interestingly,
CFNAI, measuring an overall financial market condition in the US, produced a highly signifi-

cant counter-cyclical impact on the volatility for all seven indices.

Third, we evaluate the relative importance of each macroeconomic variable by employing VR
that measures the fraction of the total volatility explained by the long term component. Focus-
ing on EGARCH-MIDAS estimation results, we find that the most influential variable is the
global financial market condition proxied by CFNAI, that explains 27.5% of the total volatility
for SP500 while covering between 15%-34% of the total volatility for the other indices. This
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highlights the dominant position of the US financial market. The second-most influential vari-
able is IP growth, that explains 12.8% of the total volatility for SP500 while covering between
5%-13% of the total volatility for the other indicesF_ZI

Fourth, we find a mixed evidence on the impacts of EPU and GEPU. EGARCH-MIDAS pro-
duces a significant positive impact of EPU (GEPU) for SP500, NASDAQ, CAC40 and NIKKEI
(HANGSENG). On the other hand, GJR-GARCH-MIDAS presents a positive significant im-
pact of EPU for CAC40, FTSE and NIKKEI and a positive significant impact of GEPU only for
FTSE100. In terms of VR, EPU tends to be more influential than GEPU for SP500, NASDAQ,
CAC40 and NIKKEI whist the reverse is true for FTSE and HANGSENG.

Table 2.6.2: The summary of QML estimation results

SP500 NASDAQ CAC40 DAX FTSE NIKKEI HSE
Macro Model [ VR  BIC 2] VR  BIC 0 VR  BIC [ VR  BIC 2] VR  BIC ] VR  BIC 6 VR BIC
GM  —1.08% 22.7% 11701 —0.858% 19.20% 13473 -1.375% 13.6% 14073 0.092 1.3% 14203 -1.353¢ 12.2% 12171 0.123 3.9% 14312 -0.068 ¢ 0.8% 13644
P GIRM —1.038% 16.3% 11521 —0.807¢ 15.20% 13344 -1.263 ¢ 10.7% 13870 -0.445¢ 5.7% 14059 -1.87¢ 11.5% 11982 -0.548¢ 7.2% 14234 -0.06° 0.8% 13601
EGM —1.207¢ 12.8% 11504 —0.716* 11.80% 13328 -1.058¢ 9.8% 13826 -0.404% 5.6% 14051 -1.952¢ 13.3% 11981 -0.396% 6.8% 14206 -0.729" 4.9% 13611
GM  0.096 4.2% 11708 0.035 0.7% 13483 -0.144 1.7% 14083 0.006 0% 14208 0.147% 6.3% 12173 0.125¢ 2.7% 14313 -0.338 0.4% 13650
UR GIRM 0.111¢ 5.0% 11524 0.057” 1.8% 13354 0.142” 1.7% 13883 0.011 0.1% 14064 0.14% 54% 11991 02149 7.6% 14229 -0.269 0.6% 13604
EGM 0.153¢ 9.5% 11512 0.088¢ 4.3% 13343 -0.15¢ 1.6% 13847 0.032¢ 1% 14059 0.182¢ 9.5% 11991 0.127¢ 2.8% 14212 0.6¢ 1.2% 13616
GM  —0.078 1.1% 11713 0.134% 2.1% 13481 0.149 13% 14082 03017 3.3% 14205 0.243¢ 4.5% 12176 —0.102 2.2% 14313 0.078° 4.9% 13648
In GJRM —0.122¢ 2.5% 11533 0.117 1.4% 13355 0.14¢ 1% 13884 —0.254 4.2% 14060 0.309 6.7% 11988 —0.159¢ 5% 14234 —0.08 2.9% 13603
EGM —0.078% 1.2% 11532 0.149¢ 2.3% 13347 —0.127* 1.6% 13847 —0.207 3% 14055 0.36 9.6% 11990 —0.07° 1.1% 14214 0.114* 5.7% 13613
GM  -0.142 03% 11713 -0.266° 1.4% 13482 -2.075% 8.4% 14077 0.102 0.3% 14206 0.055 0.6% 12179 -0.321“ 5.7% 14310 0.168% 4.9% 13637
EER  GIRM -0225% 25% 11531 -048¢ 53% 13349 -1.8859 5.7% 13876 -0.377 12% 14061 -0.235% 2.4% 11998 -0.4349 32% 14215 0.471¢ 4.8% 13600
EGM -0.095¢ 1% 11529 -0376“ 2.5% 13346 -1.271% 2.7% 13844 -1.073¢ 2.2% 14056 -0.531¢ 7.9% 11993 -0.147“ 5.3% 14209 0.589¢ 11.3% 13606
GM  0.124% 5.0% 11708 0.006° 0.6% 13481 0.061° 33% 14079 0.003 0.4% 14205 0.079¢ 6.5% 12171 0.162¢ 15.4% 14301 0 0% 13650
EPU  GIRM -0.007 0.1% 11537 -0.018 1.1% 13354 0.051° 1.8% 13882 -0.01 1% 14061 0.055“ 3% 11996 0.134¢ 9.5% 14228 0 0% 13605
EGM 0.261¢ 18.9% 11488 0.171¢ 11.2% 13329 0.084¢ 4.8% 13838 -0.004 0.3% 14059 -0.004 0.1% 12005 0.147¢ 11.7% 14199 0.004 0.1% 13617
GM  -0011 07% 11712 -0.02 1.3% 13481 -0.004 0.1% 14083 0.005 0.4% 14206 0.086¢ 3% 12176 0.006 0.8% 14312 0.006 0.8% 13645
GEPU GIRM -0.013 1.1% 11533 —0.027 3.2% 13349 -0.013 09% 13882 -0.015 1% 14061 0.078“ 23% 11998 -0.035 1.9% 14238 -0.015 0.3% 13604
EGM 0.151 6.9% 11517 —0.017 2.1% 13341 0.09¢ 2.9% 13844 -0.006 0.4% 14057 0.154¢ 9.4% 11991 -0.015 0.6% 14214 0.08¢ 3.6% 13613
GM  —1.193% 40.4% 11669 —0.947¢ 33.7% 13458 -0.985% 30% 14057 -0.935“ 28.1% 14187 -1.066 ¢ 34.5% 12143 -0.755 26% 14298 -0.974 ¢ 39.1% 13629
CFNAI GIRM —1.191¢ 34.4% 11489 —0.933% 28.8% 13326 -0.933 ¢ 22.4% 13856 -0.899 ¢ 19.6% 14043 -1.034 ¢ 28.9% 11951 -0.732¢ 18.9% 14220 -1.035“ 39.2% 13577
EGM —1.046“ 27.5% 11462 —0.819% 22.4% 13304 -0.87¢ 15.2% 13817 -0.796 ¢ 15.2% 14036 -0.983 “ 26.2% 11960 -0.724 “ 19.3% 14191 -0.907 * 33.7% 13585

Notes: a, b, and c represent 1%, 5%, and 10% significance level. GM, GJRM and EGM refer to GARCH-
MIDAS, GIR-GARCH-MIDAS and EGARCH-MIDAS. VR = var(log (%)) /var(log(%;8;)) measures the fraction
of the total volatility explained by the long term component. BIC = —2LOGL + plog(T), where LOGL is the
log-likelihood of the model, p is the number of parameters, and 7 is the number of observations. For each index
the smallest BIC is highlighted in bold.

Finally, we present the ranking of 7 macroeconomic variables in terms of the in-sample fit using
BIC for for EGARCH-MIDAS, GJRGARCH-MIDAS, and GARCH-MIDAS models in Table
[2.6.3] First of all, the global indicator, CF NAI is considered the most influential macroeconomic
variable affecting the total and the long-term volatility of all seven indices for all models. Next,
we find that the second-most influential variable is country-specific /P growth followed by EER
growth and IN.

12Notice that DAX and NIKKEI are the least influenced by /P in terms of their low values of VR (5-6%). This
may be due to the high quality of German and Japanese products whose demand is less affected during recession
as their economies seem to recover quickly after crisis periods (Wink et al. (2018) and Marin (2018)).
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Table 2.6.3: The ranking of macroeconomic variables

Index Rank G-MIDAS GJR-MIDAS EG-MIDAS
Macro BIC Macro BIC Macro BIC
1 CFNAI 11669 CFNAI 11489 CFNAI 11462
SP500 2 1P 11700 IP 11521 FrPU 11474
3 EPU 11708 UR 11524 EPU 11487
4 UR 11708 EER 11532 1P 11504
5 GEPU 11712  GEPU 11533 GEPU 11517
6 IN 11713 INF 11533 EER 11530
7 EER 11714 EPU 11537 IN 11532
1 CFNAI 13458 CFNAI 13326 CFNAI 13304
NASDQ 2 1P 13473 1P 13344 FPU 13313
3 GEPU 13481 GEPU 13349 1P 13328
4 EPU 13481 EER 13350 EPU 13329
5 IEER 13482 UR 13354 GEPU 13341
6 IN 13483 EPU 13354 EER 13346
7 UR 13483 IN 13355 IN 13347
1 CFNAI 14057 CFNAI 13856 CFNAI 13817
CAC40 2 1P 14073 1P 13870 1P 13826
3 EER 14078 EER 13877 EPU 13838
4 EPU 14079 EPU 13882 EER 13844
5 IN 14082  GEPU 13882  GEPU 13844
6 UR 14083 UR 13883 UR 13847
7 GEPU 14083 IN 13884 IN 13847
1 CFNAI 14187 CFNAI 14043 CFNAI 14036
DAX 2 1P 14203 1P 14059 1P 14051
3 IN 14205 IN 14060 IN 14055
4 EPU 14205 EPU 14061 EPU 14056
5 GEPU 14206 GEPU 14061 GEPU 14057
6 UR 14208 UR 14064 UR 14059
7 EER 14208 EER 14065 EER 14059
1 CFNAI 12143 CFNAI 11951 CFNAI 11960
FTSE100 2 1P 12171 1P 11982 1P 11981
3 EPU 12171 IN 11988 IN 11990
4 UR 12173 UR 11991 UR 11991
5 GEPU 12176 EPU 11996  GEPU 11991
6 IN 12176 EER 11998 EER 11994
7 EER 12179  GEPU 11998 EPU 12005
1 CFNAI 14298 CFNAI 14220 CFNAI 14191
NIKKEI 2 EPU 14301 EER 14215 EER 14199
3 EER 14311 EPU 14228 EPU 14206
4 1P 14312 UR 14229 UR 14212
5 GEPU 14312 1P 14234 1P 14212
6 UR 14313 IN 14234 IN 14214
7 IN 14313 GEPU 14239  GEPU 14214
1 CFNAI 13629 CFNAI 13577 CFNAI 13585
HSE 2 EER 13637 EER 13600 EER 13606
3 1P 13644 1P 13601 1P 13611
4 GEPU 13645 IN 13603 IN 13613
5 IN 13648 GEPU 13604  GEPU 13613
6 UR 13650 UR 13605 UR 13616

7 EPU 13650 EPU 13605 EPU 13617
Notes: This table ranks five country-specific macroeconomic variables, (IP,IN,UR,EPU,EER)

and two global indicators (CFNAI, GEPU). BIC values are obtained from Tables [2.7.3H2.7.4]
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2.6.3 Out of sample forecast performance

Forecasting evaluation is a main tool for comparing the performance of alternative volatil-
ity models. We consider two popular measures of forecasting performance, RMSE(k) and
QLIKE(k) given by

N 2 A2 2

N
N 62 : 0'2 .
A { 672’+l-"-k _ lOg( 6§+1+k ) _ 1}
LIKE k — T+i+k T+i+k
OLIKE(K 5

where 6‘% 4itk 18 the k-day ahead forecast of the total volatility, G% vivk = Tr+k8T+i+k> that
is estimated using in-sample observations ending on day 7" + i for GIR-GARCH-MIDAS and
EGARCH-MIDAS models. Since the daily volatility is unknown, we proxy it by the daily av-
erage of 5 min intraday Volatility For comparing forecasting performance of models, as done
in the literature, we eliminate the impact of the last day,T, of the in-sample by applying the
rolling window principle,N times, to the in-sample, and we compute the k-day forecasts for
each in-sample ending on 7+ 1,7 +2,...,T +N. The k-day forecast is the average of the N
forecasts. In Appendix we discuss how to compute the k-day ahead volatility forecast based on
the ith in-sample observations, {ry,...,rr+;}, using an analytic formula and a simulation Carlo
MethOdE We assess the forecasting performance of GJR-GARCH-MIDAS and EGARCH-
MIDAS against GARCH-MIDAS as a benchmark model. We compute QLIKE (RMSE) loss as
the ratio of QLIKE (RMSE) of GJRM and EGM to QLIKE (RMSE) of GARCH-MIDAS, and
select the model with the smallest QLIKE (RMSE) loss as the preferred specification.

Tables [2.6.4H2.6.5| report RMSE and QLIKE losses for the k-day ahead forecast of the total
volatility with k = [1,5,10,15,20] using in-sample period, 03/1/2000 to 31/7/2019. We con-
sider CFNAI and IP growth as the macroeconomic variable respectively when forecasting the
long term volatility because both were found to be most influential in terms of the in-sample
fit. Panel A in Table reports QLIKE loss results when using CFNAI. For all forecast hori-
zons, EGARCH-MIDAS outperforms both GIR-GARCH-MIDAS and GARCH-MIDAS for all
indices except FTSE100 in which case GARCH-MIDAS is preferred. From Panel B using /P
growth, we observe qualitatively similar results except that GARCH-MIDAS outperforms over
a longer horizon, e.g. kK > 15 for HANGSENG. Next, we turn to RMSE loss results in Table
[2.6.5] From Panel A using CFNAI, EGARCH-MIDAS is the clear winner for all indices and
across all horizons. From Panel B using /P growth, we still observe that EGARCH-MIDAS
outperforms both GJR-GARCH-MIDAS and GARCH-MIDAS for all indices, though at the
longer horizon (k = 20) the forecasting performance of GARCH-MIDAS becomes very close
to that of EGARCH-MIDAS for CAC40, DAX and NIKKEI.

3Paton (2011) showed that RMSE and QLIKE are invariant so long as the true but unknown volatility is proxied
by an unbiased estimate.

1“We use the analytic method to compute RMSE and QLIKE to substantially save the computation time as both
analytic and simulation methods produce quite similar values.
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Overall, we confirm the best out-of-sample forecasting performance for EGARCH-MIDAS,
which suggest the importance of explicitly modelling the leverage effect in the short-term
VolatilityE] Furthermore, from Tables 2.7.5-2.7.6 in Appendix, we find that QLIKE favours
EGARCH-MIDAS 977 times, GIRGARCH-MIDAS 302 times, and GARCH-MIDAS 149 times
whereas RMSE favours EGARCH-MIDAS 1054 times, GIRGARCH-MIDAS 291 times, and

GARCH-MIDAS 99 times across all seven indices and seven macroeconomic variables.

Table 2.6.4: QLIKE loss of daily total volatility forecast

Panel A: QLIKE loss of GJRM and EGM against GARCH-MIDAS using CFNAI

Horizon
Index Model | 5 10 15 20
SP500 GJR-MIDAS 0.932 0.954 0.979 0.988 1.011
EG-MIDAS 0.834 0.865 0.892 0.909 0.939
NASDQ GJR-MIDAS 0.999 0.944 0.961 0.959 0.925
EG-MIDAS 0.918 0.875 0.891 0.894 0.869
CAC40 GJR-MIDAS 0.877 0.914 0.939 0.978 0.967
EG-MIDAS 0.869 0.872 0.892 0.947 0.926
DAX GJR-MIDAS 0.877 0.896 0.914 0.981 0.981
EG-MIDAS 0.861 0.855 0.874 0.939 0.939
FTSE100 GJR-MIDAS 1.015 0.982 1.008 1.046 1.001
EG-MIDAS 1.032 0.983 1.038 1.068 1.046
NIKKEI GJR-MIDAS 0.948 0.964 0.937 0.932 0.921
EG-MIDAS 0.902 0.914 0.886 0.904 0.899
HSE GJR-MIDAS 0.967 0.985 0.993 0.999 1.001
EG-MIDAS 0.966 0.965 0.975 0.984 0.991
Panel B: QLIKE loss of GJIRM and EGM against GARCH-MIDAS using IP growth
Index Model Horizon
1 5 10 15 20
SP500 GJR-MIDAS 0.859 0.885 0.914 0.919 0.948
EG-MIDAS 0.799 0.821 0.858 0.849 0.872
NASDQ GJR-MIDAS 0.985 0.941 0.960 0.958 0.907
EG-MIDAS 0.9316 0.8921 0.906 0.903 0.856
CAC40 GJR-MIDAS 0.873 0.938 0.964 1.018 1.017
EG-MIDAS 0.876 0.881 0.903 0.971 0.955
DAX GJR-MIDAS 0.883 0.917 0.941 1.007 1.006
EG-MIDAS 0.877 0.879 0.899 0.968 0.970
FTSE100 GJR-MIDAS 1.025 0.999 1.028 1.053 1.001
EG-MIDAS 1.030 0.983 1.037 1.062 1.015
NIKKEI GJR-MIDAS 0.992 0.994 0.993 1.019 1.029
EG-MIDAS 0.907 0.926 0.903 0.920 0.929
HSE GJR-MIDAS 0.974 0.987 0.995 1.002 1.006
EG-MIDAS 0.969 0.971 0.986 1.006 1.025

Note: Panel A reports QLIKE loss of the k-day total volatility forecast for k = 1,5,10, 15,20 when CFNALI is
used as a macroeconomic variable when forecasting the long term volatility. QLIKE loss is the ratio of QLIKE
of GJR-GARCH-MIDAS and EGARCH-MIDAS to QLIKE of GARCH-MIDAS. The preferred model is the one
with the smallest QLIKE loss. Panel B reports QLIKE loss using IP growth as a macroeconomic variable.

5This additional evidence is more or less in line with the previous empirical findings on forecasting superiority
of GARCH over GJR-GARCH and GARCH, e.g. Awartani and Corradi (2005), Lin (2018) and Naimy (2018).
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Table 2.6.5: RMSE loss of daily total volatility forecast

Panel A: RMSE loss of GIRM and EGM using CFNAI with respect to GARCH-MIDAS

Horizon
Index Model | 5 10 15 20
SP500 GJR-GARCH-MIDAS 0.972 0.942 0.963 0.965 0.965
EGARCH-MIDAS 0.936 0.905 0.910 0.903 0.906
NASDQ GJR-GARCH-MIDAS 0.966 0.937 0.957 0.953 0.941
EGARCH-MIDAS 0.935 0911 0915 0.906 0913
CACA40 GJR-GARCH-MIDAS 0.982 1.026 1.047 1.074 1.076
EGARCH-MIDAS 0.949 0.935 0.953 0.976 0.971
DAX GJR-GARCH-MIDAS 0.968 0.984 1.006 1.031 1.026
EGARCH-MIDAS 0.959 0.949 0.971 0.999 0.998
FTSE 100 GJR-GARCH-MIDAS 1.003 1.003 0.988 0.988 0.973
EGARCH-MIDAS 0.977 0.957 0.959 0.967 0.963
NIKKEI GJR-GARCH-MIDAS 0.978 0.972 0.991 0.979 0.972
EGARCH-MIDAS 0.978 0.957 0.979 0.976 0.967
HSE GJR-GARCH-MIDAS 0.974 0.976 0.976 0.974 0.973
EGARCH-MIDAS 0.974 0.957 0.961 0.959 0.963
Panel B: QLIKE loss of GJRM and EGM using IP with respect to GARCH-MIDAS
Horizon
Index Model 1 5 10 15 20
SP500 GJR-GARCH-MIDAS 0.975 0.952 0.974 0.981 0.984
EGARCH-MIDAS 0.941 0.906 0.909 0.879 0.831
NASDQ GJR-GARCH-MIDAS 0.968 0.944 0.966 0.962 0.953
EGARCH-MIDAS 0.940 0.919 0.922 0.907 0.895
CAC40 GJR-GARCH-MIDAS 0.986 1.054 1.093 1.144 1.164
EGARCH-MIDAS 0.952 0.942 0.969 0.982 0.998
DAX GJR-GARCH-MIDAS 0.986 1.042 1.098 1.163 1.184
EGARCH-MIDAS 0.972 0.980 0.983 0.994 0.999
FTSE100 GJR-GARCH-MIDAS 1.002 1.003 0.990 0.989 0.972
EGARCH-MIDAS 0.980 0.954 0.960 0.965 0.960
NIKKEI GJR-GARCH-MIDAS 0.968 0.957 0.971 0.948 0.949
EGARCH-MIDAS 0.985 0.969 0.993 0.992 0.997
HSE GJR-GARCH-MIDAS 0.974 0.973 0.974 0.973 0.975
EGARCH-MIDAS 0.974 0.959 0.970 0.962 0.966

Notes: Panel A reports the RMSE loss of the k-day total volatility forecast for k=[1,5,10,15,20] when CFNAI is
used. RMSE loss is the ratio of RMSE of GJR-GARCH-MIDAS and EGARCH-MIDAS to RMSE of GARCH-
MIDAS. The preferred model is the one with smallest RMSE loss. Panel B reports the RMSE loss using macroe-
conomic variable /P.

2.6.4 Conclusion

Following a growing popularity of the GARCH-MIDAS model, we have developed the EGARCH-
MIDAS model and demonstrated that the QML estimation can produce relatively accurate es-
timates. We have also compared the relative performance of the EGARCH-MIDAS model
against the GJR-GARCH-MIDAS model advanced by Conrad and Kleen (2020) in terms of in-

sample fit and out of sample forecasting performance. Employing the seven stock market index
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returns (SP500, NASDAQ, CAC40, DAX, FTSE100, NIKKEI, and HANGSENG) and seven
macroeconomic variables over the period Jan 2000-Aug 2019, we find that EGARCH-MIDAS
outperforms GJR-GARCH-MIDAS in almost all cases considered.

Due to pervasive evidence on outlying events observed in the financial market, we expect that an
inclusion of the jump component will improve the performance of the GARCH models. In the
next Chapter, we aim to develop the Bayesian estimation method for estimating GJR-GARCH-
MIDAS and EGARCH-MIDAS model with jump components.

2.7 Appendix 1

2.7.1 Proof of Propositions 1 and 2

i) Proof of Proposition 1

We first derive the kurtosis of EGARCH and EGARCH-MIDAS models. Using r; = u +
Vg€ E(g) =1, & ~ iidN(0,1), E((r; — u)?) = E(7;), the kurtosis of the returns can be
expressed as

_ E((n—p)*) _var((n—p)*) +EX((n—p)*) _ var((r—p)*) + E*(w)

W CENN EX((rn—1)?) = (1) 7D

where E2(X) denotes (E(X))?. Rewriting var((r; — 1t)?) in terms of the volatility components:
var((r— 1)*) = E(t'g7e}) — E*(w) = E(%))E(g7)E(¢) — E*(7) (2.7.2)

and replacing var((r; — )?) by the right hand side, the kurtosis of the multiplicative volatility

model is formulated by

s>

(&))E(g") (2.7.3)

By nonnegativity of var(t;), we have: E(t?) > E*(7;), which leads to:
K > E(g?)E(e}) (2.7.4)

where the right hand side is the kurtosis of the nested MIDAS model with constant 7;, i.e.
EGARCH or GJR-GARCH model with unrestricted intercepts.

The kurtosis of GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS models is
larger than that their nested standard model, i.e. K(Gyr)GarcH-mipas > K(Gir)Garcr»> and
KrecarcH—MiDAs > KecarcH, Where we have (see Hu et al.(2002)):

5/(1- ﬁ (28i8") +e 198" o8B )

K = 3¢9 2.5
ponmen = H@@p) e agpnye
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where ) = a+7, & = a—yand ®(x) = e /2dx

f ) \/7
Using corollary 4.2 of Hu et al. (2002), which states that Kpgarcy > 3, it is easily seen that

I°_°Ic1> (28,B71) + e 8B p(26,871)
=1 (RS8BT +e 1B (8, B 1))

If ¢ =0, ie. 8 = —5&, the i'" element of the series is equal to 1. Hence, 1| reduces to
Keom = 3¢(87/(1=B*)_ On the other hand, if o # 0, 1| cannot be simplified and the product

series does not converge to 1.

ii) Proof of Proposition 2

Without loss of generality assuming that tt = 0, the autocorrelation of squared returns at lag

k is given by
E(rir; ) —E(7)E(r}y)

\/var(rtz)var(rlz_k)

Plugging ’"12 =T g,..e‘,2 and using the stationarity of r; and unit-variance g;, E(g;) = 1, the slow

pa (k) = corr(r?,r? ;) = (2.7.6)

varying property of 7; (among the months and it is constant in each month), and independence
between the two volatility components, we can rewrite as

E(TtTt—k)E(gtgtz 8t—k5;2,k) —E(%)E(T—k)
var(rtz)

p2(k) =
By adding and subtracting E(7,7;_) in the numerator, p, (k) will be expressed as

E(5t) ~ E(R)E(n) | E(un-)E (gr&7g—k€r ) —

pa(k) = var(r?) var(r?)

(2.7.7)

Replacing 1 by E(g;)E(g;—x) (Conrard and Kleen (2019)) and using the fact that cov(;, T, ;) =
p5 (k)var(7;), (2.7.7) can be re-written as:

var(t;) N E(tut—)E(g€’g-k€* ) —E(8)E(g—k)

vart(r?) var(r?) (2.7.8)

Using the independence between g; and &, and E (812) =1, |D becomes:

var(t) E(TrTsz)COV(gtetagt—kgzz—k)
Var(rlz) var(r,z)

Using E(57,) = pf (K)var(s) + E2(%), and cov(g €2, g2 ) = i (k)var(gie?), we get the
desired result as long as the short term component is stationary with unit-variance.

var(g&?)(pF (k)var(t,) + E*(1,))
var(r?)

var(t;) 2

+ p5 (k)

var(rtz) 2

P2 (k) = p¥ (k) (2.7.9)
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_pa(l—(a+dHp+
pS(k) = (a+ B +y/2)< 1(72(( ff,? gz) for GJR-GARCH.
Analytic formula
Using in-sample observations, {ry,...,rr }, we estimate the total volatility by 62 = % ;. Then,

it is easily seen that 67, = E(07,, | 67). Notice that #7.; = %7 if the day, k belongs to T'th

month since there is no extra information from monthly macroeconomic variable. Therefore,

67,1 = trE(grx | &1, %) (2.7.10)

where E(gr.« | 81, 7%r) is the k-day ahead forecast of the short term component, g;. If the kth
day falls in another month, then 6%+k =E(trak | Tr)E(grak | 817, %r) and E(tryy | Tr) can be
obtained using the predicted value of X from its generating AR(1) process. Due to a high per-
sistence of the long term component, 7, it is argued to be E(t7 1 | Tr) = Tr. Hence, forecasting

2

o/ is computed using (2.7.10) for every k and every month. That is, the forecast of 67 reduces

to forecasting the short term component.
GARCH-MIDAS and GJR-GARCH-MIDAS models:
The forecast of the short term component can be evaluated analytically as follows:

1. The 1-day ahead forecast is computed using (1.2.8) for GJR-GARCH and (1.2.2) for
GARCH-MIDAS with ¥ =0:

gror =1—(a+B+7/2)+a T_ Py o+ BET (27.11)

2. The k-day forecast can be obtained recursively by

A

grur = 1+ (0+B+7/2)(ersyr—1) (2.7.12)

As k increases, g7 7 Will tend to 1 if & + ﬁ + 9/2 < 1. Therefore, the forecast of the total
volatility will tend to 7.

EGARCH-MIDAS model:

The k-day ahead forecast, 6% ¢ of the total volatility can be computed using (2.7.10). However,
it is not straightforward to derive the k-day forecast of EGARCH(1,1) short term component

because of its log specification. Thus, we use Tsay’s (2002) formula as follows:

1. The 1-day ahead forecast can be computed from the 1-day ahead forecast of log(g;) given

in (2.3.4):

— _ 2 .
log(gr417) = <:;@) |%| \/;)Jrﬁlog(gT) (2.7.13)
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where & = &y + (1 — B)log(7r). Thus

rr—f) lrr =81 _ /2Y4 Bloo(s
gr+1|r—e O e O Ry TV w) TP loslér) (2.7.14)

2. The k-day forecast can be computed recursively by (see Tsay (2002)@

& — 2 22 ~ N
ST KT = &pps e’ O‘\/;{eo's‘sl ®(8)) + 5% @(8)) (2.7.15)

where &; = & + 7, & =0 — ¥, and ®(x) is cdf of N(0,1).

eElogleriir)) < E(griir) = E(e'sernir)) = E(gr1r)

Monte Carlo Method

Alternatively, we can employ the Monte Carlo method. It consists of simulating B paths of the
k-day ahead forecast as follows: For each path j =1, ..., B:

() ()

1. Simulate rT+1|T from N (i, Trér,1)7) where §T+1|T is computed using (2.7.11)) for GJR-
GARCH-MIDAS and (2.7.14) for EGARCH-MIDAS.

(/)
T+2|T

()

from N(f, Tr8r.o|r) where §T+2\T a

2. Simulate r. is computed using r; T and g7 1|7

: : : : () 5 2
3. Continue the iteration and simulate r; k(T 8T KT and o7 AT

If k is large, one can update 77 by 77 47 which can be computed by including monthly fore-
casts X728 such that 22/ < k for monthly data (period=22 days) in the long-term volatility
model (2.3). The simulated forecast of ©
of the B forecasts.

T KT and g7y 7 are estimated by the sample average

16TSay (2002) derived (2.7.15) using E (X)) = [ ¢*f(x)dx to overcome the Jensen’s inequality since e* is convex.
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SP500

Figure 2.4: Returns data of the indices in the period 2000-2020
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Note: This Figure shows the daily return data of SP500, NASDAQ, CAC40, DAX, FTSE100, NIKKEI, and
HANGSENG for the period 2000-2020

Figure 2.5: Movement of the macroeconomic variables of all countries
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Note: This Figure shows the monthly movements of the macroeconomic indicators of each country for the period

2000-2020.



2.7 Appendix 1

37

2.7.2 Descriptive statistics of stock market returns and macroeconomic

variables

Table 2.7.1: Summary statistics of daily returns

Panel A: Descriptive statistics of returns

Index Jan 2000-August 2019 Jan 2000-August 2020

Mean Std. Kurtosis Skewness Min. Max. Mean Std. Kurtosis Skewness Min. Max.
SP500 0.015 1.193 11.648 -0.221 -9.470 10.957 0.017 1.256 14.070 -0.389 -12.765 10.957
NASDAQ 0.014 1.562 9.007 0.001 -10.168 13.255 0.020 1.598 9.749  -0.123 -13.149 13.255
CAC40 0.000 1.413 8.267  -0.040 -9.472 10.595 -0.003 1.445 9324  -0.216 -13.098 10.595
DAX 0.012 1.459 7.685 -0.066 -8.875 10.797 0.012 1.491 8.822  -0.174 -13.055 10.797
FTSE100 0.003 1.141 9.835 -0.162 -9.266 9.384 -0.001 1.180 11.293 -0.344 -11.512 9.384
NIKKEI 0.002 1.492 9.467  -0.425 -12.111 13.235 0.003 1.498 9.359  -0.387 -12.111 13.235
HSE 0.011 1.455 11.140 -0.072 -13.582 13.407 0.008 1.456 10.832 -0.089 -13.582 13.407

Panel B: Correlation between daily returns

Index Jan. 2000- Aug. 2019 Index Jan. 2000-Aug. 2020

SP500 NASDQ CAC40 DAX FTSE NIK HSE SP500 NASDQ CAC40 DAX FTSE NIK HSE
SP500 1.00 0.88 0.53 0.57 052 0.140.19 SP 1.00 0.88 0.52 0.56 0.50 0.13 0.18
NASDAQ 0.88 1.00 047 0.52 044 0.13 0.18 NASD 0.88 1.00 046 0.51 043 0.120.18
CAC40 053 047 1.00 0.87 0.84 0.30 035 CAC 0.52 046 1.00 0.87 0.83 0.28 0.34
DAX 0.57 052 087 1.00 0.79 0.27 0.34 DAX 0.56 0.51 0.87 1.00 0.78 0.26 0.33
FTSE100 0.52 044 0.84 0.79 1.00 0.30 0.37 FTSE 0.50 043 0.83 0.78 1.00 0.29 0.36
NIKKEI 0.14 0.13 0.30 0.27 0.30 1.00 048 NIK 0.13 0.12 0.28 0.26 0.29 1.00 0.48
HSE 0.19 0.18 0.35 0.34 0.37 0.48 1.00 HANG 0.18 0.18 0.34 0.33 0.36 0.48 1.00

Notes: Panel A reports Descriptive statistics of returns in percentage for the periods Jan-2000 to August-2019, and

Jan-2000 to August-2020. Panel B reports the correlation between the returns of the indices for the two periods.

A1.3 Parameter estimates of the models
i) Parameter estimates of GJR-GARCH(1,1) and EGARCH(1,1) models

Table 2.7.2:

Parameter Estimates of Standard Models

Index Period GARCH GJR-GARCH EGARCH
ft a BIC logL  RMSE a 7 BIC logL  RMSE I @ B a 7 BIC logL  RMSE
2000-2019 0.06 0.022 0866 0.114 116969 -5831.7 4.17 | 0.023 0.023 0878 0.000 0.194 11521 -5739.5 4.05 | 0.027 -0.002 0972 0.147 -0.156 11509.2 -5733.6 4.07
$P500 0.012) (0.002) (0.008) (0.007) 0.012) (0.002) (0.009) (0.000) (0.014) (0.011) (0.002) (0.002) (0.009) (0.007)
2000-2020 0.064  0.024 0853 0.128 125434 -62548 5.09 | 0.027 0.024 0873 0.016 0.174 124068 -6182.3 4.98 0.03  0.001 0972 0.175 -0.135 123958 -6176.8 4.99
B B (0.011) (0.002) (0.008) (0.008) (0.012) (0.002) (0.007) (0.005) (0.011) (0.011) (0.002) (0.002) (0.01) (0.005)
2000-2019 0.074  0.029 0.887 0.094 13466 -67162 4.36 | 0.036 0.033 0.892  0.003 0.16  13340.1 -6649.1 426 | 0.031 0.008 0973 0.127 -0.129 13324.7 -6641.4 4.28
NASD (0.015) (0.004) (0.009) (0.007) } (0.015) (0.004) (0.009) (0.006) (0.012) (0.015) (0.002) (0.002) (0.011) (0.008 ) B
2000-2020 0.077 0031 0879 0.102 14392 -7179.1 529 | 0.039 0.031 0.897 0.01 0.14 142822 -7120 521 | 0032 0011 0973 0.149 -0.115 14278 -71179 5.22
(0.014) (0.003) (0.008) (0.007) (0.015) (0.003) (0.006) (0.006) (0.009) (0.015) (0.002) (0.002) (0.01) (0.005)
20002019 0.056  0.023 0.886 0.103 14066.1 -7016.2 5.01 0.01 0.026  0.893  0.000 0.185 138682 -6913.1 4.88 | 0.001 0.007 0979  0.11 -0.151 138253 -6891.6 4.85
CAC40 (0.015) (0.003) (0.007) (0.007 ) (0.015) (0.003) (0.007) (0.000) (0.013) (0.014) (0.002) (0.002) (0.009) (0.008)
2000-2020 0.056  0.027 0878 0.11 14994 -7480  5.69 0.01 0.027  0.893  0.000 0.186 147843 -7371 5.6 0 0.008 0979 0.113  -0.154 147289 -73433 551
(0.015) (0.003) (0.007) (0.007) (0.015) (0.003) (0.007) (0.000) (0.012) 0.014) (0.002) (0.002) (0.009) (0.007)
2000-2019 0.072 0.023 0.9 0.088 14190.3 -7078.3 497 | 0.031  0.025 0911 0.000 0.144 140455 -7001.8 4.83 | 0.024  0.009 0.98 012 -0.112 140329 -6995.4 4.84
DAX (0.015) (0.003) (0.007) (0.007) (0.015) (0.003) (0.007) (0.000) (0.011) (0.015) (0.002) (0.002) (0.011) (0.007 )
2000-2020 0.072  0.024 0.897 0.091 151483 -7557.2 579 | 0.029 0.025 0913 0.000 0.141 14985.6 -7471.7 5.65 | 0.023 0.01 0.98 0.12 -0.117 14964.3 -7461  5.63
(0.015) (0.003) (0.007) (0.006) (0.015) (0.003) (0.007) (0.000) (0.01) (0.015) (0.002) (0.002) (0.01) (0.006)
2000-2019 0.039  0.017 0879 0.107 12163.4 -6064.9 3.53 | 0.002 0.019 0.897 0.000 0.167 11986.5 -5972.2 3.4I 0.003 -0.001 0983 0.116 -0.119 119823 -5970 3.43
FTSE (0.011) (0.002) (0.008) (0.007) (0.011) (0.002) (0.007) (0.000) (0.011) 0.011) (0.002) (0.002) (0.009) (0.006)
2000-2020 0.037 0018 0873 0.113 13091.7 -6528.8 4.17 0 0.019  0.897 0.000 0.167 12904.3 -6430.9 4.07 | -0.007  0.001 0982  0.117 -0.123 12887 -6422.3 4.06
(0.011) (0.002) (0.008) (0.007) (0.011) (0.002) (0.007) (0.000) (0.011) (0.011) (0.002) (0.002) (0.008) (0.005)
2000-2019 0.059  0.042 0871 0.111 142974 -7132 59 0.027  0.055 0.868 0.04 0.127 14222.7 -7090.4 5.78 0.02 0.024  0.961 0.2 -0.102 14188.9 -7073.5 5.84
NIKKEI (0.018) (0.006) (0.008) (0.007) (0.018) (0.006) (0.009) (0.005) (0.01) (0.017) (0.003) (0.004) (0.012) (0.005)
2000-2020 0.061 0044 0869 0.113 151159 -7541.1 591 | 0.027 0.055 0868 0.036 0.133 150254 -7491.6 5.78 0.02  0.024 0962 0.197 -0.105 14991.8 -74749 584
B B (0.017) (0.006) (0.008) (0.007) (0.017) (0.006) (0.008) (0.005) (0.009) (0.017) (0.003) (0.004) (0.011) (0.005)
2000-2019 0.048 0016 0934 0.056 13633.3 -6799.9 6.06 | 0.027 0.022 0929 0.022 0.065 135884 -67733 59 0.028  0.009 0985 0.121 -0.052 13591.7 -6774.9 593
HSE (0.016) (0.003) (0.006) (0.005) ) (0.016) (0.003) (0.006) (0.005) (0.007) (0.016) (0.001) (0.002) (0.009 ) (0.00_5) B
2000-2020 0.044 0016 0933 0.057 14500.1 -72332 597 | 0.023  0.023 0.93 002 0067 14448.1 -7203 581 | 0.024  0.01 0.984  0.121  -0.054 144529 -72054 5.84
(0.016) (0.003) (0.005) (0.004) (0.016) (0.003) (0.005) (0.005) (0.007) (0.016) (0.001) (0.002) (0.009) (0.005)

Standard deviations are given between brackets.

in the literature.

For each index the smallest BIC value is given in bold.

6y of GJIRGARCH is extremely small as recognised
GARCH model is given

by: r = pu+/g& & = o+ a(ri—1 — ,u)z + Bgi—1, GJIRGARCH model is given by: r, = u + ,/g:&
g =00+ 0(r— 1) +y(ri-1 — )1y, <o)+ B&-1. and EGARCH model is given by: r, = i+ /e% g

log(g;) = ao+ﬁlog(g,,1)+y<r,¢_g> +af

|re—1—n] _ ;)
V81 T
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ii) Parameter estimates of GJR-GARCH-MIDAS and EGARCH-MIDAS models

Table 2.7.3: Estimation results for GARCH-MIDAS models using local macroeconomic variables

TNDEX MACRO GARCH-MIDAS GIRGARCH-MIDAS EGARCH-MIDAS
Parameters FIT Parameters AT Parameters AT

« _p ) /i BIC logL RMSE VR | i & 2 [ @ /i BIC logl RMSE VR | @@ & B 2 & [ @ /i BIC logl RMSE VR

00617 0.114° 08617 —1.08° G6117° 0141 11701 —5825 4.157 227%|0026° 0 08717 0.197° —1.038° 4552 —0.007 11521 —5731 5451 163%| 0027 0  0.966' —0.167 0.143" —1207" 1595 —0.186 11504 5718 399 128%

006" 0.115° 0865 —0.078 11729 0257 11713 —5831 4172 11% 0023 0  0.877% 0.195° —0.122° 13621 0.175 11533 —5737 5442 25% | 0.027 0 0972 —0.I58 0.145° —0.078° 4695 006 11532 —5732 4023 12%

0061 0.114% 0863 0.096° 47966 —0.518 11708 —5829 4.171 4.2% [0.023° 0  0874* 0.197 0111 48  —0762¢ 11529 —5735 541 5% | 0029 0 0969 —0.164° 0.139° 0153 47.99 —1209 11512 —5722 4027 9.5%

006" 0.116° 0.86° 0124 19 0079 11708 —5829 4167 5% (0023 0 0879 0193 —0.007 9991 0065 11537 ~5739 5418 0.1% | 0.019 0008" 0958 —0.178" 0.145° 0261 1038 —0289" 11488 5710 3983 18.9%

006" 0.115° 0865 ~0.142 168 0.1 11714 ~5831 4171 03% [0.022° 0 0.877% 0.198° -0225" 8753 0066 11532 ~5736 5387 2.5% | 0.027 0 0973 —0.16% 0.145 —0.095 47.97 -0.226° 11530 ~5731 4034 1%

0061 0.114 0866" —0.003 19614 0102 11713 5831 4172 02% [0.022° 0 0875 0.197 006° 1 0063 11524 ~5732 5451 39% | 0019 0001" 096" —0.178° 0.139" 0143 19 —0302 11474 5703 3.95 213%

00624 0.115% 08514 —1.193¢ 41.042° —0.141 11669 —5809 4175 404%[0.027° 0 0859 0202 —1.191° 23711 0249 11489 5715 5517 34.4%| 0023 0 0957 —0.171° 0.139" —1046" 32.389° —0.41¢ 11462 —5697 3977 275%

0.076° 0.095° 0.882° —0.858" 6.314° 0.466" 13473 —6711 4347 19.2%|0.038" 0.001 0.886° 0.164" —0.807" 6.087° 031" 13344 —6642 5496 15.2%| 0.033 —0.001 0.966' —0.136" 0.127" —0.716" 5.706" 02247 13328 6630 6.588 I1.8%
0.074° 0.095¢ 0.885° 0.13¢°  1.001 0132 13481 —6715 4356 2.1% |0.035" 0.003 0.89° 0.162° 0.117¢ | 0016 13355 6648 5464 1.4% | 0032 0 0971 —0.131° 0.128° 0.149¢ 1"  —0.118 13347 —6640 6.605 2.3%

0.074° 0.095° 0.886" 0.035 47856 0212 13483 —6716 4356 0.7% |0.035" 0.002 0.891° 0.162° 0057 47.936 —0.09 13354 —6647 5468 18% | 0.03 0 09724 —0.133 0123 0.088° 47916 —0.344" 13343 6637 6.611 43%
0072 0.091° 089 0.006° 47986 0.42¢ 13481 —6715 4351 0.6% |0036" 0.002 0.894° 0.161° ~0.018 8762 0261° 13354 ~6647 5465 11% | 0.028 0 0963 —0.142° 0131 0171 1 0157 13329 —6630 6.598 11.2%
0.074% 0,095 0.885' —0.266° 1461 0416° 13482 —6716 4358 14% [0034" 0 0891 0.166" —0.48¢ 2313 0246" 13350 —6645 5431 53% | 0.03 0 0973 —0.131° 0122 —0376° 1525" 0.199° 13346 6639 6611 2.5%
0.075% 0.094° 0.887" —0.008 6.889 0.426° 13482 —6716 4359 0.7% |0.036" 0.001 0.894° 0.16° —0.007 13319 0254" 13354 —6647 5453 12% | 0.026 0.01° 09627 —0.144° 0.127% 0.109° 19 0.142 13313 —6622 6.593 16.9%
0.077°_0.095 0.876" —0.947* 33.764° 0255 13458 —6703 4359 33.7%| 0.04° 0  0.878° 0.169" —0.933" 24.702¢ 0.131° 13326 —6633 5552 28.8%| 0.032 0 0959 —0.144 0.126" —0.819" 23521 0044 13304 —6618 6.591 22.4%

08877 0.188" _1.263° 166" 0481° 13870 6905 6.177 107%] 0.001 0 0974 0.162° 0.104" —1.038" 1.793° 0.168 13826 6870 4.795 O8%
0893 0.184°  0.14° I 0371° 13884 —6912 6171 1% | 0 0003 098 —0.152° 0.106" —0.127° 32796 0.415° 13847 —6890 4796 1.6%
0893 0.184 0.142° 47999 0736 13883 ~6912 617 17% | 0 00014 0978 ~0.152 0.108" ~0.15¢ 1 1601 13847 ~6890 4786 1.6%

0058 0.105° 088" 1375 19 0604 14073 7011 5.012 13.6%] 0.012
0057 0.103° 0.885° 0.149 1001  0475" 14082 —7016 5.008 13% |0.012

0.057% 0.102¢ 0.885° —0.144 1 1.997" 14083 ~7016 5.007 1.7% | 0.011

0056 0.101° 0.884" 0.061° 153" 0573 14079 ~7014 5006 3.3% | 0.012 0.89° 0184 0051 1298° 0488 13882 —6911 6172 1.8% |-0.001 0.001° 0973 —0.IS8% 0112 0084* 1I1I5° 0142 13838 —6885 4781 4.8%
0057" 0.103 0882 ~2075° 1212¢ 0.608* 14078 7013 5.008 8.4% | 0.012 08914 0.185' 1885 19 0.509° 13877 6909 6161 57% | 0001 0002 0979° ~0.I51° 0.108° 1271 19 0215 13844 6888 4793
0072 0.087" 09017 0.002° 47997 0.609" 14203 —7076 4964 13% |0.031 0904" 0.151" —0445' 2308 046" 19059 —7000 6087 57% | 0023 0002 0976" D404 28317 0402 T 6991 4918 56%

T
14060 7000 609 42% | 002 0 0979 ~0.116" .18 ~0.207° 2425 0682° 14055 —6993 492 3%
14064 ~7002 6.081 0.1% | 0.022 0001 098 —0.112* 0.119° 0.032¢ 47.127 0.174 14059 —6995 4912 1%

7 220 098 —0.012% 0.119° ~0004" 10269 0.398° 14059 —6995 4917 0.3%
TI982 5961 4482 115%] 0002 0 0978" 0.128° 0.104" —1952° 1305° 0254 11981 5056 3382 13.3%
11988 ~5964 4472 67% |-0.005 0 0981 ~0.124* 0.109° 036" 14 0873 11990 ~5961 3372 9.6%
11991 ~5965 4.465 54% | 0004  0° 0982 ~0.122° 0.106" 0.182¢ 47984 —124° 1191 5961 3383 9.5%
11996 ~5968 4474 3% | 0004 0 0983 —0.119° .15 ~0.004° 9471 —0.159 12005 ~5968 3.379 0.1%

0072 0.088° 09 0006 1004 0.582° 14208 ~7078 4.966 0% |0.028° 0911° 0.146°  0.011 1
0.07° 0.085' 0904° 0003 47.982 0.614° 14205 7077 4.962 04% | 0.029° 0911° 0.146° —001 7409
0039 0.107° 0.873" —1.353" 3.165° 0014 12171 —6060 353 12.2%] 0.003 0889 0.171° —187
0.039° 0.105° 0.878' 0243 1001 ~0425" 12176 ~6062 3.526 4.5% | 0.002 0893 0.169° 0309
0.039° 0.106° 0.876° 0.147 47.973 ~0781% 12173 ~6061 3.526 6.3% | 0.003 0.895% 0.166  0.14°
0038 0.107° 0.873° 0079° 14 0043 12171 ~6060 3.525 6.5% | 0.003 0.89° 0171 0.055"

0
0
0
0
0
0
0073 0.087° 0.9 0301" 1002 0167 14205 ~7077 4965 33% |0.027° 0 0908 0.149° —0.254" 14.084
0
0
0
0
0
0

0.039° 0.104° 0.882° 0.055 47969 0115 12179 6064 3527 0.6% | 0.003 0 0.892° 0.172° 0235 3931" 11998 5960 4474 2.4% | 0.003  0.013' 0979 —0.126° 0.118" —0.531° 1.9° 0253 1194 5963 3367 7.9%
0059° 0.11° 0872 0.123 12177 0848" 14312 7131 59 3.9% | 0.026 0.034" 0.859° 0.138° 0548 17 Ta3d 7087 7349 72% | 0.02 0 0955 —0.109" 0.195° 0396' 2018" 0513’ 14206 7069 5814 6.8%
0059 0.111° 0.869 ~0.102 10307 0.836" 14313 0035 0133 ~0.159 11686 14234 ~7087 7359 5% | 002 0 0961 ~0.103° 0.198° -007° 23006 0549 14214 ~7073 5822 1.1%
0059 0114 0.868° 0.125° 1592 0294 032° 0. 0.137 0214 14229 ~7085 7322 7.6% | 0.02 0 0959 —0.105% 0.197° 0.127% 47958 0011 14212 —7072 582 2.8%
006° 01117 0.862¢ 0.162° 1251 0751 0038 0.133 0134 14228 —7084 7.417 9.5% | 0.02 0 095 —0.108% 0.199° 0.147% 1087 0.494° 14199 —7066 5802 11.7%
0.06° 0109 0873 ~0321" 1.001° 0768 0.014¢ 0.156° 0434 6.24" 14215 ~7078 7228 32% | 0019 0 0967 —0.104* 0191 —0.147% 8.984" 053 14200 7071 5815 53%

006° 0109 0864 0.134° 1339* 0738 0037 0132 0113 1086 14224 7082 7376 11.3%] 0023 0.001 0951 —0.107% 0.197° 0.114" 1.149° 0494% 14199 —7065 5803 118%

0.048" 0.053 0.938" —0.068° 47.804 0.442" 0.021° —0.06 13601 6771 0029 0001° 0983 —0.053 0.119° —0.7297 2266° 0.502° 13611 —6771 5999 4.9%
S 0.048° 0,055 0.935° 0.078°  47.967 0.259° 0.021¢ 0.066° —0.08°  2.004 13603 6772 7299 2.9% | 003  0F 0983 —0.051° 0.12° 0.114° 1908 0244° 13613 6773 5.998 5.7%
HSE  UR 0048 0,055 0935 —0338 47.966 1945 0.022¢ 0,065 —0.269 13604 6772 7.294 0.6% | 0.028 0002 0984° —0.052¢ 0.1 06° 9376 -2.168° 13616 —6774 6.01 12%

1
HSE  EPU 0048 0055 0935 0  47.597 0432 0.022¢ 0 47667 13605 ~6773 7304 0% | 0029 0 0984 ~0.052° 0.12° 0004 9461 0521 13617 6774 6012 0.1%
HSE  EER 0.046" 0.05° 0942¢ 0.168° 30352" 0432¢ 13637 —6793 6.076 4.9% |0.029° 0.022 0.928 0.065" 0.471° 122¢ 0272 13600 —6770 7309 4.8% | 0.03 0 09827 —0052° 0.117° 0589° 2535 0419 13606 —6769 6.001 113%

Notes: Parameter estimates of GARCH-MIDAS, GJR—GARCH-MIDAS, and EGARCH—MIDAS models are re-
ported for seven macroeconomic country specific variables (DPLIN,UR,EPU,EER,FPU, and CFNAI) for the pe-
riod 2000/1 based on monthly observations reaching as far as 2019, with the lag length K = 24. Estimation of
GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS employs daily return data starting in 2000/1. a,

b, and c indicate significance at the 1%, 5%, and 10% level respectively. BIC is the Bayesian information criterion

and LogL is the log-likelihood function. VR, the volatility ratio, is calculated on monthly basis.

Table 2.7.4: Estimation results for GARCH-MIDAS models using cross-country macroeconomic vari-
ables

TNDEX MACRO GARCH-MIDAS GIRGARCH-MIDAS EGARCH-MIDAS
Parameters FIT Parameters FIT Parameters FIT

i «  p [ o i BIC _logl RMSE VR i 7 [ o B BIC logl RMSE VR | 4 2 B 7 & G ) i BIC _logl RMSE VR
SPS EPUgins 0061 01167 08657 0011 17804 0114 11717 5830 4179 07% | 0024 0000 08807 019 0013 1891 0063 115 5430 T1% | 0022 00037 09667 0.165 01497 01517 10007 0296" 11517 574 3997 69%
SPS  cerpp 0061 0114 0867 ~1372 1000° 0100 11710 ~5830 4169 3.0% | 0023 0000 0879 0.194° -0538 1000° 0063 11537 5426 04% | 0.27 0000 0972% 0157 04467 0473 3641 —0216° 113 5733 4017 0.1%
SPS eerge 0061 0115 0865 —1IS6* 1000° 0080 11710 —5830 4169 23% | 0023 0000 0878 0195 —0770° L00O* 0070 11535 5424 0.9% | 0.028 0000 0972 0156 0147 —0680° 1.000° —0227° 1153 -5732 4013 0.7%
SPS ek 0061 0113 0867 0440¢ 1038 0136 11709 -5820 4170 37% | 002 0000 0880 0192 0030 4799 0062 11537 5415 02% | 0022 0001 0970° 0168 01387 07820 1000° —0.340° 11510 —5721 3993 103%
SPS EERjpy  0060° 0115 0865 0046 4090 0117 11714 —S5831 4170 02% | 0023 0000 0881 0192 —0034 47994 0069 11536 5403 04% | 0023 0002 0968° 0166 0.150° 0349° 1836* 0166 11523 -5728 4010 5.1%
SPS EERcy 0060 0111 0867 0830 1000° —0034 11700 —5824 4167 9.6% | 0024’ 0000 0878 0192 0483° L000° 0132 1S3 5416 29% | 0028 0002 0970° 0155 0.148° 05914 1.000° —0296" 11526 -5720 4009 4.4%
SPS__ FPUpx 0061 0111 0865 01214 1130° 0047 11700 5824 4162 9% 024" 0000 0869" 02010 01I§ 1175 0076 11520 5429 77% | 0025 0005 09614 0168 0.148° 0166° 1135 —0272" 11497 5714 3997 15%
NAS  EPUgipa 0075 009 O0886" 0020 7519 043 13481 6715 4363 13% | 0036 0001 0804 0163 0027 10225 0267 13349 5470 32% | 0032 000 0975 0.3 00220 0017 17239 0217 13341 6657 6616 21%
NAS 0074 0095 0886 0220 4772 0430° 13483 6716 4357 03% | 003" 0000 0889 0166 133ST  LS07 0258 13352 5450 3.9% | 0029 0000 09714 013 0123 1243 1533 0205 1334 6638 6615 34%
NAS  eerge 0075 0095 0886° 0215 26507 0432 13480 6715 4361 13% | 0035 0002 0891 0162 0433 3I84 0263 13356 5461 0.9% | 0032 0000 0973 —~0.129° 0212 13149 6640 6610 0.4%
NAS  cerux 0074 0093 08897 0.092¢ 47919 0445 13479 6714 4351 19% | 0.035° 0003 0895 0157 0072 30406 0265 5459 0.9% | 0027 0000 0970° ~0.138 0014 13333 6632 659 9%
NAS  EERjpy 0074 0095 0885 0053 9083  0436" 13483 ~6716 4355 06% | 0035 0003 0889 0163 0076 2912 0281 5484 05% | 0029 0000 0967 013" 0230° 13343 6637 6608 49%
NAS  EERcy 0074 0094° 0887° 030" 1194 0390° 13482 6715 4355 18% | 0036" 0003 0891 0162 -0.031 47901 0267 13 5469 02% | 0030 0000 0972 ~0.129° 0201° 13351 —6641 6,605 0.2%
NAS _ FPUjpy 0075 0091° 0887° 0099 1038  0395° 13473 6711 4350 8% | 0037° 0003 0888 0.6 0071° 1093° 0255 13350 5467 38% | 0033 0000 0965° 0134 0069 13334 6633 6600 85%
CACZ _ DPlys 0057 0.105° 0877 103 6863’ 06397 14069 7009 5009 239% | 0013 0000 0854 0.188° 1038 4905 6" 13866 6176 182% ] 0002 0000 0974 01607 02500 13826 6819 4782 1%
CACA  EPUgupa 0057 0103 0885 —0004 14946 0696 14083 7016 5009 0.1% | 0013 0000 0893 0.184" —0.013 14036 0565 13882 6155 0.9% | -0003 0000 0975 0156 0179 13844 6888 4784 2.9%
CACA  cerps  0056° 0.099° 889" 0066 47542 0685 14082 7015 5006 06% | 0012 0000 0892° 01847 0261 2039 0546 13884 6179 12% | 0001 0002 0978 0154 0225 1384 6888 4791 3%
CACA  cergr  0057° 0.104° 08820 —1259" 1000° 0612 14081 7015 5007 3.1% | 0012 0000 0891 0.I85" —1405° 1000° 0511 13879 6158 33% | 0000 0001° 0978 0152 0207 13845 6888 4791 2.4%
CACA  cerpx  0058" 01047 0.884° 0.635° 1001° 0751 14078 7013 5009 85% | 0012 0000 0893° 0.185" 0500° 1010° 0.631° 13880 6168 45% | 0001 0000 0980 01517 0242 13849 6890 4792 0.4%
CAC4  EERjpy  0.057° 0.101° 0887° —0300° 1.000° 0615° 14080 ~7015 5006 38% | 0014 0000 0897° 0.179° -0.070" 23396  0.544° 13882 6122 1.5% | 0.002 0000 0.980° —0.150 0.224° 13847 6889 4.800 0.9%
CACA  EERcy 0059 0105 0875 1153 LI 0412 14063 —7006 5007 21.2% | 0014 0000 088 0191 0977 1000° 0363 13863 6157 128% | 004 0004 0973 0161 0068 13826 —6879 4788 10.9%
CAC4  FPUps  0056° 0.101° 0886 0034  1L000° 0645 14082 7015 5007 17% | 0013 0000 0893 0.184° —0.004 48000 0558 13881 6158 0.7% | 0000 0010 0976 0153 02100 13844 —6888 4784 28%
CAC4  FPUpy  0056' 0.100° 0883 0.098° 1073 0591 14076 7013 5005 G68% | 0012 0000 O0886' 0.A87° 0095 1075  0.500° 13876 6167 6% | -0003 0001 0971 0162 0203 13827 ~6879 4783 9.1%
CACA _ NAL___005% 0105° 0871° —0985° 20452 0410° 14057 7003 5012 30% | 0014 0000 0879° 0.191° —0933 15856° 0356 13856 6185 224%| 0002 0000 09714 0165 0061 1381768744786 152%
DAX  DPlys 0073 0088 0894 —1049° 5432° 065 14195 —7072 4963 238% | 0033 0000 0902 0148 —1047° 4071 0459 1406 6068 187% | 00235 0003 0975 019" 0119 0858 4143
DAX  EPUgp 0070° 0085 0903 0005 47992 0615 14206 —7077 4960 04% | 0030° 0000 0910° 0.147° —00I5 10736 0435 14061 6075 1% | 0022 0000 0980 —0115* 0.120° —0.006° 33.785"

DAX  cerps  0.071° 0083 0905 0.116" 47975 0602 14203 —7076 4963 2% | 0.029° 0000 0909 0.147% 0287 2590 0424 14062 6092 18% | 0023 0000 0978 —0.114% 0.120° 033"  3091°

DAX  cerpp  0.072° 0088° 0.899° 0999 1001 05949 14206 7078 4967 2% | 0028 0000 0911° 01467 —0.714° 5237 0422 14060 6085 24% | 0022 0.004° 09807 1.000°
DAX  eerpx  0.073° 0.088° 0900 0266 1049  0.648° 14207 —7078 4967 15% | 0028 0000 0911° 0.146% 0340° 1671° 0477 14061 6082 27% | 0021 0.000° 0980 —0.112° 0118 0052  20.193
DAX  EERjpy 0073 0087 0901 —0073 727 0611 14207 —7078 4966 09% | 0030° 0000 0914 0142 —0.12% 8794 0393 14059 6051 27% | 0023 —0.005 098¢ —0.111° 0114 —0.101% 10.467"
DAX  EERcy 0073 0087° 0897 0809 14d5% 0445 14198 —7073 4968 12.1% | 0031° 0000 0905 0.149° 0799 1274 0299 14048 6070 9.9% | 0025 —0.008 0977 —0.116° 0118 0702 1325
DAX  FPUys 0071° 0086° 0901 004" 1000° 0590 14205 7077 4966 29% | 0030° 0000 0909 0148° 0002 48000 0432 14063 6081 03% | 0023 —0.009° 0980° —0.115° 0.119° —0.0049 47.982"
DAX  FPUpy 0.071° 0087° 0.898° 0079 1286 0571 14203 —7076 4964 5% | 0.029° 0000 0907 0.147¢ 0053 1202 0419 14061 6076 2% | 0022 0000 0976° —0.115° 0.123 0.070° 1376°
0.892 0935 19320° 0405 14187 7068 4.968 28.1% | 0033 0000 0.900° 0.140° —0.899° 6399° 0273 14043 6078 19.6% | 0024 000" 0973 —0.120° 0.120° 079 5460° 0230 14036
03647 12159 0006 0000 088" 0178 1055 52907 0032 11976 G498 212% [ 0005 00017 0976" 0128 01177 1012 2917 0152 11981
0874 12176 0002 0000 0891° 01720 0078 1.003* 0121 11998 4488 23% [ 0005 0004 09747 00307 0123 0154 1090° ~0250" 11991
0.8820 12179 27540 0917 0027 0.113° 193680 38.928° 512828 1238 589 0004 0.068° 09837 ~0.118" 01147 -0.092 2130  -0.157 12006
0.878¢ 12177 0003 0000 0895° 0.169° 0250 20518 -0073 12000 5970 4476 07% | 0004 -0004° 0982 ~0.0119° 0.116" 0198 14698 0156 12005
0.877 12178 0003 0000 0897 0.164° —0894" 1039 0101 11999 5970 4469 15% | -0.003 0000 0982 —0.120° 0.112 —0910° 1.000° —0.133 12003
0.880¢ 12180 0004 0000 0900° 0.164° —0.066° 38886 0090 11997 5969 4435 L8% | 0005 0007 0984° —0.123¢ 0.113° —0.072° 36.031° —0.175 11998
0.875 12171 0004 0000 0803 0.168° 0.53° L000° 0158 11994 5967 4468 42% | 0005 0001 0.979¢ —0.124% 0.114° 0770° 1013 —0.292" 11992
08720 12173 0002 0000 O0887% 0.174° 0070 103" 0108 11991 5966 4496 6.6% [ -0.005 0000 09720 ~0.032° 01227 0102 0220 11981
08714 12173 0002 0000 0884° 0175 0108  L142° 0097 11990 -5965 4478 1% | 0006 0000 0973 —0.129° 0120° 0.121° 1213 0174 11988 3
0854 12143 0007 0000 0.869° 0.187° 1034 15167 0245 11951 —5945 4501 289% | 0.003 0000 0969 —0.136" 0.121° 0983 10420° —0.368" 11960 —5046 3360 262%
NIKK  DPIps  0060' 0.110" 0366" Ta301 0029 0035 0862 01327 0808 5065 0665 14224 7082 7350 169% [ 0021 0000 095" 010" 0.193 0807 5448 0555 14101
NIKK  EPUgipa 0.058° 0.109° 0873 14312 0027 0037 0870° 0.130° -0035 3657  0.648° 14238 7089 7369 19% | 0020 0000 0963 ~0.103' 0.198° 0015 S8 0.548° 14204
NIKK  eerys 0058 0.110° 0873 14313 0028 0.040° 0.867° 0.127° 0110 LI2I  0.642° 14240 7090 7395 02% | 0020 0000 0961 —0.102° 0.199° 0097 25.686 0.539° 14212
NIKK  eerpp 0059 0.1114 0870 14314 0028 0.040° 0866% 0.129° 0125 47934 0633 14239 7090 7382 04% | 0021 0000 0961 —0.102° 0200° 0184 47993 053" 14213
NIKK  cere 0060 0.110° 0872 14313 1% | 0027 0040° 0.866" 0.120° 0307 4051  0.634° 14239 —7090 7374 07% | 0022 0000 0961 —0.101° 0.199 0.I55 47977 0538 14212
0059 0.112° 0.867¢ 14314 7131 5898 19% | 0027 0038 0862 0133 0212 4933 0593 14237 7089 7362 1% | 0020 0000 0954° —0.08° 0.198° —0385° 4.098° 0.460° 14203
0.060° 0.109° 0.866" 14297 7123 5898 205% [ 0.030°  0030° 08617 0.139° 09327 L114°  0483¢ 14216 7078 7362 174% | 0023 0000 09519 ~O.0117 01947 0925 125" 038" 14189
0,059 0.1 0.869¢ 0133 0007 13322 0619° 14237 708 7342 L6% | 0020 0001 0957 —0.104° 0199 0054 1032 0.52° 14208

14310 7129 5907 52% | 0028 0035 0869° 0
0.029

0.060° 0.110°_0.861¢ 0755 28.272" 14208 7124 5873 26% 0032¢_0856" 01390 —0732° 7642 0496' 14220 7080 7356 18.9%| 0022 0.000 09470 0112 0.194° —0.724° 7.692" 0394 14191

00497 0055 09317 — 1027 03007 13634 —679: %] 0050 00177 0923 00727 11377 5007 0409 13583 6762 7306 341%] 0030 0000 0979° 0055 0.115° 0907 7755 0513 1359 —6/61 5004 26%
0.046¢ 0052 0939 0.006" 47911 0421 13645 ~6797 6.047 08% | 0028 0022° 0930° 0.066' —-0015 3221 0329 13604 —6773 7298 03% | 0030 0000 0982 -0052 0120 0080° 1000° 0439 13613 —6773 6001 36%
0.046¢ 0.051° 0.940° 0.110° 47903 04307 13643 679 6.095 22% | 0027° 0.021° 0930° 0065 0152 3931 0319 13604 —6772 7271 1% | 0029 0000 0985 00520 0.119° —0329° LI6I 052° 13615 6774 6010 23%
0.048° 0056° 0.934° 0104 47923 0431% 13640 —6799 6064 02% | 0028 0.022° 0929° 0.066° 054 47990 0322 13603 6772 7312 06% | 0.030 0000 098¢ —0.053 0.121° 0211° 47467 0.523 13614 6773 6015 1%
0.048° 0055 09347 0056 47822 0433 13640 6799 6065 0.1% | 0027° 0021° 0930° 0065 0081 13165 0320° 13605 6773 7302 0.1% | 0.030 0000 0985 0052 0077 47082 0530° 13616 6774 6015 02%
0.047¢ 0055 0935 0184 1667 0447 13640 —6799 6062 L1% | 0027° 0022° 0931° 0064 0112 2047  0331° 13604 —6773 7298 05% | 0.030 0004 0983 —0054 0220 2654 0477 13615 —6774 6004 24%
0.048° 0055 0936" 087 1535 0388% 13648 6799 6056 22% | 0028 002" 0931° 0063 -0085 1580 0303 13604 ~6773 7286 05% | 0.029 0000 0983 0053 0067 3337 0524° 13617 6774 6009 0.5%
0.047¢ 0053 0936 0067° 1035 0395 13640 —6795 6095 87% | 0028 0022° 0929° 0063 0048 1044 0310° 13599 —6770 7331 47% | 0030 0000 0981 —0.053 0072 1103 0449 13606 —6769 6012 103%
0.047¢ 0050° 0.941% 0.008° 27.905" 0425 13641 6795 6072 19% | 0028 0.022° 0928 0064 0040° 1266° 0331° 13603 —6772 7308 17% | 0030 —0.001° 09819 0052 0.120° 0071° 1270° 0484 13612 —6772 6003 5.4%

0.049° 0.056° 0.925° —0.974% 20.053° 0288 13620 6789 6.006 39.1% | 0.029° 0.015° 0914° 0.079° —1.035° 8598  0.97° 13577 6759 7.313 39.2%| 0030  0.000 0972 —0060° 0.117° —0.907° I8844° 0293 13585 6759 5934 337%

Parameter estimates of GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-
MIDAS  models are reported for seven  macroeconomic  country  specific  variables
(EPUgiobal, EERFR,EERGR, EERyk ,EER;pN,EERCH,FPU;pN,DPIlys,NAI,EERys,FPUys) for the pe-
riod 2000/1 based on monthly observations reaching as far as 2019, with the lag length K = 24. Estimation of
GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS employs daily return data starting in 2000/1. a,
b, and c indicate significance at the 1%, 5%, and 10% level respectively. BIC is the Bayesian information criterion

and LogL is the log-likelihood function. VR, the volatility ratio, is calculated on monthly basis.
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A1.4 Forecast Results
Table 2.7.5: QLIKE LOSS Daily Forecast
Index Macro Model 1 5 10 15 20 25 30 35 40 45 50 55 60 66

G-MIDAS 0.039 0.040 0.042 0.041 0.041 0.039 0.037 0.035 0.035 0.043 0.052 0.094 0.151 0.171

1P GJR-MIDAS 0.033 0.035 0.038 0.038 0.039 0.040 0.037 0.035 0.034 0.042 0.052 0.096 0.158 0.181
EG-MIDAS 0.031 0.033 0.036 0.035 0.036 0.037 0.034 0.031 0.031 0.041 0.053 0.107 0.180 0.209

G-MIDAS 0.036 0.037 0.040 0.038 0.038 0.038 0.036 0.034 0.034 0.043 0.054 0.098 0.160 0.184

IN GJR-MIDAS 0.032 0.034 0.038 0.037 0.038 0.039 0.036 0.033 0.032 0.041 0.052 0.099 0.165 0.190
E-MIDAS 0.032 0.034 0.036 0.035 0.036 0.038 0.038 0.035 0.033 0.061 0.098 0.251 0.445 0.492

G-MIDAS 0.036 0.035 0.038 0.035 0.033 0.036 0.036 0.034 0.035 0.072 0.112 0.284 0.508 0.605

UR GJR-MIDAS 0.032 0.034 0.037 0.036 0.036 0.036 0.034 0.031 0.030 0.042 0.058 0.123 0.215 0.254
EGARCH-MIDAS 0.032 0.034 0.037 0.035 0.035 0.036 0.034 0.031 0.030 0.043 0.058 0.124 0.213 0.249
G-MIDAS 0.036 0.037 0.040 0.039 0.039 0.038 0.036 0.035 0.035 0.043 0.053 0.097 0.159 0.183

EPU GJIR-MIDAS 0.032 0.034 0.038 0.037 0.038 0.038 0.036 0.033 0.032 0.041 0.052 0.100 0.167 0.192
E-MIDAS 0.031 0.034 0.037 0.038 0.040 0.041 0.039 0.036 0.036 0.042 0.050 0.086 0.137 0.157

G-MIDAS 0.037 0.038 0.040 0.039 0.039 0.038 0.036 0.034 0.034 0.043 0.053 0.096 0.156 0.180

GEPU GJR-MIDAS 0.033 0.035 0.038 0.037 0.038 0.038 0.036 0.033 0.032 0.041 0.052 0.098 0.162 0.187
E-MIDAS 0.031 0.034 0.037 0.037 0.039 0.040 0.038 0.035 0.035 0.041 0.047 0.076 0.117 0.132

G-MIDAS 0.036 0.037 0.040 0.038 0.038 0.037 0.035 0.034 0.034 0.043 0.054 0.102 0.168 0.196

SP500 EER GJIR-MIDAS 0.032 0.034 0.037 0.036 0.037 0.038 0.035 0.032 0.032 0.041 0.052 0.100 0.169 0.197
E-MIDAS 0.032 0.034 0.037 0.037 0.038 0.039 0.036 0.033 0.033 0.043 0.053 0.098 0.160 0.182

G-MIDAS 0.036 0.037 0.040 0.038 0.038 0.038 0.036 0.034 0.034 0.043 0.053 0.098 0.159 0.183

FPUys GJR-MIDAS 0.032 0.034 0.037 0.037 0.038 0.039 0.036 0.034 0.033 0.041 0.051 0.095 0.158 0.183
E-MIDAS 0.030 0.033 0.036 0.036 0.037 0.038 0.036 0.034 0.033 0.042 0.053 0.099 0.163 0.185

G-MIDAS 0.037 0.039 0.041 0.039 0.039 0.038 0.036 0.034 0.034 0.042 0.052 0.097 0.158 0.174

CFENAI GJR-MIDAS 0.035 0.037 0.040 0.039 0.039 0.040 0.036 0.033 0.032 0.040 0.050 0.096 0.158 0.180
E-MIDAS 0.031 0.033 0.036 0.036 0.037 0.037 0.035 0.032 0.031 0.039 0.048 0.092 0.152 0.173

G-MIDAS 0.036 0.038 0.040 0.040 0.040 0.040 0.038 0.037 0.037 0.044 0.053 0.091 0.146 0.170

FPUjpn GJR-MIDAS 0.033 0.035 0.038 0.038 0.039 0.040 0.037 0.035 0.034 0.041 0.050 0.089 0.146 0.172
E-MIDAS 0.031 0.033 0.036 0.036 0.037 0.038 0.035 0.033 0.033 0.039 0.046 0.080 0.132 0.157

G-MIDAS 0.036 0.037 0.039 0.038 0.037 0.037 0.035 0.033 0.033 0.043 0.054 0.102 0.170 0.200

EERcy GIR-MIDAS 0.032 0.034 0.037 0.037 0.038 0.038 0.036 0.033 0.032 0.042 0.053 0.103 0.171 0.197
E-MIDAS 0.031 0.033 0.036 0.036 0.037 0.038 0.036 0.032 0.032 0.040 0.050 0.093 0.152 0.177

G-MIDAS 0.028 0.030 0.032 0.032 0.035 0.037 0.036 0.036 0.036 0.043 0.050 0.078 0.122 0.132

IP GJR-MIDAS 0.027 0.028 0.031 0.031 0.032 0.034 0.033 0.032 0.033 0.039 0.047 0.076 0.122 0.134
E-MIDAS 0.026 0.027 0.029 0.029 0.030 0.032 0.031 0.030 0.031 0.037 0.044 0.072 0.115 0.127

G-MIDAS 0.028 0.029 0.032 0.031 0.034 0.037 0.036 0.035 0.035 0.043 0.050 0.080 0.127 0.141

IN GJR-MIDAS 0.027 0.027 0.030 0.030 0.031 0.033 0.032 0.031 0.032 0.039 0.046 0.078 0.127 0.142
E-MIDAS 0.026 0.027 0.030 0.029 0.031 0.033 0.032 0.031 0.032 0.038 0.045 0.072 0.114 0.126

G-MIDAS 0.028 0.028 0.031 0.029 0.030 0.034 0.036 0.035 0.036 0.065 0.090 0.204 0.365 0.392

UR GJR-MIDAS 0.026 0.027 0.030 0.029 0.030 0.032 0.031 0.030 0.030 0.039 0.048 0.086 0.145 0.163
E-MIDAS 0.025 0.026 0.029 0.028 0.029 0.031 0.031 0.029 0.030 0.039 0.048 0.084 0.140 0.154
GARCH-MIDAS 0.028 0.029 0.032 0.031 0.034 0.036 0.035 0.035 0.035 0.043 0.050 0.081 0.127 0.140

EPU GJR-MIDAS 0.027 0.027 0.031 0.030 0.031 0.033 0.032 0.031 0.031 0.039 0.046 0.076 0.124 0.136
E-MIDAS 0.026 0.027 0.031 0.031 0.033 0.034 0.034 0.033 0.034 0.039 0.045 0.067 0.103 0.114

G-MIDAS 0.028 0.030 0.032 0.032 0.035 0.037 0.036 0.035 0.035 0.043 0.050 0.080 0.126 0.138

GEPU GJR-MIDAS 0.027 0.027 0.031 0.030 0.031 0.033 0.032 0.031 0.031 0.039 0.046 0.076 0.124 0.137
E-MIDAS 0.026 0.027 0.030 0.030 0.031 0.033 0.032 0.031 0.032 0.038 0.044 0.069 0.107 0.116

G-MIDAS 0.027 0.029 0.032 0.031 0.033 0.036 0.035 0.035 0.035 0.043 0.050 0.083 0.134 0.148

NASDAQ EER GIR-MIDAS 0.026 0.027 0.030 0.029 0.030 0.032 0.031 0.030 0.031 0.039 0.047 0.083 0.139 0.156
E-MIDAS 0.026 0.026 0.029 0.029 0.030 0.032 0.032 0.031 0.032 0.039 0.047 0.077 0.123 0.134

G-MIDAS 0.028 0.029 0.032 0.031 0.034 0.036 0.035 0.035 0.035 0.043 0.050 0.080 0.126 0.138

FPUys GJR-MIDAS 0.027 0.027 0.031 0.030 0.031 0.033 0.032 0.031 0.032 0.039 0.046 0.076 0.123 0.136
E-MIDAS 0.026 0.027 0.030 0.030 0.031 0.033 0.033 0.032 0.033 0.039 0.046 0.073 0.115 0.125

G-MIDAS 0.028 0.030 0.033 0.032 0.035 0.037 0.037 0.037 0.037 0.044 0.050 0.080 0.125 0.133

CFNAI GJIR-MIDAS 0.028 0.029 0.032 0.031 0.032 0.034 0.033 0.032 0.032 0.039 0.046 0.077 0.123 0.134
E-MIDAS 0.026 0.027 0.029 0.029 0.030 0.032 0.031 0.030 0.031 0.039 0.047 0.084 0.138 0.149

G-MIDAS 0.028 0.030 0.032 0.032 0.035 0.038 0.037 0.037 0.037 0.044 0.051 0.078 0.121 0.134

FPU;pn GJR-MIDAS 0.027 0.028 0.031 0.031 0.032 0.034 0.033 0.033 0.033 0.040 0.046 0.074 0.118 0.133
E-MIDAS 0.026 0.027 0.030 0.030 0.032 0.034 0.033 0.032 0.033 0.039 0.045 0.071 0.111 0.124

G-MIDAS 0.028 0.029 0.032 0.031 0.033 0.036 0.035 0.035 0.035 0.043 0.050 0.082 0.130 0.144

EERcy GJR-MIDAS 0.026 0.027 0.030 0.030 0.031 0.033 0.032 0.031 0.032 0.040 0.048 0.081 0.132 0.146
E-MIDAS 0.026 0.026 0.029 0.029 0.030 0.032 0.032 0.031 0.032 0.039 0.046 0.076 0.120 0.131

Notes: The table reports the QLIKE LOSS daily forecasts for 1-day ahead forecast to 3-month
ahead volatility forecasts for GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS
using all macroeconomic variables.



40 Asymmetric GARCH-MIDAS Models
Index Macro Model 1 5 10 15 20 25 30 35 40 45 50 55 60 66
G-MIDAS  0.033 0.033 0.035 0.037 0.040 0.040 0.038 0.037 0.036 0.039 0.042 0.056 0.085 0.100

1P GIR-MIDAS  0.029 0.031 0.034 0.038 0.040 0.041 0.039 0.039 0.038 0.041 0.043 0.053 0.073 0.081
E-MIDAS ~ 0.029 0.029 0.032 0.036 0.038 0.038 0.037 0.037 0.037 0.039 0.041 0.051 0.074 0.084

G-MIDAS  0.033 0.033 0.035 0.038 0.040 0.040 0.038 0.037 0.037 0.040 0.043 0.056 0.083 0.096

IN GIR-MIDAS  0.029 0.031 0.034 0.039 0.041 0.041 0.040 0.040 0.040 0.043 0.045 0.054 0.070 0.073
E-MIDAS  0.029 0.029 0.032 0.036 0.038 0.038 0.037 0.037 0.037 0.040 0.042 0.052 0.074 0.083

G-MIDAS  0.034 0.033 0.037 0.038 0.038 0.038 0.034 0.034 0.037 0.047 0.050 0.082 0.155 0.199

UR GIR-MIDAS  0.029 0.031 0.034 0.039 0.040 0.041 0.039 0.039 0.039 0.043 0.045 0.055 0.073 0.078
E-MIDAS  0.029 0.029 0.032 0.037 0.038 0.039 0.037 0.037 0.037 0.040 0.042 0.052 0.072 0.081

G-MIDAS  0.033 0.033 0.035 0.038 0.040 0.040 0.038 0.037 0.037 0.040 0.043 0.056 0.083 0.095

EPU GIR-MIDAS  0.029 0.030 0.033 0.037 0.039 0.040 0.038 0.037 0.037 0.040 0.043 0.054 0.077 0.086
E-MIDAS ~ 0.029 0.029 0.032 0.036 0.037 0.037 0.036 0.036 0.036 0.038 0.041 0.052 0.079 0.090

G-MIDAS  0.033 0.033 0.035 0.038 0.040 0.040 0.038 0.037 0.037 0.040 0.043 0.056 0.082 0.093

GEPU  GIR-MIDAS 0.029 0.032 0.035 0.039 0.041 0.041 0.040 0.040 0.040 0.043 0.045 0.053 0.069 0.073
E-MIDAS  0.029 0.029 0.032 0.037 0.039 0.040 0.039 0.039 0.039 0.041 0.043 0.052 0.071 0.078

G-MIDAS  0.033 0.033 0.035 0.038 0.040 0.040 0.038 0.037 0.037 0.040 0.043 0.055 0.081 0.094

CAC40 EER  GIR-MIDAS 0.029 0.031 0.034 0.039 0.041 0.042 0.040 0.040 0.040 0.044 0.046 0.053 0.068 0.071
E-MIDAS ~ 0.029 0.029 0.032 0.037 0.038 0.038 0.037 0.037 0.037 0.040 0.041 0.049 0.066 0.073

G-MIDAS  0.033 0.033 0.035 0.038 0.040 0.041 0.038 0.038 0.038 0.041 0.043 0.056 0.081 0.093

EERys GIR-MIDAS 0.029 0.031 0.035 0.039 0.041 0.041 0.040 0.039 0.040 0.043 0.045 0.053 0.070 0.074
E-MIDAS  0.029 0.029 0.032 0.037 0.039 0.039 0.038 0.038 0.038 0.040 0.042 0.052 0.072 0.080

G-MIDAS  0.038 0.040 0.043 0.044 0.040 0.042 0.033 0.031 0.046 0.061 0.064 0.097 0.196 0.235

1Pys GIR-MIDAS  0.029 0.030 0.033 0.036 0.037 0.038 0.035 0.034 0.034 0.038 0.042 0.058 0.094 0.109
E-MIDAS ~ 0.029 0.029 0.031 0.035 0.035 0.035 0.033 0.032 0.032 0.036 0.040 0.058 0.098 0.118

G-MIDAS  0.033 0.033 0.036 0038 0.041 0041 0039 0.038 0038 0.040 0042 0054 0.079 0.089

CFNAI  GIR-MIDAS 0.029 0.030 0.034 0.037 0.040 0.040 0.038 0.038 0.037 0.040 0.041 0.051 0.072 0.080
EMIDAS  0.028 0.029 0032 0036 0038 0038 0.037 0037 0036 0039 0040 0.051 0073 0.084

G-MIDAS  0.032 0.033 0.036 0.038 0.041 0.042 0.040 0.039 0.039 0.042 0.044 0.055 0.078 0.090

FPUjpy GIR-MIDAS 0.029 0.031 0.034 0.039 0.041 0.041 0.040 0.040 0.040 0.043 0.045 0.054 0.071 0.074
E-MIDAS ~ 0.029 0.030 0.033 0.038 0.040 0.040 0.039 0.040 0.039 0.041 0.043 0.052 0.071 0.080

G-MIDAS  0.033 0.033 0.035 0.037 0.039 0.040 0.037 0.036 0.036 0.039 0.042 0.056 0.086 0.103

EERcy GIR-MIDAS 0.029 0.031 0.034 0.039 0.041 0.042 0.040 0.039 0.039 0.042 0.044 0.054 0.073 0.079
E-MIDAS  0.029 0.029 0.032 0.036 0.037 0.037 0.036 0.036 0.035 0.038 0.040 0.051 0.076 0.088

G-MIDAS  0.028 0.028 0.029 0.032 0.034 0.034 0.034 0.034 0.032 0.036 0.037 0.067 0.071 0.082

1P GIR-MIDAS  0.025 0.026 0.028 0.032 0.034 0.035 0.034 0.035 0.035 0.038 0.040 0.061 0.062 0.067
E-MIDAS ~ 0.025 0.025 0.026 0.031 0.033 0.033 0.033 0.033 0.034 0.036 0.037 0.060 0.062 0.069

GHMIDAS  0.028 0.028 0.029 0.031 0.033 0.034 0.033 0.033 0.032 0.035 0.037 0.071 0.075 0.088

IN GIR-MIDAS  0.025 0.026 0.027 0.032 0.033 0.034 0.033 0.033 0.034 0.038 0.039 0.062 0.064 0.071
E-MIDAS  0.024 0.024 0.026 0.030 0.032 0.032 0.031 0.032 0.032 0.035 0.036 0.061 0.064 0.074

G-MIDAS  0.028 0.028 0.029 0.029 0.031 0.033 0.031 0.031 0.032 0.044 0.047 0.144 0.172 0.230

UR GIR-MIDAS 0.025 0.026 0.027 0.031 0.033 0.033 0.033 0.033 0.034 0.038 0.039 0.064 0.067 0.074
E-MIDAS  0.024 0.024 0.026 0.031 0.033 0.034 0.035 0.036 0.036 0.041 0.043 0.076 0.080 0.091

G-MIDAS  0.028 0.028 0.029 0.031 0.033 0.034 0.033 0.033 0.031 0.035 0.037 0.072 0.077 0.090

EPU GIR-MIDAS  0.025 0.026 0.027 0.031 0.033 0.033 0.032 0.033 0.034 0.037 0.039 0.063 0.065 0.073
E-MIDAS  0.024 0.024 0.026 0.030 0.032 0.032 0.031 0.032 0.032 0.035 0.037 0.064 0.068 0.078

G-MIDAS  0.028 0.028 0.029 0.031 0.033 0.034 0.033 0.033 0.032 0.036 0.037 0.071 0.075 0.088

GEPU  GIR-MIDAS 0.025 0.026 0.027 0.032 0.033 0.034 0.033 0.033 0.034 0.038 0.039 0.063 0.064 0.071
E-MIDAS  0.024 0.025 0.026 0.030 0.032 0.033 0.032 0.033 0.033 0.036 0.038 0.066 0.068 0.077

G-MIDAS  0.028 0.028 0.029 0.031 0.033 0.033 0.032 0.032 0.031 0.035 0.037 0.073 0.078 0.093

EER  GIR-MIDAS 0.025 0.026 0.027 0.032 0.033 0.034 0.033 0.034 0.034 0.038 0.039 0.062 0.063 0.070
DAX E-MIDAS  0.024 0.024 0.026 0.030 0.032 0.032 0.032 0.032 0.033 0.036 0.038 0.065 0.069 0.079
G-MIDAS  0.028 0.028 0.029 0.031 0.033 0.034 0.033 0.033 0.032 0.036 0.038 0.076 0.081 0.096

EERys GIR-MIDAS 0.025 0.026 0.027 0.031 0.033 0.034 0.033 0.034 0.034 0.038 0.039 0.063 0.065 0.072
E-MIDAS  0.024 0.024 0.026 0.030 0.032 0.033 0.032 0.033 0.033 0.036 0.037 0.063 0.065 0.074

G-MIDAS  0.033 0.033 0.039 0.039 0.038 0.039 0.032 0.030 0.040 0.055 0.057 0.163 0.220 0.317

IPys GIR-MIDAS  0.024 0.025 0.026 0.029 0.030 0.031 0.030 0.029 0.029 0.036 0.038 0.083 0.092 0.112
E-MIDAS  0.024 0.023 0.024 0.028 0.029 0.029 0.028 0.028 0.028 0.034 0.036 0.082 0.091 0.114

G-MIDAS  0.028 0.028 0.029 0.032 0.034 0.034 0.033 0.033 0.031 0.035 0.036 0.069 0.073 0.084

CFNAI  GIR-MIDAS 0.025 0.025 0.027 0.031 0.033 0.033 0.033 0.033 0.032 0.036 0.037 0.067 0.070 0.081
E-MIDAS  0.024 0.024 0.026 0.030 0.032 0.032 0.031 0.032 0.032 0.035 0.036 0.063 0.066 0.077

G-MIDAS  0.028 0.028 0.029 0.032 0.034 0.035 0.034 0.034 0.033 0.037 0.038 0.069 0.074 0.086

FPUjpy GIR-MIDAS 0.025 0.026 0.027 0.031 0.033 0.034 0.033 0.033 0.034 0.038 0.039 0.063 0.065 0.072
E-MIDAS  0.025 0.025 0.026 0.030 0.032 0.033 0.032 0.033 0.033 0.036 0.037 0.063 0.066 0.077

G-MIDAS  0.028 0.028 0.029 0.031 0.032 0.033 0.032 0.032 0.030 0.035 0.036 0.074 0.081 0.097

EERcy GIR-MIDAS 0.025 0.026 0.027 0.031 0.033 0.034 0.033 0.033 0.034 0.038 0.039 0.063 0.065 0.072
EMIDAS 0024 0.024 0025 0029 0.031 0031 0030 0030 0031 0.034 0035 0.063 0068 0081

Notes: The table reports the QLIKE LOSS daily forecasts for 1-day ahead forecast to 3-month
ahead volatility forecasts for GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS
using all macroeconomic variables.
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Index Macro Model 1 5 10 15 20 25 30 35 40 45 50 55 60 66
G-MIDAS  0.031 0.032 0.034 0.036 0.037 0.037 0.038 0.036 0.035 0.035 0.036 0.038 0.049 0.077

1P GIR-MIDAS  0.032 0.032 0.035 0.038 0.037 0.036 0.037 0.035 0.034 0.034 0.034 0.036 0.050 0.079
E-MIDAS  0.032 0.032 0.035 0.038 0.038 0.037 0.038 0.036 0.035 0.035 0.036 0.037 0.048 0.073

G-MIDAS  0.032 0.033 0.034 0.036 0.036 0.036 0.037 0.035 0.034 0.035 0.035 0.038 0.050 0.081

IN GIR-MIDAS  0.033 0.033 0.036 0.038 0.037 0.036 0.037 0.034 0.033 0.034 0.035 0.037 0.052 0.084
E-MIDAS ~ 0.032 0.032 0.035 0.038 0.037 0.036 0.037 0.034 0.034 0.033 0.034 0.035 0.047 0.072

G-MIDAS  0.034 0.034 0.036 0.036 0.036 0.035 0.035 0.033 0.033 0.037 0.037 0.044 0.060 0.120

UR GJR-MIDAS  0.034 0.033 0.036 0.038 0.036 0.035 0.035 0.033 0.032 0.033 0.034 0.038 0.058 0.101
E-MIDAS  0.033 0.032 0.035 0.037 0.035 0.034 0.035 0.034 0.033 0.033 0.035 0.040 0.067 0.117

G-MIDAS  0.032 0.032 0.034 0.036 0.036 0.036 0.037 0.035 0.034 0.035 0.035 0.037 0.049 0.079

EPU  GIR-MIDAS 0.033 0.033 0.036 0.038 0.037 0.036 0.036 0.034 0.033 0.034 0.035 0.037 0.053 0.085
E-MIDAS  0.032 0.031 0.035 0.037 0.036 0.036 0.036 0.034 0.033 0.033 0.034 0.035 0.048 0.074

G-MIDAS  0.031 0.032 0.034 0.036 0.037 0.036 0.037 0.036 0.035 0.035 0.036 0.038 0.049 0.077

GEPU GIR-MIDAS 0.033 0.033 0.036 0.038 0.037 0.036 0.036 0.034 0.033 0.034 0.034 0.037 0.051 0.082
E-MIDAS  0.032 0.032 0.036 0.039 0.038 0.038 0.038 0.036 0.035 0.035 0.036 0.036 0.046 0.066

G-MIDAS  0.032 0.033 0.034 0.036 0.036 0.036 0.037 0.035 0.034 0.035 0.036 0.039 0.051 0.084

EER  GIR-MIDAS 0.033 0.033 0.036 0.038 0.037 0.036 0.037 0.034 0.033 0.034 0.035 0.038 0.055 0.090
FTSE100 E-MIDAS ~ 0.032 0.032 0.036 0.038 0.037 0.037 0.037 0.035 0.034 0.034 0.035 0.037 0.051 0.080
G-MIDAS ~ 0.032 0.033 0.034 0.036 0.036 0.036 0.037 0.035 0.035 0.035 0.036 0.038 0.049 0.079

EERys GIR-MIDAS 0.033 0.033 0.036 0.038 0.037 0.036 0.037 0.034 0.033 0.034 0.035 0.037 0.052 0.085
E-MIDAS ~ 0.033 0.032 0.036 0.039 0.037 0.037 0.037 0.035 0.034 0.034 0.035 0.037 0.049 0.075
GH-MIDAS  0.034 0.041 0.042 0.037 0.038 0.036 0.032 0.030 0.028 0.027 0.032 0.041 0.052 0.112

IPys  GIR-MIDAS 0.034 0.034 0.036 0.038 0.036 0.035 0.035 0.033 0.031 0.033 0.034 0.038 0.059 0.104
E-MIDAS  0.032 0.031 0.034 0.036 0.035 0.034 0.035 0.033 0.032 0.033 0.034 0.037 0.057 0.096

G-MIDAS  0.031 0.032 0.034 0.035 0.036 0.036 0.037 0.035 0.034 0.034 0.035 0.037 0.051 0.081

CFNAI GIR-MIDAS 0.032 0.032 0.034 0.037 0.036 0.036 0.036 0.034 0.033 0.033 0.034 0.036 0.050 0.082
E-MIDAS  0.032 0.032 0.035 0.038 0.038 0.038 0.039 0.037 0.036 0.035 0.037 0.040 0.059 0.097

G-MIDAS  0.031 0.032 0.034 0.036 0.037 0.037 0.038 0.037 0.036 0.036 0.037 0.039 0.050 0.078

FPUjpy GIR-MIDAS 0.033 0.033 0.036 0.038 0.037 0.036 0.037 0.034 0.033 0.034 0.035 0.037 0.052 0.084
E-MIDAS  0.032 0.032 0.036 0.039 0.038 0.038 0.039 0.036 0.036 0.035 0.036 0.037 0.048 0.074

G-MIDAS  0.032 0.033 0.034 0.035 0.036 0.035 0.036 0.034 0.034 0.034 0.035 0.038 0.052 0.087

EERcy GIR-MIDAS 0.033 0.033 0.035 0.038 0.036 0.036 0.036 0.033 0.032 0.033 0.034 0.037 0.053 0.088
E-MIDAS  0.033 0.032 0.035 0.038 0.037 0.036 0.037 0.034 0.033 0.033 0.034 0.036 0.049 0.077

G-MIDAS  0.037 0.036 0.039 0.039 0.038 0.036 0.036 0.035 0.034 0.039 0.046 0.050 0.057 0.057

1P GJR-MIDAS  0.034 0.033 0.036 0.035 0.034 0.032 0.033 0.031 0.032 0.036 0.043 0.049 0.058 0.060
E-MIDAS  0.034 0.033 0.035 0.036 0.035 0.032 0.033 0.032 0.031 0.034 0.038 0.041 0.045 0.047

G-MIDAS ~ 0.037 0.036 0.039 0.038 0.037 0.035 0.036 0.034 0.033 0.037 0.043 0.047 0.053 0.054

IN GJR-MIDAS  0.034 0.034 0.036 0.035 0.034 0.032 0.033 0.032 0.031 0.035 0.041 0.045 0.052 0.054
E-MIDAS  0.033 0.033 0.035 0.035 0.034 0.032 0.032 0.032 0.031 0.035 0.039 0.043 0.049 0.051

G-MIDAS  0.037 0.035 0.038 0.037 0.036 0.034 0.035 0.033 0.033 0.037 0.045 0.049 0.057 0.059

UR GJR-MIDAS  0.033 0.033 0.035 0.034 0.032 0.030 0.030 0.029 0.030 0.036 0.045 0.051 0.063 0.067
E-MIDAS  0.033 0.032 0.034 0.034 0.033 0.030 0.031 0.030 0.030 0.034 0.041 0.046 0.055 0.057

G-MIDAS ~ 0.037 0.037 0.041 0.041 0.041 0.038 0.039 0.038 0.037 0.040 0.045 0.048 0.053 0.054

EPU  GIR-MIDAS 0.036 0.036 0.038 0.037 0.036 0.034 0.035 0.034 0.033 0.037 0.042 0.046 0.052 0.054
E-MIDAS  0.033 0.033 0.036 0.036 0.035 0.033 0.034 0.033 0.032 0.035 0.040 0.044 0.050 0.051

G-MIDAS  0.037 0.036 0.039 0.038 0.037 0.035 0.036 0.034 0.033 0.038 0.044 0.048 0.054 0.055

GEPU  GIR-MIDAS 0.034 0.033 0.036 0.035 0.034 0.032 0.032 0.031 0.031 0.035 0.041 0.045 0.052 0.054
E-MIDAS  0.033 0.033 0.035 0.035 0.034 0.032 0.032 0.032 0.031 0.034 0.039 0.043 0.048 0.049

G-MIDAS  0.037 0.036 0.039 0.038 0.037 0.035 0.036 0.035 0.034 0.038 0.044 0.048 0.054 0.055

NIKKEI EERys GIR-MIDAS 0.034 0.034 0.036 0.036 0.034 0.032 0.033 0.032 0.032 0.035 0.041 0.046 0.052 0.054
E-MIDAS  0.033 0.033 0.035 0.036 0.035 0.032 0.033 0.032 0.032 0.036 0.042 0.046 0.052 0.053

G-MIDAS  0.038 0.038 0.042 0.042 0.042 0.040 0.041 0.039 0.038 0.041 0.045 0.048 0.053 0.053

FPU;py GIR-MIDAS 0.036 0.036 0.039 0.039 0.038 0.035 0.037 0.035 0.034 0.037 0.042 0.046 0.051 0.052
E-MIDAS  0.034 0.034 0.036 0.037 0.036 0.034 0.035 0.035 0.034 0.037 0.040 0.044 0.048 0.050

G-MIDAS  0.041 0.038 0.038 0.038 0.035 0.040 0.037 0.037 0.042 0.061 0.098 0.124 0.161 0.218

IPys  GIR-MIDAS 0.033 0.033 0.035 0.034 0.032 0.030 0.031 0.029 0.030 0.035 0.045 0.051 0.062 0.066
E-MIDAS  0.033 0.032 0.034 0.034 0.033 0.030 0.030 0.029 0.030 0.033 0.040 0.044 0.053 0.057

G-MIDAS  0.037 0.036 0.040 0.039 0.038 0.036 0.037 0.035 0.034 0.038 0.043 0.047 0.052 0.052

CFNAI  GJR-MIDAS 0.035 0.035 0.037 0.037 0.035 0.033 0.034 0.032 0.032 0.035 0.041 0.045 0.051 0.053
E-MIDAS  0.033 0.033 0.035 0.035 0.034 0.032 0.033 0.032 0.031 0.034 0.039 0.043 0.049 0.050

G-MIDAS  0.037 0.035 0.038 0.038 0.037 0.034 0.035 0.034 0.033 0.037 0.043 0.048 0.055 0.057

EERcy GIR-MIDAS 0.036 0.036 0.038 0.035 0.034 0.032 0.032 0.031 0.031 0.035 0.041 0.046 0.055 0.058
E-MIDAS  0.033 0.032 0.034 0.034 0.032 0.030 0.031 0.030 0.030 0.033 0.039 0.044 0.052 0.055

G-MIDAS  0.037 0.035 0.034 0.033 0.032 0.033 0.030 0.030 0.028 0.029 0.029 0.032 0.038 0.043

1P GJR-MIDAS  0.036 0.034 0.034 0.033 0.032 0.033 0.029 0.029 0.028 0.028 0.029 0.032 0.038 0.043
E-MIDAS  0.036 0.034 0.033 0.033 0.033 0.033 0.030 0.030 0.030 0.030 0.031 0.032 0.036 0.039

G-MIDAS  0.037 0.035 0.034 0.033 0.032 0.033 0.030 0.030 0.029 0.029 0.029 0.031 0.036 0.040

IN GIR-MIDAS  0.036 0.034 0.034 0.033 0.032 0.033 0.029 0.029 0.028 0.028 0.029 0.032 0.038 0.043
E-MIDAS  0.036 0.034 0.033 0.032 0.032 0.032 0.029 0.029 0.029 0.029 0.029 0.031 0.034 0.036

G-MIDAS ~ 0.037 0.035 0.034 0.033 0.032 0.033 0.030 0.030 0.029 0.029 0.029 0.031 0.036 0.041

UR GIR-MIDAS  0.036  0.034 0.034 0.033 0.032 0.033 0.029 0.029 0.028 0.028 0.029 0.032 0.037 0.043
E-MIDAS  0.036 0.034 0.033 0.033 0.032 0.032 0.029 0.029 0.029 0.029 0.029 0.030 0.031 0.033

G-MIDAS  0.037 0.035 0.034 0.033 0.032 0.033 0.030 0.029 0.029 0.029 0.029 0.032 0.037 0.043

GEPU  GIR-MIDAS 0.036 0.034 0.034 0.033 0.032 0.033 0.029 0.029 0.028 0.028 0.029 0.032 0.037 0.042
E-MIDAS  0.036 0.034 0.033 0.032 0.032 0.032 0.029 0.029 0.029 0.029 0.029 0.030 0.031 0.033

G-MIDAS  0.037 0.035 0.034 0.033 0.032 0.033 0.030 0.029 0.028 0.028 0.029 0.032 0.037 0.043

EER  GJR-MIDAS 0.036 0.034 0.033 0.033 0.032 0.033 0.029 0.029 0.028 0.028 0.029 0.032 0.037 0.043
HANGSENG E-MIDAS  0.036 0.033 0.033 0.032 0.031 0.032 0.028 0.029 0.028 0.028 0.028 0.030 0.033 0.036
G-MIDAS  0.037 0.035 0.034 0.033 0.032 0.033 0.030 0.030 0.029 0.029 0.029 0.032 0.038 0.043

EERys GIRMIDAS 0.036 0.034 0.034 0.033 0.032 0.033 0.029 0.029 0.028 0.028 0.029 0.032 0.037 0.042
E-MIDAS  0.036 0.034 0.033 0.032 0.032 0.032 0.029 0.029 0.028 0.028 0.029 0.030 0.034 0.037

G-MIDAS  0.041 0.036 0.036 0.036 0.034 0.040 0.038 0.035 0.034 0.031 0.036 0.041 0.053 0.059

IPys  GIR-MIDAS 0.036 0.034 0.033 0.033 0.032 0.033 0.029 0.029 0.028 0.028 0.029 0.033 0.040 0.046
E-MIDAS  0.036 0.033 0.033 0.032 0.031 0.032 0.028 0.028 0.028 0.028 0.028 0.031 0.035 0.039

G-MIDAS  0.037 0.035 0.034 0.033 0.032 0.033 0.030 0.030 0.029 0.029 0.029 0.031 0.036 0.041

CFNAI  GJR-MIDAS 0.035 0.034 0.033 0.033 0.032 0.033 0.029 0.029 0.028 0.028 0.029 0.031 0.036 0.041
E-MIDAS ~ 0.035 0.033 0.033 0.032 0.032 0.032 0.028 0.029 0.028 0.028 0.028 0.030 0.033 0.038

G-MIDAS  0.036 0.035 0.034 0.033 0.032 0.033 0.030 0.030 0.029 0.029 0.029 0.032 0.037 0.043

FPUjpy  GIR-MIDAS 0.036 0.034 0.034 0.033 0.032 0.033 0.030 0.029 0.029 0.029 0.029 0.032 0.037 0.042
E-MIDAS  0.036 0.034 0.033 0.033 0.032 0.032 0.029 0.029 0.029 0.029 0.029 0.030 0.033 0.036
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Table 2.7.6: RMSE LOSS all forecast

Index Macro Model 1 5 10 15 20 25 30 35 40 45 50 55 60 66
G-MIDAS ~ 0.215 0.178 0.188 0.149 0.117 0.119 0.123 0.122 0.125 0.371 0.543 1.817 3.193 3.430
1P GIR-MIDAS 0209 0.169 0.184 0.146 0.115 0.113 0.116 0.112 0.113 0.352 0.525 1.753 3.087 3.322
E-MIDAS 0.202 0.161 0.171 0.131 0.098 0.098 0.103 0.100 0.100 0.345 0.516 1.721 3.030 3.261
G-MIDAS ~ 0.215 0.178 0.189 0.149 0.116 0.117 0.121 0.120 0.123 0372 0.544 1.819 3.195 3.433
IN GIR-MIDAS  0.210 0.170 0.186 0.149 0.118 0.115 0.117 0.114 0.114 0.354 0527 1.754 3.088 3.324
E-MIDAS 0.203 0.164 0.176 0.139 0.109 0.109 0.117 0.114 0.113 0.357 0.533 1.737 3.047 3.278
G-MIDAS ~ 0.222 0.185 0.194 0.150 0.111 0.113 0.122 0.123 0.129 0392 0.569 1.851 3.230 3.470
UR GIR-MIDAS  0.209 0.167 0.181 0.140 0.103 0.099 0.103 0.098 0.098 0.352 0.530 1.759 3.096 3.333
E-MIDAS 0.202 0.161 0.170 0.128 0.092 0.092 0.099 0.095 0.095 0.346 0.519 1.725 3.035 3.267
G-MIDAS  0.215 0.178 0.190 0.150 0.117 0.118 0.122 0.120 0.123 0.372 0.544 1.818 3.194 3.433
EPU GIR-MIDAS  0.210 0.170 0.186 0.149 0.117 0.113 0.115 0.111 0.111 0.353 0.527 1.754 3.089 3.324
E-MIDAS 0203 0.168 0.184 0.157 0.139 0.142 0.147 0.145 0.147 0.355 0519 1.713 3.019 3.249
G-MIDAS ~ 0.215 0.179 0.190 0.150 0.116 0.116 0.120 0.119 0.123 0.372 0.544 1.818 3.194 3.432
GEPU  GIR-MIDAS 0211 0.172 0.187 0.150 0.118 0.114 0.115 0.112 0.112 0.353 0.526 1.753 3.088 3.323
E-MIDAS 0203 0.166 0.182 0.153 0.134 0.136 0.139 0.136 0.138 0.350 0.512 1.707 3.011 3.239
G-MIDAS ~ 0.215 0.177 0.188 0.147 0.112 0.112 0.116 0.115 0.117 0371 0.544 1.820 3.197 3.436
SP500 EER GIR-MIDAS 0210 0.170 0.185 0.148 0.115 0.111 0.113 0.109 0.109 0.353 0.526 1.754 3.089 3.325
E-MIDAS 0.203 0.164 0.177 0.141 0.112 0.112 0.117 0.113 0.114 0.349 0.517 1.720 3.027 3.257
G-MIDAS ~ 0.215 0.178 0.189 0.149 0.115 0.116 0.120 0.119 0.122 0371 0.544 1.819 3.195 3.433
FPUys  GIR-MIDAS 0209 0.169 0.185 0.149 0.120 0.118 0.120 0.116 0.116 0.354 0.526 1.752 3.087 3.322
E-MIDAS 0.201 0.162 0.175 0.142 0.118 0.121 0.126 0.122 0.121 0.350 0.519 1.717 3.024 3.255
G-MIDAS ~ 0.215 0.178 0.187 0.145 0.110 0.112 0.117 0.115 0.117 0369 0.541 1.819 3.194 3.430
CFNAI  GIR-MIDAS 0209 0.167 0.180 0.140 0.106 0.105 0.109 0.106 0.106 0.350 0.523 1.753 3.088 3.322
E-MIDAS 0.201 0.161 0.170 0.131 0.100 0.102 0.107 0.105 0.105 0.342 0.512 1.716 3.023 3.254
G-MIDAS ~ 0.215 0.180 0.192 0.156 0.129 0.131 0.136 0.137 0.141 0376 0.545 1.816 3.191 3.429
FPUjpy GIR-MIDAS 0211 0.171 0.187 0.151 0.122 0.120 0.122 0.120 0.122 0.353 0.524 1.750 3.084 3.320
E-MIDAS 0202 0.163 0.176 0.140 0.112 0.112 0.116 0.115 0.118 0.343 0.509 1.710 3.017 3.249
G-MIDAS  0.215 0.177 0.187 0.145 0.109 0.110 0.114 0.112 0.114 0370 0.544 1.820 3.197 3.436
EERcy  GIR-MIDAS 0.210 0.170 0.186 0.149 0.118 0.115 0.118 0.114 0.113 0.355 0.528 1.755 3.090 3.325
E-MIDAS 0203 0.163 0.174 0.136 0.105 0.105 0.109 0.106 0.107 0.345 0.514 1.717 3.024 3.255
G-MIDAS ~ 0.269 0.211 0.220 0.186 0.143 0.150 0.155 0.152 0.156 0.413 0.541 1.756 3.261 3.396
1P GIR-MIDAS  0.261 0.200 0.213 0.179 0.136 0.141 0.145 0.140 0.141 0.391 0.521 1.693 3.154 3.289
E-MIDAS 0253 0.194 0.203 0.169 0.128 0.134 0.138 0.132 0.134 0.380 0.507 1.654 3.086 3.218
G-MIDAS ~ 0.269 0.211 0.219 0.183 0.137 0.144 0.148 0.146 0.149 0.411 0.541 1.757 3.264 3.401
IN GIR-MIDAS 0261 0.199 0.212 0.177 0.132 0.137 0.140 0.135 0.136 0.390 0.521 1.693 3.155 3.291
E-MIDAS 0.254 0.195 0.206 0.174 0.136 0.143 0.148 0.143 0.145 0.385 0.510 1.654 3.085 3.218
GH-MIDAS  0.274 0.215 0.223 0.186 0.134 0.144 0.152 0.152 0.159 0.435 0.574 1.789 3.299 3.439
UR GIR-MIDAS 0260 0.197 0.210 0.174 0.124 0.129 0.133 0.127 0.127 0.390 0.524 1.697 3.161 3.297
E-MIDAS 0.253 0.192 0.201 0.165 0.121 0.128 0.134 0.128 0.129 0.384 0.514 1.661 3.094 3.228
G-MIDAS ~ 0.270 0.211 0.220 0.185 0.138 0.145 0.149 0.146 0.150 0.412 0.542 1.757 3.264 3.400
EPU GIR-MIDAS  0.261 0.200 0.214 0.180 0.133 0.138 0.140 0.134 0.135 0.389 0.520 1.692 3.154 3.289
E-MIDAS 0.255 0.201 0.216 0.190 0.163 0.171 0.176 0.172 0.176 0.392 0.513 1.649 3.078 3.210
G-MIDAS ~ 0.270 0.212 0.221 0.185 0.138 0.145 0.148 0.146 0.151 0.412 0.542 1.757 3.263 3.400
GEPU  GIR-MIDAS 0.263 0.202 0.216 0.181 0.134 0.137 0.139 0.134 0.136 0.390 0.520 1.692 3.154 3.289
E-MIDAS 0.256 0.200 0.213 0.183 0.147 0.153 0.157 0.154 0.157 0.387 0.510 1.650 3.080 3.211
G-MIDAS  0.269 0.210 0.218 0.182 0.133 0.140 0.144 0.141 0.145 0.411 0.543 1.759 3.266 3.404
NASDAQ  EER GIR-MIDAS  0.260 0.198 0.211 0.175 0.127 0.131 0.134 0.128 0.129 0.390 0.523 1.696 3.158 3.295
E-MIDAS 0254 0.196 0.207 0.175 0.137 0.145 0.149 0.144 0.147 0.388 0.515 1.658 3.089 3.221
G-MIDAS ~ 0.270 0.211 0.220 0.185 0.139 0.146 0.150 0.147 0.152 0.412 0.542 1.757 3.263 3.400
FPUys GIR-MIDAS 0261 0.201 0.215 0.181 0.136 0.140 0.142 0.136 0.138 0.390 0.521 1.692 3.153 3.289
E-MIDAS 0253 0.196 0.209 0.181 0.150 0.159 0.164 0.159 0.160 0.390 0.515 1.654 3.084 3.216
G-MIDAS ~ 0.270 0.212 0.220 0.184 0.137 0.144 0.149 0.146 0.148 0.410 0.539 1.756 3.263 3.396
CFNAI  GIR-MIDAS  0.261 0.199 0.211 0.175 0.129 0.134 0.138 0.134 0.134 0.389 0.518 1.693 3.155 3.289
E-MIDAS 0.252 0.193 0.201 0.167 0.125 0.132 0.139 0.135 0.135 0.384 0.514 1.662 3.094 3.226
G-MIDAS  0.270 0.215 0.226 0.195 0.157 0.166 0.171 0.171 0.178 0.421 0.547 1.756 3.261 3.398
FPUjpy  GIR-MIDAS 0262 0202 0.217 0.185 0.144 0.149 0.152 0.149 0.152 0.393 0.522 1.691 3.152 3.288
E-MIDAS 0.255 0.199 0.212 0.182 0.148 0.154 0.159 0.157 0.160 0.388 0.512 1.653 3.084 3.217
G-MIDAS ~ 0.269 0.211 0.219 0.183 0.136 0.143 0.147 0.144 0.148 0.412 0.543 1.758 3.265 3.402
EERcy GIRG-MIDAS 0.261 0.200 0.214 0.181 0.137 0.142 0.145 0.139 0.141 0.393 0.524 1.695 3.157 3.292
E-MIDAS 0.254 0.196 0.207 0.175 0.137 0.144 0.149 0.144 0.147 0.387 0.514 1.657 3.087 3.220
GIR-MIDAS ~ 0.035 0.035 0.037 0.037 0.035 0.033 0.034 0.032 0.032 0.035 0.041 0.045 0.051 0.053
E-MIDAS 0.033 0.033 0.035 0.035 0.034 0.032 0.033 0.032 0.031 0.034 0.039 0.043 0.049 0.050
G-MIDAS ~ 0.037 0.035 0.038 0.038 0.037 0.034 0.035 0.034 0.033 0.037 0.043 0.048 0.055 0.057
EERcy  GIR-MIDAS 0.036 0.036 0.038 0.035 0.034 0.032 0.032 0.031 0.031 0.035 0.041 0.046 0.055 0.058
E-MIDAS 0.033 0.032 0.034 0.034 0.032 0.030 0.031 0.030 0.030 0.033 0.039 0.044 0.052 0.055

Notes: The table reports the RMSE LOSS daily forecasts for 1-day ahead forecast to 3-month
ahead volatility forecasts for GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS
using all macroeconomic variables.
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Index Macro Model 1 5 10 15 20 25 30 35 40 45 50 55 60 66

GARCHMIDAS 0.271 0.201 0.201 0.198 0.197 0.217 0.212 0.209 0.212 0.310 0.357 1.160 2.721 2.927
1P GJIR-MIDAS  0.267 0.212 0.220 0.227 0.229 0.246 0.238 0.229 0.229 0.319 0.360 1.110 2.607 2.805
E-MIDAS 0.257 0.189 0.195 0.198 0.198 0.213 0.208 0.205 0.210 0.295 0.335 1.080 2.550 2.749
G-MIDAS 0271 0202 0.204 0.201 0.201 0.222 0.215 0.212 0.218 0.315 0.362 1.160 2.719 2.924
IN GIR-MIDAS  0.269 0.218 0.231 0.243 0.251 0.270 0.265 0.258 0.263 0.353 0.394 1.118 2.605 2.797
E-MIDAS 0.258 0.190 0.197 0.201 0.201 0.217 0.212 0.208 0.214 0.301 0.342 1.082 2.551 2.748
G-MIDAS 0270 0.198 0.195 0.188 0.184 0.206 0.199 0.197 0.203 0.312 0.364 1.168 2.728 2.942
UR GIR-MIDAS  0.268 0.216 0.229 0.239 0.245 0.264 0.258 0.249 0.252 0.345 0.388 1.119 2.608 2.803
E-MIDAS 0.258 0.191 0.198 0.203 0.204 0.220 0.215 0.212 0.219 0.304 0.344 1.082 2.549 2.746
G-MIDAS 0.271 0.203 0.204 0.202 0.202 0.222 0.216 0.214 0219 0316 0.363 1.160 2.719 2.924
EPU GIR-MIDAS  0.267 0.209 0.216 0.221 0.222 0.238 0.230 0.220 0.220 0.313 0.356 1.112 2613 23813
EH-MIDAS  0.257 0.187 0.191 0.193 0.191 0.207 0.201 0.198 0.202 0.290 0.333 1.083 2.556 2.755
G-MIDAS 0.272 0203 0.205 0.202 0.202 0.222 0.216 0.213 0.219 0.316 0.363 1.159 2.718 2.922
GEPU GIR-MIDAS  0.270 0.219 0.232 0.243 0.249 0.268 0.261 0.253 0.259 0.350 0.390 1.116 2.604 2.796
E-MIDAS 0.259 0.195 0.205 0.213 0.216 0.233 0.229 0.227 0.233 0.314 0.353 1.083 2.548 2.744
G-MIDAS 0271 0202 0.203 0.201 0.200 0.220 0.214 0.212 0.217 0.313 0.360 1.158 2.717 2.922
CAC40  EER GIR-MIDAS  0.270 0.220 0.235 0.248 0.256 0.276 0.272 0.266 0.272 0.361 0403 1.119 2.602 2.793
E-MIDAS 0.258 0.190 0.197 0.202 0.203 0.219 0.213 0.209 0.218 0.302 0.339 1.076 2.542 2.736
G-MIDAS 0.271 0.203 0.205 0.204 0.204 0.225 0.219 0.217 0.223 0318 0.365 1.160 2.718 2.922
EERys  GIR-MIDAS 0269 0217 0.230 0.241 0.247 0.266 0.260 0.252 0.256 0.346 0.388 1.116 2.605 2.798
E-MIDAS 0.258 0.192 0.200 0.206 0.208 0.224 0.220 0.217 0.224 0.307 0.347 1.082 2.548 2.745
G-MIDAS 0.271 0.204 0.208 0.207 0.205 0.230 0.215 0.201 0.203 0.321 0.378 1.182 2.747 2.954
IPyg GIR-MIDAS  0.264 0.203 0.207 0.207 0.205 0.221 0.210 0.198 0.195 0.297 0.344 1.115 2.620 2.825
E-MIDAS 0.256 0.181 0.181 0.178 0.173 0.190 0.184 0.181 0.183 0.278 0.325 1.087 2.563 2.767
G-MIDAS 0.271 0203 0.204 0.202 0.202 0.222 0.218 0.217 0.220 0.312 0.357 1.157 2.717 2.920
CFNAI GIR-MIDAS  0.266 0.208 0.213 0.217 0.218 0.233 0.226 0.220 0.220 0.307 0.347 1.107 2.609 2.808
E-MIDAS 0.258 0.189 0.194 0.197 0.196 0.211 0.207 0.205 0.208 0.292 0.332 1.080 2.551 2.750
G-MIDAS 0.272 0.206 0.210 0.210 0.212 0.232 0.229 0.229 0.236 0.326 0.372 1.159 2.715 2.920
FPUjpy  GIR-MIDAS 0269 0.216 0.229 0.240 0.247 0.266 0.261 0.253 0.257 0.347 0.388 1.116 2.605 2.798
E-MIDAS 0262 0202 0212 0220 0.223 0.238 0.236 0.237 0.245 0.320 0.358 1.084 2.549 2.747
G-MIDAS 0270 0200 0.199 0.195 0.193 0.213 0.207 0.205 0.208 0.306 0.354 1.159 2.721 2.928
EERcy GIR-MIDAS  0.268 0.213 0.222 0.230 0.233 0.250 0.242 0.232 0.233 0.323 0.364 1.110 2.606 2.803
E-MIDAS 0.257 0.187 0.191 0.192 0.190 0.205 0.200 0.197 0.201 0.288 0.329 1.081 2.553 2.754
G-MIDAS 0.235 0.197 0.207 0.203 0.206 0.230 0.228 0.225 0.229 0.354 0.401 2.625 2.695 3.084
P GIR-MIDAS  0.232  0.205 0.227 0.237 0.244 0.265 0.264 0.260 0.266 0.372 0417 2514 2.576 2.961
E-MIDAS 0.228 0.193 0.210 0.215 0.219 0.237 0.235 0.235 0.239 0.343 0.384 2.466 2.528 2.907
G-MIDAS 0.234 0.195 0.204 0.199 0.201 0.225 0.222 0.219 0.222 0.351 0.398 2.628 2.698 3.088
IN GJR-MIDAS  0.230 0.201 0.221 0.228 0.233 0.253 0.250 0.244 0.246 0.359 0405 2.515 2.578 2.965
E-MIDAS 0.225 0.1837 0.201 0.203 0.205 0.223 0.220 0.218 0.221 0.332 0.374 2466 2.529 20911
G-MIDAS 0.234 0.192 0.198 0.188 0.185 0.214 0.211 0.206 0.209 0.356 0.407 2.641 2.716 3.114
UR GIR-MIDAS  0.230 0.201 0.221 0.227 0.232 0.252 0.250 0.243 0.246 0.361 0.407 2.518 2.582 2.970
E-MIDAS 0.225 0.192 0.217 0.236 0.255 0.286 0.301 0.316 0.337 0.440 0.500 2.500 2.566 2.947
G-MIDAS 0.234 0.195 0204 0.199 0.200 0.224 0.221 0.218 0.221 0.351 0.399 2.628 2.699 3.089
EPU GIR-MIDAS  0.228 0.200 0.220 0.227 0.232 0.252 0.249 0.241 0.244 0.359 0406 2.517 2.580 2.968
E-MIDAS 0.226 0.188 0.202 0.203 0.205 0.223 0.221 0.219 0.223 0.335 0.377 2470 2.534 2916
G-MIDAS 0.234 0.196 0.205 0.201 0.203 0.227 0.225 0.222 0.225 0.353 0.401 2.627 2.697 3.088
GEPU GIR-MIDAS  0.232 0.204 0.224 0.231 0.236 0.255 0.252 0.246 0.249 0.364 0409 2.517 2.579 2.966
E-MIDAS 0.226 0.191 0.207 0.212 0.216 0.235 0.234 0.233 0.235 0.344 0.388 2.472 2.536 2916
G-MIDAS 0.234 0.195 0.203 0.197 0.198 0.223 0.219 0.216 0.219 0.350 0.398 2.628 2.699 3.090
EER GIR-MIDAS  0.230 0.202 0.223 0.231 0.237 0.257 0.254 0.248 0.252 0.364 0.410 2.514 2.577 2.964
DAX E-MIDAS 0226 0.1838 0.204 0.208 0.212 0.231 0.229 0.228 0.232 0.343 0.387 2472 2.536 2917
G-MIDAS 0.234 0.194 0.203 0.197 0.199 0.225 0.223 0.220 0.223 0.353 0.401 2.630 2.700 3.092
EERys  GIR-MIDAS 0230 0.202 0.223 0.230 0.236 0.257 0.255 0.249 0.253 0.365 0.411 2.517 2.580 2.967
E-MIDAS 0.226 0.188 0.203 0.207 0.210 0.229 0.228 0.226 0.229 0.339 0.381 2.469 2.532 2912
G-MIDAS 0.238 0.197 0.212 0.206 0.207 0.236 0.228 0.210 0.213 0.365 0.420 2.655 2.731 3.121
IPys GIR-MIDAS  0.225 0.189 0.202 0.199 0.197 0.217 0.212 0.202 0.200 0.333 0.380 2.532 2.600 2.993
E-MIDAS 0222 0.177 0.186 0.181 0.178 0.199 0.197 0.193 0.193 0.321 0.366 2.480 2.547 2.932
G-MIDAS 0.235 0.196 0.204 0.199 0.200 0.224 0.222 0.219 0.221 0.349 0.394 2.627 2.696 3.085
CFNAI GIR-MIDAS  0.227 0.193 0.205 0.205 0.206 0.224 0.221 0.216 0.215 0.334 0.378 2.528 2.593 2.980
E-MIDAS 0225 0.186 0.198 0.199 0.200 0.217 0.215 0.213 0.215 0.327 0.369 2471 2.534 20915
G-MIDAS 0.236 0.200 0.210 0.207 0.210 0.234 0.233 0.232 0.237 0.360 0.407 2.626 2.696 3.087
FPUjpy  GIR-MIDAS 0229 0.201 0.221 0.228 0.233 0.253 0.251 0.244 0.246 0.361 0.406 2.517 2.580 2.967
E-MIDAS 0.229 0.193 0.208 0.211 0.213 0.230 0.228 0.228 0.232 0.340 0.382 2.470 2.534 2915
G-MIDAS 0.233 0.193 0.200 0.193 0.194 0.218 0.215 0.212 0214 0.347 0395 2.629 2.701 3.093
EERcy  GIR-MIDAS  0.230 0.202 0.223 0.231 0.236 0.256 0.254 0.247 0.250 0.363 0410 2.516 2.579 2.966
E-MIDAS 0.224 0.183 0.195 0.194 0.194 0.212 0.208 0.205 0.208 0.324 0.366 2.469 2.534 2917

Notes: The table reports the RMSE LOSS daily forecasts for 1-day ahead forecast to 3-month
ahead volatility forecasts for GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS
using all macroeconomic variables.
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Index Macro Model 1 5 10 15 20 25 30 35 40 45 50 55 60 66
G-MIDAS 0210 0.186 0.187 0.188 0.188 0.188 0.195 0.195 0.195 0.200 0.211 0.301 0.949 2.097

1P GIR-MIDAS  0.211 0.187 0.186 0.186 0.183 0.181 0.188 0.185 0.184 0.189 0.200 0.285 0.913 2.022
E-MIDAS ~ 0.206 0.178 0.180 0.181 0.180 0.179 0.186 0.184 0.184 0.190 0200 0.280 0.891 1.974

G-MIDAS  0.210 0.185 0.186 0.186 0.185 0.185 0.191 0.192 0.191 0.196 0.207 0.300 0.949 2.099

IN GIR-MIDAS  0.211 0.186 0.185 0.185 0.182 0.180 0.187 0.184 0.181 0.188 0.200 0.287 0.915 2.023
E-MIDAS ~ 0.205 0.176 0.179 0.180 0.179 0.177 0.184 0.183 0.182 0.189 0.200 0.280 0.892 1.974

G-MIDAS 0213 0.184 0.185 0.182 0.180 0.179 0.186 0.188 0.188 0.198 0.207 0.309 0.960 2.115

UR GIR-MIDAS  0.210 0.184 0.183 0.182 0.177 0.175 0.182 0.180 0.177 0.185 0.196 0.287 0.918 2.028
E-MIDAS  0.204 0.173 0.174 0.172 0.170 0.168 0.177 0.178 0.178 0.181 0.194 0.284 0.901 1.987

G-MIDAS  0.210 0.185 0.186 0.185 0.184 0.184 0.191 0.191 0.191 0.195 0.205 0.298 0.948 2.097

EPU  GIR-MIDAS 0.211 0.186 0.186 0.186 0.182 0.180 0.186 0.183 0.180 0.189 0.200 0.287 0.915 2.024
E-MIDAS ~ 0.205 0.176 0.177 0.177 0.176 0.174 0.182 0.181 0.180 0.185 0.195 0.278 0.893 1.978

G-MIDAS 0210 0.186 0.187 0.187 0.187 0.188 0.194 0.194 0.194 0.199 0.211 0.301 0.948 2.096

GEPU  GIR-MIDAS 0212 0.187 0.187 0.186 0.182 0.180 0.187 0.183 0.181 0.190 0.200 0.287 0.915 2.023
E-MIDAS ~ 0.207 0.181 0.184 0.188 0.188 0.188 0.194 0.192 0.191 0.198 0.209 0.283 0.889 1.970

G-MIDAS  0.211 0.186 0.187 0.186 0.185 0.185 0.191 0.192 0.191 0.197 0.208 0.302 0.951 2.100

EER  GJR-MIDAS 0.211 0.187 0.186 0.186 0.183 0.181 0.188 0.185 0.182 0.190 0.202 0.290 0.917 2.025
E-MIDAS  0.206 0.177 0.179 0.181 0.179 0.177 0.185 0.184 0.183 0.190 0.202 0.284 0.895 1.979

G-MIDAS 0211 0.186 0.187 0.186 0.186 0.186 0.192 0.192 0.191 0.197 0.208 0.300 0.948 2.097

EERys GIR-MIDAS 0211 0.186 0.186 0.185 0.182 0.180 0.186 0.182 0.180 0.188 0.199 0.287 0.915 2.023
E-MIDAS ~ 0.205 0.176 0.178 0.179 0.178 0.176 0.183 0.181 0.181 0.189 0.199 0.281 0.894 1.977

G-MIDAS  0.200 0.181 0.182 0.183 0.183 0.186 0.186 0.187 0.183 0.188 0.203 0.311 0.951 2.106

IPys  GIR-MIDAS 0.210 0.184 0.182 0.181 0.177 0.174 0.182 0.179 0.177 0.184 0.196 0.288 0.919 2.029
E-MIDAS  0.204 0.173 0.173 0.173 0.171 0.168 0.177 0.177 0.176 0.182 0.194 0.282 0.900 1.986

G-MIDAS  0.210 0.184 0.184 0.183 0.182 0.182 0.191 0.192 0.192 0.194 0.205 0.298 0.951 2.100

CFNAI GIR-MIDAS 0.211 0.185 0.182 0.181 0.177 0.176 0.184 0.183 0.182 0.185 0.196 0.284 00915 2.025
E-MIDAS ~ 0.205 0.176 0.177 0.177 0.176 0.173 0.183 0.184 0.183 0.185 0.200 0.285 0.900 1.986

G-MIDAS 0211 0.187 0.189 0.189 0.190 0.190 0.198 0.199 0.200 0.204 0.216 0.303 0.950 2.097

FPUjpy GIR-MIDAS 0.211 0.186 0.185 0.185 0.182 0.180 0.187 0.183 0.180 0.188 0.199 0.287 0915 2.023
E-MIDAS  0.210 0.184 0.186 0.188 0.187 0.185 0.193 0.193 0.194 0.198 0.208 0.285 0.893 1.976

G-MIDAS  0.210 0.184 0.185 0.183 0.182 0.182 0.189 0.189 0.188 0.193 0.204 0.299 0.951 2.101

EERcy GIR-MIDAS 0.210 0.185 0.184 0.183 0.179 0.178 0.184 0.182 0.179 0.186 0.197 0.286 0916 2.025
E-MIDAS  0.205 0.175 0.177 0.178 0.176 0.174 0.181 0.180 0.180 0.186 0.198 0.280 0.894 1.980

G-MIDAS  0.177 0.176 0.190 0.196 0.199 0.213 0.218 0.221 0.330 0.509 0.808 1.032 1.357 1.400

1P GIR-MIDAS  0.171 0.168 0.185 0.186 0.189 0.202 0.201 0.204 0.311 0485 0.775 1.000 1.324 1.370
E-MIDAS  0.174 0.170 0.189 0.194 0.199 0.214 0217 0.222 0310 0470 0.743 0.962 1275 1.317

G-MIDAS  0.176 0.175 0.188 0.192 0.197 0.210 0.214 0.218 0.325 0.503 0.801 1.025 1.350 1.395

IN GIR-MIDAS  0.172 0.169 0.186 0.188 0.191 0.203 0.204 0.206 0.309 0.481 0.769 0.993 1.315 1.359
E-MIDAS  0.172 0.168 0.185 0.188 0.193 0.208 0.209 0.214 0.310 0.474 0.750 0970 1.285 1.328

G-MIDAS  0.175 0.172 0.184 0.186 0.190 0.202 0.203 0.206 0.320 0.502 0.805 1.030 1.358 1.404

UR GIR-MIDAS  0.169 0.164 0.178 0.176 0.177 0.188 0.185 0.185 0.302 0.481 0.776 1.003 1.330 1.376
E-MIDAS  0.170 0.164 0.179 0.179 0.181 0.194 0.192 0.194 0300 0471 0.755 0.977 1295 1.339

G-MIDAS  0.182 0.189 0.210 0.222 0.235 0.251 0.261 0.269 0.360 0.525 0.811 1.031 1.352 1.396

EPU  GIJR-MIDAS 0.176 0.178 0.198 0.204 0.211 0.223 0.228 0.231 0.325 0.490 0.773 0.995 1.315 1.359
E-MIDAS  0.176 0.174 0.194 0201 0.208 0.223 0.227 0232 0.321 0481 0.755 0973 1.287 1.329

G-MIDAS  0.176 0.174 0.188 0.192 0.198 0.210 0.215 0.220 0.327 0.504 0.803 1.026 1.352 1.397

GEPU GIR-MIDAS 0.171 0.168 0.184 0.186 0.188 0.200 0.201 0.203 0.308 0.480 0.768 0.992 1.314 1.358
E-MIDAS  0.172 0.167 0.185 0.188 0.192 0.208 0.209 0.214 0.309 0473 0.749 0.969 1282 1.324

G-MIDAS  0.176 0.175 0.189 0.193 0.199 0.212 0217 0.222 0.329 0.506 0.804 1.027 1.353 1.397

NIKKEI EERys GIR-MIDAS 0.172 0.170 0.187 0.189 0.194 0.206 0.208 0.211 0.313 0.483 0.770 0.994 1315 1.359
E-MIDAS ~ 0.172 0.169 0.188 0.194 0200 0.218 0221 0.227 0321 0484 0.759 0.978 1292 1.333

G-MIDAS  0.187 0.197 0.222 0.240 0.256 0.274 0.288 0.299 0.383 0.541 0.820 1.037 1.355 1.398

FPUjpy GIR-MIDAS 0.181 0.186 0.209 0.220 0.230 0.244 0.251 0.257 0.342 0.501 0.777 0997 1314 1.357
E-MIDAS ~ 0.179 0.180 0.204 0.216 0.227 0.245 0.252 0.260 0.341 0.493 0.760 0.975 1285 1.327

G-MIDAS  0.173 0.170 0.179 0.175 0.178 0.192 0.188 0.190 0.328 0.524 0.846 1.066 1.396 1.449

IPys  GIR-MIDAS 0.169 0.164 0.179 0.177 0.178 0.189 0.186 0.186 0.303 0.481 0.776 1.003 1.329 1.375
E-MIDAS  0.170 0.163 0.178 0.177 0.179 0.191 0.188 0.191 0.297 0467 0.750 0.973 1292 1.338

G-MIDAS  0.178 0.178 0.193 0.199 0.205 0.216 0.220 0.224 0.329 0.504 0.801 1.023 1.348 1.390

CFNAI GIR-MIDAS 0.174 0.173 0.191 0.195 0.199 0.210 0.211 0.213 0.312 0.482 0.768 0.991 1312 1.356
E-MIDAS ~ 0.174 0.171 0.189 0.194 0.198 0.211 0212 0.216 0309 0472 0.749 0.969 1283 1.325

G-MIDAS  0.175 0.173 0.185 0.187 0.191 0.202 0.203 0.206 0.318 0.499 0.800 1.026 1.354 1.400

EERcy GIR-MIDAS 0.171 0.167 0.183 0.183 0.185 0.195 0.194 0.195 0.304 0478 0.769 0.995 1319 1.365
E-MIDAS  0.171 0.164 0.179 0.179 0.179 0.192 0.189 0.190 0.296 0.466 0.750 0.973 1291 1.336

G-MIDAS  0.311 0.278 0.275 0.272 0.288 0.322 0.273 0.269 0.267 0.275 0.289 0.424 0.635 0.781

i GIR-MIDAS  0.304 0.271 0.268 0.265 0.281 0.315 0.263 0.260 0.259 0.267 0.279 0.409 0.615 0.757
E-MIDAS  0.303 0.267 0.267 0.267 0.287 0.320 0.278 0.280 0.283 0.291 0.307 0.421 0.611 0.743

G-MIDAS 0312 0.279 0276 0.273 0.2838 0.321 0.271 0.268 0.267 0.274 0.288 0.421 0.629 0.774

IN GIR-MIDAS  0.303 0.271 0.268 0.264 0.280 0.314 0.262 0.260 0.259 0.267 0.279 0.409 0.615 0.757
E-MIDAS ~ 0.303 0.266 0.265 0.263 0.279 0.311 0.264 0.263 0.261 0.268 0.281 0.403 0.595 0.725

G-MIDAS  0.312 0.279 0.276 0.273 0.288 0.321 0.272 0.269 0.268 0.275 0.289 0.421 0.630 0.775

UR GIR-MIDAS  0.304 0.270 0.268 0.264 0.279 0.313 0.261 0.259 0.258 0.266 0.278 0.408 0.614 0.756
E-MIDAS ~ 0.304 0.267 0.267 0.265 0.281 0.310 0.260 0.261 0.263 0.270 0.280 0.395 0.580 0.708

G-MIDAS 0311 0.278 0.275 0.272 0.287 0.320 0.271 0.268 0.266 0.274 0.289 0.423 0.634 0.780

GEPU GIR-MIDAS 0.304 0.271 0.268 0.264 0.280 0.314 0.262 0.259 0.258 0.266 0.278 0.408 0.613 0.755
E-MIDAS ~ 0.303 0.266 0.265 0.263 0.279 0.308 0.257 0.259 0.263 0.270 0.280 0.392 0.576 0.706

G-MIDAS 0312 0.278 0.275 0.271 0.286 0.321 0.270 0.267 0.266 0.274 0.288 0.422 0.634 0.780

EER  GIR-MIDAS 0.304 0.270 0.268 0.264 0.279 0.313 0.261 0.259 0.258 0.266 0.278 0.408 0.614 0.756
E-MIDAS  0.303 0.265 0.263 0.260 0.276 0.306 0.255 0.255 0.256 0.263 0.274 0.395 0.590 0.725

G-MIDAS  0.312 0.279 0.276 0.272 0.287 0.322 0.272 0.268 0.267 0.275 0.289 0.424 0.635 0.781

EERys GIR-MIDAS 0304 0.271 0.268 0.264 0.279 0.313 0.262 0.259 0.258 0.266 0.278 0.408 0.614 0.756
E-MIDAS  0.303 0.265 0.264 0.261 0.277 0.308 0.259 0.258 0.258 0.265 0.277 0.398 0.594 0.729

G-MIDAS  0.322 0.278 0.277 0.271 0.287 0.334 0.293 0.286 0.281 0.278 0.305 0.448 0.662 0.803

IPys  GIR-MIDAS 0.303 0.270 0.267 0.262 0.278 0.313 0.261 0.258 0.257 0.266 0.279 0411 0.619 0.763
E-MIDAS ~ 0.303 0.264 0.262 0.259 0.275 0.307 0.256 0.254 0.254 0.262 0.274 0.399 0.598 0.735

G-MIDAS  0.311 0.278 0.275 0.272 0.288 0.321 0.272 0.268 0.266 0.275 0.287 0.421 0.631 0.776

CFNAI GIR-MIDAS 0.303 0.271 0.268 0.265 0.280 0.312 0.261 0.259 0258 0.266 0277 0.406 0.611 0.752
E-MIDAS  0.303 0.266 0.264 0.261 0.277 0.307 0.256 0.255 0.256 0.263 0.273 0.396 0.593 0.730

G-MIDAS  0.310 0.278 0.275 0.272 0.287 0.321 0.272 0.270 0.268 0.276 0.290 0.423 0.633 0.780

FPUjpy GIR-MIDAS 0.304 0.271 0.269 0.265 0.281 0.314 0.264 0.261 0.260 0.268 0.279 0.408 0.613 0.755
E-MIDAS ~ 0.304 0.267 0.266 0.264 0.280 0.310 0.263 0.262 0.263 0.269 0.280 0.399 0.591 0.724

FTSE100

HSE




Bayesian MCMC Approach to Asymmetric
GARCH-MIDAS Models with Jump Components

3.1 Introduction

If the presence of outliers/rare events is ignored in standard GARCH models, then QML esti-
mates tend to produce very high persistence close to IGARCH effects. Liu et al. (2019) argued
that if structural breaks were ignored, then the volatility persistence of GARCH models would
be overestimated such that the estimates are often close to the parameter boundaries that violate
stationarity of the volatility. To accommodate structure breaks or rare events, the t-distribution
and the generalized error distribution were imposed on innovations by Bollerslev (1987) and
Nelson (1991) whereas Bai et al. (2003) employed a mixture of two zero mean normal distri-

butions.

In the GARCH-MIDAS literature non-normal innovations have not been explicitly considered
though violation of normality assumption may lead to inconsistency of QML estimates. An-
other weakness of the QML method lies in that when estimating the complex models with a
large number of parameters, the QML estimation may result in the convergence to a local max-
imum instead of the global maximum of the likelihood function (Conrad and Kleen (2019)).
Since the likelihood function for GARCH-MIDAS models is maximised via a constrained op-
timisation to ensure non-negativity and stationarity of the volatility, the optimal properties of
MLE do not necessarily hold. Moreover, it is hard to obtain the global maximum, especially if
the true parameter values are close to the boundary of the parameter space and/or the short term

volatility component is nearly non-stationary.

As a main contribution, we propose Bayesian MCMC methodology to estimating asymmet-
ric GARCH-MIDAS models that also include jump components, which are supposed to capture
the presence of rare events In the Bayesian approach, each parameter ©; is regarded as a
random variable with a known prior distribution 7(®;), from which we derive the posterior dis-

tribution, p(®; | ©®_;,r) where r denotes returns data and ®_; is the set of the other parameters.

IThe MCMC approach has not been popular for estimating standard GARCH models because the posterior
distributions of the parameters cannot be expressed as known families of distribution. To overcome this difficulty,
Ardia (2008), Takaishi (2011), Bauwens and Lubrano (1998), Vontros et al. (2000), and Nakatsuma (2000) apply
a Metropolis Hasting simulation method which consists of approximating (complex) posterior distributions by
normal or Gamma distributions, from which it is straightforward to apply the simulation method.
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We then construct the MCMC estimate, denoted (:),-, as the sample mean of a large number of
draws from p(®; | ®_;,r).

The MCMC estimate is close to the QML counterpart if the number of iterations/updates is
sufficiently large (Markov Chain Monte Carlo theorem). More importantly, the precision of the
MCMC estimate for GARCH-MIDAS models does not depend on the complexity or dimension
of the model, since the joint density can be expressed as a function of marginal densities by
Bayes theoremE] Addition of a parameter in the model will only increase the number of itera-
tions to reach convergence. This is a main advantage over the QML estimation that becomes
intractable as the dimension of the parameters rises. Furthermore, we can obtain credible inter-

vals for the parameter estimates from the empirical distributions of the large simulated samples.

We confirm the validity of the MCMC approach via a comprehensive simulation study. First,
when the simulated data do not contain outliers, both MCMC and QML estimates are rela-
tively accurate for GARCH-MIDAS model while MCMC produces more precise estimate of
the leverage effect than QML for GJR-GARCH-MIDAS and EGARCH-MIDAS models. How-
ever, when the simulated data contain jump components, we find that QML estimates become
unreliable or computationally infeasible. Still, the proposed MCMC estimates can be easily
conducted and are relatively satisfactory.

We aim to address the important issues of leverage effect and rare events by applying the
jump-augmented asymmetric GARCH-MIDAS models to an analysis of time-varying volatility
patterns of WTI daily returns over the period 09/2000-8/2019. We also evaluate the relative
performance of GARCH-MIDAS-J, GIR-GARCH-MIDAS-J and EGARCH-MIDAS-J models
in terms of in-sample fit and out of sample forecast performance. To examine the impacts of
macroeconomic conditions on the long-run volatility, we consider a range of macroeconomic
indicators for US, China, Russia and OPEC.

In sum, we document evidence that the inclusion of the leverage effect, the long term volatility,
and rare events through jump will be important in capturing the salient time-varying volatility
patterns of the daily WTI returns. BIC convincingly selects MIDAS models with jump com-
ponents over MIDAS models without jump components. The jump augmented MIDAS models
produced significant long term coefficients (6) with predicted signs for all macroeconomic vari-
ables. Overall, EGARCH-MIDAS-J is the most preferred model. When evaluating the relative
importance of each macroeconomic variable by employing VR that measures the fraction of the
total volatility explained by the long term component, we find that the most influential variable
is the OPppgc, that explains 43.5% of the total volatility for WTI returns. This highlights the
dominant position of the OPEC in the global oil industry. Finally, in terms of RMSE and QLIKE
loss functions, we find that EGARCH-MIDAS-J outperforms both GJR-GARCH-MIDAS-J and

’In the past when the computing power was limited, the Bayesian approach is criticised mainly because it
requires proper prior distributions of the parameters. Nowadays, the selection of the prior distributions and the
initial parameter estimates are no longer crucial as long as they are non-informative, i.e. close to the uniform
distribution on the support of the parameters.
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GARCH-MIDAS-J for almost all cases considered.

This chapter is organised as follows. Secion 2 presents the general class of GARCH-MIDAS
models with leverage effects and jump components. In Section 3, we describe the Bayesian
MCMC estimation using the Metropolis-Hasting and Adaptive approach. Section 4 presents
the comprehensive simulation results. Section 5 provides the main empirical findings for WTI

returns. Section 6 concludes.

3.2 Generalised GARCH and EGARCH MIDAS Models

In this section, we develop the general class of GARCH-MIDAS models by adding a jump
component in the return equation to capture dynamics of rare events. The occurrence of a rare
event is usually modelled by incorporating a component of the form, b,z; where b; is an indi-
cator of a rare event/jump of size, z; with probability k. We assume that b; follows a Bernoulli
distribution with a parameter, k i.e. P(b; = 1) = k, and P(b; = 0) = 1 — k where K is usually
less than 0.1. The size z; is considered as an observation from a random variable that follows a
normal distribution, N(;,62).

Rare events can be incorporated either in the return equation, in the specification of the short
term volatility or the long term VolatilityEI We consider only the case where the jump component

b;z; 1s included in the return equation, i.e.

re =W +bizi + 01 (3.2.1)

where L is either set to a constant intercept (1, or a function of the volatility components, i.e.
We=un+Ag+ 0y

where g; and 7; are the short term and long term volatility components for o; = /g;7;, and
& ~N(0,1).

We assume that 7; is modelled by:

K
log(t) =m~+6 Y wiX; ¢ (3.2.2)
k=1
where wy, is defined by:
(1-%)®
Wk: K k P kzl,...7K
Yimi(1—%)

satisfying ZkK:1 wi = 1, X is the macroeconomic variable, and K is chosen by the user where its

31n the literature, the jump component was included only in the return equation for GARCH models whereas it
was included in both the return and volatility equations for stochastic volatility models.
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typical values are 12, 24, or 36.

Then, the GARCH-MIDAS Jump augmented model can be expressed as:

r=U4e (3.2.3)
€ — b[Z[ + \/glrlgl (324)
K
log(t) =m+6 Y wiX,—« (3.2.5)
k=1

where & ~ N(0,1). We then consider the three different models for the short term volatility,
g: that follows unit-variance GARCH(1,1), unit-variance GJR-GARCH(1,1) or unit-variance
EGARCH(1,1) (see Chapter 2):

Unit-variance GARCH(1,1):

2
r—1 — _
&:%+aﬁi?%il+ﬁ&4 (3.2.6)
t_

wherep=1—-a—B,0>0,0<B<l,and0< o+ <1

Unit-variance GJR-GARCH(1,1):

2 2
Fr_1— Wp— 1 — Wy_
g (t 1 — Mt 1) ,y(’”t 1 — M 1)
Tr—1 Tr—1

l(r,,l—u,71<0) +Bg1 (3.2.7)

where g =1-a—f -1, a>0,0<B <1, y>0,and0<o+B+%<1.

Scaled EGARCH(1,1):
| re—1— -1 | \/3 Tr—1— M—1
lo =cy+o(——————— — | =)+ Y(——)+ Blo _ 3.2.8
g(g1) =co+af P ﬂ) ¥( gl_m_l) Blog(gi—1) (3.2.8)

where 0 < B < 1, and ¢ is chosen as a function of the parameters of EGARCH(1,1), so that
E(g;) = 1 for identifiability purpose. In Bayesian estimation, we use the scaling technique pro-

) . = 7
posed in chapter 2 i.e. co = ay/ 5.

The general model nests GARCH-MIDAS, GJR-GARCH-MIDAS and EGARCH-
MIDAS models by fixing b, = 0, and A; = A, = 0. We estimate the parameters of GARCH-
MIDAS jump augmented model using (3.2.3) instead of (3.2.1) to avoid the usage of the fol-
lowing specification of g; of EGARCH-MIDAS:

(| r—1— M —bz | %H_y(n—l —Mi—1 — b1z

+ Blog(gi—1
8t—1T—1 T VE8t—1T—1 ) P (t )

(3.2.9)

If we use (3.2.9), (by,z;) are drawn from their posteriors for each ¢ which require the necessity

log(g:) =co+
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of updating log(g;) from time ¢ to T in each MCMC iteration which is time consuming (Naka-
jima (2012), and Chen and Grant (2016)). This is also the case when the specification of g; is
GARCH, or GJR-GARCH.

The use of (3.2.4)) simplifies the estimation procedure since (3.2.1]) can be expressed as
re = +e

where e, follows a mixture of N(0,07) and N(L;, 02 + 62) with mixing parameter k, whose
density is given b

This can be derived by noting that (3.2.4) can be written as:

w/gtftgt if b[ =0
2t —l-\/gt’ct&‘; lf b[ =1

N(0,g:7) with probability 1 — K

e =bizs +/&T& =

N(uz, g7+ 63) with probability k

where z; ~ N(lt;,02), & ~ N(0,1), and assuming the size z; of the jump is independent of &.

To sum, it is almost impossible to estimate the general GARCH-MIDAS models,
by the QMLE due to the large number of parameters, 6+ 2(p + 1) parameters (more than 7) for
GARCH-MIDAS-J, and more importantly the parameters of GARCH(1,1) with mixture normal
are estimated using the iterative Expected Maximum (EM) algorithm which is sensitive to the
initial values (Lee and Lee (2009)) and time consuming. This led to its estimation using MCMC
algorithm (Ausin and Galeano (2007)).

The Bayesian MCMC Estimation

In Bayesian estimation, the parameter vector ® € RY of a given model is considered as a ran-
dom variable having a density 7(®), called the prior density. This distribution represents our
prior belief about the value of ®. Using Bayes theorem, the conditional density p(® | r) can be
expressed as

p(r,0) L(r| ©)7(0)

PO = = JoLir| ®)n(®)d® (3.2.10

where L(r | ©) is the likelihood function. p(® |r) is called the posterior density of ®, repre-

4When the innovation of standard GARCH(1,1) model follows the mixture normal distribution, the model is
called a mixture GARCH model, see Ausin and Galeano (2007).
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senting our knowledge about the parameter © after having observed r. The Bayesian estimate,
®is E(O | r), which is defined by:

6= / ®p(© | r)d® (3.2.11)
Q]

If d = dim @ is large, then ® cannot be computed analytically from (3.2.11) because, in general,
p(O|r) cannot be expressed in a close form despite that [o L(r | ©)7(®)d® is constant with
respect to O, i.e.

p(®|r)e< L(r| ®)n(0) (3.2.12)

We can overcome this technical difficulty by estimating ® by the sample mean of simulated
samples from its posterior density. Thus, Bayesian estimation reduces to an evaluation of the
sample mean of draws ®\/) from p(@|r), where ®U) is the simulated value of © in iteration j.
Note that ®/)’s can be simulated using the MCMC algorithm, irrespective of the complexity of
p(® | r) as long as the likelihood function L(r | ®) is well-defined on the parameter space of ©.

The MCMC algorithm updates p(@® | r) iteratively from updated value of L(r | ®). More ex-

plicitly, it consists of the following iterative steps:

(i) Choose initial parameter values, denoted ®(0), and any starting values of the data, for
t = 0, that are necessary to compute L(r|@()) .

(ii) Draw ©Y) from p(®|r) o< L(r|®U~ D)7 (®)

We repeat step (ii) a large number of times N.

When O is a high-dimensional parameter vector, it is useful to group the d parameters of the
model in m subgroups, i.e. ® = (0,0, ...,0,,) whered =Y" | d;, d; = dim ®;, and step ii) will

be expanded into m steps: Each G)Ej )

is simulated separately from its low-dimensional posterior
density, p(©; | ®(—]1_ U,r). In other words, step (ii) of the MCMC algorithm is expanded into m
steps where the ith step consists of simulating ®; from p(®; | ®_;,r) and each ®; is computed

using:
N ()
R i 0,
O, = Szl T (3.2.13)
N — n,

where N is the number of iterations and we usually set n;, = % to eliminate the impact of the
initial value of (:)go). Tierney (1994) showed that (@1 .0,,...., (:)m) is a Markov chain and con-
sistently estimates the d-dimensional ®. Notice that when some individual elements of ® are

estimated as a subgroup, it improves the speed of the MCMC algorithm.

In sum, the Bayesian MCMC methodology reduces mainly to simulating ®;’s from their poste-
rior densities assuming that the other parameters ®_;’s are equal to their draws in the previous
iteration. This approach is popular for estimating complex models even if the posterior densi-

ties p(®; | ®_;,r) do not belong to a known family of densities, We next provide the detailed
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MCMC algorithms for GIR-GARCH-MIDAS, and EGARCH-MIDAS models with and without

jump component.

3.2.1 MCMC algorithm for GJR-GARCH-MIDAS

Consider the GIR-GARCH-MIDAS model given by

= U4 /8i & (3.2.14)
K
log(t) =m+06 Y wiXi_i (3.2.15)
k=1
re—1 — 2 re—1 — 2
g = (X0+OC( ! ; I‘u) —i—}/( d 11_ 1‘u> 1(r,,1—,u<0)+ﬁgt—l (3.2.16)
t— 1—

ko
Whereoc>0,0<ﬁ<1,0<06+[3+%/<l,aozl—a—ﬁ—%,wk %ferk—l LK,
k=1 K

Y& wi =1, and we assume & ~ N(0,1). It nests GARCH-MIDAS model by imposing y = 0.

Let ® = {u,0;,0.,0} where 8, = {a, 3,7} are the parameters of the short-term component,
g1, 01 = {m, 0} are the parameters of the long-term component, 7;, and ® is the parameter of
the weighting function wy. Assuming & ~ N(0,1), the likelihood function, L(r|®), and the
posterior density, p(® | r), can be expressed as

L(r|©) = ﬁ Ltk (3.2.17)
8t V4%
gtTt
p(@|r)oe< L(r| ®)n(0) (3.2.18)
To implement the MCMC algorithm for estimating ® from the returns data r = {rg,r,...,rr}

and initial parameter estimates,®(0), we consider the following prior distributions, 7(.)’s for the

individual elements in ®:

u~N(0,1)
(O‘aﬁ) ~ LN2(0712)1(0<06+B+}//2<1)

7|(O‘>B) NN<O> 1)1(0<oz+[3+y/2<l)
0L = (m,0) ~Ny(0,Z71); @~ N(10,20*)1(; <50

where I, is an identity matrix, 1 is an indicator function, LN, denotes a bivariate log-normal
distribution, i.e. (loga,log ) ~N2(0,12)1(g4g+y/2<1)» and Np(d, X) represents a p-dimensional
multivariate normal distribution with mean ¢ and variance X. Chen and Grant (2016) em-
ployed the above prior distributions of , (¢, B) and y for GARCH(1,1) and GJR-GARCH(1,1)
whereas Ardia (2008) and Nakatsuma (2000) used common uniform and normal prior distri-
butions for (@, ). We prefer to use the log-normal prior to deal with non-negativity of («, f3)

respectively.
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We summarise the MCMC algorithms for estimating GJR-GARCH-MIDAS as follows:

1. Choose initial estimates of parameter, denoted 00 = (u((’),eff’) ) 020), (0(0));

2. Draw p'!) from p(u | ®_y,r) where ®_; = (00, 95(10),9(0));

3. Draw o) from p(@ | ©_g,r) where ©_, = (‘u(l)ﬁéo)’ L(O));

4. Draw O(Ll) from p(0y | @,GL,r) where @_q, = (‘u(l)’w(l),géo));
5. Draw 6" from p(85]©®_g,,r) where ©®_5 = (uV) o), QL(I))_

Repeat steps 2 to 5 a large number of times, N, by resetting initial estimates, ®( ) , by eu-b,
®_; denotes the updated values of all the elements of ® excluding ®;, and each posterior dis-
tribution p(®; | ®_;,r) is computed using (3.2.12). However, p(0; | ©®_;,r) does not belong to
a known family, for any choice of the prior distribution 7(®;), which led us to use Mitropolis-
Hasting method for drawing ut,0,,0;, and ®@. Then, we obtain the MCMC estimate, ©; as the

sample mean of the truncated simulated draws, {@5"”1), e @l(N)} by (3.2.13).

Using (3.2.17H3.2.18) and the above prior densities, we derive in Appendix 2, the posterior
densities of the individual elements of ©;:

T 1 rt
p(,u ‘ @_”7 o H - 1— p2(1+x7 1g,fl) 2uyl e +Y- 1(g,fl)2} (3.2.19)
=1 A

ﬁ

For convenience, draws of 85 = (o, 3,7) are obtained from draws of 8 = (¥,7»,Y) where
11 = log(), and y» = log(B), by expressing the short-term component in (3.2.16)) as
Y (r—1—u)? (r—1—u)?

gr=l=el—eR =g+l o L —u<0) +e”gi-1

Then,

1 r, */ 0%
YL, o ey (3.2.20)

p(e;k ’ @_9;,[‘) o< (
sz

1~
i

t

)2
o HEL, Uy (3.2.21)

:'ﬂ

0y,
Pl rt :1 gtTt

Similarly, the posterior densities of the parameters of the long term component (0, ®) are:

1 JeHEL Uk 1616, ) (3.2.22)

0.]|0_g,,r)c<
P(6L1 0 g,.x) e (]

e b
Q‘

t
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T > 2

1 _lgyr (o) | (o107,

p(@|O_gp,r) o< || e 2Wi=1" gy 02 (3.2.23)
( | © ) <[:l Vngt)

Notice however that the posterior density, p(i | ®@_,,r) in (3.2.19), cannot be expressed as a
normal density because g; is a function of y, and (TJ_, \/ﬁ) or (1+YL #) is not a constant.
Indeed, this issue also applies to all other parameters. Simulations from the posterior densities
(3.2.19-3.2.23) can be conducted using Random walk, Metropolis Hastings method (Chib and
Greenberg (1995)) or the Adaptive MCMC approach, which approximate the posterior densities
by known densities such as Normal densities so that we can easily update posterior distributions
in each iteration. In this regard, we propose approximating the posteriors density by normal
density, denoted ¢(®;) with mean “é)i and variance Zgi. Hence, we expect that the parameters

ugi and Zz‘;)i of the proposal density ¢(®;) are equal to the mean and variance of the posterior

density p(®; | ®_;,r). Using the 2nd order Taylor expansion of p(0; | ®(fl_ 1),1‘), we have:

dlog(p(®; | ®Y ) 1))
00;

1o, = ©i+ X5, 06, (3.2.24)
dlog(p(©; |0 ", 1))

yE =
©i 00,00/,

6.6, (3.2.25)

where ©; is the mode of p(®i|®(_ji_ b ,r). If ®; is uni-variate, {ig , and Xg_are the mean and the
variance of the proposal uni-variate normal density. See Appendix 2 for analytic details.

In the jth iteration of the MCMC algorithm, a simulated value ®; from ¢(®;) is regarded as a
draw ®§] ) from p(6; | G)(fl_ l),r) if it passes the following Acceptance rejection test:

1. Accept © as a draw from p(®i|®£j; 1),r), ie. G)l(j ) = ©7, with probability k¥ where

[ p@: 18V Y el )
A IR P N
p(® | ®—i 7r)q(®i)

1

2. If O is rejected, then we set: @l(j) — @V,

1

Smith and Roberts (1993) discusses the asymptotic properties of the final simulated sample,
{@E””), ...,@EN)}, as a representative sample from p(®;|®_;,r), under mild regularity condi-
tions, and therefore @ is a consistent estimator of ®. They also considered MCMC algorithm
as the stochastic analogue of the EM algorithm where expectations and maxima are replaced
random draws.

If the computation of /,Lg’, and Za using (3.2.24H3.2.25)), is rather tedious, then draws from
the posterior density p(®; | ®_;,r) can be simulated using the Random Walk (RW) or Adaptive
Random Walk (ARW) approach. RW simulates the new candidate ®; by perturbing the current
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=1

value, O, using the following bootstrap technique:

©f =0 + ey (0,1,) (3.2.26)

where d; is the dimension of ®; and c is a tuning parameter selected by the user to ensure that
the rate of acceptance of ®;’s is more than 40%. ARW is similar to RW except that the tuning
parameter c is updated such that the variance, cly, is equal to the sample variance of the previous
draws {G)l(n” ), ey ®(j _1)}, where the update is done, for example, every 100 or 200 iterations.

1

Roberts and Rosenthal (2009) advanced the following adaptive proposal, ¢(®;):

N, (©U=D 0121, /d;) if j < 2d;
9(©;10\”, 0" ....0V ) = (1- 8N, (0U,cov(©©),001), ... 0U~1)2.382/d;)
+8Ng.(0U=1,0.121,, /d;) if j > 2d;

where the scaling factor, 2.38 is applied to optimise the mixing properties of the Metropo-
lis search for the Gaussian proposals (Gelman, Roberts, and Gilks 1996). ¢(®;) is a mix-
ture of two normal distributions with a mixing parameter & when the number of iterations
exceed 2d. Following Roberts and Rosenthal (2009) we set 6 = 0.05. The second component,
Nd(G)(j -D.0.121, /d) would prevent us from generating singular covariance matrix due to some
problematic values of Cov(®(0),®(1), .., 0U _1)). Notice that the Adaptive step is applied only
to the burn-in draws. After burn-in, we then fix the value of the covariance matrix and use a

normal proposal to continue the Metropolis Hastings step for .

For jump augmented models illustrated in (3.2.1) or (3.2.4), we add two more steps to the

MCMC algorithm; namely, simulating from the posterior density of the mixing parameter K us-

ing uniform prior [0,0.15] for k, and from the posterior density of the parameter vector (L, 672)
of the jump size using normal prior N, (0, 100) for (u,log(c?)). Hence, the MCMC algorithm
for GJIR-GARCH-MIDAS with jump combines steps 1 to 5 with the following two additional
steps:

6. Draw k() from p(x | ®_,r) where O_, = (u(l),es(l), GL(I),CO(I),/.L(O),GZZ(O))
7. Draw (uz(l),czz(l))fromp(uz,czz|® o2 T) where®_ :(u(l),es(l),OL(l),co(l),K(l))

Then, we repeat steps 1 to 7 a large number of times, and obtain the MCMC estimate, (:),-, by
(13.2.13).

The posterior distributions of all parameters can be derived using (3.2.18). Since the condi-

tional density of the r; is a mixture of two normal densities, we replace the likelihood function

in (3.2.17) by

H - ks
| @ o 2% 4 ———p 20itumn (3.2.27)
ngl Vo2 +an
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3.2.2 MCMC algorithm for EGARCH-MIDAS models

Consider the jump-augmented EGARCH-MIDAS model given by

r=Ute (3.2.28)
K
log(t) =m+6 Y wiX, (3.2.29)
k=1

| 1 — e | \/E (rt—l —Hz—1>
lo =co+| ——m——— —/— | + —— ) +Plo _ 3.2.30
g(gr) = co ( PR p Y T Blog(gi-1) ( )

where 0 < B < 1, ¢o, @, ¥, U, m, and 6;s are real. We assume ¢, is the mixture of N (0, 7;g;)

and N(U;, T8 + 622) with mixing parameter k, and cp = & \/% to ensure that g; is scaled
EGARCH(1,1). EGARCH-MIDAS-J nests EGARCH-MIDAS model by imposing b; = 0O for
all  or k =0.

Define ® = (u,0;,0,®) where 8, = (a,log(f),7) are the parameters of the short-term com-
ponent g;, O = (m, 0) are the parameters of the long-term component, 7;, and ® is the param-

eter of the weighting function wkE]

The MCMC algorithms for EGARCH-MIDAS and EGARCH-MIDAS-J models are the same
as those of GJR-GARCH-MIDAS and GJR-GARCH-MIDAS-J models, except that we need to
use the following prior density of 6;:

0,= ((X,lOg(ﬁ), ’}/> ~ N3<07[3)1(0<ﬁ<1)

We summarise the MCMC algorithms for estimating EGARCH-MIDAS as follows:
1. Choose initial estimates of the parameters @ggM = (u<0>,e§°>,e§°), o);
2. Draw pY) from p(u | ©_,,r) where @_), = (a)(o),QgO), 6(0);
3. Draw oY) from p(® | O_g,r) where ©_, = (u(V), 95(0)7 OL(O));
4. Draw 9 ) from p(0L]© _g,,1) where @ g, = (uV), 01, 9§0));
5. Draw 8" from p(85]©®_g,,r) where ©®_ g = (uV), o), GL(I)).
For EGARCH-MIDAS-J model, we add two more steps:
6. Draw (1) from p(k | @_,r) where ©@_, = (u1), 05(1), BL(]),(D(I), (0)7622(0))
7. Draw (uz(l),czz(l)) from p(,, 07 | @_”szz,r) where @_ ), 52 = (ut, Gs(l), GL(I), oM, k()

Then, we repeat steps 1 to 5 or 1 to 7 a large number of times, and obtain the corresponding

>We can derive the log-likelihood functions for EGARCH-MIDAS and EGARCH-MIDAS with jump similarly

to (3.2.17) and (3.2.27), respectively.
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MCMC estimate, O; by (3.2.13).

Simlarly, to GARCH-MIDAS and GJR-GARCH-MIDAS, the posterior densities of the param-
eters of EGARCH-MIDAS cannot be expressed using known families of densities.In Appendix

2, we derive:

T 1 2 T 1 1 T -1

1 —z{u (Z,:lg 1+7)—2u():,:1g 1_“0)}

P | © ) e (H—)e e :
=1 \/ 8t

T 1 _LZT (ri—1 *#)2
p(es |/*L’ eL7 a))oc H e P st TE(OS)

T
p(OL |1, 8, ) (H

| ) T 1 _%ZT . (r—1 *ﬂ)2
plolu, 65 01 ) = e *77 &=l 1]0.50]p
( L tI;Il T [0.50]

Since the term Hthl \/ﬁ is a function of @y, O, and ®, the posteriors cannot be expressed
as a multivariate normal density. Similarly the posterior of y cannot be expressed as a normal

density because Hthl \/LE is a function of u.

The posteriors of the parameters of the jump size z;, and the mixture parameter k are discussed
in Appendix 2.

3.3 Monte Carlo Simulation

We conduct two experiments to investigate the finite sample performance of the Bayesian
MCMC and QML estimators. To make the simulation design realistic, we construct the two
data generating processes (DGP) with and without jump components in a data-oriented manner

where r, represents the value of the return on "

day, for t = 1,...,T, of the simulated return
data. For each ¢, we denote by n, for n = 1,..., N, the month to which day ¢ belongs to, and we
denote by i, for i = 1,...,22 working days, its index in the month. In other words, the day ¢ is

described by (i,n) i.e. t =22(n—1) +i.

3.3.1 Experiment 1: the DGP with no jump components

First, we generate a sample of (180 + K) monthly observations with K = 24 for an artificial
macroeconomic Variableﬁ which follows an AR(1) process (e.g. Conrad and Kleen (2021)):

Xn = QOxp_1 + &, € ~N(0,1), n=1,..,180+K

Swe generate (180 + K) samples for x,, due to the K lagged values of x, used in modelling log 7,,.
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where we set @ = 0.95 and xo = 0. Second, we generate the 180 monthly observations of the
long term volatility, 7, by

K
log(Ty) =m+6 Y w(k, ©)xgin—k n=1,...,180
k=1

where w(k,®) is the Beta weighting function. We set m = (—0.1,0.1) and consider several
values of 6 = (0.3,—0.45,0.45,0.6) and @ = 10. Third, we generate the 22 x 180 daily obser-
vations of the unit-variance short-term volatility, g; = g; , by

. Y
GARCH-MIDAS: gi,, = (1 —a— B) + al"=l=t" 4 go. | -

Tn

B ~ e 1w R_Y (i1 p—1)? (riia—p)* ) .
GIR-GARCH-MIDAS: g;, = (1— .~ B— %) + ty U —peo + B8t}

n Tt

EGARCH-MIDAS: l0g(g; ) = oc\/%+ of 'J;lg;j“' — \/%} + e+ Bgi- L

We set the true values of the parameters as follow: (e, ) = [(0.05,0.92),(0.08,0.9)] for
GARCH-MIDAS, (e, ,7) = [(0.05,0.85,0.1),(0.08,0.82,0.1)] for GIRGARCH-MIDAS, and
(a,B,y) = [(0.03,0.85,—0.1),(0.05,0.9,—-0.07),(0.05,0.92,—0.04)] for EGARCH-MIDAS.
Finally, we generate daily returns by r;, = U+ /T8in€&, Where we set g = 0 and draw &

randomly from N(0, 1). To simulate r; , and g; , recursively, we set initial values, rp; = 0 and

go1=1.

Table reports the simulation results when the DGP is generated by GARCH-MIDAS
processes. We find that both MCMC and QML estimates are satisfactory and close to true
parameter values, even though QML produces a biased estimate of @ with a large standard er-

ror. Further, MCMC produces the smaller standard errors of the long term estimates (m and )
than QML.

Table presents the QML and Bayesian MCMC estimates when the DGP is GJR-GARCH-
MIDAS. We obtain qualitatively similar results to those of Table [3.3.1] Further, MCMC pro-
duces more precise leverage coefficient, y with the smaller standard error than QML.

Table presents the QML and Bayesian estimates when the DGP is EGARCH-MIDAS.
We also obtain qualitatively similar results to those of Tables [3.3.1]and [3.3.21 MCMC also pro-
duces more precise leverage coefficient, Y with the smaller standard error than QML. Further,

the bias of QML estimate of the long term intercept, m becomes large with substantially large

standard errors.

In sum, we establish that Bayesian MCMC can produce the relatively precise estimates for
GARCH-MIDAS, GJR-GARCH-MIDAS and EGARCH-MIDAS models. In the current case
where the persistence (o + f3) is less than 0.98, we find that QML estimates are also satisfactory.
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Table 3.3.1: MCMC and QML estimates for GARCH-MIDAS
u o B m 0 )
TRUE 0 0.05 0.92 -0.1 0.3 10
QMLE -0.001 0.049 0.911 -0.137 0.336 15.058
(0.015) (0.011) (0.020) (0.079) (0.081) (19.105)
MCMC -0.001 0.052 0.905 -0.128 0.331 10.329
(0.028) (0.009) (0.020) (0.064) (0.072) (3.582)
TRUE 0 0.08 0.9 0.1 0.6 10
QMLE 0.003 0.079 0.898 0.116 0.595 13.631
(0.014) (0.010) (0.013) (0.150) (0.118) (10.859)
MCMC -0.001 0.080 0.899 0.104 0.606 10.417
(0.025) (0.009) (0.012) (0.115) (0.108) (3.380)

Notes: This table reports the estimation results of GARCH-MIDAS (3.2.3-3.2.6) using Bayesian MCMC approach
and QMLE approach when DGP is GARCH-MIDAS model with 250 replications. MCMC estimates are evaluated

using 30,000 iterations with 10,000 burn-ins. Standard deviations are given in brackets.

Table 3.3.2: MCMC and QML estimates for GJR-GARCH-MIDAS

Parameter u o B Y m 0 )
True 0 0.05 0.85 0.1 -0.1 0.3 10
QMLE 0.001 0.045 0.845 0.124 -0.119 0.309 15.143
(0.014) (0.013) (0.019) (0.021) (0.089) (0.081) (22.649)
MCMC 0.003 0.054 0.855 0.097 -0.122 0.305 10.380
(0.023)  (0.012)  (0.019)  (0.018)  (0.063)  (0.072) (3.291)
True 0 0.08 0.82 0.1 0.1 0.45 10
QMLE 0.002 0.076 0.814 0.111 0.108 0.452 17.052
(0.014)  (0.013) (0.019) (0.020) (0.093) (0.083) (37.215)
MCMC 0.009 0.081 0.843 0.099 0.119 0.441 10.975
(0.023) (0.012) (0.019) (0.018) (0.065) (0.065) (3.351)

Notes: This table reports the estimation results of GJR-GARCH-MIDAS (3.2.14-3.2.16) model using Bayesian
MCMC and QMLE approaches when DGP is GIR-GARCH-MIDAS with 250 replications. MCMC estimates are

evaluated using 30,000 iterations with 10,000 burn-ins. Standard deviations are given in brackets.

Table 3.3.3: MCMC and QML estimates for EGARCH-MIDAS

u c B Y o m 0 [0)

TRUE 0 0.85 -0.1 0.03 -0.1 0.45 10
QMLE -0.013 0.002 0.863 -0.090 0.025 -0.064 0.466 12.574
(0.016) (0.043) (0.032) (0.029) (0.020) (0.334) (0.033) (4.025)
MCMC  -0.011 0.013 0.838 -0.096 0.032 -0.093 0.461 9.778
(0.027) (0.005) (0.040) (0.016) (0.023) (0.028) (0.034) (2.055)

TRUE 0 0.9 -0.07 0.05 -0.1 0.45 10
QMLE 0.015 0.001 0.888 -0.082 0.031 -0.101 0.463 13.102
(0.016) (0.029) (0.026) (0.023) (0.016) (0.263) (0.026) (3.779)
MCMC 0.016 0.009 0.890 -0.073 0.051 -0.093 0.457 10.744
(0.021) (0.003) (0.023) (0.011) (0.014) (0.060) (0.056) (2.774)

TRUE 0 0.92 -0.04 0.05 -0.1 0.3 10
QMLE -0.005 0.001 0.906 -0.042 0.046 -0.073 0.298 13.749
(0.020) (0.021) (0.036) (0.015) (0.018) (0.229) (0.039) (9.184)
MCMC  0.001 0.005 0.919 -0.041 0.059 -0.081 0.301 10.063
(0.031) (0.003) (0.041) (0.011) (0.017) (0.044) (0.044) (3.214)

Notes: This table reports the estimation results of EGARCH-MIDAS (3.2.28-3.2.30) model using Bayesian
MCMC and QMLE approaches when DGP is EGARCH-MIDAS with 250 replications. MCMC estimates are
evaluated using 30,000 iterations with 10,000 burn-ins. Standard deviations are given in brackets.
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3.3.2 Experiment 2: the DGP with jump components

We now generate daily return data with jump component as follows:
re =rin=UWN+bizs + 0 n& (3.3.D

where b, follows a Bernoulli distribution with rate x, and z; follows N(u;, 022). We consider
k = (3%,5%,8%) and 62 = (9,25,36) to generate the low, medium, and high jumps.

Table [3.3.4]reports the simulation results when the data is generated from the GARCH-MIDAS-
Jmodel. Most of MCMC estimates are relatively close to the true parameter values. By contrast,
QML estimates are significantly biased and misleading in almost all cases. It also produced an

incorrect sign for the long-run coefficient, 6.

Table [3.3.5| reports the simulation results when the data is generated from the GJR-GARCH-
MIDAS-J model. MCMC estimates are relatively close to the true parameter values whilst
QML estimates are significantly biased and misleading in almost all cases. Finally, Table
presents the simulation results when the data is generated from the EGARCH-MIDAS-J model.

In sum, in the case where GARCH-MIDAS models are subject to the jumps, we don’t recom-
mend the use of QML method that produces unreliable estimates or becomes computationally
infeasible. On the contrary, the proposed MCMC estimates are relatively satisfactory and can

be easily conducted.

Table 3.3.4: MCMC and QML estimates for GARCH-MIDAS-J
U a B m 0 o U o’ K

TRUE 0 0.08 0.9 0.1 0.6 10 -0.03 9 0.08
MCMC  -0.003 0.080 0.891 0.058 0.509 10.325 0.066 11.097 0.0744

(0.045)  (0.003)  (0.004)  (0.058)  (0.053) (3.841) (0.124)  (1.704)  (0.013)
QMLE -0.009 0.095 0.958 0.044 0.262 20.562 -0.045 18.305 0.048

(0.051)  (0.005)  (0.008)  (0.085) (0.321) (16.434) (0.047) (17.011) (0.089)
TRUE 0 0.05 0.92 0.1 0.3 10 -0.03 25 0.05
MCMC  -0.004 0.052 0.911 0.103 0.248 9.491 -0.041 27.376 0.044

(0.042) (0.001) (0.001) (0.001) (0.002) (3.339) (0.076)  (4.859)  (0.005)
QMLE -0.004 0.120 0.899 0.003 -0.243 24.391 0.021 16.418 0.084

(0.015)  (0.001)  (0.009)  (0.001)  (0.006)  (30.039) (0.048)  (6.958)  (0.009)
TRUE 0 0.08 0.85 -0.1 -0.45 10 -0.03 36 0.03
MCMC  -0.006 0.086 0.844 -0.130 -0.429 10.274 -0.039 38.658 0.024

(0.040)  (0.001)  (0.001)  (0.001)  (0.001) (3.386) (0.053)  (4.473)  (0.004)
QMLE -0.006 0.094 0.893 0.432 0.323 18.509 -0.121 20.113 0.043

(0.042)  (0.014)  (0.069)  (0.003)  (0.001) (14.811) (0.074)  (6.745)  (0.006)
Notes: This table reports the estimation results of GARCH-MIDAS-J given by (3.3.1) and (3.2.5-3.2.6) using

Bayesian MCMC approach and QMLE approach when DGP is GARCH-MIDAS-J with 250 replications. MCMC

estimates are evaluated using 40,000 iterations with 15,000 burn-ins. Standard deviations are given in brackets.
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Table 3.3.5: MCMC and QML estimates for GJR-GARCH-MIDAS-J

Parameter u o B Y m 0 0] Uz o2 K

TRUE 0 0.06 0.85 0.1 -0.1 0.3 10 -0.03 9 0.08
MCMC -0.014  0.068 0.834 0.108  -0.137  0.323 10.043  -0.022 10.174 0.076
(0.03) (0.001) (0.003) (0.004) (0.010) (0.007) (2.924) (0.055) (2.444) (0.013)
QMLE 0.002 0.080 0.903 0.142  -0.039 0.163 16.436 0.028  15.829  0.042
(0.033) (0.032) (0.030) (0.039) (0.088) (0.051) (14.531) (0.045) (3.242) (0.082)
TRUE 0 0.05 0.85 0.1 -0.1 0.3 10 -0.03 25 0.05
MCMC -0.036  0.033 0.851 0.106  -0.101 0.293 11.031 -0.026  26.562  0.047
(0.031) (0.001) (0.001) (0.001) (0.001) (0.001) (3.051) (0.025) (2.038) (0.002)
QMLE 0.004 0.090 0.899 0.140  -0.034 -0.102 19.512  -0.004 18.190  0.027
(0.044) (0.042) (0.071) (0.093) (0.009) (0.074) (20.902) (0.173) (6.285) (0.044)
TRUE 0 0.06 0.85 0.1 -0.1 -0.45 10 -0.03 36 0.03
MCMC -0.019  0.032 0.847 0.091 -0.115  -0.428 11.071 -0.024 37.736  0.268
(0.042) (0.001) (0.001) (0.001) (0.001) (0.001) (2.052) (0.009) (2.196) (0.014)
QMLE 0.003  0.0884  0.890 0.139 0.061 0.272 21.061 0.410 19.631 0.020
(0.040) (0.003) (0.041) (0.039) (0.093) (0.071) (24.080) (0.005) (3.970) (0.004)
Notes: This table reports the estimation results of GIR-GARCH-MIDAS-J given by (3.3.1) and (3.2.15-3.2.16)

using Bayesian MCMC approach and QMLE approach when DGP is by GJIR-GARCH-MIDAS-J with 250 repli-

cations. MCMC estimates are evaluated using 40,000 iterations with 15,000 burn-ins. Standard deviations are

given in brackets.

Table 3.3.6: MCMC estimates for EGARCH-MIDAS-J

u c B y o m 2 ® Uz o’ K

True 0 0.9 0.1 005 0.1 0.4 10 -0.03 9 0.08
MCMC -0.008 0.003 0904 -0.108 0046 -0.091 0388 11.003 -0.029 10.050 0.077
(0.009) (0.004) (0.013) (0.007) (0.023) (0.031) (0.044) (3.119) (0.133) (1.010) (0.023)
True 0 0.9 0.1 005 0.1 0.4 5 003 25 0.05
MCMC -0.020 0.002 0894 -0.098 0.056 -0.087 0.394 5304 -0.031 25572 0.0438
(0.014) (0.003) (0.014) (0.006) (0.022) (0.029) (0.039) (1.09) (0.127) (4.810) (0.019)
True 0 09 005 005 01 -045 10 003 36 0.03
MCMC -0.051 0010 0899 -0.058 0041 -0.126 -0447 10913 -0.031 37.041 0.029
(0.017) (0.007) (0.008) (0.004) (0.003) (0.078) (0.038) (1.022) (0.044) (7.039) (0.010)

Notes: This table reports the estimation results of EGARCH-MIDAS-J given by (3.3.1) and (3.2.29-3.2.30) us-
ing Bayesian MCMC approach when DGP is EGARCH-MIDAS-J with 250 replications. MCMC estimates are

evaluated using 40,000 iterations with 15,000 burn-ins. Standard deviations are given in brackets.

3.4 Empirical Application

It is still difficult to find the best fitting econometric model for WTI returns and volatility. For
example, Chen and Grant (2016) and Zerilli et al. (2019) applied stochastic volatility models
whilst Wei et al. (2010) and Wang et al. (2016) applied factor models and standard GARCH.
Recently, Pan et al. (2017), Razmi et al. (2020) and Yi et al. (2021) applied GARCH-MIDAS
and Regime-Switching GARCH-MIDAS models, respectively.

We aim to address the important issues of leverage effects and rare events by applying the
jump-augmented asymmetric GARCH-MIDAS models to an analysis of time-varying volatil-
ity patterns of WTI daily returns over the period 09/2000-8/2019. To examine the impacts of

macroeconomic conditions on the long-run volatility, we consider a range of macroeconomic
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variables: industrial production (/P) of USA and China; economic policy uncertainty (EPU)
of USA and China; effective exchange rate (EER) of USA and China; global economic policy
uncertainty (GEPU); OPEC oil production (OPppgc), OPEC oil supply (OSopec), and global
oil production (GOP); Chicago Feds national activity index (CFNAI) as a proxy of overall eco-
nomic indicator. We use the growth rate constructed by 1001log(X;/X;_). We also evaluate the
relative performance of GARCH-MIDAS-J, GJR-GARCH-MIDAS-J and EGARCH-MIDAS-J

models in terms of in-sample fit and out of sample forecast performance.

In Fig.3.1(a) we observe that the daily price of WTI has been rather volatile, sharply decreas-
ing a few times following the major adverse events in relation to the OPEC policy uncertainty,
political instability, financial crises and economic recessions. Figs.3.1(b)-3.1(c) show that the
returns series follows a stationary process while its volatility displays the time-varying cluster-
ing pattern with small, medium and large ranges of fluctuations, reflecting the impacts of global
events such as Iraqi war in 2003, Global financial crisis during 2007/8, the shale oil exploration
in 2014, and shortage of crude oil demand in 2020.

Figure 3.1: Crude Oil WTI daily data for the period 2000-2021
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Note: Figure(a) illustrates the movement of WTI daily price in the period 2000-2021; Figure(b) shows the daily
returns of WTI; Figure(c) show the the time-varying clustering pattern of small, medium, and large fluctuations.

In this empirical study, we attempt to capture the low, medium, and large levels of volatility by
using macroeconomic variables in identifying the long term volatility component 7;. Figures
3.3-3.7 in Appendix 2, display a clear co-movement between WTI price and /P of USA and
China, EER of China, Global Oil production and OPEC Oil production and supply.

3.4.1 Benchmark estimation results

Table reports QMLE and Bayesian MCMC estimates of GARCH, GJR-GARCH, EGARCH,
and their MIDAS counterparts where we use Global Economic Policy Uncertainty, GEPU as
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the macroeconomic variable. For GARCH, GJR-GARCH, and EGARCH models. MCMC and
QML produce estimates close to each other, in line with the simulation results. Leverage effects
in GJR-GARCH and EGARCH are significant at the 1% level. Furthermore, BIC and RMSE
suggest that EGARCH is the preferred model over GARCH and GJR-GARCH. Turning to MI-
DAS extensions, we find that the long-term coefficients (m and 0) are mostly significant and
the fit of the model is significantly improved. Interestingly, the use of multiplicative volatility
component model renders the magnitude of the leverage effect almost doubled while the per-
sistence slightly reduced. Finally, BIC and RMSE suggest that EGARCH-MIDAS is the best
fitting model.

Table 3.4.1: MCMC and QML estimates of benchmark models

Model m ) a B v Per m 0 o BIC LOGL RMSE

GARCH-Q 0.047 0055 0062  0.929 0.991 20770.7 -10368.4 13.809
(0.028)  (0.009)  (0.004)  (0.005)

GARCH-B 0.048 0058 0063  0.928 0.991 20771.1 -10368.6 13.808
(0.028)  (0.013)  (0.006)  (0.007)

G-MIDAS-B 0.039 0032  0.122 0846 0.968 1.997  0.046 8032 19881.5 -9302.1 11.212
(0.034) (0.005) (0.011) (0.011) (0.117) (0.024) (5.162)

GIRGARCH-Q 0017 0049 0027 0937 0052 00991 207445 -10351.0 13.804
(0.006)  (0.008)  (0.005) (0.004) (0.0287)

GIRGARCH-B  0.022 0049 0029 0937 0051 0.991 20745.0 -10351.3 13.803

(0.027)  (0.020)  (0.005)  (0.008)  (0.009)
GJR-MIDAS-B  -0.015 0.028 0.055 0.859 0.117 0972  2.049 0.054 8.161  19862.2 -9285.6 11.0

(0.041) (0.004) (0.009) (0.009) (0.015) (0.117) (0.017) (4.845)

EGARCH-Q 0.005 0.024 0.111 0.987 -0.058  0.987 20717.5 -10337.6 13.717
(0.028)  (0.003)  (0.007)  (0.002)  (0.005)

EGARCH-B -0.0025  0.025 0.114 0.986 -0.058  0.986 20717.7 -10337.6 13.716

(0.031)  (0.004) (0.013) (0.002)  (0.004)
EG-MIDAS-B  0.137 0001  0.166 0982  -0.093 0982 2022 0011 13.089 194454 -9243.1 10.612
(0.002) (0.003) (0.013) (0.003) (0.008) (0.159) (0.009) (5.249)

Notes: Q and B refer to QMLE and Bayesian MCMC estimates; G-MIDAS, GJR-MIDAS, and EG-MIDAS refer
to GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS respectively; Persistence, Per is a +  for
G-MIDAS (3.2.3-3.2.6), a + B + /2 for GIR-MIDAS (3.2.14-3.2.16), and 8 for EG-MIDAS (3.2.28-3.2.30);
BIC = —2LOGL + plog(T) where p is the number of parameters of the model, and 7 is number of observations;
For MCMC estimation, BIC and RMSE are computed using the final estimates;LOGL is the log likelihood.

Table presents the MCMC estimation results for the jump-augmented MIDAS models.
The estimates of jump components (L, O'Z2 and x) are all significant. However, GARCH-J,
GJR-GARCH-J, and EGARCH-J produce an estimated mean of the jump size, y, around -1.1,
which seems to be odds withpractice. With MIDAS extensions, the estimates of u, are much
smaller and reasonably close to zero while the fit of the model is significantly improved. In
this case we find an occurrence rate at about 4.5% while GZZ are substantially larger. With
jump components the leverage effects are still significant while the persistence is significantly
reduced. BIC and RMSE convincingly select the jump-augmented MIDAS models over the
jump-augmented standard model. Overall, we find that EGARCH-MIDAS-J is the best fitting
model.
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Table 3.4.2: MCMC Estimates of Jump-augmented MIDAS models

Model I (o) o B Y Per M [’] o) o o K BIC LOGL RMSE

GARCH.J 0.103 0.029 0.067 0915 0.982 -1.098 12.585 0.067 213479 -106443 13.844
(0.029)  (0.001)  (0.001)  (0.001) (0.067)  (0.915)  (0.028)

G-MIDAS-J 0.066 0.018 0.132 0.849 0.966 0.998 0.054 12.506 -0.009 28.741 0.045 194517 -9037.2  9.621
(0.043) (0.001)  (0.001) (0.001) (0.001) (3.929) (0.001) (0.001) (0.006)

GIR-GARCHLJ 0.036 0.035 0.025 0.939 0.041 0.985 -1.037 13.729 0.043 20560.2 -10246.2 13.832
(0.026)  (0.009)  (0.004)  (0.006)  (0.007) (0.138)  (2.175)  (0.042)

GIR-MIDAS.-J 0.034 0.044 0.039 0.867 0.101 0.956 0.806 0.069 3.365 -0.016 28.115 0.046 194474 -9020.7  9.262
(0.049) (0.009) (0.011) (0.015) (0.126) (0.048) (2.241) (0.001) (0.001) (0.009)

EGARCH.J 0.059 0.004 0.097 0.992 -0.049  0.992 -1.295 16.438 0.051 205269 -10229.6  13.803
0.027)  (0.003)  (0.009)  (0.002)  (0.003) (0428)  (3.895)  (0.013)

EG-MIDAS-J 0.133 0.001 0.165 0.981 -0.116  0.966 0.930 0.077 3.701 -0.029 31.429 0.044 194457  -9019.8  9.102

(0.001) (0.003) (0.013) (0.003) (0.008) (0.157)  (0.009) (5.197) (0.001) (0.001) (0.011)
Notes: G-MIDAS-J, GJR-MIDAS-J, and EG-MIDAS-J refer to GARCH-MIDAS-J(3.3.1,3.2.5-3.2.6), GIR-GARCH-MIDAS-J(3.3.1, 3.2.15-

3.2.16), and EGARCH-MIDAS-J (3.3.1, 3.2.29-3.2.30) respectively; Persistence, Per is & + f3 for G-MIDAS-J, &+ f3 +y/2 for GIR-MIDAS-J,
and 8 for EG-MIDAS-J; BIC = —2LOGL + plog(T) where p is the number of parameters of the model, and T is number of observations; For
MCMC estimation, BIC and RMSE are computed using the final estimates;LOGL is the log likelihood.

In sum we document evidence that the joint modelling of the leverage effect, the long term
volatility and rare events through jump will be important in capturing the salient time-varying

volatility patterns of the daily WTI returns.

3.4.2 In-sample fit comparison

In Table [3.4.3] we summarise the in-sample estimation results for symmetric and asymmetric
GARCH-MIDAS models and their jump-augmented extensions where we reproduce the long
term estimate, 6, VR and BIC from Table in Appendix 2. We summarise the main findings
as follows:

First, BIC convincingly selects MIDAS models with jump components over MIDAS models
without jump components. Overall, EGARCH-MIDAS-J is the most preferred model across all
the 10 macroeconomic variables considered.

Second, the jump augmented MIDAS models produced significant long term coefficients (0)
with predicted signs for all macroeconomic variables. Focusing on EGARCH-MIDAS-]J esti-
mation results, they also tend to produce slightly large magnitudes than MIDAS models without

jump components.

Third, we evaluate the relative importance of each macroeconomic variable by employing VR
that measures the fraction of the total volatility explained by the long term component. Notice
that jump-augmented MIDAS models produced a larger VR than MIDAS models without jump
components, suggesting that if we ignore the presence of rare events of outliers, then the long
term variance is likely to be under—estimated[] Focusing on EGARCH-MIDAS-J estimation
results, we find that the most influential variable is the OPppgc, that explains 43.5% of the total
volatility for WTI returns. The second-most influential variable is GOP growth, that explains
39.2% of the total volatility, followed by OSpprc (37%) and EERys (36.3%). This highlights
the dominant position of the OPEC in the global oil industry.

7We have conducted the additional simulation and found that the (downside) impacts of omitting jump compo-

nents are substantial, Tables 'W mi



Bayesian MCMC Approach to Asymmetric GARCH-MIDAS Models with Jump
64 Components

Table 3.4.3: The summary of Bayesian MCMC estimation results

Macro GARCH-MIDAS GARCH-MIDAS-]  GJR-GARCH-MIDAS GJRGARCH-MIDAS-]  EGARCH-MIDAS EGARCH-MIDAS-J
0 BIC VR 0 BIC VR 0 BIC VR 0 BIC VR 0 BIC VR 0 BIC VR
IPys  —0.327¢ 19866 15 % —0.354* 19487 25 % —0.305% 19851 17 % —0.342¢ 19478 29 % —0.382¢ 19477 18 % —0.376* 19453 31 %
IPcy —0.412% 19859 14 % —0.440¢ 19505 19 % —0.404% 19858 16 % —0.412¢ 19455 23 % —0.315% 19453 17 % —0.405° 19423 24 %
EERys —0.834% 19863 16 % —0.883* 19491 29 % —0.838% 19846 19 % —0.794% 19496 34 % —0.794% 19494 20 % —0.874% 19485 36 %
EERcy —0.339 19887 9% —0.364* 19458 19 % —0.372¢ 19866 10 % —0.393“ 19451 22 % —0.237¢ 19449 11 % —0.432¢ 19429 23 %
GEPU  0.046° 19882 11% 0.054° 19452 24 % 0.054% 19862 13% 0.070° 19447 28 % 0.0119 19449 14 % 0.077° 19445 30 %
EPUys 0.014¢ 19884 14 % 0.015¢ 19508 27 % 0.004 19863 16 % 0.137* 19454 32% 0.017 19452 17 % 0.150° 19418 34 %
EPUcy —0.060% 19886 8% —0.090¢ 19450 15% —0.085” 19863 10 % —0.078* 19452 18 % 0.039* 19450 10% —0.086° 19413 19 %
GOP  0.496% 19883 17 % 0.670¢ 19455 32 % 0.805¢ 19860 20 % 0.866* 19451 37 % 0.266" 19449 21 % 0.953¢ 19430 39 %
OPppec 0.243% 19884 19% 0.291¢ 19500 35% 0.381¢ 19859 22% 0.450° 19465 41% 0.120° 19463 23 % 0.495° 19451 44 %
OSopec —0.038° 19882 14 % —0.070° 19487 30 % —0.064° 19853 16 % —0.075" 19461 35% —0.067" 19459 17 % —0.083" 19449 37 %

Notes: 6 is the estimate of the impact of the macroeconomic variable on 7;; a, b, and c indicate 1%, 5%, and 10%

significance level; V R = var(log (%)) /var(log (1,8 )) measures the fraction of the total volatility explained by the
long term component; BIC = —2LOGL + p log(T ), where LOGL is the log-likelihood of the model, p is the
number of parameters, and 7T is the number of observations; The smallest BIC per economic indicator is
highlighted in bold.

3.4.3 Out of sample forecast performance

We compare the predictive ability of symmetric and asymmetric GARCH MIDAS models with
and without jump components, using RMSE and QLIKE of the k-day ahead forecast given by:

1 & . 2
RMSE = — ) \/(672}1+k_ (rz+x —H)z)
h=1
H

2
1 N (VT +k .U)

QLIKE = — Y | logb7 + ~——5——
H /= h logGTh+k

where we set H = 100, and 7}, is the last day of 4" in-sample, obtained by applying a rolling
window of length A, for h =1, ..., H, on the original in sample which ends on day 7', to eliminate
the impact of g7 and 77 on k-day forecasts which we compute using . We use (77, 1« — u)?
as a proxy of the true unknown volatility, G%h 1t inday Tj, +k, and we compute the forecast total
volatility 6%1 4 using:

) A A
OF, 1 j = UL, +k8T,+k
Wt hrReh (3.4.1)

= 17, gTh +k

where 17, 1 is kept equal to the estimate of 77,, and 7, 1 is the k-day forecast of the short-term
volatility g;.

We compute the 1-day ahead forecast, g7, 1, using the specification of the short term volatility
component, and its estimate g7, and we compute the other k-day ahead forecasts recursively
using:

GJR-GARCH-MIDAS:

~Y2
R A A N 1
gTh+1:1—(OC+[3+Y/2)+OC( h_ A) +=
1T, 2 (7




3.4 Empirical Application 65

grk=1+(0 +B+ 77/2)k71§Th+1
EGARCH-MIDAS:

-y |~ 2. 4
log(87,+1) = éo+ A==+ &(—A== —\/ =) + Blog(gr,)
' V 1,81, V 1,87, n "

A s 2 ) . 22 .
et — 8 e VDI D(8)) 1 05 (8,

where & = & + ¥ & =& — ¥, and ®(x) is cdf of N(0,1). We also compute the cumulative fore-
cast up to day k by accumulating the recursively determined k-day forecast for k = 1, ...,20 days.

We assess the forecasting performance of the alternative GARCH-MIDAS models and their

jump augmented extensions using GARCH-MIDAS as a benchmark model. We compute QLIKE
(RMSE) loss as the ratio of QLIKE (RMSE) of the alternative models and their jump extensions

to QLIKE (RMSE) of GARCH-MIDAS, and select the model with the smallest QLIKE (RMSE)

loss as the preferred specification.

Tables report RMSE and QLIKE losses for the k-day ahead forecast of the total
volatility with k = [1,5,10, 15,20] using in-sample period, 01/9/2000 to 31/7/2019. We con-
sider EERys, GOP, OPppgc, and OSopgc growth as the macroeconomic variable respectively
when forecasting the long term volatility because they were found to be most influential in terms

of the in-sample filt for WTI daily returns volatility.

Table [317[] reports QLIKE loss results. For all forecast horizons, EGARCH-MIDAS-J out-
performs all the alternative models across all economic indicators. Next, we turn to RMSE loss
results in Table [3.4.50 EGARCH-MIDAS-J still outperforms all other models across all eco-
nomic variables.

Overall, we confirm the best out-of-sample forecasting performance is achieved by the EGARCH-
MIDAS-J model. Again, this suggests that the joint modelling of the leverage effect in the short
term volatility, the long term volatility and rare events through jump will be important in cap-

turing the salient time-varying volatility patterns of the daily WTI returns.



Bayesian MCMC Approach to Asymmetric GARCH-MIDAS Models with Jump
66 Components

Table 3.4.4: QLIKE LOSS of daily volatility forecast

Macro Model 1 5 10 15 20
GJR-GARCH-MIDAS 1.078 1.124 1.076 1.096 1.078
EGARCH-MIDAS 0.969 0.971 0.991 0.992 1
EERys GARCH-MIDAS-J 0911 0.954 0.926 0.855 0.859
GJIR-GARCH-MIDAS-J 0.985 1.04 0.993 0.919 0.918
EGARCH-MIDAS-J 0.845 0.824 0.789 0.53 0.533
GJR-GARCH-MIDAS 0.994 0.992 0.991 0.981 0.973
EGARCH-MIDAS 0.968 0.949 0.986 1.05 0.947
GOP GARCH-MIDAS-J 0.98 1.039 0.988 0.923 0.935
GJR-GARCH-MIDAS-J 0.925 0.923 0.927 0.909 0.906
EGARCH-MIDAS-J 0.871 0.857 0.826 0.542 0.543
GIR-GARCH-MIDAS 1.106 1.157 1.104 1.095 1.082
EGARCH-MIDAS 0.964 1.02 0.975 1.039 1.01
OPopEC GARCH-MIDAS-J 0.941 0.936 0.939 0.916 0.918
GJR-GARCH-MIDAS-J 0.986 1.051 0.999 0.904 0.902
EGARCH-MIDAS-J 0.945 0.929 0.887 0.541 0.542
GJR-GARCH-MIDAS 1.05 1.099 1.071 1.161 1.164
EGARCH-MIDAS 0.938 0.992 0.971 1.03 1.033
OSopEC GARCH-MIDAS-J 0.943 0.941 0.957 0.933 0.926
GIJR-GARCH-MIDAS-J 0.941 0.939 0.944 0.907 0.908
EGARCH-MIDAS-J 0.677 0.699 0.687 0.577 0.581

Note: This table reports QLIKE loss of the k-day total volatility forecast for & = 1,5,10,15,20 using
EERys, GOP,OPppgc and OSppgc as explanatory variables when forecasting the long term volatility. QLIKE loss
is the ratio of QLIKE of GARCH-MIDAS-J, GIR-GARCH-MIDAS, GJR-GARCH-MIDAS-J, EGARCH-MIDAS
and EGARCH-MIDAS-J to GARCH-MIDAS. The preferred model is the one with the smallest QLIKE loss
which is highlighted in bold.

Table 3.4.5: RMSE LOSS of daily volatility forecast

Macro Model 1 5 10 15 20
GJR-GARCH-MIDAS 1.004 1.002 1.004 0916 0.944
EGARCH-MIDAS 0.993 0.993 0.995 0911 0.931
EERys GARCH-MIDAS-J 0.993 0.993 0.996 0.88 0.884
GJR-GARCH-MIDAS-J 0.984 0.977 0.981 0.899 0.922
EGARCH-MIDAS-J 0.966 0.967 0.966 0.774 0.805
GJR-GARCH-MIDAS 1 0.998 0.999 0.925 0.949
EGARCH-MIDAS 0.996 1 1.002 0.923 0.949
GOP GARCH-MIDAS-J 0.991 0.989 0.989 0.917 0.894
GJR-GARCH-MIDAS-J 0.989 0.986 0.988 0.867 0.891
EGARCH-MIDAS-J 0.988 0.982 0.984 0.792 0.825
GJR-GARCH-MIDAS 0.996 0.993 0.994 0.98 0.902
EGARCH-MIDAS 0.993 0.99 0.989 0.932 0.969
OPopEc GARCH-MIDAS-J 1.004 1.006 1.007 1.045 1.047
GJR-GARCH-MIDAS-] 0.994 0.991 0.992 0.84 0.863
EGARCH-MIDAS-J 0.989 0.981 0.984 0.767 0.796
GJR-GARCH-MIDAS 1.002 1.002 1.008 1.151 1.199
EGARCH-MIDAS 0.998 0.995 0.997 0.991 0.989
OSopEC GARCH-MIDAS-J 0.991 0.993 0.996 0.919 0.945
GJR-GARCH-MIDAS-J 0.987 0.986 0.991 0.902 0.926
EGARCH-MIDAS-J 0.983 0.978 0.984 0.839 0.867

Note: This table reports RMSE loss of the k-day total volatility forecast for k = 1,5,10,15,20 using
EERys,GOP,OPppgc and OSppgc as explanatory variables when forecasting the long term volatility. RMSE loss
is the ratio of RMSE of GARCH-MIDAS-J, GJR-GARCH-MIDAS, GJR-GARCH-MIDAS-J, EGARCH-MIDAS
and EGARCH-MIDAS-J to GARCH-MIDAS. The preferred model is the one with the smallest RMSE loss which
is highlighted in bold.
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3.4.4 Conclusion

We have proposed the Bayesian MCMC methodology to estimating asymmetric GARCH-
MIDAS models that also include jump components, which are supposed to capture the presence
of rare events. Via simulation studies we clearly showed that when the simulated data contain
jump components, the QML estimates become unreliable or computationally infeasible. Still,
the proposed MCMC approach can be easily conducted and produce relatively accurate esti-

mates.

We have demonstrated the usefulness of the MCMC approach by analysing the WTI returns
data. In sum, we document evidence that the joint modelling of the leverage effect, the long
term volatility and rare events through jump will be important in capturing the salient time-
varying volatility patterns of the daily WTI returns. Overall, we find that EGARCH-MIDAS-J
is the most preferred model in terms of the in-sample fit and out-of-sample forecasting. This
finding sheds further lights on the mixed evidence reported by several existing studies that ap-
plied QML estimates of GARCH-MIDAS models to daily WTI return data.

3.5 Appendix 2

3.5.1 Derivation of the proposal density of Alternative GARCH-MIDAS
models

Consider the general GARCH-MIDAS type model:

I =M ++/8 7T & (351)
K
log(T) =m+6 Y wi(®)X, (3.5.2)

k=1

where & ~ N(0,1), X is a macroeconomic variable, and g; is expressed as:

For GARCH-MIDAS:

(re—1 _.u)z

g=1l—-a—-P+a
Tr—1

+Bgi—1 (3.5.3)
where ¢ >0,0< B < l,anda+p <1

For GJR-GARCH-MIDAS:

)2 )2
g = 1-— a—ﬁ +OC( ! ﬁ; lu) +'}’< ! ; 1'u) Irlil_“<0+ﬁgt_1 (354)
T— T—
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where f >0, and a+ B +7/2 < 1

For EGARCH-MIDAS:

|re—1 — 1 _ %)_’_ ri—1—HM

Vg Vo e + Blog(gi-1) (3.5.5)

log(gr) = co+ o

where |B|< 1

The Log-likelihood function of the general model is:

N =
1~

i 2
LOgL: — {vZﬂ?—HOgg(gﬂ;)-l—u}
=1 gt—ITt—]
r 5 (3.5.6)
w —2 Y log(gr) +log(s) + o1 =)
2121 8r—1T—1

The posterior, p(®; | ®_;,r), of any parameter ®; which can be any single individual parameter

or a subset of the parameters of the model, is:

@161 = (T = —)e ¥ 5 ne) 357)
p ] 7‘)1‘ - —— )€ =1 8-1%-1 T / e
' : =1 27 &t l

where 7(®;) is the prior density of ®;, rp =7, go = 1. Since p(0®; | ®_;,r) is a density,
[72p(©;| ®_;,r)d®; = 1, the analytic expression of the posterior is determined, up to a con-
stant, by keeping only the terms of that depend on @; after having replaced g; and 7; in
by their expressions in function of the parameters.

Posterior distributions of the parameters of EGARCH-MIDAS:
The parameters of EGARCH-MIDAS, defined by (3.5.1}[3.5.2} and[3.5.5)), are ® = (u, (t, B, ),

(m,0,m)). We derive their posterior densities from (3.5.7), as follows:

Posterior of p: Using m(u) ~ N(Uo,07), and the fact that 7, does not depend of i, (3.5.7)

becomes:

pu|O_y ) ([[—=)e =7 &1 %

(3.5.8)
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From (3.5.9)), H,T:I \/%5 is also a function of i, and therefore (3.5.8]) cannot not be the expression

of a normal density or any other known family of densities. Hence, we simulate draws from
p(u | ©®_y,r) using Metropolis-Hasting method of subsection 3.2.1, and considering a normal
proposal density N(F,s?/T) where F and s are the sample mean and sample variance of the
returns.

Posterior of the parameters 0, = (a,log(B),7), 0L = (m,0), and @:

Since «, and ¥ are real numbers, and 0 < 8 < 1, we use the prior 7(6;) ~ N3(050,Zs0)
and 7(6) ~ N2(010,X10), and w(w) ~ U([1,50]) where 0,0 = (0,10(0.9),0), X0 is the
3 dimensional Identity Matrix, 810 = (0,0)’, and Y. is b. From (3.5.7), the posteriors
p(Oslr,u, 0;,0),p(0L|r,u, O5,0), and p(w,|r,u,0;,0;) cannot be expressed in the form
of known density because:

2
P, I, 0., ) (Hw—\/—> S ) (35.9)
T 8l
(6. Ir.1, 8, ) (T vz3 IF ) B ) s
poL |r, U, s, W)= —F——— | € = =171 T(oy, J.
=1 V2T \/8T
T 1 22[ l(rt 1 7’1)
p(ofr,u, 65 6,)= H\/ﬁ—gr 11 1]0.50] (3.5.11)
t=1 VvV &t Yt

Since the term []7_,

\ﬁ Ui is a function of @, O, and ®, the posteriors cannot be expressed
as a multivariate normal density or a Uniform density. We simulate draws of @y, 0, and @
using Metropolis-Hasting, Random Walk, or Adaptive random walk which we described in
section 3.2.1. Draws of  can be simulated using GRIDDY-GIBBS procedure which can also
be employed if the parameters of the short and long term components are estimated individually
at the cost of increasing the number of iterations of the MCMC algorithm. Next, we discuss the
derivation of parameters p;, Xi, /', X proposal normal densities ¢ (0;), and ¢ (61,), employing
(3.2.24) and (3.2.25), 2" order Taylor expansion of the posterior densities 8, and 8; which
requires the computation of their gradients. From (3.5.5) and (3.5.6), we have:

(ri—p)°

8t

1 T
Log(p(®|r,0_; —EZ{log g ) +logn + } +log(m(®))
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where O is either O or @;. Then,

)
5®L0gp (O|r,0_; Z

6loggz 5Zogr, 8 (n—u)*|  Slogn(®)
6@ 6@ &t 6@

s

Iy {5logg, 510gr,_ ) { 1 5g 1 (51}}}+5logn(®)
{

6loggz 510th (rtz—/.t)z { Sg: e 5@} N 8logn (®)
8t 72 00

gIZT[ 6 +g[T[2 5 6@

ologt, [ 1 dlo 1 dlogr, Slogm(0)
o . \20logh ) 1 ologg: 1 0logT: 8
(rt ﬂ) 00 {gtTt ) &% O }} * 00

1— w)? Slogg; n dlogT, n Slogn(0®)
gl‘Tl 6@ 5@ 6@

(3.5.12)

where 2245@) — _(@ - @)’z

To compute the value of the gradient ll we need to compute l 0g(7;) and
(w) =0, s5-log(n) =

employing (3.5.2) and (3.5.5)): Replacing ® by 0, and 0}, we have 59
1, Zk | WX, ,Z 1WkX k]/

Replacing 8 by ¢” in (3.5.5)), we can derive :

6 _ 6 [r—1 — u| \/3 71—l (rr—1—u) 5
Elog(gt)—%co—i—(i— E)+ —0.50——— —05y——L +e” log(gt 1)

VE8t—1T—1 VEi—1T—1 VEi—1T—1

(3.5.13)
) ) \r,l TR (rr-1—p) 6 )
—1 V=—cg—050 —1 —-0.5 214 —I _
51 og (g ) I \/WSY 0g(8i-1) YW&@ log(gi-1)+e m 0g(gi-1)

56)/260 +ey2+{0.5 a|tgl1£|1 —0.5y (rtgl 11“) + 7/Z}SZogg, 1
V t—1 wr— V t t

(3.5.14)
0 0 lr1—p| & T B r—1—H 725
g,log(gr)—ﬂcn 0.5 W‘SV log(gi—1)+ N OSYW(S 0g(gi—1)+e aylog(gt_1)

) r—1—MU { lre—1 — Fol— U } 5
=<c+—F—=—+7-050 ~05 +ey2 Io
&y ° 8-1T-1 211 v G T g(8i-1)
(3.5.15)

Notice: we have expressed 5510g(g:) in function of & selog(gi-1) 5 log(gt) in terms of log(g, 1)

and ﬂlog(g,) in terms of ilog(g, 1)- Then, by employing 3.5.12 and Wlog(ft) = 0, the

gradient of the log-posterior ~2 50, —-1og(p(O4 | r,u,01)), can be computed recursively.

Hence, the parameter u; and X} of the proposal density g (05) will be computed using (3.2.24))
and (3.2.25)) where 0 is an approximate value of @, which maximizes p (8 |r,u,0; ), and the

3x3 Hessian matrix
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(s PO )] s S Log(p(ilr. . 61)) 55 Log(p(8]r. . 61)

Similarly, the gradient 59 Log(p(0r | r,u,05)) will be computed by plugging in (3.5.12),

a%oLlog(gt) and SLOLZOg(T’) which are given by:

5
56, ~——log(t) = 1klek )X, 4] (3.5.16)
and from (3.5.5)),

i[()_i+a| _‘i;+(_)i; _;,_Yzil()
50, 088t *SOLCO r—1—H 56, \ v ims Y1 —H 56, \ V&t 1 ¢ 50 08\81—-1

71— pl { s g } (r-1—n)
=—-0.5a log(gi—1) + =—log(t—1) ¢ — 0.5
V8—-1T—1 660, g(gt l) :73 g( ! 1) ’}/\/gt—lftfl

71— pl (r-1—n) } 3 { -1 — (thl—ﬂ)} 3
=¢-0.5x —-0.5 +e” by ——Io ~1)+4-0.5x —-0.5 ——logT,
{ VE8—1T-1 y\/gt—lftfl o6, 8(&-1) VE8—1T-1 y\/gt 1% gt

1) 1) )
_ _— o_—
{SeLlog(g;—1)+ 50, log(T,,l)}Jre 50, log(gi—1)

Posterior of the weighting parameter @: we suggest to use Griddy-Gibbs method in which
a draw 0! is given by @/} = F~!(u) where F(x) is an estimate of [\ p(® | u,05,0.)dw. A
good estimate F(x) is the cumulative area below p(@ | r,u,05,0;) from 1 to x which can be

estimated numerically by:

Y. p(w(i)|r,u,0,6;)
2 p(o@)|r,u,6,0;)

Fx) =
where J = max{i such that ®(i) <x}, ®(1),...,®(B) is sequence of B grid points in the support

of , [1,50]. Since the weighting function w(k, ®) does not change rapidly as illustrated in the
below graphs, we use B = 100.

Figure 3.2: Plot of Beta weighting function

K=12 months K=24 months K=36 months
0,035 T T T T T 0018 T T T T T 0012 T T T T T

——omega=4 ——omega=4 ——omega=4
——omega=5 ——omega=5. ——omega=5.
—omega=h 0016 ——omega=6 ——omega=f

omega=7 omega=7 001+ omega=7

omega=3 omega=8 omega=8
0014

0.03

00251 | |
| ootz 0008 |

\ |
ory oot fl| |

| 000 \
\ \
s \| o\

0.006 \ 0.004
001
0.004
0.002

0.005
0.002

| [ SEE——— = |
500 600 0 100 20 300 400 50 60 700 800

Note: This Figure illustrates the weighting function, when K=(12,24,36), for different values of @ where as @
increase the weighting function becomes steeper.
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Posterior distributions of the parameters of GJRGARCH-MIDAS

Let ® = (u,0,,0.,®) where 8, = (@, B, 7) is the parameter vector of the short term Unit
GJR-GARCG(1,1) specification given in (3.5.4), and 67 = (m,0) and ® are the parameters of
the long term volatility component given in (3.5.2). The derivation of the posterior density of
1,0,,0;, and @ can be computed, by employing, (3.5.4) and as done for EGAECH-
MIDAS.

Posterior of g: Assuming a Prior N(0, 1), (3.5.8)) is valid for GIRGARCH-MIDAS, and there-
fore we simulate draws from p(u | ®_,r) by employing Metropolis-Hasting method, and con-
sidering a normal proposal density N(F, 5 /T) where T and s? are the sample mean and sample

variance of the returns.

Posterior of 0, = (a,3,7): Since o > 0 and > 0, we simulate 8 = (7;,7,Y) where y; =
log(a), and y» = log(B), and we assume the prior for 8 ~ N3(0%,,13) where I3 is the 3-
dimensional Identity matrix, and 8, = (0.05,0.90,0). Using (3.5.12), and expressing g; of

(3.5.4) as a function of 8 = (71,7, 7), we get the gradient of p(0} | r,it,0,,®):

—u)? ologg, N ologt, n ologm(0;)
gtTt 60 566 56,

Slogn(07)\ % —1 Slogm
where, %T)) = —(6; —0,0)'Eg_, and oegf =0, and

3 Log(p(67 o 61.0)) = — ¥ 1
66* 08(P\YUg U, 01,0 )

t=1

(”t—l_.u)z (’”t—l_.u)z

gr=1—ell —eP —y/2+el—— e T S (R R ePg 1 (35.17)
t— t—
Then,
T
5L0gp(e;k | rnuv®La _l Z ‘u)Z Sgt _ (0* _0® O)/Efl
56 25 gtTt 8665 O
where, employing (3.5.17), we compute 66 g’* recursively using:
Sgf (r— *ﬂ)z agr (r—1—p)° [
LA 7 e (—14g° ) +e? ag” - et (—1+ ) tet | %
s6; | 3n 8i- on o g1 P
—=L -1~ 1 _1 fi-17 8
oy _% + %I{’? 1—U<0} +eh g)/] 2t ;r—lu I{rffl_“<0} “dy I

Hence, we can compute the gradient and the Hessian of the log-posterior of 8} from which we

compute the mean and the covariance of the normal proposal density ¢(65).
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Posterior of 0;: As for EGARCH-MIDAS, the parameters of the proposal normal density
can be computed using (3.5.12) i.e:

dlogp(6; | r,11,6,,0) —w)*\ [ 8g  Slogn,

507, 2 Z gtTt 810} i 667 = (6= 0u) GLO

(3.5.18)
39 —2+1log(1;) is computed in (3.5.16), and from (3.5.17), we get:
dlogg 08 (r—1— IJ)Z el dlogt_; dlogg: 1
— — _ I - B § e ZiTe5i—1
00;  g00; 8 T TV Hner-u<o) 20, T8i-1e 20,

(3.5.19)

which can be computed recursively.

Then, the gradient %Log (p(0s|r,u,05,0)) can be evaluated by plugging the values of
L

ELe*log(T,) and % in (3.5.19) and the Hessian is equal to the product of gradient and its
L

s

transpose.

Posterior of the weighting parameter @: we simulate draws of @ using exactly the same
procedure which we discussed for EGARCH-MIDAS specification.

Posterior distribution of the parameters of the jump component
When a jump component is added to the return specification i.e. the error e; is a mixture of

two normal variables N(0, 7,g,) and N(i;, T:g; + 62) with jump rate k, where 11, and o2 are the

mean and variance of the size of the jump Z; when it occurs (B; = 1), the likelihood function

becomes: ,
T _)2 (re—p—pz)
(r1—1) SRUR
(r|®) :H ) K )
:1 v 18t \/ Ttgt‘l‘(fzz
and

2 2
ZM_EK w (3.5.20)

1
LogL(r | ©) = —2Tlog(2m) — ~ (1 —
ogL(r | ©) 0g(27) 2( K)tzl 781 2 &~ (1,8+02)

Then, the posterior distributions of the parameters [, 0, and @, of the short and long term com-
ponents will be computed in the same way as done above with no difference on the derivation
of the Gradient and the Hessian of the log-posteriors except that we employ instead

of (3.5.6) for their computation because %log(rt) and ‘iéoTig’ stays unchanged, as a conse-

quence of capturing the jump component in the error term of the return. However, we need to
add one block in our MCMC algorithm to simulate draws from the posteriors of ( Uz, O ) and
(,LLZ, o7, k). This block consists of drawing jointly (,LLZ, o; ), and then k.

Posterior of 6 = (i.,/logo?): We assume a bivariate normal prior 7(8) ~ N»(8¢,Zo) where
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Xy = diagonal(10,1), &y = (0,log10) and prior 7w (x) = U [0,0.15], as used by Chan and Grant
(2016) in their GARCH(1,1)-J model. Hence, draws from the posteriors p(é | r,®_;) and
p(x | r,®_;) can be obtained by employing Metropolis-Hasting method using a bivariate nor-
mal proposal density ¢(6) and uniform proposal density g(8) = U[0,0.15] where:

p(6|r,u,05,0, 0 k)< Log(L(r|u, B, 0,,®,8,x))n(8)

where L(r|u 0,0, 0,8, k) is defined in (3.5.20). For GARCH(1,1), Chan and Grant (2016)
used g(8) ~ N,(¥,X.) where X, = diag(s,1) and s is the standard deviation of the mean of r
but the mean and the covariance of 8 can also be derived using 2nd order Taylor expansion
of p(6 | r,1,05,01, k) using (3.2.24) and (3.2.25) which we employ in Chapter 4 for SV-
MIDAS models.

Remark: As in Chapter 2, the summations of the parameters of the above posterior densi-
ties will be computed starting from ¢t = 22K instead of t = 1 if the required initial K monthly

values of X; are not available prior to the first month of the returns data.

3.5.2 Empirical results

The following plots illustrate movements of the macroeconomic variables

Figure 3.3: Crude Oil WTI daily Price for the period 2000-2021
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Figure 3.4: Industrial production of US and China, and CFNAI
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Figure 3.5: Effective Exchange rate of US and China
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Figure 3.6: GEPU, EPU of US, EPU of China, and EPU of Russia

Figure 3.7: Global Oil Production, OPEC Qil Production, OPEC QOil supply

2
— SO
=2 - —_—— O EC O —
—— O PP EC s
- N —
s — —
s —
a -
= L WMJWW B
= —
4 - -
o
Z=ooo zo0o0os Zo10 zZo1 s z=o=o zo=s



Bayesian MCMC Approach to Asymmetric GARCH-MIDAS Models with Jump
Components

Table 3.5.1: Estimation results of GARCH-MIDAS models for the period: 9.2000-8.2019

Macro Model I [ o B Lev Persistence M 0 ® U [ K BIC LOGL RMSE
GMIDAS 0.040  0.044 0.139 0.817 0.957 1979 0327 14352 19866 9294 155
(0.040) (0.013)  (0.016) (0.077)  (0.086) (4.398)
GMIDAS. 0065 0.023 0.149 0.828 0.977 0990  -0355 11984 0016 24631  0.048 19488 9055  14.9
(0.029) (0.000)  (0.000) (0.000) (0.000) (2.636) (0.000) (0.000) (0.010
GIR-MIDAg 0003 0035 0.063 0.842 0.121 0.965 2036 -0306 13342 19851 -9280 152
TPy (0.041) (0.010)  (0.013) (0.016) (0.135)  (0.080) (3.848)
GRMIDAS 0044 0.048 0.044 0848 0.119 0.952 0816  -0342 12145 0022 24096  0.049 19479 9037 149
(0.052) (0.009) (0.013) (0.017) (0.105) (0.093) (3.747) (0.000) (0.000) (0.005
EGMIDAs 0020 0002 0196 0969  -0.081 0.969 1978 -0382 16311 19477 -9229 104
(0.042)  (0.000) (0.014) (0.004) (0.008) (0.066) (0.072) (3.502)
EGMIDASy 0019 0002 0.194 0968  -0.101 0.966 0910 -0376 13359  -0.039 26477 0053 19453 9036 92
(0.042)  (0.000) (0.013) (0.004) (0.008) (0.066) (0.071) (3467) (0.000) (0.000) (0.005
GMIDAS 0.032 0.025 0.117 0.858 0.975 2.061 0412 7.082 19859 9291 107
(0.031) (0.010)  (0.014) (0.170)  (0.073) (1.349)
GMIDAS 0% 0018 0.133 0.848 0.982 1.031 20440 5000  -0.028 28902 0041 19505 -9064 9.3
(0.039) (0.000)  (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.009
GIRMIDAS 0037 0019 0.073 0.854 0.109 0.981 2309 -0404 5641 19858 9283 106
IPey (0.031) (0.007)  (0.012) (0.020) (0.084) (0.051) (1312)
GIRMIDAS] 0049 0.038 0.039 0.876 0.094 0.962 0846  -0412 7938  -0.034 28274 0043 19455 9024 9.0
(0.057) (0.009)  (0.014) (0.015) (0.093) (0.048) (2710) (0.000) (0.000) (0.005
EG-MIDAS 0.019 0.002 0218 0958 -0.090 0.958 1834 0315 5455 19453 29225 104
(0.042) (0.001) (0.024) (0.006) (0.008) (0.041) (0.034) (1.015)
EGMIDASy 0018 0.002 0216 0957  -0.112 0.972 0844  -0405 8732  -0.016 32589 0048 19424 9024 89
(0.041)  (0.000) (0.024) (0.006) (0.008) (0.041)  (0.034) (1.005) (0.000) (0.000) (0.006
G-MIDAS 0.047 0.036 0.138 0.827 0.965 2011 083  1.097 19863 9293 114
(0.049) (0.008) (0.010) (0.075)  (0.074) (0314)
G-MIDAS.] 0.059 0.017 0.127 0.855 0.983 1055 -0.883 13264 0.000 39.842 0034 19491 9057 9.6
(0.037) (0.000)  (0.000) (0.000) (0.000) (3.898) (0.000) (0.000) (0.009
. 20.097 0029 0.055 0.849 0.134 0.971 2140 -0.838 2000 19846 9278 11.1
EERys GIRMIDAS (4019 (0.008) (0.010) (0.015) (0.076) (0.137)  (0.000)
" RMIDASy 0007 0032 0.057 0.849 0.127 0.969 1426 -0.794 2751 0007 38976 0038 19496 9061 9.8
(0.048) (0.010)  (0012) (0.017) (0272) (0325) (2.665) (0.043) (67.157) (0.032
EG-MIDAS 0.162 0.001 0.174 0984  -0.094 0.984 1935 -0794  2.388 19494 9253 10.6
(0.015)  (0.000) (0.012) (0.002) (0.004) (0.223)  (0421) (3.386)
EGMIDAs 0154 0001 0.172 0983 -0.118 0.967 0890  -0.874 3026  -0.016 41590 0043 19485 9060 9.7
(0.014)  (0.000) (0.012) (0.002) (0.004) (0.221)  (0417) (3352) (0.047) (73.873) (0036
GMIDAS 0.040 0027 0.128 0.846 0.973 2245 0339 21470 19887 9305 113
(0.029) (0.006)  (0.006) (0.031) (0.080) (3.998)
GMiDAsy 0049 0.016 0126 0.858 0.984 1122 -0364  8.136 0019 25745 0047 19458 9040 9.7
(0.039) (0.000)  (0.000) (0.000) (0.000) (4361) (0.000) (0.000) (0.006
GIR-MIDAS 0038 0.029 0.060  0.859 0.104 0.972 198  -0372 9777 19866 9288 1.1
EERcs (0.048) (0.009)  (0.010) (0.014) (0.099) (0.182) (5.286)
GRMIDAS) 0028 0.039 0.037 0.874 0.100 0.961 0893  -0393  10.606  -0.025  25.186  0.048 19451 9027 93
(0.082) (0.008) (0.011) (0.015) (0.117)  (0.126) (4433) (0.000) (0.000) (0.004
EGMIDAs 0036 0001 0.190 0978  -0.093 0978 2133 -0237 20413 19449 9233 103
(0.049) (0.000) (0.020) (0.002) (0.007) (0.082) (0.074) (6291)
EGMIDAsy 0034 0001 0.189 0978 -0.116 0.959 0.981 0432 11666  -0.033 25470 0062 19430 -9027 92
(0.048)  (0.000) (0.020) (0.002) (0.007) (0.081) (0073) (6228) (0.000) (0.000) (0.005
G-MIDAS 0.039 0.032 0.122 0.846 0.968 1.997 0.046 3.032 19882 9302 112
(0.035) (0.010)  (0.011) (0.118)  (0.024) (5.162)
G-MIDAS-] 0.066 0.018 0.132 0.849 0.982 0.998 0054 12506  -0.010 28740 0045 19452 9037 96
(0.043) (0.000)  (0.000) (0.000) (0.000) (3.930) (0.000) (0.000) (0.006
GIRMIDAS 0015 0028 0.055 0.859 0.117 0972 2.049 0.054 8.161 19862 -9286 110
GEPU (0.041) (0.009) (0.009) (0.015) (0.117)  (0.017) (4.845)
GRMIDAS] 003 0.044 0.039 0.867 0.101 0.956 0.806 0.070 3365 -0016 28015 0046 19447 9021 92
(0.049 ) (0.009)  (0.010) (0.015) (0.126)  (0.048) (2241) (0.000) (0.000) (0.010
EG-MIDAS 0.137 0.001 0.166 0982  -0.093 0.982 2,022 0.011 13.089 19445 9243 106
(0.000) (0.000) (0.013) (0.003) (0.008) (0.159)  (0.009) (5.250)
EGMIDAsy 0130 0001 0.165 0981 -0.116 0.966 0.930 0.077 3701 -0029 31429 0044 19451 9020 9.1
(0.000)  (0.000) (0.013) (0.003) (0.008) (0.157)  (0.009) (5.197) (0.000) (0.000) (0010
GMIDAS 0.045 0.028 0.129 0.844 0.972 2.090 0.014 8237 19884 9303 114
(0.038) (0.008) (0.010) (0.092)  (0.008) (4.437)
GMIDAS 0074 0018 0.127 0.855 0.983 1.045 0.015 7223 -0001  27.694 0046 19508 -9065 9.7
(0.041) (0.000)  (0.000) (0.000) (0.000) (3.885) (0.000) (0.000) (0011
GIR-MIDAs 0018 0026 0.058 0.857 0.117 0.974 2.060 0.004 8.449 19863 9286 11.1
EPUps (0.041) (0.009) (0.011) (0.014) (0.105)  (0.009) (4349)
" GIRMIDAS 0008 0043 0.037 0.866 0.109 0.957 0.995 0.137 2437 -0007  27.092 0047 19454 -9024 9.1
(0.072) (0.008) (0.011) (0.015) (0.204)  (0.036) (1.903) (0.000) (0.000) (0.009
EG-MIDAS 0.027 0.001 0.269 0977 -0.091 0.977 2339 0.017 3305 19452 9224 104
(0.046) (0.000) (0.030) (0.004) (0.007) (0.132)  (0.040) (1.389)
EGMIDASy 0026 0.001 0266 0976 -0.114 0.967 1.076 0.150 2680  -0033 31597 0043 19418 9023 9.1
(0.045)  (0.000) (0.029) (0.004) (0.007) (0.131)  (0039) (1.375) (0.000) (0.000) (0.010
G-MIDAS 0.017 0.028 0.131 0.841 0.972 2143 0060  6.609 19886 9304 114
(0.041) (0.008) (0.010) (0.095)  (0.007) (5.037)
GMIDAS 0063 0.018 0.130 0852 0.982 1071 20.090 10555 -0.021 34.893  0.036 19450 9036 9.6
(0.041) (0.000)  (0.000) (0.000) (0.000) (4432) (0.000) (0.000) (0.005
GIRMIDAS 0010 0028 0.058 0.857 0.115 0.972 2026 -0.085 8472 19863 9286 111
EPUcy (0.036) (0.009) (0.011) (0.015) (0.120)  (0.003) (4.406)
GIRMIDAS 0037 0.037 0.039 0.870 0.108 0.963 0693  -0078 7747 0027 34135 0039 19452 9039 9.4
(0.045) (0.008) (0.009) (0.014) (0.172)  (0.008) (4900) (0.000) (0.000) (0.007
EG-MIDAS 0040 0.001 0280 0975  -0.082 0975 2955 0.039 1.003 19450 -9224 104
(0.015)  (0.000) (0.002) (0.001) (0.002) (0.037)  (0.002) (0.053)
EGMIDAS) 0038 0.001 0.277 0974  -0.102 0.976 1359 -0.086 8521  -0017 35178 0048 19413 9039 9.3
(0.015)  (0.000) (0.002) (0.001) (0.002) (0.037)  (0.002) (0.052) (0.000) (0.000) (0.008
G-MIDAS 0.064  0.030 0.122 0.848 0.970 1.967 0496 11382 19883 9303 114
(0.041) (0.008) (0.010) (0.065) (0.091) (4.855)
G-MIDAS.] 0.085 0.022 0.147 0.831 0978 0.983 0.670 6707  -0059 32859 0042 19455 -9039 98
(0.044) (0.000)  (0.000) (0.000) (0.000) (5.089) (0.000) (0.000) (0.004
. 20031 0.026 0.053 0.863 0.117 0.974 2,033 0.805 11321 19860 9284 11.1
Gop GIRMIDAS (4 041 (0.009)  (0.009) (0.013) (0.077)  (0.100) (4.267)
GRMIDAS 0034 0.038 0034 0878 0.100 0.962 0.705 0.866 9580 -0.065 32145 0044 19451 9022 94
(0.049) (0.007)  (0.009) (0.013) (0.111)  (0.147) (4.097) (0.000) (0.000) (0.009
EGMIDAs 0025 0001 0.165 0982 -0.090 0.982 2.100 0266 12.768 19449 29230 103
(0.052)  (0.000) (0.015) (0.003) (0.010) (0.080) (0.113)  (4.024)
EGMIDAS 0024 0001 0.164 0981  -0.113 0973 0.966 0953 10548 -0.021 33348 0057 19430 9022 93
(0.052)  (0.000) (0.015) (0.003) (0.010) (0.079)  (0.112) (3984) (0.000) (0.000) (0010
GMIDAS 0.071 0.027 0.129 0.844 0.973 2111 0.243 7.151 19884 9303 116
(0.042) (0.007)  (0.009) (0.084) (0.113) (4.508)
GMiDAsy 0099 0.021 0.146  0.833 0.979 1.056 0.291 10335 -0.064 39778 0012 19500 -9061 9.9
(0.037) (0.000)  (0.000) (0.000)  (0.000) (4.035) (0.000) (0.000) (0.010
GIR-MIDA 0010 0029 0.051 0.862 0.116 0.971 1.973 0.381 6.838 19859 9284 111
or, (0.036) (0.009) (0.010) (0.012) (0.082) (0.113)  (4.094)
O GRMIDAS 0038 0.041 0.038 0.869 0.104 0.959 0.667 0.450 6572 -0070 38696 0021 19465 -9029 9.5
B ~(0.044) (0.007)  (0.010) (0.014) (0.112)  (0.181) (3.706) (0.000) (0.000) (0.008
EGMIDAs 0039 0001 0.185 0979 -0.094 0.979 2152 0.120 9.685 19463 9234 103
(0.041) (0.000) (0.018) (0.004) (0.009) (0.177)  (0.157) (4343)
EGMIDAsy 0037 0001 0.183 0978 -0.117 0.968 0.990 0.495 7229 -0032 40672 0034 19452 9029 94
(0.041)  (0.000) (0.018) (0.004) (0.008) (0.175)  (0.155) (4.300) (0.000) (0.000) (0.008
G-MIDAS 0.081 0.044 0.116  0.840 0.956 1803  -0.038  8.965 19882 9304 118
(0.083) (0.009)  (0.009) (0.099) (0.021) (3.025)
GMIDAS 0.081 0.040 0.127 0.833 0.960 0902 -0070 11247  -0.050  27.140  0.030 19487 9054 9.9
(0.035) (0.000)  (0.000) (0.000) (0.000) (3.806) (0.000) (0.000) (0.004
0.034 0068 0054 0819 0.118 0.932 2191 20.064  8.178 19853 9283 117
s GIR-MIDAS (035 (0011)  (0008) (0.016) (0132) (0.047) (4:625)
OPEC GIRMIDAS 0059 0025 0.037 0.875 0.128 0.975 0.888  -0.075 6.689  -0.056 36333 0035 19461 9028 9.5
B o (0.048) (0.008) (0.009) (0.013) (0.132)  (0.049) (4741) (0.000) (0.000) (0.007
EG-MIDAS 0.022 0.001 0.180 0971 -0.090 0.971 2132 -0067 7983 19459 9233 103
(0.048) (0.000) (0.006) (0.005) (0.010) (0.050) (0.044) (2261)
EG-MIDAS) 0020 0001 0.178 0970 -0.113 0.969 0981  -0083 7358  -0.018 40209 0038 19450 9027 9.4
(0.048)  (0.000) (0.006) (0.004) (0.010) (0.049)  (0.044) (2238) (0.000) (0.000) (0.008

Notes: This table reports the estimation results of GJR-GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS and their jump augmented extensions using lag
length K = 24.
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Table 3.5.2: MCMC and QML Estimates for the period: 4.2000-8.2021

Sable Niodel Mool 1t @ @ 7 Tov Penbione W 7 o T = © BIC_LOGL RWBE
TO05 0000 0073 0938 T2 0005000 FEE RV
GMIDAS QUE - (0ox) (0002) (0.002) (0203)
L MIDAS e 00% 0033 0113 osst 0967 1876 20209 -10566 846
GMIDAS MEME ™ (o047) (0013)  (0.020) (00s1)
MIDAS. e 007 000 0133 047 0980 0571 007 26773 0063 20549 (1037 823
GMIDAS MEME ™ (0.063) (0000)  (0.000) (0000) (0000) (0.000) (0.010)
. 0049 000 0056 0918 0055 Lo00 0024 M 12 %66
GIRMIDAS — QMLE (o3 (0005) (0.002) (0.006) (0258)
008 0016 0058 0876 0109 098 20 20187 10551 835
Thos GIRMIDAS - MEMC (33 (0009) (0.009) (0014 (0000)
0025 0020 0030 0% 0103 0980 744 0045 28534 0067 20446 10308 817
GIRMIDAST - MEMC s (0006) (0.009) (0.012) (0137 (0000)  (0.000) (0.010)
003 0001 0186 0969 0080 0969 1957 2084 11007 861
FGMIDAS QILE T (0043) (0.000) (0.002) (0.000) (0.003) 0112
0069 0001 0211 0978 0063 097 1755 20652 10479 831
FGMIDAS Mome  (0032) (0.000)  (00IS) (0.008) (0.006) (0359)
GMIDAS. 0068 0001 019 096 0113 096 0655 0043 29419 0066 2005 10289 816
(0050) (0.006) (0.004) (0.009) (0012) (0055) (0000) _(0.000) _(0.010)
0 TO% 012 05% To6T 1566 T 6T 9%
GMIDAS QULE (0027, (0008)  (0010) (0073)
0009 0024 0122 o0sst 0976 2102 2238 10581 839
GMIDAS Meve (0040 (0008)  (0010) (0092)
GMIDASS 0078 002 0110 08S 0968 069 003 31415 0056 20569 10384 823
(0048) (0000)  (0.000) (0.143) (0000) (0.000) (0.012)
) L0045 000 0053 0919 0055 Lo00 0033 2008 -11019 962
GIRMIDAS — QMLE (o3 (0005) (0.002) (0.006) (0248)
, . 002 002 002 0865 021 0978 206 20101 10553 839
e GIRMIDAS e (003T) (0009) (0.008) (0.015) (0119)
GRMIDASS o. 0026 0037 081 0112 09% 0913 0019 36239 0056 20446 10308 823
MIDAS- (0051) 007)_(0010) (0017 (0.123) (0000) (0.000) _(0.009)
IS T 002 OmT 0177 097 007 097 187 0T TT00T46
EGMIDAS QMLE (0013 (0000) (0.002) (0000) (0.003) (0.111)
0015 0001 0150 094 007 098 1743 20672 10489 832
EGMIDAS v (D000) (0.000)  (0.000)  (0000)  (0000) (0000)
GMIDASS 0013 0001 0135 0972 004 0972 068 0018 36210 0059 20406 10294 819
MIDAS- (008) (0007) (0000) (0009) (0016) (0089) (0000) (0.000) _(0.008)
0021 0000 0073 0937 000 0302 PSS EP
GMIDAS AMLE (02 0002) (0002) (01%6)
. 0041 008 0130 088 02 2102 20209 -10566 840
GMIDAS vewe (0057 (0010)  (0010) (00%)
AMIDASS 0056 0033 0. 0362 0967 1ol 0012 43307 0049 20555 10377 821
PMIDAS- (0059) (00I7) (0014) (0.167) (0000)  (0.000)  (0.008)
0049 000 005 0918 0055 Loo0 0024 23 026 966
GIRMIDAS QILE - (0023) 0005) (0002) (0.006) (0260)
0032 002 00 0855 013 0979 2283 2183 10509 842
EERus GIRMIDAS e (0040) 0007) (0010) (0015 i)
RMIDASS 0005 0017 0052 086l 014 0983 160 0018 42532 0046 20611 <1030 827
(0042) (0010) (0009)  (0.015) (0108) (0000) (0.000) (0.005)
MIDAS 003 0003 0174 0979 0076 0979 2100 2103 1022 851
FGMIDAS QULE (0042) (0000) (0.001) (0.000) (0002) (0127) (0037)  (9674)
EGMIDAS 0032 0001 0192 0081 0980 2098 0848 80l 20646 10476 830
vese (D039) (0.000) (0020) (0002) (0008 ) (0219) (0292)  (4854)
G MIDASS 00310001 0173 0967 0131 0967 105 0977 8014 0017 46211 0054 20850 -10332 820
(0040) (0010) (0.002) _(0.008) (0014) (0043) (0290) (1910) (0000) (0000) (0.005)
S 0TS 0000 0073 0937 TO0 0307 0092 5000 TR0 TS 856
GMIDAS QULE - (00a) (0002) (0.002) (029) (0261) (13741)
GADAS 00% 0039 0130 0831 0961 1899 0281 14851 229 0576 872
vee (0036) (0010) (0013) (0050) (0068) (3292
GMIDASS 0101 0025 0975 0780 0377 114 0030 2798 0062 20548 -103% 822
(0086) (0110) (0204)  (4298)  (0000) (0000) (0013)
GroarcrMDAs Quis | 009 000 10000023 0010 10.000 23 2 965
FERen GRMIDAS o om 0967 2205 10560 863
ornmass M oo oo 0968 13276 0030 25289 006 2047 10308 8§77
& ! (0049) (009%) (0060) (3048)  (0000) (0000) (0010)
0035 0001 0978 214 0610 1001 2005 1023 851
FGMIDAS QMLE - (0044)  (0.000) (0126) (0.143)  (0.189)
MIDAS 0010 0002 0971 194 0373 15725 20658 10482 830
EGMIDAS eve (004) (0000) (0094) (0069)  (4037)
G MIDASS 0009 0002 0959 0846 0473 15725 0037 28300 0078 20406 10289 845
(0047) (0.009) (0039) (0057) (2895)  (0000) (0000) (0.009)
0017 0000 00 00T 01 000 pEE R T
GMIDAS QUE (002, (0195) (0252) (11056)
MIDAS ool 0028 092 20 001 9927 2239 10581 838
GMIDAS Move (0043 (0106) (0017)  (4575)
GMIDASS 001 008 0972 128 0068 3547 0021 3129 0061 2055 0382 821
(0000) (0000) (0000) (0572)  (0000) (0000) (0.007)
0049 0000 1000 ; 009 10.000 2313 1127 967
GIRMIDAS - QMLE (o3 (178.124)
o GRMIDAS oo oo 0974 s 20108 10556 838
armoassTME oo 00 09850 662 00M 34072 005 20550 10360  §24
IRMIDAS (0050) (3756)  (0000) (0000) (0.004)
0036 0000 0971 49,904 2080 11010 861
FGMIDAS QILE - (0013)  (0.000) (8945)
0084 0001 0978 1255 20660 10487 829
EGMIDAS veve (0% (0000) (4349)
G MIDAS 0052 0001 0. 0966 1255 0032 34921 0055 20509 -10319 818
(0045) (0009) (0.002) (0.009) (0013) (3568) (0000) (0000) (0.004)
005 000 0073 0927 o0 S001 TS %0
GMIDAS QILE (01 0002)  (0002) (2824)
0000 0029 012 0849 0971 2760 2025 10584 838
G-MIDAS e (0045 (0008) (0010 (4712)
GMIDASS 0118 005 0130 084 0975 3276 0012 30102 0061 20569 10384 823
(0055) (0000) (0.000) (1129)  (0000) (0000) (0011)
0066 0000 0055 0918 0055 1000 10000 230 -3 977
GIRMIDAS AMLE (o022 (0.005)  (0.003) (0.006) (1.864)
0005 006 0059 0859 0113 09% 946 20200 10557 839
EPUpsy GIRMIDAS veye (0052) 0011) (0011)  (0016) (4099)
RMIDASS 00% 002 0036 087 0lls 0968 202 0039 3558 0061 20444 10307 521
MIDAS (0049) (0008) (0012)  (0.013) (2465)  (0000) (0000) (0.007)
003 0000 0178 0977 0080 0977 1680 221 02 852
FGMIDAS QILE " (0044)  (0.000) (0.001) (0.000) (0002) (0685)
0115 0001 0180 0979 007 0979 9.428 20672 1049 832
FGMIDAS eve (0000)  (0000) (0.008)  (0004)  (0.008) (4537)
G MIDAS 0113 0001 0162 097 0126 0967 9428 0037 35107 0054 20403 10294 818§
(0046) (0007) (0.003) _(0011) _(0013) (2341)  (0000) (0000) (0.006)
007 009 0% 086 T o5 FEIEE RV
GMIDAS QILE - (0028) 0006)  (0.006) (72:430)
0033 0027 0126 osas 0974 5705 20247 10585 840
GMIDAS Meve (0043 0008)  (0010) (4951)
G MIDASS 00d 0017 0121 0se2 0983 8634 0032 7928 0051 20576 10388 824
(0058) (0004)  (0.003) (428)  (0000) (0000) (0.006)
. . 005 0000 0059 0913 0055 1000 023" 0000 10,000 2318 11129 967
GIRMIDAS AMLE (9023, (0005)  (0.003) (0.006) (0254)  (0005) (229.192)
. 0012 003 0054 082 0117 094 2064 -0098 20108 10555 834
EPten GIRMIDAS Mome  (0786) (0013)  (0032) (0036)
RMIDASS 0047 0027 0040 08 012 0973 000 34957 0061 20463 10316 824
B A (0.051) (0.008) (0.010) (0.013) (0.082)  (0.603) (0.008)
0036 0. 0178 0979 0081 0979 2123 0 852
EG-MIDAS ILE - (0043)  (0.000) (0.001) (0.000) (0002)
0126 0001 0175 098 0064 0988 20679 10492 832
FOARCHLMIDAS e (0000) (0000) (0000) (0000) (0.000)
G MIDAS 012 0001 0158 0976 -0lld 0976 0019 0087 0060 2022 10300 820
* (0038) (0.008) (0.000) (0010) (0.013) (0078) (0573) (0007
005 000 0074 0956 om0 I 656
G-MIDAS QILE - (g0a1) 0002)  (0002)
002 0024 0124 0851 0976 2241 0582 84l
GMIDAS veve (003) 0011) (0013)
G MIDAS 0I5 0014 0120 0866 0986 0070 35717 0058 20565 10382 821
FMIDAS (0000) (0000)  (0.000) (0000)  (0.000) (0.007)
. 002 0000 0059 0914 005 LoD 2366 113 974
GIRMIDAS  QULE (02 (0005) (0.003) (0.006)
. y . 0068 002 0064 0853 012 097 20207 10561 841
aor GIRMIDAS e (0041 (0011) (0011)  (0.010)
RMIDASS 0018 005 004 087 012 097 004 33472 0072 20481 10325 828
(0045) (0008) (0010)  (0.015) (0046) (0784)  (0.009)
003 0001 019 0979 0082 0979 221 026 853
EGMIDAS QILE - (0043)  (0.000) (0.001) (0:000) (0.001)
0052 0001 0159 0985 0075 0985 20668 10487 529
EG-MIDAS veve (0042) (0000)  (0018)  (0003)  (0.006)
GAIDASS 0051 0001 014 0973 0125 0973 0023 305 0071 2040 10302 820
MIDAS (002) (0008) (0002) (0.009) (0014) (0044) (0745) (0009
0015 000 0075 0927 om0 ST TS 656
G-MIDAS QILE (01 (0002)  (0.002)
004 003 0129 089 0977 2239 0581 842
G-MIDAS vese (0036) (0009)  (0.009)
MIDASS 0062 0019 013 0843 0981 0075 SLI07 0027 2052 10376 821
B > (0.040) 0.000)  (0.000) (0.000)  (0.000)  (0.003)
0050 0000 0055 0918 0055 Lo0o 2 s 965
GIRMIDAS  QULE (o3 (0005) (0.003)  (0.006)
. . 0027 0ms 002 080 0126 0975 20185 10550 840
Oforec GIRMIDAS e (0040) (0009) (0.008) (0.014)
GIRMIDASS 0017 003 0040 0872 0130 0977 0038 48059 0092 20483 10326 826
(0046) (0008) (0009) (0.015) (0000)  (0.000) (0.007)
0030 0001 0169 0981 0078 0981 2 21 853
EGMIDAS QMLE - (0044) (0.000) (0.001) (0:000) (0.001)
0023 0001 017 0950 0080 0950 20655 10450 830
EG-MIDAS veve (0042) (0000)  (0017)  (0002)  (0.007)
GMIDASS 002 0001 0159 0968 0130 0968 0036 45191 0082 2042 10299 820
G-MIDAS (004) (0007)  (0002) _(0.009) _(0014) (0000) (0.000) _(0.006)
- 0018 0000 0073 0927 o000 T A 8T
GMIDAS AMLE (o001 0002) (0002
0025 0024 0135 0851 0976 2241 10582 84l
G-MIDAS vese (0038) 0008)  (0010)
GMIDASS 0053 0019 013 0843 081 0061 40360 0045 20543 10371 822
" - (0.038) 0.000)  (0.000) (0.000)  (0.000)  (0.004)
009 000 005 0918 0055 Looo 23 -z 965
GIRMIDAS QILE - (023) 0005)  (0.003) (0.006)
003 0019 0057 0862 0124 0981 20203 10559 841
OSorec GIRMIDAS Mome (09036 (0011)  (0.008) (0016)
RMIDASS 0059 0ms 0037 0875 018 0975 002 42679 0048 20466 10318 822
(0048) (0008) (0009) (0.013) (0000) (0.000) (0.007)
MIDAS L0033 000 0174 0950 0081 0980 2119 105 852
EGMIDAS MLE - (0013) (0000) (0001) (0000) (0.001)
002 0001 0163 091 0075 0981 20651 10478 830
EGMIDAS Mome  (0000)  (0.000)  (0000) (0.000) (0.000)
GMIDASS 0020 0001 0147 0969 0025 0969 0020 44676 0047 20425 10293 818
MIDAS- (006) (0007) (0000) (0009) (0012) (0000) (0.000) _(0.007)

Notes: This table reports the estimation results of GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS and their jump

augmented extensions using lag length K = 24.
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Table 3.5.3: QML Estimates of the models when MCMC estimates are used as initial
values

Model Macro u a B lev  per m 6 o bic logl rmse
IPys  0.033 0.119 0.830 0.949 1.835 -0.386 5.742 19927.44 -9838.20 18.64
IPcyp  0.035 0.111 0.856 0.967 1.825 -0.232 8.649 19932.75 -9840.85 18.93
EERys 0.032 0.110 0.859 0.969 1.799 -0.602 1.001 19931.06 -9840.01 18.67
EERcy 0.035 0.116 0.848 0.963 1.874 -0.363 10.231 19913.42 -9831.18 18.54
G-MIDAS GEPU 0.031 0.108 0.856 0.963 1.872 0.054 2.060 19934.80 -9841.87 18.57
EPUys 0.034 0.110 0.859 0.969 1.824 -0.007 8917 19936.94 -9842.94 18.61
EPUcy 0.032 0.104 0.866 0.970 1.856 0.002 49.985 19934.92 -9841.94 18.75
GOP  0.034 0.100 0.870 0971 1.787 0.421 49.944 19925.06 -9837.00 18.55
OPopec 0.032 0.105 0.858 0.963 1.747 0.222 2281 19919.59 -9834.27 18.44
OSopec 0.031 0.107 0.861 0.968 1.954 -0.019 1.112 19929.80 -9839.38 18.76

IPys -0.002 0.050 0.871 0.089 0.966 1.816 -0.342 13.506 19908.07 -9824.26 16.34
IPcy  -0.015 0.057 0.884 0.089 0.985 2.215 -0.385 5.747 19917.43 -9828.94 16.36
EERys -0.013 0.044 0.886 0.097 0.978 1.875 -0.676 1.874 19904.16 -9822.30 16.46
EERcy 0.012 0.049 0.878 0.084 0.969 1.759 -0.310 9.772 19910.24 -9825.34 16.40
GEPU -0.005 0.048 0.883 0.084 0.973 1.804 0.027 8.165 19913.12 -9826.78 16.40
EPUys -0.010 0.048 0.883 0.087 0.974 1.794 -0.009 8.422 19911.01 -9825.72 16.36
EPUcy -0.017 0.052 0.882 0.089 0.979 2.004 0.000 8.340 19915.45 -9827.95 16.35
GOP -0.007 0.044 0.888 0.083 0.973 1.732 0.713 12.242 19908.62 -9824.53 16.39
OPopec -0.005 0.043 0.880 0.090 0.968 1.712 0.386 7.085 19902.41 -9821.42 16.39
OSorec -0.013 0.051 0.884 0.090 0.980 2.049 -0.025 8.085 19914.09 -9827.27 16.40

IPys -0.035 0.189 0.959 -0.068 0.959 1.806 -0.518 16.040 19711.65 -9821.79 15.79
IPcy  -0.025 0.174 0.973 -0.064 0.973 1.861 -0.367 5.352 19715.97 -9823.95 15.80
EERys -0.015 0.166 0.974 -0.067 0.974 1.727 -0.717 2.388 19727.62 -9829.78 15.82
EERcy -0.022 0.172 0.973 -0.065 0.973 1.843 -0.153 11.064 19724.12 -9828.03 15.84
GEPU -0.031 0.169 0.974 -0.063 0.974 1.869 0.006 12.905 19723.08 -9827.51 15.82
EPUys -0.036 0.172 0.977 -0.064 0.977 1.924 0.017 3.325 19722.45 -9827.19 15.80
EPUcy -0.033 0.178 0.973 -0.063 0.973 2.273 0.026 1.173 19722.29 -9827.11 15.82
GOP -0.034 0.170 0.975 -0.060 0.975 1.858 0.382 12.817 19717.36 -9824.64 15.79
OPopec -0.021 0.171 0.974 -0.063 0.974 1.897 0.044 9.996 19722.66 -9827.29 15.82
OSoprec -0.025 0.170 0.974 -0.064 0.974 1.879 -0.051 7.712 19723.48 -9827.71 15.81

Notes: This table reports the estimation results of GARCH-MIDAS, GJR-GARCH-MIDAS,
and EGARCH-MIDAS using QML esti-mation approach when MCMC estimates are
selected as initial values.

GJR-MIDAS

EG-MIDAS




3.5 Appendix 2 79

Table 3.5.4: RMSE LOSS function 2000-2019

Macro Model 1 5 10 15 20
GIR-MIDAS 0.994 0.993 0.996 0.954 0.979
EG-MIDAS 0.988 0.987 0.989 0.951 0.971
IPys G-MIDAS-J 1.003 1.007 1.011 1.01 1.005
GJR-MIDAS-J 0.988 0.987 0.992 0.869 0.895
EG-MIDAS-J 0.984 0.983 0.987 0.802 0.84
GIR-MIDAS 1 1 1 0.971 0.992
EG-MIDAS 0.983 0.98 0.978 0.879 0.898
IPcy G-MIDAS-J 0.992 0.991 0.991 0.872 0.864
GJR-MIDAS-J 0.985 0.983 0.983 0.825 0.84
EG-MIDAS-J 0.981 0.977 0.978 0.75 0.774
GIR-MIDAS 1.004 1.002 1.004 0.916 0.944
EG-MIDAS 0.993 0.993 0.995 0.911 0.931
EERys G-MIDAS-J 0.993 0.993 0.996 0.88 0.884
GIR-MIDAS-J 0.984 0.977 0.981 0.899 0.922
EG-MIDAS-JJ 0.966 0.967 0.966 0.774 0.805
GIJR-MIDAS 0.987 0.984 0.984 0.872 0.882
EG-MIDAS 0.988 0.985 0.984 0.895 0.928
EERcy G-MIDAS-J 0.994 0.995 0.994 0.89 0.868
GIR-MIDAS-J 0.986 0.983 0.983 0.775 0.785
EG-MIDAS-J 0.98 0.972 0.973 0.718 0.737
GIJR-MIDAS 0.995 0.994 0.995 0.937 0.964
EG-MIDAS 0.97 0.97 0.969 0.934 0.988
GEPU G-MIDAS-J 1.008 1.008 1.009 0.949 0.942
GIR-MIDAS-J 0.992 0.991 0.993 0.886 0.907
EG-MIDAS-J 0.98 0.974 0.978 0.78 0.81
GIJR-MIDAS 0.994 0.993 0.993 0.912 0.934
EG-MIDAS 0.984 0.985 0.986 0.894 1.147
EPUysa G-MIDAS-J 0.992 0.993 0.994 0.931 0.919
GIR-MIDAS-J 0.986 0.984 0.986 0.814 0.836
EG-MIDAS-J 0.981 0.977 0.982 0.803 0.889
GJR-MIDAS 0.989 0.986 0.986 0.9 0.92
EG-MIDAS 0.983 0.986 0.991 1.157 1.247
EPUcy G-MIDAS-J 0.997 0.998 1 0.957 0.953
GIJR-MIDAS-J 0.983 0.98 0.981 0.816 0.834
EG-MIDAS-J 0.97 0.964 0.967 0.779 0.806
GJR-MIDAS 1 0.998 0.999 0.925 0.949
EG-MIDAS 0.996 1 1.002 0.923 0.949
GOP G-MIDAS-J 0.991 0.989 0.989 0.917 0.894
GJR-MIDAS-J 0.989 0.986 0.988 0.867 0.891
EG-MIDAS-J 0.988 0.982 0.984 0.792 0.825
GJR-MIDAS 0.996 0.993 0.994 0.98 0.902
EG-MIDAS 0.993 0.99 0.989 0.932 0.969
OPopEc G-MIDAS-J 1.004 1.006 1.007 1.045 1.047
GJR-MIDAS-J 0.994 0.991 0.992 0.84 0.863
EG-MIDAS-J 0.989 0.981 0.984 0.767 0.796
GIR-MIDAS 1.002 1.002 1.008 1.151 1.199
EG-MIDAS 0.998 0.995 0.997 0.991 0.989
OSopEC G-MIDAS-J 0.991 0.993 0.996 0.919 0.945
GJR-MIDAS-J 0.987 0.986 0.991 0.902 0.926
EG-MIDAS-J 0.983 0.978 0.984 0.839 0.867

Notes: GJR-MIDAS refers to GJR-GARCH-MIDAS, EG-MIDAS, refers to EGARCH-MIDAS, and G-MIDAS refers to
GARCH-MIDAS. This table reports RMSE loss of the k-day total volatility forecast for k = 1,5, 10, 15,20. RMSE loss is the
ratio of RMSE of the reported models in this table to RMSE of GARCH-MIDAS. The preferred model is the one with the
smallest RMSE loss.
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Table 3.5.5: QLIKE LOSS function 2000-2019

Macro Model 1 5 10 15 20
GJR-MIDAS 1.095 1.144 1.099 1.103 1.098
EG-MIDAS 0.978 1.021 1.001 1.057 1.038
IPys G-MIDAS-] 0.966 0.964 1 0.879 0.885
GIR-MIDAS-J 0.964 1.023 0.975 0.898 0.899
EG-MIDAS-J 0.955 0.93 0.912 0.54 0.549
GJR-MIDAS 1.075 1.113 1.072 1.104 1.097
EG-MIDAS 0.943 0.982 0.949 0.978 0.959
IPcy G-MIDAS-J 0.948 0.946 0.971 0.847 0.855
GJR-MIDAS-J 0.943 0.993 0.946 0.876 0.88
EG-MIDAS-J 0.837 0.825 0.803 0.524 0.529
GJR-MIDAS 1.078 1.124 1.076 1.096 1.078
EG-MIDAS 0.969 0.971 0.991 0.992 1
EERys G-MIDAS-] 0911 0.954 0.926 0.855 0.859
GJR-MIDAS-J 0.985 1.04 0.993 0.919 0.918
EG-MIDAS-J 0.845 0.824 0.789 0.53 0.533
GJR-MIDAS 1.058 1.098 1.057 1.052 1.049
EG-MIDAS 0.958 1 0.971 1.005 0.984
EERcy G-MIDAS-J 0.956 0.946 0.98 0.842 0.85
GIR-MIDAS-J 0.968 1.023 0.983 0.858 0.857
EG-MIDAS-J 0.786 0.782 0.765 0.524 0.524
GIJR-MIDAS 1.032 1.08 1.036 1.046 1.062
EG-MIDAS 0.886 0.928 0.901 0.971 0.992
GEPU G-MIDAS-J 1.004 0.998 1.012 0.926 0.917
GIR-MIDAS-J 0.908 0.965 0.921 0.844 0.863
EG-MIDAS-J 0.722 0.737 0.725 0.535 0.543
GJR-MIDAS 1.073 1.131 1.062 1.094 1.097
EG-MIDAS 0.915 0.954 0.939 1.022 1.046
EPUysa G-MIDAS-] 0.941 0.942 0.977 0.871 0.884
GIR-MIDAS-J 0.921 0.999 0.935 0.855 0.867
EG-MIDAS-J 0.778 0.839 0.882 0.587 0.626
GJR-MIDAS 1.057 1.094 1.056 1.075 1.072
EG-MIDAS 0.902 0.935 0.941 1.036 1.038
EPUcy G-MIDAS-J 0.942 0.938 0.946 0.876 0.88
GIJR-MIDAS-J 0.93 0.979 0.933 0.864 0.872
EG-MIDAS-J 0.645 0.647 0.649 0.562 0.561
GJR-MIDAS 0.994 0.992 0.991 0.981 0.973
EG-MIDAS 0.968 0.949 0.986 1.05 0.947
GOP G-MIDAS-J 0.98 1.039 0.988 0.923 0.935
GIJR-MIDAS-J 0.925 0.923 0.927 0.909 0.906
EG-MIDAS-J 0.871 0.857 0.826 0.542 0.543
GJR-MIDAS 1.106 1.157 1.104 1.095 1.082
EG-MIDAS 0.964 1.02 0.975 1.039 1.01
OPopEC G-MIDAS-J 0.941 0.936 0.939 0.916 0.918
GIR-MIDAS-J 0.986 1.051 0.999 0.904 0.902
EG-MIDAS-J 0.945 0.929 0.887 0.541 0.542
GJR-MIDAS 1.05 1.099 1.071 1.161 1.164
EG-MIDAS 0.938 0.992 0.971 1.03 1.033
OSopEC G-MIDAS-J 0.943 0.941 0.957 0.933 0.926
GJR-MIDAS-] 0.941 0.939 0.944 0.907 0.908
EG-MIDAS-J 0.677 0.699 0.687 0.577 0.58

Notes: GJR-MIDAS refers to GJR-GARCH-MIDAS, EG-MIDAS, refers to EGARCH-MIDAS, and G-MIDAS refers to
GARCH-MIDAS. This table reports QLIKE loss of the k-day total volatility forecast for k = 1,5,10,15,20. QLIKE loss is
the ratio of QLIKE of the reported models in this table to QLIKE of GARCH-MIDAS. The preferred model is the one with
the smallest QLIKE loss.
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Table 3.5.6: and MCMC estimates of GARCH-MIDAS -DGP GARCH-MIDAS-J

u o B m 0 o
Low 0 0.08 0.9 0.1 0.6 10
G-MIDAS-QMLE 0.003 0.080 0.889 0.337 0.071 19.973
0.027) (0.006 ) (0.007) (0.143) (0.240) (69.261)
G-MIDAS-MCMC 0.002 0.086 0.893 1.023 0.181 10.315
(0.036) (0.008) (0.011) (0.136) (0.114) (4.044)
Medium 0 0.05 0.92 0.1 0.3 10
G-MIDAS-QMLE -0.003 0.051 0.918 0.070 0.130 15.238
(0.030) (0.004) (0.006) (0.090) (0.050) (20.847)
G-MIDAS-MCMC -0.006 0.052 0.914 0.243 0.126 8.555
(0.036) (0.005) (0.009) (0.072) (0.081) (3.208)
Large 0 0.08 0.85 -0.1 -0.45 10
G-MIDAS-QMLE -0.006 0.086 0.831 0.037 -0.142 18.285
(0.025) (0.007) (0.011) (0.035) (0.019) (6.303)
G-MIDAS-MCMC -0.010 0.087 0.832 0.077 -0.148 9.571

(0.039) (0.008) (0.016) (0.056) (0.056) (3.306)
MCMC estimates obtained by simulating 40000 iterations, and 15000 burnins. Standard deviations are given in
brackets. Low, Medium, and Large, represents Low, Medium, and large breaks in the simulated volatility.

Table 3.5.7: QML and MCMC estimates of GJR-GARCH-MIDAS - DGP GJR-GARCH-MIDAS-J

Parameter u o B Y m 0 0]
Low 0 0.05 0.85 0.1 -0.1 0.3 10
GJR-MIDAS-QMLE -0.003 0.054 0.846 0.147 0.853 0.101 14.226
(0.022) (0.007) (0.008) (0.015) (0.179) (0.040) (24.214)
GJR-MIDAS-MCMC  -0.005 0.0601 0.8461 0.13 0.7161 0.203 8.5048
(0.0364) (0.0009) (0.0009) (0.0017) (0.067) (0.0828) (2.3883)
Medium 0 0.06 0.85 0.1 -0.1 0.3 10
GJR-MIDAS-QMLE -0.001 0.047 0.840 0.114 0.958 0.184 25.085
(0.023) (0.008) (0.012) (0.015) (0.076) (0.042) (60.019)
GJR-MIDAS-MCMC 0.005 0.057 0.834 0.099 0.921 0.170 11.626
0.038)  (0.009) (0.013) (0.013) (0.066) (0.070) (3.375)
Large 0 0.06 0.85 0.1 -0.1 -0.45 10
GJR-MIDAS-QMLE 0.012 0.084 0.779 0.126 0.771 -0.225 28.668
(0.019) (0.009) (0.014) (0.017) (0.075) (0.028) (14.334)
GJR-MIDAS-MCMC  -0.010 0.062 0.846 0.085 0.755 -0.269 6.279
(0.036) (0.007) (0.009) (0.010) (0.061) (0.072) (2.079)

MCMC estimates obtained by simulating 40000 iterations, and 15000 burnins. Standard deviations are given in
brackets. Low, Medium, and Large, represents Low, Medium, and Large breaks in the simulated volatility.

Table 3.5.8: QML and MCMC estimates of EGARCH-MIDAS - DGP EGARCH-MIDAS-J

u c B Y o m 0 0]
Medium 0 0.9 -0.1 0.05 -0.1 0.4 5
EG-MIDAS-QMLE -0.020 0.001 0.878 -0.060 -0.019 0.598 0.235 10.422
(0.025)  (3.090) (0.026)  (0.025) (0.012) (3.576) (0.016)  (2.126)
EG-MIDAS-MCMC  -0.019 0.008 0.885 -0.072 0.030 0.489 0.279 9.235
(0.025)  (0.982) (0.027)  (0.035) (0.019) (0.017)  (0.012)  (0.893)
Large 0 0.9 -0.05 0.05 -0.1 -0.45 10
EG-MIDAS-QML -0.004 0.001 0.913 -0.073 -0.004 0.401 -0.321 30.013
(0.017)  (0.011)  (0.009)  (0.008)  (0.010)  (0.101)  (0.011)  (9.631)
EG-MIDAS-MCMC -0.009 0.006 0.933 -0.063 0.016 0.693 -0.321 15.836
(0.030)  (0.001) (0.012)  (0.007)  (0.009) (0.076)  (0.043)  (2.901)

MCMC estimates obtained by simulating 40000 iterations, and 15000 burnins. Standard deviations are given in
brackets. Low, Medium, and Large, represents Low, Medium, and large breaks in the simulated volatility.
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Bayesian MCMC Approach to Asymmetric GARCH-MIDAS Models with Jump
Components




Bayesian MCMC Approach to Heston-SV-MIDAS
Models with Jump

4.1 Introduction

Continuous time stochastic volatility (SV) models have been popular in modeling volatility of
high frequency financial asset. The standard SV model specifies that the logged volatility fol-
lows a latent AR(1) process while the SV-L is an extension by incorporating the leverage effect
through the correlation between the error term in the return equation and the error term in the
volatility equation. These models have been used as an approximation to the continuous-time
stochastic diffusion model (Hall and White (1987)) and their econometrics are described in Tay-
lor (1986).

Men et al. (2016) showed that the SV models better capture the stylised properties of finan-
cial asset returns, especially when GARCH models tend to produce extremely high persistence.
Furthermore, the SV model with normal errors seems to provide the better fit than GARCH
with heavy tailed error distribution, see also Broto and Ruiz (2004) and Carnero et al. (2003)).

The SV models have been estimated using classical methods (Method of Moment and Max-
imum Likelihood estimation). However, these estimation methods tend to become complicated
because the time-varying volatility is unknown and stochastic. This led to the extensive devel-
opments of the Markov Chain Monte Carlo Method (MCMC) algorithm, which was proposed
by Jacquier et al. (1994). Unfortunately, Jacquier et al. (1994) method has a very limited suc-
cess in improving the performance of the Heston Model as stated by Shephard and Kim (1994)
because it updates the latent volatility, one at a time. This single-move sampler typically re-
quires a large number of iterations before the MCMC estimate converges. Therefore, various
MCMC extensions have been proposed in order to to speed up the convergence of the algorithm.
In the literature, SV-L model has been estimated mostly by Bayesian MCMC approach due to
its statistical efficiency, convenience of implementation, and flexibility of modelling complex
model. A number of extensions have also been proposed to improve the model fit, e.g. Chan
and Grant (2016).

The discrete version of the continuous-time Heston (1993) model is similar to the SV-L model,

though the variance, G,z, also has a volatility equal to Gt{l. The other feature is that the variance
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of the return is equal to Gtz—l’ not 6, which may better describe the impact of leverage effect
as Black (1976) argued that future volatility may be negatively correlated with returns. The

Heston model has been routinely applied in options pricing.

The Heston (1993) model, models volatility clustering and the leverage effect using SQR struc-
ture. However, Jones(2003), and Ait Sahalia (2007) recognized that the SQR model cannot
capture important stylized facts which led Bates (2001), Andersen, Benzoni and Lund (2002),
and Broadie, Chernov and Johannes (2007) to improve the Heston Model by adding jump com-
ponents in the return and/or in the volatility equation. The resulting jump augmented models
outperform the standard SV models in terms of the in-sample fit, but not necessarily in terms
of out-of-sample forecasting. This motivated Heston (1997) and Christofferson et al. (2007) to
develop alternative models such as 3/2 Heston model where the variance of the volatility is Gf_/ f
instead of o;_. Grasselli (2017) proposes the 4/2 Heston model whose volatility is expressed
as the sum of volatility of Heston model and that of 3/2 Heston Model. Other extensions have
also been proposed, in the literature, such as switching regime Heston model and Heston-STAR

model of Stramer et al. (2017).

In this study, we aim to extend the SV, SVL, and Heston models to SV-MIDAS, SVL-MIDAS,
Heston-MIDAS and their jump augmented models by modelling the total volatility, 67 as a
product of a long term volatility component, 7; (summarizing the impact of the macroeconomic
variables), and a short term volatility component, g; (following the SV model). To this end, we
develop the Bayesian MCMC estimation algorithm. In particular, we suggest a procedure for
choosing the tuning parameter (variance) in the crucial step of the Metropolis-Hastings algo-
rithm using random-walk process, to improve the efficiency and speed up the convergence of

the MCMC algorithm, for simulating the posteriors of the volatility sequence.

We note that the parameters of alternative SV-MIDAS models and their jump augmented ex-
tensions can be directly estimated, using the Bayesian MCMC algorithm, from their posterior
distributions, as their likelihood function can be expressed using known densities such as nor-
mal density, log normal density, and inverse gamma density, unlike alternative GARCH-MIDAS
models parameters which are estimated using Metropolis-Hastings approach.

We confirm the reliability of the Bayesian MCMC approach via a comprehensive simulation
study. First, we investigate the validity of the bayesian MCMC estimates of alternative SV-
MIDAS models when generated dataset does not contain outliers. Second, we investigate the
accuracy of the bayesian MCMC estimates when alternative jump augmented SV-MIDAS mod-
els are applied to generated dataset with outliers. Our findings suggest the reliability of the
Bayesian MCMC approach in capturing different levels of leverage effect (low, medium, and
high), in capturing the correct impact of the important parameter Y that defines the impact of
the macroeconomic variable (MIDAS regression), and in capturing different levels of outliers
successfully through the jump component in the extended models.
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In the empirical study, we model WTI returns using the proposed SV-MIDAS models and
their jump augmented extensions by employing 10 economic indicators known for their im-
pact on WTI returns volatility. Our results suggest that Heston-MIDAS-J, SVL-MIDAS-J are
the favoured models according to DIdE Also, we note that unlike the Heston model (bench-
mark), Heston-MIDAS was able to detect a negative leverage effect comparable to SVL-MIDAS
model.

This Chapter is organized as follows: In Section 2 we describe the SV, SV-L and Heston mod-
els, and develop their MIDAS extensions. Section 3 presents the Bayesian MCMC estimation
algorithms. In Section 4, we investigate the finite sample performance of the proposed MCMC
approach via extensive simulation experiments. Section 5 provides an empirical application to

WTI returns. Section 6 concludes.

4.2 The Models

Taylor(1994) proposed the following stochastic volatility (SV) model:

r= 1+ g (4.2.1)
he = a0+ ¢ (h—1 — ) + opm; (4.2.2)
2
0,
h() N((X(), 1— ¢2)

where U, 0, @, and o), are the parameters, and & and 7, are iid N(0, 1). The volatility persis-
tence parameter ¢ satisfies |¢| < 1 to ensure weak stationarity. In the SV model, r; ~ N(u, e),

and & and 1, are independent.

To accommodate the leverage effect, the stochastic volatility with leverage (SV-L) model al-

lows the error terms, & and 7, to be correlated, i.e. (&41,1;) follows a bivariate normal

p

. The leverage effect is present if p is nega-

P

tive, which can be seen from the expression of E (k4 | ;) given by (Men et al. (2017))

distribution with mean O and variance ¥ = [

Elh | ) = a0 (1— )+ 222 1 oo, ol o/ 4000 4o/ (1-07) 4.2.3)

1+ ¢
Alternatively, Jackier et al. (2004) assumes that (&,7;) are correlated instead of (&1,1;).

However, the leverage effect is not guaranteed to exist in this formulation because Asai et al.

(2006) showed:
dhiii  py/opet /e

dr, (1+0.5p/01, &+1)

'DIC is a Bayesian method for model comparison Shriner (2009). Following Spiegelhalter et al. (2002) DIC =
D(y,0) +2pD, where D(y,®) = 2log(p(y|®)), and pD = var(D(y, ®)).
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whose sign can be negative if p > 0 and &, < —2/p/0},. This can occur if the returns data
contain large outliers because p./0y, is usually quite small. For this reason we use the first

formulation.

Heston (1993) proposed the continuous time Heston model which is defined by

dsS;

o = hdit /g (1) aW (1) (4.2.4a)
dg(t) =x(0—g(t))dt+0g1/g(t)dB(t) (4.2.4b)

where S(7) is the price at time ¢, W (¢) and B(¢) are correlated Weiner processes, pdt = cor(dW (t),
dB(t)), and U, K, 6, and o, are the parameters. 0 is the long term mean of g (¢), and x measures
the speed of reversion of g (¢) to 6 (1 — K is the persistence rate). The leverage effect is present
when p < 0. (4.2.4b) is known as the Square Root (SQR) volatility model. If g(¢) is constant,
the Heston model, (4.2.4), nests the popular options pricing model of Black and Scholes (1973).

Using Ito’s formula, we can easily derive that the model of log (S;) is:

dlog(S;) = (U —0.5g())dt +/g(t) dW (1) (4.2.5)
dg(t) = k(0 —g(t))dt+04\/g(t)dB(t) (4.2.6)

Using Euler-Maruyama discretization, the model of daily returns is expressed as:

re=u—05g_14+/8-1¢ for t=1,...,T 4.2.7)
8t = 811 +K(9—gt_1)+6g\/gt_17]t (4.2.8)

If one is interested in modelling returns data rather than options evaluation, Eraker et al. (2003)

derived the following discrete version of the Heston model directly from (#.2.4):

=W+ \/8—18 (4.2.9)
8 =8 -1+K(0—g—1)+0g /81N (4.2.10)
where the Ito’s formula is ignored and dS—f’ = dl%t(s’) is used. The main difference between SV-L

and reduced-form Heston model (HRM) is that the variance of the volatility of HRM, (.2.10),
depends on g;_; whereas the variance G,%, (4.2.2), of the log-volatility in the SV-L model is
constant.

Several extensions have also been proposed to improve the empirical performance of the He-
ston model. For example, Bates (2001) included a Jump component in the return equation.
Heston (1997) replaced the volatility innovation 0, /g; 11, by Gggz 21 7, and called it 3 /2 He-
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ston Model, which had been extended by Christoffersen (2010) as follows:

rr=u—0.5g_1+/8- 18 (4.2.11)
& =vio1+kg (6 —g 1)+0g 1 (4.2.12)

where 1, 0, o, k, 0y, are the main parameters. a and b are chosen by the user such thata € {0, 1}
and b € {5,1,3/2}. It also nests the SV-L model by imposing a = b = 0. This model also in-
cludes the discrete version of the original Heston model (¢ = 0 and b = %), and 3/2 Heston
model (a=0and b= %). Christofersen et al. (2008) reported that Heston Model cannot capture
important stylised facts of Option pricing, and illustrated its inappropriateness for SP500 by
fitting the volatility specification (4.2.8)) to realised volatility using high frequency data. More-
over, they claim that the main issue is not the existence of jumps in returns or in the volatility
but in the non-appropriateness of the specification which fails to capture observed rapid
fluctuations of the volatility. This led them to use non affine diffusion process

Due to the success and popularity of GARCH-MIDAS model of Engle et al. (2013) in im-
proving the performance of GARCH type models which are, in general, outperformed by SV
models, we develop the SV-MIDAS model by using multiplicative volatility component model,

1.€. Ve = ‘L’teh’:
ht

=R+ VTe? & (4.2.13)
hy = oo+ ¢ (h—1 — ) + O3 (4.2.14)
K
log(t)=m+y Z Wi X;_i
k=1

2
c
ho NN(Oto,l_—h(Pz)

where h; = log(g,) is the logged short term volatility component, & and 1, are uncorrelated.
The SV-L-MIDAS model is defined by (4.2.1314.2.14)), where we allow &1 and 1), to be cor-
related, i.e. p = corr(&41,M;).

Similarly, we define the Heston-MIDAS models:
Heston-MIDAS(1):

rr=u—=05%_18-1+VT-1V/8—1& (4.2.15)
8 =8 -1+K(0—g—1)+0g/8i—1M (4.2.16)
K
log(m) =m+y Y wiX, &
k=1

Heston-MIDAS(2):
rr=u—05% 18 1+V/T- 18 1& (4.2.17)



88 Bayesian MCMC Approach to Heston-SV-MIDAS Models with Jump

g =g1+Kg 1 (0—g1)+0.8" | n (4.2.18)
K
log (%) =m+y Y wiX;_i
k=1

where (a,b) is chosen by the user from {0,1} x {0,%,1,3}
Heston-MIDAS(3):

=L+ e & (4.2.19)
g =g-1+K8" 1 (0 —g1)+0e8’ | M (4.2.20)

K
log (%) =m+y Y wiX;_i
k=1

Heston-MIDAS(4):

Tt :“_ﬁft—lgt—l+\/Tt—1\/gt—1€z 4.2.21)
g =g 1+Kg 1 (0—g1)+0,8" | m (4.2.22)

K
log (”L't) =m+y Z Wi X;_k
k=1

where p = corr(g&,m;). Note that Heston-MIDAS(1) is the original Heston model of Heston
(1993) with MIDAS regression, Heston-MIDAS(2) is Christofferson (2007) with MIDAS re-
gression which includes the Heston 3/2 model of Heston (1997), where g; does not follow SQR
specification. Heston-MIDAS(3) is a proposed version of Heston model by Eraker et al. (2003)
with MIDAS regression when a =0 and b = %, and Heston-MIDAS(4) presents the general

model which nests all the propsed models.

4.2.1 Bayesian Estimation of SV-MIDAS models

The Bayesian estimation of SV-MIDAS models needs to deal with the stochastic short term
volatility component (4, = log(g;)), which will be simulated instead of being computed by
plugging the updated values of the parameters as in GARCH-MIDAS models. In other words,
posterior draws of the parameter vector h = (hg,hy,...,hr)’, are also obtained together with
draws from the posteriors of the individual parameters 6;’s of the model. For SVL-MIDAS, the

posterior density of each parameter 6; of the model is computed using
p(6ir, h,0_p )< L(r,h|X,6;,0_g)n(6;)

where L (r,h| X, 6;,0_¢,) is the likelihood, 7(6;) is the prior density of 6;, and ®_y, is the set
of all the parameters of the model except 6;. We propose the following MCMC algorithm for

SVL-MIDAS:
i. Choose initial parameter values ®©) = (u(o),aéo),¢(0), ,EO),p(O),Oéo)) where 620) =

(m® w0 ), and initial short term volatility h(%).

ii. Simulate u(!) from p(U|®_y, T, h(©) where O_y = (a(go),q)(o), ,EO),p<0>,e§°))
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iii. Simulate p(") from p(p | O_,,r, h(©) where 0O, = (ut, aéo),¢(0>,c}§°),0§°))

2(1) r, h®) where O_g, = (u<1>,a(§°),¢<0>,p<1>,ego))

v. Simulate ¢V) from p(0n|®_y, 1, h(©) where O_y = (ut, Oc(()o),o;gl),p(l) 9(0))

vi. Simulate océl) from p(0p|@_g,, T, h(o)) where @_q, = (u, oM Gh ,p( ) 6(0))

iv. Simulate ;" from p(c7|®_

cp

vii. Simulate h(") from p(h| ©*, r) where ©* = (u(l),a(()l),q)(l) G,E ),p(l) 9( ))

viii. Simulate 6( )fromp(OL@ 0, T, h(l)) where ©@_g, = (,u o) .0, )7p() (1))

Repeat steps ii-viii a large number of times.

We propose the following MCMC algorithm for simulating draws from the posterior distri-
bution of the parameter vector ® of Heston-MIDAS model where ® = (i, k,0,0,,p0,0;)" and

0, =(m,y,0):
i. Choose initial values ©®©) and initial short term volatility g(o).

ii. Simulate u(!) from p(u]O_y, T, g(9)) where O_, = (), 9(0),Gé0),p(0),020))
iii. Simulate p(!) from p(p|®_p, T, g(©)) where 0_,= (/,L(l), k(@) 9(0),%(0)7920))

2(1) (0))

iv. Simulate o’ from p(o |®_62, r, g9) where ©@_g = (uV), K('),G(O),p(o),OL

v. Simulate (1) from p(¢|®_g, r, g©)) where ®@_g = (u(V, K<1>,cg(”,p<0>,e§°))
vi. Simulate k(") from p(K|®O_g, T, g(o)) where @_, = (uV, 9(1),6é1),p(1),6(Lo))
vii. Simulate g(!) from p(g|®*, r) where @ = (/.L(]), k() 9(1),6é1),p(1),9(Lo))
viii. Simulate (Og)) from p(0. | ©®_g,, T, g(l)) where ©@_, = (ut, K(l),G(l),Gél),p(l))

Repeat steps ii-viii a large number of times.

4.2.2 Prior and posterior distributions of the parameters of SV-L-MIDAS

Several prior densities of the parameter vector (i, 0, @, 0, p) for SV-L model were proposed
in the literature. We follow Chan and Grant(2016) and assume:

i) Normal prior for i, ¢, and ¢ with means 0, 1, 0.9, and variance 10, 10, and 1, respec-
tively. The prior of ¢ is truncated such that [¢|< 1.

i1) Prior distribution of Gg is the Inverse Gamma distribution /G(a,b) where a =5 and b =
0.16.

iii) We assume a uniform distribution Uj_ ;| for the prior of p.

For the parameters of the long term component 7;, we assume bivariate normal prior for (m, y)
with mean (0,0.3) and Variance matrix, I, and a normal prior for @ with mean 10 and variance
400, truncated at 1 and 50.
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The prior distributions of ., &, ¢, and o, are conjugate. Therefore, it is straightforward to get

draws from their posterior distributions. From Appendix A3.1 we report the following results:
Posterior of 1: Given the prior, T (i) =N (IJO, ) the posterior of 1t is N(1,,, ) where
1 T—1 ,—h (1t (he—hy 1) 1
e O AL

uo

. h oy Lt 5 +m}

1
o2

O 1
ey T e+ )

Posterior of a: Given the prior, 7(ct) = N (i}, 0:3), the posterior distribution p(0|X,r, h, ©_
is N(Uey» 0'3(0) where

2 1

G —
(1-9)* T(1- ¢2) 1
Toet o ta

(ri—n) _ (1-¢ (1*(1’) _ M,

o — ah(l p2 )Zt 1 \/ﬁe“hr c,%( )Z; 0 (ht+1 (Phht)T "h ; 0 (ht+1 (Phht )+(1 ¢ )6}% +0az
(1-9)* = <i>) 1
Toma e e

Note: we can set oy = 0 if we desire to obtain a unit variance short-term component g;.

Posterior of ¢: Given the prior, 7 (¢) =N (,LL¢0, G(%O) 1(_1 1) the posterior, p(¢ [x,r, h,@_)
is truncated normal, N (g , Gq% ) 1j_1,1] where

2 2 )
%Zf:l (he — o) +6%%)2th1 (b — 0t0)” + =

G¢O

re— W) (he— 2 — U
(1—52)6h (ZtT:l (\/‘%),E—Qsm%) - %Zszl (he — &) ) + 0%3 Zszol (hiy1— o) (hy — o) + =5

a3
2 2 2
G}%(sz)ZtT:I (he — o) +G%%ZtT:1(hl_a0) + o

2
S50

Posterior of p Given the uniform prior Uj_; j|, the prior m(p) is not conjugate because its
posterior cannot be simplified further than

I (r;— U — p 0-5h (ht+1—a0—¢(ht—a0))2
p x,r,h,®_,) <exp(—0.5
(p ‘ P) p( {t_zl (1 —pz)’ctehf

Te

B x Uy

(4.2.23)
For simulating draws from p(p | x,r,h,0_,) we adopt the Metropolis Hasting method using
a normal proposal density and Random Walk or Griddy Gibbs sampler, which consists of ap-
proximating p(p | x,r,h,@_,) by adjacent lines over a grid {po,...,pr} where pg = —1+ 9,
pr =1—06 with L =100, and 6 is a small positive random number. Hence, draws from

%)
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p(p | x,r,h,®_,) are generated by simulating from its piece wise linear approximation whose
ordinates {y, ...,y.} are given by

2
T (”z—li_ g_h\/?teO'Sh’ (hiy1 — o — ¢ (I —O‘()))

=1 (1_p2)fteh[

fori=1,..,L

Posterior of o7: For an inverse-Gamma prior, 7 (67) = IG(a,b) is not conjugate because

its posterior p(o7 [x,r,h,® ) can be expressed as
2 (S 2 2
(0 |1 0,O_g2) < IG(a+ (T +1)/2,b+0.5(T Y, ((hrs1 — 0o — ¢ (hy — 00))* + (1 — 7))
=0

($)

2
(Vr*#*f?h e (hy oy —op— ¢(ht*a0)) i

(1—p2>1}eht

where C is independent of G}%. Then, we obtain draws from G}% using Griddy-Gibbs sampler or
Metropolis Hasting method. Since the support of G}% is unknown, we prefer the Metropolis
Hasting method using the proposal density, IG(a + (T +1)/2,b+0.5(T ¥/ (he1 — 0t —
0(h — 00))* + (1= ¢*)hy).

}) cannot be expressed as e

where A = exp(—0.5 {ZtT__Ol

Posterior of the parameter 0, of the long term component

We use Metropolis Hasting method to draw (m, W) using a bivariate normal proposal density
whose mean and variance covariance are computed using the 2nd order Taylor expansion of its
posterior density, section 4.6.2 of Appendix 3, where:

ap(m7 4 ‘ ®—(m.lﬂl)7x7r?h) _ 1 I (r [.L 2 p L ht 3log(7r(m, l[/))
om _{_0'5_2(1—p2){_; T el T; eOShf b+ om

ap(m7 v I of(m,q/)rxﬂrah) LIS 1 rt .u rt ,I.L hy alOg(n(mv W))
oy :70‘5[I;III§IWI‘X’*"72(17P2) {Z Teh ZWkXt k+26’ Z\/*eoshr Zkaf* }+T

dlo dlogT,
because ag() 1 and Og’ =YK WX

The mean and variance matrix of the proposal bivariate normal density are computed using
(3.5.17-3.5.18) of Chapter 3.

Posterior of h: We consider 3 approaches for drawing from posterior of h. The first ap-
proach is the Single-Move sampling by Kim et al. (1998), which consists of drawing each A,
fort =2,...,T — 1, assuming the others 4_;’s are known and using the fact that

p(hl | ®7r7h*l> “p(h[ ‘ @,h,[)p(}’t | ®7hl)
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where p(h|®,h_;) = p(h|®, hy—1,hy 1) (Kim et al. (1998))

P(ht |®7 rvhft) o< P(ht |®7 ht—laht+l)P(Vr |® ,ht)

The second approach is the block sampler by Omori and Watanabe (2008), which consists
of dividing h in the M groups {hy,....hy} where each block hy = (h(_1)1+15-->mL), for
L =100, is updated using draws from the posterior of the error block, €,, = (e(m,l) Ll SmL) ,
while assuming the other blocks are known. Using Bayes theorem, it is easily seen that

mL M
pEml€—m,Or)< [  prl(®h,h1,m) x [ plelle",0,r) (4.2.24)
t=(m—1)L+1 sF#m

where

1 |(®, hyhey1,7) NN<H+ PG \/?zeo'Sh’(ht— Onhy + 00 (1 =) ), (1_P2) Tteh')
h

7

Since the right hand side is unknown, they suggest to approximate p(&’,|€" . ®,r) by a multi-
variate normal distribution N (i, L) using the 2nd order Taylor expansion, i.e. €, is drawn

using Metropolis Hasting method as in Single move sampler.

The third approach is that of Eraker et al. (2003): Using the known property that for each
t, p(vir,g_,0) = p(g/|r,vi_1,v;11,0®) where total volatility v; = 7;¢™, we derive from Bayes
theorem

P(Vt ‘ravt—l7vt+17®) o< P(Vtar|vt—1>®)P(Vt+1>r|vta®)

If we denote g; = ¢, the expression of p((r1,81) |gr—1,0,%) and p((rrv1,8r41 )&, ®, Trr1)
can be deduced as

1 2 2
! e 20-p%) (&, —2Per &y 8,

p((”ngt) ‘ rt—l;gt—b@) =
21710,/ (1 —p?)gi—1

_ 1 2 2
! e 2(17P2){6’t+1 2p8"z+18gt+1 +8gt+l}

B 217051/ (1 —p?)g:

p((ris1,8041 )11t 5 & -9)

Using the fact 8r2, |g:—1 does not depend on g, we derive:

(@It g 1,2i11,0) o 1 8—72(17102){—2p£,15g1+s§t} 1 872(]—15)2) {EVZIH—2P£,.I+]£g,+1+€§/+1}
k) — 1 ?
\/Tt—10g (1*P2) T—10g (lfpz)gt
1 772(171,)2) {e,.zt“—Zp(s,,egﬁrs,”]zgr+1)+e§[+£§t+]}
e

T-16%(1—p2)g

We use Random Walk to simulate from p(g; |r,g—1,8+1,0) i.e.:
For the j* MCMC iteration, we simulate

g =g’V +eN(0,1) (4.2.25)
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g/ 1s accepted as g,(j ) with probability o defined by:
p(g;k |ragl‘flagt+la®)

—1
p(gt(] ) |r7gt—17gt+la®)

o=

where c is chosen by the user to achieve an acceptance rate of about 40-50% (Eraker (2003)).

0 _ =1

If g7 is not accepted, we take g, = g, for each t.

In (4.6.13) of Appendix 3, we propose to select ¢ using the smoothing parameter of the ker-

nel density estimate of the initial volatility g0,

4.2.3 Estimation of the Heston-MIDAS model

Along the similar lines in the SV-L MIDAS, we consider the following likelihood function and
derive the posterior distributions of the parameters (see Appendix 3):

T 2 B
L(r.gl®.x) =" (H;e {(Q+w)( 52 —2%elef +(&f) }) (4.2.26)

=1 TU—18—1

(n—u+Br_18-1)
VT—181—1

—k6—(1 -
&8 =8 Kag(r,’()g LQ=0Z(1-p?),and y = pay.

where &' =

Posterior distribution of 1: Given the prior, t ~ N ( Uo, 602), the posterior of u is also normal;
N (,u*,cl?) where

T (ntBrig
AZz:1(”£T’I—W —-BY, 1#‘*‘ Ho/ 05 5 1

= — 1/(D
H D+1/c} Ou=1/(DF 0)

where D=AY/  1/7,_,g .Ci=vi—k0—(1—K)g 1,A =7 pz,andB p/o,(1—p?).

Posterior distribution of y and Q: Given the priors, Q ~ IG(ct, o) and y | @ ~ N (l]/o, og,o) ,
the posterior distributions of Q and y | Q are also IG(a., B+), and N (I// oy, > Wher

T
OC*ZE‘}‘OCO

1 ¢ 2 1 2 <P0W0+Zt lgtgz)
Bi=Po+5 ) (&) +5povy —

. Pw+Yl ge
= p
Powo+ Y, (&)
Q
2 _
G:;’ - T s\2
P0+Zt:1 (St)

2Draws of p are obtained from those of w and O, since Y = pO,.
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Posterior distribution of 8: Given the prior 6 ~ N (69,03), p(6 | ©_g, x, 1, g) is N (6,,07 )

where

Sl —yYl, )+90/60
0, — Q\Lt= gzl fogtl g (73:1/1),

2

A= Mo tie) g (B 1t1), D=5 XL, -+ 1/03

Note: we set 8 = 1 if we desire to obtain unit variance short term component g;.

Posterior distribution of k: Given the normal prior k¥ ~ N (Ko, ) its posterior distribution

p(k| ®_g,x,r,g) is normal with mean k, and variance 62,, wher

1 T A T B
o a(Zhigs-viLig ) tr /o )
K'= D oy =1/D,

(6
Ar=(0—-g1)(&—8&1);Bi=(ri—u+Bg1%) (6—g—1),and D=5 ¥, gf’ll +1/0;.
Posterior of the parameters of the long term component:
The prior of m is not conjugate even in the simple case with (f =0,c = % and d = 0) because,
using (4.2.26) we easily deduce that

o 1 — S ;I; }"2_2 e Egy
p(m’Xar7g7®—m) o< (H— e 2(1—P2)271{8’ P&r &, }ﬂ(m)

C
=1 G181 4.2.27)

0.5m

1 T O (ri—p Je” _
o« e 2(17p2)2’:1{ 81 2Py V8i—1 } 0.5Tm

K K
—0.5(m+w kK | wiX, p) 2, = (mHWER_ i)

_ _ (n=pe 2 _ (n=p)
&, does not depend onm whend =0, and €, = N L& = = ,
and &, = g’f'(g‘;ﬁg)g"l . Unfortunately, p(m | x,r,g,®_,,) cannot be expressed as a known

density because it involves e~ and m. Similarly, we can show that

2K wx e 03vEKwex,
1 __yT {(ft ‘e ! —2peg, (r—pe = ! —0.5TyY 5w X,

n(y)
(4.2.28)

For this, we decided to simulate j* draw (m, l//)( J) using Adaptive Metropolis algorithm which
consists of using the proposal f(m, y) defined by (Roberts and Rosenthal (2009))

p(W}Xaruga(a—l//) e

No ((m, y)U) 0502 ) ifj<2

£ (my) =S (1= 8) Ny ((m, )™, 23520 ) 6N, ((m,y) U=, 088 if2 < j<
N <(m, y)U= 5l ) if j > j*

(4.2.29)

3In the implementation of MCMC, we use the truncated posterior normal distribution for these parameters &
and 0 as they are constrained to be non negative.
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where j* is the burnin, 6 = 0.05 and »(/) is the variance matrix of (m, l[/)( s for Jj<j*. Adraw

(m, y)* from f((m, y)) is accepted as a draw (m, w)') from the posterior p((m, y)|x,r,g, O_(n,y))
p((m,l[/)*|X,r,g,®,<m,w))7r((m,l//)*) )

with probability min(l, o7, X e 26y r((n.y)7) -

Posterior of ®: Since ® is bounded between 1 and 50, we use Griddy MCMC algorithm
as follows{]

T 2 2
2) Yo {Srt 72p€"t Eg T Eg }

o 1
p(o|x,r,g,0_g) <e 217 1[1,50}((0)

(4.2.30)
1 T 2 2
— 5 Y (1EF —2PEr €, +E
o< ¢ 2(1-p%) = 1{ 1P En G gt}l[hs()](a))

(r/—l,t-&-ﬁgtfle_‘:(mw):f:‘ wi (@)X, _g) )e—c(mw)lle wi(©)X,_g) (ar— ke—(l—k)g,,l))e’d(m“"z/sl'{:lwk(wxff’f)
where g, = o , €, = oW

k
w () = % and 7 (@) is U[1,50] using grids w; = 1+ j/2 for j=1,.....,98, know-
K

k:
ing that wy (@) is not very sensitive to ®.

4.2.4 SVL-MIDAS, and Heston-MIDAS models with jump component

We extend the SVL-MIDAS and the general Heston-MIDAS(4) models by adding a jump com-
ponent in the return equation to capture dynamics of rare events/spikes.
SVL-MIDAS-J model is given by:

rr = U+bizs + Tteht/zsr,
hy = oo+ ¢ (h— 1—oco)+0’hm

(4.2.31)
tog(5) = m+ v Y wik
where p = corr(&.41,1;).
General Heston-MIDAS-]J is defined by:
=H- ﬁthc]gt 1 +bize + T8 1E
g = g1+ Kgl (0 —g1)+Cegl 1 M 4.2.32)

tog(5) = m+ v Y ik
k=1

where b; is the indicator of the presence of a jump at time ¢ i.e. b; follows the Bernoulli distri-
bution with parameter A, and z;|{b; = 1} follows N(us,52). When there is a Jump at time ¢, i.e.
bi=1,¢, = r’-”’—b’z’ and fi, = u+ [3 ,8:—1 for Heston-MIDAS-J, and €, = nB—bia apq

T 1v/81— T8
f; = u for SVL—MIDAS J whereas 1); remains unchanged.

Posterior density of the jump size z; for SVL-MIDAS-J and Heston-MIDAS-J:
Given a normal prior, 7(z;) ~ N(is,62), the mean and variance of the normal posterior p.,(.)

“This is not time consuming as we can store Zk:l wi(@j)X;—) for j = 14 j/2 for j=1,.....,98 before the
start of the MCMC algorithm.
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derived in Appendix (3) are given by

(=R~ A+

- 2 2 g
B (1-p?)7*8° 1-p2) 7180,
He = I B §
2 2
(1-p?)71g S, %
o2 = !

where ¢ = 1/2 for SVL-MIDAS-J.
Posterior density of the occurrence b; of jumps for SVL-MIDAS-J and Heston-MIDAS-]J:
If we assume a Bernoulli prior Ber(Ap), then the posterior pp, (b; | ©,X,r,2) is

el m\" | p
1-2

Pb, (bt | @,X,I‘,Z) o< (

2 -
where p = ey and A = HEaiol) 4 2P for Heston-MIDAS-J and A =
- 2 - 1—181—1 1—161—
1(z?2 =2z (ri— 1) 2pzi€g
(ZI*PZ)ngz + \/Tgtt fOI‘ SVL'MIDAS'J.

Posterior density of the rate A of occurrence of jumps:
If we assume the prior 7T (4) ~ Beta(oy,, By, ), the posterior is also Beta(a,,35) for both SV-
L-MIDAS-J and general Heston-MIDAS-J models where

T
OCA:OCAO-FZ[?;

t=1

T
I3;L=[310+T—th
t=1

Posterior density of the parameters L, and 62 of Jump size z
Using normal prior N (m, MZ) for uy, the posterior py (,uS |z, 632) is normal with mean p,,

and variance st where

U
ZtT:IZl_i_ﬂ
o2 M2

Hus = —7 1

oz T

1
2
G,us_ T 1
N

Assuming 7 (62) ~ IG(ay, By) for 67, its posterior satisfies:

. Zthl (Zl - .us)z) 7'5((72)

207 s

—a—T/2—1 +0.5YT (z — py)?
°<(GS2) (%] / exp(—ﬁl Ztczl(f N) )

poa (02 | 1t) o< 0; T exp (
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The posterior of 62 follows IG(, B2) where ap = oy +T /2 and B = B1 +0.5Y " | (z — 1)

4.2.5 Bayes Factor Analysis

The Bayesian approach enables us to identify the best model among N models M;’s, which
is useful in modelling data using SV-MIDAS type models when data from several different
macroeconomic variables are available, where the best model is the one which has the largest
posterior model probability p(M;|r) which is defined by:

p(r | Mi)m(M;)
N p(r| My)m(M;)

p(M; | r) = (4.2.33)
where 7(M;) is the prior probability of model M; such that YN | £(M;) = 1, and p(r|M;) is the
model likelihood which is defined, in turn, by:
p(r | M;) = / F(r | ©;,M;)7(®; | M;)d®; (4.2.34)
0,

When there is ground for assuming differences between 7(M;)’s, the comparison of two models
M; and M; is done using the Bayes Factor:

Bij= s X ( _') (4.2.35)

Applying Bayes theorem, we can derive:

p(r | Mi)

B, — 2 V7T
Y p(r | M)

(4.2.36)

Wasserman (1997) suggested the following guidelines for decision taking which is a slight mod-
ification of Jeffreys (1961).

Table 4.2.1: Jeffreys’s scale of evidence for Bayes Factors

Bayes Factor interpretation
Bij < % Strong evidence for M
% <B;j < % Moderate evidence for M;
% <Bjj<1 Weak evidence for M
1<B;jj<3 Weak evidence for M;
3 < B;j <10 | Moderate evidence for M;
B;; > 10 Strong evidence for M;

Simple direct simulation methods for computing p(r|M;) by interpreting (4.2.35) as a mean:
For example, using a simulated sample {(E)Sl), e G)EG)} from the prior distribution 7(®;) of the
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parameters of Model M;, we can estimate, from (4.2.35), p(r|M;) b

G
Z r| @ ,M;) (4.2.37)

The main drawback of (4.2.37) is that most of the terms of the likelihood values f (r\@l(k) ,M;)’s
will be close to zeros due to peakedness of the likelihood function. This led Newton and Raftery
(1994) to suggest to estimate it using Harmonic mean using a sample from the posterior distri-

bution rather than the prior distribution i.e.:

G
i) =lg Lol

| o/, M)
where {G)El), . G)I(G)} is simulated from the posterior p(®; | M;).

Chib and Jeliazkov (2001).proposed an indirect method for estimating model likelihoods from
the MCMC output using the fact that the marginal likelihood p(r|M;) can be expressed as for

every O;:
f(r|©;,M;)n(O; | M;)

p(B; | M;)

p(r|M;) = (4.2.38)

It is clear that the numerator of the right hand side of (4.2.38) can be computed easily in each
iteration of the MCMC algorithm.
Since (4.2.38) is valid for every ®;, they suggest to estimate p(r|M;) by

f(x| 067, Mi)7 (O] | Mi)
p(©7 | M;)

plr| M) = (4.2.39)

where O is the mode of the posterior p(®; | M;).

Finally, we report that the logarithm of Bayes Factor B;; is asymptotically equivalent to Schwarz
information criterion (SIC/BIC) proposed by Schwarz (1978). Kass and Raftery,( 1995) showed
that:

(BIC,' - BICj) - lOg(Bl'j)

~0 (4.2.40)
lOg(Bij)

when T is large. Hence, log(B;;) can be aproximated by ABIC = BIC; — BIC;.

4.3 Monte Carlo Simulation

We conduct two experiments to investigate the finite sample performance of the Bayesian

MCMC estimation by using two data generating processes (DGP) with and without jump com-
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ponents in a data-oriented manner where r; represents the value of the return on ## day, for
t =1,...,T, of the simulated return data. For each ¢, we denote by n, forn =1,..., N, the month
to which day ¢ belongs to, and we denote by i, for i = 1,...,22 working days, its index in the
month. In other words, the day ¢ is described by (i,n) i.e. t =22(n— 1) +1i.

Experiment 1: the DGP with no jump components

First, we generate a sample of (180 + K) monthly observations with K = 24 for an artificial

macroeconomic variable, P°| which follows an AR(1) process:
Xpn = QXp—_1 + &, € ~N(0,1), n=1,..,180+K

where we set @ = 0.95 and xp = 0. Second, we generate the 180 monthly observations of the

long term volatility, 7, by

K
10g (Ty) =m+y Y wiX, n=1,...,180
k=1
where w(k,®) is the Beta weighting function. We set m = (—0.1,0.1) and consider several
values of y = (—0.25,—-0.4,0.25,0.4) and ® = (5, 10). Third, we generate the 22 x 180 daily

observations of the short-term volatility, g; by
SV-L-MIDAS: log(gm) =0+ 9(10g(g,;1,n) - OCQ) + OgNi—1,n
Heston-MIDAS: g, = gi—1,+ kg?fljn (0 —gi—1)+ Ggg?fl,nniﬂ

To investigate if the parameter estimates are sensitive to the initial values, our MCMC algo-
rithms used the same initial values for p(o), m(o), l[/(o), and initial short-term component vector
29 equal to the volatility v of EGARCH(1,1), scaled by v(1) to approximate an initial unit
short term volatility. We set the true values of the parameters for Heston-MIDAS as follow:a =
0,b = %,u =0, x = (0.03,0.05,0.07), 6 = (0.9,0.95,0.98), p = (—0.2,—0.1,0,0.1), and
¥, = (0.02,0.04). For SV-L-MIDAS: u =0, o = (0.03,0.05,0.07), 6 = (0.9,0.95,0.98),
p =(-0.2,-0.1,0,0.1), and X, = 0.02,0.04 Finally, we generate daily returns, r; by:

SV-L-MIDAS: Fin=MW~+ Tngi—lﬂgin

Heston-MIDAS: 7, = L — BT8i—1.n + /Tnq /8i—1n€;, Where p = cor(elfn, Nin)-

Table {.3.1] reports the results of experiment 1, parameter estimates of SV-L-MIDAS model,
for 200 data sets using 40000 iterations and 10000 burnins. We note that our MCMC algo-

rithm produces accurate parameter estimates of both the short term and the long term volatility
components parameters, and p including for the case where the short term component is highly

Swe generate (180 + K) samples for x,, due to the K lagged values of x, used in modelling log 7.
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persistent (0 = 0.98). These parameter estimates were obtained using the same initial values
of the parameters 8(©) = 0.9, p(o) =0, m% =0, IV(O) = 0 (corresponding to 7; = 1 for every
t, and no asymmetry), and initial short-term component vector g equal to the volatility v of
EGARCH(1,1), scaled by v(1) to approximate an initial unit short term volatility. Our algo-
rithm updated the parameters from their initial values to the correct value independently of the

difference between their true and initial values.

Table reports the Bayesian MCMC estimates of the general Heston-MIDAS model for
200 data sets using 40000 iterations only and 10000 burnins. We note that our MCMC algo-
rithm succeeds in producing accurate parameter estimates of both the short term and the long
term components of the model as well as that of p when the return equation includes a volatil-
ity feedback component —0.57,8;1,. Our MCMC B is accurate when 8 = 0.5, and 8 = 0.
In fact ﬁ is accurate for other true values of B i.e. our MCMC algorithm is applicable for
Heston-In Mean-MIDAS. As in experiment 1, we used the same initial values of the parameters
k(0 =0.05,80 =0,m® =0,y =0, and ®° = 5. The initial short term volatility g(®)
is the volatility of EGARCH(1,1) scaled by g, and we used the kernel smoothing parameter,
¢ = 1.06std (g(o))T*O'z, as the tuning parameter of the random walk procedure in drawing the
short term volatilities g;’s. The accuracy of the estimates with 40000 iterations indicates that
our MCMC algorithm is not sensitive to the choice of the initial values of the parameters; the
preference of using EGARCH(1,1) volatility over simulated from truncated normal as done in
literature; and the kernel smoothing parameter is a good choice over the tuning parameter ¢ of
random walk which is selected in adhoc manner in the literature. It is worth noting that unit
short term volatility component Heston is obtained in a straightforward way by fixing 6 =1 as
the case in GARCH-MIDAS because the specification is not described using its logarithm.

In sum, we establish that Bayesian MCMC can produce relatively precise estimates for SV-
L-MIDAS, and Heston-MIDAS for the different values of 6, and p.

Table 4.3.1: Bayesian MCMC estimates of the SV-L-MIDAS model

Parameters u P (o7} 6 o’ m v w
TRUE 0 -0.10 0.03 0.90 0.04 0.10 -0.40 5.00
Estimate -0.011 -0.097 0.024 0.910 0.039 0.048 -0.389 6.036
(0.017) (0.075) (0.020) (0.020) (0.010) (0.151) (0.063) (3.021)
TRUE 0 0.10 0.03 0.98 0.04 -0.10 0.40 10.00
Estimate -0.002 0.111 0.030 0.981 0.043 0.069 0.410 10.494
(0.006) (0.035) (0.016) (0.014) (0.005) (0.064) (0.034) (6.457)
TRUE 0 0.00 0.07 0.90 0.02 -0.10 0.25 10.00
Estimate 0.001 -0.001 0.070 0.908 0.023 -0.136 0.273 10.739
(0.006) (0.014) (0.034) (0.052) (0.005) (0.164) (0.034) (6.454)
TRUE 0 -0.20 0.05 0.95 0.04 0.10 -0.25 5.00
Estimate 0.001 -0.214 0.019 0.948 0.042 0.146 -0.233 5.800

(0.007) (0.092) (0.094) (0.000) (0.008) (0.130) (0.044) (3.604)
Note: This table reports the parameter estimates of 4 DGP’s using SV-L-MIDAS (4.2.13-4.2.14). Each

DGP is created using different values for the parameters of the short term and long term volatility com-
ponents. Standard deviation are reported in brackets.
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Table 4.3.2: Bayesian MCMC estimates of the Heston-MIDAS model

2

Parameters u B p K 6 o; m v o
TRUE 0 0.00 -0.20 0.00 1 0.04 0.10 -0.40 10.00
Estimate -0.011 0.000 -0.171 0.006 1 0.042 0.078 -0.387 10.360
(0.017) (0.001) (0.075) (0.072) (0.010) (0.154) (0.093) (3.021)
TRUE 0 0.50 0.20 0.05 1 0.04 0.10 0.40 10.00

Estimate 0.029 0.492 0.210 0056 1 0.040 0.137 0.408 11.230

(0.020) (0.079) (0.079) (0.078) (0.010) (0.133) (0.106) (3.166)
TRUE 0 0.00 0.00 0.03 1 0.04 -0.10 0.25 5.00
Estimate -0.004 0.000 0.003 0028 1 0.041 -0.136 0.263 6.099

(0.019) (0.001) (0.070) (0.099) (0.008) (0.212) (0.096) (2422)
TRUE 0 0.50 -0.10 0.07 1 0.03 -0.10 -0.25 5.00
Estimate -0.004 0.490 -0.073 0069 1 0.031 -0.091 -0.267 5.574

(0.009) (0.083) (0.032) (0.050) (0.004) (0.106) (0.044) (1.868)
Note: This table reports the parameter estimates of 4 DGP’s using Heston-MIDAS (4.2.21-4.2.22). Each
DGP is created using different values for the parameters of the short term and long term volatility compo-
nents. Standard deviations are reported in brackets. We set 8 = 1 for ensuring the short term component
g: 1s unit variance.

Experiment 2: the DGP with jump component

We now generate daily return data with jump component as follows:
SV-L-MIDAS-I: rin =M +B,~7nZ,~,n + Tngifl,nein
Heston-MIDAS-J: 7 , = U — BTu&i—1.0 + BinZin+/Tn g,-_17,,8;in

where B, follows a Bernoulli distribution with rate A, and Z, follows N(us,c?2). We consider
A = (2%,5%,8%,10%) and 62 = (9,25,36,49) to generate the low, medium, and high jumps.

Table reports the simulation results when the data is generated from SV-L-MIDAS-J
model. The Bayesian MCMC algorithm accurately estimated the true values of the parame-
ters of the short term and long term components of the volatility, and the jump component for
different cases of rare events (Low, Medium, High, and rare High).

Table reports the the parameter estimates of the jump augmented general Heston-MIDAS
model. We note that our MCMC algorithm produces accurate estimates of the parameters. The

mean, g and variance, 2, of the jump size are accurately estimated.

As in experiment 1, the parameter estimates are also accurate for the case where the short

term component is highly persistent, k = 0.02, and when the frequency of jump occurrence is
small, A = 0.02.

In sum, the Bayesian MCMC algorithm accurately estimates our SV-MIDAS models with and

without jump component.
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Table 4.3.3: Bayesian MCMC estimates of the SV-L-MIDAS-J model

Parameters u p o 0 o2 m % o U c? A
TRUE 0 -0.10 0.03 0.90 0.04 0.10 -0.40 5.00 0.03 9.00 0.10
Estimate 0 -0.09 0.03 0.90 0.04 0.08 -0.41 5.72 0.03 11.31 0.10
(0.074) (0.074) (0.023) (0.018) (0.002) (0.138) (0.073) (1.213) (0.014) (3.983) (0.020)
TRUE 0 0.10 0.03 0.98 0.04 -0.10 0.40 10.00 0.03 25.00 0.08
Estimate -0.001 0.110 0.031 0.972 0.044 0.096 0.438 9.939 0.031 26.081 0.077
(0.005) (0.035) (0.014) (0.013) (0.005) (0.059) (0.073) (4.801) (0.021) (11.061) (0.011)
TRUE 0 0.00 0.07 0.90 0.02 -0.10 0.25 10.00 -0.03 36.00 0.05
Estimate 0.001 0.000 0.071 0.923 0.024 -0.133 0.278 11.392 -0.029 35.632 0.047
(0.006) (0.015) (0.033) (0.053) (0.015) (0.156) (0.032) (3.054) (0.019) (9.962) (0.007)
TRUE 0 -0.20 0.05 0.95 0.04 0.10 -0.25 5.00 -0.03 49.00 0.02
Estimate 0.001 -0.210 0.043 0.941 0.039 0.109 -0.249 6.077 -0.034 47.067 0.017

(0.009) (0.072) (0.008) (0.005) (0.009) (0.124) (0.064) (0.590) (0.033) (0.184) (0.007)
Note: This table reports the parameter estimates of 4 DGP’s using SV-L-MIDAS-J (4.2.31). Each DGP

is created using different values for the parameters of the short term and long term volatility components.

Standard deviations are reported in brackets.

Table 4.3.4: Bayesian MCMC estimates of the Heston-MIDAS-J model

Parameters u B p K 0 c; m 73 ® U, o’ A
TRUE 0 0.00 -0.20 0.00 1 0.04 0.10 -0.40 10.00 0.03 9.00 0.10
Estimate 0 0.00 -0.18 0.00 1 0.04 0.11 -0.38 11.08 0.03 10.40 0.11
(0.013) (0.001) (0.055) (0.052) (0.011) (0.104) (0.012) (4.023) (0.015) (4908) (0.021)
TRUE 0 0.50 0.20 0.05 1 0.04 0.10 0.40 10.00 0.03 25.00 0.08
Estimate 0.009 0.499 0.210 0.053 1 0.040 0.120 0.408 10.531 0.037 24.408 0.078
(0.024) (0.089) (0.089) (0.058) (0.018) (0.135) (0.135) (2946) (0.023) (10.461) (0.017)
TRUE 0 0.00 0.00 0.03 1 0.02 -0.10 0.25 5.00 -0.03 36.00 0.05
Estimate -0.005 0.001 0.002 0.031 1 0.024 -0.149 0.246 5.994 -0.036 37.263 0.050
(0.009) (0.001) (0.064) (0.049) (0.011) (0.135) (0.083) (1.852) (0.022) (9.996) (0.008)
TRUE 0 0.50 -0.10 0.07 1 0.02 -0.10 -0.25 5.00 -0.03 49.00 0.02
Estimate 0.003 0.489 -0.103 0.067 1 0.023 -0.111 -0.257 6.079 -0.040 48.267 0.018
(0.011) (0.077) (0.035) (0.050) (0.011) (0.160) (0.089) (2.054) (0.024) (0.144) (0.009)

Note: This table reports the parameter estimates of 4 DGP’s using Heston-MIDAS-J (4.2.32). Each DGP
is created using different values for the parameters of the short term and long term volatility components.
Standard deviations are reported in brackets. We set 8 = 1 for ensuring the short term component g; is
unit variance.

4.4 Empirical Application

We aim to address the important issues of leverage effects and rare events by applying the
jump-augmented SV-L-MIDAS, and Heston-MIDAS to an analysis of time-varying volatility
patterns of WTI daily returns over the period 09/2000-8/2019. To examine the impacts of
macroeconomic conditions on the long-run volatility, we consider a range of economic indi-
cators: industrial production (I/P) of USA and China; economic policy uncertainty (EPU) of
USA and China; effective exchange rate (EER) of USA and China; global economic policy un-
certainty (GEPU ); OPEC oil production (OPppgc), OPEC oil supply (OSopgc), and global oil
production (GOP) as a proxy of overall economic indicator. We use the growth rate constructed
by 100/0g(X;/X;1). We also evaluate the relative performance of SV-MIDAS-J, SV-L-GARCH-
MIDAS-J and Heston-MIDAS-J models in terms of in-sample fit and bayes factor analysis.

In fact, WTI returns had been modelled by standard SV models. Chan and Grant(2016) applied
SV, SVL, SV-J, SV-M (in Mean), GARCH-M to weekly WTI returns in the period 1997-2014:
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They found the inclusion of A6/ in the return equation of SV-M and GARCH-M is not signifi-
cant and found 3 is -0.02 with standard deviation 0.02 which is far from the fixed value —1/2
of Heston Model, and figy s = 0.47 whereas fisy = 0.17.

4.4.1 Benchmark estimation results

We report the MCMC parameter estimates of SV, SV-L, SV-J, and SV-L-J in Table 4.4.1| which
indicate that SVL and SVL-J suggest the presence of the leverage effect, and its inclusion in
the model improves the fit according to DIC and RMSE. Our results for SV, SVL, and SV-J are
similar to those of Chan and Grant (2016). Moreover, according to DIC and RMSE, inclusion
of Jump component improved the fit of SV-J whereas it did not for SVL-J which is due to the
fact that f1, = 0.043 (which is small).

Table 4.4.1: Parameter estimates of SV models

Model u o 0 o’ P A U o’ DIC RMSE

SV 0.077 1415 0978  0.028 20165.43 15.180
(0.027) (0.119) (0.004) (0.003)

SV-L 0.035 1.395 0.981 0.022  -0.365 20141.63 12.975
(0.027) (0.12) (0.004) (0.004) (0.061)

SV-J 0.094 1.334 0986  0.018 0.028 -1.739 16.458 20106.15 13.311
(0.029) (0.146) (0.003) (0.003) (0.013) (0.313) (6.167

SV-L-J 0.032 1403 0982 0.021 -0.386 0.053 0.043 12.797 20093.44 12.970
(0.028) (0.124) (0.004) (0.003) (0.063) (0.035) (0.087) (5.978

Note: This table reports the estimation results of Stochastic volatility (SV), asymmetric Stochastic

volatility (SV-L), Stochastic volatility with jump (SV-J). and asymmetric stochastic volatility with jump

(SV-L-J) models. DIC is a Bayesian method for model comparison developed by Spiegelhalter et al.

(2002) where DIC = D(y,®) +2pD, where D(y,®) = 2log(p(y|®)), and pD = var(D(y,®)). Standard

deviations are reported brackets.

We turn to the estimation results for Heston model with and without Jump component in return
equation. According to both RMSE and DIC, we note that inclusion of the jump component
improves the fit of each of the models, and SV, and SV-L models produce a high persistence
parameter ¢ and 1 — & between 0.978 and 0.988. Also, DIC and RMSE suggest that SV-L out-
performs the other 2 models (without jump component) SV, and Heston.

Furthermore, SV-L model produces a significant negative p, indicating the presence of a lever-
age effect in the volatility of WTI returns. However, the Heston Model produces a significant
but positive p = 0.255. We also validate our MATLAB code by reproducing very similar pa-
rameter estimates to those of Brooks and Prokopczuk (2013) for WTI returns, and those of
Eraker et al. (2003).

We also note including of the leverage effect in SV-L model, did not alter the parameter es-
timates of SV model but both RMSE and DIC indicate the out-performance of SV-L on SV.
Surprisingly, the original Heston model produced a significant but positive correlation, indicat-

ing inverse leverage effect, and produces fl = 1.73.
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Table 4.4.2: Parameter estimates of Heston models

Model u 0 k o’ P A TR o’ DIC RMSE

Heston 1.735  3.708 0.063 0.056 0.255 20177.24 17.394
(0.079) (0.154) (0.009) (0.022) (0.056)

Heston-J 1.468 3.009 0.016 0.008 0.072  0.13 0.032  10.275 20109.14 14.152
(0.063) (0.202) (0.004) (0.011) (0.091) (0.015) (0.065) (0.293)

Note: This table reports the estimation results of Heston model of Heston (1993) where beta = 1/2, and

Heston-J of Bates (1999). DIC is a Bayesian method for model comparison developed by Spiegelhalter et

al. (2002) where DIC = D(y,®) +2pD, where D(y, ®) = 2log(p(y|®)), and pD = var(D(y, ®)).Standard

deviations are reported brackets.

Tables 4.4.34.4.4, reports the MCMC parameter estimates of Heston-MIDAS and its jump
augmented extension, and SV-L-MIDAS and its jump augmented extension using the impor-
tant economic indicator OPppgc. By comparing these models with their respective benchmark
models, we find that the use of MIDAS regression improved the persistence of SV-L-MIDAS
and Heston-MIDAS as ¢ and 1 — & are much lower than those of the SV-L and Heston mod-
els. Also, we note that Heston-MIDAS was able to capture a negative leverage effect unlike its
benchmark model Heston.

Table 4.4.3: MCMC parameter estimates of Heston-MIDAS models - OPppgc

Model ar & p 6?2 2 Ji A m % o  DIC

H.MIDAs 0082 0022 0174 0.044 1.655 0.413 8289 20038
(0.040) (0.001) (0.072) (0.002) (0.174) (0.173) (2.365)

H.MIDAS.j 0066 0.065 -0230 0018 -0.036 50.515 0.029 0880 0505 7.618 19646

(0.032) (0.004) (0.086) (0.001) (0.036) (0.775) (0.015) (0.092) (0.249) (2.174)
Note: This table reports the estimation results of H-MIDAS which refer to Heston-MIDAS model
(3.2.21-3.2.22), and H-MIDAS-J which refer to Heston-MIDAS-J (4.2.32) using OPppgc as the ex-
planatory variable for modelling the long term component of the volatility. DIC is a Bayesian method
for model comparison developed by Spiegelhalter et al. (2002) where DIC = D(y, (:)) + 2pD, where
D(y,0) =2log(p(y|®)), and pD = var(D(y,®)). Standard deviations are reported brackets.

Table 4.4.4: MCMC parameter estimates of SV-L-MIDAS models - OPpprc

Model il & o p 6?2 i i A m v o DIC
SVL-M  0.097 1436 0980 -0.173 0.028 1765 0405 8.716 20057
(0.048)(1.402)(0.019)( 0.051 ) (0.001 ) (0.185)(0.168) (2.487)

SVL-M-J 0.099 1391 0902 -0.240 0.028 -0.037 46.773 0.031 0.706 0.506 7.845 19659
(0.049)(1.360 ) (0.018 ) (0.057 ) (0.001)(0.036)(0.718 ) (0.016 ) (0.074 ) (0.084 ) (2.238 )

Note: This table reports the estimation results of SVL-M which refers to SVL-MIDAS (4.2.13-4.2.14),
and SVL-M-J which refers to SVL-MIDAS-J (4.2.31) using OPopprc as the explanatory variable for
modelling the long term component of the volatility. DIC is a Bayesian method for model comparison
developed by Spiegelhalter et al. (2002) where DIC = D(y,®) + 2pD, where D(y, ®) = 2log(p(y|®)),
and pD = var(D(y,®)).Standard deviations are reported brackets.

4.4.2 In-sample fit comparison

In Table we summarise the in-sample estimation results for SV-MIDAS,SV-L-MIDAS,

and Heston-MIDAS models and their jump-augmented extensions where we reproduce the long
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term estimate, ¥, and DIC from Tables (4.6.1-2) in Appendix 3. We summarise the main find-

ings as follows:

First, DIC convincingly selects MIDAS models with jump components over MIDAS models
without jump components. Overall, Heston-MIDAS-J is the most preferred model across 7
macroeconomic variables /Py, Pcy, EERcy, EPUys, EPUcy, GOP and OPppgc, while SV-L-
MIDAS-] is preferred for 3 macroeconomic variables EERy s, GEPU, and OSopgc.

Second, the jump augmented MIDAS models produced significant long term coefficients (V)
with predicted signs for all macroeconomic variables. They also tend to produce slightly large

magnitudes than MIDAS models without jump components.

Third, we evaluate the relative importance of each macroeconomic variable by employing VR
that measures the fraction of the total volatility explained by the long term component. Notice
that jump-augmented MIDAS models produced a larger VR than MIDAS models without jump
components, suggesting that if we ignore the presence of rare events of outliers, then the long

term variance is likely to be under-estimated.

Focusing on Heston-MIDAS-J estimation results, we find that the most influential variable is
the OPppEgc, that explains 45.7% of the total volatility for WTI returns. The second-most influ-
ential variable is GOP growth, that explains 39.2% of the total volatility, followed by OSopec
(41.15%) and EERys (38.16%). This highlights the dominant position of the OPEC in the
global oil industry.
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Table 4.4.5: Estimation results of the impact of economic indicators on WTI returns volatility

Panel A: The summary of Bayesian estimates of SV-MIDAS, SVL-MIDAS, and Heston-MIDAS

SV-MIDAS SVL-MIDAS H-MIDAS
Macro 0 DIC VR 0 DIC VR 0 DIC VR
IPys —0.337"* 20064 155% —0.309*** 20049 17.8% —0.385"** 20052 189 %
IPcy —0.424*** 20057 142 % —0.408"** 20056 164 % —0.318"* 20027 17.4%

EERys —0.859"* 20061 17.0% —0.847"* 20044 19.5% —0.802*** 20070 20.7 %
EERcy —0.349"* 20085 9.1 % —0.376"* 20064 10.5% —0.24"* 20023 11.1 %
GEPU 0.047*** 20080 11.7%  0.055*** 20060 13.5% 0.011"* 20020 14.3 %
EPUys  0.015* 20082 14.2 % 0.004 20061 16.4 % 0.017 20026 174 %
EPUcy —0.061""* 20084 8.7% —0.086"" 20061 10.0% —0.08""* 20024 10.6 %
GOP 0.51™* 20081 18.0%  0.813"* 20058 20.7% 0.269** 20023 22.0 %
OPopec 025" 20082 19.6 % 0.405"* 20057 225% 0.413* 20038 23.9%
OSopec  —0.039* 20081 149% —0.065* 20051 17.1% —0.068** 20034 18.1 %

Panel B: The summary of Bayesian estimates of SV-M-J,SVL-M-J, and H-M-J

SV-MIDAS-J SVL-MIDAS-J H-MIDAS-J
Macro 0 DIC VR 0 DIC VR 0 DIC VR
1Pys —0.358""" 19682 26.1 % —0.345"* 19654 30.5% —0.387"* 19647 324 %
IPcy —0.445"* 19699 20.2% —0.416""" 19629 235% —0.417*** 19617 25.0%

EERys —0.892"* 19685 30.7% —0.802*** 19671 359% —0.9"** 19680 38.1 %
EERcy —0.368""" 19652 19.6 % —0.397*** 19625 229 % —0.445"* 196241 24.3 %
GEPU 0.055* 19646 25.1%  0.07* 19622 293 % 0.079*"* 19645 31.1%
EPUys  0.0157* 19703 28.7% 0.138"** 19628 33.6% 0.155"** 19612 35.6%
EPUcy —0.091"* 19644 159 % —0.079"** 19626 18.6% —0.089""" 19624 19.7 %
GOP 0.676"* 19649 33.1 % 0.875** 19625 388 % 0.981"* 19604 41.1 %
OPopec  0.294** 19695 36.8% 0.506"* 19659 43.1% 0.505*** 19624 45.7 %
OSopec  —0.07""* 19682 31.2% —0.076" 19635 36.6 % —0.085"* 19644 38.8%
Notes: 6 indicate the impact of the macroeconomic variable on 7;; ***, ** and * indicate 1%, 5%, and
10% significance level; VR = var(log(%;))/var(log(%,8,)) measures the fraction of the total volatility
explained by the long term component; DIC is a Bayesian method for model comparison developed
by Spiegelhalter et al. (2002) where DIC = D(y,®) +2pD, where D(y,®) = 2log(p(y|®)), and pD =
var(D(y,®)); Panel A reports Bayesian MCMC estimates of the impact of economic indicators on WTI
long term component of the volatility using alternative SV-MIDAS(4.2.13-4.2.14) where p = 0, SVL-
MIDAS (4.2.13-4.2.14), and Heston-MIDAS(4.2.21-4.2.22); Panel B reports Bayesian MCMC estimates
of the impact of economic indicators on WTI long term component of the volatility using alternative SV-
MIDAS-J(4.2.31), SVL-MIDAS-J(4.2.31), and Heston-MIDAS-J(4.2.32).

4.4.3 Bayes factor analysis

Table {.4.6 reports the logarithm of the Bayes factor, using (4.3.40), for all models compared to
SV-MIDAS across all macroeconomic variables. Form this table we note that, Heston-MIDAS-J
and SV-L-MIDAS-]J are selected as the models with the better fit to WTI returns for all macroe-
conomic variables followed by SV-MIDAS-J model. Note that Heston-MIDAS-J is the overall
better model as it is selected across 7 macroeconomic variables, and SV-L-MIDAS-J for 3
macroeconomic variables. Also, Heston-MIDAS-J and SV-L-MIDAS-J produced comparable
Bayes factor results with slight preference of Heston-MIDAS-J.
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Table 4.4.6: log Bayes factor results

Macro SV-MIDAS-J] SV-L-MIDAS SV-L-MIDAS-J Heston-MIDAS Heston-Midas-J

IPys 7.381 4.994 7.821 4.301 7.854
IPcy 7.315 5.027 7.832 4.422 7.876
EERys 7.568 4.543 7.898 4.257 7.711
EERcH 5.643 3.542 7.711 3.487 7.931
GEPU 6.501 4411 7.689 4.312 7.612
EPUys 6.941 4.884 7.854 5.302 8.701
EPUcy 7.843 6.501 9.009 6.721 10.043
GOP 6.798 5.522 8.723 5.621 9.262
OPopEC 7.667 5.324 9.427 5.39 9.933
OSoprEC 6.721 5.192 7.843 4.389 7.722

Notes: This table reports the log Bayes factor results for SV-MIDAS-J (4.2.31), SV-L-MIDAS (4.2.13-4.2.14),
SV-L-MIDAS-J (4.2.31), Heston-MIDAS (4.2.21-4.2.22), and Heston-Midas-J (4.2.32) where SV-MIDAS (4.2.13-
4.2.14) is used as a benchmark model M;. The higher the log of the Bayes factor the better the model. The highest
log Bayes factor is highlighted in bold for each macroeconomic variable.

4.4.4 Out-Sample fit comparison

Now we investigate the out sample forecast performance of alternative SV-MIDAS models and

their jump augmented extensions with different low-frequency macroeconomic indicators.

Following Shang and Zheng (2018), we use the rolling window approach to compute the re-
sults of the out-sample forecasts. Specifically, using the data samples of a fixed window, we
estimate the model parameters and compute the one step ahead forecast values of daily volatil-
ity. We set a forecast horizon from 2/9/2000 to 30/8/2019. We use the RMSE and QLIKE ratios

to evaluate the performance of the out sample forecasts of the models.

Table reports RMSE loss results. For all forecast horizons, Jump and Leverage augmented
model, SVL-MIDAS-J and Heston-MIDAS-J, outperforms all the alternative models across

all economic indicators.

Next, we turn to QLIKE loss results in Table Heston-MIDAS-J and SVL-MIDAS-J

still outperforms all other models across all economic variables.

Overall, we confirm that the best out-of-sample forecasting performance is achieved by the
Heston-MIDAS-J model. Again, this suggests that the joint modelling of the leverage effect
in the short term volatility, the long term volatility and rare events through jump will be
important in capturing the salient time-varying volatility patterns of the daily WTI returns.
Lastly, our out of sample investigation gave the same conclusion as the Bayes factor and DIC

analysis.
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Table 4.4.7: RMSE LOSS of daily volatility forecast

Macro Model 1 5 10 15 20
SVL-MIDAS 0.984 0.982 0.984 0.898 0.925
Heston-MIDAS 0.983 0.980 0.981 0.891 0.881
EERys SV-MIDAS-J 0.935 0.933 0.935 0.853 0.879
SVL-MIDAS-J 0.897 0.896 0.897 0.819 0.844
Heston-MIDAS-J 0.906 0.904 0.906 0.821 0.851
SVL-MIDAS 0.974 0.972 0.974 0.889 0.916
Heston-MIDAS 0.973 0.970 0.971 0.882 0.872
GOP SV-MIDAS-J 0.925 0.924 0.925 0.844 0.870
SVL-MIDAS-J 0.907 0.905 0.907 0.827 0.853
Heston-MIDAS-J 0.888 0.887 0.888 0.810 0.835
SVL-MIDAS 0.954 0.953 0.954 0.871 0.897
Heston-MIDAS 0.954 0.951 0.952 0.864 0.855
OPppec SV-MIDAS-J 0.907 0.905 0.907 0.827 0.852
SVL-MIDAS-J 0.889 0.887 0.889 0.811 0.835
Heston-MIDAS-J 0.870 0.869 0.870 0.794 0.818
SVL-MIDAS 0.973 0.972 0.973 0.888 0.915
Heston-MIDAS 0.973 0.970 0.971 0.882 0.872
OSorEc SV-MIDAS-J 0.925 0.923 0.925 0.844 0.870
SVL-MIDAS-J 0.888 0.886 0.888 0.810 0.835
Heston-MIDAS-J 0.896 0.895 0.896 0.817 0.842

Note: This table reports RMSE loss of the k-day total volatility forecast for k = 1,5,10, 15,20 using
EERys,GOP,OPppgc and OSoppgec as explanatory variables when forecasting the long term volatility.
RMSE loss is the ratio of RMSE of SVL-MIDAS (4.2.13-4.2.14), Heston-MIDAS (4.2.21-4.2.22), SV-

MIDAS-J  (4.2.31),

SVL-MIDAS-J (4.2.31),

and Heston-MIDAS-J (4.2.32),

to SV-MIDAS

(4.2.13-4.2.14). The preferred model is the one with the smallest RMSE loss which is highlighted in

bold.
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Table 4.4.8: QLIKE LOSS of daily volatility forecast

Macro Model 1 5 10 15 20
SVL-MIDAS 0.971 0.972 0.972 0.973 0.979
Heston-MIDAS 0.961 0.965 0.966 0.970 0.971
EERys SV-MIDAS-J 0.941 0.954 0.946 0.955 0.959
SVL-MIDAS-J 0.915 0.924 0.919 0.908 0.893
Heston-MIDAS-J 0.925 0.932 0.929 0.919 0.901
SVL-MIDAS 0.972 0.948 0.988 0.981 0.973
Heston-MIDAS 0.968 0.949 0.986 0.983 0.967
GOP SV-MIDAS-J 0.952 0.941 0.948 0.923 0.935
SVL-MIDAS-J 0.925 0.923 0.927 0.909 0.906
Heston-MIDAS-J 0.871 0.862 0.872 0.871 0.888
SVL-MIDAS 0.982 0.957 0.998 0.991 0.983
Heston-MIDAS 0.978 0.958 0.996 0.993 0.977
OPopec SV-MIDAS-] 0.962 0.950 0.957 0.932 0.944
SVL-MIDAS-J 0.934 0.932 0.936 0918 0915
Heston-MIDAS-J 0.880 0.871 0.881 0.880 0.897
SVL-MIDAS 0.962 0.938 0.978 0.971 0.963
Heston-MIDAS 0.958 0.939 0.976 0.973 0.957
OSopEC SV-MIDAS-] 0.942 0.931 0.938 0.914 0.925
SVL-MIDAS-J 0.862 0.853 0.863 0.862 0.879
Heston-MIDAS-J 0.871 0.858 0.870 0.869 0.887

Note: This table reports QLIKE loss of the k-day total volatility forecast for k = 1,5,10,15,20 using
EERys,GOP,OPppgc and OSppgc as explanatory variables when forecasting the long term volatility. QLIKE
loss is the ratio of QLIKE of SVL-MIDAS (4.2.13-4.2.14), Heston-MIDAS (4.2.21-4.2.22), SV-MIDAS-J (4.2.31),
SVL-MIDAS-J (4.2.31), and Heston-MIDAS-J (4.2.32) to SV-MIDAS (4.2.13-4.2.14). The preferred model is the
one with the smallest QLIKE loss which is highlighted in bold.

4.5 Conclusion

In this chapter, we extended the family of two multiplicative component models by develop-
ing SV-MIDAS, SVL-MIDAS, and different Heston-MIDAS models which are competitors of
GARCH-MIDAS type models. The fact that all models produce comparable long term com-
ponent, we recommend to the user to apply the model whose uni-component volatility model
produces a better in sample fit. Based on the recognized preference of SV and SVL models
over GARCH type models, we conjecture that their MIDAS version will outperform GARCH-
MIDAS type models in empirical studies. It will also be interesting to investigate if Heston-

MIDAS model can easily be used in option pricing.

4.6 Appendix 3

4.6.1 cléﬁ%f)%‘ﬁ%ﬁ% of parameter of Heston-MIDAS Models with no Jump

We report the derivation of the posterior distributions of the parameters of the General Heston-
MIDAS Model which nests several variants of the original Model of Heston(1993) which had
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been studied in the literature.

Consider the General discrete Heston-MIDAS(4) Model:

r= 4B 1T T VR € (4.6.1a)
g =kO+(1—k) g1+ 7\ /8-10.8, (4.6.1b)
K
log(t) =m+y Y wix_; (4.6.1c)
j=1

where €/ s and €] s are iidN(0,1) with p = cor (€, &, ), X is a macroeconomic variable, and
1 8t 1) <8t
/

Wi

s are the beta weighting series of length K such that Zle w;=1.

Particular cases:
a) Heston model ( HFM) ( Heston (1993), Christoffersen et al. (2010)): B = —%, c=d=0
b) Heston Model (HRM) ( EJP(2003), Li et al.(2011), among others) : B =0,c=d =0

¢) Heston Model (HGM) (Andersen et al. (2002), Pan(2002) Jones(2003) Eraker( 2004) ,
Hurn et al. (2012)):c =d =0, and f is to be estimated

d) When ¢ = % and d = 0, Midas component is included only in returns volatility

The MCMC algorithm for estimating the parameter vector, ® = (u, B.k, 6, ng, p,m, l[/), can
easily be set up once we compute the close form of the joint posterior distribution of p(®|r, g,x)
which satisfies:

p(O[r,g,x) > L((r,g )|©,x)7(0) (4.6.2)

where x is the macroeconomic data, and 7(®) is the prior density of ® which can be expressed
as the product of the priors of the individual parameters if we assume their independence, and
L( (r,g)|®,x) is the joint likelihood function by considering g is latent.

Expression of the likelihood function L ((r,g) |®,x)

Using the recursive description of r; and vy, the likelihood function is expressed as:

~
~

L((r,g)|®,x) =[]/ ((r,8)|®,x) =] f((r1,8) 11, g—1 , X, ©) (4.6.3)

=1 t=1

where (1,8:) |ri—1, 81 ,%,®) follows a bivariate normal distribution with parameters: fi,, o,

( ( +ﬁ Tzc ) k9+(1 k) ))/ dx Tzzfl P‘L';ledﬁg
- ’ _ 1)) an =&
u+Bg—17 g1 T8 pretie, 1 o2

Plugging p,, .y and X; in the expression of the density of bivariate normal X with mean L,

and variance-covariance matrix X, f(x) = 2n\l/ﬁexp(—% (x—px)' T~ (x— 1)), and using the

fact that



4.6 Appendix 3 111

thiil ng PGgTijld
%] = gt 1 2°+2ng2 (1 p2), and Z;I = e 2 . _PGgT,cjfl th_cl , We
L1 8- g(l P)
obtain:
1 ———L {2 —2pe, &, +€2 }
f((rtagt)’rt—lv 8t—1,X, ®) e A1-p2) L ! ! (464&)
21t o\ /(1 - p2)gr1
2¢c
—u—PBg_ T
Pl s (4.6.4b)
t
8r—1
— kO —(1—-k)g,_
& (1=Ker (4.6.4¢)

881 = d
T;—10gv/8t—1

and the likelihood L ((r,g )|®,x) is given by:

T
1 T 1 — L ¥T &2 2pe, g, +£2
L( (r7g)|®7x): > H+d— e 2(l—p2)2*1{8t PEr € +8gt}
27w0g+/ (1 —p?) T 81
(4.6.5)

The posterior Distribution of i: If we assume prior i ~ N (o, 03 ), we show that the density
of the posterior distribution py (1 |r, g,0_,,X) is also a normal distribution N <,u*, G:;2>

Applying (4.6.2) for the parameter y onlyi.e.: py (1 |r,g,X,0_y) < L(r,g|O_y,x)w(1), w(1)
is its prior density, and using (4.6.5), we get:

(1 p2 Zf 1{8rt 2p8rt£8r ‘g'}exp(— (.u_uo)z)

2

) ) 7®_
u(li‘r g,X,0_y) o 26

Since &,, does not depend on L, then:

s tT— rzf2 € T ‘ - 2
’l‘ g, X ®*IJ> < e 2(17p2)2*1{€[ PE &g ggz}exp<_ (,LL nu“()) )

20}
Using (4.6.4a) and (4.6.4b), we derive that:
2¢ )2
1T 1
£r2, = (it ZCﬁgt L)) = 2 {,uz—f— (rn—B g,_lftzfl)z —2(r,+0.5g,_1’c,2f1)u+ (rs —ﬁO.Sg,_l‘L}Zfl)z}
T8, T
( —u—Bg17, )(g, — k6 —(1—k)gi—1)
€ = rct+d
Gg -1 8,1

By including all the terms of £r2t, €,€g,, and 8; that do not depend on u in the proportionality
term, we get:

__ 1 T —kO—(1— —o)?
Y=l {2 (M2 =2(r—Bgi—17¢)) ]+2u 1 (gz ko—(1 k)gm)} k)
X @ ) e Z(I*PZ) ,Cl 81—1 - LH — e 20'8

pu(u
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: : . — o (H=p*)?
The right hand side of the above expression can be expressed as e “°H where
1
*2
o, = 5T T
P o T g
1 T (nBs1%)  p T (= kO—(1-K)gi1) Ho
bt = (1-p%) {Z’_l T8 o Li=1 oz
- 1
(1- )Z’1T2“8r1+6_§

Posterior Distribution of @: As for u, we assume a normal prior for 6, N (90, 60) and from

(4.6.2), and (4.6.5), the posterior pg(0|r,g,x,0_¢) is:

2
T 1 — L ¥T {2 —2p¢, &, +€2 } _ (0= %)
2(1—p2 t=1 1%t P rt <8t 8t 262
p@(e‘r7g7xv®79) b H c+d (1-¢%) € %
=101 8t—1

If we keep only the terms that depend on 6, we get

__ 1 _yT [ _4 (6— 90
pe(@]r,g7X,®_9) < e 2(17‘,2)):;:1{ P &,&, + t} 37

Plugging the expression of &, and keeping only the terms which depend on 6, we obtain

1y 1{ —2p e, - k;‘(l‘”gtfl) (g~ kﬂzg(lzk)ngl) 2 }_(9* 6;0)

po(0|r,g,x,0_g) o< ¢ 2(1-p%) 7108 VB 5210881 200
1 1 T K2 2 —p ker, 7 k(g —(1-K)g—_1)
— 5 _ 0--20 L SR A S A
2{((1”2) L= 7 0g 81 "0) < (1-p) L ol oevmT T 24 (1 p2)oge,

Hence, the posterior distribution of 6 is also normal with mean 6* and variance o,

1
2 _
69— ]
( )Zt 1r2dc72v,1 +0_g

P& 4 LT ((g —(1=k)gi—1) 6
« ( p?) {Z’ Iz \/gt + o7 Li=i 24 g } + ol
1

0* —
262(1 p)Zf 1r2d o1 o

Posterior Distribution of x: using prior k ~ N (Ko, Ock? ), we derive using the same pre-
vious approach that the posterior distribution p(k|r,g,0_, ) follows the normal distribution

with mean k, and variance 62, because after omitting the terms that do not depend on k, we
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obtain:

2
gr— k0—(1-K)g,_1) | (&= x0—(1-x)g_1) > | (k= ko)
a + V) B
T 2198V8t—1 7198811 Oj

1 yT _
p(K|r7g,X, ®_K> < e 2(171“)2) z"l‘:] { 2p Srt

The right hand side expression can be expressed as

1 T K( 0+ g I) K2(97Kt71)2 —2x(0—g;_1)( &—vi_1) (K'* K())z
Ly e + -
p(K|r,g,x,0_x ) < e 2(1-p2) 1{ "5 oe i 710541 &
) ) bl -

20%
1) o (6-g_1) | &, (—0+g-1) | (0-g ) s—8_1) |, k
" Y +-L )2k ) + +59
= e 2{ ( ( ) 2”' 63;:: 1 GK) ( ("Pz) ( T,I,]]Gg\/gr—] ‘52‘1 632: 1 "%

Hence,

( )Zl‘] egtl) +L2

1 T &, (—60+8&1) (0—g-1)(8&—8&1) Ko
_ + + K
(-p?) Li=1 (” ,dlag\r, o ot

K* -

(0—gi-1)* 1
) T ot + o
Posterior distribution of p and Gé: If we assume 7w (p) = U(—1,1), its posterior density

P |r.g,x,0_,) is defined by

r 1 — Lo yT {2 —2pe, g, +e2} 1
_p) o< (HC—‘—d—> e 2(1_p2) ! & 8 5 [711}(p)

=1 T_1 8-1

2
oc 672(17;)2) ):l:l{&‘,thpsrtegt +£gt}

p(p

1_1.q(p)

Unfortunately, p(p ‘r, g,X,0_,) does not belong to a known family. For this, simulation from
p(p ‘r, g,X,0_,) is either done using Griddy MCMC method, or by using Eraker(2004) trans-
formation. Griddy Gibbs MCMC approach consists of approximating the total integral of
F(p) = ¢ M s 2pen s}

grids(aj_y,aj] whereaj=a;_1+Ain [—1,1] for j=1,..,Ni.e.

1i_1.1)(p) by the area below the step functions f (a j)/s on

1 N N N —mzr i{eh -2 a6, 8, +25, }
A= [ 7(p)ap =AY f(a) =AY f(p)=aY e
B P

J=1 J=1

In each MCMC iteration, we simulate u from U [0, A}, then we identify the interval [f(a ;. ), f(a;-)]
which includes u, and take aj«_| as a simulated value of p if A is small, or simulate it from

Ulaj-1,a;].

The numerical integration of Griddy MCMC method can be avoided by using Eraker(2003)
transformation (y,Q), where y = po, and Q = 6,%(1 — p?). Using this transformation, we can
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easily show that the likelihood function L ((r,g) |®, x) of (4.6.5) is expressed as:

27Q =171 8i—1

T /T
L((r,g>|®,x>=( : ) (H%> I @2 et} 466

The advantage of using (y,€) is that their prior distributions are conjugate when they are Q ~
IG(0p, Po) and y| Q ~ N (J/o,% ). In this case, the joint posterior of (Y, Q) is expressed as:

p(1,Qr,g,01) o< L(r|0;,g)7(v|Q) ()

—%)? (4.6.7)
< L(r|®,g) \/gexp (— v QYO) ) Fﬁ(:)ﬁ_“o_]exp (—%)

where ®) = (u,3,0,x,m,y)

By grouping the terms of the right hand side of (#.6.7), we can easily derive that the poste-
rior of Q is IG(a, Bs) and that of y |Q is N <l//*, O'V*,2 ) where

2 2uo+x” eref)?
= coand B.= By 5T (6F) s v e

2‘/’0+2th1 &g

and 072 = Q
2yo+El (¢]) v

* = ——
Vo= 2470 ()

Hence, draws of p and 0'5 will be computed from those of Q and ¥ using the above Eraker’s

transformations.

Note: Since we do not know the range of Gg, we did not use griddy MCMC method but we

used Eraker transformation approach to simulate from its posterior.
Posterior of the parameters (m, v, ®) of long term component 7:

The prior of m is not conjugate even in the simple case (f = 0,c = %, and d = 0) because,
using (4.6.5) and (4.6.1c) we easily deduce that:

- 1 s tT* 3_2 e Egy
p(m|l’,g,x,®_m) o< (H e 2(]—P2)Z*1{8r PE E }ﬂ(m)

C
=1 T—18t-1

(4.6.8)
S T /20 o P e o O
< e 2(1-p%) i1 { 8t—1 2peg e 0.5Tm
70.5(m+y/):K7 WX, p)
. _ g~ k0—(1—K)g—1) _ (r—pe KWk
since &, does not depend on m, &, = Ay ,and g, = = ,
2 (rz_,u)ze_(”H_wsz:lkat—k)
g =
! 8r—1

Unfortunately, p(m | r,g,x,®_,,) cannot be expressed as a known density because it involves
e ™ and m.
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Similarly, we can show that

2 —y/iszlwkx,,k _ l—O.Swazlwkx,,k
EEDE {“’ ae = —2pe, e —— 05TWYE  wen s
X,0_y) <e

()
(4.6.9)

For this, we decided to simulate j* draw (m, l//)( /) using Adaptive Metropolis algorithm which

consists of using the proposal f((m,y)) which is defined by (Roberts and Rosenthal (2009))

as:

p(y

N> ((m, y)U=h el ) if <2

£ (m,y)) =S (1= 8Ny ((m, ) 2320 ) 6N, ((m, ) U0, 088 if2 < <
Ny <(m7 U 20 > if j> j*

(4.6.10)

where k is the number of parameters i.e. k =2, j* is the burnin, = 0.05, I, is the identity

matrix, and £(/) is the variance covariance matrix of (m, 1//)( s for j < j*.

A draw (m, y)* from f ((m, y)) is accepted as a draw (m, l//)(j) from the posterior
mvlr.gx,0._ with probability min(1, —2{0" ¥ [r&x0 ) )7 ((my)")
P( IV| g (mJ/I)) p y ( p((m, u/)(’)|r,g,X,®,(,,W)>7T( (m, ll/)(])>)

Posterior of ®: Since ® is bounded between 1 and 50, we use Griddy MCMC algorithm
as described for p where

1 T 2 2
N 2(1-p2) Lo {gr[ —2pE, &g 8, }

p(or,g,x,0_g) <e 1y, s50)(@)

T 2 2
o eiz(lpr) Zl:l{gftfngftsgt +‘E‘gz}l

(4.6.11)
[1, 50 ]((0)

—c(m K w ‘ —| K w
<Vt*/»1+ﬁ$’;_|€ (m ¥ Ty (@)% ) )e (e Eje—y Wi @)% k) _ (gt_K.e_(]_K.)g171))e*d(m+‘4’):[(wk(w)xt7k)

where &, = VT & = NG

_k -0
wi (0) = % and 7w () is U[1,50] using grids @; =1+ j/2for j=1,.....,98, know-
=1
)i

k:
ing that wy (@) is not very sensitive to @ ( see Chapter 1).

Note: This is not time consuming as we can store Yx_; wi(®;)x,_;) for ®; = 1+ j/2 for
j=1,.....,98 before the start of the MCMC algorithm.

Posterior of short term volatility g:

Using the known property that for each ¢, p(g |r,x,8-¢,®) = p(g/|r,X,8:—1,8:+1,0) , we de-

rive from Bayes theorem that

p(vl |r7X7gt717gt+17®) o< p(glar’gtfluxa®)p(gl‘+17r|glax7®)
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where the expression of p(g;,r|g,—1,X,®) and p(g;+1, r|g:,X,®) can be deduced from (4.6.4a)

ie.
1 ~_ 1 g2 _dpe 2
p((r1,8) | 11-1,81-1,%,0) = d 5 e 20-p?) €1~ 2PEr oy T Ey )
217 0g/ (1 = p?)gi—1
1 ——1 g2 —2pe, & , +E2
p((rv1,841) 1, & %, ©) = p =—¢ 2(1792){ 1+l 1178+ gr+1}
21t og/ (1 — p?) g

Using the fact 8,% |gr—1 does not depend on g;, we derive that:

1
P(&iIr,X,81-1,814+1,0) o< ! e 2(1*192){72’)8”81{#8;} 1 6_2(17,72) {8"21+1 208 i +£§,+|}
b ) — 1 b
7 og/(1-p?) o, /(1-p2)g
1 B z(l—lpz) {8’2t+l -2p (e” o e By )+£§t+8§;+1 }
o 2cvad e

T2 O_g2 (1-p?)g
We use Random Walk to simulate from p(g; |r,X,g;—1,8+1,9) i.e.:

For the j* MCMC iteration, we simulate

g =g+ eN(,1) (4.6.12)

g/ is accepted as g,(j ) with probability a defined by:

p(g;k |r7gt—17gt+17®)
i—1
p(glgj )|r7g[717g[+1;®)

o =

where c is chosen by the user to achieve an acceptance rate of about 40-50% (EGP (2003)).
s ) _ ,U-1)
If g; is not accepted, we take g;"" = g; for each t.
Remark: It is well recognized that the convergence of the MCMC algorithm depends crucially

on the initial values g(*) and the choice of the meta parameter c. In the literature of Heston

50)?6(0)
Model, g(o) is simulated from truncated normal N (9(0), % lg~0 for each g,(O) where

6 and Géo) are the initial values, based on Eraker(2001) which states that p(g; |r,X,g—1,8:+1,90)

2 1— 2
can be approximated by N <gz142rg,+1 : % ( 12> )8i-1 )

To improve the speed of MCMC convergence, we use the volatility of EGARCH(1,1) as g
which is more realistic than the above 11d normally distributed using initial values of the param-
eters. Furthermore, we note that in the first iteration of the MCMC, (.6.12)) becomes:

g =g +8%N(,1)

and simulated g; is a draw from the kernel density estimate of g under the assumption that

g,(o)’s are iid ( Silverman(1981) which suggests to estimate/choose ¢ as the optimal smoothing
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parameter under normality which is defined by:
¢ =1.06n""% (4.6.13)

where s is the sample standard deviation of g(o) of size n.

Indeed, it can be updated, in a similar way as the adaptive approach, for each ¢ by using
Cr = S;1.06j70'2.

where s; is the standard deviation of the previous draws g,(i) fori < j

Posterior distribution of B: If we assume a normal prior N(fy, Géo), the posterior is

_ 1 _yT 2 _ 2 _ 2
Ta2(1-p?) Yo {&t 2pg, &g +£gz} exp( (BZ fO) )

pﬁ(B |r,g,X,®_[3) o e

Using the same steps as those used for the posterior of i, we show that pg (B ‘r,g,x,@_ﬁ) is
N(Bs, G[%*) where
1
0_*2 —
1 T 2 1
P ) L=18 Tt g

¢ (8- kO—(1-K)g_ )
(1_1p2) {Zthl(r,—‘u)_;_Gﬂg ZITZITFl(g K d( K)8i—1) }—l—%

Tt B

Hp =
o 1 T 2 1
(1-p2) Yi—18 15t oZ

4.6.2 Posterior distribution of parameters of SVL-MIDAS Model with no

Jump Component

Consider the SVL-MIDAS model which is defined by

o=+t el (4.6.14a)
ey = 0o+ @(h — ao) + op e (4.6.14b)
K
log(t) =m+6 Y wi(®)X, (4.6.14¢)
k=1

where |@| < 1, h; = log(g;), €& and &" are N (0, 1) and cor(e/,&") = p.
The Posterior distribution of the parameter vector ® = (u, g, ¢, 65,m,0,®) can be derived
using the same approach as that used for Heston-MIDAS parameters, given in subsection 4.6.1

because the likelihood function is also expressed as:

T
1 T 1 — ¥ {2 -2p¢, &, +€2}
L((r,g)|®,x) = II e 21-p2) &i=11 € TE
((r,g)| ) (2% NG P2)> ( c+d>

( =1 U




118 Bayesian MCMC Approach to Heston-SV-MIDAS Models with Jump

where
_nn—Hu
&, = W (46153)
b1 — @hy — o (1 — @)
€ = . (4.6.15b)
t Y8

In other words, the difference between the posterior distribution of the parameters of SVL-
MIDAS and those of Heston-MIDAS models is in the expression of the errors terms & and €.

Actually, the posteriors of SVL model are very known in the literature.

Posterior distribution of pu: If 7 (u) = <uo, Gﬁo ), we can easily derive that the posterior
p(u [r, hx,0_y) is N(1,, o 2) where :

1 T —h (1 he0-3h Huo
1—p2 Zt:l e <TC2 - p ec+ed + o2
— ( p ) uo
!‘LM a 1 T 1 1
{(1—92) Li=t 7w +%}
2 1

2 =
{<1 ) X 1726 A uo}
2

Posterior distribution of a: If 7 (p) = N (uho, Gﬁho >, p(og [r, h,x,0_¢,) is N(Ugy, Og,)
where

1

o2 =

% (1-9)> , (1= (1-9?) |

Tme e 7w 1o,
(ri= Ii) _ (1=@)p? T—1 (he1— Quhy ) hz+1*¢hht ) _ I Hao
Al I FE i b LD Lt (1-0%) i +

o=
(1-¢) (1 ¢) 1
T(l*p2>c’h TM + o, ! + "ﬁho

Posterior distribution of ¢: If we assume 7 (¢) =N <u¢0, G£O> 1y 1), wehave p(¢ |r, h,x,0_;)
is N(/,L(;,,G(%)l(_LI) where

1

2 _
G¢—

i hy hy
(1-p ) <Zz 1%511,%) - g—hZITZI(ht—aOf) GZZT IW_FMO

2 B —og)?
Sty B (= 00) 4 Xl gt o

Ho =

Posterior distribution of p: Using Uniform prior U (—1, 1), the prior 7(p) is not conjugate
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because p(p }r,h,x, ®_p) cannot be simplified further than

T-1 <rt —u— %Tfeojhf(htH — g — ¢ (h — o

P(P ’rahax7®*P) o< CXP(—OS ;) (1 _pZ) thceh[

2
)) JU(=1,1)

We simulate draws of p by approximating p(p {r,h,x, ©®_p) by linear interpolation over grids
as done for Heston-MIDAS model.

Posterior of G,%: As done in the literature, we assume prior 7 (G,f) = IG(a,b), we can
show that

57t (0 H B oot (g

2
o; |r,h,®_ x<exp(— — +
p(oj, o}%) p( G;% = (1—P2)thcehl ledc}% )
2
y b e—(b+o.sz,f:;; ( <hr+1*ao;2;<hz —0) ) )5
+(T+1)/2
(a)(c2) “* Y/

2
0.5 7= (”(I)—H— 2ot M (B — oo — (I —060)>

Oy i=0 (1= p2)cel

T-1 . N . 2 Y
XIG( a-+ (T—|— 1)/2, b+0.5( Z ( (ht+1 0o sz’(ht O‘O) ) + (1 jz)d )]’ll)
t=0 t 1

Hence, p(G}% r,h,®_ G;%) is not an IG distribution because the first exponential term of the right
hand side cannot be expressed as exp(C/ G}%) where C is independent of G}%. Since the sup-
port of G}% is unknown, we use Metropolis Hasting method, as done for SVL in the literature,
using the proposal density IG(a+ (T +1)/2, b+0.5( ,T;()l ( (h’“_ao_zf(h’ —0) )’ + (I_T?j)hl)

T

Posterior of the parameters (m, v, ®) of long term component 7:

We draw (m, v, @) using Adaptive Metropolis method as done for Heston-MIDAS model in
subsection 4.6.1.

4.6.3 Posterior distribution of the parameters (1, c,, 1) of Jump compo-
nent for SVL-MIDAS-]J and Heston-MIDAS-]J

In the literature, estimation of the parameters of jump component is the same for GARCH,
GJRGARCH, EGARCH, SV, SVL, and Heston Models. In fact, the inclusion of the long-term
component does not alter the approach for estimating (l1,,6,A4) where (i, 67) are the mean
and the variance of the jump size variable which is assumed normal, and A is the rate of jump

occurrence.

Posterior density p, (.) of the Jump size z;:
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Similar to Chapter 3, we assume a normal prior 77(z;) ~ N (s, 62) for the jump size z;. When

there is a Jump at time 7, i.e. b; = 1, € becomes

— i, —b
g, =M% u B, for Heston— MIDAS—J  (4.6.16a)
8t—1
g — TP —biz i, = u for SVL— MIDAS —J (4.6.16b)
Tt th\/z 9 t e

where [i; = p for SVL-MIDAS-J model, fi; = u + ﬁ”ctz_"l g:—1 for Heston-MIDAS-J, and 1 re-
mains unchanged.

Thus, when b, = 1, the posterior p,, (z | ®,r,x,g,b; = 1) satisfies

Z; 1{£r, —2p¢€,, &, }

er(Zl’®7X7rag>bt:1):L(raglxazt,btzl)ﬂ(zl)‘xe (1 ? (Zl>

Keeping only the terms that depend on z;, for Heston-MIDAS-J Model, we get:

1 1 1 1 ~ (2% s
Po(z|%, ©,r.g, by =1)ocexp | — | ——F 55— +—5 |7 —2a 7( — i) *7+*>>
' ' 2\ (1-p)) g, o )" ' (1—p2 )TZClgt . Y-p) g, o?

4.6.17)

Hence, the mean and variance of the normal posterior p_,(.) are

: (ry — i) — ) s o + £ 52

s PEE,
He = SR S
2
(1-p?) 78", O
1
2 _
6, = I I

(1 p ) 18 + ol
When b; = 0, the Likelihood L(r,g|® ,x,b, = 0) will be independent of z;, and therefore

Pz (Zl |X7 ®7r7gabl - O) — n(Zl) (4618)

(4.6.17) indicates that draws of z; is given only when b; = 1 whereas (4.6.18) reports that when
b, =0, 7 is drawn from the prior 7 (z;) ~ N(us,672) as done in the literature for SVL-J and
Heston-J.

Note: For SVL-MIDAS-J Model the expression of p, and GZZ are the same as above except
that 7, and g, are replaced by 7; and g;.

Posterior density of the occurrence b; of jumps: If we assume a Bernoulli prior Ber(Ap),
then

— s L { & 20 8 .
Db, (bt |X, ®,l',g,Z;) o« e 2(17p2) 2171{8[ PEr & }Aobt(l . AO)] b;
by
Using the facts that b? = b, ﬂ,g’(l — o) b = <%> (I —Ao), and algebraic calculations,

we deduce that the posterior p;, (b |X, ©,r1,8,7) is also binomial distribution with parameter p
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because "
exp(—24) % P b
pbt(bf‘xa ®7r7g7Zl)°< (W oc(l—p) !
_ 1 _ G =2z(n—f) 2PZt£gr
where p = T Ao)exp (JA) 117 and A = (o) g, + < for Heston-MIDAS-J and A =
( 2z (ri—f1) | 2Pu€y
0 pz)’rz’c > + 'rftgfg for SVL-MIDAS-J

Posterior density p, (.) of the rate A of occurrence of jumps: Assuming 7 (1) is Beta(oy,, By,)
we can show that the posterior p; (.) is also Beta(o,, 3, ) for both SVLI-MIDAS and HGMJ-
MIDAS models where

T
OC;L:OCAO-FZZ?,

t=1

T
Br=Byp+T—Y b
t=1

Posterior density of the parameters y, and 62 of Jump size z,

Using normal prior N (m, M2) for ug, and the fact z; ~ N(uy, 62), from Bayes Theorem we
deduce that the posterior py (i ‘Z,GS ) satisfies:

P, (1s]2,62) o< p, (2| Uy, 02) Ty, (hs)

Using the fact that z;’s are independent, we deduce that

1 T %
Lz o=t

Pu;(l«ls|z, O, ) o< eXP(——{( Mz p M2
S

Hence, the posterior py, (.) is also normal with mean p,,; and the variance oﬁx of the posterior
pu,(.) are:

Z[T:lzt m
_Tor T
lulix - T +L
of = M?
1
62 =

H T 1
@t

Similarly, as done in the literature, we assume 7 (67) ~ IG(a,B) for 67, and using Bayes
theorem we can derive that its posterior satisfies:

T . 2
P2 (62 | 2,11 < o exp (—M) n(o?)

20

2
N (Gsz)—al—T/Z—l exp(— Bi +0. 5):;21( — Uy) )
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Thus, the posterior of 62 follows IG (0, ) where 0 = o +T /2 and By = B1+0.5Y L | (z — ps)?

Remark: As in Chapter 2, the summations of the parameters of the above posterior densi-
ties will be computed starting from ¢+ = 22K instead of t = 1 if the required initial K monthly
values of X; are not available prior to the first month of the returns data.

4.6.4 Empirical Results

Table 4.6.1: Bayesian MCMC Estimates of SV-MIDAS, SVL-MIDAS and their jump augmented exten-
sions

No-jump augmented models jump augmented models
Macro Models I % 9 S, P m v © DIC I [ [ o P m v © i o x DIC

SVLMIDAs 0030 1439 0970 0030  -0.194 1622 0309 14680 2004948  0.031 T304 0892 0030 0218 0649 0345 13212 -0044 30448 0049  19654.03

s (0.038) (1413) (0.020) (0009) (0.048) (0.070) (0.063) (3.853) (0039) (1371) (0018) (0.009) (0.054) (0.028) (0.032) (3467) (0072) (0203) (0.009)
Y emipas 0023 1539 0975 0032 1598 -0337 15037 2006477  0.027 1475 0926 0321 0710 -0358 14285 0042 29230  0.047  19682.51

N ° (0.028) (1513) (0.020) (0.010) (0.069) (0.064) (3.946) (0.034) (1450) (0019) (0.097) (0.031) (0030) (3.749) (0.069) (0.195) (0.009)
SVLMIDAS 0043 1435 0958 0026 0215 1504  -0408 4910 200563 0044 1390 0882 0027 0241 0601  -0416 4419  -0018 37477 0044  19629.64

1” (0.042) (1411) (0.031) (0008) (0.050) (0.043) (0.039) (L116) (0.043) (1369) (0.029) (0.008) (0.056) (0.017) (0.019) (1.005) (0.096) (0.886) (0.010)
@ gvMpas 0032 1535 0964 0028 1481 0424 5029 2005793  0.038 1471 0915 0284 0658 0445 4778 0017 35978 0042  19699.62

PMIDAS  (0032) (1511) (0032) (0.008) (0.042) (0039) (1.144) (0.038) (1.449) (0.030) (0.082) (0.019) (0018) (1.086) (0092) (0851) (0010)
SVLMIDAS 0037 T439 0985 0030 0227 1386  -0847 2149 2004465 0038 T304 0006 0030 0254 0635 0802 193  -0018 47829 0040 1967149

FER (0.034) (1416) (0.012) (0010) (0.026) (0234) (0212) (3.725) (0035) (1373) (0011) (0011) (0.029) (0.094) (0.106) (0.952) (0.081) (0.758) (0.067)
TS wMipas 0028 1539 099 0032 1563 0859 2202 2006132 0033 1475 0941 0317 0694 -0892 2092 0017 45915 0038 1968555

(0.026) (1.516) (0.012) (0.011) (0230)  (0214) (3815) (0.031) (1453) (0012) (0.113) (0.102) (0.100) (3.625) (0.078) (0.727) (0.065)
SVLMIDAs 0040 145 0079 0041 0222 1749 0376 18372 2006483 0041 1407 0901 0042 0249 0700 0397 16535 0037 29291 0057 1962566

EER (0.041) (1429) (0011) (0020) (0.043) (0.086) (0.078) (6.920) (0.042) (1385) (0010) (0.020) (0.048) (0.034) (0.039) (6228) (0.045) (0298) (0.009)
M GvMmmas 0030 LS54 0985 0044 1723 0349 18819 2008545 0036 1489 0935 0439 0765 0368 17878 0036 28119 0055 1965248

o ®(0031) (1529) (0011) (0.021) (0.084) (0.078) (7.088) (0037) (1466) (0011) (0212) (0.038) (0037) (6734) (0.043) (0286) (0.009)
SVL-MIDAs 0092 1436 0971 0027 0219 1578 0055 15361 2006084 0094 1391 0893 0028 0246 0631 0070 13825 0032 36144 0040 1962218

GEPU (0.040)  (1.407) (0.022) (0005) (0.042) (0.104) (0.094) (3.804) (0.041) (1365) (0.020) (0.005) (0.048) (0.042) (0.047) (3424) (0.09) (0920) (0.020)
Sv.MiDAs 0069 1536 0976 0029 1555 0047 15735 2008032  0.082 1472 0927 0294 0.691 0055 14949 0031 34698 0039  19646.18

(0.030) (1.507) (0.022) (0.005) (0102) (0014) (3.897) (0.036) (1445) (0021) (0.053) (0.045) (0.024) (3702) (0.092) (0883) (0.019)
SVLMIDAs 0103 T444 0978 0034 0218 1918 0004 2974 2006191  0.105 1399 0900 0034 0244 0767  0.138 2677  -0057 36336 0040 1962835

P (0.046)  (1.470) (0.021) (0.005) (0.041) (0.138) (0.125) (1.528) (0.047) (1422) (0019) (0.005) (0.046) (0.055) (0.063) (1.375) (0.016) (0.999) (0.020)
T wMibas 0977 1544 0983 0.036 1889 0015 3047 2008236 0092 1480 0934 0362 0839 0015 2804 0036 34883 0038  19703.04

(0.034) (1.570)  (0.021) (0.005) (0.136)  (0.007) (1565) (0.041) (1504) (0.020) (0.050) (0.061) (0.007) (1487) (0015) (0959) (0.019)
SVLMIDAS 0037 1433 0976 0025  0.197 2423 008 1903 2006173  0.038 T388 0898 0026 0220 0969 0079 1712 -0019 40455 0044 1962651

EPU (0.028) (1415) (0.004) (0010) (0.012) (0.039) (0.036) (0.058) (0.028) (1372) (0003) (0010) (0013) (0016) (0.018) (0.052) (0.015) (0.857) (0.014)
M yapas 0028 1533 0981 0.027 2387 0061 1949 2008434 0033 1469 0932 0270 1060 -0.091 1851 -0019 38836 0042 19644.52

o ®(0021) (1515) (0.004) (0.011) (0.039) (0.030) (0.060) (0025) (1452) (0.003) (0.106) (0017) (0017) (0057) (0014) (0823) (0.014)
SVL-MIDAs 0032 1436 0982 0027 0216 1722 0813 11491 2004839 0033 1391 0904 0028 0242 0689 0875 10342 0023 38350 0052 1962549

Gor (0.014) (1.406) (0.015) (0.004) (0.063) (0.084) (0.076) (4.778) (0014) (1364) (0014) (0.004) (0.070) (0.034) (0.038) (4300) (0.028) (0.725) (0.018)
Svmipas 0024 1536 0988 0.029 1696 0510 11771  20081.63  0.029 1472 0938 0293 0753 0676 11182 0022 36816 0050  19649.13

(0.010) (1.506) (0.015) (0.004) (0.083) (0.076) (4.894) (0012) (1443) (0015) (0.043) (0.037) (0.036) (4649) (0.027) (0.696) (0.017)
SVLMIDAS 0097 T436 0080 0028 0225 1765 0405 8716 2005715 0099 1301 0902 0028 0252 0706 0506 7845 0057 46773 0031 1965933

OPon (0.048)  (1.402) (0.019) (0.001) (0051) (0.185) (0.168) (2.487) (0.049) (1360) (0018) (0.001) (0.057) (0.074) (0.084) (2238) (0.036) (0.718) (0.016)
O umipas 0073 1536 0985  0.030 1738 0250 8928 2008276  0.087 1472 0936 0295 0772 0294 8482 0035 44902 0030  19695.19

(0.036) (1502) (0.019) (0.002) (0.183) (0.118) (2548) (0.043) (1440) (0018) (0.015) (0.081) (0.079) (2420) (0.034) (0.689) (0.015)
SVLMIDAs 0032 T419 0972 0014 0216 1748 0065 7184 2005113 0033 1375 0895 0014 0242 069 0076 6466  -0021 46240 0035  19635.73

OSopac (0.016) (1420) (0.025) (0.001) (0059) (0.052) (0.047) (2875) (0016) (1376) (0.023) (0.001) (0.067) (0.021) (0.024) (2.587) (0.018) (0908) (0.016)
svMibas 0024 1519 0978 0015 1722 0039 7359 2008124 0029 1455 0929 0.151 0765 0070 6991 0020 44390 0033 1968231

(0012) (1520) (0.025) (0.001) (0.051) (0.027) (2945) (0.014)  (1457) (0.023) (0.014) (0.023) (0.022) (2797) (0017) (0872) (0.015)

Note: This table reports the estimation results of SV-MIDAS models (3.2.13-3.2.14), and SV-MIDAS-J models
(4.2.31) using 10 macroeconomic indicators as explanatory variables for modelling the long term component of
the volatility. DIC is a Bayesian method for model comparison developed by Spiegelhalter et al. (2002) where
DIC = D(y,0) 4 2pD, where D(y,®) = 2log(p(y|®)), and pD = var(D(y,®)). No jump augmented models refer
to the standard SV-MIDAS, and SVL-MIDAS models, and the jump augmented models refer to SV-MIDAS-J and
SVL-MIDAS-J. Standard deviations are between brackets.

Table 4.6.2: Bayesian MCMC Estimates of General Heston-MIDAS and its jump augmented extension

No-jump augmented models jump augmented models
Macro u B K o, P m v © DIC m B K [ P m v ® s oy A DIC

IPys 0.025 -0.005 0.024 0.048 -0.274 1.521 -0.385 13.960  20052.68  0.020 -0.011 0.071 0.019 -0.328 0.809 -0.387 12.830 -0.044 32.884 0.046 19647.65
S (0.032) (0011) (0.008) (0.015) (0.068) (0.065) (0.065) (3.664) (0026 (0.015) (0.024) (0.006) (0.081) (0.035) (0.094) (3367) (0.072) (0.220) (0.009)

P 0.036 -0.006 0.021 0.043 -0.303 1.410 -0.318 4.669 20027.78  0.029 -0.012 0.062 0.017 -0.362 0.750 -0.417 4.291 -0.018 40.476 0.042 19617.91
cH (0.035) (0.012) (0.007) (0.012) (0.070) (0.040) (0.040) (1.062) (0029 (0.015) (0.021) (0.005) (0.084) (0.021) (0.058) (0.976) (0.096) (0.957) (0.010)

EERys 0.031 -0.006 0.023 0.048 -0.319 1.487 -0.802 2.044 20070.48  0.025 -0.012 0.070 0.019 -0.382 0.791 -0.920 1.879 -0.018 51.655 0.038 19680.21
(0.029) (0.006) (0.009) (0.017) (0.036) (0219) (0218) (3.542) (0.023  (0.008) (0.028) (0.007) (0.044) (0.117) (0314) (3255) (0.082) (0.818) (0.064)

EERcH 0.034 -0.006 0.032 0.066 -0.312 1.640 -0.240 17471 20023.73  0.027 -0.012 0.097 0.026 -0.374 0.872 -0.445 16.057 -0.038 31.634 0.055 19624.01
o (0.034) (0010) (0.018) (0.032) (0.061) (0.080) (0.080) (6.580) (0028 (0.013) (0053) (0.013) (0.073) (0.043) (0.115) (6.048) (0.045) (0.322) (0.009)

GEPU 0.077 -0.006 0.022 0.044 -0.309 1.480 0.011 14.608  20029.19  0.063 -0.012 0.065 0.018 -0.369 0.787 0.079 13.426 -0.033 39.035 0.038 19645.24
(0.033) (0.010) (0.004) (0.008) (0.060) (0.097) (0.097) (3.617) (0027 (0.013) (0.013) (0.003) (0.072) (0.052) (0.140) (3.325) (0.096) (0.993) (0.019)

EPUy 0.086 -0.006 0.027 0.054 -0.307 1.798 0.017 2.828 20026.47  0.070 -0.012 0.080 0.022 -0.367 0.956 0.155 2.600 -0.037 39.243 0.038 19612.17
US(0.038) (0010) (0.042) (0.008) (0.058) (0.130) (0.129) (1453) (0.031  (0.012) (0.125) (0.003) (0.069) (0.069) (0.186) (1.335) (0.016) (1.079) (0.019)

EPU, 0.031 -0.005 0.020 0.040 -0.277 2272 -0.080 1.809 20024.64  0.025 -0.011 0.059 0.016 -0.331 1.208 -0.089 1.663 -0.020 43.691 0.042 19624.12
SPUCH T (0.023)  (0.003)  (0.009) (0.016) (0.017) (0.037) (0.037) (0.055) (0019 (0.004) (0026) (0.006) (0.020) (0.020) (0.053) (0.051) (0.015) (0.925) (0.014)

Gop 0.027 -0.006 0.022 0.044 -0.305 1.615 0.269 10928 20023.55  0.022 -0.012 0.065 0.018 -0.365 0.859 0.981 10.043 -0.023 41.418 0.050 19604.25
(0.012) (0.015) (0.004) (0.006) (0.088) (0.079) (0.078) (4.543) (0.009 (0.019) (0.011) (0.003) (0.105) (0.042) (0.113) (4.176) (0.029) (0.783) (0.017)

OPopec 0.082 -0.006 0.022 0.044 -0.317 1.655 0.413 8.289 20038.01 0.066 -0.012 0.065 0.018 -0.380 0.880 0.505 7.618 -0.037 50.515 0.029 19646.02
OPEC(0.040) (0.012) (0.001) (0.002) (0.072) (0.174) (0.173) (2.365) (0.032  (0.015) (0.004) (0.001) (0.086) (0.092) (0249) (2.174) (0.036) (0.775) (0.015)

05, 0.027 -0.006 0.011 0.023 -0.305 1.639 -0.068 6.832 2003401 0.022 -0.012 0.033 0.009 -0.365 0.872 -0.085 6.279 -0.021 49.939 0.033 19644.05
OPEC.(0013) (0.014) (0.012) (0.002) (0.084) (0.049) (0.049) (2734) (0011 (0.018) (0014) (0.001) (0.100) (0.026) (0.050) (2512) (0.018) (0.980) (0.015)

Note: This table reports the estimation results of Heston-MIDAS model (3.2.21-3.2.22), and Heston-MIDAS-J
models (4.2.32) using 10 macroeconomic indicators as explanatory variables for modelling the long term compo-
nent of the volatility. DIC is a Bayesian method for model comparison developed by Spiegelhalter et al. (2002)
where DIC = D(y,®) +2pD, where D(y, ®) = 2log(p(y|®)), and pD = var(D(y,®)). No jump augmented model
refers to the Heston-MIDAS, and the jump augmented model refers to Heston-MIDAS-J. Standard deviations are
between brackets.
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5.1 Conclusions

In the recent literature, the two- components volatility GARCH-MIDAS model of Engle et al
(2013) has extensively been applied for modeling the volatility of assets return. In this the-
sis, we investigate its finite sample performance, and we extend it to incorporate the important
asymmetry effect and jump component to capture the observed sample skewness and large kur-
tosis. The recognized outperformance of other uni-component volatility such as EGARCH and
Stochastic Volatility models over GARCH model motivates us to develop EGARCH-MIDAS,
SV-MIDAS, SVL-MIDAS and Heston -MIDAS models and their Jump augmented versions.

Results of Chapter 2 indicate that it is important to include the asymmetry effect in the model
by using EGARCH-MIDAS and GJRGARCH-MIDAS models improves the in sample and out
sample performance of GARCH-MIDAS. Furthermore, the three models produce comparable
estimate of the long term volatility component and the short term component is the predom-
inant component as far as in sample and out sample performance is concerned: Our simu-
lation and empirical results indicate that whenever a uni-component model, EGARCH say,
outperforms GARCH, EGACRH-MIDAS outperforms GARCH-MIDAS independently of the
macroeconomic variable used in the specification of the long term volatility component. The
other specificity of these models is that they are uni-component volatility models with time
varying intercept whose variations depend on the macroeconomic variable, suggesting their
power in capturing changes in the level of the return volatility. However, their estimation inher-
its the recognized drawbacks of Maximum Likelihood method of GARCH, GJR-GARCH, and
EGARCH models specially when the data contains outliers or when the short term volatility is
highly persistent. This led us to estimate them using Bayesian method which does not suffer
from the convergence of the numerically computed parameter estimates to local maxima of the
likelihood, and the computation of their confidence intervals do not require their asymptotic
normality which has not been proved yet. Finally, our empirical study suggests that the most
explanatory macroeconomic variable is not necessarily a country-specific macroeconomic indi-
cator, and the macroeconomic variable which produces the best in sample fit, it also produces
the best forecasts. Results of Chapter 3 indicate that our MCMC algorithms for estimating
GARCH-MIDAS, GJR-GARCH-MIDAS, and EGARCH-MIDAS models compete with Maxi-

mum Likelihood Estimates(MLE) which are obtained from convergence to the global maximum
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of the likelihood, corresponding to cases when the returns data does not contain outliers and
when the short term volatility component is not highly persistent. However, MLE depend cru-
cially on the initial values of the parameters which are used for numerical maximization of the
likelihood, and they produce erroneous decision on the impact of the macroeconomic variable
considered in the model of the long-term component. Hence, our MCMC algorithms are to be
recommended to practionners who are not familiar with Bayesian approach despite that MCMC
estimates are computed using Metropolis-Hasting simulation Method due to the fact the poste-
rior distributions of the parameters do not belong to known family of distributions from which
draws can easily be obtained. Furthermore, our simulation study indicates that incorporating
the jump component by modelling the error term by a mixture of the two normal terms, as done
in the literature of jump augmented GARCH(1,1), produces accurate parameter estimates of the
jump component. Our empirical study indicates that (Jump augmented ) EGARCH-MIDAS is
preferred to ( Jump augmented) GARCH-MIDAS and GJR-GARCH-MIDAS models for mod-
elling the volatility WTI returns , and OPppgc is the most explanatory macroeconomic variable.

In Chapter 4, we developed two components stochastic volatility models ( SV-MIDAS, SVL-
MIDAS, and Heston-MIDAS), and designed MCMC algorithm for estimating their parameters.
Our Heston-MIDAS model competes with the recent extensions of Heston model which aim
to capture changes in observed levels of volatility over long subperiods. The identifiability of
the two volatility components of Heston-MIDAS is overcome by restricting 6 = 1 to ensure
the unconditional mean of the short term component is equal to one , and we use our scaling
method of EGARCH-MIDAS for SV-MIDAS and SVL-MIDAS models since their short term
component is also specified by log-volatility. The posterior distribution of the parameters be-
long to known families or can be approximated by normal distributions whose parameters are
easily derived from their 2nd order Taylor expansions whereas we use random walk procedure
for drawing from the posteriors of the latent short term volatilities g;’s after having overcome
the ad hoc choice of the standard deviation of gaussian perturbations by the smoothing param-
eter of the kernel density. Our simulation study indicates that our MCMC algorithms produce
accurate parameter estimates of the three models, and convergence of the MCMC algorithm is
fast for Heston and Heston-MIDAS by tuning the perturbation by the kernel smoothing parame-
ter. Finally our empirical study of WTI returns confirms that the long term component estimate
does not depend on the choice of the model of the short term component but the total volatility

of the return does, and the most explanatory macroeconomic variable is also OPppgc.

In future work, we plan to extend our flexible Bayesian approach to replace the model of
the long term component by more realistic models by including an auto-regressive component
and/or adding a jump component to capture changes in the dynamics of the macroeconomic
variable or financial variable used in the specification of the long term volatility component.
We are planning to also incorporate the leverage effect of the long term component for stochas-
tic volatility MIDAS models by considering stochastic long term specification whose error term
will be correlated with that of the return. In other words, the leverage effect of the short term

component is assessed by p; = corr(r;,g,+1) whereas the leverage effect of the long term com-
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ponent will be measured by p, = corr(r;, Tp11).

It is natural to model the long term component using more than one macroeconomic variable to
better capture the impact of economic environ-ment. The extension of our Bayesian method is
trivial when the macroeconomic variables are not co-integrated. When this is not the case
there is an issue of identification of the parameters of the macroeconomic variables due to co-
integration. We will investigate whether if this issue can be overcome by selecting the
parameters of their priors from their estimates when they are used individually (One

macroeconomic is used).

Lastly, it will be interesting to extend our Bayesian approach to DCC-MIDAS model of
Conrad et al. (2015) for modelling bi-variate returns by using spatial auto-regressive panel
data models. It will also be very interesting to investigate if Heston-MIDAS can easily be
used in option pricing by exploring the impact of the long term component on the

characteristic function.
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