Presentations of strict monoidal
categories and strict monoidal

categories of welded tangle-oids

Hadeel Albeladi

Submitted in accordance with the requirements for the degree of

Doctor of Philosophy

The University of Leeds

Department of Pure Mathematics

March 2022



The candidate confirms that the work submitted is her own, except
where work which has formed part of jointly authored publications has
been included. The contribution of the candidate and the other authors
to this work has been explicitly indicated below. The candidate confirms
that appropriate credit has been given within the thesis where reference

has been made to the work of others.

This copy has been supplied on the understanding that it is copyright
material and that no quotation from the thesis may be published without

proper acknowledgement.

@2022 The University of Leeds and Hadeel Albeladi



ii

Acknowledgements

First of all, many thanks are due to almighty God to enable me to complete this thesis.
I appreciate and am extremely grateful to my government and King Abdulaziz University
who funding me to give me this opportunity to complete my PhD in one of the best
universities.
It is my great pleasure to express a deep sense of gratitude to my supervisors, Dr Joao
Martins for great support, kindness, patience and instruction throughout the entirety of
the past four years. To Prof. Paul Martin for great support, guidance, advice and effort
in making my thesis accessible to the reader. Their contribution to the thesis, and my
knowledge of the subject area, has been invaluable, and this document could not have
been completed without them.
I am thankful to my parents who always pray for me. My great thanks to my husband
Hamed who supports me during my journey. Thanks to my children Mayan, Abdullah
and Malk for their endless love. Thanks to my brothers and sisters especially Sara,

Alhanoof and Fatimah for unconditional support.



iii

Abstract

In this thesis, we address combinatorial descriptions of welded knotoids from the point

of view of strict monoidal categories.

To this end, we address combinatorial presentations of strict monoidal categories, by
generators and relations. We do this by addressing presentations of a closely related type
of categorical object, which we call %—monoidal categories (essentially sesqui-categories
on a single object). A key part of the construction relies on the construction of the
free %—monoidal category over what we call a monoidal graph ( a graph with monoidal
structure on the set of vertices). We prove that the category of what we called slideable %
monoidal categories 1s equivalent to the category of strict monoidal categories. We prove
that there exists a slidealisation functor, sending a %—monoidal category to a slideable %—
monoidal category. We use this to obtain combinatorial presentations of strict monoidal

categories from combinatorial presentations of %-monoidal categories.

We use this formalism to define presentations of strict monoidal categories of welded
tangle-oids, generalising work of Lambropoulou, Turaev, Kaufmann and others on kno-

toids.

Given a finite group GG, more generally a finite group acting on a finite abelian group,
we construct a functor from the monoidal category of welded tangle-oids to a strictified

version of the monoidal category of vector spaces.



Contents

[Acknowledgements|
[Abstract
1 _Intr 1
1.0.1 I re of the th

2 Motivating Ideas|

n1

Presentations of groups.|. . . . . . . ... L oL

D11

Free group| . . .

[2.1.2 Presentation of groups| . . . . . . ... ... ... ..

D13

Presentation of braid groups| . . . . . ... ..o

[2.1.4 Artin’s presentation:| . . . . . .. ... ... ... ...

[2.2  Presentation of welded braid groups| . . . . . .. .. ... ... ...

3 Categories|

3.1

Collections, setsand classes| . . . . . . . . . . ... ... ... ...,

BI.1

Small categories|

v

ii

iii

10

11

14



[3.1.2  Subcategories|. . . . . . . .. ... o 18

[3.1.3  Examples of categories| . . . . . .. ... ... ... ...... 20

B2 Funclors . . . . ..ot 24
[3.2.1 Properties of functors|. . . . . .. ... ... ... L. 28
[3.2.2° Product categories| . . . . . ... ... 31
(3.2.3 Natural transformationsl . . . . ... ... ... ... ..... 33
[3.2.4  Adjomtfunctors| . . . . .. ... L 34

[3.3 Graphs and categories|. . . . . . ... ... ... L. 37
[3.3.1 On freeness and forgetful functors| . . . . . ... ... ... .. 39
[(3.3.2 Pathsonagraph| ... ... ... ... ... ... ....... 42

[3.4  Quotient categories| . . . . . . . . .. ... 48
[3.5 Presentations of small categories| . . . . ... ... ... .. ...... 52
[3.5.1 Congruence closure|. . . . . ... ... .. ... ........ 52
[3.5.2 Example: the combinatorial braid category| . . . . .. .. ... 58

& Monoid {their abelianisation 62
4.1  Monoid definition and examples| . . . . . ... ... Lo 62
1.1 Proofof Lemmald.1.8] . . ... ... ... ... ........ 66

4.1.2 Examples of abelianisation of monouds| . . . . . ... ... .. 69
4.1.3 Monoid abelianisation as a functor . . . . . . ... ... ... 73




vi

5 -monoidal categories and monoidal categories| 82
5.1 --monoidal categories| . . . ... ... ... ... ... ... 82
I5.1.1  The cat’s whiskers: 5-monoidal categories|. . . . . . . ... .. 82
5.1.2  Matrix elements and 3-monoidal categories| . . . . . . ... .. 88
5.1.3  Category of ;-monoidal categories| . . . .. ... ....... 101

[5.2  Towards the slidealisation functor: preliminaries|. . . . . . . ... ... 104
2.1  Proof of Lemmal5.2.4 . .. ... ... ... .......... 109

0.2.2  The shdealisation functor: conclusionl . . . . . ... ... ... 113

[5.3  Strict monoidal categories| . . . . .. ... ... ... ... 121
[5.3.1 Strict monoidal functors and the category StriMC| . . . . . . . 125

[5.4  Equivalence Theorems| . . . . ... ... ... ... .......... 128

I5.4.1  Slideable 5-monoidal categories and strict monoidal categories| 128

[6 Free strict monoidal categories| 137
[6.1 The category of monoidal graphs| . . . . . . ... ... .. ....... 137
[6.2  Presentations of Strict Monoidal Categories| . . . . . . ... ... ... 151

[6.2.1 The 1/2-monoidal closure of a congruence template|. . . . . . . 155

[6.2.2  Example: the monoidal combinatorial braid category| . . . . . . 161

6.3 Tangles| . . . . . ... 163

7 Welded Tangle-oid Categories| 168




vii

[/.2  Unoriented Welded Tangle-ouds| . . . . ... ... ... ... .... 169
[7.3  Oriented Welded Tangle-oids| . . . . . .. ... ... ... ....... 174
[7.4  Functorial invariants for Welded Tangle-oids categories|. . . . . . . . . 181

[7.4.1 Functorial invariants from finite groups for the UWTC| . . . . . 181

[7.4.2  Functorial invariants from group acting on abelian group for the




viii

List of abbreviations

N: the set of natural numbers, that contains 0.
Z: the set of integers.
Z*: the set of positive integers.

C(G): G is a group, the set of map f:G — R, we write for all ¢ € G, f(g) =
ZgEG fgg‘

SETS: the category of sets.

SET: the class of all sets.

homge7s(A, B): for A, B sets, this denotes the set of functions from A to B.
Mat: the category of matrices. [3.1.2]

Top: the category of topological spaces with continuous maps as morphisms. [3.1.11]
M: the category of monoids. #.1.6]

M .p: the category of abelian monoids.

SmC: the category of small categories. [3.2.4]

Graphs: the category of graphs. [3.3.3]

%—MC: the category of %—monoidal categories.

s%—MC: the category of slideable %—monoidal categories.

StriMC: the category of strict monoidal categories.

MGraphs: the category of monoidal graphs.

UWTC:" the unoriented welded tangle-oids category.

OW'TC" the oriented welded tangle-oids category.



Chapter 1

Introduction

Here we briefly put our work into a broader research context.

We will argue that our work fits into a couple of distinct research contexts. ‘Presen-
tation’ of algebraic structures is a useful tool in areas such as representation theory and
in construction of new examples from old. In category theory: Our approach is in the
spirit of sesquicategories (see e.g. [Haz96|] and references therein) in ‘categorification’
(making an algebraic structure more categorical - for whatever reason).

In low-dimensional topology: Our approach is in the spirit of the Siefert—Van Kampen
Theorem, in the sense of taking infinite geometric-topological systems and combinato-

rialising by (finite) presentation.

In this thesis, I will address welded knotoids from the point of view of presentations

of strict monoidal categories (reviewed in Chapter [3)). To this end, I will

e define what it means to present a strict monoidal category (by generators and rela-

tions), from the point of view of the more general 1/2-monoidal categories,

e define a strict monoidal category of welded tangle-oids using a presentation. Welded

knotoids are morphisms from the unit object to itself,

e construct functorial invariants of welded tangle-oids.



1.0.1 Structure of the thesis.

e We provide the motivation for this work in section

e In section |3} we explain our notation and conventions for categories, particularly
free categories, and congruence relations. In section [3.5] we define presentations
of categories, and in doing so explain how a relation in the set of morphisms of
a category (a congruence template Definition [3.5.1)), gives rise to a congruence
relation called the closure of the congruence template, Theorem We then
use this to say what we mean by a presentation of a category, Definition[3.5.8] We

apply this framework to the construction of the combinatorial braid category.

e In section 4} we review monoids and the monoid abelianisation functor. This is
in order to prepare for a similar argument when defining the slidealisation functor

for %-monoidal categories, defined in the following section.

e In section 5, we discuss strict monoidal categories from the point of view of %-
monoidal categories. In Deﬁnition we define what a %—monoidal category is,
and in Deﬁnition we define slideable %—monoidal categories. In sectionm
we construct our crucial slidealisation functor, from the category of %-monoidal
categories to the category of slideable %—monoidal categories, and prove that it is
a left adjoint to the inclusion functor from the category of slideable %—monoidal
categories to the category of %—monoidal categories. In section we give the
definition of a strict monoidal category. In section[5.4] we address the equivalence

between slideable %—monoidal categories and strict monoidal categories, Theorem

5.4.6!

e In section [0 we define free strict monoidal categories over monoidal graphs. We
define monoidal graphs R in Definition [6.1.1] these are graphs with a monoid
structure on the set of vertices. To each monoidal graph R we associate a graph
R*, which we call the extent of the monoidal graph R, in[6.1.2] In Definition[6.1.7]
we define free%-monoidal category-triples. In proposition , we prove that the
free category P(R*) over the graph R* naturally becomes a %-monoidal category
denoted Q2(R). In Proposition we prove that Q(R) is a free 1-monoidal

category.



e Then in section [6.2] we address presentations of strict monoidal categories. We
. . . 1 .

first explain how a congruence template in the underling category of a 5-monoidal

category gives rise to a 1-monoidal congruence, called the 1-monoidal clo-

sure of the congruence template: Theorem Definition [6.2.8] In Defini-

tion , we define presentations of %—monoidal categories. In Definition|6.2.10,

we define presentation of strict monoidal categories. In section[6.2.2]we apply this

to the construction of the monoidal combinatorial braid category.

e In section[6.3|we sketch the definition of the monoidal category of tangles, because

our categories welded tangle-oids can be seen as a generalisation of it.

e In section[7.2]we define the strict monoidal category of unoriented welded tangle-
oids UW'TC(C, Definition In section we define the strict monoidal cate-
gory of oriented welded tangle-oids OWT'C, Definition In section[/.4.1|we
construct functorial invariants from finite group for the UWT'C, Theorem [7.4.1

In section [/.4.2| we construct functorial invariants from group acting on abelian

group for UWTC', Theorem



Chapter 2

Motivating Ideas

2.1 Presentations of groups.

A presentation of a group is a way to define the group (by set of ‘generators’ and ‘rela-
tions’) that is useful when studying group homomorphisms from this group (i.e. when
studying representations). The method was introduced by Walther von Dyck [Rob96].

Generalising this idea is a key paradigm for us, so we will review it next.

In this section we assume familiarity with the category of sets — see for details;
and the category of groups (which we also take to imply familiarity with the language of

basic group theory and so on).

Here the underlying-set functor from the category of groups, see for example [ML13,
page 14], to the category of sets, is denoted U. It is such that if (G, o, ) is a group then
we have that U(G,0,¢) = G. If f:(G,0,e) — (G',0',¢') is a homomorphism then
U(f):G — G’ is given by f, regarded as a function only.

2.1.1 Free group

Definition 2.1.1. (See for example [Rob96, Rot12, IMRRS8S]). A group (G, o, e) is a free

group, on a set X, if there is a function 6: X — G, that satisfies the following universal

4



property.

Given any group (A, e, ¢'), and any function f: X — A, there is a unique
group homomorphism F: (G,0,e) — (A, e, ¢') that makes the diagram be-

low, in the category of sets, commute:

An important point about such a G (if it exists — see below) is that a representation
of it in A (i.e. a homomorphism to A) is determined by the image of X. We do not need

to give the image of every element of G.

Given a set X, it is not directly clear that a free group on X exists (or if multiple
non-isomorphic free groups exist). And when we generalise later this will be even less

clear. So let us have one example.

Example 2.1.2. (See for example [Rotl2]). We claim that (Z,+,0) is a free group on
the set X = {1}.

To see this we may proceed as follows. Given a group (A, e, ¢'), and
{1} > U(A, e ¢),

the next diagram commutes:

\ o) @.1)



where:

5:{1} - U(Z,+,0)

1—1

and F'is given as follows.

Explanation of the group homomorphism F':

First let us give F as a set map.

7 — A

a— f(1)%.

e Hereifa >0, f(1)*= f(1)e...e f(1).

N J/
-~

a times

e Ifa <0, f(1)° :\f(l)*lo...of(l)fi.

N~
a times

e I[fa=0, f(1)*=¢.

Finally observe that this map is indeed a group homomorphism.
Clearly the diagram (2.1)) commutes.

Also F is unique, because for any such group homomorphism F': (Z,+) — (A,e),
then F'(1) = f(1), because the diagram (2.1) commutes. So the homomorphism gives,

fora >0

Flla)=F'(14---+1)

a times

=F(1)e...0 F'(1)

J/

-
a times

a times



Ifa <0,

Ifa =0,

Therefore:

Theorem 2.1.3. (See for example [Rotl2)], Theorem 11.1). Given any set X, there is a
free group Mx on X.

Later on this thesis we will address closely related free monoids, and also free %-
monoidal categories.

Proposition 2.1.4. (See for example [Rotl2)], Corollary 11.2.). Every group G is a

quotient of a free group.

F'(a) = F/((=1) +---+ (1))

(. J/

Vv
a times

—F'(1) " e...e F'(1)"

J/

TV
a times

2.1.2 Presentation of groups

Definition 2.1.5. (See for example [Rob96| Rot12]). Let S be a set, and F a free group

on S. We write

for a pair consisting of S and a subset R C F. We will call the elements of R ‘relations’.

(S|R),

This pair is a ‘presentation’ of a group G if

G~ Ff~,



where ~ the normal closure of R C F, i.e. the intersection of all normal subgroups of

F' that contains the relation set R.

Example 2.1.6. The cyclic group of order n has the presentation:

(x| 2" =e).

Here and after we abused notation and instead of putting ({x} | {z"}) we write (x |

" =e).

2.1.3 Presentation of braid groups

In this section we define braid groups in two different ways one by using geometric
braids, and another by using Artin’s presentation. We assume familiarity with the notion

of isotopy, as described for example in [Kas12, JM19].

Definition 2.1.7. (See for example [Oht02, Chapter 2], and [KTOS, Liel 1l]). A geometric
braid on n € N strings is a set B C R? x [0, 1] that is composed of n disjoint topological
intervals (where a topological interval is the image of injective continuous map from the

unit interval into R®) such that the following are satisfied:

1. BN (R? x {0}) = {(1,0,0),(2,0,0),...,(n,0,0)},
2. BN(R*x {1}) ={(1,0,1),(2,0,1),...,(n,0,1)},
3. Ift € [0,1], then BN (R? x {t}) has cardinality n.

Definition 2.1.8. (See for example [KT08|]). Two geometric braids B, By C R* x [0, 1]

are called ambient isotopic if there is a continuous map:

h: (R* x [0,1]) x [0,1] — R* x [0, 1],

such that

1. forall (z,y,z) € R* x [0,1], h(z,y,2,0) = (2,y, 2);



2. givenanyt € [0, 1], the map

R? x [0,1] — R? x [0, 1]

(z,y,2) — h(z,y,2,1)

is a homeomorphism;
3. forallt € [0,1] and (z,y) € R?, we have
o h(z,y,0,t) = (x,y,0),
o h(z,y,1,t) = (x,y,1);
4. h(B1,1) = By,
5. forallt € [0,1], h(By,t) is a geometric braid.

Example 2.1.9. ([[KT08], page 5). A rough sketch of a geometric braid in four strings.

Proposition 2.1.10 (Geometric braid groups). (See for example [FN62]).

Let n € N, the geometric braid group B,, = (B,,, o) is such that

1. B, is the set of equivalence classes under ambient isotopy of geometric braids on

n Strings.

2. If [, [5] € B, their composition is such that

ol = [{an 3 1@ e al]ul{@a+ I @nn e s}
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3. The identity element is the equivalence class of the geometric braid 1d, with n

parallel strings, namely

Id, ={(1,2,...,n)} x {0} x [0,1] € R* x [0, 1].

Note that the composition [a] o [3] does not depend on the choice of representatives, see

[Kas12, Section X.6.1]. The proof that B,, is a group is also in [Kas12, Section X.6.1].

2.1.4 Artin’s presentation:

Note that any geometric braid in B,, can be obtained by multiplying a finite number of

o1,.-.,0,_1, and their inverses. Here o; is the equivalence class of a geometric braid as

Definition 2.1.11. (See for example [KTOS8, |Liell, |Casl0O]). Let n > 2 be an integer.

sketched in the figure below.

The Artin braid group B,, is the group formally generated by:

{0—17 g2, ... 70—7171}7
and relations
0i0; = 00i, if li — j|= 2,
0i0i110; = 0110011, foralli € {1,...,n—1}.

Lemma 2.1.12. ([KT08],Lemmal.2.). Let G be a group with elements gy, g, ..., gn_1
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that satisfy the braid relations, this means
9i95 = 9jYi, ifli —j|>2,
9i9i119i = 9i+19iGiv1, forallie {l,....n—1}.

Then there is a unique group homomorphism f: B, — G, such that
gi = f(oy), foralli=1,2,....,n—1.

Proof. See [KTOS]]. O]

Example 2.1.13. Consider the cyclic group in example there is a unique group
homomorphism

f:B, = (z|a"=e¢e),

such that

flo;) =z, foreachi € {1,...,n—1}.
This assignment clearly satisfies the braid relations.

Several other examples arise as particular cases of the invariant of welded tangle-oids

in section [7l

2.2 Presentation of welded braid groups

Definition 2.2.1 (Knot). (See for example [|[Carl2]). A knot is an embedding of the circle

into R3.

A knot in R? can be projected ‘regularly’ onto R?. Projection here is onto one of the
many possible (oriented) R? subspaces of R3. ‘Regular’ means that the projection is
injective everywhere except at a finite number of crossing points, which are the projec-
tions of only two points of the knot (where both points have tangents, and the projected

tangents are not colinear — see for example [KMY19]). Keeping track of the positive
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normal to the subspace R?, this give the over under crossing information. This data in

the projection is called ‘classical crossing’.

The algebraic-combinatorial aspects of knot theory can be tracked purely at the level
of such projections. The projected formalism is then also amenable to direct generalisa-

tion (i.e. without reference to knots in 3d).

In this thesis, we define presentations of categories of welded tangle-oids that can
be seen as generalizations of welded braid groups. The theory of virtual knots was
introduced by L. Kauffman see [Kau2l, [KauOO]. In the virtual knots there is a new
crossing that is not a classical crossing which is virtual crossing. You cannot switch over
and under in a virtual crossing. However the idea is not that a virtual crossing is just an
ordinary graphical vertex. Rather, the idea is that the virtual crossing is not really there.

In the next diagrams: (a) and (b) are classical crossings and (c) a virtual crossing:

N\ /
N/

(a) (b) (c)

The virtual braid group arises naturally in virtual knot theory, see [Kau00, [Kau21, KIL.O6].
This group is closely related to the welded braid group that was introduced by R. Fenn,
R. Rimanyi and C. Rourke [FRR97].

Definition 2.2.2. [Kam07, Kau00, [ KLO4, |[KL0O6, |Kau2l]. The virtual braid group of

degree n € N, V B,,, is the group formally presented in the following way: generators:

{0'1,0'2, ey Op_1,T1,T2, ... ,Tn_l},
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and relations:

(

0'in = O'jO'i,

0;0i4+10; = 0441070441,

oot =1,
2 __

T =1,

TiTj = TjTZ',

TiTit1Ti = Tip1TiTit1,

O'ﬂ'j = ’7']'0'1',

O0;Ti+1Ti = Ti+1Ti0 441,

ifli — 41> 2,
forallie {1,...
foralli e {1,...
forallie {1,...
if li — j|= 2,

foralli e {1,...
ifli — 41> 2,

foralli e {1,...

,n—1},
,n—1},
,n— 1},
,n—1},
,n—1}.

Definition 2.2.3. [[FRR97, |KamO7]. The welded braid group is the group formally pre-

sented in the same was as as the virtual braid group, however adding one more relation.

Generators:

and relations:

{0'1,0'2, ..

(
O'iO'j = UjUi,

004103 = 0441070441,

oot =1,
2 __

T =1,

T,L'Tj = TjTZ‘,

TiTiv1Ti = Ti41TiTi41,
O'iTj = TjUi,

0iTi41Ti = Ti4+1Ti0441,

\Tio-z'—‘,—laz' = 0i4+10;Ti+1,

<y On—1,T1,T2, ..

. 7Tn—1}7

ifli—jl= 2,
forallie {1,...
foralli e {1,...
forallie {1,...
ili— i[> 2
foralli e {1,...
ifli—jl= 2,

foralli e {1,...

foralli=1,2,...

,n—1},
,n—1}
,n—1},
,n— 1}
,n—1}
,n— 1.



Chapter 3

Categories

In this section I will explain the notion of a category. This is a type of algebraic structure

that I use heavily later.

3.1 Collections, sets and classes

Sets:

Sets can be thought of as the usual sets of intuitive set theory. One construction that can
be performed with sets is the set of all subsets P(X) of the set X (called the power set
of X).

But with this intuition of the sets we can not treat the collection of all sets as a set.
As in “Russell’s paradox™ if we consider the set that contains elements which are not
elements of themselves, the collection of all these sets can not be a set. So this lead to
define another concept “Classes” [AHSO04].

Classes:
The concept of “class” has been created to deal with large collections of sets. The

members of each class are sets, so the member of the class are sets.

A class that is not a set is called a proper class, and a class that is a set is sometimes

called a small class [AHSOA4]].

14
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3.1.1 Small categories

Definition 3.1.1. A small precategory C is an ordered quadruple consisting of:

1. A set ob(C).
2. For each pair A, B € 0b(C) a set hom¢(A, B).
3. Foreach triple (A, B,C) € 0b(C) x 0b(C) x 0b(C) a function called composition

home (A, B) x home(B,C) — home(A, C),

(f,9) = fxg

4. Foreach A € 0ob(C) an element id 4 in hom¢(A, A).

Notation. We might write the data giving a small precategory in the form
C = (ob(C),home(_, ), *,id_).

This means that we given a set 0b(C); and a function from 0b(C) x 0b(C) to a class of
sets; and for every f € hom¢(A, B) and g € home (B, C) a way to construct an element

f*g € hom¢(A, C); and a suitable function id from 0b(C).

Example 3.1.2. In general giving the ‘composition’ function might be very hard. To get

started we can make this a bit easier by using a construction we already have.

Let hom s, (m, n) denote the set of m x n complex matrices (that is, with m rows and
n columns). Let - denote matrix multiplication. Let id,, denote the n X n unit matrix.

Then consider the quadruple

Mat = (N, hom e (-, -), -, id.).

If n or m is equal to zero then the only matrix we have is the matrix with no elements.

Claim. We claim this gives the data for a small precategory.
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Idea of proof. It will be clear that the first, second and fourth components are as re-
quired, so it remains to check the third component. This is non-trivial, even in this
Sfamiliar case, since matrix multiplication requires that matrices conform in the given
order.

An example to show the order is correct.

z a
m n k t
Let f = |z 2| € hompa(3,2), and g = € hompa(2,4).
m' n kK
w w

Therefore: f.g € hompra(3,4).

Definition 3.1.3. (See for example [AHS04| |Par70, Leil4, ML13]). A small category is

a small precategory (0b(C),home(_, _), *,id.) that satisfies the following axioms

e (Al: associativity axiom): for every quadruple (A, B,C, D) € ob(C) x ob(C) X
0b(C) x 0b(C) and every f € hom¢(A, B), g € home(B, C') and h € home(C, D)
we have:

(fxg)xh=fx(g*h).

o (A2: unit axiom): for every pair (A, B) € ob(C) x 0b(C) and any f € hom¢(A, B)
we haveidy x f = f, and f xidg = f.

Proposition 3.1.4. The small precategory Mat is a small category.

Proof. To show that precategory Mat is a small category we must show it satisfies the
axioms in[3.1.3
(A1: associativity axiom): for every quadruple (m,n, s, ) € N* and every

f € hompsai(m,n), g € hompsa(n, s) and h € homysq (s, ), we have:

(f-9)-h

and

f-(g-h),
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and we require to show that these are equal. In particular that ((f.g).h);; and (f.(g.h))i;

are equal. These are given by

n S n S

((f.9).h Z fiwgr)hij = me grihij),

k=1 I=1 k=1 =1
where we used associativity of complex multiplication, and
n S
=33 fulgrih).
k=1 =1

The right hand sides of these are equal.

(A2: unit axiom): for every pair (m,n) € N?, and every f € homy;,(m,n) we have:

and

and we requie to show that these are equal to f. In particular that (id,,.f);; and (f.id,);;

are equal to f;;. These are given by

(fidm)ig =Y faidi; = figidy; = fiy.

k=1
(Note: idy; = 1if & = j and idy; = 0if k # j7)
(idn-f)ij = Y idixfij = idis fij = fi5-

k=1

O

Definition 3.1.5 (Precategory). The definition of precategory is the same as the definition

of a small precategory but the collection of objects is a class instead of set.

Definition 3.1.6. [Categories] A category is like a small category, but we relax the re-

quirement that the collection of objects is a set.
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3.1.2 Subcategories
Definition 3.1.7. (See for example [MLI3| Leil4, Awol0]). Let
C = (0b(C),home(_, _), %, id°)
be a category. A subcategory of C is a pair
S = (0b(S),homg(_,_))
consisting of

1. A subclass ob(S) of the class of objects of C.

2. Given (A, B) € ob(S) x 0ob(S) a subset homs(A, B) C hom¢(A, B).

These are required to satisfy

1. Given f € homg(A, B) and g € homgs(B, (), then f ¢ g € homg(A, C) (here

*c denotes the composition in C ).

2. Forall A € ob(S), it holds that id5, € homg(A, A). (Here id, denotes the identity
of A'in ob(C)).

Proposition 3.1.8. (See for example [MLI3, AHSO04]). Let S = (0b(S),homg(_, _)) be

a subcategory. Then we have a category
S = (ob(S), homg(_, ), xg,id®),

such that

1. the class of objects is 0b(S);

2. given (A, B) € ob(S) x ob(S), we have a set homg(A, B);
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3. given f € homg(A, B) and g € homgs (B, C), the composition in S is

frxsg=f*g;

4. forall A € ob(S), we have id§ = id,.

Proof. Let S be a subcategory of the category C, we want to prove the category axioms:

1. Associativity: for every quadruple

(A, B,C,D) € 0ob(S) x 0b(S) x 0b(S) x 0b(S),

and morphisms:
fe hOIl’lg(A,B) C hOIIlc(A,B),

g € homg(B,C) C home(B, (),

h € homg(C, D) C hom¢(C, D),

we have:
frsg=f*cg.
Therefore:
fxs (g*sh) = (f *s g) xs h.
2. Unit: let
(A, B) € 0b(S) x 0b(S),
f € homs(A, B),
id5 = id§ and id3, = id$.
Therefore:
frsidf = fxcidg = f,
and

idS «s f =id$ *¢ f = f.
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]

Definition 3.1.9. (See for example [AHS04|]). A subcategory B of a category C is full if
for each X,Y € B, we have:

hOl’IlB(X, Y) = hOIIlC (X, Y)

3.1.3 Examples of categories

Example 3.1.10. (See for example [AHS04]). The precategory

SETS = (SET, homSng(, , ,), *, 17)

is a category where

1. the class SET is the class of all sets,

2. given a pair of objects (A, B) € SET x SET, the set homgers(A, B) is the set
of all functions from A to B,

3. for every triple of objects (A, B,C) € SET x SET x SET and every f €

homgers(A, B), g € homgers(B, C), we have

fxg=golf,

4. forall A € SET, anarrow 14 € homgsers(A, A) where forall z € A, 14(x) = .

Proof. Note that the above quadruple is formally a precategory (with the usual caveat

about collections as above). We will show that SETS satisfies the category axioms.
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1. Associative, forall f : A — B,g: B— C,h:C — D,z € A, we have:

ho(go f)(x) =h(go f(z))
= h(g(f(2)))

= (hoyg)(f(z))

= (hog)o f(x).

Therefore

ho(gof)=(hog)of.

2. Unit, for every pair of objects (A, B) € SET x SET andany f: A — B,z € A,

we have

lpo f(z) =1p(f(z)) = f(x),
fola(z) = f(la(x)) = f(x).

Therefore

lpof=f=folyu

Note we will also allow categories also to be formulated ‘backwards’, so we use no-
tation for composition from the SET convention. So for example we may write that the
quadruple (SET, homsers(—, —),0,1_) is a precategory and a category (even though

composition is backwards).

Example 3.1.11. (See for example [AHS04|]). The precategory
Top = (ob(Top), homype,(-,-),0,id )

is a category for which

1. the class ob(Top) is the class of all topological spaces,
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2. given a pair of objects (A, B) € ob(T'op) x ob(Top), the set homr,,(A, B) is the

set of all continuous maps from A to B,

3. forevery triple of objects(A, B, C) € ob(T'op) x ob(Top) x ob(Top) we define the

composition as

homy,, (A, B) x homy,,(B, C') = homp,,(A, C)
(f,9) = gof,

in other words we put f xg =go f,

4. forall A € ob(Top), the arrow id4: A — A is given by the identity map A — A.

(Note that id 4 € homy,,(A, A) as the identity map is always continuous).

Proof. Let us first prove that the composition map is well-defined i.e, if
f € homy,,(A, B) and g € homy,, (B, C),

Hence

go f € homyp,,(A,C),

ie,go f: A — (C is a continuous map; this follow from the fact that the composition
map of continuous maps is continuous. Let U an open set in C = ¢g~(U) an open set

in B= f~(¢g~(U)) is an open set in A, but

F g N U) = (go /)H(U).

Therefore g o f is a continuous map.

Second: T'op satisfies the category axioms as follow:

1. Associativity: forall f: A — B,g: B— C,h: C — D, we have

ho(gof)=(hog)of.
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2. Unit: forall f : A +— B, we have:

idgo f= fand foidy = f.

Definition 3.1.12. We have a precategory

Vec = (ob(Vec),homye.(_,_),0,id )

of vector spaces where

1. ob(Vec) is the class of finite dimensional of vector spaces;

2. for each pair of objects V,U € ob(Vec)

homy..(V,U)

is the set of all linear map from V to U;

3. for each V,U W € ob(Vec), and f € homy..(V,U), g € homy..(U W), we

have

frg=gof;
4. for each object V € ob(Vec), the identity map idy:V — V is a linear map.

Proposition 3.1.13. The precategory of vector spaces

Vec = (ob(Vec),homy,.(-,-),0,id.)

is a category.

Proof. We want to prove the category axioms,

1. Associativity, for each U, V, W, Q € ob(Vec) and linear map f:U — V,¢:V —
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W and h: W — @, and x an element of V' we have

ho(ge f)(x)=h(go f(x))
= h(g(f(x)))
= (hoyg)(f(z))
= (hog)o f(x).

2. Unit, for each V, U € ob(Vec), and a linear map f:V — U. We have

foidy(x) = f(idv(x))
= f(x).

idy o f(x) = idu(f(x))
= f(x).

]

Example 3.1.14 (Example of subcategory). Consider the category of topological spaces

Top, there is a subcategory
DTop = (ob(DTop), hompre,(-, -)),

such that:

1. ob(DTop) are discrete topological spaces, so ob(DTop) C ob(Top),

2. forall A, B € ob(DTop), hompr,,(A, B) is the set of homeomorphism map from
Ato B, so
hompre,(A, B) C homy,,(A, B).

3.2 Functors

In this section we define functors between categories.
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Definition 3.2.1. (See for example [MLI3| Leil4, Awol0]). Given categories
C = (0b(C), home(_, ), *¢,1d%) and D = (ob(D), homp(_,_), *p,id>), a functor

F= (FO,Fl) ZC—>D,

consists of

1. foreach A € 0b(C), an object Fy(A) € ob(D);

2. foreach f € home(A, B) an arrow Fi(f) € homp(FyA, FyB);
such that

1. forall f : A— B, g: B — C, we have:
Fi(g=c f) = (Fig) *xp (F1f);

2. forall A € ob(C), we have: F,(id9) = id?oA.

Example 3.2.2.  [. For any category
C = (0b(C),home(_, ), *,id_),

there is the ‘identity’ functor
Id:C — C;

such that

(a) for each A € ob(C), an object Idy A = A;

(b) foreach f : A — B € C,anarrowld; f = f.
To check that the axioms are satisfied we observe the following,

(a) forall f : A— B,g: B — C'inC, we have

Id(gx f) = g f = (Idg) x (Idf);
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(b) forall A € ob(C), we have 1d(id4) = id4 = idjqa.
2. For any categories:
C = (0b(C), home(_, ), *¢,1d°),

and

D = (0b(D), homp(_, ), *p,id?),

and B € ob(D), there is a constant functor
Cp:C— D,

such that

(a) for each A € 0b(C), an object CpA = B;

(b) foreach f: A — A" € hom¢(A, A'), an arrow Cp(f: A — A') =idp: B —
B.

That satisfies the axioms

(a) for all morphisms f : A — A',g: A" — A", we have:
CB(g *C f) = ldB = ldB *D ldB = (CBg) *D (CBf),
(b) forall A € 0b(C), we have: Cp(ida) = idp = id(cpa).

Note: in the next example we use the same convention for the composition for the

category M at and category SET S.

Example 3.2.3. (See for example [Per19]). Consider the category of Mat in[3.1.4
Mat = (N, hompq(_, ), -, id.),
and the category of SET S in

SETS = (SgT, hOIIngTS(,, ,),*, 17)
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We have a functor

F = (F(),Fl)I Mat — S(C/ITS,

such that

1. given a natural number n € ob(Mat), Fy(n) = R";

2. given f:n — mthen Fy(f): Fy(n) — Fy(m) is the map given by
v o

where each v € R" is understood as a column vector (and thus both as an element
inside an object in SET S and as a morphism in Mat!). ( Here (—)'" denotes the

usual matrix transpose.)

ap az as
For example if f:2 — 3 = , then F1(f):R*> — R3. Letv =
as as Qg
a; Qg ) a1by + asby
1
€ R? then Fi(f)(v) = | ay as = | azbi + asby | € R%.
bQ b2
a3 Qg GSbl + a6b2

Proof. To prove F is a functor we have to prove the functor axioms [3.2.1]

e Let f € homys,(n, m), and g € homyq(m, k)and let v € R™, we have

F(f.9)(v) = (f.9)"veR"
— (gtr‘ftr) — gtr(ftrv)
= F(9)-(F(f).V) = F(f) » F(g)(v).

Therefore

Fi(f.g) = Fi(f) * Fi(g).
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o Letm e N,

Fl(ldm) F()(m) — F()(’fﬂ)

R™ +— R™.

Then
Fi(idy) = 1pm).

Note this could have been formulated as a functor from M at to Vec.

3.2.1 Properties of functors

First let us think about composition of functors.

Proposition 3.2.4. Consider the formal quadruple

SmC = (0b(SmC), homgmc(-, ), *,id.)

where

1. the ob(SmCQ) is the class of all small categories,

2. for each pair (A, B) € ob(SmC) x ob(SmQC), the set homsmc(A, B) is the set of

all functors from A to B,

3. for every triple of objects

(A, B,C) € ob(SmC) x 0b(SmC) x 0b(SmC),

and every

Fe homsmc(A, B), G e homsmc(B,C),
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we have

homSmc(A, B) X homsmc(B, C) — homSmc(A, C)
(F,G)— G+ F,

where for all X € ob(A), and morphism f in A, we have

(G * F)o(X) = Go(Fo(X)),
(G * F)i(f) = Gu(Fi(f)),

(so far the construction is only formal. We need to show that G x I is a functor,)

4. forall A € ob(SmC), there is a functor I D 4 € homgmc(A, A).

This is a category.

Proof. To show that SmC is a precategory we have only to show that G x F' is a functor.

For this let A € 0b(SmC), f € hom4(X,Y) and g € hom (Y, Z), we have

(G*F)i(g*a f) = Gri(Fi(g*a f))
= G1(F1(g) *B F1(f))
= G1(F1(9)) *¢ G1(Fi(f))
= G+ Fy(g) %c Gy * Fy(f),

which verifies functor-axiom 1. For axiom 2

(G * F)l(ldA) = G1<F1(1dA))
= G1(idpy(a))
= idg,(Fy(4))

= idgysFy(A)-
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as required. Thus our quadruple is a precategory.

Next we want to show that the precategory SmC satisfies the category axioms:

1. Associativity, forall A — B, G:B — C and H:C — D, and X € 0b(A)

have

(H*(G*F))o(X) = Ho(Go * Fo(X))
= Ho(Go(Fo(X))
= (Ho x Go)(Fo(X))
= (Ho * Go) * Fy(X),

and for all morphism f in A, we have

Hyx (G x F1)(f) = Hi(G1* Fi(f))
= Hi(G1(F1(/))
= (H1x G1)(F1(f))
= (Hy xGy) * Fi(f).

Then
Hx(G*F)=(HxG)*F.

2. Unit, forall F: A — B, and X € ob(A), f morphism in A, we have

Therefore

Idgx F=F = FxIdy4.

we
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Definition 3.2.5 (Faithful functor). (See for example [AHS04)]). A functor

F:C— D

is called a faithful functor if it is injective on set of morphisms between objects, i.e all
the maps

Fi:home(A, B) — homp(FyA, FyB)
are injective.

Example 3.2.6. (See for example [ML13]). Let Grp be a category of groups such that

the objects are groups and the morphisms are the group homomorphisms. There is a
faithful functor
U:Grp — SETS,

where U is the forgetful functor that forgets the structure of groups.

3.2.2 Product categories

Definition 3.2.7. (See for example [MLI3l]). Let

C = (ob(C),home(_, ), *,id_)

be a category. We define a precategory

CxC= (ob(C X C),hOIIlCXc(,,,),*, ldf)

as follows

1. 0b(C x C) = 0b(C) x ob(C) = {(z,y) | =,y € 0b(C)},
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2. given a pair of objects ((z,2'), (y,y/)) in 0b(C x C) x 0b(C x C),
homexe((#,2), (y,y')) := home(x,2) x home(y, y')
- {(m) fee=, }
g:a' =y
3. for every triple of objects ((x,'), (y, ), (z,2')) € ob(C x C) X 0b(C x C) x

ob(C x C), and every f = (f1, f2) € homeye((x,2'), (y,y)), and g = (g1, g2) €
homCXC((y7 y/)a ("7’7 Z/))’ we deﬁne

g*f = (91792) * (flan) = (91 *flng*fQ) € hochc((x,:c’), (272/))7
4. forall (x,2") € ob(C x C),
id(z .y = (idg,idy) € homeye((z,2'), (z,27)).

Proposition 3.2.8. (See for example [ML13]). The precategory
CxC= (ob(C X C), homcxc<,, ,), *, ldf)
in definition is a category.

Proof. We want to prove the precategory C x C satisfies the category axioms

1. Associativity, for all f = (f1, f2) € homexe((z,2'), (y,)), g = (91, 92)
€ homeye((y,y'), (2,2')) and h = (hq, ha) € homeye((z, 2'), (w,w')), we have:

ha (gx f) = (ha, ha) % (91, 92) * (f1, f2))
= (hu, ha) % (g1 % f1, 92 % [2)
= (h1x g1 % f1,ha % go x f2)
= (h1* g1, ha * g2) * (f1, f2)
= ((h1, h2) * (g1, 92)) * (f1, f2)
= (

hxg)xf.
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2. Unit, for all (z,z’), (y,y') € ob(C x C) and

f = (flan) € hochc((ac,x'), (yvy/))v

we have

(f1, f2) * (idg,1dy) = (f1 % idy, foxide) = (f1, f2) = (idy,idy) * (f1, f2)-

3.2.3 Natural transformations

Definition 3.2.9. (See for example [AHS04, ATI10]). Let F,G : C — D be functors. A

natural transformation

t.F—= G

is a family of morphisms in D indexed by objects A of C,

<tA: FA— GA) sy

such that, for each f: A — B, a morphism in C, the following diagram commutes.

FA - FB

Al |io

Example 3.2.10. [ATI0] Let SET 'S be the category of set and
Id:SETS — SETS
be the identity functor from Example[3.2.2] and let

0:SETS — SETS x SETS
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[recall that product categories are defined in Section [3.2.2]] be the functor such that for
each A € ob(SETS) we have
A— A XA,

and for all f € homgers(A, B),
f=fxf

Then there is a natural transformation
t.F—G

given a set A,

tai A — Ax A,

such that for all © € A, we have
trrx € A (x,2) € A X A.

This makes the next diagram commute

A—L B

Al 1o

Ax A —— BxB
fxf

3.2.4 Adjoint functors

In this section we define adjoint functors in order to use it later where slidealisation
functor from %—monoidal categories to slideable %—monoidal categories is a left adjoint
to the inclusion functor from slideable %-monoidal categories to %-monoidal categories.

One of the definitions of adjunction can be found in [BW90, Section 13.2], also you
can see for example [ML13| [Par70, AHSO4].

Definition 3.2.11. (See for example [[BW90, Section 13.2]). Let C and D be categories
and let F:C — D and G: D — C be functors. An adjunction is a triple (F, G, ), where

0 is a natural transformation §:id — G o F, that for any objects A € C and B € D
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and any arrow f: A — GB, there is a unique arrow g: FA — B that makes the next

diagram commute
A = G(F(A))
f \LG(Q)

G(B).

We say that F is left adjoint to G and G is right adjoint to F and J 4 is a universal arrow
from A to G.

The next definition is the definition of a right adjoint functor G: D — C.

Definition 3.2.12. (See for examples [AHS04, Chapter V]). A functor
G:D—=C

is a right adjoint if for each A € ob(C) there are Fy € ob(D) and a morphism §4: A —
G(F4) such that

given B € ob(D) and morphism f: A — G(B), there is a unique mor-

phism g: Fx — B that makes the next diagram commute.

A L) G(FA)
7 iG(g)
G(B)

The morphism 0 4 is called a universal arrow from A to G.

Lemma 3.2.13. (See for example [AHSO04, Chapter V]). Let G: D — C be a right adjoint
functor. Choose for each object A of C a universal arrow §4: A — G(F4), from A to G.
Then there is a unique functor F:C — D, where for all A € ob(C), F(A) = Fy, such
that § = (041 A = G(Fa)) scop(c) i @ natural transformation from idc to Go F, i.e, such

that for all A, B € 0b(C) and morphism g: A — B, the next diagram commutes.

A% G(Fy)

gl lG(F (9))

0B
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Moreover that (F, G, ) is an adjunction.

Proof. Let G:D — C be a right adjoint functor, then from the Def|3.2.12] for each

A € 0b(C) there are 4 € ob(D) and a given universal arrow d4: A — G(F4), such that

Given B € ob(D) and morphism f: A — G(B), there is a unique mor-

phism g: F'y — B that makes the next diagram commute.

We want to construct F'. The value of F’ on objects is given. On morphisms, let g: A —
B, then we have universal arrows d4: A — G(F4) and 65: B — G(F). Then the value
of F(g: A — B) is the unique map from F4 to Fiz in D that makes the next diagram

commute.
A= G(Fy)

gl lG(F (9))

Now we want to prove F' is a functor. For all morphisms g: A — B and f: B — C'inC,

we have that the next diagram commutes

A =2 G(FY)

l lG(F(g))

B —2 G(Fp)

l lG(F(f))

dc

Q

~

Also we have the next diagram commutes.

A= G(Fy)

f*gl lG(F(f*g))

dc



37

Hence from the universal property

F(fxg)=F(f)»F(g).

Also the next two diagram commute

A4 G(FY)
idAl lidGFA:G(idFA)
Then

F(idy) = idpa.

Therefore F is a functor and §:id — G o F is a natural transformation and (F, G, ) is

an adjunction.

3.3 Graphs and categories

In this section, we define the free categories over graphs.

Definition 3.3.1 (See for example [Hig71]). A directed graph, or simply “graph”,
X = (V(X), E(X),01,02)

consists of
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1. AsetV =V (X). The elements of V are called vertices.
2. Aset E = E(X). The elements of E are called edges.
3. A map, called “incidence map”
GE—-V XV
x> (012, 09).
We call 6,x the source of v and dsx the target of x.

Example 3.3.2. Consider the next graph (Zs, {x1, x2, 3}, 01, 02) such that the functions

0; are determined by the following picture

Definition 3.3.3. (See for example [Hig71]). A graph-map 0: A — B is a pair of maps
(Vig, Ey), where Vy: V(A) — V(B) and Ey: E(A) — E(B) which preserves incidences,
i.e, for all edge x of A,

0i(Eg(z)) := Vy(diz); (i = 1,2).

Note the class of graphs and maps between them, with the evident identities and com-

position, can be arranged into a category Graphs.
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3.3.1 On freeness and forgetful functors

Lemma 3.3.4 (The forgetful functor from the category of small categories to the category

of graphs). (See for example [MLI13]). We have a forgetful functor
U:SmC — Graphs.

It is defined in the following way. Let C = (0b(C), home(-, -), *,1id_) be a category, then

where

Mor(C) := U ({z} x home(z,y) x {y}),

(z,y)€0b(C) x0b(C)

where for every f € home(x,y)
51($7f7 y) =7, (Sg(l’,f, y) =Y.

2. Given small categories C; = (0b(Cy), home, (_, ), ,id_), and

Co = (0b(Cy), home, (_, ), *,1id ). Given F' = (Fy, F1) € homgnyc(Cy,Cs).

U(Cy) = | ob(Cy), U {z} x home, (z,y) x {y}, 01,02 |,

(z,y)€0b(C1)x0b(C1)

U(C,) = (05(02), U {2'} x homg, (2, ') x {y'}, &1, 5&) :

(z',y")€0b(Ca) x 0b(C2)

U(F) = U(F, F1) = (U(F)o, U(F)),
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such that

U(F)QZ Ob(Cl) — Ob(CQ),

UF)(z, frx—y,y) = (Fo(z), Fi(z L y), Fo(y)).

Definition 3.3.5. (See for example [Hig71]). A free-category-triple on a graph X is a
triple (X, C,dx) where C is a category and §x: X — U(C) is a graph-map such that the

following universal property is satisfied.

Given a category A and a graph-map 0: X — U(A), there is a unique
functor 0*:C — A such that 0 = U(0*) o § in the category of Graphs.

X 25U

x U
)

U(A

Here U is the forgetful functor from the category of small categories SmC to the category
of Graphs.
Therefore 0x: X — U(C) is a universal arrow from X to U.

Following from definition [3.2.12] the forgetful functor U is a right adjoint if for all

objects X in category of Graphs there is a universal arrow 6x: X — U.

Theorem 3.3.6. A free-category-triple over a graph is unique, up to a unique isomor-
phism. Given any two free-categories-triples over a graph X, (X,C,0) and (X, D,0),

there is a unique functor f:C — D making the next diagram commute.

X 2. U
x o

U(D)

Moreover f is an isomorphism.

Proof. First, we want to prove f exists. Since (X, C, dx) is a free-category-triple, given
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a category A and a graph-map 6: X — U(A), there is a functor f:C — A such that
0 =U(f)od. Assume A = D, so the functor f exists.

Second, we want to prove that the functor f is unique. Assume there is h:C — D

another functor such that

but we have

U(f)od=0.

Therefore the functor f is a unique functor i.e,

Third, we want to prove that the functor f is an isomorphism. Let g: D — C be the
functor that given by the universal property where (X, D, fx) is a free-category-triple.
So we have to prove fog = Id = go f. Since (X,C,0x) and (X, D, 0x) are free-

category-triples, so we have the commutative diagram

X‘s—X>C

\ if
sx 1? gof

ig

C

But the map Id¢: C — C is the only map makes the next diagram commute.

X‘S—X>C

Ide
1)

C
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Then, Id¢ = g o f. By a same argument, the next diagram commutes.

5
>

X

O~ Q¢e-9

S
>

The map Idp: D — D is the only map makes the next diagram commute.

>~

S
» <
\/l><
—

a

v}

>

3

Then, Idp = fog. [

3.3.2 Paths on a graph
Definition 3.3.7 (Path). Let
(V(X)7 E(X)a 617 52)

be a graph. A sequence of edges (x1,%,...,%,), v; € FE(X),n € Nis a path if

0ox; = 01Xiaq foralli =1,2,...n — 1.
A path for which 6,x1 = dsx,, is called a closed path.

Example 3.3.8. From our Example we have the path (x1,x3), where dox; =
51$2 = 2.

Definition 3.3.9. (See for example [Hig71)]). Let X = (V(X), E(X), 01, 02) be a graph.
For each pairi # j € V(X), we define Morx (i, j) to be the set of ‘paths’ from i to j,

ie.,

Morx (i, j) ={(x1, 2, ..., x,) | for somen € Z" xy, ..., 2, € E(X), 0121 = i, 002y, = J,

52($k) = (51(xk+1)Vk € {1, o, n = 1}}
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Morx(i,1) ={(x1, T2, ..., 1) | for somen € Z" xy,...,x, € E(X), 0111 =i = S,
O2(xr) = o1(@p1)VE € {1,...,n = 1}} U g,
Remark 3.3.10. ¢; is called the empty path from 1, or the path of length 0 from i.

Example 3.3.11. Consider the graph
X = (257 {xla X2, T3, x4}7 517 52)7

such that the functions J; are determined by the following picture

o

Ty €3

Morx(2,4) ={(x2, x3), (22, T3, T4, 1, T2, T3), (T2, T3, T4, T1, T, T3, T4, T1, T2, T3),
ooy (To, T3, Ty, T1, T, Ty, Ty, T, T, T3y ooy Ty, L1, T2, T3)y .. )
Morx(1,1) ={¢1} U {(x1, x2, 23, 24), (1, T2, T3, T4, T1, Ta, T3, Tq), - - -,
(1, T2, X3, g, ..., L1, Lo, T3,Lg), .-}
Morx(0,0) ={do}.
Morx(0,1) ={ }.

Note that { } is the empty set.

Definition 3.3.12. (See for example [Hig71)].

Let X be a graph. Then the 4-tuple

is a precategory where
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1. ob(P(X))=V(X).
2. Foreach pairi,j € V(X), Morx/(i, j) is as defined in[3.3.9

3. Foreachtriple i, j, k € V(X) the multiplication of paths is

Mor(i,j) x Mor(j, k) — Mor(i, k)

(p.q) = pegq

given as follows

Letp = (z1,...,x,) € Morx(i,j) and ¢ = (y1,...,Ym) € Morx(j, k). Then
peq=(T1,To...,Tn,Y1,Y2, - Ym) € Morx (i, k)

this multiplication is defined whenever 65(p) = d1(q).
Ifp=¢;
¢j®q=q.

Ifq=¢j
peg;=p.

4. Foreachi € V(X), ¢, is the identity on i.

Proposition 3.3.13. (See for example [|Hig71|]). The precategory
P(X) = (V(X), Morx(i, j),® ¢.)

is a category.

Proof. We want to check the category axioms in[3.1.3]

1. Associative, let p; = (z1,...,2,) € Morx(i,j), p2 = (Y1, ..., Ym) € Mor(j, k)

and p3 = (21,...,2,) € Mor(k,s), we have

pl.(p2.p3> :pl.(yly-“;ym7217~--72r) = (xlu"'7xn7y17"'7ym7217"'7z7“)7
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(prop2)eps = (L1, s Tpy Yty oy Ym) ®D3 = (T1y oy Ty Yty o+ o s Yy 21y - -+ 1)

Then

pre (pz °p3) = (pl ‘pz) ® D3.

2. Unit, letp = (z1,...,2,) € Morx(i,j), then

¢i®ep=p=pep;

Theorem 3.3.14. (See for example [Hig71|]). Let X be a graph. Then
(X, P(X),0x)
is a free-category-triple on graph X (in the sense of Def. where
P(X) = (V(X), Morx(i, ), ¢.),
and for all a € V(X), x € E(X) the graph map dx is the map

5x: X — U(P(X))

Tr—x

Proof. We want to prove that given a category C = (0b(C), home(-,-),*,id_) and a
graph map 6: X — U(C), there is a unique functor 6*: P(X) — C, that makes the

diagram commute
X 2 U(P(X))

RPN

U(e).

1. Existences, define a functor 6* by

0" = (05,07): P(X) — C,
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that on objects

a— Vp(a),

and on morphism

(21,2, ..., 20) = Ep(w1) % Ep(w2) % ... x Ey(zn,).

The map 0*: P(X) — C is a functor since for all

p = (v1,22,...,2,) € Morx(i,j) and ¢ = (y1,y2,---,Ym) € Morx(j, k), we

have

0:(p @ q) = 07(21, T2, .., Tns Y1, Yor -+ Y)
= Ey(1) % Egl3) % ... Eg(wy) % Eg(yn) » Eg(y2) 5 - .. % Eo(ym)
— (Boer) * Boea) « % Eplwa) ) = (Boly) % Eoy2) * ... % Eolym)
= 05 (1, 70, 20) X 05 (Y1, Y21 Ym)
= 01(p) x 01 (a)-
01(¢a) = Eo(¢a)

= OVy(a)-
2. Uniqueness, suppose there is a functor
0 = (65,077): P(X) — C
that makes the next diagram commute

X -2 UP(X))

Then on objects

05" (a) = Vo(a),



47

and on morphisms

0 (p) = 0" (z1,...,x,)
= 0" (x1) *... %0 (x,)

= Eg(l‘l) * ... *Eg(:l}n).

Therefore there is a unique functor i.e.,

0" = 6.

]

Example 3.3.15. . Let X be a graph with one vertex and one edge x from the vertex

to itself. Then the category

P(X) = ({i}, Morx(i,i),e, o).

Here

Morx(i,i) = {¢i,p,pep,pepep,...},
where p = (z) (path of x).

Then the free-category-triple on X is

(X, P(X),0x).

2. Let X be a graph with two vertices a, b and an edge x from a to b, with

P(X) = ({a,b}, Morx(_,.),e,¢.).

where for all i,j € V(X) we have,

Morx(a,b) ={(x)},
Morx(a,a) ={¢a.},
Morx (b,b) ={}.
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Then the free-category-triple on X is

(X, P(X),0x).

3.4 Quotient categories

In this section we review congruence relation and quotient categories.

Definition 3.4.1 (Precongruence). Let C be a category, A precongruence relation R on C

is given by for each pair X,Y € ob(C), an equivalence relation Rx y on hom¢(X,Y).

Example 3.4.2. Let C be the category Mat see Let X, Y € 0b(C), and f,g: X —

Y. We define a relation R such that f ~r, , g, if they are projectively equivalent, i.e.

there is a € C,a # 0, such that

f=ag.

That is an equivalence relation, since

1. fNRX,Y f, where [ = (1)f.

2. Let f ~p,, g, this means there is a € C\ {0} such that f = ag, so, g = a”'f,

then g ~g. , f.

3. Let f ~gy, gand g ~g,, h, there are a,b € C\ {0}, such that, f = ag and
g = bh then f = a(bh) = (ab)h, this mean f ~pg, . h.

Definition 3.4.3 (Congruence). (See for example [MLI3, page 51-52 ;VO95|]). A pre-
congruence relation R on a category C = (ob(C),home(_, ), x,id_) is called a congru-

ence if it satisfies the following,

foreach fi ~gy, [2and g\ ~r, , g2, we have

g1 *fl ~Rx .z 92 *f2~
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Example 3.4.4. The precongruence in Example is a congruence .
Let fi, f» € homyu (X, Y), fi ~Ryxy Joand gi,gs € homyra: (Y, Z), 1 ~Ryz Y2, W€

have

fi-g1 € homp(X, Z) and fy - go € hom (X, Z). Moreover

Ji=afa,

g1 = b927

for some a,b € C\ {0}. Hence

fi-91=(afs) - (bga)
= (ab)(f2 - g2)-

Therefore
fi-o ~Rx .z f2 - go.

Proposition 3.4.5 (Quotient precategory). (See for example [MLI3| page 51]). Let R be

a congruence relation on a category C = (0b(C), home(-, -), ¢, id_), then the quotient
C/R := (0b(C), homer(-, ), *¢/r,id)
is a precategory, where

1. 0b(C/R) = 0b(C).

2. For X,Y € 0b(C),
home/r(X,Y) :=home(X,Y)/Rxy.

(Given f € home(X,Y), the equivalence class to which it belong is denoted

[f]RX,Y)'

3. Given f € home/r(X,Y), g € home/r(Y, Z), then

[g]Ry?Z *C/R [f]RX,Y = [g *C .ﬂRX,Z‘
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4. Forall X € ob(C/R), we have idy := [idx].

Proof. Given f € home/(X,Y), g € home/r(Y, Z), we want to prove the composi-
tion

[Q}Ry,z *C/R [f]RX,Y = [g *c f]RX,Z
is well defined, namely that it is independent of the choice of representatives. We want
to prove if f ~ f"and g ~ ¢/, then
gre f~g xf"

This comes directly from the definition of congruence relation [3.4.3] O

To C/R we call the quotient precategory.

Proposition 3.4.6. (See for example [MLI13| page 51-52 ;VO95|]). The quotient precat-

egory
C/R = (0b(C), home/r(-, ), *¢/g, id’)

of a category C = (0b(C), home(_, ), *¢,1d.) is a category.

Proof. We need to check associtiviy and identity axioms in[3.1.3].

1. Forall [f]ry,,[9]ry, and [A]R,, inC/R,

(MR *c/r ([9]Ry,2 *e/r [flRxy ) =[P Rsw *c/r ([9%¢ [lRx.2)
=[hxc (g% [)]rxw
=[(h*c g) *c flrxw
=[(hxc 9)lry.w *c/r [f]Rxy

:([h]RZ,W *C/R [g}RY,Z) *C/R [f]RX,Y'
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2. Forall [f]ry, inC/R,

[frxy *e/ridx = [flrxy *c/r [idx]
= [f *cidx]ryy
= [flrxy
= [idy *¢ flryy
= [idy] *c/r [flryy

= idy *c/r [flRxy -
O
Example 3.4.7. Consider the category of Mat and the congruence relation R in[3.4.4]
so we have a quotient category Mat /R, where
1. ob(Mat/R) = ob(Mat).

2. hOHlMat/R(X, Y) = hOHlMat<X, Y)/R

Let f, g € hom (2, 2),

So, [ = 2g, then [f] = [g] € hompsa/r(2,2)
Proposition 3.4.8. (See for example [MLI3, page 51-52]). Let C = (ob(C), home(_, ), *¢,id.)
be a category and R a congruence. There is a functor F' from the category C to the quo-
tient category C/R = (0b(C), homeg(-, -), *c/r,1d"), where
1. F(X)=X,VX € 0b(C).

2. F(f) = [f]rxy Vf € home(X,Y).
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Proof. We want to prove F'is a functor, let f: X — Y and g: Y — Z morphisms in C,

F(gxc f) = lg*c flry.,
= [9Ry.z *¢/r [[1Rx.y
= F(g) *c/r F'(f)-
F(idy) = [idx]
= [idp(x)]

3.5 Presentations of small categories

3.5.1 Congruence closure

In this section we recall the definition of congruence and that it yields a quotient cate-
gory and a functor. We will give a way to pass from a collection of relations W to the
‘smallest’ congruence containing . This is implicitly used in the literature however I

could not find a place where it is rigorously treated.

Definition 3.5.1 (Congruence Template). Let
C = (0b(C),home(_, ), *,id.)

be a category. A congruence template is given by a relation — not necessarily an equiv-
alence relation — Wy for each objects X,Y € ob(C). We write f ~, , g to say that
f,9: X — Y are related by Wx y.

Definition 3.5.2. Let
C = (0b(C),home(_, ), *,1id.)

be a category that has a congruence template Wx y for all X,Y € 0b(C). We say
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f,9: X — Y are related in W x y, and we put

fowey 9

if there are A, B € ob(C), f',g"A — Band a: X — A, 5: B — Y, hence fitting into

the diagram below

f/
X—°4,4" *pB_ A,y
~_ 7

suchthat f = B f'«xaand g = B * g «a, and ' ~w, , g or g’ ~w, , f'.

Lemma 3.5.3. Let
C = (0ob(C),home(_, ), *,id_)

be a category that has a congruence template W. Let X,Y, X" Y' € ob(C). Let also
frg X =Y m: X" — Xandn:Y — Y’ be morphisms such that

[ oWy 9

Then

nxf*m N sy VKGR
Proof. Let f,g: X — Y be morphisms such that

f~wey 9-

Then there are A, B € 0b(C), f',¢"A — Band : X — A, f: B — Y, such that

f=8*fxaandg=pBxg xa,and f' ~w, ;, g'org ~w, , f'. Hence

nxfrxm=nxBxf xaxm
— (% B) % f'x (axm),
nxkgxm=nxfBxqg *xaxm

=(nxB)*xg *(axm).
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Therefore

nxfrmoegy ok gkm.

Definition 3.5.4. Let
C = (0b(C),home(_, ), *,id_)

be a category, with a congruence template {Wx y }(x,y)cob(c)xob(c). Consider the rela-

tion Wxy in defined in home (X, Y), for all X, Y € 0b(C). Let
Wy

be the transitive, reflexive closure of W)Qy. (So WX,Y is an equivalence relation in
home (X, Y)).

Then f,qg: X — Y are related in ny we write

NWX’Y g,

if f = gor there existsann € N, (A, As, ..., A,) € 0b(C)", and (By, Ba, ..., B,) €
ob(C)", and for alli € {1,2,...,n}, morphisms

a;: X — Ai,
fllAl — Bi7
g;AZ — Bi;

Bi: B; =Y,
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such that

f=nh :51*f{*041
“Wxy 91T B *g,l * a1, where we have f{ ~Waq,By g,l or gi ~Way,B, f{
= fo=Pax fy*xay

/ !/ / / !/
MWy =92 = B2 * gy * g, where we have fo ~w, o gs 0r Gy ~wa, 5, fo

:fn:ﬁn*fé*&n

/ !/ / / /
MV yy In = B * gp, * iy = g, where we have f, ~yw, . G, 0r g, ~w, 5 [n-

Le,
X ! Y
= 7
X —2 4 By i Y
My where we have f| ~Wa, B, gy or g ~Wa, B, 1

X *“l Al Bl < Y
= 94
X —2 4, B, e Y

o % ’ / !
Ty where we have f ~MWay.py 92 OF G2 ~Wa, 5, 13
. B2
X — 4, By Y
;
92
fn
. /—\ 5
X —2 A, By - Y
! / / !
Ny where we have f;, ~w, o g, 0F g, ~wa, 5. [
Qp 57‘»
;
= 9
X Y

g9

Theorem 3.5.5. The equivalence relations ny on home(X,Y), for all (X,Y) €
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0b(C) x 0b(C), are a congruence in C, see Le, if

/

[, frandg g,

Z

then

gxf g, 9+ 1

Proof. Suppose f My f',so f = f"or thereexistsn € Nand there are f1, fo,..., fu: X —
Y, such that

f=hhraw, foforapg, fao i o g, fu=f

Suppose g Ty g, s0 g = ¢’ or there exists m € N and there are g1, 9, ..., 9m: Y —

Z, such that

/
9=91 "Wy, 9292 YWy, 9305 Im—1 YWy, Gm = G -

Then, by Lemma[3.5.3]

g*xf=9*h~w,, 9% fo

g* fa Wiy g* f3,
9* o1~y , 9% fo=gx f.

Therefore
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By similarity

gxf' =g xf ~w., g* [

g2 x f' “Wxz gz f'

gm-rx [~y gmx f =g f'.

Therefore

/

/ /
9~ , 9 x 1
Hence
s / /
9xf~m 9% 1

O

Definition 3.5.6. The congruence W x.y 18 called the closure of the congruence template

Wxy.

Example 3.5.7. Consider the category Mat in and let it have the following con-
gruence template W, .

Ifm,n € Nand A, B € homy;q(m,n) then

A=B |, wherem # n,
A NWm,n B7 l‘f

B =M)A | forsome X\ # 0, if m = n.

Let m,n € N. Let U,V € homyq(m,n). Suppose V.= AU for some A € C\ {0}
then U ~e V.

m,n

Proof.

U = id,,.idn.U,
V =id,, \id,,.U.
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By using Def. [3.5.2]
U V-

Therefore

Wm,n

]

Definition 3.5.8 (Category presented by a graph and a congruence template). Let C be
the free category on a graph G, see|3.3.14} and let Wx y, X, Y € 0b(C) be a congruence

template in C. Let W}Qy be its closure. To the quotient category
c/w

we call the category presented by G and W

3.5.2 Example: the combinatorial braid category

We now use free category and closures of congruence templates, and the ensuing notion

of a presentation of a category, to give an example.

Example 3.5.9. (See [[Verl3| section 4]). Consider the graph
6 = (N7 E7 617 52)7
where the set of edges is

E:{X(f |n22,z‘e{1,...,n—1}}u{X( |n22,z’€{1,...,n—1}},

i,n) i,n)

and the incidence function is

51X(J;n) =0X;, =n 52X(J£n) = 0o X(;,) =1 (3.1)
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+
(i7n

We will represent the formal symbols X ) as

1 i 1+1 n
= || X
1 i 1+1 n

Consider the category (see|3.3.13

P(B) = (N, Morpgy(n,m),e, o).

So, we have the free-category-triple in sense of Def.

(8, P(8),9).

We define the formal braid category to be the following quotient

P(B) / Wom.

Where, given m,n € N, then W, ,,, is the relation in Morp(g) (n, m) defined as below
o If m # n it is clear, from incidence map on (3.1) that Morpy(n,m) = 0. So
W,,.m is the unique equivalence relation on the empty set.

o m,n = 0. Then Morp)(0,0) = {¢o}. The relation Wq o) is the unique equiva-

lence relation such that ¢g ~v, , @o.

o m,n = 1. Then Morp)(1,1) = {¢1}. The relation Wy 1y is the unique equiva-

lence relation such that ¢, ~yy, | 1.

e m,n =2 Morpg(2,2) is the set of words in X{, and X1,. The two pairs of
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related elements are : (note that we omitted e from the notation.)

X(+172)X(E72) NW2’2 ¢2’

X(E’2)X(+1,2) ~Wa,2 ¢2-

e m,n = 3. Morpg)(3,3) is the set of words in X{'3, X5y and X7 4, X55. The
related elements are

X

XX (s ~wes 03,

X

X(E,g) W33 ¢37

X(_2,3) ~Ws,3 ¢37
X)X (hg) ~Was 035
X(;,3)X(JE,3)

XeaXas

Xt X(Jg’?)),

X (13)

(1.3)
X(13)

+
~Was X(,3)

~Was X 25X (19X (2.3)

o m,n =4 Morpg(4,4) is the set of words in X{,, X3y, X35, and X7 ,, X5 4, X5 .

The related elements are

X+

X (14) ~Waa P45

XX g ~wis D1,

XowXaa ~Wia du

X(;A)X(Jg,él) ~Waa ¢47

X+

BAX(34) “Wia P4

X(_EA) Wy a ¢47

ng,ll) NW4‘4 X(§74)X(JL4)’

X(3.9)

X+

(1,4)

Xy

Xy

X+

X (L4)

(1.4)

Xy ~was XX

X

X

X

X

+
~Wia X (2,)

X1 XenX e ~“wia XonX1 X @)

X XeoX e ~“wi XanX 29X @)
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e Generaln > 5 case. As inn = 4.



Chapter 4

Monoids and their abelianisation

The aim of this chapter is understanding the abelianisation functor. This is because
it is very similar to an operation later sending a %—monoidal category into a slideable
%—monoidal category by imposing slidealisation conditions. A slideable %—monoidal

category is the same thing as a strict monoidal category, as we discuss below.

4.1 Monoid definition and examples

Definition 4.1.1 (Monoid). (See for example [Berl5, [Fac21|]). A monoid (G, e, e) is

given by a triple consisting of

1. asetG,
2. amap G x G — G, denoted by (z,y) € G X G — w ey,

3. e € G (eis called the identity),
such that the following axioms are satisfied
1. associativity, for all x,y, z € G, the equation

(zoy)ez=1xe(yez)

62
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holds,

2. unit, for every element x € G, the equations

coer =rec ==

hold.

Definition 4.1.2 (Abelian monoid). (See for example [Redl4|]). A monoid (A, e, e) is

called abelian if every x,y € A, we have

Tey=yer.

Example 4.1.3. 1. The set of natural numbers under addition (N, +,0) is an abelian

monoid.

2. The set of natural numbers N under multiplication with 1 as an identity element

(N, x, 1) is an abelian monoid.

3. Every group is a monoid.

Definition 4.1.4 (Monoid map). (See for example [Fac2l, [HZ97]). Let (M, e, ¢) and

(N, &' ¢') be monoids. A monoid map

f: (M, e e) — (N,o' ¢)

is a setmap f: M — N such that

f(zoy)=flz)o f(y),

and
fle)=¢.

Proposition 4.1.5. The precategory of monoids

M = (0b(M), homp,(_,_),0,id_)
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is given by

1. 0b(M) is the class of all monoids.

2. Given a pair of objects (A, B) € ob(M) x ob(M), the set hom (A, B) is the set

of all monoids maps from A to B.
3. For every triple of objects (A, B,C) € ob(M) x ob(M) x ob(M) and every

f € homp (A, B) and g € hom (B, C') we have

go f €hompy (A, C).

4. For all A € ob(M), an arrow ids € homp (A, A) (the usual identity on the
underlying set of A).

Proof. 1t is clear the first, second and fourth components are as required, so it remains
to check the third component.

Let (A, B,C) € ob(M)x0b(M)xob(M)and f € hom (A, B) and g € homp (B, C).
So, f € homgsers(A, B) and g € homgers(B, C), then

gofe hOHngTg(A, O)

Also,
gof(X e Y)=g(f(X)es f(Y))
= g(f(X)) ec g(f(Y))
=go f(X)ecgo f(Y),
go flea) =glen)
= €c.
Therefore

go f € homy(A,C).
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Proposition 4.1.6. The precategory in the definition is a category .

Proof. We can see easily that M satisfy the category axioms. O]

Definition 4.1.7. We have a full subcategory M., = (0b(M.y), homa(-, -)), where

1. ob(M.y,) is the class of abelian monoids, so ob(My,) C ob(M).
2. Given a pair of objects (A, B) € ob(M 1) X 0b(Map), the set hom,,, (A, B) =
homp, (A, B).
We now address the abelianisation of a monoid. This is in preparation for the defini-
tion of the slidealisation of a %-monoidal category.
Lemma4.1.8. Let A = (A, o, ¢) be a monoid. There is another monoid A,, = (Aap, ®ab,s €ab)-

Here

1. Ay = A/~. Here ~ is the transitive closure of ~q, we say x ~ y if there exist
a,b,s,t € Asuchthatx =teaebesandy =tebeaes. Notethat ~ is

reflexive and symmetric.

2. The product e, in A,y is

(] oap [y] = [z 0 Y].

3. The identity is ey, = [€].

Moreover, the map pa: A — Ay, such that

is a monoid morphism.

Definition 4.1.9 (Abelianisation of a monoid). Let A = (A, e, e) be a monoid, the
abelianisation of A is Aap, = (Aap, 9, €ap) that is defined as in Lem.
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4.1.1 Proof of Lemma

First of all let us prove that [z] e, [y] = [z e y] is well-defined, namely that it is in-
dependent of the choice of representatives. We want to prove if z ~ 2/ and y ~ 7/,
then

x.ny/.y/

Suppose = ~ x’. So there exists n € N, (t,ta,...,t,) € A", (ay,as9,...,a,) € A",

(b1,bgy ..., by) € A", (81, 82,...,8,) € A" and (1, 29, ..., 2,) € A", such that

r=umx1 =t;®a; ®b; @5y,
To =t @b e®a; @5
=ty @ ay @ by @ 59,

T3 =ta @by @y @59y

=t3 @ a3 e b3 @ s3,

/
r=x, =t,_ 1@ bn—l ®Up_19®Syp-1

=t,ea,eb,es,.

So,

/
T = X1~ X2, Ty Yo X3y...,Tp-1"~0Lpn =2T.

Similarly, suppose y ~ /, sothere are m € N, (hy, ho, ..., hy) € A7, (c1,C2, ..., Cm) €
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A™, (dl,dg, . ,dm) €A™, (k?l,kg, cee km) € A™ and (yl,’yQ, e ;ym) € A™, such that

Y=y =hiecied ek,
Y2 =h,edyec ek
=hy @ cyedy e ks,
ys =ho @ dy @ cy @ ky
=hz e c3edseks,

Y = Ym =hm—1 @ dpy_y ® Crp—y @ Ky

=h,®c,ed,ek,,.

So,

Y=Y ~oY2,Y2 ~0 Y3, .-, Ym—1 ™0 ym:y/'

Now, we prove that x e y ~ x’ e y. We first prove = e y ~ 2’ @ y. Then we prove

ZE/OnyOy/.

rey=x 0y =t;®a; eb e (s 0y),

ooy =tieb ea e (s ey

mg.y:tg.bg.&Q. So ey

(s109)
(s109)
=ty easebye(syey),
(s2 @)
=t;eazeb;e (s3ey),

z' e y=x,0y=t, 1 b,_1®a,_1® (Snfl b y)

=t,®a,eb,e(s,ey).
So,

/
TOY=T10Y ~T20Y, To0Y ~)T3®Y,...,Tpn-19Y~Tp®Yy=2T @Y.
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We have just proven

rey~a ey.

Analogously
Yey=1'ey =('oh))ec ed ek,
v’ ey, =(z'eh;)ed eciek
:(I'/ o hg) ®(Cy @ dg [} k’g,
7' oys =(2' @ hy) @ dyecyeky
=(2' @ h3) e d3 @ c3 e k3,
ZE, g y, - l’, ® UYUm :(J}/ L4 hm—l) L4 dm—l ®Cp—1 @ km—l
=(2' e hy,)ec, ed, ek,
So,
vey=a'ey ~oa ey ey vyl eys, . al ey, 1~y ey, =1 ey
This mean
x/ ° y ~ x/ ° y/‘
Therefore

rey~ua ey

Secondly, we want to prove associativity. Let x,y, 2z € A

(2] 0as [5)) wat [2] =l 0 4] w0 |2
—[(oy)e]
[z e(yez)]

=[x] oa ([y] ®a [2])-
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Now, we want to prove the unit axiom

The map p4: A — Ay is a monoid morphism. Let x,y € A, we have

pa(rey) =[r eyl
=[z] oap [Y]

=pa(x) oap pa(Y),

4.1.2 Examples of abelianisation of monoids

Example 4.1.10. Given a set X, (X*, %, () is a monoid where

1. Vie{1,2,...,m}

X* = {[z1][z2)...[xm] | Mm € Z, x; € X} U {0}

is a set;

2. The monoid operation is such that

o X" x X" = X*

[na][za] ] x f]lge] - Lyl = (] ][y - Ly
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Ifleallwa] - - [a] = 0,

O lnllyal - - [ym] = [pallye] - - [ym]-

Iliyllyel - lym] =0,

[z1][za] . . . [zn] % 0 = [z1][za] . . . [,].

3. 0 € X* is the identity.

Proof. (X*,*,()) are satisfied the monoid axioms

1. Associativity, for all u,v,w € X*, such that u = [x1]...[z,], v = [1] ... [ym]

and w = [z1] ... [z].

(uxv)*xw =([x1] ... [z ][1] - [ym]) * [21] - - - [2]

=lza] . za]ly] - fyml 2] - 2]
ux (vxw) =[xq] .. Jxn] * (] - [ym][z1] - - [20])
=lz1] .. [xalln] - lyml[2] - (2]

Therefore

(uxv)xw =ux* (v*w).

2. Unit, for every w € X*,

Dxw=wx0=w.

Example 4.1.11. Consider the monoid A = ({x,y}*, %, ¢}), define

{z.y}" ={a"y™ [ n,m € N}.
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So, ({z,y} T, *,2%°) where
/ / / ’
xnym * I,n ym — anrn ym+m
is clearly an abelian monoid. We have an isomorphism

Fun({a, y} %, 6}) L ({2, 9}, %, 2%°),

where

F([w]) = 2,

Here x,(w) is the number of x’s in the word w, x,(w) is the number of y’s in the word

w.

Proof. 1. We want to prove that f is well defined i.e,
if w ~p w’, then x,(w) = x;(w') and x,(w) = x, (')

Suppose w ~q w’, then there are a,b, s,t € {z,y}* such that w = t *x a x b x s,
w' =t xbxax s clearly this operation preserves x,(w) and y, (w). Now we want

to show that
if w ~w', then x,(w) = x,(w') and x,(w) = x, ().
Suppose w ~ w’, then there are wy, wo, . . . , w,, such that
W = Wy ~ Wa, Wy ~g W3, ..., Wy ~o Wy =W .

Then from this x,(w) = x,(w’) and x,(w) = x,(w’).
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2. f is a monoid map.

F[w] % [w]) = gXelwsw)yxylws)
= gXe (W) e (W) X () (w')

= pXe (w)yXy (w)l»Xz (w,)yXy (w')

= f([w]) * f([w')),
f(¢) = xX=(@gpxu(@)

=xy".

3. The map f is surjective. For each z"y™, there is a word w € {x,y}* such that

Xz (W) =n, xy(w) =m, e.g.

W=T...2Y...Y.

n times 1, times

4. The map f is injective. Let w, w’ € A and suppose that

So,

and

Xy(w) = xy(w').

Let us argue that [w] ~ [w']. Because w and w’ contain the same number of
x’s and y’s, we can go from the word w to the word w’ by a finite number of
operations flipping the order of consecutive symbols x and y. If w and w’ are
connected by a single flip of consecutive symbols, then, there exist words o and
o and w = a*xx*xy*xa and w' = axy*x * ', or the other way around. If we

have n € N flips, we do one flip every time to have series of equivalent words i.e,

/
W= Wy ~ W, Wy ~ W3y...,Wp_1~ Wy, =W .
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Then f is an isomorphism and ({z,y} ", x, 2%9°) is isomorphic to the abelian monoid

of the monoid A = ({x, y}*,*, D). O

Remark 4.1.12. Instead of this section we can apply the previous section of quotient
categories to define abelianisation of a monoid. We can see a monoid (A, e, ¢) as a
category C with one object = such that home(z, ) = A. Consider the relation W let
Y,z € A, we say y ~w =z, if there exist a,b € A, such thaty = aeband z = b e a.
Then we can define the transitive closure W of the relation W, then we apply Theorem
Hence we can have the quotient category C/ W which is the abelianisation of the

monoid (A, e e).

4.1.3 Monoid abelianisation as a functor

In this section we define abelianisation functor from the category of monoids M to the
category of abelian monoids M, which is left adjoint to the inclusion functor G from

Mab to M.

Lemma 4.1.13. Let g: (A,e,¢) — (B, e, ¢e) be a monoid map and let x,x' € A and
x ~o &', then

9(x) ~o g(a").
Proof. Suppose x ~q 2/, so there exist a, b, s, t € A such that
r=teaebes,

and

¥ =tebeqes.
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So, we have

glx)=g(teaebes)

(
= g(t) e g(a) e g(b) ® g(s),
g(x') =g(tebeaes)
(

= g(t) e g(b) ® g(a) ® g(s).

Hence

g(z) ~o g(2').
0

Corollary 4.1.14. Let g: (A,e,¢) — (B, e,¢e) be a monoid map and let x, 2’ € A and
x ~ 2, then

g(x) ~ g(a’).
Proof. Suppose x ~ z’. So there exists n € N and (x1, 2, ..., x,) € A", such that
T = X1~ X2, Ty ~YoX3y...,Tp-1 "0 Ln = .

By Lemmai.1.13|we have
g(x) = g(x1) ~o g(2), 9(22) ~0 9(3), .., g(Tn-1) ~0 g(za) = g(z").

Hence
g(x) ~ g(z').

[]

Proposition 4.1.15. Let (A, o, ¢) and (B, e, ¢) be monoids and let g: A — B be a monoid

map. Then there is a monoid map g1, Aa, — Bay, such that, given v € A

gab([7]) := [g(7)].
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Furthermore the next diagram commutes

A—9% +pB

pa e

Aab T Bab

So the crucial fact that if G: M,, — M is the inclusion functor, then the family
of maps ps: A — G(F(A)) = Aup, where A is a monoid, is a natural transformation

id—= GoF.

Proof. Note that

gav([2]) = [9(2)]

is well defined, because if x ~ a’, then g(z) ~ g(2’), see 4.1.14] Also, the diagram

commutes
z —2— g(x)

pAI [e

2] o lo(@)]

]

Proposition 4.1.16. Let M be the category of monoids, as defined in[d.1.6|and My, the
category of abelian monoids as defined in There is a functor

F:M—>Mab,

where

1. Forall A € 0b(M), F(A) = A

2. Forall f € hompm(A, B), F(f) = fa.
Proof. We want to prove F' is a functor.

1. Let A, B and C be monoids. If f € homy,(A, B),g € hom (B, C), we have,
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forallz € A

Fgo f)([]) = (g0 fav([z]) = [(g o f)(2)] by B.I.T5
= [9(f(2)] = gan([f (2)]) by B.1.15]
= gav(fan([#]) = (gab © fan) ([2])
= (F(g) o F(f))([=]).

2. Forall A € ob(M), givenz € A

F(ida([z])) = (ida)an([2]) = [ida(2)] = ida,, ([2]) = idpa)([2]).

In the proposition below, GG denotes the inclusion functor M, — M. This gives that

py 1s a universal arrow.

Proposition 4.1.17. Given any monoid (Y, ey, ey ) there exists an abelian monoid F(Y)

and a monoid map py:Y — G(F(Y)) satisfying the following universal property

Given any abelian monoid (A, e 4, ¢ 4), and a monoid map
Y = G(A),

there exists a unique monoid map f :F(Y) — A that makes the diagram

commute.
Yy 25 GIF(Y))

Moreover the family of all py:Y — G o F(Y) is a natural transformation . I.e, we have

an adjunction (F, G, p).
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Proof. Let Y be a monoid. So there exists a monoid map

py:Y = F(Y)

]

Let A be an abelian monoid. Consider a monoid map f:Y — G(A). First, we want to

prove amap f: F(Y) — A is exists. We define f by

A

[EY)— A
[yl — f(y),

that is independence of representatives. If x ~q y, so there exist a, b, s,t € Y such that

r=teaebes

and
y=tebeaes.
f([a]) = f(z) = f(teaebes)
= f(t) o f(a) e f(b) e f(s).
) =f)=f(tebeaes)
= f(t)e f(b)e fla)e f(s)
Therefore,

The map f is a monoid map because

l. Forall z,y €Y,



78

2. f(lev]) = flev) = ea.
Second, we want to prove the uniqueness. Suppose there is a monoid map
fF(Y)— A

which makes the diagram commute

Yy 2 G(F(Y))

N e

G(A)
So,
AlyD) = f(v)
Therefore there is a unique monoid map i.e,
f=h

From4.1.15| for all A, B € ob(M), the next diagram commutes

A—2 5B
pAl lpB

Aab W Bab

where G o F'(A) = A,p,. Then p:id — G o F'is a natural transformation, i.e, we have an

adjunction (F, G, p). O

4.2 Free Monoid

Lemma 4.2.1. (See for example [BW90]).We have a forgetful functor

UM —= SETS,
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Jfrom the category of monoids to the category of sets such that:
U(G,e,¢e) =G,
and sends a monoid-map to underlying set-map as shown below:
U((G,e,e) L (G0, ¢) = (G L @),

Definition 4.2.2. (See for example [BW90]). A free-monoid-triple on a set X is a triple
(X, Mx,ix) where My is a monoid, and ix : X — U(My) is a map of sets that

satisfies the following universal property

Given any monoid G, and any set map f; : X — U(G), there is a unique
monoid map f: My — G that makes the diagram below, in the category of

sets, commute:

U is the forgetful functor U: M — SETS and ix: X — U(Mx) is a universal arrow.
The forgetful functor U is a right adjoint if for all objects X of the category SET'S there

is a universal arrow ix: X — U(Mx).

Let us prove that free monoid triples on a set X do exist. In order to prve that U is a

right adjoint and in oder to construct a corresponding left adjoint.
Theorem 4.2.3. (See for example [BW90]). Given a set X, (X, X*,1) is a free-monoid-

triple, where

1x: X — U(X*7*, @)

T — [z].

Proof. We want to prove that given a monoid (G, e, es) and a set-map f: X — U(G),

there is a unique monoid map f: (X*, x,0) — (G, e, eg), that makes the diagram com-
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mute.

1. Existence; define a map f by

fr(X* %, 0) = (G, e, eq)
[T1] .. [en] = f(z1) @ f(z2) e... 0 f(z,).

f is a monoid map since:

i. for every word w,w’ € X, we have
flwxw') = f(w) e f(uw').

That is because: if w # () and w’ # (), then

F(e] el x [ - Tyml)
= f(la]- - [zalln] - - [ym])
= [f(z1) e f(za)e.. o f(z,) e f(yr) e .. f(ym)

if w’ = (), then

if w = (), then
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i. f(0)=/)=ec.
2. Uniqueness; suppose there is a monoid map

A~

[:(X*%,0) = (G, e,eq)

which makes the next diagram commute:

Therefore there is a unique monoid map i.e,

f=1

The main aim of previous chapters was as preparation for the more involved free

monoidal categories.



Chapter 5

%-monoidal categories and monoidal

categories

In this chapter we discuss strict monoidal categories from the point of view of %-monoidal

categories.

5.1 1-monoidal categories

In this section we set up some machinery for what we call %-monoidal categories . This

is useful for technical aspects of (free)-monoidal categories.

5.1.1 The cat’s whiskers: %-monoidal categories

The idea of %—monoidal category comes for example from Street (Edited by M. Hazewinkel)
[Haz96| chapter 15]. In this paper Street define a sesquicategoryﬂ as an analogous object

to a 2-category, however skipping the interchange law. Also see [PR97, (Cra99].

We prove in section that a slideable %—monoidal category gives a strict monoidal

category. After that in section @ we define the free %—monoidal category over monoidal

'(1 4 1) is the meaning of “sesqui”

82
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graph (monoidal graphs are defined in [6.1.1).

Definition 5.1.1 (Pre—%—monoidal structure). (See [[PR97|]). Let
C = (0b(C),home(_, ), *,1id.)
be a category. A pre—%—monoidal structure
(€, 1,®0,0(-),(-)©)
in C is given by

1. For each pair of objects = and y in ob(C), another object x ®q y in ob(C).
2. An object I € ob(C).

3. For each morphism f:x — y and object z, a morphism x Qg z 92_(f)> Y Qo z. We

will use the notation

Oz z
(x@oz&py@oz) = (m@oz&y@)oz).

4. For each morphism f:x — y and object z, a morphism z ®q x M z®oy. We

will use the notation

20(f) 20f
(z®0x—>z®0y) = (z®0x—>z®oy>.

Definition 5.1.2 (%—monoidal category). (See [IPR97]). Let C be a category exactly as

above. A pre—%—monoidal structure on C
(Ca ]a o, @(7)7 (7)@)
gives a %—monoidal category

(Cv -[7 ®07 #(7)7 (7)#)

if the following is satisfied



84

1. (0b(C),®o, I) is a monoid.
2. Let A be an object of C. Then the pair of assignments

e 0b(C) — 0b(C) such that v — x ®q A,

e given objects x, vy, consider

f € home(z,y) = Oa(f)iz @y A —y®p A

is a functor C — C. (We will denote this functor by #4:C — C.)
3. Let A be an object of C. Then the pair of assignments

e 0b(C) — 0b(C) such that v — A ® .

e Given objects x, vy, consider

f € home(z,y) — 40(f): A®yx — A®qy.

is a functor C — C. (We will denote this functor by s#:C — C.)

4. Foreach A, B € ob(C)

A# 0 p# = ag,BHt- (5.1
#40#p = #Bgoa- (5.2)
#40 p# = pH# o H#a. (5.3)
#; = idc. (5.4)
# = idc. (5.5)

Here id¢ is the identity functor C — C.

Example 5.1.3. Fix an abelian group (G, e). We have a category

C = (Z,home(_,_),e,1).

1. Set of objects is 7.
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o, ifm #n
G, ifm =n.

2. Forall m,n € Z, home(m,n) =

3. The composition in this category is given by the product in the group G. This

means that given any n € 7,

home(n,n) x home(n,n) — home(n,n)

(ni>n,ni>n)r—mﬂ>n.

4. For eachn € Z the identity morphisms id,, = 1¢ € home(n, n).

We have %—monoidal category such that (we denote the product of two integers a and b

as a.b)

1. 1 € Z is the identity object.

2. Foralln,m € 7Z;

m&on =m.n

3. Forall A€ Z and n = n;
9 g*
#ian—n)=nA-—nA
9 g*
a#(n —=n)=An — An
This satisfies the %—monoidal category axioms

1. We want to prove # 4 and s# are functors for all A,n € 7Z and for all g,h €

home(n, n) we have

sa(geh) =nA L A
o gA.hA
=nA——nA
=(n.A o, n.A) e (n.A LN n.A)

= #4(g) @ #a(h)
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Therefore # 4 is a functor, by similarity s# is a functor.

2. To verify the axiom (3.1)), for each A, B,n € 0b(C) and g € home(n,n).

a# o p#(n L n) = 4#(B.n o, B.n)
. (9%)4
=nBA—~-—">3nBA

gA.B
=ABn->— A.Bn
= A.B#(n s n)

= AgoB#(n = n).
3. To verify the axiom (5.2)), for each A, B,n € ob(C) and g € home(n,n);

Ha0H#p(n - n) = #4(n.B L5 n.B)
o (g8)4
=n.B.A—=——"3nB.A

gA.B
=nBA-—>nBA
= #pa(n L n)

= #pooa(n —2n).
4. To verify the axiom (53.3)), for each A, B,n € 0b(C) and g € home(n,n);

#4 0 p#(n AN n) = #a(B.n —gi B.n)
(g8)4
=nBA—>nBA
(g%
=n.B.A—=—=snB.A

— p# o #a(n - n).

5. To verify the axiom (5.4) and (5.3)),

#1(n L n)=n L n,

1#(ni>n):ni>n.

Example 5.1.4. Let (A, e, 1) be a monoid. We have a category C, such that



87

1. the set of objects is {1},
2. home(1,1) = A,
3. the composition in the category C is given by the product e in the monoid (A, e, 1),

4. the identity morphism is 1 € home(1,1).
We have %—monoidal category such that

1. 1 is the identity object,
2. 1®91=1,
3. forallg:1 — 1

#(1-L1)=1-51

H#1-L1n=1-51.

This satisfies the %-monoidal category axioms.

Definition 5.1.5. Let C = (0b(C), home(_, ), *,id) be a category. A t-monoidal cat-
egory (C,®q,1,# -y, (-)#) is called slideable if given objects x,y.z,w and a pair of

morphisms f:x — yand g: z — w we have

(fOw) * (2609) = (yOg) x (fO2).
Where fOw:x @y w — y Qg w.
This mean that the next diagram commutes

0g
TRoz —— T QW

f@zl lf@w

CUQ?oZ’W> Y Qo w

Example 5.1.6. The %—monoidal category in example is slideable .
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Proof. Let m,n € Z and g:m — m, h:n — n. We have

n m

(gOn) @ (mOh) = (m.n L5 m.n) e (m.n = m.n)

= (m.n M, m.n) e (m.n L m.n)

= (mOh) e (gOn).
[
Example 5.1.7. The %—monoidal category in example is slideable if the monoid A
is abelian.
Proof. Let g, h € home(1, 1) we have
(901) e (16h) = (1 L 1) e (1 25 1)
—151)e(1 %)

(10h) o (401).

5.1.2 Matrix elements and %-monoidal categories

Definition 5.1.8 (Matrix elements). Let V and W be finite dimensional vector spaces
with bases X and 'Y respectively. Let f:V — W be a linear map. The matrix elements

of f with respect to basis X and 'Y, denoted (using Dirac notation)
(x| fly) €C, wherex € X,y €Y
are defined by

f@) =) (| f vy,

yey

where v € X.

We only consider pointed spaces, i,e V' and W will be the free vector spaces C(X)
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and C(Y') over the finite sets X and Y. A linear map is uniquely specified by matrix

elements. This mean if we have a function

XxY—=C

(z,y) = (x| fly),

then we have a unique linear map

such that

Yo Y > alz| flyy.

zeX rzeX yey

Now, we discuss the matrix elements of a linear map
f:C(X™) — C(X™).
Here X a nonempty finite set and m,n € N. In case m,n # 0, then
X" ={(z1,29,...,Zm) | 1,...,2pm € X}
is a basis of C(X™) and

Xn:{(y17y27"'7yn)|y17"‘)yn€X}

is a basis of C(X"). The matrix elements of f are denoted

((x1, 9, sxm) | [ | (W12, -, yn)) € C,
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and the linear map f is such that on the basis X™ of C(X™) we have

Z <([E1,J]2,...,$m) | f | (y17y27"'7yn)> (ylng,--',yn)-

If m = 0andn > 0, then C(X°) = C. We will take {1}, to be the basis of C. So
given a linear map

f:C— C(X"),

the matrix elements of f are (1 | f | (y1,%2,---,¥n)), and the linear map f is such that
on the basis {1} of C

FO = > Wz b)) 01,02 Un)-

If n =0, so
fC(X™) — C,

the matrix elements of f are ((xq,x2,...,2y) | f| 1), and the linear map f is such that

on the basis X" of C(X™)

flxy,zoy .y om) = (T, 20, .y x) | f] 1)

Ifm=n=20,so

fiC—>C

the matrix elements of f are (1 | f | 1), and the linear map is such that on the basis {1}

of C we have

f(1)

(LIf11).
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Example 5.1.9. Let X = {a,b}. Consider the linear map
f:C(X?) — C(X?)
such that on the bases X? and X* we have.
(1, 22) = (21, 22, T2).

The basis of C(X?) is {(a,a), (a,b), (b,a), (b,b)}, and the basis
of C(X3) is
{(a,a,a),(a,a,b),(a,b,b),(b,b,b),(bb,a),(ba,a),(a,b,a), (b a,b)}, soexplicitly

f(Ai(a,a) + As(a,b) + Az(b,a) + Ay(b, D))
= Ai(a,a,a) + As(a,b,b) + Az(b,a,a) + Ay(b, b, b).

So explicitly

1, if (z,y,y) = (w, 2, 1),
((@y) | | (w,z21) = rian = ) (5.6)

0, otherwise.

Also, consider the linear map,
g:C — C(X?),
such that on the bases {1} of C, we have

1 — (a,a),

g(1) = 1(a,a) + 0(a,b) + 0(b,a) + 0(b, b).
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So,

1, if (z,y) = (a,a),
Mlgl@py =4 Tov =

0, otherwise.

Proposition 5.1.10. Let X be a nonempty finite set, we have a category
Vecx = (N, homyee, (-, -),0,id ),
where

1. ob(Vecx) =N,

2. for each objects m,n € N,
homy., (m,n) = homy..(C(X™),C(X")),

where we put C(X°) := C. Here homy. is defined in|3.1.13

3. for each linear maps f € homye., (m,n) = homy..(C(X™),C(X™)) and g €
homy ., (7, s) = homy..(C(X™), C(X?)), then

go [ € homyec, (m, s) = homy(C(X™), C(X?)).
4. for each object m € N the identity of m in Vecx is the identity map
id,,: C(X™) — C(X™),
which is a linear map.

Proof. We have proved the category axioms in [3.1.13] where we prove that Vec is a

category, since Vecx is essentially a subcategory.

Remark It is a very interesting point that homy..(V, W) does not ‘remember’ a basis

of V, even if V' was constructed using a basis. So if we want to give a concrete element
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explicitly then we probably first have to give a basis. On the other hand homy.., (m,n)
comes with a basis for each underlying space. Thus although we gave homy., (m, n)
above by identifying it with a set of morphisms in Vec, this only works if we know X,

and works per X.

Proposition 5.1.11. Let X be a non-empty finite set . Consider the category
Vecx = (N, homyee, (-, ), 0,id ).
. 1 .
We have a slideable ;-monoidal category

(VeCXa +, Oa #(7)7 (*)#)7

where

1. foreachm,n € N, m ®yn =m + n;
2. 1=0;

3. consider objects m,n # 0. Suppose we have a linear map f:C(X™) — C(X™).
We know that X™ = {(z1,%2,...,Tm) | Z1,...,2m € X} is a basis of C(X™)
and X™ = {(y1,y2, -+, Yn) | Y1, ..., yn € X} is a basis of C(X™).

Let A > 0 be an object, then # A(f) is the linear map
#a(f):C(X™H) — C(X")

such that on the basis X™+* of C(X™4) has the form

Ty, To T, G1, A2 ap) —
( ) Y ) ) ) ) ) )
Z <(Z’1,$2,.-.,$m) | f | (yl»yZa--'7yn)>
(yl 77777 yn)GXn

(y17y27 ceoy Yn, G1, G2, . .. ,GA).



Therefore the matrix elements is

((r1, @9, ... Ty ar, @y oo yan) | #a) | (Y1, Y2, oo s Y, al, ab, ..

(1,29, s xm) | 1 (Y192, -5 Un)),  if(ar,...,a4) = (df,...

0, otherwise.

If A=0, then
#alf) = .

Ifm =0, and A,n > 0 the linear map
#a(f):C(X?) — C(X")

is such that on the basis X* of C(X*) we have

(a1,az,...,a4) — Z (L] | (Y192, Un))

(y17y27---,yn,a1,...

The matrix elements is

<(a1,a2,...,aA) | #A(f) | (y17y27"‘ayn7a/17a,27"'aa/,4)>

<1‘f‘(ylay27"-ayn)>, if(al,...,aA):(a’l,...

0, otherwise.

Ifn=0,
#a(f): C(X™H) — C(x7)

is such that on the basis X™4 of C(X™*+4),

7aA)-

(X1, T2 Ty Qs ooy aa) = (X1, T2y .oy xm) | f 1) (a1, .., a4).
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The matrix elements is

((r1, @9, ..., Ty, a1, Qo ... an) | #a4(f) | (), a5,...,d4))

(1,29, .. .,x) | f1 1), if(ar,...,a4) = (d},...,dy)

0, otherwise.

4. For each objects m,n, suppose we have a linear map f:C(X™) — C(X™). We
know that X™ = {(x1,%2,...,Tm) | 1,...,Tm € X} is a basis of C(X™) and
X" ={(y1,y2, - Yn) | Y1, -, yn € X}isabasis of C(X™). Let A be an object,

then s#(f) is the linear map
AF(): C(XH™) — C(X4*)

such that on the basis X*+™ of C(X4*™) we have

(1,09, ...,44,T1, T2, . .., Ty) >

Z <(131,.T2,...,£L’m)‘f‘ (y1>y27~--7yn)>

(Y1,Y2;--,yn)EX™

((11,@2, e QA YL, Y2,y 7yn)

The matrix elements is

((ar,ag,...,04,21, %o, .., Tm) | aFE(f) | (@), dbyy. . a s Y1, Y05 o5 Yn))

!/

<(.T1,$2,...,.Tm) ‘ f | (y17y27"'>yn)>a l:f(ab"'aaA) = (ally"'aaA)v

0, otherwise.

Ifm=0o0rn=0o0rA=0, s#(f) is similar as before in # 4( f).

Proof. We require to show first that the %—monoidal category conditions 1-4 from m

are satisfied, and then slideability.

e 1. (N,+,0) is a monoid.
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e 2. Foreach A € N, 4# is a functor, let f € homy., (m,n)

and g € homy.., (n, k), we have

flnmm) = Y @nmn) [ F1 e um) W)

(Y15-5Yn)
9, m) = Y AW w) g ] G a) (21 ).
(214ee052k)
gof(r,. . oxm)= Y (@) | ], )
(yl 77777 yn)
S A v gl (2 m) (2 2).
(215e+52K)

A#(gof)(ala'--7aA7x17"'7xm): Z <(x177xm)‘f|(ylvayn>>

(yl 7777 yn)
S Ay Lg | (21 om)
(Z15eey2k)

(@1, @A, 20,y 2K)-

a#(9) 0 A (F)(a, - an, @1, ., Tm) = a#E(g) (A#(f)(al, AT, ,xm)>
=t @) (X (@newma) [ ] )@ an g

(y1 ----- yn)

= > A@nmn) L nw) D ww) Lg ] (21 )

(a1, ..., a4,21, ., 2k)-

Therefore

A#(go f) = a#(g) o a#(f).

In the following calculations, we will identify a linear map f: C(X™) — C(X™)

with its restriction X™ — C(X™).
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=id g (c(xm))-

Hence 4# is a functor.

3. By similar argument # 4 is a functor.

e 4. For each A, B € N and a morphism f € homy., (m,n), we have

1. To verify axiom in (5.1)),

A#OB#<(ZL‘1, ey Ty f(xl,...,xm)>
= it (5#(@rr ) = s o)
:A#(@b”.ﬁ&xh“wxmﬁé

S () L) (B bsgn o)

(yl»-'wyn)
= (al,...,aA,bl,...,bB,xl,...,xm) —
S @) L W) (a1, aa b be g )
(yl ~~~~~ yn)

= et () o Jlan ).

2. By an analogous calculation the axiom in (5.2) is satisfied.

3. To verify axiom in (5.3),
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#AOB#<(x1,...,xm) — f(acl,...,xm)>
= #a(a# (@ mn) = @1, w)
- #A<(b1,...,b3,x1,...,xm) —

S (@) [ ) (B b, )

(yl ~~~~~ yn)

=(by,...,bB,T1, .., T, A1, ..., 0Q4) >

S @ mn) [ W ya) (br e bB s Y, )

(yl ~~~~~ yn)

:B#((ml,...,xm,al,...,aA)»—>

3 ((:cl,...,xm)]f|(yl,...,yn)>(yl,...,yn,al,...,aA)>

(yl 7777 y”)

:B#O#A<([E1,...,$m) —
> () [ ) ()

(yl 9999 y”)

:B#O#A<($1,.--,Im) '—>f($1,---7$m)>-

4. To verify axioms in (5.4) and (5.5),

#o(f) = [.
0#(f) = f.

In case m = 0.
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5. To verify axiom in (5.1)),

att ot (1m F(1) = at (1 £(1))
= a# (o bs) 5 30 T ) (e b )

(y1 ----- yn)

:(al,...7CLA,b1,...,bB)|—>

Z <1 | f ‘ (y1a>yn)> (ala-"7aA7b1a"'7bB7yla---yn)

(yl 7777 yn)

= ) F(1 = f(1)).

6. By an analogous calculation the axiom in (5.2)) is satisfied.

7. To verify axiom in (3.3)),

#aop#t(1 = F(1) = #a (50— 1(1)))
= #a (b)) > D WL a9 (b b))

(Y1,-5Yn)
:(b17"'7b37a17"'7a14)'_>
Z <1|f|(yla"'>yn)>(b17""b37y17"'7yn7a17"'7aA)
(Y15eYn)
=p#t((@r a3 WL ) (e gneane )
(Y1,-yn)
—ptotta(le D0 WIS e ow) ()
(Y150Yn)
= pHo#a(l— f(1)).

8. To verify axiom in (5.4)) and (3.5),

#o(f) =T
0#(f) =/

In case n = 0.
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9. To verify axiom in (3.1)),

A#OB#<(x1,...,xm) - f(xl,...,acm)>
= att (B (@1, ) = f@r, o)
:A#((bl,...,bg,xl,...,xm) = (@1 am) | £ 1) (bl,...,b3)>
= a1y by, b T, T)
(@1, zm) | F11) (ars. . an b, ... bg)
= et (@) = fl@n, o om)).

10. By an analogous calculation the axiom in (5.2)) is satisfied.

11. To verify axiom in (3.3)),

#AOB#<(.CE1,...,xm)b—>(f(a:l,...,xm)>
- #A(B#<(a:1,...,xm) - f(:cl,...,a;m))
:#A<(b1,...,b3,x1,...,xm)H<(x1,...,xm)|f|1>(b1,...,b3))
= (bt BBy T1y e Ty ey G4)
(@1 zm) | £11) (s g an, ... an)
:B#((xl,...,xm,al,...,aA)r—>((xl,...,xm)]f]l)(@l,...,aA))
= p# o ta((@r, o wm) = f@1, ).

12. To verify axiom in (5.4)) and (5.5),

#o(f) = [-
0#(f) =/
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Slideable because for all morphisms f € homy.., (m,n)and g € homy.., (k, s),

(fOs) o (mBg) = f@s((ml, ey Ty WY W)

S (e w) [ ] Greee i 2)) (@1 Ty 21,

(Zl ----- Zs)

— o Awn, s we) [ g (2 2z ) (@ zm) [ ] (s

(..

(nOg) o (fOk) = n@g((ml, ey Ty W, W)

( Z <(‘T1""7xm)|f|(yla"‘7yn)>(ylwu,yn,wl,...

(y1 ----- yn)

= (1, Ty W1, ., W)

Yo A m) L ma)){(wrw) Tg | (s

(yl,...

Therefore

(f©s) o (mByg) = (nOg) o (fOk).

5.1.3 Category of %-monoidal categories.

Definition 5.1.12 ( %—monoidal functor). A %—monoidal functor

F:(C, Ie, @0, # ()5 (0 #F) — (D, In, @4, #(y, (0 #)

%))

s Yns 215 - -

s Yns 21y - - -

ayn»

\ Zs)-

between %-monoidal categories (C,Ic, ®o,#(-), (-)#) and (D, Ip®y, #(_y (0# ) isa

functor[3.2.1]
F= (F(),Fl)lc — D,
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such that the following holds

Fy: (0b(C), @0, Ic) — (ob(D), ®), Ip)

is a monoid map (hence in particular for all objects z,y € 0b(C),

Fy(Ie) = Ip and Fy(z @0 y) = Fo(x) @f Fo(y);

2. forall A,x,y € ob(C) and f € home(x,y) we have

Fy(#a(f)) =45k ) (FL(f)),
Fy(a#(f)) =rm# (F1(f)).

Proposition 5.1.13 (Category of %—monoidal categories). Consider the precategory of

all %-monoidal categories

1 1 .
5-MC = (ob <§—MC) homs (-, ), %, ld) ,

where

1. the class ob <%—MC> is the class of all %—monoidal categories,

2. for each pair (A, B) € ob(%—MC) X 0b(%—MC>, the set hom;_MC(A, B) is

the set of all %—monoidal functors A — B,

3. for each triple of objects
1 1 1
(A,B,C) e ob<§—MC> X ob(i—MC) X ob(i—MC>,
and for every

F e hom;_MC(A, B)and G € hom;_MC(B, ),
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we have

(F,G) = G*F,

where « is defined in

4. forallC € 0b<%—MC>, there is an identity functor ide € hom;;MC(C,C), that

1

5-monoidal functor.

isa
This precategory is a category.

Proof. First, we want to prove G x I is a %—monoidal functor. Let F:C — D and

G:D — &, forall A,z € 0b(C) and all morphism f € home(y, z), we have

G F(#a(x)) = G# ) (F(2)))
= #taray (G(F(x)))
= #awr) (G * F(x)).

G F(#a(f) = G(#rw)(F(f)))
= #a(ra)(G(F(f)))
= #anr) (G * F(f)).

Similarly,
Gx F(a#(2) = curan #(G * F(2)),
G F(a#(f)) = cary#(G * F(f)).
Second, the associativity and unit are proved in[3.2.4] O

Lemma 5.1.14. We have a full subcategory

1 1
s5—MC = (ob(si—MC> hom, 1 (- ).

where



104

1. ob (S%—MC) is the class of slideable %—monoidal categories So
1 1
ob(si—MC> c ob<§—MC>.

2. Given a pair of objects (A, B) € ob(s3—MC) x 0b<s%—MC>,
the set homg1 (A, B) = homi v (A, B).

Proof. We have ob (s%—MC) C ob(%—MC) , so we can consider the full subcategory
s%— MC. [

5.2 'Towards the slidealisation functor: preliminaries

Lemma 5.2.1. A %—monoidal category (C, 1, ®q, #(-), (—)#) as in Def. is slideable

if, and only if, the following diagram is commutative

CL/ ®0 b
#u(h) N#(k)
x%a@ob Ry (5.7)
aﬁm %M(h)
a ®0 b/

forall x,y,a,b,a’', b € ob(C), for all choices of morphisms h:a — d/, k:b — U, and for
all choices of morphism f:x — a ®g b, and g:a' ®¢ V' — y. The commutativity of the

diagram is equivalent to the equation below
go gt (k)o#y(h)o f=go#y(h)o H#(k)o f.

Proof. Suppose a %—monoidal category (C,I,®q,#(-), (-)#) is slideable. Choose ob-
jects a,b,a’, b’ € 0b(C), choose morphisms h:a — a', k:b — U/, and also morphism

fix = a®yb,and g:a’ Ry b — .
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So from the definition we have

o F (k) o #y(h) = #v (h) o o (k).

By composing the morphisms f, g from the right and lift we have

goa’#(k> O#b(h> Of = go#b’<h) Oa#(k) Of'

Now, on the other hand suppose the diagram (5.7) commutes.

Let
r=a®yb y=ad &b, f=id, and g = id,,
hence
o # (k) o #p(h) = #v (h) 0 a#t (k).
O]
Definition 5.2.2. Consider a %—monoidal category (C,1,®q,#(-), (—)#). Let x,y €

ob(C), we define a relation ~y on home(x,y). Given L, R € home(x,y), L ~o R if

there exist objects a,b,a’, b/ € ob(C), morphisms h:a — o, k:b — b and

morphisms f:x — a ®q b, and g:a' ®q b — y, such that
L =gou#(k)o#s(h)o f,
R =go#y(h)oa#tko f.
Le, (where L and R are obtained by the chosen compositions)

(l, ®0b

#V o #(k)

L:(x%aébob a/®gb/i>y>
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R:(m#}a@ob a/®0bli>y>
A 0) Ah)
a Ko b
Lemma5.2.3. LetC = (C, I, ®o, #(-), ()#) be a %-monoidal category and x,vy, z,w, A €

ob(C). Let L, L":x — y, R:y — z and R":w — x. Suppose that

L ~0 [/I7

then

1. RoL ~yRol,
2 LoR ~y L/ o R,
3. a#L ~o a# L,

4. #aL ~o #4L.

Proof. Suppose L ~q L'. So, there exist objects a, b, a’, b’ € 0ob(C), morphisms h:a —

a', k:b — b, and morphisms f:x — a ®q b, and g: a’ ®¢ b’ — y such that

L = goy#(k)o#y(h)o [,

L' = go#y(h) o #(k) o f.

We have

RoL=(Rog)ouf(k)o#h)of,
RoL'= (Rog)o#y(h) o #(k)o f.

Hence by definition
RolL ~0 Ro L,.
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2. Analogously,

LoR =go#(k)o#(h)o (fo R),
L'oR =go#y(h)o#(k)o(f o R).

Hence,

LoR ~yL'oR.

3. We want to prove a#(L) ~o a#(L'). L and L’ are given by the compositions

below.

a X0 b
#3(h) wm
L:(m#}a@ob a/®0b/L>y)
L’:(x%a@ob a’®ob’L>y>
A 0) Ah)
a Kq b

We now apply the functor 4#:C — C to both diagrams. And conclude that 4# L

and 4# L’ are given by the compositions below

AQ®pad ®pb
A#@W \%;#(k))
A#(L):A(X)Oxﬂfl@oa@gb A®0a’®0b’i@>A®0y

(We have used the fact that 4#C — C is functor, and therefore preserves compo-

sitions.) By using %-monoidal category axioms we have
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(A ®0 (l/) ®0 b
#h(AW W)#(’C)
A (L) = A®px Ehatd — (A®pa) @b (A®0a)®ob'ig)>f4®oy
Analogously
A#( ) A®0 ﬂA@od@ob A®0a ®0blig)>A®0
A#um %&;'(h))
A ®0 a ®0 b/
By using i-monoidal category axioms we have
y g3 gory
AF(L) = Ao ELaCIN 5 (A®pa) @b (A®Oa)®0b’ig)>,4®oy
(A@OM %y(;#(h))
(A () a) () b,,
SO,

att(L) = (a#(9)) © ((azoa # (k) o (F#o(a#(h))) 0 (a#(f));

and
A# (L) = (a#(9)) o (v (a#(h))) 0 ((a@ew#(K)) 0 (a#£(f))-
Therefore
AF(L) ~o a#(L).
4. By the similar way
#a(L) ~o #a(L).

Lemma 5.2.4. Let (C, 1, ®o, #(-), () #) be a %-monoidal category. Then
(I) There exists another %—monoidal category F(C) = (C', I', @, #’(_), () #'), where

1. ob(C') = ob(C).
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2. Given z,y € 0b(C), home (x,y) = home(x,y)/~ , where

~ = closure(~y),

where closure means the transitive and symmetric closure, note that ~ is reflexive.

3. The compositionoinC', let L:y — zand R:x — y

[L]o[R] = [Lo R].

4. Identity morphisms in C'. Given A € ob(C’), id’y = [id4].
5. Given [f]:x — y and an object A, #',([f]) = [#a(f)]-

6. Given [f]: x — y and an object A, s#'([f]) = [a#(f)].

7. The unit object, I' = I.

(I1) F(C) is slideable.

5.2.1 Proof of Lemma5.2.4

Explanation of the equivalence relation

Suppose that L, L': x — y. Then L ~ L' if there are morphisms (L1, Lo, ..., L,), such
that
L= Ll ~0 L27L2 ~0 L37"'>Ln71 ~0 Ln = L/a

whenever L; ~q L; 1 0r Liyq ~o L, forall: =1,2,... n—1.

Proof that the composition is well defined

We want to prove [R]o'[L] = [Ro L] is well defined. So, we want to prove that if L ~ L'
and R ~ R’, then
RoL~RolL
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Suppose L, L':x — y, and L ~ L'. Then there are morphisms (L1, Lo, ..., L,), such
that L = L,/ = L,,andforalli=1,2,...,n—1,

L~ Liyyor Liyy ~o L.

Similarly, suppose R, R:y — z and R ~ R’. Then there are non-negative integer
m and morphisms (R, R, ..., R,,), such that R = Ry, R,, = R/, and for all i =
1,2,...,m—1,

R; ~¢ Ri11 or Ripq ~o R;.

Now, we prove RoL ~ R'oL'. So, first prove RoL ~ R'oL, then prove R'oL ~ R'olL/.
We have R = Ry, R,, = R/,and foralli =1,2,...,m — 1,

Ri ~o Riy10r Rip1 ~o R;.

by Lemma[5.2.3| we have
RZ‘OLNO Ri+1 OLOI’RZ‘_H OLNO RZOL
Hence,
RoL~ R olL.

Now we want to prove R o . ~ R' o L. We have L = Ly, L' = L,, and for all
i=1,2,....n—1,

Li ~o Liyy 0t Liyy ~o L.

by Lemma|5.2.3|we have L = Ly, L' = L,,and foralli =1,2,...,n — 1,

R/ 9] Ll ~0 R, o Li—i—l or R, o Li—i—l ~0 R/ o Lz

Hence

RoL~RolL.

Therefore

RoL~RolL
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Proof that F'(C) is a category

Now, we want to prove category axioms

1. Associativity, for all f € home(z,y),g € home(y, z) and b € home(z, w), we

have (note that we already proved that composition descends to the quotient):

[h] o (lg]o [f]) =[hlo(lgo f]) = [ho(go f)]
=[(hog)o fl=[hoglolf] = ([h]elg])[f].

2. Unit, for all f € home(x,y);

[id,] o [f] =[id, o f] = [f],
[f] o [id,] =[f oid,] = [f].

Proof that the #’(_), (—)7#' is well defined

We want to prove

#4[L] = [#al]

is well defined for given [L]: z — y and an object A. So, we want to prove that
if L~ R, then #4(L) ~ #4(R).
Suppose L, R:x — y, and L ~ R. So there is a non-negative integer n and n-tuples
(L1, Lo, ..., L,) € C", such that
L=1y~¢gLyLo~gLs,...,L, 1 ~¢L,=R,
by Lemma([5.2.3] we have

#A(L) = #a(L1) ~o #a(La), #a(La) ~o #a(Ls), ..., #a(Ln-1) ~o #a(Ln) = #a(R).
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Therefore

#a(L) ~ #a(R).

By a similar argument

A#(L) ~ A#(R)'

Proof of the axioms of %-monoidal category.

For each A, B € 0b(C) (noting that we already proved that left-whiskering and right-

whiskering, (_y# and # _) descend to quotient).

1. To verify the axiom in (5.1)

a# o p# ([L]) =[a# o p#(L)]
:[A®OB#(L>]
=awo8# ([L])-

2. By a similar argument the axiom in (5.2) is satisfied
#a 0 #p([L]) = #paeal[L]).
3. To verify the axiom in (5.3)

#4 o p# ([L]) =[#4 0 p#(L)]
=[p# o #a(L)]
=p# o #4([L]).

4. To verify the axiom in (5.4))

#1([L]) =[#:(L)] = [L].
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5. To verify the axiom in (5.3)
# ([L]) = [#(L)] = [L].

(IT) We want to prove F'(C) is slideable. From the definition of F'(C), for all a, b, d’, b’ €
0b(C), for all choices of morphisms h: a — a’, k:b — b', and for all choices of morphism

fix = a®yb,and g:a’ ®y b’ — y, we have
go w#(k) o #y(h) o frgo#y(h)o#(k)o f.
Hence

[g © a’#(k) © #b(h) © f] = [g © #b’(h) © a#(k> © f]
9] © w#([K]) o #u([R]) o [f] = [g] o #v ([h]) o a7t ([K]) © [f].

Hence F(C) is slideable.

5.2.2 The slidealisation functor: conclusion

Lemma 5.2.5. Let C and D be %—monoidal categories and let G:C — D be a %—

monoidal functor and x,y € ob(C), f,f € home(z,y), such that f ~qy f', then

G(f) ~o G(f").

Proof. Assume f ~q f’, then there exist objects a, b, a’,t’ € ob(C), morphisms h:a —

a', k:b — b, and morphisms w: x — a ®q b, and g: a’ ®¢ b’ — y such that
J=gou#ko#Hhow,

f'=go#yhoHhow.
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So,
G(f) = G(g) o G(u#Fk) o G(#h) o G(w)
= G(9) © ¢(a)#G(k) 0 #aw)G(h) o G(w),
G(f') = G(g) o G(F#1h) o G(a#k) 0 G(w)
= G(g) o #aw)G(h) o gy #G (k) o G(w).
Therefore

G(f) ~o G([f).
[l

Lemma 5.2.6. Let C and D be %—monoidal categories and let G:C — D be a %—
monoidal functor and x,y € ob(C), f, f' € home(x,y), such f ~ f', then G(f) ~

G(f)

Proof. Assume f ~ f’, then there exist objects n € N and an n-tuple (f1, fo, ..., fn)

such that

f:fl ~0 f2>f2 ~0 f37"'7fn71 ~0 fn:f/

So,

G(f) = G(f1) ~0 G(f2), G(fa) ~0 G(f3), .-, G(fu1) ~0 G(fn) = G(f).
Therefore
G(f) ~G(f").
[l

Lemma 5.2.7. Let C be a %—monoidal category and F(C) be the slideable %—monoidal
category as defined in Lem. So there is a %-monoidal functor pc:C — F(C) such
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that for all A, B € ob(C) and f € hom¢(A, B) we have

pc(A) = A,
pe(f) = f]-

Proof. Let A,B,D € 0b(C), f € hom¢(A, B) and g € home(B, D) we have pc is

satisfied the axioms of a functor

pe(go f) = lg]o[f] = pc(g) o pe(f).

Also, pc is satisfied the axioms of a %—monoidal functor

pe(att(f)) = [a# ()] = a# ([f]) = pecay#'pc(f)-

By a similar argument

pc(#a(f)) = #LC(A)pC(f)'

[]

Proposition 5.2.8. Let 0:C — D be a %—monoidal functor between %—monoidal cate-

gories. Then there is a 3-monoidal functor §': F(C) — F(D) between slideable }-
monoidal categories, such that for all A, B € ob(C) and f € hom¢(A, B)

on objects

on morphisms

Furthermore the next diagram commutes, pc the functor from C to F(C).
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Proof. Note that

is well defined because if f ~ f’, then §(f) ~ d(f'), see y:F(C) — F(D)
preserves compositions, identities and whiskerings . For all A, B,D € ob(C), f €

hom¢ (A, B) and g € home(B, D), we have pc satisfies the axioms of a functor

Also,
o'(id)y) = 0'([ida]) = [6(ida)] = [ids(a)] = [ids ()] = idjy 4
Also, pc is satisfied the axioms of a %—monoidal functor

0'(a#'[f1) = 0" ([a# (/)]

By a similar argument

&' (FEuLf]) = #ea)0"([f])-
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Also, the diagram commutes

[]

Proposition 5.2.9. Let %—MC be the category of %—monoidal categories as defined in
5.1.13} and s%—MC be the category of slideable %—monoidal categories as defined in

5.1.14} Then there is a functor
1 1
S = (8’0,8/1)1 E—MC — SE—MC,
such that

e for each C € ob(3—MC), Fo(C) = F(C),

o foreach ¢ € homi yc(C, D), §1(d) = 0', that defined mm

Proof. 1. Forall 0 € hom;_MC(C, D) and A\ € hom;_MC(D, £), given a morphism
finC

S1(A e 0)([f]) = (Ao d)([f])
=[(Aed)(f)]
= [A0(f))]
= N6(f)]
= (XN e d)([fD)
= (81(A) o F1()([f])-

2. Forall C € ob(3—MC), given z € 0b(C)

$1(ide () = idpe) () = idg, ) (2),
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given f € home(z,y)

F1(ide([f])) = idpe)([f]) = id5, ) ([f])-

Therefore

3"1 (ldc) — ld%()(C) .

In the next theorem, the functor

G: sl—MC — 1—MC
2 2

is the inclusion functor .

Theorem 5.2.10. Given any %—monoidal category

C = (C,1,R0, #(-): (-)#),

there is a slideable %-monoidal category §o(C) = F(C) and a 3-monoidal functor

pc:C — G(F(C)) satisfying the following universal property.

Given any slideable %—monoidal category D, and a %-monoidal functor
J:C — G(D).

Then, there exist a unique 3-monoidal functor 6: F(C) — D that makes the

next diagram commute.

x ls (5.8)

Note that G is missing in the vertical arrow since it is inclusion functor. Moreover the
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family maps pc:C — G(F(C)) is a natural transformation. Le the triple (§,G, p) is an

adjunction.

Proof. There exists a %-monoidal functor
pe:C — G(F(C))

that on objects, given = € 0b(C),

T,

on morphisms, given L € home(x,y),
L — [L].
First, we want to prove a functor ¢: F(C) — D is exists. We define 6 by
»FC)—D

that on objects, given x € 0b(C),

x = (x),

on morphisms, given L € home(x,y),
[L] — 6(L).

Independent of representatives. Suppose L ~qy L’. So, there exist objects a,b,a’, b’ €
ob(C), morphisms h:a — @', k: b — b/, and morphisms f: x — a®ob, and g: a' @b — y
such that

L=gou#kotho .

L' =go#yho.dhof.
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We have

gow#ko#yho f)

g) © 6(w#k) 0 d(#sh) 0 6(f)

9) © s #0(k) © #sw)0(h) 0 6(f),
go#tyho#ko f)

g) 0 0(#uh) o d(.F#k) o 0(f)

9) © #sw)0(h) 0 (50)#d(k)) 0 6(f).

~~ I~ I~ I~

Therefore since D is slideable

(L) = 5(L).

The 3-monoidal functor 6 is unique that making diagram (5.8) commute. Suppose we

have 6,: F(C) — D another 3-monoidal functor, making diagram (5.8) commute. So on

objects
(2] = o(x),
and on morphisms
(L] = &(L)
Then
S == 51.

Note that G(F(C)) = F(C), from Prol5.2.8| the next diagram commutes.

—— D

C A
F(C) —— F(D)

Therefore p:id — G o § is a natural transformation, i.e, (§, G, p) is an adjunction.
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5.3 Strict monoidal categories

There are two main ways of thinking about strict monoidal catgories. One uses ‘whiskers’
as in §5.1.1|— composition of objects and morphisms to morphisms. The other gives a
full ‘tensor’ product on morphisms. There are (at least) two ways of giving the axioms

for this full tensor product. Here we give the one way.

Definition 5.3.1 (Pre-monoidal structure). (See [[KasI2l]). Let C be a category. A pre-
monoidal structure in C is a triple (C, I, ® = (®o, ®1)) where I is an object in C and @
is given by

1. Given pair of objects x and y another object T X Y.

2. Given a pair of morphisms f:x — vy and g: z — w another morphism (f ®;

9):x Rz — Y Qo W.
Definition 5.3.2 (Strict monoidal category). (See [KasI2]). A pre-monoidal structure
(C,I,® = (®0,®1)), as defined in Def. gives a strict monoidal category, written
(€, I,®),if
1. (0b(C), ®o, I) is a monoid. Le.,

(a) forall x,y,z € ob(C),
(z ®0y) ®o 2 =12 &0 (Y Qo 2),

(b) forall x € ob(C),
TR0l =1®Rqx ==2x.

2. (hom(C), ®1,1d;) is a monoid. Le.,

(a) for all morphisms f,qg,h € C,

(f®19)@1h=f®; (9®1h),
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(b) for all morphism f € C,

id;® f = f®id; = f,

3. forall A, B € 0b(C), we have id 4 ®, idp = idag, B,

4. forall frx — vy, [y — z,g:u — vand g: v — w, we have
Y Y

(ff@1g)o(f@ig)=(fof)@i(d0og).

Note(3 and 4) mean that ® := (®g, ®;) is a functor C x C — C.

Example 5.3.3. (See for example [Kasl2|] P.286) Consider the category

Mat = (N, hompsq (-, ), -, id.)

in We have a strict monoidal category

(Mat,0,® = (+,®1))

where: for all n,m € N, we have

n Qo m =mn-+m.

For all f € homyq(n,m) and g € homyq (7, s) we have

f On,s
f®g= € hom g (n + r,m + s)
Orm 9
) : . ap ag by by b3
where 0,, ; is the zero matrix € homy,(n, s), e.g, if f = and g = ,
as Qay b4 b5 b6

then
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)
o

a; as 0

o
o

as as O
0 0 b by b3
0 0 by bs bg

f®1g=

Proof. We want to prove (Mat,0,® = (4,®y)) is a strict monoidal category. It is
manifestly a pre-monoidal structure, so we want to satisfy the axioms in
1. the object structure is a monoid because (N, 4, 0) is a monoid,

2. we require to show that (hom(Mat), ®1,id) is a monoid.

For all f € hompsq¢(n,m), g € homps(r, s) and h € hompq(t, k) we have

f On,s On,k
f On,s
(f &1 g) ®1 h = ®1 h = Or,m g Or,k:
Orm 9
Ot,m Ot,s h
f On,s On,k
g Or,k
f@1(g®1h)=f& =10m g 0Omr|>
Os  h
Ot,m Ot,s h

S0,

(f®19) @1 h=f®(9®1h).
For all matrix f, the next axioms hold
ido ®1 f = [ = [f®1ido,

because idy is the matrix with no elements.

3. Foralln,m € N

id,, ®; id,, € hompsq(n +m,n + m),

idy1m € hompse(n +m,n+m),



124

such that
1 0 1 0 0
01 0o 1 . 0
0 0 0 0 . 1
0 0 0 0
0 0 0 0
... 1.0 0 . 0
n
010 . 0
001 0
000 ... 1
~——
m
n?i-rm
Hence

id, @, id,, = idy 4o,

4. for all f € hompsu(n,m), f' € hompre(m,r), g € hompu(t, k) and ¢ €

hom s (k, s) we have

f On,k
Ot,m g

(f@19).(f'®19) =

f/
Ok,r

Om,s ff/ On,s

= = (f-fN®1(g.9)-

/

g Orr 99

/
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5.3.1 Strict monoidal functors and the category StriMC

Some references for strict monoidal functors are [Bén67,[TV17a, | AHS04, ML 13| Kas12),
TV170].

Definition 5.3.4 (Strict monoidal functor). A strict monoidal functor I’ between the strict

monoidal categories (C, Ic, ®c = (®o, ®1)) and (D, Ip, p = (®o, ®1)) is a functor
F= (Fo, Fl):C — D,
such that for all X, Y € ob(C) and all morphisms f,g € C

Fy(le) = Ip,
Fo(X @c V) = Fo(X) @p Fo(Y),

Fi(f ®c 9) = Fi(f) @p Fi(g).

There is an example of strict monoidal functor in

Proposition 5.3.5. We have a precategory

StriMC = (ob(StriMC), homsginc (-, -), %,id.),

where

1. the ob(StriMC) is the class of all strict monoidal categories,

2. for each pair (A, B) € ob(StriMC) x ob(StriMC), the set homgivc (A, B) is

the set of strict monoidal functors,
3. foreach triple of objects (A, B, C') € ob(StriMC) xob(StriMC) xob(StriMC),

and for every F' € homggrivc (4, B), G € homgtrimc (B, C), we have

homg¢rimic (A, B) X homStriMC(Ba C) — homStriMC<Aa C)

(G,F)— GxF,
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where x is defined in

4. forall A € ob(StriMC), there is an identity functor

idA € hOmStriMC (A7 A)

Proof. Item 1 does not require proof.

Item 2 requires only to note that the class of strict monoidal functors here is a set because
for all strct monoidal category (C, I, ®), C is small category.

Item 3 we want to prove GG x F' is a strict monoidal functor. Let x,y objects and f, g

morphisms in category A

G* F(1a) = G(F(14)) = G(Ig) = Ic.

Item 4: We require to show that for all A € ob(StriMC), the identity functor id 4 is

a strict monoidal functor.
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Given objects z, y, z in A and morphisms f, g in A, we have

ida(1a) = 14,
idA($ X0 y) =rQoy = idA(@ ®o idA(y),
ida(f ®19) = f®19=ida(f) ®1ida(g).

[]

Proposition 5.3.6 (Category of strict monoidal categories). The precategory of strict

monoidal categories

StriMC = (0b(StriMC), homserinvc (_, ), %, id),

that define in is a category.

Proof. Associativity and unit are inherited from the category of categories as in[3.2.4]

]
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5.4 Equivalence Theorems

5.4.1 Slideable %-monoidal categories and strict monoidal categories

In this subsection, we prove that the category of strict monoidal categories is isomor-
phic to the category of slideable 1/2-monoidal categories, seen as a subcategory of the

category of 1/2 monoidal categories.

Lemma 5.4.1. Consider a strict monoidal category (C, 1, ® = (®q, ®1)) with underly-
ing category C = (0b(C),home(_, ), x,1d). The strict monoidal category (C,I,® =
(®0,®1)) gives rise to a %—monoidal category (C,1,®o, #(-), (—)#), where C, I and ®

do not change and the # functors are as follows.

Given A € ob(C), the functors # 4, a# are defined as given B, X,Y € 0b(C) and
morphism f € home(X,Y)

#4B =B A, (5.9)
XLy =(xLy)e (49 ), (5.10)
W#B = A®, B, (5.11)
X LY) =4S e (X DY) (5.12)

Proof. We have to prove the axioms of %—monoidal category

1. First of all we must prove that if A is an object then # 4, 4# are functors C — C.

Given X, Y, Z € ob(C), f € hom¢(X,Y) and g € home(Y, Z).

a#(f x g) =ida ®1 (f x g), by
=(ida xida) @1 (f x g)
=(ida ®; f) » (ida ®1 g), by def. [5.3.2]
=a#(f) * a#(g), by (5.12).
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A#(idp) =ida ®; id3, by (5.12)
:idA®0B’ by def @
=id 45, by (.11).

By similar way # 4:C — C is a functor.
2. Let A, B € 0b(C) and f € hom¢(X,Y),
a# o g#(f) =a#(5#([))

=a#(idp ®1 f), by (5.12)
=idy ®; (idg ®; f), by @

=(id4 ®1 idp) @1 f, by def. 537

:idA®0B &1 (f), by def. @
=aeoB#(f), by G.12).

3. We can prove by similar way, # 4 0 #5 = #pBg,A-
4. Let A, B € 0b(C) and f € hom¢(X,Y),
#ao p#(f) =#a(s#(f))

=#4(idp @1 f), by G-12)
=(idp ®1 f) ®11da , by (5.10)

=idp ®1 (f ®1ida) , by def. 5.3.2]

=idp ®1 (#a(f)) , by (5.10)
=p#(#a(f)) , by G.12)
=pF# o #A(f)
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5. Let A € ob(C) and f € hom¢(X,Y),

#1(A) =A®y I,by 39)
—A by def. 537

#1(f) =f ®1id; , by
=f, by def.[5.3.2]

Therefore, #; = idc.

6. We can prove 5 by similarity, ;# = idc.

]

Theorem 5.4.2. The strict monoidal category C = (C,1,® = (®9, ®1)) in gives
rise to a slideable %-monoidal category (C,1,®0,# ), (-)#), where C, I and ®q do
not change. Given A € ob(C), the functor # 4, a# define by given B, X,Y € 0b(C) and
f € home(X,Y)

#4B=B®A

XL =xLy)e A% 4
W#HB=A®, B

AX LYY =4S e x LY.

Proof. We proved the axioms of -monoidal category in We want to prove now
the slideable that mean we want to prove forall f: X — Y and g: Z — W, the following

diagram commutes

X @0 Z =29 X 0, W

f@Zl l row

Y®0zy—®g>Y®0W

i.e. we have

(fOI) x (XOg) = (YOg) + (fO2).
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(fOW) % (XOg) =(f @ idw) * (idx ®1 g), by (.10)(5.12))
f * ldx) X1 (ldW * g), by def. @

(
(
(idy % f) ®1 (g *idy), by category axioms.
(
(

idy &1 g) * (f 1 idz), by def. @
Y6g) » (f02), by GIDE.12).

[]

Lemma 5.4.3. There is a faithful functor § from the category StriMC of strict monoidal
categories (as in to the category %—MC of %-monoidal categories (as in Prop.

[5.1.13)), such that
1. on objects, given strict monoidal category C = (C,1,® = (®q, ®1)),
f(ca ]y & = <®07 ®1>> - (Ca ]7 ®07 #(—)7 (—)#)7

from Lemma

2. on morphisms, given a strict monoidal functor
F:(C,1,® = (®0,®1)) = (D, [, = (), ®))),
j(F) = F.
Proof. We want to prove that given a strict monoidal functor
F:(C,I,® = (®0,®1)) = (D, 1,8 = (), ®)))

satisfies the axioms of % monoidal functor in(5.1.12} For all A, B € 0b(C) and f, g
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morphisms in C, we have

F(a#(B)) = F(A®o B), by (.11)
= F(A) ®y F(B), because F is strict monoidal functor
= p)#(F(B)), by (5.11),

F(a#(g)) = F(ida ®1 g), by

= F(id4) ®1 F(g) , because F is strict monoidal functor

= ry#(F(9)), by (5.12).

By a similar argument

F(#4(B)) = #rw)(F(B)),
F(#a9) = #ra)(F(9)).

F(I) = I for strict monoidal categories gives the same equation of %—monoidal cate-

gories. [

Theorem 5.4.4. Consider a category C = (ob(C),home(_,_),0,id.). A slideable 3-
monoidal category (C,1,®q,# ), (—)#) with underlying category C gives rise to a
strict monoidal category C = (C,I,® = (®o,®1)) where (C, I and ®¢ do not
change; and) the functor @ = (®q, ®1) is defined as

Given A, B, X, Y, Z,W € 0b(C) and f € hom¢(X,Y), g € home(Z, W),

B®yA=#,B (5.13)
ferg=(#wf)o(x#9) (5.14)
=(v#g) o (#zf) (5.15)

idy =#/A = #A (5.16)

Proof. We have to prove the axioms of strict monoidal category in
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1. forall XY, Z € ob(C), from the definition

(X®Y)®0Z =X ® (Y ® 2),
2. for all morphisms f € home(X,Y), g € home(Z, W), h € home(R, S), we have

(f ®19) @1 h =((#w[) o (x#g)) @1 h, by (.14
=#s((#wf) o (x#9)) © xa,z#h, by (G.14)
=(#s(#w f) o #s(x#9)) © (xay2)#h., because #s is a functor
=#s(#w f) o (#s(x#9) 0 (xe2)#£h), by the associtivity of category.
=#weos)f o ((x##s9) o (x#z#h)), by (.2),6.3).G.1)
—Havens) f o (x#(#sg © 7#-h)), because y# is a functor

=f @1 (g ®1 h), by G.14),
3. forall f: X =Y, f.Y > 72 ¢9gU—=Vandg:V — W,

=((#w ) o (v#9)) o (#v[) o (x#9)), by G-19)

FHw f) o ((v#g) o (#v[)) o (x#9)*

(#Hw f) o (#wf) o (x#4')) o (x#9)), by G.14),(5.15)
(FHw f) o (F#Hwf) o ((x#g) o (x#9))*

(#w(f o f))o(x#(g o g)), because #y and x# are functors
( 1 (g0 g), by G.14).

(f'®1g)o(f®19)

frof)®

*By the associativity of the category. ]

Lemma 5.4.5. There is a faithful functor g from the category s%—MC of slideable %—
monoidal categories to the category StriMC of strict monoidal categories (as in

such that
1. on objects, given %—monoidal category (C, I, ®q, #(-), (—)#), we have

g(cvlv o, #(7)7 (7)#) = (Cvja ® = (®07 ®1))7
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from Theorem

1

2. on morphisms, given a s

monoidal functor

G: (Ca [7 o, #(—)7 (—)#) — (Da ]7 ®67 #1(7)7 (—)#/)7

9(G) = G.
Proof. We want to prove that given a %—monoidal functor

G: (Ca ]a Ko, #(—)7 (—)#) — (D7 Ia ®67 #/(—)7 (—)#,)7

G satisfies the axioms of strict monoidal functor in

1. G(Ie) = Ip,
2. forall A, B € ob(C) , we have

G(A®y B) = G(a#B), by (.13)

1
= c#G(B), G is §—m0n0idal functor

= G(A) @0 G(B), by G.13),
3. forall X, Y, Z, W € ob(C) and f € hom¢(X,Y"), home(Z, W), we have

G(f ®19) = G(#w(f) o x#(9)). by (.14)
= G(#w(f)) o G(x#(g)), G is a functor

1
= #eonG(f) o ax)#G(g), G is E—monoidal functor.

= G(f) ®1 G(g), by (B.14).

]

Theorem 5.4.6. The category of slideable %-monoidal categories and the category of

strict monoidal categories are isomorphic. Let C = (C,I¢,® = (®0,®1)) be a strict
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monoidal category and functor | that was defined in Lem. and for all slideable

5-monoidal category D = (D, Ip, o, #(-, (—)#) and functor g that defined in Lem.
we have

f(8(D)) =D and ¢(j(C)) = C.

Proof.

g('D) = (D, Ip,® = (®0,®1)).

Ip and ®, are the same in D and g(D) by definition. Given X,Y, Z, W € 0b(D) and
f € homp(X,Y), g € homp(Z, W),

f®1g=F#wf)o (x#g),by G.14)

f(8(D)) = (D, Ip, R0, #(_y; () F)-

Ip and ® are the same in g(D) and §(g(D)) by definition. We want to prove # and #’
are equal. Given A, X, Y € ob(D) and f € homp(X,Y),

#0(f) = ®1ida, by G10)
=(#a(f)) o (x#(ida)), by (5.14)
=(f ®1ida) o (idx ®1 ida), by (.10)(5.12)
=#a(f),
a# (f) =ida @1 f
=(#ty (ida)) o ((a#£(f)), by C.14)

=(idy ®1Y) o (ids ®; f), by (5. 10)(G.12)
=a#(f).

Therefore
f(a(D)) = D.

Also,

f(C) = (C, Ic, ®0, #(-), (-)#)-
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Ic and ®, are the same in C and f(C) by definition. Given A, X,Y € ob(C) and f €
home(X,Y),

#a(f) =f ®1id4, by (5.10),
AF#(f) =ida @1 f, by (B.12).

9(f(C)) = (C, Ie, ®" = (@0, ®}))

I and ®, are the same in f(C) and g(f(C)) by definition. We want to prove ®; and ®/
are equal. Given X, Y, Z, W € 0ob(C) and f € hom¢(X,Y"), g € home(Z, W),

f®19=(F#wf)o(x#g). by
=(f ®idw) o (idx ®1 g), by (5.10)(5.12))

=f®1 g

Therefore

g(f(€)) =C.

So the category of slideable %-monoidal categories and the category of strict monoidal

categories are isomorphic. ]



Chapter 6

Free strict monoidal categories

In we defined a left adjoint to the forgetful functor from categories to graphs. We
now want to define a free strict monoidal category. We do this by defining a left adjoint
to the forgetful functor from %—monoidal category to a monoidal graph that is a graph

together with a monoid structure in the set of vertices.

6.1 The category of monoidal graphs

In this section we define a free strict monoidal category over a monoidal graph — that is

a graph [3.3.1] that its vertices have the monoidal structure (in a sense that we explain).

Definition 6.1.1. A monoidal graph is a 6-tuple (V(R),®, e, E(R), 61, 62) consisting of

1. asetV =V (R),
2. a binary operation ® in V(R);
3. anelement e € V(R);

4. aset E = FE(R). The elements of E are called edges;

137
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5. a map, called incidence map

0:FE—-VxV
x> (61(x), 02(x)).

We call d1x the source of © and dox the target of x.
6. (V,®,e) is a monoid.

Definition 6.1.2. Let
R = (V(R)a ®7 €, E(R)7 517 52)

be a monoidal graph. The extent of the monoidal graph R is the graph

R* = (V(R),T(R),6;,63),

where

T(R) = V(R) x E(R) x V(R)

is the set of edges for the graph R*. The incidence maps are

50,z 1) = i ® 0y (2) ® 7,

d5(i,x,j) =1 ® da(x) ® 7,

where (i,z,j) € T(R).

Example 6.1.3. Consider the monoidal graph

R= (N7 _'_7 Oa {xh T2, T3, 33'4}, 517 52)7
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where

Then there is the extent of the monoidal graph,

such that

R* = (N, {yiljayinayz’3j7yi4j | Vi, j € N}, 07,03),

01 (yiy) =014, 21,7) =1+ 2+,
05 (ying) = 02(i,21,5) = i+ 6+ j,
01 (Yizj) = 01(i,22,7) = 1+ 6+,
05 (Yizg) = 02(i, x2,5) =i + 8+ j,
01 (yizg) = 01(4,23,5) = i + 8+ j,
05 (Yizj) = 02(i, 23, 5) = i + 10 + J,
01 (Yiaj) =016, 24, 7) =1+ 1+,
05 (Yiag) = 02(i,24,7) =i+ 5+

Definition 6.1.4 (Monoidal graph map). Let A, B monoidal graphs such that

and

A = <V<A>7 ®A7 €A, E(A)7 517 62)7

B = (V(B)7®B7637E(B)751752>‘

A monoidal graph map 0: A — B is a pair of maps (Vy, Ey), where Vy: V(A) — V(B)
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and Ey: E(A) — E(B), which preserves incidences, i.e, for all edge x of A,

0i(Ep(x)) = Vo(dix); (i = 1,2),

and moreover preserves the monoid structures in the the sets of vertices, i.e. for all

i,] € A,

Vo(i @4 j) = V(i) @5 Va(j),

Vio(ea) = ep.

Proposition 6.1.5. We have a category

(ob(MGraphs), homyGraphs(-, -), *,1d_),

where

1. ob(MGraphs) is the class of all monoidal graphs,

2. for all monoidal graph A and B, homMGraphS(A, B), is the set of all monoidal
graph maps from A to B,

3. for all monoidal graphs A, B and C and for all monoidal graph maps f =
(Vf, Ef)i A— B, g = (‘/;7, Eg)i B — C, and

frxgA—=C

is the monoidal graph map from A to C, such that for all a € V (A), we have

(Vi x Vy)(a) = Vy(Vi(a)),

and for all x € E(A), we have

(Eyx Ey)(2) = Ey(Ef (),
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4. for all monoidal graph A, the identity morphism ids: A — A is a monoidal graph

map, such that for all a € V(A), we have

(Via,)(a) = a,

and for all x € E(A), we have

(Eia,)(z) = 2.

Proof. Note that the monoidal graph map is a graph map preserving monoidal structure
in the sets of vertices. First we want to prove for all monoidal graphs A, B and C' and

for all monoidal graph maps f: A — B, ¢: B — C

frxgA—=C

is a monoidal graph map from A to C, for all i, 7 € V(A), we have

(Vi Vo) (i @4 ) = Vy(Vy(i ®aj))
= Vo (Vi (i) @5 V(j))
= Va(Vs(9)) ®c Va (Vi (4))
=V x Vy(i) ®c Vi * Vy(5)-

(Vi x Vy)(ea) = Vy(Vi(ea))

= %(63) = €cC.

Second we want to prove the category axioms for all monoidal graphs A, B, C' and D
and for all monoidal graph maps f: A — B, g:B — C and h:C — D, and for all
i€ V(A), z € E(A) we have
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(Vi * (Vg x Vi) (i) = Vg x Vi (Vi (0))
= Vi(Vy(V3(2)))
= Vy(Vi(2)) x Vi
= (Vi x V) % Vi) (0).

(Ef * (Eg % Ep))(z) = Egx Ep(Ej(r))
= En(Ey(Ey()))
= Ey(Ef(z)) * By

= ((Ef % Eg) * En) ().

[]

Definition 6.1.6. (The forgetful functor from the category of %—monoidal categories to

the category of monoidal graphs). We have a forgetful functor
1
U: §—MC — MGraphs,

such that for the %—monoidal category C = (C, I, ®o, #(-), (-)#) we have,

1.
U(C) = (ob(C), I, @9, Mor(C) % ob(C)),
where
Mor(C) = ({} x home(z, y) x {y}),

(z,y)€0b(C) x0b(C)

where for every f:x — vy,

oz, foy) =, dao(z, fy) = y.
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2. Let C = (C,I,®0,# (-, (-#) and D = (D, I', ®6’#2—)’(—)#/) be i-monoidal

2

categories and let

F = (Fo,Fl)ZC —D

be a %—monoidal functor, we have

U(C) = | ob(C), I, &, U (e} xhome(z,y) x {y}) | .

(z,y)€0b(C) x0b(C)

U(D) = | ob(D), I',®; U ({2'} x homp(2',y") x {y'})
(z',y")€0ob(D) x 0b(D)
and
U(F) = U(Fo, F1) = (U(F)o, U(F)1),
where
U(F)O - Fo,
and

UF) (2, 17— y,1) = (Fo(x), Fi(z L y), Fo(y)).

Definition 6.1.7. A free—%—monoidal category-triple on a monoidal graph R is a triple
(R,C,0r), where C is a }-monoidal category and dr: R — U (C) is a monoidal graph-

map such that the following universal property is satisfied.

Given a %—monoidal category A and a monoidal graph map 0: R —
U(A), there is a unique 3-monoidal functor 0*:C — A such that § = 6 x

U(0*), i,e the next diagram commutes
R 2", U(e)
X |ve)
U(A)
Where U is the forgetful functor from the category of %—monoidal categories to the cate-

gory of monoidal graphs. This is to say that the arrow g, is a universal arrow from R to

U.
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We want to prove that U is a right adjoint by proving that a universal arrow dz: R —

U(C) — what we called a free 1/2-monoidal category triple — exists for all R.

Proposition 6.1.8. Given any free—%—monoidal category-triple (R,C, ), a universal ar-
rows from object R to U(C), if it exists, is unique up to ismorphism. Le, if there is
another free-%-monoidal category-triple (R, D,0), then there exists a unique functor

g:C — D that makes the diagram commute. Moreover, that unique functor is an isomor-

phism.
R -2 UC)
% b
U(D)
Proof. The proof is similar to the proof in[3.3.6 O

We want to construct the free %—monoidal category €2(R) over a monoidal graph R.

As a first step, we first consider the extent R* of the monoidal graph R, namely
R = (V(R),e, T(R), 07, 05),
and then consider the free category over R* that is
P(R") = (V(R),homp(g-)(-,-), ®,¢).
Here, for all a,b € V(R), we have

homp(g+)(a,b) := {(a1,r1,b1)(az,r2,b2)...(Gn, T, byp) | forsomen € N,a = §7(ar,r1,b1),
b= 55(%7%, bn), 55(%77"1‘, bi) = 5T(Gi+1,7“¢+1,bi+1),

: ri € BE(R),ie{l,...,n—1}}.
Proposition 6.1.9. Let

P(R*) = (V(R),homp(p+(a,b), e, ¢),
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where R* is the extent of monoidal graph R, then

QR) = (P(R"), e, R0, (a#)acv(r), (Fb)oev(r))

is a 3-monoidal category. Here a,b € V(R),

a#((ah x1, b1)7 (a27 Za, b2>7 sty (am Ly bn))
= (@ ®0 a1, 21, bl)a (a ® a2, T2, b2)7 ) ((l ®0 Qp,y T, bn)
#b((ala X1, b1)7 (a27 X2, b2)7 ey (aTm Ly bn))

= (a1, 21,01 @ b), (ag,2,b2 Ro b), ..., (an, Tpn, by, Qo b).

Proof. First we want to prove that for all a € V(R), #, and ,# are functors, for all

morphisms f,g € P(R*) where

f = (a‘hxlybl)u (0’27'1:27192)7 R (a’nuxna bn)7

and
g = (hlyyla ll)a (h27y27 l2)a BRI (hm7ym7 lm)a
such that
0o(an, T, by) = 61(h1, y1, 1),
we have

#a(f ®g) = #a((ahxlabl)a (a2,22,b2), ..., (@n; T, bn), (b1, 1, 1),
(B2 92, 12), - (s Y ) ).
= (a1, 21,b1 Qg a), (ag, x2,bs Qg a), ..., (an, Tp, by g a), (h1,y1,l1 g a),
(ha, Yo, lo @ @), . . ., (hmy Yy L Qo @).
= <(a1, x1,b1 ®q a), (az, 9, by ®q a), ..., (an, Tpn, by Qo a))
((hl, Y1, 11 ®g a), (ha, Yo, lo @0 a), ..., (R, Ym, b @0 a))

= #a(f) hd #a(g)‘
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Leti € V(R),

#Ha(0i) = #ale, i e) = (e, ¢5,a) = Oa(i)>

where ¢; is the identity morphism i.e, the empty path in the path category over the extent

of monoidal graph R*, where every edge write as V' x E/ x V.

By a similar argument ,# is a functor. We want to verify the remaining axioms of %—

monoidal category in[5.1.2]

1. To verify the axiom in (5.1)

a# o b#((al) xy, bl)7 (a2a X2, b2)7 ey (aTM o bn))
= o F#((b®g a1, x1,b1), (b ®g az, x2,b), ..., (b &g an, Tpn,by))
= (a®ob®gay,x1,b1),(a®ob®q ag, x2,bs),...,(a®ybRq an, Ty, by)

- a®ob#((a17 x1, bl)a (a2a X2, b2)7 ceey (ana Ly bn))
2. To verify the axiom in (5.2)

#a o #b((abxh b1)7 (a2; Zo, b2>7 ceey (aTM Ty bn))
- #a((a17x17 bl ®0 b)7 (a27'r27 b2 ®0 b)7 ey (any T,y bn ®O b))
= (ala Ty, bl ®O b ®0 CZ), (&2,%2, b? ®O b ®0 G), ey (aTU Tn, bn ®U b ®0 a)

- #b@oa((ah xy, bl)a (CLQ; T, b2)7 ceey (an7 Ty bn))
3. To verify the axiom in (5.3)

#a o b#((ab X1, b1)7 (a2a T, b2)7 LR (ana Tn, bn))

= #.((b®g a1, x1,b1), (b ®g az, x2,b2), ..., (b &g an, Ty, by))

(
= ((b®g a1,x1,b1 R a), (b®q ag, x2,bs Qo a), ..., (bR®q ap, Tp, by, o a))
= #((a1,x1,b1 ®p a), (ag, T2,by Qg @), ..., (an, Tp, by Qg a))

(

- b# o #a((al, xy, bl)a Ao, Ty, b2)7 ey (am Ty bn))
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4. To verify the axiom in (5.4)

#e((al, xIy, bl), (CLQ, 9, bg), ceay (CLn, Tn, bn>)
= (@1,$1, bl ®0 6)7 (0/27 T2, bQ ®0 e)a sy (an,$n, bn ®0 e)

= (a'17 Z1, bl)a (a27 Ta, b2)7 BRI (ana T, bn)

5. To verify the axiom in (5.3)

e#((ah Zy, bl)a (a/27 T, b2)7 R (ana Ty bn))
= (6 ®0 ay, Ty, bl>, (6 ®0 as, o, bz), ey (6 ®0 Apy Ly, bn)

= (&17 Zy, bl)7 <a27 T2, b2)7 ey (ana Tn, bn)

So,
o = #e = idpry).

]

Proposition 6.1.10. Let R be a monoidal graph. Then (R, Q)(R), §) is a free 3- monoidal

category triple, where
R — UQAR))

that is on vertices

a—a,

and on edges

x— (e,xz,e).

Proof. We want to prove that given a %—monoidal category

C=(C e, ®0,#() ()#)
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and a monoidal graph map F: R — U(C), there is a unique %—monoidal functor|5.1.12
F':Q(R)—=C

that makes the next diagram commute

R —2— U(Q(R))
N 6.1
U(e).

First, we want to prove the existence; define the map

F:Q(R) = C
that is on objects
a— Fy(a),
and on morphisms
(a17 X, b1>7 (a/27 T, 62)7 ceey (CLTU ™ bn) —

(Fo(a1)6F1 (xl)GFO(bl))*(Fo(ag)@Fl(xg)@Fo(bg)>*. . .*(E)(%)@F1 (xn)@Fo(bn)>.

Note O is whiskering where p# o # 4(x ER y) =(BRx®yA o9 B Y ®o A).

Now, we want to prove F" is a functor, for all morphism f, g € Q(R)

f = (a'la xy, b1)7 (a27 Zo, b2)7 ey (aTM Ly bn)
and
g= (hl,yb ll)a (h2>y2, l2)a S (hm>ym> lm)a

such that
52((17“ o bn) = 51(h17 Y1, ll)a
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we have

Fi(feg)=F{((a1,21,b1), (a2, 22, b2), ..., (an, Tn, by), (h1,y1, 1),
(h27 Y2, l2)a ceey (hma Ym,s lm))
- (Fo(al)@Fl(:rl)@Fo(bl)> X (Fo(ag)@F1($2)@F0(bg)> -

Fo(an)@Fl(:cn)GFo(bn)> . <F0(h1)@F1(y1)@F0(l1))*

Fo(h2)OF (12)0Fo(l2)) ..+ (Fohn) OF (yn) O Fo(lm)

- ((Fo(al)@Fl(xl)G)Fo(bl)) “ <F0(a2)@F1(x2)®Fo(bz)> .o
(Fo(@n)@Fl(xn)@Fo(bn>>) * <<F0(h1)®F1(y1)@F0(l1)>*
<F0(h2)@F1 (yg)@FO(zz)) . (Fo(hm)@Fl(ym)@Fo(lm)>)

= F'(f) xc F'(g)-
For each a € ob(Q(R))
F{(¢a) = F1(¢a) = brp(a) = PFi(a)-

Hence F” is a functor. Now we want to prove F” is a %—monoidal functor in|5.1.12

1. Let e be the identity element,

2. Forall a,b € 0b(§2(R)) we have

Fj(a ®0b) = Fy(a ®qb)
= Fy(a) ®o Fo(D)
= Fy(a) @0 Fy(b).
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3. Forall A € ob(Q2(R) and f € homp(p+)(, ) we have

FIA#(])) = F! (A#((al,xl,bl), (as, 2, bs), .. -, (an,xn,bn)>)

(FO(A 20 a1)®F1(x1)@F0(b1)> N (FO(A 20 GQ)@FI@Q)@FO(@))

* (Fo(A @0 a,)OF (2,0 Fo(by)
= ((Fo(A) ® Fo(ar)) O Fy (1)@ (Fo(b)) )
(( o(4) R0 Fo(a2) OF (22)0(Fo (1))

o ((Fo(A4) @0 Fo(an) O Fa ()0 Fo(bn)

; (F()(A)G(Fo(al)@Fl(ZEl)@Fo(bl)>>*
<F0(A)@(F0(a2)@F1(xz)@Fo(bg))> S—
Fo(A)0(Fy(a,)OF ()0 Fp b))

ZH #( (Folan@F(e)OF (b))  (Fo(a)OFi (22)O Fi ()

/~

N (Fo(an)@Fl(a:n)@Fo(bn)>>
ZFO(A)#F{ (((Il, Iy, b1)7 (a27 T, by

=ro(a) #F(f)
=) #F(f).

Therefore

F'(a#(f)) =pray #(F'(f)).

* follow from (5.1).

% Since # p,(4) is a functor.

4. By a similar argument

F(#4(f)) = #r ) (F'(f)).
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Second uniqueness; suppose we have another %—monoidal functor
F":Q(R)—C
that makes the diagram (6.1)) commute. Then

F'(f) :F”<(a1,x1,bl), (az, 23,02, - . ., (an, T, bn))
—F"(ay, 2, by) % F" (a3, T2, b) % . .. % F" (@, T, by)
:(Fo(al)@Fl(xl)@Fo(b1)> X (Fo(ag)@Fl(:cg)@Fo(bg))
.o (Fo(an)@Fl (xn)@Fo(bn)>

=F'(f).

6.2 Presentations of Strict Monoidal Categories

In this section we define presentation of strict monoidal categories by defining presenta-
tions of %—monoidal categories . To this end we define %—monoidal congruence , then we
define %-monoidal closure W of a congruence template /. Then we quotient the free
%—monoidal category by I¥. Finally we have the presentation of strict monoidal category

by applying the slidealisation functor to the quotient.

Definition 6.2.1 (%—monoidal congruence). Let (C, I, ®o, #(-, (—)#) be a %—monoidal
category. A %—monoidal congruence R is a congruence relation in the category C
such that, for all object A, and morphisms f,g: X — Y if f ~g,, g. then

#4(f) ~Rxegaveoa #409),

and

A#(f) ~Ragyx,A00Y A#(Q)'
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Proposition 6.2.2. Let R be a %—monoidal congruence on a %—monoidal category

(C7 I7 ®07 #(—)7 (—)#)

Consider the quotient category
C/R = (0b(C), home/r(-, ), *¢/r, id),

as defined in (Note that R is in particular a congruence in C, so it makes sense to

take the quotient category). Then

(C/R,I,®0,#(-), () #)

is a $-monoidal category, where for all A € ob(C), and f € home/p(X,Y)

A#([f]RX,y) = [A#(f)]RA@)OX,A@OY’
#A([f]RX,Y) = [#A<f)]RX®0A,Y®0A’

Proof. First we want to prove that

A#([f]RX,Y) = [A#(f>]RA®0X,A®OY’
#A([f]RX,;J = [#A(f>]RX®OA,Y®OA’

are well defined.

Let f ~ry, g, we have

A#(f) ~RAgyX,ARyY A#(Q)v
#A<f) ~MRxgoA,y®pA #A(Q)-

This follows from the definition of %—monoidal congruence in
Secondly, we want to prove the %—monoidal category axioms.

We want to prove for all A € ob(C/R) , a# and #, are functors. Given X,Y, 7 €
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ob(C/R), [f] € home,p(X,Y) and [g] € home (Y, Z).

Also,

a#(idy) = a#([idx]) = [a#(1dx)] = [id,px)] = id 4x)-

By a similar argument

#A([Q]RY,Z * [f]RX,Y) = #A<[g]RY,Z) * #A([f]Rx,Y>‘

For all A, B € 0ob(C) and morphisms [f] € hom¢/r(X,Y’), we have

A#(B#([f]Rx,y)) = A#([B#(f)]RB®OX,®OY)

= [A#(B#(f))]RA®0B®0X,A®OB®OY
by (5.1)

- [A®UB#(f)]RA®OB®0X,A®OB®OY

= A@OB#([f]RX,Y)'

#a@#B([f1rxy)) = #al#B(Nlrxees ves)

= [#A(#B(f>)]RX®OB®0A,X®OB®OA
bw(B.2)

- [#B®0A(f)]RX®OB®OA,Y®OB®OA

= #B(X)OA([f]RX,Y)'
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#A(B#([f]Rx,Y)) = #A([B#f]RB®OX,B®OY)

= [#A (B#(f>>]RB®OX®OA,B®OY®0A

by@ [B#(#A(f))]RBcaoX@oAvB@UY@OA

= B#(#A<[f]Rx,Y))'

#[([f]RX,Y) = [#I(f)]RX,Y
"D 1.

#(res) & [ #(Nlans
= [f]RX,Y'

O

Proposition 6.2.3. In the conditions of the previous proposition. If the 1/2-monoidal

category is slideable, then so is the quotient.

Proof. Assume

(Cv [7 X0, #(—)7 (—)#)

is a slideable %—monoidal category. Then if given a pair of morphisms f:x — y and

g: 2z — w we have

(fOw) x (z0g) = (yOg) * (fOz).

Assume

(C/R, 1, R0, #(-), (—)#)

is a quotient of the slideable -monoidal category. Let [f] € homc,g(z,y) and [g] €

home (2, w), we have
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Hence the quotient %—monoidal category is slideable. ]

6.2.1 The 1/2-monoidal closure of a congruence template

We defined in [3.5.6] the closure of a congruence template, defined in [3.5.1] in order to
define presentations of categories. We now define the 1/2-monoidal closure of a congru-

ence template, in order to define presentations of 1/2 monoidal and monoidal categories.

Note: We will use the notation ,#,(f) instead of ,# o #,(f) = #, o .#(f).

Definition 6.2.4. Let
(C7 -[7 ®07 #(—)7 (—)#)

1
2

ob(C). We say f,g: X — Y are related in W y y,and we put

be a 5-monoidal category such that C has a congruence template Wx y, for all X,Y €

frwe, g
if there are A, B, x,y € ob(C), f',¢": A — B and
a:X >1rR ARy, and f:x ®y B ®qy — Y,

hence fitting into the diagram below

O 'Oy

/\ 5
X — 5 2®A®y rT® B®y —— Y

\/r

09’ Oy

suchthat f = Bx (o #yf') *aand g = Bx (2 #y9') * o, and ' ~w, , g or g ~w, , ['.
Lemma 6.2.5. Let

(Ca -[7 ®07 #(7)7 (7)#)

1
2

ob(C). Letalso U € ob(C), f,g: X = Y, m: X' - X andn:Y — Y’ be morphisms

be a 5-monoidal category such that C has a congruence template Wx y for all X,Y €
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such that

f NEX,Y g‘

Then

v#(nx f*m) MW g0 xt vegy” vH(n*gxm),

#Hu(nx f*m) MW 00U #Hu(nxg*xm).
In particular (putting U = I) given then
nxfxm Wy UK G KN
asmaps X' =Y.

Proof. We have

f NEX,Y g'

So, there are A, B, z,y € ob(C), f',¢: A — B and
a:X 21rR® AR yand f:x Ry B®yy — Y

such that f = B x (. #,f') xaand g = B x (,#,9') xaand ' ~w, , g or g’ ~w, , f'.
Thus

fzﬁ*(x#yf,)*a

nkfrm=mn*pfxH#,f)xaxm

= (nxB) * (o#yf) * (a*m),

and
pttnx fxm) = uB((nx B) * (g ) % (0% m)
— (1% B) % oAty ) * oAb x )
YBD 1% ) x (vonethy ') % (e x m).
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Also,
g = B* (x#yg/> *Q
nkgrm=nxLfx(;#,9)*a*m
= (n* 0B) * (o#,9") * (% m),
and
v#E(nx gxm) = p#((nx B) x (+#,9') * (@ xm))

= u#(nx B) % uv#(H#y9) * v#(axm)

B k4 8) % (vswattad') % v (exm).
Therefore

v#(nx f*m) MWy xt vegy” v#H(nxg*xm).

By a similar calculation.

#Hu(nx f*m) MW 00y U #Hu(nxg*m).

Definition 6.2.6. Let
(C7 [7 ®07 #(—)7 (—)#)

be a %-monoidal category with a congruence template {WX,Y}( X,Y)eob(C)xob(c). Con-
sider the relation W  y in defined in home(X,Y), forall X,Y € 0b(C). For each
(X,Y) € 0b(C) x 0b(C), let

EX,Y

be the transitive, reflexive closure of W x . (So EKY is a relation in home(X,Y)).

If f,g: X — Y are related in EX,Y we write

f NEX,Y 9,

f = g or there exists an n € N, (A1, As,..., A,) € 0b(C)", (By,Bs,...,B,) €
ob(C)",(x1, T2, ..., 2y) € 0b(C)™ and (y1,Ya, - - -, Yn) € 0b(C)" foralli € {1,2,...,n},
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morphisms
a;: X = x; @9 Ai Qo Y,
fl/ Az — Bi,
g; Az — Bi,
Bitx; Qo yi @9 B; =Y,
such that

f = fl - Bl*(m#?ﬂf{)*al

o / / / / /
~Wyy 91 = Brx (e #y,G1) * i, where we have fi ~w, . gy or gy ~w, 5 fi

= f2 = 52* (m#mfé) * Qg

— R / / / / /
MWy = G2 = B2k (0 #y092) X 2, where we have [y ~w,. o G5 0F go ~w,, 5, [

= fo = Bnx (zn#ynfrlz) * Qi

/ ! / / !
Wy Gn = B * (anFynln) * Qn = g, where we have f), ~Wa, By In OF On ~Wa, 5, f

Theorem 6.2.7. The equivalence relations W x - on home(X,Y), for all (X,Y) €
0b(C) x 0b(C), are a 3-monoidal congruence in C Le, if
f Wy fland g Wy, qg.

Then

gxf~w,, 91,
#a) W ayaya AU,
AT () W snoen AT

Proof. Suppose

/
fNEX,Y f
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Then f = f’ or there exists n € N and there are f1, fo,..., f,: X — Y, such that
f=hrowey foforcwey farooo fac ~wgy fo= 1

Suppose

/
9~w,, 9
then g = ¢’ or there exists m € N and there are g1, g, ..., gm: Y — Z, such that

/
9 =091 ~Wy , 92,92 YWy , 9355 9m—1 YWy, Gm = G -

Then by Lemma6.2.5|

g f=g9*h ~wy, 9% f2

g* fa ~MWy o g* fs,

g* fo1~wy, gx fa=gx f.

Therefore
g*frwy, 9% [
Similarly
gxf'=gxf ~w,, gaxf,
gQ*f/ ~Wx 7 g3*f/7
gm1x ' ~w, gmx [ =g % f
Therefore,
g+ ~w,, 9+ [
Hence,

gxfrw,, 9+ [
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Also,

#a(f) = #a(f1) “Wyoavepn #aS2),
#a(f2) ~“Wiooaveo,a FaUS3),

#alfoo1) ~“Wygoayegs Falfn) = #a(f).

Therefore,

#a(f) #a(f).

~—
w)(®OA,Y®0A

AFE(f) = a1 Wy v aegy AF(2),
AFE(f2) Wy xoamyy AFF(S3),

AF#(fn-1) MW sgox, A0y a#t(fo) = a#(f').

Therefore,

a##(f) a# ().

o
Woasyx, Asgy

O

Definition 6.2.8 (1/2-monoidal closure of a congruence template). The equivalence re-

lations W x.y is called the %—monoidal closure of congruence template W y.

Definition 6.2.9 (Presentation of %—monoidal category). Let C be a free %—monoidal cat-
egory over the monoidal graph R. Let W y be a congruence template on the C. We say
that

c/ Ex,y

is the %—monoidal category that is presented by R and relations W y.

Definition 6.2.10 (Presentation of strict monoidal category). Let C be a free %-monoia’al
category over the monoidal graph R. Let W y be a congruence template on C. We say

that

F(C/Wxy)
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is the slideable %—monoidal category that is presented by R and relations Wx y. Here

we applied the slidealisation functor § in Proposition[5.2.9]

By using Theorem [5.4.6] then
S(C/Wxy)

has equivalent information to a strict monoidal category.

6.2.2 Example: the monoidal combinatorial braid category

Example 6.2.11. Consider the monoidal graph

ﬁ = (N7 Ea ®U70751752)a

where for all n, m € N, we have
m&on=m-+n,
and E = {X*, X"},
HXT=0XT =0 X" =6X =2.
Consider the path category over the extent 3* of the monoidal graph [3 (see[3.3.13).
P(p*) = (N,hompg-y(n,m), e, ¢),
we have a %—monoidal category

Q(B) = (P(B7), ®o, 0, n#, #m)

where

51(n#mX+) = 52(n#mX+) = 51(n#mX_) = 52(n#mX_) =n-+ 2 +m (62)
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So, we have the free—%—monoidal category-triple in sense of Def.

(8,9(B), 9).

We define the monoidal combinatorial braid category to the following quotient

5 (Q(B) / m,m) |

Where, given m,n € N, then W,, ,,, is the relation in homp(ﬁ*)(n, m) defined as below

(note that we omitted e from the notation)

o Ifm # nitis clear from incidences maps (6.2)) that homp(g+(n,m) = 0. So W, ,

is the unique equivalence relation on the empty set.

e m,n = 0. Then homps~(0,0) = {¢o}. The relation Wy is the unique equiva-

lence relation such that ¢g ~v, , @o.

e m,n = 1. Then hompg+(1,1) = {¢1}. The relation W1 ; is the unique equiva-

lence relation such that ¢, ~y, , 1.
o m,n = 2. hompg-)(2,2) is the set of words in X and X~. The two pairs of

related elements are

X*tX~ ~Wys 02,

X_X+ ’\’1/1/2,2 qbg.

e m,n = 3. homp«)(3,3) is the set of words in o #1 X T, 170X T and o #1 X, 170X .

The related elements are

1F0X ot X T 1#0X T vy, 0 X T1#0 X Tt X
170X 071X 170X T ~w s 01X 10X 01X
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In the next example we apply the congruence template W o,

T = (#20XTX7))#(XTXT)) ~wy, (27 02) (#202) = dads = du.

e

6.3 Tangles

In this section, we first define tangles from the geometric point of view. Then we give, a
presentation of the tangle category by generators and relations. These constructions are

discussed for example by Kassel [Kas12]] and Turaev [Tur90].

Kassel constructed a presentation for the tangle category [Kasl2, Chapter XII] in
similar way to group presentation. In group presentation, let G be a group and F' be
a subset of G and R be a set of pairs of words in the alphabet F. Then (F,R) is a

presentation of the group G if the two following conditions are satisfied:

e the subset F' generates G,

e two words a and b in the alphabet F' represent the same element in G if and only
if one may pass from a to b by operations replacing any subword of the form c by

a subword of the form d where (¢, d) belongs to R.

So Kassel took a collection of morphisms from the strict monoidal category (C, ®, I),
of tangles as generators. Then he define the equivalence between words in order to
have strict monoidal category. This presentation of the tangle category is not completely
combinatorial because it uses the category of tangles to explain how the generators and

relations for the monoidal category of tangles are to be interpreted.
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We provided in section a combinatorial presentation of strict monoidal categories,
by using presentations of %—monoidal categories. So we can use this to define formally

category of tangles by generators and relations.

Definition 6.3.1. (See for example [Kas12| Tur90, BS19,|CR89]). Let n, m two integers,
so a geometric tangle 1" from n to m is an embedded union of polygonal circles and

intervals in R? x I, such that:

TN R x {0})={1,2,...,n} x {0} x {0},
TN(R*x {1}) ={1,2,...,m} x {0} x {1}.

Example 6.3.2. The next picture represents a geometric tangle 'T' from 5 to 3.

e
D

Definition 6.3.3. (See for example [Kasl2, Tur90, BS19,|CR89)]). Two geometric tangles

Ty, Ty C R? x [0,1] are called ambient isotopic if there is a continuous map:
h: (R* x [0,1]) x [0,1] — R* x [0, 1],
such that

L. forall (z,y,2,0) € (R* x [0,1]) x [0,1], ~(z,y,2,0) = (2,9, 2);
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2. givenanyt € [0, 1], the map

R? x [0,1] — R? x [0, 1]

(z,y,2) = Wz, y,2,1)

is a homeomorphism;
3. forallt € 0,1] and (z,y) € R?

d h(x7y>07t) - <x7y70)7

o hiz,y,1,t) = (2,y,1).
4. h(Tl, 1) = TQ,
5. h(Ty,t) is a tangle for all t € [0, 1].

Proposition 6.3.4. (See for example[BL98]). We have a strict monoidal category of

tangles where

1. the set of objects is the set N of natural number,

2. foralln,m € N, the set of morphism from m to n is the set of equivalence classes

of ambient isotopy of (m,n)-tangles,
3. composition and identities are defined as in the case of braids,

4. the tensor product Ty ® 15 is the isotopy class of the tangle obtained by placing

Lo to the right of T}. (For the precise way to do this see [Kasl2| Section XII.2]).

Definition 6.3.5 (Category of combinatorial tangles). (See for example [CDM12|]). The
strict monoidal category T is the strict monoidal category (in the sense of Definition[5.3.2)),

whose set of objects is the set N, where the object monoid is (N, +,0).

The monoidal graph
B = (Na E(ﬁ)a X0, 07 515 52)7

where for allm,n € N, m ®yn =m +n, and

E(/B) = {X+7X—> U, m})
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where

(51X+ = 2, 52X+ == 2,
(SlX, - 2, 52X, - 2,
SHU=0,  &U=2,

(51ﬂ — 2, 5zﬂ — O,

that satisfy the following relations

o [71]: (idy ® N)(X; ®idy)(idy @ U) =2 id; = (id; ® N)(X_- ® idy)(id; ® V).
o [1]: (N®id))(id; ® U) 2 id; = (id; ® N)(U @ idy).

o [I3]: X X, ~¥idy @ X, X_.

o [T (X1 ®id))(id; ® X.)(Xy ®id)) 2 (idy ® X4 )(Xe @idy)(id; ® X, ).
o [13]: (N®idi)(id; ® X_) = (id;, ® N) (X, @ idy).

o (T3] : (N®@id)(id; ® X4) 2 (id; ® N)(X_ @ idy).

Note here similarly to the monoidal combinatorial braid category we have a 1 /2-monoidal
closure to the congruence template W defined in the %-monoidal category Q) and the

pairs above are the only pairs related by Wy 1, Wa o, Wy 3, W51, W 3.
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These relations can be presented geometrically as:

1]

o-Ho s

QN !Q w\:“@
A-hA-0




Chapter 7

Welded Tangle-oid Categories

7.1 Introduction

The theory of knotoids was introduced by Turaev and Lambropoulou [Turl?2, GKLI16].
“ Knotoids are represented by diagrams in a surface which differ from the usual knot di-
agrams in that the underlying curve is a segment rather than a circle. Knotoid diagrams
are considered up to Reidemeister moves applied away from the endpoints of the under-
lying segment” [[Turl2]. “The two endpoints may lie in different regions of the diagram.
They may move within their regions by planar isotopy, but they are not allowed to cross
over or under any arcs of the diagram. These are the ‘forbidden moves’ of the theory”

[GKLI6].

e IR

+

e IR

168
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Below we can see a geometric representation of four different knotoids.

Q@ D

My idea to consider welded tangle-oids categories arose from a talk by Sofia Lam-
bropoulou [GKL16]] in the conference Loops in Leeds” 1-4 July 2019. Welded tan-
gleoids generalise the welded virtual arcs defined in [KMOS|] and also considered in
[Sat00]], the definition of welded virtual arcs is similar to the definition of welded virtual
knots with addition move [WT33]" and [WT;4] in the definition of welded tangle-oids
categories below. Also, we can see welded tangle-oids categories as a generalisation of

tangle categories by added welded virtual arcs.

We here consider a formulation of welded knotoids within a strict monoidal category
of welded tangle-oids, which we define by using generators and relations. We will take

the presentation of the category of tangles as our starting point.

7.2 Unoriented Welded Tangle-oids

We will define a monoidal category of unoriented welded tangle-oids by giving a pre-
sentation, as defined in Definition |6.2.10} by using presentation of slideable %-monoidal
categories . We proved in W slideable %-monoidal categories are isomorphic to strict

monoidal categories.

Definition 7.2.1. Consider the monoidal graph

B =N, E(B), ®0,0,01,0),
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where for all m,n € N, m ®yn = m + n,and

E<ﬁ) = {X+,X_,X,U,ﬂ, i '}7

the incidence maps

51X+ - 2, (52X+ = 2, 51X_ = 2, (52X_ == 2,

51X - 2, (SZX == 2, (51U - 0, 52U - 2,
61ﬂ:2, 62ﬂ:0, 511 = 1, (521:(),
0! =0, ol =1.

These generators can be presented geometrically as
/
x.»X  x=-X x=X u-J

Aol ) -] i

Consider the path category, see(3.3.13|over 5%, the extent of the monoidal graph 5.

P(ﬁ*) = (N, homp(ﬁ*)(n, m), o, gb?)
Therefore
Q(B) = (P(B*>’ ®07 Oun#a #m)

is a %—monoidal category, whose set of objects is the set of natural numbers, where for
alln,m,k € N;
nHm(k) =n®ok @ m=n+k+m,

and for all generating morphism (f: k — k') € E(3), we have

n#m(f):n+k+mM>n+k'+m.
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Then we have the free-%—monoidal category-triple in sense of Definition m

(8,9(B), 9).

Definition 7.2.2 (Unoriented welded tangloids category). The unoriented welded tan-

gloids category UWT'C' is the strict monoidal category formally presented by

5(200) /1),

where )(3) defined in Definition and W is the %-monoidal closure of the congru-

ence template W that is defined as follows.

Givenm,n € N, then W, ,, is the relation in homp(g- (m,n), defined as ( the picture
will follow)

In hompg+)(1, 1), we have the only relations

(W] - (idy @N)(X ®idy)(id; @U) ~wy , idy ~wy, (N@1dy) (Id © X)) (U®idy).

(W« (id;@N) (X4 ®idy ) (idy ®U) ~yps , idy ~pn , (i ®@0)(X_@id; ) (idy @U).

(W) - (N®idy) (id; @ X ) (Uidy) ~wy, idy ~wy, (N@Ed)) (1d @ X ) (URid, ).

[WT4] . (ﬂ & ldl)(ldl & U) ~MWia 1d1 ~MWy 1 (1d1 & ﬂ)(U & ldl)

In homp(g+)(2, 2), we have the only relation

L] [WT5] . X_X+ ~Wao 1d2 ~Wa o X+X_.

In hompg+(3, 3), we have the only relations

o W15 : (X;®idy)(id; ® X4 ) (X4 ®@idy) ~wy, (1di @ X4) (X4 ®@idy) (idy @ X).
o (WTr]: (X4 ®id)(id; ® X)(X ®1idy) ~w, (id) @ X)(X @ idy)(id; @ X3).

) [WTg] . (X ® 1d1)(1d1 ® X+)(X_|_ ® ldl) NW3’3 (ldl ® X+)(X+ ® ldl)(ldl ® X)
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In hompg+)(3, 1), we have the only relations

o (WTyl: (N®idy)(id; ® X_) ~w,, (id; ® N)( Xy @ idy).
® [WTQ]/ . (ﬂ X ldl)(ldl X X+) ~Ws 1 (ldl X ﬂ)(X_ X ldl)

[ ] [WTQ]” : (ﬂ X 1d1)<1d1 X X) ~Ws 1 (ldl X ﬂ)(X X ldl)

In homp+)(1, 3), we have the only relations

[ [WTlo} . (1d1 X X+)(U X ldl) ~Wy 3 (X_ X ldl)(ldl X U)
o (WT] : (id; ® X_)(U®1idy) ~w,, (X4 ®@idy)(id; ®@ U).

® [WTlo}H . (1d1 X X)(U X ldl) ~Wis (X X ldl)(ldl X U)

In hompg)(1,0), we have the only relation

[ ] [WTn} : ﬂ(1d1®') NWl,O l NWl,O ﬂ(' ® 1d1)

In homp(+)(0, 1), we have the only relation:

o [WTis] : (idi®)U ~wpy ! o, (1@ idy)UL

In hompg)(2, 1), we have the only relations

[WTlg} : (l & ldl)X+ ~Wa 1d1®|

[(WTs]" : (idi®§) X_ ~w, i ® idy.

[WT14} : (l X ldl)X ~ W 1d1®|

(W] (1di @)X ~w,, | ® ids.

Note that we do not impose that in homp-)(2,1):
(| & ldl)X_ FWy 1d1®|
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These relations can be present geometrically as (note we read the diagram from bot-

[WT,] [WT] [WT,]

[(WT,]

g
]/\ / [S%'*Yﬁ %\"%\

[WT,] ( (W1 ) [T, )"
A oA-hoake
W, [(WT WT,]"

b T
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(W] [WT,]
(=100 -l
[WT,;] [WT,,]
Ko A >N

[WT,J] [WT.]

A X

we do not impose that:

X
\)

7.3 Oriented Welded Tangle-oids

Now we will define the oriented case of welded tangle-oids categories by using presen-

tation of slideable %-monoidal categories.

Definition 7.3.1. Consider the monoidal graph
6 = ({+7 _}*7 E(ﬁ)a ®07 (Da 51a 62)7
where for all words u,v € {4, —}*, we have

U R V= uv.
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Note {+, —}* means the monoid of words on set {+, —}.

E(/B) = {ﬁ,j,ﬁ,ﬁ),X+,X+,Z,)z>,X_,X_,K,)T_>,X,X,?,? i

5 X, = ++,
P —
OX_ =4+,
P ap—
HX = ++,
5% = -1,
g p—
5,0 =0,
o1j = +,
5,1 =0,

5o X, = ++,
522 =+-,
5o X_ = 4+,
S
52X = ++,
5 X =+,
5N =0,
5,0 = +—,
dai = 0,
Sl = +,

51Xy =
5 X, = +—,
1P —
5 X =,
5X = ——,
HX =1,
g f——
5,0 =0,

o1 = —,

5! =0,

These generators can be present geometrically as

> >

!

=2 A >
\

|

.

AN

YN

~

NARASS
02Xy = ——,
—
52X+ = _+7
5o X = ——,
(ng == —+,
5 X = ——,
62Y — _+7
(Sgﬁ - @,
62@ - _+7
5Zi = ®7
09! = —.
C—
X+ _h\\
e
X~ X
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Consider the path category, see |3.3.13| over 5%, the extent of monoidal graph [ (see
B.3.13).
P(ﬁ*) = ({+a _}*a homP(ﬁ*)(* ) *)7 o, ¢7)

Therefore
Q(B) = (P(ﬂ*)a ®07 wa u#a #v)

isa %—monoidal category where for all sequences u,v, k of {+, —}",
u#v(k) =n Qo k Ko m = ukv,

and for all generators morphism (f: k — k') € E(B), we have

u#v(f):u®0k®()vmu®ok/®ov.

Then we have the free—%—monoidal category-triple in sense of Def.

(8,8(B), 6).

Definition 7.3.2 (Oriented welded tangle-oids category). The oriented welded tangle-

oids category OWT'C' is the slideable %—monoidal category formally presented as

5(209) /)

Where () defined in De . and W is the %-monoidal closure of congruence tem-
plate W that define as follows. The pairs of morphisms below are the only ones that W

relates.

Given u,v € {+, —}", then W, is the relation in homp g~ (u,v), defined as below

In homp(g+)(+, +), we have the relations

o WT) : (idy ® )X @id_)(id; ® U) ~y, , idy ~w,, (N ®@idy)(id_ @
X)(U ®id,).
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o WT: (idy ® T)(Xy ®id_)(idy ® U) ~w, , idy ~p, , (idy ® T(X_®
id_)(id, ® 0),

o WT3: (A ®id)(id- ® X_)(U @idy) ~w, , idy ~, , (M @idy)(d- @
X)(U ®idy)

o WT): (A ®id)(idy ® U) ~w, , idy ~w, , (idy © 7)(T @idy),.
In hom p(g+)(++, ++), we have the only relation:

o WTs]: X X, ~y,, ., idy @idy ~w, ., X. X
In homp(g+)(+ + +, + + +), we have the only relations:

o WT] : (Xy @idy)(idy ® X)(Xy ®@idy) ~wyy . (de ® X)Xy ©
id,)(idy ® X,).

o WTH]: (X} ®idy)(idy ® X)X @idy) ~wyy o, (idy @ X)(X @idy)(idy ®
X,).

o W : (X@idy)(idy @ X )(Xp@idy) ~wy e, (1dp@X ) (X @idy)(idy ®

A~

X)
In homp(g+)(+ + —, +), we have the only relations:
o WT: (A @idy)(id, ® X_) e, (idy @ T)(X, ®@id).
In homp(g+)(— + +, +), we have the only relations:

o W) (A ®id)(d ® X,) ~w., , (ids ® T)(X_ ®@id.).

o W) (A @idy)id- ®X) ~w,. . (dy © (X @id_).

In homp(g+)(+, — + +), we have the relations:
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o W) : (id_® X)) (U @idy) ~w, . (X ®idy)id, ® U).

In hompg+)(+, + + —), we have the relations:

o Wl : (ids ® X_)(T ®idy) mar, ., (X2 @id_)(idy ® U).

o« Wl : (idy © (U @idy) ~y s (X @id)(ids © U,

In homp(g+y(+, D), we have the relation:

ol

: . o
o Wih]: M(Idy®!) ~w, i ~wp, N(T®idy).

In homp(g+) (0, +), we have the relation:

~

o [WTiy: (idJr®i>G s L w, (1@ id+)@~

In homp(g+)(+-+, +), we have the relations:

A

[WTis) : ((®idy) Xy~ idy @1

(WTis) : (idy ® DX_ ~w,,, [ ®idy.

WT: (®id) X~ ids @1,

W) : (idy @ DX ~wy,, (| ®ids.

Note that we do not impose that in hompg«)(++, +):

(I ® 1d+>X* OOW++,+ 1d+ ® I

These relations can be presented geometrically as
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[WT.,] [WT,.]
AR U R

[WT,.] [WT,J]'
XK A >N

WL [WT,J'

X

s X
we do not impose that:

X - A

Note: In the oriented case of welded tangleois, the level of complexity of the relations

\/z/

112

is a lot higher, in comparison with the unoriented case, as there are several other cases

depending on orientations. To the relations above we still need to add more relations

with different orientation conventions.
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7.4 Functorial invariants for Welded Tangle-oids cate-

gories

In this section we define functorial invariants for welded tangle-ids categories from a
finite group and from a group acting on an abelian group. Useful references are [KMOS,
BMM18, DMMZ21]. is inspired by the invariants of tangles and welded virtual arcs in
[KMOS].

7.4.1 Functorial invariants from finite groups for the UWTC

Theorem 7.4.1. Let G be a finite group. There is a unique strict monoidal functor F
from the category of welded tangle-oids to the strict monoidal category Vecq defined in

5. 1. 11} such that on objects for all n € N
F(n) =n.

On morphisms

F(U): F(0) — F(2)
is the map in Vec

C— C(G x G)
tty (9,97

geG

So the matrix elements of F'(U) are

1, ifh=g"
AIFQ) @y =] PO

0, otherwise.
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F(N): F(2) — F(0)

is the map in Vec

C(GxG)—C
such that on the basis G x G of C(G x G), we have

(g,h) = (g, h71).

So the matrix elements of F'(N) are

1, ifh=g"
n Foyy=4 T

0, otherwise.

F(X,): F(2) = F(2)

is the map in Vec

C(G x G) = C(G x G)

such that, on the basis G x G of C(G x G), we have
(9.h) = (ghg™", 9)-
So the matrix elements of F'(X ) are

1, ifg =ghg',h =g
((g;h) | F(X3) | (¢, 1)) =

0, otherwise

F(X_):F(2) — F(2)
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is the map in Vec

C(G x G) = C(G x G)

such that, on the basis G x G of C(G x G), we have
(g,h) = (h, h™"gh).
So the matrix elements of F(X_) are

1, ifg =h,N =h"1gh
((g; 1) | F(X2) | (¢, 1)) =
0, otherwise.

F(X):F(2) — F(2)

is the map in Vec

C(G x G) = C(G x G)

such that, on the basis G x G of C(G x G), we have
(9,h) = (. g).
So the matrix elements of F'(X) are

L, ifgd=hh=yg
((9. 1) | F(X) | (¢, 1)) =
0, otherwise.

F(1): F(0) — F(1)

is the map in Vec

C — C(G)

Lty g

geG
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So the matrix elements of F(!) are

(LI F() g =1

is the map in Vec

such that, on the basis G of C(G), we have
g— 1.
So the matrix elements of F'(j) are
(gl FQ{) 1) =1

Proof. Step 1: Q([) is a free —%—monoidal category-triple over the monoidal graph /3
and 0: 5 — U(Q(B)) is a monoidal graph map [6.1.4] such that, on objects, n — n,
and on morphisms = — (0,z,0). Let A = Vecg, there is a monoidal graph map

0: 8 — U(Vecg) that on objects n € N.
n—n,

and on morphisms E(5) = {X, X _, X,U,N,|,!}, 0 define as F in the statement of this

theorem.
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To prove 6 is a monoid map need to show for all z € E(3), 6;(Eg(x)) = Vy(d;z).

01(Eg(X4)) = 2 = V(61X ),
02(Ey(X4)) = 2 = V(62X ),
01(Ep(X-)) = 2= Vp(:.X_),
02(Ep(X-)) =2 = Vp(02X-),
01 (Ep(X)) =2 =Vp(0:.X),
02(Ep(X)) = 2 = Vp(02X),
01(Ep(V)) = 0= Vy(6:1U),
02(Ep(V)) = 2 = Vy(b2U),
d1(Ep(N)) =2 = Vy(6:10),
02(Ep(M)) = 0= Vy(d21),
01(Ey(i)) =1 = Va(ri),
02(Ep(i) = 0 = Vo(b2i),
0 (Ee(1)) =0 = Va(d1)),
G (Ep(1) =1 = Vy(da!).

Also forall n,m € N,
Vo(n+m) =n+m = Vy(n) + Vy(m).

By applying the universal property, we have a unique %-monoidal functor F:Q(5) —

Vecg, that makes the next diagram commute.

B —2— U(Q(B))

S b

UVeca)

Step 2: Consider the %—monoidal functor F: Q(5) — Vecg. Let W be the congru-
ence template that was defined in We have for all objects n, m € ob(2(f3)), and
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morphisms f, g: m — n.

o If f ~y gthen F(f) = F(g), by a series of explicit calculations that we will do

in step 4.

o If f ~y g, then there are objects x,y, A, B, and morphisms f', ¢ A — B,
am — x+ A+yand iz + B+ y — n, all in the category €2(/3), such that

f=Ax(u#yf')xraand g = Ax (o#,9) x, and f" ~w, , g
We know F'(f') = F(g'). Therefore, since F' is a 1/2-monoidal functor

F(f) = FO) * (ray#re F(f1) * F(a),

F(g) = F(\) * (ray#re F(9)) x F(a).

Hence

o If f =w ¢, then there is n € N, n-morphisms fi, fay -+, fn, such that f =
f1> fn =g and

f=hr~wforw farcw ..o ~w fa=g.

Then
F(f)=F(fi)=F(f2) = =F(f.) = F(9).

e The 1-monoidal functor F: Q(3) — Vecg “descends” to (3)/W. This means
that there exists a unique 3-monoidal functor F': Q(8)/W — Vecg, that on ob-
jects

F'(n) =n,

and on morphisms
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F'is %—monoidal functor because

F'(a#s([f1) =F'(a#5(f))
=F(a#5(f))
=py#rm) (F(f))
=y #rs) (F([f])-

Note that the diagram commutes

Q) —— Q(B)/W
\ lF'
Veca

Step 3: Recall that Vecg is slideable. From the universal property of slidification
5.2.10, we have a unique functor F”: F(Q(3) /W) — Vec that makes the next diagram

commute.
QB)/W. —— §(Q(B)/I)
\ lF//
Veca
Step 4: Let us now show the explicit calculations. Here [WT;], i = 1,...,14, is the

relation of welded tangle-oids categories as in the definition.

e Letg € G. We have

Wil g S S g, nh ) FEE, S (g n Y

hed heG
FOLE0, SN (g, h) = g,
heG
TR Y b g) HEES Y (g b7
hed he@

T Y o =
heG
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e Let g € G. We have

F(id F(X4+®id1) _ _
W g % S (g, ho k) B N ghg g h 7Y

hea he@
F(id;®n -
Fldien), Zghg 'o(g,h) =
heG
g FEE, Sy ) T, S g, )
heG heG
T S h6(h ghy k) = g.
heG

Sinceh'gh=h< hlg=1<h=y.

e Let g € G. We have

F(URid;) _ F(idi®X_) 1,
[WT?)]g —1> Z(hvh' 17g) 1—> Z(hvgvg lh lg)

heG heG
0o, > o(h,g g h g =g.
heG
g NN (n Y, g) FEEEL NN (ke gh, Y
heG he@
L(Osidy), S S(hh g ) =
heG

Sinceh=h"'gth& h !t =

e Letg € G. We have

Wy g S8 $7 g nh ) DO, S (g,

heG heG
p F(U®id:) Z(h, h_l,g) F(idi®nN) Z h 5(h_1
heG heG

e Let (g,h) € G x G. We have

(WT5] (g, h) M (ghg™", 9) Bﬂ (9,97 ghg™"g) = (9, h).
(g, 1) 22 (b htgn) ZE (hhtghh B) = (g, h).
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o Let (g,h,k) € G x G x G. We have

X+®ld1 F(id1®X+

_ ) _ _ F(X4+®id1)
(ghg™ ', g.k) —— (ghg ", gkg™ ", ) ——

(W T k)

(9,
(ghg~'gkg'gh™ 97", ghg™", g) = (ghkh™ g™, ghg™", g).
(
(

F(X4®idy) F(idi®Xy)

g, h, k) ZEE (0 hkRt h) (ghkh™'g™', g, h)

ghkh™'g™', ghg™", g).
o Let (g,h,k) € G x G x G. We have

X®1d1) X+®1d1

(W4 (g, h, k) (h,g, k) 25k, g) (hkh™", b, g).
(g, hy k) 289X hkeh=t, h) 259, Gt gk
F(id1®X) (hk‘h_l,h,g).

o Let (g,h,k) € G x G x G. We have

F(X idq _ F(id1®X _ _
(W] (g, h k) 229 (ghg =t g k) 28X (0hg=1 kg™, g)
F(X®id _ _
KB, (gkg™", ghg™", g).
F(id;®X) F(X, ®id;) _
(gahak)%(gakvh) A - (gkg 1797}7’)
POLEX), (gkg™, ghg™, g).
o Let (g,h,k) € G x G x G. We have
(W) (g, h, k) 25 (0 b k= hk) 2029 59 k=1 kb
ghg™, ifg=k""
0, if g # k7L,
F(X4®id;) _ F(idi®n) _ _
(g,h, k) — (ghg™', 9. k) —— ghg™'8(g,k™")

ghg™, ifg=Fk""

0, if g £ k1.
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o Let (g,h,k) € G x G x G. We have

WT) (g, h, k) 2892500 0 pnt ) 2O990, 500 pieth1)h
h, if g = hk-lh-1

0, ifg+#hkthL.

F(X_®id) F(id;®N)

(9, h, k) (h,h™"gh, k) ho(h™ gh, k™)
h, ifh~lgh =k

0, ifh'gh £k
Note: g = hk='h™! & h=tgh = k7L
e Let(g,h,k) € G x G x G. We have

(WTo)" (g, h, k) 2225 (g &, by 2029, 50 k)

h, ifg=Fk-!
- 0, ifg#k2.
(g.h, ) TEE, (g, k) I, (g, k)
h, ifg=Fk!
- 0, ifg#kL

e Let g € G. We have

Wil g 2220 N (hoh ) S5 N vt n Y.

heG heG
g NN g nh ) BT NN (g, h Y.
heG heG

e Letg € G. We have

F(URid;) _ F(idi®X_) 1
Wl g ——> (h,h™",9) ——= (h,g,9"'h"g).
heG heG

F(1d1®u) Z h h X+®1d1 Z(ghgil,g, hil).

heG heG
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e Let g € G. We have

F(Uid _ F(id1®X _
[WTIO]//Q M Z(h7h 179) M Z(hagah 1)'

heG heG

F(idi®U) 1. F(X®idy) _
g % Z(g7h7h 1) —1> Z(hagah 1)'

heG heG

e Letg € G. We have

W] g > (9. h) 0, > d(g.h7h =1.
heG heG

F(i) 1

F(!l®idy F _
g "N ) TN S(h,g ) = 1

heG heG

i
c

_ F(id1®j)
(9.9 ——=> 9.

geG

[WTlQ] 1

i
Q
m
Q

|
]

g.

_ F(i®id;) _
(9.9 —=> g"

geG

Q
m
Q

—
3
<

Q
m
Q

e Let (g,h) € G x G. We have

[WTa) (9. h) “ (ghg ™", g) “02

e Let (g,h) € G x G. We have
(WTial' (9, h) <5 (b h™'gh) S0 b,

(g’ h) F(i®idy) h
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Let (g,h) € G x G. We have

W] (9,h) =25 (h, ) 22
(g h) F(id1®i)

WLl (9.h) = (h.g) == h
(9.h) = b

The following example is in [KMOS].

Example 7.4.2. Consider the following morphisms of the category of UWTC.

We want to calculate the functorial invariant from finite group.

F(URU) _ 1\ Fidi®X4®id)) _ L
F(L)=1—= > (9,97 hh") ——— > (9.9 'hg,g " ")

gvheG g,hGG
F(idi ®X 1+ ®id1) Z (g g_lhg_lh_lg g_lhg h_l) F(n®N)
g,heG

> 6(g.9 hgh ™ 9)d(g " hg, k) =| {(g.h) | gh = hg} | .

g,heG



193

F(UeU) _ _ F(idi®X®id1) _ _
F(L)=1——= > (9,9 h,h") =53 (g hog ' 07

g,heG g,heG
e > (g, hg ' b AT Toen,
g,heG
> 6(g,hgh™)3(h,h) =| {(g.h) | gh = hg} | .
g,heG
Then
F(L)=F(L).

We can see in this example although the two knots is different but the invariants are the
same, so this invariants do not separate all knots. Now we will define another invariants

and we will see after that if this invariants will separate this knots in the example.

7.4.2 Functorial invariants from group acting on abelian group for

the UWTC

This is construction is inspired by the invariants of welded virtual arcs in [KMOS]].

Theorem 7.4.3. Let GG be a finite group act on an abelian group A . There is a strict
monoidal functor F' from the category of welded tangl-oids to the strict monoidal cate-

gory of Vecgx a, such that for alln € N,
F(n) =n.

Moreover

F(U): F(0) — F(2)
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is the map in Vec

C—=C((GxA) x(GxA)
t—t Z (g,a,g7 % a7 ).

geG,a€A

So the matrix elements of F'(U) are

L, ifh=g ' b=a",
(L F(U) | (g,a,h,b)) =

0, otherwise.

F(N): F(2) — F(0)

is the map in Vec

C((GxA)x(GxA)—C

such that, on the basis (G x A) x (G x A), we have
(9.a,h.b) = d(g,h")o(a,b7").
So the matrix elements of F'(N) are

((9;a,h,b) | F|1) = 1.

F(X,):F(2) — F(2)

is the map in Vec
C((GxA)x (GxA)—C((GxA) x(GxA))
such that, on the basis (G x A) x (G x A), we have

(9.a.h,5) = (ghg ™", (9>b), g. (950" )ab).
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So the matrix elements of F'(X ) are

((g,a,h,b) |[F(X1) | (¢, a1, 0))
1, ifg =ghg™, d =gvb I =g,V =g>blab,

0, otherwise.

F(X_):F(2) — F(2)

is the map in Vec

C((GxA)x (GxA)—C((Gx A) x(GxA))
such that, on the basis (G x A) x (G x A), we have

(9,a,h,b) s (h, (h~'>a=Yab, h~tgh, (h' > a)> .
So the matrix elements of F'(X_) are:

((g,a,h,0) [F(X_) | (¢, a, W, 1))
1, ifgd=hd=nhtratab,h' =h7tgh, b/ =h'>a,

0, otherwise.

F(X):F(2) = F(2)

is the map in Vec
C((GxA)x (GxA)—C((GxA) x(GxA))
such that, on the basis (G x A) x (G x A), we have

(g7a7 h7b) H (h7 b7g7a)'
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So the matrix elements of F'(X) are

L, ifg=hd=bh=gl=aq,
((9,a,h,0) | F(X) | (¢',a, B, ) =

0, otherwise.

F(1): F(0) — F(1)

is the map in Vec

C — C(G x A)
Lt (g,04).

geG

So the matrix elements of F'(!) are

1, i CZIOA,
ALIEO (g, a) = !

0, otherwise.

F(j): F(1) — F(0)

is the map in Vec

C(GxA)—=C
such that, on the basis G x A, we have

C(G x A) - C

1 ifa =04k,
(9,a)
0 otherwise.

So the matrix elements of F'(j) are

((g;0) [ F()) | 1) = 1.
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Proof. e Let (g,a) € G x A, we have

F(id; “
Wi (g,0) “255 37 (gya, bbbt b ZEE
heG,beA
- - F(id1®N)
> (hbigia ™) S ST (6)a(g, h)d(a,b) = (g,a).
heG,beA heG,bec A
(g:0) L2290 S™ (b, b, b g,0) L,
heG,be A
> (h,b, g,a, k=1, b1y ZOZD),
heG,beA
> d(hg )oba (DT = (g,a).
heG,beA

o Let(g,a) € G x A, we have

F(id1®U) F(X+®id1)

[WT] (g, a) > (g.a,h.b, 707

heG,beA

> (9hg' (920, g, (956 b, h7 b7
heG,beA

> (ohg ™95 b) (89, Wo((g> b abb)) = (g.0).

heG beA

F(id;®N)
e

Note: 6((g> b 1)ab,b) =1 < (gob Nab=bs gob ' =a ' g>b=a.

F(id .
(9,0) "2 ST (g am bty K,
heG,beA
S (h (e a b, h7gh, (7 pa), A7 1) HEED,
heG,beA
> (h (e a ) (5(h 7 gh (T B a.b)) = (g,a).
heG,beA

Note: §(h~gh,h) =1 h™lgh=h & g =h.

S(hlvab)=1ah'ra=bshtval=0""1
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e Let (g,a) € G x A, we have

F(U®idy) F(idi®X_)
—5 —

[WTs) (g,a) > (b b g a)

heG,becA

> (h, b, g, (g7 > Db ta, g ATy, (g7 b“))
heG,beA

> (0thg ™o (g7 0 ) ) (97 0 Mg g7 0 b ) = (g,0).

heG,beA

F(ﬂ@idl)
e

Note: 6(b, (g7 ' b)bta) ) =1b=(¢'pb Nabsa=gpbl.

(g.a) D2 N (b, kb goa) SRS,
heG,be A
S (hob gk, (e a) b (0 e ) S
heG,bcA
> (St g o0 h e a ) (7 (a0 a) = (9,a).
heG,bcA
e Let (g,a) € G x A, we have
WTi) (g,0) 2525 37 (g,a,h,b, 07! b7 S
heG,beA
> dlg.hHsla, b () = (g,0).
heG,beA
(g.a) 220 ST (hb b g,a) S

heG,beA

> (b g s a ) = (g,a).

heG beA
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e Let (g,a,h,b) € (G x A) x (G x A), we have

F(X_)
—

F(X4) _ .
(WTs] (g,a,h,b) — (ghg L(geb), g, (g b l)ab)

(g, (g7 > (g b)) (geb)(gb)ab), g 'ghg g, g g b)

= (g,a,h,b) x.

<g7 CL, h7 b) H <h7 (hil > a’il)ab7 hilgh, (hil > CL)) M

<hh‘1ghh‘1, (hoh~tea), by ho (bl s a) " (A~ > a Dab(h~ > a)>

= (g,a, h,b) * x.

* g7 (g20) 7 (gob) (gob~H)ab = g~ (geb) T (gpbbT)ab) = g~ (geb) T (ab) =
g le(gebt)(ab) = b tab = a.
b (b sa) Y (W 'ea Hab(h ™' >a) = hoh tea™ (R sa ) (h b a)(ab) =

atab=b.

e Let (g,a,h,b) € (G x A) x (G x A), we have

F(X+®id1) F(id1®X+)
0 T

[WTG] <g7a7 h7 b7k7 C)
B B B B F(
(ghg Y (geb), gkg™', (9> c), g, (g ) ((g>b 1)ab)0>
(ghg‘lgkg‘lgh‘lg‘l, ghg™' > (g ), ghg™,

ghg™ & (95 0) " (geb) (g5 <), 9. (95 ) (g5 b abe)

(9h9™", (92 b), g, (g5 )ab, k, c)

X, ®id,)

= (ghkh’lg’l, (ghvg'>g>c), ghg™, (gh> g > g ) (g be),
g, (g% (be) ")abe)

= (ghkh‘lg‘l, (ghvc), ghg™", (ghe>c ) (g>be), g, (g (bC)‘l)abC> :



200

F(id1®X+) F(X+®id1)
R S 7

(g, a,h,b, k, c)

(ghkh_lg_l, (g>hrc), g, (g (hoc) Ha(hec), h, (hbc_l)bc>

(g, a, hkh™Y, (h¢), h, (hm-l)bc)
(ghkh’lg’l, (g>hrc), ghg™, g ((h>c)be),

g, 9> ((h>c1)(be) " (g> (hec)ra(he o)) ((he Cil)bC))
= (ghkh‘lg‘l, (ghwc), ghg™", (ghvcH)(gwbe), g,

(gvhoc)(gp (bc)—l)(g>h>c—1)a<h>c)(h>c—1)bc>

= (ghk‘h‘lg‘l, (ghwc), ghg™", (gh>c ) (g>be), g, (9> (bC)‘l)abC> :

o Let (g,a,h,b) € (G x A) x (G x A), we have

F(X®id1) F(id1®X)
s e

(.b.g.a.k,c)

F(X+®id1)
7

[WT7] <g7 a, h7 ba ]{7, C)

<h, bk c g, a) <hk:h‘1, (ho¢), h, (h> ¢ Vbe, g, a> .

id1®X+)

<g,6L, h7 b,k’,C) F(—>

F(X®id1)
—_

<g, a, hkh=1, (h>c), h, (hbc‘l)bc>
hkh™, (h>¢), g, a, h, (h>c Hbe
(

EGS0, (bt (he), b, (hc e g, a).

e Let (g,a,h,b) € (G x A) x (G x A), we have

X+®id1)

[WTS] <g7 a, h’7 b7 k’ C) F(—>

F(idi®X+)
—

(ghg_l, (g>0), g, (gbb_l)ab, k, c)
_ _ _ _ F(X id1)
(ghg Y o(ged), gkg™', (9> c), g, (g M) (gpb 1)abC) -

(gkg’l, (g>c), ghg™", (g b), g, (gw*l)(wb”)abC)

(9.0 hbke) P, (g 0k o p) T,
<9/€g’1, (g>¢), g, (g>cVac, h, b) Fldioxy),

(gkg‘l, (g>e), ghg™, (g b), g, (g>b‘1)(9>c‘1)acb>.
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e Let (g,a,h,b) € (G x A) x (G x A), we have

W] (g0, b, b, b, ¢) 22250

F(N®id1)
_—

(g, a, k, (k250 Ybe, k~hk, (kL >b)>
(5(g, kD8(a, (k1o b)b e )k hk, kb b))

(ghgt,g>d), ifg=k"'a= (k"> !

0 otherwise.

(9, a,h,b,k,c) Hteid, (ghg‘l, (g>b), g, (g b~")ab, k, c)

((ghg™. 9> 0)3(g.k™)d((g> b )ab.c ™))

F(id1 ®ﬂ)
—

(ghg™t, gvb), ifg=kt ct=(gob1ab

0 otherwise.

Note: 6(g,k7') =1 g =k ! and,
S(a, (k7o bbb le )y =1 6((g> b Hab,c7t) =1,
e Let(g,a,h,b) € (Gx A)x(Gx A), we have
W) <g, a h, bk, c) FlidioXy), (g, a, hkh™Y, (hoc), b, (ho c’l)bc)
F(N®id:)
—

<5(g, hk~hYd(a, hs ¢ (h, (ho c’l)bc))

(h,abc) ifg=hkh ta=hpvc?,

0 otherwise.
<g, a.hb k. c) FEsidy, (h, (h~'>a Yab, h~'gh, (b~ > a), k, c>

F(idi®nN)
—

,(hm">a )a TTghy KT T ra,c
h, (bt Yab)s(h tgh, k= Hs(h ! !
(hyabc) ifk~'=h"tgh,c' =h lp>a,

0 otherwise.
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e Let (g,a,h,b) € (G x A) x (G x A), we have

(W) <g,a,h, b, k;,c) LheX),

F(N®idy)
_—

(g, a, k, c, h, b)
(39, k™ 1)o(a. ¢ )(h.0))
(h,b) ifg=kta=c"t

0 otherwise.

(g.a.1,, k)

T ((h0)d (g, ko))

h,b) ifg=k™ ' a=c",
(

FEE (hb gk )

0 otherwise.

o Let(g,a) € (G x A), we have

F(U®id;) F(idi®X )
_ _—

[WTy) (g,0) > (bbb b g, a)

heG,beA
> (bbb gh, (R e a), A7 (B e a )b ).

heG,beA

F(id1®U) F(X_®id1)
—_— e

(9.a) > (g.ah bt b 7

heG beA

> (b (B eaab, b gh, (B e a), 767,
heG,beA
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e Let(g,a) € (G x A), we have

W] (5.0) Z S b b g S
heG,be A

> (g (g7 b, g AT, (g7 b))
heG,beA

F(id1®U) F(X+®id1)
R RRA i

> (g,a,h,b,h7 07

heG,beA

> (ghg™", (g»b), g, (g b H)ab, K71 b71) % k.
heG,be A

(g,a)

* and ** are equal because the > itisoverall h € G and b € A.

e Let(g,a) € (G x A), we have

[WTIO]// <g7 a) M Z (h’7 b7 h/717 bil? g? a/) M

heG beA
> (hb g a, BT,
heG,beA
(g.0) 292N (g bbbty SRR,

heG,beA

> (hbyogoa, BT,

heG,beA
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e Let(g,a) € (G x A), we have

[WTII] (gv CL) M Z(gv a, ha OA) m Z 6(97 hil)(s(aa OA)
heG heG

1 ifa=0y4,

0 otherwise.

1 ifa=04,

0 otherwise.

(g.0) “E S (0, 04,9,0) 253 6(hg)6(04,a7Y)

heG heG
1 ifa =04,
0 otherwise.

[}
F(U gy Fdi®;
W1 " (g.a.97" a ) T N7 g,0,).
geG,acA geG
1% 3 (9.04)
geG

JEACN > (ga,97"ah) SULELN D (g7, 04).

g€G,acA geG
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e Let (g,a,h,b) € (G x A) x (G x A), we have

(WTis) (g, a, h, b) — (ghg™, (g5 b), g, (95 b )ab)

F(i®id)) (g,a) ifg>b=04,
—

0 otherwise.

(gahb)ld—l(&)) (g,a) ifb=04,

0 otherwise.

e Let (g,a,h,b) € (G x A) x (G x A), we have

X-)

[(WThs]'(g,a, h,b) LGN (h, (Rt >a Yab, h'gh, (R > a))

F(id1®j) (h, b) if h_l >a= 0A7
EE—

0 otherwise.

(g a, h b) F(j®id) (h7b) ifa= OA7

0 otherwise.
o Let (g,a,h,b) € (G x A) x (G x A), we have

i®i g,a) ifb =04,
[WTM}(g,ahb) (hbg,)m (9,a) A

0 otherwise.

(9, a, h, b) 040, (g,a) ifb= 04,

0 otherwise.
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e Let (g,a,h,b) € (G x A) x (G x A), we have

iy @ (h,b) ifa =0y,
[WT14],<97 a, h’ b) ﬂ (ha b7 g, CL) M
0 otherwise.
(9.0, p) Kz, J 0 ifa =04
0 otherwise.

Example 7.4.4. Consider the following morphisms of the category of UWTC.

We want to calculate the functorial invariant from finite group.

PL) =1 50 ST (goagg Tt b b ) SRS

g,h€G,a,beA

- _ — _ —1y — 1 - F(
> (9007 g (670007 (g7 e b b A b

g,h€G,a,be A

> (g, a, (g7 hgg g htg), (g‘lhw (= b‘l)a‘lb)>, 9 "hy,

g,h€G,a,be A

g 'hgv ((g7" >0 )a b)) (g e b) (g7 0T )a D), AT, b‘1> =

> (9.0, (g7 hg T hNg), (g hg>a ) (g e b), g hy,

g,h€G,a,be A
(g5 b~ (g hg > a)a™'8), h~0, b
> 5<97 9_1h9h_19) 5(a, (g~ "hg>a)(g> b_l)>

9,hE€G,a,beA
5<g_1hg, h)é(((g >b (g thge a)a™th), b)

= {(g,a,h,b) | gh = hg,a= (g7 hg>a)(g>b"),b=(g>b"")(g 'hg>a)a ")} | .

id1®X+®id1)

F(N®N)
e
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F(L)=1 "% N~ (gaga b o) TEREEER)
g,h€G,a,bcA
S (goahbg et ptpt) SR,
g,h€G,a,bcA
S (goahg T (hea ), by (ke apbat B 0T S
g,h€G,a,bcA
Z 5(gvhgh_1)5(a’h[>a)6(h7 h)é‘((hba)ba_l’b)
g,h€G,a,beA

=|{(g,a,h,b) | gh = hg,a =h>a} |

Therefore
F(L) # F(L),

then this invariants separate these two knots.
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