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Abstract

The state-of-the-art for generating accurate and high-quality hexahedral meshes of irregular

geometries for finite element (FE) simulations is a laborious and time-consuming endeavour.

Mesh-morphing is a technique which modifies the vertices of an existing mesh to match the

boundary prescribed by another. This technique has been chosen as it has the capacity to

automatically create accurate and high-quality hexahedral meshes of irregular geometries from

a single template. The meniscus was chosen as it is an important component of the knee and

challenging structure to simulate. Hexahedral discretisation is often required due to: multi-

body contact, large deformations and complex material properties (nearly-incompressible and

anisotropic). In this research, a novel, automatic and general-purpose mesh-morphing strategy

was developed. Additionally, several robust and thorough methodologies were developed to

assess the sensitivity and validate the performance of the mesh-morphing strategy. This was

achieved through performance comparisons against a state-of-the-art procedure – the multi-

block method (IA-FEMesh). The performance metrics not only assessed the capacity of the

mesh-morphing strategy (i.e. speed, accuracy and mesh-quality), but also the functionality for

meaningful FE simulations. The mesh-morphing strategy generated 20 challenging meniscus

meshes in under a minute compared to an average of 26 minutes, with comparable surface

error and mesh-quality metrics to the state-of-the-art. Also, there was no significant difference

in the FE simulation outcomes. The mesh-morphing strategy offers a faster, competitive and

automated alternative to the semi-automatic state-of-the-art, and only required one template

mesh. The strategy can already be applied to a diverse range of geometries, and with some trivial

modifications can approach a larger proportion. The developed tool can be used to improve

productivity and automate the development of FE models. This could enable the design of

large-scale studies and assist the development of digital twins. A wide-range of industries that

require automatic and accurate meshing from 3D scanning technologies could utilise this work.

iv



Contents

Declaration i

Acknowledgements ii

Dedication iii

Abstract iv

Contents v

List of Figures xii

List of Tables xx

I Background and Development 1

1 Introduction 2

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 Hexahedral meshing in musculoskeletal finite-element models . . . . . . . 2

1.1.2 Mesh-Morphing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.3 Meniscus of the knee joint . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Aims . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Novelty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Thesis Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Literature Review 9

2.1 Meniscus Anatomy and Importance . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.1 Tissue Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.2 Tissue Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Finite Element Modelling of the Tibio-Femoral Joint . . . . . . . . . . . . . . . . 13

2.2.1 Purpose . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2.2 Tissue Segmentation and Meshing . . . . . . . . . . . . . . . . . . . . . . 15

2.2.3 Parameters of Interest . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

v



CONTENTS CONTENTS

2.2.4 Enforcement of Congruency . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.5 Clinical Applications and Relevant Outputs . . . . . . . . . . . . . . . . . 18

2.3 Hexahedral versus Tetrahedral Meshes . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3.1 Element Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3.2 Performance of Element Types . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3.3 Comparative Analyses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.3.4 Mesh Types used in the Tibiofemoral Joint . . . . . . . . . . . . . . . . . 31

2.3.5 Element Quality Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.4 Hexahedral Mesh Generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.4.2 Advantages and Disadvantages . . . . . . . . . . . . . . . . . . . . . . . . 43

2.4.3 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.5 Mesh-Morphing Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

2.5.1 Feature Alignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.5.2 Surface Parameterisation . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.5.3 Volumetric Transformation . . . . . . . . . . . . . . . . . . . . . . . . . . 66

2.5.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

2.6 Applications of Mesh-Morphing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

2.6.1 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

2.6.2 Feature Alignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

2.6.3 Surface Parameterisation . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

2.6.4 Volumetric Transformation . . . . . . . . . . . . . . . . . . . . . . . . . . 93

2.6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

2.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3 Mesh-Morphing Strategy Design 99

3.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3.2 Centreline Generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

3.2.1 Generation of a Signed Distance Function from Radial Basis Functions . . 101

3.2.2 Minimisation of Signed Distance Function to Centreline . . . . . . . . . . 104

3.2.3 Efficiency Optimisation of Centreline Minimisation . . . . . . . . . . . . . 106

3.2.4 Clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

vi



CONTENTS CONTENTS

3.2.5 B-Spline Parameterisation . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

3.3 Feature Alignment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

3.4 Surface Parameterisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

3.4.1 Centreline-based Projection . . . . . . . . . . . . . . . . . . . . . . . . . . 117

3.5 Surface Optimisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

3.5.1 Laplacian Smoothing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

3.5.2 Quadrilateral Inversion Detection . . . . . . . . . . . . . . . . . . . . . . . 121

3.5.3 Quadrilateral Unfolding . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

3.6 Volumetric Transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

3.6.1 Linear Elastic Transformation . . . . . . . . . . . . . . . . . . . . . . . . . 124

3.6.2 Laplacian Smoothing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

3.7 Mesh-Morphing Strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

3.8 Mesh-Morphing Strategy Optimisation . . . . . . . . . . . . . . . . . . . . . . . . 127

4 Performance Metrics and Data 133

4.1 Surface Error Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

4.1.1 Surface Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

4.1.2 Volume Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

4.2 Mesh Quality Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

4.3 Hexahedral Mesh Generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

4.3.1 Meniscus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

4.3.2 Tibial Cartilage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

4.3.3 Femoral Cartilage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

4.4 Target Geometries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

4.5 Finite Element Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

4.5.1 Tibio-Femoral Joint Model . . . . . . . . . . . . . . . . . . . . . . . . . . 144

4.5.2 Model Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

4.5.3 Loading and Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . 145

4.5.4 Material Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

4.5.5 Contact Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

4.5.6 Simulation Convergence Rates . . . . . . . . . . . . . . . . . . . . . . . . 150

4.5.7 Mesh Convergence Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 150

vii



CONTENTS CONTENTS

4.6 Software and Libraries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

II Sensitivity Analysis of the Mesh-Morphing Strategy 152

5 Case A: Centreline Quality 153

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

5.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

5.2.1 Centrelines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

5.2.2 Template Mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

5.2.3 Target Mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

5.2.4 Outputs of Interest . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

5.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

5.3.1 Surface Error Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

5.3.2 Mesh-Quality Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

5.4.1 Geometry Changes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

5.4.2 Effect on Mesh-Morphing Strategy . . . . . . . . . . . . . . . . . . . . . . 164

5.4.3 Consequences for Finite Element Modelling . . . . . . . . . . . . . . . . . 166

5.4.4 Improvements and Optimisation of the Centreline Algorithm . . . . . . . 166

5.4.5 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

6 Case B: Geometric Robustness 169

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

6.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

6.2.1 Template Mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

6.2.2 Target Meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

6.3.1 Surface Error Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

6.3.2 Mesh-Quality Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

6.4.1 Template Quality Improvements . . . . . . . . . . . . . . . . . . . . . . . 178

6.4.2 Effect of Geometric Variations . . . . . . . . . . . . . . . . . . . . . . . . 179

viii



CONTENTS CONTENTS

6.4.3 Consequences for Finite Element Modelling . . . . . . . . . . . . . . . . . 182

6.4.4 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

6.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

7 Case C: Mesh Sensitivity 185

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

7.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

7.2.1 Template Meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

7.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

7.3.1 Surface Error Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

7.3.2 Mesh-Quality Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

7.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

7.4.1 Sensitivity to Template Mesh Resolution . . . . . . . . . . . . . . . . . . . 200

7.4.2 Sensitivity to Template Mesh Quality . . . . . . . . . . . . . . . . . . . . 202

7.4.3 Sensitivity to Template Mesh Topology . . . . . . . . . . . . . . . . . . . 202

7.4.4 Sensitivity to Template Mesh Geometry . . . . . . . . . . . . . . . . . . . 204

7.4.5 Consequences for Finite Element Modelling . . . . . . . . . . . . . . . . . 205

7.4.6 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205

7.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

III Performance Evaluation 209

8 Case D: Performance Benchmark 210

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

8.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

8.2.1 Target Meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

8.2.2 Template Mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

8.2.3 Generation of Meniscus Meshes using the Multi-Block Method . . . . . . 215

8.2.4 Generation Times . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

8.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

8.3.1 Generation Times . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

8.3.2 Surface Error Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

8.3.3 Mesh-Quality Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

ix



CONTENTS CONTENTS

8.3.4 Finite Element Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

8.3.5 Detailed Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

8.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

8.4.1 Generation Times . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

8.4.2 Surface Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

8.4.3 Mesh-Quality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

8.4.4 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

8.4.5 Multi-Block Method as Gold Standard . . . . . . . . . . . . . . . . . . . . 240

8.4.6 Causes for Key Biomechanical Differences . . . . . . . . . . . . . . . . . . 241

8.4.7 Consequences of the Mesh-Morphing Strategy . . . . . . . . . . . . . . . . 245

9 Case E: Performance Optimisation 248

9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248

9.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249

9.2.1 Overall Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249

9.2.2 Qualitative Analysis of Finite Element Outcomes . . . . . . . . . . . . . . 250

9.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250

9.3.1 Surface Error Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250

9.3.2 Generation Times . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252

9.3.3 Mesh-Quality Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254

9.3.4 Overall Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255

9.3.5 Finite Element Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256

9.3.6 Detailed Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258

9.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

9.4.1 Surface Error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

9.4.2 Generation Times . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267

9.4.3 Mesh-Quality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 268

9.4.4 Consequences of the Optimised Strategy . . . . . . . . . . . . . . . . . . . 270

9.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274

IV Discussion 275

10 Discussion 276

x



CONTENTS CONTENTS

10.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 276

10.2 Development and Future Work of Morphing Strategies . . . . . . . . . . . . . . . 277

10.2.1 Centreline Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277

10.2.2 Mesh-Morphing Strategy Improvements and Future Work . . . . . . . . . 279

10.3 Development and Impact of Methodologies . . . . . . . . . . . . . . . . . . . . . 281

10.3.1 Centreline-based Surface Error Measurement . . . . . . . . . . . . . . . . 282

10.3.2 Sensitivity Evaluation of a Mesh-Morphing Strategy . . . . . . . . . . . . 283

10.3.3 Validation Methodologies to Benchmark and Assess Performance . . . . . 286

10.4 Performance and Impact of Mesh-Morphing Strategies . . . . . . . . . . . . . . . 288

10.4.1 Single Template Mesh-Morphing for Different Anatomies . . . . . . . . . 288

10.4.2 Rapid and Automatic Generation of Complex Simulations . . . . . . . . . 290

10.4.3 Application and Impact of the Mesh-Morphing Strategies . . . . . . . . . 291

10.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293

Bibliography 294

Appendices 343

A Meniscus Target Geometries 344

B Case D: Summary of Results 355

C Case E: Summary of Results 357

xi



List of Figures

1.1 Stages of FE model development: (a) image acquisition, (b) image segmenta-

tion, (c) surface meshing, (d) volumetric meshing, (e) application of boundary

conditions, and (f) solution of FE model . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Shape and cross-section of a meniscus anatomy (Source: LM 00 [Table A.1]) . . 5

2.1 Meniscus Anatomy: (a) medial and lateral meniscus with associated horn-attachments

and ligaments (reproduced from [1]) (b) meniscus cross-section and associated

zones (adapted from [2]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Pathologies of the meniscus (arrows show the progressive deterioration) . . . . . 12

2.3 Common components used to model the tibiofemoral joint (Source: open-knee

model [3]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Common linear elements: (a) triangle, (b) quadrilateral, (c) tetrahedral and (d)

hexahedral Elements. Integration points are shown for the 3D elements (black) . 22

2.5 Less common elements: (a) a pentahedron and (b) pyramid . . . . . . . . . . . . 23

2.6 Common quadratic elements: (a,b) tetrahedral and (c,d) hexahedral variations . 24

2.7 Frequency of element types used for tissues in tibiofemoral joint models . . . . . 32

2.8 Ideal or reference hexahedron used to compare against a hexahedral element with

respect to the Jacobian, principal axes (P1, P2, P3), dihedral angles (α, β and

γ) and ratio of minimum and maximum edge lengths (adapted from [4, 5]) . . . . 34

2.9 A piecewise bijective map (Ψ) of a non-closed ear mesh (M) and the corre-

sponding planar parameterisation (U), the red triangle highlights isomorphism

(reproduced from [6]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.10 A one-ring neighborhood: a central (vi) and adjacent vertex (vj) with associated

angles (α, β, δ and γ) used to define particular spring weights (adapted from [7]) 56

2.11 Interpolation of two meshes using spherical parameterisation (adapted from [8]) . 57

2.12 Planar cross-parameterisation between two non-closed femoral head meshes, which

was used to morph a tetrahedral mesh. Linear (Ψ and Ψ̂) and inverse maps (Ψ−1

and Ψ̂−1) could be used to determine direct correspondences between meshes

(adapted from [9] c©2008 IEEE) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

xii



LIST OF FIGURES LIST OF FIGURES

2.13 Spherical cross-parameterisation between two closed genus-0 meshes, used to

morph and interpolate triangular meshes. Linear (Ψ and Ψ̂) and inverse maps

(Ψ−1 and Ψ̂−1) could be used to determine direct correspondences between

meshes (adapted from [8]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

2.14 Spherical parameterisation of a closed genus-0 brain mesh used to improve visu-

alisation of white-matter curvatures (reproduced from [10] c©2000 IEEE) . . . . 62

2.15 A general transformation operation (Ψ): morphing a template mesh (M) to

define a new mesh (M′
) that resembles a target geometry (∂Ω

′
) . . . . . . . . . 66

2.16 Linear elastic transformation (Ψ) with Dirichlet (ΓD) and Neumann boundary

conditions (ΓN ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

2.17 A general Lalacian smoothing operation (L): improving element quality by mov-

ing a vertex (vi) towards the barycentric average . . . . . . . . . . . . . . . . . . 79

2.18 (a) Laplace-Beltrami operator (∆) for a vertex vi on a surface and (b) discrete

Laplacian Operator (L) for the corresponding vertex on a surface mesh (adapted

from [7]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.1 Flow chart of the input data and algorithms that compose the (a) mesh-morphing

strategy and (b) optimised mesh-morphing strategy . . . . . . . . . . . . . . . . . 100

3.2 The RBF-based signed distance function is defined by three layers: the original

surface (black, h(S)), expanded surface (purple, h(S+)) and contracted surface

(blue, h(S−). Points inside the boundary have a negative distance value, and

vice versa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

3.3 The minimisation of the signed distance function collapses a triangular surface

mesh towards its centreline (a), with repeated iterations the centreline begins to

contract (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

3.4 Edge collapse of the mesh simplification algorithm from vi to vm. The cost

function measures the (a) modified Gaussian curvature (Equation 3.57) and

(b) aspect ratio (Equation 3.61) from the associated neighbourhoods before

and after a potential edge collapse, respectively . . . . . . . . . . . . . . . . . . . 111

xiii



LIST OF FIGURES LIST OF FIGURES

3.5 Following the collapse of a triangular surface mesh into a centreline (a) clustering

is performed on the vertices which merges the associated edges (b). The shortest

edges are selected to determine the adjacent clusters, which are unordered (c).

Dijkstra’s shortest path algorithm is then used to determine the correct order for

B-spline parameterisation (d) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

3.6 Incremental process to find the closest point on a centreline to a surface vertex . 114

3.7 Ray-triangle intersection was used to project each template surface vertex onto

the target . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

3.8 Overview of volumetric transformation: (a) template mesh (blue) and target

geometry (red), (b) boundary morphing of template and (c) volumetric transfor-

mation to derive a morphed mesh (purple) . . . . . . . . . . . . . . . . . . . . . . 124

4.1 Ray-triangle intersection was used to determine correspondences by projecting

each target vertex onto the boundary of a hexahedral mesh . . . . . . . . . . . . 134

4.2 The (a) cross-sectional and (b) transversal (superior) view of a coarse template

mesh (no subdivisions), with the B-spline curve of the cross-section shown in black139

4.3 Cross-sectional (a-c) and superior (d-f) view of the (a,d) low-, (b,e) medium- and

(c,f) high-resolution meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

4.4 Superior view of the idealised tibial cartilage, showing the superior surface (red)

and tibial bone interface (white) . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

4.5 Idealised femoral cartilage hexahedral mesh: (a) sagittal and (b) coronal view,

showing the inferior surface (red) and femoral bone interface (white) . . . . . . . 142

4.6 The effect of the artefact reduction algorithm: (a) a high-curvature artefact before

and (b) after identification and smoothing . . . . . . . . . . . . . . . . . . . . . . 143

4.7 A simplified finite element model for a single condyle of a tibio-femoral joint . . 145

4.8 The definition of collagen fibre orientations for the hexahedral meniscus meshes

using local element coordinates, with a0 the unit vector defining the fibre orientation148

5.1 The (a,d) low-, (b,e) medium- and (c,f) high-quality centrelines with respect to

length (a-c) and noise (d-f) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

5.2 The superior view of (a) the target geometry and (b) baseline . . . . . . . . . . . 158

5.3 The smoothing effect causes (a) sharper features of a target mesh to (b) become

rounded in a morphed mesh, (c) which causes regions of over- and under-estimation159

xiv



LIST OF FIGURES LIST OF FIGURES

5.4 Distribution of large surface errors for meshes derived from centrelines with vary-

ing (a) length and (b) noise qualities . . . . . . . . . . . . . . . . . . . . . . . . . 160

5.5 Superior view of surface errors (amalgamated above 5 mm) on meshes derived

from (a) low-, (b) medium- and (c) high-quality length centrelines (red is worse

and blue is better) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

5.6 Distribution of low-quality elements for meshes derived from centrelines with

varying (a) length and (b) noise qualities . . . . . . . . . . . . . . . . . . . . . . 162

5.7 Superior view of the hexahedral scaled-Jacobian on meshes derived from (a) low-,

(b) medium- and (c) high-quality length centrelines (red is better and blue is worse)162

5.8 Cross-sectional view of the hexahedral scaled-Jacobian on meshes from (a) low-,

(b) medium- and (c) high-quality length centrelines (red is better and blue is worse)162

5.9 The meshes derived from shorter centrelines have lower densities (red circle)

around the horn-attachments and higher densities (orange circle) away from this

region compared (a) to the baseline that had a more even distribution of densities

(green circles) (b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

5.10 The corners of the template’s horn-attachments are sharper (a) than the target’s

(b), where the large mismatch between angles (αM � αT and βM � βT ) causes

greater correspondence errors and element distortions in the initial projection (c) 165

6.1 The superior view of (a) the target geometry T+
L and (b) the morphed mesh with

smoothed features at the horn-attachment corners circled . . . . . . . . . . . . . 173

6.2 Inferior view of surface errors on meshes derived from transverse length changes

at (a) +20% and (b) −20%, and width changes at (c) +20% and (d) +20% (red

is worse and blue is better) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

6.3 Inferior (a-d) and superior (e-h) view of surface errors on meshes derived from

cross-sectional width changes at (a,e) +20% and (b,f) −20%, and height changes

at (c,g) +20% and (d,h) +20% (red is worse and blue is better) . . . . . . . . . . 175

6.4 Superior view of the hexahedral scaled-Jacobian on meshes derived from trans-

verse length changes at (a) +20% and (b) −20%, and width changes at (c) +20%

and (d) −20%. Cross-sectional width changes at (e) +20% and (f) −20%, and

height changes at (g) +20% and (h) −20% (red is better and blue is worse) . . . 177

xv



LIST OF FIGURES LIST OF FIGURES

6.5 Cross-sectional view of the hexahedral scaled-Jacobian on meshes derived from

transverse length changes at (a) +20% and (b) −20%, and width changes at (c)

+20% and (d) −20%. Cross-sectional width changes at (e) +20% and (f) −20%,

and height changes at (g) +20% and (h) −20% (red is better and blue is worse) . 177

6.6 Influence of cross-sectional width and height variations on the angle of the wedge

ω and upper rim υ (superior-periphery): (a) the average geometry of the template

mesh, with the (b) increase and (c) decrease of width, and the (d) increase and

(e) decrease of height . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

6.7 Cause of correspondence errors for the cross-sectional variations: (a) different

centreline shapes between the target (blue) and template (yellow) meshes, (b-c)

similarity of correspondence errors between variations with equivalent width-to-

height ratios . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

6.8 Correspondence errors associated with different horn-attachment angles (α, β

and γ) and centreline shapes: (a) between the average geometry of the template

mesh (blue, β) and the variations which (b) decrease (green, α) and (c) increase

(red, γ) the transverse length-to-width ratio . . . . . . . . . . . . . . . . . . . . . 182

7.1 Superior (a-c) and cross-sectional (d-f) view of the (a,d) low-, (b,e) medium- and

(c,f) high-resolution meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

7.2 Cross-sectional view of the (a) low-, (b) medium- and (c) high-quality meshes . . 189

7.3 Internal (dashed-line) and external (solid-line) vertex singularity differences be-

tween the (a) CAD-Swept and (b) CAD-MB meshes . . . . . . . . . . . . . . . . 191

7.4 Superior view of the (a) CAD-MB and (b) anatomical-MB meshes . . . . . . . . 192

7.5 Superior view of surface errors (amalgamated above 3 mm) for the (a) low-, (b)

medium- and (c) high-resolution meshes, and the (e) CAD-Swept, (f) CAD-MB

and (g) anatomical-MB meshes (red is worse and blue is better) . . . . . . . . . . 195

7.6 Inferior view of the hexahedral scaled-Jacobian on the (a) low-, (b) medium-

and (c) high-resolution meshes, and the (e) CAD-Swept, (f) CAD-MB and (g)

anatomical-MB meshes (red is better and blue is worse) . . . . . . . . . . . . . . 199

7.7 Cross-sectional view of the hexahedral scaled-Jacobian on the (a) low-, (b) medium-

and (c) high-resolution meshes, and the (e) CAD-Swept, (f) CAD-MB and (g)

anatomical-MB meshes (red is better and blue is worse) . . . . . . . . . . . . . . 199

xvi



LIST OF FIGURES LIST OF FIGURES

7.8 The proportion of an element occupying a surface irregularity (x, y and z) and

the associated distortion (blue) for (a) low-, (b) medium- and high-resolution

meshes, where the irregularities for lower resolution meshes represent greater

element distortion (x > y > z) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201

7.9 Effect of hexahedral Laplacian smoothing on shape change due to singularity

locations on the hexahedral mesh derived from the CAD-based (a-b) and multi-

block method (c-d) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

8.1 Flow-chart of what proportion of the 47 geometries were used for training/prac-

tice of the multi-block method and used in Case D . . . . . . . . . . . . . . . . . 212

8.2 The challenging aspects of the ten features used to rank target geometries on

their difficulty (the least challenging baseline shown is in the middle) . . . . . . 213

8.3 Procedural comparisons between (a) an automatic mesh-morphing strategy and

(b) a semi-automatic multi-block method. Automatic processes shown in green

and operator required processes shown in purple. . . . . . . . . . . . . . . . . . . 217

8.4 Mesh generation times for (a,b) individual geometries and the distribution of

times for the (c) morphed and (d) multi-block meshes . . . . . . . . . . . . . . . 219

8.5 Comparison of the number of target vertices against the time taken to generate

each hexahedral mesh for the (a) mesh-morphing strategy and (b) multi-block

method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220

8.6 Surface errors for (a,b) individual geometries and associated distributions for the

(c,e) morphed and (d,f) multi-block meshes . . . . . . . . . . . . . . . . . . . . . 221

8.7 (a) Mesh volume comparison between morphed, multi-block and target meshes,

(b) target volume difference for each morphed and multi-block mesh . . . . . . . 222

8.8 The number of (a) very low and (b) low-quality elements for individual geometries

and the low-quality element distributions for the (c) morphed and (d) multi-block

meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

8.9 (a) Individual and (b) overall convergence times for simulations derived from the

morphed and multi-block meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

xvii



LIST OF FIGURES LIST OF FIGURES

8.10 The contact areas for individual simulations on the (a) tibial and (b) femoral

cartilage. The absolute contact area differences (c-d) and distributions (e-f) for

the morphed mesh simulations on the (c,e) tibial and (b,f) femoral cartilage,

respectively . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226

8.11 Regions and features of the target geometries which caused (a,c-f) higher and (b)

lower surface errors for the morphed meshes (blue=lower surface error; red=higher

surface error) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228

8.12 Regions and features of the target geometries which caused high surface errors

for the multi-block meshes (blue=lower surface error; red=higher surface error) . 229

8.13 Regions and features of the morphed meshes depicting variations of higher and

lower quality elements (blue=lower element-quality; red=higher element-quality) 230

8.14 Regions and features of the multi-block meshes depicting variations of higher and

lower quality elements (blue=lower element-quality; red=higher element-quality) 231

8.15 Contact pressure distributions of simulation pairs, comparing morphed meshes

with the lowest (a-b) and highest (c-d) RMSE. Contact pressure differences

around thin-regions highlighted . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

8.16 Different shaped horn-attachments between some of the (a) morphed and (b)

multi-block meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

8.17 Contact area distributions of simulation pairs, comparing the lowest (a-b) and

highest (c-d) contact area difference . . . . . . . . . . . . . . . . . . . . . . . . . 234

9.1 An example of a mesh-quality vs. surface error comparison with quadrants high-

lighting differences in performance . . . . . . . . . . . . . . . . . . . . . . . . . . 250

9.2 RMSE (a) and maximum surface errors (b) for individual geometries . . . . . . . 251

9.3 (a) Mesh volume comparison between the unoptimised, optimised, multi-block

and target meshes, (b) target volume difference for each mesh . . . . . . . . . . . 252

9.4 Mesh generation times for (a,b) individual geometries. Comparison of the number

of target vertices against the time taken to generate each hexahedral mesh for

the (c) optimised and (d) unoptimised mesh-morphing strategies . . . . . . . . . 253

9.5 The number of (a) very low and (b) low-quality elements for individual geometries254

xviii



LIST OF FIGURES LIST OF FIGURES

9.6 Comparison of the root-mean-square error against number of low-quality ele-

ments for each method: (a) without enclosing area and (b) with enclosing area,

excluding outliers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255

9.7 (a) Individual and (b) overall convergence times for simulations derived from

unoptimised, optimised and multi-block meshes . . . . . . . . . . . . . . . . . . . 256

9.8 The contact areas for individual simulations on the (a) tibial and (b) femoral

cartilage. The absolute contact area differences (c-d) for the unoptimised and

optimised simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

9.9 Regions and features of the target geometries which caused surface error vari-

ations for the optimised meshes (blue=lower surface error; red=higher surface

error) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259

9.10 Regions and features of the optimised meshes depicting variations of higher and

lower quality elements (blue=lower element-quality; red=higher element-quality) 261

9.11 Contact pressure descriptor ranges for the (a) smoothness-to-patchiness and (b)

continuousness-to-discontinuousness qualitative measures, comparing where the

optimised mesh simulations lie compared to those derived from the unoptimised

and multi-block meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

9.12 Contact pressure distributions of simulation triplets, comparing optimised meshes

with the lowest (a-c) and highest (d-f) RMSE. Contact pressure differences

around thin-regions highlighted . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264

9.13 Different shaped horn-attachments between some of the (a) optimised and (b)

multi-block meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264

9.14 Contact area distributions of simulation triplets, comparing optimised mesh sim-

ulations with the lowest (a-c) and highest (d-f) contact area difference . . . . . . 265

xix



List of Tables

2.1 Summary of 3D finite elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Element types used for tissues in tibiofemoral joint models . . . . . . . . . . . . . 31

2.3 Method classifications and associated algorithms . . . . . . . . . . . . . . . . . . 43

2.4 Common spring weights used to define surface parameterisations . . . . . . . . . 56

2.5 Speed comparison for common volumetric transformation operators (seconds)

[11,12] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.6 Three meshes with properties that were used to assess the speed of different

operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.7 Common RBF kernels used for shape interpolation and mesh-morphing [13–16] . 76

2.8 Review of mesh-morphing strategies for biomedical applications . . . . . . . . . . 92

4.1 Comparison of medial and lateral meniscus volumes for the target meshes . . . . 136

4.2 Mesh-quality criteria with respect to scaled-Jacobian values . . . . . . . . . . . . 138

4.3 Transverse and cross-sectional dimensions for the template meshes . . . . . . . . 139

4.4 Template mesh characteristics with respect to resolution and quality (subdivi-

sions are with respect to the coarse mesh, Figure 4.2) . . . . . . . . . . . . . . . 139

4.5 Neo-Hookean material parameters for the menisci [17] . . . . . . . . . . . . . . . 147

4.6 Stiffness of meniscal horn attachments [18] . . . . . . . . . . . . . . . . . . . . . . 148

4.7 Convergence analysis on different mesh-resolutions and element sizes . . . . . . . 151

5.1 Quality and properties of each centreline with respect to length . . . . . . . . . . 155

5.2 Quality and properties of each centreline with respect to noise . . . . . . . . . . . 156

5.3 Dimensions of the target and template meshes . . . . . . . . . . . . . . . . . . . 157

5.4 Summary of results for the performance analyses of sub-cases A.1 and A.2 . . . . 158

5.5 Comparison of the RMSE and maximum surface error for sub-cases A.1 and A.2 160

5.6 Comparison of the average and minimum scaled-Jacobian, and the percentage of

very low-, low- and very high-quality elements for sub-cases A.1 and A.2 . . . . . 161

6.1 Transverse and cross-sectional dimensions for the template mesh . . . . . . . . . 170

6.2 Dimensional changes applied to an average geometry to create the target meshes 171

xx



LIST OF TABLES LIST OF TABLES

6.3 Summary of results for the performance analyses of sub-cases B.1 and B.2 . . . . 172

6.4 Comparison of the RMSE, maximum surface error and percentage of errors above

1 mm for sub-cases B.1 and B.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

6.5 Comparison of the average and minimum scaled-Jacobian, and the percentage of

lower and very high-quality elements for sub-cases B.1 and B.2 . . . . . . . . . . 176

7.1 Control parameters and the associated template mesh resolution . . . . . . . . . 188

7.2 Degree of noise added and the associated template mesh quality . . . . . . . . . 189

7.3 Mesh generation attributes and the associated template mesh topology . . . . . . 190

7.4 Mesh generation attributes and the associated template mesh shape . . . . . . . 191

7.5 Summary of results for the performance analyses of sub-cases C.1-C.4 . . . . . . 193

7.6 Comparison of the RMSE, maximum surface error and percentage of errors above

1 mm for sub-cases C.1-C.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

7.7 Comparison of the average and minimum scaled-Jacobian, and the percentage of

very low- and low-quality elements for sub-cases C.1-C.4 . . . . . . . . . . . . . . 198

8.1 Features and their descriptors used to classify the difficulty of generating hexa-

hedral meshes from target geometries . . . . . . . . . . . . . . . . . . . . . . . . . 212

8.2 Comparison of the average, standard deviation, minimum and maximum gener-

ation times between the mesh-morphing strategy and multi-block method . . . . 218

8.3 Comparison of the average, standard deviation, minimum and maximum surface

errors between the mesh-morphing strategy and multi-block method . . . . . . . 220

8.4 Comparison of the average, standard deviation, minimum and maximum absolute

volume errors between the mesh-morphing strategy and multi-block method . . . 222

8.5 Comparison of the average, standard deviation, minimum and maximum percent-

age of very low and low-quality elements between the mesh-morphing strategy

and multi-block method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

8.6 Comparison of the average, standard deviation, minimum and maximum conver-

gence times between the mesh-morphing strategy and multi-block method . . . . 224

8.7 Comparison of the average, standard deviation, minimum and maximum absolute

contact area differences between the mesh-morphing strategy and multi-block

method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

xxi



LIST OF TABLES LIST OF TABLES

9.1 Comparison of the average, standard deviation, minimum and maximum surface

errors between the three methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 251

9.2 Comparison of the average, standard deviation, minimum and maximum absolute

volume errors between the three methods . . . . . . . . . . . . . . . . . . . . . . 252

9.3 Comparison of the average, standard deviation, minimum and maximum gener-

ation times between the three methods . . . . . . . . . . . . . . . . . . . . . . . . 254

9.4 Comparison of the average, standard deviation, minimum and maximum per-

centage of very low and low-quality elements between the three methods . . . . . 254

9.5 Comparison of the average, standard deviation, minimum and maximum conver-

gence times between the three methods . . . . . . . . . . . . . . . . . . . . . . . 256

9.6 Comparison of the average, standard deviation, minimum and maximum absolute

contact area differences between the multi-block method and the unoptimised and

optimised mesh-morphing strategies . . . . . . . . . . . . . . . . . . . . . . . . . 257

A.1 Meniscus target geometries with their feature descriptions and sources . . . . . . 344

B.1 Case D: Summary of results for the performance analyses from the lateral menis-

cus meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 355

B.2 Case D: Summary of results for the performance analyses from the medial menis-

cus meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 356

C.1 Case E: Summary of results for the performance analyses from the lateral menis-

cus meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 357

C.2 Case E: Summary of results for the performance analyses from the medial menis-

cus meshes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 359

xxii



Part I

Background and Development

1



1 Introduction

1.1 Background

1.1.1 Hexahedral meshing in musculoskeletal finite-element models

Finite element (FE) models of the musculoskeletal system are used to study the biomechanics

and interactions of a range of joints in the human body [17, 19–25] (Figure 1.1). They allow

greater understanding of the intricate functionality of a joint and the effects of current and novel

clinical therapies and procedures [17, 23–25]. A key challenge for musculoskeletal modelling is

to accurately create a 3D representation of biological structures of interest from imaging data,

such as magnetic resonance (MR) or computed tomography (CT) images [26, 27]. It is often

challenging to determine the boundaries of irregularly shaped tissues when manually segmenting

them layer-by-layer from three-dimensional image data.

(a) (b) (c)

(d) (e) (f)

Figure 1.1: Stages of FE model development: (a) image acquisition, (b) image segmentation,
(c) surface meshing, (d) volumetric meshing, (e) application of boundary conditions, and (f)

solution of FE model
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Chapter 1. Introduction 1.1. Background

In FE modelling the segmented tissue volume requires discretisation into elements, with the most

common types being tetrahedral and hexahedral. There are significant advantages for using

hexahedral meshes when studying soft biological tissues [28]. Soft tissues display four features

which pose challenges for computational simulations: (1) sliding contact between two or more

surfaces, (2) large deformation, (3) nearly-incompressible material response, and (4) geometry-

specific anisotropic and inhomogeneous material properties (e.g. alignments of collagen fibres)

[29–33]. For all four aspects, hexahedral meshes perform better, as tetrahedral meshes can have

inherent issues which can reduce accuracies and prevent the FE solver from finding a solution

of a model [29, 30, 34, 35]. However, automatic mesh generation algorithms often fail when

attempting to generate high-quality hexahedral meshes for more complex geometries, such as

those found in the tissues of human joints. The state-of-the-art used to generate high-quality

hexahedral meshes of irregular geometries is the multi-block method [3, 19, 21, 22, 36–38]. For

optimal outcomes, the multi-block method requires adaption of the input parameters, which

demands an adequate level of knowledge and skill in the user [39]. Therefore, the generation

of hexahedral meshes for these applications often require manual processing, which can add

several hours of laborious and technical work [27, 40–42]. Consequently, the reproducibility of

the derived meshes is subject to manual processing errors, such as user bias [43,44].

The segmentation of anatomies from images and the subsequent generation of an appropriate

hexahedral mesh therefore represent two major barriers inhibiting large-scale clinical uptake

of FE models. The focus of this research is to address the second challenge: decreasing the

technical difficulties and time constraints required to develop high-quality hexahedral meshes.

1.1.2 Mesh-Morphing

Mesh-morphing is a technique used to create a mesh of a geometry through the modification

of the vertices from an existing mesh [27,45]. The number of vertices, elements and associated

connectivity (i.e. topology) remain the same following a morphing operation. The existing

mesh is commonly referred to as a template mesh. The geometry to be meshed is referred to as

the target geometry and is often represented as a triangulated surface mesh. Two main goals

of a hexahedral mesh-morphing are: (1) to adjust the vertices on the surface of the template

mesh to match the surface of the target geometry (surface parameterisation), and (2) to adjust

the internal template vertices to optimise the quality of the volumetric elements (volumetric

transformation). The core objective of mesh-morphing strategies are to obtain an accurate
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1.1. Background Chapter 1. Introduction

representation of the target geometry whilst maintaining a high-proportion of the original mesh-

quality. If the template mesh is reasonably close to the target geometry, a high-proportion of

the original quality can be maintained [46–48]. Instead of developing a high-quality hexahedral

mesh for each geometry of interest, one template is created based on a similar shape.

The main advantage of mesh-morphing is that it can be automated, and provide faster gen-

eration times with meshes comparable to semi-automated approaches. As such, manual hours

of work can be reduced to a choice of which template to use for a particular target geometry.

Another advantage is due to the isotopic (i.e. same topology) nature of the derived meshes.

This can be used in two different ways: (1) to automate FE model development, and (2) to serve

as points of comparison between models as a form of volumetric parameterisation. In contrast,

automated and semi-automated approaches of tetrahedral and hexahedral mesh, respectively,

tend to yield meshes with different topologies [29,49]. The main disadvantage of mesh-morphing

is that the template mesh must have a reasonably similar shape to a target geometry. Oth-

erwise, element distortion can be induced which can lead to excessive mesh-quality reductions

and invalid meshes. In these situations, mesh optimisation steps are often required to improve

degraded or invalid elements [30,45].

The majority of existing mesh-morphing strategies focus on the surface parameterisation of

triangular meshes [50]. Although, these strategies can accurately calculate bijective maps or

one-to-one correspondences, they do not transfer well to hexahedral meshes. Moreover, these

strategies can induce high distortions in the surface elements of the hexahedral meshes, due to

not being triangular. Additionally, the reviewed volumetric-based mesh-morphing strategies do

not provide adequate robustness or validation for morphing highly irregular geometries, such as

the soft-tissues found in the musculoskeletal system [9, 27, 45–48, 51–59]. Also, the majority of

these strategies are semi-automatic.

1.1.3 Meniscus of the knee joint

The meniscus is a vital part of the biomechanical environment of the knee, which is of great

interest due to improving the congruency between the tibial and femoral surfaces, evenly dis-

tributing loads and acting as a shock absorber [23]. Additionally, changes to the meniscus due

to injury, degeneration or surgery have a profound impact on the biomechanics of the knee

and associated symptoms of pain [60]. Typically, meniscus changes can be associated with
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accelerated joint degeneration and osteoarthritis [23, 61].

The knee meniscus has been chosen to test the developed mesh-morphing strategy as it displays

all four of the challenging features of biological soft tissues [62, 63] and has a shape which

provides sufficient algorithmic challenges. The meniscus geometry is characterised by a crescent

shape in the transverse plane and a cross-sectional shape similar to a right-angled triangle

with rounded features (Figure 1.2). Therefore, it has regions of variable global curvatures,

with convex and concave sections. As with all subject-specific natural tissue geometries, the

meniscus has localised surface irregularities. During either segmentation or the pre-processing

of the extracted surface mesh, the geometry is often clipped to avoid explicitly including the

attachment with the bone. This leads to localised regions with high curvatures. All of these

features provide specific challenges for a mesh-morphing strategy.

Cross-sectionSuperior

Inferior

Figure 1.2: Shape and cross-section of a meniscus anatomy (Source: LM 00 [Table A.1])

1.2 Aims

The aim of this research is to enable biomedical engineers to automatically generate high-

quality hexahedral meshes from anatomical sites of interest. Therefore, the proposed solution

over a state-of-the-art semi-automatic procedure is an automated mesh-morphing strategy. The

research has focussed on creating a robust, automatic and resource efficient mesh-morphing

strategy, to enable the rapid and reproducible creation of high-quality hexahedral meshes for

biological tissues and anatomies.

The knee meniscus was chosen, to understand the applicability and capacity of the strategy

to operate over a complex anatomy which often demands hexahedral discretisation. Meniscus

geometries were used in a range of sensitivity analyses and performance assessments, to minimise

confounding factors. Furthermore, focussing on one application enabled the isolation of issues
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that would not only affect generating meshes for the meniscus but for other tissues with similar

features and complexity.

Analyses into the comparative performance and limitations of the strategy were an additional

focus to understand the operation of the implemented pipeline of algorithms. The aim of these

aspects were to evaluate the strategies strengths and weaknesses, as well as determine routes

for optimisation.

Another aim was to create a general-purpose design for two purposes. First, to enable the

strategy to be applicable to a range of different biological structures. Second, to allow simple

modifications to be implemented or combined with the current algorithm implementations to

extend the capabilities to additional anatomical sites of interest.

All meniscus geometries in this thesis have a closed surface (i.e. water-tight) with a genus-0

topology, therefore have no holes (e.g. tunnel loops [64,65]). Although menisci are susceptible to

pathologies which can cause holes [66,67], the morphing of geometries with holes are considered

beyond the scope of this work.

There are three main aims of this PhD:

1. Develop a novel general-purpose mesh-morphing strategy that creates high-quality hexa-

hedral meshes automatically from existing meshes, which has the potential to be extended

to a variety of musculoskeletal tissues

2. Determine the sensitivity, reproducibility and accuracy of the developed strategy

3. Validate the performance of the developed strategy against a state-of-the art method for

generating hexahedral meshes

1.3 Novelty

The novelty in this work lies in the development and implementation of a resource efficient

strategy that can morph to highly irregular geometries. The sensitivity and performance analy-

ses provide additional novelty, as mesh-morphing strategies reported in literature have not been

evaluated to the same degree.

The first aspects of novelty derive from the strategy itself, which combines well-established

concepts and algorithms from literature into a coherent and application-adaptable strategy for
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highly irregular geometries and anatomies. Furthermore, some ideas and concepts have been

improved. The two improvements relate to the generation of centrelines in general, and how

those centrelines are used.

In order to validate a mesh-morphing strategy, the performance was compared to meshes de-

rived from a state-of-the-art procedure for generating hexahedral meshes. This provided perfor-

mance quantifications for a wide-range of metrics against a reasonably large cohort of meniscus

anatomies. Additionally, the analyses between the strategy and state-of-the-art procedure high-

light areas where the strategy can be improved and adapted to different applications.

For the first time, due to this research, high-quality hexahedral meshes of biological structures

can be rapidly created using an automatic, general-purpose and validated procedure.

1.4 Thesis Structure

The subsequent chapters of this thesis are divided into four parts:

Part I: Background, strategy design and performance metrics

Part II: Sensitivity analyses and routes for optimisation

Part III: Performance validation compared to a state-of-the-art method

Part IV: Applicability and usefulness within the biomedical community

In Chapter 2, a review of the literature provides information about the development and im-

portance of FE models of the knee and characteristics of meniscus anatomies. Additionally,

information is provided about the characteristics, utilisation and generation methods of hexa-

hedral meshes. Finally, the core components and applications of mesh-morphing strategies are

detailed, with their associated advantages and disadvantages. In Chapter 3, the design and

implementation of the unoptimised and optimised strategies are described, and are evaluated

in the following chapters and associated cases. In Chapter 4, the metrics, implementations

and meshes, used to characterise the performance and robustness in subsequent methodologies

are defined. These core metrics and criteria are used in several methodologies and serve as the

basis of their assessment.

The general sensitivity of the unoptimised strategy is assessed for a variety of input variables

in Chapters 5-7. The assessments in these chapters aim to determine the most optimised
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conditions to compare against a gold-standard procedure. In Chapter 5 (case A), the sensitivity

of the unoptimised strategy is evaluated with respect to two centrelines attributes. In Chapter

6 (case B), the sensitivity of the unoptimised strategy is evaluated against extreme population

variations of meniscus geometries. In Chapter 7 (case C), the sensitivity of the unoptimised

strategy is evaluated against four template mesh attributes.

In Chapter 8 (case D), the performance of the unoptimised strategy is validated against a gold-

standard procedure. This is used to provide a benchmark to assess the optimised mesh-morphing

strategy. In Chapter 9 (case E), the performance of the optimised strategy is validated against

the established benchmark.

In Chapter 10, the critical observations and analyses from the case studies and their appli-

cability for biomedical engineering and mesh-morphing are discussed. Additionally, the future

work and impact of the strategies are described.
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2 Literature Review

2.1 Meniscus Anatomy and Importance

2.1.1 Tissue Structure

Geometry

The meniscus is consistently described as having a crescent or semi-lunar shape [1,2,68]. This is

the typical shape of a healthy meniscus when viewed in the superior-inferior direction (Figure

2.1a). The cross-section of a meniscus has a wedge or right-angled triangle shape (Figure

2.1b). This geometry allows the structure to fit between the tibial and femoral articular cartilage

surfaces. At the ends of the crescent geometry, horn-attachments exist to secure the tissue to

the tibial plateau, which enables a degree of mobility for the tissue [69], during flexion and

extension of the tibio-femoral joint [60]. The mobility of the menisci is one of the properties

that allows them to maintain congruency between the femur and tibia [69].

(a) (b)

Figure 2.1: Meniscus Anatomy:
(a) medial and lateral meniscus with associated horn-attachments and ligaments (reproduced

from [1]) (b) meniscus cross-section and associated zones (adapted from [2])

Composition

The meniscus is mainly composed of collagen and is distinguished by three zones that dictate

the collagen type and degree of other biological materials. The three zone separate the cross-

section of a meniscus from red to white, each defined as: red-red, red-white and white-white [1,2]
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(Figure 2.1b). The red-red zone is composed of type-I collagen, which is the same type found

in tendons, and has vascular and neural components [1, 2]. The white-white zone is composed

of type-II collagen, this type of collagen is found in hyaline-cartilage, and is avascular and

aneural [1,2]. Consequently, a healthy meniscus has hybrid properties resembling the flexibility

of tendons at the periphery of the shape and the low-friction properties of cartilage in the

opposite direction. The level of vascular and neural tissues dictate what ability particular zones

and regions have at healing and the degree of injury permanence [1, 2].

Of the reviewed literature for finite element models involving the meniscus, the different compo-

sitions and consequently material properties of the aforementioned zones have not been included

into the simulations. One study simulating and investigating meniscus tears have declared the

three zones with respect to the formation of particular tears but did not specify different prop-

erties for each component [70]. The material properties of meniscus tissues and the variance

between individuals is beginning to be understood but not down to the level of each zone and

transition between zones.

Associated Ligaments

The meniscus has several associated ligaments that provide supplementary stability, in ad-

dition to the horn-attachments (Figure 2.1a). Interestingly, the presence of some of these

ligaments vary between individuals. For example, the Wrisberg and Humphries ligaments are

two menisco-femoral ligaments providing attachments to the femur surrounding the posterior

cruciate ligament [1, 2, 68, 71] (Figure 2.1a). From 26 cadaveric specimens, only 46% were

identified as having both; whereas, 100% of the specimens had at least one [1,71]. Additionally,

the transverse ligament, which connects the anterior horns of the medial and lateral menisci,

has previously been located in 64% of 46 cadaveric specimens [68,72].

Of the reviewed literature, there was only one study that incorporated the menisco-femoral

ligaments into finite element models with meniscus anatomies [73]. In contrast, there have been

several finite element simulations of the tibio-femoral joint that have included the transverse

attachment [19,62,73].
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Medial and Lateral Differences

The medial and lateral menisci share the majority of their properties but differ in several

aspects. Generally, the lateral meniscus has greater variability and size with respect to shape

and thickness [2]. The medial meniscus is longer than the lateral meniscus [2] and has been

reported to cover 51-74% of the medial compartment of the tibial plateau [1]. However, the

lateral meniscus represents a larger proportion of the lateral tibial plateau, between 73-93% has

been reported [1]. Additionally, the lateral meniscus has loose peripheral attachments to the

joint capsule only [2] and therefore has greater mobility than the medial counterpart [2,69]. The

medial meniscus is relatively immobile compared to the lateral meniscus due to continuous and

firm peripheral attachments to the joint capsule and medial collateral ligament, respectively [2].

Despite these differences, the medial and lateral menisci are often modelled with the same

number of attachments and degree of mobility [18,19,62,63,74–76].

2.1.2 Tissue Function

Roles within the knee

The meniscus provides several functions for the healthy articulation and operation of the knee,

which include:

1. Load distribution and transmission [23,68]

2. Shock absorption [23,68]

3. Improved congruency [23,68]

4. Joint stability [23,68]

5. Lubrication (proposed) [23,68]

6. Nutrient distribution (proposed) [68]

7. Proprioception (proposed) [23,68]

The menisci provide a range of unique properties that all work together to maintain the func-

tionality and efficiency of the tibio-femoral joint. Improving the congruency and distribution of

loads between the femur and tibia are important roles of the meniscus, due to the inherent lack

of conformity between articular surfaces of the femoral and tibial cartilage. Although the me-
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dial compartments have greater conformity than the lateral, this changes with knee articulation

due to the irregular shape of the femoral surface [77]. When the knee articulates, congruency

and transmitted loads change and the meniscus is the component that stabilises the joint. The

meniscus shape and attachments allow flexible movement to maximise congruency [69]. These

features combined with the composition of the types of collagen present in tendons and articular

cartilage enables the tissue to be resilient, absorb shocks and evenly distribute loads.

Defects and associated affects on the knee

Meniscus injuries are a very common form of knee injury and have an incidence between 12-

14% [78]. The prevalence of meniscus injuries have been reported to be 61 in 100,000, which is

around 850,000 surgeries per year in the United States [78]. There are several different types of

injuries, degenerative effects and risks that menisci may suffer (Figures 2.2):

1. Tears: longitudinal/vertical, oblique/parrot-beak, transversal/radial, bucket-handle and

horizontal [2, 23] (Figures 2.2a-2.2e)

2. Extrusion [79,80] (Figures 2.2f)

3. Horn-laxity [79,80]

4. Surgical modification: partial and total meniscectomy [60,81]

Longitudinal Tear

(a)

Transversal Tear

(b)

Horizontal Tear

(c)

Bucket-Handle Tear

(d)

Oblique Tear

(e)

Extrusion

(f)

Figure 2.2: Pathologies of the meniscus (arrows show the progressive deterioration)

Several arguments can be put forth that any form of injury or degenerative effect that causes

menisci to lose either structure or function can lead to the development osteoarthritis. For ex-

ample, reduced load transmission and shock absorption capabilities are consequences of menis-
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cus tears [82], which in turn is a risk factor for osteoarthritis due to structural changes [83].

However, osteoarthritis can occur through a range of different mechanisms and risk-factors,

some of which are not initiated by the meniscus, such as: bone marrow lesions [84], cartilage

degeneration [85,86], osteophyte formation [83,85], particular repetitive movements [87], inflam-

mation [85], excessive mechanical forces [87] and malalignment of the tibio-femoral joint [86,87].

The pathways for the development of osteoarthritis are not fully understood [83]. There are

complex mechanisms that lead to osteoarthritis and several of which exacerbate each other. For

example, the presence of articular cartilage damage has the potential to degrade and extrude the

menisci [85]. Meniscus extrusion and tears have been linked to being a possible causal pathway

for osteoarthritis [79]. This correlates with results from finite element analyses of meniscus

extrusion and tears, indicated by increases in compressive and shear stresses of articular cartilage

and meniscus tissues [82]. Additionally, it has been proposed that meniscus extrusion and horn-

laxity are intricately associated [80]. Although, one study investigating meniscal extrusion and

horn-laxity of 251 knees from 153 patients, could not find consistent evidence to confirm that

the presence of these conditions leads to a loss of cartilage [86]. The aforementioned study did

find evidence that medial malalignment and lateral meniscus damage does lead to cartilage loss

on the femoral and tibial components [86]. This can make it difficult to determine the cause

of osteoarthritis and formulate an acceptable treatment or therapy. For example, if damage to

the cartilage tissues within the knee have been measured, was it articular cartilage or meniscus

degradation that initiated the condition or neither? To further complicate matters, meniscus

defects can be caused by both traumatic events and degenerative conditions [66, 78]. Based on

a cohort of 198 participants with meniscus tears, it is clear is that meniscus degeneration does

not heal or recover from a degenerate state and has a 16% chance to continue to become worse

over the duration of 8 years [83]. Therefore, intervention is required to manage symptoms, that

may include pain, and to reduce the risk of osteoarthritic development within the knee [83].

2.2 Finite Element Modelling of the Tibio-Femoral Joint

2.2.1 Purpose

The purposes of tibio-femoral joint (TFJ) modelling can be broken down into two main cat-

egories. The first is the improvement of TFJ models, which can be broken down further into

three groups: improvements, optimisations and validations [19–22]. The second is clinical rel-
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evance of the studies, where derived conclusions can be used to improve clinical therapies and

the outcomes of procedures [17, 23–25]. However, there are sometimes overlap between these

categories, particularly between validation and clinically focussed models [25,36]. Additionally,

there is some overlap between optimisation and validation papers [19,20]. Validation is a com-

mon point of overlap as it provides concrete evidence that the FE model was not only developed

correctly but produces information which correlates to either in-vivo data or experimental mod-

els. Furthermore, it provides a level of confidence of the data and conclusions derived from the

FE model.

Commonly used tissues incorporated into TFJ models are the femur, tibia, femoral cartilage,

tibial cartilage and menisci [17–25, 36, 62, 75, 88–90] (Figure 2.3). Sometimes the menisci are

not integrated into TFJ models, where there inclusion is sometimes defined as a tibio-menisco-

femoral model [88, 91]. Also, the complexity can be increased through integration of cruciate

ligaments as well as other supporting ligaments, tendons and bones in the legs [36,88,89].

Femoral

Cartilage

Menisci

Tibial 

Cartilage Tibia

Ligaments

Femur

Figure 2.3: Common components used to model the tibiofemoral joint
(Source: open-knee model [3])
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Validation Methods

The most common method to validate a TFJ model is to create the model based on a cadaveric

joint, which can be built into an experimental model equipped with sensors. Additionally,

this requires a sophisticated mechanical joint simulator that can fix the joint and accurately

acquire the relevant data, often pressure and reaction forces [19, 22, 25, 36]. However, other

validations can be done without cadaveric tissues, through MRI of in-vivo parameters using

location-based information [20, 21]. Although, MRI-based validation methods cannot compare

in-vivo measures of stresses and forces, which currently cannot be achieved without an invasive

surgical procedure [21].

Improvements and Optimisations

Due to the complexity of the TFJ, assumptions are made to simplify models in a number

of different ways, which includes material properties, boundary conditions and exclusion of

particular tissues. Consequently, there are several improvements that can be made to existing

models based on overcoming these earlier assumptions. Sometimes, optimisations are performed

to understand and narrow down which parameter ranges of potential kinematic and material

property variables are appropriate to improve model accuracies [19, 20]. On the other hand,

improvements can be made through understanding and implementing the complex biomaterial

properties of particular tissues, such as the biphasic time-dependant nature of cartilage tissues

[75,92].

Clinically-relevant Models

Of the literature reviewed, clinically-relevant models of the TFJ are the most common [17,

18, 23–25, 36, 89]. Studies of this nature focus on understanding the implications of particular

TFJ conditions. These conditions can include the effects of meniscal tears, meniscetomies,

tissue replacement devices, malalignments, surgical procedures and degenerative pathologies

[17,18,23–25,36,89].

2.2.2 Tissue Segmentation and Meshing

A FE model of the TFJ can be derived using a number of different protocols. The ge-

ometries are often acquired in-vivo using MRI; or a combination of MR and CT imaging
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[17–21,23–25,31,36,75,88,89,93,94]. To derive a geometry from this type of bio-imaging data,

segmentation is required to isolate anatomies of interest. Segmentation is currently a manual

operation, with the aid of several tools and algorithms to speed up the process and extract a

digital representation of the geometries [31]. Additionally, FE models which are being experi-

mentally validated from cadaveric sources acquire the 3D geometries using dissection and laser

scanning or direct digitization of the anatomies of interest [22,62,90]. Once the geometries have

been extracted, soft-tissues such as cartilage and menisci are typically meshed with hexahedral

elements and osseous tissue as either hexahedral or tetrahedral [17–23, 25, 36, 62, 75, 76, 88, 90].

However, osseous tissues are often assumed rigid due to stiffness differences and have been

modelled with surface elements, such as triangles and quadrilaterals, or simply with fixed con-

straints on the articular cartilage surfaces [17–21, 23, 36, 62, 75, 76, 81, 88, 90]. Furthermore, the

articular cartilage of the osseous tissues can be extrapolated from the distal elements of the

meshed tissues and not directly extracted through segmentation and separately incorporated

into the model [25]. Additionally, some soft tissues such as ligaments, tendons, attachment

sites and other thin connective tissues are often represented by linear and non-linear spring

elements [19, 36, 88, 90]. On occasion, cartilage tissues are meshed with both hexahedral and

pentahedral elements [20]. The final stage of developing a FE element model includes assembly

of the meshed geometries and specification of material properties, boundary conditions, loads

and constraints [31].

2.2.3 Parameters of Interest

Differences in the FE model development protocols are usually due to the aims of the investi-

gations. Similarities are found where procedures and data sources are commonly used and/or

known to produce accurate results. The purpose and objectives for developing models of a

TFJ can vary, which can include the understanding of: biomechanical behaviours; kinematic

behaviours; damage modelling; sensitivities of certain model definitions; validity and compar-

isons of experimental data and/or mechanical joint simulators and the implications of particular

prosthetic designs and implant locations. Consequently, there are a wide range of parameters

of interest that TFJ models have been used to derive:
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1. Maximum contact pressure (MPa)

2. Contact area (%, mm2, cm2)

3. Maximum tensile strain (%)

4. Maximum compressive strain (%)

5. Displacement (mm)

6. Reaction force (N)

7. Maximum contact force (N)

8. Gait cycle at max. contact force (%)

9. Fluid pressure (MPa)

10. Fluid support ratio (%)

11. Rate of strain change (%/s)

12. Rotations (◦)

The most common parameters of interest are the contact pressure, force, area and compressive

stress. Furthermore, the location of where the maximum values for these variables occur are

commonly reported; in particular, differences between medial or lateral compartments [17–19,

21,25,62,75,89,92,95].

2.2.4 Enforcement of Congruency

Congruency is not usually enforced and often assumed between the tissues of TFJ models.

However, it is known that the meniscus improves congruency between the femoral and tibial

cartilage surfaces [18,23,24]. Moreover, in the standing position and at higher loads the meniscus

changes shape becoming more deformed and increases congruency between articular cartilage

surfaces [21,23]. The differences in meniscus geometry and congruency between weight-bearing

and non-weight-bearing states causes a common issue of simulating weight-bearing states after

deriving geometries in a non-weight-bearing state [21]. One issue that arises is due to the

inaccurate representation of the geometry. Another issue is due to the lack of robustness inherent

in the FE contact algorithms simulating non-conforming surfaces [96]. The knee joint is more

incongruent than other joints, such as the hip [96]. However, there is still a degree of congruency

present due to the location and properties of the meniscus in a weight-bearing state between the

femoral and tibial surfaces [18, 23, 24]. Therefore, the lack of accurate representation of these

structures could lead to inaccurate simulations and incorrect interpretations of the results.

How congruency between surfaces was achieved is an area that is not well described, where

the causes are situated somewhere between geometry acquisition, meshing and FE model cre-

ation. Segmenting three separate anatomies and meshing them with hexahedral elements will

naturally incur surface differences compared to the original structures. However, the aspects of

achieving conformity are not addressed directly and it is up to the assumptions of the reader
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to infer why particular FE definitions or smoothing operations were included. For example,

one investigation mentions in their discussion that the medial meniscus did not conform and

stated minimal load transfer was caused as a consequence. Additionally, this investigation was

the only one to include a compliant contact force model between the meniscus and cartilage

surfaces and was reportedly used to achieve efficient computation of contact forces. Potentially,

this compliant contact model may have improved solver convergence for the interacting surfaces

with the low-conformity [19]. One study briefly described a smoothing and re-meshing scheme,

with one of the purposes being to reduce surface irregularities [25]. Furthermore, during the

segmentation, meshing and assembly processes they employed a non-manifold algorithm which

aimed to prevent mismatches in contact boundaries and improve solver convergence [25]. The

only other mention of conforming surfaces in the reviewed literature was from an investigation

where congruency was assumed between the tibial cartilage and menisci [22].

2.2.5 Clinical Applications and Relevant Outputs

Clinical Applications and Outputs

Differences between healthy and degenerative TFJs are common interests for clinically-focussed

models. These differences can be due to osteoarthritis, injuries, surgical procedures or a com-

bination [17, 18, 23, 25, 36, 89]. Within this area, a study investigating the effects of meniscal

tears and meniscetomies has previously been conducted [23]. A range of different meniscus

states were investigated which used contact area, maximal compressive stress and contact pres-

sure distributions to determine how each state may affect the TFJ. Compared to their healthy

TFJ model, higher compressive stresses were observed in the meniscetomy models. They used

preliminary knowledge of the meniscus, such as evenly distributing transmitted forces between

articular surfaces; and post-meniscetomy knowledge that cartilage damage and degeneration

was observed, to determine that the higher stresses may be the result of the aforementioned

damage [23]. This information could be used to determine the appropriate action and therapies

required to improve or arrest further cartilage damage and degenerative symptoms. Moreover,

clinicians could focus on therapies which would serve to reduce the higher stresses observed

within the cartilage and meniscus tissues. Furthermore, they used both maximal compressive

stress and contact pressures to confirm their conclusions based on previous literature and valida-

tion studies [23]. Their conclusions correlate with previous meniscetomy studies that use similar
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parameters and indicate maximal contact stresses and contact areas increase and decrease, re-

spectively, following this procedure [97]. They note that as contact area decreases, an increase

in the compressive stresses is observed [23]. Additionally, higher maximal contact stresses have

previously been reported to correlate with the progression of degenerative osteoarthritis within

the TFJ [89].

Contact Pressure

Contact pressure on the articular cartilage and meniscus tissues are common parameters of

interest [17, 21–23, 36, 89]. This variable is influenced by a number of different factors, due to

differences in applied loads; proportion and shape of contact between interfaces and current

flexion position in the gait cycle [98]. The contact pressure identifies what proportion of forces

are being transmitted between cartilage-cartilage and meniscus-cartilage interfaces with respect

to the contact area. This variable is of interest for clinical applications for two reasons. First,

it is the role of the meniscus to evenly distribute forces over a greater proportion of the ar-

ticular surfaces [21, 23, 62]. Therefore, it can be used to determine how effective the meniscus

is at performing one of its critical roles. Second, increases in contact pressures between these

interfaces have been observed in patients with osteoarthritis and similar degenerative condi-

tions [23, 25, 97]. For validation based investigations, the contact pressure is of interest as it

can be measured directly from pressure sensors [25, 36, 62]. Therefore, they can be used to

provide direct comparisons between experimental and simulated values, within a small degree

of uncertainty or error. Additionally, due to the common use of this variable, it is often used

to compare to either validation studies or other FE models [19,20,23,63,75].

Compressive Stress

Another common variable of interest is the compressive stress of the articular cartilage and

menisci [18, 21, 23, 75]. This variable is strongly associated with the contact pressure and the

applied loads that result in that pressure. It is the material response to the contact pressure

and compressive forces transmitted between tissues. Therefore, it provides information on how

the measured pressures and forces have particularly affected the tissues of interest. Moreover,

it can be used to determine if excessive damage extends into the tissue or what risks may be

occurring during certain conditions [23]. These conditions could be a result of injury, surgical

procedures or osteoarthritis [18, 23, 75]. Although, correlative with the contact pressure, the
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compressive stresses occur throughout each tissue and can be measured beyond the areas of

contact between interfacing anatomies [18, 23]. Consequently, it can indicate how an entire

anatomy is affected as a result of either a statically or dynamically-loaded scenario, from the

standing position to partial (instantaneous moment) and complete portions of the gait cycle.

Similarly, the values are often used to compare between studies but not as common for validation

studies. Experimentally obtained compressive stress values typically require robust materials

testing equipment to facilitate accurate measurements. Although, this could be implemented

using strain gauges and measured reaction forces, the compressive stresses of the knee joint are

not measured during experimental cadaveric simulations [25,36,62].

Contact Area

The contact area between the cartilage-cartilage and cartilage-meniscus interfaces are contact

variables with high interest amongst researchers [18, 21–23, 75]. This variable implicitly links

with contact pressure and force, and can be used to determine the functionality of the meniscus

at distributing loads over a greater proportion of the articular cartilage surfaces. Additionally, it

can be used to gain an idea of how congruent the surfaces are between the interfaces and useful

to compare between healthy and symptomatic patients [18, 23, 63, 75]. Lower contact areas are

associated with osteoarthritis and degenerative conditions, due to higher forces being transmit-

ted through a smaller area leading to higher compressive stresses and contact pressures [23].

Furthermore, accelerated osteoarthritis and tissue damage has been observed through a reduc-

tion in contact areas and the associated increases in contact pressures that results from meniscus

injuries or surgical procedures, such as meniscetomies or HTO corrections [18,23,99].

Validation Studies and Outputs

Studies which are validated use the derived model data differently to clinically-focussed inves-

tigations. The parameters of interest derived from these studies are similar and typically focus

on contact variables, such as contact area, pressure and force. Validation studies often compare

the parameters of interest measured from experimental sources to the predicted values of a FE

model using the root-mean-square error (RMSE) [19,22,25,36]. This enables an understanding

of how different a FE model is to experimentally measured data. Furthermore, this is useful in

determining if an optimisation or improvement has lead to a greater prediction accuracy of a

model, identified by a reduction in the measured errors. Additionally, the RMSE or root-mean-
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square-normalised error (RMSNE) can be used to combine the errors from several different

parameters of interest or contact variables into one metric [22]. This can be a useful approach

to quantifying the total accuracy loss or improvement between a range of variables based on the

use of a different approach, model or method. Also, this can enable easier comparisons between

the accuracy of a different method, comparing the total loss instead of the individual errors

contributing to that factor.

2.3 Hexahedral versus Tetrahedral Meshes

2.3.1 Element Types

There are a large variety of elements that can be used to perform finite element analyses. These

can first be separated into 2D and 3D elements, and second with respect to their order. For each

linear or first-order element there are higher order formulations, most commonly second-order

or quadratic. Additionally, there are other element formulations with cubic, quartic and higher

interpolations [100]. Some cubic elements are used within the field of biomedical engineering,

e.g. the heart [101]. However, they are not used in TFJ models (Section 2.3.4), and therefore

are beyond the scope of this review.

First-Order Elements

The most common 2D elements are the triangle (TRI3) and quadrilateral (QUAD4) (Figure

2.4a-2.4b) [102,103]. For 3D analyses, the linear tetrahedron (TET4) and hexahedron (HEX8)

are the most common (Figure 2.4c-2.4d) [102,103].

Additionally, there are other less commonly used 3D elements, such as the pentahedral (PENTA6)

and pyramid elements (PYRA5) (Figure 2.5). Typically, these are combined with and bridge

the more common 3D element types (TET4, HEX8) [104]. This is made possible due to the

presence of triangular and quadrilateral faces, allowing more diverse connectivity to both tetra-

hedral and hexahedral elements. Meshes composed of multiple elements types are referred to as

hybrid or mixed meshes [104–106] and attempt to combine the positive attributes of particular

element types - such as improved surface fit [TET4] with greater computational performance

[HEX8]. These elements are able to accommodate joining hexahedra to tetrahedral elements

and prevent hanging vertices [38] due to having both quadrilateral and triangular faces. There

are several non-standard elements that exist, such as the polyhedral or abstract elements in
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Figure 2.4: Common linear elements: (a) triangle, (b) quadrilateral, (c) tetrahedral and (d)
hexahedral Elements. Integration points are shown for the 3D elements (black)

both 2D and 3D, that have been found suitable for particular applications [107]. There is also a

knife element [108, 109] which can result from the decomposition of an irregular geometry into

a hex-dominant mesh [109] and can be considered a special-case to the wedge element [108]

or degenerate case of a hexahedron [109]. However, polyhedral and knife elements are not

implemented in commonly used FE packages [110,111].

Second-Order Elements

The most prevalent quadratic elements are also based on the tetrahedron (TET10; TET15) and

hexahedron (HEX20; HEX27) (Figure 2.6) [34, 100, 102, 112]. One level of quadratic element

(TET10; HEX20) involve the placement of extra vertices on the edges of the linear elements that

provide additional degrees-of-freedom (DOF) and the ability to represent those edges as curves

[34,100] (Figures 2.6a,2.6c). A level beyond this adds vertices to the centres of each face and

element, further extending the associated DOF (TET15; HEX27) [34,100] (Figures 2.6b,2.6d).
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Linear Pentahedral Element

(a)

Linear Pyramid Element

(b)

Figure 2.5: Less common elements: (a) a pentahedron and (b) pyramid

Quadratic elements require greater computational effort to achieve solutions to their equivalent

linear counter-parts [100, 113]. However, fewer second-order elements are required to achieve

an adequate surface fit due to more DOF [114,115], but the specific second-order formulations

are not always reported [76, 81]. Although, TET10 is the only quadratic tetrahedral element

available for Abaqus [110].

The following table summaries a range of elements with their associated order, number of nodes,

number of faces and possible connectivity in mixed meshes (Table 2.1):

Table 2.1: Summary of 3D finite elements

Element ID Order Vertices (#) Faces (#) Connectivity

Tetrahedral
TET4 First 4 4 PYRA5, PENTA6
TET10 Second 10 4 PYRA13, PENTA15
TET15 Second 15 4 PYRA19, PENTA21

Hexahedral
HEX8 First 8 6 PYRA5, PENTA6
HEX20 Second 20 6 PYRA13, PENTA15
HEX27 Second 27 6 PYRA19, PENTA21

Pyramid
PYRA5 First 5 5 TET4, HEX8, PENTA6
PYRA13 Second 13 5 TET10, HEX20, PENTA15
PYRA19 Second 19 5 TET15, HEX27, PENTA21

Pentahedral
PENTA6 First 6 5 TET4, HEX8, PYRA5
PENTA15 Second 15 5 TET10, HEX20, PYRA13
PENTA21 Second 21 5 TET15, HEX27, PYRA19

2.3.2 Performance of Element Types

There are a number of different factors effecting the convergence of a mesh: element type,

element order, integration formulations, material definitions and the size of stiffness matrix
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Figure 2.6: Common quadratic elements: (a,b) tetrahedral and (c,d) hexahedral variations

eigenvalues [116].

Stiffness Matrix Eigenvalues

Meshes with smaller stiffness matrix eigenvalues are preferable [116], to reduce the overestima-

tion of material stiffness inherent to the finite element method [112,116]. It has been observed

that TET4 can lead to higher eigenvalues than HEX8, decreasing the accuracy of a solution for

a range of applications [4,116,117]. The magnitude of the eigenvalue corresponds to the element

stiffness or softness, i.e. higher eigenvalues indicate stiffer elements, and vice versa [118]. The

stiffness or softness of an element can invoke or overcome certain detrimental phenomena, such

as locking [28,39,100] and hourglassing [4, 100].
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Locking

Locking of elements can occur in two particular situations: (1) material properties approaching

nearly-incompressibility [100,112,116,119] and (2) the simulation of thin geometries or bending

[100, 103, 112, 120]. The first situation can initiate volumetric and strain locking, whereas, the

second can initiate shear locking. Shear locking is also referred to as “tet-locking” due to its

prevalence of occurring under large deformations for tetrahedral meshes [39, 121]. Elements

with greater element stiffness [28, 39, 100] are most susceptible due to containing fewer DOF

[39,100]. Consequently, the effects are less evident with higher-order elements and less distortion

[100,120]. Particularly, when using quadratic tetrahedral elements over TET4. There have been

several attempts to help alleviate the severity of the issues, which include implementing different

integration rules [112,120,122] and employing constraint relaxing techniques [119,123].

Hourglassing

In contrast, hourglassing can occur from softer elements and is evident when deformation occurs

when there is no strain and can reduce accuracy as well as initiate element inversion [4]. These

can occur in HEX8 and quadratic elements but not TET4, which are too stiff [4,100]. However,

higher-order elements can reduce the hourglassing [100]. The prevalence of these effects in-

creases when simulating large deformations [4], dynamic conditions [4] and coarse meshes [122].

Using different integration rules and increasing the element energy and stiffness can overcome

these issues [4, 112,122]. Additionally, some attempts to counter locking effects can exacerbate

hourglassing phenomena [122].

Integration Points

Integration points contained within each element are used to evaluate local stresses [34] (Figure

2.4c - 2.4d). A reduction in computational effort can be achieved using fewer integration points

[34, 112] and can increase accuracy [112] due to reducing overestimated finite-element stiffness

effects [112, 116]. However, more integration points can lead to greater accuracy of element

representations [34, 124] and reduce hourglassing effects [112]. This is one of the reasons why

HEX8 meshes are often more accurate than TET4, due to containing more integration points

[29–34] (Figure 2.4c - 2.4d)). The number of integration points affect the computational

effort more than DOF [34]. However, increasing the DOF of an element usually requires an
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increase in the number of integration points [34].

Four Core Phenomena

There are four core simulation phenomena that can be difficult to solve:

1. Large Deformations

2. Contact Analyses

3. Nearly-Incompressible Materials

4. Anisotropic and Inhomogeneous Material Properties

The first three phenomena have been commonly reported [29–34], whereas the fourth is less

acknowledged. For the first three phenomena, HEX8 meshes have been shown to perform greater

than TET4 meshes [29–34]. When imparting large deformations, HEX8 are more reliable,

require fewer elements and produce lower errors, whereas, TET4 are more susceptible to shear

locking [39]. Similarly, when TET4 are used to define the geometries of nearly-incompressible

materials they have a greater tendency to volumetrically lock [119]. When TET4 have been

used in contact analyses, they have been shown to be inaccurate which is indicated by noise

from their irregular mesh topology [34,113]. Furthermore, they perform poorly during shear and

torsion yielding unacceptable errors [116] and have been found to exhibit spurious deformation

modes [34], making them unsuitable for contact analyses. Consequently, hexahedral meshes

are the state-of-the art for finite element simulations with respect to accuracy and efficiency

[5, 34, 116, 125]. They can be more computationally efficient, having a reduced number of

elements per vertices compared to tetrahedral meshes [30, 38, 39, 39, 100, 113, 117, 125–128],

which allow matrix assembly to be performed faster [125]. Additionally, the intrinsic structure

of their basis functions as a tensor-product and efficiency of local pre-conditioners, enable high-

performance computations [125].

For structured and semi-structured hexahedral meshes, it is more straight-forward to apply dif-

ferent material properties to particular regions of the geometries, such as the zonal properties

of menisci (Section 2.1.1) and cartilage layers on bone [19,30]. Another benefit of structured

and semi-structured hexahedral meshes for material definitions is that it can be simpler and

more accurate to assign fiber directions [111]. For transversely isotropic and orthotropic ma-

terials [20, 62, 111, 129], this is done by using the local element structure [20, 81, 111], which
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negates the need to define less accurate cylindrical axes [111, 129]. In addition to fibers, trans-

versely isotropic definitions can apply to biphasic material properties [130–133]. Ligaments,

tendons, articular cartilage and menisci are more accurately and often defined with transversely

isotropic and sometimes orthotropic properties [18–20,23,24,26,36,62,73,75,76,81,85,129–139].

Greater accuracy or geometric-specificity can be achieved due to the regular-distribution of the

hexahedral elements capturing the irregular geometries and fibers more closely than cylindrical

or spherical descriptions. This is not possible with tetrahedral elements which inherently are

irregularly-distributed.

2.3.3 Comparative Analyses

There are numerous advantages and disadvantages associated with particular finite elements.

Several studies have been reported that highlight and compare key differences in the performance

of tetrahedral and hexahedral meshes. The majority of comparison studies compare linear

hexahedral meshes against quadratic tetrahedral meshes [34, 113, 116], as several studies over

the past couple of decades have determined that the performance of linear tetrahedral meshes are

inferior to linear hexahedral meshes [34, 39, 113,116]. Overall, it appears there are clear trends

in the performance of some element types: TET4 < TET10 < HEX8 < HEX20 [113,116,121].

However, it is still up for debate where TET15 and HEX27 are situated, which require further

investigations. Although, based on the current trend, HEX27 would likely achieve the greatest

performance.

Element Comparisons

In general, slower running speeds [34, 100] and poorer convergence metrics have been observed

for TET10/15 elements compared to HEX8, particularly with increasing model complexity [34].

Similar findings indicate HEX8 performs better than TET10 (e.g. stiffer) [100,116], particularly

where large deformation and shear stress is dominant [116]. Also, the quadratic equivalents

for TET4 and HEX8 perform better [116]. Interestingly, HEX27 has been found to be more

efficient than TET15 [100], similar to HEX8 over TET4. Between tetrahedral models, TET15

has been shown to run the fastest with greater convergence behaviour [34], and provides greater

robustness and accuracy [100]. At lower resolutions, TET15 has shown poorer convergence

behaviour than HEX8, and all tetrahedral variants show irregularities in results due to variations

in the mesh topology [34]. At higher resolutions, the quadratic elements produced results similar
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to the HEX8, but still showed some mesh-based variations, whereas the TET4 mesh showed

significant differences.

Some findings suggest quadratic tetrahedral (QT) meshes are less suitable for applications in-

volving thin regions (shear locking) [100], nearly-incompressibility and frictional contact [113].

These are important findings as biomedical joint simulations can contain thin anatomies (e.g.

cartilage), and a large degree of sliding interactions with high shearing forces [140]. Further-

more, particular pathologies of the knee can include severe cartilage degeneration that can lead

to increased friction [141] and may initiate bone-on-bone [142] and bone-on-cartilage [141,143]

frictional contact. Additionally, this would include investigations into the consequences of

abrasive particles from arthroplasties [142, 144–147] and other sources, such as osteochron-

dritic fragments [144, 148]. Research has indicated that during the progression of osteoarthri-

tis there is greater friction of the articular cartilage [149]. This indicates that the accurate

modelling of osteoarthritis and arthroplasties would likely require HEX8. However, FE sim-

ulations commonly define the material properties of healthy and degenerate menisci as fric-

tionless [18, 20, 23, 62, 73, 76, 85, 150]. Nevertheless, in reality they do impart complex frictional

behaviours particularly during dynamic movement, albeit exceptionally low [74,151].

Limitations of Comparative Studies

There are three general limitations of the comparative studies reviewed: (1) simplicity of models,

(2) comparing equivalent number of vertices between different element types, and (3) lack of

information regarding mesh generation methods and associated characteristics.

Complex vs. Simple Models

For some applications and conditions, the accuracy of TET10/15 has been shown to be compa-

rable to HEX8 [34,113]. These applications include simple test cases and biomedical models of a

hip [34] and foot [113]. However, patient-specific knee models have greater complexity with re-

spect to three aspects: (1) number of contacting interfaces, (2) irregularity of tissues (shape and

surface), and (3) degree of congruency of contacting interfaces (Section 2.2). Of the reviewed

literature, no comparative study of element types have investigated models with complexities

approaching that of a knee model. For example, the hip [34] and foot [113] models were a

two-body contact problem with smooth and regular anatomies that have high-congruency. In

contrast, knee models can be at least three-body contact problems, depending on anatomy in-
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clusion (e.g. meniscus [17] and patella [152]). Additionally, the anatomies are more irregular

and have lower congruency. Consequently, it is difficult to interpret how the current findings

suitably translate to other biomedical models.

Equivalence of Vertices Between Element Types

Matching the number of vertices and DOF is sometimes used when comparing meshes with

different element types [34,117,128,153]. When matching the number of vertices and DOF, this

can lead to a reduction in the number of tetrahedral elements, which has led to comparable

convergence times for some applications [34]. In practice, there are often more tetrahedral

elements than hexahedral for a given geometry [30,38,39,100,113,117,125–128]. Typically, mesh

convergence studies are performed to determine optimal mesh resolutions [20,63,85,134,150,154].

Results from comparative studies have shown that fewer HEX8 elements are required to achieve

convergent results [34, 113]. Additionally, in some cases the highest resolution QT models still

have errors greater than 5% compared to HEX8 [34]. Consequently, simply matching the number

of vertices and DOF may not be a suitable approach, and could be misleading with respect to

comparing convergence times. As such, further research is required to determine the suitability

of matching equivalent vertices instead of conducting mesh convergence studies.

Mesh Generation Methods and Characteristics

Only one study has been found that investigated different generation methods (N=12) and

quality metrics (N=3) for HEX8 and QT meshes used in biomedical models [117]. This study

concluded that HEX8 meshes were the most favourable. In other studies, there was no infor-

mation regarding the methods used to generate some or all of the meshes [34,113]. Also, there

was no information on the surface error or mesh-quality, although this is not often reported [4].

It would be interesting to know whether the tetrahedral meshes were converted from TET4

or were decomposed directly into quadratic formulations to ensure adequate surface fitting.

For practical applications, this could have a large difference on surface errors in highly irregu-

lar geometries, particularly when matching the DOF. Additionally, the element-quality has a

profound impact on the accuracy of simulations (Section 2.3.5). There is a wide range of dif-

ferent mesh generation methods available, which have particular advantages and disadvantages

(Section 2.4.2). As such, it is not clear which is the best approach to generate either QT or

HEX8 meshes for certain applications, to obtain the most favourable results and performance.
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Limitations of Quadratic Tetrahedral Elements

There are two key limitations related to the use of QT elements: (1) poor availability of TET15

and (2) prerequisite technical knowledge. First, TET10 has been shown capable of producing

reasonable results for some applications, but it is TET15 that offers the greatest competition

to HEX8 [34, 100]. However, TET15 are not as widely available in other packages outside

FEBio [33], e.g. Abaqus [110]. Additionally, only one biomedical simulation has been found to

use TET15, which was a comparison study of different element types [34].

Second, there appears to be some requirements of prior technical knowledge, experience and/or

trial-and-error needed to develop accurate and convergent models with TET10 formulations

[34,100,113]. This pertains to the matching of appropriate integration rules and contact imple-

mentations. These difficulties and challenges could inhibit the adoption of these elements, and

could increase the complexity of model development. On one hand, this provides the flexibility

to choose different composite formulations and integration rules, as some have been found to

yield improved properties for particular applications [100]. On the other hand, incorrect choices

have been shown to lead to highly unstable simulations [34]. Furthermore, three TET10 formu-

lations for a foot model were investigated, where only one formulation led to simulations that

converged, C3D10I (Abaqus) [113]. These were compared to the standard C3D8 formulation

of HEX8. This suggests that despite the large number of HEX8 elements available [110], the

standard implementation yields sufficiently accurate results for the majority for applications.

Additionally, there have been concerns that recovering the stresses for certain geometries may

require specific integration rules, to prevent inaccuracies near boundaries and around thin re-

gions [34]. This could be problematic for several biomedical models, which can have components

that are thin (e.g. femoral cartilage), or have very thin regions (e.g. extruded menisci). Con-

sequently, the complexity of the decision-making process for aspects of FE model development

is greater for QT elements compared to HEX8.

Conclusions

In general, there is evidence that suggests some QT formulations are viable alternatives to HEX8

for biomedical simulations [34], but this requires further investigation. It would be interesting to

see what differences exist for more complex models and material properties (e.g. biphasic and

fibre alignment definitions). Specifically, patient-specific models with challenging geometries
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and/or pathologies, with a focus on those which push the simulated environments to the limits

of convergence. Until further evidence arises, it could be argued that the convergence behaviours

for QT elements continue to decrease or not converge at all with increasing model complexity.

A lack of solver convergence has already been reported from a study that used TET10 in a

reasonably complex model of the tibiofemoral joint [76].

2.3.4 Mesh Types used in the Tibiofemoral Joint

Depending on the tissue being simulated and application being studied, there is usually a

common approach used to define them, with exceptions. For solid tissues, there have been uses

of four elements in the reviewed tibiofemoral joint models, linear and quadratic tetrahedral

and hexahedral elements (Table 2.2). HEX8 were found to be the most common, followed

by in descending order of frequency used: TET4, TET10 and HEX20 (Table 2.2 and Figure

2.7). Table 2.2 summarises the choice of finite elements for particular tissues used within

literature for the tibiofemoral joint. TET10 and HEX20 have been assumed where information

(quadratic formulation) has not been specified or the FE package used did not support TET15

(i.e. Abaqus [110]).

Table 2.2: Element types used for tissues in tibiofemoral joint models

Tissues TET4 HEX8 TET10 HEX20

Tibia [73,81,134,
155–157]

[19–21,36,62,63,75,92,95] [76] –

Femur [73,81,134,
155–157]

[19–21,36,62,63,75,92,95] [76] –

Femoral Cartilage [156,157]
[18–21,23,36,62,63,74,
75,85,92,95,134,150]

[73,76] [81]

Tibial Cartilage [156,157]
[18–21,23,36,62,63,74,

75,81,85,92,95,134,150]
[73,76] –

Menisci [155–157]
[18–21,23,36,62,63,75,
81,85,92,95,134,150]

[63,73,76] –

Ligaments [155] [23,36,63,81,134,150]
[23,36,63,

81,134,150]
–

Tendons [157] – [73] –

Total 21 70 16 1

Due to the performance limitations inherent with linear tetrahedral meshes, these elements are

often limited to structures that have either: relatively stiff or rigid material properties; small

deformations or no contact analyses associated. Consequently, hard and osseous tissues are often
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Figure 2.7: Frequency of element types used for tissues in tibiofemoral joint models

defined rigidly by linear tetrahedral elements [22, 62, 158]. However, exceptions exists which

have used hexahedral [3] and quadratic tetrahedral elements [76, 134] (Table 2.2 and Figure

2.7). The use of quadratic tetrahedral elements have been found to impart an unnecessary

computational burden compared to TET4 and HEX8, when used for modelling the femur [127].

Soft tissues undergo the three phenomena (Section 2.3.2) and therefore are often meshed

with hexahedral elements [29–34] (Table 2.2 and Figure 2.7). The TFJ encapsulates a

variety of soft tissues which include: articular cartilage, meniscus, ligaments, tendons and

muscles [36, 73, 157]. Due to the highly-irregular nature of some of these geometries and lack

of automated hexahedral mesh generators available, some of these tissues are meshed with

quadratic tetrahedral elements [76, 134] (Table 2.2 and Figure 2.7) or represented by spring

elements [36]. Since 2015, the adoption of quadratic tetrahedral meshes has begun to be used

in some studies, prior to this the use of these elements has not been observed (Table 2.2).

The use of quadratic hexahedral elements in tibiofemoral joint modelling is more rare, however,

there has been one study that have used such elements to mesh femoral cartilage [81] (Table
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2.2). In that study, the reason for using quadratic hexahedral elements was not given but may

be due to a lack of solver convergence or poor surface fitting from the linear hexahedral mesh.

Furthermore, quadratic hexahedral elements (HEX20*) were only used for the femoral cartilage,

whereas, linear hexahedral elements (HEX8) were used for the tibial cartilage and meniscus,

again without justification [81]. Linear hexahedral meshes are most often used for articular

cartilage, menisci and ligaments (Table 2.2 and Figure 2.7). Only two examples of tendon

meshing have been observed, where linear [157] and quadratic tetrahedral elements were used

for the patella tendon [73] (Table 2.2).

Of the reviewed literature, there are currently no TFJ models involving HEX27 definitions for

any of the tissues (Table 2.2). This is most likely due to the challenges of generating hexahedral

meshes, increased computational costs and the lack of convergence issues for particular problems.

2.3.5 Element Quality Metrics

The main purpose of element-quality metrics used in FE Models are to determine the validity

of a mesh and the likelihood it will lead to a convergent and accurate simulation [4,30,159–161].

However, the quality of finite-element meshes are rarely reported for biomedical models in

literature [4]. An extensive overview for the reporting of quality assessments for bone models

was conducted and showed only 5 in 80 studies used mesh-quality metrics [4]. Furthermore, little

information was provided to what metrics and minimum criteria were required, and where low-

quality elements reside [4]. This information is important as the general quality of a mesh and

position of low-quality elements can cause significant differences to the accuracy of the solution,

that cannot be overlooked through mesh-sensitivity analysis [4, 161]. Additionally, low-quality

meshes will often reduce the time taken to reach convergence and increase the overall solution

times, with the possibility of not converging entirely [161, 162]. Mesh-quality metrics are also

used during the solving process, to ensure significant distortion has not been introduced that

would prevent solver convergence [111,159].

There is a natural trade-off between the degree of high-quality elements and the accuracy of an

anatomical surface fit [159]. To improve the fitting of anatomical irregularities requires more

elements to deviate from element ideals [159] (Figure 2.8). This is another important reason

why mesh-quality analyses should be reported in biomedical models, due to the simulation of

highly-irregular geometries.
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Figure 2.8: Ideal or reference hexahedron used to compare against a hexahedral element with
respect to the Jacobian, principal axes (P1, P2, P3), dihedral angles (α, β and γ) and ratio of

minimum and maximum edge lengths (adapted from [4, 5])

There are a wide array of metrics available and some are not always cross-compatible with

other element types [108, 163], which can make comparisons between the performance of dif-

ferent meshes difficult. To complicate matters, different metrics are more relevant than others

depending on the particular application and model [161].

The majority of metrics focus on the degree of distortion or deviations from element ideals

[4, 30, 117, 160, 163–165]. However, others can indicate purely geometric properties such as

volume [38,160] or topological issues, such as singularities [165–167].

Of the variety of available metrics [108,163], four common metrics used to analyse the distortion

of a hexahedral element are the: Jacobian, aspect-ratio, skewness and dihedral angle [4,30,117,

159,160,164,168,169]. The benefit of these metrics are that they can be used for comparing the

suitability between tetrahedral and hexahedral meshes, when undertaking application-specific

performance analyses [117,170].

Determining the validity of tetrahedral meshes can be less trivial than for hexahedral meshes

and can be assumed to be valid if they contain a positive volume [5]. Also, accurate analysis of

quadratic equivalents for elements are more difficult to assess [5].

Jacobian

The Jacobian or scaled-Jacobian metric is often the standard to determining the validity of a

mesh, through the determination that all elements have a positive value [4,5,30,108,161,166,169].
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The Jacobian of an element’s vertices and centre is calculated from the determinant of the

Jacobian matrix (Equation 2.1) [4, 108]:

J = det


δx
δξ

δy
δξ

δz
δξ

δx
δν

δy
δν

δz
δν

δx
δµ

δy
δµ

δz
δµ

 (2.1)

Essentially, this provides a pointwise map of each vertex and centre of a hexahedron within a

mesh to the corresponding ideal [108, 117, 163] (Figure 2.8). The Jacobian is the minimum

value derived from an element [108]. Element information provided by this calculation include

distortion, volume, orientation and shape deviations to element ideals [4, 163]. Consequently,

several metrics are based on the Jacobian matrix, such as: distortion, shape and shear [108].

A valid element has a positive value (J) at each vertex and centre [108, 166]. However, it

was reported that positive values on the corners and edges did not guarantee validity [171].

An element with a non-positive Jacobian is classified as highly-distorted or inverted [4]. The

presence of negative Jacobians in a mesh will lead to either nonsensical results or failure achiev-

ing convergence [30, 172]. If a non-positive Jacobian is encountered during the solution of the

PDEs, FE packages will terminate further computations [111]. The value must be positive be-

cause it is fundamental to how finite element solutions are determined using reference mapping

and requires the point-wise map to be injective (one-to-one function) [5, 103, 161, 173]. Con-

sequently, if an element is highly-distorted or inverted, injectivity is lost [5] and the solution

would be inaccurate or not converge [30,161], potentially causing non-physical behaviors in the

process [161].

The scaled-Jacobian is a normalised equivalent of the Jacobian, achieved through the division

of each edge length [108]. Consequently, the Jacobian is influenced by the size of the element,

whereas, the scaled-Jacobian will always reside between -1 and 1. The Jacobian is sufficient

where concern is only to determine mesh and element validity of a single mesh. However, the

scaled-Jacobian is superior when comparing different meshes, regardless of size variabilities.

Scaled-Jacobian values between 0.5-1.0 have previously been defined as acceptable [108], with

high-quality elements having values above 0.8 [30]. Although, there does not appear to be a

consensus to what constitutes a high or low-quality element. Evidence indicates that the average

scaled-Jacobian affects the accuracy and convergence of a simulation [166]. However, further

35



2.4. Hexahedral Mesh Generation Chapter 2. Literature Review

research is required to determine if these metrics alone are sufficient for quantifying hexahedral

mesh-quality and validity [5, 166,171].

Non-Jacobian-based metrics

There are several metrics that are not based on the Jacobian matrix and measures how close an

element is to the ideal. These metrics are not calculated with respect to the ideal or reference

hexahedron but compared to it based on their associated values.

The skew measures the angle between the three principal axes (P1, P2, P3) of a hexahedron to

determine the degree of parallelism between pairs [108] (Figure 2.8). The maximum value

between the three pairs is used to measure the skewness of a hexahedron to indicate the closeness

of the element to the corresponding ideal [108, 117]. For this property, the skew metric has

been considered a primary quality measure [117]. The values for this metric exist between 0

and 1, where 0 to 0.5 is the acceptability range and a value close to zero indicates the element

of a mesh is close to an ideal hexahedron [108,117].

The aspect-ratio or edge-ratio of an element is simply the longest edge divided by the shortest

edge (Figure 2.8) [4, 108]. Several studies have investigated which ranges provide the most

accurate results with acceptable ranges reported between 1 and 4, with the quantity of elements

above 3 not exceeding 5% [4,117].

A dihedral angle is one defined from two planes. Each vertex in a hexahedron has three dihedral

angles (α, β and γ) [4] (Figure 2.8). The dihedral angles for an element would ideally be

90◦ [4]. However, they have been deemed acceptable if they lie between 45◦ and 135◦ [160,

164,174], or more conservatively between 60◦ and 120◦ [4,175]. Outside these ranges they have

been classification as distorted [160, 164]. For highly-irregular geometries, such as those from

biological origin, there should be no more than 5% of distorted elements below 20◦ or above

160◦ [4]. It has been reported that a simulation may not converge if the dihedral angles approach

0◦ or 180◦ [5, 164].

2.4 Hexahedral Mesh Generation

There are a wide variety of algorithms that have been developed to generate hexahedral meshes

based on a geometry of interest (Table 2.3). However, the problem of generating hexahe-
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dral meshes for arbitrary geometries has remained since the 1950s [41]. Since then, solutions

have gradually moved from manual to semi-automatic and automatic, which could be classi-

fied as either general-purpose or geometry-specific [39, 40, 176, 177]. Unlike tetrahedral mesh

generators, none can derive high-quality meshes in a fully-automatic and timely manner for

arbitrary geometries [39, 177]. Unfortunately, the techniques that enable the automation of

other element types do not translate well to hexahedral meshes and yield comparatively poorer

results [178–180]. The generation of high-quality hexahedral meshes represents one of the main

barriers to the development of state-of-the-art FE models [176, 181]. The first section provides

an overview of the variety and types of generation methods currently available, as well as defi-

nitions and criteria that characterise them. This is followed by a description of their advantages

and disadvantages, and concluded with a summary of their suitability for biomedical anatomies

and applications.

2.4.1 Overview

There are 14 criteria that define an ideal general-purpose mesh generation method. As no

hexahedral mesh generator has yet achieved them [177, 182, 183], they aid in distinguishing

methods with respect to this idealisation. Additionally, there are several definitions that aid in

describing the types of methods and meshes they derive, which are: the regularity, mesh type,

meshing approach and method classification.

Evaluation Criteria

Twelve criteria were previously proposed to characterise and compare automatic hexahedral

mesh generators [184, 185]. Originally, nine criteria were proposed (C1-9) [184], which were

later extended by three (C10-12) [185]. An additional criterion (C13) has now been added to

represent a common metric used to determine the accuracy of meshes derived from bioimaging

data. Also, one of the original criterion (C10) has now been split into two: generation time (C10)

and user-interaction (C14). The 14 criteria with brief descriptions are the following [184,185]:

C1. Geometric Domain: The types of geometries that can be meshed

C2. Non-geometric Domain: Additional information, which includes element size require-

ments and simulation information, such as: loads, constraints and material properties

C3. Range: The type of meshes that can be derived, e.g. hexahedral, tetrahedral, etc.
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C4. Locality: A modification of small regions will lead to localised differences

C5. Continuity: Small dimensional modifications have proportional mesh differences

C6. Orientation-Independence: Orientation changes will not affect the meshing process

C7. Representation-Independence: Geometry representation will not affect the meshing

process, i.e. number and type of discretisation, as well as the order of vertices and elements

C8. Idempotence: Internal boundary definitions will affect the meshing process

C9. Local Density Control: An unrefined mesh is a proper subset following local refinement

C10. Generation Time: The amount of time required to derive a mesh

C11. Mesh-Quality: Minimum quality criteria required for chosen metrics

C12. Boundary Sensitivity: The meshing process derives high-quality boundary elements

C13. Surface Fit: The accuracy of a derived mesh’s boundary to a target geometry

C14. User-interaction: The amount of user-interaction, knowledge and skill required

Essentially, the original nine cover general robustness and consistency, but don’t necessarily

infer two important characteristics for biomedical simulations: mesh-quality and surface fit. The

addition of surface fit (C13) was necessary as it is an important metric for biomedical models

[126]. However, for some methods, this characteristic is not a problem for more regular CAD-

based geometries, which can have a perfect surface fit. Generation time (C10) was separated

into two criteria (C10 and C14) to serve two purposes. First, this would aid in identifying

a faster or slower method from automatic and semi-automatic methods. This distinguishes

automatic methods that may take as long as semi-automatic methods but with the benefit

of not requiring user-interaction. Second, different levels of proficiency and types of skill and

knowledge are necessary to derive high-quality meshes from semi-automatic methods.

Despite the thoroughness of the previously reported criteria (C1-12), only two could be found

comparing their meshing algorithm to them [176,186]. Others have mentioned a subset of these

criteria indirectly and without reference [39, 42, 180, 187, 188]. Typically, some criteria are less

important, particularly if more critical criteria are not satisfied. For example, if a method

generates invalid elements consistently or takes an extraordinary amount of user-iteration then

the remaining factors are irrelevant. However, the list is quite complete and shows not only
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how methods compare but how far they are from an ideal general-purpose fully-automatic mesh

generator.

Arguably, the most important and relevant criteria for biomedical models are: surface fit,

mesh-quality and generation time. An adequate surface fit provides greater accuracy for

patient-specific models and would be required for state-of-the-art clinical applications [189].

High-quality meshes are also required for accurate solutions and can improve convergence

times [190–192]. The rapid generation of high-quality patient-specific meshes (ideally fully-

automated) will be required for the widespread adoption of biomedical modelling for clinical

applications and large scale studies [181]. Following these three criteria, the next most impor-

tant factors are: geometric domain and boundary sensitivity. Ideally, a wide-range of anatomies

could be meshed using the same or similar process, to approach the large variety of systems

operating in the human body. For applications involving contact mechanics, common for mus-

culoskeletal tissues, boundary sensitivity would enable greater solver performance and accu-

racy [193]. Also, continuity, representation-independence and orientation-independence could

be quite useful for some comparative studies. The criteria which relate to the most critical

advantages and disadvantages for each method classification will be highlighted.

Regularity

A key distinction between different generation methods is the regularity of the derived hexahe-

dral meshes. The regularity of a mesh can be separated into three categories:

1. Structured:

These meshes have a high-degree of regularity and ordering in all directions [41]. Generally,

several characteristics can be defined parametrically based on an array or sequence of

indices (e.g. i, j and k), which include the elements, vertices and neighbourhoods [41,

126, 194]. Typically, the elements are orthogonal and there are no internal singularities

present within these meshes, e.g. a 3D grid or blocks of hexahedral elements [188,194].

2. Semi-structured:

These meshes have less regularity and are only structured in one direction [194]. They

can be parameterised similarly to structured meshes (e.g. i, j and k), however the indices

can not be used to define all the same characteristics implicitly. Also, there are a larger
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quantity of internal singularities in these meshes than those that are structured [195].

3. Unstructured:

There is no regularity in these meshes and have the highest proportion of internal singular-

ities [196]. Also, the characteristics cannot be determined based on parametric definitions

and must be defined explicitly [38,194]. However, these meshes can be composed of regions

with structured and semi-structured meshes [194].

There are several key distinctions that can be made with respect to mesh regularity. Less regular

meshes can often accommodate geometries with greater complexity and reduce excessive distor-

tions, due to the presence of internal singularities [35, 197, 198]. However, FE solutions can be

computed with greater efficiency and accuracy with increasing mesh regularity [39,169,199–201].

Also, unstructured meshes can reduce the accuracy of model definitions that require aligned

topologies [35, 197, 198]. In contrast, meshes with greater regularity can improve the accuracy

and simplicity of alignment definitions. These definitions can include boundary alignment, for

computational fluid dynamics, and composite materials [177,201,202], particularly collagen fibre

orientation for biomedical applications [20,63].

Mesh Types

Another key characteristic of methods are the purity or type of mesh they derive, which

are either all-hexahedral (all-hex) or hexahedral-dominant (hex-dominant) [183, 185]. All-hex

meshes contain only hexahedral elements and can be either structured, semi-structured or un-

structured [39, 177]. In contrast, hex-dominant defines hybrid meshes that contain a higher

proportion of hexahedral elements in addition to others, notably prisms and tetrahedral ele-

ments [203]. Hex-dominant meshes can reduce element distortions [177,183] and mesh complex

geometries with greater ease [204], but are usually unstructured [183]. However, all-hex meshes

often perform with greater solver efficiency and accuracy, due to the lack of less robust ele-

ments [177, 183, 185]. Additionally, all-hex meshes tend to have greater regularity, which can

provide several benefits. Consequently, the majority of methods discussed will be based on

all-hex meshing.
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Meshing Approaches

Hexahedral mesh generation methods can also be classified into three categories based on the

approach used to derive a mesh, either: outside-in, inside-out or decomposition [177,185]. Meth-

ods related to these approaches can be generalised with respect to several evaluation criteria,

particularly: geometric domain (C1), orientation-independence (C8), mesh-quality (C11) and

boundary-sensitivity (C12).

Outside-in methods start at the boundaries and progressively work their way towards the core of

a geometry, often employing an advancing front algorithm [35,185]. Advancing front approaches

can achieve high-quality meshes for triangular, tetrahedral and quadrilateral elements [39,178,

179,182]. However, the robustness and mesh-quality benefits do not transfer well to hexahedral

elements [178, 179, 188, 205]. Generally, these meshes have higher quality and more regular

elements towards the boundaries but the opposite towards the core (boundary-sensitive) [185,

206]. Additionally, there is often an internal void problem that occurs where the advancing

boundaries intersect into a region that either cannot be meshed or yield poor quality elements

[35, 177,205,206]. This often requires the transition to hex-dominant from a previously all-hex

definition to remove an over-constrained void or the excessively distorted elements [177,207,208].

Additionally, the mesh-quality and topology can vary greatly between geometric domains.

Inside-out approaches operate in the opposite direction to outside-in methods, by first defining

elements internally and working outwards towards the boundary [35,185]. The characteristics of

these methods tend also to be the opposite of the outside-in methods. Notably, they have struc-

tured high-quality internal elements with irregular and lower quality elements on the boundary

(boundary-insensitive) [35,185].

Decomposition-based methods discretise a geometry into either hexahedral elements, blocks

or primitive shapes [177, 185]. They represent the class of methods with the largest variety.

Generally, they are boundary-sensitive, orientation-independent and can produce high-quality

meshes. None of the approaches can provide high-quality meshes for arbitrary geometries.

Method Classifications

There are five categories a mesh generation algorithm can be placed: (1) mapped, (2) direct,

(3) mapped-direct, (4) indirect and (5) superposition (Table 2.3). The following provides a
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brief overview of each method:

1. Mapped:

Mapped methods generate hexahedral meshes by mapping a geometry to an existing

mesh and are decomposition-based methods [39, 178, 185]. These meshes can be either

structured, semi-structured or unstructured, based on how an existing mesh was defined

[177,206]. However, structured and semi-structured meshes are usually derived using these

methods due to their benefits. The pre-defined meshes tend to be based on primitive

structures, such as a cube or blocks [177, 185]. Although, more complicated shapes can

be mapped to similar target geometries [36,177] or through geometry decomposition [178,

185, 208, 209]. This class represents a sub-set of methods that are currently considered

state-of-the-art [39,177,188,197,210,211].

2. Direct:

Direct methods are algorithms that directly discretise a geometry into hexahedral elements

[39]. These approaches either build meshes element by element or employ the structuring

(weaving) of hexahedral chords and sheets (dual-methods) [177]. Generally, they are

outside-in methods and produce unstructured meshes [185].

3. Mapped-Direct:

Mapped-direct methods combine aspects of mapped and direct methods. Specifically,

a hexahedral mesh is generated directly with a similar target geometry, which is then

mapped onto a target boundary (decomposition-based methods). In general, mapped-

direct meshes are more geometry specific with respect to singularities than the other

methods. Their greater control over singularities can lead to reduced element distortions

[188,198]. These meshes can be either structured [212,213] or unstructured [183,192,214].

Some of these methods could arguably be considered purely mapped or direct methods

[177], but can provide greater control with respect to singularities and automation of an

existing mesh.

4. Indirect:

Indirect methods involve the conversion of a tetrahedral mesh into a hexahedral mesh

[39,215]. There are two ways this can be achieved: (1) merge tetrahedra into hexahedral
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elements (outside-in method) or (2) dice each tetrahedron into four hexahedral elements

(decomposition-based method) [215,216]. These meshes are often highly unstructured and

tend to have a higher degree of singularities than the methods from the other categories

[39,167,183].

5. Superposition:

Superposition methods use grid structures to directly define all or part of a domain [177,

206]. They are typically classified as inside-out methods [177]. These meshes could be

considered direct methods, based on that definition, however they are distinctly different

with respect to topology and structure. These meshes often have a shell of unstructured

hexahedral elements surrounding a structured core, but can be purely structured [177].

Consequently, they deserve their own class as the other methods tend to derive meshes

that are only structured, semi-structured or unstructured, whereas these meshes usually

represent a particular composition. Subsequently, some consider them direct methods [39],

whereas others place them in their own class [178].

Table 2.3: Method classifications and associated algorithms

Mapped Direct Mapped-Direct Indirect Superposition

Mapping
[210,217]

Whisker weaving
[205,218]

Feature-based
[219,220]

H-Morph
[208]

Grid [186,221]

Submapping
[209,222]

Plastering
[182,223]

Skeleton-based†

[199,214]
Dicing [215] Octree [224,225]

Sweeping
[209,226]

Receding front
[35,206]

Frame-field∗

[192,227]
Voxel [228,229]

Multi-block
[38,230]

PolyCube
[198,213]

Mesh-morphing
[231,232]

† Skeleton-based methods include the earlier developed medial-axis algorithms [203]
∗ Frame-field used as an umbrella term for frame, cross [192] and vector-field algorithms [183]

2.4.2 Advantages and Disadvantages

Mapped methods

The greatest advantage of the mapped methods is that the derived meshes tend to have high-

quality elements [11, 38, 209]. Also, they can guarantee equivalent topologies for geometry

variations and provide the greatest control over the topology [39, 197]. For biomedical ap-
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plications, this can allow the controlled design of aligned topologies, which can improve the

accuracy and simplicity of anisotropic material properties [20,63,233,234]. Similar benefits and

requirements can be obtained for computational fluid dynamics and the simulation of compos-

ite materials [177, 201, 202]. Additionally, this can be useful for design optimisation [13, 235]

and comparisons between simulations with similar geometries, to accurately determine dif-

ferences in output variables [235]. Other advantages for mapped methods are that they are

boundary-sensitive, orientation-independent and representation-independent [39, 42, 185]. Ad-

ditionally, they can provide accurate surface fitting for a sub-set of geometries [39]. For these

reasons, they represent some of the gold-standard methods for generating state-of-the-art FE

models [178,197], particularly the multi-block method for biomedical applications [19,21,36].

Mapping [210, 217], submapping [209, 222] and multi-block [38, 201] methods are common ap-

proaches for producing structured meshes [177], whereas sweeping [209, 226] is generally used

to derive semi-structured meshes [206]. For mesh-morphing methods, the degree of regularity

is entirely dependent on the template mesh, which could be either structured, semi-structured

or unstructured.

Most mapping methods consist of semi-automatic algorithms, where user-interaction can vary

quite significantly between methods and their variants. The degree of user-interaction and

required technical knowledge have the most profound impact on generation times [211]. The

earlier methods (mapping, submapping and sweeping) tend to require a greater amount of user-

interaction [209, 210, 236] than the more recent approaches (multi-block and mesh-morphing)

[48, 126, 211, 231]. Also, semi-automatic mesh-morphing approaches can require even less user-

interaction than a multi-block method [48, 51]. Currently, only the mesh-morphing algorithms

have the possibility of providing automatic solutions of specific geometries for this class of

methods [231,232].

In general, the mapped methods represent some of the fastest and efficient methods for generat-

ing high-quality hexahedral meshes for certain geometries [46, 208, 209, 235, 237]. However, the

semi-automatic methods can take up to several days for more complex models [199]. A key dis-

advantage of the earlier mapped methods are their limitations with respect to meshing a variety

of geometric domains [208,209]. For mapping, submapping and sweeping, they can only produce

high-quality meshes rapidly for simple geometries or those that can be decomposed into primi-

tive shapes [199,208,209]. The decomposition of complex objects into simpler shapes has been
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used to increase the range of geometric domains for submapping and sweeping methods. How-

ever, this comes at the cost of speed, efficiency and technical skill requirements [182, 208, 209].

Mesh-morphing methods can derive high-quality meshes reasonably fast for a wide range of

geometric domains, but only for geometries similar to a pre-defined template mesh [237]. In

contrast, the multi-block method can derive high-quality meshes for a wide-range of geometric

domains. However, they require greater time, user-interaction and technical knowledge for more

complex geometries [197,211,238].

The multi-block and mesh-morphing methods have been used extensively to derive hexahedral

meshes for a wide variety of anatomies. Multi-block methods have successfully meshed the

following: vascular structures [201], tibias [3, 21], femurs [3, 21, 239, 240], femoral cartilages

[3, 21, 239, 240], tibial cartilages [3, 19, 21], brains with isolated regions [211], kidneys [241],

ligaments [3,238], menisci [3,19,21], tendons [242], nerves [242] and functional spinal units [238].

Anatomical mesh-morphing examples include: ventricles [45], vertebrae [48], phalanges [46,237],

patellas [27], tibial cartilages [27], femoral cartilages [27], brains [51], faces [243], fingers [244],

kidneys [241] and functional spinal units [245].

Direct Methods

There are few purely direct methods for generating hexahedral meshes: plastering [182,187,223],

whisker weaving [205,218,246] and receding front [206]. The main advantages of these methods

and their variants are that they are fully-automatic and general-purpose [187, 206, 246]. Other

advantages of these methods are orientation-independence, boundary-sensitivity and the ability

to fit surfaces with high-accuracy [39,177,206].

The whisker weaving (topological approach) and plastering (geometrical approach) algorithms

define outside-in (advancing front) approaches [167, 177], and both suffer from the associated

issues [178, 179, 188, 205]. Generally, acceptable mesh-quality can only be derived for simple

geometries, which becomes poorer with increasing complexity [35, 183, 205]. Additionally, they

require a high-quality quadrilateral surface representation [39], which must have an even number

of elements to ensure the derivation of an all-hex mesh [208]. Although high-quality quadrilateral

meshing algorithms have now been developed [112,210,247], this provides an additional step and

dependency for the performance of a given solution. However, regardless of the quadrilateral

mesh-quality, the topology will also have a significant impact on the derived hexahedral mesh
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and dictate the final hexahedral topology [39]. Also, a degree of post-processing is often required

to improve the topology and subsequent mesh-quality [39].

Receding front methods have more recently been established, which operate similar to plastering

methods but using an inside-out approach [35, 206]. These methods attempt to overcome the

internal void issues and low-quality internal elements of outside-in methods, whilst maintaining

boundary sensitivity [35, 206]. These methods seek to determine a compromise between grid-

based (inside-out) and advancing front methods (outside-in) [35, 177, 206]. However, as the

receding front algorithms are relatively new, further research is required to extend them to

more complex geometries [35,206].

The main disadvantage of these methods are that they cannot achieve high-quality meshes for

complex geometries [183,188,205,206]. Another key disadvantage of the established approaches

lies in the uncertainty of not knowing a priori if a hex-dominant mesh will be required to

overcome the internal void issues [177, 182]. Furthermore, the established methods have poor

representation-independence, as they are susceptible to the topology and processing of a quadri-

lateral mesh [39]. Also, they all derive unstructured meshes which have several shortcomings,

as previously mentioned [35,197,198].

Mapped-Direct Methods

Currently, this class of algorithms show the most promise and novel ideas to approach the

challenge of general-purpose automatic hexahedral meshing. Consequently, they highlight how

this challenge has led to approaches with increasing complexity and sophistication. The main

advantage of these approaches are the derivation of high-quality hexahedral meshes for a wide

range of geometries [169,177,188,198,212]. Additionally, hexahedral meshes generated by these

methods tend to be boundary-sensitive, orientation-independent, representation-independent

and provide accurate surface fitting [39, 169, 177, 188, 212]. The frame-field [188, 227] and poly-

cube [198,214] approaches offer the most promising results of this class. Generally, they derive

good quality meshes but can still lead to high-distortion mappings [188,213,248].

The methods can be split into automatic and semi-automatic methods. The automatic methods

have the added benefit of being able to produce meshes reasonably fast, often within several

minutes [198, 212, 249, 250]. However, some semi-automatic methods require significant user-

interaction and technical knowledge, which can lead to shortcomings similar to the multi-block
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method. In particular, user-interaction increases with geometric complexity and can lead to

notable mesh-quality differences between users. Two examples include the definition of frame-

fields and polycubes, which can be impractical for particular geometries [198,227,251]. However,

there has recently been progress on automating these structures [188,198,252]. Although, none

of the approaches from this class of methods have perfected the process. This has led to the

compromise of hex-dominant meshes, due to regions with high-distortion [183,252,253].

The advantages of these methods stem from the focus on the singularity structure of a particular

geometric domain. This enables some to have genus neutral approaches, such as the frame-

field [188] and polycube methods [198]. Also, several methods have some have shown impressive

results for both CAD-based and natural objects, with irregular geometries and smooth surfaces,

e.g. frame-field [188,192,227], polycube [198,213], and general-purpose skeleton-based methods

[199,214]. However, few have been tested on highly irregular anatomies derived from bioimaging

data. Frame-field methods have achieved great results meshing a skull [227] and hand [192,227].

Polycube methods have also achieved notable results generating meshes for a femur [213], hand

[198,213] and skull [251]. Additionally, skeleton-based methods have achieved equally impressive

results for vascular structures [169, 199, 212]. However, the surfaces in these cases were very

smooth with minimal to no surface irregularities. It is yet to be seen how these algorithms

perform on a wider range of anatomies and those containing surface irregularities. Furthermore,

what degree of post-processing would be required for image segmentations and how that would

affect simulation performance.

The semi-automatic polycube and frame-field methods could be classified as mapped, as they

are similar to the multi-block and submapping methods [213]. However, despite a general

solution for these structures not yet complete, there have been several attempts to achieve this

[198,249,250]. In contrast, multi-block methods have been classified as mapped methods, due to

their wide-spread use as semi-automatic methods [39]. There have been attempts to automate

the generation of multi-block structures, with examples using skeleton structures [169] and

frame-fields [197]. In this thesis, such methods would be classified as skeleton-based or frame-

field approaches, as the multi-blocks for those algorithms were decomposed directly, instead of

using pre-existing meshes. Similarly, other methods that derive multi-blocks directly, would

be placed in the mapped-direct category. Furthermore, they would likely be categorised based

on how they achieved the direct decomposition, similar those methods. Also, the polycube
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methods have similarities to superposition methods but do not exhibit there general structured

and unstructured regions, as well as other dissimilarities. Typically, polycube methods produce

higher quality structured meshes [213].

Although promising, the main disadvantage of these approaches stem from the lack of robustness

testing for a diverse range of anatomical geometries. Despite being applicable to a wide range

of natural geometries [169, 188, 212], they have been reported to have poor robustness and

reliability for geometries with increasing complexity [183, 198, 248]. Furthermore, there is a

lack of data regarding the simulation performance. Also, due to the difficulty of deriving high-

quality all-hex meshes, approaches deriving the less preferable hex-dominant meshes have been

considered [177,183,252].

Indirect

There are two diametrically apposed algorithms for indirect meshing: H-morph [208] and tetra-

hedral dicing [215]. The implementations and associated properties are quite different for these

approaches. A key difference between the two approaches resides in their boundary-sensitivity.

However, due to relying on a base tetrahedral mesh there are some similar advantages and

disadvantages. The main advantages of these methods are that they are automated and can

be applied to a wide range of geometric domains [39, 177]. Additionally, they are orientation-

independent and provide accurate surface fitting.

Despite the name, H-morph is not a mesh-morphing method but an advancing front algorithm

that combines tetrahedral elements to derive an all-hex or hex-dominant mesh [208]. It is similar

to the advancing front algorithms described for the direct methods (particularly plastering), but

is based on an existing tetrahedral mesh, hence an indirect method. Consequently, it has all the

same shortcomings as those methods. Specifically, increasing geometric complexity will lead to

poorer quality elements and the associated hex-dominant problems [177,207,208].

Dicing algorithms provide great robustness and speed for generating hexahedral meshes [177,

215]. The speed is a result of simple processing operations, tet-to-hex subdivision and re-

organisation of the additional vertices [215]. Consequently, the geometric domain range for this

algorithm is very large and limited only to the performance of the tetrahedral mesh generator.

However, the topology and mesh-quality of the derived meshes are generally very poor for the

majority of applications and can lead to highly distorted hexahedral elements [41, 177]. The
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element shapes are far from an idealised hexahedron [177] and there are only a few applications

where meshes with this type of topology are acceptable [216]. Also, these meshes can have

an excessively large number of elements compared to those derived using other methods [254].

Therefore, the speed processing benefits of generating the meshes would come at the detriment

of increased convergence times.

Both these types of algorithms have poor representation-independence, as the topology is

strongly influenced by the base tetrahedral mesh and not the geometry [183]. Also, similar

to the direct methods, H-morph will have a different topology based on the order of processing

and combining the tetrahedral elements. Although H-morph can derive higher quality elements

with less topological irregularity than dicing, they both tend to derive poor quality elements

with irregular topologies compared to other methods [177].

Superposition

The main advantage of these methods is their ability to mesh arbitrary geometric domains

automatically [167,255]. Additionally, these methods have strong representation-independence,

as only the boundaries of the geometries are considered and not the discretisation. A common

approach of these methods is to use either an octree or structured grid of elements to define

the majority of a geometry’s volume. Then, either project the boundary of those elements [177]

or fill the remaining regions between the boundaries with elements [206]. Also, a pure grid of

voxels has been considered, which can also be generated directly from 3D imaging data [229].

Despite being straightforward to implement, the octree and grid-based methods have all the

problems associated with inside-out methods. Specifically, they have highly irregular and dis-

torted elements on the boundaries [167, 177, 255]. There are a variety of octree and grid-based

variants which all have the same shortcomings [221, 224, 225]. Consequently, these meshes are

generally poor for some applications [256], such as contact analysis, which require high-quality

boundaries [193]. Although not historically correct, these approaches could be considered ex-

tensions of voxel-based meshing, as they append or project a smooth boundary to an otherwise

voxelated mesh.

Voxel-based meshing can generate hexahedral meshes incredibly fast and is a straightforward

algorithm to implement [211, 229]. However, they contain the most poorly defined geometric

boundaries of all the methods. Also, they suffer from poor surface fitting due to a stair-stepping
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effect, preventing their use for contact analyses and large deformations [41,211]. However, there

are currently new solvers being developed to accommodate their stair-stepped boundaries [257].

Superposition methods also suffer two major disadvantages: (1) poor continuity and (2) orientation-

independence [199,213,255]. The position of the reference system (i.e. grid, octree or voxel axes)

relative the geometry leads to strong differences in the element cut-off along the boundary. Con-

sequently, subtle translational and rotational changes of a geometry or reference system will lead

to mesh differences.

Despite the drawbacks associated with the octree and grid-based methods, they have remained a

common choice for industry due to their robustness, simplicity and derivation of all-hex meshes

[42, 199, 213]. Additionally, several anatomies have been meshed using these methods, such as:

a brain [221,255], section of cancellous bone [258], femur [224,258], hand [221], head [221,224],

hip (ilium) [258], pelvis [224], phalanx [258], liver [224], skull [221] and torso [224].

2.4.3 Summary and Conclusions

Unfortunately, all of the reviewed methods fall into at least one category of inadequacies:

1. Inability to generate high-quality meshes for arbitrary geometries

2. Require extensive time, user-interaction and technical skill

3. Not well-established or thoroughly tested with respect to anatomical range and robustness

A large majority are unable to satisfy the challenging objective of deriving high-quality hexahe-

dral meshes for complex geometries, which includes the following methods: mapping, submap-

ping, sweeping, mesh-morphing, direct, indirect and superposition. The few that have shown the

capacity to overcome this challenge have either high requirements for user-interaction or have

not satisfactorily proved their robustness for wide-spread adoption. Specifically, the multi-block

and semi-automatic variants of the polycube and frame-field methods have yielded impressive

results, but at the expense of important resources. In contrast, the automatic mapped-direct

methods have provided the most promising solutions for the emergence of a general-purpose

fully-automatic hexahedral mesh generator to date. However, due to the lack of adoption (i.e.

FE studies) and demonstrated robustness, it is likely too early to declare a victor of this extraor-

dinary challenge. Most of the mapped-direct methods are still works in progress, but potentially

have not yet gained popularity due to their recent arrival to the simulation communities. A
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compromise of several methods are to derive hex-dominant meshes [177, 183, 252]. However,

all-hex meshes can provide improved solver efficiency [39, 169, 199–201] and precise alignment

definitions for meshes with greater regularity [177,201,202].

A modern comprehensive analysis of the recent methods is required for biomedical applications,

similar to that performed by Viceconti et al. over 20 years ago [229]. This should focus

on challenging and demanding simulations with the three core phenomena, similar to that

performed for a small sub-set of methods more recently [117]. This would be worthwhile, as it

is not clear how close possible solutions have approached the problem of automatic hexahedral

meshing for particular anatomies and structures. A task of this magnitude may be demanding,

as hexahedral meshing and pre-processing applications are rarely designed with biomedical

applications in mind [38]. However, contrary to the emergence of novel methods, mesh-morphing

would still provide overall development benefits whether used in isolation or in combination with

a novel method. A novel method could generate a high-quality decomposition of an anatomical

structure, but would not provide model definitions, such as: material properties, boundary

conditions, assembly and interacting surfaces. In contrast, a morphing method could transfer

model definitions directly into a given decomposition, which would speed up model development

times. For these reasons and the overall advantages, the development of an automatic mesh-

morphing strategy has been chosen in this thesis, to solve the problem of automatic mesh-

generation for anatomies. Two additional methods discussed in this section have been used

in this thesis: (1) a parametrised sweeping method and (2) a multi-block method. These are

state-of-the-art procedures for generating high-quality hexahedral meshes, and are both used

to create template meshes. Additionally, the multi-block method is used in two validation

methodologies. The purpose of this is to determine how the strategies’ performance compares

to a state-of-the-art method for generating hexahedral meshes for biomedical applications.

2.5 Mesh-Morphing Algorithms

The origins of mesh-morphing began in antiquity with cartography, by mapping the earth to 2D

objects [259, 260]. The concepts of different projection techniques and their effects have been

known and studied for millenia, and have had a significant influence on modern surface pa-

rametersation and mesh-morphing techniques [260]. Today, a mesh-morphing strategy consists

of a series of algorithms that modify an existing mesh to match the boundary prescribed by
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another. In this thesis, mesh-morphing describes the modification of a volumetric mesh. Typ-

ically, a mesh-morphing strategy requires two objects: a target geometry and template mesh.

The target geometry is often represented by a triangular surface mesh, although other represen-

tations can be used, e.g. bioimaging data [57]. The template is usually based on a high-quality

mesh with a similar geometry to a target. In general, there are three core components of a

mesh-morphing strategy:

1. Feature alignment: orientation of objects to minimise correspondence differences

2. Surface parameterisation: determination of correspondences between two objects

3. Volumetric transformation: modification of vertices to match the correspondences

Each component builds on the previous, where greater accuracy for one component leads to

greater accuracy of the subsequent components. For each component, there are a larger variety

of algorithms that can address the problem.

2.5.1 Feature Alignment

Feature alignment, often referred to as rigid registration, is a process used to align or orient two

or more objects based on geometry characteristics or descriptors. Feature alignment algorithms

generally consist of at least one of three processes: (1) feature identification, (2) feature match-

ing between objects, and (3) feature orientation. There are a wide variety of applications that

utilise feature alignment and detections algorithms, which include: geometric morphometric

analyses [261], mesh-morphing [46], object detection and tracking [262], path navigation [263],

registration and segmentation of bioimaging data [264], statistical shape modelling [265], sur-

face reconstruction [266], and surgery planning and navigation [267]. Different techniques are

available depending on the representation of the objects, i.e. polygonal meshes, point clouds,

and pixel- and voxel-based images [268,269]. Numerous techniques are targetted towards point

cloud data [268,270–272], which can be implicity used on polygonal meshes. A key shortcoming

for point clouds is that they can require estimations of curvatures and surface normals [270],

which can be inaccurate. In contrast, the calculations for similar metrics are more straightfor-

ward and accurate for polygonal meshes. As such, results reported for point clouds can be less

accurate than if they had been applied to polygonal meshes.

Depending on how features are detected, alignment techniques can also be seperated into two
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categories: automatic and manual detection. There are several different automatic techniques

that can be employed to detect unique features or general similarities, such as: curvatures and

surface normals [272]. The most established developments are based on algorithmic approaches,

however there have recently been advances using machine learning techniques [273]. Over

the coming years machine learning algorithms are expected to become more common, as this

emerging field continues to produce high-quality results in other areas. Automatic approaches

can be fast and robust for some applications, but can lead to erroneous alignments, particularly

if suboptimal control parameters are selected [268, 272, 274, 275]. Manual feature detection

typically involves a skilled-operator interacting with an object using a graphical user interface

(GUI) to select and identify particular features of interest. An advantage of manual techniques is

the greater accuracy, but results can be time-consuming, laborious, error-prone and inconsistent

(user-biases and -drift) for complex geometries and noisy datasets [232,261].

Rigid registration refers to the alignment of objects without changing the relative differences

between vertices defining each object. Typically, these processes produce a linear transformation

matrix, which is used to translate, rotate and/or scale geometries into alignment [268,276]. They

can be broken down into two categories: local or global optimisation, where the majority of

methods operate using local optimisations [268]. A key disadvantage of local optimisers are

that they may not find the optimal alignment globally [272]. In contrast, global optimisers have

greater computational complexity [268].

Commonly used rigid registration algorithms are: iterative closest point (ICP) methods [268],

random sample consensus (RANSAC) methods [274] and Procrustes methods [276,277]. These

methods differ by operating over known (Procrustes) or unknown (ICP and RANSAC) corre-

spondences. For general applications, ICP is the most popular rigid registration algorithm [268].

However, ICP is a local optimiser and has several shortcomings, such as: requiring a close initial

alignment [47, 269], requiring strong shape similarities [47], sensitivity to outliers [271], large

computational complexity [268, 270], and local convergence instead of global [270]. There have

been several attempts to improve ICP [268]. In contrast, RANSAC tends to be more robust

and tolerant of outliers [269], but also has several shortcomings, some of which are associated

with global optimisers [268,275,278].
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2.5.2 Surface Parameterisation

The parameterisation of geometries is a core component and problem in computer graphics and

mesh-processing [6, 279]. The use of parameterisation techniques have been employed to solve

several common applications, which include: texture mapping [6,260,280], surface fitting [6,281],

mesh-morphing [282], remeshing [6,260,283], mesh repair [260,281], mesh compression [260,281],

scattered data fitting [260], detail mapping [6, 280], detail transfer [281] and biomedical visu-

alisation [281, 284]. A key motivation in the graphics community for the earlier developments

of parameterisation techniques was texture mapping, which is a laborious and time-consuming

manual operation [6, 260]. Further developments in this field were strongly influenced by re-

quirements to remesh, compress and approximate complex surfaces, particularly those acquired

by 3D scanning technologies [260].

Although the intended applications are different, the fundamental objectives and general prob-

lem is similar amongst several fields. Essentially, the aim of these techniques are to determine

one-to-one correspondences between similar but different geometries, which can range from

four-legged animals to patient-specific anatomies [8, 9].

Typically, parameterisation involves mapping a surface to a homeomorphic domain [260, 279].

A mapping provides one-to-one correspondences to a suitable domain, which could be unit

disc for non-closed mesh patches and a unit sphere for closed, genus-0 meshes [6, 260, 279].

This can make the process of finding one-to-one correspondences to another object mapped

to the same domain simpler, particular for morphing, remeshing and texturing. In general, a

surface parameterisation consists of two triangular meshes, one is a geometric representation

of an object (M) and the other resides in a parametric domain (U). Each triangular mesh

T = (V,K) is defined by a set of vertices V and an abstract simplicial complex K, where

V = {V1, . . . , VN}> and K contains two integer subsets of {1, . . . , N} which specifies topological

data. The two subsets define the edges e = {i, j} ∈ K and triangle elements ET = {i, j, k} ∈ K.

A set of the vertex indices defining a one-ring neighborhood around vertex Vi is denoted by

N (i) = {j | {i, j} ∈ K}. Additionally, M and U are isomorphic, i.e. have the connectivity

between vertices. Each vertex (Vi) of M and U are denoted by xi and ui, respectively. The

two meshes form a piecewise linear bijective map (Ψ), where any location in one mesh can be

determined in the corresponding mesh (Figure 2.9) [6]:
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Ψ :M→ U
xi → ui

Figure 2.9: A piecewise bijective map (Ψ) of a non-closed ear mesh (M) and the corresponding
planar parameterisation (U), the red triangle highlights isomorphism (reproduced from [6])

The key goal of surface parameterisation is to derive a piecewise linear map with minimal

distortion. The distortion energy (E) betweenM and U at particular locations can be measured

by comparing differences in the one-ring neighborhoods [6,260]. Different distortion energies can

be defined with respect to the one-ring neighborhoods. Two common forms of parameterisations

related to these energies are conformal (Dirichlet) and authalic. Conformal mapping refers to the

minimisation of angular distortion energies (i.e. angle-preserving), whereas, authalic mapping

minimises the area distortions (i.e. area-preserving) [6,260]. A parameterisation which preserves

both angle and area is called an isometric map, which rarely occurs and are impossible for the

majority of geometries [6, 260]. Additionally, an isometric map would be able to preserve

distances between meshes [6]. The discretisation of distortion energies for triangular meshes

takes the following general structure [279]:

E(Ψ,M) =
1

2

N∑
i=1

∑
j∈N (i)

κij‖Ψ(xi)−Ψ(xj)‖2 (2.2)

or

E =
1

2

N∑
i=1

∑
j∈N (i)

κij‖ui − uj‖2 (2.3)
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The minimisation process seeks to find a solution to the following equation:

∇E =
∂E

∂ui
=
∑

j∈N (i)

κij(ui − uj) = 0 (2.4)

Where, κij refers to the distortion weights. The weights or spring constants define the type of

energy and associated mapping to be minimised, common options are reported in Table 2.4.

They are defined based on the angles within a one-ring neighborhood (Figure 2.10):

Table 2.4: Common spring weights used to define surface parameterisations

Type Weights (κij)

Uniform [279] 1

Conformal [6] cotαij + cotβij

Authalic [6]
cot δij+cot γij
‖xi−xj‖2

Mean Value Coordinates [260]
tan (δij/2)+tan (γij/2)

‖xi−xj‖

Edge Length [285] 1
‖xi−xj‖

Figure 2.10: A one-ring neighborhood: a central (vi) and adjacent vertex (vj) with associated
angles (α, β, δ and γ) used to define particular spring weights (adapted from [7])

An exhaustive list of weights with there associated properties and conditions has previously

been reported [281]. Additionally, these weights and associated energies can be extended to

non-triangular meshes, such as quadrilaterals [286]. Parameterisations between two surfaces

can easily be used for morphing or blending operations with simple linear interpolation (Figure
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2.11) [8, 50]:

VI
i = (1− t)V0

i + tV1
i ∀i ∈ {1, . . . , N} (2.5)

Where, VI
i defines an interpolated vertex and t specifies the degree of transition. V0

i and V1
i

are corresponding vertices from two isomorphic meshes.

Figure 2.11: Interpolation of two meshes using spherical parameterisation (adapted from [8])

Three common approaches to apply these principles for mesh parameterisation are planar, mesh

partitioning and spherical. However, mesh parameterisation is not limited to these three and

there are other more exotics forms, particularly to higher-genus domains (e.g. torus and double-

torus). An extensive background on the wide scope of surface parameterisation techniques have

been previously been report [281].

Planar Parameterisations

For planar parameterisation, the vertices of a non-closed mesh M ⊂ R3 , denoted by xi =

(xi, yi, zi)
> ∈ M, are mapped onto the vertices of a planar mesh U ⊂ R2, denoted by ui =

(ui, vi)
> ∈ U . A planar mesh is often constrained to either a disc or square, which allows

simplified coordinates associated with a particular domain to be employed. Additionally, this

can simplify a remeshing process and is an efficient technique used by high-quality meshing

packages, such as GMSH [283,287].

There have been several biomedical applications of planar parameterisation techniques. A

common objective is the high-quality remeshing of anatomies for simulations [283, 288]. The

triangular meshes can be used as shell elements or be volumetrically discretised into tetrahedral

elements. A remeshing process provides higher quality surface elements for tetrahedra to be

derived from. Consequently, the tetrahedra situated at the mesh boundaries will have a higher

quality due to the initial remeshing. This has been shown to provide greatly improved simulation

accuracy and convergence [288]. Examples of planar anatomies remeshed using these techniques
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are a femoral head and femoral artery [283, 288]. For mesh-morphing, it has been used as an

initial surface parameterisation step to determine correspondences between two femoral heads [9]

(Figure 2.12). For enhanced visualisation, it has been used to flatten a heart to display MRI

and electrical data, as well as the position of a surgical tool [284].

Figure 2.12: Planar cross-parameterisation between two non-closed femoral head meshes,
which was used to morph a tetrahedral mesh. Linear (Ψ and Ψ̂) and inverse maps (Ψ−1 and
Ψ̂−1) could be used to determine direct correspondences between meshes (adapted from [9]

c©2008 IEEE)

Planar parameterisations can be used with or without boundary constraints and does not have

to be mapped to a base domain. [6, 282]. Natural boundaries, or natural conformal maps,

refers to a planar parameterisation that does not constrain the boundaries. This allows the

boundary of a mesh to take a more natural and less distorted form. Also, the overall distortion

is lower, which can achieve better results for texturing [6]. Although, it would hinder mesh-

morphing applications, due to having boundaries that lack one-to-one correspondences and

therefore no bijectivity overall. For cross-parameterisation and mesh-morphing applications

mapping two geometries to an appropriate base domain would allow one-to-one correspondences

to be calculated between them. It is possible to map a non-closed mesh with multiple boundaries

using the same techniques, however, it does increase the complexity of the process. In this case,

one boundary is constrained to a base domain with additional boundaries either left natural or

constrained to a particular shape as sub-domains.

These parameterisations can be calculated using Equation 2.3 and either of the weights in
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Table 2.4. For constrained parameterisations, the linear system MU = C is defined by the

following [6]:

[
M̃

0 I

] [
Uinternal

Uboundary

]
=

[
0

Cboundary

]
(2.6)

where

M̃ij =


κij if j ∈ N (i)
−
∑

k∈N (i) κik if i = j

0 if j /∈ N (i).

Preconditioned conjugate gradients can be used to solve this sparse linear system. The symmet-

ric successive over-relaxation (SSOR) method has previously been used for preconditioning this

system [6,284]. Any number of boundaries can be constrained with this technique. For natural

boundaries, these start as constrained parameterisations and are then optimised on a plane

without constraints. This relieves distortions at the boundary and overall achieves a natural

structure relative to the original geometry [6].

Mesh Partitioning

Mesh partitioning refers to the process of cutting a closed mesh to enable the use planar param-

eterisation techniques [281]. The partitioning process is performed for two reasons. First, it is

not possible to map two objects that are not homeomorphic, e.g. a sphere to a disc. Whereas,

it is possible to cut a sphere into two hemispheres and parameterise each to a disc. Also,

it could be performed on planar meshes with multiple boundaries to achieve single boundary

meshes. The second reason is to reduce the surface complexity of an object. Regardless of

the parameterisation technique, distortion tends to increase proportional to surface complexity.

Therefore, cutting a mesh can reduce the complexity of individual components allowing them

to have reduced distortion and higher quality parameterisations [281]. In general, mesh parti-

tioning is used to map the vertices of a closed mesh M ⊂ R3 , denoted by xi = (xi, yi, zi)
>,

onto a non-closed mesh (or series of meshes) U ⊂ R2 with vertices ui = (ui, vi)
> in a planar

base domain.

There are two types of cutting techniques: segmentation and seam generation [281]. Seg-

mentation techniques partition a closed mesh into a series of planar meshes, referred to as

charts [281,282]. Each chart is then assembled into a texture atlas that can be used for textur-
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ing, remeshing, compression or morphing [280–282,289]. Segmentation techniques use cutting as

a pre-processing stage to achieve multiple planar parameterisations. A post-processing stage is

performed to stitch, or pack, the charts together into either a planar or closed domain [281,282].

Seam generation techniques use cuts to create a single non-closed mesh that can be mapped

directly to a planar domain [281]. Therefore, seam generation techniques could be considered a

pre-processing stage that directly enables the use of planar parameterisation for closed meshes.

The main advantage of mesh partitioning is that they allow the parameterisation of closed

meshes with any genus. Additionally, they can derive higher quality parameterisations of

planar meshes [288]. Similar to planar parameterisation techniques, they have been used for

remeshing [288, 290]. Examples of anatomies remeshed using these techniques include: a foot

(planar, genus-0), a femoral artery (planar, genus-0), an aorta (planar, genus-0), an upper

jaw (closed, genus-0), a hemipelvis (close, genus-1), a skull (closed, genus-2) and a pelvis

(closed, genus-9) [288, 290]. However, a key challenge is to minimise the number and length

of required cuts [281]. A common disadvantage of this approach is that discontinuities can

form between partition boundaries [282]. Another challenge is automating where to parti-

tion a mesh to minimise distortion and maximising one-to-one correspondence accuracy for

cross-parameterisations. Consequently, this technique is not commonly used for morphing ap-

plications and is usually used for texturing and remeshing [280–282]. There are two additional

problems for mesh-morphing: (1) partitioning the meshes in similar locations and (2) having

the same number of partitions. One solution to these problems were to define the partitions

manually [289]. To automate a solution to the two problems would be a difficult task in itself.

Combined with minimising the distortion of those partitions exacerbates the challenge further.

Spherical Parameterisations

For spherical parameterisation, the vertices of a closed genus-0 mesh M, denoted by xi =

(xi, yi, zi)
> ⊂ R3, are mapped onto the vertices of a closed mesh U , denoted by ui = (ui, vi, wi)

> ⊂

R3, which lie on a unit sphere S2 ⊂ R3. Once mapped to a sphere, the meshes can be cross-

parameterised similarly to planar parameterisations but using the 3D Cartesian coordinates on

a spherical surface (Figure 2.13). In some cases, polar coordinates have sometimes been used

to define the spherical coordinates [291]. The use of spherical parameterisation has become

more common over the past decade, with applications ranging from graphics processing [281]

to biomedical visualisation [10].
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Figure 2.13: Spherical cross-parameterisation between two closed genus-0 meshes, used to
morph and interpolate triangular meshes. Linear (Ψ and Ψ̂) and inverse maps (Ψ−1 and Ψ̂−1)

could be used to determine direct correspondences between meshes (adapted from [8])

A major benefit of spherical parameterisations is that they can negate the need to pre-process

and post-process the parameterisation of genus-0 geometries that would be required for mesh

partitioning. Of course, this only applies to techniques that do not use partitioning during a

spherical parameterisation process. These additional operations tend to have a negative effect on

the quality of a parameterisation and are difficult to automate, to minimise the additional effects.

A key disadvantage is that despite significant efforts a piecewise bijective parameterisation may

still contain excessive distortion and not allow adequate sampling of a surface. Distortions

can sometimes induce sliver elements that represent very thin and elongated shapes. These

can heavily skew cross-parameterisations used for morphing, as they do not exist in either of

the original meshes [292]. In general, sliver elements and other distortions lead to low-quality

parameterisations and morphed objects.

Spherical parameterisation is restricted to closed genus-0 meshes, as they can be considered

deformed spheres. Therefore, a process involves removing the deformations whilst minimising

the degree of mesh distortion incurred, to sufficiently sample the entire surface. Despite this

restriction, the technique is quite favourable as an extensive range of geometries are represented

by closed genus-0 meshes. In particular, a large proportion of anatomical structures fit this

criterion, especially those free from injury and certain pathologies. However, conditions arise

which can cause anatomical geometries that would naturally be genus-0 to become genus-1 and
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higher, such as cartilage lesions or certain types of meniscal tears. However, meshes with a

higher genus could be parameterised using this approach with additional modifications, such

as partitioning or hole-filling. This would make an algorithm designed for those susceptible

anatomies more challenging to generalise for both healthy patients and those with underly-

ing pathologies. In general, closed meshes are often derived from the post-processing of 3D

bioimaging data and are required for volumetric discretisation prior to FE analyses. Therefore,

anatomies that could be parameterised using this method are widely available. There have

been several applications mapping the brain to a sphere due to it already closely resembling

that geometry [10, 281, 293]. Therefore, it can be mapped with relatively minimal distortions

compared to more irregular geometries. Spherical parameterisation techniques have allowed

greater visualisation of the intricate folds and neural activity in particular regions of the brain

(Figure 2.14) [10].

Figure 2.14: Spherical parameterisation of a closed genus-0 brain mesh used to improve
visualisation of white-matter curvatures (reproduced from [10] c©2000 IEEE)

In general, biological structures are highly irregular objects and do not easily lend themselves to

a unit sphere, unlike like a brain. The graphics community have attempted irregular geometries,

like animals and humanoid figures, but the key challenge of minimising distortion is difficult to

overcome [282]. Also, there is no theorem that can guarantee inversion free parameterisations

and achieving this for some geometries can be challenging. Consequently, there are a wide range

of techniques that attempt to solve this problem, as well as controlling the degree of distortions

that would lead to favorable cross-parameterisation.

Spherical parameterisations start with an initial projection step, which places the vertices of a

mesh onto the surface of a unit sphere. The centroid of a geometry (O) is often used to define
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the projection vectors and will then serve as the origin of a parameterised sphere. The simplest

way to achieve this is to position the centroid of a mesh at the Cartesian origin and normalise

each vertex using the following equations [294]:

O =
1

N

N∑
i=1

Vi (2.7)

Vi = Vi −O ∀Vi ∈ V (2.8)

ui =
Vi

‖Vi‖
∀i ∈ {1, . . . , N} (2.9)

For the majority of geometries, this creates a highly folded mesh that would not define a piece-

wise linear affine map. Therefore, the aim of spherical parameterisation techniques are to remove

these folded elements from this initial projection to achieve a bijective map in the shape of a

sphere. One approach is to minimise a distortion energy, similar to planar parameterisations,

using Equation 2.3. However, spherical constraints must be applied to prevent the parameter-

isations collapsing to a single point. There are several different ways this has been achieved with

varying success. A simple approach has been to minimise a planar distortion energy (Equation

2.3) iteratively and re-project all the vertices (Equation 2.9) after a complete minimisation

step [50]. Similarly, each vertex could be re-projected immediately after an individual iteration,

defining a spherical distortion energy (Ẽ) [294]:

∂Ẽ

∂ui
=

∑
j∈N (i) κij(ui − uj)∥∥∥∑j∈N (i) κij(ui − uj)

∥∥∥ (2.10)

∴

Ẽ =
1

2

N∑
i=1

∑
j∈N (i) κij‖ui − uj‖2∥∥∥∑j∈N (i) κij‖ui − uj‖2

∥∥∥ (2.11)

In some cases, these approaches achieved smooth parameterisations, however, they are still

susceptible to the parameterisation collapsing. This is a known issue with applying spherical

constraints using re-projection techniques because minimisation algorithms can sometimes find

solutions by enlarging a particular triangle. This triangle eventually wraps around the spher-

ical domain and initiates the collapse of a mesh into a point [295]. One approach to prevent
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the collapse of the parameterisation is to constrain particular points, which may introduce

further distortions [295]. This introduces the problem of how many and which particular ver-

tices to constrain. Therefore, another approach has successfully solved this problem using soft

constraints by application of the Lagrange-Newton-Krylov-Schur (LNKS) method [296]. This

technique required defining a Lagrangian penalty function (P ) (Equation 2.14) and imposing

the soft constraints using Lagrange multipliers (λ̃) [279]. The distortion energy was defined

using Equation 2.3 and the soft constraints (c) were defined similar to Equation 2.9:

ci = ‖ui‖2 − 1 = 0 ∀i ∈ {1, . . . , N} (2.12)

This technique is more complicated and requires assembling a Hessian matrix (W ) of a La-

grangian and a Jacobian matrix of the constraints (A); in addition to the gradient of a distortion

energy (∇E) [296]. Therefore, the second derivatives of a Lagrange function (L) (Equation

2.13) must be determined, which could be straightforward or complex depending on the choice

of weights.

L(u, λ̃) = E− λ̃>c (2.13)

P (u, λ̃) = ‖∇E−Aλ̃‖2 + ‖c‖2 (2.14)

The implementation of the LNKS method is more sophisticated and challenging than the other

techniques. The Hessian and Jacobian matrices are assembled to form the following linear

system:

[
W −A
−A> 0

]{
δu
δλ

}
= −

{
∇E−Aλ
−c

}
(2.15)

This system can be solved using Cholesky decomposition, to determine the search directions

δu and δλ for the spherical vertices and Lagrange multipliers, respectively. A line search is

performed to determine if the search directions require correction with a lower step size. Once

suitable search directions have been acquired the vertices and Lagrange multipliers are up-

dated (Equations 2.16-2.17). This process continues iteratively until reaching convergence,
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achieving a valid spherical mapping [279].

u = u + αδu (2.16)

λ̃ = λ̃+ αδλ (2.17)

Due to the challenges and complexity involved in prescribing spherical constraints, an uncon-

strained method has been proposed using the PETSc framework [297]. This technique also

defines the distortion energies using Equation 2.3 [295]. The unconstrained minimisation cre-

ates upper and lower bounds for a distortion energy to operate within. The upper and lower

energies would define the energies outside and inside the spherical boundary, respectively. The

lower bound energy uses the original planar distortion energy, as vertices inside a flat triangle

would exist within the boundary defined by a spherical triangle. To define the upper bound

energy, the planar energy is appended with a distance term (dmin), defined as the minimum

distance between each triangle and the spherical origin:

E(Ψ,M) ≤ Ẽ(Ψ,M) ≤ E(Ψ,M)

d2
min

(2.18)

This term projects a planar triangle so that it is tangent to a sphere. Hence, the upper bound is

achieved as each triangle lies just outside a sphere. The term also prevents the parameterisation

collapsing, as there is a higher energy associated with large triangles enveloping the hemisphere

that would initiate a collapsed configuration [295].

There are more approaches to achieving spherical parameterisations, which includes: mesh

partitioning [298], minimisation of stretch metrics [282] and spherical harmonics (SPHARM)

[291,299]. The mesh partitioning approach is an example that uses all three surface parameter-

isation techniques described in this section, in an attempt to produce high-quality maps [298].

First, a mesh was split into two even components with each mapped to a disc. Next, each disc

was mapped to a hemisphere and stitched together to form a spherical parameterisation. The

final spherical parameterisation still requires further processing to remove excess distortions.

Clearly, the challenge of achieving minimally distorted parameterisations of complex geometries

is an endeavour likely to continue for some time. In general, these key problems highlight the
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difficulties achieving high-quality bijective parameterisations of irregular geometries, that are

defined by minimal distortions, no inversions and can provide uniform sampling of a geometry.

2.5.3 Volumetric Transformation

For some applications, volumetric transformation could be considered the definition of mesh-

morphing in a general sense. The aim of volumetric transformation is to preserve a large

proportion of a template’s mesh-quality and prevent element inversions [11]. The need to

apply geometric modifications to an existing mesh occurs in several areas: animation [300],

automatic mesh generation [52], crash simulations [300], dynamic biomedical simulations [56,

300], design/shape optimisation [13, 301], high energy deposition physics [301], metals forging

[301], projectile penetration studies [301], propellant burn [301] and surgery optimisation [54].

A volumetric transformation Ψ deforms a domain Ω defined by a boundary ∂Ω, that will define

a new domain Ω
′

with a particular boundary of interest ∂Ω
′
. For an arbitrary volumetric mesh

M with geometry ∂Ω, mesh-morphing seeks to find the vertex adjustments that will define an

isomorphic mesh M′
prescribed by a different geometry ∂Ω

′
[11]. A template mesh would be

defined by M and a target mesh would be described by ∂Ω
′

with a morphed meshed denoted

by M′
(Figure 2.15):

Ψ : Ω→ Ω
′

∂Ω→ ∂Ω
′

M→M′
(2.19)

Figure 2.15: A general transformation operation (Ψ): morphing a template mesh (M) to
define a new mesh (M′

) that resembles a target geometry (∂Ω
′
)

There are four common volumetric morphing techniques: FE-based, radial basis function (RBF)

interpolation, smoothing and barycentric interpolation. All the techniques can be used for both

surface and volumetric morphing. Although the focus here is on volumetric meshes, examples of
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surface morphing will be provided to explain some processes and simplify equivalent descriptions.

Unfortunately, no volumetric morphing operation can guarantee inversion free transformations,

defined by the induction of negative Jacobians. However, some techniques are more stable

and robust than others, to significant geometric deformations. Regardless of technique, the

propensity for element inversions increases with larger deformations. Therefore, it is possible

to derive a mesh (M′
) that is unsuitable for FE simulations.

Each technique can be separated into two categories, mesh-based or meshless. For mesh-based

transformations, the solution depends on the topology and elements of a mesh. Whereas, mesh-

less transformations operate purely on vertex positions and do not incorporate aspects vertex

connectivity. Smoothing and FE-based operations are examples of mesh-based transformations.

RBF and barycentric interpolations are considered meshless transformations. FE-based trans-

formations and some smoothing operations are associated with specific element definitions. It

can be considered an advantage of meshless operators that the same implementation can imme-

diately be used for any arbitrary mesh, including exotic polygonal meshes [13]. This could be

advantageous for morphing FE models composed of multiple elements types. However, a strong

motivation for some mesh-morphing strategies in biomedical applications is to enable the rapid

use of all-hexahedral meshes, as apposed to hexahedral-dominant meshes which may contain

prisms and tetrahedra. All of the reviewed investigations focussed on one particular element

type (Table 2.8). An FE-based morphing operation would require the element components to

be defined for a mesh prior to morphing. However, it would be a fairly non-trivial task to modify

or automate mesh-based algorithms to include other element types. An issue could occur when

morphing a non-standard volumetric elements. Although any arbitrary element can be defined

for the FEM, only common elements are typically implemented. Elements beyond standard

formulations would technically require implementation for an operator. However, this is not an

issue for the majority of common applications, which operate over standard finite elements.

There are several key differences between the operation techniques with respect to speed, ro-

bustness and precision. Techniques dependent on the solution of large matrices typically have

lower speeds. RBF interpolation requires the solution of a dense matrix and consequently yields

the slowest results. Similarly, smoothing and FE-based techniques require a solution of a sparse

matrix. This yields faster results than RBF interpolation but slower than techniques that do not

require solutions of large matrices. Barycentric interpolation does not require a large matrix to
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be solved and yields the fastest speeds. Speed comparisons between methods for three meshes

(Table 2.6) have been reported in the following table [11,12]:

Table 2.5: Speed comparison for common volumetric transformation operators
(seconds) [11,12]

Model FEMWARP RBF
Smoothing Barycentric (Simplex)

Optimisation LBWARP S. Linear S. Natural

Bore 0.29 2.3-8.0 0.75 1.36 0.40 0.38
Pipe 0.32 1.3-4.5 1.19 1.50 0.28 0.29

Courier 4.89 22-104 12.27 18.71 1.50 7.45

Table 2.6: Three meshes with properties that were used to assess the speed of different operators

Model Vertices (#) Elements (#) Complexity

Bore 11,904 15,190 Simple
Pipe 11,520 8,532 Simple

Courier 101,817 83,934 Complex

The range provided for RBF interpolation is the result of comparing five different solvers.

The fastest solver was a GPU-based solver (MAGMA) and the second fastest was a CPU-

based solver (MKL), both have proprietary licenses. The third fastest was based on a custom

incremental QR solver. The slowest two were derived from open-source solvers from LAPACK

[13]. In comparison, FEMWARP and LBWARP were solved using the open-source package

Trilinos (Amesos KLU) [12, 302]. Consequently, the times are not fully comparable due to

solver differences but highlight that the speed for matrix-based methods are solver dependant.

Also, potentially faster speeds could be derived for FEMWARP and LBWARP using proprietary

or GPU-based solvers.

A volumetric morphing operation can use two approaches: absolute or relative. Absolute refers

to morphing a mesh in one step, whereas, relative defines an operation broken down into a series

of steps. Relative morphing can achieve improved mesh-qualities at the expense of speed [13].

For large deformations, some operations must be relative to prevent element inversions [13].

However, it is not clear how to correctly implement relative morphing, as no procedures have

reported an optimal approach with respect to both speed and quality [13]. The reported speeds

in Table 2.5 are based on absolute morphing.

Finite Element Method

The FEM is a technique to solve partial differential equations (PDEs) pertaining to a par-

ticular problem of interest, which include: structural [303], thermal [303], mechanical [304],
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physics [102], electromagnetic [304], chemical [305] and biological phenomena [306]. FE-based

transformations are a common volumetric morphing operation [12,45,54,237,307–309,309,310].

To achieve this, the FEM is used to prescribe boundary conditions for a domain, where the

solution calculates the displacement field for the internal vertices. Boundary conditions can be

defined after correspondences between two geometries have been determined. There are several

approaches to FE-based transformations, which includes: Laplacian [311], biharmonic [312],

diffusion [313], and elasticity [45,314] The difference between these methods lie in the response

of a mesh to a deformed boundary The FEM falls into the category of variational methods [11].

Additionally, other variational methods similar to the FEM have been developed for volumetric

transformations [189]. One example incorporated components of optical flow, from MRI images,

and the Laplacian operator to derive a displacement field. This displacement field was used to

morph a template mesh using a third-order variational method [189].

Laplacian-based approaches, often referred to as FEMWARP, are defined by a second-order

harmonic PDE [11,311,312]:

∆v = ∇2v = 0 (2.20)

Where, v is the vertices of a mesh. This approach often represents a mesh as a spring model,

where connections between vertices (or mesh edges) are defined as springs [311, 312]. There

are several ways to solve the Laplacian of a mesh with varying degrees of numerical robustness

(Section 2.5.3: Smoothing Operations). Solving the Laplacian of a mesh using the FEM

has been reported to be superior to smoothing approaches with respect to robustness [11].

Biharmonic-based methods are similar to Laplacian-based methods [11, 312]. The difference

lies in using a fourth-order biharmonic PDE to define a system. Consequently, a biharmonic

approach is performed by solving a higher order Laplacian (bi-Laplacian) [312]:

∆2v = ∇4v = 0 (2.21)

Diffusion-based methods employ Navier-Stokes equations to define a fluidic response of vertices

[313].

For elastic transformations, the FEM has been used as a tool to morph a mesh by defining

it as a deformable elastic material. Many different material properties can be defined for FE
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analyses and similar transformations. A hyperelastic (nonlinear elastic) Mooney-Rivlin material

definition has previously been used for a volumetric transformation operation [315]. The most

simple and common material definition used by the FEM is a linear elastic material [102, 120,

303, 316]. Linear elasticity refers to the linear correlation between stress and strain responses

of a material under deformation. This relationship has been well studied and is exemplified

by Hooke’s law for a linear spring (Equation 2.22). Where, a spring’s force F is linearly

proportional it’s stiffness k and displacement u (Equation 2.22). This principle has a direct

analogue to the elastic deformation of a body. In continuum mechanics, this relationship is

described with respect to stress (σ), strain (ε) and stiffness (s) tensors [45]:

F = ku (2.22)

σ = cε (2.23)

or more accurately [316]:

σ = 〈c, ε〉 (2.24)

Where, 〈·, ·〉 donates the inner product. Linear elastic material properties can be defined using

Young’s modulus and Poisson’s ratio, which describe a material’s stiffness and behaviour to

tension and compression, respectively. The material properties are encoded into fourth-order

stiffness tensors using Young’s modulus (E) and Poisson’s ratio (ν). However, Lamè’s parame-

ters (λ and µ) are often used to define their relationship, as they simplify the descriptions [120]:

λ =
Eν

(1 + ν)(1− 2ν)
(2.25)

µ =
E

2(1 + ν)
(2.26)

Therefore, Hooke’s law can be expressed with respect the material properties of a given body

[316]:



σ11

σ22

σ33

σ23

σ13

σ12

 =



2µ+ λ λ λ 0 0 0
λ 2µ+ λ λ 0 0 0
λ λ 2µ+ λ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ





ε11

ε22

ε33

2ε23

2ε13

2ε12

 (2.27)
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which can be simplified into the following notations:σ11 σ12 σ13

σ12 σ22 σ23

σ13 σ23 σ33

 = 2µ

ε11 ε12 ε13

ε12 ε22 ε23

ε13 ε23 ε33

+ λI(ε11 + ε22 + ε33) (2.28)

or [316–318]

σ = 2µε+ λ tr(ε)I (2.29)

Where, tr(·) is the trace operator and I is the identity matrix. The strain tensor (ε = ε(u)) is

described with respect to displacements (u) [318]:

ε(u) =
1

2
(∇u + (∇u)>) (2.30)

where [317]

∇u =
[
∂u
∂x ,

∂u
∂y ,

∂u
∂z

]>
(2.31)

Therefore, the stress of a domain (Equation 2.29) can be expressed purely in terms of dis-

placements and material properties:

σ = λ(∇ · u)I + µ(∇u + (∇u)>) (2.32)

where

tr(ε) =∇ · u (2.33)

Where, ∇· is the divergence operator. Boundary conditions must be defined to solve Equa-

tion 2.32 and derive meaningful results [102]. Therefore, the problem seeks to determine the

displacements of a domain Ω with linear elastic material properties subject to deformations on

the boundary ∂Ω [102,318]:

−∇ · σ = f in Ω (2.34)

∴

−∇ · (λ(∇ · u)I) + µ(∇u + (∇u)>) = f in Ω (2.35)

Where, f defines the optional body forces of a domain, e.g. gravity [102]. The variational
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approach to solving the problem consists of defining test functions w that vanish towards the

boundaries [120]. These are incorporated by inserting Equation 2.29 into Equation 2.34,

taking the inner product with respect to the test functions and integrating with respect to the

domain [319]:

∫
Ω
〈−∇ · [λ tr(ε(u))I + 2µε(u)] ,w〉dΩ =

∫
Ω
〈f ,w〉dΩ (2.36)

Using Green’s theorem the following equation can be derived [102,319]:

∫
Ω
λ tr(ε(u)) tr(ε(w)) + 2µ〈ε(u), ε(w)〉dΩ =

∫
Ω
〈f ,w〉dΩ +

∫
ΓN

〈g,w〉dΓN (2.37)

Where, g defines the prescribed traction forces operating on the boundary ΓN [317, 318]. To

derive a FE formulation (Galerkin method) of Equation 2.37, basis functions φ are used to

approximate u and w [319]:

u ≈
∑
i

uiφi (2.38)

w ≈
∑
j

φj (2.39)

Where, ui defines unknown coefficients [319]. Substituting these approximations into Equation

2.37 results in the following derivation which can be solved linearly using LU decomposition

[102,319]:

∑
i

ui

∫
Ω
λ tr(ε(φi)) tr(ε(φj)) + 2µ〈ε(φi), ε(φj)〉dΩ =

∫
Ω
〈f , φj〉dΩ +

∫
ΓN

〈g, φj〉dΓN (2.40)

or

Ku = f + g (2.41)

Where, K is the infamous stiffness matrix of the FEM [102]. This final equation of linear

elasticity draws strong parallels to the definition of a linear spring (Equation 2.22).

Boundary conditions are used to define the limits of a solution and specify what values the

solution must achieve (Figure 2.16). There are several types of boundary conditions: Dirich-

let (essential), Neumann (natural), Robin, Cauchy and mixed [318, 320, 321]. Dirichlet and
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Neumann boundary conditions are commonly used in FE analyses [322–324] and associated

transformations [45, 237]. The other three are different combinations of the first two. The

Dirichlet boundary condition (ΓD) defines what values a domain boundary (∂Ω) must be in a

solution. For solid mechanics, they specify the boundary displacements of a domain and are

sometimes referred to as fixed boundary conditions as a result. Neumann boundary conditions

(ΓN ) define what derivative values a domain boundary must be in a solution. They are described

as natural due to their spontaneous occurrence in the weak formulation (Equation 2.37). For

solid mechanics, this refers to the application of traction forces on a domain boundary. The

strong form of Dirichlet and Neumann boundary conditions are specified by the following, re-

spectively [317,318]:

u = uD on ΓD (2.42)

σ · n = g on ΓN (2.43)

Where, uD defines the prescribed displacements of the boundary ΓD and n is the unit outward

normal to the boundary ΓN [317,318].

Figure 2.16: Linear elastic transformation (Ψ) with Dirichlet (ΓD) and Neumann boundary
conditions (ΓN )

There are several advantages to using FE-based transformations. First, original element qual-

ities can be well-preserved [11, 12]. Also, in a review of volumetric morphing operators, it

achieved the best results; which was evident from sustaining larger deformations prior to in-

ducing negative Jacobians [12]. This could be attributed to the use of a transformation method

which incorporates the same degrees of freedom (DOF) as the simulation method. Therefore,

meshes morphed by variational methods can intrinsically maintain the quality and regularity

of a mesh due to operating on the same principles [189,313]. Second, there are a variety of FE

packages and applications that can be used to simplify the development process. Therefore, it
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is not required to implement complicated formulations, which can be error-prone due to the

sophisticated nature of the mathematics. These formulations typically include a variety of el-

ement basis functions and material definitions. Additionally, FE-based transformations are a

relatively simple operation compared to other FE applications, therefore the implementation

can be a straightforward process. Third, they can provide greater numerical robustness over

other methods [11]. In a benchmarking investigation of several volumetric morphing operators,

the FE-based approach provided the best results for hexahedral and tetrahedral meshes [12].

Fourth, the morphing process can be a reasonably fast operation. Although, the solution is

computationally expensive, there are a variety of well-developed FE frameworks and applica-

tions. These can be highly optimised, GPU-capable and operate efficiently on high-resolution

meshes [325]. Fifth, due to the nature of the FE process, a variety boundary conditions can

be defined. This provides additional flexibility for a strategy over simple Dirichlet boundary

conditions allowing more exotic strategies to be formulated. The remaining volumetric tech-

niques described in this section are only capable of displacement-based transformations, whereas

FE-based transformations can use various combinations of displacement and force-based trans-

formations [237].

For elasticity-based transformations, one aspect could be considered either an advantage or

disadvantage. The morph quality is highly dependent on the material properties, i.e. compliancy

[45]. This could be an advantageous as it could be used to provide greater control over a

transformation. Application-specific parameter tuning could be used to tailor a transformation.

Alternatively, the material properties could be defined differently for each element based on

particular metrics, such as volume [54]. This would involve defining an anisotropic material and

has previously been used to reduce the degree of deformation on highly distorted elements and

vice versa [54]. However, this can be seen as a disadvantage as it could introduce an optimisation

problem.

RBF Interpolation

Radial basis functions (RBFs) are used in a wide variety of applications and fields. They have

diverse functionality and can be used for: geometry intersection [326], geometry reconstruction

[327], geometry minimisation [328], mesh-morphing [13, 46], ray-casting [329], signed-distance

field interpolation [327, 330] and scattered data interpolation [13, 327]. Analogous to Dirichlet

boundary conditions, the displacements of a boundary domain are prescribed as constraints.
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Each surface vertex si ⊂ V of a volumetric mesh represents a constraint. RBF interpolation

creates a deformation field based on these constraints that implicitly morphs an entire mesh.

The deformation field is used to smoothly interpolate the internal vertices into a modified

domain. Additionally, the boundary vertices are implicitly interpolated by the deformation

field to positions identical to the prescribed displacements: s
′
i − si.

A deformation function d(vi) : R3 → R3 is defined by kernel functions φ(r) : R → R that

are combined linearly. Additionally, the kernels are radially symmetric (r = ‖vi − vj‖), cen-

tered around each vertex vi ∈ V [13]. Historically, a linear polynomial function (π(vi)) has

been included, which ensures the linear precision of a deformation function with respect to the

affine transformation [13, 14]. Additionally, a solution of the linear system (Equation 3.5) is

guaranteed to be unique, with an added polynomial [14]. The solution determines the weights

wj ∈ R3 and qk ∈ R3. The kernels are weighted by wj and the polynomials are weighted by

qk. The deformation function (Equation 2.44) can then be used to morph any mesh vertex:

vi = vi + d(vi).

Lemma 2.1. Solve a linear system of equations to determine the weights (W and Q) for a
deformation function derived from a matrix of RBFs (Φ):

N = number of surface vertices

i, j = 1, . . . , N

d(vi) =
N∑
j=1

wjφj(vi) +
4∑

k=1

qkπk(vi) (2.44)

where

φj(vi) = φ(‖vi − vj‖) (2.45)

πk(vi) = (vxi ,v
y
i ,v

z
i , 1) (2.46)

The linear system for the RBF-based deformation function is defined as follows:



φ1(s1) · · · φN (s1) π1(s1) · · · π4(s1)
...

. . .
...

...
. . .

...
φ1(sN ) · · · φN (sN ) π1(sN ) · · · π4(sN )
π1(s1) · · · π1(sN ) 0 · · · 0

...
. . .

...
...

. . .
...

π4(s1) · · · π4(sN ) 0 · · · 0





w1
...

wN

q1
...

q4


=



d(s1)
...

d(sN )
0
...
0


(2.47)
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or

[
Φ Π

Π> 0

] [
W
Q

]
=

[
D
0

]
(2.48)

where

d(si) = s
′
i − si (2.49)

LU and LDL> decomposition can be used to solve the non-positive symmetric linear system [13].

There are a variety of kernels commonly employed for RBF interpolation (Table 2.7). The

shape parameter (ε) can be used to control the degree of local and global deformation [53].

There are three common types of kernels: infinitely smooth (1-4), compact (5) and piecewise

smooth (6) [15]. An extensive overview of weights has previously been reported [14–16].

Table 2.7: Common RBF kernels used for shape interpolation and mesh-morphing [13–16]

Type Radial Function φ(r)

1 Multiquadratic
√

1 + (εr)2

2 Inverse multiquadratic 1√
1+(εr)2

3 Inverse quadratic 1
1+(εr)2

4 Gaussian e−(εr)2

5 Wendland (1− r)6 + (35r2 + 18r + 3)

6 Polyharmonic spline in Rd
{
r2k − d, d odd,
r2k − d log(r), d even.

RBF interpolation presents several advantages and disadvantages to the problem of volumetric

mesh-morphing. Most importantly, it has been shown to outperform FE-based transformations

in several cases, for numerous parameter changes, i.e. deformations [13]. Although, in a com-

parison study for mesh-morphing phalanges of the hand, a FE-based strategy performed better

than a RBF-based strategy [46]. Another advantage of RBF interpolation is that it is relatively

simple to implement and straightforward to set up and operate. Furthermore, if customisations

and optimisations are not required, some packages already provide implementations for some

kernels, e.g. VTK (thin-plate spline only) [331] and PyGem (several kernels) [332]. A final

advantage is that once the weights have been determined, the morphing operation is embarrass-

ingly parallel, as each kernel can be computed independently [333]. Therefore, this part of the

algorithm could be computed very rapidly, as it is simply a linear combination of weights and
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kernels.

There are several disadvantages associated with RBF interpolation. The most critical disadvan-

tage is that the overall operation is very computationally expensive. Generally, the use of RBFs

has been deemed inappropriate for systems requiring more than 2,000 interpolants, regardless

of application [327]. This is due to the large system of linear equations that are required to

be solved to determine the interpolant weights. This threshold could easily be exceeded for a

large proportion of meshes representing complex geometries, particularly anatomical structures

derived from bioimaging data. Therefore, it may be an inefficient approach for morphing the

volume of large meshes. Furthermore, in comparison to smoothing and FE-based approaches,

it is reportedly more expensive [13].

The use of RBF interpolation presents an optimisation problem, to determine which kernel

provides the best quality morphing operation. Additionally, there are conflicting reports about

which kernel provides optimal results. One study found the triharmonic spline to provide the

best mesh-quality over biharmonic, Gaussian, thin-plate and multi-quadratic kernels [334]. This

was corroborated by another study which showed the triharmonic spline provided greater mesh-

quality results for two out of three geometries, compared to the biharmonic and quadharmonic

splines [13]. In contrast, a study that investigated a range of kernels reported the triharmonic

spline to yield unacceptable results [51]. Moreover, the biharmonic spline provided the best

mesh-quality with a scaled multi-quadratic variant yielding the next best results [51]. Addi-

tionally, another study which employed a biharmonic spline [335] stated it guarantees minimal

quality degradation based on work that used biharmonic equations for the FEM [312]. This

could be considered poor justification, as the FE study compared the fourth-order operator to

a second-order operator, the Laplacian. Additionally, a conclusion from that research stated a

higher order function was better, which could point to the triharmonic spline and beyond [312].

Other studies using RBF-based mesh-morphing strategies have employed the Gaussian [9, 53],

inverse multi-quadratic (surface morphing) [53] and thin-plate spline [46, 52] kernels without

justification.

Despite the relative simplicity of the implementation, optimising the efficiency of the method

could pose some complications. Due to the high computational costs, this method should be

optimised, where possible. Attention should initially be focussed on the solution of the linear

system, as is it the most expensive aspect of the method. However, there are a variety of solving

77



2.5. Mesh-Morphing Algorithms Chapter 2. Literature Review

procedures available that can achieve efficiency improvements to varying degrees. Although

this is favourable, the accuracy and quality of the morphing operation is susceptible to different

solver implementations [13]. This presents an additional optimisation problem, including which

solver parameters yield optimal results.

One aspect could be regarded as an advantage or disadvantage depending on the perspective.

There are few parameters that control a RBF interpolation, although this can depend on the

choice of kernel. From an optimisation perspective, this could indicate there are fewer parame-

ters to tune. However, this could present an issue and limit possible avenues of adjustment, if

a morphing operation does not yield the desired results. From this perspective, the choice of

interpolant could also be viewed as an equivocal aspect, providing additional routes to optimise

the process.

Smoothing Operations

Mesh smoothing operations consist of various methods which are used to optimise the positions

of mesh vertices with the objective of improving the quality of the associated elements [13,336].

These methods are often performed as a post-processing operation following an initial mesh

generation procedure [30, 336]. In some cases, smoothing operators are used to define the

Dirichlet energy of a mesh for surface parameterisations [6]. For volumetric transformations,

they can operate similar to the Dirichlet boundary conditions described for the FEM [311,337].

Where displaced boundary vertices are constrained and the internal vertices are repositioned

using a smoothing operator [338]. A key difference of smoothing methods is that they attempt

to obtain a valid mesh, prescribed by a new boundary, by solving for new positions directly.

Whereas, FE-based and RBF-based methods solve for vertex displacements. There have been

a variety of different smoothing operators reported for polygonal meshes: Laplacian [13, 336,

339,340], Poisson [336,337,341,342] and metric optimisation [13,340,343,344].

Laplacian smoothing is the most commonly employed mesh improvement operation [342, 345].

The definition and implementation bears remarkable similarities to surface parameterisation

methods (Section 2.5.2) and barycentric coordinates (Section 2.5.3: Barycentric Inter-

polation). Additionally, it highlights the typical behaviour of a smoothing operator, where the

use of vertex or element adjacency is used to optimise the quality of a mesh. Which is achieved

by placing vertices towards the centre of their barycentric neighborhoods (Figure 2.17).
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Figure 2.17: A general Lalacian smoothing operation (L): improving element quality by
moving a vertex (vi) towards the barycentric average

In general, the Laplacian (∆) defines the sum of the second partial derivatives of a surface at

vi, which is the local curvature. More accurately, this represents the divergence (∇·) of the

first partial derivatives of a vertex [286,337]:

∆vi = ∇2vi =∇ ·∇vi =
∂2vi
∂x2

+
∂2vi
∂y2

+
∂2vi
∂z2

(2.50)

where ∇vi describes the first derivative (or gradient) of a surface, which defines the tangent to

a surface at vi:

∇vi =

(
∂vi
∂x

,
∂vi
∂y

,
∂vi
∂z

)
(2.51)

The discrete Laplacian operator (L), sometimes referred to as the Laplace-Beltrami opera-

tor (Equation 2.52), approximates coordinate differentials for a piecewise linear function M

(Figure 2.18) [7,286]. It consists of solving the Laplacian for a given domain (Ω) and can be

discretised for a mesh describing that domain using the following [7, 286,346–348]:

∆vi = − lim
diam(A)→0

∇A(vi)

A(vi)
= −H(vi)ni ∈ R3 (2.52)

∆vi = lim
|γ|→0

1

|γ|

∫
v∈γ

(vi − v)dl(v) (2.53)
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Where, A is an area surrounding a point vi, diam(A) is the diameter of that area, H(vi) is the

mean curvature and ni is the surface normal, together defining the mean curvature normal at

vi [7,346–348]. γ is a closed surface curve surrounding vi and |γ| is the length of that curve [7].

A generalised version of the discrete Laplacian operator is defined by the following:

L(vi) ≈ ∆vi (2.54)

L(vi) = αvi − β
∑

j∈N (i)

wijvj (2.55)

or

L(vi) =
∑

j∈N (i)

wij(αvi − βvj) (2.56)

(a) (b)

Figure 2.18: (a) Laplace-Beltrami operator (∆) for a vertex vi on a surface and (b) discrete
Laplacian Operator (L) for the corresponding vertex on a surface mesh (adapted from [7])

Equation 2.55 is often solved iteratively using a point Jacobi scheme [30,168,338]. Addition-

ally, a solution of Equation 2.56 in matrix form can be derived using same the construction

for planar parameterisations (Equation 2.6) [7]. This is due to the systems being based on

the same fundamental principles. Although these principles are based on surface smoothing for

triangular meshes, Equations 2.55-2.56 can smooth any surface or volumetric mesh.

There are several non-mutually exclusive variants of the Laplacian operator, which could be

defined by six categories: absolute [342,349,350], relaxed [168], interpolated [351], smart [345],

Taubin [348] and weighted [12, 338, 352]. Absolute smoothing simply places a vertex at the

average of the one-ring neighbors (α = 0 and β = 1) [351]. Relaxed smoothing applies a

80



Chapter 2. Literature Review 2.5. Mesh-Morphing Algorithms

relaxation factor to reduce the influence of the one-ring neighbors (α = 1 and 0 ≤ β ≤ 1) [168].

Interpolated smoothing interpolates the position between a vertex and the barycentric average

(0 ≤ α ≤ 1 and β = 1− α). Interpolated smoothing has been shown to reduce shrinking [351].

Smart Laplacian smoothing operators check the quality of a mesh before each vertex adjustment.

A vertex relocation is only applied if it leads to an improvement with respect to a chosen mesh

quality metric [345]. Taubin smoothing is used to shrink (α = 1 and β > 0) and inflate (α = 1

and β < 0) a surface in two steps [348]. Weighted smoothing refers to the use different weights

(wij) to control and improve the operation. There are a variety of different weights that can be

employed for Equations 2.55-2.56. For triangular meshes, these same weights are also used

for surface parameterisations (Table 2.4). For volumetric meshes, weights can be determined

through optimisation methods, such as the log barrier [352]. The log-barrier weights have been

developed specifically for mesh-morphing applications and are more complex to derive [12,352].

Meshes morphed using this operator (LBWARP) have achieved a better mesh-quality than

other smoothing methods [12]. A commonly used weight for arbitrary meshes is based on a

barycentric average (Equation 2.57) of the uniform spring weight (wuij = 1) [351,353]:

∑
j∈N (i)

wij = 1 (2.57)

∴

wij =
wuij∑

k∈N (i)w
u
ik

=
1

|N (i)|
(2.58)

This partition of unity approach has been applied to other weights for morphing applications,

by replacing wuij for other weights in Table 2.4, e.g. mean value coordinates [353–355].

Poisson operators can be used for smoothing, parameterisation and surface reconstruction [7,

280, 337]. Poisson smoothing operations are based on the solution to the Poisson equation

[7, 337, 356]. They bear some similarities to Laplacian operators and can also be discretised

using local neighborhoods [7, 336, 337, 342, 356]. Additionally, weighted Poisson-variants exist

with the most well-known being the Winslow operator [340, 341, 356] The Winslow operator

is commonly used for smoothing structured meshes [340]. Poisson-variants exhibit a trade-off

between preserving vertex spacing and element inversion resistance [341, 356, 357]. Winslow

smoothing is able to provide greater resistance to element inversions than Laplacian operators
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but with poor space preservation [341,357]. Other Poisson-variants have been found to preserve

the spacing between vertices but are less robust and have greater susceptibility to inversions

[341,357].

Optimisation-based methods minimise or maximum an objective function that assesses a mesh

quality metric [301, 340, 345]. They are more effective than standard Laplacian smoothing at

the cost of computational efficiency [345]. An example of a minimisation function for either

vertex or element mesh-quality metrics is given in the following equation [340]:

F(xi) =
∑
i∈E

(qi(x))2 ∈ R (2.59)

Where, F is a mesh-quality objective function, qi(x) is a vertex or element quality for a given

metric qi and E is a set of elements [340]. A method called the target-matrix paradigm developed

to optimise meshes has a similar objective function [301]. However, the objective function is

not quadratic and employs the power mean of a quality metric. Smoothing operators based on

these types of functions are more sophisticated and challenging to implement than the majority

of Laplacian and Poisson-variants. However, both objective functions and several others are

freely available in MESQUITE [340].

The smoothing methods present various advantages and disadvantages. Due to the diversity of

implementations within this class of morphing algorithms, some advantages and disadvantages

do not correspond to all. The most prominent advantage is held by the optimisation-based

operators which represent comparatively fast and efficient morphing operators [12]. Addition-

ally, this smoothing variant scales reasonably well with an increasing number of vertices, second

only to the barycentric approaches. For one model investigated in a review of methods, an

optimisation-based smoothing technique achieved the fastest time [12]. Another advantage is

the availability for some of these variants. There are several sophisticated Laplacian, Pois-

son and optimisation-based operators freely available in packages like MESQUITE [340]. Also,

some Laplacian-based variants are simple to implement but this strongly depends on the choice

weights. An advantage for the Laplacian-based variants is that they offer flexible approaches

to performing the morphing operations, either by solving a linear system or iteratively. This

flexibility could prove advantageous for customised applications and testing aspects of a method

in particular scenarios.
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Despite these advantages there are several disadvantages that discourage the use of this class

of methods. The most critical disadvantage is the decision trade-off when choosing a partic-

ular smoothing operation for volumetric transformation. In a review of volumetric morphing

operators, the optimisation-based approaches are fast but produce some of the worst results.

Whereas, the LBWARP operator can yield good results but in the slowest speeds. Also, the LB-

WARP operator scaled the worst with increasing vertices and was the most unpredictable with

respect to speed. It was shown to produce drastically different speeds for meshes with a similar

number of vertices. Consequently, it would be difficult to reliably predict how long a morphing

process would take to complete for an application based on this type of operator. Additionally,

the computations could take an excessive amount of time for larger meshes, despite yielding

good results. Similar to FE-based methods, the speed penalties occur from the requirement to

solve a sparse matrix of linear equations. However, it has been reported that FE-based methods

can be improved using parallel computing techniques [12]. Also, due to the extensive use of the

FE method it has received several optimisations over the years [325,358,359]. For the LBWARP

operator, it may not be possible for this bespoke algorithm to directly gain from these benefits

and may require algorithm specific optimisations.

Another trade-off lies in the implementation differences between operators. The more simplistic

or readily available operators produce poorer results than other methods. In contrast, the more

sophisticated operators with challenging implementations are required to achieve more reason-

able results. The LBWARP operator is an example of a more sophisticated weighted-Laplacian

variant as the implementation for the log-barrier weights are complicated [12]. Additionally, it

is not available in any software applications, frameworks or packages. Another drawback for

the LBWARP operator is that it is subject to convergence and tolerance issues [12]. Similarly,

some weighted-Laplacian variants, such as LBWARP, cannot operate on meshes with inverted

elements, whereas, all the other morphing operators mentioned in this review can. The ability

to morph inverted elements could be useful in particular applications or intermediate stages of

volumetric morphing. Therefore, the inability to use such operators in these conditions implies

a limitation. For the optimisation-based approach, it has been shown to have poor robustness,

producing large differences in mesh quality that are not always proportional to the degree of

parameter changes [12]. An equivocal aspect of the Laplacian-based variants is related to the

wide choice of associated weights. This could either present an optimisation problem or be used

as a parameter to refine a process that yields undesirable results. However, there are other
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volumetric morphing operations that can yield more favourable results with respect to speed,

quality and ease of access.

Barycentric Interpolation

There are a variety of morphing techniques based on the principles of barycentric coordinates [12,

360]. Barycentric coordinates in their simplest form can be used to interpolate vertex data (e.g.

location and colour) within a triangular domain [360,361]. Generalised barycentric coordinates

consist of an affine or convex combination of vertices on a given boundary. This is used to

interpolate points and associated data within a prescribed domain. The basic principles can be

extended to interpolate vertex data in polygons and polyhedra [355,360]. The use of barycentric

coordinates in computer graphics are widespread and include: mesh parameterisation [360,362],

mesh-morphing [362], shape deformation [360], smoothing [336], vertex shading [360] and ray-

tracing [363].

Given a domain Ω ⊂ R3 defined by a closed triangular mesh T on the boundary ∂Ω, any

point p within the domain can be expressed as a combination of those vertices and a series of

non-negative functions ξi(p) or coefficients [360,364]:

N∑
i=1

ξi(p)vi = p (2.60)

where

N∑
i=1

ξi(p) = 1 (2.61)

Also, this expression can be used for interpolating points on a planar mesh [354]. It is a natural

extension of barycentric interpolation for points within a one-ring neighborhood [50]:

∑
i∈N

ξi(p)vi = p (2.62)

A common approach to normalising the coefficients, to ensure they sum to 1 (Equation 2.61),
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is by dividing each coefficient by the sum of the coefficients [360]:

ξi(p) =
wi∑N
j=1wj

(2.63)

This depicts a similarity to Laplacian smoothing operations. There are many ways to calculate

the coefficients, which include: mean-value coordinates, harmonic coordinates and Wachspress

coordinates [13]. Again, some of these coefficients are identical to the surface parameterisation

weights presented in Table 2.4. The fact that the same weights can be used for both mesh

parameterisation, Laplacian smoothing and barycentric interpolation highlight that these ex-

pressions are fundamental in geometry processing. An extensive overview of these coefficients

have previously been reported [361].

The use of mean value coordinates are a common approach to defining the coefficients for

barycentric coordinates and have been employed for a variety of applications [354, 364]. One

common application, previously mentioned in Section 2.5.2, is mesh parameterisation, where

the same weights can be used to derive piecewise affine maps for parametric domains [260,360].

Additionally, mean value coordinates can be generalised to non-convex shapes, unlike some

other coordinate definitions, e.g. Wachspress [360].

Once all the coefficients have been calculated for each internal point, a deformation or morphing

operation can be performed. Similar to Dirichlet boundary conditions, the vertices of the

boundary are displaced to achieve a desired target geometry [360]. The morphed internal

vertices can now be calculated by applying the associated coefficients to the displaced vertices:

N∑
i=1

ξi(p)v
′
i = p

′
(2.64)

For a volumetric mesh, p could be represented by any internal vertex (vinternal
i ⊂ V). Depending

on the chosen weights, extrapolation of vertices outside the geometry is possible, e.g. mean-value

coordinates [360].

A common way to use utilise barycentric coordinates is to define a control mesh, or cage [360].

This control mesh encompasses a mesh of interest to be morphed. The surface vertices of a mesh

could be used to define a control mesh. Alternatively, to increase the efficiency of the process

a cage with fewer control vertices is specified. Therefore, fewer control points are required to
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be adjusted and used for interpolation. To achieve this, the control mesh is often constructed

manually [365]. However, if there are too little control vertices the morphing operation will not

be smooth and conformal [365] A control mesh could be defined automatically using a mesh

decimation operation on a slightly expanded surface. At the expense of regularity, this could

speed up the process whilst being able to specify a number of evenly distributed control vertices.

Similar automated approaches have previously been reported [366]. There is a variation of this

morphing operation that uses a triangular mesh of a boundary differently. For hexahedral

meshes, the vertices of a mesh boundary are tessellated to acquire a triangular representation.

The vertices of that triangular mesh are then used to define tetrahedral elements that fill the

domain. For all internal vertices, the enclosing tetrahedra are determined. Interpolation of the

morphed location can be performed using the four vertices of a tetrahedron. This method is

referred to as simplex-linear and is more efficient than the cage methods [12]. Simplex-natural

neighbor expands this criterion, using barycentric coordinates defined by vertices associated with

the neighboring tetrahedra, not just the one enclosing tetrahedron [12]. This is an attempt to

increase accuracy and achieve better quality meshes at the expense of increased computational

cost. This could be thought of as a sub-cage compared to using the entire cage in those associated

methods.

There are several advantages and disadvantages associated with volumetric morphing operators

based on barycentric coordinates. In a review of volumetric morphing operators, two techniques

based on barycentric coordinates (simplex-linear and simplex-natural neighbor) were the fastest

algorithms. Simplex-linear yielded faster results than simplex-natural neighbor [12]. Further-

more, the two operators were incredibly efficient with respect to scaling. For simplex-linear,

there was almost no difference in the speed of the algorithm when morphing meshes between

10,000 - 100,000 vertices. All meshes which had the number of vertices within this range were

morphed in under a second [12]. Not only were they the fastest operators but also produced

respectable results. Although, the results were not as good as the FE-based operator, which

was recommended by the authors of that review. The authors concluded that the simplex-

linear operator should also be considered for applications involving volumetric morphing, due

to the impressive efficiency and good quality characteristics [12]. Additionally, these two op-

erators were the most predictable with respect to the scaling [12]. This would provide greater

reliability when predicting how long a process will take to complete for a given mesh.
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One disadvantage for these methods is that the geometries require a triangulated boundary.

However, this pre-processing step is fairly non-trivial due to the ubiquitous availability of

high-quality Delaunay tesselators. Another disadvantage is due to the complexity and poor

availability of morphing operators based on barycentric coordinates. Although the concepts of

barycentric coordinates are relatively simple, the simplex-linear and simplex-natural neighbor

techniques are not particularly straightforward to implement. Furthermore, these algorithms are

not available in any commonly used packages and frameworks. Similar to weighted-Laplacian

variants, the complexity of the implementation for some operators can depend on the choice

of weights. However, the implementation of morphing operators based on barycentric coordi-

nates could be eased by using a computational geometry frameworks, such as libigl [367] and

CGAL [368]. Additionally, there are a wide choice of weights that can affect the quality of the

results and therefore present an additional optimisation problem. Despite achieving good re-

sults, there have been concerns addressed that this class of morphing operators may not preserve

element qualities due to a lack of intrinsic smoothness of the algorithms [12,13].

2.5.4 Conclusions

In conclusion, there are several candidates within each core component that can enable the

development of an automated mesh-morphing strategy, which can produce accurate and high-

quality meshes. Regarding the feature alignment algorithms, the strongest candidate for accu-

rate alignment are the Procrustes methods, if they can be combined with an automated and

robust method of determining known correspondences. A compelling option for this would be

the end-points of skeleton or centreline decompositions. For the surface parametrisation algo-

rithms, there are a variety of well-established techniques, concepts and principles that have been

developed for triangular meshes. A key shortcoming of these approaches for mesh-morphing

is the mapping to a base domain (indirect parameterisation), and minimisation of the associ-

ated distortions unrelated to a volumetric mesh. However, the general concepts and principles

can be extended in numerous ways to develop novel algorithms more suitable for quadrilateral

and hexahedral meshes, through direct parameterisation. For the volumetric transformation

operators, FE-based approaches offer the best compromise between mesh-quality, speed and

flexibility; specifically the elasticity-based approaches. Consequently, these aspects have been

incorporated into the mesh-morphing strategies developed in this thesis.
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2.6 Applications of Mesh-Morphing

The term mesh-morphing can also be referred to as mesh-matching [55], mesh-metamorphosis

[369], mesh-deformation [370], mesh-warping [371], mesh-moving [372], non-rigid registration

[373] and deformable registration [47]. There are a variety of different ways to develop mesh-

morphing strategies using the three core components: feature alignment, surface parameterisa-

tion and volumetric transformation (Table 2.8). A mesh-morphing strategy combines the core

components in a particular manner to achieve a desired result. Table 2.8 provides a summary

of mesh-morphing strategies used for biomedical applications and the three key components

from which they are composed.

There is greater consistency over the methods used for feature alignment and volumetric trans-

formation. In comparison, there is little consistency for surface parameterisations. The feature

alignment and volumetric transformation components can be applied reasonably straightfor-

ward, following the derivation of landmarks or surface correspondences, respectively. Conse-

quently, the surface parameterisation component is arguably the most important, having the

strongest impact on the performance and type of strategies. Additionally, this component

strongly influences the degree of user-interactivity required to operate a strategy. Although all

work together synergistically, larger errors between correspondences will lead to greater distor-

tion and surface errors. In contrast, minor alignment issues can affect a surface parameterisation,

but most methods are able to overcome them as they are generally expected. Currently, most

volumetric transformations are based solely on the surface parameterisation step, as it defines

the boundary conditions.

2.6.1 Applications

There are several reasons mesh-morphing strategies have been developed:

1. Mesh Generation:

The most common is the rapid and simplified generation of anatomical meshes from target

geometries, particularly surface meshes. In addition to speed, an added benefit over

traditional mesh generation techniques are that the attachment of tissues and prosthetic

components can be transferred to a new model [52,374].
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2. Image Segmentation:

This objective attempts to address the precursor to the target geometries [27,57,375,376].

These morphing operations aim to derive anatomical meshes directly from bioimaging

data, incorporating segmentation and meshing into one combined process.

3. Surgical Optimisation:

The optimisation of surgical procedures and clinical therapies is an important problem that

needs to be addressed [3,377]. One example has used mesh-morphing to rapidly optimise

the positioning of cementless total hip replacements [54]. These types of applications

could guide surgeons to more successful patient outcomes and fewer implant failures for

a variety of procedures.

4. Dynamic or Moving Meshes:

Mesh-morphing has also provided solutions for moving meshes, which is common for

dynamic simulations in cardiology [59,300,378]. Moving meshes must be updated at each

time step, in order to accurately simulate a dynamic boundary [300]. The key problem is

maintaining the original topology and mesh-quality between boundary changes, which is

also a core objective of mesh-morphing in general.

2.6.2 Feature Alignment

Target and template meshes are often aligned using rigid registration techniques. A large

proportion of strategies have used landmark-based rigid registration, such as a Procrustes al-

gorithm [47] or Rodrigues’ formula [45]. Most take advantage of the fact manually defined

landmarks have already been acquired and therefore is a non-trivial step using existing algo-

rithms and data. Interestingly, only two have used an automatic approach for anatomical rigid

registration, which was ICP [46, 58]. However, one of those strategies had used Procrustes

alignment first, due to ICP yielding insufficient results in isolation [58]. Another key limitation

of ICP is that the geometries must be reasonably similar [47]. In contrast, registration based

on manual landmarks can achieve greater accuracy than automatic algorithms, at the cost of

speed and required user-interaction. Surprisingly, no strategies have used RANSAC, which is

likely due to similar shortcomings to ICP, despite overall improvements.

In some cases, alignment is not required for one of three reasons:
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1. The alignment operation is incorporated into the volumetric transformation [51]

2. The target is a morphed surface from a template mesh [54,59]

3. The target is interpolated from a template mesh [56]

Usually, alignment is performed to aid the surface parameterisation step. However, where cor-

respondences are already known, displacement-based volumetric morphing operations are able

to naturally incorporate such alignment transformations. Additionally, in relation to reasons 2

and 3 above, the target meshes were already aligned based on how they were derived. These

were based on either optimisation [54] or moving mesh [56, 59] applications, which were able

to take advantage of these freedoms. In contrast, the majority of other applications cannot,

especially the automatic approaches.

2.6.3 Surface Parameterisation

Amongst the strategies, there are varying degrees of user-interactivity requirements defining

the semi-automatic procedures. The majority of strategies (8/15) reviewed in Table 2.8 used

manual landmarks to determine one-to-one correspondences. The choice of using manual land-

marks can offer greater accuracy at the expense of labor. Additionally, an increased number

of landmarks are required for higher degrees of accuracy, particularly for complex geometries,

which could exacerbate time, user-interaction and knowledge requirements. Although, there is

research attempting to automate the selection of landmarks [232,334]. Operations that require a

large number of manual landmarks will naturally start to incur the negative effects of rater-bias

and drift, which some have attempted to measure [53,55]. Manual landmarks are often used to

both align and parameterise a target geometry and template mesh. An excellent use of these

landmarks in some strategies has been to semi-automate the segmentation process, as well as

the generation of volumetric meshes [27,375].

Apart from manually defining landmarks, there is no common approach to determining the

surface correspondences. Seven of the reviewed strategies used an automated approach to define

correspondences [45–47, 52, 57–59]. Of these, three used surface projection techniques [45–47].

The vertices were either projected based on surface normals [46, 47] or from a centreline [45].

For surface normal projection, geometries must be reasonably similar for these techniques to

accurately achieve surface correspondences and minimise element distortion. Strategies based

on this approach could be susceptible to local irregularities which could be problematic for
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regions that are thin or have high curvature. Although, this could be overcome with the use

of an iterative procedure [46, 47]. The use of a centreline would likely improve the accuracy of

the projections as global information about the geometry would be encoded into the projection

vectors.

The remaining four non-projection based methods employed either: statistical shape mod-

elling [58], an image-based deformation field [57, 59] or a surface wrapping technique [52]. A

SSM has been developed that contains the template correspondences for each shape [58]. The

associated shape, shape parameters and correspondences were then identified for the target, by

minimising a function based on the SSM and biharmonic parameterisation. A key issue with

this method is that the target geometry must be present within the SSMs population, in order

to derive accurate results. The first image-based method employed registration-based propa-

gation techniques to determine the optical flow between image frames of a cardiac cycle [59].

A triangular mesh of the geometry in the initial frame was registered to the other frames se-

quentially based on the optical flow, providing correspondences for each frame. In contrast to

optical flow, a related method used image-based forces to morph the surface of a template mesh,

which was based on voxel coordinates and a Gaussian smoothing kernel [57]. A limitation of

this method is that it requires images with a high contrast to yield accurate results. The last

non-projection based approach employed an auxiliary surface to wrap the template and target

meshes using energy minimisation techniques [52]. This could be considered similar to spherical

parameterisation approaches, as the auxiliary surfaces are analogous to parameterised spheres.

Interestingly, the use of traditional parameterisation techniques have shown minimal adoption

in the biomedical modelling community, unlike their wide-spread use in the graphics community.

Consequently, only two strategies used a traditional parameterisation technique: planar [9] and

spherical parameterisation [379]. However, both required the definition of manually defined

landmarks to improve the accuracy of the parameterisations. In the field of computer graph-

ics, the combined use of spherical parameterisation and centrelines has provided an automatic

approach for triangular meshes [369]. This type of strategy uses the centreline end-points to

automatically define landmarks for the alignment of spherical correspondences prior to morph-

ing. Although a promising automatic solution, it is yet to be seen how this approach operates

over volumetric meshes. However, this approach could cause issues, due to a reduced set of

skeleton-based landmarks compared to those manually or anatomically defined.
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Table 2.8: Review of mesh-morphing strategies for biomedical applications

Reference
Component of Mesh-Morphing Strategy

Mesh
Anatomy Simulated?Feature Surface Volumetric

Type
Alignment Parameterisation Transformation

Behdadfar et al. [45] Rigid registration
(Rodrigues’ formula)

Centreline projection LET (Dirichlet BC) HEX8 Ventricle
(heart)

3

Baldwin et al. [27] Manual transformation ML Linear
interpolation

HEX8 Patella,
tibial +
femoral
cartilage

3

Li et al. [51] NR - applied in RBF ML RBF (biharmonic) HEX8 Brain 7

Grosland et al. [47] Rigid registration (ICP) Normal Projection LET (mixed BC) HEX8 Phalanx
(hand)

7

Magnotta et al. [46] Rigid registration (ICP) Normal Projection RBF (biharmonic) HEX8 Phalanx 7

Hadagali et al. [48] Rigid registration ML + dual kriging +
manual adjustment

Multi-block
decomposition

HEX8 Vertebra 7

Sigal et al. [52] Not specified ML or energy minimisation RBF (biharmonic) TET4 Vertebra 3

Grassi et al. [53] Rigid registration ML + RBF (IMQ) +
Laplacian smoothing

RBF (Gaussian) TET4 Femur 3

Bah et al. [54] NR - already aligned NR - same mesh topology LET (Dirichlet BC) TET4 Femur 3

Salo et al. [55] Rigid registration ML Manual Mapping TET4 Pelvis 3

Xu et al. [56] NR - interpolated mesh ML RBF (triharmonic) TET4 Ventricle 3

Baghdadi et al. [57] Manual transformation Image-based deformation
+ Laplacian smoothing

Laplacian
smoothing

TET4 Artery
(carotid)

7

Hraiech et al. [9] Rigid registration Planar parameterisation +
ML +RBF (Gaussian)

RBF (Gaussian) TET4 Femur 7

Lauzeral et al. [58] Rigid registration
(Procrustes then ICP)

Statistical shape model LET (Dirichlet BC) TET4 Femur +
liver

7

Upendra et al. [59] NR - same mesh Image-based deformation LBWARP TET4 Ventricle 7

ML - Manual landmarks LET - Linear elastic transformation

NR - Not required IMQ - Inverse multiquadratic

BC - Boundary condition
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2.6.4 Volumetric Transformation

RBF interpolation was the most popular choice amongst the reviewed strategies for the vol-

umetric transformation step, with little consistency over kernel choices [9, 46, 51–53, 56] (as

highlighted in Section 2.5.3: RBF Interpolation). The biharmonic or thin-plate spline

was the most commonly used, followed by Gaussian and then triharmonic. Two interesting

concepts were employed by some studies to define a RBF transformation: sparse data [51, 56]

and affinity control [9, 53]. The use of sparse data reduces the computational requirements to

solve a transformation, but is also necessary when using manual landmarks. When using sparse

data, there were examples of controlling the affinity of mesh vertices relative to their distance

from landmarks, to reduce distortion and improve parameterisation. Essentially, vertices closer

to landmarks would move a greater proportion than those more distant. The second most

common volumetric transformation method was the linear elastic transformation [45,47,54,58].

The boundary conditions used for those transformations were either Dirichlet or mixed. The

method that employed mixed boundary conditions was Neumann-dominant and described as

a force-based approach [47]. Force-based boundary conditions led to reduced distortions and

sensitivity for larger geometric differences when compared to a displacement-based approach

(RBF interpolation). This makes sense as it would allow some flexibility to alleviate corre-

spondence errors derived from a surface parameterisation step. Furthermore, this highlights

how FE-based transformations can offer a greater variety of boundary conditions compared to

solely Dirichlet. Also, hierarchical refinement has been implemented to reduce computational

requirements [47], similar to the use of sparse data for RBF interpolation. Additionally, similar

affinity control can be achieved for linear elastic transformations by specifying inhomogeneous

material properties (element-wise), which can also serve the benefit of minimising the distortion

of lower quality elements [54, 58]. Currently, no non-linear elastic transformations have been

found for biomedical mesh-morphing applications.

2.6.5 Summary

Most strategies employ manual landmarks, which can provide greater accuracy at the expense

of time and user-interaction. Automated surface parameterisation methods can be split into

four categories: projection-based (inside-out), image-based (inside-out), SSM-based (direct)

and wrapping-based (outside-in). Although interesting and novel, methods based on bioim-
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ages and SSMs have several shortcomings. Bioimaging data for non-moving meshes require

high-contrasting boundaries and are subject to artefacts and noise. In contrast, SSMs must

represent a large proportion of the population and acquiring such data could be expensive.

The methods that offer the greatest flexibility are based on wrapping (outside-in) and projec-

tion algorithms (inside-out). Furthermore, projection based on centrelines would likely perform

better than surface normal vectors. Global geometric information is encoded in centrelines,

which could prevent an inaccurate parameterisation of irregular features between meshes. An

algorithm that combines aspects of wrapping with centreline-based projection could provide

greater robustness by utilising the aspects of both outside-in and inside-out algorithms. Conse-

quently, it is proposed that novel surface parameterisation algorithms based on these concepts,

and extended principles of traditional parameterisation techniques, would provide greater ac-

curacy and robustness for morphing hexahedral meshes. Additionally, the use of centrelines

would combine favourably with Procrustes methods, to automatically determine landmarks for

accurate and robust geometry alignment. As such, these designs have been incorporated into

the strategies developed in this thesis.

RBF interpolation is commonly used for volumetric transformations and has even been used to

improve the parameterisation of manual landmarks [9, 53]. However, following closely behind

is the linear elastic transformation, which could be more complex to implement but offers

greater flexibility and control. Specifically, there are three fundamental benefits of linear elastic

transformations:

1. Piecewise element stiffness control:

The control over the stiffness of individual elements has been used to prevent further

distortion and negative Jacobians [54,58]. RBF interpolation is a meshless approach and

is therefore unaware of elements.

2. Variety of boundary conditions:

There is greater flexibility to the types and combinations of boundary conditions that can

be defined, which can improve results [47]. In comparison, RBF interpolation can only

perform displacement-based boundary conditions.

3. Intrinsic robustness:

Linear elastic transformations incorporate information regarding element quality, topol-
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ogy and associated DOF, which can provide greater robustness [189]. In contrast, RBF

interpolation has no awareness of these aspects, most importantly element-quality [58].

For these reasons and the greater overall advantages, linear elastic transformation has been

selected for the strategies developed in this thesis.

2.7 Conclusions

FE modelling of the TFJ provides an important tool for studying and learning about knee

biomechanics [3]. Furthermore, they enable the optimisation and assessment of several clinical

therapies. For accurate patient-specific modelling, a greater complexity of model definitions

are required, which include a variety of supporting tissues, as well as their associated material

properties and kinematics. However, simplified models can be useful for determining isolated

aspects of the knee biomechanics and reducing assumptions [18]. Additionally, simplified models

could more beneficial than complex models for rapidly comparing different development proto-

cols. These analyses would focus on the differences between common output variables, such as

contact area and contact pressure.

Although useful and important, the development of high-quality FE models are laborious and

time-consuming, due to several stages of processing bioimaging data. In general, these stages

are difficult to perform accurately and efficiently, and this is exacerbated by the requirements

of hexahedral meshes. Finite element applications typically do not discriminate between tetra-

hedral and hexahedral meshes. Ideally, they solve a PDE problem with the most appropriate

methods available. However, it is evident that they do solve hexahedral elements with greater

accuracy and performance. In some cases these differences are more subtle; nevertheless, there

are still applications where hexahedral meshes are required to achieve accurate and convergent

simulations [113]. These are five situations where hexahedral meshes are generally required to

yield greater accuracy:

1. Large deformations [116]

2. Contact analyses [29]

3. Nearly-incompressible materials [29]

4. Definition of fibre-alignments for anisotropic material properties [35]
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5. Definition of zonal properties for inhomogeneous material properties [40]

Consequently, the state-of the art and most commonly used meshes for the soft tissues of the

knee are hexahedral meshes, which includes the meniscus (Figure 2.7).

The meniscus has an irregular geometry and is an important component of the knee, as it

strongly influences the biomechanics. Additionally, the meniscus is a perfect example of an

anatomy that can be simulated with greater accuracy with respect to each of the five situations

above. Despite the impressive results of TET15 meshes for the hip [34], further research is

required to determine their suitability and accuracy for knee models. Additionally, there use is

more novel and they are less available than their TET10 counterparts, which have been shown

to perform poorer than HEX8 meshes [29,116].

However, the generation of hexahedral meshes remains a challenging endeavour, particularly

for irregular geometries and anatomies. Currently, the most viable and well-established options

for biomedical applications are the multi-block and mesh-morphing methods. As discussed,

multi-block methods have proven their capacity for deriving high-quality meshes for a wide

range of anatomies and have deserved their state-of-the-art status [178, 197]. However, with

increasing popularity and adoption of biomedical simulations for clinical applications, their

time and user constraints impose severe barriers to current and future biomedical innovations.

In contrast, mesh-morphing methods are able to generate high-quality meshes for an equally

vast array of anatomies, but require a pre-defined high-quality template mesh. However, the

problem for biomedical applications is slightly different to other fields, we know approximately

what the shape will be and the type of mesh that would best suit particular anatomies. If

a large proportion of similar geometries require hexahedral meshing, the initial time and user

constraints would be insignificant compared to the rapid and full-automation of high-quality

meshes. This is essentially an analogue to the mass-manufacturing process of the injection

moulding industry.

Consequently, several mesh-morphing strategies have been developed (Table 2.8), to improve

the ease and speed of generating high-quality hexahedral meshes of anatomies. However, crucial

information pertaining the three important criteria (previously outlined in Section 2.4.1) and

simulation validation are often lacking critical analyses. Of the reviewed strategies, only one [53]

evaluated all four of the following criteria:
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1. Mesh-quality:

Hexahedral mesh-quality metrics are often reported, however they are inconsistent be-

tween studies, for example using: the scaled-Jacobian [48, 51, 241, 245], aspect-ratio [45,

48, 241, 245], skewness [48, 51], warpage [48, 51], distortion [46, 47] and volume [46, 47]

metrics. The importance of mesh-quality is evident, however, these inconsistencies could

be due to the difficulty of defining and characterising this attribute [161]. Locational

information and the associated importance for particular applications are rarely provided.

2. Surface fit:

Similar to mesh-quality, surface error metrics are often reported with neither adequate

information for particular regions (i.e. as overall measures of loss), nor how this would

affect a given application. The chosen metrics are less inconsistent than those for mesh-

quality, which includes: the root-mean-square error [27, 48, 53, 55, 57], maximum error

[47,48,53,55,57], mean absolute difference [47,55,59] and median error [52].

3. Generation time:

Generation times and comparisons between previous methods are often not provided, even

when there are claims to a decrease compared to other development procedures [46, 52].

Additionally, any scenarios that could affect time differences are generally not described.

4. Simulation validation:

This is another important criterion to determine the success of a morphing strategy, which

could be added to the 14 evaluation criteria (Section 2.4.1). Simulations should serve two

purposes: (1) proof of convergence and (2) proof of accuracy (i.e. no significant changes

compared to gold-standard procedures). However, less than half of the reviewed studies

performed simulations. In some cases the simulations were not compared, perhaps to only

evaluate convergability [45, 56]. Furthermore, the clinical implications from simulation

differences or their cause were rarely discussed.

Greater results have arisen from strategies that blend together the aspects of surface parameter-

isation and volumetric transformation [46, 47, 57]. Essentially, both processes become iterative

and interwoven, by gradually parametrising and morphing a volumetric mesh and associated

boundary in unison. In isolation, iterative (relative) volumetric transformations have been

97



2.7. Conclusions Chapter 2. Literature Review

shown to improve mesh-quality compared to non-iterative (absolute) equivalents [12]. How-

ever, by breaking down the distinct boundary between surface parameterisation and volumetric

transformation, the diametric problem associated with surface error and element degradation

can be approached simultaneously. Surface parameterisation techniques have worked well for

surface meshes, but greater flexibility is required to accommodate volumetric meshes. This is

important because perfect correspondences (i.e. low surface errors) could still lead to invalid or

poor-quality elements [46,47].

Skeleton-based methods have yielded promising solutions for several natural geometries and

anatomies. However, skeleton structures have also been incorporated and combined with other

methods, such as polycube [214] and multi-block methods [169], to approach a wider range of

geometric domains and complexity. This shows the flexibility and value that skeleton structures

can provide to different approaches, as observed for the more established medial-axis methods.

Skeleton-based methods can be separated from other methods that use skeleton information

by their direct decomposition from them apposed to using them to provide geometric corre-

spondences (e.g. mesh-morphing [45]) and singularity information [214]. The multi-informative

nature of skeleton structures, providing geometric feature descriptors, correspondence informa-

tion and singularity information [214], results in the flexible use of some or all of this information

for improving mesh generation algorithms.

There is a drive towards full-automation for mesh-morphing applications. Additionally, there

appears to be a drive for a more general-purpose mesh-morphing strategy, that could be applied

to a variety of anatomies through the use of different templates. Currently, there are no mesh-

morphing strategies developed or tested on the meniscus. There was one for other soft tissues

in the knee, but it was highly user-interactive and based on bioimages [27]. In general, the

long-term objectives are that rapid and cost-effective solutions would have a profound impact

for clinical applications, benefiting a wide range of patients. However, only three of the reviewed

mesh-morphing strategies could claim to be fully automatic and general-purpose [46,47,58].
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3.1 Overview

Two mesh-morphing strategies have been developed. The first strategy is composed of four

phases: (1) centreline generation, (2) surface parameterisation, (3) surface optimisation, (4)

volumetric transformation (Figure 3.1a). The second strategy was designed as an optimisation

of the first, and consists of three phases: (1) initialisation step, (2) volumetric optimisation and

(3) Laplacian smoothing (if inverted elements exist) (Figure 3.1b). The focus of the overall

designs for the strategies was to select automatic, robust and accurate algorithms. Consequently,

the three core components of the first strategy were the following:

1. Feature alignment: Centreline-based rigid registration

2. Surface parameterisation: Centreline projection and mesh-wrapping

3. Volumetric transformation: LET (Dirichlet BC) and Laplacian smoothing

The method used to align the features is novel, and was selected due to being simple to imple-

ment, accurate and fast (automated). Justification for the choices of using centreline projec-

tion, mesh-wrapping and linear elastic transformation over alternatives was provided in Sec-

tion 2.6.5. Briefly, the novel design of the first strategy extended and combined several basic

principles associated with centreline-based mesh-morphing [45] and surface parameterisation

techniques, such as mesh-wrapping [52] and spherical parameterisation [295]. The three core

components of the optimised strategy are difficult to distinguish. First, no alignment is required,

as the morphed mesh from the first strategy is used (i.e. already aligned). Second, the sur-

face parameterisation and volumetric transformation were interwoven into one iterative process

(volumetric optimisation). The justification for combining these components was provided in

Section 2.7. The aim of this strategy was to incorporate and extend concepts of traditional

surface parameterisation techniques for volumetric meshes.

The strategies were implemented in C++ [380] with the CMake build system (GCC com-

piler) [381], and made extensive use of the Armadillo linear algebra library [382] and the visual-

isation toolkit (VTK) [331]. Additionally, the open computer language (OpenCL) [383] was used
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to provide performance improvements through parallel graphics processing unit (GPU) compu-

tation. The choice of implementing the strategies in this manner were due to the superior speed

and flexibility offered, compared to other approaches. This is emphasised by the iteration-heavy

operations using linear algebra for mesh-processing algorithms, where C++ (with Armadillo)

has a clear advantage [315,384]. Also, this approach provides greater flexibility for target oper-

ating systems, the availability of libraries, and integration with and porting to other languages

(e.g. python). The importance of speed cannot be understated, as the key objectives for the

strategies were to be fast and automated. This allows their use for real-world applications and

large resolution meshes, and to compete with existing procedures. Additionally, for the ma-

jority of alternative languages, the computational complexity can compound into much slower

execution times. The strategies were implemented on a Dell XPS 9560 (2.8GHz Intel i7 CPU,

32GB RAM and an Nvidia GTX 1050 GPU with 4GB RAM) running Debian (Linux).

(a) Mesh-Morphing Strategy

Centreline
Generation

Expand
Target

Compute
Internal
Vertices

Place
Internal
Vertices
Outside

Iterations
Complete?

Linear Elastic
Transform

Morphed Mesh

Template Mesh

Target Mesh

Surface Optimisation Interation

Quad.
Laplacian
Smooth

No Yes

Laplacian
Smooth

Project
Template
Vertices

Surface 
Parameterisation

Volumetric
Transformation

(b) Optimised Mesh-Morphing Strategy

Iterations
Complete?

Laplacian
Smooth

Template Mesh

Target Mesh
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Volumetric Optimisation Interation
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Figure 3.1: Flow chart of the input data and algorithms that compose the (a) mesh-morphing
strategy and (b) optimised mesh-morphing strategy

Four algorithms contained components of existing code: (1) the shortest path algorithm (vtkDikjs-

tra [331, 385], Section 3.2.4), (2) B-spline computation (Dierckx [386], Section 3.2.5) (3)
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the ray-triangle intersection algorithm (Möller-Trumbore algorithm [387] re-written in OpenCL,

Section 3.4.1), and (4) solution to the linear elastic equations (MFEM [388], Section 3.6.1).

All other algorithms were implemented from first principles and cited where relevant.

3.2 Centreline Generation

The centrelines are generated automatically using three algorithms: (1) the minimisation of a

signed distance function, (2) clustering of the collapsed surface into a line mesh and (3) B-spline

parameterisation of the line mesh. The signed distance function (SDF) was defined using radial

basis functions (RBFs), similar to the process outlined in Section 2.5.3: RBF Interpola-

tion . Following the minimisation of this function, the surface vertices collapse into the shape

of a centreline. To enable cross-parameterisation between centrelines and determine correspon-

dences, vertices were clustered within a given radius and then connected into a series of lines. To

improve the accuracy and precision of the curve representation and cross-parameterisation, the

clustered vertices of the centrelines were mapped into a B-spline curve. A large proportion of the

centreline generation algorithm was developed based a previous study [328]. In particular, the

generation and minimisation of an RBF-based SDF to collapse a surface mesh into a centreline.

However, these processes were computationally expensive with respect to the number of surface

vertices and were optimised to improve the speed of computation. Additionally, improvements

to the RBF-based SDF implementation were based on a slightly different definition found in a

previous study that were using SDFs to reconstruction and represent 3D surfaces [327].

3.2.1 Generation of a Signed Distance Function from Radial Basis Functions

To generate a RBF-based SDF the surface is first modelled implicitly. An implicit surface is

defined by a function where all the points that lie on the surface are equal to 0 (Equation 3.1).

F (x, y, z) = 0 (3.1)

A signed distance function is used to calculate the distance of a point (P ) in space from a

boundary, where a positive value is outside the boundary and a negative value is within the

boundary. Here, the signed distance function is defined from the vertices of three layers gen-

erated from a given surface (Figure 3.2). The three layers consist of the actual surface, as

well as the normal expansion and contraction of that surface. The distance of the actual sur-
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face vertices is assigned to 0, whereas the expanded and contracted vertices are assigned +1

and −1, respectively. Essentially, this defines the arbitrary distances of the expanded and con-

tracted boundaries from the original for the SDF. These are the constraints (ci) of the system,

which are analogous to the vertices (vi) used in deformation operator described in Section

2.5.3: RBF Interpolation (Equation 2.44). Consequently, the number of constraints (N)

are three times the number of surface vertices (n) for the original surface. Formulating a SDF

from the three layers of vertices and their associated distance values involves solving a scattered

data problem [327]. RBFs are used to solve this problem and interpolate the vertices to their

respective distance values. Once the system of RBFs have been determined, they can be min-

imised to find the points in space which are furthest away from their boundary, i.e. skeleton

or centreline, depending on the given boundary. The following derivation includes the use of

RBF regularisation using λI . Regularisation of the RBF system has been shown to encourage

the convergence towards typical level set behaviour and improve the directions of the gradient

field vectors towards local minima [328]. Essentially, the regularisation parameters modify the

diagonal of the RBF matrix, adding different magnitudes to the surface (e.g. 0.01) and external

vertices (e.g. 1.0).

h(P2)= 3.3

h(P1)=+3.6

h(P3)=+1

h(S)=0
h(S+)=+1

h(S�)= 1

Surface
Normals

Figure 3.2: The RBF-based signed distance function is defined by three layers: the original
surface (black, h(S)), expanded surface (purple, h(S+)) and contracted surface (blue, h(S−).

Points inside the boundary have a negative distance value, and vice versa

Lemma 3.1. Solve a linear system of equations to determine the weights (W and Q) for a SDF

(h(cI)) derived from a matrix of RBFs (Φ):

N - number of constraints

I, J = 1, . . . , N

h(cI) =
N∑
J=1

wJφJ(cI)︸ ︷︷ ︸
RBF

+
4∑

k=1

qkπk(cI)︸ ︷︷ ︸
Polynomial

(3.2)
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where

φJ(cI) = (‖cI − cJ‖2 − ε2)−0.5 (3.3)

ε - control radius

πk(cI) = (cxI , c
y
I , c

z
I , 1) (3.4)

The linear system for the RBF-based SDF (h(cI)) is defined as follows:

[
Φ̂ Π

Π> 0

] [
W
Q

]
=

[
H
0

]
(3.5)

where

Φ̂ = Φ + Λ (3.6)

ΦIJ = φJ(cI) (3.7)

Π = (π1(cI), π2(cI), π3(cI), π4(cI)) (3.8)

W = (w1, . . . , wN )> (3.9)

Q = (q1, q2, q3, q4)> (3.10)

H = (h1, . . . , hN )> (3.11)

Λ =


λ1 0 . . . 0
0 λ2 . . . 0
...

...
. . .

...
0 0 . . . λN

 (3.12)

To determine the weights (W and Q) for the RBF-based SDF (h(cI)), the linear system AX = B

can be solved using singular value decomposition or LU factorisation [328].

A =

[
Φ̂ Π

Π> 0

]
(3.13)

X =

[
W
Q

]
(3.14)

B =

[
H
0

]
(3.15)

The RBF constraints (cI) are defined by three levels with respect to the surface nodes (Si) and

their normal vector directions (~ni) and magnitude (β); consequently, N = 3n:

n - number of surface nodes
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i = 1, . . . , n

cI = (S1, . . . ,Sn,S+
1 , . . . ,S

+
n ,S−1 , . . . ,S

−
n ) (3.16)

where

S+
i = Si + β~ni ∀i ∈ {1, . . . , n} (3.17)

S−i = Si − β~ni ∀i ∈ {1, . . . , n} (3.18)

Example 3.1. Empirically determined distance (hI) and regularisation (λI) values used to

initialise the RBF-based SDF system:

h(Si) = 0 ∀i ∈ {1, . . . , n} (3.19)

h(S+
i ) = −1 ∀i ∈ {1, . . . , n} (3.20)

h(S−i ) = +1 ∀i ∈ {1, . . . , n} (3.21)

Regularisation values:

λSi = 0.01 ∀i ∈ {1, . . . , n} (3.22)

λS
+

i = 1 ∀i ∈ {n+ 1, . . . , 2n} (3.23)

λS
−

i = 1 ∀i ∈ {2n+ 1, . . . , 3n} (3.24)

3.2.2 Minimisation of Signed Distance Function to Centreline

The compute the centreline approximations, the gradient of the SDF was minimised over an

empirical number of iterations (L = 10) and a step parameter (αs) of 0.1. During the minimi-

sation process, the surface vertices are used as the initial guess and collapse into the structure

of a centreline (Figure 3.3).

(a) (b)

Figure 3.3: The minimisation of the signed distance function collapses a triangular surface
mesh towards its centreline (a), with repeated iterations the centreline begins to contract (b)
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Lemma 3.2. Calculate the gradient of an RBF-based SDF (h(Si)) with respect to the surface

nodes (∂h(Si)
∂Si ). Perform gradient descent to find the local maxima (VLi ).

n - number of surface nodes

N - number of constraints

i = 1, . . . , n

J = 1, . . . , N

∂h(Si)
∂Si

=
N∑
J=1

wJ
∂φJ(Si)
∂Si

+
4∑

k=1

qk
∂πk(Si)
∂Si

(3.25)

where

∂φJ(Si)
∂Si

= −(Si − cJ) · (‖Si − cJ‖2 + ε2)−1.5 (3.26)

∂πk(Si)
∂Si

=

(
∂Sxi
∂Sxi

,
∂Syi
∂Syi

,
∂Szi
∂Szi

,
∂(1)

∂S(1)
i

)
(3.27)

∴
∂πk(Si)
∂Si

= (1, 1, 1, 0) (3.28)

and

∂h(Si)
∂Si

=
N∑
J=1

wJ
∂φJ(Si)
∂Si

+
3∑

k=1

qk (3.29)

The gradient descent is described by the following: L - maximum number of iterations

l = 0, . . . , L

V l+1
i = V li + αs

∂h(V li)
∂V li

(3.30)

αs - step parameter

V0
i = Si (3.31)

∴

V l+1
i = V li − αs

 N∑
J=1

wJ · (V li − cJ)√(∥∥V li − cJ∥∥2
+ ε2

)3
−

3∑
k=1

qk

 (3.32)
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3.2.3 Efficiency Optimisation of Centreline Minimisation

Radial Basis Function Simplifications

The computations required to calculate a centreline approximation of a geometry can be quite

expensive, depending on the number of vertices used to define a boundary. To solve the system

of linear equations, the number of required floating point operations has been reported to be

N3/6 +O(N2) [327]. Where, N in this case refers to the number of constraints, which is three

times the number of vertices. Furthermore, to evaluate the system or in this case minimise

a single vertex for one iteration has O(N) complexity [327]. Also, M iterations of a single

vertex yields O(NM) complexity and for the complete centreline solution has a complexity

of O(N2M). Therefore, they are an expensive class of algorithms and despite offering great

accuracy are often limited to cases not involving an excessive number of points [327].

Due to the high computational complexity of these algorithms, three optimisations were imple-

mented to improve the efficiency of the algorithm and reduce the computation time as well as

the required resources. The first optimisation was used to eliminate the requirement to solve

the large system of linear equations. The second optimisation was to compute the solution in

parallel on a GPU. The third optimisation was to simplify the meshes to reduce the number

of vertices. It has previously been reported that despite the high accuracy offered by RBFs

there use for solving problems with over 2,000 points is inappropriate [327]. As the meshes for

meniscus geometries can exceed this value, the optimisations have been implemented to enable

the use of RBFs to be more computationally appropriate.

Eliminating the need to solve the linear equations removes the N3/6 +O(N2) cost. Simplifying

the geometries does not improve the O(N2M) computational complexity but reduces the num-

ber of associated with N by reducing the total constraints. Evaluating the gradient of the RBF

system in parallel and on a GPU does not improve computational complexity but does lead to

more efficient and rapid processing of the solutions.

The solution of the linear equations is referred to as the fitting process and is used to deter-

mine the weights of the RBF functions. To remove the fitting process, two assumptions were

made to estimate the weights of the function that would enable the derivation of centreline

approximations. The first assumption was to disregard constraints outside a given radius. This

is similar to efficiency improvements proposed using Fast Multipole Methods, that evaluate
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near and far field points differently [327, 389]. This assumption exploits the knowledge that

the infinite precision of RBFs are not always required [327]. However, for this algorithm the

radius was chosen to be small enough to only include the constraint and no others. The second

assumption was that the polynomial term was not required to approximate the centrelines and

therefore was removed. A system RBFs can be augmented with a polynomial term, which is

done to ensure orthogonality and that the system of linear equations derives a unique solution,

if they are conditionally positive definite [14]. Additionally, the polynomial term can improve

the accuracy of the RBF interpolation at boundaries [14]. Although this parameter can be used

to improve convergence, they can sometimes yield inferior accuracies [15]. As the accuracy loss

of interpolation at the boundaries is not a major concern, the polynomial term was removed.

This could be considered a form of simplified RBF from the lack of a polynomial term and use

of points within a given radius [390]. Additionally, these changes result in a RBF that no longer

defines a SDF or implicit function but this was not important for the purposes of generating a

centreline. For example, the distance of a point inside the boundary may not be negative (and

vice versa), nor have a value relative to the distance from the boundary.

These two assumptions simplify the solutions of the weights to the either 0, +ε or −ε, depend-

ing on whether the constraint was a surface vertex, positive expansion or negative expansion,

respectively. Also, the application of these assumptions could perhaps be considered an unusual

form of regularisation (Λ̃). Furthermore, another aspect that could be considered unusual is the

fact the first assumption was only made for the solution of the weights and was not applied to

the computation of the gradient vectors. Therefore, all constraints were used to minimise each

individual vertex into a centreline approximation (Equation 3.54).

Λ̃ =

[
Λ 0
0 0

]
(3.33)

The two assumptions can be applied through the element-wise multiplication (�) of the new
regularisation matrix against the RBF matrix:

(
Λ̃�

[
Φ̂ Π

Π> 0

])[
W
Q

]
=

[
H
0

]
(3.34)

∴

(ΛΦ̂)W = H (3.35)
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and Φ11λ1 . . . 0
...

. . .
...

0 . . . ΦNNλN


w1

...
wN

 =

h1
...
hN

 (3.36)

∴

ΦIIλIwI = hI (3.37)

As I = J ,

ΦII = φI(cI) = (‖cI − cI‖2 − ε2)−0.5 (3.38)

ΦII = (
∥∥02
∥∥− ε2)−0.5 (3.39)

ΦII = (0− ε2)−0.5 (3.40)

ΦII = (−ε2)−0.5 (3.41)

ΦII = −1

ε
(3.42)

∴

−λIwI
ε

= hI (3.43)

wI = −εhI
λI

(3.44)

As hI = 0 where I ∈ [1, N3 ]. Therefore,

wI = − 0ε

λI
(3.45)

wI = 0 (3.46)

As such, only values of I above N
3 require calculation due to the weights of the surface vertex

constraints equalling zero (where I ∈ [1, N3 ]). Therefore, where I > N
3 :

wI = −hIε
1

(3.47)

wI = −hIε (3.48)

Therefore, for constraints outside the boundary, where I ∈ [N3 + 1, 2N
3 ]:

wI = −(+1)ε (3.49)

wI = −ε (3.50)

and for constraints inside the boundary, where I ∈ [2N
3 + 1, N ]:

wI = −(−1)ε (3.51)

wI = +ε (3.52)

(3.53)
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With these modifications to the original algorithm, the skeleton or centreline of a geometry can
be calculated by gradient descent using the following equation:

V l+1
i = V li − αs

 N∑
J=1

wJ · (V li − cJ)√(∥∥V li − cJ∥∥2
+ ε2

)3

 (3.54)

Mesh Simplification

A technique to reduce the computational cost of the RBF computation is called centre reduction

[327]. Typically, RBF interpolation is conducted on a full set of data, however, with centre

reduction, interpolation is performed on a subset. A common approach to centre reduction

is to average points within a given radius. As this could alter and lose some key defining

features of the geometry, mesh decimation was used to reduce the mesh vertices instead. Mesh

decimation or simplification refers to the process by which the number of vertices of a mesh

are reduced but are still an adequate representation of the geometry. This was performed

to address the issue were evaluating a RBF or it’s derivatives are reported as inappropriate

above 2,000 points. This is another aspect that exploits the fact that the infinite precision of

RBFs is not always required, especially as the centreline will always be an approximation. The

implemented mesh decimation algorithm is based on the maximisation of a cost function, which

favors particular mesh characteristics. Each iteration until the desired number of vertices is

acquired, the vertex with the lowest associated cost is removed. Vertices were removed using

the edge collapse technique to ensure all the remaining vertices were based on original positions

and not averaged, which could lead to significant geometry alterations. Edge collapse merges

two vertices and associates the neighbors of the removed vertex with the one remaining (Figure

3.4). To minimise geometry loses, the cost function was designed to preserve regions with high

Gaussian curvature and triangles with good aspect ratios. Therefore, the maximisation of the

cost function selectively removed vertices that were on flat regions, where the aspect ratios of the

resulting triangles would be improved. This results is a mesh with a smaller number of vertices

that are more evenly distributed around the entire geometry, with the overall structure retained

and the recession of geometric features minimised. The more evenly distributed vertices have

been found to be more favorable for RBFs in general [391].

The cost function (C) used in the implemented mesh decimation operator is the modified Gaus-
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sian curvature (κG) multiplied by the aspect ratio (Ra):

C = κGRa (3.55)

The modified Gaussian curvature was calculated based on the current angular defect of a par-

ticular vertex, also referred to as the discrete Gaussian curvature [8, 392] (Figure 3.4a). In

contrast, the aspect ratio was calculated based on the new triangles that would be present fol-

lowing the vertex removal (Figure 3.4b). This is almost the inverse of a previously reported

cost function which aimed to remove curvature and maintain high-aspect ratios [292]. However,

here the objective was to preserve curvature and maintain high-aspect ratios.

The discrete Gaussian curvature (γ) can be defined using the Gauss-Bonnet scheme with respect

to the internal angles (αijk) of the triangles in a one-ring neighbourhood surrounding a particular

vertex [280, 392] (Figure 3.4a). The modified discrete Gaussian curvature (κG) corrects for

densely concentrated regions and prevents small triangles reducing the influence of the angular

defect [8, 292]. These variables were calculated with the following equations:

γ = 2π −
∑

j∈N (i)

αijk (3.56)

κG =
3γ∑

j∈N (i)Aijk
where k = j + 1 (3.57)

Where, N (i) is a set of vertex indices defining a one-ring neighbourhood around Vi, αijk is the

adjacent angle opposite an edge (ejk) defined by Vj and Vj+1 , and Aijk is the area of a triangle

defined by Vi, Vj and Vj+1.

The aspect ratio (Ra) of a triangle is defined as the circumradius (rc) divided by twice the

inradius (ri), which simplifies as the following:

Ra =
rc
2ri

(3.58)
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where

rc =
abc√

(a+ b+ c)(b+ c− a)(c+ a− b)(a+ b− c)
(3.59)

ri =
1

2

√
(b+ c− a)(c+ a− b)(a+ b− c)

a+ b+ c
(3.60)

∴

Ra =
abc

(b+ c− a)(c+ a− b)(a+ b− c)
(3.61)

Where, a, b and c are the three sides of a triangle.

ejk

ijk
vmvi

vj

vj+1

(a)

vm(vi)

(b)

Figure 3.4: Edge collapse of the mesh simplification algorithm from vi to vm. The cost
function measures the (a) modified Gaussian curvature (Equation 3.57) and (b) aspect ratio

(Equation 3.61) from the associated neighbourhoods before and after a potential edge
collapse, respectively

3.2.4 Clustering

The clustering algorithm provides another key difference to how the centrelines were generated

compared to the method reported in literature [328]. It was observed that during the minimisa-

tion of the RBF-SDF, the vertices collapse onto a centreline then move along the curve towards

the local minima (Figure 3.3b). Therefore, instead of spending additional computational re-

sources and time calculating the local minima that may lead to sub-optimal representations

of centrelines, the algorithm would cease after a given number of iterations. This causes the

vertices to not naturally cluster into few local minima but into many along the centreline curve.

This allowed the author of the original centreline generation algorithm to re-use the RBF-SDF

to find the centreline positions between local minima [328]. That was achieved by constraining

points on a plane perpendicular to a linear segment that was defined between local minima (i.e.

locate minima within that plane).

It was found during preliminary testing of the modified algorithm that the collapsed centreline
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vertices were already adequate representations of a centrelines and required no further minimi-

sation. As such, to derive a centreline curve defined as a sequence of linear segments, clustering

and ordering with respect to adjacent neighbors was required (Figure 3.5). First, the cluster-

ing algorithm combines vertices of a collapsed centreline (Figure 3.5a) within a given radius

(Figure 3.5b). During this step, the associated edges were combined leading to a curve defined

by a series of lines where the vertices had multiple connections to the adjacent vertices (Figure

3.5c). There is the possibility that the edges defined between clustered vertices had connections

outside the adjacent neighbors. Therefore, to find the true adjacent neighbors, the two edges

with the shortest distances were associated as the adjacent vertices. In order to establish the

end vertices of a centreline, each vertex was checked to determine if two adjacent neighbors

were closer to each other than the vertex. This was used to indicate that one neighbor was on

the other side of an adjacent neighbor and therefore not a true adjacent neighbor.

Following these steps, a series of unordered edge pairs were calculated between the vertices and

associated adjacent neighbors; two for each non-end vertex and one for the end vertices. These

edges were used to construct a mutable directed graph in VTK (using the vtkMutableDirected-

Graph class). To derive the ordered path of vertices along the centreline, Dijkstra’s shortest

path algorithm was employed on the graph (using the vtkDijkstraGraphGeodesicPath class) [385].

The shortest path algorithm can be used to find the shortest path between between two nodes

of a graph. The shortest path between the end vertices would derive the ordered vertices of a

centreline (Figure 3.5d).

(a) (b)

5

1
4

2

3

(c)

1

2
3

4

5

(d)

Figure 3.5: Following the collapse of a triangular surface mesh into a centreline (a) clustering
is performed on the vertices which merges the associated edges (b). The shortest edges are

selected to determine the adjacent clusters, which are unordered (c). Dijkstra’s shortest path
algorithm is then used to determine the correct order for B-spline parameterisation (d)
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3.2.5 B-Spline Parameterisation

Following the clustering algorithm, a series of lines defining a curve is then parameterised

using B-splines. The clustering process served two main functions: (1) reducing the collapsed

triangular topology into a line mesh or curve and (2) providing an ordered sequence of vertices

along that curve. The ordered structure of a centreline was important, as it was required

to calculate a B-spline parameterisation (Figure 3.5d). The B-spline representation of the

centrelines provided several benefits for the surface parameterisation process and other mesh-

morphing steps. In particular, it allowed a direct one-to-one parameterisation from 0 at the start

of the centrelines to 1 at the end. This allowed corresponding locations to be interpolated along

a curve with greater accuracy. Also, the B-spline interpolates the curvature between the linear

segments, allowing corresponding locations to be determined on a smoother and continuous

representation of a centreline. Another benefit was that the parameterisation simplified the

algorithm that was used to find the closest point on a curve to a particular vertex located

on a template or target boundary. There were several advantages associated with the storage

and computation of these structures (knots and coefficients), as thousands of centreline vertices

could be generated rapidly and were not required to be stored nor require the re-computation

of vertex interpolations between linear segment.

A B-spline can be re-parameterised to any required number of vertices, by specifying the dis-

cretisation values (U) between 0 and 1 (0 ≤ U ≤ 1). Additionally, a B-spline can be sampled

or re-parameterised between any values within 0 and 1; e.g. 0.475 or between 0.45 and 0.55, re-

spectively. To reduce the effects of centreline resolution on the projection algorithms, the closest

position can be derived within a given tolerance. To achieve this, the closest point on the curve

is first calculated from the initial discretisation (N = 1000). Then, the adjacent vertices of the

curve are then chosen as the bounds of interest with this curve segment being parameterised

further. This process then repeats, finding the closest point within the newly generated vertices

until the difference between the current (Cip) and next (Ci+1
p ) point are within a given tolerance

(Figure 3.6). Combined with the continuous curve representation of the centreline, this allows

the derived surface projection vectors to be situated in smoother, continuous and more unique

locations with respect to each other.

The Dierckx fortran package was employed to calculate the B-spline representations of the

centrelines [386]. This package is well-established and provides automatic knot selection from
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Figure 3.6: Incremental process to find the closest point on a centreline to a surface vertex

the input of ordered vertices. The smoothness of the B-spline can be controlled with this

package, as well as the ability to ensure all input vertices lie on the derived curve. The fortran

package was wrapped in C++ for use within the mesh-morphing framework.

3.3 Feature Alignment

A novel centreline-based rigid registration algorithm was used to align the features of a target

and template mesh. This following description of the algorithm is specific to crescent-shaped

geometries, such as a meniscus. However, the basic principles could be applied to any geometry

and associated centrelines.

Following the alignment, the target and template geometries were both aligned with respect to

a reference position. This ensured both meshes had their centres located at the Cartesian origin.

Additionally, the transverse plane of the geometries were aligned with respect to the x-y plane

of the Cartesian coordinate system and the internal to external direction of each meniscus was

aligned with the +Y direction (arbitrary choice). The lateral and medial meniscus geometries

were both aligned into the same reference system. This imposed several consequences to the

orientation of the geometries with respect to the anatomical and Cartesian axes. As such, the

horn-attachments always had positive y-coordinates. Additionally, the anterior and posterior

horns of the lateral meniscus geometries always had positive and negative x-coordinates, respec-

tively. Due to the same alignment system, the medial meniscus geometries had the opposite,

where the x-coordinates were positive for the posterior horn and negative for the anterior horn.

Consequently, the superior surface would face towards the +Z direction and inferior surface
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would face towards the −Z direction.

The geometries were aligned with respect to three locations, (1) the centres of their geometry

and (2-3) horn-attachments. An unusual and challenging aspect of the meniscus geometries

is due to the centroid lying outside the boundary. Typically, the centroid is calculated by

averaging all the vertices defining the boundary (Equation 2.7). For most geometries, this

point is located within the boundary and provides a reasonable approximation to the centre of

the geometry. Instead of using the centroid calculation to define centre of the geometries, the

mid-point of the centreline (U = 0.5) was chosen. This was a more suitable representative as

it defined the central location along the central curve of the geometries and was guaranteed to

be inside the meniscus boundaries. Consequently, the end-points of the centrelines were used

to define the centres of the horn-attachments (U = 0 and U = 1).

The three central locations formed an alignment-triangle which was used to orientate the ge-

ometry onto a reference triangle. The reference triangle was an isosceles triangle constructed

from the Cartesian origin and two points in +x and −x quadrants: (0, 0, 0), (+1,+1, 0) and

(−1,+1, 0). A variant of the Kabsch algorithm was used to compute the affine transformation

of the geometries to the reference position [393]. The Kabsch algorithm can be used for rigid

registration between two point sets and derives the optimal rotation and translation to align the

point sets using a least squares approach. The implementation here uses single value decom-

position (SVD) to calculate the least squares solution [394]. The Kabsch algorithm is closely

related to the solution of the orthogonal Procrustes and Wahba’s problem [395, 396]. It has

been reported that a quaternion algorithm could be 50% faster for 3 points [394]. However, the

process is already very rapid and allows the capacity to be be scaled up to additional registration

points, if were required.

This algorithm was used to derive the rotation matrix that would not only orientate the

alignment-triangle onto the reference triangle but the entire geometry into this reference system.

The rigid registration of the template and target geometries would be completed following the

transformation into the reference system. The transformation was applied to the geometry by

simply computing the matrix multiplication of the mesh vertices against the rotation matrix.

The first step was to centre all of the geometries with respect the origin using the mid-point

of their centerlines (Equation 2.8). This would require only the optimal rotation (R) to be

derived to align the geometries, following this initial translation. Using the reference triangle
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(T̂ ) and derived alignment-triangles (T ) as point sets, the optimal rotations would be calculated

using Equations 3.62-3.66. First, the outer products of the corresponding triangle points to

be aligned were summed, which derived a 3×3 matrix (E) (Equation 3.62). Second, SVD was

used to extract the U , Σ and V > matrices (Equation 3.63). Third, to calculate the optimal

rotation matrix for most cases, V and U> are multiplied. However, there is the possibility in

some rare cases that this may result in a reflection instead of an optimal rotation. This can

happen if either of the point sets are coplanar, which is the case given that three points define

a plane. A reflection can be identified by calculating the determinant of the rotation matrix,

where a result of +1 indicates the optimal rotation and -1 indicates a reflection [394]. There

is a straightforward solution to derive the optimal rotation if the determinant of the rotation

matrix is -1. The V matrix must be adjusted by flipping the sign of the values in the third

column [394]. Once adjusted, the original formula can be used to calculate the optimal rotation.

As the determinant of the rotation matrix will be either +1 or -1, this can be incorporated into

the final equation to flip the signs of the third column if encountered (Equations 3.64-3.66).

E =

3∑
i=1

T̂i ⊗ Ti (3.62)

E = UΣV > (3.63)

D = detV U> (3.64)

S =

1 0 0
0 1 0
0 0 D

 (3.65)

R = V SUT (3.66)

Where, ⊗ defines the outer product. The point sets of the reference triangle (T̂ ) and an
alignment-triangle (T ) are defined as:

T̂ =


0

0
0

 ,
+1

+1
0

 ,
−1

+1
0

 (3.67)

T =


x1

y1

z1

 ,
x2

y2

z2

 ,
x3

y3

z3

 (3.68)
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Once the rotation matrix is derived they are applied to the centred vertices (Vc) to derive the
aligned vertices (Va) using following equation:

Va = RVc (3.69)

where

Vc =

x1 . . . xn
y1 . . . yn
z1 . . . zn

 (3.70)

3.4 Surface Parameterisation

The surface parameterisation phase is composed of two steps: target surface expansion and

centreline-based surface projection. The steps occur following the generation of centrelines and

geometry alignment step, which improves the degree of one-to-one correspondences between the

target and template geometries. The centrelines of the target and template meshes are used to

generate projection vectors from the template onto the target. Following the centreline-based

projection algorithm, a template’s surface vertices are located on the boundary of a target

geometry. The centreline-based projection ensures all the surface vertices of the template lie on

the expanded target boundary.

3.4.1 Centreline-based Projection

The purpose of the centreline-based projection steps are to project the surface vertices of the

template mesh to corresponding locations on the target boundary. First, the template projection

vectors are calculated from the vectors defined between each surface vertex and the closest

position on a centreline to that vertex (Figure 3.6). To calculate the target projection vectors,

the corresponding locations on the target’s B-spline are determined for each template projection

vector and translated to these locations. The target projection vectors are then projected onto

the surface of the target geometry (Figure 3.7).

Surface Detection

A ray-projection algorithm was used to calculate the projected locations of the template’s

surface vertices on the target geometry. Specifically, the surface of the target geometries are

detected using the Möller-Trumbore ray-triangle intersection algorithm [387]. There are a va-
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riety of intersection algorithms that can be used to detect the intersection of several geometric

primitives. However, this type of geometry intersection algorithm was the most suitable for two

reasons. First and foremost, the main benefit was due to the target geometries being composed

of genus-0 (water-tight) triangular meshes. The second reason is due to the known robustness

and efficiency of this type of well-tested and established algorithm. Due to the wide-spread

utilisation of ray-casting used in the field of graphics rendering, there are a wide availability

of different algorithms that could be later evaluated for potential performance and efficiency

improvements [363,397]. The Möller-Trumbore intersection algorithm was chosen due to being

well-established and considered a standard, particularly for comparison purposes of new algo-

rithms [363, 397]. By specifying appropriate tolerance values, this algorithm can guarantee all

ray vectors intersect with the triangular mesh. Inappropriate selection can induce rare anoma-

lies, where ray intersections are failed to be detected along particular ray-edge (triangle edges)

combinations, what the graphics industry have coined ‘fireflies’ [398]. There are examples of

algorithms that exist which can guarantee the prevention of ‘fireflies’ [397]. However, they are

more computationally expensive and currently have not been found to be necessary from the

preliminary results.

The effect of the tolerance parameter is to slightly enlarge the triangles, to ensure the watertight-

ness of the ray-projection algorithm. A tolerance of zero maintains the original size, therefore, it

is common practice to select a very low number [397]. The value chosen in this implementation

was 10−7. Due to this slight enlargement and the potential of being detected multiple times

if passing through highly irregular regions, the closest intersection to the centreline origin was

selected.

To perform the ray-projection of a single vector onto a triangular mesh, all triangles (Nt)

must be evaluated with respect to that ray, to determine if an intersection occurs between

them - requiring Nt calculations (Figure 3.7). As such, to project the surface vertices (Nv)

of a template geometry onto a triangular mesh requires Nv × Nt calculations. Therefore, the

cost of computing the projection of the template vertices onto a target boundary imposes a

complexity of O(NtNv). The cost to project a single surface vertex of the template onto a

target is O(Nt). Consequently, the ray-projection algorithm is very computationally expensive.

However, as determining the potential intersection of a given ray-triangle combination can be

computed in isolation, without the need to process other triangles, this type of algorithm is a
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perfect candidate for parallel GPU computations. Modern day GPU’s have hundreds of cores

with more recent high-end products having orders of magnitude higher (tens of thousands).

Following the GPU processing, data aggregation at the end allows the determination of the

intersection locations for each template vertex.

Template

Surface

Vertex

Target

Intersection

Point

Centreline

Origin

Projection

Vector

Triangle

Surface

Element

Template

Quadrilateral

Mesh

Target

Triangular

Mesh

Figure 3.7: Ray-triangle intersection was used to project each template surface vertex onto the
target

Ray Casting

Additionally, the ray-triangle intersection algorithm is a fundamental, multi-purpose operation.

Consequently, the same ray-triangle intersection algorithm was used to implement a ray-casting

algorithm, which was used during the surface optimisation step. The ray-casting algorithm can

be used to determine if a point is inside or outside a geometry using the even-odd rule [399,400].

If a point inside a geometry is projected to a location outside the boundary, the number of times

it will cross that boundary will be odd. In contrast, if the point is on the outside of the geometry,

the number of boundary intersections will be even. To implement the ray-casting algorithm, a

point is projected to infinity, outside the geometry. Each surface intersection is calculated using

the algorithm outlined above. Instead of locating the closest intersection for a point of interest,

the difference lies simply in quantifying the number of intersections. Potential duplicates from

overlapping triangles are resolved by specifying a tolerance factor, that assumes multiple points

that are very close refer to the same intersection.
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3.5 Surface Optimisation

The purpose of the surface optimisation step is to unfold the quadrilateral mesh from the surface

parameterisation step and improve the shape of the quadrilateral elements. This aimed to

improve the quality and shape of the hexahedral elements during the volumetric transformation

step, which is based on the positions of the quadrilateral mesh. The quality of the quadrilateral

elements have a direct effect on the hexahedral elements. Essentially, this step aimed to improve

the morphed hexahedral elements indirectly by providing a well-shaped quadrilateral mesh that

would be used to define the boundary conditions in the volumetric transformation step.

The surface parameterisation step was performed onto a slightly expanded surface which served

to provide an upper bound to the optimisation step. The optimisation loop exploits the shrinking

effect of Laplacian smoothing to collapse the slightly expanded surface onto the target geometry,

the lower bound. Additionally, the Laplacian smoothing of the quadrilateral would also improve

the shape of the quadrilateral elements. The idea was the provide an upper and lower boundary

between which the optimised quadrilateral mesh could unfold and improve whilst retaining the

shape of the target geometry. The presence of any folded or inverted quadrilateral elements

would lead to inverted hexahedral elements in the volumetric transformation step. Therefore,

it was necessary to remove them to ensure the morphed hexahedral mesh retained an ideal

proportion of the original template mesh quality. Additionally, distortion could be imparted

from the surface parameterisation phase. Therefore, improvements to the quadrilateral element

shapes would also aid in retaining some of the original hexahedral element qualities.

The use of upper and lower bounds has previously been used to control an unconstrained energy

minimisation process for spherical parameterisation [295]. This technique allows for the vertex

repositioning and movement within the upper and lower bounds without the need to constrain

vertices, whilst preventing their collapse from Laplacian shrinking effects. This type of approach

has previously been shown to unfold highly inverted triangular meshes of irregular geometries

projected onto a sphere. The algorithms here have adapted the process to operate over highly

irregular geometries directly instead of a spherical domain and unfold a quadrilateral mesh

instead of a triangular mesh.
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3.5.1 Laplacian Smoothing

The Laplacian smoothing operator is used to improve the shape of elements in a given mesh.

This is achieved by moving the vertices defining those elements into more appropriate and opti-

mal locations. Generally, this is achieved by averaging the positions of the neighboring vertices

Figure 2.17. A relaxation factor can be incorporated to control the rate of smoothing with

respect to the original location. The Laplacian operator can be used for any mesh type and in

the developed mesh-morphing strategies the same function has been used for both quadrilateral

and hexahedral meshes using Equation 3.71. In addition to the mesh vertices (Vi) and a set

of the associated neighbors (N (i)), this function requires two parameters: number of iterations

(Imax) and relaxation factor (αr).

V I+1
i = V I

i +
αr
|N (i)|

∑
j∈N (i)

V I
j (3.71)

Where, I is the current iteration, i is the index of the vertex to be smoothed (i ∈ {1, . . . , Nv}

with Nv specifying the number of vertices) and j defining the index of an adjacent vertex. Also,

|·| refers to the cardinality of a set, here representing the total number of neighbors associated

with a vertex. This is a variant of the Laplacian smoothing operator aimed to minimise global

shrinking of a mesh’s geometry [30,351].

3.5.2 Quadrilateral Inversion Detection

It was important to detect the presence of inverted quadrilateral elements to determine the

correct parameters that would lead to the gradual removal of inversions each iteration. If

the parameters were chosen incorrectly, too little smoothing would be performed and element

inversion would not be removed. In contrast, if the parameters caused excessive smoothing then

the quadrilateral mesh would collapse immediately onto the target boundary, preventing further

smoothing and the removal of inverted elements. The quadrilateral inversions were detected

using two algorithms. (1) The positive (external) normals for each element were calculated, then

(2) the normals were ray-casted (Section 3.4.1) to determine if they were inside or outside

the target boundary. If they were inside the boundary, this would indicate the presence of an

inverted element.

The Jacobian metric could not used to determine if a quadrilateral element was inverted as the
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element could be valid but face the wrong direction. Therefore, the following algorithm was

designed to be able to detect where folding and inversions occurred. First, the element normals

were calculated by converting the quadrilateral mesh to a triangular mesh by subdividing each

quadrilateral into two triangles, whilst maintaining the original winding from the quadrilateral

elements. This process results in a triangular mesh with the same number of vertices and twice

the number of elements than the quadrilateral mesh. The vertex normals were first calculated

by exploiting the winding of the triangles using Equation 3.75. All quadrilateral and derived

triangle elements had a clock-wise winding. Therefore, the calculation of their normals would

lead to a vector pointing away from the surface. To calculate the normals of a quadrilateral

element, the normals from each vertex defining that element was averaged. The magnitude of the

normals were then adjusted to a small length specified by parameter ζ (Equation 3.76). The

reason for this was to prevent large normal vectors penetrating other regions of the boundary

and causing inaccurate results. The vector directions were then inverted and ray-casted to

determine if they were inside or outside the boundary, which would identify if an element was

pointing inwards or outwards. As all the normals should point outwards, a normal pointing

inwards would declare the element as inverted.

~v0 = V T
0 − V T

1 (3.72)

~v1 = V T
0 − V T

2 (3.73)

~n = ~v0× ~v1 (3.74)

~̂n =
~v0

‖~v0‖
(3.75)

~nζ = ζ~̂n (3.76)

Where, V T
0 , V T

1 and V T
2 are the vertices of a triangle, ~v0 and ~v1 are the vectors defined by

these vertices, ~n is the normal of the triangle, ~̂n is the unit normal of the triangle, and ~nζ is the

normal of the triangle with a magnitude ζ and ‖·‖ is the L1-norm operator.

3.5.3 Quadrilateral Unfolding

The quadrilateral unfolding algorithm consists of an iteration loop with three key steps. First,

the quadrilateral mesh from the expanded surface parameterisation would be smoothed using the

Laplacian operator (Equation 3.71). Second, a ray-casting algorithm was used to determine
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the presence of vertices inside the boundary of the original target geometry. Third, the vertices

within the target boundary would be repositioned back to their previous location, outside the

target boundary. This would result in a new quadrilateral mesh with some of the element

inversions removed and their shapes being improved. This process would then repeat using the

new quadrilateral mesh as the starting point and continue to remove element inversions and

improve the overall element shapes, whilst preventing the quadrilateral mesh shrinking into the

target geometry. At the end of each iteration, the number of inversions, geometry intersections

and norm between the previous and current vertex positions were calculated. This was initially

used to determine if the unfolding process was working and what number of iterations were

typically required to reach convergence. In future development cycles, these variable could be

used for terminating or tuning the process. Instead of stopping the unfolding process when

all inversions were removed, the number of iterations were enforced, as this would lead to

further improvements of element shapes. Additionally, this enforcement would prevent excessive

iterations where convergence was slow, as inversions could be alleviated with an unconstrained

smoothing step following this process. The key goal of the iterative loop was to remove a large

proportion of quadrilateral inversions. After completing a specified number of iterations, the

quadrilateral mesh would then undergo another smoothing operation to ensure all elements

inversions were removed and the presence of element distortions were minimised. The final

smoothing operation was performed with a slightly higher number of iterations and larger

relaxation constant than what was used during the unfolding process.

3.6 Volumetric Transformation

Once the quadrilateral surface of the template mesh had been optimised, the internal vertices

and elements could be morphed using volumetric transformation. The volumetric transforma-

tion step is used to evenly distribute and uniformly interpolate the hexahedral elements into the

boundary prescribed by the morphed quadrilateral surface (Figure 3.8). This step was broken

down into two algorithms: linear elastic transformation and Laplacian smoothing. The aim of

these algorithms were to position the non-surface vertices within the morphed boundary that

will yield the highest hexahedral element quality. Following this step, the hexahedral template

will have been morphed into a mesh resembling the target geometry.
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Figure 3.8: Overview of volumetric transformation: (a) template mesh (blue) and target
geometry (red), (b) boundary morphing of template and (c) volumetric transformation to

derive a morphed mesh (purple)

3.6.1 Linear Elastic Transformation

Linear elastic transformation can be initiated using two approaches, using either Dirichlet or

Neumann boundary conditions (Section 2.5.3). Dirichlet boundary conditions use fixed dis-

placements, whereas Neumann boundary conditions consists of applying force vectors. The

Dirichlet boundary conditions were selected as it would maintain the original positions of the

optimised boundary and can be completed in one step. Neumann boundary conditions provide

less control over the final boundary, however, gives the solution greater degrees of freedom with

respect to complete vertex movement.

To calculate the fixed displacements for the Dirichlet boundary condition, the vertices of the

optimised quadrilateral mesh were subtracted from their corresponding positions in the original

template. These displacements were then applied to the original hexahedral template in one

step. Lamé parameters were used to define the material properties, which were empirically

determined (λ = µ = 50). The solution to this finite element problem was a morphed hexahedral

mesh, where the boundary matches the optimised quadrilateral surface.

The Modular Finite Element library (MFEM) was used to implement this algorithm [388].
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3.6.2 Laplacian Smoothing

Despite the optimised quadrilateral mesh containing no inverted elements, this does not guar-

antee that the morphed hexahedral mesh will not contain any element inversions. Additionally,

some of the fixed displacements from the quadrilateral mesh may impart some distortion to

some of the hexahedral elements, particularly at singularity locations. To remove the presence

of any element inversions and optimise the element shapes globally, Laplacian smoothing was

performed on the morphed mesh.

3.7 Mesh-Morphing Strategy

The first novel design was associated with the use of two centrelines, for a target and template

mesh. Specifically, the novel contribution was the cross-projection of centreline-based projec-

tion vectors. This process transferred a projection vector from a template’s centreline to the

corresponding location on a target’s centreline. The transformed vector was then projected

onto the target, which was initially defined between a template’s surface vertex and its closest

centreline position (Figure 3.7). This was implemented to overcome the large geometric differ-

ences between target and template meshes, where one centreline would have created excessive

distortions and correspondence errors.

Previously, one centreline had been used for both target and template meshes [45], similar

to what was implemented for the optimised strategy. However, use of one centreline is only

acceptable where target and template meshes are reasonably similar with a strong degree of

overlap. This was not the case for the unoptimised strategy, as meniscus anatomies were highly

irregular and a standard CAD-based template with one centreline would not accommodate

their large geometry variations. An alternative approach could have been to use a statistical

average [401] or anatomically derived template [241]. However, this would not have encompassed

all geometries, but statistically could have been more similar to a larger proportion of the general

population [401]. Additionally, this would have incurred several challenges, such as:

1. Developing two high-quality SSMs of medial and lateral menisci, which represent a signif-

icant proportion of the population

2. Generating a high-quality hexahedral template mesh of an irregular statistical average

3. The potential to require more than one template for target geometries too dissimilar from
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a statistical average

In contrast, the effort of extracting a second centreline (for a template mesh) is trivial using

the developed algorithm. Furthermore, an approximation of a template’s centreline could have

been achieved through CAD-based approaches by taking the average point from each sweeped

slice. One clear advantage of using a SSM is that the correspondences for target geometries,

represented by the parameter’s subspace, could be calculated rapidly and accurately [58, 401].

However, this would not guarantee a valid mesh would be derived following a volumetric transfor-

mation. Furthermore, a target geometry which could not be defined by a parameter’s subspace

could not be morphed with that technique. One promising study tested their method against

femur (N=29) and aorta anatomies (N=4), which reported at least three valid meshes for the

femora [401].

The second novel aspect was the use of B-splines to parameterise and represent the centrelines,

which served three purposes:

1. Represent the centrelines as smooth continuous structures

2. Ease the identification of corresponding locations between two centrelines

3. Ease the determination of more unique centreline (closest-point) positions relative to a

template’s vertices

The first point negated the need to repeatedly rediscretise and calculate distances along coarse

centreline segments. This would have made the algorithms for points two and three more te-

dious and time-consuming. The second point allowed the rapid identification of corresponding

positions, based on the value of the U parameterisation variable. The third point was important

to minimise stepping-effects, where a coarsely discretised centreline would lead to large corre-

spondence errors in the initial projection. Also, the stepping-effect was observed when a coarse

discretisation was used for surface error measurements. Both of these issues were resolved with

increased refinement.

The third novel aspect was the unfolding algorithm (surface optimisation) which uniquely com-

bined aspects of mesh-wrapping and spherical parameterisation. This combination of techniques

eliminated the correspondence errors from the initial projection and improved element shapes

prior to volumetric transformation. The majority of biomedical mesh-morphing strategies re-

viewed (Table 2.8) consisted of three key components, particularly surface parameterisation
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and volumetric transformation. Less than half of these strategies attempted to improve the

shape of elements defining the surface parameterisation prior to volumetric transformation.

The other strategies relied solely on the volumetric transformation and post-processing opera-

tions to resolve these deficiencies. In part, this could be due to the higher relative similarities

between their target and templates, which were all anatomically derived. In general, strate-

gies which did incorporate some form of surface optimisation were morphing to anatomies with

large variations and complexity [47, 52]. The mesh-morphing strategy is summarised by the

Algorithm 3.1, where the number of iterations (NI) performed by the surface optimisation

was 15.

Algorithm 3.1: Mesh-Morphing Strategy

Input: Template Mesh (H0) and Centreline (CH), Target Mesh (T ) and Centreline (CT )
Output: Morphed Mesh (H1)

1 T ← ExpandTarget(T );
2 B0 ← ProjectTemplateVertices(H0, T , CH, CT );
3 for i← 1 to NI do
4 B0 ← LaplacianSmooth(B0);
5 VI ← ComputeInternalVertices(B0, T );
6 B0 ← PlaceInternalVerticesOutside(B0, VI);

7 H1 ← LinearElasticTransform(B0, H0);
8 H1 ← LaplacianSmooth(H1);

3.8 Mesh-Morphing Strategy Optimisation

Justification for Optimisation

In general, the overarching goal of mesh-morphing strategies are to strike an acceptable balance

between minimising two quadratic energies: surface (Es) and volume (Ev):

E =

NΩ
v∑

i=1

ε2i


︸ ︷︷ ︸

Es

+

[
Ne∑
i=1

(
1− J̃i

)2
]

︸ ︷︷ ︸
Ev

(3.77)

Where, E is the morphing energy, εi is the surface error per vertex, NΩ
v is the number of

boundary vertices, J̃i is the scaled Jacobian per element and Ne is the number of elements.

Minimising E is the objective function of all mesh-morphing strategies. This could be solved

either directly (using an energy minimiser, e.g. [279, 295, 402]) or indirectly, which is the case
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for all the reviewed strategies (Table 2.8). Additionally, this could be achieved through either

the dynamic assignment of boundary constraints (i.e. will be changed during the operation):

∗
V = arg min

V
E(V) (3.78)

or, the fixed assignment of boundary constraints (i.e. won’t be changed during the operation):

∗
V = arg min

V
Ev(V) (3.79)

s.t. V Ω
i =

∗
V Ω
i ∀i ∈ 1, . . . , NΩ

v

Where,
∗
V is a set of optimal vertices representing a morphed mesh, V is a set of vertices

representing a template mesh, V Ω
i is a vertex on a morphed mesh’s boundary and

∗
V Ω
i is the

optimal position (or projection) of a template’s vertex on a target’s boundary.

Reducing the morphing energy to zero would yield a perfect surface fit with no element distor-

tion, which for most geometries is impossible. Also, any acceptable distortion metric, criteria or

combination could be used to define a volume energy. However, the scaled-Jacobian has been

found to be the most suitable (Section 2.3.5).

Following the analyses from Chapter 8 , it became apparent that the unoptimised strategy

discriminated the performance in favour of mesh-quality over surface error. The reasons for this

are evident following the analysis of the unoptimised strategy’s morphing energy (Eu):

Eu ≈
NΩ

v∑
i=1

∑
j∈NΩ

i

αΩ
ij

∥∥V Ω
i − V Ω

j

∥∥2

︸ ︷︷ ︸
Eu

s

(contractive)

+

Nv∑
i=1

∑
j∈Ni

αij‖Vi − Vj‖2︸ ︷︷ ︸
Eu

v

(contractive)

(3.80)

s.t. M∩ T = ∅︸ ︷︷ ︸
(expansive)

(3.81)

where

αΩ
ij =

1

2
∣∣NΩ

i

∣∣ (3.82)

and

αij =
1

2|Ni|
(3.83)
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Where, αΩ
ij is a set of parameterisation coefficients for the boundary elements, NΩ

i is set of the

vertex indices defining a one-ring neighborhood (quadrilateral) around a boundary vertex, V Ω
j

is a one-ring neighbour of a boundary vertex, Ni is set of the vertex indices defining a one-ring

neighborhood (hexahedral) around a vertex, αij is a set of parameterisation coefficients for the

volumetric elements, Vi is a morphed mesh vertex, Vj is the one-ring neighbour of a vertex,

M represents a morphed mesh, T represents a target mesh, ∩ represents the set theoretic

intersection operator, ∅ represents an empty set and |·| represents the cardinal operator.

The surface (Eu
s ) and volume (Eu

v) energies consisted of boundary and volumetric Laplacian

smoothing components, respectively. These applied contractive forces to the surface and vol-

ume of the morphed meshes. Also, this explains the high smoothness and mesh-quality asso-

ciated with these meshes. The constraint, or energy barrier, preventing boundary intersection

(Equation 3.81) provided the only means to oppose the contractive energies and reduce sur-

face error. Consequently, Eu failed to accurately address the surface error component (Es) of

the general energy function E (Equation 3.77), which explains the large surface errors. Also,

it should be noted that these energies were solved in two stages separately and indirectly (not

using traditional minimisers).

This led to the development of a second novel mesh-morphing strategy, which aimed to optimise

the meshes derived from the first mesh-morphing strategy with respect to surface error. The

surface and volume of the meshes were morphed together iteratively. This was different to

both relative and absolute morphing, where a template is deformed to match a target boundary

in several steps or just one, respectively [12]. Essentially, the minimisation approach aimed

to determine the optimal surface correspondences (
∗
V Ω) whilst minimising distortion. Based

on this definition, some of the reviewed strategies could also be defined as minimisation-based

approaches [46,47]. The optimised morphing energy (Eo) reflected this difference and correctly

addressed the surface energy component (Eo
s ), whereas the volume energy remained the same

(Eo
v = Eu

v):

Eo ≈
NΩ

v∑
i=1

∥∥∥V Ω
i −

∗
V Ω
i

∥∥∥2

︸ ︷︷ ︸
Eo

s

(expansive)

+

Nv∑
i=1

∑
j∈Ri

αij‖Vi − Vj‖2︸ ︷︷ ︸
Eo

v

(contractive)

(3.84)
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These minimisation approaches to mesh-morphing, employed by the optimised and unoptimised

strategies, took principles from traditional surface parameterisation techniques. To the author’s

knowledge, these were the first time they have been applied to 3D elements instead of 2D

elements in this manner. However, the spherical parameterisation techniques employed for

the optimised strategy differed from those used in the unoptimised strategy. A variation of the

more common origin projection techniques was utilised [8,282,291,293,298] instead of employing

energy bounds [295]. In general, origin projection techniques involve iteratively projecting and

smoothing mesh vertices to achieve unfolded parameterisations.

The surface energy (Eo
s ) now provided an expansive force and could be measured by the mag-

nitude of the surface error. Additionally, this force naturally counteracted the contractive force

from the volume energy (Eo
v). The expansive force was implemented using centreline-based

projection, which was applied absolutely each iteration. However, it could have been applied

relatively with a control parameter. Essentially, the surface error was corrected iteratively, at

the expense of increased element distortion. This matches widespread reports that indicate a

trade-off between surface error and mesh-quality [45, 53, 58, 307, 403]. The contractive volume

energy was again measured by the degree of element distortion and applied using the Laplacian

smoothing operator. This shrunk the entire mesh, improving element quality whilst increas-

ing surface error. The linear elastic transformation step between the surface projection and

smoothing operations could be viewed as an interfacial energy or tension that transferred the

expansive forces to the bulk.

The balance between the two energies and forces was dictated by control parameters. The

surface energy was not controlled as a reduction would cause surface losses. Therefore, only

the contractive component could be adjusted to reach equilibrium. The volume energy was

controlled by the degree of Laplacian smoothing using the associated parameters: the number

of iterations and spring stiffness. Empirical tuning of these parameters was used to find a

general equilibrium between the opposing forces. Too much or too little shrinking would cause

higher degrees of distortion or stagnation (no change), respectively.

The final results operated similar to traditional parameterisation techniques, but for the bijec-

tive parameterisation of volumetric elements. Essentially, there were enough perturbations to

minimise a mesh into a target’s shape, whilst maintaining a large proportion of the original el-

ement quality. This led to overall performance improvements highlighted by Figure 9.6. The
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performance plot compared the RMS surface error and the number of low-quality elements,

which was analogous to their morphing energy E. The values of E would provide a similar

trend between methods, where lower values would correspond to the lower-right quadrant and

larger values to the upper left. However, that plot would not be able to distinguish between

high surface errors and element distortions, unlike the performance plot.

Summary of Optimisation

The unfolding process from the first strategy generates a high-quality hexahedral mesh at the

expense of large surface errors. However, as the morphed meshes were reasonably close and high-

quality representations of the target geometry, they could be used as the template mesh for an

optimisation process (Figure 3.1). Essentially, the morphed mesh provides an initial guess

to the target geometry allowing the optimisation process to adjust the vertices and elements

to more closely resemble the target geometry. The optimisation process aims to reduce the

surface errors, whilst maintaining a large proportion of the element qualities. Additionally, this

operation focussed on optimising both the surface fit and mesh-quality simultaneously. This was

achieved by reusing the previously developed algorithms and combining them into a different

operation.

The key differences to this strategy lie in the repeated smoothing, re-projection and morphing of

all the hexahedral elements in an iterative process. Instead of optimising the surface alone then

proceeding with a single volumetric transformation step, these steps are combined to iteratively

unfold the hexahedral mesh into the target geometry. This is similar to research into spherical

parameterisation [279] with two key differences: (1) volumetric elements are used instead of

surface elements, and (2) projection onto an irregular geometry instead of a sphere.

The reuse of components in the optimised strategy were separated into three phases (Figure

3.1b). First, an initialisation step projects the surface vertices of an unoptimised morphed

mesh onto a target geometry, and transforms the volume elements. This would induce element

inversions and distortions, but fewer than what would have occurred in the initial projection step

in the unoptimised strategy. Second, an iterative volumetric optimisation process was performed

(NI=25), which consists of three components: (1) Laplacian smoothing of a hexahedral mesh,

(2) re-projection of the surface vertices onto a target, and (3) morphing of the hexahedral

elements. This would begin to unfold any inverted hexahedral elements and reduce the degree
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of distortions present. The aim was not to remove the inversions in a single iteration but

incrementally to find the global minimum of the vertices, where a target geometry can be

accommodated with the best possible surface fit (Equation 3.84). The re-projection and

morphing would again add a degree of distortion and potentially some elements inversions.

However, the total effect of a single iteration would lead to a net improvement and approach

the global minimum. The magnitude of smoothing controlled by the parameters were selected

to minimise large scale vertex movement, that could cause the morphing process to cancel out

any improvements. However, the process needed to be balanced because if too little smoothing

was performed each iteration the optimisation would either not reach convergence or take too

long to achieve it. Third, if any inverted elements were present following the optimisation

loop, the hexahedral elements were smoothed until there were no inversions. This step can

shrink the geometry of the mesh, if there are numerous inversions and significant distortions

present. However, as the smoothing parameters were selected to impart a small smoothing

effect, if there were few inversions the geometry was minimally shrunk and the mesh became

valid. Additionally, the Laplacian smoothing algorithm was a variant that minimises shrinking

(Section 3.5.1). The optimised mesh-morphing strategy is summarised by the Algorithm

3.2.

Algorithm 3.2: Optimised Mesh-Morphing Strategy

Input: Template Mesh (H0), Target Mesh (T ) and Target Centreline (CT )
Output: Morphed Mesh (H1)

1 B1 ← ProjectTemplateVertices(H0, T , CT );
2 H1 ← LinearElasticTransformation(B1, H0);
3 for i← 1 to NI do
4 H1 ← LaplacianSmooth(H1);
5 B1 ← ProjectTemplateVertices(H1, T , CT );
6 H1 ← LinearElasticTransformation(B1, H1);

7 Q ← CalculateScaledJacobian(H1);
8 while min(Q) ≤ 0 do
9 H1 ← LaplacianSmooth(H1);

10 Q ← CalculateScaledJacobian(H1);
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4 Performance Metrics and Data

A wide range of metrics were used to assess the sensitivity and performance of the mesh-

morphing strategies. Additional metrics were incorporated into some of the cases to provide a

complete portrayal of comparative performance, which include In total, there were six metrics

assessed: surface error, volume error, mesh-quality, FE simulation precision, FE simulation con-

vergence rates and generation times. Consequently, the four core assessment criteria outlined

in Section 2.7 were addressed for the developed mesh-morphing strategies. The following sec-

tions provide descriptions on the implementation and use of the metrics, design and generation

of the CAD-based hexahedral meshes, and the development of a FE model of the tibio-femoral

joint. Throughout this thesis, averages (Avg.) and standard deviations (Std.) are presented in

the format Avg±Std.

4.1 Surface Error Analysis

The surface error analysis consists of two components: surface and volume error. The volume

error infers similar information to the surface error regarding the surface fit (i.e. magnitude of

change), but has other implications. Notably, the volume error addresses the aspect of overall

size changes, i.e. whether the surface errors lead to larger or smaller meshes. These errors are

measured with respect to the target surface mesh, which may deviate from the true values that

are dependent on image resolution and accuracy of surface extraction from images.

4.1.1 Surface Error

The surface error was defined by the absolute difference between the boundaries of a target sur-

face and corresponding hexahedral mesh. The correspondences between the two meshes were

calculated using the centreline projection algorithm (Section 3.4.1). However, the process

was inverted as the projection vectors were defined between each target vertex (as opposed to

the template vertices) and their closest centreline position (Figure 4.1). Therefore, a corre-

spondence was defined by the location where a projected vector intersected the boundary of a

hexahedral mesh.

For this to be achieved, the quadrilateral surface of the hexahedral meshes were subdivided
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into a triangular mesh. All centrelines were checked to ensure they had an appropriate length

to sufficiently capture each geometry. In some instances, a centreplane-based approach pro-

vided greater accuracy for measuring the surface errors of geometries with very thin-regions,

but caused negligible differences otherwise. Consequently, a centreplane was used only if the

centreline-based approach yielded unsatisfactory results. The correspondences and associated

projection vectors for the centreplane-based approach were determined using the same specifica-

tion as the centreline-based approach. The centreline and centreplane structures were generated

using the RBF minimisation algorithm on the target geometries (Section 3.2.2). The step

parameter from Equation 3.54 was increased in order to derive a centreplane instead of a

centreline. Following RBF minimisation, the centrelines were processed with the same methods

outlined in Sections 3.2.4-3.2.5. The centreplanes were smoothed and subdivided to pro-

vide a more continuous representation that would be analogous to the B-spline curves of the

centrelines. The purpose of these post-processes were to prevent stepping-effects that would be

present in coarser discretisations. The stepping-effects would cause patches of correspondence

errors in the same pattern as the centreplane’s topology.

Target

Vertex

Template

Intersection

Point

Centreline

Origin

Projection

VectorQuadrilateral

Surface

Element

Template

Quadrilateral

Mesh

Target

Triangular

Mesh

Triangle

Components

Figure 4.1: Ray-triangle intersection was used to determine correspondences by projecting
each target vertex onto the boundary of a hexahedral mesh

Once the correspondences (
∗
Vi) had been calculated using either method the surface error cal-

culations were identical. The pointwise surface error (εi) was determined by calculating the

Euclidean distance (L1-norm) between each target vertex (Vi) and their corresponding location
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(
∗
Vi) (Equation 4.5). These errors were then used to calculate the maximum surface error

(εmax), root-mean-square error (RMSE) and standard deviation (σ) for a hexahedral mesh.

These metrics were used in all the case studies to assess the accuracy of the surface fit. The

individual surface errors were used to generate histograms to compare the error distributions

between meshes in some cases. Also, they were mapped on the target geometries, to determine

the distribution of errors and identify which features caused greater losses. The maximum sur-

face error (Equation 4.2), RMSE (Equation 4.3) and standard deviation (Equation 4.4)

of a surface fit was calculated using the following equations:

εmax = max
i∈{1,...,Nv}

εi (4.1)

RMSE =

√∑Nv
i=1 ε

2
i

Nv
(4.2)

σ =

√∑Nv
i=1(εi − µ)2

Nv
(4.3)

(4.4)

Where, Nv represented the number of vertices, ei was the individual vertex error and µ was the
average surface error:

εi =
∥∥∥Vi − ∗

Vi

∥∥∥
1

∀i ∈ {1, . . . , Nv} (4.5)

µ =

∑Nv
i=1 εi
Nv

(4.6)

4.1.2 Volume Error

The volume error defined the volumetric difference between a target and corresponding hexa-

hedral mesh. The volume of each mesh was calculated using meshplex which used the modified

Gram-Schmidt process [404]. As the algorithm was designed for triangular surface meshes, the

boundaries of the hexahedral meshes were converted to triangular meshes, the same as the sur-

face error calculation. Two metrics were calculated from the volume data: the signed (δ) and

absolute volume difference (|δ|):
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δ =
◦
Vh −

◦
Vt (4.7)

Where,
◦
Vt and

◦
Vh are the volumes of a target and associated hexahedral mesh, respectively.

Consequently, a negative value would indicate a size reduction and vice versa. The absolute

difference provided a measure of the overall change, which was more useful when comparing the

average change (
∣∣δ̄∣∣) between sets of hexahedral meshes (i.e. derived from different methods):

∣∣δ̄∣∣ =

∑Nm
i=1 |δi|
Nm

(4.8)

Where, Nm represents the number of meshes in each set.

Volume measurements are commonly performed in clinical practice to determine size differences

for meniscus tissues [405,406]. This measure has been found useful as the irregular geometry of

a meniscus makes it difficult to determine size changes purely by their dimensions (i.e. bounding

box). To evaluate the accuracy of the method, the average volumes of the medial and lateral

meniscus meshes were found to be within range of values from the literature [405, 406] (Table

4.1).

Table 4.1: Comparison of medial and lateral meniscus volumes for the target meshes

Source Region
Average Medial-to- Samples

Reference
Volume (mm3) Lateral Ratio (#)

Xu et al.
Medial 1343.2±320.5

1.18
723

[406]
Lateral 1130.0±263.2 721

van Elst et al.
Medial 1928.9±560.7

1.16 98 [405]
Lateral 1681.7±504.8

Targets
Medial 1637.8±398.4

1.29 10 Table A.1
Lateral 1264.9±364.2

4.2 Mesh Quality Analysis

The hexahedral scaled-Jacobian (J̃) metric was used to determine the quality of each element

of the template and morphed meshes. This metric is defined by the minimum determinant of

the Jacobian matrix for a hexahedral element (Equation 2.1). Essentially, it measures the

distortion of an element compared to an ideal hexahedron (Figure 2.8). The justification for

the choice of this metric was provided in Section 2.3.5. The Verdict library was employed to
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measure the scaled-Jacobian for the hexahedral meshes [108]. Verdict is a high-quality library

that contains a variety of subroutines to measure different element-quality metrics for a range

of mesh types.

The values for an element’s scaled-Jacobian lie between −1 and +1. A value of +1 indicates an

element with perfect quality and no distortion, whereas a value of −1 indicates an element with

the worst possible quality that is completely inverted. Essentially, a higher element-quality

is identified by a larger value and vice versa. Additionally, an element is only classified as

valid for a value above zero. Scaled-Jacobian values closer to zero can cause mathematical

problems for the solution of the finite element method, whereas values above 0.5 are generally

more acceptable. Consequently, a total of six criteria have been defined to describe the element-

quality (Table 4.2). However, the most important criteria are those which could have a negative

effect on the solution of a FE model: invalid, very low-quality and low-quality. Any elements

within these three criteria were the main points of concern. As such, the mesh-quality analyses

focussed on comparing their proportions (%). Additionally, the minimum (J̃min) and average

(J̃avg) scaled-Jacobian were calculated and served as points of comparison between meshes

(Equations 4.9-4.10). In summary, five metrics were calculated to quantify the quality of a

hexahedral mesh:

1. The percentage of invalid elements (%)

2. The percentage of very low-quality elements (%)

3. The percentage of low-quality elements (%)

4. The minimum scaled-Jacobian (J̃min)

5. The average scaled-Jacobian (J̃avg)

J̃min = min
i∈{1,...,Ne}

J̃ i (4.9)

J̃avg =

∑Ne
i=1 J̃ i
Ne

(4.10)

Where, Ne is the number of elements.

The scaled-Jacobian metric was used in all of the case studies to assess mesh-quality. Similar
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Table 4.2: Mesh-quality criteria with respect to scaled-Jacobian values

Quality Criterion Scaled-Jacobian Value (J̃)

Invalid J̃ ≤ 0.0

Very Low-Quality 0.0 < J̃ < 0.1

Low-Quality 0.0 < J̃ < 0.5

High-Quality 0.5 ≤ J̃ < 1.0

Very High-Quality 0.9 ≤ J̃ < 1.0

Perfect J̃ = 1.0

to the surface errors, the distribution of the scaled-Jacobians were determined by mapping the

values on the elements of the hexahedral meshes. These were also used to understand the

hexahedral quality differences between the boundary and internal elements.

4.3 Hexahedral Mesh Generation

Several hexahedral meshes were generated in this thesis using either a CAD-based or multi-

block method. A CAD-based method was primarily used to generate several templates meshes.

Also, similar methods were used to generate meshes of idealised tibial and femoral cartilage for

the comparative simulations. Some of the hexahedral meshes used in this thesis were created

using the semi-automatic multi-block method built into IA-FEMesh (MIMIX, The University

of Iowa, IA, USA) [38]. This is a gold-standard procedure for generating hexahedral meshes

and was used to create meniscus meshes from target geometries.

The following sections outline the CAD-based methods used to generate the meniscus, tibial

and femoral cartilage meshes. Additionally, they define their mesh characteristics and the

boundary conditions that were incorporated into their design to automate aspects of FE model

development. The CAD-based methods were all developed using VTK.

4.3.1 Meniscus

The majority of meniscus template meshes were created with a parametric CAD-based method

using morphological parameters extracted from a published SSM [94] (Table 4.3). The cross-

sectional parameters were fit to a B-spline curve and then discretised with quadrilateral el-

ements. This step created a flat quadrilateral mesh which was subdivided and smoothed to

define different cross-sectional resolutions. New boundary vertices created by subdivision were

projected onto the B-spline curve. The quadrilateral topology was designed manually and incor-
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porated principles from literature used to create hexahedral meshes of meniscus anatomies [40]

(Figure 4.2a). The quadrilateral mesh was then sweeped around a 240◦ arc in the transverse

plane to create a hexahedral mesh reminiscent of a meniscus (Figure 4.2b).

Table 4.3: Transverse and cross-sectional dimensions for the template meshes

Reference
Cross-sectional Transverse

Width (mm) Height (mm) Length (mm) Width (mm)

Template Mesh 8.30 5.15 29.97 23.35

(a) (b)

H
ei
gh
t

Width

W
id
th

Length

Figure 4.2: The (a) cross-sectional and (b) transversal (superior) view of a coarse template
mesh (no subdivisions), with the B-spline curve of the cross-section shown in black

The number of sweeps defined the longitudinal mesh resolution. This parameter in combination

with the number of cross-sectional subdivisions was used to define template meshes with higher

resolutions (Figure 4.3). The hexahedral meshes were annotated with FE model information,

which were transferred directly to the morphed meshes. This included the local element direc-

tions for the definition of anisotropic material properties and the end vertices used to define

spring elements for the horn-attachments. Three template meshes with different resolutions

(low, medium and high) were used throughout this thesis. Their resolutions and mesh-quality

characteristics are presented in Table 4.4, with their depictions shown in Figure 4.3:

Table 4.4: Template mesh characteristics with respect to resolution and quality (subdivisions
are with respect to the coarse mesh, Figure 4.2)

Reference
Mesh-Resolution Mesh-Quality

Sweeps (#) Subdivisions (#) Ne Nv J̃min J̃avg

Coarse [4.2a, 4.2b] 15 0 150 272 0.68 0.83±0.08
Low [4.3a, 4.3d] 30 1 1,200 1,643 0.57 0.85±0.08
Med [4.3b, 4.3e] 60 1 2,400 3,233 0.57 0.86±0.08
High [4.3c, 4.3f] 60 2 9,600 11,285 0.55 0.89±0.08
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Figure 4.3: Cross-sectional (a-c) and superior (d-f) view of the (a,d) low-, (b,e) medium- and
(c,f) high-resolution meshes

4.3.2 Tibial Cartilage

The medial and lateral compartments of the tibial plateau have two different shapes. The

medial compartment has been reported to have a concave surface [77, 407–409]. In contrast,

the lateral component has been reported to have a convex surface [77, 407, 409]. However, a

study investigating the articular geometries of 55 subjects, reported that despite the lateral

compartment being convex, it is flat within the main articular region for most of the subjects

[407]. Additionally, both compartments have reduced curvature in the coronal plane than the

sagittal [409].

To simplify the simulation environment and minimise effects of patient-specificity, one tibial

cartilage mesh was used, which was flat for both medial and lateral compartments (Figure

4.4).

The hexahedral mesh of an idealised tibial cartilage geometry was created by extruding a square

quadrilateral mesh into six hexahedral layers (Figure 4.4). The initial square mesh was evenly

discretised to derive a mesh with 44×44 quadrilateral elements. Consequently, all 11616 ele-

ments had a perfect scaled-Jacobian value of 1. This mesh was annotated with information to

automate the development of the finite-element models. Specifically, two vertices were identified

which connected to the anterior and posterior springs defining the meniscus horn-attachments.
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Figure 4.4: Superior view of the idealised tibial cartilage, showing the superior surface (red)
and tibial bone interface (white)

Also, the boundary conditions defining the contacting interface for the superior surface and the

fixed constraints for the inferior surface were annotated.

4.3.3 Femoral Cartilage

The idealised geometry of the femoral cartilage mesh was designed to reflect the convex nature

of the anatomy in both medial and lateral compartments [409]. This mesh was created by

sweeping a wide U-shaped quadrilateral mesh through a 240◦ arc in the sagittal plane. The

U-shaped mesh was isomorphic to 24×6 quadrilateral mesh, i.e. 26 elements along the coronal

plane and 6 elements thick. This mesh was sweeped 60 times which resulted in a mesh with

a total of 8640 hexahedral elements (Figure 4.5). The idealised femoral cartilage mesh had

a very high-quality with an average scaled-Jacobian of 0.91±0.0047, and a minimum value of

0.79. This mesh was also annotated with information regarding the FE boundary conditions.

4.4 Target Geometries

Several target geometries were used during this thesis. These were acquired from three different

sources, one internal and two external. Eight (four pairs) meniscus geometries were acquired

from within the Institute of Medical and Biological Engineering (iMBE, University of Leeds,

Leeds, UK) [410]. The first external source was the Open Knee project [411] which provided five

menisci (two pairs and one lateral). Four of those (two pairs) were provided from publications

that detailed the image acquisition processes (one cadaveric [19] and one in-vivo [80]). The

second external source was obtained directly from Prof. D.M. Pierce (Department of Biomedical

Engineering, University of Connecticut, USA), who provided 32 (16 pairs) meniscus meshes
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Sagittal

(a)

Coronal

(b)

Figure 4.5: Idealised femoral cartilage hexahedral mesh: (a) sagittal and (b) coronal view,
showing the inferior surface (red) and femoral bone interface (white)

directly. Half of those geometries (eight pairs) were used in a study [40], with four (two pairs)

of them made available publicly [412]. The publicly available meshes had undergone smoothing

and remeshing operations. In contrast, the 28 meshes that were not publicly available had not

undergone post-processing operations and had more irregular surfaces. These geometries were

segmented from medical images available from the Osteoarthritis Initiative database (OAI)

[413, 414], whose imaging protocols have previously been documented [415]. From the three

sources, a total of 47 (23 pairs + one lateral) meniscus geometries were acquired, as genus-0

triangular meshes in the stereolithography format (STL). However, as four (two pairs) were

duplicates with different post-processing, the unique total was 43. Following any additional

post-processing, all geometries were transformed into a standard frame of reference, inline with

the process described in Section 3.3. Geometries that did not have flat attachment sites were

clipped using VTK.

Several geometries had to undergo some additional post-processing (remeshing and artefact

reduction) prior to mesh-morphing. Six geometries were remeshed to reduce the number of

surface vertices. This was done to determine what effect the number of vertices and elements

had on the morphing strategy. Following remeshing, 45% of geometries had a lower resolution

(<6000 vertices) and 55% had a higher resolution (>8000). These ranges were selected based

on the general distribution of resolutions provided by the original meshes.

Some geometries contained segmentation artefacts that caused severe surface irregularities

(Figure 4.6). Consequently, a local high-curvature removal algorithm was developed to re-
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duce the presence of highly irregular sharp features resulting from image-processing. This

algorithm smoothed very sharp and concentrated spikes that would likely be removed during

standard post-processing operations (Algorithm 4.1). This was done to ensure the geome-

tries were inline with what would be reasonably expected of a meshed segmentation. However,

they still maintained a larger degree of surface irregularity to test what effect geometries with

less post-processing have on the strategies. The first step of the algorithm was to calculate

the mean curvature for the target meshes. A common method used to determine the discrete

mean curvature (K) is based on the summation of internal angles of the one-ring surrounding

a vertex [346] (Equation 4.11). Where a mean curvature above 10 mm−1 was found (value

empirically determined to be sufficient for identifying severe irregularities), surface meshes were

iteratively (N=20) smoothed using localised Laplacian smoothing (Algorithm 4.1:L8). The

number of iterations were also determined empirically.

K(Vi) =
1

2A
∑

j∈N (i)

(cotαij + cotβij)(Vi − Vj) (4.11)

Where, Vi is a vertex of a triangular mesh, Vj is a neighbouring vertex surrounding Vi, αij and

βij are the angles opposite the edge defined by Vi and Vj , N (i) is a set of vertex indices defining

a one-ring neighbourhood around Vi and A is the area of the one-ring region (Figure 2.10).

Original Artefact

(a)

Smoothed Artefact

(b)

Figure 4.6: The effect of the artefact reduction algorithm: (a) a high-curvature artefact before
and (b) after identification and smoothing
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Algorithm 4.1: Curvature Smoothing

Input: A Triangular Mesh
Output: A Smoothed Triangular Mesh

1 V ← GetVertices(Mesh);
2 R ← GetVerticesNeighbors(Mesh);
3 K ← CalculateMeanCurvature(V,R);
4 Nv ← Length(V );
5 for i← 1 to 20 do
6 for j ← 1 to Nv do
7 if |Kj | > 10 then
8 Vj = Average(V[Rj ]);

4.5 Finite Element Analysis

The main objective for creating mesh-morphing strategies are to enable a reduction in the

time required to develop high-quality clinical FE models. Consequently, the purpose of the FE

models developed in this thesis were to determine if the morphed meshes behaved differently to

gold-standard meshes in clinically-relevant simulations.

4.5.1 Tibio-Femoral Joint Model

A simplified knee model was developed for each meniscus mesh (Figure 4.7), which were solved

using FEBio 2.9 (Musculoskeletal Research Laboratories, University of Utah, Salt Lake City,

UT, USA) [33]. The models were based on a single condyle with no supporting ligaments

for either the medial or lateral menisci. Previously, a similar simplified model of an isolated

compartment yielded sufficient accuracy, despite anatomical exclusions [20]. In this thesis, the

scenario the models simulated was a fully extended knee in the standing position, without flexion

or rotations taking place. The standing position is more neutral to the stability and effects of

the ligaments [21]. Furthermore, the same idealised femoral and tibial cartilage meshes were

used in each simulation, enabling a reduction to the influencing variables. Attachments rooting

the posterior and anterior horns of the menisci to the bone were represented by spring elements,

which are a commonly used implementation and assumption [17, 19, 21, 22]. The following

sections describe the design of the developed FE models.
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Coronal Sagittal

Femoral Cartilage

Meniscus

Horn-Attachments

Tibial Cartilage

500 N

Figure 4.7: A simplified finite element model for a single condyle of a tibio-femoral joint

4.5.2 Model Geometry

The models were composed of three meshes which represented the meniscus, tibial and femoral

cartilage. Idealised tibial and femoral cartilage meshes were used for two reasons. First, this

enabled easier construction and minimised the number of confounding factors. Second, some of

the derived meshes did not have the tibial and femoral cartilage geometries or hexahedral meshes

available. The meniscus geometries were resized to allow the cartilage layers to appropriately

represent the typical dimensions and relative ratios. To ensure consistency, the meniscus meshes

of each simulation triplet (unoptimised mesh-morphing, optimised mesh-morphing and multi-

block) had the same transformation. The simulations with the multi-block meshes were created

first with the associated transformation matrices recorded. Each transformation matrix was

calculated from the manual alignment with the tibial cartilage, ensuring three points of contact

between the anterior horn, posterior horn and central body. These transformations were then

automatically applied to the morphed meshes. However, some of the unoptimised meshes were

slightly larger than the target. Those meshes had to be translated to prevent intersection with

the tibial cartilage. The optimised meshes required no further adjustments and their model

configurations were exactly the same as the multi-block simulations.

4.5.3 Loading and Boundary Conditions

Due to geometry idealisations there was a degree of congruency missing. To overcome this lack

of congruency and to ensure the nature of the FE models maintained a level of realism, an

initial displacement was applied to the femoral cartilage. This initial displacement served two
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functions: (1) provided closer replication of the standing congruencies between the meniscus

and articular cartilage, and (2) provided some pre-tension to the horn-attachments. The dis-

placement was the same for each simulation triplet but different between triplets. The femoral

cartilage was first placed at a distance l0 above the tibial cartilage. This distance was the height

of the meniscus (hm) multiplied by 1.5, and the initial displacement u0 was half that distance:

l0 =
3

2
hm (4.12)

u0 =
1

2
l0 =

3

4
hm (4.13)

Following the initial displacement, a load was applied to the femoral bone interface to reach a

total of 500 N. For simplicity and due to the fact the compartments were isolated, the percentage

of the total load transmitted through each condyle was assumed to be 50% [24]. Previously,

this has been observed in clinically-relevant models [24] and experimental investigations of the

knee [98]. The load was 500 N because the total load applied to a complete knee would have

been 1000 N [75].

The inferior surface of the tibial cartilage was fixed with respect to all degrees of freedom [75].

To maintain the fully extended knee position, the flexion-extension angle of the femur was

fixed at 0◦ [23, 75]. Additionally, the superior surface of the femur was fixed with respect to

anterior-posterior and medial-lateral translations [75,76]. This added some of the stability that

the supporting ligaments and tendons would have provided. Similarly, abduction-adduction

remained fixed for the joint [23]. However, internal-external rotations remained unconstrained

[75]. With respect to the contact analysis, the tibial-meniscus, femoral-meniscus and femoral-

tibial interfaces were defined as sliding-elastic [3] and frictionless [18,20,21,23,36,62,63,85,89].

These boundary conditions and applied loads have previously been employed to simulate the

knee in full extension [23,75].

4.5.4 Material Properties

Due to the static simulation conditions the articular cartilage layers were modelled as an

isotropic linear elastic material [17–21,23,25,36,75]. The Young’s modulus and Poisson’s ratio

were defined as 15 MPa and 0.47, respectively [17, 19, 21, 36, 89]. Due to the main point of
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comparison between models stemming from the different methods used to derive the meniscus

meshes, an accurate material model for the meniscus was desired. Consequently, the menisci

were defined as nearly incompressible and hyperelastic, as this was more representative than

linear elastic definitions [3, 17, 95]. This ensured the FE models were simulating challenging

conditions. Additionally, the meniscus was defined as transversely isotropic [17–21, 25, 36, 89],

using a neo-Hookean material model with the following parameters [17]:

Table 4.5: Neo-Hookean material parameters for the menisci [17]

C1 (MPa) C3 (MPa) C4 (-) C5 (MPa) κ (MPa) λ∗

4.6115 0.12 150 400 227.5 1.02

Where, C1 is the bulk constant with respect to the shear modulus, C3 is the exponential stress

coefficient, C4 is related to the collagen fibre uncrimping rate, C5 is the elastic modulus of

the collagen fibres when straightened, κ is the bulk modulus and λ∗ defines the stretch of the

straightened collagen fibres [17,111].

The transversely isotropic Neo-Hookean material model incorporates properties contributed

from both the ground substance (σbulk) and collagen fibres (σfibres) [416]. The following equa-

tions were used to define the Cauchy stress (σ) of this material model [17,111,316,416]:

σ = σbulk + σfibres (4.14)

σ = 2C1J
− 5

3

(
B− 1

3
I1(B)I

)
+ κ (J − 1) I + λ

∂F2

∂λ
a⊗ a (4.15)

where

λ
∂F2

∂λ
=


0 if λ ≤ 1

C3

(
eC4(λ−1) − 1

)
if 1 < λ < λ∗

C5λ+ C6 if λ ≥ λ∗
(4.16)

C6 =
1

λ∗

[
C3

(
eC4(λ∗−1) − 1

)
− C5

]
(4.17)

λa = F · a0 (4.18)

Where, F is the deformation gradient, J represents the Jacobian of that deformation gradient,

B is the left Cauchy-Green deformation tensor, I1(B) is the first invariant of that tensor, I is

the identity matrix, λ defines the fibre stretch, F2 represents the collagen fibre contribution,
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λ∂F2
∂λ defines the stress of the fibres, a is the direction of the deformed fibres, C6 defines the

continuous stress at λ∗, a0 is the initial direction of the fibres and ⊗ represents the tensor outer

product.

The fibre stress has three conditions which depend on the fibre stretch (Equation 4.16) [17].

The first condition shows the fibres have no contribution to stress if they are compressed (λ ≤ 1).

The second condition describes the exponential increase in fibre stiffness if stretched below their

straightened state (1 < λ < λ∗). The last condition defines the linear increase in fibre stiffness

if stretched beyond their straightened state (λ ≥ λ∗). The distribution of fibres in a mesh

are defined using the unit vector a0 [416] (Figure 4.8). The use of structured and semi-

structured hexahedral meshes enables the most accurate definition of these vectors, through the

aligned geometry of local elements. Consequently, the models in this thesis used local element

definitions, as the hexahedra of the meniscus meshes were aligned along the appropriate fibre

orientations.

Figure 4.8: The definition of collagen fibre orientations for the hexahedral meniscus meshes
using local element coordinates, with a0 the unit vector defining the fibre orientation

The horn-attachments were defined using linear springs [17–21,36,62,90]. Previously, the stiff-

ness of each attachment site (S) has been reported [18]:

Table 4.6: Stiffness of meniscal horn attachments [18]

Meniscal Horn Attachment Stiffness (N/mm)

Lateral Anterior 324.0
Lateral Posterior 197.8
Medial Anterior 255.1
Medial Posterior 337.0
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The stiffness per spring (ki) was calculated from the attachment stiffness (Si) using the following

equation [18]:

ki =
Si
Ni

∀i ∈ {1, . . . , |S|} (4.19)

Where, Ni is the number of springs used to represent an attachment and |·| defines the cardinality

of a set. Each attachment was defined by 40 linear springs using the stiffness values reported

in Table 4.6.

4.5.5 Contact Variables

Two commonly reported contact variables were derived from each simulation: contact pressure

and contact area [21, 23, 62, 63]. Specifically, five aspects have been selected for comparison,

which are the following:

1. Contact Area (mm2)

(a) Total Area

(b) Distribution

2. Contact Pressure (MPa):

(a) Maximum

(b) Location of Maximum

(c) Distribution

Contact areas were measured between the femoral-meniscus and tibial-meniscus interfaces. The

maximum contact pressure between the same interfaces were calculated. The mean contact

pressure was not used as it was found to be an insensitive variable. The location of the maximum

contact pressure was assessed qualitatively by determining if the maximum value occurred

in the anterior, middle or posterior regions of the meniscus, and which interface it occurred

between. The distribution of contact pressures and areas were displayed on the tibial and

femoral cartilage meshes for qualitative comparisons, where appropriate. Additionally, the

contact area differences between the morphed and multi-block simulations were reported for

each interface. The detailed analysis for the contact pressure and area distributions consisted of

reporting the main patterns and comparative differences between the morphed and multi-block
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mesh simulations.

4.5.6 Simulation Convergence Rates

In addition to the contact variables, the convergence times between the morphed and multi-

block simulations were compared. The average, minimum and maximum convergence times

were reported for each method. This was to determine if there were any distinctions between

the speed of computing the associated simulations.

4.5.7 Mesh Convergence Analysis

Convergence analysis was performed for the developed model, to determine at which mesh-

resolutions the simulation accuracy was acceptable (Table 4.7). Six test models were evaluated

with increasing mesh-resolutions, where the simulation with the highest resolution was used as

the reference. The mesh-density and -resolution ranges explored were consistent with previous

convergence studies for FE models of the TFJ [134,150,154]. The accuracy of models A-E were

determined by comparing their percentage change in contact area between two consecutive,

where absolute changes under 5% were classified as accurate [134,150]. Absolute changes above

5% classified the associated meshes as non-optimal. In an ideal scenario, the mesh-resolution

from model C would have been chosen as optimal, as it provided the highest computational

efficiency (lowest resolution) amongst the accurate simulations [134,150].

However, the non-optimal mesh-resolution from model D was chosen when comparing these

models with meshes derived from the multi-block method. This was because the resolution of

the meniscus meshes was limited by the ability to create higher resolution multi-block meshes.

Although the morphed meshes could have satisfied the accuracy requirements (higher resolu-

tions), they all had the same number of elements to reduce confounding factors for the com-

parative simulations. Consequently, the resolution of the tibial and femoral cartilage meshes

was specified to be consistent with the meniscus meshes, and have edge lengths within a sim-

ilar range. This was done to reduce the loss of accuracy that could occur from mesh-density

mismatches [417, 418]. Nevertheless, the average edge length of the model was found to be

consistent with previously reported TFJ models, which were all 1 mm [20,63,85,134,150,154].

All of these studies performed convergence analyses to arrive at that element size, which in their

models was found to yield sufficiently accurate results. Although the model presented in this

thesis has fundamentally different geometries to the aforementioned studies, it is inline with the
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density and resolutions reported for other convergent models.

Table 4.7: Convergence analysis on different mesh-resolutions and element sizes

Model
Number of Elements (Ne) and Element Size (Se, mm) Change

Tibial Cartilage Meniscus Femoral Cartilage in Contact
Ne Se Ne Se Ne Se Area (%)

Reference 30,492 0.5 9,600 0.5 30,720 0.5 —
Model A 30,492 0.5 9,600 0.5 8,640 1 1.25
Model B 30,492 0.5 2,400 0.75 8,640 1 4.67
Model C 11,616 1 2,400 0.75 8,640 1 3.18
Model D 11,616 1 1,200 1 8,640 1 6.28
Model E 5,445 1.5 1,200 1 5,760 1.5 5.19

4.6 Software and Libraries

All 2D graphical representations were generated with Matplotlib [419] using the Python pro-

gramming language (Python Software Foundation, Wilmington, Delaware, USA) [420]. The Vi-

sualization Toolkit (VTK) [331] and Paraview (Kitware Inc., Clifton Park, New York, USA) [421]

were used to provide 3D graphical representations of meshes and their associated data.
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Part II

Sensitivity Analysis of the

Mesh-Morphing Strategy
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5 Case A: Centreline Quality

5.1 Introduction

The mesh-morphing strategy outlined in Section 3.8 requires two centrelines; one for a target

geometry and one for a template mesh. This information is used to approximate correspon-

dences between their surfaces (Section 3.4.1). Once the correspondences are determined, the

volumetric transformation can be computed (Section 3.6). The approach to extracting cen-

trelines starts with the surface mesh from a template and target (Section 3.2). First, the

centrelines are generated using an automated RBF minimisation algorithm [328]. These centre-

lines are approximations of a theoretical ideal and have the same topology as the initial surface

meshes. Next, a clustering algorithm is used to reduce the topology of the centrelines into a

series of vertices that can define linear segments along the minimised mesh, i.e. a curve. To

define a parameterised B-spline curve, the final step requires a divide-and-conquer algorithm

between clustered vertices to determine the sequential order from the start to the end of the

centreline. The main component of the automated centreline generation algorithm is the RBF

minimisation. Depending on the size of the step parameter this sub-algorithm can lead to two

different phenomena:

1. Contracting or shorter centrelines due to a large step size

2. Deviations in vertex positions along the centreline due to a small step size

Consequently, centrelines generated from the same geometry can have different shapes depend-

ing on the selected parameters. Additionally, some geometries tend towards shorter or deviated

centrelines, which can be prevented by changing the parameters. The incorrect choice of pa-

rameters for a geometry can lead to centrelines which are not consistent with their theoretical

ideal, i.e. a smooth curve which encompasses a significant proportion of a geometry. Therefore,

the quality of an extracted centreline can be defined using two attributes: length and noise.

In this chapter, these attributes of a target’s centreline are investigated to determine their

effect on the mesh-morphing strategy. This is important to understand, as the centrelines are

the first data structures computed and any inaccuracies they cause will propagate down the

morphing pipeline. Consequently, this study is indirectly investigating the effect of the RBF
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algorithm’s control parameters on the performance of the mesh-morphing strategy. The aim for

this investigation and the hypothesis to be tested are the following:

Aim: To determine the sensitivity of the mesh-morphing strategy on the quality of different

centreline attributes

Hypothesis: Lower quality centreline attributes have a negative effect on the performance of

the mesh-morphing strategy

5.2 Methodology

Two sub-cases were developed to determine the effects of length and noise. Three target cen-

trelines were designed for each sub-case to understand how a progressive change in quality

affects the performance of the mesh-morphing strategy. A target’s centreline was modified as

it would be expected that a high-quality template mesh would have a high-quality centreline.

In each sub-case, a template mesh was morphed to match the geometry prescribed by a target,

using the designed centrelines. The first sub-case investigated how centreline length affects the

morphing strategy, whereas the second examined the effect of noise. The analysis compared

the performance of the six morphed meshes (three from each sub-case) using surface error and

mesh-quality metrics.

5.2.1 Centrelines

Three centrelines with different qualities were derived for each sub-case (A.1 and A.2), defined

as: low, medium and high (Figure 5.1). In each sub-case, the high-quality centreline was the

same, which was derived from the centreline algorithm and determined to have an appropriate

length and no deviations. The low- and medium-quality centrelines were modifications of the

high-quality centreline, which had increasing amounts of length removed (A.1) or noise added

(A.2). The magnitude of length removed and noise added was determined based on the obser-

vations from a preliminary investigation. The preliminary investigation tested the centreline

algorithm on a range of geometries with different control parameters. Some centrelines were

found to be shorter or deviated depending on the parameters. The low-quality centrelines from

both sub-cases were worse than what the centreline algorithm would typically produce. This was

done to estimate the limits of the strategy and the worst-case scenario of incorrect parameter

selections.
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Figure 5.1: The (a,d) low-, (b,e) medium- and (c,f) high-quality centrelines with respect to
length (a-c) and noise (d-f)

A.1: Centreline Length

When the shortened centrelines were examined, the limit of contraction did not exceed 50% of

the original length. Therefore, this limit was designed into the centrelines, which were reduced

manually and not through the control parameters. The low-quality centreline was set to this

limit and the medium-quality centreline was designed to be half of that, which provided a smooth

transition between the length of each centreline. The final centreline lengths and percentage

reductions are presented in Table 5.1.

Table 5.1: Quality and properties of each centreline with respect to length

Reference Quality Length (mm) Length Reduction (%)

Small-Length Mesh Low 30.52 50
Medium-Length Mesh Medium 45.78 25

Baseline High 61.04 0

A.2: Centreline Noise

In some of the examined centrelines, the length was appropriate for the geometry but incurred

some deviations. To investigate the effect of these deviations, noise was added to a high-quality

centreline. Noise (η) was implemented using a random number generator and a range defining
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the magnitude of deviations. For each vertex of a high-quality centreline (N=1000), random

numbers were generated and applied to the x-, y- and z-coordinates. The observed deviations

were less numerous than those implemented as noise, but provided a measure of the deviations’

magnitude and how it affected mesh-morphing performance. The maximum value of noise was

calculated based on the minimum amount of noise added before the centreline intersected the

boundary of the target. This resulted in a maximum value of ±0.5 mm added to each vertex of

a centreline. The maximum noise was equivalent 0.83% of the high-quality centreline’s length,

which defined the low-quality centreline. This level of deviation exceeded those observed from

the preliminary investigation, in order to test the upper limits and consequences of this attribute.

The medium-quality centreline was defined with half the amount of maximum noise. The range

of noise added to the centrelines for each vertex and the percentage with respect to length is

presented in Table 5.2.

Table 5.2: Quality and properties of each centreline with respect to noise

Reference Quality
Noise Added Per Vertex

Range (mm) Percentage of Length (%)

Large-Noise Mesh Low -0.50 ≤ η ≤ +0.50 0.00 ≤ η ≤ 0.83
Medium-Noise Mesh Medium -0.25 ≤ η ≤ +0.25 0.00 ≤ η ≤ 0.42

Baseline High 0.00 0.00

5.2.2 Template Mesh

The high-resolution hexahedral mesh outlined in Section 4.3.1 was used throughout this in-

vestigation, which was generated by a CAD-based method. This mesh had 9,600 elements,

additional characteristics were reported in Table 4.4 and Figure 4.3.

5.2.3 Target Mesh

The target mesh (LM 03) was derived from a lateral meniscus anatomy (Table A.1). The

geometry was selected for its irregular shape and was deemed one of the more challenging

menisci to morph. A challenging geometry was selected to further test the limits of the mesh-

morphing strategy using lower quality centreline attributes. This mesh was remeshed to create

triangular elements with a more even size and distribution. The remeshing process incorporated

several mesh processing techniques, including: decimation, subdivision, smoothing and surface

fitting. The dimensions (Figure 4.2) of the target and template meshes are presented in Table

5.3.
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Table 5.3: Dimensions of the target and template meshes

Mesh
Transverse

Height (mm)
Length (mm) Width (mm)

Template 29.97 23.35 5.15
Target 38.72 35.46 11.52

5.2.4 Outputs of Interest

In this investigation, two outputs of interest were used to assess the sensitivity of the mesh-

morphing strategy for each centreline attribute: surface error (Section 4.1) and mesh-quality

(Section 4.2). When analysing surface errors, values above 5 mm were combined to maintain

clarity.
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5.3 Results

In general, centreline length had a strong influence on the surface error and mesh-quality,

whereas centreline noise did not (Figure 5.4). Shorter centrelines led to worse performance

metrics due to causing distinct geometry distortions to the morphed meshes, which were concen-

trated around the horn-attachments. In contrast, centreline noise did not cause any geometry

distortions, and the differences between performance metrics were negligible.

Table 5.4: Summary of results for the performance analyses of sub-cases A.1 and A.2

Case Quality
Surface Error (mm) Element Quality

RMSE εmax J̃avg J̃min J̃ < 0.5 (%)

Length
Low 2.193±1.655 7.768 0.83±0.15 0.22 4.91
Med 0.953±0.610 3.867 0.89±0.11 0.29 0.85
High 0.758±0.426 2.646 0.87±0.10 0.32 0.41

Noise
Low 0.746±0.418 2.635 0.87±0.10 0.32 0.52
Med 0.760±0.427 2.724 0.87±0.10 0.32 0.43
High 0.758±0.426 2.646 0.87±0.10 0.32 0.41

5.3.1 Surface Error Analysis

The mesh derived from the high-quality centreline (baseline) had the same overall geometry as

the target. However, the mesh-morphing strategy smoothed a large proportion of the irregular

features (Figure 5.2). All the morphed meshes exhibited these smoothing effects and were not

a complete representation of the target’s geometry (Figure 5.3).

Target Mesh

(a)

Morphed Mesh

(b)

Figure 5.2: The superior view of (a) the target geometry and (b) baseline
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Sharp Target Feature

(a)

Rounded Morphed Feature

(b)

Overlay of Feature

(c)

Figure 5.3: The smoothing effect causes (a) sharper features of a target mesh to (b) become
rounded in a morphed mesh, (c) which causes regions of over- and under-estimation

A.1: Centreline Length

The length of a centreline had a significant effect on the surface error. Specifically, shorter

centrelines led to larger surface errors, evidenced by higher maximum and RMSEs (Table

5.5). Additionally, the percentage of larger surface errors (>1 mm) increased with decreasing

centreline length (Figure 5.4a), which mainly occurred at the horn-attachments (Figure 5.5).

However, the results showed the increase was non-linear. The increase in the maximum and

RMSE for the medium-length mesh compared to the baseline was 26% and 46%, respectively.

In contrast, the equivalent values for the small-length mesh both increased by almost 200%.

Despite differences at the horn-attachments, the medium-length and baseline meshes displayed

similar patterns of surface errors (Figures 5.5b and 5.5c).

A.2: Centreline Noise

The addition of noise to the centrelines had a minimal effect on the surface errors, where all

meshes had a maximum and RMSE within a similar range (Table 5.5). The largest difference

between the maximum and RMSE for these meshes was only 0.089 mm (<2%) and 0.014 mm

(≈ 3%), respectively. The comparability was further evidenced by the similar proportions of

larger surface errors (Figure 5.4b). Consequently, no clear differences could be distinguished

from the mesh plots, which looked identical to the baseline (Figure 5.5c).
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Table 5.5: Comparison of the RMSE and maximum surface error for sub-cases A.1 and A.2

Case Quality
Surface Error (mm)

RMSE εmax

Length
Low 2.193±1.655 7.768
Med 0.953±0.610 3.867
High 0.758±0.426 2.646

Noise
Low 0.746±0.418 2.635
Med 0.760±0.427 2.724
High 0.758±0.426 2.646

(a) (b)

Figure 5.4: Distribution of large surface errors for meshes derived from centrelines with
varying (a) length and (b) noise qualities
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Figure 5.5: Superior view of surface errors (amalgamated above 5 mm) on meshes derived from
(a) low-, (b) medium- and (c) high-quality length centrelines (red is worse and blue is better)

5.3.2 Mesh-Quality Analysis

A.1: Centreline Length

Centreline length had a strong effect on the mesh-quality, where shorter centrelines led to a larger

percentage of low-quality elements and a smaller minimum scaled-Jacobian (Table 5.6 and

160



Chapter 5. Case A: Centreline Quality 5.3. Results

Figure 5.6a). The increase in low-quality elements occurred at the horn-attachments, which

exhibited geometry distortions (Figure 5.7). This increase with respect to decreasing centreline

length was non-linear. Although there were more than twice the percentage of low-quality

elements for the medium-length mesh compared to the baseline, the difference was only 0.44%.

In contrast, the equivalent difference between the small-length mesh and the baseline was over

a magnitude higher at 4.5%. Overall, the medium-length mesh showed more subtle differences

around the horn-attachments. However, the medium-length mesh had the highest proportion of

very high-quality elements and the largest average scaled-Jacobian. Additionally, these higher

quality elements were observed externally and internally away the horn-attachments (Figure

5.8). This was not the case for the small-length mesh, which had the smallest proportion of

very-high quality elements, and the smallest average scaled-Jacobian. Also, the cross-section

showed significant geometry distortions, and a greater proportion of lower quality elements

(Figure 5.8a). None of the meshes had any invalid or very low-quality elements.

A.2: Centreline Noise

Centreline noise had only a minor effect on the mesh-quality. All the meshes had the same aver-

age and minimum scaled-Jacobian (Table 5.6). There were some differences in the proportions

of low-quality elements, which increased slightly with greater centreline noise (Figure 5.6b).

Also, the proportion of very-high quality elements increased slightly with greater centreline

noise. However, the largest difference between these meshes with respect to the proportion of

low- and very high-quality elements were no greater than 0.11%. As such, no distinguishable

differences were observed in either the external or internal elements, which all looked the same

as the baseline (Figures 5.7c and 5.8c). There were no invalid elements or very low-quality

elements in these meshes.

Table 5.6: Comparison of the average and minimum scaled-Jacobian, and the percentage of
very low-, low- and very high-quality elements for sub-cases A.1 and A.2

Case Quality
Element Quality

J̃avg J̃min J̃ < 0.1 (%) J̃ < 0.5 (%) J̃ > 0.9 (%)

Length
Low 0.83±0.15 0.22 0.00 4.91 44.70
Med 0.89±0.11 0.29 0.00 0.85 60.40
High 0.87±0.10 0.32 0.00 0.41 46.58

Noise
Low 0.87±0.10 0.32 0.00 0.52 47.50
Med 0.87±0.10 0.32 0.00 0.43 47.46
High 0.87±0.10 0.32 0.00 0.41 46.58
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Length

(a)

Noise

(b)

Figure 5.6: Distribution of low-quality elements for meshes derived from centrelines with
varying (a) length and (b) noise qualities
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Figure 5.7: Superior view of the hexahedral scaled-Jacobian on meshes derived from (a) low-,
(b) medium- and (c) high-quality length centrelines (red is better and blue is worse)
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Figure 5.8: Cross-sectional view of the hexahedral scaled-Jacobian on meshes from (a) low-,
(b) medium- and (c) high-quality length centrelines (red is better and blue is worse)
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5.4 Discussion

This investigation has evaluated the sensitivity of the mesh-morphing strategy with respect to

two centreline attributes, and their effect on performance was assessed with respect to surface

error and mesh-quality. The use of shorter centrelines with the developed mesh-morphing

strategy leads to worse performances and specific geometry changes. In contrast, centreline

noise has a minimal effect on the performance. These findings have several implications for the

operation of the centreline algorithm and consequences for FE model development.

5.4.1 Geometry Changes

The main effect of shorter centrelines lines is the increase in geometry distortion, concentrated

around the horn-attachments. These geometry distortions lead to poorer surface fitting, due

to the inaccurate representation of the horn-attachments. Additionally, the global distortions

transfer locally into element distortions, which increase the proportion of low-quality elements

within these more irregular regions. The geometry distortion is caused by the recession of the

mesh around the horn-attachments, which increases with shorter centrelines.

However, the correlation between centreline length and the performance metrics is non-linear.

Consequently, further investigation is required to determine a critical cut-off where a particular

length is unacceptable and leads to drastically worse results. Ideally, this would include ad-

ditional centrelines lengths and a range of targets. A critical metric to consider would be the

greatest distance from the surface, which in this case would focus on the regions around the

horn-attachments. Also, this would represent a normalised metric compared to length, which

changes with the size of a geometry. Another finding that warrants further investigation into the

optimal centreline length (or distance from target surface) is due to the increase in high-quality

elements for the medium-length mesh. Further investigation may find an optimal length which

minimises distortion and leads to higher quality meshes.

There are two key differences between the affected regions between the small- and medium-

length meshes. The small-length mesh has greater distortion around the horn-attachments and

central regions, whereas only the horn-attachments are affected for the medium-length mesh.

Surprisingly, the external and internal elements away from this region have a higher quality than

the baseline for the medium-length mesh. The regions away from the horn-attachments have
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a greater concentration of elements due to the receding effect. The greater density of elements

in those regions may cause the increase in higher quality elements. Previously, it has been

suggested that performance improvements for mesh-morphing strategies could be achieved for

particular regions with increased element densities [46]. In contrast, the higher overall distortion

of the small-length mesh likely negates the increase in very high-quality elements.

5.4.2 Effect on Mesh-Morphing Strategy

Centreline Length

The reason centreline length reduces the performance of the mesh-morphing strategy is due to

how it affects the subsequent processes in the pipeline. Specifically, shorter centrelines lead to

a poorer initial projection (Section 3.4.1), defined by greater distortions and correspondence

errors. The correspondence errors accumulate around the horn-attachments, where the closest

centreline points used to define the projection are further away than for other regions. This

causes a lower concentration of vertices around the horn-attachments compared to the baseline,

which decreases with shorter centrelines (Figure 5.9). This provides an uneven distribution of

projected vertices on the target. Essentially, the initial and subsequent projections never fully

envelope the target geometry in these regions to the same extent as the remaining geometry.

During the surface optimisation algorithm, iterative smoothing and reprojection steps lower the

concentration of vertices further, as they recede towards the regions with greater concentrations.

This is due to the Laplacian smoothing operator, which in general provides a solution for

diffusion processes [422,423].

The receding effect is exacerbated by the flat horn-attachments on the template mesh, which

contains acute and faceted corners (Figure 5.10). These acute corners occur at the intersec-

tions between the flat horn-attachments and the curved surfaces of the meniscus. This yields

two faceted corners at each horn-attachment, which does not resemble the natural aesthetic of

an unclipped target geometry. Although a common technique for modelling menisci are to clip

the horn-attachments flat, this was not performed for the target geometry as they are reason-

ably flat. However, the target geometry has horn-attachments with less curvature and greater

irregularity. During the morphing operation, these mismatches lead to large surface errors and

element distortions, which are observed for the baseline. However, these distortions are ampli-

fied for meshes derived from shorter centrelines, which encompass a greater proportion of the
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horn-attachments.

Meshes Derived from Shorter Centrelines

(a)

Baseline

(b)

Figure 5.9: The meshes derived from shorter centrelines have lower densities (red circle)
around the horn-attachments and higher densities (orange circle) away from this region

compared (a) to the baseline that had a more even distribution of densities (green circles) (b)

Template Mesh

α

β

(a)

Target Mesh

α

β

(b)

Overlay of Meshes

(c)

Figure 5.10: The corners of the template’s horn-attachments are sharper (a) than the target’s
(b), where the large mismatch between angles (αM � αT and βM � βT ) causes greater

correspondence errors and element distortions in the initial projection (c)

Centreline Noise

The initial projections have larger correspondence errors for meshes derived from centrelines

with greater noise. However, there are two reasons centreline noise has a minimal effect on

the performance and processing of the mesh-morphing strategy. The first reason is due to the

appropriate coverage the centrelines provide over the target geometry, which lead to an even

distribution of projected vertices. The second is due to the surface optimisation algorithm,

where the iterative expansion, smoothing and surface fitting processes do not depend on the

centreline. These processes eliminate the correspondence errors and unfold the initial projection,

when there are more uniformly distributed vertices. Consequently, given a reasonable initial
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projection the strategy is able to negate a significant level of correspondence errors, and produce

a bijective map that encompasses the target geometry.

5.4.3 Consequences for Finite Element Modelling

The use of meniscus meshes derived from shorter centrelines would have a negative impact on

the automated development and accurate simulation of FE models of the TFJ. First, meshes

derived from shorter centrelines would likely cause inaccurate FE models, due to the larger

surface errors and geometry distortions. Previously, significant geometry changes have been

reported to cause changes in the biomechanics of the meniscus [94].

Secondly, a major advantage of mesh-morphing is the automated transference of model infor-

mation due to the use of isomorphic meshes [52,53]. One aspect that could be automated is the

definition of horn-attachment springs, as the terminal vertices of the morphed meshes should be

the same as the template. However, the meshes derived from shorter centrelines have vertices re-

ceded into regions which no longer occupy the horn-attachments. These meshes would lose this

aspect of automation and would require manual redefinition of the terminal vertices. If these

correspondence errors are not corrected, biomechanical inaccuracies would likely be observed.

Consequently, each automatically generated model could require enough manual adjustments to

negate some of the benefits this type of strategy can offer. Essentially, this could lead to longer

FE model development times than would have been expected through the full automation of

these aspects, or using centrelines of an appropriate length.

5.4.4 Improvements and Optimisation of the Centreline Algorithm

The performance of the mesh-morphing strategy is more sensitive to centreline length than

noise, and the consequences are worse. These findings have implications on the choice of the

centreline algorithm’s control parameters, which should be adjusted to minimise the occurrence

of shorter centrelines. The step size parameter provides the means to control if a centreline has

a longer length or deviations. A small step size can cause deviations in some meshes, but they

have an appropriate length. The inverse is true for a larger step size, therefore a smaller step

size is chosen for the use of the centreline algorithm for the subsequent chapters in this thesis.

To achieve greater robustness, future work for the algorithm could involve additional modifi-

cations or the optimisation of all the parameters (Section 3.2). A simple modification could
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calculate the volume and area of the minimising meshes, where a volume close to zero would in-

dicate the algorithm derived either a centreline or centreplane. The area of the minimised mesh

would indicate which structure is derived, e.g. an area close to zero would indicate a centreline.

Once the structure is detected, parameters could be automatically adjusted (i.e. increase step

size) to derive centrelines that are less deviated. Deviated centrelines are caused from meshes

that tend towards centreplanes. Therefore, this type of change would provide greater robustness

for geometries which naturally tend towards centreplanes, as parameter changes can force the

generation of centrelines instead of centreplanes.

5.4.5 Limitations

There were four limitations of this investigation: (1) number of targets, (2) number of cen-

trelines, (3) implementation of deviations and (4) use of a non-clipped target. A more robust

analysis of the sensitivity to centrelines attributes would have included more target geometries

and centrelines. However, the target geometry was selected for its challenging shape and was

assumed to provide an upper limit for the difficulty of mesh-morphing with lower quality cen-

treline attributes. Also, other geometries would have likely shown the same patterns, as the

focus was on the sensitivity of the mesh-morphing strategy to centreline attributes, and not

with respect to different geometries. Only three centrelines were chosen to determine the effects

of the upper limits of the centreline attributes and the mid-point in severity, which provided

evidence for the main patterns and associated changes. Additional centrelines could have pro-

vided greater insight for critical centrelines lengths, consequently this has been suggested as an

idea for future work (described above).

Although the implementation of noise did not exactly match the presence of deviations that

arise from the centreline algorithm, they provided a measure for the magnitude of deviations

and represented the same problem. This problem was defined by the positional differences

compared to an ideal centreline, which caused irregularities in the projection vectors from the

corresponding template centreline. Therefore, it was deemed a sufficient approximation to

control the magnitude of deviations using noise.

The use of a non-clipped geometry could be seen as a limitation, as they are commonly clipped

for FE models. However, this was not done to negate confounding factors and use the geometry

in the shape it was acquired. Also, the horn-attachments were reasonably flat compared to the
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other meniscus geometries, as mentioned previously (Table A.1). Therefore, it could not be

assumed the horn-attachments of this geometry would be clipped for FE analysis.

5.5 Conclusions

In conclusion, the results show that the performance of the mesh-morphing strategy is more

sensitive to centreline length than noise. Specifically, the horn-attachments are captured inac-

curately and have lower quality elements in meshes derived from shorter centrelines. The use of

deviated centrelines decreases the performance slightly, but these differences have a negligible

effect on the meshes. The performance losses attributed to the meshes derived from shorter

centrelines would likely lead to the development of inaccurate finite element models of the tibio-

femoral joint. Consequently, the parameters of the centreline algorithm are adjusted to select

for centrelines of an appropriate length with possible deviations, over shorter centrelines. Ad-

ditionally, these results indicate improvements of the centreline algorithm may be required to

achieve greater robustness. The mesh-morphing strategy can accommodate a range of differ-

ent centrelines and derives valid meshes. However, the critical finding is that the strategy is

capable of correcting correspondences errors in the initial projection, providing the vertices are

uniformly projected over a target. This is shown for the meshes derived from centrelines with

noise but is not the case for those derived from shorter centrelines.
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6 Case B: Geometric Robustness

6.1 Introduction

The meniscus has a crescent shape in transverse plane and a wedge shape in the cross-section

(Section 2.1). In a given population, there exists a significant range of variation between

these shapes. The primary variations are present within the transverse and cross-sectional

planes, which have been reported in an investigation of a statistical shape model (SSM) [94].

Specifically, the length and width of the meniscus in the transverse plane, and the width and

height of the cross-sections between the anterior and posterior horns.

In this chapter, several artificial target meniscus geometries are created to investigate the sen-

sitivity of the mesh-morphing strategy to common geometry variations. The motivation for

this lies in the necessity for the developed mesh-morphing strategy to provide high-quality and

accurate meniscus meshes for a large proportion of the population. Only the transverse and

cross-sectional variations have been investigated, as they represent the majority of the variation.

The artificial target geometries represent simplified shapes to minimise confounding factors and

understand the effects of the isolated variations, which approximate the common variations

determined from anatomical measurements.

Aim: To determine the sensitivity of the mesh-morphing strategy to common geometry varia-

tions of the meniscus

Hypothesis: Variations which increase the curvature of the target geometries have a negative

effect on the performance of the mesh-morphing strategy

Research Questions:

1. Can a template mesh with an average meniscus geometry be morphed to a significant

proportion of the population, represented by common variations?

2. How do common variations and associated aspects affect the performance of the mesh-

morphing strategy?
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6.2 Methodology

Two sub-cases have been developed to understand how key variations of meniscus geometries

affect the performance of the mesh-morphing strategy. The first sub-case investigated the

transverse variation of the meniscus (B.1), whereas the second examined the cross-sectional

variation (B.2). There were two parameters that defined the transverse (length LT and width

WT ) and cross-sectional (width WC and height HC) variations. Each sub-case contained four

geometry variations, as two upper limits for each parameter were explored, which contained

an isolated variation added or subtracted from an average meniscus geometry. The isolation

of individual variations was used to understand which aspects caused significant performance

differences using surface error (Section 4.1) and mesh-quality metrics (Section 4.2).

6.2.1 Template Mesh

The template hexahedral mesh has been created to exhibit the appropriate dimensions of a

population average. The dimensions were based on averaged MRI measurements acquired from

in-vivo sources [424]. The average meniscus (medial and lateral) values were derived from a

cohort of 174 human specimens (99 female, 75 male) who had no underlying pathologies. The

average age was 29 (18-60) years, the average weight was 72 kg and the average height was

168.8 cm. The cross-sectional parameters incorporated variations from the anterior, middle and

posterior regions of the meniscus. The average transverse and cross-sectional parameters for

each region are presented in Table 6.1.

Table 6.1: Transverse and cross-sectional dimensions for the template mesh

Region
Transverse Cross-sectional

LT (mm) WT (mm) WC (mm) HC (mm)

Anterior Horn
30.20 20.30

8.80 5.30
Middle Body 8.30 4.94

Posterior Horn 9.70 4.30

The parametric CAD-based method outlined in Section 4.3.1 was used to create a high-density

template mesh from the transverse and cross-sectional parameters. However, the template mesh

generated for this investigation had non-uniform cross-sectional dimensions, to more closely

replicate the average geometry of a meniscus. Linear interpolation was used to determine the

parameters for the intermediate cross-sections between the anterior horn, middle body and

posterior horn. This provided a continuous structure which smoothly transitioned between the
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three regions. The dimensional parameters and interpolated values were fit to a B-Spline, which

represented a slice of a cross-section (Figure 4.2a). A quadrilateral mesh was derived from

each slice, which was rotated to the appropriate sweeping angle and structured to achieve a

hexahedral mesh (Figure 4.2b). This mesh had 9,600 elements and 11,285 vertices with a

minimum and average scaled-Jacobian of 0.52 and 0.92±0.06, respectively.

6.2.2 Target Meshes

Four target meshes for each sub-case have been artificially created to represent key differences

that exists between individual meniscus shapes. The template mesh was used as the average

geometry, where the isolated parameter changes were applied using the parametric CAD-based

method (Table 6.2). The triangular target meshes were derived by extracting the quadrilateral

surface meshes and subdividing the elements into triangles.

Table 6.2: Dimensional changes applied to an average geometry to create the target meshes

Reference
Transverse Cross-sectional Ratios

LT (%) WT (%) WC (%) HC (%) LT /WT WC/HC

T+
L +20 0 0 0 1.7 1.9

T−L −20 0 0 0 1.3 1.9
T+

W 0 +20 0 0 1.3 1.9
T−W 0 −20 0 0 1.6 1.9

C+
W 0 0 +20 0 1.5 2.2

C−W 0 0 −20 0 1.5 1.5
C+

H 0 0 0 +20 1.5 1.6
C−H 0 0 0 −20 1.5 2.3

Template 0 0 0 0 1.5 1.9

The design of targets was based on simplifications of the primary variations, derived from a

SSM [94]. Consequently, the targets encompassed a large proportion of the meniscus shape

variation for the selected cohort. Four parameters have been used to define the simplified

variations, two for each of the transverse (LT and WT ) and cross-sectional dimensions (WC and

HC). The magnitude of difference was set to ±20%, as the majority of parameters were closer to

±20% than ±40%. This was selected to ensure the geometries incorporated a large proportion

of the cohort’s variation, and still represent realistic meniscus shapes. Parameter changes of

±40% created meniscus geometries that were unrealistic, due to the adjustment of individual

parameters. Due to the nature of the parameter changes, each case had two sets of geometries

with difference ratios, i.e. transverse length-to-width (LT /WT ) ratio and cross-sectional width-

to-height (WC/HC) ratio.
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6.3 Results

Overall, the performance of the mesh-morphing strategy was most sensitive to the cross-sectional

variations, where increases to the WC/HC ratio led to performances losses (Table 6.3). There

were some performance differences observed for cross-sectional variations which had equivalent

WC/HC ratios but a smaller size, and changes to the LT /WT ratio. However, their effect was

less pronounced compared to changes in the WC/HC ratio. Additionally, all morphed meshes

had no low-quality or invalid elements, and generally led to mesh-quality improvements over

the template mesh.

Table 6.3: Summary of results for the performance analyses of sub-cases B.1 and B.2

Reference
Surface Error Element Quality

Schematic
RMSE (mm) ε > 1 mm (%) J̃avg J̃min J̃ < 0.8 (%)

T+
L 0.845±0.397 27.39 0.93±0.06 0.54 3.77

T−L 0.841±0.427 26.42 0.93±0.06 0.61 3.29

T+
W 0.836±0.409 26.26 0.92±0.06 0.59 3.38

T−W 0.819±0.376 23.83 0.92±0.06 0.50 5.20

C+
W 0.854±0.430 31.79 0.92±0.06 0.54 4.72

C−W 0.875±0.442 26.14 0.94±0.06 0.56 3.88

C+
H 0.798±0.392 23.61 0.94±0.05 0.58 2.59

C−H 0.889±0.442 34.26 0.92±0.06 0.57 4.51

Template N/A N/A 0.92±0.06 0.52 4.42
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6.3.1 Surface Error Analysis

In general, the geometry of the morphed meshes represented a close approximation to the target

surfaces (Figure 6.1). The key differences were found towards features with high-curvatures,

which became smoothed and rounded. An example of features that have been smoothed were

found towards the corners of the horn-attachments (Figure 6.1b).

Furthermore, the highest surface errors occurred where the variations caused an increase in

curvature with respect to the original template. The highest curvatures were located around

the wedge and upper rim (superior-periphery). As the cross-sectional variations had the greatest

impact on the curvatures in these regions, more significant differences were observed. Overall,

the highest and lowest surface errors were measured from the cross-sectional variations. In

contrast, the transverse variations had less of an effect on curvature, which led to greater

similarities in the surface errors.

Target Mesh

(a)

Morphed Mesh

(b)

Figure 6.1: The superior view of (a) the target geometry T+
L and (b) the morphed mesh with

smoothed features at the horn-attachment corners circled

B.1: Transverse Variation

The transverse variations (T−L and T+
W) which decreased the LT /WT ratio led to an increase in

maximum surfaces errors, which on average were 0.62 mm larger (Table 6.4). These variations

showed a very slight increase in the proportion of larger surface errors (>1 mm), which on

average were 0.73% greater. Overall, the average difference between the RMSEs was very

similar (↓ 0.007 mm). The transverse variations which decreased the LT /WT ratio showed their

larger surface errors and maximum towards the peripheral corners of the horn-attachments on

the inferior surface (Figures 6.2a-6.2d). Overall, T−L had the worst surface error with the

largest maximum, as well as second highest RMSE and proportion of larger errors. T−W had
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the lowest error, evidenced by the smallest maximum, RMSE and proportion of larger errors.

B.2: Cross-sectional Variation

The percentage of larger surface errors (>1 mm) increased with an increase to the WC/HC

ratio, which on average were 8.15% greater (Table 6.4). These errors were mostly concentrated

around the wedge of the menisci on the inferior surface (Figures 6.3a-6.3d). Between cross-

sectional variations with the same WC/HC ratio, those with a smaller size (C−W and C−H) had

a slightly greater proportion of larger surface errors, which on average were 2.5% greater. Also,

there was a slight increase to the RMSE by 0.056 mm. These larger surface errors were observed

on the superior surface towards the corners of the horn-attachments between corresponding ratio

pairs, e.g. between C−W and C+
H (Figures 6.3e-6.3h). For C−W, this region had the highest

maximum surface error of all the cross-sectional variations, which was 0.48 mm larger than the

second highest maximum (C+
W). A cluster containing this maximum was observed near the

posterior horn on the superior surface (Figure 6.3f). Overall, C+
H had the best surface fit and

C−H had the worst.

Table 6.4: Comparison of the RMSE, maximum surface error and percentage of errors above
1 mm for sub-cases B.1 and B.2

Variation
Surface Error

RMSE (mm) εmax (mm) ε > 1 mm (%)

T+
L 0.845±0.397 1.681 27.39

T−L 0.841±0.427 2.377 26.42
T+

W 0.836±0.409 2.137 26.26
T−W 0.819±0.376 1.600 23.83

C+
W 0.854±0.430 2.106 31.79

C−W 0.875±0.442 2.587 26.14
C+

H 0.798±0.392 2.089 23.61
C−H 0.889±0.442 2.012 34.26
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Figure 6.2: Inferior view of surface errors on meshes derived from transverse length changes at
(a) +20% and (b) −20%, and width changes at (c) +20% and (d) +20% (red is worse and

blue is better)
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Figure 6.3: Inferior (a-d) and superior (e-h) view of surface errors on meshes derived from
cross-sectional width changes at (a,e) +20% and (b,f) −20%, and height changes at (c,g)

+20% and (d,h) +20% (red is worse and blue is better)

6.3.2 Mesh-Quality Analysis

The greatest mesh-quality differences occurred between the cross-sectional variations, where

a slightly lower mesh-quality was observed for variations with a larger WC/HC ratio. The

differences between the transverse variations were more subtle, however there was a slight

decrease in mesh-quality for variations with a larger LT /WT ratio. Overall, the highest quality

meshes for all the variations were observed for meshes with the smallest WC/HC ratio.

In general, the results between all variations were similar and each derived high-quality meshes.

Additionally, improvements to the mesh-quality were observed compared to the template mesh,

evidenced by a greater proportion of very high-quality elements (J̃ > 0.9) (Table 6.5). Only

one mesh had both a smaller J̃min and a greater proportion of lower quality elements (J̃ < 0.8)

than the template (T−W), which had the worst quality of all the morphed meshes. Also, the

meshes which had a larger WC/HC ratio (C+
W and C−H) had a slightly greater proportion of

lower quality elements than the template mesh, which on average were 0.2% higher.

B.1: Transverse Variation

In general, there were two trends observed: (1) the proportions of lower quality elements

(J̃ < 0.8) correlated with J̃min, and (2) the proportions of very-high quality elements (J̃ > 0.9)

correlated with J̃max (Table 6.5). However, only the first trend could be attributed to spe-

cific geometry differences. Consequently, the observations were more subtle for the transverse
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variations.

The transverse variations (T+
L and T−W) which increased the LT /WT ratio led to a slight decrease

in mesh-quality, evidenced by a smaller J̃min (↓ 0.08) and an increase in the proportion of lower

quality elements (↑ 1.15%). However, this trend was less significant for the J̃avg (↓ 0.001)

and the proportion of very high-quality elements (↓ 0.14%). Consequently, the mesh-quality

distributions and patterns for the external and internal elements were similar (Figures 6.4a-

6.4d and 6.5a-6.5d). However, a slightly greater proportion of lower quality elements were

observed towards the corners of the horn-attachments for variations with a larger LT /WT ratio.

Overall, T−L had the best mesh-quality and T−W had the worst.

B.2: Cross-sectional Variation

The cross-sectional variations (C+
W and C−H) which increased the WC/HC ratio had a slightly

lower mesh-quality. This was evidenced by a greater percentage of lower quality elements (↑

1.38%), as well as reductions in the J̃avg (↓ 0.02) and the proportions of very high-quality

elements (↓ 12%) (Table 6.5). These lower quality elements were observed towards the wedge

in the external and internal elements (Figures 6.4e-6.4h and 6.5e-6.5h). Overall, C+
H had

the best mesh-quality and C+
W had the worst.

Table 6.5: Comparison of the average and minimum scaled-Jacobian, and the percentage of
lower and very high-quality elements for sub-cases B.1 and B.2

Variation
Element Quality

J̃avg J̃min J̃ < 0.8 (%) J̃ > 0.9 (%)

T+
L 0.93±0.06 0.54 3.77 73.80

T−L 0.93±0.06 0.61 3.29 71.89
T+

W 0.92±0.06 0.59 3.38 69.85
T−W 0.92±0.06 0.50 5.20 67.66

C+
W 0.92±0.06 0.54 4.72 67.68

C−W 0.94±0.06 0.56 3.88 77.74
C+

H 0.94±0.05 0.58 2.59 81.21
C−H 0.92±0.06 0.57 4.51 67.27

Template 0.92±0.06 0.52 4.42 63.52
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Figure 6.4: Superior view of the hexahedral scaled-Jacobian on meshes derived from
transverse length changes at (a) +20% and (b) −20%, and width changes at (c) +20% and (d)
−20%. Cross-sectional width changes at (e) +20% and (f) −20%, and height changes at (g)

+20% and (h) −20% (red is better and blue is worse)
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Figure 6.5: Cross-sectional view of the hexahedral scaled-Jacobian on meshes derived from
transverse length changes at (a) +20% and (b) −20%, and width changes at (c) +20% and (d)
−20%. Cross-sectional width changes at (e) +20% and (f) −20%, and height changes at (g)

+20% and (h) −20% (red is better and blue is worse)
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6.4 Discussion

The aims of this study were to understand if the mesh-morphing strategy can operate over

a range of meniscus shapes with known population variations, and which incur performance

loses. Overall, the strategy is able to produce high-quality meshes for a range of artificial

menisci, which have an improved mesh-quality compared to the template mesh. The main find-

ing is that the mesh-morphing strategy is most sensitive to the cross-sectional variations of the

meniscus, yielding arguably the best (C+
H) and worst (C−H) overall performances. Additionally,

the greatest differences are observed when cross-sectional curvature differences exist between

the template and target meshes, which are related to the width-to-height ratio. Some subtle

differences in performance are associated with size reductions in the cross-sectional variations

and differences in the transverse length-to-width ratio.

6.4.1 Template Quality Improvements

Interestingly, all morphed meshes have an improved quality compared to the template hexahe-

dral mesh. This finding contradicts many reports of the mesh-degradation that occurs during

a typical mesh-morphing operation [13, 28, 48, 58, 425]. However, there are examples of mesh-

morphing strategies maintaining [425] and improving mesh-quality [241].

As the target meshes have been produced using the same CAD-based algorithm, the geometric

features are fairly similar to the template mesh except for the key dimensional variations. Ad-

ditionally, the design of the template and target geometries are idealised and do not contain any

anatomical or surface irregularities. These two factors combined with the surface optimisation

leads to morphed meshes with a higher mesh-quality, as they are less geometrically constrained

as the template due to particular aspects of the mesh-morphing strategy.

The smoothing operations performed during mesh-morphing preferentially improves the mesh-

quality over the accuracy of the surface fit. Following the initial projection (Sections 3.4.1),

there are no surface errors but a high-degree of distortion in the quadrilateral elements of the

template mesh. These distortions occur due to geometry differences between the template and

target meshes, which can induce invalid elements during the volumetric transformation step.

The purpose of the surface optimisation step is to eliminate these distortions, which introduces

surface errors and the rounding effect on the geometries. Overall, the surface fit and mesh-
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quality compete with each other, where an improvement in one leads to a deterioration in

the other. Previously, this trade-off has been commonly observed for other mesh-morphing

strategies [45, 53, 58, 307, 403]. Another cause of surface errors is due to the final hexahedral

smoothing step, which improves the mesh-quality and ensures there are no invalid elements.

This causes a rounding and shrinking effect which is most pronounced at the corners of the

horn-attachments.

6.4.2 Effect of Geometric Variations

Overall, the cross-sectional variations show greater differences than the transverse variations,

which could be due to the larger change in the width-to-height ratios over the length-to-width

ratios, respectively. Compared to the template mesh, the cross-sectional variations had differ-

ences in their width-to-height ratios between 0.3 and 0.4. In contrast, the transverse variations

had differences in their length-to-width ratios between 0.1 and 0.2. Consequently, this supports

findings that larger differences between target and template meshes can cause greater perfor-

mance losses [46–48]. This indicates that the dimensions of a meniscus are not the critical factor,

but the changes respect to a template’s dimensions. There are three dimensional changes that

affect the performance of the mesh-morphing strategy, in order of significance:

1. Cross-sectional width-to-height ratio

2. Cross-sectional size

3. Transverse length-to-width ratio

Cross-sectional Curvature Changes

The reason target geometries (C+
W and C−H) with a larger width-to-height ratio have worse

performance metrics is due to the decrease in the wedge angle, which represents the highest

curvatures. Also, the wedge of these menisci are the regions where losses are observed in the

surface fit and mesh-quality. An increase to the width (WC) and a decrease to the height (HC)

both cause the wedge angle to become more acute, which increases the curvature around these

regions (Figure 6.6). These regions of higher curvature cause greater element distortion and

reduce the mesh-quality, due to a mismatch between the shape of the regions and an ideal

hexahedron. Additionally, during smoothing operations surface losses are more pronounced in

regions with higher curvatures, similar to what is generally observed for the horn-attachment
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corners. In contrast, target geometries (C−W and C+
H) that have a smaller width-to-height ra-

tio (larger wedge angle) can provide greater accommodation for the shapes of the hexahedral

elements. This reduces the number of lower quality elements required to represent those geome-

tries, and the curvature that causes the larger surface errors. Therefore, it could be inferred that

anatomical geometries with a small wedge angle could lead to poorer mesh-qualities. This sup-

ports findings from literature, where performance losses have been observed for mesh-morphing

strategies operating over thin features [45,426]. Similarly, anatomical geometries with a smaller

wedge angle than the template would likely cause higher proportions of lower quality elements

and larger surface errors.

Future work to fully understand and appreciate this phenomenon would involve the parametrisa-

tion of the wedge angle directly, to study the influence of increasing and decreasing that variable.

Although, features with higher curvature are known to cause difficulties for a wide range of sur-

face parametrisation techniques [6,295,347,369,427,428], whereas flat or low-curvature surfaces

are easier to parametrise to unit geometries [6, 279, 295, 429]. In the developed mesh-morphing

strategy, two surfaces with non-zero global curvatures are parametrised to each other. Histori-

cally, the original surface parametrisation problem was to parametrise a curved surface to a flat

domain (cartography) [6,429,430]. As such, the majority of surface parametrisation algorithms

and early developments are based around these principles [6, 347, 369, 427, 431]. Therefore, the

developed strategy may encounter several difficulties arising from this aspect of attempting to

parametrise a surface without a base domain, such as a unit square, circle or sphere [6, 292].

Cross-sectional Size Changes

Cross-sectional size reductions affected the surface error with respect to two attributes: (1)

larger errors for equivalent width-to-height ratios, and (2) higher average losses in general. As

the pairs for corresponding width-to-heights ratios have essentially the same shape at different

scales, it is not clear why this happens for the smaller meshes and not the larger (Figure 6.7).

However, there is one confounding factor that could be attributed to this effect. The factor is

responsible for positional irregularities in the centrelines’ shape between target and template

meshes, which are caused by the different centreline generation methods (Figure 6.7a). This

factor is suspected to have an influence due to its occurrence in the peripheral regions of the

horn-attachments, where greater centreline irregularities occur and the higher surface errors

are observed. This is most clearly observed for a larger cluster of surface errors on the mesh
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Figure 6.6: Influence of cross-sectional width and height variations on the angle of the wedge
ω and upper rim υ (superior-periphery): (a) the average geometry of the template mesh, with

the (b) increase and (c) decrease of width, and the (d) increase and (e) decrease of height

with reduced cross-sectional width (C−W). The positional differences change the cross-sectional

origin of the centrelines relative to its position in the template mesh (Figures 6.7b-6.7c). The

difference in origin causes correspondence errors between the targets and template meshes.

Centreline Differences

(a)

Larger WC/HC Ratio

(b)

Smaller WC/HC Ratio

(c)

Figure 6.7: Cause of correspondence errors for the cross-sectional variations: (a) different
centreline shapes between the target (blue) and template (yellow) meshes, (b-c) similarity of

correspondence errors between variations with equivalent width-to-height ratios

Transverse Curvature Changes

The transverse length-to-width ratio causes subtle differences in the performance metrics. Over-

all, an increase in the ratio leads to smaller surface errors and a higher mesh-quality, and vice
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versa. One explanation could be due to the difference between the angle of the horn-attachments

compared the template mesh combined with irregular centreline differences, as the performance

differences occur in the horn-attachment corners (Figure 6.8). However, it is not clear what

mechanism initiates the performance differences, and why these occur with an increase and

not a decrease in the ratio. Nevertheless, this aspect has a much smaller effect on the met-

rics compared to the cross-sectional curvature and size changes, and could be an insignificant

finding.

Different Angles of Horns

(a)

Smaller LT /WT ratio

(b)

Larger LT /WT ratio

(c)

Figure 6.8: Correspondence errors associated with different horn-attachment angles (α, β and
γ) and centreline shapes: (a) between the average geometry of the template mesh (blue, β)

and the variations which (b) decrease (green, α) and (c) increase (red, γ) the transverse
length-to-width ratio

6.4.3 Consequences for Finite Element Modelling

Based on the findings of this investigation, there are three possible consequences for the use of

the mesh-morphing strategy to develop FE models of the TFJ:

1. Reduced simulation accuracy for menisci with small wedge angles

2. Reduced simulation accuracy for menisci with small cross-sections

3. Improved simulation accuracy for menisci that do not have the aforementioned attributes

Menisci with small wedge angles could cause simulation inaccuracies due to poorer capture of the

wedge regions and containing a greater proportion of lower quality elements. Additionally, the

lower quality elements exist in regions which would be in contact with both the tibial and femoral

cartilage. Ideally, high-quality elements should be situated around interfacing regions during

contact analyses [24, 193]. Also, contact analysis is sensitive to geometry changes, and these

regions were not accurately captured in the morphed meshes. This is problematic as meniscus

182



Chapter 6. Case B: Geometric Robustness 6.4. Discussion

extrusion (reduced wedge angle) is commonly associated with the progression of osteoarthritis

within the knee and other pathologies [79,83,432]. Therefore, there would be a higher prevalence

of patients with extrusions which require clinical therapies (and for which FE simulations would

be useful), compared to healthy pathologies.

Similarly, menisci with small cross-sections could lead to reduced accuracies due to the poorer

capture of the superior regions around the horn-attachments. This could cause the inaccurate

simulation of the biomechanics between the meniscus-femoral interface, or require the use of

additional smaller templates to prevent the increase in larger surface errors. However, the

shape of the horn-attachments have previously not been found to have a significant effect on

the biomechanics of the meniscus [410].

In general, the morphed meshes show greater smoothness and rounded features compared to the

target geometries. Although this leads to surface errors, it results in a large proportion high-

quality elements. As such, depending on the degree of surface errors, these attributes could

be advantageous. In general, contact analyses favour smoother surfaces and higher quality

elements, which can lead to performance and accuracy improvements for a FE model [24,

193, 433]. Further research is required involving simulations with morphed meshes derived

from image-based geometries containing these features, to determine if these speculations (c.f.

consequences 1-3) are valid.

6.4.4 Limitations

The main limitation of this investigation is the use of CAD-based geometries. As described, each

of the artificial geometries has morphed successfully, with mesh-quality improvements compared

to the template mesh. However, as the target geometries are derived from a CAD-based method

and not derived from image-based procedures, they are not true representations of in-vivo menis-

cus shapes. In general, image-based meniscus geometries have highly irregular surface features

and are not smooth, following image-processing (Table A.1). Although, these attributes could

be due to limitations of the image-processing techniques and the presence of image artifacts.

Regardless, the design of the targets are based on a swept geometry that have smooth contours.

Consequently, this generates surfaces that are much smoother and an oversimplification of what

would be acquired from image-based procedures. The 3D structure of in-vivo geometries has ad-

ditional variations, not just through the 2D cross-sections. For example, the horn-attachments
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have raised protrusions and are more geometrically different than the cross-sections towards

the middle of the anatomy [434]. Additionally, in-vivo menisci can contain several irregularities

due to pathologies, such as tears and extrusions (Figure 2.2). As such, the results reported

here do not indicate that morphing to anatomically derived meniscus geometries would lead to

mesh-quality improvements. The greater irregularity and curvature differences of image-based

meshes would cause greater surface errors and lower quality meshes, due to larger differences

to the template. Overall, these geometries are idealised therefore care should be taken when

extrapolating these findings to geometries derived from segmented medical images. Despite the

fact that the geometries may not exist in nature to these exact specifications, for the purpose

of this study they are sufficient.

6.5 Conclusions

In conclusion, all morphed meshes have an improved mesh-quality compared to the original

template but some did not improve to the same extent as others. Although, they do not

represent the target geometries with 100% accuracy, due to smoothing and rounding effects.

The mesh-morphing strategy has the most difficulty with variations that have a smaller wedge

angle than the template geometry. Additionally, the strategy is more sensitive to cross-sectional

variations than transverse. Overall, the transverse variations provide reasonably similar results.

In contrast, the best and worst performances are from cross-sectional variations, due to an

increase or decrease in the wedge angle, respectively. Consequently, morphed meshes derived

from meniscus geometries with smaller wedge angles could cause performance and accuracy

losses to FE simulations of the tibio-femoral joint. Finally, it seems reasonable to infer that the

mesh-morphing strategy can morph a generic template mesh to a large proportion of meniscus

variations inherent in a given population. As such, the developed mesh-morphing strategy

appears to be suitable for meniscus geometries.
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7 Case C: Mesh Sensitivity

7.1 Introduction

In the previous cases (Chapters 5-6), a template mesh with the same characteristics has

been used, which includes: mesh-resolution, -quality, -topology and -shape. However, these

characteristics are variable, and will affect the performance of a mesh-morphing strategy. Con-

sequently, this investigation aims to determine the sensitivity of the mesh-morphing strategy

to these template mesh characteristics. Understanding the effects of these characteristics will

allow a more informed and appropriate choice of template meshes.

The mesh-resolution defines the quantity of elements and vertices a mesh is composed [122].

This property gains particular interest due to its role at influencing the accuracy of a FE model,

which increases with resolution and is generally dictated by convergence studies [18, 36, 63, 76,

134]. Additionally, there are indications that the performance of mesh-morphing strategies can

improve with increasing resolution [46,47]. However, a large resolution can impose superfluous

computational requirements [134,435,436].

A high-quality template mesh is often used to limit the generation of lower quality elements, as

morphing operations generally induce mesh-degradation [13,28,48,58,425]. Ideally, a mesh used

in FE simulations will have a large proportion of high-quality elements and very few, if any,

low-quality elements. This is because low-quality elements and their locations have a strong

impact on the convergence and accuracy of a FE simulation [54,170].

Mesh-topology is defined by the connections between the vertices that define the elements

[172,437,438], which dictates the regularity (Section 2.4.1: Regularity). This characteristic

is highly dependent on the mesh generation procedure, which can either be designed manually

or be subject to the operations of a given method and choice of parameters [38, 40, 192, 212].

Additionally, mesh-topologies can define the number and valence of singularities, or irregular

vertices, which are sometimes referred to as defects [167, 192, 439]. Some of these features can

act like point constraints and stress concentrators depending on the particular application of

the mesh [247,440]. Consequently, they can have an effect on mesh-processing algorithms, such

as Laplacian smoothing. For hexahedral meshes, vertex singularities are defined by an element

185



7.1. Introduction Chapter 7. Case C: Mesh Sensitivity

connectivity (i.e. valence or neighbourhood) that does not equal four on the boundary or eight

within the volume [167].

The shape of a template mesh is typically based on an existing image-based mesh (Table 2.8).

Additionally, template mesh choices are often selected for their greater similarity to target

geometries [46–48, 52, 441]. This is because large geometry differences between a template and

target mesh reduce the performance of a mesh-morphing strategy [46–48].

Aim: To determine the sensitivity of the mesh-morphing strategy to four template mesh char-

acteristics: mesh-resolution, -quality, -topology and -shape

Hypothesis: Template meshes with a higher resolution, higher mesh-quality, meniscus-specific

topology and greater shape similarity have a positive effect on the performance of the mesh-

morphing strategy

Research Questions:

1. (a) How sensitive is the mesh-morphing strategy to template mesh resolution?

(b) Do cross-sectional or central-axis resolution changes affect the strategy?

2. (a) How sensitive is the mesh-morphing strategy to template mesh quality?

(b) Does the strategy improve or retain low-quality elements?

3. (a) How sensitive is the mesh-morphing strategy to template mesh topology?

(b) Does a meniscus-specific topology improve the performance of the strategy?

4. (a) How sensitive is the mesh-morphing strategy to template mesh shape?

(b) Does shape similarity improve the performance of the strategy?
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7.2 Methodology

Four sub-cases were developed to determine the sensitivity of the mesh-morphing strategy’s

performance to mesh-resolution (C.1), -quality (C.2), -topology (C.3) and -shape (C.4). The

performance has been quantified using surface error and mesh-quality analyses. Also, one target

mesh was used throughout all four investigations, which was the same employed in Chapter

5. In the previous investigations (Chapters 5-6), a high-resolution and high-quality template

mesh with a meniscus-specific topology and an idealised meniscus shape had been used.

The first sub-case was designed to understand the influence of mesh-resolution with a series low-,

medium- and high-resolution (baseline) template meshes. Similarly, to understand the influence

of mesh-quality, the second sub-case used low-, medium- and high-quality (baseline) template

meshes. The third sub-case had two template meshes generated from different methods, to

understand the effect of mesh-topology. The topologies differed with respect to their regularity

and shape-specificity. To determine the influence of mesh-shape, the fourth investigation had

two template meshes that differed with respect to their similarity to an image-based target

meniscus geometry.

7.2.1 Template Meshes

C.1: Resolution

Three template meshes with different resolution were created with the CAD-based method

outlined in Section 4.3.1 by controlling two parameters: (1) number of sweeps and (2) number

of cross-sectional subdivisions. Through the manipulation of these parameters, the resolutions

increased exponentially from the low- to high-resolution meshes. Although these parameters

could have been defined to create a linear increase in resolution, the elements would have been

too elongated and not representative of a typical hexahedral mesh. However, convergence studies

are often conducted with similar non-linear differences, therefore is not outside the typical use

for different mesh-resolutions [18, 36, 63, 76, 134]. Consequently, the chosen resolutions were

based on common ranges explored during convergences studies [134,150,442].

From the low- to medium-resolution meshes, the resolution along the central-axis was dou-

bled. In contrast, the cross-sectional resolution was quadrupled between the medium- to high-

resolution meshes. Although this could be seen as a confounding factor, this enabled the deter-
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mination of how dimension-specific resolution increases affected the performance. The control

parameters and the associated resolution for each template mesh are presented in Table 7.1:

Table 7.1: Control parameters and the associated template mesh resolution

Reference
Control Parameters Mesh-Resolution
Sweeps Subdivisions Ne Nv

Low-resolution [7.1a, 7.1d.] 30 1 1,200 1,643
Medium-resolution [7.1b, 7.1e.] 60 1 2,400 3,233

High-resolution [7.1c, 7.1f.] 60 2 9,600 11,285
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Figure 7.1: Superior (a-c) and cross-sectional (d-f) view of the (a,d) low-, (b,e) medium- and
(c,f) high-resolution meshes

C.2: Quality

Three template meshes with variable mesh-quality were induced artificially by modifying the

quadrilateral cross-section that was sweeped in the CAD-based method (Section 4.3.1). To

control the degree of quality, noise was added to each of the internal vertices of the quadrilateral

mesh. Only the internal vertices of the 2D cross-sectional quadrilateral mesh were adjusted,

to ensure the template meshes had the same shape. Consequently, the majority of vertex ad-

justments were situated within the hexahedral mesh, with the only external vertex adjustments

situated at the ends of the horn-attachments. However, the quality of the hexahedral elements

on the boundary were still reduced, but to a lesser degree compared to elements whose vertices

were all internal. Also, as one cross-section was adjusted and swept to create each template
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mesh, the mesh-quality differences were the same along the swept axis.

The amount of noise added was proportional to the loss of quality. The noise (η) was created

using a random number generator, which had an even distribution above and below zero. This

was the same technique applied to induce centreline deviations (noise) in Chapter 5 (sub-case

A.2). To create the low-quality mesh, a maximum amount of noise was empirically determined.

First, a significant amount of noise was added, which was steadily reduced until a valid mesh

was achieved with very low-quality elements. This was the maximum amount that could be

added without initiating invalid elements, which was ±0.1 mm. The medium-quality mesh was

then created using half of this variable, to provide a mid-point between the low- and high-

resolution meshes. Additionally, this mesh was verified to ensure the quality was between the

low- and high-quality template meshes, and contained low-quality elements but no very low-

quality elements. No noise was added to the vertices defining the high-quality template mesh,

which was identical to the high-resolution template mesh (baseline). All meshes had the same

resolution and topology as the high-resolution mesh. The degree of noise added to each vertex

and associated mesh-quality metrics for each template mesh are presented in the Table 7.2:

Table 7.2: Degree of noise added and the associated template mesh quality

Reference
Noise Element Quality

Range (mm) J̃avg J̃min J̃ < 0.1 (%) J̃ < 0.5 (%)

Low-quality [7.2a] −0.10 ≤ η ≤ +0.10 0.75±0.21 0.01 1.25 14.37
Medium-quality [7.2b] −0.05 ≤ η ≤ +0.05 0.84±0.13 0.21 0.00 2.50

High-quality [7.2c] 0.00 0.89±0.08 0.55 0.00 0.00
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Figure 7.2: Cross-sectional view of the (a) low-, (b) medium- and (c) high-quality meshes

C.3: Topology

Two templates meshes with different topologies were created using the CAD-based (sweeping)

method and a multi-block method, which were defined as CAD-Swept and CAD-MB, respec-
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tively. Sweeping methods are known for producing high-quality hexahedral meshes of simple

shapes with either a structured or semi-structured topology, in a robust and predictable fash-

ion [443]. In contrast, the multi-block methods are state-of-the-art procedures for creating

high-quality hexahedral meshes of irregular geometries and anatomies [28, 36, 38]. However,

they are less robust and can require greater user-interactivity than sweeping methods, depend-

ing on the target geometry. Although it is possible to create semi-structured topologies using

the multi-block method, structured topologies are typically derived. All multi-block meshes

were created with IA-FEMesh (MIMIX, University of Iowa, Iowa, USA) [38]. Both template

meshes were based on the same CAD-based geometry, which was derived from the low-resolution

template mesh (n.b. the low-resolution mesh is the same as CAD-Swept). Additionally, both

meshes had 1,200 elements, as it was difficult to reach higher resolutions using the multi-block

method. This appeared to be towards the limit for the number of elements they could represent

without inducing invalid elements.

The CAD-Swept mesh had a meniscus-specific semi-structured topology, whereas the CAD-MB

mesh had a generic structured topology. The topological differences were emphasised by the

number and position of singularities. Overall, both meshes had 168 singularities, but their

locations were different with respect to their positions on the meniscus shape and proportions

on the boundary. The CAD-based mesh had 110 external (boundary) and 58 internal (non-

boundary) singularities. The cross-section had an external singularity at the wedge and upper

rim (superior-periphery), which each had one internally adjacent (Figure 7.3a). In contrast,

the multi-block meshes contained all 168 singularities on the boundary (i.e. no internal sin-

gularities). The cross-section had two singularities around the wedge, and one at the upper

and lower rim (inferior-periphery) (Figure 7.3b). A potential confounding factor was that the

mesh-quality was poorer for the CAD-MB mesh. The characteristics of each template mesh are

presented in Table 7.3:

Table 7.3: Mesh generation attributes and the associated template mesh topology

Reference
Mesh Generation Mesh-Resolution (#) Singularities (#)

Geometry Method Elements Vertices Internal External

CAD-Swept CAD Swept 1,200 1,643 58 110
CAD-MB CAD Multi-Block 1,200 1,674 0 168
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Meniscus-Specific Semi-structured Topology
(CAD-Swept)

(a)

Generic Structured Topology
(CAD-MB)

(b)

Figure 7.3: Internal (dashed-line) and external (solid-line) vertex singularity differences
between the (a) CAD-Swept and (b) CAD-MB meshes

C.4: Shape

Two template meshes with different shapes were generated using the multi-block method. One

of the geometries had an idealised CAD-based meniscus geometry (CAD-MB), whereas the other

had an anatomical image-based meniscus geometry (anatomical-MB). The CAD-MB mesh was

the same used in the mesh-topology sub-case (C.3). The anatomical-MB mesh was generated

from an in-vivo meniscus geometry, which was acquired from the Institute of Medical and

Biological Engineering (iMBE, University of Leeds, UK). The geometry was extracted from

MRI data acquired from the Open Knee project [3], which represented the lateral meniscus

(right knee) of a patient identified as Generation 2 - Specimen 1. The MRI used fat saturation

phases to produce a resolution of 0.35 × 0.35 mm2 in the sagittal plane with a sliced thickness

of 0.70 mm and no slice gap. Segmentation was performed manually using ScanIP (Simpleware

Ltd, Exeter, UK), which was also used to extract a triangular mesh of the geometry. This

geometry was selected as it represented a geometry with low-irregularity and high-smoothness

(LM 00). Additionally, it had the lowest complexity and greatest similarity to the other lateral

meniscus geometries available (Table A.1). A summary of the information used to generate

the template meshes are presented in Table 7.4:

Table 7.4: Mesh generation attributes and the associated template mesh shape

Reference
Mesh Generation

Geometry Method

CAD-MB [7.4a] CAD Multi-Block
Anatomical-MB [7.4b] Anatomical Multi-Block
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CAD-MB

(a)

Anatomical-MB

(b)

Figure 7.4: Superior view of the (a) CAD-MB and (b) anatomical-MB meshes
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7.3 Results

Overall, the performance of the mesh-morphing strategy was most sensitive to mesh-resolution,

where higher resolutions led to performance improvements (Table 7.5). Additionally, the mesh-

topology had an effect on the mesh-morphing strategy, where a meniscus-specific semi-structured

topology (CAD-Swept) was more favourable than a generic structured topology (CAD-MB).

Between generic structured meshes with the same topology (CAD-MB and anatomical-MB),

the anatomically shaped mesh had greater performance metrics. In contrast, the performance

of the mesh-morphing strategy was the least sensitive to mesh-quality, where the differences

were more subtle. For the four sub-cases, improvements to the quality of the template meshes

were observed for the low- and medium-quality meshes (C.2) and the generic structured meshes

(C.3 and C.4). All the other meshes incurred mesh-quality reductions. None of the meshes had

any invalid elements.

Table 7.5: Summary of results for the performance analyses of sub-cases C.1-C.4

Case Mesh
Surface Error (mm) Element Quality

RMSE εmax J̃avg J̃min J̃ < 0.5 (%)

C.1

Low-resolution TM N/A N/A 0.85±0.08 0.57 0.00
Med-resolution TM N/A N/A 0.86±0.08 0.57 0.00
High-resolution TM N/A N/A 0.89±0.08 0.55 0.00
Low-resolution MM 0.895±0.581 2.959 0.80±0.15 0.16 6.33
Med-resolution MM 0.759±0.425 2.712 0.81±0.15 0.11 5.21
High-resolution MM 0.758±0.426 2.649 0.87±0.10 0.33 0.40

C.2

Low-quality TM N/A N/A 0.75±0.21 0.01 14.37
Med-quality TM N/A N/A 0.84±0.13 0.21 2.50
High-quality TM N/A N/A 0.89±0.08 0.55 0.00
Low-quality MM 0.747±0.423 2.583 0.86±0.10 0.33 0.44
Med-quality MM 0.757±0.424 2.645 0.87±0.09 0.33 0.40
High-quality MM 0.758±0.426 2.649 0.87±0.10 0.33 0.40

C.3

CAD-Swept TM N/A N/A 0.85±0.08 0.57 0.00
CAD-MB TM N/A N/A 0.84±0.19 0.04 7.08

CAD-Swept MM 0.895±0.581 2.959 0.80±0.15 0.16 6.33
CAD-MB MM 1.149±0.774 4.324 0.78±0.20 0.10 11.67

C.4

CAD-MB TM N/A N/A 0.84±0.19 0.04 7.08
Anatomical-MB TM N/A N/A 0.81±0.23 0.03 12.25

CAD-MB MM 1.149±0.774 4.324 0.78±0.20 0.10 11.67
Anatomical-MB MM 1.064±0.682 3.789 0.84±0.18 0.15 8.83
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7.3.1 Surface Error Analysis

C.1: Resolution

The surface errors worsened with decreasing mesh-resolution, evidenced by a higher maximum,

RMSE and percentage of larger surface errors (>1 mm) (Table 7.6). The larger surface errors

were concentrated around the superior surface and corners of the horn-attachments, however

the increase in errors was non-linear (Figures 7.5a-7.5c). For the medium-resolution mesh

compared to the baseline, the average increase in the maximum, RMSE and percentage of larger

errors was 4.22%. In contrast, the average increase between these three metrics for the low-

resolution meshes was over 5× larger (↑ 21.13%). Consequently, the distribution of surface errors

was very similar between the medium-resolution mesh and the baseline (Figures 7.5b-7.5c).

C.2: Quality

The quality of the template meshes had a minimal effect on the surface errors, where all metrics

had values within a similar range (Table 7.6). The largest difference between the maximum,

RMSE and percentage of larger surface errors was 0.011 mm (<2%), 0.067 mm (<3%) and

0.66% (<4%), respectively. Consequently, no clear differences were observed, which all looked

identical to the baseline (Figure 7.5c).

C.3: Topology

Lower surface errors were observed for the CAD-Swept mesh compared to CAD-MB. This was

evidenced by a lower maximum, RMSE and percentage of larger surface errors (Table 7.6). The

CAD-MB mesh showed an average increase of approximately 38% between the three metrics

compared to the CAD-Swept mesh. The larger surface errors were concentrated around the

middle of the superior surface and the corners of the horn-attachments (Figures 7.5d-7.5e).

Additionally, there was a cluster of very large surface errors (> 3 mm) towards the middle of

the superior surface.

C.4: Shape

Lower surface errors were observed for the anatomical-MB mesh compared to CAD-MB (Table

7.6). This was evidenced by a decrease in the maximum, RMSE and percentage of larger surface

errors of 0.084 mm (↓ 7.34%), 0.535 mm (↓ 12.38%) and 0.85% (↓ 7.42%), respectively. The
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larger surface errors were concentrated on the superior surfaces for both meshes (Figures 7.5e-

7.5f). However, two key differences were observed between the meshes, where the anatomical-

MB mesh had: (1) a smaller cluster of larger errors on superior surface, and (2) fewer large

surface errors around the horn-attachments.

Table 7.6: Comparison of the RMSE, maximum surface error and percentage of errors above 1
mm for sub-cases C.1-C.4

Case Mesh
Surface Error

RMSE (mm) εmax (mm) ε > 1 mm (%)

C.1
Low-resolution MM 0.895±0.581 2.959 23.94
Med-resolution MM 0.759±0.425 2.712 19.75
High-resolution MM 0.758±0.426 2.649 17.92

C.2
Low-quality MM 0.747±0.423 2.583 17.26
Med-quality MM 0.757±0.424 2.645 18.14
High-quality MM 0.758±0.426 2.649 17.92

C.3
CAD-Swept MM 0.895±0.581 2.959 23.94

CAD-MB MM 1.149±0.774 4.324 33.47

C.4
CAD-MB MM 1.149±0.774 4.324 33.47

Anatomical-MB MM 1.064±0.682 3.789 32.62
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Anatomical-MB
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Figure 7.5: Superior view of surface errors (amalgamated above 3 mm) for the (a) low-, (b)
medium- and (c) high-resolution meshes, and the (e) CAD-Swept, (f) CAD-MB and (g)

anatomical-MB meshes (red is worse and blue is better)
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7.3.2 Mesh-Quality Analysis

C.1: Resolution

The mesh-quality improved with increasing mesh-resolution, evidenced by a higher J̃avg and

J̃min , and a smaller percentage of very low- and low-quality elements (Table 7.7). However,

the increase was non-linear, where the lower resolution meshes were closer to each other than

the baseline. From the low- to medium-resolution meshes, the change in the J̃avg, J̃min and

percentage of low-quality elements were ↓ 0.006, ↑ 0.04 and ↓ 1.13%. In contrast, the equivalent

values from the medium-resolution mesh to the baseline, were approximately 4-11× larger (↓

0.06, ↓ 0.22 and ↓ 4.81%, respectively). This was further evidenced by the similarity between

the external and internal mesh-quality for the lower resolution meshes compared to the baseline

(Figures 7.6a-7.6c and 7.7a-7.7c). The increase in low-quality elements were observed along

the external singularities, i.e. the wedge, upper-rim (superior-periphery) and geometric edges

of the horn-attachments. Similarly, the internal mesh-quality was lower around the internal

singularities, which was more pronounced for the baseline. Overall, the internal mesh-quality

was worse and less uniform for the lower resolution meshes. None of the meshes had any very-low

quality elements.

C.2: Quality

The quality of the template meshes had a very minor effect on the mesh-quality (Table 7.7).

The mesh-quality metrics were almost identical between the medium-quality mesh and the

baseline, where the average difference between the metrics was 0.09%. Also, the low-quality

mesh was very similar, but showed a slight decrease. The low-quality mesh had the same J̃min

with only a decrease to the J̃avg by 0.002 and an increase in the percentage of low-quality

elements by just 0.04%. Consequently, no distinguishable differences were observed for the

external and internal elements, which all looked identical to the baseline (Figures 7.6c and

7.7c). As such, the low- and medium-quality morphed meshes showed significant improvements

to the mesh-quality with respect to their template meshes. For the medium-quality mesh, the

J̃avg, J̃min and percentage of low-quality elements improved by ↑ 0.03, ↑ 0.12 and ↓ 2.10%,

respectively. For the low-quality mesh, the equivalent values improved by ↑ 0.11, ↑ 0.31 and ↓

13.94%, respectively, and the very low-quality elements were eliminated. Consequently, none of

the meshes had any very-low quality elements.
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C.3: Topology

A higher mesh-quality was observed for the CAD-Swept mesh compared to CAD-MB (Table

7.7). This was evidenced by more favourable mesh-quality metrics, where the J̃avg and J̃min

were larger by 0.02 and 0.06, respectively. Additionally, the percentage of low-quality elements

were 5.3% lower and there were no very-low quality elements, whereas CAD-MB had 0.17%.

However, there were some improvements to the mesh-quality metrics for CAD-MB with respect

to the template mesh, where the J̃min and percentage of very low-quality elements improved

by ↑ 0.06 and ↓ 0.08%, respectively. Although, the J̃avg and percentage of low-quality element

worsened by ↓ 0.06 and ↑ 4.58%, respectively. The low-quality elements for both meshes were

observed around the external singularities (Figures 7.6d-7.6e). However, the singularities of

CAD-MB had a greater proportion of lower quality elements, some of which had a very low-

quality criterion. Despite the greater presence of lower quality external elements, the internal

elements of CAD-MB had a higher quality than CAD-Swept (Figures 7.7d-7.7e). Addition-

ally, CAD-MB had a larger percentage of very high-quality elements by 9.84%, which were

located on the inferior surface and internally.

C.4: Shape

The anatomical-MB mesh had a higher mesh-quality than CAD-MB (Table 7.7). Each of

the mesh-quality metrics were more favourable, where the J̃avg and J̃min were both larger by

0.06. Additionally, the percentage of low-quality elements were 2.83% lower and there were no

very-low quality elements, whereas CAD-MB had 0.17%. Both meshes had their lower quality

elements concentrated around the singularities, but these elements were poorer for CAD-MB

(Figures 7.6e-7.6f and 7.7e-7.7f). Additionally, both meshes had a large percentage of

very high-quality elements, which were located on the inferior surface and internally. However,

anatomical-MB had a greater percentage of these elements by 20.25%.
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Table 7.7: Comparison of the average and minimum scaled-Jacobian, and the percentage of
very low- and low-quality elements for sub-cases C.1-C.4

Case Mesh
Element Quality

J̃avg J̃min J̃ < 0.1 (%) J̃ < 0.5 (%) J̃ > 0.9 (%)

C.1

Low-resolution TM 0.85±0.08 0.57 0.00 0.00 35.00
Med-resolution TM 0.86±0.08 0.57 0.00 0.00 35.00
High-resolution TM 0.89±0.08 0.55 0.00 0.00 46.25
Low-resolution MM 0.80±0.15 0.16 0.00 6.33 27.58
Med-resolution MM 0.81±0.15 0.11 0.00 5.21 29.42
High-resolution MM 0.87±0.10 0.33 0.00 0.40 46.58

C.2

Low-quality TM 0.75±0.21 0.01 1.25 14.37 28.75
Med-quality TM 0.84±0.13 0.21 0.00 2.50 35.00
High-quality TM 0.89±0.08 0.55 0.00 0.00 46.25
Low-quality MM 0.86±0.10 0.33 0.00 0.44 46.90
Med-quality MM 0.87±0.09 0.33 0.00 0.40 47.03
High-quality MM 0.87±0.10 0.33 0.00 0.40 46.58

C.3

CAD-Swept TM 0.85±0.08 0.57 0.00 0.00 35.00
CAD-MB TM 0.84±0.19 0.04 0.25 7.08 58.75

CAD-Swept MM 0.80±0.15 0.16 0.00 6.33 27.58
CAD-MB MM 0.78±0.20 0.10 0.17 11.67 37.42

C.4

CAD-MB TM 0.84±0.19 0.04 0.25 7.08 58.75
Anatomical-MB TM 0.81±0.23 0.03 1.50 12.25 50.58

CAD-MB MM 0.78±0.20 0.10 0.17 11.67 37.42
Anatomical-MB MM 0.84±0.18 0.15 0.00 8.83 57.67
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Figure 7.6: Inferior view of the hexahedral scaled-Jacobian on the (a) low-, (b) medium- and
(c) high-resolution meshes, and the (e) CAD-Swept, (f) CAD-MB and (g) anatomical-MB

meshes (red is better and blue is worse)
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Figure 7.7: Cross-sectional view of the hexahedral scaled-Jacobian on the (a) low-, (b)
medium- and (c) high-resolution meshes, and the (e) CAD-Swept, (f) CAD-MB and (g)

anatomical-MB meshes (red is better and blue is worse)
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7.4 Discussion

This aim of this study was to determine the sensitivity of the mesh-morphing strategy with

respect to four template mesh characteristics: mesh-resolution, -quality, -topology and -shape.

There are five key findings from this study. First, the mesh-morphing strategy provides per-

formance improvements with increasing resolutions, in both the cross-section and central-axis

of the meniscus geometry. Second, the quality of a valid template mesh has a less pronounced

effect on the performance of the strategy, which is able to morph meshes to a similar standard

of performance. Third, a greater performance is obtained when morphing a template mesh with

a meniscus-specific topology, due to the support of internal singularities. Fourth, a template

mesh with a shape more similar to a target geometry leads to a better performance, between

generic structured topologies. Fifth, the strategy is able to improve the mesh-quality of sev-

eral template meshes with different mesh-topologies and shapes, but only for those that have

low-quality elements. Overall, the best performance was provided by a template mesh with the

highest resolution (baseline), which had an idealised geometry and meniscus-specific topology.

In contrast, the worst performance was from a template mesh with the lowest resolution, which

had an idealised geometry and a generic structured topology (CAD-MB). Additionally, between

the template meshes with the lowest resolution (CAD-Swept, CAD-MB and anatomical-MB),

the meniscus-specific semi-structured topology provided the best performance (CAD-Swept).

7.4.1 Sensitivity to Template Mesh Resolution

Addressing research question 1a , the mesh-morphing strategy is quite sensitive to changes

in mesh-resolution. Furthermore, answering research question 1b, resolution changes in

both the cross-section and along the central-axis affects the strategy. However, they affect the

performance metrics differently. Specifically, the surface fit improves the most with increas-

ing central-axis resolution, whereas greater mesh-quality improvements are due to increasing

cross-sectional resolutions. This indicates that an increase in resolution alone does not dictate

performance improvements, but also the dimension in which they are applied. However, it is not

clear which mechanism causes this phenomenon to occur for increasing central-axis resolutions.

The reason a higher resolution mesh provides a lower surface error is due to the increase in

projected vertices that sample the target geometry’s irregularities. During the mesh-morphing

process, there are several Laplacian smoothing operations. These calculate new vertex positions
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based on the current vertex position and the neighborhood of vertices surrounding them (Figure

2.17). As more vertices are projected onto the target geometry with increasing resolution, this

provides more sample points of the surface for a better approximation during smoothing. For

the lower resolution meshes, fewer neighborhood vertices are within a close proximity, which

causes poorer capture of irregular features as vertices are smoothed away from those regions.

In the literature, an increase in vertices provides a better approximation of a given surface,

through similar mechanisms like subdivision and projection [38,212]. However, these techniques

incrementally increase mesh-resolution by refining a coarse mesh to accurately represent a target

surface.

The increase in resolution causing an increase in mesh-quality is a consequence of smaller hex-

ahedral elements fitting a reduced proportion of the irregularities and high-curvature features

(Figure 7.8). As such, each element represents a fraction of the distortion, where high-

curvature features are captured with less compromise to the ideal shape of a hexahedron. This

would explain why increases in cross-sectional resolution improve the mesh-quality, as the high-

est curvature features (e.g. wedge) occur perpendicular to the cross-section. This correlates with

suggestions that region-specific density increases would improve the mesh-quality of morphed

meshes [46]. However, increases in mesh-resolution have previously led to greater proportions

of both higher and lower quality elements, for the automated hexahedral meshing of vascular

anatomies [212].

Low-Resolution

(a)

Medium-Resolution

(b)

High-Resolution

(c)

x

y z

Figure 7.8: The proportion of an element occupying a surface irregularity (x, y and z) and the
associated distortion (blue) for (a) low-, (b) medium- and high-resolution meshes, where the

irregularities for lower resolution meshes represent greater element distortion (x > y > z)
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7.4.2 Sensitivity to Template Mesh Quality

With respect to research question 2a , the mesh-morphing strategy does not appear to be

affected by the presence of low-quality elements in a template mesh. Furthermore, answering

research question 2b, the strategy is able to improve low-quality elements during the morph-

ing operation. This can be understood as a consequence of three phases of the mesh-morphing

strategy: (1) the surface optimisation (Section 3.5), (2) linear elastic transformation (Section

3.6.1) and (3) hexahedral Laplacian smoothing (Section 3.6.2). First, the surface optimi-

sation phase normalises the quality of the meshes’ quadrilateral elements, by eliminating the

majority of mesh-quality differences. This mechanism is similar to the normalisation of corre-

spondence differences described in Section 5.4.2: Centreline Noise . Second, the internal

vertices are intrinsically smoothed into their optimal positions following the linear elastic trans-

formation. Third, the final hexahedral mesh smoothing phase further normalises the internal

and external vertices, reducing mesh-quality differences. As discussed in Section 6.4.1, al-

though it is common for mesh-morphing strategies to cause mesh-degradation [13,28,48,58,425],

there are reports this is not always the case [241,425].

7.4.3 Sensitivity to Template Mesh Topology

Regarding research question 3a , the mesh-morphing strategy is quite sensitive to the tem-

plate mesh topology. In response to research question 3b, the meniscus-specific semi-

structured topology leads to signifiant performance improvements over the generic structured

topology. In general, there are two main effects of the generic structured topology compared to

the meniscus-specific semi-structured topology:

1. A greater proportion of low-quality elements and larger surface errors around regions with

a high-curvature (i.e. singularities and superior surface)

2. A greater proportion of very high-quality elements around regions with a low-curvature

(i.e. inferior surface)

These effects are caused by the differences in the singularities and how they affect Laplacian

smoothing (Figure 7.9). Specifically, the number of internal and external singularities they

contain, their associated valence and where they are positioned with respect to the meniscus

geometry. The structured meshes (multi-block) tend towards a rectangular shape with flatter
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surfaces, when subject to Laplacian smoothing (Figures 7.9a-7.9b). This causes the larger

surface errors around the wedge and superior surfaces, and the high-quality elements on the

inferior surface. The higher surface error and mesh-quality are due to the mismatching and

matching of the associated curvatures, respectively. Additionally, the lack of internal or strate-

gically placed external singularities provide no support for a typical meniscus geometry. This is

supported by literature which reports meshes containing only external singularities can induce

greater distortions and mismatched features [188].

In contrast, this effect is less pronounced for the semi-structured meshes, as their topology

smooths more naturally to the shape of a meniscus (Figure 7.9c-7.9d). This is due to the topo-

logical design incorporating strategically placed internal and external singularities, to support

and constrain the mesh to a meniscus geometry. This is supported by literature, where internal

singularities can allow meshes to represent geometries with greater complexity without inducing

large distortions [35,197,198]. Singularities behave like point constraints [247], as they preserve

features of a geometry and regions with a high-curvature [167,188,444,445]. Additionally, they

are also described as defects, as they can increase distortion and mesh folding [247, 444, 446].

This explains why the lowest quality elements are observed along the singularities for both the

structured and semi-structured meshes. Also, the external singularities have a greater impact

on mesh-quality reductions than the internal singularities for the semi-structured meshes. Con-

sequently, the semi-structured meshes have fewer low-quality elements due to containing less

than two-thirds of the external singularities of the structured meshes.

Overall, the structured meshes have a much greater proportion of very-high quality elements, for

equivalent mesh-resolutions. Additionally, the multi-block mesh derived from an image-based

geometry has the highest of all the meshes in this investigation. This is because the Laplacian

smoothing operator favours structured meshes with respect to recovering the ideal shape of

hexahedral elements. However, this comes at the expense of increasing the surface errors,

causing these meshes to have the poorest surface fit of all the meshes. This further supports the

evidence of the competing effects between the surface fit and mesh-quality [45, 53, 58, 307, 403]

(Section 6.4.1). Although, the Laplacian smoothing operator is not able to overcome larger

distortions for all the elements, specifically those situated around high-curvature regions. The

difficulty of the structured meshes to accommodate high-curvatures causes them to contain the

highest proportion of low-quality elements. In contrast, the meniscus-specific semi-structured
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Figure 7.9: Effect of hexahedral Laplacian smoothing on shape change due to singularity
locations on the hexahedral mesh derived from the CAD-based (a-b) and multi-block method

(c-d)

meshes strike a more acceptable balance between the surface fit, and the percentage of low- and

very high-quality elements.

7.4.4 Sensitivity to Template Mesh Geometry

To answer research question 4a , the mesh-morphing strategy appears to be sensitive to

the template mesh geometry. In response to research question 4b, greater shape similarity

between a template and target mesh improves the performance of the strategy. The reason for

the more favourable performance by the template mesh with an in-vivo meniscus geometry is

due to the greater curvature similarities to the in-vivo target geometry. This causes the initial

projection to have fewer correspondence errors and mesh-degradations, i.e. tangled quadrilateral

elements. Consequently, during the surface optimisation phase, there is less vertex movement

as the surface mesh is closer to its global minimum. Additionally, more iterations of the surface

optimisation phase are spent improving the shape of the elements, as there are fewer elements to

untangle (i.e. removing invalid elements). As such, greater shape similarity causes a morphed

mesh to be closer to its global minimum for a given number of iterations, leading to higher

performances. This further supports the findings from Chapter 6 and literature, that greater

performance losses result from larger differences between a template and target mesh [46–48].
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7.4.5 Consequences for Finite Element Modelling

There are three consequences for the development of FE models of the TFJ with respect to

the choice template mesh characteristics. Overall, improved FE simulation accuracy would be

expected from morphed meshes derived from templates with the following characteristics:

1. Higher resolutions

2. Meniscus-specific semi-structured topology over a generic structured topology

3. Greater shape similarities to a target geometry

Each of these characteristics would improve FE simulation accuracy as they provide lower

surface errors and a greater mesh-quality, between equivalent controls. Similar to the previous

discussion in Section 6.4.3, lower surface errors provide greater capture of the contacting

interfaces. This improves the accuracy of FE simulations as contact analyses are sensitive to

geometry changes [24, 193]. Additionally, these characteristics lead to higher quality elements

around the wedge and other contacting interfaces, which are more beneficial for contact analyses.

Consequently, the opposite of these characteristics would lead to reduced simulation accuracy.

Overall, the greatest simulation accuracy would be expected from morphed meshes derived

from the high-resolution template mesh, due to providing the most favourable performance

metrics. The worst accuracy would be expected from morphed meshes derived from the generic

structured template meshes.

7.4.6 Limitations

General

A limitation of the four investigations was that they contain a small number of template meshes,

where a similar limitation has been discussed in Section 5.4.5 (c.f. limitation 2). For the sub-

case investigating mesh-resolution, more template meshes could have resolved a critical cut-off.

Specifically, to determine the resolution beyond the point of diminishing performance returns.

However, the resolution of meshes are often dictated by convergence studies, and therefore the

decision on resolution has other influences [13, 28, 48, 58, 425]. A similar argument could be

made for the mesh-quality investigation, however there was no strong differences observed from

the current implementation of reducing the mesh-quality. For the mesh-topology investigation,

no other topologies for meniscus meshes have been observed in the literature. However, a
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third option could have been to investigate an unstructured mesh, although this would lose the

benefits provided by structured and semi-structured meshes (Section 2.4.1: Regularity).

For the mesh-shape investigation, an additional geometry with greater dissimilarities could

have been used, e.g. a medial meniscus or a more irregular lateral meniscus mesh. Overall, the

number of templates used in each investigation were sufficient to show the main patterns and

associated differences.

Another limitation was that only one target has been used in each investigation, which has been

discussed in Section 5.4.5 (c.f. limitation 1). For the sub-cases investigating mesh-topology

and mesh-shape, one nuance would be that some topologies and shapes could be better suited

to particular target geometries, and vice versa.

C.2: Quality

The lower quality template meshes were not a natural artifact of the template meshes, and

was induced from the addition of noise to the internal vertices of the cross-sectional geometry.

Furthermore, the majority of low-quality elements existed internally, except for those at the

ends of the horn-attachments. It could be argued that this is not a true representation of lower

quality meshes. However, the purpose of this sub-case was to determine if the mesh-morphing

strategy was sensitive to template meshes containing low-quality elements, and if their mesh-

quality could be improved.

C.3: Topology

There were four limitations of this sub-case:

1. Only two generation methods were compared

2. Meshes were generated by a proficient but non-expert user.

3. Use of low-resolution meshes

4. Only two topologies were investigated

Several methods are available to create hexahedral meshes of irregular geometries and could have

been explored in this investigation, particularly unstructured mesh generators. However, the

multi-block method and its derivatives are the most common option used to create high-quality

hexahedral meshes for biomedical simulations [28, 38]. Although, another aspect that could
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have been explored was the variety of multi-block methods available, including the commercial

alternatives that are often used. However, based on the user’s technical skill, it was assumed

similar results would have been derived.

The template meshes have not been created by a user who has experience using this tool to create

state-of-the-art FE models of the meniscus. The technical skill required to reach this level of

proficiency would take dedicated time, to gain complete understanding of the tool’s intricacies.

In addition, the multi-block method is a difficult tool to master and is very sensitive to subtle

changes in the position of the multi-blocks used to create the mesh. Although, it does not take

a long amount of time to be able to generate meshes to a reasonable standard and quality. As

such, the strategy may have been less sensitive if the multi-block meshes were generated by

an operator with more experience, which could have addressed some of the deficiencies. These

deficiencies had several consequences on the types of multi-block meshes that could have been

developed, e.g. mesh-resolution, -topology and -regularity. This could explain the difficulties

experienced when attempting to increase the mesh-resolution, which would have been useful to

compare against the high-resolution CAD-Swept mesh (best performance). Although it would

have been interesting to explore higher resolution multi-block meshes, there was a limit to the

number of elements these meshes could contain, as previously mentioned. Additionally, meshes

with different topologies and regularities can be created using the multi-block method, however

this was beyond the scope of the user’s technical skill. However, the purpose of this sub-case was

to determine the sensitivity of the mesh-morphing strategy to template meshes with different

but commonly used topologies.

C.4: Shape

Four of the five limitations for this sub-case have already been discussed, which were: (1) the

number of template meshes, (2) the number of target meshes, (3) use of a multi-block method

by a non-expert user, and (4) use of low-resolution meshes. The fifth limitation was due to the

poorer mesh-quality these template meshes had compared to the other meshes. However, this

was unavoidable and could be attributed to limited technical skill, but this did provide further

evidence that the strategy can improve the mesh-quality. Nevertheless, it is most likely that

the generic structured topology simply cannot accurately capture irregular geometries without

some compromise to the proportions of low-quality elements.
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7.5 Conclusions

In conclusion, the mesh-morphing strategy is sensitive to a several template mesh characteris-

tics. The strategy is most sensitive to the resolution of a template mesh, where the performance

can be improved by increasing the mesh-resolution. Additionally, the strategy appears to be

quite sensitive to the mesh-topology and -shape, which stem from the specificity of the topol-

ogy and shape with respect to the target geometry. Specifically, a geometry-specific topology

and more similar shape provide a greater overall performance. Furthermore, the quantity and

positioning of singularities affect several phases of the mesh-morphing strategy. Consequently,

the topology of template meshes for irregular geometries should be designed strategically, to

maximise the performance of the mesh-morphing strategy. Interestingly, the quality of a tem-

plate mesh has a negligible effect on the performance. The strategy is reasonably robust to the

presence of low-quality elements and can improve template meshes containing such elements

to a better standard. Finally, it is expected that more accurate performance improvements

would be obtained from template meshes that have a higher resolution, geometry-specific topol-

ogy and greater shape similarities to a target mesh. However, there is some conflict between

combining some of these favourable characteristics in the current setup, e.g. high-resolution

and/or geometry-specific topology with an anatomical shape. Overall, the best performances

were obtained from meshes with a geometry-specific topology, regardless of mesh-resolution.

The main benefit of these meshes are that they do not require large shape similarities to a

target geometry and still yield the best performances. This suggests that just one template

mesh with a meniscus-specific topology is required, instead of many with a generic structured

topology. Consequently, these are selected as the template meshes of choice going forward.

208



Part III

Performance Evaluation

209



8 Case D: Performance Benchmark

8.1 Introduction

In part II, the sensitivity of the mesh-morphing strategy was assessed with respect to surface

error and mesh-quality metrics, which are the most common methods of assessment for such

algorithms. This chapter goes further, in assessing the effect the strategy has on metrics of

interest from a FE simulation point of view, comparing its performance to the gold standard in

terms of hexahedral meshes (multi-block method).

Aim: To compare the performance of the mesh-morphing strategy against a gold-standard

procedure (multi-block method)

Hypothesis: The developed automatic mesh-morphing strategy can generate hexahedral meshes

with greater speed than a semi-automatic state-of-the-art procedure, to an equivalent standard

with respect to the geometric representation and finite element simulation precision.

Research Questions:

1. Does the strategy produce hexahedral meshes with an equivalent quality and accuracy

with respect to a state-of-the-art method?

2. Can the strategy generate hexahedral meshes faster than a state-of-the-art method?

3. Does the biomechanics of a FE model change with the use of the strategy compared to a

state-of-the-art method?

Novelty: The novel aspects of the developed mesh-morphing strategy are the ease and speed of

the operation relative to the standard of the derived hexahedral mesh. Additionally, this study

derives novelty from how an improvement is determined from a state-of-the-art procedure to

a newly developed tool, used to generate hexahedral meshes for biomedical simulations. The

assessment of a mesh-generation procedure used to create tibio-femoral joint (TFJ) simulations

consists of the following:

1. Comparison of time taken to generate meshes

2. Surface-error analysis
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3. Mesh-quality analysis

4. Comparison of simulated contact variables

Individually, these analyses are not novel; however, the combined assessments have not been

employed to compare mesh generation procedures used to develop biomedical and clinical finite

element (FE) simulations, such as the TFJ.

8.2 Methodology

The developed mesh-morphing strategy was compared against the multi-block method for 20

anatomical meniscus geometries. The selected meniscus geometries have been acquired from a

variety of sources with the aim of representing a range of anatomical variations and challenging

features that would test the performance of a mesh generation procedure. The time required to

generate each mesh was recorded to assess the speed advantage of using the new method. The

generated meshes were assessed using surface error (Section 4.1) and mesh-quality metrics

(Section 4.2). The purpose of the FE models was to determine if the morphed meshes behave

differently in a relevant simulation (Section 4.5). The analyses of the contact variables were

used to determine if the use of the mesh-morphing strategy would lead to the negative outcome

of misleading researchers or clinicians from inaccurate simulation results and cause incorrect

conclusions to be drawn.

8.2.1 Target Meshes

Target Meniscus Geometry Selection

A total of 47 meniscus geometries were acquired from a range of sources (Figure 8.1). Each

geometry was categorised into sub-groups based on the presence of particular features and

associated descriptors (Table 8.1 and Figure 8.2):

In this investigation, 20 meniscus geometries (10 lateral; 10 medial) were analysed. The aim was

to identify and incorporate the most challenging geometries representative of each group, with

a variety of overlap and not to include several geometries that were too similar to each other.

Additionally, the meniscus geometries represent anatomies from patients that have degenerative

and non-degenerative conditions, which yields particular differences in the shape of the menisci.

Furthermore, the geometries have been derived from a range of different MRI and segmentation
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Figure 8.1: Flow-chart of what proportion of the 47 geometries were used for training/practice
of the multi-block method and used in Case D

Table 8.1: Features and their descriptors used to classify the difficulty of generating
hexahedral meshes from target geometries

Rank Feature
Descriptor

Most Challenging Least Challenging

1 Semi-Lunar Shape Non-Semi-Lunar Semi-Lunar
2 Anatomical Shape Blocky Natural
3 Radial/Inferior Bulge Large Small
4 Horn-attachments Small Large
5 Tapered Shape Tapered Non-Tapered
6 Meniscal Tears Torn None
7 Surface Irregular Smooth
8 Shape Irregular Smooth
9 Extrusion Extruded Non-extruded
10 Wedge Angle Small Large

procedures. These levels of geometric and acquisition variances are important, to ensure the

strategy is evaluated against a range of appropriate meniscus geometries that are representative

of what different biomedical engineers would derive. The remaining sub-set of 27 geometries

were selected for training and practice of the multi-block method to gain a level of proficiency

using the tool to create high-quality hexahedral meniscus meshes.
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Figure 8.2: The challenging aspects of the ten features used to rank target geometries on their
difficulty (the least challenging baseline shown is in the middle)

Identification of Challenging Features

A sub-set of meniscus geometries have been selected to assess the performance of the mesh-

morphing strategy. The sub-set consists of menisci which have features that have previously been

known to cause the mesh-morphing strategy challenges. The 10 features have been determined

based on previous analyses and a review of the known geometric differences of menisci within a

given population that may challenge the mesh-morphing strategy (Table 8.1 and Figure 8.2).

In case B (Chapter 6), sensitivity analyses of the strategy with respect to shape variation were

performed. The findings from this study indicate that there are two key aspects of a target
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geometry that can affect the performance of the strategy:

1. Large global curvature differences

2. Small wedge angles

Global curvature changes were found to cause difficulties for the mesh-morphing strategy and

could be expanded further to include the following aspects:

1. Irregular Shape

2. Irregular Surface

3. Tapered Geometry

4. Meniscal Tears

Although irregular surface features are localised curvature differences, in case A (Chapter 5),

surface irregularities were smoothed and caused performance losses. Similarly, the presence of

meniscal tears may present similar challenges to irregular surface features.

Small wedge angles were found to lead to poorer performances than target geometries with larger

wedge angles and can be thought as a special case of curvature differences. Additionally, this

would include meniscus extrusion which is an aspect of degeneration and leads to a reduction

in the wedge angle of meniscus structures.

Selection of Geometries Based on Challenging Features

The 47 geometries were ranked to determine how many challenging features they possess. The

final set was chosen to represent a diverse range of challenging features and various combinations

of those features. The most challenging aspect of each feature was ranked between 1-10, with 10

being the most challenging and 1 being the least challenging (Table 8.1 and Figure 8.2). The

least challenging aspect of each feature was ignored. The difficulty of generating a hexahedral

mesh from the 47 geometries was then determined from the ratio of challenging features and

the degree of difficulty each feature represents.

Therefore, the maximum difficulty a geometry can achieve is 5.5, if all challenging features are

present. The lowest difficulty a geometry can achieve is 0, if there are no challenging features.

The lateral and medial geometries were then ordered based on their difficulty rating, with the

10 most difficult geometries selected within each group (lateral; medial).
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To ensure that an adequate representation of each challenging feature was evaluated, the sim-

ilarities between each geometry was evaluated and geometries with similar feature sets were

replaced.

Finally, the set of geometries were manually reviewed and if any features were not being repre-

sented they were manually selected and replaced the lowest difficulty geometries. A sub-set of

10 geometries representing the variety of each group (lateral; medial) were selected for detailed

analyses with the same method.

8.2.2 Template Mesh

The low-density mesh used in case C (Chapter 7), with 1,200 hexahedral elements, was used

throughout this investigation. There are 40 elements in the cross-section of the template mesh.

The template mesh was generated using 30 incremental sweeps across a 240◦ arc. The 240◦

arc was used to represent an idealised centreline for the geometry of the template mesh. The

low-density mesh has been selected to minimise confounding variables, due to the difficulties of

generating multi-block meshes of menisci with more than 1,000 hexahedral elements.

8.2.3 Generation of Meniscus Meshes using the Multi-Block Method

The total number of hexahedral elements and the proportion of cross-sectional to transverse

hexahedral elements was matched to the template mesh. This was to ensure that the multi-

block meshes were the same density as the morphed meshes and to negate the effects of mesh

density on the derived contact variables.

To create an equivalent number of elements to the morphed meshes and to match the cross-

sectional to transverse element distributions, a particular subdivision scheme was attempted

where possible. The aim when generating the multi-block meshes was to create 10 blocks

encompassing each meniscus geometry. This would be achievable with the cross-sectional axes

being set to have 5 and 8 subdivisions with respect to the height and width of the meniscus

and the transverse axis being set to 3 subdivisions.

8.2.4 Generation Times

By comparison to a multi-block method, there are fewer manual interactions required from

the user with the use of the developed morphing strategy (Figure 8.3). Due to the automatic
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nature of the mesh-morphing strategy, a user is only required to set the parameters, ensure input

data is valid and run the operation. The first step of the mesh-morphing strategy is to generate

centrelines from the template and target, or pre-existing data can be used. However, there

is currently no built-in method to check the generated centrelines are valid representations

of the geometry, such as being too short. Therefore, they can be generated by the strategy

automatically then validated by the operator before executing the remainder of the mesh-

morphing strategy. This strategy has been summarised in Figure 8.3a. In contrast, the multi-

block method requires several stages of decision-making and experience of the intricacies of how

the tool creates hexahedral meshes. The most demanding aspects of this tool is understanding

how to create multi-block grids, where to manually position their vertices and why to position

them at regions close to the surface, to appreciate what effect this will have on a generated

hexahedral mesh. The less demanding aspect is the choice of element size or subdivision scheme.

However, this can still cause an invalid mesh to be generated and therefore is not always a

straightforward aspect of the method. The steps required to use the employed multi-block

method has been summarised in Figure 8.3b.

Due to the differences of the user-interaction requirements and positioning in their software de-

velopment cycles, it is difficult to accurately assess and compare the speed of the methods. The

multi-block method has a graphical user interface (GUI) which not only allows these interactions

but enables a user to view the immediate consequences of these choices. The mesh-morphing

strategy is still in the early prototype phases and does not have a GUI. Due to not having

undergone end-stage development and finalisation, it would be difficult to navigate for someone

either not well-versed in the test applications or not familiar to a command shell environment

and the necessary helper-functions required to visualise and intuitively operate the strategy.

The speed of the mesh-morphing algorithm was assessed based on how the finalised version

would operate. Centreline computation times were included, however, required adjustments

were reported but not accumulated into the final time which can be automated (Chapter 3).

As described in Section 3.2, the finalised version of the centreline generation algorithm will be

fully automated and not require manual adjustments to address short length issues. The speed

of the multi-block method has been measured from the point geometries have been imported to

the point where a valid mesh of adequate element density has been exported. Times acquired

from generating the morphed and multi-block meshes were used to determine an estimation
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Mesh-Morphing Strategy

(a)

Mulit-Block Method

(b)

Figure 8.3: Procedural comparisons between (a) an automatic mesh-morphing strategy and
(b) a semi-automatic multi-block method. Automatic processes shown in green and operator

required processes shown in purple.

of how long each would typically take to operate for meniscus geometries. The times for the

mesh-morphing strategy have been measured to the millisecond, and the multi-block method

to the second.
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8.3 Results

8.3.1 Generation Times

The mesh-morphing strategy generated each mesh with greater speed than the multi-block

method (Table 8.2 and Figure 8.4). Additionally, the morphing strategy was able to generate

meshes with a more consistent and predictable time-frame, unlike the multi-block method.

Table 8.2: Comparison of the average, standard deviation, minimum and maximum generation
times between the mesh-morphing strategy and multi-block method

Generation Times (seconds)
Avg. ± Std. Min. Max.

Morphed Meshes 24.82±0.56 23.87 25.97
Multi-Block Meshes 1586±1994 279 8040

All the morphed meshes were generated quite fast, in under 26 seconds. The majority of multi-

block meshes (75%) were generated within 23 minutes. However, two meshes took over an hour

and 45 minutes with one of them taking 2 hours and 14 minutes. The shortest generation time

amongst the multi-block meshes was 4 minutes and 39 seconds. The standard deviation was

roughly half a second for the morphing strategy, compared to over half an hour for the multi-

block method. Consequently, there was a lower variance between generation times for the mesh-

morphing strategy than the multi-block method. This was further supported by the bimodal

distribution for the multi-block meshes (Figure 8.4d). It was more challenging to produce

some geometries in a timely manner than others. Common features for geometries that took

over 25 minutes included: surface and shape irregularities, thin-regions (extrusions) and tapered

horns. In contrast, the morphed meshes had approximately a perfect normal distribution, where

the deviations could be attributed to differences in target mesh vertex densities (Figure 8.4c).

The number of target vertices had an effect on the time taken to generate each hexahedral

mesh (Figure 8.5a). Longer computation times were observed when the quantity of target

vertices increased. Overall, the mesh-morphing strategy had a computational complexity that

was slightly more O(logN) than O(N). Unlike the mesh-morphing strategy, the generation

times for the multi-block method were not affected by the number of target vertices but by

particular features (Figure 8.5b).
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Full-Range of Generation Times

(a)

Generation Times Under 30 Seconds

(b)

Mesh-Morphing Generation Times Histogram

(c)

Multi-Block Generation Times Histogram

(d)

Figure 8.4: Mesh generation times for (a,b) individual geometries and the distribution of times
for the (c) morphed and (d) multi-block meshes

8.3.2 Surface Error Analysis

Lower surface errors were achieved using the multi-block method compared to the morphing

strategy (Table 8.3 and Figure 8.6). All multi-block meshes had lower RMSEs than the mor-

phed meshes (Figure 8.6a). Additionally, the multi-blocks meshes achieved lower maximum

surface errors than the morphed meshes (Figure 8.6b). Meshes derived from both methods had

reasonably consistent surface errors with respect to the RMSE, which showed little variation.

This was evident from the small standard deviations and were similar between methods.

The mesh-morphing strategy generated a large proportion of meshes (75%) with RMSEs below

0.96 mm. Additionally, the most common RMSE range was 0.8-0.9 mm, representing 60% of the
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Mesh-Morphing Strategy

(a)

Multi-Block Method

(b)

Figure 8.5: Comparison of the number of target vertices against the time taken to generate
each hexahedral mesh for the (a) mesh-morphing strategy and (b) multi-block method

Table 8.3: Comparison of the average, standard deviation, minimum and maximum surface
errors between the mesh-morphing strategy and multi-block method

RMSE (mm) Max. Error (mm)
Avg. ± Std. Min. Max. Avg. ± Std. Min. Max.

Morphed Meshes 0.916±0.073 0.833 1.111 2.887±0.532 2.154 3.885
Multi-Block Meshes 0.193±0.069 0.099 0.356 1.318±0.432 0.524 2.231

geometry cases (Figure 8.6c). For the multi-block meshes, 75% had their RMSEs below 0.273

mm. Also, the most frequent RMSE range was between 0.15-0.25 mm, which represented 50%

of the geometries (Figure 8.6d). The majority of morphed meshes (75%) had a maximum

surface error below 3.30 mm. In contrast, 75% of the multi-block meshes had a maximum

surface error below 1.60 mm. Additionally, the maximum surface error histogram shows that

75% of the multi-block meshes had a maximum surface error range of 1-2 mm (Figure 8.6f).

The RMSE and maximum surface error histograms for the multi-block method were more nor-

mally distributed than the corresponding morphed mesh histograms indicating the multi-block

method was more robust for a range of meniscus geometries. For the morphing strategy, the

histograms showed a similar and strong positive skewness indicating the mesh-morphing strat-

egy was challenged more by particular meniscus geometries. Common features for geometries

with high surface errors were: surface and shape irregularities, thin-regions (extrusions) and

tapered horns. These are the same features that negatively affected the generation times for

the multi-block method.
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Full-Range of RMSEs

(a)

Maximum Surface Errors

(b)

Mesh-Morphing RMSE Histogram

(c)

Multi-Block RMSE Histogram

(d)

Mesh-Morphing Max. Surface Error Histogram

(e)

Multi-Block Max. Surface Error Histogram

(f)

Figure 8.6: Surface errors for (a,b) individual geometries and associated distributions for the
(c,e) morphed and (d,f) multi-block meshes
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The majority of morphed meshes (80%) had a slightly larger volume than the multi-block

meshes, which always underestimated the target mesh volume (Table 8.4 and Figure 8.7).

Table 8.4: Comparison of the average, standard deviation, minimum and maximum absolute
volume errors between the mesh-morphing strategy and multi-block method

Absolute Volume
Error (%)

Avg. ± Std. Min. Max.

Morphed Meshes 4.31±3.73 0.04 15.0
Multi-Block Meshes 3.05±0.87 1.56 4.89

(a) (b)

Figure 8.7: (a) Mesh volume comparison between morphed, multi-block and target meshes,
(b) target volume difference for each morphed and multi-block mesh

8.3.3 Mesh-Quality Analysis

The mesh-morphing strategy produced higher quality meshes for the majority of meniscus

geometries (Table 8.5 and Figure 8.8). Very low-quality elements (J̃ < 0.1), which are the

most likely to cause problems during the numerical solution of the finite element equations,

are far more numerous in the multi-block meshes (Table 8.5 and Figure 8.8a). Only two

morphed meshes contained very low-quality elements compared to 19/20 for the multi-block

meshes (Figure 8.8a). For 75% of the multi-block meshes, the quantity of very low-quality

elements were below 1.67%. The one multi-block mesh that had zero very low-quality elements

was derived from a meniscus geometry with a very block-like shape (LM 05).

Low-quality elements (J̃ < 0.5) are less likely to cause problems for finite-element simulations

than very low-quality elements, but are still undesirable and ideally should be limited. The

mesh-morphing strategy was able to generate fewer low-quality elements for 80% of the meniscus
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Table 8.5: Comparison of the average, standard deviation, minimum and maximum
percentage of very low and low-quality elements between the mesh-morphing strategy and

multi-block method

Very Low-Quality Low-Quality
Elements (%) Elements (%)

Avg. ± Std. Min. Max. Avg. ± Std. Min. Max.

Morphed Meshes 0.04±0.12 0.00 0.50 5.86±1.16 4.75 9.00
Multi-Block Meshes 1.11±0.60 0.00 2.08 9.35±2.57 4.75 12.92

Very Low-Quality Elements (J̃ < 0.1)

(a)

Low-Quality Elements (J̃ < 0.5)

(b)

Mesh-Morphing Low-Quality Elements Histogram

(c)

Multi-Block Low-Quality Elements Histogram

(d)

Figure 8.8: The number of (a) very low and (b) low-quality elements for individual geometries
and the low-quality element distributions for the (c) morphed and (d) multi-block meshes

geometries (Figure 8.8b). The percentage of low-quality elements for 75% of the morphed and

multi-block meshes were below 6.67% and 11.17%, respectively. Four multi-block meshes (20%)

that contained fewer low-quality elements than the corresponding morphed meshes were derived

from block-like shapes (LM 05, LM 06, MM 06 and MM 07). These meshes caused the low-
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quality histogram for the multi-block meshes to have a bimodal distribution (Figure 8.8d).

This indicated that the processing of these four block-like meshes was different to the other

geometries.

8.3.4 Finite Element Analysis

Convergence

All 40 simulations derived from this investigation converged. The convergence rates for the

morphed mesh simulations were much faster than the multi-block simulations (Table 8.6 and

Figure 8.9). Also, the convergence rates were more variable and less predictable for the multi-

block simulations. This was evident by a standard deviation of 19 minutes compared to 5

minutes for the morphed mesh simulations.

Table 8.6: Comparison of the average, standard deviation, minimum and maximum
convergence times between the mesh-morphing strategy and multi-block method

Convergence Times
(HH:MM)

Avg. ± Std. Min. Max.

Morphed Meshes 00:13±00:05 00:08 00:34
Multi-Block Meshes 00:40±00:19 00:20 01:27

(a) (b)

Figure 8.9: (a) Individual and (b) overall convergence times for simulations derived from the
morphed and multi-block meshes

Contact Area

The difference between the contact areas derived from the morphed and multi-block mesh simu-

lations were quite large (Table 8.7 and Figure 8.10). Additionally, the percentage differences
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were larger on the tibial cartilage than the femoral cartilage. The majority of percentage dif-

ferences were less than 33% for both the tibial and femoral cartilage (Figures 8.10e-8.10f).

Contact area differences were more variable on the tibial cartilage than femoral (Table 8.7).

Table 8.7: Comparison of the average, standard deviation, minimum and maximum absolute
contact area differences between the mesh-morphing strategy and multi-block method

Absolute Contact Absolute Contact
Area Difference (%) Area Difference (mm2)

Avg. ± Std. Min. Max. Avg. ± Std. Min. Max.

Tibial 35.16±35.66 1.40 128.19 31.65±25.01 1.41 82.23
Femoral 20.74±15.65 0.71 61.85 25.43±16.62 1.01 50.18

The largest contact area difference on the tibial cartilage was from the simulation with LM 24,

which also had the largest total difference (128%). For the femoral cartilage, the largest differ-

ence was from the simulation with MM 07 (62%). In addition to the simulation with LM 24,

another simulation with a total difference over 100% was the simulation with LM 14 (115%).

The majority of contact area differences derived from the morphed mesh simulations were larger

(positive) than the corresponding multi-block simulations.

8.3.5 Detailed Analysis

Ten geometries were used to provide a more detailed, both qualitative and quantitative, analysis

of the strategy performance. All performance metrics from the 20 geometries are available in

Appendix B.

Generation Times

Variations in geometric features did not appear to have an effect on the processing speed of the

mesh-morphing strategy. For multi-block method, the presence of particular geometric features

had the most significant impact on the generations times.

Geometries MM 03 and MM 04 had both an irregular surface and thin-regions showing signs of

extrusion. These two meshes took the longest time to generate and were much longer than the

others for the multi-block method. Irregular surfaces presented difficulties for the multi-block

method, where manual placement of vertices were required around surface irregularities and

caused the procedure to become error-prone. The simpler multi-block structures that would be

sufficient for more regular meniscus geometries were inadequate for geometries with irregular

surfaces, tapered-regions and thin-regions.
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Tibial Cartilage

(a)

Femoral Cartilage

(b)

(c) (d)

(e) (f)

Figure 8.10: The contact areas for individual simulations on the (a) tibial and (b) femoral
cartilage. The absolute contact area differences (c-d) and distributions (e-f) for the morphed

mesh simulations on the (c,e) tibial and (b,f) femoral cartilage, respectively
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Surface Error

For each method, there were particular geometric features that caused higher surface errors

than others. The highest surface errors associated with the mesh-morphing strategy were located

around larger features that became smoothed and rounded, causing higher errors in large regions

of the geometry. For the multi-block method, features that cause higher surface errors were more

subtle and smaller due to the greater overall surface-fit.

The mesh-morphing strategy imparted a smoothing and rounding effect to the overall geometry

of the menisci and caused features to become less defined, producing higher overall surface

errors in the process. The morphed meshes tended to show this effect and high surface errors

in three main regions: (1) concave surfaces, (2) angular features and (3) thin features (Figure

8.11). Due to the smoothing and rounding effect, the morphed meshes were generally thicker

and slightly larger than the target geometry. The highest surface errors were found on the

superior surface in the medial region of the meniscus where the geometry was most concave

(Figure 8.11a-8.11b). Additionally, concave regions of the geometries outside the superior

medial area exhibited larger surface errors. Compared to the target geometries, these regions

in the morphed meshes were less concave. Angular features were often located at the corners of

horn-attachments and geometric irregularities. The corners of the horn-attachment sites often

showed higher surface errors, especially where they had been clipped and had a sharp contrast

between the boundaries of curved and flat surfaces (Figure 8.11c). Additionally, large-scale

surface to small-scale geometric irregularities posed a similar difficulty and showed surface errors

similar to the corners of the horn-attachment sites (Figure 8.11d-8.11e). Another feature that

caused higher surface errors were thin-regions and extrusions, which were often more rounded,

larger and slightly receded than the target geometry (Figure 8.11f).

The multi-block method caused higher surface errors in curved and irregular meniscus ge-

ometries, which did not lend themselves to block definitions that enable the creation of more

angular and faceted geometries in the derived meshes. The multi-block meshes tended to be

more faceted and cropped small rounded and irregular features. Higher surface errors for the

multi-block meshes occurred from three aspects: (1) irregular features (e.g. undulations and

protrusions), (2) curved geometric edges and (3) multi-block artefacts/defects (Figure 8.12).

When partially captured, these features became sharper or point-like due to being defined by

a small number of elements and lacked the smoothness defined by the target geometry. Where
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Superior Surface

(a)

Inferior Surface

(b)

Horn-Attachment Corner

(c)

Irregular Protrusion

(d)

Thin Wedge [A]

(e)

Thin Wedge [B]

(f)

Figure 8.11: Regions and features of the target geometries which caused (a,c-f) higher and (b)
lower surface errors for the morphed meshes (blue=lower surface error; red=higher surface

error)

both curved edges and irregular features existed, the surface errors were exacerbated and ap-

peared to compound into larger overall errors. The multi-block method sometimes imparted

particular artefacts or defects where vertices of a hexahedral mesh, which were automatically

generated from the sub-division and meshing process, appeared to slip from the surface. These

regions formed dents in the surface of a hexahedral mesh and caused surface errors in these

regions. These dents have occurred on the rims of the meniscus geometry between differently

curved surfaces and created highly angular concave features in the derived meshes (Figure

8.12f).

Mesh-Quality

There were several geometric features where low and high-quality elements commonly occurred

for each method. Meshes derived from the mesh-morphing strategy had higher-quality elements

towards regions with higher curvature. The multi-block meshes had higher-quality elements in
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Surface Undulations

(a)

Irregular Protrusion [A]

(b)

Irregular Protrusion [B]

(c)

Curved Edge

(d)

Horn-Attachment Corner

(e)

Multi-Block Defect

(f)

Figure 8.12: Regions and features of the target geometries which caused high surface errors for
the multi-block meshes (blue=lower surface error; red=higher surface error)

regions with less curvature. Meshes from both methods had lower-quality elements in areas

where there was a sharp change in curvature between different regions. For all the meshes, the

singularity and edge regions of the original template or multi-block structure caused the lowest

quality regions and affected both methods similarly (Figure 8.13-8.14).

The external element-quality of the morphed meshes were generally affected by five geometric

aspects: (1) mesh singularities, (2) concave surfaces, (3) flat and convex surfaces, (4) horn-

attachments and (5) thin regions (Figure 8.13). The highest quality regions were within

close proximity to concave surfaces. Regions towards the horn-attachments tended to have less

curvature than the medial regions and had lower-quality elements. A mesh-morphing specific

element-quality issue occurred near some of the thin sections, where the elements appeared

‘pinched’ or squeezed into a relatively narrow area, causing lower quality elements than the

surrounding (Figure 8.13d-8.13e). The wedge region of the morphed meshes were not affected

by low-quality elements to the same degree as multi-block meshes.
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Superior Surface

(a)

Inferior Surface

(b)

Singularities

(c)

Pinched Region [A]

(d)

Pinched Region [B]

(e)

Bulk Elements

(f)

Figure 8.13: Regions and features of the morphed meshes depicting variations of higher and
lower quality elements (blue=lower element-quality; red=higher element-quality)

The external element-quality of the multi-block meshes were affected by six aspects: (1) mesh

singularities, (2) multi-block structure, (3) concave surfaces, (4) convex surfaces, (5) wedge

region and (6) multi-block defects/artefacts (Figure 8.14). The inherent multi-block structure

used by the method to decompose the target geometry into hexahedral elements imparted

a patchy element quality. In comparison, the element-quality for the morphed meshes were

continuous and smooth (Figure 8.13a-8.13b). The multi-block method tended to favor flat-

to-convex surfaces over concave with respect to element-quality, which was the opposite for the

morphed meshes. The inferior surfaces had the highest element qualities, whereas the superior

surfaces were lower (Figure 8.14a-8.14b). The elements between the singularity edges within

the wedge regions often had lower-quality elements (Figure 8.14c). A multi-block based

artefact or defect which had previously been described to cause large surface errors, led to

irregularly shaped elements (Figure 8.14d-8.14e). These defects were automatically created

during the subdivision process and little control could be dictated over them without defining
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Superior Surface

(a)

Inferior Surface

(b)

Wedge Region

(c)

Multi-Block Defect [A]

(d)

Multi-Block Defect [B]

(e)

Bulk Elements

(f)

Figure 8.14: Regions and features of the multi-block meshes depicting variations of higher and
lower quality elements (blue=lower element-quality; red=higher element-quality)

additional multi-blocks and re-positioning the multi-block vertices.

The quality of the internal (bulk) elements showed similarities to the variabilities observed for

the external elements between morphed and multi-block meshes. For both methods, the bulk

elements were affected by the quality of the external elements surrounding them. However, the

morphed meshes tended to have a higher quality bulk than the multi-block meshes.

Finite Element Analysis

Overall, the general contact pressure distributions between mesh pairs were similar and distin-

guishable from other geometries (Figure 8.15). However, the maximum contact pressure could

be dissimilar with respect to the value or location. Although, where differences in the maxi-

mum contact pressure occurred, a high-value concentration was often found in the corresponding

max-value location.

The simulations with the morphed and multi-block meshes exhibited four common differences:
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1. Smoothness and continuity of contact pressure distributions:

The morphed mesh contact pressure distributions were smoother and more continuous

than those derived from the corresponding multi-block simulations (Figures 8.15). The

contact pressures were often higher in the discontinuous patches than the corresponding

regions in the morphed mesh simulations, which had lower values in smoother and more

continuous distributions.

2. Magnitude of contact pressure towards thin-regions or extrusions:

Morphed meshes derived from target geometries which exhibited thin-regions or extruded

features did not show the same contact pressure that were observed in the corresponding

multi-block simulations (Figures 8.15c-8.15d). In the morphed mesh simulations, the

contact pressures were higher and more concentrated within a smaller area for these

regions.

3. The shape and position of the horn-attachments:

The horn-attachments - defined between the terminal vertices of the template mesh and

location on the tibial plateau - could have a different shape and attachment location

relative to the smoother morphed geometry (Figure 8.16).

4. Maximum contact pressure locations:

Multi-block meshes often had point-like artefacts that were not present or as distinctive in

the corresponding target geometries. For the multi-block simulations, maximum contact

pressure values were often located within close proximity to a protrusion or point-like

artefact. This was the main cause for location differences between corresponding simu-

lations.

The contact area distributions between pairs were distinguishable from other simulations (Figure

8.17). The greater roundness and size of morphed meshes were observable, as well as the greater

continuity of the contact areas.
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Figure 8.15: Contact pressure distributions of simulation pairs, comparing morphed meshes
with the lowest (a-b) and highest (c-d) RMSE. Contact pressure differences around

thin-regions highlighted

(a) (b)

Figure 8.16: Different shaped horn-attachments between some of the (a) morphed and (b)
multi-block meshes
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Figure 8.17: Contact area distributions of simulation pairs, comparing the lowest (a-b) and
highest (c-d) contact area difference
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8.4 Discussion

8.4.1 Generation Times

The mesh-morphing strategy generated hexahedral meshes much faster than the multi-block

method, due to being automated and requiring no user-interaction. The speed differences for

the strategy were dependent on the composition of algorithms and how they processed target

geometries with a different number of vertices. In contrast, the generation times for the multi-

block method were strongly dependent on the user-interaction. The differences between the

targets’ geometric features had the strongest impact on the user-interaction and generation

times.

The generation times for the strategy became slightly longer with increasing target vertices

(Nt). This was most likely due to the increased computational cost of ray-casting a hexahedral

mesh’s surfaces vertices with respect to the target geometry. The ray-casting algorithm had

a complexity of O(Nt), when morphing template meshes with the same number of vertices

(Section 3.4.1) [447]. The majority of computational time was spent in an iteration loop,

where this algorithm was used at each iteration and was the most expensive looped algorithm

(Algorithm 3.1). Consequently, a proportion of this complexity was transferred to the overall

processing time for the strategy.

8.4.2 Surface Error

The morphed meshes had a higher surface error than the multi-block meshes. The degree

of surface errors were linked to the level of constraints in the meshing processes, which were

used to determine target correspondences. The mesh-morphing strategy used an automatic

unconstrained technique, whereas, the multi-block method required the manual definition of

hard constraints. The automatic unconstrained approach led to a faster process, at the expense

of a less well-defined surface. The main surface losses for the strategy were due to the smoothing

and rounding of the geometry, which caused a reduced representation of particular features with

respect to the target geometry.

The smoothing and rounding effects could be attributed to two aspects of the morphing strategy:

(1) use of no constraints and (2) a large number of smoothing operations. The morphing strategy

did not constrain any surface vertices and instead relied on an unconstrained technique, defined
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by upper and lower energy barriers. Additionally, the surface elements of the morphed meshes

(quadrilateral meshes) were continually smoothed during several iterations of the morphing

process. The spring energy of the quadrilateral meshes were minimised to estimate surface

correspondences, instead of using constraints which could lead to distortions [295]. During the

smoothing of the quadrilateral elements, the unconstrained technique would prevent collapse

or excessive size reductions when interaction occurred with the target surface. Essentially, the

target surface defined a lower energy bound that the quadrilateral mesh could not traverse.

Over several iterations, the quadrilateral mesh would untangle, shrink and wrap around the

target geometry until the energy of the system was minimised. The aim of this approach was

to allow the morphed quadrilateral meshes to unfold between the upper (expanded target) and

lower (original target) boundaries representing a thin membrane around the target geometry.

Furthermore, the lack of constraints were designed to allow the vertices the freedom to move

within this membrane and unfold whilst representing the global structure of the target geometry.

However, it was evident from the morphed meshes that the shrinking effect of the quadrilateral

mesh occurred globally. Consequently, during numerous iterations a mesh geometry became

rounder with some features becoming less defined and concavity reduced for some regions.

Also, this process was responsible for the horn-attachment recession observed for some of the

geometries, as the vertices were given perhaps too much freedom to move.

Some of these issues likely arose from two aspects of the upper bound energy: (1) enforcement

and (2) smoothness. First, there was no upper boundary enforcement preventing the quadrilat-

eral mesh traversing that energy barrier, as it was incorrectly assumed the mesh would shrink

everywhere locally. Second, the upper boundary was generated by expanding the original tar-

get geometry along the surface normals, instead of simply increasing the size. This would have

caused some surface smoothing and rounding, that may have been imparted onto the morphed

mesh. One potential way to counteract the first effect would be to apply the same rule for

the upper boundary and force vertices to remain within the thin membrane if moved outside

the slightly expanded target surface. However, this would have still led to the smoothing of

quadrilateral elements into a rounded surface, that was sometimes unfavourable for hexahe-

dral elements during the linear elastic transformation step. Also, this may not have prevented

the requirement for final quadrilateral smoothing. The rounding effect was more significant

when smoothing a quadrilateral mesh than a hexahedral mesh. For a hexahedral mesh, the

internal vertices would act like soft constraints, anchoring the surface to the volume. There
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was an example of a similar technique that successfully achieved spherical parameterisations of

triangular meshes derived from highly irregular geometries [295]. However, the unconstrained

technique in the morphing strategy attempted the opposite, parameterise to a base domain with

a highly irregular geometry, a meniscus. Using this type of technique with a highly irregular

base domain and without an upper bound being enforced did not provide the same degree of

parameterisation.

The pinching effect of the mesh-morphing strategy was caused by the centreline-based projection

algorithm. For some geometries with very thin wedge regions where the centreline was relatively

far from the surface, the initial projection would cause a high degree of inversion. This was

likely due to the projection vectors becoming crossed at the surface of the very thin-regions,

which could have been worsened by the curved shape of the centreline projecting these vectors

inwards towards these thin sections. The mesh-morphing strategy had difficulties removing

these inversions and led to concentrations of vertices within these regions.

8.4.3 Mesh-Quality

The morphed meshes had fewer very low and low-quality elements than the multi-block meshes.

The main cause was due to the differences in the topology of the meshes. In particular, the

position, quantity and magnitude (valency) of vertex and edge singularities, where the mor-

phed meshes had more strategically placed singularities and fewer corresponding edges. As

observed in case C (Chapter 7), singularities significantly affected the shape changes of a ge-

ometry following smoothing operations. Additionally, this affected the quality of the elements

in different geometry configurations. For example, elements neighboring singularities and their

edges were highly susceptible to having low-quality values, if they were far from an element

ideal. In this investigation, all the lowest quality elements were neighboring these singularities

and edges. Due to the morphed meshes having fewer surface singularities, this feature of the

topology alone allowed the meshes to have fewer low-quality elements. Singularities can both

positively and negatively affect mesh-quality, depending on the proportion, location and va-

lence [39, 192, 197, 448]. If used appropriately, singularities enable a mesh to better capture a

geometry [39,197]. Despite global quality improvements singularities can have on meshes, they

can reduce the quality locally to neighboring elements [448]. Also, singularities can have an

effect on the mesh smoothing, where poorer quality elements can be induced or exacerbated

locally, regardless of global improvements [448]. Another cause for morphed meshes having
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fewer poor-quality elements was features being smoothed and rounded that would have caused

elements to deviate from their ideal shape. As the multi-block meshes had retained a signif-

icant proportion of those features and had a lower surface error, this would have imparted

greater distortion to the elements causing them to have lower qualities. Irregularities negatively

affect element quality [32,193,237], especially without topologies tailored to a particular geom-

etry [448]. Meshes with a more optimal topology provide greater accommodation for geometric

irregularities [197, 449]. This is an aspect where the appropriate inclusion of singularities can

lead to improved mesh-quality globally [197]. This would also explain the greater quality of the

morphed meshes, as the template meshes provided a level of topology tailoring, whereas the

multi-block meshes did not.

Another cause for the higher-quality meshes was the higher-quality bulk elements than the multi-

block meshes, as well as higher quality elements in the bulk than on the surface. In contrast,

the multi-block meshes had a graded quality from higher-quality surfaces (flat to convex) to

lower (concave). The higher-quality bulk elements for the morphed meshes were most likely

caused from two aspects of the mesh-morphing strategy. First, the surface was optimised to

the target geometry separately to the volume elements, undergoing several smoothing iterations

in an attempt to both unfold the initial projection and collapse the projection onto the target

surface. Following this step, the volume elements were interpolated and then the hexahedral

meshes were smoothed. From these two steps in the mesh-morphing strategy, in particular the

final smoothing step, the shape of the bulk elements were more adequately optimised than the

surface elements.

The morphed meshes had higher quality elements on the concave surface and lower qualities on

the flat to convex surfaces. However, this was the opposite situation for the multi-block meshes.

The cause for this was again due to the differences in topology, as well as the curvature differences

with respect to the target geometries. This further supports observations from case C (Chapter

7). Consequently, the differences in the location and quantity of the singularities played a key

role in constraining the shape of hexahedral elements to particular regions of the geometries

and associated curvatures. The singularity structure of the morphed meshes favoured regions

of geometries with higher curvature, which also caused the lower quality elements observed

towards the horn-attachments. These regions of the horn-attachments had lower curvature and

were relatively flat compared to the middle regions of the meniscus geometries. The cause for
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lower quality elements around the horn-attachments in the morphed meshes was due to the

smoothing of the quadrilateral mesh in the surface unfolding step. It was observed that the

quadrilateral vertices that would become singularity corners in the hexahedral meshes were

smoothed away from the idealistic shape of a hexahedral element, causing them to be highly

distorted when transferring them to that structure during the linear elastic transformation step.

Furthermore, these regions tended to collapse onto the target geometry faster than other regions,

therefore these elements did not have the same degree of shape optimisation that would occur

elsewhere.

8.4.4 Limitations

There were several limitations of this study that require mention. Regarding the FE simulation,

the simplicity of the design may not have allowed the effect of some geometric differences to

be revealed. These simplicities could have been overcome by using patient-specific tibial and

femoral cartilages, as well as a full condyle imparting flexion. This could have determined the

effects of patient-specific geometry mismatches and pushed the simulations to the limits of con-

vergence. However, the FE simulations used are consistent with models published in literature

and are able to highlight key biomechanical changes resulting from mesh differences. Another

aspect of the FE simulations were that they had a sub-optimal mesh-resolution (Section 4.5.7).

However, as the goal was to compare simulations with meshes derived from the mesh-morphing

strategy and multi-block method, they had to have to the same resolution. Additionally, the

choice of the idealised femoral and tibial cartilage was designed from a familiarised but not

expert developer of simulations. Although, the shapes of the tissues were consistent to those

observed in literature and provided suitable appropriations of the structures.

With respect to the development of the hexahedral meshes, only one density was investigated.

This was limited by the multi-block method and the difficulties associated with achieving el-

ement numbers higher than what was chosen. Additionally, some of the target geometries

contained artefacts from segmentations that may have been removed for clinical-grade FE mod-

els. Justification for this was to explore a range of geometries, with a variety of features and

acquired from different protocols to determine the overall robustness of each method and how

particular features affect them.

The final limitation arose from the use of the centreline/centreplane-based surface projection
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algorithm to determine the surface errors of the hexahedral meshes. This could cause conflict as

a similar algorithm was used in the mesh-morphing strategy. However, closest-point projection

was found to be insufficient with respect to accuracy and the centreline/centreplane-based

algorithm yielded more realistic results. One issue that may have affected the accuracy of the

surface error calculation, unrelated to measurement method, was that some target geometries

had their horn-attachment sites clipped. The clipping algorithm filled in the removed space with

large triangles, effectively reducing the number of vertices within these regions. Consequently,

the number of sample points for these areas were reduced, which potentially could have been

overcome by subdividing larger triangles into smaller ones to improve the uniformity of the

sample points.

8.4.5 Multi-Block Method as Gold Standard

The multi-block method provided several advantages for the process of developing hexahedral

meshes. It enabled a user to generate high-quality hexahedral meshes with low surfaces errors.

The surface errors were low enough to retain a significant proportion of patient-specificity.

Additionally, operating the tool could be relatively fast depending on the complexity of the

geometry and was reasonably straightforward. However, some practice was required to gain a

particular level of proficiency and in most cases could not be used or learnt immediately, to

create hexahedral meshes of irregular anatomies.

Despite these benefits and being a gold-standard procedure for generating high-quality meshes

of irregular anatomies, the multi-block method might not be the most suitable tool for some

structures, such as the meniscus. There were a number of disadvantages this tool possessed

when considering irregular anatomies like the meniscus. Inherently, there was the inability

to change the topology of the mesh to favor the target geometry. Not all geometries tended

towards block decompositions on the smaller scales and even less on the larger scales. This was

evident when observing the lower quality elements of the multi-block meshes along the wedge

regions of the meniscus, where two edges of the block structure had to be condensed onto a

thin-region that would be best defined by one edge. It was possible to design this topology for

the template of the mesh-morphing strategy, which had comparatively higher-quality elements

in these regions. Additionally, there was a resolution limit to the multi-block method, as it

was difficult to refine the meshes beyond 1200 elements. Perhaps with further practice and

skill this limit could be overcome. However, for some of the meniscus geometries it was a
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challenge achieving 1200 elements. This limit has three consequences for the development of

FE models using this tool. First, it prevents adequate mesh-sensitivity testing through the

inability to enable the determination of mesh suitability for higher resolutions and deriving

those meshes, if required. Second, it increases the difficulty of capturing irregular features

with higher quality elements, that are observed around thin-regions and the wedge region of

the menisci. Third and similarly, the multi-block method can impart ‘sharp’ features from

smoother irregular features due to not having an adequate number of vertices to sample such

regions accurately. Another disadvantage was the rigidity of the tool, which provided limited

control over the general smoothness of the derived hexahedral meshes. The smoothing process

could induce negative Jacobians, preventing adequate representation of the meniscus geometries

at the chosen resolution. This may be improved with further post-processing of the target

geometries prior to operating the multi-block method, such as additional smoothing to ensure

the presence of minimal irregularities.

The multi-block method has been designed to be a general purpose tool and most test cases

of IA-FEMesh use simpler structures, such as bones. This may indicate that the method is

better suited to more regular anatomies. Although, there are examples of use for more complex

geometries and studies outside the development team, such as using it to generate hexahedral

meshes of meniscus anatomies [36]. Other disadvantages include the time requirements, labo-

rious operations and associated artefacts of the method. The interactive procedures can have

large time requirements for some geometries that is not straightforward to predict and requires

repeating several tedious steps to achieve a valid hexahedral mesh. Also, there are the issues

that the multi-block method may impart particular defects, such as the aforementioned denting

effect.

8.4.6 Causes for Key Biomechanical Differences

The differences in contact pressure distributions between mesh pairs were smaller than the

inter-specimen differences. Consequently, simulations from both methods could easily be distin-

guished from those derived from other meniscus geometries. However, the multi-block method

did retain a greater degree of patient-specificity, evident from the lower degree of surface er-

rors. Although, this appeared only to have a significant effect for thin-regions along the wedge,

or possible extrusions, which is an important meniscus pathology and component of knee os-

teoarthritis [79]. In general, with the exception of extrusions, the overall shape of the meniscus
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geometries were captured well by both methods and their corresponding simulations. Addition-

ally, the size of corresponding mesh pairs were very similar, although, slightly larger for the

morphed meshes. This is important as not the shape but size of a meniscus has been found

to be the most sensitive factor to the contact variables [63, 450]. Specifically, where a smaller

meniscus, such as produced by the multi-block method, leads to reduced contact pressure. How-

ever, an adequate geometric representation should still be an objective as the meniscal width

was found to impart some influence [63, 451]. Despite the general similarities of the contact

pressure distributions between mesh pairs, the degree to how much patient-specificity has been

retained was affected by a number of differences associated with each method. At the chosen

mesh resolution, the mesh-morphing strategy and multi-block method imparted key geometrical

differences onto the derived hexahedral meshes that tended to under or over-represent features

of the target geometry, respectively. There were distinct simulation effects associated with some

of the hexahedral mesh differences between each method.

The morphed meshes exhibited three geometry variations that caused simulation differences

with respect to the multi-block meshes. First, the hexahedral meshes had a smoother surface

and had more rounded features, which corresponded to smoother and more continuous contact

pressure distributions than the multi-block meshes. The maximum contact pressures were often

found in the centres of large concentrated regions. This correlates with other FE studies that

have shown the meniscus occupying large continuous regions with the max. pressure location

situated near the centre [18, 76, 154, 418, 452]. Additionally, three studies have shown strong

differences in contact pressure distributions despite using the same open-knee model under

axial compression [18, 150, 452]. The study which had meniscus meshes with greater smooth-

ness and less faceting, due to higher mesh-resolutions, derived more continuous and smoother

contact pressure distributions [18]. However, the morphed meshes achieved this with lower

mesh-resolutions, due to the greater smoothness imparted from the processing of the morphing

strategy. This provides evidence that the simulations with morphed meshes produced more

realistic and accurate results, due to greater similarities to the outcomes of higher resolution

models.

The second geometric variation was a consequence of the morphing strategy not fully capturing

thin-sections or extruded regions of a target geometry. This was caused from the smooth-

ing and rounding of the meniscus geometries. This caused higher contact pressures within a
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smaller concentrated area when comparing these regions to the multi-block mesh simulations.

Also, this aspect caused the greatest localised contact pressure differences of all the features.

In contrast, the most significant global difference was the degree of smoothness and continuous-

ness. Two studies have found slightly different observations regarding extruded menisci with

respect to contact pressure and area [453, 454]. Both found that the contact area decreases

with extrusions but contradict each other regarding the effect of contact pressure. One study

found contact pressure decreases for extrusions [453], which corroborates the results from the

multi-block method. This would confirm that the use of morphed meshes for extruded geome-

tries would induce erroneous contact pressure distributions. However, another study found that

an extrusion has no effect on the contact pressure, which explored four increasingly more ex-

truded geometries [454], compared to one for the other study [453]. This would indicate that

the morphed meshes would not provide incorrect contact pressure distributions. It is clear that

a degree of patient-specificity was lost as a result of the rounding effect on extruded regions.

However, it is difficult to determine how significant this effect was on the biomechanics, due

to the contradictory findings from previous investigations. Additionally, it is also difficult to

determine the nature of contact area reduction with respect to capturing extruded features, as

the contact areas were higher for the majority of morphed mesh simulations. However, morphed

mesh simulations involving potentially extruded menisci showed both increases and decreases in

contact area compared to the multi-block simulations. Interestingly, the majority of morphed

mesh simulations that showed a decrease in contact area did exhibit signs of meniscus extru-

sion. This could indicate that some of the extruded features were captured in the morphed

mesh simulations. However, the reduced contribution to the total contact area would likely be

due to these regions being smoothed, less represented and sometimes ‘pinched’ than purely a

consequence of extrusion biomechanics.

The third geometric variation was caused by recession of the horn-attachments for some of the

geometries, particularly those with a block-like shape. This affected the general shape of the

horn-attachments and where they attached to the meniscus geometry relative to the patient-

specific structure. This may affect the motion and dynamics of the affected menisci, which could

result in changes to the contact pressure distribution. Although, differences in horn-attachments

shape and location reportedly have only a small effect on the contact area and pressure [410].

However, the horn-attachment shape was found to have a significant impact on the degree of

meniscus movement [410]. This could lead to losses in patient-specificity and greater differences
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in dynamic simulations. Although the degree of movement was not measured, large changes in

horn-attachment shape could be alleviated through the manual selection of the terminal vertices

that were used to define the spring elements. This would lose an aspect of automation with

respect to FE model development, at the expense of accuracy, if meniscus movement was a

concern.

Another aspect to consider was that the greater roundness of the morphed meshes sometimes

required slightly different initial conditions. The femoral height was sometimes located at a

higher distance from the tibial cartilage than what was defined for the multi-block simulations.

This was required due to the morphed meshes having a slightly larger and rounder geometry.

Differences in the initial conditions and discretisation between identical models (open-knee)

have been found to yield dissimilar results with respect to the continuousness of contact pressure

distributions [18, 150, 452]. Despite the multi-block and morphed mesh simulations having the

same boundary and loading conditions, the differences in tibial-femoral height may have caused

some dissimilarities. Consequently, using the morphing strategy to develop patient-specific

models could mean differences in congruency that may not occur with the use of the multi-block

method. This could cause problems during the assembly of the individual mesh components

and lead to differences in conformity between the tibial and femoral cartilage meshes.

There were two noteworthy differences between morphed and multi-block meshes with respect

to the simulation process and convergence: (1) simulation time and (2) magnitude of applied

force. All the morphed mesh simulations converged faster than the multi-block simulations. The

majority of morphed mesh simulations completed in at least half the time, and in some cases

almost six times as fast. This was attributed to the greater mesh-quality and smoothness, which

improve convergence for deformation [455] and contact [456] heavy simulations. Additionally,

the morphed mesh simulations were able to converge when subjected to a greater applied force.

During preliminary investigations, the applied force was specified at 1000 N. However, the

multi-block simulations failed to converge at this force and was reduced to accommodate them.

Additionally, the initial force of 1000 N could be considered quite high for a single compartment

compared to other studies [18,19,81,453], therefore was considered a reasonable adjustment.
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8.4.7 Consequences of the Mesh-Morphing Strategy

The mesh-morphing strategy poses several positive and negative consequences for FE model

development and the clinical interpretation of the simulated biomechanics.

Development of Finite Element Models

For the development of FE models, the strategy offers significant advantages over the multi-

block method, particularly with respect to automation. The most profound advantages lie with

the ability to easily scale-up model development with respect to mesh quantity and resolution.

The mesh-morphing strategy is automated and produces hexahedral meshes much faster and

within more consistent time frames than the semi-automatic multi-block method. This can

enable large-scale studies with predictable windows of development. The automated nature of

the process removes rater-biases and rater-drift, and results in consistently shaped hexahedral

meshes. Additionally, it is simpler to increase the mesh resolution of the meniscus meshes

and has associated benefits of improving surface errors and element-qualities (Chapter 7).

Furthermore, this can assist mesh-sensitivity analyses and ensuring the use of convergent meshes

and models.

Another advantage that can aid the automation of FE models is the transference of material

and model definitions from the template design to the morphed meshes. Generally, the template

approach allows greater flexibility and customisation for automating the development of the FE

models. For tissues such as the meniscus, which require anisotropic material properties, the

fibre-orientations can be defined based on the local element structure which will be identical

between template and morphed meshes. For the multi-block method, this has the potential to

change and depends on the construction and orientation of the block structure. Also, due to

the high one-to-one correspondences between the majority of geometries, zonal properties could

be defined for the template and consistently lie in relative regions for the morphed meshes. The

one-to-one correspondences can allow the horn-attachment definitions to be automated, as the

end regions were often in the correct locations and relied on the same vertices for spring element

associations. However, additional checks may be required to prevent inaccurate replication of

patients-specific horn-attachment shapes and dynamics, for some meshes. As the condition may

occasionally arise where morphed vertices of the horn-attachments recess by a large amount

with respect to the original template positions and could require redefinition to lie in locations
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representative of defining springs elements. Although, as discussed, this has a minimal effect

on the contact pressure and area but does affect the motion of the meniscus [410].

The general operation of the mesh-morphing strategy can be applied to any mesh definition,

allowing greater flexibility and control over the mesh topology through template design. This

was particularly beneficial when utilising a template mesh which resembles a general meniscus

geometry with the cross-section resembling a rounded right-angled triangle. If done sensibly

and correctly, appropriate template design can lead to higher quality elements and lower surface

errors (Chapter 7).

The mesh-morphing strategy imparts a rounding effect to the morphed meshes. This has the

tendency of producing less concave curvatures and larger regions in some areas of the geome-

tries. This could lose surface conformity between cartilage meshes and pose difficulties and

inaccuracies when building patient-specific models with respect to congruency and pairing these

conforming structures. However, the trade-off to the rounding effect is that it leads to higher

quality and smoother meshes. This can improve solver convergence, particularly where highly-

irregular features might hinder certain FE models from converging. Also, this could be useful

for preliminary testing of a FE model design, as well as more general and complex studies of

knee joint mechanics which are not entirely focussed on the patient-specificity of menisci.

Biomechanical Interpretation of Finite Element Results

The mesh-morphing strategy has several implications to the accuracy and interpretations of

the simulated biomechanics. One advantage of the morphed meshes is that they produce more

realistic meniscus properties and therefore biomechanics, than the multi-block meshes. This is

evident by the smoother surfaces and more continuous contact pressure distributions derived

from the FE simulations. A key function of the meniscus is to evenly distribute contact pressure

between the femoral and tibial cartilages [78, 457], which the morphed meshes achieve better

than the multi-block meshes. Although the morphed meshes are smoother than their target

meshes, these smoother features are likely more representative of actual meniscus geometries.

The presence of sharp irregular features are often likely the effect of segmentation artefacts

and scanning irregularities [76, 458]. Irregular features are often removed by design during

post-processing via smoothing operators [20, 76, 80, 134, 458]. Consequently, use of the mesh-

morphing strategy could reduce the time taken to acquire meniscus meshes in two ways. First,
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the need to segment, in detail, the naturally smooth contours of the meniscus geometries. Sec-

ond, reduce the amount of post-processing required from a derived meniscus segmentation and

surface representation, when aiming to acquire a smooth structure. Excessive post-processing

and smoothing operations could lose potentially important features. Therefore, the smoothing

process, which was also used to improve the element-quality in the mesh-morphing strategy,

could be consolidated and used once. This would prevent the need for multiple smoothing

operations during the segmentation process, which are required to smooth and remove segmen-

tation artefacts. Another benefit of this aspect is that the strategy can robustly create realistic

meniscus meshes despite the presence of segmentation errors and artefacts.

Additionally, the transition between the horns of a meniscus and the associated attachments

into a tibia show continuous smoothness [459]. The edges do not appear angular and sharp [459],

unlike how they are often represented in FE models, notably due to the clipping of these regions

and simulation using spring elements [18, 150, 418]. When they have not been clipped [19] or

modelled naturally [154], they have shown greater smoothness or the same smooth transitions,

respectively. Even when the target geometries have been clipped, the morphed meshes tend

to create horn-attachment sites that are curved similar to unclipped meniscus geometries [19].

The incorrect representations of menisci having sharp features could lead to erroneous contact

mechanics, particularly when non-zero frictional coefficients are applied. However, contour

irregularities can sometimes be observed on MRI scans, where menisci have become torn [460].

It is difficult to determine what degree of irregularity should be considered appropriate for

pathological menisci. However, based on the evidence and purpose of the menisci, healthy

tissues should be reasonably smooth.

Another concern is that there is a change in some biomechanical aspects when compared to

the gold-standard procedure - the multi-block method. Particularly, the location and value

of the max. contact pressure may be inaccurate. Although, there is evidence that suggests

some of the differences are due to the multi-block method imparting ‘sharp’ defects onto the

hexahedral meshes. Additionally, the meshes derived from the mesh-morphing strategy may not

adequately represent important irregular features that may have been smoothed or rounded,

such as tears and extrusions. Consequently, simulations derived from these meshes may not be

able to accurately determine the effects of torn or extruded menisci. Although, no differences

for potentially torn regions were observed.
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9.1 Introduction

In Chapter 8, it became evident that despite the advantages the mesh-morphing strategy

provided over the multi-block method (e.g. higher mesh-quality and automation), there were

several disadvantages. Specifically, the surface fit was comparatively poor, which led to several

differences in the biomechanics compared to the gold-standard procedure. To overcome these

shortcomings, the mesh-morphing strategy has been optimised with respect to the surface fit.

The optimised mesh-morphing strategy is composed of the same components as the unoptimised

strategy, however they are utilised with a different logic and design (Section 3.8). The new

configuration takes principles from traditional surface parameterisation techniques and applies

them to volumetric meshes. The optimised strategy builds on top of the unoptimised strategy

by using the derived morphed meshes as templates, as they have a high-quality and reason-

ably similar geometry to the target meshes. Consequently, the optimised strategy requires a

performance evaluation similarly conducted for the unoptimised strategy. In this investigation,

the performance of the optimised strategy is compared against the unoptimised strategy and

multi-block method for 20 anatomical meniscus geometries. This is to determine if the op-

timised strategy can improve the surface error whilst maintaining a larger proportion of the

mesh-quality, and if this leads to improved FE simulation accuracy.

Aim: To compare the performance of the optimised mesh-morphing strategy against unopti-

mised strategy and multi-block method

Hypothesis: The optimised mesh-morphing strategy derives meshes with a greater surface fit

with some compromise to the mesh-quality, which provides greater accuracy for FE simulations

Research Questions:

1. Does the optimised mesh-morphing strategy improve the surface fit without significant

loss to the mesh-quality?

2. Does the optimised mesh-morphing strategy improve the accuracy of the FE simulated

biomechanics?
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3. Is the performance of the optimised strategy closer to the multi-block method or the

unoptimised strategy?

Novelty: This investigation builds on the novelty provided in Chapter 8. Specifically, two

aspects of the research in this chapter is novel: (1) the design of the optimised mesh-morphing

strategy, and (2) the developed methodology used to compare and determine an improvement,

with comparisons to a gold-standard procedure. Although the individual analyses are not novel,

their use to determine if an optimisation to a mesh-generation procedure leads to performance

improvements has not been employed.

9.2 Methodology

The entire methodology from Chapter 8 has been replicated, with the addition of two met-

rics: (1) overall performance, and (2) qualitative similarity to the unoptimised strategy and

multi-block method. In summary, the performance from morphing the same 20 targets meshes

were compared to the unoptimised strategy and multi-block method (Section 8.2.1). The

generation times (Section 8.2.4), surface error metrics (Section 4.1), mesh-quality metrics

(Section 4.2), finite element metrics (Section 4.5) and descriptive analyses were used to

evaluate the performance and key differences to the other methods. Each template mesh had

the same topology but different shape, which was more specific to each target geometry, as they

were based on the corresponding morphed meshes from the unoptimised strategy.

9.2.1 Overall Performance

To compare the overall performance between the three methods, the percentage of low-quality

elements was plot against the RMSE.

Ideally, for low surface errors and few low-quality elements, the points should be as close to

zero as possible. These favourable meshes would have a higher performance and be located

in the lower-left quadrant (Figure 9.1). Meshes that performed the most poorly would be

situated in the upper-right quadrant, which would indicate high surface errors and numerous

low-quality elements. The upper-left and lower-right quadrants would indicate meshes which

only performed well with respect to either the mesh-quality or surface error, respectively. This

allowed the determination of whether potential improvements were made by the optimised

strategy compared to the unoptimised strategy. Also, to determine how well the optimised
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strategy performed compared to the multi-block method. This would be visually clear by the

presence of any overlapping regions, as well as the degree of such overlap.

Poorer Mesh-Quality

Better Mesh-Quality

Better Surface Error

Poorer Surface Error

Better Overall 

Performance

Poorer Overall 

Performance

(a)

Figure 9.1: An example of a mesh-quality vs. surface error comparison with quadrants
highlighting differences in performance

Outliers for the surface error and mesh-quality datasets were identified using two methods, the

Z-score and interquartile range (IQR) [461, 462]. An outlier was only selected if both methods

identified them.

9.2.2 Qualitative Analysis of Finite Element Outcomes

The contact pressure distribution were characterised with two descriptors: smoothness vs patch-

iness of the distribution, and connectivity (continuous vs discontinuous distributions).

9.3 Results

9.3.1 Surface Error Analysis

In general, the optimised meshes had lower surface errors than the unoptimised meshes (Table

9.1 and Figure 9.2). The optimisation improved the surface fit for all but one case. However,

the optimised surface fit still fell short of what could be achieved using the much more time-

consuming multi-block method (Figures 9.2a-9.2b). Also, the surface errors for the optimised

250



Chapter 9. Case E: Performance Optimisation 9.3. Results

strategy were more variable and less consistent compared to both the unoptimised strategy and

multi-block method (Table 9.1). The mesh that had higher values for the optimised strategy

(MM 21) showed the highest degree of shrinking.

Table 9.1: Comparison of the average, standard deviation, minimum and maximum surface
errors between the three methods

RMSE (mm) Max. Error (mm)
Avg. ± Std. Min. Max. Avg. ± Std. Min. Max.

Unopt. Morphed Meshes 0.916±0.073 0.833 1.111 2.887±0.532 2.154 3.885
Multi-Block Meshes 0.193±0.069 0.099 0.356 1.318±0.432 0.524 2.231

Opt. Morphed Meshes 0.410±0.241 0.168 1.239 1.940±0.728 1.101 4.063

Full-Range of RMSEs

(a)

Maximum Surface Errors

(b)

Figure 9.2: RMSE (a) and maximum surface errors (b) for individual geometries

The majority of meshes had reasonably good and competitive surface errors compared to the

multi-block method. Large surface errors were observed for geometries which presented common

features: (1) large very thin-regions, (2) a narrow or tubular shape and (3) a block-like geometry.

However, not all geometries with these features incurred the same degree of surface errors.

All the optimised meshes had a smaller volume than the target geometries, like the multi-block

meshes, and had the greatest degree of error overall (Table 9.2 and Figure 9.3). Also, each

mesh was smaller than the corresponding unoptimised and multi-block meshes. The optimised

meshes had only 15% of meshes closer to the target than the unoptimised meshes and none

compared to the multi-block meshes. Also, the medial meniscus meshes (−10.83%) suffered a

greater degree of volumetric loss than lateral meniscus meshes (−6.94%).
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Table 9.2: Comparison of the average, standard deviation, minimum and maximum absolute
volume errors between the three methods

Absolute Volume
Error (%)

Avg. ± Std. Min. Max.

Unopt. Morphed Meshes 4.31±3.73 0.04 15.0
Opt. Morphed Meshes 8.88±4.96 3.18 22.11

Multi-Block Meshes 3.05±0.87 1.56 4.89

(a) (b)

Figure 9.3: (a) Mesh volume comparison between the unoptimised, optimised, multi-block and
target meshes, (b) target volume difference for each mesh

9.3.2 Generation Times

The optimised strategy generated each mesh with a slower speed than the unoptimised strategy

(Figure 9.4b). On average, the optimised strategy increased the total generation time by 30

s. Also, the length of time to perform the optimisation in isolation took on average 5 s longer

than the unoptimised strategy. However, the optimised strategy outperformed the multi-block

method for each corresponding mesh and by two orders of magnitude on average (Figure 9.4a

and Table 9.3). There was a clear distinction between the total generation times for the

three methods, evident from the lack of overlap between minimum and maximum values. The

optimisation of the strategy increased the sensitivity to the number of target vertices (Figures

9.4c-9.4d). Consequently, the optimised strategy appeared to approach an O(N) algorithm.
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Full-Range of Generation Times

(a)

Generation Times Under 1 Minute

(b)

Optimised Mesh-Morphing Strategy

(c)

Unoptimised Mesh-Morphing Strategy

(d)

Figure 9.4: Mesh generation times for (a,b) individual geometries. Comparison of the number
of target vertices against the time taken to generate each hexahedral mesh for the (c)

optimised and (d) unoptimised mesh-morphing strategies
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Table 9.3: Comparison of the average, standard deviation, minimum and maximum generation
times between the three methods

Generation Times (seconds)
Avg. ± Std. Min. Max.

[Total] Opt. Morphed Meshes 54.83±4.11 48.17 59.64
[Isolated] Opt. Morphed Meshes 30.02±3.69 24.31 34.35

Multi-Block Meshes 1586±1994 279 8040
Unopt. Morphed Meshes 24.82±0.56 23.87 25.97

9.3.3 Mesh-Quality Analysis

Each optimised mesh had a lower quality than the corresponding unoptimised meshes (Table

9.4, and Figure 9.5). However, the optimised strategy produced slightly higher quality meshes

than the multi-block method. These findings were evident based on the percentage of very

low- and low-quality elements on average and between corresponding mesh pairs. Overall, the

optimised meshes had a slightly higher proportion of low-quality elements than the multi-block

meshes, but generally fewer between corresponding mesh pairs. (Table 9.4 and Figures 9.5b).

Table 9.4: Comparison of the average, standard deviation, minimum and maximum
percentage of very low and low-quality elements between the three methods

Very Low-Quality Low-Quality
Elements (%) Elements (%)

Avg. ± Std. Min. Max. Avg. ± Std. Min. Max.

Unopt. Morphed Meshes 0.04±0.12 0.00 0.50 5.86±1.16 4.75 9.00
Multi-Block Meshes 1.11±0.60 0.00 2.08 9.35±2.57 4.75 12.92

Opt. Morphed Meshes 0.85±0.61 0.08 2.17 11.70±6.19 2.75 32.17

Very Low-Quality Elements (J̃ < 0.1)

(a)

Low-Quality Elements (J̃ < 0.5)

(b)

Figure 9.5: The number of (a) very low and (b) low-quality elements for individual geometries
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9.3.4 Overall Performance

Overall, the multi-block method consistently performed the best with respect to mesh-quality

and surface error, which occupied the favorable lower-left quadrant (Figure 9.6). The unopti-

mised strategy performed the worst, achieving higher surface errors despite consistently achiev-

ing smaller proportions of low-quality elements, which caused a dense cluster in the lower-right

quadrant. In general, the optimised strategy lied between the two of them, but closer to the

multi-block method, situated more broadly in the lower-left quadrant. Additionally, several

optimised meshes occupied the region enclosed by the multi-block method (Figure 9.6b). This

highlighted a degree of overlap between the performance of the optimised strategy and the

multi-block method. In contrast, no overlap occurred between the unoptimised strategy and

the multi-block method, due to the larger differences in surface errors.

Another aspect these plots highlighted was the robustness of each method at producing a

consistent result. The unoptimised strategy was the most robust and occupied the smallest

region with the greatest density. This was strongly influenced by the strategy consistently

producing small proportions of low-quality elements. This was followed by the multi-block

method, which provided a larger region. The range of surface errors was roughly proportional

to the range of low-quality elements. The least robust method was the optimised strategy, which

had larger ranges for both the surface error and mesh-quality. Consequently, it was the least

dense and occupied the largest area. Additionally, two outliers were identified for the optimised

strategy, whereas none were for the other two methods.

(a) (b)

Figure 9.6: Comparison of the root-mean-square error against number of low-quality elements
for each method: (a) without enclosing area and (b) with enclosing area, excluding outliers
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9.3.5 Finite Element Analysis

Convergence

All 20 simulations with the optimised morphed meshes converged. The convergence rates for

the optimised mesh simulations were slightly faster than those with multi-block meshes and

slower than those with unoptimised meshes (Table 9.5 and Figure 9.7). Additionally, the

convergence times were within a similar range to the multi-block simulations.

Table 9.5: Comparison of the average, standard deviation, minimum and maximum
convergence times between the three methods

Convergence Times
(HH:MM)

Avg. ± Std. Min. Max.

Unopt. Morphed Meshes 00:13±00:05 00:08 00:34
Opt. Morphed Meshes 00:38±00:19 00:16 01:28

Multi-Block Meshes 00:40±00:19 00:20 01:27

(a) (b)

Figure 9.7: (a) Individual and (b) overall convergence times for simulations derived from
unoptimised, optimised and multi-block meshes

Contact Area

The contact area differences, with respect to the multi-block mesh simulations, for the optimised

mesh simulations were much smaller than those with unoptimised meshes (Table 9.6 and

Figure 9.8). Also, the tibial cartilage had higher differences and variability than the femoral

cartilage, like the unoptimised simulations.
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Table 9.6: Comparison of the average, standard deviation, minimum and maximum absolute
contact area differences between the multi-block method and the unoptimised and optimised

mesh-morphing strategies

Method Interface
Absolute Contact Absolute Contact

Area Difference (%) Area Difference (mm2)
Avg. ± Std. Min. Max. Avg. ± Std. Min. Max.

Unopt. Tibial 35.16±35.66 1.40 128.19 31.65±25.01 1.41 82.23
Strategy Femoral 20.74±15.65 0.71 61.85 25.43±16.62 1.01 50.18

Opt. Tibial 17.94±15.04 0.01 56.63 17.48±12.22 0.01 47.01
Strategy Femoral 12.31±10.37 1.35 35.59 16.19±13.76 2.14 46.80

Tibial Cartilage

(a)

Femoral Cartilage

(b)

(c) (d)

Figure 9.8: The contact areas for individual simulations on the (a) tibial and (b) femoral
cartilage. The absolute contact area differences (c-d) for the unoptimised and optimised

simulations
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9.3.6 Detailed Analysis

Surface Error

In general, the optimised meshes were more patient-specific than the unoptimised meshes. They

retained a greater proportion of geometric features and irregularities. Consequently, they ap-

peared more similar to the multi-block meshes and target geometries than the unoptimised

meshes. Also, the rounding and smoothing effect was much smaller for the optimised strat-

egy than the unoptimised strategy. However, the optimised meshes appeared smoother than

the multi-block meshes. The optimised strategy did not discriminate concave surfaces, evident

by the similar degree of errors on both the superior and inferior surfaces, unlike the unopti-

mised strategy (Figures 9.9a-9.9b). Also, the pinching effect did not occur for any of the

derived meshes. However, a shrinking effect was observed for the optimised strategy, that was

not present in the unoptimised strategy. Some regions which negatively affected the optimised

meshes showed similar surface errors in the unoptimised morphed but to a much lower degree.

The highest surface errors associated with the optimised mesh-morphing strategy were due to a

shrinking effect. The shrinking effect caused some optimised meshes to have a smaller overall size

than the corresponding target geometries. These errors occurred most frequently and severely

around the horn-attachment sites and the peripheral rims of the meniscus geometries (Figures

9.9b-9.9c). Also, as protrusions often occurred around the peripheral rims, surface errors could

be caused in these locations (Figures 9.9d-9.9e). In some cases, thin-regions along the wedge

were also affected (Figure 9.9f). The rounding effect of the unoptimised morphed meshes

affected similar regions.

Regardless of the degree of shrinking, the main surface losses occurred for three aspects: (1)

horn-attachment corners, (2) surface irregularities and (3) thin-regions (when present). The

highest surface errors for the optimised meshes were from horn-attachment corners, which repre-

sented the most angular regions of a meniscus geometry, particularly if the geometry was clipped

at these regions (Figure 9.9c). To a lesser degree than the horn-attachment corners, surface

irregularities caused noticeable surface errors (Figure 9.9a). Previously, horn-attachment cor-

ners and geometric irregularities caused a similar degree of error and were categorised under

angular features. The horn-attachment corners were still the most dominant cause of higher

surface errors but generally lower than the unoptimised meshes. Geometric irregularities were
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Figure 9.9: Regions and features of the target geometries which caused surface error variations
for the optimised meshes (blue=lower surface error; red=higher surface error)

less of a problem and more localised to surface irregularities, similar to the multi-block method.

As a result, geometric irregularities were reasonably well-captured but small-scale surface irreg-

ularities, such as protrusions, became slightly rounded (small-scale rounding effect) (Figures

9.9d-9.9e). For meshes with a lower degree of shrinking, these features were less rounded with

the larger surface errors concentrated towards the tip of the features. Where a higher degree

shrinking occurred, the rounding effect was greater, which flattened small features and caused

the errors to encompass a larger proportion of the features.

Thin-regions and possible extrusions were reasonably well-captured in the optimised meshes and

generally had lower surface errors than the unoptimised meshes. Although, for some geometries

these regions caused noticeable surface errors, particularly MM 21 and MM 24. The higher sur-

face errors in these regions were associated with two aspects. These regions became (1) slightly

rounded and (2) sometimes slightly distorted. The local rounding effect of thin-regions was

much smaller than what was observed for the unoptimised morphed meshes, but still evident.

259



9.3. Results Chapter 9. Case E: Performance Optimisation

Mesh-Quality

The same aspects that affected the mesh-quality for the unoptimised meshes contributed to

similar variations for the optimised meshes. However, the negative effects of these aspects were

more detrimental to the mesh-quality of the optimised meshes. The external elements located

within concave regions commonly represented some of the highest quality elements. The mesh

singularities tended to be the most common cause of lower quality elements, both internally and

externally. Also, the external elements had a slightly lower quality than the internal elements.

One noticeable difference between the two mesh-morphing strategies was their response to the

degree of surface concavity on a target geometry. Additionally, there appeared to be a proximity

effect, that caused lower quality elements to impart their lower quality to neighboring regions.

The shrinking effect tended to have a positive effect on the mesh-quality.

The external element-quality for the optimised morphed meshes were generally affected by five

aspects: (1) concave regions, (2) singularities, (3) convex regions, (4) horn-attachment sites

and (5) thin-regions along a meniscus wedge. The highest quality external elements were found

within the concave regions, which was the same for the unoptimised morphed meshes (Figures

9.10a-9.10b). The higher quality elements were also found towards the medial regions of the

superior surfaces, where the highest concavity was observed amongst the target geometries.

Common regions with lower quality elements were often found along mesh singularities. How-

ever, lower quality elements were not always found continuously along the singularities (Figure

9.10d). Some of the lowest quality elements have been commonly observed at horn-attachment

corners, where the valence of the singularities were lowest.

Convex regions have been found to have slightly lower quality elements. This was observed for

each mesh, where the inferior (convex) surface had a slightly lower quality than the superior

(concave) surface. However, lower quality elements were typically found towards the peripheral

rims of both these surfaces (Figure 9.10e). Overall, the optimised strategy discriminated mesh-

quality differences between concave and convex surfaces less than the unoptimised strategy.

Additionally, lower quality elements were found towards horn-attachments, which also had

higher relative convexities than other regions. The higher convexities were due to curvature

changes at the terminal regions of the horn-attachment sites.

The quality of elements towards the horn-attachments tended to be lower than other global re-
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Figure 9.10: Regions and features of the optimised meshes depicting variations of higher and
lower quality elements (blue=lower element-quality; red=higher element-quality)

gions (Figure 9.10a). The horn-attachment sites had a high concentration of singularities and

convexity. Additionally, the lowest valence singularities occupied these regions at the corners.

Also, they exhibited a combination of the four aforementioned aspects detrimental to element

quality: (1) singularities, (2) convex regions, (3) proximity effects and (4) residual effects.

Thin-regions along the wedge, or possible extrusions, also tended to have lower quality elements,

when present (Figure 9.10c). These often occurred in regions of the wedge that were thin and

had a jagged contour.

In general, the internal elements had a slightly higher quality than the external elements (Figure

9.10f). Although, the internal element quality was susceptible to proximity effects, similar to

the external elements. Specifically, internal elements adjacent to lower-quality external ele-

ments could have a slightly lower-quality compared to those adjacent to higher-quality external

elements. This could cause a slightly graded appearance within cross-sections. Due to the in-
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ferior surface having a slightly lower quality than the superior, the gradations existed between

these to surfaces, transitioning from lower to higher element qualities in the inferior-superior

direction. Additionally, internal elements adjacent to internal mesh singularities tended to have

lower-quality elements than other internal elements within a given inferior-superior slice. The

effect of internal mesh singularities was also observed for the unoptimised meshes. However,

the unoptimised meshes were not as affected by the proximity effect of external elements. Con-

sequently, the internal elements had a higher quality than the optimised meshes, with a more

pronounced contrast to the external elements.

Finite Element Analysis

The optimised mesh simulations appeared to lie between the differences observed for the multi-

block and unoptimised mesh simulations (Figures 9.11, 9.12 and 9.14). However, the general

contact pressure distributions were more similar between the simulations with the multi-block

and optimised meshes (Figure 9.12). The differences were less distinct, and these pairs were

more distinguishable than the simulations derived from the unoptimised morphed meshes. The

higher overall contact pressure was due to larger continuous concentrations of contact pressures

that had lower values or discontinuities in the multi-block simulations. These regions were

smoother, more continuous and occupied a larger surface area in the optimised mesh simulations,

but less than the unoptimised simulations.

There were three notable differences between the simulations with optimised meshes to the

multi-block and unoptimised meshes: (1) contact pressure distributions, (2) capture of thin-

regions and (3) horn-attachment geometry.

The optimised mesh simulations captured features more similar to the multi-block simulations

than the unoptimised mesh simulations. This was evident by similar discontinuities in the con-

tact pressure distributions (Figures 9.12a-9.12c). However, there were fewer discontinuities

and less patchiness than the multi-block simulations but more than the unoptimised mesh sim-

ulations, which were more continuous and smooth (Figure 9.11). There was a slight degree

of smoothness within concentrations but generally leaned closer to the multi-block simulations

than those with unoptimised meshes. Also, there were higher value concentrations within the

discontinuities than observed for the multi-block simulations, which were more diffuse.

There were strong similarities between the multi-block and optimised mesh simulations with
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(a)

(b)

Figure 9.11: Contact pressure descriptor ranges for the (a) smoothness-to-patchiness and (b)
continuousness-to-discontinuousness qualitative measures, comparing where the optimised

mesh simulations lie compared to those derived from the unoptimised and multi-block meshes

respect to capturing thin-regions of a meniscus (Figures 9.12e-9.12f). The thin-regions along

the wedge, or possible signs of extrusion, tended to have higher contact pressure values in the un-

optimised mesh simulations. However, the contact pressure values were slightly higher compared

to the multi-block simulations, where they were slightly more diffuse and less concentrated.

The shape of the horn-attachments were generally more similar to the multi-block meshes

than the unoptimised meshes. However, the optimised meshes differed in two ways, the shape

and size. The horn-attachment shape of the multi-block meshes approximated a rectangle.

In contrast, the optimised meshes had oval-shaped horn-attachment sites, like the unoptimised

meshes. Also, there was a smaller degree of recession that occurred for the majority of optimised

meshes when compared to the unoptimised meshes. Although, not the shape but terminal

vertices tended to be more narrow than those defined on the multi-block meshes (Figure 9.13).

Between simulation triplets, the differences observed for the contact pressure distributions were

comparable to the contact area distributions (Figure 9.14). Quantitative analysis of the con-

tact area differences showed the optimised simulations were closer to the multi-block simulations

(Section 9.3.5). The qualitative analysis indicated these smaller differences translated into

contact area distributions with more similar shaped meniscus impressions.
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Figure 9.12: Contact pressure distributions of simulation triplets, comparing optimised meshes
with the lowest (a-c) and highest (d-f) RMSE. Contact pressure differences around

thin-regions highlighted

(a) (b)

Figure 9.13: Different shaped horn-attachments between some of the (a) optimised and (b)
multi-block meshes
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Figure 9.14: Contact area distributions of simulation triplets, comparing optimised mesh
simulations with the lowest (a-c) and highest (d-f) contact area difference

9.4 Discussion

9.4.1 Surface Error

The optimisation process improved several aspects of the surface fit. Improvements to the

patient-specificity of the meniscus meshes was one of the main benefits. This was the result

of greater feature preservation, in particular: thin-regions, convex/concave surfaces and the

horn-attachments. Also, the optimisation was able to eliminate the pinching effect observed

for some of the potentially extruded anatomies. Despite the greater patient-specificity, the

optimised strategy still imparted an adequate level of smoothing and rounding (e.g. removed

surface irregularities), which prevented angular and faceted meshes. The main cause for these

improvements were due to the use of soft-constraints instead of none. Also, there were two

effects that had an impact on the surface fit: (1) a reduced smoothing and rounding effect and
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(2) shrinking effect.

The fact that the smoothing and rounding effect was reduced provided several benefits com-

pared to the unoptimised and multi-block meshes. Overall, it allowed the optimised meshes to

represent the best geometric attributes from the unoptimised and multi-block meshes. Com-

pared to the multi-block meshes, they had smoother and more meniscus-like geometries with

fewer surface irregularities and no faceted or angular features. In addition, they had greater

patient-specificity, feature capture and overall shape similarity with reduced losses around horn-

attachments and thin-regions compared to the unoptimised meshes.

The shrinking effect was the most detrimental with respect to the degree of surface and vol-

umetric errors. The cause for the shrinking effect was simple and likely preventable with a

modification to the strategy. It was caused as the hexahedral meshes were smoothed until there

were no non-positive Jacobians. Consequently, if meshes had numerous non-positive Jacobians

following the morphing optimisation, they shrunk proportional to the difficulty of removing

them, as more smoothing iterations were required. One potential solution to this problem

would be to improve the global mesh-quality by removing distorted elements individually. In

the literature, there was an example of such an algorithm that was used to improve the quality

of hexahedral meshes generated for tissues of the tibio-femoral joint, including the meniscus [40].

The algorithm removed the distortion of individual elements by changing the shape and angles

to more closely resemble an idealised hexahedral element. Essentially, the vertices of an element

were adjusted to yield angles that were closer to 90◦. Another cause for the greater shrinking

effect observed for some geometries was likely due to the use of a sub-optimal template mesh. In

particular, this appeared to have the strongest effect on meshes with block-like shapes, tubular

geometries and those with very thin features. An optimally designed topology has been observed

to provide a greater surface fit for irregular geometries [39,197,449]. Also, providing a template

mesh with a closer initial shape has been shown to minimise the distortion induced during a

morphing operation [46, 463, 464]. However, there was no correlation between the shrinking

effects and the degree of change observed for the contact variables. For example, the medial

meshes had greater surface and volume errors but more precise predictions of max. contact

pressure locations and contact area overall. The volume errors correlated with the qualitative

observations of meshes becoming smaller and shrunken. However, the volume errors were quite

different to those caused by the unoptimised strategy, evident by an overall smaller RMSE for
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the optimisation. Specifically, the optimised meshes were smaller versions of the target geome-

tries, whereas the unoptimised meshes were rounder versions. Based on this knowledge, the

problem could potentially be solved quite easily, by simply increasing the size of the optimised

meshes to match the volume of the target meshes. A fairly straightforward algorithm could be

developed using an optimisation loop between the use of a linear scale-operator and the volume

difference. The derived meshes would have the same mesh-quality, but the surface errors would

likely be reduced and the volume errors would be zero.

9.4.2 Generation Times

The generation times were around 30 s slower for almost a 50% reduction to the surface errors.

The slower times were inevitable due to the optimised strategy relying on the generation of

a more accurate (surface fit) template mesh from the unoptimised strategy. However, the

optimisation was still orders of magnitude faster than the multi-block method, with a more

comparable surface fit. The complexity of the iteration loop was increased the most by the

presence of the linear elastic transformation operator, which only occurred once at the end of

the unoptimised strategy. The most demanding aspect of the transformation was associated

with the solution to the stiffness matrix of the finite element method [465]. The second cause

for increase was due to smoothing more vertices from a volumetric mesh each iteration, instead

of the less numerous surface vertices.

There were two key consequences of the complexity increase, besides an increase to generation

times. First, the optimisation was more sensitive to the number of target vertices. One potential

solution to overcome this issue for larger meshes would be to decimate the target mesh to reduce

the number of vertices. The majority of the optimisation could be performed on the decimated

mesh and then followed by a few iterations on the original target mesh at the end, if necessary

(i.e. using a hierarchical approach). Hierarchical-based morphing strategies have led to reduced

computational complexity (e.g. faster generation times) [237] and reduced element distortion

[292]. However, this would be more of an issue if morphing other anatomies, particularly those

with a larger geometry and a high degree of irregularity. The second consequence would be

associated with any parameter adjustments of the optimised strategy. Each optimised iteration

required more time than an unoptimised iteration. The unoptimised strategy could perform 20

iterations in less than time than 15 optimised iterations (Figure 3.1). Therefore, if a greater

global minimisation of a template mesh onto a target geometry was required, an increase to
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the number of iterations would need to be specified. This would lead to increasingly longer

computations compared to similar modifications for the unoptimised strategy.

9.4.3 Mesh-Quality

The optimisation process improved surface fitting but at the expense of reduced mesh-quality.

However, this was not by design but as a consequence of the changes made to reduce the

surface errors. Typically, the improved surface fit of the irregular geometries caused greater

distortion and element irregularity. These finding correlate with observations from the literature

[32, 193, 237]. Additionally, the combination of proximity and residual effects played a role

in reducing the mesh-quality of the optimised meshes. Consequently, the optimised mesh-

quality was only slightly better than the multi-block meshes. Despite the overall reduction to

the mesh-quality, some aspects have improved locally. Most notably, the pinching effect has

now been alleviated, as well as some of the lower quality elements that were associated with

those regions. However, when present in the unoptimised meshes, they did impart a stronger

residual effect than other regions with lower quality elements in the corresponding optimised

meshes. Another improvement was the presence of higher quality singularities, due to the

greater global minimisation with respect to the target geometries. For the unoptimised and

multi-block meshes, the singularities consistently represented lower quality elements, whereas

some optimised meshes had singularities with a high mesh-quality.

There were three effects that caused key differences to the mesh-quality: (1) the proximity

effect, (2) the minimisation effect and (3) the residual effect. The proximity effect was caused

by incremental smoothing, which followed each surface projection and volumetric transformation

iteration. This gradually propagated higher and lower element qualities to their neighbours.

There were several consequences of this effect. Most critically, this effect lowered the quality

of elements near low and very low-quality elements, but also initiated the opposite effect for

higher quality elements. This led to smooth and continuous transitions between lower and

higher quality elements. Consequently, the proximity effect led to a greater number of lower

quality elements, as these regions would encompass a larger proportion of the geometry than

observed for the unoptimised meshes. In particular, there were more numerous lower quality

elements around singularities and horn-attachments. Additionally, it led to the reduced quality

of internal elements, as the lower qualities propagated internally. This mechanism was likely

more sensitive to the low-resolution meshes. Therefore, the effect could have been smaller for
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higher resolution meshes, as their would have been more layers to propagate through.

The minimisation effect defined the difference between the degree of singularity alignment with

corresponding anatomical locations and the associated element-quality improvements. Specif-

ically, the energy minimisation process could align the singularities with the natural edges of

the meniscus geometries. This led to higher quality singularities than observed for the un-

optimised and multi-block meshes. Some geometries likely required more iterations to reach

their global minima, which contributed to the larger mesh-quality variance. In addition, the

lack of iterations required to reach a global minimum would explain why singularities around

horn-attachments, that had not lined-up, had a lower quality. This knowledge could be used

to design templates more optimal for particular geometries. For example, lower quality periph-

eral edges could potentially be improved with an additional edge singularity along the rim, to

capture higher curvature edges.

Despite several smoothing operations during each iteration and at the end of the optimisation,

lower quality regions present in the unoptimised meshes remained or became worst. This obser-

vation was defined as the residual effect. This made it difficult to determine the pure effects from

the optimisation, as some aspects were likely carried over from the unoptimised strategy. The

main cause of the residual effect was due to the presence of lower quality elements in the unopti-

mised meshes. These were most frequently observed around convex surfaces, horn-attachments

and pinched regions. Another cause for this effect was due to the optimised strategy inducing

greater distortion and irregularities both globally and locally from the improved surface fit. In

addition, the initial projection step in the optimisation imparted a large amount of distortion,

which worsened the quality of most elements. The residual effect not only led to a global mesh-

quality reduction but exacerbated lower quality elements locally. This highlighted an important

factor, that the optimised mesh-quality was dependent on the unoptimised mesh-quality. More-

over, if an unoptimised mesh suffered flaws, such as the pinching effect, the overall performance

of the optimised mesh would not be as favourable. Furthermore, these flaws could potentially

induce a greater shrinking effect, which was observed for MM 21. The sensitivity of the opti-

mised strategy to the quality of the unoptimised meshes increased performance variabilities of

the derived meshes. Specifically, the variable template quality combined with a potentially sub-

optimal number of minimisation steps led to a greater mesh-quality variance between optimised

meshes. Also, as discussed previously, this in turn impacted the surface and volume errors as
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it influenced the magnitude of the shrinking effect.

The optimised mesh derived from LM 06 had not only the lowest mesh-quality but was a

statistical outlier. The were several reasons this mesh performed worse than the others. The

strongest impact was due to the fact there were no non-positive Jacobians, following the iteration

loop. The last three negative Jacobians were removed during the 15th (last) iteration. Therefore,

no final smoothing step was required to complete the optimisation. Consequently, there was

minimal improvement to the element quality, as there was no additional smoothing, other than

what was performed at the end of each iteration. Also, there was a large proportion of lower

quality elements but none were low enough to be classified as inverted. This could easily be

solved by specifying a different criterion for the final smoothing step. The criterion could be

defined based on a maximum desired number of low and/or very low-quality elements, but would

likely lead to a greater shrinking effect for some meshes. Another aspect that contributed to

the lower quality was the block-like shape of the target. All four block-like geometries caused

performance issues for both the unoptimised and optimised strategies. Therefore, the residual

effect would have been a dependent factor for the performance of these meshes. Additionally,

LM 06 had a combination of stronger residual effects and thinner regions than the other meshes.

The residual effects for LM 06 were most pronounced at the horn-attachments and singularities.

The lower mesh-quality associated with block-like meshes were likely due to the use of a template

mesh with a sub-optimal topology and singularity design for their shape, as discussed in relation

to their surface error. Specifically, the template mesh was designed for more meniscus-shaped

geometries, whereas the multi-block structure (deformed box) was more appropriate to match

their 12 edges and 6 faces. In line with this, previous research has shown that the mesh-

quality and surface error for geometrically irregular meshes could be improved with a more

appropriate topological design [197,448,449]. Overall, the block-like meshes contributed to the

larger variance associated with the proportions of low and very low-quality elements.

9.4.4 Consequences of the Optimised Strategy

There were several benefits and potential challenges associated with the use of the optimised

strategy for developing finite element models of the tibio-femoral joint.

270



Chapter 9. Case E: Performance Optimisation 9.4. Discussion

Challenges

There are three challenges associated with the use of the optimised meshes: (1) geometry

shrinkage, (2) horn-attachment shape and (3) reduced convergence. The most impactful chal-

lenge could be the shrinking of the geometries. However, this could be overcome through a

size-optimisation algorithm, as discussed previously. This could either ensure the original vol-

ume matches a target mesh, or ensure it is only slightly smaller to establish an adequate pairing

between interfacing anatomies, e.g. the tibial and femoral cartilage. For some geometries, a

large degree of shrinking would cause a loss of conformity between tibial and femoral cartilage

meshes, if not resized. This would be similar to the use of unoptimised meshes but on the other

end of the spectrum and through a different mechanism. Although the unoptimised meshes were

sometimes too large, they would not be as easily solved with resizing due to the rounded ge-

ometry. In fact, resizing an unoptimised mesh to match the volumes would likely cause greater

surface errors. Consequently, despite this aspect representing an important challenge, in all

likelihood it could easily be resolved and lead to greater conformity. For meshes with a high

degree of shrinkage, simulations derived directly from them without adjustment could cause an

underestimation of contact pressures [63, 450]. Observations of lower contact pressures could

lead to clinicians misdiagnosing knee pathologies, as increased contact pressures often indicate

particular problems, such as osteoarthritis and degeneration [22, 154, 456]. Two investigations

have identified a trend between decreasing meniscus size and a decrease to the associated con-

tact pressure [63, 450]. Also, one of those studies found the shape of a meniscus to have less of

an effect, when explored using statistical shape modelling (SSM) [63]. However, these findings

contradict the observed results for the optimised meshes. The results from this chapter instead

showed decreased sizes did not affect the contact variables. In contrast, the shape changes had

more of an impact, as the smaller optimised meshes were more precise than the rounder shapes

of the unoptimised meshes. However, there was a key difference between the shape changes

for the current investigation and the one based on a statistical shape model. The unoptimised

meshes were simply smoother and rounder versions of a target, whereas in the SSM study the

variations were due to isolated population differences, like meniscal width [63]. Additionally, the

size differences for those investigations were based on a geometry with the same shape [63,450].

However, this was not the case for the optimised and unoptimised meshes, which had both

different shapes and sizes. Also, there was a subtle difference between the initial conditions
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of the optimised and multi-block mesh simulations compared to those derived from the unop-

timised meshes. Simulation adjustments were not required for the optimised meshes, despite

some shrinking, unlike the unoptimised meshes. Specifically, the optimised simulations used

the same initial alignment between the tibial and femoral cartilage meshes as the multi-block

simulations.

In general, the horn-attachments were better captured by the optimised strategy than the

unoptimised strategy, but were still slightly different to multi-block meshes. Overall, the horn-

attachment shapes showed less recession and were more similar to the multi-block meshes.

However, the terminal vertices did show some contraction and recession. The shape of horn-

attachments has been shown not to be a majorly sensitive factor [410]. However, if concerned,

a user could solve this problem by simply re-selecting the terminal vertices of interest. This

would lose an automatable aspect inherent from a template-based development approach. Nev-

ertheless, this would be required for the multi-block meshes. Therefore, this would not lead to

slower FE model development times than current practices.

The last challenge was related to the loss of convergence benefits that were associated with

the unoptimised meshes. The optimised simulations were solved only slightly faster on average

than the multi-block meshes. This was most likely due to the reduced geometric smoothness

of the meshes and a greater proportion of lower quality elements. From the results, it could be

inferred that the unoptimised meshes would be able to withstand more demanding (complex)

simulations but provide lower precision. On the other hand, the opposite could be inferred for

the optimised and multi-block meshes. Additionally, the optimised meshes could potentially be

more convergent than the multi-block meshes, based on the evidence presented in this thesis.

Specifically, the optimised meshes had a slightly greater mesh-quality and smoothness, as well

as slightly lower convergence times. In the literature, these two factors have been shown to

improve the convergence for demanding simulations, which endure large deformations [455] and

contact mechanics [456].

Precision Improvements for Finite Element Analysis

There were four benefits the optimised strategy provided with respect to precision improvements

for finite element analyses. First, the lower surface errors and overall shape similarities have

contributed to more precise simulations, despite some meshes having relatively larger volumetric
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losses. Interestingly, there was no correlation between higher or lower surface and volumetric

errors with respect to the contact variable differences between the optimised meshes. However,

the contact variable differences were larger for the unoptimised simulations, which did have

higher surface errors. For the precision of the simulations, shape similarity was a more impor-

tant factor than size similarity, between unoptimised and optimised simulations. The lack of

correlation between simulation precision against the surface and volume errors, compared to

the multi-block meshes, was highlighted by the following examples:

1. [Example A] LM 01 (very close RMSE and max. error):

• One of the most comparable optimised meshes to a corresponding multi-block mesh

• Had a contact area difference of ∼5% (both interfaces)

• Lower difference than the corresponding unoptimised simulation

2. [Example B] LM 14 (very close RMSE and a lower max. error):

• Another comparably close optimised mesh

• Had a contact area difference of ∼20-40% (between interfaces)

• Still lower than the corresponding unoptimised simulation

3. [Example C] MM 21 (highest RMSE and max. error):

• The most shrunk mesh and was the least comparable

• Had a contact area difference of ∼2-8% (between interfaces)

• Lower difference than the corresponding unoptimised simulation

The first two examples highlighted that lower surface errors for the optimised meshes did not

always translate to lower contact variable differences. The third example highlighted that

despite large errors, the contact variables were still closer than the corresponding unoptimised

simulation. In fact, the combined tibial and femoral contact area difference was less than both

the unoptimised tibial and femoral differences in isolation. Additionally, the contact variable

differences were remarkably smaller for MM 21 than other optimised meshes with much lower

surface errors (example C vs. example B). Essentially, large surface errors and shrinking did

not cause a greater loss of contact area or typically indicate larger contact variable differences.
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The second improvement was that the contact variables showed greater patient-specificity and

overall closer similarities to the multi-block simulations. This was evident by greater contact

area precision and higher similarities between max. contact pressure locations. In summary,

the contact area difference was almost 50% lower compared to the unoptimised simulations.

Additionally, a much larger proportion of simulations had max. contact pressure values in

either the same or similar locations.

The third improvement was the greater capture of the anatomical and geometric features.

Notably, the simulations were closer representations of the original target geometries than the

unoptimised meshes. This was most evident by the shape of the impressions, which were more

similar to the target geometry. Also, the contact pressure distributions were more similar to the

multi-block simulations. Not only were the global patterns more similar but the local features

as well. This was most apparent by the capture of thin-features, which were generally more

similar to the multi-block simulations than those derived from the unoptimised meshes.

The fourth aspect was an overall benefit compared to both the unoptimised and multi-block

simulations. Specifically, the optimised simulations struck a good balance between the best

simulation attributes derived from the unoptimised and multi-block meshes. Compared to

the unoptimised simulations, the more patient-specific geometries led to more precise contact

variables. When compared to the multi-block simulations, the smoother and rounder geometries

with fewer irregularities led to more meniscus-like behaviours. Most notably, there were fewer

discontinuities and less patchiness in contact pressure and area distributions.

9.5 Conclusions

In conclusion, there were several benefits the optimised strategy provided for the development

of finite element models of a tibio-femoral joint. When compared to the unoptimised strategy,

the optimised strategy provided greater conformity, patient-specificity and simulation precision.

When considering the multi-block method, the optimised strategy was able to derive comparable

meshes with much greater ease and speed. Moreover, all meshes were generated automatically

and rapidly, in under 60 s. The greater overall similarities led to improved simulation precision

and more comparable contact variables. Finally, the optimised meshes provided more realistic

meniscus-like behaviours than the multi-block meshes.
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10 Discussion

10.1 Summary

The development of high-quality patient-specific models can aid in both understanding, diag-

nosing and treating a large variety of pathologies, which impact society and are expensive to

health-care systems. Consequently, there has been widespread development of patient-specific

models for a variety of anatomies and joints [4, 466]. However, it is a challenging endeavour to

develop high-quality models of this nature, as they require several laborious and time-consuming

steps. Additionally, proving the validity of these models are non-trivial tasks.

One approach to solving this problem has been to use mesh-morphing techniques. There have

been several strategies developed around the core problem of mesh generation for a range of

anatomies (Table 2.8). However, it can be difficult to determine the suitability of a mesh-

morphing strategy and the consequences of their use in clinical applications. Furthermore, core

information pertaining to which areas of a strategy cause performance losses are rarely assessed

with respect to simulation accuracy. Therefore, it is not always clear how to improve and

optimise a strategy for particular applications.

The aims of this research were to develop novel automatic mesh-morphing strategies and

methodologies. The methodologies were used to determine the robustness and performance

of the mesh-morphing strategies used to develop biomedical FE models. The strategies were

evaluated on meniscus anatomies that provide a range of complexity and challenges, which

would be applicable to a wide variety of anatomies. Additionally, the methodologies provide a

framework of how to assess general mesh-morphing strategies, and mesh-generation procedures,

with a focus on practical considerations and goals. Consequently, the core aims of the thesis

were achieved (Section 1.2).

The sensitivity assessments in Chapters 5-7 aided the selection of the most optimised condi-

tions for the validation of the strategy against a state-of-the-art procedure. In Chapter 5 (case

A), it was determined that centrelines should be optimised for acceptable length representation

over the presence of deviations. In Chapter 6 (case B), it was found that the strategy was

sensitive to meniscus geometries with small wedge angles and high-curvature features. This

276



Chapter 10. Discussion 10.2. Development and Future Work of Morphing Strategies

information aided the selection of challenging meniscus geometries and features for exploration

in cases D and E. In Chapter 7 (case C), it was found that the mesh-morphing strategy was

sensitive to mesh-resolution and mesh-topology, where higher resolution meshes and meniscus-

specific topologies yielded the best results. As such, a template mesh with a meniscus-specific

topology was chosen for the subsequent performance analyses.

In Chapter 8 (case D), the results indicated that the unoptimised strategy produced meshes

with a more favourable mesh-quality over surface fit, and the opposite for the gold-standard.

However, the unoptimised meshes produced more realistic behaviours during simulations. In

Chapter 9 (case E), the results indicated the optimised strategy achieved the goal of achieving

lower surface errors, with some compromise to the mesh-quality and generation time. Overall,

the optimised strategy was much more comparable to the gold-standard, whilst producing more

realistic meniscus behaviours.

10.2 Development and Future Work of Morphing Strategies

There were several key achievements and findings associated with the development and design

of the automatic centreline algorithm and mesh-morphing strategies:

1. Development of a novel and highly efficient centreline generation algorithm

2. Development of a novel mesh-morphing strategy that uses non-linear centrelines of both

a target and template mesh

3. Development of a novel centreline-based mesh-morphing strategy which optimises surface

fit by extending principles of spherical parameterisation to volumetric meshes

10.2.1 Centreline Algorithm

Following the implementation of the original centreline algorithm in this work [328], it became

apparent that several components could be improved with respect to efficiency. The first novel

improvement was the derivation of a formula that could minimise of a mesh into a centreline

without the need to solve a large matrix (Equation 3.54). A novel finding was that the

constants of this formula could be manipulated to derive centreplanes. Initially, centreplanes

were considered a potential option for the mesh-morphing strategies, but instead enabled more

precise surface error measurements of menisci with very thin regions.
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The second novel improvement was to employ a decimation algorithm (Section 3.2.3: Mesh

Simplification). The use of such an algorithm has not previously been used to improve the

efficiency of these types of centreline algorithms. However, decimation algorithms have been

found favourable in previous studies, among other techniques, for improving the efficiency of

solving general RBF systems [467].

Robustness and Future Work

In case D, the improved algorithm was shown to be robust, where it was tested on 20 meniscus

anatomies, and successfully derived centrelines for each. After parameter tuning (following

Chapter 5), only one geometry (LM 07) failed to achieve a centreline without further parameter

adjustments. LM 07 failed because it was a heavily extruded anatomy that naturally tended

towards a centreplane. However, this was overcome by increasing the step parameter.

Other geometries that had large extrusions tended towards more deviated centrelines, as they

also tended towards centreplanes. However, the centreplanes of those geometries had minimised

enough for the post-processing algorithms to succeed in extracting a centreline, albeit slightly

deviated. Several parameters are involved in the centreline algorithm, which includes the kernel

radius of the RBF system and cluster radius. Consequently, complete tuning of the entire

system could have yielded more robust results.

Alternatively, a modification that could improve the algorithm would measure the area of the

triangle elements that defined the minimised surface. When the total area is below a given

threshold (close to zero), it could be assumed a centreline has been derived. Otherwise, if the

area threshold has not been met the algorithm could automatically adjust the step size ac-

cordingly. Also, the original algorithm required a final step that minimised points in a plane

perpendicular to a coarse centreline [328]. Although, the improved algorithm did not require

this step, it could be used differently to improve the general robustness of the algorithm. Fur-

thermore, it could be used to control the length of the centrelines, by projecting the end-points

onto their original surface. The new points along that curve could then be minimised, which

would provide a centreline with end-points connected the surface mesh. A distance threshold

would then define the removal of centreline points which are within the specified distance from

the surface mesh.

Overall, the generated centrelines were accurate representations (qualitatively). In general, they
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maintained equidistant positions with respect to their irregular surfaces, had an appropriate

length and were reasonably smooth. However, the robustness of this algorithm has only been

assessed on meniscus geometries.

10.2.2 Mesh-Morphing Strategy Improvements and Future Work

Detailed discussion on the novelty and benefits of the unoptimised and optimsed strategies have

been provided in Sections 3.7 and 3.8, respectively. The main problem for mesh-morphing

consists of balancing the energies (Es and Ev) represented by Equation 3.77, and ideally

solving them together. By knowing what type of energies exist and how they effect morphing

performance, more favourable or balanced energies could be derived. This would provide greater

control over the equilibrium, which could be achieved with more sophisticated energy minimisa-

tion techniques. Naturally, several quadratic energies have been defined similar to E for solving

similar problems [402, 468–470]. Additionally, there are a wide range of traditional minimisers

that are capable of efficiently solving quadratic energies directly. However, the components

would have to accurately reflect both the problems of surface parameterisation and volumetric

element distortion.

Currently, Eo
s is represented reasonably accurately by the optimised strategy, and matches

the formula for surface error (Equation 4.3). Although, the derivation of
∗
V Ω
i results from

centreline-based projection, which could be replaced with a method that determines correspon-

dences more accurately. A promising option could be to adopt techniques used to determine

correspondences for SSMs. Some of these non-rigid registration techniques are quite sophisti-

cated, e.g. particle-based optimisation [471]. Also, the use of an existing SSM might be useful for

target approximation and identification, but has several aforementioned disadvantages. These

techniques could be combined with a force-based volumetric transformation, which has yielded

promising results for morphing phalanges [47]. This may eliminate the need for centreline-based

projections in the optimisation steps, once a morphed mesh is more geometrically similar to a

target.

The main issue with the optimised strategy is the volume energy Eo
v (Laplacian component),

which always induces shrinkage regardless of the degree of element distortion. An improved

definition would use a Jacobian-based optimiser [343], which would directly and accurately

represent Ev. Alternatively, other quality metrics and combinations could be used to measure
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volumetric distortion. Fortunately, there are a large number of these optimisers available, which

have undergone extensive research [340,343]. Also, these optimisers can reduce element distor-

tion and improve their shape without inducing shrinking effects. Another approach would be to

replace the contractive Laplacian energies with more sophisticated smoothing-based energies.

There are a vast array of choices, with the majority requiring a straightforward modification to

the constants defined by αij [260,295,472] (Table 2.4). However, as most applications involve

triangular meshes, the constants would have to be suitable for hexahedral meshes and prevent

mesh shrinkage [472]. Advanced and novel morphing energies (E) could be composed by com-

bining these smoothing- and metric-based energies (Ev) with surface error components (Es).

This would allow minimisers to solve a morphing operation in one process, instead of two that

are distinct and opposing.

However, other approaches could focus on improving the components separately. There are sev-

eral techniques that can reduce element distortions for volumetric transformations. This could

be achieved by defining non-linear interfacial energies, which transfers boundary changes to the

volumetric elements less uniformly and more controlled. For FE-based approaches, this can be

achieved through the definition of non-linear or inhomogeneous material properties. Non-linear

elastic material properties have been used to reduce distortion for large deformations [315].

Similarly, inhomogeneous properties can be achieved by iteratively increasing the stiffness of

distorted elements, which have been found to reduce further degradation [54, 58]. Previously,

a robust volumetric transformation has been proposed combining non-linear material proper-

ties and iterative stiffening [315]. For other methods, the log barrier technique has been found

effective at reducing distortion and untangling elements [473]. Also, RBF-based transforma-

tions can be used to control the distribution and concentration of distortions [53]. A simpler

approach could be achieved through volumetric smoothing, based on the order of point-wise

processing. Specifically, this would smooth vertices from the outside-in, as the existing defi-

nitions would likely be ordered differently or randomly. This would gradually propagate the

boundary modifications to the core of a mesh to minimise distortions.

Consideration should be given for more esoteric approaches which define energy functions based

on existing systems. Previously, a novel surface parameterisation approach for vertebral mesh-

morphing had taken inspiration from molecular dynamics to minimise the surface energy [52].

Similarly, concepts and techniques used to balance surface and volume energies could be taken
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from other fields, e.g. chemistry, physics and metallurgy (alloying). However, a limitation of

these methods are the requirement for proficient expertise [45]. Also, a hierarchical approach

would reduce the computational complexity of any mesh-morphing strategy [47]. Furthermore,

this technique has also been shown to reduce distortion for surface parameterisations [292].

Simple techniques which can decrease computational cost should generally be considered, as

they will allow a greater turnover of complex systems and larger anatomies.

10.3 Development and Impact of Methodologies

There were six key findings and achievements associated with the development, analysis and

design of the methodologies used to assess sensitivity, robustness and performance; which were

the development of a methodology to:

1. measure surface error based on centrelines and centreplanes, which provided greater ac-

curacy for capturing errors around thin regions

2. determine the sensitivity of a centreline-based mesh-morphing strategy to centreline at-

tributes, comparing differences in length and deviations

3. determine target geometry sensitivities, using a parameterised meniscus geometry based

on a SSM which captured extreme population differences

4. determine the sensitivity of a mesh-morphing strategy to template attributes, comparing

different qualities, resolutions, topologies and shapes

5. determine and prove the robustness of a mesh-morphing strategy to a gold standard

procedure, with comprehensive comparisons of the: surface error, volume error, mesh-

quality, generation time, simulation precision and convergence

6. determine and prove if a different mesh-morphing strategy yields improvements to simu-

lation precision and performance attributes

The following sections discuss how the developed methodologies could have an impact on evalu-

ating and improving mesh-morphing strategies and mesh-generation procedures. Additionally,

these sections describe the main findings resulting from these methodologies and their applica-

bility to other mesh-morphing strategies.
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10.3.1 Centreline-based Surface Error Measurement

A method that accurately measures surface error can be defined as a process that derives a

bijective piecewise affine map, to calculate the corresponding pointwise distances. Two com-

mon methods for determining pointwise correspondences between two surfaces are closest point

(vertex-vertex and vertex-plane [189, 474]) and normal projection [475]. However, the geome-

tries must be reasonably similar or lack complex features, such as surface irregularities and

thin regions. Additionally, these methods can be inaccurate, resulting in non-bijective maps.

Consequently, several problems were encountered when initially using these methods for mea-

suring the surface errors of the unoptimised meshes, as they had large local deviations. The

main problem with the closest point methods were the underestimation of errors, due to iden-

tifying merely the nearest vertex, which was not always the most appropriate corresponding

location. A similar requirement for bijective maps in biomedical engineering are to develop ac-

curate SSMs [291,476,477]. For these applications, it has also been reported that closest point

methods can lead to large correspondence errors and distortions [478]. As a result, the closest

point methods must be utilised with sophisticated techniques to reduce distortions and achieve

bijectivity [401, 478]. In contrast, normal projection is often the final step used to determine

correspondences during SSM development [401]. For the surface error measurements of the un-

optimised meshes, normal projection produced more realistic results and fewer correspondence

errors than the closest point methods. However, there were several shortcomings, as the surface

normal vectors could still project to non-corresponding locations, which could both over- and

under-estimate errors. This was particularly noticeable in highly irregular and thin regions.

To overcome these shortcomings, a novel application of the centrelines and centreplanes were

to use them to guide the projections for surface error measurements. This achieved better

results, as they provided a constant or anchored location of correspondence between the target

and morphed geometries. Additionally, this was the justification behind why centreline-based

projection was found to be favourable over these methods for the mesh-morphing strategy.

Centreplane-based projections were used to accurately measure the surface error of meshes

with highly extruded regions, where the use of a centreline was less accurate. More accurate

measurements could have been achieved using alternative methods. These could have been

similar to techniques employed in the mesh-morphing strategies or used to develop SSMs, e.g.

freeform deformation [401] or other surface parameterisation techniques [260]. However, to limit
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effects from algorithms used in the morphing strategy, a more simplified method was chosen.

Due to the inherent simplifications, the centreline- and centreplane-based projection algorithms

alone could have produced some correspondence errors. However, after visual inspection they

appeared to be more realistic, consistent and accurate than the other methods. Additionally,

despite the presence of deviations in some centrelines, they did not appear to affect the results.

10.3.2 Sensitivity Evaluation of a Mesh-Morphing Strategy

The sensitivity analyses were broken down into three cases (A-C), evaluating the attributes of

different centrelines, target geometry variations and template meshes. The outlined method-

ologies could not only be used to identify the sensitivity of different strategies for particular

anatomies, but also how to optimise these variables. An aspect that has garnered little attention

or reporting in the field of mesh-morphing.

Centreline Attributes

The first methodology was developed to determine the sensitivity of the unoptimised strategy

to various centrelines (Chapter 5). This was used to determine if less ideal centrelines would

be acceptable or whether further parameter refinement was required to derive more ideal centre-

lines. The most critical finding was that shorter centrelines had a negative effect on performance.

It is quite likely that this finding would be applicable to other centreline-based mesh-morphing

strategies [45, 369, 479, 480]. The main reason for this is that important information needed

to determine the correspondences in regions proximal to the centreline end-points is lost. Fur-

thermore, it would be difficult to imagine a trivial algorithm that could overcome this loss of

information and mismatch between lengths. Another important finding was that deviations

along the centreline, implemented as noise, did not affect the unoptimised strategy. However,

it is likely this is not a general finding for centreline-based mesh-morphing strategies, particu-

larly those that employ only pure projection from centrelines. The is because the unoptimised

strategy consists of several algorithms that attempt to improve and unfold the initial projection

from the centrelines. The execution of these algorithms occupy the majority of the computation

time and do not involve the centreline structures. This was designed to eliminate any projection

errors that could arise. In contrast, the unfolding algorithm was not able to overcome centreline

length issues. Consequently, the focus of empirical parameter tuning selected against deviations

in favour of acceptable centreline lengths.
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Geometric Variations

The second methodology evaluated the influence of common and idealised target geometry vari-

ations with respect to meniscus anatomies (Chapter 6). This was another novel methodology

which could aid in determining the suitability of a mesh-morphing strategy to known but sim-

plified differences. Poor performances at this stage could eliminate a potential strategy and

the need for further evaluations (i.e. cases D and E), or identify components of a strategy

that require improvements. Furthermore, the methodology can be applied to a wide range

of anatomies [241, 265, 481–484], where statistical shape modelling information is available to

construct an idealised parametric model.

The findings from case B were used to identify challenging aspects about meniscus variations for

further investigation in cases D and E. Another option would use a high-quality SSM directly.

This would consolidate critical aspects of cases B, D and E and potentially evaluate a mesh-

morphing strategy in a reduced time-frame. However, this would increase evaluation time-scales

if the strategy could have been eliminated as an option after case B. Also, an evaluation protocol

based on a SSM could be devised to contain both anatomically accurate population extremes

and majorities. This would give a greater picture of general robustness apposed to robustness

against challenging and complex geometries, which was the situation for cases D and E. This is

an important component of validation to address, as population extremes and majorities may

not always contain challenging features. Therefore, this aspect could speed up development but

miss some edge cases, which the methodologies in cases D and E should address. However, a

degree of both would be necessary for complete evaluation. Consequently, the mesh-morphing

strategies are missing this component from their evaluation. Specifically, how robust they are

in the general population and for what percentage they can yield respectable results.

The most general finding from case B was that large geometric differences between a template

and target had a negative effect on performance. This correlates with literature, where mesh-

morphing strategies perform better with smaller differences between a target and template

[46–48]. One mesh-morphing strategy was applied against a range of phalanges with varying

geometric differences using an anatomically derived phalanx template [46]. The target phalanx

with the largest differences led to a morphed mesh with greater distortion and an invalid element

(zero volume). Another general finding from case B was that large curvature differences and thin

features caused performance losses. Similarly, thin features have been found to cause problems
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for other mesh-morphing strategies [45, 426]. Although, findings from cases D and E indicated

the unoptimised strategy had greater difficulties capturing sharper, high-curvature and thin

features than the other methods. Therefore, this finding from case B may be more exaggerated

for the unoptimised strategy than other mesh-morphing strategies.

Template Mesh Attributes

The third novel methodology seeked to address and answer the sensitivity of a mesh-morphing

strategy with respect to template quality, resolution, topology and shape (Chapter 7). This

could be applied generally to evaluate all mesh-morphing strategies and associated target

anatomies. It allows the identification of the most suitable template attributes with respect

to an anatomy of interest, which would likely differ between various structures. Therefore, the

key findings from case C strongly depend on the unoptimised strategy in combination with

meniscus anatomies, and those that would operate similarly. Most notably, the resolution,

topology and shape of the template had the greatest effect on the performance. The effect of

template shape and topology would primarily test the sensitivity of a general mesh-morphing

strategy. Essentially, these determine how similar a strategy’s template geometry must be to a

target, and which topologies are more favourable for a particular anatomy. Also, it has several

implications for the extension of mesh-morphing strategies to other anatomies. This is because

it is less trivial to create a high-quality generic hexahedral mesh using CAD-based principles

than through an image-based procedure (anatomical origin) [47, 485]. Additionally, it is more

straightforward to increase the resolution and control the topology.

Remarkably, template mesh-quality had minimal affects on the unoptimised strategy’s perfor-

mance. This contradicts several studies which emphasise starting with a high-quality tem-

plate [45, 189] due to mesh-morphing imparting element distortions [28, 48, 58, 425]. Although

there were quality losses when morphing the high-quality template, there were significant im-

provements for the lower quality templates. Essentially, the strategy was able to normalise the

performance of the lower quality templates to achieve similar results to the high-quality tem-

plate. Despite quality losses being a common result of mesh-morphing, some studies have found

their strategies led to improvements [241] or no reductions [425]. One study attributed the

quality improvements to smoothing processes imparted by their mesh-morphing strategy [241],

which was the same conclusion drawn for the unoptimised strategy.
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As a result, the quality of the morphed meshes derived from high- and low-quality templates

were reasonably similar. However, quality losses are likely to be more prominent on higher

quality meshes (as observed), as well as more topologically structured meshes (Section 2.4.1:

Regularity). For the unoptimised strategy, this was attributed to the unfolding algorithm,

which improved the shape of the boundary elements, in combination with the volumetric trans-

formation. During linear elastic transformations (LET), the internal vertices play less of a role

in the final result than the external vertices, whose positions were optimised during the un-

folding algorithm. Essentially, the solution determined the optimal positions for the internal

vertices regardless of their current positions, similar to RBF-based transformations. However,

a key difference between FE- (i.e. LET) and RBF-based transformations is that the former has

awareness of the appropriate DOF and shape for hexahedral elements [58, 189]. Also, without

some form of surface optimisation, other mesh-morphing strategies would transfer the lower

quality attributes of the boundary elements to the volumetric elements.

Of the four input variables, the effects of template resolution was the most general finding appli-

cable to other mesh-morphing strategies. Specifically, where increased resolutions led to higher

quality meshes and lower surface errors. This is supported by observations in literature that

have indicated increasing resolutions yield more favourable morphed meshes [46, 47]. However,

the resolution of a finite element mesh is often dictated by convergence studies [36,63,91,126].

10.3.3 Validation Methodologies to Benchmark and Assess Performance

To the author’s knowledge, no investigation has evaluated the performance of their mesh-

morphing strategies to the extent reported in this thesis. Additionally, no automatic strategies

have compared their simulation convergence nor evaluated their morphed meshes in multi-

component contact-based simulations. However, there are examples of semi-automatic landmark-

based strategies that have simulated morphed joints, e.g. the tibio-femoral joint (without

meniscus) [27] and the pelvic joints [486]. Although, these did not compare the simulation

convergence to a gold-standard model either. Of the reviewed literature, only one study had

provided information on the surface error, mesh-quality, simulation validity (N=8) and genera-

tion times in comparison to a standard procedure [53]. Furthermore, due to the availability of

in-vitro analysis on some of their target geometries, they were able to validate their simulations

based on experimental data. Unfortunately, the strategies presented in this thesis could not be

experimentally validated, as in-vitro data was not available.
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The importance of the developed validation methodologies is that they allow direct and straight-

forward comparisons of robustness between methods with practical considerations. There were

two other studies that each compared two strategies for biomedical applications [46, 52]. One

performed simulation comparisons between the two strategies and a gold standard procedure,

but with only of one specimen [52]. This provided an assessment based on the practical oper-

ation but did not demonstrate the strategies’ robustness. In contrast, the other compared the

performance of six phalanges between the two strategies, but performed no simulations [46].

Their assessment demonstrated aspects of robustness but did not assess how they would per-

form in real-world applications. Evidently, these studies failed to provide a complete picture of

the consequences and benefits for using their strategies.

A goal of the reported validation methodologies were to establish a standard framework for

assessing mesh-morphing strategies and generation methods. A standard framework would

allow engineers to easily identify methods that would be preferable to their applications. In

other cases, it may be preferable to simply eliminate methods that would be unsuitable. These

types of frameworks have been employed in other areas of biomedical engineering to improve

quality assurances and general comparisons (e.g. ISO-9001 and associated standard operating

procedures [487]). Furthermore, it could allow methods to be ranked based on the four core

metrics (Section 2.7), other evaluation criteria (Section 2.4.1: Evaluation Criteria) or a

single metric (Equation 3.77). The availability of this information would simplify the selection

process when considering the entire application (e.g. post-processing and analysis) and future

work, not simply the goal of discretising an anatomy. This could normalise methods and target

applications to a standard ranking system, instead of comparing performance metrics directly.

Particularly, as different anatomies or applications may naturally impose and restrict certain

metric thresholds. For example, large surface errors have been considered acceptable for complex

anatomies, such as the spine and pelvis [48]. Similarly, meniscus meshes have been found to

yield poorer performance metrics compared to other anatomies of knee [376]. Essentially, a

general ranking system would compare where certain methods are situated in a hierarchy. This

would operate similar to the h-index, used as a tool to compare general academic performance.

Currently, there are several mesh-morphing strategies reported for biomedical applications, but

not widespread utilisation of them. This is likely due to the general uncertainty of not knowing

the consequences of their use, and if another could provide greater benefits.
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10.4 Performance and Impact of Mesh-Morphing Strategies

There were several interesting findings and achievements associated with the application and

performance assessments of the mesh-morphing strategies:

1. The strategies showed the same template can be used for both lateral and medial menisci

2. Demonstrated the rapid and automatic generation of comparative simulations using a

template design, to transfer definitions of attachments and anisotropic material properties

3. Morphed meshes yielded more meniscus-like behaviours than gold-standard meshes (e.g.

more evenly distributed contact pressures)

4. The unoptimised morphed meshes had a distinctly greater mesh-quality and solver con-

vergence than gold-standard meshes

5. Key findings associated with the optimised strategy compared to the unoptimsed strategy:

(a) Improved representation and capture of geometric features, with more accurate cor-

respondences between template and targets (i.e. corners and wedge)

(b) Improved surface error without significant losses to mesh-quality and generation time,

which improved the precision of the simulated contact variables

(c) Improved overall comparability to the gold-standard with respect to simulation pre-

cision and performance attributes

10.4.1 Single Template Mesh-Morphing for Different Anatomies

The performance of the strategies provided similar results when morphing a single generic

template to lateral and medial menisci. However, there were key differences in their geometries,

in general the medial menisci were larger, thicker and wider. These dimensional differences

correlated with those observed in literature [405, 457]. Similarly, a mesh-morphing strategy

reported in literature was tested on left and right kidneys using one template [241]. This

study identified distinct differences with respect to the shape and volume of their left and right

kidney geometries, which correlated with literature. Notably, the right kidneys had on average

smaller volumes and thickness-to-length ratios than the left kidneys. Although the mesh-quality

results were grouped together into a single plot, in general they appeared to be reasonably
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similar. However, no surface error analysis or simulation comparisons were provided in that

study. Further analysis may have revealed subtle performance differences between the left and

right kidney meshes. However, these findings support the evidence that a one template can

be morphed to similar but statistically different anatomies. Another mesh-morphing strategy

exploited a bilateral symmetry for femoral geometries [53]. The surface error, mesh-quality and

simulation accuracy of the morphed meshes were comparable to a gold standard procedure.

These studies [53, 241] mirrored target geometries to morph a single template to left and right

anatomical variations. A similar technique has been performed on menisci to develop a gen-

eralised statistical shape model [94]. However, mirroring was not required for the CAD-based

meniscus template due to the highly generic design. There were two key differences between

the target and template geometries used in these studies compared to those used in this thesis:

(1) the magnitude of geometrical differences and (2) template generation method. In relation

to the first point, the left and right differences were less distinct than those between the me-

dial and lateral menisci. For the second, they used a template derived from an image-based

procedure as apposed to one from a CAD-based method. Due to these two points, there would

have been fewer geometrical variations between their templates and targets. Consequently, the

generic CAD-based template had to overcome a greater number of challenges than the anatom-

ical image-based templates. An additional minor difference applies to the use of a tetrahedral

template mesh that was morphed to femora [53]. Specifically, tetrahedral meshes are better

able to accommodate greater geometry variations than hexahedral meshes.

For other mesh-morphing strategies, a single image-based template has been morphed to targets

with greater geometry variations, such as vertebrae [48] and phalanges [46, 47]. Phalanges and

vertebrae arguably represent greater intra- and inter-specimen variations compared to kidneys

and femora. Using a single template for different phalanges (e.g. proximal, middle and distal)

resulted in performance losses for anatomies with large differences (e.g. distal index) [46,47]. In

contrast, the results from morphing intra-specimen vertebrae yielded acceptable surface errors

and quality meshes, although comparative analyses between the vertebrae were not provided

[48]. Similar observations were found for the optimised strategy between lateral and medial

menisci. Specifically, the medial menisci suffered greater volume and surface error losses, but

this did not negatively affect simulation precision. Also, the analyses showed that both strategies

provided more realistic results compared to the multi-block simulations, regardless of differences.
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In general, these results are encouraging, as the human body is composed of bilateral symmetries

and anatomies with similar shapes. Furthermore, it has been shown on several occasions that

one template can yield acceptable results for similar but distinct anatomies. Consequently,

fewer generic templates could be used to represent a greater proportion of different anatomies.

10.4.2 Rapid and Automatic Generation of Complex Simulations

The templated design enabled two manual aspects of FE model development to be automated.

For the large-scale development of image-based models, these aspects would significantly im-

prove the rate of productivity and turnover. The first aspect was the assignment of horn-

attachment springs, which can be a tedious process that increases with greater resolution

meshes. The second was the definition of fibre-orientations for anisotropic material proper-

ties. Fibre-orientations can either be assigned using local coordinates [20, 81], or the more

laborious definition of cylindrical axes [488, 489]. Using local coordinate definitions were the

obvious choice, as the topologies of the hexahedral meshes were aligned along fibre directions.

For the multi-block models, the topological order was different between most of the meshes.

Consequently, the end-points (for spring elements) and local directions had to be determined

manually for each mesh. In contrast, the end-points and local directions of the template mesh

were known. As such, this information was used to automatically define these properties of the

morphed mesh simulations.

To the author’s knowledge, the complete automation of these aspects with a templated design

have not been demonstration in literature. However, spring attachments for ligaments of a

morphed pelvis have been transferred using a semi-automatic landmark-based strategy [486].

In this thesis, the full automation of these components have been used to evaluate the simulation

performance for numerous meshes rapidly in cases D and E. Similarly, this could be used to

rapidly evaluate further improvements or other mesh-morphing strategies. Previously, other

studies have made conclusions about the potential of template designs to automate the definition

of complex boundary conditions [53] and aspects of post-processing [52, 53]. For example, the

definition of insertion sites for femoral muscles and tendons is a laborious task, which has been

suggested could be overcome through mesh-morphing [53]. The key arguments for their potential

lies in the shared characteristics between morphed meshes (i.e. topology and correspondence).
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10.4.3 Application and Impact of the Mesh-Morphing Strategies

The developed mesh-morphing strategies could immediately be applied to generate hexahedral

meshes for a large proportion of menisci. This would include those that are healthy and the

majority of degenerative pathologies (e.g. extrusion, horn-laxity and partial meniscectomy).

Additionally, the strategies could be used on any other anatomy that could be defined by a non-

branching centreline, such as: long bones (e.g. femur, humerus and phalanges), musculoskeletal

soft tissues (e.g. tendons, ligaments and muscles), livers, kidneys, ventricles, atria and non-

branching vascular structures. The strategies could also be used on structures that can be

represented by a single origin instead of multiple, i.e. a centreline. No strategy modifications

would be required, as the geometric centroid would simply define the closest centreline position

to all surface vertices. Anatomies that could be described by a single origin include: patellae,

short bones (e.g. carpals and tarsals), intervertebral discs and the brain, inter alia. Furthermore,

trivial modifications would enable the strategies to operate over branching centrelines. This

would open the door to morphing more complex anatomical structures, such as: branched

vascular structures, complex bones (e.g. pelvis and vertebra) and other branching structures

(e.g. bronchi and renal calyces). However, branched centrelines between a template and target

would have to be isomorphic.

Another trivial modification would allow the strategies to operate over centreplanes instead

of centrelines. This would enable thin anatomies to be morphed, such as: articular cartilage

(e.g. tibial and femoral), flat bones (e.g. cranium, scapula and ribs) and tissues of the eye

(e.g. sclera and cornea). Although, some of these examples could potentially work with a

single origin or centreline, e.g. tibial cartilage or ribs, respectively. However, this would result

in large correspondence errors for other anatomies with higher curvatures like the cranium

and femoral cartilage. Although trivial, the implementation could be more complex for some

anatomies, compared to other trivial modifications. For example, parameterisation of a femoral

centreplane using B-splines would require partitioning into more regular regions. However, other

parameterisation methods are available, which could enable a modified strategy to not require

a partitioned map. Additionally, some of these applications and modifications could require

parameter adjustments, particularly if using a higher or lower resolution template mesh.

There are several anatomies where healthy and degenerative conditions would not allow the

strategies to work without non-trivial modifications. In particular, there are three features that
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would likely cause the strategies to fail:

1. Irregular sharp features

2. The presence of irregular or relatively small holes (tunnel loops of non-genus-0 meshes)

3. Large and irregular geometric deviations

N.B. Irregular refers to a feature that would not be present in healthy pathologies

For the meniscus this could be caused by the presence of tears (Figure 2.2) (c.f. features 1 and

2). For other anatomies these could be naturally occurring, e.g. the sacrum (sacral foramen),

maxilla (infraorbital foramen) and mandible (mental foramen) (c.f. feature 2). However, the

majority of issues would arise from complex tissue pathologies and injuries, such as: articular

cartilage lesions, septal defects, aneurysms, tumors and bone fractures (c.f. features 1, 2, and 3).

Some of these examples could potentially be overcome with a branched centreline or centreplane

that could represent the irregular features, e.g. the sacrum and cartilage lesions.

However, there are several non-trivial modifications and methods that could allow some of these

cases to succeed. Two modifications which would be the simplest to implement are the following:

1. Define a new template mesh, or topologically separate regions of a standard template

mesh, to match a target geometry. Next, define branched centrelines or centreplanes,

which captures those features for the target and template meshes

2. Remove the irregular features to match a standard case. Next, use a post-processing

technique to insert those features into the morphed mesh

The automation of these modifications would require a tunnel loop detection (c.f. modifications

1 and 2) and filling algorithm (c.f. modification 2) [64,65]. These types of algorithms can detect

the presence of holes (tunnel loops) and remove them from the geometry. Essentially, they have

the ability to reduce the genus of a geometry. These non-trivial modifications would solve the

problem of meniscal tears. However, an unavoidable outcome would be that the meshes would be

topologically different to other morphed meshes. Therefore, some benefits of a template design

could be lost, e.g. simplified FE post-processing and analysis. Also, the presence of very small

holes (tunnel loops) could be difficult to capture with branched centrelines and centreplanes.

Overall, the performance of these strategies would be strongly dependent on their ability to

represent and define the irregular features. Also, some specimens may require hybrid structures
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with centreline and centreplane components, to fully capture all geometric irregularities.

10.5 Conclusion

In conclusion, two novel mesh-morphing strategies have been developed, which were used to

automatically generate hexahedral meshes of meniscus anatomies. Additionally, several novel

methodologies have been presented that can evaluate the sensitivity and robustness of a mesh-

morphing strategy. These were used to benchmark the performance of the strategies to a

gold-standard procedure. In general, the strategies and methodologies provide frameworks

which could be extended in a number of interesting ways. The strategies have demonstrated

several advantages, most notably the automatic development of finite element models of the

tibio-femoral joint. Additionally, the optimised strategy has achieved performances comparable

to a gold-standard procedure. Furthermore, the optimised strategy could be used to automate

the development of high-quality finite element models for a range of complex systems and

applications. This could lead to significant reductions to the time and effort required to develop

sophisticated simulations. Finally, methods of this nature provide an avenue for large-scale

population-based studies and could assist in the development of a digital twin with greater

productivity.
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A Meniscus Target Geometries

Table A.1: Meniscus target geometries with their feature descriptions and sources
(meshes selected for comparative analysis in cases D and E are marked with an asterisk)

Ref. Superior Feature Description

LM 00

Smooth Surface

Smooth Geometry

Small Radial Bulge

Large Wedge Angle

Large Inferior Bulge (Anterior and Posterior Regions)

Source: SimTK/Open Knee (simtk.org)

LM 01∗

Smooth Surface

Possible Extrusion

Large Wedge Angle

Tear (Medial/Anterior Region)

Large Inferior Bulge (Anterior and Posterior Regions)

Large Radial Bulge (Anterior and Posterior Regions)

Source: SimTK/Open Knee (simtk.org) [19]

LM 02

Smooth Surface

Extrusion∗

Small-to-Large Wedge Angle (Anterior-Posterior)

Large Inferior Bulge

Source: SimTK/Open Knee (simtk.org) [80]

LM 03

Irregular Surface

Large Horn-Attachments

Possible Degeneration or Tears (Wedge Region)

Large Inferior Bulge

Source: SimTK/Open Knee (uconn.edu) [40]

Continued on next page
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Table A.1 – Continued from previous page

Ref. Superior Feature Description

LM 04∗

Irregular Surface

Tapered Shape

Small Horn-Attachments

Large Inferior Bulge

Source: SimTK/Open Knee (uconn.edu) [40]

LM 05∗

Tapered Shape

Blocky

Smooth Surface

Small-to-Large Wedge Angle (Posterior-Anterior)

Small Horn-Attachments

Source: iMBE (Grant Number: EP/P001076/1)

LM 06∗

Blocky

Smooth Surface

Small Horn-Attachments

Small-to-Large Wedge Angle (Anterior-Posterior)

Large Inferior Bulge

Source: iMBE (Grant Number: EP/P001076/1)

LM 07

Blocky

Non-Semi-Lunar Shape

Smooth Surface

Source: iMBE (Grant Number: EP/P001076/1)

LM 08∗

Irregular Shape

Irregular Surface

Possible Degeneration and/or Tear

Large Wedge Angle

Large Inferior Bulge (Posterior Region)

Large Radial Bulge (Medial-Anterior Region)

Source: iMBE (Grant Number: EP/P001076/1)

Continued on next page
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Table A.1 – Continued from previous page

Ref. Superior Feature Description

LM 09

Smooth Surface

Possible Extrusion

Small Wedge Angle

Large Radial Bulge (Medial Region)

Source: SimTK/Open Knee (simtk.org) [40]

LM 10

Irregular Geometry (Medial/Anterior Wedge Region)

Possible Extrusion

Small Wedge Angle

Possible Degeneration and/or Tear

Source: SimTK/Open Knee (simtk.org) [40]

LM 11

Smooth Surface

Small-to-Large Wedge Angle (Anterior-Posterior)

Possible Tear (Medial/Posterior Wedge Region)

Possible Degeneration (Medial/Posterior Wedge Region)

Source: SimTK/Open Knee (simtk.org) [40]

LM 12

Smooth Surface

Small-to-Large Wedge Angle (Anterior-Posterior)

Possible Degeneration (Medial Wedge Region)

Possible Tear (Medial Wedge Region)

Source: SimTK/Open Knee (simtk.org) [40]

LM 13

Smooth Surface

Possible Extrusion

Small Wedge Angle

Large Radial and Inferior Bulge

Source: SimTK/Open Knee (simtk.org) [40]

Continued on next page
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Table A.1 – Continued from previous page

Ref. Superior Feature Description

LM 14∗

Smooth Surface

Small-to-Large Wedge Angle (Anterior-Posterior)

Large Radial and Inferior Bulge

Source: SimTK/Open Knee (simtk.org) [40]

LM 15∗

Smooth Geometry

Large Extrusion

Small-to-Large Inferior Bulge (Anterior-Posterior)

Large Radial Bulge (Medial)

Source: SimTK/Open Knee (simtk.org) [40]

LM 16∗

Smooth Geometry

Possible Extrusion (Posterior)

Small Wedge Angle

Large Radial Bulge (Anterior and Posterior)

Large Inferior Bulge (Anterior and Posterior)

Source: SimTK/Open Knee (simtk.org) [40]

LM 17
Duplicate (Original of LM 04)

Source: SimTK/Open Knee (simtk.org) [40]

LM 18
Duplicate (Original of LM 03)

Source: SimTK/Open Knee (simtk.org) [40]

LM 19

Smooth Geometry

Possible Extrusion (Anterior)

Possible Degeneration or Tears (Posterior)

Small-to-Large Wedge Angle (Anterior-Posterior)

Large Inferior Bulge

Source: SimTK/Open Knee (simtk.org) [40]

Continued on next page
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Table A.1 – Continued from previous page

Ref. Superior Feature Description

LM 20∗

Irregular Geometry

Irregular Surface

Possible Degeneration or Tears (Wedge Region)

Small-to-Large Wedge Angle (Anterior-Posterior)

Large Inferior Bulge

Source: SimTK/Open Knee (simtk.org) [40]

LM 21

Irregular Geometry

Irregular Surface

Possible Extrusion

Large Wedge Angle

Large Inferior Bulge

Source: SimTK/Open Knee (simtk.org) [40]

LM 22

Irregular Geometry

Possible Degeneration or Tears (Wedge Region)

Large Wedge Angle

Small-to-Large Inferior Bulge (Posterior-Anterior)

Source: SimTK/Open Knee (simtk.org) [40]

LM 23

Irregular Geometry

Possible Degeneration or Tears (Medial-Anterior)

Large Wedge Angle

Large Inferior Bulge

Source: SimTK/Open Knee (simtk.org) [40]

LM 24∗

Irregular Geometry

Possible Extrusion or Degeneration (Posterior)

Small Wedge Angle

Large Inferior Bulge

Small-to-Large Radial Bulge (Anterior-Posterior)

Source: SimTK/Open Knee (simtk.org) [40]
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MM 01

Smooth Surface

Smooth Geometry

Small Horn-Attachments

Small Wedge Angle (Medial-Region)

Large Inferior Bulge

Large Radial Bulge

Source: SimTK/Open Knee (simtk.org) [19]

MM 02

Smooth Surface

Extrusion∗

Large Wedge Angle

Large Inferior Bulge (Medial-Anterior Region)

Source: SimTK/Open Knee (simtk.org) [80]

MM 03∗

Irregular Surface

Possible Extrusion, Degeneration or Tears

Tapered Shape

Small-to-Large Wedge Angle (Posterior-Anterior)

Large Inferior Bulge

Large Radial Bulge

Source: SimTK/Open Knee (uconn.edu) [40]

MM 04∗

Irregular Surface

Irregular Shape

Tapered Shape

Extrusion

Small-to-Large Wedge Angle (Posterior-Anterior)

Large Inferior Bulge

Large Radial Bulge (Anterior Region)

Source: SimTK/Open Knee (uconn.edu) [40]
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MM 05

Smooth Surface

Blocky

Tapered Shape

Small Radial Bulge

Large Wedge angle

Large Inferior Bulge (Anterior Region)

Source: iMBE (Grant Number: EP/P001076/1)

MM 06∗

Smooth Surface

Blocky

Non-Semi-Lunar

Small Horn-Attachments

Small Radial Bulge

Small-to-Large Wedge Angle (Anterior-Posterior)

Large Inferior Bulge (Anterior Region)

Source: iMBE (Grant Number: EP/P001076/1)

MM 07∗

Smooth Surface

Blocky

Non-Semi-Lunar

Small-to-Large Wedge Angle (Anterior-Posterior)

Large Radial Bulge

Source: iMBE (Grant Number: EP/P001076/1)

MM 08∗

Smooth Surface

Irregular Shape

Possible Degeneration or Tear

Small Horn-Attachments

Large Wedge Angle

Large Inferior Bulge

Large Radial Bulge (Anterior and Posterior Horns)

Source: iMBE (Grant Number: EP/P001076/1)
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Ref. Superior Feature Description

MM 09

Smooth Surface

Tapered Shape

Large Extrusion (Posterior)

Small-to-Large Wedge Angle (Posterior-Anterior)

Small Radial and Inferior Bulge

Source: SimTK/Open Knee (simtk.org) [40]

MM 10

Smooth Surface

Possible Extrusion (Posterior)

Tapered Shape

Possible Degeneration or Tears (Wedge Region)

Large Wedge Angle

Large Inferior Bulge

Source: SimTK/Open Knee (simtk.org) [40]

MM 11∗

Smooth Surface

Possible Extrusion (Posterior)

Tapered Shape

Possible Degeneration or Tears (Medial-Anterior)

Large Wedge Angle

Small-to-Large Inferior Bulge (Posterior-Anterior)

Large Radial Bulge (Medial)

Source: SimTK/Open Knee (simtk.org) [40]

MM 12

Smooth Surface

Possible Extrusion (Posterior)

Tapered Shape

Possible Degeneration or Tears (Medial)

Large Wedge Angle

Large Inferior Bulge

Source: SimTK/Open Knee (simtk.org) [40]
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MM 13

Smooth Surface

Large Extrusion (Posterior)

Tapered Shape

Large Wedge Angle

Small-to-Very-Large Inferior Angle (Posterior-Anterior)

Source: SimTK/Open Knee (simtk.org) [40]

MM 14

Smooth Surface

Possible Extrusion (Posterior)

Tapered Shape

Possible Degeneration or Tears (Wedge Region)

Small-to-Large Wedge Angle (Posterior-Anterior)

Small-to-Large Inferior Bulge (Anterior-Posterior)

Large Radial Bulge (Medial)

Source: SimTK/Open Knee (simtk.org) [40]

MM 15∗

Smooth Surface

Extrusion (Posterior)

Possible Degeneration or Tears (Medial-Anterior)

Tapered Shape

Small-to-Large Wedge Angle (Anterior-Posterior)

Very-Large Inferior Bulge

Large Radial Bulge (Posterior Horn)

Source: SimTK/Open Knee (simtk.org) [40]

MM 16

Smooth Surface

Extrusion (Posterior)

Possible Degeneration or Tears (Wedge Region)

Small-to-Large Wedge Angle (Anterior-Posterior)

Large Inferior Bulge

Large Radial Bulge (Anterior and Posterior Horns)

Source: SimTK/Open Knee (simtk.org) [40]
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MM 17
Duplicate (Original of MM 04)

Source: SimTK/Open Knee (simtk.org) [40]

MM 18
Duplicate (Original of MM 03)

Source: SimTK/Open Knee (simtk.org) [40]

MM 19∗

Irregular Surface

Possible Degeneration or Tears (Wedge Region)

Large Wedge Angle

Large Inferior Bulge

Large Radial Bulge (Posterior)

Source: SimTK/Open Knee (simtk.org) [40]

MM 20

Irregular Surface

Possible Extrusion (Posterior)

Possible Degeneration or Tears (Wedge Region)

Small-to-Large Inferior Bulge (Posterior-Anterior)

Large Radial Bulge (Anterior Horn and Posterior)

Source: SimTK/Open Knee (simtk.org) [40]

MM 21∗

Irregular Surface

Extrusion (Posterior)

Tapered Shape

Possible Degeneration or Tears (Wedge Region)

Small-to-Large Inferior Bulge (Posterior-Anterior)

Large Radial Bulge (Anterior and Posterior Horns)

Source: SimTK/Open Knee (simtk.org) [40]
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MM 22

Irregular Surface

Extrusion (Posterior)

Possible Degeneration or Tears (Wedge Region)

Tapered Shape

Large Wedge Angle

Small-to-Very-Large Inferior Bulge (Posterior-Anterior)

Large Radial Bulge (Posterior Horn)

Source: SimTK/Open Knee (simtk.org) [40]

MM 23

Irregular Surface

Extrusion (Posterior)

Possible Degeneration (Medial Wedge Region)

Possible Tears (Medial Wedge Region)

Tapered Shape

Large Wedge Angle

Large Inferior Bulge (Anterior Horn)

Large Radial Bulge

Source: SimTK/Open Knee (simtk.org) [40]

MM 24∗

Irregular Surface

Extrusion (Posterior)

Possible Degeneration or Tears (Wedge Region)

Small Wedge Angle

Tapered Shape

Small-to-Large Inferior Bulge (Posterior-Anterior)

Large Radial Bulge (Anterior and Posterior Horns)

Source: SimTK/Open Knee (simtk.org) [40]
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Table B.1: Case D: Summary of results for the performance analyses from the lateral meniscus meshes

Geometry Method Time (s)
Surface Error Element Quality

Volume
Contact Area

(mm3)RMSE (mm) εmax (mm) J̃ < 0.1 (%) J̃ < 0.5 (%) Tibial (mm2) Femoral (mm2)

LM 01
Morphed Mesh 24.97 0.850 2.388 0.00 6.00 1114.81 175.47 196.68

Multi-Block 554 0.149 1.404 1.58 12.33 999.34 212.26 236.27

LM 04
Morphed Mesh 23.93 0.857 2.332 0.00 6.33 1306.81 148.54 164.29

Multi-Block 706 0.108 0.524 0.75 10.67 1182.73 146.41 169.02

LM 05
Morphed Mesh 23.87 0.846 2.294 0.50 9.00 775.30 93.17 130.97

Multi-Block 493 0.284 1.530 0.00 4.75 678.38 106.88 102.34

LM 06
Morphed Mesh 24.09 1.013 3.177 0.00 7.17 693.93 99.24 108.20

Multi-Block 522 0.133 0.640 0.50 5.83 586.63 100.65 118.85

LM 08
Morphed Mesh 24.23 0.994 3.330 0.00 6.58 1789.43 156.69 176.50

Multi-Block 1948 0.299 1.608 1.50 11.08 1743.43 103.61 131.47

LM 14
Morphed Mesh 25.54 0.881 2.504 0.00 4.83 1414.55 162.39 181.46

Multi-Block 434 0.159 1.592 0.75 9.83 1357.65 85.76 144.21

LM 15
Morphed Mesh 24.55 0.840 2.154 0.00 4.83 1515.73 155.96 164.03

Multi-Block 391 0.182 1.451 0.58 9.33 1504.77 144.06 157.77

LM 16
Morphed Mesh 25.49 0.898 2.397 0.00 5.08 1397.79 138.43 117.30

Multi-Block 301 0.164 1.465 1.25 7.92 1382.44 75.37 119.25

LM 20
Morphed Mesh 25.97 0.890 2.586 0.00 5.17 1394.03 147.37 142.53

Multi-Block 1153 0.162 1.225 1.25 11.50 1346.19 78.74 141.52

LM 24
Morphed Mesh 25.34 0.950 3.307 0.00 4.75 1507.74 146.37 160.04

Multi-Block 925 0.126 1.454 2.08 12.92 1506.35 64.15 116.47
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Medial Meniscus Meshes

Table B.2: Case D: Summary of results for the performance analyses from the medial meniscus meshes

Geometry Method Time (s)
Surface Error Element Quality

Volume
Contact Area

(mm3)RMSE (mm) εmax (mm) J̃ < 0.1 (%) J̃ < 0.5 (%) Tibial (mm2) Femoral (mm2)

MM 03
Morphed Mesh 24.86 1.111 3.885 0.00 4.92 2066.99 122.32 146.42

Multi-Block 6320 0.181 1.140 1.67 12.17 2093.76 106.47 125.36

MM 04
Morphed Mesh 24.64 0.942 2.873 0.00 6.75 1749.80 122.56 158.11

Multi-Block 8040 0.290 2.231 1.33 12.92 1664.86 130.52 116.93

MM 06
Morphed Mesh 24.24 0.892 2.897 0.25 7.92 836.91 84.65 116.04

Multi-Block 2015 0.191 0.757 1.33 5.17 755.73 127.26 89.75

MM 07
Morphed Mesh 24.89 0.833 2.345 0.00 6.67 1244.02 121.97 131.33

Multi-Block 876 0.356 1.639 0.17 4.83 1125.51 134.10 81.14

MM 08
Morphed Mesh 24.48 0.876 2.786 0.00 5.42 1732.24 129.19 136.48

Multi-Block 1227 0.277 1.353 1.67 9.00 1655.29 141.26 138.35

MM 11
Morphed Mesh 25.05 0.854 2.482 0.00 5.17 1570.39 146.00 172.06

Multi-Block 279 0.099 0.545 0.33 9.92 1503.46 141.30 127.59

MM 15
Morphed Mesh 25.28 0.917 3.860 0.00 4.92 1957.54 115.11 129.90

Multi-Block 1378 0.172 1.826 0.58 7.50 1996.12 73.87 116.46

MM 19
Morphed Mesh 24.83 0.872 3.292 0.00 5.92 1832.52 96.39 118.14

Multi-Block 766 0.193 1.681 1.08 8.75 1848.78 65.33 150.05

MM 21
Morphed Mesh 25.35 1.043 3.678 0.00 4.83 1763.39 134.53 176.72

Multi-Block 2901 0.182 1.289 1.75 9.83 1789.02 157.65 158.66

MM 24
Morphed Mesh 24.72 0.964 3.173 0.00 4.92 1441.10 145.92 175.70

Multi-Block 494 0.150 1.002 2.00 10.75 1417.73 113.26 134.23
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Table C.1: Case E: Summary of results for the performance analyses from the lateral meniscus meshes

Geometry Method Time (s)
Surface Error Element Quality

Volume
Contact Area

(mm3)RMSE (mm) εmax (mm) J̃ < 0.1 (%) J̃ < 0.5 (%) Tibial (mm2) Femoral (mm2)

LM 01
Unopt. Morph 24.97 0.850 2.388 0.00 6.00 1114.81 175.47 196.68
Opt. Morph 49.57 0.172 1.101 1.67 13.58 990.87 200.96 224.95
Multi-Block 554 0.149 1.404 1.58 12.33 999.34 212.26 236.27

LM 04
Unopt. Morph 23.93 0.857 2.332 0.00 6.33 1306.81 148.54 164.29
Opt. Morph 50.27 0.268 1.550 0.83 13.33 1114.97 130.14 166.73
Multi-Block 706 0.108 0.524 0.75 10.67 1182.73 146.41 169.02

LM 05
Unopt. Morph 23.87 0.846 2.294 0.50 9.00 775.30 93.17 130.97
Opt. Morph 48.17 0.465 1.738 1.17 20.67 633.46 95.73 97.63
Multi-Block 493 0.284 1.530 0.00 4.75 678.38 106.88 102.34

LM 06
Unopt. Morph 24.09 1.013 3.177 0.00 7.17 693.93 99.24 108.20
Opt. Morph 49.86 0.572 2.611 1.17 32.17 510.50 80.58 102.50
Multi-Block 522 0.133 0.640 0.50 5.83 586.63 100.65 118.85

LM 08
Unopt. Morph 24.23 0.994 3.330 0.00 6.58 1789.43 156.69 176.50
Opt. Morph 54.90 0.508 1.791 0.25 12.58 1618.99 126.60 178.26
Multi-Block 1948 0.299 1.608 1.50 11.08 1743.43 103.61 131.47

Continued on next page
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Table C.1 – Continued from previous page

Geometry Method Time (s)
Surface Error Element Quality

Volume
Contact Area

(mm3)RMSE (mm) εmax (mm) J̃ < 0.1 (%) J̃ < 0.5 (%) Tibial (mm2) Femoral (mm2)

LM 14
Unopt. Morph 25.54 0.881 2.504 0.00 4.83 1414.55 162.39 181.46
Opt. Morph 58.02 0.168 1.118 0.75 8.17 1339.82 115.91 121.21
Multi-Block 434 0.159 1.592 0.75 9.83 1357.65 85.76 144.21

LM 15
Unopt. Morph 24.55 0.840 2.154 0.00 4.83 1515.73 155.96 164.03
Opt. Morph 54.72 0.238 1.551 1.50 11.17 1488.16 147.07 138.55
Multi-Block 391 0.182 1.451 0.58 9.33 1504.77 144.06 157.77

LM 16
Unopt. Morph 25.49 0.898 2.397 0.00 5.08 1397.79 138.43 117.30
Opt. Morph 59.49 0.214 1.377 0.92 8.50 1356.56 118.05 139.64
Multi-Block 301 0.164 1.465 1.25 7.92 1382.44 75.37 119.25

LM 20
Unopt. Morph 25.97 0.890 2.586 0.00 5.17 1394.03 147.37 142.53
Opt. Morph 59.54 0.227 1.409 1.58 11.25 1323.50 100.11 133.05
Multi-Block 1153 0.162 1.225 1.25 11.50 1346.19 78.74 141.52

LM 24
Unopt. Morph 25.34 0.950 3.307 0.00 4.75 1507.74 146.37 160.04
Opt. Morph 59.64 0.204 1.498 1.00 10.17 1465.09 85.46 118.62
Multi-Block 925 0.126 1.454 2.08 12.92 1506.35 64.15 116.47
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Table C.2: Case E: Summary of results for the performance analyses from the medial meniscus meshes

Geometry Method Time (s)
Surface Error Element Quality

Volume
Contact Area

(mm3)RMSE (mm) εmax (mm) J̃ < 0.1 (%) J̃ < 0.5 (%) Tibial (mm2) Femoral (mm2)

MM 03
Unopt. Morph 24.86 1.111 3.885 0.00 4.92 2066.99 122.32 146.42
Opt. Morph 56.66 0.425 2.252 0.67 9.17 1943.57 118.68 121.39
Multi-Block 6320 0.181 1.140 1.67 12.17 2093.76 106.47 125.36

MM 04
Unopt. Morph 24.64 0.942 2.873 0.00 6.75 1749.80 122.56 158.11
Opt. Morph 52.47 0.330 1.768 1.58 12.67 1611.49 117.02 128.93
Multi-Block 8040 0.290 2.231 1.33 12.92 1664.86 130.52 116.93

MM 06
Unopt. Morph 24.24 0.892 2.897 0.25 7.92 836.91 84.65 116.04
Opt. Morph 49.31 0.572 2.655 0.33 18.92 687.05 99.95 82.54
Multi-Block 2015 0.191 0.757 1.33 5.17 755.73 127.26 89.75

MM 07
Unopt. Morph 24.89 0.833 2.345 0.00 6.67 1244.02 121.97 131.33
Opt. Morph 49.72 0.308 1.184 2.17 10.58 1124.46 131.99 88.09
Multi-Block 876 0.356 1.639 0.17 4.83 1125.51 134.10 81.14

MM 08
Unopt. Morph 24.48 0.876 2.786 0.00 5.42 1732.24 129.19 136.48
Opt. Morph 52.36 0.509 1.985 0.08 8.08 1559.69 138.31 161.18
Multi-Block 1227 0.277 1.353 1.67 9.00 1655.29 141.26 138.35
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Table C.2 – Continued from previous page

Geometry Method Time (s)
Surface Error Element Quality

Volume
Contact Area

(mm3)RMSE (mm) εmax (mm) J̃ < 0.1 (%) J̃ < 0.5 (%) Tibial (mm2) Femoral (mm2)

MM 11
Unopt. Morph 25.05 0.854 2.482 0.00 5.17 1570.39 146.00 172.06
Opt. Morph 56.47 0.200 1.373 0.50 5.92 1478.32 153.56 170.64
Multi-Block 279 0.099 0.545 0.33 9.92 1503.46 141.30 127.59

MM 15
Unopt. Morph 25.28 0.917 3.860 0.00 4.92 1957.54 115.11 129.90
Opt. Morph 59.63 0.503 2.639 0.08 7.33 1835.74 73.86 112.56
Multi-Block 1378 0.172 1.826 0.58 7.50 1996.12 73.87 116.46

MM 19
Unopt. Morph 24.83 0.872 3.292 0.00 5.92 1832.52 96.39 118.14
Opt. Morph 59.00 0.616 2.957 0.08 6.67 1609.01 85.60 129.62
Multi-Block 766 0.193 1.681 1.08 8.75 1848.78 65.33 150.05

MM 21
Unopt. Morph 25.35 1.043 3.678 0.00 4.83 1763.39 134.53 176.72
Opt. Morph 59.50 1.239 4.063 0.08 2.75 1432.08 146.03 153.92
Multi-Block 2901 0.182 1.289 1.75 9.83 1789.02 157.65 158.66

MM 24
Unopt. Morph 24.72 0.964 3.173 0.00 4.92 1441.10 145.92 175.70
Opt. Morph 57.40 0.460 2.174 0.58 10.25 1270.75 160.28 178.25
Multi-Block 494 0.150 1.002 2.00 10.75 1417.73 113.26 134.23
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