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Abstract

This thesis consists of two main sections.

Section II is motivated by studies of stochastic differential equations in infinite dimensional
spaces. Here we consider an SDE with coefficients defined in a scale of Hilbert spaces and
prove existence, uniqueness and path-continuity of infinite-time solutions using a variation
of Ovsjannikov’s method. Markov property and several norm estimates are also established.
Our findings are then applied to a system of equations describing non-equilibrium stochastic
dynamics of (real-valued) spins of an infinite particle system on a typical realization of a
Poisson or Gibbs point process in R™. This section improves upon the work of [10] where

finite-time solutions were considered.

Section III is motivated by studies of stochastic systems describing non-equilibrium dynamics
of (real-valued) spins of an infinite particle system in R"™. Here we consider a row-finite sys-
tem of stochastic differential equations with dissipative drift. The existence and uniqueness
of infinite-time solutions is proved via finite volume approximations and a version of Ovs-
jannikov’s method. This section improves upon the work of [1, 2] and [11] by considering a

multiplicative noise and a more general configuration in a stochastic setting.
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I Introduction

This thesis studies an application of the so-called Ovsjannikov’s method to stochastic differ-
ential equations in infinite dimensional spaces and extends a couple of existing publications.
A natural question may arise: what is Ovsjannikov’s method? This question, for now, can be
answered by saying that Ovsjannikov’s method is a process of fining a solution which lives in
an intersection U of a certain family of Banach spaces called a scale (another concept that will
be defined in Section II). In this approach certain assumptions are made on how coefficients
of an SDE are acting on the chosen scale and by construction we will see that there exists
an important relationship between U and a space from which an initial condition is selected.
Let us now continue this introduction with short subsection explaining the history behind

Ovsjannikov’s method.

1.1 History

A common consensus is that Ovsjannikov’s method was first introduced to a large audience

in 1958 by [27]. This method was invented to tackle evolution equations of the form

%¢(t) = Ap(t), ¢(0)=1x, tcl0,T], (L1)

arising from studies of various natural phenomena, where it is not obvious how to realise a
linear operator A as an operator in a Banach space. A simple example showing that such a

situation is far from impossible can be illustrated by considering a separable Hilbert space of

I2llngayi=, |3 wnlenl? < 00}
neN

and observing that a diagonal matrix A := {a;;}; jen is a bounded linear operator in ?(w)

weighted real sequences

(w) = {z e RN

if and only if {a;; }ien is a bounded sequence. In [27] an alternative approach was proposed.
In particular it was proposed to consider a family of continuously embedded normed linear

spaces X := {Xg}qea such that for all « < € A we have



Under these conditions it was shown that there exists a finite time solution of equation (I.1)
such that if ¢(0) € X, then ¢ € X, for all ¥ < a. This method remained somewhat unnoticed
until 1965 when it was reintroduced by L. V. Ovsjannikov (see [47]) who formulated his ideas
around the concept of a scale of Banach spaces and outlined an application to the Cauchy-
Kovalevska problem. In 1968 a large text [61] was published with a significant part devoted
to the method of Ovsjannikov and its applications. In [61] a term “Ovsjannikov theorem”

was introduced and proceedings revolved around the following Cauchy problem

S0l =A0(0) + 1), 60)=r 1€ [0,T] (12)

where f is a continuous bounded function and A was allowed to depend on t. Subsequently
Cauchy problem (I.1) and (I.2) were generalised to a non-linear case first by [62] with ad-
ditional work published by [46, 44]. Later T. Nishida (see [42]) reflected upon the work of
[44] and introduced a simplification. Another work considering weighted Banach spaces was
published later on by [59]. A further generalisation of a linear case to the following Cauchy

problem

L00) = A9lt) + f(1,6(0)), 9(0) =5, t€[0,T] (13)

was considered in the book by [18]. It was shown in particular that equation (I.3) admits a
solution under an assumption that f is bounded, uniformly continuous map with a Lipschitz
type condition on the second variable. Subsequently [5] further improved upon the work of [18]
showing existence under even weaker conditions on f. Another generalization of Ovsjannikov’s
method can be found in [66]. For more recent developments related to Ovsjannikov’s method
one can consult for example the following references [6, 23, 24] and also [25]. For the purpose
of this thesis we will be particularly interested in a couple of publication two of which are
recent. One of the publications that is of a particular importance to us is a recent work (see
[11]) by A. Daletskii and D. Finkelshtein. In [11] Ovsjannikov’s method is used to study an

infinite system of first order differential equations in R¢

d

&qg:(t) = Fx(cj(t))v QI(O) =1z, TE7, tE€ [OvT]



where v C R? is countable, § = {¢z}2ey and F, depends only on a finite number of components

of the vector ¢ and satisfies certain dissipative type conditions.

1.2 An Outline of Section I1

Let us suppose that we are given some suitably filtered probability space and a separable
Hilbert space H. Let W be a cylinder Wiener process on H and Lo(H, H) be a space of
Hilbert-Schmidt operators on H. One can now proceed to study the following stochastic

differential equations

dX (t) = F(X(t))dt + ®(X(¢))dW (t), t€[0,T] (L4)

where F': H — H and ® : H — Lo. Equations like (I.4) arise from studies of various phenom-
ena among which are diffusion processes, infinite particle systems, environmental pollution
and transportation. Academic literature covering (1.4) is very extensive however its roots can
be traced back to several texts among which are [28, 63, 58] and [14]. Classical theory (see
[39, 32]) guaranties existence of a strong solution of equation (I.4) under the assumption that
both F' and ® satisfy Lipschitz conditions on bounded sets that is Vn € N, Vz,y € H, 4C,

such that

lz[|<n and [ly[|<n = [|[F(z) = F(y)||+]|®(z) = 2|2, < Cullz - y]|-

If one is willing to use semigroup approach then a more general evolution SDE can be con-

sidered

dX(t) = AX (t)dt + F(X(8))dt + B(X (£))dW(t), te[0,T] (L5)

and existence of a solution is once again guaranteed [15] under for example suitable Lipschitz

assumptions on F and ¢ and an assumption that A generates a Cy—semigroup in H.

In this thesis in general and in Section II in particular we would like to study an extension of
the classical theory and using Ovsjannikov’s method solve equation (I.4) in a suitable scale
of Hilbert spaces. In our work we will be following in footsteps of A. Daletskii who recently

extended Ovsjannikov’s method to a certain class of SDEs (see [10]) proving existence of finite



time solutions. We shall now briefly outline the progress achieved in [10]. We begin by fixing
a positive real interval A = [a,d] and assuming that we have a scale {Xg}qca of separable

Hilbert spaces that is
Xo C Xpg and [|ul|p< ||ullo if a < f € A and u € X,.
Moreover we fix another scale {Hy}qcq of separable Hilbert spaces such that
H, = {Space of Hilbert-Schmidt operators from H to X}, V(a€ A)

and impose the following Lipschitz type conditions on F' and ®. That is for all « < g € A

and u,v € X, we assume that

1F(u) — F(0)llp < —=—[[u— o]l

1®(u) — (v)||m, <

Now under these conditions one can prove that there exists a constant b such that for all
b € (0,b) equation (I.4) admits a unique solution in the space M?. Where M7 is a Banach
space of square-integrable progressively measurable processes £ such that £ : [0, (a—a)b) — X5,

&(t) € X4 whenever t > (a — a)b and

lellug=sup { (BllcOIEmian)) " o€ @l te @ o)

where p is a certain special function. In Section IT we will see that under a suitable modification
of Lipschitz type conditions on F' and ® one can prove existence of global solutions of equation

(1.4) living in M} for all p > 2. In Section II we will also see that M spaces can be simplified.

I.3 An Outline of Section III

The study of properties of various physical phenomena has led to consideration of systems of
infinitely many coupled finite dimensional stochastic differential equations. Such systems are

known as lattice models with certain conditions on the so-called “spin variables”, which are

10



being modelled by the SDEs. Term “stochastic dynamics” is also often used to describe such
systems in general and in particular SDEs that model the time dependence of spin variables.
Origins of this terminology can be found in [51] and additional mathematical framework can
be found, for example, in [4] and [37]. Questions concerning existence and uniqueness of

solutions of such systems have also been studied in [22] and [57].

In recent decades studies of physical phenomena pertaining to non-crystalline (amorphous)
substances and ferrofluids and amorphous magnets has led to an increased interest in studying
countable systems of particles randomly distributed in R?. Characterisation of each particle
in such a system by an internal real or vector valued “spin” parameter naturally leads to the
consideration of a lattice model based on a fixed configuration v C R? of particle positions.
Instances when v = Z% are well studied and have an extensive literature, see for example
[21, 38] and [33]. However, as described in [11] there are instances when the configuration ~y
of particle positions doesn’t have a regular structure but instead lends itself as a locally finite
subset of R? where a typical number of “neighbour variables” of a particle located at = € ~ is

proportional to log|x| for large |x|.

In Section II we saw an extension of work by [10]. This extension showed, under a suitable
choice of coefficients, how to construct a unique strong solution of a stochastic differential

equation, driven by a cylinder Wiener process, in a separable Hilbert space

dé(t) = F(&(t))dt + ®(E(t))dW (t), te[0,T] (I.6)

using Ovsjannikov’s method. The end result was a strong solution that takes values in an
intersection of a suitably chosen scale of Hilbert spaces. This general theory was subsequently
used to extend the work of [11] [in a sense of considering a stochastic version] by considering
a lattice system on a locally finite subset v C R? such that the spin variables ¢, and qy are
allowed to interact via a pair potential if the distance between x,y € =y is no more than a fixed
and positive interaction radius r, that is, they are neighbours in the geometric graph defined

by v and r. Precisely speaking we considered a system

deo(t) = du(E())dt + Vo (E(t))dWa(t), z €, t € [0,T] (L7)

11



where ¢, and ¥, were required to satisfy the so-called “finite range ” and “uniform Lipschitz
continuity” conditions and showed that system (7.7) can be realised in a suitable scale of

separable Hilbert spaces and hence studied using Ovsjannikov’s method.

In Section III, we would like to further build upon results of [10, 11] and [2, 1] and consider

a lattice system of the form

dga:(t) = (I)a:(gm(t)v E(t))dt + \I’x(gx(t)a E(t))dwx(t)7 reEYy, te [Oa T] (1'8)

where ®,(a,b) = V(a) + ¢,(b), where V is a real valued one particle potential satisfying the
dissipativity condition, and ¥, is Lipschitz. In our approach we will assume, as in [11], that
configuration of particles v C R? is a locally finite subset of R? distributed according to a
Poisson or, more generally, Gibbs measure with a superstable low regular interaction energy,
so that for all x € v a number of particles in a certain compact vicinity of x is proportional

to log|z| for large |z|.

Unfortunately, system (I1.8) doesn’t lend itself for an immediate and straightforward applica-
tion of Ovsjannikov’s method. Hence in this section we opt for an approach that was used in
[2] and consider a so-called sequence of “finite volume approximations” of the system (L.8).
Precisely speaking a sequence of finite volume approximations is a sequence of solutions of

truncated systems of the following form

fm—Cer/‘P = ds+/\lf (€0 Z)dWa(s), Wz € Ay At € 0,T))
(L.9)

ot = Cas Y(z & Ay At €0,T))

where v D A, T v are finite. Using a comparison Theorem II1.20, which builds upon the
method of Ovsjannikov, we ultimately show that the sequence of finite volume approximations

converges to a unique strong solution of the system (I.8) in a certain scale of Banach spaces.

12



II SDEs in a Scale of Hilbert Spaces

II.1 Summary

We begin this section by fixing some common notation and a couple of special definitions
including a definition of a scale and an Ovsjannikov map. We continue with an outline of
our probability space as well as a number of important measure and measurable spaces. Sub-
sequently we introduce a certain family Y (see Definition I1.26) of stochastic processes and
prove that if fact this family is a scale. We conclude the first subsection by exhibiting our
main SDE, defining what we mean by a strong solution and featuring, without a proof, our

main existence Theorem I1.33.

Then we move on to the next subsection containing a number of auxiliary results. In par-
ticular we define a certain integral map (see Definition 11.37) and prove that in fact it is an
Ovsjannikov map on Y (see Theorem I1.38). We also establish convergence of a certain infinite
sum and using a collection of these result we conclude this subsection by proving a Cauchy

like estimate, see Theorem 11.42.

Next we use Theorem I1.42 to prove existence and uniqueness (see subsection I1.4) and es-
tablish various norm estimates. Finally we consider an application of our general theory to a
system of equations describing non-equilibrium stochastic dynamics of (real-valued) spins of

an infinite particle system in R”.

13



I1.2 Main Framework
I1.2.1 General Notation

In our framework all vector spaces will be over R and the cardinal number of any given set
A will always be denoted by #A. Hence if A is a finite set then naturally #A will stand for
the number of elements in A. We now start this subsection by introducing the following sets

that will be frequently used throughout this text:
Ry = (0,00), Rgp:=][0,00), Rj:=][l,00), Rg:=][2,00), Ny:=NU}{0}. (IL.1)

We also introduce constants T, a, @ € Ry, p € R; and a special notation for the following

closed intervals:
A = [a,d],
T :=1[0,T].
Given two normed vector spaces A and B we fix the following compact notation

A is a subspace of B
A<B <~ (IL.2)

lzlls < [lzlla, V(z € A).

and agree that given any two sets X and Y the symbol XY will be understood as an infinite

Cartesian product, that is

XY= X X ={{z)er

yey

zy € X for allyEY}.

Remark I1.1. Sometimes we will call XY the set of all maps from Y to X.

Moreover given a family of sets X := {X}qca we introduce the following notation:

X = U Xo, X:= ﬂ Xa.

ac(a,a) a€(a,a)

14



I1.2.2 Scales and Ovsjannikov Maps

We now proceed to introduce several important definitions.

Definition II.2. A family X := {Xa}aen of Banach spaces is called a scale if X, < Xg for
alla < g € A.

Remark 11.3. It is perhaps important to note at this point that within the context of
Definition I1.2 above all Banach spaces in the scale X have the same zero vector. Moreover

when X is a scale we see that the following equality holds:

X = U X
a€la,a)
X= ) Xa
a€(a,d]

Definition I1.4. Let X be a scale and Z = {Zs}qen be a family of Banach spaces. Moreover
let g € Rg. Then

G X = 7
is called an Ovsjannikov map of order q from X to Z if
(1) G : Xa — ZB
Xa HALeR)Va<BeA A z,yeXy). (IL3)

(2) 116(2) - Gz, < gl — wllx,

Definition I1.5. Suppose X is a scale and Z = {Zy}qca s a family of Banach spaces. Let

us define the following spaces of Ovsjannikov maps:

0(X,Z, q) = {space of Ovsjannikov maps of order q from X to Z},

0(X, q) := {space of Ovsjannikov maps of order q from X to X}.

Remark. Usually we will deal with situations when both X and Z are scales.

15



Definition I1.6. We now take a moment to fix in place the following notation that will be

frequently used throughout this text:
(1) Let X := {Xy}qen be a scale of separable Hilbert spaces,
(2) Let H be a separable Hilbert space,

(3) Let H = {Hg}qen be a family of sets such that for all a € A, Hy is the space of

Hilbert-Schmidt operators from H to X,. Precisely speaking for all a € A we have

1

2
zneNHA@n)n%ga) <o,

Al = <
H, = { A€ L(H,X,) (I1.4)

¢ := {en}nen s an orthonormal basis of H

Remark I1.7. It can be shown that family H is the family of separable Hilbert spaces
and for all a € A the norm of Hy is independent of the choice of the orthonormal basis
for K. Details of this classical result can be found in [52].

Moreover since X is a scale we see from the Definition 1.2 that for all o < € A we

have the following:
Ae L(H,X,) = Ae L(H,Xp),
YA, < DA,
neN neN

Therefore it follows that H is a scale.

Let us now move on to the discussion of the underlying probability space, on which this section

will be subsequently based.

11.2.3 Probability and Measure Spaces

We shall now proceed to describe the probability space and also a couple of important spaces
of measurable maps and stochastic processes, that will become important in the main body

of this text. Let us begin with a couple of auxiliary definitions.

16



Definition I1.8. A probability space (0, F,P) is said to be complete if G C F where

GE{ACQ‘forsomeF (ACF andP(F)zO)}.

Remark I1.9. Collection G above sometimes called the collection of all null-sets of F.

Definition I1.10. In a filtered probability space a filtration F := {F, }1cq is called normal if
(1) HC Ty
(2) Ft =F+ forallt €T
where H = {A e ‘ P(A) = O} and Ty = ﬂ Ts.
se(t,T]

Let us now introduce the following assumptions. There will also be a couple of additional

assumption introduced at the end of this subsection.

(1) Let us agree in the first place that all probability and measure spaces in our subsequent

discussion in this section are complete.

(2) Now we fix a filtered probability space
P = (Q,7,P,F) (IL5)

on which all of our subsequent work will be based. Moreover we assume that filtration

F := {F; }1e7 is normal in a sence of Definition I1.10.

(3) We fix a measure space M := (T, %(7),dt) where dt is a Lebesgue measure and %(7T)

is a Borel o—algebra.

Remark I1.11. Lebesgue measure dt in this text will sometimes be denoted by ds
or dr. In general we will use a Riemann integral notation for all Bochner-Lebesgue

integrals in this text.

17



(4) We agree to work on a fixed product measure space

MP=(Q=T207F =2T)F,P:=daP). (IL.6)

(5) For all t € T we will sometimes refer to the following fixed measurable spaces:

P, = (Qagjt%
M, = ([0,t],2([0,1])), (ILT)

MP; = ([0,4] ® ©, Z([0,1]) © F).

(6) Given two measurable spaces A and B we denote by M (A, B) the space of all measurable

maps from A to B.

(7) Moreover we now fix notation for the following measurable spaces that will be frequently

mentioned throughout this text:

(a) MZXa = (Xq, B(Xq))
V(a e A),
(b) MU = (H,, Z(H,)) (IL.8)

(¢) ME = (R, Z(R)).

Now, the following definition fixes how we understand, denote and refer to stochastic processes

in this section.

Definition I1.12. Let Y be a Banach space and Y = (Y, 2A(Y)) be a measurable space.
A measurable stochastic process is an element of M(MPp,Y) and the set of all measurable

stochastic processes from MPrp to Y is denoted by S(Y).

Remark I1.13. From a classical measure theory, see for example [7, 54, 60], it follows

that if £ € 8(Y) then for allt € T and all w € Q we have the following:

MM,Y)3&,:T =Y,

MP,Y)3&. : Q=Y.

18



Let us now introduce a couple of important classifications of stochastic processes.

Definition I1.14. Let Y be a Banach space, Y = (Y, 2(Y)) be a measurable space and

suppose that & € 8(Y). Moreover for allt € T let £ be a restriction of € to [0,t] x Q. That is

§t:=§[0 fxg Jorallted

A stochastic Process € is called progressively measurable if for all t € T a restriction process

& is an element of M(MPy,Y).
Definition I1.15. Let Y be a Banach space and suppose that £,¢ € 8(Y). We would like to

define the following notation

(<= ViteT)PlweQ | &ow# Gul=0

<~ V(t G(I) & =G, P—a.s.

Definition I1.16. Let Y be a Banach space and suppose that & € 8(Y). A modification of &

is a stochastic process € € 8(Y) such that £ ~ €.

Theorem I1.17. Let Y be a Banach space and Y = (Y, B(Y)) be a measurable space. If
every sample path of & € $(Y') is continuous and & is adapted to F then £ is progressively

measurable.

Proof. We fix t € T, define ¢ to be the restriction of £ to [0,¢] x © and conclude the proof by

showing that ¢ € M(MPy,Y). As a first step, observe the following:

(1) For any fixed a € [0,¢t] the map (, : [0,t] x Q@ — Y, defined in the following way
0,6] x Q3 (s,w) =% £ €Y,
is A(]0,t]) x F; measurable because £ is adapted to F and for all A € Z(Y) the inverse
image (;'(A) = [0,1] x £, (A).

(2) For any fixed 8 < v € [0,¢] the set [3,v] x Q is Z([0,t]) x F; measurable. Moreover,

because for any fixed a € [0, ¢] the map (, is ([0, t]) x F; measurable we conclude that
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the product map

150

is also A([0,t]) x F: measurable.

Now for all n € N we consider a partition {t;}" of [0,¢] into n intervals of equal length such

that ¢o = 0 and 1,, = t. Moreover we define a process (" : [0,¢] x  — Y in the following way

Cn = Z l[wifmﬂi]XQCwi‘
=1

Now from (1) and (2) above it clear that (™ is Z([0,¢]) x F; measurable. Moreover by
considering an arbitrary pair (s,w) € [0,t] x 2 we see that (!, = (y, ., for some 0 < j <n
such that s € [1hj_1,1;]. Because |s — 1;|< L and every sample path of £ is continuous we

conclude that

77,11~)Igo C;L,w = CS,OJ'

Finally by Theorem IV.4 we conclude that ¢ is Z([0,t]) x F; measurable map and the proof

is complete. ]

Theorem I1.18. Let Y be a Banach space and Y = (Y, B(Y)) be a measurable space. If

&€ 8(Y) is continuous and adapted to F then & is progressively measurable.

Proof. 1t is important to recall that we are working with a complete probability spaces in this
section. Since ¢ is continuous it follows that there exists N € F such that P(/NV) = 0 and for

all w €  — N the trajectory &.,, is continuous. Let us now define the following process

¢ bw | V(EE0, T AweQ—N),
tw =
0 V(tel[0,T]Nw € N).

Hence we see that every sample path of ¢ € §(Y) is continuous. In addition we see that for
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all t € T we have the following relation

G =56, P—as.

Hence by Theorem IV.5 we conclude that ¢ is adapted to F. Therefore, Theorem II1.17 tells
us that ¢ is progressively measurable. Finally using the fact that the set [0,7] x N is a

measurable rectangle we get

P([0,T] x N) = dt([0,T))P(N) =0
and using the definition of ¢ we thereby arrive at the following conclusion
(=€ P—a.s.

Hence if we define dt x P to be the restriction of the product measure P to %([0,t]) x F; and

equip the measurable space MP; with dt x P then we see that

C[O,t] x - é[O,t] < dt xP — a.s.

Now because ( is progressively measurable we conclude by Theorem IV.5 that ¢ is also pro-

gressively measurable hence the proof is complete. O

Remark I1.19. Theorem II.18 is a more general version of Theorem I1.17 (see [30] for
additional details). Moreover from [30] one can learn that in fact a more general results
then Theorem I1.18 holds. In particular one can drop an assumption of continuity and

only require sample paths of € to be cadlag.

Definition I1.20. Let 2" = (X, A,n) be a measure space, Y be a Banach space, with norm
denoted by |||y, and & = (Y, B(Y)) be a measurable space. For all p € Ry we define the

following Banach spaces

LP(%’ g/) ={f: XY Hf”llp(ﬁ',?Y):: </XHf‘1§)/dT7> < 00, ) (11.9)
feM(Z,%)
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Remark I1.21. As it is often done in academic literature, we will not consider explicitly
the dependence of LP(-,-) spaces on equivalence classes. We will work directly with the

Definition 11.20 and when necessary acknowledge any issues arising from such dependence.

Theorem I1.22. Let X = { X }qen be a scale and p € Ry. Moreover for all a € A define a
measurable space MXe = (Xy, B(X,)). Then L = {LP(P,MXe)}.c4 is a scale.

Proof. The fact that L is a family of Banach spaces is a standart result from functional
analysis, see for example [13, 36, 52]. Therefore to finish the proof it remains to verify that
conditions (1) and (2) of the Definition I1.2 are satisfied. To this end let us start by fixing
a< feAand f € LP(P,MXe), By Definition I1.20 it follows that f € M(P,M~*«). Because
X is a scale we conclude that f € M(P,M*#) and Hng(B < | flx,- From Theorem IV.9 we

therefore see that

IN

LI, < [ 1515, ae.

Now, it follows that f € LP(P,MX#) and

||f||LP(P7MXB) < ||f||LP(P,MXa)7

hence the proof is complete. O

Remark 1I1.23. It follows from Theorem I1.22 above that for all p € Ry the family of

Banach spaces

LP = {LP(P,M*%)} e n

is in fact a scale.

Let now state the final assumption on which, going forward, this section will also be based.

(8) We define a cylindrical Wiener process W in H (see Definition I1.6 and Remark 11.24
bellow) and assume that filtration F := {F;};c7 on our probability space satisfies the

following standard conditions:
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(a) W(t) is F; measurable, for all t € T,

(b) W(t) — W(s) is independent of F, For all s <t € T.

Remark I1.24. Based on [15] we now sketch the construction of a cylindrical Wiener
process in H. One begins this construction with a linear, self-adjoint and positive definite
operator () : H — H and chooses H C Hy so that Hg = Q%(CH) is embedded into Hy via

Hillbert—-Schmidt embedding. One then proceeds to prove that

N

o
W(t)=> Qzeqwn(t), Y(teT),

n=1
where {e,}nen s a complete orthonormal basis for H and {wy tnen is a family of inde-
pendent standard real-valued Wiener processes, is a classical (is a sense of [15]) Wiener
process on Hi. Finally, one calls W a cylindrical Wiener process in H when Q = 1.

Hence for some complete orthonormal basis {qn }nen of H

W(t)=> quun(t), Y(teT).
n=1

Finally we define spaces of stochastic processes that can be integrated with respect to W.

Definition I1.25. For all a € A we define the following space

/T
2
NG, = { € € S(Hy) E[ 0 Hg(S)HHHdS] =00 . (IL.10)

& 1is progressively measurable

Now we conclude this subsection by noting that, stochastic integration in this text follows the
approach of [15, 48]. In particular it is known (see subsection IV.2) that if £ € N, for some

a € A then an integral process

/Otf(s)dW(s), teT

is well defined and represents a square integrable X, (see Definition I1.6) valued martingale

with respect to IF with almost surely continuous trajectories.
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I1.2.4 Y spaces

Let us now introduce a family of normed linear spaces of stochastic processes that from now

on will be at the centre or our attention.

Definition I1.26. For allp € Ry and all a € A let

S P H&ngr—<sup{E[!§(t)H§’ga]‘teff});«x; )

& is progressively measurable

YP = {YP)acn. (IL.12)

be, respectively, a normed linear space of Xy valued progressively measurable processes and a

family of such spaces.

Remark I1.27. Let us fix some p € Ry and a € A. Now, strictly speaking ||||y» is a
seminorm and Y5 should be defined and understood as a space of equivalence classes, in
the same way as traditional £ spaces are understood. In line with an academic literature,
we will however make no attempt to explicitly deal with equivalence classes beyond this
remark and shall treat Y% in the same way as £ spaces are often treated. One fact that
nevertheless needs to be remembered/agreed is that any two precesses &', &2 € Y5 will be
called equal if and only if ||€! — §2HY5 = 0. Howewver, from the definition of a seminorm
[llyr we can see that given any two equal processes €Y, €2 € YE it is still possible that for
all t € T we have &} # &2 on some subset of Q of measure zero. In other words &' = €2,

in Y&, if and only if €' ~ &2 (see Definition II.15 and I1.16).

Theorem II1.28. Let p € Ry, X be a Banach space and let X = (X, A(X)) be a measurable

space. Moreover let

77 = ¢ e s(x) 1€l 2o = <sup {E[Hf(t)ng(] ‘ te T})p < o0,

& is progressively measurable

Then Z? is a Banach space.

Proof. According to the Definition I1.26 we need to show that ZP is complete. Therefore let

us start by assuming that 2" = {£" },en is a Cauchy sequence in ZP and defining for all ¢t € T
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the following sequence 2 = {£]' }nen. Now, using the Definition I1.26 once again we see that

for all t € T the sequence 2 is Cauchy in LP(P,X) and

lim |6 — & |l cp(p,x) = 0, uniformly on 7. (IL.13)

n,Mm—00

Hence let us define a map ¢ : Q — X in the following way

in £P(P,X)
—

6(t) = [ Jim ] )
Now using equation (I1.13) it is clear that
nh_%lo”ﬁf —&tllcrp,x) = 0, uniformly on T.
Therefore we conclude that
lim [|£" = £[[z»=0,

n—oo

and to finish the proof it remains to show that £ € ZP. To this end observe that for all t € T
[l - [ lei] | < 1o e,
which shows that
,}LHQOE[M?H%] = E[HQHQ], uniformly on T. (I1.14)
Because each element of 2" is in M(MP, X) we conclude that the map
73— 5[lg1s | < &

is #(T) measurable. Hence using Theorem IV.4 and equation (I1.14) we conclude that the

map

731 — B[ el <R
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is also #(7T) measurable. Moreover from the Definition I1.26 and equation (II.14) above we

also see that there exist a constant k € N such that
e[l ] < 1€ + 1 foran s e

which shows, according to Theorem IV.9 and IV.18, that £ € LP(MP, X). Now for all n € N,

knowing that £ € §(X), we apply identical arguments to E[||£]" — &% ] and conclude that

Jim [1€" — | crvp,x) = 0-

Hence by Theorem IV.12 we see that there exist a subsequence p such that

i Pn) — ¢ P_
nh_)nolof =¢, P—a.s.

Hence if we fix t € T and define dt x P to be the restriction of the product measure P to
A([0,t]) x F; and equip the measurable space MP; with dt x P then recalling that for all

n € N the process £7(" is progressively measurable we see that

lim fp(n) = ¢ _
n=—0o0 [0,1] x Q [0, 2] x Q dt xP—a.s.

Hence by Theorem IV.4 we conclude that £ is progressively measurable. Finally it is now
clear that for some m € N we have £™ — ¢ € ZP and €™ € ZP. Since ZP is a vector space we

conclude that ¢ € ZP and the proof is complete. O
Theorem I1.29. Suppose that p € Ry. Then YP is the scale.

Proof. From Theorem I1.28 we already know that YP is a family of Banach spaces so to
conclude the proof it only remains to show that conditions (1) and (2) of the Definition II.2

are satisfied.

Let us begin by fixing a < 8 € A and £ € YP. By Definition 11.26 we see that £ € 8(X,).

Because X is a scale we conclude that £ € §(X3) and ||§H§§B < |€l%, - From Theorem IV.9
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we see that for all t € T we have the following inequality

p p
L, < [ e, ae.

which shows that

1€llvs < €y

Finally, since £ is progressively measurable we conclude that & € Yg and the proof is complete.

O]
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I1.2.5 A Strong Solution of an SDE in a Scale

1

Let us start this subsection by introducing another constant q € [0, 5

) and defining the

following two Ovsjannikov maps

® € O(X,H, q), (IL.15)

F e 0(X,q). (11.16)

Remark I1.30. Without loss of generality let us assume that both ® and F share the

same constant L (see Definition I1.4) which is from now on fized.

Observe now that according to the Definition I1.4 for all a < g € A

F| :Xo—Xg and @ :X,— Hg
Xa Xa

are continuous maps. Therefore if p € Ry and £ € Y2 then

(1) Fo¢isin 8(Xpg) and progressively measurable. Moreover for all € X, we have

1F()|lx; = [1F(z) + F(0) = F(0)llx,
< [|F(z) = F(0)llxs+1£(0) 1%,

L
< G apleheIFO)l,

< M(m Hfﬁllxa>,

where

_ F(O)]x,(a —a)"
— = ,

M

(11.17)

Hence we see that

P©1g,< (i) 2 (3 + el ).
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and thereby conclude by Theorem IV.9 that F o ¢ is in £LP(MP, M¥#).

(2) ®ogisin §(Hg) and progressively measurable. Moreover Theorem IV.2 and calculations

nearly identical to the ones we have done above show that

T
E [ I |r¢><§<s>>\%ugds] < co.
Hence we conclude that for all t € T
t
/0 B(&(s))dW (s) (IT.18)

is well defined and, treated as a process, represents a square integrable Xz (see Definition

I1.6) valued martingale with respect to F with almost surely continuous trajectories.

Remark I1.31. Let us return to an integral (II1.18) above and clarify that it depends on

B only up to a modification. To this end let us fir a < f < v € A and

ni= [ @p(ENaW(s), 1T

0, = /Ot O (£(s)dW (s), teT

considered respectively as Xg and X, valued random wvariables. Using Ito isometry and

the fact that ® € O(X,H, q) observe now that

E|Is— 12, | <B| [1os(ete) - o (eI ], e

< L] [l - as] e

IN

0,

hence we see that ng =~ 1.

For the remainder of this section our focus shall be fixed on finding a solution for an SDE of
the following form

de(t) = F(E(L)dt + B(E(L))dW (t), t € T.
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Speaking more precisely we shall in fact be mainly concerned with an equivalent problem.

That is our goal is to find a unique strong solution of the following stochastic integral equation

() = Co + /O " Fe(s))ds + /O "B (e(s))dW(s), teT (IL.19)

where (4 is an element of X;. In order to achieve our goal we first need to agree on the type
of a stochastic process shall be accepted as a strong solution of the equation (II.19) above.
Now, keeping in mind that our strong solution has to somehow make use of scales that we

have previously outlined we put forward the following definition.

Definition I1.32. A stochastic process & is called a strong solution of the equation (11.19) if

Ley?

and
e~ Gt [ F(e(s)ds + [ @(e(s)aw ().

This subsection will now be concluded by stating the main existence and uniqueness result of

this section, which will be proved gradually with the final argument given in subsection II.4.

Theorem I1.33. Suppose that p € Ry and q € [O,%). Moreover let ® € O(X,H,q) and
F € 0(X,q). Then for all {; € X, there exists a unique strong solution (in a sense of

Definition I1.32) of the stochastic integral equation (I1.19).

Remark I1.34. Uniqueness of the strong solution will be understood in line with the
argument given in the Remark I1.27 following the Definition I1.26. In particular we shall

say that & is the unique strong solution if given any other strong solution n we have

1€ = nllyz=0,

for all a € (a,a).
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I1.3 Auxiliary Results
11.3.1 Ovsjannikov Map on Y

We begin this subsection with a result that will be needed later on.

Theorem 11.35. Suppose that A, B,k € Ry and q € [0, %) Then

= A" pan

kel . < o0, 11.20
nZ::O B /] > ( )

Proof. By analysing a ratio of terms of the series (I1.20) above we see that

Antl (n+1)q(n+1) An pan B A ) gn+q—1 1
B Y/ B g m Y

— Al(l + 1>qn
Bi(m4+1)sa\  n/,

Now since
i e () -y (e (5))
= 2 (e
=0
we conclude by ratio test that the series (I11.20) converges and the proof is complete. O

Theorem I1.36. Suppose that C,k € R. Then

oo n
n=0 .

Proof. By analysing a ratio of terms of the series (I1.21) above we see that

lim < i o > = lim L—O
nooo \ /(n+ 1)1/ Vnl ) moee nt 1

Hence the proof is complete. O
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Now using machinery of subsection 11.2.5 we would like to introduce the following definition.

Definition I1.37. We define a map J Ty2e Y%p by letting for allt € T and all & cly2
t t
W) = o+ [ Plels)ds + [ B(e)aw(s) (11.22)

Theorem I1.38. Map J from the Definition I1.37 is Ousjannikov. That is 3 € O(Y? q).

Proof. Fix a < 8 € A and processes &, € Y2P. We now check that the integral map J satisfies

the Definition I1.4. We begin by showing that J o Y2 Y?. To this end we recall from
Y=4P

subsection I1.2.5 the following information: ¢

(1) Ca € Xa,
(2) F(€) is in L2 (MP, M¥s),
(3) ®(&) is in N¥, and E [fDTH(I)(f(s))H%ﬂBdS] < .

Now using this information, we conclude via an application of Theorem IV.18, IV.23 and
IV.27, that J(¢) € 8(Xj3) and HJ(ﬁ)HY? < 00. Moreover using Theorem IV.23 we see that
J(¢) is continuous and F adapted process. Hence we conclude by Theorem II.18 that J(&)
is progressively measurable. Now, from the collection of all preceding arguments we can

conclude that J = Y2 — Y%p establishing condition (1) of the Definition II.4.
YZP

Let us now show that condition (2) of the Definition I1.4 also holds. We begin by defining

the following maps

(1) = DEW) — B(n(t)) ¢ V(LET) (I1.23)

(1) = 17(6) (1) — T (1)1,

and establishing the following inequality for all ¢t € T.

|90 - 50 O | || [ Feas+ [ aaw)

2p
xﬁ]

2p
] + 2*°1EH
Xp

2p

< 2“11«:” /Ot B(s)dW (s)

/0 " F(s)ds } (IT.24)
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For the rest of this proof let us now fix some ¢ € 7. From inequality (I1.24) above we get

1ot - 0012, | < 26 ( [17as) |+ 28] [ B

¥ ] (I1.25)
Xs

Now using Hélder Inequality IV.10 we see that
t 2p t 5
([1Feleds) <ot [IEEIE s
Moreover, using Theorem IV.21 and IV.27 we see that (see subsection IV.5.2 for details)

[ xﬂ] < (2p31> T pl/OtE[||<i>(s)||§§B]ds

p J—
where p > p. Therefore letting

/@ YW (s

_ B 53 p p—1
Ly =Li(T,p) = (]3—1) T

and using Fubini Theorem IV.18 together with inequality (I1.25) above we see that
t _ _ t _
1360 - 3012, | < 1270 ["5|IF, |5+ 0L [ 5| 8002 [as. 1120
Moreover, combining the definition (I1.23) together with the fact that ® € O(X,H, q) and

F € 0(X, q) we see that

2p
IFIE (k) o) = n(e)l 2

. V(s € [0, 1]). (I1.27)
1861, < (ko) i€ I,

Therefore, returning to inequality (I1.26) above we see that
(I1.28)

E[(1)] < (PT% + 4°TL,) ((g_La)q>2p sup {E[Hg(t) _ n(t)HXa] te ‘.T}

Now letting
(I1.29)

L= L(4° + T2 )2
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we finally see that

]
19 = Tl < 75— 5sl1E = 1l (11.30)

and the proof is complete. O

Remark I1.39. At this point we would like to point out that although L depends on T

we also have the following relation

lim L =2L.

T—00

Using Theorem I1.38 above we are now in position to define something that we will be called

an iterated or a composite map. That is for all n € N we define

n times

n o .__
J":=Jo0Jo---01, (11.31)

and let J° be the identity map from Yip to Yﬁp. Suppose that n € Ny, our next theorem
provides a useful representation of the iterated map J". Precisely speaking we have the

following result.

Theorem I1.40. For all n € Ny
J" Y — Y. (11.32)

Proof. We prove this statement by induction. For n = 0 the statement (I1.32) is trivially
true since Theorem I1.29 established that Y?? is a scale hence sz C ¢Y2P. Now suppose that
induction hypothesis holds for some n > 0. Fix arbitrary a € (a,a) and § € (a,a). Observe
that induction hypothesis implies that J” : Yﬁp — ng. However because J € O(Y?, q) we

know that

IR N e
ng 1) a

hence by composition J o J* = J**+! and so it follows that J**! : Yip — YE’J. Finally because

a € (a,d@) was arbitrary we see that J**! : Yﬁp — ¢Y2p and the proof is complete. O
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Remark I1.41. Observe that Theorem I1.40 shows that if £ € Yﬁp then the sequence

{77(€)}52, belongs to Y2* for all a € (a, ).

I1.3.2 Discussion

In this subsection we would like to bring to light an important observation. However, before

we proceed let us pause for a moment to fix the following constants:
to € T,
a< B e (aq).
Moreover let temporary consider a fixed stochastic process £ € Yﬁp.

Observation

Let us consider here an arbitrary n € N and a partition {¢;}!_, of [a, f] into n intervals of
equal length. That is ¥g = «, ¥, = 5 and Y41 — ¥ = B_TO‘ for all 0 < ¢ < n — 1. Moreover

let us fix in place the following temporary notation:
K () = 0(6)(t) = I"FH(€)(1) V(¢ € [0, to]),
N =472 L 4P L,,
x|z, |
and deduce from the definition (I1.29) of L that
(e

Now combining Theorem I1.38 with inequality (II.26) and (II.27) we see that

L 2p to n
*§N<(¢n_%_1)q> /0 E[|Kn_1(t1)||§£pn_l]dt1. (11.33)
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Expanding inequality (I1.33) above further we see that

(I1.34)

L L 2 o t
*§N2< ) / / IE[ K5 (k)7 ]dtdt,
(% - wn—l)q (Qpn—l - ¢n—2)q 0 0 || 2( 2)|‘X"/)n—2 2041
L L 2 rto tno1 )
< N" / / IE[ Kl (t, p]dtn---dt,
((1/111 — 1)l (Y — %)q) 0 A || Ko ( )wao 1
N ( L L >2p Kl 2p /to /tn—1 J J
< N" .. e tp - dty,
B (Yn = ¥n-1)% (1 —¢o)" 0 v Jo 0 !
N L L 2p Kl 2p "
< N" .. —
B ((¢n — 1)t (Y1 — 7/)0)0'> 0 v n!
Now observing that the following relation holds
LT\
N"T" =
(%)

we can, using the fact that v = «, ¥, = 3, therefore establish the following inequality

1B g <

< - -
= G- Yl

T
(Yn — Yn—1) -+ (1 — 1p)9

1 1
WHKOHYQU

EnTn nan
T

11.3.3 A Cauchy Type Estimate

(11.35)

Let us start this subsection by defining recursively maps X" : £'(M, MR) — £1(M, MR®), for

all n € Ny, via the following formula

Xt f) -

f(t) n=0
= ¢ i f(s)ds n=1
fg Knl(s, f)ds | n>1

(11.36)

Now using inequality (I1.35) established earlier we can see that in addition the following

theorem can also be formulated and proved.
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Theorem I1.42. Suppose o < B € (a,a) and {,n € Yﬁp. Then for all n € N

T pan

[17"(€) — Jn“(ﬁ)“yzpﬁ By

1€ = T(0) ] y2e- (11.37)

Proof. Fixing t € T we prove by induction that

B[ I(©0 - 01, | < N(M)px G )

from where the inequality (I1.37) follows at once because by the definition of map X™ we can

see that the following relation holds

s (18|l -3 ) = [ 7 [ |l - S @I, |t
<le - //tl /nldtdtnl dt.

Now back to the proof. Clearly the case n = 1 follows immediately from the Theorem I1.38.

Precisely speaking a passage from an inequality (I1.26) to an inequality (I1.28) shows that

_ L 2p ot
el - 2mwnz | < wr ety (G2 [ Bl -, |as

_ (M)szl<t,E[|r£—ﬂ<n>|?gz]).

Now, suppose that the induction hypothesis holds for some n > 1. Choosing 9 € («, 3) such

that 8 — ¢ = TH we see, using Theorem I1.38, that

sl @ - 2w | <N( L) [ E[rem -7 men |

Hence letting

— 5| lle - 3012 |
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and applying the induction hypothesis we get

sl -~ | <N( L) N () [ s A

Ln—i—lnqn

2p
< Nn+1< )q > Kn+1(S,A).

(8 =) — )

Moreover we see that

LnJrl n__rn 6—0& -1 TL(B—O&) - n
B0 —am " _LH(nH) ( n+1 > "

Lt (n4 1)
- (ﬁ — a)q("+1) nan

qn

L't (n + 1)9+D)
~ (B a)tD

Hence we now conclude that

Ln+1(n+ 1)q(n+1)
(B — )T

%
E| @0 -2, | <3 ) xsa)

and the proof is complete.

Remark I1.43. [t is clear from the definition of the composite map I that the Theorem

I1.42 is trivially true for n = 0. Moreover it is essential that oo € (a,a) because it is

possible that J(n) does not belong to Yip.
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II.4 Existence and Uniqueness
We now prove an important result which will immediately allow us to establish Theorem I1.33.

Theorem I1.44. There exists a unique element ¢ €¢Y2p such that 3(¢) ~ ¢. Moreover if

a€ (a,d) and € € Y then

in Yﬁp
/—-_—NP
Jim J*(€) ~ ¢.

Proof. Fix € € Yﬁp and a € (a,a). Fix also an arbitrary v € (a,a) and using theorem I1.42

observe that for all m > n € N we have

m—1
17°(€) = T )llgze < D 117°(€) = I (E) Iy
k=n

G L L L

<> G IOl

< [krk  pak
< e = IE) o 11.38
< k; CER L 1€ = Iz (I1.38)

Since q € (0, %) we see from the Theorem I1.35 that the right hand side of inequality
(I1.38) above is a remainder of a convergent series. Therefore we conclude that the sequence
{7"(€) }nen is Cauchy in Y2, Since a is arbitrary, let us now consider a < 8 € (a,a@) and the
following processes:
in Yip
—
bo = lim 97(€) |
in Y?J

—_——

. n_\
¢p = lim J*(¢) .
Because Y% < YZ’J we see that for all n € N we have

||¢B - (baHsz < Hﬁbﬁ - Jn(f)”yé‘“""ujn(@ - ¢oc”'yzp

< llgs = I (E)llyze+17(8) — Pally2s
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which shows that

165 = Gallyzr= 0. (11.39)

Therefore, from equation (I1.39) above we now see that ¢z ~ ¢,. Hence letting

d)a = ¢ = (bﬁa

we conclude that ¢ €¢Y2p and

in Yip
R —

%0)
Jim J*(€) ~ ¢.
Now, from Theorem II.38 it follows that J is a continuous map from Y?Yp into Yﬁp. Moreover

we have just established that ¢ € Y%p hence we see that the following is true

in sz

——
lim I (¢) ~ ¢,

n—oo

in sz in Y%p
- N T T
. n+1 _ : n ~
Jim J(E) —3< Jim J(¢) > ~ J(¢),

which shows that J(¢) ~ ¢.

Finally suppose that there exists another Eﬁﬂp such that J(¢) ~ 1. In this case it is clear

that the following equality holds

177(8) = T W) gz = 16 — llyer-

However from the Theorem I1.42 we can also infer that

EnTn qn
W?TWW = I(WD)lly2

EnTn nan
= W%‘|¢_¢HY%‘L (1140)

17°(6) = L)1y <

40



Since q € (0, %), by Theorem I1.35, the right hand side of inequality (I1.40) above tends to

zero hence we conclude that [[¢ — t||y2p= 0. Therefore we now see that ¢ ~ 1, which shows

that ¢ is unique (see Remark I1.27 and I1.34) hence the proof is complete. O

We are now in a position to prove the main existence Theorem of this section. That is we

prove Theorem I1.33 that was outlined earlier in subsection II.2.5.

Theorem 11.45. For all (5 € X, there exists a unique strong solution of the stochastic integral

equation (11.19).

Proof. Let ¢ be the process found by the Theorem 11.44 above. Then we see that

¢ €Y

and
6% Gt [ Flo(s)ds+ [ @o(s)aw(s)

Therefore we can conclude that ¢ satisfies the Definition I1.32 of a strong solution and the

proof is complete. O

Remark 11.46. From Theorem IV.2 we can in fact deduce now that ¢ € |Y*.

Corollary I1.47. Let & be a unique strong solution of the stochastic integral equation (I1.19).
Moreover let a € (a,a) and n € Yﬁp. Then

in ng

/_/%
lim J"(n) ~¢

n—o00
in Y%

———
lim J"(n) ~¢.

n—oo

Proof. From Theorem I1.44 above we deduce immediately that & ~ ¢ and so using Theorem

I1.44 once again we see that
in ng

———
lim J"(n) ~¢p=~¢.

n—o0
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Finally using in addition Theorem IV.2 we can deduce that

197() — Ellgg = 177 n) — Bl
< [7(n) = lly2»

which completes the proof. ]

Finally we note that the dependence of Theorem II.45 above on (; € X is illusory because we
can always reduce the index set [a,d] for our scales to accommodate for almost (i.e. except
for the final space) any choice of the initial condition. In other words our work shows that

the following result is true.

Theorem I1.48. For all a € (a,a) and (, € X, there exists a stochastic process v such that

ve ] Y, (I1.41)
a€(a,a)
and
Y~ G+ /0 F(y(s))ds + /0 B (y(s))dW (5). (11.42)

Moreover if  is another stochastic process satisfying condition (I1.41) and (I1.42) above then

for all a € (o, @) we have

[l = €llyr= 0.
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I1.5 Estimates of the Solution
I1.5.1 Norm Estimates

In this subsection we will denote by £ the unique strong solution of the equation (II.19) and
establish, relying on Theorems 11.42, 11.44 |11.45 and Corollary I1.47 a number of norm related

inequalities. We begin with a few preliminary observations.

Observation 1

Repeating a calculation from subsection I1.2.5 we see that for all a« < 5 € A and all x € X,

1E (@), = [[F'(z) + F(0) = F(0)[|x,

< [[F(x) = FO) x5+ (0) 1%,

L
<— (M
< s (00 + ez, )
where
F(0 a—a)d
- POz _
Hence we see that
2p L 2 2p—1 2p 2p
1F(2)llx, < B=a)y 2 M= + |zl ) (I1.44)
Moreover letting
®(0 a—a)d
L >\|H£< 0) _
we similarly conclude that
10 g, < (N + ]
P (B )
2p L > 2p—1 2p 2p
1@ ()|, < By 2 N7+ 2y, |- (I1.46)
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Observation I1

Suppose now that o < g € A, t € T and (4 € X;. Moreover using observation I define

K = max[M, N]. (I1.47)

Now using observation I, Theorem I1.38 and inequality (I1.26) we see that

|l - 9GO | < 075 [ |os+ oL [ B[ o, |os  aras

2p 2p
(o) ) )

_ N(M)Qv /Ot (K v IICaqu> " s (IT.49)

Observation III

Finally, Suppose a € (a,d), t € T and (, € X;. Moreover consider a partition {@/}i}?jol of [a, a
into n + 1 intervals of equal length. That is ¥g = a, ¥p+1 = a and Y41 — ¥ = % for all

0 < i < n. Now, from Theorem I1.42 we see that for all n € Ny we have

sl -7 @] <we () e (1sfie -swiz, |)

Lrpin % L > ”
<N ((a - Zln)qn) (wn — a)°‘> e <t’ (K * ||CaHX°> )

a1 L™nan 2p L 2 pntl 2p
N Ee) (sas) o (<eiai)

Moreover we see that

Ln—l—l n_ rndl a—a —q n(a—g) —qn .
(a_wn)q@/}n_g)qnnq =L <n+1> < n+1 ) n’

Lt (n+1)q(n+1) ]
- (a — g)q(n-i-l) nan n

Ln+1(n+ 1)q(n+1)
- (a — g)q(n—I—l)

44



Hence we now conclude that

JaR" 1)a(n+1)\ 2P+l 2p
B[ 1760 - el | < N (BT ) o (Kl

and so we see that

n n I_/n+1Tn+1 n-+1 q(n+1)
19 (Ca) = T (Ca)lly2r < CELE ( - (n)+ = <K + HCaHxa>. (I1.50)

We now obtain a promised earlier norm estimate.

Theorem II.49. Suppose that a € (a,@) and (, € X,. Moreover suppose that & is the unique

strong solution of the equation (I1.19). Then

< L[nTn pan
[1€]ly2e < Z T W<K+||Ca”xa> (IL.51)

Proof. We begin this proof by observing that a constant (; € X, considered as a process is

an element of Yﬁp. Therefore from Corollary 11.47 we see that

lim (37 (Ca) 2o = [[€]ly2e-

n—oo

Now using an estimate (I1.50) observe that for all n € N the following inequalities hold:

197 () llyzo =117 (Ca) llyz = D117 (Ca)llyzo =117 (o)l

k=1

< D 197G = TG llyze
k=1

L L A S L
<Y o (Kl ). (1152)
k=1 = :

Hence for all n € N we can see that

n LETk Jeak
@l < Pyt S g o (K el ). (11.53)
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Now refining inequality (I1.53) further we see that

17l <+ Wl S (ot (K Nl

n Eka kqlc
1 ) (K
< +k§1 (a_g)qk ka!> ( + HCa”Xu>

n LETE Lok
=3 o g (K Gk, ) (LL54)
k=0 .

IN

Finally taking the limit on both sides of an inequality (I1.54) above we see that an equation

(I1.51) holds hence the proof is complete. O

Remark I1.50. It is clear from the definition (I1.43) and (I1.45) that if F and ® are
linear maps then K = 0 hence in this case from the Theorem I1.49 we see that for all

a € (a,a) we have the following norm estimate

S LnTn nan

|£HY2P< Z qn 2\/f||CaHXu

Theorem IL1.51. Let R € Ry such that ||(allx,< R and suppose that § is the unique strong
solution of the equation (11.19). Then there exists a constant k € Ry for all a € (a,a) such

that the following is true
LT <k = |€]|y2< 2R.

Proof. We begin by fixing a € (a,a@) and letting ¢ = 0 that is ¢ is the common zero vector in

R(a—ay)1

the scale X. Moreover we fix as < a; € (a,a) and suppose that x < R-F)"

From Corollary

11.47 we conclude that
Tim [[7(C) lyze= [1€]lyzr-

Hence, to conclude the proof we show by induction that for all n € Ny we have the following
inequality [|J"(¢)||y2»< 2R. The base case n = 0 simply follows from the choice ¢ = 0. Hence

suppose that induction hypothesis holds for some n > 0. Now combining Theorem I1.38 with
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inequalities (I1.48) - (I1.49) we can deduce that the following inequality holds

APLT
74 @l Ity 1o s (K + 17l )

Hence using the hypothesis we see that

LT
gntt <R+ —K+R
H (C)Hzﬁp = + (a—ag)q( + )
Pr
<R K+ R
<R+ (a—ag)q( + R)
P
cpylaza)py
(a—ap)d
<2R.
Hence it follows that [[7"1({)||y2»< R and the proof is complete. O

I11.5.2 Continuity

In this subsection we will continue to denote by £ a strong solution of an equation (II.19).
Moreover we shall now show, using Kolmogorov Theorem IV.26, that stochastic process £ has

a continuous modification. We proceed to formulate and prove the following theorem.
Theorem I1.52. Let & be a strong solution of (11.19). Then & has a continuous modification.

Proof. Fix arbitrary v < a € (a,d) and also fix in place some s < t € TJ. Using Theorems

I1.38, I1.42 and 11.44 we see that for all n € N we have the following chain of inequalities
n DRt - s)F kIR O\
E|llet) - @O < (3 )l - i

k 2
k=1 (a - ’7)q Y k!

n_ pkrk=1 pak \2p )
SW%W(Zk2>H&%M%
= (a—)% Tk &

oo [kTk-1  pak \ 2P )
SWwW(ZkQ)H&«ma. (11.55)
= (a—)% Tk ¥

Now we would like to find a way to use Kolmogorov Theorem IV.26 to conclude this proof.
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Before this can be done let us recall that the following equality holds

i 2{ () - 7@ OIE | = 2|l - o1z |

Therefore we now can see that

o Eka—l qu 2p 2p
Bl ~ €0 | < It o (X ot ) (el HiGlla

k=1 (Cl - ’Y)qk Y k!

and conclude, by Kolmogorov Theorem IV.26, that stochastic process ¢ has a continuous

modification hence the proof is complete. O

Remark I1.53. Now let & be a continuous modification of &. According to Theorem II1.38

we have, for all a < g € A, the following estimate

_ LT _
19(€) =IOy < WH&—&\IY?

=0
which shows that I(&) ~ I(€) and since & ~ & we conclude that

Ex ot [ FE)ds+ [ @(Es)aW(s).

Remark I1.54. Looking at the proof of Theorem II.52 one may wonder if £, a continuous
modification &, depends on the choice of a € (a,qd) in a significant way. Using Remark
11.53 it is simple to show that such dependence is only up to a modification. Indeed
suppose that ai,as € (a,a) then Remark I1.58 above shows that £ ~ fal and £ = §a2 hence

we see that &g, ~ &g, .

11.5.3 Markov Property

In this subsection we assume that q € [0, ﬁ). Let us now begin by additionally assuming that
we have a < B € A and some temporary fixed s € J. Then our work in the previous part

of this section implies that for any Fs measurable and X, random variables ( there exists a
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unique (up to a modification) Xz valued strong solution of the following SDE

£(t,s,¢) =C+ /stF(f(T,S,C))dT + /:CI)(g(T,s,())dW(T), V(is<teT).

Moreover a strong solution £(+, s, () is adapted to F ][Sﬂ. The main goal of this subsection is
to show that £(-, s, () has a Markov property. However, before we begin we pause to make a

number of preliminary observations.

Observation 1

For this observation let us keep s € T fixed and recall from our previous work that we have

&(+,8,0) € Yép. Therefore we see that

E|le(ts. O, | <o, Vs <te

and so in particular we can say that for all s <t € T we have £(t, s,¢) € L2(P, M*s).

Observation II

For this observation let us assume that u < s <t € JTand a < § < 8 € A are fixed. Then it

follows that
€(tu, ) = C + /ut F(E(ru, ¢))dr + /ut B(E(T,u, O))AW (7), P — as.
— £(s,u,C) + / " P(E(ru, O))dr + / "oe(ru, )W (), P—as.  (IL56)

Now since &(s,u,() € ng is ¥, measurable and equation (II.56) has a unique (up to a

modification) solution we conclude that

E(t,u, ¢) = &(t,5,€(s,u,()), P—as.
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Now if ( € X, is a constant then (see [15]) £(t,s,() is independent of F5. Therefore if

¢ € Cp(X), where Cy(X3) a space of continuous and bounded maps on X3, then
A€ aloos(tsg) = A=e(t.5,07(67(B)), 3B < #(x)
= Aco(l(ts, Q). (IL.57)
which shows that ¢(£(t, s, ()) is also independent of Fs. In particular we have

E[as(s(t,s,o)

rfs] _ E[¢(£<t, 5 c>>}- (IL58)
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Observation III

Fix t € T and suppose that ¢ € C,(X3). Moreover suppose that 7 and {7, }ren are elements
of £L2(P,M*#). Then

£2(P,M8) L2(PM"8)
/_'/a /—.——/\—\
Jim n, =n = lim ¢(n.) = ¢(n). (I1.59)

This fact follows from the dominated convergence Theorem IV.13 in the following way. By

Theorem IV.12 we chose an arbitrary subsequence {7,(,)}nen such that

Hence we see that

”‘b(na(n)) - ¢(77)‘|§§5—> 0, P—a.s.

Moreover there exists a constant B such that [|¢[|x,< B. Therefore we see that for all n € N

16(Mo(m)) — S(0) %, < 4B°.

Finally, since 4B% € £2(P,MR®) we conclude by Theorem IV.13 that

L2(Py,M™8)

—_——~
lim ¢(na(n)> = ¢(77)

n—oo
and because subsequence {ﬁa(n)}neN was arbitrary we see that implication (I1.59) holds.

Let us now prove that £ is Markov in the following sense.

Theorem II.55. Fizu<s<tecT,a<d<pfeAand pc Cy(Xg). Then

E[¢<§<t,u, 0)

:ﬂ] = E[¢(£(t, s,&(s,u, g)))], P—as. (I1.60)

Proof. First we take a note that, by continuity of ¢ it is clear that both sides in the equation
(I1.60) above are well defined.
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Now using Observation IT we see that equation (I1.60) can be established by showing that

E[¢<£<t,s,§<s,u, )

&"s] - E[¢(§(t, 5,€(5,u, c)))}, P a.s. (IL61)

To this end, using also observation I, let us therefore show that equation (I1.61) above is

true for any n € £2(P,M%%). Now if 7 is almost surely a constant then we can immediately

conclude from observation II that

E[¢<s<t,s,n>>

?s] = E[¢(§(t, s, n))], P — a.s. (I1.62)

Continuing the proof, if n is a simple map that is

m
n=> zlp
i=1

for some partition Fi,. .., F,, C Js of Q2 and constants x1, ...,y in Xz then we see that
m
E(tys,m) = Z{(t, s, xi)]lpi, P—a.s. (I1.63)
i=1

Therefore we see that the following equality holds

]E[gb(f(t, 5,m)) 3"5] =E ¢<Z§(t, s,xi)ﬂFi) 3"5], P—a.s.
L \=1
=E| Y ot s,2:) 15 3’5}, P—a.s.
L i=1
= ZE{d)(ﬁ(t, s,2i)) 1 CFS], P—a.s. (I1.64)
i=1
Now from observation IT we recall two facts; namely, that for all i € {1,...,m}
(1) A random variable &(¢, s, x;) is independent of Fy,
(2) Fy,...,F, C Fis a partition of Q and an indicator map ILFZ is F5 measurable.
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Hence we see that

E[¢<f<t,s,n>>

CFS] = iE[(ﬁ(g(t, s, xi))ﬂpi], P—a.s.

- E[¢(§(t, s, n))}, P—a.s. (IL.65)

Finally suppose that € £2(P,M%$) is arbitrary and find a sequence {No(n) }nen of simple
maps that converges to 7. Moreover using Theorem IV.12 one can chose this sequence such

that, almost surely, pointwise convergence also holds. Precisely speaking we have the following

L£2(P,M%s)
—
lim 7,0, =17

n—00

Hno(n) - 77”%{5 — 0, P—a.s.

Hence using Theorem 1V.48 we see that

L2(P,M”*8)
A

"l €00, 5,m0) = (1 5,7)
It 5, 7n) — E(t 5,013, = 0, P—aus. (I1.66)

Now from our previous calculation (i.e. the case of a simple map) we see that

E |:¢(£(ta S, na(n)))

93] - E[¢(§(t, s, ng(n)))], P a.s.

Finally using convergence (11.66) and the fact that ¢ is continuous and bounded we can invoke

a standard conditional dominated convergence Theorem to conclude that

i B o(6(t, 51000 | = B otete. s m. | (167)
Moreover observation III now shows that
i B[ (60,5100 | = B|otete 5. | (1L65)
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hence combining equation (I1.67) and (I1.68) above we finally see that

E[qb(g(t,s,n))

&"s] - E[¢(§(t, s, n))], P a.s.

and proof is complete.
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I1.6 Stochastic Spin Dynamics of a Quenched Particle System
11.6.1 Setting

In the first part of this text we saw an extension of work by [10]. This extension showed,
under a suitable choice of coefficients, how to construct a unique strong solution of a stochastic

differential equation (I1.69), driven by a cylinder Wiener process, in a separable Hilbert space

dE(t) = F(E(L)dt + B(E(L))dW (), te T (IL.69)

using the method of Ovsjannikov. The end result (see subsection 11.4) was a strong solution
that takes values in an intersection of a suitably chosen scale of Hilbert spaces. In this

subsection we put the general theory to use by considering a practical example.

Our example (see also [10, 11]) is motivated by the study of stochastic dynamics of interacting
particle systems. In order to outline an application of the general theory we need to fix some
new terminology first. Hence for some d € N we now let v be a locally finite subset of R?
and |-| be the Euclidean norm in R?. Moreover we fix p € R, and introduce notation for the

following sets:

B(z,p) ={y € R? | [z —y| < p},

By =~y N B(z,p) Vz € 7,

ng = # B, = number of elements in B, Vz € 7.

We observe that, although the number n, is finite for each = € v, in general n == {n,},c, is
unbounded. However we assume that there exists N € Ry such that n satisfies the following

regularity condition.

ng < N(1 +log(1+ |z])) Y(z € 7). (IL.70)

Remark I1.56. Condition (I1.70) holds if v is a typical realization of a Poisson or Gibbs

(Ruelle) point process in R:. For details see [35, 56].
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Finally we will also need an access to two families of measurable maps ¢.. and .. defined as

dry  RXR >R
V(z,y € 7).
Yey RXR =R

We shall also assume that the following conditions are fulfilled

(1) Finite range. That is, for all z,y €

‘x_y’ZP = ¢x7y Eozd)agy

(2) Uniform Lipschitz continuity. That is, there exist C' > 0 such that for all z,y € v and
all a,b,c,d € R

|¢2y(a,0) = day(c, d)|< C(la — b+|c —d])

|thay(a;b) — Yuy(c,d)|< C(la — bl+|c —d])

11.6.2 Particle System

Let us suppose that each particle with position x € -~y is characterized by an internal parameter
(spin) process o, : @ — R. We are now interested in studying a lattice system describing
the time evolution of all spin parameters. That is we want to study the following system of

stochastic differential equations

doy(t) = To(5)dt + Uy (6)dWy(t), z €7, t€T (IL71)

where we assume the following:
(1) 0 == {0z }zey and W := {W, },e4 is a family of independent Wiener processes in R,

(2) T:R”Y - RY and ¥ : RY — RY are defined as follows

Ty(z2) = ZyE’y ¢17y(zx’ Zy)
V(zeyAzeRY).

Ve (z) = ZyE'y Yoy (225 2y)
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Remark I1.57. Systems like (I1.71) are well-studied is case v = 74 see [1, 2]. Particle

systems where v is random are studied in a research paper by [19].

Our aim now is to show that it is possible to realise system (I1.71) as an equation in a suitable
scale of Hilbert spaces which will consequently allow us to apply theory developed in previous

sections in order to find its strong solutions.

11.6.3 Existence of the Dynamics

The process by which we shall find a suitable scale of separable Hilbert spaces in which our
dynamics will live starts from looking back at the Definition I1.6 from subsection I1.2. We see
that what is required is to move away from an abstract X and H to something more concrete
and suitable to the problem at hand. Hence for the rest of this subsection we propose to make

the following re-definition:

1
2
X, = {z ERY | ||z]x,= (Z«f”'zﬁ) < oo}, V(a € A)
xey
%
e e em () <)

ey

Moreover let us also recall that H := {H}4c4 is defined as follows

1

2
Al = (zz@nA(ez)H%ga) < oo,

He = { A € L(H,X,) (11.72)

¢ = {e,},cy is an orthonormal basis of H

We will also make use of the map ¥ : RY — (R?)? defined for all z € R” in the following way
() (q) = ¥(2) ¢ ¥(q € H)

where - is the usual dot product i.e. (V(z):q)y = ¥4(2)g, for all x € 4.

Now before we proceed, suppose for a moment that we have shown that there exists some
L € R, such that T € O(X,q) and ¥ € O(X, H, q) (see Definition I1.4 and I1.5) then because

W = {Wy}sey is a cylindrical Wiener process in H (see for example [32]) we can see, by
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rewriting system (IL.71) in the following way
do,(t) = Y(5)dt + ¥ (a)dW(t) t € T, (I1.73)

that we can study its integral counterpart by means of the general theory established in
the previous subsections. In particular existence and uniqueness of a strong solution follows

immediately from subsection I1.4. Let us formulate this result in a theorem bellow.
Theorem 11.58. System (I11.71) admits a unique strong solution.

Proof. This result follows from rearranging system (I1.71) into the form of equation (I1.73),

subsection I1.4 and most importantly Theorem I1.59 below. 0
We now conclude this subsection with the following important theorem.
Theorem I1.59. There exists L € Ry such that T € O(X,q) and ¥ € O(X,H,q).

Proof. First we show that T € O(X,q). Looking at the Definition 1.4 we see that to ac-
complish this task it is sufficient to show that there exists L € R, such that for any fixed

a < B € A and fixed to,u € X, we have the following inequality

[T (o) = T (w)l[x, < 7 o —uflx, .

L
(8—a)

Hence let us start by observing that

2
€y |yey
Therefore we see that
2
1) = T3, <CY Y I — |+, — 1| | el

TEY |{yEBy

<203 3 nu(wg — ug*+roy, —uy[?)e Pl
TEY yEB,

<2C(A +B) (IL.74)
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where we have used the following abbreviations:

A= nglw, —ugPe Pl (I1.75)
€Y yEBy

B = Z Z ng|ro, — uy|2e Pl (I1.76)
TEY yEBy

Hence it remains to show that A < oo and B < co. Now since
rTEYANYEB, <= zr,yeyNlz—y|<p < yeyAze B,y

we see that the following estimate holds

B = Z Z N 10y, — uy\ge_m””|

TEY yEB,

< P Z Z N |10, — uy|2e—(ﬂ—oa)\y|e—a|y\7
YEY x€By

< e Kiljro —ul%, (I1.77)
where we have used the following abbreviation

Ky = Sup{ T nge (Bl
z€By

y € ’y}. (IL78)

Now using inequality assumption (I1.70) on the logarithmic growth of components of n we

can estimate K by observing first that there exists M € N such that

M < |z| = ngy < N|z|%.

Moreover because v is a locally finite subset of R? we know that B(0, M) := B(0, M) N~ has

only a finite number of elements. Hence we can define the following constant

KQ::Z Nge < 00

x€B(0,M)
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and now observe that all y € v we have

Z nge B~ < Ko 4+ N Z |z|de=(F—alyl
TEBy zEBy

<Ko+ N Z (Jy|9+pT)e~ Byl
TEBy

< Kot <K3 _ ZNpqe—w—anx) N Y fylte el

€Y TEBy

< Ky + K3 + Nny|y|qe—(6—a)\yl_

Remark I1.60. The fact that
Z Npe~(B=alzl « oo
ey

follows directly from the Theorem III.4 which is located in the next section on this docu-

ment. See also Remark II1.5 and inequality (111.3) therein.

hence we see that for all y € v such that M < |y| we have

Z nge” POl < Ky 4+ Ky + N2|y |2~ (Bl
TEBy

Now returning to the definition (II.78) of K; we see once again that, because B(0, M) has
only a finite number of elements, we can without loss of generality (see also Theorem III.20)

consider the following estimate:

K; < Ko + K3 + N%sup {|y’2qe(,3a)y|

967}

< Ky + K5+ N%sup {hzqe_(ﬂ_o‘)h h > 0}

) —(B—a)n\ 2
<Ko+ K3+ N Sup{ he  2a

h> 0}>2q. (11.79)

h>0}

—(B—a)h

< K2+K3+N2<sup{he 2q
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—(B=a)h

Now, we can deduce that function he 2d : (0,00) — R attains its supremum when
—(B=—a)h
%he 21 =0 that is when h = ¢ BQLL). Hence it follows from inequality (I1.79) that

(@ — a) (K2 + K3) + 4¢°IN

= (5= )

a—a)(Ky + K3) + 49%9N? 9
(5—04)2q || _uHXa'

B S eEp(
Now returning to the definition (I1.75) we also see that

A <Y nljw, —u,Pe Pl
xTEY

< 3 02t — wy|Ze~(F-lelg—alal
xTEY

< sup {nie(ﬁa)lrl

T € V}Hm —ul%,- (I1.80)

Now relying on our previous calculations we see that

4q2qN2
A< —
RCEE

Iro — ulf%,-
Finally looking back at the inequality (I1.74) we see that

IT(w) = T(w)]%, < 2C(A +B)

LQ
< m\lm - u”%ga

where we let L? := 2Ce™(a — a)(K2 + K3) + 89%9N2. Hence it follows that

[T () = T (w)|[x, < 7 o — |, -

Ly
(B —a)

To finish the proof it still remains to show that ¥ € O(X,H, q). Once again Looking at the

Definition I1.4 we see that to accomplish this task it is sufficient at this point to show that
[ (v0) [, < ¥ (10) |,
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From definition (I1.72) we see that with the choice of canonical orthonormal basis ¢ for 3 we

have the following result

H\Ij HHﬂ < ZH\D eZ HXQ
zey

<3SN el w, (e 4.

ZEY TEY

Hence by the choice of orthonormal basis we see that

||\I’ HHg > (Zeﬁlw Wy (10)es o

rey

_ <Z 11w, (10)

TEY

= [[¥(v) %,

hence the proof is complete. O
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III Row-finite systems of SDEs with dissipative drift

III.1  Summary

We begin this section by fixing some additional notation and a couple of new measure and
measurable spaces. In addition we fix a scale of infinite sequences (see Definition II1.3) and
slightly redefine the scale Y from the previous section. Subsequently we introduce our main
stochastic system see (II1.12) together with all assumptions that we place on the coefficients.

Moreover we slightly redefined the concept of a strong solution, see Definition II1.17.

Then we move on to the next subsection containing a number of auxiliary results. In particular
using subsection IV.4 from the Appendix we prove a variation of an infinite dimensional
Gronwall’s inequality which in this thesis we call a comparison Theorem II1.23. We also
prove an important Corollary I11.24 to Theorem II1.23 which we subsequently use to study

truncated systems in subsection II1.4 and establish a key estimate via Theorem III.30.

Finally in subsection III.5 we solve a one dimensional SDE (see Theorem II1.34) which we
then use to establish existence in subsection III.6. This section is then concluded with the

proof of uniqueness.
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IT1.2 Main Framework
I11.2.1 General Notation

In this section we continue to assume that all vector spaces will be over R and denote by #A
the cardinal number of any given set A. We shall also reuse most of the notation from the

previous section. In particular notation (II.1) will be often used.

We shall continue to work with constants p € Ry, d € N defined in subsection II.6 and the

following closed intervals:

A = [a,d],

T :=1[0,T].

From subsection I1.6 we remember that v is a locally finite subset of R¢. Moreover we shall
now agree that |-|, |-|s will respectively denote the Euclidean and supremum norm in R?. We

also recall the following notation, that will be used frequently in this section:
B(z,p) ={y e R? | [z —y| < p},
B(z,p) = {y € R? | [z —y| < p},

BI::/ymB(l‘vp) vxe%

ng = # By, Vz € 7.

Remark II1.1. The fact that v is a locally finite subset of R means that vyN X is finite

if X C R? is compact and also implies that v is a countable subset of RY.

Next, we fix in place a real valued function a : R* — R* and make the following assumptions:
(A) a(z) <a for some constant a € R,
(B) ny < N(1+log(1+ |z])) for some constant N € Rt and all = € .

See Remark I1.56 for an additional explanation of the assumption (B).
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Now suppose that X = { X }4c4 is a family of sets. Let us also recall, from subsection II.2,

the following notation:

X= | Xoo X= (] X

ac(a,a) a€(a,a)

Finally given two vector spaces A and B let us remember that in addition we agreed to use

the following shorthand notation
A< B <= A is a subspace of B.

I11.2.2 Scales and Ovsjannikov Maps

We now proceed to introduce several important definitions. First of all we note that the
Definition II.2 of a scale and the Definition I1.4 of an Ovsjannikov Map will play an important
role in this section. For convenience let us also restate bellow the following definition from

subsection I1.2.2

Definition II1.2. Suppose X is a scale and Z = {Zy}aca is a family of Banach spaces. Let

us define the following spaces of Ovsjannikov maps:

0(X, Z,q) = {space of Ouvsjannikov maps of order q from X to Z},

0(X, q) := {space of Ovsjannikov maps of order q from X to X}.

Definition II1.3. For allp € Ry and all a € A let

1
z||pi= ekl P ! < 00
12l >

?= {z eR”
S

L= {lg}aefl

be, respectively, a normed linear space of weighted real sequences and a family of such spaces.

Let us now direct our effort towards proving the following result which we shall reuse in this

section a number of times.

Theorem IIL.4. Recall that in subsection II.6 we defined n := {ny}ze~. It follows thatn € lé.
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Proof. Observe that assumption (B) implies that there exists M € N such that
M < |z] = nz < Nlz|.

Moreover since B(0, M)N~ has only finite number of elements hence without loss of generality

we can assume that the following inequality holds
Z e Wl|n,| < NZ el z].
ey ey

Hence to conclude this proof we need to show that

> e~ z] < oo (IT1.1)
Trey

To accomplish this task we start by making a couple of preliminary observations and defini-
tions. Hence let us start by fixing a suitable £ € N such that \/32% < p and considering the

following k*" grid-partition or R?

RY = {ZRlzf}ZGZd

z

RE = {xGRd

Zi—1< <Zi
ok =T =R

We shall refer to a member of the family R* by calling it a k*"—rectangle. Observe moreover

that for all z € Z¢ the following equality holds

. 1
Diam(R5) = sup{|x — yls | .,y € R} = .

Now we introduce the following sets:

I, = {xeRd

1
|z|s < 2n} Vn € Ny,

Jp =1, — I, Vn € N.
Consider also the real function e =%z : [0, 00) — R. We see that -Le ™%z = ¢~9(1 — az) and

1

so it follows that %e‘ga’x < 0 if ¥ > . Therefore letting m € N be the smallest natural
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number such that max{%, 2} < m we see that e *z : (m,00) — R is a decreasing function.

Finally observe that the following statements are true:
(1) I contains exactly 2F+1 of kP —rectangles.
(2) J, contains fewer then n28*2 of k' —rectangles.
(3) For alln € N, if x € yN J,, then |z| > n — 1.

(4) Suppose that n € N and z € Z4. Consider z,y € y N RF C J,,. Tt follows that

lz —y| < Vdjz —yls
< VdDiam(R®)
1
< \/&27

<p.

Hence we see that y € B, and so from the assumption (B) we see that

#yNRE <,
< Nlz|

< Nn.

Therefore we conclude that for all n € N, #v N .J, < Nn22k+2,

Returning now to the series (III.1) we see that because J,, is compact and = is locally finite

we can let
B = Z e8¢
z€EYNJm
and observe that
Ze—g\wlm < B+ Z Z e~ z|
TEY TfN zeyNJp

< B + N2k+2 Z e 8D — 1)n2.

neN
n>m
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m—1

Hence letting X := "= we see that

> etz < B NokF2 T e Kany3, (IIL.2)
ey neN
n>m

Now, one can show via a simple calculation involving the integral test (for details see [43]) that

the right hand side of the inequality (II1.2) above is finite hence the proof is complete. O

Remark II1.5. From Theorem III.j above it is clear that

S ekl < o (IIL.3)

TEY

Theorem IIL.6. Suppose that p € Ry. Then ZP is a scale.

Proof. 1t is clear from the Definition II1.3 that Z? is a family of normed linear spaces.
Moreover conditions (1) and (2) of the Definition II.2 follow immediately from the simple fact
that if & < 8 € A then e ® > e~ #. Hence to conclude the proof we fix a € A and show that

1% is a Banach space.

Let us begin by assuming that {2"},ecn is a Cauchy sequence in I5. Now fix an arbitrary ¢ > 0

and a suitable constant N, € N such that for all n, m > N, we have

1
(Z e~ll| 21 — z;”]p) "< (II1.4)

S

Because € is arbitrary we see from inequality (II11.4) above that for all = € 7 sequence {2 },,en

is Cauchy in R. Hence, it follows that we can define a new sequence z = {z;},c, in R? as

follows
zg = lim zy Vx € 7.
in £
: ~— :
Now we complete the proof by showing that z € I5 and h_)m 2" = z. To begin, we fix an
n—oo

arbitrary finite subset A of v. Now for all n,m > N, we see from inequality (III.4) that

Z el n — gmpc P, (IIL.5)
€A
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Hence we can deduce that for all n > IV,

. —alz||,n _ mp _
n%LI}})OZe |Z:E Zx‘ -

T€EA

=Y el — lim 2 P= (I11.6)

m—oo
T€A

= Z el n — g, P < P
€A

Since A C +y is arbitrary we see from inequality (II1.6) above that for all n > N,

Z e~ — g, P< P

xey
in %
. ) — .
Because ¢ is also arbitrary we conclude that lim z" = z. Moreover we see that if n > N, then
n—oo

2" —z € 1. Since I¥ is a vector space we conclude that z € [} hence the proof is complete. [

I11.2.3 Probability and Measure Spaces

We continue working on the same probability space as described in subsection 11.2.3 with a

few important changes that we shall outline bellow.

(1) Given two measurable spaces A and B we continue to denote by M(A, B) the space of
all measurable maps from A to B. The notion of a stochastic process in this section will
understood in line with the Definition I1.12. Moreover, in addition to the measurable

spaces fixed in subsection I1.2.3 we also fix here the following measurable spaces

ME = (1B, A(18)) Y(a € ANp € Ry).

(2) We redefine our notation for W. In this section W will stand for the family of indepen-
dent real valued Wiener processes on MP. That is we let W := {W, },c,. Moreover we

also require our filtration F := {F;};c to satisfy the following standard properties:

(a) For all t € T and all x € v, W,(t) is F; measurable

(b) For all s <t e T and all x € v W,(t) — W,(s) is independent of Fs.

For convenience let us recall here the following definition from subsection I1.2.3.
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Definition II1.7. Let 2" = (X, A,n) be a measure space, Y be a Banach space, with norm
denoted by |||y, and % = (Y, B(Y)) be a measurable space. For all p € Ry we define the

following Banach spaces

1

o pox oy | Moo= (Juan) <o |
feM(Z,?)

Remark II1.8. As it is often done in academic literature, we will not consider explicitly
the dependence of LP(-,-) spaces on equivalence classes. We will work directly with the

Definition I11.7 and when necessary acknowledge any issues arising from such dependence.

Definition II1.9. For all p € Ry we introduce the following spaces of stochastic processes.

P, = {¢ € LP(MP,MF) | ¢ is adapted to F}. (II1.8)

Remark II1.10. Suppose that p > 2 and { € L¥ ;. Then § € L%, by Theorem 1V.2 and

by Fubini Theorem IV.18 we also see that

/OTE{W)F]dt < o0 (TTL.9)

This fact allows us to conclude that if p > 2 then every process in Lgd can be stochastically
integrated with respect to the standard Wiener proces. See [29] and section IV.3 for more

details.

I11.2.4 Y spaces

In the previous section we worked with an abstract scale X. In this section however we will
be working with the scale ZP and so we redefine accordingly our definition of the scale Y?
which first appeared in subsection I1.2.4. In this section we will be working with the following

definition.
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Definition II1.11. For all p € Ry and all a € A let

1
o P P
v de s | b= (sw B[y | [ 1e9}) <, -
&x 1s adapted to F for all x € ~.

Y? = {Y2}aeu (I11.11)

be, respectively, a normed linear space of 15 valued processes and a family of such spaces.

Remark IT1.12. See also Remark I1.27 from the previous section with addresses equiva-

lence classes and additional questions which may arise from the Definition II1.11 above.

Theorem II1.13. Let p € Ry, a € A and suppose that £ € Yi. Then & € L, for all x € ~.

Proof. From Definition II1.9 and III.11 we see that to complete the proof we need to show
that for all € v we have &, € LP(MP,MR). Let us begin by fixing 2 € v and establishing
that &, € M(MP, MR). To this end we define maps:

IS BT RSB, QR

using the following formulae

N Yy|lyeyhy =1
S (T/})y:
0 |lyevyAy#x
ZlyeyNy==x
R (2)y =
OlyevyAhy#zx
£ls = I7(6).

Now observe that for each € v map .#% is continuous which implies that £|,€ M(MP, M5).
Moreover observe that each x € v map %% is continuous and {|,= Z* o &,. Consider now

arbitary A = [a,b] C R and = € 7. By continuity B = %#%([a,b]) is compact and so
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B € (). Since &|,€ M(MP, M3) it follows that (£|,)"1(B) € F. However

(€la)™H(B) = (&) o (27)7H(B) = (& )(A)

which establishes that &, € M(MP, MR) for all x € 7.

Finally since for all 2 € v we have |£,|< erl?l [€]l;z we may now conclude using Theorem IV.9

that &, € LP(MP,MR) for all z € v and the proof is complete. O

Remark II1.14. In simple terms, Theorem II1.13 above shows that, for all p € Ry and
a € A, component processes of each & € Yi can be stochastically integrated with respect

to the standard Wiener process.

Theorem IIL.15. Let p € Ry and a € A. Then Y% is a Banach space.

Proof. Suppose that 2" = {£"},en is a Cauchy sequence in Y. From Theorem II.28 we

know that there exists & € §(I}) such that

in Y&
T e
S= s

Hence to conclude this proof we fix x € v and show that &, is adapted to F. To this end we

also fix ¢ € T and observe that

Jim (€7, — &a.tll oo o) = 0.

Therefore using Theorem IV.12 we find a subsequence ¢ such that fg’(t") — &z,¢+ almost surely
as n — 00. Since 537(:) is F; measurable for all n € N we conclude by Theorem IV.4 that &, ¢

is also F; measurable and the proof is complete. O
Theorem III.16. Suppose that p € Ry. Then YP is the scale.

Proof. Follows immediately from Theorem I1.29 in the previous section. 0
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II1.2.5 Stochastic System

Let us start this subsection my making the following redefinition of the constant p from the

previous section. That is for the rest of this section we shall agree that p € Ry is fixed.

Now, for the remainder of this section our focus shall be fixed on finding a solution for a

system of SDEs of the following form
dga:,t = ‘bm(ggj,t, Et)dt + \Ijm(ggj,t, Et)dWx(t), rey, t¢c T.

Speaking more precisely we shall in fact be mainly concerned, as in the previous section, with
an equivalent problem. That is our goal is to find a unique strong solution of the following

system stochastic integral equations

t t
Eut = Ca +/ D, (Er,s, Es)ds + / U, (Eps, Zs)dW(s), €y, teT (I11.12)
0 0

under the following conditions and additional assumptions:
(1) We assume that ¢ € I§.

(2) We let V in C(R) and assume that for all 2 € v maps ®, : R x [£ — R are measurable

and defined in the following way

(g, {2y }yey) = V(Q) + Y alz —y)z (II1.13)
YyEB:

for all ¢ € R and all {z,}ye, € &, where function a was defined by assumption (A).

(C) There exists ¢ € Ry and R < p such that for all ¢ € R and all x € v
|®2(q,0)|< (1 + |g|™). (ITL.14)
(D) There exists b € R such that for all ¢1,¢2 € R and all z € v

(@1 — 42)(@2(q1,0) — 4(g2,0)) < b(q1 — g2)* (II1.15)

(3) We assume that for all z € v maps ¥, : R x {2 — R are measurable.
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(E) There exists My, Ms € R such that for all 1,92 € R, 71,25 € lg and all z € v

Wa(q1, Z1) — Valaa, Zo)| < Milgr — qa|+Manag > |21,y — 22,] (I1L.16)
yE€By

|@.(0,0)| < c. (I11.17)

The main goal of this document is to show that stochastic system (III.12) admits a unique
strong solution. In order to achieve this goal we need to agree on the definition of a strong

solution. Bellow we propose a similar definition to the one given in the previous section.

Definition IT1.17. A stochastic process Z is called a strong solution of the system (II1.12) if

2 eY?
and

€0 ot /O By £y B )ds + /0 Wy (€asy Bo)dWa(s), Yz € 7).

We now conclude this subsection with the following theorem. Existence and uniqueness of a

strong solution of system (II1.12) will be proved over the couple of subsequent subsections.
Theorem III.18. Suppose that q1,q2 € R and Z1,Zy € lg. Moreover for all x € v let
1
2
ay = ( Z aQ(x—y)> .
yEB;

Then for all x € v we have the following two inequalities:

=

alar, 21)] < (1 + s +(§B; ) (T.18)

(@1 — @2)(Pa(q1, Z1) — Pulgq2, Z2)) < (b+ %)(Ch — q)? Z 21y — 224)%  (IIL19)
€B,

l\D\H

Proof. First we fix some = € v and prove inequality (III.18). Using the definition of ®, we

begin by observing that

e, 20| = 15V(@) ~ Y ale gl

yEBy
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Hence it follows that we have the following estimate

1D2(q1, Z1)| = |®2(q1,0) — Y a(z —y)z1y (IIL.20)
yEB:
< Pe(q1, 0)[+] Y alz —y)z1yl.
YyEB:

Therefore using assumption (C) we see that

1D0(q1, Z1)| < c(1+ )+ D lalz — y)z1y
yEBy

NI
SIS

4l + (X o)

YyEBy

(Z5)
yEB,

Hence using the definition of @, above we see that

1
2
P2 (q1, Z1)[< C(1+I(J1|R)+&x< > Zi;,)

yEB,

which establishes that inequality (II1.18) is true. Now, keeping x € ~ fixed, we show that

inequality (II1.19) above is also true. Let us start by defining the following two abbreviations
U, = <I>m(q1, Zl) — @x(QQ, ZQ), V((L’ € ’}/),
Wy = Z a(z —y)(z1y — 224), V(z € 7).
yEBy

Now we observe from equation (III.13) and (II1.20) that

(1 — @)Uz = (1 — q2)(P2(q1,0) — P2(g2,0)) + (q1 — q2) W

Hence using assumption (D) we see that

1 1 ?
(1 — q2)Us < b(g1 — q2)* + 5(‘11 —q)’ + 2< > ale —y)(ay - 22’9))
yGBm
1
<(b+ 5)((11 — @)+ Z y) D (21y — 22)%
yeBx YyEBy
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Finally using, once again, the definition of @, above we see that
1
(01 = @2)(Pa(a1, 21) = Palg, 22)) < (b+ )01 — a2)” +

and the proof is complete.
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II1.3 Awuxiliary Results
II1.3.1 Ovsjannikov map on ('

In this section we prove two results that will be used later on to show that stochastic system

(IT1.12) admits a unique strong solution.

Theorem IIL.19. Suppose that a € A and let = = {&,}zey be an element in Y. Then for

all z € v we have ®,(&,;,Z) € LY, and 9,(&,, =) € L?,.

Proof. We combine Theorems I11.13 and IV.2 to conclude that for all z € v we have
& €L, C L2, C L,
Since composition of measurable maps is measurable we conclude that x € v we have
(62, E), Va(éa, 2) € M(MP, M¥)

and adapted to F. Now according to the definition (II1.13) and the assumption (C) we have

for all x € v the following inequality

|2 (62, B) < el (14 1&™) + D ale — )&

yEB,

Moreover, because R < p we can use Theorem IV.9 to conclude that ®,(&,;, =) € LL,. Finally

we combine Theorem IV.16 with the assumption (E) to conclude that for all x € v we have

Vo (€0, E)P< 4]0, (0,0) PH4ME|E P +4MEng Y |6 (IIL.21)
yEBy

Now, once again applying Theorem IV.9 to the inequality (III.21) above we conclude that

U, (&, 2) € de hence the proof is complete. O

Theorem III.20. Suppose that q € (0,1) and let Q = {Quy}zyey be an infinite real matriz

such that for all x,y € v we have the following implication

r¢€By <= Quy =0 <= y¢&B,. (II1.22)
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Moreover assume that for all x,y € v there exist C € Ry and q € Ry such that
|Qzy|< Cnl. (111.23)

Then Q € O(L',q). That is Q is an Ovsjannikov map of order q on £*.

Proof. Consider arbitrary a < 8 € A and fix z € I}. We will complete this proof by showing

that the following inequality holds

L
1Q=]s< WHZII(X- (IT1.24)

Since @ is linear, inequality (I11.24) above automatically verifies conditions (1) and (2) of the

Definition II.4 and also shows that @ Tt l%.

Remark II1.21. Using assumption (B) we see that there exists M, N € N such that
M < |z| = nd < Nlz|2.

Moreover because v is a locally finite subset of R we know that B(0, M) N~ has only a
finite number of elements. Hence in this proof we can assume without loss of generality

that M < |x| for all x € .

Consider now the following equation

1Qzlls = D e~

ey

Z Qu,y2y

yeyY

. (I11.25)

Moreover, for all € v we will make use of the following facts

I. 2¢ByVy¢g B, = Quy=0.
II. ye B, = —[z[< —[y[+p.

III. z € By = |m]%§ \y|%+p%.
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Now, using equation (II1.25) together with the facts I and IT we see that

Q=15 < D7 Y |Quyle™|z,|

TEY YEY

<P 3 [Quyle M

TEY yeB,

< ePp Z Z |Qx’y|€—(ﬁ—a)|y\€—a\yl‘Zy" (T11.26)

TEY yeEB,

Hence from inequality (I11.26) we see that

1Qzlls < % D Y |Quyle™PmIWlemoll|z

TEY YEY

_66'022‘@9021‘6 Dyl alylyzy|

yey ey

< K|z as (I11.27)

where

Byl |y € 7}. (I1L.28)

K = sup{ Z’Ql’,y e

ey

We now estimate the value of supremum in the definition (II1.28) above. Hence using condition

(III.23) together with the fact I we see that for all y €

Z|Qw|e—(ﬂ—a>|y\ — Z |Qxy|e—(ﬁ—a)|y\

TEY TEBy

<:C'§: nle” @)yl

xEBy

Using now assumption (B) together with the fact IIT and Remark II1.21 we see that

S 1QuyleF < ¢ 3 Na|se (e,

ey zEBy
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Hence we get the following chain of inequalities

Z’Qm,y )lyl <CN Z |y|2+p%) (B=a)lyl

TEY TEBYy

< Cﬂny|y|%e*(5*a)|y| + Oﬂp% Z nxe*(ﬂfo‘)m

reEy
< CNly|2[y|ze” =l + B

< ON|y|te~B=llvl 1 B

where B := Cﬂpg > zey nge” B2l can be defined using a slight variation of Theorem III.4.

Now returning to equation (II1.28) we see that

K < B+ CNsup {\y[qe_(ﬁ_a”y

yEv}
h>0}

< B + CNsup {hqe(ﬁa)h

_ B—a; \ "1
SB—i—CNsup{(he T h) h>0}
— _B=ay, 9
< B+ C’N(sup {he a h > O}) . (I11.29)
B—a
Now, we can deduce that function he o " : (0,00) — R attains its supremum when

d‘i he b _ = 0 that is when h = ( Hence it follows from inequality (IT1.29) that

B—a)"

B(a—a)'+ CNg"
K
=T B-ar

Now, continuing from equation (II1.27) we finally see that

1Qz[ls < e* K|zl

_ 4e¥(B(a - a) + CNg?)
B (B —a)

1]l (IT1.30)

hence the proof is complete. ]
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I11.3.2 Comparison Theorem

Remark I11.22. In the following Theorem we will describe an equation of the form

t
f(t) = zg+/ Q(f(s))ds, teT (I11.31)
0
and rely on our work in subsection IV.4 to conclude, with the choice

X=2' and F=Q,

that equation (II1.31) has a unique solution, in the context of Theorem IV./3.

Theorem II1.23 (Comparison Theorem).
Suppose zq € lé, q < 1 and matriz Q = {Qquy}zyey s an element of O(L1,q). Moreover
suppose that Q. > 0 for all x,y € v and, in the context of Theorem (IV.43), let f be the

unique solution of the integral equation

f(t) =2za+ /Ot Q(f(s))ds, teT. (IT1.32)

Finally, suppose that g : T — lé is a bounded map such that for all x € ~

Go(t) < zam + { /0 tQ(g(s))ds] L ted. (IT1.33)

x

Then for allt € T and all © € ~

9x(t) < fau(t). (I11.34)

Proof. For all a € A let Hy, = B(7,1}) (see Remark 1V.36) and define the following family
H = {Hq}qea. It follows from subsection IV.4 that H is a scale. Moreover from Theorem

IV.37 we know that map J TH - Hy defined for all t € T and all k € H, via formula

I(K)(t) = za + /Ot Q(k(s))ds

is an Ovsjannikov map of order ¢ on H. That is J € O(H, q).
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Therefore, using Theorem 1V.42, we see that if a < 5 € A then the sequence {J"(g) }nen

defined recursively in the following way
To)t) =2+ fy Qo(s))ds
, Y(teTd)
7 g)(t) =3(3"(9))(1)
is such that
in B([0,T1,l})

| Jin (0)] = £

n—oo

Convergence in the supremum norm therefore implies that lim, . I7(g)(t) = fz(t) for all
x € vand all t € T. Hence to conclude the proof it is sufficient to fix x € v and ¢t € T and

prove by induction that
9:(t) < T2(g) (1), V(n € N). (111.35)

Case n = 1 is satisfied by the initial assumption on g, so let us now assume that the induction
hypothesis (II1.35) is true for some n > 1 and proceed by considering the following chain of

inequalities
o (9)(1) = Jo(7"(9))(t) (11.36)

ot | [ Q)0

T

t
= 200+ 30 Quy [ T3(0)()ds

yeY

t
> Zagz + ZQx,y/O gy(s)ds

yEp

=%ﬁ[KQmme

> ga(%). (I1L.37)
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Finally from inequalities (II1.36) - (II1.37) above we conclude that inequality (II1.35) also

holds hence the proof is complete. ]

Corollary III.24. Suppose that z4, > 0 for all x € v. Moreover assume that components
of g are non-negative functions, that is g.(t) > 0 for all x € v and all t € T. Then for all

B > a € A there exists a constant K («, 8) € R such that
Z e Pl sup 92(t) < K(a, B) Z e_a‘xlz&x. (I11.38)
x€y teT Ty

Proof. Using Theorem I11.23, we begin this proof by making an observation that for all x € v

and all £ € T the following inequality holds

a(t) < 20 + [ /0 tQ(g(s))ds}

xT

<ot | [LQUoas] -

T

Therefore we see that for all x € v

teT

SUp g, () < 20 + [/OTQ(f(s))ds]

x

= f»(T). (I11.39)
Hence it follows that

Z 675\m| sup gx(t) < Z eimx‘fz(T)

TEY teT €Y

< D)y (I11.40)

Norm in the inequality (II1.40) above can be estimated using Theorem IV.45 and remark that

proceeds it. In particular we get
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Finally letting K(«, 5) = > 0 %%{f we see that

> e sup go(t) < K(a, B)|zallis
revy teT

hence the proof is complete.
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IIT.4 Truncated Systems

We now start working with a sequence {Ay},en of finite subsets of 4 such that A, 1 v as
n — oo. Moreover for each n € N we now wish to introduce and study the following system

of stochastic integral equations

e, = <x+/<1> = ds+/\11 (€0 N dWa(s), Vo e A AteT
(ITL.41)

& = G Vo g Ay AteT
We would like to note that for each n € N stochastic system (II1.41) is a stopped/truncated

version of our original stochastic system (III.12), which was described in subsection III1.2.5.

In this section our goal is to prove two important results concerning system (I11.41). In the
subsequent sections these two results will help us establish that system (II1.12) admits a
unique strong solution. Now, relying on [3, 20] and in particular on [32] we state our next

result without a proof.

Theorem I11.25. For alln € N and ¢ € lg system (II1.41) has a solution =™ € YE.

Remark III.26. A term solution in the Theorem III.25 above is to be understood in
the same sense as explained in the Definition 11.82 except we do not require Z" to be an

element of |YP.

Remark II1.27. Combining Theorems (II1.25) and (II1.19) with the Definition (IV.34)

we see that £ in an Ito process for allm € N and x € ~.

In the next two sections of this document it will be shown that the sequence {Z"},,cn converges
to the unique strong solution of the system (II1.12). However before this can be achieved we

need to establish the following two theorems.
Theorem II1.28. Suppose that n € N and let Z™ be the process defined by Theorem I11.25.

Moreover all x € v let £} be components of 2. Then for all a < o € A we have

S el sup supE[|§z t|*’] . (111.42)

JJG’Y neN teT
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Proof. Let us start by recalling that

e, = <x+/q> n L ds+/\v " LENAWL(s), Ve e AnAteT

&y = G, Ve d Ay AteT.

Hence using It6 Lemma IV.35 we see that if x € A, then for allt € T
= G+ [ B(ER )P Dl Z0ds +
+ [ e = s
+ [ @ e Z W),
Now from assumptions (C), (D) and Theorem III.18 we can deduce that for all t € T
(E0)" @ (€54, EY) = (&1 )P (€0 (21, BF)

< (@00 PP r3aE X I Prene.00)]

yEBy

< (e [<b+ Dier a2 o Jen e ]

yEBy

< (b+ DI PHazler P> Y lep P+ P2
yEBy

<(b+1)& t‘p‘f‘a Ny yﬂé%ﬂfgﬂpdylg%}jfg,t 2
< (b+1)lex P+azng max &y [*+(1+ €5 41)Pe?
Now using in addition Theorem IV.16 we see that for all ¢ € T we have

()P 0L (&0 B0 < (b4 D)€ [P+azng > &0 P+2P7 e 4 227 2 ie P
yEBy

S (0414271 Pasne > 1€ [P+2P P
YyEBy
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Hence we arrive at the following estimate

(ER )P 0 (6, BY) < (b+ 1+ 2071 |€ [P+and Y J&r P42 (IIL.43)
yEBy

Moreover from assumption (E) we know that for all ¢t € T

2
(€ P2(W, (e, ZM)? < <5;z,s>*ﬂ2[4M%\§2,A?+4M§ni( > |§’;,tr) +4r\11x<o,o>12]
yEBy

< (533,5)”2[4M12\§Z,t\2+4M22n§ > \f;,t\2+4c2]
yEBy

< 4M12‘§:?,t‘p+4M22”i Z%%leg,t\”’QyHé%Xlﬁﬁt|2+402léﬁ,sl”’Q
x x

<AMTIER [P +4MEng Y &) [P+4 2P (1 + €7 [P)
YyEBy

< (AM? + 42PN PHaMyng Y |Er P42 (T11.44)
yEB,

Before proceeding further it is convenient to fix the following notation:

Ay = (b+1+2°"1c?), (I11.45)
Ay = (4M? + 4c%2°7 1), (I11.46)
Az = (pa® + p*4M3), (I11.47)
Ay = 5p22P AT (I11.48)

and observe from inequalities (I11.43) and (II1.44) that for all z € A,, and all ¢t € T we have

t t
|| <02+ a0 [ B[l P |ast + ant 3 ['5ligPlas+ 4 i

yEBy

Now using Definition ITI.11 together with Theorem II1.25 and IV.18 we would like to define

a measurable map " : T — lé , that is a map 7™ € M(M, Mé), via the following formula

20 = max Bl |, (e D)
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Hence we deduce from the inequality (II1.49) and from the system (II1.41) that for all z €

t
() <Y Quy / ny(s)ds + Ay, t €T (I11.50)
yEy 0
where
p2(AL + Ag) + Agng, =y,
Quy = Azn?, 0<|z—yl<p, (I11.51)
07 ‘l’ — y’> p-
and
Ay = |G [P +Ag (I11.52)

Moreover the following facts can now also be deduced from (II1.50), (III.51) and (II1.52).
(1) A €1} as a result of Theorem IIL4 and the choice ¢ € 5.

(2) By definition of " it is clear that for all t € T we have

I Ol S IE™ 15+

m<n
Hence we see that " € B(T,13).

(3) From equation (IIL51) we see that there exists a constant C' such that |Q,,|< Cni.
Therefore using Theorem II1.20 we conclude that for some ¢ € (0,1) matrix @ is the

Ovsjannikov operator of order g on £1.

Now since n € N is arbitrary, an application of Theorem II1.23 and Corollary I111.24 to the

inequality (III1.50) above tells us that for all n € N we have

S e supni(t) < K(a,a) Y e o)A, |
teT

TeEY xey
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Hence we see that

> e ofe] supmaxE{|£$t|p] < K(a,a)) e alzl| 4,
n

€Y teT m< x€y

Therefore

sup { > el sup maxEDgz t|p] } < K(a,a)) el 4, ). (II1.53)
neN ey teJ msn xEy

Remark II1.29. Consider now arbitrary x € . It is clear that

o (s en]) < e ]

neN \ M ¢eT neN teT

Moreover for all € > 0 there exists k € N such that

sup supE[mmw] < SupE[lfmlp]
neN teT

< p
mggging[!fﬂ! ]

)
neN \ M teT

Since € is arbitrary It follows that

supsupE["fxt’p] ug (mgxsupE[\{xt\p]>
ne

teT neN MmN teT

= sup <supmaxE{|§xt|p]>
neN \ teT msn

Remark above shows that if an arbitrary set A C +y is finite then

sup{ > emek supmng[w“]} > el supsupE[K tlp]-
€A

neN €T m=n zEA teT neN
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Hence from inequality (II11.53) we finally learn that

e ozl supsupE[|£ t|p] < K(a,a)) e alel) A, | (II1.54)
zEY teT ne zEY
and the proof is complete. O

I11.4.1 A Cauchy Estimate

Theorem II1.30. Ifa < a € A then {Z"}nen (defined by Theorem I11.25) is Cauchy in Y?¥,.

Proof. We begin this proof by fixing n,m € N and assuming that £, & are respectively

— =N

components of ", =™ for all z € . We also let 2™ := Z" — Z™ and assume, without loss
of generality, that A,, C A,,. For all € v we shall now estimate components &> of 2™ by

considering three separate cases namely: x € A,,, x € A, and = € A,;, — A,,.

First of all, from the definition of the system (I11.41) we see that if ¢ A,, then we have
&t =0, V(teT). (ITL.55)
Let us now define for all x € v and all ¢t € T the following processes
D7 (t) = Pal&y 4y EY) — Pal&i, EFY) (I11.56)
(1) = Val&r 4, EY) — Ya & EfY) (IL.57)
and consider the situation when x € A,,. In this case we have
_ t t
g = /0 B (s)ds + /0 () AW, (s), t € T. (ITL58)
Hence using [t6 Lemma 1V.35 we see that if x € A, then for all t € T
= [ p@rr e s)ds +
+/ plp—1) P D (@nmyp2(wnm (s))2dst (I11.59)

b 1
[ R T ()W (),
0
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Now, from Theorem III.18 we can see that for all ¢ € T we have

(@ mp-1anm () = (Enmp-2En (%( "S- B, 5;“))

1M\ p— 1 n m 1~ n m
< (& ((b + 0 — &)+ 5l D (& — syﬁ)

yEB;
< (b4 DIEP P+ maxlEn P 2(&36% maxré;‘i”r?)
yEBy ’
< (b+1)|& " P+a nxyrrelaxlézt P

< (b+ D& Prazng Y lg P

yEB,

< (b+ )P +atng Y 16"

yEB,

Moreover, using assumption (E) we can see that for all t € T we also have
- ~ 2
(G P 2w ()7 = (&)~ (%( z Zt) = Pa meﬂ”))

s<5§;§”>'°—2(2M%<§2¢—§m +2Ming Y (&, -

yEBa
< 2MZ|EmP P2 (912t max |07
1‘5 ‘ +max’§ ’ 21y ?grelaéx‘gz,t ‘
§2M12|§ T P42MEnd rnax\f O
yeB

< 2ME|ET P2 MEng Y 16"
yEB,

Therefore letting
Byi=(b+1+2M2) and Bs:= (pa2 + 2p>M32)

we can deduce from equation (II1.59) that if x € A,, then

[!5 !“] <p231/ [lf 28 !"]ds+B2n4 Z/ {\ggmw}ds ted.

YyEB:
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Finally, when = € A, — A,, we see using Theorem IV.16 that for all t € T

€ P < (l68 €D

< 2p_1‘§2,t‘p+2p_1’5$t’p-

Therefore, using Theorem II1.28 and equation (II1.55), we see now that if x € A,,, — A,, then

for all ¢ € T we have
E[\ﬁ?,’f”IQ] <2F SUPE[|£§:L,t|p]
neN

< 2P, _a, (z)sup supE[lggt]p]. (II1.63)
neN teT

Therefore we can finally deduce, combining equations (II1.55), (I11.62) and (II1.63), that for

all x € v and for all t € T we have
_ t _
Bl &P | <5 [ B|lErp|ass
0

t _
+ Bonj Y /0 E[I&Z:é”\p}dﬁ (I11.64)

yEBy

+ 2p]lAm—An ((l}) supsup E [‘fg,t‘p} :
neN teT

Now we shall continue this proof by applying the same reasoning, as in our proof of the

Theorem III.28, to an infinite system of inequalities (II1.64).

To begin we define, relying on the inequality (II1.64) a measurable map o™ : T — lé , that is

a map o™ € M(M, Mé), via the following formula
o (t) = E[IEQJZ”I"], Yt eT) (IT1.65)
and deduce from inequality (I11.55), (I11.62) and (II1.63) that for all 2 €

t
0" (t) < Z Qz,y/ 0y (s)ds + Ay, t €T
yey 0
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where

p231 + Bgni, T =1,

Quy = | Band, 0< |z —y|<p, (ITL.66)
0, [z —y[> p.
and
A =21y, (o) supsup ||| (111.67)
neN teT

Now, fixing a < & < a € A we can deduce from (I11.65), (II1.66) and (II1.67) that
(1) A €1} as a result of Theorem I11.28.
(2) Identical arguments as in Theorem I11.28 show that o™ € B(T,1}).

(3) From equation (II1.66) we see that there exists a constant D such that |Q,,|< Dni.
Therefore using Theorem II1.20 we conclude that for some ¢ € (0,1) matrix @ is the

Ovsjannikov operator of order ¢ on £1.

Therefore we can now use Theorem II1.23 and Corollary I11.24 to conclude that

- e lsup g (1) < K(a,) Y e 4, . (ITL.68)
€T

TEY t TEY

From equation (II1.68) and definition (III.11) we therefore see that we have the following

estimate
= — =, =supE[||E?—Em|;’p]
o teT o

= supE{ > eelel [ fz?t’p]

teT T€Y

<> el sup o™ (1)
€y teT

< K(@,0) Y e 0|4,
xey
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Simplifying further we arrive at

5" = 271, < Kl@a) e 21, o, () supsup| 2,

zEY neN teT
<PK(a,a) Y el sup supE[|§;‘t|p}. (I11.69)
ceh A, neN teT ’

Estimate above implies that the right hand side of equation (II1.69) is the remainder of a

convergent series hence the proof is complete. O
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II1.5 One Dimensional Special Case

Let us begin this section with the following definition, which complements Definition ITI.9.

Definition II1.31. For all p € Ry we introduce the following spaces of stochastic processes.
LP,(t) = {€ € LP(MP;, M) | ¢ is adapted to F|y}.

Suppose that a < a € A and for all n € N let =" be a solution of the truncated system (II1.41).
Using Theorem II1.30 we recall that the sequence {Z"},,cn is Cauchy in Y?. Now since Y? is

a Banach space, by Theorem III.15, we are now in a position to define the following process

in Y?
—— -~
E= nh_)ngo =" . (I11.70)

Consider now an arbitrary « € v. The main goal of this section is to prove that the following

stochastic integral equation

¢ t
Net = Co +/ D, (12,5, Zs)ds +/ V(g5 Zs)dWy(s), t €T (II1.71)
0 0

has a strong solution, in a usual sense, in L? ,(T) = LF,.

Remark II1.32. Note that, for a fived x € ~y, the principal difference between equation
(II1.71) and (II1.12) is that the process E is fized in (II1.71) and defined by the limit

(II1.70). As for (3, ®, and ¥, we continue with the same assumptions (see definition

(I1I11.13), assumptions (C), (D), (C), and Theorem III.18).

In order to establish existence of a strong solution of equation (II1.71) (see Theorem III1.34 )

we need the following auxiliary result.

Theorem II1.33. Let x € v and & be an x—component of = (see definition (I111.70)). Then
E{sup|§m,t|p] < 0.
teT

Proof. We shall prove this theorem by showing that for all € > 0 there exist N € N such that
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for all n,m > N we have

E{supm;it _en, ”] <e
teT
—=n '_‘m

where £, €7 are respectively components of =", =

Since A,, T v we begin by finding some N € N such that = € Ay and temporary fixing
some n,m > N. Moreover let us assume, without loss of generality, that n < m so that

x €N, C A, and we define

g = gn, — €, V(e D).

z,t x,t

Now we recalling, from Theorem II1.30, definitions (II1.56), (II1.57) and an equation (II1.58)

we see, again via [t60 Lemma, that for all t € T
t
€ P= [ ey tenm(s)ds +
0
t —1) -
b [P ez ) s (I1L72)
0
t cn,m 1
+ [ eyt (s awis)
Therefore we see from equation (II1.72) above that
pl €27 P= [ €t (s)ds +
t
sup [ p(EP U ()W ().
0
Moreover from inequality (III1.60) and (II1.61) we see that

(EPrep™(t) < (b+ DT P+ang Y |67 (IIL.74)
yEBy
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and

(G P2 (U™ (1)? < 2MP |y PH2Ming > | P, (IIL.75)
yEBg

Now combining an equation (II1.73) with inequality (III.74) and (II1.75) above we see that

the following inequality holds

[supyg |p] < K+E[st1€1$/ p(Ermyp=lynm (g )dWx(s)] (I11.76)

where
Cy=p(b+1+2M?)
Cy = ny(pa® + 2p* M;)

K::Cl/OTE[\g p}ds—i—Cg Z/ [ "mp}ds

yEB,

Now using Burkholder-Davis-Gundy inequality IV.33 together with Jensen inequality IV.21

we see that the following estimate on the stochastic term from the inequality (II1.76) holds.
t _ 2 3
s [ ey an(o| < ([ (s terne) o)
teT 0
t _ 2 3
< (E[ / (p( g;;ﬂ)v—lxpg’m(so dsD . (L)
0

To simplify inequality (II1.77) we note that according to the assumption (E) the following

estimate holds for all t € T

2 2
((éﬁ:{")*’lwzmw) _ @y 2(M & +Mznx2\fy,t)

yEBy

< (@yn- 2(2M1|5 2 oNERd Y (8 )

yEBy

< 2M2 FN,M | 2p FT 2p—2 2M2 4 1,1 2
<2MilE | +£%};’€y,t | 2”xynéaB?i’§y,t <),
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which shows that
2 — —
(@rrome) < vpEprpaged S g,
YyEBy

Now by letting
C3 = 2> MET and Cy:=2p>MIniT
it follows now that inequality (III.77) can be written in the following way

| sup [ p(@2 P e aw)| < CospE| 127+ €1 T sups| i€ |

teT yEB, 1€

Therefore returning to the inequality (II1.76) we see that

[sup!£ |P]<TclsupE[rf r"]

+TCy Z supE[\f_Z”[n]p]—i-
yE€By teT
(IIL78)

+Cs5 sup E[|§Q;{”|2*’]+

teT

oy supE[|52;z"|2*’].
T

yEB, 1€

Since B, is finite we can now use Theorem III.30 to conclude that, with a suitable choice of
n,m € N, the right hand side of the inequality (II1.78) above can be made arbitrary small

hence the proof is complete. O

II1.5.1 Existence

Theorem II1.34. Equation (II1.71) admits a unique strong solution.

Proof. Relying on [3] we conclude that equation (III1.71) admits a unique local maximal solu-

tion 7, such that for all ¢ € [0, c0)

tATh tATh
NetAT, = Cx + /0 D, (7790,5/\7'”7 Es/\Tn)dS + /O v, (771,3/\7'”7 ES/\Tn)dWx(S)v (11179)
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where by construction, for all n € N, stopping time 7, is the first exit time of 7, from the
interval (-n, n). Hence to complete the proof we will now show that 7, is in fact a global

solution. That is we are going to establish that almost surely lim,, o 7, = 0.

We begin by applying an It6 Lemma IV.35 to an equation (II1.79) to establish that for all

t € [0,00) we have the following
tATh 1
"rhc,t/\‘rn|p:‘/0 p(nx,s/\Tn)p_ (I)x(nflr,s/\rny Es/\Tn)dSJF

tATh, -1
+ /0 IJ(IJQ)(UI,SATn)p2(\I/J:(77x,s/\Tn7 Es/\Tn))QdS+ (IIISO)

tATh
+ /0 p(nz,s/\Tn)p_l\Ija: (nm,s/\Tna ES/\’Tn)dWIE(s)'

Now by letting

(I)gy(nvt) = (nx,t/\Tn)pilq)w(nx,t/\Tnv EtATn)’ V(t € [07 OO)) (111'81)

we see from inequalities (I11.43), (III1.44) and definitions (II1.45) - (II1.48) that for all ¢ € [0, co)

O (1,1) < Arlnainr, PHa 05 > €y inr, P20
yEBy

S A1|77x,t/\7n|p+&2n§g Z Sup‘&y,t/\”rn ’p+2p_102
yEBy te

< A1|npans, |PHa’nd Y supléy[P+2P 1P (111.82)
yEB, €

and

(T]az,s/\rn)p_2(\1ja: (773?,3/\7'”, Es/\‘rn))2 < AQ’T’x,t/\Tn |p+4M22ni Z |§y,t/\‘rn |p+4022p_1
yEBy

< Ag]nx’t/\Tn|p—|—4M22ni Z sup|§y,t|p—|—4c22p_1. (II1.83)
yEB, '€

Therefore combining inequality (II1.82) and (III1.83) together with inequality (II1.80) we see
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that for all ¢t € [0, 00) we have

t
B lhann? | <90+ 42) [ Bl P s+ Todda 3 B suplegP | + 4
0 yep, LteT

t
<D / E{mx,smw]ds 4 K(2). (IT1.84)
0
Where
D = p?(A1 + A)

K(z) :=TnlA; Z E[sup|§;t|p] + Ay.
yEBy teT

Now using Gronwall’s inequality IV.20 together with the inequality (I11.84) above we see that
for all ¢ € [0,00) we have

E[!m,mml"] < K(z)e"". (I11.85)

However using the definition of 7, we see that for all n € N we have |1, ,|> n. Moreover,

because P(7,, < t) = E{H{an}] we also see that for all ¢ € [0, 00)

nP(r, <t) <E ’U:vﬁn‘p]l{mq}]
S E ’nx77_n‘p1{7'n<t}j| + E|:|nx77—n’p:ﬂ'{7'n2t}:|7

=E ’Um,mm’pﬂ{m«}] +E|:|77:c7t/\'rn|p]l{7—nzt}:|

=E !nx,mrnl‘“]- (I11.86)

Therefore using inequality (II1.85) and (II1.86) above we see that for all n € N and for all

t € [0,00) we have
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Hence for all t € [0, 00) we have
lim P(r, < 1) =0, (I1L.87)

Now convergence in probability and the fact that {7,},en is an increasing sequence imply

that almost surely lim,,_.~, 7, = 0o hence the proof is complete. ]
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II1.6 Existence and Uniqueness

In this subsection we will learn that system (II1.12) admits a unique strong solution. We shall

start by showing existence.

Theorem III1.35. Suppose that p € Ry and for all x € v maps @, and V, satisfy conditions
(III.18) - (II1.17). Then for all ¢ € I§ stochastic system (III.12) admits a strong solution.

Proof. Let us start by fixing some a < a € A. Now, according to the Theorem II1.30 sequence

{E"}nen converges in YP. Therefore, this proof can be completed by letting

and showing that = = {{;},cy is also a strong solution of the system (III.12). However
because = in Y?, we see from the Definition II1.17 that to complete the proof it only remains

to show that for all x € v and all t € T we have

t t
€or = Cot / B (E0.5 Zo)ds + / Uy(Epss Zy)dWa(s), P —as. (ITL.88)
0 0

Using our work in the previous section III.5, in particular using Theorem II1.34 we begin by

defining a family of processes H := {1, }se~ such that for all z € v and all t € T we have

t t
Mot = Co + / B (s, Es)ds + / Uy (1.5, Es)AWa(s), P — a.s. (ITL.89)
0 0

Now, if n € N then we also recall from the Theorem II1.25 and the Definition, of the truncated

system, (II1.41) that for all z € v and all t € T we have

gxt_Ca?—i_/@ xs)‘—’ dS—f—/\I/ xs;:n dW() VmEAn

, P—a.s.
Eot = Co Vo & Ay
in YP,
Moreover convergence Z = lim =" in particular implies that
n— oo
lim supE[ Ze a‘“'\ﬁxt ] =0. (II1.90)
n—oo teT zEY
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Let us now fix some = € 7 and show that for all ¢ € T equation (II1.88) above holds. To begin
we observe from equation (II1.90) above and Theorem IV.2 that uniformly on T we have the

following result
i B2, - 6| =0
Therefore in order to conclude this proof it remains to show that uniformly on T we have

e[| (1rL.on)

Remark ITI1.36. From equation (II1.91) it would follow that &, ~ n, and so equation

(I1I11.88) can be obtained via similar techniques as seen previously in this section.

Now since A, T v as n — oo let us assume that for some n € N we have z € A,, C . Moreover

we define the following processes
(1) = Do (&2 EY) — Pu(nat, =)
Wi (t) = Wa (& Br') — Vo (at, Z)

Zaw = &gt — Nayt-
Hence using It6 Lemma we begin observing that for all ¢t € T we have
2= [ Bz e (s)ds +
/ pip—1) 1 2P (WM () ds+ (I11.92)
+/ P(20)P LW (5) AW, (5).

Therefore, from inequality (II1.60) and (II1.61) we can see that for all ¢ € T we have

(€8¢ = Me)PTHOR() < (b 1)(E5, — M) + 3703 Y (&) — &)’ (I11.93)
yEBy
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and

2
(Ene —nee)P? (\Ifﬁ(t)> < 2MA(E, — e +2M3nd ST (€, — &y 0)P. (IIL.94)

YyEB

Now, because B, is finite it is clear from equation (II1.90) that

E[ > (& - €y,t)p]

yEBy

can be made arbitrary small uniformly on T by taking n € N sufficiently large. Therefore

from inequality (II1.93) and (II1.94) above we see that for all ¢t € T

B[ (€6~ e 820 | < 0+ DE| (€20 - s | + 42 (111.95)

and

2
E[(éﬁ,t )P (\Ifz@)) ] < 2M%E{(£;;t - nx,m] A (ITL.96)

where

A" := max{a®n? 2M22n4}E{ > - §y,t)p}.

yEBy

Moreover A” — 0 uniformly on T as n — oco. Therefore using inequality (II11.95) and (II1.96)

above we can conclude from equation (II1.92) that for all = € v and all t € T we have

E| 68— ol | < 0 [ B[, — el |as + 2 (11L97)

where
C = p*(b+ 1+ 2M}), (I11.98)
AT = 2p°T A", (I11.99)
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Finally using Gronwall inequality IV.20 we see that for all ¢t € T we have
E[@t - 77:p,t|p} < AgeCT

which shows that for all x € v and uniformly on T
i B2 - | =

Equation (I11.91) now follows via application of Therorem IV.2 hence the proof is complete.

O
In the following theorem we now address uniqueness.

Theorem II1.37. Suppose ¢ € I} and a < o € A. Then stochastic system (II1.12) admits a

unique strong solution Z in YP,.

Proof. For contradiction, using Theorem II1.35, suppose that =! and Z? are distinct strong
solutions of the system (I11.12) in Y¥. Now let us define a map = € YP, via the following

formula

=2

[1]

I
[1]

=

We see that for all t € T we have

ém—/® L xw~@+/w LVED - U2, EDdWa(s), P as.
Now as in the proof of Theorem II1.30 we deduce, using Ito Lemma, that
3 boog 11,2
€eilP= [ P 0k (5)ds +
¢ 1) -
R

T /Ot p(EI’S)P—qu;vQ(S)dWm(S)_
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where we have chosen for all ¢t € T to let

2 (t) = (&) 4, E)) — Pa(El 4, E7)

U2 (t) = Walbpyy Bi) — Wal& 1, BF).

Therefore we see that
_ t o ¢
E[’fz,t’p] < Bi(p,bc, Ml)/o E[’Sw,s‘p}d3+32(x7pyM2) > /0 E[’fy,s\p]ds (1I1.100)
yGBz

where

P
2

Bi(p,b,c, My) :==pb+ = + Mip(p — 1)

Let us now fix a < @ < a € A and use inequality (III.100) to define a measurable map

kT — 1L via the following formula

lt) = | ol |

Hence we now deduce from inequality (II1.100) that

1) 3 Quy [ o)

yey

where for all x,y € v we have

Bl(pvbvczM1)+B2(x7p7M2)7 r=1Y,
Quzy = \ Ba(x,p, M), 0<|z—y|<p, (IT1.101)

0, [z —y[> p.

Moreover we see that the following facts are also true
(1) By construction (see Theorem II1.35) x € B(T,1}).

(2) From equation (II1.101) we see that there exists a constant C' such that |Q.,|< Cni.
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Therefore, by Theorem I11.20, for some ¢ € (0,1) matrix @ is Ovsiannikov map on £1.

Therefore we can now use Theorem I11.23 and Corollary I11.24 to conclude that

S el sup iy () < K (@) 3 e 114,

Ty teT TEYy

where A, is a zero sequence in I}. Therefore we establish that

s 5 1e.] o,

teT | 1ey

Hence

and the proof is complete.
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IV  Appendices

IV.1 Expectation, Measurability and Related Inequalities

This subsection of the appendix is based on [7, 12, 17, 36, 60] and outlines a number of
theorems that are used throughout the main body of the text. We assume here that we are

working on the probability space and with definitions described in subsection 11.2.1 and I1.2.3.

In this subsection of the appendix we will find it convenient to make the following definition.

Definition IV.1. Suppose that X = (X, A, u) is a complete measure spaces. Moreover, let
E be a separable Banach space and MF = (E, B(E)) be a measurable space. For all p € Ry

we make the following definitions:

LP = LP(X, MP), (IV.1)
LP(E) = LP(X,MF), (IV.2)
L8 = {f € LP|f > 0 almost surely}. (IV.3)

Theorem IV.2. Suppose that X is a finite measure spaces. Moreover suppose that we have

in addition real numbers 1 < g <p and f € LP. Then
LP C L9
1.1
I£le0< 1) G2 £

Theorem IV.3 (Borel-Cantelli Theorem).

Let {A;}ien be a sequence of measurable subsets in a measure space X. Then

gu(Ai)<oo — u<ﬁ GAZ) =0.

j=0i=j

Theorem IV.4. Let {f,}nen be a sequence in M(X,ME) Suppose that we have a map
f:+ X — E such that lim,_,o fn(x) = f(z) almost everywhere. Then f is also a measurable

map, that is f € M(X, MPF).
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Theorem IV.5. Suppose that f € M(X, M¥) and we have a map g : X — E such that f = g

almost everywhere. Then g € M(X, M¥).

Theorem IV.6. Let F = {f, }nen be a sequence in M(X, M) and suppose that F is Cauchy
almost everywhere. Then there exists a measurable map f : X — E, that is f € M(X, MF),

such that f, — f almost everywhere.

Theorem IV.7 (Egoroff Theorem).
Suppose that X is a finite measure space. Moreover suppose that { fn}nen and f are elements

of M(X,MPF). If

lim fu(z) = f(a) (1V.4)

n—oo
almost everywhere then given any § > 0 there exists a measurable set F' such that u(F) < 6
and convergence (IV.4) holds uniformly on X — F.

Theorem IV.8 (Riesz-Weyl Theorem).

Let F == {fn}nen be a sequence in M(X,ME) and suppose that F is Cauchy in p. Then

(1) There exists f € M(X, MF) such that f is unique almost everywhere and

fni>f as n — oo.

(2) There exists a subsequence of F that converges to f almost uniformly.
Theorem IV.9. Let f € M(X,MF) and let g € LP. If ||f|lg < g, p— a.e. then f € LP(E).

Theorem IV.10 (Holder inequality).
Suppose that p,q > 1 and I% +% = 1. Moreover suppose that f € LP(E) and g € LY(E). Then
fg € LY(E) and

1fgller )< [ fllermllgllae)-

Theorem IV.11 (Minkowski inequality).

If f,g € LP(E). Then f + g € LP(E) and

1f + gllere) < 1 fll o2y +9ll e (2)-
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Theorem IV.12. Let F := {f,}nen be a sequence in LP(E) and let f € LP(E). If
Jim [ fr = fller )= 0

then there exists a subsequence {fg(n)}neN of F', which converges to f almost everywhere.

Theorem IV.13. Let F := {f,}nen be a sequence in LP(E) and let f € M(X, MF). If

lim f,(x) = f(x) p— ae.

n—oo

and there exists g € LP such that for all n € N we have || f,||g < g almost everywhere then
fell(E) and  lim | fn = fllere)=0.

Theorem IV.14.

Let F = {fn}nen be a sequence in LP(E) and let f € LP(E). If

lim f,(x) = f(x) p— ae.

n—oo

then

ggrgo\lfn — fllerpy=0 <= JL%anHLP(E)Z Ifllcr(E)-

Theorem IV.15. Let F := {f,}nen be a sequence in LP(E) and let f € LP(E). Then
(1) [Ifo = fller(gy = 0 asn —o00 = ot fasn— oo,
(2) {fn}nen is Cauchy in LP(E) = {fulnen is Cauchy in pu.

Theorem IV.16. For some n € N, suppose that xp > 0 for all 1 <k <mn andp > 1. Then

n P n
(Zxk> < pP1 in
k=1

k=1
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Theorem IV.17 (Young Inequality).

Suppose that p,q € (1,00) are such that % + % =1 and v,y € RT. Then
< — 4+ L (IV.5)
b

Moreover equality in (IV.5) above occurs if and only if y = zP~1.

Theorem IV.18 (Fubini Theorem).

Suppose that X is a o — finite measure spaces and let Y = (Y,B,n) be another o — finite

measure spaces. Moreover let
XY = (X xY,AXxB,uxn)

be a product measure space and let u: X XY — E be an A X B measurable map. If at least

one of the following integrals is finite:

[ ulipdtexny. [ [ alledudn, [ [ ullsdndy
XxY XJY Y JX

then all three integrals are finite, u € LY (XY, MF) and the following statements are true:
(1) z — u(z,y) € L1(X, MF) n — almost everywhere,
(2) v — u(z,y) € LYY, MF) p — almost everywhere,
(3) y— [y u(z,y)du(z) € L1(Y,MP),
(4) = = fy ula,y)dn(y) € L1(X,MF),

(5) fXxYHUHEd(M x 1) = fX fY”uHEdeTI = fY fXHU||Ed77dM~

Remark IV.19. It follows that if f € L'(MP,MR) then by Theorem IV.18 function

t— /Q F(H)dP

is B(T) measurable.
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Theorem IV.20 (Gronwall Inequality).

Suppose that o € R, B € Ry and f € LY(M, MR) satisfies the following inequality
t
FW) < atp [ fe)ds, VD).
0
Then
ft) <ae’t, (vteT).

Theorem IV.21 (Jensen Inequality).
Let A : RTY — RT and V : RT™ — R be a concave and a convex function respectively.
Suppose that w,u € LY and vw € L'. Then A(uw)w € L1, V(u)w € L' and the following two

inequalities hold:

gtz () e V() B

Jx wdp Jx wdp Jx wdp
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IV.2 Wiener Process in a Hilbert Space

This subsection of the appendix is based on [15, 17, 48, 52] and outlines a number of theorems
that are used throughout the main body of the text. We assume here that we are working on

the probability space and with definitions described in Subsection 11.2.1 and 11.2.3.

Let us however recall for convenience that we are working with a fixed separable Hilbert space
H from the Definition I1.6 and a fixed cylindrical Wiener process W (see Remark I1.24) in K.
We also assume that filtration F := {F;};c7 on our probability space satisfies the following

standard conditions:
(1) W(t) is F; measurable, for all t € T,
(2) W(t) — W(s) is independent of Fg, for all s <t e T.

Let us assume in addition that we have another separable Hilbert space X and a (separable

Hilbert) space H of Hilbert-Schmidt operators from H to X. That is

JAll= (zneNnA(en)r&)Q < o0,

H=SAe LK, X) (IV.6)
¢ := {ey nen is an orthonormal basis of H
Moreover let us define the following space
T
E / s)||%ds | < oo,
Ny == € € 8(H) [ o I5() ] . (IV.7)

¢ is progressively measurable

Definition IV.22. Suppose that E is a Banach space and M¥ := (E, Z(E)) is a measurable

space. Moreover let

My = {g € 8(E) (IV.8)

& e L(P,MP)V(teD),
& is adapted to F '

(1) £ € My is called an E valued martingale with respect to F if for all s <t €T

E[&|Ts] = &s, P —a.s.
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(2) € € 8(F) is called square integrable if & € L2(P,MPF) V(t € T).
Let us now outline a couple of useful theorems.
Theorem IV.23. Suppose that £ € Ny,. Then we can define a stochastic process I € §(X)

in the following way

I = /Otg(s)dW(s), V(t € T).

Moreover

(A) I is a square integrable X valued martingale with respect to F and trajectories of I are

almost surely continuous.
(B) ForallteT

w sl [ tas)dW(s)] o,

=[]

Theorem IV.24. Letp > 1 and let E be a separable Banach space. If M is a right-continuous

@ 5| [ ewrames

FE valued martingale then

1 1

p|” p p|”
E|sup|M@)[[p| < —7swE|[M()[E
teT teT

< L oslivi|

Theorem IV.25. Let Y be a separable Hilbert space with the norm denoted by |||y and

define the following spaces:

3
A )= (Zn A en 2 > < OO,
o= dac Loy 1Al enl|Alen)]ly | (1v.9)
¢ := {en nen s an orthonormal basis of H
T
— P / 2 /d < == ].,
N =4 & € S(H') ( o 16(3)ts oo) . (IV.10)
& is progressively measurable
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Moreover suppose in addition that § € Ny and let L € L(X,Y) be a bounded linear operator
from X toY. Then Lo & € Ny and

L(/OTg(t)dW(t)> _ /OTL(E(t))dW(t), P—as.

Theorem IV.26 (Kolmogorov Test).
Suppose that E is a Banach space and § € S(F). If there exist constants C, e, € Ry for all

s,t € T such that

E[II& - ssu%] < Clt — |+

then & has a continuous modification (see Definition I11.15).

Theorem IV.27 (BDG Type Inequality).

Suppose that p € Ry and & € Ny,. Then

X] <»(552 1))5[/; (o)

¥
=

E { sup /Ot &(s)dW (s)

teT

P 2
ds] .
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IV.3 Martingales and Wiener Process in R

In this section we continue to work with a real valued Wiener process W defined on MP and
assume that our filtration F := {F,; };c7 is suitably chosen so that the following properties are

satisfied:
(1) For all t € T, W (t) is F; measurable,
(2) Forall s <te T, W(t) — W(s) is independent of Js.

Unless stated otherwise, information in this subsection is based on [29]. We now would like

to fix in place the following notation:
Sy = {KC‘.TXQ‘K:(s,t]waheres<t€‘J'/\A€9’s},

82::{KC‘.T><Q‘K:{O}wahereAeffo},

P = O’(Sl U Sg),

L=dces (MR) trajectories of £ are almost surely left continuous, 7
¢ is adapted to FF

MP = (Q,P).

We note that P above is the smallest o—algebra with respect to which all elements of I are

measurable.

Definition IV.28. For all p € Ry we introduce the following spaces of stochastic processes.
IP, = {¢ € LP(MP,MF®) | ¢ is adapted to F.}

and a space

Mp = { € € $(MF)
& is adapted to F

& € L(P,MP) vt e T, }
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Definition IV.29.

(1) £ € My is called a martingale with respect to F if for all s <t €T

E[&|Fs] =&, P —a.s.

(2) € € S(MR) is called square integrable if & € L2(P,MR), V(t € 7).
(3) & € S(MR) is called predictable if ¢ € M(MP, MF).

Theorem IV.30. Let & be a right continuous, square integrable martingale with left-hand

limits. Then there is a unique decomposition
=1L+ Ay, V(teT)

where L is a right continuous martingale with left-hand limits and A is a predictable, right

continuous, and increasing process such that A(0) = 0 and A; € L(P,MF), V(t € 7).

Remark IV.31. Process A found by Theorem IV.30 will be called a quadratic variation

of & (or a Meyer process) in this document and the following abbreviation will be used

&)y = Ay, V(t € T).

Moreover, one can show that

(W) =t, Y(teT)

Theorem IV.32. Let € € de and define a stochastic process X in the following way

X, = /Otﬁ(s)dW(s), (t € T).

Then
(A) X is a martingale with respect to F and trajectories of X are almost surely continuous.

(B) For allt € T the following statements hold:
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) 5| [ ewawis)| o

2] - [[E[letor]as

3) (X0 = [ le)raom,.

@ 8| [ st

Following theorem is a useful result from [41].

Theorem IV.33 (Burkholder, Davis and Gundy Inequality).

Let X be a continuous martingale. Then for allt € T and all p € (0, 00)

0<s< t” SEKQQt)g].

Definition IV.34. Suppose that f € Lgd, g € L, and let & be a Fo measurable random

E{sup {ix.p

variable. An Itd process is a real valued stochastic process & satisfying

& =&+ /Otg(s)ds + /Otf(s)dW(s), Y(t € T). (IV.11)

Theorem IV.35 (It6 Lemma).
Let € be an Ité process satisfying equation (IV.11) above and suppose that 6 : R? — R is
a continuous function such that all %, % and g—ig are continuous functions from R? to R.

Then 0 o £ is an Ité process satisfying

011,60 = 000,60) + [ (s, &)ds + [ 5 (5, €17 ()W (), ¥t € D)

where

00 00 10%0

Kt &) = 5 (6:&) + 5 (6:&)g(t) + 555

ot (t, &) f2(t), Y(t € T).
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IV.4 Deterministic Ovsjannikov Equation

Unless stated otherwise, information in this subsection is based on [10, 11, 46, 47] and also

on our work in Section II.

In this subsection we would like to address the problem of finding a unique solution f satisfying

the following integral equation

F(t) = 20+ /0 "F(f(s)ds, V(teT) (IV.12)

using the method of Ovsjannikov. To this end let us begin by fixing a suitable scale of Banach
spaces X = {X;}qe4, assuming that z, € X, and letting F' € O(X, ¢) be an Ovsjannikov map
on X. The main result of this appendix, that is existence and uniqueness of f, is summarised

in the Theorem IV.43 bellow.

We will now show how the proof of Theorem 1V.43 can be obtained. We start by introducing
a family Y := {Y,}4eca where Y, is the classical space of continuous X, valued maps. That is

for all a € A we define

Yq = C(T, Xaq).

Remark IV.36. It is important to understand that calculations in this subsection remain

valid if we choose to proceed with the following definition

Yo = B(T,Xq), V(acA).

That is Yq s the space of bounded X, valued maps.

Now, for all @ < 5 € A and f € Y, the following simple statements are true:
(1) Y is a family of Banach spaces,
(2) Yo < VYg, (IV.13)

() W llvs= [1f1lva-
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Therefore, from the list (IV.13) above we can conclude, using the Definition I1.2, that Y is a

scale. Now continuing our work we define a map J Ty — Yz by letting for all f ely

I(F)(t) = zq + /0 "F(f(s))ds, W(teT). (IV.14)

The following result can now be proved.
Theorem IV.37. J € O(Y,q).

Proof. Fix a < €A, f,g € Y, and t € T. We now check that the integral map J satisfies
the Definition I1.4. We begin by using the general definition of a Bochner integral and the

fact that ' € O(X, ¢) to conclude that J|y,: Yo — Yg. Moreover we see that
t
19CH(E) = Ig) (D)5, < /0 1 (f(s) = F(g(s))llx,ds

L t
< G agi 1) = o)l s (1V.15)

L t
= (B—Oé)q/o 1f = gllvads.

Therefore we see that

L T
190) = 9ol < (=g |, 117~ llvads

LT
< Goaylf ol

hence the proof is complete. O

We now would like to define something called an iterated or a composite map. That is for all

n € N we define

n times

——
J*:= JoJo.--0J

and let J° be the identity map from Yq to Yq. Our next result shows that for all n € Ny the

composite map J" is well defined.
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Theorem IV.38. For alln € Ny

J":¥Yq — |Y. (IV.16)

Proof. We prove this statement by induction. For n = 0 the statement (IV.16) is trivially true
because Y, C Y. Now suppose that induction hypothesis holds for some n > 0. Fix arbitrary
a € (a,a) and p € (a,a). Observe that induction hypothesis implies that J* : Y, — Y,,.
However because J € O(Y,q) we know that J|y,: Y, — Y, hence by composition J o J" it

follows that J7t! : Y, — Y, and since a € (a, @) is arbitrary the proof is complete. O

Remark IV.39. Observe that Theorem I1.40 shows that if f € Y, then the sequence

{T™(f)}22 belongs to Y4 for all a € (a,a).

Let us now, for a moment, consider some fixed ¢y € T, o < 3 € (a,d) and f € Y,. Moreover
let us consider an arbitrary n € N and a partition {i;};", of [, 5] into n intervals of equal

length. That is ¥g = «a, ¥, = 6 and ;11 — Y; = I’_Ta for all 0 <i <n — 1. Letting
() =9 () = ")), Y(t € [0,t])
we see from Theorem IV.37 and IV.38 that

L
1K (t)Ix,,, <

to
< o b Il

L L o rh
S W o) (s —wn_2>q/o ) W3 @2l

_ —qn to t1 tn—1
gL"(ﬁ O‘) /0/0/0 1KY (ta)l 50y, dtndtns - -dty  (IV.17)

n

Ln qn Kl to t1 tn—1 d d d
< = todt 4 dt
< oy [ [ [ dindtney i

L™ ni®
S Ko, -

=G —aym al
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Hence, defining recursively a map H" : C(T,R) — C(T,R) for all n € Ny via formula

f(t) n=0,

Jo f(s)ds n=1, (IV.18)

(@, f)

f(f H (s, f)ds | n > 1.

we see from inequalities (IV.17) that the following result can be formulated and proved.
Theorem IV.40. Suppose o < B € (a,a) and f,g € Yq. Then for alln € N

T qn
17 = @)y < g 1 =Tl (.19

Proof. Fixing ¢t € T we prove by induction that

n

19 (£)() = 3" (@) (B[, < I = 3(9)Ixa)

L
(B—a)
from where inequality (IV.19) follows directly. Clearly case n = 1 follows immediately from
the Theorem IV.37. Precisely speaking inequality (IV.15) shows that the induction hypothesis

holds for n = 1. Now, suppose that the induction hypothesis holds for some n > 1. Choosing

¥ € (a, B) such that g — 1 = 8=

W1 We see, using Theorem 1V.37, that

L t
1T (E) = T2 (g) (1)1, < (ﬂ—w)/o 13 (f)(5) = T (g) (5|, ds.

Hence letting

A= |f - 3(9)llx.

and applying the induction hypothesis we get
L L
(B—9) (¥ —a

Ln+1

B—=1)(Y —a)™

17 () (¢) — Jn+2(g)(t)|]xﬁ < )qnnq” /Ot H" (s, A)ds

nI"H Lt A)

=
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expanding further we see that

(00 - 2ok, < 2 (25) (M) Tamaeic,a)

_ D (e
- (ﬁ _ a)q(nJrl) ndn

nI"H " (¢, A)

Ln+1

< Gy (DT A)

Hence

Ln+1

B =gy (VOIS = (9]l

177 () = T2 (9) (0)] I, <

and the proof is complete. O

Remark IV.41. It is clear from the definition of the composite map I" that the Theorem
IV.40 is trivially true for n = 0. Moreover it is essential that o € (a,@) because it is

possible that I(f) does not belong to Y.

Theorem IV.40 puts us now in a position to prove the following result.

Theorem IV.42. Suppose that ¢ < 1 and F € O(X,q). Then there exists a unique element
¢ €Y such that J(¢) = ¢. Moreover if a € (a,a) and f € Y, then

in Yq

——N—
lim J(f) = ¢.

n—oo

Proof. Fix f € Y, and a € (a,a). Fix also an arbitrary v € (a,a) and using theorem II.42

observe that for all m > n € N we have

m—1
1T (F) = T (F)llve < D_NI5CF) = I D)l
k=n

m—1 kk k
LFT® nd
<Y e M =90,
k:n
o0 ka nqk’
Z CEa) Lf =3Iy, - (IV.20)
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According to Theorem I1.35 the right hand side of inequality (IV.20) above is a remainder of
a convergent series. Therefore we conclude that sequence {J"(f)},en is Cauchy in Y,. Since

a is arbitrary, let us now consider o < 8 € (a, @) and

in Yo

——
lim J(f) = ¢a

n—oo

in Yﬁ

——
lim J"(f) = ¢p.

n—oo

Because Y is a scale, in particular Y, < Yz, we see that

168 = allvs < lldg =T (Hllvs+1I"(f) = dallvs
<o = I*(Hllys+I1T"(f) = dallva

which shows that ¢g = ¢,. Therefore defining
Pa = ¢ = ¢p

we see that ¢ €Y and

in Yq

—
lim 7°(f) = ¢.

n—oo

Now, from Theorem IV.37 it follows that J is a continuous map from Y., to Y,. Hence we see

that

I f) = ¢ as n — oo

T ) = 90™(f)) = 9(9) as n — o0

which shows that J(¢) = ¢. Finally suppose that there exists ¢ €Y such that ¢ # ¢ and

J(1p) = 1. In this case it is clear that

197(¢) = T (W)lva= 116 — ¥y,
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However from Theorem IV.40 we can infer that

L pdt

19(6) = T Wl < e =9l
nTm qn
= oy e = vl (1v.21)

Since, by Theorem I1.35, the right hand side of inequality (IV.21) tends to zero we conclude

that ||¢ — ¢||y,= 0. Therefore ¢ is unique and the proof is complete. O
We now formulate and prove the main result of this appendix.

Theorem IV.43. Suppose x, € X4, ¢ < 1 and F € O(X,q) are fixed. Then there exist a

unique map f €Y such that

F(t) = 20 + /Ot F(f(s))ds, V(teT)

Moreover if a € (a,a) and g € Y, then

in Yq

—
lim J"(g) = f.

n—oo

Proof. This result follows directly from Theorem IV.42 above by letting f := ¢. 0

Remark IV.44. Current method can also be used to prove Theorem IV.48 when q = 1

by introducing a suitable upper bound on T.

The final result of this appendix is a useful norm estimate. To prove this final result we now
make two preliminary observations. First, suppose that a < 8 € A and z € X,. Then we can

see that

1E (@), = [1F(z) + F(0) = F(0)lx,
< [|F(z) = F(O)l x5 +I1F(0) %,

L
< G agi e IO,

e (P Dl
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where

p POl G0 v

Second, suppose a € (a,@) and z, € Xy. Moreover consider a partition {wi}?jol of [a, a] into
n+1 intervals of equal length. That is ¢y = a, ¥p+1 = aand ;11 —V; = % forall 0 <i < n.

Now, from Theorem IV.40 we see that for all n € Ny we have

n

197 (20) (£) = T (2g) ()5, <

nt I (¢ |2 — I(wa) Iy, )

(a— )
L gnearn+1
< mn H', ||F(xg)”le)

oL L
~ (a—11)™ (Y1 —a)

< LTLTTH-l L ndn <P+ Hx H )
= (a—¢1)™ (Y1 —a) (n+ 1) allxa

Ln+1Tn+1 (n+1)q(n+1)
S @0 (nt1)! <P+ ”%Hxa)

n"H" (L, P+ ||zgl|x,) (IV.23)

We now obtain the norm estimate.
Theorem IV.45. Let f be defined by Theorem IV.43 and suppose that a € (a,a). Then

0 T qn
15Ol Y g o (P4 sl ). (e € )

n=0

Proof. From Theorem IV.42 it is clear that for all ¢ € T we have the following equality

lim (|9 (za)(t)]|x.= || £ ()] %0

n—oo

Hence we now use estimate (IV.23) to see that for all n € N and all ¢ € T we have

19 (20) (1) |, = 117° (20) (D) 12, = leﬂk (20) () I3, — 197 (20) () [,

< SO () (0) — P ae) (1),
k=1
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Hence it follows that

n kmk qk
197 a) (1) s [0 ) D= 3 e KT (P n uxanxa)

= (a —a)m k!

Therefore for all n € N and all ¢ € T we have

. n Lka qu
7 O, < Ol @ g (P el

n Lka k,qk
<Pl Y <P+ Hﬂfa||xa>

—a) k!
n ka k,qk
S < Z qn kl > <P+ HxaHXu>
n ka‘ qu
< ; @ oy i <P+ HxaHXu) (IV.24)

Finally taking the limit on both sides of inequality (IV.24) we see that for all ¢ € T we have

0 LnTm  pdn
e (P+||xauxa)

a)i nl

hence the proof is complete. O

Remark IV.46. It is clear from the definition (IV.22) that if F is a linear map then
P =0 hence in this case from Theorem IV.]5 we see that for all a € (a,a).
o0 LnTn  pan
Ok < D (a—T)‘I”WHxQHXﬂ'

n=0

Remark IV.47. It is also clear from Theorem 1V.45 that

S LT pan
1l 3 o g o (P + sl )

n=0 (Cl - g)qn n
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IV.5 Additional Estimates For Section II

IV.5.1 Continuous Dependence on the Initial Data

In this subsection let us assume that g € [0, ﬁ).

Theorem IV.48. Suppose that o < 8 € A and (El,{g? € Xu. Moreover suppose that £ is the
unique strong solution of the equation (I1.19) corresponding to the initial data Cgl and n s the

unique strong solution of the equation (11.19) corresponding to the initial data CEQ Then

ol I_Jn2nTn n2qn
1€ = nllyz < s — Gallxa Y

n=0 W%' (IV.25)

Proof. Proof of this theorem rests on similar techniques that we employed before hence we
shall omit some details here. We begin this proof by looking back at the Theorem I1.45 from

where we see that for all ¢ € T we have

n—oo

i B 17(64)(0) - (@01, | = 2{ et - no | (1V.26)

Following Observation III from subsection I1.5.1 we now for each n € N let ¢" = {¢'}I",

be a partition of [, 3] into n intervals of equal length such that ¢ = § and ¢} = a Moreover
for each n € N let ¢,—1 == ¢, and ¢ == {¢;};2,. It is clear that ¢, | a as n — co. On top

of this a simple proof by induction shows that

n

H(ijl—i_.l>=ﬂi(il+l)zﬁn, Y(n > 2). (IV.27)

i=1 v i=1 n

Therefore we observe that

1 1 I 1
¢0—¢1¢1—¢2¢2—¢3_(5_Q)3 ?:1(#1_@_11)
32-3
<« __ 2
T (B-a)

and so one can prove by induction that for all n € N we have

1 1 on2n

bo— 1 Gut—tn = (B—a) (IV.28)
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Now by introducing the following notation
K30 = B[ |60 - M@0l | vee) (1.2
and invoking Theorem I1.38 we see that inequality (I1.28) implies that for all ¢ € T we have
1 »2)2p L Pt
Ki(t) < |6 — CC‘HXQJFN((/B—a)q) /0 Ky~ (s)ds.

Hence using sequence ¢ we see that

n L !
K2 (8) < 16 = I +|Ick - cfli?g‘LTN(W> *

N ((¢o —L¢1)q>2p (((ﬁl —L¢2)q>2p /ot /os g (rydrds +-+

L. L )T
(Yo —¥1)"  (Yn—1 — Yn)"

2
e - i, N s

Therefore similar arguments as in Theorem 11.49 and inequality (IV.28) above shows that

ngrl nr2 2 1 .22 o e
E| 170 - PN, | < 1¢ - G, (g}wk,)

Finally using Theorem IV.16 and I1.35 we conclude that series on the left hand side of in-

equality above converges. Therefore our limit estimate (IV.26) shows that

o Ek2ka quk
— < ||¢t = 2 — - > IV.
||£ 7]||sz— ||Cg Cg”xakz:%] (IB—OJ)qk Zpk! ( V30)

hence the proof is complete. O
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IV.5.2 Calculation for Theorem II.38

Using BDG Type Inequality (Theorem IV.27) we see that

2p

/Ot&s)dW(s) Z’J - (QP)zp(Q(sz_l)) !

7|

IA

_AtQQMé@MﬁJ)idﬁ

1

() [ (=
(5n) [ (]

IN

o |) o

|MM£D%$,

where p > p. Now using Jensen Inequality (Theorem IV.21) we see that

/ " B(s)aw (s)
0

il

2p =3 p 1
HESE
Xg (r-1)

[/otE[H‘E(S)Hiﬁ;]ds] *’

2ﬁ3 P p—1 [t _ 2%
< () [ 1ee |
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