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Abstract

The study of excited states of mirror nuclei helps in the extraction of information

pertaining to charge-dependent interactions between nucleons. An in-beam γ-ray

spectroscopy experiment has been performed to establish a sequence of excited

states for the first time in the proton-rich nucleus (Tz=−2) 48Fe (Z = 26, N = 22)

and to compare it with its well-known mirror nucleus (Tz = +2) 48Ti (Z = 22,

N = 26) in the f7/2 shell.

The method of mirrored (i.e., analogue) one-nucleon knockout reactions was ap-

plied, in which the Tz = ±2 mirror pair, 48Fe/48Ti were populated via one-neutron/

one-proton knockout from the secondary beams 49Fe/49V, respectively. The new

level scheme of 48Fe was established using the analogue properties of the reactions.

The inclusive and exclusive cross sections for knockout have been analyzed for

the populated states and also compared with reaction model calculations. In the

analysis, large differences between the cross sections of the two mirrored reactions

were observed and interpreted in terms of different degrees of binding of the mirror

nuclei.

The mirror energy differences (MED) between the isobaric analogue T = 2 states

of the 48Fe/48Ti have been determined and compared with large-scale shell-model

calculations and interpreted in terms of isospin non-conserving (INC) effects. The

present study demonstrates the importance of including all isospin-breaking terms

to explain the experimental observations. The MED for this mirror pair A = 48, as

a result of their location in the precise centre of an isolated f7/2 shell, are especially

sensitive to excitations outside the f7/2 shell, and hence, they present a stringent

test of the shell–model calculations.
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Chapter 1

Introduction

Mirror nuclei are a particularly significant research area since they provide a way

to test the basic symmetry of the strong nuclear force as well as the principle of

isospin symmetry [1]. Isospin symmetry is connected to the approximate charge

independence and charge symmetry of the strong nuclear force, which is a cor-

nerstone of our understanding of nuclear structure. The isospin dependence of

nucleon–nucleon forces and its implication for nuclear masses and structural ef-

fects, including level structures and neutron-proton pairing, is now one of the key

research areas in nuclear structure physics. The assumption of isospin symmetry

would result in isobaric multiplets being degenerate in energy, except for the effects

of the Coulomb force [2].

This work is aimed at investigating and understanding isospin symmetry by study-

ing two main aspects in the f 7
2

shell, in the A = 48 nuclei with T = 2: (a) mirror

energy differences, MED, study and (b) the examination of analogue spectroscopic

factors, i.e., the evaluation of the structure of analogue states, through direct reac-

tions, to understand what happens to the symmetry of the underlying wavefunc-

tions in nuclei that are unbound or weakly bound. To address these questions, the

experiment was performed at NSCL through the mirrored-knockout method. This

method was first applied by Milne et al. [3], in which the proton (neutron)-rich
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member of the mirror pair is populated by one-neutron (one-proton) knockout.

Pairs of reactions where the parents and the daughter nuclei are themselves mir-

rors are defined as mirrored reactions. This technique involves a complete analogue

pair of reactions reflected along the N = Z line; thus, a comprehensive comparison

of both of the analogue reactions is conducted. The experiment seeks to measure

a range of observables, including the MED, inclusive cross sections from single nu-

cleon removal (σinc) and exclusive cross sections (σexc) for populating the excited

states in the residue.

The first observation of the excited states of Tz = −2, 48Fe and the comparison to

the analogous states in its mirror nuclei, Tz = +2 48Ti, allows for the extension of

MED studies of mirror nuclei in the f 7
2

shell in order to evaluate these energy dif-

ferences. For the proton-rich nucleus, 48Fe, no excited states have been previously

observed apart from a tentative 2+ state at 969.5(5) keV that has been reported

in one previous study populated via beta-delayed proton decay of 49Ni [4]. In the

existing literature, there are only two studies of T = 2 mirror pairs system [5]

and [6]. The first study measured the strength of the 0+gs to 2+1 in the mirror nuclei
32Ar and 32Si by employing the techniques of intermediate-energy Coulomb exci-

tation and inelastic proton scattering in inverse kinematics, respectively [5]. The

second study in the T = 2 system used a direct 2N-knockout reaction to populate

mirror nuclei 52Ni/52Cr [6].

Analogue states belonging to the same isobaric multiplet are almost identical, with

the few differences arising from isospin non-conserving (INC) interactions such as

the Coulomb interaction. The differences in their excitation energies, known as

mirror energy differences (MED) for mirror pairs, have been widely used to inves-

tigate the microscopic structure of atomic nuclei, using Coulomb effects.

INC interactions leads states of different isospin to mix with each other [7]. A

detailed explanation of these INC phenomena is provided in Ref [8, 9]. A signifi-

cant understanding of these effects is needed in shell model calculations in order to

reproduce experimental data successfully [10]. In an early MED study by O’Leary

et al. [11], the MED for the Tz = ±1
2

mirror pair 49Mn and 49Cr demonstrated
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how the spin affects the MED, i.e., for larger spins, larger MED were observed.

This was interpreted as particle alignment, which suggested that proton–proton

spatial separation would increase with an increase in the alignment of the nucleon

angular momentum vectors.

As well as these INC interactions, which are expected to contribute to the MED,

there is an additional effective isovector (VB) interaction that has to be included in

the model to reproduce the data. Recently, there have been extensive studies on

the MED in the upper sd and lower pf shell regions, coupled with detailed shell-

model calculations– e.g. [6, 8, 10, 12–20]. The effective isovector INC effect can be

studied by examining energy differences (such as MED) and observing by their

J-dependence (i.e., it is a multipole effect). The inclusion of a spin-dependent,

nuclear isospin-breaking term had earlier been noted in the case of the A = 42

and 54 mirror pairs [7, 21]. It has been shown that this term is as significant as

the contributions from the Coulomb force. It has also been demonstrated that

most other f7/2 nuclei require additional effective isospin breaking effects [22]. A

comprehensive study in the f7/2 shell using the combined approach of spectroscopy

of the most accessible proton-rich nuclides and detailed shell-model analysis has

allowed for reliable interpretation of MED with respect to a wide range of INC

effects [7].

In the shell-model calculations, the MED is largely insensitive to the absolute

values of effective isovector INC matrix elements but greatly reliant on the J

dependence of these matrix elements [9]. Bentley et al. [9] determined a complete

set of spin-dependent effective isovector (Vpp − Vnn) matrix elements by fitting

the shell model to all experimental MED data obtained to date in the f 7
2

shell.

Matrix elements of VB = −72(7), +32(6), +8(6), −12(4) keV for the J = 0, 2, 4,

6 couplings, were obtained and included in shell-model calculations. These values

improved the model’s theoretical fit to experimental data [9].

Therefore, the structure of mirror nuclei has now been described by a shell-

model prescription in detail. To test this prescription, more data from the f7/2 shell
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is needed and more research is required to be conducted with larger differences in

isospin for mirror nuclei, as a number of INC terms are strongly dependent on Tz.

There has also been some discussion on the effects of weak binding in the proton-

rich member of the pair and how that affects the interpretability of MED [23].

Although it is clearly important to perform a systematic study of states in mirror

nuclei that are unbound or weakly bound in the proton-rich system, very few such

data exist in the f7/2 shell, and a partial aim of the current work is to conduct

such an analysis. There is still mystery surrounding the effective isospin-breaking

component, making mirror energy difference studies useful tools for understanding

nuclear structure into an interesting independent research field.

For the MED, the mirror pair chosen for this study, A = 48, has a unique feature

in being at the precise centre of an isolated single-j shell, i.e., A = 48 mirrors

are at the centre of an isolated f 7
2

shell. These nuclei are also cross-conjugate nu-

clei, which means that all the MED would be precisely zero assuming an isolated

f 7
2

shell. Therefore, these features make MED in A = 48 nuclei extremely sensitive

to cross-shell excitations, and hence, they provide an especially stringent test for

checking the propriety of the valence space in the shell-model calculations.

In this work, as well as studying isospin symmetry through MED, isospin

symmetry will be studied through the examination of mirrored direct reactions.

The aim of the experiment goes further by measuring direct one-nucleon knockout

cross sections to the analogue states in mirror nuclei in question, giving informa-

tion on spectroscopic factors for both sets of analogue states. Evaluating this is a

key aim of this work, as spectroscopic factors may be more sensitive to analogue

wavefunctions than MED.

Isospin symmetry suggests that the wavefunctions of the two sets of analogue

states of the mirror nuclei must be identical; hence, it is assumed that both mir-

ror nuclei will have similar spectroscopic strengths and hence cross sections. The

well-documented observation of the suppression of spectroscopic strength [24–26]

was also the motivation for mirror-knockout technique. These studies show that
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single-nucleon removal reactions on light solid targets have experimentally sup-

pressed inclusive cross sections as compared to theoretical direct-reaction models.

This suppression appears to be strongly dependent on the asymmetry between

the separation energies of the two types of nucleon, ∆S, see Fig. 1.1. Fig. 1.1 pre-

sented by Gade et al. [24–26] was plotted as the ratio of the inclusive cross sections

(experimental to theoretical), RS, for 1n- and 1p-knockout as a function of ∆S.

The downward trend in Fig. 1.1 indicates that the suppression of the spectroscopic

strength is a function of ∆S.

Mirror pairs that are well separated in Z, such as the ones studied here, have

very different ∆S values and so Fig. 1.1 implies different cross sections. An under-

standing of the behaviour of analogue reactions in this context is of great interest,

and it requires an analysis of exclusive cross sections in order to ensure the ana-

logue nature of the reactions.

Such approaches, lead to the emergence of the question of how analogue-exclusive

cross sections (for pairs of analogue final states) behave. This question has not

been considered fully before, and no detailed studies to date have dealt with this

type of comparison. This work is the first attempt at doing a detailed state-by-

state examination of analogue cross sections. Although there have been two studies

previously that quoted analogue exclusive cross sections [27] and [28], this aspect

was not fully discussed. This work aims to test if analogue-exclusive experimental

cross sections for pairs of analogue final states of mirror nuclei well separated in

∆S follow a similar trend as shown by the published data in Fig. 1.1.

The thesis is focused almost entirely on the A = 48, Tz = ±2 mirror pair,
48Fe/48Ti, populated via one-neutron/one-proton knockout from the secondary

beams 49Fe/49V, respectively. A small portion of the thesis is dedicated to inclusive

cross-section measurements of A = 45, Tz = ±3
2

mirror pair 45V/45Ti which were

populated via one-neutron/one-proton knockout from the same secondary beam,

N = Z 46V. The purpose of selecting these mirror nuclei (A = 45) is to check the
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Figure 1.1: The ratio of experimental to theoretical inclusive cross sections for
one-nucleon knockout as a function of ∆S. A linear representation of the totality
of collected data points from the different regions of the nuclear chart is given by
0.61 – 0.016 ∆S (10). Taken from [26].

symmetry of the analogue wavefunctions caused by the removal of protons and

neutrons from the same parent nucleus 46V.

In summary, this work aims to evaluate the mirrored knockout cross sections

with a large difference in ∆S, as well as to identify a range of new excited states

in the exotic nucleus 48Fe and to use the shell-model methodology to analyze the

MED. The objectives of this thesis are, therefore, as

∗ To establish a sequence of new excited states for the first time in the proton-

rich, Tz = −2 nucleus 48Fe, and to compare it to its well-studied, stable,

mirror nucleus 48Ti [29].

∗ Using the population of new excited states to study the MED between iso-

baric analogue states in this Tz = ±2 pair in the f 7
2

shell, and to perform
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large-scale shell-model calculations to interpret them in terms of INC effects.

∗ To conduct a detailed comparison of experimental and predicted cross sec-

tions, both inclusive and exclusive, for the A = 48, Tz = ±2 mirror pair and

only inclusive cross sections for the A = 45, Tz = ±3
2

mirror pair, using mir-

rored knockout to examine the question of the suppression of spectroscopic

strength. This requires the calculation, in this work, of the analogue spec-

troscopic factors in the shell model and the reaction-model knockout cross

sections.

1.1 Thesis Structure

The present study is structured in the following manner: Chapter 2 describes the

concept of isospin and the theory of the shell model. This is followed by a descrip-

tion of both the shell model calculations and knockout calculation cross sections

performed to interpret the MED and the single-nucleon-knockout reaction mecha-

nism, respectively, along with a brief discussion on the reaction techniques applied

in this thesis. In Chapter 3, the experimental setup that was utilised at NSCL in

MSU has been discussed. In Chapter 4, all of the calibrations and correction meth-

ods for the various detectors are discussed, along with the analysis techniques used

for the thesis. Chapter 5 presents the experimental analysis and results of mir-

rored one-nucleon removal reactions obtained from experiment at MSU, including

MED and cross sections. In Chapter 6, the theoretical cross-section calculations

performed in this project are compared with the experimental results. A discus-

sion of the results obtained from the mirrored one-nucleon knockout analyses are

also presented. In Chapter 7, the theoretical shell model MED are compared with

the experimental data. This chapter will also provide a discussion of the main

results related to MED at the end. Finally, in Chapter 8, conclusions are drawn,

and future work in this field is discussed in detail.

All the calculations performed in this thesis work have been undertaken by the
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author (R. Yajzey).
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Chapter 2

Theory and Background

2.1 Isospin

Studying exotic isotopes close to the proton drip line near the N = Z region is an

area of particular interest for investigating the significant role of isospin symmetry.

There are strong nuclear forces acting between protons and neutrons. The observa-

tion of similar behaviour of protons and neutrons under the strong force suggested

and led to the introduction of the concept of isospin [30]. Isospin symmetry is

related to the charge symmetry and charge independence of strong interactions.

In the absence of electromagnetic interaction, both protons and neutrons can be

considered as different states of the same particle known as the nucleon.

All nucleons have an isospin quantum number t = 1
2

with different projections

for a proton (tz = -1
2
) and a neutron (tz = +1

2
). Moreover, the nucleus has a total

isospin projection on the z-axis Tz, and the total isospin of the individual nucleons

denoted by quantum number T are given by Eqs. 2.1 and 2.2.
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2.1. Isospin

Figure 2.1: The isospin diagram shows the allowed and forbidden isospin states of
nuclei for a particular value of T with different total isospin projection Tz along
the z-axis in isospin space. Even-even nuclei exhibit ground states with isospin
T = |Tz|, as shown by the red line. Taken from [20].

Tz =
∑

tz =
N − Z

2
(2.1)

|N − Z|
2

≤ T ≤ |N + Z|
2

(2.2)

where N is the number of neutrons, and Z is the number of protons.

Different nuclei with a corresponding total isospin projection, Tz, have allowed

and forbidden isospin T states, satisfying the isospin rules in Eq. 2.2 and can be

observed in the diagram created by M. A. Bentley in Fig. 2.1 [20]. The red circles
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2.1. Isospin

represent even mass number A, and the blue circles represent odd mass number A.

For nuclei with odd mass number A, the spin and isospin states have half-integer

values, as seen in the dashed lines, and for nuclei with even mass number A, the

spin and isospin states have an integer number, as seen in the solid lines.

For most nuclei (apart from those on the N = Z line), yrast states (the lowest

excitation energy states for a particular spin) usually have the minimum value of

isospin (T = Tz), whereas nuclei with higher T will typically have much higher

energy. Most even-even nuclei exhibit a ground state where T = |Tz|, as indicated

by the red line in Fig. 2.1. It can also be seen that T = 0 states are only allowed

in N = Z nuclei (Tz = 0). However, Fig. 2.1 might not be applicable to odd-odd

N = Z nuclei, where some of these nuclei are observed to have T = 0 ground

states, whereas the others have T = 1 ground states. Odd-odd N = Z nuclei

where A < 42 they have T = 0 ground states. It has been observed that for

some odd-odd N = Z nuclei, especially those in the mid-fpg shell (A ∼ 46) the

first T = 1 states are lower in energy (i.e., are the ground state) than the T = 0

states [31, 32].

The charge symmetry of strong nuclear forces requires neutron-neutron (Vnn)

and proton-proton (Vpp) interactions to be virtually identical, Eq. 2.3. In addition,

charge independence requires the strength of the nuclear force between a neutron

and a proton (Vnp) to be equal to the average of the nuclear force between the

proton-proton (Vpp) and neutron-neutron (Vnn) pairs, Eq. 2.4,

Vnn = Vpp, (2.3)

Vnp =
Vpp + Vnn

2
. (2.4)

Experimental evidence confirms that the conditions for charge symmetry and
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2.1. Isospin

charge independence are broken [33]. Nucleon-nucleon scattering measurements

have shown that there is a slight charge asymmetry in the nuclear interaction

(explained in detail in [33]).

It has been found in scattering experiments (when the nuclear force is mea-

sured in free space) that neutron-neutron interactions are slightly stronger than

proton-proton interactions by about ∼0.5%, and neutron-proton interactions are

stronger than the average of proton-proton interactions and neutron-neutron in-

teractions by approximately ∼2.5% [33].

In the absence of isospin-breaking interactions, the analogue states in nuclei

of the same isospin T , known as isobaric analogue states (IASs), are degenerate.

Differences in excitation energies of IASs will result from the combined Coulomb

interactions, charge symmetry breaking (CSB) and any charge-dependent com-

ponents of the nucleon-nucleon interaction (isospin non-conserving (INC) terms),

resulting in isospin symmetry violation. These INC forces lift the degeneracy of

analogue states, break isospin symmetry, and may result in isospin mixing of the

states in question. Analysing the differences in energy levels is an effective way

of examining the Coulomb force. INC effects, in particular their spin (J) depen-

dence, are often studied by evaluating either isovector and isotensor effects, given

in Eq. 2.5 and Eq. 2.6, respectively. The most common testing ground for studying

isospin breaking interactions are mirror nuclei pairs (nuclei with the same mass

A, where the number of protons of one is equal to the number of neutrons of the

other) and triplet nuclei (a set of three nuclei, of which one is an odd-odd N = Z

nucleus, and the other two are neighbouring even-even nuclei with Z + 1, N − 1

and Z− 1, N +1). These effects are understood through mirror energy differences

(MED) and triplet energy differences (TED), respectively,

Visovector = Vpp − Vnn, (2.5)
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2.1. Isospin

Visotensor = Vpp + Vnn − 2Vnp. (2.6)

2.1.1 Mirror Energy Differences MED

The MED between isobaric analogue states can be used to investigate isovector

effects. These excitation energies are normalized to the ground state; therefore,

MED can be calculated using the following equation

MEDJ = E∗
J,T,−Tz

− E∗
J,T,+Tz

, (2.7)

where E∗
J,T,Tz

is the excitation energy of a state with spin J , total isospin T , and

isospin projection Tz.

As these excitation energies are measured relative to the ground state of each

nucleus, the effects of displacement energies between the ground states of mirror

nuclei, known as mirror displacement energies (MDE), are eliminated. Therefore,

a number of spin-dependent contributions to the excitation energy are considered,

which lift the degeneracy of the analogue states.

The Coulomb force and other INC effects need to be modelled in order to under-

stand how isospin symmetry is broken. In order to understand these effects, a

theoretical framework needs to be developed to help investigate the implications

of these contributions to the MED (discussed in Section 2.2.3). For this purpose

the shell model is used.

TED are sensitive to isotensor effects and probe the strength of the np inter-

action compared to the average of the pp and nn interactions, whose interpretation

depends entirely on the charge independence concept. The TED are defined as

follows,

TEDJ = E∗
J,T,Tz=−1 − E∗

J,T,Tz=1 − 2E∗
J,T,Tz=0, (2.8)
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2.2. Nuclear Shell Model

where T and Tz represent the isospin quantum number and its corresponding z-

projection, respectively.

To understand the dependence of the binding energy of a set of IASs as a function of

Tz, the famous Isobaric Multiplet Mass Equation (IMME), proposed by Wigner [34]

in 1957, can be used. A detailed description of this can be found in [35, 36]. The

IMME formula shows that the energy (and therefore, mass) of isobaric multiplet

states is quadratic in Tz [9], and it can be written as

∆BE(αTTz) = a+ bTz + cT 2
z (2.9)

where α contains all the additional quantum numbers of the state. The coeffi-

cient a is related to the isoscalar component, with a small contribution from the

isotensor effect. The coefficients b and c depend on the isovector and isotensor

components, respectively. Therefore, one can define MED and TED as isovec-

tor (b) and isotensor (c) effects whose interpretation relies entirely on the charge

symmetry and charge independence of the attractive nucleon-nucleon interaction,

respectively.

2.2 Nuclear Shell Model

The nucleus is a multi-body quantum system and exhibits a variety of phenom-

ena. Several nuclear models are available. A good model must showcase observable

properties such as energies of states, spin and parity quantum numbers, electro-

magnetic moments of nuclei, and regular sequences of excited states. A good model

also predicts some new properties that can be confirmed through experiments.

The first nuclear shell model was introduced in 1949 by Maria Goeppert-Mayer [37]

and Johannes Hans Daniel Jensen [38]. The nuclear shell model provides the ar-

rangement of nucleons (protons and neutrons) in the nucleus. These two types of

fermion arrange themselves in the orbital according to the Pauli exclusion princi-
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2.2. Nuclear Shell Model

ple. The shell model explains the existence of the traditional magic numbers 2,

8, 20, 28, 50, 82, and 126 as closed shells [39]. The magic numbers of protons or

neutrons appear as one moves from the valley of stability towards the drip lines.

The nuclear shell model is analogous to the atomic shell model, wherein the elec-

trons orbit the atomic nucleus in quantum shells bound by the attractive Coulomb

potential of the nucleus. The external potential is created as a result of the

Coulomb force from a positively charged nucleus. In contrast, the nuclear shell

model does not have a clearly defined central potential; the nuclei are bound by a

potential created as a result of their motion. The central potential is created by

the collective motion of nucleons – their mutual interaction; therefore, the shape

of potential follows the distribution of nucleons.

The shell model Hamiltonian can be classified using kinetic energy, T , and po-

tential energy, V , and can be written as

H = T + V =
p̂2

2m0

+ V (r) (2.10)

2.2.1 Nuclear potentials

Different forms of central potential are shown in Fig. 2.2. The simplest ones are

the infinite square well (Eq. 2.11) and the harmonic oscillator (Eq. 2.12). These

two potentials can reproduce 2, 8, and 20 magic numbers but failed to reproduce

higher shell closures, see Fig. 2.4.

V (r) =


0, : for r < R

∞, : for r > R

(2.11)

V (r) =
1

2
kr2 (2.12)
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2.2. Nuclear Shell Model

Figure 2.2: Shapes of different potentials. Taken from [40].

The nuclear potential is typically represented by either a Woods-Saxon po-

tential or a harmonic oscillator potential. The Woods-Saxon potential is the most

usual parametrization used to describe the nuclear potential, a spherically sym-

metric potential that smoothly decreases to zero with increasing r (see Fig. 2.3),

in accordance with the nuclear matter distribution. It can be written as follows

V (r) =
−V0

1 + exp( r−R
a

)
, (2.13)

where V0 is the depth of the potential well (∼ 50 MeV); R is the radius of the
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Figure 2.3: Nuclear mean-field depicted with Woods-Saxon potential using Eq. 2.13
of V0 = 50 MeV, r0 = 1.25 fm, a = 0.7 fm for an A = 48 nucleus.

nucleus (R = 1.2 A
1
3 ); a is the surface diffuseness term (0.7 fm). However,

Woods-Saxon potential still fails to replicate magic numbers beyond 40, as can

be seen in Fig. 2.4.

Two additional terms are required along with the central potential for reproducing

known spherical magic numbers. The first term is the spin-orbit interaction (SO)

that comes from the nuclear surface and is introduced as a derivative of the central

potential. Spin-orbit coupling l⃗.s⃗ splits energy levels with the same n and l into two

levels due to interaction between intrinsic spin s and orbital angular momentum

l. Different orientations of l⃗ and s⃗ change the shape of the potential. Therefore,

parallel coupling gives wider potential and, consequently, lower energy for j1 = l+s,

whereas antiparallel coupling gives a narrower potential and, hence, higher energy

for j2 = l− s. The second contribution is the inclusion of an l2 term that accounts

for the change in the binding energy from the angular momentum of nucleons.
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2.2. Nuclear Shell Model

Figure 2.4: The single-particle energy levels of the nuclear shell model from a
simple harmonic oscillator potential showing the effect of the surface and spin-orbit
correction. The experimentally observed magic numbers are only reproduced after
both the l2 and spin-orbit ( l⃗.s⃗) terms have been included. Taken from [41].
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Thus, the total potential, with the inclusion of the two additional effects and

the Coulomb potential, VC , can be written as:

V (r) = VC(r) +
1

2
kr2(r) + Vlll⃗2(r)− Vlsl⃗.s⃗(r) (2.14)

The Coulomb part of the potential is taken to be the potential arising from a

uniform charge distribution over a sphere of radius R.

The single-particle energy levels that nucleons can occupy inside the nucleus

shown in Fig. 2.4, are produced by solving the Schrödinger equation, with the

potential defined in Eq. 2.14 to predict magic numbers at 2, 8, 20, 28, 50, 82, and

126 in agreement with the experimental observations.

2.2.2 Residual Interactions

The single-particle shell model described previously is based on the assumption

that all nucleons except one in a nucleus are paired and therefore, nuclear proper-

ties arise from the only unpaired nucleon [39]. Adding a residual interaction to the

single-particle Hamiltonian is required to treat all the nucleons in the last shell

instead of only the last one and accounts for the influences not included in the

effective potential, for example, pairing effects between valence nucleons and p-n

interactions.

The Hamiltonian resulting from the interaction between the nucleons can be

formed as follows

H = H0 +Hres, (2.15)

where H0 is the shell model Hamiltonian that contains only the potential from

Eq. 2.14. The two-body matrix elements are the calculated energies of the dif-

ferent interactions between particles, which accounts for the residual interaction,

Hres. Thus, the Hres is considered a small perturbation on H0, which interprets
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2.2. Nuclear Shell Model

the remainder of the effects of nucleon-nucleon interactions in order to find a po-

tential that influences all nucleons.

The matrix elements can be determined from nuclear data with the help of differ-

ent methods and approaches using shell-model calculations. Thus, to calculate for

a specific region, often more than one interaction can be employed.

The shell-model calculations begin with calculated single-particle levels derived by

solving Schrödinger equation for the shell-model Hamiltonian H0 [42]. For heav-

ier systems, calculations must be restricted to all possible configurations of the

valence nucleons that notably contribute to the states of interest, and effective

residual interactions Hres must be used. Therefore, the calculations are based on

the three ingredients of a shell model, see Fig. 2.5.

The first consideration is an inert core in which all the nucleons are paired, tightly

bound in their single-particle levels, and do not get excited to other single par-

ticle levels. These nucleons are not considered by the residual interaction. For

the calculations in this thesis, the 40Ca (N = Z = 20) is used as an inert core.

Second, the valence space is the space in which the valence nucleons can freely

move outside of the core and interact with each other. Therefore, the states of

interest can be identified by different configurations of the interaction of these va-

lence nucleons. The valence space used in this calculation is f 7
2
, p 3

2
, f 5

2
, and p 1

2
.

The last consideration is a truncation of the shell model space, i.e., the restriction

of the occupancy of the valence nucleons on the single-particle energy levels that

are only considered by the residual interaction between these nucleons. Some-

times, the calculation cannot be undertaken without further truncation as a result

of computational restrictions. Therefore, additional truncation is often required

within the valence space.

Shell-model calculations may provide reasonable results; however, these calcula-

tions can be particularly limited in the case of some nuclear regions. It is because

the nuclei studied are usually heavily deformed, and thus, the spherical shell model

is a poor approximation. A shell-model calculation was performed in this thesis

using the shell-model code ANTOINE [43].
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40Ca Core
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Space

Truncation

ProtonNeutron

20

f5/2

p1/2
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f7/2

28

Figure 2.5: A schematic representation of the components of a shell-model cal-
culation, showing the inert core (40Ca such as used in present work) within the
harmonic oscillator potential. The two types of fermions, protons and neutrons, are
arranged in some valence single particle levels, f 7

2
, p 3

2
, f 5

2
, and p 1

2
. The truncation

region shows that some single particle levels are not included in the shell-model
calculation. Adapted from [44].

The fp space is the shell model region of interest for the experiment dis-

cussed in this thesis. A number of different residual interactions are available to

choose from to be used in this region that utilizes a 40Ca core and valence space

f 7
2
, p 3

2
, f 5

2
, and p 1

2
. The most popular interactions used are the KB3G [45] and

GXPF1 [46] interactions. The KB3G interaction is a set of two-body matrix el-

ements deduced analytically from nucleon-nucleon interactions and gives a good

description for light (42 ≤ A ≤ 54) nuclei, in the fp-shell [9]. In contrast, the

shell model interaction GXPF1 is a set of matrix elements resulting from nucleon-

nucleon interactions determined by fitting to 669 experimental energy levels from

nuclei between A = 47 and A = 66.

48



2.2. Nuclear Shell Model

All shell-model calculations presented in this thesis were performed using the full

fp orbital space implemented using the ANTOINE code [43] with the KB3G in-

teraction [45].

2.2.3 MED within the Shell model Calculations

The nuclear shell model has been used in this work to interpret the MED, which

are compared to experimental MED data as well as predicted spectroscopic fac-

tors for mirrored (symmetric) knockout reactions from mirror pairs in the f 7
2

shell.

Traditionally, theoretical modelling of MED takes place within the framework of

shell models, which interpret INC effects as a result of a lack of missing physics

such as CSB and the Coulomb effect. Since mirror nuclei are those in which the

numbers of protons and neutrons are interchanged, both nuclei will have the same

number of np pairs but swapped numbers of nn and pp pairs and so isovector

effects should be included. MED are analysed using four isospin-breaking compo-

nents in shell-model calculations. These four effects are the multipole Coulomb

interactions (VCM), the radial effect (VCr), the single-particle effect (Vll+Vls), and

an additional effective isovector interaction (VB). The main contributions to MED

have been highlighted by numerous researchers of many different mirror pairs. INC

effects were formalised within this shell-model prescription by Zuker et al. [7], and

later, these effects were further discussed in more detail by Bentley and Lenzi [8,9].

The main contributions will be addressed in the following sections.

2.2.3.1 Multipole Coulomb Term

The multipole Coulomb term VCM accounts for the changes in Coulomb energy re-

sulting from recoupling angular momentum vectors of proton pairs with increasing

excitation energy. Two particles (proton or neutron) in the middle of the f 7
2

shell
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can be coupled to higher angular momentum J = 0, 2, 4, or 6 according to the

Pauli exclusion principle, which results in an increase in the spatial separation of

their orbits. This is be shown in Fig. 2.6, which illustrates the calculated spatial

overlap of a pair of protons as a function of their coupled angular momentum in

the f 7
2

shell [47].

A pair of protons (pp) coupled to a low J has a large Coulomb repulsion as

compared to a high J with less Coulomb repulsion between the nucleons, which

results from an increase in spatial separation. However, no change in the Coulomb

repulsion occurs in the case of the coupling of two neutrons (nn). To study MED,

the Coulomb matrix elements are calculated using harmonic oscillator wave func-

tions, with the resulting Coulomb interaction added to the effective two-body

interaction of protons in both mirrors.

Figure 2.6: A calculated spatial overlap of two protons coupled to different angular
momentum in the f 7

2
shell. Taken from [47].

2.2.3.2 The Monopole Radial Term

The radial effect (VCr) is the monopole Coulomb energy associated with changes

in mean nuclear radii and deformation effects as a function of spin [7]. The mean

nuclear radius varies due to differences in the occupation of different orbitals l,

where orbitals with different angular momentum have different nuclear mean radii.
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Hence, changes in the occupation of orbitals will result in energy differences. There

are likely to be a considerable number of admixtures from the upper fp shell in the

low-spin states of the f 7
2

shell, especially in the mid-shell region where deformation

results in the partial occupation of the upper fp orbitals. These admixtures tend

to reduce as the band termination gets smaller [14]. Based on the mirror symmetry

arguments, the total occupation numbers for each member of a mirror pair will

be the same (interchanged numbers of protons and neutrons), and then, it is the

difference in charge between the two members of the mirror pair that produces

the spin-dependent energy difference, due to the variation of Coulomb energy with

radius.

The occupation of the p orbitals can also increase with deformation due to

configuration mixing. Therefore, it is possible that the VCr term also accounts for

the deformation effects. In the f 7
2

shell nuclei, the (VCr) effect is produced using

the shell model by tracking the occupancy of the p 3
2

orbital as a function of spin

since this orbital is expected to have a larger mean radius as compared to the

f 7
2

orbital. The contribution of the monopole Coulomb radial term (∆VCr) to the

MED of mirror nuclei is calculated using the equation offered in [8] that has been

presented below

∆VCr(J) = 2 |Tz| αr

(
mπ(g.s.) +mv(g.s.)

2
− mπ(J) +mv(J)

2

)
, (2.16)

where αr (200 keV) is a constant deduced from A = 41 data [44], mπ and mv are

the proton and neutron occupancies of the ground state (g.s.), respectively, and J

is the angular momentum quantum number of the state in question.

2.2.3.3 The Monopole Single Particle Term

The monopole single-particle term accounts for the differences in single-particle

shell-model levels for a proton or a neutron. This term includes two effects of the
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single-particle levels: Vll and Vls for the Coulomb [7] and electromagnetic spin-

orbit shifts [48], respectively. Since the MED is related to energy, the change in

energy, Ell and Els due to both single-particle effects (ll and ls), which results

from the differential of the potentials of Vll and Vls, should be computed. The

Vll effect related to the proton orbitals accounts for Coulomb energy in a proton

orbital due to the overlap of that orbital with the core [49] such that

Ell =
−4.5Z

13
12
cs [2l(l + 1)− n(n+ 3)]

A
1
3 (n+ 3

2
)

keV, (2.17)

where the Coulomb energy effect Ell, is based on the proton number of the core

Zcs, principal quantum number n, and orbital angular momentum l.

The second effect is the electromagnetic spin-orbit interaction Vls, which relates

to the interaction between the spin moment of the nucleon and the Coulomb field

of the nucleus [48] such that

Els ≃ (gs − gl)
1

2m2
Nc

2

(
−Ze2

R3
C

)
<

−→
l .−→s >, (2.18)

where gs and gl are spin and orbit gyromagnetic factors, which differ for a proton

and a neutron, 5.586 & 1 and -3.828 & 0, respectively. The terms mN and RC

are the nucleon mass and nuclear radius, respectively [8]. The spin-orbit coupling,

<
−→
l .−→s >, is given by l

2
for j = l + s and −(l+1)

2
for j = l − s.

This effect is different for protons and neutrons, where the single-particle energies

of proton levels sink relative to the neutrons, contributing to the MED. Moreover,

if there occurs a single-particle excitation from an orbital with j = l+s to another

one with j = l − s or vice-versa and if the excitation happens for a proton in one

member of a mirror pair and a neutron in the other, a significant energy difference

will be produced, contributing to the MED of the excited state.
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2.2. Nuclear Shell Model

2.2.3.4 Additional Effective Isovector Term

The shell-model calculation carried out with the inclusion of the three terms dis-

cussed above is not enough to fully reproduce the MED in the f 7
2

shell. It was

reported by Zuker et al. [7] that there is a need to include an additional matrix

element to the other terms in the MED calculations.

The isospin-breaking isovector VB term is an additional, empirical isovector in-

teraction, Vpp − Vnn, and has been shown in [9] to be strongly dependent on the

angular-momentum coupling of nucleon pairs.

Zuker et al. [7] first suggested the need for this additional isovector term. To

achieve reasonable agreement with experimental MED and TED data, an isovec-

tor matrix element of 100 keV was added to two-body matrix elements J = 2, f 7
2

coupling protons [8] and an isotensor matrix element of 100 keV has been added to

J = 0, f 7
2
, respectively. The additional matrix element values were obtained empir-

ically based on the MED and TED measurements from A = 42 and A = 54 systems

(two nucleons or two-nucleon holes in the f 7
2

shell). The additional isovector term

of 100 keV MED for the J = 2, f 7
2

couplings observed by [7] is often referred to as

the J = 2 anomaly.

A full set of effective spin-dependent isovector (Vpp − Vnn) matrix elements (VB)

was later obtained by fitting the shell model to all experimental MED data that

have been obtained so far in the f 7
2

shell. Thus, matrix elements of VB = −72(7),

+32(6), +8(6), −12(4) keV for J= 0, 2, 4, 6 couplings, respectively, were ob-

tained [9], where an increase of ∼ 100 keV between J = 0 and J = 2 couplings was

suggested, which is consistent with previous studies [8]. For example, a comparison

between the experimental and theoretical MED data for different mirror pairs in

the f 7
2

shell, including four matrix elements VB, as shown by a solid line, or exclud-

ing the fitted VB term, as shown by a dashed line, are presented in Fig. 2.7 [9]. In

these examples, the theoretical agreement with experimental MED data is signifi-

cantly improved by including these effective empirical isovector, Vpp − Vnn matrix

elements. The origin of isospin non-conserving effect (VB) term is still unclear, but

53



2.2. Nuclear Shell Model

it can be described by a Coulomb modification of the nucleon two-body interaction,

which is simply absent from the shell-model prescription.

Figure 2.7: A comparison of experimental and theoretical MED for four mirror
pairs in the f 7

2
region. The solid line represents the predicted MED, including the

fitted VB term, whereas the dashed line represents the predicted MED without the
VB term. Taken from [9].

In this work, two different methods are used for defining the INC term VB in

order to match the shell model to the experimental MED. Both methods are the

shell-model calculations which include all the four components with, (a) a VB of a

single −100 keV INC matrix element for J=0 for all fp-orbitals, and (b) a VB of

four parameters extracted from the fit across the f 7
2

shell [9]. From all the above

discussions, it is clear that the contributions of the MED shell-model calculations

with the inclusion of the four components of INC effect (developed based on the

prescription of [7,9]) achieved a reasonable agreement with the experimental MED

data. The steps taken to apply the MED shell-model calculations to the mirror

nuclei chosen in this work will be described in Chapter 7.
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2.3. Reaction Mechanism

2.3 Reaction Mechanism

In the analysis discussed in this thesis, the excited states of the exotic proton-rich
48Fe, 45V, and their mirror pairs 48Ti and 45Ti were achieved via a one-nucleon

knockout reaction mechanism. These reaction products are derived using radioac-

tive beams produced by fragmentation. The fragmentation and knockout reaction

processes and the knockout calculations used in this analysis will be discussed in

the following sections.

2.3.1 Projectile Fragmentation Reaction

The fragmentation technique involves a high-intensity beam of stable nuclei accel-

erated to between 0.1 and 1 GeV/nucleon to impinge on thick targets in order to

produce radioactive nuclei (fragments), which are then filtered and shaped into a

secondary beam using a fragment separator.

The high-energy fragmentation reactions can take place via a variety of processes.

When the beam and target particles collide head-on, both are divided into many

small fragments. However, the collisions can directly remove particles from either

the target or the beam. As a result of low-impact parameter collisions, many nu-

cleons can be removed, leaving a lower-mass nucleus to carry on via the separator

(fragmentation). The intermediate processes of the fragmentation of heavy, high-

energy ions are described in a simple abrasion-ablation fragmentation model [50]

(see Fig. 2.8). This model for reactions between relativistic heavy fragments is

extracted from Glauber’s multiple scattering theory [51]. Severe collisions break

off several particles in the interaction region, and this process is described as an

abrasion. The remaining nuclei leave in an excited state, which decays through

particle emission; this is known as ablation.
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2.3. Reaction Mechanism

Abrasion-ablation Model

Projectile Target Abrasion Ablation

Figure 2.8: Abrasion-ablation fragmentation model. Adapted from [52].

2.3.2 Nucleon Knockout

Direct reactions are classified as a type of nuclear reactions. The processes hap-

pen in a single step at the nuclear surface and involve only a few nucleons. The

direct reaction involves the projectile that may exchange some energy and angular

momentum or have nucleons transferred to or removed from it.

Knockout reactions are direct reactions that involve the removal of a nucleon from

the projectile as a result of interacting with the target. In a direct reaction, the

probability of the reaction occurring depends on the specific structure of the ini-

tial and final states. Nucleon knockout reactions are performed using high-energy

beams of ∼ 100 MeV/u and light targets, usually 9Be. A knockout reaction is

a very powerful method to probe the nuclear structure and the wave function of

exotic nuclei, as well as to obtain spectroscopic information (detailed discussion

in [25,53,54]).

The nucleon removal mechanisms can be classified into two groups: inelastic

breakup (stripping) and elastic breakup (diffraction). In the inelastic breakup

process, the removed nucleon is absorbed by the target, and the target nucleus
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2.3. Reaction Mechanism

is left in an excited state. On the other hand, in the elastic breakup process,

the removed nucleon is emitted in the beam direction, and the target nucleus is

left in its ground state. Both reactions are calculated from the target-core and

target-nucleon scattering matrices described in [54, 55]. The reaction mechanism

is presented in the diagram. 2.9.

The probability of removing a nucleon from a particular state in the parent nu-

Single Nucleon 
Knockout Reaction

Projectile

Target

Target

Target

Residue

Residue

Free Nucleon

Stripping

Diffraction

γ-ray

γ-ray

Figure 2.9: The single-nucleon knockout reaction types: stripping reaction process
(on the top right) and diffraction reaction process (on the bottom right).

cleus to populate a specific state in the final nucleus is proportional to the overlap

of the wave function of the two states, and this overlap is defined as the Spec-

troscopic factor C2S. The ability to investigate the single-particle spectroscopic

information could be a significant test of the nuclear wave function. A quality

of a good spectroscopic probe is the capacity to cleanly distinguish the effects of

the reaction mechanism. Nucleon knockout reactions are assumed to be a direct

reaction with negligible residual interaction between the (A−1) spectator core and

the nucleon removal. To compare the calculated partial cross section for removal

of a nucleon, from a single-particle cross sections σsp, with experimental ones, they

should be normalised by C2S between the initial and final (α) states [53,54,56].

The theoretical cross section for a specific knockout path from a particular state in
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2.3. Reaction Mechanism

the parent nucleus to individual states in the daughter nucleus can be calculated,

where one particle is removed from a single particle orbit (j) from a nucleus with

A nucleons to the residual core with (A−1) nucleons and total angular momentum

and parity Jπ.

σth(Ex, J
π, j) =

(
A

A− 1

)N

C2SSM(α, j)σsp(j, Sn + Ex) (2.19)

where C2SSM is the spectroscopic factor calculated from the shell model, Sn is

the projectile ground-state to residue ground-state nucleon (either proton or neu-

tron) separation energy, and Ex is the excitation energy of the residual. The mass

dependent term, ( A
A−1

), is the centre of mass correction for the shell model spec-

troscopic factors, as illustrated in [57], with the main harmonic oscillator number

N = 3 for the fp-shell, as shown in Fig. 2.4.

A spectroscopic factor implies values within the 0 to 1 range and represents the

overlap between the wave functions of the initial and final state configurations.

C2S determines the nature and occupancy of the single-particle orbits of a nu-

cleus. Hence, it contains information that extends beyond the knockout reaction

mechanism.

For a specific final state, there can be more than one orbital involved in the knock-

out process. For all final states of the mass (A−1) residue, the theoretical inclusive

nucleon-removal cross section (the total probability of populating any bound state

of the fragment residue from the projectile), σinc, is computed as the sum over all

j values of the orbital of the removed nucleon and over all final states, i.e., the

sum of the exclusive cross sections σexc
th (Ex, J

π) that is calculated from the sum of

the partial cross sections (Eq. 2.19).
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2.3.2.1 Single Nucleon Knockout Reactions (Eikonal Approximation)

The single-particle cross sections (σsp) are extracted from the sum of two separate

processes

σsp = σstr
sp + σdif

sp (2.20)

where σstr
sp and σdif

sp are the single-particle stripping and diffraction cross sec-

tions, respectively. There is also a third reaction process known as Coulomb dis-

sociation. In this process, the projectile is broken up as a result of Coulomb

interactions with the target. However, as the contributions of Coulomb dissoci-

ation are normally very small with the choice of a low atomic number Z target,

these effects are considered negligible [58].

The importance of each process is different based on the beam energy. At a

high beam energy, the single-particle cross section for one nucleon knockout is

dominated by stripping reactions, whereas at a lower energy, typically with 50–

60 MeV/nucleon, the contributions of stripping and diffraction reactions are simi-

lar [58]. The single-nucleon removal cross sections presented here were calculated

using the eikonal reaction theory [54,59,60].

The eikonal reaction theory implements the "spectator-core" approximation, as-

sumes the nuclear core is not excited during the reaction. The three-body reaction

model adopted in this study consists of the target, projectile core, and projectile

valence nucleon, as presented in Fig. 2.10. Projectiles travelling at high energies

allow for a significant simplification of the reaction model used to study the sudden

removal of a nucleon. The internal motion of the projectile can be assumed to be

adiabatic or in a frozen state. The adiabatic approximation, first discovered by

Johnson and Soper (1970), assumes that the internal motion of the projectile is slow

compared with the external motion at the centre of mass of the projectile. This

suggests that at high beam energies, the core and valence system barely change

within the time taken for the nucleus to traverse the target, basically reducing

the system from three-body to two-body. The eikonal approximation is a semi-
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classical solution of the scattering problem presented in Fig. 2.10. This method is

employed to calculate the elastic-scattering functions or elastic S-matrices of the

projectile, representing the amplitude of the forward-going scattered wave over a

range of incident impact parameters. The S-matrix for the projectile can first be

obtained by solving the time-independent Schrödinger equation (see [61, 62] for

more details).

After the S–matrices are calculated, it is possible to calculate the two single-

nucleon knockout cross sections separately by integrating over the projectile’s cen-

tre of mass impact parameter, b [63]. The stripping σstr and similarly diffractive

breakup σdif cross sections may be found using the following equation

σstr
sp =

1

2J + 1

∫
db

∑
m

〈
ϕc
JM

∣∣(1− |Sn|2
)∣∣Sc

∣∣2 | ϕc
JM

〉
, (2.21)

σdif
sp =

1

2J + 1

∫
db

[∑
m

〈
ϕc
JM∥ (1− SnSc)|2 | ϕc

JM

〉
−

∑
m,m′

|⟨ϕc
JM |(1− |SnSc|)|ϕc

JM⟩|2
]
,

(2.22)

where the quantities Sc and Sn are the elastic-scattering S matrices [64, 65] for

the interaction of the core-target and the valence nucleon-target systems, respec-

tively, and are expressed as functions of their individual impact parameters [54].

The nucleon-core relative motion wave functions, with total angular momentum

J and projection M, are ϕc
JM . They are calculated in a Woods-Saxon potential

whose local potential has been adjusted to reproduce the separation energy of the

nucleon from the initial state with a given nlj. Equation 2.21, (|Sc|2), refers to

the probability that the core survives the reaction, whilst (1 − |Sn|2) indicates

the probability that the valence nucleon is absorbed [58]. Thus, the partial cross

section for single–particle removal is the probability of both processes occurring

together, Eq. 2.20.

In this work, full-pf shell-model calculations using the KB3G [45] interaction
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Core

Valence nucleon

Target

Projectile
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Figure 2.10: The coordinate system adopted for the core, valence nucleon, and
target three–body systems. Adapted from [66].

in the ANTOINE code [43] were employed to compute the spectroscopic factors,

enabling a calculation of a specific knockout path.

The single-particle cross sections, σsp, can be understood to include information

related to the reaction mechanism, which can be explained by the condition where

exactly one nucleon is removed from a specified state. Moreover, the spectroscopic

factors provide all the nuclear structure information by measuring the overlap

between the initial and final state configurations.

A description of the specific steps of these calculations (reaction models and C2S

calculations) used for obtaining theoretical cross sections for nuclei in this work

will be described in Chapter 6.
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Chapter 3

Experimental Details

This chapter will briefly review the experiment performed in the current work

(Section 3.1). The following section (Section 3.2) will describe the detector systems

and experimental setup as well as the γ-ray detectors utilized in the experimental

work for this thesis. The experiment performed here will be referred to in this

thesis by the label E14027.

3.1 Experimental Overview

The primary aim of using γ-ray spectroscopy in this work was to study the exotic

proton-rich nuclei, and their neutron-rich mirror partners, A = 48, Tz = ±2 and

A = 45, Tz = ±1
2
, see Fig. 3.1.

Radioactive beam facilities such as the National Superconducting Cyclotron Lab-

oratory (NSCL) at Michigan State University (MSU) provide the opportunity to

investigate exotic nuclei through in-beam γ-ray spectroscopy experiments. A study

of exotic proton-rich 48Fe was undertaken via a one-neutron knockout reaction from

a radioactive 49Fe beam, and subsequently, the analogue one-proton knockout re-

action was performed from 49V to populate states in 48Ti. In addition, the exotic
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proton-rich 45V nucleus and its mirror 45Ti were produced via one-neutron and

one-proton knockout reactions, respectively, from the same incoming beam 46V.

The products were detected and identified by detection systems at the end of the

S800 spectrograph (Section 3.2.4), and GRETINA was used for the identification

of γ rays (Section 3.2.5). Thus, the study of energy-level schemes of these nuclei

by the use of a one-nucleon knockout reaction mechanism provided an opportu-

nity for determining the cross sections of the observed states in these nuclei and

determining the MED.

3.2 Experimental Setup

3.2.1 Experimental Settings and Plans

Figure 3.1: The 58Ni primary beam is fragmented into the cocktail secondary
beams of interest (squared in blue), such as 49Fe/49V and 46V (see text for more
details) at the entrance of the A1900 separator. The mirror pairs of interest
(squared in red), 48Fe/48Ti and 45V/45Ti, are populated via one nucleon-knockout
reaction from these secondary beams.

The experiment was conducted in 2016, (code E14027). A ∼ 160 MeV/u

primary beam 58Ni was fragmented on a 802 mg/cm2 9Be production target into

secondary beams that were dispersed via the A1900 separator [67]. The result-

ing fragments were separated by the A1900 separator [67] into a cocktail beam
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that contained 49Fe, 48Mn, 47Cr, 46V, etc. in one setting of A1900 (see Fig. 3.3)

and the mirror secondary beams, 49V, 48V, and 47V, etc. in the other setting.

For the secondary beam of interest, the fragment beam rates for 49Fe (49V) were

∼ 300 (2 × 105) particles per second, respectively, constituting ∼ 0.5%(64%) of

the secondary beam cocktail. A set of adjustable slits and a degrader wedge were

used to block and disperse the array of secondary beams before impinging on the

188 mg/cm2 9Be secondary target. The secondary beams used for this study are
49Fe (Tz = -3

2
) and 49V (Tz = 3

2
), which represent a mirror pair, and N = Z 46V

(Tz = 0). One-nucleon knockout reactions occur at the secondary target where the

nuclei of interest are produced and where the excited states in the mirror nuclei
48Fe and 48Ti (Tz = ±2) are populated via one-neutron and one-proton removal

from 49Fe and 49V secondary beams, respectively. Moreover, the excited states

in the mirror nuclei 45V and 45Ti (Tz = ±1
2
) are populated via one-neutron and

one-proton knockout from the same secondary beam 46V.

The deexcitation γ rays from the knockout reaction residues at the 9Be secondary

target position were recorded by the HPGe detector array GRETINA [68,69]. The

beam-like residues resulting from the reactions within the target then traverse the

S800 spectrograph [70], which is used to identify and resolve the reaction products

using energy loss and time of flight measurements. Moreover, the S800 spectro-

graph provides crucial information on recoil angles and momentum distributions

of the reaction products, which allows for accurate event-by-event γ-ray Doppler

corrections.

A summary of the ten different combinations of A1900 and S800 settings and,

description of the experiment undertaken in this work are presented in Table 3.1.

Throughout the experiment, ∼109 hours of the main data taking, separated into

123 data runs, were obtained. Data runs were interrupted several times to carry out

unreacted beam runs, mirror nuclei settings and the mask calibrations (Table 3.1).

Periodically, through the experiment, A1900 settings were kept unchanged and

then the settings of the S800 spectrograph were switched to the unreacted beam

setting. The unreacted beam runs were performed to measure the number of
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beam particles to determine the inclusive cross sections. To carry out the mir-

rored knockout reaction, the A1900 settings were changed to the mirrored settings

with corresponding unreacted beam settings (Table 3.1).

Mask calibration runs were also performed, which were used in particle trajectory

mapping (more details in Chapter 4). The beam purity varied for each secondary

beam and was determined during the experiment (Table 3.1). For instance, 49Fe

has a beam purity of 0.5%, while 49V has a very large beam purity, 64% (hence

only one-run, 113, Table 3.1). The reactions of interest are highlighted in blue,

while the other reactions were used for a different analysis, see Table 3.1. It should

be noted that the 46V-45V knockout setting is the same setting as the 49Fe- 48Fe

knockout setting.

The following sections will discuss the components of the experimental setup at

the NSCL and demonstrate the step-by-step process of deriving the obtained mea-

surements, from beam production to γ-ray detection and reaction product identi-

fication.
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Table 3.1: Summary of the different settings and data for the sub-experiments
performed at the NSCL. The beam purity, Downscaler (Ds) and duration of the
runs are also shown. The nuclei used in this analysis are highlighted in blue.

Run Number A1900 Settings Purity S800 Settings Ds Time(h, min) Comments

19-109
133-189

49Fe 0.5% 48Fe 1 106:00 Data

Mirror Beam Setting

113 49V 64% 48Ti 3 01:00 Data

123-124 48V 42% 47Ti 1 01:17 Data

128 47V 28% 46Ti 3 01:13 Data

183 46V (49Fe) 40% 45Ti 2 00:50 Data

21-22 Mask Calibration

85-86 -

114-115 -

178-179 -

Total 00:50

32 49Fe 0.5% 49Fe 1 Unreacted

56 - - - -

154 - - - -

180 - - - -

Total 00:37

111 49V 64% 49V 1 00:6 Unreacted

121 48V 42% 48V 1 00:9 Unreacted

126 47V 28% 47V 1 00:6 Unreacted

182 46V(49Fe) 40% 46V 1 00:17 Unreacted
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3.2.2 Primary Beam Production

The Coupled Cyclotron Facility (CCF) [71, 72] at the NSCL consists of a Super-

conducting Source for Ions (SuSI), which is an electron cyclotron resonance (ECR)

source, and the two cyclotrons, K500 and the K1200 at the NSCL, as shown in

Fig. 3.2. In this case, it was used to produce the 58Ni primary beam. The first

step starts at the ECR ion source, which produces a stable beam of positive ions,

accelerated through the K500 cyclotron up to energies of around 8–12 MeV/u. Sub-

sequently, the primary beams are extracted from K500 cyclotron and injected into

the second cyclotron, K1200 [73], where they are accelerated to energies 160 MeV/u

for a velocity of ∼ 0.4c. The K1200 cyclotron is equipped with a carbon foil for

the removal of the remaining atomic electrons such that the 58Ni primary beam

used in this experiment is in a 28+ charge state. The beam is shaped using several

quadrupole and sextupole magnets before impinging upon the 802 mg/cm2 9Be

production target at the beginning of the A1900 separator. After fragmentation of

the primary beam at the production target, a variety cocktail of secondary beams

was produced.

3.2.3 Secondary Beam: A1900 Separator

The A1900 separator is a high-resolution fragment separator that can provide

a wide range of fast exotic beams across the nuclear chart for nuclear physics

studies and is aimed at separating the secondary beams, which are a result of the

fragmentation of the primary beam in the 9Be production target. The momentum

acceptance of this separator was adjusted to 0.5%.

The A1900 separator consists of a series of four 45◦ steering dipole super-

conducting magnets, 24 superconducting focusing quadrupole and other sextupole

and octupole magnets for aberration correction, energy-degrading wedges, and
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Figure 3.2: A schematic of the ion source (SuSI) coupled with K500/K1200 cy-
clotrons and the A1900 separator. Taken from [67].

slits situated at image 2 (see Fig. 3.2) [67]. These components of the separator are

located immediately after the production target and can be utilised to disperse the

cocktail of secondary beams, reduce the level of certain contaminants, block any

undesired secondary beams from coming through slits located at the second image

(Fig. 3.2) after dispersion, and adjust the momentum acceptance of the cocktail

beam. Each beam with mass A and charge Z, moving at a velocity v, is deflected

by four dipole magnets. This allows for the use of the magnetic rigidity, Bρ, of

the dipole magnets to select the beam of interest,

Bρ =
p

q
=

mv

q
=

mβc

q
∝ A

Z
βc (3.1)

where B is the magnetic field strength, ρ is the radius of curvature of the particles

orbit, β = v/c; m and q are the mass and charge of the particles, respectively.

The achromatic aluminium wedge (the triangle shape at image 2, as shown in

Fig. 3.2) in A1900 is used for isotopic beam selection. This also enables the identi-

fication of the isotopes of interest before focusing the secondary beams to impinge

on the secondary 9Be target. High momentum particles hit the thick part of the

wedge and low momentum particles hit the thin part of the wedge. Each beam

experiences various levels of energy loss through the wedge and beam components
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with the same Bρ, which will appear with different momenta depending on their

atomic numbers, Z. A further separation occurs, wherein the emerging, filtered

beam is passed through the remaining two dipole magnets along a dispersive beam-

line. Subsequently, the final secondary cocktail beam of interest arrives at the focal

plane of the A1900 separator. The desired secondary cocktail beam is then trans-

ferred along an analysis line before impinging on a reaction target 9Be, located

at the secondary target position on the S800 spectrograph (Section 3.2.4). The

cocktail secondary beam was produced after the separation process in the A1900

separator, consisting of primarily 0.5% 49Fe, 4.9% 48Mn, 29.8% 47Cr, 40% 46V,

23% 45Ti, and 1.7% 44Sc (Fig. 3.3).

49Fe

48Mn
47Cr

46V
45Ti

44Sc

Figure 3.3: The incoming secondary beams are shown with the A1900 tuned to
produce 49Fe and the other beams produced with same setting, which can be
observed from the XFP and OBJ scintillators times of flight relative to the E1
scintillator in the S800 spectrograph focal plane.

These secondary beams were then sent through a transfer hall between the

A1900 fragment separator and the S800 spectrometer. The beam species were

identified, on an event-by-event basis, by time of flight (ToF) measurements be-

tween two plastic scintillator detectors located after the A1900 fragment separator

and an E1 scintillator at the focal plane in the S800 spectrometer, located behind
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the final (reaction) target. The two scintillator detectors are the extended focal

plane (XFP) positioned at the end of the A1900 separator and the object (OBJ),

which is located further down the beamline at the object position of the S800.

They are separated by a distance of ∼ 30 m and can be used to identify different

incoming beams. Figure 3.3 shows the different incoming ions appear on diagonal

lines (see labels), allowing one to gate on a selected incoming beam.

3.2.4 The S800 Spectrometer

Analysis Line Spectrograph

9Be Secondary 
Target

Figure 3.4: The S800 spectrometer consists of the analysis line and spectrograph.
The beam of interest enters the S800 spectrometer at the object and then passes
through the analysis line. The resulting particles are separated using the spectro-
graph after the reaction at the secondary target [74].

The S800 spectrometer is a high-resolution, large acceptance magnetic spec-

trometer [70]. The first part – the analysis line – is used to identify and focus

secondary cocktail beam from the A1900, and the second part – the spectrograph

– is used to separate and transport outgoing fragments after the secondary reac-

tion target, see Fig. 3.4.

In the experiment performed for the current work, ∼81–84 MeV/u 49Fe, 49V, and
46V secondary beams were transferred along the S800 analysis line and impinged
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on a 9Be secondary reaction target of thickness 188 mg/cm2 where mirrored one-

nucleon knockout reactions occurred. The γ rays from the excited states populated

the nuclei of interest 48Fe (Tz = −2), 48Ti (Tz = +2) and 45V (Tz = −1
2
), 45Ti

(Tz = +1
2
) and were detected using GRETINA (Section 3.2.5). The reaction prod-

ucts were transported to the S800 focal plane detectors system, where they were

identified by measuring position, angle, energy loss, and ToF [75]. A description

of S800 components and the detector systems will be provided in the following

sections.

3.2.4.1 S800 Analysis Line

This part of the S800 spectrometer extends from the object (OBJ) scintillator po-

sition to the reaction target position. It is designed to receive the secondary beam

from the A1900 fragment separator and direct it into the high-resolution spec-

trograph using a series of magnets. It comprises four superconducting magnetic

dipoles, five superconducting magnetic quadrupole triplets, and a few correcting

sextupoles. These dipole magnets have the maximum magnetic rigidity, Bρ, of

5 Tm [70]. The purpose of the analysis line is to direct and focus the incoming

secondary beams onto the reaction target and measure the characteristics of the

incoming particles produced in A1900.

The S800 analysis line can be operated in two different modes: the focused

mode and the dispersion matching mode [70]. In the focused mode, the beam is

concentrated on the target position and dispersed in the focal plane, and a larger

momentum acceptance of roughly ±2% is achieved. In contrast, the dispersion

matching mode is achromatic on the whole S800, where the beam is momentum

dispersed on the target with a dispersion of about 10 cm/%. Thus, in this mode,

the momentum acceptance of the analysis line is limited to ±0.5%, and it can

be used in the experiments requiring the highest momentum resolution. In the
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experiment described in this work, the S800 analysis line was run in a focused

mode in which the beam was focused on the reaction target.

3.2.4.2 S800 Spectrograph and Focal Plane Detectors

The S800 spectrograph consists of two large focusing quadrupole magnets, followed

by two 75◦ superconducting dipole magnets and detector systems located just past

these dipoles at the focal plane of the spectrometer. This is the large acceptance

section of the S800 with a maximum magnetic rigidity Bρ that is limited to 4 Tm.

The quadrupole magnets are situated after the target chamber, which helps focus

the outgoing particles after the reaction target in the non-dispersive plane (the

y-position) and then in the dispersive plane (the x-position). Furthermore, the

two 75◦ superconducting dipole magnets serve to direct and disperse the residue of

interest at S800’s focal plane and block any unwanted unreacted secondary beam

using a beam blocker.

The position and angle of each product are recorded at the S800 spectrometer’s

focal plane, which includes two Cathode Readout Drift Chambers (CRDCs), ioni-

sation chambers (IC) and three plastic scintillators E1, E2, and E3 (see Fig. 3.5).

The detectors used in the experiment for this work will be described in detail in

the following subsections.
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Figure 3.5: Schematic of the detectors located in the focal plane of the S800
spectrometer [75].

3.2.4.3 Cathode Readout Drift Chambers (CRDCs)

The first detector device in the S800 spectrometer’s focal plane is a pair of CRDCs.

The two CRDCs are gas-filled detectors, located approximately 1 m apart. They

are filled with 80% CF4 and 20% C4H10 at a typical pressure of around 140 Torr.

The detectors have an active area of 26 cm × 56 cm in the non-dispersive (y) and

dispersive (x) planes, respectively, and a depth of 1.5 cm. Both CRDCs have 224

pads in x direction with a pitch of 2.54 mm and are used to detect particle posi-

tion and trajectories of nuclei after the interaction with the secondary production

target.

The traversing particles ionise the gas in the CRDCs, creating of a number of

electron-ion pairs. This results in a drift of free electrons towards an anode wire

under the influence of an electric field. The charge collected at the anode wire

induces a positive charge on the cathode pads (Fig. 3.6). The x-position in the
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Figure 3.6: A diagram illustrating the CRDC detector, where the particles are
ionised as they pass through each CRDC, creating free electrons that drift towards
the anode wire. As a result, a positive ion is produced on one of the cathode pads.
A Gaussian function is fitted to determine the x-position of the particle, and the y-
position is calculated based on the electron drift time to the anode wire in relation
to the trigger at the E1 scintillator. Taken from [74].

dispersive plane is determined by measuring the induced signal on the neighbour-

ing cathodes by fitting a Gaussian function to the charge distribution across the

cathode pads. The y-position in the non-dispersive position is determined by

recording the drift time of the electrons in the gas, whereby the time is measured

while collecting charge on the anode wire by a comparison to the S800 timing

signals trigger provided by the E1 scintillator. Each CRDC detector has a spatial

resolution of less than 0.5 mm FWHM and a maximum rate of 5,000 counts per

second [76]. A higher count rate would lead to efficiency losses.

The recoil trajectories can be reconstructed using the x- and y-position information
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provided by the two CRDC detectors. This also allows for the determination of the

incident angle at the focal plane in the dispersive (afp) and non-dispersive planes

(bfp). The focal plane angles are then used in conjunction with the inverse map

(subsection 3.2.4.6) to reconstruct the recoil angles at the target position. The dis-

persive angle at the focal plane (afp) can be calculated using the following equation

afp = tan−1

(
x2 − x1

d

)
, (3.2)

where x1 and x2 are the dispersive (x) positions measured in CRDC1 and CRDC2,

respectively.

The pathway of the particular nuclei of A/Q can be extrapolated from the E1

scintillator back to the reaction target using the inverse map, which also uses the

dispersive and non-dispersive positions and angles data pertaining to each CRDC,

thus yielding event-by-event vector tracking of all particles at the target position.

3.2.4.4 Ionisation Chamber (IC)

The S800 IC is located immediately after the two CRDC detectors. It is used

for the energy loss measurement of the nuclei of interest that pass through the

chamber with the energy loss depending on their mass and charge. The cham-

ber consists of 16 segments, each with a narrow anode-cathode gap perpendicular

to the beam direction. It is filled with P10 gas, which consists of 90% Ar and

10% CH4 at a pressure of 300 Torr [77].

Electron-ion pairs are generated as a particle passes through the ion chamber and

ionises the gas; the electrons drift towards the anode and the ions are collected on

the cathodes. The resulting signals in the 16 anode segments are then summed

to produce the total energy loss for that particular particle. The charge collected

on the IC anodes is determined by the number of pairs produced, giving a direct
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measurement of the particle’s energy loss, which is approximately proportional to

the square of the charge of the particle Z2. The energy losses of a charged particle

are indicative of an atomic number as per the Bethe-Bloch formula

−
〈
dE

dx

〉
=

4πnZ2

mec2β2

(
e2

4πϵo

)2 [
ln

(
2mec

2β2

I (1− β2)

)
− β2

]
, (3.3)

where n is the electron density of the material; me is the mass of an electron; c is

the speed of light; β = v
c

is the velocity of the particle; e is the electron charge;

ε0 is the permittivity of a vacuum, and I is the average excitation potential of

the material. This energy loss measurement can be used in combination with ToF

measurements to identify the reaction products.

The efficiency of IC detection is approximately 100% for the beam rate utilised

in the present experiment. Based on this, the IC was used as the standard for

measuring the relative efficiency of the other particle detectors.

3.2.4.5 Scintillation Detectors

Three plastic scintillators are closely coupled with the IC at the end of the S800’s

focal plane: E1, E2, and E3 scintillators of thicknesses 5 cm, 10 cm, and 20 cm,

respectively (Fig. 3.5). They are used in conjunction with the S800 trigger to

identify the final time of flight measurement [75].

The beam particles traverse through these scintillator detectors, which results

in the generation of photons. These photons are collected by photomultiplier

tubes (PMTs) [77], which are attached to both the top and bottom of each plastic

scintillator and turned into an electrical signal. The average time signal from each

PMT is used to determine the timing signal of each plastic scintillator. Besides

the timing information, energy loss and total energy measurements of the incident

particles can also be gathered [75].

The plastic scintillator detectors can handle rates of up to 1 MHz. However, the

timing resolution of these detectors reduces at higher count rates and when the
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trajectories of different nuclei cross at the focal plane, although this effect can

be corrected through the use of the position and angle information provided by

the CRDC detectors. The E1 scintillator situated at the focal plane of the S800

spectrograph is also utilised as the primary trigger for the data acquisition (DAQ)

system [70].

3.2.4.6 Recoil Trajectory Reconstruction

The S800 focal plane detector system helps determine the position and angles

of the reaction products, which can be used to extract their path through the

spectrometer and reconstructs their trajectory back to the reaction target.

The trajectory reconstruction on an event-by-event basis is achieved through the

use of an inverse map for each recoil by employing the code COSY Infinity [78].

Inverse maps are generated automatically for experiments conducted at the NSCL

and can be requested remotely through a server that provides remote users with

maps by entering some experimental parameters, such as the magnet strengths of

the spectrometer, Bρ and the residue’s mass, velocity, and charge.

The inverse map S−1 relates the positions (xfp, yfp) and the angles (afp, bfp) in both

the dispersive and non-dispersive directions at the focal plane to the dispersive and

non-dispersive angles at the target position (ata, bta) as well as the non-dispersive

target position yta and the energy of the beam at the target position dta = δE/E

by the relation



ata

yta

bta

dta


= S−1



xfp

afp

yfp

bfp


(3.4)
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For this transformation, the average dispersive (x) position at the target is as-

sumed to be negligible, xta = 0, in order to minimise the number of parameters

needed to calculate the particle’s trajectory so that the uncertainty of this param-

eter can be included in the energy resolution of the S800 spectrograph [70]. As

the recoil vector at the target position needs to be reconstructed from the position

and angle measurements taken at the focal plane of the S800, it is necessary to

precisely calibrate and correct these measurements (Section 4.2).

3.2.5 Gamma Ray Spectroscopy: GRETINA Array

The Gamma-Ray Energy Tracking In-beam Nuclear Array (GRETINA) is a high-

resolution gamma-ray spectrometer that consists of electrically segmented high-

purity germanium (HPGe) modules designed for nuclear structure studies, see

Fig. 3.7.

In this experiment, GRETINA had nine detector modules, each with four

high-purity germanium crystals with 36 segmented electrodes. Four of these mod-

ules (quads) were centred at 58◦ and five were centred at 90◦ in relation to the

beam direction.

When placed surrounding the reaction target, the array covers a solid angle

of ∼ 1π in the laboratory frame, providing good solid angle coverage downstream

of the target, which is useful for fast isotope beams, as shown in Fig. 3.7. This

improves the detection efficiency of forward-focused γ rays as a consequence of the

Lorentz boost [68]. GRETINA is the first implementation of the γ-ray energy-

tracking array (GRETA) [79].

Each GRETINA crystal is divided along the longitudinal direction into six

slices of width 8 mm, 14 mm, 16 mm, 18 mm, 20 mm, and 14 mm from the face
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Figure 3.7: The standard configuration of GRETINA at the NSCL located in front
of the S800 spectrograph’s entrance and surrounding the secondary target. This
figure shows seven GRETINA modules (taken from different work [68]), four of
which are mounted in the 58◦ ring and the remaining three modules are mounted at
90◦. The data presented in this work were obtained with nine GRETINA modules.
Four modules are mounted in the 58◦ ring and five are located at 90◦ ring. Taken
from [68].

of the crystal to the back. The slices are also split into six segments, accounting

for a total of 36 segments per crystal, as shown in the illustrations on the left

side of Fig. 3.8. Electronics are placed behind the crystal to read the charge of

each electrode. The HPGe detector must operate at liquid nitrogen temperature

to suppress electrical noise in the crystal. In the GRETINA system, the input

Field-Effect Transistor (FET) of the central contact’s preamplifier, used to mea-

sure the total energy, is inside the cryostat’s vacuum and kept cold. However, the

input FETs of the preamplifiers of the 36 segments crystal are located outside the

cryostat’s vacuum (warm FETs) [69]. The GRETINA detector modules and the

segmentation of the crystals are illustrated in Fig. 3.8.
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Figure 3.8: An illustration of four crystals packed in one module, each crystal is
segmented into six separate electrical contacts along the length of the crystal α
to ϕ, and a further six segments in the radial direction (numbered one to six),
resulting in a total of 36 segments. On the right, the preamplifier compartment
for each module is shown to amplify and extract signals from the detector and a
liquid nitrogen dewar of the GRETINA detector module. Taken from [69].

There are two steps of the analysis of the GRETINA gamma-ray tracking data:

(i) measuring the position and energy of every interaction of the γ ray in the

crystal(s) through pulse-shape analysis (PSA).

(ii) using a tracking algorithm to arrange the interactions in a proper order, re-

construct the full-energy and separate multiple γ-ray paths from each other.

Step (i) is completed in this analysis; however, although GRETINA has excellent

γ-ray tracking capabilities, for the experiment performed in this work, step (ii) is

replaced by an add-back procedure, which is standard for GRETINA analysis at

the NSCL [68]. Hence, the performance of GRETINA results from a combination

of determining the position well to obtain a good Doppler correction and add-back

of γ rays to improve the efficiency of GRETINA.

A precise reconstruction of the individual interaction positions of the γ rays in

GRETINA is possible with the use of a PSA algorithm [80] capable of improving

the sub-segment position resolution with GRETINA.

PSA methods are used to compare the digitised pulse shapes for the segment,
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and its neighbouring segments, to the simulated basis data of signals. These basis

datasets of net and transient charge signals pertain to different interaction points

in the segment. The closest match provides the reconstructed position of the in-

teraction points (x, y, z, E).

One of the main uses of GRETINA is γ-ray tracking, which is used to determine

the most probable order of the interactions, where the paths of Compton-scattered

γ rays are tracked inside the detector modules and neighbouring crystals using a

tracking algorithm. This allows the paths of Compton-scattered γ rays to be re-

constructed. However, a comparison of the use of the first interaction point as

the highest energy deposition point, compared with the γ-ray tracking figure of

merit (FoM) decomposition process with GRETINA, was conducted in [68]. It

was found that, for intermediate energies such as NSCL, for γ-ray energies ranging

from 275 keV (19Ne) to 6.1 MeV (16O) [68], using the highest energy deposition

point for Doppler reconstruction, improved peak to background. As a result, in

this analysis, the highest detected energy in each crystal was assumed as the first

interaction point for any γ-ray Doppler correction performed.
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Figure 3.9: A demonstration of the angular coverage of GRETINA extracted from
the current data, which consists of 36-fold segmented HPGe detectors (four detec-
tors at 58◦ and five detectors at 90◦) directed at the secondary target position.
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Fig. 3.9 shows a unique feature of this array; it illustrates accessibility for the

measured event-by-event angle of every γ ray emitted from the reactions. This

shows the potential to examine an event in which the array experienced multiple

photon scattering events in the crystals. The spatial coordinates of each γ-ray

interaction are recorded in the 36 segments of each detector. Instead of using

γ-ray tracking, an addback method was used to account for events that scatter

between crystals (i.e reconstruct the total energy). If the γ ray interacts with only

a single crystal depositing its full energy, the generated charge will be proportional

to its energy. However, there is the possibility that a γ ray may scatter from one

crystal to another, leading in the total energy being distributed by many crystals.

To correct this effect, the energy deposited in the neighbouring crystals in the

quad module was added by means of a process known as add-back. Add-back

is a procedure through which algorithms are used to identify Compton-scattered

events across different detector crystals, which are then summed (summation of

all the γ-ray interactions across neighbouring crystals) to give the initial energy of

the γ ray before Compton scattering, thereby dramatically reducing the Compton

background. Different add-back methods may be used with GRETINA, such as

neighbouring add-back, calorimeter add-back, and cluster add-back. The neigh-

bouring add-back means that addback occurs only for nearest neighbours and for

particular geometric conditions while the calorimeter method indicates adding all

the energies recorded by the entire array.

The cluster add-back method involves the summation of neighbouring crystals

if the first interaction points in the crystals are within a specified relative angle.

The effects of each method of add-back are presented in Fig. 3.10 for a stationary
133Ba calibration source.

Since Compton-scattered events dominate at low energy in the spectrum, neigh-

bouring add-back was applied to this dataset. Hence, neighbouring add-back was

utilised only for the Doppler corrected spectra observed in this work.
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Figure 3.10: Comparison of the add-back methods of GRETINA, the calorimeter
(green), cluster (red) and neighbour (black) and without add-back (blue) imple-
mented for the same 133Ba calibration source γ-ray run taken at the beginning of
the experiment. The inset spectrum displays the same plot at the 383 keV peak of
133Ba, where it clearly shows the difference of the improved peak-to-background
ratio for add-back.

In summary, for the Doppler correction analysis performed in this work, the

PSA-determined positions are reconstructed, and then, the first interaction point

used for the Doppler correction is taken to be the point of the largest energy inter-

action. Instead of using a full tracking algorithm, the peak-to-total is optimised

using the nearest-neighbour add-back method, where γ-ray energies observed in

neighbouring crystals (that have been fired in the same event) are added together

given that they meet certain geometric criteria. It has been shown in [68] that this

simpler procedure gives comparable results for the full tracking of the NSCL-type

experiments, where gamma-ray multiplicity is relatively low. It is important to

note that the huge benefit of using GRETINA for these experiments is the high-

position resolution that gives excellent energy resolution. In this experiment, the

best energy resolution achieved for a fast transition was about 1.4% (FWHM) for

1-MeV γ ray and is limited not by the intrinsic energy resolution but by the target

thickness, which introduces a spread in velocity values.
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3.3 Data Acquisition Triggers

The DAQ system used in this experiment was a combination of the individual

DAQs of GRETINA and S800 systems. There are two types of events that are

needed in this experiment; (i) S800 (single particle) events where the E1 scintillator

has fired, but GRETINA has not, and (ii) COINC events where the E1 scintillator

and GRETINA both have fired. Each type of event generates its own trigger - i.e.,

S800 triggers and COINC triggers. The coincidence events are needed to measure

the γ rays, while the S800 singles events are required to calculate cross sections.

Due to rate limits, it is not possible to record all the S800 events, therefore a

downscaler (Ds) is sometimes applied to the S800 events. Ds is used to take a

reduced number of events from the trigger sources. It rejects a certain fraction

of the events. For a Ds value of N , only one event for every N is written to the

disk. For example with a Ds of three, only one of three events is written to a disk.

Identifying the type of event is crucial for determining cross sections. Fig. 3.11

shows the recorded event data, where there are three channels; 1, 2, and 3 corre-

sponding to the S800 trigger, COINC trigger, and both S800 and COINC trigger

events, respectively. If the downscaler is not applied to the data, then only two

types of events would seen (S800 or both S800 and COINC trigger (Fig. 3.11 (a)).

However, if Ds is more than 1, then there will be three different combinations

of triggers that exist in the data; (a) S800 only events (downscaled), (b) COINC

events with no S800 trigger present, and (c) events where both S800 and COINC

triggers are present, as shown in Fig. 3.11 (b).

Both types of events, the S800 and the GRETINA are important in this experi-

ment, and it is required to analyse both of them.
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Figure 3.11: The histograms of recorded events of the triggers-register pattern is
plotted against their channel number (a) with and without applying Downscaler
(which rejects a fraction of the incoming events) (a) and (b), respectively. Channel
1 represents S800 events only; channel 2 represents COINC events only; channel 3
represents both S800 and COINC events.
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Chapter 4

Calibrations and Corrections Data

and Analysis Technique

The initial step of the data analysis is ensuring that all the components of the

experimental setup are well calibrated. The GrROOT analysis code [81] is used

to calibrate the present data. It is a specific ROOT [82] data analysis package for

A1900, S800 components, and GRETINA. GrROOT was used to convert the raw

data recorded at the NSCL into ROOT-format objects, which split the data into

ROOT ‘trees’, allowing the examination of the correlated recorded values on an

event-by-event basis.

The chapter will describe all the calibration procedures employed to ensure that

any measurement taken by the experiment components was reliable, as well as the

analysis techniques in order to identify the γ-ray transitions observed in this work.

4.1 XFP-OBJ Time Shift Correction

The ToF of incoming secondary beams is measured between the XFP and OBJ

scintillators and the E1 scintillator at the focal plane of the S800 spectrograph.
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However, throughout the experiment, a time shift has been found for some of the

runs of ∼ 40ns, which results in a shift in the incoming secondary beams plot.

To correct this effect, a reference point with high statistics and long run time was

chosen and all the data was aligned to match this reference point. The corrected

final data are shown in Fig. 3.3.

4.2 S800 Calibrations and Corrections

After selecting an incoming secondary beam, as described in Section 3.2.3, the

outgoing recoil of interest must be selected. The particle identification (PID) plot

of nuclei shows poor separation before the corrections (Fig. 4.1 (a)). Therefore, it

is difficult to distinguish fully the nuclei of interest, which is why it is impossible to

select a clean gate around them. Therefore, the various focal plane detectors in the

S800 spectrometer must be properly calibrated and corrected in order to allow for

the identification of nuclei while removing contamination as a result of unreacted

beams. For the first stages of the calibration, the nucleus 46Cr [4], one neutron

knockout from 47Cr, was used to benefit the calibration with higher statistics.

Different calibrations and corrections of S800 detectors were undertaken and have

been detailed in the following sections.

4.2.1 Ionisation Chamber Gain Matching

The first step involves calibrating the IC used to produce the energy loss signals

(y-axis) for the PID plots. The signals from the 16 segments of the IC are gain

matched such that each segment records the same energy loss signal for the same

event, which is then collected to calculate the total energy loss in the detector.

This can be performed by first creating gates for both an incoming secondary

beam and more than three outgoing recoils with high statistics from the PID

plot. Next, the energy loss distribution measured in each anode segment is fitted
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Figure 4.1: The outgoing PID plot of the energy loss in the IC against the ToF
measured in between the OBJ scintillator and the E1 scintillator, gated by the
47Cr secondary beam, where (a) before and (b) after the IC calibrations were
applied. There is an apparent decrease in background counts post calibration and
an increase in statistics for some of the outgoing recoils.

with a Gaussian function in each of the outgoing recoils that have been gated

to identify the centroid. The calibration parameters (gains and offsets) are then

determined by comparing the amplitudes and the centroids obtained from the

Gaussian functions from each of the channels in the IC and nuclei, which are then

matched to a preferred reference channel. The total energy loss (dE) of a particle

traversing the IC is then established by the sum of the 16 segments in the chamber.

A comparison of the 16 segments before and after calibration is shown in Fig. 4.2.

The three gates on the PID used for this calibration employed an incoming beam

of 47Cr as this secondary beam has the most number of counts. The effects of this

calibration on the PID are illustrated in Fig. 4.1, which compares the PID plot

before and after the IC calibrations. Although the changes are minimal, mainly

due to the fact that a majority of channels were relatively close before calibration

(Fig. 4.2 (a)), it can be observed that a significant number of counts previously

not associated with a particular nucleus might now contribute to a nucleus on the

PID as a result of the reduction in the number of background counts.
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Figure 4.2: Plot of the 16 channels in the IC before (a) and after (b) correcting
the IC. All the channels were matched to channel 0 such that the gains and offsets
produced are not overestimated.

4.2.2 CRDC Calibration

The CRDC calibrations comprised two main steps. First, the CRDC pad ampli-

tudes were corrected through a gain-matching procedure to obtain the corrected

dispersive (x) position information. The next step was the mask calibration runs

performed to gather calibrated non-dispersive (y) position information. In both

CRDC detectors, the calibrated (xy)-position information can then be utilised

to track the paths taken by different nuclei crossing the S800 focal plane on an

event-by-event basis.

4.2.2.1 CRDC Pad Corrections

As the beam particles pass the CRDCs, their dispersive (x) positions at the CRDC

detectors are identified from the induced charge distributions on the 224 cathode

pads of the CRDCs detectors, which run either side of an anode wire on both sides

of the x plane of each CRDC. The cathode pad positions are fixed and have a

pitch of 2.54 mm. Therefore, the positions of these pads can be directly translated

into their dispersive (x) positions. The 448 pads in both of the CRDCs need to
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be calibrated relative to each other since the signal responses from the individual

pads can vary greatly. Hence this calibration was essential in order to assure that

the signals are consistent across one another. This can be accomplished through

an iterative gain-matching procedure.

This procedure matches the gain and offset of each CRDC pad to a specific pad

chosen as a reference in a similar method to the IC calibration process using four

outgoing gates from the PID plot. All the CRDC pads were matched to pad 70, as

this pad contained high statistics. The gains and offsets were determined by apply-

ing Gaussian fits to each of the CRDC pads. This correction purpose is achieved

using an iterative process, which typically takes around two iterations in order to

successfully gain match all the pads. It is important to note that this method

could be compromised by low statistics in the selected outgoing recoils, which may

produce gaps for some pads due to failed fitting procedures. The binned-likelihood

fitting is applied to each pad with low statistics, allowing these pads to be fitted

without overestimation. Hence, the gains and offsets were obtained by utilising

the binned-likelihood fit for the pads that had low statistics and the Gaussian fit

for the pads with high statistics. Finally, the gains and offsets produced from both

methods for each pad were combined together to be applied to the settings file

and were recompiled for the data. The CRDC pads gated on outgoing 46Cr recoil

before and after calibrations were applied and are shown in Fig. 4.3.

4.2.2.2 Mask Run Calibrations

Once the pads of the CRDC are gain matched, the next step was calibrating the

actual dispersive (x) and non-dispersive (y) positions of the CRDCs and to ensure

that the (x, y) position of the holes present on the mask are consistent throughout

the experiment, as the beam passes through these detectors. These positions need

to be calibrated so that any arising drift is eliminated.
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Figure 4.3: The CRDC pads vs energy loss before (a) and after (b) pad calibrations
have been applied to an outgoing beam.

Figure 4.4: The CRDC mask pattern used for the mask calibrations. The blue
circles correspond to holes in the mask, while the red lines correspond to slits
through which particles can pass. The four points forming the L shape in blue are
used as reference points at 0, 10, 20, and 30 mm. Left-hand values correspond to
the y-position of the points on the mask in mm, while right-hand values are used
to denote the rows of blue points.

92



4.2. S800 Calibrations and Corrections

It is necessary to calibrate the measured CRDC in x- and y-positions with

known values to ensure that the arbitrarily measured particle positions in CRDCs

correspond to their actual positions. It is carried out by applying separate gains

and offsets to the recorded x and y values of each CRDC to match the measured

positions of distinct patterns (Fig. 4.4) with the known values.

Ten of these mask runs are taken throughout the experiment, with the mask placed

on top of each CRDC, where five of the runs are for CRDC1 and the remaining five

for CRDC2. The mask used had holes and slits drilled in at known positions. The

calculated positions were found to drift with time due to the changes in pressure

and temperature of the gas within each CRDC, which results in inconsistencies

in the x- and y- positions of the recoiling nuclei. These fluctuations caused drift

in the y-position of each CRDC, while the dispersive (x) position calibration is

fixed by the pad pitch (2.54 mm). A built-in GrROOT script was used where the

actual positions of the holes on the mask were matched to the dots observed on

the CRDC x against y plot to identify the gradient, which gives the gain for each

CRDC. The positions of the holes on the mask were determined by observing a

pattern from the 10 mask runs, where each of the dots from the L shape shown in

Fig. 4.5 (a) were used to record the value of y. Subsequently, the actual y-position

of the holes in the mask seen in Fig. 4.4 was plotted against the measured values

of the y-positions of the mask runs to define a line of best fit in which the gradient

is suitable for the gain obtained.

In order to obtain offsets, the y-position of the CRDCs were plotted by using

a run taken immediately after the CRDC mask runs, where a Gaussian was fitted

to the plot in order to determine the mean value of the y-position. The y offset

was determined by centring the peak at y = 0 for the first run after the mask

calibration. The results of calibrating the mask run with these gains and offsets

can be seen in Fig. 4.5. To apply mask calibration, the experimental runs were split

according to the mask runs, in that half of the runs after the mask run was sorted

using the gains and offsets, while the other half were assigned gains and offsets

from the next mask run (Table 4.1). Mask corrections are necessary to attain
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Figure 4.5: (a) The CRDC1 mask run before calibration, with dots from the dis-
tinctive L shape, was used to measure the y-positions of the dots, which were plot-
ted versus the actual positions of the masks, to obtain the gain. (b) Demonstrates
the same mask run after a gain and offset calibration was applied to match the
positions of each dot on the pattern to the values shown in Fig. 4.4.

Table 4.1: An overview of the CRDC mask run used for CRDC position calibra-
tions for each experimental run. The experimental runs began with run 19, and all
runs before it were test runs and calibration of the γ-ray efficiency using sources.

Mask Run Mask Run Numbers for CRDC1 / CRDC2 First Run Last Run

1 21/22 19 50

2 85/86 53 102

3 114/115 103 143

4 152/153 144 166

5 178/179 167 189

accurate positional information from CRDCs when generating an inverse map (see

Section 3.2.4.6), which can be used later for the Doppler-correction process (see

Section 4.3.3).

4.2.2.3 CRDC Drift Corrections

Since the temperature of the environment changes throughout the experiment,

the pressure of the gas in the CRDCs can vary. This, consequently, impacts the

electron drift time through which the particle’s non-dispersive (y) position is iden-
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tified. The CRDC gain is corrected in each run in order to ascertain that the

y-position drift of the CRDC is made accurate on a time-dependent basis. The

gains are corrected by appropriately configuring the mask gain factor such that

the y-position remains centred at 0 mm between mask runs and, consequently,

throughout the experiment. Such corrections were performed to carry out the po-

sition calibrations, and the steps in this process are summarised in the following

sections.

• Create settings files for each run to ensure that only gains from the mask runs

(attained from the linear fit) are applied. At this stage of calibration, the

calculated dispersive and non-dispersive angles (ata, bta) and non-dispersive

position (yta) of the particle at the target position were all configured to zero

for the offsets.

• The gain factor was determined from the drift factors to align the y-positions

of the data files to the mask runs. CRDC drift-correction factors were de-

termined in each run and separately optimised for each concerning recoiling

nucleus due to the fact that the drift resulting from temperature variations

was not constant across particles of different mass and charge.

This method reduced the effects of CRDC drifts in between mask runs, thereby

improving PID separation. The position calibrations performed using the mask

run calibrations can be checked by plotting the drift of the y-position against the

run number to observe any changes before and after the calibrations have been

applied. Notably, as expected, the x-position will remain the same since the drift

only occurs in the y-position of each run. The changes in the y-position drifts is

shown in Fig. 4.6.

95



4.2. S800 Calibrations and Corrections

C
R

D
C

 Y
-p

o
si

ti
o

n
 (

m
m

)

Run Number 

(a) (b)

Run Number 

Figure 4.6: The change in the CRDC y-position in each of the runs while gated
on 46Cr populated through the 47Cr secondary beam. (a) before the CRDC drift
correction and (b) after the offsets and gains × gain factors have been applied. It
can be seen that after applying the drift correction, the y-position of the runs was
shifted to 0 mm.

4.2.3 Timing Corrections

The ToF of ions are measured between the OBJ and E1 scintillators. It is also used

to identify the reaction products as Eq. 3.1. The nuclei having the same atomic

number and mass number, but with small differences in momentum, will also be

transmitted through A1900 and S800 but follow slightly different trajectories and,

hence, reach at different positions and angles at the focal plane. According to the

different trajectories of the beam particles in the S800 spectrograph, there is a cor-

relation between the ToF measured by the scintillators and the measured position

and angle of the particle trajectories, as they pass through the CRDCs. There-

fore, removing this correlation is particularly important for better identification of

recoils in the S800 focal plane.

Corrections have been made to the experimental ToF data considering the disper-

sive x-position focal plane (xfp) and dispersive angle focal plane (afp) coefficients

of the OBJ and XFP scintillators. The S800 xfp and afp of a specific recoil in the

focal plane were plotted against a common scintillator time in the OBJ scintillator,

and then adjusted in order to straighten them as much as possible. This is achieved

by iteratively adjusting the tilting parameters until the streaks appeared to be as
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Figure 4.7: CRDC spectra of dispersive x position (xfp) and dispersive angle (afp)
at the S800 focal plane relative to the time-difference between E1 and OBJ scin-
tillators (i.e. ToF). These spectra are shown before (a,c) and after (b,d) applying
the ToF corrections (see text for more information). The effects of applying ToF
corrections display that the blobs in (b) and the streaks in (d) have become ver-
tical and separated.

vertical as possible in the xfp plots, and the blobs also presented vertically and

not merged in the afp plots. The results for this calibration are shown in Fig. 4.7;

as a result, the PID spectrum appeared to be sharper and well separated.

4.2.4 Ionisation Chamber Corrections

The final stage of the calibrations and corrections was correcting the energy loss

in each of the 16 segments of the IC for the particle trajectory. Different positions

on the IC mean different angles, which indicates that different amounts of gas will
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be encountered.

This correction for the ionisation chamber energy-loss measurements is required

to account for the longer/shorter path lengths through the chamber depending

on the trajectory of the particle, which can have a significant effect on the PID

plot. The different positions of the beam on the IC mean different angles, which

cause different amounts of energy loss that need to be corrected. The energy loss

detected in each of the 16 channels of the ion chamber can be corrected, where

the correction parameters are related to the energy-loss gain with respect to the

y and x planes of the IC, respectively and to the x-position of the particle at the

focal plane (xfp).

The correction is performed by identifying particular gates for both an incom-
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Figure 4.8: Spectra of ion chamber energy loss (dE) against x-position measured
of the first CRDC, before (a) and after (b) the positional corrections when gating
on 46Cr outgoing recoil (populated through the 47Cr secondary beam).

ing secondary beam, 47Cr, and the outgoing recoil, 46Cr, to determine the IC x-

and y-positions and the initial position measured at the focal plane, xfp. These

parameters were optimised separately based on the energy loss of a given reaction

product, versus the x- and y- position of a particle at the S800 focal plane, xfp and

yfp, respectively, until any dependence is eliminated. As a result of this correction

procedure, it is shown in Fig. 4.8 that the distribution of ion chamber energy loss

measurements are all aligned so they appear at a constant arbitrary value for all
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x values, where (a) is before and (b) is after the ion chamber energy loss position

correction has been applied.

4.2.5 Particle Identification

The outgoing recoils are identified at the focal plane using a dE-ToF method, where

the IC provides the total energy loss information, and the OBJ and E1 scintillators

provide the ToF information. The combination of these corrections outlined in the

previous sections must be as accurate as possible to allow unique identification

of all isotopes; each blob in the PID plot corresponds to a different isotope that

can be clearly distinguished from its neighbours. The final PID spectrum plot

that includes the outgoing recoils with all the calibrations and corrections and in

coincidence with incoming 47Cr secondary beam is shown in Fig. 4.9.

Figure 4.9: The outgoing PID in coincidence with incoming 47Cr secondary beam
shows the effect of S800 focal plane detector corrections. The outgoing recoils in
the PID plot appear to be sharper and well separated.

The same calibrations and corrections were applied to all nuclei presented
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in the current work. All of the PID plots were additionally produced by using

gates in the secondary beams of interest, as discussed in Section 3.2.3 to avoid

any contamination from other reaction channels. Gates can also be applied to the

outgoing recoils with reduced contamination and may be uniquely selected. The

PIDs for all the nuclei of interest in this thesis, 48Fe, 48Ti, 45V, and 45Ti, are clearly

identified and are shown in Figs. 4.10, 4.11, 4.12, and 4.13; all of these recoils are

in coincidence with the secondary beams of 49Fe, 49V, and 46V, respectively. The

identified outgoing recoils are indicated by vertical lines of total isospin, Tz, as

seen in Fig. 4.10.

Figure 4.10: The PID spectrum produced from the reaction at secondary target
gated on incoming 49Fe secondary beam. The vertical lines represent the total
isospin, Tz. The labels refer to the 49Fe beam and the main nucleus of interest,
48Fe.
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Figure 4.11: The PID spectrum produced from the reaction at the secondary target
gated on incoming 49V secondary beam. The labels indicate the 49V beam and the
main nucleus of interest, 48Ti.

Figure 4.12: The PID spectrum produced from the reaction at the secondary target
gated on incoming 46V secondary beam. The labels indicate the 46V beam and the
main nucleus of interest, 45V.
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Figure 4.13: The PID spectrum produced from the reaction at secondary target
gated on incoming 46V secondary beam. The labels indicate to the 46V beam and
the main nucleus of interest, 45Ti.

4.2.6 Particle Detection Efficiency

One of the aims of this experiment is to calculate the inclusive cross sections of

the single-nucleon knockout reactions. This calculation requires an accurate un-

derstanding of the total number of beam particles incident on the target and the

absolute number of reaction residues of interest that are produced. For the lim-

ited counting rate of the focal-plane detectors, the efficiency of the focal-plane ion

chamber-counting rate is considered to be approximately 100% for the incident

particle energies and charge states in the current experiment. Using the ion cham-

ber as the standard, the detection efficiency of all other particle detectors utilised

in the experimental setup can be determined by creating a coincidence logic gate

around the region of interest in the ion chamber energy loss spectrum. The effi-

ciency can be calculated as the ratio of the number of counts seen in coincidence

with the ion chamber logic gate in that detector and the total number of events

detected in the ion chamber’s gated region. The efficiencies of the XFP, OBJ scin-
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tillators, and CRDCs detectors in the current experiment were determined to be

∼ 98%.

103
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4.3 GRETINA Corrections and Calibrations

After all the calibrations and corrections, different reaction channels were selected

by creating gates to each incoming and outgoing particle (PID) spectra, as de-

scribed in the previous sections. This results in the ability to produce γ-ray spec-

tra, exhibiting only the γ-ray detected in coincidence with the reaction channel

of interest. To produce a clean γ-ray spectrum in coincidence with the reaction

channel of interest, with a sharp peak at the correct energy, and a reduced level of

contamination, a number of additional calibrations and corrections needed to be

carried out. This will be discussed in this section.

4.3.1 Efficiency of GRETINA

To perform energy and efficiency calibrations before and after the experiment for

GRETINA, radioactive sources were used. At the beginning of the experiment,

an energy calibration was performed for each segment and crystal, and then the

decomposition algorithm output calibrated energies. No further energy calibration

was performed as any uncertainty associated with these energies is very small

compared to the uncertainties due to the Doppler reconstruction.

The efficiency of GRETINA was calculated to measure the γ-ray efficiency of

the detectors for each ring. The calibrations were performed using source runs
56Co [83], 133Ba [84], and 152Eu [85] of known strength/activity placed at the

centre of the array. Corrections were made to account for the decay at the time of

the source production. The efficiency of GRETINA was calculated using both an

add-back mode to reduce the Compton background and no add-back mode. The

no add-back mode, also known as the single-crystal mode, refers to the way a γ-ray

detector operates by treating one crystal as a single detector and then detecting

the total energy deposited inside a single crystal. If two γ rays hit two separate

detectors, the detectors are treated as separate detectors, and their energies within

each crystal are measured. In contrast, in the add-back mode, each detector has a
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signal, but the event is treated as if only one γ ray hits one detector and scatters

into the other. These are then added together depending on the type of add-back

used (as discussed in Section 3.2.5).

The activity A(t) (in Bq) of the sources after time t were corrected for time passed

since the manufacture of the source. To measure the efficiency of GRETINA, a

number of strongly observed transitions in the source runs 56Co, 133Ba, and 152Eu

were fitted with a Gaussian function plus background. The absolute efficiency,

ϵ(E), could then be calculated using the following equation.

ϵ(E) =
Nγ

I × A(t)× t× tlive
(4.1)

where N is the measured integral of the γ-ray transition; I is the intensity of a

particular γ-ray transition; A(t) is the activity of the source calculated using the

activity of a radioactive material formula; t is the duration of the source run (in

seconds), and tlive is the live time of the GRETINA detectors during the source

run. Based on the scaler data collected throughout the experiment, the dead time,

and hence live time, was accurately identified. After fitting a large number of

strongly observed transitions in the sources, the absolute efficiency of GRETINA

was plotted against γ-ray energy and is shown in Fig. 4.14. The efficiency curve

is fitted using the following equation [68]

ϵ(E) = A . (Eγ (keV ) − C)−B, (4.2)

where E is the measured energy of the γ-ray transition in keV, and A, B, and C

are coefficients produced by the fit. The uncertainty is dominated by the source

activity. Due to the high precision of the scaler data, the uncertainty of tlive is

assumed to be negligible. The uncertainty of ϵ(E) for each decay was obtained by

combining the uncertainties of N , A, and I in quadrature. The uncertainty on the

activity (∆A) was assumed to be 1%.

In the current analysis, the highest-energy γ-ray transition (with efficiency correc-

tion) noticed was a ∼ 3000 keV transition; therefore, data points were collected
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for the GRETINA efficiency up to 3 MeV to obtain an accurate measurement of

efficiency for such high-energy γ-ray transitions, as illustrated in Fig. 4.14.

The add-back efficiency curve shown in Fig. 4.14 does not provide a reliable method

for determining the true in-beam efficiency under real experimental conditions. It

is shown here in order to illustrate how such a process can improve the peak to

the background. Since the add-back efficiency depends on the number of γ rays

emitted from the reaction, it is not possible to produce a real efficiency curve for

add-back. The addback curve shown in Fig. 4.14 is unsuitable for use with ex-

perimental data since the source measurements have been made with one γ ray

(137Cs), two γ rays (56Co), and several γ rays (152Eu). This add-back procedure

was not applied to determine efficiency-corrected γ-ray intensities. The measured

photo-peak efficiency, without add-back or tracking using GRETINA configura-

tion, was determined to be 6.4(1)% for a 1-MeV γ ray emitted at rest, which rises

to 6.7(1)% when moving at v/c ∼ 0.4, as in the current work.
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Figure 4.14: The singles efficiency of GRETINA in the nine-module configuration
without add-back (single-crystal) (red) and with add-back (blue) using 56Co, 133Ba,
and 152Eu sources placed at the centre of GRETINA.
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4.3.2 Boosted Efficiency and Doppler Reconstruction of Gamma

Rays

The experiment performed for this work utilised fast beams of rare isotopes and

is typically carried out at beam energies of ∼ 80–85 MeV/u, corresponding to

velocities of 40% the speed of light. This produces two effects on the analysis,

Lorentz-boost and Doppler-shift effects of the γ rays measured in the laboratory

frame. A correction of these effects is necessary to achieve optimal energy resolu-

tion in the measured γ-ray spectra and valid γ-ray efficiencies [68].

4.3.2.1 Boosted Efficiency

The configuration of GRETINA results in higher detection efficiency for Lorentz-

boosted gamma rays, which are emitted mostly forwards. The emission of γ rays

during the experimental beam runs at high velocities is more forward focused due

to a relativistic velocity of the recoil in this experiment of β ≈ 0.4. The result,

therefore, is a higher efficiency for detectors at smaller angles and a lower efficiency

for detectors at larger angles. This has a further effect on the analysis, known as

the Lorentz boost, which is measured by the application of a Lorentz boost factor

ϵ(E)boost. The boosted efficiency is based on the velocity of the beam (β) and it is

given by

ϵ(E)boost = ϵ(E) .
1− β2

(1− β cosθ)2
(4.3)

where θ is the angle between the beam and γ-ray trajectories. As the angle (θ) be-

tween the beam vector and the first interaction position of the γ ray in GRETINA

is a continuous variable, Eq. 4.3 cannot be applied analytically. Therefore, the

GRETINA simulation code is used with the experimental conditions, and the ab-

solute efficiency is compared at β = 0 and β = 0.4 (approximately) to determine

the gains caused by the Lorentz boost.

To obtain the boosted efficiency curve, the data for the simulated efficiency ratios
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Figure 4.15: The boosted efficiency curve based on the configuration of the nine
detectors used in the current experiment.

was plotted against the energy and then fitted using a function similar to that

used to obtain efficiency curve of GRETINA (Eq. 4.2). This data was provided

by MSU based on the configuration of the detectors (nine detectors) used in the

current experiment. As a result of the ratios of the efficiencies, while stationary

and in motion in the beam at β = 0.4, the efficiencies were corrected to their

Lorentz boost-corrected values (Fig. 4.15).

4.3.3 Doppler Reconstruction of Gamma Rays

Since this experiment used a fast beam with energy of up to ∼ 160 MeV/u and

a velocity of 40% the speed of light, a considerable Doppler shift will affect the

γ ray detected by GRETINA. This effect should be considered and corrected to

achieve the optimal energy resolution in the measured γ-ray spectra and best γ-ray

efficiencies.
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The position of the first interaction of each γ ray in GRETINA and the path of

recoils through S800 are required for determining the angle θ and velocity β for

the Doppler correction on an event-by-event basis. These can be calculated using

positional information from the GRETINA detector segments and vector infor-

mation of the beam from S800. Therefore, this position resolution allows for the

determination of Doppler corrections event-by-event through the following equa-

tion

Erest = Elab
1− β cos θ√

1− β2
, (4.4)

where β = v
c

is the velocity of the recoil at the point from where it emits the γ

ray; Erest is the γ-ray energy in the frame of the moving nucleus, and Elab is the

γ-ray energy in the lab frame; θ is the angle between γ-ray emission vector to the

direction vector of the nucleus v⃗. The vector of the recoiling nucleus v⃗ can be

accurately determined by using the S800 spectrometer while the point of the γ-ray

interaction in GRETINA can be defined as the highest detected energy interaction.

Detected γ rays will be corrected through a sophisticated event-by-event Doppler

process using a specific value of β. The S800 spectrometer also provides a value

for dT/T , where T represents the particle’s kinetic energy. This allows for a mid-

target β value to be adjusted event-by-event using the dta value calculated by the

inverse map that corresponds to dT/T through Eq. 4.5 [68] to further improve the

Doppler reconstruction.

dβ

β
=

1

γ(γ + 1)

dT

T
, (4.5)

where γ = 1(√
1−β2

) .

Since the x- and y-positions of particles traversing the S800 spectrograph are de-

termined event-by-event using the CRDC data, these are used to determine ata,

bta, and yta through the application of the inverse map. These are then adjusted
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run by run to be zero on average.

For the Doppler correction, initial assumption is that the recoiling nucleus decayed

at the target position at the midpoint, which is supposed to be the precise central

position of GRETINA. Next, from the inverse map again, an event-by-event shift

in the y-direction is performed to the centre of the target, corresponding to the

yta value. The inverse map is used to calculate the recoil angles ata and bta. These

are then combined with the Doppler reconstruction procedure to ensure that the

vector of the recoiling nucleus v⃗ is slightly modified from the central beam axis to

that determined using the inverse map. This leads to a necessary event-by-event

correction to the computed angle of emission, θ, utilised for the Doppler-correction

process.

The ata, bta, and yta factors were determined run by run to shift both distributions

of the recoil angles ata and bta and the non-dispersive beam position on the sec-

ondary target yta. This step had to be performed, as with the CRDC corrections,

due to the drifting secondary beams throughout the experiment, primarily as a

result of the beam focusing changes in A1900.

These corrections are essential in the Doppler-correction process and the ef-

fect of these is reflected in the resolution in any Doppler-corrected γ-ray spectra

(Fig. 4.16). However, systematic errors are present in the tracking from S800 with

regard to reconstructing the recoil vector v⃗. Therefore, additional corrections are

required to optimise the Doppler correction in order to account for these system-

atic effects. This is achieved by adjusting the calculated angle of emission, θ, used

for the correction process, ϕ of the beam, and X and Y of the beam event by event.

This is carried out by adjusting the effective x- and y-positions of the centre of the

target. The z position of the centre of the reaction target utilised for the γ-ray

Doppler correction process could also be adjusted manually in the settings file for

each run. This will be explored in Section 4.4.1.2.
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Figure 4.16: A comparison of the Doppler-corrected γ-ray spectra for 46Cr (1n
knockout from 47Cr secondary beam) with (red) and without (blue) including the
drift correction through using the inverse map (ata, bta, and yta) in the Doppler
correction process.

4.4 Analysis Techniques

4.4.1 Doppler Correction Analysis

Since γ rays may interact with several segments of GRETINA through Compton

scattering events, the partial energy is recorded in each segment to help iden-

tify which segments were hit during the interaction and how much energy was

recorded in each segment (as discussed in Section 4.3.3). Event-by-event Doppler

reconstruction of γ rays is achieved by identifying the first point of interaction in

the Ge crystal and hence the angle of emission of the γ rays by determining recoil

velocity vector.
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4.4.1.1 Optimising the β Value

In the Doppler-correction process, the β value was optimising by selecting the

two recorded energies of a particular transition in the 58◦ and 90◦ GRETINA

detector rings separately. The transition in both detector rings spectra can be

aligned to obtain the narrowest peak. The optimum recoil velocity, β, used for

the Doppler correction was set by varying β until any angular dependence of the

observed gamma-ray energy was eliminated. Eq. 4.4 indicates that if β is correct,

then this will result in the Doppler-corrected γ-ray energy being constant for all

θ angles of the GRETINA array under the assumption that the θ and v⃗ values

have been calculated correctly. The two measured energies of E1 and E2 for a

particular transition from the Doppler-corrected spectra of the forward and back

angle detectors, respectively, are corrected using a given β value, which is used to

correct these two spectra to the same energy. Denoted by βnew, this value is given

by Eq. 4.6 [86]

βnew = β +
E1 − E2

−β2γ3(cosθ1 + cosθ2) + γ(cosθ1 − cosθ2)
, (4.6)

where γ = 1 /
√

1− β2 and θ1 and θ2 are the average detector angles from the

angle detector rings of 58◦ and 90◦, respectively. As a result of different reaction

mechanisms from the secondary beams with varying masses and charges, the op-

timal β value will vary from nucleus to nucleus. Thus, in this case, the β value

ranges from 0.38 to 0.4. This was measured using the precisely known energies of

very intense and clean transitions and a lifetime of roughly less than a few ps in

other reaction products. The effective lifetime of the states emitting the γ ray and

that of the states feeding them determine the optimum recoil velocity. The fast

decays on sub-ps timescales will occur at the centre of the target, while the decay

of longer-lived states of the order of > 10 ps will happen outside the target and

have a lower recoil velocity.
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The known nucleus 46Cr (1n knockout from 47Cr) was used first due to its high

statistics and short-lived state (T1/2 ∼ 1.6 ps) 4+ → 2+ at high energy of 1094.9 keV

(γ rays emitted within the target) [4] in order to find the β value that would shift

the spectra from the GRETINA detector rings to the correct energy.

Fig. 4.17 shows a spectrum of 1094.9 keV energy transition in 46Cr in the x-axis

against the y-axis with the angle θ in radians (Figs. 4.17 (a) and (b)) and cor-

responding the γ-ray spectra (Figs. 4.17 (c) and (d)), to examine any possible

dependence of the Doppler reconstruction on θ. The effects of removing the θ

dependence through varying β can be seen in Fig. 4.17, where β is optimised at

β = 0.383.

Decays having a short lifetime will take place within the target and yield a higher β

value, since the particle has not slowed down as much as a fully-attenuated particle

that has passed through the whole length of the target and decayed downstream,

resulting in a smaller β value. Therefore, each nucleus has a different optimum

for mid- and after-target decays. Optimising the β value is subject to systematic

error arising from the uncertainty in the alignment of the transition energies in

the two detector rings.

4.4.1.2 Determining Effective Target z-Position

The target was positioned approximately at the centre of the chamber manually,

creating an additional potential shift in z and hence θ. Moreover, the target was

taken out of the chamber and put back in again between the main runs. Therefore,

the target position, z, along the beam axis, was assumed to be shifted and, hence,

needs to be determined carefully for the first and second halves of the main runs.

This part of Doppler corrections was performed to determine an offset in the target

z-position and then to ensure that γ-ray events were reconstructed precisely.

The z and β values were modified simultaneously for each half of the data in order

to align a specific transition at the correct γ-ray energy. This was achieved by

adjusting z until peaks in both rings lined up and changing β until the peak was at
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Figure 4.17: Optimising β value for decays with a short lifetime, 1094.9 keV cor-
responding to 4+ → 2+ transition in 46Cr to examine any possible dependence
of the Doppler reconstruction. (a) and (c) demonstrate the dependence of the
Doppler-corrected energy on the GRETINA θ angle, as well as the corresponding
γ-ray spectrum, respectively, corrected to β = 0.305. The same plots are shown
in (b) and (d) with Doppler correction having an optimum value of β = 0.383,
eliminating any dependency on the GRETINA θ angle.

the correct energy. This was done through an iterative procedure. The z-position

of the mid-point of the target (zmid) was deduced through measuring the energy of

decay from a short lifetime (T1/2 ∼ 1.6 ps) 4+ state at high energy of 1094.9 keV of
46Cr [4] while varying the z value after optimising the mid-target β so that the peak

could be centered at the known energy. Since the data was split into two halves,

as the target was taken out and returned to the target chamber between the main

runs, zmid values were determined for each half. Therefore, this analysis yielded

zmid value of −1.2 mm for the first half and −0.2 mm for the second half relative

to the centre of GRETINA with the mid-target β value of 0.383 (as discussed in

Section 4.4.1.1) for both halves. The effects of applying this zmid position in the

Doppler correction process for 1094.9 keV γ-ray decay are displayed in Fig. 4.18.

The systematic error in z results from the estimate of the uncertainty associated

with aligning the transition energies in the two detector rings for energy correction.
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The mid-target z-position is the same for every nucleus; the values calculated above

are only correct for short lifetime (∼ ps) states. However, long lifetime states of

the order > 10 ps will decay outside the target, with a lower recoil velocity. These

states must be treated separately since the standard Doppler reconstruction of

these states will not produce the correct γ-ray energy. The effective z-position

for these was set to the end of the target (zmid + 0.5 mm), as β will not change

beyond this point. Accordingly, the after-target z-position for the first half and

second half of the data relative to the centre of GRETINA was set to be −0.7 mm

and 0.2 mm, respectively.
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Figure 4.18: A comparison of the Doppler-corrected γ-ray energy of 1094.9kev with
no target z-position offset (black) and with using an optimum target z-position
(red) (the combined effect of zmid value of −1.2 mm for the first half and −0.2 mm
for the second half of the data) where the measured energy aligned with that in
the literature. The two spectra are Doppler corrected with a β value of 0.383.

4.4.1.3 Determining Effective Target x- and y-Positions

A good estimate for these parameters defined earlier, was probed through a his-

togram of the dependence of the Doppler-corrected γ-ray energy relative to the

angle ϕ of the deduced first-interaction point of GRETINA.
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As shown in Figs. 4.19 and 4.20, this dependence was determined separately for

58◦ and 90◦ detector rings. This was done by measuring the Gaussian from each

band for front and back detector rings in the histogram until the best combination

of x- and y-offset values, was determined. While adjusting the effective target

x and y positions, the spectrum from the 58◦ detector ring was initially slightly

bowed, which was reduced by adjusting the x position. In contrast, the dependence

of the 90◦ detector ring was far less dependent on the x- and y-positions of the

target since they were at 90◦ to the target. It was observed that there was a slight

bowing with the 90◦ detector ring and the 58◦ detector ring, which was reduced

slightly by obtaining the optimum values of effective x and y target positions. This

analysis yielded x and y values of -9.25 and -0.25 mm, respectively, for 47Cr beam

experiment and the other beams produced with the same settings of the A1900

separator. The result of these corrections is shown in Figs. 4.19 and 4.20 for front

and back angle of GRETINA detectors, respectively, where (a) before and (b) after

the x- and y-offset values are applied.

It should be noted that every secondary beam (different settings) is shifted in the

target; thus, the target x, y, z, and β must be applied separately for each recoil

with different runs such as the mirror nuclei runs.
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Figure 4.19: A comparison of the Doppler-corrected γ-ray energy indicates the
literature energy of 892.16 keV, 2+ → 0+ decay of 46Cr while adjusting the effective
target x- and y-positions used in the Doppler correction process. (a) and (b) show
the same plots of the 58◦ detector ring of GRETINA before and after adjusting
the effective target positions, respectively.
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Figure 4.20: A comparison of the Doppler-corrected γ-ray energy indicates the
literature energy of 892.16 keV, 2+ → 0+ decay of 46Cr while adjusting the effective
target x- and y-positions used in the Doppler correction process. (a) and (b) show
the same plots of the 90◦ detector ring of GRETINA before and after adjusting
the effective target positions, respectively.
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4.4.1.4 Examining the ϕ-Dependence of the Doppler-Corrected γ-Ray

Energies
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Figure 4.21: Examining the dependence of Doppler-corrected energy of 1094.9 keV,
4+ → 2+ decay of 46Cr with respect to the difference in the angle of the beam and
the front and back angles of the position of detection in GRETINA, dϕ. The
spectrum appears flat at 1094.9 keV, which means that there is no dependence on
the angle of the beam θ with respect to dϕ.

After optimisation of the effective target x-, y-, and z-positions and β, the

effects of the offset ϕ of the beam were examined by investigating the dependence

of Doppler-corrected γ-ray energies with respect to dϕ. The dϕ is the difference

between the beam polar angle ϕ and the azimuthal angle ϕ of the position of

detection in GRETINA.

These additional corrections for the beam axis must be made to produce Doppler-

corrected γ-ray energies that remain constant regardless of GRETINA’s angles, θ

and ϕ [68]. It is done by applying offsets to the θ and ϕ of the beam, normally of

the order of a few mrad. This could be adjusted by modifying the θ angle of the

beam until the spectrum becomes flat, which means that there is no dependence

of θ with respect to dϕ. Fig. 4.21 shows the dϕ dependence of the 1094.9 keV,

4+ → 2+ decay of 46Cr. No additional corrections to the θ of the beam were made
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4.5. Production of clean γ-ray spectra

since no dϕ dependence is apparent.

4.5 Production of clean γ-ray spectra

The Doppler-corrected γ-ray spectra for the reaction channels of interest can now

be produced by gating on the incoming beam particles and outgoing recoils from

which further γ-ray analysis can take place. Therefore, the well-known energy

spectrum of 46Cr(47Cr− 1n) after calibration and correction had been applied

with a suitable approximate β value of 0.383, as shown in Fig. 4.22. It is assumed

that all the interaction points in a single crystal originate from the same γ ray.

To improve the peak-to-total ratio, an add-back procedure is utilised where all

adjacent crystals with an interaction are grouped using neighbour add-back and

presumed to arise from the same γ ray. Fig. 4.22 illustrates the difference between

the results obtained using the two methods.
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Figure 4.22: Doppler-corrected γ-ray energy spectra of 46Cr obtained by sum-
ming all interactions within one crystal (black histogram) and using the add-back
method (red histogram).
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4.6. γ − γ Coincidence Analysis

4.6 γ − γ Coincidence Analysis

Gamma-gamma coincidence is a type of analysis that is mainly concerned with

identifying the transitions that a form part of the same cascade. The γ-ray events

detected are identified within the same coincidence window of the detector sys-

tem, which, as a result, determines the multiplicity of a γ-ray event. However,

this method also introduces the possibility of uncorrelated background events, for

instance Bremsstrahlung radiation detected in coincidence, which need to be taken

into account. An analysis was conducted by creating a symmetrical γ − γ matrix

of all coincident γ-ray events using the add-back method. Fig. 4.23 shows an ex-

ample of a 2D histogram of γ-ray energy versus γ-ray energy that is completely

symmetric across the diagonal, where each entry indicates a coincidence between

two γ-ray energies. To obtain γ − γ coincidence spectra for individual transitions,

the 2D histogram along either the x- or y-axis can be projected around the tran-

sition of interest. To remove random coincidence events in the spectrum, a local

background subtraction was applied. This includes subtracting a spectrum that

represents of the background arround the energy of the transition. This is usually

done by subtracting the mean of the two background spectra, which is generated

by projecting on the right-hand side and left-hand side of the transition, with the

same width of the transition. Then the two background spectra subtracted from

the desired energy gate spectrum to exclude any background events, leaving only

a real coincidence event.

This technique was utilized to confirm the known γ-ray transitions for nuclei

present in this thesis and the new γ-ray transitions in 48Fe, allowing a new de-

cay scheme of 48Fe to establish.
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4.6. γ − γ Coincidence Analysis

Figure 4.23: A 2D histogram of γ − γ matrix, gated on incoming 47Cr beam and
outgoing 46Cr nucleus. The x and y axes both show γ-ray energies for coincident
events.
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Chapter 5

Results of Mirrored One-Nucleon

Removal Reactions

This chapter will detail the results obtained from the mirrored knockout re-

actions. The first successful identification of the excited states in the proton-rich

nucleus Tz = −2 system 48Fe was achieved, and the nucleus was compared to its

mirror nucleus 48Ti (Section 5.1). These allowed for the study of MED and mir-

rored knockout cross sections in this Tz = ±2, pair in the f 7
2

shell (Sections 5.2

and 5.3).

A large range of isotopes were produced in this experiment, whose runs were per-

formed with two separate A1900 settings and two S800 magnetic rigidity settings

centred on the products of the Tz = −3
2

and Tz = +3
2

reactions. The two set-

tings were run for approximately ∼ 106 hours and ∼ 1 hour (Table 3.1) for the

proton-rich and neutron-rich isotopes, respectively, due to the large differences in

production of cross sections for the secondary beams.

The γ-ray spectra observed in this chapter for the nuclei of interest were all pro-

duced in coincidence with both incoming and outgoing nuclei to ensure that the

γ rays detected were both related with the correct nuclei and reaction channel.

The angle for the Doppler correction was determined from the recorded position
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5.1. Population of States in the Tz = ±2 Mirror Pair

in GRETINA of the first interaction point for that gamma-ray event [68]. In this

experiment, for decays from states with short lifetimes, the best energy resolution

obtained was 1.4% (FWHM) for 1-MeV γ ray.

To maximise photo-peak efficiency and improve the γ − γ coincidence analysis for

all the spectra shown in this chapter, a nearest-neighbour add-back method was

applied where energies were deposited in neighbouring GRETINA crystals (fired

in the same event) and then summed. This add-back procedure, which was used

instead of a full gamma-ray tracking algorithm (e.g. [68]), was not used to compute

efficiency-corrected γ-ray intensities, because of the challenges in determining the

correct in-beam efficiency.

This chapter will also detail the process of measuring the experimental inclusive

and exclusive cross sections for 48Fe/48Ti. It will then go on to describe the stages

involved in the process of measuring the MED of A = 48. Additionally, the mea-

sured inclusive cross sections of A = 45, Tz = ±1
2

mirror nuclei resulting from

one-neutron and one-proton knockout reactions, respectively, from the odd-odd

N = Z, Tz = 0 beam, 46V, are also studied (Section 5.4). The theoretical in-

terpretation and discussion of these results will be presented in Chapter 6 (cross

sections) and Chapter 7 (MED) respectively.

5.1 Population of States in the Tz = ±2 Mirror Pair

Since the underlying wave functions of mirror nuclei are considered as identical,

one-nucleon knockout reactions should populate the same set of analogue states

with similar intensities in both nuclei. Thus, under identical conditions, the re-

sulting γ-ray spectra can help confirm the mirror transitions through spectral

comparison. Studies of proton-rich nuclei in this region have indicated the poten-

tial of this new approach to MED studies, as noted in [6, 18,87].

The reactions 9Be (49Fe,48Fe) and 9Be (49V,48Ti) were both employed to perform

a spectroscopic study of the nuclei in this experiment.
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5.1. Population of States in the Tz = ±2 Mirror Pair

The technique of “mirrored” knockout reactions was applied [3,27,28], which pro-

vides a comprehensive comparison of both of the analogue reaction process and

the resulting level schemes of the mirror pair via mirror symmetry arguments. By

exploiting the direct nature of the knockout process, the assignment of the un-

known states in the proton-rich system, 48Fe in this case, can be made confidently.

This approach allows for the measurement of MED, which provide a stringent test

of the state-of-the-art microscopic nuclear models. Measurements from such ana-

logue reactions also have the potential to determine the mirrored cross sections as

a further test of isospin symmetry. The experimental results will be explained in

the following sections.

5.1.1 Spectroscopy of 48Ti
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Figure 5.1: The Doppler-corrected energy spectrum for γ rays, using an add-back
procedure, in coincidence with 48Ti fragments, populated via one-proton knockout
reactions from 49V. The β = v/c = 0.402 value used for the Doppler reconstruction
is optimised for fast transitions.

To identify the excited states in proton-rich nucleus 48Fe from one-neutron

knockout from 49Fe, the analogue reaction (one-proton knockout channel from
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5.1. Population of States in the Tz = ±2 Mirror Pair

49V to the well-known nucleus, 48Ti [29]) was examined first. This is because,

structurally, the reaction processes are expected to be very similar (the analogue

properties of the reactions). The Doppler-corrected γ-ray spectrum of 48Ti from

the current work is found in Fig. 5.1, with optimum recoil velocity β = 0.402.

This value of β is found to optimise the Doppler correction for the majority of

peaks seen in Fig. 5.1, most of which decay from short-lived states with lifetimes

of < 1 ps.

The spectrum for 48Ti, shown in Fig. 5.1, shows the γ-ray transitions from positive-

parity states, with Jπ = 2+, 4+, and 6+, with two states of each Jπ observed. All

these observed states can be populated directly from one-proton knockout from

the 7
2

− ground state of the 49V secondary beam. The negative-parity states, ob-

served in the spectrum, can be populated directly through knockout from any of

the deeply-bound sd orbitals.

For the strongest transitions, the ordering of these excited states were confirmed

by a γ-γ coincidence analysis afforded by the high resolving power and efficiency of

GRETINA. Gamma-ray coincidence analysis was carried out by projecting the 2D

gamma-gamma matrix, around the observed gamma-ray peak in the gamma-ray

spectra. This matrix represents all the γ-ray events with multiplicity ≥ 2 detected

within the same coincidence time window of the detector system to confirm the

order of the excited states. Some examples are shown in Figs. 5.2 (a-f) of spec-

tra from a γ-γ coincidence analysis. Gamma rays measured to be in coincidence

with the strong transitions, 983, 175, 1037, 1312, 1212, and 1557 keV, are shown,

demonstrating the expected γ-ray transitions in coincidence with these transitions.

The sequence of γ rays observed in 48Ti in this work is shown in the partial level

scheme on Fig. 5.3. All the labelled gamma rays observed in Fig. 5.1 have been

previously assigned to 48Ti [29], and all the energies measured here are consistent

with those of [29]. The more precise energies from [29] are used in Figs. 5.1 and 5.3.

Tentatively observed γ-ray transitions are indicated by dashed lines.

Though Jπ = 6+ is the maximum spin that can be populated directly from knock-

out of the 7
2

− ground state of the 49V, there is weak evidence for decay from the
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Figure 5.2: γ-γ coincidence spectra of 48Ti when gating on (a) 983, (b) 175, (c)
1037, (d) 1312 (e) 1212, and (f) 1557 keV transitions. These spectra were produced
by projecting 2D γ−γ matrix spectrum around these peaks and performing a local
background subtraction from the right and left the peak. (a–f) spectra have been
produced using an average β = v/c value of 0.402.
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Figure 5.3: Level scheme of 48Ti showing the γ rays observed in this work. Energies,
ordering, and spins and parities are taken from [29], and the ordering was also
confirmed in the present work through γ-γ coincidence analysis. The dashed lines
indicate tentative transitions, and the tentative γ rays are presented in parentheses.
Transition widths are proportional to γ-ray intensities measured in this work and
are determined relative to the intensity of the 2+1 → 0+ transition.

8+, presumably populated indirectly through unobserved decays from higher-lying

states (discussed later in Chapter 6). In addition, another weak transition observed

at 2240 keV is tentatively assigned as the transition from a 3+ state (Fig. 5.3).

The relative intensities of the γ rays were measured by fitting peaks and dividing

the measured intensities by the corresponding detector efficiencies and Lorentz

boost (calculated using Eq. 4.2). The efficiency and Lorentz boost-corrected in-

tensities of transitions were normalised to the measured intensity of the 983 keV

2+1 → 0+ transition. The efficiency-corrected intensities were determined with and
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5.1. Population of States in the Tz = ±2 Mirror Pair

without add-back. Although the deduced efficiencies for the two methods are not

fully consistent as listed in Table 5.1, some systematic differences dependent on

the incident energy can be seen. The relative γ-ray intensity (with and without

add-back) results along with the state energy, spin, and parity assignments have

been classified and presented in Table 5.1. The branching ratios of the measured

γ rays of 48Ti observed in this work are also consistent (within the error) with the

published data [29].

Table 5.1: The energy for excited states, γ-ray energies (in keV) and relative
intensities (with and without the add-back procedure) for γ decays for the 48Fe
and 48Ti mirror pair.

Jπ
i → Jπ

f

48Fe 48Ti

Ex Eγ Iγ(NoAB)% Iγ(AB)% Ex Eγ Iγ(NoAB)% Iγ(AB)%

0+ 0 0

2+1 → 0+ 971(1) 971(1) 100(14) 100(9) 983 983 100(2) 100(3)

4+1 → 2+1 2255(1) 1284(1) 69(5) 65(5) 2296 1312 66(2) 63(2)

2+2 → 2+1 2378(3) 1407(3) 7(3) 7(3) 2421 1437 6.2(6) 5.2(4)

3+1 → 2+1 3224 2240 2.4(5) 2.5(5)

4+2 → 4+1 3200(3) 944(2) 8(6) 9(3) 3240 944 5.5(6) 4.9(4)

6+1 → 4+1 3244(3) 988(3) 21(11) 21(6) 3333 1037 19.1(7) 19.4(7)

3−1 → 2+1 3476(5) 2505(5) 7(3) 11(3) 3359 2375 12.8(7) 12.9(7)

3−1 → 4+1 3359 1063 1.3(3) 1.7(3)

6+2 → 4+1 3500(2) 1244(2) 15(3) 13(3) 3509 1212 3.2(4) 2.8(5)

6+2 → 6+1 3500(2) 256(1) 19(3) 14(2) 3509 175 11.1(3) 11.0(3)

3−2 , 4
−
1 → 3−1 3782 423 5.0(4) 4.9(3)

3−3 → 2+1 3852 2868 4.7(6) 4.9(6)

3−3 → 4+1 3852 1557 3.7(8) 3.0(5)

5−1 → 4+1 4206(4) 1951(4) 6(3) 6(2) 4046 1750 6.6(5) 7.4(5)

8+1 → 6+2 4564 1231 2.7(7) 1.5(2)

∗ The excitation energies of the states in 48Ti and γ-ray transitions were taken from the
evaluated nuclear structure data file (ENSDF) [88].

128



5.1. Population of States in the Tz = ±2 Mirror Pair

5.1.2 Spectroscopy of 48Fe

The Doppler-corrected γ-ray spectra of 48Ti and 48Fe are presented in Figs. 5.4 (a)

(this is the same spectrum as Fig. 5.1) and 5.4 (b), respectively. The γ rays from

excited states of the highly proton-rich nucleus 48Fe, which have been unambigu-

ously observed for the first time in this work, are shown in Fig. 5.4 (b).

The only tentative transition previously assigned to 48Fe is a 969.5(5) keV transi-

tion observed following beta-delayed proton emission of 49Ni [4], where this transi-

tion was found to be weak, ∼ 4–5 counts, but tentatively identified as the 2+ → 0+

transition in 48Fe. However, in the current work, this transition was confirmed as

971(1) keV.

The optimum recoil velocity, β = v/c, used for the Doppler correction was deter-

mined based on the effective lifetime of the states. The β values of 0.402 and 0.395

were found to optimise the Doppler correction for 48Fe and 48Ti, respectively, for

the majority of peaks (which, for 48Ti, are fast transitions with half-lives ∼1 ps),

as seen in Figs. 5.4 (a) and 5.4 (b). Fast transitions with half-lives ∼1 ps decay

at different points within the target. However, a lower recoil velocity was needed

to optimise the two largest transitions of 983 keV and 971 keV in 48Ti and 48Fe,

respectively. This is consistent with the finding in the literature [29] that the

983 keV, Jπ = 2+1 state in 48Ti has a longer half-life of ∼ 4 ps, decaying mostly

downstream of the target. Therefore, based on the mirror symmetry argument, the

analogue transition in 48Fe is likely to have a similar half-life. This is illustrated

in the inset to Fig. 5.4 (b), which shows the spectrum generated using β = 0.390,

optimised for the 971(1) keV transition.

The high γ-ray resolution of GRETINA, along with the lower optimum veloc-

ity applied for Doppler correction, β = 0.390 (see inset to Fig. 5.4 (b)), allows

three close-lying transitions in 48Fe to be observed, corresponding to 944(2) keV,

971(1) keV, and 988(3) keV. The 988(3) keV transition appears as a tail on the

right of the 971(1) keV peak. The comparison of the γ-ray energies and intensities

with 48Ti results in the conclusion that the isobaric analogue states with Jπ = 2+,
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5.1. Population of States in the Tz = ±2 Mirror Pair

4+ and 6+ are populated in both reactions.

The uncertainties listed in Table 5.1 associated with the newly-identified γ-ray en-

ergies comprise statistical and systematic errors, with the latter being associated

with uncertainties in β and the effective target position. The systematic error in

determining the velocity used for the Doppler correction was estimated by varying

β by eye until a noticeable change in the width of the peaks occurred. As a result,

there was a systematic uncertainty of ±0.005 in establishing values on the veloc-

ity. This variation was used to determine a systematic error in the γ-ray energies.

Moreover, the effective target position (z) can have a significant effect on the γ-ray

energy, and indeed, the apparent value of z was not constant throughout the run

(the target was removed and replaced at one point). The uncertainty regarding

determining z was estimated. This was then used to determine a second system-

atic error in the γ-ray energy. These two systematic errors (from β and z) were

combined to give the final systematic error on the gamma-ray energy, and this

combined with the statistical error from fits to provide the final error in the γ-ray

energies, which is the error quoted in Table 5.1.

A comparison of the Doppler corrected γ-ray spectra in Figs. 5.4 (a) and (b)

shows a one-to-one correspondence between the strongest γ-ray transitions ob-

served, which allows for an initial identification of the proposed analogue transi-

tions in the mirror nuclei. The assignment of most of the stronger transitions in
48Fe to their analogues in 48Ti was further confirmed by γ−γ coincidence analysis.
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Figure 5.4: The Doppler-corrected γ-ray spectra using the add-back procedure (see
text) for (a) 48Ti and (b) 48Fe populated through one-nucleon knockout from 49V
and 49Fe. The β = v/c value is optimised for fast transitions in (a) and (b), while
a lower β value is utilised for the spectrum insert of (b) for the 971-keV transition
(see text). The spectrum used in the insert in (b) was created without add-back,
as the fits in the analysis were applied to spectra without add-back.

Based on the knockout mechanism (direct reaction), the same states are ex-

pected to be populated. However, more states were observed in 48Ti than 48Fe,

especially high-energy negative-parity states. This is due to the much higher in-

tensity and beam current of 49V than for 49Fe beam, where only the strongest

transitions were observed in 48Fe.

The γ − γ coincidence analysis was performed for the strongest transitions ob-

served in Fig. 5.4 (b) in order to help establish a new-level scheme for 48Fe. A

2D γ − γ coincidence matrix spectra (as described in Section 4.6) for 48Fe pro-

duced by one-neutron knockout from 49Fe, with and without add-back, are shown

in Figs. 5.5 (a) and (b), respectively. The improvement utilising the add-back pro-

cedure is evident in the γ − γ spectra as well as in the projections from the γ − γ

matrices (as shown in the insets of Fig. 5.5). This demonstrates how add-back,
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Figure 5.5: Gamma-gamma coincidence matrices using (a) add-back and (b) no
add-back for 48Fe were produced in one-neutron knockout from 49Fe. The insets
show the projections of the γ − γ coincidence matrices. This illustrates the effect
of add-back, especially in γ−γ coincidence analysis, which moves the counts from
the background into peaks.

especially in γ−γ coincidence analysis, moves the counts from the background into

peaks. For example, the transition at 988 keV at the right-hand tail of 971 keV

peak is difficult to spot in the γ− γ projection when treating GRETINA as single

crystals (Fig. 5.5 (b)). However, it can be clearly identified in the γ − γ projec-

tion when using the add-back approach (Fig. 5.5 (a)). The transitions shown in

the projection spectra have a substantially improved peak-to-background ratio for
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5.1. Population of States in the Tz = ±2 Mirror Pair

add-back, while in the single-crystal approach, low-energy hits due to Compton

scattering are more evident.

An example of γ-γ coincidence analysis is presented in Fig. 5.6, which show the γ-

ray spectra measured in coincidence with the 256(1) keV (Fig. 5.6 (a)), 971(1) keV

(Fig. 5.6 (b)), and 1284(1) keV (Fig. 5.6 (c)) transitions, where the expected γ-ray

transitions in coincidence with them can be seen. In Fig. 5.6 (a), the background-

subtracted γ-γ spectrum in coincidence with the 256(1) keV transition is presented,

where three strong transitions were detected at energies 971(1), 988(3), and 1284(1)

keV. In Fig. 5.6 (b), the background-subtracted γ-γ coincidence spectrum gated on

the 971(1) keV transition is shown, where the expected transitions were detected

in coincidence with γ rays at energies of 256(1), 944(2), 988(3), 1241(1), 1284(1),

1407(3), and 2505(5) keV. However, the two transitions at 1407(3) and 2505(5) keV

were only weakly observed in the 971(1) keV coincidence spectrum (Fig. 5.6 (b))

due to the low statistics. In Fig. 5.6 (c), the background-subtracted γ-γ spectrum

for transitions in coincidence with the 1284(1) keV transition is shown, where four

transitions were also identified in coincidence at energies of 256(1), 944(2), 971(1),

and 988(3) keV. Moreover, the two γ − γ coincidence spectra gated on the very

weak 1407(3) and 2505(5) keV transitions can be seen gathering intensities around

the peak 971(1) keV, which may indicate that these two transitions are in coinci-

dence with 971(1) keV transition. The results of these are shown in Figs. 5.7 (a)

and (b).

The level of statistics of the γ-γ coincidence spectra generally is low. This would

probably lead to the conclusion that only the ordering of the strong transitions

were confirmed and weak transitions were difficult to be placed in this analysis.

The close proximity of the 944(2), 971(1), and 988(3) keV transitions makes con-

firmation of the 988(3) keV and the 944(2) keV transitions challenging. However,

a gate on the 256(1) keV peak clearly shows a broad peak shape containing both

the 971(1) keV and 988(3) keV (Fig. 5.6 (a)), as expected, with no hint of the

944(2) keV transition. Moreover, the 944(2) keV transition was also observed in

coincidence with the 971(1) keV transition.
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Figure 5.6: A spectra from γ-γ coincidence analysis, using add-back, was measured
to be in coincidence with the (a) 256 keV(1), (b) 971 keV(1), and (c) 1284(1) keV
transitions in 48Fe. These spectra were produced by projecting Fig. 5.5 around the
971, 256, and 1284 keV peaks and performing a local background subtraction from
the right and left of the peak. The dashed lines indicate the strongest peaks that
have been observed from the gamma-ray coincidence analysis. (b) and (c) spectra
have been produced using an average β = v/c value of 0.395, while (a) spectrum
has been produced with the lower β value of 0.390 (see text).

It is worthy of note that the bin of 4 keV per channel was used for the single

spectra (Fig. 5.4) and the gamma-gamma coincidence spectra for the 48Ti nucleus

(Fig. 5.2). Due to the high statistics, 4 keV per channel is a good compromise

because most gamma rays are at 1 MeV or higher. For the gamma ray at 1 MeV, a

typical resolution is going to be ∼ 20 keV (∼ 1.5-2%), hence, 4 keV is sufficient bins
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Figure 5.7: A spectra from γ-γ coincidence analysis, using add-back, was measured
to be in coincidence with the (a) 1407 keV(3) and (b) 2505(5) keV transitions in
48Fe. These spectra were produced by projecting Fig. 5.5 around the 1407 and
2505 keV peaks and performing a local background subtraction from the right and
left of the peak. (a) and (b) spectra have been produced using an average β = v/c
value of 0.395.

to see the peak shape. However, due to the very-low statistics in some cases, such

as in the 48Fe nucleus, a larger binning (8 keV) was used for the gamma-gamma

spectra (Fig. 5.6). This is necessary to improve the chance to observe the peaks

above the background level, even though information is lost on the peak shape.

The observed transitions in the current work following this analysis have been

placed in a new-level scheme for 48Fe in the top part of Fig. 5.8, compared with

known transitions in 48Ti. The placement and ordering of the γ-ray transitions
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mined relative to the intensity of the 2+1 → 0+ transition. Tentative transitions
are represented by the dashed lines.
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initially was made on the basis of mirror symmetry arguments, i.e. the analogue

knockout reactions and the γ-ray energy similarities, as well as intensity arguments,

and then confirmed by γ − γ analysis where possible. The spins and parities of

the state in 48Fe were assigned only by mirror symmetry arguments, i.e. based on

comparison with the well-known 48Ti scheme [29]. There remain some tentative

transitions in the level scheme of 48Fe, where due to low statistics, it is not possible

to perform γ − γ coincidence measurements for these weak transitions, or there

are large shifts in the analogue γ-ray energies; hence, these transitions are shown

by dashed lines in Fig. 5.8 (a).

For instance, although the 944(2) keV transition was extremely weak; on the bal-

ance of probabilities, suggests that it exists (given also the mirror symmetry ar-

guments). The evidence for this transition is shown in Figs. 5.4 (b) and 5.6 (b),

both of which are a little tentative, which is why the transition was dashed in the

level scheme Fig. 5.8 (a). In addition, another weak transition from the 5− state

is observed and tentatively assigned as 1951(4) keV (see Fig. 5.8 (a)).

One of the most interesting aspects in the current context is that for the excited

states of positive parity, two states were observed for each Jπ. In both level

schemes, the knockout process populates both the lowest-energy states of each J

(Jπ = 2+1 , 4+1 and 6+1 , referred to as yrast), and the next lowest-energy states

(Jπ = 2+2 , 4+2 and 6+2 , referred to as yrare). Furthermore, it can be seen in the

level scheme of 48Fe that there is also evidence for the population of the analogue

states of the odd-parity states observed in 48Ti.

The widths of the arrows in Fig. 5.8 are based on the relative intensity of the γ-ray

transitions, which are listed in Table 5.1 along with the measured γ-ray energies,

the excitation energy and spin and parity assignments. Intensities were measured

using Gaussian fits. The relative intensities of the γ rays have been corrected for

efficiencies and the Lorentz boost and are quoted relative to the intensity of the

2+1 → 0+ transition.

The experimental level scheme of 48Fe deduced from the current work has been

interpreted in the framework of the large-scale shell-model calculations using the
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KB3G interaction [45] in the pf model space. The model space consists of the full

pf shell and uses a 40Ca core and valence space f 7
2
, p 3

2
, f 5

2
, and p 1

2
(described in

Section 2.2.2). The calculated levels are shown in Fig. 5.9 in comparison with the

level scheme from the experiment. The calculations for 48Fe in the large model

space accurately reproduce the data. These calculations are later used to deduced

the spectroscopic factors for the cross-section calculations (Chapter 6) and the

MED (Chapter 7).

KB3G Exp.

Figure 5.9: Experimental level scheme for 48Fe alongside shell-model predictions.
The shell-model calculations have been performed in ANTOINE with the KB3G
interaction [45].
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5.2 Knockout Cross Sections Tz=±2 Mirror Pair

The aim of experiment E14027 was to measure direct one-nucleon knockout cross

sections to the pairs of analogue states in question, providing information on spec-

troscopic factors for both sets of analogue states. Using the GRETINA-S800 setup,

one can determine the inclusive and exclusive cross sections, from the γ-ray ener-

gies and relative intensities of the states directly populated in the reaction. In the

following sections, experimental inclusive and exclusive cross section results will

be presented for the A = 48, Tz = ±2 mirror pairs.

5.2.1 Inclusive Cross-Section Measurements

As described in Chapter 2, measurements of the cross sections associated with

nucleon knockout reactions can be used to deduce spectroscopic information per-

taining to single-particle occupational strengths, which represent a measurement

of the overlap between the initial and final state configurations. A cross section is

a measurement of the probability of a projectile yielding a specific reaction, which

for a direct reaction means a reaction populating a specific state of the residual

nucleus from a specific initial state of the projectile.

The experiment seeks to measure a set of observables, one of which is the inclusive

cross section for single nucleon removal (σinc). The σinc is the total probability for

removing a single nucleon from the ground state of the projectile, leading to any

final excited state of the fragment residue.

The inclusive cross section is determined experimentally as the ratio of the num-

ber of collected residual core nuclei, Nf (A−1Z), to the number of incoming beam

nuclei, Ni (AZ), with a multiplicative constant of the number of target particles

per unit area, NT . A 188mg/cm2 9Be target was used in this experiment, which

determines NT . The inclusive cross section is expressed as follows

σinc =
1

NT

· Nf

Ni

. (5.1)
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The Nf and Ni were determined experimentally from separate data runs, knock-

out/reaction runs and unreacted beam normalisation runs, respectively.

In order to count the total number of incoming particles, Ni, normalisation runs,

were performed by periodically sampling the incident beam using runs known as

unreacted beam runs. To determine the Nf and Ni, the total number of recorded

single events, Nobs (i.e. the detection of an ion only) for both residue and incom-

ing beam need to be determined. However, these require the application of some

additional corrections; see the equations below.

Nf =
NR

obs Ds

ϵdet Clive A
, (5.2)

Ni =
Nu

obs Ds

ϵdet Clive A
Knorm, (5.3)

Knorm =
NR

norm

Nu
norm

(5.4)

where NR
obs is the observed number of final residue in reacted beam runs, Nu

obs is

the observed number of beam particles in unreacted beam runs, Ds is downscaler

(see Section 3.3), A is the acceptance and Clive is a correction factor to account for

dead time. Knorm is a normalisation factor used to normalise the total secondary

beam intensity between the reaction runs (NR
norm) and the unreacted beam runs

(Nu
norm). NR

norm and Nu
norm are taken as the total scaler outputs for the XFP and

OBJ scintillators.

The “A” accounts for losses in parallel-momentum distribution for reasons such

as the blocking of unreacted beams for the residue of interest or incoming beam,

which can be measured from the parallel momentum distribution spectrum dta.

The total particle detection efficiency of the S800 beam line and focal-plane detec-

tors relative to the ionization chamber was measured using the following equation:

ϵidet = ϵOBJ × ϵXFP × ϵCRDC1 × ϵCRDC2 (5.5)
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where ϵOBJ , ϵXFP , ϵCRDC1, and ϵCRDC2, are the detection efficiencies of the OBJ

scintillator and XFP scintillator CRDC1 and CRDC2.

Systematic errors in the inclusive cross-section measurements are to be considered

in addition to statistical errors. The systematic errors result from the uncertainty

of the particle identification gates (∼ 0.4%), the fluctuations in the beam purity

(∼ 8 − 17%), the corrections for the S800’s limited momentum/angle acceptance

(∼ 4%), and the systematic error for the target thickness ∼ 1%. These systematic

errors will be discussed in more detail below. These systematic uncertainties are

added in quadrature to the statistical errors to obtain the error in the inclusive

cross sections of the nuclei of interest.

5.2.1.1 Nf

The number of residues of interest, Nf , from Eq. 5.1 can be determined by first

measuring the number of observed fragment residues (see Eq. 5.2), for the data

collection runs combined, by creating a logic gate on the particle of interest in the

2D PID spectrum in the S800 described in Section 4.2.5 and another logic gate

on the incident beam particle. Therefore, the total number of observed particle of

interest, NR
obs value, can be determined.

Since the NR
obs value was measured from the S800 only events, the dead time comes

from the S800 trigger only (see Section 3.3). The dead time was corrected using

the correction factor Clive for reacted runs, defined as

Clive =
S800 trigger events(from data)

S800 trigger events(from scaler)
. (5.6)

Due to the limited acceptance angle of the S800 spectrograph, there was some loss

of counts that appear as clipping the edges of the parallel momentum distribution

spectrum (dta) (Fig. 5.10). The acceptance for the reacted runs A is calculated as

the ratio number of particles passing through and reaching the focal plane (events

in the histogram) and the number of true events (determined by a Gaussian fit)
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(Fig. 5.10). The systematic uncertainty in A derives from the uncertainty in the

fit used to extract the missing intensity and the parameters used in that fit.
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Figure 5.10: Spectra of the parallel momentum distribution, dta against the num-
ber of counts, gated on the (a) incoming 49Fe beam and outgoing 48Fe recoil and
(b) incoming 49V beam and outgoing 48Ti recoil. These spectra show quite a
substantial loss of counts due to the limited acceptance angle of the S800 spectro-
graph. Since the spectra are asymmetric, a Gaussian fit was applied separately to
the right-hand side (blue line) and the left-hand side (green line) of the histogram,
while the red fit considered the total number of events, including the missing part,
to correct the acceptance of the residue, A.

5.2.1.2 Ni

(b)(a)

49V

49Fe

Figure 5.11: The particle identification spectra of the 49Fe and 49V secondary
beams from the unreacted beam runs. The particle identification gates used in the
49Fe and 49V unreacted beam runs are shown.
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Four normalisation runs were performed for 49Fe and one run for 49V, see

Table 3.1, and these unreacted beam runs were averaged to account for any small

modifications in beam consistency and detector degradation throughout the reac-

tion data runs.

The total number of observed particles of the unreacted beam, Nu
obs, was deter-

mined, as described in Section 5.2.1.1, and Fig. 5.11. The Clive for unreacted beam

runs was determined using a different method since only the S800 triggers were

used for this part of the experiment. Hence, the Clive for the unreacted runs is

simply the ratio of the live trigger to the raw trigger as measured by the scalers.

The acceptance for the unreacted beam runs A was essentially 100% since the slits

do not interfere in the unreacted beam, and hence, the dta spectrum has no cut-off.

5.2.1.3 Systematic Errors

During the experiment, beam purity was naturally subject to fluctuations. To

consider the systematic effects of purity, the total experimental run time for the

reaction data was divided into ten-run blocks on either side of the four unreacted

beam runs, yielding a total of 40 runs. The determination of NR
obs was performed

on these 40 runs combined (all of the reaction runs). To find the systematic error

on the purity as a function of the time, the ratio of the number of events from

the PID gate of the residue NR
obs to the total beam scalers for 20 pairs of runs

was determined. This provides a good indication of the systematic error in the

purity. The fractional systematic errors in the purity were determined from this

and estimated to be approximately 17% (Fig. 5.12). Since 48Ti was only one run

and was followed by the unreacted beam run (Table 3.1), the systematic error in

the purity was estimated from Fig. 5.12 by looking at the change from one run to

the next run, estimated to be 8%.

The systematic error is also associated with how the logical PID gate is drawn

around the nucleus of interest. The change in the size of the gate slightly affects

the number of observed particles created from the S800 events. This yields an
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Figure 5.12: Change in the purity from one run to the next as a function of the
run number.

estimated ∼ 0.4% error.

5.2.1.4 Inclusive Reaction Analysis

The values that were used to determine the cross sections are shown in Tables 5.2

and 5.3.

Table 5.2: The data for the 48Fe and 48Ti residues in reacted beam runs. The
correction factor Clive, the total particle detection efficiency ϵ, downscaler factor
Ds, the number of observed residue NR

obs, and the acceptance for the reacted runs
A calculations are described in Section 5.2.1.1.

Reacted Beam Clive ϵ Ds NR
obs A

48Fe 0.89 0.98 1 4265 0.85
48Ti 0.82 0.95 3 207492 0.89
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Table 5.3: The data for the 49V and 49Fe secondary unreacted beam runs. The
live-time correction factor Clive, the total particle detection efficiency ϵ, downscaler
factor and the unreacted beam normalisation rate Knorm, downscaler factor Ds,
the number of observed bean particle Nu

obs and the acceptance for the unreacted
runs A calculations are described in Section 5.2.1.2.

Unreacted Beam Clive ϵ Knorm Ds Nu
obs A

49Fe 0.76 0.99 4708 1 8669 1
49V 0.77 0.99 4496 1 161531 1

Following the methods described above, Nf and Ni values are calculated using

the information provided in the Tables 5.2 and 5.3, and applying Eq. 5.1, the

experimental inclusive cross sections for the mirror reaction 49Fe to 48Fe and 49V to
48Ti are measured (Table 5.4). A large difference (a factor ∼ 9) between the cross

sections for the two mirrored reactions were observed and interpreted in terms

of different degrees of binding energies in the mirror nuclei (see Sections 6.1.2

and 6.3.1 for a full discussion).

Table 5.4: The experimental inclusive cross section for the two reactions
49Fe → 48Fe and 49V → 48Ti determined from the number of measured parti-
cles in the A1900 separator and S800 spectrometer.

Residue σinc(mb) Error(mb)
48Fe 8.4 ± 0.2(stat.) ± 1.5(sys.)
48Ti 74.4 ± 0.4(stat.) ± 6.2(sys.)
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5.2.2 Exclusive Cross-Sections Analysis

The partial cross section is a measure of the probability of removing a single nu-

cleon (proton/neutron) from the ground state of the projectile to a specific state in

the residue. The experimental exclusive cross sections, σexc (each individual state),

have been determined for both members of the mirror pair 48Fe/48Ti for both of

the ground and excited states. The net population of an excited state, i, (Npop
i ),

i.e., how many events were measured in which that state was directly populated,

is determined directly from the associated γ-ray intensities by taking the sum of

all observed decay intensities of the γ rays from the state, then subtracting the

sum over all intensities of the γ rays feeding directly into the state. All gamma-ray

intensities are corrected individually for the GRETINA efficiency Lorentz boost.

Each detected γ-ray event corresponds to a COINC trigger event (see Section 3.3).

Since the COINC trigger was not downscaled, the factor Ds was not included in

any calculations related to the γ-ray events.

Once Npop
i has been determined, the ratio of this value to the observed number of

recoils of interest, NR
obs (see Section 5.2.1.1) will provide a fraction of the inclusive

cross section that goes to that specific state. There are additional corrections that

are necessary to be included in this analysis. These corrections involved the live

time of the DAQ system due to the different dead times for the two different types

of events (S800 trigger only and COINC trigger) and for the S800 downscaler, Ds.

All these can be represented by the following expression

σexc(i) =

(
Npop

i

NR
obs Ds

.
CS800

live

CCOINC
live

)
σinc, (5.7)

where CS800
live and CCOINC

live are the S800 trigger and COINC trigger live time correc-

tions that were determined separately for S800 single events and COINC events,

respectively. The CS800
live is the same as that obtained from Eq. 5.6, and CCOINC

live

was measured as the ratio of the COINC trigger events from data to those from

the scaler data.

Unlike the excited states, the ground state does not have any associated γ-ray
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emission tag, so after calculating the population of the excited states, the cross

section to populate the ground state of the residue directly in the reaction was

found as

σGS = σinc −
∑
i

σexc(i), (5.8)

where σexc(i) is summed over all observed excited state cross sections and is sub-

tracted from the total inclusive cross section σinc (Table 5.4).

The resulting experimental exclusive cross sections for the excited and ground

states of 48Fe and 48Ti resulting from one-neutron/one-proton knockout from the
49Fe and 49V ground state, respectively, are shown in Table 5.5. In both mirror

nuclei, for all the positive-parity states observed, 2+, 4+, and 6+, both the yrast

and yrare states relative cross sections are measured, as well as the population

of the analogue states of the negative-parity states. Figs. 5.13 (a) and (b) show

the relative cross section for each state (σexc/σinc) in both mirror nuclei. The sum

of the statistical and systematic uncertainties was determined, where the statisti-

cal uncertainties from the efficiency-corrected γ-ray intensities and observed γ-ray

feeding dominate. The strong direct population of the yrare states is evident. Fur-

ther details will be provided in Sections 6.1.2 and 6.3.1.

However, there are a number of differences, particularly regarding the observed

strengths of the ground state and the yrast states such as 2+1 , 4+1 , and 6+1 (Figs. 5.13 (a)

and (b)), and this will be discussed in detail in Section 6.3.1.
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Figure 5.13: The measured relative cross sections to states in (a) 48Fe and (b) 48Ti
via one-neutron and one-proton knockout, respectively. The sum of the statistical
and systematic uncertainties are given.
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Table 5.5: The experimental exclusive cross sections for states directly populated
in this work through one-nucleon knockout, see text for details.

Jπ
i

48Fe 48Ti

σexc(mb) σexc(mb)

0+ 3(2) 18(7)

2+1 0.9(9) 4(2)

4+1 1.1(8) 13(2)

2+2 0.4(2) 3.2(4)

3+1 1.2(3)

4+2 0.5(4) 2.8(4)

6+1 0.1(6) 8.3(9)

3−1 0.4(2) 4.6(6)

6+2 1.9(4) 7.2(7)

3−2 , 4
−
1 2.5(3)

3−3 4.2(6)

5−1 0.3(2) 3.4(4)

8+1 1.4(4)

inclusive 8(2) 74(6)
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5.3 Mirror Energy Differences of 48Fe/48Ti

After the level schemes were established for 48Fe and 48Ti, the experimental MED

were extracted by comparing the excitation energies for the analogue states in the

mirror nuclei 48Fe and 48Ti using Eq. 2.7. All positive-parity states were observed
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Figure 5.14: Experimental MED for the A = 48, Tz = ±2 mirror pair that were
measured using Eq. 2.7. The MED for the J ̸= 0 yrare states in (b) are plotted
relative to the J = 0 ground state.

(the yrast and yrare states) in both mirror nuclei, allowing the performance of an

MED analysis of both types of state (Fig. 5.14). To interpret these data, large-

scale shell-model calculations using the ANTOINE code [43] were performed for

the 48Fe and 48Ti mirror pair. Using the full fp valence space and the KB3G

interaction [45], details of the results of these calculations will be provided in

Chapter 7, as well as comparing this calculation with the experimental MED result.
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5.4 The A = 45, Tz = ±1
2 mirror pair

The well-studied mirror nuclei 45V (Tz = −1
2
) and 45Ti (Tz = +1

2
) [89] were

also populated in this work via mirrored one-nucleon knockout reactions from

both the ground state, Jπ = 0+, and from the high-spin isomeric state, Jπ= 3+,

T 1
2

= 1.02 ms, of the N = Z 46V secondary beam (Tz = +1). It is possible to

produce radioactive nuclei in high-spin isomeric states in fragmentation reactions

at relativistic velocities (e.g. [90]). A method of knockout reaction on an isomeric

beam was first performed by S. Milne et al. [91] who performed an initial study of

a beam of radioactive 53Co in a high-spin isomeric state.

The 46V secondary beam was produced from which mirrored one-nucleon knockout

reactions occurred to populate states in the mirror nuclei A = 45. The resulting

reaction products were identified in S800 where the particle identification plots of
45V and 45Ti gating on the secondary beam 46V are demonstrated in Figs. 4.12

and 4.13. All the γ-ray transitions observed have been previously assigned to 45V

and 45Ti via a fusion-evaporation reaction [89].

It is important to note that the analysis performed for the mirror nuclei A = 45 is

still ongoing due to the complexity of the analysis, and the analysis in this thesis

is restricted to comparison of inclusive cross sections in the A = 45 mirror pair.

5.4.1 Spectroscopy of 45V/45Ti Mirror Nuclei

The Doppler-corrected γ-ray spectra for 45V and 45Ti produced in this work, pop-

ulated via direct one-neutron and one-proton knockout from 46V, are presented in

Fig. 5.15. All the labelled transitions could be identified with known γ-ray de-

cays [89]. The β values of 0.386 and 0.380 were used to optimise the γ-ray spectra

(Figs. 5.15 (a) and (b), respectively) to attain the best resolution for the observed

transitions.

The one-nucleon knockout from fp orbitals from the 0+ ground state of 46V can

populate negative-parity states up to Jπ=7/2−. On the other hand, the one-
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neutron knockout reaction, from the 3+ isomer state in 46V, can populate negative-

parity states up to Jπ=13/2− in both mirror nuclei 45V and 45Ti. Similarly,

positive-parity states up to Jπ=5/2+ or up to Jπ=11/2+ can be populated directly

through knockout from the 0+ ground state or from the 3+ isomer, respectively,

through removal of sd orbitals. In this work, the maximum negative-parity states

were observed up Jπ=13/2− in both mirror nuclei and the positive-parity states

were observed up to Jπ=11/2+ in 45Ti and Jπ=13/2+ in 45V. The strongest γ-ray

peaks were observed in the spectra, with the one-to-one correspondence between

the mirrored transitions highlighted using the dashed lines.
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Figure 5.15: The Doppler-corrected spectra for (a) 45Ti and (b) 45V identified fol-
lowing one-nucleon knockout from 46V. The β = v/c values utilised in (a) 0.386
and (b) 0.380 were chosen to optimise the γ-ray spectra to acquire the best reso-
lution for the observed transitions. A number of the new γ rays were observed at
high energy and require further analysis to assign these transitions.

A number of the new γ rays were observed at high energies (Figs. 5.15 (a)

and (b)). However, further analysis is required to assign these transitions. A

detailed understanding of how these unknown transitions in 45V and 45Ti are being

populated and the mechanism of this process, is essential for understanding the
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Figure 5.16: A large γ-ray peak at (a) 292 keV and (b) 329 keV in 45Ti and 45V
Doppler-corrected spectra, respectively, associated with the decay of states with a
long lifetime.

analogue knockout process.

It is worth noting that there are large γ-ray peaks at 329 keV and 292 keV in
45V and 45Ti spectra, respectively, which are associated with the decay of states

with a long lifetime Fig. 5.16. The 3
2

+ state decays to 3
2

− state by 292 keV in 45Ti

and 329 keV in 45V. This is consistent with the fact that the 292 keV, Jπ=3/2+ state

in 45Ti is known to have a long half-life of ∼ 1.1 ns (taken from ENSDF [92]), which

will decay downstream of the target (1 ns corresponds to approximately ∼ 10 cm
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flight path). Consequently, the Doppler correction was incorrectly applied due to

the decay at a different angle. The angle used for calculation is smaller than the

real angle when the nucleus decays, causing the left tail to appear. The decay

from the 3/2+ state to the 3/2− state is a mixed E1 and M2 transition in 45Ti,

although the M2 in 45Ti is known as very weak. If the equivalent transition in
45V, 329 keV, is assumed to decay with the same E1 transition strength (based

on the mirror symmetry arguments), the half-life of the 3/2+ in the 45V would be

∼ 700 ps. However, the E1 in 45V appears, at first sight from Fig. 5.16 (b), to be

faster than in its mirror 45Ti. Further work, using simulation, is needed to extract

the lifetime and intensity.

The energy-level schemes for 45V and 45Ti extracted from this work are shown in

Fig. 5.17. Since these mirror nuclei are well known, the ordering of the transitions,

spins, and parities have been assigned based on the literature [89]. Although

Jπ = 11/2+ is the maximum spin that can be populated directly from sd orbitals,

there is some evidence of decay from the 13/2+ observed in 45V, as shown in the

bottom portion of Fig. 5.17.

All the labelled γ rays observed in Figs. 5.15 (a) and (b), as well as all the energies

measured in Fig. 5.17, are consistent with the findings in [89], and the latter are

used in Figs. 5.15 (a) and (b) and Fig. 5.17. The widths of the arrows in Fig. 5.17

are proportional to the relative intensity of the γ-ray transitions populated from

the knockout reaction in this work. The measured γ-ray energies, intensities of

the γ-ray, the state energy, spin, and parity assignments are listed in Table 5.6.
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Table 5.6: The excitation energy for excited states, γ-ray energies (in keV) and
relative intensities measured in this work for γ decays for the 45V and 45Ti mirror
pair.

Ji → Jf

45V 45Ti

Ex Eγ Iγ Ex Eγ Iγ

3/2− 57 - - 36 - -

5/2− 56 - - - - -

7/2− 0 - - 0 - -

9/2− → 7/2− 1324 1324 60(1) 1353 1354 48(5)

11/2− → 7/2− 1462 1462 100(2) 1468 1468 100(21)

13/2− → 11/2− 2626 1164 14(1) 2656 1188 14(6)

3/2+ → 3/2− 386 329 - 328 292 -

5/2+ → 3/2+ 797 411 31.8(9) 743 414 115(4)

5/2+ → 3/2− 797 741 5.5(6) - - -

5/2+ → 5/2− 797 741 5.5(6) - - -

7/2+ → 7/2− 1272 1272 10(2) - - -

7/2+ → 3/2+ 1272 886 9(1) 1225 897 25(4)

7/2+ → 5/2+ 1272 475 14.1(9) 1225 482 26(3)

9/2+ → 7/2+ 1916 644 3(1) 1881 655 6(1)

9/2+ → 5/2+ 1916 1120 7(1) 1881 1138 16(8)

11/2+ → 9/2+ 2489 573 3(1) 2473 592 5(2)

11/2+ → 7/2+ 2489 1217 5(1) 2473 1248 27(14)

13/2+ → 9/2+ 3444 1528 6(1) - - -

∗ The excitation energies of the states and γ-ray transitions in 45V and 45Ti were taken
from [89], and the γ-ray transition at 1272 keV in 45V is taken from the ENSDF [92].
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Figure 5.17: Energy level schemes for 45Ti (top) and 45V (bottom). Energy of
states, γ-ray energies, spins and parities were assigned based on the previous
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5.4.2 Inclusive Cross-Sections of 46V(−1p,−1n)45Ti,45V Re-

actions

The inclusive cross sections for the two reactions have been determined using the

same technique described in Section 5.2.1. The inclusive cross sections for one-

neutron removal (σ1n
inc) and one-proton removal (σ1p

inc) from 46V to 45V and 45Ti,

respectively, are shown in Table 5.7. A factor of ∼ 9 times difference was observed

between the two reactions even though the resulting residues were produced, this

time, by the same parent nucleus 46V. This large asymmetry of the reaction cross

sections is similar to that observed in the mirror nuclei A = 48 (see Section 5.2.1).

Theoretical cross sections for the two reactions are not determined here, as de-

termining the isomeric ratio of the 46V beam is a challenging task that is still

being undertaken. Since the cross sections depend on whether the beam is in the

ground state or in the isomeric state, this makes the theoretical calculation more

complicated. In addition, for the strongly bound system 45Ti, it is not possible

to determine the theoretical inclusive cross section (see Section 6.3.2 for more de-

tails). Further work on cross-section measurements will be done in the future for

these nuclei 45V/45Ti.

Table 5.7: The experimental inclusive cross section for the two reactions populated
from the same secondary beam, 46V → 45V and 46V → 45Ti.

Residue σinc(mb) Error(mb)
45V 13.8 ± 0.03(stat.) ± 1.9(sys.)
45Ti 120 ± 1(stat.) ± 10(sys.)
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Chapter 6

Knockout Cross Sections

The use of one-nucleon knockout reactions to populate the nuclei of interest,

the A = 48 mirror pair, allows for a detailed cross-section analysis of the ob-

served states populated in these nuclei. Theoretical values for the cross sections

in each state of the core fragment are the product of the spectroscopic factors

and the cross section of the single–neutron/proton removal reaction. Shell–model

code ANTOINE [43] in the full fp space, using the KB3G interaction [45], can

be implemented to identify the spectroscopic factors that depend on the orbital

occupancy of each state. The cross sections for one-nucleon knockout were then

computed using the spectator-core approximation, assuming eikonal reaction dy-

namics [54,59,60], as discussed in Section 2.3.2.1, as well as shell-model structure

input to interpret the experimental cross sections, as presented in Chapter 5.

The methods of performing these cross-section calculations are described in Sec-

tion 6.1, and the experimental data will be compared with the theoretical results

for the A = 48, Tz = ±2 mirror pair in Section 6.2. A discussion of the results of

the mirrored one-nucleon knockout analysis will also be presented in Section 6.3.
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6.1 Shell-Model and Cross-Section Calculations Tz = ±2

Mirror Pair

6.1.1 Spectroscopic Factors C2S

In order to calculate the theoretical cross sections for the mirror nuclei of interest
48Fe and 48Ti, the spectroscopic factors (C2S) were calculated, as they contain

all of the nuclear wave function information. The spectroscopic factor gives the

probability of a particular state being populated, which informs the extent to which

the final state will resemble the initial state, with a hole in a specific orbital.

The shell-model calculations could only be performed in the fp valence space, so

the spectroscopic factors for one-nucleon removal from the sd shell could not be

calculated from the shell model since there was no available shell-model interaction

encompassing both the sd and fp regions. The calculated spectroscopic factors for

both mirrored reactions, neutron removal from 49Fe to 48Fe and one proton from
49V to 48Ti, should be identical in the shell-model approach using an isoscalar

interaction.

The spectroscopic factor identifies the valence orbital from which the nucleon has

been removed. For instance, one-neutron (proton) knockout reactions from 49Fe

(49V), with a ground state of 7/2−, whose wave function is presented in Table

6.1, are predicted to populate a range of positive-parity states in 48Fe (48Ti) with

Jπ = 0+ to 7+ through the removal of f 7
2
, p 3

2
, f 5

2
and p 1

2
neutrons (protons) near

the Fermi level. However, only 0+, 2+, 3+, 4+, and 6+ were observed in this

work (Fig. 5.8). Furthermore, the negative-parity states, Jπ = 1− to 6−, can be

populated directly through knockout from any of the more-bound sd orbitals (d 5
2
,

s 1
2
, and d 3

2
). However, only Jπ = 3−, 4−, and 5−, observed in this work.

The spectroscopic factors in the case of a one-neutron (proton) knockout reaction

from parent nuclei 49Fe (49V), with a ground state of 7/2−, to the daughter nuclei
48Fe (48Ti) were calculated using the KB3G interaction [45]. Therefore, the KB3G
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Table 6.1: The ground state of 49Fe/49V calculated using the ANTOINE code [43]
in the full fp valence space using the KB3G interaction [45]. This table displays
all the ground state admixtures greater than 1%.

49Fe/49V Proton Occupation Neutron Occupation

Probability 1f 7
2

2p 3
2

1f 5
2

2p 1
2

1f 7
2

2p 3
2

1f 5
2

2p 1
2

0.496650 6 0 0 0 3 0 0 0

0.049650 6 0 0 0 2 1 0 0

0.015489 6 0 0 0 2 0 0 1

0.010541 6 0 0 0 1 2 0 0

0.016552 6 0 0 0 1 0 0 2

0.075591 5 1 0 0 3 0 0 0

0.026517 5 1 0 0 2 1 0 0

0.047144 5 0 0 1 3 0 0 0

0.020534 5 0 0 1 2 0 0 1

0.032311 4 2 0 0 3 0 0 0

0.014229 4 1 0 1 3 0 0 0

0.044080 4 0 0 2 3 0 0 0

interaction represents the full charge symmetric and full charge independent nature

of the nuclear force.

Although the shell-model calculations predict that a lot of states are pop-

ulated, the spectroscopic factors C2S from 49Fe to 48Fe and 49V to 48Ti were

calculated only for a subset of states observed, 0+, 2+, 3+, 4+ and 6+, since only

these states were observed in the mirror pair. Both yrast and yrare states were

calculated. The C2S values of the states observed (0+, 2+, 3+, 4+, and 6+), by

removing a nucleon from the f 7
2

orbital, were calculated. However, in the case of

removing a nucleon from the p 3
2

orbital, only the 2+, 3+ and 4+ can be populated.

Similarly, on removal of a neutron from f 5
2

or p 1
2
, these yield only 2+, 3+, 4+ and

6+ states or 3+ and 4+ states, respectively. It is worth noting that, in the case

of 48Ti, a 3+ state was observed as a result of removing a proton from fp valence
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Table 6.2: C2S of A = 48 mirror nuclei in the full fp valence space was calculated
using the ANTOINE code [43] using the KB3G interaction [45].

C2S

Jπ 1f 7
2

2p 3
2

1f 5
2

2p 1
2

0+ 0.513

2+1 0.001 0.015 0.014

2+2 0.358 0.004 0.006

4+1 0.355 0.016 0.002 0.002

4+2 0.181 0.009 0.004 0.002

6+1 0.127 0.000

6+2 0.724 0.000

3+1 0.000 0.032 0.002 0.000

Summed: C2S 2.260 0.076 0.004 0.028

Summed: C2S for allfp 2.367

space in the 49V (Fig. 5.8). Thus, the C2S for this state was also calculated. The

results of these calculations are shown in the Table 6.2. As the table illustrates,

C2S values are very small (<< 1), except for the f 7
2

orbital. This is expected since

if removing one nucleon from the p 3
2

orbital, for example, this orbital is above the

Fermi level. Therefore, the probability of removing a particle from that orbital is

quite low, see Table 6.1.

6.1.2 Theoretical Reaction Cross Sections

For each of the deduced excited states in the residual core nuclei, 48Fe and 48Ti,

the single-particle cross sections (σsp) must be calculated using eikonal approxima-

tion reaction dynamics [54, 59, 60] (described in Chapter 2). The reaction-model

calculations enable the single-particle cross sections for one-nucleon (proton or

neutron) removal (σsp) from each of the single-particle levels in the fp shell to

be determined. The single-particle cross section represents the probability of re-
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Figure 6.1: A flowchart of the procedure for calculating the nucleon removal cross
sections from the projectile.
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moving a nucleon from a single-particle orbit, assuming that precisely one single

nucleon occupies that state.

The single-particle cross section σsp is the sum of contributions from both the strip-

ping mechanism and the diffractive breakup mechanism, σstr
sp + σdif

sp (explained in

Chapter 2). These stripping and diffractive contributions are computed separately

from the residue-target and nucleon-target elastic eikonal scattering matrices [55].

A reaction dynamics code (J. Tostevin [55, 93]) was used to calculate the partial

production cross section (single particle) for that orbital for the energy of the final

state. The theoretical partial cross sections for the removal of a nucleon from a

specific orbital (j) from the projectile A, σth(Ex, J
π, j), populating the final state

of the mass A− 1 is calculated using Eq. 2.19, reproduced again below

σth(Ex, J
π, j) =

(
A

A− 1

)N

C2SSM(j)σsp(j, Sn + Ex), (6.1)

where j is the angular momentum of the orbital from which the particle is removed.

For each final state, the total theoretical exclusive cross section, σexc
th (Ex, J

π), was

calculated as the sum of all the possible removal paths (all possible orbitals for

that reaction i.e., the sum of Eq. 6.1), see Eq. 6.2. Then, the theoretical inclu-

sive nucleon-removal cross section, σinc
th , is calculated as the sum of all theoretical

exclusive cross sections for all populated states in the residue (i.e., the sum of

σexc
th (Ex, J

π) for all the possible orbitals for the removed nucleon).

σexc
th (Ex, J

π) =
∑
j

σth(Ex, J
π, j) (6.2)

A flowchart in Fig. 6.1 illustrates the process for calculating one nucleon removal

exclusive cross section (discussed above). A number of inputs must be taken into

account for calculating the theoretical cross section [25] for each state. These are

summarised as

1. C2S values obtained from shell-model calculations (as discussed in Section

6.1.1).
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2. Complex optical potentials of residue-target and valence nucleon-target and

their elastic scattering S matrices, which enter the eikonal model, affect the

parameter integrals of σstr
sp and σdif

sp and localise the reactions spatially.

3. The geometries of the radial wave functions for the removed nucleons in the

projectile ground state is determined. The Hartree-Fock (HF) calculations

of neutron and proton densities for the residues and the root-mean-squared

(rms) radii of orbitals in the HF mean field were used in order to constrain

the shapes and radial size parameters for inputs (2) and (3) [26].

As listed above, the calculation was achieved by computing the density distribu-

tion of the residue and projectile using the SkX interaction Skyrme Hartree-HF

calculations of [94]. The target 9Be matter was assumed to have a Gaussian nu-

cleon density with an rms radius of 2.36 fm, and that can be used as input to

calculate the radial wave function later.

Based on the assumption that the residue (core) and the valence nucleon are sepa-

rate, they approach and interact with the target separately. Therefore, the elastic

scattering S-matrices [64, 65] for the interaction of the residue-target (48Fe(48Ti)-
9Be) and the valence nucleon-target (neutron(proton)-9Be) system were calculated

separately. The secondary beam energies (MeV/u), from the centre of the reaction

target, were required for calculating the S-matrices; the mid-target beam energies

were found to be 80.1 MeV/u for 49Fe and 83.8 MeV/u for 49V, which were calcu-

lated through the use of LISE++ [95].

The purpose of this calculation was to determine elastic and reaction cross sections

for both the target core and the neutron/proton-target separately. The outputs

of these calculations were subsequently used for the knockout process. The prob-

ability of knockout depends on the probability of the core surviving the reaction

(elastically scattered), and the valence nucleon is absorbed by the target (i.e. react-

ing), see Section 2.3.2.1. In the next part of the calculation, the binding potential

of the removal nucleon can be constrained using HF calculations by computing the

density distribution for the projectile as a whole. As a result, an HF radius and the
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binding energy for each orbital were produced (Tables 6.3 and 6.4). These tables

show different radii and binding energies (highlighted in blue) for the neutron and

proton removal from 49Fe and 49V, respectively, from the fp orbitals used in the

single-single nucleon cross-section calculations of each state in the 48Fe and 48Ti.

It should be noted that all the above calculations are independent of the final state

in the residue.

Table 6.3: Hartree-Fock neutron single-particle radii (rms) and energies for each
orbital of 49Fe projectile, where the fp orbitals (highlighted in blue) were used in
the single-nucleon cross-section calculations.

k n l J r(2)(fm) Energy/MeV

1 1 s 1 / 2 2.623 -42.520

2 1 p 3 / 2 3.199 -34.205

3 1 p 1 / 2 3.107 -32.015

4 1 d 5 / 2 3.644 -24.954

5 1 d 3 / 2 3.586 -20.237

6 2 s 1 / 2 3.558 -20.525

7 1 f 7 / 2 3.997 -14.965

8 1 f 5 / 2 4.095 -7.821

9 2 p 3 / 2 3.998 -10.173

10 2 p 1 / 2 4.152 -8.552

11 1 g 9 / 2 4.343 -4.177

12 1 g 7 / 2 4.514 -0.200

13 2 d 5 / 2 5.852 -0.200

14 2 d 3 / 2 5.885 -0.200

15 3 s 1 / 2 9.110 -0.200
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Table 6.4: Hartree-Fock proton single-particle radii (rms) and energies for each
orbital of 49V projectile, where the fp orbitals (highlighted in blue) were used in
the single-nucleon cross-section calculations.

k n l J r(2)(fm) Energy/MeV

1 1 s 1 / 2 2.651 -34.000

2 1 p 3 / 2 3.229 -25.795

3 1 p 1 / 2 3.138 -23.540

4 1 d 5 / 2 3.680 -16.670

5 1 d 3 / 2 3.636 -11.869

6 2 s 1 / 2 3.622 -12.120

7 1 f 7 / 2 4.048 -6.844

8 1 f 5 / 2 4.193 -0.200

9 2 p 3 / 2 4.194 -2.098

10 2 p 1 / 2 4.426 -0.598

11 1 g 9 / 2 4.282 -0.200

12 1 g 7 / 2 4.205 -0.200

13 2 d 5 / 2 4.378 -0.200

14 2 d 3 / 2 4.424 -0.200

15 3 s 1 / 2 4.708 -0.200

The next step is using a Wood-Saxon plus spin-orbit potential, rather than

a HF potential, to calculate the bound-state wave functions for the removed par-

ticle with constrained geometries, diffuseness a = 0.7 fm, and spin-orbit strength

Vso = 6 MeV. Then, the radius parameter r0 of the binding potentials was con-

strained by the rms radius of this orbital and binding energy, as given by the HF

calculations using a Skyrme SkX interaction [94], these are shown in Table 6.5.

The final step in the model is then to parameterize the reaction by adjusting the

depth of the central potential to give the final states’ appropriate effective binding

energies (Ex+Sn,p). The excitation energy, Ex, of a given state in the residue was

therefore required to calculate the corresponding single-particle cross section. The

Sn and Sp separation energies of 49Fe and 49V are 14.813(9) MeV and 6.758(8) MeV,
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respectively, (taken from the most recent mass evaluations by [96]).

Each radial wave function between the removal nucleon and the final state in the

residue was then obtained to calculate the cross section for each state expected to

populate in the mirror nuclei, using the eikonal S-matrices.

Table 6.5: The potential radius r0 parameters of the nucleon removal from fp and
sd (in case of 49V (-1p) only) orbitals with diffuseness a = 0.7 fm and spin-orbit
strength Vso = 6 MeV.

49Fe (-1n) 49V (-1p)

orbital r0 (fm) r0(fm)

f 7
2

1.287 1.260

p 3
2

1.152 1.097

f 5
2

1.299 1.264

p 1
2

1.201 1.128

s 1
2

- 1.269

d 3
2

- 1.279

d 5
2

- 1.293

167



6.1. Shell-Model and Cross-Section Calculations Tz = ±2 Mirror Pair

Table 6.6: A summary of the relevant results from the present study, where the
predicted cross sections for states observed in 48Fe (49Fe - 1n) reaction, 0+, 2+, 4+,
and 6+ states resulted from a direct neutron removal from the fp orbital in the pro-
jectile. The Sn of 49Fe is 14.813(9) MeV [96], and the mass dependent, (A/A − 1)3,
is 1.0638. The individual stripping and diffraction break-up components, as well
as their summed single-particle reaction cross section, were calculated using the
reaction model. The C2S are taken from the ANTOINE [43] shell-model calcula-
tions from Table 6.2. j value is the orbital of the neutron removal from the initial
state of the projectile.

Predicted Cross Sections for One-Neutron fp Removal

Ex Sn + Ex(MeV) Jπ j σstr
sp (mb) σdif

sp (mb) σsp(mb) C2S σth(Ex, J
π, j)(mb)

0.000 14.813 0+ 1f 7
2

2.1 7.9 10.1 0.513 5.5

0.971 15.783 2+1 1f 7
2

2.0 7.7 9.7 0.001 0.0

2p 3
2

2.2 7.7 10.0 0.015 0.2

1f 5
2

1.7 6.6 8.3 0.014 0.1

2.378 17.191 2+2 1f 7
2

1.9 7.3 9.2 0.358 3.5

2p 3
2

2.0 7.2 9.3 0.004 0.0

1f 5
2

1.6 6.4 7.9 0.006 0.0

2.255 17.068 4+1 1f 7
2

1.9 7.3 9.2 0.355 3.5

2p 3
2

2.1 7.3 9.3 0.016 0.2

2p 1
2

2.2 7.7 9.9 0.002 0.0

1f 5
2

1.6 6.4 8.0 0.002 0.0

3.200 18.013 4+2 1f 7
2

1.8 7.1 8.9 0.181 1.7

2p 3
2

1.9 7.0 8.9 0.009 0.1

2p 1
2

2.1 7.4 9.5 0.002 0.0

1f 5
2

1.5 6.2 7.7 0.004 0.0

3.244 18.057 6+1 1f 7
2

1.8 7.1 8.9 0.127 1.2

1f 5
2

1.5 6.2 7.7 0.000 0.0

3.498 18.313 6+2 1f 7
2

1.8 7.1 8.9 0.724 6.8

1f 5
2

1.5 6.1 7.7 0.000 0.0

Total 2.333 22.9
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Table 6.7: A summary of the relevant results from the present study, where the
predicted cross sections for states are observed in 48Ti(49V - 1p) reaction, 0+, 2+,
3+, 4+ and 6+ states as a result of a direct proton removal from the fp orbital
in the projectile. The Sp of 49V is 6.758(8) MeV [96] and the mass dependent,
(A/A − 1)3, is 1.0638. The individual stripping and diffraction break-up compo-
nents, as well as their summed single-particle reaction cross section, were calculated
using the reaction model. The C2S are taken from the ANTOINE [43] shell-model
calculations from Table 6.2. j value is the orbital of the proton removal from the
initial state of the projectile.

Predicted Cross Sections for One-Proton fp Removal

Ex Sp + Ex(MeV) Jπ j σstr
sp (mb) σdif

sp (mb) σsp(mb) C2S σth(Ex, J
π, j)(mb)

0.000 6.758 0+ 1f 7
2

2.6 9.6 12.2 0.513 6.7

0.983 7.741 2+1 1f 7
2

2.5 9.2 11.7 0.001 0.0

2p 3
2

2.7 9.2 11.9 0.015 0.2

1f 5
2

2.0 7.8 9.8 0.014 0.1

3.223 9.982 3+1 1f 7
2

2.2 8.5 10.6 0.000 0.0

2p 3
2

2.3 8.1 10.4 0.032 0.4

2p 1
2

2.3 8.3 10.6 0.000 0.0

1f 5
2

1.8 7.2 9.0 0.002 0.0

2.421 9.179 2+2 1f 7
2

2.3 8.7 11.0 0.358 4.1

2p 3
2

2.4 8.5 10.9 0.004 0.0

1f 5
2

1.9 7.4 9.2 0.006 0.1

2.295 9.054 4+1 1f 7
2

2.3 8.8 11.0 0.355 4.2

2p 3
2

2.4 8.5 11.0 0.016 0.2

2p 1
2

2.5 8.7 11.2 0.002 0.0

1f 5
2

1.9 7.5 9.3 0.002 0.0

3.239 9.998 4+2 1f 7
2

2.2 8.5 10.6 0.181 2.0

2p 3
2

2.3 8.1 10.4 0.009 0.1

2p 1
2

2.3 8.3 10.6 0.002 0.0

1f 5
2

1.8 7.2 9.0 0.004 0.0

3.333 10.091 6+1 1f 7
2

2.1 8.4 10.6 0.127 1.4

1f 5
2

1.8 7.2 9.0 0.000 0.0

3.508 10.267 6+2 1f 7
2

2.1 8.4 10.5 0.724 8.1

1f 5
2

1.8 7.2 8.9 0.000 0.0

Total 2.367 27.8
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This gave the single-particle cross section that consists of stripping σstr
sp and

diffraction σdif
sp (as explained in Chapter 2) and the total, which is the knockout

cross section. By summing up the normalised single-particle cross sections (σstr
sp

and σdif
sp ) for each sub-shell considered, see Eq. 2.20, with C2S calculated from the

shell model as discussed in Section 6.1.1, the partial theoretical cross section (j),

σth(Ex, J
π, j), for populating a specific residue state was calculated using Eq. 6.1.

Different single-nucleon knockout reaction calculations were carried out for differ-

ent fp orbitals, with different r0 parameters to a number of excited states in the

residue, (Sn,p) + Ex. The theoretical exclusive cross section was calculated as the

sum of Eq. 6.1 over all the possible j values.

The theoretical single-particle cross sections for each state populated in this study

as a result of removing a neutron and a proton from fp orbital for both the
48Fe(49Fe - 1n) and 48Ti (49V - 1p) reactions using the method described above

are given respectively in Tables 6.6 and 6.7 for both yrast and yrare states. The

theoretical inclusive cross section for the population in all the final states of the

fragment residue 48Fe from the 49Fe that includes all the fp orbital removal, see

Table 6.6, is 22.9 mb. In this work, the inclusive cross section was calculated as

the sum of all the exclusive cross sections for all the observed states, regardless

of the proton separation energy. All bound states predicted by the shell model

were observed in this work. The predicted exclusive cross sections for both mirror

nuclei and the theoretical inclusive cross section 48Fe are listed in Table 6.8. In the

more bound system 48Ti, however, a theoretical inclusive cross section cannot be

precisely determined by utilising the usual method described above [24,25] due to

the high separation energies of the 48Ti residual nucleus, which makes shell-model

calculations of all bound final states impossible.

Due to the use of the shell-model space, this model can only access positive-parity

states. The calculated spectroscopic factors for each member of the mirror pair are

also identical within the shell-model approach (Table 6.2), resulting in similar the-

oretical cross sections, σexc
th (Ex, J

π), as shown in Table 6.8. As mentioned before,

due to the lack of available shell-model interaction containing the sd shell regions,
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Table 6.8: The experimental and theoretical exclusive cross sections for states
directly populated in this work through one-nucleon knockout. The inclusive cross
sections are listed in the final row (the theoretical inclusive cross section could not
be determined for 48Ti, see text for details). The theoretical cross sections are
calculated using the experimental separation- and residue-excitation energies.

Jπ
i

48Fe 48Ti

σexc
exp(mb) σexc

th (Ex, J
π)(mb) σexc

exp(mb) σexc
th (Ex, J

π)(mb)

0+ 3(2) 5.5 18(7) 6.7

2+1 0.9(9) 0.3 4(2) 0.3

4+1 1.1(8) 3.6 13(2) 4.4

2+2 0.4(2) 3.7 3.2(4) 4.3

3+1 1.2(3) 0.4

4+2 0.5(4) 1.9 2.8(4) 2.2

6+1 0.1(6) 1.2 8.3(9) 1.4

3−1 0.4(2) 4.6(6)

6+2 1.9(4) 6.8 7.2(7) 8.1

3−2 , 4
−
1 2.5(3)

3−3 4.2(6)

5−1 0.3(2) 3.4(4)

8+1 1.4(4)

inclusive 8(2) 22.9 74(6) -

the reaction model does not predict the theoretical cross sections for negative-

parity states.

171



6.2. Comparison of Experimental and Theoretical Data

6.2 Comparison of Experimental and Theoretical

Data

The experimental cross sections, both inclusive σinc (summed over all states) and

exclusive σexc (each individual state), are displayed in the Table 6.8. The theo-

retical and measured relative cross sections (σexc/σinc) for knockout to the ground

state, and all the observed excited states in the 48Fe residue are shown in Fig. 6.2.

Although the theoretical exclusive cross sections are generally much larger than

the absolute values of the measured exclusive cross sections (Table 6.8), there is

good agreement between the distributions of relative cross sections. Some of the

key observations of the experimental data, such as the strong direct population of

the yrare states, are well reproduced. These observations provided additional con-

fidence in the level scheme in Fig. 5.8. For instance, the reaction model predicted

that the 6+2 state accumulate more intensity than the 6+1 state, and this was seen

in the experimental data as well. It is important to note that in the proton-rich

nucleus 48Fe, there are a number of positive-parity states, 4+2 , 6+1 and 6+2 , that are

observed to lie above the proton separation energy (Sp = 2.731 MeV [96]).

172



6.2. Comparison of Experimental and Theoretical Data

0
10
20
30
40
50
60

0 1 2 3 4 5
0

10
20
30
40
50
60

(a)

(b)

48Fe Theory

42
+61

+

41
+

22
+

42
+ 62

+

61
+

31
-

51
-

21
+

Energy (MeV)

62
+

0+

0+

21
+

41
+22

+

48Fe ExperimentSp= 2.73MeV

R
el

at
iv

e 
cr

os
s 

se
ct

io
n 

(%
)

Yrast states
Yrare states

Figure 6.2: (a) Calculated and (b) experimental relative cross sections for ex-
cited states in 48Fe populated via one-neutron knockout from 49Fe ground state
(Jπ = 7/2−). The sum of the statistical and systematic uncertainties are pre-
sented. The model-space used for (a) is limited to positive-parity states; therefore,
for (b), the total experimental cross section is determined based on the positive-
parity states only.

A comparison of the calculated and experimental cross sections for 48Ti are

shown in Fig. 6.3. As can be seen, the agreement is quite poor between the

experimental data Fig. 6.3 (b) and the theoretical values (a). As will be discussed

later, unseen indirect feeding for these states is the likely explanation.

Due to the much higher separation energies in 48Ti, more states at higher energy

can be directly populated, feeding into the low-lying states. This is discussed in

more detail in 6.3.1. It is also important to note that it is possible to overestimate

the cross section to the ground state if there are high-lying states populated that

directly feed the ground state. This is especially likely in 48Ti.

In summary, assuming symmetry between the spectroscopic factors of the mirror

pair, the relative population of states in both nuclei can be understood by a direct

knockout process. This indicates further confidence in the assignments of newly
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identified states in 48Fe.
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Figure 6.3: (a) Calculated and (b) measured final state exclusive cross sections for
the population of individual states in 48Ti populated through one-proton knockout
from 49V ground state 7/2−.
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6.3 Discussion

In the following sections, some of the key findings and results related to the mir-

rored one-nucleon knockout analyses in both A = 48 and A = 45 will be discussed.

6.3.1 Interpretation of A = 48 Data

Based on a number of previous studies [6, 18, 20, 28, 87, 91], one of the most effec-

tive tools for studying IAS in mirror nuclei is the use of mirrored reactions. It is

due to mirrored reactions leading to similar γ-ray spectra that easy identification

and assignment of mirror transitions occur, assuming that they are well known in

the neutron-rich mirror partner. This is particularly useful when studying exotic

proton-rich nuclei that are far from stability, as the intensity of the γ rays may

not be enough to perform γ-γ analysis or to measure state spins and parities.

The results obtained for both 48Fe and 48Ti represent the first attempt to inform

discussions on the suppression of spectroscopic strength in analogue knockout re-

actions [25].

6.3.1.1 Inclusive Cross Section

Based on the isospin symmetry, e.g. the spectroscopic factors for specific knockout

paths are expected to be close to identical. Hence, the mirrored reactions, might

be expected to yield similar results. In fact, an inspection of the level schemes,

and the relative intensities in Fig. 5.8 illustrate a similar population pattern. The

experimental inclusive cross section for 49V to 48Ti, however, was 74(6) mb, a fac-

tor of ∼ 9 times greater than the analogue reaction to 48Fe, 8(2) mb.

There are two other examples of analogue cross-section measurements in mirrored-

knockout reactions in the literature [27, 28], and in both cases, the inclusive cross

sections were also asymmetric, although not as much as observed here. There

was about a factor of ∼ 4 and a factor of ∼ 3 difference in the inclusive cross
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sections for mirrored one-nucleon knockout to the T = 1, A = 70 mirror pair in

Wimmer et al. [27] and to the T = 1
2
, A = 55 mirror pair in Spieker et al. [28],

respectively. The authors suggest that the asymmetry could potentially be a result

of the different binding of the mirror nuclei in both cases. For the mirror nuclei

studied here, the nucleon separation energies in 48Fe are indeed highly asymmetric

– the most recent mass evaluations [96] (including a recent mass measurement of
48Fe [97]) yield separation energies of Sp = 2.73 MeV, Sn = 18.95 MeV compared

to Sp = 11.4 MeV, Sn = 11.6 MeV for the more bound nucleus 48Ti. Therefore,

the large inclusive cross-section asymmetry might be explained by the large popu-

lation of highly excited 48Ti bound states, whereas its analogue states, in 48Fe, are

unbound and decay by proton emission and, hence, are excluded from the mea-

surement.

Using the measured cross sections from Chapter 5 (Section 5.2) and the theoretical

single-particle cross sections obtained from Section 6.1, both of which are presented

in Table 6.8, it is possible to calculate the inclusive cross sections for both nuclei,

which allow for the determination of the ratio, Rs = σinc
exp/σ

inc
th . The recent studies

from [24–26] have examined the strong suppression of experimental cross sections

for the one-nucleon knockout at intermediate energies, compared to model pre-

dictions. As shown in that study, the ratio Rs appears to be strongly dependent

on the asymmetry of the proton and neutron separation energies (Fig. 1.1). This

difference is defined as the difference in separation energy ∆S between the proton

separation energy Sp and the neutron separation energy Sn, where ∆S=Sp − Sn

for proton removal and ∆S=Sn −Sp for neutron removal. The excitation energies

are considered for determining ∆S [25] as follows

∆S =


(Sn + Ex)− Sp : for neutron removal,

(Sp + Ex)− Sn : for proton removal,

(6.3)

Hence, the values of ∆S are different for each state observed for both nuclei
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48Fe and 48Ti, varying by ∼ 4 MeV (Table 6.9).

As specified in [25], where multiple states are populated, the effective separation

energy is determined from an average of the populated states, weighted by the

theoretical cross section. Hence, for n-removal, for example, the Sn value was

replaced with an “effective” Sn, which is given as follows:

Seff
n =

∑
i(Sn + Ei

x)σ
i
th∑

i σ
i
th

(6.4)

It was shown that for the removal of strongly-bound nucleons from weakly-bound

systems (such as neutron removal from nuclei near the proton-drip line, as in the

current study), the suppression was strong with Rs reducing from ∼ 0.6(1) to

∼ 0.3(1) for positive values of ∆S from 0 to 20 MeV [26]. For the one-neutron

removal reactions of 49Fe to 48Fe, ∆S = 14.3 MeV, and the inclusive cross section

indicates a value of Rs of 0.36(6), consistent with the observations in Ref [25].

In the current work, there is also evidence of the removal of sd-shell nucleons

(approximately 10% of the total cross sections), which are excluded from the shell-

model calculation. The result seems to indicate a modest underestimation of the

theoretical inclusive cross section, thereby reducing Rs even further. Hence, the

Rs value of 48Fe is set as upper limit, as seen in Fig. 6.4, which shows the Rs value

of 48Fe deduced from this work with ∆S, where the trend line was plotted using

the equation Rs = 0.61 − 0.016 ∆S (as reported in [26]).
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Figure 6.4: The ratios, Rs, of the experimental and theoretical inclusive one-
nucleon removal cross sections for each of the projectile nuclei indicated to 48Fe
(red) as an upper limit (due to missing sd strength) and 48Ti (blue). Rs is shown
as a function of the parameter ∆S. The trend line (solid line) given in Eq. (2),
as reported in [26], and a band of half-width 0.1 (dashed lines) have been applied,
which represent the totality of the collected data points. The Rs value of 48Ti was
plotted as the lower limit (estimate) since a theoretical (maximum) inclusive cross
section to 48Ti was estimated by evaluating the sum-rule strength for removal of
f7/2- and sd-shell protons, see text for details.

However, in the case of the strongly bound nucleus 48Ti, it is not possible to

precisely calculate a theoretical inclusive cross section due to the high proton and

neutron separation energies, both are ∼ 11.6 MeV, making a shell-model calcula-

tion of all bound final states impracticable. There will be many states populated

in that range that are accessible to one proton removal, and there is no possible

way to do that calculation in the shell model.

This analysis indicates that the removal of sd-shell particles is likely to play

a significant role in the inclusive cross section for 48Ti. J. Tostevin [98] pro-

vided the solution of evaluating the combined sum-rule strength for the removal

of all f7/2- and sd-shell nucleons. To account for the sd removal, the excitation-
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Table 6.9: This table shows the relevant results from the present study. The
experimental and theoretical exclusive cross sections for both 48Fe and 48Ti and
the angular momentum and parity Jπ values. The separation energy differences
∆S, (Sn + Ex) − Sp for neutron knockout (48Fe) and (Sp + Ex) − Sn for proton
knockout (48Ti) for the positive-parity yrast and yrare states are shown, as well as
the ratio between the experimental to the theoretical inclusive cross sections (Rs)
with the separation energy differences ∆S only for 48Fe is listed. The theoretical
inclusive cross section could not be determined for 48Ti; hence, the Rs also could
not be determined, see text for details.

Residue ∆S (MeV) Jπ σexc
exp(mb) σexc

th (mb) σexp/σth

48Fe 12.1 0+ 3(2) 5.5 0.5(4)

13.0 2+1 0.9(9) 0.3 3(3)

14.3 4+1 1.1(8) 3.6 0.3(2)

14.4 2+2 0.4(2) 3.7 0.1(4)

15.2 4+2 0.5(4) 1.9 0.2(1)

15.3 6+1 0.1(6) 1.2 0.1(5)

15.5 3−1 0.4(2) - -

15.6 6+2 1.9(4) 6.8 0.3(1)

16.2 5−1 0.3(2) - -

Total 14.3 inclusive 8(2) 22.9 0.36(6)

48Ti -4.8 0+ 18(7) 6.7 2.7(1)

-3.8 2+1 4(2) 0.3 12(4)

-2.5 4+1 13(2) 4.4 3.0(3)

-2.3 2+2 3.2(4) 4.3 0.7(1)

-1.6 3+1 1.2(3) 0.3 3.2(7)

-1.5 4+2 2.8(4) 2.2 1.3(2)

-1.46 6+1 8.3(9) 1.4 5.8(5)

-1.43 3−1 4.6(6) - -

-1.3 6+2 7.2(7) 8.1 0.9(1)

-1.0 3−2 , 4
−
1 2.5(3) - -

-0.9 3−3 4.2(6) - -

-0.7 5−1 3.4(4) - -

-0.2 8+1 1.4(4) - -

- inclusive 74(6) - -
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energy centroids of the sd orbitals were estimated using the HF-binding energy

for each orbital as listed in Tables 6.3 and 6.4 for both projectiles 49Fe and 49V,

respectively (as described in Section 6.1.2). The HF density calculations provided

neutron-bound state results (49Fe) and proton-bound state results (49V) for the

different orbitals (f7/2 orbital along with sd orbitals) to give a good description

of the binding energies of all these different particles, and these can be used to

extract estimates of the centroids of the spectroscopic strength. As the strength

(e.g. all the states populated by knockout from a particular orbital) is distributed

over a range of excitation energies, the weighted average value of these states is

estimated to be the single-particle centroid. The f7/2 centroid can be assumed to

be at the ground state (Fermi level); hence, when the particle is removed from the

deep orbital, the centroid will be higher.

Since the Fermi level is the f7/2 orbital, this means that the binding energy of

the f7/2 neutron should be the neutron separation energy Sn in 49Fe, whereas the

binding energy of the f7/2 proton should be the proton separation energy Sp in 49V.

The neutron and proton separation energies of the ground state of 49Fe and 49V

nuclei were calculated (Tables 6.3 and 6.4) to be 14.9 MeV (the energy required

to remove f7/2 neutron to the ground state in 48Fe) and 6.84 MeV (the energy

required to remove f7/2 proton to the ground state in 48Ti), respectively. The

excitation-energy centroids for sd-shell proton/neutron removal were estimated by

subtracting the binding energies of the sd orbital from the binding energy of the

f7/2 ground state of the 49Fe/49V nuclei, and these binding energies are shown in

Tables 6.3 and 6.4.

For 49V (the beam used for proton removal to 48Ti), this analysis suggests that

the excitation energy centroids for the sd-shell proton orbitals are about 5.1 MeV

(d3/2), 5.3 MeV (s1/2), and 9.9 MeV (d5/2). Similarly, for 49Fe (the beam used

for neutron removal to 48Fe), the sd-shell neutron orbitals were about 5.3 MeV

(d3/2), 5.6 MeV (s1/2), and 10.0 MeV (d5/2). Hence, these provide reasonable

estimates for the excitation energy centroids, in 48Ti and 48Fe, for the sd-shell pro-

ton/neutron removal. These excitation-energy centroids are illustrated in Fig. 6.5.
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The majority of this sd-shell knockout strength would, thus, populate bound

states in 48Ti (E∗ < 12 MeV) and unbound states (E∗ > 3 MeV) for the analogue

neutron-removal reactions to 48Fe. According to this interpretation, the significant

asymmetry evident in inclusive cross sections, therefore, is most likely due to this

∼ 9 MeV difference, between 48Ti and 48Fe, in the excitation energy range within

which bound states occur. This also explains the weak population of low-energy

negative-parity states in 48Fe, which are assumed to be in the tail of the centroids.

It is instructive to estimate a theoretical (maximum) inclusive cross section to
48Ti by evaluating the sum-rule strength for the removal of all f7/2- and sd-shell

protons (i.e. those at and below the Fermi level). Their centroids are all expected

to be bound for 48Ti. In this estimate, the average excitation energies of the states

populated by sd-shell knockout are taken to be above the centroid estimates. The

C2S values of the sd orbital were assumed to be 4, 2, and 6 (the maximum number

of particles in each orbital) for d3/2, s1/2 and d5/2, respectively. Subsequently,

the theoretical cross sections for the sd removal were estimated using the mirrored

knockout reaction that is described in Section 6.1.2 to be ∼103.8 mb. The in-

cluded pf shell-model states, to E∗ = 3 MeV, account for a summed spectroscopic

strength of 2.4 (Table 6.2). The remaining 0.6 units, to states at higher energy,

can account for a maximum additional cross section of 7 mb, given the calculated

pf -shell orbital cross sections. By adding removals from the assumed-filled sd-shell

orbitals, as well as the missing f7/2 strength, to the total theoretical cross sections

of the fp removal (27.8 mb, see Table 6.7), a maximum (sum-rule) inclusive cross

section of ∼ 139 mb is yielded (Table 6.10).

Fig. 6.5 provides a visual explanation for the large asymmetry in the mirrored cross

sections, where the estimated centroids of the f7/2, ds1/2, d3/2, and d5/2 orbitals are

shown. Since f7/2 and sd shell orbitals are partly and fully occupied at the Fermi

surface, and in the case of knockout of a particle from these four orbitals from the

projectiles (49V and 49Fe), this will end up with bound states in 48Ti and mostly

unbound states in 48Fe (Fig. 6.5). Hence, this diagram can interpret the large

difference in the mirrored inclusive cross sections, where the negative-parity states
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Figure 6.5: A diagram demonstrating the estimated excitation-energy centroids of
the single-particle strength distribution (the sum-rule strength) for the removal of
the f7/2-shell and full sd-shells protons. All these final states are expected to be
bound for 48Ti, whilst, for the analogue states in 48Fe, only the states resulting
from f7/2 removal are expected to be bound.

populated from sd removal are above the proton separation energy (unbound) in
48Fe, while in 48Ti, they are below the separation energy (bound).

Using the experimental inclusive cross section of 74(6) mb and the maximum pre-

dicted cross section of 48Ti (139 mb), a minimum value of Rs was estimated to be

0.53(4) at ∆S = 1.5 MeV. This value is plotted as the lower limit (Fig. 6.4). Since

the Rs of 48Ti is a lower limit (and actually, the 48Fe is more likely to be an upper

limit due to missing sd strength), the degree of suppression (Rs) in this mirrored

knockout analysis (Fig. 6.4) has a similar trend to the published Rs systematics

for inclusive cross sections, as shown in [25,26].
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Table 6.10: An estimate of the maximum possible cross sections of 48Ti(49V - 1p)
reaction due to removals from the assumed-filled sd-shell orbitals.

The cross section of sd-shell knockout strength to bound states

orbital E∗(centroid) E∗(centroid) + Sp C2S σsp(mb) σth(Ex, J
π, j)(mb)

s 1
2

5.3 11.7 4.0 7.7 32.2

d 3
2

5.1 12.1 2.0 10.7 22.3

d 5
2

9.9 16.5 6.0 7.8 49.2

Total - - - - 103.8

The cross section of missing knockout strength of fp-shell

f 7
2

3.0 9.7 0.6 10.7 7.2

The cross section of knockout strength of fp-shell

Total - - - - 27.8

Theoretical inclusive cross section of fp and sd orbitals ∼139

6.3.1.2 Exclusive Cross Section

By comparing the experimental exclusive cross sections between the mirror nuclei
48Fe/48Ti, there are two observations that can be seen instantly (Table. 6.9). The

first one is that all the exclusive cross sections in 48Ti are much larger than in 48Fe

by a factor of up to ∼ 20. This is especially true of the yrast states. Secondly, the

experimental cross sections for yrast states are larger than theoretical values of
48Ti, which is unlikely to be correct (they are normally suppressed). For instance,

the experimental exclusive cross sections of 2+1 , 3+1 , 4+1 and 6+1 states (yrast states)

are much larger than the theoretical values by factors ∼ 13, 3, 4, and 6, respec-

tively. Therefore, these values are not considered a reliable measure for the true

exclusive cross section. However, this is not true in 48Fe where the experimental

cross sections are lower than theoretical cross sections in all cases, see Table. 6.9.

These observations are consistent with the above discussion about the inclusive

cross sections. That is, population of high-lying states in 48Ti yields significant

unseen feeding into the low-lying yrast states and ground state of 48Ti, and this can
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be seen in the level scheme of 48Ti (Fig. 5.8) since states along the yrast line would

be expected to gather intensity from statistical feeding from higher-energy states.

Hence, these exclusive cross sections in 48Ti may be significantly over estimated.

As a matter of fact, the larger observed cross section to the 48Ti ground state,

in comparison with the smaller theoretical prediction (a factor of ∼ 3), implies

additional unseen feeding.

The above observations indicate that it is not possible to do a comparison (the

ratio between the experimental and theoretical cross sections) between analogue

exclusive cross sections for yrast states between these mirror nuclei.

On the other hand, the yrare states, predicted to contain strong direct populations

in this specific case, may be less susceptible to this indirect feeding. Indeed, in

fusion-evaporation reactions populating 48Ti ( [99]), where the low-spins states are

fed indirectly through statistical feeding, the 2+2 and 4+2 states (that lie ∼ 1 MeV

above the yrast line) do not receive any population. The ratio between the exper-

imental exclusive cross sections to the theoretical values (σexc
exp/σ

exc
th ) were obtained

for individual states observed (yrast and yrare states) for both mirror nuclei and

both are given in Table 6.9. Upon comparing the exclusive cross section of the

analogue yrare states (Table 6.9), a significant asymmetry of the cross section re-

mains, which is consistent in magnitude for all three pairs of yrare states. The

experimental exclusive cross sections to these states are ∼ 5 times higher, on av-

erage, in 48Ti than in 48Fe. It should be noted that more indirect feeding cannot

be excluded for these states, particularly for 48Ti, and hence these exclusive cross

sections should be regarded as upper limits.

The systematics of Rs=σexp(inc)/σth(inc) as a function of ∆S [25] have some in-

teresting potential consequences for mirrored exclusive cross sections like the one

presented here. The Rs data collected in that systematic analysis pertain only to

inclusive cross sections. However, if the trend of the Rs plot is also followed, in

reality, for analogue (i.e. mirrored) exclusive cross sections, it can only arise from

the difference in the experimental cross sections, despite the supposed analogue

nature of the knockout process – in qualitative agreement with the tentative ob-
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servations here. The reasons for this argument are as follows: (i) the mirrored

reactions with high-T are well separated in ∆S, with a difference of ∼ 16 MeV

in this case, (ii) the theoretical spectroscopic factors for the knockout pathways

in the shell model are essentially identical, and (iii) the theoretical single-particle

cross sections do not have a strong ∆S-dependence in the reaction model used

here (∼ 20% in this case). The ratio of the experimental and theoretical exclusive

cross sections for these three pairs of yrare analogue states σexp(exc)/σth(exc) as a

function of ∆S is shown in Fig. 6.6.

It can be seen that the degree of suppression (experiment compared to theory)

again has a similar trend to the published Rs data (refer to Tostevin and Gade [98])

for inclusive cross sections. It is worth noting that although, the absolute values

of the ratios shown in Fig. 6.6 for exclusive cross sections will be affected by the

accuracy of the shell-model calculations for individual states, the trend with ∆S

should be unaffected, as the mirror reactions probe the same spectroscopic factors.

Whilst this analysis is possible for the yrare states, it was not possible to conduct

such a detailed comparison of experimental and theoretical exclusive cross sections

for the analogue yrast states due to the reasons mentioned before, the most im-

portant of which is the unseen feeding into these states and the incomplete model

space (sd shell removal). This comparison of the analogue exclusive cross sections

by mirrored knockout (for pairs of analogue final states) was performed here for

the first time to understand the (a) symmetry of the analogue nature of the reac-

tions, (b) the variation of cross sections with ∆S.
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Figure 6.6: The ratio of the experimental to the theoretical cross sections for yrare
states 2+2 , 4+2 and 6+2 plotted against the separation energies ∆S for both mirrored
one-nucleon-knockout reactions. The red data represent one neutron knockout
from 49Fe to 48Fe and the blue data represent one-proton knockout from 49V to
48Ti.

6.3.2 Mirrored Knockout Reaction Result of A = 45

The secondary beam, 46V, with equal numbers of neutrons and protons (N = Z)

used in this analysis are of particular interest in order to simplify the (a)symmetry

on the mirrored reaction with only one N = Z secondary beam, instead of two

secondary beams.

For the 46V projectile, Table 5.7 collects the measured inclusive cross sections

for each mirror nucleus 45V and 45Ti. The experimental inclusive cross section

for 46V → 45Ti, is again a factor of ∼ 9 times larger than the analogue reaction
46V → 45V. Despite using only one secondary beam 46V in both reactions, the dis-

crepancy was observed in the knockout cross section (Table 5.7), which is similar

to that observed in A = 48 mirror nuclei.
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Figure 6.7: A diagram demonstrating the estimated excitation-energy centroids of
the single-particle strength distribution (the sum-rule strength) for the removal of
the f7/2-shell and full sd-shells protons. All these final states are expected to be
bound for 45Ti (except the d5/2 removal), whilst, for the analogue states in 45V,
only the states resulting from f7/2 removal are expected to be bound.

Thus, one likely contribution to the large inclusive cross-section asymmetry, as dis-

cussed in A = 48 mirror nuclei (Section 6.3.1), is the population of highly-excited
45Ti bound states, whose analogue states, in 45V, are unbound and may decay by

proton emission and, hence, are excluded from the measurement. The nucleon

separation energies for 45V are Sp = 1.62 MeV, Sn = 16.14 compared to Sp = 8.48

MeV, Sn = 9.53 MeV for 45Ti [96]. Again, for 45V, the nucleon separation ener-

gies are highly asymmetric, compared to 45Ti, where a high level of population

of bound states up to 9 MeV is possible. Hence, the total cross sections will be

different again as a result of unseen feeding, which accounts for 45Ti and is absent

in 45V, and again the removal of the sd-shell particles is likely to play a significant

role (Fig. 5.17).

The same procedure as in Section 6.3.1 was followed to estimate the sd centroids

and the excitation energies resulting in numbers shown in Fig. 6.7. One differ-

ence observed here is that, in the 45Ti case, the excitation-energy centroid of the

d5/2 level is above the separation energies of ∼ 9 MeV (Fig. 6.7).

These results provide further support for the conclusions the large inclusive cross-
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section asymmetry observed in the A = 48 mirror pair, i.e., that the asymmetry

may be due to the different binding of the mirror nuclei used in this work.

This A = 45 analysis is still underway and hence only interim results are included.

However, it is complicated by the fact that the isomeric ratio is still unknown,

which is required for the calculation of theoretical cross sections since the cross

section depends on whether the particle was removed from ground state or isomer

state, both of which have different separation energies. Due to the inability to

calculate the theoretical inclusive cross section, the Rs is not calculated here. It

is an interesting type of analysis for testing the symmetry of the analogue reac-

tion, starting with the N = Z secondary beam and knocking out a particle from

the same nucleus. Further work, which take these variables into account, will be

needed to be undertaken in the future.
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Chapter 7

Mirror Energy Differences

The new excited states presented in Section 5.1 has allowed for the determination

of mirror energy for A = 48, T = 2 states in the f 7
2

shell for the first time. In the

following sections, these MED are compared to shell-model calculations, taking

into account Coulomb and nuclear isospin-breaking forces, performed as part of

this thesis work for the A = 48, Tz = ±2 mirror pair.

7.1 An Overview of Shell-Model Calculations

The large-scale shell-model approach using the ANTOINE code [43] was used to

analyse MED for the 48Fe - 48Ti mirror pair. The results of the shell-model ap-

proach to MED studies are based on using the full fp valence space and the KB3G

interaction [45], where no restrictions were placed on the movement of particles

between the fp orbitals. The first step of performing realistic shell-model calcu-

lations is selecting an appropriate valence space (with an appropriate inert core).

Then, a series of basis states with pure configurations, such as π(ν)f 4
7
2

ν(π)f 4
7
2

,

were constructed, which will eventually mix to produce the real states. The wave

functions of these states are then expressed as linear combinations of Slater de-

189



7.2. Calculations of Isospin-Breaking Terms

terminants [100] for protons and neutrons independently. With the intention of

determining these linear combinations, the Hamiltonian matrix was diagonalised

with the same dimensions as the number of basis states. This diagonalisation rep-

resents the primary function of the shell-model codes.

The shell-model calculations of an appropriate model space and corresponding in-

teraction, which forms the Hamiltonian described in Section. 2.2. In Chapter 2,

this Hamiltonian comprises kinetic energy operators and two-body interactions,

i.e. single-particle energies and two-body matrix elements.

7.2 Calculations of Isospin-Breaking Terms

The shell-model calculations involve several inputs calculated by the user: (i) the

fp valence space, (ii) truncation (restricting number of particles allowed to be

excited), and (iii) the effective interactions (residual interactions), as described in

Section 2.2.2. Several of the isospin-breaking phenomena discussed in Section 2.2.3

can be easily included into standard shell-model calculations to interpret experi-

mental data. The shell-model method used is based on the description in Section

2.2.3, which accounts for multipole and monopole contributions to the MED of

Coulomb and magnetic origins [7]. Fig. 7.1 shows a summary of the MED calcu-

lations within the shell-model calculations.

The MED calculation process comprise four steps, with each step entailing the

addition of an extra term, VCM , VCM + (Vll + Vls), VCM + (Vll + Vls) + VB, and

VCM + (Vll + Vls) + VB + VCr. This was done to evaluate and plot the contribution

of each term separately. The calculations start with isoscalar interactions (KB3G

interaction [45]); no Coulomb effects were involved, where the protons and neu-

trons are treated in an identical manner (Vpp = Vnn = Vnp). Hence, the MED

would be zero. Four contributions to the MED were calculated within the shell

model. The Coulomb multipole term, (VCM), accounts for the Coulomb effect of

190



7.2. Calculations of Isospin-Breaking Terms
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Figure 7.1: A schematic diagram of the MED calculations of the A = 48, Tz = ±2
mirror pair using the full fp space shell-model calculations, implemented using the
ANTOINE code.
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7.2. Calculations of Isospin-Breaking Terms

recoupling angular momenta of pairs of protons, which is achieved by adding the

Coulomb two-body interaction (Coulomb matrix elements calculated using a har-

monic oscillator potential) to the nuclear residual interaction for protons (existing

two-body matrix elements) in order to produce a Coulomb-dependent interaction.

By taking two such calculations with reversed numbers of protons and neutrons

(4826Fe22 and 48
22Ti26) and subtracting one from the other, the Coulomb multipole

contribution to MED can be determined for Tz = ±2 as

∆VCM(J) = E∗
CM(J)Tz=−2 − E∗

CM(J)Tz=2 . (7.1)

The next contribution to the shell-model calculation process is the monopole

single-particle effects, Vll + Vls (as described in Section 2.2.3.3). This is simply

achieved by adding the shifts in single-particle energies calculated using Eqs. 2.17

and 2.18 to the single-particle energies in an existing interaction.

The next term VB added to the shell-model calculations is an empirical isovector,

Vpp ̸= Vnn, contribution, which was found to be necessary in addition to VCM [7].

This isospin non-conserving contribution VB was shown in [9] to be strongly de-

pendent on the angular-momentum coupling of nucleon pairs (as discussed in Sec-

tion 2.2.3.4. The origin of the VB term is presently unclear and a discussion on

this is provided in [8, 9]. This is added to the matrix elements for protons.

This work used two different ways to define the INC term VB, and both have been

described in [9]. First, the single −100 keV INC matrix element for J = 0 for all

fp-orbitals was used. Second, four parameters extracted from the fit across the

f 7
2

shell [9] were used. In the first method, a single-matrix element for VB of −100

keV INC matrix element for J = 0 couplings for all fp orbitals (i.e. added directly

to the shell-model matrix element for protons). In the second method to deter-

mine the VB term, effective isovector (Vpp ̸= Vnn) matrix elements were extracted

in the f 7
2

shell by fitting the shell model to a full set of all experimental MED data

obtained across the whole shell. Matrix elements of VB = −72(7), +32(6), +8(6),

−12(4) keV [9] were obtained for J = 0, 2, 4, 6 couplings, respectively.

The last isospin-breaking contribution added to the normal shell-model calculation
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Figure 7.2: Proton and neutron fp-shell occupancies for states ((a) yrast states
and (b) yrare states) in 48Fe. Calculations performed with ANTOINE and the
KB3G [45] interaction in the full fp-shell space. The p 1

2
occupation is negligible

and the f 7
2

occupation increases with a corresponding decrease in p 3
2
.
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7.3. Results of MED Shell-Model Calculations

process is the radial contribution (VCr). It is the monopole Coulomb contribution

associated with changes in the nuclear radius with J , it is calculated by tracking

the occupation of the p 3
2

as a function of J . The occupation of the p 3
2

shell in

the f 7
2

nuclei varies with spin, whereas the p 1
2

occupation is relatively small and

fairly constant (Fig. 7.2), hence the p 1
2

is not tracked. Since the radius depends

only on l, small l orbitals have larger radii [7] (see Section 2.2.3.2). Accordingly, it

would be reasonable to consider only the total occupation (protons and neutrons)

of the p 3
2

shell. Calculations were carried out in the fp valence space without the

consideration of the core, so monopole effects of the radial change must be explic-

itly considered to account for the shape changes of the core. This can be achieved

by computing the total occupation of the p 3
2

orbital, obtained directly from the

shell-model calculation, for the states of interest (both yrast and yrare states).

Assuming the radii of the mirror nuclei to be equal indicates that a calculation

of the average of proton and neutron occupation numbers of the p 3
2
, mp and mn,

respectively, is required mp+mn

2
. The change in this number is calculated relative

to the ground state and the contribution to the MED of mirror nuclei A = 48 from

the radial Coulomb monopole term (∆VCr) can be determined by multiplying the

strength of the interaction (αr = 200 keV) [8] and |Tz| = ±2 by the appropriate

coefficients (Eq. 2.16). A value of 200 keV was used in this calculation, and it was

found to reproduce experimental energy differences across the f 7
2

shell [8]. The

result of the (∆VCr) calculation was then added to the other terms’ contribution

to MED.

7.3 Results of MED Shell-Model Calculations

The contributions to the MED described above are added together for each state

of interest in a A = 48, Tz = ±2 mirror pair to compare them with experimental

data. This is equivalent to isovector energy differences. These calculations can be
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7.3. Results of MED Shell-Model Calculations

compared with experimentally determined MED in order to obtain insights into

the evolution of the structure of excited states. Additionally, they can test the

shell model and the isospin-breaking calculations performed using the model.

The MED results for the yrast and yrare states of A = 48 mirror pair are presented

in Table 7.1 and Fig. 7.3. Fig. 7.3 shows the results of isospin-breaking components
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Figure 7.3: Contributions to the A = 48, Tz = ±2 MED (for both (a) yrast
states and (b) yrare states) from individual isospin-breaking terms, along with the
resultant predicted MED (the sum of the four components) in solid lines in (a)
and (b). The solid line uses a single −100 keV INC matrix element for J=0 for all
fp orbitals. In (b), the MED for the J ̸= 0 yrare states are plotted relative to the
J = 0 ground state.

calculated for both the yrast and yrare states of the A = 48, Tz = ±2 mirror pair,

as described in Section 7.2. These calculations were performed in the full fp space

using a single −100 keV INC matrix element for J=0 for all fp-orbitals.
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7.3. Results of MED Shell-Model Calculations

Table 7.1: Experimental and theoretical A = 48 MED. The theoretical MED is
presented with both J = 0 and fitted parameters for VB term. This data has been
graphed in Fig. 7.4.

MED Results

Jπ Shell-Model +VB (J=0) (keV) Shell-Model +VB (fitted) (keV) Experiment (keV)

Yrast states

0+ 0 0 0

2+1 -22 -25 -11(2)

4+1 -28 -32 -39(2)

6+1 -35 -68 -87(3)

Yrare states

4+2 16 15 -41(3)

2+2 -31 -36 -39(3)

6+2 14 31 -7(3)

The monopole effect VCr is seen to increase smoothly with spin, similar to that of

the Tz = ±1 odd—odd mirror pair with A = 48 [8]. This term depends on the

|Tz|, which is shown in Eq. 2.16. This occurs as a result of a gradual reduction in

the occupation of the p3/2 orbital in both members of the mirror pair, resulting in

a smaller radius and an increase in Coulomb energy. However, since the Tz = −2

member of the pair has more protons than the other member, the Coulomb en-

ergy increases more rapidly, which results in a positive energy difference. For the

Jπ=2+1 and 2+2 states, an increase in p3/2 occupation yields a negative energy dif-

ference. The inclusion of the Coulomb multipole term, VCM , is dominant in this

calculation, and the INC term VB, along with the other terms, yields as dramatic

an improvement in agreement with experimental data, this will be discussed later.
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7.4. Discussion

7.4 Discussion

The following section will describe some of the key findings and results from the

MED analyses between isobaric analogue states for A = 48 nuclei.

7.4.1 Interpretation of MED A = 48 Data

The results of the shell-model calculations performed for the 48Fe/48Ti mirror pair

(as described in Section 7.2), in addition to the experimental MED obtained in

this work, are presented for the yrast and yrare states in Figs. 7.4 (a) and (b),

respectively. The four isospin-breaking components of the shell-model calculation

are incorporated, whose total give the predicted MED (the solid line and dashed

line). These two lines of theory correspond to two different ways of defining the

INC term, VB. The solid line uses single −100 keV INC matrix element for J=0

for all fp-orbitals, and the dashed line uses four parameters extracted from the fit

across the f 7
2

shell [9]. Experimental MED and shell-model calculations have been

compared for the yrast and the yrare states. The solid black lines in Figs. 7.4 (a)

and (b) are the shell-model calculations, and the four individual components for

this calculation were illustrated in Fig. 7.3. As part of the shell-model calculation,

a single matrix element of −100 keV is included for J = 0 couplings for all fp

orbitals. Based on [9], it was demonstrated that J = 0 coupling is by far the most

significant contribution to VB, and the best fit value of -79 keV was extracted.

The J = 0 dominance suggests a monopole pairing effect underlies this empiri-

cal phenomenon. Additionally, for energy differences between states of isobaric

triplets [101], a single isotensor matrix element of +100 keV for J = 0 was found

to provide a good description of TED across the fp shell. Therefore, for simplicity

an isovector component of −100 keV for J = 0 is used for VB in the solid lines in

Fig. 7.4.
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Figure 7.4: The experimental and theoretical MED for the A=48, Tz = ±2 mirror
yrast (a) and yrare states (b). The solid line and the dashed line in (a) and (b)
both are the shell-model calculations, which include all the four components and
correspond to two different ways of defining the INC term VB. The solid line uses
single −100 keV INC matrix element for J=0 for all fp-orbitals and the dashed line
uses four parameters extracted from the fit across the f 7

2
shell [9]. The sum of the

four components of the shell-model calculations (defined in the text) is presented
in solid lines in (a) and (b) and also were graphed in Fig. 7.3. In (b), the MED
for the J ̸= 0 yrare states are plotted relative to the J = 0 ground state.

As can be seen, the agreement between the MED experiment and theory is

good for the observed states (yrast states), the A = 48 mirror pair. In terms of

yrast states, the calculations reproduce the negative trend of MED, with good

agreement for the 2+1 and 4+1 states, while the calculations vary from the experi-

ments for the yrast 6+1 state. However, the inclusion of the VB term, in this case,

does not have the same dramatic effect as in other cases in the region [9]. As a
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result of turning off the VB term, the 6+1 state agreement improves and the 2+1

state significantly deteriorates. In the case of yrare states, the 2+2 state is not well

reproduced by the calculations, either with or without VB, having better agree-

ment for the 4+2 and 6+2 states. The inconsistent agreement between experiment

and model may be related to the inadequacy of the fp space, especially for protons

(neutrons) in 48Ti (48Fe). There are only two such particles in the fp shell-model

space. Similarly, poor agreement was observed for the A = 46, T = 1 mirrors [8],

presumably for similar reasons (missing two-particle two-hole excitations across

the 40Ca shell closure).

Although a single, negative J = 0 matrix element for VB is largely enough to

account for the experimental MED data in the f 7
2

shell, a better overall fit to f 7
2

nuclei was obtained by a full set of effective isovector (Vpp − Vnn) matrix elements

in the f 7
2

shell. The values for these matrix elements were VB = −72(7), +32(6),

+8(6), −12(4) keV for J = 0, 2, 4, 6 couplings, respectively, of the f 7
2

orbital.

The result of a shell-model calculation, using these coefficients for VB, added to

the two-body interaction for protons in the f 7
2

shell, as shown by the dashed line

in Figs. 7.4 (a) and (b). This results in a noticeable further improvement in the

agreement with the experimental MED data for the yrast states.

From Fig. 7.3, it can be seen that all isospin-breaking contributions are significant

for the observed states, particularly the Jπ= 2+1 , 4+1 , 4+2 and 6+2 states. As a result,

without all these terms, predictions for these states would be impossible.

In addition to a large difference in Z between the nuclei, this mirror pair also

has two additional unique features. First, all the positive parity states observed,

both the yrast and yrare states, were populated in both mirror nuclei. This allows

MED analysis to be performed for both types of states. Second, being at the exact

centre of an isolated f 7
2

shell, mirror nuclei with A=48 with 48 particles have a

cross-conjugate symmetry [21] as well as mirror symmetry.

The cross-conjugate symmetry is a feature of a shell-model calculation performed

in a single j-shell, where in such a single j, the particles behave like holes. The cross

conjugate partners are usually obtained by swapping protons for neutron holes and
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neutrons for proton holes. For example, 42Ti (N=22, Z=20) is the cross-conjugate

partner of 54Ni (N=28, Z=26), and 42Ca (N=20, Z=22) is the cross-conjugate

partner of 54Fe (N=26, Z=28) [21]. In the shell model, all these four nuclei have

identical structures (assuming no Coulomb or INC terms are added) where there

are two pairs of cross-conjugate partners and two pairs of mirror partners.

However, nuclei that are mid-shell, i.e., A = 48 (48Fe/48Ti) have a special property

which is that they are their own cross conjugate partners. For example, in the case

of 48Fe, if swapping protons for neutron holes and neutrons for proton holes, it ends

up back at 48Fe. This means that the two fluids (protons and neutrons) have sim-

ilar properties and behave the same way – the protons act like the neutrons, and

the neutrons act like the protons. This happens in both mirror nuclei,48Fe/48Ti,

and if this is the case, the MED will be zero. However, this is not quite true since

the f 7
2

shell is not isolated and there are excitations.

Assuming an isolated f 7
2

shell, 48Fe has two neutrons and two proton holes in the

shell, while 48Ti has two protons and two neutron holes. In this case, all multipole

Coulomb effects contributing to the MED, which usually dominate, would be zero.

Since the largest components of the wave functions are of the form π(ν)f 6
7
2

ν(π)f 2
7
2

,

the Coulomb multipole contributions to the MED may therefore be predicted to be

small. Despite the cross-conjugate nature of the mirror pair A=48, the magnitude

of the experimental MED is large as compared to other cases in this region [8],

and the multipole components of the MED in the shell model are the dominant

components.

To demonstrate the effect of cross-conjugate symmetry, a calculation was trun-

cated for A=48 to prevent any particles from being excited into the upper fp

orbitals, i.e. p 3
2
, p 1

2
and f 5

2
. The results of this calculation shown in Fig. 7.5

indicate that all the four isospin-breaking terms, as described above, switch off to

zero when there is no excitations allowed out of the f 7
2

shell. The cross-conjugate

symmetry nuclei in the f 7
2

shell (as in this work, A = 48) results in the cancellation

of isovector multipole effects (Vpp − Vnn) in a single j shell. The (VCr) term that

was used to track changes in radius, has a contribution to the MED due to the
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Figure 7.5: A theoretical MED results for the A=48, Tz = ±2 mirror yrast (a) and
yrare states (b) with the particle restricted in f7/2 shell (t = 0) where MED = 0.
The MED changes dramatically once the particles are excited out of the f7/2 shell
(t = 1, 2, 3, 4, 5, 6, 7, and 8). In (b), the MED for the J ̸= 0 yrare states are
plotted relative to the J = 0 ground state.

difference in proton number. This term is dependent on the occupation of the

p 3
2

shell, and since there is no excitation out the f 7
2

shell, that will stop all the

occupations of the p 3
2

shell, hence the VCr is also turned to zero by default. The

Vll+Vls term is zero since it results from the difference in the energy levels (shell-

model levels) as a result of Coulomb and magnetic effects. Therefore, if there is no

excitation out of the f 7
2

level, then this term also does not contribute to the MED.

Shell-model calculations have been performed with the number of excitations (t)

allowed in the upper fp shell. The results of these calculations show that the MED

change dramatically once the particles are excited out of the f7/2 shell (t = 1, 2, 3,

4, 5, 6, 7, and 8) (Fig. 7.5). Fig. 7.5 shows that all four INC components require
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excitations out of the f 7
2

shell, to generate a non-zero MED.

The number t required in order for the calculations to converge can be determined

by plotting the excitation energies versus t and observing where convergence oc-

curs. An example of this is seen in Fig. 7.6, which demonstrates that in the A = 48

case, a good agreement with experimental data is achieved by t >4. Therefore, the

MED results presented here due to their location within the shell and the resulting

cross-conjugate symmetry, are especially sensitive to excitations out of the f 7
2

shell

and present a stringent test of the shell-model prescription.

From Fig. 7.6, it is worth noting that there is a discrepancy in the energy levels

between the shell model and experimental data for both the yrast 6+1 and yrare 2+2

states compared to the other states. Moreover, if there is no excitation particle out

of the f7/2 shell (t=0), the 6+1 and 6+2 states are far from each other, which disagree

with the experimental data. Therefore, all these different excitations out of the f 7
2

shell are required to get the 6+1 and 6+2 states close to each other, and these two

states stopped approaching together at t = 7 (Fig. 7.6). A similar observation was

seen for the 2+2 state (Fig. 7.6). A similar discrepancy for the 2+2 and 6+1 states

can also be seen in the MED results (Fig. 7.4).

The exclusion of the sd excitations across the 40Ca shell closure in these models

is likely to affect the capability of the model to reproduce data accurately. Mirror

pairs such as this one are good test case for any shell-model approach that is ca-

pable of working in a space with both lower-fp and upper-sd-shell orbitals.

In summary, for the MED, the cross-conjugate nature is important and unique to

mirror nuclei at the precise centre of an isolated single-j shell, i.e. A = 48 mirror

pair at the centre of the f 7
2

shell. Since all non-zero contributions to the MED

must originate from excitations out of the f 7
2

shell, this presents an ideal test of

the shell model valence space.
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Figure 7.6: Theoretical energy-level schemes predicted by large-scale shell-model
calculations using KB3G interaction in comparison with experimental energy-levels
schemes of populated states in one-neutron knockout from 49Fe to 48Fe. The figure
shows the evolution of theoretical levels with the number of excitations allowed
to the upper fp shell, t. The negative parity states (Jπ = 3− and 5−) cannot
be made from KB3G shell-model calculations and, hence, are not present in the
t schemes. Theoretical energies converge towards experimental values, reaching
good agreement from t = 4 up to 8.
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Chapter 8

Conclusion and Future Work

In summary, an examination of isospin-symmetry breaking was performed

for nuclei in the f 7
2

region, from which new results were obtained. An experi-

mental run was performed at the NSCL with the primary aim of performing γ-ray

spectroscopy on the Tz = −2 nucleus 48Fe through the application of the mirrored-

knockout approach. Many new γ rays were identified in the proton-rich nucleus
48Fe (Tz = −2), from which a new-level scheme was established for the first time,

using a wide range of analytical tools. These states were compared to those in its

mirror nucleus 48Ti, with both yrast and yrare states up to 6+ state populated in

both mirror nuclei as well as the negative parity states (resulting from sd removal).

Both exclusive and inclusive cross sections were measured for the 48Fe /48Ti mirror

pair, where significant differences were observed between the inclusive knockout

reaction cross sections for the mirrored reactions. The difference between nucleon

separation energies for the mirror pairs, which leads to very different degrees of

sd-shell knockout strengths to bound states, is most likely to be the main cause

for this observation. There are only two other recent studies of analogue knockout

reactions for nuclei around the N = Z line [27,28]; in both cases, the inclusive cross

sections were also asymmetric (factor of ∼ 3–4 different). However, the asymme-

try factor of ∼ 9 observed in the current work is significantly larger than anything
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observed to date.

A detailed comparison of experimental and theoretical exclusive cross sections was

performed for the mirrored one-nucleon knockout reactions populating the mirror

pair. The theoretical cross sections also provided an additional confidence in the

level scheme of 48Fe that was produced, especially for the strong direct population

of the yrare states. Generally, the absolute values of the measured exclusive cross

sections were observed to be much smaller than the theoretical values for 48Fe.

However, a notable agreement between the distribution of relative cross sections,

and some of the key observations of the experimental data, such as the strong

direct population of the yrare states, were well reproduced.

Comparison of the experimental exclusive cross sections for some of the specific

pairs of analogue states (yrare states) was also performed, where isospin symmetry

suggests that the cross sections must be similar. The data tentatively suggested

significant differences in these cross sections, although additional unseen feeding

to the states cannot be ruled out.

Due to the significantly different degrees of binding energies between the two mem-

bers of the mirror pair, the mirrored cross sections were investigated in the con-

text of the well-documented systematic suppression of spectroscopic strength as a

function of binding energy for knockout reactions at intermediate energies. The

systematics of degrees of suppression (experiment compared with theory) of the

yrare states have a similar trend as the published Rs systematics for inclusive cross

sections [24–26]. This observation was not easy to explain since the spectroscopic

factors were essentially identical, and there is only a small dependence on ∆S in

the single-particle theoretical cross sections.

Moreover, the experimental inclusive cross section measured for the A = 45

(45V/45Ti) mirror pair provided a second example showing asymmetry in the mir-

rored knockout reaction, similar to what was observed in A = 48 mirror nuclei,

even though this was an N = Z beam. Hence, there must again be significant

unseen feeding into the low-lying yrast states and ground states of 45Ti, which

may affect the inclusive cross section. This analysis has not been completed yet
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and will be continued in future work.

The significant differences between the ratios of the experimental to theoretical

cross sections for the mirror pairs observed in this work may indicate an issue

with the reaction model that might be worthy of future investigation. Experimen-

tally, the next logical step is to continue conducting mirrored knockout exclusive

cross-section measurements along the N ∼ Z line in very weakly bound systems

to observe whether a continuation of these asymmetries can be seen. Experiments

have already been performed to measure the mirrored knockout cross section for

the 47Mn/47Ti (Tz = ±3
2
) mirror pair. This A = 47 mirror pair has very different

values of ∆S, where all the states above the ground state are unbound (Sp=0.383

MeV [96]). The statistics obtained for 48Fe during this experiment were very low.

Accordingly, the measurements presented in this thesis demonstrated the need for

repeat measurements with high statistics experiments to obtain a high level of

confidence in the exclusive cross-section measurements. In this work, for exam-

ple, the exclusive cross sections of the yrare states were presented as upper limits

due to the possibility that some unseen feeding may be taking place into these

states of 48Ti, despite their yrare nature. It is possible that with high statistics

measurements, this unseen feeding can be taken into account for the cross-section

measurements. Moreover, since no model to date has been able to evaluate the

spectroscopic factors for the sd shell removal to reproduce these results, it would

be challenging to obtain a shell-model calculation that accounts for all these miss-

ing spectroscopic strengths.

Finally, experimental MED between IAS in the A = 48, Tz = ±2 mirror pair

have been computed and compared to large-scale shell-model calculations incor-

porating INC contributions. The results show strong evidence in support of the

need to include all sets of these isospin-symmetry breaking terms in the analysis

of mirror nuclei. Due to the additional cross-conjugate symmetry of these A = 48

mirror in the f 7
2

shell, the MED are shown to be especially sensitive to cross-shell

excitations and, thus, allow for a probe into the validity of the shell-model space

used. The success of the modelling of the A = 48 MED with the KB3G model is a
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good achievement and a big step towards further development for explaining MED

through a density-functional theory (DFT) model approach in the future. This

approach will provide access to precise MED calculations in mass regions that may

otherwise not have been available using the traditional shell-model calculation as

it is computationally limited.

It is clear that the A = 48 mirror pair is a good test case for any shell-model

approach capable of calculating in an orbital space containing the lower-pf and

upper-sd shell orbitals. For MED, by excluding sd excitations across the 40Ca

shell closure in these calculations, the ability of the model to reproduce the data

correctly might be undermined. Therefore, this indicates the need to provide a

shell-model interaction that spans the sd and pf shells and accounts for sd-shell

components in the wave functions of the f 7
2

nuclei.
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Abbreviations

MSU - Michigan State University

NSCL - National Superconducting Cyclotron Laboratory

PID - Particle Identification

OBJ - Object Scintillator

GRETA - Gamma-Ray Energy Tracking Array

GRETINA - Gamma-Ray Energy Tracking In-beam Nuclear Array

HPGe - High-Purity Germanium

CRDC - Cathode Readout Drift Chamber

ToF - Time of Flight

XFP - Extended Focal Plane Scintillator

DAQ - Data Acquisition

DFT - Density Functional Theory

FoM - Figure of Merit

HF - Hartree-Fock

CSB - Charge Symmetry Breaking

MED - Mirror Energy Difference

IAS - Isobaric Analogue States
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INC - Isospin-Non-Conserving

ECR - Electron Cyclotron Resonance

SuSI - Superconducting Source for Ions

ToF - Time-of-Flight
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