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Abstract

The study of excited states of mirror nuclei helps in the extraction of information

pertaining to charge-dependent interactions between nucleons. An in-beam
 -ray

spectroscopy experiment has been performed to establish a sequence of excited

states for the �rst time in the proton-rich nucleus (Tz= � 2) 48Fe (Z = 26, N = 22)

and to compare it with its well-known mirror nucleus (Tz = + 2) 48Ti (Z = 22,

N = 26) in the f 7=2 shell.

The method of mirrored (i.e., analogue) one-nucleon knockout reactions was ap-

plied, in which the Tz = � 2 mirror pair, 48Fe/ 48Ti were populated via one-neutron/

one-proton knockout from the secondary beams49Fe/ 49V, respectively. The new

level scheme of48Fe was established using the analogue properties of the reactions.

The inclusive and exclusive cross sections for knockout have been analyzed for

the populated states and also compared with reaction model calculations. In the

analysis, large di�erences between the cross sections of the two mirrored reactions

were observed and interpreted in terms of di�erent degrees of binding of the mirror

nuclei.

The mirror energy di�erences (MED) between the isobaric analogueT = 2 states

of the 48Fe/ 48Ti have been determined and compared with large-scale shell-model

calculations and interpreted in terms of isospin non-conserving (INC) e�ects. The

present study demonstrates the importance of including all isospin-breaking terms

to explain the experimental observations. The MED for this mirror pairA = 48, as

a result of their location in the precise centre of an isolatedf 7=2 shell, are especially

sensitive to excitations outside thef 7=2 shell, and hence, they present a stringent

test of the shell�model calculations.
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Chapter 1

Introduction

Mirror nuclei are a particularly signi�cant research area since they provide a way

to test the basic symmetry of the strong nuclear force as well as the principle of

isospin symmetry [1]. Isospin symmetry is connected to the approximate charge

independence and charge symmetry of the strong nuclear force, which is a cor-

nerstone of our understanding of nuclear structure. The isospin dependence of

nucleon�nucleon forces and its implication for nuclear masses and structural ef-

fects, including level structures and neutron-proton pairing, is now one of the key

research areas in nuclear structure physics. The assumption of isospin symmetry

would result in isobaric multiplets being degenerate in energy, except for the e�ects

of the Coulomb force [2].

This work is aimed at investigating and understanding isospin symmetry by study-

ing two main aspects in thef 7
2

shell, in the A = 48 nuclei with T = 2: (a) mirror

energy di�erences, MED, study and (b) the examination of analogue spectroscopic

factors, i.e., the evaluation of the structure of analogue states, through direct reac-

tions, to understand what happens to the symmetry of the underlying wavefunc-

tions in nuclei that are unbound or weakly bound. To address these questions, the

experiment was performed at NSCL through the mirrored-knockout method. This

method was �rst applied by Milne et al. [3], in which the proton (neutron)-rich
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member of the mirror pair is populated by one-neutron (one-proton) knockout.

Pairs of reactions where the parents and the daughter nuclei are themselves mir-

rors are de�ned as mirrored reactions. This technique involves a complete analogue

pair of reactions re�ected along theN = Z line; thus, a comprehensive comparison

of both of the analogue reactions is conducted. The experiment seeks to measure

a range of observables, including the MED, inclusive cross sections from single nu-

cleon removal (� inc ) and exclusive cross sections (� exc) for populating the excited

states in the residue.

The �rst observation of the excited states ofTz = � 2, 48Fe and the comparison to

the analogous states in its mirror nuclei,Tz = +2 48Ti, allows for the extension of

MED studies of mirror nuclei in the f 7
2

shell in order to evaluate these energy dif-

ferences. For the proton-rich nucleus,48Fe, no excited states have been previously

observed apart from a tentative2+ state at 969.5(5) keV that has been reported

in one previous study populated via beta-delayed proton decay of49Ni [4]. In the

existing literature, there are only two studies ofT = 2 mirror pairs system [5]

and [6]. The �rst study measured the strength of the0+
gs to 2+

1 in the mirror nuclei

32Ar and 32Si by employing the techniques of intermediate-energy Coulomb exci-

tation and inelastic proton scattering in inverse kinematics, respectively [5]. The

second study in theT = 2 system used a direct 2N-knockout reaction to populate

mirror nuclei 52Ni/ 52Cr [6].

Analogue states belonging to the same isobaric multiplet are almost identical, with

the few di�erences arising from isospin non-conserving (INC) interactions such as

the Coulomb interaction. The di�erences in their excitation energies, known as

mirror energy di�erences (MED) for mirror pairs, have been widely used to inves-

tigate the microscopic structure of atomic nuclei, using Coulomb e�ects.

INC interactions leads states of di�erent isospin to mix with each other [7]. A

detailed explanation of these INC phenomena is provided in Ref [8, 9]. A signi�-

cant understanding of these e�ects is needed in shell model calculations in order to

reproduce experimental data successfully [10]. In an early MED study by O'Leary

et al. [11], the MED for the Tz = � 1
2 mirror pair 49Mn and 49Cr demonstrated

29



how the spin a�ects the MED, i.e., for larger spins, larger MED were observed.

This was interpreted as particle alignment, which suggested that proton�proton

spatial separation would increase with an increase in the alignment of the nucleon

angular momentum vectors.

As well as these INC interactions, which are expected to contribute to the MED,

there is an additional e�ective isovector (VB ) interaction that has to be included in

the model to reproduce the data. Recently, there have been extensive studies on

the MED in the upper sd and lower pf shell regions, coupled with detailed shell-

model calculations� e.g. [6,8,10,12�20]. The e�ective isovector INC e�ect can be

studied by examining energy di�erences (such as MED) and observing by their

J -dependence (i.e., it is a multipole e�ect). The inclusion of a spin-dependent,

nuclear isospin-breaking term had earlier been noted in the case of theA = 42

and 54 mirror pairs [7, 21]. It has been shown that this term is as signi�cant as

the contributions from the Coulomb force. It has also been demonstrated that

most other f 7=2 nuclei require additional e�ective isospin breaking e�ects [22]. A

comprehensive study in thef 7=2 shell using the combined approach of spectroscopy

of the most accessible proton-rich nuclides and detailed shell-model analysis has

allowed for reliable interpretation of MED with respect to a wide range of INC

e�ects [7].

In the shell-model calculations, the MED is largely insensitive to the absolute

values of e�ective isovector INC matrix elements but greatly reliant on theJ

dependence of these matrix elements [9]. Bentleyet al. [9] determined a complete

set of spin-dependent e�ective isovector (Vpp � Vnn ) matrix elements by �tting

the shell model to all experimental MED data obtained to date in thef 7
2

shell.

Matrix elements of VB = � 72(7), + 32(6), + 8(6), � 12(4) keV for the J = 0, 2, 4,

6 couplings, were obtained and included in shell-model calculations. These values

improved the model's theoretical �t to experimental data [9].

Therefore, the structure of mirror nuclei has now been described by a shell-

model prescription in detail. To test this prescription, more data from thef 7=2 shell
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is needed and more research is required to be conducted with larger di�erences in

isospin for mirror nuclei, as a number of INC terms are strongly dependent onTz.

There has also been some discussion on the e�ects of weak binding in the proton-

rich member of the pair and how that a�ects the interpretability of MED [23].

Although it is clearly important to perform a systematic study of states in mirror

nuclei that are unbound or weakly bound in the proton-rich system, very few such

data exist in the f 7=2 shell, and a partial aim of the current work is to conduct

such an analysis. There is still mystery surrounding the e�ective isospin-breaking

component, making mirror energy di�erence studies useful tools for understanding

nuclear structure into an interesting independent research �eld.

For the MED, the mirror pair chosen for this study,A = 48, has a unique feature

in being at the precise centre of an isolated single-j shell, i.e., A = 48 mirrors

are at the centre of an isolatedf 7
2

shell. These nuclei are also cross-conjugate nu-

clei, which means that all the MED would be precisely zero assuming an isolated

f 7
2

shell. Therefore, these features make MED inA = 48 nuclei extremely sensitive

to cross-shell excitations, and hence, they provide an especially stringent test for

checking the propriety of the valence space in the shell-model calculations.

In this work, as well as studying isospin symmetry through MED, isospin

symmetry will be studied through the examination of mirrored direct reactions.

The aim of the experiment goes further by measuring direct one-nucleon knockout

cross sections to the analogue states in mirror nuclei in question, giving informa-

tion on spectroscopic factors for both sets of analogue states. Evaluating this is a

key aim of this work, as spectroscopic factors may be more sensitive to analogue

wavefunctions than MED.

Isospin symmetry suggests that the wavefunctions of the two sets of analogue

states of the mirror nuclei must be identical; hence, it is assumed that both mir-

ror nuclei will have similar spectroscopic strengths and hence cross sections. The

well-documented observation of the suppression of spectroscopic strength [24�26]

was also the motivation for mirror-knockout technique. These studies show that
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single-nucleon removal reactions on light solid targets have experimentally sup-

pressed inclusive cross sections as compared to theoretical direct-reaction models.

This suppression appears to be strongly dependent on the asymmetry between

the separation energies of the two types of nucleon,� S, see Fig. 1.1. Fig. 1.1 pre-

sented by Gadeet al. [24�26] was plotted as the ratio of the inclusive cross sections

(experimental to theoretical), RS, for 1n- and 1p-knockout as a function of� S.

The downward trend in Fig. 1.1 indicates that the suppression of the spectroscopic

strength is a function of� S.

Mirror pairs that are well separated inZ , such as the ones studied here, have

very di�erent � S values and so Fig. 1.1 implies di�erent cross sections. An under-

standing of the behaviour of analogue reactions in this context is of great interest,

and it requires an analysis of exclusive cross sections in order to ensure the ana-

logue nature of the reactions.

Such approaches, lead to the emergence of the question of how analogue-exclusive

cross sections (for pairs of analogue �nal states) behave. This question has not

been considered fully before, and no detailed studies to date have dealt with this

type of comparison. This work is the �rst attempt at doing a detailed state-by-

state examination of analogue cross sections. Although there have been two studies

previously that quoted analogue exclusive cross sections [27] and [28], this aspect

was not fully discussed. This work aims to test if analogue-exclusive experimental

cross sections for pairs of analogue �nal states of mirror nuclei well separated in

� S follow a similar trend as shown by the published data in Fig. 1.1.

The thesis is focused almost entirely on theA = 48, Tz = � 2 mirror pair,

48Fe/ 48Ti, populated via one-neutron/one-proton knockout from the secondary

beams49Fe/ 49V, respectively. A small portion of the thesis is dedicated to inclusive

cross-section measurements ofA = 45, Tz = � 3
2 mirror pair 45V/ 45Ti which were

populated via one-neutron/one-proton knockout from the same secondary beam,

N = Z 46V. The purpose of selecting these mirror nuclei (A = 45) is to check the
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Figure 1.1: The ratio of experimental to theoretical inclusive cross sections for
one-nucleon knockout as a function of� S. A linear representation of the totality
of collected data points from the di�erent regions of the nuclear chart is given by
0.61 � 0.016� S (10). Taken from [26].

symmetry of the analogue wavefunctions caused by the removal of protons and

neutrons from thesame parent nucleus46V.

In summary, this work aims to evaluate the mirrored knockout cross sections

with a large di�erence in � S, as well as to identify a range of new excited states

in the exotic nucleus48Fe and to use the shell-model methodology to analyze the

MED. The objectives of this thesis are, therefore, as

� To establish a sequence of new excited states for the �rst time in the proton-

rich, Tz = � 2 nucleus 48Fe, and to compare it to its well-studied, stable,

mirror nucleus 48Ti [29].

� Using the population of new excited states to study the MED between iso-

baric analogue states in thisTz = � 2 pair in the f 7
2

shell, and to perform
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1.1. Thesis Structure

large-scale shell-model calculations to interpret them in terms of INC e�ects.

� To conduct a detailed comparison of experimental and predicted cross sec-

tions, both inclusive and exclusive, for theA = 48, Tz = � 2 mirror pair and

only inclusive cross sections for theA = 45, Tz = � 3
2 mirror pair, using mir-

rored knockout to examine the question of the suppression of spectroscopic

strength. This requires the calculation, in this work, of the analogue spec-

troscopic factors in the shell model and the reaction-model knockout cross

sections.

1.1 Thesis Structure

The present study is structured in the following manner: Chapter 2 describes the

concept of isospin and the theory of the shell model. This is followed by a descrip-

tion of both the shell model calculations and knockout calculation cross sections

performed to interpret the MED and the single-nucleon-knockout reaction mecha-

nism, respectively, along with a brief discussion on the reaction techniques applied

in this thesis. In Chapter 3, the experimental setup that was utilised at NSCL in

MSU has been discussed. In Chapter 4, all of the calibrations and correction meth-

ods for the various detectors are discussed, along with the analysis techniques used

for the thesis. Chapter 5 presents the experimental analysis and results of mir-

rored one-nucleon removal reactions obtained from experiment at MSU, including

MED and cross sections. In Chapter 6, the theoretical cross-section calculations

performed in this project are compared with the experimental results. A discus-

sion of the results obtained from the mirrored one-nucleon knockout analyses are

also presented. In Chapter 7, the theoretical shell model MED are compared with

the experimental data. This chapter will also provide a discussion of the main

results related to MED at the end. Finally, in Chapter 8, conclusions are drawn,

and future work in this �eld is discussed in detail.

All the calculations performed in this thesis work have been undertaken by the
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1.1. Thesis Structure

author (R. Yajzey).
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Chapter 2

Theory and Background

2.1 Isospin

Studying exotic isotopes close to the proton drip line near theN = Z region is an

area of particular interest for investigating the signi�cant role of isospin symmetry.

There are strong nuclear forces acting between protons and neutrons. The observa-

tion of similar behaviour of protons and neutrons under the strong force suggested

and led to the introduction of the concept of isospin [30]. Isospin symmetry is

related to the charge symmetry and charge independence of strong interactions.

In the absence of electromagnetic interaction, both protons and neutrons can be

considered as di�erent states of the same particle known as the nucleon.

All nucleons have an isospin quantum numbert = 1
2 with di�erent projections

for a proton (tz = - 1
2) and a neutron (tz = + 1

2). Moreover, the nucleus has a total

isospin projection on thez-axis Tz, and the total isospin of the individual nucleons

denoted by quantum numberT are given by Eqs. 2.1 and 2.2.
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2.1. Isospin

Figure 2.1: The isospin diagram shows the allowed and forbidden isospin states of
nuclei for a particular value ofT with di�erent total isospin projection Tz along
the z-axis in isospin space. Even-even nuclei exhibit ground states with isospin
T = jTzj, as shown by the red line. Taken from [20].

Tz =
X

tz =
N � Z

2
(2.1)

jN � Z j
2

� T �
jN + Z j

2
(2.2)

whereN is the number of neutrons, andZ is the number of protons.

Di�erent nuclei with a corresponding total isospin projection,Tz, have allowed

and forbidden isospinT states, satisfying the isospin rules in Eq. 2.2 and can be

observed in the diagram created by M. A. Bentley in Fig. 2.1 [20]. The red circles
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2.1. Isospin

represent even mass numberA, and the blue circles represent odd mass numberA.

For nuclei with odd mass numberA, the spin and isospin states have half-integer

values, as seen in the dashed lines, and for nuclei with even mass numberA, the

spin and isospin states have an integer number, as seen in the solid lines.

For most nuclei (apart from those on theN = Z line), yrast states (the lowest

excitation energy states for a particular spin) usually have the minimum value of

isospin (T = Tz), whereas nuclei with higherT will typically have much higher

energy. Most even-even nuclei exhibit a ground state whereT = jTzj, as indicated

by the red line in Fig. 2.1. It can also be seen thatT = 0 states are only allowed

in N = Z nuclei (Tz = 0). However, Fig. 2.1 might not be applicable to odd-odd

N = Z nuclei, where some of these nuclei are observed to haveT = 0 ground

states, whereas the others haveT = 1 ground states. Odd-oddN = Z nuclei

where A < 42 they have T = 0 ground states. It has been observed that for

some odd-oddN = Z nuclei, especially those in the mid-fpg shell (A � 46) the

�rst T = 1 states are lower in energy (i.e., are the ground state) than theT = 0

states [31,32].

The charge symmetry of strong nuclear forces requires neutron-neutron (Vnn )

and proton-proton (Vpp) interactions to be virtually identical, Eq. 2.3. In addition,

charge independence requires the strength of the nuclear force between a neutron

and a proton (Vnp) to be equal to the average of the nuclear force between the

proton-proton (Vpp) and neutron-neutron (Vnn ) pairs, Eq. 2.4,

Vnn = Vpp; (2.3)

Vnp =
Vpp + Vnn

2
: (2.4)

Experimental evidence con�rms that the conditions for charge symmetry and
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2.1. Isospin

charge independence are broken [33]. Nucleon-nucleon scattering measurements

have shown that there is a slight charge asymmetry in the nuclear interaction

(explained in detail in [33]).

It has been found in scattering experiments (when the nuclear force is mea-

sured in free space) that neutron-neutron interactions are slightly stronger than

proton-proton interactions by about � 0.5%, and neutron-proton interactions are

stronger than the average of proton-proton interactions and neutron-neutron in-

teractions by approximately � 2.5% [33].

In the absence of isospin-breaking interactions, the analogue states in nuclei

of the same isospinT, known as isobaric analogue states (IASs), are degenerate.

Di�erences in excitation energies of IASs will result from the combined Coulomb

interactions, charge symmetry breaking (CSB) and any charge-dependent com-

ponents of the nucleon-nucleon interaction (isospin non-conserving (INC) terms),

resulting in isospin symmetry violation. These INC forces lift the degeneracy of

analogue states, break isospin symmetry, and may result in isospin mixing of the

states in question. Analysing the di�erences in energy levels is an e�ective way

of examining the Coulomb force. INC e�ects, in particular their spin (J ) depen-

dence, are often studied by evaluating either isovector and isotensor e�ects, given

in Eq. 2.5 and Eq. 2.6, respectively. The most common testing ground for studying

isospin breaking interactions are mirror nuclei pairs (nuclei with the same mass

A, where the number of protons of one is equal to the number of neutrons of the

other) and triplet nuclei (a set of three nuclei, of which one is an odd-oddN = Z

nucleus, and the other two are neighbouring even-even nuclei withZ + 1, N � 1

and Z � 1, N + 1). These e�ects are understood through mirror energy di�erences

(MED) and triplet energy di�erences (TED), respectively,

Visovector = Vpp � Vnn ; (2.5)
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2.1. Isospin

Visotensor = Vpp + Vnn � 2Vnp : (2.6)

2.1.1 Mirror Energy Di�erences MED

The MED between isobaric analogue states can be used to investigate isovector

e�ects. These excitation energies are normalized to the ground state; therefore,

MED can be calculated using the following equation

MED J = E �
J;T; � Tz

� E �
J;T;+ Tz

; (2.7)

whereE �
J;T;T z

is the excitation energy of a state with spinJ , total isospin T, and

isospin projectionTz.

As these excitation energies are measured relative to the ground state of each

nucleus, the e�ects of displacement energies between the ground states of mirror

nuclei, known as mirror displacement energies (MDE), are eliminated. Therefore,

a number of spin-dependent contributions to the excitation energy are considered,

which lift the degeneracy of the analogue states.

The Coulomb force and other INC e�ects need to be modelled in order to under-

stand how isospin symmetry is broken. In order to understand these e�ects, a

theoretical framework needs to be developed to help investigate the implications

of these contributions to the MED (discussed in Section 2.2.3). For this purpose

the shell model is used.

TED are sensitive to isotensor e�ects and probe the strength of thenp inter-

action compared to the average of theppand nn interactions, whose interpretation

depends entirely on the charge independence concept. The TED are de�ned as

follows,

TED J = E �
J;T;T z = � 1 � E �

J;T;T z =1 � 2E �
J;T;T z =0 ; (2.8)
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2.2. Nuclear Shell Model

where T and Tz represent the isospin quantum number and its correspondingz-

projection, respectively.

To understand the dependence of the binding energy of a set of IASs as a function of

Tz, the famous Isobaric Multiplet Mass Equation (IMME), proposed by Wigner [34]

in 1957, can be used. A detailed description of this can be found in [35,36]. The

IMME formula shows that the energy (and therefore, mass) of isobaric multiplet

states is quadratic inTz [9], and it can be written as

� BE (�TT z) = a + bTz + cT2
z (2.9)

where � contains all the additional quantum numbers of the state. The coe�-

cient a is related to the isoscalar component, with a small contribution from the

isotensor e�ect. The coe�cients b and c depend on the isovector and isotensor

components, respectively. Therefore, one can de�ne MED and TED as isovec-

tor (b) and isotensor (c) e�ects whose interpretation relies entirely on the charge

symmetry and charge independence of the attractive nucleon-nucleon interaction,

respectively.

2.2 Nuclear Shell Model

The nucleus is a multi-body quantum system and exhibits a variety of phenom-

ena. Several nuclear models are available. A good model must showcase observable

properties such as energies of states, spin and parity quantum numbers, electro-

magnetic moments of nuclei, and regular sequences of excited states. A good model

also predicts some new properties that can be con�rmed through experiments.

The �rst nuclear shell model was introduced in 1949 by Maria Goeppert-Mayer [37]

and Johannes Hans Daniel Jensen [38]. The nuclear shell model provides the ar-

rangement of nucleons (protons and neutrons) in the nucleus. These two types of

fermion arrange themselves in the orbital according to the Pauli exclusion princi-
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2.2. Nuclear Shell Model

ple. The shell model explains the existence of the traditional magic numbers 2,

8, 20, 28, 50, 82, and 126 as closed shells [39]. The magic numbers of protons or

neutrons appear as one moves from the valley of stability towards the drip lines.

The nuclear shell model is analogous to the atomic shell model, wherein the elec-

trons orbit the atomic nucleus in quantum shells bound by the attractive Coulomb

potential of the nucleus. The external potential is created as a result of the

Coulomb force from a positively charged nucleus. In contrast, the nuclear shell

model does not have a clearly de�ned central potential; the nuclei are bound by a

potential created as a result of their motion. The central potential is created by

the collective motion of nucleons � their mutual interaction; therefore, the shape

of potential follows the distribution of nucleons.

The shell model Hamiltonian can be classi�ed using kinetic energy,T, and po-

tential energy, V , and can be written as

H = T + V =
p̂2

2m0
+ V(r ) (2.10)

2.2.1 Nuclear potentials

Di�erent forms of central potential are shown in Fig. 2.2. The simplest ones are

the in�nite square well (Eq. 2.11) and the harmonic oscillator (Eq. 2.12). These

two potentials can reproduce 2, 8, and 20 magic numbers but failed to reproduce

higher shell closures, see Fig. 2.4.

V(r ) =

8
>>><

>>>:

0; : for r < R

1 ; : for r > R

(2.11)

V(r ) =
1
2

kr 2 (2.12)
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2.2. Nuclear Shell Model

Figure 2.2: Shapes of di�erent potentials. Taken from [40].

The nuclear potential is typically represented by either a Woods-Saxon po-

tential or a harmonic oscillator potential. The Woods-Saxon potential is the most

usual parametrization used to describe the nuclear potential, a spherically sym-

metric potential that smoothly decreases to zero with increasingr (see Fig. 2.3),

in accordance with the nuclear matter distribution. It can be written as follows

V(r ) =
� V0

1 + exp( r � R
a )

; (2.13)

where V0 is the depth of the potential well (� 50 MeV); R is the radius of the
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2.2. Nuclear Shell Model

Figure 2.3: Nuclear mean-�eld depicted with Woods-Saxon potential using Eq. 2.13
of V0 = 50 MeV, r0 = 1.25 fm, a = 0.7 fm for an A = 48 nucleus.

nucleus (R = 1.2 A
1
3 ); a is the surface di�useness term (0.7 fm). However,

Woods-Saxon potential still fails to replicate magic numbers beyond 40, as can

be seen in Fig. 2.4.

Two additional terms are required along with the central potential for reproducing

known spherical magic numbers. The �rst term is the spin-orbit interaction (SO)

that comes from the nuclear surface and is introduced as a derivative of the central

potential. Spin-orbit coupling~l:~s splits energy levels with the samen and l into two

levels due to interaction between intrinsic spins and orbital angular momentum

l. Di�erent orientations of ~l and ~s change the shape of the potential. Therefore,

parallel coupling gives wider potential and, consequently, lower energy forj 1 = l+ s,

whereas antiparallel coupling gives a narrower potential and, hence, higher energy

for j 2 = l � s. The second contribution is the inclusion of anl2 term that accounts

for the change in the binding energy from the angular momentum of nucleons.
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2.2. Nuclear Shell Model

Figure 2.4: The single-particle energy levels of the nuclear shell model from a
simple harmonic oscillator potential showing the e�ect of the surface and spin-orbit
correction. The experimentally observed magic numbers are only reproduced after
both the l2 and spin-orbit ( ~l:~s ) terms have been included. Taken from [41].
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2.2. Nuclear Shell Model

Thus, the total potential, with the inclusion of the two additional e�ects and

the Coulomb potential, VC , can be written as:

V(r ) = VC (r ) +
1
2

kr 2(r ) + Vll
~l 2(r ) � Vls

~l:~s (r ) (2.14)

The Coulomb part of the potential is taken to be the potential arising from a

uniform charge distribution over a sphere of radiusR.

The single-particle energy levels that nucleons can occupy inside the nucleus

shown in Fig. 2.4, are produced by solving the Schrödinger equation, with the

potential de�ned in Eq. 2.14 to predict magic numbers at 2, 8, 20, 28, 50, 82, and

126 in agreement with the experimental observations.

2.2.2 Residual Interactions

The single-particle shell model described previously is based on the assumption

that all nucleons except one in a nucleus are paired and therefore, nuclear proper-

ties arise from the only unpaired nucleon [39]. Adding a residual interaction to the

single-particle Hamiltonian is required to treat all the nucleons in the last shell

instead of only the last one and accounts for the in�uences not included in the

e�ective potential, for example, pairing e�ects between valence nucleons andp-n

interactions.

The Hamiltonian resulting from the interaction between the nucleons can be

formed as follows

H = H0 + H res ; (2.15)

where H0 is the shell model Hamiltonian that contains only the potential from

Eq. 2.14. The two-body matrix elements are the calculated energies of the dif-

ferent interactions between particles, which accounts for the residual interaction,

H res . Thus, the H res is considered a small perturbation onH0, which interprets
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2.2. Nuclear Shell Model

the remainder of the e�ects of nucleon-nucleon interactions in order to �nd a po-

tential that in�uences all nucleons.

The matrix elements can be determined from nuclear data with the help of di�er-

ent methods and approaches using shell-model calculations. Thus, to calculate for

a speci�c region, often more than one interaction can be employed.

The shell-model calculations begin with calculated single-particle levels derived by

solving Schrödinger equation for the shell-model HamiltonianH0 [42]. For heav-

ier systems, calculations must be restricted to all possible con�gurations of the

valence nucleons that notably contribute to the states of interest, and e�ective

residual interactionsH res must be used. Therefore, the calculations are based on

the three ingredients of a shell model, see Fig. 2.5.

The �rst consideration is an inert core in which all the nucleons are paired, tightly

bound in their single-particle levels, and do not get excited to other single par-

ticle levels. These nucleons are not considered by the residual interaction. For

the calculations in this thesis, the40Ca (N = Z = 20) is used as an inert core.

Second, the valence space is the space in which the valence nucleons can freely

move outside of the core and interact with each other. Therefore, the states of

interest can be identi�ed by di�erent con�gurations of the interaction of these va-

lence nucleons. The valence space used in this calculation isf 7
2
, p3

2
, f 5

2
, and p1

2
.

The last consideration is a truncation of the shell model space, i.e., the restriction

of the occupancy of the valence nucleons on the single-particle energy levels that

are only considered by the residual interaction between these nucleons. Some-

times, the calculation cannot be undertaken without further truncation as a result

of computational restrictions. Therefore, additional truncation is often required

within the valence space.

Shell-model calculations may provide reasonable results; however, these calcula-

tions can be particularly limited in the case of some nuclear regions. It is because

the nuclei studied are usually heavily deformed, and thus, the spherical shell model

is a poor approximation. A shell-model calculation was performed in this thesis

using the shell-model code ANTOINE [43].
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2.2. Nuclear Shell Model

Figure 2.5: A schematic representation of the components of a shell-model cal-
culation, showing the inert core (40Ca such as used in present work) within the
harmonic oscillator potential. The two types of fermions, protons and neutrons, are
arranged in some valence single particle levels,f 7

2
, p3

2
, f 5

2
, and p1

2
. The truncation

region shows that some single particle levels are not included in the shell-model
calculation. Adapted from [44].

The fp space is the shell model region of interest for the experiment dis-

cussed in this thesis. A number of di�erent residual interactions are available to

choose from to be used in this region that utilizes a40Ca core and valence space

f 7
2
, p3

2
, f 5

2
, and p1

2
. The most popular interactions used are the KB3G [45] and

GXPF1 [46] interactions. The KB3G interaction is a set of two-body matrix el-

ements deduced analytically from nucleon-nucleon interactions and gives a good

description for light (42 � A � 54) nuclei, in the fp -shell [9]. In contrast, the

shell model interaction GXPF1 is a set of matrix elements resulting from nucleon-

nucleon interactions determined by �tting to 669 experimental energy levels from

nuclei betweenA = 47 and A = 66.
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All shell-model calculations presented in this thesis were performed using the full

fp orbital space implemented using the ANTOINE code [43] with the KB3G in-

teraction [45].

2.2.3 MED within the Shell model Calculations

The nuclear shell model has been used in this work to interpret the MED, which

are compared to experimental MED data as well as predicted spectroscopic fac-

tors for mirrored (symmetric) knockout reactions from mirror pairs in thef 7
2

shell.

Traditionally, theoretical modelling of MED takes place within the framework of

shell models, which interpret INC e�ects as a result of a lack of missing physics

such as CSB and the Coulomb e�ect. Since mirror nuclei are those in which the

numbers of protons and neutrons are interchanged, both nuclei will have the same

number of np pairs but swapped numbers ofnn and pp pairs and so isovector

e�ects should be included. MED are analysed using four isospin-breaking compo-

nents in shell-model calculations. These four e�ects are the multipole Coulomb

interactions (VCM ), the radial e�ect (VCr ), the single-particle e�ect (Vll + Vls), and

an additional e�ective isovector interaction(VB ). The main contributions to MED

have been highlighted by numerous researchers of many di�erent mirror pairs. INC

e�ects were formalised within this shell-model prescription by Zuker et al. [7], and

later, these e�ects were further discussed in more detail by Bentley and Lenzi [8,9].

The main contributions will be addressed in the following sections.

2.2.3.1 Multipole Coulomb Term

The multipole Coulomb termVCM accounts for the changes in Coulomb energy re-

sulting from recoupling angular momentum vectors of proton pairs with increasing

excitation energy. Two particles (proton or neutron) in the middle of thef 7
2

shell

49



2.2. Nuclear Shell Model

can be coupled to higher angular momentumJ = 0, 2, 4, or 6 according to the

Pauli exclusion principle, which results in an increase in the spatial separation of

their orbits. This is be shown in Fig. 2.6, which illustrates the calculated spatial

overlap of a pair of protons as a function of their coupled angular momentum in

the f 7
2

shell [47].

A pair of protons (pp) coupled to a lowJ has a large Coulomb repulsion as

compared to a highJ with less Coulomb repulsion between the nucleons, which

results from an increase in spatial separation. However, no change in the Coulomb

repulsion occurs in the case of the coupling of two neutrons (nn). To study MED,

the Coulomb matrix elements are calculated using harmonic oscillator wave func-

tions, with the resulting Coulomb interaction added to the e�ective two-body

interaction of protons in both mirrors.

Figure 2.6: A calculated spatial overlap of two protons coupled to di�erent angular
momentum in the f 7

2
shell. Taken from [47].

2.2.3.2 The Monopole Radial Term

The radial e�ect (VCr ) is the monopole Coulomb energy associated with changes

in mean nuclear radii and deformation e�ects as a function of spin [7]. The mean

nuclear radius varies due to di�erences in the occupation of di�erent orbitalsl ,

where orbitals with di�erent angular momentum have di�erent nuclear mean radii.
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Hence, changes in the occupation of orbitals will result in energy di�erences. There

are likely to be a considerable number of admixtures from the upperfp shell in the

low-spin states of thef 7
2

shell, especially in the mid-shell region where deformation

results in the partial occupation of the upperfp orbitals. These admixtures tend

to reduce as the band termination gets smaller [14]. Based on the mirror symmetry

arguments, the total occupation numbers for each member of a mirror pair will

be the same (interchanged numbers of protons and neutrons), and then, it is the

di�erence in charge between the two members of the mirror pair that produces

the spin-dependent energy di�erence, due to the variation of Coulomb energy with

radius.

The occupation of thep orbitals can also increase with deformation due to

con�guration mixing. Therefore, it is possible that theVCr term also accounts for

the deformation e�ects. In the f 7
2

shell nuclei, the(VCr ) e�ect is produced using

the shell model by tracking the occupancy of thep3
2

orbital as a function of spin

since this orbital is expected to have a larger mean radius as compared to the

f 7
2

orbital. The contribution of the monopole Coulomb radial term(� VCr ) to the

MED of mirror nuclei is calculated using the equation o�ered in [8] that has been

presented below

� VCr (J ) = 2 jTzj � r

�
m� (g:s:) + mv(g:s:)

2
�

m� (J ) + mv(J )
2

�
; (2.16)

where� r (200 keV) is a constant deduced fromA = 41 data [44], m� and mv are

the proton and neutron occupancies of the ground state (g.s.), respectively, andJ

is the angular momentum quantum number of the state in question.

2.2.3.3 The Monopole Single Particle Term

The monopole single-particle term accounts for the di�erences in single-particle

shell-model levels for a proton or a neutron. This term includes two e�ects of the
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2.2. Nuclear Shell Model

single-particle levels: Vll and Vls for the Coulomb [7] and electromagnetic spin-

orbit shifts [48], respectively. Since the MED is related to energy, the change in

energy, E ll and E ls due to both single-particle e�ects (ll and ls), which results

from the di�erential of the potentials of Vll and Vls , should be computed. The

Vll e�ect related to the proton orbitals accounts for Coulomb energy in a proton

orbital due to the overlap of that orbital with the core [49] such that

E ll =
� 4:5Z

13
12
cs [2l(l + 1) � n(n + 3)]

A
1
3 (n + 3

2)
keV; (2.17)

where the Coulomb energy e�ectE ll , is based on the proton number of the core

Zcs, principal quantum number n, and orbital angular momentuml.

The second e�ect is the electromagnetic spin-orbit interactionVls , which relates

to the interaction between the spin moment of the nucleon and the Coulomb �eld

of the nucleus [48] such that

E ls ' (gs � gl )
1

2m2
N c2

�
�

Ze2

R3
C

�
<

�!
l : �! s >; (2.18)

wheregs and gl are spin and orbit gyromagnetic factors, which di�er for a proton

and a neutron, 5.586& 1 and -3.828& 0, respectively. The termsmN and RC

are the nucleon mass and nuclear radius, respectively [8]. The spin-orbit coupling,

<
�!
l : �! s > , is given by l

2 for j = l + s and � ( l+1)
2 for j = l � s.

This e�ect is di�erent for protons and neutrons, where the single-particle energies

of proton levels sink relative to the neutrons, contributing to the MED. Moreover,

if there occurs a single-particle excitation from an orbital withj = l + s to another

one with j = l � s or vice-versa and if the excitation happens for a proton in one

member of a mirror pair and a neutron in the other, a signi�cant energy di�erence

will be produced, contributing to the MED of the excited state.
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2.2. Nuclear Shell Model

2.2.3.4 Additional E�ective Isovector Term

The shell-model calculation carried out with the inclusion of the three terms dis-

cussed above is not enough to fully reproduce the MED in thef 7
2

shell. It was

reported by Zuker et al. [7] that there is a need to include an additional matrix

element to the other terms in the MED calculations.

The isospin-breaking isovectorVB term is an additional, empirical isovector in-

teraction, Vpp � Vnn , and has been shown in [9] to be strongly dependent on the

angular-momentum coupling of nucleon pairs.

Zuker et al. [7] �rst suggested the need for this additional isovector term. To

achieve reasonable agreement with experimental MED and TED data, an isovec-

tor matrix element of 100 keV was added to two-body matrix elementsJ = 2, f 7
2

coupling protons [8] and an isotensor matrix element of 100 keV has been added to

J = 0, f 7
2
, respectively. The additional matrix element values were obtained empir-

ically based on the MED and TED measurements fromA = 42 and A = 54 systems

(two nucleons or two-nucleon holes in thef 7
2

shell). The additional isovector term

of 100 keV MED for theJ = 2, f 7
2

couplings observed by [7] is often referred to as

the J = 2 anomaly.

A full set of e�ective spin-dependent isovector(Vpp � Vnn ) matrix elements (VB )

was later obtained by �tting the shell model to all experimental MED data that

have been obtained so far in thef 7
2

shell. Thus, matrix elements ofVB = � 72(7),

+ 32(6), + 8(6), � 12(4) keV for J= 0, 2, 4, 6 couplings, respectively, were ob-

tained [9], where an increase of� 100 keV betweenJ = 0 and J = 2 couplings was

suggested, which is consistent with previous studies [8]. For example, a comparison

between the experimental and theoretical MED data for di�erent mirror pairs in

the f 7
2

shell, including four matrix elementsVB , as shown by a solid line, or exclud-

ing the �tted VB term, as shown by a dashed line, are presented in Fig. 2.7 [9]. In

these examples, the theoretical agreement with experimental MED data is signi�-

cantly improved by including these e�ective empirical isovector,Vpp � Vnn matrix

elements. The origin of isospin non-conserving e�ect(VB ) term is still unclear, but

53



2.2. Nuclear Shell Model

it can be described by a Coulomb modi�cation of the nucleon two-body interaction,

which is simply absent from the shell-model prescription.

Figure 2.7: A comparison of experimental and theoretical MED for four mirror
pairs in the f 7

2
region. The solid line represents the predicted MED, including the

�tted VB term, whereas the dashed line represents the predicted MED without the
VB term. Taken from [9].

In this work, two di�erent methods are used for de�ning the INC term VB in

order to match the shell model to the experimental MED. Both methods are the

shell-model calculations which include all the four components with, (a) aVB of a

single � 100 keV INC matrix element forJ=0 for all fp -orbitals, and (b) a VB of

four parameters extracted from the �t across thef 7
2

shell [9]. From all the above

discussions, it is clear that the contributions of the MED shell-model calculations

with the inclusion of the four components of INC e�ect (developed based on the

prescription of [7,9]) achieved a reasonable agreement with the experimental MED

data. The steps taken to apply the MED shell-model calculations to the mirror

nuclei chosen in this work will be described in Chapter 7.
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2.3. Reaction Mechanism

2.3 Reaction Mechanism

In the analysis discussed in this thesis, the excited states of the exotic proton-rich

48Fe, 45V, and their mirror pairs 48Ti and 45Ti were achieved via a one-nucleon

knockout reaction mechanism. These reaction products are derived using radioac-

tive beams produced by fragmentation. The fragmentation and knockout reaction

processes and the knockout calculations used in this analysis will be discussed in

the following sections.

2.3.1 Projectile Fragmentation Reaction

The fragmentation technique involves a high-intensity beam of stable nuclei accel-

erated to between 0.1 and 1 GeV/nucleon to impinge on thick targets in order to

produce radioactive nuclei (fragments), which are then �ltered and shaped into a

secondary beam using a fragment separator.

The high-energy fragmentation reactions can take place via a variety of processes.

When the beam and target particles collide head-on, both are divided into many

small fragments. However, the collisions can directly remove particles from either

the target or the beam. As a result of low-impact parameter collisions, many nu-

cleons can be removed, leaving a lower-mass nucleus to carry on via the separator

(fragmentation). The intermediate processes of the fragmentation of heavy, high-

energy ions are described in a simple abrasion-ablation fragmentation model [50]

(see Fig. 2.8). This model for reactions between relativistic heavy fragments is

extracted from Glauber's multiple scattering theory [51]. Severe collisions break

o� several particles in the interaction region, and this process is described as an

abrasion. The remaining nuclei leave in an excited state, which decays through

particle emission; this is known as ablation.
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2.3. Reaction Mechanism

Figure 2.8: Abrasion-ablation fragmentation model. Adapted from [52].

2.3.2 Nucleon Knockout

Direct reactions are classi�ed as a type of nuclear reactions. The processes hap-

pen in a single step at the nuclear surface and involve only a few nucleons. The

direct reaction involves the projectile that may exchange some energy and angular

momentum or have nucleons transferred to or removed from it.

Knockout reactions are direct reactions that involve the removal of a nucleon from

the projectile as a result of interacting with the target. In a direct reaction, the

probability of the reaction occurring depends on the speci�c structure of the ini-

tial and �nal states. Nucleon knockout reactions are performed using high-energy

beams of� 100 MeV/u and light targets, usually 9Be. A knockout reaction is

a very powerful method to probe the nuclear structure and the wave function of

exotic nuclei, as well as to obtain spectroscopic information (detailed discussion

in [25,53,54]).

The nucleon removal mechanisms can be classi�ed into two groups: inelastic

breakup (stripping) and elastic breakup (di�raction). In the inelastic breakup

process, the removed nucleon is absorbed by the target, and the target nucleus
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is left in an excited state. On the other hand, in the elastic breakup process,

the removed nucleon is emitted in the beam direction, and the target nucleus is

left in its ground state. Both reactions are calculated from the target-core and

target-nucleon scattering matrices described in [54, 55]. The reaction mechanism

is presented in the diagram. 2.9.

The probability of removing a nucleon from a particular state in the parent nu-

Figure 2.9: The single-nucleon knockout reaction types: stripping reaction process
(on the top right) and di�raction reaction process (on the bottom right).

cleus to populate a speci�c state in the �nal nucleus is proportional to the overlap

of the wave function of the two states, and this overlap is de�ned as the Spec-

troscopic factor C2S. The ability to investigate the single-particle spectroscopic

information could be a signi�cant test of the nuclear wave function. A quality

of a good spectroscopic probe is the capacity to cleanly distinguish the e�ects of

the reaction mechanism. Nucleon knockout reactions are assumed to be a direct

reaction with negligible residual interaction between the(A � 1) spectator core and

the nucleon removal. To compare the calculated partial cross section for removal

of a nucleon, from a single-particle cross sections� sp, with experimental ones, they

should be normalised byC2S between the initial and �nal ( � ) states [53,54,56].

The theoretical cross section for a speci�c knockout path from a particular state in
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the parent nucleus to individual states in the daughter nucleus can be calculated,

where one particle is removed from a single particle orbit(j ) from a nucleus with

A nucleons to the residual core with(A � 1) nucleons and total angular momentum

and parity J � .

� th (Ex ; J � ; j ) =
�

A
A � 1

� N

C2SSM (�; j )� sp(j; S n + Ex ) (2.19)

where C2SSM is the spectroscopic factor calculated from the shell model,Sn is

the projectile ground-state to residue ground-state nucleon (either proton or neu-

tron) separation energy, andEx is the excitation energy of the residual. The mass

dependent term, ( A
A� 1), is the centre of mass correction for the shell model spec-

troscopic factors, as illustrated in [57], with the main harmonic oscillator number

N = 3 for the fp -shell, as shown in Fig. 2.4.

A spectroscopic factor implies values within the 0 to 1 range and represents the

overlap between the wave functions of the initial and �nal state con�gurations.

C2S determines the nature and occupancy of the single-particle orbits of a nu-

cleus. Hence, it contains information that extends beyond the knockout reaction

mechanism.

For a speci�c �nal state, there can be more than one orbital involved in the knock-

out process. For all �nal states of the mass(A � 1) residue, the theoretical inclusive

nucleon-removal cross section (the total probability of populating any bound state

of the fragment residue from the projectile),� inc , is computed as the sum over all

j values of the orbital of the removed nucleon and over all �nal states, i.e., the

sum of the exclusive cross sections� exc
th (Ex ; J � ) that is calculated from the sum of

the partial cross sections (Eq. 2.19).
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2.3.2.1 Single Nucleon Knockout Reactions (Eikonal Approximation)

The single-particle cross sections(� sp) are extracted from the sum of two separate

processes

� sp = � str
sp + � dif

sp (2.20)

where� str
sp and � dif

sp are the single-particle stripping and di�raction cross sec-

tions, respectively. There is also a third reaction process known as Coulomb dis-

sociation. In this process, the projectile is broken up as a result of Coulomb

interactions with the target. However, as the contributions of Coulomb dissoci-

ation are normally very small with the choice of a low atomic numberZ target,

these e�ects are considered negligible [58].

The importance of each process is di�erent based on the beam energy. At a

high beam energy, the single-particle cross section for one nucleon knockout is

dominated by stripping reactions, whereas at a lower energy, typically with 50�

60 MeV/nucleon, the contributions of stripping and di�raction reactions are simi-

lar [58]. The single-nucleon removal cross sections presented here were calculated

using the eikonal reaction theory [54,59,60].

The eikonal reaction theory implements the "spectator-core" approximation, as-

sumes the nuclear core is not excited during the reaction. The three-body reaction

model adopted in this study consists of the target, projectile core, and projectile

valence nucleon, as presented in Fig. 2.10. Projectiles travelling at high energies

allow for a signi�cant simpli�cation of the reaction model used to study the sudden

removal of a nucleon. The internal motion of the projectile can be assumed to be

adiabatic or in a frozen state. The adiabatic approximation, �rst discovered by

Johnson and Soper (1970), assumes that the internal motion of the projectile is slow

compared with the external motion at the centre of mass of the projectile. This

suggests that at high beam energies, the core and valence system barely change

within the time taken for the nucleus to traverse the target, basically reducing

the system from three-body to two-body. The eikonal approximation is a semi-
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classical solution of the scattering problem presented in Fig. 2.10. This method is

employed to calculate the elastic-scattering functions or elastic S-matrices of the

projectile, representing the amplitude of the forward-going scattered wave over a

range of incident impact parameters. The S-matrix for the projectile can �rst be

obtained by solving the time-independent Schrödinger equation (see [61, 62] for

more details).

After the S�matrices are calculated, it is possible to calculate the two single-

nucleon knockout cross sections separately by integrating over the projectile's cen-

tre of mass impact parameter,b [63]. The stripping � str and similarly di�ractive

breakup � dif cross sections may be found using the following equation

� str
sp =

1
2J + 1

Z
db

X

m

D
� c

JM

�
� � 1 � j Sn j2

� �
� Sc

�
�2

j � c
JM

E
; (2.21)

� dif
sp =

1
2J + 1

Z
db

"
X

m



� c

JM k (1 � SnSc)j
2 j � c

JM

�
�

X

m;m 0

jh� c
JM j(1 � j SnScj)j � c

JM ij 2

#

;

(2.22)

where the quantitiesSc and Sn are the elastic-scatteringS matrices [64, 65] for

the interaction of the core-target and the valence nucleon-target systems, respec-

tively, and are expressed as functions of their individual impact parameters [54].

The nucleon-core relative motion wave functions, with total angular momentum

J and projection M, are � c
JM . They are calculated in a Woods-Saxon potential

whose local potential has been adjusted to reproduce the separation energy of the

nucleon from the initial state with a given nlj . Equation 2.21, (jScj2), refers to

the probability that the core survives the reaction, whilst (1 � j Sn j2) indicates

the probability that the valence nucleon is absorbed [58]. Thus, the partial cross

section for single�particle removal is the probability of both processes occurring

together, Eq. 2.20.

In this work, full- pf shell-model calculations using the KB3G [45] interaction
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Figure 2.10: The coordinate system adopted for the core, valence nucleon, and
target three�body systems. Adapted from [66].

in the ANTOINE code [43] were employed to compute the spectroscopic factors,

enabling a calculation of a speci�c knockout path.

The single-particle cross sections,� sp, can be understood to include information

related to the reaction mechanism, which can be explained by the condition where

exactly one nucleon is removed from a speci�ed state. Moreover, the spectroscopic

factors provide all the nuclear structure information by measuring the overlap

between the initial and �nal state con�gurations.

A description of the speci�c steps of these calculations (reaction models andC2S

calculations) used for obtaining theoretical cross sections for nuclei in this work

will be described in Chapter 6.
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Chapter 3

Experimental Details

This chapter will brie�y review the experiment performed in the current work

(Section 3.1). The following section (Section 3.2) will describe the detector systems

and experimental setup as well as the
 -ray detectors utilized in the experimental

work for this thesis. The experiment performed here will be referred to in this

thesis by the label E14027.

3.1 Experimental Overview

The primary aim of using
 -ray spectroscopy in this work was to study the exotic

proton-rich nuclei, and their neutron-rich mirror partners, A = 48; Tz = � 2 and

A = 45; Tz = � 1
2 , see Fig. 3.1.

Radioactive beam facilities such as the National Superconducting Cyclotron Lab-

oratory (NSCL) at Michigan State University (MSU) provide the opportunity to

investigate exotic nuclei through in-beam
 -ray spectroscopy experiments. A study

of exotic proton-rich48Fe was undertaken via a one-neutron knockout reaction from

a radioactive 49Fe beam, and subsequently, the analogue one-proton knockout re-

action was performed from49V to populate states in 48Ti. In addition, the exotic
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proton-rich 45V nucleus and its mirror 45Ti were produced via one-neutron and

one-proton knockout reactions, respectively, from the same incoming beam46V.

The products were detected and identi�ed by detection systems at the end of the

S800 spectrograph (Section 3.2.4), and GRETINA was used for the identi�cation

of 
 rays (Section 3.2.5). Thus, the study of energy-level schemes of these nuclei

by the use of a one-nucleon knockout reaction mechanism provided an opportu-

nity for determining the cross sections of the observed states in these nuclei and

determining the MED.

3.2 Experimental Setup

3.2.1 Experimental Settings and Plans

Figure 3.1: The 58Ni primary beam is fragmented into the cocktail secondary
beams of interest (squared in blue), such as49Fe/ 49V and 46V (see text for more
details) at the entrance of the A1900 separator. The mirror pairs of interest
(squared in red),48Fe/ 48Ti and 45V/ 45Ti, are populated via one nucleon-knockout
reaction from these secondary beams.

The experiment was conducted in 2016, (code E14027). A� 160 MeV/u

primary beam 58Ni was fragmented on a 802 mg/cm2 9Be production target into

secondary beams that were dispersed via the A1900 separator [67]. The result-

ing fragments were separated by the A1900 separator [67] into a cocktail beam
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that contained 49Fe, 48Mn, 47Cr, 46V, etc. in one setting of A1900 (see Fig. 3.3)

and the mirror secondary beams,49V, 48V, and 47V, etc. in the other setting.

For the secondary beam of interest, the fragment beam rates for49Fe (49V) were

� 300 (2 Ö 105) particles per second, respectively, constituting� 0.5%(64%) of

the secondary beam cocktail. A set of adjustable slits and a degrader wedge were

used to block and disperse the array of secondary beams before impinging on the

188 mg/cm2 9Be secondary target. The secondary beams used for this study are

49Fe (Tz = - 3
2) and 49V (Tz = 3

2), which represent a mirror pair, andN = Z 46V

(Tz = 0). One-nucleon knockout reactions occur at the secondary target where the

nuclei of interest are produced and where the excited states in the mirror nuclei

48Fe and 48Ti ( Tz = � 2) are populated via one-neutron and one-proton removal

from 49Fe and 49V secondary beams, respectively. Moreover, the excited states

in the mirror nuclei 45V and 45Ti ( Tz = � 1
2) are populated via one-neutron and

one-proton knockout from the same secondary beam46V.

The deexcitation 
 rays from the knockout reaction residues at the9Be secondary

target position were recorded by the HPGe detector array GRETINA [68,69]. The

beam-like residues resulting from the reactions within the target then traverse the

S800 spectrograph [70], which is used to identify and resolve the reaction products

using energy loss and time of �ight measurements. Moreover, the S800 spectro-

graph provides crucial information on recoil angles and momentum distributions

of the reaction products, which allows for accurate event-by-event
 -ray Doppler

corrections.

A summary of the ten di�erent combinations of A1900 and S800 settings and,

description of the experiment undertaken in this work are presented in Table 3.1.

Throughout the experiment, � 109 hours of the main data taking, separated into

123 data runs, were obtained. Data runs were interrupted several times to carry out

unreacted beam runs, mirror nuclei settings and the mask calibrations (Table 3.1).

Periodically, through the experiment, A1900 settings were kept unchanged and

then the settings of the S800 spectrograph were switched to the unreacted beam

setting. The unreacted beam runs were performed to measure the number of
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beam particles to determine the inclusive cross sections. To carry out the mir-

rored knockout reaction, the A1900 settings were changed to the mirrored settings

with corresponding unreacted beam settings (Table 3.1).

Mask calibration runs were also performed, which were used in particle trajectory

mapping (more details in Chapter 4). The beam purity varied for each secondary

beam and was determined during the experiment (Table 3.1). For instance,49Fe

has a beam purity of 0.5%, while 49V has a very large beam purity, 64% (hence

only one-run, 113, Table 3.1). The reactions of interest are highlighted in blue,

while the other reactions were used for a di�erent analysis, see Table 3.1. It should

be noted that the 46V-45V knockout setting is the same setting as the49Fe- 48Fe

knockout setting.

The following sections will discuss the components of the experimental setup at

the NSCL and demonstrate the step-by-step process of deriving the obtained mea-

surements, from beam production to
 -ray detection and reaction product identi-

�cation.
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Table 3.1: Summary of the di�erent settings and data for the sub-experiments
performed at the NSCL. The beam purity, Downscaler (Ds) and duration of the
runs are also shown. The nuclei used in this analysis are highlighted in blue.

Run Number A1900 Settings Purity S800 SettingsDs Time(h, min) Comments

19-109
133-189

49Fe 0.5% 48Fe 1 106:00 Data

Mirror Beam Setting

113 49V 64% 48Ti 3 01:00 Data

123-124 48V 42% 47Ti 1 01:17 Data

128 47V 28% 46Ti 3 01:13 Data

183 46V ( 49Fe) 40% 45Ti 2 00:50 Data

21-22 Mask Calibration

85-86 -

114-115 -

178-179 -

Total 00:50

32 49Fe 0.5% 49Fe 1 Unreacted

56 - - - -

154 - - - -

180 - - - -

Total 00:37

111 49V 64% 49V 1 00:6 Unreacted

121 48V 42% 48V 1 00:9 Unreacted

126 47V 28% 47V 1 00:6 Unreacted

182 46V( 49Fe) 40% 46V 1 00:17 Unreacted

66



3.2. Experimental Setup

3.2.2 Primary Beam Production

The Coupled Cyclotron Facility (CCF) [71, 72] at the NSCL consists of a Super-

conducting Source for Ions (SuSI), which is an electron cyclotron resonance (ECR)

source, and the two cyclotrons, K500 and the K1200 at the NSCL, as shown in

Fig. 3.2. In this case, it was used to produce the58Ni primary beam. The �rst

step starts at the ECR ion source, which produces a stable beam of positive ions,

accelerated through the K500 cyclotron up to energies of around 8�12 MeV/u. Sub-

sequently, the primary beams are extracted from K500 cyclotron and injected into

the second cyclotron, K1200 [73], where they are accelerated to energies 160 MeV/u

for a velocity of � 0.4c. The K1200 cyclotron is equipped with a carbon foil for

the removal of the remaining atomic electrons such that the58Ni primary beam

used in this experiment is in a 28+ charge state. The beam is shaped using several

quadrupole and sextupole magnets before impinging upon the 802 mg/cm2 9Be

production target at the beginning of the A1900 separator. After fragmentation of

the primary beam at the production target, a variety cocktail of secondary beams

was produced.

3.2.3 Secondary Beam: A1900 Separator

The A1900 separator is a high-resolution fragment separator that can provide

a wide range of fast exotic beams across the nuclear chart for nuclear physics

studies and is aimed at separating the secondary beams, which are a result of the

fragmentation of the primary beam in the9Be production target. The momentum

acceptance of this separator was adjusted to0:5%.

The A1900 separator consists of a series of four 45� steering dipole super-

conducting magnets, 24 superconducting focusing quadrupole and other sextupole

and octupole magnets for aberration correction, energy-degrading wedges, and
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Figure 3.2: A schematic of the ion source (SuSI) coupled with K500/K1200 cy-
clotrons and the A1900 separator. Taken from [67].

slits situated at image 2 (see Fig. 3.2) [67]. These components of the separator are

located immediately after the production target and can be utilised to disperse the

cocktail of secondary beams, reduce the level of certain contaminants, block any

undesired secondary beams from coming through slits located at the second image

(Fig. 3.2) after dispersion, and adjust the momentum acceptance of the cocktail

beam. Each beam with massA and chargeZ , moving at a velocity v, is de�ected

by four dipole magnets. This allows for the use of the magnetic rigidity,B� , of

the dipole magnets to select the beam of interest,

B� =
p
q

=
mv
q

=
m�c

q
/

A
Z

�c (3.1)

whereB is the magnetic �eld strength, � is the radius of curvature of the particles

orbit, � = v=c; m and q are the mass and charge of the particles, respectively.

The achromatic aluminium wedge (the triangle shape at image 2, as shown in

Fig. 3.2) in A1900 is used for isotopic beam selection. This also enables the identi-

�cation of the isotopes of interest before focusing the secondary beams to impinge

on the secondary9Be target. High momentum particles hit the thick part of the

wedge and low momentum particles hit the thin part of the wedge. Each beam

experiences various levels of energy loss through the wedge and beam components
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with the sameB� , which will appear with di�erent momenta depending on their

atomic numbers,Z . A further separation occurs, wherein the emerging, �ltered

beam is passed through the remaining two dipole magnets along a dispersive beam-

line. Subsequently, the �nal secondary cocktail beam of interest arrives at the focal

plane of the A1900 separator. The desired secondary cocktail beam is then trans-

ferred along an analysis line before impinging on a reaction target9Be, located

at the secondary target position on the S800 spectrograph (Section 3.2.4). The

cocktail secondary beam was produced after the separation process in the A1900

separator, consisting of primarily 0.5% 49Fe, 4.9% 48Mn, 29.8% 47Cr, 40% 46V,

23% 45Ti, and 1.7% 44Sc (Fig. 3.3).

Figure 3.3: The incoming secondary beams are shown with the A1900 tuned to
produce 49Fe and the other beams produced with same setting, which can be
observed from the XFP and OBJ scintillators times of �ight relative to the E1
scintillator in the S800 spectrograph focal plane.

These secondary beams were then sent through a transfer hall between the

A1900 fragment separator and the S800 spectrometer. The beam species were

identi�ed, on an event-by-event basis, by time of �ight (ToF) measurements be-

tween two plastic scintillator detectors located after the A1900 fragment separator

and an E1 scintillator at the focal plane in the S800 spectrometer, located behind
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the �nal (reaction) target. The two scintillator detectors are the extended focal

plane (XFP) positioned at the end of the A1900 separator and the object (OBJ),

which is located further down the beamline at the object position of the S800.

They are separated by a distance of� 30 m and can be used to identify di�erent

incoming beams. Figure 3.3 shows the di�erent incoming ions appear on diagonal

lines (see labels), allowing one to gate on a selected incoming beam.

3.2.4 The S800 Spectrometer

Figure 3.4: The S800 spectrometer consists of the analysis line and spectrograph.
The beam of interest enters the S800 spectrometer at the object and then passes
through the analysis line. The resulting particles are separated using the spectro-
graph after the reaction at the secondary target [74].

The S800 spectrometer is a high-resolution, large acceptance magnetic spec-

trometer [70]. The �rst part � the analysis line � is used to identify and focus

secondary cocktail beam from the A1900, and the second part � the spectrograph

� is used to separate and transport outgoing fragments after the secondary reac-

tion target, see Fig. 3.4.

In the experiment performed for the current work,� 81�84 MeV/u 49Fe, 49V, and

46V secondary beams were transferred along the S800 analysis line and impinged
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on a 9Be secondary reaction target of thickness 188 mg/cm2 where mirrored one-

nucleon knockout reactions occurred. The
 rays from the excited states populated

the nuclei of interest 48Fe (Tz = � 2), 48Ti ( Tz = +2 ) and 45V (Tz = � 1
2), 45Ti

(Tz = + 1
2) and were detected using GRETINA (Section 3.2.5). The reaction prod-

ucts were transported to the S800 focal plane detectors system, where they were

identi�ed by measuring position, angle, energy loss, and ToF [75]. A description

of S800 components and the detector systems will be provided in the following

sections.

3.2.4.1 S800 Analysis Line

This part of the S800 spectrometer extends from the object (OBJ) scintillator po-

sition to the reaction target position. It is designed to receive the secondary beam

from the A1900 fragment separator and direct it into the high-resolution spec-

trograph using a series of magnets. It comprises four superconducting magnetic

dipoles, �ve superconducting magnetic quadrupole triplets, and a few correcting

sextupoles. These dipole magnets have the maximum magnetic rigidity,B� , of

5 Tm [70]. The purpose of the analysis line is to direct and focus the incoming

secondary beams onto the reaction target and measure the characteristics of the

incoming particles produced in A1900.

The S800 analysis line can be operated in two di�erent modes: the focused

mode and the dispersion matching mode [70]. In the focused mode, the beam is

concentrated on the target position and dispersed in the focal plane, and a larger

momentum acceptance of roughly� 2% is achieved. In contrast, the dispersion

matching mode is achromatic on the whole S800, where the beam is momentum

dispersed on the target with a dispersion of about 10 cm=%. Thus, in this mode,

the momentum acceptance of the analysis line is limited to� 0:5%, and it can

be used in the experiments requiring the highest momentum resolution. In the
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experiment described in this work, the S800 analysis line was run in a focused

mode in which the beam was focused on the reaction target.

3.2.4.2 S800 Spectrograph and Focal Plane Detectors

The S800 spectrograph consists of two large focusing quadrupole magnets, followed

by two 75� superconducting dipole magnets and detector systems located just past

these dipoles at the focal plane of the spectrometer. This is the large acceptance

section of the S800 with a maximum magnetic rigidityB� that is limited to 4 Tm.

The quadrupole magnets are situated after the target chamber, which helps focus

the outgoing particles after the reaction target in the non-dispersive plane (the

y-position) and then in the dispersive plane (the x-position). Furthermore, the

two 75� superconducting dipole magnets serve to direct and disperse the residue of

interest at S800's focal plane and block any unwanted unreacted secondary beam

using a beam blocker.

The position and angle of each product are recorded at the S800 spectrometer's

focal plane, which includes two Cathode Readout Drift Chambers (CRDCs), ioni-

sation chambers (IC) and three plastic scintillators E1, E2, and E3 (see Fig. 3.5).

The detectors used in the experiment for this work will be described in detail in

the following subsections.
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Figure 3.5: Schematic of the detectors located in the focal plane of the S800
spectrometer [75].

3.2.4.3 Cathode Readout Drift Chambers (CRDCs)

The �rst detector device in the S800 spectrometer's focal plane is a pair of CRDCs.

The two CRDCs are gas-�lled detectors, located approximately 1 m apart. They

are �lled with 80% CF4 and 20% C4H10 at a typical pressure of around 140 Torr.

The detectors have an active area of 26 cm� 56 cm in the non-dispersive (y) and

dispersive (x) planes, respectively, and a depth of 1.5 cm. Both CRDCs have 224

pads in x direction with a pitch of 2.54 mm and are used to detect particle posi-

tion and trajectories of nuclei after the interaction with the secondary production

target.

The traversing particles ionise the gas in the CRDCs, creating of a number of

electron-ion pairs. This results in a drift of free electrons towards an anode wire

under the in�uence of an electric �eld. The charge collected at the anode wire

induces a positive charge on the cathode pads (Fig. 3.6). The x-position in the
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Figure 3.6: A diagram illustrating the CRDC detector, where the particles are
ionised as they pass through each CRDC, creating free electrons that drift towards
the anode wire. As a result, a positive ion is produced on one of the cathode pads.
A Gaussian function is �tted to determine the x-position of the particle, and the y-
position is calculated based on the electron drift time to the anode wire in relation
to the trigger at the E1 scintillator. Taken from [74].

dispersive plane is determined by measuring the induced signal on the neighbour-

ing cathodes by �tting a Gaussian function to the charge distribution across the

cathode pads. The y-position in the non-dispersive position is determined by

recording the drift time of the electrons in the gas, whereby the time is measured

while collecting charge on the anode wire by a comparison to the S800 timing

signals trigger provided by the E1 scintillator. Each CRDC detector has a spatial

resolution of less than 0.5 mm FWHM and a maximum rate of 5,000 counts per

second [76]. A higher count rate would lead to e�ciency losses.

The recoil trajectories can be reconstructed using the x- and y-position information
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provided by the two CRDC detectors. This also allows for the determination of the

incident angle at the focal plane in the dispersive (afp ) and non-dispersive planes

(bfp ). The focal plane angles are then used in conjunction with the inverse map

(subsection 3.2.4.6) to reconstruct the recoil angles at the target position. The dis-

persive angle at the focal plane (afp ) can be calculated using the following equation

afp = tan � 1

�
x2 � x1

d

�
; (3.2)

wherex1 and x2 are the dispersive (x) positions measured in CRDC1 and CRDC2,

respectively.

The pathway of the particular nuclei of A/Q can be extrapolated from the E1

scintillator back to the reaction target using the inverse map, which also uses the

dispersive and non-dispersive positions and angles data pertaining to each CRDC,

thus yielding event-by-event vector tracking of all particles at the target position.

3.2.4.4 Ionisation Chamber (IC)

The S800 IC is located immediately after the two CRDC detectors. It is used

for the energy loss measurement of the nuclei of interest that pass through the

chamber with the energy loss depending on their mass and charge. The cham-

ber consists of 16 segments, each with a narrow anode-cathode gap perpendicular

to the beam direction. It is �lled with P10 gas, which consists of 90% Ar and

10% CH4 at a pressure of 300 Torr [77].

Electron-ion pairs are generated as a particle passes through the ion chamber and

ionises the gas; the electrons drift towards the anode and the ions are collected on

the cathodes. The resulting signals in the 16 anode segments are then summed

to produce the total energy loss for that particular particle. The charge collected

on the IC anodes is determined by the number of pairs produced, giving a direct
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measurement of the particle's energy loss, which is approximately proportional to

the square of the charge of the particleZ 2. The energy losses of a charged particle

are indicative of an atomic number as per the Bethe-Bloch formula

�
�

dE
dx

�
=

4�nZ 2

mec2� 2

�
e2

4�� o

� 2 �
ln

�
2mec2� 2

I (1 � � 2)

�
� � 2

�
; (3.3)

wheren is the electron density of the material;me is the mass of an electron;c is

the speed of light;� = v
c is the velocity of the particle; e is the electron charge;

"0 is the permittivity of a vacuum, and I is the average excitation potential of

the material. This energy loss measurement can be used in combination with ToF

measurements to identify the reaction products.

The e�ciency of IC detection is approximately 100% for the beam rate utilised

in the present experiment. Based on this, the IC was used as the standard for

measuring the relative e�ciency of the other particle detectors.

3.2.4.5 Scintillation Detectors

Three plastic scintillators are closely coupled with the IC at the end of the S800's

focal plane: E1, E2, and E3 scintillators of thicknesses 5 cm, 10 cm, and 20 cm,

respectively (Fig. 3.5). They are used in conjunction with the S800 trigger to

identify the �nal time of �ight measurement [75].

The beam particles traverse through these scintillator detectors, which results

in the generation of photons. These photons are collected by photomultiplier

tubes (PMTs) [77], which are attached to both the top and bottom of each plastic

scintillator and turned into an electrical signal. The average time signal from each

PMT is used to determine the timing signal of each plastic scintillator. Besides

the timing information, energy loss and total energy measurements of the incident

particles can also be gathered [75].

The plastic scintillator detectors can handle rates of up to 1 MHz. However, the

timing resolution of these detectors reduces at higher count rates and when the
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trajectories of di�erent nuclei cross at the focal plane, although this e�ect can

be corrected through the use of the position and angle information provided by

the CRDC detectors. The E1 scintillator situated at the focal plane of the S800

spectrograph is also utilised as the primary trigger for the data acquisition (DAQ)

system [70].

3.2.4.6 Recoil Trajectory Reconstruction

The S800 focal plane detector system helps determine the position and angles

of the reaction products, which can be used to extract their path through the

spectrometer and reconstructs their trajectory back to the reaction target.

The trajectory reconstruction on an event-by-event basis is achieved through the

use of an inverse map for each recoil by employing the code COSY In�nity [78].

Inverse maps are generated automatically for experiments conducted at the NSCL

and can be requested remotely through a server that provides remote users with

maps by entering some experimental parameters, such as the magnet strengths of

the spectrometer,B� and the residue's mass, velocity, and charge.

The inverse mapS� 1 relates the positions(x fp ; yfp ) and the angles(afp ; bfp ) in both

the dispersive and non-dispersive directions at the focal plane to the dispersive and

non-dispersive angles at the target position(ata ; bta ) as well as the non-dispersive

target position yta and the energy of the beam at the target positiondta = �E=E

by the relation
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For this transformation, the average dispersive (x) position at the target is as-

sumed to be negligible,x ta = 0, in order to minimise the number of parameters

needed to calculate the particle's trajectory so that the uncertainty of this param-

eter can be included in the energy resolution of the S800 spectrograph [70]. As

the recoil vector at the target position needs to be reconstructed from the position

and angle measurements taken at the focal plane of the S800, it is necessary to

precisely calibrate and correct these measurements (Section 4.2).

3.2.5 Gamma Ray Spectroscopy: GRETINA Array

The Gamma-Ray Energy Tracking In-beam Nuclear Array (GRETINA) is a high-

resolution gamma-ray spectrometer that consists of electrically segmented high-

purity germanium (HPGe) modules designed for nuclear structure studies, see

Fig. 3.7.

In this experiment, GRETINA had nine detector modules, each with four

high-purity germanium crystals with 36 segmented electrodes. Four of these mod-

ules (quads) were centred at 58� and �ve were centred at 90� in relation to the

beam direction.

When placed surrounding the reaction target, the array covers a solid angle

of � 1� in the laboratory frame, providing good solid angle coverage downstream

of the target, which is useful for fast isotope beams, as shown in Fig. 3.7. This

improves the detection e�ciency of forward-focused
 rays as a consequence of the

Lorentz boost [68]. GRETINA is the �rst implementation of the 
 -ray energy-

tracking array (GRETA) [79].

Each GRETINA crystal is divided along the longitudinal direction into six

slices of width 8 mm, 14 mm, 16 mm, 18 mm, 20 mm, and 14 mm from the face
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Figure 3.7: The standard con�guration of GRETINA at the NSCL located in front
of the S800 spectrograph's entrance and surrounding the secondary target. This
�gure shows seven GRETINA modules (taken from di�erent work [68]), four of
which are mounted in the 58� ring and the remaining three modules are mounted at
90� . The data presented in this work were obtained with nine GRETINA modules.
Four modules are mounted in the 58� ring and �ve are located at 90� ring. Taken
from [68].

of the crystal to the back. The slices are also split into six segments, accounting

for a total of 36 segments per crystal, as shown in the illustrations on the left

side of Fig. 3.8. Electronics are placed behind the crystal to read the charge of

each electrode. The HPGe detector must operate at liquid nitrogen temperature

to suppress electrical noise in the crystal. In the GRETINA system, the input

Field-E�ect Transistor (FET) of the central contact's preampli�er, used to mea-

sure the total energy, is inside the cryostat's vacuum and kept cold. However, the

input FETs of the preampli�ers of the 36 segments crystal are located outside the

cryostat's vacuum (warm FETs) [69]. The GRETINA detector modules and the

segmentation of the crystals are illustrated in Fig. 3.8.
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Figure 3.8: An illustration of four crystals packed in one module, each crystal is
segmented into six separate electrical contacts along the length of the crystal�
to � , and a further six segments in the radial direction (numbered one to six),
resulting in a total of 36 segments. On the right, the preampli�er compartment
for each module is shown to amplify and extract signals from the detector and a
liquid nitrogen dewar of the GRETINA detector module. Taken from [69].

There are two steps of the analysis of the GRETINA gamma-ray tracking data:

(i) measuring the position and energy of every interaction of the
 ray in the

crystal(s) through pulse-shape analysis (PSA).

(ii) using a tracking algorithm to arrange the interactions in a proper order, re-

construct the full-energy and separate multiple
 -ray paths from each other.

Step (i) is completed in this analysis; however, although GRETINA has excellent


 -ray tracking capabilities, for the experiment performed in this work, step (ii) is

replaced by an add-back procedure, which is standard for GRETINA analysis at

the NSCL [68]. Hence, the performance of GRETINA results from a combination

of determining the position well to obtain a good Doppler correction and add-back

of 
 rays to improve the e�ciency of GRETINA.

A precise reconstruction of the individual interaction positions of the
 rays in

GRETINA is possible with the use of a PSA algorithm [80] capable of improving

the sub-segment position resolution with GRETINA.

PSA methods are used to compare the digitised pulse shapes for the segment,
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and its neighbouring segments, to the simulated basis data of signals. These basis

datasets of net and transient charge signals pertain to di�erent interaction points

in the segment. The closest match provides the reconstructed position of the in-

teraction points (x; y; z; E).

One of the main uses of GRETINA is
 -ray tracking, which is used to determine

the most probable order of the interactions, where the paths of Compton-scattered


 rays are tracked inside the detector modules and neighbouring crystals using a

tracking algorithm. This allows the paths of Compton-scattered
 rays to be re-

constructed. However, a comparison of the use of the �rst interaction point as

the highest energy deposition point, compared with the
 -ray tracking �gure of

merit (FoM) decomposition process with GRETINA, was conducted in [68]. It

was found that, for intermediate energies such as NSCL, for
 -ray energies ranging

from 275 keV (19Ne) to 6.1 MeV (16O) [68], using the highest energy deposition

point for Doppler reconstruction, improved peak to background. As a result, in

this analysis, the highest detected energy in each crystal was assumed as the �rst

interaction point for any 
 -ray Doppler correction performed.

81




	Abstract
	List of Figures
	List of Tables
	Acknowledgement
	Declaration
	Introduction
	Thesis Structure

	Theory and Background
	Isospin
	Mirror Energy Differences MED

	Nuclear Shell Model
	Nuclear potentials
	Residual Interactions
	MED within the Shell model Calculations
	Multipole Coulomb Term 
	The Monopole Radial Term
	The Monopole Single Particle Term
	Additional Effective Isovector Term


	Reaction Mechanism
	Projectile Fragmentation Reaction
	Nucleon Knockout
	Single Nucleon Knockout Reactions (Eikonal Approximation)



	Experimental Details
	Experimental Overview
	Experimental Setup
	Experimental Settings and Plans
	Primary Beam Production
	Secondary Beam: A1900 Separator
	The S800 Spectrometer
	S800 Analysis Line
	S800 Spectrograph and Focal Plane Detectors
	Cathode Readout Drift Chambers (CRDCs)
	Ionisation Chamber (IC)
	Scintillation Detectors
	Recoil Trajectory Reconstruction

	Gamma Ray Spectroscopy: GRETINA Array

	Data Acquisition Triggers

	Calibrations and Corrections Data and Analysis Technique
	XFP-OBJ Time Shift Correction
	S800 Calibrations and Corrections
	Ionisation Chamber Gain Matching
	CRDC Calibration
	CRDC Pad Corrections
	Mask Run Calibrations
	CRDC Drift Corrections

	Timing Corrections
	Ionisation Chamber Corrections
	Particle Identification
	Particle Detection Efficiency

	GRETINA Corrections and Calibrations
	Efficiency of GRETINA
	Boosted Efficiency and Doppler Reconstruction of Gamma Rays
	Boosted Efficiency

	Doppler Reconstruction of Gamma Rays

	Analysis Techniques
	Doppler Correction Analysis
	Optimising the  Value
	Determining Effective Target z-Position
	Determining Effective Target x- and y-Positions
	Examining the -Dependence of the Doppler-Corrected -Ray Energies


	Production of clean -ray spectra
	- Coincidence Analysis

	Results of Mirrored One-Nucleon Removal Reactions
	Population of States in the Tz = 2 Mirror Pair
	Spectroscopy of 48Ti
	Spectroscopy of 48Fe

	Knockout Cross Sections Tz=2 Mirror Pair
	Inclusive Cross-Section Measurements
	Nf
	Ni
	Systematic Errors
	Inclusive Reaction Analysis

	Exclusive Cross-Sections Analysis

	Mirror Energy Differences of 48Fe/48Ti
	The A=45, Tz=12 mirror pair
	Spectroscopy of 45V/45Ti Mirror Nuclei
	Inclusive Cross-Sections of 46V(-1p,-1n)45Ti,45V Reactions


	Knockout Cross Sections
	Shell-Model and Cross-Section Calculations Tz = 2 Mirror Pair
	Spectroscopic Factors C2S
	Theoretical Reaction Cross Sections

	Comparison of Experimental and Theoretical Data
	Discussion
	Interpretation of A=48 Data
	Inclusive Cross Section
	Exclusive Cross Section

	Mirrored Knockout Reaction Result of A=45


	 Mirror Energy Differences 
	An Overview of Shell-Model Calculations
	Calculations of Isospin-Breaking Terms
	Results of MED Shell-Model Calculations
	Discussion
	Interpretation of MED A=48 Data


	Conclusion and Future Work
	Abbreviations
	References

