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Abstract

This thesis is concerned with the representation theory for the special linear Lie group
SLy(R). After the introduction and background material in the second chapter, we
present the representation theory of the affine group, which is a subgroup of SLy(R).
The classification of the irreducible unitary representation of SLy(IR) was achieved by
Bargmann [4]. Here, a new study of the SLy(R) unitary representation is provided by
using an inducing procedure and Gelfand method [13, VII]. Also, we investigate the

representation of the group SLy(R) on holomorphic spaces of function on the unit disc.



Contents

Dedication
Acknowledgements
Abstract

List of Figures

1 Introduction

1.1 The Structure of the Thesis . . . . . . . . . . . . . ... ... ....

2 Preliminaries
2.1 Groups . . ..o e e e e
2.2 Homogeneous Spaces . . . . . . . v v vttt
2.3 Lie Groups and Lie Algebras . . . . . ... ... .. .........
24 Representationsof Groups . . . . .. ... ..o
2.5 Decomposition of Representations . . . . . . ... .. ... .....

2.6 Induced Representations . . . . .. ... ... ... ... .....

3 Representations of the Affine Group

3.1 TheAffineGroup . . . .. .. ... ...

ii

iii

iv

viii

10
11

15



Contents vi

3.2 Affine Algebra . . . ... ... e 17
33 HaarMeasure . . . . . . . .. .. L 17
3.4 Induced Representation of the Affine Group . . . . . ... ... ... 18
3.4.1 The Left Regular Representation . . . . .. ... ....... 18

3.4.2 The Co-adjoint Representation . . . . . .. ... ....... 19

3.4.3 The Quasi-Regular Representation . . . . . ... ... .... 26

3.5 Intertwining Operators . . . . . . . . . .. ..o 30
3.5.1 Covariant Transform . . . . ... ... .. ... ....... 31

3.5.2 Induced Covariant Transform . . . ... ... ... ... .. 35

3.5.3 The Contravariant Transform . . . . . . .. ... .. ... .. 36

4 Representations of the Group SL,(R) 39
41 TheGroup SLo(R) . . . . o oo o 39
4.2 Trreducible Unitary Representations of SLo(R) . . . . . . .. ... .. 41
4.3 Induced Representation of the Group SLo(R) . . . .. .. ... ... 45
43.1 The SLy(R) Induced Representation from the Subgroup N . 45

4.3.2  Affine Group Representation Induced from a Trivial Character 47

4.3.3 InductioninStages . . . . . . . ... ... 48
4.4  Gelfand Method to Classify the Group SLo(R) Representation . . . . 51
4.5 Invariant Bilinear Functionals . . . . . ... ... ... ....... 52
4.5.1 Invariance under Translation . . . . . . ... .. ... .... 54
4.5.2 Invariance under Dilation . . . . .. ... ... ... .. .. 55
4.5.3 Invariance under Inversion . . . . .. . ... ... 56
4.6 Invariant Bilinear Functionals for Holomorphic Representations . . . 58
47  Equivalence of the SLy(R) Representations . . . . . .. ... .... 62

47.1 Equivalence of the Holomorphic Representation of SLy(R) . . 64



Contents vii

4.8 Unitary Representations of the Group SLo(R) . . . . ... ... ... 67
4.8.1 The Existence of an Invariant Hermitian Functional . . . . . . 67
4.8.2 Positive Definite Invariant Hermitian Functional . . . . . . . 68
4.8.3  Representations of SLy(R) on the Hilbert Space . . . . . . . 69

5 The SLy(R) Representations on Spaces of Holomorphic Functions on the

Unit Disc 72

5.1 The Group SU(1,1) . . . . . .. i 72
5.2 Induced Representation on the UnitDisc . . . .. ... ... .... 74

5.3 Actions of Ladder Operators . . . . ... ... ........... 77
5.4 Representation on the Dirichlet Space . . . . .. ... ... ..... 87

5.5 Mock Discrete Series Representation . . . . . .. ... ... .... 91
5.5.1 Representationinthe RealLine . . . . ... .. ... .. .. 91

5.5.2 Representation on the UnitCircle . . . . ... ... ..... 93

5.5.3 Representation on the Group STo(R) . . ... ... ... .. 94

6 Further Work 98
Appendix A 99
A.1 Mellin Transform as a Unitary Operator on Hilbert Space . . . . . . 99
A.2 Generalised Functions . . . . ... ... ... ... ... 99

Bibliography 101



List of Figures

2.1 Induced representation from a character of a subgroup. . . . . . . .. 13
3.1 Intertwining operators between affine group representations . . . . . . 31
5.1 The left and the right actions of the ladder operators for ff?q1 ... 86
5.2 The left and the right actions of the ladder operators for f%n .. 87

viil



Chapter 1

Introduction

The special linear group SLy(RR) is the group of 2 x 2 matrices with real entries and a
determinant equal to one. It is an interesting and important example of a locally com-
pact real Lie group of three dimension. In 1947, Bargmann classified the irreducible
unitary representation of SLo(IR) [4]. His approach has been presented in different
sources [20, 33, 40]. The main tool of Bargmann’s classification is to work on the Lie
algebra sly(R). Gelfand studied the SLy(IR) representations on the Lie group instead
of the Lie algebra sly(R) [13, VII]. In this thesis, I use the induced representation tech-
nique (in the sense of Mackey [34]) and the Gelfand method [13, VII] to review the

classification of the irreducible unitary representations on the Lie group SLy(RR).

The affine group is a subgroup of SLy(R), and it is often used to build wavelets. To
study the induced representation of the group SLy(R) I start by considering the unitary

representations of the affine group, which are due to Gelfand and Naimark[14] .

Another purpose of this thesis is to describe the SLy(IR) representations on spaces
of holomorphic functions on the unit disc. The group SLy(R) is more convenient
for complex analysis in the upper half-plane. However, the group SU(1,1) of 2 x 2
matrices, with complex entries and a determinant equal to one, is well suited in unit
disc . The Cayley transform (5.1) defines an isomorphism of the group SLs(R) with
the group SU(1, 1). Lang [33, chapter IX] studied the holomorphic discrete series for
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the group SLy(R) on the Bergman space in the upper half-plane and on the unit disc.
Here, I study the mock discrete series for the group SLo(R) and describe the sly(RR)

Lie algebra vector module of the Dirichlet space on the unit disc.

1.1 The Structure of the Thesis

This thesis includes the following:

* In Chapter 2, we present a brief review of the background, including basic defini-
tions and the results of group theory, Lie groups, Lie algebra and representations

theory.

e In Chapter 3, we consider the construction of induced representations of the
affine group. In particular, we describe three forms of the affine group repre-
sentations: the left regular representation, the co-adjoint representation and the
quasi-regular representation. Also, we discuss the covariant transform and its
inverse, the contravariant transform. We find the intertwining operator between
all three affine representations through the covariant transform. These are given

in the following:

(i) the Poisson integral between the quasi-regular representation on H>(R) and

the left regular representation on Lo (Aff, dv).

(ii) the Laplace transform between the co-adjoint representation on Lo(R )

and the left regular representation on Lo (Aff, dv).

(iii) the Fourier transform between the quasi-regular representation on Hs(RR)

and the co-adjoint representation on Lo(R ).

* In Chapter 4, we consider the SLy(R) group and its infinite-dimensional repre-
sentations. In particular, we present the irreducible unitary representations of the

SLs(R) determined originally by Bargmann [4].
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In addition, we provide a classification of the SLy(R) group representations by
following the Gelfand method [13, Chapter VII]. To begin with, we induced a

reducible representation of SLy(R) in two subsections:

(1) we construct an induced representation on the vector space of smooth func-
tion T on the homogeneous space X = R?—{(0, 0)}. We get the following

representation:

where w = (u,v) € R? — {(0,0)}, and f € W. The inverse is needed to

satisfy the representation condition:
U(g192) = U(91)U(g2).-

(i1) we use the technique of induction in stages to construct an induced repre-
sentation on the homogeneous space X = P(R), which is the real projec-

tive line. We obtain the representation

ar — C
@) = = bapsan(a - o0f ($55).
where x € P(R) and f € W, which is a vector space of smooth functions

on P(R).

To study the unitarity of the representations (1.1), we start by finding the condi-
tions needed for a bilinear functional to be invariant on a normed space. Then,

we investigate the invariance of an inner product on the Hilbert space.

* In chapter 5, we study the representation of the STy (IR) group on analytic spaces
of function in the unit disc. This is done by studying the representation of the
SU(1,1) group, since this is more convenient in the unit disc. The first section
provides basic information about the SU(1, 1) group. In the second section, we
induce a representation of the SU(1, 1) group from the subgroup K. In the third
section, we present the actions of the ladder operators for the representation on

the unit disc. Then, we study the SU(1, 1) representation on the Dirichlet space.
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Finally, we consider the mock discrete series representation in the real line, on

the unit circle and on the group SL»(R).

* In Chapter 6, we discuss further work.
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Preliminaries

In this chapter, we present some basic notions of group theory and representation the-

ory that are needed for our study. Mainly, we use references [22] and [10].

2.1 Groups

Definition 2.1.1. [22] An abstract group (or simply group) is a non-empty set GG for
which there is a law of group multiplication, that is to say, a mapping G x G — G

with the properties:

(i) associativity: g1(g293) = (9192)9s;

(ii) the existence of an identity: there exists an element e € G such that eg = g for

all g € G,

(iii) the existence of an inverse: for every g € G there exists an element g~! € G

such that gg~! = g~ tg = e.
A group G is called commutative or abelian if in addition to the above properties

we have

(iv) commutativity : g1 g2 = gog; for all g1, go € G.
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Example 2.1.2. The following are abstract groups:

1. The set R of real numbers forms a commutative group under the operation of

addition.

2. Forn € Z™*, the set of all n x n invertible matrices with real entries forms a group
with the operation of matrix multiplication. This group is non-commutative for

n > 2.

Definition 2.1.3. [27] A subgroup of a group G is a subset H of G such that the

restriction of multiplication from G to H makes H a group itself.

2.2 Homogeneous Spaces

Let GG be a locally compact group and M be a locally compact Hausdorff space. A left

action of G on M is a continuous map (g, x) — gz from G x M to M such that:

1. © — gxr homeomorphism of M foreach g € G and x € M,

2. g1(g27) = (g1g2)x forall g1, g0 € Gand x € M.

A space M equipped with an action of is called a G-space. A G-space is called transi-
tive if for every x1, x5 € M there exists g € G such that gx; = x5. The homogeneous

space is a transitive GG-space.

In this section, we describe the construction of homogeneous spaces [22, §2.2]. Let
us define the space of cosets X = GG/ H by the equivalence relation: g; ~ g if there
exists h € H such that g; = goh. The space X = G/H is a homogeneous space under

the left G-action:
g:g1H — (gg91)H. (2.1)

It is more convenient to have parameterisations of X = G/H and express the above

action through those parameters. Suppose that we have chosen a representative in each
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equivalence class. In other words, we have a mapping s : X — G such that it is a right

inverse to the natural projection p : G — G/H, that s, p(s(z)) = z forall z € X.

The set G can be identified by the product G ~ G/H x H, thatis, g = s(p(g))h
for some h € H depending on g. From the definition of the maps s and p, the point
s(p(g)) belongs to the same class of the point as g; that is, s(p(g)) ~ ¢. Then, any

g € G has a unique decompostion of the form
g =s(x)h, (2.2)

where © = p(g) and h € H. We define a map r associated with s through the identities:

h=r(g) :=s(x)"'g, where z=p(g). (2.3)

Then X is a left homogeneous space with the G-action defined in terms of s and p, as

follows:

g:x—g-x=p(g*s(x)), (2.4)
where * is the multiplication on G and - is the action of G’ on X from the left. This is
illustrated by the following commutative diagram:

G 2@

] I

X 24X

2.3 Lie Groups and Lie Algebras

Definition 2.3.1. [17] A Lie group is a smooth manifold G that is also a group such

that the group product G x G — @, and the inverse map G — G are smooth.

Example 2.3.2.

1. The GL(n,R) group of n x n invertible matrices with real entries and matrix

multiplication as the group law. This group is also called the matrix Lie group.
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a
2. The SLy(R) group is a set of 2 x 2 matrices g = with real entries

c d
a,b,c,d € R and a determinant equal to 1. The group law coincides with the

matrix multiplication. The identity is the unit matrix, and the inverse is g~! =

3. The Heisenberg group H' is a set of triple real numbers (s, x,y) with the group

multiplication:

1
(s, 2,y) (', y) = (s + 8"+ 5 @'y —wy),x + 7'y +f).

The identity is (0,0,0) and (s, z,y)"! = (—s, —z, —y).

Definition 2.3.3. A Lie algebra g is a vector space over a field K, with a bilinear map
[.,.] : g X g — g that satisfies the following conditions: for all X,Y and Z € g, we

have
(i) bilinearity: [aX + bY, Z] = a[X, Z] + b]Y, Z] and for all scalars a,b € K;
(i) antisymmetry: [X,Y] = —[Y, X] (or, equivalently, [ X, X| = 0); and

(iii) the Jacobi identity: [[X, Y], Z] + [[Y, Z], X] + [[Z, X],Y] = 0.

The map [., ] is called a commutator.

An important class of Lie algebras is formed by matrix Lie algebras [23], which
are subspaces of M, (K) (a Lie algebra of n x n matrices over the field K of real or
complex numbers) and are closed with respect to the ordinary matrix commutator

(X, Y] =XY -YX. (2.5)
Moreover, Ado’s Theorem states that any Lie algebra is isomorphic to a matrix Lie
algebra [23]. For every matrix Lie group G there is an associated matrix Lie algebra g.
An important relation between them is the exponential map:
exp: g — G;

(2.6)
X = expX = e,
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The expansion map for a matrix Lie group is defined by the following Taylor series:

exp(X) = ()]i—')k (2.7)

k=0

2.4 Representations of Groups

Definition 2.4.1. [5, §1.1] Let G be a group with identity element e , and let V' be a
vector space. A representation 7 of GG in V' is a homomorphism of G into GL(V') ( the

group of invertible, linear mappings that carry V' to itself), that is
m:G—GL(V), g~ 7(g).
The representation operator 7(g) : V — V, ¢ € G satisfies the following properties:
T(g192) = (g1)7(g2), 7(eq) =1L

The repreaentation 7 is called linear if V' is a linear space and the mappings 7(g) are

linear operators. The space V' is called the representation space of 7.

Let 7 be a representation of a Lie group G on a Hilbert space H. A strong continuity
of m means that for any vector u € ‘H and for any convergent sequence (g;) — g € G,

we have [40, p.9]

I7(g;)u — 7 (g)ul|—= 0.
Definition 2.4.2. [40, p. 9] A representation 7 of a Lie group G on a Hilbert space H
is called a unitary representation if the operator 7(g) is unitary, that is

() =n(g) " =n(g"), g€G.

There is a natural equivalence relation on the set of all representations of a group,

which is defined by an intertwining property.

Definition 2.4.3. [10] Let m; and 7 be unitary representations of a Lie group G in
spaces H,, and H,, respectively. An operator U : ‘H,, — H, is called an intertwin-

ing operator between m; and 7, if for every g € G, we have

Um(g) = m(g)U.
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The set of all intertwining operators is denoted by C (7, 7). The representations 7 and
7o are unitarily equivalent if C (7, 7o) contains a unitary operator U so that m;(g) =
Uma(g)U~!. We shall write C () for C(m, 7), which is the space of the bounded oper-

ators on #, that commute with 7(g).

Definition 2.4.4. [33] Let 7 be a representation of a Lie group G on the vector space V.
Define the subspace V> to consist of functions f € V such that the map g — 7(g)f
is infinitely differentiable for any ¢ € . Then, the derived representation generated
by an element X of the corresponding Lie algebra g is the representation dw(X) of g

given as follows:

dr(X)f := %W(exp tX)f| , where feV™. (2.8)

2.5 Decomposition of Representations

One of the main problems of the theory of representations is the problem of decom-
posing representations of a group G into the simplest possible components. In the

following, we will provide some relevant notation.

Definition 2.5.1. [22] Let 7 be a linear representation of a Lie group GG in a Hibert
space H. A linear subspace L C H is an invariant subspace for 7 if for any = € L and

g € G the vector 7(g)z again belongs to L.

There are two trivial invariant subspaces, the null subspace and the entire space. All
other invariant subspaces are non-trivial. Let 7 be a representation of a Lie group G
on a Hilbert space H. If there are only two trivial invariant subspaces, then 7 is an

irreducible representation. Otherwise, we have a reducible representation.

Definition 2.5.2. [22] A representation on H is called decomposable if there are two

non-trivial invariant subspaces H; and Hs of H such that H = H, & H,.

Any unitary representation is either irreducible or decomposable. The irreducibility

of representation is often established by Schur’s lemma.
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Lemma 2.5.3. (Schur’s lemma)[ 10, lemma 3.5] Let G be a group and C(7) be the set

of all intertwining operators.

* A unitary representation 7 of G is irreducible if and only if C(7) contains only

scalar multiples of the identity.

* Suppose 7 and 75 are irreducible unitary representations of G. If 7; and 7, are

equivalent,then C(7y, m2); is one-dimensional otherwise, C (7, m2) = 0.

Definition 2.5.4. [5, §5.1] A character x of an Abelian locally compact group G is a

continuous function x : G — C, which satisfies

IX(9)|=1, x(g9192) = x(91)x(92),

and for all g;, 9o € G. That is, a character x is a one-dimensional continuous irre-

ducible unitary representation of G.

2.6 Induced Representations

In this section, we describe the construction of induced representations [10, 21, 22].
Let G be a group H be a closed subgroup of GG; then X = GG/ H is the left coset space.
For a character xy : H — T, where x(hihy) = x(h1)x(h2) and |x(h)|= 1, let V, be

the vector space of functions F' : G — C having the property:

F(gh) =x(h)F(g9), Vg€ G,he H. (2.9)
The space V, is invariant under the left action of G, that is
AMg) Vi = Vo, [M9FI(g)=F(9d), 9.9 €G. (2.10)
The restriction of the left action of G on the space V) is called the induced representa-
tion.

An equivalent realisation of the above induced representation can be defined on the

homogeneous space X = G/H. Lets : X — @, be a section map that is a right
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inverse of the natural projection map p : G — X, that is
pos=Iy.
Then the left action of G on the homogeneous space X is given by:
g-x = p(gs(z)),

where ¢ € G and x € X. Any element ¢ € G can be uniquely decomposed as

g =s(p(g))r(g) where the map r : G — H is given by r(g) = s(p(g)) g

Now, for a character x of the subgroup H, introduce the lifting map £, : W (X) —

V., as follows:

(L, f1(9) = x(r(9))f(p(g)), [fe€W(X),

where W(X) := {f : X — C} is the vector space of all complex functions on the

homogeneous space X = G/H. Let the pulling map P : V,, — W (X), given by:
[PF](x) = F(s(x)).

Proposition 2.6.1. Let the lifting map £, and the pulling map P be as defined above.
Then

1. POﬁX = ]IW(X)
2. EX oP :]IVX'

Proof. 1. Let f € W(X).

2. Let ' e V.
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Next, the operator 7, (g) on W (X) is given as follows:
T (g) =P oA(g)oL,. (2.11)

This can be represented by the following commutative diagram:

v A(g) v,
Ly lp

W) 29 wix)

=

Figure 2.1: Induced representation from a character of a subgroup

Thus, the representation , acts on W (.X') via the following explicit formula:
[ (9)f1(2) = X(r(g~" *s(2))) f(g™" - ). (2.12)
Theorem 2.6.2. The mapping 7, : G — GL(W (X)), given by
g = m(g) =PoA(g)oLy,

is a representation.

Proof. To show that 7, is a representation, it is enough to prove that

™ (9192) = T (91)my(92) and 7 (eg) =1
for all g1, g, € G, and e is the identity element of G. By using Proposition (2.6.1),
we have
T (9192) = P o A(g192) 0 Ly,
=P o Ag1) o A(ga) o Ly
=PoA(g)oly, o Algz) 0 Ly
= [PoA@)oLy]o[PoA(g) oLy

= 1y (g1) 0 Ty (g2)-
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In addition,
my(ea) = P oAea) o Ly
=Poly, oL,

=Po EX = ]IW(X)

Hence, 7, (g) is a representation. N
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Representations of the Affine Group

The affine group, denoted by Aff, is a non-commutative, locally compact Lie group of
smallest dimensionality. The main purpose of this chapter is to study the intertwining
operators between the affine group representations. We start by providing some impor-
tant facts about the affine group. Then, we present the induced representations of the

affine group following the study by Elmabrok [8]. Our main references are [8, 10, 21].

3.1 The Affine Group

The affine group is the set Aff := {(a,b) : a > 0,b € R}, with the group law * defined
by

(a,b) x (a',b') = (ad', ab’ + b), (3.1
where (a,b), (a’,V’) € Aff. The identity element is e = (1,0) and the inverse element
is (a,b)™' = (a7, —ba™').
For any (a,b) € Aff, we can define a transformation of the real line 4,, : R — R, by

the following:
Ayp(z) = (a,b) -z =ax+b, xR

15
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Aqp 1s called an affine transformation of R. This action is consistent with the group

law (3.1). Hence, the affine group is called the ax + b group as well.

The affine group is isomorphic to the group of all upper triangular 2 x 2 real matrices

of the form:

9= )
01

with matrix multiplication as the group law. The identity and the inverse matrices
elements, respectively, are given as follows:

10 . a ! —ba~!
[ == s g_ =
0 1 0 1

Equivalently, any element (a, b) of the affine group can be identified as a real matrix

of determinant one by the following relation:

1 [a b
(a,b) & —

Va\o 1
Hence, the Aff group is a subgroup of the S L, (R) group.

We can decompose the affine group Aff as a semi-direct product. That is Aff =
A x N, where N is the normal closed subgroup given by {(1,b) : b € R} and the
subgroup A = {(a,0) : a > 0}. The subgroup N can be identified with R via the
correspondence (1,b) <> b and the subgroup A identify with R, where (a,0) < a,
[21].

In a geometric point of view, the affine group as a set can be identified with the upper
half-plane

Ci={g=b+ia, beR,a>0}.
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3.2 Affine Algebra

The Lie algebra of the affine group is denoted by aff. It consists of all real 2 x 2 matrices

with second row 0. The following two elements form a basis of aff,

10 01
Xq= , and Xy = . 3.2)
0 0 0 0

Also, X 4 and Xy generate one-parameter subgroups of the affine group, respectivley,

given as follows:

a(t) = , and n(t) = : (3.3)

3.3 Haar Measure

Definition 3.3.1. [10, §2.2] Let GG be a locally compact group. A left (respectively,
right) Haar measure ¢ on G is a nonzero Radon measure which is invariant under left
(respectively, right ) translation, that is, u(gE) = pu(F) (respectively, w(Eg) = ,u(E))
for every Borel set ¥ C G and g € G.

The affine group has a left Haar measure , given as follows:
dv(a,b) = a *dadb. (3.4)
The measure dv, is left invariant under the natural action of Aff on itself. That is
dv((a',0) x (a,b)) = dv(d'a,a’b+ V')
= (d'a)"%d(d'a)d(a'b + V)
= (d'a)"*(a’)*dadb
=dv(a,b).
Moreover, the right Haar measure of the Aff group is given as follows:
du(a,b) = a 'dadb, (3.5)

where

dp((a,b)  (a', b)) = dp(a, b).
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The affine group is non-unimodular group since
dv(a,b) = a *dadb = a ‘du(a,b),

and A(a,b) = a™! is the modular function of the group [21].

da

The invariant measure on the subgroup A is the Haar measure ¢, and on the sub-

group N is the Lebesgue measure db.

3.4 Induced Representation of the Affine Group

The construction of a unitary induced representations is follows as in section §2.6. The
affine group has three non-conjugated subgroups {e}, NV and A. Hence, we can obtain

the following unitary induced representations:

* the left regular representation on the group Aff itself which induced by a char-

acter of the subgroup H = {e}.

* the co-adjoint representation on the half real lines which induced by a character

of the subgroup N.

* the quasi-regular representation on the real line which induced by a character of

the subgroup A.

3.4.1 The Left Regular Representation

Let H = {e}, be the trivial subgroup of the affine group. The homogeneous space is
X = Aff/H ~ Aff.

Let Lo(Aff, dv), be the Hilbert space of all square integrable complex-valued func-
tions on Aff with respect to the left Haar measure dv. The norm of any function

F € Lo(Aff, dv) is given as follows:

dadb
IF|P= / F(a, )™
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The unitary induced represenation of the affine group on Ly (Aff, dv), is called the left

regular representation and defined by the following unitary operator :

[A(a, b)F(u, ) == F((a,b)" * (u,v)) = F(E, vz b), (3.6)

a a
where (u,v) € Aff.

3.4.2 The Co-adjoint Representation

For the normal subgroup N = {(1,b) : b € R}, the map
a— (a,0)N, where a€R,,
identifies the homogeneous space X = Aff/N with the the subgroup A = R, .
Let x, : N — T be the character of N, defined as follows:
x-(1,b) = 2™ T € R. (3.7)
This character induces a representation of the Aff group constructed in the Hilbert

space Ly™(Aff, N). The space Ly™ (Aff, N) consists of the complex functions F, :
Aff — C, with the property

F.,.(CL, b) = E(l, S)FT(G’ 0)

The invariant measure of the homogeneous space X ~ R, is %, so the norm of F is
given by the following:
e
R+
The space L™ (Aff, N) is invariant under the left Aff-shifts (3.6). The restriction of the

left Aff-shifts on the space L3™ (Aff, N) is the induced representation.

In accordance with the general conctruction in §2.6, we will obtain an equivalent
form of this induced representation constructed in the left homogeneous space X =
Aff/N by using lifting and pulling maps.

First, because the affine group is a semi-direct product of subgroups N and A, there is

a natural section map s for Aff/N = R, in Aff. The map s is given as follows:

s: R, — Aff, where s(a) = (a,0). (3.8)
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This is the right inverse of the following natural projection map:
p: Aff - R,, where p(a,b)=a, (3.9)

such that p(s(a)) = p(a,0) = a.

Then, the unique decomposition of any (a, b) € Aff, takes the following form:

b
(a,b) = (a,0) * <1, —) , (3.10)
a
and the map r : Aff — N is given by
b
r(a,b) = s(a)™" x (a,b) = (1, 5) : (3.11)

The space X = Aff/N is a left homogeneous space under the Aff-action defined in
terms of p and s as follows:
(a,b) : w+ (a,b) - w = p((a,b) xs(w)) = aw, (3.12)

where (a,b) € Aff, w € X and - is the action of Aff on X from the left.
Next, define the lifting map for the character x . of the subgroup N, £, : Ly(Ry, %) —
L™ (Aff, N') by the following:

L. f1(a,b) == (r(a, b)) f(p(a, b)) = e 277 f(a),

where f(a) = F,(a,0) is a function on the subgroup A. Then, the pulling map is

expressed as

P LY (AR N) = Lo(R,, ), [PE0) = Fr(s(a) = f(a),

suchthat Po L, =1I,and L, oP = 1.

Therefore, the representation py_ @ La(Ry, da) — Ly(Ry, %), which is induced by

a

the character Y., is given as follows:
py. (a,b) :="PoA(a,b)oL,,.

To find the explicit formula of the representation p; (a,b), first apply the left action to
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the lifting map:
Ma )Ly A 0) = [£0,7) ((00)" 5 (,0)
~len (5050
()

—b
= (L) () G139

—27i(=2) (2)
:€27r1(u7'27rzu f( )

=L f] (5 5) = Flup(u o)
Then, apply the pulling map to the function F(Tw).
[PEGwl(w) = Fp(s(u))
= Fab (u,0) (3.14)
_ 27rz(a )t E
e (3)-
Therefore, by (3.13) and (3.14), we obtain the following formula:
b U
195, (0,0)f1(w) = [PA(a, B)L, ) () = 21 f () (3.15)

where f € Ly(R,).
By changing the variable ¢ = u™L, g(t) = t "2 f(t 1), we determine the following:
[y, (a,0)g](t) = Vae*™" g (at), (3.16)

where g € Ly(R ., da).

Proposition 3.4.1. [9] The co-adjoint representation p; (3.16) is irreducible for 7 #
0.

Proof. To show irreducibility, we will use Schur’s lemma [10]. We will show that
any operator 7', permutable with the representation p; (a,b), is a multiple of the iden-

tity operator. The permutability of 7" with p; (a, b) implies its permutability with the
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derived representations:

40}, (Xa)al() = ug/ () + 59(u) G.17)
dpy (Xa)g)(w) = ~2riug(u). G.18)

The latter differs from the operator of multiplication by v in a constant factor only.
It is known that the only operators in the space of infinitely differentiable finite func-
tions permutable with the operator of multiplication by u are operators of multiplica-

tion by a function [24, Lemma, p. 111] . Therefore, 7" has the form

To find ¢(u), we use the permutability of 7" with
o (a,0)g)(w) = v/ag(au).
The equality T'pf (a,0) = pf (a,0)T, that means
a(u)Vag(an) = Vaglau)glau), for a € R,.

Hence, ¢(u) = ¢q(au), and consequently, ¢(u) is a constant. Finally, the representation

py is irreducible. O

Proposition 3.4.2. [9, Proposition 3.2.6] Two co-adjoint representations p;l and p;W

of the affine group Aff are equivalent if and only if 775 > 0.

Proof. Let the numbers 7, and 7, be of the same sign (i.e. - > 0). From the identity

/
(4,0 = (1) * (a, 0) = ( b—) ,
a
we have

_ b
ot (@ 0] % ot (W) i (a,0) = it ( 5) |

Leta =2 > 0, then
T2

-1 ’
+ (N + + (I _ b'ry
|:pX71 (T_Q’ 0):| * qu (a/’ b/) * pxq (7_—2, O> = pXTI (a,7 - ) .

LetU = p;gﬁ (:—;, 0) be a unitary operator on Ly(R, ). We then obtain the following:

U—1+(/b/)U_+ /@
pXTl CL7 —PXTI a7 7_1 .




Chapter 3 23

By simple calculation, we determine that

b'T
i (05 1] 0 = @,
which implies
-1 + / b'm + Y
U™py., a,—= U=py, (a,b)

Hence,

Next, let 77 and 75 be of different signs. We then have two cases:
In the first case, one number is positive and another is negative, so let 73 € (0, 00)
and 7, € (—00,0). For x,, fix the point 773 = 1, and there is the following infinite-

dimensional representation:

[0}, (a,0)g](t) = Vae*™ g(at). (3.19)

Also, for x,,, fix the point 7, = —1, the infinite-dimensional representation is given
by

o, (a,b)g](t) = Vae™*"g(at). (3.20)

We subsequently denote the representations p;gl and p, | as pjg and p,_, respectively.

Assume that pf (a,b) = p; (a, b). Then, there exists a unitary intertwining operator A:
Apt(a,b) = i (a,b)A.

The Garding space G(p*) = {pT(f)t : t € Lo(Ry), f € C°(Aff)} [40] contains for
any nonempty open interval, nonzero functions supported on that interval ( because
one can take a function supported on a smaller interval and mark it with a suitable C§°
function on Aff that is supported on the small neighbourhood of the identity). Thus,

forany f € G(p™), we have
1 , 1 .

for the generator X y of the subgroup N. Take f € G(p™), with the support [3, 3], then
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using (3.18), we have

HA <idp; (Xy) +u) f

2

2
o = H (%dp;(XN) +i[> f

3/2 |1 _ 2

=/1/2 [Qiﬁit—i—z} f(t) % (3.21)
1

< ZIIfIP

Conversely, we have
1 2 |72 2 dt

> [Claners (3:22)
0 t

= [[AfIIP= [I£1I.

In the second case, let 7; = 0, and 75 is either positive or negative. Then, for 7 = 0,
the character xo(1,b) = 1 is trivial and the operator p¥ (1,0) is the identity for all b,
so the representation p;go is not injective. However, the other representations of the Aff
group are all injective since they are always represented by different unitary operators.

Hence, they are not equivalent to ,0;0. [

Remark 3.4.3. Using the canonical embedding of R, in R, we can regard the spaces

Ly(Ry) and Lo(R_) as closed subspaces of La(RR).
For f € Ly(R.), we can define the map f : R — C by the following:
= f(x), ©=0
fx) = :
0, x<0

Then, f € Ly(R), with || ]| o= | /]l a(e)-
Similarly, for f € Ly(R_), define the map g : R — C as follows:

~ 0, x>0
fz) = :
flx), =<0
Thus, f € Ly(R), with | fllLo@oy= ||f||L2(R). We conclude that

Ly(Ry) = {f € Ly(R) : supp(f) € Ry},

Lemma 3.4.4. The Hilbert space Lo(R) contains two closed proper invariant sub-
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spaces Lo(R, ) and Ly(R_), where

Ly(R) = La(R4) @ La(R-).

Proof. We claim that Lo(R,)* = Ly(R_), as a subset of L,(R), where

Ly(Ry)" = {g € La(R), (g, f) = 0,Vf € Lo(Ry)}.
To this end, we shall show that Ly (R, )* C Ly(R_) and Ly(R_) C Ly(R,)* .
Let g € Ly(R )™, then
9. 1) = /R 9(x) f(z)dz = 0. (3.23)
This implies that supp(g) C (—oo, 0). Moreover, if supp(g) € (—o0, 0), then there is
I = supp(g) N [0, +00), such that f = g’l € Ly(Ry). That is,

[ o) f@de > [ gt = o
which contradicts (3.23). Thus, Ly(R, )+ C Ly(R_).

Conversely, if g € Ly(R_), we can consider g as a function in Ly(R), where

supp(g) € (—o0,0). Then, for f € Ly(R; ), we have

[ o) f@ae = [ o)+ | g -o.
Hence, g € Ly(R, )™, and since g :vas arbitrary, we ol;tain that Ly(R_) C Ly(Ry )™ .
Finally, we have Ly(R;) C Ly(R) and Ly(R, )+ C Ly(R), by [37, Proposition 4.2],
we obtain the following:

Ly(Ry) @ Lo(Ry )™ = Lo(Ry) @ Lo(R-) = Ly(R).

]

As a consequence of Lemma 3.4.4, the direct sum of the two irreducible representa-
tions p; and p, 1s given as follows:
pe(a,) = pt (a,5) & py (a,b),

where

[y (a,0)g](t) = Vae*™g(at), for g € Ly(R, da). (3.24)
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3.4.3 The Quasi-Regular Representation

For the subgroup A = {(a,0),a > 0}, the following map:
b (1,b)A, where be€R,

identify the homogeneous space X = Aff/ A with the subgroup N = R.
Let x,, : A — T be a character of the subgroup A, defined by

Yo(a,0) = a™, weR. (3.25)
This character induces a representation of the affine group constructed in the Hilbert
space La“(Aff). The space L3 (Aff) consists of the functions F, : Aff — C, with the
property

F,(a,b) = xu(a,0)F,(1,b).

The invariant measure on the homogeneous space X ~ R is db. Then, the norm of the

functions £, is given as follows:

1P~ [ 1P P
The space L3* (Aff) is invariant under the left Aff-shifts (3.6). The restriction of the left
Aff-shifts on the space L3* (Aff) is called the induced representation from the character
Xw-
In the following, we will obtain an equivalent form of this induced representation
constructed in the left homogeneous space X = Aff/A.
Let s be the section map from the homogeneous space Aff/ A = R to the affine group,
given by
s: R — Aff, suchthat s(b)=(1,b), beR. (3.26)

The right inverse of s is the natural projection map, given as follows:
p: Aff - R, where p(a,b)=0. (3.27)
Therefore, the unique decomposition of any (a, b) € Aff, takes the following form:

(a,b) = (1,b) % (a,0),
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and the map r : Aff — A is given by

r(a,b) = s(b)~* x (a,b) = (a,0). (3.28)
The space X = Aff/A is a left homogeneous space under the Aff-action, defined in
terms of p and s as follows:

(a,b) : x — (a,b) -z =ax + 0, (3.29)
where (a,b) € Aff, x € X and - is the action of Aff on X from the left.

Next, define the lifting map £, : Lo(R) — L3*(Aff), for the character x,, of the
subgroup A by the following:
[Lx. f1(a,b) = Xu(r(a, b)) f(p(a, b)) = a™ ™ f(b),

where f(b) = F,(1,b) is a function on the subgroup A.

The pulling map is expressed as
P’ L3 (Aff) — Lo(R),
[P'E(b) = Fu(s(b)) = f(b),
such that P’ o £, = I and L, o P’ = I. Therefore, the character x,, induced the
representation 7, : Lo(R) — Lo(R), which is given as follows:
Ty, (a,b) := P o A(a,b) o L, (3.30)

Furthermore, in order that the representation ,, to be unitary in Ly(R) we will choose
the exponent —iw + % for the character (3.25). To find the formula of the representation

Ty, (a,b), first, apply the left action to the lifting map:
Ala, D)Ly, fI(u,v) = [Ly, f] ((a,0) 7" (u,0))

~ e (550

- (r<g, — b)) f (p (g — b)) (331)

= %L 07(")
= (577 10 = Fawo)
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Then, apply the pulling map:
[P'Fan)(v) = o (s(v)
= Flap(Lv) (3.32)

Y

Therefore, by (3.31) and (3.32) from (3.30), we obtain the explicit following formula:

[m(a.D)f](v) = (2) Y (“ - b) , (3.33)

a

where f € Ly(R).
Next, we will study the irreducibility of the representation 7. Let Hy(R) be the

Hardy space defined by

A

Hy(R) = {f € La(R) = supp(f) < [0,00)},
where f is the Fourier transform for the function f and supp is the support of f. Simi-
larly, we defined the conjugate Hardy space H; (R), as

Hy (R) = {f € Ly(R) : supp(f)  (—o0,0]}.

Proposition 3.4.5. [43, Proposition 18.4] Hy(R) and H, (IR) are closed subspaces of
Ly(R).

Proposition 3.4.6. The Fourier transform F : Hy(R) — Lo(R,)

[(FFIN) = f(N) = /_ h e~ f(p)dx, N e R, (3.34)

oo

intertwines the quasi-regular representation 7 : Hy(R) — Hy(R) (3.33) and the

co-adjoint representation pY : Ly(Ry) — La(Ry) (3.19). That is:

Fr) (a,b) = p;(a,b)F. (3.35)

Proof. Let f € Hy(R) and 7 (a,b)f € Hy(R), be the quasi-regular representation
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given by (3.33). The Fourier transform of 7" (a,b)f, is expressed as follows:

mL@o = [ et (0, b)) (x)da

oo

_ / 6—27ri)\acaiw—%f (Qf — b) dr
0 a

1

_ aiw—§ / e—?niA(ay+b)f(y)ady

— aiwaée—Qm‘)\b / 6—27ri)\ayf(y)dy
= aabe ™ fa)) = oo} (a, )|V,
0
By using the Szeg6 projection Pk : La(R) — H(R), the representation 7
H>(R) — H,(R) is given as follows:
w3 (a,0) = P o A(a,b) o Ly, o Pg.

5 (@D f](0) = (§>+ (). 330

a

That is:

where f € Hy(R). Also, by using the complementary projection Py : Ly(R) —
Hj3 (R), the representation 7, : Hy (R) — Hj (R), is given by the following:
a,b) =P o Aa,b)o L, o Py.

Lo

(7, (a,b) fl(v) = G) o f (U — b) : (3.37)

Thus,

a
where f € Hy-(R).

+

Proposition 3.4.7. The quasi-regular representations 7"

are irreducible representa-

tions.

Proof. 1t is enough to prove it for W;_w, then the same argument works for 7 . Let M
be a nonzero closed invariant subspace of H, (R)with respect to 71, We then claim
that M = H; (R). To this end, its enough to show that M+ = {0}.

Since M # {0}, we can pick f € M to be non zero function. Let g € M+, then we
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have (g, 7% (a,b)f) = 0. By using Plancherel’s theorem, we obtain

(g, 7 (a, b))
(9,75 (@, b))

@(A)mdx

w

0

o0

—0o0

From (3.35), we have

Thus

Gg(A\)f(aX) =0, foralmostall e R.

Suppose that g(A) # 0 for all X in a set S with positive measure. Then for all A € S,

we obtain the following:

~

flaX) =0, VaeR,.
Thus f = 0 and then f = 0; this is a contradiction. Hence, g = 0 forall g € M+. [

The Hilbert space Ly(R) with respect to 7, contains precisely two closed proper
invariant subspaces Ho(R) and H5-(R) such that
Ly(R) = Hy(R) & H (R).
Therefore, the representation m, , is decomposed into two irreducible representations.
That is
Ty (a,0) = 7 (a,b) @ 77 (a,b).

3.5 Intertwining Operators

In this section, we study the intertwining operators between the induced representa-
tions of the affine group by using the covariant transform and the induced covariant

transform. Figure 3.1 represents the intertwining operators.
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Left regular
representation
on Ly(Aff, dv)

Quasi-regular
representation
on H. 2 (R)

Co-adjoint
representation
on L2 (R+)

Fourier transform

Fourier transform

Figure 3.1: Intertwining operators between affine group representations

3.5.1 Covariant Transform

Definition 3.5.1. [29] Let p be a representation of a group G in a space V' and F' be an
operator acting from V' to a space U. We define a covariant transform W7, acting from
V to the space L(G, U) of U-valued functions on GG by the formula:

W v 0(g) = F(p(g M v), veV,geQG. (3.38)

The operator F' is called a fiducial operator.

Theorem 3.5.2. [29] The covariant transform (3.38) intertwines p and the left regular

representation on L(G,U):

Example 3.5.3. [29] Let I/ be a Hilbert space with an inner product (.,.) and p be a
unitary representation of a group G in the space V. Let /' : V' — C be the functional
v +— (v, vg) defined by a vector vy € V. The vector vy is called the mother wavelet. In

the set-up, transformation (3.38) is the well-known expression for a wavelet transform

W v 0(g) = (p(g v, ve) = (v, plg)ve), v EV,geQG. (3.39)
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The family of the vectors v, = p(g)vy is called wavelets or coherent states. The image

of (3.39) consists of scalar valued functions on G.

Corollary 3.5.4. The Poisson integral for a € R, and b € R is given by
a

[Pyl(b,a) = %/{Rm@(l’)dx (3.40)

It is the wavelet transform that intertwines the quasi-regular representations 7r;<IE with

the left regular representation A(a, b) given by (3.6).

Proof. We will prove it for the representation 7r;g (3.36) and the result is valid for the
representation 7 (3.37). Let the fiducial operator F' : Hy(R) — C be the functional

© — (p, po), and the mother wavelet be the conjugate Poisson kernel ¢y = #“;2)

Then, ¢y = ﬂ( L__ is the Poisson kernel. Then, the wavelet transform )V that inter-

1+22)

twines the quasi-regular representation 7r;<r with the left regular representation is given

as follows:

(W (a, b)¢](x) = (e, 7y (a, b))

- ()
1

= o ATt

= — d
T R(p(x)a2+(x b)? v
2y/a
= ——[P](b,a)
T
O
Corollary 3.5.5. The Laplace transform
Fla+ib) = [ f(t)e @l g4 4be C,

Ry
is the wavelet transform that intertwines the co-adjoint representation of the affine

group pi with the left regular representation A(a, b) given by (3.6).

Proof. It is enough to prove it for the representation p;(3.19). The result works for
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py (3.20). Let the fiducial operator F' : Ly(R;) — C be the functional f — (f, fo),
and the mother wavelet be fo(\) = e?>™. Then, the wavelet transform is given as

follows:
[Wf()ﬂ;(a; b)f] (>‘) = <f7 p; (av b>f0>
=/ FN)pi(a,b) fo(A)dA
= [ fN)Vae ™ fo(a\)dA
R

— \/E f()\)6_2i7Tb)\6_27ra)\d)\
Ry

=Va [ fN)e AN = JaF (a +ib).
R

Hence, the intertwining operator between the co-adjoint representation and the left

regular is the Laplace transform. 0

Example 3.5.6. The representation of the affine group on L,(R) is given by

-1 z—0b
o010 = a7 £ (220, G41)
Consider the operators I : L,(R) — C defined by
1 [ f(z)
F = — dz.
D=0 ) ixa™
In Ly(R) we note that F',(f) = (f,c), where ¢(z) = %+ In L,(R) the covariant

transform is given by

Fla.b) = Fmya.ty ) = 2 [ B0

which is the Cauchy integral from L,(RR) to the space of functions f(a,b) such that

a_%f(a, b) is in the Hardy space on the upper/lower half-plane H,(R? ).

Proposition 3.5.7. [29] Let GG be a Lie group and p be a representation of GG in a space
V. Let [ Wf](g9) = F(p(g~'f) be a covariant transform defined by a fiducial operator
F :V — U. Then the right shift [W f](gg’) by ¢’ is the covariant transform

W' fl(g) = F'(p(g ™) 1),
defined by the fiducial operator F' = F o p(g~!). In other words, the covariant trans-

form intertwines right shifts R(g) : f(h) — f(gh) on the group G with the associated
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action

pp(g): F = Fop(g™),

on fiducial operators

R(g) o Wr = Wisr, 9€G.

Corollary 3.5.8. [29] Let a fiducial operator F' be a null solution for the operator
A= Zj ajdp‘;fj, where X; € g and a; are constants. Then the covariant transform
Wrl(g) = F(p(g~")f) for any f satisfies

DWgrf)=0 where D= Z@EXJ'.

J

Here, £ are the left invariant fields (Lie derivatives) on G corresponding to X.

Example 3.5.9. Consider the representation 7 (3.41) of the affine group with p = 1.

10 01
Let X4 = and Xy = be the basis of the Lie algebra g of the affine
0 0 00

group. They generate one-parameter subgroups of g
et 0 1t

a(t) = and n(t) = :
0 1 01

then the derived representations are
[dr(Xa) fl(z) = = f(z) — 2 f'(z),
[dm (Xn) fl(z) = = f'(=).
The corresponding left invariant vector fields on the affine group are
£X4 = 40,, £X =g,
The mother wavelet ILH is a null solution of the operator

—dm(Xa) —idn(Xy) =1+ (x + Z)%

Therefore, the image of the covariant transform with the fiducial operator

Fp== [ 19,

T Jptl—x
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consists of the null solutions to the operator
— XA i85 = a (0, +i0,),

that is essence of the Cauchy-Riemann operator 05 = a% + i% in the upper half-plane.

3.5.2 Induced Covariant Transform

In this subsection, we study the covariant transform that produces functions on a ho-

mogeneous space rather than the entire group.

Definition 3.5.10. [30] Let H be a closed subgroup of the group GG and vy € V such

that
p(h)vg = x(h)vo, (3.42)

for some character y of H where h € H and p is a unitary representation of the group
G in the space V. For any continuous section s : G/H — G the map v — 0(z) =
0(s(x)), intertwines p with the representation p, in a certain function space on the

homogeneous space G/ H induced by the character x of H. We call the map
Wae 0 = 0(x) = (v, p(s(z))vg), where z¢€ G/H (3.43)

the induced wavelet transform.

Corollary 3.5.11. The induced wavelet transform that intertwines respectively the
quasi-regular representations w;w(3.36) and 7, (3.37) with the co-adjoint represen-

tation p;g (3.19) and p;; (3.20) is the Fourier transform(3.34).

Proof. For simplicity it is enough to prove the corollary for the representation w; with
w = 0. The same argument valid for 7. Let the mother wavelet be () = e Tt

is clear that ¢ satisfies the following condition:

W;(la b)gpo = X(L b)gp()a

2mib is the character of the subgroup N. Lets : R, — Aff be the

where x(1,b) = e

continuous section defined in (3.8). Then, for f € Hy(R) we calculate the induced
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wavelet transform as follows:

Weo fI(A) = (f, 73 (s(A)) o)
= (f, 7 (A 0)¢0)

/f ™ (X, 0)¢o()da

:T/ﬂxm )

= g5 Lo = (5). e

This is the Fourier transform. Next, for the co-adjoint representation p;g, the mother

wavelet ¢y(z) = 1 satisfies the condition

P;(aa O)¢O = X(aa 0)w07
where x(a,0) = a? is the character of the subgroup A. Lets : R — Aff be the contin-
uous section defined in (3.26). Then, for ¢ € Ly(R, ) the induced wavelet transform

Wiogl(€) = (g, p (5(€))10) where & € R, is the Fourier transform. O

3.5.3 The Contravariant Transform

Define the left action A of a group GG on a space of functions over G by

Ag) = f(h) = flg~"h).
An object invariant under the left action A is called left invariant. In particular, let L
and L' be two left invariant spaces of functions on G. We say that a pairing (.,.) :

L x L' — C is a left invariant if

(Mg)f, Ag) f") = (f. [,
forall fe L, f e L.

Definition 3.5.12. [29] Let (., .) be a left pairing on L x L’ as above, let p be a repre-
sentation of GG in a spacw V', we define the function w(g) = p(g)w, for wy € V such

that w(g) € L'. The contravariant transform M, is a map L — V defined by the
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pairing

MO f = (f,w), wheref € L.

Definition 3.5.13. Let H P(R%),1 < p < o0, be the space of all holomorphic functions
f which satisfy the following norm:

1/ [ »
||f||gp=£grg)a</ |f(a,b)|pdb> .

[e.e]

Example 3.5.14. [29] Let G be the affine group with measure d,(a,b) = % and the

representation 7, (3.41). The following invariant pairing on G is called Hardy pairing:
) > db
(hote) =1t [ flabiheb

Ea
where f, € ﬁp(R?ﬂ and f, € ]T]q(]Ri) such that % + % =1.

In this case, we can choose the function vy(z) = -1 € L,(R). Then, the contravari-

T T4

ant transform is

(M, fl(2) = (f, mp(a, b)vo)

0o =141
. ar
= lim / AL e ey (3.44)

av /°° f(a,b)db
—oo b= (x +ia)
The contravariant transform (3.44) is the boundary value of the the Cauchy integral as

= lim -
a—0 771

a — 0.

Example 3.5.15. [29] Consider the affine group equipped with the following pairing

which is the L.-version of the Hardy pairing:
(f1, f2) :mSUP(fl(%b)fQ(a?b))a (3.45)
a—0 per

where lim is the upper limit and f;, fo € L the space of all functions on the affine

group, which the limit (3.45) is exists.

Define the following functions on R:
1, ift=0,
0, ift#0.

vp (£) =

(3.46)
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The respective contravariant transforms are generated by the representation 7, (3.41):

[Mvsrf] (t) = <f(a7 b)? 71-OO(CL? b>U(—)i_ (t)> = mf<a7 t)' (3.47)

a—0
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Representations of the Group Slo(R)

The aim of this chapter is to explain the classification of the unitary SLy(R) repre-
sentations done by Gelfand [13]. First, basic information about the Lie group SL2(R)
is given. Then, we outline the classification of the unitary irreducible representation
of the group SLy(R) done by BargmannFi [4]. In section 4.3, we induce the SLy(R)
representation from the subgroup N. We get a representation constructed on a space of
homogeneous functions in two variables. Then, we move in subsection 4.3.3 to induce
the SL,(R) representation in stages. Consequently, the representation of SLy(IR) acts
on a space of functions of one variable. I devote the rest of the chapter to explaining

the Gelfand classification of the SLy(R) representations.

4.1 The Group SLy(R)

The Lie group SLy(IR) consists of 2 x 2 matrices with real entries and a determinant

equal to one

a b
SLy(R) = cad—bc=1, a,b,c,d € R
c d
It acts on the upper half-plane by Mobius transformation
az+b
B —
g cz+d’

39
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where g € SLy(R) and z € {z € C : Imz > 0}.
The group SLy(R) contains the following three subgroups:

cosf sind

K= 0eR 4.1
—sinf@ cosf
a 0

A= ca>0p, 4.2)
0 a!
1 =«

N = cxeR . “4.3)
0 1

We have the Iwasawa decomposition SLo(R) = KAN. Therefore, every element
g € SLy(R) has a unique representation as g = kan, where k € K,a € Aandn € N.
That is,

a b cos sinfd a 0 1 z
= ) 4.4)
c d —sin® cosf) \0O a7t) \O 1
The values of parameters in the above decomposition are as follows:
b+ cd —
a=vVa®+c, x= u, § = arctan —. 4.5)
a? + c? a
Consequently, cos § = \/ﬁ and sinf = \/ﬁ

The Lie algebra sly(R) is the set of all 2 x 2 real matrices of trace zero. It is a

three-dimensional Lie algebra so we can choose a basis{Z, A, B} of sl5(R) by setting

0 1 1{=1 0 1 {0 1
7 = L A=~ and B = - . (4.6)
—1 0 2\ o0 1 2\1 0
Note that
1
[Z,A] = 2B, [Z,B]=-24, [A B]= —5Z (4.7)

The exponential map of each matrix Z, A and B forms a one-dimensional subgroup of
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the group SL,(R) given as follows:

cosf sind

exp(0Z) € 0eR,, (4.8)
—sinf cosf
e%e 0
exp(fA) € , | 0ERS, (4.9)
0 ez

0 1 0
Cosh2 smh2

exp(6B) € 0eR . (4.10)

) 9
smh2 cosh2

4.2 TIrreducible Unitary Representations of SLy(RR)

The irreducible unitary strongly continuous representation of SLo(IR) was classified by
Bargmann in 1947 [4], and his approach has been used in different sources , such as
[33, 40]. Suppose that p is an irreducible unitary strongly continuous representation of

SLy(R) on a Hilbert space . The classification steps are as follows:

Step 1: Set the Garding space[1 1] for p,
G(p) ={p(flu:ue M, fel5(G)}
where G = SLy(R). Denote the derived representations of the matrices Z, A, and B
(4.6) by
dp(Z) = E, dp(A) = Ay, and dp(B) = B.
From (4.7), we find that
[E, Ajl| =2By, [E,B;]=—-2A;, and [Ay,B;] = —%E. 4.11)
Step 2: Consider the ladder operators
L, =A—iBy, and L_=A;+1iB. (4.12)
Since p is unitary, then A; and B; are skew-symmetric. This implies that

L =—L_.



Chapter 4 42

From the commutator relation in (4.11), we have
[E,Ly] =+2iLy, [Ly,L_|=—iFE. (4.13)

Step 3: The Casimir operator given by C' := Z2 — 4A% — 4B?, is an element of
the centre of the universal enveloping algebra for the Lie algebra sl;(R). Therefore, by

Schur’s lemma [10], it acts as a scalar for the irreducible unitary representation p,
dp(C) = AI. (4.14)

Step 4: The decomposition into the irreducible subspace of the representation p(K)

on the Hilbert space H leads to the orthogonal sum, since K is a compact subgroup,

"=V

keZ

The unitary irreducible representation on the subgroup K is the character e**

plexpsZ) = e*I on V.
Thus,
d
p(e*?)s=0

= Lk (4.15)

E=dp(Z) =+
d
ds
1k

on V.

Moreover, for the Casimir operator C' := Z2 — 4A? — 4B?, we have
dp(C) := dp(Z)* — 4dp(A)* — 4dp(B)?
= E* — 443 — 4B} (4.16)
— B2 2(L,L_+L_L.,).
From(4.13), we have
AL, L_ = E*—2%FE — ),
AL_L, = E? +2iE — \.
Then by (4.15),
—4L,L_ =k —2k+ ), 4.17)

—4L_L, =k*+ 2k + \. (4.18)
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Since L* = —L_, then

1 1
1L llewir = 5[k =1)7 + A =1]2, (4.19)

=

1
IElleivis = 5l(k+1)* + A= 1] (4.20)

Theorem 4.2.1. The ladder operators L. act as

L:t : Vk — ‘/k:t2-

Proof. From the commutator relation (4.13), we have
[E, Li] =42y < EFL, =L.F+2L,.
Therefore, by (4.15), for v € Vi,

E(Li’l}> = Li(EU) + QiLiU = (k’ + 2)z(Liv)

Step 5: We have the commutator relation [L,, L_| = —iF. Then, for each vector
v, € Vi, where k € spec(1/i)E, the collection of vectors
Vkyon = (Ly)" g,
Vp_on = (L_)"v,, mneZ,
is invariant under the operators L, L_, E. Therefore, V} is a one-dimensional space.

Step 6: The ladder operators act on the vector spaces V), where k € spec(1/i)E.
There are only four possibilities for the spectrum of the operator (1/¢)E. First, if
the ladder operators are two-sided infinite operators, given that the representation p is

irreducible, the spectrum is either in the even or odd integer set. That is,
spec(1/i)E ={....... —4,-2,0,2,4......},
spec(1/i)E ={.....—5,-3,1,—1,3,5,.....}.

Second, if the ladder operators are one-sided infinite operators, then for Vj, # 0, we

have the following sets of spectrum:
e For L, =0onVy, spec(l/i)E={...n—4,n—2,n}, neZ.

e For L_=0o0nV, spec(l/i)E={n,n+2,n+4,..... b}, nelZt.
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Step 7: In each case above select a unit vector v, € Vi, k € spec(%)E. We have
L v, = apvugyo. The absolute value of oy, is

1
2

The action of L_ on vy is given as follows:

o= =[(k+1)> + X —1]2. (4.21)

L_vpyo = Brvg, where [ = —ag.

Therefore, the type of the spectrum together with the value of dp(C') = A, fully de-
termines the unitary irreducible representation of SLy(R). This stated in the following

theorem.

Theorem 4.2.2. [40] Any nontrivial irreducible unitary representation of SLy(R) is

unitary equivalent to one of the following types:

» Members of the holomorphic discrete series, denoted by p;" such that
dpf(C)=1—-(n—-1?% nezZ, (4.22)

when spec(1/i)E = {n,n+2,........ }.

* Members of the anti-holomorphic discrete series, denoted by p—,, such that

dp~,(C)=1—-(n—-1)* neZ", (4.23)

n

when spec(1/i)E ={.....n —4,n — 2, n}.
 Mock discrete series pi,p—,, forn = 1.
* A member of the first principal series, denoted by pf, such that
dpS(C) =1+ s s €R, (4.24)
when spec(1/i)E = {....... ,—4,—-2,0,2,4,...... }.
* A member of the complementary series, denoted by p¢ such that
dpS(C) =1— s s € (—1,1)\{0}, (4.25)

when spec(1/i)E = {....... ,—4,-2,0,2,4, ...}
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* A member of the second principal series, denoted by p?, such that
dpi,(C) =1+ 5%, s € R\{0}, (4.26)

when spec(1/i)E ={...,—5,-3,—-1,1,3,5,.....}.

4.3 Induced Representation of the Group SLy(RR)

In this section, we induce a representation of the group SLy(R) from a trivial character
of the subgroup N. We get a representation on a space of functions with two variables.
Then, we can have this representation on a space of functions with one variable by
using inducing in stages technique. That is, first induce a representation for the affine
group from a trivial character of the subgroup /N. We get an affine group representation
that can be decomposed into a one-dimensional representation which is a complex
character. Then, we induce a representation for the group SLy(R) from a complex

character of the affine group.

4.3.1 The SLy(R) Induced Representation from the Subgroup N

Let x. : N — T be a trivial character of the subgroup N. The character x. induces
a linear representation of SLo(R). This induced representation is constructed in the

vector space V, which consists of the functions F, : SLy(R) + C with the property

a b
Fe = Xe

1 a O
c d 0

F

= s

C ail
The space V' is invariant under the left shift of the group SLy(R). The restriction of the

left shift on V' is the left regular representation of the group SLy(R), which is given by

[Ag)F)(g") = F.(g7" = d). (4.27)

In the following, we obtain an equivalent induced representation constructed in the left

homogeneous space X = SLy(R)/N. The Iwasawa decomposition SLy(R) = KAN
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implies that the homogeneous space X = SLy(R)/N topologically identifies to K A ~

T x R, ~ R?\{0}. Hence we can choose the section map to be given by

s: X — SLy(R),
u 0
(u,v) — , u>0
v out

The natural projection map will be

p:SLy(R) — X,
a b
— (a,c),
c d

such that s is the right inverse of p. Therefore, the unique decomposition of g € SLy(R)

1s of the form

= s

The map r : SLy(R) — N is given by
a b 1
c d 0

(4.28)

= Qo

The SL2(R) action on the space X = SLy(R)/N can be expressed in terms of p and s

as follows:
—1 -1
a b a b a b
Cw cw=p s(u,v) | = (du — bv,av — cu).
c d c d c d

Let W be a vector space of function f on the homogeneous space X. The lifting map

for the subgroup N and its character Y. is given by:
a b a b a b

(L. [] =Xe | T fle
c d c d c d (4.29)

= f(a,c).
Then, the pulling map P : V' — W, which is the right inverse of the lifting map, is
given by
[PF|(u,v) := F(s(u,v)).
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Therefore, the representation U : W — W, which is induced by the character Y., is
Ulg) =PoA(g)oLy.. (4.30)
To calculate the explicit form of U(g), take the left action of the lifting map
[A9)Lr f(g) = [Lx fllg™" % g) = f(dd' = b ad —dc) = Fe(g).  (4.31)
Then, apply pulling for the function F,
[PF.|(u,v) = F.(s(u,v))

—F (4.32)

= f(du — bv,av — cu).
Hence, from(4.30), we obtain the following formula:
[U(g)f] (U, U) - f(du - bU, av — CU,), (433)
a b

where (u,v) € X and g =
c

4.3.2 Affine Group Representation Induced from a Trivial Char-
acter
For the trivial character x., the induced representation of the subgroup N is p;e :
Ly(Ry) — Lo(R,) and is expressed as
oy, (a,b) fl(z) = Vaf(az), f€ La(Ry). (4.34)

It is a reducible unitary representation. To decompose it into irreducible components,

we will find the eigenfunction of the operator pf (a,b)f as follows:

oy, (@ D) fI() = Aapf(t) = Vaf(at) = Xapf(1).

Let f(t) = t*, where o € C. Then, we obtain

(%, (a, )] (1) = Va(at)” = a*F 51,
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Hence, the eigenfunction of pf (a, b) is t*. Let the inverse Mellin transform (see A.1)

be given by
17 . 77+zs
MO = 10 == [ PRt @39

where & = —1 + is. The function f(s) is the Mellin transform f(s) = [Mf](z) =

Jo° a® f(x) 2. Therefore, we obtain

o (@, b) A1) = ff<at>
Vi [t

sz t %—H’sds

(4.36)
“ 7).

Xs(a,b) f F(s)t—2tisds,

“ 7 L.

where x,(a,b) = a* is a complex character of the affine group. Hence, the irreducible

component of the representation p;e (4.34) is the character Y.

4.3.3 Induction in Stages

Let P be the subgroup of SLy(R), which is defined as follows:
a b
P = ca € R\{0},b€eR
0 at
There exists a homomorphism 7" : P — Aff such that 7~ (a, b) has two elements, one
for a > 0 and the other for a < 0. The SLy(R) representations (4.33) can be obtained

by induction in stages. That is

Ind>®dl ] = nds>®[y.].

First induce the trivial character y. of the subgroup N to the affine group. We will

obtain the co-adjoint representation p;g : U — U, which is given as follows:

Y. . g| (t) = Vag(at).

The vector space U consists of all functions on the homogeneous space Aff/N =
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A. Tt is reducible, and from subsection 4.3.2 we can decompose it into irreducible
component which is the following the character:

a 0
Xa =a%, a«aeC
0 at
Therefore, for the subgroup P = AN, the character is given by

Wl ") 2 apsent), = {o1psec
0 a!
Next, the character x, induces a representation of the group SLs(R). This representa-
tion is constructed on the vector space V, which consist of the functions Fj : SLo(R) —
C with the following property:

a b a b
Fs = Xs F
c d 0 a !

—_

0
1

ISH e

This vector space is invariant under the left shift of the group SLy(R). The restriction

of the left shift on this space is an induced representation.

An equivalent form of the induced representation can be constructed on the homo-
geneous space X = SLy(R)/P. The space of the left cosets X = SLy(R)/P can be
defined by the following equivalence relation: g ~ ¢’ if and only if there exists x € P
such that ¢ = ¢'x. Then, the equivalence class for all ¢ € SLy(R) is given by the
following:

a b [£:1], a#0

¢ d ' [1:0), a=0
Thus, we can identify the space X = SLy(R)/P by the real projective line P(R).
Next, lets : P(R) — SL2(RR) be the section map given by

1 0
s(w) = . (4.37)

w 1
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The natural projection map will be
p: SLy(R) — P(R)
a b c (4.38)
= -,
c d a

where a # 0, and p o s = Ip(g). The unique decomposition of any g € SLy(R) defined

by s is of the form

o IS
IS
Q0 —
— o
@] IS
Q

| S

—

‘ - . (4.39)
c d 0 at

The SLy(R) action on the left homogeneous space X = SLy(R)/P = P(R) is the

Mobius transformation and we can express it in terms of p and s as follows:
-1 -1

Dw Sw=p s(z) | = _x’ (4.40)

a b
where € SLe(R), z € P(R) and - is the action of SLy(R) on P(R) from the
c d

left.

Let W be the vector space of all functions on the homogeneous space X = P(R).
The lifting map £, : W — V for the subgroup P and its character x associates each

function f on the projective line P(R) with a function F' on the SLy(R) group. That is

a b a b a
1Ly, ] =Xk | T fle
c d c d c d (4.41)
= lalsen‘(@)f ().

where a # 0. Then, the pulling map P : V — W, which is the right inverse of the

lifting map, is given as follows:

[PF](z) := F(s(x)).
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Therefore, the representation 7' : W — W that induced by the character x is given as
follows:

T(g) =PoAg)oLy,. (4.42)

The explicit formula of T'(¢) is calculated as follows. First, take the left action of the

lifting map
[A9)Ly. f1(g) = [Lx.fllg7"9)

I’ (4.43)
= |da’ — bc|*sgn®(da’ — bc) f (ac « ) = Fi(q).

da’ — bc
Then, apply pulling to the function F

[PE](x) = Fi(s(x))

= F, (4.44)

— |d — bw|*sgn‘(d — bx) f <‘“3 - C) .

d— bx
Hence, by (4.43) and (4.44) from(4.42), we obtain the formula
axr —c
.@)1(0) = i = balsen(a - bo)f (550 @45
b

where f € Wand g =

4.4 Gelfand Method to Classify the Group SLy(R) Rep-

resentation

In section 4.2, we present Bargmann’s classification for the SLy(IR) representations
which used the derived representation and find the vector modules of the representa-
tions on the Lie algebra sl (R). In [13, chapter VII], the representations for the group
SL,(R) have been classified by working on the Lie group instead of the Lie algebra.
The method is based on studying the invariance of bilinear functional on a normed

space. Then, we move to study the invariance of the inner product on a Hilbert space.
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The following sections explain the Gelfand method in details.

4.5 Invariant Bilinear Functionals

In section 4.3, the SL4(IR) representations are constructed on the vector space of func-
tions W; on the homogeneous space X = SLy(R)/N = KAN/N. The space X can

be topologically identified as follows:

X =KA~T xR, ~R*{0}.

Definition 4.5.1. Consider pairs of numbers ¢t = (s, €), where s is any complex number
and € = 0 or 1. Then associate each such pair with the space W; that consists of

functions f(x1, z2) with the following properties:

* Every function f(z1,z5) € W, is homogeneous of degree s — 1, and it has even

parity if ¢ = 0 and odd parity if € = 1. This means that for a # 0
flazy,azy) = |a|*~ sgn(a) f (a1, 22).
 The function f(x1,z5) is infinitely differentiable for every x; and x5 except at

the point (0, 0).

In subsection 4.3.3, the SLy(R) representations (4.45) have been constructed on the
vector space of functions W, on the real projective line P(R). We can realise the
space W, as the space of one variable by associating a function f(x,z5) € W, with a

function p(z) € W, as follows:
s—1 € 1
flxy, zo) = |xo|* “sgn(z2)e (I—) : (4.46)
2

Definition 4.5.2. From the relation (4.46), every function ¢(x) € W, is given by

o(z) = f(x,1). Then, the function () has the following properties:

* () is infinitely differentiable.
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e The function ¢(z) = f(1,z) = |z|*"*sgn*(x)p (1), is infinitely differentiable.
Then, we obtain
o) = b san (0 (1) = Lol sl (1.7).
As |x|— oo, we have p(x) ~ |z|*"tsgn(z) f(1,0).
This condition shows the behaviour of o (z) for large |z|. In particular, it implies

that asymptotically as |2|— oo, the function ¢(x) goes as

p(z) ~ Cla|* 'sgn(z).

In this section, we will study the case of the SLy(IR) representations (4.45) possess-
ing an invariant bilinear functional. Associate the pairs of numbers ¢; = (s1,€1) and
to = (s9,€2) with the spaces W,, and W, respectively. Then, consider the following

two representations of SLy(R):

[Ty (9)e)() = |d — be|"~'sgn (d — br)ep (f{”__b;) , (447)
[T2o(9)0) (@) = |d — bal*sgn(d — br)o (jﬁ_‘b;) . @)

acting on the spaces W;, and W,,, respectively.

A bilinear functional (-, -) : W;, x W, — R, is called invariant if

(Tsl (g>907 T82 (9)¢) - (@7 w)a (4.49)
forall g € SLy(R), € Wy, and ¢ € W,,.
By the Iwasawa decomposition SLy(R) = KAN, every matrix g € SLy(R) can be
written as a product of the following three matrices:
1 0 a 0 0 1
g1 = eN, go= €A, g3 = € K. (4.50)
o 1 0 ot -1 0
Hence, the linear fractional transformation (4.40) can be obtained by combining the

following three types of transformation:

e Translation: * — g; ' - o = = — .

« Dilation: z — ¢, ' - 7 = o’x.
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* Inversion: z — g5 -z = =L

Therefore, in determining whether a bilinear functional is invariant, it is sufficient to

consider the operators corresponding to the three matrices g1, g» and gs.

4.5.1 Invariance under Translation

For the matrix gy, the representations (4.47) and (4.48) are given as follows :

[T, (91)¢](z) = (x — 20), (4.51)
[T, (91)¥] () = (z — 20). (4.52)

We want to find a bilinear functional (¢, 1)) that satisfies the following condition :

(Tsl (91)907 TS2 (92)¢) = ((107 ¢)

We shall restrict our considerations to the infinitely differentiable functions with bounded
support in the spaces W,;, and W,,. Then, by the kernel theorem A.2.5 we can define

an integral transform as follows:
Ly : ¢ — Lp(p) suchthat [Lipp|(xs) = /k:(xl,xg)go(xl)dxl.
Hence, we obtain
= /OO /00 k(xy, z2)p(x1)10(x2)drde,,
where 1, x2 € R and k(z1, z5) is the kernel of the integral. We can consider
(o) = / / (@1, 22)p(21)¢(22)d21 > (4.53)
Then, by using (4.51)and (4.52), we have

(Ts, (1)@, Ts, (g2)00) = /OO /OO k(z1 — xo, 22 — xo) (1 — X0) (22 — zo)dx1dTs

/ / 2, ) o) ) de

= (o, %)

where 2| = ¥ — zo, and 2}, = x5 — 0.

Therefore, the kernel is invariant under translation. We may associate k(x1, z5) with
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a function of a single variable that is
k($1,flﬁ'2) = k’(l’l — T2, O) = k‘o(l’l — .1'2).

Hence, every bilinear functional (¢, 1)) (4.53) invariant with respect to translation is

of the form

(0,0) = /_OO /_OO ko(z1 — x2) (1)) (22)dwodr: . (4.54)

4.5.2 Invariance under Dilation

Now, we wish to further that (i, ) be invariant under the representations (4.47) and

(4.48) for g,. These operators are given as follows:
[T, (g2)](2) = [~ sgn? (a)p(a’x),

[Te(g2)](x) = |o| = sgn® (@)ih(a’x).

The condition that (¢, 1) be invariant under these operators may consequently be writ-

ten as

(0, %) = |a] == sgn® " (a) (¢(a’), (). (4.55)

First, note that this requires that €; = €.

Let x = x1 — x5 in the integral (4.54). The bilinear functional will be given as

follows:

(o) = / " k(@) / " o)l — a)dmdr = (hoyw)  (4.56)

where w(xz) = [77 (21)ih(x1 — x)dx;.
Next, substitute (kq,w) for (¢, 1) in (4.55) considering that
o *w(alr) = /gp(anl)@/)(ozZ[xl — x])dx;.
We get

(Ko, w) = a7 (ko w(a’z)).

Let a > 0 and replace o by a%; then, the above equation becomes

(ko,w) = a~ 26172 (ko w(az)),
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which shows that k( is a homogeneous generalized function of degree A = —%(31 +
S9) — 1.

Recall one of the basic properties of homogeneous generalized functions of a single
variable [15]. For every complex number )\, there exists one even and one odd homo-
geneous generalized function of degree A and every other homogeneous generalized
function of this degree is a linear combination of these. Hence, k() is given by one

of the two following forms:

. If%(sl + 89) #0,1,2....,n.., where n € Z, then
ko(xz) = Cy|x| 261414 Oy x| 2142 Lsny (4.57)
* If 3(sy +s2) = 0,1,2,3,....n... is a non-negative integer, then
ko(z) = C162(51752) () 4 Cpgma(s1ts2) 1, (4.58)
The function §2(51%52) (1) is the derivative of the delta function. It is defined by

/90(371)55(31+32)(5’31 — 5) = @31 (),

We established that an invariant bilinear functional (¢, 1)) can exist only if €; = €5 for

the representations (4.47) (4.48).

4.5.3 Invariance under Inversion

Let us now use the condition of invariance under inversion in addition to the invariance
under translation and dilation . The operators 7%, (¢) and 7%, (g) for the matrix g3 are

given as follows:

T, (95)) () = || sgn(x ( )
(T2, (g5)¥] () = [ sen' (a ( )

The invariant condition of bilinear functional (4.49) under T, (g3) and T, (g3) become

(Tsl (93)(107 T52 (QS)w) = (907 w)
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Then,by using (4.54) and changing the variable, we get

//ko(l’l — Za) (1) (w2)dr1dTy Z///fo (x;;g@) |$1|_$1_1|$2|_82_1

sgn(z122) (1) (xe)drdrs. (4.59)

To find the value of s; and sy for which (4.59) is valid, we will consider the different
forms of ky(x), which are given by (4.57) and (4.58).
In the first case ,(4.57) ko(z) is invariant if C; or Cy is zero. Hence, we get

ko(z) = |z 27+ lsgn(z), v =0 or 1.

Then, we substitute |2|~2(1+52)~1sgn”(z) for ko(z) in (4.59). We obtain that the bilin-
ear functional is invariant if s; = so # 0,1,2..,n,, . In this case the invariant bilinear

functional is given as follows:

(p,9) = /00 w1 — 20| 7 sgn (21 — @)p(1) 1 (22) day dizy. (4.60)
Similar, for (4.58) , ;fzo(x) is invariant if C'; or Cy is zero. Then, we obtain

ko(x) = 5%(51“2)@), or ko(z) = ga(sts2)—1
We substitute 82 (1+52) (z) for ko(z) in (4.59). We get the following invariant bilinear

functionals:

* if 51 = s5 is an integer but the representation is not holomorphic, we have

(vov) = [ o (@pilalds, “61)
e if 5y = —s5, we have
(p, ) = /OO o(x1)(xg)dxds. (4.62)

For ko(z) = x~2(51+52)~1 the invariant bilinear functional is given as follows:

(0r9) = / " (@1 — 2 ol (o) s, (4.63)

[e.e]

where s; = so € Z and the representation is holomorphic.
To conclude, the SLy(R) group representations 73, and T}, given by (4.47), (4.48)
have an invariant bilinear functional if and only if ¢; = e5 = {0, 1} and either s; = s

or s; = —S9, Where s, s9 € C.
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4.6 Invariant Bilinear Functionals for Holomorphic Rep-

resentations

In section 4.5, the bilinear functional (4.63) was invariant if s; = s, = n € Z. In this

case, the representation operator is given by

Ta(9)el(x) = (d — be)" (ff__b;) . (4.64)

In this section, we illustrated the invariant subspaces of the S Ly (IR) representation T,,.

The representation 7, is called holomorphic because it is constructed in a space of
holomorphic functions. This is explained in the following text.

Let p : Ho(R) — H(R) be the quasi-regular representation of the affine group
given by

[p(a,5)f)(z) = a7 f ( = ) |

Let the mother wavelet be ¢(x) := =—, and let the operator 'y : Ly(R) — C be
defined by

R =

Then, from the Definition 3.5.1, the covariant transform W% : Ly(R) — H(R) be-

comes

WE, F1(b+ ai) = Po(pla,b)1(1)) = 5= / t_{lf—tjm.)dt.

The image space for this covariant transform consists of the null solution of the Cauchy-
Riemann equation O; in the upper half-plane. This has been explained in example

3.5.9.

Also, for the affine group, consider the contravariant transform ( see subsection

3.5.3) M : Hy(R) — Lo(R), which is given by

M)(1) = lim f(a.).
Therefore, the composition M o Wy, : Hy(R) — Hy(R) is given as follows:

(Mo Wh fI(t) = hmi/Rt_f(t)

a—0 277 (b+ia)

dt. (4.65)
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This shows that at a = 0, we get the boundary value of the Cauchy integral [C f](b+ia),

and the vector space of functions [C f](b + 40) is the Hardy space on the real line.

Now, for nonnegative integer n, let D,, be the space with the invariant bilinear func-

tional

(p, 1) = / (21 — 22) " Lop(21)(22)dy dxs. (4.66)

—0o0

To find the invariant subspaces of D,,, we choose the kernels kq(z) = (z — i0)™"!

and ko(x) = (z 4+ 0)~""'. From (4.54), the functionals corresponding to them are

(p, )4 = /00 (z1 — w9 — i0) " Lo(21)) (22)dz s, (4.67)
(p, ) = /00 (21 — 29 +10) " Lo(21)Y(22)dz 1 das, (4.68)

where ¢(z) and ¥ (z) € D,,. From (4.65), we associate every ¢(x) with the following

two bounded support functions:

oy(x) = L / N Mdm, (4.69)

2m J_o 1 —x — 10

L[ o)
(@)= —— [ AT gy 470
P =—55 | oot (4.70)

These functions are in the Hardy space on the upper and lower half planes, respectively,
and we have ¢(x) = ¢, (x) + ¢_(x).
Then, the bilinear functional on the upper and lower half planes, respectively, are

given by the following:
21 * (n)

(p)e=—= | ¢ (@)(w)dz, (4.71)
(o). =2 [~ o (o). @72)

The functions go(f) (x) and o™ (x) are the nth derivative of ¢ (z) and ¢_(z), respec-

tively, and are given as follows:

m [T plag) 473
oy (@) 271 /_Oo (xqy — & —d0)n+! o *473)
)y = =" [ elz) 474
P ) = 55 /_Oo (21— + 0y 4.74)

Theorem 4.6.1. [13, p.410] The integrals (¢, ¢) (4.71) and (¢, ) (4.72) converge
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for arbitrary ¢ and v» € D,,, and hence, we define invariant bilinear functionals on all

of D,,.

Let D,, C D, be a subspace of ¢(z) functions such that (¢, 1)) = 0 for every ¢ €
D,,. Equation (4.71) shows that D, contains all ¢(x) functions such that gp(f) (x) =0.
Hence, we obtain ¢"(x) = o™ (x) on the space D;,. Thus, ¢(z) is the boundary value

of a holomorphic function in the lower half-plane.

Similarly, (¢,%)_ = 0 on a subspace D;” C D, of the function ¢(z), which is the

boundary value of a holomorphic function in the upper half-plane.

The intersection of D;' and D, is the finite dimensional subspace F,, of all poly-
nomials of degree n — 1 and less. To conclude, the space D,, of analytic representa-
tion contains three invariant subspaces: one finite dimensional and two infinite dimen-
sional. In Lemma 4.7.4, we show that the quotient space D,,/E,, is the direct sum of

the invariant subspaces D, /E,, and D;, / E,,.

For —n € Z_, let F_,, be the space where the invariant bilinear functional given by

(4.66) is equal to zero . Hence, F_,, consists of functions ¢(x) that satisfy

/ *o(z)dr =0, k=0,..,—n—1. (4.75)

Remark 4.6.2. For the homogeneous function ko(z) = ™", let ky(z) = x7" ' In|z|
be an associated homogeneous function (see Definition A.2.6). That is
ki(az) = (az) " In|as|
—n—1,,—n—1

=a " [In|a|+ In|z|]

— a—n—l[

2" n|z|+ In|ajz ™"

= o "k (z) + In|a|ko(z))].
The bilinear functional of k;(z) = x™" !In|z| is defined on the space F_,, and is
given by

(p, )1 = /_ (21 — 29) "t n|zy — 22|0(21)Y(22)dz 1 das. (4.76)

o0
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By simple calculation, for g, (4.50) and 7, (4.64), we have

(Tn(g2), Tn(g2)))1 = [(0, )1 + InJa™?|(@,9)] 4.77)

where (p, 1)) is given by (4.66). On the space F'_,,, the invariant bilinear functional is

(,1) = 0. Hence, we obtain

(Tn(g2) e, Tn(g2)¥)1 = (0, )1

Therefore, the bilinear functional (i, 1), is invariant under dilation on the space F_,,.

Also, by direct calculation, (,); is invariant under inversion on F_,,, that is,

(T (93)0, Tn(g3)¥)1 = (¢, ¥)1,

where g3 is given in (4.50) and T, is (4.64). Hence, (,1); is an invariant bilinear

functional on F_,,.

Next, for ki (x) = 27" ' In|x

, there exists the following kernels:

+ . —n—1 — iny|—= 1 o
ki (z) = ylgﬂox In|z —iy|=x In|z — 0], (4.78)
ki (x) = lim0 7" n|w + dy|= 27" In|z + 0] (4.79)
y——

The functionals corresponding to &} (x) and k; (x) are

(o, WIL = /_ (z1 — $2)_n_1 In(z1 — 29 —i0)@(21)Y(22)dr1d2s,

o0

(p,¥); = /_Oo (z1 — 952)_”_1 In(z1 + x5 — 10)p(21)9 (22)dr1d2s.

o0

Hence, F'_, is an invariant space and contains two invariant subspaces:

e The subspace I, is the subspace of functions in F_,,, which are the boundary

values of the function in the upper half plane, where (¢, 1); = 0.

* The subspace F_, is the subspace of functions in F'_,,, which are the boundary

values of function in the lower half plane, where (¢, )] = 0.

Next, we want to show that the subspaces F*,, and F'~, consist of the boundary
values of holomorphic functions in the upper and lower half-planes, respectively.
For ¢(z), a holomorphic function in the upper half-plane, we have lim,, o ¢(z) =

©(x), where z = x + iy. Then, ¢(x) is the boundary value for ¢(z).
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Let (¢) = [ @(x)e ™ be the Fourier transform of ¢(z). Then, we obtain

/_ h *p(z)dr = (—2mi)*pF(0). (4.80)

(e}

By Cauchy’s integral theorem for the function ¢(z), which is holomorphic in the upper
half-plane, we get $(¢) = 0, ¢ > 0. Hence, $*(0) = 0, and (4.80) is equal to zero.
This implies that p(z) € F7,.

The same is noted for the boundary value of holomorphic function in the lower half-

plane.

4.7 Equivalence of the SL,(R) Representations

In this section, we study under which conditions the SLy(R) representations 7}, (4.47)

and 7}, (4.48) are equivalent.

Definition 4.7.1. For the representations 73, and 7},, an intertwining operator A is a

continuous mapping of the space W,, onto the space W,,, that is,

The representations 7}, and 7}, are equivalent if there exists an intertwining operator

A which is one-to-one continuous mapping with the continuous inverse A~ such that:

T, (9) = ATy, (g)A™".

To obtain the conditions for the existence of an intertwining operator A, we establish
a relation between the operator A and the bilinear functional (¢, ). Let W_;, be the
space of the representation 7", acting on. The space W_,, is associated with the pair
of number —t5 = (—S$9, €2). Then let B(¢), ¢) be an invariant bilinear functional on
the spaces W_;, and W, . It is shown in section 4.5 that if s; = —s, then the invariant

bilinear functional is given by the following:
Blo.o) = [ vla)ela)d @381)

Let A : W, — W,, be a linear operator. Then, we associate with A the bilinear
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functional (¢, 1)) on the spaces W, and W_,, as expressed by the following:

(0, ) = B, Ag) = / () Ap(a)dr, (4.82)
where ¢ € Wy, v € W_,,.

Lemma 4.7.2. The linear operator A : W;, — W,, intertwines with the representations

T, and T}, if and only if (¢, ) = B(1, Ap) invariant under 7}, and T"_,.

Proof. From equation (4.7.1), we obtain the following:

B(Tfm (g)wa AJ}J (g)gO) = B(T7t2 (g)wa th (g)AQO),

where ¢ € W,, and ¢p € W_y,. The invariance of the bilinear functional B(%), ¢)

implies that
B(T—tz (QW, T;SQ (g)AgD) = B(¢v AQD),

for all ¢ and ¢. Then, we have

B(T+,(9)%, ATy, (9)p) = B(, Ap) = (¢, ).

Therefore, (¢, ) is invariant under 7}, (¢) and T_4,. O

In section 4.5, we found the conditions under which the invariant bilinear function-
als (¢, 1) exist. By substituting —s» for s, in these conditions, we get that the S Lo (R)
representations 73, and 7}, have an intertwining operator A, which maps W;, continu-
ously into W, if and only if ¢; = ¢; = {0, 1} and either s; = s3 or s; = —s5, where
s1, 89 € C.

To obtain the expression of such an operator A, first consider the case s; = sg, the

invariant bilinear functional is given by

(o, ) = /\/OO o(x)(z)de.

—00

Comparing this with (4.82), we conclude that every operator A on W,, follows the
condition that AT}, (g) = T3,(g)A is a multiplier of the unit operator. This implies that
A = M\, where ) is constant. Therefore, by Schur’s lemma, all the representations 73,

and 7, except the holomorphic representation are irreducible.
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Next, for the case s; = —s5, we have two invariant bilinear functionals (4.60) and

(4.61). For the functional given by (4.60), the operator A is expressed as follows:

Ap(r) = )\/ |21 — 2|75 tsgn(zy — 2)p(zy)day.

[e.9]

For (4.61), the operator A is given as follows:

Ap(x) = ¢¥(2).
Theorem 4.7.3. [13, p.416] Consider the representation operators T}, (¢) and T3,(g)
given by (4.47) and (4.48), respectively, possessing an intertwining operator A maps
W,, continuously into W,,. Then, A is a one-to-one map, and 73, (¢),73,(g) are equiv-

alent.

4.7.1 Equivalence of the Holomorphic Representation of SLy(R)

Consider the analytic representations 7, and 7"_,, given by (4.64) for n € Z". From

section 4.6, the bilinear invariant functional is expressed as follows:

(o,0) = / " M (@) + Aae™ (@) (a) e,

o0

where \; and )\, are arbitrary constants. The functions o, ™ (z) and ¢_((x) are
given by (4.73) and (4.74),respectively. Hence, any operator intertwining with the

holomorphic representations (4.64) is of the form

0 (n) 0 (n)
Ap(z) = 2L / I CI) / B IV,

C2mi J_ o —x—i0 2mi ) oo 1 —  + 10

This shows that the holomorphic representations 7}, and 7"_,, are inequivalent.

Let us illustrate the relations between the analytic representations. As mentioned
in section 4.6 that for the analytic representations 7, and 7"_,, acting on D,, and D_,,,

respectively, where n € Z*, we have established the following:
* The space D,, contains three invariant subspaces:

- E,, the space of all polynomials of degree n — 1 and less,

- D; the subspace of all functions ¢(x) that are boundary values of holo-

morphic functions on the upper half plane such that A_¢(x) = 0, and
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- D, the subspace of all functions () that are boundary values of holo-
morphic functions on the lower half plane such that A, ¢(x) = 0. The

intersection of Df and D is E,,, and their sum is the entire space D,,.

Here, A, and A_ maps D,, onto D_,, and are defined by

L[ o™ (z))dr
A = — _— 4.83
+p(T) 2m/_oox1—x—¢o’ (483)
L[ o™ (2))dr,
Ap(z) = —— | T UL 4.84
#() 27ri/_oox1—:c+z'0 (4.84)
* The space D_,, contains three subspaces:
— F,, the space of all ¢(x) such that
/ b o(x)dr =0, k=0,.—n—1, (4.85)

- Ft

—n

the subspace of functions that are boundary values of holomorphic

functions on the upper half plane, and

- F,

the subspace of function that are the boundary values of holomorphic

functions on the lower half plane.

Lemma 4.7.4. [13] The S Ls(RR) representations on the subspaces D,,/F,, and F_,, are

reducible. Also, D,,/E,, and F_,, are direct sums of two invariant subspaces.

Proof. The quotient space D,,/E,, is the space of functions in D,, defined only up to
the polynomial of degree n — 1 and less. Consider the intertwining operators A, (4.83)
and A_ (4.84) that maps the spaces D,, onto D_,,. The operators A, and A_ satisfy

the following:
ALT(g) = T-n(9)As, and  A_T.(g) = T_n(g)A-.

Every other intertwining operator for 7,,(¢g) and T_,,(g) is a linear combination of A,

and A_.

Let ¢(x) be a function in the space D,,. In subsection 4.6, we show that

p(r) = i (z) + 9 (),
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where the functions ¢ (x) and ¢_(z) are the boundary values of some holomorphic
functions in the upper and lower half-planes, respectivly. That is ¢, (z) € D, and

¢_(x) € D, . The above implies that space D,,/ E, is a direct sum of the form
D,/E,= D! /E,® D, /E,.
Hence, the representation on the space D,,/ E,, is reducible.

Next, let the subspaces I, and F_,, be the images of the subspaces D and D,
under the covariant transforms A, and A_, respectively. The subspaces F', and F~,
are invariant under 7_,, and F*,, N F~, = {¢}, respectivly. Thus, we have the direct
sum

F,=F" ®F,
N

Remark 4.7.5. Since we have shown that the S L, (IR ) representations on the subspaces
D} /E, and F*, are equivalent under the covariant transforms A, we can realise
the representation in the upper half plane ¢(z). Then, the SLs(R) representation on
D} /E, = F* is given by

T0)el(e) = (- 0o (555 (480

However, the subspace D, /FE,, = F, does not consist of all analytic functions (z)

in the upper half-plane. The function ¢(z) must be infinitely differentiable together
with ¢(z) = 2z"'(=}) in the closed upper half-plane. The same is noted, for the

S Ls(R) representations on the subspaces D, /FE,, = F_,,.

Lemma 4.7.6. [13] The equivalence of the holomorphic representations 7;,, 7", in the

following pairs of subspaces:

* F,and D_,/F_,, where the intertwining operator is given by

Agta) = [ (1 — 2 () do.

[e.e]

* D,/E, and F_,, where A is the differential operator d" /dz".
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* D}/E,and F*, or D, /E, and F~,, where the intertwining operator is A, (4.83)
or A_ (4.84).

4.8 Unitary Representations of the Group SL,(R)

Unitary representation is a representation on a Hilbert space with an invariant inner
product. Hence we need to find the conditions under which it is possible to define an
invariant inner product under the SLy(IR) representation. Recall that an inner product
is a positive definite non-degenerate Hermitian functional. Hence, we start by studying

the invariance of the Hermitian functional.

4.8.1 The Existence of an Invariant Hermitian Functional

Let W, be the space of the representation 7; (4.47) associated with the pair of numbers
t = (s,€), s € C. Then, for t = (5, €), we have the space Wj of the representation 7%,

which is given as follows:

[Tg)o) =l - ol sen(a -0y (555) . s

The Hermitian functional is defined as (p, 1) : W, x W; — R.The goal of this sub-

section is to find the conditions under which this functional is invariant, that is
(0, v) = (Ti(9)p, Te(g)¥).

From section 4.5, the bilinear functional (p, ) is invariant if and only if s; = s
or s = —ss. Let the number s, be the complex conjugate of s;. Then, the bilinear
functional (¢, 1) will be converted to the Hermitian functional (i, 1)). Therefore, the

Hermitian functional (¢, v)) is invariant if and only if s = S or s = —5.

The expressions of the invariant Hermitian functional will be as follows:

* For s = —5, i.e. s is pure imaginary, we have:
(v = [ plaila)d. (4.8
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e For s = 3, i.e. if s is real, we have:

(p, ) = / |1 — 29| 5 sgn (21 — 29) (1) (20)dxy ds. (4.89)

o0

Also, if s is a nonnegative integer and the representation is not holomorphic, the

invariant Hermitian functional is

oo
* For the holomorphic representation (4.64) every invariant Hermitian functional

is a linear combination of:

(0, 9)s = /_ " o (2B (@) de, (4.90)
(. 0)- = /_ " o (@) () da (4.91)

where gogf)(x) and gp(f‘) (x) are given by (4.73) and (4.74), respectively.

4.8.2 Positive Definite Invariant Hermitian Functional

The invariant Hermitian bilinear functional given by (4.88), is positive definite for
pure imaginary number s. The invariant Hermitian bilinear functional given by (4.89),
is positive definite if ¢ = 0 and |s|< 1 [13, p.427].

Next, for the holomorphic representation, every invariant Hermitian bilinear func-
tional is a linear combination of (4.90) and (4.91). Consider (¢, ), # 0 as a Hermi-

tian functional on the subspace D/ E,,. We will show that (¢, 1), is positive definite.
The Fourier transform of ¢(™(z) is given by F[p™ (()] = (—i)"("¢((), where
p(Q) = 2 pla)e dz.
Note that since ¢ () is the boundary value of a holomorphic function on the upper

half-plane, then the Fourier transform of ¢, (z) is supported on —oo < ¢ < 0. Then,

the Plancherel theorem implies that

e =i [P @@= o [ a0

—00

Thus, (p, 1) is positive definite on D,/ E,,.
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Similarly, the invariant Hermitian functional (p, 1)) _ is positive definite on the sub-

space D, / E, since we have

o) =im [ =5 [ e

o0

For the case that n is a negative integer, we have shown in the proof of Theorem
4.7.4 that the subspaces D /E, and D, /E, map to the subspaces F', and F_, by
the intertwining operator A, and A_, respectively. Hence, the invariant Hermitian

functionals on ', and F~, are positive definite.

Recall in Remark 4.7.5 that we can realise /", as the space of holomorphic function

in the upper half-plane. The representation in this case is defined by
az —c

[Ta(9)el(2) = (d=b2)""" (d — b2

The expression of the positive invariant Hermitian functionals for this model is of the

) , where z=ux+1y. (4.92)

form

(o, 0) = / Pl ()i,

where w(z) is a positive function. To find the form of w(z), we apply T,,(g) (4.92)
to ¢(z) and v (z). Then, by direct calculation, the invariance condition is given by

(Th(9)p, Tn(g)Y) = (@, ), which is valid if and only if w(z) = (Imz) ™! =y~ L

4.8.3 Representations of SL;(R) on the Hilbert Space

We found in subsection 4.8.2 the condition under which there exists a positive definite

Hermitian functional (¢, v) invariant under T;(g), that is

(Ti(g)p, Ti(9)Y) = (p, ).

We can consider such a Hermitian functional as an inner product in the space W,.

Then, if W, is completed with respect to the norm

lell*= (e, ¢),
we obtain a Hilbert space H.

The operators T;(g) on W, can be extended uniquely to unitary operators on .
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We denote these unitary operators, as before, by 7;(g) such that they also satisfy the

representation group property:

Ti(9192) = Ti(91)T(g2)-

Hence, these unitary operators form a representation of SLy(R).

Lemma 4.8.1. [13]. For every representation 7; that possesses a positive definite Her-
mitian functional, a corresponding representation of SLy(R) by unitary operators on
the Hilbert space exists. In this correspondence, equivalent representations correspond
to unitary equivalent representations and inequivalent representations correspond to

inequivalent ones.
Next, we wish to classify the unitary representation of the SLy(IR) group.

» Representations of the principal (continuous) series:

For s = ip where p € R and € = 0 or 1, the representations are defined by

Tip(g)e(w) = |d — ba|*sgn(d — br)e (ff_‘b;) . @9)

From subsection 4.8.2 the inner product in this case is as follows:

(p, ) = /_oo o(x)p(x) < oo.

o0

* Representations of the complementary series:
These representations are defined by a real parameter s # 0 in the interval —1 <

s < 1. The inner product is given by

<Q0a g0> = / |LTJ1 - x2|81_1§0<$1)¢(.@2>d5€1d{[’2.

—00

The representation is defined by

T.(g)p(r) = |d — bal* ¢ (Zx__b;) . (4:94)

» Representations of the discrete series:
For each integer number n, the inner product on the space of holomorphic func-

tions in the upper half plane is given by

(.} = / / (e + iy) Py dedy < oo. (4.95)
y>0 JR
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The representation is identified by

T.(9)p(2) = (d —bz)" 1y (ZZZ—_I)S) , new. (4.96)




Chapter 5

The S1o(R) Representations on Spaces
of Holomorphic Functions on the Unit

Disc

We can realise the representations of the group SLy(R) on the unit disc. This is due
to an isomorphism between the group SLy(R) and the group SU(1, 1). This chapter is
to describe the SLy(R) representation on the Dirichlet space. Moreover, we study the
mock discrete series representation on the real line, on the unit circle and on the group
SL2(R). To begin, we provide some basic information regarding the group SU(1,1).
Then, we induce an SU(1, 1) representation on the unit disc and describe the action of

the ladder operators of this representation.

5.1 The Group SU(1,1)

The Cayley transform of the upper-half plane to the unit disc D is defined by
zZ—1

5.1
241 SRY

w =

72
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where x € D and z € {z € C,Imz > 0}.
By the transformation (5.1) we can transfer the action of the group SLs(R) from the

upper half-plane to the action of the group SU(1, 1) on the unit disc, where

SU(1,1) = af ta, B €C o~ |p*=1

™
Q

a b
Furthermore, the matrix € SLy(R) can be an element of the group SU(1, 1)
c d

by the following identity:

1 1 —i a b 1 1 4 «Q
— — = & : (5.2)
V2 i 1) \e af v2\i 1 B a
Next, any g € SU(1, 1) has a unique decomposition of the form
a B 1 pat @0
= |al o
B @ Ba~t 1 0 &
(5.3)
1 1 u e 0

\/1—|u|2 w1 0 e—z‘e
where § = arga, u = fa ! and |u|< 1 (since |a|?>—|3|>= 1). Let u = re'?, then
the identity (5.3) describes an element g € SU(1, 1) by a triplet of numbers (7, ¢, 0)

where 0 < r < 1 and —7 < ¢,6 < 7. The connection with the («, #) coordinates is

as follows:
i0 i(0—9)
a=—° gl (5.4)
V1= P V=[P
r = é , ¢:—argé, Ozargoz. (55)
o «

Moreover, the decomposition (5.3) can be rewritten with the same variables as

- p 1 r . b
a B ¢z 0\ [ Vir | [0

¢ r 1
Vi /1=l

B a 0 ez
The last presentation is a decomposition of the group SU(1, 1) as the product K AK of

5.6
0 ei0-3) 60

its subgroups, which is called the Cartan decomposition.
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The base of the Lie algebra sly(R) was given by (4.6). By using the identity(5.2)
for the base (4.6), we get the base for the Lie algebra su(1, 1) which consists of the

following three matrices:

jan)

v 0
0 —1

e}

IS
N =

7= VA= and B = (5.7)

0

IS
N |+
S

The matrices Z , Aand B satisfy the commutation relation (4.7). Also, the exponential
map of each matrix generates a one-dimensional subgroup of the SU(1, 1) group, that

is

- ei@ 0
S I (5.8)
e—Z
. cosh? —jsinh?
" = 2 1. (5.9)

. . 9 9
7 sinh 5 cosh 5

- cosh? sinh ¢
B = 2 2. (5.10)
sinh g cosh g

5.2 Induced Representation on the Unit Disc

In this section, we induce a representation of the group SU(1, 1) from the subgroup K.

The one-dimensional compact subgroup K is given as follows:
K = ], —m<6<m. (5.11)

Using the decomposition (5.3) of any element ¢ € SU(1,1), we can identify the
homogeneous space X = SU(1,1)/K with the open unit disc D). Let the section
s: D — SU(1, 1) be defined as follows:

1 1

V1=lul? \ g

u
St U . (5.12)
1



Chapter 5 75

There is a natural projection map p : SU(1,1) — D, which assigns to an element of

SU(1, 1) its equivalence class in SU(1, 1) /K. That is

N —
p: ’ = g (5.13)
g a “

Mapping r : SU(1, 1) — K associates f to the natural projection p, and the section s is

a B = 0
re AN - (5.14)

B @ 0 @—‘
For the homogeneous space SU(1, 1)/K defines a left action denoted by ”-” as follows:
g:urr g-u=p(g=*s(u)), (5.15)

where * is the multiplication of the group SU(1, 1).

The invariant measure dy(u) on D comes from the decomposition dg = dyu(u)dk,
where dg and dk are Haar measure on G = SU(1, 1) and K respectively. The measure

dpu(u) is equal to

du N du
d = 5.16
M= Ty (10
Let x,, : T — C be a character of the subgroup K ~ T defined by:
Xn(w) =w", n€Z. (5.17)

This character induces a representation of SU(1, 1) constructed in the Hilbert space

LY (SU(1,1)), consisting of the functions F,, : SU(1,1) — C with the property

03 _
AT | (ﬁ) F (ﬁ) , (5.18)
B @ | @
where I € Ly(ID). Then, the norm of the function £, is as follows:
du A du
7= [ PP s (5.19)

The space L3"(SU(1, 1)) is invariant under the left shift of the SU(1, 1) group. The re-
striction of the left shift on L5"(SU(1, 1)) is the left regular representation of SU(1, 1),

given as follows:

[A(9)F)(g') = Fulg™' % ¢'), (5.20)
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where * is a matrix multiplication.
The lifting map £,,, : Lo(D) — L3"(SU(1,1)) for the subgroup K and its character
X~ 18 defined as follows:

«

[anf] =Xn|Tr flp
5

o ™l
= 9
Ql ™l
= 2
ol ™l

(5.21)

The pulling map is given by:

P LX(SU(L, 1)) — Ly(D),

suchthat Po L, =Tand L, 6 oP =1

Therefore, the representation 7, : Lo(ID) — Lo(ID), which is induced by the charac-

ter x,, is given by:

Tn “ ﬂ :'POA “ B O£
g

By simple calculation, we get:

o)), ) = D=2 (Qu = 405

@ = Bulr \a—pu’ a—pw

_(a—Bw)Zf(aw—B (m—5>
- \a— pw a—pw’ a—pw)’

Definition 5.2.1. For n € Z, an n-peeling is an isometry P,, : Ly(ID, dw) — Lo(DD, (1—
|w|?)"2dw A dw) defined as:

Xn*

o]
™
2l

(5.22)

P f(w) = [Pof](w) = ]p(—w)Zﬂ, w = u+ . (5.23)
(1 —|wl?)z
The representation (5.22) is intertwined 7,, o P, = P, o m, by the n-peeling with the
representation:
. = e 0w —
i) = (@ - s (220)), (524
a — fw

which is unitary in Ly (D, (1—|w|?)"?dwAdw). The demonstration of the intertwining
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properties is based on the following analogue of identity for the unit disk :

ow—pF] 11— |wp
a—puwl |a-puwP
o _[a B a b
By the identity (5.2), the matrix € SU(1,1) transforms to €
b @ c d

SLy(R). Therefore, the representation g% can be transformed to a holomorphic repre-

sentation of the group SLy(R):

[Fu(9)f1(2) = (d = b2) ™"f <§Z__b§> , (5.25)

which is unitary on the upper half-plane where z = x + iy € R? with the measure

du(g) = 5.

5.3 Actions of Ladder Operators

In this section, we study the left and right actions of the ladder operators for the rep-

resentation 7,, given by (5.22). First, the derived representations are given as follows:

d

(B )(w,m) = Zma(e?)f(w,10) 1= 526

= [—inl — 2iwd,, + 2iWw0,) f (w, ),

A f)10,78) = () (W)l
ni 7 i (5.27)
= {Z(w +w)I + 5(1 +w?)0y — 5(1 + w2)au-,} f(w, w),
_ d B _
[Blf] (w>w) = aﬂn(e )f(w>w)|t:0
n 1 1 (5.28)
= [Z(w —w)l + 5(@02 —1)0 + E(EQ - 1)810} f(w, ).

The ladder operators are defined as
L+ = Bl — ZAl = gw[+ w2aw - &w)

L, - Bl +ZA1 = _an[—i-u_]zaw—aw,
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and satisfy the following relations:

[E, L] =+2iLy, [L, L_]|=—iE. (5.29)

The Casimir operator is given by

dr,(C) = E* = 2[L,L_+ L_L,]

(5.30)

= (ww — 1)[n*I + 2nwd,, — 2nwdy + 4(ww — 1)0,0).

The Casimir operator in the polar coordinate w = re® is as follows:

A, (C) = (r* — 1)(nI — 2indy) — (r* — 1)*(0? + r 710, + r—203). (5.31)

Lemma 5.3.1. The operator (5.26) has two eigenfunctions:

1. Form # 2,4,6,8

frma(w,@) = w2 (1 —wa) 7

= 1
0 1imF<§[l+n—mi 1 — pl,

1 mo
S—n+ 1—u],1—3,ww>, (5.32)

2. Form # —2,—4,—6,—8......,

fom n(w, W) =w

m == (1
2(1 —w@)li\éﬁF<§[1 —n+m=x+/1—yu,

1
Sl4nd/T= gl 1+ %,w@), (5.33)

where [ is a hypergeometric function.

Proof. To find the eigenfunction of the subgroup K, we will solve the following partial

differential equation by using the method of characteristic

[Ef](w,w) = [—in] — 2iwdy, + 2iwdy] f(w,w) = 0.

We can write the characteristics for this equation as follows:

df  dw  dw
inf 2w %W’
dw dw

= — = (0, =ww.
2iw 2w !

We need to obtain another integral curve which involves f. This is possible from the
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following equation:
df dw
inf  —2iw
Then, the general solution of (5.3) is of the form Cy = ¢(C}), that is

flw,w) = w_%qb(ww).

. weget Ch=uw2f.

Now, for m € Z the eigenfunction is given by
J-z (w, W) = w™ % p(w), (5.34)
which satisfy

[E fo](w, @) = i(m — n) fr,(w,@). (5.35)

Therefore, the eigenvalue of the operator F is m — n.

Next,let w = re?. Then the eigenfunction (5.34) will be given by

m

fom(r,0) = (re®) "2 ¢(1%).
The Casimir operator (5.31) is applied to f_ = (r, 0)
(A7 (C) - ] (r,0) = (re”) "2 [(r? = 1)(n* — nm)e(r?)
—2(r2 = DX(—=m +2)¢'(r?) + 2r%¢" (r?))].  (5.36)
To find the value of ¢ in (5.34), we need to solve the differential equation
[dm(C) f](r,0) = uf(r,0).
That is
(7 = 1)(n® — nm) — p (%) — 2 — 1(~m +2)¢/(r?)
—4(r* = 1)%%¢" (r?) = 0. (5.37)
Let x = r?, then we get
[(z = 1)(n® = nm) — pl(z) — 2(x — 1)*(=m + 2)¢(z)
— 4z —1)%%¢" (x) = 0. (5.38)

Now, let

¢(x) = 2*(1 — ) "(x),
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and by substituting in (5.38), we get

1+41-
a=Dorg, g LEVITE

. Hence, we have two solutions:

1+vVi—p

L) = (1—2) "5 (),
2. ¢(x) = 2% (1—2) % “(x).
By substituting the first solution in the differential equation(5.38), we get

2(1— o) (z) + (1 - % STl %)x) o (@)

2 4

This is a hypergeometric differential equation of the form
(1 —2)" (2) 4 [c — (a + b+ 1)z (z) — abih(z) = 0.
By simple calculation, we get
a= %[l—i-n—m:t 1 — pl,

1
b:§[1—n:|: 1 —pl,
m
—1-
‘ 2

Then ¢(x) = F(a,b, ¢, x), and the solution of (5.37) is

o(r2) = (1 — r2) =2 F(a, b, ¢, 12).

The hypergeometric function is given by

F(a,b,c,r*) =1+ i (@)e(b) <T2)k.

Finally, the eigenfunction is given by

m = 1
frpnlw, @) = wF (L) =7 PG40 —m £ /T 1),

2
where m # 2,4,6,8.......

1 m
_[1_nj: 1-,[1,],1—571011)),

N {H N (@) (1-2)+ Ly nm)} W() = 0. (539
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Following the same calculation for the second solution, we get the eigenfunction
~ m — 1
foma(w, @) =w% (1 - ww>@F<§[1 —n+mE /1,

1
5[14—%:‘: vl—/ﬁ],l—i—%,ﬂ)@),

where m # —2, —4, —6, —8....... [

The commutator relation [E, Ly | = £2iL., implies that
[Eff%,n@ua U_J)] = e(mfn)i9f7%7n<w’ U_}),

hence E = (m — n)i. Also, by using the relation [L, L_| = —iFE, and (5.30), we get

the following identities:
AL L_ = E? - 2iE — dm,(C),

AL_L, = E* + 2iE — dr,(C).

Then, for dm,,(C) = pl,

1
L,L_ :—Z[(m—n—1)2+u—1], (5.40)

1
LoLy==7[m—n+ 12+ p—1]. (5.41)

Now, since L* = —L_, we find that

[L-[|=[ILZL|[> = [[=L+L_[]>
1 ) ) (5.42)
=gllm—n—1)"+p—1Jz.
Similarly,
1 ,

1 ll= S [m =n+1)% + p =12, (5.43)

Let 1 — = (n — 1)%, where n is an integer. The functions (5.32) are given by
foma(w, W) = w2 (1 —ww)?. (5.44)

Proposition 5.3.2. The functions f_m ,(w,w) = w2 (1 — ww)

n
2

, are Lo summable

forn > 1and m < 0.

Proof. Let w = re’, then f_m ,(re re™) = (re')72"(1 — r?)2. The measure is
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dp = ad”\d)e Then,
2
2 _ionp rdr A\ dO
1ol = [ [ 15 P
p— n [27dr A df
_ 70 =" _ 2\
‘/ / ‘“”e R
2m
/ / — )" 2rdrdf
< 7T/ (1 —7rH"22rdr, for m <0
0
(1 _ T2)n71 1
N n—1 0
T <
= 00.
n—1
Hence, f,%,n are L, summable if n > 1 and m < 0. [
By simple calculation, we get that,
_ m _
[LJrf*%,n}(wa w) = (n - 5) ff%+1,n<w> w)> (545)
m _
LS al(0,0) = 2 f 10w, ). (5.46)

At m = 0, we have the function f;,,(w,w) = (1 — ww)z. Then L_fy,(w,w) = 0,

which means that f;,,(w,w) is the vacuum of the operator L_. This is represented by

the following diagram:

L, L, L.

0(—]6071’ >f1,n( >f2,n( >
L L_ L_ L

Next, let 1 — p = (n + 1)?, then the functions (5.33) are given by

f_%,n(w,@) = %<1 - ww) 2"’

which are L, summable for n < —1 and m > 0; that is

1o all= [ [Pt )| T

<00, n<

—1.

(5.47)



Chapter 5 83

For the function (5.47), the ladder operators are given by:

—m ~

[LJr]E*%,n](wvm) = Tf*(%Jrl)vn(wvw)v (5.48)
L[ )(w, ) = (% - n) Fo 1yn(w, ). (5.49)

At m = 0, we get the function f;,,(w, @) = (1 — ww)= . We can then see that
(L fon](w, @) = 0, which means that f;,, is the vacuum of the operator L. This is

represented by the following diagram:

Ly Ly I L,
'(L—f—Q,n(L—f—l,n(L—fO,n > 0

Proposition 5.3.3. The Lie derivatives of the representation ,, are

22 = 0, (5.50)
o 1 , .

L % sin(@ — 20)9y — 5 (1 - ut) [0, + e 270, | (5.51)
8 = gcos(gb —20)0y — %(1 —ut) [e*?0, — e *°0,] . (5.52)

The right ladder operators are then represented by
£, = gAtiB _ 20 {%ua(, —(1- uu)@u] (5.53)
U p—— Bu@e +(1- uu)@u} . (5.54)
Proof. The Lie derivative £X for an element X of the Lie algebra su(1, 1) is given by

d
£ Fl(g) = - F(gexptX)lio, (5.55)
a f

for any differentiable function ' on SU(1,1) and g =
g a
We know that the space L3"(SU(1, 1)) consists of the functions F,, : SU(1,1) — C

with the property

<
= Q
2wl
I
=
3
N
2o
N———
eS|
N
ol Il
SRS
N———

where F' € Ly(DD).
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Hence, for v = & = e and u = g = re’®, we have

d
L5 F(g) = ZFalgexptx)|
= S O)F (u(t), 3(0)] (5.56)
C Ovado(t)| | OFdu(t)]  OF duft)
v dt li=o  Ou dt li=o  Ou dt li=0

From section 5.1 we have Z, A and B € su(1,1) given by (5.7). Then, the Lie
derivatives corresponding to the subgroups exp tZ ,(5.8), exp tfl,(S .9) and exp tB (5.10)

are obtained through the differentiation of the right action of these subgroups as fol-

lows:
~ d -
L£2F.1(g) = —F, tZ
[L7Fal(g) = FulgexptZ)|
Odeit 7e—z‘t
t=0

dt Beit  Geit

B d ae P 5 —it Be—zt
T |cvet | aeit’ et

t=0
d i
= (@) P, )|
__OF
=%
_ rei(0=9)
where o = m and § = e
Similarly, it is easy to find that
- d 5
[£F](9) = < Fulgexp tA)) -
F 1 0 OF o OF
= TT sin(¢ — 29)88—9 - 5(1 — ut) {6219%7 + e—zze((;_u} :

PR )(g) = SR (gexptB)|

dt
OF i o OF o OF

— _ 20— — (1 — uii 20~ =207~ ]
5 cos(¢ 0) ) 2( ut) [e 2 e 0 }

]

The function f_x= , given by (5.44) is an eigenfunction with an eigenvalue in for the

operator €7 That is, for

FN(g) = eintf—%,n(w7m)7
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we have

QZei”tf,%,n(w,@) = z'nemtf,%n(w, w). (5.57)
Moreover, f,%n (5.47) is an eigenfunction with eigenvalue in for the operator v

Lemma 5.3.4. We have

gAiiB : ff%,n — ff%,ni%

and

L fomn = fom o

Proof. From the commutator relations [£7, £4%B] — +2;¢4%5 for the eigenfunc-
tion f_%,n given by (5.44), we can see that
[SZEAﬂB]emtf,%n _ SAﬂB(ﬂzemtf,%yn) + QiQAﬂBemtf,%n
= e B (nie™ f_m ) £ 28BS (5.58)
= (n£2)ig"F B f m
Similarly,for the eigenfunction f_%,n (5.47), we have
[SZ‘QA:tiB]emtf_%,n = (n+ Q)igﬁiiéeint‘f_%m‘

O]

The vacuum fy,,(w,w) = (1 — ww)? is annihilated by the operator £ATB _ That is,
[gA4FiBgint £ 1(w,w) = 0. Then, all the vectors f;, = (L) fo., are vacuums of the
operator 2448 que to the commutation of the left and right actions:

2A+“§flj,n — SAJriB(LJr)ij’n
L (5.59)
= (Ly )7 &M B fy,, = 0.
For each vacuum fy,,, the collection of vectors f;, = (L) fo,» forms an orthogo-
nal basis of an irreducible component with the respective ladder operators (5.45) and

(5.46). The left and the right actions for the eigenfunctions f,,,, (5.44) jointly create

the two-dimensional lattice structure that can be seen in the following diagram:



Chapter 5 86

Figure 5.1: The left and the right actions of the ladder operators for f%m.

Furthermore, the function fy,,(w,@) = (1 — ww) 2" is a vacuum of the operator
£4-iB That is, [£4~Beint f 1w, ) = 0. Then, all the vectors fi.,, = (L_)*fy, are
vacuums of the operator £4-1B due to the commutation of the left and right actions:

'QA_iBfkm, — SA_iB(L—)kan
L (5.60)
= (L) P fon = 0.
For each f(),n’ the collection of vectors fkn = (L_)*f,,, forms an orthogonal basis
of an irreducible component with the respective ladder operators (5.48) and (5.49).

The left and the right actions for the functions fmm (5.47) jointly create the two-

dimensional lattice structure that can be seen in the following diagram:
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0 0 0
L, L. L.
g e, bogl gy
< 2 foe 3 2 foa &——= fo2 70

Figure 5.2: The left and the right actions of the ladder operators for f%n
5.4 Representation on the Dirichlet Space

The Dirichlet space, the Hardy space and the Bergman space are the three classical
spaces of holomorphic functions in the unit disc. In the present section, we find the

su(1,1) module (which is the space of the derived representation) on the Dirichlet

space.

Definition 5.4.1. [7] The Dirichlet space D on the unit disc D = {w : |w|< 1} consists

of the holomorphic functions f(w) on D for which the following semi-norm is finite:

1

1 3
D(f) := (;/|f’(w)|2dxdy> ., w=u1x+1y. (5.61)
D
a B
Definition 5.4.2. For g = € SU(1,1), the SU(1, 1) representation on the
g @
Dirichlet space be defined by
5 aw —f
o) =1 (S20). (5:62)

The semi-norm D( f) is not a norm because D(f) = 0 whenever f is a constant. Then,

o 1S a non-unitary representation.
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In the following, we present the su(1,1) module for the representation 7, on the
Dirichlet space. First, the representation 71y (5.62) is the SU(1, 1) representation 7,

for n = 0. The representation 7, is given as follows:

a9 () = f (a“’ B ) (o= fu)", (5.63)

a — fw

where n € Z. The derived representations for the basis {Z A B } (5.7) are given in

the following:

E=d#? = %frnaﬂ V(W) |imo= [—inI — 2iwd,]f(w),
Ay = di = () f)lo= sl + (1 + w?)du]f ),
By = dilf = () [ o= g lmw] + (0 — 12, ()

The commutator relations are
(B, Ay = 2By, (B, By] = —24,, [Ay, By] = —%E.
The ladder operators are defined as
L, = A, +iB, =inwl + iw?0,, L_= A, —iB, =i0,,

and

[E,L.]=-2L,, [E,L_]=2L_ and [L, L_]=iFE. (5.64)

The Casimir operator is
dit, (C) = dit,(Z? — 4A% — 4B?) = —n® + 2n. (5.65)

The representation 7, on L*(D) is irreducible, and V,, 2, is the one-dimensional sub-

space generated by w,, ,, [33]. Indeed,
) R

Tp, ) (wn,m> =e
0 e—zé)

fiﬁ(nJer)w
n,m:-

—i0(n+2m)

Hence, V2., s an eigenspace of K with eigenvalue e , which is the character

of the subgroup K. Then

Fn(exptZ) = e (T2 on Viiom,
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and the derived representation is given by
E=—in+2m)I on V,ion.
From the commutator relation (5.64), we have
E(Liwpm) = Li(Bwpm) — 2iL4w,
=L, (—i(n+2m))—2iLy = —i(n+2m+2)L,,
E(L_wpm) = L_(Ewym)+ 2iL_w,,

L_(—i(n+2m))+2iL, = —i(n+2m —2)L_.

Therefore, the ladder operator L acts as follows:

L+ : Vn+2m — Vn+2m+27 L_: Vn+2m — Vn+2mf2-

L, L, L, L,
' L(:> Vn+2m—2 L(:> Vn+2m L(:> Vn+2m+2 L(:> te

Votom = {wWpm : m = 0,1,2,3.....} is the lowest weight module and is given as

follows:
Ew,, = —(n 4+ 2m)iwy, m,
Liwym = AW m + 1B1Wy 1 = (0 + m)iwymy1, m € Zy — {0},
L_wym = Ajwpm — 1By m = Miwy ;m-1, m € Zy —{0}
L_wy,p=0,
dit,(CYw = (—n* +2n)w, w € Vyyom.

The vector w,, ¢ is called the lowest weight vector.

L. L, L.
0 ¢—— Wno 2 ? Wn 1 2 ? W2 —)E
L L_ L_ L_

Vitom = {Wnm : m = 0,1,2,3.....} is the highest weight module and is given as



Chapter 5 90

follows:
Ew, = —(n — 2m)iwy, m,
L_wym = AWy m + 1B1Wy 1 = i(n 4+ M)Wy m-1, m € Zy — {0},
Liwpm = AW m — 1By m = tmwy my1, m € Zy — {0}
Liw,p =0,
dit,(CYw = (—n* +2n)w, w € Vy_op,.

The vector w,, ¢ is called the highest weight vector.

L, L. L,
C =2 Wn2 T Wn1 T/ Wno — 0
L_ L_ L_ L,

The vector module V;, 5, is unitarizable if and only if n > 0, and Vn+2m is unita-

rizable if and only if n < 0 [20, p.96].

Next, for the Dirichlet space the su(1,1) vector module is Vg, 2,,, that is given as

follows:
Ewg pm = —2tmwg ,,
Liwg,, = imwgme1, m € Zy — {0},
L+w0,0 =0,

L_wg,, = itmwom—1, m € Zi—{0},

L—wo,o =0,
dmo(C) = 0.
L, L,
0 — [woo) « Wo,1 Z—/= Wo2 T—= -~
L_ L_ L_ L_

In addition, wy is the highest weight vector for the vector module V{2, that is

present in the following:
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5.5 Mock Discrete Series Representation

The discrete series representations for the group SLo(R) given by

m(@)o() = ¢ (dz =0

a—cz
is on the Bergman space where n > 2 [10, 18, 25]. Lang [33, IX] studies the discrete

) (a—c2)™, nez. (5.66)

series on the group SL(R) in the upper half-plane and on the unit disc.

For n = 1, the SLy(R) representation is called the mock discrete series. The repre-
sentation space of the mock discrete series is the Hardy space [10, 18, 25]. The aim
of this section is to consider the mock discrete series in the real line, on the unit circle

and on the group SLy(R).

5.5.1 Representation in the Real Line

In this subsection, we study the mock discrete representation on the space Lo(R).

a b
Theorem 5.5.1. Let g = € SLy(R). We define
c d

[m1(9)fl(x) = fg ™ 2)(a—cx) ™, (5.67)

on the space Ly(R). Then 7 is a unitary representation.

Proof. m is arepresentation because 71 (g1 g2) = m1(g1)ma(go) forall g1, go € SLo(R).
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To verify the unitary property for all g € SLs(R), we have

Im0) ey = [ Ima(o) (o)

= 111 )
where t = g7'z = 2= and dt = (a — cz) 2dz. O

Lemma 5.5.2. Let m be a non-negative integer and let

V() = ﬁ(w_li)m(xﬂ)l. (5.68)

xr -+

Then v,,, € Lo(R).

Proof. To prove this, we will show that ||, (z )||2 ) is finite.

o) = [ im(e)da

x—i\" N1
2(95—!—2) (x+1)
=2

/|x—|—2|2
N /_ool—kx?dx

= 2.

Hence, ¢, € Ly(R). O

2

dx

Theorem 5.5.3. The representation m; on Lo(R) is irreducible. Let V75, be the one-

dimensional subspace generated by the function 1),,,. Then, V.5, is an eigenspace of

K, and
H == ®n20‘/1+2m7

is an orthogonal decomposition, with the lowest weight vector v, of weight 1.
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Proof. To prove this theorem, we will change the representation under the isomor-
phism between the real line and the unit circle. This will be shown at the end of the

next subsection. L]

5.5.2 Representation on the Unit Circle

In this subsection, we review the mock discrete representation on the space Lo(T),
where T is the unit circle. Thatis, T = {z € C: |z|= 1} = {e? : 0 < § < 27}. The

Cayley transformation between the unit circle and the real line is defined by

r—1

W= e (5.69)
where w € T and x € R. The inverse mapping is:
w+1
T=—i_—

For a function f on the real line, let us define the map

T f(w) = f (—i“’ + 1) (“@) . (5.70)

w—1 w—1

Lemma 5.5.4. The map 7} : L*(R) — L*(T) is an isometry.

Proof. By changing the variable we get the following:

17220, = / Tu ()28
1\ [ V2,
_/T|f(—zei0_1> <ei9—1 \d@

SO

= /122

where © = —zgij} O
Theorem 5.5.5. The functions {1, w, w?, .....} forms an orthonormal basis for L?(T).

Proof. From (5.68) and (5.70) we get the following functions on the unit circle:

lem(w) = wm)
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which satisfy the orthonormality property. That is,

1 [ . 1, m=n
<wn7 wm> — _/ emee—zmede — .
2m Jo 0, m#n

O

As we mentioned at the beginning, the action of the group SLy(R) is transformed
from the real line to the unit circle by (5.69). Also, the elements of SLy(R) can be in

SU(1, 1) by the identity (5.2). Thus, our representation 7 in (5.67) transforms to

#(9)f(w) = f (

Similar to Theorem 5.5.3, H = L*(T) and Vi4om is the one-dimensional subspace

aw—B

) (o — Bw) ™", (5.71)

a — Pw

generated by w"" and
e 0 )
T , (w™) = e~ H01F2m)yym (5.72)
0 e—z@

Hence, Vi, is an eigenspace of /K with eigenvalue e 0(1+2m)

Lemma 5.5.6. The elements 1, w,w?, ... in H = L*(T) are analytic.

Proof. To prove that the elements 1, w, w?, ... are analytic. we will show that the map

g — 71(g)w™ is analytic as follows:

Ao = (250) (- gy

B &w—ﬁ " 1
a1 - 2w) a(l—2y )"

This power series converges since |§|< 1. Thus, the map 7 (g)w™ is analytic. O

aw—ﬁ

5.5.3 Representation on the Group SLy(R)

From (5.2) we can see that

o= %((a—ic) +ib—id)) = ~(a+d—ic+ib),

S

B = %(—ia—i—c—i—i(—ib—i—d)) = §(c—|—b—ia—id).
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a and [ are functions of the group SLy(R). So we can compute the following:

et 0 1

oY = —(e" +e7") = cosht, (5.73)
0 et 2
et 0 1 t_ et
3 = ~(—ie' +ie™) = =% = _jsinht. (5.74)
0 eft 2 2
By multiplying the following two matrices
e 0 a B
4 and b ,
0 e b @
we get
akez) = e?a(x), Bker) = e B (). (5.75)

Lemma 5.5.7. Let G = SLy(R), then the function o' is not in L?(G).

Proof. Using the following integral formula:
/\Oz|_2da: :/ (cosht)™2 sinh 2t dt
G 0

= / (cosh 15)_2 2sinht cosht dt
0

:/ 2(cosht)™! sinht dt.
0

Let u = cosht and du = sinh ¢ dt; then
2/ u ' du = 2Inu|*= oo,
0

as desired. O]

Let H, be the closure of the linear span of the functions @149, = A7a~ ") for
r = 0,1,2,.... The inner product of [, can be defined by pulling the function 19,
to the unit circle,

P Hy — L*(T)

D o1yar(a, B) — %01+2r(ei07 0).
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Then
(Porsas, Pibiss) = / Porsar (s B)Plrrar (@, Bldads

(5.76)
= / P142- (€, 010142, (e%, 0)df.
T
Let 7 be the representation of the left translation on L?(G):
() f(z) = f(y~"x). (5.77)
Then, we obtain
ay=aly a+ By B, By =By Ha+aly™)p. (5.78)
Theorem 5.5.8. The representation 7 given by (5.77) is unitary.
Proof. Let
a B , e’ 0
g= € SU(1,1) =G and g = | €T.
b @ 0 e
Define the subgroup H
=B , Ia@lg
H= a—if a—if ca—iBeRy C SU(L1). (5.79)
la—ifl g lo—iBly
a+if a+if
Then g can be written as
- a—iB la—iB] lo—iB| 7
@ B la—if| 0 a—z‘? « a—ig 6 (5 80)
— a+if la—iB| g |a=iB|~ |’ '
B a ] ariB D g O
where
acif
=il " | ¢ G/H ~T.
O

Recall that a representation space of 7 is the Hilbert space. To verify that 7 is unitary,

we need to show that 7 is an isometry by using the property
F(gh) = F(g9)F(h), g€ G,he€H. (5.81)
12
7@ (Pl = [ [Persarls™'s) do
T

ae®  —Be )\ |2
Z/‘Piﬂuzr . 4 ‘ do.
T _5619 —i6

ae
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Using the decomposition (5.80) and the property (5.81), we obtain

ae? +ife—10
17 () (Ppriar) |32y = ‘73901 ,, | e FiBe ) 0 2 1_
+2r )11 L2(T) T +2r 0 e 10 _iBeid |a€i9 I iﬁe_i9|2

|@ei® +iBe—0|

e 0 2
= / ‘7)901+2r , do
T 0 e

= H,PSOl—&-?rH%Q(T)?
where
) — 0 0 —i0 1
pio — Q¢ HibeT = ——
’aeze_i_zﬁefw' |6619+Z567z0’2

O

Theorem 5.5.9. The functions ;. , are eigenvectors of K with eigenvalue e~ i(1+2r)0

H, is invariant under left translation by SLy(R) it is irreducible and has the lowest

weight vector equal to a1,
Proof. We can see from (5.75) that

B (ko) —i(142r)0 B (z)
P112r (ko) = 041+"—(k9:c) =€ al+—"(x)’

which proves the eigenvalue property. The function 7(y ')y o, lies in the vector

1 1 B\"
a(l—i—@g)l” )’

a(y)

space generated by

since |§|< 1 thus,

B(y)p
a(y)o

B(y)
a(y)

< <1.

Therefore, the power series converges in Hs, and this proves the theorem. [
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Further Work

In section 3.4, we presented the affine group representations, which were induced from
a complex valued character of the subgroups /N and A. We can expand these ideas to
double and dual numbers. The double number (also called a split complex number) is
given by O = {a + jb: j> = 1 and a,b € R}. The triple (O, +, X) is a commutative
ring with identity [6, 27]. The dual number is givenby D = {a+¢b: €2 = 0and a,b €
R} and the triple (D, +, X ) is a commutative ring with identity [27, 44]. Therefore, we

can have six different induced representations of the affine group.

Also, we can consider the representations of the group SLy(R) induced from char-
acters of its one-dimensional subgroups. The subgroup K requires only a complex
valued character because it is a compact subgroup. For subgroups A and N, we can

consider characters of complex, dual and double numbers.

In chapter 5 , we discussed the SLy(R) representations on the Hardy, Bergman and
Dirichlet spaces. We found that the vector module of the Lie algebra sly(R) is uni-
tary for the Hardy and Bergman spaces and non-unitary for the Dirichlet space. In
[20, Theorem 1.1.13], all the possible vector modules of the Lie algebra sl,(R) have
been presented. It is worth to studying the sly(R) vector module on other spaces of

holomorphic function, for instance the Poly-Bergman space [41].
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A.1 Mellin Transform as a Unitary Operator on Hilbert
Space

The Mellin transform on the Hilbert space Lo(R)[3, §1.5] is a linear operator M :
Ls(Ry) — Ls(R), defined by:

IMf](s \/_/ 23  f(z)dzr, sER. (A.1)

This map is an isometry, that is, |Mf| ., )= [/ f|lLo(r,). Moreover, it is a unitary
operator and it has the Mellin inversion M~! : Ly(R) — Lo(R, ) given by:

M~ () = f(=) w77 f(s)ds, @€ Ry (A2)

7l

A.2 Generalised Functions

A generalised function (also called a distribution) is a generalisation of the classical
notion of a function. In the following, we provide basic definitions. For more informa-

tion, refer to [15, 38, 42].

Definition A.2.1. [38] Let €2 be an open subset of R™. The set of test functions D((2)
consists of all real functions () defined in (2 vanishing outside a bounded subset of
(2 that stays away from the boundary of {2, such that all partial derivatives of all order

of  are continuous.
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Remark A.2.2. [19] We can define the test function to be the elements of the space
CR(82).

Definition A.2.3. [38] The set of all continuous linear functional on D is denoted by
D', and its elements are called generalised functions. By functional, we mean the real

or complex valued function on D written ( f, ¢) where ¢ € D.
A generalized function f is a linear functional if it satisfies the identity:
ar(f 1) +az(f,p2) = ([, arp1 + azipa).
By continuous, we mean that if ¢ is close enough to ¢, then (f, ¢1) is close to (f, ¢).

Remark A.2.4. [38] If f is a function such that the integral | f(z)p(z)dx exists for

every test function ¢, then:

() = [ @)z

defines a generalized function.

Theorem A.2.5. (The Kernel Theorem) [16, p.18]

Every bilinear functional (¢, 1)) on the space D of all infinitely differentiable func-
tions that have bounded supports and which is continuous in each of the arguments ¢

and v has the form:
(0, ) = (k,o(x) @ ¥(y)),

where k is a continuous linear functional on the space D(X X Y') of infinitely differ-

entiable functions of two variables having bounded supports.

Definition A.2.6. A function f(x) is called a homogeneous function of degree A if:
flaz) = a*f(), a 0.
A function f;(x) is called an associated homogeneous function of degree A if:

filaz) = & [fi(z) + In|alfo(z)], « 0.

fo(z) is a homogeneous function of of degree A.



Bibliography

[1] Al, S. T., Antoine, J.-P., and Gazeau, J.-P. (2000). Coherent states, wavelets and
their generalizations. Graduate Texts in Contemporary Physics. Springer-Verlag,

New York.

[2] Arazy, J. and Fisher, S. D. (1985). The uniqueness of the Dirichlet space among
Mobius-invariant Hilbert spaces. Illinois J. Math., 29(3):449-462.

[3] Balinsky, A. A. and Evans, W. D. (2010). Spectral Analysis of Relativistic Opera-

tors. Imperial College Press.

[4] Bargmann, V. (1947). Irreducible unitary representations of the Lorentz group.
Ann. of Math. (2), 48:568-640.

[5] Berndt, R. (2007). Representations of linear groups. Vieweg, Wiesbaden. An

introduction based on examples from physics and number theory.

[6] Catoni, F., Boccaletti, D., Cannata, R., Catoni, V., and Zampetti, P. (2011). Geom-

etry of Minkowski space-time. Springer Science & Business Media.

[7] El-Fallah, O., Kellay, K., Mashreghi, J., and Ransford, T. (2014). A primer on the

Dirichlet space, volume 203. Cambridge University Press.

[8] Elmabrok, A. S. and Hutnik, O. (2012). Induced representations of the affine group
and intertwining operators: I. Analytical approach. J. Phys. A, 45(24):244017, 15.

[9] Elmabrok, F. . A. (2012). Operators in complex analysis and the affine group.
PhD. Thesis, University of Leeds.

101



Bibliography 102

[10] Folland, G. B. (1995). A course in abstract harmonic analysis. Studies in Ad-

vanced Mathematics. CRC Press, Boca Raton, FL.

[11] Garding, L. (1947). Note on continuous representations of lie groups. Proceed-

ings of the National Academy of Sciences, 33(11):331-332.

[12] Gelfand, I. M., Graev, M. 1., and Pyatetskii-Shapiro, 1. I. (1990). Generalized
functions. Vol. 6: Representation theory and automorphic functions. Academic
Press, Inc., Boston, MA. Translated from the Russian by K. A. Hirsch, Reprint of
the 1969 edition.

[13] Gelfand, I. M., Graev, M. 1., and Vilenkin, N. Y. (1966). Generalized functions.
Vol. 5: Integral geometry and representation theory. Translated from the Russian

by Eugene Saletan. Academic Press, New York-London.

[14] Gelfand, I. M. and Naimark, M. A. (1947). Unitary representations of the group
of linear transformations of the straight line. Dokl. Akad. Nauk SSSR 55, 567-570.
also p. 18-21 in Gelfand’s Collected Papers, vol II, Springer-Verlag, Berlin, 1988.

[15] Gelfand, I. M. and Shilov, G. E. (1964). Generalized functions. Vol. I: Properties

and operations. Translated by Eugene Saletan. Academic Press, New York-London.

[16] Gelfand, I. M. and Vilenkin, N. Y. (1964). Generalized functions. Vol. 4: Appli-
cations of harmonic analysis. Translated by Amiel Feinstein. Academic Press, New

York - London, 1964.

[17] Hall, B. C. (2003). Lie groups, Lie algebras, and representations : an elementary

introduction. Graduate texts in mathematics ; 222. Springer, New York.

[18] Heping, L. and Lizhong, P. (1993). Weighted plancherel formula. irreducible
unitary representations and eigenspace representations. Mathematica Scandinavica,

72(1):99-119.



Bibliography 103

[19] Hormander, L. (2015). The analysis of linear partial differential operators I:

Distribution theory and Fourier analysis. Springer.

[20] Howe, R. and Tan, E. (1992). Non-abelian harmonic analysis : applications of
SL(2,R). Universitext. Springer-Verlag, New York.

[21] Kaniuth, E. and Taylor, K. F. (2013). Induced representations of locally compact

groups, volume 197. Cambridge university press.

[22] Kirillov, A. A. (1976). Elements of the theory of representations. Springer-Verlag,
Berlin-New York. Translated from the Russian by Edwin Hewitt, Grundlehren der

Mathematischen Wissenschaften, Band 220.

[23] Kirillov, A. A. (2004). Lectures on the orbit method, volume 64 of Graduate

Studies in Mathematics. American Mathematical Society, Providence, RI.

[24] Kirillov, A. A. and Gvishiani, A. D. (2012). Theorems and problems in functional

analysis. Springer Science & Business Media.

[25] Kisil, V. V. (1999). Analysis in R'! or the principal function theory. Complex
Variables Theory Appl., 40(2):93—-118. arXiv:funct-an/9712003.

[26] Kisil, V. V. (2004). Spectrum as the support of functional calculus. In Functional
analysis and its applications, volume 197 of North-Holland Math. Stud., pages 133—

141. Elsevier, Amsterdam.

[27] Kisil, V. V. (2012). Geometry of Mobius transformations. Imperial College Press,
London. Elliptic, parabolic and hyperbolic actions of SLy(R), With 1 DVD-ROM.

[28] Kisil, V. V. (2013). Induced representations and hypercomplex numbers. Ad-
vances in applied Clifford algebras, 23(2):417-440.

[29] Kisil, V. V. (2014). The real and complex techniques in harmonic analysis
from the point of view of covariant transform. Eurasian Math. J., 5:95-121.

arXiv:1209.5072. On-line.



Bibliography 104

[30] Kisil, V. V. (2017). Symmetry, geometry and quantization with hypercomplex
numbers. In Geometry, integrability and quantization XVIII, pages 11-76. Bulgar.
Acad. Sci., Sofia.

[31] Kitaev, A. (2017). Notes on SL(2, R) representations. arXiv:1711.08169.

[32] Knapp, A. W. (1986). Representation theory of semisimple groups : an overview
based on examples. Princeton mathematical series ; 36. Princeton University Press,

Princeton, N.J.
[33] Lang, S. (1985). SLy(R), volume 105 of graduate texts in mathematics.

[34] Mackey, G. W. (1952). Induced representations of locally compact groups i.
Annals of mathematics, 55(1):101-139.

[35] Nikolski, N. K. (2002). Operators, functions, and systems: an easy reading. Vol.
1, volume 92 of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI. Hardy, Hankel, and Toeplitz, Translated from the French

by Andreas Hartmann.

[36] Ross, W. T. (2006). The classical Dirichlet space. Recent advances in operator-
related function theory, 171-197, Contemp. Math., 393, Amer. Math. Soc., Provi-
dence, RI.

[37] Stein, E. M. and Shakarchi, R. (2009). Real analysis: measure theory, integra-

tion, and Hilbert spaces. Princeton University Press.

[38] Strichartz, R. S. (2003). A guide to distribution theory and Fourier transforms.
World Scientific Publishing Co., Inc., River Edge, NJ. Reprint of the 1994 original
[CRC, Boca Raton; MR1276724 (95£:42001)].

[39] Sugiura, M. (1990). Unitary representations and harmonic analysis: an intro-

duction, volume 44. Elsevier.



Bibliography 105

[40] Taylor, M. E. (1986). Noncommutative harmonic analysis, volume 22 of Math-

ematical Surveys and Monographs. American Mathematical Society, Providence,

RI.

[41] Vasilevski, N. L. (1999). On the structure of bergman and poly-bergman spaces.
Integral Equations and Operator Theory, 33:471-488.

[42] Vladimirov, V. S. V. S. (2002). Methods of the theory of generalized functions.

Analytical methods and special functions ; v. 6. Taylor and Francis, London.

[43] Wong, M. W. (2002). Wavelet transforms and localization operators, volume 136
of Operator Theory: Advances and Applications. Birkhduser Verlag, Basel.

[44] Yaglom, I. M. (1979). A simple non-Euclidean geometry and its physical basis.
Springer-Verlag, New York-Heidelberg.



