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Abstract

In order to cope with the exponential growth in wireless capacity demands, network operators
will deploy a large number of small cells to improve spatial spectrum reuse. Compared
with conventional sparse cellular networks, small-cell networks (SCNs) have much shorter
transmission links, and therefore the height difference between base stations (BSs) and users
has a significant impact on the network performance with respect to coverage and capacity.
However, most existing works have modelled SCNs on a two-dimensional plane, which
may be highly inaccurate. Moreover, the coexisting of small cells and regular macrocells,
and the application of emerging technologies such as large antenna arrays and millimeter
wave (mmWave) communications have brought new research challenges in the deployment
of small cells. To address these challenges, this thesis develops new tractable models using
stochastic geometry for three three-dimensional (3D) SCN scenarios: 3D mmWave SCNs, 3D

heterogeneous networks (HetNets) and indoor multi-storey SCNs.

Communication in mmWave spectrum is one key enabler to provide high data rates. In
the first paper, we propose a 3D system model for outdoor mmWave SCNs, capturing the 3D
nature of the deployment environment and characterizing antenna array gains in both elevation
and azimuth dimensions. We analytically derive the downlink (DL) coverage probability and
area spectral efficiency (ASE). Our results reveal that when other network parameters are fixed,
the joint optimization of BS height and BS antenna downtilt can maximize the DL coverage

probability and ASE.

In the second paper, we model and analyze an outdoor K-tier 3D HetNet where different
tiers have potential different BS density, BS height, transmit power, number of antennas per BS,

path loss exponent and cell association bias. Based on the proposed model, the expressions of
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the DL ergodic rate, ASE and energy efficiency are derived under both the strongest received
signal and the closest BS cell-association strategies. We observe that in an ultra-dense HetNet,
under both cell-association strategies, SBSs should be deployed at the same height as users’
antennas to achieve high ergodic rate, ASE and energy efficiency.

Finally, in the third paper, we develop an indoor multi-storey SCN model, incorporating the
storey height and ceiling penetration loss. We analytically derive the DL coverage probability,
spectral efficiency and ASE. Simulation results show that there exist certain values of storey
height and BS density that degrade the DL coverage probability. The results can shed new
insights into the deployment of indoor small cells and the design of a new multi-storey building
from the perspective of enhancing indoor wireless coverage.

The analytical and numerical results presented in this thesis provide guidelines for the
planning and deployment of 3D mmWave SCNs, 3D HetNets and indoor multi-storey SCNss,
and the proposed analytical frameworks based on stochastic geometry can be extended to the

modelling and analysis of other 3D cellular network scenarios.
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Chapter 1

Introduction

1.1 Background

1.1.1 Small-cell Networks

Based on recent predictions of Cisco [1], the number of global mobile subscribers will grow
to 5.7 billion and the number of global mobile devices will grow to 13.1 billion by 2023.
Along with the tremendous increase of connections, mobile data traffic demand is surging
exponentially due to the emergence of data-hungry applications such as remote surgery, internet
of things (IoT), virtual and augmented reality, and autonomous vehicles [2]. It is expected
that the traffic demand will keep increasing at an annual rate of 47 percent by 2030 [3]. To
accommodate this galloping demand for data traffic, a large quantity of small cells are required
to be deployed to improve network capacity and save energy consumption. In accordance
with [4], from 1950 to 2000, a 2700 x network capacity gain was achieved from network
densification, while only 15 x gain from a larger bandwidth, 5 x gain from the medium access
control (MAC) and modulation schemes, and 5 x gain through better coding techniques. From
this data, we can see that the deployment of small-cells is the most promising approach towards
the 1000 x increase of network throughput required by the fifth generation cellular networks
(5G) and beyond. The current 5G network standardization efforts also suggest that small-cell

deployment will remain the main driving force of cellular networks in the coming years [5].
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1.1.2 Millimeter-wave Small-cell Networks

Millimeter wave (mmWave) communication has been regarded to be a promising solution to
provide ultra-high data rates up to several Gbps owing to the large bandwidth of mmWave bands
(from 30 GHz to 300 GHz) [6]. It has found wide applications in scenarios with short-range
transmission and low mobility, such as wireless local area network (WLAN) and wireless
personal area network (WPAN) [7]. Moreover, it can also be applied in scenarios with high
mobility, such as cellular networks and industrial IoT scenarios. For instance, 3rd Generation
Partnership Project (3GPP) has initiated 5G new radio standardization operating at mmWave

frequency bands [8].
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Fig. 1.1 An illustration of a typical mmWave SCN.

However, the deployment of mmWave base stations (BSs) requires new strategies that take
into account the distinguished features of mmWave bands. In accordance with the channel
measurements [9], mmWave frequency bands are vulnerable to high free space path loss and
atmosphere absorption, and poor penetration through blockages such as walls, vehicles and
pedestrians. One feasible solution is the deployment of small-cell network (SCN) which
reduces the transmission distance between BSs and users, and increases the line-of-sight
(LOS) probability of communication links [10]. Although the increase of BS density improves

the spatial reuse, it may lead to excessive interference and deteriorate the performance of
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the networks. Fortunately, the very short wavelength of mmWave enables the deployment
of massive antenna arrays, which can be employed to generate directional beamforming to

augment the received power and mitigate the inter-cell interference [11]. A typical mmWave
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Fig. 1.2 An illustration of a typical HetNet.

1.1.3 Heterogeneous Networks

The deployment of small cells brings about the heterogeneity of cellular networks, inevitably.
As shown in Fig. 1.2, a typical HetNet comprises the macrocells overlaid with small cells,
where the macrocells provide an umbrella coverage for the users and the small cells contribute
most of the capacity as well as complement the dead zones. The macrocell BSs (MBSs)
and small-cell BSs (SBSs) may differ in transmit power, BS height and BS density, and the
macrocell tier and small-cell tier may differ in cell association bias and path loss exponent. To
be specific, MBSs provides a wide area coverage in range of few kilometers with a transmit
power up to 46 dBm. Small cells feature BSs with a low transmit power and a small coverage
area, e.g., picocells and femtocells [12]. Generally, picocells are deployed in indoor and
outdoor hotspots, e.g., shopping malls, stadiums and airports, with a coverage area in range of

100 meters and a transmit power between 23 and 30 dBm; while femtocells are installed for
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indoor coverage within tens of meters, with a transmit power no more than 23 dBm. Due to the
diversity of BS types, the network performance of the HetNets with regard to coverage and
capacity, may be different from the single-tier macrocell network or small-cell network [13],
calling for a different SBS deployment strategy. Moreover, the per-tier association bias, which
can control the offloading of users from the macrocells to small cells, needs to be designed for

a better quality-of-service (QoS).

1.1.4 Indoor Small-cell Networks

In accordance with [14], approximately 80 percent of the data-traffic is generated indoors,
indicating the importance of indoor wireless coverage. Nevertheless, outdoor-to-indoor commu-
nication suffers from high penetration losses through building walls. It is therefore anticipated
that indoor mobile traffic demands are mainly served by indoor deployed small-cell network.
Over the years, indoor small cells have largely been deployed for residential, and have been
expanded to cover enterprise scenarios [5]. Conventionally, indoor small cells, e.g., femtocells,
have been user-deployed following a “plug-and-play” way. However, the unplanned deploy-
ment may lead to severe inter-cell interference, as the number of small cells increases rapidly.
In line of this, some studies have suggested a more centralized deployment by network operator
to maximize the overall network performance [15]. Different from outdoor SCN deployment,
when deploying indoor SCNss, the effects of blockages such as interior walls and ceilings need

to be taken into account.

1.1.5 3D Small-cell Networks

For convenient deployment, SBSs are usually deployed on the walls, lampposts and trees
abutting the street, with an height higher than the user height. However, most of the previous
work has not considered the height difference between the SBSs and the users [16—19]. Recently,
the authors in [20][21] have involved the height difference into their network model and found
that there exists a limit of network densification: when the user density is sufficiently larger than

the BS density, both the coverage and capacity degrade towards zero with the increase of BS
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density, even if directional antennas are employed. This indicates that there exist densification
limits for 3D SCNs and that it is important to incorporate the heights of BSs, users, or even

blockages into the network modeling.

As far as we know, the systematical performance analysis of 3D mmWave SCNs, 3D
HetNets and indoor multi-storey SCNs has not been carried out yet, which will be the main

topics in the three papers presented in this thesis.

1.2 Motivation and Objectives

The previous work has largely modelled SCNs on a 2D plane, ignoring the heights of BSs
and users, which may lead to inaccurate results of network performance analysis. The aim
of the thesis is to model 3D SCNs and analytically derive tractable expressions of network
performance metrics, e.g., coverage probability and spectral efficiency. The analytical results
can provide insight into the deployment strategy of 3D SCNs. We focus on the following three
application scenarios: 3D mmWave SCNs, 3D HetNets and indoor multi-storey SCNs. With

the aforementioned aim, the following research questions are investigated:

Q1: How to model 3D SCNs and evaluate their network performance e.g., coverage probability

and ASE, in a tractable way?

Q2: What are the crucial network parameters that mostly affect the performance of 3D SCNs?

Q3: How to optimize the crucial network parameters to enhance the network coverage and

capacity in 3D SCNs?

Q4: What is the impact of network densification on the network coverage and capacity in 3D

SCNs? Can network capacity gains always be obtained by network densification?
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1.3 Contributions

1.3.1 Papers Included in the Thesis

Paper I: Performance Analysis for 3D Millimeter-wave Small-cell Networks, co-authored
with M. Zhou, J. Zhang, X. Chu, F. Naessens and J. Zhang. This paper has been submitted to
IEEE Transactions on Wireless Communications.

Paper II: On the Deployment of Small Cells in 3D Heterogeneous Networks, co-
authored with J. Zhang, X. Chu and J. Zhang. This paper has been submitted to IEEE
Transactions on Wireless Communications.

Paper III: On the Performance of Indoor Multi-Story Small-Cell Networks, co-
authored with Y. Zhang, J. Zhang, X. Chu and J. Zhang. This paper has been published

on IEEE Transactions on Wireless Communications, 2021.

1.3.2 Papers not Included in the Thesis

C. Chen, S. Yang, J. Zhang, X. Chu and J. Zhang, “Tractable performance analysis of
small-cell networks with a novel bounded path loss model,” Electron. Lett., vol. 56, no.

2, pp. 105-107, Jan. 2020.

e C.Chen, Y. Jiang, J. Zhang, X. Chu and J. Zhang, “Parameter optimization for energy effi-
cient indoor massive MIMO small cell networks”, 2020 IEEE 91st Vehicular Technology
Conference (VIC2020-Spring), 2020, pp. 1-5.

e C. Chen, J. Zhang, X. Chu and J. Zhang, “On the optimal base-station height in small-
cell networks considering blockage effects,” IEEE Trans. Veh. Technol., accepted as a

correspondence with minor revisions.

e C. Chen, Z. Zhang, J. Zhang, X. Chu and J. Zhang, “Multi-agent deep reinforcement
learning-based trajectory optimization for energy efficient UAV CoMP,” under preparation

for submitting to IEEE Transactions.
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* Y. Zhang, C. Chen, S. Yang, J. Zhang, X. Chu and J. Zhang, “How friendly are building
materials as reflectors to indoor LOS MIMO communications?,” IEEE Internet Things J.,

vol. 7, no. 9, pp. 9116-9127, Sept. 2020.

* Y. Wang, H. Zheng, C. Chen and X. Chu, “The effect of wall blockages on indoor small
cell networks with LOS/NLOS user association strategies,” 2021 IEEE 93rd Vehicular
Technology Conference (VIC2021-Spring), 2021, pp. 1-6.

1.3.3 Contributions of the Thesis

The thesis models 3D SCNs and analyzes their network performance using stochastic geometry.
In each paper, we address research questions Q1-Q4 for a specific 3D SCN scenario. The main

contributions of this thesis are summarized as follows:

* In the first paper, we propose an outdoor 3D mmWave SCN model which characterizes
the 3D BS antenna radiation pattern and the effects of blockages in 3D space. We consider
different heights of BSs, users and blockages, and model the horizontal locations of
mmWave BSs and blockages as two independent Poisson point processes (PPPs). We
decompose the 3D antenna gain into the BS antenna downtilt gain and beamforming gain,
and propose a simple exponential expression to approximate the BS antenna downtilt
gain with a high level of accuracy. Based on the proposed model, we derive the 3D LOS
probability and provide rigorous mathematical derivations of the DL coverage probability
and ASE. Subsequently, we analyze the effects of BS antenna downtilt, BS height and BS
density on the coverage and capacity, and shed novel insights into the actual deployment

of mmWave small cells and the configuration of BS antenna parameters.

* In the second paper, we extend the single-tier 3D SCN model in the first paper to an
outdoor K-tier 3D HetNet, taking into account potentially different BS density, BS height,
number of antennas per BS, transmit power, path loss exponent and cell association
bias for each tier. We derive the per-tier LOS probability and the expressions of the
per-tier association probability, DL ergodic rate, ASE and energy efficiency under both

the strongest received signal and the closest BS cell-association strategies. We focus on



10

Introduction

sub-6GHz frequencies and adopt digital beamforming for multi-antenna transmission.
The numerical results show the effects of SBS height, SBS density, number of antennas
per BS and small-cell bias on various performance metrics, and can shed novel light on

the actual small cell deployment and the optimal offloading strategy in a 3D HetNet.

Finally, in the third paper, we turn our attention to indoor networks and develop a 3D
SCN model for a multi-storey building where single-antenna BSs on each storey are
distributed following a PPP and BSs on the same storey have the same height. This SCN
can be considered as a special 3D HetNet where the transmission link from a user to each
tier experiences a specific ceiling penetration loss. We analytically derive the expressions
of the DL coverage probability, spectral efficiency and ASE for a building with 2M+1
storeys, which are simplified to numerically tractable integral expressions for the M = 1
case. We show that the M = 1 case has similar coverage probability as the M > 1 cases,
and thus can be used to evaluate the SCN performance in a multi-storey building. The
numerical results show the effects of the BS density per storey, storey height and ceiling
penetration loss on the indoor wireless coverage performance, and provide guidelines
for the indoor small cell deployment and the design of a new building for a better indoor

wireless coverage.

1.4 Structure of the Thesis

The thesis is composed of two parts. In Part I, we provide a general introduction to the concepts

of various SCNs including mmWave SCNs, HetNets, indoor SCNs and 3D SCNs. In Chapter

2, we introduce the main mathematical tool used in this thesis: stochastic geometry, and its

application in modeling SCNs. In Chapter 3, we draw the conclusions and identify some

potential future research directions. In Part I, we present three research papers on 3D mmWave

SCNs, 3D HetNets and indoor multi-storey SCNs, respectively.



Chapter 2

Mathematical Modeling and Analytical

Tools

2.1 Stochastic Geometry

Stochastic geometry based modeling for SCNs is extensively employed by both academia and
industry owing to its tractability and its ability to capture the random distribution of SBSs
[16, 18]. Stochastic geometry models the locations of BSs in the Euclidean space by a stochastic
point process, e.g., PPP, Poisson hard-core process (PHCP), and binomial point process (BPP)
[16]. It has been shown in [19] that compared to the actual BS distribution, the PPP model
and the grid model provide lower and upper bounds of the coverage probability, respectively,
with the same accuracy. More sophisticated point processes, i.e., PHCP and Strauss process
(SP) can better model the locations of actual BSs than PPP [17]. Compared to the grid model,
stochastic geometry enables more tractable derivations of mathematical expressions for network
performance with regard to the coverage probability, ASE, error probability, delay, etc. In
some special cases, even closed-form expressions are available. These tractable mathematical
expressions can be used to study the effects of crucial network parameters, thereby shedding
insights on the deployment of SCNs and the design of network parameters, which are quite

time-consuming to obtain in Monte Carlo simulations.
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In the modeling with point process, there is a tradeoff between realism and tractability.
A point process capturing the actual BS locations may impair the tractability of derivations.
In this thesis, we adopt homogeneous PPP due to its higher tractability compared with other
point processes [19]. PPP is a kind of point process that in an arbitrary bounded region of
the process’s underlying space, the point number is a Poisson random variable, and that in
disjoint bounded subregions, the point numbers are completely independent [22]. According
to Slivnyak’s theorem[23], the statistical characteristics observed in a homogeneous PPP is
location-independent, and therefore the network performance metrics of an arbitrary user can

represent the average network performance metrics of all users.

2.2 Modeling Small-cell Networks Using Stochastic Geome-
try

2.2.1 Modeling of Small-cell Networks

We adopt a baseline 2D single-tier downlink (DL) SCN to introduce basic stochastic geometry
analysis. The locations of BSs and users are modelled as two independent homogeneous PPPs
dp and ®y with densities Ag and Ay, respectively. All the BSs and users are equipped with
single antenna. Each user is connected to its nearest BS providing the strongest average received
signal strength in the considered single-tier SCN. We adopt orthogonal resource partitioning to
eliminate intra-cell interference. Therefore, interference comes from the received powers of all
other BSs other than the serving BS.

Denoting the distance between a BS and the typical user by d and the path loss exponent by

o, the path loss of the link between the BS and the typical user is computed by [24]
I(d) = Bd™*, @.1)

where f3 is the path loss at reference distance. Note that /(d) can also be called a path gain, but

is less than unity. Moreover, LOS and NLOS links may have different path loss exponents,
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Bd—%", with prob. P(d)
and the path loss model can be expressed as /; /N(d )= AL , where
Bd—%", with prob. Pyr(d)

o and aN* are the path loss exponents of LOS and NLOS links, respectively, and P (d) and
Pxi(d) are the LOS and NLOS probabilities, respectively. In this chapter, we use /(d) for
clearer clarification. We adopt Rayleigh fading to model the small-scale fading, and denote its

power gain by g, which is exponentially distributed with unit power, i.e., g ~ exp(1).

Denoting the distance between the serving BS and the typical user by x, the signal-to-

interference-plus-noise (SINR) of the typical user is expressed as

SINR(x) = Peol(x)

_ , 2.2
YB,cdp\B, PEil(Ri) + 62 2

where P is the BS transmit power, g is the small scale fading power gain between the serving
BS By and the typical user, g; is the small scale fading power gain between the interfering BS
B; and the typical user, R; 1s the distance between the interfering BS B; and the typical user,
and &2 is the power of additive white Gaussian noise. Then we derive the coverage probability
of the typical user, which is defined as the probability that the SINR of the typical user is higher

than a given threshold 7 in the following Lemma.

Lemma 1. The coverage probability of the typical user is given by

2

B o0 To )
PC(AB,T,OC)—ZEQLB/O xexp{—m—ﬂ:l]g (K+1)x }dx, (2.3)

where K = % 2F [1, 11— %; 2— %; —T}, 2F1 [-] denotes the Gauss hypergeometric function.
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Proof.

P.(Ag,T,a) = P[SINR(x) > T]
g0 >
oo 100
T62

(a:) Ex,qDBs [exP(_Pl(x)) H Eg |:€Xp{ - %}E)Rl)}:”

B;e®ps\Bo

(b) T8 /°° 1
—Ex[exp{ PIY) 2B | t(1 T5I() dr
= E, [exp{ PIx) TAgx"T 2 1+u%du
e 1
~Jo PV P

_ 27 /m T8 (KD
= B 0 XEXp Pl(x) B X 5

=P

Tgil(R) T8>
Pl(x)

- n?LBsz}f(x)dx

where f(x) = 2mAgexp(—mAgx?) is the probability density function (PDF) of x, (a) is due to
go ~ exp(1), (b) is obtained from the probability generating functional (PGFL) of homogeneous

_2
PPP, and (c) comes from a variable transition u = sza L, O

In a dense SCN, the impact of noise on the network coverage performance can be ignored

[19], and (2.3) can be simplified as

— _ bl _ ’ _ 1
P.(T,o) —27r7L/0 xexp{ TA(K+1)x }dx——K+1. (2.4)

From (2.4), we can see that the network coverage performance in an interference-limited
network does not depend on Ag. This conclusion explains the linear increase of network
throughput during the past decades obtained by the deployment of SBSs. However, more
practical factors needs to be further integrated, which are introduced in the following works.
In [25], the authors revisited the path loss model, especially the near-field path loss. In
accordance with the practical channel measurement that the path loss in proximity with the
receiver is lower than that of other slopes. Based on this observation a multi-slope path loss

model was proposed. The distribution of BSs was modelled as a PPP and the numerical results
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showed that the network coverage performance first grows and then degrades with the increasing
BS intensity. The increase of coverage probability is attributed to the improved desired signal
power, while the coverage probability decay results from the higher near-field interference. In
addition, it was observed that as long as the near-field path loss exponent is smaller than 2, both
the network coverage and capacity degrade to zero when the BS density increases to infinity.
This result means an end of the linear scaling of network capacity, indicating that the dense

small-cell network need to be designed considering the practical channel models.

For the modeling of dense small-cell networks, another type of channel model, i.e, the
bounded channel model, was investigated in [26][27]. To address the energy non-conservation
problem at short transmission distances smaller than 1 m, the authors in [26] used the bounded
path loss models to analyze the network performance with regard to coverage and capacity. The
results showed that for a interference-limited network, the coverage probability monotonically
degrades with the BS density, and that the ASE first grows to a peak and then degrades
towards zero. In [27], a simplified bounded model was proposed, with which both the coverage
probability and ASE were derived in closed-form. Moreover, the expression of the optimal BS

density that maximizes the ASE was obtained.

In [28], the authors integrated the non-line-of-sight (NLOS) transmission into the channel
modeling, in which a LOS probability function was employed to distinguish between LOS
and NLOS links. The NLOS links were assumed to experience higher path loss than the LOS
links. Moreover, the multi-slope path loss model was adopted to make the channel model more
practical. It was revealed that network coverage performance first grows to a peak value and
then degrades with the BS intensity. This is because the BSs in proximity are more likely to
be LOS BSs, a denser network brings more LOS BSs, but on the other hand increases the

Interference. The increase of ASE will also undertake a slowdown after a particular BS density.

To investigate the blockage effects of practical buildings, stochastic geometry was used to
model urban buildings in [29] where the distribution of BSs and blockages were modelled as
two independent PPPs. The shapes of buildings were modelled to be rectangles with random
sizes and orientations and the LOS probability was derived as a distance dependent function.

Subsequently, the expressions of connectivity and coverage probability were derived and the
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numerical results showed that the network coverage performance first grows and then degrades
with the BS intensity, indicating that an appropriate density of blockages is beneficial through
reducing part of the interference. However, excessive blockages will degrade the coverage
probability since the closest transmission BS may be blocked. This work can also be extended

to 3D networks considering the heights of BSs and buildings.

2.2.2 Modeling of Millimeter-wave Small-cell Networks

MmWave SCNis are different with conventional networks in terms of channel characteristics
and antenna patterns, which need to be incorporated into the analysis of coverage and capacity.
Firstly, mmWave channels are sparse with regard to multipath components due to the poor
scattering environments [30]. Therefore, the modeling of small-scale fading by Rayleigh fading,
which is widely used in sub-6 GHz systems, is no longer applicable. Instead, Nakagami-m
fading is commonly adopted to model small-scale fading in mmWave channels. Secondly,
since signals at mmWave frequencies experience severe penetration loss through a variety of
materials, e.g., concrete, bricks, and even human bodies, the effects of blockages have to be
considered. A feasible way is to model the locations of blockages by PPP, and the shape, size,
and orientation of blockages using random shape theory. The LOS probability of a link, i.e.,
the probability that no blockage lies across a link, is a monotonically decreasing function of
the transmission distance [29]. A simplified LOS-ball model was proposed to approximate the
LOS probability function in [31], where a link is considered to be LOS within a fixed distance
Ry, and NLOS outside the distance, as shown in Fig. 2.1. This model enables tractable analysis
of network performance and has been widely adopted in the previous work [32, 33]. Last but
not least, it is not practical to have one RF chain per antenna element due to the excessive
power consumption of RF chain components at mmWave frequencies [31]. Therefore, most
work adopts analog beamforming architectures where analog phase shifters are used to control
the phase of each antenna element. A simplified sectored pattern was proposed to approximate
the actual analog beamforming pattern [31], where the antenna gains of the main-lobe direction

and side-lobe direction are characterized by two constants Gy and Gy, respectively, as shown
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Fig. 2.1 An illustration of LOS-ball model and beamforming pattern.

in Fig. 2.1. The main-lobe gain can only be achieved when the user is located in the main-lobe
area with half-power beam width 6.

There has been some work investigating more practical modeling of analog beamforming.
In [34], a multi-lobe model was proposed to provide a step-wise approximation of the actual
antenna radiation pattern, which is an extended version of the sectored model. This model
was proved to be accurate by performing numerical simulations. However, the impact of
the number of antennas on the antenna radiation pattern was not characterized. In [32], the
actual antenna pattern when aligning the beam direction exactly with the angles of departure
(AoD) was characterized as a function of the number of antennas, and was approximated by a
sinc function and a cosine function. These two approximated antenna patterns were tractable
for the analysis of coverage probability with a high level of accuracy. In [35], the authors
adopted the approximated antenna patterns proposed by [32] to analyze the coverage of a
mmWave device-to-device (D2D) network where different devices may have different number
of antennas. In [35], the authors compared multiuser multiple-input multiple-output (MIMO)
enabled by hybrid beamforming with single-user analog beamforming, and showed that hybrid
beamforming performs better regarding coverage and rate.

Nevertheless, all the aforementioned works modelled and analysed mmWave SCNs on a

2D plane.
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2.2.3 Modeling of Heterogeneous Networks

HetNets are usually modelled as multi-tier networks where the network parameters are mutually
independent across tiers. Consider a K-tier HetNet, in which the locations of BSs in the kth tier
follow a PPP &y with density A;. The transmit power of BSs, path loss at the reference distance
and path loss exponent in the kth tier are Py, By and oy, respectively. Each tier is allocated with
an association bias for traffic offloading, and the association bias for the kth tier is denoted
by By. It is usually assumed that each user connects to the BS offering the strongest biased
received signal strength. Denoting the distance between the nearest BS in the kth tier and the
typical user by rg, the index of the tier the typical user connected to is argmax PkBkBkr,:a"
The coverage probability of the typical user in the HetNet is given by P/ = i}kPC?k, where Ay
denotes the probability that the typical user connects to the kth tier, and P, ; is the coverage
probability when the typical user connects to the kth tier. More details of derivations with

regard to coverage and rate can be found in [36], and more issues in the modeling of HetNets

are introduced in the following works.

The synergy of multi-antenna transmission and HetNet was modelled and the optimal per-
tier bias that maximises the DL coverage was given in [37]. This work assumed Multiple-input
single-output (MISO) transmission, where the BSs have multiple antennas and the users have a
single antenna. The number of antennas and number of users served per-BS may differ across
tiers. The numerical results revealed that the number of antennas can serve as a kind of bias
that offloads the macrocell users to small cells, reducing the artificial design of cell association

bias.

Considering the multi-slope path loss model and directional antenna gain, the authors in
[38] extended the HetNet model to millimeter wave networks and analysed the DL coverage
performance. More specifically, the multi-slope path loss model was employed to analyze the
effects of NLOS links and an approximated sectored model was used to model the directional
antenna gain. Moreover, the energy efficiency (EE) was derived and the results showed that
there exists an optimal cell association bias maximizing the EE. This work can also be extended

to the modeling of the microwave (1 Wave)-mmWave hybrid network.
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In [39], a framework was given for the modeling of a device-to-device (D2D) enabled Het-
Net with dynamic time-division duplex (TDD). The network performance regarding coverage
probability and capacity were evaluated and the effects of network parameters, e.g., the BS
density, per-tier bias and uplink (UL)/DL configuration were analysed. Based on the numerical
results, the authors proposed a guideline for the optimal design of D2D networks.

In [40], the authors investigated coordinated multipoint (CoMP) transmission in HetNets, in
which each user is simultaneously served by a set of BSs selected on the basis of their average
received signal strength levels. The joint transmission reduces the interference level, and hence
enhances the coverage and rate. It was shown that the network coverage performance does not
depend on the transmit power and BS intensity when the HetNet becomes interference-limited.

However, all of these works modelled the HetNets on a 2D plane.

2.2.4 Modeling of Indoor Small-cell Networks

Due to the complex built environment, there is little literature found on tractable modeling
of indoor wireless networks using stochastic geometry. In [41], the authors investigated the
performance of an urban cellular network. A two-tier HetNet with indoor SBSs and outdoor
MBSs was modelled to analyze the coverage performance of indoor users, where the outdoor-
to-indoor penetration loss was considered. However, this work assumed that one building is
served by only one BS, which may not be sufficient to handle high indoor traffic demands.
Several works have studied the effects of interior walls. In [42], the authors modelled
the interior walls by random object process (ROP), where the center points of walls are PPP
distributed, and each wall has uniformly distributed length and orientation. The locations of
BSs were modelled by PPP and the coverage probability and ASE were derived. The results
revealed that more walls and higher penetration loss of walls enhance the network performance
since more interference is blocked. However, this work adopted the closest BS association
strategy, which underestimated the indoor network performance. In [43], we modelled the
interior walls following the assumptions in [42] and derived the expression of the coverage
probability under the condition that each user is connected to its nearest LOS BS. The results

revealed that there is an optimal BS intensity maximizing the network coverage performance.
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Nevertheless, the random assumption of walls in terms of length and orientation in the above
two studies is not practical in general. In [44], the authors analyzed different wall generation
models: ROP, Manhattan grid model where the walls modelled as two Manhattan line processes
(MLP), and regular wall model where the walls are oriented perpendicular to the coordinate
axes with infinite length and the distance between arbitrary two walls is fixed. These tractable
wall generation models were compared with the walls generated according to practical floor
plans regarding signal-to-interference-ratio (SIR) performance. The results showed that the

Manhattan grid model best matches the practical floor plan.

However, these works focused on the modeling of buildings or walls on a 2D plane.

2.2.5 Modeling of 3D Small-cell Networks

In dense SCNs, BSs and users communicate in proximity, and hence the BS height significantly
affects the network performance regarding coverage and rate. Assume that the height of all
BSs is Hg, the height of all users is Hy and the height difference between BSs and users is
H = Hg — Hy. Out of practical considerations, it is assumed that H > 0. Following the steps in

Lemma 1, the DL coverage probability of a one-tier 3D SCN is computed by
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It is observed from (2.6) that the coverage probability monotonically degrades with Ag and H,
and that the coverage probability decays to zero when Ag goes to infinity. For more issues in
the modeling of 3D SCNs, please refer to the following works.

The effects of blockages and BS height on the network coverage and throughput were
studied in [21]. The results revealed that the coverage probability first grows to a peak and then
degrades with the BS height in a sparse network. This is because an approximate BS height
improves the LOS probability of the desired signals, while an excessive BS height leads to
severe interference. Moreover, it was shown that if the BS height exceeds the user height, both
the network coverage and capacity degrade to zero when the BS density increases to infinity. In
[45], a multi-slope path loss model was employed to analyze the effect of the height difference
between BSs and users on the ASE. It was shown that even if the directional antennas are
equipped, the ASE decrease to zero when the BS density increases to infinity.

Some studies have employed 3D PPP to model the distribution of BSs with density in
BSs/m? in high-rise buildings. The authors of [46] adopted the free space path loss channel
model to analyze the coverage probability of a SCN where the BSs are 3D PPP distributed.
The results showed that the coverage probability will degrade to zero if the path loss exponent
is lower than 3. In [47], the dual-slope path loss model was adopted in a SCN modelled by a
3D PPP. When the density of BSs tends to infinity, the asymptotic analysis revealed that the
network coverage would degrade to zero. However, despite its tractability, 3D PPP assumes a
Poisson distributed random BS height. This assumption cannot be applied to outdoor SCNis,
where BSs in the same tier are usually deployed at similar heights. Even in indoor SCNs, BSs
on the same floor are usually deployed at similar heights as well. Therefore, in this thesis, we

assume that BSs in the same tier or on the same floor have the same height.






Chapter 3

Conclusions and Future Research

3.1 Concluding Remarks

In this thesis, we have proposed novel and tractable stochastic geometry frameworks for the
performance evaluation of 3D mmWave SCNs, 3D HetNets and indoor multi-storey SCNs.
For each SCN scenario, we have analytically derived the expressions of network performance
metrics, e.g., coverage probability and ASE, the accuracy of which is verified by simulations.

In outdoor 3D mmWave SCNs, we have shown that a larger antenna array leads to a higher
DL coverage probability, and that the DL coverage probability first grows to a peak and then
degrades with the BS antenna downtilt. Thanks to the BS antenna downtilt gain, 3D mmWave
SCNs can provide higher coverage probability than 2D mmWave SCNs where BSs have the
same height as users. The optimal BS antenna downtilt corresponding to the maximum DL
coverage probability is higher when the BS density and BS height increase. Furthermore, for
given BS density and blockage distribution, the BS height and BS antenna downtilt can be
jointly optimized to maximize the DL coverage probability and ASE. The ASE can increase
linearly with the BS density when BSs have the same height as users, and can be further
improved when the BS height and BS antenna downtilt are jointly optimized.

In outdoor 3D HetNets, we have shown that for given MBS deployment, at low to medium
SBS densities, the closest BS cell-association strategy leads to low DL ergodic rate when no

bias is used; while the closest BS cell-association strategy can achieve similar ergodic rate as
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the strongest received signal cell-association strategy by properly tuning the small-cell bias.
At high SBS densities, under both cell-association strategies, SBSs should be deployed at
the same height as users to achieve high ergodic rate, ASE and energy efficiency. Different
from single-tier SCNs, the ergodic rate monotonically decreases with the SBS density since
the HetNet is interference-limited in the presence of MBSs. Since antennas are deployed in
horizontal linear arrays, the ergodic rate decreases with the SBS height at high SBS densities.
Moreover, in the absence of vertical beamforming, the ASE increases linearly with the SBS
density only when SBSs have the same height as users. Therefore, it is necessary to deploy
vertical antenna arrays at high SBS densities. Although deploying more antennas always leads
to a higher ergodic rate, it impairs the energy efficiency when excessive antennas are deployed.
It has been observed that when other system parameters are fixed, the energy efficiency can be
maximized by a joint optimization of the number of antennas per SBS and the SBS density. It

will be of interest to investigate 3D HetNets with 2D antenna arrays in the future.

In indoor multi-storey SCNs, we have shown that the single-storey indoor SCN overesti-
mates the DL coverage probability of an actual multi-storey SCN, ignoring the interference
from other storeys. A novel theoretical discovery has been presented, i.e., the problem of
Coverage Probability Valley. The coverage probability first decreases and then increases with
the increase of the storey height and the BS density. Due to the Coverage Probability Valley,
certain values of storey height and BS density should be avoided for a high coverage probability.
Furthermore, we have shown that a higher penetration loss of the ceiling leads to a higher DL
coverage probability by reducing the interference of BSs on other storeys. These numerical
results demonstrate that the indoor small cell deployment and the building structure can be
jointly optimized for a better indoor wireless coverage. Similar to the observations in 3D
HetNets, we have observed that in the presence of single-antenna BSs, the maximum coverage
probability in multi-storey SCNs is achieved when the BS height is the same as the user height.

This conclusion may be different when vertical antenna arrays are deployed on BSs.
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3.2 Future Research Directions

The potential areas for future research are summarized as follows:

* User mobility and blockage mobility are critical issues in mmWave network as the
transmission links are sensitive to blockages and the narrow antenna beams rely on
efficient beam alignment. It is more challenging to handle mobility in 3D space due to
higher overhead in channel estimation and beam training for 3D beamforming. Thus, it

would be interesting to analyze the impact of mobility on 3D mmWave SCNss.

* The coexisting of mmWave and conventional microwave networks makes it necessary to
systematically evaluate the performance of multiband 3D heterogeneous SCNs, where
BSs in different tiers may have potentially different antenna array sizes and beamform-
ing techniques. Moreover, the beam misalignment due to the imperfect channel state

information can be incorporated into the analysis.

* The proliferation of the number and use cases of unmanned aerial vehicles (UAVs)
requires reliable and high-throughput links. It is of interest to examine the network
performance of UAVs served by 3D SCNS, taking into account the coexisting of UAVs

and ground users, and different propagation conditions for these two types of users.

* Indoor mmWave SCN equipped with massive MIMO is a promising solution to address
high indoor traffic demands. The deployment of indoor mmWave small cells and the
configuration of massive MIMO are still open problems. Hence, it is of interest to model
indoor 3D mmWave SCNs, considering actual indoor built environments with walls and

stochastic blockages.

* Other system performance aspects such as backhaul capacity, uplink communication
performance, delay and energy efficiency need to be further investigated to provide a
comprehensive understanding of 3D SCNs. Moreover, considering realistic distributions

of traffic load and user locations may yield interesting results.
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* The application of emerging technologies for the sixth generation cellular networks (6G),
e.g., terahertz communication and intelligent reflective surface (IRS) in 3D SCNss, will

introduce new research opportunities.
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Abstract

Millimeter-wave (mmWave) small-cell networks (SCNs) have been a promising solution to
enhancing network capacity. However, most existing works modelled mmWave SCNs on a
two-dimensional (2D) plane, which does not capture the three-dimensional (3D) nature of
deployment environments. In this paper, we present a 3D system model for mmWave SCNis,
where the potentially different heights of base stations (BSs), users and blockages are modeled,
and the locations of BSs, users and blockages follow three independent Poisson point processes.
Moreover, we characterize the 3D BS antenna radiation pattern and decompose it into the
antenna downtilt gain and beamforming gain to facilitate the performance analysis. Based on
the 3D system model, we drive the integral-form approximate expressions for the downlink
(DL) coverage probability (CP) and the area spectral efficiency (ASE), and their closed-from
expressions for special cases such as ultra-dense 3D mmWave SCNs. Our numerical results
reveal that the DL CP first grows to a peak and then degrades with the BS antenna downtilt,
and that the optimal BS antenna downtilt maximizing the DL CP increases with the BS density
and BS height. Furthermore, we observe that for given BS density, blockage density, user
height and distribution of blockage heights, the DL CP and ASE can be maximized by jointly

optimizing the BS height and BS antenna downtilt.
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1 Introduction

Mobile traffic demand has been increasing in an exponential fashion due to the emerging
data-hungry applications such as Internet of Things, virtual reality, and autonomous vehicles
[1, 2]. In this light, the use of millimeter-wave (mmWave) bands in conjunction with massive
antenna arrays and small-cell networks (SCNs) has been regarded to be a key driver of network
capacity gains for the fifth-generation (5G) mobile cellular networks [3-7].

Most existing works modeled mmWave SCNs on a two-dimensional (2D) plane, ignoring
the height difference between base stations (BSs) and users. Nevertheless, recent studies [8, 9]
revealed that the elevated BS has a prominent negative impact on the coverage probability (CP)
and area spectral efficiency (ASE), especially when the SCN becomes ultra-dense. It is worth
noting that the height difference between BSs and users can be exploited to improve network
performance. On the one hand, a properly configured BS antenna downtilt brings a vertical
antenna gain. On the other hand, 3D beamforming techniques can achieve antenna array gains
in both the elevation and the conventional azimuth dimensions [10].

In this paper, we develop a novel mathematical framework to model the features of 3D
mmWave SCNs, including the 3D antenna radiation patterns for BSs and the potentially
different heights of BSs, users and blockages, as well as their spatial distributions. Based on
the 3D framework, we derive the analytical expressions of the downlink (DL) CP and ASE,
and use them to evaluate the effects of the BS height, BS density, and BS antenna downtilt on
the DL CP and ASE.

1.1 Related Works

MmWave SCNs have been extensively investigated using the tools from stochastic geometry
[11-14]. Due to the higher penetration loss through blockages at mmWave frequencies than
at micro-wave frequencies, Non-Line-Of-Sight (NLOS) links need to be integrated into the
modelling. In [11], the authors adopted a sectored model to approximate the antenna array
gain and a Line-Of-Sight (LOS) ball model, where the LOS region is assumed to be a ball

with a fixed radius centered at the receiver of interest, to approximate the effect of blockages
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in single-tier mmWave cellular networks. The similar analytical methods were applied to
heterogeneous mmWave cellular networks in [12]. Although these approximations render
the analysis tractable, they sacrifice the accuracy of the analytical results. In [14], two 2D
antenna patterns were proposed to characterize the actual antenna array gain, but the effects
of blockages were still analyzed using the simple LOS ball model. Moreover, all these works

modeled mmWave SCNs on a 2D plane.

Several recent works have studied 3D cellular networks, involving the modeling of 3D
antenna patterns [15-17]. In [15], the joint impact of the BS antenna arrays and antenna
downtilt on the DL CP was investigated via simulations in a hexagonal cellular network.
Based on stochastic geometry, in [17], the expression of CP was derived and the optimal BS
antenna downtilt that maximizes the DL CP was obtained numerically. However, none of the
aforementioned works considered the distinct features of mmWave SCNs such as the sensitivity

to blockages and the use of large antenna arrays.

There are few works on system-level performance evaluation of 3D mmWave SCNs using
stochastic geometry. In [18], the authors characterized the impact of human bodies on mmWave
signal propagation by modeling the human bodies as cylinders, and derived the LOS probability
and the received signal strength as functions of transmitter-receiver distance, user density and
user height. In [19], transmitters and receivers were modeled as cylinders and were assumed
to be blockages that may block the interfering signals. Although both vertical and horizontal
directivities of the BS antenna array were characterized, the relationship between the BS
antenna array gain and the number of BS antennas was not given. Note that neither [18] nor

[19] provided network performance analysis in terms of CP or spectral efficiency.

So far, the performance of 3D mmWave SCNs has not been analyzed in conjunction with

3D modeling of blockages and antenna radiation patterns, which will be studied in this paper.

1.2 Contributions

The main goal of this paper is to analyze the performance of 3D mmWave SCNs regarding the

DL CP and ASE. Our main contributions are listed as follows:
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* We develop a tractable mathematical framework for the performance analysis of 3D
mmWave SCNs using stochastic geometry, capturing the effects of the height difference
between BSs and users, 3D blockages, and 3D radiation patterns of large antenna arrays
deployed at BSs. To facilitate fast numerical analysis, we propose a simple exponential

expression to approximate the BS antenna downtilt gain with a very high level of accuracy.

* Based on the analytical framework, we derive the LOS probability of a link as a function
of network parameters such as the BS density, the blockage density, the link distance,

and the height difference between BSs and users.

* Leveraging the derived BS antenna downtilt gain and link LoS probability, we derive an
integral-form expression of the DL CP for general 3D mmWave SCNs, and obtain its
closed-form expression for ultra-dense 3D mmWave SCNs with isotropic BS antennas.
The numerical results show that there will be an optimal BS antenna downtilt maximizing
the DL CP and that for given BS density, blockage density, user height and distribution
of blockage heights, the DL CP and ASE can be maximized by jointly optimizing the BS

height and BS antenna downtilt.

1.3 Paper Organization

This paper is structured as follows. Section 2 introduces the system model. The expressions
of the DL CP and ASE are derived in Section 3 and 4, respectively. The numerical results are
presented in Section 5, with remarks providing novel guidelines on the joint optimization of

BS height and BS antenna downtilt. The conclusions of this paper are drawn in Section 6.

2 System Model

2.1 Network Model

Our proposed outdoor 3D mmWave SCN model is illustrated in Fig. 1. The locations of the

BSs, blockages and users are modeled following three independent homogeneous Poisson
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Table 1 Summary of Notations

| Notation | Meaning
Pu. Py, D Homogeneous PPPs modeling the
B> b, U locations of BSs, blockages and users
A, Ay, AU Densities of BSs, blockages and users
H,Hy, h Heights of BSs, blockages and users
l, ®, 6, Length, width and orientation of blockages
MW Mean values of blockage length and
’ blockage width
Parameter of the exponential distribution
H for blockage height
B Path loss at reference distance
a Path loss exponent
P Transmit power of BSs
g Power gain of Nakagami-m fading
m Shape parameter of Nakagami-m fading
T CP threshold
D Horizontal distance from the typical
user to its serving BS
Bt BS antenna downtilt
Half-power beamwidths in the azimuth
0as 0 plane and the elevation plane
GM_ Gm Main-lobe gain and side-lobe gain of
A>TA the BS antenna array
Probabilities of main-lobe gain and
P, Pn . .
side-lobe gain
Number of BS antennas for
Ng
the square BS antenna array
No Additive white Gaussian noise
By Serving BS for the typical user
b Set of LOS BSs

point processes (PPPs) ®g, &, and ®y with densities Ag, A, and Ay, respectively, on a 2D

ground plane. It is assumed that the typical user is located at the origin O of the 2D ground

plane. Assume that all the BSs are of the same height H and all the users are of the same

height 7 with H > h. Each blockage is modeled as a cuboid, with a uniformly distributed

length ¢ ~ U(0,2M), where M is the mean value of blockage length, a uniformly distributed
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Fig. 1 An illustration of a 3D mmWave network.

width @ ~ U(0,2W), where W is the mean value of blockage width, a uniformly distributed
orientation 6, ~ U(0,2x), and a height Hy, that follows Rayleigh distribution with mean value
u [20, 25]. We assume that each cell adopts orthogonal time/frequency division multiple access

to eliminate the intra-cell interference in the DL. The used notations are listed in Table 1.

2.2 Channel Model

The channel model comprises path loss and Nakagami-m fading [21]. Denoting the horizontal
distance between the typical user and a BS by d, the path loss of the link between the BS and

the typical user is given by

—a/2
I(d) = Bl +(H -] ", ()
where f is the path loss at the reference distance 1 m and « is the path loss exponent.
Denote the power gain of Nakagami-m fading by g, which is a random variable following
the normalized Gamma distribution, i.e., g ~ I'(m, ) with probability density function (PDF)

folx) = % where m is the shape parameter of Nakagami-m fading. For tractability, m

is assumed to be an integer [11].
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Fig. 2 An illustration of BS antenna array and antenna downtilt.

2.3 3D BS Antenna Pattern

As shown in Fig. 2, we assume that each small-cell BS adopts a uniform planar square array
comprising Np identical directional BS antennas and each user adopts an isotropic antenna.
Each directional BS antenna consists of multiple vertically stacked radiating elements and the
gain of each antenna depends on the number, the patterns and the relative positions of radiating
elements [15]. Due to the excessive power consumption of RF chain components at mmWave
frequencies, we adopt analog beamforming to provide directional beams, i.e., only one RF
chain is used. The 3D BS antenna radiation pattern consists of two parts: the directional antenna
radiation pattern and the antenna array radiation pattern [22], as described in the following.
1) Directional Antenna Radiation Pattern: Assuming that each radiating element at a

directional BS antenna is an identical dipole, the radiation pattern of a directional BS antenna

in dBi is given by [17, 23]
Gp (0B, 6in) B = GIB' + G, (65, ) B + G, 2

where GﬁBi = 0 dBi is the horizontal gain of a directional BS antenna, G (63, Gﬁh)dBi is the
vertical gain of a directional BS antenna, which is referred to as the BS antenna downtilt gain

hereafter, Op = arctan(Hr—;h) is the elevation angle between the horizon and the line from BS B
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Fig. 3 BS antenna downtilt gain.

to the typical user, rp is the horizontal distance from BS B to the typical user, 0 € (0, %) is
the BS antenna downtilt, which is assumed to be of the same value for all the antennas, and

anBi is the maximum directional BS antenna gain [23]. The actual BS antenna downtilt gain is

. o [ NG . .
sin’ %(smeg—smﬂmt)}

Naporosin? [ (565 —sinun)| where Ngipole 18 the number of dipoles per directional BS antenna. For
analytical tractability, we adopt the widely used approximate BS antenna downtilt gain given in

linear scale by [23]
Gy(65, O4i) = max {cos’(6 — By), 1017V } | 3)

where Fy is the vertical side-lobe level with respect to the main-lobe level of the directional BS
antenna. If the directional BS antenna consists of two half-wave dipoles, i = 11.73, Fy = —10
dB and GY¥' = 5.15 dBi; if the directional BS antenna consists of four half-wave dipoles,

i=47.64, Fy = —12 dB and G = 8.15 dBi [23].

We note that the power of a cosine function in (3) will hinder the subsequent analysis. To

remove the power of a cosine function from (3), we give the following remark.
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Remark 1. For the typical user, the BS antenna downtilt gain from BS B can be approximated
by

Gexp (0B, Bilr) = max {GXP {—P (6 — 9ti1t)2} ,10%-1F } 7 4)

where the value of p can be obtained by curve fitting to (3).

Fig. 3 compares the approximate BS antenna downtilt gain in (3) and the approximation in

(4), from which we can see that the gap between them is negligible.

2) Antenna Array Radiation Pattern: We adopt the 3D sectorized antenna array model
[24], where the beamforming gains of a uniform planar square array comprising Ng isotropic
antennas are considered to be a constant GIXI in the main-lobe direction and a constant G in
the side-lobe direction. We suppose that each BS knows the location information of all its
associated users through dedicated beam training methods [14], and can align their beams to
the users connected to them. Hence, the typical user obtains the main-lobe gain Glxl from its
serving BS. The beamforming gain from an interfering BS to the typical user can be calculated

in linear scale as follows,

GY, Pu=fasin (%),
GR, Pn=1—Py,

GA(9a; 9e) = &)
where ¢, and ¢, are half-power beamwidths generated by the antenna array in the azimuth
direction and that in the elevation direction, respectively, Py; and Py, are the probabilities that
the typical user is in the interfering BS’s main-lobe direction or side-lobe direction, respectively.

The values of parameters in (5) are dependent on Ng and are listed in Table 2 [24].

To sum up, when BS B is the serving BS, the 3D BS antenna gain between BS B and the
typical user is expressed in linear scale as Gs(6p, 61) = Gp (63, Oﬁlt)GlXI; and when BS B is
an interfering BS, the 3D BS antenna gain between BS B and the typical user is expressed in

linear scale as Gy(0g, i, @a, @) = Gp (OB, Bii1) GA (Pa, 9 ).
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Table 2 Antenna Array Parameters [24]

Number of directional BS antennas Ng 16,36,64,100

Half-power beamwidth ¢, = ¢ \/%
Main-lobe gain GIXI Np

Np— ‘[NB sin

/\

)

Side-lobe gain G}
Np— ﬁ sin < N

vw

2.4 LOS Probability

Firstly, we analyze the horizontal LOS probability from a BS located at X with a horizontal
distance r to the typical user located at the origin O on the 2D plane. The horizontal LOS
probability is the probability that no blockage crosses OX. In line with [25], the number

of blockages lying across OX is a Poisson random variable with a mean nr+p, where n =

22 [E(O)+E(0)]
T

= M"“;ﬁw) and p = LE(/)E(®w) = A, MW. Following the properties of Poisson

distribution, the horizontal LOS probability can be computed as P(nr+p =0) = e~ (nrtp),

Next, we analyze the 3D LOS probability between the BS located at X and the typical
user. As shown in Fig. 4, for a blockage lying across OX at a horizontal distance ¢ from the
typical user, only if Hy, > h;, where h; = M , it will effectively block the 3D LOS path
between the BS and the typical user. The conditional probability that a blockage blocks the
path between the BS located at X and the typical user under the condition that it lies across OX

can be derived following [25] as

/Pm>mm
hr+ H h
/ ( (Hb)de> dr
hr+H h)t TH2
1 H,
=1—- De an? dH,dt
r Jo 2u?

) (o)

; (6)
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Fig. 4 An illustration of 3D blockage and array beamforming.

where fy(Hyp) is the PDF of Hy and erf(-) is the error function. The number of blockages that
effectively block the 3D LoS path can be obtained by thinning the number of blockages lying
across OX by a factor €, which is a Poisson random variable with a mean €(nr+p). Hence, the
3D LOS probability of the link between the BS at X and the typical user is given by e ¢ (nrtp)
Note that the analysis of the 3D LOS probability under the exponential distribution of blockage

heights can be extended to other distributions of blockage heights following similar steps.

2.5 BS Association and SINR

The blockages are assumed to be impenetrable as mmWave signals experience very high
penetration losses [14]. Under this assumption, both the desired signals and interfering signals
come from the LOS BSs. For analytical tractability, we assume that each user connects to the

nearest LOS BS.

Lemma 1. Denoting the distance between the typical user and its serving BS by D, the PDF of

D is given by fp(x) = 2 Agxe™ EP PV, \where F(x) = &5 [1 — (enx+ Le *™).
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Proof. The complementary cumulative distribution function (CCDF) of D is given by

P(D > x) @ exp{—ZﬂlB/ e‘s(nrﬂ’)rdr}
0

— 6—2715)1.3F()C)7 (7)

where (a) is obtained using the void probability of PPP. Then the PDF of D can be derived as

fD(x) - d(l — ]P)d(xD - X)) = 271:2/]3)(8_[8(nx+p)+2nA’BF(x)]_ (8)

For a given D = x, the signal-to-noise-plus-interference ratio (SINR) of the typical user is

given by

goPl(x)Gs (68, Oyt
Y jed\B, & PL(D;)G1(88;, Bitt, Pa, ) +No
B goPl(x)Gp (68, Oit) GX!
Y jeay\By &PL(D;)Gp(68;, B4t )Ga (@, Pe)+No’

SINR (x) =

9)

where P is the transmit power of BSs assuming all BSs transmit the same power, go and g; are
the Nakagami-m fading power gains from the serving BS By and the interfering BS B to the
typical user, respectively, D; is the transmission distance between the typical user and B, ®r,
: : Y — 109-1Gp (68,001 L) —
is the set of LOS BSs to the typical user, Gp(6g,, 611) = 10 0 . Gp(08;, Biit) =

0.1 Birt ) 9B . .. . . .
102160 s Bi) , and Ny is the power of additive white Gaussian noise.

By substituting (2) and (4) into (9), we have

[ ex| ;Gi
SINR(X)N 80 (X)G P(GB() tlt)

- : (10)
Y jeay \By &1 (D) Gexp(68,, Bhitt) Gy + 62

GIXIPM‘FGgle 2 NO

I
where G, = = —270
A G GYP100168
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3 Coverage Probability

In this section, we first derive the DL CP for a general 3D mmWave SCN and then give the

expressions of DL CP for some special cases.

3.1 General 3D MmWave SCNs

The definition of CP is the probability that the SINR of the typical user is greater than a given
threshold T, i.e.,

Pcov = P(SINR > T), (11D

Theorem 1. The DL CP of a general 3D mmWave SCN is given by

Pcov(H, Ag, B, T)~ Y (—1)"1( /0 CXP{SNi( —2n 7LB/ Q(x,1)ecntr ldl}fn( )dx

n=1
(12)
where
( SNR(x) = (W%
Q1) =1~ {1 + Sl (i) g} R (13)

Gexp(t) = max {exp {—p (arctan (21 — ) 2} 100-1Fv } ,
Gexp(x) = max {exp {— p (arctan (£=1) — eﬁh)2} , 100.1Fv} ,

and § =m(m!)"m

Proof. See Appendix A. [
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Corollary 1. The DL CP of a 3D mmWave SCN monotonically increases with the number of
BS antennas Ng. When Ng — oo, the asymptotic DL CP is given by

o m ] o C"T
Pcov(H, A, 04, T) ~ Y (—1)"" (’:‘1)/0 e SNRW fp(x)dx, (14)
n=1
Proof. Recall that GA % Using (5), Gk can be rewritten as a function of N
1—V23NBsin( V3 )
T 2\/N
as GL (Ng) = N, n2+ — 5 (1 2N > It can be computed that G} (NB) <0
Np— sm<2\/7)

for Ng > 1, ie, G A(NB) monotomcally decreases with Ng. From (10), it can be obtained
that SINR(x) monotonically increases with Ng. Following the definition of CP in (11), it is
straightforward that the CP monotonically increases with Np. It can be seen that G} — 0 as
Np — oo, and the expression of SINR(x) in (10) will reduce to SNR(x), which has been given
in (12). O

To facilitate fast numerical evaluation, we derive a closed-form approximation of (12) using

Gauss—Chebysheyv integration in the next corollary.

Corollary 2. The DL CP of a general 3D mmWave SCN can be approximated as

iy C n+1 ﬂ’-L & / 2
PCOV(HJA’Bv etiltaT) ~ Z (_ 2N Z A (Pq 11— (PqJ (15)

n=1

where @, = cos <22q—]\721 71') is the Gauss-Chebyshev node, L and N, are the parameters of Gauss-

Chebyshev integration set to large numbers, and A(@,) is given by

_ n2ag (L — 1
A(9q) :exp{SNR <§2;T+ %> I <1\2/1 2 )

Mo (Lo, L 5 Lo, L
X/;A<T+§>‘Vk)\/1—ll/k fD<T+§)’ (16)
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2k—

where Y, = cos ( ) is the Gauss-Chebyshev node, N is the parameter of Gauss-Chebyshev

integration set to a large number, and

L L L-y L L L
A(y,Z)=Q<y,Tyz+¥> eXp{ en (—y +%) —ep} <T +¥> (A7)

Proof. The approximation in (15) is derived following the Gauss—Chebyshev integration [26]
. . b —a (1 _
and the integral transformation [, f(x)dx = bT“ Jo f (l%t + l%) dr. O

3.2 Ultra-dense 3D MmWave SCNs

When the SCN becomes ultra-dense, it is considered that the BS density is much greater than
the blockage density. We assume that there is no self-blockage caused by BSs or human bodies,
so all the BSs are LOS BSs to the typical user and the SCN becomes interference-limited
[11,27].

Theorem 2. The DL CP of an ultra-dense 3D mmWave SCN is given by

Pcov_u(H, Ag, 0, T) = Y (—1)"1( /0 eXP{—ZﬂlB/ (1—F(X,f))fdf}fd(x)dx

n=1
(18)
where fy(x) = 2mAgxe ™% and
F(x,r)= |1+ {n GhGesp(r) (*-+ (1 =1\ F] (19)
= MGexp(x)  \ 12+ (H—h)? ’

where §, Gexp(t), and Gexp(x) have been given in Theorem 1.

Proof. When the SCN becomes ultra-dense, the LOS probability from an arbitrary BS to the
typical user will be 1, i.e., € =1 = 0in Lemma 1. Plugging € = 1 = 0 into (12), the expression
of DL CP can be reduced to (18). [



52 Paper I

3.3 Ultra-dense 3D MmWave SCNs with BS Arrays formed of Isotropic
Antennas
In this section, we consider the special case that each BS is equipped with a uniform planar

square array comprising Np identical isotropic antennas, i.e., Gp(6p, 6;;)®! = 0 dBi, and

present the following theorem to simplify the DL CP in (18) to a closed-form expression.

Theorem 3. The DL CP of an ultra-dense 3D mmWave SCN where each BS adopts a uniform

planar square array comprising N identical isotropic antennas is expressed as

m -H e—ﬂ?lBK(m,n)(H—h)2
P (H,Ap,T )" ) 20
cov_u(H, g g K(mn) +1 (20)
1
where K(m,n) = F) [—— m; 1 — %; - C"ZGA] — 1, and ,F} || denotes the Gauss hypergeomet-
ric function.
Proof. See Appendix B. ]

Corollary 3. The DL CP of an ultra-dense 3D mmWave SCN where each BS adopts a uniform

planar square array comprising Ng identical isotropic antennas is lower-bounded by

—mAgK(1,1)(H—h)?

K(1,)+1

e

Pcov u(H,A8,T) = (21)

which monotonically decreases with Ag and H(H > h).

Proof. It has been shown in [9] that the CP monotonically increases with m, and there-

fore /ISCOV_U (H,Ag) can be obtained by substituting m = 1 into (20). The first derivative of

dPeov u(HAp) _ —mK(H—h)2e ™BK1D(EH)?
dAg - K(T,1)+1
—mAgK(1,1)(H—h)2
i <0. H

ﬁcov_U (H,Ap) with regard to Ag can be computed as

teowise dPcov u(HAp) _ —2mApK(1,1)(H-h)e
0. Likewise, i = il

(20) 1s based on the property that the CDF of a gamma random variable g with parameter

m
m is tightly approximated by P(g < x) > (1 — e‘C"> , where x >0 and { = m(m!)_i [28].
Next, we derive the exact expression of the DL CP for an ultra-dense 3D mmWave SCN where

each BS adopts a uniform planar square array comprising Np identical isotropic antennas.
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Theorem 4. The exact DL CP of an ultra-dense 3D mmWave SCN where each BS is equipped

with a uniform planar square array comprising Ny identical isotropic antennas is given by

m—1 d d2 dk
Peovulit a1 = T [T, ( £p00). fop(5) - o (s ) o

(22)

where s = TG /1(x), fa(x) = 21 Apxe B By (+) is the kth complete Bell polynomial,

p(s,x) = —27r7LB/x (1— (1+Zl(t)> >dt, (23)
and
dk ' dk
P (5,0) = 20 / (s, (24)
where
& )= (—1)’<1M(1+il(r))mk1’<(r> (25)
sk YT [(m)mk m '
Proof. See Appendix C. ]

4 Area Spectral Efficiency

In this section, we analyze the performance of the 3D mmWave SCN with respect to ASE,
which is defined as the average spectral efficiency per unit area. As per [29], the expression of

ASE in bps/Hz/m? is given by
A(Ag) = Aglogy(1+T)Pcov (H, s, O, T), (26)

where log, (1 + T)Pcov(H, AB, 64y, T is the average throughput per cell.
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Corollary 4. The ASE of an ultra-dense 3D mmWave SCN with isotropic BS antennas is
lower-bounded by

~ Aglog, (1 +T)e~FAsK(11)(H-h)?

which first grows and then degrades with Ag, and the optimal Mg that maximizes Ay (AB) is

* __ 1
;LB — nK(1,1)(H—h)*

Proof. Substituting ﬁCOV_U (H,Ag) into (26), ZU (AB) can be obtained. The first derivative of

—~ ~ —mAgK(1,1)(H=h)2 ({_ AV
AU(AB) can be C/\Omputed as dAéJA('i'B) — 10g2(1+T)€ B K(Ll)/—g_ll EABK(L,I)(H /) ) When )VB <
1 dAy(%s) - 0, and When Ag > 1 dAu(ts) . Hence, XU(/'LB) first

aK(L,1)(H-h)?’ ~ dig nK(1,1)(H—h)?>  dig

grows and then degrades with A, and the optimal Ag that maximizes XU (AB) is m

O

5 Numerical Results

In this section, numerical results for the DL CP and the ASE in the 3D mmWave SCN are
presented. Before system analysis, we verify the analytical results through Monte-Carlo
simulations on a 1kmx 1km area with 10° random trials. The default numerical simulation

parameters are given in Table 3 [12, 23, 25].

5.1 Validation of the Analytical Results

In Fig. 5, we show the effects of the number of BS antennas. For the analytical results, we
analyze the DL CP using Theorem 1 with our proposed exponential expression of the BS
antenna downtilt gain. It can be observed that our analytical results match with Monte-Carlo
simulation curves exactly, which verifies the accuracy of our analytical results. Moreover, we
can see that a larger number of antenna array elements leads to a higher DL CP, which is in line
with our conclusion in Corollary 1. In Fig. 6, we can see that 3D mmWave SCNs can provide

higher CP than 2D mmWave SCNs due to the BS antenna downtilt gain.
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Table 3 Values of Parameters

Parameter | Default Value |
Height of BSs H Sm
Height of users h I m
Density of BSs Ap 10> BS/m”
Density of blockages Ay 10~3 blockage/m?
Path loss exponent o 2
Number of BS antennas for the
36
square BS antenna array N
Parameters of the directional BS 47.64, —12 dB,
antenna i, Fy, G3B! 8.15 dBi
Transmit power of BSs P 33 dBm
Additive white Gaussian noise Ny —74 dBm
CP threshold T 10 dB
Mean value of blockage length M 15 m
Mean value of blockage width W I5m
Mean value of blockage height u 10 m

Parameters of Gauss-Chebyshev

integration L, Ny, N, 3000, 600, 600

Path loss at the reference distance 3 —61.4dB
Shape parameter of small scale fading m 3
BS antenna downtilt 6 /6

5.2 Effects of BS Height and BS Antenna Downtilt

In Fig. 7, we show the DL CP against the BS height for different values of A,. When the SCN
is ultra-dense, the number of blockages is negligible, and the DL CP first grows to a peak and
then degrades with the BS height. This is because for the BS antenna downtilt (6 = 7/6) in
our evaluation, the directional BS antenna gain first grows to a peak and then degrades with the
BS height. Moreover, the decrease of DL CP is also due to more inter-cell interference caused
by the larger BS height, which has been demonstrated in [8]. From the A, = 5Ag, A, = 104
and Ay, = 15Ap curves, we can see that the optimal BS height that maximizes the directional
BS antenna gain increases with the increasing blockage density. However, for the A, = 304g
case, the DL CP falls victim to excessive blockages. The DL CP first grows with the BS height
because a larger BS height provides a higher LOS probability for the desired signal.
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In Fig. 8, we show the DL CP against the BS height for different values of 6. From (3),
the BS height that maximizes the directional BS antenna gain increases with 6. Specifically,
for the 6 = O case, the BS height that maximizes the directional BS antenna gain is 1 m,
and therefore, no DL CP gain can be obtained through increasing the BS height. The DL CP

monotonically decreases with the BS height since a larger BS height leads to a larger inter-cell
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interference. For the 6y, = 7/2 case, the DL CP monotonically decreases because the BS

height that maximizes the directional BS antenna gain goes to infinity, and the loss resulted

from the larger BS height always exceeds the directional BS antenna gain. For other cases, the

DL CP first decreases and then increases with the BS height.
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In Fig. 9 and Fig. 10, we depict the DL CP against the BS antenna downtilt. From Fig. 9,
we can observe that the DL CP first grows to a peak and then degrades with the BS antenna
downtilt, and that a larger BS height brings a larger optimal BS antenna downtilt that maximizes

the DL CP. From Fig. 10, it is observed that the optimal BS antenna downtilt that maximizes
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the DL CP increases with Ag. This is because a larger Ag results in a smaller distance between

the serving BS and the typical user.

Fig. 11 shows the joint effects of BS height and BS antenna downtilt on the DL CP. For
given BS density, blockage density, user height and distribution of blockage heights, the BS
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height and the BS antenna downtilt can be jointly optimized to maximize the DL CP using

Theorem 1.

5.3 Effect of BS Density

In Fig. 12, we display the effect of the BS density on the DL CP for different values of H.
When H = 1 m, the directional BS antenna gain remains unchanged, and the DL CP first grows
to a peak and then degrades with the BS density. This is because excessive blockages degrade
the DL CP by blocking the desired signal, while moderate blockages improve the DL. CP by
reducing the inter-cell interference. For the H > 1 m cases, two peaks can be observed. The
first peak can be explained for the same reason as in the H = 1 m case, and the second peak is
due to the increase of directional BS antenna gain.

In Fig. 13, we display the effect of the BS density on the DL CP for different values of 6.
When 6, = 0, the directional BS antenna gain is negligible and the DL CP first grows to a
peak and then degrades with the BS density, which can be explained for the same reason as in
the H = 1 m case in Fig. 11. When 6;; > 0, the DL CP shows the second peak or a slower

decrease due to the increase of directional BS antenna gain.
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5.4 Area Spectral Efficiency

In Fig. 14, we show the ASE for different values of H. The dashed line represents the ASE
with jointly optimized H and 6y, while the solid lines represent the ASE with the default 6y;.
From the solid lines, we can see that the ASE scales linearly with the BS density when the
BS height equals to the user height. However, when H > 1 m, the ASE first grows to a peak
and then degrades with the BS density, which matches the trends of coverage probabilities in
Fig. 12. The dashed line always exceeds the solid lines, indicating the importance of the joint

optimization of H and By.

6 Conclusions

In this paper, we have proposed a novel and tractable stochastic geometry framework for the
performance evaluation of 3D mmWave SCNs. The effects of 3D blockages and the 3D BS
antenna radiation pattern were characterized. We have analytically derived the integral-form
expressions of the DL CP and ASE, and obtained the closed-form expressions in some special
cases. The numerical results show that 3D mmWave SCNs can provide higher DL CP than

2D mmWave SCNss thanks to the BS antenna downtilt gain. Moreover, for given BS density,
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blockage density, user height and distribution of blockage heights, the BS height and the BS
antenna downtilt can be jointly optimized to obtain the maximum DL CP and ASE. These

findings provide valuable insights into the deployment of 3D SCNs in mmWave bands.

In the future, we will extend the proposed framework to heterogeneous mmWave SCNs and

investigate more sophisticated interference management techniques.

Appendix A

Plugging (10) into (11), we have

Pcov(H,AB, 61t

80l (x)Gexp(O8y, Biite) o7
Y jeay \Bo 8;1(Dj) Gexp(O,, Brit) Gy +6°

= /0 °°1P>[go>Tl—1<x>G&L<eBo,etilt>(62+ Y g,-l(D,)GexP(eB,.,eﬁka)}fD(x)dx

~E, |P

JEPL\Bo
(28)
Defining Y jca, \B, 8/ (D) Gexp(6s; , Bi1) Gy, = I, we have
P [g0>T1 " (x)Gop (B8, Bhite) (6% +1) ]
Y g [(1 LTI )G&{)<eso7etilt>(62+1)>”’}
®) f" n+1 [ *CnTlfl(X)G&L((’Boveﬁn)(52+1)}, (29)

where (a) is achieved using the approximation that for a gamma random variable g with
m
parameter m, P(g > x) is tightly approximated by P(g > x) < (1 - e_Cx) , in which x >

0 and § = m(m!)_i [28]. (b) is derived following Binomial series expansion. Denoting
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Gexp(B8,, Biitt) as Gexp(x) =max {CXP {— (arctan (2=2) — 83y, } , 1001 } we have

E [eichl_l (X)Ge_xlp(GBovetill)<52+1)i|

e~ b G |~ LT (W] 30)

where

B [ —CnT1 7 (x )Gexixx)l]

:]E[ —¢nTi ' (x )G ):jech\BOg/( )GeXp(eB thlt)GA]
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1 —m
@exp{ 2an [ C”Tl ?;AGZ"S()} ]e‘g’”tdt}, (31)
exp

@ exp 27r/lB <

where Gexp(t) = max {e‘p (aretan( 1) ~64,)° ,100-15 V}, (a) comes from the probability gener-
ating functional of homogeneous PPP and (b) comes from the MGF of the gamma random

variable g.

Appendix B

For ultra-dense SCNs with isotropic BS antennas, Gp (g, 841 ) 81 = GIB!. Substituting Gexp (x) =
Gexp(t) = 1 into (18), the DL CP can be computed as

Pcov U H AB % i n+l /Oooexp{—ZEAB /°°(1 —Z(x,t))tdt}fd(x)dx, (32)

n=1

where

IR

Z(x,t) =

chGI <t2+(H—h)2)

m +(H—h)? ] ‘ 53
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—m
By employing the integral [~ (1— (1 - y%a) )ydyz CGR[-2,m1-2-5]-1),

we have

oo 2 N2 1
/ (1—Z(x,r))tdt:’#<m {—%,m;l—%;—C”;GA]—l) (34)

Plugging (34) into (32), (20) can be obtained through simple integral calculation.

Appendix C

For ultra-dense SCNs where each BS adopts a uniform planar square array comprising N

identical isotropic antennas, (28) reduces to

Pcov u(H, )

8ol (x)
Y jca,\B, 871 (D))G)y

:/OOO]P{gO>Tll(x) Y gjl<Dj)G}x>}fd(x)dx

Jj€PL\By

=E, |P >T

M=l g [(_)k gk
(:)kzo J [<k‘§) @emﬂ fa(@)dx, (35)

where p(s,x) = —2wAg [ (1 — (1+21(r))"™) df and s=TGY /I(x). (a) comes from the
X m A

CCDF of the gamma random variable go, which is expressed as C(x) = e¢™"™* ka:_01 ("Z)k [14].

The k-th derivative of e?5) can be expressed as a special case of Faa di Bruno’s formula [30],

1.e.,
d d? dr
= pP(sx) _ op(s) = il Bl
e el By, (dsp(s,x), dszp(s,x) e dskp(s,x)> : (36)
d* d*

Sp(s,x) = 2y / (s, (37)
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where
£ m S —m—
%T(s,t) - (—1)’<—1% (1 n EZ(r)> a0 (38)
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Abstract

With the dense deployment of small cells, the impact of height difference between base stations
(BSs) and user equipments (UEs) on the performance of heterogeneous networks (HetNets)
becomes significant. The traditional two-dimensional models are no longer sufficient to capture
the three-dimensional (3D) features of dense HetNets. In this paper, we propose a 3D model for
a K-tier HetNet, where different tiers may differ in BS height, BS density, number of antennas
per BS, transmit power, association bias, and path loss exponent. We analytically derive the
per-tier association probability under both the strongest received signal and the closest BS
cell-association strategies. Based on that, we derive the expressions for the downlink ergodic
rate, area spectral efficiency (ASE) and energy efficiency. The numerical results reveal that in
the presence of macrocell BSs, for low to medium small-cell BS (SBS) densities, the closest
BS cell-association strategy leads to low ergodic rate, ASE and energy efficiency regardless of
the SBS height; while at very high SBS densities, under both cell-association strategies, SBSs
should be deployed at the same height as UEs to achieve high ergodic rate, ASE and energy
efficiency. Moreover, we find that for a given SBS height, there exists an optimal combination

of SBS density and number of antennas per SBS that maximizes the system energy efficiency.

1 Introduction

The 1000 x network capacity gain of 5G is fueled by the dense deployment of small cells [1-4].

A typical heterogeneous network (HetNet) comprises macrocells overlaid by various types of
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small-cells like picocells, femtocells, and relays [5]. The reported research on HetNets was
mainly conducted on a two-dimensional (2D) plane, ignoring the height difference between the
base stations (BSs) and the UEs [6-8]. In dense HetNets, where small-cell BSs (SBSs) can
be very close to the UEs, the heights of BSs and UEs need to be considered in the calculation
of link ranges and will affect the network performance with respect to coverage probability
and area spectral efficiency (ASE) [9]. Therefore, given the existing macrocell network, the
deployment of SBSs needs to be studied in three dimensions, i.e., to consider BS heights in
addition to the BS locations on the 2D ground plane. On the other track, deploying more
antennas on BSs is playing an important role in addressing the rapid growth of wireless capacity
demands [10]. In this paper, we propose a three-dimensional (3D) HetNet model where each
BS is equipped with multiple antennas, and develop an analytical framework to evaluate the
network performance with regard to the downlink ergodic rate, ASE and energy efficiency for
both the strongest received signal cell-association strategy and the closest BS cell-association

strategy.

1.1 Related Works

HetNets have been extensively investigated using stochastic geometry [11-15]. In [11], the
downlink signal-to-interference-plus-noise-ratio (SINR) and outage probability were character-
ized for a K-tier HetNet where each tier is allocated with a particular association bias and each
UE is connected to the BS providing the strongest biased average received power. The optimal
per-tier bias that maximizes the downlink coverage was obtained in a multi-antenna HetNet in
[13]. Considering a realistic path loss model and directional antenna gains, the authors in [12]
analyzed the downlink coverage performance of millimeter-wave HetNets. In [14], the latency
and deployment cost were characterized taking into account both wired and wireless backhauls
for a two-tier HetNet. In [15], the authors explored coordinated multipoint transmission in
HetNets in the presence of user mobility. However, all of these works modeled the HetNets on
a 2D plane.

Several studies have modeled HetNets using 3D stochastic geometry due to its tractability

[16, 17]. In [16], the millimeter-wave HetNet was modeled using a 3D Matern Hard-Core
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Process with a BS density in BS/m? and the downlink coverage probability was derived. An
indoor 3D HetNet was studied in [17], where the picocells and femtocells were distributed
following two independent 3D Poisson point processes (PPPs). These works modelled BS
locations as 3D point processes where the BS height is randomly distributed in the third
dimension without any bound, which may be suitable for the indoor small-cell networks in
high-rise buildings. Nevertheless, in outdoor networks, BSs of the same type usually have

similar heights within a certain range.

The impact of the height difference between BSs and UEs on network performance has been
studied recently [9, 18-20]. In [9], a single-tier small-cell network was analyzed considering
a multi-slope path loss model incorporating both line-of-sight (LoS) and non-line-of-sight
(NLoS) transmissions as well as the height difference between SBSs and UEs. It was shown
that even when the SBSs are equipped with directional antennas, both the downlink coverage
and ASE degrade to zero as the SBS density increases to infinity. The effect of LOS/NLOS path
loss model with random placed buildings was integrated in a single-tier small-cell network with
elevated BSs in [18]. The results revealed that the coverage probability would monotonically
decrease for the closest BS association, while the monotonicity would not hold for the strongest
BS association. In [19], the authors analyzed the effect of vertical beamforming on the
coverage probability and obtained the optimal antenna downtilt numerically. In [20], the
authors investigated the optimal BS height for a single-tier mmWave network, where the
blockages were modelled as cylinders with an exponentially distributed height. However, none

of these works captured the heterogeneity of current cellular networks.

Unmanned aerial vehicle (UAV) assisted wireless networks can be considered as a type
of 3D HetNets. In [21], the aerial BSs were modeled as a 2D PPP at a particular height and
the terrestrial BSs were modelled as a 2D PPP on the ground. In [22], the authors studied
UAV-assisted cell-edge offloading for ground HetNets. In [23], a general K-layer UAV network
model was proposed, in which the coverage probability and throughput were derived for the
closest node and the strongest received pilot signal node association strategies. Although the
heights of UAVs were considered in [21-23], the heights of terrestrial BSs on the ground were

ignored. In [24], the height difference between terrestrial BSs and UEs was considered, but the
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closest BS cell-association strategy did not include the cell-association bias, which would be
necessary for load balancing across different tiers in a HetNet. Moreover, the aforementioned
works only considered single-antenna BSs and UAVs, while the the analysis of HetNets with
multi-antenna BSs is much more challenging [13]. It is worth noting that UAVs usually have a
much higher height than UEs [25], while SBSs can be deployed at the similar height of UE:s,
which requires a different deployment strategy than UAV deployment.

To the best of our knowledge, the performance analysis of a multi-tier 3D HetNet with multi-
antenna transmission and LOS/NLOS path-loss attenuation has not been fully investigated,

which will be the focus of this paper.

1.2 Contributions

In this paper, we study the deployment of small cells in a 3D HetNet taking into account the
potentially different BS height, number of antennas per BS and cell-association bias for each

tier. The main contributions of this paper are summarized as follows:

* We develop a novel stochastic geometry framework for a K-tier 3D HetNet, where
different tiers have potentially different BS densities, BS heights, number of antennas per
BS and cell-association biases. Moreover, we incorporate the LOS/NLOS transmission

into both the large-scale path loss and small-scale fading.

* Based on the framework, we derive the LOS probability of a link as a function of system
parameters such as the BS density, the blockage density, the link distance, and the height
difference between BSs and UEs. Furthermore, the per-tier association probability is
newly derived for both the strongest received signal and the closest BS cell-association

strategies.

* The per-tier association probability is then used to obtain the downlink ergodic rates
for both the strongest received signal and the closest BS cell-association strategies. Our
analytical and numerical results show the effects of the SBS density, SBS height, number
of antennas per SBS and SBS bias on the ergodic rate. We find that in the presence of

macrocell BSs (MBSs), the ergodic rate monotonically decreases with the SBS density
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regardless of the SBS height, which is different from the observation in a single-tier

small-cell network [9].

* We also derive the expressions for the ASE and energy efficiency. We observe that under

both cell-association strategies, SBSs should be deployed at the same height as UEs in

an ultra-dense HetNet for good network performance in terms of the ergodic rate, ASE

and energy efficiency.

1.3 Paper Organization

The remainder of this paper is structured as follows. Section II describes the system model.

The expressions of downlink ergodic rate are derived in Section III. In Section IV, we extend

our analysis to ASE and energy efficiency. The numerical results are presented in Section V,

with remarks shedding new light on the deployment of multi-antenna SBSs in 3D HetNets.

Finally, the conclusions are drawn in Section V1.
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2 System Model

2.1 Network Model

We consider downlink transmission in an outdoor K-tier 3D HetNet, where the horizontal
locations of the BSs in the k™ tier are modelled following a homogeneous PPP &)k with density
7Lk on a 2D ground plane, in the absence of blockages. Each BS in the k" tier has transmit power
P, with M, antennas deployed in a horizontal linear array. We assume that BSs in the k™ tier
are deployed at a fixed height H}, for analytical tractability. This assumption can be extended
to the case where the BS height of each tier follows a specific distribution, which will be
investigated in our future work. The set of indices of the tiers is denoted by .#" = {1,2,...,K}.
The horizontal locations of single-antenna UEs are also modelled following a homogeneous
PPP &y with density Ay, which is independent of {®; };c ». Ay is assumed to be sufficiently
large so that each BS can have at least one served UE [9, 18]. The UEs are of the same height
Hy and H, > Hy for k € J# . Blockages are assumed to be cuboids [26] with a uniformly
distributed length Ly, ~ U(0,2Ly), a uniformly distributed width Wy, ~ U (0,2W3,), a uniformly
distributed orientation 6, ~ U(0,27x), and a Rayleigh-distributed height H;, with mean Hy,.
The centers of the blockages on the ground plane are distributed following a homogeneous
PPP &y, with density A,. In the presence of blockages, the actual horizontal locations of the
BSs in the kM tier form a Poisson hole process CTDk = CAIVDk\CI)k’b, where ®; 1, denotes the set
of the k™ tier BSs located in the blockage regions. Assuming that BSs and blockages are
independently distributed, &Dk can be well approximated by a homogeneous PPP &; with
density 4 = ikexp(—lbszb) [27]. Without loss of generality, we consider that the typical
UE under study is located at the origin of the ground plane. We assume that all the tiers share
the same frequency band, and that orthogonal resource partitioning is adopted in each cell to
eliminate intra-cell interference. A two-tier 3D HetNet scenario is shown in Fig. 1, and the

used notations are listed in Table 1.
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Table 1 Summary of Notations
| Notation | Meaning
b, DD Homogeneous PPPs modeling the horizontal locations
k> =. U of the k-tier BSs, blockages and UEs, respectively
A» Ap, AU Densities of the k™-tier BSs, blockages and UEs, respectively
H, H,,Hy Heights of the k™_tier BSs, blockages and UEs, respectively
A, H, — Hy
Ly, Wy, 6y Length, width and orientation of blockages,respectively
. W H Mean values of blockage length, blockage
b- 7.0 width and blockage height, respectively
L aNL Path loss of LOS and NLOS transmission links at the reference
Be- By distance in the k'™ tier, respectively
ol oM Path loss exponents of LOS and NLOS transmission
k> "k links in the k™ tier, respectively
P, Transmit power of BSs in the k" tier
M;, Number of antennas per BS in the k" tier
By A BS in the k™ tier with horizontal distance rp, from the origin
pL pNL Small-scale fading power gains of serving LOS and
k> Tk NLOS transmission links in the k" tier, respectively
L NL Small-scale fading power gains of interfering LOS and
8> 8k NLOS transmission links in the k™ tier, respectively
my Shape parameter of Nakagami-m fading in the k™ tier
RL RNL Horizontal distances from the typical UE to its nearest
k> Tk LOS BS and NLOS BS in the k" tier, respectively
Cr Cell-association bias for the kT tier
B k(x), LOS and NLOS probabilities of a transmission link
P k() with horizontal distance x in the k'™ tier, respectively
Pr%k (x), Average biased received power of LOS and NLOS transmission links with
PO (x) horizontal distance x in the k" tier, respectively
T(x) Biased transmission distance from a BS to the typical UE
with horizontal distance x in the k™ tier
Downlink ergodic rates under the strongest received signal and
Hs, Hc . . .
closest BS cell-association strategies, respectively
6,3 Additive white Gaussian noise power in the k™ tier
P Power amplifier efficiency, circuit power per antenna, and parameter related
M £C.- P to DC-DC converter, current supply and cooling in the k™ tier

2.2 LOS Probability

For a BS B; with horizontal distance rp, from the origin in the k™ tier, the horizontal LOS

probability between By and the typical UE is a function of rp,_ given by e‘ger, where & =

22 (E(Ly) +E(W, 22 (Lo + W,
(Bl +E0R) _ 2a(LotWo) 17 o),
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The conditional probability that a blockage blocks the transmission link between By and
the typical UE in the vertical dimension under the condition that it blocks the transmission link

in the horizontal dimension is computed following [26] by

HUer+Hkt
er er
we=1-— —/ / be dxdt
I’Bk
Hy [erf <%> erf (fHUﬂ
= Ll : (1)
Hy

where H;, = H;, — Hy, fu, (x) = %eimﬁ is the probability density function (PDF) of H,, and
b
erf(-) is the error function. Then, the 3D LOS probability of the transmission link between By,

and the typical UE is given by
PLi(rg,) = SHm, 2)

Correspondingly, the 3D NLOS probability is given by Py x(r8,) = 1 — B_x(rp,). From (2),
we can see that the LOS probability monotonically decreases with the horizontal distance of a

transmission link and increases with the BS height.

2.3 Channel Model

The channel model is composed of path loss and small-scale fading. A transmission link can
be either an LOS or NLOS link, and the path loss from By to the typical UE can be expressed

as follows

al

B (rlzgk —i—ﬁ,f) * | with prob. P i(rB,)
lk(er) = o«NL (3)

%
,?IL (rlz;k—i—I:I,f) ’ , with prob. Pyp«(7B,)

where BkL and [5’,1\1L are the path loss of LOS and NLOS transmission links at the reference

distance, respectively, and Ot,l“ and a}c\IL are the path loss exponents of LOS and NLOS transmis-
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sion links in the k™ tier, respectively. For analytical tractability, the modelling of multi-slope
path loss [9] has not been included, which will be investigated in our future work.

For single-input single-output transmission in the k™ tier, i.e., My = 1, we characterize the
small-scale fading of LOS and NLOS transmission links by Nakagami-m fading with shape
parameter my, and Rayleigh fading, respectively [18]. Notice that when the shape parameter
is set to 1, Nakagami-m fading reduces to Rayleigh fading. The channel power gain of the
transmission link from a multi-antenna BS to the typical UE depends on the multi-antenna
transmission technique and whether the BS is a serving BS or an interfering BS. In this paper,
we focus on sub-6GHz frequencies. We adopt maximal ratio transmission (MRT) precoding
and assume perfect channel state information. If By is a serving BS, we denote the channel
power gain of the link from By to the typical UE by Ak ~ I'(Mymy, mlk) and hY- ~ T'(My, 1),
when the link is in LOS and NLOS conditions, respectively [28]. If By is an interfering BS, we
denote the channel power gain of the link from By to the typical UE by gk ~ T'(my, mLk) and

gI,jL ~ Exp(1), when the link is in LOS and NLOS conditions, respectively.

2.4 Cell Association

We consider both the strongest received signal and the closest BS cell-association strategies,
where one UE can only connect to one BS. In the Lemma below, we give the PDFs of the
distances from the typical UE to its nearest LOS and NLOS BSs in the k" tier, respectively,

which will be useful when we develop expressions of cell association probabilities.

Lemma 1. Denoting by Rk and RkNL the horizontal distances from the typical UE to its nearest

LOS BS and NLOS BS in the k™ tier, respectively, the PDFs of R% and RkNL are given by

Jre(x) = 2w AP (x)exp { =27 AEr (x) } )

kaNL (x) = 2 AQx PNk (X)exp {—nlkxz + 2T ALE) (x)} , (5)

where E(x) = m [1 — (Ex + 1)(5#1&6].
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Proof. The cumulative distribution function (CDF) of Rk is computed by

Fpe(x) =1~ P(RE > x)
a X
@ 1 —exp {—271')%/ e_S“kRkR%de}
0

1 _ e—ZﬂlkEk(x), (6)

where (a) is obtained using the void probability of PPP. Then the PDF of R}; is computed by

- 2N,
ka(x) — d(kx) = 2 Axe (8 byx+2m A By (x)] (7)
The PDF of R}:IL can be derived following the similar steps. ]

Under the strongest received signal cell-association strategy, a UE connects to the BS
providing the strongest downlink average biased received power. Denoting the bias factor for
the k™ tier by Cy, the downlink average biased received power at the typical UE from By is
computed by

S
%

P (rg,) = PCifi (r%ﬁﬁ/?)*? (8)

where s takes the form of L and NL when the transmission link from By to the typical UE is
in LOS and NLOS conditions, respectively. The typical UE connects to a BS with channel

condition s in the k™ tier if

k,s= argmax P ; (Rt]) 9)
je# te{LNL}

Then we characterize the cell association probability under the strongest received signal cell-

association strategy in the following Lemma.

Lemma 2. Under the strongest received signal cell-association strategy, the probabilities that

the typical UE is associated with an LOS BS and an NLOS BS in the k™ tier, denoted by ,QfSLk
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and &f’SN]}, respectively, are given by

oo FE ()
Sk, j,L
%L — x e*Zﬂljfo PL,j(u)udu
k= fu@) TT
JEX ,jF#k

FE @)
% H e—27’[)hjj0 PNL_j(u)ududx, (10)
jex

oo R iNL®
"Q{SNkL:/ fRNL(X) I I e—27r7Ljf0 ' Pui,j(u)udu
’ 0 "k .
JjE

K, jFk
F§riNLW)
% H efzﬂ'ljfo W PLJ(I,l)lltdl,ldx7 (1 1)
jex
where
A
0, x<Dg ;s
Fs(x) = _2 % (12)
t A : PN R & ¢ ’
<Qk7j7s> ! (x +Hk) ! _Hj, * Z stkmjvs,
¢t _ PBC
where s,t € {L,NL}, Q = PBIC) and
al.
AOT% o # 'y
, 0, j ( k,j,s> ¢ <H,
Ds.js = 2ol ot (13)
’ ] 2 L 1
% t & 2 0% (ot G < 7
\/HJ < kJ,s) C—Hp, H, ( k,m) “ 2 Hy

Proof. See Appendix A. [

Under the strongest received signal cell-association strategy, let X5, and X be the
distances from the serving LOS BS and NLOS BS to the typical UE, given that the typical UE
is associated with an LOS BS and an NLOS BS in the k™ tier, respectively. We characterize the

PDFs of XSL . and Xéq,% in the following Lemma.

Lemma 3. Under the strongest received signal cell-association strategy, the PDFs of the

distances from the serving LOS BS and NLOS BS in the k™ tier to the typical UE, denoted by
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fXéjk (x) and fxé“,% (x), respectively, are given by

X FEo )
fxo (x) = fR%]{ ) e 2™ o YL R j(u)udu
> DSy jet jh
—27A; fFSL’k"j’NL(X) PaL, i (u)udu
x [T e 2 Lj()udu (14)
JjeX
NL (X F L
Jxne(x) ka N(L) H o2 Jo >IN A (wudu
Sk Gl jeH itk
A F§p iNL ) d
x [T ek P j(upudu. (15)
jex

Proof. Denoting the event that the typical UE is associated with an LOS BS in the k™ tier by
VSLJ(, the CDF of Xéj « 1 computed by

P [Xg; <x] =P[Ry <x|Vgy] = (16)
| P [VSL,J
where P [VSLJ = ,Qstk and
X
P[RY < x,VE :/]P’PL > P-. (R-
[ k<X s,k} 0 r,k(”) jefjfglfa};?#k r,J( j)
x P lpr%k(u) > %%RI} (RI}IL)} fr ()du, (17)

where P | P (u) > jenj}/a;;kﬂ%j (R?)} and P [Pr%k(u) > max PN: (RE\IL” can be found in Ap-

pendix A. With these insights, fXSLk (x) is computed by

dIP’[XSLJ( < x]

Fp () = —— (18)
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Under the closest BS cell-association strategy, the typical UE connects to the BS with the
shortest biased transmission distance. The biased transmission distance from By to the typical

UE is given by
_ (2 A\
Tk(er) = (er+Hk)2Ck- (19)
The typical UE connects to a BS with channel condition s in the k™ tier if

k,s= argmin T; (Rt]) . (20)
jex te{LNL}
Then we characterize the cell association probability under the closest BS cell-association

strategy in the following Lemma.

Lemma 4. Under the closest BS cell-association strategy, the probabilities that the typical
UE is associated with an LOS BS and an NLOS BS in the k™ tier, denoted by sszLk and %CN,];

respectively, are given by

oo feki® g
= [yt TT i o
0 JEX j#k

FC,k,j<x)
% H 8727[1]]0 PNL,j(u)Md”dx7 (21)
jexX

* ek, i) '
M(II\I/]; :/ fR?L(X) I I e 2™ o P, j(u)udu
’ 0 :
Jj€

K, j#k
Fo i i(x)
(T 2 e g, )
=4
where
0, x < DC,k,j7

Fc o, j(x) (23)

%) (24B2) A2, x>Dey,
C; k jo Z PCk,j>
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and
0, Ay <A,
Dcy,j= 2 (24)
"y C: 29 29 ~ C; A
\/(c‘i) i —Hi Hjg =z He
Proof. It follows similar proof as in Lemma 2. ]

Under the closest BS cell-association strategy, let Xé“ . and XCN],; be the distances from the
serving LOS BS and NLOS BS to the typical UE, given that the typical UE is associated with
an LOS BS and an NLOS BS in the k™ tier, respectively. We characterize the PDFs of XCL . and

XIC\”,; in the following Lemma.

Lemma 5. Under the closest BS cell-association strategy, the PDFs of the distances between
the serving LOS BS and NLOS BS in the k™ tier and the typical UE, denoted by fXCLk(x) and

fXCNII: (x), respectively, are given by

X Fop ilx)
fxr (x) = fR%]{ ) e_ZMJJOC’k'J P j(u)udu
o Dk jed itk
Fe i, j ()
% H e727r),jf0 'j P]\]]ﬂj(l/l)l,tdl/t7 (25)
jeHX
NL (X Fox, i(x)
Fxa(x) = ka N(L) H e~ 2mhi " AL (w)udu
o DK jed itk
CFor i@ o,
« H e—27r7L]fO Pﬁ_’j(u)udu' (26)
jex

Proof. It follows similar proof as in Lemma 3. [l
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3 Downlink Ergodic Rate

In this section, the downlink ergodic rates of the typical UE in a 3D HetNet with muti-antenna
BSs are derived for both the strongest received signal and the closest BS cell-association

strategies.

3.1 Ergodic Rate Under the Strongest Received Signal Cell-association
Strategy

Under the strongest received signal cell-association strategy, when the typical UE connects to
an LOS BS BI§ « 1n the k™ tier, the signal-to-noise-plus-interference ratio (SINR) is given by
o
- &
PR | (RE)'+AZ|

T N p
I§ T IsgL+ 6

SINR§ , = , (27)

L
Y
2

where ISL7 kL = Yjex ):ieq)]L\B%’k PijngL <r12 j +I:IJZ> denotes the interference from LOS

NL
%j

BSs, Ig%,L =Yjex ZiECIJ_I;IL PjBJNLgI}IL (rl%j +FI]2> 7 denotes the interference from NLOS
BSs, 6,3 is the noise power in the k™ tier, cij and CIDI}IL denote the sets of LOS BSs and NLOS
BSs in the k™ tier, respectively, and ri j is the horizontal distance from BS i in the 7 tier to the
typical UE.

Similarly, when the typical UE connects to an NLOS BS BIS\H,; in the k™ tier, the SINR is

given by

oNL

k
2 a2 2
PEY Y | (R A

T N p
Isine s + 6

SINR = , (28)

N‘\.gr'

where ISL’ KNL = Ljes Zie@% P; ﬁJLgﬁ (rl2 i —|—FI]2> 7 denotes the interference from LOS BSs

NL
o
J

and I§ . = Y je Licatty g P B¢ (rlz i+ FI}) * denotes the interference from NLOS
vy j o b
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BSs. Based on the SINR expressions in (27) and (28), the ergodic rate of the typical UE can be

expressed as
K
#s =Y (E[log (1+SINRY )] o +E [log (1 + SINRI_&H ™. (29)

This performance metric can be used to evaluate the average downlink cell throughput with
orthogonal multiple access techniques. With the analysis mentioned above, the expression of

the ergodic rate is represented in the following Theorem.

Theorem 1. Under the strongest received signal cell-association strategy, the downlink ergodic

rate of the typical UE in nats/s/Hz is given by
- L L L ,NL
=) <'%S,k%,k+%SN,k$Z{SItIk ) ) (30)
k=1

where %Lk and @/SN,} have been given in Lemma 2, '@S . and %SN ¢ are the ergodic rates of the
typical UE when it is associated with an LOS BS and an NLOS BS in the k™ tier, respectively.

The expressions of %’SL . and %’g“k‘ are given by

kamk
s,k—/o /0 - exp TSNRLA() _j:ZlZS,k,j,L(x7Z) _j:ZlZS,k,j,L(va)
X fXSLk(x)dzdx, (31)

j=1

—(142)” M 2
= —_ X s E——— XZ V4 X, Z
Sk / / p{ SNRNL,k() ;ZSI”NL Z SijL( )}

g (0)ded. 3
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where SNRy i (x) =

ol

1 oNL
npH( ) 4

PN (24 A2)

where s,t € {L,NL},

and

5]{2 SNRNL/C( ) 5k2 s
Zs 1 js(6:2) = 271:7L/ Qk]sxzu)Pt]( u)udu,
Sk]s
aonos/2 |
cpypl (2 + )

Q/I;J'~,s(xvz’”) =1-]1+ ol/2
ijkﬁ,‘c( —l—Hz)

hp)" (7 )

P <u2 +H2> v

ijs(xvzvu) =1-|1+

Proof. See Appendix B.

(33)

(34)

(35)

Corollary 1. Suppose Pk is the small-cell tier with the minimum BS height and largest BS

density, i.e., Hx < I—AIJ-JLK >Aj,je X, j#K, and Hg > 0, the downlink ergodic rate under

the strongest received signal cell-association strategy approaches to zero when Ag — .

Proof. See Appendix C.

Corollary 1 reveals that the ultra-dense deployment of SBSs will significantly impair the

transmission rate in the presence of the height difference between SBSs and UEs.

3.2 Ergodic Rate Under the Closest BS Cell-association Strategy

In this subsection, we present the expression of the ergodic rate under the closest BS cell-

association strategy.
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Theorem 2. Under the closest BS cell-association strategy, the downlink ergodic rate of the

typical UE in nats/s/Hz is given by
K
= Y (B pls+ R, (36)
k=1

where QfCLk and szCNkL have been given in Lemma 4, %’Ié . and %IC\H,; are the ergodic rates of the
typical UE when it is associated with an LOS BS and an NLOS BS in the k™ tier, respectively.

The expressions of %]C“  and %g ¢ are given by

—Mkmk
B m1—<1+mik) .
%C,k:/o/o exp TSNRL () ;ZCkJLxZ ZZCk,jL(xZ)

j=1

X fyi, (x)dadx, (37)

*1—(142z)" My Z
AR = E— O —m ZZCk]NLxZ ZZCk,]NL(xZ)

X fxgk (x)dzdx, (38)

where

[ee]

Z[C,k,j,s (X,Z) = 277’-1 Q;C,j,s (.X,Z, M)P[J(Lt)l/ldu, (39)

Féij()

SNRL «(x), SNRNL«(x) and Oy ; ((x,z,u) have been given in Theorem 1.
Proof. It follows similar proof as in Theorem 1. O]

Corollary 2. Suppose @y is the small-cell tier with the minimum BS height and largest BS
density, i.e., Hx < I-AIJ-JLK >Aj,je X, j#K, and Hk > 0, the downlink ergodic rate under

the closest BS cell-association strategy approaches to zero when Ag — oo,

Proof. It follows similar proof as in Corollary 1. [l
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4 Other Performance Metrics

In this section, we evaluate other important performance metrics of 3D HetNets with multi-
antenna BSs using the ergodic rate expression developed in the previous section. First, we

extend our analysis to the ASE metric. Then, we formulate the expression of energy efficiency.

4.1 Area Spectral Efficiency

The ASE is a performance metric used to evaluate the network throughput and the potential
gain of deploying more SBSs, which is defined as the product of the BS density and the average

data rate per cell [10].

Under the strongest received signal cell-association strategy, the ASE of a 3D HetNet with

multi-antenna BSs in nats/s/Hz/m? is given by [24]

K
ASEs =Y Ms. (40)

k=1
Under the closest BS cell-association strategy, the ASE of a 3D HetNet with multi-antenna

BSs in nats/s/Hz/m? is given by

K
ASEc =Y MHZic. (41)
k=1

4.2 Energy Efficiency

On the one hand, network densification improves the network capacity. On the other hand,
the deployment of SBSs and multi-antenna systems requires more hardware infrastructure,
resulting in higher power consumption of cellular networks. Hence, energy efficiency is another
important performance metric. The energy efficiency is defined as the ratio of the ASE and the

power consumption per unit area. The total power consumption per unit area in a 3D HetNet
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with multi-antenna BSs is computed in W/m? by [29]

K
Py
Powl = ), AP (Mch,k + —) : (42)

k=1 Nk
where Fc 4 is the circuit power per antenna in the k™ tier, n is the power amplifier efficiency of
the k™-tier BSs, and py, is a parameter related to the power loss rate of the DC-DC converter,

current supply and cooling.

Combining (40) and (42), under the strongest received signal cell-association strategy, the
energy efficiency of a 3D HetNet with multi-antenna BSs can be formulated in nats/s/Hz/W as

follows

ASEg Y& s

FEg = = .
S P K Py
total Zk:l lkpk (MkPC,k + m)

(43)

Similarly, combining (41) and (42), under the closest BS cell-association strategy, the
energy efficiency of a 3D HetNet with multi-antenna BSs can be formulated in nats/s/Hz/W as

follows

ASEc Y& M

EE- = = .
> K P,
total Zk:l Akpk (MkPQk + m)

(44)

5 Numerical Results

In this section, we present numerical results for the ergodic rate, ASE and energy efficiency
in 3D HetNets with multi-antennas and then study the deployment of SBSs in 3D HetNets.
We consider a two-tier HetNet where the 1% tier is the macrocell tier and the 2™ tier is the
small-cell tier. The default numerical simulation parameter values are listed in Table 2 unless
otherwise stated, which are set according to Table A.2.1.1.2-3 of [30] and [26, 31-33]. We
verify the analytical results through Monte-Carlo simulations on a 2kmx2km area with 10°

random trials.
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Table 2 Values of Parameters

| Parameters | Default Values |
H,, H, Hy 30m,5m, 1.5m
Ly, Wy, Hy, 15m, 15m, 10 m
A, Ao, Ay | 2x107°,1073, 1073 (1/m?)
Ci, 1,1
ok, ol 242,428
o, o 2.09, 3.75
BL. BN 10-103% [o-T3.11
BL BT 10-T038_1(-1453
My, M, 64, 4
P, P 53 dBm, 33 dBm
8¢ Vk —95 dBm
my Vk 3
Pc.1, Pcp 207 W, 2.1 W
N, M2 0.388, 0.08
P1, P2 1.25,1.21

5.1 Effect of the Number of Antennas per SBS

In Fig. 2, we show the ergodic rate against the number of antennas per SBS for H; =5 m
and H, = 15 m, respectively. First of all, the analytical expressions match with simulation
curves exactly, which implies the accuracy of our analytical results. In the following, two
interesting insights can be obtained. For one thing, regardless of the SBS height, the ergodic
rate of the 3D HetNet always increases when deploying more antennas per SBS. For another,
the strongest received signal cell-association strategy provides higher ergodic rate than the
closest BS cell-association strategy and the gap expands as the number of antennas increases.
Moreover, we can see that for the default SBS density, 2D cases overestimate the network
performance in terms of the ergodic rate, indicating the importance of considering BS heights.
Notice that the conclusion may be different when the BS antennas are deployed in 2D arrays

and vertical beamforming is performed.

Fig. 3 shows the impact of the number of antennas per SBS on the energy efficiency. It can

be observed that regardless of the SBS height, the energy efficiency first increases rapidly with
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the increment of number of antennas per SBS until reaching a peak, after which the increase
turns into a decline. This is because adding more antennas at the beginning significantly
improves the ergodic rate, while the gain of deploying more antennas decreases with M;.
However, the energy consumption scales linearly with M;. Moreover, we observe that the
critical number of antennas per SBS, i.e., the optimal M, that maximizes the energy efficiency

increases with the increment of SBS height.

4.5

—+— Strongest, 2D
Strongest, H2 =5m

Ergodic Rate (nats/s/Hz)

1 N [T f...|—— Strongest, H,=15m|]
A —+— Closest, 2D
0.5 ,41 [ [T ... |=-=-Closest, H2:5m

] j j N Closest, H, = 15m

;
0 10 20 30 40 50 60
Antenna Number of SBSs I\/I2

Fig. 2 Ergodic rate versus M;. For 3D cases, lines and markers denote analytical results and
simulation results, respectively.

5.2 Effects of SBS Density

In Fig. 4, we show the ergodic rate against the SBS density for H, = 1.5 m, H, =5 m and
H; = 15 m, respectively. We can see that the ergodic rate monotonically decreases with the
increasing SBS density regardless of the cell-association strategy and SBS height. This is
different from the observation in a single-tier network where the network coverage probability
first increases and then decreases with the BS density [9]. In the presence of MBSs with high
transmission power and large antenna arrays, the HetNet is already interference-limited. Hence,
adding more SBSs only leads to more LOS interference links that deteriorate the ergodic

rate. We also find that when SBSs are higher than UEs (H, > 1.5 m), the ergodic rate decays
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towards zero with the network densification, which coincides with the conclusions of Corollary
1 and Corollary 2. This is because as Ay — 0, when H, > 1.5 m, the desired received power
approaches to a constant while the extremely high aggregated interference becomes dominant,

leading to extremely low SINR and ergodic rate.

In Fig. 5, we show the ASE for different values of SBS height. We note that for both
cell-association strategies, when H, = 1.5 m, the ASE monotonically increases with the SBS
density. However, when H, = 5 m and H, = 15 m, the ASE first increases linearly with the SBS
density and then shows a slow growth caused by the height difference between SBSs and UEs.
The Hy = 15 m curve even suffers from a rapid decay under large SBS densities. Moreover,
for a small value of SBS density, the ASE of the strongest received signal cell-association
significantly outperforms that of the closest BS cell-association while the effect of BS height is
negligible. In contrast, when the BS density becomes sufficiently large, the ASE is dominated
by the SBS height. These observations highlight that SBSs should be deployed at the height
of UEs in an ultra-dense HetNet for a high ASE. Fig. 4 and Fig. 5 show the tradeoff between
ergodic rate and ASE. Although in most cases deploying more SBSs increases the ASE, it

impairs the ergodic rate at the same time.

Fig. 6 shows the impact of the SBS density on the energy efficiency. It is interesting to
observe that although the ergodic rate monotonically decreases with respect to the SBS density,
the energy efficiency first increases rapidly with the SBS density, which indicates that in the
presence of MBSs, the deployment of SBSs with low transmission power and circuit power
can improve the system energy efficiency. However, when the SBS density exceeds a critical
threshold, the energy efficiency begins to decrease since excessive SBSs significantly degrade

the ergodic rate and cause high network energy consumption.

The results in Fig. 4, Fig. 5 and Fig. 6 reveal that at low to medium SBS densities, the
closest BS cell-association strategy should be avoided regardless of the SBS height, and that at
high SBS densities, under both considered cell-association strategies, SBSs should be deployed
at the same height as UEs to obtain good network performance. Moreover, we can see that
for most SBS densities, the network performance in terms of the ergodic rate, ASE and energy

efficiency in traditional 2D network models is overestimated. In the practical deployment of
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SBSs, the tradeoff among ergodic rate, ASE and energy efficiency needs to be addressed by
designing an optimization problem, e.g., maximizing the ASE while ensuring a certain ergodic
rate and energy efficiency.

Fig. 7 shows the joint effects of SBS density and the number of antennas per SBS on the
energy efficiency under the closest BS cell-association strategy. We can see that for given MBS
configuration and SBS height, the SBS density and the number of antennas per SBS can be

jointly optimized to maximize the energy efficiency.
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5.3 Effect of SBS Height

In Fig. 8, we analyze the effect of SBS height on the ergodic rate. Clearly the SBS height
has a significant effect on the ergodic rate, which cannot be captured using traditional 2D
HetNet models. Under the strongest received signal cell-association strategy, the ergodic rate
monotonically decreases with the SBS height regardless of the SBS density. This is because

elevated BSs lead to more LOS interference links. However, under the closest received signal
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cell-association strategy, the trend of ergodic rate depends on the SBS density. More specifically,
when A, = 107> BS/m?, the ergodic rate always increases with the increment of SBS height,
because when A, approaches A, the typical UE is more likely to be associated with the MBS
providing the strongest received signal. As A, increases to Ay = 10~* BS/m?, the ergodic rate
monotonically decreases with the SBS height as the loss caused by LOS interference links
from elevated SBSs exceeds the gain of connecting to the best BS that provides the strongest
received signal. When A, = 4 x 107> BS/m?, the ergodic rate almost remains unchanged due

to the tradeoff between the aforementioned loss and gain.

5.4 Effect of Bias Factor

Fig. 9 presents the effect of SBS bias on the ergodic rate. Under the strongest received signal
cell-association strategy, with the increase of SBS bias, the ergodic rate monotonically decreases
with the SBS bias since each UE is more likely to miss the BS providing the strongest received
signal, which reduces the SINR. In contrast, for the closest BS cell-association strategy, the
ergodic rate first increases and then decreases with the SBS bias. This is because the increase of

SBS bias first improves and then reduces the probability of associating with the BS providing



Paper 11 99

45| —©Stongest. A =10 BS/m” —&— Clasest, A, =107 BS/m’ |

) - —0- Strongest, A,=10™* BS/m” —— Closest, A,=4x 10" BS/m”
e
ERE e SR | .
%35 """" AR _O___O_—-‘O“o“e FARR bbb S S |
] : : PO g o :

[ ; ‘ fo- o |
2 — G- Strongest, A,=10 BS/m” —+ Closest, A,=10"* BS/m”

0 DG e T
[S3 :

1.52 3 4 5 6 7 8 9 10 11 12 13 14 15
SBS Height Hy (m)

Fig. 8 Ergodic rate versus H, for different values of 4.

2.2
2
—~1.8
N
I
B
@16
©
S
o 144
©
o A
5 .
S1.2 g
o Rt
E a T = g, o : :
7/ TO—-e.—.
1 B2 9 '9"-0—'-‘—0-._'.9_'__%
X —o—Strongest, H,=15m —A—Closest, H, = 1.5m
0.8 L i Slrongest,Hz':S'm—'A—'Closest;H2'=5m' REREREE
—o-- Strongest, H2 =15m —A-- Closest, H2 =15m
06 L L L L
1 5 10 15 20 25

SBS Bias 02

Fig. 9 Ergodic Rate versus C; for different values of Hj.
the strongest received signal for each UE. We can also note that the critical SBS bias, i.e., the
optimal C; that maximizes the ergodic rate decreases with the increment of SBS height.
6 Conclusions

In this paper, we have proposed a novel stochastic geometry framework for a K-tier 3D

HetNet incorporating the potentially different BS height, number of antennas per BS and
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cell-association bias for each tier. Under both the strongest received signal and the closest
BS cell-association strategies, we have derived the per-tier association probability, downlink
ergodic rate, ASE and energy efficiency, the accuracy of which is verified by simulations. Our
numerical results show that in an ultra-dense 3D HetNet, under both cell-association strategies,
SBSs should be deployed at the height of UEs for achieving high ergodic rate, ASE and energy
efficiency. We have also shown that increasing the number of antennas per SBS results in
higher ergodic rate and energy efficiency, while excessive antennas impair the energy efficiency.
Additionally, it has been observed that when other system parameters are fixed, the energy
efficiency can be maximized by a joint optimization of the number of antennas per SBS and
SBS density. The effect of cell-association bias has also been quantified. In our future work,
we will extend the proposed 3D analytical model to mmWave HetNets while considering the

effects of different beamforming techniques.

Appendix A

Under the strongest received signal cell-association strategy, denoting R% = x, the probability

that the typical UE is connected to a LOS BS in the k™ tier is computed by

ﬂfsljk =E,|P Pr]jk(x) > jeglga};#k}’r]:j (R]f)] P {Prlfk(x) > %%Pﬁ? (RJNL)] ]

“E| T P[RS > A (R9)] T E [P > A (R,NL)}], 4s)
LJE€X ,j#k jex

where

= L) (46)
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2 “k
-3 2
where Qp ;| = P"g’ig" and I ; (x)= (Q%j]) (R +HE)” 7 —H7. Since (RL> is always

greater than 0, if IkL jL(x) <0, (a) will be equal to 1; otherwise, (a) can be computed using the

void probability of PPP. When I,E j L (x) <0, we have x < Dk 1> Where

( OCI-"
- el
A0 ol
) 0, Y (Q};LL> F <A,
Dk7j7L = 20(]." (x[,‘ (47)
-J 2 L 1
L I L -
A O L L 72 A O L L A
H;* (Qk,J,L) —Hp, Hj' (Qk,J,L> " 2 Hy
\
Defining that
0, x <DL L
FpjL(x % o (48)
a; 2\ %5 g2 L
kjL 7 (@A) A7, x>Dp
(46) can be rewritten as
L L (pL —27A,; [FSL”‘J*L(X)PL (u)udu
P [Pi(x) > B (Ry)] = e """l R, (49)
Similarly, we have
RO LW
P [Pi(x) > By (R)] = 72l Al (50)
where
0, x < DNIJ“L,
FyjpL(x) = 2 La (51)

NL ) o 2N Ao NL
(@) T @eap) T —A2, k=DM
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% NL Yok 72 7 % NL o < p
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Plugging (49) and (50) into (45), (10) is obtained. ngSN,} can be derived following the similar

steps, which concludes our proof.

Appendix B
Recall that the ergodic rate under the strongest received signal cell-association strategy is
computed by
K
s =Y. (E[log (1-+SINRY,)] o4y +E [log (1+ SINRYY ) | o) (53)
k=1
where
E [log (14 SINRg ;)]
_ ol -
RBLHE (2 A])
=Ey |E |log | I+ —F N >— | Ry =x
Ig T IsgL+ 6
- o ab :
: PBi (s ) 4
= E|log| 1+ R;=x x)dx. 54
/0 g I§k7L+I§{%7L+5£ k fXéjk( ) (54)
Before further derivation, we introduce an important Lemma [34] as follows. For indepen-
d
=, (55)

dent random variables X and Y (X > 0 and Y > 0), we have
| 0-#@46S

Exy (log (1 + ?)) _
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where %% (z) denotes the Laplace transform of X at z. Applying (55) into (54), we have

L
P LhL 2, 2 —oy /2
E |log | 1+ kﬁL (¥ T () — | R =x
I§ T IsgL+ 6
o Z dz
= 1-% ).,2” —_— 56
/0 ( ”%(Z) 1(z)exp{ SNRL,k(x)} z (56)
PkBL(x2+If12)7O‘1]5/2 L —Mjmy,
where SNRp 4 (x) = ———%* , iﬂh};@ = ]Eh% [e*hkz} = <1+mik> ,and .Z(z) =
k

2 (Z)"%NL (z), where

A L />
IL X2+H2 ak/ 7
G%L (Z) —F exp{ — S,k,L ( k)

PkﬁkL

= |[exp —Z Z

L
JEKH ie®\BL, pkﬁk< +H2> 7/2

Ao\ OF 2
PiBlg: (2+A2)%

PBL ( 2+H2)ak/2z

= H ]E(DL’gL expq — Z a2 (57)
jex ic®;\B, P Bl (ri2j+ﬁjg> J
BL(2 A2\ 2,
Defining that Ay (x,z,u) = FiBr (2 +Ag) kL o (57) can be derived as
Pkﬁ,}(rﬁjJrIfIz)

jeH
H exp{ 271:7L/ (1— [14-%@}_ j)PLJ( )udu} (58)
jeX Sk]L J

where (a) comes from the probability generating functional of PPP, in which the lower bound

G| exp{ 271, / I—EgJL e it )udu}
Sk L

of the integral is the minimum horizontal distance between the interfering LOS BS in the j®

tier and the typical UE, and (b) comes from the moment generating function of the gamma

random variable g]Jf.
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Similarly, £, (z) can be derived as

Za@=11] exp{ —27A; /

jeX

Hexp{ 2mA, /

jex

ENL[ ANszuDPNL]( )udu}

Sk;L

1— [14+ANL(x,z,u)] )PNL,J'(M)Mdu}, (59)

Sk/L

where (a) comes from the moment generating function of the exponential random variable gNL.
Plugging (56), (58) and (59) into (54), (31) can be obtained. %SN ¢ can be derived following the

similar steps, which concludes our proof.

Appendix C

When Ax — oo, the typical UE almost always connects to the KM tier and the signals from other
tiers can be omitted. Moreover, as Ax — oo, both the desired and strong interfering signals
almost certainly come from LOS BSs, and the effects of noise and NLOS interferers can be

omitted [35]. Hence, the ergodic rate can be approximated by
Hs ~ Ks = E [log (1+ SINRg )], (60)

where

] 0K /2
. e | (RE)*+Az)
SDK —

e (61)
Licok gk ( 121( +H12<)
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Combining (60) and (61), and applying (55), we have

~

Hs
LT.2, 02 %
hy |x*+H 2
=E, |E[log| 1+ K[ K] “1% Rk:x
Ao\ T2
Ficot, 8k (72c+H2)
| |z —Mjmy,
:/ / ( Mk 27r)LKxe_MKx2
0 0 Z

L —mg
(24 02)%/?
—2mAg [ 1- 1+% udu
mK(u2+I-?2)aK/2
X e K dzdx

ll _ (1_|_mik)Mkmk:| e_n/’l,[(%(z,ak,m[()ﬁl%

_ [ d 62
/0 z|H (z, ok, mk) +1] © (62)

where ¥ (z, 0k, mg) = 2 F} [—aik,mK; 1— a%%; —miK} — 1, and »F) [+] denotes the Gauss hyper-
geometric function. From (62), we can obtain that when Ax — o0, %5 — 0, which completes

our proof.
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Abstract

Mobile data traffic has been largely generated indoors. However, indoor cellular networks
have been studied either on a two-dimensional (2D) plane or as an intractable optimization
problem for a multi-storey building. In this paper, we develop a tractable three-dimensional
(3D) small-cell network (SCN) model for a multi-storey building. On each storey, the small-cell
base stations (BS) are distributed following a 2D homogeneous Poisson point process (PPP). We
analytically derive the downlink coverage probability, spectral efficiency (SE) and area spectral
efficiency (ASE) for the indoor network as functions of the storey height, the penetration loss
of the ceiling and the BS density. Our tractable expressions show that a higher penetration
loss of the ceiling leads to a higher coverage probability and a higher SE. Meanwhile, with
the increase of the storey height or the BS density, the downlink coverage probability first
decreases and then increases after reaching a minimum value, indicating that certain values of

storey height and BS density should be avoided for good indoor wireless coverage.

1 Introduction

The fifth generation (5G) of mobile networks is predicted to support 1000 x mobile data traffic
in the next decade[1]. According to [2][3], approximately 80% of the mobile data is generated
indoors, while over 70% of the indoor traffic is carried by the outdoor cellular networks. Since
outdoor-to-indoor coverage is prone to suffer from the high penetration loss of walls and other

physical obstacles, it is of high necessity to deploy indoor small-cell base stations (BS)[4][5].
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While the modelling and analysis of outdoor networks has been widely studied in recent
years [6—11], there are still open questions regarding the performance of indoor cellular
networks. The existing works mainly focus on the modelling of blockages including walls
and random blockages on two-dimensional (2D) planes [12-17]. However, the study of indoor
cellular networks in multi-storey buildings should not be limited to a 2D BS deployment.

In this paper, we present for the first time a tractable three-dimensional (3D) small-cell
network (SCN) model for the multi-storey indoor environment by incorporating the storey
height and the penetration loss of the ceiling. Then we derive the expressions for the coverage
probability, spectral efficiency (SE) and area spectral efficiency (ASE) where the user associ-
ation and inter-cell interference are considered. We analyze the effects of the storey height
and the penetration loss of the ceiling on the coverage probability and SE, and provide useful
guidelines for the indoor small-cell deployment and the design of a new building from the

perspective of wireless communications [37].

1.1 Related Works

Stochastic geometry has been widely used to analyze the performance of cellular networks due
to its mathematical tractability [18-22]. It was also employed to model networks for the indoor
built environment, e.g. in [14], where the authors modeled the BSs and the center points of
the walls as two independent homogeneous Poisson point process (PPP). The results showed
that higher interior-wall attenuation values can provide higher coverage probability due to the
reduced inter-cell interference. In [13], a binomial point process was adopted to model a finite-
sized indoor network. Considering the larger antenna arrays and shorter transmission distances
of millimeter wave (mm-Wave) networks, the authors assumed a triangle transmitter-receiver
radiation area involving the effects of random blockages and calculated the bit error rate and
outage probability. However, these works only considered a 2D BS deployment.

The authors of [23] extended the 2D PPP distribution of BSs to the 3D space with BS
density in BSs/m> and employed the free space path loss channel model. It was shown that
the 3D cellular network achieved a lower coverage probability compared with the traditional

2D models, but the influence of the BS density was not analyzed. In [24], the dual-slope path
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loss model was applied in a 3D PPP model. The asymptotic analysis showed that the coverage
probability would diminish to zero when the density of BSs goes to infinity. In [25], a 3D
Poisson building model was proposed to model the correlated indoor shadowing. However,
these 3D models cannot be applied to SCNs in the multi-storey in-building scenarios, where

BSs on the same storey usually have the same height for the sake of simple deployment.

Most existing works on multi-storey BS deployment focused on some specific optimization
problems [26-28]. For instance, the authors of [26] optimized the BS placement taking into
account the power control. After reformulating the mixed-integer nonconvex problem into a
convex problem, the optimal number and locations of the BSs were obtained. Nevertheless, no

tractable models have been proposed to analyze SCNs in the multi-storey building scenarios.

Dense deployment of SCN is considered as one of the key techniques of 5G networks [32].
The traditional understanding of network densification is that the increase of BS density does
not change the coverage probability of the typical user in an interference limiting scenario
[18][29]. This conclusion indicates that the area spectral efficiency scales linearly with the
BS density, namely the capacity gain can always be obtained. However, it is worth noting
that this result is based on the simplified free space propagation channel model. Considering
the short-range propagation in dense SCNs, the authors in [30][31] proposed a bounded path
loss model and showed that the ultra dense network degrades the spatial throughput. In [33],
a multi-slope path loss model was employed to study the effect of non-line-of-sight (NLoS)
transmission on the coverage probability. Their results showed that when the BS density
increases above a certain value, the coverage probability starts to decrease and the increase in
ASE slows down. In [34], the authors studied the effect of the height of BS antennas on the
coverage probability and the ASE, which decrease to zero with the BS density when the BSs

are higher than the users.

1.2 Contributions

In this paper, we study the performance of a 3D SCN in a multi-storey building. The main

contributions of this paper are summarized as follows:
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* We propose a novel 3D SCN model for a multi-storey building where BSs on each storey
follow PPP distribution. Using tools from stochastic geometry, we derive the analytical
expressions of coverage probability and SE for a building with 2M + 1 storeys, where

M >1.

* Based on the results above, the numerically tractable integral expressions for the M = 1
case are obtained and validated by simulation results. The numerical results show that
the M = 1 case shows similar performance in terms of coverage probability and SE as
the M > 1 cases, therefore our analytical expressions for the M = 1 case can be used to
numerically predict the coverage probability and SE of a SCN in a building with 2M + 1

storeys, where M > 1.

* With our analytical results, we find that both the coverage probability and SE first
decrease and then increase with the increasing storey height. Accordingly, we identify a
range of storey heights associated with poor network performance that should be avoided
in the design of a new building. Moreover, our results show that both the coverage
probability and SE first decrease and then increase with the BS density on each storey.
This new finding is different from previous results obtained under the 2D scenarios
[18][19]. It indicates that the setting of BS density per storey in a multi-storey building

should avoid the values that result in poor coverage.

1.3 Paper Organization

The remainder of this paper is structured as follows. Section 2 introduces the system model.
Section 3 gives the analytical results on the coverage probability. Section 4 presents the
analytical results on the spectral efficiency. The numerical results are discussed in Section
5, with remarks shedding some new light on the deployment of dense SCN. Finally, the

conclusions are drawn in Section 6.
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Fig. 1 An illustration of the small-cell network in a multi-storey building.

2 System Model

Consider 2M + 1 storeys of a multi-storey building, where M > 1. Table 1 presents a summary
of notations used. As shown in Fig. 1, all the storeys from the ground storey to the top storey
are numbered from —M to M, respectively, and we assume that the typical user is located on
the Oth storey. Assume that on each storey, BSs and users have the same height 4 and the height
for each storey is H. Notice that H includes the ceiling height and the ceiling thickness. For
the jth storey, the small-cell BSs are randomly distributed following a homogeneous PPP & ;
with intensity A BSs/m? and users are also PPP distributed with a density of p users/m?. For
simplicity, we assume that the values of A and p do not change across different storeys. In this
work, we adopt PPP to model the BSs on each storey mainly for its higher analytical tractability
as compared with other point processes (such as binomial point process and Poisson cluster

process).

For the downlink cellular network, we assume that the desired and interference signals
experience the distance dependent path loss, where the same path loss exponent & is used for
all the storeys. Small scale fading is modeled as Rayleigh fading with an unit average power

for all the channels [33, 35].

The simulation results in Fig. 3 in Section 5 will show that the maximum coverage

probability is obtained when the BS height is the same as the UE height. For analytical
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Table 1 Summary of Notations

Notation Meaning
" Index of the storey where m €
{(~M,---,0,--- .M}
D; Set of BSs on the jth storey
A Density of BSs on each storey
h Height of BSs and users on each storey
H Height of each storey
P Transmit power of BSs
o Path loss exponent of each storey
T Coverage probability threshold
w Penetration loss of one ceiling
N Additive white Gaussian noise power
Bo Path loss at the reference distance
R Horizontal distance from the typical user
" to the nearest BS on the mth storey
] Distance from the typical user
" to the nearest BS on the mth storey
P Average power of the strongest received
n signal from a BS on the mth storey
B Probability that the typical user is
" associated to a BS on the mth storey
c Coverage probability when the typical
" user is served by a BS on the mth storey
A Average ergodic rate when the typical
" user is served by a BS on the mth storey
C,Rate | Coverage probability and average ergodic rate

tractability in the following, we assume that on each storey, hg = hy. Note that under this

assumption, the value of g and Ay has no effect on the coverage probability.

One user can only be associated to one BS. Weuse m € {—-M,—(M —1),---,0,1,--- M}
as the index of the storey that contains the serving BS for the typical user. Let R, denote the
horizontal distance from the nearest BS on the mth storey to the typical user, and then the

distance from the nearest BS on the mth storey to the typical user is given by

Iy = \/ (mH)2 +R2,. (1)
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The user is associated to the BS providing the strongest downlink received signal. The

average power of the strongest received signal from a BS on the mth storey is given by [12][36]
P = PBol, %wl™, (2)

where P is the transmit power of a BS, fBy is the path loss at the reference distance of 1 m, « is
the path loss exponent , w(0 < w < 1) is the penetration loss of one ceiling, and the power of
the small scale fading is averaged to be 1.

We denote the probability that the typical user is associated to a BS on the mth storey as B,
and denote the horizontal distance from the typical user to its serving BS as X,,,. The following
lemma gives the expression for the probability density function (PDF) of X,,, which will be
useful for the derivations of the coverage probability in Section 3. In our system model as
defined in Fig. 1, the PDF for the mth storey is the same as that for the —mth storey. In the

following, we will focus on 0 < m < M.

Lemma 1. The PDF of the distance X,,, between a typical user and its serving BS is

(

fxm,m(‘x)’ O <x§[m,(m+1)>

S () =9 (), g <X <Ly (k41), 3)

\ me,M (.X), Im7M < X < 007

where 1,  is formulated as

J@H%f%“_mzy,mgkgM
Ly = 4)
oo, k=M+1
and fx,, . (x) is
2A
Frns(6) = Zrexp{ = TA (B + Fous) }. 5)

where F, and Fy, i are given in (6), (7).
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2 2(m—1)
W <1—W_ @ ) —ym(2m—1 n

F,=2 (m2H2+x2) . (m )”é(m )Hz +(m2H2+x2)w_27+2x2,

l—wa

(6)

2 (1 2(k—m))

well—w « k(k+1)(2k+1)— 1)(2 1
Freea [ (2020 )Mk D@ D—mnt DEm ) o) o

I —we 6

Proof. See Appendix A. ]

3 Coverage Probability

The coverage probability C is the probability that the SINR of the typical user is higher than
a target threshold. The typical user can be connected to at most one BS, so the coverage
probability is given by

C= Y CuBn, (8)

where B,, is the probability that the typical user associates to a BS on the mth storey, and C,, is
the corresponding coverage probability. Since C,, = C_,,, for clarity, we consider 0 < m < M,
C will be
M
C=CoBy+2 Y, CuBu. 9)

m=1
The typical user is in coverage when its SINR from its associated BS is larger than the
given threshold 7', when the typical user associates to the BS on the mth storey, the coverage

probability averaged over the plane is

Cn = B [P[SINR,, (x) > T1], (10)
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where x is the horizontal distance from the typical user to its serving BS and SINR,, is denoted

as
Pgmo (1712H2 + xz)_ Fym

SINR,, = I
L Licw\B,o Phjil¥iil ~“wll+ g

(11)

where g, o is the Raleigh fading with an unit average power, B9 denotes the serving BS, & ;
is the Raleigh fading power gain with unit mean from the interfering BS 7 on the jth storey, and
|Yi| is the distance between the interfering BS i on the jth storey and the typical user, and N is

the additive white Gaussian noise with a constant mean power.

3.1 General Case and Main Result

We first give the general result of the coverage probability and then analyze the special case of

M=1.

Theorem 1. The coverage probability of the typical user associated to the BS on the mth storey

C,, can be computed as

M
Cm = Z Cm,k7 (12)
k=m
where
271:& Im,(k+1) M )
Cmic = { B —27A (WH> +x°) ) 2 & (n—m)
" By Lk exp SNR,, (mH" +x )ng,l mn kW

7k (Bt Fg) = TA2 (P H? 4+ 2w b, (13)
in(13), Lk, Fin, Fy i are defined in (4), (6), (7), SNR,;, is

Pw" By (m2H? + %) -3
N )

SNR,, = (14)

and

2T 2 2
Fl1,1——2——-T], 15
(X—22 1 ) o a ( )
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2, n<k
Ponk= 2/a-1 (16)

ZTBnuLx 2. 2. T
—a—2 2F] 171_&’2_&’_Bm,n,x 5 n>k

where By px = (nH)*w™ " (m*H? +x2)7%,

Proof. See Appendix B. O]

3.2 Special Case: M =1

Fig.2 shows the coverage probability versus the SINR threshold under the setting of A = 1073
BS/m? and H = 3 m, it can be observed that the difference between the coverage probability
of the M = 1 case and M > 1 cases is negligible. Therefore, the coverage probability of the

M =1 case can be used to predict that of cases with M > 1.

Proposition 1. When M=1, the coverage probability of the typical user is
CM=! = ByCy+2B,Cy, (17)

where B1C| and BoCy are

2 2
~mA2 (H2+5%) (W +2) - 7 (H R +2x2) }dx

wao

BCi=27A /Oooxexp {_Sl\?R
P -
(w&+2) (2+1)

1

) (18)
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waé )
BoCy =27A / Xexp { — — Ax? (Q +2920 1w + 1) } dx
0

SNRy

+27A | Xexp { -

Hw™ «

oAl [ 2429we +2owe 2H—2+1 dx
- X o o —
SNRy W T ewE =2

=27 /OHw& xexp{—ngo — Ax? <Q+2°@071w% 4 1> } dx
exP{‘% — TAH? (Qw_% +2£+w—%>}

+ al
(2+41) (2w%+1>

; (19)

where
2TH 2wax? 2 2 T
2o01=——F |11 ——2——; ————|. 20
0.1 o—2 2! [ o o H“w—lx—“] 20)
Proof. The expression can be easily obtained by plugging M = 1 into (9). ]

Lemma 2. For an interference-limited network (where N=0), when A — 0, cM=l = cM=0 ;¢

the coverage probability for a 3-storey 3D SCN will be identical to that for a single-storey 2D
SCN.

Proof. From (17), it is clear that when A — 0, B1C| = +, ByCo = +’
(W‘WZ)(QH) (2wa+1)(g+1)
and thus C=" = ByCy +2B1Cy = 5y = CM=°. 0

Lemma 3. For an interference-limited network (where N=0), when H — 0 or H — oo, CM=1 =

CM=0 j.e., the coverage probability for a 3-storey 3D SCN is identical to that for a single-storey

2D SCN.

Proof. In(17), when H — 0, B1C; = BoCy = , and thus CM¥=! =

1 1
(w*%+2)(£z+1)’ (2w%+1)(2+1)
a@;ﬂ =CM=0. When H — o, ByCy =274 [ xexp {—mAx* (2+1)} dx = QLH’ BC; =0, and

thus CM=1 = Q;H =CM=0, L]
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4 Spectral Efficiency

The spectral efficiency can be calculated using the average ergodic rate of the typical user as

follows

M
Rate= Y AuBuy, (21)
m=—M

where B, is the probability that the typical user is associated to the BS on the mth storey.

Similar to (9), (21) can be further rewritten as

M
Rate = AoBy+2 Y ApBun, (22)

m=1

Ay, 1s the average ergodic rate when the typical user connects to the mth storey. A, can be

derived as

Ap = ESINRm [lOgZ (1 + SINRm>] , (23)

Theorem 2. The average ergodic rate of the mth storey can be derived as

M
A=Y Ans, (24)
k=m
where
A= T /m/"”""*” exp] 21 onh (m2H 4+ fﬁ 2 (n-m)
=— XeXpy — - m X wa
m,k Bm 0 Jins p SNRm = m,n.k.t
— A (F+ Fug) = A2, (mPH2 4 5%) w™ & Jdadt, (25)
in which

9, =""""F {1,1——;2——;1—21, (26)
o (04
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Qt, I’lgk

9 = _ 27
mon.k,t 2(2'-1)31271/,1?,X1 Fill.1— 2. 2_ 2. 1-2f n>k ( )
a—2 201 a’ & Bypx |

where By px = (nH)*w ™" (m*H? +x2)7%,

Proof. See Appendix C. U

The area spectral efficiency in bps/Hz/m? can be computed as [34]
Rate™SE = ARate, (28)

where A is the density of the BSs in BSs/m? and Rate is given in (21).

Table 2 Values of Parameters

Parameter Default Value

Path loss at reference distance f3 —38.5dB

AWGN average power N —104 dBm
Coverage probability threshold T 0dB

Transmit power of BSs P 33 dBm

Path loss exponent o 4
Height of BSs and users & 1.2m
Storey height H 3m
BS density on each storey A 102 BS/m?
Ceiling penetration loss w —10dB

5 Numerical Results

In this section, we evaluate the accuracy of our analytical expressions and further analyze the

performance of our multi-storey SCN model.
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Fig. 2 Coverage probability vs. the SINR threshold for M =0, 1,2 and 3.

5.1 Validation of the Analytical Results

For numerical evaluation and simulations, the default values of parameters are listed in Table
2 [20] unless otherwise stated. We set & — 4 as most indoor transmission links are in NLOS
conditions. As shown in Table 3 of [36], the penetration loss of one ceiling ranges from —4 dB
to —22 dB, depending on the carrier frequencies (0.9-5.8 GHz) and building environments. We
set the default ceiling penetration loss as —10 dB. We verify the analytical results through 10°
Monte Carlo simulations for a building with a floor area of 60mx60m.

In Fig. 2, we compare the coverage probability of the proposed SCN model for M =0, 1,2
and 3. The analytic curves match well with those simulated by Monte Carlo methods, which

demonstrates the accuracy of our mathematical derivations. In Fig. 2(a)-(d), we can observe that
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Fig. 3 Coverage probability vs. the absolute value of the height difference between BSs and
UEs for different values of w and A (BS/m?).

the M = 0 case provides the upper bound of the coverage probability where the BS deployment
follows the traditional 2D PPP distribution [18]. From Fig. 2(a) and Fig. 2(b), it is obvious that
when w = —5 dB, the coverage probability of the M = 0 case is much higher than that of the
M > 1 cases. However, the performance of the M = 1 case is close to M = 2 and M = 3 cases,
the gap between them is up to 0.02 and thus negligible. Additionally, when w = —10 dB, the
M =1 case shows nearly the same coverage probability as the M = 2 and M = 3 cases. Similar
phenomenon can be observed in Fig. 2(c) and Fig. 2(d), where different values of H and A are
included in the comparison.

Based on the results in Fig. 2, it is reasonable to approximate the proposed multi-storey
SCN model for M = 2, 3 using the M = 1 case, the expressions of which can be found in
Proposition 1. Accordingly, we will adopt the analytical results of the M = 1 case in the
discussions hereafter.

In Fig. 3, we evaluate the impact of the absolute value of the height difference between
BSs and UEs on the coverage probability for various values of the ceiling penetration loss and
the BS density on each storey through Monte Carlo simulations. We fix the UE height as 1.2
m and set the maximum BS height as 5 m following a practical upper bound of storey height

[38]. We can see that the maximum coverage probability is achieved when the BS height is the
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same as the UE height. Therefore, in the following, we assume that the BS height and the UE

height are identical to evaluate the optimal achievable network performance of our proposed

multi-storey SCN model.
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Fig. 4 Coverage probability vs. the SINR threshold for different values of P and A.

In Fig. 4, we plot the coverage probability versus the SINR threshold for different values

of the BS transmit power, BS density on each storey, ceiling penetration loss, and height of
each storey. We can see that the coverage probability does not change with the BS transmit

power, for given BS density on each storey, ceiling penetration loss and height of each storey.
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Fig. 5 The coverage probability vs. the BS density.

This is mainly due to the relatively high indoor BS density that leads to an interference-limited

multi-storey SCN.

5.2 Effect of the BS density

To better demonstrate the performance of the multi-storey SCN, we ignore the thermal noise
and set w as —10 dB. It is well-known that the BS density does not affect the network coverage
probability in interference-limited networks and the area spectral efficiency scales linearly with
the network densification [18]. This is because the increased interference can be compensated
by the shrinked distance between the typical UE and the connected BS.

However, we observe a different scaling law in our proposed multi-storey SCN model. In
Fig. 5, we analyze the influence of the BS density per storey to the coverage probability for
H=3m,H=4m, H=>5m[38, 39], respectively. Note that the M = 0 curve stands for the

2D scenario [18] and its coverage probability CM=°

remains unchanged with the increase of
the BS density. When M = 1, the coverage probability first decreases from C¥=Y and then
increases back to C¥=" with the network densification. This phenomenon is referred to as the
Coverage Probability Valley hereafter. Intuitively, when A approaches infinity, the typical UE

will hardly associate with any storey other than the Oth storey, and thus the coverage probability
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Fig. 6 The spectral efficiency vs. the BS density.

of the M > 1 cases is close to that of the M = 0 case. Moreover, the coverage probability as
A — 0 is in accordance with Lemma 2. The minimum value of coverage probability and the
corresponding BS density per storey A* can be obtained when C¥="(1*) = 0. The solution
can be numerically found using Newton’s method, and details are given in Appendix D. The
numerical results are 10.476 x 10~3 BS/m?, 5.9 x 1073 BS/m?, 3.8 x 1073 BS/m? for H =3
m, H =4 m, H =5 m, respectively, and the minimum coverage probability is 0.4775. The
results reveal that the worst BS densities suffer from more than 8 percent loss of coverage
probability compared with the 2D model. Since the spectral efficiency is the integral of the
coverage probability, a SE Valley can also be found in Fig. 6, where the worst BS densities can
be similarly obtained with Newton’s method. The numerical results are 5.6 x 10~ BSs/m?,
3.1 x 1073 BSs/m2,2x 103 BSs/m? forH =3m, H =4m, H=5m, respectively, and the
minimum spectral efficiency is 1.7826 bps/Hz/m?. To alleviate the performance loss, it is

necessary to avoid the Valley area in the practical deployment of BSs.

In Fig. 7, we show the area spectral efficiency of M =0 and M = 1 cases. For the M =0
scenario, the ASE increases linearly with network densification. Nevertheless, for the multi-
storey case, the ASE first increases linearly when the BS density per storey is low and then

exhibits a slowing-down in the ASE growth when the network becomes denser. When the
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Fig. 7 The area spectral efficiency vs. the BS density.

network is ultra dense, the ASE returns to the linear growth again. Such a trend of the ASE
performance is not difficult to explain according to the SE trend in Fig. 6. Moreover, we
observe that for a given storey height, a higher penetration loss of the ceiling leads to a higher

ASE.

5.3 Effect of the storey height

In Fig. 8, we assume that the penetration loss of the ceiling w = —5 dB, and the threshold of
the coverage probability is 0 dB. We assume that the BS height and UE height are both 1.2
m, so the minimum storey height is 1.2 m. We plot the 3D figure to show the influence of the
storey height with different BS densities, where a conspicuous Coverage Probability Valley
can be observed. For most of the BS densities, the coverage probability of the typical UE
first decreases and then increases with the increasing storey height. The red bold line shows
the locations of the storey height H* corresponding to the lowest coverage probability, which
can be obtained by solving C¥ :ll(H *) = 0 and numerically found using a standard bisection
searching [40]. Due to the existing of the Coverage Probability Valley, there is a worst storey

height that leads to the lowest coverage probability. The worst storey height is affected by the
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Fig. 8 Coverage probability vs. the storey height H and BS density for w = —5 dB. The
red bold line shows the storey height and BS density corresponding to the lowest coverage
probability.
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Fig. 9 Coverage probability vs. the storey height H and the ceiling penetration loss w. The
red bold line shows the storey height and ceiling penetration loss corresponding to the lowest
coverage probability.

BS density, as can be seen, when the BS density increases, the worst storey height decreases. It
is worth noting that the coverage probability monotonously increases when the worst storey

height is less than 1.2 m.
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In Fig. 9, the BS density per storey is set to be 107> BS/m? and the threshold of the
coverage probability is 0 dB. A similar Coverage Probability Valley can be observed. The
coverage probability of the typical UE first decreases and then increases with the increasing
storey height for a particular penetration loss of the ceiling. The red bold line also indicates
the locations of the storey height H* with lowest coverage probability. Note that a smaller
value of w means a higher penetration loss of the ceiling, which indicates that the storey height
corresponding to the lowest coverage probability is smaller when the penetration loss becomes

higher.

In conclusion, the Coverage Probability Valley exists for any BS density and penetration
loss of the ceiling, which is in accordance with the conclusion in Lemma 3. Intuitively, when
the storey height is 0, all the BSs are on the same storey, that is the 2D BS deployment. When
the storey height becomes large enough, the probability of the typical UE being connected to
any storey other than the Oth storey is close to 0 and the coverage probability of the M > 1
cases is close to that of the 2D model. For the commercial success of future 5G networks, it is
crucial to avoid the Coverage Probability Valley in the design of new buildings. Actually, with
our tractable expressions, it is convenient to find the optimal storey height. With the acceptable
range of storey height, e.g. Hy < H < H,, the maximum coverage probability can be obtained
at either H; or H, due to the Coverage Probability Valley. Therefore, we only need to compute

the coverage probability at H| and H, respectively and choose the higher one.

5.4 Effect of the penetration loss of the ceiling

In Fig. 10 and Fig. 11, we analyze the influence of the penetration loss of the ceiling (in linear
scale). Larger w means smaller penetration loss. It is observed that the coverage probability and
spectral efficiency increase with stronger penetration loss, which indicates that the cross-storey
communication is harmful to the network performance when the BSs and UEs share the same
height. When w = 0, the typical UE only connects to the BSs on the Oth storey, so the network
performance is the same with the 2D model. According to this conclusion, we should choose

the materials with higher penetration loss for the ceilings of a new building.
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Fig. 10 The coverage probability vs. the ceiling penetration loss w.
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Fig. 11 The spectral efficiency vs. the ceiling penetration loss w.

6 Conclusions

In this paper, we have proposed a new 3D stochastic geometry model for the small-cell networks
in the multi-storey built environment. A novel theoretical discovery has been presented, i.e., the
Coverage Probability Valley. The coverage probability first decreases and then increases with

the increase of the storey height and the network density. Moreover, we show that a ceilings



Paper III

135

with a higher penetration loss can provide a better network performance. The contributions of

this paper can shed insight on the design of new buildings and future indoor SCN deployments.

In the future, we will further consider a more practical indoor built environment with walls

and stochastic blockages. In addition, interference management techniques such as dynamic

power control, BS sleeping strategy, and directional antennas will be investigated.

Appendix A

Denote n as the index of the storey that the typical user connected to. Given the condition

that the typical user is associated to the BS on the mth storey, X,,, > x is equal to R,, > x, the

probability of X, > x can be computed as

P|R, =
]P)[Xm>x]:]P’[Rm>x’n:m]: [ m > X, 1 m]

where

Blo = ] = B =, [B|Pun(Ro) > max 2|
Jsj#m

the joint probability of R, > x and n = m is

PRy, > x,n = m]

=P [Rm > X, Py (Ry) > max Pr.]}
Jj#Fm

oo M
:/x . H P[PV,M(r)>Pr,j]me(r)dr,

J:_M7j7ém

from (2), we have

Pln=m]

(29)

(30)

€1y

(32)
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2(|jl—m . . . . .
when |j| < m, ((mzH2 +r)w S j2H2> is non-negative, while when | j| > m, it could be

a negative number. So P | P.,,,(r) > P, ;| can be divided into two parts as
g ) o

P[Pr,m(r)>Pr,j}a ‘]| <m

P [Pon(r) > P.j] = lil<m | (33)
P[Pr,m(r)>Pr,j}a ‘]|>m
|j|>m

. . . . . 2(|jl=m) .
since R’ is always non-negative, so in the case of | j| > m, when (m*H* +r*)w™ @ < j*H?,

P [P.u(r) > P,;] is 1. With these analysis, (33) can be further derived as (34), (35).

P [Pn(r) > Py}
j|<m

=P {Rj > \/(m2H2 + r2)w72(“l{m) _ j2H2|

() 2(jl=m

=P {No BS closer than \/(m2H2+r2)W @ )—12H2|

= exp{ —nA ((m2H2 + rz)wz(‘jl;m) - j2H2) }, (34)

in (34), (a) can be derived from the null probability of a 2D Poisson point process in an area A

is exp(—AA) [18].

P [P(r)> Py}
Lj|>m
( 2mli
1, r< \/j2H2w g —m2H?

= o )
P [Rj> \/(m2H2+r2)w2<|Jt‘x )—szzJ , > \/jZHZWZ( z —m2H?

b re e pen 35)
fr,,(r) is given from
d(1 —P[R,, )
TR, (1) = ( R > r]) — e ™21, (36)
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Since P[X,, > x] is the CCDF of X, the PDF of X, is

Fe (1) = d(1-— P([i)jm > x|)
1 M
= — H P [Pr’m(x) > Pr’j] IR, (x), (37)

B, . .
M j==M,j#m

Combining (34), (35), (36), (37), we can obtain

2A
fr, (x) = Exexp{ - A} I PR >Ry) ] PRk > B
ms j<m ljl<m m<|jl<M j|>m
(a) 2A
S Exexp{ — n)LFm} H P [Pr7m(x) > P, j]
m<|j|<M j|>m

( %xexp{ — A (Fy +Fm7m)}, 0 <x <1l msn)

—
~

= %xexp{ — A (Fy +Fm,k)}, Ik <% < Ly (i) (38)

\ %xexp{ _n/,L(Fm"i'Fm,M)}, Im,M <x <o

where (a), (b) can be computed using the sum of a geometric series, 1, x, Fiu, Fyn i are defined

in (4), (6), (7), which concludes our proof.

Appendix B

From (10), when the typical user is associated to the BS on the mth storey, the coverage

probability is

Cp = / °_°0]P> SINR(x) > T] fx, (x)dx, (39)
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where fx, (x) is given in (38). Rewrite the SINR,,(x) as 1, (x) = p=pm szg:’jz)% , where
Q=Y—_mlj+N/Bo. Then P[SINRy,(x) > T] can be derived as
P[SINR,, (x) > T]
=P |gno> P! (m2H2 +27)2 w—mTQ}
(1 +2) w0} fola)dg

= / exp
=Egp [exp{ p! (mzH2 +x2) z w*mTQH
(40)

—exp{ }H-f (P! (nH2 ) ST

where SNR,, is given in (14), define l,, , = Vm?*H? +x2, [, = \/ j2H? + y? the Laplace trans-

form of I; is

-1 —m
2, (P e W)
=By [exp {—Pill%xw*mTIjH
=Eg, exp{—l,‘ixT Y hjjilj./y“wmm}]
i€D;
@ x { 27:1/ 1—Zh< TI; ol >)ydy}
(b) / 1
= —27A 1— d
CXP{ 2 ( 1+zg7xszj;‘wlfl—m)y i’ }
y
: 41
—1wm—lfll;?fy y} (41)

Zj

= —27t/l/
exp{ - 1+ln_1’%T

where (a) comes from the probability generating functional (PGFL) of PPP [33], and (b) is
because /1j ~ exp(1). z; is the horizontal distance of the closest interfering BS on the jth storey,

(42)

similar with (33), it is derived as
zj , il <m
1<
= ljl<m
Zj ‘]’ >m

|j[>m
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where
2172 oy 2il=m) 2172
zj =\ (m*H?>+x*)w™ @« — j2H?, (43)
|jl<m
0, X <Ay
4= 205m) (44)
|j|>m \/(m2H2+x2)w o« —j2H?, x>1,)j
where 1, |; can be computed using (4). Then .7}, (P_ll,%xw_mT) can be derived as
&, (PR W T), |jl<m
D s I - =
Ly, (PR W™ T), |j|>m
|j[>m
. —2/a
employ a change of variable u = <l]’y“ Lo, xTwm’m) , we can obtain
2(|j[=m)
%, (P1% wT) :exp{—ﬂ%‘,@li’xw C } (46)
|jl<m
where
* 1
2=Ta / L ——du
T-a 1 4+uz
2T 2 2
= Fli1,1——2——;-T o>2 47
— 2h1 { 1= p fora> (47)
here ,Fj [-] denotes the Gauss hypergeometric function. For | j| > m,
L, (P~ w™"'T)
|j[>m
exp{—ﬂ%,@ (12 WZ(ljt‘;m)} x<lI,
_ m,|j|“m.x ) m|j| (48)

2(Lj[=m)
exp{—nlo@l,%hxw @ }, X2 Iy i
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where
1
m,j| = T« / ——du,
‘J‘H 1+u2
A w2 2yr
Z/a 1
2TB, 2 2 T
=ﬂm T ey, PP , (49)
o—2 o o 1l

where B, ;. = (|jIH)*w" VUl (m*H? +x%)~2. Plug (46), (48) into (40), we have

P [SINR,,(x) > T]

T
:exp{_SNR }H 2, (PEw ) T % (P18 T)

j|<m Ljl<m m<|j|<M |j|>m

:exp{—SNTR }exp{ Y —mA2n, w jlm} T < (P g wT)

j=—m m<|j|<M |jl>m

171

( exp{—ﬁ—ﬂlg(ﬂlzflz—f—xz) 27[2,( 2H2+x2) Dm,m}a 0<x§lm,(m+l)

= exp{ SNR —A2 (m 2H2+x2)w’27m—27r?t (m2H2+x2)Dm,k}7 Ik <X <1y (k11)

exp{ SNRm —A2 (m 2H2—|—x2)w*27m—27rl(msz—f—xz)Dm’M}, Ly <x<o0
(50)

in which Dy, = Y™ | 2, ,wa®™™™), 2, is given in (16). Combining (38), (39), (50), we

can get the coverage probability for the mth storey in (12).

Appendix C

From (23), the average ergodic rate of the typical user when it is associated to the BS on the

mth storey is

A, — /O " Esiwg, [logy (1 4+ SINRm(x))] fi, (x)dx, (51)
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where fx

m

define I, = Vm?H?* 4 x?,we obtain

(x) can be found in Lemma 1. For a positive random variable X, E [X] = [;°P[X > x]dx,

EsINg,, [l0g; (1 + SINRpy (x))]
= / P[log, (1 + SINRy,(x)) > ] de
0

Q/ P [gmo > P~ 1% w (2 — 1)0] dt
| ,

o t_ M
= / o SNy [T <, (P g w2 —1))dr, (52)
0 L b
j=—M

where (a) comes from employ 7' = 2’ — 1 in (40). Following the derivation in (50), (52) can be

further derived as

ESINRm [log, (14 SINRy,(x))] =

fo exp { SNR” —A2; (m*H?+x%) wa —27A (m*H?+x?) Dm,m,z} dr, 0<x<Iy (m1)

5 exp { SR — AL (m?H 427 W —27mA (m*H?+x?) Dm,k,z}dt, Lk <X <Ly (k41)

| Jo exp { SNR —wA2; (m*H?+x%) w271 (m*H?+x?) Dm,M,t} dt, Iyy<x<oo

(53)
in which
t 2 % 1
fz,:(z—na/ — du
@-n"a l+u2

2(2F —1 2 2
_h) g {1,1——;2——;1—2 : (54)

o—2 o o

and Dy, ., = Zn 1 Zmn ktw%( —m) Dmnky 1s given in (27). Plug (53) into (51), we can get

the expression in (22).
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Appendix D

To obtain the minimum value of coverage probability and the corresponding BS density per
storey in (17), we employ the Newton’s method. Assume that A is the only variable, the

coverage probability is
cM=Y(1) = ByCy+2B:Cy, (55)

where BoCy and B{C| can be found in (18), (19). Take the first-order derivation of C¥=1(1)

and we have

M1 4\ —TPH? B 5
C (A)_—l—l—c@ exp{—7TA PH"}
1
Hw™ @
+ / 27x (1 — TAKX?) exp { — AKX}, (56)
0

where & = 2 <2+w’%) +w’% , K = 1+Q+2£O71w% , £ and 2 are defined in (15)

and (20). Then take the second-order derivation of C¥=!(1) and we have

2 2 4
M=1" o\ _ T P°H - 2
cM="(1) = =5 exp{—TAPH"}
waé
+ / (22K27%5° — 4K 72 ) exp { ~TAKA} (57)
0

Our objective is to find the A* when CM =1 (A*) = 0. Choose a threshold € which is close
to zero and an initial value Ag. In our simulation, we set € = 107 and Ay = 0. Compute A,

according to
(58)

and continue the iteration until CY=" (An+1) < €. Then we obtain the target BS density per

storey A* = A, 1 and the minimum coverage probability C¥=1(1*).
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