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Abstract

Experimental time series data collected across a sequence of ordered replicates often
crop up in many fields, from neuroscience to circadian biology. In practice, it is natural
to observe variability across time in the dynamics of the underlying process within
a single replicate and wavelets are essential in analysing nonstationary behaviour.
Additionally, signals generated within an experiment may also exhibit evolution across
replicates even for identical stimuli.

We propose the Replicate-Evolving Locally Stationary Wavelet process (REv-LSW)
which gives a stochastic wavelet representation of the replicate time series. REv-
LSW yields a natural desired time- and replicate-localisation of the process dynamics,
capturing nonstationary behaviour both within and across replicates, while accounting
for between-replicate correlation. Firstly, we rigorously develop the associated wavelet
spectral estimation framework along with its asymptotic properties for the particular
case that replicates are uncorrelated. Next, we crucially develop the framework to
allow for dependence between replicates. By means of thorough simulation studies, we
demonstrate the theoretical estimator properties hold in practice.

Finally, it is unreasonable to make the typical assumption that all replicates stem
from the same process if a replicate spectral evolution exists. Thus, we propose two
novel tests that assess whether a significant replicate-effect is manifest across the
replicate time series. Our modelling framework uses wavelet multiscale constructions
that mitigate against the potential nonstationarities, across both times and replicates.
Thorough simulation studies prove both tests to be flexible tools and allow the analyst
to accordingly tune their subsequent analysis.

Throughout this thesis, our work is motivated by an investigation into the evolu-
tionary dynamics of brain processes during an associative learning experiment. The
neuroscience data analysis illustrates the utility of our proposed methodologies and
demonstrates the wider experimental data analysis achievable that is also of benefit to

other experimental fields, e.g. circadian biology, and not just the neurosciences.
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Introduction

In an experimental setting, time series data are often collected across a sequence of repeated
trials (also interchangeably referred to as replicates) with a natural ordering. A typical
approach to analysing the underlying process would make inference on the average dynamics
over all trials of the experiment. However, this approach naively assumes that all trials
stem from the same process and fails to account for the possibility of a change in the
process dynamics over the course of the experiment, even for identical stimuli. Such
process behaviour was investigated in a recent study on neurological signals by |Fiecas and
Ombao (2016). Their data example focusses on the hippocampus (Hc) and the nucleus
accumbens (NAc), both known to play important roles in cognitive processing as they
are individually associated with memory recall and the processing of reward, respectively.
Recordings of electrical activity (at approximately 1000Hz) using local field potentials
(LFPs) were obtained from the Hc and NAc of an awake behaving macaque monkey during
an associative learning experiment. For each trial, the macaque was presented with one of
four pictures and was then tasked with associating this picture with one of the four doors
appearing on the screen. Upon making a correct association, the macaque was rewarded
with a small quantity of juice. Variability in neuronal activity within both brain regions
has also been observed over the trials of a learning experiment in other recent studies for
humans, monkeys and rats (Seger and Cincottay, 2006; |(Gorrostieta et al. 2011; | Abela et al.l
2015). Such data experimental traits are not restricted to the neurosciences but can also be
found in the analysis of, e.g. an organism’s ‘biological clock’ in circadian biology (McClung;,
2006), with such processes containing replicate nonstationary information (Hargreaves
et al., 2018, 2019). The process dynamics arising within experimental areas present the
challenge of modelling time series that display potential evolutionary behaviour not only

across time, but also across ordered trials.

Under certain statistical properties, such as process stationarity (the assumption that
its mean and variance are constant over time), there exist many methods of statistical
analysis of time series within the time domain, for example ARMA models, and within
the spectral domain, such as classical Fourier representations of the periodogram (for an
introduction, see Priestley| (1982); Brockwell and Davis (1991); Box et al.| (2008); Shumway
and Stoffer| (2017)). These methods are well-established in the analysis of time series
arising from a variety of fields, for example, circadian biology, climatology, economics and
neuroscience. As time series data encountered in practice are often of a nonstationary
nature and much recent research has been concerned with developing statistical models
that capture variation within the series, the developments within this thesis are primarily
built to handle nonstationary data. Specifically, this thesis is concerned with the statistical
modelling of an ordered collection of (constant mean) second-order nonstationary time

series arising from the same stimulus, which we term a replicate time series or meta-process.

Wavelets can be thought of as localised ‘little wave’ functions with the ability to provide
sparse multiscale representations of many signals. In this thesis, wavelets provide the
fundamental ‘building blocks’ for our nonstationary process model, enabling us to capture

localised replicate-, time- and scale- variability.

This thesis is motivated by the (briefly introduced above) specific neuroscience applica-
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tion that records the brain process dynamics of a macaque monkey during an associative
learning experiment. Our approach acknowledges the work of |[Fiecas and Ombaol (2016),
who developed their time-replicate model using Fourier waveforms, however we propose to
take advantage of the multiscale and time localisation properties of wavelets. In the specific
context of brain signals, the usefulness of time-scale decompositions that are typical of
wavelet constructions has already been established in the literature (Sanderson et al., [2010;
Park et al., [2014)). Our aim is therefore to develop a wavelet-based model that directly
gives a stochastic representation to the meta-process of ordered trials and simultaneously
captures, in a scale-dependent manner, the evolutionary dynamics of the underlying brain
process across time within each trial and across the trials of the experiment. Furthermore,
considering that the signals are being recorded from the same subject (human, animal or
plant, as dictated by the experimental field), it would not be unreasonable to assume that
a dependence between trials could exist. For instance, some studies (Arieli et al., [1996;
Huk et al., 2018)) have documented evidence of correlation across trials in an experiment.
Thus, to assume uncorrelation may be unrealistic and consequently produce misleading
results from statistical inference. This highlights an important limitation of the work
of [Fiecas and Ombao (2016), namely that their methodology is developed under the
assumption of uncorrelated replicates. Therefore, we develop our general model with the
fundamental advantage that it accounts for the dependence between trials by means of a
coherence quantity that acts as a measure for cross-trial dependence. Nevertheless, should
trial uncorrelation be a reasonable assumption, our model is able to flexibly incorporate
it as a particular case. Additionally, we also propose two tests for checking whether a
replicate-effect indeed occurs over the experiment, thus justifying (or not) the adoption of

the proposed replicate time series model.

This thesis is structured as follows: Chapter [1| gives an overview of the statistical
concepts within the literature that are fundamental to our proposed methodology (developed
in Chapters and . Wavelets require particular attention and we will give an overview
of the basic concepts from wavelet theory, including multiresolution analysis which provides
the framework around which wavelets are built, and the discrete wavelet transform (DWT).
Next, we provide an overview of time series analysis in two parts. Firstly, we introduce
stationary time series, a topic underpinned by constancy of the process mean and variance
over time, and document classical approaches to their analysis in both the time and
spectral domain. Secondly, we explore approaches in the spectral domain developed to
handle nonstationary time series data. Specifically we introduce the locally stationary
Fourier processes (LSF) framework of |Dahlhaus| (1997) and then the developments of this
framework in the wavelet domain through the locally stationary wavelet (LSW) model of
Nason et al.| (2000).

Chapter [2] addresses the crucial problem of approaching replicate time series as identical
process realisations and demonstrates the misleading results this approach can yield when
studying the process dynamics over the replicate domain. Here, we develop a new wavelet-
based replicate-evolving locally stationary wavelet (REv-LSW) model, capable of capturing
evolutionary process characteristics across time within a single replicate and across all
replicates. We propose to model the meta-process within a locally stationary wavelet

(LSW) process paradigm that builds upon the framework introduced by Nason et al.
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(2000) for a single process (here, replicate or trial). This amounts to developing novel
evolutionary wavelet quantities and associated estimation theory that encompass variation
across time within a replicate and across all replicates. To obtain well-behaved, consistent
spectral estimates we propose to perform local smoothing of the raw wavelet periodograms
across replicates, as opposed to employing the smoothing over time typically undertaken
in the locally stationary process context. A fundamental assumption we make for the
methodology in this chapter, is that replicates are uncorrelated as also assumed in |[Fiecas
and Ombao (2016|). Through an extensive simulation study, we demonstrate the new
information captured by the REv-LSW model in comparison to the classical LSW approach
that assumes replicates are identical process realisations.

In Chapter [3] we propose a general model that allows for between-replicate correlation,
and the constraint of uncorrelated replicates, from Chapter [2] is treated as a particular case.
The associated estimation theory additionally encompasses between-replicate variation,
enabling us to estimate the replicate-coherence which is shown to provide novel, useful
information about the process replicate evolution. By means of a thorough simulation
study, our proposed model is shown to successfully capture between-replicate dependence,
giving a good indication of the features of the replicate-coherence.

Chapter [4 applies the methodology developed in Chapters [2]and [3| to the real dataset on
the macaque monkey associative learning experiment. The results obtained here highlight
the major advantages of our model, which are that (i) it offers the superior time-localisation
typical of wavelet constructions, and (ii) it takes into account the correlation of brain signals
across trials. These advantages have enabled us to infer evidence of learning throughout
the experiment and furthermore detect between-trial dependence within the data obtained
from the nucleus accumbens.

It is often of interest to perform tests of stationarity on a time series to investigate the
presence of varying dynamics. Thus, in Chapter [5| we propose two novel hypothesis tests to
assess whether a significant replicate-effect is manifest across the meta-process (replicate
time series). We propose location-specific and global tests, both underpinned by the
methodological framework developed in Chapter 2l Through both a thorough simulation
study and an application to the macaque data, we demonstrate the tests successfully
identify the presence of a replicate-effect and provide further information on where the
replicate-effect is located across the trials, as well as across time and scale localisations.
The results of testing on the macaque data corroborate the results obtained in Chapter
[ thus establishing the tests as favourable tools to be used as a first step to analyse a
replicate time series.

Chapter [f] concludes with a summary of the proposed methodologies within the thesis

and highlights potential avenues for future work.
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1 Literature review

1.1 Wavelet theory

Spectral analysis is broadly concerned with decomposing a function as a linear combination
of basis functions. Various bases for well-behaved function spaces can be formed using,
e.g. trigonometric functions, albeit, the methodological developments of this thesis rest on
wavelets.

Wavelets are a major modern development on the concepts that form Fourier theory,
thus it is only fitting to first review some of the relevant concepts of Fourier analysis.
The earliest connection to proposing a trigonometric series (Definition below) to
approximate functions dates back to Daniel Bernoulli (1753) (see Larsen (1974)) in relation
to a problem on the vibration of strings. New techniques underpinned by the sine and
cosine trigonometric functions were investigated by Jean Baptiste Joseph Fourier, who
asserted there exists a trigonometric series representation for any periodic function (see
Bachman et al.| (2000)) for a historical introduction). This however was not the case, as
some signals are too ‘wild’ to be represented efficiently by the Fourier sines and cosines,
thus motivating new techniques, namely wavelets.

Our review of Fourier analysis will take structure from the descriptions given in [Priestley
(1982)) with further reference to|Bachman et al.[ (2000).

1.1.1 Fourier analysis

Fourier analysis is primarily concerned with using sine and cosine waves to form bases for
L?(R) functions, where f € L?(R), the space of square integrable functions. This consists
of functions f(-) that fulfill [*°_|f(z)|*dz < co. Therefore we start by defining the Fourier

series decomposition of a function denoted by f.

Definition 1.1.1. Let f be a periodic function with period 27 (i.e. f(z) = f(xz + 27))
and square integrable over the interval [—m, 7). Then the Fourier series representation of

f in trigonometric form is

f(z) = % + Z (an, cos(nx) + by sin(nz)) ,

n=1
where a,, and b,, are the nth Fourier coefficients, calculated from

™ 1 T
an = — f(x) cos(nz)dz, bp = — f(z) sin(nz)dz.

™ J_x T ) _x
We note that the Fourier series can be expressed in exponential form (e.g. Bachman et al.

(2000))).

Each term within the Fourier series decomposition has a magnitude, given by the
Fourier coefficients a, and b,, that exposes the frequency structure of the signal. Thus,
various periodic functions can be constructed from a mixture of the Fourier functions, such
that {cos(nz),sin(nx)},en forms an orthonormal basis. Convergence of the series is often

overlooked in practice, for instance in the case of functions with discontinuities the Fourier



approximation can overshoot, referred to in the literature as the ‘Gibbs phenomenon’ (see
(Bachman et al., 2000, §4.8)). For periodic functions in L?([—n, 7)), convergence can be

achieved in the mean-square sense i.e.,

/7r |f(z) = fn(2)|?dz — 0, asn — oo,
—
where f,(x) is the nth partial sum. Additionally, if a 27-periodic function f is absolutely
integrable over [—7, ), and has a finite number of extrema and finite number of discon-
tinuities in the interval [—7, 7), then it is said to satisfy the Dirichlet conditions and its
Fourier series converges point-wise. In the presence of a finite discontinuity, x4, the Fourier
series converges to 3 limy_o[f(za — €) + f(zq + 0)).

Generally, most functions are not periodic. Suppose a function f is non-periodic and
defined for all real z. We can construct a Fourier series representation for f € LY(R), the
space of absolutely integrable functions (i.e. ffooo |f(z)|dz < o0), through application of

the following transform.

Definition 1.1.2. For a function f € L*(R), the Fourier transform of f is given by

p 1 —iwx
flw) = o= /R f(@)e e,

where f € L'(R) and w is the angular frequency. We seek to recover f through the inverse

Fourier transform of f , given by

1 R T
@) = <= /R fw)erdu. (1)

We note here that the angular frequency (measured in radians per second) and the Hertz
frequency (denoted here by v) have the relationship w = 2rv. When particular conditions
for convergence are satisfied, equation gives a representation for f by means of a ‘sum’
of sine and cosine functions. Note that in contrast with the Fourier representation for
periodic functions which involved a discrete range of frequencies, the integral representation
here provides access to frequencies on a continuous scale.

In practice, many statistical applications are concerned with discrete-time series. Al-
though theoretically the Fourier transform can be applied to discrete-time signals (for
example the discrete-time Fourier transform), the integral may be unrealistic to evaluate.
By sampling the frequencies on the continuous scale as to obtain a discrete range of
frequencies, the signal f can be recovered by means of inversion of the discrete Fourier

transform.

Definition 1.1.3. For a signal f defined on the finite set {0,1,...,N — 1}, such that
f(t) = f(t+ EkN), the discrete Fourier transform of f is given by

T

ij _ Jc(t)ef%ritj/N7

il
i

for j =0,1,..., N — 1, where j/N is the jth multiple of the fundamental frequency.

Here, the 1/v/ N factor is chosen for symmetry with the inverse transform, the same



reason for choosing 1/+/27 in the Fourier transform.

As already discussed, Fourier representations for series with sharp changes may require
many combinations of the sine and cosine basis functions in order to approximate at ‘jump’
points. However, a sparse representation, meaning few non-zero basis coefficients, can
lead to a better understanding of the signal structure. Since Fourier functions are only
localised in frequency and not in time, their applicability to represent signals is better suited
for smoother signals which exhibit periodicity, than for signals with a more ‘turbulent’
behaviour with features manifest locally. Thus, basis functions that can capture local
features would be desirable. Wavelets can do exactly that; many are constructed to have

compact support which gives them localisation in time and we introduce them next.

1.1.2 Wavelets

Wavelets, as their name suggests can be thought of as ‘little wave’ functions, which possess
the ability to capture local characteristics due to their localisation in time as well as
frequency. The addition of locality in time, gives wavelets a natural advantage over the
Fourier functions previously mentioned, to represent discontinuous functions. Motivated
by the monographs of [Vidakovic| (1999)), [Daubechies (1992)) and Nason| (2008), we now

proceed to introduce some theory on wavelets.

To begin, meet the mother wavelet, 1) € L?(R), a square integrable function capable of
generating a family of functions that can form bases for various spaces of functions. For
dilation and translation parameters, a € R\{0} and b € R, respectively, a family of wavelet

functions can be defined as

usle) = (70 2

where the normalisation parameter |a|~'/2, ensures the L?-norm of ¢ is maintained:
[[Yapll2 = |]1]]2. We understand this to mean that wavelet families are constructed
through re-scales and translations of the mother wavelet 1, where a and b are allowed to
vary continuously.

Wavelets are attractive due to their localisation in both frequency and time. These
properties are ensured through the following condition that the wavelet function is assumed

to satisfy.

Definition 1.1.4. A wavelet, ¢ € L?(R), is any square integrable function which satisfies

the admissibility condition

(R,
C*”_/R o < (3)

where 1(w) is the Fourier transform of ¥ (z) (see Definition [1.1.2). The admissibility
condition implies (Vidakovic, [1999) that at the zero frequency w =0

i) = [ " Y(a)dr =0,

which ensures the wavelet oscillates.



Daubechies (1992) characterised wavelets to have compact support, ensuring a fast

decay to zero and helping to provide time localisation.

An important property of wavelet functions, v» € L?(R), is that they can be constructed
with different degrees of smoothness. At one extreme is the discontinuous Haar wavelet

function and at the other is the Shannon wavelet function. If v satisfies

/ " () =0, (4)

—0o0

for £ =0,...,n—1, then it is said to have n vanishing moments. Thus the wavelet coefficients
are zero for any polynomial of degree (n — 1) or less. This property is advantageous as
it allows for a sparse representation of a function, such that for a reasonably smooth
function only few coefficients need to be estimated. The more vanishing moments ) has,

the smoother the function it will be.

Let us gain a feel for the characteristics of wavelets through introducing the Haar
wavelet (Haar), [1910), often regarded as the simplest example of a wavelet system. The

Haar mother wavelet is defined by

1, forzel0,3)
()= -1, forze 3, 1]

0, otherwise.

Through the dilations and translations of the Haar mother wavelet using equation , the

associated wavelet functions are given by

=, forxz €[b,%+b)

va’
wfb(:v): \_/—é, for x € [§ +b,a 4+ b]
0, otherwise,

where a € R\{0} and b € R. The Haar mother wavelet, ¢ (z) = ¢fo(m), is displayed in

Figure [1] alongside an associated translated and dilated Haar wavelet.

Examples of wavelets

Daubechies’ compactly supported wavelets

Daubechies wavelets are an important historical step in the development of wavelet
theory. [Daubechies| (1992) discovered that a basis for L?(R) can be formed from a family of
orthonormal wavelets with compact support and varying degrees of smoothness. Smooth-
ness is determined by the number of vanishing moments (recall equation ) and each
member of a Daubechies wavelet family is indexed by an associated number of vanishing
moments, IV, and will have support of size larger than or equal to 2N — 1 with minimum
compact support on the interval [-N + 1, N| (Mallat, [2009). Note, some authors index
Daubechies wavelets by the length of the compact support. The Daubechies Extremal
Phase wavelet family is constructed to have the minimal support possible for N vanishing
moments. Haar wavelets are included in this family, indexed by IV = 1 with support on the

interval [0, 1]. The Daubechies Least Asymmetric wavelet family are designed to minimise
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Figure 1: Left: Haar mother wavelet z/Jfo (x); Right: translated/dilated Haar mother wavelet
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the degree of asymmetry within the wavelet. For an exhaustive review of Daubechies
wavelets see Daubechies (1992), alternatively see (Percival and Walden, 2000, §4.8) for
a discussion the construction of Daubechies wavelet filters. Examples of Daubechies Ex-
tremal Phase and Least Asymmetric wavelets for a selection of vanishing moments, N, are
displayed in Figure

Shannon wavelet

We have seen that Haar wavelets are compactly supported on [0, 1] and are localised in
time. Shannon wavelets are the time-scale mirror image, such that they are localised in
frequency and have compact support on [—27, —7) U (, 27]. The Shannon mother wavelet,
as defined in (Chuil 1997, §4.2), is given to be

sin(27x) — cos(mx)

wla) = T,

with support over R and its Fourier transform is given by

@Z)(W) = _eiw/QH[—27r,—7r)U(7r,27r} (W),

where T denotes the indicator function. With decay like |z|~! in the time domain, the
Shannon wavelet is rarely used in practice but could aid theoretical understanding of
wavelets with a very high number of vanishing moments. (Chui| (1997)) remarks that all
high-order orthonormal wavelets ‘imitate’ the Shannon wavelet. Thus, Shannon wavelets

can be thought of as the limiting wavelet for Daubechies wavelets of order N as N — oo.

The continuous wavelet transform (CWT)
Statistical applications using wavelet analysis are mainly interested in discrete trans-
formations however it is only natural to introduce wavelet theory by starting with the

continuous wavelet transformation.
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Definition 1.1.5. For a function f € L?(R), the continuous wavelet transform (CWT) is
defined as

CWT(a,5) = {f than) = / F(2) s (@)da, (5)

where 1, () is the complex conjugate of 1, (x) and a € R\{0}, b € R. Assuming the
admissibility condition (equation ) is satisfied, we can find the inverse transform through
the resolution of identity relation (Vidakovic, [1999)

@)= o / / L oW Ty (a,b)pus(x)da db, (6)

thus providing a way to recover f by means of superimposing wavelet basis functions.

In comparison with the Fourier transform representation given in Definition it can
be seen that the coefficients, CWT(a,b), in the wavelet decomposition given in equation
have the advantage of providing information on the amplitude at a given location (through
b) as well as a given scale (through a). The coefficients in the Fourier transform can only
provide information about the amplitude at a given frequency (equivalent to wavelet scale).

The Haar wavelet is one of many that can be used here, for further examples, such as the

‘mexican hat’ wavelet, see (Vidakovic, |1999, §3.1.2). A comprehensive review of CWT can

be found in |Daubechies| (1992)).



Discretisation of the CWT
The work in this thesis mainly focuses on constructions of discrete wavelet represen-
tations. One drawback of the continuous wavelet transform is redundancy, such that the
information captured in the coefficient CWTy(a,b) is also contained within neighbouring
coefficients. To answer this issue, sampling the values of a and b can yield less redundant
transformations. Discretisation of the continuous wavelet transform involves selecting
discrete values of a and b such that we still have an invertible transformation. Most often,
the choices of dyadic translations a = 277 and b = 277k (as noted by |Antoniadis and
Gijbels| (2002)) are adopted, known as critical sampling. This is the coarsest choice that
will admit a function to be uniquely recovered from its wavelet transform. Plugging this
sampling choice into equation , a family of discrete (decimated) wavelet functions can
be defined as
Yik(x) =272z —k), 4 ke, (7)

where j and k are the resolution level (also referred to as scale) and location respectively.
Note that in ‘j, k&’ notation the mother wavelet, 1, is equivalent to 19 and this is the
form we refer to from now on. For suitable choices of 1, a and b, the above wavelet family
can form an orthonormal basis for f € L?(R) (see Daubechies| (1988} [1992)). Technically,
information about the function being decomposed will be contained within each scale 27
at locations 277k. Through finer choices of sampling, for instance greater values of j, the
transformation becomes more redundant, whereas too coarse sampling will lead to not
being able to recover f uniquely. |Antoniadis and Gijbels| (2002]) introduce the choice of

a =279 and b = k which leads to the construction of the non-decimated wavelet family
V(@) =222 (z — k), .k € L. 8)

Unlike the wavelet family in that exists across dyadic intervals, here a wavelet exists at
all integer locations. Note, this highlights the time translation invariance of transforms
using wavelets from and lack of translation invariance from wavelets in . More on
this will be delved into later.

In similar fashion to the inverse continuous transform (equation @), any function,
f € L*(R), can be recovered by means of a linear combination of wavelet basis functions

at different scales and locations. Specifically, we define the following representation for f.

Definition 1.1.6. For suitable choices of ¢ € L?(R), such that the decimated wavelet
family {1;x(2)};kez forms an orthonormal basis for L?(R), the function f € L*(R) has a

wavelet representation given by

F@) =Y {frtimtin(x),

JET kel

where (-, -) is the L2-inner product and due to the orthogonality of wavelets,
o0
djk = (f, k) = / f(@)v)p(z)dz.

The {d;};rez are called the wavelet coefficients within a scale j for a location k. As

mentioned previously for the continuous wavelet transform, the wavelet coefficients provide



information on the amplitude at a given location (through k) and scale (through j), unlike

the Fourier coefficients that can only provide the latter (for frequency).

1.1.3 Multiresolution analysis (MRA)

Let us now take a slight detour away from wavelets explicitly to introduce the framework
upon which wavelets are built, multiresolution analysis, introduced by Mallat| (1989a,b)
and Meyer| (1993)). We can think of a multiresolution analysis (MRA) as if painting
a portrait of a function. We start with a low-resolution approximation to a function
f € L3(R), then by ‘zooming in’ on our subject (f) we can progressively add finer details
from higher resolution approximations. Thus our portrait (representation) of f(x) is much
more detailed. Comprehensive accounts of MRA can be found in Mallat| (1989ajb|) and
Daubechies| (1988 1992). Next, we introduce the important characteristics of MRA and
the part it plays in constructing wavelets. Our discussion follows the work presented in
Vidakovic| (1999)), Debnath| (2002) and Nason| (2008).

Definition 1.1.7. A multiresolution analysis of L?(R) consists of a sequence of closed
subspaces {V;};ez of L3(R),

.CVoCcViCcVyCcViCcVhC ...,

thought of as successive approximation spaces, such that as j gets larger the space V;

contains functions of finer scales. The following conditions must be satisfied:

1. The spaces have trivial intersection and their union is dense in L?(R)

AVvi={o}, JVi=L"®),

JEZL JEZL

where the overline denotes closure of the set and 0 denotes the zero function.

2. The spaces have the following interscale linkage relations

flx)eV;e f(2"x) € Vigm, Ve eR,melZ,
feyeVye fle—k)eVy, VereR kel (9)

3. There exists a scaling function ¢ € Vy with ffooo ¢(x)dx = 1, for which the set of
integer translates {¢(- — k), k € Z} form an orthonormal basis of V}.

Condition 2 demonstrates how successive spaces contain finer details, for instance the
detail added to Vj41 is twice as fine as the detail in V;. Additionally, any shift in f(x) by

an amount k does not change the level of resolution j that we are adding to.
By equation @ of condition 2 along with condition 3, for a fixed j, the family

{¢;r(x),k € Z} forms an orthonormal basis of V;, where

pin(z) =22¢(2x — k), j kel



This prompts us to define the scaling function as

d(x) =D hpV2p(2x — k), hik € Z, (10)

keZ

which tells us that we can represent any function ¢(z) € Vj as a linear combination of
functions from Vi, due to Vi C Vi. The set of coefficients {hy} is referred to as a low-pass
filter, for reasons that will soon become clear. This relation is also referred to as the
dilation equation, and it is fundamental in the construction of wavelets and building a
general MRA.

Daubechies (1988) introduced the operator P; that projects a function into the space

Vj. As such, for a resolution level j, an approximation for a function f, can be given by

Pif = (f . djn)djn(x), (11)

kEZ

since {¢;r(x),k € Z} is a basis for V;. As j increases, our approximation improves and P;
converges to f as j — oo |Daubechies (1992)). Next, we will see how wavelets can ‘explain’
the detail that is lost when moving from an approximation space, V1, to the next coarser

space, V.

Constructing wavelets
The principle of multiresolution analysis (Daubechies| [1992) is that for a sequence of
closed subspaces satisfying a MRA, there exists a family {1 () = 20/2p(2x—k); j, k € Z}

that forms an orthonormal wavelet basis of L?(R), such that

Piaf=Pif+ Z<f, V1)V (T), (12)

kEZ

for all f € L?(R), where P; is the projection operator that projects a function into the
space V; and (-,-) denotes the L?-inner product. Recall that Yjk is a translated and
dilated member of the wavelet family derived from the mother wavelet ¥ = 1) o. It can be
seen from equation that the difference between projections (Pj11 — P;)f is a linear
combination of wavelets. Thus, the detail that is lost from moving to a coarser projection,
Pj i1 to Pj, can be characterised by the orthonormal basis of wavelets {1 ;(z)}rez. To
demonstrate this, define the detail space W; to be the orthogonal complement of V; in
Vj41 such that

Vi =V;eW;, Ve (13)

where @ denotes the direct sum. Successive application of equation then gives that
J
Vipi=W o @ Wi.
=0

Then due to condition 1 of a MRA (Definition , as (Jjez Vj is dense in L?*(R) we

obtain

L*(R) =P w;.

JEZ



This tells us that the basis functions that characterise the detail spaces {W;};cz, can
provide a representation for an L2-function. Additionally, the scaling properties given in

condition 2 are inherited by the detail spaces, such that
flz) e W; & f2"z) € Wiy, and f(x) € Wy & f(z — k) € Wh.

Putting this construction together, if we can form an orthonormal basis for Wy through
integer translations of a function (), then through further translations and dyadic
dilations, an orthonormal basis for W} can be formed from {%;;(x)}rez. Linking back
to the discussion on equation , the detail that is lost when moving from Pj; to P;
is characterised in W;. So intuitively, we can think of the next finest approximation of a
function f, given by Pj;1f to be the detail already described by Vj ‘plus’ the finer details
characterised by W;. This concept is illustrated in Figure 3| Starting at V3, as we ‘add’ the
detail captured within successive resolution levels j =5, ..., 9, finer approximations of f are
obtained. Thus, it can be seen that the family {¢;x(); j, k € Z} forms a basis of L(R).

Wavelet Decomposition Coefficients W
“ ‘ ‘ ‘ ‘ ‘ W
« ‘ \ | L

© HH“\“HHH“kum‘”mmm
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Translate | . . T T 1

Standard transform Haar wavelet . 0 02 04 06 08 1

Figure 3: Multiresolution analysis of the Doppler function (topmost signal in right plot). Left:
Wavelet coefficients characterising the detail contained in W;; Right: Successive approximations of
the Doppler function projected into the spaces V; where V1 = V; @ W;. This figure is reproduced
following Figure 3.7 in [Vidakovic (1999)).

As Wy C Vi, then the wavelet function ¢ (z) € Vi, which can be constructed from the

scaling function by

w(iﬁ) = ng’\/ﬁd)(zx - k): .g/ﬁk € Z, (14)

keZ

where the set of coefficients {g} is called a high-pass filter, for reasons that will soon
become clear. Daubechies| (1992) showed that a possible solution to equation , that

yields a desirable mother wavelet is to set

gk = (=1)*hy 4,

which is known as the quadrature mirror relation. Recall that {h} is the low-pass filter,

that suppresses the higher frequencies whilst preserving the low ones, and with opposite

10



characteristics is the high-pass filter, {g;}. Under the above relation, these coefficients are
referred to as the quadrature mirror filters. For an extensive proof of this relation, readers
can consult either Vidakovic| (1999) or Daubechies| (1992).

1.1.4 The discrete wavelet transform (DWT)

In a manner similar to discrete Fourier transforms, discrete wavelet transforms (DWT) are
applied to discrete sets of data, returning outputs that are also discrete. |[Mallat| (1989ayb)
was first to connect multiresolution analysis and cascade algorithms with wavelets, in
order to provide a nested structure to recursively compute the scaling and wavelet (detail)
coefficients, this scheme is referred to as Mallat’s Pyramid Algorithm. Essentially, the
scheme uses the low- and high-pass filters, {h;} and {gx}, associated with the scaling
equations and , to provide a relation between the wavelet coefficients at different
levels in the transformation, ergo, bypassing the need to evaluate the inner products
(fs jk) and (f, v k) in equation (12)).

Recalling that ¢ = ¢,0 and 1 = 1) 0, through the substitution of indices in the scaling
equations and , the following refinement relations can be obtained

dj—1k(x) = Zhl—2k¢j,l(x)7 and ;1 x(x) = Zgl—2k¢j,l(x)- (15)

<A leZ

As customary in the wavelet literature, we denote the scaling coefficients and wavelet
coefficients to be, ¢ = (f, ¢j) and d; = (f, k) respectively, then using the refinement
relations allows us to construct a recursive relationship structure between coefficients

at different levels:
ci—ik = (fs Pj—1.k)

= <f, th—2k¢j,l>

leZ

= hi_on(fs bj0)

lEZ

= Zhl_QijJ. (16)

lEZ

In the same manner, for the wavelet coefficients we obtain

dj1k =Y GI-2kCj- (17)
leZ
Formulas and are the mechanics referred to when computing the DWT. For each
level j, they provide a recursive way to compute the scaling and wavelet coefficient vectors,
¢j = {¢jrtrez and dj = {d; 1 }rez, at successive coarser levels. Thus, linking this with
the level j multiresolution decomposition of a function f € L?(R) (see equations and
(12))), it is possible to represent a function in L?(R) by

F@) =" ciondion(@) + D) dijphk(@),

keZ Jj>jo kEZ
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where jo denotes the coarse level. The first part of the above sum is equivalent to Pj, f and
captures the ‘smooth’ underlying global characteristics of f at level jo. The second part of
the sum represents the finer details of f that are lost when moving to coarser scales.

As with the continuous case, the DWT described by formulas and which
is also referred to as the forward transform, has an inverse. The inverse allows us to
recursively reverse the direction of the cascade algorithm such that we can obtain the next
finer level coefficients starting at the coarsest level scaling and mother coefficients. The

inverse discrete wavelet transform (IDWT) is given by

cjl = Z Ci—1,khi—ok + Z dj—1,k91—2k, (18)
keZ keZ

where {h;} and {g;} are the quadrature mirror filters that share the same structure as the

filters computed for the forward transform.

DWT in the presence of discrete data

In most practical situations, a function f is a collection of discrete values observed at
N = 27 equally spaced locations {z;,0 = 1,..., N — 1}. The DWT is initiated from the
‘finest scale’ scaling coefficient vector cy, however as we are operating on discrete values of
f we cannot directly calculate the scaling coefficients at the finest scale. Thus, we need a
way to approximate cy (see (Nason, 2008, §2.7.3)). An often convenient approach is to

approximate the finest scale scaling coefficients by the original function samples, such that
cri= f(z;), fori=0,.,N—1.

However, this approach can incur some error and is referred to as committing the ‘wavelet
crime’ by Strang and Nguyen (1996); the authors suggest to first pre-filter the original
data samples. Thus, an approximation of the observed function f can be constructed at
the finest level J, by
f@) =" crdin(@).

keZ
It is then possible to construct the coarser scaling and wavelet coefficients for j < J. Note
that as a consequence, although we will maintain the notation c; and d;j, the coefficients
of f will be approximations of cik = (f, ¢k and d; i = (f, ;). On a further note, the
empirical coefficients are approximately proportional to their continuous counterparts by a
factor 1/+/N (see Abramovich et al.| (2000)).

Having chosen a particular wavelet family, and starting with the finest scaling coefficients
in ¢y, the DWT progresses by applying the formulas and to obtain the next
coarser level coefficients, cy_1 = {cj_1 4 }rez and dy—1 = {dj_1 k}rez. The length of each
coefficient vector at scale J — 1 is equal to half the length of the data N, so after one
application N/2 scaling and wavelet coefficients are obtained. This halving continues with
each application to the next coarsest scale and is a result of the decimation step in the
DWT captured through the ‘2%’ term in formulas and . The next step then uses
the output cyj_1 as the input for the next application of the algorithm and this process
repeats until the desired coarse level decomposition, denoted 7y, has been reached. A visual

interpretation of this algorithm is given in Figure [l The result of the DWT is therefore a

12



transformation of an initial vector in the time domain to the following vector in the wavelet
domain:

DWT(f) = (cjoa djoa ey dJ*2a del)a

where jo denotes the desired coarse level. Note, if jy is set to equal 0 so that a full

decomposition of the series is constructed, then co = cpo and do = do -

2 21 22 2 1
_ h h h h
f= g — Cj-1 — ces — C1 — Co
W ™~ W W
d]—l d]_z d, dO

Figure 4: Flow diagram depicting the DWT on the finest scale scaling coefficients ¢y = f. The
high- and low-pass filters are denoted by g and h respectively. Each step in the decomposition is
headed by the number of coeflicients produced for each of the scaling and wavelet coefficients.

A ‘Haar’-tening example of the DWT
To demonstrate the DWT in practice, we present here a simple yet informative example
that uses the Haar wavelet basis to form a wavelet decomposition for discrete data. The

low- and high-pass filters for the Haar wavelet are given by

%’ forkzo %, fOI']i':O
o=, fork=1, ge={4 fork=1. (19)
0, otherwise 0, otherwise

For the discrete data sequence y = (yo, ..., yn—1), we start the DWT by first approxi-

mating the finest scale scaling coefficients by the original data such that
cy=(53,1,9,2,2,8,4) =y.

Asy is of length N = 8 = 27, the finest level is J = 3 and thus cy = c3. Using formulas
and , we can obtain the next coarsest level scaling coefficients ca = (c20,¢2.1,¢22,¢23)

and wavelet (detail) coefficients dg = (d2,0,d2,1,d22,d2 3) in the following manner:
C2,0 = Z hies; =
!
C21 = Z hi—sc3) =
!
C22 = Z hi_sc3) =
!
C23 = Z hi—ec3; =
!
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1
doo = zl:gzczs,z G
1
do1 = ;gpzcg,l NG 1
oo = gi-acsi = -
) l ) \/i
1
V2

dos = g6c31 =
I

If we then continue to repeat this process to find the coefficients for (c1,d1) and lastly
(co,do), we obtain the following output for the DWT:

DWT(y) = (\1/; \}i —1,-4,V/2,—4V/2,0,2V/2).
Figure [5] gives a visual representation of our example, where it can be seen that each
successive step to the next coarsest level results in obtaining half the number of coefficients.
To recover the original data sequence y, we can perform the inverse DW'T given in equation
(18) on the set of wavelet coefficients obtained for DWT'(y) and the coarsest level scaling
coefficient, cg g, which provides the coarsest characterisation of the original signal.

5 3
N
V2
42

1 9 2

2 8 4 y=
N N B
—42, 0 2V2

2V2 6v2

C3

!

2]

C2

5v2

Co

Figure 5: Graphical representation of the DWT for the Haar wavelet example. Solid arrows:
represent application of the low-pass filter H; Dotted arrows: represent application of the high-pass
filter G. This figure follows Figure 2.2 in Nason| (2008).

A note on matrix representation
An alternative way to formulate the DWT, although not as computationally fast as the

pyramid algorithm (Nason, |2008), is through the following matrix multiplication
DWT(y) =Wy,

where W is the orthogonal matrix (i.e. WTW = Iy, where Iy is the identity matrix of
order N = 27) associated with the wavelet used in the DWT process. The orthogonality of
W follows from the orthonormality of the wavelet bases of the spaces V; and W; described
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in Section Since at each step of the DWT we are representing the input signal on
two different bases, matrix multiplication can represent the change of basis as we move to

the next coarser level (space V;_1). Additionally since W is orthogonal, it follows that
1d|[> =d"d = (Wy)" Wy =y" (W' W)y =y"y = |lyI]*,

where we have let d = DWT'(y) for brevity. Thus, the length of the input vector d is the
same as that of the input y, which we have seen is true through our application of the
pyramid algorithm. It also follows that the inverse DW'T can be constructed through the

matrix multiplication given by
y = WIDWT(y),

noting that since W is orthogonal, W~ = W7,

A note on boundary conditions

Haar wavelets are constructed on the smallest support, such that the Haar filters
work in pairs to transform one dyadic sequence to another. Thus we see no issues when
approaching the ‘boundaries’ of the sequence. However, issues occur when the support of
the wavelet filter extends beyond the length of the sequence. For example, consider we
have four detail filters, {gx}3_,, associated with a wavelet (e.g. Daubechies D4 compactly
supported wavelets) and we wish to transform a dyadic vector y = (yo,...,yn—1). The
transform begins by filtering the first four elements of y with the corresponding filter
coefficients and then skips to the right by two elements. This process continues for the
remainder of y and can be viewed as a moving window of operations on four elements,
skipping two elements at a time in order to account for dyadic decimation. However, the
resulting transformed sequence is one element short of being dyadic. This may only be
one element of detail missing but the issue becomes more serious for wavelets with greater
support. Various approaches have been considered to tackle this issue, with a general idea
being to extend the boundary, i.e., to obtain elements y_s and y_1 in the example just
given. Periodic bounding and reflection at the boundary are options discussed by [Nason
and Silverman| (1994)). A further option by Cohen et al.| (1993), constructs coarser scale
coefficients without borrowing detail from periodisation or reflection, this procedure is

known as ‘wavelets on the interval’.

1.1.5 The non-decimated wavelet transform (NDWT)

A defining feature of the DWT discussed in the previous section was that the transform
to the next coarser scale resulted in a dyadic decimation of the number of scaling and
wavelet coefficients. For instance, in our Haar wavelet example of the DWT on the series
y = (yo, .-, y7), the wavelet (detail) coefficients for level j = 2 (= logy 8 — 1) were calculated
by

Yok — Y2k+1
dop="——"" fork=0,..,3.
) \/5

So for this step of the transform, the ‘information’ contained in the wavelet coefficients
capture the differences between the pairs (yo,v1), (y2,y3), (y4,y5) and (ye,y7). It is clear
that starting the DWT from a different element of the series, could lead to a different
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decomposition of the data. Hence, the DWT is not translation invariant. Specifically, if we
were to perform the DWT on a shifted version of the series, the resulting decomposition
would not be equal to a shift of the decomposition obtained from transforming the original
series (e.g. see Figure[6). [Antoniadis and Gijbels| (2002) highlight that the lack of translation
invariance of the DWT leads to non-uniformity in the localisation of a particular detail
(e.g. a discontinuity) across the scales. So this motivates the question, are we ‘missing
information’ that might be captured by performing the DWT on shifted pairs, such as
(y1,92) and (y3,94)?

We now focus our attention on the work of [Nason and Silverman| (1995) who pro-
pose a modified DWT that no longer requires decimation and results in a ‘stationary’
wavelet transform that is not dependent on the origin, we refer to this procedure as the
non-decimated wavelet transform (NDWT) and recall the non-decimated wavelet family

introduced in equation ({8)).

In the manner of Nason and Silverman (1995), let us start by introducing some notation.
For a sequence x = {z;} (assuming boundary issues are treated), the action of the low-pass

filter on x is defined by
(Hx)k = Z hp—kTn, (20)

where H = {h, }nez. The action of the high-pass filter G can be defined similarly. In order
to ‘fill the gaps’, we define the following dyadic decimation operators that effectively allows
us to capture the information contained in the differences between all overlapping pairs, for
example (z;_1,x;) and (x;, z;+1). We define the even and odd dyadic decimation operators,

respectively Dy and D1, to be
(Dox); = 291, and  (D1x); = 29141.

Simply put, the role of these operators is to select every even/odd member of a sequence.

In fact, the DWT is an application of the even dyadic decimation operator, for instance,

formulas and can be expressed as
Cj—1 = D()HCJ', and dj,1 = Dong, (21)

where ¢; = {¢j i }rez and dj = {d; ; }rez. In other words, to obtain the next coarse scale
scaling coefficients, we filter each overlapping pair of elements in c; using equation and
then select only the evenly indexed elements of the transformed sequence to be contained
in cj_1, hence the dyadic decimation of the DWT. Replacing Dy with D; in equations ,
would correspond to selecting only the oddly indexed elements of the transformed sequence.
This is equivalent to performing the DWT on shifted pairs of the original input sequence
and accounts for the ‘missing’ information, as mentioned previously. So, by applying and
retaining both sets of even and odd indexed decimated transformed coefficients at each
scale, more information about the original signal could be obtained. This is the basic idea
of the NDWT.

The result is a redundant, non-decimated transform, such that at each scale both sets
of scaling and wavelet coefficients are the same length as the original sequence, say N = 2.

For instance, the application of DyGcy and D1Gcy results in two sets of wavelet coefficients
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at the finest scale, J — 1, each of length N/2. For the next coarse scale, J — 2, we apply both
DG and D1G to both of DyGey_1 and D1Gey_1. This results in four sets of coefficients
each of length N/4. Therefore, it can be seen that by repeating this procedure, at each
successive coarse scale {J —[,l =1, ..., J} there will contain 2! sets of coefficients each of
length 27! N, such that the total number of wavelet coefficients will equal 27/ N x 2! (= N)
at each scale. A similar approach is taken for the scaling coefficients using the low-pass
filter H. Computationally, this procedure works by ‘padding out’ the filters, H and G, with
zeroes at each scale. More specifically, if HU denotes the set of scale j filter coefficients,
the next coarse scale filter %V~ is obtained by inserting a zero between every adjacent

pair of filter coefficients of HU! (see Nason and Silverman| (1995) for further information).

An example of the NDWT, ‘Haar’ we go!

We return to our example of the DWT using the Haar wavelet basis, where the finest
scale scaling coefficients cg were approximated by the original data y = (yo,...,ynv—1) =
(5,3,1,9,2,2,8,4). The coefficients computed for the DWT using even dyadic decimation,
form the evenly indexed elements of the co for the NDWT. So,

ca = (4V2,¢2.1,5V2,c23,2V2, ca5,6V2, ca 7).

Then to fill in the gaps, the NDWT (assuming periodic bounding, i.e. yy = o), additionally
computes the coefficients for the overlapping pairs (y1,¥2), (y3,y4), (y5,ys) and (y7,y0). So,
recalling the Haar wavelet filters given by equations and using equation , the

oddly indexed coefficients of co can be found to be

co1 = (Heg)y = (\}i’ \2) a1, en) = 22
eai = (Hea)s = (. =) - (cnnead) =
cos = (Heg)s = (\}i’ \}5) (s eg) = 5v2
o = (Hea)r = (S5, =) (eameao) = .

where . refers to the vector dot product. This completes the set for the NDWT scaling
coefficients at scale 2. The whole set (even and odd indexed elements) of scale 2 wavelet
coefficients do can be constructed similarly, but replacing the low-pass filter with the
high-pass filter G = (1/v/2, —1/4/2). The next step is to retain the sets of even (subscripted
by 0) and odd (subscripted by 1) indexed coefficients of ca such that

c2,0 = DoHecs = (c20,¢22,¢24,¢26), and ca1 =DiHez = (c21,¢23,¢25,¢27).  (22)

Similar can be written for the wavelet coefficients. Then in the same manner as above, for
scale 1 we apply both DoH and DiH to c2 ¢ which results in the sets of coefficients c1 00
and c1,01, and to c2 ;1 which results in the sets of coefficients c1 10 and cy,11. Note, we
have added an additional 0 or 1 to the second subscript to denote the scale 1 even and
odd indexed coefficients of the sets c1 9 and cq. 1, respectively. Each of these sets are of

length 2. Note, if we maintain this even and odd dyadic decimation structure, such that
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we construct sets of coefficients at each coarse scale, we will construct a NDWT with a
packet-ordered transform. This ordering is not of relevance to this thesis, so for further

understanding the reader can see |[Nason (2008).

For time series applications, it is useful to have a time-ordered transform. We still
maintain the idea of performing the wavelet transform on the even and odd decimation sets
of coeflicients, e.g. equations , but instead of physically constructing the sets (or packets)
of scaling and wavelet coefficients, we instead ‘pad-out’ the filters with zeroes at each
coarser scale in the manner we have previously mentioned. Therefore, the scale 1 scaling
coefficients, ¢y, can be obtained from co = (4v/2,2v/2,5v/2,11/v/2,2v/2,5v/2,6v/2,9/v/2)
by

1 1

c10= (Hea)o = (E’ 0, \ﬁ) *(c2,0,¢2,1,C22) =9
1 1 15

ci11 = (Hea)1 = (E,O, E) *(c2,1,C22,C23) = >
1 1

C1,2 = (HC2)2 = (E’O’ ﬁ) . (62,2762,3762,4) =7
1 1 21

c13 = (Hea)s = (E’Q ﬁ) *(c2,3,C24,C25) = 5
1 1

c14 = (Hea)s = (ﬁ’o'\ﬁ> (c2,4,¢25,¢26) =8
1 1 19

15 = (Hea)s = (\ﬁ’o’ ﬁ) *(c2,5,C26,C27) = 5
1 1

c16 = (Hea)s = (ﬁvov E) * (c2,6,C2,7,C2,0) = 10
1 1 13

a7 = (Hea)r = (E,O, ﬁ) s e20,021) =
where we have inserted a zero between the adjacent elements of the wavelet filter. The
scale 1 wavelet coefficients d; can be obtained similarly, but with use of the high-pass filter
G = (1/v/2,0,—1/+/2). To obtain scale 0 coefficients, more zeroes would be inserted into
the filters between each two elements, such that the Haar wavelet filters would be given by
(+,0,0,0, ). Noticeably, unlike the DWT, the NDWT produces sequences of scaling and
wavelet coefficients of length equal to the original data. This is evident in Figure [6] which
displays the wavelet coefficients from performing the DWT and NDWT on the original
datay = (5,3,1,9,2,2,8,4) and on shifted data ys = (4,5,3,1,9,2,2,8). The application
of both transforms on the shifted data, demonstrates the translation invariance of the
NDWT and lack of translation invariance for the DWT. Specifically, it can be seen that
the wavelet coefficients for the NDW'T on the shifted data, correspond to a unit shift of
the NDWT wavelet coefficients for the original data but this is not the case for the DW'T.

The NDWT, as we will see later on, is useful for studying nonstationary time series that
exhibit local features. Additionally, an application of the NDWT that produces ‘packets’
of the wavelet coefficients was introduced by (Coifman and Donoho| (1695). Their proposed

translation-invariant denoising procedure was designed to remove noise from signals.
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Figure 6: Haar wavelet coefficients computed using DWT and NDWT on the original data
vy =(5,3,1,9,2,2,8,4) and on the shifted data ys = (4,5,3,1,9,2,2,8). Observe that the NDWT
coefficients for the shifted data are a unit shift of the NDWT coefficients for the original data, thus
demonstrating translation invariance. This is not the case for the DWT (top row).

1.2 Stationary time series analysis

Time series occur in a variety of diverse fields, such as economics (e.g. quarterly gross
domestic product (GDP) or monthly unemployment rates); finance (e.g. daily closing
prices of shares); meteorology (e.g. monthly rainfall measurements or temperature) and
circadian biology (e.g. measurements of circadian rhythms in plants). In this thesis, our
methodology will have a particular application to a problem arising in the neuroscience,
where the time series are observations of electrical activity recorded in regions of the brain
of a macaque monkey during an experiment. A time series given by {x;} can be thought
of as a realisation of a stochastic process, {X;}, observed sequentially through time. The
analysis of time series has been under investigation throughout the 1900s and has split off
into two main ways of approach, namely time domain and spectral domain analysis. We
will briefly review both approaches. As time series analysis is a very wide subject there
exist numerous reference books, a selection include Brockwell and Davis| (1991)), [Percival
and Walden| (2000), Brillinger| (2001), |Chatfield (2003) and |Shumway and Stoffer| (2017)).

A time series is said to be stationary if there is no systematic change in its statistical
properties over time. In other words, its mean and variance are assumed to be constant
over time. Some time series can be assumed to be stationary, however many time series
exhibit seasonal variation and (long term) trend. Thus generally, the first step of time
series analysis is to identify any components of variations and remove them (e.g. detrending

and deseasonalising) in order to achieve stationarity.

Definition 1.2.1. A time series {X;,t € Z} is said to be strictly stationary if the joint
distributions of {X;,,..., Xy, } and {Xy,,,..., Xy, } are the same for all k € Z" and for
all tq,...,ty, 7 € Z.
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Intuitively, this means that the statistical properties of the time series are unaffected
by a change of the time origin. In practice, stationarity is often defined in a less restrictive

way.

Definition 1.2.2. A time series {Xy,t € Z} is said to be weakly stationary or second-order
stationary if its mean is constant through time and its autocovariance depends only on

time-lags, such that
E[Xi]=p, and cov(X¢, Xepr) = (1), Vi,

Under weak stationarity, the restrictions are placed only on the first and second order

moments. The function ~(7) is referred to as the autocovariance function of {X;} at lag 7.

A simple example of a stationary process is the purely random process defined as

follows.

Definition 1.2.3. The process {Z;,t € Z} is said to be a purely random process (or
white noise) if the random variables, {Z;}, are uncorrelated with zero mean and variance
0%. Additionally, the random variables {Z;} are often assumed to be independently
and identically distributed. The process is stationary with constant mean and under
the assumption of independence, cov (Z;, Zi4,) = 0%50,7 where 0 is the Kronecker delta

(Chattield} 2003)).

1.2.1 Analysis in the time domain

Key to the analysis of time series in the time domain, are the autocorrelation coefficients
that describe the dependence structure between observations at different distances (lags)
apart. The autocorrelation function defined by

p(r) = M = corr(Xy, Xitr),

7(0)

measures the correlation between X; and Xy, .. After estimation, the (sample) autocorre-
lation coefficients and the (sample) partial autocorrelation coefficients (which measure the
amount of autocorrelation at each lag that is not accounted for by the autocorrelation at
previous lags), are an essential aid to determine the order of the stochastic process chosen
to model the time series.

A useful and most commonly chosen class of models for time series is formed by
combining two processes, an autoregressive (AR) model in which X; is regressed on past

observations of X; and a moving-average (MA) model that uses past errors.

Definition 1.2.4. (The ARMA(p, q) process.) The stationary process {X;} is said to be

an autoregressive moving-average process of order (p, q) if for every ¢

p q
Xpo=> ¢iXe i+ Zi+ Y 0,7, (23)
i=1 j=1

where {Z;} is a purely random process.
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The constants, {¢;} and {6;}, describe the internal process dependence of X;. We can
write equation in the form

(B)X; = O(B)Z, (24)
where ®(B), ©(B) are the polynomials
®B)=1-¢B—---—¢,BY, and O(B)=1+6,B+---+ 0,89, (25)

and B denotes the backward shift operator defined by B'X;, = X,_;. Thus, for an
ARMA (p, q) process to be stationary and invertible, the latter ensuring the process is

unique for a given autocorrelation, then it is necessary that the roots of polynomials
®(z) =0, and ©O(z) =0,

lie outside the unit circle, respectively for stationarity and invertibility (Shumway and
Stoffer, |2017)).

1.2.2 Analysis in the spectral domain

Recalling Section [1.1.1] we could consider decomposing a real-valued stationary process
{X}} into a linear combination of sine and cosine components with uncorrelated coefficients.
For instance, a discrete time series {X;} satisfying weak stationarity with mean zero, can

be expressed by the Cramér representation (see (Brillinger], 2001} §4.6))
™ .
X, = / A(w)etdZ (w), (26)
—m

where A(w) is the amplitude of the process {X;} and {Z(w)} is a random process
with orthonormal increments dZ(w) (i.e. dZ(w) = Z(w + dw) — Z(w), E(dZ(w)) = 0,
E(dZ(w),dZ(w')) = dwdy(w — '), where d is the Kronecker delta). Note, the amplitude is

also referred to as the transfer function, A(w) = Z;’i_ o

a(j)e~™J, where a(j) are unknown
function coefficients (Brillinger, 2001}, §4.6). In comparison with the representation in
equation for a deterministic series, the integral in equation is a stochastic integral.
In other words, for each frequency, w, each realisation of Z(w) is allowed to vary, thus,
for each realisation of X; there will be a corresponding realisation of Z(w). Note, the
amplitude, A(w), is deterministic.

In the time domain, we emphasised the use of the autocovariance (or autocorrelation)
as a means to study the dynamics of a process over time. Here, in the spectral domain, we
consider a function complementary to studying the autocovariance, the spectral density

function (or spectrum).

Definition 1.2.5. The spectral density function or spectrum, is given as

such that, f(w) quantifies the contribution to the process variance of X, contributed by

the components at frequency w. Note, in engineering terms this is equivalent to the ‘energy’
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spectral density (Semmlow, 2012} §4.2).

The autocovariance function of {X;} can be expressed by the Fourier representation

ex (1) = i f(w)ei‘”dw, (27)

—T
where f(w) is the spectrum. Thus, the spectrum and autocovariance are Fourier pairs.

Consider the ARMA (p, q) process in the form given by equation . The spectral
density of a stationary ARMA(p, q) process X; is given by (Brockwell and Davis, 1991)

2

fx(w) : (28)

_ﬁ @(e*iw)
27 [ D(emw)

where the polynomials in (25)) give, ®(e~) = Z§:0 $je~™7 and similarly for ©(e~*) of
order q. Note that the polynomials are of the same form as the transfer function A(w)
and the spectral density of an ARMA processes is often referred to as a rational spectral
density. Note that in the form of equation , fx(w) is a ‘power’ spectral density, where
0% is the ‘energy’ spectral density of Z(w) and the (27)~! factor is due to power being
measured in terms of ‘energy per unit time’ (Priestley, [1982).

The periodogram is a quantity commonly used as an estimator for the spectrum. It is
defined as the squared modulus of the discrete Fourier transform of the process {X;}, and

we introduce it below.

Definition 1.2.6. For a discrete time series {X;}/—o .. n—1, the periodogram is defined to
be
;12
I(wj) = |Dfjl

where w; = 27j/N and the discrete Fourier transform of {X,} is given by D fj =
o TN Xyem it (see Definition [1.1.3).

For each wj, the periodogram, in its ‘raw’ state defined above, is an asymptotically
unbiased estimate of the spectrum f(w), but despite this desirable property, the estimate is
poor as it is not consistent (i.e. var(l(w;)) # 0 as N — 00). Smoothing the periodogram
is the common way to achieve consistency and there are various approaches to smoothing,
a simple way being to locally average adjacent periodogram ordinates. For further details
on periodogram smoothing and Fourier-based spectral domain analysis, |[Priestley (1982)

and Brillinger (2001) offer a comprehensive review.

Wavelet-based spectral analysis

Our discussion so far has been focused on Fourier methods which are generally regarded
as canonical for spectral domain analysis of stationary time series. The Fourier spectrum
can prove to be more informative than a wavelet-based spectrum due to the latter having
lower frequency resolution (Nason, 2008|). However, wavelets do have a useful part to play
for analysing time series that contain information on a scale-by-scale basis (recall our earlier
review of wavelet theory in Section . We only briefly introduce wavelet scale analysis
here, as much of our interest is concerned with the analysis of nonstationary time series.

Nason and von Sachs| (1999)) and Nason| (2008) can be consulted for an introduction to this
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topic, the former giving a review of relevant applications such as spectral density estimation
using wavelet shrinkage denoising (Neumann) 1996)). For a comprehensive review, Percival
and Walden| (2000) give a detailed account of the field and |Chiann and Morettin| (1998)

introduce a wavelet periodogram for wavelet-based spectral analysis.

The wavelet variance, introduced by [Percival and Guttorp| (1994)), provides a means
to decompose the variance of a process across wavelet scales and hence it is a useful tool
to study an event with variations occurring over a range of scales (e.g. applications in
geophysics, see Kumar and Foufoula-Georgiou (1997)). The Allan variance (Allan, [1966),
a measure of frequency stability in clocks and oscillators, can be understood as a simple
example of the wavelet variance using Haar wavelets (see Nason and von Sachs| (1999))), and
other wavelets can be used for the general wavelet variance. The variance can be estimated
based on decimated (DWT) coefficients or non-decimated (NDWT) coefficients, with the
latter displaying more favourable results, which can be attributed to capturing additional

information from overlapping pairs of a sequence (recall our discussion in Section |1.1.5).

Replicate time series

Traditionally, time series analysis has mostly been concerned with developing method-
ologies to study the dynamics of one (long) process realisation. What is not well accounted
for in the literature, is the statistical modelling of a collection of (constant mean) time
series, {xy,t =1,...,T,r =1,..., R}, arising from the same stimulus presented within an
experimental setting. Among the first to consider modelling a replicate time series where
the inferential focus is on the stochastic variation across replicates was |[Diggle and Al
Wasel (1997). Motivated by an application to biomedical time series where the need was to
analyse a collection of blood samples taken from subjects (replicates), the authors proposed
a generalised linear mixed-effects model for periodograms to estimate the subject-specific

population spectra.

If Y} ;, denotes the periodogram for the rth subject at frequency j, then for the array

{Y;,r=1,...,R,j =1,...,m}, the general model is given as
Yij = fr(wj) Zr(w;)Usr;, (29)

where for known explanatory variables {d,;.} and unknown parameters {f},

p
fr(wj) = exp {Z drjkﬁk} 7
k=1

denotes the common population spectrum corresponding to the rth subject and w; = 275 /T
denotes the jth Fourier frequency. In equation , U,; are mutually independent, unit-
mean exponential variates, and Z,(w) are independent copies of a stochastic process
detailing the perturbation from the population spectrum of the rth subject. For further
details and an exploration of parameter estimation, see Diggle and Al Wasel| (1997).

Crucially note, stochastic variation was only assumed between subjects (or replicates).
However, within the context of this section, each individual replicate series, {x,}¢, is
assumed to be weakly stationary. In other words, the within-replicate statistical prop-

erties are assumed constant. A more general model that incorporates within-replicate
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nonstationarity as well as variation across replicates will be explored in the next section.

1.3 Nonstationary time series analysis

In practice, time series are often nonstationary. Many time series exhibit a long term trend
and seasonal effects that cause the properties of the time series to vary with time, albeit
slowly in most cases. For example, the gross domestic product (GDP) will display an
upwards or downwards trend reflecting the current performance of the economy; energy
consumption differs throughout the year with changing weather patterns. Later on,
our application to the macaque learning experiment will display nonstationarity as the
macaque’s behaviour, excitability towards reward and neuronal rhythms can contribute to

the process variation over each replicate as well as over the entire experiment.

Previously for stationary processes we mentioned transforming nonstationary data to
achieve stationarity, through for example differencing. The autoregressive integrated moving-
average (ARIMA) process embeds a differencing procedure. The ARIMA(p, d, q) models
is of the form given in equation but we replace X; with W, = VX, = (1 — B)4X,,
where B is the backwards shift operator and d is the number of differences of X;. Thus,
the process reduces to an ARMA(p, q) model for W;. A generalisation of ARIMA, the
seasonal (S)ARIMA model, includes further differencing in order to deal with seasonality
(see Box et al|(2008) for a comprehensive review). These models approach nonstationarity
by removing variation in order to apply stationary process theory. However, if the non-
stationary features are of interest or the nonstationarity is manifest in the second-order
moments, then it may be beneficial to model the time series in a manner that explicitly
takes into account these characteristics. As this thesis is concerned with spectral domain
analysis, we will now consider some approaches that generalise the spectral representation

to handle nonstationary behaviour.

Short-time Fourier transform

We have seen that Fourier representations are well established in the spectral analysis
of stationary processes where the statistical properties are invariant over time. The spectral
analysis of nonstationary processes require time localisation in order to capture time
varying features. A natural extension to Fourier analysis, which estimates the spectrum
locally over time, was introduced by Gabor| (1946)). The short-time Fourier transform, also

referred to as Gabor transform or windowed Fourier transform, is given by

o
STFT(t,w) = / x(1)g(T — t)e T dr,
—00
where g(7) is the time-localisation window function and g, X € L?(R). The premise behind
this transform is that the data within each window is assumed stationary. Thus, the
window function is shifted over the time points of the signal in order to localise the Fourier
transform. The contribution to the process variance of x(t) at a frequency w within the

neighbourhood of ¢ is given by the spectral density function,
f(t,w) =|STFT(t,w)|*
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One problem with this approach concerns the choice of window width of g(7), which
remains unchanged for all frequencies. There is a trade-off between time and frequency
resolution, such that better time resolution (and equivalently time localisation) comes at
a cost of worsened frequency resolution, and vice versa. So intuitively, we would like to
use a narrower window for finer time resolution at higher frequencies and a wider window
to capture more information at lower frequencies. For a further understanding of this
approach see (Chui (1997)) or Debnath (2002]).

FEvolutionary spectra

Priestley| (1965)) introduced the theory of evolutionary spectra, such that the Fourier
spectrum describes the contribution to the process variance locally in the neighbourhood
of the time instant ¢, whereas the spectrum for stationary processes (recall Section
described the process variation distributed over frequency over all time. Recalling the
Cramér representation in equation , the amplitude function, A(w) can be replaced
with a time-varying version given by A;(w) (= A(t,w)). Consequently, a process {X;}
is said to be an oscillatory process if it has representation in the form of equation
and {A;(w)e™?} are a family of oscillatory functions. The amplitude function, A;(w) (as a
function of t) is constructed to ‘vary smoothly’, such that the absolute maximum of its
Fourier transform is obtained at the zero frequency (i.e. A; changes slowly as a function of
time). Thus, instead of describing a function over all frequencies, in ‘oscillatory’ form a
process, {X;}, could be described by a sine wave with ‘natural’ frequency wg, modulated
by the smoothly varying amplitude function A;(wp). The natural frequency, wy, is the
frequency at which a signal will tend to oscillate without any manipulation, or in other

words, the Fourier transform of a process will be concentrated around (+)wy.

1.3.1 Locally stationary processes (LSP)

The idea of having approximately stationary local processes stems from the evolutionary
spectrum theory of Priestley| (1965)) and has led to a class of stochastic processes called
locally stationary processes. [Dahlhaus (1997) notes that due to the unpredictable nature
of nonstationary processes, future observations may not give any information on the
behaviour of the process at present, thus it is difficult to make considerations on the
process asymptotics in the ordinary sense. To overcome this, the author introduced the
concept of modelling in rescaled time, w =t/T € (0,1), and thus developed a framework
for asymptotic considerations within the locally stationary setting, such that the efficiency
of local estimators could be evaluated. This infill asymptotic approach is most suitable for
processes with slowly varying statistical characteristics but at each time point appear close
to stationary. Such processes are said to be locally stationary.

Time domain methods from the stationary setting can be extended to the locally
stationary case for time-varying processes through inference on segments. For instance, the
coefficients of a time-varying autoregressive (tvAR) process can be estimated locally through
classical Yule-Walker estimation on segments that are close to stationary (see Dahlhaus
(1997))). The autoregressive conditional heteroscedasticity (ARCH) model, introduced by
Engle| (1982)) to explicitly model a stochastic conditional variance, has been generalised

to include time-varying parameters by |Dahlhaus and Subba Rao| (2006). The authors
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introduce the tvARCH process which can be locally approximated by stationary ARCH
processes. Kernel-based estimation of a time-varying regression function has been proposed
by [Vogt| (2012)) for nonparametric models. Here, the regressors are locally stationary and
the regression function changes smoothly over time. The problem of prediction in locally
stationary time series has been investigated by Dette and Wu| (2020)).

Within the spectral domain, frameworks have been developed for both locally stationary
Fourier (LSF; (Dahlhaus, 1997)) and wavelet (LSW; |[Nason et al.| (2000))) processes to
provide time-frequency and time-scale representations. We will consider these approaches in
more detail below. For a comprehensive review of inference on locally stationary processes
in both the time and spectral domain, see Dahlhaus| (2012]).

The locally stationary Fourier framework embeds the concept of rescaled time, u =
t/T € (0,1), which would then allow the time-varying amplitude transfer function A;(w) to
be replaced by an asymptotic version, A(u,w). Constructing the amplitudes as functions
of rescaled time means that as more observations on a time series are obtained, there is
a greater availability of information to describes the local structure of A(u,w), which in
turn allows the asymptotic estimation. The behaviour of a process is ensured to be locally

stationary through the smoothness of A(u,w).

Definition 1.3.1. A stochastic process, {X;}, modelled as a triangular stochastic array
{Xt1}e=0,....7—1, belongs to the class of locally stationary Fourier (LSF) processes, if there

exists a representation

Xer = AgT(w)emdﬁ(w),

—Tr

and there exists a constant K, such that

t K
sup |Ag,T(W) - A(f»“ﬂ < T VT, (30)

)

where {{(w)} is a random stochastic process with properties given in Dahlhaus| (1997).

Then from equation , it can be seen how for LSF processes, the asymptotic transfer
function A(u,w) controls the slow evolution of the time dependant amplitudes A?’T.
Naturally, there exists an associated evolutionary (or time-varying) spectrum for LSF

processes, given by
f(u,w) = ‘A(U,W)P,

defined in terms of rescaled time u = t/T.

As a parallel to Dahlhaus (1997), Ombao et al. (2002) utilise the SLEX (smoothed
localised complex exponentials) library of waveforms, which give localisation in both time
and frequency, to provide a time-dependent ‘Cramér-like’ representation for nonstationary
processes. The SLEX functions used can be thought of as localised versions of the Fourier
exponential functions. |Ombao et al. (2005) have extended this work to the multivariate
setting.

Similar representations have been developed using wavelets. Approaches that use
wavelet thresholding for smoothing the spectra of locally stationary time series have been
considered by [von Sachs and Schneider| (1996) and Neumann and von Sachs| (1997)).
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LSF processes for replicate time series

The extension of time-varying Fourier methods has been considered for the scenario of
replicate time series where there is potential for evolutionary (replicate-varying) dynamics
across the replicates. |Qin et al.| (2009) introduce a covariate-indexed locally stationary
time series, a slightly modified version of LSF processes that indexes a representation for
each replicate. Through the locally stationary processes framework, the authors developed
a time-frequency functional model, where the time-varying log-spectra determines the
evolution of the stochastic variation. The authors note that their methodology extends the
theory of functional data analysis (FDA) to the locally stationary time series setting. A

review of FDA is soon to follow.

More recently, |Fiecas and Ombao (2016)) propose a new time series model which they
name the slowly evolving locally stationary process (SEv-LSP). The model adopts the use
of the Fourier sine and cosine functions whilst allowing for a time varying spectral density
matrix within and across replicates. Note, the authors refer to trials as replicates over an
experiment. We again encounter the concept of rescaled time, u = ¢t/T € (0, 1), within
replicates and similarly they define rescaled replicate-time, v = r/R € (0,1), across all
replicates. Their work is developed in the multivariate setting under the assumption that

replicates are uncorrelated.

Definition 1.3.2. For replicates r = 1, ..., R and within-replicate time t = 1, ..., T, a locally
stationary P-variate time series, X, follows a SEv-LSP if it admits the representation
0.5 T .
Xt,r = o5 A(T, E7W)€Z e dZT(LL)),
where A(u,v,w) denotes the P x P complex-valued transfer function matrix and {dZ,(w)}
is a P-variate orthogonal increment process with properties given in [Fiecas and Ombao
(2016).

To capture the evolutionary nature of the process, A(u,v,w) is allowed to vary slowly
over time within a replicate and furthermore over all replicates. The ‘smoothly’ changing
dynamics of A over replicates means that the stochastic properties across neighbouring
replicates appear similar but different for replicates further apart. The authors additionally
introduce the P x P evolving evolutionary spectral density matriz, which at frequency
w € (—0.5,0.5), it is defined as

f(u,v,w) = A(u,v,w)A(u,v,w)*, Yu,v € (0,1),

where (*) denotes the conjugate transpose. The spectral density matrix naturally inherits
the smooth evolutionary properties of A, such that the characteristics of the underlying
SEv-LSP may appear similar for neighbouring replicates but replicates much further apart
may appear as completely different processes. As we are in a multivariate setting, a further
quantity of interest that measures the linear dependence between a two sets of replicate time

series is the cross-channel coherence. In the context of SEv-LSPs, the evolving evolutionary
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coherence between dimensions p and ¢ is given by

f(u7 v, w)pq

\/f(uv v, w)PPf(uv v, w>qq 7

p;%q(uv v,w) =

where f(u,v,w)yq is the (p, q)th element of f(u,v,w).
The above work of Fiecas and Ombao| (2016) on SEv-LSPs, provides motivation for the

methodology developed in this thesis, as we will bypass the limiting assumption of replicate
uncorrelation while additionally providing a multiscale analysis. Note, the authors refer
to trials as replicates, a term we will also interchangeably borrow in our nomenclature,
while emphasizing that individual replicates (trials) are not to be understood as identical
realisations from the same process, i.e. the realisations from the same stimulus can still

vary from one trial to another.

1.3.2 Locally stationary wavelet (LSW) model

As previously mentioned, framework for the modelling of locally stationary stochastic
processes has been developed in the wavelet domain. [Nason et al. (2000) introduced
the class of locally stationary wavelet (LSW) processes, whose framework underpins the

methodology developed within this thesis.

The LSW model provides a time-scale representation of nonstationary time series
with time-varying second order structure, where the building blocks are the discrete
non-decimated wavelets, which replace the Fourier exponentials {exp(iwt),w € (—m,7)}.
As described in Nason et al. (2000), a set of compactly supported discrete wavelets
¥j = {0, ., VjN;~1}jez+ of length N; can be constructed for consecutively finer scales j

using the following formulae:
Vin = Zgn,gkéo,k =gn, for n=0,...,N; —1,
k
¢j+1,n == Z hn—2k¢j,ka for n= 0, ceey Nj+1 -1
k
Nj = (27 = 1)(Ny, — 1) +1,

where {hy} and {gi} are the low- and high-pass quadrature mirror filters as defined in
Section o, is the Kronecker delta and N}, is the number of non-zero elements of

{hi}
To obtain the set of non-decimated discrete wavelets, {1; 1(t)}i=o,....7—1, we can shift

1; to all integer locations k

Vi k(t) = V) k-t

where 1); 1 is the kth element of the vector 1p;. Although this results in an overcomplete

collection of shifted vectors, the NDWT is ensured to be translation invariant.

Definition 1.3.3. For T' = 2J(T), a sequence of stochastic processes {Xy7}i—o,. 7-1 15 a
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locally stationary wavelet (LSW) process if it admits the representation

o0

Xer = > winatikt)n (31)

j=1kez

where for scale j and location k, w; . is the amplitude corresponding to the discrete
non-decimated wavelet 1} 1 (t) and {{;;} are a set of orthonormal identically distributed

random variables.

The representation of {Xr} can be thought of as the multiscale equivalent of the
previous Fourier-based representations we have seen, such that the process is built through
a linear combinations of oscillatory wavelet functions {1} with random amplitudes

{wj k&t The quantities in representation have the following properties:
1. For all j and k, E[¢; 1] =0 (= E[X:7] =0).

2. Bl k& w] = 050k 1 (= cov(& i, &rp))-

3. For each scale j > 1, there exists a Lipschitz continuous function in rescaled time
(z =k/T) denoted by W;(z) with the following properties

@) .
Z |W;(2)|* < oo uniformly in z € (0,1).
j=1

(b) The Lipschitz constants L; are bounded in j and

o0

Z2ij < 0.

j=1

(c) There exist a sequence of constants C; such that, for each 7" the amplitudes are

forced to vary slowly across time, in the sense that

k C; .
Wi kT — W (T)' < ?]7 V7,

where {C;} fulfills }322, C; < cc.

sup
k=0:T—-1

Modelling under the concept of local stationarity means that the variation of the
amplitudes {w; k.7 }r, happens slowly over time and this is controlled by a smoothly varying
continuous Lipschitz function W;(k/T') (property 3), that can be thought of as a scale (j)
and time (k) dependent transfer function (Fryzlewicz and Nason, [2006). Nason et al.[ (2000)
propose the evolutionary wavelet spectrum (EWS) as a means to quantify the contribution

to the overall process variance at a scale j and rescaled time z = k/T, formally defined as:
Sj(z) = W;(2)%,

for all j =1,...,J. (Note that the spectra are non-negative).
For stationary processes, the autocovariance and spectrum are Fourier pairs (equa-

tion (27)). A similar link can be made here for a process { X7 }i—o,... 7—1 with the above

29



defined EWS and autocovariance cr(z, T) = cov(X 7.7, X |.1|4x7), Where [z] denotes the
largest integer less than or equal to x. |[Nason et al. (2000) show that cp tends asymptotically

to a local autocovariance, defined as

where T is an integer lag, z € (0,1) and

=3 (0)(7).

keZ

is the scale j autocorrelation wavelet for all j =1,..., J.

The raw wavelet periodogram is used for estimation of the EWS, {S;(2)};, and is defined

as
Likr = |dj x| (32)

where

djkr = Z X5 k(t)

are the empirical wavelet coefficients at scale j and time k associated to a discrete non-

decimated family of wavelets.

The estimator I .7, is shown to be biased for the spectrum (Nason et al., 2000,

Proposition 4)

Bl |r)r] = ZANSZ O(T™Y), Vze (0,1).

The asymptotic bias arises as a result of the aforementioned overcompleteness of the
set of non-decimated wavelets {1; ()} (Van Bellegem and von Sachs, 2008). Correction
for bias can be attained, and we first need to define A;; to be the inner product for the j

and [ autocorrelation wavelets given by
Ajy = (U, 0)) Z W (

which then form the elements of the J x J autocorrelation wavelet inner product matrix
defined as Ay = (4;);.-
By introducing vector notation such that, I(z) = (I}, .7|;7)j=1,...,s and S(2) = (S;(2));=1,....J,
a vector of corrected wavelet periodograms gives an asymptotically unbiased estimator of
S;j(z) in the form of
L(z) = A;'1(2), Vz € (0,1), (33)

where L(2) = (Lj .7|1)j=1,..J-

Furthermore, Proposition 4 of [Nason et al|(2000) shows that the wavelet periodogram
estimator, I; .7, is inconsistent due to having asymptotically non-vanishing variance. Thus,
to obtain consistency, the raw periodogram is first smoothed before applying the above
correction procedure. Various approaches to smoothing exist and a detailed account is

given by Nason (2008) with particular attention to wavelet shrinkage techniques originally

30



introduced by the seminal works of Donoho and Johnstone, (1994)); Donoho et al. (1995).
Further considerations that naturally follow on from the LSW framework include: [Fryq
zlewicz and Nason| (2006) who propose a variance stabilisation approach based on the
Haar-Fisz transform, and [Van Bellegem and von Sachs| (2008)) who, through introducing
a pointwise adaptive estimator of the evolutionary spectrum, extend the class of LSW

processes to contain processes that may exhibit sudden changes in their dynamics.

A short LSW example

In practice we will start with a real time series but for now let us specify a time series
that exhibits some time-varying characteristics of interest. This example is akin to Chapter
5 of Nason| (2008). For a chosen T = 27 = 1024, we specify the ‘true’ EWS to be

1, forsz,zG(%,%),
Sj(z) = { cos?(4rz), for j =4,€ (0,1), (34)
0, otherwise.

In resolution level j = 4 we place a squared cosine behaviour and a ‘burst’ of value 1
appears in the finest level j = 9. Figure [7] provides plots for this example. A visualisation
of the true spectrum can be seen in the top left plot. Additionally, the top right plot
presents a simulated realisation of a process displaying the characteristics defined by the
EWS. In practice we do not know the true spectrum and we will try to estimate it using
the NDWT under the LSW framework. We attempt to estimate the spectrum via the
raw (uncorrected) periodogram defined in equation and also through the corrected
periodogram defined in equation . We repeat the processes of simulating a realisation
and estimating the spectrum 100 times in order to obtain ‘on average’ estimates of the
wavelet periodograms. Thus, the bottom left and right plots of Figure [7] show the mean of
100 raw and corrected periodogram estimates of the true spectrum, respectively. Clearly
the estimates from the corrected periodogram are much better. Bias correction has the
effect of scaling up finer scale coefficients, hence the burst in the finest level is much more
apparent. Additionally, bias correction ‘smooths out’ spectral leakage into neighbouring
levels, for instance, see how the corrected spectral estimates in level 3 are closer to the

truth than the raw estimates.

Extensions of the LSW framework to the multivariate setting appear in the work
of Sanderson et al.|(2010) and |Park et al.|(2014), where a coherence structure between

channels is embedded in the model.

A note on tests of stationarity

In practice, the above short LSW analysis could have begun with a test of stationarity.
Carrying out such a test could inform us as to whether a model allowing for nonstationary
behaviour is necessary. Additionally, if a process does exhibit second-order nonstationarity, a
test could give some indication of where significant nonstationarities are located. Specifically,
consider the Haar wavelet test of stationarity (HWTOS) developed by |[Nason! (2013). If we
implement the HWTOS test on the realisation given in the top right plot of Figure [7] we

are informed that the realisation provides enough evidence to reject the null hypothesis
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Figure 7: LSW example plots. Top left: true spectrum defined in equation Top right: realisation
simulated from the true spectrum; Bottom left: raw periodogram estimates on average over 100
realisations from the true spectrum; Bottom right: corrected periodogram estimates on average
over 100 realisation from the true spectrum. Plotted using Wavethresh (Nason, [2008).

of stationarity. The HWTOS test also indicates where the nonstationarities are located
in the series and this information is summarised nicely in Figure [8 The double headed
arrows indicate the time locations for which nonstationarities were detected. As the test is
based on wavelet transforms, the nonstationarities are also localised across scales j, given
by the right-hand axis. The test detects 12 departures from stationarity. The time and
scale locations of the nonstationarities appear to coincide with the true spectrum defined
in equation that characterises the realisation we have performed the HWTOS test on.

In Chapter [5| we propose two tests to assess whether a significant replicate-effect is
manifest across a replicate time series. An in-depth review of the relevant literature on

tests of stationarity will be given there.

1.4 Functional regression

Modelling replicate time series data is often framed as a functional regression problem
(see e.g. Morris| (2015) for a review). In contrast to the approach within this thesis that
proposes to model the meta-process itself, functional regression approaches often deal with
the replicate data by projecting it into the Fourier or wavelet domain, where the spectral
representations become subject to modelling (Martinez et al., 2013) and thus potentially

embedding within- and between-trial variability. A similar ethos is adopted by [Gott ef
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Figure 8: Test of stationarity plot of a realisation simulated from the true spectrum defined by
equation . The location for which a nonstationarity was detected is indicated by a double
headed arrow. The right-hand side axis indicates the scale j of the wavelet periodogram where the
nonstationarity was detected. Plotted using locits (Nason, |2013).

al.| (2015]), where the authors formulate a random effects model for the wavelet spectrum.
A possible avenue for future research might be to indeed fuse the two lines of modelling
in order to augment estimation. For now we give a brief review of the framework for the

functional regression approach.

Functional regression is a branch of functional data analysis (FDA) which concerns
analysing discrete data expressed in the form a function. In general, FDA involves a large
number of ‘replicates’ of the data, such that the analysis is then formed on a sample of
functions taken from the population of a subject. Thus, in part, longitudinal data studies
which collect data through repeated measurements per subject over an extended period of
time, have largely motivated the creation of this field. The aim of these studies is often to
understand change over time or time-dynamics such as growth. See Diggle et al.| (2002)
for a comprehensive review on longitudinal data analysis. From a functional perspective,
principal components and regression methods (for example Fan and Zhang (2000); |[Yao
et al. (2005alb); |Greven et al.| (2010)) are key tools for FDA on longitudinal data and an
excellent review is given by Miller| (2005). For functional regression, most developments in
the field stem from the general framework presented in the seminal textbook of Ramsay and
Silverman| (2005)) which should be initially consulted for a further understanding on FDA.
The review of Morris| (2015 gives a comprehensive account of functional regression alongside
numerous references to historical and current developments in the area. There exist three
methods of functional regression analysis: scalar-on-function regression, function-on-scalar
regression and function-on-function regression. We will limit this brief review to the case
of function-on-scalar regression, which involves the regression of a functional response on a
set of scalar independent variables. This approach is quite common and also forms the

basis framework for models concerned with spectral domain analysis.
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In order to provide a functional representation of the discrete data we use a linear
combination of basis functions, and it should come as no surprise that Fourier series and
wavelets are candidates for that role, with splines and principal components being further
options. The key philosophy is to think of each sampled function as a single self-contained
object that gives rise to the observed discrete data. Morris| (2015) highlights that two key
factors are at working during functional regression, replication and regularisation. Replica-
tion is the concept of combining information across replicate sampled functions in order to
investigate a relationship structure between them and improve inference on their parent
populations. Within each function, regularisation (smoothing) exploits the assumption of
global smoothness of the functions and ‘borrows strength’ across neighbouring observations,
which in turn leads to improved efficiency and better estimation. Regularisation is typically
determined through the choice of basis functions (e.g. for wavelets see: wavelet shrinkage
introduced by Donoho and Johnstone| (1994); Donoho et al.| (1995), and Nason, (2008)) for

a review of further approaches).

Definition 1.4.1. For replicates ¢ = 1,..., N, a sample of functional responses Y;(t;) with
p scalar independent variables X;,, can be expressed as a functional response regression

model given by
P

Yi(t;) = ZXZ- B,(tj) + Ei(t;),

a=1
where t;,7 = 1,...,T; denotes the continuum in time over which the functional data are
recorded (Morris, 2015).

In the above model, X = {X;4,i = 1,...N;a = 1,...,p} is the N x p design matrix
associated with the set of functional fixed effects B(t;) = {B,(tj),a = 1,...,p}. The set
E(t;) = {E;,i = 1,...,N} are the residual error functions whose covariance structure
describes the within-function covariance. The above model, which assumes an independent
sample of functions, can be extended to allow for correlations between functions through

including random effect terms.

Definition 1.4.2. For replicates ¢ = 1,..., N, a sample of functional responses Y;(t;),j =
1,...,T; with (p + ¢) scalar independent variables X;, and Z;, can be expressed as a

functional mized effects model (FMM) given by

p q
Yi(t;) = ZXmBa(tj) + Z ZinUp(t;) + Eit)),
a=1 b=1
where Z = {Zy,,i =1,..N;b=1,...,q} is the N X ¢q design matrix associated with the set
of functional random effects U(t;) = {Us(¢;),b=1,...,q}.

The above FFM model was introduced by Morris and Carroll (2006)) and as a result
of their modelling assumptions, namely that U(t;) and E(t;) are multivariate Gaussian
processes, the model allows for correlation between random effect functions through the
construction of their design matrices. Additionally, the model can be further generalised by
partitioning the random effects to allow for multiple levels of random effect functions. Note,

as reflected in our above models, most sample functions are defined on a 1D Euclidean
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domain but functions defined on higher domains are possible, for instance (Martinez et al.l
2013) model spectrograms as a 2D image defined for frequency and time.

Methods of functional response regression have been used for point estimation, con-
structing confidences intervals and various approaches to hypothesis testing, with much
attention on growth curve analysis (i.e. estimation of the mean of sample functions). In
Chapter b, two hypothesis tests that assess the constancy of the spectrum are proposed.
Within the spectral domain, various tests to compare the differences in mean curves have
been constructed underpinned by the functional regression framework (see Chapter [5| for a

brief overview of some of the developments in this area).
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2 Methodology under the assumption of uncorrelated repli-

cates

The original LSW formulation (Nason et al., [2000)) discussed in Chapter [1] (Section
is for a single-replicate. Thus, it cannot capture the dynamics of time series data recorded
for several replicates (e.g. trials within an experiment), nor can it account for the potential
dependence across replicates. Our setting here presents additional challenges, notably
the fact that these signals behave in a way that is nonstationary at multiple scales, (i)
within the signal in each replicate, and (ii) across replicates over the course of the entire
experiment.

The chapter proceeds as follows. Section (i) introduces our proposed meta-process
model under the assumption of uncorrelated replicates while accounting for intra- and cross-
replicate nonstationarity, and (ii) develops its associated estimation theory. Section
details simulation studies that showcase the behaviour of the proposed methodology
and demonstrates the advantage of our proposed work, both for across time and within-
replicate behaviour characterisation. We conclude the chapter in Section [2.3] The potential
dependence across replicates will be tackled in Chapter

2.1 The proposed replicate-evolving nonstationary model
2.1.1 Replicate-Evolving Locally Stationary Wavelet (REv-LSW) process

Definition 2.1.1. We define a sequence of stochastic processes {X:g}, with time ¢t =
0,...,7 —1 where T = 2/T) and replicate = 0,...,R — 1 where R = 2/ to be a
replicate-evolving locally stationary wavelet (REv-LSW) process if it admits the following
representation

Xiir —ZZW]kT%k (35)

j=1keZ

For each replicate (or replicate) r and within-replicate time k, W;jzi o are the amplitudes
associated to the discrete non-decimated wavelets 1);(t) at scale j > 1. Assume that
within each replicate r, the innovations {5; i}k are a set of orthonormal random variables.
Letting v = r/R denote rescaled replicate and z = k/T" denote rescaled within-replicate

time, the quantities in possess the following properties:
1. For all j, k and r, E[¢},] = 0 (= E[X;}] = 0).

2. E| ]”kf;:k,] = 04Ok k' Or (= cov (&}, E;,,k,)) This amounts to assuming uncorrelated

replicates.

3. For each scale j > 1, there exists a Lipschitz continuous function in both rescaled
time (z) and rescaled replicate (), denoted by W (z,v) with the following properties
(a)
i~ 2
Z ‘Wj(z, u)‘ < oo uniformly in z € (0,1),v € (0,1). (36)
j=1
(b) Let L% denote the bounded Lipschitz constant corresponding to the time di-

mension at a particular rescaled replicate v and scale j. Similarly, denote by
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N7 the bounded Lipschitz constant corresponding to the replicate dimension
at a particular rescaled time z and scale j. Denote L;j = sup,¢(o,) Ly and
Nj = sup.¢(o,1) NS, and assume they are uniformly bounded in j. Further
assume that - -
Z2jLJ~ < 00 and Z2ij < 0. (37)
j=1 Jj=1
There exist sequences of bounded replicate-specific constants {C}-’}T and time-
specific constants {Df} &, such that for each T" and R respectively, the amplitudes
are forced to vary slowly across time within a replicate and across replicates, in
the sense that

. — [k r cr
R J .
W = = )| < =L
b0 | AT T (T’ R)‘ =7 P %)
. — [k r Dk
R 7 .
W = — )| < =L )
r:SOL:lII%)fl WJ’k;T ! <T7 .R)‘ - R ’ vj?k (39)

Denote C; = sup, C} and D; = sup, D}“ and assume the sequences {C}}, {D;}
fulfill 3772, 29C; < oo and P 29D, < oo.

Remark 2.1.2 (rescaled time and replicate evolution). Within each scale j, the

transfer function Wj(z, v) controls the evolution of the amplitudes, forcing them to vary

slowly over both rescaled time (z) and replicate () dimensions. The evolution of the

amplitudes over time within each replicate (replicate) happens in a smooth manner. The

evolution across replicates is such that while the spectral properties of different replicates

may also be different, however it is reasonable to assume that the spectral properties of

neighbouring replicates are similar. Nevertheless, further apart replicates may display

different traits. Such a meta-process evolution is presented in Figure [9
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Figure 9: Realisation of a REv-LSW process demonstrating evolution across both time and
replicate dimensions. (Vertical lines denote breaks between replicates. Concatenation is only used
for meta-process visualisation.)
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2.1.2 Replicate evolutionary wavelet spectrum

As is common in spectral domain analysis (both Fourier and wavelet-based), we do not
work directly with the time- and replicate-specific multiscale transfer functions {W]( o) s
but instead we define a scale-dependent measure for the time and replicate contribution to
the overall process variance.

As noted, the current LSW model quantities are not capable of capturing the multiscale
evolution of brain signals along replicates. Next, we develop a novel evolutionary wavelet

spectrum capable to extract nonstationarity within-replicates.

Definition 2.1.3. For a REv-LSW process {X:’i,}?} as in Definition the within-
replicate evolutionary wavelet spectrum at scale j, rescaled replicate v, rescaled within-

replicate time z is given by

5(z0) = [Wiz0)| = Jim. (\w}ﬁ%}@f}- (40)
R—o0

From equations and we directly obtain that for each T and R we have

sup sup

&
r=0:R—1 k=0:T—1 T R

. ~ [k
St =W (30| FoeT o,

hence the right-hand equality in equation .
Remark 2.1.4 ( REv-LSW versus LSW processes). An innovation of the proposed

REv-LSW model is to impose within each scale not only a smooth spectral behaviour
across each (replicate) time series, but also to constrain the ‘meta’-spectral evolution across
replicates to happen in a smooth manner, as detailed by the conditions in Definition [2.1.1
Note that a replicate-evolving locally stationary wavelet (REv-LSW) process is thus not
to be understood only as a collection of locally stationary wavelet (LSW) processes that
happen to be observed across several replicates, as this would limit its capacity to represent

multiscale behaviour across replicates.

Remark 2.1.5 (bounded variation jumps). Our theoretical development could of
course be extended to encompass bounded variation jumps, but this is outside the scope of
this work. Nevertheless, we show through simulation that such behaviour is well handled

by the proposed methodology.

For completeness and in order to aid our theoretical developments (and proofs), below
we also introduce the local autocovariance function associated to a REv-LSW process, but
note that we will not extensively pursue this quantity as our focus is on analysis within

the spectral domain.

Definition 2.1.6. For a REv-LSW process {X:;?} as in Definition the within-
replicate local covariance at some rescaled time z € (0, 1) within rescaled replicate v € (0, 1),

at time-lag T € Z is given by

o0

c(z,vi1) =) 8;(z,)¥;(0),
j=1

where W;(T) = >, 7 ¥;k(0); 1 (T) denotes the scale j autocorrelation wavelet.
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Note that |c(z,v;T)| < oo follows directly from the coherence range between —1 and 1,
and from the uniform bounds in lag (T) and rescaled replicates (v) for both the limiting
amplitudes and the autocorrelation wavelets (see equation (36)).

The local covariance defined above can be shown to be an approximation of the process

covariance corresponding to particular rescaled replicate(s), as follows.

Proposition 2.1.7. For a REv-LSW process {X:,jljt} with properties as in Definition

vR|;T vR|;T — —
‘COV(XETJJ;T,XLLzTJJJrT;T) —¢(z, V;T)‘ =0T H+0O(R™),

uniformly in T at (rescaled) time z and replicates v.

Proof. The proof appears in Appendix and uses the approximation properties in
Definition of the REv-LSW process. O

2.1.3 Estimation theory

We start our proposed estimation procedure for the spectral quantities, by first computing
the raw wavelet periodogram and exploring its asymptotic properties as an estimator for the
true, unknown spectrum. We note here that a well-behaved spectral estimator can then be
used to construct an estimator for the meta-process within-replicate local autocovariance,
by directly replacing the unknown spectrum in Definition However, the development
and investigation of the local covariance, potentially along with the partial covariance and
their estimators for REv-LSW processes are beyond the current interest of this work and
are left as further research (see Killick et al.|(2020) for the local partial autocorrelation

function in LSW processes).

Definition 2.1.8. For a scale j and time k, we define the within-replicate raw wavelet

periodogramof a REv-LSW process to be

IT;R

gk T —

;R 2
7,kT

where d;;,fT = th:_Ol Xtr,;j{%wj,k(t) are the process empirical wavelet coefficients constructed

using a family of discrete non-decimated wavelets, {1; 1 (t)}; -

We note that unlike the Fourier periodogram, the wavelet-based raw periodogram is
typically not an unbiased estimator of the wavelet spectrum, and this will also turn out to
be the case here.

For reasons that will become obvious next, we also define a transformed spectral
quantity 3;(z,v) = 32, Aj1Si(z,v), where Aj; = (U;,¥;) = 3, U;(1)¥;(T) is the
inner product matrix of the autocorrelation wavelets. The invertibility of the matrix A and
boundedness of its inverse norm (Nason et al., [2000) ensure that finding a well-behaved
estimator of the meta-process wavelet spectrum S is equivalent to finding a well-behaved
estimator for the spectral quantity 5. Hence we next focus on estimating 8 and note that

the theoretical results below are derived under the Gaussianity assumption.

Remark 2.1.9 (normality assumption). Constrained by theoretical arguments, the

results below hold under the assumption that the innovations follow a Gaussian distribution,
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a commonplace assumption in time series analysis in general and in LSW modelling in
particular, e.g. |Oh et al.| (2003); Van Bellegem and von Sachs| (2008]). Nason| (2013]) illustrate
the non-limiting character of this assumption for practical applications, which indeed holds
for data arising from other fields, e.g. for experimental circadian data (Hargreaves et al.,
2019).

However, an empirical investigation (see Remark into the quality of our estimation
in the presence of heavy-tailed innovations, namely Student distributed with 5, 7 and 10

degrees of freedom, demonstrates robustness against departures from normality.

Proposition 2.1.10. For a REv-LSW process {Xtr:ﬁ} as in Definition the replicate
raw wavelet periodogram has the following asymptotic properties for any fixed scale j and

rescaled time z, within rescaled replicates v:

FExpectation
E |15 = 8iv + 0T + 0BT, (42)
Variance
var (1}”@@) — 282(z,0) + 05T ) + O(2R™).
Proof. The proof appears in Appendix O

From Proposition [2.1.10, we see that the raw periodogram is asymptotically unbiased
for 8, but inconsistent due its asymptotically non-vanishing variance. Thus we next propose
to smooth the raw periodogram in order to obtain consistency, and then we will correct for

bias to obtain an asymptotically unbiased estimator for S.

Definition 2.1.11. We define a replicate-smoothed estimator for the rephrased spectral

quantity 3;(%, %) to be
It =@M +1)” Z s, (43)

where (2M + 1) is the length of the smoothing window and M is an integer such that as
T, R — oo, we have that M — oo and M/R — 0.

Remark 2.1.12 (smoothing across replicates). Unlike for the usual locally stationary
processes where the periodogram is smoothed over time (and over frequency for the
classical Fourier-based models) in order to achieve consistency, here we propose a smoothing
procedure that operates over replicates by locally averaging the spectral estimates across
a window of neighbouring replicates. This approach is indeed theoretically justified by
the assumption of spectral smoothness across the replicate-dimension. In practice, these
assumptions will have to be verified in order to determine some empirically guided choice
of M, as seen in the simulation study (Section [2.2)).

Proposition 2.1.13. Under the properties of Definition the replicate-smoothed
wavelet periodogram in equation has the following asymptotic properties for any fired
scale j and rescaled time z within rescaled replicates v:

Ezxpectation

E [IJLTR%JRT} = Bj(z,v) + OMMR™) + 02T,
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Variance

var (I]L”Lf%f ) — OYM ) + OPRY) + O(MR™2).

Proof. Appendix contains the proof which manipulates the amplitude properties

across replicates as opposed to those across time in the absence of cross-replicate dependence.
O

Note that as T, R and M — oo and using the condition M /R — 0, the bias of the
smoothed periodogram becomes asymptotically negligible, while its variance tends to
zero for any fixed fine enough scale j (with 2/ = o (min {7, R, (2M + 1)1/2})). The usual
bias—variance trade-off here is manifest through the increase of M resulting in a decrease of
the variance at the price of an increase in the bias. As the replicate-smoothed periodogram
proposed above is an asymptotically unbiased and consistent estimator for the true g,
the relationship between the true spectral quantities S and S suggests a natural way of

constructing a well-behaved spectral estimator for the unknown S.

Proposition 2.1.14. Under the assumptions of Proposition the following is an
asymptotically unbiased and consistent estimator for the unknown wavelet spectrum for

each fized scale j and rescaled time z within rescaled replicates v

\_IJR
Z A],l L[2T):T (44)

where Aj_ll is the (j,1) entry of the inverse of the inner product matriz A of the autocor-
relation wavelets and J = |aJ(T')] with o € (0,1), provided that M/R — 0 as T, R and
M — oo.

Proof. Appendix contains the proof which hinges on the properties of the replicate-
smoothed periodogram shown in Proposition [2.1.13| above. O

Remark 2.1.15 (replicate and time smoothing). The results in Proposition
highlight the small sample dependence of the bias and variance of the smoothed periodogram
on the number of replicates R, on the time series length 7" and on the smoothing window
(2M + 1), as well as well as on the ratio of (replicate) smoothing window to the total
number of replicates. While still having a bias—variance trade-off, the variance can be
further improved by additionally smoothing across the time-dimension.

Specifically, using a time-smoothing window of length (2M7 + 1) such that Mp — oo
and M7p/T — 0 (the reader may also refer to Park et al.| (2014))) and chosen as usual
under LSW modelling (see e.g. Nason! (2013)), and preserving the previous notation of
(2M + 1) for the replicate-smoothing window, we define the replicate- and time-smoothed
periodogram
e =(2M + 1) 2My + 1) Z Z s, (45)

—M t=—
to act as an estimator for the transformed spectral quantity ﬁj(T, =)

The time-smoothing window parameter My is chosen automatically using the method
proposed by |[Nason| (2013)). The replicate-smoothing window (2M + 1) with a choice of
M = % R appears to work well in the following simulation studies. Killick et al.| (2020))
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illustrate the robustness of LSW estimation to window width choices and form, while
we note the discussion in (Cryer and Chan| (2008, §14.2) and suggest that for a deeper
understanding of the spectral characteristics, but outside the testing framework, a user
might wish to obtain estimates over a range of M, e.g. M = %\/E, %\/E, VR.

We next show that this estimator has desirable asymptotic properties, leading to faster

convergence than its counterpart involving only replicate-smoothing.

Proposition 2.1.16. For a REv-LSW process as in Definition and satisfying the
additional assumption of autocovariance summability, Sup, ,ec 0.1y 2 _nez [c(2,v;n)| = O(1),
the smoothed replicate- and time-specific wavelet periodogram defined in equation has
the following asymptotic properties for any fixed scale j and rescaled time z within rescaled
replicates v:

FEzxpectation

E [j]LvTZR%]]?T} = ,Bj(Z, V) + O(MTT_l) + (’)(MR—l) + O(?jT_1)7

Variance

var (f}’f}]’}) — 0¥ (MpM)™) + 0% Mz MR2).
Proof. Appendix contains the proof which makes use of the smoothing in both

directions. O

The replicate- and time- smoothed periodogram can then be used to further build a

well-behaved estimator of the unknown replicate wavelet spectrum S by means of

S’ (z,v) ZA 1ILVRJR

30 TLRT T

It is straightforward to show that this is also asymptotically unbiased and consistent for
S;j(z,v), in the same manner as in the proof of Proposition [2.1.14

2.2 Simulation study under the assumption of uncorrelated replicates

Here we aim to assess the behaviour of our proposed REv-LSW methodology as well as
compare it to a classical approach involving the LSW methodology (Nason et al., 2000).
Specifically, we evaluate (i) the classical approach where one would independently estimate
the spectrum for each replicate using a localised time smoother and then average over all
replicates (‘LSW’), (ii) our proposed methodology involving localised replicate smoothing
(‘REv-LSW/’), and (iii) our proposed methodology involving localised replicate and time
smoothing (‘REv-LSWy’). In order to match the current practice for LSW estimation, e.g.
Nason et al. (2000); |[Park et al.| (2014)), we have set J = J(T') (corresponding to a = 1),
although in a bivariate spectral estimation context Sanderson et al.| (2010) set a similar
measure to a = 0.7 and remark on its improved results when compared to o = 1. We carry
out simulations over N = 100 runs and explore performance across a range of time series
lengths T" from 128 to 1024, number of replicates R from 64 to 512 and smoothing windows

(2M + 1) from 9 to 25. Overall, based on our findings, we recommend the use of replicate
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and time smoothing methodology (REv-LSWjy) with a window length of (2M + 1) guided
by the choice of M = % R as a rule of thumb.

To quantify the performance of the model, we report the mean squared errors (MSE)
and squared bias results, and note these also implicitly infer the variance across simulations.

These measures are calculated as the average over all time-scale points and replicates as

(%n) (k 7”)_5("? 7“))2
i \T'R J\T R

2
4(n) <’f 7“>_54<’<" 7“)
i \T'R J\T R

Note that although not explicitly calculated, the variance in estimates across simulations

follows

MSE(S)=(RJT)™" )

)

1 N
v
g,k L n=1

B N

Bias®(S) = (RJT) ™" ) zlvr;

7‘7]’71{:

can thus be implicitly obtained from the above measures.

Remark 2.2.1 (estimates at the boundaries). We do not assess edges that involve
local averaging over the first and last (M — 1) replicates. This has also been accounted for
when calculating the MSE and squared bias. As a result, the reported measures whose
values correspond to modelling via LSW will appear to change (in a very minor way), when
in fact they should be the same for all choices of M at fixed R and T

Simulation 1

We simulate N = 100 realisations of a REv-LSW process consisting of R = 128 replicates,
each of length 7' = 256 = 28 and whose wavelet spectrum, illustrated in Figure evolves

slowly over both rescaled time and replicates, as follows

dvsin? (2m2(1 + 2v)), for j = J(T) -4,z € (0,1),v € (0,1
Siom) Cra(l+20), forj=J@) ~4:ODveOY o
0, otherwise,

recalling that z = k/T and v =r/Rfork=0,...,T—1and r =0,..., R—1. The spectral
characteristics thus appear at scale j =8 — 4 = 4.

The periodicity and magnitude of the sine wave evolve slowly over the replicates in such
a way that the spectral characteristics of neighbouring replicates do not look too dissimilar
whilst there is a noticeable difference between replicates further apart. One concatenated
realisation of the meta-process with the specified spectral structure in equation , viewed
as a series of length RT', can be seen in Figure Note however that this is an abuse of
representation, since each replicate is a time series of its own, and the sole purpose of this
visualisation is to highlight the evolution of the meta-process.

We display in Figure [I2]the true spectra and the average spectral estimates for replicates
20, 64 and 108. The non-decimated wavelet transform was computed using discrete wavelets
built by means of Daubechies Least Asymmetric family with 10 vanishing moments and
the local averaging for our REv-LSW; method was carried out using M = 4, corresponding
to a window of 9 replicates (numerical MSE results in Table [I| highlight that we chose to
visually present some of our least performant results). Figure [12| displays the danger of

neglecting the possibility of an existing evolutionary behaviour over replicates (see e.g. level
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Figure 10: True wavelet spectra for replicates (trials) 20, 64 and 108 of Simulation 1.
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Figure 11: Realisation of a REv-LSW process with spectra defined in equation for Simulation
1.

4 in the top row plots of the true spectrum), conducive to either under or over-estimation
(see the middle row plots). The bottom row plots show that the REv-LSW; estimates
do reflect the process evolution over replicates. To further support this, Figure [13| takes
a closer look at the evolutionary behaviour of the spectral quantities over the time and
replicates in level 4.

The MSE and squared bias results (recalling that we do not assess replicates at the
edges) in Table (1} highlight that for this example, which adheres well to the REv-LSW
assumptions, the MSEs for the LSW model are higher than those computed for the REv-
LSW model. Note these results implicitly also provide evidence for the variance across the
simulation runs. The higher bias of the LSW estimates is unsurprisingly resulting from
averaging over all the replicates and thus failing to account for the evolutionary behaviour
through replicates. The benefit of taking a local smoothing approach over both time and
replicates is that it always results in spectral estimates with lower bias and MSE when
compared to LSW, although it is worth pointing out that taking a local smoothing approach

over replicates only, while yielding lower bias, might increase the MSE for inappropriately
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Figure 12: Simulation 1 time-scale plots for replicates (trials) 20, 64 and 108, respectively the
first, second and third columns. Estimates are averaged over 100 realisations. Top: true spectra;

Middle: estimates from the LSW method averaged over all replicates; Bottom: estimates using
REv-LSW(y).
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Figure 13: Simulation 1 time-replicate spectral plots in level 4. Estimates are averaged over 100
realisations. Top: true spectra; Middle: estimated spectra from the LSW method averaged over all
replicates; Bottom: estimates using REv-LSW(;).

small windows. Furthermore, we notice the REv-LSW methodology performance improves
with increases in the replicate local averaging window length (2M + 1). However, recalling
that we require M/R — 0 as R, M — o0, too large a choice of M could pull information
from too many replicates and lead to poorer estimates.

Figure [14] provides a visualisation on how the REv-LSW model performed over the 100
simulations via histograms of the simulation-specific MSE. The histograms highlight not

only how the increase in M improves performance but also how the increase in R and T
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reduces the MSEs, thus demonstrating the expected asymptotic behaviour of our smoothed

estimator.

Mean squared errors (x100)
LSW REv-LSW; REv-LSW3
R T M mse bias? mse bias? mse bias?
64 128 13.21 12.68 12.92 7.91 11.59 7.97
12.01 11.47 10.74 7.81 9.99 7.87
10 11.01 10.47 9.88 7.81 9.36 7.87
12 10.48 9.94 9.51 7.79 9.08 7.84
256 4 11.10 10.60 7.64 2.79 6.32 2.89
10.06 9.56 6.54 3.71 5.82 3.82
10 9.21 8.71 6.83 4.84 6.35 4.94
12 8.77 8.27 7.09 5.43 6.70 5.53
128 128 4 13.67 13.40 13.11 7.92 11.70 7.99
13.02 12.76 10.81 7.76 10.01 7.83
10 12.40 12.14 9.80 7.67 9.26 7.75
12 12.00 11.74 9.40 7.64 8.97 7.72
256 4 11.49 11.25 7.34 2.41 6.01 2.52
10.95 10.70 5.47 2.58 4.74 2.70
10 10.41 10.17 4.94 291 4.47 3.03
12 10.07 9.82 4.90 3.20 4.52 3.33

N

Mean squared errors (x100)

LSW REv-LSW; REv-LSW3
R T M mse bias? mse bias? mse bias?
256 512 4 10.16 10.03 5.66 0.39 4.13 0.40
7 9.91 9.78 3.54 0.40 2.64 0.43

10 9.67 9.54 2.67 0.46 2.05 0.49

12 9.51 9.38 2.36 0.52 1.86 0.55

1024 4 9.11 8.98 5.28 0.12 3.77 0.11

7 8.88 8.75 3.17 0.12 2.28 0.12
10 8.66 8.53 2.30 0.15 1.68 0.15
12 8.52 8.39 1.99 0.19 1.47 0.20
512 512 4 10.25 10.18 5.72 0.37 4.17 0.39
7 10.12 10.05 3.55 0.36 2.64 0.38
10 9.99 9.93 2.62 0.36 1.99 0.39
12 9.91 9.84 2.26 0.37 1.73 0.39
9.18 9.12 5.29 0.11 3.77 0.10
9.06 9.00 3.19 0.09 2.28 0.09
10 8.95 8.89 2.29 0.09 1.65 0.09
12 8.87 8.81 1.93 0.09 1.40 0.09

1024

W~

Table 1: MSE and squared bias results, averaged over all time-scale points and replicates for
Simulation 1 and N = 100 runs. ‘LSW’ denotes the classical approach of averaging over the
replicates. ‘REv-LSW;’ denotes our proposed approach using localised replicate smoothing. ‘REv-
LSW>’ denotes our proposed approach using localised replicate and time smoothing. Our proposed
methods ‘REv-LSW;’and ‘REv-LSW’ use a replicate smoothing window of length (2M + 1), while
the time smoothing window for ‘LSW’ and ‘REv-LSW>’ is automatically chosen.
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Figure 14: Histograms of the MSEs on the estimates from the REv-LSW model over 100 runs for
Simulation 1. Smoothing over replicates with M = 12 (red); with M = 4 (blue).

Simulation 2

We consider N = 100 realisations of a REv-LSW process consisting of R = 128 replicates,
each of length 7' = 256 = 28, and driven by the following wavelet spectrum

sin? 27z + 10v), for j=J(T)—1,z € (0,1),v € (0,1
S ) forj=J()-Lze@DreO)
0, otherwise.

Our spectra in this example are characterised by a squared sine wave in the finest level that
experiences a shift from replicate to replicate. This behaviour is displayed in Figure
and then a concatenated realisation of the meta-process appears in Figure Note that
visually the meta-process behaviour does not offer any indication of transitioning through

replicates, despite this actually happening.

Wavelet coefficients in replicate 20 Wavelet coefficients in replicate 64 Wavelet coefficients in replicate 108

b bl

Resolution Level

T T T T T T
0 64 128 192 256 0 64 128 192 256 0 64 128 192 256
Translate

Nondecimated transform Haar wavelet

Figure 15: True wavelet spectra for replicates (trials) 20, 64 and 108 of Simulation 2.

We obtain estimates for both the LSW model averaged over all replicates and for
the REv-LSW model which adopts the local averaging procedure (over replicate, and
over replicate and time dimensions). On visually examining the concatenated process in
Figure one may not question the existence of evolutionary behaviour across replicates.
Inspection of our REv-LSW estimates of the spectral characteristics of this process tells
us otherwise. Figure [17] highlights that the REv-LSW(;) method (bottom row) manages
to capture the evolution of the spectra in the finest level. On the other hand, the LSW
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Figure 16: Realisation of a REv-LSW process with spectra defined in equation for Simulation
2.

method (middle row) fails to capture this behaviour, and this is further demonstrated in
Figure which shows the spectral estimates across rescaled time and replicate in the

finest level.

Mean squared errors and squared bias results for Simulation 2 are given in Table
When comparing models, we notice that for low R, performing local averaging over the
replicates only (REv-LSW,) appears to yield low bias estimates that nevertheless have
poorer MSE results than the blanket LSW involving local time smoothing and then
averaging over all replicates (despite its high bias). The small squared bias for the REv-
LSW estimates implies that much of the MSE can be attributed to the variance. A possible
explanation for this is the spectral leakage across neighbouring scales, a known artefact
in the locally stationary spectral estimation context: the narrower choices of window to
smooth over replicates in the REv-LSW model were not sufficient enough to remove the
effects of the ‘leaked’ characteristics. These simulations provide a stronger highlight of
the impact of the ratio M /R when choosing the replicate window width (2M + 1), with
the guideline choice of M = % R again appearing to yield competitive results. As R and
T increase, and our choice of M becomes larger with larger R (increasing the smoothing
window), the MSEs improve and REv-LSW3 estimation performs dramatically better than
LSW. This is again in line with our asymptotic results. Also, we note here that the spectra
in Simulation 2 do not behave in quite the slowly evolving manner across replicates as
detailed in Definition nevertheless the REv-LSW methodology still performs well at

estimating the spectra and capturing the evolutionary behaviour across replicates.

As with Simulation 1, we also provide histograms for the MSEs over 100 simulations
involving R = 128 replicates of length T' = 256. Figure highlights how increasing
the smoothing window improves the performance of our REv-LSW method and leads to
better estimates. In this setting, Table [2| shows how the LSW model performs better in
comparison to REv-LSW(;) when M = 4 but as M increased, the REv-LSW(;) model soon
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Figure 17: Simulation 2 time-scale plots for replicates (trials) 20, 60 and 108, respectively the
first, second and third columns. Estimates are averaged over 100 realisations. Top: true spectra;
Middle: estimates from the LSW method averaged over all replicates; Bottom: estimates using
REv-LSW(y).
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Figure 18: Simulation 2 time-replicate spectral plots in level 7. Estimates are averaged over 100
realisations. Top: true spectra; Middle: estimated spectra from the LSW method averaged over all
replicates; Bottom: estimates using REv-LSW(y).
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outperformed LSW. This can also be visualised nicely through the histograms in Figure
where we can see the switch in performance of the models and the MSE improvement with

the increase of M.

Mean squared errors (x1000)
LSW REv-LSW; REv-LSW,

R T M mse bias? mse bias? mse bias

64 128 19.37 18.09 33.91 1.97 10.69 1.85
19.49 18.21 28.04 8.85 14.10 8.79

10 19.39 18.11 33.34 19.57 23.24 19.44

12 19.20 17.92 36.49 24.87 27.88 24.69

256 4 16.87 15.81 29.63 1.66 9.10 1.47

16.97 15.91 24.48 7.71 12.17 7.60

10 16.89 15.83 29.11 17.13 20.29 17.03

12 16.74 15.68 31.86 21.79 24.43 21.69

128 128 4 18.55 17.94 32.12 0.51 9.10 0.37
18.65 18.04 20.06 1.09 6.32 1.06

10 18.74 18.13 16.51 2.97 6.75 2.99

12 18.78 18.17 16.50 5.12 8.31 5.15

256 4 16.23 15.69 28.27 0.39 7.85 0.21

16.32 15.77 17.61 0.90 5.39 0.80

10 16.39 15.84 14.48 2.54 5.77 2.48

12 16.43 15.88 14.46 4.42 7.14 4.38

2

W~

Mean squared errors (x1000)
LSW REv-LSW; REv-LSWj
R T M mse bias? mse bias? mse bias
256 512 14.13 13.89 25.00 0.25 6.85 0.08
7 14.16 13.93 15.04 0.19 4.15 0.09
10 14.20 13.97 10.87 0.27 3.10 0.20
12 14.23 13.99 9.30 0.40 2.78 0.35
1024 4 12.72 12.50 22.58 0.23 6.15 0.07
7 12.75 12.54 13.58 0.17 3.73 0.08
10 12.78 12.57 9.82 0.24 2.79 0.17
12 12.81 12.59 8.41 0.37 2.50 0.31
512 512 4 13.99 13.87 25.06 0.26 6.84 0.08
7 14.01 13.89 15.03 0.16 4.10 0.05
10 14.02 13.90 10.74 0.12 2.94 0.05
12 14.04 13.91 9.03 0.12 2.49 0.05
1024 4 12.59 12.48 22.58 0.23 6.14 0.06
12.60 12.50 13.55 0.14 3.69 0.04
10 12.62 12.51 9.69 0.11 2.64 0.04
12 12.63 12.52 8.15 0.10 2.23 0.04

2

IS

Table 2: MSE and squared bias results, averaged over all time-scale points and replicates for
Simulation 2 and N = 100 runs. ‘LSW’ denotes the classical approach of averaging over the
replicates. ‘REv-LSW;’ denotes our proposed approach using localised replicate smoothing. ‘REv-
LSWy’ denotes our proposed approach using localised replicate and time smoothing. Our proposed
methods ‘REv-LSW;’and ‘REv-LSW5’ use a replicate smoothing window of length (2M + 1), while
the time-smoothing for ‘LSW’ and ‘REv-LSW,’ is automatically chosen.

Simulation 3

For this simulation we present the behaviour of our proposed methodology on a process with

a challenging spectral structure, as shown in Figure 21} We generate N = 100 realisations
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Figure 19: Histograms of the MSEs on the estimates from the REv-LSW model over 100 runs for
Simulation 2. Smoothing over replicates with M = 12 (red); with M = 4 (blue).
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Figure 20: Histograms of the MSEs obtained over 100 runs for Simulation 2 with R = 128 and T =
256. Smoothing over replicates with M = 4 (left); with M = 12 (right). Red: MSEs of REv-LSW(;)
estimates; Blue: MSEs of LSW estimates.
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of a REv-LSW process consisting of R = 256 replicates, each of length 7' = 256 = 2% and

with spectral structure at scales 5 and 6, defined as

41— v)cos? (Stm+ §7z), for j = J(T) -3,z € (65/256,1),v € (0,1)
Si(z,v) = { dcos? (47 + 10v)z), for j = J(T) — 2,2 € (0,128/256),v € (0,1)
0, otherwise,

(48)
where z = k/T and v = r/R for k = 0,...,7T—1 and r = 0,..., R — 1. The process
places spectral content at scale j = 5, manifest through a decreasing amplitude of the
cosine across the last 192 replicates, and at scale j = 6, where the periodicity of the cosine

increases across the first 128 replicates.

Wavelet coefficients in replicate 40 Wavelet coefficients in replicate 128 Wavelet coefficients in replicate 200

m,I_u R S e O R S ———

Resolution Level
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Translate
Nondecimated transform Daub cmpct on least asymm N=6

Figure 21: True evolutionary wavelet spectra for replicates (trials) 40, 128 and 200 of Simulation 3.

A concatenated realisation of this process is shown in Figure We note that this
process departs somewhat from the requirement that the amplitudes evolve slowly over
both rescaled time (z) and replicate (v) dimensions, however we show that despite this the
methodology still performs well.

Spectral estimates have been computed using discrete non-decimated wavelets built by
means of Daubechies Least Asymmetric family with 6 vanishing moments (Daubechies,
1992). For the REv-LSW method, local averaging involved windows of 9 replicates
corresponding to M = 4 and we note that numerical MSE results in Table [3] highlight
that we chose to visually present here some of our least performant results. The LSW and
REv-LSW(;) spectral estimates appear in Figure along with the truth.

From the figures we get a visual clarification that the REv-LSW model is doing a
good job at capturing the evolving characteristics of the spectra across replicates and the
leakage across the neighbouring levels j = 5 and 6 is minor. They also highlight that
when neglecting the possibility of evolutionary behaviour over replicates, when it is in fact
present as seen for levels 5 and 6 in the top row plots of the true spectrum, the LSW model
struggles to reflect this and either under or over-estimates, as seen in the middle row plots.
The bottom row plots show that the REv-LSW; estimates do indeed pick up the evolution
over replicates. Figures [24] and [25| further support the evidence for evolutionary behaviour
of the spectral quantities both across time and replicates.

Asymptotically, the MSEs associated to our methods decay much faster than for the

LSW and as we increase the local averaging window length (20 + 1), the performance
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Figure 22: Realisation of a REv-LSW process with spectra defined in equation for Simulation
3.

of our the REv-LSW methodology improves. A replicate window length of (2M + 1)

determined by the choice M = %\/ﬁ appears to work well across all our investigations.

rep 40 rep 128 rep 200

- Uw /1

50 100 150 200 250

76543210
76543210
76543210

Resolution Level
76543210

L MWWWM’.H

Il H-HHHWMWMMW-H L MWMWMMW-H

76543210
76543210

76543210
76543210
76543210

. \MW : i

50 100 150 200 250

Time

Figure 23: Simulation 3 time-scale plots for replicates (trials) 40, 128 and 200, respectively the
first, second and third columns. Estimates are averaged over 100 realisations. Top: true spectra;
Middle: estimates from the LSW method averaged over all replicates; Bottom: estimates using
REv-LSW(3).

Histograms of the MSEs over the 100 simulations are shown in Figure 26| and again
give evidence of the improved performance as R, T and M are increased. To numerically
strengthen our visual inference, we examine the MSEs and squared bias results in Table [3]
(and thus implicitly the variance in the estimates across the N = 100 runs). The best
results in terms of lowest MSEs are obtained by REv-LSWj, despite REv-LSW3 incurring
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Figure 24: Simulation 3 time-replicate spectral plots for level 5. Estimates are averaged over 100
realisations. Top: true spectra; Middle: estimated spectra from the LSW method averaged over all
replicates; Bottom: estimates using REv-LSW(;).
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Figure 25: Simulation 3 time-replicate spectral plots for level 6. Estimates are averaged over 100
realisations. Top: true spectra; Middle: estimated spectra from the LSW method averaged over all
replicates; Bottom: estimates using REv-LSW(3).
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a somewhat higher bias than REv-LSW;. Both our methods have a substantially lower
bias than the LSW.

Process with R=256 and T=128 Process with R=256 and T=512
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Figure 26: Histograms of the MSEs on the estimates from the REv-LSW model over 100 runs for
the simulation 3. Red: smoothing over replicates with M = 12; Blue: smoothing over replicates
with M = 4.

Mean squared errors (x100)
LSW REv-LSW; REv-LSW3

R T M mse bias? mse bias? mse bias?

256 128 4 17.55 17.27 22.31 2.53 11.52 3.88
12 16.74 16.46 9.45 2.40 6.54 3.82

256 4 14.21 13.95 19.62 1.04 8.46 1.29

12 13.48 13.22 7.58 0.92 3.83 1.23

512 4 12.25 12.01 17.59 0.53 7.15 0.52

12 11.59 11.35 6.51 0.42 2.85 0.48

Mean squared errors (x100)
LSW REv-LSW REv-LSW3
R T M mse bias? mse bias? mse bias
512 256 4 14.29 14.14 19.68 1.05 8.49 1.28
12 13.89 13.76 7.62 0.92 3.81 1.22
512 4 12.30 12.18 17.61 0.53 7.15 0.52
12 11.96 11.84 6.54 0.42 2.85 0.48
1024 4 10.92 10.81 15.83 0.32 6.29 0.25
12 10.61 10.50 5.78 0.22 2.38 0.21

2

Table 3: MSE and squared bias results, averaged over all time-scale points and replicates for
Simulation 3 and N = 100 runs. ‘LSW’ denotes the classical approach of averaging over the
replicates. ‘REv-LSW;’ denotes our proposed approach using localised replicate smoothing. ‘REv-
LSW;’ denotes our proposed approach using localised replicate and time smoothing. Our proposed
methods ‘REv-LSW;’and ‘REv-LSW5’ use a replicate smoothing window of length (2M + 1), while
the time-smoothing window for ‘LSW’ and ‘REv-LSWj’ is automatically chosen.

Remark 2.2.2 (Empirical investigation into departures from normality). In
Remark we pointed out that the estimation results hold under the assumption of
Gaussian innovations. An empirical investigation using innovations that follow a Student
distribution with 5, 7 and 10 degrees of freedom, demonstrates the robustness of the
estimation theory developed in Section Table [4] below shows that while the heavy
tails unsurprisingly impact the quality of estimation, they do not overturn the conclusions

upheld under the assumption of Gaussian innovations.
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Table 4: MSEs (x100) averaged over all time-scale point and trials with true spectra as defined
in Simulation 3 (Section [2.2). For N = 100 runs, simulations are obtained from Student’s t-
distribution with degrees of freedom 5, 7 and 10. ‘LSW’ denotes the classical approach of averaging
over the replicates. ‘REv-LSW5’ denotes our proposed approach using localised replicate and time
smoothing.

DF =5 DF =7 DF =10
R T M LSW REv-LSW; LSW REv-LSW; LSW  REv-LSW,;
128 256 4 19.17 12.68 13.65 11.37 12.34 8.28
7 16.86 14.54 13.11 8.48 11.80 6.14
10 16.34 12.82 12.58 7.50 11.27 5.52
12 16.00 12.34 12.24 7.32 10.93 5.46

2.3 Concluding remarks

In this chapter we proposed a novel wavelet-based methodology that successfully cap-
tures nonstationary process characteristics for time series collected across replicates. The
desirable properties of the REv-LSW model were evidenced by simulation studies, demon-
strating the improved estimation in comparison to the classical LSW approach that would
dismiss the experimental timeline and simply average over all the replicates. This work
has demonstrated the dangers of approaching replicate time series as identical process
realisations and the misleading results this can yield when studying the process dynamics
across the replicate domain. Crucial to the proposed statistical model was the assumption
of replicate uncorrelation, a limiting assumption we drop in the proposed methodology of
the following chapter.

Furthermore, recall that the methodology is developed to analyse ordered replicate time
series and thus smoothness between successive replicates is assumed. We point out that
the practitioner should exhibit care in their approach and ensure that indeed a natural
replicate ordering is present. Should this not be the case, clustering and then averaging
within each cluster could provide a preferred, appropriate approach (Hargreaves et al., |[2018;
Ting et al., 2018). Further work beyond this thesis could investigate when the smoothness
assumption between replicates breaks. In this scenario, it may be of benefit to include a
measure of ‘stochastic closeness’ when performing local averaging over the replicates, and
if appropriate, weights could be included in the smoothing process.

A next natural step would be to investigate the REv-LSW local (partial) autocorrelation
function (for the LSW setup, see Killick et al.| (2020)). An extension to this work would be
to develop the REv-LSW methodology in a multivariate setting (Sanderson et al.| (2010);
Park et al|(2014)).
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3 Methodology incorporating the potential for replicate co-

herence

So far, a serious limitation of previous work is the assumption that the replicate time
series are uncorrelated. We now develop the theory to allow for cross-replicate dependence
by means of a between-replicate coherence structure. This is a major innovation of this
work, as to the best of our knowledge this methodology is the first that simultaneously
accounts for correlation across replicates while also embedding potential nonstationarity in
multiple time scales: locally within a replicate and globally across replicates in the entire
experiment. Additionally, the lack of between-replicate dependence can also be naturally
incorporated by our proposed framework, as a particular case.

The chapter proceeds as follows. Section (i) introduces our proposed meta-process
model that allows for correlation between replicates while accounting for intra- and cross-
replicate nonstationarity, and (ii) develops its associated estimation theory. The generality
of this new model allows us to treat the absence of cross-replicate dependence, a funda-
mental assumption underpinning Chapter [2] as its particular manifestation. Section
details simulation studies that showcase the behaviour of the proposed methodology and
demonstrates the advantage of accounting for between- replicate behaviour characterisation,
as well as across time and within- replicate characteristics. We conclude the chapter in

Section 3.3

3.1 REv-LSW model embedding replicate coherence

Definition 3.1.1. We define a sequence of stochastic processes {X;i_,]?}, with time ¢t =
0,...,7 —1 where T = 270 and replicate r = 0,..., R — 1 where R = 27(R) to be a
replicate-evolving locally stationary wavelet (REv-LSW) as in Definition with the

properties given there and the following amendments:

2. (replacing property 2) Additional to {5;,6}];@ being orthonormal within replicate
r, we have E[¢] k{;,/ ol = 0510k pgzlf , where {pgzlf } determine the dependence
structure between replicates r and 1/, at each scale j. Note that the within-replicate
orthonormality induces ‘pgzlf ‘ <1 for all j, k and r, 7/, with equality when r = 7’.

The assumption of uncorrelated replicates amounts to pg;:f = 0, for all j, k.

3. (replacing property 3(a) equation (36])

< 0o uniformly in z € (0,1),v,' € (0,1). (49)

S| Wi W)
j=1

4. (additional property) For each scale j > 1, there exists a Lipschitz continuous function
in rescaled time z and rescaled replicate arguments v and v/, denoted by p;(z,v,1'),
which constrains the innovation covariance structure and fulfills the assumptions

below, as follows

(a) Let Q?’V/ denote the bounded Lipschitz constant corresponding to the time

dimension at particular (rescaled) replicates v and v/, at scale j. Similarly, denote
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by P7 the bounded Lipschitz constant corresponding to the replicate dimension
at a particular (rescaled) time (2), at scale j. Denote Q; = sup,,,c(0.1) Q"
Pj =sup.¢ (1) P} and assume they are uniformly bounded in j. Further assume
that

o0

ZQJQJ- < o0 and inPj < 0.

J=1 Jj=1

(b) There exist sequences of bounded replicate-specific constants {C’;’T/}m/ and
time-specific constants {Df}k, such that for each T" and R respectively, the
covariances are forced to vary slowly across time within a replicate and across

replicates, in the sense that

s Er NG (50)
su : —pil==,= T
k:O:’II’Dfl p],k;T Pj TR’ R =T T
Nk
R k or r’)‘ D} .
Sup Pigr — Pj <77 Siv v 7k' (51>
rr’'=0:R—1 kT T\T R R R

Denote C‘j = sup, ./ C’;’T/ and [?j = supy, ﬁf and assume the sequences {C’j},
{D;} fulfill 3252, 2/C; < 0o and 352, 2 D; < oc.

Remark 3.1.2 (rescaled replicate dependence). Note that from equations and
we directly obtain for each T" and R

rr'; R <k ror

sup sup

PiwrT —Pi\l 71 5H
r,r'=0:R—1 k=0:T—1 I TR R

)' =0O(C,T™")+O(D;R™).

Hence for some rescaled time z and rescaled replicates v and v/, we have in the limit

,Oj(Z,V, I/) = Th—Igéo
R—o0

(PhiEa™™)

where | 27| and |vR] denote the largest integer less than or equal to 27" and v R, respectively.

For a scale j and (rescaled) time z, the quantity p;(z,v,v’) thus gives a measure of
the dependence between (rescaled) replicates v and v/, and it is zero for uncorrelated
replicates. We remind the reader that previous methodology was developed under the

working assumption of uncorrelated replicates, now therefore viewed as a particular case.

3.1.1 Replicate evolutionary wavelet spectrum and coherence

As we do not work directly with the time- and trial-specific multiscale transfer functions
{Wj( ,+)}; (as is common in both Fourier and wavelet-based spectral domain analysis),
we proceed (in same vein as Chapter [2)) by defining a scale-dependent measure for the time
and replicate contribution to the overall process variance. Additionally, this measure now
incorporates the potential for a cross-replicate contribution to the overall process variance
through the existence of between-replicate dependence.

Next, we develop a novel evolutionary wavelet spectrum capable to extract nonstation-
arity both in time and within- and between- replicates, a feat the current LSW model

quantities are not designed to cope with.
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Definition 3.1.3. For a REv-LSW process {X:Y}?} as in Definition , we define its

replicate evolutionary wavelet spectrum as follows.

1. The within-replicate evolutionary wavelet spectrum at scale j, rescaled replicate v,
rescaled within-replicate time z agrees with that previously defined in equation ,
given by

2. The between-replicate evolutionary wavelet spectrum defined at scale j, rescaled time

2 within rescaled replicates v and v/ is given by

Si(z,v, V') = W,(z,v)Wj(z,V)pj(z,v, V).

Note in the above notation that the spectrum corresponding to any rescaled repli-
cates v = 1/ is the within-replicate spectrum, 1.e. S;(z,v,v) = Sj(z,v). (Alternatively,
|Wj (z,v)| = (Sj(z,v, 1/))1/2.) Also note that under the assumption of uncorrelated repli-
cates (trials) of Fiecas and Ombao| (2016), the between-replicate spectrum is zero, 1.e.
Sj(z,v,V) =0,V #v.

In the REv-LSW setup, we thus quantify the between-replicate dependence by means

of
Si(z,v, V)

TSz ) Sz )}

and we shall refer to it as the locally stationary between-replicate coherence, with values

pj(z, v, V) (52)

ranging from —1, indicating an absolute negative correlation, to 1 indicating an absolute
positive correlation. Uncorrelation across replicates amounts to p;(z,v,v') = 0,V # v.
In addition to the within-replicate local covariance as defined in Definition [2.1.6] below
we introduce the local covariance function associated to a REv-LSW process that captures
between-replicate dependence. We remind the reader that this quantity is defined for
completeness and in order to aid our theoretical developments (and proofs) but we will not

extensively pursue this quantity as our focus is on analysis within the spectral domain.

Definition 3.1.4. For a REv-LSW process {XtT:,}?} as in Definition the between-
replicate local covariance at rescaled time z € (0,1) within rescaled replicates v and 1/,

both in (0,1), at time-lag T € Z is given by

o0

c(z,v, V1) = Z Sj(z, v, V)W (7).
j=1

where W;(T) = > ;o7 ¥;,£(0)¥jx(T) denotes the scale j autocorrelation wavelet. Observe
that ¢(z,v,v;T) = ¢(z,v;T), Vv, and under the previous assumption of uncorrelated repli-

cates, c(z, v, V1) =0,V # v.

Note that |¢(z, v, V;T)| < oo follows directly from the coherence range between —1 and
1, and from the uniform bounds in lag (T) and rescaled replicates (v, V') for both the
limiting amplitudes and the autocorrelation wavelets (see equation )

The local covariance defined above can be shown to be an approximation of the process

covariance corresponding to particular rescaled replicate(s), as follows.
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Proposition 3.1.5. For a REv-LSW process {Xtr’ﬁ} with properties as in Definition

vR|;T v'R|;T — —
’COV(X[‘ZTJJ;T , XLLzTJiT;T) —c(z,v, I//;T)‘ =O0(T Y +0O(R™),

uniformly in T at (rescaled) time z and replicates v, V.

Proof. The proof appears in Appendix and uses the approximation properties in
Definition of the REv-LSW process. O

3.1.2 Estimation theory

In the same manner as our framework built under the assumption of uncorrelated replicates,
our estimation procedure begins by computing the raw wavelet periodogram and then builds
upon this through smoothing methods in order to establish a within- and between-replicate
spectral estimator with desirable asymptotic properties. We again note that an estimator
for the meta-process local autocovariance, both within- and between-replicates, can be
constructed by replacing the unknown spectrum in Definition with a well-behaved
spectral estimator. The development and investigation of the local covariance is beyond the
current interest of this work and is left for further research, with potential for investigation

into the partial covariance (see Killick et al.| (2020))).

Definition 3.1.6. For a scale j and time k, we define the raw wavelet periodogram between

replicates r and v’ of a REv-LSW process to be

R _ R R
kT T kT g kT

where d;jf:;’T = ZtT:_Ol X;?¢j7k(t) are the process empirical wavelet coeflicients constructed
using a family of discrete non-decimated wavelets, {1; 1 (t)}; k-

Note that when r = 7/, the above becomes the previously defined within-replicate raw

wavelet periodogram given by
I'r;R

R g |
JiksT gk T

We also define a transformed spectral quantity 3;(z,v,v") = > 72, A;1S1(2, v, V'), where
Ajp = (¥, ;) = >z V;i(T)¥(T) is the inner product matrix of the autocorrelation
wavelets. When the (rescaled) replicates v and v/ coincide, we simplify the notation and
we equivalently refer to 8;(z,v) := B;(z,v,v). The invertibility of the matrix A and
boundedness of its inverse norm (Nason et al., [2000) ensure that finding a well-behaved
estimator of the meta-process wavelet spectrum S is equivalent to finding a well-behaved
estimator for the spectral quantity 5. Hence we next focus on estimating S and note

that the theoretical results below are derived under the Gaussianity assumption (see

Remark in Chapter .
Proposition 3.1.7. For a REv-LSW process {Xtr’j{%} as in Definition the replicate

raw wavelet periodogram has the following asymptotic properties for any fixed scale j and
rescaled time z, within rescaled replicates v and V':

FExpectation

vR|,|V'R|);R P — _
E I](‘,LLZTJJ;% D }:Bj (z,u,u’)+0(2jT 1)4—(9(}2 1), (53)
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Variance

var (I](LLI;I;JJ %’fRJ) ) = Bj (z,v,v) B (z, v, 1/) + 5]2 (z, v, V/) +0R¥T Y + O(2R™Y).

Proof. The proof appears in Appendix [A.T.1] O

From Proposition and in similar fashion to their non-coherence counterparts, the
raw periodogram is asymptotically unbiased for 8, but inconsistent due to its asymptotically
non-vanishing variance. We now introduce smoothing to obtain consistency and then correct

for bias.

Definition 3.1.8. We define a replicate-smoothed estimator for the rephrased spectral

quantity BJ(T v —) to be
IR = @M+ 1) Z et (54)

where (2M + 1) is the length of the smoothing window and M is an integer such that as
T, R — oo, we have that M — oo and M/R — 0.

Proposition 3.1.9. Under the properties of Definition and the additional assumption
SUDP v (0,1) Donez |c(z,l/,y—|— L) = OQ1) for any time lag T, the replicate-smoothed
wavelet periodogram in equation has the following asymptotic properties for any
fized scale j and rescaled time z within rescaled replicates v, V' :

Ezxpectation
vR|,|V' R]) i n—
E[I(LWJJLT D } B (z,v,V) + O(MR™Y) + 02T,
Variance

var (fiﬂ”jﬁ;&ﬁﬁ’“”ﬂ = O0Q2¥M )+ O R + O(M2R™2).

Proof. Appendix contains the proof which manipulates the amplitude properties
across replicates as opposed to those across time in the presence of cross-replicate depen-

dence. =

The bias of the smoothed periodogram becomes asymptotically negligible, while its vari-
ance tends to zero for any fixed fine enough scale j (with 2/ = o (min {T, R,(2M + 1)/ 2}))
as T, R and M — oo and M /R — 0. Then correcting for the bias will yield a desirable

spectral estimator, as follows.

Proposition 3.1.10. Under the assumptions of Proposition the following is an
asymptotically unbiased and consistent estimator for the unknown wavelet spectrum for

each fized scale j and rescaled time z within rescaled replicates v, v/
1 7([vR],[V'R]);R
(z,v,1) ZA]lIl LT , (55)
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where A;ll is the (4,1) entry of the inverse of the inner product matrix A of the autocor-
relation wavelets and J = |aJ(T)] with o € (0,1), provided that M/R — 0 as T, R and
M — oo.

Proof. Appendix contains the proof which hinges on the properties of the replicate-
smoothed periodogram shown in Proposition above. ]

This paves the way towards proposing the between-replicate coherence estimator
S’j(z, v, V)

{Sj(z,l/)gj(z,y’)}l/y

ﬁj(zv v, Vl) = (56>

where the involved spectral quantities are consistently estimated as proposed in Proposi-
tion [3.1.10] and the use of the same smoothing windows guarantees that the values of the

resulting coherence estimator are indeed quantities between —1 and 1.

Proof. See proof in Appendix O

The following proposition shows that the step of examining p;(z,v,v’) is theoretically
justified.

Proposition 3.1.11. Under the assumptions of Proposition[3.1.9, the coherence estimator
mn is asymptotically consistent for the true coherence pj(z,v,V') at each fized scale j

and rescaled time z within rescaled replicates v, V'.

Proof. See Appendix [A1.4] O

Remark 3.1.12 (replicate and time smoothing). As discussed in Remark for
our modelling with uncorrelated replicates, the addition of smoothing across the time
dimension can improve the variance results given in Proposition leading to faster
convergence. Specifically, for a replicate-smoothing window of length (2M + 1), and a
time-smoothing window of length (2M7 + 1) such that My — oo and M7 /T — 0 (the
reader may also refer to |Park et al. (2014)) and chosen as usual under LSW modelling (see

e.g. Nason (2013)), we define the replicate- and time-smoothed periodogram

~ / M MT ) .
IR = @M+ 1) oMy ) S0 S TR (57)
s=—M t=—Mr

k
T» %7
that this estimator has desirable asymptotic properties, leading to faster convergence than

to act as an estimator for the transformed spectral quantity /;( %) We next show

its counterpart involving only replicate-smoothing.

Proposition 3.1.13. For a REv-LSW process as in Definition[3.1.1 and satisfying the addi-
tional assumption of autocovariance summability, Sup, ,e (1) 2 _nez ZneZ ‘c(z, v, v+ n)! =
O(1), the smoothed replicate- and time-specific wavelet periodogram defined in equation
has the following asymptotic properties for any fized scale j and rescaled time z within

rescaled replicates v, V' :
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FEzxpectation

E [T = 820 0) + O T + O(ME™) + 01T,

Variance

var [I;Lﬁﬂ LT’"RJ)?R} = O(2% (M7 M)~ 1) + O(2¥ M ' M2R™2).

Proof. Appendix contains the proof which makes use of the smoothing in both

directions. O

The replicate- and time- smoothed periodogram can then be used to further build a

well-behaved estimator of the unknown replicate wavelet spectrum S by means of

LVRJ [V'R]);R

(2,0, 1) L|2T);T

CQ)
T M&

It is straightforward to show that this is also asymptotically unbiased and consistent for
Sj(z,v,V), in the same manner as in the proof of Proposition [3.1.10

3.2 Coherence illustration via simulation

We shall now investigate through simulation the performance of our proposed methodology
for coherence estimation. We use the mean squared error (MSE) and squared bias of the
estimates for p, averaged over all time-scale points and replicates, as a measure of accuracy

and in this context are defined as

MSE(p) = (R*JT)™ 3 ljlvi <f’§'n) (;;%) e (;;;))2

1 & korort Eoroe\\

B R*JT N (2 r Ty (2T

wt) = sn? Y (28 () (k7))
g,k n=1

where due to the symmetry of the coherence matrix, we have used R* = R(R + 1)/2 and

r* =7 >r, and N denotes the number of simulation runs. As in Section [2.2] we also adopt

here J = J(T'). Note these measures also allow us to infer the variance across simulations.

We display the behaviour of our estimators on the following simulated examples.

Simulation 1

We simulate N = 100 realisations of a REv-LSW process with R = 256 replicates that
feature dependence, measured at 7' = 512 = 2° time points. The within-replicate wavelet
spectra are defined by a sine wave whose periodicity and magnitude evolve slowly over the
replicates in such a way that the spectral characteristics of neighbouring replicates do not
look too dissimilar whilst there is a noticeable difference between replicates further apart
(for their mathematical expression, see Simulation 1, Section of Chapter . Here we
have J(T') = 9 and the spectral characteristics are placed in level j = J(T) —4 = 5. In
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addition to these characteristics, we also define the between-replicate spectral structure by
means of defining their (true) coherence at each level j and location k. For level j = 5, we
choose a coherence of 0.7 between all replicates over the first 256 locations and zero (no)
coherence over the last 256 locations. All other levels have no coherence between replicates.

Visual representations of this dependence structure appear in Figure 27| (left panels). For

j=5and k=1,...,256, the non-zero coherence matrices are defined as follows
C 1,1 1,2 LR T r 7
Pi\7 5 o = .’ = .
T'"R'R’), . S . EoLR Lo o7
R,1 R,R—1 R,R
Psk Pk Pk ] 0.7 -+ 0.7 1]

where we have (abusively) let p; (%, ol %) = p;: to ease notation.

Using the spectral estimation methodology proposed in Section [3.1.2] we obtain coher-
ence estimates visually represented in Figure 27| (right panels) for replicate 50 (top row)
and replicate 200 (bottom row). The non-decimated wavelet transform was computed using
discrete wavelets built by means of Daubechies least asymmetric family with 10 vanishing

moments and a window of 9 replicates (M = 4) was chosen for the local replicate-smoothing.

1.0

0.5

Rescaled Replicates

. . -1.0

0.6 0.8 1
Rescaled Time

Figure 27: Simulation 1 coherence plots for replicates 50 (top row) and 200 (bottom row) over
rescaled time and replicates in level 5. Left: true coherence; Right: coherence estimates averaged
over 100 simulations.

It is apparent that the coherence structure is being picked up by the modelling framework
in Section [3.1.2]in terms of the locations and the positiveness of the defined true coherence.
We do however note that the intensity of the estimated coherence is not quite as strong
as the true coherence. Table 5| reports the numerical MSE and squared bias results for
two smoothing approaches: the first involves smoothing only over a window of replicates;
the second involves local averaging through replicates and time. These results highlight
that our correction procedure that aims to ensure positive spectral estimates has the

undesired effect of increasing the MSEs and introducing bias as R and T increase, just as
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reported in a bivariate coherence estimation framework by [Sanderson et al.| (2010). The
improved performance via replicate- and time-smoothing is consistently shown throughout
the results, with further decreases in the MSE when the smoothing window is increased
from 15 replicates (M = 7) to 25 replicates (M = 12).

R T M mse; bias?; mse; bias?y
128 256 7 17.29 7.41 15.16  9.66
12 15.06 7.42 14.04 9.66

128 512 7 17.64 8.11 16.01 10.66
12 15.29 8.01 14.73 10.52

256 512 7 18.06 8.27 16.34 10.85
12 15.85 8.18 15.18 10.75

Table 5: Simulation 1: MSE and squared bias (x100), averaged over all time-scale points and
replicates and N = 100 runs. Subscripts 1 and 2 denote the models with smoothing over replicates
only and replicate-time smoothing, respectively.

Simulation 2

For N = 100 runs, we simulate a REv-LSW process with R = 256 replicates that feature
dependence, measured at T' = 512 = 2° time points with J(T) = 9. The within-replicate
locally stationary wavelet spectra are as defined in Simulation 1 above. In addition to
the within-replicate spectral characteristics, we also define a challenging between-replicate
spectral structure by means of defining their (true) coherence at each level j and location
k. For level j = J(T) —4 =5 and time k = 1,...,256 we define the non-zero replicate
coherence matrices as follows: the first 128 replicates have a strong positive coherence
(0.99) with one another, however this coherence becomes negative (-0.71) with the last 128
replicates. A (weaker) positive coherence (0.5) also exists between the last 128 replicates.
Over the last 256 locations, we set the coherence to be zero. The expressions of the non-zero

coherence matrices are given as

1,1 1,128 1,129 1,R ]
Psr " Psik Ps.k T Pk
/ 128,1 128,128 . 128,R
(Pj(ka 1’ r)) = p?’zg 1 T Pek 12§ 129 - p?’z% R
T R R 7.7,,./ p5,k" P “ e '05,k7 PR p5,k’
1%,1 R,‘128 R:129 R‘,R
| Pk 0 Psk Ps k Pk
1 099 -~ 099 —-071 --- oo —0.71]
0.99
: 0.99 . . :
B 0.99 - 0.99 1 -0.71 .-+ .. =0.71
-071 -+ -+~ =071 1 05 --- 05 |’
0.5
: . . : : . . 0.5
_—0.71 e - =071 0.5 <.+ 0.5 1 ]
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where we have (abusively) let p;(%, %, T—I;;) = p;’zl to ease notation. The illustrative true

coherence structures for replicates 50 (top row) and 200 (bottom row) can be visualised in
Figure [28| (left panels).

Coherence estimates obtained using the methodology proposed in Section [3.1.2] are
represented in Figure |28 (right panels) for replicates 50 (top row) and 200 (bottom row).
Non-decimated discrete wavelets built using Daubechies least asymmetric family with
10 vanishing moments and local averaging over a window of 9 replicates (M = 4) were

employed.

1.0

0.5

0.6 0.8 1| roo

Rescaled Replicates

0.8

0.6 0.8 1 0.2 0.4 0.6 0.8 1
Rescaled Time

Figure 28: Simulation 2 coherence plots for replicates 50 (top row) and 200 (bottom row) over
rescaled time and replicates in level 5. Left: true coherence; Right: coherence estimates averaged
over 100 simulations.

In terms of correctly estimating the coherence structure switch over times and replicates,
as well as identifying the positive or negative character of the coherence, the proposed
estimation procedure does a good job. We do however note that the estimated coherence
intensity does exhibit some bias, which we may attribute to the smoothing performed in
order to address the practical computation considerations (see Remark . Nevertheless,
we could argue that the model does give a good indication for the degree of the positiveness

of the coherence, approximately 0.99 and 0.5 for replicates 50 and 200 respectively (right
panels of Figure [28).

As with Simulation 1, we report Simulation 2 numerical MSE and squared bias results
in Table[6] For both simulations, the results paint the same picture. As we increase the
replicate smoothing window (such that M /R — 0) the performance of our models improves
in terms of MSEs, and the double smoothing over replicate and time further reduces the
MSEs. The price to pay for double smoothing as usual is a slightly higher bias (than
when using averaging over replicates only). In order to ensure that our spectral estimates
are positive, our correction procedure uses the correction matrix A~! truncated at zero.

Inevitably this introduces bias, evident through the increasing MSEs as R and T increase.
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R T M mse; bias?; mse; bias?,
128 256 7 18.10 9.02 15.50 10.71
12 14.53 822 13.05 9.64
128 512 7 18.91 10.56 16.72 12.37
12 15.10 9.40 13.95 10.92
256 512 7 20.82 11.58 18.40 13.60
12 17.78 10.93 16.43 12.81

Table 6: Simulation 2: MSE and squared bias (x100), averaged over all time-scale points and
replicates and N = 100 runs. Subscripts 1 and 2 denote the models with smoothing over replicates
only and replicate-time smoothing, respectively.

Simulation 3

For this final simulation, we consider a coherence structure closer to the experimental
data we will analyse in Chapter 4l We simulate for N = 100 runs, a REv-LSW process
with R = 256 replicates that feature dependence, measured at 7' = 512 = 27 time points
with J(T') = 9. The within-replicate locally stationary wavelet spectra are as defined in
Simulation 1 above. At each level j and location k, we define the true coherence structure
to exhibit a local between-replicate dependence across a moving window of neighbouring
replicates. Specifically, for level j = J(T') —4 = 5 and all time points k = 1,...,256 we
define the non-zero replicate coherence matrices as follows. For replicates r = 31, ..., (R—30),
over a moving window of 61 replicates, the immediate 10 neighbouring replicates either
side of replicate r have a moderate positive coherence (0.8) and the following 20 (40 total)
neighbouring replicates will have a mild positive coherence (0.4). For all other replicates
we set the coherence to be zero. For replicates towards the edge, » < 31 or r > (R — 30),
the window of replicates with the above defined coherence decreases correspondingly to
the domain edge being approached. An expression for the non-zero coherence matrices are
given as follows.

For replicates r = 31, ..., (R — 30), the rows and columns of the non-zero coherence

matrices can be expressed as

< (k: r r’))

p] T P

TRR),,

_ 7,1 r,r—30 r,r—10 r,r r,r+10 r,r+30 R

pr— [p57k .« .. p5’k .« .. p5’k RS p57k “ . p57k PR p57k PR p57k]
:[o 0 0 04 -+ 04 08 - 08 1 08 - 08 04 -~ 04 0 --- 0]

where we have (abusively) let p;(£, &, 1) = ;: to ease notation. Figure 29| (left panels)
illustrates the true coherence structures for replicates 50 (top row) and 200 (bottom row).

Figure (right panels) illustrate the coherence estimates obtained via the REv-
LSW model using discrete wavelets built from Daubechies least asymmetric family with 10
vanishing moments for the non-decimated wavelet transform. Local replicate-smoothing was
computed over a window of 9 replicates (M = 4). It is clear to see that the neighbouring
between-replicate dependence has been captured by the estimation, with a noticeable
distinction between both the mild (0.4) and moderate (0.8) positive coherence values.

However, as noticed within the estimates for Simulation 2 (at rescaled replicates 0.5 in
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Figure , there is a slight loss of coherence structure within the estimates, which occurs
naturally as a result of the local replicate-smoothing.

In Table [7] we report the numerical MSEs and squared bias results for Simulation 3.
Our numerical results are much more favourable than our previous results for Simulations
1 and 2, with MSEs falling faster as both R and T' — oo. Note that this is likely due to the
much reduced coherence structure (previous simulations had between-replicate dependence
defined for all replicates), although we do not investigate this here. Estimation via replicate-
and time-smoothing again demonstrates improved performance alongside increasing the
replicate smoothing window (2M + 1) for M = 7,12.
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Figure 29: Simulation 3 coherence plots for replicates 50 (top row) and 200 (bottom row) over
rescaled time and replicates in level 5. Left: true coherence; Right: coherence estimates averaged
over 100 simulations.

R T M mse; bias?; mse; bias?s
128 256 7 19.34  3.48 13.77  4.08
12 15.45 3.92 11.58 4.53
128 512 7 18.99 3.46 13.63  4.09
12 15.12 3.87 11.44 4.51
256 512 7 18.42 1.85 12.39 2.15
12 14.39 1.97 9.95 2.27

Table 7: Simulation 3: MSE and squared bias (x100), averaged over all time-scale points and
replicates and N = 100 runs. Subscripts 1 and 2 denote the models with smoothing over replicates
only and replicate-time smoothing, respectively.

Remark 3.2.1 (practical implementation). From the theoretical model construction,
the within-replicate spectra are positive quantities. However, our spectral estimates may
take values that are negative or close to zero after correction, and this in turn can cause
problems when normalising for coherence estimation. In order to bypass this issue, we
choose to correct our raw wavelet periodogram estimates before smoothing. The theoretical

properties of the coherence estimator show that using replicate-smoothing does yield an
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estimator with good properties, albeit its rate of convergence is dependent on the smoothing
window width (2M + 1). A local averaging window over time for smoothing each replicate
before applying smoothing over replicates could also be employed, just as proposed for
spectral estimation in Section Another avenue to ensure that spectral estimates are
positive, would be to truncate the correction matrix A~! at zero, although this approach
does introduce bias. In their work on bivariate channel coherence estimation, |Sanderson
et al.| (2010) reported better results when additionally employing smoothing over scales.
We conjecture that this is also applicable for our work as a further step, to be done after
smoothing through time. However, we do not pursue this approach here and leave the

further numerical treatment for future research.

3.3 Concluding remarks

This chapter extends the work of Chapter [2| through developing our proposed novel wavelet-
based methodology to allow for between-replicate dependence. Through simulation studies,
we have demonstrated that the estimation theory for the locally stationary between-
replicate coherence yields desirable results. This work strengthens the message that
approaching replicate time series as identical process realisations (e.g. classical LSW) can
lead to misleading results when studying the process dynamics across the replicate domain.
Notably, the proposed statistical model and associated estimation theory encompass meta-
processes that feature dependence between replicates, and the assumption of replicate
uncorrelation, if appropriate, is dealt with by the proposed methodology as a particular case.
A next natural step would be to investigate the REv-LSW local (partial) autocorrelation
function (for the LSW setup, see Killick et al. (2020)). A further extension would be to
develop the REv-LSW methodology in a multivariate setting (Sanderson et al.| (2010); Park
et al. (2014))) and to additionally define and investigate the variate replicate-coherence, as
seen for the bivariate case of the hippocampus and nucleus accumbens data in [Fiecas and
Ombaol (2016) and |Gorrostieta et al.| (2011).
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4 Analysis of Macaque Local Field Potentials

We now perform our REv-LSW spectral analysis on the dataset of local field potentials
(LFPs) (recorded at approximately 1000Hz) from the hippocampus (Hc) and nucleus
accumbens (NAc) over the course of an associative learning experiment involving a single
macaque monkey in a neurobiology laboratory at the Massachusetts General Hospital
(dataset courtesy of Prof. H. Ombao, see Declaration). Due to their roles in the consolidation
of memory information and the processing of rewarding stimuli, the Hc and NAc have been
studied in relation to learning tasks for monkeys, rats and humans (Wirth et al., 2003;
Gorrostieta et al 2011} [Fiecas and Ombao|, [2016; [Abela et al, [2015; [Seger and Cincottal,
2006)). Our analysis offers not only confirmations to the results of previous studies, but also
provides additional insights to the understanding of the dynamics of the LFPs through
capturing the evolutionary characteristics of brain processes within and across the trials of
the experiment, in a scale-dependent manner, through the use of the wavelet transform.
Notable benefits of our model in contrast to previous Fourier-based methodology (Fiecas
and Ombao, 2016) are (i) its flexibility to embed potential between-trial dependence, and

(ii) its superior time-localisation, as we will see next.

4.1 Experimental data description and overview of implemented method-
ology

Each trial (replicate) consists of 7' = 2048 time points, corresponding to approximately 2
seconds of data. The design of the experiment rigorously splits each trial into four time
blocks of 512 milliseconds each, ensuring that the timeline matched from trial to trial,
as follows. For the first block the macaque fixated on a screen; a picture (one of four)
was then presented on the screen for the next time block; this was followed by an empty
screen for the next interval; for the last 512 milliseconds the macaque was presented with
a picture of four doors, one of which associated with the picture visual from the second
time block. The macaque’s task was to select the correct door using a joystick. Correct
and incorrect selections were signified via a visual cue and a juice reward was given each
time a correct selection was made. The macaque had to learn the associations through
repeated trials. The data has been grouped into sets of ‘correct’ and ‘incorrect’ responses,
in order to investigate how the contributions of the Hc and NAc to the learning process
differ between groups (Gorrostieta et al., 2011). The groups containing the correct and
incorrect responses consist of 241 and 264 trials, respectively. We carry out the analysis on
R = 256 trials (replicates). To ensure comparability of the wavelet spectra across trials,
each trial is standardised to have mean zero and unit variance. Concatenated plots of the
LFPs for the correct responses appear in Figures [30| and and for the incorrect responses
in Figures [32] and [33] below.

For both the correct and incorrect sets of the hippocampus (Hc) trial data, we com-
pute the wavelet periodograms using non-decimated discrete wavelets built by means
of Daubechies Least Asymmetric wavelet family with 10 vanishing moments. Similarly,
for both sets of the nucleus accumbens (NAc) trial data we again choose Daubechies
Least Asymmetric wavelet family, but however we now opt for a coarser choice of wavelet

with 6 vanishing moments to reflect the behaviour of the signal. In accordance with our
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Figure 30: Concatenated series of the hippocampus (Hc) data in the correct response trials
(replicates).
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Figure 31: Concatenated series of the nucleus accumbens (NAc) data in the correct response trials
(replicates).

simulation study findings, to obtain an asymptotically unbiased and consistent estimator
for the trial evolutionary wavelet spectrum, we smooth the wavelet periodograms using a
local averaging window over 21 trials (M = 10 neighbouring trials) and then correct for
bias. For completeness, we also run the analysis to include a time-smoothing step before
locally averaging across trials, as this was shown to lead to better performance (see the
simulation study in Section [2.2). Confidence intervals using B = 100 bootstraps are also

reported. To obtain a dyadic number of replicates necessary for estimation, here, 256,
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Figure 32: Concatenated series of the hippocampus (Hc) data in the incorrect response trials
(replicates).
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Figure 33: Concatenated series of the nucleus accumbens (NAc) data in the incorrect response
trials (replicates).

for the correct response groups, we mirror the last 15 trials. This is for computational
purposes only, and we naturally discard the corresponding estimates from our discussions
and plots. For comparison, we additionally report the LSW estimator embedding averaging
over all replicates. (Note that averaging over all replicates here refers to the averaging over
the first 241 and 256 correct and incorrect response trials, respectively.)

In order to explore the consistency of the results, the analysis has also been repeated

using wavelets with different vanishing moments and varying smoothing windows across
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the replicates, which yielded extremely similar results to those reported here.
In the following remarks, we provide evidence that the Gaussian assumption is tenable
for both the correct and incorrect trials of the macaque data, and detail the sampling

procedure to construct confidence intervals used to validate our results.

Remark 4.1.1 (evidence for normality of macaque data). We now explore the tenabil-
ity of the Gaussian assumption, as suggested by |Fryzlewicz (2005) and also demonstrated
by Hargreaves et al. (2019). For each trial, we propose to standardise the (zero-mean)
process using a localised estimate of the standard deviation. The estimate was obtained by
means of taking the square root of the estimated lag zero localised autocovariances (Nason),
2013). Further, we have found similar results when obtaining the estimate by means of a
localised Gaussian kernel with bandwidth chosen using the methods of |Fryzlewicz| (2005).
For the correct and incorrect trials respectively, in Figures [34] and we report Q—Q plots
of standardised series against the normal quantiles. These correspond to trials displaying
typical behaviour for Hc and NAc series, both from the correct and incorrect sets. The

plots show that the normality assumption holds, with only some slight departures for NAc

records.
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Figure 34: Q-Q plots of the Hc (top row) and NAc (bottom row) data in the correct trials
(veplicates). Left column: replicate 121; Right column: replicate 231.

Remark 4.1.2 (bootstrapped confidence intervals). As means to quantify the validity
of our results, we construct pointwise in time (for each level j) confidence intervals for
the wavelet spectrum and coherence via bootstrap sampling. As also argued by [Morris
(2015); |Chau and von Sachs| (2016)) (although in a functional context), to avoid subsequent
inference using erroneous confidence bands it is crucial to allow for potential cross-trial
dependence. Thus, to construct pointwise confidence intervals, we use the REv-LSW
process Definition that embeds crqss—trial dependence. We take the square root
of our REv-LSW (3)-spectral estimates, Sj(%, 1) to replace the within-trial amplitudes

w;."j,fT of the non-decimated wavelets v, ;(t) (see equation ([40)) for each trial r, within-trial
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Figure 35: Q-Q plots of the He (top row) and NAc (bottom row) data in the incorrect trials
(replicates). Left column: replicate 11; Right column: replicate 231.

time k and scale j. Furthermore, to allow for cross-trial dependence (see property 2 of
Definition we obtain estimates, ,oj( B> F)7 of the innovation dependence structure
between trials r and 7”’.

Then for each b=1,...,B bootstraps, we simulate a bootstrapped sample REv-LSW

process {Xt s } followmg Definition [3.1.1

0o 1
(b);r;R A T\?2 =(b);r
X §j§ :S (T R) VintEDT,
=1 ke

with r =0,..., R—1 trials across time ¢t = 0,...,T— 1. Within each trial r, the innovations
{éj(.f),z;r}jyk are assumed to be a set of orthonormal random variables, while the between-trial
innovation dependence is established through the estimated coherence p; above. Recall
that under the assumption of uncorrelated trials, the dependence structure amounts to
P 5, . for all j, k.

_ For each bootstrap b = 1,..., B, we obtain a bootstrapped REv-LSW(3) estimate,
{S'j(.b)(%7 = %)}, of the spectral quantities underlying the simulated process {XS%“R}.
Repeating this for B bootstraps will then yield a bootstrap distribution for the smoothed
wavelet periodograms, from which pointwise confidence intervals for the spectrum can be
constructed in the usual manner by taking the respective quantiles. We expect that on
average (over the bootstraps) the true spectral evolutionary characteristics are captured
and that these characteristics are displayed in the lower and upper confidence bootstrap

bounds, thus validating the identified spectral patterns of process evolution.

4.2 Capturing the within- and between- trial evolutionary dynamics

In the following results, we demonstrate the versatility of the REv-LSW model in capturing

time- and replicate-localisations of evolving spectral characteristics within the correct and
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incorrect trials of the hippocampus (Hc) and nucleus accumbens (NAc) throughout the

associative learning experiment.

4.2.1 Results for the hippocampus

The proposed spectral estimates for the correct and incorrect sets of trials appear below
in Figures [36| and respectively. The bottom row plots show the REv-LSW (3)-spectral
estimates averaged across 30 replicates to illustrate the process behaviour in the beginning,
middle and end of the experiment. These demonstrate (i) the sequenced activation of
within-trial time blocks and (ii) the evolutionary behaviour of the wavelet spectrum along
the course of the experiment. These features are also captured by the lower and upper 95%
bootstrap confidence bounds for the spectral characteristics, as illustrated by Figures
and thus rendering further confidence in the results that follow. Note that crucially
these bounds incorporate the between-trial dependence, and thus differ from those obtained
under the assumption of uncorrelated trials.

For both correct and incorrect datasets, the ‘activity’ is primarily captured within the
coarser levels of the wavelet periodograms, approximately corresponding to frequencies
2-8Hz. Of these, the theta band frequencies 4-8Hz are typical of slow activity, known for
their association to hippocampal activity in mammals and to promote memory (Buzsaki,
2006). Fiecas and Ombao| (2016]) report the low frequency range 1-12Hz to account for
most variability in the Hc data. Our analysis offers a finer characterisation that does
not fully support activation of low delta waves (under 2Hz), known to be typical of deep
sleep, and shows weak alpha band (8-12Hz) and low beta band (12-16Hz) alertness at
certain time blocks within each trial. Due to its construction, the REv-LSW model was
able to capture the process evolutionary behaviour across trials, and thus overcomes the
limitations of analyses using the standard LSW model. The LSW-based estimates do
capture the evolution of the statistical properties within a trial but cannot characterise
these changes across trials in the entire experiment. The REv-LSW estimates have the
capacity to highlight the individual time blocks as they activate through the course of the
experiment, an insight invisible to LSW and weakly represented in the Fourier approach of
Fiecas and Ombao| (2016]).

For the correct Hc trials, the REv-LSW model captures the bulk of ‘activity’ in
frequencies 2-8Hz. In early replicates this is fairly even through time, while for middle
replicates the bursts of activity shift centrally within time, thus coinciding with the second
block of the macaque being shown the visual stimulus and possibly with the expectation of
the picture to continue being shown. For the final trials, the activity is clearly localised
around time-point 500 (corresponding to the visual exposure) and towards the final quarter
of time (corresponding to the time when the macaque made the correct association). When
compared to a Fourier approach, our wavelet-based analysis thus brings to the fore novel
information that links the experimental time blocks to Hc activation. Specifically, as the
correct trials progress, the activity in the Hc is evident at the visual cue time and also at
the selection task time, thus suggesting learning of the picture associations.

Although we cannot compare the correct and incorrect trials like-for-like, we are still
able to see evidence of evolutionary behaviour across the incorrect trials. As the experiment

progresses, there is evidence of less spectral activity in the incorrect trials, with a brief He
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Figure 36: Time-scale hippocampus (Hc) plots for the correct trials. Spectral estimates are
shown for the average over 30 replicates in the beginning, middle and end of the experiment. Top:
estimates from the LSW method averaged over all replicates; Bottom: REv-LSW method with
smoothing over time and replicates.
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Figure 37: Time-scale hippocampus (Hc) plots for the incorrect trials. Spectral estimates are
shown for the average over 30 replicates in the beginning, middle and end of the experiment. Top:
estimates from the LSW method averaged over all replicates; Bottom: REv-LSW method with
smoothing over time and replicates.

activation in the visual exposure block for the middling trials, and a burst of Hc activity
localised in the last time block, when the task is carried out, for the end trials. The
spectrum suggests that whereas the He displays prolonged activity in the second time
block for the correct trials (corresponding to the picture being presented), this feature is
not as marked in the incorrect trials and thus the macaque is not making the association

between the picture presented and the selection task. Scientific literature has shown (Seger:
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Figure 38: Time-scale 95% bootstrap confidence bounds for the hippocampus (Hc) spectrum for
the correct trials. Spectral estimate bounds are shown for the average over 30 replicates in the
beginning, middle and end of the experiment. Top: upper bound; Bottom: lower bound. Estimation
is via the REv-LSW method with smoothing over time and replicates, and takes into account
across-trial correlation.
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Figure 39: Time-scale 95% bootstrap confidence bounds for the hippocampus (He) spectrum
for the incorrect trials. Spectral estimate bounds are shown for the average over 30 replicates
in the beginning, middle and end of the experiment. Top: upper bound; Bottom: lower bound.
Estimation is via the REv-LSW method with smoothing over time and replicates, and takes into
account across-trial correlation.

land Cincottal, [2006]) that during a learning experiment, activity in the Hc decreases as

associations/rules are learned but would spike upon their application. The capacity of our

model to extract localised information in time and within/ between-trial, thus highlights
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novel traits that suggest that the macaque in this experiment has not yet fully learned the
associations, but evidence of learning is indeed present.

Figure (40| further illustrates that spectral evolution through time is captured by both
the LSW and REv-LSW models. As the experiment progresses, the REv-LSW model
identifies that across the correct trials the He displays (within-trial) time dependent peaks
of activity that gradually span the course of the experiment. As we previously noted, the
final trials display more Hc activity towards the visual exposure (time-point 500) and task
times of the experiment, than the starting trials do, again indicating a learning process. In
contrast, the incorrect trials display a much less structured behaviour, with time-dependent

activity distributed more evenly across the replicates.

Rescaled Replicates

Rescaled Time

Figure 40: Time-replicate plots of the hippocampus (He) average spectra across 2-8Hz for the
correct (Top) and incorrect (Bottom) trials. Left: estimates from the LSW method averaged over
all replicates; Right: estimates from the REv-LSW method with smoothing over time and replicates.

4.2.2 Results for the nucleus accumbens

The resulting (REv-)LSW spectral estimates appear below in Figures [41| and 42| for the
correct and incorrect sets of trials, respectively. These plots are to be understood in
the same manner as those for the hippocampus. Reassuringly, the estimated spectral
characteristics are also rendered by the lower and upper 95% bootstrap confidence bound
plots, as illustrated by Figures [43| and [Fiecas and Ombao| (2016)) find that the bulk of
variability in the NAc is accounted for by (high) beta band frequencies (20-30Hz), while we

place this in the wider range of beta band waves 16-30Hz, associated to focussed activity.

Our analysis also offers evidence for low gamma frequency waves (31-60Hz), typical of

working memory activation ([accarino et all,[2016). Additional to Fourier analysis, the

REv-LSW model also shows that nonstationarity across time is clearly present, as well as
some spectral evolution across the trials. Although not as obvious as for the He, for the
beginning and middle replicates of the correct group, NAc activity is manifest towards the

trial start and end, while for the final replicates activity is captured in the final quarter of
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time. A similar pattern of behaviour is displayed by the incorrect group of trials. Also
note that the NAc activity decreases in intensity from the beginning to end replicates for

both groups.
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Figure 41: Time-scale nucleus accumbens (NAc) plots for the correct trials. Spectral estimates are
shown for the average over 30 replicates in the beginning, middle and end of the experiment. Top:
estimates from the LSW method averaged over all replicates; Bottom: REv-LSW method with
smoothing over time and replicates.
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Figure 42: Time-scale nucleus accumbens (NAc) plots for the incorrect trials. Spectral estimates
are shown for the average over 30 replicates in the beginning, middle and end of the experiment.
Top: estimates from the LSW method averaged over all replicates; Bottom: REv-LSW method with
smoothing over time and replicates.

The NAc is part of the ventral striatum and plays a role in the processing of rewarding
stimuli. The activity seen in the final 512 milliseconds can be attributed to the macaque

expecting and receiving the juice reward in the correct trials, or expectation of reward in
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Figure 43: Time-scale 95% bootstrap confidence bounds for the nucleus accumbens (NAc) spectrum
for the correct trials. Spectral estimate bounds are shown for the average over 30 replicates in the
beginning, middle and end of the experiment. Top: upper bound; Bottom: lower bound. Estimation
is via the REv-LSW method with smoothing over time and replicates, and takes into account
across-trial correlation.

Beginning 30 Middle 30 End 30
o o o
Lo -~ -~ —
§ ~ o~ ~
go;\ ™ ™ ™
o < < <
% n n n
> © © ©
~ ~ ~
_ © © ©
[ o o o
q>) o o o
—:‘ =1 =1 =1
o
= 1000 1500 2000 1000 1500 2000 500 1000 1500 200
g [S] [S] o
&) - sl el
o~ 3 N
™ ™ ™
- < < <
£ v o °
8 © © ©
o ~ ~ ~
(;) ool o =]
- o o o
o o o
— — —
500 1000 1500 2000 1000 1500 2000 500 1000 1500 2000
Time

Figure 44: Time-scale 95% bootstrap confidence bounds for the nucleus accumbens (NAc) spectrum
for the incorrect trials. Spectral estimate bounds are shown for the average over 30 replicates
in the beginning, middle and end of the experiment. Top: upper bound; Bottom: lower bound.
Estimation is via the REv-LSW method with smoothing over time and replicates, and takes into
account across-trial correlation.

the incorrect trials. The impact of reward expectation (Schultz et all, [1992; [Hollerman|

land Schultz, [1998}; [Mulder et al. [2005) could also explain the activity we see at the trial

start for the beginning replicates and its observed periodicity across the experiment. Upon
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receiving no reward in an incorrect trial, the NAc activity decreases and with it the reward
expectation falls for the next trial. Our analysis reflects the results of other studies on
learning experiments (Hollerman and Schultz, 1998} [Fiecas and Ombao), [2016)) that highlight

that the activity in the ventral striatum decreases as the stimuli are learned.

Figure [45] also reinforces our previous comments. Evolution in the spectra across time
is captured by both models, with the NAc activity displaying periodic patterns, while
the REv-LSW estimation highlights a decrease in NAc activity along the trials of the

experiment.

Rescaled Replicates

Rescaled Time

Figure 45: Time-replicate plots of the nucleus accumbens (NAc) average spectra across 16-60Hz
for the correct (Top) and incorrect (Bottom) trials. Left: estimates from the LSW method averaged
over all replicates; Right: estimates from the REv-LSW method with smoothing over time and
replicates.

Remark 4.2.1. Our analysis demonstrates how the simplifying assumption of trials that
are identical realisations of the same process, leading one to draw conclusions solely based
on averaging across all replicates, could cause an important understanding in the process
evolution through the experiment to be missed. Our proposed REv-LSW methodology

captures the spectral time and within- and between-trial evolutionary behaviour, thus

yielding new scale-based results and advancing the findings of [Fiecas and Ombao| (2016))

in the Fourier domain. We next explore the existence and strength of between-trial

dependencies, and demonstrate the untenable position of the trial uncorrelation assumption.

4.3 Capturing between-trial dependence

Let us now investigate between-trial dependencies, which under the REv-LSW framework

are readily quantified by the locally stationary between-trial coherence, a quantity defined

in (52).
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4.3.1 Results

Hippocampus.

For the He activity, the REv-LSW 95% bootstrap confidence bounds that allow for cross-
trial dependence indicate that the presence of coherence across trials cannot be discounted,
for both correct and incorrect groups. When investigating the estimated Hc trial coherence
we have not found any substantial evidence of between-trial dependence. Given that the
Hc is associated with memory recall, it is not unrealistic to expect to find some evidence of
between-trial dependence. However as discussed previously, our analysis shows evidence
of learning but suggests that the macaque has not fully learned the associations. This
could explain the lack of between-trial dependence captured in our analysis for the Hec. For
completeness, in Figure [46{ we display the estimated Hc trial coherence (absolute value)
at level 4 (4-8Hz) for trials 20 and 200 in both the correct and incorrect groups. Upon
inspection of the plots, there is no behaviour to suggest a between-trial dependence exists
and furthermore there are no clear differences between the estimated coherence structures
of a beginning trial (trial 20) and end trials (trial 200).
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Figure 46: Level 4 absolute value coherence for He correct (top) and incorrect (bottom) trials.
Left: trial 20; right: trial 200.

Nucleus accumbens.

For the NAc, our analysis finds evidence of a moderate dependence across neighbouring
trials at the beta band frequencies (16-30Hz), known to be responsible for brain activity
related to reward feedback mechanisms. The estimated NAc trial coherence (absolute
value) is shown in Figure [47| at level 6 for trials 20, 100 and 200 in the incorrect group and
for correct trial 200, depicting typical behaviour. Some burst areas are present, indicating
a moderate neighbouring trial coherence, with most meaningful values either side of 0.4
and a few above 0.5. For the beginning and middling incorrect trials, this is apparent
in the time periods leading up to and inclusive of the trial task phase, upon which the
macaque would receive a juice reward if the task was done correctly. The 95% bootstrap

confidence bounds for the trial coherence characteristics (exemplified in Figure indeed
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reinforce the presence of between-trial dependence.
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Figure 47: Level 6 absolute value coherence for NAc incorrect trials: 20 (fop left), 100 (top right)
and 200 (bottom left); and for NAc correct trial 200 (bottom right).
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Figure 48: Lower (left) and upper (right) 95% bootstrap confidence bounds for the level 6 absolute
value coherence for NAc incorrect trial 100 (fop) and correct trial 200 (bottom).

Remark 4.3.1. Our analysis provides novel evidence in the temporal and scale (frequency)-
dimensions that mild to moderate dependence is exhibited in both the correct and incorrect
trials. This is primarily evident in the final correct trials, potentially as the manifest result
of learning, and at the onset of the incorrect trials as the likely result to the expectation
of reward. This finding impacts our understanding of the experiment, and should not be
ignored or assumed nonexistent from the onset of the analysis. In comparison with our
findings, for this particular data, Chau and von Sachs| (2016) also illustrate the presence of

between-trial correlation. The authors identified a stronger structure between neighbouring
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replicates in the beginning and end of the experiment, although for an accumulation
of individual trial timelines and frequencies of interest. Indeed, being able to identify
and quantify the extent of changes across trials in the entire experiment, not only has a
qualitative impact on our understanding of the meta-process evolution, but also carries
a substantive quantitative impact through e.g. producing incorrect spectral confidence
bands (Chau and von Sachs, [2016), and thus potentially yielding misleading results (Morris,
2015]).

Remark 4.3.2. Within the neuroscience literature (e.g. |Gorrostieta et al.| (2011))), depen-
dence between brain regions is also of interest, with coherence measures setup between
channels of interest (here, Hc and NAc). Such measures have not formed the scope of
our work here, but in relating our replicate-coherence results to the reported evolutionary
coherence between the Hc and NAc, the dependence we observed at the beginning of NAc
correct trial 200 (approximately rescaled replicate 0.8) is reminiscent of the dependence
between He and NAc captured at rescaled replicate-time 0.8 by [Fiecas and Ombao, (2016]).
This could also offer an explanation to the lack of evidence found for a between-trial
dependence within the He. For this experiment, the actions of the macaque could depend
on the expectation of the juice reward, in which case a coherence between the Hc and NAc
may exist. However, between-trial dependence within the Hc may only come into existence

once the macaque has learned the associations without the need of a reward stimulus.

4.4 Concluding remarks

The application to real data from the neurosciences carried out in this chapter, has given
substantial evidence for the desirable properties achievable through our proposed novel
wavelet-based methodologies detailed in Chapters [2| and [3] Unlike the approach of treating
replicate time series as identical process realisations, the REv-LSW model has successfully
captured nonstationary process characteristics for the hippocampus (Hc) and nucleus
accumbens (NAc) across both trial and time dimensions. For both the He and NAc, we
have extracted localised information in time within- and between-trials, suggesting that
the macaque monkey) learns through the experiment. Furthermore, for the NAc we have
captured evidence reflecting that over the course of a learning experiment activity in the
ventral striatum (thus NAc) decreases (see also [Hollerman and Schultz (1998)); |[Fiecas and
Ombao| (2016)). A crucial development within our proposed methodology is accounting
for between-trial dependence. When assessing for a potential coherence structure between
trials within the Hc, our results did not find strong evidence for between-trial dependence,
while still not being able to completely discount it. For the NAc, evidence of a moderate
between-trial dependence across neighbouring trials was found, highlighting how the actions
of the macaque could be influenced by expectation (e.g. of a juice reward). Thus, the
results of our neuroscience data analysis give a thorough demonstration for the performance
and advantages of the REv-LSW model. However, the methodology itself is not restricted
to use within this field, and we envisage its utility in other experimental areas where
wavelet spectral analysis has proved to be ideally suited, e.g. circadian biology (Hargreaves
et al., 2018, 2019). As previously stated, development of the REv-LSW methodology in
a multivariate setting (Sanderson et al. (2010); Park et al.|(2014])) with the addition of

defining a variate trial-coherence, would allow for a multivariate analysis between channels,
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for example in the bivariate case of the hippocampus and nucleus accumbens data.
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5 Testing for variability in the spectra across the replicate

dimension

So far we have established how taking into consideration the potential for an evolution in
the spectral characteristics over replicates, improves the estimation and identifies additional
information about the process dynamics of a replicated time series over the replicate
dimension. In a practical sense, before investigating a replicate time series for evolutionary
behaviour, potentially through visualising plots of estimated spectra for various replicates,
it would be of value to have an indication of whether a spectral evolution across the
replicates exists. We refer to the meta-process evolution along the ordered replicates as a
replicate-effect. Thus, in this chapter we will propose two tests to establish and identify a

replicate-effect, a location-specific test and a global test.

5.1 Overview of existing spectral domain hypothesis testing

The idea of testing for the presence of time-varying dynamics of a process within the
spectral domain has existed for some time. One of the earliest tests for overall second
order nonstationarity of a time series, is the ‘PSR’ test proposed by |Priestley and Subba
Rao (1969)), which evaluates the log of their evolutionary spectra estimates through a
two-factor analysis of variance at different moments of time. von Sachs and Neumann (2000)
constructed a stationarity test which estimates the evolutionary (Fourier) spectrum through
localised periodograms. They then make use of the capability of Haar wavelets to capture
discontinuities across the spectral density, thus identifying any deviation from covariance
stationarity. Expanding on the work of Priestley and Subba Rao| (1969), /Ahamada and
Boutahar (2002) attain an alternative test statistic and demonstrate their test on an
application to exchange rates. Paparoditis (2009, |2010) compute sample spectral densities
(local periodograms) on a moving window of observations and compare these estimates
via an Lo measure of deviation to a spectral density estimate obtained for the overall
time series. A testing procedure to identify whether two locally stationary time series
are costationary was proposed by |Cardinali and Nason (2010). They utilise a parametric
bootstrap (see Davison and Hinkley| (1997)) resampling procedure to obtained pseudo-test
statistic values from processes under the null hypothesis that the estimated spectrum is
constant as a function of time. Several of the Fourier tests of stationarity are based on
selecting segments of the time series for comparison and |Dwivedi and Subba Rao| (2011))
draw attention to the sensitivity of the test to the choice of segment length and how the
number of segments can impact the rate of convergence to the asymptotic distribution.
They thus propose to overcome these problems through a test of stationarity over the entire
time series which aims to assess whether the power across differing Fourier frequencies is
asymptotically uncorrelated. Whilst many of the above mentioned tests were constructed
with Fourier spectra in mind, Nason (2013) proposed a test of similar nature to von Sachs
and Neumann (2000) that utilises Haar wavelet coefficients in order to investigate the
constancy over scales of the wavelet spectrum instead of Fourier frequencies. [Taylor et al.
(2014) extend the work of |Cardinali and Nason| (2010]) developing a test of stationarity for
spatial processes and apply their test to a texture analysis problem. |Cho (2016|) uses an

unsystematic sub-sampling approach to assess localised second-order nonstationarity over

86



pairs of random intervals and propose a test statistic that maximises the difference in the
spectral characteristics over the interval pairs. The unsystematic approach evades the need
for dyadic constraints on the sub-samples, as is the case for the Haar wavelet coefficients
in [Nason| (2013)).

To the best of our knowledge, within the current literature there exist very limited
testing procedures for the existence of evolutionary spectral characteristics across multiple,
or replicate, time series. Perhaps the closest methods that could be framed to compare
the (non)stationary characteristics between multiple time series lie within spectral com-
parison for classification. [Fryzlewicz and Ombao| (2009)) provide a general procedure to
classify processes into groups through comparing the estimated wavelet spectrum with the
spectral characteristics associated to each group. This procedure was improved upon by
Krzemieniewska et al.| (2014) who introduce a variance correction to account for potential
within-class variation of the spectra for each pair of wavelet scale j and location k. [Harg-
reaves et al.| (2019) were first to develop a hypothesis test which aims to establish whether
the associated evolutionary wavelet spectra of two (classification) groups are significantly
different. Of the little literature that exists specifically for the testing of spectral evolution
over the replicate domain, |[Fiecas and Ombao| (2016)) propose a Fourier-based resampling
procedure under the framework of log-linear models. Their procedure echoes the functional
regression problem of testing the equality of the curves in the time domain (for exam-
ple see [Dette and Neumeyer (2001)). Functional regression approaches often deal with
replicate time series data by projecting it into the Fourier or wavelet domain where the
spectral representations become subject to modelling. For an introduction to functional
regression and more specifically functional linear models see [Ramsay and Silverman| (2005)),
additionally Morris| (2015) provides an updated review on current methods in the field.
When testing for differences between curves in the spectral domain, techniques are centred
around functional ANOVA (see Ramsay and Silverman| (2005)). Shumway (1988]) (or
more recently Shumway and Stoffer| (2017)) computed individual test statistics for each
given frequency (in the Fourier domain) to detect differences in the Fourier spectra of
the mean curves. The individual test statistics were combined in Fan and Lin (1998)) to
form an overall test based on the adaptive Neyman test to identify differences between
two groups of curves, which they then generalise to compare multiple groups of curves
through an adaptive high-dimensional ANOVA. Developments of functional (F)ANOVA
methods have been established in the wavelet domain (WANOVA) by [Raz and Turetsky
(1999); |[Vidakovic (2001) and McKay et al.| (2013), with the second highlighting that the
decorrelation properties of wavelet transformations (Chang and Stein| (2013)) are beneficial
for regularisation. |Atkinson et al. (2017) note the favourable properties of WANOVA
to smooth, reduce dimensionality and decorrelate time series data and thus develop a
WANOVA-based model validation process. In the setting of locally stationary processes
(Dahlhaus, [1997)), Guo et al.| (2003) propose a smoothing spline (SS-)ANOVA model fitted
to time-varying log-periodograms constructed using SLEX basis functions (see Ombao et
al.| (2002))). [Martinez et al. (2013)) study differences in regional bat mating chirps through a
Bayesian functional mixed model and employ the approach described in [Morris et al.| (2011))
of mapping the localised Fourier power spectra of the chirps (the functional responses) into

the wavelet domain.
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This chapter proceeds as follows. Section (i) introduces the proposed location-
specific test of replicate-effect under the assumption that replicates are uncorrelated, and
(ii) simulation studies demonstrate the performance of the test and the advantages it
brings to the analysis. In Section (i) we give the details of the proposed global test
of replicate-effect constructed under the assumption that replicates are uncorrelated, and
(ii) the test performance is assessed through simulation studies. Section recalls the
neuroscience real data study and we apply our proposed tests of replicate-effect to the

macaque dynamic brain processes data. We conclude the chapter in Section [5.5

5.2 Location-specific test for replicate-effect

Recalling Definition in Chapter [2| our REv-LSW process is defined to allow for a slow
evolution (to allow for meaningful estimation and asymptotics) of the process amplitudes
over replicates, controlled by the Lipschitz continuous transfer function W](Z, v). Thus,
we propose the location-specific test that is capable of identifying both the replicates and
time locations within replicates where spectral evolution is present. To test whether this
evolution is indeed manifest within the spectral quantities, we formulate the null hypothesis
that the wavelet spectrum is constant over rescaled replicate-time v € (0,1) and test this

for each rescaled time z = k/T.

Thus we propose to test that

&

k
S <T’ V) is constant as a function of v,Vj versus

k
HY% . 3j* such that S (T’ 1/) is non-constant over v € (0,1).

For subsequent ease, we shall make use of the spectral quantity (3; ( %, V) =345 (%, V),
a quantity analogous to that introduced by [Fryzlewicz and Nason| (2006) and previously
introduced in Chapter[2] We recall, that finding a well-behaved estimator for S is equivalent
to finding a well-behaved estimator for 3, due to the invertibility of the matrix A and
boundedness of its inverse norm. As such, the within-replicate raw periodogram I;’;ﬁT is
an asymptotically unbiased estimator for 5 (see Proposition [2.1.10)). For a given time k,
it can be immediately verified that our testing problem above can be re-framed as the

pointwise testing problem

k
H[]f : B <T’ y> is constant as a function of v,Vj versus

=

k
35 such that S (T’ 1/) is non-constant over v € (0,1).

While smoother wavelets may be preferred over Haar wavelets for spectral estimation
due to their potential superior convergence rates, conversely, Haar wavelets are a suitable
tool for detecting departures from constancy (von Sachs and Neumann| |2000). In the spirit
of von Sachs and Neumann| (2000); Nason| (2013), we propose to assess the constancy of

@(%, -) by assessing the departures of its Haar wavelet coefficients from 0.

We therefore proceed to define the Haar wavelet coefficients of the spectral function
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@-(%,)atscalej:1,...,Jandtimek::(),...,T—las

. 1 k
772(;7][,@ :A Bj <T7V> ¢£7(V)d’/a (58)

where wﬁ,(u) denote the Haar wavelet at (Haar) scale i = 1, ..., J" and (Haar) location
p=1,...,2" — 1. Crucially, note that the Haar wavelet is operating over the (rescaled)
replicate dimension, as opposed to the time dimension, thus J'(R) = logy(R). From the
Haar wavelet property fol Y (v)dv = 0, it directly follows that the Haar wavelet coefficients
in equation are zero under the null hypothesis H(lf.

Our null hypothesis now amounts to Hp : ni(’];k) =0 for all j,4, and p. If for any k there
exists a scale j* and Haar scale and location (i*, p*) such that nz(f*pf ) # 0, then we conclude
that 3; (%, ) is not constant and there exists a replicate-effect, 1.e., the spectral quantities
are indeed evolving over replicates and an REv-LSW approach to modelling the data is to
be preferred over a blanket-approach across all replicates.

Before proposing a test statistic, let us first make the following assumptions that follow
in a similar vein to Nason| (2013]).

(4,k)
p

Assumption 1. We consider Haar wavelet coefficients ,">"’ at coarser scales i = O(log,(R))

for the asymptotic control of bias.

’W\//'j(ﬁ V)‘ < 00, at all scales j.

Assumption 2. (a) For a fixed time k, sup, T

(b) For a fixed time k, inf,
7.

V[N/j(%, V)) > € for some € > 0 and all scales

(¢c) i. For a fixed time k, the transfer function V[N/J( %, v) has at most
uniformly bounded variation across the replicate dimension (v),
at all scales j.
ii. By Definition of an REv-LSW process, for each scale
j > 1, there exists a Lipschitz continuous transfer function
’Wv;‘(z, v) which forces the amplitudes to evolve slowly over
rescaled time (z) and replicate (v) dimensions. For a fixed time
B W5 G| < Witk v)
2(c)i holds.

, thus ensuring that Assumption

In order to estimate the Haar wavelet coefficients in equation (58)), we replace the spectral

quantity 3; (%, 1/) by means of its asymptotically unbiased estimator (see Proposition

2.1.10)), 1.e., the corresponding raw periodogram I J.L;fTJ;R. For a given time k, we thus

proceed to use its associated wavelet periodograms at all scales j and over all replicates
r = |vR]. For notational simplicity, we denote these quantities as I7).
Hence at time k£ and scale j, the estimates of the Haar wavelet coefficients are given by
) 2i-11 201 )
~(1k) _ o—i/2 2'p—1 2'p—q
iy =27 LT - Y I (59)
=0

q:2i71

where again i = 1,...,J" and p = 1,...,2 — 1 and we point out that the Haar wavelet

transform is taken over replicates.
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(4,k)
P

Proposition 5.2.1. Under Assumptions 1 and 2, 772-7 1s asymptotically normal and has

the following properties for all j, i and p, and for a fived k

1 E[i%P] =P + 0T RY2) + O(RTV?),

2. var (%ka)) =2R7! fol B2 (%,v) (1/12%@))2 dv+ O(2%(RT)™Y) + O(27R72).

Proof. The proof follows the steps presented in Proposition 1 of Nason (2013)) and the
results in our Proposition [2.1.10] in Chapter O

Proposed test statistic

Under the null hypothesis HY, von Sachs and Neumann| (2000, Theorem 3.1) guarantees

that the interval coverage rates achieved when replacing (alg;k))Q = var (ﬁgi;k)> by an
(

estimator (é}ij;
distribution. Nason| (2013) also use this result in their development.

k))2

are asymptotically equivalent to those attained by means of a normal

Recalling that for a fixed time &, under the null hypothesis that 3; (%, ) is constant

(G:F)

over the rescaled replicate dimension, implies that Nip = 0 for all j,4, and p. This leads

us to propose testing for H(’f via the test statistics

; i,p -
Ti,]p =R at all j, ¢, p,
Tip

. 2 . .
where <&§7};k)) is an estimator for (a(] ’k))2 = var <'ﬁi%k)). The test statistics for all original

l7p

scales j, Haar scales 7 and Haar locations p are then compared with a critical value obtained

from the normal distribution.

One way to estimate (ol%;k))z is by taking
2i-11 , 2i—1 .
(i i 2ip—1i 9ip—
(602 =270 | ST var(ZPhY + 3 var(I7P9)] (60)
=0 q=2¢—1

where we make use of the fact that the replicates are uncorrelated, hence cov(I;-"k, I;/k) =0

for r £ 1.
Under the null hypothesis, we could also estimate (cri(i;k))2 by replacing the unknown

ﬁjz (k/T,v) in property 2 of Proposition by an average of the squared raw wavelet

2 -
periodograms (I;k> across all replicates r (denote it as (I ng)z). This gives

(602 = 2R (T;0)* | Wl )y = 2R~ (T;0)°, (61)
0

where we have used the unit norm property of Haar wavelets at all 4 and p, and we define
_ 9 L 2
(Tik)" =R, (Ig%) :

As we proposed to test many hypotheses, we deal with the multiple hypothesis testing

by taking a false discovery rate approach (Benjamini and Hochberg, 1995) or, for a stricter

procedure, the Bonferonni correction (Nason) |2013). Additionally we note that the number

of hypothesis test carried out per location is dependent on how many original wavelet
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scales j and Haar wavelet scales j° we choose to test over, such that
#{tests per location} = #{original j scales} x #{Haar j' scales}, (62)

and we recall that a choice of coarser Haar wavelet scales are selected due to Assumption 1.

5.2.1 Simulation study for the location-specific testing methodology

Here we present some simulated examples to assess the capability of our test of constancy.
Each simulation follows a REv-LSW process as in Definition for various R and T'.
From our test, we aim to identify the locations k where the null hypothesis Ho nl(jpk) 0
is rejected for some j,%, and p and employ the false discovery rate with 5% nominal size to
control the number of false rejections. For each of the simulations, we choose to test over
the finest (J — 3) original scales and Haar scales j' = 1,..., J*, where J* = (J' — [J//2] +1)
and [x] denotes the smallest integer greater than or equal to x. Thus, the number of
hypothesis tests per location (equation (62])) is determined by (J — 3) x J*, recalling that
J = logy(T) and J' = logy(R). For each time location, we obtain empirical power /size
estimates through counting the number of times the test correctly/incorrectly identifies a
breach in spectral constancy. In practice we may only be concerned with whether the test
successfully identifies an evolution in the spectral quantities over the replicates of a REv-
LSW process. As such, to quantify global test performance, we provide statistical measures
of a binary classification test on average over 100 simulations. The precise formulas for
these measures are given in Table [8| where a ‘positive’ is understood to be a location that
is identified by the test as rejecting the null hypothesis of constancy across replicates, and
a ‘negative’ is understood to be a location that fails to reject the null hypothesis. The
reported results were obtained through estimating the variance (equation ), which was

found to give the most favourable estimates for the empirical power and size values.

Binary Classification rates

Rate ‘ Formula

True Positive Rate (TPR) ‘ tpfffn

True Negative Rate (TNR) ‘ mtffp

False Discovery Rate (FDR) ‘ tpip »

False Omission Rate (FOR) ‘ mff}n
Fowlkes-Mallows Index ( ‘ m + fp -TPR

Accuracy (ACC) ‘ %
Prevalence Threshold ( ‘ TPR%;EE;QQTNR_I

Table 8: List of binary classification rate formulas where ‘tp’ and ¢ fp’ denote the true and false
positives, and ‘tn’ and ‘fn’ denote the true and false negatives.
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Simulation 1

The following variations are constructed using the same underlying squared sine spectral

characteristics and different burst values are introduced to assess how well the location-

specific test identifies locations that exhibit a spectral evolution across the (rescaled)

replicates. For rescaled time z = k/T and replicates v = r/R, variations of simulation 1

are defined as follows:

1A.

1B.

1C.

Firstly, we aim to evaluate the test size. Specifically, we want to get a sense of
how the test performs in the absence of any evolution in the true spectra across the

replicates, hence we define the true spectra to be

sin? (272), for j = J(T) — 4,z € (0,1),7 € (0,1)
Si(z,v) =
0, otherwise.

We now introduce a burst value for the spectra which is contained in the first 7'/2
locations and defined for the second half of the replicates. We mathematically define

the true spectra as a function of R and T for simulation 1B as follows
sin? (2nv), for j = J(T) -4,z € (0,1),v € (0,1)

Sj(zvy): R
burst’,  for j = J(I) 4,2 € (0.5).v € (5 + 1)

0, otherwise,

with the ‘burst’ taking values of 1, 2 and 5. A visual representation of the true spectra
with a burst value of 2 can be seen in the left plot of Figure For a simulation with
R = 256 and T = 512, the first 128 replicates each have a sine squared behaviour
through all 512 locations, but the second 128 replicates have a burst in the first 256

locations and picks up the sine squared behaviour in the last 256 locations.

For this simulation we reproduce the spectra defined in 1B but reduce the locations
containing a burst to the first 7'/4, such that

sin? (2rz), for j = J(T)—4,z € (0,1),v € (0, 3)

(64)
2, for j = J(T) — 4,2 € (0,1),r € (3 + £, 1),

0, otherwise.
\

A visualisation of the true spectra appears in Figure (right) for a simulation with
R =256 and T = 512.

We will next investigate the power and size of the proposed test within this simulated

setup.

Results 1A. For R = 256 and T' = 512, we display the empirical size estimates in plot

(a) of Figure |0l where we identify the locations expected to break the null hypothesis of
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constancy by a horizontal line at 1 and the locations that are constant across replicates
(and thus should not reject the null) are identified by a horizontal line at 0. In addition
to plot (a), the binary classification measures given in Table |§| demonstrate that the test
is extremely capable of correctly identifying all the locations that do not breach the null
hypothesis of no replicate-effect, we show that this is true for choices of T' = 256 to 512
and R = 128 to 256. In Table @ the true negative rates (TNR) measure the proportion of
negatives correctly identified by the test and the accuracy (ACC) gives the proportion of
the locations correctly identified as either positive or negative. Note that here, we report
fewer measures due to the absence of true positives (locations with differing spectra across

replicates) and for the same reason we observe that the TNR=ACC.

Results 1B. Recall that our aim is to verify whether the spectra for the first 256
locations are identified as not constant across the replicate dimension. For burst values
of 1 and 2, we present the empirical power and size estimates for each time location in
Figure plots (b) and (c) respectively. Upon inspection of the plots, we notice a dip in
the power level around replicate 128, which results from the spectra of the squared sine
and the burst becoming closer in value. For a burst of 1, the test clearly breaks down as
the difference between spectra approaches zero. Next, it is evident that the majority of
false rejections for the simulation with burst value of 2 are observed at the true rejection
region boundaries. This can be attributed to the artificial power leakage introduced during
estimation of the spectra. Additionally, we also investigated a burst value of 5, which
resulted in the empirical power estimates all lying on the horizontal line at 1. On the
whole, the individual location power and size estimates suggest that the test performs very
well over the 100 simulations when the difference between the spectra of the squared sine

and burst characteristics is larger than 1, so it can be identified.

Binary classification measures, as defined in Table [8] are reported for this simulation in
Table [10] for the different burst values, 7" = 256 to 512 and R = 128 to 256. Considering
each burst individually, it is apparent in each case that the test performance improves as R
and T increases, which is of no surprise given the improved spectral estimation as R and T’
— 00 (see Proposition in Section . This improvement is seen in the true positive
rates (TPR), which we recall measure the proportion of actual positives correctly identified
by the test. Furthermore the false discovery rates (FDR) and false omission rates (FOR),
which respectively measure the proportion of identified positives and identified negatives
that are false, are also decreasing with R and T increasing. The Fowlkes-Mallows index
(F-M) measures the similarity between the TPR and the proportion of identified positives
that are true (the positive predictive rate), where greater similarity is indicated by a higher
index value. The accuracy (ACC) measure of the test gives the proportion of the locations
correctly identified as either positive or negative. Note however that the ACC alone can be
a misleading tool since it is not explicit whether the positives or negatives are contributing
more to the accuracy. When comparing across the bursts, the measures show that the
test gets better at identifying the true positives as the burst increases (greater difference
between spectra) at a cost of a slight worsening of the true negative rate (TNR). This, as
mentioned previously, is due to the power leakage across locations during estimation. Also,
the measures give further evidence to the test struggling to identify a difference between

the defined burst (of 1) and sine squared spectra of less than 1, while there is significant
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improvement in the measures as the burst is increasing (e.g. 2). Finally, in Figureﬂwe
visually supplement the above results with a receiver operator characteristic (ROC) plot,
which plots the TPR against the false positive rate (FPR), with the latter measuring the
proportion of actual negatives incorrectly identified as positive, i.e., (1 - TNR). This plot
summarises how an increase in R and 7', and furthermore how the difference in value of the
spectra between replicates (greater burst) lead to an improvement in the performance of
the test amounting to correctly identifying the locations that indeed present evolutionary

spectral characteristics over the replicates.

Results 1C. For this simulation with a burst value of 2, power and size estimates can
be visualised in plot (d) of Figure [50[ and in Table [11| we report statistical measures on the
overall test. The results for this test are very favourable, with the majority of true positive
and negative locations being identified. In comparison to simulation 1B (with a burst value
of 2), here the spectral leakage across locations at the location rejection boundary has less

impact due to a smaller difference between spectra across replicates for these locations.

20 20

=
=
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Rescaled Replicates
Rescaled Replicates

00

0.0

Rescaled Time Rescaled Time

Figure 49: Time-replicate plot of the true spectra in level 5 with ‘burst’= 2 for simulation 1B (left)
and simulation 1C (right).

Binary classification measures
R T TNR SdTNR ACC

128 256 0.9918 0.0078 0.9918
256 256 0.9941 0.0058 0.9941
256 512 0.9921 0.0049 0.9921

Table 9: Binary classification measures averaged over 100 runs for simulation 1A. Note that
TNR=ACC
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Figure 50: Simulation 1 empirical power and size estimates for each location over 100 runs.
(a): simulation 1A; (b): simulation 1B with ‘burst’= 1; (¢): simulation 1B with ‘burst’= 2; (d):

simulation 1C with ‘burst’= 2.
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Figure 51: ROC plot for simulation 1B. It is desirable to see the improved TPR as R and T
increase whilst also highlighting improved test performance on greater burst values. Furthermore
the minimal impact on FPR is also a desirable find.
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Binary classification measures
R T TPR  sdrer TNR sdrxr  FDR FOR F-M ACC PT
128 256 0.4980 0.0327 0.8591 0.0185 0.2107 0.3685 0.6267 0.6786 0.3467
256 256 0.5625 0.0282 0.8398 0.0167 0.2130 0.3422 0.6652 0.7012 0.3476
256 512 0.5634 0.0223 0.8696 0.0139 0.1833 0.3341 0.6782 0.7165 0.3244

Binary classification measures
R T TPR  sdrpr  TNR sdrne  FDR FOR F-M ACC PT
128 256 0.85 0.0571 0.8295 0.0177 0.1610 0.1503 0.8441 0.8397 0.3092
256 256 0.9777 0.0218 0.8173 0.0102 0.1518 0.0260 0.9106 0.8975 0.3017
256 512 0.9752 0.0197 0.8460 0.0095 0.1333 0.0280 0.9193 0.9106 0.2842

Binary classification measures

R T TPR sdtpr TNR sdrnrg  FDR  FOR  F-M ACC PT
128 256 1 0 0.8085 0.0117 0.1551 0 0.9192 0.9043 0.3042
256 256 1 0 0.8028 0.0088  0.1592 0 0.9170 0.9014 0.3074
256 512 1 0 0.8361 0.0070 0.1379 0 0.9285 0.9181 0.2881

Table 10: Binary classification measures averaged over 100 runs for simulation 1B. Top: ‘burst’= 1;
middle: ‘burst’= 2; bottom: ‘burst’= 5. Prevalence = 0.5.

Binary classification measures
R T TPR  sdrer TNR sdrne  FDR FOR F-M ACC PT
128 256 0.9013 0.0540 0.9775 0.0140 0.0522 0.0322 0.9235 0.9584 0.1297
256 256 0.9842 0.0222 0.9688 0.0124 0.0722 0.0053 0.9553 0.9726 0.1477
256 512 0.9769 0.0230 0.9799 0.0078 0.0505 0.0077 0.9629 0.9791 0.1227

Table 11: Binary classification measures averaged over 100 runs for simulation 1C with ‘burst’= 2.
Prevalence = 0.25.
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Simulation 2

We now introduce a more demanding spectral structure of the meta-process, where the
different behaviour is manifest in the middling replicates and time locations. The simulated

true spectra are defined by

(

cos? (2rz), for j=J(T) -4,z € (0,1),v € (0, g) U (% + %, 1)
and z € (0,2) U (2 +
‘burst’, for j=J(T)—4,z € (% +

0, otherwise,
\

where the burst is now defined for fewer replicates, and in rescaled arguments z = k/T
and v = r/R. For a simulation with R = 256 and T' = 512, we can visualise the spectral
characteristics in Figure [52] featuring a squared cosine behaviour in all replicates except for
the middle R/4 = 64 (here, replicates 97 to 160), which have a burst across the middle
T /4 = 128 locations (here, locations 193 to 320). It is for these locations that we would

expect to see rejections of the null hypothesis of constancy across the replicate dimension.

- 15

Rescaled Replicates

Rescaled Time

Figure 52: Time-replicate plot of the true spectra in level 5 for simulation 2.

From Figure where the horizontal lines at 1/0 identify the locations expected to be
rejected /not rejected, it can be seen how again the test breaks down when the burst is 1
(and thus the difference between spectra over replicates is at most 1). For burst values of
2 and then 5 we see much improvement in the number or true positives being correctly
identified (rejected) but as previously noted, higher bursts correspond to more negatives

incorrectly identified by the test at the location rejection boundaries.
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Figure 53: Simulation 2 empirical power and size estimates for each location over 100 runs. Top left:
‘burst’= 1; top right: ‘burst’= 2; bottom left: ‘burst’= 5. Bottom right: ROC plot for simulation 2.

The statistical measures in Table [12| confirm the impact of increasing the burst, with
TPR increasing and TNR decreasing. Whilst other measures remain favourable, we do note
the increase in the FDR from a burst of 2 to 5, such that approximately 30% of identified
positives are false. This increase moves with the decrease in TNR. However, keeping in
mind the goal of the test, the jump up in TPR suggests all true positives are identified at
a burst of 5 and despite the increase in FDR, the higher F-M index values indicate there is
greater similarity between the identified positives and true positives clusters. Note that
the presence of ‘na’ values is a result of the test failing to make any positive identifications
on some runs of the simulation (see how the formulas in Table |8 can only be computed if
tp = fp=0). The ROC plot is displayed in Figure [53| (bottom right) and gives a visual
comparison of the TPR and FPR for simulations with differing R, T" and burst intensities.
It is evident from the plot that the test performance improves (TPR increases) as R, T
and the burst intensities increase. We note that this is at the expense of a minor increase
in the FPR, which can be attributed to the impact of spectral leakage from the greater

burst intensities.
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Binary classification measures

R T TPR  sdrer TNR sdrne  FDR FOR F-M ACC PT
128 256 0.0230 0.0277 0.9828 0.0145 na 0.2489 na 0.7429 na
256 256 0.03 0.0315 0.9835 0.0127 na 0.2474 na 0.7451 na
256 512 0.0420 0.0238 0.9861 0.0075 0.4443 0.2446 0.1492 0.7500 na
512 512 0.0946 0.0382 0.9817 0.0093 0.3279 0.2351 0.2477 0.7599 na

Binary classification measures
R T TPR  sdrer  TNR sdrnr  FDR FOR F-M ACC PT
128 256 0.4325 0.1160 0.9503 0.0258 0.2318 0.1651 0.5721 0.8209 0.2485
256 256 0.7159 0.0979 0.9318 0.0233 0.2071 0.0914 0.7519 0.8779 0.2334
256 512 0.7520 0.0667 0.9581 0.0139 0.1341 0.0790 0.8060 0.9066 0.1884
512 512 0.9627 0.0222 0.9228 0.0233 0.1857 0.0132 0.8849 0.9328 0.2177
Binary classification measures
R T TPR  sdrpr  TNR sdtnr  FDR FOR F-M ACC PT
128 256 0.9816 0.0233 0.8577 0.0322 0.2919 0.0071 0.8331 0.8887 0.2736
256 256 0.9988 0.0057 0.8193 0.0117 0.3448 0.0005 0.8089 0.8642 0.2982
256 512 0.9995 0.0019 0.8468 0.0176 0.3104 0.0002 0.8301 0.8850 0.2808

Table 12: Binary classification measures averaged over 100 runs for simulation 2. Top: ‘burst’= 1;
middle: ‘burst’= 2; bottom: ‘burst’= 5. Prevalence = 0.25. The ‘na’ values are a result of the test
failing to make any positive identifications (such that ¢tp = fp = 0 in Table [§)) on some runs of the
simulation.

Simulation 3

For our third simulation we dramatically reduce the number of replicates and locations

that we define to have changing spectral characteristics. The spectra are defined as follows

(

cos? (2mz), forj=J(T)—4,2€(0,1),r € (0,2)U (% + £,1)
S;(2,v) = andze((),z*_%) (z* +16+T,1)V€(%+%,%)
‘burst’, for j = J(T) -4,z € (* 16+T’Z +16) ye(%+ﬁ,%)
\ 0, otherwise.
(66)
where z* = [0.67'| /T and in rescaled time z = k/T and v = r/R. For a simulation with

R =256 and T' = 512 we again have a squared cosine behaviour in all the replicates except
for R/8 =
over T/8 = 64 locations (here, 276 to 339). Figure [54] gives a visual representation of the

32 (here, replicates 97 to 128) where we have defined a burst of 1 in the spectra

spectra defined for both burst intensities of 1 and 5.

From the empirical power and size estimates shown in Figure it is evident that the
closeness in spectra of the squared cosine and the burst value of 1 is again causing the test
to struggle to reject the null hypothesis at the locations across which an evolution over
the replicates exists. For burst values of 2 and 5, the test sufficiently rejects the correct
locations, but present again is the effect at the location rejection boundaries.

As with the previous simulations, the measures shown in Table [13] improve for higher
values of R and T, and furthermore for an increasing burst. Recalling that we have defined

an evolution in the spectra over a much smaller window of replicates and locations, it is
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Figure 54: Time-replicate plots of the true spectra in level 5 for simulation 3. left: ‘burst’= 1;

right: ‘burst’= 5.
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Figure 55: Simulation 3 empirical power and size estimates for each location over 100 runs. Top left:
‘burst’= 1; top right: ‘burst’= 2; bottom left: ‘burst’= 5. Bottom right: ROC plot for simulation 3.

understandable that the measures for bursts 2 and 5 are slightly lower than in previous

simulations, nevertheless the test still performs well despite the more challenging structure.
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We display the corresponding ROC plot in Figure |55| (bottom right) which again highlights
the improved performance from increases in R and 7" and furthermore the impact of greater

burst intensity.

Binary classification measures
R T TPR  sdrpr TNR sdrnr  FDR FOR F-M ACC PT
128 256 0.0538 0.0665 0.972  0.0185 na 0.1220 na 0.8572 na
256 256 0.0684 0.0632 0.9633 0.0177 0.7636 0.1213 0.1229 0.8515 na
256 512 0.1769 0.0664 0.9697 0.0130 0.5180 0.1081 0.2879 0.8706 0.2943

Binary classification measures
R T TPR  sdrpr TNR sdrnek  FDR FOR F-M ACC PT
128 256 0.4284 0.1293 0.9226 0.0235 0.5398 0.0810 0.4408 0.8609 0.2997
256 256 0.6041 0.0901 0.9054 0.0186 0.5077 0.0587 0.5442 0.8677 0.2833
256 512 0.7473 0.0703 0.9243 0.0152 0.4045 0.0375 0.6662 0.9022 0.2405

Binary classification measures
R T TPR  sdrer TNR sdrxe  FDR FOR F-M ACC PT
128 256 0.8216 0.0629 0.8825 0.0148 0.4894 0.0280 0.6472 0.8748 0.2742
256 256 0.8569 0.0543 0.8795 0.0093 0.4864 0.0227 0.6632 0.8767 0.2727
256 512 0.9402 0.0294 0.8964 0.0086 0.4295 0.0094 0.7322 0.9019 0.2490

Table 13: Binary classification measures averaged over 100 runs for simulation 3. Top: ‘burst’= 1;
middle: ‘burst’= 2: bottom: ‘burst’= 5. Prevalence = 0.125. The ‘na’ values are a result of the
test failing to make any positive identifications (hence tp = fp = 0 in Table[8)) on some runs of the
simulation.

Simulation 4

We now evaluate the power of the test by means of a simulation which does not provide
a burst but instead displays slowly evolving spectral characteristics over both (rescaled)

time and replicates of a REv-LSW process. We define the spectra as follows

dvsin? (2mz(1 + 2v)), for j = J(T) -4,z € (0,1),v € (0,1
S Cra(l+20), forj=J(I) ~4zeODveOD o
0, otherwise,

recalling that z = k/T and v = r/R in rescaled arguments. Figure [56| displays the true
spectra for a simulation with R = 256 and T' = 512. For this simulation all locations have
a degree of varying spectra over the replicates and therefore we would like the test to reject
all locations. This is the opposite scenario to Simulation 1A.

Figure [57] displays the empirical power estimates for the simulation with different R
and T'. It is clear that the test struggles for the simulation with R = 128 but performs
well when the number of replicates increases to R = 256. This, as noted previously, is
due to improved estimation of the spectra as R,T — oco. For both R = 128 and R = 256,
note that the power estimates at locations preceding location 0.27" are poor indicating
the test is having difficulty to identify a breach in the null hypothesis of constancy of the
spectra over replicates. Comparing these locations where the test struggles to the true
spectra across replicates around a rescaled time of 0.15 in Figure the results suggest

that the spectra evolve too slowly over the replicates to be picked up by the test. Recall
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Figure 56: Time-replicate plot of the true spectra in level 5 for simulation 4.

that the test struggled in previous simulations when the difference between the burst and

sine/cosine spectra was of 1 or less.
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Figure 57: Simulation 4 empirical power estimates for each location over 100 runs. left: R=128,

T=256; right: R=256, T=512.

In Table [14] we report the statistical measures on the test as a whole. Note that there

are fewer rates reported due to the absence of true negatives (locations with constant

spectra across replicates). Also note how the increase in replicates to R = 256 much

improves the TPR and the F-M index, which we recall gives a measure of the similarity

between the identified positives and true positives.

Simulation 5

Stepping up the challenge given by simulation 4, we now introduce an evolving spectral

structure for two neighbouring wavelet scales and further investigate the power of the

proposed test. The spectra are defined as follows
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Binary classification measures
R T TPR SdTpR F-M ACC

128 256 0.4944 0.0716 0.7012 0.4944
256 256 0.8470 0.0375 0.9201 0.8470
256 512 0.8954 0.0226 0.9462 0.8954

Table 14: Binary classification measures averaged over 100 runs for simulation 4.

41 =v)cos? (G + 37mz), forj=J(T)—3,2€ (5+ +,1),v € (0,1)
Sj(z,v) =  4cos? ((47 + 10v)z) , for j = J(T) -2,z € (0,%),7 € (0,1)
0, otherwise,
(68)
recalling that z = k/T and v = r/R in rescaled arguments. The true spectra for a
simulation with R = 256 and T' = 512 can be seen in Figure Once again we expect
the test to make rejections for all locations. For different R and 7', the empirical power
estimates are displayed in Figure The results here follow in similar vein to simulation
4, such that as estimation improves asymptotically with R,T" — oo, the performance of
the test improves. Furthermore we again have evidence that the test does not always
correctly reject when the evolution of the spectra over the replicates is too slow, specifically
between rescaled time points (approximately) between 0 and 0.05 and between 0.15 and
0.2 in Figure comparable with the same rescaled time points in Figure Statistical
measures on the global test performance are given in Table [L5| where again fewer rates are
reported due to the absence of any true negatives. Both the TPR and F-M demonstrate

the test performs well, with improvements obtained with increases in R and 7.

Rescaled Replicates

Rescaled Time

Figure 58: Time-replicate plots of the true spectra in levels 7 (top) and 6 (bottom) for simulation
5.
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Binary classification measures

R T TPR sdrpr F-M ACC
128 256 0.4916 0.0568 0.6999 0.4916
256 256 0.7980 0.0207 0.8933 0.7980
256 512 0.8042 0.0162 0.8967 0.8042

Table 15: Binary classification measures averaged over 100 runs for simulation 5.
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Figure 59: Simulation 5 empirical power estimates for each location over 100 runs. left: R=128,
T=256; right: R=256, T=>512.

Concluding remarks

Overall, the simulation study has shown that the location-specific test can correctly identify
whether there exists spectral evolutionary behaviour over the replicates. When there is
in fact spectral constancy across the replicates, the test successfully identifies the lack
of replicate-effect. We recall that the test falsely identified spectral evolution over the
replicates at the location rejection boundaries due to power leakage during estimation.
However despite this, we note that in order for this to occur, there must exist an evolution
in the spectra over the replicates for some locations. We recommend the use of this test if
the analysis aim is to gain an indication as to whether there is any evolution in the spectral
characteristics over replicates. However, this test goes further and is also able to give a
good identification of the times and replicates at which an evolutionary behaviour over
the spectra exists. Whilst the location-specific test is most informative, the next section
proposes a global test for replicate-effect, offering the user a direct diagnostic as to whether

a replicate-effect exists as opposed to assessing the individual locations.

5.3 A global approach to testing for replicate-effect

Recall that so far we aimed to identify those times k for which the null hypothesis,
Hé“ : 5 (%, V) is constant as a function of v, Vj, holds. However, depending on the context,
one might find it more useful to test the overall null hypothesis Hy : S; (%, I/) is constant
as a function of v, Vj, k. In this setting, we are again modelling under the assumption that
replicates are uncorrelated.

In order to propose an appropriate test statistic for this over-arching hypothesis, let us
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first consider the following measure for the spectral departure from constancy through the

replicate-dimension for a particular time k (rescaled time z = %) and within each scale j,

1
T (5)(2, ) = /0 (8 (20) - 5 () v,

where we denote by S; ( fo (z,v)dv (see also |Cardinali and Nason (2010) for an
alternative context where such a measure proved successful).

The average spectral departure from constancy across all scales may then be measured
by

Lo (155 ())) = T S5,
j=1

where we recall that J(T') = log,(7"). Furthermore, one could quantify the overall spectral
departure not only across all scales but also through time, which for brevity we denote
Tove (S), as follows

Towe (5) = /O £ (155 )y, ) e, (69)
J 1
— J‘ljz_;/o T (S; (2,-)) d.

Under the null hypothesis (Hp) defined above, note that all measures above are 0.
Conversely, since the spectral quantities are positive it is straightforward to show that if
the aggregated measure Tgye (S) in is 0, then the null hypothesis of spectral constancy
through replicates at all times also holds. Hence we shall treat significant departures from
0 as indicative of departures from the null hypothesis.

As the true replicate wavelet spectra are unknown, we estimate the measures of spectral

departure from constancy above by means of their sample equivalents, built upon a well-
behaved spectral estimator (see for instance Proposition [2.1.16|in Section [2.1]). Hence we

obtain
2(50) = (5 (50)) s s s (s ().
. J . (k k
Tove <{Sj,k}j> _ J_lzvar,, <Sj (T,z/>>, for Ty ({Sj <T)}]>
A _1T71 Ik
Toc ({80} ) = D7 Y ($ (50)) . o T (9),

where in the above S ( , ) is our proposed smoothed and corrected wavelet periodogram
at rescaled replicate v and var, denotes the usual empirical variance, here taken over
replicates within each scale j and at each time k.

Although under the null hypothesis the distribution of the test statistic Tgye (5’) is

unknown, since we have shown that for all replicates v, {5’] (%,I/)} . is a consistent
J

)

estimator for the true spectrum {Sj (%, 1/) }j .» the bootstrap approach of Davison and
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Hinkley| (1997) is a valid alternative which we propose to use here (see also |Cardinali and
Nason| (2010))). In order to allow for parametric resampling, we carry out the bootstrap
simulations under a Gaussian innovations assumption, which we note that is a non-limiting
assumption as discussed in Chapter [2| (Remark . The statistical significance of the
observed test statistic is then established by means of a Monte Carlo approach used to
generate pseudo-test statistics values from a process with properties akin to those of the
original process under the null hypothesis. The resulting p-value is then simply computed
using a count of these pseudo-test statistics that exceed the value of the observed test
statistic.

The proposed algorithm to test whether a replicate-effect is present, appears detailed
in Algorithm [1] below.

Proposed BootReplicateTest algorithm:
Assume we observe a REv-LSW process as in Definition and we want to assess whether a replicate-effect
exists.

0. Obtain a well-behaved spectral estimator S'j (k/T,r/R), Vi, k, r.

1. For each scale j and time k, under the null hypothesis of constancy through replicates, compute the
average scale- and time- specific periodogram,

Si(3) = R 55050 8i(k/T,r/R).
2. Compute the test statistic Tqye <{S’](%, . )} > (: Tglfgk) across all times k, and aggregate these
into ’ ~ )
T = (R—10)I1) ™ S S S (S5 (k/Tor/R) = 8,(5)
3. Iterate for b =1 to B bootstraps:
e for each scale j, simulate a REv-LSW process {X{ff}(b) with squared amplitudes given by
5'](%) for all r, |
e compute the corresponding test statistic T,(l?e corresponding to the simulated data.

4. Compute the test p — value = (1 4+ #{T%. > TXN) /(B + 1).

Algorithm 1: Proposed bootstrap test for assessing the existence of a replicate evolution
across and REv-LSW process.

5.3.1 Simulation study for the global testing methodology

Our attention now turns to investigating the performance of our global testing approach.
For various combinations of R = 64 to 256 and T" = 128 to 512, we carry out the proposed
testing procedure with smoothing performed over both the replicate and time domains, thus
yielding the most accurate and consistent estimate of the wavelet spectrum as documented
in Remark We do this for N = 100 runs with B = 100 bootstraps within each run.
Additionally it has been shown that the length of the replicate smoothing window, (2M +1),
and thus our choice of M, can lead to improved estimation, however for the following
simulations we maintain a value of M = 4 but keep in mind that our test performance
could improve with a different choice for M. Furthermore, unlike for the location-specific
test where Haar wavelets alone were suitable for estimation, here it is preferable to choose

the wavelet family most reflective of the process smoothness as this will yield the best
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spectral estimators. For each simulation we report empirical size and power estimates
obtained through counting the number of times the test rejects the null hypothesis of

constancy (over replicates) at a significance level of 5%.

5.3.1.1 Simulations to investigate size

We first aim to assess how the test performs in the absence of any spectral evolution
across the replicates. To do so we consider the following setups. We purposely include
processes that we know depart from the REv-LSW assumptions, in order to probe the test

performance outside of this framework.

sl. Simulated processes as detailed in Simulation 1A of Section

s2. (a) An autoregressive AR(1) process, X:;R = ’thT;}f + €}, with AR parameter

v = 0.9, independent standard normal innovations.
(b) As above but with AR parameter v = —0.3.

One concatenated realisation of the meta-process, viewed as a series of length RT',
can be seen in Figure
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Figure 60: Concatenated series of a replicate process simulated from s2(a).

s3. (a) A time-varying autoregressive AR(1) process, X, R = ’thtT;_h;’ + €}, with AR
parameter 7 evolving linearly within each replicate from 0.9 to -0.9, with

independent standard normal innovations.
(b) As above but with AR parameter 7; evolving constantly from 0.3 to -0.3.

One concatenated realisation of the meta-process, viewed as a series of length RT',

can be seen in Figure

Results. We compute our spectral estimates using the discrete non-decimated wavelets

built by means of Daubechies Least asymmetric wavelet family with 10 vanishing moments
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Figure 61: Concatenated series of a replicate process simulated from s3(a).

(DLA10) (Daubechies, 1992)) for s1, whilst Haar wavelets were chosen for s2(a,b) and
s3(a,b). These choices of wavelet were made in order to reflect the behaviour of the process,
for instance DLA10 may be chosen for smooth processes whereas Haar wavelets may be
preferable for choppier processes. In Table [I6] we report the empirical size estimates. For
the majority of the simulations, the size estimates are less than the 5% nominal size and
thus indicate that the test does a good job of not incorrectly rejecting the hypothesis that
spectra are constant across the replicate dimension. The one exception is simulation s3(a),

for which the size values range from 27% to 60%.

Size
R T sl s24 s2p s34 s3p
64 128 0 0.01 0.03 027 0.05
128 128 0 0.03 0.04 033 0.08
128 256 0 0 0.02 04 0
256 256 0 0.01 0.01 06 0.01
256 512 0 0.01 0 0.6 0

Table 16: Empirical size values computed over 100 runs for simulations sl - s3(a,b). Spectral
estimation was via the REv-LSW model with smoothing over replicates and time.

It is not obviously clear why the global test is struggling with simulation s3(a) however a
similar scenario occurs for the simulations using the Haar wavelet-based test of stationarity
proposed by Nason| (2013)) on a single AR(1) process with an AR parameter of -0.9. Nason
(2012) investigates this scenario and draws attention to the possible ‘volatility clustering’
exhibited by the process which is comparable to behaviour seen in financial time series and
GARCH models (e.g. see Chapter 3 of |Tsay| (2010)). For a series of length T' = 512, |[Nason
(2012) finds that the empirical size value of approximately 20% decreases with decreasing
the AR parameter to -0.8, down to an empirical size of approximately 4%.

For simulation s3(a), Figure displays the gradual volatility clustering occurring

108



over time within each replicate, with the clustering becoming more apparent as the AR
parameter approaches -0.9. As with Nason (2012), an improvement in the empirical size
values can be obtained through decreasing the negativeness of the AR parameter. When
the AR parameter ; is defined to evolve linearly from 0.9 to -0.9, for R = 128 and T' = 256
the empirical size in Table [16|is shown to be 40%. Setting the AR parameter to evolve
linearly from 0.9 to -0.8 yields an empirical size value of 18%, further still reducing if
the parameter is set to evolve linearly from 0.9 to -0.7, down to an empirical size of 12%.
If we consider R = 256 and T' = 512, the empirical size is shown to be 60% when the
AR parameter evolves linearly from 0.9 to -0.9. When set to evolve to -0.8, we obtain
an empirical size of 28%, while evolution to -0.7 yields an empirical size of 16%. The
additional estimated size values have not fallen below 5%, however they do demonstrate
that the test dramatically improves when we set the AR parameter to evolve to a lesser

extreme than -0.9, analogous to the results found in Nason| (2012).

5.3.1.2 Simulations to investigate power

To examine how well our global test identifies a breach in constancy of the spectral
estimates over replicates, or in other words whether there exists spectral evolution over the
replicates, we consider the following setups, including process that both adhere to (pl-p3)
and fall outside of (p4-p5) REv-LSW assumptions.

pl. Simulated processes as detailed in Simulation 1B of Section with burst values
of 1 (bl) and 2 (b2) .

p2. Simulated processes as detailed in Simulation 4 of Section [5.2.1
p3. Simulated processes as detailed in Simulation 5 of Section [5.2.1

pd. (a) A ‘replicate-varying’ autoregressive AR(1) process, X| R ’y’"Xtri}f + €}, with
AR parameter 4" evolving linearly from 0.9 to -0.9, with independent standard

normal innovations.
(b) As above but with AR parameter 4" evolving linearly from 0.3 to -0.3.

One concatenated realisation of the meta-process, viewed as a series of length RT',

can be seen in Figure

p5. (a) A ‘time-replicate-varying’ autoregressive AR(1) process, X = oA X:’ff + €},
with independent standard normal innovations and the AR parameter v/ evolves

linearly across both time and replicate dimensions, visually represented as follows

09 - A - =09
R .
’YtT;T— o o i I
0.9 - Aff 09

with t = 0,....,T —1and r = 0,..., R — 1. For each row, the AR parameter
evolves in equal increments of |y] —~7|/T" across the columns. For each column

t, the AR parameter evolves in equal increments of |y} — vf|/R across the rows.
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Figure 62: Concatenated series of a replicate process simulated from p4(a).

(b) As above but with matrix elements 0.9 and -0.9 being replaced with 0.3 and
-0.3 respectively.

One concatenated realisation of the meta-process, viewed as a series of length RT',

can be seen in Figure
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Figure 63: Concatenated series of a replicate process simulated from p5(a).

Results. We compute our spectral estimates using discrete non-decimated wavelets
chosen to best reflect the behaviour of the process. The discrete non-decimated wavelets
were built by means of Daubechies Least asymmetric wavelet family with 10 vanishing

moments for p2 and 6 vanishing moments for p3, whereas Haar wavelets were chosen for

110



Power

R T Pler Pl p2 p3 pde Pl POa Pob
64 128 0.05 038 097 1 1 0.97 1 0.3
128 128 0.08 0.97 1 1 1 1 1 0.76
128 256 0.23 1 1 1 1 1 1 0.97
256 256 0.79 1 1 1 1 1 1 1
256 512 0.99 1 1 1 1 1 1 1

Table 17: Empirical power values computed over 100 runs for simulations pl - p5(a,b). Spectral
estimation was via the REv-LSW model with smoothing over replicates and time.

the more volatile processes pl(b1,b2), p4(a,b) and p5(a,b). In Table [17| we report the
empirical power estimates, which suggest the test performs well for most setups. The
values for simulation pl(bl) is the only concern when R is low, however this was not
unexpected considering the previous results of the location-specific test for the same setup
(see Simulation 1B, Section [5.2.1)). We recall that there the test broke down when the
difference between spectra across the replicates assumed values less than 1. However, the

power values do improve as our sample size increases (R, T' — 00).

Concluding remarks

The simulation study has demonstrated that the global test, through encapsulating the
spectral characteristics of the whole REv-LSW process, is capable of answering the general
question of ‘does a replicate-effect exist’. However, the unfavourable empirical size values
for simulation s3(a) have demonstrated that the test can fail when the process veers too far
from the smooth evolution assumptions of an REv-LSW process (see Remark . As
the global test relies on obtaining consistent estimates of the spectra, we apply both time
and replicate smoothing, which can introduce edge effects at the time and replicate domain
edges, respectively. Our methodology so far does not address how to handle replicate
edge effects and so even though the global test performs well already, there is room for
improvement. For instance, we could consider a method that internally reflects the replicate
time series at the edges in the replicate domain and then cut these artificial replicates after
estimation. Alternatively, as in [Fryzlewicz and Ombao (2009)) we might perform the test
on a suitably selected subset of the wavelet scales j, locations k and replicates r. Both the
global and location-specific tests have proven to be successful within the simulation studies

and the next section will illustrate the tests when applied to real data.
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5.4 Analysis of Macaque Local Field Potentials: Test of replicate-effect

Our simulation studies have given a thorough demonstration on the performance of both
the location-specific and global tests aiming to identify the existence of replicate spectral
evolution across the experimental timeline. Under the assumption of uncorrelated replicates,
we now illustrate both tests on the macaque brain processes data introduced and analysed
in Chapter @ We recall that our real data analysis was carried out over sets of trials
grouped chronologically for correct and incorrect responses of the macaque. Each trial was
of length 7" = 2048 (hence J = 11) and each group (correct and incorrect) consisted of
R = 256 (hence J’ = 8) trials, thus forming our replicated time series that we model using
the REv-LSW framework developed in Chapter

5.4.1 Correct trials for the hippocampus

In Chapter [4] we estimated the spectral characteristics of the He correct trials by means
of non-decimated discrete wavelets from Daubechies Least Asymmetric family with 10
vanishing moments (DLA10), applied smoothing over both time and replicate domains
with a replicate local averaging window over 21 trials (M = 10 neighbouring trials), and
finally we corrected for bias. The process evolutionary behaviour was captured visually in
Figure (Chapter [4). The question we are aiming to answer is whether or not there is
sufficient evidence to deem that spectral evolution across the trials (replicates) is indeed
manifest and thus the macaque’s memory recall evolves through the experiment. We will
apply both the location-specific and global tests, and if appropriate, identify the times and

trials for which the memory recall becomes manifest.

Location-specific test

For our location-specific test, recalling its construction, we compute our spectral estimates
using Haar wavelets instead of DLLA10 and additionally as smoothing is not required for
this testing procedure we note that the estimated spectra are the raw wavelet periodograms.
For each location there are a total of 40 hypothesis tests over 8 original scales and 5 Haar
scales (recall equation ) and we are in the field of multiple hypothesis testing which we
deal with by taking an FDR approach.

In plot (a) of Figure |64 we present a visualisation of the number of locations identified
by the test as rejecting the null hypothesis of spectral constancy over the trials. The total
number of locations rejected was 1153. Here, a location is classed as rejected if any one of
the hypothesis tests for that location is rejected. This approach is a little naive and at
most tells us that our test ‘successfully’ identifies numerous locations across the experiment
that exhibit spectral evolution over the trials. What qualifies as a ‘successful’ identification
is open to interpretation, for instance whether 1 rejection out of 40 hypothesis tests is
satisfactory to classify a location as having a significant replicate-effect. Thus, plot (b) of
Figure [64] gives a more informative visualisation through displaying the percentage of the
40 hypothesis tests that were rejected for each location, while in plot (¢) we threshold the
percent values at 25%. By considering the percentage of tests rejected, we can identify
the locations that give a strong indication of a replicate-effect which could then be the

focus for further analysis. Comparing plot (b) with the spectral estimates in Figure
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corroborates the evolutionary patterns we see there. Interestingly, the test highlights
locations around timepoint 512, which we recall corresponds to the visual exposure time
block, and in the final quarter time block which we recall corresponds to the macaque
making correct associations. Thus the test appears to confirm the experimental design,
identifying the locations where we would expect a replicate-effect to be present. However,
we reinforce our previous point on the flexibility of choosing a threshold that would decide
whether a location should be deemed as ‘successfully’ rejecting the null hypothesis and
currently this is left to the discretion of the user. It is not unreasonable to assume that
if a significant replicate-effect exists for one location, then the spectral characteristics of
neighbouring locations may echo a similar replicate-effect. As such, in plots (d), (e) and
(f) of Figure [64] we choose to only display the locations rejected that are in the vicinity of
four (two each side) rejected locations. This process of eliminating the weakly rejected
locations (displayed throughout plots (a)-(f)) gives a way to identify the locations with the
strongest evidence for the existence of a replicate-effect.

As well as identifying the locations where a replicate-effect exists, the location-specific
test is also capable of indicating the trials for which the replicate-effect was detected.
In Figure for specific time locations 560 (left) and 1610 (right), indicative of the
experimental blocks corresponding to picture exposure and exercised choice respectively,
we plot the observed data as a time series across the replicate domain. The double headed
arrows indicate the replicates for which evolutionary spectra were detected, with the width
determined by the support of the underlying Haar wavelet. The right-hand axis gives the
wavelet scale j of the spectral estimates tested and the vertical position of the arrow within
each wavelet scale indicates the Haar scale ¢ with the topmost arrow corresponding to the
finest of the Haar scales tested. Both locations, 560 and 1610, have over 50% of hypothesis
tests rejected under the FDR control, with the majority of rejections occurring over the
final 128 replicates, indicating memory recall activation towards the end of the experiment.
Many rejections occur for a narrower window of 16 replicates (256/2*, where 4 is the finest
Haar scale tested) at the end of the replicates for location 560 and around replicate 135 for
location 1610.

Global test

For our global test, we want to obtain the best estimates for the spectral characteristics and
thus we use the estimation procedure inclusive of smoothing and correction, as described
above. To test for a global replicate-effect we proceed as follows. For B = 100 bootstraps,
we bootstrap the process under the null hypothesis that assumes spectral constancy over the
replicates, éj(%), and estimate the corresponding process spectra. Next, we then compute
the test p-value by means of step 4 in BootReplicateTest (of algorithm . For the correct
trials of the Hc data we obtain a p-value of < 0.01 which gives a strong indication that a
replicate-effect exists, in agreement to the findings of the location-specific tests. Figure
displays the histograms of the bootstrap test statistics benchmarked against the observed

test statistics.
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Figure 64: Location-specific rejection plots for the replicate-effect test carried out on the correct
trials of the hippocampus (Hc) dataset. (a): binary plot where a vertical line to 1 indicates that
the test identified the location as rejecting the null hypothesis of constancy; (b): percentage of
hypothesis tests rejected for each location; (c¢): percentage of hypothesis tests rejected for each
location thresholded at 25%; (d): as in (a) but only for rejected locations with two rejected
neighbour locations each side; (e): as in (b) but only for rejected locations with two rejected
neighbour locations each side; (f): as in (c¢) but only for rejected locations with two rejected
neighbour locations each side. The scale for plots (b), (c), (e) and (f), indicates the percentage of
rejections out of 40 hypothesis tests per location.
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Figure 65: Replicate domain plots for correct hippocampus trials at times 560 (left) and 1610
(right). Trials where replicate-effect detections were made are indicated by the double headed
arrows, and the corresponding wavelet scales j = 3, ...,9 are indicated on the right axis. Within
each wavelet scale, the vertical position of the arrow indicates in ascending order the Haar scales
i=0,..,4.
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Figure 66: Histogram of the bootstrap test statistics for the global replicate-effect test carried out
on the correct trials of the hippocampus (He) dataset.
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5.4.2 Correct trials for the nucleus accumbens

Previously in Chapter [, we estimated the spectral characteristics of the NAc correct trials
by means of non-decimated discrete wavelets from Daubechies Least Asymmetric family
with 6 vanishing moments (DLAG), applied both time and replicate (M = 10) smoothing,
and finally corrected for bias. The evolutionary behaviour was captured visually in Figure
(Chapter . We are aiming to assess whether or not the macaque has learned to process
the reward as the experiment progresses. Moreover, if the macaque has indeed learned, we

would like to identify the specific trial(s) over which the evidence of learning is manifest.

Location-specific test

For our location-specific test, we compute unsmoothed spectral estimates from the raw
periodograms using Haar wavelets instead of DLAG6. Similar to the location-specific tests
for the hippocampus, for each location there are a total of 40 hypothesis tests and we
tackle the multiple-hypothesis testing by using the FDR procedure. The test identified 344
locations as breaking the null hypothesis of spectral constancy over the replicates and we
plot these locations in plot (a) of Figure @ Once again we learn that several locations
were identified by the test and whilst this is important, further information is gained by
considering the percentage of the 40 hypothesis tests per location visualised in plot(b).
Evidently, there are far fewer locations with a higher number of rejections than 1 in 40.
It appears that for the NAc, whilst the test gives evidence of a replicate-effect for some
locations, the potential evolution of the spectra across the replicates is not as substantial
as was identified for the Hc. We observe that locations around timepoint 512, the start
of the second experimental time block, are also identified by the test for the NAc, which
is interesting as this observation is not as clear in the spectral estimates of Figure
top row. However, when inspecting the top right plot of Figure (Chapter , a small
spike in activity can be observed towards the end of the rescaled replicates at around
timepoint 512 (0.25 in rescaled time). This demonstrates how our location-specific test
can be utilised as an essential tool to screen the locations that are ‘successfully’ (decided
through interpretation of the percentage of hypothesis tests rejected) rejected by the test
as displaying a potential replicate-effect. We then carry out further analysis on the spectral
characteristics at these locations, instead of simply plotting and comparing the within-trial
evolutionary wavelet spectra. To gain further clarity on which rejected locations give the
strongest evidence for the existence of spectral evolution over the replicates, we eliminate
weakly rejected locations and display the results through plots (a)-(f) in Figure Quite
clearly, the impact of thresholding the rejected locations drastically narrows down the
locations of most interest. In fact plot (f) indicates that there was no local window of (5)
neighbouring locations with 25% or more significant Haar wavelet coefficients (rejected
hypothesis tests).

Plots in Figure [68| give an indication of the replicates for which an evolution in the
wavelet spectra was detected for specific time locations 565 (left) and 1865 (right), indicative
of the visual exposure and task times of the experiment, respectively. A description for
the plots’ construction was previously given in the discussion for the hippocampus. Both
locations 565 and 1865 have under 25% of hypothesis tests rejected under the FDR control.
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Figure 67: Location-specific rejection plots for the replicate-effect test carried out on the correct
trials of the nucleus accumbens (NAc) dataset. (a): binary plot where a vertical line to 1 indicates
that the test identified the location as rejecting the null hypothesis of constancy; (b): percentage
of hypothesis tests rejected for each location; (¢): percentage of hypothesis tests rejected for
each location thresholded at 25%; (d): as in (a) but only for rejected locations with two rejected
neighbour locations each side; (e): as in (b) but only for rejected locations with two rejected
neighbour locations each side; (f): as in (c) but only for rejected locations with two rejected
neighbour locations each side. The scale for plots (b), (c), (e) and (f), indicates the percentage of
rejections out of 40 hypothesis tests per location.
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Of these, most rejections occur over the final 128 replicates, indicating response to reward
expectation towards the end of the experiment. Few rejections occur for a narrow window
of 16 replicates (256/2%, where 4 is the finest Haar scale tested) at the end of the replicates

for location 565 and around replicate 220 for location 1865.
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Figure 68: Replicate domain plots for correct nucleus accumbens trials at times 565 (left) and
1865 (right). Trials where replicate-effect detections were made are indicated by the double headed
arrows, and the corresponding wavelet scales j = 7,8,9 are indicated on the right axis. Within
each wavelet scale, the vertical position of the arrow indicates in ascending order the Haar scales
i=0,..,4.

Global test

For the global test, we obtain our spectral estimates with smoothing and correction applied.

We carry out the global test on the NAc dataset and following algorithm [I] we obtain a
p-value of 1, hence not enough evidence is present to deem a significant replicate-effect
exists along the macaque’s NAc response across the experiment. We plot the histogram of
the bootstrap test statistics in Figure highlighting these are larger than the observed
test statistics. This indicates a greater variability in the spectral estimates under the null
hypothesis of no replicate-effect than in the original dataset.

To attempt to understand why the test does not identify a global replicate-effect, in
Figure [70| we examine the spectral estimates of the correct NAc trials, the averaged (over
replicates) NAc spectral estimates g’](%), and the spectral estimates computed for one
bootstrapped process. The test statistics that we compute give a measure for the difference
between the averaged spectral estimates (2nd row) and; (for T%) the spectral estimates

ave

(top row); (for T((f;)e) the bootstrap spectral estimates (3rd row). Visually it is clear how

T((ﬁ,)e computed for the estimated spectra of one bootstrap process (displayed in Figure D

obs

o . 'This observation thus supports the outcome of not enough evidence

is larger than T

being present to suggest a global replicate-effect exists for the correct trials of the NAc.

Note, the averaged bootstrap spectral estimates (simulated under the null hypothesis) are
similar both to their ‘truth’ and original NAc estimates (see Figure bottom row versus

2nd and top rows), thus leading us towards two points to discuss.
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Figure 69: Histogram of the bootstrap test statistics for the global replicate-effect test carried out
on the correct trials of the nucleus accumbens dataset.

Firstly, recall that the simulation study for both location-specific and global tests
highlighted a weaker test performance when the spectral evolution across the replicates
is very slow (e.g. simulation 1B in Section and simulation p1 (b1) in Section [5.3.1)).
Similarly, the Haar wavelet based test of stationarity of |Nason| (2012, 2013) struggled to
identify nonstationarity for their models P2 and P3 which both contained wavelet spectra
defined to evolve very slowly over time. This is likely the situation here, as displayed in
Figure 70| (top row). Secondly, recall that both the localised and global tests, are developed
under the assumption of uncorrelated replicates. However, the NAc analysis in Chapter
(Section uncovered the existence of a potential coherence along the replicate dimension,

thus this dataset is likely evading this underpinning assumption.

5.4.3 Concluding remarks on the real data analysis

We have applied both the location-specific and global tests on the correct trials of the
macaque hippocampus (Hc) and nucleus accumbens (NAc) datasets. Both test are capable
of identifying the existence of a replicate-effect across the spectral estimates for the Hc,
with the addition of the location-specific test identifying both the replicates (trials) and
time locations within a replicate where activity was captured by the REv-LSW model. For
the NAc, the location-specific test identified locations that rejected the null hypothesis of
spectral constancy over the replicate domain, but the global test did not find evidence for a
significant effect to be present. Our further investigation into this highlights the sensitivity
of the test to the slowness of the spectral evolution over the replicates. Additionally, in
Chapter {4 (Section we allowed for the possibility of correlation between trials in the
models for the real data, and there we estimated the coherence structure. We recall that
there was little evidence found to suggest correlation between trials existed within the Hc
data however we did identify correlation for the NAc data. We note that both our tests
were constructed under the uncorrelated trials assumption, which appears reasonable for
the Hc data based on our analysis of the coherence, but less so for the NAc data which
was found to show evidence of a replicate coherence. For the global-test, inclusion of an
estimated coherence structure between trials could improve the bootstrap simulation and
estimation, therefore an important next step in the methodology would be to develop novel

tests that incorporate between-trial correlation.
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Figure 70: Time-scale nucleus accumbens (NAc) plots for the correct trials computed for the
global test of replicate-effect. Spectral estimates are shown for the average over 30 replicates in the
beginning, middle and end of the experiment. Top: spectral estimates of the correct NAc trials;
2nd: averaged spectral estimates across the experiment, under the assumption of spectral constancy
over the replicates; 3rd: spectral estimates corresponding to one bootstrap process; bottom: spectral
estimates averaged over 100 bootstrap realisations.

5.5 Concluding remarks

In this chapter we have proposed two wavelet-based tests for the existence of a replicate-
effect along a replicate time series consisting of individual time series (replicates) that
feature nonstationarities across both time and replicate-dimensions. The replicate-effect is
to be understood as a measure of the departure from constancy of the process spectral
characteristics across the replicates, framed here by means of a REv-LSW meta-process
representation. Through simulation studies and an application to real data from the
neuroscience, both tests have been shown to perform successfully, with weaker performance
identified for processes with very slowly evolving amplitudes.

So, which test should we use? From the results, a natural order presents itself, with
the global test offering a way to determine whether over all wavelet scales and times,
a significant replicate-effect exists. Hence our recommendation is that the global test
could be used as a first step in an analysis of the characteristics of a replicate time series
modelled as a REv-LSW process. Its purpose could simply be a clarification tool. The
location-specific test would then provide a more in-depth assessment through carrying out
multiple hypothesis tests of replicate-effect for each location. Informed by the application

context, the user can determine which locations are significantly rejected by the test
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through assessing the percentage of the multiple hypothesis test per location that reject
the null hypothesis of spectral constancy over the replicates.

Crucial to the proposed tests of replicate-effect is the assumption of uncorrelated
replicates, hence naturally a next step would be to develop the tests for replicate-effect that
incorporate the potential for dependence between replicates. A different direction would
be to gain a further understanding into how many significant Haar wavelet coefficients
(multiple hypothesis test rejections) would be sufficient to deem a location as significantly

rejected by the location-specific test.
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6 Conclusions and further work

This thesis has proposed a novel wavelet-based model that provides a stochastic represen-
tation to a meta-process of ordered replicates and simultaneously captures evolutionary
dynamics of a nonstationary process within individual replicates and across all replicates.
Additionally, we have proposed two tests for deciding whether a replicate-effect is present
over the meta-process. The methodology developed throughout this thesis has been mo-
tivated by the specific neuroscience application that records the brain process dynamics
of a macaque monkey during an associative learning experiment. The results obtained
for the analysis of the macaque data have demonstrated the major advantages of the
model proposed in this thesis, such that (i) the model captures evolutionary brain process
characteristics localised across replicates and locally in time within each replicate, and (ii)
it takes into account the correlation of brain signals across all trials of the experiment. We
now give a summary of the main contributions developed in Chapters and [o] alongside
a discussion of their application to the macaque learning experiment in Chapters [4] and
We also highlight potential avenues for future work, where some suggestions are a natural

next step theoretically and others have been brought to light through the real data analysis.

REv-LSW model under the assumption of uncorrelated replicates

In Chapter [2| we proposed the replicate-evolving locally stationary wavelet (REv-LSW)
model that captures the evolutionary process characteristics across time within an individual
replicate and across all replicates. The methodology in this chapter is developed under the
assumption that replicates are uncorrelated, an assumption also made in |[Fiecas and Ombao
(2016)). The REv-LSW model provides a wavelet-based solution to overcome the misleading
results obtained from approaching replicate time series as identical process realisations.
Underpinned by the LSW framework of Nason et al.| (2000) and adopting the concept of
rescaled time (Dahlhaus| [1997)) in the replicate domain, we developed novel evolutionary
wavelet quantities and associated estimation theory. Additionally, to obtain well-behaved,
consistent spectral estimates we employed local smoothing solely across replicates and
further considered smoothing across both replicates and time (within each replicate).

Through simulation studies we demonstrated the advantage of the proposed REv-LSW
model against the classical approach of estimating each replicate spectrum independently
and then studying the average spectrum over all replicates. Visually, the REv-LSW model
successfully captured evolution in the spectra across the replicates, identifying new features
that were unattainable through the classical approach. Additionally, we reported quantifi-
able measures, such as the mean squared errors (MSE), to assess the performance of our
model. The MSEs proved the better performance of the REv-LSW model and furthermore
gave evidence of improved spectral estimates via smoothing over both replicates and time.
The MSEs also validated our asymptotic estimation theory, showing improved results as
T, R — oo.

REv-LSW model embedding cross-replicate dependence
A serious limitation of the methodology developed in Chapter 2| and also in the Fourier-

based approach of [Fiecas and Ombao| (2016), is the assumption of uncorrelated replicates.
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Thus, in Chapter [3| we developed the theory to allow for cross-replicate dependence by
means of a between-replicate coherence structure. Naturally, the proposed general model
incorporates the scenario of uncorrelated replicates as a particular case. The associated
estimation theory encompasses between-replicate variation through estimation of the
between-replicate evolutionary wavelet spectrum, which in turn allows us to estimate the

replicate-coherence structure.

The simulation studies proved that the between-replicate coherence can be well estimated
and in doing so, provides novel, useful information about the replicate evolution. Thus,
allowing for replicate-coherence in the REv-LSW model further strengthens the argument
against approaching replicate time series as identical realisations (e.g. classical LSW).
The MSEs obtained for the between-replicate coherence estimates again demonstrated
the improved performance via replicate- and time-smoothing with further decreases in
the MSE when the replicate-smoothing window (2M + 1) is increased. Additionally, the
MSEs highlighted that the correction procedure, necessary to ensure spectral estimates are
positive, has the undesired effect of increasing the MSEs and introducing bias as T, R — c0.
However, Sanderson et al. (2010]) reported similar effects for their bivariate coherence

estimation framework and so it is unsurprising to see these effects echoed in our results.

In Chapter 4] we applied the wavelet-based REv-LSW methodology developed in
Chapters [2/ and [3| to the hippocampus (Hc) and nucleus accumbens (NAc) brain process
data recorded during the macaque associative learning experiment. The results provided
substantial evidence for the existence of evolutionary spectra in both the He and the NAc.
Crucially, the proposed REv-LSW model has been developed to account for between-trial
dependence and we were able to identify a moderate between-trial dependence across
neighbouring trials for the NAc. Furthermore, validation of our results was given through
bootstrapped confidence intervals for the wavelet spectrum and between-trial coherence. In
relation to the experiment, our analysis has extracted localised information in time within-
and between-trials, suggesting that the macaque is learning over the trials of the experiment.
Additionally, the dampening of NAc activity over the experiment suggests that the macaque
has learned to process reward as the experiment progresses. The moderate between-trial
dependence captured within the NAc suggests that expectations (e.g. of a juice reward)
can influence the actions of the macaque across neighbouring trials. Note, such inference
would not have been attainable through performing the analysis on the macaque data using
the classical LSW approach. The application to a neuroscience problem is just one example
of the utility of the methodology developed in this thesis. We foresee the methodology
to be advantageous within other experimental areas where wavelet spectral analysis has

proved to be ideally suited, e.g. circadian biology (Hargreaves et al. 2018, 2019), .

A next step for further research would be to investigate the REv-LSW local (partial)
autocorrelation function as introduced for the LSW setup by [Killick et al. (2020)), which
could present additional information on the underlying structure of the replicate time

series.

A natural extension of the REv-LSW model would be to develop the methodology for
multivariate replicate time series and the review of Fiecas and Ombao (2016]) in Chapter
gives a flavour of how this could be achieved using Fourier methods. Wavelet-based

multivariate methods have been developed by |Sanderson et al.| (2010) and Park et al.
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(2014). A multivariate approach would allow us to additionally define and investigate the
variate replicate-coherence, providing an analysis between channels as seen for the bivariate
case of the hippocampus and nucleus accumbens data in [Fiecas and Ombao (2016|) and
Gorrostieta et al.| (2011)).

During the simulation studies and macaque data analysis, we commented on the choice
of M that determines the length of the replicate-smoothing window. We recommended a
window length of (2M + 1) with M = 2/R based on our findings. Future work could see
the development of an automatic replicate-smoothing bandwidth selector, analogous to the
AutoBestBW function in the locits package (Nason, [2013)) developed for use in R.

Another avenue for future research stems from the discussion on practical implementa-
tion in Remark (Chapter . We noted that one possibility to ensure that spectral
estimates are positive, would be to truncate the correction matrix A~! at zero. However,
as seen in the simulation studies and macaque data analysis, this approach introduced bias.
Sanderson, (2010]) and [Sanderson et al.| (2010) investigated other approaches and reported
better results when additionally employing smoothing over scales. We conjecture that this
is also applicable for our work as a further step, to be done after smoothing through time,
and assessment of the improved estimation this approach could bring to our methodology
makes for interesting future research.

Ordered replicates and thus smoothness assumptions underpin the local averaging
approach proposed in this thesis. Further work could investigate estimation when the
smoothness assumptions falter. However, in the case that the smoothness between replicates
breaks and there is no need for an ordering, clustering methods (Hargreaves et al., 2018;
Ting et al. 2018) could provide a preferred and appropriate analysis.

A further avenue for research would be to investigate a flexible REv-LSW model hinged
upon a replicate-adaptive wavelet construction, which would in turn further tune the

spectral and coherence estimates.

Tests of replicate-effect

Chapter 5| introduces two novel hypothesis tests to assess whether a significant replicate-
effect is manifest across replicates of the meta-process, with both tests underpinned by
the methodology developed in Chapter [2| The location-specific test provides a detailed
investigation for the presence of a replicate-effect, identifying the replicates, r, for which
evolutionary spectra are detected and furthermore identifying the specific times, k, for
which a replicate-effect is manifest. The global test serves the purpose to give an overall
diagnostic as to whether a replicate-effect exists as opposed to assessing the individual
time locations.

For well-behaved processes, the simulation studies for both tests demonstrated their
applicability and their favourable performance was evidenced through relevant quantifiable
measures. For both tests we identified a test sensitivity when the process exhibits very
slowly varying amplitudes across replicates, however Nason| (2012, [2013) reported similar
findings for the wavelet-based test of stationarity developed within.

Application of both tests to the correct trials of the macaque hippocampus (Hc) and
nucleus accumbens (NAc) datasets corroborated the results on the real data obtained in
Chapter 4l The macaque data analysis in Chapter [b| demonstrated the utility of the tests
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as tools to first assess a replicate time series for the presence of a replicate-effect. For the
Hc, the global test gave a strong indication (p-value < 0.01) that a replicate-effect exists.
The location-specific test gave a further informative assessment, identifying the trials for
which the replicate-effect was detected and additionally at which times within a trial the
replicate-effect is manifest. Interestingly, the time points identified by the test coincided
with the experimental time blocks corresponding to picture exposure and choice making.
For the NAc, the location-specific test detected the presence of a replicate-effect for some
locations but the global test did not find evidence for the existence of a significant effect.
Recalling that the tests were developed under the assumption of uncorrelated replicates,
we made note that this assumption appears reasonable for the Hec based on finding little
evidence for correlation between trials of the He data in Chapter ] However, for the NAc
evidence of a replicate coherence was found.

Both proposed tests of replicate-effect have been developed under the crucial assumption
that replicates are uncorrelated. Naturally, a next step for future research would be to
develop the tests of replicate-effect that incorporate the potential for dependence between
replicates, underpinned by the methodology developed in Chapter It would then be
interesting to assess how well the tests that incorporate replicate-dependence are able to
find evidence for the existence of a replicate-effect in the NAc.

The macaque data analysis also highlighted that future work could be to investigate
the number of significant Haar wavelet coefficients (multiple hypothesis test rejections)
that would be sufficient to deem a location as significantly rejected by the location-specific
test.
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A Appendix: Proofs

A.1 Proofs of results on the asymptotic behaviour of proposed estimators

In this chapter, we give details of the proofs in Chapters [2] and [3] using the notation
described therein. In order to ease repetition between proofs, we have chosen to present the
proofs that would allow for the coherence/non-coherence counterpart to easily be obtained
following similar steps.

For ease we recall here that the auto- and cross-correlation wavelets are defined for T € Z
as V(1) = > ez ¥ik(0)Yj 1 (T) and V(1) = > 4z ¥ (0)¥y 1 (T) respectively, where in
general 1; ;(T) = 1 . are compactly supported discrete wavelets as defined in Nason
et al.| (2000). Note that from their construction, ¥;(—1) = ¥;(1) and ¥, ;(—7) = ¥; ;(7),
and both have compact support with length of order 27, 27 + 2! respectively (Nason et al.,
20005 Sanderson et al., 2010).

In what follows, wherever the summation domain is not specified, it is to be understood
as Z for time indices (e.g. k, n, T) and as Z% (strictly positive integers) for scale indices
(e.g. j, 4, ).

We also recall the autocorrelation wavelet inner product matrices, defined as

Aj = Z‘I’j(T)‘I’l(T)ZZ|‘I’jJ(T)|2,

A},z = Z\II Wi(n+1) = Z\Iljl U,i(n+ 1),

with properties A;; > 0, A;; = A 5, Zj 2_jAj7l =1 (Fryzlewicz et al.l |2003).

In the proofs that follow we make use of the results in the following lemmas, whose
proofs appear in Appendix [A.2] Note, these results are obtained in the presence of cross-
replicate dependence but also hold for their non-coherence counterpart as described in the

proofs.

Lemma A.1.1. Under the assumptions of Definition|3.1.1], we have at each scale j and for

every rescaled time and replicates, z and v, V' respectively, > oy A; 151 (z,v,1') = O(27).

Lemma A.1.2. Under the assumptions of Definition [3.1.1, we have at each scale j

and for every rescaled time and replicates, z and v, V' respectively, and time-lag T,

e AL S (v V) = O(2%).

Lemma A.1.3. Under the assumptions of Definition we have at scales 7,7 and for

every rescaled time and replicates, z and v, V' respectively, and time-lag T,
Z Z ;i (n)¥(n+1)S) (z v, 1/) = 0(2(j+j/)/2)‘
=1 IneZ

Additionally, for the results embedding replicate dependence, we make use of the following

lemmas.

Lemma A.1.4. Under the assumptions of Definition we have a sequence {B;} of
uniformly bounded Lipschitz constants in j with j 2J Bj; < oo such that for any replicates

126



r, ' and times k, n
~ (k4+n r\ = (k+n o k4+n r o
’W]<T ’R)W3<T ’R>f’1< T ’R’R)

~ [k r\N—~= [k o E r o _
—W; <T’R> W <T’R> Pj <T’R’R)‘ < |n|B;T g (70)

Note that the above result means that the replicate spectrum S;(-, v, ) is Lipschitz

continuous in the rescaled time argument within rescaled replicates v, V.

Lemma A.1.5. Under the assumptions of Definition we have a sequence {B}} of
uniformly bounded Lipschitz constants in j with j 2J B} < oo such that for any replicates

r, v and times k, n
~ [k r+s\—~ (k r+s kK r+s r+s
‘WJ<T’ R )WJ<T’ R >pJ<T’ R R )

~ [k r\N~ [k E r 1 _
(3 5) W (3 5) 0 (55 ) <emn v

Note that the above result effectively states that the replicate spectrum S;(z, v+, v/ +-)

is Lipschitz continuous in the rescaled replicate arguments.

A.1.1 Proofs of Propositions [2.1.10[ and [3.1.7]

Proof of Proposition [3.1.7| (Expectation) in the presence of cross-replicate

dependence

Using Definition of the REv-LSW process and its replicate raw periodogram (equa-
tion (53)), we obtain

iR iR "R
B = Bl d) )

{Z X&?W)} {Zx; ;?wj,kw)}]

t t

{Z Z Z wz;}j;Twl7M(t)£Zm¢j,k(t)}

=E

t =1 meZ
o0
/;R ,
x {zz 5 g O
t U'=1m'eZ

= Z Z Z Z Z Z Wl m; Twl’ . TW m ()Y ms (t,)wj,k(t)wj,k(t/)E [éimé‘ff:mf}

t' l=1U=1meZm’'eZ

2
r"R rr';R
_ZzwlmT lmszT{ZWm )k (t }>

=1 meZ
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since E[€],,&0) ] = 000 0mm )iyt and so I = U and m = m/. Letting n := m — k yields

2
TP I 90 DI PN INLLL I ) SRR
jkT In+k;T ln—i—kTpln—i-kT Lintk—tVik—t ¢ >
t

=1 nez

_ZZ{SI (”;k = TR> +0(C]T~ )+O(D;R1)}(q}j,l(—n))2,

=1 nez

where above we also used the definition of the cross-correlation wavelets, as well as the

result in Proposition proof, recalled below

lvR);R  |VR|;R |vR],|VR;R
)wj,LzTJ;T wilrj Pl (&)

=0(C;T Y+ OD;R™),  (72)

where C7; and Dj can be shown to also fulfill equations of the type in Definition
and (4Dl

Then, by Lemma and using a substitution n := —n it follows that

B[ = ZZ( (;ﬂ = TR) +O(In| BT~ )+0(c;T-1)+0(D;R-1)) (T0(n)?,

=1 nez

> kE r o
LZ (k) o)
+ Z Z {o(In|BT Y +0(CiT™ ") + O(D;R™)} (;4(n))?, thus

=1 nez

k r r
_;Aﬂsl (T B R>+o ;%BM n))?
O CHum) + OB Y Y Di(¥(n)”
=1 nez =1 neZ

The order terms above can be established as follows. Since the number of terms in the
wavelet cross-correlation is finite and bounded as a function of n (Nason et al., |2000) and
the length of the compact support of W2 - bounded by K (27 + 2) for some constant K
(Sanderson et all 2010), we have

ZZBI‘”‘O (n) <O(T™)Y (27 +2) B4y,
l
<O@T! ZBZA]H—O 22 BiA;,
=0T, (73)
where we used ", BjA;; = >, 2! Bi27 A, < 3,2V By 37,27 A < oo since 7,2 B) < o0
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and ), 2_lAjvl =1 (Fryzlewicz et al., [2003)), and

Ty 2BA;, = YT 2'B277 Ay,
l l

< 2771y (2B 2 Ay,
l '
= 0T,

again as Y, 2!B; < co and > 277 A, = 1.
Using the definition of the A matrix, A;; =", \I'?l(n), in the next order term, we

obtain

Y ) DOR N (n) = ORT)D 2'Dj27'Ay,
l n

l

< O(R™H> 2"Dy Y 274y,
14 l
= O(R™)

where we used Y, 2'D] < oo and >, 27'A4;, = 1 (Fryzlewicz et al., [2003). Using the same
set of arguments and the condition >, 2!C/ < oo, we also have >, > C{O(T‘l)\lﬁl(n) =
o(r—1).

Hence, retaining the maximum order terms, we have

rr'); > k r o . B
B = 408 (T,R,R> +OEIT) + O(RY),
=1

which concludes the expectation part of the proof. O

Proof of Proposition [3.1.7| (Variance) in the presence of cross-replicate depen-

dence
: R _ xor R g
For ease of notation let X, 7" = Xi" and dier = d g

(ro");R 7(ry' ;R e -
E Ij,k;T Ij’,k’;T —E dj,k’dj,kdj/,k’dj’,k"

=E

> OXTpir(t)d X5 k()
t t!

XY Xpabiege () > Xty (h/)]
h h'
=D O3S k@i () (W) i (W) E [X; XXX
t ¢t h N
(74)

Using the result of [Isserlis| (1918) for zero-mean Gaussian random variables, we have

E | X X)X Xpy| = E[X X7 | B[ X X0 +E XX E [ X0 X5 | +B [ X)X B | X)X
(75)
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and substituting into gives that [I(k T? RI](Z";,,)TR] =a+8+7.

Let us first consider

e [xrxt] = [{$ S it | {55 5 i it
=1 m€eZ U'=1m/eZ
=20 et X S (8 (6]
=1 meZ U'=1m'eZ
> R R (), (76)
=1 m€eZ

. / /s . .
since E [{l’"mff, m,} = 55,1/5m7m/p;’;,’§ and so ((76) is obtained for [ =" and m = m’.

Then the first term in equation becomes

B[ XX |E [x5x70] = S (€ m €)

=1 meZ

XZZW ST ZfRTpZ;‘TI?d}e,f( )d}e,f(h/)'

e=1 feZ

Thus the first term in equation , «, can be written as

O‘_ZZZZW: Vja () gr g () (B B [XT T]E[X;X};ﬁ}
_ZzwlmT quRT ;;¥Z¢lm w]k Zd)lm Q;Z)]k )

=1 meZ
R iR
XZZW,M ZfT Z,;T Z%f Y g (b Zwef Yir i (B
e=1 feZ
2
R R
_ZzwlmT leT ;:nT{Z¢lm 77/}]7 }
=1 meZ
2
R R
XZZW,fT E,prZ,’}T{Z%f Y g )} :
e=1 feZ

Using the result from the expectation part of the proof, namely
. r T r,r kE r r P _
Z wlrlro lmRTle¥{2¢l,m( ¢]k } ZAlel (T R R) +O(2JT 1)+O(R 1)7
=1 meZ t

we can re-write
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[o¢] ]{ / )
o= (Z Aj1S) (T,;,;) +OEITY +(9(R—1)>
=1
ZA s (B2 0) v ot +or Y
j’.e Ta Ra R )

k - K’ !
(ZA (b R)) (zAj/,e (%n R)) 0T ¢ O R
1

where the last equality follows from Lemma

In the same manner as for (76)), we can show that

E[X] X;]E | X Xj:| = S () ()

= 1mEZ

‘R R
XZZw B (8 (),

I'=1m'eZ

B (X0 B (X0 = S 5wl (00

= lmGZ

iR iR
S gt (¢ ()

U'=1m'eZ

Using the general property ,ol m: T =1 for any [, m, r, the second term in , B, can

be written

DR HICHCERCER Yy (W )E [X] X7 E [ X1/ X5

t h A

_ZZ< lmT) Z¢lm w]k Z¢lm wjlk/ h)
=1 meZ
X Z Z (wl/ /T) Zwl/ / 'lp‘] k Z’l/}l/ / '1/}]/ k)’( ) (77)

I'=1m'eZ

Making the substitution m = n + k and using the approximation , we can write
first term in the product as follows

pI = Z Z wl n+k: T Z wl,nJrkftl/}j,kft Z ’l/}l,n%»k:fhwj”k/_h
h

= lnEZ

= ZZ {Sl (n;k ;) +O(DIR™) +0(C/T~ }szn tw],ftzqz)ln—l—k W5 —
=1 nez

= ZZ {sl ( ) +O(n|LyT~Y) + O(DR™Y) +0(0;T—1)}
=1 nez

X Wit > Clnsk-ntjr ks
: h

where in the last equality we have used the Lipschitz continuity of S;(-,r/R,r/R).
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Making the substitution u = h — ¢, gives

DD tun- t¢j,—tz¢ln+k hj e~ h—z\ll” Y (u—k + k),

nezZ t

where W; i/(T) = >, ¥ k¥jr k- defines the cross-scale autocorrelation wavelets. The sums

of wavelet products above were manipulated as follows,

DD tun- t¢y,7tz¢l kb —h = > Yoo t¢],7tzwl ntk—u—t V7 b —u—t

neZ t neZ t

_ZZ%, P b —u tZT/Jln VL n+k—u—t

nel

_Z\IJ” u— KN (u— k),

foIx“ Wy (u—k+ K,

where for the last equality we used a substitution u := u — k’. Equivalently, using the

first result in the proof of Lemma the above could have been directly written as
Zu \IfjJ(u)‘llj/,l(u —k + k,)

Hence the first term in the product in equation can be written as

k y
BI—ZZ‘I’H VU (u— k + K)S) (T R) +0@UHI2T + O(R™Y), since
=1 u

5I:ZSI< >ZZ¢M t% tzwln hw]—

nezZ t

+ Z Z {Oo(DIRY) + 0T+ O(n|LiT )} Z Yin—tj—t Z Vit k—h WV k' —hs
7 I

=1 nez

k
_Zqu“ \Illu—k—i—k)Sl(T R>+I+H+IU
=1 ueZ
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The term I can be bounded as follows

1l =

Y O(DRr™! qu” Uyi(u—k+K)l,
l

IN

O(R Z (Dl Z ‘\I/], jiu—Fk+k )‘) ,then using Cauchy Schwarz inequality

1/2 1/2
> b <Z |‘I’j,l(u)\2) (Z W a(u—k + k’)f) 7
l u u

= OR™ Z D;(Ajvl)lﬂ(Aj/,l)l/Q, from the definition of A;,

IN

= O(R™)Y (DjA; )" (DA )2,
l

1/ 1/2
- (Z DfAj’l> (Z DZAJ-/J> , using again Cauchy Schwarz inequality
l l

O(R™1), since we saw in the expectation proof part that Z DjA;; = O(1).
!

IN

IN

Similarly, |11] = |3, O(C;T™) >, Wiu(u) ¥ (u — k+ k)| = O(T7H).

We now bound the term 111,

)

1 < S o) <Ql + Qmin{j’jl}) S W) T p(u— k+ )
l u

< 71 ZLI (21 Qmin{jd"}) (Ajyl)l/Q(Aj/’l)l/Q, as above
i ZL 2m1n{jj }(A )1/2(Aj’,l)1/2,

< O(T*1)2(j“/)/2ZLl2l(2*j/2A;£2)(2*7'//214;/?)

+ O(T H2Ut)/? ZLZ )Y2(A i 1)1/2’ as 2N} < 9(+)/2,

The term ), Ll2l(2’j/2AJ1.7/12)(2’]'//214;,/5) < (Zl L1212’jAj7l) 1/2 (Zl Ll212’lej/,l> 12 from
the Cauchy-Schwarz inequality, and using 277A4;; =1and Y, 2'L; < oo, we obtain
its O(1) bound. The term Y, Li(A;) /2 (Ay )2 < (3, LiA; ) Y2 (3, LA )P = 0(1)
since we already established that ), L;A;; < oo in the expectation part of the proof. Thus
term I11 is bounded by O(20+1)/27=1),

The same arguments can be employed for the second product term in equation ,
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hence we can express 3 as

B = (ZZ\IJJJ \I/lu—k‘—i—k Sl( >+(’) J+J /2T )+O(R_1)>

=1 u

/
ZZ\I}]] \Ill/ u—k+ K Sl’ <k7r> (j+j/)/2T_1) + O(R_l) )
U'=1 u TR
, k/ 7,‘/
lz;zu:\y” W (u—k+ K Sl 1/21%:\1:” WOy (u—k+ K)Sy <T,R>

+ O2UHN2HGHN 21y 4 020 +)/2 Rt

where to establish the last equality we used Lemma

The third term in , v, can be established using a similar argument as follows.

7= ZZZZ%’C ¢]k w]' k’( )¢]’ k’( ) [XTX}Z/] E[ ;,Xg]
= Z Z WzmTWlmszMTZwl,m(t)%k szm Uik (B)

=1 meZ

(e.)

R
XZZW; ’Twl’ ’Tp;T’TZwl’ ()t Z¢l’m’ Ui a ()
V=1m'eZ
2
R
(ZZwlmTwlmszT:nTZwl,m(t)%k Zlblm )ik ( )) :
=1 meZ

Using the approximation in at time m = n + k and from the spectrum Lipschitz

continuity around time k, the wavelet substitution then yields

2
kK r r _
y= (ZZ\PH VW (u— k + K)S) <T = R>+0<2WV2T N+ O(R 1)) , hence

=1 u

2
(ZZ% JPi(u — k+ K)S, (5 2 R)) + OQRUHEHGTNRT L 00 PR),

=1 u

where the order terms are obtained using the same arguments as for the term 1 above

and Lemma [AT.3

Putting these results together, we have that
7SR p(rr' )R
B (1 50—+ 4
and for j = j/ and k = K/, using the result in Lemma, and keeping the highest order
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terms, the variance is shown to be
rr' )R r' iR (rr' )R rr' )R rr' )R
var (I](”) ) _E [I;kT) ) } _E [I](kT) }E [I](kT) ] ,
2
kK r r .
— Jj—1 —1
(ZA 1S (T = R> + 02T Y +0O(R ))
<Z A 1S < )) (Z A5 ( )) +0¥T Y + O(2R™Y),
(Z AjiSi (
ror ; ;
— A Lo 92ip—1 2 g1

(; ],lSl <T7R7R>> +O( )+O( R )7
> k r > ko
= (; Aj1S1 <T’R>> (; Aj1S; <T’R>>

2
> kK rr — .
(S (55)) o rown

%\

2
>> +00Q¥TH +0(2'R™)

Nl
3 =
=

Proof of Proposition [2.1.10| (Expectation) under the uncorrelated replicates

assumption

The proof follows similar steps to the expectation proof of its coherence counterpart, using
the properties given in Definition of the REv-LSW process and the quantities defined

under the assumption of uncorrelated replicates. Note that Ij(rk% I; ,f T

Proof of Proposition [2.1.10| (Variance) under the uncorrelated replicates as-

sumption

The proof follows similar steps to the variance proof of its coherence counterpart, using
the properties given in Definition [2.1.1] of the REv-LSW process and the quantities defined

under the assumption of uncorrelated rephcates.

A.1.2 Proofs of Propositions [2.1.13| and [3.1.9

Proof of Proposition [2.1.13| (Expectation) under the uncorrelated replicates

assumption

From the definition of the replicate-smoothed periodogram in , we have
M
;R -1 iR
E [I}ik;T} =@eM+1)"" Y E [IJ’TLST }

s=—M
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and substituting the asymptotic result for the expectation E { I;Z.ST%R} (see equation ),

we further obtain

r k -
[IJ,?T] (2M + 1)~ Z {ZA ,S,( T+S> +O@IT Y+ OR 1)}.
Using the Lipschitz continuity of the spectrum S;(k/T),-) in replicate-dimension, we obtain

ST ARYISIRE S {ZAN(SI (7+7) +otsmr >)+0<2JT-1>+0<R—1>}

s=—M

@M+ 1) z{zAﬂsl( )+o<rsrR ZNZAJ-,Z+0<2J'T-1>+O<R-1>}
!

s=—M

_Na ok -1 i1
_EAJJSZ (T,R>+O(MR )+ OIT Y,

where we have used that ), NjA;; < oo as ) 2!N; < oo and > 2_1Aj7l =1.

Proof of Proposition [2.1.13| (Variance) under the uncorrelated replicates as-

sumption

The definition of the replicate-smoothed periodogram in coupled with the variance
result for the raw periodogram in Proposition [2.1.10] yields

M
var (Iify) = @M1 30 var (1757)
7M k n 2
—eM4? Y 2<ZAﬂsl( 2 )) +OEYT™ + O@R™) ¢, thus
k r 1 2
2 ZAj,lSl 7)) TOUIRT) D NiA;,
=1 l
M . .
+@2M+1)72 Y {o@YT ') +0(2'R)}

00 2
=oWM (ZAJ-,ZSZ (;;)) +(2M 4+ 1)~ Z {O@|s|R™Y) + O(|s]*R™?)}
=1

+ 0¥ (MT)™") + O(2(MR)™"), from Lemma XTI T and as » - NiAj; < oo.
l

Retaining the largest order terms, it then follows that

var (1; ,fT) ORY M) + O R™Y) + O(MR™2) + O(2% (MT)™) + 021 (MR)™),
=02¥%M Y +O0RY)+O(MR™?).

136



The expectation and variance results show that for fixed coarse enough scales j (to guard
against asymptotic bias and non-vanishing variance), the proposed replicate-smoothed
periodogram is an asymptotically consistent estimator for the spectral quantity 5, as it is
asymptotically unbiased and its variance converges to zero as T — oo, R — oo, M — oo
and M/R — 0. O

Proof of Proposition [3.1.9| (Expectation) in the presence of cross-replicate

dependence

The proof follows similar steps to the expectation proof of its non-coherence counterpart,
using the replicate-smoothed periodogram in and the asymptotic result for the
expectation in Proposition [3.1.7]

Proof of Proposition [3.1.9| (Variance) in the presence of cross-replicate depen-

dence

Using the replicate-smoothed periodogram definition under equation , we obtain

M M
var <j](,rlgT)7R) (2M +1) —2 Z Z cov <Ij(j”k-z-;,r -l—s);R’ I](;:; s );R)
=—M

—M s’
SR e ( R )
—2 e’ +s4n,r'+s+0); R
2M + 1 cov (I];C,;T S IJ"}C; 7,7 +8+mn ) (78)
s=—Mn=—M-—s
where we have let n = s’ — s.
Let us now take
cov (Iy(7;c+; i)k , IJ(Z:_;—’—" ' s 4m); R) [dH—SdT +sdr+s+ndr +s+771|

_E [d;j;sd;;s} E |:d§7—£s+nd;:;-s+n}
= B[4 d ] B[4 ]
B[4 d 7 B4 ai ], (9)
where we have use Isserlis’ theorem (Isserlis, [1918)) in the last equality.

Using the expectation of the replicate wavelet periodogram in Proposition and
the result in Lemma we can rewrite the terms in equation as follows.

E [d;ﬁ];sdrj:gs+ni| - E [ ](7}:?181 rs4n); R]

ZAJZSZ (k res ”;*”) +O@TY) + OR™Y),

G k r r+n I p—1 j—1 -1
Z{ 1050 (e ) + OUSIBIRT) |+ 0T + O,

> k r T+77 j -1
; JZSZ(T R )+(’)(2T N+ 0(ls|R™Y),
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where we have also used the Lipschitz constants’ property ), 2lBl’ < oo that yields
Zl BZIAJ',[ < 00.

Using the same steps, we also have

It grit+stn| _ (r'+s,7'+s+n); R
E [d;yk e ’7] B [IjQ.T” s ]

k .
_ ZAJ,S, (T TR ! ;”) +O@@TY) + O(s|R7Y).

Similarly, from the expectation of the wavelet periodogram in Proposition and

the spectrum Lipschitz continuity in rescaled replicate, it can be shown that

B (a1 = B [1 ]

Ekr+s r+s+n J—1 1
_ZAJ,ZSZ<T = >+O(2T )+ O(R™Y),

k A
- ZANSZ (755 ) 0@t + Ol - IR

and using the same arguments as above, one obtains

k' r r+n _
7“+s 7"+8+ 1
et ] = 3 a8 (.5 ) 0@ + 0

under the condition that the replicates r, 7’ are such that |r — 7’| < oo.

Similarly,

s s kE r r'+n S _
E[dej d ﬂ ZA S (T = >+0(2JT Y 4+ O(|s|R7Y).

Thus we can write the covariance in equation as follows

(rtsr'+s); R p(rtstnr’+s+n)R
cov (Ij,k;T Ak

-E [dr+sdr+s+n] E [d;:;8d§:28+77} I E [dﬂsd;::sm} E |:d§:];|—sd;7—|1;8+77:|
<ZA]lSz (;‘l = r;”) +O@IT" )+0(ysyR—1)>

(ZAJISI <§, TR : ;”) +O@TY) +O(|S|Rl)>. (80)

Using this expression in equation , the variance of the replicate-smoothed wavelet

periodogram is

M

var (fj(fk?ﬂ) Z Z [term I + term II + term III + term IV + term V + term VIJ,
—M n=-—

(81)
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where the individual terms are

s Eor r+n) E o' o' +n
‘term I’ :ZANS[ <,, >ZAj7lSl <77 ,
— TR R TR R

=1

term I = Y A5, (; %, ! ;") 02T,

> k' r r+n -1
‘term T = >~ A;5 ( )O(\SIR ),
£ "R R

/

‘term IV’ = ZAJlSl < E 7 77) o1,

> kE v r+n 1
‘term V' =Y A5 | =, = O(Js|R
e V=3 4081 (0 7o ) O,
and
‘term VI’ = O(|s|>?R™2) + O(2%|s|(TR)™Y) + O(2¥T72).

In order to assess the order of the individual terms in the variance sum, first note that

under the assumption sup, ,¢(0,1) 2yez |€ lc(z,v,v + £;7) | = O(1) for any T, we obtain for
time k, replicate r and replicate-lag n that Znez ’Zl 1415 (T, B T+77)| = , since

using the definition of the A matrix and of the local covariance we have

Z iAj,lSl (;, ;,?)‘ = Z Z (ZSI (;,;,?) \Ill('c)> ()

nez | l=1 neZ |T€Z

=5 S (g ) b

T
kK r r+n
C<T7R7R7T>’>7

<> (!‘I’j(T)
T n
1)) 15(0)] = 0(2),

where we used the triangle inequality and the autocorrelation wavelet property > [¥;(1)| =
O(27).

Using Lemma[A.1.T]and the property above, we readily obtain that term I in the variance
equation is of order O(2% M ~1); terms II and IV, are both of order O(2% (MT)~!); and
terms I1I and V are both of order O(2/R™1).

)

Now considering the final order term VI, we have
OM?*R™2) + O(2?M(TR)™ ) + O(2¥T72).
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Putting these results together in the variance equation (81)), we obtain

var (fjﬁ;;’;“’T”R) — 0¥ MY+ OR¥(MT)™) + 02 R
+ O(M?’R™2)+ O2'M(TR)™Y) + 0O2¥T7?),
=02¥M Y +O2R™Y) + O(M?R™?).

A.1.3 Proofs of Propositions [2.1.14] and |3.1.10

Proof of Proposition (3.1.10| in the presence of cross-replicate dependence

As M, T — oo, for each j, z and v, V/, the consistency result S’j(z,u, V) LS Si(z, v, 1)

I(LVRJ [V'R|);R P
L|2T);T

(as shown in Proposition |3.1.9) and then using the continuous mapping theorem (Billingsleyl,

follows from the consistency results = Bi(z,v,V") for all fine enough scales [

1999)) for the continuous function g(z1,...,x;) = Z{:l A;llxl that defines their linear
combination with coefficients given by the matrix A~! entries.

Additionally, using the properties of the matrix A, we obtain the estimator asymptotic
unbiasedness from the linearity of the expectation operator and from the asymptotic

unbiasedness of the corrected periodogram, as follows

E(Sj(zv,1") = (Z@fﬁ“ﬁ?ﬁ;lﬁfn )

= Z A ( b LLI;I;J %FV R); R) , then from the expectation part of Proposition |3.1.9

= Z A;ll (ﬁl(z, v,V) + 0T + O(MR_1)> , and using the definition of

J

= ZA ZAl ySy(z, v, v ) + ZA;} <O(2lT_1) + O(MR_1)> ,

=1

J
=Y (Z AﬂlAlJ,) Su(z,v, V) + Y A7} ((9(2’T—1) + O(MR—1)> :
=1 =1

l/

J
= S (ata),, Sz v+ Y A (O(2ZT_1) + O(MR—l)) ,
4 =1
= Si(z,v, V) +O(T* )+ O(MR™),

where we used the boundedness of A;ll and 22]:1 2l = O(T?).
In fact, it can be shown that for Haar wavelets, the above approximation rate is
O(T~/?) + O(MR™) since A;ll = O0(2-+D/2) (Nason et al., [2000). O

Proof of Proposition |2.1.14| under the uncorrelated replicates assumption

The proof follows similar steps to the proof of its coherence counterpart, using the quantities

defined under the assumption of uncorrelated replicates.
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A.1.4 Proof of Proposition (3.1.11

It follows directly from the continuous mapping theorem (Billingsley, [1999)) and the consis-
tency results for the corrected replicate-smoothed periodogram in , Le. gj(z, v, V) L
Si(z,v,V') as M,T,R — oo and M/R — 0. O

A.1.5 Proofs of Propositions [2.1.16| and [3.1.13

Proof of Proposition [3.1.13| (Expectation) in the presence of cross-replicate

dependence

From the definition of the replicate- and time- smoothed periodogram in , we have

B FJ(’T’Z/T);R] = (2M +1)7'(2Mr +1 Z Z E [ Jrkj—irTJrS);R}
M=

and substituting the asymptotic result for the expectation E [I](T,:E TT+S) R] (see for instance

equation ), we further obtain

~ M
E[fﬁ?ﬂ:@Mﬂ) (2Mrp +1 Z Z {ZA,sl<k+t,r;ST;S>

—M t=—

+ 0T+ O(Rl)}.

Now using the results in Lemmas [A.1.4) and [A.1.5] we have

= 7y. M [e'e] ,
U ETRRIRVREE S {ZAMSZ(?;,Q}

—M t=—

M

+(2M+1)7 2Mp +1)7! Z Z ZAN{O BT+ O(s|BjR™)}

—M t=—Mr I=1
+ 0T Y+ OR™),

M
= (2M + 1) (2Mr + 1) 12 Z ZA”Sl@ ;’9

—M t=— MTZ 1

M
+(2M + 1) 2Myp + 1)1 Z Z { (1T~ " BiA; + O(|s|R™ )ZBZAj,z}
_ l

l
+0@2TH+0OR™),

k |
_ZAlel (T ; TR> +OMrT™H) + O(MR™Y) + 02T,

where we have used that >, BjA;; < co and ), Bl’Aj,l < 00 as previously shown, and as

usual we retained the highest order terms. O
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Proof of Proposition |3.1.13| (Variance) in the presence of cross-replicate depen-

dence

Let us now take the variance of the replicate- and time- smoothed periodogram in equa-
tion ,

M Mrp—t

= 7/;1% R R
wr () = @0 303 o (BRI,
—Mp é=—Mp—t

= (2My + 1)—2(2M + 1)—2
M Mp—t

r+s,r'+s);R  (r+s+n,7'+s+n);R
PP 5 Z COV(mtT LS ’
—Mp é=—Mp—t s=—M n=—
(82)

where we also used the definition of the replicate-smoothed periodogram in equation

. (r' ;R _ R iR
and we recall that in general I; | 2" = d; rd; pp.

Using Definition of the REv-LSW process and its corresponding replicate raw

periodogram, let us derive in general

{ZX Yin(t) }{ZX”%HJ( >}]
5 {55 S 0o

t =1 m€eZ

oo
x {ZZ Z wlr’ﬁ';ﬂ/’l’,m’ (t/)fﬁ/,mfwj,km(t')}] , hence,

t U=1m/eZ

R 'R
E[ 3,k T jk+§T

Bl i i 5] = ZZZZZ > ittt (0 e (05105 VE €0 |

t' I=1U=1meZm'eZ

_ZzwlmTwlmTp;:;L?{Zwlm Jibjk(t }{Zﬂ)lm JVjk+a(t )}

=1 meZ
since E[§Z’m§l’7/m,] 01,1/ Om,m pl’ ’ and so [ =1’ and m = m/. Letting n := m — k yields
o0
iR R iR "R iR

[d; k: ng,k+5 T] Z Z wzn+k;Tw;n+k;Tp;;+k;T {Z ¢l,n+k—t¢j,k—t} {Z ¢l,n+k—t'¢j,k—t'+6} )
=1 nez t t’
ad n+k r o

=X > 18 +O(CIT™) + O(DIR™Y) ¢ (Wju(=n) W58 —n)),

I=1 nez T 'R'R

where above we also used the definition of the cross-correlation wavelets, as well as the

result in .
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Then, by Lemma and using a substitution n := —n it follows that

~

TR r iR
[d],k:T Jk+6T S,
l 1nEZ

X \Il]l n)\I/j,l(n + 5),

$5 (5355 )

k r o _ _ B
(T,R,R) +O(n|B, T~ +0(C]T™) + O(D|R 1)>

I=1n
+3 Y H{o(n|BT ™) + O(CIT™) + O(DIR™Y)} Wy4(n)Tj(n + 0),
=1 neZ

> k r o 1 >

ZA]” ) tor )Y D  Biln|(n)Ws(n + 6)

=1 =1 neZ
ZZCI ]l jln+5)+(’) ZZDI ]l Jln—i—é)
=1 nezZ =1 neZ

The order terms in the sum above can be established as follows. Since the number of
terms in the wavelet cross-correlation is finite and bounded as a function of n (Nason
et all 2000) and the compact support length of \IJ?J is bounded by K (27 + 2! ) for some
constant K (Sanderson et all 2010), we have using first the triangle inequality and then

the Cauchy-Schwarz inequality

ZZBzInIO U, ,(n) W (n + 0)

<OT )Y (2 +2)B)) W) T (n +6),
l n

SO(T‘)EZ:2J+2 (Z\If )1 (Z\If n+5>7l/2

=0T~ )Z(Qj +25B, AI/QAJI/IQ, from the definition of A
l

=0T,

using the same argument as for equation (73)).

Using the definition of the A° matrix, we obtain
D> CGO@ ()T (n +6) = ZCZAJZ,
l n

where {C/} satisfy Y, 2/C] < oco. Similarly, >, 3", DJO(R™1)¥;,(n)¥;,(n+6) = O(R™1) Y, Dngw
where {D]} satisfy the condition >, 2'D] < oc.

Hence, taking the highest order terms, we obtain in general

k' rr
R 7“ iR -1 -1 6
Eld yrd; ) is] ZA 191 (T ik R>+O(2JT ZCZA O(R Z‘D;Aj,l)
l
(83)

In what follows we consider the individual covariance terms in equation (82)), and using
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Isserlis’ result (Isserlis, 1918) and the expectation terms with k := k + t, we have

j k+t;T v g k+t+8:T

r4s grts+n r'+s gr'+s+n r+s gr'+s+n r'+s gr+s+n
=E [d] k‘+td_] k+t+6} [d] k‘+td_] k+t+5] [d] k+tdg k+t+5] [dg k+tdg k+t+6]

k-r r+mn -1 5 i1 -1 5
<ZA,Sl <T,R, = >+O(|t|T XZ:BZANHO@JT )+ O(|s|R zl:DZAN)

E r r+n . B
X (ZA;{,S, (T R )+o |t| T~ 1ZBZA ) +OT™Y +0O(s|R 1ZD§A§-’Z)>,
=1 l
(84)

cov <I(r+s,r’+s);R I(r+s+n,r’+s+n);R>

where for the last equality we used the results in Lemmas [A.1.4] and [A.1.5]

Hence the variance of the replicate- and time- smoothed wavelet periodogram in

equation is composed of terms of the following form

> kE r r+n r’+n
‘term I’ = g AJZSI < > g A 1S < ,
- TR R R

o0 Eor > E-r r+n e
¢ y § 1) 1 § § o 1
term II = — Aj,lSl <T, ﬁ R ‘t‘T Bl l + < A_j,lSl <T, E, R ) O(2~7T )
SO A g (ErrEn Ry DA
+l71 WP\ T R TR (Is| : 1 A5

‘term I = O([t|T~1 Y " BIAS )O(HT Y " BiAS ) + O(ItT" Y " BIAS )O(|s|R™1 >~ DjAS)
l l l l

O(ls|R™ 3" DjA2)O(Is|R™ S DjAY),
l l

‘term IV' = O([t|T™1 ) " BAS )OIT 1) + 0T O T 1) + 0T O(|s|R™ > DjA)
l

In order to determine the order of the terms above, let us first establish some useful results

in the following lemmas, whose proofs appear in Appendix .

Lemma A.1.6. (a) For any sequence {B;} with Y, 2'B; < oo, terms of the form below
Fulfil

> BAY | =0(2).

=1

D

0€Z

(b) For any sequences {B;} and {B} with },2'B; < 00, 3°,2'B] < 00, we have

SIS mal ZBzA

0eZ | l=1

O(2%).

Lemma A.1.7. Under the assumption Sup, ,e(0,1) D_nez 2 _nez le(z,v,v + Fin)| = O(1)
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we have the following properties.

(a) For any time k and replicate v, we have  5c7 >, <7 ‘Zl 1A]lSl (%, =, TE”)‘ =
O(2%).
(b) For any time k and replicates r and v, we have
k' r r+n '+77 ~
S s (522 ) 5 (25 50| - o)
0€Z nel Il=1

c) For any time k, replicate v and for any sequence {B;} satisfyin, 2'B; < 0o, we
Y P Yy seq yimg 2 4

SIS s (55 )

0€EZ nEZ 11=1

have

= 0(2%).

From Lemma using property (b) we obtain that ‘term I’ in the variance sum in
equation is O(2%(M7pM)~!). Further, the order of ‘term II’ can be obtained from
properties (a) and (c), as

(2Mp +1)72(2M +1)720(2%) Z Z {o(tIr "+ o' +0(s|IkR™")}
MT s=—M
and its order is O(2%)(O((MT)~) + O((MrMT)~ 1) + O(MrR)™1)).
To determine the order of ‘term III’ in the variance sum (82), using Lemma [A.1.6]

property (b) leads to the third term in the variance sum to be rephrased as

(2Mp+1)"2(2M+1)"20(2%) Z Z Z {0 ([tPT=2) + O(Jt||s|(TR)~") + O(|s|*R72)},
—Mp s=—M n=—M—

thus yielding O(2%)(O(MrT~2) + O(M(TR)™') + O(M;*M?R~2)). Further, for ‘term
IV’ in the variance, property (a) can be employed to yleld

(2Mp+1)"2(2M+1)20(2%) Z Z Z {o (|t|T7%) + O(MrT %) + O(|s|(TR)™ 1)}
—Mp s=—M n=—M—

thus resulting in O(22)(O(T~2) + O(M(M7TR)™1Y)).

Hence
var <I](7;:T) R) O2% (MpM)™1)
+0@2Y)(O((MT)™") + O((MrMT)™") + O((MrR) ™))
+ 0¥ (O(MrT™?) + O(M(TR)™ ') + O(M;'M?R™?))
(

+02¥)(O(T?) + O(M(MrTR)™))
= 0¥ (MrM)™1) + 0¥ M M?R™?).
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Proof of Proposition [2.1.16| (Expectation) under the uncorrelated replicates

assumption

The proof follows similar steps to the expectation proof of its coherence counterpart, using
the replicate- and time- smoothed periodogram in and the asymptotic result for the

expectation in Proposition [2.1.10

Proof of Proposition [2.1.16| (Variance) under the uncorrelated replicates as-

sumption

Using both definitions of the replicate- time- smoothed periodogram (equation ) and
the replicate-smoothed periodogram (equation ), we have

var (ElfT) =var | 2Mp+1)~ Z I;lit 7|

Myt
rR
= (2Mr +1)° Z > oo (IJ ket Lo, T)
—My 6=—Mr—t
M Mrp—t

R R
= (2Mr +1)72(2M + 1)~ Z Z Z cov ( ;;crit T’I;;criH& T)
MT o=— MT —ts=—M

Further building on results in equation with 7 = 0 and Lemmas (A.1.6]) and (A.1.7)),

following the same arguments as in the general variance proof, we obtain

var (f;ﬁT) = O(2% (MpM)™)
+0@2Y)(O((MT)™") + O((MrMT) ™) + O((MrR) ™))
+ 0¥ (OMrM T2+ O(TR)™ ") + O(M:'MR™?))
+ 02 (OM'T™) + O((MrTR)™))
= O02¥(MrM)™) + 0¥ M *MR™?).
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A.2 Proofs for lemmas of Appendix |A.1

A.2.1 Proof of Lemma|A.1.1

5151 (z, v, 1/) from the definition of the matrix A

= ZZ\P Sl(zyy)
= (Z Si (z,v,0/) \I/l('t)> T, ()
= Zc(z v, V') (1)

< Z ‘c z,v, VT ‘ |W;(T)| using the triangle inequality

from the local autocovariance definition

=0,

where we used |c¢(z,v,1/;7T)| < oo for all v, v/, T and Y. |¥;(T)| = O(2’) (Nason et al.
2000). O

A.2.2 Proof of Lemma |A.1.2

}715’1 (z, v, 1/) from the definition of the matrix A"

= ZZ‘I’ )i (n+1)S) (2, v,V')
- Z (Z Sy (z,v,V) Uy(n + T)) W(n)

n l

from the local autocovariance definition

— Zc(z,y,v’;n+”f) W;(n)

n

< Z ¢ (z,v,/;n 4 1) | |¥;(n)| using the triangle inequality
= 0(29),
where we used |c(z,v,V/;n +T)| < oo for all T, v, v/, n and > |¥;(n)| = O(27). O

A.2.3 Proof of Lemma|A.1.3

Let us first show that for any T and scales j, j', [, we have

ST pm)Tn+1) = U (u) Ty (u+ ).

nel uEZ

This can be seen by re-expressing the right hand of the equality above by means of the
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definition of the cross-correlation wavelets, hence obtaining

Z \I/], 5! l u+T) Z <Z Vi pVLp— u> Z Vit VL —u—r |
p/

= Z Z ¢j,ij',p' (Z 2/Jl,p—uT/)l,p’u”r) )
p p u

=3 ity Wilp — 0 + ),
p p

= D jmap iy | Wiln+ 1), where n:=p—p,
n P

—Z\I/” )Wi(n + T).

Using the above equality, we use the fact that the spectrum is positive and now take

the triangle inequality

ZS;(Z,V,V') Z‘I’j,l(n) i+ <ZS; 2, v,V Z’\Pﬂ /ln—l—’r)‘
l n

1/2 1/2
< Z Sy (z,v,0/) <Z \Ifil(n)) (Z \I/?,yl(n + T)) ,

= Z Sl z v, y A1/2A1,/?, from the definition of matrix A

1/2 1/2
< (ZAj,lSl (Z,V, Vl)) <ZAj’,l’Sl’ (Z,V, V/)) )
l 14

— (2(j+j/)/2)’

where for the last two inequalities above we used the Cauchy-Schwarz inequality and for
the last equality we used the result in Lemma O

A.2.4 Proof of Lemma |A.1.4

Under the assumptions of Definition [3.1.1] the functions W( v), W]( V') and p;(-,v, V)

are Lipschitz continuous in rescaled time, with Lipschitz constants L%, LV and Q;’V/ respec-
tively. Equivalently, this can be written as ‘Wj (k+n)/T,v)— j(k/T7 V)| < ]n\LJ’fol,
W;((k +n)/T,v") — W;(k/T,)
nlQ;" T,

From standard Lipschitz function theory, the product of the Lipschitz continuous

< [n| LY T~ and |p; ((k +n) /T, v,") = p; (k/ T, v,/)| <

functions defined on a compact interval is also Lipschitz continuous with Lipschitz
constant the maximum of the individual constants. Hence working across replicates
and denoting B; = sup, ,, max{LY, L” ;V’V/)}, we readily obtain that S;(-,v,1v/) =
Wi(-,v)W;(-,v")p;j(-,v,v') is Lipschitz continuous (the result in equation (70])) with con-
stants {B;}. The properties of the {B;} follow immediately from the similar properties of
the individual Lipschitz constants L; = sup, LY and Q; = sup,,,, Q;-”V/. O
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A.2.5 Proof of Lemma |A.1.5

Under the assumptions of Definition for any rescaled time z and trials (repli-
cates) respectively v/, v, the limiting coherence functions p;(z,-,v') and p;(z,v,-) are
Lipschitz continuous with Lipschitz constants {sz} and are defined on a compact in-
terval. Then it immediately follows that there exists a bounded constant C' such that

pj(z,v +a,v +a) — pj(z,v,V')| < C Pflal for any a such that v + a,v' +a € (0,1).

Specifically, the Lipschitz continuity assumption in rescaled trial-dimension implies that
for each  we have ‘Wj(z, (r +s)/R) — W,;(z, r/R)‘ < [s|N?R™ )W( (v +s)/R) W,(z,'/R)
<|s|N?R™" and |p;(z, (r + 5)/R, (r' + s)/R) — pj(2,7/R,7'/R)| < |s|P7R™" at any repli-

cates 7, r’ and s.

Then, from standard Lipschitz function theory it follows that their product S;(z, v+, +-) =
W, i(z, v+ )W (z,V/+)pj(z,v+-,/+-) is also Lipschitz continuous (the desired result in
equation (71))) with constants Bj = sup, max{N?, P7}. The properties of the { B}} follow
immediately from the similar properties of the individual Lipschitz constants N; = sup, N. 5
and P; = sup, P;. O

A.2.6 Proof of Lemma|A.1.6

(a) The desired result follows since

> 1D BAY, :Z ZBZZ\II YU (n + 6)
é l
< Z By Z Z |W;(n)¥;(n+ d)| using the triangle inequality
=> B> <|‘1’j(71)| > Wi+ 5)|>
l n §
<KY 2'B) | (n)
l n

=0(2),

from the definition of the matrix A%

where we used (in order) that > 5 |¥;(n+6)| = O(2Y), 3, |¥;(n)| = O(2/) and
> 2B < 0.

(b) This follows directly from the above.

We also note here that |y 2, 2_ZA§-Z = O(1) for any integer §, which can be obtained
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by taking

ZQ—ZA;?J

l

= 22 lZ\IJ YU (n+6)],

=D wi(n) Y 27y (n +4)|,
n l

= Z\I’ 50n+6

= [¥;(=9)[ = O1)

)

where we used >, 27'W;(n + &) = dg 46 as shown in Fryzlewicz et al. (2003).

A.2.7 Proof of Lemma |A.1.7

(a) Using the definitions of the A% matrix and of the local covariance we have
k-r r+mn kE'r r+n
Sx S (55| - T[T (2 (5 g ) v wio
o m
E-r r+n
C<T,R,R,T+5) \I’](T)

k' r r+n
(T R R ’T+5>D’

)

)

where we used the triangle inequality and the autocorrelation wavelet property

Yo [W5(0)| = O(2).

(b) Using

2212

where for the last equality we used the property (a).

(c) It follows directly from property (a) and equation (85)).
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A.3 Further proofs

A.3.1 Proof of Propositions |2.1.7| and |3.1.5

Proof of Proposition (2.1.7| under the uncorrelated replicates assumption

As the REv-LSW process is defined to have zero-mean, we have cov <X LLZV;?JJ 7? , X LLZV;?JJ g T) =

E (X LLZVIIEJJ Tx LLzT Jj f; T) and using the REv-LSW process definition in equation , we
obtain

VR);R +|vR|;R - VRJ;R\ 2
cov (X0 X TR ) = Z}g(w},k;% ) Uik T (2T + 1), take ko= + |T),
J= S

o0 5 ) 2
= 33 () ey (PT D oy (12T) + ),

7=1nezZ

- ZZ( W ) (O ().

j=1nez

Denoting A = ‘COV (X LL:II?JJ 11? , X LLZ’.Z{BJJJ—}iT) —c(z,v; T)‘ and using the local covariance defini-

tion as well as the amplitude approximations in equation , we obtain

A= |3 () s Os0) — ez i)

j=1nez

a quantity bounded by

[0, 0 (S5 4 50) + (D3R + (CIT ) 50 0)851n (%) = 32, 5 (2, 1) W, (x) . Using the

spectrum Lipschitz continuity in time, we further bound A by

50 0 (S(20) + (D3R + (G577 + (L nIT ) 5 0)ibyn(T) = 52,852, ) 5 (7).

Hence
A< DO DRTY H(GT + (LilnlT ™)) in(0)ya(m)| as @ Z%k Tme:
< ZZDR )5, (0)85.n ()

+ ZZCTl%, (0)¢j,n(T)

+ ZZ (L[| T 1)1 (0 (T) |,

= O(R H+or,

where the last equality follows as the terms S (DR ,(0)0j0(T) = R7! > Dj¥(t) =
O(R™1) since ¥;(t) = O(1) (Nason et al.,2000) and we assumed >_; Dj < oo, and similarly
> S (C TN 0 (0)1),0(T) = O(T 1) using >_; Cj < o00; the last term

> Zn(Lj|n|T*1)wj7n(O)¢j7n(T)‘ < Oo(rh > 2/L;, since there are at most order 27

non-zero terms in the wavelet product, ¥;(t) = O(1) and we assumed 27L; < oo (see
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also Nason et al.| (2000)). O

Proof of Proposition |3.1.5| in the presence of cross-replicate dependence

For the general case, the proof follows immediately from the amplitude and coherence
approximation properties in Definition [3.1.1] of the REv-LSW process, which yield

[vRI;R | [V'RI;R |vR],[V'R|;R Sj(Z, v, I//)

—1 -1
wj,I_zTJ;T wj,LzTJ;T 'Oj,LzTJ;T = O(CéT ) + O(D;R )a

where Cj’~ and D; can be shown to also fulfill equations of the type in Definition
and (4Dl

As the limiting amplitudes (W]( V), W]( ,v")) and coherence (p;(-,v,v")) are Lipschitz
continuous functions in rescaled time for rescaled trials v, v/ and are defined on a compact
interval, it follows from standard Lipschitz function theory that their product (S;(-,v,v"))
is also Lipschitz continuous in rescaled time, as shown in Lemma The desired
conclusion then follows using the same type of arguments as employed for uncorrelated

trials above. O

A.3.2 Proof of estimated coherence limits for equation 1}

Let us first show that )I mr) ‘ < \/‘ lkT ’\/}Il kT ‘ for any scale [, time k and trials

r, r’. Equivalently, we want to show that (I(M ) (I(T ); R) (Il(k T) R).
Recalling that we use the same smoothing window and using the definitions of the
trial-smoothed periodogram in and of the raw periodogram in , the above is

equivalent to having to show that
2 2 2
r+s;R ' +s;R r+s;R r'+s";R
<§ :dlkT dlkT ) S(E :(dlkT)><§ :(dlk:T ))7

which indeed follows from the Cauchy-Schwarz inequality.

Since the components in the estimated between-trial coherence equation (56 are of the

form S’J( ) 24, 1[ Z(ZTT) iR (also see equation (55)), next let us take
2 2
1IZ7I;TT < (Z ‘A]l ‘ ‘Il 7,;7"T) RD , and using the relationship above
< (s () oy
o (r,r); r! r)R
- (= (yafyli) (W . M )
<

(ZAJ,IIJ,ZT ) (zAJ;fm )

where the last inequality resulted from the Cauchy-Schwarz inequality. Hence the values of

AT <. O

the squared estimated between-trial coherence have the property
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