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ABSTRACT

The main focus of this thesis is probabilistic coupling. This technique and
its connection with the total variation distance will be a common thread
through the exploration of the random processes investigated in this thesis.

In Chapter 2, we generalise a recent result on the mixing time of the
random walk on Z3 that at each step flips k£ randomly chosen coordinates. In
our work, we let the number of coordinates flipped at each step be a random
variable K, and, using a path coupling argument, we establish bounds for
the mixing time of this random walk. Furthermore, we show that, under
some stricter assumptions on the distribution of K, the random walk has a
pre-cutoff.

In Chapter 3, we focus on properties of particular couplings, such as
co-adaptedness, maximality, and other types of optimality. We consider the
Brownian motion on the circumference of the unit circle that, at times of
an independent Poisson process of rate A, jumps to the opposite point on
the circle. We construct a co-adapted coupling for this process and, using
excursion theory and Bellman’s principle of optimality, we prove that it is
mean-optimal in the class of co-adapted couplings, i.e. it minimises the
expected coupling time. We describe how this coupling depends upon A,
and show that it is maximal only when A = 0. We also give an explicit
construction of a maximal coupling for this ”jumpy Brownian motion” (for
any value of \) in the case where the two copies of the process begin at

opposite sides of the circle.
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1. INTRODUCTION

In this first part of the thesis, we report a summary of material on Markov
chains that are at the base of our project. We define their main properties,
and we give an introduction to coupling describing some of its useful ap-
plications in the study of the convergence of Markov chains. The material
related to Markov chains is taken from “Markov chains and mixing times”
by Levin, Peres and Wilmer [21].

1.1 Markov chains and the cutoff phenomenon

Let X = (Xp)n>0 be a Markov chain with state space 2 and transition
matrix P. A distribution 7 over 2 satisfying m = «P is called a station-
ary distribution, and it represents the long-term limiting distribution of the

Markov chain, provided P is irreducible and aperiodic.

The convergence of a Markov chain is studied in terms of distance be-
tween the distribution of the chain and the stationary distribution. Several
types of distance have been defined, one of them being the total variation

distance, which is the metric we will use in this thesis.

Definition 1.1. Let P be the transition matrix of a Markov chain with
state space . Let 7 the stationary distribution and P! the distribution of
the Markov chain at time ¢. Then, we define the total variation distance

between the distributions P! and 7 as
Pt ) — = Pt A) — A
P!, ) = mllry = max |P(z, 4) — m(A),

i.e. the maximum difference between the two probability distributions over

all the possible subsets of the state space ).

As it is not always convenient to work with this definition, we can use

an alternative characterisation that reduces the maximum over all subsets
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of Q to a sum over its states, provided that 2 is a countable space.

Proposition 1.2. If Q is a countable space, then

1P, ) =l = 5 S 1P ) — (o)l

yeQ
Proof. Let B = {y: P'(z,y) > m(y)} and let A C Q. Then,
P'(z,A) —7(A) < P'(z, AN B) — (AN B) < P'(z, B) — n(B),

where the first inequality holds because if y € AN B¢ then P!(x,y) < 7(y),

which implies
P'(z, A)—7(A) = P'(x, (ANB)U(ANB®))—n((ANB)U(ANB*)) < P'(z, ANB)
Similarly, we have
P'(z, B)—n(B) = P'(z,(ANB)U(A°NB))—7n((ANB)U(A°NB)) > P'(x, ANB)
In the same way, it can be showed that

n(A) — P'(z, A) < n(B°) — P'(x, B°).

Observe that the upper bounds P!(z, B) — n(B) = n(B¢) — P'(x, B°), so, if
we take A = B or A = B¢, then

1
1P )~y = 5P, B)~m(B)4m(B%)~P'(x, B = 3 3~ |P'(z,)-
yGQ

O]

If Q is a measurable space, then we have the following definition of total

variation distance.

Definition 1.3. Let p and y/ be two probability measures on a measurable

space €. Then, the total variation distance between p and ' is defined as

lw— v == sup ‘/fdu 1)
[f1<1
f measurable

—m(ANB).

—7m(ANB).

)l
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Lindvall shows in [23] that we have the following alternative characteri-

sation.
Proposition 1.4. Let i and p' be two probability measures on a measurable

space Q). Let X = p+ p' and

dpu , o dy
9= % 9 = N
Then,
= wllrv =1— /g/\g’dA.
Proof. From Definition 1.3,
2llp = p'llrv = sup '/f (g —g’)dA‘

[f1<1
f measurable

= 1-(g—g)dx —1)- (g —g¢")ax
JARRCETIUSY B CIRCEYS

9<g’

=/Ig—Q’IdAZ/(g—gMJ’)dAJr/(g’—g/\g’)dA

:/gd)\—{—/g/d/\—Q/g/\g’d)\
:/du—i-/d,u,'—2/g/\g’d)\
:2<1—/g/\g'd)\>

The following result establishes convergence at an exponential rate of

O]

any irreducible and aperiodic Markov chain on a finite state space to the

stationary distribution.

Theorem 1.5 (Convergence theorem). Let P be irreducible and aperiodic
with finite state space ) and stationary distribution w. Then, there exist
constants a € (0,1) and C > 0 such that

max ||P!(z,-) — 7(-)||7v < Cal.
€
There are different proofs of this theorem. The proof given in [21] applies
a decomposition of the chain into a combination of the stationary distribu-

tion and another Markov chain.
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Observe that assuming that a Markov chain is irreducible and aperiodic is
essential to have convergence; if one of these two conditions is not satisfied
we might have that the chain does not converge, or that the stationary dis-
tribution depends on the starting state.

Given Theorem 1.5, one of the aims in the study of the convergence of a
Markov chain is to estimate the rate of convergence, finding bounds on the
maximal distance between the distribution of the chain and the stationary
distribution. One way to do that is estimating the mixing time, a param-
eter that measures the time required for the distance from the stationary

distribution to be small.

Definition 1.6. Let

d(t) = P'(z,-) —
(t) = max || P'(z, ) — 7llrv
be the worst-case total variation distance; observe that d(t) is non-increasing

for all t € N. Let € € (0,1), we can define the mizing time as
tmiz(€) == min{t : d(t) < e}.

It can be showed that, if ¢ is a non-negative integer, then d(¢t,,ix(€)) <
(2¢)¢. To make use of this inequality, we need ¢ < %, but for algebraic con-
1

venience, we usually choose € = 7 and we use the notation t,;: = tinix (%)

Finally, we introduce the property of transitivity of Markov chains.

Definition 1.7. A Markov chain is transitive if for each pair (z,y) € Q x

there exists a bijection ¢ : 2 — Q such that

z,y)
P(a,y) (z) =y and P(z,w) = P(qb(x’y)(z), P(a,y) (w)) for all z,w € Q.

In other words, the Markov chain “looks the same” from any point in 2,
and convergence results do not depend on the starting state. In terms of
mixing time, this means the total variation distance does not depend on the

starting state, so considering the worst-case is not needed.
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1.1.1 The cutoff phenomenon

Starting from the notions of mixing time and total variation distance, we
can define the cutoff phenomenon. We say that a sequence of random walks
exhibits cutoff if the total variation distance drops from near 1 to near 0 in
a small interval centred at the mixing time. Formally, we have the following

definition.

Definition 1.8. Consider a sequence of Markov chains X (™ on the state
(n)

spaces QM each with mixing time ¢,/ and total variation distance d,(t)
at time t. We say that the sequence exhibits cutoff with a window of size
wy, if wy, = o(t,) and

e ) _
ah_{r;o llnrggf dn(tggix — awyp) =1,

)

lim limsupdy(t,,;, + awy) = 0.

a0 poo

Figure 1.1 illustrates the graph of the total variation distance of a se-
quence of Markov chains that exhibits cutoff.
The cutoff phenomenon gives important information about the convergence
of the Markov chain, but it is often difficult to prove. Sufficient conditions
under which a Markov chain exhibits cutoff have been established by Saloff-
Coste and Chen in [6] for the LP distance for 1 < p < occ.

Definition 1.9. Let X be a Markov chain with finite state space €2, transi-
tion matrix P and stationary distribution 7. The LP distance between the

distribution of the Markov chain and 7 is defined as

1
P;((Z’)y) - 1‘p ﬂ(y)) "ifl1<p<oo

(Zyeﬂ
1P, ) = 7()llp =

Plzy) _ 1‘} if p = 0.

Haxyeo { ()

In particular, ||P!(x,:) — ()|} = 2 - ||P!(x,-) — 7(-)||7v, but for this
value of p we do not know sufficient conditions under which a random walk

exhibits cutoff, so it has to be shown case by case.
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dn(t)

I
tn t

mix

Fig. 1.1: Graph of d,,(t) against time for a Markov chain that exhibits cutoff.

Many results about the cutoff phenomenon have been proved for chains de-
scribing card shufflings. In general, if we consider a random walk on a deck
of n cards, the state space is the set of all possible arrangements of the deck,
which is represented by the set S,, of permutations of n elements.

For a first example, consider the top-to-random shuffling on n cards, a card
shuffling consisting of inserting, at each step, the top card randomly in the
deck. In [2], Aldous and Diaconis show that the mixing time has upper
bound of order nlogn. In the same paper, they also prove that there exists
a matching lower bound by applying directly the definition of total variation
distance: they identify a set of permutations for which the probability under
the stationary distribution and the distribution of the random walk differ
significantly since the difference between the two probabilities is large. A
useful lower bound of the mixing time can be found from Definition 1.1. The
proof of the existence of two matching bounds for the mixing time allows
Aldous and Diaconis to conclude that the top-to-random shuffling has cutoff
at nlogn and window of size n.

We will give more details about the upper bound of this card shuffle in Sec-
tion 1.2, in which we introduce the coupling method to upper bound the
mixing time.

Another card shuffle that exhibits cutoff is the random transposition shuf-
fle, which consists of choosing two cards, independently and uniformly at
random, and then transposing them if they are different. In [9], Diaconis

and Shahshahani apply representation theory of the symmetric group and
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Fourier analysis to find that the mixing time has upper bound at %nlog n.
Using the definition of total variation distance, they also show that a match-
ing lower bound exists, proving that the random transposition shuffle ex-
hibits cutoff at %n log n with a window of order n.

Finally, in [4], Bayer and Diaconis study the riffle shuffle. This is the most
common method to shuffle cards, and it consists of cutting the deck into
two parts and riffling the two halves together. In their paper, Bayer and
Diaconis derive formulas for the probability of seeing any permutation after
t shuffles and use those expressions to show that the riffle shuffle on n cards

has cutoff at % logy n.

Another class of Markov chains that has received great attention is that
of random walks on the hypercube, for which there exists an abundant lit-
erature showing cutoff. A hypercube, or cube of dimension n, is a graph
whose vertices are the elements of Z3, i.e. binary strings of length n.
Consider the lazy simple random walk on the hypercube that, at each step,
stays at the current position with probability % and with probability %
chooses one of the n coordinates uniformly at random and flips it. In [8],
it is shown, by using Fourier analysis and representation theory, that this
random walk exhibits cutoff at $nlogn with window of size n. In [21], the
same result is showed using different tools. The lower bound is found using
the Hamming weight, i.e. the number of coordinates equal to 1, at time ¢
to bound the total variation distance between the distribution of the chain
at time ¢ and the stationary distribution.

The upper bound is established using coupling, so we will give more details
about it in Section 1.2.

In [28], Nestoridi analyses the random walk on the hypercube that flips a
fixed number k of coordinates at each step, showing that, if £k = o(n), it ex-
hibits cutoff at g logn with window of order 5. We give more details about
this paper in Chapter 2, where we expand Nestoridi’s results by analysing
the random walk on the hypercube that flips a random number K of coor-

dinates at each step.

More generally, we can view a cube of dimension n as a n-regular graph,
i.e. a graph such that each vertex has exactly n neighbours. Lubetzky and

Sly, in [25], consider generic d-regular graphs on n vertices. Exploiting the
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properties of regular graphs, they find some interesting results concerning
cutoff. In particular, they prove that for any fixed d > 3 the simple ran-
dom walk on a d-regular graph on n vertices has cutoff at d%‘lQ log;_; n with
window of size v/logn. Also, if d tends to infinity with n, then the window

logn
decreases to 4/ dlogd"

Finally, in a recent paper [32], Salez considers Markov chains with negative

curvature finding a sufficient condition for such chains to exhibit cutoff. He
considers two definitions of curvature, the Ollivier-Ricci curvature and the
Bakry—Emery curvature, but his result applies to both definitions indiffer-
ently. The sufficient condition requires comparing the orders of the mixing

time and the relaxation time.

Definition 1.10. Let A be the second largest eigenvalue in absolute value
of the transition matrix, the relaxation time is defined as

1

trel = -\

Theorem. Consider a sequence of irreducible Markov chains with symmet-
ric transition matrices and non-negative curvature. Suppose that for every
e € (0,1) we have
(tretlog A)? o(1)
tmm (6) ’
where

A= max{ dist(z,y) = 1}

1
P(z,y)
and

dist(z,y) = min{k € Zy : P*(z,y) > 0}.

Then, the sequence exhibits cutoff.

The proof relies on the entropic concentration phenomenon, which en-
sures control on the variance of the relative entropy, a measure of the differ-
ence between a probability distribution and a reference probability measure.
In the paper, Salez shows that mixing does not occur before the relative en-
tropy is small but, once its level is low enough, mixing happens quickly.
Salez also show that having a non-negative curvature is sufficient to estab-
lish the entropic concentration phenomenon proving that it is a sufficient

condition to have cutoff.
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We can also define the pre-cutoff phenomenon.

Definition 1.11. We say that family of Markov chains exhibits pre-cutoff

if it satisfies the condition

(n)
t /(€
sup limsup miz(©) < 0.

o<e<} noe tol (1—e)

In other words, there exist ¢g, c; such that

lim inf dn(ct(n)

n—00 mix)

=1,

lim sup dn(ctgli)x) =0,

n—o0

for ¢ < ¢g and ¢ > ¢;.

This means that tg:l)x(e) and t%)x(l —€) are( c)omparable and that pre-
cutoff is weaker than cutoff, for which the ratio % tendstolasn — oo
—&

mix

for all € € (0, 3).
The following example helps to provide a clearer idea of what pre-cutoff is

and to explain why pre-cutoff is weaker than cutoff.

Example 1.12. At the American Institute of Mathematics (AIM) research
workshop ”Sharp Thresholds for Mixing Times” organised in December
2004, Aldous constructed a random walk that has pre-cutoff but does not
exhibit cutoff. Figure 1.2 shows the transition probabilities and the graph of
the total variation distance for this random walk. It can be seen in Figure
1.2a that the stationary distribution has a geometric growth from left to
right and the random walk mixes when it reaches the right-most point. If
the random walk starts at the left-most point, it takes about 15n steps to
reach the fork. From there, it takes about gn steps to reach the right-most
point using the bottom path and about 6n steps using the top path. Figure
1.2b shows that after time (15 =+ g) n the total variation distance drops by
about 2, while we have to wait time (15 + 6)n to have the distance drop by

£ (©)
t'E:LLz?ac (1_6

n — oo implying that we have pre-cutoff, but it does not tend to 1, so this

the remaining %. Then, the ratio in Definition 1.11 is bounded as

random walk does not exhibit cutoff.
O
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__________ 2n
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(a) Transition probabilities

d(t)

150 (15+53)n  21n !
(b) Total variation distance

Fig. 1.2: The random walk constructed by Aldous in 2004. The images have been
taken from [21]

As we already observed, sufficient conditions to prove cutoff using the
total variation distance are not known, but necessary conditions exist. A
necessary condition is related to pre-cutoff and the relaxation time of a
Markov chain. The following proposition, which can be found in [21], gives

a necessary condition.

Proposition 1.13. For a sequence of irreducible aperiodic Markov chains

) if e s bounded ab
mizs Y T 1s bounded above,

rel

with relazation times tff;l) and mixing times t

then there is no pre-cutoff.

This proposition can be used to prove that a sequence of Markov chains

does not exhibit cutoff. For example, consider the lazy random walk on the
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cycle Z,, that at each step moves clockwise with probability %, anti-clockwise
with probability i, and with probability % stays in its position. In [8], it is
showed that the mixing time is of order n?, and in [21] a detailed calculation
of the eigenvalues of this random walk shows that the relaxation time also
has order n?, so by Proposition 1.13, there is no pre-cutoff, which implies

that there is no cutoff.

1.2 Coupling

The coupling method is one of the main probabilistic techniques in the
study of convergence of Markov chains, and it consists of comparing two
probability measures on a measurable space. To formally define coupling,
we refer to Lindvall [23], where a measurable space is denoted as the couple
(E, €) of the state space E with its Borel sets &.

Definition 1.14. A coupling of two probability measures P and P’ on a
measurable space (E, &) is a probability measure P on (E2, £2) such that

P=Pr ' and P = ]57r/_1,

where 7(x,2') = z and 7/(z,2') = 2’ for (x,2) € E%

In other words, P and P’ are marginal distributions of P.

This definition describes coupling in terms of probability measures but,
since in the thesis we are interested in constructing couplings of random
processes, we need a definition of coupling that better adapts to working
with random elements in the state space.

We can define a random element in (F, £) as a quadruple (2, F, P, X), where
(Q, F,P) is the underlying probability space and X € F /&, i.e. the class of

measurable maps from 2 to . We can define coupling in the following way.

Definition 1.15. A coupling of two random elements (2, F,P, X) and
(Q, F P, X') in (E,&) is a random element (Q, F, P, (X, X)) in (E2,£2)
such that

X2X and X' 22X,

i.e. X has the same distribution as X and X’ has the same distribution as
X',
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So, in terms of Definition 1.14, P(X, X’)~! is a coupling of PX ~ and P'X’~1.

If we assume that the random variables X and X’ are coupled, we can ex-
ploit the coupling to produce an upper bound on the total variation distance

between the distributions of the two random variables.

Proposition 1.16. Let X and X' be two random variables with distributions

i and i respectively, and assume that X and X' are coupled. Then
= W llrv <P(X # X).

In the inequality, we should strictly use X and X’ since the result holds
for two coupled random variables, but, by convention, we just write X and
X'

Proof. Let A € £, then

PXeA)-PX eA)=PXeAX=X)+P(XeAX+#X)

~P(X' €A X=X)-PX' €A X +#X
XcAX#X)-P(X' €A X #X)
X #X').

P(
<P

Applying Definition 1.1 completes the proof. ]

Now that we have defined coupling of random variables, we can move
to random processes. Let (X , X "} be a coupling of two random processes
X = (X2, and X' = (X/)2, in (E,£), and assume there exists a random
time 7" such that

Xi=X], for t>T.

We call T a coupling time. Using the coupling time and observing that
{X, # X!} C {T > t}, Proposition 1.16 can be extended in the following
theorem, showed in [23], which states that there exists a convenient rela-

tionship between the coupling time and the total variation distance.

Theorem 1.17. Let (X,X’) be a coupling of two random processes X =
(X1)2y and X' = (X)), in (E,E). Then

IP(X, € ) — P(X] € lry < P(T > 1) (1.1)
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Now, let X = (X;)52, and X’ = (X7)$°, be Markov chains with transi-
tion matrix P and stationary distribution 7 such that Xo = = and X ~ 7.

Then equation (1.1) gives
”Pt(xv ) - 77(')||TV < IED(7-couple > t)-

This inequality makes coupling one of the main tools in the estimation of

rates of convergence of Markov chains. We also have the following corollary.

Corollary 1.18. Suppose that for each pair of states x,z’ € € there is a
coupling (X , X/ ) of two Markov chains X and X' with transition matriz P
such that Xo = x and X, = a’. Let Tcouple be the coupling time. Then

d(t) < max P(Teoupte > t).
z,x’' €N

The first time the two chains meet is called the coupling time, and it is
defined as
Teouple := Min{t : X, = X{}

We can also construct the coupling such that the two chains run together

at all times after the coupling time, i.e.
X, = )A(é, for all t > Teoupie-

Definition 1.19. We say that a coupling is successful if the coupling time

is finite almost surely, i.e. if
P(Teoupte < 00) = 1.

Example 1.20 (Lazy random walk on the n-cycle). Consider the random
walk on the n-cycle Z,, = {0,...,n — 1} that, at each step, with probability
i moves clockwise, with probability i moves counterclockwise, and with

probability % stays in the current state.
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Let X = (X¢)2, be the Markov chain with transition matrix

1. ifk=j+1 (modn),
PLK) = }11, %ka]:—]_ (mod n),

5, ifk=j (mod n),

0

otherwise.

This random walk is irreducible and aperiodic, so we can apply Theorem 1.5
and conclude that the random walk converges to its stationary distribution.
In [21], the following coupling is constructed. Consider two lazy random
walks on the n-cycle X = (X;)52, and X’ = (X})$°, with transition matrix
P and such that X = x and X’ = 2/. To ensure that one does not jump
over the other when they are at unit distance, the two random walks are
coupled so as to never move at the same time. At each step, a fair coin is
tossed, independently from all previous tosses. If the coin lands heads up,
X moves one step left with probability % or one step right with probability
%, otherwise X’ moves one step left with probability % or one step right with
probability % The two chains move together after the first time they land
on the same state.

Let D = (D)2, be the clockwise distance between X and X', then D
is a simple random walk on {0,...,n} with absorbing states 0 and n. If
7 =min{t > 0: D; € {0,n}}, then 7 is a coupling time and, since D models
the gambler’s ruin problem ([13]), we know that E[r] = Dg(n — Dy).

By Corollary 1.18, using Markov’s inequality yields

/ E 2
d(t) < max P(r > 1) < Dewez, B _n7
T, x' €Ly t 4t
If t = n?, then d(t) < %, SO tomiz < M. O

Example 1.21 (Simple random walk on the hypercube). Consider again
the simple random walk on Z%. Adjacent vertices on the hypercube differ in
exactly one coordinate. Consider the random walk that starts at a vertex
x = (x1,...,x,) and, at each step, chooses a coordinate i € {0,...,n}
uniformly at random and flips it, where flipping coordinate ¢ = 0 means

that the random walk stays in the current position while flipping coordinate
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i=1,...,n represents a step to one of the n neighbours.

In [1], Aldous applies the coupling method to upper bound the mixing time
of this random walk. He constructs the following coupling.

Let X and X’ be two simple random walks on Z started from the states x

and 2’ respectively. Let X;(i) denote the ith coordinate of X;. Define

U ={ie{l,....,n}: Xi(i) # X{(i)}

the set of unmatched coordinates at time ¢, and let L; = |Uy|.
At time t + 1, we choose i € {0,...,n} uniformly at random and obtain

X1 by flipping X;(i). X/, is defined according to the following rules.
i. If Ly = 0, then we flip X/(7)
i. If Lt = ]., and Ut = {j}

a. if ¢ = 0, then we flip X[(5)
b. if i = j, then we flip X/(0)
c. if X;(i) = X/(4), then we flip X/ (i) to maintain the match at time
t+1
i T L > 1,

a. if i ¢ Uy or i = 0, then we flip X/ (%)
b. if i € U, then we choose j € U; with j # i and we flip X/(j)

Intuitively, this coupling ensures that, if X;(i) = X/(i), then the match is
maintained at time t+1, otherwise we choose another unmatched coordinate
of X/ and we flip it to create two new matches. If the only unmatched
coordinate is 7, then X and X’ are coupled as soon as i = 0 or ¢ = j.
By construction, using this coupling implies that at time ¢t + 1 we have
Liyy < Ly, and 7 = min{t > 0: L; = 0} is the coupling time.

Using this coupling and applying Theorem 1.17, Aldous shows that

1
tmix(g) < 5”10gn7 €€ (Oa 1)

O

A class of random walks to which coupling has been successfully applied

is represented by card shufflings. In [21], the coupling method is applied
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to the random transposition shuffle. Consider a deck of n cards, we label
the cards with numbers 1,...,n. At each step, we choose a card i and,
independently, a position j € {1,...,n}. Then, we transpose card i with
the card at position j; if ¢ already occupied position j, the deck is left
unchanged. To couple two decks, we use the same choices of ¢ and j. If mq

is the number of matching cards at time ¢, we have the following possibilities.

e If 7 is in the same position in both decks and position j is occupied by

the same card in both decks, then my1 = mq.

e If { is in the same position in both decks but j is occupied by different

cards, then msy1 = my.

e If ¢ is in different positions but position j is occupied by the same card
in both decks, then applying the shuffling breaks a match but creates

a new one, sO Myt = My.

e If 4 is in different positions and position j is occupied by different
cards, then applying the shuffing creates at least one new match with

a maximum of three new matches.

Applying Theorem 1.17 to this coupling yields an upper bound of the mix-
ing time of order n2. The authors show that this result holds for any initial
arrangement of the two decks, so in this particular case it is not necessary
to assume that the second deck is uniformly mixed at the start.

In this case coupling is not the most efficient method, and a sharper bound
can be found using other tools. Lindvall also observes in [23] that this ap-
proach is not always useful in general, and sometimes other methods prove
to be more efficient. In some cases, strong uniform times may be involved.
Let X be a random walk with uniform stationary distribution. A strong
uniform time is a randomised stopping time 7" such that X is distributed
uniformly, and Xp and T are independent. In [2], Aldous and Diaconis
prove that, if T' is a strong uniform time, then the total variation distance
between the distribution of the deck at time t and the stationary distribu-
tion is bounded by P(T" > t). In their paper, they use this approach to find
an upper bound of the mixing time of the top-to-random shuffle on n cards,
the random walk that, at each step, inserts the top card randomly into the
deck. Aldous and Diaconis define T as the first time when the original top
card is inserted into the deck by a shuffle and, showing that T is a strong
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uniform time, they find an upper bound of order n log n for the mixing time.

1.2.1 Co-adapted coupling

In this section, we introduce the notions of co-adapted coupling and maximal

coupling.

Definition 1.22 (Co-adapted coupling). Let (X, X) be a coupling of two
Markov processes X = (X;)22, and X = (X;)2,. We say that the coupling
is co-adapted if there exists a filtration (F;)32, such that X and X are

Markov processes with respect to (F¢)52,-

A non co-adapted coupling is a coupling constructed so that the way
one of the processes evolves depends on how the other process evolves in
the future. In [26], Matthews constructs a non co-adapted coupling for the
simple walk on the hypercube. As we will see more in detail in Chapter 2,
to find an upper bound of the total variation distance, Matthews constructs
a non co-adapted coupling and uses a strong uniform time to prove that the
random walk needs %n logn steps to have a small variation distance with

upper bound %nlog n.

Definition 1.23 (Maximal coupling). We say that a coupling is mazimal

if it realises an equality in the coupling inequality (1.1) for all ¢ > 0, i.e.

[P(X: € ) = P(X; € )|y =P(T > t).

The existence of a maximal coupling has been established in several cases.
The following theorem ([23]) proves the existence of maximal coupling for

probability measures.

Theorem 1.24. Let p and p' be two probability measures on a measurable
space (E,E). Then, there exists a coupling (Z, Z’) such that

(i) [l = ilrv =P(Z # 2"

(ii) Z and Z' are independent conditioned on {Z # Z'}.
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Proof. Let A = p+ u' and

/

:di /:dﬂ
9= an I =

From Proposition 1.4, we know that
= sllzv =1~ [gngar

So, if we can construct a coupling (Z, Z') such that P(Z # Z') = Jgngan,
then this coupling would be maximal. Let ) be the subprobability d@Q) =
g A g'd)\, and let v be its total mass. Observe that if v = 1, then we would
have p = 1/, and defining Z/ = Z would be enough to have the result. So,
we restrict to the case v < 1. We want to construct a coupling i of p and
i’ such that fi(A) = v, where A = {(z,2) : 2 € E} is the diagonal in E?.
Let ¢ : E — E? defined as ¢(z) = (z,), and let Q = Qp!, then Q has

mass « concentrated on A. Let

v=p-Q, and V= —-Q,
and ,
. UXV A
f=7 + Q.
-

Then for all A, A’ € &,

fi(A x E) = : +Q(A X E)
- A g () s e A
= U(4) +Q(A) = (),

and in the same way i(E x A") = 1/(A’), so [i is a coupling of p and p'. So,
if we let (Z,Z') be any pair with distribution fi, part (i) follows.
Finally, to show part (i) we need to prove that for any A, A’ € £

P(ZeAZ cAZ+ZV=P(ZecAZ+Z)xP(Z € A|Z+7).
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Now, {Z # Z'} = A and from the definition of /i we have

/ /
aA x a)a0) = LA VA
1—v 1-—¥v

since conditioning on A¢ implies Q(A x A’) = 0. O
Analogous results have been found for stochastic processes, but in this

case finding a maximal coupling is much more difficult since it must be

constructed such that it is maximal for all times.

The existence of a maximal coupling has been established by Griffeath in

[15] for homogeneous Markov chains with countable state space.

Theorem (Griffeath). For any homogeneous Markov chain X with count-

able state space there exists a mazimal coupling X .

Goldstein extended that result to general discrete Markov chains under
some condition on tail o-fields in [14]. Pitman also shows the existence of a
maximal coupling in [29] using randomised stopping times to simplify Grif-

feath’s construction.

In [24], Lindvall and Rogers consider multidimensional Brownian mo-
tions and construct a coupling between two such processes. As they observe
in their paper, when we couple two one-dimensional continuous processes, it
is convenient to make them move together after they meet the first time, as
two one-dimensional continuous processes cannot pass each other without
hitting each other. This is not true in general for multi-dimensional pro-
cesses, so the construction of the coupling needs to be adapted in order to
derive sufficient conditions for successful coupling.

The coupling they consider for two multi-dimensional Brownian motions is
the reflection coupling. Consider two multi-dimensional Brownian motions
starting from two different states x and y, we run one of the processes as
the reflection of the other with respect to the hyperplane between x and y.
Lindvall and Rogers show that the reflection coupling is a co-adapted maxi-
mal coupling of Brownian motions on R", and Hsu and Sturm, in [16], prove
that it is the unique maximal coupling in the class of co-adapted couplings,
but that the uniqueness does not hold if we also consider non co-adapted
couplings. The same result has been generalised to Brownian motion on a

Riemannian manifold by Kuwada in [20].
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Example 1.25 (One-dimensional Brownian motion). In [16], Hsu and Sturm
show that the reflection coupling is the unique co-adapted maximal coupling
of Brownian motions on R”. Consider the case n = 1.

Let

1 _lz—y?

e ot
2t

pe(z,y) =

be the transition density function of a one-dimensional Brownian motion.

Let X; and Y; be Brownian motions on R with starting states X¢ = 0 and
Yy = y. Following Hsu and Sturm, we can define the reflection coupling of
X, and Y; as a process (B, y— By), where By is a standard Brownian motion
on R. In particular, due to the symmetry of the density function, y — B; is
also a Brownian motion started at y. Figure 1.3 illustrates an example of

reflection coupling (B, y — By).
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Fig. 1.3: Reflection coupling (B;,y — By)
The coupling time is defined as the first time when By = y — By, i.e. as the

hitting time of ¥
ry=inf{t>0:B =7}

By Definition 1.23, we need to verify that the total variation distance be-
tween X; and Y; agrees with ]P)(T% > t). We find that
X = Yillrv = 1B — (5 = Bollrv = max |B(By € 4) — By — By € A)

1
27t

1
2rt

= max
ACR

Yy

2 |z)? _le—yl?
e 2t —e 2t
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= e 2dz = or P
V2mt Jo 2v/2t

where Erf is the error function that comes out when integrating the standard
. . . o, . 2 _ .2

normal distribution, and it is defined as Erf(z) = 7 Jo e d=.

To calculate ]P)(T% > t), we use the Reflection principle for Brownian motion,

which can be found in [10].

Proposition 1.26 (Reflection principle). Let a > 0 and let 7, = inf{¢ :

B = a}, where By is a Brownian motion started at 0, then
P(r, <t) =2P(B; > a).

From Proposition 1.26, we have

Yy 2 o 22 1 o0 22 -
<t)=2P(B; > 5) = e 2dz = / e 2dz +/
y _
2 2

P(r

(SIS

Then, we have

P(ry > 1) = — /g ~5rd Ef( Y )
Ty >1) = e 2zdz =FErf | —= |,
: Vant Jy 2v21

so by Definition 1.23, we can conclude that reflection coupling is a maximal

co-adapted coupling. O

In general, a maximal coupling is not co-adapted. Non co-adapted cou-
plings are difficult to study because, as we mentioned above, the evolution
of one of the two coupled processes depends on the future of the other. For
this reason, we are interested in constructing co-adapted couplings which

satisfy other optimality properties.

Definition 1.27 (Optimal coupling). We say that a coupling is tail-optimal
if it minimises the tail probability of the coupling time P(7coupre > t) simul-
taneously for all ¢ > 0.

We say that a coupling is Laplace-optimal if it maximises the Laplace trans-

form of the coupling time E[e™V7eouric] for all v > 0.
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We say that a coupling is mean-optimal if it minimises the expectation of

the coupling time E[7.oupie)-

Connor and Jacka, in [7], consider the symmetric random walk on the hy-
percube Z3 and construct a co-adapted coupling of two such random walks,
which is very similar to the Aldous coupling described in Example 1.21. The
difference between the two couplings is that, while Aldous runs the coupling
to match the coordinates of the two random walks until they differ only in
1 coordinate, Connor and Jacka first make the random walk run indepen-
dently until the number of unmatched coordinates is even, then they couple
the unmatched coordinates in pairs, so that they obtain two new matches
at each step. They show that their coupling is optimal. However, since the
coupling time that they obtain is greater than the mixing time, it follows
that the coupling is not maximal.

A similar result related to Brownian motion is provided by Kendall in [18].
He studies Brownian motion with its local time at 0, i.e. the time spent
by the Brownian motion at 0, and constructs a coupling based on a combi-
nation of reflection and synchronised couplings. He describes a co-adapted
coupling, and he proves that it is optimal. Kendall also observes that the
moment generating functions of the coupling times of his coupling and the
maximal coupling are different, so the coupling he constructs is optimal but

not maximal.

1.2.2 Path coupling

Other methods have been derived from coupling to help the study of the
convergence of Markov chains. One of these methods is path coupling, which
was introduced by Bubley and Dyer in [5].

Instead of studying a coupling for all pairs of states, path coupling considers
pairs of adjacent states in some path between two arbitrary states. If it is
shown that for all pairs of adjacent states in the path, the two Markov chains
of the coupling get closer in expectation then, by linearity of expected value
and the triangle inequality, the two chains will come closer in expectation
on the entire path.

In their paper, Bubley and Dyer apply the path coupling technique to prove

two convergence theorems for Markov chain. The statements of the two
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theorems are technical, but the proofs offer a good demonstration of the
advantage that path coupling can provide in the estimation of the rate of
convergence of Markov chains. In this final part of the first chapter, we
report only one of them.
Let V and C be finite sets and define n = |V|, and let @ = C" be the set
of functions from V to C. Let X be a Markov chain with state space ) and
stationary distribution 7. For z € 2, v € V and ¢ € C, we denote by z,_,.
the state resulting from making the transition at x associated with the pair
(v,c¢), so

c if w=w,

Ty—se(w) =
xz(w) otherwise.
Now, consider two such Markov chains X = (X;)2, and X’ = (X{)2,.

Let p; be the distribution of X; and let X ~ 7.
For z,2/ € CV, the Hamming distance between z and z’, denoted by
H(z,z'), is defined as the number of v € V such that x(v) # 2'(v). Let

h=H(z,z).
We consider a path between x and 2/, i.e. a sequence of adjacent states
T =20,21,...,2n =& in CV such that H(z, 1,2) =1foralla=1,...,h.

Now, a coupling (X, X”) is defined at (z,2’) by choosing the next state (y,y’)

according to the following rules.

i. Choose v € V according to a fixed distribution J, and ¢g € C according
to K., where K, ; is a distribution on C' depending only on the
current state z; € CV and j € V.

ii For a =1,...,h, define ¢, = c,—1 with probability KKZLC(“C’I)”, oth-
zq—1,v\Ca—

erwise choose ¢, according to the distribution (K, , — K, ,.0)"

/

iii. Define y = 2y, and y' = 27, .

Denote wg = (za)p—e,, then we have y = wy and ¢y = wy. Assume that

Zq—1 and z, differ only at ¢, then, if J is a fixed distribution on V/,

E[H(wg, wq—1)] =1 = P(H(wg,wq—1) = 0) + P(H(wg, we—1) = 2)
1= TOP(ea = carlo = i) + 3 TGIP(ea # carlv =)
J#
(1.2)
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=1-J@)1 - ||K.,,; — Kzaﬂ,iHTV) + Z J(j)Hszj — Ky
J#

a%

where to obtain equality (1.2) we have to observe that, due to the cou-
pling, H(wg, we—1) = 0 if we choose v = i and ¢, = ¢,—1, while to have
H(wg,we—1) =2 we need v # i and ¢q # cq—1.

If we define 8 such that

L= J(@)(L = ([ Ky = Koy yillrv) + ) TGy = Koy gllrv < 8
J#i

and consider the whole path between y and v/, we can apply the linearity of

expectation and the triangle inequality to obtain

E[H(y,y)] <E

h h h
ZH(wa,wa_l)] = ZE[H(wa,wa_l)} < ZB = BH(x, ).
a=1

a=1 a=1

So, after ¢ steps we have
E[H (X, X{)] < B'n,
and applying Proposition 1.16, we deduce

|k — 7|l < B'n.
We have the following result.

Theorem 1.28 (General path coupling). Let Q = CV with n = |V| and let
(X, X") be a coupling of two Markov chains X = (X;)2, and X' = (X})52,
with state space 0 and stationary distribution w. Let p: be the distribution
of X; and X{, ~ m. Define

AP Al

rv|2 = xy_. for somec€ C and 2’ # x

i.e. B is an upper bound of the expected distance between adjacent states

after one step. Then, if 3 <1 and t > [111(&8:11))1, then

|\t — |7y < e.
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In the theorem, 8 is an upper bound on the expected distance between
adjacent states after one step, so the assumption 8 < 1 is essential to have
that the two random walks X and X’ started at any two states get closer

in expectation.



2. MIXING TIME FOR A RANDOM WALK ON THE
HYPERCUBE

We consider a hypercube of dimension n as a graph whose vertices are the
elements of the set Z3 = {(x1,...,2,) : @ € {0,1},7 = 1,...,n}. In par-
ticular, adjacent vertices differ in exactly one coordinate. A typical random
walk on this structure is the simple random walk, that at each step chooses
one coordinate uniformly at random and flips it. We know that it is an ir-
reducible and transitive Markov chain, and, if we consider the lazy version,
it is also aperiodic. Thus, it converges to its stationary distribution, which

is the uniform distribution.

As we have seen in the introduction, to study the convergence of a ran-
dom walk we aim at bounding the mixing time and, possibly, at showing that
the random walk exhibits cutoff. There are many results proving bounds on
the mixing time of different random walks on the hypercube using a variety
of methods, and for several of these random walks a cutoff has also been
proved. For this reason, random walks on the hypercube are widely studied
and still receive a great deal of attention as studying these processes could

contribute to the development of a stronger literature about cutoff.

2.1 Previous results

As we mentioned at the beginning of this chapter, the simple random walk
on Zy is periodic, so it has to be modified to become aperiodic. In this
section, we present some of the studies that have established bounds on the
mixing time using two different lazy versions of the simple random walk.

As explained in Chapter 1, Aldous [1] considers the lazy version that moves
from the current vertex to one of the n neghbours, each with probability
%—H’ and stays still with probability n%rl He defines a co-adapted coupling
and applies equation (1.1) to prove that the mixing time has upper bound
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5 logn. In the same paper, he also gives an exact formula for the total vari-
ation distance of this random walk showing that the mixing time is in log n.
In [8], Diaconis considers the same lazy version and presents another ap-
proach to study the mixing time of random walks that involves the calcula-
tion of the eigenvalues of the process using irreducible representations.

In general, a representation of a group G is a homomorphism p : G — GL(V')
that assigns to every element of the group an invertible matrix over a vector
space V such that p(st) = p(s)p(t) for all s,t € G. If W C V is a subspace
such that p(s)W C W for all s € G, then p restricted to W is a subrepre-
sentation. We always have two trivial subrepresentations given by the zero
space and the subspace W = V. We say that the representation p is irre-
ducible if it admits no non-trivial subrepresentations. If P is a probability

on G, the Fourier transform of P at the representation p is the matrix
P(p) = " P(s)p(s).
S

Diaconis also shows that the Fourier transforms of P at the irreducible rep-
resentations determine P. In the case of the hypercube, G = Z% and, since
this is an abelian group, all irreducible representations are 1-dimensional
representations associated to z € Z§ given by p,(y) = 1*Y where y € Z3.
Using this representation, Diaconis calculates the Fourier transform of the
transition matrix, showing that the mixing time has upper bound of order
%n logn. Applying Chebychev’s inequality, he also shows that a lower bound
of the same order can be found.

In the same book, Diaconis also considers another lazy version of the simple
random walk that moves to one of the n neighbours, each with probability
%, and stays still with probability % To find bounds of the mixing time, he
applies strong uniform time arguments, defining a stopping time and show-
ing that it is a strong uniform time. The stopping time is defined as follows:
at each step, we choose a coordinate uniformly at random and, tossing a
coin, we decide whether we flip the coordinate or not. We stop when all the
coordinates have been chosen at least once. Using this method, he shows
that nlogn + cn is an upper bound for the mixing time. Applying Fourier
analysis, he also proves that for this random walk we have a lower bound of

1
order 5nlogn.
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Another coupling for the same lazy version is presented in [21]: consider
two simple random walks on the hypercube started from two different ver-
tices, at each step choose a coordinate uniformly at random and replace it
with the same bit in both walks. Let T be the first time when all the co-
ordinates have been chosen at least once, then T has the same distribution
as the coupon collector random variable, and it is a coupling time. Apply-
ing Theorem 1.17, it is shown that the mixing time has an upper bound
nlog(n). This bound does not give the correct mixing time, but in the same
book it is defined another coupling, which improves the upper bound and
gives the exact mixing time. With this different approach, the study of the
random walk on the hypercube is reduced to the study of a lazy version of
the Ehrenfest urn chain, which has transition matrix (I + P), where I is

the identity and P is given by

“loifk=j+1

P(j, k) = ifk=j—1

J
n
0

otherwise

Let X; and Y; be two lazy Ehrenfest urn chains. At each move, a fair coin
is tossed to determine which of the two chains moves; the selected chain
makes a step according to the matrix given above, while the other chain
remains in its current position. The chains move together once they have
met for the first time. Using this coupling, it is shown that the mixing time
is bounded above by %nlogn and, as shown in the same book, a matching
lower bound can be found, proving that this random walk exhibits cutoff at
%nlogn and window of size n. To find the lower bound, Levin, Peres and
Wilmer consider the Hamming weight, i.e. the number of coordinates equal
to 1, at time ¢, and use it to bound the total variation distance between the

distribution of the chain at time ¢ and the stationary distribution.

We have seen how coupling is a convenient technique to bound the mixing
time, but we do not necessarily have to work with co-adapted couplings. In

[26], Matthews uses another approach.

Example 2.1 (Simple random walk on the hypercube). As we have seen in
Example 1.21, Aldous defined a co-adapted coupling to establish %nlog(n)

as an upper bound on the rate of convergence of the simple random walk
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on the n-dimensional cube. In [26], Matthews constructs a non co-adapted
coupling for the simple random walk on the hypercube based on the coupling
proposed by Aldous, finding a sharper upper bound.

Consider two simple random walks X = (X;)2, and Y = (Y;)72, on the
n-dimensional cube Z3 with Xy = 0 and let Y{ have the uniform distribution
on Z%. Create a mythical (n + 1)st coordinate that flips at the tth step if
Y; = Y;_1. Denote this new process on ZSH by Y* = (Y}*)2, and put

. 1 if |Y{] is odd,
0 otherwise.

Now, if we denote by A the set of coordinates i such that Y (i) = 1, we
define the time 7" to be the first time ¢ when half of the A-coordinates of Y;*
are equal to 0. T is a stopping time for Y*, and Matthews shows that T is
also a coupling time.

Now, we construct a process X* on ZSH (to which X on Z% will correspond)

using the information we have from Y. We consider the following two sets

Ap = {coordinates in A such that Y = 0},
A1 = {coordinates in A such that Y =1},

listed in order of increasing coordinate index. Make a list of pairs of coordi-
nates consisting of the first coordinates of Ap and A;, the second coordinates
of Ag and A, etc.

At step ¢, if Y;* is obtained by flipping coordinate ¢, X} will move according

to the following rule.
i. If t > T, then X} flips coordinate 1,
ii If ¢t < T then we have two possibilities

a. If 7+ € A° then X} flips coordinate 1,

b. If i € A and ¢ and j are paired, then X flips coordinate j.

By the construction of the coupling, X7 = Y7, and Matthews shows that
the mixing time is bounded above by inlog(n), improving the result found
by Aldous by a factor % So, this coupling is more efficient but clearly non

co-adapted since we first run the process Y up to the coupling time 7', then
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Author Method Upper Bound
Aldous [1] Coupling inequality 5 logn
Diaconis [8] Representation theory Tlogn
Diaconis [8] Strong uniform time nlogn
Levin, Peres, Wilmer [21] Coupon collector nlogn
Levin, Peres, Wilmer [21] Ehrenfest urn 5 logn
Matthews [26] Non co-adapted coupling “logn

Tab. 2.1: Summary of the methods that have been used to find upper bounds for
random walks on the hypercube.

we go back in time and we construct the process X according to rules that
depend on Yrp. O

Similar results have also been proved by Aldous and Diaconis in [3], in
which they define a strong stationary time for the lazy simple random walk
on the hypercube, and relate this time to the coupling method to bound the
total variation distance.

Table 2.1 illustrates a summary of the results reported in the first part of

this section.

In [22], Lim studies an irreversible random walk on the hypercube QV,
with colour set @ = {1,2,3} and vertex set V = {1,...,n}. He considers
the following cyclic dynamics. At each step, a vertex is uniformly chosen.
Assume that the vertex has colour 7, then we reassign colour ¢ with proba-
bility 1 — p and colour 7 4+ 1 with probability p, where 0 < p < 1. Lim shows
that this random walk exhibits cutoff at %nlog(n) and window of order n.
To find the upper bound, he defines a semi-synchronised coupling, i.e. a
synchronised coupling (in which the two chains are as synchronised as pos-
sible) that considers different cases depending on the current configuration

of the two random walks.

The second lazy version considered by Diaconis in his book is gener-

alised in “A non-local random walk on the hypercube” [28] by Nestoridi. In
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her paper, she studies the random walk that at each step stays still with
probability %, else flips a set of k& uniformly chosen coordinates, where k is
fixed at the beginning of the walk. The number k is chosen in the set of
odd numbers in {1,..., §}; choosing k odd avoids parity problems, and she
restricts the choice to {1,..., 5} because flipping k coordinates and flipping
n — k coordinates lead to the same results.

The main result, showed in [28], is the following theorem.

Theorem 2.2. For the lazy walk changing k < 5 coordinates on the hyper-
cube, the following hold for every x € Z5.

(a) For { = Wz_k)logn—i— Ck(giiky we have that

|Pt = Ul|lpy < e ¢+27¢

where ¢ > 0.

(b) For { = gplogn — c, where 0 < ¢ < ilogn and for x being the

identity element, we have that

B

H'sz_UHTVZ 1_E7

for a uniformly bounded constant B > 0.

Corollary 2.3. If k = o(n), then the walk exhibits cutoff at 5 logn with

N n
window 2%

To find the upper bound in the first part of the theorem, Nestoridi introduces
a coupling for the Markov chain and applies Theorem 1.17. Then, applying
path coupling we described in Section 1.2.2, she proves that the two random
walks of the coupling started at any two vertices get closer in expectation.
That gives an upper bound for the probability on the right hand side of
(1.1), thus an upper bound for the mixing time.

To prove the lower bound, Nestoridi uses representation theory. Starting
from the irreducible representations of Zg, she calculates the eigenvalues
and eigenfunctions of the transition matrix to show that after ¢ steps the
expected value of a particular eigenfunction can get big, while the variance

is bounded. Applying Chebyshev’s inequality finishes the proof.
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2.2 Mixing time for a random walk on Z§ with random step size

In this section, we generalise the results of Theorem 2.2 in the following
way. Instead of flipping always the same number k of coordinates, we allow
k to be chosen at each step according to some probability distribution. More
precisely, let K be a random variable on the set of odd numbersin {1,...,n}.
At each step, the random walk first draws a value for K, then it chooses
K coordinates uniformly at random and flips them. We will consider the
lazy version, so that we have an irreducible and aperiodic Markov chain that
converges to the uniform distribution. Also, this random walk is transitive,
so the choice of the starting point will not influence our results.

In this section, we prove two main results. The first, summarised in the
following theorem, establishes an upper bound for the mixing time.

Theorem 2.4. Let {K;, Ka,...} be i.i.d. random variables supported on

2

the odd integers belonging to the set {1,...,n}. Let { = [ﬁ logn +
on?

(n
CE[K(n—K)]
coordinates at step i, we have

1, then for the lazy random walk on the hypercube changing K;

||P! —Ul|ry < 2'¢.

This theorem establishes an upper bound for the mixing time even when
we introduce variability in the choice of k. This means that we are able to
extend the result found for k fixed when considering a more general version
of the random walk on the hypercube.

As it can be seen in the statement of the theorem, if we fixed k¥ < § instead
of using {K7, Ko, ...}, we would not obtain the results showed in Theorem
2.2(a) since our upper bound is double the bound found by Nestoridi. As we
were working to generalise her path coupling argument, it became evident
that there was a mistake in her proof, which Nestoridi confirmed (personal
communication), and correcting it gave us an extra factor of 2. We still

believe that the upper bound can be tightened to give the correct bound

n? n?

K- K)] " T B[R = &)

by using a similar method to the proof in [12] by Nestoridi and Eske-

nazis. They study the mixing time of the Bernoulli-Laplace urn model
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with parameters (n, k), which is defined in the following way. Consider two
urns, each containing n balls; at each step, we pick k balls uniformly at
random from each urn and switch them simultaneously. They show that
15 logn + 3?” loglogn + O (ﬁ) is an upper bound for the mixing time for
every € € (0,1). Let X; and Y; be two copies of the Bernoulli-Laplace urn

random walk, their proof is structured into four steps.

1. Using the eigenvalues and eigenfunctions of the random walk, they
show that X; and Y; are at distance at most O(y/n) at time g logn.

2. Then, they run the random walks independently showing that after
O (%) X; and Y; are at distance O(y/klogn).

3. The third step consists of running the random walks according to a
coupling, and they prove that with high probability they will be at
distance o(y/n) within 32 loglogn steps.

4. Finally, once X; and Y; are at distance o(y/n), they show that the

distance becomes o(1) after one step.

Conjecture. Applying a similar argument of [12] used for the Bernoulli-
Laplace urn model proves that the right upper bound for the mixing time of
the lazy random walk on the hypercube that flips { K7, K», ...} coordinates

at each step is
2 n2

logn + cm.

9E[K (n — K)]

The following theorem establishes a lower bound for the mixing time.

Theorem 2.5. Let {Kj, Ks,...} be i.i.d. random variables supported on
the odd integers belonging to the set {1,...,s,}, where s,, < n/2 is the maz-
imum possible value assumed by the random variables. Let C. = log (&) +

log (1=£), we have two cases for the lower bound of tyx(e) with e € (0,1).

(i) If s, = O(n) and E[K] ~ 3 for some constant D > 2, then the lower

. C,
bound is 210g(ED ik

(ii) If E[K] = o(n) then the lower bound is ﬁ((l —v)logn+C;), where
v € [0,1] satisfies s, = O(n?).
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Remark. If the conjecture were true then, under the hypothesis of Theorem

2.5(ii) with v = 0, the mixing time would have a lower bound at

n

1
and an upper bound of order
_n 1
IE[K] ogn.

So, the random walk would exhibit a cutoff at #[K] log n with window of

size m.
2.2.1 Proof of Theorem 2.4

To prove Theorem 2.4, we shall use a coupling argument that is slightly
different from the one used in [28], so first we have to construct the coupling
that we will use in our proof. At each step we will couple the chains to move
some number k of coordinates, so here we define the following measure on
Zy for any fixed odd k € {1,...,n}.

1, if v=1id=(0,0,...,0)
Py(v) = (2.1)
m, if v € Z3 has k ones and n — k zeros
k

and let Py(x,x+Vv) = Py(v) for every x,v € Z5.
Let (X;) and (X]) be two copies of the Markov chain with transition matrix
Py, where X starts at an arbitrary point x € Z%, and X' starts at a uniformly

chosen point. At time ¢, let

Y;t = {] € {13"'771} : Xt(]) #ng(])}a
My={1,....,n}\ Y,

where X;(j) and X/(j) indicate the j-th coordinate of the two chains at time
t, and let
ye = |Yil, my = | M.

Thus, Y; and M; are sets of coordinates on which X; and X/ differ and agree
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respectively.
Suppose the two chains are at time ¢, and we have to move to step t+1. We

couple the two chains according to the following rule. We have two cases:

1. If 3 is odd, then take one independent step on each chain according

to the probability measure Pj.

2. If y; is even, both chains stay fixed with probability %
With probability ﬁ, we choose an integer d;y1 using the probability
distribution *

() ()
(;)

Given, d¢11, we uniformly choose two disjoint sets, denoted by D;1

]P)(dt+1 :j ’ Mt) = j = 0, N ,min{k,mt}.

and At+1, with ’Dt+1| = dt+1 and |At+1‘ = Q41 ‘= k—dt+1, such that

Dy41 ~ Unif({sets of size dy+1 from M,;}),

Ayr1 ~ Unif({sets of size a;y; from Y;}).

Then, put Gyy1 = Dyy1 U Apyi. Note that |Gpq| = k.

Flip X;41(7) for all i € G¢y1, and consider the following rule to move
f41
(i) If a1 > %, flip X7, ,(3), for all i € G41.

(i) If a1 < %,
D11 UA} |, where A} | is chosen uniformly in the set Y; \ A4 1.
We have that [A} | = [Ayp1] and Aj ;N A = 0.

Finally, we flip X/ (j) for all j € G} ;.

we choose another set of k coordinates G}, =

We claim that this procedure represents a coupling the two sets G41 and

G, are both uniformly chosen from
7). = {subsets of size k from {1,...,n}},

so the construction given above really is a coupling of X and X', conditional
on each chain moving according to Pj. This is proved in the following two

propositions.
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Proposition 2.6. Conditioned on My, the set Gy11 is distributed uniformly
on I;.

Proof. For any set I € Ty,

P(Gt+1 = I ’ Mt) = P(Dt+1 U At+1 = I ‘ Mt)
=P(Dip1 VA1 = NM)UINY) | My)

me
= ZP(DH-I =INMy,Appr =1I0Y, | My, diy1 = J)P(derr =5 | My)
=0
mg
— Z P(Dip1 =INM; | My, di1 = j)
=0
my kyt )
. P(AH_l =INY; | My, diyq :j)%

(%)

=P(Dyyy =INM, | My, dyiq = |10 M|

(utnzg) (e yirn)

(+)

P(A1 = I0Y, | My, depr = |10 M)

1 1 (|IrT]\t/[t|) (k-|%Mt|) 1

(o) Geoyirons) (%)

Here, the final line follows from the definitions of D;y1 and A;q. O

Proposition 2.7. Conditioned on My, the set Gy, is distributed uniformly
onZ.

Proof. First, we need to prove that, conditioned on |4} | = a;11 < %,

G}, is distributed uniformly on
J = {all subsets of Y; of size a;41}.

Conditioned on [As11| = |A}, ;| = a¢y1, we have that V.J,J" € J such that
JNnJ =0

1
P(Aipr = J | Yo, [Ava| = arp1) =
(at+1)
1
P(Aty = J' | Vi, Appr = J, [ Aia| = [Ab ] = i) = ()
at+1
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Therefore,

IP( ;+1 =J ’ ‘A2+1| = ay41)

= Y P(ALy = J' | Vi, Arpr = J | Ara| = AL | = ae)P(Ara = T | Yy, |Ara| = agp)
JeT
1

- ( bt ) Z P(App = J' | Ve, A1 = T [ At | = [Ap| = ar)

atr1/  JeJ:

JNJ'=0

T .

(a?j-l) (yza—titlﬂ) aps1
It follows that

/ ! / 1
P( t+1 — J | |At+1‘ = at+1) = ( vt )
at+1

Finally, if we consider Z;, = {subsets of size k from {1,...,n}} and I € Ty,

then as in the proof of Proposition 2.6,

P(Gyy1 = I|My) = P(Dy U Ay =1 | My)
=P(Dip1 UAL = ([ NM)U(INY) | M)
= P(Dy1 = INM, | My, dpr = |I N DM|)

(ernze) (e 7))

(%)

P(Afy = INY, | My dir = |10 M)

1 1 (\I?&t\)(k—\%m\) 1

(s Geyitons) (%) K

As we already mentioned above, the coupling that we described repre-
sents one step of the random walk for a fixed value of k. We can, of course,
use this to couple our random walks in which k is randomised: at each
step, we draw K from a distribution gx on the odd integers in {1,...,n}
and then, conditioned on K = k, couple the next step of our random walks

using the construction described above.
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2.2.2 Upper bound

At time t = 0, if yg is odd, we let the chains run independently until the
first time Ty when yg, is even. Then, we claim that, for all times ¢t > Tp, we
have that y; is even.This is easily proved by induction. Suppose that ¢ > T}

and y; is even, we want to prove that y;;1 is even. We have two cases:

(i) If az1 > %, then we flip X/ (i), with i € Gy41. Thus, y;11 = y; and

so is even.

(ii) If az41 < %, then we uniformly choose another set A of size asy; in
Y; \ Aiq1 and we flip both X;11(i) and X/ (j), where i € Gy41 and
J € Giyq. Thus, we flip Dyyq on both, Ay on X;yq, and A} ; on
X/ 1. In particular, we flip 2a;y1 mismatching coordinates (those in

At+1 and A2+1), i.e. Yt+1 = Yt — 2at+1 is even.

To prove the upper bound, we will apply the path coupling technique as
explained in Section 1.2.2, where in this context V' = {1,...,n} is the set of
coordinates, C' = {0,1}, and the distributions Ky, ; are used to assign an
element of C' to coordinate ¢ in the current state Xj.

The way we defined Ty implies that it is distributed as a geometric random

variable with parameter % For any ¢ > 0

2

TL2 [ —
PlT ) < 97CERG-K)] < 27¢ 2.2
<0>CE[K<n—K>]>— =27 (22)

X 2
since m > 1.

Suppose that at time ¢t — 1 we have y;_1 = 2, i.e. just 2 coordinates differ
between X;_1 and X/ ;. In order to couple at time ¢ (and obtain y; = 0),

at least one of the mismatched coordinates must belong to A;, so a; > 1. If

ay > yti L we know that we flip the same coordinates in both chains at time

t, so in this case we would have y; = y,—1 = 2. Thus, the only way in which

we can couple at time ¢ this is if a; = 1. Then, for any fixed value of k,

P(Xt:Xé | yt_1:2,Kt:k:):IP’(at:1 ‘ yt_1:2,Kt:k)
k\ (n—k
_ 1(1)( 1 ) _ kin—k)

2 (3) nam-1)
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In our case, k is chosen according to the distribution gqx:

P(X; = X{ | yr-1=2) :Zm
k=0

) =2 = ey

Now, let || X;— X/|| denote the Hamming distance between X; and X;. Using
(2.3), we have

E[K(n - K)]

E [HXt — X ’ X1, X1, || X1 — X{ || = 2} = {1 ~ nn-1)

]r&Afmqu

since having X; # X] corresponds to || X; — X}|| = || Xi—1 — X]_4||. Applying

the path coupling, we can extend the previous inequality to

(2.4)

E [HXt—XéH ’XTO?X/TO] <n |:1_E[K’(n_[{)]]t—T0

n(n —1)

Let T be the coupling time, i.e. T = min{t : X; = X/}. Then we know

that 7 > ¢ implies || X; — X{|| > 2. If we define time ¢ = Wim]logn +

CE[K%+2_K)] and use (2.2), (2.4), and the Markov inequality, we have

n?

P(T>£):P<T>e‘TOSCW>P<TUSCE[K(ZQ_”)
2

+P<T>£'TO>CE[I((:LL—I()]>P<TO>CE[I(<22—I()]>

2 2
<P X, = X)|>1 | To<e——»r V4P (Tp>eul
<7 (x| 1< ey )+ (%0 ey

2
<E|||Xe— X | T et | 4 27¢
< B Il | T < cqper—y ] +

2

- = csmtn—rn
Sn[l—E[K(n K)q toe
n(n —1)
<e “4+27€

In the final line we make use of the inequality 1 — 2 < e~ for = € [0, 1].
The upper bound for the total variation distance derives from the coupling

inequality established by Theorem 1.17.
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We conclude that an upper bound for the mixing time is given by

:—1 _—
l - Ogn+cE[K(n—K)]’

and this concludes the proof of Theorem 2.4.

2.2.3 A lower bound on the mixing time

We will prove Theorem 2.5 by using irreducible representations to calculate
the eigenvalues and eigenfunctions of the Markov chain. In this section, the
random walk will start at the identity id = (0,0,...,0) and we will define
the set of possible values for K as {1,...,s,}, where s, < §. In particular,
we will have to consider two cases: s, = O(n) and s, = o(n).

Consider the one-dimensional representations pa(v) = (—1)*V of Z indexed
by vectors a € Z5, where v € Zy and a - v is the dot product of a and v.
Observe that p, is a representation since, given any two vectors v, w € Z7,
Palv + W) = (—1)FHW) = (CpjEavEEW — (L])RV(C1)2W = ) (v) g, (w).
Moreover, as explained in [8], any one-dimensional representation is irre-
ducible since in that case there are no non-trivial subrepresentations. Thus,
the representations pa(v) = (—1)V are irreducible.

Let |a| denote the number of ones in a. Following [8], for any fixed k, the

Fourier transform of Py (2.1) at p, is

k la]\ (mn—]|a|
Buon) = 3 A = Lo Ly cp i) o

k
n
vEZLy b=0 (k)

In the above calculation, we fix a, and we sum over all possible v € Z3.
From the definition of Py, if v = id then Py(v) = 1/2 and if |v| = k then
Pu(v) = =~

M) = 2 )
The eigenvalues for the transition matrix Py are the values Py(pa) with

corresponding eigenfunctions fu(x) = (—1)®*. This is true because

Pofa(x) = Y Pe(v)falx+v) = D Pi(v)fa(x)fa(v)

vEZLY veZLy

— £a®) | 32 PiVfalv)| = fal) Pulpa).

VELY
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For our random walk of interest, for which we choose a different k for each
step according to a generic distribution ¢k on {1,...,s,}, the transition

matrix is a linear combination of the matrices P defined in (2.1):
n
P(v) = qi(k)P(v).
k=1

We have that the function fa(x) = (—1)** is once again an eigenfunction

for P with corresponding eigenvalue P(pa) = Dk ax (k) Py(pa):

P(pa) = > pa(M)P(v) = Y pa(v) Y ax(k)Pr(v)
k=0

vEZY veZy
=Y ax(®) Y pa)Pu(v) = 3 axc (k) Pilpa).
k=1 vEZY k=1

Notice that all vectors a € Zi that have the same number of ones give the
same eigenvalue. Therefore, if we fix a vector x € Z7, and we sum the

eigenfunctions fa(x) on all a such that |a| = j, we obtain the function

o)
fix) =Y falx) = Z(—l)b(%~
aczZy: b=0 J
|a|=j
Since f;(x) is a sum of eigenfunctions of P corresponding to the same eigen-

value P(pa), it is itself an eigenfunction of P.

To find a lower bound for the mixing time we will use a different approach
to that used by Nestoridi. As we mentioned above, to find a lower bound she
applied the Chebyshev’s inequality using the expectation and variance of an
eigenfunction of the random walk. In our case, using the same approach is
not useful as the variance we obtain using the eigenfunctions is too big and
applying Chebyshev’s inequality would be inconclusive. In Section 2.2.4, we
will see that introducing assumptions over the size of E[K] will give us the
possibility to bound the variance, and that would make us able to apply
Chebyshev’s inequality to tighten the bounds of Theorem 2.5.

We will apply the “Wilson’s lemma”, a method that was introduced by Wil-

son in his paper “Mixing times of lozenge tilings and card shuffling Markov
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chains” [33], in which he employs this result to improve the lower bounds of

some Markov chains that had been previously studied.

Theorem 2.8. (Wilson’s lemma) If a function ® on the state space Q of

a Markov chain X satisfies
E[®(Xi11) | Xi] = (1 —7)@(Xy), (2.6)
and there exists a constant R > 0 such that
E[(A®)?X,] < R, 27

where A® = ®(Xy41)—P(Xy), then, when the number of Markov chain steps

t is bounded by
log @00 + % log(ve/(4R))
—log(1 —7)

where @y = sup,cq ®(x) and 0 <y < 2— V2, the variation distance from

stationarity is at least 1 —e < 1.

The basic idea of Wilson’s lemma is that if we can find a function on
the state space of a Markov chain for which we can bound the variance
then we can apply Chebychev’s inequality to show that the distribution of
this function is concentrated around its expectation. This function is then
used to bound the number of steps of the Markov chain, from which we can
deduce a lower bound for the mixing time.

We will use the Fourier transform to find the eigenfunctions of the random
walk we study, and any of such eigenfunctions may be used as the function
® in Wilson’s lemma.

To prove the lower bound, we apply the following equivalent formulation
([21]) of Wilson’s Lemma.

Theorem 2.9. Let (X;) be an irreducible, aperiodic Markov chain with
state space €2 and transition matriz P. Let ® be an eigenfunction of P with

eigenvalue A satisfying % <A<l Fix0<e<1 andlet R > 0 satisfy

E, (|2(X1) — @(z)]*) < R
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for all x € Q. Then for any x € Q

tmis®) 2 57 [l‘)g (" ;}3(@2) *los (1_>] |

In our study, the function ® may be replaced by any of the eigenfunc-

tions of the random walk, and, following Nestoridi [28], we want to consider
the eigenfunction with the biggest eigenvalue so that we can have a good
bound for the mixing time. For this reason, we will use the eigenfunction
fj(x) for j = 1. Once we have the function, we can find R for which the

assumption of Theorem 2.9 is satisfied.

In our case, we have Q = {0,1}" with transition matrix P. We want to

apply Theorem 2.9 using the eigenfunction

To find and calculate the corresponding eigenvalue A, we take Xy = 0:
Pf1(Xo) Z )Py f1(X0) Z ey el
1(Xo) qr (k) Py, f1(Xo) qr (k "
k E[K EK
—ZqK )(1-%) :1—”:( —”)f1<o>,
n n

so we have

which satisfies % < A < 1 due to our assumption that s, < %

To find R, we observe that the random walk starts from the identity and
that after one step we either have the identity (if the walk stays still) or we
have exactly K ones:

21X1|
n

A0 - 0] = [1- 22 1] = 2

then,

E(1A(60) = 1(0)) = 5BIXiP] = 5 SB[K? < 25, BIK],
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where the factor % derives from the laziness of the random walk (and, if
it does not move, then |X;| = 0). We can put R = %SnE[K] and apply
Theorem 2.9

timia (€) 2 QIOgll/A [log (W) s <16_€)}

oy I e (2]
=7 |log | %= og | —

(K]
1 [ n 1—¢
= log <> + log ()] : (2.8)
stos (1+ 201 ) L \as, :

Now, we have two cases:

Case 1 Let °» — % for some constant B > 1. To find an asymptotic

equivalence for log (&), we need the following result.

Lemma 2.10. Suppose f(n) ~ g(n), then log(f(n)) ~ log(g(n)).

Proof. We know that f(n) ~ g(n), so % — 1. Now, if we take logarithms
on both sides we have
f(n
g (n) ~ og(an)) = o (1117 = tog(1) 0.
g(n)
We now divide by log(g(n))
1
osfm) |

log(g(n))

Thus, we have that

We define

1
C: =log <42) + log (;) ,

C.>0e0<e<

and we have that

B+4
In the setting of Case 1, we have two possibilities for E[K].



2. Mixing time for a random walk on the hypercube 55

(i) If E[K]~ 5, with D > 1 constant, then from

it follows
& n— EIK] 8\Db -1

again by Lemma 2.10. From (2.8), we obtain

to s (8) > 1 I:log (n> _|_]Og (1_5>:| L
" 2 log (1 + ’Egﬁﬂ) 4sp € 2log (%) 7
and, since log (%) > 0 for all D > 1, we have a useful lower bound when
C. > 0, and that happens when 0 < ¢ < BLjA.
. _ E[K] .
(ii)) If E[K] = o(n), then from n—EK] o 0 it follows
(1o EE] Y _ _EIK] ¢ E[K
& n_EK]) n-EK] ‘\n_EK])"
From (2.8),
1 n 1—¢
tmia:<€) > [log <> + log ( ):|
E[K] 4sy, €
2log (1 + anE[K])
C. Cen
E[K] E[K] 2E[K]
2 Emto <n—]E[K]) 1]

As in case (i), we have a useful lower bound when 0 < € < BLEM.

Comparing what we obtained for the lower bound with our result for the
upper bound, we cannot conclude anything about a cutoff when s,, = O(n).
This result is not unexpected. Even in [28], where the choice of K is deter-
ministic, Nestoridi had to assume k = o(n) to have cutoff, and the introduc-
tion of extra variability in the random walk intuitively makes having cutoff

even more unlikely.
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Case 2 If s, ~ o, with B >0 and v € [0, 1), then E[K] = o(n).

Again, we have

s (1 g = e ()

From Lemma 2.10, we deduce that

n B _, n B _ 1—
— ~ — log( — ) ~log{ —n""7) ~1 7).
Is, A = log <45n> og ( " og(n'~7)

For the lower bound of the mixing time,

miz\€) 2 og og
2log (1 + ElX] ) Asn €

n—E[K]

_ 1 log () 410g (125
2 7 o (20) S\as, ) B e

n—E[K] n—E[K]
o 1—y 1-e
PE[K] [log (n'7) +log < . )] )

To have a useful lower bound, we need log (%nlf“y) + log (15;5) > 0, and we

n
have that when 0 < € < P P

We observe that in this case the lower bound we found is of order

\%

(1- 7)215[1(]

log n.

From our previous calculations, we have that the upper bound is

which, assuming E[K] = o(n) and s,, = O(n?), with v € [0, 1), is of order

n

E[K]

log n.

As in Definition 1.11, we say that a sequence of Markov chains has a
pre-cutoff if it satisfies

tn(e)

sup limsup ————— < o0.
0<e<1/2 n—o0 ta(l—¢)
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From what we said about the bounds for the mixing time we conclude that,
under the assumptions of Case 2, our random walk has a pre-cutoff
tn(€) , (1 —=7)smigylogn  1—4

lim su = limsu = < 0.
n%oop 129 (1 - 5) n%oop ﬁ logn 2

However, since the upper and lower bounds do not agree under these
assumptions on s, and E[K], we are not able to conclude anything about a

cutoff.

2.2.4 A tighter lower bound

In some cases, we can improve the lower bound by extending the method
used in [28] to our random walk.
Following Nestoridi, we will use the normalized form of f;(x) for j =1,

the eigenfunction fi(x) = /n (1 - M), and the non-normalized form for

4fx[?

j = 2, the eigenfunction fa(x) =1— 4|x| + a1
Let X be a vector chosen uniformly from 7Y, and let Z = |X| be the number
of ones in X. We have that Z ~ Bin (n, %) Then,

E[f1(Z2)] =0, Var(f1(Z)) = 1.

Let Xo = 0 and let Z; = |Xy| be the number of ones at time ¢. We can find

the eigenvalues of f; and f5, which will be useful in our calculation.

= S-St 302 - (-2

sol— % is the eigenvalue corresponding to f1, and

Pa(Z0) = ZQK )Py f2(Z0) = ZQK [ 1<1—n4_k1+n(2k_21)>]
- anth - H>:(1_W)f2<o>,

sol— % is the eigenvalue corresponding to fo. Then (since f; is an

>f1(0),
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eigenfunction for P),

¢ ¢
E[f1(Z0)] = ﬁffl(Zo) = (Z qK(k:)ﬁk> f1(Zo) = V/n (Z qx (k) <1 _ f@))

k k

¢ ¢
:Jﬁ(l—iZqK(k)k) :\/ﬁ<1—E[nm> .

k
Using f2(x) =n (L + =1 f,(x)) yields

n—1

L7220 = (5 + " P ()

¢
=1+ (n—1) <Z QK(k)ﬁk) f2(Zo)

k

=1+ (n-1) [ 4 arc (k) <1_2:(7:1_—21k)2>r
|

and

Var(fi(Z) =1+ (n— 1) [1—Wr—n<1— E[K]Ye.

Now that we have an expression for the expectation and variance of fi,
we can prove that, under the hypotheses described in the following Lemma
on the distribution of K, the expectation grows with n and the variance is
bounded. Then, applying the Chebyshev’s inequality gives us a lower bound

for the mixing time.
Lemma 2.11. We have the following two cases.

Case 1. If E[K] = O(n®), with € € (0,1), then we have a lower bound for the

mazing time at

n2

(= m(logn — 2¢),

for0<ec< %log(n%).

Case 2. If E[K] = %, with d > 1, then we have a lower bound for the miving
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time at

whenl—%dgfygl.

Proof. Case 1. Assume E[K] = O(n®), with € € (0,1), then E[K(n — K)| =
O(n'*te). Let £ = Wj_m](logn — 2¢) with ¢ < logn and suppose that

nE[K] B 1. Under these assumptions we claim that

EK =R
2
E[f1(Z)] ~ ¢° (1 + m(logn - 20)) >, (29)
and
E[K(n — K)] (E[K])?

Var(f1(Zg)) ~ 1+e* ( (logn — 2¢) — m(logn - 20)) .

The details of the calculations of E[f1(Z,)] and Var(f1(Z;)) can be found
in Appendix A. Therefore, for ¢ < i log (%), the expectation in (2.9) can get

(n—1)?

big and grow with n, and the variance is bounded, so there exists a constant
B > 0 such that Var(f1(Z,)) < B. For the set Ay = {z : |f(x)| < a}, using
Chebyshev’s inequality we have

U(4a) = U(Hi(Z0] < 0) = U (11(Z0) — BLA(Z0)]| < a/Var(fi(Z2) ) > 1_%

and

Var(fl(Zg)) < B

P(4) < B(1(Z)-BIA(Z0) > El(Z0)-0) < re 000 < oo

If we take a = %, we obtain

1 B 4 4B
1PY(Ac) = U(Aa)llry 21— — = 5 =1~

a2 (e — )2 e2c g2’

We conclude that, if E[K] = O(n®), with € € (0, 1), and % ~ 1, we

have a lower bound for the mixing time at

n2

(= m(logn — 2¢),
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for 0 < ¢ < +log (&), which improves the bound of Theorem 2.5 (ii).
Observe that if we restricted our result to the case when K = k is a de-
terministic value from the set {1,..., %}, then we would obtain the same
result for the lower bound shown in [28] by Nestoridi. We would have
E[K] =k = O(n), with € € (0,1), and the lower bound would be

2

n n
(=—— (logn—2c) ~ —(logn — 2
2k(n_,{)(ogn ¢) ~ 5y (logn — 2c),

with ¢ < %log (%) ~ %log (7%)

Case 2. Assume that E[K] = %, with d > 1, then we have that E[K (n —
K)] Ny%z, with % <y<1. Let £ = %login—c, then
d—1

E[f1(Ze)] = vn (1 - ;)f = (df1>c,

and

IR A B E T A
- d - n d '

To obtain the inequality in the third line, we used d? — 2dvy < d? — 2d + 1,
so this argument holds if and only if v > 1 — ﬁ. If ¢ < %log% n, then
the expectation can grow with n while Var(fi(Z;)) < 1. We can apply
Chebyshev’s inequality to find that we have a lower bound for the mixing
time at

1
€:§logd%ln—c

1
when 1 — 55 <~y <1
Also in this case, we can obtain the same result shown in [28] by considering

K =k, where k is a deterministic value in the set {1,..., 5 }. If we restricted
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our result to that choice for K, we would have E[K]| = k ~ & E[K(n—K)] =
k(n —k) ~ %2( — 1) for a constant d > 2 and lower bound

1
€—§logd%1n—c,

with ¢ < %logi n.
d—1



3. JUMPY BROWNIAN MOTION ON THE CIRCUMFERENCE
OF THE UNIT CIRCLE

Consider a continuous time stochastic process X; defined as

1
Xt = §Bt + 7I'Nt (mod 27T),

where B; is a standard R-valued Brownian motion, NV; is an independent
Poisson process of rate A > 0, and % is introduced for the convenience of
calculations.

In other words, X; can be consider as a Brownian motion %Bt on the cir-
cumference of the unit circle that, at times given by an independent Poisson
process, jumps to the opposite point of the circumference from which it con-
tinues diffusing. For this reason, we will refer to the process X; as a jumpy

Brownian motion.

The aim of our study is to construct a mean-optimal co-adapted coupling

of the jumpy Brownian motion as we met in Definitions 1.22 and 1.27.

Definition 1.22 (Co-adapted coupling). Let (X, X') be a coupling of two
Markov processes X = (X;)?2, and X = (X;)22,. We say that the coupling
is co-adapted if there exists a filtration (F;);2, such that X and X are

Markov processes with respect to (F;)52,-

Definition 1.27 (Optimal coupling). We say that a coupling is tail-optimal
if it minimises the tail probability of the coupling time P(7coupre > t) simul-
taneously for all ¢ > 0.

We say that a coupling is Laplace-optimal if it maximises the Laplace trans-
form of the coupling time E[e™V7eouric] for all v > 0.

We say that a coupling is mean-optimal if it minimises the expectation of

the coupling time E[T.pypic)-

As we have mentioned in Chapter 1, a lot of attention has been given

to constructing optimal couplings of Brownian motion, and, for different
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state spaces, the maximality of the reflection coupling has been established.
Introducing the possibility for the Brownian motion to jump, we want to
investigate if and to what extent the jumps influence the construction of a

coupling and its optimality.

3.1 Previous studies

As we have seen in Chapter 1, in [24] Lindvall and Rogers show that for
Euclidean Brownian motion on R", the reflection coupling is maximal and
co-adapted. Consider two Euclidean Brownian motions X; and X9 with
different initial states x1 and x9, the reflection coupling consists in letting
X5 be the reflection of X7 with respect to the hyperplane which is the per-
pendicular bisector of the line xqx9; after the first time X7 and X5 meet on

that hyperplane, they run together.

In [16], Hsu and Sturm start from that result and study the uniqueness of
this coupling. In general, the reflection coupling is not the unique maximal
coupling of Euclidean Brownian motion, so they need to restrict to the class

of Markovian couplings to obtain the uniqueness.

Definition 3.1 (Markovian coupling). Let X = (X, X2) be a coupling
of Brownian motions and let {F;¥} be the filtration generated by X. The

coupling X is Markovian if for each s > 0, conditioned on F2X, the process
{(Xl(t + 3)7 XQ(t + 3)7 > 0}

is still a coupling of Brownian motion.

In other words, a Markovian coupling is a coupling that, conditioning on
the past, is still a coupling of the process in the future, i.e. the joint process
X = (Xi1,X2) is a Markov process. So, a Markovian coupling requires a
stronger condition than a co-adapted coupling, for which X; and Xs are

required to be Markov processes with respect to the same filtration.

To prove their result, Hsu and Sturm use a martingale argument. They
consider the joint process X = (Xi, X2). From the Markovian hypothesis
on the coupling, it follows that X and X; — Xs are continuous martingales.

Then, by Lévy’s decomposition, it is possible to express the process X1 —
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X5 as a Brownian motion W with time increments given by the quadratic

variation of X7 — Xs. They then define the following times
7 =inf{t > 0: X1(t) = Xa(t)}, Ty = inf{t > 0: W(t) = 0},

and they show that the coupling time T' = 7 = 7o, from which it follows
that X5 is the reflection of X;. Then, the reflection coupling is the only

maximal Markovian coupling of n-dimensional Brownian motions.

The study of uniqueness of the reflection coupling is developed by Kuwada
who, in [20], extends the result to Brownian motion on Riemannian man-
ifolds. The reflection structure of the coupling is defined in the following
way. Let Bi and By be two Brownian motions on a Riemannian manifold
M started from two distinct points x1,x9 € M. The reflection structure is

defined by the two following properties on M.

(1) There is a continuous map R : M — M, with Ro R = id and P,, o
R =P,,.

(2) The set of fixed points H = {x € M : R(x) = x} separates M into
two disjoint sets M7 and My with R(M;) = M.

From these properties, the reflection coupling can be constructed. Let 7 =
inf{t > 0: By1(t) € H} be the hitting time of H, then let

Ba(t) = R(By(t)) t<T
Bi(t) t>T.

This construction defines the reflection coupling, and 7 is the coupling time.
Kuwada shows that the reflection coupling is the unique maximal coupling
of Euclidean Brownian motion in the class of Markovian couplings. To prove
this result, Kuwada applies the Markovian hypothesis to reduce to a mass

transportation problem, which he uses to prove the uniqueness.

In [18], Kendall studies the case of coupling for the two-dimensional
process consisting of Brownian motion together with its local time at 0.
He defines a reflection/synchronised coupling showing that it is tail-optimal

among all co-adapted couplings.
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Applying Tanaka’s formula (which can be found in [30]), Kendall represents
a Brownian motion with local time at 0 as a pair (B, S), where B is a real
Brownian motion and S; = maX{L(()O),sup{Bs,s < t}}, where L(()O) is the
local time at 0. He then defines a coupling of two copies (B, .S) and (E .S )
of the process started with different initial conditions; the coupling has two

stages:

1. Reflection coupling. B = —B until the first time 7} that B and B

meet.
Then, if (B, S) and (B, S) are not already coupled,

2. Synchronised coupling. B = B until the first time T after 17 that
B = B hit the level S, V Sp.

At the end of the second stage of the coupling, we have B = Band S= 5 ,
so the processes are coupled. The reflection/synchronised coupling can be
reformulated as dB = JdB, where the control J assumes values +1, i.e. it

is a “bang-bang” control.

; -1 t < T (reflection stage)
t pu—
1 Ty <t <T, (synchronised stage)

In his paper, Kendall shows that any optimal co-adapted coupling of
(B, S) and (E,g) can be approximated by a coupling with “bang-bang”
control. Using this result, Kendall shows that a coupling consisting of an
initial synchronised stage followed by the reflection/synchronised coupling
has a positive chance of reducing the probability of success. This implies that
the reflection/synchronised coupling is tail-optimal among the co-adapted
couplings of Brownian motion together with local time at 0. Finally, Kendall
shows that the reflection/synchronised coupling is not maximal by compar-
ing the moment generating function of the coupling times. To find the
expression of the moment generating function of the coupling time of the
reflection/synchronised coupling, he applies excursion theory adapting the
calculations of [31, §VI.56]. We will examine excursion theory in detail
in Section 3.5. Then, using the joint density of B and S given in [30],
he calculates numerically the moment generating function of the maximal

coupling time and compares it with that of the reflection/synchronised cou-
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pling, showing that their distributions are different. This implies that the

tail-optimal co-adapted coupling cannot be maximal.

3.2 The distribution of X;

In this section, we first of all explore distributional properties of the jumpy
Brownian motion. The way X; is defined allows us to describe its distribu-
tion in terms of a standard real valued Brownian motion and the Poisson
process that generates the jump times. From the definition of X;, we have
that, if N; is even, then X; = %Bt (mod 27), otherwise we have that X is
at the opposite point on the circumference, i.e. X; = %Bt +m (mod 27). So,
if A C [0,27], we have the following:

1
P(X; € A|N; even) = ZIP’ <2Bt €A+ 2k:7r> ,

keZ ) (3.1)
P(X; € A|N; odd) = Z]P’ <23t €A+ (2k+ 1)7r> .
keZ
Since N is a Poisson process of rate A, it follows that
2\t 2k
P(N; even) = Z e M ((2]2)' = e M cosh(\t),
k>0 )
- (3.2)
P(N; odd) =) e_)‘tw = e Msinh(\t)
K A C RN '

Putting this together, we see that:

]P)(Xt € A) = ]P)(Xt S A|Nt even)IF’(Nt even) + ]P)(Xt c A|Nt Odd)]P(Nt Odd)

—2)Xt 1— 6—2>\t
+]P)(Xt € A’Nt Odd)T

(3.3)

1
=P(X; € A|N; even)T

Now, let X; and X; be two independent jumpy processes that start from
opposite points on the circumference, and let N; and N; their respective

driving Poisson processes.

Remark. From this point, we will often drop the (mod 27) and denote the

circumference of the unit circle as S! and the distance on the circle between
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z,y € Stas |z —yl|
We have the following result.

Lemma 3.2. Let A = {y € S' : |Xo — y| < |Xo — y|} with Xo and X
opposite points on S*, then for all t > 0

P(X; € A) > P(X; € A). (3.4)

Proof. In this calculation, we use (3.1), (3.2) and the fact that, since At
is always a real, positive value, then cosh(At) > sinh(At), which implies
P(N; even) > P(N; odd).

We can also observe that, since Xy and X are antipodal points, if V; is even,
then X; = Xo + %Bt, while if V; is odd then X; = Xo + 7 + %Bt. So, from
the choice of A, it follows that P(X; € A|N; even) > P(X; € A|N; odd). In
the same way, P(X; € A|N; odd) > P(X; € A|N; even).

P(X; € A) =P(X; € A|N; even)P(N; even) + P(X; € A|N; odd)P(N; odd)

=P(X; € A|N; even)P(NN; even) + P(X; € A|N; odd)[1 — P(IV; even)]
=P(X; € A|N; odd) + P(V; even)[P(X; € A|N; even) — P(X; € A|N; odd)]
> P(X; € A|N; odd) + P(N; odd)[P(X; € A|N; even) — P(X; € A|N; odd)]
= P(X; € A|N; even) 4+ P(N; odd)[P(X; € A|N; odd) — P(X; € A|N; even)]
= P(X; € A|N; even)P(N; even) + P(X; € A|N; odd)P(N; odd)

=P(X; € A)

O]

Now, for simplicity assume that Xo = 0 and Xy = 7 (still independent).
Using (3.1) and (3.3), we want to find an expression for the total variation

distance between the two processes.
1X; — X|jrv = max [P(X; € A) — P(X; € A)].
ACS!?

To maximise the total variation distance, we need to maximise P(X; €
A) — ]P’(Xt € A). From 3.2 with Xy = 0 and Xy = m, it follows that we
need to choose A = {y € S': |y| < |7 —y[}, so A= (—%,%). The following
lemma gives an explicit expression of the total variation distance between
Xt and Xt.
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Lemma 3.3. Let X =0 and Xo =.

1X: — X7y = 2e72M k% [@ (W) —® (W)} . (35)

Proof. Following the discussion above and equation (3.3), we can rewrite
the total variation distance as

N T ~ ™ T
Xo=Xilev = [P (%1€ (-5.3)) - IP’(X (-3°3)
|| X¢ v ¢ 53 1€ (3

14e?¥ 6*2’\’5 [
kez

=
7~
DO
o>
:1
N\ﬁ
INA
A~
=
o
~
PO
>
3
+
o
~

where NV (u, 02) is a normal distribution with mean p and variance 0. Given
the choice of A, we know that

P(X; € A) = P(X; € A°).
The periodic nature of S* enables us to deduce that
P(X; € A+2km) = ]P’(X't € A°42kr), and P(X; € A°4+2kn) = P(X; € A+2kn)

for all k € Z, so we can simplify the previous expression

- ot 0 t s
HXt—XtHTV—e ZI:P(2k7T_2SN<074> §2/€7T+2>

keZ

s t ™
—P(2%kr—Z < ) <2 2.
<k7r 2_N<7r,4>_ k7r+2>}

Now, we analyse the two probabilities in these series. Let ®(x) be the
cumulative standard normal distribution.

P(zlm—ggf\/(o,i) §2k7r—|—72r> :P(W SN(O,l)SW)
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o <(4k:\—21)7r) e <(4k\;%1)w> |

]P)<(4k_3)ﬂ- SN(OJ)SM)

T t T
]P<2k:7r—2§/\f<7r,4>§2kﬂ'+2> i 7

oM7) e ()
Then,

1X: — Xe|lry = e M Z [CD (W) _ % (W)

keZ

& ((4k\/gl)7r> Lo <(4k\/g3)7r>}
_2)\t§z|: < 4k+1) ) _ & ((4k\;¥1)ﬂ'>
o ((4k\—/&—£1)7r> D <(4k:\;%1)7r>}

e _M%[ (4k+1) > @((4k%1)n>].

We could now consider the case when X and X start from any two
points on S'. In the discussion above, we assumed that X; and Xt start
from 0 and 7 respectively, and that condition allowed us to find an explicit
expression of the total variation distance. We could follow the same idea
for any two starting states X, X, € S, but the expression we would have
in Lemma 3.3 would not be as nice as when X and X start at distance 7.
However, we would still be able to determine the set A that maximises the
total variation distance following the same idea as in the case Xy = 0 and
X = Applying 3.2 with any two starting states Xy and Xy, we can define

A as the symmetric interval of size 7 centred at Xj.

3.3 Maximal coupling

Let X; and X, be two jumpy Brownian motions started from points 0 and

7 respectively. In Lemma 3.3, we found an explicit expression of the total
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variation distance between two jumpy Brownian motions and, from Defini-
tion 1.23, we know that a maximal coupling is a coupling that realises the
equality in the coupling inequality Theorem 1.17.

In this section, we show how to construct a maximal coupling of X and

~

X.

Lemma 3.4. Let 7 = min{t > 0: |B;| = 7}, where B is a standard Brow-

nian motion on R, and J ~ Exp(2\), then
|X: — Xillrv = P(r > t)P(J > t) = P(min{r, J} > t). (3.6)
Proof. The distribution of J is
(o]
P(J >t) = / e Py = e,
t
To find the distribution of 7, we can observe that
P(r>t) =Py (Bs € (—m,7),0 < s <t)=Pr(Bs € (0,27),0 < s < t).
From [27], this probability is given by

Pr(Bs € (0,27),0 < s <t) =

_ i [q) <(4k;\—/|—il)7r> s ((4k\;i1)7r) ® ((4k;£3)7r> L ((4]{:/21%)}

5 () ()]

Thus, from (3.5) we deduce that
1X: — Xellrv = P(r > t)P(J > ).

O

Then, a coupling of two jumpy Brownian motions started from 0 and «
is maximal if it satisfies (3.6) for all ¢ > 0. This observation now allows us to
define a maximal coupling for X; and X, in the following way. We let B be

a standard Brownian motion on R, and J an independent Exp(2)) random
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variable. Let 7 be the first time B hits +7. We have two possibilities.

1. On the event {7 < J}, let X; = %Bt (mod 27) and X, = 71—
$B; (mod 2r) for ¢t € [0, 7).

2. On the event {J < 7}, let X; = 3B; (mod 27) and Xy = 7+
$B; (mod 27) for t € [0,.J). At time .J, we toss a fair coin

(i) If we get a head, then set X; = X; = 7 + 3By (mod 2m)
(i) If we get a tail, then set X; = X; = By (mod 27).

In both cases, the two processes will be coupled as soon as we see the

first jump.

In other words, we couple X and X with starting distance 7 in the following
way: we first observe the process B up to time 7. We then compare 7 and
J, the time of the first jump: if 7 < J, then reflecting B would make X
and X couple before time J; if J < 7, then we keep X and X at distance
m so that at time J one of them jumps to the other and they couple. By
construction, this coupling satisfies (3.6), but it is not co-adapted since the
choice of the strategy depends on what happens in the future.

Considering a different starting distance would probably compromise the
maximality of this coupling. If | Xy — X0| <, then using a jump to couple
X and X would require them to reach distance 7 first. So, deciding whether
reflecting B or jumping is faster would be more complicated, and we would

probably have to combine the two strategies.

3.4 Our candidate mean-optimal coupling

We are now going to construct a co-adapted coupling and prove that it
is mean-optimal. To define a coupling, we consider two jumpy Brownian

motions
1 5 1. 3
X; = §Bt + 7Ny (mod 27)  and Xy =z + §Bt + 7Ny (mod 27),

where B; and B; are two standard Brownian motions, N; and N; are two

Poisson processes with parameter A > 0, and = € [0, 7] is the distance on
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the circle between X, and Xy. To construct the coupling, we consider the
process
D; = |X; — X¢| € [0,7]

defined as the distance on the circle between X; and Xt. We define the
following coupling for X; and X,. First, assume that x € (0, 7). We start
with reflection coupling, i.e. B, = —B;. We shall generate jump times for
X and X using a Poisson process N of rate 2, and censoring the events of

that process. If we see a jump in N at time t, then we have two possibilities:
i) if Dy~ > 7, then we toss a fair coin.

a. If we get a head, then X; jumps, i.e. Xy = X;_ + 7.
b. If we get a tail, then X, jumps, i.e. X, =X, +.
In both cases, Dy jumps downwards, reflecting over 7. That is D; =
T—Dy < 3.
ii) If D;— < 7, then we toss a fair coin.

a. If we get a head, then both X; and X, jump.

b. If we get a tail, neither of them jumps.
In both cases, D, is unchanged, i.e. Dy = D;_.

With this construction, D diffuses like a standard Brownian motion in

the interval [0, 7] (that is why we used a factor 3 in our original definition
3
rate 2X\. If D hits zero then the two jumpy Brownian motions meet; but if

of X) with downward jumps which reflect the process over %, occurring at
D hits 7 (and so X and X arrive at opposite points of S 1) then we consider

two possible ways in which to continue coupling them from that point.

Definition 3.5 (Synchronised coupling). Let X and X be at distance 7.
We let them diffuse synchronously, i.e. By = By, until we see a jump on N
and the two processes meet. That means that the process D stays at 7 and,

as soon as we see a jump, D jumps to 0.

Definition 3.6 (Reflection coupling). Let X and X be at distance 7. Under
the reflection coupling we follow the same strategy as for x < w, with B; =
—Bt, until X and X meet.
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The coupling time is the time taken by D; to hit 0
T, = min{t : D; = 0 with Dy = z}.

Figures 3.1 and 3.2 show a simulation of the reflection and synchro-
nised couplings respectively, with starting distance Dy = ?jf and jump rate
A = 0.5. As we can see in the simulations, the two couplings differ in the
behaviour of D at w. Figure 3.1, when D hits 7, it reflects and continues
diffusing in [0, 7], under the synchronised coupling illustrated in Figure 3.2,
once D hits m, it stays there until the next jump, that will bring the process

directly to 0.

T2

Space

Time

Fig. 3.1: Simulation of the reflection coupling with starting distance %’T and A = 0.5.
We can see a jump in D at about time 2.15 and the coupling time is
approximately 2.5.

The choice we made for our coupling strategy when x = = is justified

intuitively by the following result.

Lemma 3.7. Let B, be a standard Brownian motion in the interval (—a, a)
and J be the first interarrival time of a Poisson process of parameter 2.
Let T =min{t > 0: B; ¢ (—a,a)}. Then

1
P(r>J)=1- 7cosh(2aﬁ).

Proof. From [11], we know that for a standard Brownian motion B; in the
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Space

T2 -

O I I I
0.0 0.1 0.2 0.3 0.4 0.5
Time

Fig. 3.2: Simulation of the synchronised coupling with starting distance %" and

A = 0.5. We can see a jump in D at about time 0.53, which is also the
coupling time.

interval (—a,a) we have Egle 7] = . Since J ~ Exp(2)),

1
cosh(a/27)
P(r > J) =E[P(r > J|7)] = 1 — E[e"?"]

v
cosh(2av/ )’

Now, we have that

1 1 asA—=0
Pr>J)=1- —F« —
cosh(2av/}) 0 asA—o0

Interpreting this result in terms of the jumpy Brownian motion, if A — 0,
i.e. if the jumps happen more rarely, then the process D; hits 0 by reflecting
before we see the first jump, so it is reasonable to expect that the reflection
coupling is faster. On the other hand, if A — oo, i.e. if we often see jumps,
then it is convenient to keep D; at m because, as soon as we see the next
jump, D; jumps directly to O.

The main aim of this chapter is proving the following theorem.

Theorem 3.8. Let X and X be two Jumpy Brownian motions with jumps
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occurring at rate A. Let \* be the unique solution to the equation

™ cosech(mv/\)

2cosh(mvA) —1 WA

1.e. \* =0.08337. Then,

(i) If X < X\*, then the reflection coupling of Definition 3.6 is the unique

mean-optimal coupling in the class of co-adapted couplings.

(i) If X\ > N*, then the synchronised coupling of Definition 3.5 is the

unique mean-optimal coupling in the class of co-adapted couplings.

To prove the mean-optimality of our coupling, we follow the idea of
Kendall [18] of using excursion theory to find an expression of the moment
generating function of the coupling times for the reflection and synchronised
couplings defined above. In the next section, we introduce excursion theory,
which is essential in Section 3.6 to calculate the expressions of the Laplace
transform of the coupling times. In Section 3.8, we use the Laplace trans-
form to calculate the expectation of the coupling times, which gives us the
condition to find the value of \* mentioned in the statement of Theorem
3.8. Finally, in Section 3.9, we apply Bellman’s principle of optimality to
complete the proof of Theorem 3.8 and establish the mean-optimality of the

reflection and synchronised couplings.

3.5 Excursion theory

Excursion theory was introduced by K. It6 in [17], and it is one of the most
useful techniques in the study of the behaviour of Markov processes. Excur-
sion theory consists in breaking time into intervals and analysing the excur-
sions of the process on those intervals. It6 discovered that the excursions
over different intervals are independent and identically distributed. This
makes excursion theory a method that simplifies the study of the diffusion.

Excursion theory is very efficient when, given a random variable T', we
want to study the behaviour of the process at time 1. Consider the interval
[0,7] and a recurrent state a for the Markov process. We can split [0, 7]
into smaller time intervals at the times when the process comes back at a.
By the strong Markov property, we have that the excursions of the process

over those intervals are independent. Finally, we mark the excursions with
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an independent Poisson process. Using the distribution of the marks, we
can then use the law of the excursions to calculate the Laplace transform of
the random variable T

In this section, we give an overview of Excursion Theory, describing its
application to standard Brownian motion: this will be helpful when we come
to apply it to the more complicated jumpy Brownian motion. We start with

defining the excursion point process.

Definition 3.9 (Inverse local time). Let B = (B¢)¢>0 be a one-dimensional
Brownian motion started at recurrent state a. We denote by L¢ the local
time at a at time t, i.e. the time spent by B at the state a by time ¢. The

corresponding inverse local time is defined as
v =inf{u > 0: L% > t}.

Definition 3.10 (Excursion point process). Let B = (B);>0 be a one-
dimensional Brownian motion started at recurrent state a. The excursion

point process from a is defined as

I ={(t,e) - v # -},

where

B(y—+s) for0<s <y —v,
ei(s) =
a for s > v — y—.

We call e; the excursion at local time t.
In other words, we can split the path at the times when the Brownian

motion comes back to state a. An excursion of the Brownian motion is the

portion of its path in one of those intervals.
The following result, showed in detail in [31, §VI.55], describes the mea-
sure of the excursions.

Theorem 3.11. Let W = (Wy)i>0 be a reflecting Brownian motion on RT.
Let f be an excursion of W, i.e. a continuous function from R* to R* such
that f(0) =0 and

fit)y>0, 0<t<(¢ and f(t)=0, t>C,



3. Jumpy Brownian Motion on the Circumference of the Unit Circle 7

for some ¢ > 0. Let S(f) = sup, f(t) for the excursion f, and let n(-) denote

the excursion measure, then
(i) n(S(f) >x) =27 forxz >0

(i) Each excursion f can be split at its mazimum S(f) into two pieces
representing two independent Bessel processes of dimension 3 started
at 0.

Recall that a Bessel process is defined as follows.

Definition 3.12 (Bessel process). Let B = (By);>¢ be an n-dimensional
Brownian motion started at x. An n-dimensional Bessel process started at
x, denoted by BES®(n), is the one-dimensional process R = (R¢)¢>0 defined
as

Ry = [|Bd]|,

where || - || denotes the Euclidean norm.

To illustrate how Excursion Theory can be used to solve problems related
to Brownian motion, we report, as an example, the calculations showed in
[31, §VL.56]. We will use the same ideas in Section 3.6, adapting these cal-

culations to the jumpy Brownian process.

Example 3.13. Let B = (B;):>0 be a one-dimensional Brownian motion
started at 0. Define

T =inf{t > 0:|B =1}, o =sup{t <T: B; =0},

i.e. T is the hitting time of +1, and o is the last time when B, is equal to
0 before hitting level +1. We also define

t
Af:/o ]1[0700)(38)(187 A; = _At+7

i.e. Af is the time spent by B in the interval [0, 00) up to time t. We want
to find the joint law of AT, A, and T. To do that, we define

€= E[e—aAﬁ—BAE—V(T—U)L (3.7)
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where «, 5,7 > 0. We want to interpret £ using excursions of B from 0. We

define the following disjoint sets:

Uy = {upward excursions from 0 that do not hit 1}
U_ = {downward excursions from 0 that do not hit — 1}

Uy = {excursions from 0 that hit +1 or — 1}.

Following this classification, we split the path of B into excursions, and we
mark them with independent Poisson processes of different rates indepen-
dent from B. We mark the excursions in U, at rate «, the excursions in U_
at rate 8, and the excursions in U; at rate «v. Then, we define the following

sets.

U = {excursions in U that contain a mark}

U* = {excursions in U_ that contain a mark}

Uy = {excursions in U; that contain a mark before reaching 1}

U =U \ Ut

Then, we can observe that the expectation in (3.7) can be rewritten in
terms of a combination of the independent Poisson processes that produce

the marks on the excursions.

¢ = P(the first excursion in U UU* U U; lies in UY)
_ n(U7)
-~ n(U%) +n(U*) +n(Uy)’

where recall that n(-) denotes the excursion measure.

Now, we need to calculate the excursion measures in equation (3.8).

n(UY) = n(Uy;)P(excursion which escapes from [—1,1] has no marks before it leaves [—1,1])

n(U1)Ele W),

where H3(z) = inf{t : R, = x}, and R = (R;);>0 is a BES?(3) process. This
last passage comes from Theorem 3.11(4¢), while from 3.11(z) we have that
n(Up) = 1.

To calculate the expected hitting time of R at level x, we want to use
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the following lemma.

Lemma 3.14. Let R; be a BES?(3), and let H?(z) = inf{t : R, = z}. Then
for A >0,
E[e*)‘Hd(x)} = xV2A cosech(zV2)\).

Proof. Let M; = e”MR; ! sinh(v2AR;) be a local martingale, and let T' =
H3(x). From Doob’s optional stopping theorem, we know that E[Mr] =
E[My]. Moreover,

e M sinh(vV2AR;) . sinh(vV2\Ry) V2N

MO - },g% Rt - tgl(l) Rt -
Then
A sinh(v/2 inh(zv/2
E[My] = E e st( ART) _ sin (a; )\)E[e_)‘T] _ Vo,
T

and rearranging yields

E[e~ ] = 2v/2X cosech(zV2)\).

Applying Lemma 3.14 to our expression for n(U}) gives

E[e= (] = | /27 cosech(1/27),

so we obtain
n(UY) = /2 cosech(1/27).

To calculate n(U} ), we apply Theorem 3.11(iz). Each excursion in U}
has a maximum in (0, 1). Given that the excursion has maximum z, we can
split it into two pieces, one before the maximum is reached, the other one
after the maximum is reached. From Theorem 3.11(ii), we have that these
two pieces are independent and each distributed as a BES’(3) process.

Since we are now interested in the event that there is at least one mark

of rate « in the excursions that belong to U¥, from Lemma 3.14, we have,

n(UY) = /01 %w*Q[l — (2v2a cosech(zv2a))?]dx = %[\/%coth(\/%) —1].
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Applying the same ideas to U* yields

n(U%) = 1[/3B coth(/25) — 1]

Putting all of these expressions into equation (3.8), we arrive at the

formula stated in [31]:

E= E[e*aA;ffﬁA;*’y(Tfa)] _ 2,/27 cosech(1/27)
V2a coth(v2a) + \/%COth(\/ﬁ)'

To apply Excursion Theory to the jumpy Brownian motion, we will need

to use the ideas illustrated in Example 3.13. The following lemma extends

those results to a generic interval (—¢, d), with ¢,d > 0.

Lemma 3.15. Let By be a Brownian motion in the interval (—c,d) starting
from 0, where c¢,d > 0. Let To({—c,d}) = inf{t : By € {—c,d}}, To(d) =
inf{t: By = d} and Ty(c) = inf{t : B, = —c}. Then

Efe—To(—ed})] = cosech(dv/27v) + cosech(c\/Q’y).

(@ coth(d\/27) + coth(cy/27)

(i) B[] = cosech(d+/27) '
coth(dy/27) + coth(cy/27)
(i) E[e—"Tol—eD] = cosech(cy/27)

coth(dy/27) + coth(cy/27y)

Observe that if ¢ = d = 1, then for (i) we would get sech(/27v), which

agrees with £ above when a = 8 = 7.

Proof. To prove this lemma, we want to apply excursion theory to the inter-
val (—¢,d) adapting the calculations of Example 3.13. We distinguish four

different types of excursions:

Uy = {upward excursions that do not hit d},
U_ = {downward excursions that do not hit — ¢},
Uy = {upward excursions that hit d},

U, = {downward excursions that hit — c}.
We mark the excursions at rate v, and we consider the following sets

U = {marked upward excursions that do not hit d},
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U* = {marked downward excursions that do not hit — ¢},
UY = {upward excursions with no marks before hitting d},

U? = {downward excursions with no marks before hitting — c}.

Starting from (i), we can express the Laplace transform of Ty({—c,d}) as
the probability that we have an excursion with no marks that hits d or —c

before an excursion with at least one mark:

E[e7Tol{=edh] — Py (the first excursion in Ur UU* WU, UU, lies in Uy UUY)
_ n(Ug) +n(U)
— n(U) +n(U*) +n(Ug) +n(U)

(3.9)

From the definition of Uy, we have that since we are considering only upward

excursions to +d (not —d) then n(Uy) = 5. In the same way, n(Uec) = o.

As before,

n(UY) = n(Uy)Py(excursion that hits d has no marks before hitting d)

1 3
_ - m[.—H?(d)
QdE[e ).

From Lemma 3.14, we obtain

E[G—WHS(d)] — d\/ﬂ cosech(d\/g),

which implies

n(UY) = \/? cosech(d+/2).

Doing the same for the downward excursions implies

n(U2) = \/? cosech(cy/27).

To calculate the measure of U}, we consider an upward excursion with
maximum y, and we split the excursion into two pieces, one before y is
reached and the other after y. The two sections of the excursion behave like
independent 3-dimensional Bessel processes started from 0, and we want at

least one mark on their union, so

(mcoth(d\/ﬂ) - ;) .

N

kN dl -2 2 _
n(%)/o Sy -y 27 cosech(y+/27))?|dy =
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We do the same for U*, and we obtain

n(U*) = % <\/ﬂcoth(c\/ﬂ) - i) _

Then, from (3.9),

Eje7To({~cd)] — cosech(d+/27) + cosech(cy/27)
~ coth(dy/27) + coth(cy/27y)

which completes the proof of part (i). To show parts (ii) and (¢i7), we just

observe that

E[e—"To(tdh)] = n(Ug) cosech(dy/27)

n(U%) +n(U*) +n(Ug) +n(U:)  coth(dy/27) + coth(cy/27)’

and

E[erTO({fc})] _ n(U2) _ cosech(cy/27)
n(U%) +n(U*) +n(Uqg) + n(U.)  coth(dy/27) + coth(cy/27)

O]

3.6 Laplace transform of the coupling time

In this section, we show how to find an expression for the Laplace transform
of the coupling time for the jumpy Brownian motion. The expressions of the
Laplace transform are given by the following lemmas for the two coupling
strategies defined in Definitions 3.6 and 3.5.

Lemma 3.16. Let T, be the coupling time for the jumpy Brownian motion
with Dy = x under the reflection coupling. Let o = \/2(2A 4+ ~) and § =
V27v. Then, we have the following formulas for the Laplace transform of T

1. Ifx € (0, %),

. cosech(z)]
Bl ] = 5 soch(aT) sech(

2 — sech(aF) sech(57)]
Dllcoth((§ - 2)8) + coth(aB)]

B cosech((§ — x)B)[—2sech(85) + sech(aF)]

[2 — sech(a %) sech(8%)][coth((§ — x)f3) + coth(zf)]
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2. If v € (§,m)

E[e—'yT;] — ( )

cosech((m — x)B3) + cosech((x — §)53) se
coth((m — x)B) + coth((z — §)B
B cosech((z — §)f) sech(aF)
[2 — sech(aF) sech(B7)][coth((m — z)3) x
- 22 cosech((m — x)a) tanh(aZ) tanh(87%)
[2 — sech(aF) sech(8%)][coth((m — z)a) + coth((z — §)a)]

)
t

anh?(5%)
(

3 Ifx=7%,
E[e_vT% _ 2 cosh(§a) — cosh(5 /) .
2 cosh(5 /) cosh(Fa) — 1

4. If =,

Lemma 3.17. Let T; be the coupling time for the jumpy Brownian motion
with Dy = x under the synchronised coupling. Let o = \/2(2\+ ) and

B = /2v. Then, we have the following formulas for the Laplace transform
of T7.

cosech(z3) + cosech((§ — x)[) sech(37)

coth((5 — x)) + coth(zf3)

B B cosech((§ — x)B) tanh(87F) cosech(a )
2a coth((§ — z)f) + coth(mﬁ)

E[e‘vTi] =

2. If v € (5,m)

cosech((m — x)B3) + cosech((z — 5)f) sech(87%)
coth((m — x)B) 4 coth((z — §)f)
B8 cosech((z — §)B) tanh(87F) cosech(ag)
" 2a coth((m — x)3) + coth((x — 5)8)
B 3% cosech((m — z)a)
a?[coth((m — x)ar) + coth((z — §)a)]

Ele %] =
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3. Ifx=73,
—~TS 1 1 T s
Ele "5|=— - _Z-~F - —a).
[6 7} cosh(58) 2« tanh (ﬁ2> cosech <2a)
4. Ifx=m o
E[e "T7] = .
l ] v+ 2A

The remainder of Section 3.6 is dedicated to the proof of Lemmas 3.16
and 3.17. We shall split our analysis into three cases, depending on the

value of Dy.

I. Dy =

rolx

II. Dy =
1. Do # 5,7.
In the remainder of the chapter, we will use the following notations:

o T for any = € [0,7] as the coupling time with Dy = z under the

reflection coupling,

e T? for any = € [0,7] as the coupling time with Dy = z under the

synchronised coupling.

3.6.1 Casel. Dy= 5

Consider the jumpy Brownian motion D; starting from 7. In this case, the

process behaves identically for both the coupling strategies until D hits the

set £' = {0,7}. This means that, if T’z (E)) denotes the hitting time of the

set B with Dy = 7, Tg (E) does not depend on the coupling. We can write
T% = Tg (E) + ]]'{DTg(E):W}T;’

and similarly
Tg =T=(F)+ IL{DT7r (E>=7r}T7f7
2

2
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where T and T7 are independent from T’z (E). Then, we can express the

Laplace transform of T% as
2

T [ e (B —y(Tx (B)+T~
E{e 2] =E|e "1 )H{DTW(E):O}+€ Rk )H{DT”(E):W}]
5 2

=E|e "0 - 1p, ey +eTEETD
2

]]'{DT%(E)F}:|

=E :e—ng (E)] +E {e—ng (E)H{DTg(E):W}} (E [e—wx} _ 1) )
(3.10)

To determine the first term in 3.10, we can observe that the time for D to hit
E is the same as for a Brownian motion to hit 7. So, we can rewrite the
Laplace transform of Tg (E) for the process Dy started at 7 as the Laplace
transform of the hitting time To({—73, §}) for a Brownian motion started at

0:
1

cosh(5+/27)

To find an expression for the second term in (3.10), we apply excursion

E[e_’yT%(E)] — E[e_'YTO({_gvg})] —

theory as in Section 3.5. We distinguish the following types of excursions

for a Brownian motion started at 7:
1. upward excursions that do not hit 7w, and which have no marks
2. upward excursions that do not hit m, with at least one mark
3. downward excursions that do not hit 0
4. upward excursions that hit 7, and which have no marks
5. upward excursions that hit 7, with at least one mark
6. downward excursions that hit 0.

_x

Let 0 = sup{t < Tz (E) : Dr, () = 5} be the last time the process leaves
2
5 before hitting F. First, we rewrite the expectation we are considering in
terms of o and Tz (E):

E e*'yT% (E)

—Tz (E)
E |:€ 2 E |:]1{DT72\—(E):77}

E[e "5 OP (Dry ) =

]l{DTg(E):W}]
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—E [e”T” ) 2 (no jumps in N in time [0, T (E)] ”vT’z’(E)ﬂ
}IE[ —Tg (B)=2\(Tg (E)~o )}
2

_ %E [e—(2)\+’y)(Tg(E)—U)—"/U] . (3.11)

We will use the notations o = 1/2(2A + ) and 5 = /2. Now, we define

the following sets for a Brownian motion started at O:

v
U4 = {positive excursions that do not hit 5}

T
U_ = {negative excursions that do not hit — 5}

T
U% = {positive and negative excursions that hit {—5, 5}}

We mark the excursions in Uy at rate v and the excursions in Ug at rate

2\ + v, and we consider the sets

U% = {excursions in U* with at least one mark}

U % = {excursions in Uz with at least one mark}

U? = {excursions in Uz with no marks}.
2

We can now rewrite the following in terms of the measures of these sets:

E [e_(Q)‘JW)(T%(E)_U)_W] = P(the first excursion in Uz UUZ is in U%)

n(U%)
n(UL) +n(Uz)

First, we calculate the measure in the numerator.

0y = s 1 1ts fz E 111 1
n(Ug) =n(Uz)P (excursmn that hits { 57 } has no marks before hitting 11:)
_ EIE [67(2A+7)H3(%)}

)
™

where n(Uz) is calculated using 3.11(7), and H3(%) is the time for a 3-
dimensional Bessel process to hit 7.

To find an expression for the expectation in the previous paragraph, we
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™

apply Lemma 3.14 with x = § and a = 2X + 7 to obtain
E e_(Q’\+7)H3(g)} = Eoz cosech (az)
2 2
and therefore

n(U%) = « cosech <ag) :

To calculate n(UY), given x is the maximum of the excursion, we can
split it into two parts, the part before = and the part after x. Both of these
two parts of the excursion are independent and can be interpreted as a 3-
dimensional Bessel process started from 0. We want at least one mark of

rate v in the union these two parts, so

™

n(UX) =2n(U}) = /02 7 2[1 — (Bx cosech(Bz))?|dz = B coth (Bg) - %

Then,

R [e—(2A+’Y)(Tg(E)—U)—WU} _ _ acosech(3a)

= Footh(37) —Z 7T ~ 5 o (93 cosect (a3)

and from (3.11)

—Tz (E) m
E [e ]l{DTn—(E) ﬂ}} QB tanh (B ) cosech (2 ) .
From (3.10), we obtain

Bl = gy + 2 b (95) o (50) (B - s

with the same equation holding for 7% in terms of 7.
2
At this point, we need to find expressions for E [e‘”T; ] and E [e‘”Tﬂ.

3.6.2 Casell. Dy =

In this section, we calculate the Laplace transforms of T’ and 7, the cou-
pling times respectively for the synchronised coupling and the reflection
coupling with Dy = 7. We continue to write & = 1/2(2A 4+ v) and 8 = /27.
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Synchronised process

In this case, D; = 7 until the first jump is generated by the Poisson process

N;. The coupling time is the time taken to generate a jump at rate 2\, so
T? ~ Exp(2X), and

2
Y421

Ele 7] :/ e 12 e Ay = 2)\/ em (P gy =
0 0

From (3.12), we obtain the following formula

E [e_ﬂ%} = coshl(gﬂ) + ;g tanh (ﬁg) cosech (ga> (’y i)\”\ — 1>

1 18 T T
J tan ,8 5 cosec 9 «

—~
B
=S
~
[N}

This completes the proof of parts 8 and 4/ of Lemma 3.17.

Reflected process
We want to apply again excursion theory to calculate the Laplace transform
of the coupling time 7. We consider two types of excursions of D from =:
T
Ur = {downward excursions that return to = without hitting 5}
7r
U LS {downward excursions that hit 5}

We mark the excursions with marks at rate v and, independently, with

jumps at rate 2X. We define the following sets:

U = {excursions in U, with at least one mark}
UZnom — {excursions in U, with at least one jump and no marks}
U™ = {excursions in U, with at least one jump and one mark}
ynedmnom — fexcursions in U, with no jumps and no marks}

Uz®™ = {excursions in Uz with no marks}
2

Let 6 = inf{t > J; : D; = 7}, where J; is the first jump time of D, and 7

the time D, under the reflection coupling, takes to hit 5. We can write

Tr = 01p<y + (T2 + n)Ly<o,
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where T% is the coupling time of the process started from 7, and
2
_ r _ 7’7(T£ +77)
Ele VTW] =Ele 7‘9]19<77] + Ele 2 1<)
— Ele "1y, + Ele""1,]Ele | %], (3.13)

where the second equality is justified by the fact that n and T = are inde-
pendent.

The first term in (3.13) is the probability of seeing an excursion with a jump
but no marks that goes back to 7, before seeing an excursion that hits 5 or

an excursion with at least one mark that goes back to w. That is,

Ele """ 14.,] = P(the first excursion in U™ ™ U U™ U Uz lies in ygnom)
n(Ug,no m)

n(Uz) +n(Ug) + n(UF"™)

The measure of the set of excursions hitting 5 is, as before,

2
To calculate n(U]™), we proceed as before, splitting the excursion around

its maximum value:

us

n(U") = /02 2 [1— (28 cosech(xﬁ))2] dx = ff coth (gﬂ) - %

To calculate n(U#™* ™), we rewrite Uz "™ = UM ™\ Ug? "™ 'so if we split
again the excursion into two pieces around its maximum, if the excursion
is in U™ we want no marks in both pieces, while if the excursion is in

Ur°?™ ™ we want no marks and no jumps in both pieces.

RUE"™) = n(UF2™) = n(URe ")

™

- /02 72 [(335 cosech(wﬁ))2 — (za Cosech(xo‘))ﬂ dz

— (3 coth (gﬂ) + a coth (ga> .
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Then we have

acoth(Fa) — Bcoth(58) - j3 coth(5 )
a coth(§a) B acoth(g a)’

Now, we calculate the second term in (3.13). It can be interpreted as the

probability of having an excursion with no marks that goes back to 7, before

Ele "' Lo<n] =

an excursion with at least one jump and one mark that goes back to m or

an excursion that hits 5
E[e~ "= 1,<¢] = P(the first excursion in Usmy U%w my Uz lies in U*°™)
n(Ugo m)
2
n(Uﬁr’m) + n(Ug)

Applying again excursion theory and Lemma 3.14,
n(Ugom) = n(Uz )P(excursion that hits g has no marks)

2 3(m 27 s
= — _’YH (7) = — — —
7TIE[@ 2] - 2ﬂcosech (25> ,

while if we consider the set of excursions with at least one jump and one
mark

jus

n(UP™) = /2 27 2[1 — (zacosech(za))?]dr = o coth (Ea) -
0 2 2

Thus we have

E[e—T ]ln<9] Bcosech(gf)

a coth(Fa

In conclusion, we can express (3.13) as

Ele™""] = Ele " Loy] + Ele7"Ly<gEle " 7/2] =

_ Beoth (36) | B cosech (38) . 17,
a coth (Za ) a coth (Za) -E[e 2. (3.14)

To find a complete expression for E[e~x] we combine (3.12) and (3.14)

together:

Ele ) =1 -

B coth($8) B cosech(5/3)
ozcoth(g a) |« coth(Fa)
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1 o - i -
i 35 tanh (33) cosect (G (B 7] 1)

and rearranging we obtain
el coth(3 )
T h(Z
E[e_’ﬂjﬂ] = 1 cosech(3 ) = 752 2 -
— §m tanh ( 5) cosech (504)
B cosech (5 B) 1
n a coth(a) [COSh(gﬁ) B %tanh (gﬁ) - cosech (ga):|

— %% tanh (Eﬂ) - cosech (%a)

1—

g tanh( )tanh( )
3.15
1—35 L sech (”B) sech ( a) ( )

Combining (3.12) and (3.14), we can also obtain an explicit expression for

the coupling time starting from 3:

E[eiﬂé] = coshl(gﬁ) + — tanh (gﬁ) cosech ( ) (E[e""] — 1)

1 71'

= m + tanh ( cosech ( )

( 3 coth(53 ) 3 cosech 55) E[e_VT /2]>
acoth(g a) a coth(Fa)

Rearranging this expression we obtain the following formula for 7%
2

1T _ 2 cosh(Za) — cosh(%3)
I= 2cosh(5 ) cosh(Fa) — 1 (3.16)

Ele

This completes the proof of parts 8 and 4 of Lemma 3.16.

3.6.3 Case IIl. Dy # 5,7

Finally, consider the coupled processes starting from any point Dy = = €
(0,7)\{5}. First, we find the expressions of the Laplace transforms without

distinguishing the coupling strategy, so we denote by T, the coupling time.

Let I' = {0, 5,7}, we denote by T, (F) the hitting time of D of the set F
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with Dy = x. We can express T, as
T, = Tx(F) =+ T”]l{DTI(F):W} =+ TTF/QH{DTz(F):g}'
To find the Laplace transform of T, we rewrite it in the following way

Ele "] =Ele " yp, o] + Ele O 0 o)y

- (Tx(F)+T1)
+E[€ K 2 ]l{DTx(F):%}]

=Bl D)+ B Oy, )BT E] - 1)

2

+E[e D1 b (my)=my) (EleT7TF] = 1). (3.17)

To find expressions for the three terms in (3.17) we use excursion theory
again. Due to the definition of the coupling, the process D; behaves differ-
ently depending on whether the starting point = is smaller or greater than
5. That means that we need to study the two cases v < § and = > §
separately and, in each interval, we restrict to considering the hitting time
of the extrema of the interval in which D; starts.

To make the calculations easier we can apply Lemma 3.15 and we again use
the notations a = 1/2(2\ +7) and 8 = /27.

Since the Brownian motion B is shift-invariant, we can think of B as starting
from 0 and diffusing in an interval (—¢,d), where d,c > 0. In other words,

with Dy = =z,

Lifz < g, we shift to the interval (—c¢,d) = (—$, g — x) ,
(3.18)
2. if x> g, we shift to the interval (—c,d) = (g —x,m— :v) .

First term of (3.17)

To find a formula for the first term E[e?7=(F)], we can observe that in this
case the hitting time of F' is not affected by the jumps since we are not
considering which point of F'is hit by D. This means that the calculations
do not depend on whether z is bigger or smaller than § and that, when
applying Lemma 3.15(4), we only mark the excursions at rate .

We can conclude that

cosech(df) + cosech(cp)
coth(dB) + coth(cB)

Ele T (M)] = Ele 1 To({—edh] = (3.19)
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where ¢ and d are functions of z, as defined in (3.18).

Second term of (3.17)

To calculate E[fe—7=(F)] {(Dry( F):%}]? we need to consider the case in which
Dy hits 5. Since we always use a reflection coupling in the interval (0, ), D
hits § independently of the jumps in N: this happens because, if D < 7 at
the time of a jump, then its position is left unchanged; if D > 7, the jump
would reflect D downwards over 7,
upwards hitting §. That means that in both intervals, the time taken by D

and the process would continue diffusing

to hit F' when starting from x is the same as the time taken by B to hit the
boundary points of an interval (—c, d) and, when we apply Lemma 3.15, we

mark the excursions at rate ~.

1. Letx € (0, 5). To calculate the hitting time of 7, we need to consider

the times when B hits d = § — z, so from Lemma 3.15(i7)

Ele TPy, =z = E[ew:ro«fx,gfx}mw%({ T
T e
B cosech(dp)
~ coth(dB) + coth(cB)
B cosech((§ — x)f)
~ coth((3 — )B) + coth(zy/29)

—z})%*x}]

2. Let x € (§,m). To have the hitting time of 7, we consider the times

when B hits —c = § — . From Lemma 3.15(iii),

E[e_'yTz(F) e_'YTO({%_zvﬂ_x})

LDy, =3} = El LBy (150 rep=F -2}
B cosech(cp)

~ coth(dB) + coth(cB)

B cosech((z — 5)p)

~ coth((z — 2)B) + coth((m — x)5)

Third term of (3.17)

Finally, we calculate E[e~7T=(F )]l{ D(Tu(F))=r})- As we did for the second

term, we need to study the two cases © < § and x > 7 separately.
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1. Ifz € (0, %), it is not possible for D; to hit 7 without hitting 7 first, so
]E[e_’YT‘E(F)]]‘{DTI(F):Tr}:I =0.

2. Let x € (§,7). To have the hitting time of 7, we apply Lemma 3.15,
but this time the jumps will influence the calculations.

As usual, we consider excursions of B in an interval (—c,d) = (§ — 2,7 — ).
To have B hit d = m — z, we need that to happen before seeing a jump, so

we mark the excursions at rate 2\ + . From Lemma 3.15(i7):

E[e—vTx(F) — E[e—"/To({g—Iﬂr—ﬂC})

L, =] = Bro((§—snmen=r—}]
cosech(da)
coth(da) 4 coth(car)
_ cosech((m — x)a)
~ coth((m — z)a) + coth((z — 3)a)’ (3.20)

This completes the proof of parts 7 and 2 of Lemmas 3.16 and 3.17.
The calculations of the expressions of the Laplace tranform as established

in those lemmas are showed in Appendix B.

3.7 Laplace transform

In this section, we show the graphs of some simulations of the Laplace
transforms and we compare them to the formulas obtained in the previous
section. As the graphs illustrate, the formulas we calculated agree with
the simulations of the jumpy Brownian motion under the reflection and
synchronised couplings, so we have also a numerical confirmation that the

expressions given in Lemmas 3.16 and 3.17 are correct.
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E[e—VTx]
1.0
08
0.6k === Simulation
— Formula
04r
02F
. . —— y
1 2 3 4 5
Fig. 3.3: Comparison of the simulation of the Laplace tranform for Dy = 7 and

A

= 0.5 and the formulas obtained in Section 3.6.2 under the reflection

coupling.
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=== Simulation
—— Formula

(a) Comparison of the simulation and the formulas of the Laplace tranform for
Dy = 5 and A = 0.5 under the reflection coupling.
E[e—VTx]

=== Simulation
—— Formula

(b) Comparison of the simulation and the formulas of the Laplace tranform for

Do = 5 and A = 0.5 under the synchronised coupling.

Fig. 3.4: Comparison of the simulation of the Laplace tranform for Dy = 7 and
the formulas obtained in Section 3.6.1.
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=== Simulation
—— Formula

(a) Comparison of the simulation and the formulas of the Laplace tranform for
Dy = < 5 and A = 0.5 under the reflection coupling.
E[e—VTx]

=== Simulation
—— Formula

(b) Comparison of the simulation and the formulas of the Laplace tranform for
Dy =z < 3 and A = 0.5 under the synchronised coupling.

Fig. 3.5: Comparison of the simulation of the Laplace tranform for Dy = x < §
and the formulas obtained in Section 3.6.3.
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=== Simulation
—— Formula

(a) Comparison of the simulation and the formulas of the Laplace tranform for
Dy =2 > 5 and A = 0.5 under the reflection coupling.

E[e—VTx]

1.0

0.8

0.6 === Simulation

—— Formula

04r

0.2+

Ly —— %
1 2 3 4 5

(b) Comparison of the simulation and the formulas of the Laplace tranform for
Do =z > 3 and A = 0.5 under the synchronised coupling.

Fig. 3.6: Comparison of the simulation of the Laplace tranform for Dy = 2 > §
and the formulas obtained in Section 3.6.3.

At this point, it is interesting to compare the Laplace transform of the
coupling time for the two coupling strategies on which we are focusing.
Figure 3.7 shows the graph of the difference E[e=7Tx] — E[e™7T#] of the
Laplace transforms evaluated in Section 3.6.2 for two jumpy Brownian mo-
tions started at distance 7w under our two coupling strategies. As in Defi-
nition 1.27, we say that a coupling is Laplace-optimal if it maximizes the
Laplace transform of the coupling time for all v > 0. From the relation
between the expectation and Laplace transform of a random variable, we
can see that the Laplace-optimality is a stronger property than the mean-
optimality. Finally, observe that the tail-optimality is the strongest type of

optimality among the three of Definition 1.27, and it corresponds to finding
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the co-adapted coupling that realises the best upper bound for the total vari-
ation distance in the coupling inequality (1.1) simultaneously for all ¢ > 0.
As we can see from Figure 3.7a, if A > A*, then the Laplace transform
under the synchronised coupling is bigger than that under the reflection
coupling for all v > 0. Thus, we can conjecture that the synchronised cou-
pling is Laplace-optimal for all A > A*. Unfortunately, we cannot expect
a similar result in the case A < A*. As Figure 3.7b illustrates, when = is
small, E[e™"7r] — E[e™7T#] > 0, but as v grows, the graph decreases until
it becomes negative. This indicates that neither of the two couplings under

consideration is Laplace-optimal when A < A*.

Remark. If A = 0, then the jumpy Brownian motion is a one-dimensional
Brownian motion with no jumps, for which we know that the mean-optimal
co-adapted coupling is given by our reflection coupling, which is clearly

maximal.

Now that we have graphically seen how the mean-optimal co-adapted
coupling compares to the maximal coupling, we can show that the mean-
optimal coupling is not maximal for all A > 0 directly from the explicit
formulas of the expected coupling time. Let 7*,7%, and 7 be the cou-
pling time for two jumpy Brownian motions started at distance 7 under the

maximal, synchronised, and reflection couplings respectively. We know that

_1- sech(2mv/))

B[ b
1

E[T7] = 2\

E[T7] 7 sinh(mv/\)

VA(2cosh(mvA) — 1)
We want to show that, for all A > 0,

1. E[m*] < E[T%],

2. E[m*] < E[T7].

1. Since sech(27v/X) > 0 for all A > 0, then

1 —sech(2mV/}) - 1
B 2) 2\

E[r"] = E[T7],

for all A > 0.
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Ele™ ""]-E[e™" 7]

0.2}

0.1

-02+

(a) Graph of E[e="Tx] — E[e™""=] with Dy = 7 for A = 0.5 > \*.

Ele™" 771]—|E[e‘V T%]

0.15F

0.10 i — A=0.05
A=0.03

0.05

\8.5\1.0 15 20 Y

(b) Graph of E[e=7Tx] — E[e~""=] with Dy = 7 for two different values of A < \*.

Fig. 3.7: Graph of E[e™Tx] — E[e™""=] with Dy = 7.

2. We distinguish two cases based on the value of A.

e If A > )\*, then E[T"] > E[T%] > E[r*].

e If A\ < \*, we want to show that % < 1. Let z = W\/X, from the

formulas above,

E[7*] (1 —sech(2z))(2cosh(z) — 1).

E[TT] 2z sinh(x)

Then, using the exponential forms sinh(z) = €=£— and cosh(z) =
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e“+e *

T yleldS

E[7*] (1 —sech(2x))(2cosh(xz) — 1)  sech(2x)sinh(z)(2cosh(z) — 1)

E[TT] 2z sinh(x) x
B (621 o 672:p) _ (ex _ efx) B fjm(ey + e*y)dy
N x(e2® 4 e—27) (et 4 e 2)

T MmaXy<y<ag(e¥ +e7Y)
x(QZ:E + 67223)

=1,
where the last equality derives from the fact that ¥ 4+ e ¥ is an in-
creasing function.

In conclusion, the mean-optimal coupling is not maximal for all A > 0.

3.8 Expectation of T,

Using the Laplace transforms calculated in Section 3.6, we can derive the
expectation of the coupling time T, for our two coupling strategies. As
usual, the calculations depend on the starting point  and on the coupling

strategy adopted at .

Lemma 3.18. For the reflection coupling of Definition 3.6 starting from

Dy = x, the expected coupling time satisfies

7 sinh(VA(2z—7))

w(m—x)

x(ﬂ - II:) T 2 cosh(v/Am)—1 T VA(2 cosh(v/Am)—1) ifz= %
E[T"] = (3.21)
m(w—x)+m ife < 7.

For the synchronised coupling of Definition 3.5, the expectation of the cou-

pling time satisfies

a:(7r . 1_) + (m—2x) c;)fj§h(\/X7r) + cosech(v/Arr) SQiI)l\h(\/X(Q:D—ﬂ')) fo > %
E[T;] =
x(m —x) 4 T COSZ‘:\%‘&”) ife <%
(3.22)

Proof. To find the expectation of the coupling time, we take the expressions
of the Laplace transform E[e~77] found in Section 3.6, we differentiate them

with respect to 7, and finally we take the limit as v — 0. O
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Once we have the expectation, we can study how it behaves when A
varies.
Looking first at the reflection coupling and the expectation given by (3.21),
we have the following:

/\11_}120 E[T)] = (7 — ), /l\li% E[T)] = (27 — x)

for all z € [0, 7]. Combining (3.21) and the limits, we can easily verify that
E[T}] is a continuous function of x for all A > 0 with a maximum at v = 7
when A < A* and a maximum at x = 3 when A > A*. The limits we obtained
are what we would have expected intuitively, as we now explain.
When A\ — oo, the process D; jumps instantly. If z € (0,7), the process
diffuses in the interval (07 g] because every time it gets above 7 it instantly
jumps back below 7. So, D; behaves in the same way as a standard Brownian
motion in (0, g] with reflection at 5. Thus, the time taken by D to hit 0
has the same distribution as the time taken by a standard Brownian motion
started at = to hit {0,7}. Then, E[T}] = z(7m — ). In particular, if z = §
the mean time is %2. If x = m, we instantly jump to 0, so the expected
coupling time is 0.
If A = 0, there are no jumps, so D, diffuses like a standard Brownian motion
in [0, 7] with reflection at 7, so the time to hit 0 is equivalent in distribution
to the time for a standard Brownian motion started at x to hit {0,2x}.
Then, we know that E[T}] = z (27 — z).

As we did for the reflected process, we now analyse the behaviour of the

expectation of the synchronised coupling time described in (3.22).

) _ +oo  for all z € (0, 7]
lim E[T)] = x(n—z) forallze€[0,n], limE[T;]=
A—00 A—0 0 if 2 =0.

From (3.22) and the limits, we can conclude that E[T?] is again a continuous
function of x for all A except at + = 0 when A = 0. As a function of z, E[T}]
has a maximum at z = 7 if A < A*, while it has a maximum at z = 7 and
a minimum at x = 7 if A > A\*. That follows by the fact that E[T{j] = 0,
while from the limits above we have limy_,o E[T:] = +oo for all z € (0, 7).
As we did for the reflecting strategy, we can intuitively justify the limits we

obtained.
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If A — oo, then the probability of hitting 7 tends to 0. This means that we
can repeat the same argument as for the reflection coupling, and E[T}] =
xz(m —x) for all z € (0, 7). If x = m, D, instantly jumps to 0, so E[T?] = 0.
When A — 0, the process does not jump. This implies that, if x = m,
the process will never hit 0, so E[TZ] = oco. If x € (0,7), the process
starts performing reflection, so it has a positive probability of hitting =«
before getting to 0. Thus, there is a positive chance of the coupling being
unsuccessful, and so E[T?] = oc.

Now, looking at the expectation of the coupling time of the two coupling
strategies in Lemma 3.18 we notice that they only differ by a function that

depends on A. This means that we can rewrite

2(m — ) + (1 — 2)C(A) + SO if 5 > 3
E[T;] =
x(m —z) + 2C(N) if v < 7,
where
o) C"(\) = m for the reflection coupling,
C*(\) = % for the synchronised coupling.

Comparing the formulas for C'(\) for the two couplings, as illustrated in
Figure 3.8, we see that there exists a unique value A* = 0.083 of A such that
C(A) assumes the same value in both strategies, i.e. C"(\) = C*(\). This
is the value of A\* given in Theorem 3.8. Comparing Figures 3.8 and 3.9,
we also deduce that if A\ > A\*, then C*(\) < C"(\) and the synchronised
process is faster on average than the reflected process. The opposite happens
if A < A%

Figures 3.10 and 3.11 confirm this conclusion. Figure 3.10 illustrates a
comparison between the expected coupling times of the two processes with
fixed A (with A > M\* in Figure 3.10a and A < A* in Figure 3.10b) and
x € [0,7]. Figure 3.11 shows a comparison between the expectation of the
coupling time under the two coupling strategies when A varies for two fixed

values of . As we see from the graphs, the expectations agree at A\*.
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C'(A)-C%(A)
0.4

0.2

Fig. 3.8: Comparison of the constant C'(A) under the two couplings.

3.9 Optimal coupling

Now that we have calculated the expectations of the coupling time under
the reflection and synchronised couplings and established which strategy is
better depending on the value of A, we complete the proof of Theorem 3.8
showing that the couplings defined in Section 3.4 are mean-optimal in the
class of co-adapted couplings. To prove the mean-optimality of our coupling,
we use Bellman’s principle of optimality, which can be found in [19]. We

define the value function as
v(z) = inf E[Ty], (3.23)
C

the infimum over all co-adapted couplings ¢ of E[T] for a pair of jumpy
Brownian motions started at distance x under the coupling c. To establish
the optimality of our couplings, we need to show that they attain the equality
of (3.23). To do that, we define the process

1)
Vi) = [ Vpssods +0(05) (3:24)

for any coupling ¢ in the class of co-adapted couplings, where ©(D5) is the

value function under our candidate optimal couplings ¢ described in Section
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E[T3]-E[T;]
04r

0.3fF

0.2f

01F

0.5 1.0 1.5 2.0 25 3.0

-0.1F

-0.2t
(a) Comparison of the expectation of the coupling time under the two couplings as
a function of A\ and =z = Z.

E[T3]-E[T;] '
1.0

038

06

04

02f

[y 0.5 1.0 1.5 2.0 25 3.0
-0.2f

-04F

(b) Comparison of the expectation of the coupling time under the two couplings as

a function of A and =z = ?jf

Fig. 3.9: Comparison of the expectation of the coupling time under the two cou-
plings as a function of .

3.4:

0(Ds) = Ds(m—Ds)+C(A\) min{Ds, 7—Ds}+C(\) Sinh(ﬁ%&s —m) Lps>m/2s

(3.25)
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E[7x]

T

—— Synchronised Coupling

Ny

i —— Reflected Coupling

L X

an
2 T

-bl:l—
MRS

(a) Expectation of the coupling time as a function of z for the two couplings for a
fixed value A = 0.5 > \*

E[T]

3

2 -
T — Synchronised Coupling

—— Reflected Coupling

. .
an X
4 T

INERS
INNERS

(b) Expectation of the coupling time as a function of  for the two couplings for a
fixed value A = 0.05 < \*

Fig. 3.10: Comparison of the expectation of the coupling time for the reflected and
the synchronised couplings for a fixed .

o) = Teosh (/A1 if we apply the reflection coupling (3.26)

%\}Xﬁﬂ) if we apply the synchronised coupling.

In other words, we run the jumpy Brownian motion using any co-adapted
coupling ¢ until time §, and then switch to our candidate optimal coupling
at time §. We denote by V¢ the function in (3.24) corresponding to using

our couplings since time 0. Bellman’s principle of optimality states that if
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E[TX]
5 -

— Reflected Coupling

— Synchronised Coupling

s 1 1 1 1 1 A
0.2 0.4 0.6 0.8 1.0

(a) Comparison of the expectation of the coupling time for the two couplings for

— Reflected Coupling
— Synchronised Coupling

(b) Comparison of the expectation of the coupling time for the two couplings for

— 37T
r =

Fig. 3.11: Comparison of the expectation of the coupling time under the two strate-
gies for two fixed values of x.

V¢ is a submartingale for all co-adapted couplings c, i.e.

T

ElVe __Y/c

o EVE) = VEQ)L
6—0 )

and V¢ is a martingale, then our candidate coupling ¢ is mean-optimal. In

fact, since V{ is a submartingale,
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for all 6 > 0 and for all co-adapted couplings ¢. Then, from (3.24)

1
lim E[V°(6)] = lim E [ / Lpesopds + @(D;)}
0

d—00 d—00

+oo
=E |:/ ﬂ{D§>0}d8:| +0=E[T}]
0

for all successful co-adapted coupling c. So, 0(x) < inf.E[TS] = v(x). Since
V¢ is a martingale, the equality is satisfied by our candidate coupling ¢,
which is therefore mean-optimal.

Now, in order to define a generic co-adapted coupling of two jumpy
Brownian motions X and X', we need to consider all the possible ways to
couple their Brownian motion and Poisson process components. Let Ji ~
Exp(2A) for £ > 1 be i.i.d. random variables that represent the potential
jump times, and let Y; ~ Ber (%) be i.i.d. that represent tossing a fair coin
to decide whether the jumpy Brownian motion jumps at time J;. Let Bj
and Bj are two independent standard Brownian motions, and consider two

jumpy Brownian motions on R

1 oo
X5 = 535 + sz_:l H{Jk<6}Yk

0 V1—62 it
X} =z+ 585+ TB‘IS + 7Y 1< (1= p)Ys +p(1 — Y2)),

k=1
(3.27)

where 6 € [—1,1] and p € [0,1] are the control parameters of the Brownian
motion and the Poisson process components respectively. So, the diffusion
of X’ is defined as a combination of two independent Brownian motions:
if # = —1, it is defined as = — %B(s, which means that X5 and Xj are
coupled under the reflection strategy; while if § = 1, we get x + %Bg, which
corresponds to the synchronised coupling. To decide whether Xs jumps
at time Jj, we toss a fair coin Yj. As to the jumps of X}, we introduce
another control parameter p: if p = 0, then the two processes always jump
simultaneously, while if p = 1, they always jump independently. Observe
that the coupling defined in (3.27) is constructed so that X’ does not depend
on how X evolves in the future, so the coupling is co-adapted.

As we did previously, we could obtain the jumpy Brownian motions on

the circle by taking X and X’ (mod 27), but that would cause issues with
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the calculations required in this section. For that reason, we first define the

distance between X5 and Xj as the real-valued process

1-6 V1—62?

ZgZX(;*X(,;:ijTBg* 5 Bllf

7> Al = (L =p))Ye —p(L=Y2)] (398
k=1

d 1—-6 -~ >
e[ B+ sz_l 1, <5yp(2Y; — 1),

where Bj is a standard Brownian motion. Finally, we define Dy = R(Zs),

where

x — 2km x € (2km, (2k + 1)) for any integer k > 0
or x € ((2k + 1)7, (2k 4 2)m) for any integer k < —1
27 — (v — 2km) x € ((2k + 1)m, (2k + 2)7) for any integer k > 0

or x € (2km, (2k + 1)7) for any integer k < —1,

\

is a function that projects any point of R onto a point on the interval [0, 7].
In other words, R is a periodic function of period 27: it is the identity on
the interval [0, 7], and it reflects any point in [r, 27| over w. Any other point
on R is either translated directly to a point in the interval [0, 7], or it is first
translated to [m, 27] and then reflected with respect to 7, so that any point
in R is mapped into a value in the interval [0,7]. Figure 3.12 shows the
graph of this function. So, R(Z) has the same effect of taking Z (mod 27),
but it allows us to avoid the complications that would arise from the use of
(mod 27) in the calculations exposed in the rest of this section.

From Definition 3.24, we can rewrite Vp, as

. d+0(Ds) ifo<Th
V5, (6) = o
Tf-)o otherwise

where T is the coupling time of the process started from x under a coupling
c. Observe that if § > T, , then X; and X, 5 have already coupled by time ¢,

so it follows that 0(Ds) = 0. We want to calculate the following expectation.

E[V5,(8) = Vi, (0)] = E[(d +8(D§)) Uiz o1 + (Thy +0(D§))Vrg, <5y = Vi, (0)]
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Fig. 3.12: Graph of the function R(x).

= E[0Lrg, >5y + 0(D5) + Th Lirg <5y — Vi, (0)]
> 0P(Tp, > &) + E[0(D5)] — V5, (0)
=6(1 —o(6)) + E[o(D§)] — V5, (0), (3.29)

where the last equality comes from the following observation. Let J ~
Exp(2Ap) be the random variable, independent from Bj, that represents the
time of the first jump in D€, then

P(Tp, > ) > P(both J and the hitting time of the diffusion at + Dy are greater then §)

1-6 e (1 Bt Dy
<D0>_(1 2f’”)<1 Ef((1_0)6>>,

y b
where e=2* = o(§) and Erfc < (lng)(S) = 0(0) for all p € [0,1] and 0 €
[—1,1]. So,

=P(J > 5)P<

P(T5, > 0) > 1 — o(0)

for all p € [0,1] and 6 € [-1,1].
From the discussion above, it is now sufficient to show that
5+ E[o(D§)] — V5, (0)

li >0
513% 1) -

for all co-adapted couplings ¢ and that we have the equality if and only if
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we use our candidate optimal coupling since time 0. This is what we shall
do in the remainder of this section.
To make the reading easier, we use the following notations for the error

functions that will appear in the calculations in the following sections:

o(1—0)
Erfe(d,0,j,k) =1 — Erf(6,0, 7, k),

Erf(0,0, j, k) = Erf (2] + k+/6(1 — 9))

and the following property
Erf(—z) = — Erf(2).
From (3.29) and (3.25), we need to find an expression

sinh(vVA(2Ds — 7))
1
\FA Ds>m/2| >
(3.30)
where C'(A) depends on the coupling strategy we apply. The formula of the

E[0(Ds)] = E | Ds(m — Ds) + C(A) min{Ds, 7 — Ds} + C(A)

value function depends on the value of Dy, so we distinguish the following

cases:

1. Dy € (0,

)
)

wola

(
(

2. Dy €

3

I

ol

3. Dy=1

4. DU:ﬂ'.

Since the value functions 9(Ds) for our two candidate optimal couplings
differ only by the constant C()\), we will first find lower bounds of the
functions that depend on Ds in (3.30). We will then combine all the terms
together distinguishing between the two expressions of C'(\) as seen in (3.26),
and we will use the lower bounds previously found to establish the mean-
optimality of our candidate couplings. We will proceed in this way only for

cases 1, 2, and 3. Case 4 will require a separate discussion.
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First term of (3.30)

The first term of (3.30) can be bounded in the same way for all Dy. Since
both the function Ds(m—Djs) and the jumps are symmetric with respect to 7,
we have that Ds(m— D) is unchanged whether we see a jump before time § or
not. From the definition of the function R, we know that R(Zs)(m—R(Zs)) >
Zs(m — Zg), as showed in Figure 3.13.

NN

Fig. 3.13: Graph of the functions R(z)(r — R(z)) and z(m — ).

We can therefore find a lower bound in the following way:

E[Ds(m — Ds)] = E[R(Z;)(m — R(Zs))] = E[Zs(m — Zs)]
=E (Doﬂ/ 2935>< — Dy — 293;)
— Do(m — Do) — %5. (3.31)

Second term of (3.30)

To calculate the second term, we observe that min{ Dy, 7 — Ds} is symmetric
with respect to . Since the jumps are also symmetric with respect to the
same point, the value of min{Ds, 7 — Ds} is once again not influenced by
the jumps. Again from the definition of the function R, we deduce that
min{R(z), 7 — R(x)} > min{x,m — z}, as Figure 3.14 shows.

We rewrite

2Ds —
min{D;, ™ — D5} = g - |527r|7

and we distinguish the three cases depending on Dy.
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NP
T

min{R(x), T-R(x)}

min{x,7T-x}

Fig. 3.14: Graph of the functions min{R(x), 7 — R(z)} and min{z, 7 — x}.

1. Let Dy € (0,%). Then,
. 7r
E[min{Ds,m — Ds}| = E [
1
= (7‘(’ —E ||2Dg —
2

<2D0—2\/61 e
T

|2Ds —n|| 7w —E[]2Ds — 7]
2 B 2
—0 -
24/ —B
™+ 5 5 )
_ (r—2Dg)?

— @ _ (=—2Dy)?

1= + (1 — 2Dg) Erfe(6,0, 7 — 2Dy, 0)) ,

where we use Erf(z) = 1 — Erfc(z).

2. Let Dg € (5,7). Then,

E[min{Dj, 7 — Ds}] = E [<

1
3 <7r —E[2Dg — 7

m  |2Ds — 7|

m—E[|2Ds — 7]

2 2 )] -
+2\/?Bgu>

2

4(1-0)5 _— (71' — 2D0) EI‘f((S, 9, ™ — 2D07 0))

(3.32)

— (m — 2Dg) Erf(6,0, 7 — 2Dy, 0)

41-0)5 — (2Dg — m) Erf(0,0,2D¢y — , 0))
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1 1—6 _(x=2D9)?
=35 2m — 22 — 24/ 6 e 40-05 + (2Dy — ) Erfe(d,6,2Dg — 7, 0) |,
T

(3.33)

where we use Erf(—z) = — Erf(z) and Erf(z) = 1 — Erfc(z).
3. Let Do = 7. In this case, we have
T
Zs = — + 1) ——B;.
6= 5 + 5

As we observed above, min{R(z), 7 — R(z)} > min{x, 7 — z}, so

E[min{Ds, 7 — Ds}] = E[min{R(Zs), 7 — R(Zs)}] > E[min{Zs, m — Zs}]

_ 7 _E[2Z—n] _ 7 E[V2(-0)B;|
2 2 2 2
Y e LN U N E)
(3.34)

where we used

~ o0 €T 12 25
El|lBs|] =2 e 25dx =/ —.
1By /0 - :

Third term of (3.30)

To find a lower bound for the third term of (3.30), we use the process Z and
an independent variable J ~ Exp(2Ap) that represents the time of the first
jump in X or X'.

1. Let Dy € (0, g) Restricting to the case when J < §, we obtain:

E[sinh(VA(2D5 — 7)) 1p,>z3] > Elsinh(VA(2Ds — 7)) L{p,> 23 1{<s)]
= E[sinh(VA(2R(Zs) — 7)1 tr—Dot /B3> 5 P < 0)

> 2\ 5/ﬂ ! inh(vVA(2y — 7)) ~ e
> 2Ap ——————=15In —7))e 1=
= /mo(l_0) Y Y
1 VAQRU+0)7+(0—1)2VX5+2Dg(146))
1-6

= 2)\])516
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f(7r 3m )
(6_A+15_3HDO (_ Erf (6,0, —2D, \5\) + Erf(0,0, 7 — 2Dy, ﬁ))

_ VA@Br+m0+46Dg)

fe e (—2 + Erfe(d, 0, 2Dg, V) + Erfe(8, 0, 7 — 2D, —\FA))> .
(3.35)

2. Let Dy € (g, 7r). Restricting to the case when J > § yields

Efsinh(VA(2Ds — 7)) 1p,>z3] > E[sinh(VA(2Ds — 7)) 1{p,> 2y L{sss))

> E[sinh(VA(2R(Zs) — )L =y (CE)

(Dg—u)*
sinh(VA(2y — 7))e” o dy

2(1—2>\p5)ﬁﬂm

=(1- 2Ap5)iem<1*9>+ﬁ<w0*“> (—1 + Exf (8,6, 2m — 2Dg, —V\)
+ e 2VA(2Do—m) (— Erf(6,6, 2 — 2Do, VA) + Erf (6,0, 7 — 2D, ﬁ))
+ Erfe(8, 0, 7 — 2D, —ﬁ)) . (3.36)

3. I:et Dy = 5. We again use Z and the following observation: Lip(z5)>z} =
1if Bs>0and J > 0, orif Bs <0 and J <.

Efsinh(VA(2Ds — 7)) 1{p,> 23] = Elsinh(VA2R(Zs) — 7)) 1{p(z5)>2)]

=E [sinh(ﬁ(QR(Zg) — 7)) (1{35>0}1{J>5} + :H'{B&<O}]]‘{J<5})i|

ﬂil h(V(2y — _(g_y)Qd

> sin e @1-0)

[27 (1 — 0) (VAQ@y =) Y

= ie(lfa)’\‘s (2 Erf(8,0,0,V\) — Exf(d,0, 7, VA) + Erf(d,0, , —\F/\)) )

(3.37)

3.9.1 Proof of Theorem 3.8

In this section, we prove that our candidate coupling is the unique mean-
optimal coupling if A < A* and A > A\* completing the proof of Theorem 3.8.
To do that, we bound E[Vf (6) — V5 (0)] as in (3.29) combining the lower
bounds found in the previous paragraphs in (3.25) with C'(\) defined as

if we apply the reflection coupling

cosech(v/Arr)

C()\) — {QCOSh(\/Xﬂ')l
2VA

if we apply the synchronised coupling.
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Case 1. Since Dy € (0, g), the value function at time 0 is
V5, (0) = Do(m — Do) + DoC(N).

Using equations (3.31), (3.32), and (3.35), we obtain

EW&@%J%wmzéu—ow»+DdW_D@_£%€

A 1—60 _G—209?
n 0(2) <2D0 —9y/6—— e TW5 4 (1 — 2Dy) Erfe(8, 0, 7 — 2Dy, 0)>
T

2ApdC(N) VAO+0)7+(0-1)>VA5+2Dg(1+0))
_|_ — e 1-6

42
[ _ VA(x+376+4Dg)
e

0 <_ Erf (8,6, —2Dg, VA) + Erf (8,6, 7 — 2Dy, ﬁ)>

VA(37+7m6+46Dg)
Rt <_2 + Erfe(d,0,2Dg, VA) + Erf (6,0, 7 — 2D, —\f)\))}
— Do(m — Do) — DoC(A)
1-6

= 3(1 = 0(3)) = —5—9

C(A [ 1—6 _(=—209?
+ (2) (—2 5796 05 4 (m —2Dyg) Erfe(6,0, m — 2Dy, 0))
™

2ApSC(A) YACULOTHO-1)*VAs+2D0(140))

—F€
VRVAN

[ _ VA(r+3m6+4Dg)
(&

-0 (— Erf (9,6, —2Dy, \/X) + Erf(6,6, 7 — 2Dy, \/X))

_ VA@Br+m0+40Dg)

b o (—2 + Erfe(d,0,2Dg, VA) + Erfe(s, 0,7 — 2D, —\5\))} .

Dividing by J, we obtain

BVE,) V5,0 || 510
- 2

_ (r—2Dg)2 _
+C()\) (_2 1 96_ 0 +(7r 2Dy)

1(1-0)5

X 1)
2)\pC()\) ﬁ(2(1+9)7r+(6—11)2ﬁ6+2DO(1+0))
N =

4\
[ _ VA(x+3m6+4Dg)
e

g <_ Erf (6,6, —2Dg, V'A) + Erf (6, 6, 7 — 2Dy, ﬁ))

Erfe(d,6,m — 2D0,0)>
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_ VABr+m0+46Dg)

fe e (—2 + Erfe(d,0,2Dg, VA) + Erfe(s, 0,7 — 2D, —ﬁ))} .

Finally, we take the limit as § — 0. The limit of the second line is

[1—60 _(x—20y)? — 2D
lim | —2 06 -0 + U Erfe(d,0,m — 2Dg,0) | =0,
5—0 %) 1)

while in the last two lines we have

lim Erf(d,0, —2Dg, V) = —1, lim Erf(d,0, 7 — 2Dy, V) =1,
6—0 6—0

im Erfe(8, 0, 7 — 2Dy, —V' ) = 0.

lim Erfc(6,0,2Dg, VA) = 0, ]
6—0 6—0

Thus, after taking the limit and combining the remaining exponential func-

tions, we obtain

BIVA,(6) — VB0 | 140 | 200C0) yxe-200) (gavitr-200) _ 1)

%I—If(l) ) - 2 2V A
_1 ;9 + Mz/CX(A) sinh(VA(m — 2Dy)).

We now observe that this lower bound is non-negative for all § € [—1, 1] and
p € [0, 1], and the equality is attained if and only if # = —1 and p = 0. Then,
if Do € (0, 5), V5, 1s a submartingale for any co-adapted coupling ¢, and it is
a martingale if and only if we use our candidate mean-optimal coupling, i.e.
the processes X and X’ reflect their Brownian motion components (0 = —1)

and they jump at the same time (p = 0).

Case 2. Since Dy € (5, 7), the value function at time 0 is

sinh(vVA(2Dg — 7))
VA

We then use equations (3.31), (3.33), and (3.36) to obtain

V5, (0) = Do(m — Do) + (r — Do) C(N) + o).

E[VDH,(6) = V5,(0)] > 6(1 = 0(d)) + Do(m — Do) — 1%9

1—60 _(=—2D9*
™

)
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N (1 = 2Xp3)C(A) rs(1-0)+vA(2D0—m) [_1 + ErE(3,0,27 — 2Dg, —V/\)
4vV/X

+ e 2VACD) (_Fef(5,0, 27 — 2D, VA) + Exf (8,6, — 2Do, V) )
C(\) sinh(vX(2Dg — 7))

+ Exfe(8,0, 7 — 2D, —fA)} — Do(r — Do) — (7 — D)C(N) —

>

— 5(1— o(8)) — 17_95

A — 0 _(=—2Dg)?
+ 0(2) (—2\ / 5Qe 11=05 4 (2Dg — ) Erfc(0,6,2Dg — 7r,0)>
u

N (1 = 2Xp3)C(A) rs(1-0)+vA(2D0—m) [_1 +Erf(3,0,27 — 2Dg, —V/\)
4vV/X

+ e 2VA(2Do=) (f Erf(3,6, 27 — 2Dg, V'A) + Exf(6,0,7 — 2Dy, ﬁ))
C(\) sinh(vVA(2Dg — 7))

+ Erfe(d,0, ™ — 2Dy, —\F)\)} —

7 .
We divide by ¢,
E[VS (6) — V§ (0 -
5,0~ V5O 5 (1 — o) - 152
1— _ (r—2Dg)> _
+ C(Q/\) <_2 o 6@ -0) + (QD%ﬁ)Erfc((S,G,QDO —7770)>
T

1 [(1—2Apd)C(N) A (1—60)+VA(2Dg—)
+ g I: 4\/X e (—1+Erf(5,9,27T—2D0,—\&)

e~ 2VA2Do—) (— Erf(6,0, 21 — 2Do, VA) + Erf (6,0, 7 — 2D, ﬁ))

C(\) sinh(vVA\(2Dgy — 7))
\/X 9

+ Erfe(, 0,7 — 2Dy, —\FA)) .

and we take the limit as § — 0. The limit of the second line is

I1-0)6
on © T

lim
6—0

1—60 _(z—2Dg)? 2Dn —
(-2 By 2Do—m) Erfc(6,0,2Dg — T, o)) =0,

and

1-2
lim |:( )\p(s)c()\) 6A6(1—0)+\/X(2D0—ﬂ') (_1 + Erf(&, 97 o — 2D0, _\/X)
6—0 46\

4 e 2VA@Do-m) (— Exf(6,0, 21 — 2Do, VA) + Erf (8,0, 7 — 2Dy, \FA))
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C(\) sinh(vVA(2Dg — 7))

+ Erfe(s,0,7 — 2Dy, —\FA)) -

VA
= %eﬁ(wr“)(—l + e 2VARDOT) \(—1 + 6 + 2p).
Thus,
i BV, (9) — Vi3, (0)] S 120 CO vAenem
5—0 0 2 2v/\
(=1 + e 2VA2Do=m))\(—1 + 0 + 2p)
1460 CN),  reDo—r) | —v/A(2Do—7)
= +2\f)\( e +e JA(=1 460+ 2p)
= 17;—0 + C};\)(— sinh(VA(2Dg — 7)) (=1 + 6 + 2p)
146  C(\sinh(vVX(2Dg — 7))
= + A1 — 6 — 2p).
5 5y ( p)

(3.38)

To show that our coupling is optimal, we need to prove that the expression
(3.38) is non-negative for all # € [—1,1] and p € [0,1] and equal to 0 if and
only if # = —1 and p = 1. That comes from the fact that, as we defined our
candidate optimal coupling, we want X and X’ to reflect their Brownian
motion components (§ = —1) and to jump independently (p = 1).

In the second term of the formula, the factor 1—6—2p is not always positive,

so we need to distinguish two cases.

i. If 1—6—2p > 0, then both terms of the sum in (3.38) are non-negative
and are both zero if and only if § = —1 and p = 1.

ii. Alternatively, suppose that 1 — 6 — 2p < 0. We distinguish two cases
depending on the value of A.

(a) Let A < A*, then

7 sinh(vVA(7)) < 1
VA2cosh(vVAr) —1) 2\

Since Dy € (%, ), we have that sinh(v/A(2Dy—)) < sinh(v/Ar),
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SO
E[VE . (6) — V5. (0 i —
lim [V, (6) = V5, (0)] > 1+6 n 7 sinh(vVA(2Dg — 7)) ML= 06— 2p)
50 ) 2 VA2 cosh(vAT) — 1)
1460 1-6-2p
> =1—p>0.
Z + 5 1-p>0

(b) Let A > A*. The initial assumption Dy € (F,7) implies that

2Dy — m < 7, so we have

E[VE () —VE (0 i
lim [ Do( ) Do( )] > 1+6 N cosech(ﬁﬂ) smh(ﬁﬂ))\(l _o—9p)
5—0 1) 2 2\
1461 146 1-6-2p
= M=) =
=1-p=>0.

In both cases, also when 1 — § — 2p < 0, the formula is non-negative.

E[VE, ()-V5, (0)]
[}

In conclusion, we have that limg_,q > 0 for all 0 € [—1,1]

and p € [0,1] and it is equal to 0 if and only if § = —1 and p = 1, i.e. if and

only if we use our candidate mean-optimal coupling.

Case 3. Let Dy = 7, then

E[VE(5) — VE(0)] > 6(1 — o(8)) + L TN (” _ V209 25)

2 4 5 5 5 =
C(A)e(l—e)m
+ o (2 Erf(8,0,0,VA) — Exf(8,0, 7,V A) + Exrf(8,0, _ﬁ)>
w2 7C(\)
- -
= 5(1—o(6)) — 17_95 + O <_ <1;9)5)

C()\)e(l—a))\é

Yol <2Erf(5,9,0, ﬁ)—Erf((s,e,mﬁ)+Erf(5,9,w,—ﬁ)>.
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We divide by 9,

E[VE(d) = VE(0)] 10 CW

2 >(1—-0() — —— + —~
- v
(1-0)A6 —
—— (2Exf(6,6,0.VA) — Ext(6,6,m,V/X) + Ext(6.6,m,—V) ) - (9>A5] ,
T
and we take the limit as § tends to 0,
E[VE(6) — VE(0)] _
lim 2 2 >1— 179 _ ﬂ7
6—0 ) 2 )

which is non-negative for all § € [—1,1] and it is equal to 0 if and only
if # = —1. So, our candidate mean-optimal coupling is the unique mean-

optimal coupling strategy.

Case 4. Finally, we consider the case Dy = w. We have

)
E[VE(5) — VE(0)| Do = 7] = E [ /0 Liresyydy +0(DS)| — 0(m).  (3.39)

The following results will help us find a lower bound of (3.39).
Let ¢(m,0,0;y) be the density of a Brownian motion with mean 7 and vari-
ance @ at y € R. We define

L= /_7T (y(r —y) + C(\) min{y, 7 — y})2¢(7, 0, &; y)dy
(1—6)6 N (1-6)6

7‘,2
5 [CA) +7—2C(N)e @=03] + C(N)w Erfe(0, 0,7, 0),
™

and

I := /7;0 C\};) sinh(VA(2y — 7))26(r, 0, 6, y)dy

= 6(1_9)5’\®[sinh(\f)\7r) — cosh(V/Am) Exf(8,0,0, V)]
VA
Now, let J ~ Exp(2Ap) be the first time X or X’ jumps, then

E[6(Ds)] > E[0(Ds)|J > 8le” 0 > (I + Lp)e 7,



3. Jumpy Brownian Motion on the Circumference of the Unit Circle 122

where e =229 = P(.J > §). So,

E[6(Ds)] — 6(m) > (I + I)e P — ()

_ -2 [ (1 —29)5 L/ 4 ;‘9)5[0()\) fr— 20()\)@*%] + C(\)7 Exfe(6, 0, 7, 0)

+ e<1—9>&ﬂ[smh(ﬁ7r) — cosh(V/Ar) Exf (6, 6,0, \FA)]] — o(m)

VA
_ 2 [_ “—29)5 _ /4 ;9)‘5209)6‘0%6 + C(\) Erfe(5,0, 0)]
_ @(7‘(’)[1 _ 6—2)\p5+(1—9)5)\]

+ewﬁ[“;@%a»+m—w@M%Qmmwhﬁﬂﬁaafq-

(3.40)

We take the Taylor series around point 0 of the last term

1—
( 9>5(C’()\) +7) — 6(1_9)6/\® cosh(V ) Exf(8,6,0,vV\)
™ N5
1-0 C(N) (I1—-6)A 3
(C(N) +w)T\f 7 cosh(fm)zT\/MO(aQ)
(1-0)6 3 3
=———(C) +m—20()) cosh(VAT)) + 0(62) = O(52).
So, we get
1-— 1-— _ 2
B[0(Dy)] — () > 2 [—( 00 = O500e 0 4 () B8, 0.7, o>]
T
o ,[)(7_[_)[1 o e—2>\p§+(1—0)5)\] + 0(5%)
Now, we need to distinguish the following two cases.
e Let A < \*. Then,
— — 7-r2
E[VE(8) — VE(0)[ Dy = ] > 6 + 2 [_ (1 29>5 _ A= 0%500e at
T

+ C(\)wErfe(5,0,m,0)] — d(m)[1 — e 201003 4 O(52).
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We divide by § and let § — 0

i EVEO) ~VEOIDy =] | 1-
6—0 1)

_ <; n )\ﬁ(ﬂ)) — p(2Xi(m)) + 6 <; - A@(@) .

Since A < A*, §(m) < 5, the last term is non-negative for all § €
[—1,1] and p € [0, 1], and the lower bound is minimised when p = 1
and § = —1. Finally, when p = 1 and 0 = —1, it is equal to 0,
as required. So, the reflection coupling is the unique mean-optimal

coupling strategy.

This completes the proof of Theorem 3.8 (7).

e Let A > M\*. Observe that

OO+ 7 200 eos(vVAm) = VAT g /) RO
1 2 cosh(v/ )

2/ Asinh(v/Ar) e 2v/Asinh(v/\r)

14 2w/ Asinh(v/A7) — 2 cosh(v/Ar)

N Q\Asinh(ﬁﬂ)

- 1+ 2cosh(v/Ar) — 1 — 2 cosh(v/An)
2\f)\sinh(ﬁ7r) ’

where the last inequality comes from the assumption A > A*, so

7 sinh(v/AT) - 1
VA(2cosh(vVAr) —1) = 2\

which is equivalent to
2V Asinh(VAr) > 2 cosh(v/Ar) — 1.

So we have that C(\) + 7 — 2C(\) cosh(v/Ar) > 0 for all § € [—1,1]
and p € [0,1], then

(1-6)5

™

(C(N) + 7 — 2C(\) cosh(VAT)),

is non-negative for all § € [—1,1] and p € [0, 1] and it is equal to 0 if
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and only if # = 1, i.e. if and only if X and X’ are synchronised. So, if
we let = 1, we have that the third term of (3.40) cancels, and, since

Erfc(d,0,7,0) —¢_1 0, also the first term disappears. So,

Thus, from (3.39),

E[VE(5) — VE(0)| Do = 7] > 6 — ziu — 2] L O(5%).

T A
Dividing by § and taking the limit as § — 0 yield

E[VE(6) — VE(0)| Dy = 7] 11— e2M00 .
T T Syt 1l—e ™ NN
5 > 1- o +0(h) — 12 = 1-p

N
~—

We know that 1 —p > 0 for all p € [0,1], while 1 — p = 0 if and
only if p = 1, as required. So, the synchronised coupling is the unique

mean-optimal coupling strategy.

This completes the proof of Theorem 3.8 (7).
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3.10 Further thoughts

In this chapter, we showed for any value of A # A* there exists a unique
mean-optimal co-adapted coupling: when A < A\*, this is the reflection cou-
pling of Definition 3.6, and when A > A*, this is the synchronised coupling
of Definition 3.5. In general, a co-adapted coupling can be maximal; an
example of that is given in Chapter 1, where we observed that the reflec-
tion coupling is maximal and co-adapted for the one-dimensional Brownian
motion. To decide whether our mean-optimal coupling is maximal, we can
compare it to a maximal coupling.

*

First, we find the Laplace transform of the maximal coupling time 7

when the two jumpy Brownian motions start at distance .

N o0 o0 d
Ele™7 ] = / e MP(r* € dt) = / et (—IP’(T* > t)) dt.
0 0 dt
As we have seen in Section 3.3,
P(m* > t) = P(1 > t)P(J > t) = P(7 > t)e M,

so, where J ~ Exp(2)) is the time of the first jump and 7 is the first hitting

time of a standard Brownian motion at level 7.

x e d
Ele™ ] = / et (2/\6_2>\tP(T > 1) — 6_2’\'5%1?(7 > t)) dt
0

2A o0 o0
_ 5 ~@MNP(r > Pt / ~@NP(r € gt
2/\4_7/0 (2A+v)e (t > t)dt + ; e (1 €dt)
22
- P Exp(2 E[e~ (AT
D (1> Exp(2A+ 7)) + Efe l,

where the probability in the first term is given by Lemma 3.7, and the second
term is the Laplace transform of the hitting time of a standard Brownian

motion at level =m. Thus,

" 2 1
Efe—] = —22 i

- + :
20+ 2XA+ 7 cosh(m/2(2\ +7)

To calculate the expectation of 7*, we differentiate the Laplace transform
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with respect to v and we take the limit as v — 0:

_1- sech(2mv/))

E[r*] N

Figures 3.16 and 3.15 show a comparison between the expectation and
Laplace transform of the coupling time under our mean-optimal strategies
and under the maximal coupling defined in Section 3.3 for two jumpy Brow-
nian motions started at distance . From the graphs of the expectation and
Laplace transforms, we can conclude that these coupling times do not have
the same distribution and that the mean-optimal co-adapted coupling is not
maximal.

E[e Y Tr]

1.0

0.8
—— Maximal coupling
0.6 Reflection coupling

Synchronised coupling

04

0.2

L L L i =y
0.2 0.4 0.6 0.8 1.0

(a) Laplace transform of the coupling time with A = 0.2 > A\* for two copies of
the jumpy Brownian motion started at distance 7w under the reflection and
synchronised couplings and under a maximal coupling.

E[e’VTn]

10

0.8
—— Maximal coupling
06 Reflection coupling

Synchronised coupling
0.4

0.2

L L L 1 Ly
0.2 0.4 0.6 0.8 1.0

(b) Laplace transform of the coupling time with A = 0.05 < A* for two copies
of the jumpy Brownian motion started at distance m under the reflection and
synchronised couplings and under a maximal coupling.

Fig. 3.15: Laplace transform of the coupling time for two copies of the jumpy Brow-
nian motion started at distance m under the reflection and synchronised
couplings and under a maximal coupling.
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E[Tx]
101
8
6L —— Maximal coupling
Reflection coupling
4F Synchronised coupling
2L
0 1 1 1 1 J A
A 0.2 0.4 0.6 0.8 1.0

Fig. 3.16: Expectation of the coupling time for two copies of the jumpy Brownian
motion started at distance m under the reflection and synchronised cou-
plings and under the maximal coupling.

An interesting extension of the study presented in this chapter is the
possibility for the Brownian motion to jump at rate A to any point on the
circumference. As an easier case, we can start with the Brownian motion
that at rate A jumps from the current point x to x £ %’T (mod 27). Figure

3.17 shows a simulation of this jumpy Brownian motion.

T
213
3
54
%)
T3+
0 1 I I I I 1 I I I I 1 I I I I 1 I I I I 1 I I I I 1 I I I ﬂ
0.0 0.1 0.2 0.3 0.4 0.5 0.6

Time

Fig. 3.17: Simulation of the jumpy Brownian motion started at %’T that jumps from
z to £ 2T (mod 27) with A = 0.3.

As we did before, we can consider the process D; as the distance on
the circumference between two copies X and X’ of the jumpy Brownian
motion, so that D diffuses in the interval [0, 7] with potential jumps of rate
2)X. We can split the interval [0, 7] in which D diffuses into three intervals,
[O, g], (%, 2{), and [%’r,ﬂ]. As we did for our original jumpy Brownian
motion problem, it is intuitively reasonable to reflect the Brownian motion
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components of X and X', so we start with a reflection coupling. We then
need to determine a sensible strategy to couple the jump components in
order to minimise the expected coupling time. When we see a jump we have
different ways of coupling X and X’: we could let only the corresponding
Brownian motion jump and keep the other one still; or we could synchronise
the jumps and let the two processes jump at the same time, and we could
also choose of letting them jump in the same direction or in the opposite.
Analysing numerically some of the possible couplings, we think that the

following rules might be needed to construct an optimal coupling:

1. If Dy € [0, %], we synchronise both the jump times and directions,
so that X and X’ jump synchronously and D; = D;_ is unchanged.

2. If Dy € [%’r, 7T], we let the processes jump independently. To decide
the direction of the jump, we toss a coin and if we get heads, the

process will jump anticlockwise, otherwise it will jump clockwise.

It is still not clear to us what the most efficient strategy is when D;_ €

(E 2m
3773
chronise the jumps to leave the distance on the circumference unchanged

). At the moment, we considered the following strategy: we syn-

if Dy < x*, and we let the processes jump independently otherwise. The
question then becomes making a sensible choice for x*.

Figure 3.18 shows a simulation of the expectation of the coupling time
Teouple Under the strategy described above for 2* = § and #* = . Based on
the simulation, it looks like setting * = § would be more efficient. However,
this is a numerical evaluation under only one of the possible couplings and
using only two of the possible values of x*, and other co-adapted couplings
might reveal to be even more efficient. Also, as we have seen above, the
optimal coupling strategy, assuming one exists, will depend upon A, and
so further investigation would be required before we are able to arrive at a

conjectured optimal coupling under these altered dynamics.
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E[tcouple]

12

10}

—— Synchronised up to 77/2
Synchronised up to 71/3

Il Il Il
T4 712 34 T

Fig. 3.18: Simulation of the expectation of the coupling time with A = 0.2 for
r* =% and z* = %.



4. CONCLUSION

The coupling method has played an essential role in this thesis. Coupling has
a strong connection with the total variation distance and can be an effective
technique to help study the convergence of random walks and, possibly,
establish cutoff.

In chapter 2, we generalised Nestoridi’s paper on the mixing time for the
random walk on Zj that at each step flips £ randomly chosen coordinates.
We let the number of coordinates flipped at each step be a random variable
K, and we established bounds for the mixing time of this random walk.
To find an upper bound, we employed a similar path coupling argument
of Nestoridi, correcting her result and establishing an upper bound for the
mixing time in terms of E[K(n — K)]. The upper bound we found is double
what we think the correct mixing time is, but we suggested another method
that might give a tighter bound. Then, using representation theory and
Wilson’s lemma, we found a lower bound that in general does not match the
upper bound. However, we showed that in some cases it can be improved,
and we proved that, under the assumption E[K| = o(n), the random walk
exhibits a pre-cutoff.

In Chapter 3, we focused on another aspect of coupling, namely mean-
optimality. The process under examination was the Brownian motion on
the circumference of the unit circle that, at times given by an independent
Poisson process of rate A, jumps to the opposite point on the circle. After
exploring some distributional properties of this process, we constructed two
co-adapted couplings of two jumpy Brownian motions X and X’ using a
third process D defined as the distance on the circle between X and X'.
These two couplings, that we called the reflection coupling and the synchro-
nised coupling, differ only in the strategy adopted when D hits 7. Since
we were interested in studying the optimality of these couplings, we needed
to know more about the distribution of the coupling time. The presence of

the jumps in the diffusion of the jumpy Brownian motion suggested that we
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should apply excursion theory to find an explicit expression of the Laplace
transform of the coupling time, which we then used to derive its expectation.
As we saw in Section 3.8, the expected coupling time under the two strate-
gies differs only by a function C(\), and there exists a unique point A* at
which C()\) assumes the same value in the two couplings. Then, using Bell-
man’s principle of optimality, we showed that for any A < A* the reflection
coupling is the unique mean-optimal co-adapted coupling, while if A > A*
the synchronised coupling is the unique mean-optimal co-adapted coupling.
Finally, we compared the reflection and synchronised couplings to a maximal
coupling. Using the exact formulas of the Laplace transform and expectation
of the maximal coupling time, we graphically showed that the distribution
of the coupling times under the mean-optimal co-adapted coupling differs
from the distribution of the maximal coupling time, therefore the reflection

and synchronised couplings are mean-optimal but not maximal.
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A. EXPECTATION AND VARIANCE FROM SECTION 2.2.4

In Section 2.2.4, we used the eigenfunction fi(x) = /n (1 — %) to find

tighter lower bounds for the mixing time of the random walk on the hyper-

cube than the lower bound found in Section 2.2.3. In Case 1, we assumed
. . . 2

E[K] = O(n®) with € € (0,1), and we claimed that if £ = sprf—gy (logn —

nEIK] 1, then

2¢) with ¢ < 3logn and Frr ey

2
E[f1(Ze)] ~ €° <1 + m(logn - 20)> > e,
and
n — 2
Var(f1(Ze)) ~ 1+¢* <W(logn —2¢) — m{([I(E([f]_)K)](logn - 20)) .

Using the eigenvalue corresponding to f1, we obtain

E[f1(Zo)] = Vn (1 B E[nK})f _ \/ﬁeelog@_@)
K g R
nexp{ 2E[K(n — )](lg 2)+4E[K(n—K)](lg 2¢)
R
+0( E[K(n - K)] 5 )}
]

(

~ew{et g Maogn 2) +0 (%bgn) b

The second line follows from the Taylor expansion

log (1 - IE[K]) _ _E[K] N (E[K])? o <(E[K])2) |

n n 2n2

nE[K]

AlSO, from W

~ 1, it follows

I it B o ~ —l(logn—Zc)
exp{ QE[K(n—K)](IOgn 20)} e 2 .
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Since
(E[K])?

m(logn —2¢) = O(nftlogn) — 0,

the expectation

(E[K])?

E[f1(Ze)] ~ €° <1 + 4E[K (n — K)]

(logn — 26)) > e
For the variance, we apply the Taylor expansion

PE(K(n—K)]\ _ 2E[K(n—K)] 2EK@n—K)? . ((EEn-K)?
log(l‘ n(n — 1) )Z‘ n(n — 1) n2(n—1)2 *0( n2(n—1)2 )

We can observe that

n (1 _ E[f]>% - exp{26+ m(logn— 2) + 0 <E[K(n_K)]logn>}

and that, from 5 ~ 1, it follows

exp {— " (logn — 2@)} ~ ¢~ (logn—2¢)

n—1
Then,

LU

— (n—1)exp {mog <1 - ZEEﬂn__l)K)])

= (n— 1) exp {—n a -(logn — 20) + E[I(;(” ;)é{)} (logn — 2¢)

o (W log n)}

~ €xp {20+ W(logn 2) + 0 (E[I(i(i;),z ) logn) }
Then,
Var(f1(Zy)) ~ 14 e* [exp {W(logn —2¢)+o (W log n) }

YL S T Lo A
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We have that

E[K(n - K)]
(n— 17

(E[X])?

=0(n ') =0 and WK (n—K)|

= O(ngfl) -0

. Then,
n— 2
EK(n — K] __EBIK])®
T o102 OE[K (n — K)]
= O(n*"'logn) — 0,

(logn — 2¢) — (logn — 2c¢)

and

E[K(n — K)]

Var(f1(Zy)) ~ 1+e* <(n—1)2(10gn —2¢) — m(logn - 20)) .



B. FORMULAS OF THE LAPLACE TRANSFORM FROM
SECTION 3.6.3

We can give an explicit expression for (3.17) for any = € (0, 7). Since the
formulas depend on the coupling, we denote by T, and 7, the coupling time
for, respectively, the reflection coupling and the synchronised coupling with
DO =2x.

1. Ifxe(0,%),

T

Ele™"] = Ele O] + Ele e, 7)) -5) ] (Ble 2] = 1)
_ _ cosech((§ — z)f3) + cosech(x(3) cosech((§ — x)B)
coth((§ — x)B) + coth(zf) coth((§ —x)pB) + coth(xﬂ)

1 « ™

————— + — tanh <—B) - cosech (—a) Efe "] —1) — 1],
cosh(53) 23 2 2 (B I=1)

where the expression for E [e‘”T”] depends on the strategy adopted when

starting from 7.

A. Reflected process.

cosech(z3)[2

[2 — sech(Fa) sech(g
B cosech((§ — )
[2 — sech(Fa) sech(

— sech(§a) sech(53)]
B)llcoth((§ — x)B) + coth(zf)]
B)[—2sech(F ) 4 sech(Fa)]
58)]lcoth((5 — x)B) + coth(zf)]

E[eT=] =

B. Synchronised process.

cosech(z3) + cosech((5 — x)) sech (5 3)

coth((§ —x)B) + coth(z3)

B cosech((§ — x)p) tanh(5 ) cosech(5a)
 2a coth((§ — x)pB) + coth(zp3)

E[e*VTs] =
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2. Ifxe(3,m),

Ele "] = Ble ™)+ Ele ™ Ol per, ) -g)) (Ble 5] = 1)
+E[eT=(F )]l{D(Tx(F)):W}]( e "] —1)

_ cosech((m — x)3) + cosech((z — 7)5) cosech((m — x))

coth((m — x)B) + coth((z — 7)5) coth((m — x)B) + coth((z — g)ﬁ)
1

. cosh(%/j) + %tanh ( ﬁ) - cosech <§a) (E [e—va] _ 1) 1
cosech((m — x)a)
coth((m — x)a) + coth((z — §)a)

(Ele™""] = 1),

where the expression for E [e_WT“] depends on the strategy adopted when

starting from 7.

A. Reflected process.

o1z _ Coseeh(x — )3) + cosech(x — 3)5) sech(5)
coth((m — x)B) + coth((z — 5)f)
B cosech((z — %)) sech(Za) tanh?(Z B)
[2 — sech(§a) sech(§ 3)][coth((m — x)3) + coth((z — §)B)]
B % cosech((m — x)a) tanh(§ o) tanh(F3)
[2 — sech(Fa) sech(F 3)][coth((m — z)a) + coth((z — §)a)]

B. Synchronised process.

E[e %) — cosech((m — x)f) + cosech((x — §)) sech(53)
coth((m — x)B) + coth((z — 5)B)
8 cosech((z — T)8) tanh(35) cosech(5a)
" 2a  coth((m — x)B) + coth((x — %))
2 cosech((m — z)a)
a2[coth((m — z)a) + coth((z — §)a)]
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