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Abstract

In the Lie theory, to give a classification of simple weight modules for a simple finite
dimensional Lie algebra is an old open problem that has been successfully solved only
for the Lie algebra sla(K') by P. Gabriel in the 50s. This problem is essentially equivalent
to another old open problem of classifying all simple modules of the centralizer of a
Cartan subalgebra in the universal enveloping algebra of the Lie algebra. Generators
for the centralizer were known for many years, but the defining relations were known
only for sly(K'). Without defining relations, it is not possible to classify simple modules.
One of the goals of this thesis is to present explicit finite sets of generators and defining
relations for the centralizer in the case of the Lie algebra sl3(K). The properties of
the centralizer are studied. In particular, its center and basis are given, the Gelfand-
Kirillov dimension is computed, and simple 1-dimensional modules of the centralizer
are classified. A review of known results on simple weight modules and the centralizer
is given.

iv



Contents

2 Background|

2.1 Lie algebras and their representation theory| . . . . . . . . ... .. ...

[2.1.1 Review of Lie algebras| . .

[2.1.2  Universal enveloping algebras| . . . . . ... ... ... ... ...

[2.1.3  Weight spaces|. . . . . ..

[2.2.1 Definition and examples| .

[2.2.2 Some basic properties ot the Geltand-Kirillov dimension| . . . . .

[2.2.4  Almost commutative algebras| . . . . . . ... ... ... ...,

[2.2.5  Somewhat commutative algebras| . . . . . ... ... ... .. ..

3 Weight modules over Lie algebras|

I;i,z (;s:lls:lillil‘ls::il ..................................
3.3  Semisimple Lie algebras and parabolic induction| . . . . . ... ... ..

[3.4  The category of weight modules.|

co N = =

11
11
11
22
25
25
28
28

32
34
36



vi

|4 The centralizer of the Cartan subalgebra in the universal enveloping |

| algebral 51
M1 TIntroductionl. . . . . . . . . . 51
[4.2 Basiccyclesof A,_q| . . . . oL 53

{4.3 A generating set for the centralizer of the Cartan subalgebra in Uf(slz)| . 53

[5 The centralizer of the Cartan subalgebra in U (sl3)| 56
BI _NoGafionl . . . . . v v v vttt 56
[5.2  The centralizer of the Cartan subalgebra in U(sl3)| . . . ... ... ... 56
[5.3  The center of the algebra C| . . . . . . . ... ... ... ... ...... 68
[5.4  Classification of simple 1-dimensional C-modules| . . . . . . ... .. .. 72

Append 80
|6.1 Generators and defining relations for the centralizer C| . . . . . . . . .. 80
[6.2  Generators and defining relations for the centralizer C' via Z(U)| . . . . 85




List of Tables

[5.1 The solutions to the system of equations (5.59)—(5.61). |

vii



viii




Chapter 1

Introduction

1.1 Motivation

Representation theory of semisimple Lie algebras plays an important role in mathemat-
ics and physics and has been attracting a lot of attention of many mathematicians and
physicists recently. One of the important problems arising in the representation theory
of semisimple Lie algebras is to classify all the simple weight modules for semisimple
Lie algebras. It is a classical open problem in the representation theory of Lie alge-
bras from the 1950s. It is a difficult problem that has only been solved for the smallest
simple Lie algebra sly(K') by P. Gabriel in 1959 [15] (see [7, Theorem 7.8.16] for details).
There are many results about simple weight modules, see for example [2, 3 [5l [7, 16],
and recently some progress has been made towards the classification of simple weight
modules for semisimple Lie algebras, see for example [11], 12} [13]. However, the problem
of classifying these objects is still open.

The key aim of my research is to study the structure of the centralizer C' of the Cartan
subalgebra of the Lie algebra sl3(K) in the universal enveloping algebra U(sls) of the
Lie algebra sl3(K). Our interest in the centralizer C' derives primarily from the fact
that simple weight sls-modules are completely determined by the simple C-modules.
The 8-dimensional Lie algebra sl3(K) of 3x3 traceless matrices is the second smallest
simple Lie algebra besides sly(K'), and the third smallest semisimple Lie algebra besides
slo(K) and sla(K) @ sla(K).

1.2 The main results of the thesis

This thesis is essentially dedicated to the study of the structure of the centralizer C'
of the Cartan subalgebra of the Lie algebra sl3(K) in the universal enveloping algebra
U(sls). In particular, we first give sets of generators and defining relations of the cen-
tralizer C'. Then we find some properties of the centralizer C' and describe the center of
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the algebra C. Finally, we present results that classify all the 1-dimensional C'-modules.

Apart from sly(K), this is the only simple Lie algebra for which the defining relations
are known, and the defining relations are one of the main results of this thesis. The
results define explicitly the generators and defining relations for the centralizer C of the
Cartan subalgebra of the universal enveloping algebra U (sls) of the Lie algebra slg(K).
It opens a way of classifying simple weight sls-modules which is an old open problem
in Lie theory that has significant applications in physics. This is the first results on
generators and defining relations for the centralizer C' of the Cartan subalgebra of the
universal enveloping algebra of a simple Lie algebra. It shows the complexity of the
algebra C' and why the problem of classification of simple weight modules is a difficult
problem. The next step is to classify all the finite dimensional simple C-modules in a
similar fashion as the 1-dimensional case is done. Then to produce interesting classes
of infinite dimensional C-modules, and finally to classify simple weight sls-modules.

Let K denote an algebraically closed field of characteristic zero, G a semisimple Lie
algebra over K, H a fixed Cartan subalgebra, U = U(G) the universal enveloping
algebra of the Lie algebra G and

C={ueU(G)|Hu=uH, for all H € H}

the centralizer of H in U = U(G). A G-module V is called a weight module if

V= wn

AEH*

where H* = Homg (H, K) and V) = {v € V |hv = A(h)v for all h € H}. If V) # {0},
we call V) a weight space.

Theorem 1.2.1 ([4]). Every weight space Vy of a simple weight module V' for the Lie
algebra G is a simple module over the centralizer C of H in U = U(G).

Therefore, our strategy towards the classification of all simple weight G-modules is to
investigate the structure of the centralizer C. The first step of our strategy is to find
defining relations for the centralizer C' (generators are known for many years, [4]). Until
recently, this was done only for sly(K) where the centralizer is a polynomial algebra
C = K[H, Z] where H is a Cartan element ( = KH) and Z is the Casimir element
(the center of Uf(sly) is Z(U(sle)) = K[Z]).

For a simple Lie algebra G, finding defining relations for the centralizer C is an old long
standing open problem and one of the main obstacles in the way of classifying simple
weight G-modules which is also an old long standing open problem. Very recently,
Professor Vladimir Bavula and I found the defining relations for the centralizer in the
case of G = sl3(K).

The prime characteristic case is a completely different case from the case zero as all
simple weight modules over a simple Lie algebra are finite dimensional. The future
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classification of simple C-modules will certainly depends on whether the field K is al-
gebraically closed or not as the classification of simple 1-dimensional C-modules shows.

Generators and defining relations for the centralizer C of U(sl;). The Lie
algebra sl3(K') has a basis

{X1 =FEi2, Xo=FEy, Xg=FE3, Y1 =1FEs, Yo=FEs, Y3=FE3,
Hy = Ey1 — Ey, Hy = Ey — E33}

with F;; being the usual matrix units.

The center of the algebra U = U(sl3) is a polynomial algebra Z(U) = K|[Z;, Z2] in two
generators (see [7, Theorem 7.3.8(ii)]). By [10, page 424], these two generators can be
taken to be

1 1 1
Z1 ZE(H% + Hi + H H,) + 6(H1 + Hy) + 6(Y1X1 + Y2 X5 + Y3X3),
2 2 1 1
Zy = — §H'{’ + §H§‘ - gH%H2 + §H1H22 —H}+ H} — Hy+ Hy — Y1 X1 H, — Y3X3H,
+2Yo Xo Hy — 2Y1 X1 Ho + Y3 X3Ho + Yo Xo Hy — 3Y5Y1 X3 — 3Y3 X1 Xo + 3Y2 Xo
—3Y1.X1 + 3Y3X5.
Let

c1 = FE21F2, co = E3oFb3, c3 = F31F13, ¢ = E33F91 F3 and ¢ = E31 E12Ea3.

In the next theorem, the centralizer C' of the Cartan subalgebra H in U = U(sls)
is described by generators and defining relations. Moreover, some properties of the
centralizer C are given. Recall that the universal enveloping algebra U = U(sl3) admits
the standard filtration U = J,~, U; with respect to the canonical generators of sl3(K)
(by the total degree of the canonical generators). For element a,b € U, let [a,b] =
ab — ba.

Theorem 1.2.2. (Theorem Let C be the centralizer of the Cartan subalgebra H
mU = U(Slg)

1. The algebra C' is generated by the elements Hy, Ho, c1, co, c3,c and ¢ subject to the



defining relations:

[c1,ca] = [ca,c3] = [e3,c1] = c— ¢,
[c1,¢] =c1(ca —¢3) + (H1 — 1)+ ¢ — Hycs,
[c1,¢] = —(ca — ¢e3)er — (Hy — 1)¢ — ¢+ Hics,
[ca, ¢] = ca(es — ¢1) + Hac,
[ca,¢] = —(c3 — c1)e2 — Hag,
[c3,¢] = c3(e1 — o + Hy) — (Hy + Hy + 2)c + 2¢,
[c3,¢] = —(c1 —co + Hy)es + (Hy + Hy + 2)¢ — 2c,

cc = (e3+ Hy + Ha)cica + (—c1 + c2 + e3 + Ha)e,
éc = (ca+ Ha)(c1 + Hi)ez + (—c1 + ca + ¢3 + Ha)c,
and the elements Hy and Hy belong to the center of the algebra C.
2. C=@.,,. ~en H{"l1r17a20’flc§20§3c'Y S Do, en Hf”Ho‘chlcg%g?’

3. The algebra C is an almost commutative, finitely generated, Noetherian domain

of Gelfand-Kirillov dimension GK(C) = 6.

4. Let{C; = CNU, }i>o be the induced filtration on the algebra C. Then the associated
graded algebra gr(C) = @, Ci/Ci—1 (where C_1 = 0) is isomorphic to the factor
algebra

P/(cc — c1cac3)

where P = K[Hy, Hy, c1, c2, c3,¢,¢] is a polynomial algebra in seven variables, and

gr(C) = @ KHf‘lHO‘chlcg%gch@ @ KHf‘ng‘Qcﬁlcg%g‘"’_“Y
at,...,YEN at,...,YEN

Ideas/structure of the proof. (i) The fact that the elements Hy, Hy,c1,c2,c3,¢ and ¢
generate the algebra C' were known for many years. These generators can be derived
using the basic cycles in U(sls) (see section for details).

Now, straightforward lengthy calculations show that the relations in statement (1) hold
(careful and detailed calculations are given in the Appendix).

(77) Statement (2) holds: Statement (2) follows from the statement (i) and the fact
that gr(C) C gr(U).

(7i7) To prove that the relations in statement (1) are defining relations of the centralizer
C, let C’ be an abstract algebra with the same generators as C but the defining relations
are as in statement (1).
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Then the algebra C is a factor algebra of C’, C' = C’/I, where I is an ideal of C’. We
have to show that I = 0, i.e. there are no extra defining relations for the centralizer C.
The main ideas to prove this fact are

e to use the PBW Theorem,

e to use the Gelfand-Kirillov dimension,

e to use filtrations on U and C,

e to use associated graded algebras gr(U) and gr(C).

A basis and the center of the centralizer C. In the above theorem, the sets of
generators and defining relations of the centralizer C' are explicit but very complicated
and involved. Therefore, we use the knowledge of the center of the universal enveloping
algebra of the Lie algebra sl3(K') to simplify the existing sets of generators and defining
relations. Additionally, we give an explicit basis for the centralizer C. Let us consider
the elements

1
p =62, —55 where 3 := H? 4+ Hi + HHy + 3(H, + H>), (1.1)
1 1
¢=-30+ §<H2 - H1)<2,3+ 3(H1Hy+ Hy + H; +3p+3)> +p
(1.2)
1 1
= — 7y + = (Hy - Hy) (2(HE + H3) + 5Hy Hy + 9(Hy + Hy +p+1)) +p.

Clearly, p and q belong to the center of the algebra C.

Theorem 1.2.3. (Theorem Let C be the centralizer of the Cartan subalgebra H
in U =U(slz). Then

1. The algebra C is generated by the elements Hi, Ha, p, q, c1,co, and c subject to the
defining relations:

lc1, c2] = 2¢+ (Hy + 2)c; — Hyicp — g,
[cl,c] = (Hl — 2)C+ 61(61 +2c0+ Hy — Hy —p— 2) +2H1co — Hip +q,
[ca,¢] = (Hy +4)c — ca(ca +2H1 — p) — 2¢1(ca — Ha — 2) — 2g,

62 + (Cl(HQ —|—4) — CQ(Hl — 2) —+ 2H1 — H2 —q—p— 4)6—1— ((H2 + 2)61 —+ H1H2
Y 2H, — 2Hy — 2q — 4)01 v ((—q —2H; +2)cs — (1 + 3H; — p— 2)e1 — HiHy
Y 2Hp—2H? —q— zp)cQ 4 HyHop + 2Hyp — 2Hyq + pg + 2q = 0,

and the elements Hy, Ho,p and q are central elements of the algebra C.

2. C= @ai,ﬂjeN,Ee{O,l} KH?H;QP&SQMC? 65268-

The next theorem is a description of the center of the algebra C.



Theorem 1.2.4. (Theorem Let C be the centralizer of the Cartan subalgebra H
in U = U(sls). Then the center of the algebra C' is a polynomial algebra

K[H17H27Z1722] = K[HlaH27p7 Q]

where Z1 and Zy are the generators of the center Z(U) = K[Z1, Z3).

Classification of simple 1-dimensional C-modules. Now, we start our investiga-
tion of the classification of all the 1-dimensional C-modules. We show that a complete
characterization of this family of 1-dimensional C-modules is determined by finding a
complete list of solutions to the following system of equations:

(c—c3)Hy = (c3 — c2)ca,
Hyc = ca(c1 — c3),

A+ (c1 —cag —c3+ Ha)e — creaes — (Hy + Ha 4 2)cica + 2c9c3 = 0.

A complete list of solutions to the above system of equations is partitioned into four
disjoint classes as shown by the next theorem. As a result, we have a classification of
all the 1-dimensional C'-modules.

Theorem 1.2.5. (Theoremm The solutions in the field K to the above system of
equations are given as follows:

1. Suppose that c —c3 =0 and ¢ =0, i.e. c=c3 =0.

(a) If ¢y = 0, then the elements Hy Hy and co are arbitrary.

(b) If ¢c1 # 0, then necessarily co = 0 and the elements Hy, Hy and ¢; # 0 are
arbitrary.

2. Suppose that ¢ — c3 =0 and c # 0.
(a) If c; = 0, then Hy = —co and the elements Hy, co and ¢ = c3 # 0 are
arbitrary.
(b) If c1 # 0, then Hi = —c1, Hy = ¢1 — ¢, and the elements ¢; # 0 and
¢ =co =c3 # 0 are arbitrary.
3. Suppose that ¢ — c3 # 0 and c = 0.
(a) If ca = 0, then H = —c1, ¢ = co = 0 and the elements Hs, ¢1 and c3 # 0
are arbitrary.

(b) If co # 0, then Hy = ¢ — c¢1, Hy = —co, ¢ = 0, ¢c3 = ¢1 and the elements
c1 # 0 and cg # 0 are arbitrary.
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4. If c—c3 # 0 and c # 0, then the above system is equivalent to the system

H1 = (C — 63)_161(03 — 62),
Hy = 67162(61 — Cg),

(¢ — ea)(c+ c1 — e3)(® — e3¢ — creacs) = 0.

(a) If c —ca =0, then Hy = —c1, Hy = ¢1 — c3, ca = ¢, c3 # ¢ and the elements
c1, ¢ and ¢ # 0 are arbitrary such that cs # c.

(b) If c—co # 0 and c+c1—c3 =0, then Hy = co—c3, Hy = —co9, ¢c1 = c3—c and
the elements ca, c3 and ¢ are arbitrary such that ¢ # co, ¢ # c3 and ¢ # 0.

(¢) Suppose that ¢ —ca #0, c+c¢1 —c3 # 0 and ® — e3¢ — crepes = 0.

1. If C3 — —46102, then H1 = —261 — %, H2 == —262 — %, C3 — —46162,
1

c = —2cica, and the elements c1 # 0,—5 and ca # 0, —% are arbitrary.
1. If c3 # —4cqco, then

ct = %(cd + \/c3(cs +4ciea)), Hy = (cx — c3) tei(es — co) and

Hy = cilcg(cl — c3), and the elements ¢1 # 0, co # 0 and c3 # 0 are
arbitrary such that c3 # —4cicy and ¢1 # (ca + 1)cs.

1.3 Structure of the thesis

The contents of this thesis is summarized as follows:

In chapter [2| first we review some of the most important notions and results on Lie
algebras and their representation theory with an emphasis on semisimple finite di-
mensional Lie algebras over an algebraically closed field of characteristic zero. Then
we introduce some standard results on the Gelfand-Kirillov dimension of finitely gen-
erated algebras. Moreover, we present some basic properties of the Gelfand—Kirillov
dimension of algebras and modules.

Chapter [3] is dedicated to studying the structure of simple weight modules over finite
dimensional semisimple Lie algebras. In this chapter, we review some results of Fer-
nando’s approach [9] to classifying simple modules that decompose into direct sums of
finite dimensional weight spaces. He reduces the classification of simple modules that
decompose into direct sums of finite dimensional weight spaces to the classification
of torsion-free modules with finite dimensional weight spaces. In addition, Fernando
shows that if G is a simple Lie algebra that admits a torsion-free G-module with a finite
dimensional weight space, then G is either of type A or of type C.

In chapter @ we study the structure of basic cycles. The importance of basic cycles
is that they form a generating set for the centralizer of the Cartan subalgebra in the
universal enveloping algebra of a simple Lie algebra. In this chapter, we briefly review
some results obtained by Britten and Lemire [4].



Chapters[5 and [6] contain the main results of this thesis. In chapter[5] we investigate the
structure of the centralizer C' of the Cartan subalgebra of the Lie algebra sl3(K) in the
universal enveloping algebra U (sl3). In particular, we first give sets of generators and
defining relations of the centralizer C' and find an explicit basis for the centralizer C.
Then we describe the center of the algebra C'. Finally, we classify all the 1-dimensional
C-modules. In chapter [6], we provide detailed calculations of the results in chapter
and the code in the computer algebra system SINGULAR to verify the results of our
computations.

1.4 Notation

Unless stated otherwise, the following notation remain fixed throughout this thesis.
K denotes an algebraically closed field of characteristic zero. All algebras and vector
spaces are over the ground field K. The symbols Z and N denote the set of integers
and the set of nonnegative integers, respectively. The symbol C indicates a proper
inclusion. The notation dimg (—) refers to the vector space dimension over the field K.
A ring A is unital, associative and not necessarily commutative unless stated otherwise.
Module means a left module. A module M over a ring A assumed to be unital, i.e.
1m = m for each m € M. The notation 4M indicates a (left) module M over the ring
A. A submodule L of an A-module M is called a direct summand of M if

M=L®&N
for some submodule N of M. An element x € A is central if
za = ax for all a € A.

The set of all central elements is called the center of A, denoted Z(A). An element
x € A is left regular if ax = 0 implies a = 0 for a € A. Similarly, a right regular
element is defined. A regular element is an element that is both left and right regular.
A multiplicative set in a ring A is a subset S C A such that 1 € S, 0 ¢ S and S
is closed under multiplication. A left ideal I of a ring A is called essential if for all
nonzero left ideals J of A, one has I NJ # 0. If A is a ring and G is a group, then the
group ring, denoted AG, is defined to be a free left A-module with the elements of G
as its basis and with multiplication given by the rule

aigi - a2gs = a1a2g1g2 where aj,a0 € A, g1,92 € G,

together with bilinearity.
The n'" Weyl algebra over K denoted by A, (K) is defined to be the K-algebra with
2n generators ri,...,Tn, 01, ...,0, subject to the defining relations:

Oixj — x;0; = 0;5, the Kronecker delta,

rixj —xjr; = 0;0; —0;0; =0,
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foralli,7=1,...,n.

Let S be a monoid. A K-algebra A is called S-graded if

A:ng

seS

for K-modules A such that AsAy C Agy o forall s, s’ € S. A graded homomorphism
¢ : A — B of S-graded algebras is an algebra homomorphism satisfying ¢(A4s) C Bs
for all s € S. An ideal I of an S-graded algebra A is called a graded ideal if

I=>) (InA,).
A module V over an S-graded algebra A is graded if

V=EPV. and A,Vy C Vo forall s,s' €8.
ses

A filtration of a K-algebra A is a family {A, },>0 of subgroups of the additive group
of A such that

1. AZQAJ for ¢ < j,
2. AZAJ g Ai—l-j for all i,j, and

3. A=A

In this case, A is called a filtered algebra. Similarly, we can define a filtration of a
module V over a filtered algebra A as a family of additive subgroups {V},}n>0 of V such
that

1. V;CV; fori<y,
2. A;V; C Vi forall g, j, and

3. V=V,

In this case, V is called a filtered module. If A is a K-algebra with a filtration {A4,},
then we can construct a graded ring

gr(A) = @A,/Ai_l where A_; :=0.

i>0
The multiplication in gr(A) is defined by

(CL + Ai_1)(b + Aj_l) =ab+ Ai+j_1 for all a,b€ A and all 1,].
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The algebra gr(A) is called the associated graded algebra. Similarly, if M is a
module over the algebra A with a filtration {M,}, then the K-vector space

gr(M) = @Mi/M-_l where M_1 := 0,
i>0

is a gr(A)-module where
(a4 Mi—1)(m+ Mj_1) =am+ M;yj—1 forall a € M; and m € M; and all 1, .

It is called the associated graded module over the algebra gr(A).



Chapter 2

Background

2.1 Lie algebras and their representation theory

The purpose of this section is to provide some background material on Lie algebras and
their representation theory. The basic references we use in this thesis for Lie algebras
and their representations are the book of Dixmier [7] and the book of Humphrey [16].
We refer the reader for details and proofs of most results in this section to these two
references.

Unless stated otherwise, K is an algebraically closed field of characteristic zero
and G is a finite dimensional Lie algebra over K.

2.1.1 Review of Lie algebras

Definition 2.1.1. A Lie algebra G is a vector space over a field K together with a
bilinear map G x G — G, denoted (x,y) — [z, y] that satisfies:

1. [z,z] =0 for all z € G, and
2. [z, [y, 2]l + [y, [z, z]] + [z, [z,y]] =0 (Jacobi identity) for all z,y,z € G.

The product [z,y] is called the bracket of z and y.

Definition 2.1.2. Let I and J be vector subspaces of a Lie algebra G over K, and
let [, J] denote the set of all linear combinations of elements of the form [a, b], where
a € I and b € J. A vector subspace G’ of G is called a Lie subalgebra if

G'.¢1cg.

A vector subspace I of G is called an ideal of the Lie algebra G if [G,I] C I. If I is an
ideal of G, then the vector space G/I with the bracket defined by

[+ T,y+I]=[z,y|+ 1 foralzyeg,

11
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is a Lie algebra, called the quotient Lie algebra of G by I.

We now provide some interesting examples of Lie algebras that are relevant to the
content of the rest of this thesis.

Examples 2.1.3. 1. Any associative algebra A over a field K may be transformed
into a Lie algebra by replacing its product with [z, y] = zy — yzx for all z,y € A.

2. Let End(V') be the algebra of endomorphisms of a vector space V. Let

[x,y] = 2y — yx

for all z,y € End(V). With respect to this product, End(V) becomes a Lie
algebra, denoted gl(V).

3. Let M, (K) be the set of all n x n matrices over a field K. Let
[A,B] = AB— BA

for all A,B € M, (K). With respect to this product, M,(K) becomes a Lie
algebra, denoted gl,(K) and called the general linear Lie algebra.

4. Let sl (K) = {A € M,(K) | tr(A) = 0} be the subset of M,,(K) of all matrices
with zero trace (where tr(A) = >"" ; a;;). Then sl,(K) is a Lie subalgebra of
gl (K), and it is called the special linear Lie algebra. In particular, the Lie
algebra sla(K) has a basis

Ryl

An easy computation in My(K) yields the following set of relations:

[h,e] =2, [h,f]=-2f, e f]=nh.

Definition 2.1.4. Let G’ be a Lie subalgebra of a Lie algebra G. The normalizer of
G' in G is defined by Ng(G') ={a € G|[a,G'] C G'}.

Notice that if G’ is a Lie subalgebra of the Lie algebra G, then Ng(G') is a Lie subalgebra
of G.

Definition 2.1.5. Given Lie algebras G; and Go over K, a linear map ¢ : G — Go is
called a homomorphism of Lie algebras if

o[z, y]) = [p(x), p(y)] for all z,y € Gi.

A homomorphism ¢ is called a monomorphism if ker(p) = 0, an epimorphism if
im(¢) = G2 and an isomorphism if it is bijective, i.e. if ker(¢) = 0 and im(¢) = Ga.
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Definition 2.1.6. Let G; and Gy be Lie algebras. Then the vector space Gi @ Go
provided with the bracket

[(z,2"), (y.9")] = ([z,9], [2",y]) forz,yeGr, 2’y €G

is a Lie algebra, called the direct sum of the Lie algebras G; and Go. In a similar
manner, we can define the direct sum of a finite number of Lie algebras.

Definition 2.1.7. A derivation of the Lie algebra G is a linear map ¢ : G — G such
that
d([x,y]) = [6(x),y] + [z, d(y)] for all z and y in G.

Remarks 2.1.8. 1. Let Der(G) be the set of all derivations of the Lie algebra G.
Then Der(G) contains the zero map, and it is closed under addition and scalar
multiplication. Hence Der(G) is a Lie subalgebra of the Lie algebra gl(G), for if ¢
and ¢ are derivations, then so is [d, '] = 66" — d8'6.

2. If G is a Lie algebra, the maps ad, : G — G for x € G defined by ad,(y) := [z, ]
are derivations of G; these derivations are called inner derivations of G, all other
are called outer.

Definition 2.1.9. Let G be a Lie algebra. A Lie homomorphism ¢ : G — gl(V) is
called a representation of G, where V' is a vector space over K.

Remark 2.1.10. The dimension of the vector space V' in Definition [2.1.9]is called the
dimension of the representation .

Definition 2.1.11. Let G be a Lie algebra. A vector space V together with an opera-
tion G x V — V, ((x,v) — zv) is called a Lie module for G, or simply a G-module,
if the following conditions are satisfied:

1. (az + by)v = a(zv) + b(yv),
2. z(av + bw) = a(zv) + b(zw), and

3. [, ylv = z(yv) — y(zv),

for all elements z,y € G,v,w € V and a,b € K.

Remarks 2.1.12. 1. Every Lie algebra G is actually a G-module over itself under
the action (x,y) +— ad;(y) := [z,y]. This action is called the adjoint G-module.

2. If ¢ : G — gl(V) is a representation of G, then V can be viewed as a G-module
via the action zv = ¢(x)(v). Conversely, if V' is a G-module, then ¢(x)(v) = zv
defines a representation ¢ : G — gl(V') of G. Therefore, we may use the notations
of modules and representations interchangeably throughout the remainder of this
thesis.



14

Given a G-module M, a submodule N of M is a subset of M such that N is a G-
module. If N is a submodule of a G-module M, then the quotient vector space M/N
with the action of G defined by

x(m+ N)=zm+ N

is a G-module, called a quotient module. A G-module M is said to be simple if 0
and M are the only submodules of M. A homomorphism of G-modules M and W
is a linear map v : M — W such that

P(xm) = xp(m) for all x € G,m € M.

If the homomorphism ¢ : M — W is bijective, then v is called an isomorphism of
Gg-modules.

Definition 2.1.13 ([7, p.5, 1.2.6]). Let ¢ be a representation of G in V. A Jor-
dan—Holder series for the representation V' is a series of submodules (Vp, Vi,...,V},)
such that

V=WwWoVi>---D>V,=0

and V;/Vj4q is simple for i = 0,1,...,n — 1.

Proposition 2.1.14 ([7, p.5, 1.2.6]). If ¢ is a finite dimensional representation of a
Lie algebra G, then a Jordan—Hélder series exists. However, it may not exist if @ is an
infinite dimensional representation of G.

The next proposition will be used in the classification of simple 1-dimensional modules
over the centralizer C of the Cartan subalgebra in U(sl3) (see section [5.4). Especially,
in producing the defining relations of the abelianization of the algebra C' (where all
commutators are put to zero).

Proposition 2.1.15 ([7, p.7, 1.2.12]). A 1-dimensional module over a Lie algebra G
over a field K can be identified with a linear map p : G — K such that p(|G,G]) = 0.

The next lemma is a key result in proving that the sum of weight subspaces in a weight
module is a direct sum. This fact reduces the problem of classification of simple weight
modules to a problem of classification of all simple modules over the centralizer.

Lemma 2.1.16 (|7, p.7, 1.2.13]). Let V be a G-module, B a Lie subalgebra of G and
A € B* = Homg (B, K). Then the set
W={veV]zv=Az)v for all z € B}

s a vector subspace of V' and the sum of all V) is a direct sum.

Definition 2.1.17 ([7, p.7, 1.2.10]). Let V' be a G-module. An element v € V is an
invariant of the G-module V if Gv = 0. The set of all invariant elements of V is
denoted by V9.
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If V and W are G-modules, and V' ® W is the tensor product over K of the underlying
vector spaces, then V ® W becomes a G-module by setting

rvw)=rww+vaw forallzeG, veV, and we W.

Let V and W be G-modules. The vector space Homg (V, W) of linear maps is a G-
module via the action

(xp)(v) = zp(v) — p(zv) for all x € G, p € Homg (V, W), and v e V.

In particular, the G-module homomorphisms from V' to W are simply the elements of
the G-module Hompg (V, W) which are invariant (i.e. Homg(V, W) = Homg (V, W)9)
(see [7, p.8, 1.2.15]).

If V is a G-module, then the dual vector space V* = Homg (V, K) becomes a G-module
via the action
(xp)(v) = —p(zv) forallze G, peV* ve V.

The G-module V* is called the dual G-module of V.

Let V and W be finite dimensional G-modules. There is a vector space isomorphism

Homg (V,W) - V*®@ W defined by p — ZU: ® p(vi)

where {v;} and {v}} are bases of V' and V*, respectively. This isomorphism is in fact
a G-module isomorphism.

Definition 2.1.18. Define a sequence of ideals of G (the derived series) by
g(O) =g, g(l) =16, g(2) — [g(l)jg(l)}7 o g(i) — [g(i*1)7g(ifl)]‘
A Lie algebra G is called solvable Lie algebra if G (n) — 0 for some n.
Definition 2.1.19. Define a sequence of ideals of G (the lower central series) by
¢°=6,6'=(6.6],6°=16,G'1,...., 6" =[G,6""].
A Lie algebra G is called a nilpotent Lie algebra if G™ = 0 for some n.
Proposition 2.1.20. Every nilpotent Lie algebra is solvable.

Definition 2.1.21. Let G be a Lie algebra and x € G. Then the element x is called
ad-nilpotent if ad, is a nilpotent endomorphism.

Theorem 2.1.22. (Engel) If all elements of a Lie algebra G are ad-nilpotent, then G
1s a nilpotent Lie algebra.

Theorem 2.1.23. (Lie’s Theorem) Let G be a solvable subalgebra of the Lie algebra
gl(V') where V is a finite dimensional vector space. If V 2 0, then V' contains a common
etgenvector for all the endomorphisms in G.
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Corollary 2.1.24. Let G be a solvable subalgebra of the Lie algebra gl(V') where V is a
finite dimensional vector space. Then G stabilizes some flag in V' (in other words, the
matrices of G relative to a suitable basis of V are upper triangular).

Definition 2.1.25. Let ¢ be a finite dimensional representation of G. Let us consider
a map

b(-,-): G x G — K, b(z,y) =tr(p(x) op(y)) for all z,y € G

where tr denotes the trace of a linear transformation. Then b is a symmetric bilinear
form on G and is said to be associated with . For all elements z,y,z € G,

b(z,y) = b(y,x) and b([z,y],2) = b(x, [y, 2]).

Definition 2.1.26. Let G be a finite dimensional Lie algebra. Then the bilinear form
associated with the adjoint representation of G is called the Killing form of G.

The radical ideal.

Proposition 2.1.27. Let G be a Lie algebra. Then there is a unique maximal solvable
ideal of G that contains all the solvable ideals of G.

Definition 2.1.28. Let G be a Lie algebra. The unique maximal solvable ideal of G is
called the radical of G and denoted Rad(G).

Proposition 2.1.29. Let G be a Lie algebra. Then Rad(G) is the smallest ideal I of
G such that the radical of G/I is zero.

Semisimple Lie algebras.

Theorem 2.1.30. Let G be a Lie algebra. The following statements are equivalent:

1. The radical of G is the zero ideal.
2. Every commutative ideal of G is the zero ideal.

3. The Killing form of G is nondegenerate.

Definition 2.1.31. Let G be a Lie algebra. If one of the statements of Theorem [2.1.30
is satisfied, then G is called semisimple.

Proposition 2.1.32. Let Gi,...,G,, be Lie algebras. Then the direct sum G1®--- DG,
1s semasimple if and only if the Lie algebras Gy,...,G,, are semisimple.

Proposition 2.1.33. Let B be an ideal of a semisimple Lie algebra G, and let k be the
Killing form of G. Then

1. the Lie subalgebra B and the Lie algebra G/B are semisimple, and
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2. if J is the orthogonal subspace of B with respect to the Killing form k, then J is
an ideal of G which is complementary to B, so that G =B & J.

Theorem 2.1.34. Let G be a semisimple Lie algebra. Then

1. [G,G] =G, and
2. Der(G) = ad(G) :={ad, | x € G} (i.e. every derivation of the Lie algebra G is an

inner derivation).

Definition 2.1.35. Let G be a Lie algebra. Then G is called simple if [G, G] # 0, and
G has no ideals except 0 and G.

Theorem 2.1.36. Let G be a Lie algebra. Then G is semisimple if and only if G is a
direct sum of simple Lie algebras.

Proposition 2.1.37. Let Gi,...,Gy, be simple Lie algebras and L = Gy ® -+ ® Gy
Then the ideals of L are the direct sum of some of the Lie algebras G;. In particular,
the Lie algebras Gi,...,Gy are the nonzero minimal ideals of L.

Theorem 2.1.38. Let G be a semisimple Lie algebra. Then every finite dimensional
module over G is a semisimple module (i.e. a direct sum of simple modules).

Definition 2.1.39. Let G be a semisimple Lie algebra. A nilpotent Lie subalgebra H
of G which is equal to its normalizer is called a Cartan subalgebra of the Lie algebra

Gg.

Remark 2.1.40. Every semisimple Lie algebra over a field of characteristic zero con-
tains a Cartan subalgebra.

Theorem 2.1.41. Let K be an algebraically closed field of characteristic zero and let G
be a semisimple Lie algebra over K. Then any two Cartan subalgebras of G, H1 and Ha,
are conjugate (i.e. there exists an automorphism o : G — G such that o(H1) = Ha).

Remark 2.1.42. Let K be an algebraically closed field of characteristic zero and let
G be a semisimple Lie algebra over K. Then the common dimension [ of all Cartan
subalgebras of G is called the rank of G.

Theorem 2.1.43. Let H be a fized Cartan subalgebra of a semisimple Lie algebra G.
We consider the adjoint representation adg(H) of H in G. Then

1. G= @ G\ where Gy ={x € G| hx = A(h)z for all h € H},
AEH*

2. (G, Gu) € Gagps in particular [Go, G| € G, and
3. Go=H.

Corollary 2.1.44. A Cartan subalgebra H of a semisimple Lie algebra G is a mazximal
nilpotent Lie subalgebra of G.
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Proposition 2.1.45. With the notation of Theorem[2.1.43, let k be the Killing form
of G. Then

1. /(GrGu) = 0 if A £ .
2. k(H,Gu) =04f n#0, and

3. if x,y € H, then k(z,y) = > dimg(Gr)A()A(y).
AEH*

The system of roots of a split semisimple Lie algebra.

Throughout this subsection, K denotes a field of characteristic zero unless otherwise
specified.

Definition 2.1.46. A Cartan subalgebra H of a finite dimensional Lie algebra G over
K is called splitting if for all x € H, the eigenvalues of ad(x) belong to K. A finite
dimensional semisimple Lie algebra G over K is called a split semisimple Lie algebra
if G contains a splitting Cartan subalgebra.

Definition 2.1.47. Let H be a splitting Cartan subalgebra of G. The set of all nonzero
elements A\ € H* such that Gy # 0 is denoted by ®, and an element A € ® is called a
root of G relative to H.

Remark 2.1.48. The set @ is finite since G is a finite dimensional Lie algebra.

Theorem 2.1.49. Let G be a split semisimple Lie algebra with Cartan subalgebra H
and the set of roots ®, and let k be the Killing form of G. Then

1. G=H& D Gy, and dimg(Gy) =1 for all X € D,
Aed

2. the Cartan subalgebra H is commutative. If x € G\ and h € H, then [h,z] =
AR)x. If A\, € D, then
[Gx, Gul € Gryp-

If A € @, then —\ € ®, and Hy = [Gr,G-)] is a one dimensional vector subspace
of H; there exists a unique Hy € Hy such that \(Hy) = 2,

3. if A, p € H* and A+ p # 0, then Gy and G, are orthogonal with respect to the
Killing form k. The restriction of k to Gy ® G_x (in particular, to H © H) is
nondegenerate. If T,y € H, then

Kz, y) = Y Mz)A),

AeP

4. H* is spanned by the elements of ®, and
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5. if A € @, and X is any nonzero element of Gy, then there exists a unique element
Yy € G_» such that [Xy,Y)\] = Hy. The vector subspace

Sy=Hx+G\+G-»x

is a Lie subalgebra of G isomorphic to the Lie algebra sla(K) via Xy — e, Yy —
f, Hyx— h.

Remarks 2.1.50. 1. Since the restriction of the Killing form of G to H & H is
nondegenerate, there exists for all A € H* a unique h) € H such that

A(h) = k(hy, h) for all h € H.
The map A — h) is a vector space isomorphism of H* onto H.

2. If we denote the Killing form of G by (_, _), and for «, 8 € H*, we set

(@, ) = (ha, hg) = a(hg) = B(ha),
then (_, _) is a nondegenerate symmetric bilinear form on H*.
3. Let H) be as in part 2 of Theorem [2.1.49] We have (hy, hy) = A(\) # 0, and

2hy, 2H,

H, = d h hy = ——F——.
AT (b anc e A (Hy, Hy)

4. If A € &, and X, is any nonzero element of Gy, then we identify K Hy 4+ G\ 4+ G_
with sla(K) under the isomorphism in part 5 of Theorem [2.1.49

Proposition 2.1.51. Let G be a split semisimple Lie algebra with Cartan subalgebra
H and the set of roots ®, and let A, u € ®. Then

1. the scalar pu(Hy) is an integer ay,,

2. the set of integers k such that p+ kXA € ® U {0} is an interval [—r,s], where
r,s > 0. We have a,y =1 — s,

= auA € P,
if p—A ¢ ®U{0}, then ayy <0, r =0, s = —ap,
if 4+ X € @, then [Gy,G,] = Gagp, and

if A € ®, then —\ € ®, but no other scalar multiple of \ is a root.

S v S

Remarks 2.1.52. 1. The integers a, in in part 1 of Proposition [2.1.51] are called
the Cartan integers. If A € ®, then a)) = 2. On the other hand,
<h,u7 h>\> <,U,, /\>

) B - (H, H)y)
aun = e ) = 20 oy =200 2<HZ»H;L>'
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2. Let A € @, and let s, denote the endomorphism of the vector space H* defined

by
sy(a) =a—a(H)\=a — 22?:;; A.
Then s)(\) = —A, and s, is called the reflection relative to A. We have s3 =1,

and sy preserve the form (_, _) on H*. If u € ®, then

sa(p) = p — apA € .
Therefore, s)(®) = P.

Definition 2.1.53. The Weyl group of G, denoted W, is the group of automorphisms
of H* generated by the reflections s) for all A € ®.

Since w(®) = ® for all w € W, the Weyl group W is a subgroup of the symmetric
group on ®. Since ® is finite, the Weyl group W is finite.

Definition 2.1.54. A subset ® of the Euclidean space E (i.e. a finite dimensional real
linear space with a symmetric positive definite inner product (—, —)) is called a root
system in E if the following axioms are satisfied:

1. @ is a finite subset that spans E and does not contain 0,

2. if a € ®, then the only scalar multiples of « in E are +a,

3. if a, 8 € @, then the reflection o, (5) := 5 — 28.0) , ¢ ®, and

(a,@)

4. if o, B € @, then ag, = 289) ¢ 7,

(a,@)

The elements of ® are called roots, and [ = dim(E) is called the rank of the root
system .

Definition 2.1.55. Let ® be a root system of rank [ in a Euclidean space E. A subset
A of @ is called a base if

1. A is a basis of E, and

2. each root 8 can be written as f = Y kqoa with integral coefficients k, all non-
aEA
negative or all nonpositive.

The roots in the set A are called simple. In view of 1, Card(A) = [. The root § is
called positive (respectively, negative) if all k, > 0 (respectively, ko < 0). The set of
all positive (respectively, negative) roots is denoted by @, (respectively, ®_). Clearly,

=0, ]2 .
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Remark 2.1.56. Notice that if G is a split semisimple Lie algebra with a fixed Cartan
subalgebra #H, then the set of roots ® of G (relative to H) is a root system.

Definition 2.1.57. Let G be a split semisimple Lie algebra with Cartan subalgebra H
and root system ®, and choose a base A of ®. Let ® (respectively, ®_) be the set of
all positive (respectively, negative) roots of G. Let

np =P Go and n_= P G
acd acd_

Then as a vector space, the direct sum
g =n_OHD ng

is called the triangular decomposition of G. The Lie subalgebras of G, by = H ®ny
and b_ = H @ n_, are solvable Lie subalgebras of G, and by is called the Borel
subalgebra relative to H.

Proposition 2.1.58. Assuming the notation of Definition

1. if X and p are distinct roots in ®, then [Gy,G_,] =0,

2. the Lie subalgebras ny and n_ of G are generated by Gy for A € ® and —\ € P,
respectively, and

3. the Lie subalgebras, by and b_, are mazimal solvable Lie subalgebras of G, and
each one of them coincides with its normalizer in G.

Proposition 2.1.59. Let K be an algebraically closed field of characteristic zero and
let G be a semisimple Lie algebra over K. Then

1. if G’ is a solvable Lie subalgebra of G, then G’ lies in a Borel subalgebra of G, and

2. if G1 and Go are Borel subalgebras of G, then there is a Cartan subalgebra H of G
such that H C G1 N Gs.

Proposition 2.1.60. Let G be a split semisimple Lie algebra with Cartan subalge-
bra H. If w is an element of the Weyl group W operating in H, then there exists an
automorphism o : G — G such that o(H) = w(H).

Proposition 2.1.61. Let K be an algebraically closed field of characteristic zero and
let G be a semisimple Lie algebra over K. Then any two Borel subalgebras, Gy and G,
of G are conjugate (i.e. there exists an automorphism o : G — G such that o(G1) = Ga).

Theorem 2.1.62. (Serre) Fiz a root system ® with base A = {ai,...,an}. Let G
be the Lie algebra generated by 3n elements {x;,y;, hi|1 < i < n} and subject to the
defining relations:

1. [hiyhj] =0 (1 <id,5 <n),
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2. @i, yi] = hi, (i, y] =0 if i # J,
3. [hi, z5] = (cu, a)j, [hiy ys] = —(ay, aa)yj,
4o (ad @) =000 (25) = 0 (i # ),
5. (ad y;)' =09 (y;) = 0 (i # ).

Then G is a (finite dimensional) semisimple algebra with a Cartan subalgebra spanned
by the h; and with corresponding root system ®.

2.1.2 Universal enveloping algebras
In this subsection, K denotes an algebraically closed field of characteristic zero and G
a semisimple finite dimensional Lie algebra over K.
Construction of universal enveloping algebras.
Let G be a finite dimensional Lie algebra over K. Let
"=K-1, T'=g,
M=GRG®- - ®§G (m times).

Define the tensor algebra on the vector space G to be

T:TO@Tl@...@T"@...’

where the multiplication in T is tensor multiplication. Let J be the two sided ideal in
T generated by all elements

TRY -y —|x,Y],

with z, y € G. The associative algebra U(G) := T'/J is called the universal enveloping
algebra of the Lie algebra G. The composite map ¢ of the maps G — T — U(G) is
called the canonical map of G into U(G). However. it is not obvious for the moment
that the canonical map ¢ is injective; this will be implied by PBW Theorem later.
Notice that

e(x)e(y) — e(y)e(z) = o([z,y])
for all x,y € G. Moreover, U(G) has the following universal property.

Lemma 2.1.63. Let ¢ be the canonical map of G into U(G), A be an associative algebra
with unity and T be a linear map of G into A such that

7(@)7(y) = T(y)7(2) = 7([z, ¥])

for all z,y € G. Then there exists a unique homomorphism 7" of U(G) into A such that
71)=1and T op=r.
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Theorem 2.1.64. (PBW Theorem)

Let G be a Lie algebra over a field K, and {x1,x2,...,z,} be an ordered K-basis of G.
Then the set {x® := z{'xg? - 2d" |a = (a1, a9,...,0p) € N"} is a K-basis for the
universal enveloping algebra U(G).

Corollary 2.1.65. The canonical map ¢ of G into U(G) is injective.

The next proposition shows that a Lie algebra G and its universal enveloping algebra
U(G) have the same representation theory.

Proposition 2.1.66. Let G be a Lie algebra and U(G) be its universal enveloping
algebra. Then every G-module is a U(G)-module, and vice versa.

Sketch of proof. Let V be a G-module and (p, V') be the correspondence representation,
then by the universal property of U(G) (stated in Lemma [2.1.63), there exists a unique
associative algebra homomorphism p’ : U(G) — End(V) such that p' o ¢ = p. The
existence of p’ turns V into a module for the associative algebra U(G). Conversely, every
U(G)-module becomes a G-module by the existence of the injection map ¢ : G — U(G).
O

Remark 2.1.67. This proposition says that the theory of representation of associative
algebras can be used to understand the theory of representations of Lie algebras. A
G-module V' corresponds to a Lie algebra homomorphism p : G — gl(V). In general,
the image of this homomorphism is not closed with respect to the composition of linear
operators. This restricts the analysing of the structure of V. However, any module over
the enveloping algebra U(G) corresponds to a homomorphism p : U(G) — End(V'), and
the image of this homomorphism is always closed with respect to the composition
of operators. Therefore, the study of modules over U(G) reduces to the study of the
internal structure of the enveloping algebra U(G). One disadvantage of this approach is
that the enveloping algebra U(G) is infinite dimensional even if G is of finite dimension.
Considering all the benefits that the universal enveloping algebra provide, this is a
reasonable price to pay.

Filtration on U(G) and the associated graded algebra of U(G).

For i € N denote by U(G); the vector subspace of U(G) generated by the products
x1x2 - - - x4, where z1,. .., 2, € G and t <. Notice that U(G)g = K-1 and U(G);U(G); C
U(G)it; for all 4,5 > 0. This gives us the following filtration on U(G):

ug) =Ju@)

i>0

which is called the standard filtration of U(G). If u is a non-zero element of U(G),
the smallest integer n such that u € U(G),, is called the filtration of u; the elements
of U(G); are those of filtration at most i.
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Remark 2.1.68. For all ¢ > 0,U(G); is a finite dimensional G-submodule of U(G).
Therefore, if G is a semisimple Lie algebra, then U(G) is the sum of finite dimensional
simple G-submodules.

Let
er(U(G)) = EPU©G)i/UG)i-

i>0
be the associated graded algebra of U(G) with respect to the standard filtration of U(G)
where U(G)_1 := 0. We have U(G)o/U(G)-1 :== K -1 =K, and U(G)1/U(G)o can be
canonically identified with G.

Proposition 2.1.69 ([7, Proposition 2.3.6]). The associated graded algebra gr(U(G))
is isomorphic to a polynomial algebra in dimg (G) variables.

Sketch of proof. Let {z1,...,z,} be a basis for the Lie algebra G. Then the
zyt---xpr € U(G) such that r+ -+, <

form a basis for U(G);. If 4,5 € Nyu € U(G); and v € U(G);, then [u,v] € U(g)itj—1-
Hence the algebra gr(U(G)) is commutative. The canonical image of the standard
monomials (the monomials which form the PBW basis) in gr(U(G)) form a basis for
gr(U(G)). Since any monomial is a product of monomials of degree one, gr(U(G)) is
generated by monomials of degree one and hence we have an epimorphism from the
polynomial algebra K[z1,...,xy] to gr(U(G)). This epimorphism is injective since the
monomials in K[xi,...,z,] are mapped to linearly dependent images in gr(U(G)) of
standard monomials from gr(U(G)). O

Corollary 2.1.70 ([7, Corollary 2.3.8, Corollary 2.3.9(ii)]). 1. The universal envelop-
ing algebra U(G) is Noetherian.

2. The universal enveloping algebra U(G) is a domain.
Sketch of proof. 1. Proposition [2.1.69|shows that gr(U(G)) is Noetherian, and so U(G)
is Noetherian (see [I8, Theorem 1.6.9]).

2. Let 2’ and 3’ be the canonical images of the nonzero elements x and y in U(G);
and U(G);, respectively. Then 2’ # 0 and y # 0, and hence z'y’ # 0. Therefore,
xy ¢ U(G)iyj—1, and so zy # 0, which complete the proof. O

The center of the enveloping algebra U(G).
The center Z(U(G)) of the enveloping algebra U(G) is defined by

Z(U(G)) ={z€U(G)|zu=uz for all u € U(G)}.
Theorem 2.1.71. The center Z(U(G)) of the enveloping algebra U(G) is isomorphic

to the polynomial algebra in | variables, where | is the rank of G.

Proposition 2.1.72. The center Z(U(G)) of the enveloping algebra U(G) acts on each
simple G-module M by scalars.
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2.1.3 Weight spaces

Let G be a semisimple Lie algebra with a fixed Cartan subalgebra H. Recall that if H
is a vector space over K, the dual space of H is

H* = Homg (H, K).

Definition 2.1.73. Let V be a G-module and \ € H*. We define
Vi ={v eV |hv=A(h)v for all h € H}.

If V\ # {0}, we call V) a weight space and we say that )\ is a weight of V. The
nonzero elements of V) are called the weight vectors of weight .

Lemma 2.1.74. Let V be a G-module, A € H* and o € ®. Then

1. GoV\ C Vyin, and

2. the sum @peﬂ* V,, is direct, and it is a G-submodule of V.

2.1.4 Verma modules

Verma modules are important concepts in the representation theory of Lie algebras.
For example, each finite dimensional simple module of a semisimple Lie algebra can
be constructed as a quotient of a Verma module. They were introduced by D. N.
Verma [21] in the 1960s. In this section, we show how to construct Verma modules for
the universal enveloping algebra U(G) where G is a semisimple finite dimensional Lie
algebra, and next we study some of their properties.

Notation.

In this subsection, K denotes an algebraically closed field of characteristic zero, G a
semisimple finite dimensional Lie algebra over K, H a fixed Cartan subalgebra, ® the
corresponding root system, A = {61,...,60,} a base for ®, &, = {u1,..., un} and &_
the set of positive and negative roots relative to A respectively, P the set of weights of
&, W the Weyl group of ® and U(G) the universal enveloping algebra of the Lie algebra
g. Set,

ny = @gay n_ = @gaa

acd acd_
b+:7{@n+, b_:’H@n_,
1
acd

Remark 2.1.75. Notice that U(b;) is a subalgebra of U(G).
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Definition 2.1.76. Let G be a semisimple Lie algebra and let V' be a G-module. A
nonzero vector v € V' is called a highest weight vector if

nyv = O,

and there exists A € H* such that h-v = A(h)v for all h € H*. The unique weight
A € H* is called the highest weight of the highest weight vector v. A G-module M is
called a highest weight module if there exists a highest weight vector v € M that
generates it.

Definition 2.1.77. Let A € H* and consider a one dimensional by —module K) = K,
such that
(h+n)jv=(A—-0)(h)vforallneny,heHandve K.

The module
M(X) =U(9) ®u,) Kr

is called the Verma module associated with G, ‘H, A and A.

Definition 2.1.78. Let M be a module over a Lie algebra G. If every element z in
the center Z(U(G)) of the enveloping algebra U(G) acts by a scalar x,,(z), then the
homomorphism

Xor  Z(U(9)) = K, 2= X, (2)

is called the central character of M.

Basic properties of Verma modules.

Proposition 2.1.79. 1. The Verma module M () is a highest weight G-module with
the highest weight A — § and highest weight vector 1 ® 1.

2. The weights of the G-module M(\) have the form X\ —§ — > c A Nac, where the
Ng are nonnegative integers.

3. M() is isomorphic to U(n_) as an n_—module if we provide U(n_) with the left
reqular representation.

4. All highest weight G-modules with the highest weight X\ —§ are quotients of M ().

5. There ezists a unique maximal submodule of M(X), and its quotient L(\) is the
unique simple G-module with highest weight A — 6.

6. Every endomorphism of the G-module M () is scalar.

7. The G-module M (X) has a central character x, .

Finite dimensional modules.

A weight A € H* is called integral if all A(h,) are integers, and we call A domi-
nant integral if all A(h,) are nonnegative integers. The set of dominant integral
weights is denoted by P..
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Proposition 2.1.80. Let G be a semisimple finite dimensional Lie algebra and V is a
finite dimensional G-module. Then

1.V =D,y Vi and

2. if p is a weight of V and w € W, then w(p) is a weight of V. with dim(V,) =
dlm(Vw(u))

Proposition 2.1.81. Let G be a semisimple finite dimensional Lie algebra and V be a
finite dimensional simple G-module. Then

1. there exists a unique X\ € H* such that V is isomorphic to L(\ + 9),
2. X € Py and dim(Vy) =1, and

3. if p is a weight of the module V, then p = X\ — ) A Mo, where the ng are
nonnegative integers.

Theorem 2.1.82. The map \ — [L(\ + )] gives a bijection between Py and the set
of isomorphism classes of finite dimensional simple G-modules.

The Harish-Chandra homomorphism.

The universal enveloping algebra U(G) of the Lie algebra G has a PBW basis consisting
of all monomials of the form

w(@,B,7) = X3, - X%, Xiit - Xy Hy) - Hy;?

where «y, 8i,7i, € N. If H € H, then

[H7u(6‘7/377>/)] = ((Bm - Olm)ﬂm + -+ (61 - al)ﬂl)u(aa Baﬁ/)

Let ad(gy be the adjoint representation of U(G), then

AEH*

Moreover, if A and p are in H*, then U(G)\U(G), € U(G)rtp- Thus, U(G) is an
H*-graded algebra, graded by the family {U(G)x}ren+. The subspace U(G)o form a
subalgebra of U(G), and it is the centralizer C' of the Cartan subalgebra H in the
universal enveloping algebra U(G).

Recall that every Lie algebra G can be embedded injectively into its universal enveloping
algebra U(G).

Lemma 2.1.83. Let I = U(G)ny NC. Then

1. I=n_U(G)NC, and I is a two sided ideal of C, and
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2. C=UMH) I

From Lemma [2.1.83] the projection of C' onto U(H) with kernel I is an associative
algebra homomorphism. It is called the Harish-Chandra homomorphism.

Recall that U(H) can be viewed as the symmetric algebra S(H) of H and also as the
algebra of polynomial functions on H*.

Proposition 2.1.84. Let M be a G-module generated by an element v such that xv =0
forx € ny, A € H*, x,, the central character of M and let ¢ be the Harish-Chandra
homomorphism of C onto U(H). Then x,,(z) = (p(2))(A) for all z € Z(U(g)).

Theorem 2.1.85. Consider the automorphism v, of the algebra S(H) which maps the
polynomial function f on H* to the function A — f(A—03). Let C be the centralizer of H
in U(G), ¢ the Harish-Chandra homomorphism of C onto U(H) = S(H) and S(H)"Y

the algebra of W-invariant polynomials. Then

Vs © Plzwiay : ZU(G)) = SH)Y

s an isomorphism, independent of the choice of the base A.

The map 7, o ¢ of Z(U(G)) onto S(H)" in Theorem [2.1.85| is called the Harish-
Chandra isomorphism.

Proposition 2.1.86. Consider the action of the Weyl group W on H*:
wA:=w(A+06)—0§ forweW and X € H*.
If X and X' are in H*, then x, = x,, if and only if WX =IWA.

Proposition 2.1.87. If x is a homomorphism of Z(U(G)) into K, then there exists
A € H* such that x, = x.

2.2 Gelfand-Kirillov dimension

In this section, we provide some basic results on Gelfand-Kirillov dimension. We follow
closely the book of McConnell and Robson [I§], a standard reference for Gelfand-
Kirillov dimension.

2.2.1 Definition and examples

For any function f from N to R’ = {r € R | r > 1}, the number v(f) € R, defined as
y(f) :==inf{r e R| f(n) <n" for almost all n}

is called the growth (or degree) of f. If there does not exist r € R such that f(n) <n"
for almost all n, then v(f) = occ.
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Lemma 2.2.1 ([I8 Lemma 8.1.6]). Let f : N — R’. Then

inf{r e R | f(n) <n" for almost all n} = limsuplog, (f(n)).

n—oo

Lemma 2.2.2 ([I8 Lemma 8.1.7]). Let f,g: N — R'. Then

1. y(f +g) = max{y(f),v(9)},

2. v(fg) <~(f) +(9),

3. if g(n) < f(an 4+ b) for almost all n, where a,b € N, then v(g) < v(f), and

4. if f(n) = p(n) for almost all n, where p is a polynomial in R[zx], then ~(f) =
deg(p).

Definition 2.2.3. Let A be an algebra over a field K and M be a module over the
algebra A. A filtration {4, } of A is standard if 4,, = A} for all n and is called a
finite dimensional filtration if Ay = K and dimg(A4,) < oo for all n. A filtration
{M,} of M is standard if M,, = A, M for each n and is called a finite dimensional
filtration if dimg (M,,) < oo for all n.

Remarks 2.2.4. Let A be a finitely generated algebra over a field K with generators
Z1,...,ZTn. Then A has a standard finite dimensional filtration {A,} with

n
Ay =K, AlzK—i—ZKxi and A, = A} for all n > 2.
i=1

Let M be a finitely generated module over the algebra A, M = AM, for a finite
dimensional generating subspace My of M. Then M has a standard finite dimensional
filtration {M,,} with M,, = A,, M for all n.

Definition 2.2.5 (18, Definition 8.1.11]). Let A be a finitely generated K-algebra and
M be a finitely generated module over the algebra A. Then for any choice of standard
filtration {A,} of A and {M,} of M the values

GK(A) := vy(dimg(Ay)) and GK(M) := ~(dimg (M,,))

are called the Gelfand-Kirillov dimension of the algebra A and the module M,
respectively.

Lemma 2.2.6. Let A be a finitely generated K-algebra and M be a finitely generated
module over the algebra A. Then

1. GK(A) = GK(44) = GK(Ay), and

2. if B is a subalgebra of A and N is a finitely generated B-submodule of M, then
GK(pN) < GK(aM).
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Remarks 2.2.7. 1. Let A be a finitely generated K-algebra with a finite dimen-
sional generating subspace V of A such that 1 € V. Then {A,, = V"} and hence
GK(A) = v(dimg (V™).

2. GK(A) and GK(M) are independent of the choice of the standard filtration of
the algebra A or the generating subspace of the module M.

3. In general if A is any K-algebra, we define

GK(A) = sup{GK(S) | S is a finitely generated subalgebra of A}.

Examples 2.2.8. 1. Let A be a finite dimensional K-algebra. If we take V =
A, then V is a generating subspace of A and V* = V for all n > 1. Hence
dimg (V") = dimg (A) for all n > 1. Thus GK(A) = 0.

2. Let R = KJz1,...,x4] be the polynomial algebra over K in d variables. Let V'
be the subspace of R generated by 1,z1,...,24. Let VO = K and V" be the

subspace of R generated by the monomials in 1,z1,..., x4 of degree at most n.
Then dimg (V") = (n ;r d), a polynomial in n of degree d. Thus, GK(R) = d.

3. Let A= A,(K) be the Weyl algebra. Then GK(A) = 2n.
4. If A is the free associative algebra K(z1,...,2y) with m > 2, then GK(A4) = oo.

Proposition 2.2.9 ([I8 Proposition 8.1.14]). Let A be a finitely generated K -algebra
with a standard finite dimensional filtration {A,} and M be a finitely generated module
over the algebra A with a standard finite dimensional filtration {My,}. Then

GK(gr(A)) = GK(A) and GK(gr(M)) = GK(M).

Example 2.2.10. Let G be a finite dimensional Lie algebra over a field K and U(G)
be its universal enveloping algebra. Recall that the algebra U(G) = |J;»o U(G); admits
the standard filtration with respect to the canonical generators of G and the associated
graded algebra

gr(U(9)) = @ U(G)i/U(G)i-1

>0

is a polynomial algebra in dimg (G) variables where U(G)_1 := 0. Thus, the Gelfand-
Kirillov dimension of U(G) is GK(U(G)) = dimg (7).

The rest of this subsection is devoted to recording that the possible values of the
Gelfand-Kirillov dimension is
{0} U{1} U[2, 0]

Definition 2.2.11. A K-algebra A is called locally finite dimensional if every
finitely generated subalgebra of A is finite dimensional.
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Proposition 2.2.12 ([I8], Proposition 8.1.17 (¢)]). Let A be a K -algebra. Then GK(A) =
0 if and only if the algebra A is locally finite dimensional.

Corollary 2.2.13. If A is a K-algebra with GK(A) # 0, then GK(A) > 1.

Proposition 2.2.14 ([I8] Proposition 8.1.18)). For any real number r > 2, there is a
finitely generated K -algebra A with GK(A) = r.

The existence of an algebra A with 1 < GK(A) < 2 was an open problem for some years
until Bergman [I] proved that there is no algebra A whose Gelfand-Kirillov dimension
is a real number in the interval (1,2).

2.2.2 Some basic properties of the Gelfand-Kirillov dimension

Proposition 2.2.15 ([18, Proposition 8.2.2]). If A is a K -algebra and B is a subalgebra
or a homomorphic image of A, then GK(B) < GK(A).

Proposition 2.2.16 ([18, Proposition 8.2.3]). Let A and A" be K-algebras. Then
max{GK(A),GK(4)} < GK(A®x A') < GK(A) + GK(A").

The next lemma shows that the second inequality stated in Proposition [2.2.16]is often

equality.

Lemma 2.2.17. Let A and A’ be K -algebras. If B is a subalgebra of A’ with a standard
finite dimensional filtration {B,} such that

lim log, (dimg (B,)) = GK(B) = GK(4'),

n—oo
then GK(A ®x A') = GK(A) + GK(A').

Proposition 2.2.18 ([I8, Proposition 8.2.7]). Let A be a K-algebra. Then

1. GK(A[z]) = GK(A) + 1, where A[z] is the polynomial ring in the variable x over
A,

2. GK(M,(A)) = GK(A), where M, (A) is the ring of all nxn matrices over A,

3. GK(A®g U(G)) = GK(A) + dimg (G) for any finite dimensional Lie algebra G,
4. GK(A,(A)) = GK(A) + 2n, where A, (A) is the n'* Weyl algebra over A, and
5. GK(AG) = GK(A), where AG is the group algebra of any finite group G.

Proposition 2.2.19 ([1I8, Proposition 8.2.9]). Let A be K-algebra. Then
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1. if M is a finitely generated A-module, then
GK(End(M)) < GK(A/ann(M)) < GK(A),

where End (M) is the ring of endomorphisms of M, and ann(M) = {a € A|aM =
0} is the annihilator of the module M over the algebra A, and

2. if AC A" with A’ a K-algebra finitely generated as a left or right A-module, then
GK(A") = GK(A4).
The next proposition shows that the Gelfand-Kirillov dimension is well behaved with

respect to central localization.

Proposition 2.2.20 ([I8, Proposition 8.2.13]). Let S be a multiplicatively closed set of
central reqular elements in a K-algebra A. Then GK(Ag) = GK(A) where Ag = S~1A
is the localization of the algebra A at S.

Theorem 2.2.21 ([I8, Theorem 8.2.14]). 1. Let A be a commutative finitely gen-
erated K-algebra. Then A contains a subalgebra S which is isomorphic to a
polynomial algebra K|z1,...,xq] such that A is a finitely generated module over

S and GK(A) = Kdim(A) = d where Kdim(A) is the Krull dimension of A.

2. Let A be a commutative finitely generated K-algebra which is an integral domain.
Then GK(A) equals the transcendence degree of the quotient field Q of A.

As an application of the Proposition we obtain the following corollary.

Corollary 2.2.22 ([I8, Corollary 8.2.15]). Let A be any K-algebra. Then
GK(A[z,z7Y) = GK(A) +1,

where A[z,x71] is the Laurent polynomial ring in the variable z over A, i.e. Alz,x71]

is a localization of Alx] with respect to the multiplicative set {z"|i > 0}.

2.2.3 Gelfand-Kirillov dimension of modules

Proposition 2.2.23 ([18, Proposition 8.3.2]). Let A be a K -algebra and M be a module
over the algebra A.

1. If M =" M; for some submodules M;, then GK(M) = sup{GK(M;)}.

2. If0 > L —> M — N — 0 is a short exact sequence of A-modules, then
GK(M) > max{GK(L), GK(N)}.

3. GK(M) < GK(A).
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4. If My, ..., M, are submodules of M such that (\M; =0, then
GK(M) = max{GK(M/M;)}.

5. If IM =0 for an ideal I of A, then GK(aM) < GK(4,7M).

Corollary 2.2.24 ([18, Corollary 8.3.3]). Let A and A’ be K -algebras.

1. GK(A® A') = max{GK(A), GK(4)}.

2. Let I,..., I, be ideals of the algebra A such that (\I; = 0. Then GK(A) =
max{GK(A/L;)}.

Proposition 2.2.25 ([18, Proposition 8.3.5]). Let A be a K-algebra. If
0—-L—-M-—=>N=0
s a short exact sequence of finitely generated A-modules with L ~ M, then

GK(N) < GK(M) — 1.

The next corollary follows from the Proposition [2.2.25

Corollary 2.2.26. Let I be an ideal in a K-algebra A and assume that the ideal 1
contains a reqular element of A. Then GK(A/I) < GK(A) — 1.

Definition 2.2.27 ([18, Definition 6.8.4]). A dimension function ¢ for an algebra
A assigns a value 6(M) to each finitely generated module M over A and satisfies the
following properties:

1. §(0) = —o0,

2.ff0 = L - M — N — 0 is a short exact sequence of left A-modules, then
GK(M) > max{GK(L), GK(N)}), and

3. if MP = 0 for some (two sided) prime ideal P and M is a torsion module over
A/P, then §(M) +1 < d6(A/P).
If in property 2, 6(M) = max{GK(L), GK(N)}) is always true, then § is called an
exact dimension function.
Corollary 2.2.28 ([18, Corollary 8.3.6]). Let A be a left Noetherian K-algebra and
GK(A) < 0.
1. If A is prime and I is an essential left ideal, then GK(A/I) < GK(A) — 1.

2. If M is a finitely generated left A-module, PM = 0 for some P € Spec(A) and
M is torsion A/P-module, then GK(M) < GK(A/P) — 1.
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3. Gelfand-Kirillov dimension is a dimension function for the algebra A.

4. Let Py C Py C --- C P, be a chain of distinct prime ideals of the algebra A. Then
GK(A) > GK(A/FPy) > GK(A/P,) + r.

Proposition 2.2.29 ([I8, Proposition 8.3.11]). Let A be a finitely generated algebra
over a field K with a standard finite dimensional filtration {A,} and assume that gr(A)
s left Noetherian. Then the Gelfand-Kirillov dimension is exact for all short exact
sequences of finitely generated left A-modules (i.e. if 0 - L — M — N — 0 is a short
exact sequence of left A-modules, then GK(M) = max{GK(L), GK(N)}).

Corollary 2.2.30 ([I8, Corollary 8.3.12]). Let A be a finitely generated algebra over
a field K with a standard finite dimensional filtration {A,} such that gr(A) is left
Noetherian. Let Py, ..., Py be the minimal prime ideals of A, and let E be the prime
radical. Then GK(A) = GK(A/E) = max{GK(A/P;)|i=1,...,m}.

2.2.4 Almost commutative algebras

Definition 2.2.31 ([I8, Definition 8.4.2]). A finitely generated K-algebra A is called
an almost commutative algebra if it has some standard finite dimensional filtration
such that the associated graded algebra gr(A) is commutative.

Remark 2.2.32. Notice that an almost commutative algebra A is Noetherian since
gr(A) is Noetherian.

Example 2.2.33. The Weyl algebra A, (K) = K(z1,...,2y,01,...,0,) is an almost
commutative algebra with respect to the standard filtration associated by the set of gen-
erators x1,...,&n, 01, ..., 0,. The associated graded algebra gr(A, (K)) is a polynomial
algebra Klz1,...,2pn,01,...,0y].

Proposition 2.2.34 ([I8, Proposition 8.4.3]). A K-algebra A is almost commutative
if and only if A is a homomorphic image of the enveloping algebra U(G) of a finite
dimensional Lie algebra G.

Proposition 2.2.35 ([I8, Proposition 8.4.4]). For all sufficiently large n, the following
properties of the function f: N~ Q, are equivalent:

1. f(n) = h(n) for some polynomial h € Q[x] such that deg(h) =r,

2. f(n) —ar<n) +---+a1(711> + ag with a; € Q and a, # 0, and

3. f(n—i—l)—f(n):ar(rﬁl)—|—~--+a2<?> + ay with a; € Q and a, # 0.

Moreover, if one of the above conditions holds, then
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1. h and all a; are uniquely determined by the function f,
2. if f(n) € Z for all sufficiently large n, then each a; € Z, and

3. if f(n) € N for all sufficiently large n, then a, € N.

The Hilbert polynomial and the multiplicity of a module.

Theorem 2.2.36 ([I8, Theorem 8.4.5]). Let A = U;>0A; be an almost commutative
K-algebra and let M be a finitely generated A-module with a standard finite dimensional
filtration {M,}. Then there ezists a polynomial h € Q[x] with deg(h) < dimg(A1/Ao)
such that dimy(My) = h(n) for all sufficiently large n.

Definition 2.2.37 ([I8, Definition 8.4.6]). The polynomial A in Theorem [2.2.36| is
called the Hilbert polynomial for the module M and is donated by hjy.

Remarks 2.2.38. 1. Notice that deg(has) = GK(M) and this shows that deg(has)
is independent of the choices of generating subspaces for A and M.

2. By Theorem [2.2.36

h(n):ar<n> —|——|—a1(711> + ap with a, € N.

r

The number a, is called the multiplicity of M denoted by e(M).

The next corollary follows from Theorem [2.2.36

Corollary 2.2.39 ([I8, Corollary 8.4.6]). Let A be an almost commutative K -algebra
and let M be an A-module. Then the Gelfand-Kirillov dimension of the module M is
nonnegative integer.

The multiplicity is an additive function on short exact sequences in the sense of part 3

of Theorem [2.2.401

Theorem 2.2.40 ([I8, Theorem 8.4.8]). Let A = U;>0A; be an almost commutative
K-algebra and let 0 - N — M — L — 0 be a short exact sequence of A-modules.
Then

1. generating subspaces for the modules N, M and L can be chosen such that hy; =
hn +hyp,

2. GK(M) = max{GK(N),GK(L)}, and
3. if GK(N) = GK(L) = GK(M), then e(M) = e(N) + e(L).

Corollary 2.2.41 ([I8, Corollary 8.4.9]). Let A be an almost commutative K -algebra.
Then the Gelfand-Kirillov dimension for the algebra A is an exact dimension function.
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Proposition 2.2.42 ([I8, Proposition 8.4.10]). Let A = U;>0A; and B = U;>0B; be
almost commutative K-algebras with B C A, and let AM and gN be finitely generated
modules with gIN <\ pM. Then

1. By C Ay for some d,
2. GK(pN) < GK(a4M), and
3. if GK(pN) = GK(uM) =1, then e(gN) < d"e(aM).

2.2.5 Somewhat commutative algebras

The aim of this section is to extend the class of almost commutative algebras to a
larger class of algebras, namely the class of somewhat commutative algebras. The
class of somewhat commutative algebras includes enveloping algebras and their factor
algebras and includes numerous other algebras. It will be seen that most of the prop-
erties of Gelfand-Kirillov dimension of almost commutative algebras will also hold over
somewhat commutative algebras.

Definition 2.2.43 ([I8, Definition 8.6.3]). Let A be a filtered K-algebra. Then a
filtration of an A-module M is called a good filtration if gr(M) is a finitely generated
module over gr(A).

Lemma 2.2.44. Let A be a filtered K-algebra. Then an A-module M has a good
filtration if and only if it is finitely generated.

Proposition 2.2.45 ([18, Proposition 8.6.5]). Let A be a K-algebra with a finite di-
mensional filtration such that gr(A) is a finitely generated K-algebra and let M be an
A-module with a good finite dimensional filtration. Then

GK(gr(A4)) = GK(A) and GK(gr(M)) = GK(M).

Definition 2.2.46 ([18, Definition 8.6.6]). Let A and S be two rings such that A C S.
We say that S is an almost centralizing extension of A if S is generated as a ring
by x1,...,x; over A satisfying

1. ax; — x;a € A and

2. TiTj — T € 2221 Axp + A

for all 4,7 <t and each a € A.

Proposition 2.2.47 ([18, Proposition 8.6.7]). Let A and S be K-algebras with S being
an almost centralizing extension of A with generators x1,...,x: and let A have a finite
dimensional filtration {A,} such that gr(A) is finitely generated K-algebra. Let x

denote the monomial xil(l) e xi(t . Then
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1. the inclusion A — S induces a graded ring homomorphism ¥ : gr(A) — gr(S),

2. gr(S) is finitely generated, and it is generated over im(V) by the central elements
X1,...,%¢,

3. GK(A) < GK(S) < GK(A) + ¢,
4. if AN {Ax" | i #0} =0, then U : gr(A) — gr(S) is an inclusion, and

5. gr(S) is the polynomial ring over gr(A) in the central variables Ty, ...,% if and
only if the set {x'} is a free basis for the module S over the algebra A. In this
case, we have GK(S) = GK(A) +t.

Definition 2.2.48 ([18, Definition 8.6.9]). A K-algebra A is called a somewhat com-
mutative algebra if it has a finite dimensional filtration such that the associated
graded algebra gr(A) is a commutative finitely generated K-algebra.

Remark 2.2.49. Notice that if A is an almost commutative K-algebra via a standard
finite dimensional filtration {A,} and gr(A) is the associated graded algebra, then
gr(A) is a finitely generated algebra, generated by Ay /Ag. It follows from the definition
of almost commutative algebras and the definition of somewhat commutative algebras
that any almost commutative algebra is somewhat commutative.

An example of a somewhat commutative algebra which is not almost commutative is
the Ore extension algebra Ky|[z; —y26%] (see [18], 8.6.10 and 14.3.9] for details).

Proposition 2.2.50 ([I8, Proposition 8.6.9]). If A is a K-algebra being an almost
centralizing extension of a somewhat commutative K -algebra, then A is somewhat com-
mutative.

Definition 2.2.51 ([18, Definition 8.6.12]). Let A be a K-algebra. The two filtrations
{M,} and {M]} of an A-module M are called equivalent if there are i,j € N such
that M,,—; C M, C M,; for all n.

Proposition 2.2.52 ([I8| Proposition 8.6.13]). Let A be a filtered ring with gr(A) being
a finitely generated ring extension of Ag, and let M be a finitely generated A-module.
Then any two good filtrations of the module M are equivalent.

Theorem 2.2.53 ([I8, Theorem 8.6.18]). 1. Let A be a K-algebra with a filtration
such that gr(A) is a commutative finitely generated K -algebra and let M be an A-
module having good filtrations { M} and {M],}. Then GK(gr(M)) = GK(gr(M")).

2. If we choose standard finite dimensional filtrations of gr(A), gr(M) and gr(M’),
then

(a) the leading terms of the Hilbert polynomials of gr(M) and gr(M') are equal,
and

(b) e(gr(M)) = e(gr(M")).
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Theorem 2.2.54 ([18, Theorem 8.6.19]). Let A be a somewhat commutative K -algebra
and let M be a finitely generated A-module having a good filtration. If we choose
standard finite dimensional filtrations of gr(A) and gr(M) with h being the Hilbert
polynomial of gr(M), then

1. deg(h) = GK(M) = GK(gr(M)) € N. The integer deg(h) does not depend on the
choices of filtrations of A, gr(A), M and gr(M), and

2. if we choose a fized filtration of A and gr(A), then the leading term of h does not
depend on the choices of filtrations of M and gr(M).

Proposition 2.2.55 ([I8| Proposition 8.6.21]). Let S be K -algebra. Then the following
conditions are equivalent:

1. S has a standard filtration such that gr(S) is a commutative finitely generated
K-algebra, and

2. S is an almost centralizing extension of a commutative finitely generated K-
algebra.



Chapter 3

Weight modules over Lie algebras

Unless otherwise stated, the following notation remain fixed throughout this chapter:

3.1

K is an algebraically closed field of characteristic zero;
G is a finite dimensional semisimple Lie algebra of rank n over K;

H is a (fixed) Cartan subalgebra of G and H* := Homg (H, K) is the dual space
of H;

U = U(G) is the universal enveloping algebra of G;
® is the set of roots of G and A = {ay,...,ay} is the set of simple roots;

® = &, [[P_ where @4 are positive roots and &_ = —P, are negative roots of

g;

G = n_@H®n, is the triangular decomposition and { X, | & € @} is the Chevalley
basis for n_ @ ny (ne = P eqp, KXo);

U = U,en Ui is the standard filtration on U (by the total degree of the canonical
generators);

gr(U) = @,y Ui/Ui—1 is the associated graded algebra of U;

If a is a Lie algebra over K, then M(a) stands for the set of all isomorphism
classes of (left) U(a)-modules.

Introduction

Let K be an algebraically closed field of characteristic zero, G a finite dimensional
semisimple Lie algebra over K, H a fixed Cartan subalgebra of G, H* = Homg (H, K)
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the dual space of ‘H, U(G) the universal enveloping algebra of G and M(G,H) the
set of all isomorphism classes of finitely generated U(G)-modules that decompose into
direct sums of finite dimensional H-weight spaces. Fernando’s approach [9] to classify-
ing U(G)-modules in the set M(G,H) that are simple is reduced to the classification
of torsion-free U(G)-modules in M(G,H). A U(G)-module M € M(G,H) is called a
torsion-free module if dimg (K [z].m) = oo, for every x € G\'H and m € M\{0}. In
Fernando’s work, torsion-free modules play a role similar to the role of highest weight
spaces in the classification of simple highest weight modules. Furthermore, Fernando
considers the question of determining the class of simple Lie algebras which admit a
torsion-free module. He shows that if G is a simple Lie algebra that admits a torsion-free
U(G)-module, then G is either of type A or of type C.

3.2 Generalities

In this section, some results which are valid for any finite dimensional Lie algebra will
be recalled.

Let a be a finite dimensional Lie algebra over K, U = U(a) the universal enveloping
algebra of the Lie algebra a and U(a) = ;> Ui(a) the standard filtration on U (by the
total degree of the canonical generators). Recall that the associated graded algebra

=P Ui(a)/Ui-1(a

>0

is isomorphic to the symmetric algebra S(a). The symmetric algebra S(a) can be viewed
as the coordinate ring of the affine space a*. If E is a subset of a*, then

F(E)={pe€ S(a) | p(z) =0 for every z € E}

is an ideal of S(a). Let I(S) be the set of all ideals in the algebra S(a) of the form
F(E) for some E C a*. If J € I(S), then let

V(J)={x€a* | plx)=0 forevery pe J}.
If J is an ideal of the algebra S(a), then let v/.J = {p € S(a) | p" € J for some n € N}.

If v/J = J, then J is said to be a radical ideal. By Hilbert’s zeros theorem ([23,
Chapter VII, §3]),

1. the set of radical ideals in the algebra S(a) is equal to I(.5), and

2. the map V — F(V) is a bijection between the set of all subvarieties of a* and the
set 1(S). The inverse map is J — V(J). Under this map, the prime ideals of the
algebra S(a) are associated with irreducible subvarieties of a*.
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If u € Uj(a)\Uj—1(a), then the associated homogeneous polynomial gr(u) € S;(a) =
Uj(a)/U;-1(a) is said to be the symbol of u. By using the canonical embedding a —
S(a), u will be identified with its symbol when u € a. Let M be a finitely generated
module over the enveloping algebra U(a), and let M = U(a)M for a finite dimensional
generating subspace My of M. Then the filtration {M,} of M is called standard if
M,, = Uy(a)My for each n. The filtration {M,} of M is called a good filtration if
gr(M) = @,~o M;/M;_1 is a finitely generated module over gr(U(a)).

Lemma 3.2.1 ([I7, Lemma 6.7]). If {M,} is a standard filtration of a U(a)-module
M, then {M,} is a good filtration on M.

Let M be a finitely generated module over the algebra U(a) with any good filtration.
Then J(M) := /ann(gr(M)) is a graded ideal in the algebra S(a). Notice that J(M
is independent of the choice of the good filtration {M,}[14, p. 448]. Set V(M) =
V(J(M)). V(M) is said to be the associated variety of M.

The submodules M5! and M) of an a-module M.

Let = be an element in the algebra U(a), then the associative subalgebra of U(a)
generated by x is denoted by (z).

Definition 3.2.2 (9, p.760]). Let a be a Lie algebra over K, S a subset of the envelop-
ing algebra U(a) and M a module over U(a). Let the subsets of M, M5! and M(9),
defined by

M = {m e M | dimg((s).m) < oo for every s € S}

and
M®) = {me M |if s € S, then there exists 7 = r(s,m) € N such that s".m = 0}.

Then

1. if MS] = M, then S is said to be locally finite on M. If the center Z(U(a)) of the
enveloping algebra U (a) is locally finite on M, then M is said to be Z(U(a))-finite.

2. if M) = M, then S is said to be locally nilpotent on M.

For convenience, we use M to denote MU} for a single element s.

Remark 3.2.3. Note that if a subset S of the enveloping algebra U(a) is locally finite
on a U(a)-module M, then gr(M) is a subset of J(M). Note also that since J(M) is a
graded ideal, {0} is a subset of V(M).

The next lemma describes the case when the associated variety is equal to {0}.

Lemma 3.2.4 ([0 Lemma 2.1]). If a is a finite dimensional Lie algebra over K, and
M is a finitely generated module over the enveloping algebra U(a), then the following
conditions are equivalent:
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1. The U(a)-module M is finite dimensional.

2. The associated variety V(M) is equal to {0}.

Any associative algebra A over K becomes a Lie algebra, denoted LA, via the bracket
operation [x,y] = xy — yx for all z,y € A. Let M be a module over the enveloping
algebra U(a) of a Lie algebra a. Then let Ups be the quotient algebra U(a)/ann(M).
Let = — Z be the natural projection from the enveloping algebra U(a) to the algebra
U

Lemma 3.2.5 (|9, Lemma 2.2]). Let a be a Lie algebra over K, S a subset of the
enveloping algebra U(a) and M a finitely generated U(a)-module. Then

1. the set M9 is a U(a)-submodule of the module M if the adjoint action of the
image, S, of the subset S in LUy is locally finite on LUy, and

2. the set M5 is a U(a)-submodule of the module M if S is locally nilpotent on
LUyy.

The theorem of Gabber and its application.
The algebra S(a) has a Poisson bracket structure defined as follows.

Recall that the enveloping algebra U = U(a) of a Lie algebra a admits the standard
filtration U = |J;c Ui and the associated graded algebra gr(U) = @,y gri(U) where
gri(U) = U;/U;—1 and U_; = {0}. Let v; denote the projection of U; onto gri(U).
Let f € gri(U) and g € grj(U), and choose z € U; and y € U; such that ¢;(z) = f
and j(y) = g. The commutativity of gr(U) implies that y — yx € Uj;j—1. Then the
Poisson bracket {f, g} of f and g is defined by

{f,9} = i(zy — yx).

The definition of the Poisson bracket {f, g} is independent of the choices of x and y.
This definition can be extended to nonhomogeneous elements of the algebra S(a) by
using bilinearity. Notice that the algebra S(a) has a Lie algebra structure defined by
this Poisson bracket that is an extension of the bracket operation on a. Also, notice
that

{fg,h} = f{g,h} +{f,h}g forall f,g,h € S(a).

Theorem 3.2.6 (Gabber’s theorem, [14]). Let a be a finite dimensional Lie algebra
over K, M a finitely generated module over U(a) and {My,} a good filtration on the
module M. Then the graded ideal J(M) = \/ann(gr(M)) of the algebra S(a) is closed
under the Poisson bracket in the algebra S(a).

Remark 3.2.7 ([9, Remark 2.6]). Note that J(M) is a linear subspace of the algebra
S(a) since S(a) is commutative. Hence, J(M) is a Lie subalgebra of S(a), by Theorem
0.2.0l
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Definition 3.2.8. A subvariety V of a* is called involutive if the ideal F (V) is closed
under the Poisson bracket.

By Theorem the associated variety of a finitely generated module M over the
enveloping algebra U (a) is involutive.

Corollary 3.2.9 ([9, Corollary 2.7]). The set a[]M] = {s € a | Ml = M} of all
elements in the Lie algebra a that are locally finite on the U(a)-module M is the largest
Lie subalgebra of a that is locally finite on M.

Remark 3.2.10 ([9, Remark 2.9]). The U(a)-module M is finite dimensional if and
only if a[M] = a.

Pure U(a)-modules.

Definition 3.2.11. Let a be a finite dimensional Lie algebra over K, and let M be a
U(a)-module. Then M is called a pure module if for every element s € a, M® equals
either {0} or M.

Remarks 3.2.12. 1. Clearly, any simple module is a pure module.

2. If o’ is a Lie subalgebra of the Lie algebra a and M is a pure U(a')-module, then
the induced U(a)-module U(a) @y (qy M is a pure module.

Corollary 3.2.13 (9, Corollary 2.10]). Let M be a finitely generated module over the
enveloping algebra U(a). Then there ezists a finite chain

M=M,DM, 12...0My=0
of U(a)-submodules of M such that M;/M;_1 is a pure module for i =1,...,n.

Corollary 3.2.14 ([9, Corollary 2.11]). Any irreducible component of the associated
variety V(M) of the module M is involutive.

The inequality of Gabber and Joseph.

Let a be a finite dimensional Lie algebra over K, {U;(a)};en the standard filtration
on the enveloping algebra U(a) and M a finitely generated module over U(a). Recall
that if {M,,} is a standard filtration on M, then the Gelfand-Kirillov dimension of M,
GK(M), equals the degree of the Hilbert polynomial of M. Therefore, GK(M) may be
identified with the dimension of the associated variety V(M ). The next theorem is a
result of Gabber and Joseph.

Theorem 3.2.15 (|9, Theorem 2.12]). Let a be a finite dimensional Lie algebra over
K, and let M be a finitely generated module over U(a). Let Uy denote the quotient
algebra U(a)/ann(M ), considered as a left module over U(a). Then

GK(Uy) < 2GK(M).
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3.3 Semisimple Lie algebras and parabolic induction

Most of the results in this section are generalizations of the properties of highest weight
modules. A natural method to construct modules over a finite dimensional Lie algebra
is via induction from parabolic subalgebras. Induction and restriction play a crucial
role in the classification of simple modules.

Let G be a semisimple Lie algebra, H a fixed Cartan subalgebra of G, ® the correspond-
ing root system, Z® the root lattice of ®, A a base for ® and ¥ (respectively ®_) the
set of positive (respectively negative) roots relative to A. Let S be a subset of A, and
let g denote the subsystem ® N} _¢Za of ®. Then every parabolic subalgebra p
of G which contains the Cartan subalgebra H is of the form p, o = Gp & H where
P = &, U®g for some base A of ® and some subset S of A, and Gp = @ ,.p Gr. If
|A\S| =1, then p, , is said to be a maximal parabolic subalgebra of G. If B is a subset
of ®, then set B® = BN (—B) and B* = B\(—B) (the symmetric part and antisym-
metric part of B, respectively). Let G = H© @ cq Ga be the root space decomposition
of G, and choose a Chevalley basis

{Xo|ae®U{H, e H|1<i<n}

for G such that X, € G, for every a € ®. The K-linear map v : G — G, X, — X_4,
and H — —H for all H € H, is a Lie algebra automorphism of G. The following
notation will be fixed for the remainder of this part. Let p,p~ be a pair of parabolic
subalgebras of G that contain H such that v(p) = p~. Choose a subset S C A of & such
that (p,p7) = (Pas P a_s)- Let u=u, ¢ (respectively u™ = uy ) be the nilradical
of p (respectively p~), and let [ = pnNp~. Let B = & U Pg, so that u = Gpa, and
[=H & Gps. Let V be a U(l)-module, and let u act trivially on V. Then V' becomes a
p-module. Now, set

Ma,s(V) =ind§ (V) = U(G) @y V-

Then Ma (V) is a U(G)-module. Conversely, if M is a U(G)-module, then

My=M, _.={meM]|u-m=0}

A,S
is a U(l)-module (see [0, Section 3, p. 764] for details).

Proposition 3.3.1 ([9, Proposition 3.1]). With the notation above, if V is U(l)-module
and M is a U(G)-module, then there exist vector space isomorphisms:

v = \I/M,V : HomU(g) (MA,S(V), M) = HOHIU([) (V, M“A,S)'

Proposition 3.3.2 ([9, Proposition 3.3]). Let V' be a simple U(l)-module. Then there
exists a unique mazimal proper submodule in the U(G)-module Ma s(V') and a corre-
sponding unique simple quotient La s(V').
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Proof. Let W be a proper submodule of Ma s(V'). Then for any nonzero element w €
WnlegV),

UG)w = U(@G)(U(Hw)
=UG)(1®gV) sincewel®gV and V is a simple U(l)-module
= Mas(V).

Thus, WN(1®g V) = {0}. Let W (V') be the sum of all proper submodules of Ma s(V).
Clearly, W(V)N(1®xk V) = {0}. Since 1 @ V # {0}, W(V) is a proper submodule of
MAa (V). This implies that W (V) is a maximal submodule of Ma g(V'), and La (V) =
Ma s(V)/W(V) is a corresponding unique simple quotient U(G)-module. O

Let G be a finite dimensional semisimple Lie algebra over K, Z(U(G)) the center of the
enveloping algebra U(G) and Z(U(G)) the set of all central characters of the enveloping
algebra U(G). If X € Z(U(G)), then the X-primary component

MX={me M| (z—X(z2)"-m=0forall z€ Z(U(G)), and some n € N}
of a U(G)-module M is a U(G)-submodule of M. Let ch(M) denote the set
{XeZU(g)) | M* #{0}}

of all generalized central characters of a U(G)-module M. By Quillen’s Lemma [19],
if M is a module over U(G) of finite length, then M is Z(U(G))-finite, and the set
ch(M) is finite. If a U(G)-module M is Z(U(G))-finite, then we have a direct sum
decomposition

M = MX (3.1)

Xech(M)

of M in M(G). In addition, the sum in is finite if M is a finitely generated
U(G)-module.

Now, set p, 4 = 3> \epe A, and let WA g be the algebra automorphism of Z(U(H))(=
S(H) = U(H)) that restricts to b+ h — p, s(h) on H. Write ¢ : U(G) — U([) and
¢ :U(G) = uU(G) + U(G)u for the projection maps of the decomposition

UG)=Ul)® uw U(G)+U(G)u)
of U(G). The map ¢ restricts to a map pa g : Z(U(G)) — Z(U(I)), and the map ¢’
restricts to a map @ ¢ : Z(U(G)) = U(G)u, [22] p. 118].

If S =0, then set p, = p, s, ¥a = ¥a s and pa = @A 5. Let the Harish-Chandra
isomorphism WA o a : Z(U(G)) — Z(U(H)) be denoted by I'g 3, and the map X, ,, :
Z(U(H)) — Z(U(G)) defined by X, ,,(a) = a o Tg .

Notice that the Harish-Chandra isomorphisms of the Lie algebras G and [ satisfy the
relations \I/:S ol'gy =Tiyopas.

Passing to characters, we have the following commutative diagram:
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nA,S -

Z({UH)) —= Z(U(H))

Z(Wn) 225, Z(g)

where 7 s is the translation map a +— a + p, ¢, and Pa s is the map X = X 0 o 5.

Theorem 3.3.3 ([9, Theorem 3.4]). The map X ,, : Z(U(H)) — Z(U(G)) is a surjec-
tive map, and the fibres of X, ,, are finite and invariant under the action of the Weyl
group W of G.

Remark 3.3.4. Note that from the commutative diagram above and Theorem [3.3.3
the fibres of pa g are finite.

Proposition 3.3.5 ([9, Proposition 3.5]). 1. If V € M(l) is Z(U(l))-finite, then
the U(G)-module Ma s(V') is Z(U(G))-finite, and ch(Ma s(V)) = @ s(ch(V)).
In particular, if ch(V') is a finite set, then ch(Ma s(V)) is a finite set.

2. Let M be a U(G)-module such that M is Z(U(G))-finite. Then the U(l)-module
M, is Z(U(1))-finite and pa s(ch(M,, _)) C ch(M). In particular, if ch(M) is

Ua,s UA,s

a finite set, then ch(My, ) is a finite set.

Now, we equip Z(U(G)) with a partial order which is determined by A and S. Let Z([)
be the center of [ in the Lie algebra [, and let 7 : Z(U(G)) — Z(I)* be the restriction
map i — pt|z(y induced by the inclusion Z(I) < Z(U(I)). We introduce a partial order

< among the elements of E(U(()) by letting X7 < Xo whenever 7(X1) — 7(X2) is a sum
of roots in the set B* = {\ € A | G\ Cu}. Let X < X3 mean X; < Xo and X; # Xs.

Proposition 3.3.6 ([9, Proposition 3.6]). Let M € M(G) be generated by a U(l)-
submodule V' of My, .. Then
1. there exists a unique U(l)-module homomorphism v : Ma (V) — M such that
Y(1 @K v) =v for every v € V, and 1 is a surjective map,

2. M=U@u")V, and

3. if V is X-primary for some X € Z(U(1)), and M is a U(I)-submodule of res? (M)
(the restriction of M to l), then we have a direct sum decomposition

M= P m (3.2)
X'eZ(U(D)

of My in M(1). In addition, X' < X whenever X' € ch(M;) and M{* =V N M. In
particular, (M,)* = V.
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Recall that if V' is a simple U([)-module, then by Proposition the U(G)-module
M. s(V') has a unique simple quotient La g(V).

Proposition 3.3.7 ([9, Proposition 3.8]). The maps fas : V — La (V) and das :
M — My,  give a bijective correspondence between the set of simple modules in M(I)
and the set of simple modules in M(G) that have nontrivial u, ;—submodules.

Proposition 3.3.8 (|9, Proposition 3.9]). If M is a U(G)-module of finite length, then
the module M, € M(I) is also of finite length.

3.4 The category of weight modules.

Let G be a finite dimensional semisimple Lie algebra over K, H a fixed Cartan subal-
gebra of G. Let V be a U(G)-module and A € H*. We define

W={veV |hv=Ah)vforall h € H}.

In general, if R C H*, then let Vg = Y \cpVi. If Vi # {0}, we call V) a weight
space, and we say that )\ is a weight of V. Let M(G,H) stand for the set of all
isomorphism classes of U (G)-modules that decompose into direct sums of weight spaces.
If Ve M(G,H), then let wt(V) := {\ € H* | V) # {0}}. Let M(G,H) stands for the
set of all isomorphism classes of finitely generated U(G)-modules that decompose into
direct sums of finite dimensional H-weight spaces. The modules in the set M(G,H)
are called U(G)-weight modules. Let ® be the root system of G, and choose a base
A. Let < be the partial order on H* defined by A. Then a module V in M(G,H) is
called A-highest weight module if there exists a A € wt(V') such that o < A for every
aecwt(V).

Lemma 3.4.1 ([9, Lemma 4.1]). The classes M(G,H) and M(G,H) are closed under
taking submodules, quotients and tensoring with any finite dimensional U(G)-module.
If V€ M(G,H) and R € H*/Z®, then Vr € M(G,H), and we have a direct sum
decomposition

V= P V& (3.3)

REH* | Z®
of Vin M(G,H). If V is a finitely generated U(G)-module, then the number of nonzero
summands involved in the decomposition given in (3.3)) is finite.

Lemma 3.4.2 ([9, Lemma 4.2]). Let V be a module in M(G,H), and let the weight
spaces of V' be all finite dimensional. Then V is Z(U(G))-finite. If V€ M(G,H), then
the set of all generalized central characters, ch(V'), is finite.

Lemma 3.4.3 ([9, Lemma 4.3]). Let V be a module in M(G,H), and let the weight
spaces of V' be all finite dimensional. Then we have a direct sum decomposition

V=P (3.4)
R, X
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of V in M(G,H) where the pairs (R,X) run over a subset of (H*/Z®) x Z(U(G), and
for each (R,X),Vy is an X-primary module such that wt(Vj) C R. If V. € M(G,H),
then the direct sum decomposition in is a sum in M(G,H), and the number of
nonzero summands involved in this decomposition is finite.

Lemma 3.4.4 ([9, Lemma 4.5]). Let V € M(G,H) be a simple module, and let G =
G1 D Gy where G and Go are ideals of G. Set H1 = GiNH and Ho = GoN'H. Then there
exist simple modules Vi € M(G1,H1) and Vo € M(Ga, Hz) such that V =V; @k Vo as
U(G)-modules.

Before we state the next lemma, we need some notation. Let V € M(G,H),\ € ®
and s = X, (an element of the chosen Chevalley basis for G). Set the U(G)-module
VN = VI 1f VIN = V, then V is called A-finite, and if VIN = {0}, then V is called
M-free. If B is a subset of ®, then let the subspaces @,.5Gx and Y, 5[0x, G-»] of
G be denoted by Gp and Hp, respectively. Let V be a finitely generated module in
M(G,H). Then the set F(V) = {\ € ® | V is Mfinite} is a closed subset of ® (i.e. if
Ap € F(V)and A+ p € @, then A+ € F(V)). Now, we show that H @ Gr(yy = L[V]
where L[V] is the set of all elements in the Lie algebra G which are locally finite on V.
It is clear that H @ Gp(yy € L[V]. On the other hand, notice that H © Gp = L[V] for
some subset B of ® since L[V] is a Lie subalgebra of G containing H. But A € F(V) if
and only if Gy C L[V], and hence B = F(V). Therefore, L[V] = H © Gp(v).

Lemma 3.4.5 ([9, Lemma 4.6]). If V is a finitely generated module in M(G,H), then
LIV] = H @ Gp). The U(G)-module V is finite dimensional if and only if F(V) = 0.

Remark 3.4.6 ([9, Remark 4.7]). If V is a module in M(G,H), then VN = V(B for
every A € ®. In particular, X is locally finite on V if and only if X is locally nilpotent
on V. To show this, notice that if v € V), is a weight vector in V, then X - v € V)\y,,.
This implies that zero is the only eigenvalue of X, in its action on V.

Lemma 3.4.7 ([9, Lemma 4.8]). Let V € M(G,H), and let X € ®. Then

1. wt(V) +NX C wt(V) if V is A-free, and
2. if (u+NX)Nwt(V) is a finite set for every p € wt(V), then V is \-finite.

Definition 3.4.8. Let V be a module in M(G,#H), and let G’ be a Lie subalgebra of
G. Then G’ is called torsion-free on V if V[* = {0} for every z € G'\'H. If VI*] = {0}
for every x € G\H, then V is called a torsion-free module.

Recall that if B is a subset of ®, then B* = BN(—B) and B* = B\(—B); B = B*lUB".
B is called a parabolic subset if BU(—B) = ®, and B is a closed subset of ®. A pair
(B1, B2) of parabolic subsets of ® is called a pair of opposite parabolic subsets if
Bj = B5 and B§ = B{. A Lie subalgebra p of G which contains the Cartan subalgebra
‘H is a parabolic subalgebra if and only if it is of the form Gg @& H for some parabolic
subset B of ®. Moreover, (G, ®H,Gp, DH) is a pair of opposite parabolic subalgebras
of G if and only if (B, Bz) is a pair of opposite parabolic subsets of ®.



CHAPTER 3. WEIGHT MODULES OVER LIE ALGEBRAS 49

Lemma 3.4.9 ([9, Lemma 4.16]). Let ® be a disjoint union of subsets By and Bas.
Then the following statements are equivalent:

1. By and By are closed subsets of ®.
2. (B1UBS, By U BY) is a pair of opposite parabolic subsets of .

3. There exists a base A of ®, a subset S of A and a decomposition of S into
mutually orthogonal subsets S and Sa such that By = (P4 \®g) U Pg, and By =
(P_\Ps)UPg, are the decompositions of B1 and By into their antisymmetric and
symmetric parts.

The next proposition states that the action of the Lie algebra G on a pure weight
module V' determines a decomposition of G into a sum of Lie subalgebras which are
either locally finite on V' or torsion-free on V.

Proposition 3.4.10 ([9, Proposition 4.17]). Let V' be a pure module in M(G,H). Then
the Lie algebra G has a unique pair (py,,py,) of opposite parabolic subalgebras such that

1. the nilradical uy, of py, is locally nilpotent on V,
2. the nilradical uy, of py, is torsion-free on V, and

3. the common Levi factor [ = py, Npy, of py, and py, decomposes into a direct sum
, = Z(ly,) ® sy @ty of ideals where Z(ly,) is the center of I, sy, is the largest
ad(H)-stable semisimple subalgebra of G which is locally finite on V, and t,, is the
largest ad(H)-stable semisimple subalgebra of G which is torsion-free on V.

Moreover, there exists a parabolic subalgebra qy, of G such that

(a) the Cartan subalgebra H of G is contained in qy,,
b) the nilradical 0y, of qy, is locally nilpotent on V, and
1% 1%

c) the ad(H)-stable Levi complement vy, of 0, in is torsion-free on V.
v v 1 Qy
Proof. See [9, page 775]. O

Now, to classify simple modules in M(G,H), we use Proposition Let V be a
simple module in M(G,H). Then V is a pure module, and hence there exists a unique
pair (p,p~) of opposite parabolic subalgebras of G such that (p,p~) and V together
satisfy the conditions 1,2 and 3 of Proposition Since V is simple, by Proposition
Vi, is a simple module in M (I, H) (notice that if the module V' is torsion-free, then
u = {0}, and hence [ = G and V;; = V in this case). In addition, V' can be recovered from
Vi since V' 22 LA g(Vj). This implies that a simple module V' in M(G, H) is completely
determined by the module V; in M([,H) (i.e. the classification of simple modules in
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M(G,H) can be reduced to the question of classifying simple modules in M([, H)).
Now, choose a base A of ® and a subset S of A such that (p, s, b o _5) = (b, p7)
where (p,p~) is the pair of opposite parabolic subalgebras introduced in Proposition

3.4.10, Let s,t and Z(I) be as described in Proposition [3.4.10}(3), and let vt = Z(I) @ s.
Then by Lemma [3.4.4] the decomposition [ =t @ t induces a decomposition of Vj, into

a tensor product V) ® g Vo where V) is a simple U(t)-module, and V3 is a simple U (%)-
module. If V is in M(I,%)) and F(V) = {\ € ® | V is Mfinite}, then by Lemma[3.4.5]
V is a finite dimensional module if and only if F (V) = ®. This implies that V7 is finite
dimensional. Since t is torsion on V, t is torsion-free on V5. This result is summarized
in the next theorem.

Theorem 3.4.11 ([9, Theorem 4.18]). Let V' be a simple module in M(G,H). Let
p,p,u, [, Z(),s and t as described in Proposition and let v be the ad(H)-stable
reductive subalgebra Z(I)@s of G. Let A be a base of ®, and let S be a subset of A such
that (py s, P_a_s) = (0,p7). Then Vy is a simple U(l)-module which decomposes into
the tensor product Van, @ Vi where Vg, is a simple finite dimensional U(t)-module and
Vi is a simple torsion-free module in M(t,t N H). Conversely, if the pair (Van, Vi) is
given, then the module V' can be recovered as La s(Van @k V).

The next two results show that every module V' in M(G,H) is of finite length.

Lemma 3.4.12 ([9, Lemma 4.19]). Let V be a torsion-free module in M(G,H), and
let the weight spaces of V' be all finite dimensional. Let

V= P V&

ReH*/Z®

be the decomposition of V introduced in[3.4.1 Then the following statements are equiv-
alent:

1. 'V is of finite length.
2. V is a finitely generated U(G)-module.
3. The number of nonzero summand involved in the decomposition above is finite.

Theorem 3.4.13 ([9, Theorem 4.21)). If V is a simple module in M(G,H), then V is
of finite length.

Proposition 3.4.14 ([9, Proposition 5.1]). Let V' be a torsion-free module in M(G,H).
Then the Gelfand-Kirillov dimension of V' equals the rank of the Lie algebra [G,G].

Theorem 3.4.15 ([9, Theorem 5.2]). Let G be a simple Lie algebra with a fized Cartan
subalgebra H, and let V' be a torsion-free module in M(G,H). Then the Lie algebra G
is either of type A or of type C.



Chapter 4

The centralizer of the Cartan
subalgebra in the universal
enveloping algebra

4.1 Introduction

In this chapter, we study the structure of basic cycles. The importance of basic cycles
is that they form a generating set for the centralizer C' of the Cartan subalgebra in
the universal enveloping algebra of a simple Lie algebra. In particular, the fact that
the centralizer C is a finitely generated algebra will become clear. We first briefly
review some results about the structure of basic cycles of the simple Lie algebras A,,_1
obtained by Britten and Lemire [4]. Then we provide a set of generators for the algebra

C.

Throughout this chapter, K denotes an algebraically closed field of characteristic zero,
G a simple finite dimensional Lie algebra over K, H a fixed Cartan subalgebra, ® the
corresponding root system, A = {61,...,0,} a base for ®, &, = {u1,..., um} the set
of positive roots relative to A, W the Weyl group of ®, U(G) the universal enveloping
algebra of the Lie algebra G and

C={ueU(G)|Hu=uH, for all H € H}

the centralizer of H in U(G). The universal enveloping algebra U(G) has a PBW basis
consisting of all monomials of the form

w(@, B,7) = X2 - X0 X X Im HL - Hy

where «;, 8;, v, € N.

o1
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Definition 4.1.1. The element u(a, 3,7) in U(G) is called a cycle if
> (B — )i = 0.
i=1

Example 4.1.2. Let {a, 3} be a base for the root system of the Lie algebra sls(K).
Then the elements

Ha, Hg, YoXa, YarsXaXs, YsXgHa and Yo, 5YsXo X3
are all cycles in U(sl3). On the other hand, the elements
Xa, YaHgs, Y3 Xoand Yo, 5Y5X,
are not cycles in U(sls).

Definition 4.1.3 ([4, Definition 1.2]). Let ¢ = u(a,3,7) be a cycle in U(G) with
4 =0, and let 7(c) denotes the multiset of all roots (counting multiplicity) appearing
as subscripts in ¢. Then ¢ is called a basic cycle if r(c) is non-empty, and no proper
subset of r(c) sums to 0. The cycles Hy, where A € A, will be called trivial basic
cycles.

Example 4.1.4. To illustrate this, consider Example again. Then the cycles H,
and Hpg are trivial basic cycles, and the cycles Y, X, and Y,,3X,Xg are basic cycles.
However, the cycles YpXgH, and YQ+BYBXQX§ are not basic cycles since they can be
written as product of two other cycles.

Definition 4.1.5 (J4, Definition 1.3]). Let ¢ be a basic cycle in the centralizer C' of H
in the universal enveloping algebra U(G) with 7(c) = {A1,..., \¢}, and let

r(w(c)) == {w(\1),...,w(\)} for some w € W.

The number of negative roots in r(c) is denoted by Neg(r(c)). Also, we define M(c) to
be the minimum number of Neg(r(w(c))) for all w € W and M(G) to be the maximum
number of M(c) for all basic cycles ¢ € C.

In 1972, Dixmier [8] conjectured that if G is a simple finite dimensional Lie algebra
over K, M(G) = 1. Van den Hombergh [20] verivied that Dixmier’s conjecture only
holds for A,, Bs, B3, D4, D5, G5 and Ejg, and it does not hold for the other simple Lie
algebras.

Throughout this chapter, we denote €1, ..., €, as the standard basis of the vector space
R"”, and e_; denotes —¢;.
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4.2 Basic cycles of A,

This section concerns the concept of a circle representation for a basic cycle of A,,_1.
By using this concept, it will be shown that M(A;) =1 (Theorem [4.2.3).

The root system of A, _1 can be taken to be
q)An_l :{Ei—fj ‘ ISZ7.7Sn77’7é]}

A base for the root system ® 4 _, is given by

n—1

Ag, , ={e—€q |i=1,...,n—1}.

Notation: Let p(a;,a;j) = €, — €q;-

Theorem 4.2.1 (4, Theorem 2.1]). 1. Let (a1,...,ax) be a sequence of distinct el-
ements of {1,...,n} for some k > 2. Then the set of roots

clay, ... ar) = {p(a1,a2), p(ag,as),..., lag,a1)}

equals the set r(c) for a basic cycle ¢ in the centralizer Cy, _, of H in the universal

enveloping algebra of the simple Lie algebra of type A, _1.

2. If ¢ is a basic cycle in Cy,_,, there erists a sequence (ai,...,ax) of distinct
elements of {1,...,n} for some k > 2 such that r(c) = c¢(ay,...,ax).
Definition 4.2.2. If r(¢) = ¢(ay, ..., ax), the sequence c(aq,...,ax) is called a circle

representation for the basic cycle ¢; in this case we write
CR(C) = (al, e ,ak).
Theorem 4.2.3 (|20, Proposition 2]). M(A,_1) = 1.
Sketch of proof. The Weyl group Wy, , for the Lie algebra of type A,_; is the sym-

metric group consists of all permutations on {¢; | 1 <1i < n} (see [16, page 64]). Hence,
if ¢ is a basic cycle in Cy there exists an element w € Wy with

n—17 n—1

r(w(c)) = {w(e1),...,w(pr)} =c(l,..., k).

Since € — €1 is the only negative root in ¢(1,...,k), M(4,—1) =1. O

4.3 A generating set for the centralizer of the Cartan sub-
algebra in U (sl3)

In this section, we first show that the centralizer of the Cartan subalgebra in the
universal enveloping algebra of a simple finite dimensional Lie algebra is generated by
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all the basic cycles. Then we determine a generating set for the centralizer of the
Cartan subalgebra in the universal enveloping algebra U(sls). This set of generators
will be used to study the centralizer in the next chapter.

If we consider U(G) as a G-module under the adjoint action, then U(G) has a weight
space decomposition

U(G) = @D Un with UUy C Upyy.
AEH*

The weight space Uy is a subalgebra of U(G) equal to the centralizer C' of H in the
universal enveloping algebra U(G). If H € H, then by direct computation we have

[H,u(o’z,ﬁ_,'—y)] — [HjX%”ﬁm...Xal Xgll .. Xﬁ:ﬂanlng:]

—H1
= (DB — aa)ps) (X231, -+ X2 X X HL - HY)
=1
= (D (B — ai)pa)ul@, B, 7).
=1

Therefore,
B m
C=U= Span{u(o_éaﬁﬁ) \ Z(ﬁz‘ — )i = 0},
i=1
i.e. the centralizer C' of H in the universal enveloping algebra U(G) is spanned as a

linear subspace of U(G) by all cycles in U(G).

The following theorem shows that the centralizer C is generated by all the basic cycles.

Theorem 4.3.1. Let C be the centralizer of the Cartan subalgebra H in U(G). Then
the basic cycles generate the algebra C.

Sketch of proof. Let C’ be the subalgebra of C' which is generated by all the basic
cycles. Let u be a cycle in U(G). We prove by induction on the degree of u that w is
an element of C’. Since the algebra C' is spanned by all cycles in U(G), this will give
the result.

If deg(u) = 0 or deg(u) = 1, then u is a basic cycle and hence u € C’ trivially.
Assume that u € C for all u such that deg(u) < k with & > 1. Let z be a cycle with
deg(z) = k + 1. If z is basic, clearly z € C’. If z is not basic, then there exist s and w
such that z is the product of s and w when z, s and w are considered as commutative
monomials. Then in the algebra C| it can be shown that

sw = z+ a linear combination of cycles of lower degrees.

Now, by the induction hypothesis, the result follows. O
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We next give a set of generators for the centralizer of the Cartan subalgebra in the
universal enveloping algebra U (sl3).

The Lie algebra sl3(K) has a basis
{X1 = FE1a, Xo = Eo3, X3 = E13, Y1 = Eg1, Yo = E3p, Y3 = E3y,
Hy =H,= Ey — Eo, Hy = Hg = Ey — E33}

with F;; being the usual matrix units. The universal enveloping algebra U(sl3) has a
PBW basis consisting of all monomials of the form

m3ay m2ymi1 vni vne vns rrt1 rrte
Y, Y X X P X3P
where my, n;,t;, € N.

Theorem 4.3.2. Let C be the centralizer of the Cartan subalgebra H = KH; & K Ho
in U(sl3). Then the algebra C' is generated by the elements

Hy = Hy = E11 — E9a, Hy= Hp = Eg3 — Esg,
c1 = B F1p =Y1X1, cog = E3aFo3 = Yo Xy, c3 = E31E13 = Y3X3,
c= FE3FyFEi3=YY1X3 and c¢= E31F12F3 = Y3.X1X>.

Sketch of proof. Clearly, the elements Hy, Hs, ¢y, co,c3, ¢ and ¢ are basic cycles in the
algebra C. Let C’ be the subalgebra of C' which is generated by all the elements
Hq, Hs,c1,c9,c3,c and €. Recall that

C= span{Y},mSYszEle{LIXQZXgSHle;Z | (n1—mi1)a+(ng—mz)B+(nz—ms)(a+p) = 0}-
Now,
(n1 —mi)a+ (ng —ma)B + (n3 —ms3)(a+ ) =0

if and only if
ni+mn3=mi1+mg and ng+ngz = my+ms.

By using induction on d = n; + ny + ns + my + ma + m3, we can show all cycles in
U(sls) are in C’. Hence, C = C'. O



Chapter 5

The centralizer of the Cartan
subalgebra in U(sls)

The aim of this chapter is to find generators and defining relations of the centralizer C'
of the Cartan subalgebra of the Lie algebra sl3(K) in the universal enveloping algebra
U(sl3) and to classify simple 1-dimensional C-modules.

5.1 Notation

The following notation will remain fixed in this chapter: K is an algebraically closed

field of characteristic zero, H = K H; ® K H» is the Cartan subalgebra of the Lie algebra

sls(K), U = U(sls) is the universal enveloping algebra of the Lie algebra sl3(K) and
C={ueU|Hu=uH;i=1,2}

is the centralizer of the Cartan subalgebra H in U. b

5.2 The centralizer of the Cartan subalgebra in U(sls)

The center of U(slz). Recall that the Lie algebra sl3(K') has a basis

{X1 = FEi2, Xo = Es3, X3 = FEi3, Y1 = E, Yo = E3, Y3 = E3y,
Hy, = En — Ey, Hy = Ey — Es3}

with E;; being the usual matrix units. We use the following ordering of the canonical
basis of the Lie algebra sl3(K):

Ys>Yo>Y > X1 > Xo > X3 > H| > Ho.

56
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The center of the algebra U = U (sl3) is a polynomial algebra Z(U) = K|[Z;, Z2] in two
generators (see [7, Theorem 7.3.8(ii)]). By [10, page 424], these two generators can be
taken to be

1

AR 18(H1 +H2 + HHs) + 6(H1+H2)+é(Yle—i-YQXz—i-YéXg), (5.1)
2 2 1 1

Zy = — §H§ + §H§ — §H12H2 + §H1H22 —H? +H2 —H,+ Hy, - Y1 X1 H, — Y3X3H;

+ 2YoXoH1 — 2Y1 X1 Hy + Y3 X3Hy + Yo XoHo — 3Y5Y1 X3 — 3Y3X71 X5 + 3Y5 X5
— 31 X1 + 3Y3X5.
(5.2)

Filtration on the algebra C. Recall that the algebra U = J,~, U; admits the stan-
dard filtration with respect to the canonical generators of sl3(/) and the associated
graded algebra gr(U) = @,-,Ui/Ui—1 is a polynomial algebra in 8 variables where
U_1 := 0. In particular, the Gelfand-Kirillov dimension of U is GK(U) = 8.

The subalgebra C of U admits the induced filtration

C = U C; where C; =CnNU;. (5.3)

>0

The associated graded algebra of C, gr(C) = €P,5(Ci/Ci-1 is a subalgebra of the
polynomial algebra gr(U). In particular, the algebra gr(C) is a commutative domain.
Hence, the algebra C' is an almost commutative domain.

For every nonzero element v € U, there is a unique natural number d such that u €
Ug\Ug—1. The number d is called the degree of the element u and is denoted by deg(u).

The canonical anti-involution of the universal enveloping algebra U(G) of a
Lie algebra G. Let G be a Lie algebra and U(G) be its universal enveloping algebra.
Then the K-linear map (—)* : G — G, x — x* = —x satisfies the equalities:

[z,y]" = [y*,2"] forall z,y € G,
r* =g forallz €g.

The map (—)* induces the, so-called, canonical anti-involution on the associative
algebra U(G)

(=) :UG) = U(G), ar a*, ie. forall a,b € U(G) (ab)" =b*a" and ™ =a. (5.4)
The transposition map (—)!. The transposition map
(_)t : gln(K) - gln(K)7 Eij = Eji

is an anti-isomorphism of order two of the Lie algebra gl,(K) ([a,b]! = [b%,a!] for all
a,b € gl (K)). It induces the anti-automorphism (—)! of order two of the universal
enveloping algebra U(gl,(K)) ((uv)! = vtu! for all u,v € U(gl,(K))).
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Since sl,, (K)! = sl,(K) and H! = H, the transposition map is also an anti-isomorphism
of order two of the Lie algebra sl,,(K) and an anti-isomorphism of order two of its
universal enveloping algebra U = U(sl,,(K)) and of the centralizer C = Cy(H).

The automorphism v of the Lie algebras gl,,(K) on sl,(K). Let M, (K) be the
(associative) algebra of n x n matrices over the field K. It is a Lie algebra (gl,,(K) =
M, (K),],]) when [a,b] = ab — ba.

The K-linear map
v:gl,(K)—gl,(K),Ej — —FEj

is a Lie algebra automorphism. Since v(sl,(K)) = sl,(K), it induces a Lie algebra
automorphism of the Lie algebra gl (K) which is also denoted by v. Let

n—1

"= K(Ei— Eip1i11)
i=1

be the Cartan subalgebra of sl,(K). Then v(H) = H since v(h) = —h for all h € H.
The automorphism v induces an automorphism of the universal enveloping algebra
U = U(sl,(K)) which is also denoted by v,

v:U(sly(K)) = U(sly(K)), Eij — —Ej; (i #7), Eii — Eiy1,i01 = —(Ei — Eig1,i41).

(5.5)
Since v(H) = H,v(C) = C where C' = Cy(H) is the centralizer of the Cartan subalge-
bra H in U. So, v is also an automorphism of the algebra C. Clearly,

vo(=)=(=)ov=(-) (5.6)

So, the maps v and (—)! commute.

Let

Hy = F11 — B9, Hy = Foy — E33, H3 = Hy + Ho, c1 = E31 12, co = E3sFa3,
c3 = E31F13, ¢ = E32F21F13 and ¢ = E31F1oFEs3.

Then
v(H;) = —H; fori=1,2,3, (5.7)
v(c;) =c¢;+ H; for i =1,2,3, (5.8)
v(c) = —C—c1+ca+ 3+ Ha, (5.9)
v(¢) = —c—c1 + ¢+ c3 + Ho. (5.10)
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In more detail,

v(c1) = v(Ba1Ei2) = v(E2)v(E2) = (—E12)(—E21) = E12E
= EnFi+ [Eig, Eo1] = 1 + [Fi2, Ea1] = 1 + Hy,
v(c2) = v(EzE23) = v(Es2)v(Fa3) = (—E23)(—FEs2) = EazFEs
= FE3 3 + [Fas, E3a] = c2 + [Eag, E32] = ca + Ha,
v(c3) = v(Bs31E13) =v(E31)v(Ei3) = (—E13)(—E31) = E13E3
= E31F13 + [E13, B31] = c3 + [E13, E31] = c3 + Hy + Hy = c3 + H3,
v(c) = v(EzEanF13) = v(Es)v(Ea)v(E3) = —FEsEi2Fs

= —Ey3E31E15 — Eo3[Eqg, E3]
= —E31ExE12 — [Eas, E31)E12 — Egs[Ei2, E31]

= — <E31E23E12 + [Ea3, E31]E12 + Ea3|E2, E31])
E31Ey3FE12 + Eo1 Eg — E23E32) = — (E31E23E12 +c1— E23E32>
Es31E19E23 + E31[E23, E12) +¢1 — E23E32)

E31E19F3 + E31E13 + ¢1 — E23E32)

~(
~(
~(
( —c3+e1 — E23E32> = - (5 —c3+c1 — E3aFa3 — [Eas, E32]>
= —(c—c3+c1—co—Hy)=—-C¢—c1+ca+c3+ Ho,
v(@) = v(E31E12E3) = v((EsEaFr3)) = v(d) = v(e)!
= (—é—c1+cate3+Hy)l =—c—c1+ca+c3+ Ha, by .

The transposition map (—)*: C — C, ¢ — ¢! is an anti-involution such that H! = H;

andc:f:ci fori=1,2,3; ¢! =cand ¢ =ec.

The Weyl group W = S, of sl,(K). Let S, be the symmetric group on the set
{1,2,...,n}, i.e. Sy is the group of bijections/permutations on {1,2,...,n}. The sym-
metric group S, is a subgroup of the group of automorphisms of the algebra M, (K)
where o(E;jj) = E,()o(;) for all o € Sy,.

e The transposition (of a matrix) map commutes with elements of the sym-

metric group S,.

Since o(H) = H and o(sl,(K)) = sl,(K), the symmetric group S, is also a subgroup
of the group of automorphisms of the Lie algebras H, sl,(K) and of the associative
algebras U(H), U(sl,(K)) and C = Cyg1,,)(H)-

Let U = U(sls) and C' = Cy(H) be the centralizer of the Cartan subalgebra H =
KH1 @KHQ (Where H1 = E11 — E22 and H2 = E22 — E33) inU. Let 0 = (123) S Sg
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be a cyclic permutation of {1,2,3} (c(1) = 2,0(2) = 3 and ¢(3) = 1). Notice that the
automorphism o = (123) commutes with the transposition (—)¢. Then

o(H,) = Hy, 0(Hs) = —H, — Ho, 0 Y(H)) = —H| — Hy, 0 Y(Hy) = Hy, (5.11)

o(c1) = ca, o(ca) =cs+ Hy + Ha, o(c3) = ¢ + Hy, (5.12)
0'71(61) =c3+ Hy + Ho, 0'71(02) =y, 0'71(63) =co + Ho. (5.13)
Indeed,
o(Hz) = o(Fa — E33) = E33 — E1y = —Hy — Ho,
o(c2) = 0(E3E03) = E3l31 = c3+ [Ei3, E31] = c3+ By — B33 = c3 + Hi + Ho,
o(e3) = o0(Es31E13) = E12F21 = ¢1 + [Ei2, E21] = a1 + H;.
o(c)=c+c1 —ca+ Hy, (5.14)
U(E):C+61—CQ+H1, (515)
o Ye)=c+er —es, (5.16)
0'71(5) =Cc+c —cC3 (517)
In more detail,
o(c) = o0(E3ExnE3) = E3E3E = c+ [Ei3, E3a]Ea1 + E3a[Eq3, Eo]
= c+ Eigko — B3B3 = c+cy + Hy — co.
o@) = o(d)=o0(c) ) =c¢+c1—co+ Hy.
Notice that 02 = e, and so 6~ = ¢2. Now
U_l(C) = 02(0) =o(c+c—c+H)=c+c1—co+Hi+co— (cs+ Hy + Hay) + Hy
= c+tc —cs3.
o '@ = o) =cle) =(cter—e3) =E+ ¢ —cs.

Let 7 = (12) € S3, a transposition. So, 7(E;j) = E(;)-(j) and 7(E12) = Ea1. Then

)

T(Hl) = —Hl, T(HQ) = H1 + HQ, T(Cl) =c1 + H17 7_(02) = C3,

T(c3) = c2, 7(¢) =¢ and 7(¢) =c.
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Indeed,

T(H1) = 7(En — Ey) = Eyw — E11 = —Hj,
T(Hy) = 7(Ep — E33) = E11 — E33 = Hi + H»,
T\(C1

) (
) (
(c1) = 7(E2FE12) = E1ala1 = Eo1Erg + [E12, E] = c1 + Hi,
T(ca) = T(E32E23) = E31E13 = c3,
(c3) = 7(E31F13) = E32F03 = ¢y,
) = T(EzEanFr2) = E31E12F3 = ¢,
)

= 717(c) =c.

Generators and defining relations for the centralizer C. By Theorem the

algebra C' is described by generators and defining relations.

Theorem 5.2.1. Let C be the centralizer of the Cartan subalgebra H in U = U(sl3).

1. The algebra C is generated by the elements Hyi, Ho, c1, Ca, c3, ¢ and ¢ subject to the

defining relations:

[c1,co) = [c2,c3] = [e3,c1] = c— ¢,
[c1,¢] = ci1(ca —e3) + (H1 — 1)c+ ¢ — Hycs,
[c1,¢] = —(ca —¢3)er — (Hy — 1)é — ¢+ Hycs,
[ca, ] = ca(es — 1) + Hac,
[ca,€] = —(c3 — ¢1)co — Hoae,
[es,c] = c3(c1 — e+ Hy) — (Hy + Hy + 2)c + 2¢,
[e3,¢] = —(c1 — coa+ Hy)es + (Hy + Ha + 2)¢ — 2¢,

c¢ = (3 + Hy + Ha)cico + (—c1 + ¢2 + c3 + Ha)c,

cc = (ca+ Ha)(c1 + Hi)es + (—c1 + c2 + ¢3 + Ha)e,

and the elements Hy and Ho belong to the center of the algebra C. Using the
automorphisms 7 = (12) and o~ of the algebra C, the defining relations (5.18])~
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(5.26) can be written in a more compact form where d = ca(c3 — c¢1):

[c1, o] = [ca, 3] = [c3,¢1] = ¢ — &, (5.27)
[c2,¢] = d + Hac, (5.28)
[ca, €] = —[ca,c]t = —d — Hae, (5.29)
[cs,¢] = T([ca,c]) = T(d) + T(H2)e, (5.30)
[es,c] = 7([ce, €]) = —7(d) — T(H2)e, (5.31)
[c1,¢] =0 Y [ea,d]) +eé—c=0" d)+ o (Hy)(c+e1 —c3)+e—c, (5.32)
[c1,d = —[c1,cf = —071(d) — o H(Ha)(E+ c1 —¢3) + ¢ — ¢, (5.33)

cc = (e3+ Hy + Ha)cico + (—c1 + 2 + c3 + Ha)e, (5.34)
ec = 7(ce). (5.35)

2. C =@y, e KHPHF? ' 3¢ O @, en KHT H ¢!y g

3. The algebra C' is an almost commutative, finitely generated, Noetherian domain
of Gelfand-Kirillov dimension GK(C) = 6.

4. Let {C; = C NU;}iso be the induced filtration on the algebra C. Then the asso-
ciated graded algebra gr(C) = @,~,Ci/Ci—1 (where C_; = 0) is isomorphic to
the factor algebra P/(c¢ — cicacs3) where P = K[Hy, Ha, ¢y, co,c3,¢,8 is a poly-
nomial algebra in 7 variables, and gr(C) = @ KHf‘lng’c?lcg%gsc7 ®

Do, en KHIHG e e e,
Remark 5.2.2. By (5.18)), [c1,c2 + ¢3] = [c2,c3 + 1] = [e3,¢1 + 2] = 0.

at,...,YEN

Proof. (i) The relations in statement (1) hold (for the convenience of the reader,
more careful and detailed calculations are given in the Appendix): Let us show that

(5-18)—(5-26) hold.
First, we show that ((5.18) holds.

lc1,c2) = [E21E12, E3aFas3)
= ([Ezl, Es33|Ea3 + E39[Eo;, E23])E12 + Eoy ([E12, Es3|Eas + Esz[Eqa, E23])

= —E31E93E12 + Eg EgoE13 = —¢ — E31[Eas, Ei2] + ¢+ [Ea1, Esg]Ers
= —c+ FEy31Fi3+c— E1Ei3=—c+c.

Now, applying the automorphism o = (1,2,3) € S3 to the equality [¢1,c2] = ¢ — ¢ and

using the equalities (5.14]) and (5.15)) we have that

[ca,c3] = [o(c1),0(c2)] = o([c1,c2)) =0(c—¢) =c—¢.
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Now, applying again o, we have
[es,c1] = o([ca,c3]) =0(c—¢) =c—c.
So, the equalities hold. Let us prove that the equality holds.
[ca, ] = [E32E03, E32Eo1 F13]
= ([E32, E33|Eo1 B3 + E32[E3a, Eo1]Er3 + E32E01[Esz, E13]>E23
+ E32 ([E23, E32|Eo1 Erg + E3a[Fas, Eo1]Ers + EsaEo1[Eas, E13]>
= E32Es31 E13FE93 — E3oFo1 EroEas + EsaHoFoy Fag
= B3 (E23E31E13 + [E31, Fas| E13 + Es1[Ehs, E23}>
— B3 (E23E21E12 + [E21, Ea3| E12 + Ea1[Er2, E23]) + (H2 + 2) E32 B9 Eh3

= c9c3 — ¢ —cac1 — ¢+ (Hay + 2)c
= 02(03 — Cl) + HQC.

By applying the transposition anti-automorphism to the equality (5.21]) we obtain the
equality (5.22]):

e2,7] = [eh '] = ~[ez, ' = ~(eales — 1) + Hac)! = —((e = ex)ea + Hac).
Now, applying the automorphism o~ to the equality (5.21) we have that

o H[ea,c]) = [e1,¢+ 1 — e3] = [e1,¢] + ¢ — & by (5.18), hence
[c1,¢] = —c+ &+ 0 Hea(es — ¢1) + Hac), by
=—c+c+ci(co+Hy—c3— Hi — Hy)+ Hi(c+c1 —c3)
=ci(ca—c3)+ (Hy —1)c+¢— Hics.

Applying the transposition to the equality (5.19) we obtain (5.20f). Similarly, applying
the automorphism o to the equality (5.21)) and using (5.12)) and (5.14) we have that

o([ca,c]) = [es + H1 + Ha,c+c1 — co + Hi| = [e3,¢] +2(c — ¢), by (5.18).
Now, by (621), (12 and (13),
[es,c] +2(c—¢) = o([ea,c]) = 0(02(03 —c)+ H20>

= (c3+ Hi+ Hz)(c1 + Hi —c2) — (H1 + Ha)(c+c1 — ca + Hi)
= c3(c1 —co+ Hy) — (Hy + H2)c, and (5.23]) follows.
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Applying the transposition to the equality (5.23])) we obtain the equality (5.24)). Let us
show that the equality ([5.25)) holds.

cc = B39 Fo1 F13E31 FoEa3
= E91E13E31 E19FE39Ea3 + [Es2, E21 E13E31 E12] Eas

= <E13E31E21E12 + [Ea1, E13E31]E12>62 + <E31E13E31E12 - E21E12E31E12>E23

( 63 + Hy + HQ)Cl + E23E31E12>62 + (03 — 61)5

(@+Hﬁfmq+q—@+®@+@—qﬁ

=(%+%+Hw4M—@+®@+@—qﬁ

( + Hy + Hy + 1)cico — e3¢0 + €ea + (c3 — ¢1)¢
)

5.22
(03 + Hi + Hy + 1)0102 — C3Co + coC + (03 — 01)02 + Hyc + <C3 — 01)7

= (c3 + H1 + Ha)ciea + (—c1 + c2 + ¢3 + Ha)e.
cc=1(ct) = (co — Hi + Hi + H2)(c1 + Hi)es + (—c1 — Hi + ez + co + Hy + Ho)c
= (co + Hz)(c1 + Hi)es + (—c1 + c2 + ¢33+ Ha)c.

(11) C = ZalwweNKHf‘lHO‘Qc?lcg%gg’c'V + 2 HalHo‘Zc?chcg‘Q’c : State-
ment (7i) follows from the statement (i) and the fact that gr(C) C gr(U).

Let C’ be an algebra that is generated by the elements/symbols Hy, Hy, ¢1, ¢, ¢3, ¢ and
¢ that satisfy the defining relations in statement (1) of the theorem. Then there is a
natural epimorphism

f:0' = C H +~ Hy,...,cr¢C.

(i7i) GK(C) = GK(C") = 6: Since the algebra C' is an epimorphic image of the algebra
C’, we must have GK(C) < GK(C"). By statement (i7) and the defining relations of
the algebra C’, GK(C") < 6. In more detail, the statement (ii) holds for the algebra C’
as in the proof of the statement (ii). We define a filtration on the algebra C’ that is
defined by degrees of the canonical generators which are the same as the degrees of the
canonical generators of the algebra C' in the universal enveloping algebra U, i.e

deg(H;) =1, deg(c;) = 2 and deg(c) = deg(c) =3

where i = 1,2 and j = 1,2, 3. Then the associated graded algebra gr(C”) is a commuta-
tive algebra: the relations f yield that the elements cq, co and c3 commute
and they also commute with the elements ¢ and ¢; the relations (5.25]) and (5.26]) yield
the relations ¢¢ = cjcacs and ¢c = cjeecs (in particular, cé = éc). So, the algebra is
a somewhat commutative algebra, and hence GK(C") = GK(gr(C")) = Kdim(gr(C")).
The algebra gr(C’) is a factor algebra of the polynomial algebra in seven variables by
the relation ¢¢ — ¢jcacg (and possibly some other relations). Hence, Kdim(gr(C’)) <
7 —1=6, and we are done.
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To finish the proof of the statement (iii), it suffices to show that the sum

_ o (o) ,81 52 53 7Y
S = Z KH"H)?c" cy’c3°c
ai,...,YEN

is a direct sum (since then GK(C') > 6 and we are done). The associated graded algebra
gr(U) of the universal enveloping algebra U is isomorphic to the polynomial algebra
in 8 variables where the elements of the canonical basis of the Lie algebra sl3(K) are
the variables of the polynomial algebra. The images of the canonical generators of
the centralizer C' in the algebra gr(U) are monomials. We denote them by the same
symbols as the original elements. So, it suffices to show that the sum S is a direct sum
in gr(U), i.e. the monomials

Hy, Hy, ¢y = E21E12, co = E32FE03, c3 = E31E13, and ¢ = E31E12E3
are algebraically independent in the polynomial algebra gr(U). The factor algebra
R:=gr(U)/(E21 — 1,E3 — 1) = K[H1, Ha, E13, E13, Ea3, E31]

is a polynomial algebra in 6 variables. The images of the elements (H;, Ha, ¢, c2, c3,¢)
under the epimorphism gr(U) — R are given below,

(Hi,Ha,c1,¢2,c3,¢) = (Hi, Ha, Erg, Eo3, E31 Ev3, E31E12F03).

Let R’ be the subalgebra of the polynomial algebra R which is generated by the elements
Hy, Hy, B9, Es3, E31Fq3, and E31FE19F>3. Then the localization of the algebra R’ at
the multiplicative set generated by the elements E12, Fa3, E31F13, and E31 F19Fa3 is
the algebra

K[Hy, Hy, B B ESY B
which has Krull dimension 6, and the result follows.

Notice that the degrees of the canonical generators of the algebra C' with respect to
the standard filtration {U;};>o of the algebra U are as follows:

deg(H;) =1, deg(c;) = 2 and deg(c) = deg(¢) =3

where ¢ = 1,2 and j = 1,2, 3. Now, let us consider a filtration on the algebra

¢ =Jc;

i>0

where the degrees of its canonical generators are as above. Then the degree of the
right-hand side in the defining relations where the commutators are involved is strictly
smaller than the degree of the commutators on the left-hand side. In the factor space,
Cg/C% the last two relations are c¢ = c¢jcacs3 and ¢c = cjcacs, respectively. Therefore,
the associated graded algebra

er(C) =P ci/ci,

>0
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is a commutative algebra. Furthermore, it is the factor algebra of the polynomial
algebra P = K[Hy, Ho, c1,¢2, 3, ¢,¢] modulo its prime ideal (c¢¢ — c¢icacs), ie. of D =
P/(c¢— c1eac3). In particular, the algebra D is a domain of Gelfand-Kirillov dimension

GK(D) = GK(P) —1=7-1=6.

Since GK(gr(C")) = GK(C’) = 6, by the statement (iii) and the algebra gr(C’) is
an epimorphic image of the commutative finitely generated domain D; the natural
epimorphism D — gr(C’) must be an isomorphism (since otherwise gr(C’) ~ D/I for
some nonzero ideal I of D and we would have a contradiction:

6 = GK(D) > GK(D/I) = GK(gr(C")) = GK(C") = 6).
So, we have proven the following statement.
(iv) gr(C’) ~ D is a commutative domain and GK(gr(C")) = GK(C") = 6.

Now, statement (4) follows.

(v) C" ~ C: By the very definition, the natural algebra epimorphism f : C' — C
respects the filtrations on the algebras C’ and C, i.e. f(C!) = C; for all i > 0. It
induces the epimorphism of graded algebras

fregr(C) = gr(0).

Since the commutative algebras gr(C’) and gr(C) have the same Gelfand-Kirillov di-
mension 6 and the algebra gr(C’) is a domain; the epimorphism f must be an isomor-
phism, i.e. C" ~ C, and statements (1) and (3) follow. Now, statement (2) follows from
statement (4). O

Let us show that

[C, 5] = —((01 + Hl)Cg + C) (HQ + 2) — (6203 — C)Hl + (6102 + 5)(H1 + Hy + 2). (5.36)

¢, €] = [E32E01 B3, E31 E12E)3]
= E31E12(E33 — E29)Eo1 E13 + Es1E39(—H1)E13E23 + EsaFE21 (Hy + Ho)E12E93
= (E1oE21 Es1E13 + EsoE91 Ev3)(—Hy — 2) + (B3 Eo3 B3 B3 — EsaFEo1 Ers)(—Hyp)

+ (E21E12E32FE03 + E31E19FE93)(Hy + Ha + 2)

= —((61 + Hl)Cg + C)(H2 + 2) — (0203 — C)Hl + (0162 + E)(Hl + Hy + 2).

Generators and defining relations for the centralizer C' via Z(U). Let us con-
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sider the elements

1
p:=67Z; — 5/3 where f:= H? + H3 + H\Ho + 3(H, + H>), (5.37)
1 1
q:=— 322+ 5 (Ha — Hl)(2ﬁ+3(H1H2 + Hy + H, +3p+3)) +p
1 1
=— gzg + ﬁ(Hg — Hl)(z(Hf + H3) 4+ 5H Hy + 9(Hy + Hy 4+ p + 1)) +p.

(5.38)

Clearly, p and g belong to the center of the algebra C.

The next theorem will be used in the next section. It simplifies the existing sets of
generators and defining relations of the algebra C' and helps us to find the center of C
in the next section.

Theorem 5.2.3. Let C be the centralizer of the Cartan subalgebra H in U = U (sls).
Then

1. The algebra C' is generated by the elements Hy, Ha,p, q,c1,ca2, and ¢ (where p and
q are defined in (5.37) and (5.38)), respectively) subject to the defining relations:

[c1,c2] =2¢+ (Ho +2)cy — Hico — q, (5.39)
[01, C] = (H1 — 2)6 + 61(01 +2c0+H  —Hy —p— 2) +2H1co — Hip + q, (5.40)
[ca,c] = (Hy +4)c — ca(ca + 2Hy — p) — 2¢1(ca — Hy — 2) — 2g, (5.41)

¢+ (er(Ha +4) = eo(Hy — 2) + 2Hy — Hy — g —p—4) e+ ((Ha +2)er + Hi Hy
+2H, —2Hy — 2q — 4)61 + ((—Cl —2H, + 2)62 — (01 +3H —p— 2)61 — H{Hy

+2Hyp —2H? —q — 2p)02 + HyHop +2Hp — 2H1q + pq + 2 = 0
(5.42)

and the elements H1, Ho,p, and q are central elements of the algebra C.

2.C= @ai,ﬂjEN,EG{O,I} KH?IH?I?%QMC?IC?CE-

Proof. 1. The relations f are obtained from the relations f by
replacing the pair (c3,¢) by the pair (Z1, Zs) using the equalities and (5.2). Then
the eleven relations in part 1 of Theorem [5.2.1] collapse to the four relations of statement
(1).

2. Statement (2) follows at once from Theorem [5.2.1/(2) and the definitions of the
elements p, q (see (5.37) and (5.38) and Z1, Z» (see and (5.2)). O
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5.3 The center of the algebra C

The aim of this section is to show that the center of the algebra C' is a polynomial
algebra Z = K[Hy, Ha,p, q|, Theorem We see that the algebra C' comes with a
filtration whose associated graded algebra admits a Poisson algebra structure. we show
that the Poisson center of this Poisson algebra is Z.

The filtration F' = {F;};cy of the algebra C' and the associated graded algebra
gre(C).
By part 2 of Theorem the algebra C' is a free (left and right) Z-module

C= @ zh e
ﬂiEste{Ozl}

where Z = K[H;, Ha,p,q] is a polynomial algebra that belongs to the center of the
algebra C.

Let us consider the filtration F' = {F;};en on the algebra C' where

F=@{zd g+ h+2=ipheNee (o1} (543
So, the filtration F' is the degp-filtration where
degp(c1) = degp(c2) = 1,degp(c) =2 and degp(z) =0

for all elements z € Z \ {0}. In particular, Fy = Z and F} = Z @ Zc; & Zcy. By the
very definition, the filtration F' is an ascending filtration,

FRCFC---CFRC--.

By " - ‘ N EFJ - Fi+]’ for all i,j > 0. Let gI“F(C) = 69120 Fi/Fi,1 be the
associated graded algebra where F_; := 0. Recall that the Lie algebra

Hs = K(z,y,z|[z,y] = z, [z,2] =0, [y,z] =0) (5.44)
is the 3-dimensional Heisenberg Lie algebra.

Theorem 5.3.1. 1. ng(C) = ®ai,ﬁj€N,ae{O,1} KH?I ngpocgqomcfl 65208.

2. The algebra grp(C) is isomorphic to the tensor product of algebras 2 @ Hs where
Z = K[Hy,Hs,p,q] and Hs := K({c1,ca,c|[c1,c2] = 2¢, [e1,c] = 0, [eca,¢] =
0, 2 =0).

3. Z(grp(C)) = 2@ ZHse = Z & @y oy 26, S



CHAPTER 5. THE CENTRALIZER OF THE CARTAN
SUBALGEBRA IN U(SL3) 69

Proof. 1. Statement (1) follows from the definition of the filtration F' and Theorem
5.2.31(2).

2. We denote by the same symbol the images of the generators Hy, Ha,p, q,c1,c2 and
c of the algebra C in grp(C'). Then the relations (5.37)—(5.42)) yield the relations

[c1,¢2] = 2¢, [e1,¢] =0, [e2,¢] =0 and ¢ =0,

respectively. Therefore, the algebra grp(C) is an epimorphic image of the algebra
T := Z ® Hs. The algebra Hj is isomorphic to the factor algebra U(Hsz)/(22) of the
universal enveloping algebra U(H3) of the Heisenberg algebra Hs modulo the ideal
generated by the element 22 (see ) Clearly,

T= @ Zcflcg%s
BieN,e€{0,1}

and the algebra gr(C') is an epimorphic image of the algebra T via
Hi— Hy,...,c—c

Therefore, grp(C) ~ T by the direct sum grp(C) = @ai,ﬂjeN,ae{O,l} KHIO“]'175‘210“3q°‘40?1 052 o
and the definition of the algebra Z.

3. By statement (2),

Z(grp(C)) = Z(20H;) = Z(2)0Z(H;) = Z0(Kelsc) = Ze2H;e = 26 (P 2¢ e

Bi€N
where we have used the fact that Z(Hs) = K @ Hsc. Clearly,
H; = EB Kel'ey? & @ Kcltey?c.
o €N a; N
So, every element a € Hs is a unique sum
a = al(cl, 02) + CCLQ(Cl, 62)
where as(c1,c2) = D, apen AanasCl o for unique scalars A, ,, € K where s = 1,2.
Now, a € Z(Hs) iff
daq Oday
0=lc1,a| =2c=—— and 0 =|[cy,a] = —2c—
le1, a] Ocy [z, a] ocy
iff 0 = % and 0 = % iff a; € K since the field K has characteristic zero (and the
scalars are the only polynomials in the variables ¢; and cy that are annihilated by the

partial derivatives 8%1 and 8@02) iff a € K®Hse. O
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The Poisson algebra Ps3 = K|cy, co, c|. Let P3 = K]|c1, 2, ¢] be a polynomial algebra
in three indeterminates c;, co and c. The algebra P35 is a Poisson algebra where the
Poisson bracket is given by the rule:

{c1,¢0} =2¢, {c1,¢} =& +2cico and {ca, ¢} = —c5 — 2cico.

For an element p € Ps, let PC(p) := {q € P3| {p,q} = 0}, the Poisson centralizer of
the element p in Ps.

Definition 5.3.2. Let A be a Poisson algebra with Poisson bracket {-,-}. The Poisson
center of A is defined by

PZ(A):={a€ A|{a,z} =0 for all z € A}.
Proposition 5.3.3. 1. PC(c) = K], 0] where § = c3cy + c1c3.

2. PZ(Ps) = K[n] where n=c* — 0 = c* — cica — c13.

Proof. 1. Notice that P3 = K|c|] ® P, where P» = K|cy, c2].

Let 0 := —pad, = —{-, ¢}, the Poisson inner derivation of Ps which is determined by
the element —c € P3. Then 9(P,) C P, and
0
0= (c% + 2c¢109)01 — (C% + 2c1c9)02 where 0; = e
&

(i) PC(c) = K[c] ® P where PY = kerp,(9) := {a € P, | d(a) = 0} is the algebra
of J-constants in P,: The equality is obvious.

Now, statement (1) follows from statement (ii).

(ii) P = KIf]: By direct calculation 9(f) = 0, and so P§ D K[f]. The algebra P is
a homogeneous subalgebra of the polynomial algebra P, w.r.t. the usual N-grading on
P, (by the total degree of the variables ¢; and ¢3). Given

p= ZA ciey~ € PI\{0)

where 0 < s <t <n, A\s # 0 and Ay # 0. Then

0=0(p) =Y _Xi(ilcr +2¢2) — (n—i)(ca + 2c1)) 5

1=s

—Z 31—2n)\cz+1 D0 (30— n)Nichch T H1)

= (3s—n)Ascich T (Bt—2n) e T e Z ((3i—2n)\i+(3(i+1)—n) A1 ) e
s<i<t
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Therefore, s = §,t =25 = 2s and (i —t)\; + (i + 1 — s)A\ip1 = 0 for s < i <. So, up
to a multiplicative scalar there is only single solution for each n = 3m where m > 1.
For n = 3, the solution is #. Then for each m > 2, the solution is 6, and statement
(ii) follows.

2. By direct computation n € PZ(Ps), and so PZ(Ps) 2 K|n).
By statement (1), PZ(P3) C Klc,0] = K[e,n]. Let f = f(n,c) € PZ(Ps3), then

0={er ) = 2 erel,

and so % =0, i.e. f € K|n]. Therefore, PZ(Ps) = K|n|. O

The filtration G = {G,}ien of the algebra C and the Poisson algebra gr(C).
By part 2 of Theorem the algebra C'is a free (left and right) Z-module

C = @ 201102’3205

Bi€N,ee{0,1}
where Z = K[Hy, Ha,p,q] is a polynomial algebra that belongs to the center of the
algebra C.
Let us consider the filtration G = {G, };en on the algebra C' where

G = P {2 e 128+ 282+ 3 =i, B B € Nye € {0, 1} }. (5.45)
So, the filtration G is the degq-filtration where
degg(c1) = degg(c2) = 2,degg(c) = 3 and degs(Z) =0

for all elements z € Z \ {0}. In particular, Go = G1 = Z, G2 = Z @ Zc1 @ Zcg and
Gs = Z2® Zc1 @ Zcg @ Ze. By the very definition, the filtration G is an ascending
filtration,

GoCGIC--CGC---.
By — , GiG; C Giyj and [G;, Gj] € Giqj—1 for all i,j > 0. The associated
graded algebra grg(C) := @,5,Gi/Gi—1 (where G_1 := 0) is a commutative algebra
that admits a Poisson bracket given by the rule: For all u € G;/G;—1 and v € Gj/Gj_1,

{u,v} := [u,v] + Giyj—2 € Gi_j—1/Gitj2. (5.46)

Proposition 5.3.4. 1. The Poisson algebra gro(C) = K[Hy, Ha,p, q,c1,c2,c]/(n) =
Z®K P (where n = % — c%cz — clc%) 18 a tensor product of the Poisson algebras
(Z2,{-,-} =0) and P = K|c1,c2,c]/(n) where the Poisson bracket on P is given
by the rule {c1,c2} = 2¢, {c1,¢} = & + 2cic2, and {ca,c} = —c3 — 2cica. The
algebras P and grg(C) are domains.

2. PZ(P) = K.
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3. PZ(gra(C)) = 2.

Proof. 1. Statement (1) follows from the definition of the filtration G and Theorem
(the algebra P is a domain as the polynomial € Ps is an irreducible polynomial;
then gro(C) = Z2 @k P = P[H1, Ha,p, q| is a domain).

2. Notice that P = P, @ Pac where P, = K|cy, c2]. We keep the notation of the proof
of Proposition [5.3.3] Then

P? = Pl @ P)c= K[f] ® K[f]c = K[?] @ K[c*]c = K|]

since PY = K[0] (the statement (ii) of the proof of part 1 of Proposition [5.3.3) and
n=c*—0=0. Now, if p € PZ(P), then p = p(c) € K[c] = P?, and so

0= {er.p(e)} = P()er, e} = p(e)(F + 2e102)

where p/(c) = %. Hence, p'(¢) = 0 since P is a domain, i.e. p € K, and statement (2)
follows.

3. By statements (1) and (2),
PZ(gre(C)) = PLUZ @ P) = PL(Z) @k PUP) = Z ok K = Z. 0

Theorem 5.3.5. Let C be the centralizer of the Cartan subalgebra H in U = U (sls).
Then the center of the algebra C' is a polynomial algebra K[Hy, Ha, Z1, Zs] = K[H1, Ha,
p,q] where Z1 and Zy are the Casimir elements of U(see (5.1) and (5.2)).

Proof. Clearly, Z C Z(C). Suppose, to obtain a contradiction, that Z # Z(C'). Then
there is an element 6 € Z(C) \ Z. By Proposition [5.3.4] gro(C) = Z ®k P, and so

gr(0) € PZ(grg(C))\ 2 = Z\ Z = 0 (by part 3 of Proposition[5.3.4] PZ(grs(C)) = 2),

which is a contradiction. O

5.4 Classification of simple 1-dimensional C'-modules

Let C be the centralizer of the Cartan subalgebra H in U = U (sl3). In this section, we
present a classification of all the 1-dimensional C'-modules.

In order to classify all the 1-dimensional C-modules, we rewrite Theorem [5.2.1)(1) using
the following order of the variables

HOHS2 I P B ene? where ay,..., 72 €N,

in the monomials of the defining relations of the algebra C'. Using this order is more
convenient for solving the system of equations that we will see later in Proposition
0.4.2)
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Theorem 5.4.1. Let C be the centralizer of the Cartan subalgebra H in U = U (sls).
Then the algebra C' is generated by the elements Hyi, Hs, c1, c2, c3, ¢ and ¢ subject to
the defining relations:

[c1, c2] =[ca,c3] = [e3,c1] = c— ¢, (5.47)
[c1,¢c] =c1ea + Hic— (Hy 4 ¢1)es — ¢+ @, (5.48)
[c1,¢) = — Hi¢—cica + (1 + Hi)es + ¢ — ¢, (5.49)
[ca,c] =Hac — c1c9 + cacs + ¢ — ¢, (5.50)
[ca, €] = — HoC — c1c9 — cac3 + ¢ — ¢, (5.51)
[cs,c] = — Hic— Haoc+ (c1 — co + Hi)cs, (5.52)
[e3,¢] =H1¢+ Hot + (ca — 1 — Hy)es — 2¢ + 2¢, (5.53)

cC =cjcacs + Hicreo + Haciea + coc — cic + ¢3¢ — Hac + 2¢1¢0 — 2c9c3,  (5.54)

cc =cicocg + HiHocs + Hyicocs + Hocres + 2c1¢c3 — 2¢0c3 + 2Hqc3 — ¢1¢ + cac

4+ c3¢ — Hic — Ho¢c — Hic + 2¢ — 2c,
(5.55)

and the elements Hy and Ho belong to the center of the algebra C.

Classification of simple 1-dimensional C-modules. For an algebra A, we denote
by [A, A] the ideal of A which is generated by all the commutators [a, b] = ab—ba where
a,b € A. The factor algebra

A% = A/[A, A]

is called the abelianization of the algebra A. The algebra A% is a commutative algebra
that is the ‘largest’ commutative factor algebra of A in the sense that if a factor algebra
A/I is commutative, then [A, A] C I and there is a natural epimorphism from A% to

AJI.

Let C (1-dim) be the set of isomorphism classes of all 1-dimensional C-modules. Clearly,
every 1-dimensional C-module is simple. Let Z(C, 1-codim) be the set of all ideals m
of the algebra C of co-dimension 1, that is dimg (C/m) = 1. The map

C(1-dim) — Z(C, 1-codim), [M] — annc (M) (5.56)
is a bijection with inverse m — [C/m]. Every 1-dimensional C-module is a 1-dimensional
C®-module, and vice versa. The map
C(1-dim) — C%(1-dim), [M] — [M] (5.57)
is a bijection. Let Max(C?) be the set of all maximal ideals of the algebra C®. The
map

C(1-dim) — Max(C®), [M] — anngas (M) (5.58)
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is a bijection provided the field K is algebraically closed.

Proposition represents the commutative algebra C'% via generators and defining
relations.

Proposition 5.4.2. The commutative K -algebra C® is generated by the elements Hi,
H), d), ¢y, ¢ and ¢ subject to the defining relations:

(¢ — ) Hi = (c5 — cy)ch, (5.59)
ne = dy(ch — ), (5.60)
? 4 (d) — ¢y — ¢ + HY) ' — cychyey — (H} + Hy + 2)cycy + 2chcy = 0. (5.61)

Proof. The proposition follows from Theorem [5.4.1] Clearly, the commutative algebra
C is generated by the elements H/, Hb, c;, ¢, ¢ and ¢/ (notice that implies
¢ —@ = 0 in the algebra C®) subject to the defining relations of the algebra C' and
relations [a,b] = 0 for all a,b € {H], H}, ¢}, ch, s’} where a # b. Equations (5.48) and
5.49)) yield . Equations and yield . Equation 5__5—4[) yields
5.61]). Equations , and are redundant (Equations @ and (|5.60
yield (5.59); equations (5.53) and (5.60) yield (5.59); equations (5.55), (5.59) and (5.60
yield (5.61)). O

The solutions in the field K to the system of equations (5.59)), (5.60) and (5.61)) are

partitioned into four disjoint classes:
(I) =y =0and ¢ =0,

(Il) ¢ — ¢ =0 and ¢ # 0,

(IIT) ¢ — ¢ #0 and ¢ =0,

(IV) ¢ — 4 #0 and ¢ # 0.

Theorem gives solutions to the system of equations (5.59)), (5.60) and (5.61]). As

a result we have a classification of all the 1-dimensional C-modules and C®-modules,
and a classification of all ideals of the algebras C' and C'* of co-dimension 1.

Theorem 5.4.3. The solutions in the field K to the system of equations ,
and are given below for the Cases (I)-(1V), respectively:

1. Suppose that ¢ —cy =0 and ¢ =0, i.e. ¢ =5 =0.

(a) If ¢, =0, then the elements H H) and ¢, are arbitrary.
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(b) If ¢ # 0, then necessarily ¢y, = 0 and the elements Hy, H) and ¢ # 0 are
arbitrary.

2. Suppose that ¢ — 5 =0 and ¢ # 0.

(a) If ¢, = 0, then Hy = —cb and the elements HY, ¢, and ¢ = ¢ # 0 are
arbitrary.

(b) If ¢§ # 0, then H] = —cy, Hy, = ¢, — ¢, and the elements ¢, # 0 and
d =dy=cy #0 are arbitrary.

3. Suppose that ¢ — 5 #0 and ¢ = 0.

(a) If ¢4 =0, then H] = =), ¢ = ¢, = 0 and the elements Hj, ¢} and ¢ # 0
are arbitrary.

(b) If ¢4 # 0, then H] = ¢y — ¢}, Hy = —ch, ¢ =0, ¢§ = ¢} and the elements
cy #0 and cy # 0 are arbitrary.

4. If d —c5 # 0 and & # 0, then the system f is equivalent to the system

Hy = (¢ — i)' (ds — c), (5.62)
Hy = ¢ ley(ch — ), (5.63)
(= y)( 4 ¢y — ) (? — cyd — dichely) = 0. (5.64)
(a) If  —cy =0, then H| = —c}, Hy = ¢} — ¢4, ¢y =, & # ¢ and the elements

i, &y and ¢ # 0 are arbitrary such that ¢ # c'.

(b) If =y #0 and ¢ + ¢, — 4 =0, then Hf =y — ¢4, Hy = —c), ) =5 —
and the elements ¢, ¢ and ¢ are arbitrary such that ¢ # ¢, ¢ # ¢4 and

d #0.
(¢) Suppose that ¢ —cy #0, ¢ + ¢} —cy # 0 and ? — dyd — ¢ chdy = 0.
i. If s = —Ac|cy, then H| = —2d) — 5, Hy = =2, — 3, ¢y = —4d|ch,
¢ = —2dicy, and the elements ¢y # 0,—% and cy # 0,—3 are arbitrary.

ii. If dy # —4cd)ch, then
e = 5(ch £ \/ch(ch +4cich)), Hi = (cl —cy) 7'y (ch — &) and
HY) = () — ), and the elements ¢} # 0, ¢y # 0 and ¢y # 0 are
arbitrary such that ¢y # —4¢c\cy and ¢ # (c + 1)ch.

Proof. 1. If ¢ — ¢4 = 0 and ¢ = 0, then the system (5.59)—(5.61) is equivalent to the
system
cicy =0, (5.65)
cich =0, (5.66)
(H{ + Hy +2)ci ¢y =0, (5.67)
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i.e. to the system ¢ ¢}, = 0. Now, statement (1) is obvious.

2. If ¢ — ¢4 =0and ¢ # 0, then the system (5.59)—(5.61) is equivalent to the system
(chy — ) =0, (5.68)

Hy =7 (d, — &), (5.69)
(¢ + ¢ + Hy — cichy)d = (Hy + Hy + 2)ci c. (5.70)

a) If ¢} = 0, then H) = —¢}, and the elements H{, ¢, and ¢’ = ¢4 # 0 are arbitrary.
) If ¢f #0, then ¢ = ¢, = ¢ # 0, by (5.68). Hence, H) = ¢}, — ¢, by (5.68)) (since

(
¢ = c)). Then the equation (5.70]) is written as
A (H +¢)) =0,
and so H] = —¢] (since ¢} # 0 and ¢ # 0). So, if ¢} # 0, then
H{=-c, Hy=c, -,
and the elements ¢} # 0 and ¢’ = ¢, = ¢§ # 0 are arbitrary.

3. Since ¢ — ¢4 # 0 and ¢ = 0, then ¢§ # 0 and the system (5.59)—(5.61)) is equivalent
to the system

Hy = &7 (¢ ), (571)
ch(c — ) =0, (5.72)
(s + (HY + Hy + 2)c) — 2¢3) = 0. (5.73)
(a) If ¢, = 0, then Hi = —c}, by (5.71), and the equations (5.72)) and (5.73) are
tautologies 0 = 0. So, if ¢, = 0, then H] = —¢}, ¢ = ¢, = 0 and the elements H}, ¢}

and ¢ # 0 are arbitrary.

b) If ¢, # 0, then ¢ = ¢4 # 0, by (5.72), and H; = ¢, — ¢, by (5.71)). Now, the
2 1 3 1 2~ O
equation (5.73)) is written as
c1(Hy + ) =0,
and so H) = —c. So, if ¢ # 0, then H| = ¢y, — ¢}, H, = —c, ¢ =0, ¢4 = ¢} and the
elements ¢} # 0 and ¢, # 0 are arbitrary.

4. Since ¢ — ¢4 # 0 and ¢ # 0 the equations (5.59) and (5.60) are equivalent to the
equations (5.62) and (5.63|), respectively. Now, we substitute the expression for the

elements H| and H/ (that are given in ((5.62) and (5.63)) into (5.61]) we obtain (5.64]).

(a) If ¢ — ¢}, = 0, then ¢}, = ¢ # 0 and the equation (5.64]) holds automatically, and the
statement (a) follows.

(b) Suppose that ¢/ —¢5 # 0 and ¢’ 4+ ¢} — ¢4 = 0. Then the equations (5.59) and ([5.60))
are equivalent to the equations

r / ’ /
H} =c5 —c3 and Hy = —c5.
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Since ¢ + ¢} — ¢ = 0, the equation ([5.64) holds automatically. Now, the statement (b)
follows.

(c) Suppose that ¢ —cy # 0, ¢ + ¢} — s # 0 and ¢? — ¢4’ — ¢\ chcy = 0. Then the
equation ([5.64]) holds automatically. The roots of the quadratic equation

? — i — chichdy =0

are
1

¢ = 5 (G E (s + 44 )).

Since ¢’ # 0, we must have ¢§ # 0. Then the quadratic equation has double root if and
only if ¢ = —4c| .

(i) Suppose that ¢4 = —4c)ch, i.e. the quadratic polynomial ¢’2 — c4c’ — ¢} chcs has the
double root

; 1, . 3N

¢ =3G= —2ccy.

Since ¢ # 0, we have that ¢} # 0 and ¢, # 0. Then we plug the values ¢4 = —4c} ¢, and
' = —2¢,d, into the expressions for H| and H} (see (5.62]) and (5.63)), we obtain that

1 1
Hi = —2c) — 3 and Hj = —2c, — 3

Now, the inequality ¢’ # ¢} is equivalent to ¢} # —% (since ¢ = —2¢|c} and c, # 0).
The inequality ¢ + ¢} — cj # 0 is equivalent to ¢} # —3 (since ¢ = —2¢|ch, cy = —4¢|d}
/
and ¢ # 0).
So, if ¢ = —4¢)c), then
! / 1 ! / 1 / /] / /]
Hl = —201 — 5, H2 = —2C2 — 5, C3 = —46162, c = —26102,

and the elements ¢} # 0, —% and ¢, # 0, —% are arbitrary.

ii) Suppose that ¢, # —4c, ¢, i.e. the quadratic polynomial ¢ — che’ — ¢, ¢ych has two
3 1€2 Yy 3 16263
distinct roots ¢/, and ¢__, see above. Then

1
&y = 5 (e \Jeh(ch +4c1)), HI = (cx— )Nl (¢ — ch) and Hh = 1 ch(cl — )

4c

Then ¢/ # 0 if and only if ¢4 # 0 and +4/1 + 0,1;/2 # —1if and only if ¢| # 0, ¢, # 0

and ¢ # 0.

Then ¢/, # ¢ if and only if ¢§ # 0 and :t,/l—i—zl(’:l—,c/2 # 1if and only if ¢§ #0, ¢4 #0
3
and ¢ # 0.

Now, ¢t # ¢y — ¢} if and only if

£\ [ (e +achch) # ¢ - 2]
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if and only if ¢ ches # ¢} (¢} — ¢4) if and only if ¢} # (¢ + 1)cf (since ¢} # 0).

So, if ¢ # —4¢)c), then

1
dy = 5(dh+[eh(ch +4hch)), HY = (dh— )l (ch—ch) and H = ¢ eh(c] — )

and the elements ¢} # 0, ¢ # 0 and ¢ # 0 are arbitrary such that ¢ # —4c| ¢, and
¢, # (ch+1)c5. O
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Chapter 6

Appendix

In this appendix, we give more careful and detailed calculations of the eleven relations in
part 1 of Theorem and the four relations in part 1 of Theorem [5.2.3] Furthermore,
we use the program SINGULAR to verify our computations that are really on the
boundary of human ability to do it correctly (because of their complexity). By using
SINGULAR, we verified all our complicated calculations, and they all turned out to be
correct.

6.1 Generators and defining relations for the centralizer

C

In this section, we provide in more details the calculations of the eleven relations in

part 1 of Theorem
Recall that

c1 =Y1X1, .o = Y2 X9, c3 =Y3X3, c=Y2Y1 X3 and ¢ = Y3X1 Xo.

Let us show that the equalities (5.18)—(5.26) hold. First, we show that the equality
(5-18) holds.

[c1,co] = [Y1X1, YaXo| = [V1X1, Ya)Xs + Y2 Y1 X1, X
= [V1, V2] X1 X + YY1 [ X1, Xo]
= —Y3X1Xo — VoY1 X3

=—Cc+ec,

80
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[c2, c3] = [Ya X2, Y3X3] = [Ya X2, V3] X3 + Y3[Y2 X2, X3
= Y5[ X2, V3] X3 + Y3[Yo, X3] Xo
— Y,V X5 — Y3 X1 X5
= —C+g,

[c3, c1] = [Y3X3,Y1.X1] = [Y3X3, 1] X1 + Y1[Y3X3, X
= Y3[X3, V1] X0 + Y1 [Ys, Xu] X
= —-Y3XoX; + Y1Y2 X3
= —Y3X1Xo — V3[ Xy, Xi] + VoY1 X3 + [Y1, Y2 X3
= —Y3X1 Xo + Y3X3 + YoV1 X3 — Y3X3

=—c+ec.

So, the equality (5.18) holds. Let us prove that the equality (5.19) holds.

[c1,c] = [Y1X1,YaY1 X3] = [V1 X1, Ya] Y1 X3 + Ya[V1 X1, V1] X5 + Yo Y1 [V1 Xy, X3
= V1, Vo] X1 Y1 X3 + Yo Y1 [ X4, V1] X3 + Yo Y1 Y7, X3] Xy
=-Y3X1Y1X5+YoY1Hi X5+ VoY1 X0 X4
= - X1Y3Y1 X3 — [V3, X1]Y1 X3 + Yo H1Y1 X3 + Yo Y1, H1] X3 + V1Yo X0 X

+ [Y2, V1] X2 Xy
= -X1Y3Y1 X3 - VoY1 X3 + H YoY1 X3 + [Yo, H Y1 X3 4 2YoY1 X3

+ Y12 X1 Xo + V1Yo [ X0, X1] + Y3 X0 Xy
=-X1Y1V3X35—c+ Hic—c+2c+ Y1 X1YV2 X9 — V1Yo X5+ V53X X5

+ Y3[ X2, X1]
= YViX1Y3X; — [X1, Yi]V3X5 — ¢+ Hic — ¢ + 2¢ + c1ez — YaYi X3

-, Vo] Xz +¢—c3

= —cic3 — Hics+ Hic+cico —c+¢

= 61(62 — 63) + (H1 — 1)C—|- ¢ — Hycs.
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Now, we show that the equality ([5.20]) holds.

[c1,¢] = [Y1X1, Y3 X1 Xo| = [V1.X1, YV3] X1 Xo + Y3[Y1. X1, X1] X0 + V3X1[V1X1, Xy
= Y1[X1, Y3] X1 Xo + Y37, X1] X1 Xo + Y3X1Y7[ X7, Xo]
= -Y1Yo X4 Xo - Y3H 1 X1 X2 + Y3X1Y1 X3
= -VYo X1 Xy — HY3X1 Xy — [Y3, Hi] X1 Xo + Y3 X1 X3V + Y3X,[Y7, X3]
= Y12 XoX| — V1Yo[ X1, Xo] — H1Y3X1 X0 — Y3X1Xo + V3X3X Y1 + Y3X 1 Xo
= VY Xo X1 — Y1,V Xo X1 — YaViXs — [V, Ya] X5 — H Y3 X1 Xp — ¢
+Y3XsYiX) + Vs Xs[X1, Vi) + @
— Yo XoYiX) + Y3XiXo + V3[Xo, X1] — ¢+ ¢35 — Hic— &+ eser + Hics + ¢
=—cc1+Cc—cg—c+c3— Hic—c+czc1 + Hiecg+¢
= —c9c1 —c¢c— Hi¢+ c3c1 + Hics + ¢

= *(CQ — 03)61 — (H1 — 1)5* c+ Hics.
Let us prove that the equality (5.21)) holds.

[, c] = [Y2 X2, YaY1 X3] = [Ya X0, Ya]YV1 X3 + Y2[V2 X0, V1] X5 + VoY1 [V2 Xo, X
= Y5[Xo, Y2]Y1 X5 + Ya[Y2, V1] X0 X3 + Yo Y1 [Y2, X3] X
=YoHoY1 X3+ YoY3Xo X35 — YoV1 X1 Xo
= H2Y2Y1 X3 + [Yo, Ho]YV1 X3 + Yo Xo Y3 X3 + Ya[V3, Xo] X3 — VoY1 X0 Xy
— YaY1[X1, Xo]
= Hoc+2c+ cocg —c— Yo XoY1.X1 — ¢
= Hsoc+ coc3 — cacy

= 62(63 — Cl) + HQC.
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Now, we show that the equality ([5.22)) holds.

[ca, €] = [Ya X2, Y3 X1 Xs| = [Y2Xo, ¥V3] X1 X5 + Y3[Yo Xy, X1]Xo + Y3X1[Y2 X5, Xy
= Yo[Xo, V3] X1 Xo + Y3Ya[Xo, X1]Xo + Y3X1[Y2, Xo] Xo
=YoV1 X1 Xy — YV3Yo X3X9 — Y3X1Ho X9
= V1Yo X1 Xo + [V2, V1] X1 Xo — Y3 X3Y2 Xo — V3|V, X3]Xo — YaH2 X1 X
— Y3[ Xy, Ha] Xy
— YViX1YaXo 4+ G — csea+ ¢ — HoVaX1 Xo — [Vs, Hol X1 Xo — €
= c1c9 — c3c9 — Hoc

= —(Cg — Cl)CQ — Hse.
Let us prove that the equality (5.23)) holds.

[c3, ] = [Y3X3,Y2Y1 X3] = [Y3X3, Ya]Y1 X3 + Ya[V3.X3, Y1| X3 + Yo Y1[Y3X3, X3

= Y3[X3, Vo] V1 X3 + YaY3[ X3, V1] X3 + YaYi[V3, X3] X3

=Y3X1V1X3 - V2Y3Xo X3 — Yo Y1 (Hy + H2) X3

= Y3 X1 X3Y1 + Y3X1 [V, X3] — Y3Yo Xo X3 — Yo (Hy + Ha)Y1 X3
— Yo[Y1, Hy + Hs] X3

=Y3X3X1Y1 + ¢ — Y3YoX3Xo — (Hy + H2)Y2Y1 X3 — [Y2, H + H2lY1X3
—2Y9Y1 X3 + YoV 1 X3

=Y3X3Y1 X1 + Y3 X3[Xq, V1] + ¢ — Y3 X3Yo Xy — Y3[Y5, X3] Xy — (Hy + Ha)c
— YY1 X5 —2YoY1 X3 —2c+c

=c3c1 + Hics + ¢ — c3co — (Hy + Ha)e — 2¢+ 2¢

=c3(c1 —co+ Hy) — (Hy + Hy + 2)c + 2¢.
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Now, we show that the equality ([5.24]) holds.

[cs, €] = [Y3X3,Y3X1 Xo] = [Y3X3, V3] X1 X0 + Y3[Y3X3, X1] X2 + Y3 X1 [V3X3, X
= Y3[ X3, V3] X1 Xo + Y3[Y3, Xa] X3 Xo + Y3X4[Y3, Xo] X3
= Y3(H1 + H2) X1 X2 + Y3Y2 X3Xo — V3.X1Y1 X3
= (Hy + H2)Y3X 1 Xy + [Y3, Hy + Ha] X1 X5 + YVoY3 X0 X3 — X1Y3Y1 X3
— [¥3, X4]Y1 X3
= (Hi + Ha)c +2¢ + Yo X2 Y3 X3 + Y [V3, Xo] X3 — V1 X1Y3X5
— [X1,1]Y3X5 —¢
= (Hi + H2)c + 2¢ + coc3 — 2¢ — c1e3 — Hycs
= (Hy + Hs)c + 2¢ + cacg — 2¢ — c1c3 — Hics

= —(Cl —Cco + H1)63 + (H1 + Hy + 2)5— 2c.
Let us show that the equality (5.25]) holds.

cc = YaY1 X3Y3X1 Xo = Vo X3Y1Y3 X1 X + Ya[Y7, X3]V3X Xo
= X3YaY3Y1 X1 Xo + [Y2, X3]Y3Y1 X1 Xo + coC
— X3VaViYa X1 Xo + X3V3[Ya, Vi X1 Xo — ViX1 Y3 X1 Xo — [X1, Vi]E + eoc
=Y3X3Y1 X1 Yo Xo + [ X3, V3]YV1 X1 Yo X0 + V3 X3Y3.X, Xy + [ X3, ¥3]Y3.X1 Xo
—cic— Hic+cac
= c3c1c9 + (Hy + Ha)eyeo + e3¢+ (Hy + Ha)é — ¢1¢ — HiC + coc
= c3c1c9 + (Hy + Ha)cicg — c1¢ + cac + e3¢ + Hae

= (03 + Hq, + HQ)ClcQ + (—Cl +co+c3+ HQ)E.
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Now, we prove that the equality ({5.26]) holds.

cc = Y3 X1 XoYVoV1 X3 = X1Y3XYoY 1 X3 4 [V3, X1 X0Y2Y1 X3
— X1 XoYaV1 Y3 X 4+ X1 [Va, Xo] VoY1 X5 + coc
= X0 X1YoY1Y3X3 4 [ X1, Xo] VoY1 Y3X3 — V1 X 1Yo Y1 X3 — [ X1, Y1]YoY1 X3 + coc
= XoYo X1V V5 X5 + Y3 X5Va Y1 X3 + [Xs, V3] Va1 X3 — c1c — Hic + cac
= XoYoV1 X V3 X3 + XoYo[ X1, Y1]|Y3Xs + csc+ (Hy + Ha)e — cic — Hic + cac
= Yo XoV1 X Y3 X3 + [Xo, YoV X1 Y3 X3 + Yo Xo H Y3 X3 + [Xo, Yo H1 Y3 X3 + c3c
+ (H1 + Hy)c — cic — Hic+ cac
= cocic3 + Haocres + coHics + HyHyes + csc+ (Hy + Ha)e — cic — Hie + cac
= (co+ Ha)(c1 + Hi)es + (—c1 + c2 + c3 + Ha)c.

6.2 Generators and defining relations for the centralizer
C via Z(U)

In this section, we provide the calculations of the four relations in part 1 of Theorem

.23l

The relations (5.39)—(5.42)) are obtained from the relations (5.18])—(5.26]) by replacing
the pair (c3, ¢) by the pair (Z;, Z2) using the equalities (5.1) and (5.2]) as follows.

From the equality we obtain
G3=p—C—C2
where )
p=62Z - g(H% + H3 + HyHy + 3(H; + Hz)),
and from the equality we obtain
c=q—c— (Hy+2)c; + Hico

where
1 1

q= —§Z2 + ﬁ(Hz - Hl)(Qﬂ +3(H1Hy+ Hy + Hy+3p+ 3)) +p.

Now if we substitute the values of ¢3 and ¢ in the relations ([5.18))—(5.26)), then the three
relations in the equality ((5.18)) collapse to the relation

[01762] =2c+ (Hy+2)c; — Hica —q,
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the relations (5.19)), (5.20)), (5.23) and ([5.24)) collapse to the relation

[c1,¢] = (H1 —2)c+ci(c1 +2c2+ H — Hy —p—2)+2Hico — Hip + ¢,

the relations (5.21)) and (5.22)) collapse to the relation

[ca,c] = (Hy +4)c — ca(ca + 2H) — p) — 2c1(ca — Ha — 2) — 2q

and the relations (5.25)) and ((5.26]) collapse to the relation

02+ (01(H2+4) —02(H1 —2)+2H1 —Hg—q—p—4>c
+<(H2 + 2)61 + HiHy +2H{ —2Hy — 2q — 4)01
+((=e1 = 2Hy +2)e2 — (1 + 3Hy —p— 2)es — HyHy +2Hip — 2H} — g — 2p)cs

+H1Hop + 2H1p — 2H1q + pg + 2q = 0.

6.3 SINGULAR code

Now we will use the computer algebra system SINGULAR in order to check the results
of our calculations in the previous two sections.

These calculations are checked by the following code in SINGULAR:

ring 120, (v(3),(2), (1) x(1) x(2),5(3),0(1),0(2)) (40, €);
matrix 8|18];
D[1,2]=05D[1,3]=05D[1,4]=—y (2);D[1,5]=y (1);D[1,6]=h(1)+h(2);
D[1,7]=—y(3);D[1,8]=—y(3);D[2,3]=—y (3);D[2,4]=0;D[2,5]=h(2);
D[2,6]=x(1);D[2,7]=y(2);D[2,8]=—2xy(2);D[3,4]=h(1);D[3,5]=0;
D[3,6]=—x(2);D[3,7]=—2xy (1);D[3,8]=y(1); D[4,5]=—x(3);
D[4,6]=0;D[4,7]=2x%x(1);D[4,8]=—x(1);D[5,6]=0;D[5,7]=—x(2);
D[5,8]=2+x(2);D[6,7]=x(3):D[6,8] =x (3);D[7 8] =0;

def Usl3=nc_algebra(1,D); setring Usl3; Usl3;

// coefficients: QQ
// number of vars: 8

// block 1 : ordering dp
//  mames y(3) y(2) y(1) x(1) x(2) x(3) h(1) h(2)
// block 2 : ordering C

// noncommutative relations:

// x(1)y(3)=y(3)*x(1)=y(2)

// x(2)y(3)=y(3)*x(2)+y(1)
// x(3)y(3)=y(3)*x(3)+h(1)+h(2)
// h(1)y(3)=y(3)*h(1)—y(3)
// h(2)y(3)=y(3)*h(2)—y(3)
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//
//
//
//
//
//
//
//
//
//
//
//
//
//
//
[/ h(2)x(
LIB ”"central.lib”
// %% loaded /usr/../singular/LIB/central.lib (4.1.2.0,Feb_2019)
// *% loaded /usr/../singular/LIB/poly.lib (4.1.2.0,Feb_2019)
// #*x loaded /usr/../singular/LIB/ring.lib (4.1.2. O,Feb,2019)
// % loaded /usr/../singular/LIB/primdec.lib (4.1.2.0,Feb_2019)
// xx loaded /usr/../singular/LIB/absfact.lib (4 2.0,Feb_2019)
// % loaded /usr/../singular/LIB/triang.lib (4.1 O,Feb,2019)
// *% loaded /usr/../singular/LIB/matrix.lib (4.1 ,Feb_2019)

(

4.

1.

Il +++ |
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+
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+ +

// #*x loaded /usr/../singular/LIB/nctools.lib (4. 1 2 O Feb_2019)
// *% loaded /usr/../singular/LIB/random.lib (4.1.2.0 Feb 2019)
// #*x loaded /usr/../singular/LIB/elim.lib (4.1.2. Feb,2019)
// % loaded /usr/../singular/LIB/inout.lib (4.1.2. O,Feb,2019)
// %% loaded /usr/../singular/LIB/general.lib (4.1.2.0,Feb_2019)
poly 2 (1)=(1/6)x(y (1)xx(1)+y (2)sx(2)+y(3)x(3))+(1/18)x(h(1)"2
+h(1)*h(2)+h(2)"2)+(1/6)*(h(1)+h(2));

inCenter(z(1));

1

poly z(2)=—(2 /9)*(h(1) 3)+(2/9)*h(2)"3—(1/3)xh(1) 2xh(2)
+(1/3)xh(1)*h(2)"2—h(1)"2+h(2)"2—h(1)+h(2)—y(1)*x(1)*h(1)

=y (3)*x(3)*xh(1)+2xy(2)*x(2)*h(1)—2*y(1)*x(1)xh(2)+y(3)*x(3)*h(2)

Fy (2)#x(2)*h(2) =3%y (2) %y (1) #x(3) =3xy (3)*x(1)*x(2)+3+y (2)*x(2)

—3xy (1)*x(1)+3*xy(3)*x(3);

inCenter(z(2));

1

poly c(1)= y(1)xx(1);

poly ¢(2)= y(2)xx(2);

poly c¢(3)= y(3)xx(3);

poly c= y(2)xy(1)*x(3);
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poly g= y(3)*x(1)*x(2);

\\ checking the relations (5.18)—(5.26):

bracket (c(1),c(2)) = bracket(c(2),c(3));

1

bracket (c(2),c(3)) = bracket(c(3),c(1));

1

bracket (c(1),c) = c(1)*(c(2)—c(3))+(h(1)—1)*xc+g—h(1)*xc(3);
1

bracket (c(1),g) = —(c(2)—c(3))*c(1l)—(h(1)—1)*xg—c+h(1)*xc(3);
1

bracket (c(2),c) = ¢(2)*(c(3)—c(1))+h(2)*c;

1

bracket (¢ (2),g) = —(c(3)—c(1))*c(2)—h(2)xg;

1

bracket (¢ (3),¢c) = c¢(3)*(c(1)—c(2)+h(1)) —(h(1)+h(2)+2)*c+2+g;
1

bracket (c(3),g) = —(c(1)—c(2)+h(1))*c(3)+(h(1)+h(2)+2)xg—2x*c;
1

ckg = ((c(3)+h(1)+h(2)+1)xc(1)—c(3)+g)*xc(2)+(c(3)—c(1))xg;

1
gxe==((c(2)+h(2)+1)*(c(1)+h(1))—c(2)+c)*c(3)+(c(2)—c(1)~h(1))*c;
1

poly B= h(1)"24+h(2) 240 (1)+h(2)+3+(h(1)+h(2));

poly p= 6xz(1)—(1/3)xB;

poly q= —(1/3)*z(2)+(1/27)*(h(2)—h(1))*(2xB+3x(h(1)*h(2)+h(1)

+h(2)+34p+3))+p

\\ checking the relations (5.39)—(5.42):

bracket (c(1),c(2)) = 2xc+(h(2)+2)*c(1)—h(1)*c(2)—q;

1

bracket (c(1),c) = (h(1)—2)*c+c(1)*(c(1)+2*c(2)+h(1)—h(2)—p—2)
+2xh(1)*xc(2)—h(1)*p+q;

1

bracket (c(2),c) = (h(2)+4)*xc—c(2)*(c(2)+2+h(1)—p)
ke (1)#(c(2) - h(2)2)-2¢q

1

¢ "2+ (e (1) (h(2)+4)—c (2)  (h(1)—2)+2+h(1) —h(2) —q-p—4)xc
+((h(2)+2)*c(1)+h(1)*h(2)+2«h(1)—2%h(2) —2%q— 4)*0(1)
+((—c (1) =2xh(1)+2)*c(2) —(c(1)+3xh(1)—p—2)*c(1)~h(1)xh(2)
+2xh (1)*p—2%h(1)"2—q—2%p)*c(2)+h(1)*h(2)*p+2«h(1)*p
—2xh (1)*xq+pxq+2+%q = 0;

1

\\ checking the relations (5.45)—(5.55):
bracket (c(1),c(2)) = bracket(c(2),c(3));
1
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bracket (c(2),c(3)) = Dbracket(c(3),c(1));
1

bracket (c(1),c(2)) = c—g;

1

bracket (c(1),c) = c(1)*c(2)+h(1)*xc—(h(1)4+c(1))*c(3)—ct+g;
1

bracket (c(2),¢c) = h(2)xc——c(1)*c(2)+c(2)xc(3)+c—g;

1

bracket (c(3),c) = —h(1)*xc—h(2)*c+(h(1)+c(1)—c(2))*c(3);

1

bracket(c(1),g) = ~h(1)*g——c(1)*xc(2)+(c(1)+h(1))*xc(3)+c—g;
1

bracket (¢ (2),g) = ~h(2)*xg+c(1)xc(2)—c(2)*c(3)+c—g;

1

bracket (c(3),g) = h(1)*g+h(2)xg+(c(2)—h(1)—c(1))xc(3)—2%xc+2xg;
1

gxc = c(1)*xc(2)*c(3)+h(1)«h(2)*xc(3)+h(1)*xc(2)xc(3)
+h(2)xc(1)xc(3)+2xc(1)*xc(3)—2xc(2)*c(3)+2+xh(1)xc(3)—c(1)x*c
+c(2)*xctc(3)xg—h(1)*xc—h(2)xg—h(1)*g+2+c—2xg;

1

cxg = c(1)*xc(2)xc(3)+h(1)*c(l)*xc(2)+h(2)*c(1)*xc(2)+c(2)*c
e (1)xcre(3)rg-h(2)sct2ee (1)xc(2)—2xc(2)xc (3):

1

Remark 6.3.1. In this code we set z(1) = X, z(2) = Xo, 2(3) = X3, y(1) = Y7,
y(2) =Y, y(3) =Ys, h(l) = Hy, h(2) = Ha, ¢(1) =c1, ¢(2) =ca2, ¢(3) =c3, g =¢.
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