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Abstract

This thesis covers some of the recent predictive modelling work carried out as part of preparations
for MAST-U physics operations. The SOLPS-ITER code package has been used to numerically
study the behaviour of detached plasmas in the MAST-U Super-X divertor con�guration. One of
the two topics addressed in this work concerns the role of the divertor magnetic geometry in the
control of detached Super-X plasmas. The second topic concerns the comparison of strongly de-
tached conditions achieved through the density ramp and extrinsic impurity radiation approaches,
with a focus on the impact of ion-molecule (D+ �D2) elastic collisions on the detached Super-X
divertor conditions.

The subject of detachment control has been addressed by comparing the evolution of detached
divertor plasma solutions obtained from SOLPS-ITER to the predictions of an analytical model
for detachment control, called herein the ‘detachment location sensitivity’ (DLS) model. Two
sets of steady state SOLPS-ITER solutions ranging from detachment onset to strongly detached
conditions are studied. One set of solutions is obtained by varying the D2 fuelling rate and the
other by varying the nitrogen (N) injection rate (or ‘seeding’ rate) at a �xed fuelling rate for the
same (2.5MW) input power. The movement of various features of the plasma solutions (which
correspond to the extent of detachment) through the divertor volume is tracked as a function of
control parameters and qualitative similarities are observed between the two scans - both scans
indicate that strong gradients in the magnetic �eld strength along the �eld line in the MAST-U
Super-X divertor may be contributing to a reduction in the sensitivity of the detachment extent
to the fuelling or seeding rate, in qualitative agreement with the predictions of the DLS model.
This indicates that strong gradients in the magnetic �eld strength along the �eld line could poten-
tially help passively stabilise the detachment extent and enhance detachment control in Super-X
divertors. However, plasma-neutral pressure balance considerations indicate that tight ba�ing of
neutrals may also be playing a role.

While the evolution of the detachment extent is qualitatively similar between the two scans,
qualitative di�erences are observed in the comparison of strongly detached divertor conditions. Sig-
ni�cant plasma recombination near the divertor plate is observed in the D2 fuelling case whereas
it is negligible in the N seeding case. The divertor plasma density pro�le in the fuelling case
is strongly peaked near the target, qualitatively di�erent from that in the seeding case in which
the plasma density pro�le is mostly 
at. Lower target temperatures are also achieved in the fu-
elling case. Qualitative features of the seeding case are recovered in the fuelling case by turning
o� D+ � D2 elastic collisions. Analysis suggests that the elastic collisions are an important di-
vertor plasma energy and momentum sink in strongly detached conditions which enhance access
to recombining conditions. Further analysis also suggests that additional momentum boundary
conditions for the divertor targets may need to be included in SOLPS-ITER to study strongly de-
tached impurity seeded scenarios, and that the set of plasma neutral-interactions included in the
simulations presented here may not be su�cient to accurately model MAST-U Super-X impurity
seeding discharges.
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Chapter 1

Introduction

1.1 Fusion Energy

Fusion, the process by which two light nuclei join together via a highly exothermic nuclear reaction,

is seen as a candidate to generate clean power and a potential replacement for fossil fuels. Currently,

the majority of the fusion community is aiming to create and sustain an environment that would

encourage the following nuclear reaction:

2
1D + 3

1 T ! 4
2 He +1

0 n (1.1)

which is believed to be the easiest thermonuclear fusion reaction to achieve [1]. A deuterium

nucleus and a tritium nucleus fuse to give a 3.5 MeV� -particle and a 14.1 MeV neutron.

In a thermonuclear environment, the D-T fuel is in a plasma state. The basic idea is that the

fusion born � 's heat the rest of the fuel to sustain a thermonuclear environment, and the high

energy neutrons 
y through the plasma to be captured in (and to heat) a blanket. The blanket is

connected to a heat exchanger to generate electricity as in conventional power plants.

A large amount of research has been focussed on two approaches - inertial con�nement fusion

(ICF) and magnetic con�nement fusion (MCF). ICF involves using high power lasers to compress

a pellet �lled with D-T fuel to an extremely high density and using inertia to con�ne the fuel

long enough for a thermonuclear burn wave to propagate through the compressed plasma [2]. The

key idea behind MCF is to create a magnetic con�guration that can con�ne the plasma while it

is heated to extremely high temperatures. The most widely studied MCF device, and also the

subject of this study, is the tokamak [3].

The time taken for the energy contained in a plasma to leak out is characterised by the `energy

con�nement time' of the plasma, � E , de�ned as the total energy stored in the plasma divided by

the rate at which energy is lost. It is the average time taken for energy to escape the plasma. The
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energy con�nement time is an ingredient in what is known as the Lawson criterion, which de�nes

the conditions needed for a fusion reactor to reach `ignition' [4]. The plasma is said to be `ignited'

when the energy from the fusion products is su�cient to maintain the required thermonuclear

environment against all losses and without external power input [5].

The most important �gure of merit for a tokamak reactor is the `triple product', which is closely

related to the Lawson criterion. It is the product of the plasma density n, temperature T and

the energy con�nement time. A commercial tokamak reactor operating a D-T plasma will need to

achieve a minimum triple product [3]:

n� E T � 3 � 1021 m� 3s keV (1.2)

The world's largest tokamak is the Joint European Torus (JET), which has reached a triple prod-

uct > 1021 m� 3s keV [6]. JET will be succeeded as the world's largest tokamak by ITER (formerly

known as the International Thermonuclear Experimental Reactor) which is currently under con-

struction in Cadarche, France. It is expected to be the �rst tokamak to ever achieve this minimum

triple product.

The D-T fusion reaction rate peaks at an optimum temperature [1] and in tokamaks, operation

limits in density [7] have been identi�ed. The goal of tokamak research has therefore been, in

principle, to maximise � E .

1.2 The tokamak

Tokamaks are doughnut shaped devices that create a magnetic con�guration that has two essential

components: a toroidal �eld and a poloidal �eld. The toroidal �eld is produced by current carrying

coils wound around the torus and the poloidal �eld is primarily generated by toroidal currents


owing within the plasma. The result is a helical magnetic �eld wound around the torus, illustrated

in �gure 1.

The size of a tokamak is speci�ed by its major radius, R (the distance from the centre of

the torus to the centre of the plasma), and its minor radius a (the distance from the centre of

the plasma to the vessel wall). On JET, R � 3 m and a � 1:2 m, while on ITER R � 6:2 m

and a � 2 m. Tokamaks can be broadly categorised into `conventional' tokamaks and `spherical'

tokamaks based on their aspect ratio,A, which is the ratio of the major radius to the minor radius.

Conventional tokamaks typically have an aspect ratioA & 2:5 whereas spherical tokamaks usually

have an aspect ratioA . 2. Spherical tokamaks have demonstrated improved plasma stability and

energy con�nement compared to conventional tokamaks [8{14], which gives them the potential to

o�er a route to smaller and cheaper fusion power plants [15{18].
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Figure 1: Schematic of the key components of a tokamak [19].

The magnetic �eld lines in a tokamak lie on a set of nested toroidal magnetic surfaces or `
ux

surfaces'. These are surfaces which enclose a volume through which the poloidal magnetic 
ux is

constant. Most modern tokamaks operate in what is known as the `divertor con�guration', which is

created using an external conductor carrying a current in the same direction as the toroidal plasma

current. A schematic of the divertor con�guration is shown in �gure 2. In this con�guration, an

X-point exists where the poloidal �eld is zero. The 
ux surface that passes through the X-point is

called the separatrix, which separates the `closed' and `open' 
ux surfaces. It is also the last closed


ux surface (LCFS), and it has legs called `divertor legs'. All the open 
ux surfaces, along with

the separatrix, are cut by solid surfaces called the divertor targets. The points on the divertor

plates that are in contact with the separatrix are called the strike points. The plasma that is

in the set of open 
ux surfaces is called the Scrape-o� layer (SOL). In the region below the X-

point, the separatrix separates the SOL plasma and the plasma in the `private 
ux region' (PFR).

The transport of heat and particles along the �eld lines is orders of magnitude faster than that

across the �eld lines or 
ux surfaces. Thus, most of the plasma and the associated energy leaving

the separatrix is quickly transported through the SOL to the divertor targets; and some of it

is transported across the open surfaces through SOL turbulence and deposited onto the main

chamber walls. The SOL is therefore the interface between the `core' plasma and the internal solid

surfaces of the tokamak.
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Figure 2: The poloidal divertor con�guration [19].

� E is known to be limited by turbulence driven transport of energy across the closed 
ux

surfaces in the core [20{22]. Two key modes of operation have been identi�ed in tokamaks, the

low-con�nement mode (L-mode) and the high-con�nement mode (H-mode) [23]. In H-mode,� E

has been found to increase signi�cantly through strong suppression of turbulence in the edge

plasma [24, 25]. ITER (and probably future devices) will operate in H-mode to maximise the

triple product.

1.3 The exhaust problem

Tokamaks are open thermodynamic systems. In a steady state situation, all the power generated

through fusion reactions in the core that is used to maintain fusion conditions (i.e. the power from

fusion born � 's) will at some point cross the separatrix into the SOL, to be deposited onto the

internal surface of the device. The more fusion energy a reactor produces, which is desirable, the

larger the power 
ux that will need to be exhausted onto solid surfaces. It is obvious that solid

surfaces will be able to receive only a �nite amount of power before being damaged. The current

technological feasibility for handling steady state heat loads is around 10 MW m� 2 and around

20 MW m � 2 of transient heat loads (of order a few seconds) for actively cooled surfaces [26, 27].

As mentioned earlier, most of the power entering the SOL is deposited onto the divertor

plates. Further, the deposition across the divertor plates is not uniform and it tends to be strongly

peaked near the strike points. The pro�le of the heat 
ux density incident across the divertor

plates is correlated with the SOL plasma characteristics at the outboard midplane [28]. The

plasma density, temperature and heat 
ux along the magnetic �eld gradually decay as we go from
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the separatrix to further out in the SOL. Outboard midplane pro�les of these quantities can be

associated with a typical scale or decay length. A decay length,� f , of some quantity f (r ) is

de�ned as � f = f (r )=(df (r )=dr), where r is a coordinate that is perpendicular to the separatrix

at the outboard midplane and increases as we go out into the SOL. The quantity of paramount

importance is the heat 
ux decay length, � q, as it de�nes the region in the divertor over which most

of the plasma energy is deposited [28].

Empirical studies have shown that � q in H-mode plasmas, surprisingly, is independent of ma-

chine size and only weakly depends on the power crossing the separatrix; and that it depends

primarily on the poloidal magnetic �eld at the outboard midplane, reducing approximately lin-

early for increasing poloidal �eld magnitude [28{30]. Based on these studies,� q for ITER in

H-mode operation is expected to be� 1 mm. With about a 100 MW expected to 
ow from the

core into the narrow SOL, this could result in up to � 5 GW m� 2 being transported along the

�eld lines to the targets [31]. Geometry can be used to spread the power over a larger area; in

ITER the magnetic �eld will meet the target at an angle � � 4� to reduce the power 
ux incident

on the target by a factor sin � � 0:07 [26, 32]. This is a signi�cant reduction, but still about � 35

higher than the physical limit.

In devices beyond ITER, e.g. a demonstration power plant (DEMO), the power entering the

SOL which will have to be exhausted will be signi�cantly higher than 100MW [33, 34]. Finding

an exhaust solution that is compatible with high core perfomance for economic energy production

is therefore vital.

1.4 Divertor plasma detachment and MAST Upgrade

A phenomenon called `divertor plasma detachment' has been shown to give large reductions in

the plasma energy and particle 
ux reaching the target, and is seen as a potential solution to

the exhaust problem [35{43]. A key feature of detachment is the drop in plasma pressure near

the target through ion-neutral interactions [43{45]. In most tokamaks, this pressure loss typically

occurs when the plasma temperature at the target is� 5eV [36, 44], which is also the temperature

at which ion-neutral interactions start playing an important role in the plasma dynamics for typical

divertor densities [46].

In current experimental tokamaks, one of the approaches to access detachment is through so

called `density ramp' discharges [47{49]. In these discharges, the outboard midplane density is

increased as a function of time, which lowers the plasma temperature near the divertor [50] and

provides access to detachment. Erosion of plasma facing components through plasma-surface in-

teractions typically results in the presence of `intrinsic' impurities [39, 50, 51]. These impurities
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further cool the plasma through radiative heat dissipation, aiding access to detachment. Another

common approach to access detachment in current devices is introducing `extrinsic' radiative im-

purities (e.g nitrogen, noble gases) in the divertor to cool the plasma, which can provide access to

detachment at lower outboard midplane densities [48, 49, 52, 53]. In future high power devices,

the density required to access detachment without impurities may be higher than operation limits

in density [7, 54]. In devices like ITER and DEMO, radiative power dissipation through extrinsic

impurities will be required to access detachment [38, 40].

Detached divertor operation in future high power devices is expected to be di�cult due to

a number of competing goals. Divertor power dissipation is optimised when operating at high

outboard midplane densities and/or high divertor/SOL impurity levels. On the other hand, core

performance and energy con�nement in H-mode are optimised when operating at relatively low

outboard midplane densities [55]. Further, intrinsic and extrinsic impurities can leak out of the

divertor and enter the core [56{59]. While the impact of impurities on core energy con�nement

is rather complex - with improved con�nement, degraded con�nement, as well as no signi�cant

impact on con�nement reported in a number of studies [38, 53, 60{69] - it is desirable, especially

for future high power devices, to minimise the impurity levels in the core as this results in the

dilution of the fusion fuel which lowers the core performance [41, 70]. Access to detachment at

lower outboard midplane densities and SOL impurity levels, and better control of the detached

plasma can help make detached divertor operation more compatible with high core performance

[41].

Most current tokamaks operate in what is known as the `conventional' divertor con�guration.

Although �gure 2 is a general schematic/cartoon of the divertor con�guration, it very closely

resembles the conventional divertor con�guration. The total magnetic �eld strength is roughly

inversely proportional to the major radius. A number of theoretical and numerical studies predict

that the detached regime can be accessed at lower impurity levels and outboard midplane densities

by pulling the strike point away from the centre of the torus to large major radius where the total

magnetic �eld strength is lower [71{78]. Further, a wider detached operation window is predicted

for con�gurations which maximise `total magnetic 
ux expansion' [76], which is the ratio of the

total magnetic strength at the X-point to that near the strike point. It can be noted however that

this is not always observed in experiments [79]; poor trapping of divertor neutrals and the strike

point angle can negate the total 
ux expansion e�ect in practice [80].

In conventional divertor con�gurations, total 
ux expansion is not signi�cantly higher than

unity. An advanced divertor con�guration known as the `Super-X' [71] aims to maximise the

total magnetic 
ux expansion. The upgraded Mega Ampere Spherical Tokamak (MAST-U) has

been designed to optimize the Super-X con�guration [75, 81, 82]. The MAST-U Super-X divertor
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features the largest total 
ux expansion in existing tokamaks (� 2.5-3 higher). Additionally, it

o�ers a large amount of control over the magnetic topology in the divertor volume in order to test

a wide range of divertor con�gurations, enabling comparisons of the Super-X to conventional as

well as other advanced divertor con�gurations in the same tokamak. It also features tight ba�ing

to maximise divertor neutral trapping. Examples of divertor con�gurations possible in MAST-U,

including the conventional and Super-X, are shown in �gure 3. MAST-U thus provides a test bed

to study detachment physics including detachment control and threshold [83].

Figure 3: Top row left to right: conventional horizontal target, conventional vertical target, X-divertor.

Bottow row left to right: Super-X, snow
ake, inner leg Super-X [83].

1.5 Overview of thesis

One of the main aims of MAST-U is to assess the viability of the Super-X divertor as an exhaust

solution for future high power tokamaks. In addition to providing access to divertor detachment

at lower outboard midplane densities and SOL/divertor impurity levels, it is expected that this

divertor magnetic geometry can potentially widen the window of detached divertor operation and

enhance detachment control [76], making detached divertor operation more compatible with high

core performance. The �rst part of the work presented in this thesis focuses on studying the features

of the MAST-U Super-X geometry that help improve detachment control. The SOLPS-ITER code

package [84, 85] has been used in concert with an analytic model for detachment control, the
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detachment location sensitivity (DLS) model [76], to study the behaviour detached plasmas in the

MAST-U Super-X divertor con�guration. While future high power devices will require extrinsic

impurity radiation to access detachment, this can be done via both extrinsic impurities or density

ramps in MAST-U. In the second part of the work presented in this thesis, SOLPS-ITER is used

to study strongly detached conditions achieved through the density ramp and extrinsic impurity

radiation approaches, with a focus on the impact of ion-molecule (D + � D2) elastic collisions on

the detached Super-X divertor conditions.

In chapter 2, the basic SOL and divertor detachment physics relevant to this work is introduced

and some issues associated with detached divertor operations in future high power devices are

reviewed; followed by a brief description of the DLS model and a review of previous MAST-U

SOLPS-ITER work. The speci�c aims of this study and the methodology are summarised in

chapter 3, along with a brief description of the SOLPS-ITER code package and the simulation

setup. The key observations are summarised in chapter 4. The role of the divertor magnetic

geometry in detachment control is the subject of chapter 5 and di�erences in the strongly detached

solutions are studied in chapter 6. Conclusions and future work are summarised in chapter 7.
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Chapter 2

Scrape-o� layer and divertor physics

The heating and erosion of edge structural components is governed by the power and particle


ows reaching the solid surfaces, which enter the SOL from the main plasma and exit from it

to the divertor targets [39, 50]. The SOL constitutes the interface between the astronomically

hot fusion-producing plasma and the ordinary solid-matter world of the tokamak's solid structure.

It is therefore essential to understand how this interface functions and how it responds to the

interactions with these two very di�erent states of matter (plasma-surface interactions, PSIs).

Particle and power 
ows reaching the solid surfaces are related to the basic properties of the

SOL plasma: the density and temperature. Knowing how important parameters like density and

temperature vary spatially in the SOL, and understanding their connection to particle, momentum

and power 
uxes into and out of the SOL is a requirement.

This chapter covers the basic SOL and detachment physics relevant to the work presented in this

thesis. Key features associated with plasma-surface interactions, and the density and temperature

dependence of heat transport along the SOL are discussed �rst. This is followed by a brief review of

a simple analytic model of the SOL called the `2-point' model, which provides some basic intuition

for SOL behaviour preceding detachment. Key features of divertor detachment are discussed next,

followed by a discussion of some of the issues relevant to detached divertor operation in high power

devices. Finally, the DLS model and previous numerical modelling of MAST-U are reviewed at

the end of this chapter.

2.1 Key concepts

2.1.1 Plasma-surface interactions

Recycling When electrons strike a solid surface, they are either backscattered/re
ected or re-

tained on the surface. The fraction of electrons re
ected from a carbon surface is less than 0.1

over the electron temperature range 0:1 � 10 keV [86]. Electrons incident on the surface can also
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result in the emission of secondary electrons; however the energy of the secondary electrons is typ-

ically signi�cantly lower than that of the incident electron [86] - for small contact angles between

the magnetic �eld and the surface (typically the case in tokamaks), the secondary electrons are

assumed to return to the surface within one gyration period. Thus, the surface is normally treated

as a `sink' for the free electrons in the SOL, and electron emission from the surface is assumed to

be negligible [50].

When ions strike a solid surface, they are either backscattered/re
ected while retaining most

of their kinetic energy, or they are implanted near the surface and are subsequently thermally

desorbed back into the plasma [87]. They may also be trapped in the solid for an extended period

of time or even permanently. A very large fraction of ions which are re
ected or thermally desorbed

pick up electrons from the surface and return to the plasma as neutrals, irrespective of the charge

state of the incident ion [88]. Thus, a solid surface acts as an e�ective sink for the SOL ions, as it

does for electrons [50].

If a surface has not already been bombarded by the plasma, all the incident ions that are

not backscattered are initially retained on the surface. This retention eventually saturates over a

certain ion 
uence. Once this retention has saturated, all the subsequent non-backscattered ions

are promptly thermally desorbed as neutrals to be re-ionised [88]. This leads to a steady-state

condition, termed `recycling', whereby ion-electron pairs are lost to the surface roughly at the

same rate as neutrals emitted from the surface re-enter the plasma and get re-ionised. The plasma

essentially re-fuels itself, i.e. if external fuelling is turned o� and there are no other sinks (e.g

pumps), the plasma density will remain (mostly) constant [50] - thus, while the surface is a plasma

sink (not a mass sink), it is also very closely related to the plasma source.

The Debye sheath In the �rst few �s after the plasma is initiated, i.e. just after ionisation of

the �ll gas in the vacuum vessel and before the recycling and ionisation have become established,

the electrons, due to their small mass and high mobility, rush ahead of the ions and strike the

solid surfaces, charging them up negatively [50]. From that time on, an electron-repelling potential

di�erence exists between the plasma and the surface, slowing the loss rate of the electrons - while,

at the same time, increasing the ion loss rate. Electrostatic potentials on surfaces contacting

plasmas are almost entirely shielded out within a short distance. This thin region in front of the

surface is called the Debye sheath and is a region of net positive space charge, existing in a dynamic

equilibrium [50]. The shielding is not perfect, however, and a small electric �eld penetrates into

the plasma. This is called the pre-sheath electric �eld and it acts on the ions in the SOL to help

move them toward the target. It has been proved that ions and electrons enter the sheath at a

speed equal to or greater than the local ion sound speed [89, 90].
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Sputtering Interaction between the plasma (or even neutrals) and the plasma facing components

can be accompanied by erosion of the surface through sputtering [50, 51], which results in the wall

material entering the plasma. When energetic ions or neutrals strike a solid surface, su�cient

momentum can be transferred to an atom in the solid lattice to eject it [91{93]. Such a removal

through momentum transfer is known as `physical' sputtering. If the surface is made of a material

that is chemically reactive with hydrogen, this can lead to the formation of compounds that are

loosely bound to the surface and can be easily thermally desorbed. This process is known as

chemical sputtering [93, 94]. Most experimental tokamaks, including MAST-U, use a carbon �rst

wall which undergoes both physical and chemical sputtering [51, 93, 94].

2.1.2 Simple and complex SOLs

The most important distinguishing property among SOLs is the way heat entering the SOL is

transported to the targets. Heat transport can take place via conduction and convection. SOLs

in which heat convection is the dominant heat transport mechanism are typically said to be in

the `sheath-limited' regime, whereas when heat conduction dominates over convection, the SOL is

usually said to be in the `conduction-limited' regime [50]. Figure 4 shows a comparison of the two

SOLs in the di�erent regimes `straightened out' for ease of interpretation. sk is the distance along

the SOL. The shaded region on the left is the target (sk = 0) and the region where the heat enters

the SOL, qin , is the `upstream' region (sk = L). � is the particle 
ux due to the SOL particle

source. The distance along the �eld line between upstream and target is known as the connection

length, L .

Since convection is the dominant heat transport mechanism, the temperature in sheath-limited

SOLs, also called simple SOLs, is fairly uniform along the SOL. The plasma and neutral densities

are not high enough for plasma-neutral interactions to become important [50]. Cross-�eld transport

from the core plasma provides the only energy and particle source in the SOL, as illustrated in

�gure 4(a) where � in is particle 
ux entering the SOL from the core. In addition, the divertor

targets are the only energy and particle sinks.

Complex SOLs are characterised by a signi�cant drop in temperature near the target. In sim-

pli�ed models of the complex SOL (section 2.2), is it assumed that there are no energy, momentum

or particle sinks along the SOL in attached conditions. Low plasma 
ow along the SOL is assumed,

which means that the reduction in temperature along the SOL implies a consistent increase in the

plasma density near the target. Thus, the plasma density tends to be relatively high near the

target resulting in a very short ionisation mean free path of the recycling neutrals. Most neutrals

are ionised within the SOL, and in fact very close to the target in attached conditions [50]. Fur-

ther, ionisation of recycled neutrals is the dominant particle source in the SOL and is signi�cantly
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higher than the upstream particle source, as illustrated in �gure 4(b) - the most of the plasma 
ux

arriving at the target is created very close to the target.

Figure 4: Schematic of (a) a sheath limited SOL and (b) a conduction limited SOL [50].

Existence of a temperature gradient depends on the SOL collisionality,� �
SOL , which is the ratio

of the connection length (L ) to the electron and ion self-collisionality lengths, � ee � 1016T2
e =ne

and � ii � 1016T2
i =ni respectively [50]. A rough estimate of� �

SOL can be obtained by assuming

Te � Ti (not always true in reality) as follows [50]:

� �
SOL � L=� ee ii � 10� 16nuL

T2
u

(2.1)

where nu and Tu are the upstream density and temperature and� ee ii is the electron/ion self-

collisionality length. Analytical considerations [50] lead one to expect negligible temperature

gradients for � �
SOL � 10 or lower and signi�cant temperature gradients for � �

SOL � 50 or higher.

This is picture is summarised in �gure 5.

Figure 5: Di�erent collisionality regimes based on equation 2.1 [50].
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