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Abstract

This thesis considers notions of recognisability for languages over (universal) alge-
bras. The main motivation here is the body of work on recognisable languages over
the free monoid, which in particular connects several, equivalent, approaches. The
free monoid X* on a set X consists of all finite strings of elements of X; these
are thought of as words, and hence a subset of X* is known as a language (i.e. a
collection of words). The term is then used for a subset of any (free) algebra.

Our first approach to recognisability is via finite index of syntactic congruences;
the latter may be defined for any kind of algebra. We consider how to define syntactic
congruences in the most efficient way: absolutely, or with regard to a particular
class of algebras or languages. We give examples where only finitely many terms are
needed to determine syntactic congruences. For a particular class of free algebras
we find an infinite list of terms, each built from the previous, and give an example
of a language such that we need to check terms of every kind. Using syntactic
congruences we consider closure properties of recognisable languages. We give many
examples, including critical examples of languages that are themselves free algebras
(in some sense) but are contained in the free inverse monoid.

Our second approach is in the context of unary monoids. We introduce a new
kind of formal machine we call a +-automaton. Our main result in this regard is
to show that a language over a free unary monoid has syntactic congruence of finite
index if and only if it is recognised by a +-automaton. This result exactly parallels

the well known result for languages over free monoids.
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Preface

One of the most celebrated interactions between mathematics and theoretical com-
puter science is the study of languages, beginning with and motivated by the classic
theory of languages over free monoids, which we briefly recall. The free monoid X*
on a set X consists of all finite strings of elements of X; these are thought of as
words, and hence a subset L of X* is known as a language. The heirarchy now known
as the Chomsky Heirarchy [3] classifies languages according to their complexity and
was put forward by the American intellectual Noam Chomsky in 1956. At the lowest
level of the heirarchy we have the class of recognisable languages. From the point of
view of monoid and semigroup theory, free monoids play a significant role, since (al-
most by definition) every monoid is a morphic image of a free one. Free monoids are
combinatorially simple devices, and although congruences on monoids are notori-
ously complex one can hope to handle congruences on free monoids with more ease.
One characterisation of recognisability of a language L over a free monoid X* is
that its syntactic congruence ~, has finite index, that is, X*/ ~ is a finite monoid.
Another is that L is recognised by a finite state device we refer to as an automaton;
these are the simplest kind of ‘abstract machine’ and change states according to their
inputs from a finite set. If that set is X, then strings of inputs are simply words
over X. The sets consisting of words taking an automaton from an initial state to
a final state form precisely the class of recognisable languages over X. There are
several other characterisations of recognisable languages, but we focus in this thesis
on the two given above. For further details on the many approaches to recognisable
languages over free monoids, we refer the reader to [10, 2] 26) 30]. As indicated
in those texts the most significant names in the early days of establishing the deep
connections between automata, recognisable languages over the free monoid, and
finite monoids and monoids include M.P. Schiitzenberger, R. McNaughton, J.A. Br-
zozowski and I. Simon. There is also a connection with formal logic, explored by
authors such as H. Straubing.

Given the body of work on languages over free monoids, it is natural to consider
the relation between algorithmic and algebraic properties of subsets of other free
algebras, or indeed, of other algebras. For consistency these are also referred to as
languages. There is a large body of literature, mostly in the realm of theoretical
computer science and logic, on this topic. Elements of free algebras are expressed by
terms, and these have a tree-like structure in that they are built up from sub-terms
by using the basic operations of the algebra. This has led to a study in theoretical
computer science of languages over trees, and tree automata (see, for example, [9,16]).
This direction of study is not concerned with the algebraic properties of free algebras
[22, 1].

We take a different viewpoint. A particular motivation for us has been [34] “On

free inverse monoid languages” by Pedro V. Silva [34]. This itself builds on ideas of
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reversible automata [35]; see also [27]. The reasons for taking this as our starting
point are several. First, free inverse monoids have a natural description as a type of
bi-rooted tree called a Munn tree [29]; this is equivalent to a formulation using prefix
closed subsets of reduced words over free groups, and as these are easier to write
down, our results are phrased in those terms. An excellent account may be found in
[21]. Inverse monoids form a variety of unary algebras where the unary operation is
written a — a~!. Free inverse monoids are naturally associated with automata for
which one can reverse the transitions [34]. They form the perfect bridge to other
varieties of unary and biunary monoids. For example, a monoid congruence on an
inverse monoid is a unary monoid congruence, but this is not true of other varieties
of unary monoids. From another point of view, free left restriction monoids (which
coincide with free left ample monoids) are contained as submonoids of of free inverse

I — gt A similar statement is

monoids, closed under a unary operation a — aa~
true for free restriction monoids (which coincide with free ample monoids); these are
contained as submonoids of free inverse monoids, closed under the unary operation

1 1

a—aa ' =a" and a — a* = a la.

The variety of left restriction monoids and the bigger variety of left Ehresmann
monoids form the main specific varieties of unary monoids that we consider. Simi-
larly, the variety of restriction monoids and the bigger variety of Ehresmann monoids
form the main specific varieties of biunary monoids that we consider. These vari-
eties have importance since they arise from many directions (and hence have ac-
quired many names), are very natural in that there are many examples made from
mappings. Of particular note is that every left restriction monoid embeds into the
full transformation monoid 7x on a set X, where the unary operation is o — [liy o,
and the monoid of binary relations on a set X is Ehresmann. It follows from the
work on relation algebras (see, for example, [I8]) that not every Ehresmann semi-
group is a subalgebra (as a biunary semigroup) of some relation semigroup. For an
introduction to the topic of representability by semigroups of relations augmented
with extra operations, see [32]. The theory of (left) Ehresmann and (left) restriction
semigroups has been pushed forward by many authors in recent years. We recom-
mend [19] for a survey of the development of some of the ideas and [13], 14} 2| 24] 23]

for background to the free algebras in these classes.

The structure of this thesis is as follows. In Chapter |I| we give all the necessary
premliminaries to follow the work in this thesis, in particular an introduction to
(left) ample monoids (Section [L.1)), (left) restriction monoids (Section [L.2)), (left)
Ehresmann monoids (Section [1.3)), automata (Section [L.5)), the free inverse monoid
(Section [1.4)), Schiitzenberger products (Section and universal algebra (Sec-
tion . We give references to further reading in those sections.

In Chapter [2] we consider syntactic congruences on universal algebras. If L C A

where A is an algebra, then the syntactic congruence defined on A by L is the



largest congruence such that L is a union of ~-classes. We show in Lemma [2.1.5
that ~ always exists and in Theorem that it may be defined by considering
only unary term operations. Syntactic congruences have also been considered in
[4, 8] and there is some overlap here. However, these articles are focussed on the
relation of syntactic congruences to other special congruences. We then consider
syntactic congruences on left Ehresmann monoids (and hence also on left restriction
and left ample monoids), where here we can reduce the term operations we need to
consider to two kinds. We note that [§] also tackles the question of reducing the
list of unary term operations one considers, but uses the classification of algebras
according to whether the varieties in question are finitely-generated and congruence
distributive; we do not know whether the varieties we consider have these properties
but prove all our results directly. We then consider (two-sided) Ehresmann monoids
which, perhaps surprisingly, are harder to handle, even in the restriction case. We
give an infinite (but nevertheless specific) list of unary terms that determine the
syntactic congruence in Theorem [2.3.3] We give a number of illustrations, and in
Subsection present an example of a language over a free restriction monoid such

that no finite sub-list of the terms will suffice to determine the syntactic congruence.

In Chapter (3| we consider further syntactic congruences on arbitrary universal
algebras. In Theorem [3.0.5| we prove a result that allows us to pull back information
from an algebra to its preimage, and show how this may be applied. Our next task is
to consider the closure properties under Boolean operations of classes of recognisable
languages, which we do in Section [3.2] For languages over free unary monoids it
makes sense to also consider product. In Proposition [3.2.9, using an adaptation of
the construction of Schiitzenberger product, we show that the class of recognisable

languages over unary monoids is closed under product.

Chapter [ returns to the focus on specific classes of free algebras; here is free
unary monoids. We introduce the notion of +-automata, which are finite state
automata equipped with an additional binary operation on their state set. As for
ordinary automata, they come in two kinds, deterministic and non-deterministic,
and we show that this does not matter in the sense the classes of languages accepted
are the same. Our main result of this chapter is Theorem 4.2.6] which shows that
a language over a free unary monoid has syntactic congruence of finite index if and

only if it is accepted by a +-automaton.

Throughout we have illustrated our results and techniques by looking at lan-
guages over free (left) restriction monoids. These monoids are contained (in a sense
described earlier) in free inverse monoids. In Chapter 5| we consider the syntac-
tic congruences of the free ample monoid, the free left ample monoid and the free
monoid on a set X within the free inverse monoid FIM(X) on X. We also consider
the syntactic congruence of the ‘linear’ subset on FIM(X). Here we find some nice

behaviour: in the first two cases, the congruence is related to the least group con-
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gruence on FIM(X) and in the latter two cases, the syntactic congruence is forced

to be trivial.
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Chapter 1
Preliminaries

In this chapter we include the definitions, essential properties and results fundamen-
tal to the understanding of mathematics in this thesis. We assume the reader has a
working knowledge of semigroup theory, as may be found in [21] and [5]. We usually
denote a monoid by M and the set of idempotents of M by E(M).

Much of monoid theory (and, more broadly, semigroup theory) focusses on the
existence and behaviour of idempotents. We recall that a monoid M is regular if for
each a € M there exists b € M such that a = aba. If in addition we have b = bab
then we say that b is an inverse of a; we may denote an inverse of a by a’. Note
that every element in a regular monoid has an inverse: if there exists b such that

aba = a, then define a’ = bab and observe that
ad'a = ababa = aba = a, d'aad’ = bababab = babab = bab = a'.

It is well known that M is regular if and only if every R-class of M contains an
idempotent or, equivalently, every L-class contains an idempotent. Indeed, if a =
aba then abRa Lba and ab,ba € E(M). Here R and L are Green’s relations R
and L, which form the backbone of the classical theory of regular semigroups. If
M is regular and the idempotents of M commute, so that E(M) is a semilattice
(a commutative semigroup of idempotents), then the idempotent in the R-class of
a is unique, as is the idempotent in the L-class of a. Further, every element of a

1

has a unique inverse, which we may denote by a™". So, in an inverse monoid we

have a unary operation a — a~'. From this we can also construct unary operations

' =@ and a — a 'a = a*. Throughout this thesis we will be equipping

a— aa”
monoids with additional unary operations. If M has one additional basicE] unary
operation we say that M is a unary monoid and if M has two additional basic
operations we say it is a biunary monoid. Many of the algebras studied in this
thesis are unary or biunary monoids, which arose in attempts to generalise the

theory of regular monoids.

1See Section we mean it is preserved by morphisms, substructures etc.
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In Section we give the background to (left) ample monoids. These were
introduced by Fountain in [I1] and [12] and were earlier called (left) type A. In
Section we take the same approach to weakly (left) E-ample/restriction monoids;
these arose from many sources, in particular as an attempt to model partial maps.
In Section we give a brief introduction to (left) Ehresmann and (left) adequate
monoids, which extend the classes of (left) restriction and (left) ample monoids.
Lawson in [25] was key to highlighting the significance of (left) Ehresmann monoids.
The foregoing classes of monoids may be approached from two directions, one as
monoids and the other as biunary or unary monoids. Inverse monoids are also
unary monoids; we present in Section the free inverse monoid FIM(X) using the
approach of McAlister triples.

We then change tack and in Section[1.5| we give a brief recap of the theory of au-
tomata over free monoids. In Section we give an introduction to Schiitzenberger
product of monoids, which we need to adapt to a specific purpose in Section [3.2]
Finally in Section we give a brief summary of the notions of universal algebra

that we will use.

1.1 (Left) ample monoids

The results here are well known. Readers may refer to [16] for further details and
reference. There are three ways to approach left ample monoids. We begin with

their representation by maps, and take this as our definition.

Definition 1.1.1. A monoid M is left ample if it is isomorphic to a submonoid of
a symmetric inverse monoid Zx which is closed under the unary operation o — o™,

where at = aa™!

= Ilgom a, i-6. the identity map on the domain dom « of a.
Right ample monoids are defined dually. That is, a monoid is right ample if it
isomorphic to a submonoid of Zx, which is closed under the unary operation o — a*,
where o* = a ta = I, .. We say that a monoid M is ample if it is both left and

right ample; note that we cannot assume X = X',

Clearly inverse monoids are ample, but the latter class is much wider: ample
monoids are not in general regular.

We now explain how (left, right) ample monoids have abstract characterisations
obtained from the generalizations R* and L£* of Green’s relations R and L respec-
tively, and as such form quasi-varieties of algebras.

The relation R* is defined on a monoid M by the rule that for any a,b € M,
a R* b if and only if for all x,y € M,

ra =ya if and only if xb = yb.

12



It is easy to see that R* is left congruence, and we show here that R* is a generali-

sation of R.
Lemma 1.1.2. For any monoid M, we have R C R*, and R = R* if M 1is reqular.

Proof. Suppose a R b, then a = bs and b = at for some s,t € M. For all x,y € M, if
ra = ya, then xb = xat = yat = yb. Dually, if b = yb, then xa = xbs = ybs = ya.
So a R* b and hence R C R*.

Suppose that M is regular and let a,b € M with a R* b. Then for all z,y € M,
xa = ya if and only if b = yb. Let x = 1, the identity of the monoid, and y = ad’,
where o’ is an inverse of a, as certainly a = aad’a, then a R* b implies b = aa’d.

Similary, substitute x = 1, and y = bb’ gives a = bb’a. Hence a R b. O

If M is left ample, then it follows from our definition that E(M) is a semilattice,
every a € M is R*-related to a unique idempotent and, denoting this idempotent by
a™ we have that (ze)*z = ze, for any © € M,e € E(M). Indeed, these conditions
provide an alternative description of left ample monoids.

Our third promised description is as a quasi-variety. Let M be a unary monoid,
that is, a monoid with an additional basic unary operation, which we denote by

a+— at. Then M is left ample if and only if it satisfies the quasi-identities:

+ Tyt = ytat, (aty)T =2ty 2yt = (ay) T

and

Tz =yz = a1z =yt

In this case, a™ is the unique idempotent in the R-class of a, and E(M) = {a™ :
a € M}. Note that the only non-identity is xz = yz = xz" = yz*. This cannot be
replaced by an identity since, if it could, the class of left ample monoids would form
a variety and hence be closed under morphic image. To see that the latter could
not possibly hold, it is enough to consider the free monoid on a set X* which is
left ample with a* = € for all a € X*; if left ample monoids formed a variety every
monoid would be left ample, which is clearly nonsense.

The relation £* is the dual of R* and may be used in a dual way to give an
abstract characterization of right ample monoids. The unique idempotent in the
L*-class of a, where it exists, would be denoted by a*. Right ample monoids form
a quasi-variety of unary monoids, with defining (quasi)-identities the left /right dual
of those above. A monoid is ample if it is both left and right ample; hence ample
monoids form a quasi-variety of biunary monoids, where we take both sets of (quasi)-

L and

identities as our defining set. In the case if M is inverse, then at = aa~
a* = a~'a for all a € M; clearly, any inverse monoid is certainly ample.

Note that any submonoid of an inverse monoid that is closed under * and *
is ample. However, it is undecidable whether a finite ample monoid embeds as a

submonoid of an inverse monoid in a way that preserves both + and = [17].
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1.2 Weakly (left) E-ample/(left) restriction monoids

In this section, we are extending the class of (left) ample monoids in an analogous
way to the way in which (left) ample monoids extend the class of inverse monoids.
That is, we consider further extensions of Green’s relations R and L. The reader
may refer to [14] for further details and references.

Let E be a set of idempotents contained in a monoid M; at this stage we do not
insist that £ = E(M). The relation Rz on M is defined by the rule that for any
a,b € M, a Ry b if and only if for all e € E,

ea = a if and only if eb =10,

that is, @ and b has the same set of left identities from E. The relation ﬁE is
certainly an equivalence; however, unlike the cases for R and R*, it need not be left

compatible. The following shows that ﬁE contains R*.

Lemma 1.2.1. For any monoid M and E C E(M), we have R C R* C ﬁE, with
both inclusions equalities if M is reqular and E = E(M).

Proof. With Lemma at hand, we only need to prove R* C Ry and Ry C R if
M is regular and E = E(M). Also, the proof itself is somewhat similar to Lemma
[1.1.2] Suppose a R* b, substituting x = e for some e € F and y = 1 in the definition
of R* will see that a ﬁE b, and hence R* C ﬁE

Suppose that M is regular and £ = FE(M). Suppose a Re b, so that for all
e € E, we have ea = a if and only if eb = b. Now substitute e = ad’, as certainly
aa’a = a then aa’b = b. On the other hand, substitute e = bb/, giving bb'a = a.
Hence a R b, and we can conclude that 7%;; CR. O

In general, however, the inclusions in Lemma can be strict. Similarly we

have:
Lemma 1.2.2. Ife, f € E, then e R f if and only if e R* f if and only if e R f.

Proof. From Lemma [1.2.1, we know that
eRf=eR f=eRp [

To prove

eRe f=eR [,

we see that if e Rp f, by definition of ﬁE, we have ef = f and fe = e, and this in
turn implies e R f. m

Note that for an arbitrary set E of idempotents in M, any idempotent e € E is

a left identity of its ﬁE—class, as we now show:

14



Lemma 1.2.3. Ifa Rp e, then ea = a.

Proof. By the definition of ﬁ,E, aRp b if and only if
Vee E, ea=a if and only if eb=b.

Let b = e, the right hand side holds as e is an idempotent. Then left hand side gives

us ea = a. O

For any monoid where idempotents commute, the set of commutative idempo-

tents form a semilattice. For if e, f are idempotents, and ef = fe, then (ef)? =

efef =eeff =cef.
Lemma 1.2.4. If E is a semilattice, e, f € E and e ﬁE f, then e = f.

Proof. By definition of ﬁE, since e € E, ee = e implies ef = f. As ﬁE is symmetric,
f RE e, and hence fe = e. Now since F is commutative, we have fe = ef, and
hence e = f. O

It is then easy to see that if E form a commutative subsemigroup of M, or simply
we say F is a semilattice, then any ﬁE—class contains at most one idempotent from
E. If every R p-class does have an idempotent of F/, we again have a unary operation

a — a’, where a* is now the unique idempotent of E in the R p-class of a.

Definition 1.2.5. Let M be a monoid and F C E(M). Then M is weakly left E-
ample (or left restriction) if and only if £ is a semilattice, every ﬁE—class contains
an idempotent of E, the relation Rp is a left congruence, and the left ample identity
(AL) holds:

ac = (ae)ta Ya€ M ande€ E  (AL).

As in the previous section, we can define left restriction monoids by a represen-
tation. It is a fact that M is left restriction if and only if M is a submonoid of some
partial transformation semigroup on X, PT x, closed under +, where here again
at is the identity in the domain of a. It is clear that a left ample monoid is left
restriction.

It is important to note that if M is a weakly left EF-ample monoid, then F =
{at :a € M}. We refer to E as the distinguished semilattice or the semilattice of
projections of M. Moreover, the identity of M must lie in E, for we must have
that 1T = 1. In the case that E = E(M), we drop the “E” from the notation and
terminology, for example, we write ﬁE( M) more simply as R.

The relation £ and £ g are the dual of R and ﬁE; Similar to the ample cases,
weakly right E-ample monoids (right restriction monoids) may be defined in terms

of these relations, where again we denote the dual of the operation * by *. Combining
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together, a monoid is weakly E-ample if it is both left and right weakly F-ample

where
E={at:aeM}={a":a€ M}.

The latter condition ensures that the semilattices of projections of M as a left and
as a right restriction monoid coincide.

Now we give some technical results which will be useful in subsequent chapters.
Note since all ample monoids are weakly E-ample, results for the latter also apply to
the former. The first follows immediately from the fact that in a weakly left (right)
E-ample monoid, Rp (EE) is a left (right) congruence. The relation < appearing
in its statement is the natural partial order on E : given e, f € E, we define e < f

if there exists g € F such that e = gf.

Lemma 1.2.6. Let M be a weakly left E-ample monoid. Then for any a,b € M
and e € E :

(i) et =¢;

(ii) (ab)™ = (ab™)™;
(iii) (ea)* = ea™:
(iv) (ab)* < a*.

Proof. (i) e™ and e are both idempotent in the R p-class of e, by Lemma m, they
must be the same.

(ii) b has a unique idempotent from F in its R p-class, namely b*. So b Ry bT.
As Ry is a left congruence, ab R ab®. This means they have the same idempotent
from E in their Rp-class, so (ab)™ = (ab*)*.

(iii) Substituting @ = e and b = a in (ii), we have (ea)™ = (ea™)™. However as
E is a semilattice, ea™ € E. So (ea)™ = (ea™)T = ea™.

(iv) Since ab R (ab)™ we have
at(ab)=ab <& a"(ab)" = (ab)".

But a™(ab) = (ata)b = ab, so that a™ (ab)™ = (ab)™. Hence we have (ab)™ < at. O

Lemma 1.2.7. Let M be a weakly right E-ample monoid. Then for any a,b € M
and e € E :

(i) e = e;
(i) (ab)* = (a*b)";
(iii) (ae)* = a*e;
(iv) (ab)* < b".
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Proof. Dual of Lemma [1.2.6] ]

It is worth noting that the condition for ™ in Lemma [1.2.6] (ii) above is actually
equivalent to saying Ker™ is a left congruence. Here Ker™ = {(a,b) : a™ = b} is
the kernel of the T-operation. If M is a left restriction monoid, the * operation
maps every element to the idempotent of its R p-class. Thus Ker™ = ﬁE, and the
later is a left congruence by the definition of left restriction monoid. However, even
if we relax the condition that requires M to be a left restriction monoid, but only
requires the * operation to be an idempotent operation ((z*)" = z™), the equation
in Lemma m (ii) still equivalent to saying Ker' is a left congruence. This is
summed up by the following;:

Lemma 1.2.8. If x — x7 is a unary operation on a monoid and (x)* = ™, then

(xy)™ = (zy™)" if and only if Ker™ is a left congruence.

Proof. Recall that a (Ker™) b < a™ = bT.

We prove the (<) first. If Ker? is a left congruence, then for all a we have
at Ker" a

which implies that for all a, b,
ba™ Ker™ ba

and so
(ba*)" = (ba)™.

Note the above is not true without using the condition (z7)* = ™.
Now we proceed with the other way (=). Suppose that (ba™)* = (ba)™, for all

a,b€ M. If a Ker" b, we have a* = b™. So for any c,

(ca)™ = (ca®™)™ = (cb™)"

= (cb)",
so ca Ker™ c¢b. m

Similar to left ample monoids, we have another description of left restriction
monoids, this time, as a variety. Let M be a unary monoid, then M is left restriction
if and only if it satisfies the identities:

vir =g 2ty =ytat, (Ty)t =2yt 2yt = (xy) e
In this case, a™ is the unique idempotent in the ﬁE—Class of a, and we have that
E ={a' :a € M}. Dually, M is right restriction if and only if satisfies the left /right

dual of the above, with * replaced by *, and restriction if it satisfies both sets of

17



identities together with
(27)* = (%) and ()" = 2™.

The latter identities are to guarantee that the semilattices projections of M as a
left /right restriction monoid coincide.

If M is an inverse monoid, the natural partial order of M is defined by

ugv(:)u:uu_lv.
In a left ample monoid or left restriction monoid M, we have something similar, in

which the natural partial order of M is defined by

In the above we can replace u™ by any e € F, since if u = ev then utv = (ev)tv =
evtv = ev = u. Clearly then the restriction of < to F coincides with the usual

semilattice ordering.

Lemma 1.2.9. Let M be a left restriction monoid. The natural partial order defined

above is actually a partial order compatible with the multiplication.
Proof. 1. (reflexivity) u < u, since u™u = u.

2. (antisymmetry) If v < v and v < u, v = u*v and v = vtu. So we have

u = utvtu. Since FE is a semilattice,

3. (transitivity) If v < v and v < w, u = w™v and v = vTw then we have
u = uTvtw. Since F is a semilattice, uTv"t € E so by the above observation

we have u < w.
It is clear that < is right compatible. To see that it is left compatible suppose

u < v so that u = ev or some e € . Then if w € M we have
wu = w(ev) = (we)v = (we) Two,

so that wu < wwv, as required. O

Note that if M is restriction and u = ev, where e € E, then u = v(ev)*; together
with the dual observation we see that the natural order in M may be defined as a

left or as a right restriction monoid, with no ambiguity.
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1.3 (Left) Ehresmann monoids and (left) adequate

monoids

In this section, we define the classes of (left) Ehresmann monoids and (left) adequate
monoids. The former are varieties and the latter quasi-varieties. (Left) Ehresmann
monoids extend the class of left restriction monoids and (left) adequate monoids
extend the class of (left) ample monoids. Essentially, we obtain these classes by
dropping the conditions allowing us to change the position of idempotents (ae =
(ae)Ta, etc.). However, in doing so, we need to lengthen our list of (quasi)-identities.
Note that we do not have the neat representation theorems, even in the one-sided
case, that we saw in Section or Section [1.2]

Definition 1.3.1. Let M be a monoid. Then M is a left Ehresmann monoid if
and only if there is a subset £ C FE(M) such that F is a semilattice, every Rp-
class contains an idempotent of £, and the relation ﬁE is a left congruence. Right
Ehresemann monoids are defined dually and a monoid is Ehresmann if it is left and

right Ehresmann with respect to the same E.

We say that E is the distinguished semilattice of M, or the semilatice of projec-
tions.

Also, similarly, we have another description of left Ehresmann monoids, this time,
as a variety with signature (2,1,0). According to [15], let M be a unary monoid,
then M is left Ehresmann if and only if it satisfies the identities:

) =t atyt = ytat, (atyh) = atyt,

e (xy)" = (zy)*, (xy)" = (zy™)".

Putting £ = {a™ : a € M} it follows from the identities that E is a semilattice,
called the distinguished semilattice or the semilattice of projections. We have also
that a™ is the unique idempotent in the ﬁE—class of a.

A unary monoid (where we denote the unary operation by a +— a*) is right
Ehresmann if it satisfies the left /right dual of the identities governing left Ehresmann
monoids. A binunary monoid is Ehresmann if it satisfies the identities of both left
and right Ehresmann monoids, together with (a™)* = a™ and (a¢*)" = a*, which
again give that the semilattices of projections coincide.

For completeness we give the definition of a (left) adequate monoid, although we

will not need to use this in what follows.

Definition 1.3.2. Let M be a monoid. Then M is a left adequate monoid if and
only if E (M) is a semilattice and every R*-class contains an idempotent of £. Right
adequate monoids are defined dually and a monoid is adequate if it is left and right

adequate.
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Clearly, (left) ample monoids are (left) adequate. The converse is not true in
general. We do not comment further here on (left) adequate monoids, although they

may be defined by quasi-identities.

1.4 The free inverse monoid FIM(X) on X

We begin by recalling the construction of the free inverse monoid FIM(X), implicitly
using the construction of an E-unitary inverse semigroup from a McAlister triple.
Our account follows that in [21] and [14]. The reader is also referred to [29] and [31].
We first outline the construction of the free monoid and the free group for clarity

and completeness.

To begin with, let X be a non-empty set, which is often referred as an alphabet.
By a word w over X we mean a finite string w = z1---x,, where x; € X, 1 <i<n
and n > 0; the length of w is n. The empty string, which has length 0, is also
considered as a word, which is normally denoted by € or 1. The free monoid, which

is denoted by X*, is given by
X" ={w|wis aword over X},

where the binary operation is juxtaposition. We often associate x € X with the

corresponding word of length 1 in X™* by the standard embedding.

We can define a partial order relationship < in X*. Given v, w € X*, we say that
w<wv ifandonly if w = vw for some w' € X*.

In this case we say v is a prefix of w.

To describe free groups, we get the help from the description of free monoid.
Given a non-empty set X, let X! = {z7! : x € X} be a set in one-one corre-
spondence with X in a way such that X N X! = (). Consider the free monoid on
XUX1 A word w € (X UXH* is reduced if it contains no sub-word of the form
rz~! or x71x. If we can turn w € (X U X ~1)* into another v € (X U X~ 1)* through
a process of insertion and deletion of sub-words of the form zz~! or 7'z, then we
call w and v to be equivalent. It turns out that any word in w € (X U X 1)* is
equivalent to a unique reduced word w”. The free group FG(X) on X is then the
set of reduced word in (X U X~ 1)* equipped with the binary operation - where

w-v = (wv)".

Note that we may consider X* as a submonoid of FG(X). We are now armed

with the description of free group we need in the construction of free inverse monoid.
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left adequate monoid left restriction monoid

left ample monoid

inverse monoid

Figure 1.1: relation between various type of monoid
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For a reduced word w € FG(X), let w = xy - - - x,,, we define
wi = {1,.T17.T1.Z'2, R 'xn}a

to be the set of prefixes of w in (X U X~1)*. We also say that a finite non-empty
subset A of FG(X) is prefix closed if

we A= wCA.

We then define
g-A={g-w:we A}

For later use, we remark it is well-known ([2I, Section 5.10, p.203], [14]) that if
w, z € FG(X), then
(w-2)* CwrUw- (),

and

wtwt = (w™ )t
Lemma 1.4.1. For any w € FG(X), w* is prefiz closed.

Proof. Let w = 1 ---x, in its reduced form, where z1,...,2, € X UX 1. If g €
w¥, then g = z;---2; for some i < n. Then g* = {1,zy,2129,..., 21 -2;} C

{1, 21,2129, ...,21 -2, } = wh. So w' is prefix closed. O

Lemma 1.4.2. If A, B C FG(X) are prefix closed sets, then we have AU B is also

prefir closed. In other words, The union of two prefix closed sets is prefix closed.

Proof. The union of two finite non-empty sets is must be finite and non-empty. Now
let w € AUB, without loss of generality, let w € A. Since A is prefix closed, w¥ C A.
So wt C AU B. O

Lemma 1.4.3. The intersection of two prefix closed sets is prefix closed.

Proof. Note that 1 is always in a prefix closed set, so the intersection must be non-
empty. Let A and B are two prefix closed sets. Since they are both finite, so is
AN B. Suppose w € AN B. Since w € A, this implies w* C A. Dually, w* C B.
Therefore, we have wt C AN B, and hence A N B is prefix closed. O

Lemma 1.4.4. If A is prefiz closed, then for any w € FG(X), we have w* U w - A

1s also prefix closed.

Proof. The set w*Uw- A is finite and non-empty as both w* and A are prefix closed.
Now let v € wtUw - A. If v € w* then v* C w* as w* is prefix closed. Otherwise
v € w-A,s0v = ww,wherew € A. Thenv* = (w-w')* C wUw-(w')¥ C wrUw-A as

A is prefix closed. In any case v+ C wrUw- A and hence the later is prefix closed. [
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Let ) denote the set of subset of FG(X) that are prefix closed. In other words,
Y ={ACFG(X) | A is prefix closed.}

We note that if A € ), then 1 € A. There is a natural action of FG(X) on ). For
g € FG(X), A € Y we define

g-A={g-h|heA};

Note that g - A need not be in ).

Lemma 1.4.5. Let A€ Y and g € FG(X). Then
g t-AcY ifand only if g € A.

Proof. See [21], Section 5.10, P.204] O

Definition 1.4.6. The free inverse monoid FIM(X) on X is then given by
FIM(X) = {(4,9) e YxFG(X) | g7 - A€ Y} ={(A,9) | A€ V,g € A},
with multiplication given by
(A4,9)(B,h) = (AUg- B, gh).

Here we need to show that FIM(X) is closed under this operation. By we
have gt Ug-B € Y. As g € A, we know that g+ C A. Soby, AUg-B =
AUg*Ug-B €Y. On the other hand, as h € B, we have gh € g- BC AUg- B.

Once again we can consider X* as a submonoid of FIM(X), and the standard
embedding of X into FIM(X) is given by ¢ : X — FIM(X), where

xe = ({1,z},x).

By routine checking, we can see the following. As usual in an inverse monoid,

sT means ss~! and s* means s 's.

Lemma 1.4.7. In FIM(X):
(1) the identity is ({1},1);
(ii) the semilattice of idempotents is E(FIM(X)) = {(A,1)|A € V};
and for any (A, g) € FIM(X) we have that
(iii) (A, 9)~ = (97" - A g™h);
(iv) (A,9)" = (A, 9)(A,g)" = (A 1);
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(v) (A, g9)" = (A, 9)" (A g9) = (97" - A1),
It is a consequence of the above that for any (A, g), (B,h) € FIM(X) we have
(A,9) R (B,h) if and only if A =B

and

(A,g) L (B,h) if and only if g7'A = h ' B,

1.4.1 The free left ample and free ample monoids

Inside FIM(X) sits both the free left ample monoid FLA(X) and free ample monoid
FA(X) on X, which are unary and biunary submonoids of the free inverse monoid.
Remarkably, the free (left) ample monoid coincides with the free (left) restriction
monoid; see [14].

Specifically, the unary monoid FLA(X) has elements
FLA(X) ={(A,a) e FIM(X) |a € X", A C X"}
so that as a € A above, we must have
FLA(X) ={(A,a) e FIM(X) | AC X*};
the multiplication as in FIM(X) and unary operation
(A,a)™ = (A1),
The biunary monoid FA(X) has elements
FA(X)={(4,a) e FIM(X) | a € X™}

with multiplication as in FIM(X), and unary operations given by

(A,a)T = (A, 1) and (A,a)* = (a7 A, 1).

1.5 Automata

The term finite state automata describes a class of models of computation that are
characterised by having a finite number of states. With input strings from a finite
alphabet, that is, words from a free monoid on a finite set, the system transits from
one state to another. This is standard material and may be found in [26], [20] and
[10].
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Definition 1.5.1. An alphabet is a finite non-empty set X. A [etter is an element
of X.

Definition 1.5.2. Let X be a finite non-empty set of alphabet. A finite state
automaton is a quintuple A = (X, Q, F, I, T) where

e () is a finite set called states,
e HCQxX xQ,

e [ C () is a set of initial states,
e T C () is a set of final states.

Elements in E have the form of a triple (p, x, ¢) where p,q € @ and x € X. These
are called edges. The edge (p,z,q) begins at p, ends at ¢, and carries the label z.
A path in A (of length n > 1) is a finite sequence of edges

(]91, L1, 611)7 (91; T2, CI2)7 ceey (Qz’—l, Ty, Qi), (Qi, Tit1, %+1), ceey <Qn—1; Tn, Qn)-

Definition 1.5.3. Given a finite state automaton A = (X, Q, E,I,T), the reverse
automaton is A® = (X, Q, E°, T, I) with

(p,z,q) € E® < (¢q,x,p) € E.

Definition 1.5.4. A finite state automaton A = (X, Q, E,I,T) is accessible if for
any q € @), there exists a path starting from an initial state gy € I ending at q.

Definition 1.5.5. An automaton is [30, Chapter 2J:
1 trim - if both A and A? are accessible;
2 deterministic - if

— A has at most one initial state.

— for all (¢,z) € @ x X, there is at most one edge (q,z,p) in A;
3 complete - if

— A has exactly one initial state;

— for all (¢,z) € @ x X, there is exactly one edge (¢, z,p) in A.

If A is deterministic, for all p € Q,z € X, we can define a partial function,
which is called the state transition function, or next state function 6 : QQ x X — @
by assigning 6(p,x) = q if (p,z,q) € E. If A is complete, then it is a function. In

this case we may denote A by a quintuple

A = (X7Q757 QO7T)
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where ¢ is the next state function and ¢q is the unique initial state. Throughout this
thesis, we will assume a deterministic finite state automata (DFA) to be trim and
complete.

We now extend the next state function § to have the domain @) x X*. We set
d(q,e) = ¢ for all ¢ € @, and if §(q,w) is defined for all ¢ € @ and |w| = n, then
d(q,wz) = 6(0(q,w),x), Vo € X. By induction, § is defined in @ x X*. The reader
can check that for any w,v € X*,

d(q, wv) = 0(5(q, w),v).

This is because if wv = x; - - - x,,, then both sides equal

5(. . '5((],5(31), .. xn)

Next we talk about languages.

Definition 1.5.6. A language (over X) is a subset of X*. A language L is finite if
|L| < oo.

Definition 1.5.7. (i) Let go be the initial state of a DFA A. A word w € X* is
accepted by A if §(qo, w) € T, and w € X* is rejected by A if §(qo, w) ¢ T.

(ii) The language recognised by A is
L(A) ={w e X* | §(qo,w) € T},

that is, the set of words that A accepts.

(iii) A language L C X* is recognisable if there exists a DFA A with L = L(A).

Let L be a language over X. We now define ~; on X*, which will be a crucial
concept in this work. We give it here via a formula, but we will see there is an

equivalent abstract formulation.

Definition 1.5.8. Let u,v € X*. Then u ~, v if and only if for all x,y € X*,
ruy € L & zvy € L.
One can check that ~p is a congruence, which is called the syntactic congruence of

L.

The set of congruence classes M (L) = {[w] | w € X*} then becomes a monoid

under
[u[v] = [wv],

called the syntactic monoid of L. In fact, ~p is the largest congruence such that L

is a union of classes.
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The following is well-known.

Theorem 1.5.9. Let L be a language over X. Then L is recognised by a DFA if and

only if its syntactic congruence has a finite index, i.e. |M(L)| < oc.

1.6 The Schutzenberger product of monoids

In [33] Schiitzenberger introduced a product M ¢ N of monoids M and N. In [37]
Straubing extended it into a n-ary product. Here we focus on the binary product
case. Consider the set M x N to be the set of all pairs (z,y), x € M , y € N.
We define an action of m € M on the left of M x N, given by m(z,y) = (mz,y);
an action of n € N on the right of M x N is defined dually by (z,y)n = (x,yn).
For PC M x N, mée M ,n € N welet mP = {m(z,y) : (z,y) € P} and

Pn={(z,y)n: (z,y) € P}.
The Schitzenberger product M ¢ N has the underlying set

m P
M<>Nz{<0 ):mEM,nGN,PngN}

n

equipped with multiplication, which is given by

m P\ (m' P\  (mm' mPUDPn
0 n 0 n') 0 nn’ '
It is not hard to verify that the Schiitzenberger product M ¢ N is a monoid with

identity

The product has been used in a number of problems about recognizable sets [33],

[37]. To understand this, first we define the notion of recognisability by a monoid:

Definition 1.6.1. We say L is recognised by M if there exists a morphism ¢ :
X* — M such that L = (Ly;)pi "

Definition 1.6.2. If L, K C X*, then LK = {wjws | wy € L,wy € K}.

One of the results is that if L, K C X*, and M, N are monoids, in which L is
recognised by M, and K is recognised by N, then LK is recognised by M ¢ N.

To show this, we first let (o1 be a morphism from X* to M, and (5 be a morphism
from X* to N. For w € X*, define

Qw) = {(wipr, waps) | w1ws = w} € M x N.
For example, let X = {a,b,c}, and w = abc. Then

Q(w) = {((abc)pr, 1), ((ab)pr, cpa), (ap1, (be)ps), (1, (abe)ps)}.
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Now define a map ¢ : X* — M ¢ N by

we; Qw)
wp = .
0 W2
Lemma 1.6.3. The map o is a homomorphism.

Proof. Let v,w € X*. Then

o — (vg@l Q(v)) (wgol Q(w)) _ ((vw)<p1 v Q(w) UQ(v)wg02> |

0 wvps 0wy 0 (vw)epa

whereas

(o) = ((vw)gol Q(vw)) |
0 (vw) s
So, it is suffices to verify that vep1Q(w) U Q(v)wpe = Q(vw). If 2 € Q(w), there
exist wy, wy € X*, with wywe = w such that x = (w1, weps). Then (vpr)x =
v (Wi, waps) = ((vwy)er, waps) and vwiwy = vw. So (ver)r € Q(vw) and
we have (vp1)Q(w) C Q(vw). Similarly, Q(v)(wes) C Q(vw), hence v Q2(w) U
Q(v)wps € Q(vw). For the opposite inclusion, let (ujpr, usps) € Q(vw). Then
uus = vw. This implies that either uy = vy, w = yus or v = w1y, us = Yw.
In the former case (ujp1,usps) = ve1(ypr, usps) € ve1Q(w) and in the latter
case (U1, ugps) = (Urp1, ypa)wps € Q(v)wps. As a result, Q(vw) C v Q(w) U
Q(v)wes. O

Now is the time to prove the main result of this section.

Theorem 1.6.4. [30, Chapter 5] Let L, K C X* and let M, N be monoids. If L is
recognised by M, and K 1is recognised by N, then LK s recognised by M ¢ N.

Proof. Let ¢, : X* — M be a morphism such that L = (Ly;)p; ", and ¢y : X* — N
be a morphism such that K = (Ky)p;". Now let ¢ : X* — MoN be the morphism

(w% Q(w))

we = .

0 wpy

We prove that LK = ((LK)p)p~!. Obviously LK C ((LK)p)e~!. To prove the

opposite inclusion, let w € ((LK)p)p~!. Then wy € (LK)p, so that wp = (uv)p
for some u € L and v € K. Now

wyp = (uv)e
(uv)pr Q(uv)
0 (uv)eps
This implies Q(w) = Q(uv). In particular, (up;, ves) € Quv) = Q(w). As a result,
there exists (wy,ws) € X*, wjwy = w such that (w1, weps) = (upy, vps). Then
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wyp; = wp; implies wy € upip;t C Loyt = L. Similarly w, € K and hence
w = wiwy € LK. O

1.7 Universal algebra

A (universal) algebra is a set together with a collection of finitary operations, which
are considered as basic in the sense they must be preserved by morphisms and
congruences. We give the full defininitions below. Our main examples will be
semigroups, monoids, inverse semigroups and unary and biunary monoids. Our
account follows that in [7] and [28].

Definition 1.7.1. We denote the set of natural number {1,2,3,...} by N and the
set NU {0} by N°.

For a set A and n € N we denote by A" the n-fold direct power of A, that is,

the set of all n-tuples of elements of A; we interpret A° as a one-element set.

Definition 1.7.2. Let B,C be sets. A function f from B to C, denoted by f :
B — () is a subset of B x C such that for each b € B, there is exactly one ¢ € C
such that (b,c) € f. We may write bf = ¢ and b — c. Let A be a set and n € N°.

An operation of rank n on A is a function from A" to A.

Binary operations, such as the addition and multiplication of numbers that we
are familiar with, are operations of rank 2. Semigroups, monoids and groups are
equipped with a binary operation (that is associative). We call operations of rank
1 on A unary operations and identify them with the functions from A into A.
One example is such as the operation of taking inverses when studying inverse
semigroups, or the operation of @ — a™ in a left ample semigroup. We call operations
of rank 0 nullary or constants and identify them with their unique values. A common
example of a nullary operation that we consider is the identity of a monoid.

An algebra is a set equipped with a collection of operations:

Definition 1.7.3. Let A be a non-empty set and let F' = {F; : i € I} be a set
where F; is an operation of finite rank on A for each ¢ € I. Then the ordered pair
A = (A, F) is called an algebra. We shall also write as

A=(AF:iel).

Here A is called the universe of (A, F'), the operations F; are referred to as funda-
mental or basic operations of (A, F') for each ¢ € I, and I is called the indez set of
(A, F).

Definition 1.7.4. Any operation ¢ (of any finite arity) on A that is made up from

the basic operations, projections and composition, is called a term function of A.
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In universal algebras, we need to consider the signature of an algebra.

Definition 1.7.5. Let I be the index set of algebra A = (A, F), and p : I — N° be
a function given by i — p;, where p; is the rank of F;. Then (p;);c; is the signature
of A. If [ is finite, say I = {1,--- ,n}, we may write (p1,--- , pn) for the signature.

Note that if p; = 0, then F; : A — A and as we have remarked it is associated
with some a; € A.
So, an algebra has signature (2) if it has a single binary operation (and no others).

For example, a semigroup, which can be written as
S=(S,).

Of course, for S to be a semigroup, it must also satisfy the identity for associativity,
that is, (xy)z = z(yz). We mean by the latter that for any a,b,c € S we have
(ab)e = a(be). Notice that we tend to drop - for the binary operation and use

juxtaposition. A monoid has signature (2,0),
M= (M, -, 1),

and if it is a unary monoid, it has signature (2, 1,0), like an inverse monoid
I=(I,-,7"1).

In the same way a biunary monoid has signature (2,1,1,0), and so on.
Note that there can be more than one type of algebra with the same signature.

A group is an algebra with signature (2, 1,0), written as
G = <G7 ' 77171)7

where the ! in the signature in this case refers to the group inverse.

An algebra of a certain signature can also be considered as an algebra of another
signature. For example, an inverse monoid can be considered as a monoid, which
itself can be considered as a semigroup. We will be careful to specify which signatures

we are using.

Definition 1.7.6. Let A = (A, F') and B = (B, G) be algebras of the same signa-
ture, where F' = {F; :i € I} and G = {G, : i € I} are sets of basic operations such
that for each i € I, F; and G; have the same rank p;. Let f be a function from A to
B. Then f is a morphism if for any ¢ € I and a1, ay, ..., a,, € A,

(Fi(a1, az, ..., ap))f = Gilarf, azf, ..., ap, f).
If p; = 0, that means f is taking a constant in A to constant in B. For example, if
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A and B are both monoids, then a monoid morphism f should send the identity of
A into that of B. That is, 14f = 15.

The following follows from induction on the number of basic operations needed

to build a term function.

Corollary 1.7.7. Let A and B be algebras of the same type and t(z1,...,x,) be a
term function. Suppose 6 : A — B is a morphism and aq,...,a, € A. Then

(t(ay,...,a,))0 = t(a10, ..., a,0).

Without further mention, we shall assume morphisms are between algebras of
the same signature. A morphism 6 : S — T, where S and T are monoids, is a

(2,0)-morphism if

(i) (ad)(b0) = (ab)d,
(H> 150 = 17,

for a,b € S.

If S, T are left ample monoids, a map 6 : S — T is a morphism if it satisfies (i),
(ii) and

(i) (a*)0 = (a0)",
forall a € S.

Inverse monoids are special. Let S, T be inverse monoids and let 6 : S — T satisfy
(i) and (ii), that is, it is a (2,0)-morphism. Then (by judicious use of Lallement’s
Lemma), it is a consequence that

(iii) a0 = (af) ™!
for all a € S, that is, 6 is a (2,1, 0)-morphism.

The counterpart to morphisms are congruences on algebras, which we now define.
Roughly speaking, an equivalence relation on an algebra A = (A, F; :i € I)is a

congruence if it is compatible with all the basic operations, as we explain below.

Definition 1.7.8. Let A = (A, F; : i € I) be an algebra and let ¢ be an equivalence
relation on A. Then o is a congruence if for each basic operation Fj, if the rank of

Fis p; and a4, ...,a,,b1,...,b,, € Aand a; 0 b; for all 1 < j < p;, then

Fi(al,...,api)aﬂ(bl,.. b )

TP

We note that in the above, if p; = 0 then the given condition is automatically
satisfied.

The following follows from induction.
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Corollary 1.7.9. Let A = (A, F; : i € I) be an algebra and let o be a congruence
on A. Let t(xy,...,x,) be an n-ary term function on A. If ay,... ,a,,b1,...,b, € A
and a; o b; for all 1 < j <n, then

t(ay,...,an) o t(by, ..., b,).

For example, on an inverse semigroup S, a (2, 1)-congruence o must satisfy:
For any a,b,c,d € A, if a 0 b and ¢ o d, then

(i) ac o bd;
(i) at o b7 L.

Again, inverse monoids are special in the sense that if (i) holds then (ii) follows.

But, this is not the case for a general (2, 1)-congruence.

In general, a binary relation H on an algebra A is a subset of AXA. If H C Ax A,
then u (H) v if u = v or 3 a sequence ug, uy, . .., u, such that v = uy and u, = v,
where for each 1 < i < n, we have w,_y = t;(a1,...,aj-1,D,aj41,-..,an,) and
w; = ti(ar,...,a;-1,q¢,0+1,...,am,), where (p,q) or (¢,p) € H and t;(x1,...,%m,)

is a term function.

Lemma 1.7.10. Let A be an algebra and let H be a subset of A x A. Then (H) is

a congruence containing H and is the smallest such congruence.

Proof. To prove (H) is reflexive, we see that for any u € A, u = u. So u (H) u.

To prove (H) is symmetric, let u,v € A. Then u (H) v if and only if u = v or
d a sequence ug, u1, . . ., u, such that u = ug and u,, = v, where for each 1 < i < n, we
have u;_1 = t;(a1,...,a;_1,D, @jt1, ..., am;) and w; = t;(ar, ..., a1, ¢, 11, ., Qm,),
where (p,q) or (¢,p) € H. If uw = v, then v = u and so v (H) u. For the
other case, v = uy,,...,u;,uy = u is a sequence where for each 1 < 7 < n, we
have u; = t;(ay,...,a;-1,4,Qj41, .., am;) and w;_y = t;(ay, ..., aj_1,p, Qjs1, . -, Q)
where (p,q) or (¢,p) € H.

To prove (H) is transitive, let u,v,w € A such that u (H) v and v (H) w. If
either u = v or v = w, then u (H) w. Otherwise, 3 a sequence ug, uy, . . . , 4, such that
u = ug and u,, = v, and d a sequence vy, vy, . . ., v, such that v = vy and v,, = w. Then
we have a sequence ug, U1, ..., U, = Vg, V1, ..., U,, where if for each pair of adjacent
term in the sequence, they are in the form of ¢;(a1,...,a;-1,p,aj41, ..., Gp,) and
ti(ar,...,a;-1,q,a41, ..., any,), where (p,q) or (¢,p) € H.

We have shown that (H) is an equivalence relation. We must now prove that
(H) is compatible with the basic operations, or, equivalently, the term functions.
Let t(x1,..., ;) be a term function and elements py, gx € A where (py, qx) €(H) for
1 <k <[. We need to prove

t(pl, . ,pl) <H> t(ql, RN ,ql).
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By transitivity, it suffice to prove: for any fixed co,...¢ and (p',¢") €(H), we have

t(p'co,...c) (H) t(d,ca,...q).

Having the other variables fixed, we can consider consider ¢ as having a single

variable. So we have to prove

t(p) =t co,...cr) (H) t(q,ca,...c01) =t(q).

If p’ = ¢, certainly ¢t(p') = t(¢’). Otherwise 3 a sequence ug, u1, . .., u, such that p’ =
up and u,, = ¢/, where for each 1 <i < n,wehave u;,_; = t;(a1,...,a;_1,p, @j41, ..., 0m,)
and w; = t;(a1,...,a-1,4,Gj41, .- ., an,), Wwhere (p,q) or (¢,p) € H. Letting s;(z) =
t(ti(ar,...,aj-1,T,aj11,. .., Qny,)), we have t(u;_1) = s;(p) and t(u;) = s;(q). So we
get the sequence t(ug),t(uq),. .., t(u,) we want. As t(p’) = t(ug) and t(u,) = t(q),
from the definition of (H), we deduce t(p) (H) t(¢).

Note if (u,v) € H, we can let n = 1, up = u = t(u) and u; = v = t(v) where
t(x) = x. Then (u,v) €(H), and H C(H).

Let o be a congruence in A that contains H, and u (H) v. Then if u = v, then
u o v. Otherwise, by Corollary we know that for each 1 < ¢ < n, we have

Ui—1 = t((ll, ey i1, Py g1y e e ,ami) o t(al, ey @j—1,4,Q541, .. .,(Lmi) = Uy,

as (p,q) or (q,p) € H C 0. Since o is transitive, we have u = ug 0 u,, = v. As a

result, (H) C o and hence (H) is the smallest congruence containing H. O

Let o be a congruence on an algebra A = (A, F; : ¢ € I), and let
AJo ={la] | a € A}.

Then on A/o we can define operations Fj, corresponding to Fj, for each i € I by

Fi([al]v T >[an]) = [Fi(ah"' ’an)]

where p; = n, and [a;] is the o-class of a;. If i = 0, the constant associated with F,
is [a], where a is the constant associated with F;. The fact that o is a congruence
easily yields that each Fj is well defined. In this way, we turn A/o into an algebra
of the same signature as A.

For example, if S is an inverse semigroup and o is a congruence then S/o becomes

a (2,1)-algebra where
(i) [a][b] = [abl;
(ii) fa] ™" = a7,
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for a,b € S. In fact, S/o is then an inverse semigroup; [2I]. Note that we may

denote the congruence class of a € S by ac rather than [a].

Finally we connect morphisms and congruences. Let A be an algebra and sup-

pose p is a congruence on A. Then we can define a morphism, the natural map
PP A — A/pby

ap® = [a].
Lemma 1.7.11. Let p° be defined above. Then p* is indeed a morphism with ker p* =
p.

Proof. Let F = {F; :i € I} be the set of basic operations of A such that for each
i € I, F; has rank p;. For any ¢ € I and a1, as, ..., a,, € A,

(Fi(ar, ag, ...,a,))p* = [Fi(ai, a2, ...,a,,)]
Fz’([“l]? [aQ]v (3] [aﬂz‘])
= Fi((a1)p% (az)p?, .., (ay,) ")

Also, let a,b € A. Then a ker p* b, if and only if ap® = bp?, which is equivalent
to [a] = [b], and hence to a p b. O

For the proof of the next result we refer the reader to any standard text. For

example, [28].

Proposition 1.7.12. Let A, B and C be algebras of the same signature. Let 0 :
A — Bandy : A — C be morphisms where 1 is onto and ker ¢p C ker 0. Then there
exists a unique morphism ¢ : C'— B such that for all a € A, (a))p = ab.

Corollary 1.7.13. Let A and B be algebras of the same signature. Let 6 : A — B
be a morphism. Then
A/kerd = Af.

Proof. In Proposition let C be A/ker® and ¢ : A — A/ ker be the natural
map (ker §)". That is, ai) = [a] where [a] is the congruence class of a with respect
to kerf. Since v is onto and kerty = kerf, from Proposition there exists
a unique morphism ¢ : A/kerf — B such that for all a € A, (ay))p = ab. So
([a])¢ = aB. Note that for all b € A9 C B, b = af = ([a])¢ for some a € A. Also if
([a'])¢ = (la])p, then '8 = af and hence [a'] = [a] as ker ) = ker 6. As a result ¢ is
1-1 and onto between A/kerf and A6 and the result follows. O
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Chapter 2
Syntactic congruences

In Chapter [1] we defined a syntactic congruence on a free monoid. In this chapter

we show how to extend this notion to arbitrary universal algebras.

2.1 Syntactic congruences on universal algebras

It is well known and easy to see that the notion of a syntactic congruence of a subset
of a free monoid can be extended to arbitrary monoids (see, for example, [34]). We

give a short account of how this works.

Definition 2.1.1. Let M be a monoid and let L C M be a subset. The syntactic
congruence ~p, of L is the largest congruence such that L is a union of congruence

classes.

To see that this definition does not clash with that of Chapter [1.5] we prove the

following.

Proposition 2.1.2. [2]]. Let M be a monoid and let L C M. Then u ~p v if and
only if for any x,y € M we have

rzuy € L & zvy € L.

Proof. For the moment, let x be the relation defined on M as in the statement.
Clearly k is an equivalence relation. Now, if u,v € M with uxv and p € M, then

for any x,y € M we have:
z(pu)y € L & (zp)uy € L < (xp)vy € L < x(pv)y € L,

so that pu k pv. Thus & is left compatible with the monoid multiplication and dually
it is right compatible. It follows easily that x is a congruence.
If w € L and ukwv, then as 1lul € L we have v = 1vl € L. Thus L is a union

of k-classes. Finally, if L is a union of p-classes for some congruence p, then given
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any u,v € M with u pv, we have for any x,y € M that xuy p xvy, so that as L is a
union of p-classes,

ruy € L & 2oy € L,

so that vk v.

We have demonstrated that k is ~, as required. O

We now turn our attention to arbitrary (universal) algebras. Here we cannot
hope for a simple form, involving just one explicit condition where we can explicitly
give the term functions that describe the syntactic congruence, so we will give a
definition along the lines of Definition [2.1.1] aiming for simple forms in some special

cases of interest.

Let A be an algebra, with universe A. Associated with A are two lattices: the
lattice of equivalence relations on A, which is denoted by £(A), and the lattice of
congruences on A, which is denoted by C(A). Of course £(A) contains C(A) as
a set. As the intersection of equivalences (congruences) is again an equivalence
(congruence), it is clear that C(A) is a meet sublattice of £(A). What is more
remarkable is that C(A) is a join sublattice of £(A). This follows from standard
results in universal algebra, that tell us that the join, that is, the least upper bound,
in £(A) of a set of congruences is indeed a congruence [28]. As a consequence, the
join of a collection of congruences in £(A) coincides with the join in C(A).

A subset L C A is said to be an A-language or a language over A. Let Cp, = {v; :
i € I} be the collection of all congruences on A such that L is a union of v;-classes
for each v;. If we can prove that the join of all the congruences in Cy, is still in Cy,
i.e. such that L is a union of congruence classes, then clearly this join will be the

largest congruence such that L is a union of classes.

Theorem 2.1.3. Let A be an algebra, with universe A, and L C A. Let Cp, = {v; :
i € I} be the collection of all congruences in A such that L is a union of v;-classes

for each v;. Then the join p = \/..;v; is the largest congruence such that L is a

el
union of p-classes.

Proof. Since the join of a collection of congruences in the lattice of equivalences
is a congruence, it follows that p is a congruence. As p is a join in the lattice of
equivalences, it folllows that p is the product (in the semigroup of binary relations)

of the relations v;,7 € I. Thus a p b if and only if In s.t.
a=agl a1 VyQy V3 ...V, Gy, =D,

where v; € Cp, for all 1 < i <n [28]. Suppose a € L and a p b. Then ay = a € L and
since vy € Cr, L is a union of v4-classes, so that a; € L. Similarly, as € L and so on.

Finally, we have b = a,, € L. As a result , L is a union of p-classes. We have shown
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that p € Cr. As the join of all congruence is in Cr,, p must be the largest congruence
in CL. ]

We can now define a syntactic congruence on A. We refer the reader here to the

work of Clark, Davey, Freese, Jackson, Mar6ti and McKenzie [4, §].

Definition 2.1.4. Let A be an algebra, and L C A. The syntactic congruence of L,
~r, is defined as the largest congruence in A such that L is a union of congruence

classes.

We can say that L is saturated by a congruence if L is a union of congruence

classes, but we tend not to use this terminology.

Proposition 2.1.5. Let A be an algebra, with universe A, and L C A. Then ~p,

always exists.

Proof. We have shown that the join of elements in Cj is still in C;. The result
follows by observing that the equality relation is a congruence on A such that L is

a union of congruence classes, so that Cj, is always non-empty. O]

Given that ~j always exists, the natural question second is to ask, how can we
describe ~p7

We now outline a general process for finding ~, which we will later specialise.

First we consider unary term functions. Let t(xy,--- ,x,) be a term with n free
variables in the free term algebra on the signature of A, where n > 1. Choosing

elements as, ..., a, € A we define
t(r): A— Aby t(x) =t(z,aq,...,a,).

We refer to t(z) as a unary term function.
For example, if M is an Ehresmann monoid, then ¢(x) given by ¢t(z) = ((mz)™n)*u

where m,n,u € M is a unary term function.

Proposition 2.1.6. Let A be an algebra, and L C A. If p is a congruence on A
such that L is a union of p-classes, then for any u,v € A with u p v, and for any

unary term function t(z), we have

t(u) € L < t(v) € L.

Proof. To see this, suppose t(z,xs,...,x,) is a term in the signature of A. Then if
asg,...,a, € Aand u,v € A with u pv we must have
t(u,ag,...,a,) pt(v,as, ..., a,)
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as p is a congruence. Hence as L is a union of p-classes, t(u,as,...,a,) € L if and
only if t(v, ag,...,a,) € L. In other words, (with some abuse of notation,) ¢(u) € L
if and only if ¢(v) € L. O

Theorem 2.1.7. (cf. [8]) Let A be an algebra, and L C A. Then for any u,v € A

we have u ~p v if and only if for any unary term function t(z)
t(u) € L < t(v) € L.

Proof. We know that ~ is defined as the largest congruence in A such that L is a
union of congruence classes. From Proposition [2.1.6] in particular, if u ~ v, then
t(u) € L if and only if t(v) € L.

On the other hand, suppose that L. C A and p is defined by the rule that for any

unary term function ¢(z), we have u pv if and only if
t(u) € L < t(v) € L.

Clearly this is an equivalence relation. Suppose that F'(xq,--- ,x,) is a basic oper-
ation, t(x) is a unary term function and a; pb; for 1 < i < n. For 1 <i < n let
E(l') = t(F<a17 T, A1, T, bi+1) U 7bn)) Then

t(F(ay, - ,an)) € L & Fy(a,) €L
< Fu(b,) €L
= anl(anfﬁ el

(3

Fl(al) € L
Fi(h) eL
< t(F(by, - ,b,)) € L.

¢

Thus p is a congruence as it is an equivalence and respects all basic operations.
Note that t(z) = z is also a term. Let a € L and suppose that apb. Then
t(a) =a € L, so t(b) = b € L. Hence L is a union of congruence classes. As ~y, is
the largest congruence on A such that L is a union of congruence classes, p C~ .
But ~; C p as ~ itself satisfies the condition that t(u) € L < t(v) € L for any

unary term function ¢(z). Hence the equality follows. O

Now the game becomes limiting different kinds of #(x) that one needs for different
kinds of algebra. We do this directly, without recourse to properties of the lattice
of congruences or the nature of the varieties concerned, as in [§]. Moreover, we look
for specific (lists of) terms, rather than arguing for their existence.

From Proposition we know that for a general monoid M, which is a (2,0)-
algebra, the syntactic congruence is given by the rule that for all u,v € M,u ~p v

if and only if for all term functions of the kind ¢(x) = pxq, where p,q € M, we have
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that
t(u) e L < t(v) € L.

Corollary 2.1.8. Let M be an inverse monoid and let L C M. Regarding M
as a (2,1,0)-algebra, the syntactic congruence ~yp, is given by the rule that for all
u,v € M, we have u ~p, v if and only if for all term functions of the kind t(x) = pxq,
where p,q € M, that

t(u) e L < t(v) € L.

Proof. From the above, the relation described is the largest monoid congruence such
that L is a union of classes. But by the result of Chapter [1.7] a monoid congruence
on an inverse monoid is a unary monoid congruence (and certainly the converse is
true). O

2.2 Syntactic congruences on one sided Ehresmann

monoids

We consider the case of left Ehresmann monoids; the case for (right) Ehresmann

monoid is the left/right dual, where we replace * by *.

Definition 2.2.1. Let M be a left Ehresmann monoid. Given an M-language L,
we define =~ by the rule that for all u,v € M we have

U=~ v

if and only if for all x,y, s, t € M:

ruwy€e L <& zvyel

r(sut)fye L & x(svt)tyel
We are going to show that this &~ is equal to the relation ~, .
Proposition 2.2.2. The relation ~p, is an unary monoid congruence.

Proof. To show that a relation is a unary monoid congruence, we need to show that
it is an equivalence, and respects both multiplication and ™ operation. That is, if
u~pvand v ~p v, then v’ ~p vv’ and vt ~p v™.

It is easy to show that ~ is an equivalence. We now show that ~ is compatible

with multiplication.
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Let u ~; v and v/ =~y v'. Then

z(uv')y € L < zu(u'y) €L

zw(u'y) €L asumpv

(xv)'y € L asu' ~p v

(R R

Also,
r(swi't)tye L & «x

T
8

T ¢
8

Hence uu ~;, vv'.

Finally we must show that =, respects the * operation. Let u ~, v. Then

rutye L < z(lul)fye L
< z(lv)tye L asumpv
& vty e L.

By Lemma|l.2.6| and the fact that idempotents commute,

r(sutt)fye L < z(suttt)tye L as (ab)™ = (ab™)"
< z(sttut)tye L asatb™ =bTat
& z(sttu)ty e L as (ab)t = (ab™)*
& z(sttul)ty e L
& z(sttvl)fye L asumpwv
< x(sttv)Tye L
& x(sttot)Ty e L as (ab)™ = (ab™) T
< x(svttt) Ty e L asath =bTat
& z(svtt)fye L as (ab)t = (ab™)".

Therefore u™ ~ v*. ]

We now show that = is the largest congruence such that L is a union of con-
gruence classes. Since ~p says that for certain unary term functions ¢(z) we have
t(u) € L if and only if t(v) € L it follows from Proposition that ~; C~.

However, we demonstrate this directly below.

Proposition 2.2.3. The relation =y, is the largest (2,1,0)-congruence such that L

18 a union of congruence classes.

Proof. First we need that L is indeed a union of ~-classes. Let a € L and a ~, b.
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Then lal =a € L, so 1b1 =b € L. Hence L is a union of congruence classes.

Now suppose p is a (2, 1,0)-congruence and L is a union of p-classes. Let a p b.
Then for all z,y,s,t € M, we have xay p xby, and since sat p sbt, we have (sat)™ p
(sbt)™, and hence z(sat)™y p x(sbt)Ty. As L is a union of p-classes, we have zay € L
if and only if by € L and z(sat)Ty € L if and only if x(sbt)™y € L. Hence a =~ b.
As p Cwy for arbitrary (2,1,0)-congruence p, /2, is the largest one of the kind. [

As by Definition [2.1.4] the syntactic congruence ~ is the largest congruence in

an algebra such that L is a union of congruence classes, we have the following.

Theorem 2.2.4. Let M be a left Ehresmann monoid and let L be a language over

M. Then ~p is the relation ~j .

We have shown that for syntactic congruences over left Ehresmann monoids we
need only two kinds of unary terms to determine them. Note that Theorem
does not appear to simplify for arbitrary left ample monoids. Unfortunately, the
results for Ehresmann monoids will be more complicated. To further generalize
with syntactic congruence to arbitrary unary or binary monoid, we see that without
the axiom for left Ehresmann monoid, the proof of Proposition does not work.

We show that Theorem [2.2.4] is indeed an extension of the characterisation for
inverse monoids (in [34], for example). Of course we already know this in some sense
since monoid congruences on an inverse monoid are inverse monoid congruences, but
we now check directly. That is to say we show that the second kind of terms for ~,

are redundant in an inverse monoid.

Proposition 2.2.5. In an inverse monoid M, if for all x,y € M,
xuy € L & zoy € L,
then for all x,y,s,t € M,
z(sut)ty € L & z(svt)ty € L.

Proof. For clarity, since now we have yet to prove syntactic congruence in left Ehres-
mann monoid is an extension of the one in inverse monoid, we now denote them by
~% and ~! respectively. Note since an inverse monoid is regular, R = R. As a*
is the unique idempotent in Ea it is the unique idempotent in R,, and is equal to
aa™*. We would hope that ~I also respects the © operation in an inverse monoid,
and we show directly this is the case.

Suppose that u,v € M and for all x,y € M,

zut € L & zvy € L.

IHere as usual we use non-script letters to denote the classes of relations defined by script letters
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Then u ~% v. Consider the standard homomorphism from M to the quotient M/ ~L
It is well known [21] and observed in Chapter (1| that the image M/ ~! is an inverse

monoid with [a]™! = [a7!]. So

u~pv e [u] =[]
& =M =0 =[]
& ut Ni vl
As ~1 is a congruence, u™ = uu=t ~1 vo=! = v*. Hence for any z,y,s,t € M

u~t v = sut ~osut

= (sut)t ~L (svt)*

= x(sut)Ty ~L z(svt)Ty.

Thus
z(sut)ty € L & z(svt)Ty € L,

as claimed. ]
From now on we will continue with ~, rather than ~¥ and ~! without ambiguity.

We now give an example of an application of Theorem

Lemma 2.2.6. Let M be a left Ehresmann monoid, and let E& be the semilattice of
projections. Suppose that uv € E implies both u,v € E. Then ~g has classes,
and M\ E. Moreover, the syntactic congruence of E on the left Ehresmann monoid
M coincides with that on the monoid M.

Proof. Since F is a semilattice, if both u,v € E, then uv € E. So uv € FE if and
only if both u,v € E.
Suppose that u,v € E. Then for all x,y € M, we have

ruy e B xye B vy € .

Further, for any s,t we have

z(sut)fye E & z,yekl
& z(svt)Ty € E.

Thus v ~g v.
Further, if we are given that for all x,y € M we have xuy € E if and only if
xvy € E, then taking v = y = 1 we deduce that v € F if and only if v € FE and

then from the above that u ~; v where M is regarded as left Ehresmann. O

Below we demonstrate with an illustrative example.
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Let M be a monoid acting on the left of a semilattice Y with identity by monoid
morphisms. This means there is a map M x Y — Y, (m,y) — m -y such that

m-ly =1y, ly-y=ym-(n-y) =mn-ym-(yz) = (m-y)(m- 2).
Then we can form the semidirect product Y x M with operation

(y,m)(z,n) = (y(m - z), mn)

and putting
(y,m)" = (y, 1)
we have that Y x M is left ample [14], (so certainly left Ehresmann).

By taking certain M and certain Y, we describe some examples of languages and

their syntactic congruences.

Let X be a set and let M = X*. Let Y be the power set of X* equipped with
the operation of union. Then Y is a monoid semilattice with identity (). M acts on
Y by

m -y ={mw:w € y}.

Let E be the language of idempotents £ = E(Y x M). By considering the second
co-ordinates of idempotents, we see that if (y,m)(z,n) = (y(m - z),mn) € E then
mn = 1. Since m,n € M = X* we get m = n = 1 and hence (y,m),(z,n) € E.
By Lemma [2.2.6, u ~ v is equivalent to u € F if and only if v € E| that is, the

syntactic congruence of E has just two classes.

It is easy from the left-right dual that if M is a right Ehresmann monoid, and L

is a M-language, then the syntactic congruence of L is given by:

for all u,v € M we have u ~, v if and only if for all z,y,s,t € M :

ruye L & xvy€eL

z(sut)'ye L &  ax(svt)'y € L.

The left-right dual of Proposition [2.2.2] and hence Theorem [2.2.3] clearly holds.
Both left-sided and right-sided cases hold with much simplified term functions as

there are corresponding identities that simplify the behaviour of the unary operation.

However, the 2-sided case is more complicated as T and * operators are interwined.
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2.3 Syntactic congruences on two-sided Ehresmann

monoids

To proceed with the case of two-sided Ehresmann monoids, we first define some
specific biunary term functions.
For i € N° let l;,7; € M. Define:
to terms: to(z) = lyxry
t; terms for 4 > 1 consist of two kinds of terms, ¢; and ¢}
t1 terms:
tF term: ] (x) = lo(lyzr) o
t3 term: t5(x) = lo(Lizry)*ro
to terms:
ty term: t5 (z) = lo(ly(lgzre) 1) g
ts term: t5(x) = lo(Iy(lazra)*ry) T ro
t3 terms:
ta term: ¢4 (x) = lo(ly (Ia(l3zr3) Tre)*ry) Tro.

t5 term: t5(x) = lo(Lu(la(l3xrs) re) Try)*ro.

so that the T and * in the brackets alternate. Alternatively, we can define ty(z) =
loxrg, ti (z) = to((lier)™), t5(x) = to((lizr1)*), and recursively define ¢, (z) =
t; ((livazrien) ™) and 7, (2) = ¢ ((laris)?) for i > 1.

Now we are going to use the above list of terms to determine the syntactic

congruence of a language over a (two-sided) Ehresmann monoids.

Definition 2.3.1. Let M be an Ehresmann monoid. Given an M-language L, define
the relation ~ by the rule that for any u,v € M we have u ~ v if and only if for
all ly,ly,--- € M and for all rqg,ry,--- € M :

to(u) cl < to(v) eL

2. For all n € N,
thwye L & thw)el

tr(uye L <« tr(v) €L
First of all, we show:

Proposition 2.3.2. The relation =y, is a bi-unary monoid congruence.
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Proof. To show that a relation is a bi-unary monoid congruence, we need to show

that it is an equivalence, it respects multiplication, and it respects the unary oper-

ations T and *. That is, if v ~; v and « =~ v/, then wu’ ~p vv', u*t ~p v" and

u* ~p vt

It is easy to show that ~; is an equivalence.

We now show =~ is compatible with multiplication. Let v ~; v and u’ =~ v'.

Then for a ty term ty(z) = lpxry we have

lo(uu')yro e L &
=

Tt ¢

For a t, term, where we may take ¢t} (z) =1...

lo...(Lyudry)"...r € L &
=4

Tt o0

lou(u'rg) € L
lov(u'rg) € L
(lpv)u'rg € L
(lpv)v'rg € L

lo(vv)ry € L.

)
)

20 U)o g € L
)

as u g v

as u' ~p v

(lpxr,)™ ... 1o, we have

+...T’0€L

t...rgeLl asurpv

To.orp€eLl asu =pv

and where we take a t’-term, say t*(x) =ly... (l,zr,)* ... 70, we have dually that

lo...(Lyuu'ry)*...70 € L &

i

T o0

Hence uu ~; vv'.

)
)

20 U)o € L
)

*...rg €L

*..orp €L asu=pv

*orp€e Ll asu =p

We now show & is compatible with the operation *. Let u ~; v. Then for a

to-term to(z) = lpzry we have

loutrg € L < lo(lul)tro € L
& l(lvl)Troe L asu=pwv

= ZQU+T0 € L.

By Lemma and the fact that idempotents commute, for a tf-term ¢ (z) =
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lo...(Inxry,)™ .. .1, we have

lo...(lpurpy)Toooro € L & ly...(lyu™rt)T.oorg € L as (ab)t = (ab™)*
< ly...(lyrfut)T .. org e L asatbt =btat
< oo (lyrfu)t .. org e L as (ab)t = (ab™) T
s ... (1 r*ul) ..rg €L
<y (lyrfo)t o€l asumpv
< ly...(lyrfo)t...rge L
< dy...(lyrto +)+ .10 € L as (ab)™ = (ab™)"
o .. (et e L oas atht = brat
< g (LyvTrp)Tooorg € L as (ab)t = (ab™)*t

and for a t}-term t}(z) = ly... (l,ar,)* ... ro, we have

lo...(Lyutry) ...roe L & ly...(Ly(1lul)tr,)*. ..o € L
< ... (L,(1ol)Tr,)*...rg € L using a t,4; term
and as u ~j, v
< ... (LywTry)*...rg € L.

It follows that u™ ~; vT.
To show ~ |, respects the * operation is dual.

This completes the proof that ~ is a biunary monoid congruence. [

Next, we need show that =, is the largest congruence such that L is a union of

congruemnce classes.

Theorem 2.3.3. The relation ~j, is the largest bi-unary monoid congruence such

that L is a union of congruence classes. That is, =y, is the syntactic congruence ~,.

Proof. First we need that L is indeed a union of ~-classes. Let a € L and suppose
that a ~p b. Then consider the tq term to(z) = lozr, where by letting [y = o = 1.
We have lal =a € L, so 1b1 =b € L. Hence L is a union of congruence classes.
Now suppose p is a (2, 1,1, 0)-congruence and L is a union of p-classes. Let a p b.
Then by Proposition [2.1.6] we have t(a) € L if and only if ¢(b) € L for any (2,1, 1,0)-
unary term function. Hence in particular this applies to the terms t;,7 > 0 that we
have defined. Hence a ~ b. As p C=, for arbitrary (2, 1,1, 0)-congruence p, the
relation =, is the largest one of the kind. Hence = is the syntactic congruence
~r. m

Now we know that the congruence =, is indeed the syntactic congruence in L,

we have proved:

Corollary 2.3.4. The syntactic congruence ~p, of a language L inside a two-sided

Ehresmann monoid M 1is given by:
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for all u,v € M we have that u ~p, v if and only if for all elements ly,l1,--- and

ro,r1, - n M:

1.
to(U) el < to(U) €L

2. For alln € N,
thuye L & th(v)el

twel < (el

n

We now formalise our approach in the following, the proof of which follows that
of Theorem [2.3.3]

Theorem 2.3.5. Let A be an algebra, let T be the set of all unary term operations
and let T be a subset of T such that t(x) =x € T'. Let L C A. Define the relation
~ given by the rule that u =, v if for all t(x) € T’ we have

t(u) € L < t(v) € L.

If =, is a congruence, then ~j =~y

Proof. We know that u ~, v if and only if for all unary term functions ¢(x) we have
t(u) € L < t(v) € L.

So if u ~p, v and t(z) € T, then t(u) € L if and only if ¢t(v) € L. Whereas u ~p, v if
and only if for all ¢(x) € 7', we have t(u) € L if and only if ¢(v) € L. This means
that ~;, C~ . Now if & is a congruence, and u =~ v, then as t(z) =z € T, we
have if u € L, then t(u) € L, so t(v) € L, and so v € L. This means L is a union of

~ classes, so ~; C ~ . Hence ~j = ~. n

2.3.1 Syntactic congruences on two-sided Ehresmann monoids
where idempotents are central

The list of unary term functions at the beginning of the Section seems compli-

cated. However, there are special cases where the list can be simplified. The first

case is when the idempotents are central, that is, when ea = ae for all a € M and
ee€ E=FEM).

To see what we can get when idempotents are central, we first define s (z) =

prtq and si(x) = pr*q.

Proposition 2.3.6. Let M be an FEhresmann monoid with central idempotents.

Then * and * coincide, i.e., a* = a* for all a € M.
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Proof. Let a € M. We know that a™a = a, so aa™ = a as idempotents are central.
Then (aa™)* = a*, so (a*a™)* = a*, which means a*a™ = a*. Hence in E, we have

a* < at. Dually, we obtain a™ < a* so that a* = a™. O
So s{ (z) = prTq = pr*q = sj(x). We can define s,(z) = pr*q. Next we see that
the * and * operations “can be distributed” into the brackets.

Lemma 2.3.7. If M is Fhresmann with elements of E being central, then for any
s,t € M we have
(st)t = st and dually (st)* = s*t".

Proof. We have
(st)t = (stH)t = (tTs)" = (tTsh) T =tTst =sTt".
and the case for * holds as ™ and * coincide. ]
In fact we have:

Proposition 2.3.8. Let M be an FEhresmann monoid with central idempotents.

Then it is actually restriction monoid.

Proof. All we need to do is to check the ample identities. In fact, as ™ and * coincide,
it suffice in checking that the left ample identity holds.

(ab*)*a = (b*a)*a = (b*a*)*a = b*a*a = bta = ab*.
O

In the language of Theorem the next result is saying that to determine syn-
tactic congruences in Ehresmann monoids with central idempotents we can restrict

our set of unary term operations to those of the form ¢y and s.

Proposition 2.3.9. Let M be an Ehresemann monoid with central idempotents and
let L € M. Then ~p, coincides with ~p,, where for any u,v € M we have u =~ v

if and only if for all p,q € M we have
puq € L iff pvq € L,
putq € L iff puTq € L.
Proof. Let u,v € M be such that u ~; v. Then for any k € M, and for all p,q € M,

pukq € L iff pvkq € L
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and
pluk)tqe L iff putktqe L

it pvtktqe L
iff p(vk)tqe L.

We have shown that uk ~; vk and dually, ku ~; kv. So if h ~ k then we obtain
uh ~ vh =~ vk,

so that is a semigroup congruence.

Still with w =, v, for all p,q € M, first using the s(z) term we have
putq € Liff pTq € L.
Further, using s(z) terms again,
puNtqe Liff putqe Liff pptqe Liff poT)Tqe L,

so that u™ =~ v*. (Of course, u* =~ v* as * and * coincide.) So ~ is a (2,1,1)-
congruence. As p,q € M is arbitrary, by setting p =g =1, we have u € L iff v € L,
which means L is a union of congruence classes. It follows from Theorem that

~ coincides with =~ . O

2.3.2 When the language is finite

Another case where we hope for simplification is when the language L is finite, where
we hope that we need terms t; for only finitely many i € N°.

To this end we define the relations ~, ;.

Definition 2.3.10. Let the relation ~ ; be determined by %o,t;,...,¢;. That is,
U~ U Means
ti(u) e Liff tj(v) € L forall 0 <j<u.

To simplify notation, we would usually refer to ~ ; as ~;, where L is known.

Lemma 2.3.11. With the above definitions we have
~ 22 s 2D
Proof. Tt suffices to prove that ~; D ~;,; for any i € N°. Recall that u ~; v means -
tj(u) e Liff t;(v) € L forall 0 <j <i.
So u ~;41 v means
tj(u) e Liff t;(v) e L forall 0 <j<i+1,
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so that
tj(u) e Liff t;(v) € L forall 10 <j <i

certainly holds. Hence u ~; v. That is, ~; D ~;1q . O

Lemma 2.3.12. We have

M ~i=~r

i€NO

Proof. We know that u ~; v means
tj(u) € Liff t;(v) € L forall 0 <j,

so that certainly
ti(u)e Liff tj(v) € L forall 0 <j <i

holds. Hence u ~; v. That is, ~; D ~ which gives us that ﬂieNo ~; D~V
Conversely, if u (.o ~i v, we have u ~; v for all i € N, then by definition for
any ¢ € N° and for any term ¢;(z), we have t;(u) € L if and only if ¢;(v) € L (since

u ~; v), and so we deduce u ~j, v as required. O

We hope that for any finite set L we can show ~;=~ for some i, which means
that when we are expressing ~; we need only check that for finitely many types of
terms t; we have t;(u) € L if and only if ¢;(v) € L, in order to deduce that u ~ v.
We can show this is true in the special case that M is the free ample monoid on X.
The description of the free ample monoid FA(X) is given in Subsection [L.4.1]

First, let M be an Ehresmann monoid and let L C M. Let

H=H,={xe€ M]|tj(x) € L for some j}

and K = M\ H. Then, given u,v € K, for any t;(x), we have ¢;(u) ¢ L and t;(v) ¢ L
so the statement:

for all ¢ > 0 is true! If w € H and w € K, then 3 ¢ with ¢;,(u) € L but t;(w) ¢ L.

Then u ¢, w. So K is a ~p-class. Note also that u +¢; w, and because

~p 21D e DD

* )

we have u o¢; w for all j > 1.
We now focus on the case where M = FA(X) is free ample on X and let L C
FA(X).

Lemma 2.3.13. For a finite language L in M = FA(X), the set H = Hy, is finite.
Proof. Before we prove the lemma, we first prove:
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Lemma 2.3.14. Let (A,a),(B,b) € M. Ift((B,b)) = (A,a) for some term t(x),
then |B| < |A| and the letters of the words in B have to be letters in the words of
A.

Proof. We first remark that A C FG(X) is prefix closed, a € A and a € X*.

If t(x) = z, then we have (A,a) = (B,b), and it is clear that |B| = |A| < |A]
and the letters of the words in B have to be letters in the words of A.

If t(x) = s(z)u(z) and t(B,b) = (T,t), s(B,b) = (S,s) and u(B,b) = (U,u),
then (T,t) = (S, s)(U,u). Asaresult T=SUs-U. Asse€ SCTand U C s - T,
we have |S| < |T|, s € T and also |U| < |s7!-T| = |T).

If t(x) = st (x), with ¢(B,b) = (T,t) and s(B,b) = (S, s), then (T,t) = (S,s)" =
(5,1) and hence |T'| = |S].

If t(x) = s*(x), with ¢(B,b) = (T, t) and s(B,b) = (S, s), then (T,t) = (S5, s)* =
(s7!-5,1) and hence |T| = |S].

Also in the above 3 cases, the letters of the words in S and U have to be letters
in the words of 7. The result is clear if S C T. On the other hand, for any g € T,
g T ={(g7't)"|t € T}. Thus the words in g~! - T are made up of letters of words
inT.

It follows by induction on the number of basic operations needed to construct
the unary term ¢(z) such that ¢((B,b)) = (4, a) that |B| < |A| and the letters of
the words in B have to be letters in the words of A. ]

As a result, if |A| = k, then as |B| < k, and the words of B are made up from
the letters of A, there are only finitely many choices for B and hence as b € B, only
finitely many choices for b and so only finitely many choices for (B,b). Hence if L
is finite, there are only finitely many (A,a) € L and thus finitely many (B, b) have
terms t;(x) such that t;((B,b)) € L. So H = Hy, is finite. O

We now have the following situation. Let L C FA(X) be finite and let H, K be
as given. Then we have FA(X) = H U K, where H is finite, H N K = () and K is

contained in a single ~-class. We know therefore that H is a union of ~-classes.
We have

Let ~f be the equivalence relation on H given by
h~T kit b~ k.

We partition H into ~&-classes. We then partition H into ~-classes; sooner or
later we find an 4 > 0 such that the partition given by ~ is the same as that given
by Nf for any j > 4. This implies for h, k € H, such that h ~; k, then for all j € N|
tj(u) € Liff t;(v) € L. This gives us h ~p, k.
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We now prove:

Theorem 2.3.15. If L is a finite language over FA(X), then ~p =~ for some
J=0.

Proof. Let ¢+ > 0 be as above. We know that ~;D~ .

Suppose h ~; k. If h,k € H then from above, h ~ k. If h, k € K then we know
h~p k.

Suppose h € H and k € K and h ~; k. If also W’ € H and k' € K and h' ~; K/,
by transitivity of ~;, we have h' ~; k' ~; k ~; h, since k ~; k' and ~;C~;. Hence
h ~; h'. So, if exists, there is at most one ~-class in H is contained in the same
~;-class as K.

Suppose h € H and h ~; k for some (equivalently, all) k¥ € K. Then 3 i, > i
with t;, (h) € L but t;, (k) ¢ L. Thus h #; k for all [ > i;,. Let j be the maximum
of {i, | h € H}. Together with the fact that ~ =~¥ for any [ >4, and h ~; k for
all < and for all k, h € K, we have ~;=~; for any [ > j, thus ~; =~ . m

Note that Theorem [2.3.15] holds for any Ehresmann monoid M whenever H is
finite.

2.3.3 An example where we need our full list of unary term

functions

The aim of this subsection is to give an example of a language over an ample monoid
such that ~ # ~; for any 7 > 0. Again we take a free ample monoid M = FA(X),

where here we choose X to be
X = {Cli,b, Usy Vy 2 1> O}
Let L be the language consisting of the following elements:

UpApVo
UI(UOCLIUO)+U1

Uz(ul(uoa2vo)+vl)*v2

To see ~p # ~; for any i > 0, first see for any term t(x) (other than t(x) = 1) we
have t(b) ¢ L. Certainly then t5(b) ¢ L, ¢ (b) ¢ L and t;(b) ¢ L for any i > 0

and any choice of ly,ly,...,r9,71,.... Consider the ty term to(z) = upxrvy. We have
to(&g) € L but tg(b) g_ﬁ L. So ag 740 b.
We have a; ~q b, since for any to term, to(a;) = lpairg ¢ L and we know

to(b) ¢ L. On the other hand, taking the t{ term t{(z) = wu;(ugzvo)* vy, we have
t7(a1) € L but t{(b) ¢ L. So, a; 1 b, and hence ~1 C ~y.
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In general, for any ¢ > 0, we have a,41 ~; b as for any choice of #y(x) or ¢;(x),

j < i, we have to(ai+1)7 tj (ai—i—l); to(b), tj<b> ¢ L. I‘IOVVGVGI‘7 ;41 7%_,_1 b, for if we take
t;z_l(.ilf) = ui+1(. c. (uoai+1v0)+v1 .. .)”Ui+1

we have tf, (a;y1) € L, but ¢;,,(b) ¢ L. So, ~;11 C~; for all i, and we need all

terms for ~j,.

2.3.4 Syntactic congruences on two-sided Ehresmann monoids

where the language is the set of idempotents

Yet another case where there is simplification is when the language is the set of

idempotents of the free ample monoid. What follows is analogous to Lemma, [2.2.6]

Lemma 2.3.16. Let M be an Ehresmann monoid, and let E be the semilattice of
projections. Suppose that uv € E implies both uw and v € E. Then ~g has classes,
E and M \ E. Moreover, the syntactic congruence of E on the Ehresmann monoid
M coincides with that on the monoid M.

Proof. Since FE is a semilattice, if both v and v € E/, then uv € E. So uwv € FE if and
only if both v and v € E.
Suppose that u,v € E. Then for all x,y € M, we have

ruy e Fe v, ye E& avy € E.

Further, for any t(z) = tf(x) or t(x) = t;(z) and any a € FA(X) we have t(a) =

lpery for some e € E, so that

tu) e B < ly,r0 €FE
< t(v) € E.

Thus u ~g v.
Further, if we are given that for all x,y € M we have xuy € E if and only if
xvy € E, then taking © = y = 1 we deduce that v € F if and only if v € E and

then from the above that u ~; v where M is regarded as Ehresmann. O]

Below we would demonstrate an illustrative examples:

Let M be the free ample monoid, L = F = E(M). If uv € E, by taking the
homomorphism to X* we end up with second co-ords being 1, so u,v € E. By
Lemma [2.3.16] u ~y, v is equivalent to u € E if and only if v € E.

There are further examples of syntactic congruence of different languages in
Chapter [5
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Chapter 3

Recognisability of languages using

syntactic congruences

In the previous chapter we considered syntactic congruences on universal algebras,
focussing on left and two-sided ample and Ehresmann monoids. Here we begin our
consideration of recognisable languages in universal algebras, using the notion of the
syntactic congruence. In a later chapter we will investigate connections with finite
state automata.

The following definition is familiar for monoids [34].

Definition 3.0.1. Let A be a universal algebra and let L C A. We say that
L € Rec A if and only if A/ ~ is finite.

If L is in Rec A, we say that L is recognisable.

Lemma 3.0.2. Given the definition of recognisable language in Definition |3.0. 1
L € Rec A if and only if there is a morphism from ¢ : A — N where N is finite
such that L = Lop~1.

Proof. If L € Rec A, then A/ ~ is finite. Define ¢ : A — A/ ~p by a¢ = [a].
Obviously, L C Lpp~t. To show that Logd— C L, let a € Logp~!. Then a¢p = a’¢ for
some a’ € L. Hence [a] = [a/] which means a ~, a/. As L is a union of ~-classes.
a € L. As a result, Lop~! C L, so that L = Lpg~!.

On the other hand, suppose there is a morphism from ¢ : A — N where N
is finite such that L = Loop~!. Let a € L and o’ € A be such that a¢p = da'¢,
in other words, a ker¢ a’. Now o’ € agpp~! C Lopp~! = L, hence L is a union of
ker ¢-classes. As ~, is the largest congruence such that L is a union of congruence
class, ker ¢ C~p . As a result, we have |[A/ ~ | < |A/ker¢| = |N| < oo, and thus
L € RecA. O

It is important to relate recognizable languages in similar algebras, that is, al-

gebras with the same signature, because we can connect recognizable languages to
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algebras with better understood structures. The good news is that, we can show
that a language is recognizable if and only if its pre-image is recognizable.

Suppose A and B are two similar algebras, that is, that they have the same
signature. Also suppose that 6 : A — B is a surjective homomorphism from A onto
B. To relate the languages of the algebras, what we do is to relate their syntactic
congruences. Let L C B and K = L0~ C A; we will relate the syntactic congruence
~x of K and the syntactic congruence ~, of L. In particular, we would like to show
that (a,b) € ~f if and only if (a,b0) € ~ .

Define

Vi, ={(d',V):d’ = ah and V' = bl for some a,b € A s.t. (a,b) €~} C B x B.

Lemma 3.0.3. The relation v, s a congruence on B such that L is a union of

congruence classes.

Proof. First we need to prove that vy, is a congruence.

Let us prove that it is reflexive. Since 6 is surjective, for all a’ € B, there
exists a € A such that @’ = af. Since ~ is a congruence, (a,a) € ~ . Therefore
(a',a') € v

Let us prove that it is symmetric. If «’,b" € B is such that (a’,V') € vy, then
there exists a,b € As.t. @’ = af, b’ = b0 and (a,b) € ~f . Since ~ is a congruence,
(b,a) € ~k, and hence (V',d’) € vi,.

Let us prove that it is transitive. If o/, ', ¢ € B such that (', V'), (V, ) € vp,,
then there exists a, by, by, c € A such that o’ = a#, b10 = V' = b0, ¢ = cf and
(a,by), (by,c) E~g . As b1 =V = by, by ker 6 by. Note since K = LO7!, ker0 is
a congruence such that K is a union of ker #-classes. Therefore, ker 0 C ~x as ~g
is the largest congruence with K as a union of congruence classes. So b; kerf b,
implies by ~k by. By the transitivity of ~x we have (a,c¢) € ~g, so (d, ) € vp,..

Let us prove that it is compatible with basic operations. Let F' be any basic
operation of rank n. For each i = 1,...,n, let a}, b, € B, be such that (a},b}) € vp,.
Then there exists a;,b; € A such that a, = a;0,0, = b0 and (a;,b;) €~k . As

(@i, b;) €~ and ~ is a congruence,

(F(ay,...,a,), F(by,...,b,)) €~k = ((F(ay,...,a,))0,(F(by,...,b,))0) € vie,
= (F(ale, . ,ane), F(blﬁ, . ,bne)) € Vivg
(a/h'"7a;z)7F(bI17"'vb;z)) € Ving

Then we need to prove that L is a union of v . -classes. Suppose ¢’ € L, and
(a',0') € vpe,. Then o' = ab for some a € K, I/ = b for some b € A such that
(a,b) € ~k . Therefore, as K is a union of ~g-classes, b € K, and i/ = b0 € K6 = L.

So L is a union of v, -classes. O
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On the other hand, we define
Vi~, = {(a,b) : (ah,b8) e~} T A x A.

Lemma 3.0.4. The relation vk.., is a congruence such that K is a union of con-

gruence classes.

Proof. As before, we need to prove that vk., is a congruence. First we prove it
is reflexive. This follows since for all a € A, we have (af,afl) € ~, since ~p is a
congruence, and so (a,a) € Vg, .

Then let us prove it is symmetric. We have

(a,b) € v, = (ab,bl) € ~, (3.1)
= (b0, ab) € ~p, as ~j is a congruence, (3.2)
= (b,a) € vk~, . (3.3)

Next, we prove it is transitive.

(a,b),(b,c) € vg~, = (ab,bd), (b0, ch) € ~, (3.4)
= (ab, cl) € ~p, as ~p is a congruence, (3.5)
= (a,c) € Vk~, . (3.6)

We also need to prove it is compatible with basic operations. Let I’ be a basic

operation of rank n, and suppose (a;, b;) € vg., for all i =1,...,n. Then

(a;0,b,0) e~p (Vi=1,...,n),

= (F(a10,...,a,0), F(b0,...,b,0)) €~p, as ~p is a congruence,
= ((F(a1,...,an))0, (F(by,...,b,))0) € ~p, as 0 is a homomorphism,
= (F(a1,...,an), F(by,...,by)) € Vg, .

Finally, we need to prove that K is a union of vk.,-classes. Suppose a € K,
and (a,b) € vg~,. Then (af,b0) € ~1, . Because a € K = LO~', af € L. Also since
L is a union of ~-classes, we have bf € L, therefore b € LO~! = K. O

The above lemmas have proved half of the following:

Theorem 3.0.5. Let A,B be similar algebras, 0 : A — B be a surjective homo-
morphism. Let L C B and K = L~ C A, and ~Ly~EKy Vi Vik~, be defined as

above. Then ~p=vp., and ~x= Vi, .

Proof. As vy, is a congruence such that L is a union of congruence classes, we
know that vy, C~y . Similarly, as vk, is a congruence such that K is a union of
congruence classes, we know that vg., C~g . To prove that ~;C vy, , suppose
(a/,b') €~p,andlet a,b € Abesuch that a’ = ab,V = bf. Then (a,b) € vk, T~ .
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By the definition of vi.,, (a/,b') € vi.,. Hence vy, = vr. On the other hand, to
prove that ~xC vk.,, suppose (a,b) € ~k . Then (ad,b0) € v, =~, hence by

the definition of vk, , (a,b) € vk~,. Hence vk, =~ . O
One can see from the above proof that:

Corollary 3.0.6. For any a,b € A, we have (a,b) €~ if and only if (ad,b0) €~ .
Finally we have:

Theorem 3.0.7. Let A, B be similar algebras, 6 : A — B be a surjective homo-
morphism. Let L C B. Then

L eRecB < LOH ' € RecA.

Proof. Let K = LO~*, Corollary|3.0.6/implies that (a,b) € ~ if and only if (a6, b9) €
~, . Hence there is a one-one correspondence between A/ ~y-1 and B/ ~p, which

takes [u]., to [uf].,, thus |A/ ~pe-1 | is finite if and only if |B/ ~ | is finite. O

~L
Now given K C A, K is said to be ker 6-closed if K is a union of ker #-classes.

Theorem 3.0.8. Let A, B be similar algebras, 8 : A — B be a surjective homo-
morphism. Let K C A. The following are equivalent:

1. K is ker0-closed;
2. K = K09~
3. K =L0" for some L C B;
4. kert C~p .
Moreover, if K satisfies any one of the above condition, K € Rec A < K6 € RecB.

Proof. (1)=(2) Suppose K is ker f-closed. We always have K C K600~!. To show
that K00~ C K, let a € K0O~!. Then af € K0, and hence af) = bf for some b € K.
By the definition of ker @, a ker # b. Hence a is also in K.

(2)=(3) Suppose K = K#0~'. Let L = K6. Then LO~' = K#6~' = K.

(3)=(4) Suppose K = LO~! for some L C B. Let a € K and a ker@ b. Then
af € L and b = af € L, hence b € LO~! = K. Hence kerf is a congruence such
that K is a union of congruence class. By the definition of ~g, ker C ~ .

(4)=(1) Suppose ker C~y . Let a € K and a kerd b. Then a ~x b. By the
definition of ~g, K is a union of ~g, hence b € K. Therefore K is ker 6-closed.

The final remark follows from Theorem by letting L = K6. O]
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Here we require A, B to be similar algebras. The thing we build on is the free
term algebra, and other similar algebras can be considered as factors of this via
a congruence. Let us take the signature of Ehresmann monoids (2,1,1,0) as an
example. Let X be a countable set, which can be finite or infinite. We define the
elements of the free term algebra FTs(X) on X of the signature S = (2,1,1,0)
inductively as follows:

We first include the elements in X. That is, z € FTs(X) for all z € X. We then
add in an extra symbol for each nullary operation, that is, 1 € FTs(X). Then we
define the rest of the algebra inductively using the unary and binary operations.
If s,t € FTs(X), then s-t € FTs(X),s™ € FTs(X) and s* € FTs(X). Here -
is a symbol for the binary operation, and * and * are symbols for the two unary
operations of the signature (2,1,1,0). Then we can make F'Ts(X) into an algebra by
defining the operations as above for any s,t € FTs(X).

Taking as an example, for z,y € FTs(X), we have the following elements of
FTs(X):

17357?Jyy+7 :c*(:Uy)*y,(y+)+,xy+,x(yy),(:cy)y,(:c:c)x

The object we built is the free term algebra with signature (2, 1,1,0).

If A is any algebra in the same signature as FTs(X), and 6 : X — A is a map,
then 6 can be extended uniquely to a morphism ¢ from F7Ts(X) to A by inductively
putting

lrrs(x)P = 14

and for all z € X,
xp = x0.

Let s,t € FTs(X) be defined inductively as above. If s¢ and t¢ are defined, then we
can define (s - t)p = (s¢)(t@), (s7)p = s¢™ and (s*)¢p = s¢*. Then ¢ is well defined
and a morphism. Note that if w € FTs(X), then w has a unique expression as a
sequence of symbols (from z, the set of basic operational symbols, and brackets.)
From the free term algebra, we obtain other algebras that can be defined by
identities. We can define congruence relations induced by these identities, and the
quotient set defined in the natural way is then isomorphic to our target algebra.

Formally we have:

Proposition 3.0.9. Let T'= FTs(X) be a free term algebra with signature S. Let
FAs(X) be a free algebra of the same signature S, determined by a set of identities
{li =r; i €I} for some index set I. Let H = {(l;,r;) : i € I} be the relation on T
determined by the identities. Then FAs(X)=T/(H).

Proof. As T itself is a free algebra on X, there is a map a : X — T where nao = n
for all n € X. Suppose 0 : X — S, where S is an algebra of signature S and S
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satisfies the identities. Then there is a morphism ¢ : T — S such that a¢ = 6.
Now for any (I;,1;) € H, l;¢p = r;¢ as S satisfies the identities. So H C ker ¢, and
so as (H) is the smallest congruence containing H, (H) C ker ¢. So by Proposition
[1.7.12 we can define ¢ : T/(H) — S by [u]¢ = u¢. We now have a¢ = 6, where @ :
X — T/(H) is given by na = [n]. Hence T/(H) is a free algebra determined by the
identities. Since such free algebra is unique up to isomorphism, FAs(X) = T/(H).
Notice also that T'/(H) satisfies all the identities [; = 1,7 € I. O

The above is a general result for varieties, below there are a few observations,
which are special cases.

For example, as we have seen, you can consider a unary monoid as a monoid with
an additional unary operation *. It has a signature S = (2,1,0). The free unary
monoid on X is a unary monoid FU(X) together with a map o : X — FU(X) with
the property that, for every unary monoid U and every map 6 : X — U, there is
a unique morphism ¢ : FU(X) — U such that a¢ = 0. We will get the free unary
monoid by taking the free term algebra F'Ts(X) and factoring by the congruence
generated by

{((s-t) - u,s-(t-u),(1-s,5),(s-1,5):s,t,u e FTs(X)}.
According to [16], a semigroup is left restriction if and only if it satisfies
vtr =z, 'ty =yTaT, (aTy)" =Ty ey’ = (zy) T

On the other hand, for any set X, the free left restriction monoid and the free left
ample monoid coincide. Thus we can get the free left ample monoid FLA(X) by
factoring F'Ts(X) by the congruence generated by

{((s-t) - u,s-(t-u),(L-s,8),(s-1,5),
(sTs,s), (st tts™), ((sTe)F, sTth), (st™, (st)Fs) : s, t,u € FTs(X)}.

We give a structure theorem for FLA(X) in Chapter
Further, factoring F'Ts(X) by the congruence generated by

{((st) - u,s-(t-u),(1-5,5),(s-1,5),(s,1) : s,t,u € FTs(X)}

will yield a monoid with an additional unary operation that is constant with its
image at the monoid identity. That is, the free monoid X*, but in an augmented
signature.

Given a set X, let FU(X), FLE(X), and FLA(X) be the free unary monoid, free
left Ehresmann monoid, and free left ample monoid on X respectively. Also now we

assume M be a left ample monoid generated by X. If we regard X as a subset of
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FU(X), FLE(X), FLA(X) and M, then we naturally obtain unary monoid morphism
0 : FU(X) - FLE(X), ¢ : FLE(X) — FLA(X), and ¢ : FLA(X) — M. Moreover,
each of these morphisms is onto. If both A and B are left Ehresmann monoid,
take A to be FLE(X), and B to be FLA(X) as an example, we can show, as an
illustration of Theorem B.0.7

EXAMPLE 3.0.10. Let L C FLA(X). Then
L € RecFLA(X) < Ly~ ! € RecFLE(X).

Proof. We use the description of ~ given in Section . Suppose u,v € FLE(X)
are such that u ~p,-1 v. As ¢ is surjective, for all ', V', ¢/, d’" € FLA(X), there exist
a,b,c,d € FLE(X), such that o’ = ap,t/ = by, = cp,d = dp. We have

d(up)) € L & apupbp € L
aub € L™
avb € L™t
apvpbp € L
a'(vp)b' € L.

(I

Furthermore,

a(dupd )T € L < ap(cpupdp)tbp € L
a(cud)™ € Lp™!
a(cvd)tb € Lo
ap(cpvedp)Tbp € L
a'(cdvpd)th € L.

(A

So, up ~p vep.
Similarly, if ug ~p v, then for all a,b,c,d € FLE(X),

aub € L™ & apupbp € L
& apvpbp € L
& avbe Lot

and also
a(cud)tb € L™ &  ap(cpupdp)Tbp € L

& ap(cpvedp)tby € L
& a(cvd)T™h € Lo
This implies © ~p,-1 v.
So we have established a one-one correspondence between FLE(X)/ ~/,-1 and
FLA(X)/ ~p, thus |FLE(X)/ ~p,-1 | is finite if and only if |FLA(X)/ ~ | is
finite. O

The case for right Ehresmann monoid can be treated dually.
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The previous theorems rely on the language in A to be the pre-image of a
homomorphism. However, this is not always the case. Next we consider examples
of A/ B and #: A — B and K C A such that K is not a union of ker #-classes.

Let FLA(X) be the free left ample monoid on X, and let X* be the free monoid
on X in the augmented signature. Let 6 : FLA(X) — X* be given by (A4, a)f = a.
Then 6 is an onto morphism. If L C X*, then L6~ C FLA(X). If (A,a) € L™,
we have (4,a)0 = a € L and so (B,a) € LO~! for any (B,a) € FLA(X). Thus, for
example, taking any z € X where we have the singleton K = {({1,z},x)} would
be such that K # LO~! for any subset L of X*, since if K = LO~! we would have

{({1,z,2%},7)} € K.

3.1 Example

Recall in Chapter that every element a € FIM(X) can be written in the form
of a = (A,a). In this form, FLA(X) = {(A,a) € FIM(X) | a € X*,;A C X*} =
{(A,a) € FIM(X) | AC X*} asa € A and FA(X) = {(4,a) € FIM(X) | a € X*}.

EXAMPLE 3.1.1. If A = FU(X),FLA(X) or FA(X) and L is finite, then L €
Rec A.

Proof. By Theorem [2.1.7] for any u,v € A we have u ~p v if and only if for any
unary term function ¢(x)
t(u) € L < t(v) € L.

If A =FU(X), for each w € L, there can only be finitely many v € A such that
t(u) = w, where t(x) is a unary term function. This follows since the expression of
an element in FU(X) is unique except for the position of brackets. Since L is finite,
there can only be finitely many u € A such that for some unary term function ¢(x),
we have t(u) € L.

From the proof of Lemma [2.3.13] we have that if L is finite, then

K ={w € FA(X) : t(w) € L for some unary term function ¢(z)}

is finite. Clearly this will also hold for FLA(X).
So in all cases, there are finitely many u € A such that t(u) € L. All others
u € A with t(u) ¢ L for any term ¢ must lie in a single ~-class. As a result, there

can only be a finite number of ~-classes and thus L € Rec A. O]

3.2 Closure properties of recognizable languages

In this section we consider closure properties of Rec A. We begin with Boolean

operations.
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Proposition 3.2.1. Let A be a universal algebra and L C A be a language in A.
Then L € Rec A implies that L = A\ L € Rec A.

Proof. If L € Rec A, then A/ ~ is finite. Let ¢ : A — A/ ~ be the quotient map
from A onto A/ ~p, defined by w¢ = [w]| where [w] is the ~ congruence class of

w.

Note that by the definition of syntactic congruence, L is a union of ~-classes.

Hence L= A\ L is also a union of ~-classes.

As ~pe is the largest congruence such that L€ is a union of congruence classes,
we have ~;C~yc . However, as L = (L)° by substituting L by L¢, we see that

~peCrpeye=rvp, . Hence ~p=n~pc and therefore A/ ~. is finite. O
EXAMPLE 3.2.2. Let A be an algebra.

1. A € RecA as A x A is the largest congruence in A with A as the only

congruence class. Then ~4= A x A and A/ ~, is singleton.
2. ¢ € Rec A as ¢ = A

Lemma 3.2.3. If p and o are two congruences on A, then |A/(pNo)| < |A/p|-
|A/a].

Proof. Note that the intersection of two congruence is a congruence. Define a map-
ping g: A/(pNo)— A/px AJo by a(pno)— (ap,ac) for all a € A.

Then g is well-defined and one-one as

alpno)=blpNo) & a(pno)b
& apb and aob
< (ap,a0) = (bp,bo).

To show that g is a morphism, we have

(a(pna)b(pno))g
ab(pNo))g

= (
= ((ab)p, (ab)o)
= (ap, ac)(bp, bo)
= (

0,
a(pna))g(blpna))g.

To show that g is a morphism, let ' be an arbitary basic operation in A with

rank n. Then F' induces operations of the same rank in A/(pN o), A/p and A/o.
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Now let aq,...,a, € A. We have

(Flar(pno),...,an(pN0o)))g

Flay, ... an))(pN0o))g

F(ay,...,an))p, (F(ay,...,a,))0)

= (F(arp,...,anp), Flayo, ... a,0))

(a1p,a10), ..., (app, ano))
(ar1(pNo))g,. .., (a(pNo))g).

Then |[A/(pNo)| < |A/px Ajo| =|A/p|-|A/o|, with equality if ¢ is onto. [J
Proposition 3.2.4. If L, K € Rec A then LN K € Rec A.

Proof. As ~ and ~ are congruences, so is ~; N ~g . If a (~p N ~g) b, then
a~pbanda~gb. If a € LNK, then a € L and a € K. As L and K are unions of
their respective syntactic congruence classes, b € L and b € K, and hence b € LN K.
This means that L N K is a union of congruence classes of ~; N ~, in other words,
~p N ~g€ Cpng. SO ~p N~V C~pag

Now if L, K € Rec A, then both ~, and ~x have finite index. By Lemma [3.2.3]
~, N ~ has finite index. Therefore ~;~x has finite index, and LNK € RecA. [

Corollary 3.2.5. If L1, Ls,...L,, € RecA, then LyN LN ...N L, € RecA.
Proof. Proposition and induction. O

Corollary 3.2.6. If L, K € Rec A, then LU K € Rec A.

Proof. We have LUK = (L°NK°)% hence result by Propositions(3.2.1/and 3.2.4, [

Corollary 3.2.7. If Ly, Ly,...L,, € RecA then Ly ULy U... UL, € RecA.
Proof. Proposition and induction. O
Corollary 3.2.8. If L, K € Rec A then L\ K € Rec A.

Proof. We have L\ K = L N K¢ hence result by Proposition and . O

The final result in this section is more special, and deals with languages over
FU(X) for some alphabet X.

Proposition 3.2.9. Let L, K € RecFU(X). Then LK € RecFU(X)

Proof. Recall the Schiitzenberger Product in Chapter[T.6] If M, N are unary monoids,
define a unary operation * in M o N by

m P\T_ (mt {(m*,0), (1)}
0 n 0 n* ’
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which turns M ¢ N into a unary monoid. On the other hand, if ¢, : FU(X) - M
is a morphism such that L = (L) !, and ¢, : FU(Z) — N is a morphism such
that K = (Kps)p, ', we define

Qw) = {(wrp1, wap) | (w1, wa) € FU(X), wiws = w}.

Since vt € FU(X) can only be written as a product v™1 or 1v™, we have then
Qvt) ={(vTp1,1),(1,v1¢py)} for any v € FU(X). So

(1) = <s0 Q(v*)) _ (so {(v+s01,1),(1,v+902)}> _ o)

0 v, 0 v,

Together with Lemma ¢ is a unary monoid homomorphism. The rest of the
proof is just an analogy of Theorem [1.6.4] O

3.3 Recognizable languages in FLA(X) and FIM(X)

We begin this section by noting that although FLA(X) and FIM(X) are algebras of
the same signature, their unary operations are different. The underlying universes
as sets which have the relation that FLA(X) C FIM(X), and thus it makes sense
to consider languages as a subset of both FLA(X) and FIM(X) and study their

properties as languages sitting inside both structures.

Theorem 3.3.1. Let L C FLA(X) C FIM(X). Then L € Rec FIM(X) implies that
L € Rec FLA(X)

Proof. Suppose we have ~;C FLA(X) x FLA(X) and ~;C FIM(X)? (FIM(X)?
means FIM(X) xFIM (X)) as the syntactic congruence of L in FLA(X) and FIM(X)
respectively. We now consider ~; NFLA(X)?2. Suppose u,v € FLA(X) are such that
u ~ v. By Theorem [2.2.5] the syntactic congruence ~/ on FIM(X) can be treated
as a special case of left Ehresmann monoid syntactic congruence. As FLA(X)? is
a congruence in FLA(X), ~, NFLA(X)? is also a congruence in FLA(X). Also as
u ~ v, we have for all z,y, s, t € FIM(X),

zwye L & azvy€ L (3.7)

r(sut)tye L & z(svt)tye L. (3.8)

As FLA(X) C FIM(X), we have Equation (3.7) and holds for all z,y,s,t
in FLA(X). As a result, u ~p, v. Therefore, ~; NFLA(X)* C~p .

Now if L € Rec FIM(X), then ~/; has finite index. On the other hand, ~; N FLA(X)?
is the restriction of ~} in FLA(X), so the number of congruence class of ~/
N FLA(X)? is less than or equal to that of ~%, and hence finite. Finally, since
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~% N FLA(X)? C~rp, it follows that ~; also has finite index and thus L is in
Rec FLA(X). O

In the proof of the above theorem, we have established that ~, N FLA(X)? C
~r, where ~; and ~/ are the syntactic congruence of L in FLA(X) and FIM(X)
respectively. In general we do not have equality. In particular, Chapter [5| show us
what ~p and ~/ like when L = FLA(X).
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Chapter 4

Finite state automata accepting

languages in free unary monoids

In this chapter, we focus our attention on languages over unary monoids. We inves-
tigate the relationship between recognizable languages in the sense of Chapter |3[and
languages recognised by finite state automata. We need to first develop a notion of
a finite state automata reading elements of the free unary monoid.

Recall in Chapter [3| that the free unary monoid can be obtained from the free
term algebra with signature (2,1,0) by factoring it with the congruence generated by

relations according to the associative law and the fact 1 is a multiplicative identity.

4.1 +-automata

Let L be a language over a free unary monoid or a free left ample monoid or a
finite set. We wish to relate recognisability of L in terms of syntactic congruences
to recognisability using a version of a finite state automaton. We now introduce a
new class of finite state automata that will provide this connection.

Let X be a finite set and let us define a +-automaton A™ to be a 6-tuple
AJF = (27Q757QO7F7P)
where

<E7 Q7 67 qo, F)

is a DFA over ¥ and P : Q x Q — Q. Please be reminded that all ingredients are
finite.

Let FTs(X) be the free term algebra on ¥ with signature S = (2,1,0). We know
how the domain of § is extended from @) x ¥ to @ x ¥X*. We now extend the domain
of § to @ x FTs(X) inductively as follows:

1. 0(q,€) = g¢;
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2. 6(q,uv) = 6(6(q,u),v);

3. 6(q,u™) = P(q,0(qo,u)),

where u,v € FTg(X).

In other words, let t,, = t,(x1,...,2,) be a term in FTg(X) formed by us-
ing m operations from z1,...,z, € X. If the m-th operation is multiplication, i.e.
tm = wv, we have §(q,t,) = d(q,uv) = 0(d(q,u),v). If the m-th operation is the
unary operation, i.e. t,, = ut, we have d(q,t,,) = 0(q,u™) = P(q,(qo,u)). Thus
by induction, and the note in Chapter [3| concerning uniqueness of expressions of
elements in FTs(X), we have uniquely defined §(g,t) for any term ¢t € FTg(X).

It is important to note that in the above definition, we actually want to use
FU(X) in replacement of FTg(X). In FU(X), any multiplication of any element u
with the identity e give rise to itself, that is, ue = eu = wu. Also we have the
associative law. These are not present in FTs(X). So we have to show that these

are preserved in the above definition.

Lemma 4.1.1. According to the above definition, for all ¢ € Q and u,v,w €
FTs(X) :

1. 6(q, ue) = 0(q, eu) = 6(q, u);
2. 8(q, (w)w) = d(q, u(vw)) = 6(5(d(q, u), v), w).
Proof. 1. According to the definition,
0(q, ue) = 6(8(q, u), €) = 6(q, w).

Similarly,
(g, eu) = 8(d(q, €),u) = 0(q, u).

2. According to the definition,
3(q, (uwv)w) = §(6(q, uv), w) = 6(5(5(q, u),v),w).

Similarly,
6(q, u(vw)) = 6(8(g, u),vw) = 6(6(5(q, u), v), w).

O

On 7o, the full transformation monoid on (), we now define a unary operation.

For any a € Tg, we define a™ by

gat = P(q, goo).
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For each u € FTs(X), we define o, by

qo, = d(q,u),

so that o, € Tp.
Now 0 : @ x FTs(X) — @ gives us a map 0 : FTs(X) — 7g given by wf = o,
So for all ¢ € Q, q(wh) = qo,, = §(q, w).

Lemma 4.1.2. The above defined 0 is a morphism.

Proof. For any ¢ € Q,u,v € FTs(X),

q((uv)0) = qouw, = §(q,uv) = 6(0(q,u),v) = 0(qou,v) = (qou)oy = q(0u0y,) = ubvl.

Also,

q(ut0) = qour = (g, u™) = P(q,0(q0,w)) = P(q, qo0w) = qo; = q(ub)*.

O
Proposition 4.1.3. For all u,v,w € FTg(X), ((vv)w)d = (u(vw))6.
Proof. On the L.H.S.,
(wn)w)8 = 6(q, (o)) = 5(5(q, uv), w) = 5(5(5(q, u), v), w).
On the R.H.S.,
(u(vw))f = 0(q, u(vw)) = 6(6(q, u), vw) = 6(0(6(g, u),v), w).
O
Proposition 4.1.4. For all u € FTs(X), (ue)f = (eu)d = ub.
Proof. We have
(ue)d = 6(q, ue) = 6(6(q,u), €) = d(q,u).
Similarly,
(eu)d = 0(q, eu) = 6(d(q, €),u) = 0(q, u).
Also,
uf = 0(q,u).
O

From Propositionsf4.1.3[and4.1.4] we know that H = {((uwv)w, u(vw)), (ue, u), (eu,u)}

is contained in ker #. As a result, by Proposition [1.7.12| we have a well-defined mor-

phism
0:FTs(X)/ (H)=FUX) - To
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by [w]f = wh. We can also define

8(q, [w]) = q([w]f) = q(wb).

In other words, as the free unary monoid can be obtained from the free term al-
gebra with signature (2,1,0) by factoring it with the congruence generated according

to the associative law and identity multiplication, we have:

Corollary 4.1.5. If w,w' € FTs(X) are such that [w] = [w'] in FU(X), then
(g, w) = (g, w/) for all g € Q.

Usually in FU(X), we write 6 instead of § and w instead of [w].

So, summarising, we can define § with domain of @ x FU(X) as follows:
1. 6(q, €) = ¢;

2. 0(q,uv) = 6(8(q, u),v);

3. 0(q,u™) = P(q,0(qo,u)),

where u,v € FU(X).
We can also defined 6 : FU(X) — T as: for all ¢ € Q, g(wh) = qo, = d(q, w).
We remind the reader that the unary operation + in 7 is not the standard one.
You need to define L(A") as

L(A") = {w € FU(Z) : 6(go, w) € F}.

Theorem 4.1.6. Let L C FU(X). Then L is recognised by a finite unary monoid if
and only if L = L(A") for a +-automaton A*.

Proof. Suppose that L = L(A™).
We have L C LO9~!, and for any w € LOO~! we have wf = v for some v € L =
L(A"). We have

d(qo, w) = qo(wh) = qo(v0) = 6(qo,v) € F

so that w € L(A') = L. Thus L = L#6~*. Since T, is finite we have that L €
RecFU(Y).

Conversely, suppose that N is a finite unary monoid and ¢ : FU(X) — N is a
unary monoid morphism such that L = Lo¢~!. Let

At = (%,N,4,1, Lo, P)
where for any = € ¥ we have
d(q, ) = q(z¢), and P(q,p) = qp™.
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Figure 4.1: +-automata example

We show by induction that d(q, w) = q(w¢) for all w € FU(X). This is true for
w = x € X. Proceeding by induction for ¢t = uv € FU(X),

6(q,t) = 6(6(q,u),v) = d(q(ug),v) = (q(up))ve = q(te),

and for t = ut € FU(X),

0(q,t) = 0(q,u™) = P(q,0(1,u)) = P(q, L(ud)) = q(up)™ = q(t¢).

So by induction on the complexity of ¢, we have §(q,t) = q(t¢).
We then have that

w e L(AT) & 5(qo,w) € Lo < 1(we) € Lo < w € Lpp" = L.

Figures give us the information to define a +-automaton.

Here ¥ = {a}. Note that the multiplication table is left zero. That is, for any
q,p € FU(X), P(q,p) = q. So for any v € FU(X), d(¢q,ut) = P(q,d(qo,u)) = q. As
a result, for any term such that the last operation is the unary operation, +, does
not change the node inside the automata. For example, if u,v,w,z,y € FU(X),
5(g, ulvwr) Fay*) = 5(3(5(5(q. w), (vw)*), ), y*) = 6(5(¢,u), ) = 6(q, ux). Thus
the expression can be reduced so that all the terms with unary operation are elimi-
nated and it can be treated as an ordinary automaton. From the figure, we see that
starting from ¢g, the automaton would return to the accepting state whenever 3 a’s

have been inputted into it. As a result, the automaton accepts
(to(a))"a (ti(a)) T a™ (t2(a)) " - - - a™ (ta(a)) ™,
where for 0 < i < n, ;(a) is a term function, and X7 p; = 3k, where k € NC.
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Figure 4.2: multiplication table for P

4.2 Automata - NDAs

In the theory of automata over free monoids, it is well known that deterministic
automata may be replaced by non-deterministic ones. Here we show the same is

true for +-automata.
Definition 4.2.1. An NDA +-automaton A7 is a 6-tuple (X, Q, E, I, F, S) where

e ) is a finite non-empty set, the alphabet;

Q@ is a finite set of states;

ECQxXxQ;
e [ C () is a set of initial states;

e F C () is a set of final states;

SCOQ X xQ.

From E we can define a function ¢ : Q x 3 — P(Q), where P(Q) is the power
set of () and

o(q,x) =A{p| (¢, 7, p) € E},

and from S we can define a function P : Q x Q — P(Q), where

P(q,p) ={r | (¢,p,r) € S}.

Now we can extend the domain of the function 6 from @ x ¥ to @ x FU(X) by
induction on the term complexity. To start with, we define 6(q, €) = {q}. Suppose we
know d(q, ) for all ¢ € @ and u that are terms formed using n— 1 or less operations.

Now consider 6(q, w) where w is terms formed using n operations. If w = uv,
dgw)= ] o v);
ped(qu)

whereas if w = u™t,

d(q,w) = U P(q,p)

qo€l,ped(qo,u), qoel
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Definition 4.2.2. A word w € FU(X) is accepted by an NDA A if

d(qo, w) N F # () for some ¢ € 1.

Definition 4.2.3. The language recognised by the NDA A is

L(A) = {w € FU(Y) | w is accepted by A}.

Proposition 4.2.4. Let L C FU(X). Then L is recognised by a +-automaton implies
that L is recognised by a NDA +-automaton.

Proof. Let L = L(A) where A = (X,Q, 0, qo, F, P) is a +-automaton. Put
E={(q,a,0(g,0)) | € Q,a €} CQxExQ,

I ={q} and
S={(¢p,P(g.p) |¢p € Q} CQ xQ xQ.

Now we have an NDA +-automaton
A =(2,Q,E,I,F,S).

Notice that the associated function ¢’ of this NDA has ¢’(go, w) as a singleton for
any w € FU(X), corresponding to §(qo, w). Hence

we LA < (q,w)eF
& 0 (q,w)NF £
& we LA).

As a result, L(A) = L(A). O

Notation. Let A = (3,Q, E, I, F,S) be an NDA. For T' C Q,w € FU(X), we
define
T,w)={q€Q|qedp,w)for some pe T},

also denoted by T'w. Note that Tw C (@), so there exists only finitely many sets of
the form T'w. On the other hand, for 77,7, C @), we define

P(T\,Ty) ={q€ Q| q€ P(q,q) for some q; € Ty, q € T }.

Note that ¢ € P(T},T») if and only if (q1, q2,q) € S for some ¢; € Ty, ¢o € Ts.
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Comments. For .71, T, C Q,a,aq,...,a, € X, w,u,v € FU(XZ) we have that

Tw = Uper{prtw
P, Ty) = UqleTl,qQGTg P(q1,q2)
Te = T
Tajay...a, = (...((Tay)az)...ay,)
(Tw)v = Twv
(Tw)u™ = P(Tw,d(I,u))
dw = 0.

Proposition 4.2.5. If L = L(A) for an NDA +-automaton A, then L = L(A") for

a +-automaton A’.

Proof. Let L = L(A) where
A=(,Q,E I F,S)
is a NDA +-automaton. Construct a +-automaton
A =(3,Q,9,q, F', P

where

Q = {lw:weFUX)}
§(T,a) = Ta forallTe€Q',aeX
o = 1
F' = {Te@ :TNF#0}
P(TW,Ty) = P(Ty,Ty) forall T}, T € Q.

Note that we have @' C P(Q), the power set of @, so |Q'| < oo.
Also, for T1, Ty € @', we have Ty = Twy, Ty = Twy for some wy, wy € FU(X), so

P'(Ty, Ty) = P(Twy, [wy) = P(Twy,8(1,ws)) = (Twy)wy = Twywy € Q.
For T' € @', a € ¥ we have T' = [w for some w € FU(X), so
(T,a) =0(Iw,a) = ({w)a = Twa € Q.
Furthermore, qo = I = Ie € ()'. Finally we have that

w e L(A") d(qo, w) € F'

(I, w) € F’
Iwe F’

IwNF#0
w € L(A).

toe 0T

~J
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In conclusion, we have

Theorem 4.2.6. Let L. C FU(X) where ¥ is finite. Then L is recognised by a
+-automaton if and only if L is recognised by a NDA +-automaton.

4.3 Example

This material comes from an analogy of [34, Section 2, P.350-352], in the setting of
ample monoids.

From an algorithmic standpoint, recognisable languages are defined in terms of
automata, and inverse automata are naturally related to FIM(X) through Munn
trees and hence are a very handy tool for the study of inverse semigroup [29],[36].

The class of languages accepted by inverse automata is described as that of i-
languages [34]. It is natural to ask if there is any analogy of inverse automata for
unary monoids and what kind of languages they accept.

We refer the reader to [34] for the definition of inverse automata and i-languages.
For the purposes of this section we will consider a third kind of +-automaton.
Namely, we allow the functions 6 and P in the definition of a +-automaton to be
partial. We call such +-automata partial +-automata. By associating such a +-
automaton with a NDA +-automaton, as in Proposition we easily see that we
have not changed the class of recognisable languages.

Suppose 0 : FU(X) — FLA(X) is the natural unary monoid morphism from
FU(X) onto FLA(X), where we take X to be finite.

Definition 4.3.1. We say that a partial +-automaton A is returning if for all
u € FU(X), if §(q, u) exists, then 0(q, u™) exists and equals to g.

Given a language L C FLA(X), we say that L is closed if
Yue L, YveFLAX), v>u = wvelL,
and we say that L is elastic if
Ya,be L, a'be L.

In the following, we use the fact that 6 is onto.

Theorem 4.3.2. Suppose L C FLA(X) is a language whose LO™' is accepted by a
returning +-automaton A, i.e. LO7' = L(A), then L is closed and elastic.

Proof. Let uw € L, v € FLA(X) be such that v > u, so that u = uv by definition
of <. Now let v/ € v87!, and v’ € uf~'. Then (v'*v')0 = (v/0)Tv'0 = utv =u €
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L. Therefore, v/Tv' € L', in other words, d(qo,u'"0v') € F. Now v’ € uf~! C
Lo~ = L(A), so §(qo,v') € F exists, thus d(qo,u'") = qo also exists. Therefore
5(qo,v") = 6(8(qo,u'"),v") = §(qo,w'Tv') € F and hence v' € L(A) = LO7!, thus
v € L. Therefore, L is closed.

On the other hand, suppose a,b € L. Let o' € af~!, and V¥ € b0~'. Then
a V€ LO™t = L(A). So 6(qo,a’) € F exists, and thus §(qo,a’™) = qo. Therefore
5(qo,0') = 9(6(qo, '), V') = 6(qo, V'), so §(qo, ') exists and is in F. So a'TV €
LO~" and a™b = (a/TV)0 € L. Therefore, L is elastic. O

We believe the reverse of Theorem is true, which we leave as a conjecture
at this moment, but sketch how it may be proved.

To try to prove the reverse of Theorem [4.3.2, it seems that we need a minimal +-
automaton. Starting with a partial +-automaton, we can replace it with a standard

+-automaton by using a sink state, as follows.

Definition 4.3.3. Let A= (X,Q,0, P, qo, ) be a +-automaton. A sink state of A
is a state s such that s ¢ F' and for all ¢ € @,z € ¥ we have

d(s,x) =s= P(q,s) = P(s,q).

Sink state is unique in a +-automaton as we can see in the following:

Lemma 4.3.4. Let s be a sink state of a +-automaton A = (X,Q, 0, P,qy, F'). Then
s is the only sink state, and for all w € FU(X) we have §(s,w) = s.

Proof. (Sketch) If s, s" are both sink states, then s = P(s,s’) = s’. For the second

statement, use induction on the complexity of w. O]

Then we may make a partial +-automaton into a total +-automaton with a sink

state that accepts the same language:

Lemma 4.3.5. Let A = (X,Q,0, P,qo, F) be a partial +-automaton. We make A
into a +-automaton A with set of states Q' = Q U {s} a sink state s by extending
the domain of § to 6 : Q' x ¥ — Q" and P to P': Q' — Q' by defining

d'(¢,x) = s = P'(r,p)
whenever 6(q,x) or P(r,p) is not defined, and
d'(s,x) = s = P'(s,p) = P'(p,s) = P'(s,5)

forallz € ¥ and p € Q. Then L(A) = L(A).

Lemma 4.3.6. Let A = (X,Q, 6, P, qo, F') be a +-automaton with sink state s. Then
putting Q' = Q \ {s} and restricting 6 and P so that

5,:Q/_>Q,7P:Q/XQ,_>Q/7
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so that &' and P’ are partial functions, we have that A"+ (X,Q’,', P, qo, F) is a
+-automaton such that L(A) = L(A’).

The next task we need is to make a +-automaton trim.

Definition 4.3.7. Let A = (3, Q, J, P, qo, F') be a +-automaton. We define R(q,p) C
() inductively as follows. We have ¢,p € R(q,p). If there is a word w = uv € FU(X)
such that d(q,w) = p then R(q,d(q,u)) C R(q,p) and R(d(q,u),p) € R(q,p). If
there is a word w = u™ € FU(X) such that §(¢, w) = p then R(q,d(q,u)) C R(q,p).

Definition 4.3.8. Let A = (X,Q, 0, P, qo, F') be a +-automaton with sink state s.
We say that A is tight if Q) = UpeF R(qo,p) U {s}.

Conjecture 4.3.9. Let A = (X,Q,9, P, qo, I') be a +-automaton. Let Q' = Q \ Z
where Z is the set of states not occurring in (U, R(qo0,p). We then restrict d to ¢’
and P to P’ where

§:Q xFUE) = Q and P : Q' x Q' — Q'

The resulting A’ is then a partial +-automaton, and L(A") = L(.A).
We then make A’ into a total +-automaton A” with sink state s as above. Then
A" is tight.

Definition 4.3.10. We say that a tight +-automaton A = (X, Q, d, P, qo, F') with

sink state s is returning if, whenever 6(q,w) # s we have 0(q,w") = ¢.

Note in the above, if §(q, w) # s then ¢ must lie in some R(qo, p) for some p € F.

We now need to find a notion of minimal automaton, that involves an equivalence
on the set of states that is compatible with both § and P. We put forward the
following as a solution.

We define a relation ~ on () by the rule that

~ = mlzo ~y

where

g~ ¢ S lge Fiff ¢ € F)

and if ~; has been defined then
q ~iy1q < q~; ¢ and

§(q,w) ~; 6(¢',w), P(q,p) ~i P(¢',p) and P(p,q) ~; P(p,q)

for any w € FU(X) and p € Q.

It is clear that ~ is an equivalence relation on (), and denoting

Q={ld:qeQ}. F={[qgl:qe F}
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and

0(lg], z) = [6(g, =)], P([a], [p]) = [P(q,p)]
we have that §, P are well defined and

Z:<E>Q757P7[QO]7F)

is a +-automaton such that ~ is equality on @ and L(A) = L(A). Moreover, if A
is tight then so is A.

The proof that a closed elastic L C FLA(Y) is accepted by a returning automa-

ton should now mirror that in the inverse case, but with many extra steps.

Conjecture 4.3.11. If L. C FLA(X) is closed and elastic, then L#~! = L(A) for

some returning +-automaton.

EXAMPLE 4.3.12. For example, L = {¢,z, 2"} for some z € X.

u=¢€¢ v>u = v=€c€l,
u=z, v>u = wv=x€l,
u=z", v>u = ve{exrt}CL,

So L is closed. It is also easy to check L is elastic.

EXAMPLE 4.3.13. For example, L = {z, 27} for some 2 € X. We see that
u=z", v>u = ve{ext}

But € ¢ L. So L is not closed. But it is still elastic.
If L C FLA(X), we would like to know what does LO~! looks like. For example:

EXAMPLE 4.3.14. Let L = {7} C FLA(X) for some x € X. Then LO7! is a

unary subsemigroup of FU(X), containing {x*, ()", ataz™ ...}
This then gives us that:

EXAMPLE 4.3.15. Let K = {z*} C FU(X), then K # L6 ! for any L C
FLA(X).
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Chapter 5

Syntactic congruences of different

languages

In this chapter, we discuss some examples of syntactic congruences of different lan-
guages inside FIM(X).

Recall that every element a € FIM(X) can be written as a = (A4, a), where A is
a finite, prefix closed subset of FG(X) and a € A. We have

FLA(X) ={(A,a) e FIM(X) |a € X*, A C X"},
so as a € A we have
FLA(X) ={(A,a) e FIM(X) | A C X*}.

Further,
FA(X) ={(4,a) e FIM(X) | a € X™}.

For example we have

at = -1

@

(A a)(A,a)”!
(A a)a' A a™)
(AUaa A aa™)
(4, 1).

Note that X* can be embedded as a subset of FIM(X) :

Proposition 5.0.1. Let X* be the free monoid of X. We have
X* = {(a*,a) € FIM(X)|a € X*}.

Proof. Define a mapping z + (2%, ) for all x € X*. Then it is easy to check that

the map is a monoid homomorphism.
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For z,y € X*, zy = ((zy)*, vy) = (x* Uay*, zy) = (a4, 2)(y", y).

Further, € — ({€},€).

If (z1,21) = (2%, 25), then their 2nd co-ordinates, i.c., 2y and z,, are equal.
Hence the map is an injection, which is clearly onto.

]

Identifying X* with its image in FLA(X), as sets,
X* C FLA(X) C FA(X) C FIM(X),

but they are of algebras of different signatures. We have FLA(X) and FIM(X) are
algebras of type (2,1,0), although their unary operations are different; FA(X) is an
algebra of type (2,1,1,0); X* is an algebra of type (2,0). Here we investigate the
syntactic congruence of languages such as these that are themselves sitting inside a
larger algebra. To make the things clearer, from now on we use ~ 4 instead of ~,
for the syntactic congruence of a language L in an algebra A.

First, if the language L is equal to A, the underlying universe of the algebra,
then the universal relation, A x A is the certainly largest congruence, in which A is
the only (and hence a union of) congruence class. So ~4 4= A x A = A%

From Definition we know that the syntactic congruence ~ pra(x) has to
satisfy the condition that for all u,v € M,u ~ v if and only if for all x,y,s,t € M :

ruye L & xvy€eL

and

r(sut)tye L & ax(svt)Tyel

However, Theorem [2.2.5] implies that we need only 1. to determine the congru-
€nce ~r FiM(X) -

From Corollary we know that ~ pa(x) has to satisfy the condition that

for all u,v € M,u ~ v if and only if for all ly,ly,...,7r9,71, -+ € M and for all
neN:

to(u) e L & to(v) €L

and

thu)e L & tf(v)elL
tr(uye L < ti(v)eL.

n
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5.1 Syntactic Congruence of FA(X) in FIM(X)

We first state the following lemma without proof.
Lemma 5.1.1. If a € FG(X) such that a,a™' € X* then a = e.
Now consider ~~FA(X),FIM(X) -

1

Proposition 5.1.2. For all u,v € FIM(X), if u ~pacx)rivx) o then vu ™t uv! €

FA(X).

Proof. For all u,v € FIM(X), u ~pa(x),riv(x) v if and only if for all z,y € FIM(X),
zuy € FA(X) & zovyeFAX).
Now let z = 1, and y = u~*. We have
luu'=u" € FA(X) & lvu'=vu'e€FA(X).

Since luu™ = u™ € FA(X) is true for all u € FIM(X), we must have vu™' €
FA(X). Dually, uv~! € FA(X).
]

Theorem 5.1.3. For all u,v € FIM(X), u ~pa(x)rnnv(x) v if and only if u = v.

Proof. Recall that FA(X) = {(A,a) € FIM(X) | a € X*}. So, if u ~pax),rivm(x) V,
we now have vu™! and uv™! in X*. As vu™! = (uv')7!, by Lemma vl =e
This implies u© = v. On the other hand, one can easily verify that if v = v, for
all z,y € M, zuy € FA(X) & zuye X* & avye X* & zoy€
FA(X). O

In other words, u ~pa(x) riv(x) v if and only if their corresponding reduced word

is the same. So,

Corollary 5.1.4. For any alphabet X, we have FIM(X)/ ~pa(x)rvx)= FG(X),

and hence ~pa(x) Fivx) 5 the least group congruence on FIM(X).

Proof. 1t is clear that ~pa(x)riv(x) is a group congruence. The fact it is the least

group congruence o follows from the description of ¢ in [21]. O

5.2 Syntactic Congruence of FLA(X) in FIM(X)

Now consider ~pra(x),Fivcx) - Similar to the case where L = FA(X), we have
luu'=u" € FLA(X) <& 1lvu'=vu'ecFLA(X).
However, not all u € FIM(X) are such that u™ € FLA(X).
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Recall that FLA(X) = {(A,a) € FIM(X)|A C X*}. As a result,
a* € FLA(X) & A C X* & a € FLA(X).

Lemma 5.2.1. If u € FLA(X), and u ~pra(x)Fivx) ¥, then u = v.

Proof. From the above, if u € FLA(X), then ut € FLA(X), and s0 if & ~pra(x)Fiv(x)
v, then vu™' € FLA(X). Since u ~pracx)Fivx) v and FLA(X) is a union of

~pLa(x),Fiv(x) classes, v € FLA(X). Dually we have uv~ !t € FLA(X). In this case

1

vu~! and uv~! are both in X* and this again implies u = v. O]

Define
H = {u | there exists z,y € FIM(X) s.t. zuy € FLA(X)} C FIM(X).

It is the set of w in FIM(X) that has non-empty context with respect to FLA(X).

Clearly,
Lemma 5.2.2. For all g,ygé H, u ~~FLA(X),FIM(X) (%

Proof. For any T' C FIM(X), and u € FIM(X),
Cr(u) = {(z,y) € FIM(X) x FIM(X) : zuy € T}.
Then by our description of ~7 rmn(x), which we now denote as ~,
u~v & COr(u) =Cr(v).
Soif u,v ¢ H, Cprax)(w) = Crrax)(v) =0 and so u ~ v. O

If u € H, then there exists z,y € FIM(X) such that zuy € FLA(X).
Note that if we let x = (T, x), u = (U,u), y = (Y,y),

) =

zuy = (T,2)(U,u)(Y,y)
(TUzU,zu)(Y,y)
= (TUzU U zuY,zuy).

Notice that zuy € FLA(X) if and only if T U2U UzuY C X*. Soif zuy €
FLA(X), T UzU C X* which is equivalent to zu € FLA(X). Hence

Lemma 5.2.3. We have,
H ={u| 3z € FIM(X) s.t. zu € FLA(X)}.

If we H, and u ~pra(x)riv(x) o, then v € H, and u = v.
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Proof. From above, we have H C {u | 3z € FIM(X) such that zu € FLA(X)}. As
we can let y = 1, we actually have {u | 3z € FIM(X) such that zu € FLA(X)} C H
and hence the equality.

On the other hand, if v € H, and w ~pra(x)Fivcx) v, then there exists z,y €
FIM(X) such that zuy € FLA(X). So zvy is also in FLA(X) and hence v € H.
In this case, as ~pra(x)Fiv(x) IS a congruence, we know x u ~pra(x)rivm(x) L. As
both are in FLA(X), from the result before we can deduce that xu = zv, and thus

u=. O

On the other hand,

Proposition 5.2.4. If u ~pra(x)Fmv(x) 0, then for all g € X*,
UCg¢g'X*eVCglx™
Proof. Let ~=~ppa(x)Friv(x) - If w ~ v, then for any g € X,
gu € FLA(X) < guveFLAX)

Hence,
gUC X" & gVeX®

and the result follows.

In summary, we have shown the first part of the following:

Theorem 5.2.5. Let H = {u | 3z € FIM(X) s.t. xu € FLA(X)}. Then u ~pra(x) Fiv(x)
v if and only if either

1. u,v e FIM(X) \ H;
2. u,v€ H, u=wv and for all g € X*,
UCg'X*eVCglx

Proof. We have proved the forward part, and the backward part for u,v € FIM(X)\
H.

Now let u, v € H such that u = v and for all ¢ € X*, U C ¢g~'X* if and only if
V C g7 'X*. Then gU C X* if and only if gV C X*.
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Now for all x = (T, z), u = (U,u), v = (V,v), and y = (Y,y) € FIM(X)

TUxUUzuY C X*

TCX*and 22U C X* and zuY C X*
TCX*andzU C X*and zuY C X*andx € X* asz €T
TCX*and zV C X* and zuY C X* and z € X*
TCX*and 2V C X* and z0Y C X*and x € X* asu =
T C X*and 2V C X* and xvY C X* asx T
TUxV UzvY C X*.

(R R

So zuy € FLA(X) if and only if zvy € FLA(X), i.e., u ~pra(x)rivix) - O

Corollary 5.2.6. Let u,v € FLA(X). Then the following are equivalent:
1. U ~FLA(X)FIM(X) U
2. u=v;
3. wo v, where o is the minimum group congruence of FIM(X).

Proof. (1)=-(2) Direct implication of Theorem [5.2.5, as FLA(X) C H.
(1)<=(2) As both u and v are in FLA(X), U,V C X* = g~ 'gX* C g~ X* for all
g€ X*. SoU C g 'X*if and only if V C ¢~' X* holds true, and by Theorem [5.2.5]

we have u ~pra(x) Fivx) U
(2)<(3) Finally, it is well known [21], P.197] that v = v, if and only if u 0 v. O

Now we would like to further investigate what H looks like and give a more

explicit description of the relation u ~pra(x)Fiv(x) U

Lemma 5.2.7. Let H = {u | 3z € FIM(X) s.t. zu € FLA(X)}. Then

H = {ﬂ: (U,u) | Jr € X* s.t. (xi’x)(U’u) c FLA(X)}
= {(U,u) ’ Jdr e X* s.t. U C l’_lX*},

Proof. From the above, we know that H = {u | 3z € FIM(X) s.t. zu € FLA(X)}
and zu € FLA(X) <« T UzU C X*. The latter implies z € X* and 2U C X*.
So we have shown that if there exists (T, z) such that (T, 2)(U,u) € FLA(X), then
there exists = such that U C X* and thus U C 2z~ ' X*.

Conversely, note that if 3z s.t. 2U C X*, then € X*. Hence zt UzU C X*
and thus (z+, 2)(U,u) € FLA(X).So H = {u = (U,u) | 3z € X* s.t. (2%, 2)(U,u) €
FLA(X)} ={(U,u) | 3z € X* s.t. U C 271 X*}, as desired. O

Let + = @y---x,, where ; € X, i = 1,...,n. Then the elements of z7!X*
have the form z 1 - - - 27 'w, where w € X*. So all reduced words in 271 X* look like
xot-- wi_lv, where v € X*, 1 <i <n. As U C 271 X*, all the reduced words in U

n

have the same form.
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There is a good reason for it-we define an order on (X ~1)* by the rule that for
xr1,To € X7,
zyt <yt if and only if (7)) D (x5t

Theorem 5.2.8. Let H = {(U,u) | 3z € X* s.t. U C a7 'X*}. Then for any
(U,u) € H, there is a unique x, € X* such that z;' € U, and U C z' X*, that is,
all the reduced words in U have the form x;t--x7 v, where z; € X, i =1,...,n,

Ty =1 Ty, and v € X*.

Proof. Let (U,u) € H, and x € X* be such that U C z7'X*. If z = 2} --- 2/,

then we know all the reduced words in U have the form (z/,)~!--- (z/,)"'v for some

J
1 <j<m,ve X* Among all such reduced words there is a smallest j, say jo, such
that (],)~" - (2 )"'v € U for some v € X*. Define z, to be z/ --- ], and simply

rename x’; 10 Xy, ..., Ty

Gor

Since all z,... 2/ € X, so do zy,...,z,, and hence z, € X*. Now by con-

struction, z,'v =zt 2y = (2),)7 -+ (2),) "' € U for some v € X*. Since
U is prefix-closed, z;! is also in U. Also, all reduced words in U have the form
()t (@) T =t -x; 'w where i = j — jo + 1.

Finally, the z, defined in this way is unique, and is independent of the choice of
x € X* in the beginning. For if we choose another z € X* and result in another
Ty, then 7, € X* and z,,7! € U C z;'X*. Hence z,~! has the form of z'-- et

1 Y
1 1 -1

which means z;! < 2,7!. In duality we have 7, 7' < x,! and thus z;! = 7,7}, or

Ty = Ty ]

Corollary 5.2.9. Let x, be constructed as in Theorem then (x},2,)(U,u) €
FLA(X).

Definition 5.2.10. The unique z, in Theorem is called the tail of u = (U, u).
In conclusion, we have

Theorem 5.2.11. Given (U,u),(V,v) € H, let x,,2, € X* be the tails of (U,u)
and (V,v) respectively. If (U, u) ~prax)rnicx) (V,0), then x, = z,.

Proof. As (z},2,)(U,u) € FLA(X), we have (z}, z,)(V, v) is also in FLA(X). There-
fore, z,z;! € 2,V C X*. Dually z,2;' € 2,U C X*, and hence z, = z,. O

Theorem 5.2.12. Given (U, u),(V,v). We have (U,u) ~pracx)rmcx) (Vo v) if and
only if either

1. (U,w), (V,v) € FIM(X) \ H:

2. (U,u),(V,v) € H, u=v and x, = z,, where x,, z, € X* are the tails of (U, u)
and (V,v) respectively.
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Proof. After Theorem and the previous Theorem, all we left to prove is that
(U,u), (V,v) € H, u=v and x, = 2, implies (U, u) ~prax)rvx) (V5 0).

Now we will be using Theorem [5.2.5] For all g € X*,if U C g~'X*, then as from
Theorem we have 2! € U, so 2! € g1 X*. As 7, = 2,, we have z; ! € g7 1 X*,
so that, using Theorem , we have V C 2;1X* C g1 X*X* C g7 'X* The
reverse is also true. So by Theorem , we have (U, u) ~pracx)rvx) (V,v). O

5.3 Syntactic Congruence of X* in FIM(X)

Next we consider ~x« pnv(x) - Let
Cx+(u) = {(w, 2) € FIM(X) x FIM(X) |wuz € X"},
the context of u, with respect to X*, and
H = {u € FIM(X) | Cx-(u) # 0},
the set in FIM(X) that has non-empty context with respect to X*.
As in the previous section, we have an analogous result for X * instead of FLA(X),
Lemma 5.3.1. For all u,v ¢ H, u ~x- pni(x) v

Proof. Same as Lemma [5.2.2] O

To understand the set of elements with non-empty context, we first introduce

the following terminology.

Definition 5.3.2. We say that u is linear if there exists w,v € X* such that
U= (wHruoh

Note that if v € X*, v would be in the form vy - - - v,, where v; € X. If y € v,

then y = vy - - - v; for some i < n. On the other hand, if y € (v}, y = vt v !,

for some k € {1,...,n}. Now we have the following technical result:

Proposition 5.3.3. If u = (U,u) = ((w™ )Y Uv¥,u) is linear and y € U, then
(" y)u=((y™ - w ) U )by ),

Proof. For any reduced words p,q € FG(X) we have
(p-a) SprUp-g-.
First we know that (y*,y)™' = (y~" -5 y™") = ((y")", ¥~ '). Hence

(v",y) '

I
—~
—~
<

L

~—

— =
<

L

~—
—~
=

S
~—



Therefore, what we need to prove is
(yw U@ o)t =) Uy () Uy o

Recall that v,w € X*. Let v =1v;---v,, and w = w; - - - w,,, we have two cases for

routine checking:

1. y € v*. In this case y = v; - - - v;, for some i < n.

yleowt = oot
(y= ' w ) = {1,%—17@;1%—_117... 7%—1...@1—1’@;1...Ul—lw;ll’... 7Uz‘_1"'vl_lw
= (y " )ruy - (whHh
Yl = vy
(y= - U)i = {1 Vis1, Vi1 Vig2, 5 Vi1 - Un
y~toob = y_l'{l,v17v1v27"' UL Up }
= {o; "ot ot g 0 L 0, Vi Ve, e Vi U )

= (Ul
Hence

y'w oot = Uy (wHr Uy )
= () Uy oyt

.y € (w ). Inthiscase y =w,_ ~---w, ", lor some k € {1,...,m;, and y~~ =
2 D)t In thi - P ke{l dy!
ywTh =
(y_l w_1>¢ - {1,%_117%111”/?—2’ 7wlz—11 w1_1}7
y_l ' (U)_l)i = y_l : {Lw;Ll?w;zlw;nl—lv e 7w7:11 te wfl}
— {wk...wm’wk_...wm_l’... ’wk’l’w;jlj... ’w;il...wfl}
= ("YUl ek
y_l.'U — wk...wmvl...vn;
(y_l "U)i = {17wk7wkwk+17"' 7wk'"wmvwk"'wmvbwk"'wmvl"'Un}
= ()ruy e
Hence
' w YUyttt = e YUy Uyt e

= ()ruy - HruyT o

In conclusion, we have (y~'-w U (y=t-o)t = (y ) Uyt (w ) Uyt ¥ and

thus the proposition is true. O
Corollary 5.3.4. If u= (U,u) is linear, then (y*,y) ‘u is also linear for all y € U.
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Proof. We can see in Proposition [5.3.3 “ 3 that (y=1 - w ) in (X~H* and (y~!-v)*
in X* in both cases. Therefore, (y*,y) 'u = ((y*1 cw Uy o)y ) s

linear. O
Proposition 5.3.5. Lety,z € FIM(X). Ify z is linear, then both y and z are linear.

Proof. Let y=(Y,y),and z = (Z,2). Thenyz = (Y Uy - Z,y- 2). For any v € X*,
since v*NY is finite, there is no problem over the existence of maximal elements, that
is, elements of largest length. Say v, is a maximal element. So, as the intersection of
prefix closed sets is still prefix closed, so (v,)* Cv*NY. As v, € v*, v, = vy -+ -v; for
some i < n, where v = vy - --v,. If (V' NY)\ (v,)F # 0, say v, € (V! NY)\ (v,)*, then
as v, € (vv*NY) C oY, v, = vy - -+ v; for some j < n. Now j must be greater than i,
for otherwise v;, would be in (v,)*. But then as v, € v* NY it would contradict v,
being a maximal element in v*NY. So (v*NY)\ (v,)* = 0, and hence v*NY = (v,)*.

Similarly, (v™')*NY = (v}))%, where v} = v, ' -+~ ", for some k € {1,...,n}.

If yz is linear, then Y Uy - Z = (w™)* U v, where v,w € X*. In this case,
Y= Nno)u n(w ) = (v,) U (w))*, so y is linear.

Now since y € Y C Y Uy - Z, by Corollary H since y z is linear, (y%,y) 'y z
is also linear. Now (y*,y)tyz= (y ' -yH,y YV Uy -Zy-2)=(y - YUZ?2).

With an argument similar to above, we can see that z is linear. O]

Proposition 5.3.6. Let H = {u € FIM(X) | Cx+«(u) # 0}. Then u € H if and only

if w is linear.

Proof. We see that H is the set in FIM(X) that has non-empty context with respect
to X*. In other words, u € H if and only if there is w,z € FIM(X) such that
wuz € X*. Now it is obvious that every element in X* is linear, so by Proposition
5.3.5 we see that u must also be linear.

On the other hand, suppose that u is linear. Let u = ((z;)* U ajﬁ, Ts), where
1z € (z7)b U .

Claim. 1 -z - (25" - 23)% C xi Uz - x% = (a1 - x3)%.

We then have that

y, o) ((ap ) U ey, @) (25 23)t, 25t - a3)
:z:f Uaxy - (xl )¢ Uaxy - :cé, %11’2)((1’51 - a3)Y, x;l )

(

(
= (xIle :E3U$1 T - (932 a3)¥ Ty - a3)
(x

bUxy - ak, o) € X as - ao - (25 ag)t C ot Uy - a3

Hence v € H.

Proof of Claim. Since z € (z7)* U x5, we have two cases:

-1
1. x5 € (27 )i. Let vy = @11+ 21 p, and o3 = 233 - - - 23, then xy = 27 h R
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for some k& < h. Hence

Ty - Ty - (x;l - x3)t

= T11°" ‘331,k{1, T1,k+15 L1 E+1L1,k4+25 " 3 L1 k+1 """ T1,pL31 " " ll?:n}

= {£U1,1 Xk, 11 XLy X1 XA, X1 s X RT3 $31}
C L,z mppUzig-xip{l, - 231 23,}

= x{ Uz - :cé

2. 19 € :L‘Ek Let 21 = 211 -+ - @1, and @3 = @31 -~ X3, then 9 = x31--- 23, for

some k < 7. Hence

Ty Ty - (5t a)t
= 11" T1,RT31"" '953,k{1, T3 k41, s T3 k41" 9531}
C - xp{l, 230, T30 23,4}
-
C :C% Uy - xé

Here is the main result of this section:
Theorem 5.3.7. For u,v € H, u ~x-pmvx) v if and only if u = v.

Proof. (<) Trivial.
=) dlnce u,v € H, both u and v are linear. Let u = ((x; )¥ U x3,22), an
Si H, both d li L T Uy d
v =((yr ) Uy, y2). We know that z, € (z7) Uy and o € (y71)* Uys. Now since
(o], 2) (@) U g, ) (23" - wa)b 25" - a5) = (ay Uiy - a5, 0g)

We have as u = (U, x) that (z1,21)(U,u) = (#f Uz - U, z129) = (T, 2125 say,
so that we must have (x129)¥ C T. Since x125 - ((2122) )Y = (2122)%, it follows that
for any (K, k) we have (z¥,21)(U,u)(K, k) = (2}, 21)(U,u)((z122) " UK, k). As a

result,

(27, z)u(((z1 - 22) YU (23" @)t 25 ')

= (zfUmy - a5, 273) € X*

That is, we have
(af, 2)u(((21 - 22) ) U (25" - wa)¥, 25 M) € X
This gives
(ﬂ Uz - (yp ) Uy 'yé Uzy Yo (21 29) W UD o (251 23), 211075 tas) € X
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( x%QX*

zy- (g )P C X7
\ €E1'y§§X*

w12 - (w1 22) ") C X
| 21 ye - (2! as)t C X

Since o1 - (y; ')* € X*, in particular z; - ;' is equal to some w € X*. This means

x1 = wy; < yp. Dually we have y; < x1. and hence they are equal. Similarly,
z1-ys - (1 - 29) ) C X7

implies

Il"yg'(l’l'xg)_IZQUEX*

or

Ty - Yo = w(xy - Ta)

So x1 - xo is a suffix of z1 - yo. Dually we have y; - yo is a suffix of y; - x5. But we
know that y; = 1. The statement becomes x; - y, is a suffix of z; - x9. Hence we
know that xy - ys = 1 - 29, thus ys = 9.

Now the expression
(@yUay- (g ) Umy -y Uy g (- m2) ) Uy (w5 - )Y, mryam; as) € X7,
simplifies to
(2t Uz -y U (g - )Y Uy - 2o - (25 23)F, 29205) € X7

But, for the whole expression to be in X*, we require the first coordinate to be
(] -x3)¢. In particular, x; y;j C (xy - xg)i, which mean x; - y3 is a prefix of x - x3,
or that ys is a prefix of x3. Dually we have x5 is a prefix of y3. Hence they are equal

and thus u = v. O

5.4 Syntactic Congruence of linear elements in
FIM(X)
An interesting set arises from Definition [5.3.2] namely
L = {u € FIM(X) | u is linear}.

What we would like is to investigate what is ~7 prv(x) - To begin with, let Cp(u) =
{(w,z) € FIM(X) x FIM(X)|wuz € L}, the context of u, with respect to L, and
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H = {u € FIM(X)|Cp(u) # 0}, the set in FIM(X) that has non-empty context
with respect to L.

As in the previous sections, we have an analogous result for L.
Lemma 5.4.1. For all u,v ¢ H, u ~x- picx) v
Proof. Same as Lemma, [5.2.2] n

Lemma 5.4.2. The set of u in FIM(X) that has non-empty context with respect to
L is actually L itself. In other words, H = L.

Proof. We proof by showing that v € H if and only if u is linear. Suppose that
u € H then there exist w, z such that wuz € L. So wu z is linear. By Proposition
5.3.5, we know that w itself is linear.

Now suppose w is linear. Then lul = u € L. Hence (1,1) € Cp(u) and thus
u € H. ]

Similar to the result of previous section:
Theorem 5.4.3. For u,v € H, u~ppivx) v if and only if u = v.

Proof. (<) Trivial.
(=) Since u,v € H, both u and v are linear. Let u = ((z7')* U 3, z,), and
v=((yrH* Uy, y2). We know that z, € (z7)* Uas and 1, € (y71)* Uys. Now as

in the proof of Theorem [5.3.7], we know that

1

wh o) (@) U, 22) (21 - 7)) U (251 - 2)t, 771 25)
1
1

That is, we have
(1, z0)v(((z1 - 22) "YU (251 - 25)%, 25 tas) is linear.
This gives

(ztUzy-(y7 D 0z g Uz -y ((21-22) ")) YUz g0+ (25 oas)Y, @13025 L) is linear, hence

Ty - (y1 )i
T1 Y3

—1\J
r1 Yo - (w1 72)7Y)

21 yo - (25 @)t

are all subsets of X* U (X~1)*.
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Since z1 - (y; )Y € X* U (X™H*, we have z; - y; ' € X* U (X 1)*. This means
xr1 = wyp, or we have y; = wx; for some w € X*.

Without loss of generality, let y; = wx;. Now if w # €, consider the last element
of w, say w;, and pick an element in X that is different from wy, say ¢. Then t-z;-y; ' =
t-xy - (wr) P =t-w ¢ X*U (X 1)* Now we consider

((t- 2% tr)u(((2y - 22) 7)Y U (25 - 2a)b 25 - 2)

= ((t-x-x3)%, tryws) € X*, and hence linear.

However,

((t-z)b te)o(((2n - 22) )P U (a3t - ag), 25 - p)
= ((t-2) Ut o ()W Utz ys Ut ooy g (20 @) DUt apye - (23 a)h t oo

cannot be linear as ¢ -y -y, ' ¢ X* U (X~')*. This contradicts u ~rriv(x) v- Hence
it is only possible that w = ¢, and y; = ;.
Similarly, o1 - y2 - (w1 - 22)" )Y € X* U (X H* implies z1 - yo - (21 - 29)7! €
X*U(X7H*. This means z; - yo = w(xy - x2) or Ty - 9 = w(wy - yo) for some w € X*.
Similar as before, without loss of generality, let z1 - yo = w(xy - 23). Now if w # e,
consider the last element of w, say w;, and pick an element in X that is different from
wy, say t. Then @y - yp- (11 -29) ™ = w(wy - 29) - (t-21-20) ' =w-t71 ¢ X*U(X )"

Now we consider

(@f, 20)u(((t- @1 - 22) ") U (23" wa)t 25" - 23)

= ((tHYU (21 - 3)%, 2173), which is linear.

However,

(27, 2)u(((t- @1 - 22) )P U (230 2a)b 25 - 23)

= (l‘% Uy (y; WU - y§ Uzy o ((t-zy-20) WUz - yn - (23" 23)Y, 210005 ' 03)

cannot be linear as z1-yo- (t-x1-22) " ¢ X*U(X1)*. This contradicting u ~7, piv(x) v

Hence it is only possible that w = €, and z; - yo = x1 - 5. This implies yo = 5.
As in Theorem [5.3.7] the expression

(TtUz - () Uz gs Uy ye - (- 20) ) Uy -y (230 23)", m1yay 23)
simplifies to
(¥ Uy - yb U (o1 o) Uy - 2o - (230 - 23)Y, 123).

In the last step, we can note that both x; - y3 and x; - 3 are in both X* and

YUz g3 U (21 -2 ) MUy -9+ (251 -223)*. For the whole expression to be linear, we require
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that one has to be a prefix of another, i.e., x1 - y3 = (1 - x3)w or x1 - x5 = (1 - y3)w
for some w € X*.

Without loss of generality, let x; - y3 = (21 - 23)w, so y3 = z3 - w. Now if w # ¢,
consider the first element of w, say wy, and pick an element in X that is different
from wy, say t. Then (x; - x3) - t is not a prefix of x; - y3, nor is x; - y3 a prefix of

(1 - x3) - t. Now we consider

(e, en)u(( - 22) ™) U (a3 - 1) 25" - )
= ((x1 - 23 -t)%, z123), which is linear.

However,

(27, 2)o(((@1 - 22) U (- 2y )Y 2y - )

= (ayUz - (i)Y Uz -ysUmy-yo- (o0 - 22) D Uy o - (05 - 23 )Y, 219025 ' 23)

cannot be linear as (x; - x3) - t is not a prefix of x; - y3, nor x; - y3 is a prefix of
(21 - x3) - t. This contradicts u ~p, prv(x) v. Hence it is only possible that w = €, and
hence x1 - y3 = (21 - ¢3). This implies y3 = x3 and thus u = v.

O
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