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Abstract

Satellites constitute an essential source of observations in operational satellite data
assimilation (DA). In this thesis, we investigate the impact of assimilating satellite
observations at different spatial scales: is there a relative benefit in focussing on small
rather than large scales (or vice versa)? In order to address this question without
using complex and computationally expensive Numerical Weather Prediction (NWP)
models, we conduct a series of idealised satellite DA experiments based on a modified
shallow water model able to imitate convection and precipitation.

The use of an isopycnal, single-layer version of the model (modRSW) is discussed first.
A series of forecast-assimilation experiments are carried out using a Deterministic En-
semble Kalman filter (DEnKF). As a result, the filter performance and the relevance
of the modRSW model for convective-scale DA in Numerical Weather Prediction sys-
tems are demonstrated and a protocol to extend a similar analysis to other idealised
systems is presented.

After establishing that the modRSW model is not suitable for satellite DA research,
a new isentropic, 1%—layer model (ismodRSW) is developed. The revised model is
equipped with a fluid temperature definition and is therefore a better candidate for
satellite DA experiments. The dynamics and the numerics of this model are discussed,
and its numerical solver is verified against an analytical solution.

In order to imitate closely an operational system, an idealised observing system com-
prising both ground and satellite observations is created, and pseudo observations
mimicking microwave radiation measured by polar-orbiting satellites are generated,
with clouds and precipitation implicitly taken into account within the new (and non-
linear) observation operator.

Finally, a new series of forecast-assimilation simulations is run to obtain a well-tuned
system which is used as a reference in a series of data denial experiments, where satel-
lite observations at small and large scales are selectively excluded from the assimilation
to evaluate their impact on the system. Preliminary results show a degradation of both
the analysis and the forecasts when only large-scale satellite observations are utilised,
although further work is needed to ascertain the robustness of these findings.

All in all, this thesis shows that the idea of investigating satellite DA using a modified
shallow water model is a viable strategy. By imitating closely several aspects of an
operational system and by developing a more realistic model, we have demonstrated
that large-scale satellite observations alone can have a negative impact on the quality

of a DA system.
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Chapter 1

Introduction

Thou shalt not worship the radiosonde

Suomi's 1" commandment

1.1 Background and motivation

On April 1%t 1960, 9 seconds after 6:40 am EST, a National Aeronautics and Space
Administration (NASA) rocket called Thor-Able was launched from Cape Canaveral,
Florida (United States). Thor-Able carried on board the rst-to-be weather satellite:
the so-called Television and Infra-Red Observation Satellite (or TIROS-1), which en-
tered into orbit the same day and started to return images of the Earth straight away.
Since then, hundreds more missions have been carried out, operated by several na-
tional and supranational agencies, resulting in a remarkable number of satellites sent
into space with the purpose of studying the Earth's atmosphere, as well as gathering
more data to improve the quality of weather forecasting. The European Space Agency
(ESA), for instance, launched its rst satellite (called Meteosat) on November 23rd,
1977. The Japanese Space Agency had done the same with the rst Himawari satellite
(also known as GMS-1) in the April of the same year. China followed shortly after by
sending into orbit its rst Feng-Yun satellite (FY-1A) in September 1988. Currently,
the website of the World Meteorological Organization (WMO) lists a total of 111 op-
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erational satellites contributing to its Integrated Global Observing System (WIGOS)

The advent of satellites transformed many aspects of atmospheric sciences and meteo-
rology. For the rst time, it was possible to monitor from the skies many atmospheric
phenomena, such as fronts and cyclones, which had previously been observed only
from the surface. Their use also contributed to the study of the properties of clouds
and precipitation, and helped to expand the real-time coverage of the weather across
the planet over previously unobserved areas such as the poles and the oceans, where
conventional observations were (and still are) di cult and rare.

The change brought about by satellites has been so radical that today it is di cult to
imagine generating a weather forecast without their contribution. Nevertheless, the
rst operational forecast based on a Numerical Weather Prediction (NWP) model was
issued on May &, 1955 by the Joint Numerical Weather Prediction Unit (JNWPU)

in the United States (Harperet al., 2007), that is, ve years before the rst meteoro-
logical satellite was sent into orbit.

Almost seventy years later, weather forecasting can be rightly seen as one of the main
scienti ¢ achievements of the Twentieth century. In a review paper published a few
years ago, Baueet al. (2015) called its success aguiet revolution®, as the progress
made in this eld was marked by small, incremental technical improvements and the
gradual understanding of the underlying physical processes rather than by a series of
major scienti ¢ developments. Sure enough, the inclusion of satellite observations and
the gain in knowledge on how to make best use of them was part of such advances.
Eventually, the emergence of increasingly complex and sophisticated NWP models has
led to the ability to predict the main atmospheric variables at synoptic scales several
days in advance with good accuracy (Baueet al., 2015; Zhouet al., 2017).

Running an NWP model amounts to solving numerically a set of di erential equations
representing the evolution in time of various atmospheric processes. In this sense, the
problem of forecasting the weather is an initial value problem and requires an initial
condition representing as closely as possible the real atmospheric conditions at the
validity time in which the forecast starts.

The domain of the atmospheric sciences dealing with the production of such initial
conditions is calleddata assimilation (DA). Data assimilation comprises a series of

Webpage url: https://community.wmo.int/activity-areas/wmo-space-programme-wsp/

satellite-status . Last access on 30/03/2021.
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1.1 Background and motivation

Analysis |
" step l
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Forecast 1. Assimilation __,
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Figure 1.1: Schematic representation of a sequential (left) and a variational (right) DA
scheme. In a sequential scheme, the forecast trajectory (red lines) is regularly adjusted
towards the observations (green dots) at analysis timeid;;ti.;;:::g to generate an
analysis state (cyan dots) which is used as initial condition for the subsequent forecast.
In a variational scheme, an analysis trajectory (cyan line) results from the minimisation
of a cost function which optimises the distance from the observations (green dots) and
the previous forecast (red line) over a certain assimilation window,t]; the value

of the analysis at the end of the assimilation window (cyan dots) becomes the initial
condition for the subsequent forecast. In both gures, the green line denotes the “true’

evolution of the atmosphere.

mathematical and statistical techniques which are used to continuously adjust recent
model data with up-to-date observations in order to obtain a more accurate and precise
description of the ongoing atmospheric conditions. The literature on this topic is vast,
and many books cover it in detail, such as Kalnay (2003) and Reich & Cotter (2015).
Among many review articles, Carrasset al. (2018) o er an up-to-date summary on
its uses and future perspectives in the geosciences.

One of the most interesting properties of the atmosphere is its intrinsic chaotic be-
haviour. In the context of deterministic systems, chaos is de ned as a strong sensitivity
to the initial conditions (Lorenz, 1963). In this sense, the ability to predict the weather
in the future depends on the knowledge of the current conditions. As a result, the
role of DA in generating accurate initial conditions for NWP models is particularly
important and plays a crucial role in determining the accuracy of a forecast.

There exist several types of DA schemes, which can be grouped into four categories: (i)
sequential, (ii) variational, (iii) hybrid and (iv) particle Iters. Most of these algorithms
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are based on &8ayesian probabilistic framework, in which starting from a ° rst-guess'
distribution associated with the prior forecast model state (also called theackground,
and by using the observations available, a posterior distribution can be estimated,
leading to the derivation of a new model state called aanalysis In addition, most

of them (with the exception of particle Iters) assume Gaussian error distributions
for both the observations and the background, which allows us to formulate the DA
equations only in terms of the mean state and the error covariance matrices. A brief
description of each DA category mentioned above follows:

() Sequential schemes alternate &recast stepduring which a model is integrated
forward in time, and an analysis stepin which the observations are assimilated
and a new initial condition is generated and used to launch the subsequent
forecast step (see Figure 1.1, left image). This method requires the observations
to be used sequentially in time and therefore prescribes that they are assimilated
only at a single time, which becomes the analysis validity time. Examples include
the Optimal Interpolation (Ol) method (Kalnhay, 2003) and the Kalman Filter
(Kalman, 1960; Kalman & Bucy, 1961), with the latter allowing a ow-dependent
background error which is recomputed at every analysis step. In recent years,
sequential schemes have moved signi cantly towards ansembleapproach, in
which multiple model simulations are run in parallel during the forecast step,
contributing to improving the representation of the forecast uncertainty. The
development of the Ensemble Kalman Filter (EnKF, Evensen (1994)) was one
of the rst attempts made in this direction.

(i) Variational schemes (Le Dimet & Talagrand, 1986; Talagrand & Courtier, 1987)
are based on the minimisation of a cost function de ned as the sum of various
terms accounting for the deviation of the observations and the background from
an unknown atmospheric state to be varied in the minimisation process. The
model state that minimises these deviations becomes the analysis and therefore
the initial condition for the subsequent forecast. A common approach based
on the linear approximation of the observation penalty term leads to the so-
called incremental approach(Courtier et al., 1994), in which the cost function
Is expressed in terms of the perturbation with respect to a known reference
state (Veerse & Thepaut, 1998). Variational algorithms are based on the same
assumptions regarding Gaussian errors as the sequential schemes, and gener-
ally assume a static background-error covariance matrix (in fact, the Kalman
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1.1 Background and motivation

smoother equations and the variational cost function are equivalent, as shown
in Lorenc (1986)). They can assimilate all observations comprised within an
hours-long assimilation window (cf. Figure 1.1, right image) and also require
the formulation of both tangent-linear operators (cf. 86.3 in Kalnay (2003))
and adjoint models (Errico, 1997). The two most common variational schemes
are called 4D-Var (four-dimensional variational data assimilation) and 3D-Var
(three-dimensional variational data assimilation), which di er in the way they
handle the time dimension, with pure 3D-Var assuming that the observations
are all valid at the same time and 3D-Var FGAT (First Guess at Appropriate
Time) assuming that the observations and the previously calculated background
trajectory are valid at the same time.

(iif) Hybrid schemes are in essence variational algorithms in which the ensemble ap-
proach is adopted to compute { totally or partially { the (otherwise static)
background-error covariance matrix. Hybrid methods are currently in use at a
number of operational weather centres (cf. Table 5 in Bannister (2017)).

(iv) Particle lters have been formulated recently (Van Leeuwen, 2009), and represent
an attempt to formulate a DA technigue without assuming Gaussian-distributed
errors. Presently, they are not considered in any operational settings.

Bannister (2017) provides a comprehensive review of the algorithms in use at various
operational weather centres.

Data assimilation strongly bene ted from the advent of satellite observations, as they
signi cantly expanded the data coverage around the planet, especially in poorly ob-
served regions where in-situ observations were harder and more expensive to collect.
This expansion led to a signi cant improvement in the forecast skill, particularly in the
Southern Hemisphere, where for logistical reasons (i.e. a smaller population density
and a high proportion of the surface occupied by water) the conventional observations
were scarce (Rabier, 2005; Simmons & Hollingsworth, 2002).

With time, satellites have become the most prominent source of observations in global
NWP DA in terms of both volume of data assimilated and impact on the nal analy-
sis (Kelly & Thepaut, 2007). This progress took several decades of research and was
accompanied by a radical rethink of how satellite observations had to be treated. The
initial approach (common in the 1980s) of treating satellite data as de-facto radiosonde
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measurements, and converting them into vertical pro les of temperature and humidity
was later replaced by the direct assimilation of radiance, which was also made possible
by a gradual shift towards the use of variational schemes in the late 1990s.

Currently, one of the main challenges is the assimilation of cloudy scenes. In fact, only
a small portion of all available satellite data is routinely assimilated, and for many
years most of the satellite observations contaminated by clouds and precipitation have
been discarded because of the di culties in handling the non-linearities arising from
their assimilation. In practice, only satellite observations in the presence ofear-sky
conditions used to be retained. More recently, a lot of e ort has been put into so-called
all-sky DA, that is, the assimilation of satellite data regardless of the local weather
conditions (Geeret al., 2017, 2018; Migliorini & Candy, 2019). This progress is ex-
pected to have a further positive impact on the quality of weather forecasting, as the
areas covered by clouds and precipitation are often those dynamically more interesting
to assimilate (McNally, 2002). At present, there are already a few operational centres
which have started to implement their all-sky assimilation methods, while the research
in this eld is still ongoing.

Satellite DA is also confronted by an ongoing expansion in the number of observa-
tions, due to the continuous addition of new instruments and the increase in both
their spectral and spatial resolutions. These developments make the research into how
to optimise the use of satellite observations all the more important. In this regard, one
possible approach consists of applying data compression techniques that can thin the
total amount of observations by taking into account their error correlations (Fowler,
2019).

In an e ort to investigate more e cient ways to assimilate an expanding number of
observations, in this thesis we examine the potential bene t of focussing on the as-
similation of satellite observations at small rather than large spatial scales (and vice
versa). In particular, we will assess the response of a forecast-assimilation system to
the variation in spatial resolutions (or Field of View) of a set of synthetic satellite
observations. Understanding the e ect of prioritising the assimilation of satellite ob-
servations at a speci ¢ spatial scale can help orientate future strategies and decisions
in the eld, with more resources directed towards what is deemed most bene cial for
an operational DA system.

Moreover, in an attempt to make the work presented here as relevant as possible in
the context of the current research interests in satellite DA, we plan to include the
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1.1 Background and motivation

e ect of clouds and therefore to conduct all-sky assimilation experiments.

Unfortunately, the degree of complexity and the computational cost typical of state-
of-the-art NWP models can hamper or slow down the research in DA, especially when
the resources are limited. Indeed, operational NWP DA systems are built to combine
routinely very large amounts of data: the number of degrees of freedom in a global
weather model (i.e., the number of model variables times the number of grid points
used for its numerical discretisation) can easily reach orders of magnitude @f10°),
while the number of observations assimilated can be as big @107).

Therefore, simpli ed or even idealised versions of the state-of-the-art models have been
developed and utilised as alternative tools. These solutions include:

" Models of intermediate complexity, based on some widely known simpli cations
of the equations governing the atmosphere, such as the quasi-geostrophic (QG)
approximation. These models represent a compromise that retains a connec-
tion with the equations governing the atmosphere and at the same time reduce
considerably the computational cost. For example, a QG model was used in
Houtekamer & Mitchell (1998) to investigate the use of the Ensemble Kalman
Iter, and in Beck & Ehrendorfer (2005) to study the impact of a ow-dependent
background-error covariance matrix in a 4DVar system. Other intermediate com-
plexity models developed for DA purposes are: the Atmospheric Model of In-
termediate Complexity (AMIC, Ehrendorfer & Errico (2008)), the Moist Atmo-
sphere Dynamics Data Assimilation Model (MADDAM, Zaplotniket al. (2018)),
and the non-hydrostatic ABC model (Bannister, 2020; Petriet al., 2017).

Idealised models, based on simple sets of di erential equations representing only
basic processes related to the atmosphere. A common example is represented
by the simpli ed models developed by Lorenz (e.g., Lorenz (1963) and Lorenz
(1995)), which have been used in many DA studies (see, for example, Goodli
etal. (2015); Ott et al. (2004)). A di erent approach envisages the use of shallow
water models, which have been utilised in DA research for both the atmosphere
and the ocean in a series of studies, i.eZagar et al. (2004), Salmanet al.
(2006), Stewartet al. (2013) and Wiarsch & Craig (2014). With respect to the
Lorenz models, they have the advantage of being based on actual uid-dynamic
equations. Lastly, there are single-column models, in which the atmosphere is
approximated as a single, vertical column of uid. These models have been used
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to investigate the role of clouds in ensemble DA (Vetra-Carvalhet al., 2011), to
explore the role of satellites in variational DA (Ruddet al., 2012), and to study
coupled 4DVar DA in an atmosphere-ocean model (Smitét al., 2015).

Key to the success of an idealised model is the degree to which it is able to imitate
the de ning characteristics of the problem at hand. As a result, a well-constructed
idealised system will be able to display some of the same underlying features of the
real one, therefore allowing the user to address the scienti ¢ question without having
to solve or rely on the full-scale problem.

This thesis deals with two idealised models based on modi ed shallow water equations
developed to support DA research. The rst one was developed in a previous work
by Tom Kent (Kent, 2016; Kent et al., 2017) and here we show its relevance in the
context of convective-scale NWP DA. The second one is an upgraded version which
will allow us to conduct idealised satellite DA experiments. Finally, in this thesis
we focus only on sequential schemes and, in particular, we adopt the Deterministic
Ensemble Kalman Filter (DEnKF) developed by Sakov & Oke (2008).

1.2 Objectives

The purpose of this thesis is to investigate the impact of satellite observations at dif-
ferent spatial scales on a DA system by using an idealised model of the atmosphere.
In particular, we are interested in understanding whether there is a relative bene t in
assimilating small scale observations over large scale ones, or vice versa.

In order to address this question, this work starts from an idealised model of the
atmosphere based on modi ed rotating shallow water equations (modRSW), able to
imitate convection and precipitation, which was presented in Kent (2016); Kergt al.
(2017). Here, we show that it is possible to conduct a series of forecast-assimilation
experiments with the modRSW model which are both well-tuned and relevant in the
context of operational NWP models. Since the relevance of idealised models for NWP
DA research is often overlooked in the literature, we present our results in the form of
a protocol that can be re-applied to other idealised systems in the future.
Furthermore, we discuss the limitations of the modRSW model for satellite DA re-
search and develop a new, revised version of the same model (in brief: ismodRSW)

28



1.3 Thesis outline

which is considered t for purpose. We also present our new observing system, in-
cluding our strategy to generate pseudo satellite observations, with the purpose of
assimilating them in a series of new forecast-assimilation experiments. Finally, we
aim to understand whether there exists a benet in focussing on the assimilation of
satellite observations at small, rather than large spatial scale. To this end, we run
a series of data denial experiments, in which the scale of the observations is de ned
by their horizontal resolution (or eld of view). Thus, by excluding small and large
scale satellite observations in turn from the assimilation, it is possible to evaluate their
impact on the analysis.

Overall, the objectives of this thesis can be summarised as follows:

1. Show that it is possible to obtain a well-tuned idealised experiment with the
modRSW model which is also relevant for operational NWP DA research and
formulate a protocol to assess other idealised systems in the same way;

2. Show that the modRSW model needs to be modi ed for satellite DA research,
and then develop a new, revised version of the model that is t for purpose;

3. Construct a complex (and idealised) observing system, comprising both simu-
lated ground and satellite observations, in which the characteristics of real-world
observing systems and satellite observations are imitated closely, and include the
e ect of clouds;

4. Conduct new forecast-assimilation experiments in which satellite observations
are assimilated that are relevant for operational NWP systems;

5. Perform a series of data denial experiments { i.e. simulations in which a por-
tion of the observations are intentionally excluded from the assimilation { to
investigate the impact of satellite observations at di erent spatial scales.

1.3 Thesis outline

The thesis is structured as follows. Chapter 2 brie y summarises the dynamics and
the numerics of the modRSW model and describes the setup and the DA scheme
used in the forecast-assimilation experiments realised with the same model; moreover,
it introduces a protocol to assess the performance and the relevance of an idealised
system in the context of operational NWP DA and concludes with an evaluation of the
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experiments conducted with the modRSW model (objective 1). Chapter 3 shows why
the modRSW model is unsuitable to conduct satellite DA experiments and presents the
dynamics and the numerics of a revised, isentropic model (ismodRSW), together with
a veri cation against an analytical solution and a prototype of a nature run simulation

for anticipated DA experiments (objective 2). Chapter 4 presents an in-depth review
of basic radiative transfer concepts, the functioning of meteorological satellites and
the history of satellite DA, which is followed by a description of how all-sky pseudo
satellite observations are imitated in our idealised system (objective 3). Chapter 5
describes the modi cations made to the DA scheme already outlined in Chapter 2 so
that it is possible to assimilate the pseudo satellite observations (objective 3); given
the new con guration and the nature run introduced in Chapter 3, it then illustrates
the process to obtain a well-tuned experiment and proves its relevance in the context of
convective-scale NWP systems (objective 4); lastly, it shows and discusses the results
of a series of data denial experiments to evaluate the impact of satellite observations
at various spatial scales (objective 5). Chapter 6 reports the conclusions and discusses
possible future work.
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Chapter 2

The relevance of the modRSW

model for NWP data assimilation

Here we discuss the use of an idealised model of the atmosphere based on modi ed
shallow water equations to conduct a series of data assimilation experiments. In partic-
ular, we will describe the so-called “twin-setting' con guration that is used to generate

a set of pseudo observations which are subsequently combine with an ensemble of fore-
casts using a Deterministic Ensemble Kalman Iter (DEnKF). In the nal part of the
chapter, we will evaluate its relevance for NWP DA research and, in doing that, we
present a protocol that can be generalised to other idealised models.

The data assimilation scheme and the twin-setting con guration outlined in this chap-

ter will be replicated in the experiments involving the assimilation of satellite obser-
vations in Chapter 5, apart from a few modi cations described therein.

2.1 The modRSW model: dynamics and numerics

Previous work done by Kent (2016); Kenet al. (2017) led to the development of an ide-
alised model aimed at investigating convective-scale data assimilation research. This
model was based on modi ed rotating shallow water equations (hence the acronym
modRSW) and was an improved modi cation of the simpler cumulus convection model
described in Wiarsch & Craig (2014).
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Here, we present a brief summary of the dynamics and numerical implementation of
the modRSW model. Later in the chapter, we will discuss in detail its use in a series
of data assimilation experiments (cf. sectiorg2.4-2.5) thus proving its relevance for
NWP data assimilation. Similar considerations can be found in Kergt al. (2020).

2.1.1 Model equations

The equations of themodRSW model are as follows:

@nh+ @(hu) =0; (2.1.a)
@hu) + @(hu®*+ P)+ hé3@r fhv = Q@b; (2.1.b)
@hv) + @(huv) + fhu =0; (2.1.¢)
@hr)+ @(hur)+ hr + h@u =0; (2.1.d)

in which: x andt are the space and the time coordinates respectively,is the uid
depth, u and v are the zonal and meridional velocities, and is a ‘rain mass frac-
tion' (a proxy for precipitation). All variables are de ned on a one-dimensional do-
main, whereas the meridional components of the spatial derivative are dropped (i.e.
@ () = 0). Other parameters in (2.1) include the Coriolis frequency and the bottom
topography b.

The model (2.1) comprises two uid depth thresholds which act like switches and
modify the model dynamics in order to generate convection and precipitation. In par-
ticular, the de nition of P, Q and ~in (2.1) depend on the convectionH,) and rain
(H,) thresholds (as well as convergent ow). Their expressions read:

lgHe B2 ifh+b>H,;

P(h;b) = 2.2.a

(h:b) Tgh? otherwise; ( )

Qhip= YHe b ifh+b> HC; (2.2.b)
gh otherwise;

- fh+b>H, and@u < 0; (2.3)

0 otherwise;

in which g indicates the acceleration due to gravity. The remaining model parameters
¢ [m?s 2], (dimensionless) and [s ] in (2.1) control: the intensity at which
convection is suppressed in areas where rain is present, the rate at which rain is
produced, and the velocity with which rain is removed from the system, respectively.

32



2.1 The modRSW model: dynamics and numerics

From equations (2.2)-(2.3), one can note that whenevdr+ b <H.<H, andr =0,

the system (2.1) reduces to the classic rotating shallow water equations.

The system (2.1) can be non-dimensionalised by introducing horizontal and vertical
length scaled, and H, the scale velocityVy and the corresponding time scalé o=\.

By using this scaling, the model variables, parameters and coordinates can be non-
dimensionalised as follows:

t:#; x=ELo; (uv)=(&e)Vo, h=fH; :eF; o=V (24)
0 0

After substituting (2.4) into (2.1) and some reordering, and once the tildes or, t, u
and v are dropped, one obtains the scaled modRSW system:

@n + @(hu) =0; (2.5.a)
@hu) + @(hu®+ P)+ h&@r R—lohv: Q@b; (2.5.b)
@hv) + @(huv) + R—lohu =0; (2.5.0)
@hr)+ @(hur) + ér + h@u =0; (2.5.d)

in which the parameterse and eg are now non-dimensional, Ro =\p=fL o indicates
the Rossby number, and the gravitational acceleratiog within P gets rede ned as
g = 1=Fr2, with Fr being the Froude number:

_ VW .
Fr= P (2.6)

2.1.2 Model dynamics

In this section we summarise the dynamical mechanisms associated with the onset of
convection and the production of precipitation in themodRSW model. We refer to
section82.2 of Kent (2016) for a more detailed description.

Onset of convection ( Hc<h + b<H,)

When the total uid depth h+ b overcomes the convection thresholH, the e ective
pressureP is maintained at a constant value (cf. eq. (2.2a)). This modi cation implies
that, above H¢, the uid experiences a lower pressure value than the one it would
normally have. Ultimately, this relative reduction in the e ective pressure causes the
uid to rise.
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From a meteorological perspective, the threshold . can be interpreted in the context
of cumulus convection as the Level of Free Convection (LFC), which is de ned as the
height at which an air parcel needs to be lifted for it to become unstable and naturally
more buoyant (i.e. less dense) then the surrounding environment.

Generation of precipitation ( H.<H, <h + band @u < 0)

Model rain r is generated upon satisfying of two requirements: the depth of the uid
column h + b overcoming the convection thresholdd, and a positive local wind con-
vergence given by@u < 0. These two conditions lead to the activation of the source
term h@u in the model equation (2.1d) via (2.3).

This mechanism can be interpreted in physical terms by considering that rain is gener-
ally produced at a later stage with respect to the onset of convection (henelg > H )
and is often associated with areas of wind and moisture convergence. In order to pre-
vent the convection from growing inde nitely in the modRSW model, the momentum
equation (2.1b) is coupled to the rain equation (2.1d) via the ternhc3@r. As high-
lighted in Kent (2016); Kent et al. (2017), this term counteracts the uid rise generated
by the constant e ective pressureP in a way that is comparable to the suppression of
the updraft in a cloud when precipitation starts. Eventually, rain is removed from the
system via the sink term hr in eq. (2.1d).

2.1.3 Hyperbolicity and numerical implementation

Shallow water models are hyperbolic systems of partial di erential equations (PDES)
which can be expressed as:

@U + @F(U)+ T(U)=0: (2.7)

The problem of how to deal with them numerically has been addressed extensively
in the literature (see, for example, LeVeque (2002)). ThemodRSW model, however,
represents a special case, as the addition of terms associated with convection and rain
turns it into a non-conservative system in which eq. (2.7) becomes:

@U+ @FU)+ G(U)@QU + T(U)=0; (2.8)

in which the presence of the non-conservative products (NCR(U)@U prevents the
expression above from being written in divergence form.
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2.2 Forecast-assimilation experiments with the modRSW model

The numerical scheme used in Kent (2016) and Kerdt al. (2017) to integrate the
modRSW model was the Discontinuous Galerkin Finite Element Method (DGFEM)
developed by Rhebergert al. (2008) at the lowest order (i.e. DGO), in which the
NCP terms were dealt with as per the Dal Maso, LeFloch and Murat's theory (DLM,;
see Dal Mascet al. (1995); Le Floch (1989)). Although this method generally o ers
a robust solution for non-conservative hyberbolic systems of PDEs, the presence of
topography in themodRSW model constituted an additional challenge, as the DGFEM
does not handle the preservation of the steady states at rest in a satisfactory way (Kent
& Bokhove, 2020). To tackle this limitation, the NCP theory was combined with the
well-balanced scheme of Auduss al. (2004), leading to a comprehensive and robust
numerical scheme for thenodRSW model (we refer again to Kent (2016) and Kent
et al. (2017) for full details).

2.2 Forecast-assimilation experiments with the

ModRSW model

In this section we describe the setup used in the forecast-assimilation experiments de-
scribed in section82.5. First, we give an illustration of the twin-setting con guration,
which is the basis of the data assimilation simulations realised with the modRSW
model. Later, we will describe the data assimilation scheme in detail, with a step-by-
step description of the algorithm implementation reported in sectiog2.3.

Some of the parameters mentioned in this section (namely those regarding the ob-
serving system and the ensemble size) have been selected at the end of a lengthy
tuning process, which for sake of simplicity is not outlined here. The tuning of further
parameters related to the data assimilation scheme will be discussed in sectgrb.

2.2.1 The twin-setting con guration

In order to conduct data assimilation experiments using the modRSW model, a twin-
setting con guration is adopted. This approach amounts to running the same numer-
ical model to obtain both anature run simulation { treated as the “true' evolution of
the physical system { and the forecasts. In this regard, two methods are possible: a
perfect model scenario in which the nature run and the forecast are generated with
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Figure 2.1: E ects of the resolution mismatch between the nature run and the fore-

casts. The nature run trajectory forh (NJ* = 400, blue line) is plotted alongside

a single model integration withNg = 200 (orange line) aftert = 0:144. Both are

initialised with (2.11). Topography b(x) is in black.

two identical versions of the same model and ammnperfect model scenario in which
they di er in some respect.

In this thesis, we adopt a twin-setting con guration based on an imperfect model
scenario, in which we utilise di erent spatial resolutions for the nature run and the
forecasts. In particular, the single, deterministic integration of the modRSW model
representing the nature run is carried out at twice the resolution of the forecasts. This
resolution mismatch implies that the forecast is unable to resolve some of the features
present in the nature run (this can be observed in Figure 2.1), akin to the struggles
of real NWP models in representing small-scales and sub-grid phenomena, which are
common at convective scales.

The nature run is used to generate a set giseudo-observationsvhich are included in
the data assimilation algorithm to adjust the forecast towards the “true' state of the
system. A schematic representation of the twin-setting con guration applied to the
modRSW model is shown in Fig. 2.2.

Nature run

We express the nature run solution as a time-dependenftN3® -dimensional vector
x!(t) which results from a single, numerical integration of the modRSW model (2.1)
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2.2 Forecast-assimilation experiments with the modRSW model

N nlat
2 Nature run Observationd
modRSW mode Data assimilation
Forecast
Nel

Figure 2.2: Schematic representation of the twin-setting con guration used to conduct
forecast-assimilation experiments with the modRSW modeN [ and N, indicate the
number of grid points used for the numerical discretisation of the nature run and the

forecast, respectively.

(denoted by the operatorM) from time t  dt to t:
x'(t) = M(x'(t dt)) (2.9)

on a horizontal grid of NJ& = 400 points over a periodic domain of length_,, in
the absence of rotation (i.e. Ro =1 ) and under supercritical ow conditions (i.e.
Fr=1:1). The bottom topography b(x) is formed by a series of hills covering part of
the domain de ned by a series of sinusoidal functions (see the black line in Fig. 2.1)),
ie..

8
<
o f <X< + 0:5;
b(x) = i:lb Of Xp SXSXo (2.10.a)
" 0; elsewhere;
with b = A; 1+cos 2 (ki(x xp) 05) ; (2.10.b)

in which x, =0:1, k = f2;4;6g and A = f0:1; 0:05, 0:1g. The nature run is initialised
with initial conditions:

h(x;0)+ b(x;0)=1; hu(x;0)=1; hv(x;0)=0; hr(x;0)=0; (2.11)

and is integrated for a total of 48 hours, equivalent té = 6:912 non-dimensional model
time units. Given the absence of rotation andiv(x; 0) = 0 in (2.11), it follows that
the meridional momentum equation in (2.1) can be neglected. The convection and
rain thresholds are set toH, = 1:02 andH, = 1:05, respectively. A summary of the
model parameters used in the nature run simulations is reported in Table 2.1.
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Figure 2.3: Hovmeller plot of each model variable in the nature run simulationh (left
panel), u (central panel) andr (right panel). The corresponding topography(x) is

shown underneath each panel.

The presence of topography (2.10) in a periodic domain, together with the initial
horizontal ow, creates the conditions for a continuous production of gravity waves,
which are subsequently advected eastward and re-enter the domain on the opposite
side. This process results in a self-sustained generation of convection and precipitation
and contributes to keeping the simulations dynamically interesting without the need
for external forcings. The model dynamics are represented in Fig. 2.3, which displays
the Hovmeller plot of each model variable in the nature run simulation. Indeed, most
of the convection (gray shades) and potential precipitation ranges (yellow to brown
shades) inh (left panel) leading to rainr (right panel) is generated in correspondence
with or downstream of the topography (bottom panels), and then travels across the
domain until it reappears atx = 0. The underlying travelling gravity waves also
have an e ect on the horizontal velocityu, which experiences a regular alternation of
increases and decreases in the second half of the domain, although in a way that seems
out-of-phase with (and faster than) the presence of convection and precipitation.

The nature run will be used as the reference “true' state in sectid@2.5 to compute
various diagnostics, including the root mean squared erroRM SE) of the ensemble
mean (as de ned in section82.4.2). This possibility gures as one of the advantages
of using an idealised con guration instead of an operational NWP model, as the “true'
state of the atmosphere is not available in the real world.
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2.2 Forecast-assimilation experiments with the modRSW model

Observations

A set of p = 28 pseudo-observationg ° (also called synthetic observations) are obtained
from the 3N -dimensional nature runx' every 60 minutes (i.e. everyt = 0:144
non-dimensional model time units). To this aim, an observation generator function
G : RN RP, mapping the nature run at the timet into the p-dimensional

observation space can be de ned:

ye(t) = GX'())+ °(); (2.12)

in which ° is a p-dimensional vector representing the observation error.

The observing system used in the forecast-assimilation experiments described in sec-
tion 82.5 is obtained by simply sub-sampling the nature run at xed, evenly spaced
locations along the domain, with the spacing of each observation tymg.,, reported

in Table 2.1. This simpli cation makes it possible to express the observation generator

functionasa @ NJ*) linear operator G (a sparse matrix of 0 and 1), that is:

yo(t) = Gx'(t)+ °: (2.13)

The observation error vector © at any assimilation timet is sampled from the distri-
bution:
° N(O;R); (2.14)

in which R is the static (p p) observation error covariance matrix, de ned as:
R =diag(s?l,;s2l,;s?1,); (2.15)

where I, represents the identity matrix with dimensions equal to the number of
h,u and r observations, ands?,,, are the variances associated with the observation
errorssy, sy ands; reported in Table 2.1. In other words, the observation errors are
assumed to be Gaussian and unbiased (i.e. zero mean), in line with the assumptions
typical of an Ensemble Kalman lIter like the one described later, in sectiog2.2.2.
Since the matrix R in (2.15) is taken to be diagonal, the observation errors are also
uncorrelated.

Forecasts

The forecast simulationsx’ are generated by running the modRSW model with the
same parameters used in the nature run simulation (cf. Table 2.1), but on a coarser
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grid of Ng = 200 points. Taking into account the domain length scale df = 500km,
this is equivalent to a model resolution of Zkm, a value in line with most operational
convection-resolving NWP models currently available (Gustafssaet al., 2018).

At the initial time t = 0, the initial condition (2.11) is perturbed in order to obtain
an ensemble of =1;::;;N = 18 initial conditions, de ned as:

h; (x; 0) = h(x; 0) + sz (2.16.a)
hu; (x; 0) = hu(x; 0) + sf,z (2.16.b)
hr; (x; 0) = hr(x; 0) + st z (2.16.c)

in which z; is an Ng-dimensional vector sampled independently for each variable from
z;  N(O;1) (with | being an Ne  Ng) identity matrix), and s = (s;s,;sl) =
(0:1; 0:05; 0) de nes the standard deviation of the initial errors.

The value s, = 0 implies that the initial condition hr(x;0) = 0 in (2.11) remains
unperturbed in all ensemble members (2.16c): this choice prevents the generation of
nonphysical negative initial values of the mass rain fraction. Moreover, the variable

r is positively correlated with h via the rain threshold mechanism (cf. 8.1.2) and
therefore the perturbation ofh(x; 0) alone will a ect r(x;t) at later times, i.e. t> 0.

The possibility of spurious, negative values af and h arising during the application of
the data assimilation scheme described in the next section cannot be excluded. There-
fore, a non-negativity constraint is imposed on both variables after each analysis step.
In practice, any negative values of eitheln or hr are set to zero i is reset toh = 0:001)
after the observations have been assimilated into the system. This is, of course, a very
crude approach that has the bene t of solving the problem e caciously, but does not
address other issues such as the conservation of mass. More elegant alternatives have
been proposed, such as in Janjet al. (2014), in which mass conservation principles
are incorporated within the data assimilation algorithm.

2.2.2 The Deterministic Ensemble Kalman Filter (DEnKF)

The data assimilation scheme used in this thesis is the Deterministic Ensemble Kalman
Filter (DEnKF) developed by Sakov & Oke (2008). This algorithm is part of a broader
family of DA schemes { including the so-called deterministic and square-root lters,
see Tippett et al. (2003) { which, di erently from the prevailing formulation of the
EnKF proposed by Burgerset al. (1998), do not require the addition of random per-
turbations to the observations before their assimilation. This procedure constitutes a
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2.2 Forecast-assimilation experiments with the modRSW model

Model parameters

Rossby number, Ro 1 Initial conditions Eq. (2.11)
Froude number, Fr 11 Boundary conditions Periodic

Convection threshold,H 1.02 Domain length Ly [km] 500

Rain threshold, H, 1:05 | Velocity scaleV, [ms ] 20

e 10 ForecastNg 200
0:2 Nature N 2 400

€ 0:085 | Time-scaleTy [h] 6:94

Observing system

Total number of observations,p 28

Observations per variable [n; pu; pr) (8,10,10)

Update frequency [min] 60

Obs. spacing @h; dy; d;) [km] (62.5, 50, 50)

Obs. error (sp; Su;Sr) (0.05, 0.02, 0.003)

Table 2.1: A summary of the non-dimensional model parameters and the properties
of the observing system used in the idealised experiments. Units are dimensionless

unless speci ed otherwise.

well-known source of sampling error for ensemble Iters and makes the analysis error
suboptimal, as discussed in Whitaker & Hamill (2002).

In our idealised system based on the modRSW model, only a small number of ob-
servations are assimilated, and they are already perturbed at the moment of their
generation from the nature run, via (2.13). In this sense, the DEnKF o ers a conve-
nient setup, easy to implement and similar to the original EnKF, while at the same
time it avoids the risks associated with perturbing the (few) observations twice.

Like other sequential lters, the DEnKF is characterised by a forecast step during
which an ensemble of forecastsf, with j = 1;::; N is integrated forward in time,
alternated with an analysis step during which the observationg® are combined with
the model statesxjf to obtain a new ensemble of states called analyses, which are
used to initialise the subsequent forecasts.
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Hence, the forecast step for each ensemble memlx{:rbetween two consecutive anal-
ysis steps at timeg; and tj;; can be expressed as:

Xj (t) = MOF(t 1): (2.17)

At the analysis step, the DEnKF computes the analysis mear® according to the
usual Kalman Iter equation:

x2 =X+ Ke(y® H(xM); (2.18)

in which X' is the forecast mean, de ned as:

X
x' = Ni X[ (2.19)

j=1

whereasH represents the observation operator, i.e. a functiod : R®Ne | RP able to
map a model state into the observational space. Given the observing system described
earlier, in our system the functionH can be linearised and it reduces to a sparse matrix
H of dimension  3Ng). The matrix K¢ in (2.29) is called aGain matrix, has size
(3Ng  p) and is de ned as:

Ke= PLHT(HPIHT + R) & (2.20)

in which R represents the observation-error covariance matrix of dimensiong ( p)

de ned in section 8.2.1, wheread’, is the time-dependent forecast (or background-)

error covariance matrix of size (Blgg 3Ng), which is calculated as:

Pf - f o f of\T — 1 Xf Xf T. 221
e” N 1. (X X)X X)—m X)) (2.21)

with X' called a forecast perturbation matrix of dimensions (8¢ N), formed by

thej =1;::; N column vectors:

X"y =x x' (2.22)

The expression (2.21) represents an approximation of the ‘real' forecast-error covari-
anceP' based on the uncertainty conveyed by the ensembhi?. This is a fundamental
assumption of any ensemble Iter and comes with its own limitations. For example,
there are sampling errors which commonly arise when using (2.21), which will be ad-
dressed in the next section.
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2.2 Forecast-assimilation experiments with the modRSW model

Once the analysis meax?® is computed, the DEnKF prescribes the rede nition of the
analysis perturbation matrix as:

1
X2 =X’ éKefo: (2.23)
Finally, the analysis ensemble? is recalculated as:
X[ = (X% + X% (2.24)

Our implementation of the DEnKF scheme is detailed in sectiog2.3 and presents
some di erences from what we have described so far, which will be illustrated in the
next section.

2.2.3 Limitations and remedies

The DENKEF is subjected to a series of issues which are common to most ensemble
Kalman lIters and that make the nal analysis suboptimal. In particular:

" the small, nite-size ensemble forecast leads to sampling errors: these are re-
ected in the forecast-error covariance matrixP!, (2.21), which underestimates
the real forecast uncertainty and causes the ensemble to have too little spread
(Van Leeuwen, 1999), that is, the degree of dispersion of the ensemble members
(a formal de nition is given in section §2.4.2).

The impossibility for a small ensemble to span the entire model space (iN.
3Ng) risks creating spurious correlations in the covariance matriR%,, which are
not representative of real physical relationships between the variables.

The issue of inbreeding, as identi ed by Houtekamer & Mitchell (1998), in which
the j ensemble member is updated using a covariance matf® computed
from the perturbation matrix X’ based on the ensemble averagé, including
the j ™ ensemble member itself.

The imperfections and intrinsic limitations of the forecast modeM, which is
inevitably a simpli cation of the real system (in our case, this aspect is mimicked
by the resolution mismatch displayed in Fig. 2.1).
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As a consequence, a series of remedies are adopted to mitigate the e ects of the
above issues. The solutions considered in this thesis include: adaptive multiplicative
and additive in ation to correct for sampling and model errors, respectively; a self-
exclusion technique to avoid inbreeding, and localisation to damp spurious correlation
in the forecast covariance matrixPf,. Below, we discuss each remedy applied to our
system in detail.

Adaptive multiplicative in ation

In order to counteract the lack of ensemble spread resulting from the sampling error
due to the nite-size ensemble forecast, an adaptive multiplicative in ation technique
called Relaxation To Prior Spread (RTPS) is utilised. This method was proposed by
Whitaker & Hamill (2012) and exploits the fact that the assimilation of the obser-
vations in the analysis step causes the ensemble spread of the analysis to be smaller
than the spread of the forecast. Therefore, the RTPS comprises the recomputing of
the analysis spread 2 at the analysis step as:

® (@ rres) %+ mres (2.25)

in which T represents the forecast spread andkrps 2 [0; 1] is a tunable parameter.
More information on the actual implementation of the RTPS in our algorithm can be
found in section8.3.

We note here that an alternative type of adaptive multiplicative in ation was proposed
by Whitaker & Hamill (2012), called Relaxation To Prior Perturbations (RTPP). This
technigue is based on the recalculation of the analysis perturbation matrx? as:

X% 1 rrpp)X %+ rrpp X' (2.26)

in which X' represents the forecast perturbation matrix (cf. (2.22)) and grpp 2
[0;1] is a tunable parameter. Similarly to the RTPS, also the RTPP exploits the
reduction in spread of the analysis ensemble, as the perturbation matrix depends on
the ensemble dispersion (see de nition in (2.22)). Duet al. (2020) presents a unifying
theory about covariance in ation techniques, including RTPP, RTPS and other types
of multiplicative in ation. We show in Appendix A how the DEnKF formulation
is equivalent to an ensemble Kalman Iter with no perturbations and a RTPP of
rTpp = 1=2. We exploit this equivalence in coding our DA algorithm (see step 2,
part vi in section 82.3).
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2.2 Forecast-assimilation experiments with the modRSW model

Self-exclusion

To avoid the ensemble inbreeding, each analysis membet is calculated using a
di erent Kalman gain K 5 computed as:

Kep = P;;pHT(HPfe;pHT +R) Y (2.27)

in which each Pfe;p is de ned as in (2.21) but with the exclusion of thej" ensem-

ble member. This method was rst proposed by Houtekamer & Mitchell (1998) and

subsequently applied by Hamill & Snyder (2000), while was rst referred to as "self-

exclusion' by Bowleret al. (2017).

In order to incorporate the self-exclusion into the DEnKF, the analysis meaRr? is

computed as:

1 )(\I a.

N X7 (2.28)
i=1

after the application of the Kalman Iter equation:

xX& =

x3= x| + Kgp(y® Hx[)): (2.29)

We note that this represents a slight modi cation of the algorithm originally de ned
by Sakov & Oke (2008).

Localisation

Localisation techniques are employed to eliminate spurious long-range correlations
in the forecast-error covariance matrix (Hamillet al., 2001). In practice, the (self-
excluded) matrix P;p is rede ned as:

I:)Ifot:;P = PL;P;
in which is a (3\Ng 3Ng) localisation matrix made of coe cients |, representing
the correlation between the element$ and m, computed according to the Gaspari-
Cohn taper functions (Gaspari & Cohn, 1999), whereas the symbol' represents
the element by element matrix multiplication |n, P;;Pl;m (also known as the Schur
product, cf. Schur (1911)). The shape of the Gaspari-Cohn taper functions depends
on a parameterL,c which de nes the length-scale of the localisation, with.j,c = 0
representing the absence of localisation. Fig. 2.4 shows the shape of these functions

(2.30)

for di erent values of L, as a function of the distance in grid points (left panel),
together with a plot of the matrix for Li,c = 1:0 (right panel). The mathematical
expression of the Gaspari-Cohn function is given in Appendix B.
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Figure 2.4: Gaspari-Cohn taper functions for di erent values of localisation scales and
length distance (,c = f0:5; 1:0; 1.5; 2:0g, ¢ = f 1:0; 0:50; 0:33; 0:25g, cf. Appendix B)
as a function of distance in number of gridpoints (left) and plot of the matrix for
Lioc = 1:0 (right). The values L, = 1:0 will be selected at the end of the tuning

process presented later in this chapter.

Additive in ation

Additive in ation is implemented by injecting random perturbations into the forecast
model during its numerical integration, that is, by modifying (2.17) into:

xjf (t) = MOt )+ 5§ =1;00N; (2.31)

in which the 3Ng-dimensional vector ; is sampled from a Gaussian distribution

N(0; 2Q), with Q being the model-error covariance matrix and, a tunable additive

in ation parameter controlling the magnitude of .

In general, the best way to compute the matrixQ for an operational system is not
trivial and is still very much an active eld of research. However, since the scope of
this study is not to investigate the best model foIQ, we adopt a very straightforward
approach, exploiting the fact that, in the idealised system that we have constructed, the
only source of model error comes from the di erence in spatial resolution between the
forecasts and the nature run. Therefore, we launch a total of 48 deterministic one-hour
forecasts (withNg = 200) initialised at each analysis steps with the nature run so that
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2.3 Step-by-step algorithm

there is no initial condition error, and take the di erences at each grid point between
the forecast and the nature run (conveniently sub-sampled) at the end of each hour-
long simulation, chosen to match the forecast-assimilation system's cycling period. The
resulting space-dependent error distribution is subsequently used to generate a model-
error covariance matrixQ, in which the non-diagonal terms are neglected for simplicity.
In addition, the hr components are set to zero in order to avoid the overin ation of the
uid depth h, which is non-linearly related tor via the system of thresholds described
in section 82.1.2. The result is shown in Figure 2.5, where the diagonal terms of the
matrix Q multiplied by di erent values of 2 are shown. From the graph, one can note
the impact that topography has on shaping the model error, which is larger in the
second half of the domain, where most convection and rain takes place (cf. Fig. 2.3).
In order to avoid the introduction of biases, once; is drawn from the distribution

N(0; 2Q), it gets rede ned by subtracting the ensemble average from the sampled
perturbations, which leads to the unbiased additive in ation vector~:

~= - (2.32)

to be used in (2.31) instead.

Finally, the implementation of the additive in ation in (2.31) is performed via the
Incremental Analysis Updates (IAU, cf. Bloomet al. (1996)). In other words,~; is split
into small increments and injected continuously throughout the forecast step, rather
than added all at once at the analysis step (see forecast step, step ii and equation (2.34)
in section 82.3). Again, any negative values ofi and r emerging upon the injection of
additive in ation are reset to h = 0:001 andr = 0, respectively. The choice of adopting
the IAU method is also in line with the operational implementation of the additive

in ation at the Met O ce (cf. Bowler et al. (2017)), while noting that the Met O ce
samples from an archive of scaled and adjusted historical analysis increments rather

than drawing the perturbations from a Gaussian distribution.

2.3 Step-by-step algorithm

Note that this section is an adaptation of Appendix A in Kenét al. (2020).

A compact algorithm for our implementation of one complete cycle (forecast plus anal-
ysis) of the DEnKF is summarised here. Throughout, the subscrigt = 1;::;;N de-
notes thej " ensemble member and the subscript= 1;:::; 48 denotes the analysis step
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Figure 2.5: Values of the Kl Ngj) diagonal matrix 2Q for , = f0:15,0:2;0:3g,
representing the spatial structure of the model error used to generate the additive
in ation in (2.31). The vertical dashed lines delimit the h, hu and hr components of
2Q. The dierent values of , are tested in the tuning process outlined in section
8.5.
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2.3 Step-by-step algorithm

(i.e. time). Note that prior to the start of the DA algorithm, p pseudo-observations
y; are generated by stochastically perturbing the nature rum! valid at the observing
time t;:

yi= &'+ 2 where ° N(O;R); (2.33)

i
in which R = diag(s?l,;s?l,;s?l,) is a matrix of size @ p), for prescribed error
variancessﬁ;u;r and identity matrices I, with dimension equal to the number of
observations ofh, u, and r, respectively. Unphysical negative pseudo-observations
of h and r are then reset to zero. A prescribed model-error covariance matrx of
dimensions N® N*®) needs also to be estimated.

1. FORECAST STEP:

i An ensemble of initial conditionsx}C is generated by taking the values from
Eqg. (2.11) and adding Gaussian noise for each variable accordingsto as
per Eq. (2.16). Unphysical negative initial conditions forthr are reset to
zero while negativeh values (very rare) are reset to 0.001.

i The model is integrated forward in time. Additive in ation is drawn from
the model-error covariance matrixQ as ;  N(0O; 2Q) and potential biases
are removed by applying equation (2.32). The unbiased model-error vec-
tor g is injected throughout the numerical integration by dividing it into
(small) allocations proportional to the duration of each dynamical time-step
t. For time-step details, we refer to Kent (2016) and Kentt al. (2017),
implemented here with a Courant-Friedrichs-Lewy (CFL) number of .
Therefore, within each forecast step of duration t = tj;; t; at any time
t2 [ti;ti+1], we compute:

x| (T+ t) = M (D] + itq; j=1;:0N; (2.34)

with xjf (ti) = x7(ti). In order to ensure that the algorithm does not over-
shoot the time of the next forecast-assimilation cyclg.,; , we take the nal
time-step to be the reduced valudi,; t when this is smaller than the
optimal t determined by the CFL value.




iii At later times, the forecast uses the analysis ensemble from the previous
cycle as initial condition to integrate forward in time. A 12-hour forecast
is launched at the end of each analysis step, with the additive in ation
re-sampled and injected hourly as in ii.

2. ANALYSIS STEP:

i Eachj™ T + 1 hr model state obtained from the most recently launched
T + 12 hr forecast is transformed into the state vector for assimilation:
X ()= (% (), i.e., (h;hu;hr) 70 (h;u;r).

i Compute the (p 1) innovations d; = vy; fo using the forecast states
from step 1 and the pre-computed pseudo-observations.

iii Compute the (diagonal) observational-error covariance matriR, described
after Eq. (2.33).

iv. Compute the forecast perturbation matrixX of size N N) and therefore
the N forecast-error covariance matrice@‘;;p of dimension N® N¢) (see
Eqg. (2.21)), each of them computed excluding thg" ensemble member of
the forecast states from step 1, in order to avoid inbreeding.

v Apply (model-space) localisation using the Gaspari-Cohn function for a
given length-scald. .. to each forecast-error covariance matriPIfOC_P:

I:)Ifoc;P PL;P; (2.35)

compute thej™ Kalman gain K¢; of size N® p) and the subsequent
analysis ensemble:

X3 = Xj + Kejdj: (2.36)

vi The Deterministic Ensemble Kalman Filter is implemented. The analysis
perturbation matrix X2 of dimensions N® N¢) is computed with the
N membersx? (as per Eq. (2.21)); using the RTPP implementation of the
DENKF (Appendix A), X2 is then rede ned as:

1 1
X&= ZX2+ =Xf 2.37
> > (2.37)
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2.4 Relevance of the modRSW model for NWP data assimilation

vii Relaxation to Prior Spread (RTPS) is applied by recomputing the analysis
ensemble spread? (as per Eq. (2.25)) and then the analysis ensemble per-
turbations X? are adjusted using Eq. (3) from Whitaker & Hamill (2012):

f
Xe= 1 RTPs t RTPS— X2 (2.38)

viii The nal analysis ensemble is recomputed using the rede ned perturbation
matrix:
X7 =X+ (X% j=1500N, (2.39)
where (X?@); is the j™ column of X2. If h is negative then it is reset to
0:001 while ifr is negative it is reset to 0.

ix Return to step 1: analysis states from step 2viii are transformed back
xA(t) = 1(xf‘(ti)) for integration and the sequential cycle continues.

Recall that, in this implementation, the parameterL,,. de nes the number of grid
points in model space ¢ =L,c) beyond which correlations are set to zero. In the case
of the ground observations, the observation location always coincides with the model
grid, and thereforeH is a linear operator.

2.4 Relevance of the modRSW model for NWP

data assimilation

As outlined in the introduction, the use of idealised models in DA research is a common
strategy that presents substantial computational and logistical advantages. Nonethe-
less, an assessment of their relevance for operational NWP systems is often overlooked,
despite being a crucial aspect impacting on their usefulness. After all, an idealised
setup able to closely reproduce most of the features of a state-of-the-art DA scheme
can become a precious tool in orienting future decisions and choices involving a full-
scale system.

It is worth mentioning at this point that the model developed by Wdrsch & Craig
(2014) { of which the modRSW model represents a more physically consistent ver-
sion { has already been used in a number of studies to investigate various aspects of
convective-scale DA, such as the use of particle lters (Haslehnet al., 2016), pa-
rameter estimation for the representation of clouds (Ruckstuhl & Janjc, 2018) and
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the representation of model error (Zengt al., 2018, 2019). In this regard, we note
that the aim of this study is considerably di erent from those applications, as we want
neither to compare DA methods, nor to propose suggested changes to operational DA
schemes, but instead want to provide convincing evidence that DA experiments using
the modRSW model show consistency with operational forecast-assimilation systems.
In doing this, we achieve two objectives. On the one hand, we develop a protocol
{ or at least a consistent framework { to assess the relevance of idealised forecast-
assimilation systems for DA research in an operational setting. On the other hand, we
can demonstrate that the modRSW model itself constitutes a useful and relevant tool
for investigating DA in the presence of complex dynamics associated with convection
and precipitation.

2.4.1 A protocol for assessing performance and relevance of
idealised model experiments

We approach the question of whether (and to what extent) an idealised system is able
to replicate the main characteristics of an operational DA scheme in a rigorous and
systematic way, which is summarised in Table 2.2.

In the rst column on the left, we have listed a series of parameters and properties
that characterise real-world data assimilation schemes and that any idealised systems
should aim to reproduce. Among these, we have also included some of the aspects
and criteria that are utilised (or need to be taken into account) during the tuning
and the validation processes which will be analysed in detail in the next sectiog®.5.
The second column reports the typical values that these aspects assume in opera-
tional convective-scale DA systems (see Gustafssenal. (2018) for a good summary),
whereas the third column displays how those are re ected in our forecast-assimilation
experiments based on the modRSW model. Lastly, the fourth column presents a self-
assessed evaluation of whether or not each aspect (unless inapplicable) is imitated
successfully.

The values of the "prescribed parameters' reported in the table are based on those
reported in Table 5 of Gustafssoret al. (2018), which provides a useful overview of
the operational convective-scale data assimilation systems in use at the time. Since
the use of idealised models aims at reducing the computational costs, the number of
observations and the size of the state vector in our system are by construction not
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2.4 Relevance of the modRSW model for NWP data assimilation

comparable with those of a full-scale scheme. However, the rank de ciency relation-
ship which holds in a typical operational system is maintained by choosing a number of
ensemble members (i.eN = 18) and observations (i.e.p=28) suchthat N <p<n,
with n = 3Ng.

The observing system chosen for the idealised experiments is an extremely simple one
(i.e. linear observation operator, uncorrelated observations error, cf. secti@d.2.1),
although it replicates the network density of the ground observations assimilated at
the Met O ce, which is approximately 40 km?.

The Iter con guration of our idealised experiments depends on localisation and in-
ation parameters (such as the RTPP and RTPS) which are widely used in other
operational systems. Although we do not expect the precise values of these parame-
ters to be comparable (as they re ect the characteristics of a speci ¢ data assimilation
system rather than representing a universal target value), both the RTPS and the
RTPP found in our nal con guration are in line with those reported in the literature

for other operational implementations (Bicket al., 2016; Bowleret al., 2017; Gustafs-
sonet al., 2018; Schra et al., 2016).

In addition, we used common diagnostic tools such as the ensemble spread (SPR), the
root mean square error of the ensemble mean (RMSE) and the Continuous Ranked
Probability Score (CRPS) as tuning criteria for our Deterministic Ensemble Kalman

lter (these quantities are de ned in section 8.4.2). Ensemble Iters are considered
well{tuned when the spread of their ensemble is comparable to the RMSE of the en-
semble meafi we therefore set the target ratio between SPR and RMSE to unity.
We also seek to minimise the values of both RMSE and CRPS for forecasts with a
lead time of three hours: this re ects the objective of operational centres of optimis-
ing their data assimilation systems to produce the forecast with the smallest possible
error, other than generating an accurate initial condition. Moreover, a lead time of
three hours is also fully within what is considered to be the nowcasting range (06
hours) for a weather forecast (Ballarcet al., 2012; Suret al., 2014), which is the most
relevant time-scale for convective-scale NWP.

1Source: https://lwww.metoffice.gov.uk/weather/guides/observations/uk-
observations-network . Accessed on 26/05/2021.

2| eutbecher & Palmer (2008) show that this results is actually dependent on the ensemble size.
In the case of an ensemble oN = 18 members, a theoretical convergence is expected faRMS =
1:1 SPR, cf. equation (7) therein.
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2.4 Relevance of the modRSW model for NWP data assimilation

Once the tuning criteria mentioned above are met, it is possible to validate an idealised
system for its relevance for NWP data assimilation. This is assessed by calculating the
Observational In uence diagnostic (OID) and the error doubling timeTy and subse-
guently comparing them against the values found in operational systems (see section
82.4.2 for their de nitions). In this regard, our well{tuned forecast-assimilation exper-
iments produced an OID of approximately 30%, which compares with a value of 18%
calculated for the global ECMWF model by Cardinaliet al. (2004), but is expected to
be higher (i.e. between 20% and 40%) in a convective-scale system. In addition, the
value of the error-doubling time found in the experiments (i.e. 6 9 hours) is close to
those found in other operational convection-permitting models (Hohenegger & Schar,
2007).

2.4.2 Diagnostics de nitions

In this section we summarise the de nitions of some of the main diagnostics used
in this thesis to evaluate the forecast-assimilation experiments described here and in
Chapter 5.

Root mean squared error, RMSE

The root mean squared error (RMSE) is used to measure the accuracy of the ensemble
mean. The value of the RMSE averaged over the state vector is computed as:

o<
[ERN
>

RMSE = (x\) xt)2; wherex() = = xj(;k); (2.40)

k=1 j=1
in which the subscript k refer to each component (i.e. variable) of the state vector,
the superscriptt indicates the nature runx!, whereas the symbol () stands for either
the analysisx? or the forecastx’. All vectors are of sizeNg, with the nature run
sub-sampled on the forecast model grid). The integeéM represents the size of the

ensemble.
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Ensemble spread, SPR

The spread (SPR) is used to measure the uncertainty (or dispersion) conveyed by an
ensemble. Its average over the state vector is computed as:

U
pax 1 X

N 1.
k=1 j=1

r—
_ 1

SPR= X} ®)? ~TH( P.)); (2.41)

in which “Tr' indicates the trace of a matrix (i.e. the sum of its diagonal entries), and

P{) is the forecast-error covariance matrix (cf. eq. (2.21)).

Continuous Ranked Probability Score, CRPS

The continuous ranked probability score (CRPS) is used to evaluate the quality of

a probabilistic forecast. In this thesis, we apply the de nition for ensemble systems
presented in Hersbach (2000). Therefore, after reordering the ensemble members such
that x;  x; (with i<j ), we can compute the cumulative distributionP (x):

X
P(x) = Ni (x xU; (2.42)

i=1

and the transition valuesp, = j=N, in which ( ) represents a Heaviside function
which is one when its argument is non-negative.
The CRPS is then computed as:

X
CRPS= ¢; withg= ;p°+ ;(1 p)° (2.43)
j=0

in which ; and ; are coe cients de ned as:

O0<i<N j i
Xj+1 <X Xj+1 X 0

Xp <xX'<xXja | XX | Xje1 X
Xj >x! 0 Xj+1 X

The CRPS is therefore a scalar quantity included between 0 and 1, in whiGlRPS =0
indicates a "perfect’ forecast. In the results reported here and in Chapter 5, the CRPS
is averaged over the domain and/or each variable.
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2.4 Relevance of the modRSW model for NWP data assimilation

Observation In uence Diagnostic, OID

The observation in uence diagnostic (OID, cf. Cardinaliet al. (2004)) is used to eval-
uate quantitatively the sensitivity of the analysisx? with respect to the observations
y°. In order to compute this quantity, we start rst by calculating the projection of
the analysis in the observation space for each ensemble member, that is:

9 = HX?= HK ¢;y°+ (1 HK ¢)Hx]; (2.44)

in which: H is the (linearised) observation operatdr, K ¢; is the Kalman gain matrix,

| is the p p identity matrix, and j a subscript indicating the ensemble member
excluded by the self-exclusion (cf. sectio@2.2.3). Therefore, the analysis sensitivity
with respect to the observations for each ensemble member is de ned as:

(2.45)

and the global observation in uence is hence computed as:

OID; = m (2.46)
Y
The values of OID reported later are averaged over the whole ensemble. Moreover,
since the OID is an additive quantity (as (2.46) implies), it is possible to split the
OID into contributions related to each type of observation, by considering only the
diagonal entries ofS associated with them.

Error doubling time,  Ty4

The error doubling time (Ty) is used to estimate the error-growth rate of the forecast-
assimilation system. Here, it is computed such that:

E(Ta) _
E(To)

(2.47)

in which E(To) is de ned as the analysis RMSE (based on the di erencg? xt)
of each analysis ensemble member used to initialise a medium-range forecast during
which E(Ty) (i.e. the forecast RMSE, based omf x!) is calculated hourly.

1This is the case for the satellite observation, for which we computed'dS—a'.
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Tuning parameters
Localisation scale L oca f0.5,1.0,1.5, 2.0
Adaptive in ation, gtps f0.1,0.3,0.5,0.7, 0®
Additive in ation, 4 f0.05, 0.08, 0.1, 0.12, 0.15, 0.2, 0.3, 0.4, ®.5

Table 2.3: An overview of the assimilation parameters varied during the tuning of the

Iter con guration.

2.5 Forecast-assimilation experiments: tuning and

results

The results summarised in the third column of Table 2.2 represent the endpoint of a
long tuning process that has involved the assessment of a large number of forecast-
assimilation experiments until it was possible to select a single set of parameters that
on the one hand delivered a well-tuned ensemble Iter and on the other hand proved
the relevance of our idealised con guration for convective-scale NWP data assimila-
tion.

Despite working with an idealised system, the tuning of the system described in sec-
tion 82.2.2 has required a large number of adjustments to the observing system (the
number of observation, their spacingd and their errorssy. ), the cycling frequency,
the resolution ratio between the forecast model and the nature run, and the Iter con-
guration (e.g. the number of ensemble memberdl, the localisation and in ation
parameterslL,., a and Rrrps). For sake of simplicity, here we restrict our analysis
to the variation of the Iter parameters, keeping the observing system and the other
aspects xed, including the ensemble con guration illustrated in the previous section.
A summary of the parameters varied in the forecast-assimilation experiments is given
in Table 2.3.

The tuning process described in this section is aimed at producing the best forecast
with a three-hour lead time. This time-scale lies within the de nition of nowcasting
for NWP forecasts (0-6 hours), that is the most relevant for convective-scale weather
forecasting. We de ne as "well-tuned' an experiment that satis es three criteria:

(i) the ratio SPR=RMSE is near 1,
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2.5 Forecast-assimilation experiments: tuning and results

(i) the RMSE is minimised and,
(i) the CRP S is minimised.

The de nitions of spread (SP R), root mean squared errorRM SE ) and the continuous
ranked probabability score CRP S) are found in section82.4.2 and are calculated with
reference to the nature run simulation.

2.5.1 Assessment of lter performance

Figure 2.6 displays a summary of the main statistics computed for the 180 simula-
tions resulting from the combination of the assimilation parameters listed in Table
2.3. Each cell represents the average value computed over the whole domain, across
all three variables, and for the entire duration of the experiments (after excluding
the rst 12 hours to remove any spin-up e ects). The target values for a well-tuned
simulation as set out by the criteria (i)-(iii) are highlighted by cells in white or light
colors. Of course, the aim is to nd an area of the parameter space that satis es all
the criteria at once.

We start by considering the rst criterion, namely the ratio between the ensemble
spread and the ensemble mean error, i.eSPR=RMSE. Since it would be unrea-
sonable to expect the experiments to return a value of exactly 1, we consider all
simulations with a ratio within [0:8; 1:2], which are highlighted in red in the top-left
panel of Fig. 2.6. Among these, those showing the smallest values of RMSE and CRPS
are outlined in black in the bottom panels of the same gure. As a result, we have
restricted our search for a well-tuned experiment from 180 candidates to just 12.

The top-right panel of Fig. 2.6 shows the observational impact diagnostic (OID, see
section 82.4.2) of each experiment. The values of OID as a function of and gtps

re ect the impact that in ating the forecast-error covariance matrix P, has on the
assimilation of the observations. Higher values of in ation (both multiplicative and
additive) correspond to higher values of OID, as the Kalman lIter relies more on the
observations when the spread (and hence the uncertainty) in the forecast ensemble is
increased. Conversely, small values of and/or rrps lead to small values of OID
as, in the absence of in ation, the ensemble spread becomes small, and so does the

1Before averaging over the variables, theSPR and RMSE values ofr are multiplied by a factor

100 to be comparable in magnitude with those oh and u.
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Figure 2.6: Summary of the results of the forecast-assimilation experiments for di er-
ent statistics: SP R=RMSE (top-left panel), OID (top-right panel), RMSE (bottom-
left panel) and CRP S (bottom-right panel). Within a panel, each sub-panel indicates

a di erent value of L, and each cell represents a single experiment characterised
by the pair ( 5, rTps) averaged over the whole duration of the experiment, domain
and variables. The white/light cells indicate the target values of the corresponding
statistic. The cells highlighted in red in the top-left panel indicate experiments with
0:8 < SPR=RMSE < 1:2. Among these, the cells with low values dRMSE and
CRP S are outlined in black in the bottom panels. Note that the OID is computed at

the analysis time.
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2.5 Forecast-assimilation experiments: tuning and results

Figure 2.7: E ects of localisation (for di erent values of the localisation scalé. )
on the forecast-error correlation matrices (derived from the covariance matric&,
used in the DEnKF). Left: before localisation; right: after localisation. Values of ,
and Rgrtps: a = 0:08, grtps = 0:7 (top left), 5 =0:15, grrps = 0:7 (top right),
a=0:12, grrps =0:7 (bottom left), 5 =0:12, rrps = 0:7 (bottom right). Note
that since the self-exclusion prescribes the computation of a di erent covariance matrix
P;;P for eachj " ensemble member (cf§2.2.3, eq. (2.27)), an “average' matrix is shown

above.
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2.5 Forecast-assimilation experiments: tuning and results

Experiment Lead time h u r Average
a = 0:15, 3hr 0.0755| 0.0371| 0.00293
RTPS = 4hr 0.0835| 0.0405| 0.00330
0:7 % di 9.6% | 8.4% | 11.2% 9.7%
a=0:2, 3hr 0.0740(| 0.0379| 0.00279
RTPS = 4hr 0.0815| 0.0399| 0.00318
0:3 % di 9.2% | 5.0% | 12.2% 8.8%
a=0:3, 3hr 0.0756| 0.0369| 0.00287
RTPS = 4hr 0.0838| 0.0396| 0.00322
01 % di 9.8% | 6.8% | 10.9% 9.2%

Table 2.4: Summary of theRMSE values (and percentage reduction between the 4hr

and the 3hr forecasts) of the three experiments shown in Fig. 2.8.

forecast uncertainty. Although this quantity has not been used as a tuning criterion, it
is worth noting how the simulations selected above display values of OID around 30%,
which is fully within the range of values expected for an operational NWP system, in
which 20%/ OID / 40%. This is a promising sign in terms of nding a con guration
which both satis es the criteria for a well-tuned Iter and meets the conditions to be
considered relevant for NWP data assimilation. We will return to these considerations
in the next section.

The impact of localisation in Fig. 2.6 seems less relevant than that of in ation (al-
though, this is not true in general and might depend on the observation spacing se-
lected for these experiments). Therefore, in order to visualise better the impact of
localisation on the experiments, Figure 2.7 shows the forecast correlation matrices
(at T = 36 hours) of four of the 12 simulations selected earlier, before and after the
application of localisation, each one for a di erent value of the localisation lengthq.
The purpose of localisation should be one of damping the long-distance spurious cor-
relations, which are an artefact produced by a nite ensemble rather than the result of

1Because of self-exclusion (cf82.2.3, eq. (2.27)), Fig. 2.7 reports the average of th&l correlation

matrices obtained by excluding one ensemble member at a time.
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a true dynamical signal. At the same time, it is also important to preserve the actual
intra-correlations present in the system. In this regards, Fig. 2.7 shows how values of
Loc bigger than one (bottom panels) might go too far in suppressing the correlations
away from the diagonal bands, whereas a value bf,; = 0:5 has a very limited e ect,
leaving the matrix almost una ected. As a compromise, we decide to retain only the
simulations with L;,c = 1:0. As we have seen in Fig. 2.4 (and Appendix B), this value
of Loc corresponds to a localisation length scale of 500 km (i.e. 200 grid points), which
Is also in line with the values used in NWP systems (cf. Table 2.2).

At this point, the tuning process has reduced the number of experiments to just three
(see the outlined cells in Fig. 2.6 withL,,c = 1:0). However, there is one essential
aspect that has not been taken into account yet, namely the impact that the data
assimilation has on reducing the forecast error. Fig. 2.8 shows the time series of both
SPR (solid line) and RMSE (dashed line) for each variable of the three remaining
simulations, computed for lead times of 3 hours (blue lines) and 4 hours (red lines)
valid at the same analysis time. Each panel reports also the average values (computed
by excluding the rst 12 hours) and Table 2.4 complements this information with the
RMSE percentage di erence between the two lead times. As one would expect, the
forecast with the shorter lead time (i.e. 3 hours) is more accurate (i.e. displays a
smaller RMSE), as it has been initialised more recently with observations generated
from the nature run. The results show a reductions of RMSE in the range of 512%
between the variables (with rain showing the biggest improvements) and around 10%
on average across the three experiments (cf. Table 2.4).

The oscillatory behaviour of both SPR and RMSE time series in Fig. 2.8 is a sign
of the time-dependence of the forecast error, accentuated in our con guration by the
periodic domain, which allows the continuous circulation of gravity waves. Yet, these
variations look stationary in time, and this aspect makes it possible to exclude a " Iter
divergence' situation in which the error increases in time while the ensemble spread
collapses. This would be a sign that the data assimilation has failed, as the forecasts
would then become at the same time inaccurate (large errors) and overcon dent (little
spread), leading the observations to be discarded entirely.

One nal consideration on Fig. 2.8 can be made about th8§P R=RM SE ratio. While
the top-left panel of Fig. 2.6 presented a single number resulting from averaging the
experiments in time and space, Fig. 2.8 displays the same information in a more gran-
ular way. The match between SPR and RMSE (producing a ratio close to unity) is
still visible, although there are clear di erences between the variables. In particulah,
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2.5 Forecast-assimilation experiments: tuning and results

and r seem to be more underspread tham (i.e. SPR=RMSE < 1 for h and r, while
SPR=RMSE 1 for u); this fact makes sense from a dynamical point of view, as
h and r are the most non-linear variables in the system and the Kalman Iter might
struggle to capture their spread correctly, especially in regions of strong convection.
Overall, these results are encouraging when compared with those obtained for opera-
tional systems (see, for instance, Figures 3-8 and 13-14 in Bowétral. (2017)).

Finally, in order to select one of the three experiments left, we choose the simulation
displaying the biggest reduction in RMSE in Table 2.4, that is, the one with, = 0:15
and rtps =0:7 (and Lioc = 1:0). We will examine this selected experiment further
in the next section, where we will also analyse in detail its relevance for NWP data
assimilation.

2.5.2 Validation and relevance for convective-scale NWP

Until now, our analysis has focussed on various diagnostics and statistics that have
helped us understand how well the ensemble forecast was performing and therefore
which experiments could be considered as "well-tuned'. Here, we proceed with the
next step, that is, assessing the relevance of the tuned idealised system that we have
built for NWP data assimilation. To this aim, we will use two additional validation
diagnostics:

~

the observational in uence diagnostic (OID), and
" the error-doubling times statistics.

The de nitions of both diagnostics can be found in sectiog2.4.2.

Observational in uence diagnostic (OID)

The OID for each variable and for all observations is calculated at each analysis step
(cf. (2.46)) and its value as a function of the assimilation time is dispalyed in Figure
2.9. The OID is ow-dependent and varies depending on the forecast uncertainty (as
the observation error is constant in time, se&2.2.2). For example, a large OID is ex-
pected in situations when the uncertainty in the forecast is large and the Kalman Iter
must rely heavily on the observations, which will have a stronger impact on the nal
analysis. On the other hand, the OID will be smaller when the forecast has a lower
uncertainty (i.e. a smaller spread), leading the observations to have less in uence.
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Figure 2.9: Time series of the observational in uence diagnostic (OID), as a percentage
(%). The total OID and the OID computed for the single variables are reported in

di erent colours (see legend). Values on the x-axis are in hours.
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2.5 Forecast-assimilation experiments: tuning and results

Indeed, the time series of OID seen in Figure 2.9 displays these “hourly weather' os-
cillations, with the total OID uctuating between 25 35%. The inuence of the

u observations on the nal analysis seems to be the dominating contribution, with
values between 10 20%, followed by the impact given byh and r, each oscillating
between 5 10%. The predominance of the observations oveh andr is probably a
consequence of the speci ¢ observing system chosen for our experiments.

The value of total OID matches the estimates for operational systems of 20%0ID /
40%, demonstrating the relevance of our forecast-assimilation experiments in the con-

text of NWP data assimilation.

Error-doubling time statistics

In order to evaluate the error-doubling time statistics of the selected experiment, we
have run a 24 hour forecast for each of thd = 18 members in the ensemble, repeated
for the rst 25 consecutive analysis cycles. This gives a sample of 2§ = 450 forecasts,
each lasting 24 hours. We then calculate the initial analysis RMSE and compute the
number of hoursTy that it takes for this error to double, cf. (2.47). Figure 2.10 shows
the histogram of the distribution of the doubling timesTy for each variable. We note
that while h and u display very similar values (around 9 hours), the error im grows

at a faster rate (approximately every 6 hours). This is not surprising, given the high
non-linearity of r.

Doubling times of 6 to 9 hours are of the same order of magnitude (i.€(1) hours)

as those found for convection-resolving NWP models (Hohenegger & Schar, 2007). It
is also worth noting that in a previous round of experiments witiN ' = 800 (as well

as in Kent (2016)) the doubling time was approximately half of the values shown in
Fig. 2.10 (i.e. 4 hours). This behaviour is not surprising given the use of a nature
run simulation with a higher spatial resolution, in which the small scales features are
better resolved. As the observations are generated from the nature run, the analysis
will end up resolving those small scales better; however, small-scale errors grow faster
than large-scale ones, causing a reduction in the error doubling times when a higher

ratio between nature run and forecast resolution is adopted.
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Figure 2.10: Error-doubling times distribution based on 450 24hr forecasts. Top panel:
h; middle panel: u; bottom panel: r. Each panel reports the number of forecasts in

which the initial time has doubled within 24 hours, the mean and the median of the

distribution.

68



2.5 Forecast-assimilation experiments: tuning and results

Figure 2.11: Model snapshot valid afT = 40 hours. Left: 4hr forecast starting
at T = 36 hours. Right: 3hr forecast starting atT = 37 hours. The nature run
trajectory is in green, the ensemble trajectories are in blue and the forecast mean is
in red. The observations (atT = 40 hours) { shown in comparison only and not yet

assimilated { are indicated by the green dots with error bars.
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Figure 2.12: Model snapshot valid aff = 40 hours. Left: 1hr forecast starting at
T=39 hours. Right: analysis. The nature run trajectory is in green, the ensemble
trajectories are in blue, the forecast mean is in red and the analysis mean is in cyan.
The observations are indicated by green dots with error bars and have been assimilated

in the trajectories in the right column but not for those in the left.
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2.5 Forecast-assimilation experiments: tuning and results

2.5.3 Subjective veri cation

In this nal section, we examine a couple of snapshots of the model dynamics drawn
from the selected experiment (i.eLjc = 1:0, 5 =0:15, gtps = 0:7). These snap-
shots are depicted in Figures 2.11-2.12 and show: the nature run solution (green lines),
the observations drawn from it (green dots), the topography (black line), the forecast
mean (red line), the analysis mean (cyan line) and the individual ensemble members
(blue lines). The purpose of this analysis is purely qualitative, as we have already
evaluated this experiment from a quantitative point of view in the previous sections.
Figure 2.11 compares the forecast launched &t = 37 hours with a 3-hour lead time
(right panel) with the forecast launched atT = 36 hours with a 4-hour lead time (left
panel). Clearly, both forecasts are valid at the same time (i.€l' = 40 hours), but the
one with the shorter lead time is expected to be more accurate, thanks to its more
recent initialisation.

The dynamical situation de ned by the nature run simulation (green lines) afl = 40
hours is as follows. The ow is moving eastwardu(> 0) and the strongest area of con-
vection and rain (h > H, > H () is occurring downstream of the topography, around

x = 0:75. Convection and rain are also present in correspondence to the topography
(i,e. 0:2<x < 0:4) and at the end of the domain (aroundk = 1). The velocity eld

u displays large gradients and oscillations, mostly in the second half of the domain.
Both forecasts are accurate (i.e. similar to the nature run, with small spread) away
from the areas with convection and precipitation. Conversely, they seem to struggle
in representing the intensity (although not the position) of the convective updraft at

x = 0:75 and the area near the thresholds arounxi= 1. In the rst case, there is al-
most no di erence inh andr between the 3 and the 4 hour forecasts, implying little to
no improvement produced by the assimilation of the observations dt = 37 hours; on
the other hand, the impact of data assimilation is more noticeable at = 0=1, where
both forecasts produce spurious precipitation due to some of the ensemble members
exceeding the rain threshold. This precipitation is not present in the nature run (green
line), and although it is produced in both forecasts, its intensity is signi cantly dimin-
ished in the more recent one, which is therefore more accurate. Overall, looking back
at Fig. 2.8, we notice that at T = 40 hours, the improvement given by the 3 hour
forecast is larger inu and r than h.

Finally, we consider Figure 2.12, in which are plotted the forecasts initialised at = 39
hours and valid at T =40 hours (left panel) and the analysis at the same time (right
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panel). This comparison is used to highlight the direct impact of data assimilation,
in that the analysis on the right is the product of the combination of the observations
(green dots) with the forecast on the left. First, we notice how even the 1 hour forecast
struggles in representing the convection updraft at = 0:75 (although this feature is
greatly improved with respect to the 3 and 4 hour forecasts). In this case, however,
the e ect of the assimilation is strong, and the analysis captures the intensity of the
peak inh very well, thanks to h being observed exactly at the same location. In ad-
dition, the bene t of adjusting h towards the nature run solution impacts positively
also on the other variables; for example, the physical correlation betweénand r in
the covariance matrixP% (cf. Fig. 2.7, top-right panel, although valid at a di erent
time) means that even ifr is not observed in the same position, its maximum is also
revised accordingly. In general, the analysis is visually more accurate but also more
precise (that is, the spread is reduced) with respect to the forecast on the left.

One nal feature can be observed in the velocity eldu: the observation at location

x = 0:7 forces the analysis away from the nature run trajectory. This is not totally un-
expected, as the observations are generated by perturbing the nature run with random
perturbations (cf. (2.13)), and it is sometimes the case that inaccurate observations
produce inaccurate analyses.

Chapter highlights and summary

" ldealised models constitute a common and practical tool used to fa-
cilitate research in data assimilation for NWP models. The use of
idealised models represents a numerically inexpensive alternative to
full-scale operational systems. Disappointingly, the ability of these
idealised models to reproduce the features and the characteristics of
operational NWP systems is rarely explored. The work summarised
in this chapter has tried to lled this gap by developing a protocol in
which the properties of an idealised forecast-assimilation system are
systematically compared against those commonly found in an opera-
tional system (cf. Table 2.2). This protocol can be adapted and applied
to other idealised models.

The modi ed rotating shallow water (modRSW) model presented in
Kent (2016); Kent et al. (2017) is an example of idealised models de-
veloped to facilitate data assimilation research. The modRSW model
constitutes our starting point to conduct satellite data assimilation re-
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2.5 Forecast-assimilation experiments: tuning and results

search. As a preliminary step, in this chapter we have summarised the
dynamics and the numerics of the modRSW model and have discussed
a series of forecast-assimilation experiments realised with such model,
using a Deterministic Ensemble Kalman Filter (DEnKF). By applying
the protocol mentioned above, we have shown that our idealised ex-
periments re ect a con guration which is both well-tuned and relevant
for NWP convective-scale data assimilation.

Whether the modRSW model is suitable to conduct satellite data as-
similation research will be discussed at the beginning of the next chap-
ter.
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Chapter 3

The ismodRSW model

In this chapter we present a revised version of the modRSW model introduced in
Chapter 2. A new, isentropic ]}-Iayer modi ed shallow water model (ismodRSW) will
pave the way for further data assimilation experiments featuring idealised satellite
observations. After showing that the modRSW model is not optimal for the purpose,
we discuss both the dynamics and the numerics of the new model, completing the
chapter with a comparison against an analytical solution and a protoype nature run
simulation to be used in the subsequent experiments of chaptss.

3.1 Motivation

One of the most common types of satellite data assimilated in operational NWP sys-
tems is passive observations of emitted thermal radiation coming from the Earth's
surface and atmosphere. This radiation can be related to the temperature of the
emitting source (and vice versa) by exploiting the principles of radiative transfer and
blackbody radiation. In view of adopting a similar approach to generate idealised
satellite observations later on (this topic will be covered extensively in Chapter 4), it
is essential that either (i) the model includes temperature among the prognostic vari-
ables or (ii) one (or more) of the model variables can be readily related to temperature.
In this regard, the modRSW model is not particularly well-suited, since it does not
include temperature among its prognostic variables, and even though a physical rela-
tionship between uid depth and temperature can be formulated, this leads to some
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scaling issues in which DA-relevant model dynamics can be achieved only for unre-
alistic values of the temperature. In order to visualise this limitation, we consider a
straightforward diagnostic equation between the dimensionless uid depth and its
dimensional temperatureT based on the ideal gas lawp(= R T ) and hydrostatic
equilibrium (p= gHh), that is:

T = Toh; with Ty = gH=R,; (3.1)

in which g is the acceleration due to gravity ¢ = 9:81 ms ?), R is the specic gas
constant for dry air (R = 287 Jkg 'K 1) and H the scale height of the uid. The
scaling used in both Kentet al. (2017) and Chapter 2 {i.e.gH =330 m?s 2, or H

34 m {is clearly based on an unrealistic uid depthtH which leads to an unreasonable
scale temperature ofl; ' 1:1 K. This con guration is clearly not suitable for satellite
data assimilation purposes and highlights the need for a di erent approach.

In a paper by Pan & Smith (1999), an isopycnal 3-layer shallow water model is used
to investigate gap winds and wakes in the presence of orography. Although the purpose
of the study is di erent from ours, the fact that the authors used a shallow water model
and based their scaling on real atmospheric observations makes this study attractive
and interesting. Remarkably, despite the use of an isopycnal model, they employed
the isentropic de nition of the reduced gravity ¢° that is:

o= +—2g; (3.2)

to compute the Froude number utilised in their numerical simulations. On the one
hand, this combined use of an isopycnal model with the isentropic de nition of the
reduced gravity seems to guarantee a simple but realistic testbed for their numerical
experiments. On the other hand, this choice cannot be seen as an entirely consistent
one. It is precisely to remove this inconsistency that we decided to develop an entirely
consistent ]%-Iayer isentropic model.

The newly derived model, hereafter denoted asmodRSW (for isentropic modi ed
Rotating Shallow Water), does not su er from the scaling issues discussed above, as
it is naturally equipped with a physically consistent de nition of uid temperature
linked to the de nition of the potential temperature

=T & :) T= B = : (33)

p Pr
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3.2 Modi cations

in which p is the pressure,p, a reference pressure and = R=C, the ratio between
the speci c gas constant for dry air and its speci ¢ heat capacity at constant pressure
(c, = 1004 Jkg 'K 1), with = p=p a non-dimensional pressure. The expression
= is often referred in the literature as theExner function.
On a further note, the transition from a single to a %-Iayer model o ers additional
bene ts for the modelling of idealized satellite observations. Real satellite observations
are radiance measurements shaped by several processes (emission, absorption and
scattering) taking place throughout the atmosphere before the radiance reaches the
satellite. In this sense, the degree of vertical complexity with which the atmosphere
can be modelled plays a crucial role in mimicking the most relevant features of real
satellite observations.

3.2 Modi cations

The ismodRSW model is obtained by performing the following modi cations to the
modRSW model:

I. the single-layer con guration is replaced with a %-Iayer model;

ii. the isopycnal uid (with its uniform density) is replaced with an isentropic uid,
in which the potential temperature is constant in each layer.

In general, J%-Iayer models are derived from two-layers models by imposing the preser-
vation in time of a uniform total uid depth (also called a rigid lid approximation).
This applies, for example, to isopycnal models, in which this modi cation leads to the
sole replacement of the acceleration due to gravity with the isopycnal reduced gravity
g%in the single-layer equations (see, for example, Vallis (201815.2.2). However, as
we will show in the next section, in the case of a two-layer isentropic shallow water
model this approach reveals an apparent inconsistency. Ultimately, the formal deriva-
tion of an isentropic ]%-Iayer shallow water model based on principles of asymptotic
and Hamiltonian uid dynamics is able to resolve the contradiction, showing that the
uid in the upper layer needs to be at rest in order for the {-layer model to emerge.
This derivation is quite long and technical and goes beyond the scope of this thesis,
therefore we refer to Bokhoveet al. (2021) for full details.

Lastly, it is important to note here that there are no further changes to the model
setup apart from the two modi cations mentioned above: the essential functioning
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and dynamics of the model remain similar to those of the modRSW model, including
the threshold mechanism used to simulate convection and precipitation (see also sec-
tion 83.4.1). However, the presence of bottom topography will not be considered for
the isentropic model.

3.3 1ilayer isentropic shallow water

In this section we illustrate multiple aspects related to the isentropic %L—Iayer shallow
water model. The full ismodRSW model (including convection and precipitation) will
be presented in full in sectiorg3.4.

3.3.1 A rigid-lid approximation in a 2-layer model

Starting from an isentropic two-layer model, it is possible to show how a cIoset%-l
layer model emerges by taking a seemingly inconsistent rigid-lid approximation. That
the nal model is nonetheless consistent goes beyond the scope of this thesis and is
shown in Bokhoveet al. (2021).

A full, geometric derivation of an isentropicN {layer model can be found in Bokhove

& Oliver (2009). Here, we take a two-layer simpli cation thereof, withN = 2 (see

top image in Figure 3.1). The momentum equations of this model arise by assuming
hydrostatic balance and constant entropy (i.e. constant potential temperature) in
each layer. The continuity equations emerge once the spacey) and time-dependent

(t) pseudo-density (x;y;t) for each layer, numbered by = f1;2g, is de ned, i.e.:

= pi ( 1)=0; (34)

in which g refers to the gravity acceleration, = p =p is the non-dimensional pressure
at the bottom of the layer and p; indicates a reference pressure. The pseudo-density
arises from the hydrostatic balancepl= g dz, by integrating an element of mass
ux for some in nitesimal surface element dA: dm=dA = dz = dp=gacross each
layer. In Bokhove (2002) and Ripa (1993) the variational and Hamiltonian formulation
of the isentropicN {layer equations are derived by simplifying the Eulerian variational
principle of the compressible Euler equations.
The resulting four, isentropic two-layer (continuity and momentum) equations read as

78



3.3 1%Iayer isentropic shallow water

0

— T ——1z(xy;t)

1

ui(x;y;t)

1(Xy;t)

z1(x;y;t)

Zo(x;y; 1)

Zo

ui(x;y;t) O

1(X;y;t)

Z1(x;y;t)

Figure 3.1: Schematic representation of a two-layer isentropic shallow water model
(top) and of a 1%-Iayer isentropic shallow water model (bottom) without topography
(b=0).
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follows:

@ +r ( v)=0; (3.5.a)
@ +(v r)v +fv’=r1r M (3.5.b)
with = f1;2gand in which: r is the horizontal gradient,y = v (x;y;t)=(u ;v )T

is the horizontal velocity within layer andv? =( v ;u )T the vector perpendicular

to it, f is the Coriolis frequency, andM is the Montgomery potential. In order to
close the system, one needs to specify the Montgomery potentials in each layer. As
seen in sectiorx3 of Bokhove & Oliver (2009), for a two-layer model these potentials
can be de ned as:

Mi=0C 2 2 +G(1 2 1+ 92; (3.5.c)
M2=0¢ 2 2 +02%: (3.5.d)

The hydrostatic condition for an isentropic model@ M=@=z 0 implies that, in general,
the Montgomery potential M = ¢, + gz is independent ofz within each layer.

Therefore, one can evaluat®! in the bottom layer (where = ) at both z= z, and

Z = z;, and M in the upper layer (where = ;) at both z=z, andz = z,, to nd:
92=0C 1( 1 o) * 9z; (3.6.a)
92=C 2(, 1)+ 9%; (3.6.h)

from which is possible to express the thickness of each layer as:
hi1=2z0 zz=(¢ 1=9( 1 o) (3.7.8)
ho=2z z=(¢ 2=9( , 1) (3.7.b)

We note here that the non-dimensional pressureg is treated as a constant throughout
this thesis.

Finally, the relations between layer pressure and pseudo-densities can be derived using
the expressions (3.4) for; and , as follows:

1= 0 17t o and 2=0( 1+ 2=p+ o (3.8)

When one takes a rigid-lid approximation, it is convenient to add a constankK =
(G 1 ¢ + 9Zo) to My in (3.5¢), leading to:

Mi=¢ 1(1 o)+ G 2(, 1)+ 02 9Zo: (3.9)
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3.3 1Zlayer isentropic shallow water

Therefore, by substituting (3.6.b) into (3.6.a) and subtractinggZ, from both sides one
nds:

0%=0C 1( 4 0t G 2( 5 1)t 0%;
9% 09Z0=G 1( 4 o)t G 2( 5 1)t 9% 92,
9% 09Zo= My:

If the top surface is xed, i.e. zp(X;y;t) = Zo = const, then M; = g(zop Zo) =0,
and a closed %-Iayer model emerges, as is illustrated in the next section. However,
this condition alone produces an inconsistency, since the constraibt; = 0 is not
preserved in time by the two original continuity equations. In fact, as it is shown in
Bokhoveet al. (2021), a closed and fully consistent%llayer model results after taking
M; =0 and v; = 0 in the momentum equation of the upper layer, with (3.5) still valid
for the bottom layer (with = 2).

3.3.2 The closed system

In Bokhove et al. (2021) the authors derive an asymptotically consistent%llayer shal-
low water model in which an isentropic shallow layer of uid at potential temperature

2 lies below a second (relatively) motionless layer at potential temperature ( 1 > )
capped by a rigid lid. The non-dimensional closed set of equations for such a system
reads:

@2+r1r (2v2)=0; (3.10.a)
@+ (Va T )Va+t fVy? = 1 My (3.10.b)
M;=0 and v, =0; (3.10.0)

in which , is the pseudo-density in the bottom layer de ned as (cf. eq. (3.4)):

=P, (3.11)

g

For the purpose of this thesis, we apply two simpli cations to the system above: (i)
we assume at bottom conditions (i.e.z, = 0 in (3.5d)) and (ii) ow independence in
the meridional direction (i.e. @ = 0). A sketch of this model is given in the bottom
image of Figure 3.1. Given these two assumptions, the equations fok;(u,; v») read
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as:

@2+ @( 2u2) =0; (3.12.a)
@Quz+ QU fva= @My; (3.12.b)
@2+ U@v2 + fu,=0: (3.12.c)

The system of equations (3.12) is closed since the non-dimensional presspia (3.5d)
is linked to the pseudo-density , via its de nition (3.11), with ; being

1

= _2 + 1t +iZ : 3.13
1 4 2 20 Cp20 ( )

in which ¢ is the (constant) non-dimensional pressure acting on the upper lid, =
1 2 is the di erence in potential temperature between the layers andy, = h; + h,
represents the total depth of the uid. We note that such a %-Iayer model has the
advantage over a one-layer model that the non-dimensional pressureis active and
not constrained to be constant, as isg. The expression (3.13) is obtained by isolating
1 after imposingM; =0 (and z, = 0) in (3.9). A typical function relating ,to ,is
shown in Fig 3.2.

3.3.3 The conservative hyperbolic system

The numerical implementation of the nonlinear hyperbolic system (3.12) can be facil-
itated when it is written in the following conservative form:

@U + @F(U)+ T (U)=0: (3.14)

In order to write the system (3.12a-3.12c) in conservative form, we start by multiplying
(3.12b) and (3.12c) by ,. ReplacingM, in the momentum equation with (3.5d) and
after some manipulation (herein we drop the subscripts for, u, v and ), we obtain:

@ +@(u)=0; (3.15.a)
@u)+@ u? fv = ¢ @ ) (3.15.b)
@(v)+ @(uv)+fu =0: (3.15.¢)

The right-hand-side of eq. (3.15b) can be rewritten as the composite derivative of an
unknown function E( (x;t)):

=cp2 () % (3.16)

@E( (xt)= @E@ with %E
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3.3 1Zlayer isentropic shallow water

Figure 3.2: Plot of non-dimensional , as a function of ,. The parameters used
are the same as reported in Table 3.1 (see al§8.3.4): R = 287Jkg 'K 1, ¢, =
1004Jkg 1K 1, ;=311K, ,=291:8K, ¢=0:48,Z,=6120m andg = 9:81 nFs’.

in which the analytical expression of the pseudo-density as a function of reads
(after substituting (3.13) into (3.11) and dropping the subscript in 5):

1

Pr 2 1 g -
= = = + = g+ —7Z : 3.17
()= Z L0t 5,2 (3.17)

Integration of (3.16) with ("3.17) yields:

1

=

# (3.18)

Therefore, the momentum equation can be expressed as:
@(u)+ @ u?+E fv =0; (3.19)

and system (3.15) can be written in conservative form (3.14) withd, F(U) and T (U)
de ned as f8IIows:1

0 1 0 0 1
u
U=@ uA; FU)=@ u2+EA; T(U)=@ v A; (3.20)
Y, uv fu
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By writing u2=( u)?= and uv =( u)(v)=, the Jacobian of the system reads:

0 1
0 1 0
JU) @F=@ w2+ @E 2u 0A; (3.21)
uv vV u
with eigenvalues:
p
12=U @E and 3= u: (3.22)
Here, @E is computed to be:
@ _@d . @E_@ _cpa2 ()
@E(())‘@d G 9= ; (3.23)

after using (3.16) in the numerator and with denominator:
n #
, ¥ 1 g ¢ s 1
= + =7 . 3.24
4 2 ° G 2 ° ( )

o

pl'

d g
The plot of @=@ in Figure 3.3 shows that it is positive for non-negative values of
, thus con rming the hyperbolic character of system (3.15), with real and distinct
eigenvalues in (3.22) for @E > 0. The numerical scheme used to integrate the
model can therefore be chosen to be close to the one in Keftal. (2017) with minor

adaptations. Details thereof can be found in Appendix C.

3.3.4 Observations-based scaling

The derivation of the isentropic J%-Iayer shallow water model presented in Bokhove
et al. (2021) relies on a couple of assumptions concerning its physical scaling. In
particular, the values of the parameters:

=3 et (3.25)
with U and H indicating each layer's scale velocity and uid depth, are assumed to
be small, i.e.”; ;< 1.

In view of adding convection and precipitation to the shallow water model here pre-
sented, we want our two-layer con guration to be an approximation of the troposphere
(where such processes are con ned), in which a thin bottom layer is surmounted by a

thicker one, almost at rest, that is:H; >H, and U, > U ;.
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3.3 1Zlayer isentropic shallow water

Figure 3.3: Plot of non-dimensional@E as a function of . The parameters
used are the same reported in Table 3.1 (see al§3.3.4): R = 287Jkg 'K 1,
G = 1004Jkg 'K 1, ; = 311K, , = 291:8K, o = 0:48, Z; = 6120m and
g=9:81nFs’.

Low-level jets (LLJs) are recurrent meteorological features located at various loca-
tions in the world (Rife et al., 2010) and they happen to be particularly common over
the Great Plains in the Southern United States (Djurc & Damiani Jr, 1980; Ladwig,
1980).

Fig. 3.4 shows vertical pro les obtained from radiosonde data of both potential temper-
ature and wind speed during a LLJ event on 10{11"" December 1977 in Brownsville,
Texas (US). We use this as a case study to provide a justi cation for the scaling
chosen in Bokhoveet al. (2021), which satis es the requirements ol and ,, as we
are about to show. We approximate the troposphere as a two-layer uid, exploiting
the change of slope in the potential temperature pro le of Fig. 3.4b as a reference.
Mean potential temperature values of $° = 311:0 K and 3 = 291:8 K follow after
taking H" = 4:02 km andH$"s = 2:08 km in Fig. 3.4b. The above values of9®s
and $P are used as a constraint to computéd 25 and HS"S also in the pro les of
Figs. 3.4a-c, in virtue of the isentropic assumption (i.e. constant potential tempera-
ture within each layer). Once the layer depths in each pro le are established, mean
wind speed valuedJ?*s and USPS within each layer are also computed (dashed lines
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Two-layer troposphere (Low-Level-Jet)
Fig. 3.4(a) | Fig. 3.4(b) | Fig. 3.4(c) | Average
H, [km] 2.02 2.08 1.65 1.92
Hy [km] 3.98 4.02 4.6 4.2
pSPs [mbar] 489.6 483.8 475.4 482.9
obs [K] 311.0 311.0 311.0 311.0
9bs [K] 291.8 291.8 291.8 291.8
U2bs [m/s] 3.6 6.6 7.0 5.7
Ugbs [m/s] 13.5 12.7 11.0 12.4
a 0.51 0.52 0.36 0.46
0.27 0.52 0.64 0.46

Table 3.1: Summary of the values of various physical quantities obtained from the
radiosonde data displayed in Fig. 3.4 and resulting values of non-dimensional scaling
parameters , and ". The rightmost column reports the average values obtained from

the data seen in Fig. 3.4.

in Fig. 3.4). Table 3.1 summarizes all the relevant physical parameters associated
with the radiosonde data plotted in Fig. 3.4, together with the values of and ,
and the values of the observed pressure on the top of the upper laygr Overall, the
values of" and , lie below one during the LLJ event; moreover, the rigid lid condition
leading to the l%-layer con guration appears to be justi ed, as the variation in height

of Zo = Hy + H, = f6 km; 6:1 km; 6:25 kmg is smaller than the change in depth of the
bottom layer H, = f2:02 km; 2:08 km;, 1:65 kmg.

The physical scaling summarised in Table 3.1 will be used throughout this thesis and
will form the basis for the forecast-assimilation experiments reported in Chapter 5.

3.3.5 Recovery of the isopycnal model

In this section we show how the isentropic%]:layer shallow water model can be traced
back to its isopycnal counterpart by taking = 1 in (3.3). Incidentally, this should
help visualize the inconsistency of using the isentropic de nition of the reduced gravity
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3.3 1Zlayer isentropic shallow water

(3.2) within an isopycnal model, as we argued earlier.
Starting from (3.7b) with = 1, a linear relation between the uid depth h, and
non-dimensional pressure, (and thus pseudo-density ;) is restored:

G 2 G2 | 2
h, = £ = = : 3.26
2 (2 l) ] 2 ( )

Substituting the above expression back into the continuity equation (3.12a) yields:

@h; + @(h2uz) =0; (3.27)

equivalent to the continuity equation of the isopycnal model. In addition, we observe
that for =1 the Montgomery potential M, in (3.12b) becomes:

Mo=0¢ 2 2:
By using (3.7) with =1, we obtain:
Co22=0ghb+gh =1+ ¢ 20 (3.28)

After using the rigid lid constraint H = h; + h, and substituting back into the Mont-
gomery potential and the momentum equation (3.12b), we obtain the usual momentum
equation for an isopycnal uid:

@uy+ u@Qu, fv,= go@hz; (3.29)

with reduced gravity g° de ned as in (3.2). However, since = 1 implies = T(p.=p),
we note that:

1 2_T=p To=p_ 1= 1=, 2 1
= = = : 3.30
1 Ti=p 1=, 2 ( )

making use of the ideal gas lawp(= RT ). In other words, the isopychal expression
of the reduced gravity is recovered for = 1. The numerical convergence of the two
models for =1 will be used as a nal check for the full model with convection and
precipitation in section §3.4.3.

3.3.6 Shrira's solution for nonlinear waves

Here we provide an independent analytical veri cation of the numerical model using
an extended version of Shrira's analysis of stationary nonlinear waves propagating on
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3.3 1:layer isentropic shallow water

the surface of a rotating isopycnal or shallow-water layer uid (Shrira, 1981, 1986),
adapted to our isentropic model in a periodic domain

in. We start by splitting the
pseudo-density into a constant state o and a perturbation ~

= o+~

(3.32)
The validity of (3.31) for ~ follows by substituting into the continuity equation (3.15a)
and using the meridional momentum equation, obtaining the identity

_0@ + _@ o+ _OQV u =0;
f @x@t @x f @x
@ @v, @v
fu+u—= =0:
@x @t u u@x 0
Using (3.12c) to expressl as a function of@"and %; one nds (assum|ngg"+ f 6 0):
@v @v
—=(—=+1): 3.32
@ilex (592
Di erentiating (3.12c) by t and using both (3.12b) and (3.32), yields
| |
! , !
@+f2 f@/l_@ g;/%\t/ f @ %\tl
@1 @x @t f + @V

— 3.33
2 @X o+ %;(/ 2 ( )
resembling Eq. (10) in Shrira (1981) and Eq. (4) in Shrira (1986) (onggderivatives

are dropped in the older paper and the high-frequency dispersion term is neglected)
The gradient of the Montgomery potential becomes

|
—M( (=M @

1
d@xCp

Q.lc:.| =

@‘@
o| <

0
f
after using ~from (3.31). Substituting (3.34) into (3.33) gives
!
@v

@+fv fcp !

(3.34)

!
1 O@V_ @ gvav
T T
d

= = = @x@t +
f @ @Ot f+%§

For travelling waves of phase velocitg, we de ne

t
2@x

= X ct and rewrite the equation
above, with primes denoting@@, to obtain a second order ODE in
! , o , !
AvP% f2v  fc, ! di 2y0= 2 9 fe
d

2 0
f G (ZO)VC)Z . (3.35)

f + VO 2
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After some manipulation, one nds:

v00= eV .
i 1 1 o f3
2 =T T
non-dimensionalized as follows:
1 \Y}
Vo= : (3.36)
S S A S
d 3 3
c? Ce Ro (%W 0)

usingv = cv, Ro = c¢=fL and ()°= & = & = {()° This ODE is solved with a
Runge-Kutta fourth order method after rewriting it as follows:
1
Vv
Ro? ; (3.37)
1 1
EHCE

=v% °=F(;v; )=

0

Q‘Ql'_‘

with @ = ¢,=¢. For comparison with the full model (3.15), we derive the expressions
also for the (non-dimensional) u and , using (3.32) and (3.31), and scaling and |
by c and g=p, respectively:

u= =(1=Ro+ ) and = o(1+Ro ): (3.38)

The solution of (3.37) is stable only within a certain range of initial conditions for y
and . Once a stable con guration is found, the phase velocitg is tuned in order
to obtain a single-wavelength wave in v, u and as solution and subsequently used
as initial condition for the isentropic 13-layer model. A comparison between Shrira's
solution and its numerical implementation at various times and up tot = 10T (where

T is the wave period), is shown in Figure 3.5. Although the dissipative character
of the numerical scheme used in this paper contributes to both an amplitude and a
phase error as time goes by, the numerical solution (purple to red solid lines) visually
converges towards the analytical one (gray line) as the resolution increases.

3.4 Modied shallow water: the ismodRSW

model

In this section, we extend the rotating isentropic %-Iayer model described above, in
order for it to mimic convection and precipitation in a similar manner to the isopcynal
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modRSW model. In addition, we present the new nature run simulation which will be
used in the forecast-assimilation experiments described in Chapter 5 and we conclude
by additionally by checking the convergence of the full isentropic model towards the
modRSW one by imposing =1 in (3.3).

3.4.1 Model dynamics

Starting from (3.12) { and similarly to what is done in section82.1.2 { a system of
thresholds is introduced, together with an equation for the (dimensionless) rain mass
fraction r. As a result, the following system of equations is obtained:

@ +@(u)=0; (3.39.a)
@u)+ @u?+B)+ ci@ fv =0; (3.39.h)
@v)+ @uv)+fu =0; (3.39.c)
@r)+ @ur)+ &@Qu+ r =0; (3.39.d)

in which E (playing the role of the e ective pressure in Kentet al. (2017)) is de ned
as:
E( o) for >

E= _ (3.40)
E( ) otherwise;

with . a convection threshold and:

e:( for >. ; and Qu < 0O; (3.41)
0 otherwise;

in which , is a rain threshold. Again, the parameters (s ') and (dimensionless)
control the rate at which rain is created and removed from the system. The constant
speed squared3 (m 2s 2) converts the dimensionless rain mass fraction into a poten-
tial, introducing a coupling between the two equations and implicitly controlling the
suppression of convection, cf§2.1.2, Kent (2016); Kentet al. (2017).

Analogously to the modRSW model, the isentropic model equipped with convection
and precipitation cannot be written in conservative form. Its intrinsic non-conservative

vector formulation reads
@U + @FU)+ G(U)@QU + S(U) =0; (3.42)
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3.4 Modi ed shallow water: the ismodRSW model

where:
0 1 0 1
u
2
u:%uﬁ; F(U)=%u FEC
v uv
r ur

1 (3.43)

0 0 0 0 01 0
cw=§ & 2295 sw-d I
&% €0 0 r
F

The Jacobian matrixJ = @F + G of the system reads:
0 0 1 0O !
J= % w &r+@& 2u 0 & §
- uv v u 0A’
u(€+r) €+r 0 u
with eigenvalues: q
12= U @E+ € and 34=uw (3.44)

Again, the numerical discretisation is an adaptation of the one used in Kert al.
(2017). Details thereof can be found in the Appendix C.

3.4.2 The new nature run

In Chapter 2 we demonstrated how the modRSW model is a viable tool to conduct DA
research for operational Numerical Weather Prediction (NWP). In particular, forecast-
assimilation experiments have been conducted and subsequently analysed to show how
the system, despite its idealizations, performs akin to operational DA schemes follow-
ing a variety of metrics and criteria. Therein, a so-called twin-setting con guration
was used, in which observations are obtained from a high-resolution nature run simu-
lation, whereas the forecasts are generated by running the model at a lower resolution.
Similarly, in order to conduct new satellite DA experiments for our novel ismodRSW
model, it is essential to nd a dynamically interesting nature run, characterized by
continuous production of convection and precipitation. The absence of topography in
the new con guration complicates the task somewhat since the presence of topogra-
phy in a periodic domain with a zonal ow constituted a convenient setup to obtain
self-generation of gravity waves with the modRSW model.

To compensate for the absence of topography, both rotation and a forcing term are
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Figure 3.6: Initial condition (in red) and relaxation solution (in blue) of the nature
run simulation (parameters listed in Table 3.1). The relaxation solutiornv, mimics
a Low Level Jet (approximated by a smoothed top-hat transverse jet at the centre of

the domain). All variables are non-dimensional.

94



3.4 Modi ed shallow water: the ismodRSW model

Initial conditions Fig. 3.6 0 0:48
Boundary conditions | Periodic || Zo [m] | 6:12 10°
Relaxation solution | Fig. 3.6 c3 1:8

rel 4 6:0
CFL 01 2:0

1 [K] 311 ¢ 0:21

2 [K] 2918 : 0:24

Ro 0:248 || L [km]| 500

U [m/s] 124 Ne 400
T (L=U) [h] 11:2 Fr 0.36

Table 3.2: Model parameters associated with the ismodRSW nature simulation shown
in Fig. 3.7. CFL indicates the Courant-Friedrichs-Lewy number. The values of.,
and . are reported as non-dimensional variables. The Froude number Fr is computed

as Fr= U:p gh,, with g°given by (3.2) andH, from Table 3.1.
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used, with the latter consisting of a relaxation term in the meridional momentum
equation:
@\l + U@V +fu = (Vrel V): rel s (3-45)

in which ¢ Is a relaxation time-scale de ning the speed at which the meridional
velocity v relaxes towardsv,e (X;t). The relaxation pro le v, is shown in Fig. 3.6
(blue line) and represents a smoothed top-hat meridional jet. This type of forcing is
chosen to re ect the troposphere-based scaling used in the derivation of the ismodRSW
model (cf. section§3.3.4 and Bokhoveet al. (2021)), which is based on Low Level Jet
(LLJ) conditions (here approximated by a transverse jet in the meridional direction) in

a two-layer troposphere. In this regard, it is worth noting thatv,,; does not represent
an equilibrium solution and is not meant to be one, as its purpose is solely to excite
new instability and gravity waves, counteracting the highly dissipative character of
the numerical solver.

The initial condition used in the nature run is also shown in Fig. 3.6 (red lines). In
this case, the shape of both the pseudo-density prole and the meridional velocity
simply represents an unstable setup that maximises the production of convection and
rain at the beginning of the simulation. Finally, in Table 3.2 we list the parameter set
used in the ismodRSW model to generate a 48 hours-long nature run with continuous
production of rain and precipitation.

The dynamical evolution of the nature run is shown in Hovneller diagrams, one for
each variable, in Fig. 3.7. The two top panels (right: , left: r) show how convection
and rain are continuously generated across the (periodic) domain, as travelling waves
move along it. Grey-shaded areas in the top-left panel indicate locations where only
convection is activated (. < < ), whereas yellow-to-brown shadings denote areas
of rain production ( > ;). The uid velocities are depicted in the bottom two panels
(left: u, right: v). Areas of rain in the top right panel are spatially correlated with
areas where convergence in arises, e.g. at locations where a negative gradient of
u exists. The Hovmeller diagram of the meridional velocityv (bottom-right panel)
shows a much smoother time evolution than the other three variables as it shows the
transition from the initial condition towards the relaxation solution.

The unsettled character of the nature run is further illustrated in Fig. 3.8, where the
time series of all variables at locatiorxg = 0:5 are shown. The peaks and troughs in
the pseudo-density (Xg) indicate the passage of the gravity waves at this location,
with corresponding generation and removal of raim(Xg). The transit of waves is
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3.4 Modi ed shallow water: the ismodRSW model

also correlated with some irregular oscillations in the horizontal velocity(xg), while
the meridional velocity v(Xg), initially zero, gradually settles towards its relaxation
solution v, that is, a jet at the centre of the domain (cf. Fig. 3.6).

3.4.3 Recovery of the modRSW model in presence of
convection and rain

As a nal check performed on the full model, we compare the evolution in time of the
mModRSW against the ismodRSW model with = 1. The two models are initialized
with the same initial condition and the parameters reported in Table 3.2. The initial
values of the uid depth Hy, and the related threshold#H. andH, are scaled taHq = 1,
He= =o9=1:05andH, = ;=,=1:2with o=0:2 (see Table 3.2 and Fig. 3.6).
The value of Froude number in the bottom layer F (which needs to be specied in
the modRSW model) is reported in Table 3.2 and is computed as:

Fro= p—0== &——: (3.46)

in which we have used the de nition of the isentropic reduced gravitg® in (3.2), the
expression of the bottom layer depth, in (3.7b) and the de nition of in (3.11),
noting that ¢, = R when =1.

We run the two models side-by-side in three di erent con gurations: (i) classic rotating
shallow water (¢; ' 1 ), (ii) convection-only regime (, ! 1 ) and (iii) fully
modi ed shallow water. The results (limited toh, andr) are shown in Figure 3.9.
While in the rst two cases (left and central panels) the two models behave identically
(we notice the good agreement between the solid black ferand the dashed gray line
for in the left and central panels), we observe a gradual divergence in time between
the two once both convection and rain are turned on (right panels, aftér=1:0). The

di erences are particularly noticeable in the rain solutions (blue solid and cyan dashed
lines). This divergence seems to originate (and grow thereafter) at various locations in
the domain where (and similarly h) decreases until it falls below the rain threshold.
We believe this is an indirect e ect of rounding errors generated by the computation
of the di erent ux expressions in the two models (cf. (3.43) in this thesis with (6) in
Kent et al. (2017)), which in turn has an impact on the values of the non-conservative
products. This type of behaviour is not surprising given the non-linear character of
the two models.
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Figure 3.7: Hovmeller diagrams of the nature run simulation (parameters listed in Ta-
ble 3.2). Non-dimensional variables: (top-left panel), r (top-right panel), u (bottom-
left panel) and v (bottom-right panel). The gray and yellow shading in the top left
panel indicates the areas where is above the convection (e.g. . < < ;) and the
rain ( > ) thresholds, respectively. Note that the length of they axis (t = [0; 4:272])

is the non-dimensional equivalent of a 48 hours period, given the scaling in Table 3.2.

The values of . and , are also reported in Table 3.2.
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3.4 Modi ed shallow water: the ismodRSW model

Figure 3.8: Time series of the nature run variables at locatior, = 0:5 (parameters
listed in Table 3.2).
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Figure 3.9: Comparison between the isopycnal and the isentropic model with= 1
at times (from top to bottom panels)t = f0;0:5;1:0; 1.5; 2.0g. Left panels: classic
rotating shallow water with ; ;H¢ H, !'1 ; central panels: convection-only regime
with . =0:21 H. = 1:05 (green dashed-dotted line) and,;H, ! 1 ; right panels:
fully modi ed shallow water with . = 0:21, H. = 1:05 and , = 0:24, H, = 1:2
(dashed-dotted red line). Variables: isopycnal uid depthh (black solid line) and

mass rain fractionr (blue solid line), isentropic pseudo-density (dashed gray line)
and mass rain fractionr (cyan dashed line).
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3.4 Modi ed shallow water: the ismodRSW model

Chapter highlights and summary

" At the start of the chapter we have discussed the limitations of the
modRSW model that hamper its use for satellite data assimilation re-
search. In particular, we have showed how the lack of a robust uid
temperature de nition leads to some scaling issues when a simple prog-
nostic relationship based on the ideal gas law and the hydrostatic equi-
librium is formulated.

A revised version of the modRSW model is therefore presented, namely
the isentropic modi ed rotating shallow water (ismodRSW) model.
The ismodRSW model is naturally equipped with a physically consis-
tent temperature de nition and includes an additional layer for in-
creased vertical complexity. At the same time, the revised model
retains most of the dynamical and numerical characteristics of the
modRSW model, including a threshold mechanism to imitate convec-
tion and precipitation. The revised model (without convection and pre-
cipitation) is checked numerically against an analytical solution based
on Shrira (1981, 1986).

The ismodRSW model equipped with convection and rain is used to
create a new nature run simulation for the anticipated satellite data
assimilation experiments. A combination of uid rotation and relax-
ation to a meridional jet creates an interesting dynamics characterised
by continuous production of convection and precipitation via the gen-
eration of traveling gravity waves.
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Chapter 4

|dealised satellite observations

This chapter describes how satellite observations are generated using the ismodRSW
model introduced in Chapter 3 and subsequently used in the forecast-assimilation ex-
periments discussed in Chapter 5.

Since the aim of this study is to replicate the characteristics of real satellite observa-
tions in an idealised fashion, some context regarding the theoretical background and
the historical perspective on the use of meteorological satellites in data assimilation is
also provided.

Therefore, this chapter will start with an overview of the main concepts related to
radiative transfer (RT) and atmospheric radiation, and will continue with a review of
the historical developments of satellite DA, before moving to the actual description of
how these aspects have been replicated in our idealised con guration.

4.1 \Weather satellites: a theoretical overview

The main task of meteorological satellites is to measure electromagnetic (EM) radia-
tion to extrapolate information about the earth's surface and atmosphere. In order to
understand how this is achieved in practice, a basic understanding of the main RT pro-
cesses is required. To this aim, we start this section by introducing some fundamental
concepts and de nitions about EM radiation and its interaction with matter. Later
on, we will introduce the full RT equation, discuss the main features of atmospheric
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radiation and how they are exploited by satellites for meteorological purposes. To-
wards the end, we will summarise the main characteristics and properties of satellites
and the instruments they are equipped with.

We refer to Petty (2006); Salby (1996); Stamnest al. (2017) and Kidderet al. (1995)
for a more extensive discussion of the content of this section.

4.1.1 Radiative transfer: de nitions and processes

In this thesis, we will primarily describe EM radiation in terms of its wave properties,
that is: its frequency , measured in Hertz (s!, [Hz]), and wavelength [m], which
are related by the formula:

= 4.1)
in which c represents the speed of light. Indeed, this is the speed at which the EM
radiation travels, and its value depends on the medium in which it is propagating.
The speed of light in vacuum isc = 2:998 1(® ms 1. Of course, EM radiation does
not propagate in vacuum when atmospheric processes are concerned, and the way
it interacts with various components of the atmosphere will be at the centre of this
section. However, the reduction ot caused by these processes is marginal and it
appears safe to neglect these e ects for the rest of the thesis.
In the context of RT applications, it is also useful to introduce a quantity called the
wavenumber [cm 1], de ned as:

— 1 .
© 100

~

(4.2)

Exactly like all waves, EM radiation has the important property of carrying energy.
This property helps de ne the quantities that are generally used to measure EM ra-
diation quantitatively. To this aim, two physical quantities typically used in RT are
de ned below: radiance and irradiance.

Irradiance By considering the oriented surface elementAdwith unit vector fi in
Fig. 4.1, we de ne the spectral (or monochromaticjrradiance! F as the net amount
of radiant energydE in the wavelength interval ; +d owing through dA from all

Yrradiance is sometimes calledux density in the literature, hence the symbol F.
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4.1 Weather satellites: a theoretical overview

Figure 4.1: Geometrical representation of an oriented surfacédvith unit vector f.

A solid angle d oriented in the “direction forms an angle # with nA.

directions during the time interval t;t + dt, that is:

dE w
dAd dt m2 m

T
I

(4.3)

Radiance By considering again the oriented surface elemenidin Fig. 4.1, we call
spectral (or monochromatic)radiance! | the amount of radiant energydE in the
wavelength interval ; +d coming from the direction '\(forming an angle # with
i) within the solid angle d owing through dA during the time interval t;t + dt, that

is:
dE 1 W

" dAd dtdl g ° mZ m st
From the de nitions above, it can be noted that the radiance, unlike the irradiance,
is a directional quantity and provides information on the direction of propagation of
the radiation. In practice, the (spectral) radiance and irradiance are related by the

(4.4)

integrals: 7 7

F'= 1'Ya Wy Ff=  1*(5a W (4.5)
2 2

1Radiance is sometimes calledntensity in the literature, hence the symbol | .
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in which the arrows indicate upward () or downward (#) propagation of radiation
with respect to the oriented surface in Fig. 4.1 and the integrals are performed over
the upper (') and lower #) hemisphere. In those cases when the spectral radiance is
isotropic (i.e. independent of the direction of propagation| (3 = | = const), the
relations (4.5) simplify to':

F= 1; F'= 1% (4.6)

It is very common for natural EM radiation (for example solar radiation) to be a
broadband (or incoherent) quantity, hence spanning a wide range of non-interfering
wavelengths or frequencies. However, the use of spectral quantities is a practical
theoretical approximation that will be applied throughout the chapter.

The nature of EM radiation and its interactions with a medium can be characterised
by three fundamental processesthermal emission absorption and scattering which

we will examine brie y below.

Thermal emission

Every object or substance with a temperature above absolute zero (i€.= 27315C)
emits EM radiation. This process can be seen as the conversion of part of its internal
energy into radiant energy and can be explained in terms of the decay of quantum
states, which release energy in the form of photons.

In order to quantitatively describe the emission of thermal radiation, we introduce the
concept of ablackbody A blackbody is an idealised object able to absorb all radia-
tion at any wavelengths, and as we will discuss in a later paragraph on absorption, a
perfect absorber behaves also like a perfect emitter. A common thought experiment
to visualise the concept of blackbody is that of a cavity with a hole (see, for exam-
ple, section86.1 in Petty (2006)). The (isotropic) spectral radianceB (T)d emitted

in the interval ; +d by a blackbody at temperatureT is de ned by the Planck
function: c2
2h
B (T)= e ; 4.7)
5 eke T 1

INote that the in nitesimal solid angle d! can be expressed in spherical coordinates ad d=

sin(#)d#d , with  being the azimuthal angle.
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in which: c is the speed of light,h is Planck's constant f = 6:626 10 3 m?kgs ?)
and kg is Boltzmann's constant kg = 1:381 10 2m?kgs 2K 1). Given a blackbody
at temperature T, its emitted spectral radiance determined by (4.7) peaks at a speci c
wavelength ,ox determined by the Wien Displacement law

28978 m K

max = < (4.8)

For certain RT applications, the broadband radiation emitted by a source can also be
of interest. In particular, the broadband energy ux density emitted by a blackbody
Fgg follows the Stefan-Boltzmann law which is obtained by substituting (4.7) into
(4.5) and integrate the result over the whole EM spectrum. Its nal expression reads:

Fes (T)= sT% (4.9)

in which g is called the Stefan-Boltzmann constant:

_ 2 °kg
BT 152h3

w

- - 8
=5:67 10 K4

(4.10)
The blackbody theory becomes useful when the thermal emission of a real-world source
(for example a certain surface) is considered. Since a blackbody is a perfect emitter,
no real surface will emit as much radiation as the Planck function (4.7) prescribes.
Therefore, the thermal emission of a surface at temperatufleat any given wavelength
can be characterised in terms of its spectraimissivity , de ned as the ratio between
the radiation | emitted by the surface in a certain direction over the radiation B (T)
that a blackbody would emit at the same temperature, that is:

_ 10

5@ (4.11)

Clearly, takes values comprised in the interval [A] and = 1 in the case of a
blackbody. The spectral emissivity of a surface as de ned in (4.11) can also depend
on other physical properties, such as its temperatur€ and the direction considered

N

An object (or surface) whose emissivity is constant throughout the EM spectrum is
called agraybody Therefore, a coe cient called a graybody emissivity (ie. = )

can be de ned as the ratio: -

= — 4.12
Fon (4.12)
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in which F is the total broadband irradiance emitted by the object (or surface).

A useful concept related to these considerations regarding thermal emission and com-
monly used in many satellite applications is that obrightness temperature Given a
source of (monochromatic) thermal radiation, this quantity is de ned as the temper-
ature T of an equivalent blackbody emitting the same amount of radiation according
to the Planck function (4.7).

Finally, as this thesis will later focus on microwave radiation, it is useful to introduce
an approximation of the Planck function (4.7) that is applicable in this part of the
EM spectrum (i.e. with > 1mm). For large enough values of the wavelength, the
argument of the exponential in (4.7) becomes small, that is:

hc

1
ks T

a Taylor expansion ofefs T in (4.7) leads to theRayleigh-Jeans law

2ckg

B (T) 2

T: (4.13)

The validity of (4.13) depends on the value of at a given T. We will discuss this
approximation in detail in the section regarding the radiative scheme developed for
the ismodRSW model (see sectio@.3.1).

Absorption

The absorption of EM radiation involves the conversion of radiant energy into the
thermal or chemical energy of an object. Hence, the process can be seen as the inverse
of thermal emission, in which the quantum states of atoms and molecules are promoted
to higher energy levels by the absorption of photons.

The ability of a surface to absorb EM radiation is inherently linked to its ability to

emit it. In fact, according to Kirchho 's law of thermal radiation, the absorptivity a

of a surface for radiation at a certain wavelength coming from a certain direction”
equals the value of emissivity for the same surface:

a(i= () (4.14)

Theoretically, the validity of Kirchho 's law is restricted to the spectral and directional
dependence present in (4.14) and depends on the ful Iment bbcal Thermodynamic
Equilibrium (LTE) conditions, in which the energy exchange between the molecules
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Figure 4.2: Layer of medium crossed by a beam of EM radiation of wavelengttalong

the path s.

of a medium is dominated by their collisions rather than by radiative processes, such
as the emission and the absorption of photons. In this thesis, we will often generalise
this concept more broadly to the emission and absorption of surfaces and objects that
can be treated as graybodies.
The absorption of EM radiation propagating through a medium is described bgeer's
Law (or extinction law). Given a layer of medium like the one in Fig. 4.2 and a beam
of EM radiation at a certain wavelength travelling through it along the path s in
the direction ”, the radiance attenuated by absorption at any point along the paths
can be de ned as:

I (s:9= 10 e 0 (4.15)

in which ¢( ) is a dimensionless quantity callesptical depth reading:
S

s()= a( ;s 9ds’ (4.16)
0

with  4(;s) [m 1] being the absorption coe cient along the paths for radiation of
wavelength . In other words, because of absorption processes, the radiance travelling
through a medium decreases exponentially.

Equation (4.15) can also be rewritten as:

I ()= t @91 (0;) ;
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in which t (0;s) is called atransmittance along the paths, that is:

t (0;s)=e <(): (4.17)

Scattering

We call scattering the process by which the radiation travelling through a medium is
redirected from the original direction in which it was travelling. In certain applications,
scattering and absorption are considered jointly as a single process caléedinction
(or attenuation). To this aim, the (absorption) optical depth of Eq. (4.16) can be
rede ned as an extinction optical depth ¢( ), that is:
Z Z
()=« a(;89+ s(;s9)ds’= ) e( ;s 9ds’ (4.18)

in which ¢(;s)[m ] and s(;s)[m '] represent the extinction and the scattering
coe cients, respectively. Hence, both scattering and absorption will contribute to the
attenuation of a beam of EM radiation travelling through a layer of medium like the
one in Fig. 4.2. Beer's Law can also be modi ed in order to include scattering processes
by rede ning (4.15) as:

I (s;9= 1 (09 e ); (4.19)

The properties of scattering processes depend on many factors, but two are of partic-
ular importance: i) the size of the particles which the radiation is scattering from, and
i) the wavelength of the radiation itself. A size parameter can be de ned as the
ratio:

= 2—r; (4.20)
in which r indicates the radius of a sphere approximating the particles in the medium.
The size parameter can therefore be used to de ne three di erent regimes (see, for

example, Kidderet al. (1995)):

" Geometric optics ( > 50): the laws of geometric optics apply whenever EM
radiation scatters from particles or objects much greater than its wavelength; in
this regime, the shape of the particles subject to the scattering is generally very
important. The interaction between solar radiation and most hydrometeors can
be described in terms of geometric optics.
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A

Mie scattering (0:1 < < 50): this is the regime in which the size of the
particles and the wavelength of the radiation are comparable. Mie scattering is
used in radar meteorology to describe the scattering of radio waves generated by
radars on snow and rain droplets (approximated to spherical particles).

Rayleigh scattering ( < 0:1): in this regime, the particles are much smaller
than the wavelength of the EM radiation and the shape of the particles them-
selves is generally unimportant. One area of application is the interaction of
solar radiation with atmospheric molecules of ©and N,. Rayleigh scattering is
strongly dependent on the wavelength of the incident radiation and becomes less
relevant for processes involving infrared and microwave radiation (cf. sections
84.1.3).

4.1.2 Radiative Transfer equations

In the previous section we have de ned several concepts related to the propagation of
EM radiation in a generic medium. It is now time to apply some of those notions to
the transmission of radiation in the atmosphere.
Figure 4.3 presents a schematic representation of a satellite located at altitudgy,
zenith angle and azimuthal angle in a plane-parallel atmosphere a geometrical
approximation in which the radiative properties of the atmosphere are considered as
uniquely dependent on the vertical coordinatez, while all horizontal variations are
neglected. Under these assumptions, the in nitesimal optical pathsdde ned in the
previous section can be rewritten in terms of an in nitesimal atmospheric layer of
thickness & as & = dz= , where is the cosine of the zenith angle, i.e. = cos( ).
The amount of radiation reaching the satellite in Fig. 4.3 is the result of various
processes (thermal emission, absorption, scattering) occurring between the surface and
the sensor, within any in nitesimal layer of depth dz. Formally, they are summarised
in the Radiative Transfer equation(cf., for example, equation (3.32) in Kidderet al.
(1995)):

Ttz DBM G e RG89 WS @
which describes the variation of the spectral radiande with respect to the extinction
vertical optical depth, de ned as:

z

Z3

e(;2)dz: (4.22)

Z1
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Figure 4.3: Schematic representation of a plane-parallel geometry with a satellite
located at altitude zs5, zenith angle and azimuthal angle (indicating the rotation
around the axisz). The in nitesimal layer depth dz is related to the in nitesimal
optical path ds by dz = ds cos() =ds . | (; ) and lg indicate the radiance

reaching the satellite and leaving the surface, respectively.
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In particular, the terms on the right-hand side of equation (4.21) represent (from the
left to the right): the emitted thermal radiation emerging from the layer (and possibly
attenuated by scattering); the extinction of radiation passing through the layer; the
radiation redirected by scattering processes within the layer towards the direction of
propagation (; ). In the third term, p(; ; % 9 represents thescattering phase
function, which describes the likelihood of the radiation coming from any direction
( % 9 of being redirected towards ¢ ). Finally, + = ¢= . is the so-calledsingle-
scatter albedade ned as the ratio between the scattering and the extinction coe cients.
Depending on the situation, equation (4.21) can be simpli ed by neglecting the terms
which are deemed unimportant. For example, by ignoring all scattering processes (i.e.
s = + = 0), one obtains the Schwarzchild's equationthat is:
d (¢ )
—g

We will turn to this equation and its solution at the end of the next section.

=B (M) I (; ) (4.23)

4.1.3 Atmospheric radiation

The EM radiation that pervades the atmosphere and is measured by satellites comes
primarily from two sources of emission: the Sun and the Earth. By approximating
them to blackbodies, and using their surface temperature as brightness temperature,
we can utilise the Planck function in Eq. (4.7) to calculate their emission spectra,
which are shown in Fig. 4.4. Clearly, their di erent surface temperatures (here we
take Ts = 5700 K for the Sun, in red, andT, = 300 K for the Earth, in blue) lead to
very di erent results. As predicted by the Wien-displacement law (4.8), the intensity
of the solar radiation peaks at $ ., 0:51 m, which is the typical wavelength of
green visible light, whereas the radiation emitted by the Earth peaks in the infrared
spectrum at ;.. 97 m (see the black dashed lines in Fig. 4.4). Moreover, as
highlighted by the two di erent vertical axes, the radiation emitted by the Sun is ap-
proximately 1C° times more intense than that produced by the Earth. However, their
spectra barely overlap, and this aspect makes it possible to separate clearly the two
sources of radiation in most satellite-related applications.

As a consequence, atmospheric radiation can be split into two intervals: shortwave
(SW) radiation emitted by the Sun and longwave (LW) radiation emitted by the
Earth's surface and atmosphere, including clouds, water vapour, and other gases. The
SW radiation spans a broad range of wavelengths which includes ultraviolet light (UV,
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Figure 4.4: Emission spectra computed via the Planck function (4.7) for a blackbody
at T = 5700 K (red line) and one atT = 300 K (blue line). These functions are

meant to approximate the emission spectra of the Sun and the Earth, respectively.
The black dashed lines indicate the wavelength of maximum emission estimated with

the Wien-displacement law (4.8).
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0:1< < 04 m), the visible spectrum (04 < < 0:7 m) and near-infrared radi-
ation (NIR, 0:7< < 4.0 m). The LW radiation also includes a wide spectrum of
wavelengths, which covers the whole infrared range:f0 m < < 1 mm), microwaves
(Imm< < 1m)and radio waves (> 1m).

This separation between SW and LW radiation is particularly useful when their inter-
action with various gaseous components of the atmosphere (e.g. water vapour, carbon
dioxide (CO,), Ozone (Q)) is concerned, as these e ects vary strongly across the
EM spectrum. In addition, there are other atmospheric components that perturb the
transmission of EM radiation, such as clouds, precipitation, and aerosol particles.
The impact of atmospheric gases on EM radiation can be analysed by comparing
the theoretical emission spectra shown in Fig. 4.4 with a measured spectrum. Many
books on radiative transfer and atmospheric sciences report such comparisons and one
example is shown in Figure 4.5 (this appears in Fig. 8.2 of Salby (1996)), where the
EM spectra of solar radiation measured at sea level and at the top of the atmosphere,
as well as the theoretical emission spectrum of a blackbody &t= 5900 K, are shown.

In general, the intensity of solar radiation reaching the surface (grey shaded area) is
only a fraction of its theoretical estimated maximum. This reduction in intensity is the
result of various processes that contribute to the extinction of solar radiation while it
travels through the atmosphere. As an example, a broad reduction in intensity of UV
light can be explained by the thermochemical reactions involving ozone taking place
in the stratosphere (the layer of the atmosphere between 10 and 50 km above the
surface), leading to a smaller portion of UV radiation reaching the ground. Moreover,
the molecules of @ and N, play a big role in the scattering of solar radiation at small
wavelengths (see, for example, sectid@®.4 of Salby (1996) on Rayleigh scattering),
resulting in further extinction of UV and visible solar radiation. In addition, Fig. 4.5
shows a signi cant reduction in the transmitted radiance in various bands (both in the
visible and the infrared spectrum) centred on speci ¢ wavelengths which are associated
with absorption from various gases, such as water vapour, G@nd O, (each absorption
band is indicated and its respective absorber are indicated in the gure). The nature
of these bands and their position within the spectrum can be explained in terms of the
interaction between the molecules of a gas and the EM radiation. Many books have
covered this subject in detail: see for example secti@8.3 of Salby (1996) and section
8.3 of Stamneset al. (2017). In the context of satellite observations, it is more
interesting to compare the LW radiation measured by an instrument located at the
top of the atmosphere against various blackbody emission spectra, representing the
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Figure 4.5: Spectrum of solar radiation measured (in irradiance) at the surface (grey
shaded area) and at the top of the atmosphere (white area) against the theoretical
emission spectrum of a blackbody ai = 5900 K. This gure is shared with the
permission of Elsevier and was published iRundamentals of Atmospheric Physics
Murry L. Salby, Chapter 8, page 201, Copyright 1996 by ACADEMIC PRESS and
is an adaptation of Figure 3.1 inSolar and Terrestrial Radiation Kinsell Coulson,
Chapter 3, page 40, Copyright 1975 by ACADEMIC PRESS.
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