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Abstract

Graphene based systems admit a relativistic description in their low energy sector. This is
due to the linear dispersion around the systems Dirac points. At such low energies where the
dispersion is linear, support for bulk states at the edges of zigzag carbon nanotubes has been
theoretically demonstrated. This is due to the wavefunctions of the two triangular sub-lattices
being out of phase for certain system configurations, and the less stringent boundary conditions
applied to relativistic systems. We demonstrate that no such theoretical support for bulk states
at the edge is found for armchair carbon nanotubes. Instead, it is shown that the armchair
carbon nanotube exhibits non-relativistic results where the charge density necessarily goes to
zero at the edge, as would be expected in a system that admitted a Schrédinger description.
These results are explained in terms of the shape of the edges and the resultant boundary
conditions that we use when solving the Dirac equation for both zigzag and armchair systems in
their low energy limit. The shape of the armchair edge requires that the wavefunctions of both

sub-lattices equal zero at the edge and therefore, the density must be zero at the edge as well.
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1 Introduction

Carbon nanotubes are made from a single-atomic layer of carbon, known as graphene, wrapped
around into a tube. Graphene has a hexagonal lattice structure with carbon atoms at its vertices
and has the unusual property that its quasiparticle excitations behave according to the Dirac
equation in a way similar to electrons [I]. As the Dirac Equation is relativistic, its use in the
description of graphene predicts the emergence of certain relativistic phenomena, such as the

Klein paradox [I] and the existence of edge states on the boundary of zigzag carbon nanotubes

[2].

Figure 1: The hexagonal lattice of graphene with armchair boundaries visible on the
vertical edges and zigzag boundaries along the horizontal edges. This hexagonal lattice
can be divided into two triangular sub-lattices, coloured yellow and blue respectively.

The aim of this thesis is to analyse the emergence of similar relativistic effects in carbon
nanotubes with armchair boundaries rather than zigzag. This difference in boundary shape is
due to the angle one chooses to cut the graphene boundary at. If we have an armchair boundary,
then a zigzag boundary is a 30° rotation from that in either direction. We then find another
armchair boundary a 30° rotation after that, and this sequence repeats all around in a circle.
This means that an armchair boundary appears at every 90° angle to a zigzag boundary and vice
versa. When we take a quadrilateral sheet of graphene as in fig. [1} and roll it up into a carbon
nanotube, we can expect one pair of the parallel sides of the quadrilateral to be armchair and
the other zigzag. Then, the boundary of our nanotube simply depends on which two parallel
sides we choose to connect. For example, if we connect the zigzag sides to each other, we will

have a nanotube with armchair boundaries at is ends.



This thesis will show that carbon nanotubes with the armchair boundary do not support
the same relativistic phenomena as the zigzag nanotube. It will also seek to explain why such
a small change in the setup of the nanotube can lead to such a large change in the physical
properties of the system. The second section of this thesis will introduce the basic geometry of
the honeycomb shape of the graphene lattice. The next section will serve to demonstrate how
relativistic effects in graphene can lead to counter-intuitive results. The Klein paradox will be
used as an example to demonstrate this. The Klein paradox is an usual result of relativistic
physics, where a particle incident on an infinite potential barrier, will penetrate with certainty.
Unlike the classical case where we would expect any boundary with a potential greater than the
energy of the incident particle, to reflect it. The general Klein paradox will be explored before

seeing directly how it manifests in graphene.

In section 4, we will build up some fo the background physics needed to study edge states
in carbon nanotubes. We will explore methods from many-body quantum mechanics such as
the occupation number representation and second quantisation. We will also explore the tight-
binding model, which is the appropriate model from condensed matter physics for a system like
graphene. Through, this section, our goal will be to derive an appropriate Hamiltonian which
can then be used to in our analysis of carbon nanotubes. This will lead onto section 5 where we

use this Hamiltonian to derive a general dispersion relation for graphene.

Once we have the dispersion relation for graphene, we can then apply periodic boundary
conditions to build carbon nanotubes. In section 6, we will review recent research that suggests
there is support for the existence of bulk states at the edge of zigzag carbon nanotubes [2]. This
review will consist of looking into how to quantise the momenta in a zigzag carbon nanotube
and how this can be used to reduce the general graphene dispersion relation into one for a zigzag
carbon nanotube. We will then seek to reproduce the results of [2], so that they can then be

directly compared to the analysis of armchair carbon nanotubes later on.

Section 7 will focus on performing a theoretical analysis to see if similar bulk states are
supported at the edge of armchair carbon nanotubes. In a similar fashion to the zigzag case,
we will quantise the moments in order to derive an armchair dispersion relation. This will
allow us to derive the Dirac Hamiltonian for such a system and its eigenstate solutions will be
found. After constructing standing wave solutions out of these wavefunctions, the appropriate
boundary conditions are applied, in order to to calculate the charge density at the edge. This
will demonstrate that there is no such support for bulk states at the edge of an armchair carbon

nanotube.

Finally, section 8 will display the results of numerical simulations which support the validity
of our theoretical analysis of armchair carbon nanotubes. The numerical simulation of a one
dimensional chain using our graphene Hamiltonian will demonstrate that an armchair carbon

nanotube is best described by a non-relativistic wavefunction. The results of this thesis will then



be discussed in section 9, where the zigzag and armchair cases will be compared in order to better
understand why the two systems, which only appear to be slightly different, manifest different
physical results. The different boundary conditions that we use for the armchair and zigzag
nanotubes will be used to explain the difference in the support of edge states. The justification
for using different sets of boundary conditions will also be explained in order to make sense of

these results.

2 The Honeycomb Lattice of Graphene
x . j
Figure 2: The graphene lattice with the two triangular sub-lattices, A and B shown.
We define vectors &1, d2 and d3 between nearest neighbour sites in the hexagonal
lattice. A single unit cell of the lattice is enclosed in a blue oval. n; and no are the

basis vectors between unit cells, which generates the Bravais lattice of our system. We
define mq to be parallel to the x-direction of our plane. This figure corresponds to

eq. , eq. and eq. .

-y

In order to model graphene, and subsequently a carbon nanotube, we must first describe how
to set up the mathematical framework we will use for such a condensed matter system. We will
define our coordinate system for the lattice we are describing. Again, we follow the lead of [I]
in how we set up our honeycomb lattice. In fig. [2|, we divide our lattice into two triangular sub-
lattices, A and B. We then choose our unit cell to include one lattice site from each triangular
sub-lattice as shown. For simplicity, we have chosen n1 to be parallel to the z-axis. The pair of
basis vectors n1 and ng, span the space of lattice sites. This allows us to move between any two

unit cells with a vector written in terms of the basis vectors m;. If a is taken to be the lattice



constant given by a = |n;|, then we can see from fig. 2| that we have,
a
ni :G(LO), n2 = 5(17_\/§> (1)
Also, if b = |9;| is the length of the nearest neighbour links, then we get,

5y = g(\/ﬁ, 1), 83 = b(0,—1), &= g(—ﬁ,n, @)

as our nearest neighbour vectors. Our choice to make the z-axis parallel to ny allows us to

deduce from inspection that a = v/3b because,
a=|ni| =614+ 0. = (V3xb)+(0xb) =bV3. (3)

We can also define the reciprocal lattice to our real space lattice by using the relation G;-n; =

276;; [2]. The reciprocal basis vectors, G; that satisfy this relation are

G — f\%(\/ﬁ, 1), Gy— Ci%(o, _9). (@)
This leads to a two-dimensional, hexagonal reciprocal lattice with Dirac points at its vertices [1].
When the two-dimensional Brillouin zone is plotted against the energy to give the 3D dispersion
relation, we see that the allowed energy values crosses through the Dirac points at £ = 0. More
importantly, in the low energy limit around the Dirac points, the dispersion relation appears
linear E ~ k instead of the more common quadratic dispersion given by E ~ k2. Famously, non-

relativistic phenomena obeys the energy-momentum relation, £ = p?/2m, but when considering

relativistic physics, we must use E = /(pc)? + (moc?)2. We can see that the relativistic energy-
momentum relation implies that the energy is proportional to the momentum. Therefore, we

can use relativistic physics to describe the low energy properties of graphene systems where
E ~ k [1].

3 The Klein Paradox

Before considering the existence of edge states in carbon nanotubes, we will first look at
an example of relativistic effects manifesting in graphene. A textbook example of relativistic
phenomena in graphene is the Klein paradox, which we will use as an example of the strange
consequences that including relativity in our analysis can lead to. The Klein paradox is not
really a paradox, but it is a very counter-intuitive result, at odds with both non-relativistic
quantum and classical mechanics. The Klein paradox will be explored in two sections with the
first, looking at the paradox in a general one-dimensional system. This will serve to demonstrate
the effects counter-intuitiveness. We will then look at how it manifests itself in two-dimensional

graphene systems, in order to relate it back to the topic of this thesis.
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Figure 3: A Dirac fermion of energy, F is moving in the z-direction in region I and is
incident on a potential barrier of energy, Vy represented by region I1.

3.1 Relativistic Particle Incident on a Potential Barrier

The Klein paradox occurs when a Dirac fermion approaches a potential barrier. In classical
mechanics, the standard result for a particle with E < Vj, incident on a potential barrier, V) as
shown in fig. |3] is that the particle will certainly be reflected by the barrier. On the other hand,
non-relativistic quantum mechanics says that there is a probability of the particle “tunnelling”
through the barrier, but the probability will decrease as the potential barrier is increased in
size [3]. The fact that the particle can tunnel through the barrier at all, is the surprising result
from non-relativistic quantum mechanics. However, it is fairly intuitive that the chance of
tunnelling will decrease when the barrier gets bigger. This is where the Klein paradox is even
more surprising, as when a fermion described by the relativistic Dirac equation approaches a
potential barrier, we actually find that the probability of tunnelling increases with the size of
the barrier. In fact, one finds that Dirac fermions should pass through the barrier with certainty
for an infinite potential [4]. We will now demonstrate how we get these results in a general,

one-dimensional system.

In non-relativistic quantum mechanics, the tunnelling phenomenon is demonstrated by con-
sidering incident and reflected waves in region I of fig. and a transmitted wave in region
1I. The wavefunctions in each region can be described as the sum of plane waves. Boundary
conditions equating the wave functions at the region boundaries are then applied, which allows
one to calculate the reflection and transmission coefficients at each boundary. The transmission
coefficient corresponds to the probability of a quantum particle tunnelling through the barrier

[5]. We will follow a similar analysis, based off the approach given in [6].



As we are considering a relativistic particle, we will use the Dirac, rather than the Schrédinger

equation. The Dirac equation can be written in the form

Hy = (azpzc+ fme®)y = By, (5)
where p, = —ih0d, is the z-component of the momentum operator, and we have
0 0 1 0 10 0 O
0 o 0 0 0 -1 I 0 01 0 O
aZ pr z prd s /8 prd 2 = s (6)
o, 0 1 0 0 O 0 —I 10 -1 0
0 -1 0 0 00 0 -1

where we have introduced block matrix notation. From eq. , we can deduce the following

equation and it’s adjoint as

(E — pmc* — ape)yp = <f - Bmc)iﬁ + ihagf =0 (7)
and _
Y(E — Bmc* — ape) = 1/_1(15 — 5mc) + ih?;ﬁa =0 (8)

where we have dropped the z index for o and p, as we are restricting ourselves to one dimension,

so it is implicit. For a free Dirac fermion, we have

E 2
(T) = mie Q

which becomes,

E-V\?
( - > = p* + mje?, (10)
in the presence of a constant potential, V' [6]. In the region of constant potential, we can
expect the momentum to be different to the free particle case. Therefore, we introduce p as the
momentum inside the barrier. We can substitute this back into eq. (and eq. ) to get the

Dirac equation for a particle in a constant potential,

E—
<V — ,Bmoc>1/} + ihaa—w = 0. (11)
c 0z
The adjoint for this equation can be found analogously as
_(E — /)
1/1( V_ Bmoc> + iha—wa = 0. (12)
c 0z

Now that we have a Dirac equation for a free particle and for one in a constant potential, we

can describe our system as shown in fig. |3l Using the fact that the potential V = V(z) is given



0  in region I,
V(z) =qVy in region II, (13)
0  in region I11,
we can now begin to analyse what the wavefunctions in each region will look like. We can

assume that the wavefunctions take the form of plane waves. Therefore, we can assume that our

incident wave on the barrier will take the form

1
Vi = u; exp{h(pz — Et)}, (14)
as given in [6]. We can now substitute this back into the Dirac equation (eq. (7)) and simplify
to get
E
( — Bmoc — ap> u; = 0, (15)
c

which describes a wave, u; incident on the barrier with momentum, +p. By conservation of
momentum, we can assume that a reflected particle would have momentum, —p. We also know
that the momentum of the transmitted wave will be p. This allows us to define plane waves for

the reflected and transmitted components and analogously deduce that,

(lj — fmoc + ap> Uy =0, (16)

and

C

<E_V0 —ﬂmoc—ap>ut = 0. (17)

We are now in a position to apply our boundary conditions. At the beginning of this section,
we discussed how in non-relativistic quantum mechanics, one requires the overall wavefunction
to be continuous at the boundary. However, in the relativistic case, we only need to equate the
wavefunctions at the boundary [I]. This is a less stringent condition than requiring continuity,
where the derivatives of the wavefunction must also be equal at the boundary. By doing this to

our system between regions I and II, we require that
Ui + up = Uy, (18)

where the L.H.S. represents the incident and reflected waves in region I, and the R.H.S. rep-
resents the transmitted wave moving through the barrier in region /1. Our aim is to use these
boundary conditions to calculate the probability current at the boundaries, as this will give us

the probability of reflection or transmission through the barrier.



In region [, if we take the sum of eq. and eq. , and then rearrange our expression, we
get

E
<C - ﬂmoc> (u; + up) = ap(u; — uy). (19)
Similarly, if we take eq. , we can rearrange it using eq. to substitute (u; + u,) for u;

and then rearrange to get
(£ = e ) -t ) = (2 + ap) s ) (20)
We can now equate the L.H.S. of eq. and eq. , so that we have
(ZO + ap> (u; + up) = ap(u; — uy). (21)

As in [6], if we multiply through by (Vy/c) — a(p + p) and make use of the fact that a? = 1, we

can express u, in terms of u;, such that uw, = ru;. We can analogously calculate the adjoint of
i T

this equation as u; = ru;. Here, r is given by

@W/O(~E/e) + op)
(N (TR B i (22)

Using the above, one can now calculate the probability current of the reflected wave, which

is given by
2 ) 2
ulur = uTrzuZ- = UT ( ‘/Oéc)(( /C) +_ap) Uyq, (23)
' ‘N (V§/e) = (p+p)?
which can be simplified by using the identity cugaui = (pc?/ E)ujul [6], to deduce
fo, — 2Vomo e = Rutu 24
urtr =\ gje) — (pa pp ) M = (24)

where R is the reflection coefficient. It is the proportion of particles incident against the barrier
that will be reflected. We can assume that R + 7T = 1, where T is the transmission coeflicient

as we would expect all particles to either be reflected or transmitted. From eq. , we can

_ 2Vomo 2 9 2Vomo 2
R‘(m%&—@+m9’ and T =1 Q@w%—@+@9' (25)

deduce,

These expressions for R and T' allow us to model the Klein paradox. If we consider the case
where Vg = 0, we have perfect transmission, which is what we would expect with no barrier.
Then we see the reflection coefficient increase as V; approaches E — mgc?. In fact, R = 1 when
Vo = E — mgc? for perfect reflection, but the interesting thing happens for Vy > E — moc?. We
can see implicitly from eq. , that if we hold the momenta and masses constant, whilst we
increase the potential, the denominator of R will blow up so that R becomes smaller (7" becomes

larger) and more of the particles will be transmitted through the barrier. We can even see that



if we let Vjy become infinitely large, the reflection coefficient should disappear and we will have
perfect transmission. We can quantify this by taking the limit as Vj goes to infinity in eq. ,

which gives

: (E/c)—p
Rmin =1 R(Vp) = 5 26
Vgl—r>noo (Vo) (E/c)+p (26)
and then we can use the fact that Tipax = 1 — Rmin to get
FE E/c) — 2
T — (Efc)+p (E/c)—p P (27)

B/ +p (El)+p (Efc)+p

This shows that a large proportion of massive Dirac fermions will penetrate the infinite potential
barrier. In the example given in [6], electrons travelling at 80% the speed of light have a
transmission coefficient, T' ~ 0.83. So that 83% of electrons incident on this infinite potential

barrier will tunnel through it. In the ultra-relativistic limit, £ >> mc?

we see certain penetration
through the potential barrier such that Ti.x — 1 [7]. The final interesting point to note about
the general Klein paradox, is that in the massless limit, £ — pc, we can see that Ti,.x = 1, so

that all massless Dirac fermions will penetrate the barrier with certainty.

3.2 The Klein Paradox in Single-Layer Graphene

We have just seen the one-dimensional case for the Klein paradox and we are interested in
how the Klein paradox emerges in graphene. The main difference between the general case we
have just seen and the graphene case, is that we are now dealing with a two-dimensional system.
This leads to the transmission coefficient having an angular dependence [4]. The Klein paradox
emerges in graphene when quasiparticle excitations are incident on a potential barrier on the
graphene lattice. The quasiparticle excitations turn out to be massless Dirac fermions, so in a
one-dimensional case, we would expect perfect transmission always and we will find that this is

true in the two-dimensional system when we have normal incidence [7].

In the previous section, we used a one-dimensional Dirac equation (eq. ) to derive the Klein
paradox. In the case of graphene, we will need it’s two-dimensional analogue for a massless spin-
half particle [1]. If we take the full Dirac equation (eq. ) and set m = 0, we get

Hy(r) = azp.cip(r) = Ep(r). (28)

The 4 x 4 matrix representation of the o and § matrices given in eq. @ is only 4 x 4 because
of the 8 matrix. The algebraic structure of the massive Dirac equation is given by the Clifford
algebra, which requires a 4 x 4 representation [8]. In fact, because we have a massless Dirac
equation where the S term has disappeared, we can now use a 2 X 2 representation as the normal
Clifford algebra reduces to {a;, o} = 26;; for 4,5 = 1,2,3. This algebra can be satisfied by the
2 x 2 Pauli matrices, o; [6]. This means that we can replace a, with o and we can substitute
p = —ihd, to give,

—ivgo - Vi(r) = Ey(r), (29)



where we have also reduced the speed of light to the fermi velocity, vy of our quasiparticle on
the lattice, which will act as the speed of our light for our massless particle. This is the massless
Dirac equation in two dimensions [I], the solutions to which can be given as two-dimensional

plane waves analogous to the one-dimensional case.

The Klein paradox in graphene can then be demonstrated using the same method as for the
one-dimensional case. We can add together all of the plane wave contributions in the first two
regions of fig. [3| and equate them at the region boundaries in order to calculate the proportion
of particles penetrating the barrier. The transmission coefficient is then given by

cos(6) cos?(¢)

r= cos2(Dq,) cos?(¢) cos?(#) + sin?(Dq. ) (1 — ss’sin(¢) sin(h))?2 (30)

as in [I], where s = sgn(FE), s’ = sgn(E — Vp) and ¢, = \/(VO - E)Q/(v]%) — k2. We also have ¢
and 6 as the angles of incidence and transmission, respectively at the boundary between regions
I, IT and III. In the limit where V) goes to infinity, we can see that ss’ = 1(—1), which is the

case where the Klein paradox arises because we have opposite signs of the energy in regions [
and II [7]. This limit reduces eq. to,

T cos?(¢)
1 —cos2(¢q.D)sin?(¢)’

(31)

which makes clear the dependence on the angle of incidence, ¢ [I]. We can see that for normal
incidence, ¢ = 0, that we have perfect transmission. However, we also have perfect transmission
regardless of the angle of incidence in the case when ¢q,D = nw for n € Z. This perfect
transmission of massless Dirac fermions on the graphene lattice is an example of the Klein

paradox and has been observed experimentally in [9] and [10].

4 The Tight-Binding Model

We have just seen how relativity can lead to real, but unexpected and counter-intuitive physics
in graphene. The Klein paradox is only one example of a relativistic effect in a graphene
based system. Another relativistic effect that emerges in graphene is the existence of edge
states. In order to study these edge states, we will use the tight-binding approximation of a
second-quantised Hamiltonian. This allows us to describe a two-dimensional lattice with electron
hopping between nearest neighbouring lattice sites. The hopping across the lattice is achieved
by using creation and annihilation operators on pairs of lattice sites in a way that annihilates
an electron at one site whilst simultaneously creating one at the nearest neighbour site [11].
Firstly, we will find a second-quantised form of a general, quantum mechanical Hamiltonian,

before applying the tight-binding approximation to it.
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4.1 Second Quantisation

In order to model electron hopping between sites, we need to use a physical theory that
allows the number of particles in our system to fluctuate i.e. we want to use creation and
annihilation operators to change the particle number. Standard quantum mechanics doesn’t
allow for a varying number of particles in a system, but once second quantised, it does as it
becomes a quantum field theory. From standard quantum mechanics, we know that an electron

in a potential is described using the single-particle Schrodinger equation [3]:

o)
1) = (2 v ) ) = elo), (32)
where p = —ihd, € are the eigenvalues of our Hamiltonian operator and |¢) is the eigenvector

in the Hilbert space, H. Our aim is to find a second-quantised version of eq. by using the
occupation number representation in a way similar to [I1]. We can define a many-body state as
|n1,na,...) where n; is the number of particles in the ith state, e.g. |3,7,...) would mean that
there are three particles in the first state and seven in the second. It should be noted, that
this example requires that the particles must be bosons, as no two fermions can have the same
quantum number due to the Pauli exclusion principle. This state does not exist in the same
Hilbert space as its single-particle version, |¢), but instead exists in a larger Hilbert space that
can handle an undetermined number of particles, which is known as a Fock space and is given

by
F=pH", (33)
N=0

which is the direct sum of single-particle Hilbert spaces [I1]. It includes H°, which is the space
of the one dimensional vacuum state, |0) which is defined in a way such that it can’t be acted

on by our annihilation operators, which we will go onto define now.

The foundation of our second-quantisation description is the creation and annihilation opera-
tors that act as maps within our Fock space. We want to define a creation operator, az F = F

so that it adds a particle to the ¢th state number. This can be represented by
az N1y gy ) = (g + DY g, oni + 1,0, Vie Nt (34)

as given in [II]. Here we have (¢ to differentiate between the different bosonic and fermionic
behaviours and we have s; = 23;11 n;. However, the fermionic case won’t affect the analysis we
are about to perform so we don’t need to consider the (®* any further. The term that is raised
to the power of a half is a normalisation constant. So we can see that the creation operator acts

to add a particle to the n; particle number in our eigenvector.

We can also define the Hermitian adjoint of our creation operator, we call it the annihilation

operator, a; = (aZT)T for reasons that will become clear. When we act our annihilation operator

11



on a state, it behaves according to:
ai\nl,...,ni,...> = (ni)l/QCSi \nl,...,ni—l,...>, V1 €N+, (35)

which is derivable from eq. . It is obvious from this, that the annihilation operator subtracts
a particle from the n;th particle number in our eigenvector. These operators can be used on
the vaccum state to generate any N-particle Fock space [I1]. The final ingredient we need for
the occupation number representation to be of practical use to us is to define the occupation
number operator,

iy, = al a, (36)

which counts the number of particles in the state A; to give ny, [na;, Mgy --) = N, (1A, Tags o),

with ny, being the eigenvalue of the operator.

To upgrade a single-particle operator, 6 to its second-quantised version, @, we must note that
in general, O = 271:7:1 oOn, for the operator acting on the nth particle [I1]. This serves to show
that in our many-body system, 0,, acts on each single-particle state individually and then we
can add up all of these contributions to make the many-body operator. We can expect our
single-particle operator to behave according to 0y, |\;) = oy, |\i) where oy, is the eigenvalue.
However, we must note that in general, we can have multiple particles in the same eigenstate,

A; and so a more general form of this equation is
O, [Ai) = A0\ [Ai) (37)

where as before, ny, is the eigenvalue of the number operator. From this, we can see that our

many-body operator acts on a state according to,

@ \n,\l,n)\w > = Zé)‘i ]n)\l,n/\Q, ) = Zn)\iO)\i ‘n)\l,n)\g, > . (38)
; -

(2

We can now sandwich our many-body operator between two states in order to derive the

relationship between single-particle and many-body operators that we need. Consider

<...,n'A2, nl)\l‘ @) [Ty Mgy -ee) = Zm\io)\i <, nl)\z,ng\l {m\l,n,\27 >
i

- <...,nl/\2,n'>\1‘2n)\io>\i [Ty s Ay s ---) (39)

1
/ / ~
= <...,n/\2,n>\1 ’ Zn)\iOAi 7oAy Mgy --e) -
i
What we have done here, is make use of eq. (38)) in the first line and then moved the sum of the
number and operator eigenvalues inside the bra-ket in the second line. We can do this because it
is only a number. Between the second and third lines, we swap the number operator eigenvalues

for the number operator itself, as this equality holds by definition of the number operator. Now,
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using the fact that 6 |\;) = o|)\;), which implies that oy, = (| 6|\i), we can deduce,

@ = ZO)\iﬁ)\i = Z <)\z‘ 9] ‘)\z> aiia&.. (40)

)

Finally, we need to swap our diagonal basis, |);) for a more general basis which gives,

O =) (ulov)ala, (41)
wv
as expressed in [I1].
We are finally in a position to derive the many-body version of our Hamiltonian from eq. ,

by using the relations we have derived. When we have H [¢)) = €y 1)), we can rewrite our state

using the occupation number representation as |1)) = ajp |0) and we can infer from eq. that,

H = Z Ewajpaw. (42)
P

We are going to derive the position representation of our Hamiltonian such that ) = af(z) |0)
are the basis states for our N-particle system. We can then use our general basis expression for
the second-quantised operator (eq. ) to get,

o= / ddia! (x| H|a)al (2')a(x). (43)
If we then substitute eq. into the above Hamiltonian we get,
ﬁQ
H = /ddmdd:c'<a:’| <2m + V) |z)al(z')a(z). (44)

which we can simplify by multiplying out the brackets and sandwiching p and V inside the
bra-kets. We make use of the following relations,

~2

(@|V(@)|z) = V(z)o!(z '), («'|p

z) = —h?0*5(z — z') (45)
where the d-dimensional delta functions serve to force &’ — x. This gives
ﬁ2
H = /ddac al(x) (Qm + V)a(:c) (46)

which is the final version of our second-quantised Hamiltonian on an N-dimensional many-body

system.
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4.2 The Tight-Binding Hamiltonian for Graphene

The tight-binding model relies on considering a system that is made out of nearly-isolated
atoms. By this, we mean that the atoms are far enough apart that inter-atomic interactions
are very small but the valence band electrons have slightly overlapping wavefunctions [12]. This
gives us a model where the electrons are “tightly bound” to their parent atoms but with a small
chance of hopping to nearest-neighbour atomic sites. This approximation is valid in regimes
where the inter-atomic spacing is larger than the radius of the valence band orbitals, but not
so large that we have a system of completely isolated atoms. With the distance between two
nearest-neighbour carbon atoms in graphene being a ~ 1.42A, the tight-binding model is the
appropriate choice of model for graphene [1]. It should be noted that in the following derivation,
we will ignore the effects of spin, as it will not be important in our analysis of edge states in

carbon nanotubes.

In order to find a tight-binding Hamiltonian of graphene, we must make use of an important
result from condensed matter physics relating to periodic potentials: Bloch’s Theorem. This
theorem states that when we have a periodic potential of the form V(r + R) = V(r) for all R
in a Bravais lattice, then the wavefunctions v of a one-electron Hamiltonian can be given in the

form

Yuse(r) = € T ung (1), (47)

which is a plane wave multiplied by a function, u,, known as the Bloch function that is periodic
on the lattice according to
Unk (T + R) = tung(T). (48)

What this means is that the wavefunctions of the one-electron Hamiltonian can be thought of
as periodic, up to some plane wave factor. This is more obvious from the alternative statement
of Bloch’s Theorem:

[W(r + R)) = " ly(r)) (49)

for every R in the Bravais lattice [12].

We also need to decide which basis states we want to use to describe our system. Ideally,
we want an orthonormal basis to make our analysis easier. The best basis for a tight-binding
approximation involves the use of Wannier functions as they are maximally localised and form a
complete, orthonormal basis. This means that they are ideal for systems in the limit where we
are getting close to having isolated atoms, whilst still allowing for some inter-atomic interactions,
as is the case with graphene. The Wannier states are defined to be the Fourier transform of the
Bloch functions, |¢,k), which carries over the property of orthogonality from the Bloch functions

[13]. So the Wannier function are defined by the following transformations,

B.Z.

|¢nR) = Z e R k), k) = \ﬁZel’“lenR (50)

k
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where 3277 is a sum over all k in the first Brillouin zone [I1].

Our aim from this point on is to use Bloch’s Theorem and the Wannier states to derive a
tight-binding Hamiltonian that we can use for graphene. Firstly, we can use the Wannier states
to define transformations for our creation and annihilation operators. If we fix the band so that
we can remove the n index, begin using the index ¢ = 1, ..., N which enumerates the lattice sites
R;, and make use of the fact that the single-particle state |1);) = a;r |0), then we can deduce from

the definition of the Wannier functions that our creation operators can be expressed as

1 o 1 ,
af = =Y el al = =Y el (51)
k

where similar expressions for the annihilation operators can be derived in the same way.

Now, if we make use of the fact that the Bloch states diagonalise a single-particle Hamiltonian

[11], then we can use eq. and substitute in the operator transformation above to give
H = Z ekaLak,
k

k
1 I
= 52> e R ala.
k4

We can understand this expression by looking at the creator and annihilation operator in the
last line. We can interpret this as creating a particle at the site R; and annihilating one at
site R;/, which simulates the hopping of a particle between the sites. The normalisation and
k-dependent terms of the expression can be interpreted as the coupling strength that determines
the probability of the hopping between sites. In order to tidy up this expression, we can define

the coupling strength to be the matrix hopping element, ¢, such that

H = Z a;-rtiz-/ai/, (53)

where t;y = N1 Dk et (Ri—Ryr) e, is the coupling strength for a hopping from the R; site to
R;. For completeness, we should also include the ability to reverse this process by hopping from
the R; site to the R; one. We do this by including the Hermitian conjugate in the tight-binding

Hamiltonian

H = Z(aitwai/ + a;.r,ti/iai) = Z(ajtn’/ai/ + h.C.), (54)

i i’
which is the general form of the tight-binding Hamiltonian, where h.c. is the Hermitian conju-

gate.
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Figure 4: The nearest-neighbour hopping from any site to another must always be
between the two sub-lattices. That is to say, if we begin on the A sub-lattice, any
nearest neighbour hopping will take us to the B sub-lattice. There are three possible
hoppings from any site. If we consider starting on the blue site in the centre of the
figure, then we can hop downwards within the same unit cell, or diagonally to the
nearest neighbours in other unit cells, which leads to the Hamiltonian given in eq. .

In order to use eq. as a Hamiltonian for graphene, there are a few things we need to note.
Firstly, as shown in fig. 2| our system is actually made up of two triangular sub-lattices, A and
B, where all the nearest neighbours of each site are part of the the other sub-lattice. This means
that all nearest-neighbour interactions happen between sub-lattices A and B. As such, we will
restrict aj- and a; to act on the A sub-lattice and introduce b;r and b; to act on the B sub-lattice.

This means our Hamiltonian in eq. (54]) can be re-written as

H=—tY (afby +hc), (55)

i’
where we have also made the choice to set t;; = —t. We can do this because we are assuming
that our system is symmetric under translation, and therefore the coupling strength is constant

for all nearest-neighbour links.

Finally, we will bring our Hamiltonian into its appropriate form by changing the summation
index and considering the possible translations on the lattice. In eq. , we sum over all ¢ and
i’ sites for nearest neighbour pairs. Instead, what we can do is sum over all the position vectors
in the A sub-lattice, r € A. By looking at fig. 4l we can now expand eq. in terms of the
three possible nearest-neighbour hoppings, which are given by the translated position vectors
r, 7+ ny and r + ne. This means we can define corresponding creation operators by, bpyn,

and b1 n,, that will act to create a particle on the nearest-neighbour site when our annihilation
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operator destroys one at the central site. This gives our Hamiltonian in the form

H=—~tYal(by +brin, +brin,) +hoc. (56)
reA

which is the primary form of the tight-binding Hamiltonian for graphene that we will use in our

analysis.

5 The Dispersion Relation for Graphene

If we are going to use eq. (56| to describe carbon nanotubes, we want to rewrite it in terms
of matrices and find it’s associated dispersion relation. This will make our analysis easier when
we come to Taylor expand our Hamiltonian about the Dirac points so that we can isolate the

relativistic phenomena in the system.

We define creation and annihilation operators for our system like before, in terms of their

Fourier transforms

| BZ | BZ
Uy = —— ePTq — ol =— e Pl
™ \/N ; P T \/N ; P
(57)

1 B.Z. 1 B.Z.
bp=—= Y €7hy = bl=—=) e,
S e DY

where a and b act on the A and B sub-lattices respectively, as do p and q. We can now substitute
these into eq. to get

B.Z.B.Z.
- _% YN erra, <eiq.r | ia(rin) eiq-(T—i—ng))bq Y he
B.Z.B.Z. ‘ ' 1 ‘
=30 abbg(1 4 e 4 giana) (N 3 e—z<p—q>-r> e
P 4q rcA
where N~! Y orea eiP—a)T — pg as we are summing over the roots of unity. This leaves us
with a simplified version of our Hamiltonian given by
B.Z.
H =" (fp)abby + " (P)bhay), (59)
p

where we define f(p) = —t(1 + eP™ + ¢P™2). Tt can be seen from the above expression that

H can be expressed in terms of matrices. This matrix representation of our Hamiltonian is
B.Z.
0 f@) (e
H= (aT zﬁ) P, (60)
; por f*(p) 0 bp
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Figure 5: The dispersion relation for graphene (eq. 1) with the two Dirac points
visible at E(p) = 0. From this figure, the Dirac cones in the low-energy sector are
clearly visible in the direct vicinity of the Dirac points.

Finally, if we define 1, = (ap, bp)T, then we have

=3 i h<p>=< 0 f(p)) (61)
— PR ffp) 0 )

where h(p) is the single-particle Hamiltonian. By solving the characteristic polynomial of h(p),

we find the eigenenergies are E(p) = +|f(p)|.

Our expression for f(p) can be expanded in terms of the reciprocal basis given in eq. (4)). By
making use of Bloch’s theorem and the discrete, translational symmetry of our lattice, we know
that the crystal momentum will be periodic. We can express this periodicity as N;p-n; = 2wm;,
where m; € Z, and i = 1,2 denotes our basis vectors. This leads to our quantised crystal

momentum, which expanded in the reciprocal basis is given by
p=— ZpiGi = i(plGl + p2Ga) (62)
2m & 2 ’
where a is the lattice constant. By substituting this expression for the momentum into f(p)
and making use of the fact that G; - n; = 279;;, we get
f(p) _ —t(l + eii(p1G1+p2G2)‘n1 + eii(p1G1+p2G2)~n2>7

- —t(l + ela=P1Gima + ei%mczﬂw)’ (63)

= —t(l + el 4 eiapz).
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We can now find an expression for E(p) in terms of p; and po by first considering
|f(p)‘2 = f(p)f* (p) S <3 4 et 4 o—iap2 4 glapy ela(pi—p2) 4 elar2 eia(Pz—p1)>' (64)
This can be simplified by using Euler’s formula in the form €7 = cos(ap;) + isin(ap;) for

j = 1,2. By substituting in Euler’s formula and simplifying, we arrive at the dispersion relation

for graphene,

E(p) ==x|f(p)| = :l:t\/3 + 2 cos(apy) + 2 cos(apz) + 2 cos(a(pr — p2)), (65)

which is shown in fig.

6 Review of Edge States in Zigzag Carbon Nanotubes

We are now in a position to consider the existence of edge states in graphene based systems.
These can take the form of zero modes, that exist at the edge of graphene flakes [14] or carbon
nanotubes [I5]. These states are energy eigenstates localised at the edge with zero energy [7].
However, these are not the edge states we will be concerned with in this thesis. It turns out
that in carbon nanotubes with zigzag ends, there is theoretical support for bulk states at the
ends of the tube [2]. This section will summarise the results of [2], so that we can perform an

analogous analysis of carbon nanotubes with armchair edges in the remainder of this thesis.

6.1 Zigzag Momentum Quantisation and Dispersion Relation

In order to build a carbon nanotube, we must apply another set of periodic boundary condi-
tions to the system of graphene that we’ve been working with so far. The first set of periodic
boundary conditions were applied when we used Bloch’s Theorem to understand the transla-
tional symmetry of the graphene lattice in eq. (49)). Referring to fig. [2] if we impose periodic
boundary conditions in the z-direction, it will create a nanotube with zigzag edges. Suppose
the circumference of the nanotube is given by Na, where N is the number of unit cells in the
x-direction and « is the lattice constant, as it was before. We can construct an infinitely long
nanotube by letting the length of the nanotube L, tend to infinity in the y-direction as we take
the thermodynamic limit. This leads to a momentum quantisation of the kind where the po

component remains unconstrained, but with

p1 = m7 (66)

in the first Brillouin zone [2].

For graphene, the dispersion relation is between the unconstrained momentum p = (p1, p2),
and the energy E(p). Now we have quantised p;, we have reduced our dispersion relation into

one-dimensional bands enumerated by the integer n. We are essentially taking slices of the
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dispersion relation in fig. [5| for each quantised value of the momentum. We want to substitute
our expression for p; into the dispersion relation of graphene (eq. ) This gives us a zigzag

dispersion relation given by

2 2
E.(k) = it\/3 + 2005(?) + 2COS<JT\l]ﬂ- — ka> + 2 cos(ka), (67)

where py — k. It should be noted that E, (k) has a single minima for each value of n. It is at
the low-energy limit of these bands where we find the cones of F ~ k. These cones are centred
at the two zero energy Dirac points in the Brillouin zone. In order to focus on these low-energy
properties, we want to take th continuum limit by Taylor expanding about the minima of the
dispersion, as this will allow us to ignore the non-linear terms of the momentum. Therefore, we
will be considering the properties of the conic section of the Brillouin zone where the relativistic

energy-momentum relation is obeyed.

In order to find the minima of the dispersion, we differentiate E?2(k), rather than E, (k) as
it is easier to work with. The square of the energy will have the same minima as the energy,
therefore we can set it’s derivative equal to zero in order to find the turning points of the bands

at kmin. This gives us the equation

(EﬂmyzzﬂaCm(%?EJm)—ammn>:0, (68)

which implies that

2
sin(zT\Lf7r — kmina> = sin(kmina). (69)
We can now make use of the fact that sin(x) = sin(y) implies that 2 = mn 4 (—1)™y for m € Z,
to obtain )
n w
kmin = — — _, e Z. 70
(F-m)ar " 70
In order to stop the denominator outside of the brackets from being zero, we require m to be
even, so we set m = —2[ to give
k D)t a2 ez (71)
n=|—= — mod — .
min N a o a 9

By considering the constraint that ki, is modulo 27/a, and the fact that n/N € [0, 1], the
only possibilities for [ are that [ = 0,1. We want to deduce which of these turning points is the
minima. We do this by calculating (E2(k))" and seeing for which turning points is greater than

zero. This leads to
( ) if n > %,

(

n _
min ~—

(72)

2z ==

218 2l

+1) ifn< i
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The case where n = N/2 does not have a minima as it is a flat band [2]. As we are only interested
in the low-energy properties of the nanotube, we will focus on the lower momentum eigenstates

where n < N/2. This means we have a final expression for our band minima, given by

s n
o= —41).

6.2 Support of Bulk States at the Edge

Now that we have the minima of our bands, we need to Taylor expand the Hamiltonian about

these minima to linear order in the momentum. The Hamiltonian (eq. (61))) can expanded out

n
min’

in terms of its Taylor series about k we do this by using

fn(k&in +p) = fn(kgln) + pf;z(kgnn) + O(p2)7 (74)

such that

h(p) =
f; (kl’?}lil'l + p) 0
according to [2]. After substituting k% (eq. (73)) into f(p) (eq. (63)), we arrive at the contin-

uum limit Hamiltonian,

0 &'V (An + iatp)) o), (76)

hp) = <ei?(An — iatp) 0

where A, is an effective mass of the system which represents band gaps in the dispersion. It
turns out that the system is gapless (|A,| = 0) when n/N = 1/3 for n, N € Z, which means
that N must be a multiple of 3 for this to occur. The single particle Hamiltonian above is a
(141) dimensional massive Dirac Hamiltonian where o* = ¢¥ and § = ¢” [2]. We can use this
Hamiltonian to build suitable Dirac wavefunctions for our system. According to [2], this gives

us the Dirac equation in the form

0 e'N (A +iatp)\ (Ya) YA
(e"”?f(An — iatp) 0 ) <¢B> ) (wB) ’ 7

where 14 and g can be interpreted as the wavefunctions of the A and B triangular sub-lattices,

respectively. The wavefunctions can then be found to be of the form

1 1 .
_ = ipx
Ynp 2 (Semw/Newn,p> € (78)
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where s = sgn(E,) and 60, , = arg(A, +iatp) is an angle in the complex plane. Using the above,

we can build a superposition out of forward and backward propagating standing waves,

1 . 1 )
_ ipx —ipx
Ynp = (e_im/zve—z‘an,p> e+ R (e—inw/zvewn,p) e ™, ReC. (79)

All that needs to be done is apply the zigzag boundary conditions to our standing waves and

see what we are left with. The boundary conditions for the zigzag edge are given by

$a(0) =¢p(L) =0 (80)

for the continuum limit approximation of a carbon nanotube of length L [I][2]. These bound-
ary conditions are not as simple as the non-relativistic case where for a particle obeying the
Schrédinger equation, we just require the wavefunction to be zero at the boundary. In fact,
eq. (80) are a special case of the more general rule for Dirac boundary conditions, which re-
quires the Dirac current normal to the boundary to be zero. This different rule for the boundary
conditions is due to the fact that in certain situations, requiring the wavefunction to be zero at
the boundary would make a Dirac spinor zero everywhere, which is unhelpful in understanding
physical situations [2]. This requirement on the current, rather than the value of the spinor at
the edge of the system, is what allows the spinor in certain situations, to give rise to a non-zero
density at the edge. We will now see an example of how this manifests itself for a zigzag carbon

nanotube.

By applying the boundary conditions of eq. to eq. , the final solution of the wave-

function for a finite, zigzag carbon nanotube is given by

sin(pz)
n,p — /Vn i 7 N
Ynp = Nnp <e—m/Nsm<px—9n,p>> "

in position space, where A is some normalisation constant [2]. The second equality of the
boundary conditions means that we require pL — 0, , = mm for m € Z. If we continue to
interpret the upper component of the spinor as the A sub-lattice and the bottom one as the B
sub-lattice, then we can see that 6, , acts as a phase difference between the wavefunctions of

the two triangular sub-lattices.

By using the definition of the charge density, we can see that

Py = Uh oy = WP (sin(pe) + sin®(pz + 6,,) ). (82)

which is understood to be the sum of the charge densities of the sub-lattices A and B, such that
p = Pip = [1ha|?>+ 1| We can see from the above equation that the density is not necessarily
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Figure 6: Numerical simulation of a zigzag carbon nanotube taken from [2]. The three
colours represent the first three eigenstates of the system, where red is the ground
state, blue is the first excitation and green is the second. Top row: the left and right
plots show the charge density of the A and B sub-lattice respectively, which can be
interpreted as the top and bottom components of the spinor in eq. . The density is
plotted against the length of the system, 0 < & < L. We see that for each sub-lattice,
there is a non-zero density at one of the edges. Bottom row: we plot the overall charge
density, p = |14]? + |¢p|? which is non-zero at both edges. This plot corresponds to
and agrees with eq. .

zero at the edges of the carbon nanotube,

Pnp(0) = pnp(L) = |/\/’|2 SiHQ(Hn,p)a (83)

which is maximised for 6,,, = arg(A,, + iatp) = m/2. This condition for the maxima suggests
that the edge density of the nanotube is maximised for a gapless system (A, = 0), as this
would correspond to the 7/2 rotation in the complex plane. Therefore, as we know the gapless
band only occur when n/N = 1/3, this is also the condition that maximises the edge density.
The maximum edge density is not dependent on the momentum of the system and is given by
pn = |N|? = 1/L. According to [2], the density at the edge becomes vanishingly small when a
gap is opened in the dispersion. These results are all supported by numerical simulations [2],

which is demonstrated in fig. [6]

7 Analysis of Armchair Carbon Nanotubes

Now that we have reviewed the existence of edge states in zigzag carbon nanotubes, we will
perform a similar analysis on a nanotube with armchair edges and compare the results. In this

section, we will follow the same process as we outlined for zigzag carbon nanotubes.
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7.1 Armchair Momentum Quantisation and Dispersion Relation

As in the previous section, the first step is to apply a periodicity to the momentum, along
the circumference of the edge. For the zigzag case, we chose the boundary to go along the n4
direction in fig. For the armchair case, we need to use a slightly more complicated choice
and use the 1 + ny direction. We then use Bloch’s Theorem (eq. (49))) to derive the necessary
quantisation condition for our momenta. If we consider a unitary translation operator acting on

our momentum eigenstates |p),
T(r) Ip) = ¢ |p), (84)

then we can substitute our armchair momentum vector for r, to give
T(ni +ns) |p) = P72 |p) (85)
We note that for a carbon nanotube with circumference of length Na, that
T(N(ni +mny)) p) = NP M572) |p) = |p), (86)

because we move around the edge N times and arrive back at our starting position. This implies
that Np-(n1+mns) = 27n for n € Z. By substituting in our expression for p as given in eq.

and using G; - n; = 27d;; to simplify, we arrive at the armchair momentum quantisation where

2m™n

pL+p2 = Na® (87)

This means that just like in the zigzag case, we have quantised momenta around the circumfer-
ence of the nanotube in the ny + ny direction, but unconstrained momenta along the length of

the nanotube in the n; — ny direction.

Our quantised momenta can now be substituted into the graphene dispersion relation (eq. )

in order to get

B, (k) = it\/3 + QCOS<<2N7ZT _ k:>a> + 2cos<<ivn;r _ 2/<> a) +2cos(ka),  (88)

which is shown in fig. [7] As before, we need to find the minima of this dispersion for the lower

energy bands in order to focus in on the relativistic phenomena. We will work with E2(k) again

as it has the same turning points as the dispersion relation. We have

E%(k) =t <3 + 2cos<<i\f”: — k) a> + 2cos<<2N7TZ — 2k> a) + 2cos(ka)>, (89)

which can be differentiated and set to zero to give the turning points,

(B2 (kmin)) = 26> {a sin<<2Nm - kmm> a) +2 sin<<2N7m - 2kmm> a) - sin(kmina)} =0, (90)

a a
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Figure 7: The dispersion relation for a carbon nanotube with armchair edges (eq. )
This is a numerical simulation of the first 20 energy bands E, (p) of the system. In
this simulation, ¢ = a = 1 and the nanotube circumference is determined by N = 20.

which can be reduced to
sin(% — kmma) [2 cos(% — kmina> + cos(%)] =0. (91)

Either the sin function or the contents of the square brackets must equal zero. If we set the sin

function to be zero, we get

kmin:g(%—m), mez (92)

and if we set the square brackets equal to zero,

1/m™n 1 ™
Kmin = o (F F arccos<—§ cos<ﬁ)> — 27rm>, m € Z. (93)

One of these expressions for ki, will give the minima and the other will give the maxima. In
order to find which is which, we could differentiate E2 (ki) again. However, we can make life
easier for ourselves by numerically plotting the values of ki, against an energy band in the
dispersion, as we have done in fig. |8 From this, we can see that eq. is the band minima.

7.2 Wavefunctions for the Armchair Carbon Nanotube

We are now in a position to Taylor expand about our band minima. As we want to focus on
the low-energy section of the system, we can choose to work in the ground state and set n = 0.

By substituting our armchair momentum quantisation into eq. , we deduce that
-( 21N .
f(k)=—t (1 + ez(m_k)a + e’k“> ) (94)
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Figure 8: The energy band of the ground state n = 0, is shown in the blue and orange
lines. The ground state turns out to be gapless for all values of N. The vertical red
lines that go through the minima correspond to eq. (93|) and the green line through
the maxima corresponds to eq. .

In order to find the Taylor expansion of our Hamiltonian (eq. ), we need to find the terms
for eq. by our new expression for f(k). Therefore, we differentiate f(k) to get

f'(k) = —iat( (5 k) + eik“> = —iat( — e tha eika), (95)
and then we can substitute in our minimum values of the momentum kgi:no, which gives us
f/(klollin) _ —iat< o e:i:i arccos(—1/2) + e:Fi arccos(—1/2)> ) (96)

From eq. , and using the fact that f(k%, ) = 0, we can see that

FSm +p) = pf (ko) + O(p?)

~ —piat( — et arccos(—1/2) 4 el arccos(—1/2)>
= —piat< — 23 ejFi27T/3>
= TV/3pat.

Which can then be paired with eq. to acquire the armchair version of the Dirac equation,

0 FV3pat\ [¢a) Ya
<W§pat 0 ><w3>_E”(p ) <¢B)' %)
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We are starting to see a divergence between the zigzag and armchair cases in the non-appearance
of a band gap in the Hamiltonian above. This is because the ground state of the armchair case
is always gapless, regardless of the value of V. In the zigzag case, the dependence of the gap on
certain values of N was directly related to the requirements for the emergence of edge states in

the system.

The Hamiltonian we have found for the armchair case is given by
0 1
h(p) = FV3pat (1 O) = 7/3pat - oy, (99)

where o, is the Pauli z-matrix. The eigenvalues of the Pauli x-matrix are given by +1, which
implies that the eigenvalues of our Hamiltonian are just A1 2 = ++/3pat and that the eigenvectors

are the same as the ones for o,. This means they are given by

Vi = \}5 <i1> : (100)

with ¥4 being the positive energy solutions. Which gives us a position space solution of the

1 (1 ipx
P(x) = 7 <1> e’P”. (101)

This allows us to build a forward and backward propagating wave,

1 1 ipT i 1 e—ipx
Yy = 7 <1> e’ + NG <1> : (102)

7.3 Charge Density at the Edge

Dirac equation in the form

An armchair edge requires a different set of boundary conditions to the zigzag case [I]. In fact,
whilst zigzag boundary conditions are generic, we find that the armchair ones are very specific
and only occur for very specific edge orientations [7]. This is due to the fact that we require
the normal current at the edge of the nanotube to be zero [2], but that we have a different
shape for the armchair edge than we do the zigzag, and therefore we have a different set of
‘missing’ links. If we refer back to fig. [I| and consider rolling up our graphene into a zigzag
nanotube, then we have 'missing’ links at the top and the bottom where the edges are. The top
and bottom edges are labelled by x = 0 and x = L. We can see in the figure that the atoms
at the edge are all part of one of the A and B sub-lattices and from this, we can see where the
zigzag boundary conditions (eq. ) come from. They do not require any equality between the

different sub-lattice wavefunctions.

If we now do the same kind of thought experiment and consider rolling up the graphene in

fig. [1}into an armchair nanotube. We can see that there are atoms from both sub-lattices at each
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edge. This means we will require the boundary conditions to equate the wavefunctions from
both sub-lattices where we didn’t for the zigzag case. This leaves us with a set of boundary

conditions defined by
Ya(0) =v¥p(0) =va(L) =¢p(L) =0. (103)

We can see from these boundary conditions, that both sub-lattice wavefunctions are required to

be zero at both edges of the nanotube. Given that the charge density on a nanotube is given by

p =Pl =pal* + [vpl (104)

We can immediately see that there can be no support for bulk states at the edge, as both 4

and 1 p are required to be zero at the edge. Which can be expressed as

p(0) = p(L) = [1pa(0)* + [¢¥B(0)[* = [a(L)]* + [¢B(L)|* = 0. (105)

8 Numerical Simulation of a 1D Chain

In order to test the validity of our theoretical analysis, we will now encode our tight-binding
Hamiltonian on a one-dimensional chain. A similar analysis done in [2], confirmed the support
of bulk states at the edge for zigzag carbon nanotubes, the results of which are shown in fig. [6]
We will use a similar numerical simulation for our armchair analysis as a way of checking the
work we have already done. The benefit of simulating a one-dimensional chain compared to
the full two-dimensional system, is that we can fix the momenta and focus in on of the Dirac
points, as we have done in our analysis above. A two-dimensional simulation would simulate
contributions from both Dirac points, which would lead to noisier wavefunctions that would be

more difficult to compare to our analytical results.

In order to run such a numerical simulation, we will need to get our tight-binding Hamiltonian
into a form that can be easily encoded on a computer. The first step in this will be to use a new
basis. The basis we have used in our analysis helped to keep things simple, but for encoding a
one-dimensional chain, we will be better off working with a Hamiltonian expressed in a Cartesian
basis, €, and é,. Using the same logic as we did to get eq. , we can use fig. |§| to derive a

version of our tight-binding Hamiltonian in a Cartesian basis as

H=-tY al(brre,—z, +br_e,—a, +br) +hc. (106)
reA

With the corresponding creation and annihilation operators expressed as

1 ) 1 %
al, = Wi Ze Pal(py), b= Wi Ze Wb, (qy)- (107)

\ Y py v Y gy

As we did when we derived the dispersion relation for graphene, we can substitute the creation
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Figure 9: The graphene lattice with unit cell vectors defined in terms of a Cartesian
basis. Using these vectors to define hopping between nearest neighbour sites leads to

the Hamiltonian given in eq. (106]).

and annihilation operators into our new Hamiltonian to get

— \ﬁi” ZZZ —ipygl( (iqy(y—‘rl)bzfl(q%{)+6iqy(y_1)bx71(Qy)+€iqyybm(qy)) 4 he
y rcA py Qqy

ZZZG ( iqybm—l(Qy) +eMh, 1(qy) + bz (gy )( Ze 9y Py > + h.c.
(108)

where the terms in the last set of brackets equal dp,4,. We can then use the Euler equation to

simplify the exponentials in Hamiltonian, which gives us

H:Z( Z (QCospy o 1+b)+h.c.>
:ZH(py)-

(109)

In order to encode our Hamiltonian, we want to find the single-particle Hamiltonian in terms of
Dirac delta functions such that h(p) = h; j. Therefore, we factor out the creation operator in

H(py) to express it in terms of delta functions,

H(p) = ——= Z aj» (2 cos(p)di—1,; + 5i,j>bj +h.c. (110)
1,J
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(a) Spectrum of Eigenstates (b) Ground State Charge Density

Figure 10: Numerical simulation of a 1D chain of atoms described by our tight-binding
Hamiltonian along an armchair boundary for system size N = 30. We find the eigen-
states and eigenvalues of the single-particle Hamiltonian given in eq. numerically.
This allows us to plot the charge density for the ground state eigenvector. (a) shows
the spectrum of possible eigenstates for our Hamiltonian and their respective eigenen-
ergies, (b) shows the charge density for the ground state where n = 0.

By comparing to eq. , we arrive at

hij; = —L(Z cos(p)di—1,; + 6i7j>,

VN

where we can take p = 2mn/N as we are now quantising it in the direction of one of our basis

(111)

states, as we did for the zigzag case in section 6. This gives us

t 2mn
This gives us the Hamiltonian in a form that we can encode computationally.
We have
0 h a
H, = (at o) " — i 113
n w0\ V' HpY (113)

as in [2]. We can now use numerical methods to diagonalise H,, and find its eigenvectors and
eigenvalues. We can then compute the charge density from these results and plot them along
the length of the chain. The results of this simulation are displayed in fig. [0} They show clear
agreement with the theoretical analysis done in the previous section, as we can see the charge

density has a non-relativistic profile as it goes to zero at the edges of the system.
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9 Conclusion

In section 6, it was demonstrated that in zigzag carbon nanotubes we see support for the
extension of bulk states to the edge. This was shown to be the result of the boundary conditions
that we applied to the system. At a zigzag edge, all of the atoms belong to the same sub-lattice
and the boundary conditions only require that one of the sub-lattice wavefunctions be zero at
the boundary [I], leaving the other to be non-zero at the edge. The wavefunction of the entire
system is a superposition of the two sub-lattice wavefunctions and therefore, we can add the
charge densities of each sub-lattice together. This allows for a non-zero density of bulk states
at the edge when the two sub-lattice wavefunctions have certain phases which can be controlled

by the dimensions of the carbon nanotube, as shown in [2].

Contrastingly, for the armchair edge, we see that it is made up of atoms belonging to both of
the triangular sub-lattices. As we design our boundary conditions in order to keep the normal
current at the edge equal to zero, this means that we have to set both sub-lattice wavefunctions
to be zero at the edge. By definition, the charge density is given by p = ¢f¢ and therefore, any
boundary conditions that require all of the wavefunctions to be zero at the edge, must have zero

density at the edge as well.

The only true test of the validity of these results is experiment. There is currently no exper-
imental data to support these findings, but as nanotechnology and our ability to control these
systems in a laboratory setting improves, such results might be demonstrated in the future. In
the meantime, the best we can say is that these results are supported by numerical simulations.
The zigzag case is supported by one-dimensional chain simulations in [2] and the armchair case
by the same type of simulation in section 8 of this thesis. This at least suggests that the the-
oretical analysis presented here has been done correctly. Furthermore, similar results for edge
states existing at zigzag edges of a graphene nanoribbon have been found, along with the result
that no such edge states are expected in the armchair case [16][17]. This reinforces the concept
that these physical results are consequences of the edge shape, which would explain why they

translate from nanotubes to ribbons and vice versa.

It will be of interest in the future to see if experiment can confirm or falsify the results of this
thesis. From a theoretical point of view, it would be interesting to examine whether punctures in
graphene based systems with zigzag or armchair edges offer any other counter-intuitive results.
Also, to see if such research would reaffirm the results of this paper, that only the zigzag edges
result in certain relativistic phenomena where the armchair ones don’t. Further theoretical

demonstration of this idea could reinforce the results of this thesis.
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A Source Code for Plots and Numerics

Below is the code used to produce the plots and numerical simulations contained in this thesis,

all of which was done using Python 3. The functionality of the code will be briefly explained.

A.1 Graphene Dispersion Relation Plot

from mpl_toolkits import mplot3d
import matplotlib.pyplot as plt
import numpy as np

t=1
a=1
x = np.arange(@, 2*np.pi, ©.1)
y = np.arange(@, 2*np.pi, ©.1)

X, Y = np.meshgrid(x, y)
Z = np.round(t*np.sqrt(3 + 2*np.cos(X*a) + 2*np.cos((X-Y)*a) + 2*np.cos(¥*a)), 4)

fig = plt.figure()

# syntax for 3-D plotting
ax = plt.axes(projection ='3d")

ax.plot_surface(X, Y, Z, alpha=6.5)

ax.plot_surface(X, Y, -Z, alpha=6.5)

ax.set xlabel('$p_{1}%$"')

ax.set_ylabel('$p_{2}%$"')

ax.set_zlabel('$E(p)$")

plt.xticks(np.arange(®, 2*np.pi+l, step=np.pi), ['$2\pi$"', '$\pi%','0'])
plt.yticks(np.arange(@, 2*np.pi+l, step=np.pi), ['©','$\pi$', '$2\pit'])
ax.set_zticks([-np.pi, ©,np.pi])
ax.set_zticklabels(['$-\pi$','®", '$\pis'])

ax.view init(@, 6@)

plt.savefig("3D.png",dpi=300)

plt.show()

Figure 11: The code used to produce the graphene dispersion relation fig.

The first 12 lines of this code serve to set up our system and figure, by defining certain values
such as N and then setting up the x and y values. We then input the expression for the graphene
dispersion relation as a function z = z(z,y) on line 13. The rest of the code plots the 3D surface
in the figure and customises the axes. On line 30, we rotate the figure in a way that best shows

the Dirac cones. The final two lines produce the figure as a .png file that is used as fig.
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A.2

Armchair Carbon Nanotube Dispersion Relation Plot

import matplotlib.pyplot as plt

import numpy as np

S oo o=t

for

plt.
plt.
plt.
plt.

plt.
plt.
plt.

1
20
1
1@

n in range(@,N):

x = np.arange(@®, 2*np.pi, ©.8801)

E1 = np.round(t*np.sqrt(3 + 2*np.cos{( ((2*np.pi*n}/(N*a))-x)*a) + 2*np.cos((((2*np.pi*n)/(N*a))-2%*x}*a) + 2*np.cos{x*a)), 4)
E2 = np.round(-t*np.sqrt(3 + 2*np.cos((((2*np.pi*n)/(N*a))-x)*a) + 2*np.cos((((2*np.pi*n)/(N*a))-2*x)*a) + 2*np.cos(x*a)), 4)
plt.plot(x,E1)

plt.plot(x,E2)

xticks(np.arange(®, 2*np.pi+l, step=np.pi), ['@", '$\pid’, '$2\pis'])
yticks(np.arange(-np.pi, np.pi+l, step=np.pi), ['$-\pi$',"@’', '$\pis'])
xlabel('p")

ylabel ('$E_{n}$"')

tight_layout()
savefig("High resoltion.png",dpi=3080)
show()

Figure 12: The code used to produce the dispersion relation for an armchair carbon
nanotube in fig. E

This code works in a very similar way to the code that produces the graphene dispersion

relation. The first 7 lines set up the system. The lines from 9 to 14 plot the positive and

negative energy solutions in the figure for all n in the range 0 to N. Lines 16 to 19 customise

the axes labels and the last three lines produce the .png file used in this thesis.
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A.3 Ground State Energy Band with Minima Plot

1 dimport matplotlib.pyplot as plt
2 import numpy as np

t=1
5 N=20
6 a=1
7 n=0
8 x = np.arange(®, 2*np.pi, ©.0001)
9 E1 = np.round(t*np.sqrt(3 + 2*np.cos{(((2*np.pi*n)/(N*a))-x)*a} + 2*np.cos(({(2*np.pi*n)}/(N*a))-2*x)*a) + 2*np.cos(x*a)), 4)

18 E2 = np.round(-t*np.sqrt(3 + 2*np.cos(({(2*np.pi*n)}/(N*a))-x)*a) + 2*np.cos((((2*np.pi*n)/(N*a))}-2*x)*a) + 2*np.cos(x*a)), 4)
11 plt.plot(x,E1)

12 plt.plot(x,E2)

13 plt.xticks(np.arange(®, 2*np.pi+l, step=np.pi), ['@','$\pi$', '$2\pit'])

14 plt.yticks(np.arange(-np.pi, np.pi+l, step=np.pi), ['$-\pi$','@','$\pi%'])

15 for m in range(-1,8):

16 plt.axvline(x=(np.pi/a)*((n/N)-m), color = 'g', label = 'easy"')

182 for k in range(0,1):
19 plt.axvline(x=(1/a}*((np.pi*n/N)+np.arccos(-9.5*np.cos(np.pi*n/N))-2#np.pi*k) , color = 'r', label = ‘hard')

21 for q in range(-1,8):

22 plt.axvline(x=(1/a}*((np.pi*n/N)-np.arccos(-9.5*np.cos(np.pi*n/N))-2#np.pi*q) , color = 'r', label = ‘'hard')
24 plt.xlabel('p")

25 plt.ylabel {'$E_{0}%")

26 plt.tight_layout()

27 plt.savefig("Minima.png",dpi=300)

28 plt.show()

Figure 13: The code used to produce the ground state energy band plot for an armchair
carbon nanotube. The code also marks the minima and maxima of the energy band
by using vertical lines. This code produces fig.

The first 14 lines of this code are recreating the code from the armchair dispersion plot, but
only for the ground state n = 0. Lines 15 to 22 plot the values of eq. and eq. as green
and red vertical lines respectively. The last five lines label the axes and produce the .png file

that appears in this thesis.
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A.4 Numerical Simulation of a 1D Chain

1 dimport numpy as np
2 import matplotlib.pyplot as plt

4 N = 20
n=0

def delta(x,y):
return x==zy

W oo

np.arange(-50, 58)
np.ones((N,N))

I
[

=
"non

14 for i in range(@,N):
15 for j in range(@,N):
16 H[i1[j] = -1*#(2#*np.cos(2*np.pi*n/N)*delta(i-1,§) + delta(i,j))/(np.sqrt(N))

18 D,U = np.linalg.eigh(H)

26 plt.plot(D, ".")

21 plt.xticks(np.arange(8,21,step=1))

22 plt.xlabel('n', fontsize = 15)

23 plt.ylabel('E', fontsize = 15)

24 plt.tight_layout()

25 plt.savefig("Eigenstates.png",dpi=300)
26 plt.show()

28 psi = np.abs(U[:,08])#**2

36 plt.plot(psi)

plt.xticks({(np.arange(®,21,step=1))
plt.xlabel('x", fontsize = 15)
plt.ylabel('$\psi®{\dagger}\psi%', fontsize = 15)
plt.tight_layout()

35 plt.savefig("Density.png",dpi=360)
36 plt.show()

Figure 14: The code used to numerically simulate an armchair system on a 1D chain

in fig.

The first 5 lines of this code set up the system. Lines 8 and 9 define a function that we can use
as a Dirac delta function. From line 11 to 16, we create a the matrix version of our Hamiltonian
out of eq. . Line 18 then calculates the eigenstates and eigenvalues. The following lines
up to line 26 then plots the eigenstates against the eigenvalues. Line 28 calculates the density

before the rest of the code plots it against the system size.
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