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Abstract

We study the notion of non-trivial elementary embeddings of the form j: V — V
under the assumption that V satisfies various classical and intuitionistic set theories.
In particular, we investigate what consequences can be derived if V is only assumed
to satisfy Kripke Platek set theory, set theory without Power Set or intuitionistic set
theory.

To do this, we construct the constructible universe in Intuitionistic Kripke Platek
without Infinity and use this to find lower bounds for such embeddings. We then study
the notion of definable embeddings before giving some initial bounds in terms of the
standard large cardinal hierarchy. Finally, we give sufficient requirements for there to

be no non-trivial elementary embedding j: V — V in ZFC without Power Set.

As a by-product of this analysis, we also study Collection Principles in ZFC without
Power Set. This leads to models witnessing the failure of various Dependent Choice
Principles and to the development of the theory of the Respected Model, a generalisation

of symmetric submodels to the class forcing context.
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Chapter 1

Introduction

At its core, axiomatic set theory is the study of the structure of the mathematical
universe and the question of which statements we can prove from a given collection
of assumptions. By positing the existence of large cardinals, which are infinite sets
satisfying some interesting properties that we cannot prove to exist from the axioms of
standard set theory, we are able to strengthen our assumptions and thus derive a more

complex set-theoretic structure.

In this thesis, we shall explore large cardinals from the perspective of weak fragments
of the standard axioms of Zermelo Fraenkel with Choice. In particular, we shall look

at theories such as:

o Kripke Platek,
e Set theory without Power Set,

 Intuitionistic Set Theory.

Many of the larger large cardinals can be expressed using non-trivial elementary
embeddings of the form

j: VM
where M is a subclass of the universe, V. M can be thought of as an approximation to
the full universe, with the motivation being: the better the approximation, the stronger

the resulting large cardinal axiom is.
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A natural conclusion to this process is to assume that there is an elementary
embedding from V to itself, which is a concept first proposed by Reinhardt in his
PhD thesis, [Rei67].

Question (Reinhardt). Is there an elementary embedding j: V — V?

A landmark result in set theory, proven by Kunen in [Kun71], is that under the
standard axioms of Zermelo Fraenkel with Choice there is a limit to how close this
approximation can be. Namely, the existence of such a Reinhardt embedding is

inconsistent.

In weaker theories it is unclear whether there should still be such a hard ceiling to
our theory of large cardinals. In particular, the question of Reinhardt embeddings in
the context without Choice has been a subject of much study over the last fifty years.
In this thesis, we shall take a different approach by looking at alternative, weaker set
theories. In doing so, we shall explore many interesting aspects of these theories and
come up against the multitude of limitations that occur from working with deficient
base theories.

A conclusion of this process will be a hierarchy of Reinhardt embeddings depending
on the underlying theory (Figure 1.1), from some seeming to have a relatively weak

strength to other theories in which one can re-derive Kunen’s famous inconsistency.

1.1 Structure and Main Results

We now proceed to outline the structure of this thesis. Interspersed through this guide
are the main results which appear in this body of work. At the end of this chapter, we
also include our hierarchy of Reinhardt Embeddings which is a hierarchy of Reinhardt
embeddings over various subtheories of ZFC. We shall give the results as they will be
stated, however we shall not define all of the terms here. Instead one should refer to

where the Theorem appears in the main text.
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After giving some preliminaries in Chapter 2, Chapter 3 concerns the notion of big

classes.

Definition 3.1.1. A proper class is said to be big if it surjects onto every non-zero

ordinal.

Next, after giving some simple consequences of this concept in various theories, a specific
theory is isolated, namely ZF without Power Set but with the Scheme of Dependent

Choices of length p for p an infinite cardinal.

Theorem 3.2.8. Suppose that V = ZF~ + DC,-Scheme for pn an infinite cardinal.
Then for any proper class C, definable over V, there is a subset of C of cardinality .

Corollary 3.2.10. Suppose that V |= ZFC™ + DC_.capp- Then, for any proper class
C which is definable over V and any non-zero ordinal 7y, there is a definable surjection

of C onto 7.

As a continuation of the above concept, we prove that it is possible, in ZFC without
Power Set, for the full Scheme of Dependent Choices to fail. This will be done by
examining a model first constructed by Zarach. In the original model we shall see that

the DCy,-Scheme fails.

Corollary 3.3.17. For any model M of ZFC + CH there is a model N' = (N, €, M)

with N D M which has the same cardinals and cofinalities as M and
N | ZFCpg,; + ~DCy,-Scheme.

Finally, in a joint result with Victoria Gitman, we show that the level of failure can be

improved to the DCy,-Scheme.

Theorem 3.3.19. Suppose V = L is a model of ZFC and that J is a minimal forcing
which adds a real and whose finite support product preserves Ny. Let P = H «“ J.

Then, wusing the notation of Theorem 8.3.7, if G 1is P-generic over L then
N E ZFCpg,; + ~DCy,-Scheme.
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In Chapter 4 we begin with what was an attempt to prove that classes need not be
big in ZF  if one does not assume any amount of Choice. This is done by taking the
symmetric submodel of a pretame class forcing. While this approach will be shown to

fail, it will lay the groundwork for the rest of the chapter.

Theorem 4.1.4. Over GB + AC, it is consistent that the symmetric submodel of a

pretame class forcing does not satisfy ZF .

Having deduced that the Collection Scheme need not hold in this model we investigate
what axioms can be proven to hold. Due to the difficulty in achieving this, we are led
to defining the Respected Model, which is a generalisation of the symmetric submodel
to the class forcing context. It is shown that this is indeed the correct model to work
with. In this section we work over a fourth-order version of Kelley-Morse set theory

which we denote by KM, .

Theorem 4.3.2. Working over KMy, suppose that P is a pretame class forcing and
(P, G, F) is a tenacious symmetric system. Then the Respected model, N, is a model

of KM-.

Theorem 4.3.7. Working over KMy, suppose that P is a tame class forcing. Then
N is a model of KM.

We then end the chapter by comparing the Respected Model to the symmetric one

and discussing when one can prove that the Collection Scheme holds in this model.

In Chapter 5 we explore the constructible universe in constructive contexts. Building
on work of Lubarsky, we show that one can construct L in Intuitionistic Kripke Platek
without infinity. This is done by introducing an expanded selection of fundamental

operations and inspecting the universe constructed as the closure of said operations.

Theorem 5.3.6. For every aziom ¢ of IKP ™ IKP ™ + oV, Moreover,

IKP " + “Strong Infinity” I (Strong Infinity)".

Theorem 5.3.7. IKP ™ | (V = L),
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Following this initial investigation, we further explore the properties of the fundamental
operations. From this we are able to generalise the theorem that M is an inner model of
ZF if and only if it is almost universal and closed under the fundamental operations to

an intuitionistic context. This is done by relaxing what one requires of an inner model.

Theorem 5.4.8. Suppose that V is a model of 1ZF and M C V is a definable,
transitive proper class with an external cumulative hierarchy. Then M is a model of

IZF iff M is closed under the fundamental operations and is almost universal.

The need to relax the requirement that an inner model must have the same class of
ordinals as the universe is explored next. It is shown that this relaxation is necessary
for the equivalence because it is consistent for there to be an ordinal in a model of IZF
which is not in its constructible universe. This answers a question originally posed by

Lubarsky at the end of [Lub93].

Theorem 5.5.1. Starting from a model of ZFC, it is consistent to have a model of
IZF such that
OrRDNV # OrD N L.

The second half of the thesis concerns large cardinals that can be defined via elementary
embedding characterisations in weak set theories. In Chapter 6 we define the necessary
concepts for the rest of the chapters. This is the chapter where we formalise what we
mean by an elementary embedding whose domain is a class in set theories where this is
difficult to define in a first-order way. Having established the environment that we will
be working in, we begin to deduce some basic consequences of elementary embeddings.
For example we give sufficient conditions to prove the existence of a critical point and
further discuss when such a set exists.

We end the chapter by giving a literature review of some of the results on large
cardinals in weak set theories, giving particular emphasis to those concerning

elementary embedding characterisations.
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Chapter 7 is where we begin an in-depth study of elementary embeddings, starting with
intuitionistic theories. Firstly, we show that one has to be careful with how one wants
to define a non-trivial, elementary embedding if one wants to be able to conclude that

the definition has large consistency strength.

Theorem 7.1.9. W = LV® s ¢ model of I1ZF plus W = L and 7 is a non-trivial

automorphism of W which moves an ordinal and is definable in W.

After identifying the problem, we study the notion of a critical set which is the
intuitionistic version of a critical point. Assuming that such a set exists we study the

strength of the resulting embedding in Intuitionistic Kripke Platek.

Theorem 7.3.2. Suppose that V = 1IKP and j: V. — M is a X-ORD-inary, elementary

embedding with witnessing ordinal k. Then

L.+ |= IZF.

Theorem 7.3.10. Suppose that V = IKP+Va € ORD 3z (x = V,) and j: V — M is
a %-ORD-inary, elementary embedding with critical ordinal k such that for any ordinal

@, j(Va) = (Vi)™ Then V4 is an inaccessible set so, in particular,

V,.# = IZF.

We then end Chapter 7 by giving bounds for the existence of elementary embeddings
of weak theories in terms of the standard large cardinal hierarchy over ZFC.

Corollary 7.4.11.

KP +35: V — M which is a X-elementary embedding b
Con(ZFC + a proper class of totally indescribable cardinals).

Corollary 7.4.36.

IKP +dj: V — M which is a X-ORD-inary embedding -
Con(ZFC + a proper class of weakly compact cardinals).
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Chapter 8 initiates a return to the classical setting. We begin by exploring Suzuki’s
Theorem, that there is no non-trivial, elementary embedding j: V — V which is

definable from parameters, concluding that the proof goes through without Power Set.

Theorem 8.1.4 (Suzuki). Assume that V = ZF . Then there is no non-trivial,

cofinal, elementary embedding j: V — V which is definable from parameters.

Having commented that the proof does not work in the much weaker system of Kripke
Platek we study the consequences of definable embeddings in this theory. Using
techniques from this study we show that, under appropriate assumptions, one can
apply an elementary embedding to itself. This is proven in both the context that the
embedding is definable from parameters and the more general case where we expand

the language to include a predicate.

Theorem 8.2.3. Let V be a model of KP and suppose that j: V — V is a cofinal,
Y-elementary embedding such that V |= KP;. Then for each n € w there is a class
function jiy, definable from (V,j), such that:

1. jmy s a total function from V to V,
2. jmn) s cofinal,

3. Jn) 15 a X-elementary embedding,

4. crity, = j"(crity),

5. VEKP;, .

We then conclude this chapter by using the developed techniques to give a necessary

condition on the rank of any such parameters which define an elementary embedding.

Theorem 8.2.13. Assume that V = KP. If 7(-,-,p) is a X-formula defining a cofinal,
Yo-elementary embedding j: V — V then rank(p) > sup{j"(crit (.. ) | n € w}.

The final two chapter contain the strongest results of this thesis. In particular we give

a thorough examination of both Kunen’s original proof of his famous inconsistency and
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Woodin’s later proof. To begin with, we show that Kunen’s proof goes through in a

very weak fragment of ZFC.

Theorem 9.1.7. There is no non-trivial, X-elementary embedding j: V — V such that
« VEZBQW,,
o The supremum of the critical sequence exists.

Corollary 9.1.11. There is no non-trivial, -elementary embedding j: V. — V such
that V = (KP(P) + W);.

Next, we conclude that Reinhardt embeddings of Kripke Platek with a rank hierarchy

of sets have very high consistency strength.

Theorem 9.2.4. Suppose that V = KP™' and there exists a non-trivial, ¥-elementary
embedding j: Vy — Vy for some limit ordinal X\ for which V = KP;F. Then
(Vy,j) EZF + WA ..

Afterwards, we begin a study of Reinhardt embeddings of ZFC without Power Set. This
is done by giving an equivalent characterisation to Iy, which is one of the strongest large

cardinal assumptions not known to be incompatible with the Axiom of Choice.

Theorem 9.3.2. Over ZFC, there exists an elementary embedding k: Vi1 — Vg

if and only if there exists an elementary embedding j: Hy+ — Hy+.

Where, for p a regular cardinal, H, = {x | |trcl(z)] < u}. Using the coding idea
that appears in the proof of the above theorem we finally conclude that there is no

non-trivial, cofinal, elementary embedding in this theory.

Theorem 10.2.1. There is no non-trivial, elementary embedding j: V — V such that
V E ZFC; and (sup{j"(crit(j)) | n € w})* € V.

Theorem 10.2.3. There is no non-trivial, cofinal, ¥g-elementary embedding j: V. — V
such that V |= ZFC; and V) € V.
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Corollary 10.3.2. There is no mnon-trivial, cofinal, Xg-elementary embedding

j: V=V such that V = (ZFC™ + DC.camp);-

While examining the proof of both Theorem 10.2.3 and Corollary 10.3.2 we note the
importance of the assumption that Vi (;) is a set. This leads to the question of whether
or not one can actually prove that this is always the case, which we answer negatively

using ideas from Chapter 3.

Corollary 10.4.2. Assuming the consistency of ZFC plus a measurable cardinal, it
is consistent to have M C 'V and j: V — M such that j is a non-trivial, elementary

embedding, V |= (ZFCp.g)jm and P(w) is a proper class.

Following this, we study the consistency strength of a measurable cardinal in ZFC
without Power Set. Using ideas provided by Victoria Gitman we give quite tight upper

and lower bounds using weakened variants of measurable cardinals.

Theorem 10.5.7. Working in ZFC, if there is a locally measurable cardinal then the

theory ZFC™ + DC_carp plus a V-critical cardinal is consistent.

Theorem 10.5.9. Working in Z¥FC, suppose that M C V and j: V — M is a non-

trivial, elementary embedding with critical point k such that
Vv ): (ZFC7>]'7M + 3z (Z = V,{)

Then V. is a model of a proper class of baby measurable cardinals.

Finally, we conclude this body of work by considering the consequences of various
reflections of stationary sets on the possibility that there could be a Reinhardt in ZFC
without Power Set. Here we introduce a new stationary reflection concept, study its

consequences and examine models of ZFC in which this principle holds.

Some of the work in this thesis has previously appeared in the author’s publication
[Mat20]. These are Section 4.1 where a brief outline of the argument was mentioned,

Section 8.1, Section 9.3, Section 10.1, Section 10.2 and Section 10.3.
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The results of Section 3.3.2 are from joint work of the author with Victoria Gitman,
and the bounds obtained in Section 10.5 arose from conversations with Gitman based
on the preprint [GS21] by Gitman and Schlicht. Otherwise, all results are due to the

author unless stated.

The majority of the Chapters exhibit a large degree of independence from one another

and can in general be read separately. The main places where this is not the case are:

o Chapter 6, where the notation for the later chapters is laid out alongside
observations regarding the critical point of an elementary embedding and the

theory needed to prove that the critical sequence is total,

o The use of the constructible universe in Chapter 7. How one should precisely

formulate this intuitionistically is the topic of Chapter 5,

e Theorem 10.2.3, which makes essential use of Section 8.1 and a coding which is

introduced in Section 9.3,

o Section 10.4, which uses a model of Zarach that is the focus of study in Section

3.3.

1.2 Hierarchy of Reinhardt Embeddings in Weak

Theories
Here we provide a hierarchy of Reinhardt Embeddings in various subtheories of ZFC
which constitutes much of the work in this thesis. We denote by T, (T's_;) the theory
that there is a non-trivial, (¥-)elementary embedding j: V — V such that V satisfies
the theory T expanded to include a predicate for j, as defined in Convention 2.2.1.
The numbers indicate where an implication is proved in this thesis and most of the
background theories will be formally stated in the next chapter. The definition of
cofinality appears in Definition 6.2.13 and the concept of a V-critical cardinal can be
found in Convention 6.2.2. Also, solely for this figure, we will denote by Togp.; the

existence of an ORD-inary elementary embedding as defined in Definition 6.1.1.
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111 10.3.2
0=1+— 7zFC, 211 (KP(P) + W), 22325 (ZFC™ + DCecnn)cofinal 5

™~

IF; ¢ 1ZF ono;

1*

(ZFC™ + DCccarn);j

n-huge

|

Supercompact

|

Measurable

Locally Measurable L57> ZFC™ 4+ DC_.carp + V-Critical

Baby Measurable

IKPE-ORD-j

Totally Indescribable

Weakly Compact

Inaccessible

|

Con(ZFCQ)

6.0.1

ZFC + Coll; 1ZF;

Figure 1.1: Hierarchy of Reinhardt Embeddings in Weak Theories
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1.3 Classes and the Metatheory

A substantial portion of this body of work deals with statements such as:
There exists an elementary embedding j: V — V,

and thus it is worthwhile to briefly clarify a few of the metamathematical issues that

arise in working with such objects.

The first issue is that j is a class object which begs the question as to what a class is.

In standard, first-order, set theory a class is simply a collection of the form

{z | o(z)}

where ¢ is a first-order formula in the language of set theory, £ = {€}. Taking this
approach, j should be definable by a formula ¢, possibly with parameters. However,
as shown by Suzuki in [Suz99] and discussed in Chapter 8, there is a relatively simple
proof that there is no definable embedding j: V — V in ZF. Notably, this proof is
much simpler than Kunen’s proof of inconsistency in ZFC and crucially, it does not
require the assumption of the Axiom of Choice. However, Suzuki’s Theorem does not
go through in a full second-order theory such as Godel-Bernays or Kelley-Morse, the
second of which is the theory in which Kunen originally formulated his inconsistency.
Therefore to only deal with the definable case constrains the full power of Kunen’s
theorem.

There are then two options to allow us to explore Kunen’s result in all its glory. The
first is to consider the Kunen Inconsistency as a claim in a second-order theory such as
Godel-Bernays.! In this theory one distinguishes between the first-order objects which
are the sets, and denoted by lower case letters, and the second-order objects which are
the classes, and denoted by upper case letters. A class is then said to be proper if it is

not a set.

n Section 1 of [HKP12] the authors explain how one can formalise the existence of an elementary
embedding j: V — V in GB and why the Kunen Inconsistency still goes through in this theory. They
also include a long discussion on metamathematical issues, many of which will also come up in this
work.
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For completeness, we let GB be the theory with the following axioms?:

Set Axioms: ZF';

Every set is a class;

If X €Y, then X is a set;

Class Axioms:

— Class Extensionality: Vu(u e X <*ueY)—= X =Y,

— Class Replacement: If F is a class function and z is a set, then {F'(2) | z € x}
is a set;

— First-order Class Comprehension: VZ 3Y Y = {z | ¢(z, Z)} where ¢ is a

formula in which only set variables are quantified;

Moreover, we let GBC be GB plus the existence of a well-order of V of order type
ORD. An important remark about GB is that we only allow Comprehension over
formulae with set parameters. This is different from the theory of Kelley-Morse, KM,
which can be formulated as GBC plus full second-order Comprehension, where we
allow quantification over proper classes. One benefit of working over GB is that it is a
conservative extension of ZF, that is any property of sets which is provable in GB is

already provable in ZF.

The second option is to work in the fragment of GB that we shall denote by ZF;.
This will be explained fully using Convention 2.2.1 and Definition 6.1.1 but essentially
the idea is to work in the extended language {€,j} and then expand all of the axiom
schemes to include j as a predicate. Notably, we add to ZF'; Separation;, Replacement;
and Induction;. This turns out to be the simplest theory in which the power of Kunen’s
result still goes through while also allowing us to stay in as close to a first-order theory
as we can. Therefore, because part of the work is to explore what background theory
is necessary to prove the Kunen Inconsistency, this is the theory we shall usually work

in. In particular, this means we have the following convention:

2We will follow the convention from [GHK21] in not including any choice principles in our
formulation of GB.



1.3—Classes and the Metatheory 14

Convention 1.3.1. Given a theory T and a class predicate A, when we work in the
theory T4 as defined in Convention 2.2.1 we will consider a class to be a collection of

the form

{z | o(z)}
where ¢ is a formula in the language augmented by A.

There is one significant place where we will diverge from our goal of sticking to as
close to a first-order theory as possible, which is when we consider Class Forcing in
Section 2.4 and Chapter 4. One could work in the purely first-order setting where
one only considers definable class forcings, however one then loses a significant amount
of the power of Class Forcing. Instead, we follow the convention from works such as
[Fri00], [HKL*16], [HKS18], [HKS19] and [GHH"20] in defining class forcings over GB
or KM3. Therefore, when doing Class Forcing we work in a two-sorted setting and, from
a standpoint of “what is a class?”, these sections should be considered independent to

the rest of the work in this thesis.

The next issue which arises in working with class embeddings is the issue of expressing
them. In ZFC, all standard large cardinals, such as inaccessibility, measurability or
super-compactness, can be expressed in a first-order way. However, even without the
inconsistency, one would not expect the same to be true for the critical point, x, of a
Reinhardt embedding j: V — V. For if this were possible then we could express the

statement

K 1s the least ordinal which is the critical point of a Reinhardt embedding, j

and elementarity would lead us to have to accept that j(x) > k was also the least such
ordinal, which is obviously a contradiction. Instead this is normally expressed as a
scheme in the metatheory, namely that for each natural number n, j is 3,-elementary.
This is the approach we will necessarily have to take in our weaker systems, and is the

usual way one phrases such an embedding in ZF. It is also the approach taken to define

30r more accurately these theories without Power Set.
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the Wholeness Aziom, see [Cor00] or [HamO01]. In ZFC, this is the axiom asserting
the existence of a non-trivial elementary embedding j: V — V such that V satisfies
Separation in the language expanded to include j but not Replacement. Here, it is
necessary to express this as a scheme, namely that V satisfies ¥,,-elementarity in the
expanded language.

The issue then occurs when one tries to say that such an embedding does not exist,
because this is the negation of a scheme which is not in general expressible even as
a scheme. The way one gets around this is by Gaifman’s Theorem, which is Part II
Theorem 1 of [Gai74] and appears in Theorem 8.1.1. Gaifman’s theorem is that, over
ZF an embedding j: V — V is elementary if and only if it is cofinal and >y-elementary,
the latter statement being expressible by a single sentence in the language expanded
to include 7. A similar approach to defining fully elementary embeddings is also taken
by Kanamori in Chapter 5 of [Kan08]. We shall see that, in certain cases, we are
able to get analogous results in weaker theories and one can then observe that for all
of the inconsistencies derived in this thesis, such as Theorems 9.1.11 and 10.2.3, the

embeddings can be expressed by a single sentence using Gaifman-type results.

Strongly related to the previous issue is the problem of working in the metatheory. Since
elementarity is formally expressed as a scheme, many of the results we give should be
considered as metatheoretic results. Particular examples are those which use Induction
in the language expanded to include 7, such as Section 6.3 where we show that in all of
the theories we are considering, the function n — j"(k) is a total function and then in
further chapters where this result is extensively used. We will in general comment on
where such instances of Induction are applied but we shall not explicitly mention the
fact that the proof takes place in the metatheory. A similar situation will occur when
we discuss Y-elementary embeddings since this is defined for ¢ which are ¥-formulae
in the metatheory. This means that ¥-elementarity is, at least at first glance, a scheme
of assertions. However, as previously mentioned, Gaifman’s Theorem will allow us to

circumvent this fact in those situations where it would otherwise be problematic.
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Chapter 2

Preliminaries

2.1 Axiomatic Systems

We begin by introducing the main axiomatic systems that shall be used throughout
this thesis. It will be vital to ensure that we take the correct formulation of each of
our axioms because, in general, we shall work in theories where different versions of a
given axiom are no longer equivalent. All of the theories we shall mention in this
section can be viewed as subsystems of the Zermelo-Fraenkel axioms with Choice,

ZFC.

To do this, we first list the main axioms we shall use. These will be predominantly
grouped in sections of similar axioms and shall be taken from [Kun80] unless
otherwise stated. For ease of presentation we shall use common notation in some of
the formulations of the axioms. For example, we use () to denote the (unique) set
satisfying the Axiom of Empty Set.

We shall then discuss the various theories that shall be considered in this thesis.
At the end of this section is Figure 2.1, which is a table of the theories and some of
their consequences. The idea for this table was directly inspired by the table given in

[Mat01].
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The Axioms

1.

2.

10.

11.

12.

13.

14.

15.

16.

Extensionality: Vz,y (Vz(z € x < 2z € y) — z =vy).

Empty Set: 3z Vy € x (y # v).

Pairing: Vo,y 3z (x € z A y € 2).

Unions: Va 3z Vy (y € z <> 3z € a(z € 2)).

Power Set: Va dz Vy (y € x <> Vz(z € y — 2 € a)).

Weak Power Set ([Fri73]): Va Jz Vy Iz €z Vw (w €z (wEY A w € a)).
Infinity: Ja (3z (r €a) A Vz €a Iy €a (x €y)).

Strong Infinity ([AR10]): 3Ja (Ind(a) A Vb (Ind(b) — Vz € a (x € b))) where

Ind(a) is an abbreviation for ) € a A Va € a (x U{z} € a).

Foundation Scheme: For any formula ¢, Jzp(x) — Jz(p(z) A Yy € 2 =p(y)).
Set Induction Scheme: For any formula ¢, Va(Vz € a ¢(z) — p(a)) = Vap(a).
Separation Scheme: For any formula ¢, Va 3z Yy (y €z <>y €a A ¢(y)).

Replacement Scheme: For any formula ¢,

Ya (V:U €adypr,y) > IbVYrecadyehb c,o(x,y)).

Collection Scheme: For any formula ¢,

Ya (V:U €aJyp(r,y »>IbVrcadyeb @(x,y)).

Reflection Principle: For any formula ¢ and set a there is a transitive set A

such that a C A and ¢ <> . Where A is transitive iff Vo € AVy € z (y € A).
Axiom of Choice: VX 0 ¢ X — 3f: X - UX Va e X f(a) € a).

Well-Ordering Principle: Va 3R (R well-orders a).
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Definition 2.1.1. Let ZF denote the theory consisting of the axioms; Extensionality,
Empty set, Pairing, Unions, Power Set, Infinity, Foundation Scheme, Separation Scheme

and Collection Scheme. Let ZFC consist of ZF plus the Axiom of Choice.

For completeness, below are some of the equivalences between the above axioms under

classical systems.
Proposition 2.1.2.

o ZF = Weak Power Set,

o ZF \ {Infinity} & Infinity <> Strong Infinity,

e C(Classical Predicate Calculus = Foundation Scheme <> Set Induction Scheme,
o ZF \ {Collection Scheme} = Replacement <+ Collection <> Reflection,

o ZF = Axiom of Choice <» Well-Ordering Principle.

We now define some of the subsystems of ZFC that we shall use. The first is the
theory ZFC without Power Set. Without Power Set many of the usual equivalent ways

to formulate the axioms of ZFC break down. For example, we have that:
Theorem 2.1.3. There are models of “ZFC without Power Set” satisfying

o (Zarach, [Zar96] Theorem 5.1) The Replacement Scheme but not the Collection

Scheme,

o (Friedman, Gitman, Kanovei, [FGK19] Theorem 11.2) The Collection Scheme
but not the Reflection Principle,

o (Szczepaniak, [Zar82] Theorem III) The Axiom of Choice but not the
Well-Ordering Principle.

The consequences of not assuming the Collection Scheme in the formulation of ZFC
without Power Set were studied by Zarach in [Zar82] and [Zar96] and then more recently
by Gitman, Hamkins and Johnstone in [GHJ16]. For example, it is shown that one can

consistently have that w; exists and is singular or that the Los$ ultrapower theorem can
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fail. Therefore, in [GHJ16], the authors conclude that only formulating the theory with
the Replacement Scheme is not the “correct” way to consider it. As a general principle,
we shall agree with them and when we work in ZFC without Power Set we shall assume
the Collection Scheme. However, in Chapter 4 we shall see natural models of ZFC
without Power Set where the Collection Scheme fails and thus it will be necessary to
also consider the weaker formulation of this theory. So, using the notation of [GHJ16],

we shall define the various versions of the theory ZFC without Power Set as follows:

Definition 2.1.4. Let ZF- denote the theory consisting of the axioms;
Extensionality, Empty set, Pairing, Unions, Infinity, Foundation Scheme, Separation
Scheme and Replacement Scheme.

ZF  denotes the theory ZF - plus the Collection Scheme.

ZFC  denotes the theory ZF  plus the Well-Ordering Principle.

ZFCp,; denotes the theory ZFC™ plus the Reflection Principle.
We will also use the same notation for their second-order versions GB- / GB™ and

KM- / KM~

Two other important theories are the axioms of Kripke-Platek, KP, and Zermelo, Z.
Kripke-Platek is a relatively weak theory however it suffices to deduce many useful set-
theoretic results such as the existence of Cartesian products, Mostowski’s Collapsing
Lemma or the theorem that every set is contained in a transitive set. Moreover, it is
the basic system in which one performs recursion theory on sets of natural numbers
and also in which one can build Godel’s Constructible Universe, L. However, KP is
not strong enough to prove that uncountable sets, for example the reals, exist or that
the natural strengthening of Mostowski’s Theorem (that every extensional well-founded
relation has a Mostowski Collapse) holds. Many of the fundamental theorems that can
be proven in KP, including those stated above, can be found in [Bar17].

We remark here that, unlike in [Bar17], we will formulate KP with Infinity. However,
when building L constructively in Chapter 5, we will be clear to specify where this axiom

is used.
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The second theory, Z, is considered to be the first full attempt to axiomatise set theory,
as done by Zermelo [Zer08] at the beginning of the twentieth century. His aim was to
formalise some of the work of Cantor while avoiding the paradoxes identified by people
such as Russell. An additional motivation was to create a foundation for his Well-
Ordering Theorem by exposing its underlying set-theoretic assumptions. A significant
limitation in his axiomatisation is the lack of the Axiom of Replacement which allows
one to perform transfinite recursions and associate unique ordinals to well-orderable
sets. As we shall see in later sections, this inability will have significant repercussions

for what can be achieved.

Definition 2.1.5. Let KP denote the theory consisting of the axioms; Extensionality,
Empty Set, Pairing, Unions, Infinity, Foundation Scheme and the Schemes of
Bounded Separation and Bounded Collection, which are the schemes restricted to the

class of formulae with only bounded quantification allowed.

Definition 2.1.6. Let Z denote the theory consisting of the axioms; Extensionality,
Empty Set, Pairing, Unions, Power Set, Infinity, Foundation Scheme and Separation

Scheme.

Remark 2.1.7. In weak systems with restricted Collection some authors decide to also
restrict the Foundation Scheme. For example, in [Mat01], Mathias only assumes that
Foundation holds for II;-formulae when formulating KP. For simplicity, we choose to
follow Barwise, [Barl7], by assuming the full Foundation Scheme, although most of the
results we obtain would go through with only II;-Foundation. One reason for doing so is
that often we will be working in transitive models. In this case, such models will satisfy
the full Foundation Scheme, assuming that some amount holds in the ambient universe.

Secondly, Zermelo’s original formulation of Z does not include Foundation. We

choose to follow Mathias, [Mat01], by including the full scheme in our axiomatisation.

For a weak system T we fix notation for two variants that we will regularly need to
refer to. These will be T without Power Set and T with a rank hierarchy. The notation

for the second case is an extension of that for ZF .
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Definition 2.1.8. Fix T to be a subsystem of ZFC. Let T denote the theory with
the same list of axioms as T except with the Power Set Axiom removed (and where we
take the Collection version of an axiom scheme rather than the Replacement version
when applicable).
Let TT denote the theory T plus the assertion
Vu Ja Jv (¢ € ORD A v=V, A u€v)

where “z = V,” is read as the formula
EIx(m is a function A dom(x) =a+1A

Ve a+1y(ycx(B) < IyepyCar) A z=a(a)).

A weak system that we shall use is the following theory which was defined by Mac
Lane. His aim was to define a fragment of set theory which was sufficient to be able to
prove all mathematics not directly connected to mathematical logic. For commentary

on the success of this endeavour, and what is provable in related systems, see [Mat01].

Definition 2.1.9. Let ZBQ denote the theory of Zermelo with Bounded Quantification.
This is the theory consisting of the axioms; Extensionality, Empty Set, Pairing, Unions,
Power Set, Infinity, Foundation Scheme and Bounded Separation.

Extending our notation, ZBQ  denotes ZB(Q without Power Set, or equivalently
KP without Bounded Collection.

Note that the theory dubbed Mac by Mathias is ZBQ plus Choice and the assertion of

transitive containment.

In order to keep with the standard notation, and our notation from Definition 2.1.4,
we shall define ZC (ZBQC) to be Z (ZBQ) plus the Well-Ordering Principle, which
is the assertion that every set can be well-ordered. We remark here that, over Z, the
Axiom of Choice is equivalent to the Well-Ordering Principle.

However, this will not be a strong enough version of choice for some of our
purposes without any Replacement. This is because, as commented upon in [HFL12],

Replacement is needed to conclude that every well-ordering is isomorphic to the
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inclusion order on some ordinal. Importantly for our purposes, in Proposition 6.2.8 we
shall see that if one only works in the theory ZC then it is possible to obtain an
elementary embedding without a critical point. Therefore, it is helpful to work in the

further extensions ZW and ZBQW where

Definition 2.1.10. The axiom W denotes the assertion that every set can be well-

ordered with a well-ordering order-isomorphic to an ordinal.

Note that, for a given well-ordering, the associated ordinal is necessarily unique.

The next axiomatic system we consider is KP plus Power Set. There are two
different versions of this theory which have appeared throughout the literature. The
first is KP” which was studied by Mathias in Chapter 6 of [Mat01] and the second is
KP(P) which was studied by Rathjen in [Rat20]. The difference between these two
formulations is that Mathias restricts the Foundation Scheme to a class of formulae
which he denotes by II] whereas Rathjen assumes the full Foundation Scheme. We

choose to use Rathjen’s definition, which we define now.

Definition 2.1.11. Define subset bounded quantification 3x C y ¢(z) and Vo C y ¢(x)
as abbreviations for 3z (x Cy A ¢(z)) and Vo (z C y — ¢(x)) respectively.
Let Al denote the smallest class of formulae containing the Ag-formulae which is
closed under V, A, —, = and the quantifiers dz € a, Vo € a, dx C a and Vz C a.
KP(P) is the theory whose axioms are: Extensionality, Empty Set, Pairing, Unions,

Power Set, Infinity, Foundations Scheme, Al-Separation and A}-Collection.

Remark 2.1.12 (Mathias). KP(P) is different from KP plus Power Set. For example,
Lyt = KP + Power Set but Ly = KP(P).

The final theories that we shall consider are intuitionistic theories which we shall
discuss in more detail in Section 2.3. The intuitionistic theories we shall consider are
Intuitionistic Zermelo-Fraenkel (1ZF) and Intuitionistic Kripke-Platek (IKP). These
are formulated with the same axioms as ZF and KP except that the underlying logic

is intuitionistic. We highlight here that IZF satisfies the Collection Scheme.
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2.2 Adding a Predicate

When working with weak systems it is often necessary to add a predicate to discuss
specific classes. For example, following the notation of Rathjen in [Rat20], the theory
KP(P) can be considered as KP with the language expanded to include a primitive

function symbol P along with the axiom
Vo Vy(y € P(z) «— y C x)

and then expanding the Schemes of Bounded Separation and Collection to this new

language.

Another instance of adding a predicate that we shall consider throughout this work is

when we add predicates M and j along with the axioms asserting that
e M is a transitive subclass of V,
e 7 is a non-trivial elementary embedding from V to M.

Therefore, in this section, we specify what we mean by adding a predicate and state
some of the important axiomatic properties. To do this, it is beneficial to introduce
some notation that we shall use throughout this thesis. This notation should be seen
as a convention rather than a formal mathematical definition and whose purpose is to

simplify later notation.

Convention 2.2.1. For theories T, models M of T and class predicates A, we say that
M | T4 if M, augmented with an interpretation for A, satisfies the axiom Schemes of

T in the language expanded to include the predicate A.

For example, we shall use the notation M = ZFC, to denote that A is a class
predicate and that M satisfies every instance of Collection, Separation and Induction
in the language expanded to include A. To be more formal, we should say that
(M,€,A) E ZFC, however we shall use our shortened notation to enhance

readability.
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Remark 2.2.2. It is important that our models of T 4 will also satisfy the Induction
Schemes of T in the language expanded to include A. In particular, in the weak theories
of ZBQ and KP we will assume full induction in this expanded language. This will
be important in Section 6.3 where we will need Induction; in order to prove that the

function giving the critical sequence of an elementary embedding j: V — V is total.

We now specify some important classes of formulae which are frequently used. This
presentation will be slightly different to how one would present this in the standard
classical case. This is because, classically, implication and disjunction can be
expressed using conjunction and negation. However, these equivalences no longer hold

in intuitionistic theories which is why we will close under more conditions.

Definition 2.2.3. The Xy-formulae are the smallest class of formulae containing the

atomic formula and closed under:

« Conjunction,

Disjunction,

Implication,

Negation,

Bounded quantification.

The X1 -formulae are the class of formulae of the form 3x; ... 3z, ¢(z1,...,x,) where

@ is a Xg-formula.

Finally, let the 3-formulae be the smallest class of formulae containing the ¥y-formulae

and closed under:

Conjunction,

Disjunction,

Bounded quantification,

Unbounded existential quantification.
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Given a predicate A we define the classes 3¢, 4! and X4 in an analogous way. The
class of II;-formulae is defined as the class of formulae of the form
V... Ve, o(z1,...,2,) where ¢ is a Yp-formula. Finally, the II-formulae are defined
analogously to the Y-formulae, except for replacing the final condition with closure
under unbounded universal quantification.

Note that the class ¥ appears impoverished because of the restrictions we placed
upon implication. Classically, ¢ — 1 is equivalent to ¥V - so for this to be a ¥-formula
we need that ¢ is a Y-formula and ¢ is a [I-formula (working in a theory where the
negation of a [I-formula can be seen to be logically equivalent to a ¥-formula). However,
since this equivalence need not hold intuitionistically, this construction becomes more
difficult in intuitionistic theories and the extra work does not appear to add any benefit

to this body of work. Therefore, we shall just work in the impoverished setting.

Using these classes, we can obtain some important consequences of KP. It will be of
benefit to state them in the language expanded to include a predicate for A but the

proofs are exactly the same as those found in Section 1.4 of Barwise [Bar17].
Lemma 2.2.4. For each Y4-formula ¢(v) the following are logically valid
1. o@9(w) A aCb— ¢®(v),
2. ¢@(v) = p(v),

where o™ (v) is the result of replacing each unbounded quantifier in p(v) with bounded

quantification over u.

Theorem 2.2.5 (The X4-Reflection Principle). For all S4-formulae ¢(v) we have that
KP4 F o(v) + Ja @ (v).

Theorem 2.2.6 (The X4-Collection Principle). For every $4-formula o the following
is a theorem of KP 4: IfVx € a Jy ¢(x,y) then there is a set b such that

Veeadyebo(x,y) N Yyebdreap(xy).

Theorem 2.2.7 (A4-Separation). For any X4-formula p(x) and II4-formula ¢ (x), the
following is a theorem of KP 4: If Vo € a p(z) <> ¢¥(z), then {z € a | ¢(x)} is a set.
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2.3 Intuitionism

Chapters 5 and 7 are devoted to structural properties of intuitionistic theories. This is
where we shall work in a logic in which we have removed “non-constructive” principles
such as the Law of Excluded Middle and Double Negation Elimination. All of the terms
and theorems we shall define in this section can be found in [AR10].

It is instructive to begin with the Brouwer-Heyting-Kolmogorov interpretation.
This is an informal specification for how one should interpret logical connectives
intuitionistically. Kolmogorov’s opinion was that one should consider propositions as
“problems” which can be solved by being broken down into simpler problems. For
example, the problem A — B represents the problem of producing a method which

solves the problem B when given a solution to the problem A.
Definition 2.3.1 (The Brouwer-Heyting-Kolmogorov interpretation, [AR10] 2.2).
e p proves L is impossible, so there is no proof of L,

o p proves p A1 iff p is a pair (g, r) where ¢ proves ¢ and r proves v,

p proves ¢ V 1 iff p is a pair (n,q) where n = 0 and ¢ proves ¢ or n = 1 and ¢

proves 1,

p proves ¢ — 1 iff p is a function which transforms any proof ¢ of ¢ into a proof
p(q) of ¥,

e p proves — iff p proves ¢ — 1,

p proves (Jz € A)p(x) iff p is a pair (a,q) where a is a member of the set A and
q is a proof of ¢(a),

p proves (Vz € A)p(x) iff p is a function such that for each member a of A, p(a)
proves p(a).
In particular, this tells us that we should consider A, V and — as distinct symbols

rather than being interpretable from each other. Also, negation will be interpreted

using implication instead of being a distinct symbol.
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When working intuitionistically, it is important to specify the axioms correctly in order
to avoid inadvertently being able to deduce the Law of Excluded Middle. For example,
we have the following classical results. These go through in much weaker theories but,

for simplicity, we just state them in IZF.

Theorem 2.3.2 ([AR10] Proposition 10.4.1). The Foundation Scheme implies the Law
of Fxcluded Middle.

Theorem 2.3.3 (Diaconescu, [Dia75]). The Aziom of Choice implies the Law of
Fxcluded Middle.

Avoiding these principles leads to the following axiomatisations of IZF and IKP. It
is proven in [F§85] that, intuitionistically, the Replacement Scheme does not imply
the Collection Scheme, even if one assumes Dependent Choice holds along with every
Yi-sentence of ZF. Moreover, Replacement alone is insufficient to do many of the

constructions we need, so we shall formulate IZF with the Collection Scheme.

Definition 2.3.4. Let IZF denote the theory consisting of the axioms; Extensionality,
Empty Set, Pairing, Unions, Power Set, Infinity, Set Induction Scheme, Separation

Scheme and Collection Scheme.

Definition 2.3.5. Let IKP denote the theory consisting of the axioms;
Extensionality, Empty Set, Pairing, Unions, Strong Infinity, Set Induction Scheme,

Yo-Separation Scheme and Yy-Collection Scheme.

It is worth noting that not all Choice principles result in instances of Excluded Middle.
For example, one can add Dependent Choice and, by a result from Chapter 8 of [Bel05],
a version of Zorn’s Lemma holds in every Heyting-valued model over a model of ZFC.

Moreover, many of the basic properties of KP can still be deduced in IKP. For example,

Proposition 2.3.6 ([AR10] 4.1.1 & 19.1.1). In IKP one can prove that:
o Let {a,b) = {{a},{a,b}}. ThenVa,b,c,d ({a,b) = {c,d) = (a=c N b=d)).

e Ya,b3dc (c=axb).
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We can also still deduce the Y-Reflection and X-Collection Principles which are
Theorems 2.2.5 and 2.2.6. However we are not able to deduce the A-Separation
Principle because the proof uses the fact that classically Vo € a(¢ — ) holds iff
Vo € a(yp(x) V —p(z)) holds, which is not intuitionistically provable.

An important concept is the notion of an ordinal. This is traditionally defined as a
transitive set which is well-ordered by the € relation, however this is not appropriate in

our setting. Therefore, we shall follow the definition given in 1.3.6 of Barwise [Barl7]:
Definition 2.3.7. An ordinal is a transitive set of transitive sets.

Let 0 denote the ordinal (), which is the unique set given by the Axiom of Empty Set,

and 1 the ordinal {0}. An important class of ordinals is the class of Truth Values
Q={zr|zC1}.
2 = {0, 1} is the assertion that every statement is either true or false, which entails the

Law of Excluded Middle. Therefore, in general we may have other truth values even if

they can’t necessarily be determined. For example, these can be ordinals of the form

{0el]p}

where ¢ is a formula for which we can neither determine ¢ nor —¢. We also have the

following proposition which describes the difficulty in assigning an order to the ordinals.

Proposition 2.3.8.
IKP FVa € OrD(0 € a+ 1) = Law of Fzxcluded Middle for Yo-formulae.

We end this section with some “large” sets, which are the intuitionistic analogue to large
cardinals. Such principles were introduced by Friedman and Séedrov in [FS84] and then
later studied by authors such as Aczel and Rathjen in [AR10]. Because we no longer
have that the ordinals are linearly ordered by &, the notion of a cardinal number loses
much of its utility. This means that it is often difficult to derive structural consequences
from classical formulations of large cardinals, which makes it beneficial to work with
an alternative structure. The principle being that often we are really considering V,

rather than k, so large sets should be defined using sets with properties similar to V.
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Definition 2.3.9. Given sets a and b we define the class of multi-valued functions,

mv(“b), to be the collection of all sets R C a x b such that
Ve €adyeb (z,y) € R.
A set C' is said to be full in mv(*b) if C' C mv(“b) and
VR € mv(“b) 3S € C (S C R).
Definition 2.3.10 (Aczel). A transitive set C' is said to be reqular if

« (' is inhabited, that is Ju (u € C),

e Yu e CVRemv(“C) vel
(VmGuEIva(x,y)ER /\VvaEI$€u<$,y>€R).

Definition 2.3.11 (Rathjen). A transitive set C' is said to be functionally regular if

« (' is inhabited, that is Ju (u € C),
e Yue CVf:u— C ran(f) e C.

Definition 2.3.12 (Rathjen [RGP98] and Friedman, Séedrov [FS84]). A set I is said

to be inaccessible, denoted Inacc([), if it is a regular set which satisfies:

e w € I, where w is the unique set given by Strong Infinity,

Vael Uael,

Vael (Fu(ueca)—Nacl),

VaecldbelVe (x Ca—xeb).

Theorem 2.3.13 (Rathjen). Under ZFC, I is an inaccessible set iff there exists a

strongly inaccessible cardinal k such that I = V.

Remark 2.3.14. In the original definition by Rathjen, the final condition of
inaccessibility is replaced by the intuitionistically weaker condition of closure under
fullness: Va,b € I 3c € I I |=“C is full in mv(*b)”. This is because Rathjen works in
a theory without Power Set. However, because we will be working with power sets, we

have chosen to take the above definition, which is equivalent to that found in [F§84].
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2.4 Class Forcing

In Chapter 4 we shall investigate symmetric submodels of class forcings. Therefore we
now introduce the notion of class forcing, followed by a brief introduction to symmetric
submodels of set forcings in the next section. We begin by fixing some notation which
we shall use throughout this thesis. More details and how to formalise the theory of
class forcing can be found in references such as [Fri00], [HKL*16] and [HKS18]. We
first state an important class of forcings in its most general terms which shall be one of

the main examples of forcings we shall use.

Definition 2.4.1. For classes X and Y, Add(X,Y) is the collection of set partial

functions p: Y x X — 2 such that dom(p) can be well-ordered and injects into X.

As in set forcing, when trying to formalise the theory of class forcing one often works
in a countable, transitive model of some second-order theory such as GB . Such a
model will be of the form M = (M, C) where M denotes the sets of the model and C the
classes. However, primarily for ease of notation, we shall repeatedly only talk about
the first-order part of the theory, noting that if M is a set model of ZF and C is the
collection of classes definable over M then (M, C) is a model of GB™. We shall say that
a class I is a P-name if every element of I' is of the form (&, p) where & is a P-name
and p € P. We then define M¥ to be the collection of P-names which are elements of
M and define C¥ as those names which are in C.

The following piece of notation was introduced by Karagila. Given a collection of

P-names, it gives us a simple way to transform it into a single P-name.
Notation 2.4.2 (Karagila). For I € M" a collection of P-names, I* == {(i, 1) | & € I}.

Essentially, the question is which properties of set forcing are still true when the partial
order is assumed to be a proper class. One immediately runs into a problem when trying
to prove the forcing theorem which comprises of two parts; truth and definability. The
definability lemma is the assertion that the forcing relation is definable in the ground

model and the truth lemma is that anything true in the generic extension is forced
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to be true by an element of the generic. However, as shown in [HKL*16], given any
countable, transitive model of GB ™ there is a class forcing notion which does not satisfy
the forcing theorem for atomic formulae. In fact, it is shown in [GHH20] that, over
GB with a global well-order, the statement that the forcing theorem holds for any class
forcing is equivalent to elementary transfinite recursion for recursions of length ORD.
Moreover, even if a class forcing satisfies the forcing theorem it is not always the
case that GB™ will be preserved in any generic extension. The simplest such example is
Col(w, OrRD) which generically adds a function collapsing the ordinals onto w. However,
there is a well-known collection of class forcings which both satisfy the forcing theorem
and preserve all of the axioms of GB : pretameness. For the next definition, we
shall formulate it as in Section 2 of [HKS18]. This can easily be seen to be equivalent
to the definitions found in [Fri00] but has the benefit of avoiding having to consider

incompatible conditions, which will make the arguments in Chapter 4 much cleaner.

Definition 2.4.3 ([HKS18] Definition 2.1). For p, ¢ compatible conditions we say that
D C P is dense below p A q if for every r < p, ¢ there is some s < r such that s € D.
A set d is said to be predense below p A q if for every r < p, g there is some s € d
which is compatible with 7 (compatibility will also be written as s || 7).
A notion of class forcing P is pretame if for every p € P and any sequences
(s;|iel)e M and (D; | i € I) of classes, where I € M and each D; is dense below
p A S;, there is a ¢ < p and a sequence (d; | i € I) € M such that for every i € I,

d; € D; and d; is predense below ¢ A s;.
Remarks 2.4.4.

o We are not assuming that P is closed under meets and thus should only consider

p A q as an abbreviation for the collection of conditions below both p and q.

o We use the convention that if p L ¢ then only the empty set is predense below
p A g while any set is dense below p A q.

» When using pretameness to obtain (d; | i € I), without loss of generality we shall

assume that for each ¢ € I every element of d; is below q.
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Theorem 2.4.5 (Stanley). Suppose M is a model of GB™ and P is a pretame class
forcing notation. Then P satisfies the forcing theorem and for any generic filter G,

M[G] satisfies GB™.

The main class forcing we shall consider is Add(w, ORD), the forcing to add a proper
class of Cohen reals. It can be proven that this satisfies the forcing theorem because it
is ordinal approachable by projections, that is to say it can be written as a continuous,

increasing union of set-sized forcings, Add(w, ORD) = [ J Add(w, ).

a€ORD

Theorem 2.4.6 ([HKL*16] Theorem 6.4). If P is ordinal approachable by projections

then P satisfies the forcing theorem.

As remarked in Lemma 6.7 of [HKL"16], a version of the forcing to add a cofinal
function from w to the ordinals witnesses that this notion alone does not ensure a
forcing is pretame. However, it will allow us to prove pretameness for Add(w, ORD) by

using an equivalent characterisation of pretameness from [HKS18]:

Theorem 2.4.7 ([HKS18] Lemma 2.6). Suppose that M = (M, C) is a model of GB
and P is a class forcing notion for Ml which satisfies the forcing theorem. Then P is
pretame if and only if there is no set a € M, name F € C* and condition p € P such
that p - “F': & — ORD is cofinal ”.

Theorem 2.4.8. Suppose that Ml = (M, C) is a model of GB + AC and P is a class
forcing notion for Ml which satisfies the forcing theorem. If i is an uncountable cardinal

in M and P satisfies the p-cc then P is pretame.

Proof. This will be proven by a variation on a standard set forcing result which uses

the u-cc to approximate functions in the extension:

In [HKL*16] the authors call this property approachability by projections. However we will
follow the terminology of [HKS19] where they give a generalised definition of being approachable by
projections. They then comment that this is perhaps how approachability should have been defined in
the first place and that it is more natural to rename the original definition as being ordinal approachable
by projections.



35 2 —Preliminaries

Claim 2.4.9. Suppose that a € M and F': a — ORD is a class function in M[G]. Then
there exists some f € M such that for allz € a, F(z) € f(z) and (| f(z)| € [ORD]<#)M 2

To prove the claim, let F' be a name for F and take p such that p I F: ¢ — ORD.

Next, for each x € a, let
f(x)={a € Orp |J¢<p (qIF F(&) = &)}

Now suppose that for some x € a, f(z) did not have cardinality less than p. By using
Collection and set sized Choice, we can choose a subset Y of f(x) of size p. Then for
each a € Y we can choose ¢, < p such that g, I F(i) = . But then this must be an
antichain of size p contradicting the assumption of p-cc.

Using the claim, we have that if a € M, F e C? and p € P are such that
pl- F: 4 — ORD then, taking f from the conclusion of the claim,

0 = sup{sup(f(z)) | « € a} is an ordinal. Therefore
p - “the image of F is contained in 8.

So, in particular, p cannot force the function to be cofinal which implies that P is

pretame by Theorem 2.4.7. [

Corollary 2.4.10. Add(w, ORD) is a pretame class forcing.

2.5 Symmetric Submodels

It is well-known that if M is a model of ZFC and G is a generic filter over a set forcing
then M[G] is a model of ZFC. Furthermore, alongside his original forcing argument,
Cohen also presented a method to use his forcing theory to produce a model of ZF in
which Choice may fail. The idea was to take an intermediate model between M and
MJ[G] by restricting the new sets added to be some of those which are definable from
G but, importantly, not G itself.

2where [ORD]<* denotes the collection of sets of ordinals of cardinality strictly less than p.



2.5—Symmetric Submodels 36

Such a model is now known as the Symmetric Submodel and we outline the main
construction here. Much fuller explanations, which also contain proofs, can be found
in either Section 8.12 of [DS96|, using partial orders, or the end of Chapter 15 of

[Jec03], using Boolean-valued models.

So fix M to be a model of ZF. We call a triple (P, G, F) € M a symmetric system if it

satisfies the following:

o P& M is a set forcing poset,
e G € M is a group of automorphisms of P,

e F € M is a normal filter of subgroups of G

where

Definition 2.5.1. For a given group of permutations G on a set .S, F is called a normal

filter of subgroups of the group G if

geF,

IftHeFand K € Fthen HNK € F,

If He Fand HC K then K € F,

(Normality) If 7 € G and H € F then tHr ! € F.

Next, given an automorphism 7 of P, we can extend 7 to act on P-names by recursion

mi = {{ry, ) | (y,p) € T}.

Then, we say that a P-name is F-symmetric if

sym(z) ={req|n(t)=a}eF
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and we say that & is hereditarily F-symmetric, written @ € HS £, if
sym(z) € F and for any (y,p) € &, y € HS£.
Finally, given a generic G C P, we define the symmetric submodel given by F as
N :={i% | € HS#}.
We then have the following two standard results:

Lemma 2.5.2 (Symmetry Lemma, [DS96] Lemma 8.12.3). For any p € P, formula

©(v), P-name & and permutation ™ € G,

plF () <= 7mp Ik p(ri).

Theorem 2.5.3 ([DS96] Theorem 18.12.2). Let M be a model of ZF. For any
symmetric system (P, G, F) € M and any P-generic filter G, the symmetric submodel
N given by F is a model of ZF and M C N C M[G].

2.6 Kripke Structures

In this section we shall give an outline of what a Kripke model is and show how a
variation of the forcing technique can be seen as an example of this. Because this method
is only needed for the construction of a few models of IZF containing pathological
examples of badly behaved ordinals we shall not spend too long on the details of Kripke
models. Also, to aid the presentation and readability of this section, the presentation
shall be slightly different to the standard presentations. Our presentation is based on
that of van Dalen, as given in Section 5.3 of [VD94] along with some of the ideas given
in [Lub18]. In the latter work, Lubarsky gives a much more general definition of Kripke
models which is more than what we need to use, therefore we shall adapt the simpler
definition given by van Dalen. The variation of forcing that we shall present is taken

from the work of Lipton, [Lip95].
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2.6.1 Kripke Models

In short, a Kripke model is a collection of “possible worlds” along with a binary relation
which gives us some information as to how the worlds are related to one another. An
alternative explanation is that a Kripke model is a collection of “states of knowledge”
and p is related to ¢ indicates that if we know p then it is possible that we shall
know ¢ at a later stage. This gives us our first indication of a relation between Kripke
models and forcing partial orders because a stronger condition is one that gives us more
information and to say “p is stronger than q” is to say that, given p it is possible that
we can “extend” it to q.

For simplicity, we shall assume that we are working in a language without any
additional predicate or functional symbols. However, the definition can be extended
by expanding the definition of I to interpret these symbols in the obvious way. It
should also be noted that the definition we give below is what van Dalen defines to be

a modified Kripke model.

Definition 2.6.1. A (modified) Kripke model is an ordered quadruple % = (I, R, D, ¢)
where K is a non-empty set of “nodes”, D is a function on K, R is a binary, reflexive
relation between elements of K, and ¢ is a set of functions ¢, , for each pair p,q € K

with pRq, such that the following hold:

« For each p € K, D(p) is an inhabited class structure.
o If pRq then ¢, ,: D(p) — D(q) is a homomorphism.

o If pRq and ¢Rr then 1y, = 14, 0 Ly g

Next, for atomic formulae ¢, let p I ¢ denote that D(p) = ¢. Then Iy can be
extended to arbitrary formulae by the prescription:

e For no p do we have p I, L,

e plFy o AW iff plFy @ and p I 1,

e plEy VUit plky por plkyy W,
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e plFy o = ¢ iff for any r € IC with pRr, if r IF ¢ then r I 9,
e plky Yo @(x) iff whenever pRq and d € D(q), q IF» o(d),

o plky 3z @(x) iff there is some d € D(p) such that p Ik o(d).

Note that we shall drop the subscript J# when it is clear from the context that we are
working with Kripke models rather than forcing posets. We will also define JZP to be
the truncation of the Kripke model to K? := {q € K | pRq}. So K? is the cone of nodes
which are related to p. For example, that this means p I, — if and only if for any
r e P rify p.

It is worth making a few more remarks on the above definition.

Remarks 2.6.2.

e In van Dalen, a Kripke model is defined as above except that one asserts that
D(p) € D(q) whenever pRq. The idea being that later nodes contain more
information that one can use. The modified Kripke model is then introduced as

an alternative way to view this.

« In the standard definitions of Kripke models, D(p) is just taken to be an inhabited
set. We choose to adopt our alternative definition, which is also the one in [Lub18],

in order to allow us to take the entire universe at each node.

o In general, the structures D(p) need not satisfy any particular theory. However,
for our contexts it will be easier to assume that, for each node, D(p) is a model of
ZF. Note that we will be using a classical metatheory since it is much easier to

manipulate our intended model when we have a strong logical foundation to use.

Definition 2.6.3. Let % = (K, R, D, ) be a Kripke model and p € K.
o A formula ¢ is said to be wvalid at p iff p I .
o A formula ¢ is valid in the full Kripke model, written J£ I, o, iff for every
p eI, plky p.

Furthermore, for I' a set of sentences and ¢ a formula, I" I ¢ iff in every Kripke

model J# satisfying that for all ¢ € T, Ik 1, it is also true that J£ I .
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Theorem 2.6.4 ([VD94] Theorem 5.3.6). (Soundness and Completeness of

Intuitionistic Predicate Logic). For I' a set of sentences and ¢ a formula,

'Fp<=TIFy e

It is worthwhile giving the following simple example which shows that the full Kripke
model need not necessarily satisfy excluded middle. This example appears as 5.13 in

[TvD8S].

Example 2.6.5. Suppose that a and b are distinct sets and we have the following

Kripke model,

1 D(1) ={a,b} and D(1) Fa =10
-

0e  D(0) = {a,b}

One can see that 2 If y a=b V a #b.

We now seek to use the intuitionistic structure given by the full Kripke model to provide
a new structure over which one can define an interpretation of IZF. This method is
taken from Section 3 of [HL16] and we use their terminology in also calling this the
full model. The idea is to produce a new Kripke model with a stronger set-theoretic
structure and whose underlying logic comes from the original full model. In order to
do this, we need to define what the sets are for our required model along with an

interpretation for equality and element-hood.

Fix £ to be a Kripke model. We shall assume that, for each node p, D(p) is a model of
ZF. For simplicity, let us further suppose that ORDP® = OrRDP@ for every p,q € K.
We shall simultaneously define the set of objects at p, MP = Ua M? | inductively through
the ordinals.

So suppose that {MJ, | p € K} has been defined for each 8 € a along with transition
functions k, ,: Mg — M% for each pair pRq. The objects of M? are then the collection

of functions g such that
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dom(g) = K,

g K? € D(q),

9(9) € Upea M3,

If h € g(q) and ¢qRr then k,,.(h) € g(r).

Finally, extend k,, to M? by setting k,,(g) = ¢ [ K9. Then the objects at node p are
UQMZ. This allows us to define a notion of truth at node p by:

e plky g€ h < g[KP € h(p),
e plFkyg=h < g|[KP=h[KP,

« For logical connectives and quantifiers we use the rules for I which were given

after Definition 2.6.1.

Definition 2.6.6. The full model V(¢) is the model with the underlying class | ] M”
peEK
and truth defined by

V(X)) ¢ < for everyp € K, plF .

Theorem 2.6.7 ([HL16] Theorem 3.1). The full model satisfies 1ZF .

As an illustration of working with this model, we shall show that V() satisfies a weak
instance of excluded middle that shall be useful when talking about ordinals in these
structures. But first, in order to do this, we introduce a way to interpret sets from our

previous nodes in the full model:

Definition 2.6.8. Let # = (K, R, D, t) be a Kripke model. We define z? for x € D(p)

recursively as follows:

x? is the function with domain P such that for each ¢ € K?, 2P(q) = {y? | y € z}.
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To give an example of such names, consider how one would prove that the Aziom of
Infinity holds in V(J¢'), assuming that it holds at each node. To do this, given a node
p one would have to define some n” such that p believes that {n” | n € w} denotes the
set of natural numbers. For this to hold, we want 0” to be the function with domain
2P which outputs () on every input and, for n € w, n? should be the function with

domain J#P such that for any ¢ € P,
n?(q) = {m? | m € n}.

It is then clear to see that if ¢ € £P then ¢ IF n? = n? and, for m € n, q |- mP € nP.

Lemma 2.6.9. Let & = (K, R, D, ) be a Kripke model and suppose that IC has initial
node 1. Then for any I € D(1),

U aa> — T € a7>. (%)

V() EV{a, |acI'} Vo ((:EEUaa AN xé
o aFy

Proof. Fix ¢ € K? and functions {a, | @ € I} € MY naming the set in V(.£"). Now

suppose that

qll—xGUaa and qlFx & Uaa.
a aFy

By definition, this means that there is some o € [ such that ¢ IF z € d,« and for all
Gel,

qI= (BT #77) = o & dga.

Now note that, by our interpretation, ¢ IF g9 = 749 iff § = v so, since we are working in

a classical metatheory, we must have that
qlFz € aya

which, by construction, is equivalent to saying that ¢ I- z € a,,. O
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2.6.2 Intuitionistic Forcing Models

A specific example of a Kripke frame that we will make use of is one developed by Lipton
in Section 4 of [Lip95]. In essence, this is the model constructed by taking a partial
order P and considering the forcing model one produces by asserting that a statement
is true iff it is forced by every condition. We will then see how this can naturally be
viewed as a Kripke model.

As before, we will assume that ZF holds in the background universe. Let P be a
partially ordered set with maximal element 1. To fit with the forcing notation, we
shall use the standard forcing order here rather than the Kripke ordering, so ¢ < p

will denote that ¢ is stronger than p.

As in the classical forcing case, we will begin by defining the class of forcing names.
However, because we are not using a generic, unlike in the standard case, we will not
define how to evaluate said names. Instead we just work with the formal forcing relation.
This means that instead of having V a subclass of V(P) we will only have that it is

interpretable in the extension using canonical names. Define the class V(P) as follows:

Va(P) = (H{P(Vs(P) xP) | B € a},
V(P) = Va(P).

We will now define the forcing relation recursively on formula complexity. This will be
very similar to the classical case except for minor modifications due to the fact that not
all of the classical equivalences for predicate calculus hold. It is worth remarking that
this definition is very similar to how we defined the corresponding notion for Kripke

models.
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Definition 2.6.10. Let a,b be names in V(P) and we will let our quantifiers range

over members of V(IP). For sentences ¢ and nodes p € P, p I ¢ is defined inductively

as follows:

plEa=0b iff Vi{c,q) €aVr<p,q rlFceb

and Y(c,q) e b¥Vr<p,q rlFc€a
plFaehb iff de 3g>p ({c,q) €eband plka = ¢)
plE ANy iff plFy and p -
plE@Va iff plEeorplkvy
plEp—1 ift Vg<p qlFp=qlFvY
plFVz o(x) iff VaVqg<p qlF ¢(a)
plF 3z p(x) iff da plF p(a)

Remark 2.6.11. Some of the cases in the above definition are stronger than their
classical forcing counterparts. Notably the cases for a € b, disjunction, implication and
existential quantifiers are normally defined over some dense set of conditions. Here it
seems to be appropriate to take the stronger definitions we gave above because they fit
better with the Brouwer-Heyting-Kolmogorov interpretation given in Definition 2.3.1.
For example, to say that p IF a € b is to say that we can find some element which is in
b and which is forced to be equal to a. Namely, some (c, gq) € b such that pl-a = c.
The fact that we are taking this approach will not cause problems in our situation
because we will only be looking for those sentences which are forced by every condition.
In the classical case, if p IF a € b and p is in some generic then, by density, there is some
stronger condition r in the generic and some (¢, q) € b such that ¢ > r and r IF a = c.
But in our intuitionistic case, for a € b to hold we will need that it is forced by every

condition and therefore we will want that p itself forces a = c.
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Remark 2.6.12. Recall that the formula —¢p is interpreted as ¢ — 1 and we will assume

that no condition can force a contradiction. Therefore

plE—p it Vg<paqlfe.

Moreover, p IF == iff Vg<p Ir<qrl- .

We then have the following results which are from Section 4 of [Lip95].

Lemma 2.6.13 ([Lip95] Lemma 4.1). (Monotonicity).

plFo AN qg<p) — qlFoep.

Definition 2.6.14 ([Lip95] Definition 4.2)). We say that V(P) = ¢ whenever we have

that Vp e P p IF .

Theorem 2.6.15 ([Lip95] Theorem 4.3). (Soundness of IZF). For any formula ¢,

IZF - ¢ = V(P) |= ¢.

Remark 2.6.16. There are easy canonical names for elements of the ground model,

unordered pairs and ordered pairs:

o For x € V, i is defined recursively as {(7, 1) | y € x}.

o A name for the unordered pair of names x and y is up(z,y) = {{x, 1), (y, 1) }.

+ A name for the ordered pair of names = and y is op(x, y) := up(up(z, z), up(zx, y)).
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We now show how this can be viewed as a Kripke model. At each node p we can define
an equivalence relation by

T~py = plEa=y.

We can consider each node as having a domain V(P)(p) = {[z], | * € V(P)} where [z],

is the equivalence class modulo ~,. Then, for ¢ <p we can define maps
tpq: V() (p) = V(P)(q)
by tpq([2]p) = [z],- This allows us to view V(P) as a Kripke model.

We end this section by remarking that one can easily prove that the weak instance of

excluded middle, (x), from Lemma 2.6.9 also holds in V(IP) for any partial order P.

Lemma 2.6.17. Let V be a model of ZF and P be a partial order. Then for any set
IinV,

V(P) = V{a, | a € I} Va <(m€Uaa Nad | aa) —>x€a7>. (%)

aFy
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Chapter 3

When are Proper Classes Big

3.1 The Easy Cases

In later chapters we will try to obtain the consistency strength of elementary embeddings
over weak theories in terms of the large cardinal hierarchy over ZFC. To find a lower
bound one often works with a “sufficiently large” fragment of the universe, typically of
the form V,, for some regular cardinal x. However, without Power Set this may not
necessarily be a set. For example, we shall see in Corollary 10.4.2 that one can have
embeddings over ZFC™ in which V. is a proper class.

In this chapter, we shall isolate a notion which will be sufficient for our later
purposes; big classes. We shall see in Lemma 10.3.1 that if j is an elementary
embedding which is the identity on V, then V, cannot be a big proper class.
Therefore the assumption that every proper class is big, which holds in many natural

models of weak theories, will be sufficient to prove that V,, is a set.

Definition 3.1.1. A proper class is said to be big if it surjects onto every non-zero

ordinal.
It is easy to see that this property holds over any model of ZF.

Proposition 3.1.2. Under ZF, there is a surjection from any proper class onto any

non-zero ordinal.
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Proof. Given a proper class C, define
S = {y € OrD | 3z € C rank(z) = v}.

Since the rank hierarchy is a hierarchy of sets, S must be unbounded in the ordinals.

So, given an ordinal «, we can take the first & many elements of S, {73 | 5 € a}. Then

N L O

0, otherwise

defines a surjection of C onto a. m
On the other hand, it is easy to see that this property need not hold in KP.
Proposition 3.1.3. Ly is a model of KP containing a proper class which is not big.

Proof. From Section I1.3 of [Barl7], every cardinal is admissible and therefore Ly is a
model of KP. Now consider the proper class CARD. Externally, this only has cardinality
w and therefore there is no surjection of CARD onto R} in L. Thus there is no such

surjection in Ly . O]

Using a similar idea, we can achieve the same result for the theory ZFC-. To do this,

we will use the following theorem from [GHJ16]:

Theorem 3.1.4 ([GHJ16] Theorem 6). Suppose that V = ZFC + CH, & is a regular
cardinal with 2¥ < W, and that G C Add(w,N,) is V-generic. If W = UKHV[GW]
where G, = G N Add(w, X)), (that is G, is the first R, many of the Cohen reals added
by G) then W |= ZFC~ has the same cardinals as V but the Reflection Principle fails.

Proposition 3.1.5. W is a model of Z¥FC— containing a proper class which is not big.

Proof. Since V will have the same cardinals as V[G], that is the full extension by all
N, many reals, in V|G| 2* = X, and therefore there is no surjection of P(w) onto R, .
Hence there is no such surjection in W, so W is a model of ZFC- in which P(w) is a

proper class which is not big. O
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So it seems natural to ask which sub-theories of ZFC also prove the feature that every
proper class is big, and this will be the focus of this chapter. We shall prove that every
proper class is big under ZFC™ with the Dependent Choice Scheme for every cardinal.
Moreover, we shall then show that Dependent Choice is necessary for this result. We
shall first give a failed attempt to do this because it will lead to other interesting results.
Then we shall give a general method, derived from work of Zarach, to produce models

of ZFC ™ containing proper classes which are not big.

3.2 Classes are Big with Dependent Choice

The aim of this section is to show that, in a mild extension of ZFC |, we do have the
property that every proper class is big. The additional axioms we need are the Schemes
of Dependent Choices. Under ZF C, this is a consequence of the Well-Ordering Principle
but, as shown in [FGK19], it need not hold in every model of ZFC™. The principle
itself is a natural strengthening of Set Dependent Choice to the class version where we
allow definable relations, and has been previously considered in [GHJ16] and [FGK19].

For p an infinite cardinal, the DC,-Scheme is the assertion that any definable class
tree of height u, which has no maximal element and is closed under sequences of length
less than g, has a branch of order type u. Equivalently, and with a more formal

definition,

Definition 3.2.1 (The DC,-Scheme). Let ¢ and ¢ be formulae and u be a set such
that for some y, ®¥(y,u) holds and for every a € pu and every a-sequence
s = (xg | B € «) satistying ¢(zg,u) for each 3, there is a z satisfying ¢ (z,u) and
(e, s,z,u). Then there is a function f with domain p such that for each a € p,

Y(f(a),u) and ¢(a, f [, f(a),u) hold.

Notation 3.2.2. For pu = N, we shall call the above the DC-Scheme.

The DC-Scheme is known to be equivalent to a very natural strengthening of Collection,
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Theorem 3.2.3 ([GHJ16]). Over ZFC™, the DC-Scheme is equivalent to the
Reflection Principle.

Remark 3.2.4. To see that the Reflection Principle implies the DC-Scheme, let T
be some definable tree of height w with no maximal element. This statement can be
reflected to a transitive set M using the Reflection Principle which can then be well-
ordered to provide the witnesses for an infinite branch.

However, this argument does not go through for the DC,-Scheme when p is an
uncountable cardinal. The issue here is that the transitive set M need not be closed
under infinite sequences definable in the full universe. Therefore, when we reflect the
tree it need no longer be the case that the tree is closed under sequences of length less
than u. As we shall see in Corollary 3.3.3, it will in fact be possible to separate different
Dependent Choice Schemes over ZFC .

Theorem 3.2.5 ([FGK19] Theorem 11.2). The Reflection Principle is not provable in
ZFC .

Remark 3.2.6. In [GHJ16], the authors prove that the model of ZFC- produced in
Theorem 3.1.4 also satisfies the DC,-Scheme for every cardinal o € s but that the
DC,-Scheme fails. This shows that, without the Collection Scheme, the DC-Scheme
does not prove the Reflection Principle and that the DC_,-Scheme does not imply that

every proper class is big.

For the sake of completeness and ease of reference, the first proposition that we shall
prove is that, as with the set case, if 6 < p are infinite cardinals and the DC,-Scheme
holds then so does the DCy-Scheme. This will be proved using a similar technique to

the proof of the set version found in [Jec73].

Proposition 3.2.7 ([Lév64a] Theorem 7). If & < u are infinite cardinals then the
DC,,-Scheme implies the DCs-Scheme.

Proof. Let ¢ and 1 be formulae and u be a set such that for some y, ¥ (y, u) holds and

for every a € § and every a-sequence s = (xg | § € a) satistying ¢(xs, u) for each 3,
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there is a z satisfying ¥ (z,u) and ¢(, s, z,u). We define a new formula ) extending ¢

to apply to any a-sequence, s, for a € p by
Hay, s, z,u,0) = (a <0 ANVBeap(s(B),u) A gp(a,s,z,u)) \Y% (a R A w(z,u)>.

By, for a > 4, taking some fixed z such that ¥)(z, u) holds, it is clear that for every o € p
and applicable a-sequence s there is some z satisfying both ¥ (z,u) and ¥(a, s, 2, u, ).
Then for any function f with domain p witnessing this instance of the DC,-Scheme,

f 10 witnesses that the DCg-Scheme holds for 1) and ¢. n

An important consequence of the DC,-Scheme for us is that it gives us a useful

necessary condition for a class to be proper.

Theorem 3.2.8. Suppose that V = ZF~ + DC,-Scheme for p an infinite cardinal.

Then for any proper class C, definable over V, there is a subset of C of cardinality .

Proof. Let C = {x | ¥(z,u)} be a proper class. We shall in fact prove the equivalent
statement that for any v < p there is a subset, b, of C and a bijection between b and v.
Suppose for a contradiction that this were not the case and let v be the least ordinal for
which no such subset of size v exists. It is obvious that v must be an infinite cardinal.
Let ¢(a, s,y) be the statement that s is a sequence of length o and ran(s) U {y} is a
subset of C with y € ran(s). Then, by assumption, for every « €  there is a sequence
of elements of C of length . Also, since C is a proper class, if s is an « length sequence
from C then there is some y € C which is not in s, so the hypothesis of the DC,-Scheme
is satisfied. Therefore, by DC,, there is a function f with domain v and whose range

gives a subset of C of cardinality 7, giving us our desired contradiction. O]
This leads to an extension of ZFC™ that we will use extensively in the study of
elementary embeddings:

Definition 3.2.9. Let ZFC™ +DC.cagp denote the theory ZFC™ +Vp € CARD DC,,.

Corollary 3.2.10. Suppose that V |= ZFC™ 4+ DC_capp- Then, for any proper class
C which is definable over V and any non-zero ordinal v, there is a definable surjection

of C onto 7.
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3.3 Classes need not be Big without Dependent
Choice

In this section we shall prove that it need not be the case that every proper class is big
in a model of ZFC™ + DC_carp. The method we shall use to prove this is one that
was originally considered by Zarach in [Zar82|, which is constructed as a union of ZF~
models. It shall be shown that the resulting model fails to satisfy the DC,++ -Scheme
for a given cardinal pu.

Following a review of this model we shall look at ways to generalise it. In
particular, we shall see that, with an appropriately chosen forcing, it is possible to
produce models of ZFC™ in which the DC-Scheme holds but the DCy,-Scheme does
not. This construction will then be generalised to ensure that we still satisfy the

DC,-Scheme for a given regular cardinals.

The main theorem from Zarach that we shall make use of is Theorem 4.1 of [Zar82].
Before giving the theorem, we recall the definition of Hartog’s number. Under ZFC,
the Hartog’s number of a set a is |a|". However, this definition still makes sense in

weaker theories without the Axioms of Choice or Power Set.

Definition 3.3.1. The Hartog’s number of a set x is

N(z) = {a € OrD | Af (func(f) A f:a — z is injective)}.

Theorem 3.3.2 (Zarach, [Zar82] Theorem 4.1). If ZFC is consistent then so is
ZFCp s+ 3k, p (73(/{) is a proper class N Yx C P(r) (Jz] < ,u))

+3dx C P(k) (|z] = p) + Vo X(z) € ORD.

When combined with Theorem 3.2.8, we obtain the failure of the DC,,+-Scheme in the

above model.
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Corollary 3.3.3. In any model satisfying the conclusion of Theorem 3.3.2, the
DC,+-Scheme fails.

Proof. Fix cardinals  and p such that P(k) is a proper class and
Vo € P(x) (2] < ) A 3w CP) (Jo] = ).

We shall show that 't exists. This will mean that P (k) is a proper class with no subset
of size p so, by Theorem 3.2.8, the DC,+-Scheme must fail.

To see that u™ exists, fix ¥ C P(k) of size u. It is easy to see that for any z, V(2) is
a cardinal and furthermore RX(z) > u. So, since by assumption N(x) is a set, u* must

exist. OJ

3.3.1 Union of ZF models

We shall now give Zarach’s original model. Because of the style in which it was
presented, we have decided to rewrite his construction using modern notation. This
has the benefit of making it more readable and shortens some of the proofs. To begin
with, we introduce a general notation for the product of u many copies of a forcing

with support less than §.

Definition 3.3.4. Let (P, <) be a forcing notion (with maximal element 1p) and let

0 < u be regular cardinals. Let H ©) P denote the product forcing of 1 many copies

o
of P with < ¢ support, where the support of a condition is the cardinality of the set of
conditions in the sequence which are not 1p.

s
Moreover, for e C 4, let e(IP) be the restriction of |] ) P to those conditions whose
o
support is a subset of e.

Remark 3.3.5. We will treat conditions of H © p as partial functions from p into P
o

s
of cardinality at most d. Using this presentation, given a set X C H ©) P and e C p,
m
we let X [ e denote those conditions in X whose support is a subset of e.
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One of the important qualities of such forcings is that they satisfy weak homogeneity

where

Definition 3.3.6. A forcing P is Weakly Homogeneous iff for any conditions p, q € P,

there is an automorphism, 4, of P such that i(p) is compatible with g.

One consequence of this it that for any formula ¢ and any condition p,
plFp <= 1p I .

The aim of this section is to prove the following theorem:

Theorem 3.3.7 (Zarach, [Zar82] Theorem C). Let M be a model of ZF and P € M.
Suppose that h: P = H(w) P is an order-isomorphism for some h € M. Let G be

P-generic over M and H = h“G be the corresponding H ) P-generic.  Let
G, = H [{n} be the P-generic produced by restricting H to its T;h co-ordinate and let
M, = M[Gp X -+ X Gp,_1].

Then if N =] M,, N'=(N,€ M) is a model of ZFp,;.

To prove this theorem will involve multiple stages, primarily to set up the required
notation and technical lemmas. After making some basic observations, we shall see
that the difficulty arises in proving that A is a model of the Collection Scheme and
the Reflection Principle. This will be proven by showing that A can be written as the
union of a chain of models, each of which are isomorphic to /. The theorem itself will

then follow from two model theoretic results; Theorems 3.3.15 and 3.3.16.

Remark 3.3.8. It is worth remarking here that the theorem only works when we can
use a definable predicate for M in N. The issue is that N is not a forcing extension of
M and therefore there is no reason to believe that one should be able to, in general,
define M in the union model. We also point out that even if N were a forcing extension,
we wouldn’t immediately get the definability. This is because, as shown in [GJ14], the
definability of grounds does not always hold over ZFy, .
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Remark 3.3.9. We begin by noting some basic properties of N. Firstly, it is clear that
N satisfies Extensionality, Empty Set, Pairing, Unions, Infinity, Foundation Scheme and
Separation Scheme. Furthermore, N can never satisfy Power Set because P(P) ¢ N.
The reason for this is that, while G,, € N for every n, the construction yields that H

itself can never be in N.

Proposition 3.3.10. If M also satisfies the Well-Ordering Principle then so does N.

Proof. Let x € N. Then € M,,; for some n. Now, if M,, satisfies Well-Ordering then
so does M,,[G] for any set generic G. Therefore, in M,,,; there is a well-ordering of x

and therefore a well-ordering exists in N. O

Using the notation from Theorem 3.3.7, let M be a model of ZF and P € M. Suppose
that h: P = H ) P is an order-isomorphism for some h € M. Let G be P-generic

w

over M and H = h“G be the corresponding [] ) P-generic. Let G,, = H [{n} be the

P-generic produced by restricting H to its n'* co-ordinate and let

M, = M[Gp X -+ X Gp_1].
Since G,, is P-generic, we can use the isomorphism h again to obtain further

P-generics
G = h“Gn {7}

for any j € w. We then define M,, ; .= M,,[Gp, o X - -+ X Gy, j_1] and set
Nn = Ujanj’
Remark 3.3.11. For any n and j,
M, =M, CM,;C---CM,;C--C UjMn,j =N, C M.
In order to be able to use these constructions we now show that N is a definable

subclass of M[H]. Now, N is determined by M and {G{,} | n € w} using the following

specification:
reEN+— JyeM (U is a product of finitely many

elements of {Gn) | n € w} and x = Kv(y))
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where, given a set v C H(w) P, K,(y) = {Ky(2)|3p € v ((2,p) € y)} is the
restriction of the evaluation map to the set v. Therefore, it suffices to specify a name
for {G{n} | n e w}.

To do this we fix the following notation:

Notation 3.3.12.

® G{n} = {<ﬁ7{<n7p>}> ‘p S ]P)} is a name fOT G{n}’

G = {{Gny, 1p) | n € W} is a name for {Gny | n € w},

o MY(-) is a predicate for M,

Seq(u, Z) denotes that u is a sequence of elements of Z,

KS(z,Z)= 3y,u,v, k (M(y) A Seq(u,Z) N dom(u) =k+1
ANV=1ug X - Xu, A :U:Kv(y)),

Finally, if ¢(z) is a formula then ¢%(x) is the relativisation of ¢ to KS(-, Z).

Note that KS(z,Z) says that x is named by some element of the evaluation map
restricted to finitely many elements from Z, which is what we required in our
specification for being an element of N.

Since, for any permutation 7 of w, ’H'G{n} = G{ﬂn} and 7G = G, an easy application

of the Symmetry Lemma (2.5.2) gives us,
Lemma 3.3.13. For P € M and e C w, if ¢(z) is a formula and a € M*®) then
pl-ygla) <= plelk gg(a).
Therefore N |= ¢(a) <= MI[G] | ¢g(a).
Key Lemma 3.3.14. For every n € w, N, < N.
Proof. We shall begin by finding H ) P-generics T¢ and T™/ such that
M, ;[T7] = My,41 and M, ;[T™7] = M[G].wThis is done by noting that
Mpi1 = Mp[h*Gr] = Mu[h5Gr [ § X WG 1w\ )] = ng[h“ [(w\ J)]-

Then T? will the obvious translation of h“G,, [(w \ j) to a H P-generic.
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By a similar argument,
M[H|=M[H [n x H [(w\n)] =M, ;[h“G, [(w\ ) x H [(w\n)].

Thus 7™ will the obvious translation of h“G,, [(w\j) x H [(w\n) toa [] ) P-generic.

Now for any formula ¢(v) and a € M,, ; we have that
N [ ¢(a) <= M,;[T]] |= ¢ (a)
= 3IfeT! M, =“fIr 902(6)”
= M,; | “Ip Ik pg(a)”

= N = (o).

Where the third equivalence follows from the fact that the finite support product of w

many copies of any forcing is weakly homogeneous and, since P = H ) P, soisP [

Therefore, using the above result, the proof of Theorem 3.3.7 will follow from the

following pair of more general model theoretic theorems.

Theorem 3.3.15 (Zarach, [Zar82] Theorem M). Let M, .1 = (M,.1,€ N,) and
N, = (N,,€) forn € w. Suppose that M,, C N, C M,;;, N = UnM" and
N =(N,€). If for everyn € w, M1 EZF" and N, < N then N |= ZF .

Proof. By the above analysis and comments about the construction it suffices to show
that the Collection Scheme holds in M. To do this, let a,u € N and suppose that

N EVz€aIy pz,y,u).
Fix n such that a,u € M,,. Then, since M,, C N,, and N,, < N,

N, EVz €a Iy p(z,y,u).

Since, by assumption, N, is a definable subset of M,,.; and M, is a model of ZF ",

there exists some b € M,,; with b C N,, satisfying
Ve €aJyebN, Eplx,y,u).

Therefore, since N, < N and b€ M,,,; SN, N EVz €a Ty € b o(z,y,u). O
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Theorem 3.3.16 (Zarach). Let M, 11 = M, 41,€,N,,) and N,, = (N,,, €) forn € w.
Suppose that M,, C N, C M,,.;, N = UnM" and N = (N, €). If for every n € w,
M1 E ZF + DC-Scheme and N,, < N then N |= ZF~ + DC-Scheme.

Proof. Suppose that in N' we have formulae ¢ and ) and a set u such that for some
Y, ¥(y,u) holds and for any m-sequence s = (z; | i € m) satisfying ¢ (x;,u) for each i,
there is some z such that ¥(z,u) and p(m,s, z,u) hold. Fix n such that u € M,;.
Then, by elementarity, the above statement, as well as 1 and ¢, reflect to N,,.

We first show that M,,; can define a branch through the tree of approximations
to this instance of the DC-Scheme in N,,. Let s = (x; | i € m) be an m-sequence from
N,, such that for each i, ¥\ (x;,u) holds. Since N, < N, there is some z € N,, such
that ¢V (z,u) and ¢"(m, s, z,u) hold. Therefore, the tree of approximations can be
defined in M,,.1 and, by using the DC-Scheme in M,, 1, there is a branch through the
tree.

Letting s € M,,41 be such a branch with s C N,,, we have that
35 ¥n € w YNn(s(n),u) A N(n, s [n,s(n),u).
So, since N,, < N, s is a witness to the desired instance of the DC-Scheme in N'. [

Since adding a single Cohen real is equivalent to a finite support product of adding w

many Cohen reals, Theorem 3.3.7 gives us the following corollary

Corollary 3.3.17. For any model M of ZFC + CH there is a model N' = (N, €, M)

with N O M which has the same cardinals and cofinalities as M and
N | ZFCpg,; + ~DCy,-Scheme.

Proof. Let M be a model of ZFC + CH, P = Add(w, 1) be the forcing to add a Cohen
real and let h: P = H “ p be an order-isomorphism. Let G' be P-generic over M and

w

H = h“G be the corresponding H “ P-generic. Let G,, = H [{n} be the P-generic

produced by restricting H to its n'® co-ordinate and let M,, = M[Gy X -+ - x G,_1].
Then the required model is N' = (N, €, M) where N = UnMn [l
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3.3.2 Minimal Forcing

In this short section, which is joint work with Victoria Gitman, we shall show that it
is possible to produce a model of ZFCp,; + =DCy,. It is not clear how to determine
whether or not DCy, holds in the model we just produced because N,, is not closed
under w sequences from M, ;. However by using the same construction, except with
a minimal forcing whose finite support product preserves X;, we shall show that DCy,

can indeed fail.

Definition 3.3.18. A forcing P is said to be minimal if for any P-generic G and set of
ordinals X € M[G], either X € M or G € M[X].

The typical example of a minimal forcing is Sacks Forcing, however the finite support
product of Sacks forcing is known to collapse w;. Therefore, it is necessary to use a
subposet of Sacks forcing developed by Jensen [Jen70]. The construction of Jensen’s
forcing poset, J, is quite complicated and therefore we shall neither define it nor discuss

it in detail apart from saying that;

» Jensen forcing has the ccc and therefore the finite support iteration preserves wy,
» Jensen forcing adds a canonical generic real s over L,

e By Lemma 11 of [Jen70], Jensen forcing is minimal.

Because this section concerns models of ZFC  in which instances of the full Dependent
Choice Scheme fails it is worth mentioning another use of Jensen’s forcing. This is in the
paper [FGK19] where they take a symmetric submodel of a product of Jensen forcing
and show that the hereditarily countable sets in this model satisfty ZFC™ + =DC. It

is interesting that both of these models heavily use the minimality of the generic reals.

So let us suppose that J is a minimal forcing which adds a real s which is generic over
L. In general, J will not be isomorphic to a finite support product of w many copies of

J so we take P = H ) J. It is then clear that P = H ) P. Therefore, by Theorem

w w

3.3.7, if G is P generic over LL and N is defined as before then
N = (N, e, M) | ZFCy,; + “DCy,-Scheme.
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Theorem 3.3.19. Suppose V = L is a model of ZFC and that J is a minimal forcing
which adds a real and whose finite support product preserves Ny. Let P = H ) J.

Then, wusing the notation of Theorem 3.3.7, if G is P-generic over L then
N | ZFCh,; + ~DCy, -Scheme.

Proof. Let G C P be generic and H = h“G the corresponding H ) P-generic where

h is some fixed isomorphism. As before, let H [{n} = G,, = (spm | m € w) be the

sequence of reals produced by restricting H to its n'" co-ordinate.

Let (¢, z) be the statement
z & L[t].

Then for any o € w; and any sequence t € N of a many reals, there is some z € “2
such that ¢(t,z). This is true since if t € N then t € M,, = L[{sgm | K < n,m € w}]
for some n and therefore s, must be generic over L[t]. Moreover, it is clear that t
can be extended by the w length sequence (s,,,, | m € w) which shows that there are
arbitrarily large countable sequences.

However, there can be no function f: w; — N such that for each a € wy,
o(f a, f(a)) because this would produce w; many reals each of which is generic over
the previous ones which we shall show cannot be the case. To see this, let X be any

set of reals in N of size w;. Then fix n € w such that
X CM, =L[{sgm | k <n,m e w}|.
One can see that for some k < n and m € w,
(Mg \ Mg m—1) N X
is uncountable. But, by the assumption of minimality, for any r € Mj ,,
My m—1[r] = Mg m.-

Therefore X cannot be a set satisfying the conditions required for ran(f) as, given any
ordering of X, uncountably many of the reals in X will not be generic over all of the

previous ones. [
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3.3.3 Generalised Union Models

We now generalise the construction to produce models of ZFC ™ which satisfy DC,
but not DC,,++ for arbitrary regular cardinals . However, as before, it will be unclear
about the status of DC,+ in these models. Because many of the proof are essentially

the same as those in Section 3.3.1, we shall omit many of the details.

As in the H “) P case, we obtain the following theorem.

Theorem 3.3.20. Let M be a model of ZFC, P € M and § < p reqular cardinals in

M. Suppose that h: P = H ©) P is an order-isomorphism for some h € M. Let G be
m

P-generic over M and H = h*G be the corresponding H @ P-generic. Let G, =G [«
and let M, = M[G [ a]. '

Then if N = UaMow N = (N,e M) is a model of ZFCp,;.

Moreover, if P is §-closed then N' = DCjs-Scheme.

We now sketch the proof of this theorem, again noting that many of the proofs are easy
variations of those we have already done. The proof of the main part of the Theorem
will follow from Theorem 3.3.25. To prove the moreover part will require the extra
result of Theorem 3.3.26 which is a generalisation of the proof of Dependent Choice

from Theorem 3.3.16.

Definition 3.3.21. Suppose that h: P = H(d) P is an order-isomorphism where

m
h,PeM and M = (M,€) | ZFC. Let H be P-generic over M and note that
G = h“H is H © P-generic over M.

m
Note that Gy is P-generic over M and therefore we can define G, g == h*Gay [ 8
for any 8 € p. Let M, = M[G | o] and M, 3 = M,[G, 5]. Finally, let N = UaMa and
No = U, Mas:

Remark 3.3.22. For any a and 3
M,=M,oCMy; C--CMupC-C UBMaﬁ =N, C Mq41.
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As before, N is determined by M and {Gyay | @ € p} by the specification

reEN+—— JyeM Jv (v is a product of less than p many

elements of {Gay | @ € p} and x = Kv(y)>

5
where, given a set v C H( : P, K,(y) = {Ku(2)|3p € v ({(2,p) € y)} is the
o
restriction of the evaluation map to the set v. Therefore, it suffices to specify a name
for {G{ay | @ € pu}, which can be done in much the same way as before. In particular,

by letting ¢%(v) be the relativisation of ¢ to K.S(-, Z) we obtain that

Lemma 3.3.23. If ¢(v) is a formula and a € M® for e C u then

plky5la) <= plel- psla).
Therefore N |= p(a) <= M[G] |= ¢ (a).

We can then prove the generalisation of Key Lemma 3.3.14. The important thing
to note is that the < d-support product of p many copies of any forcing P is weakly
homogeneous, which is what we used in the third equivalence in the final section of the

proof.
Key Lemma 3.3.24. For every a € u, N, < N.

Therefore the proof of the first part of Theorem 3.3.20 will follow from the above result
combined with the following more general model theoretic theorem which again is the

obvious generalisation of Theorem 3.3.15.

Theorem 3.3.25. Let My.1 = (Myi1, € Ny) and N, = (N, €) for a € p. Suppose
that M, € N, C My, N = UQGHMQ and N = (N,€). If for every a € p,
Mo EZF and Ny < N then N = ZF ™.

We now arrive at the added step which is to show that, assuming the forcing is d-closed,

N models the DCs-Scheme.
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Theorem 3.3.26. Let M be a model of ZFC, P € M and § < p reqular cardinals in
M. Suppose that h: P = H ©) P is an order-isomorphism for some h € M and that P

"

is o-closed. Let G be P-generic over M and H = h“G be the corresponding
H(é) P-generic. Let G, = G|a and let M, = M|G|a]. Then if N = UaMm
o

N = (N, e M) is a model of ZFC™ + DCjs-Scheme.

Proof. Tt only remains to prove that A is a model of the DC;-Scheme. First note
that A is closed under < ¢ sequences defined over M[G]. To see this, let v € § and
(o | @ € 9) € N. Since § < u are regular cardinals, there is some € u such that
(o | @ € ) C Mpy1. Then Mgy = Mg[Ggy] and Gyay is P-generic, where P is a
0-closed forcing. A simple forcing argument shows that there is a P-name for

(o | o € ) which shows that this sequence lies in Mgy C N.

To prove the DC,-Scheme, let ¢, be formulae, u € N and suppose that

N E Fyoly,u) N YoeuVseN
(‘V’B eop(s(B),u) N Fz((z,u) A gp(a,s,z,u))).

As before, let G g = h*Gqy [ B and let N, = UﬂMa,B‘ Next, fix a such that u € N,.
Then, by the previous theorem, the formula reflects to N, = (N,, €). Note that,
since M1 is a model of ZFC, it is a model of the DCs-Scheme. So, because N, is
a definable subclass, there is a branch in M,,; witnessing the above instance of the
DC,-Scheme in N,. Where for successor steps we use the definability while for limit
steps we use the fact that N, is closed under sequences definable in M1 of length at
most ¢. Finally, since N, is elementary in N' and M,,; C N, the branch determined

above is also a witness to our original instance of the DC,,-Scheme. O
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Corollary 3.3.27. Let M be a model of ZFC +2* = ™, where p is a reqular cardinal.
Let P = Add(u,1) be the forcing to add a p-Cohen function from p onto 2 and let

h: P= H @ P be an order-isomorphism where 6 < u is a reqular cardinal. Let G be
I

P-generic over M and H = h“G be the corresponding H @ P-generic. Let G, = H | «
m

and let M, = M[G [ a]. Then if N =[] Ma,
N =(N,e,M) | ZFCy,; + DCs-Scheme + —DC,;++-Scheme.

So, in particular, if § = u then this gives us a model of ZFCp,; plus the DC,-Scheme
in which the DC ++-Scheme fails. However, in general, it seems to be difficult to either
prove or disprove the DC,+-Scheme in models of this type. It would be possible to

achieve this is one were able to find a higher analogue to Jensen forcing. Namely,

Question 3.3.28. Let u be a regular cardinal. Is there a forcing, S, such that
o S has the u-cc and the p-support product preserves u*,
e S adds a distinguished subset of p,
e S is minimal?

By recent work of Gitman, the answer to the above question should be yes for u an

inaccessible cardinal using a generalisation of Jensen forcing.
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Chapter 4

The Respected Model

We begin this chapter with what was a first attempt to show that classes need not be
big in ZF by looking at the symmetric submodel of a pretame class forcing. This
attempt will ultimately fail which is why we had to use the union model approach in
the previous chapter. It will turn out that it is possible for the Collection Scheme to fail
in the symmetric submodel of a class forcing even if the forcing itself is pretame. This
leads to the challenging question of what theory does the symmetric submodel necessarily
satisfy? In fact, it will be unclear how one can prove either Separation or Replacement
in general because the witnesses one obtains from pretameness need not be closed under
permutations. Therefore, in this chapter we shall introduce the Respected Model.

This model is influenced by techniques developed by Karagila, notably in [Kar19],
and we shall use notation from that paper. Karagila introduces the notion of a Respected
name in order to perform an iteration of symmetric extensions. The essential idea is,
when taking the symmetric extension (P, G, F), instead of considering those names &

such that {7 € G | 7& = &} € F we consider the class of names for which
resp(z) ={reG|1llFnt =1} € F.

Karagila then calls a name hereditarily F-respected if this property holds hereditarily.
By exploring this concept in more depth, it will turn out that the class of hereditarily

Respected names does satisfy some of the properties we desire.
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4.1 Collection can fail in Symmetric Models

We start with a motivating assertion which turns out to be incorrect. Let M be a model
of ZFC and P = Add(w, ORD x w) be the standard class forcing to add ORD many
w-blocks of Cohen reals. As shown in Corollary 2.4.10, this is a pretame class forcing
so, for any P-generic G, M|G| = ZFC™. Let N be the symmetric submodel of M[G] in

which there is an amorphous proper class, A, where!

Definition 4.1.1. A class A is said to be amorphous if every subclass is either finite

or its complement is.

Since this is the symmetric submodel of a pretame class forcing and the Collection
Scheme holds in the full extension, it seems natural to naively assume that Collection
also holds in the symmetric submodel. This would also cohere to the idea that ZF  is
the “correct” way to think about ZF without Power Set.

Therefore, we claim that N = ZF . Now, since A is amorphous, A cannot surject
onto w. This is because, if f were to be a surjection then {z € A | f(x) is even} and
{z € A| f(z) is odd} would be a partition of A into two disjoint infinite sets which is

a contradiction. Thus, we have a model of ZF with a proper class which is not big.

However, the following theorem shows that there must be a contradiction somewhere

in the above argument.
Theorem 4.1.2. Suppose that (M, A) satisfies;
1. M | (ZF-) 4,
2. ACM and (M, A) = “A is a proper class”,
3. (M, A) = “if B C A is infinite then B is a proper class”.

Then the Collection Scheme fails in (M, A). In fact, (M, A) does not have a cumulative

hierarchy and therefore Power Set also fails.

'We will formally define this model in Section 4.1.1
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Proof. To prove that the Collection Scheme fails consider classes b satisfying
Vnewdyeb(ly=n A yCA).

Since Ub N A is an infinite subclass of A, by the third assumption b must be a proper
class. Therefore, while for every n € w there is a y such that (Jy| =n A y C A) there

is no set witnessing this for all n.

For the second part of the theorem, we shall prove the stronger assertion that any
well-orderable sequence of sets can only contain finitely many elements of A. To see this,
let C = (C,: a € I) be an indexed sequence of sets where I is either ORD or an infinite
ordinal. We shall show that [JC N A is finite and therefore that C cannot be a hierarchy
for the universe. Suppose for a contradiction that ([JC N A was in fact infinite. First
note that for any a € I, C, N A must be finite. Now we define a sequence of ordinals
0, € I inductively as the least ordinal « € T such that (C, \ Upen Cs,,) N A # 0. Such
an ordinal must exist by the assumption that |JCN A is infinite and that U,,c,(Cs,, NA)
is a union of finite sets. But then U, Cs, N A is an infinite set, contradicting the third

condition of the theorem. O

There are two plausible places where the contradiction could have arisen. The first is the
assertion that we can produce a symmetric submodel with an amorphous proper class
and the second is the assertion that Collection held in the model. We shall formally
define the required symmetric submodel which shows that the Collection Scheme can

fail in the symmetric submodel of a pretame class forcing.

But first it is worthwhile to discuss why the proof that Collection holds in the
full extension of a pretame forcing does not translate into a proof in the symmetric
submodel. In fact, we shall show that it is unclear if even the weaker Replacement
Scheme holds in this model. We shall phrase this in terms of an arbitrary symmetric
submodel of a class forcing but, if one wishes to work with a concrete example, one
could instead work with either of the two systems that will be defined in the subsequence

section.
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So suppose that M is a countable transitive model of ZFC and (P, G, F) is a symmetric
system, where P is a pretame class forcing. We consider the Axiom of Replacement in
the symmetric submodel of this system.

So, suppose that

plk fis a total function on @

where f and @ are hereditarily symmetric names. We want a symmetric name for the
range of f. Now, using Collection, we can find some set of hereditarily symmetric names,
¢, containing witnesses to elements being in the range of f. Then, using pretameness,

for each (&,r) € a we can find some set d;, of P-names such that
b={(y,s) |g€c A Ii,r)€a(sE€dsr N sl f(z)=79)}

is a name for the range of f. We want to conclude that for any 7 € sym(a) N sym( f ),
mb = b. However, in general, {7 ({7, s)) | 7 € sym(a) Nsym(f)} need not be a set. To
see this, take (g, s) € b. Instead of 1, ¢ could have been chosen to include some name

¢’ such that

plEy=19

and ¢ contained additional information which was not fixed by sym(a) N sym(f). For
example, one could just take §' = y U {(%,t)}, where t is any condition incompatible

with s and Z is an arbitrary P-name. The point is that, since sym(a) N sym(f) will

in general be a proper class, there is no reason why {7 ((2,t)) | 7 € sym(a) Nsym(f)}

should be a set.

4.1.1 Amorphous Classes

We shall now give the details of the argument to add an amorphous proper class. A
detailed account of the set version of this forcing can be found as Exercise 8.13.1 of
[DS96] which serves as the basis for our construction. Solely for simplicity, let M be a

countable transitive model of GB + AC + CH.
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Let P = Add(w, ORD X w) be the poset which adds ORD many w-blocks of Cohen
reals and let supp(p) denote the support of p. Now, for 7° a permutation of ORD and

{ma: a € ORD} a collection of permutations of w, let 7 be the permutation

7: ORD X w — ORD X w  7(a,n) = (7%(a), ma(n))

and let G be the class of permutations defined in this way. This is known as the wreath
product of the permutations of ORD and the permutations of w. Next, let F be the
filter generated by fix(F) .= {mr € G | 7 | E = id}, for finite sets £ C ORD X w. We can
extend 7 to P-names by

71'])(77-(057 n)) = p(Oé, n)

The idea being that elements of G first permute the w-blocks of reals and then

permute within the blocks.

Now define

e tiam) = {(m,p) |p € P A p(a,n,m) = 1}. This is the canonical name for the

Cohen real generated by P restricted to the co-ordinate («,n).
o T, = {t(an) | n € w}* to be a name for the o w-block of reals.
o A:={T, | o € ORD}* to be a name for the collection of all ORD many w-blocks.

It is clear that for 7 € G, Wt.(a’n) = wa(a,n), 7T, = Tﬂo(a) and A = A. Therefore
sym(f(a.n) = ix({(a,n)}), sym(7T,,) 2 fix({(a,0)}) and fix(A) = G all of which are in
F, so each of these names is hereditarily symmetric in M.

We claim that in the symmetric extension, N, A% is an amorphous proper class.

To prove this, suppose that B is a symmetric name and for some p € P, p I B C A.

Take £ C ORD X w a finite set such that fix(E) C sym(B) and let

y={a € ORD|3In €w (a,n) € EUsupp(p)} € [ORD|<¥.
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Proposition 4.1.3. For any q < p, if there is an o &€ y such that ¢ IF T, € B, then
q|l—T/3€Bf0rany6¢y.

Note that if the above proposition holds then, for any ¢ < p,
qW-{T,|ac OrD\y} C B Vv {T,|a € OrD\y} C A\ B
so AS will indeed be forced to be amorphous.

Proof. Suppose that for some ¢ < p there is an o & y such that ¢ I+ T, € B. Let 3 € y
with 8 # « and let r < ¢q. Take

k > max{n € w | 3y € ORD (v,n) € supp(r)}.
Now, let 7° = («, 3) and
[Toer(n,n+k), ifye{a,s}
id, if v ¢ {e, B}

where, using standard cycle notation for permutations, [],..(n,n + k) denotes the

ﬂ-'Y:

product of the disjoint permutations switching n with n + k for each n < k. Since

a,f ¢y, mp = p and, since 7 € fix(E), 7 € sym(B). Also,

supp(mq) = supp(q) \ {(v,n) | v € {a, B}} U
{(a,n+k) [(8,n) € supp(q)} U {(B,n+k) |(a,n) € supp(q)}.

Moreover, neither of the two latter unions can be in supp(r) by the definition of k.

Thus 7q || r, allowing us to conclude that
VogdyVr<q3adreg (rHﬂq A WqIFTgEB).

From which we deduce that ¢ IF T € B. O

Recalling from Corollary 2.4.10 that Add(w, ORD X w) is a pretame class forcing, we
have shown that it is possible that the symmetric submodel of a pretame class forcing
contains an amorphous proper class. However, by Theorem 4.1.2, this means that

Collection fails in N, yielding the following Theorem.
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Theorem 4.1.4. Over GB + AC, it is consistent that the symmetric submodel of a

pretame class forcing does not satisfy ZF .

It is worth noting that we have not specified what the symmetric submodel of a pretame
class forcing does actually satisfy. This appears to be a difficult question which is why

we shall shortly introduce the Respected Model as an alternative model.

4.1.2 Dedekind-Finite Classes

It turns out that there is a much easier symmetric submodel which produces a class A
satisfying the hypothesis of Theorem 4.1.2, which is the class forcing version of Cohen’s

first model to produce a Dedekind-finite class of reals.

Definition 4.1.5. A class X is said to be Dedekind-finite if there is no injection from

w into X.

Let P = Add(w,OrD), G = sym(w) and F = (fix(E)| E € [ORD]<¥). Let
to = {(p,n) | pla,n) =1} and let A = {{, | @ € ORD}*. Let G C P be generic and let
N be the symmetric submodel. Then one can prove in much the same way as in

Cohen’s original model that A = AS is Dedekind-finite in N.
Proposition 4.1.6. Suppose that B C A is infinite. Then B is a proper class.

Proof. We need to prove that if p forces B to be a hereditarily symmetric name for
an infinite subclass of A then for any ordinal « it is dense below p that the iz are

unbounded in B. So, fix B to be a hereditarily symmetric name and p € G such that
p - BCAis infinite.

It suffices to show that for any ordinal o and any condition ¢ < p there is some s < ¢
and B > « such that s IF {5 € B. Since B is symmetric, fix a finite set E such that
fix(E) C sym(B) and let y = fix(E) U supp(q), then y is a finite set of ordinals. Since
q Ik B is infinite there is some r < ¢ and v ¢ y such that r IF i, € B. Now for our
fixed o, take 3 > « such that 8 € y U {7} and define 7= = (v,3). Then r IF {5 € B

and, since supp(q) C y, mr < gq. O]
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Corollary 4.1.7. N is not a model of ZF .

We end this section by noting that it is possible to have a Dedekind-finite class without
breaking the Collection Scheme. In fact, as proved by Monro [Mon75], one can produce

a model of ZF with a Dedekind-finite class that is big.

Theorem 4.1.8 (Monro). Let ZF(K) be the theory with the language of ZF plus a
one-place predicate K and let M be a countable transitive model of ZF. Then there is

a model N such that N is a transitive model of ZF(K) and

N k K is a proper class which is Dedekind-finite

and can be mapped onto the universe.

A second remark it is worthwhile making here is that it is possible for the symmetric
submodel of a pretame class forcing to satisfy the Collection Scheme. Moreover, it is
possible to have a pretame class forcing in which Power Set fails in the full extension
and yet the symmetric submodel satisfies full ZF. Two such classical examples are
Gitik’s model [Git80] and the Morris model [Kar20]. It would be interesting future
work to explore what conditions one must place on the symmetric system to ensure the

preservation of the Collection Scheme and the Power Set.

4.2 Class Symmetric Systems

Recall, that in order to define class forcing we worked in the second-order theory GB™.
However, now we have two additional complications. The first is that we also need to
deal with permutations 7: P — P and subgroups of these permutations, which requires
us to formally work in a fourth-order set theory. The second is that to ensure we can
run the recursive definition of being hereditarily respected we require the ability to
perform class length elementary transfinite recursions, which is a principle that need
not hold in GB. The leads us to work in the theory we shall denote by KM, which
is a generalisation of KM . This is probably a significantly stronger theory than is
necessary (for example we will not need Choice), and we leave it for further work to

determine the theory actually needed.
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We work with four sorted models of the form M = (M, C;,Cy,C3) where M denotes
the sets of M, C; denotes the classes of M, C; the hyper-classes and C3 the
hyper-hyper-classes. Our typical example of a model of fourth-order set theory over
which we will define the Respected Model will be (countable elementary submodels
of) (H,, P(H,),P*(H,),P*(H,)) where p is some fixed regular cardinal and for the
purpose of this thesis one could take this as our definition of a model of fourth-order
set theory. Lastly, we shall extend the use of € and C to their obvious definitions in

the higher order contexts.

Definition 4.2.1. We denote by KM, the theory in the four sorted language of set
theory, where the sorts are denoted by being elements of M(= Cy), C1, Cy and C3
respectively, with the following axioms:

For any m € {0, 1,2},

M = ZFC™,
o« If X €C,, then X € C,,11,
e If X €CphyyandY € X then Y € C,,,

o (Higher-Order Extensionality)

xYeaHr+@ﬂZeXHZeyy+X:Y)

 (Higher-Order Comprehension) for any formula ¢ whose quantified variables are

of type Cm+1, V7 € Cm+1 dY e Cm+1 Y = {X S Cm ’ QO(X, Zl7. . .,Zn)},

 (Higher-Order Collection) for any formula ¢ whose quantified variables are of type

Cry1 and for any Z € Cpp41,
VAeC, VX e ATY €Cphy p(X,Y,Z)
where Co—; also denotes My 3p € ¢,, VX € A 3Y € B (X, Y, Z)

We will shortly define the Respected Model but we note here that the classes Cy and Cs

are only needed to ensure that G and F can be defined. Therefore, for simplicity, the
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Respected Model will only be defined as a two sorted model although it could equally

be considered in the full, four sorted way.

Now suppose that M = (M, Cy, C, C3) is a model of KM, and P is a class forcing which
satisfies the forcing theorem over (M, ;)% Suppose further that G € C, is some group
of automorphisms of P. Namely, G is such that, for any 7 € G, m € C; is a bijective
class function which respects the ordering of P. Let K € C3 denote the collection of
subgroups of G. Finally we shall say that F € Cs is a normal filter of subgroups of G if

it satisfies the following:

FCKand G e F,

It He Fand K € F then HNK € F,

It He Fand HC K, where K € IC, then K € F,

(Normality) If # € G and H € F then tHr ! € F.

As with the set forcing case, we shall then call the triple (P, G, F) a symmetric system.
Now, given m: P — P we can extend 7 to act on P-names in the usual way by recursion

as

mi = {(mg,7p) |{y,p) € i}.
Following Karagila’s terminology, for a class P-name #, let
resp(t) ={reG|1lFni =1}

and we shall call a name respected if resp(z) € F, noting that this is well-defined
because KM, allows for class length elementary transfinite recursions. It is also worth
mentioning that in the set forcing case any respected name will be equal to a symmetric

one, modulo 1. This shall be addressed more fully at the end of this chapter.

2Since (M, ;) is a model of KM, any class forcing will satisfy the forcing theorem by the Main
Theorem in [GHH'20] however we will explicitly assume our class forcing satisfies this because of its
necessity in defining the model.
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Then 7 is said to be hereditarily F-respected, written & € HR z, if
resp() € F and for any (y,p) € &, y € HRz.

Let MPR7 denote the elements of MF which are hereditarily F-respected and C;'F

those in C}. We can then define the Respected Model given by F as N = (N,C), where

N = {i¢ |z cM" A &€ HRz}
and

C={I%|Iec’ AT eHRs}

for G a P-generic filter over M.

An important additional requirement we need to consider is what Karagila calls

tenacity:

Definition 4.2.2 (Karagila). Let (P, G, F) be a symmetric system. A condition p € P
is said to be F-tenacious if there exists some H € F such that for every 7 € H, mp = p.
P is said to be F-tenacious if there is a dense subset of F-tenacious conditions.

If p is F-tenacious then define sym(p) := {w € G | 7p = p} which will be in F.

We note next the following theorem by Karagila and Hayut which is in the appendix
of [Kar19]. This theorem tells us that, for set forcings, we have not lost anything by

only considering tenacious ones.

Definition 4.2.3 (Karagila). Two symmetric systems (P,G, F) and (P, G’  F') are
equivalent if for every generic G C P there is a filter G’ C P’ such that HRJGT = HR%

and vice versa.

Theorem 4.2.4 (Karagila and Hayut). Over ZFC, Every set symmetric system is

equivalent to a tenacious one.

However the proof uses results concerning the completion of the corresponding Boolean

algebra, so it is not clear if it is true for class forcings in general.
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Question 4.2.5. Is every class symmetric system, with P a pretame class forcing,

equivalent to a tenacious one?

It may also seem like a strange choice to require that {7 € G| 1 IF 7(&) = 2} is in
the filter while dropping the “1 forces” requirement for the conditions. However, this
seems to be necessary for the construction to go through. Also, any symmetric system
seems to satisfy this definition of tenacity. For example, both the symmetric system

mentioned in Section 4.1.1 and the one from Section 4.1.2 are tenacious.

We end this section by noting a few basic properties of class symmetric systems. Firstly,
we can still define the canonical name for elements of M and therefore (N,C) is an
extension of (M, C;). Moreover, unless F is trivial, G & C;' 57 and therefore (N, C) will
in general be a proper submodel of the full extension (M[G], C;[G]). Finally, because the
proof of the Symmetry Lemma does not require any assumptions about the symmetric

groups of our names, the class generalisation goes through with exactly the same proof.

Lemma 4.2.6 (Symmetry Lemma). For any p € P, formula o(v), & € M¥, T' e CF

and ™ € G,
plF (@, I) <= mpIF p(ri, 7).

4.3 The Respected Model

We devote this section to deriving which axioms hold in the Respected Model. We
shall do this in stages in order to make it clear where each assumption on the class
forcing and ground model is used. That is, we shall first show that if any generic for P
preserves the fundamental operations® then the Respected model is also closed under
the fundamental operations. Then we shall show that if P is pretame and (P, G, F) is
tenacious, then the Respected Model satisfies full KM—. Finally, we shall show that
if we assume tameness then, without any assumption about tenacity, the Respected

Model satisfies full KM.

3These standard operations, otherwise known as Godel operations, can be found in Definition 13.6
of [Jec03] or Chapter II of [Barl7] and will be discussed in an intuitionistic context in Section 5.2.
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For this section, fix a model M of KMy and let (P, G, F) be a symmetric system for
which P is a class forcing which satisfies the forcing theorem. Given a P-generic G, let

N = (N,C) denote the Respected Model given by the symmetric system.

Theorem 4.3.1. Over KMy, If, for any generic G, M|G| is closed under the

fundamental operations then so is N .

Proof. We shall prove that A is closed under Pairing and Unions, the other cases being

handled in a similar manner.

Pairing: Suppose that @, € M"™ then 2z = {(& 1), (7, 1)} is a name for the
unordered pair of & and y. We shall show that resp(2) 2 resp(&) N resp(y) which will
show that the pair of # and y has a hereditarily-respected name. So let 7w be in this
intersection. Then
LIFré =4 A 7=

and 7z = {(n#, 1), (ry, 1)}. It should be clear that 1 I- 72 = 2 since

LIEVE(tez (t=2 V t=7)).
Unions: Let a € N and fix a name @ € M™ for it. Since, for any generic G,

MGl E FzVz (x € z <> Ty € a(x € y)),
1IF3zVe (x €z Jycalrey)).

Let E={t e M™ |1 IF3yca(icy)}andlet B = {i’ € E|1IF i = i'} be the
equivalence classes modulo forcing equality by 1. Now, since 1 forces that (Ja is a set,
there can only be set many equivalence classes. So, by Collection in M, fix I to be a
set in M such that for any & € £ there is an i’ € I such that #’ € E;. Then

1FVYw (3y €a(wey) < wel).
Since I is a set of hereditarily respected names, to prove that I* € M™! it suffices to

prove that for any 7 € resp(a),

1TIFml*=1°



4.3—The Respected Model 78

To see this, suppose that ¢y IF z € I*® and let t; < ty be arbitrary. Then we can fix

ty < t1, ¥ € dom(a) and & € I such that
blFtey ANz ==z
Then, by symmetry,
7ty Ikl e iy € a.
So, by the construction of I, 7=ty IF 7=1i € I*. Therefore, take t3 < 7'ty and i’ € I*
such that ¢5 IF 7714 = 4’. Then we have that 7t3 < ¢; and
gl 2 =2 = 7’

so tg IF z € wI®. The reverse implication is done in a similar manner. O

However, in order to show that A is a model of KM—, we need to additionally assume

that the symmetric system is tenacious.

Theorem 4.3.2. Working over KMy, suppose that P is a pretame class forcing and
(P, G, F) is a tenacious symmetric system. Then the Respected model, N, is a model

of KM-.

Proof. Tt is obvious that A is a model of Extensionality, Foundation and Infinity so it
remains to show that A is a model of second-order Replacement, Separation and

Class Comprehension.
Replacement: Suppose that N' = f: a — N and take p € G such that

plF f is a total function on a

where f and @ are hereditarily respected names for f and a. Note that we are allowing
f to be a class function in order to prove second-order replacement. For each (z,7) € a

let

Dir={s€P|s<pr A IypecM® (sl f(&)=19)}
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Then for each (z,7), D;, is a class which is dense below p A r. So, by pretameness
and genericity, we can fix some ¢ < p and sequence of sets (d;, | (&,7) € a) such that
g € G and each d;, is predense below ¢ A r. Next, by Collection, we can find some set

¢ C MR guch that
V(i r) €aVs € dy, Iy Ec (sl f(i)=1)

and take b= {(9,8) |y € ¢ A Hi,r) €a (s €dzr A sl f(i) =)} Tt is known
that this is the standard name for the range of f and therefore if we can show it is

hereditarily respected then we will be done.
Claim 4.3.3. For any 7 € resp(a) Nresp(f) Nsym(q), ¢ IF 7b = b.

Proof of Claim. Due to the fact that this proof uses several conditions and their
permutations by 7, we have decided to present the proof of this claim in a list fashion.
Moreover, to aid clarity, we also include a tree of the conditions (Figure 4.1) used in

the proof.

(i.) Fix m € resp(a) N resp(f) N sym(q), z € dom(b), ty < ¢ and suppose that
to IF z € b. We shall show that for any condition below ¢y, there is a condition
below that forcing z = n¢/ for some 3’ € b. From which we can deduce that

to I z € Tb.
(ii.) Let t; <ty be arbitrary.
(iii.) Take ty < t; and (g, s) € b such that t, < s and t5 IF z = 7.
(iv.) Fix (&,7) € a such that s € d;, and s |- f(i) = 7.
(v.) Since ty < s <r, tylF & € a=ra.
(vi.) So fix t3 < ty and (wi’, 7r') € wa such that t3 < 7w’ and t3 IF 7i’ = #.

(vii.) Since t3 < ¢ and 7 fixes ¢, 7 't3 < ¢ so, by predensity, fix s’ € d; .+ such that

s and 7't are compatible.
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S, Ff@E)y=9 ~— "~~~ 7T8/ Ik f(rd") = my’

t4 IFz=mny

Figure 4.1: Tree of Conditions for Replacement

(viii.) Take g € ¢ such that s’ IF f(i') = ¢/, so (¢/,s') € b.
(ix.) Then 75 I+ f(mi') = 75/,
(x.) Take ty <t3,7s’.
(xi.) Since t, < ws', ty |- f(wi') = 77/
(Xll) Since t4 S t3, t4 -7z’ = 2.
(xiii.) Since t4 < p, t, forces that f is a function.
/

(xiv.) Finally, since t4 is also below ta, t4lF 2=y = f(x) = f(mi:’) =7y

(xv.) Therefore ty I z € wb.

This proves that ¢ IF b C 7b and the reverse inclusion is proven by a similar argument.

]
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Claim 4.3.4. resp(a) Nresp(f) Nsym(q) C resp(b) and thus b € M"E.

Proof of Claim. Fix w € resp(a) Nresp(f) Nsym(q) and ¢ € P. If ¢ || ¢ then, using the
previous claim, for any ¢ < t, ¢ we have that ¢’ I+ 7b = b.

On the other hand, suppose that ¢ 1 g. Then every element of b is of the form (7, s)
where s is in some d;,, which is predense below g A r. But, by Remark 2.4.4, we can
assume that every element of this set is below ¢, so ¢ L s and thus ¢ I b = (). By the
same argument ¢ L ms since 7s is also below ¢. Therefore t IF b = () = 7b.

Hence we have that 1 I 7b = b so 7 is in resp(h) as required. O

Separation: Let a and T" be in N and ¢(u,v) a formula. We seek a name for

{z € a|¢(z,T)}. To do this, fix names @ and I" for @ and T'. For each (&,7) € @ let
Dir={s <7 |sl o)}

Then, by pretameness and genericity, we can fix some tenacious condition p € G and

(dg, | (#,7) € a) € M such that each d;, is predense below p A r. Next, take
b= {(i,s) | Ir ((&,r) €a A s€dy,)}
Then b is a name for {z € a | p(z,T)} so we just need to prove that b € M"E,

Claim 4.3.5. For any 7 € resp(a) Nresp(I') Nsym(p), p IF b = 7b.

Proof of Claim.

(i.) Fix m € resp(a) N resp(I') N sym(p), z € dom(b), ty < p and suppose that
to Iz €b.

(ii.) Let t; <t be arbitrary.
(iii.) Take t, < t; and (i,s) € b such that t, < s and t, IF z = .
(iv.) Fix r such that (¢,r) € @ and s € d;,.

(v.) Since ty < s<r, tylF 2 € a=ma.
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Staeb

r
mr! ‘
. —1
t3 Wz =3¢ ———= T t3 S/ \k;‘g/e[y””ﬂ'sl I+ wd’ € wh

t4 Iz =7’

Figure 4.2: Tree of Conditions for Separation

(vi.) So fix t3 <ty and (wd’, 7r’) € wa such that t3 < 7’ and t3 IF 73’ = 4.

(vii.) Since t3 < p and 7 fixes p, 7 't3 < p so, by predensity, fix s’ € d; . such that

' and 7 't3 are compatible. Then (i, s') € b.
(viii.) Take ty < t3,7s’.
(ix.) Since t, < w8’ and (7i’, 7ws') € wb, ty |- wi' € 7b.
(x.) Since ty <t3<ty, tyl-7i' =10 =z
(xi.) Therefore ¢y IF z € 7b.

The implication that for any z € dom(xwb) and to < p if ¢ I+ z € 7b then ty IF z € b is

proven in a similar way.
O

Hence, by the same argument we used in the argument for Replacement, 1 I 7b = b.

Class Comprehension: Note that A = {(&,p) | p IF (i, 1)} € CI™® is a class name
for the class {z | ¢(x,I'%)}. Then for any 7 € resp(I), if (&, p) € A then 7p IF (7, T)
so (m@, wp) € A, which shows that resp(A) D resp(I).

[ Theorem 4.3.2
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Remark 4.3.6. The reason why the Respected Model of a pretame symmetric system
will in general not satisfy Collection is because the argument for the preservation of
Replacement made essential use of the fact that f was a function. This meant that
when we forced 77/ to be a name for f (rz) it was then forced to be equal to y for our
specified 7 in b. Without the function assumption, this implication irreparably breaks

down. For example, in any of our model where Collection failed in the Symmetric

Model it will also fail in the Respected Model.

We further call a pretame class forcing tame if it also preserves the Power Set. This
notion was defined by Stanley and is studied in [Fri00] where a combinatorial definition
can be found. We shall see that if the class forcing poset is tame then the Respected
Model preserves full KM. It is worthwhile to note that this theorem will not involve a
tenacity assumption because we will only need to prove that (V,)V is a set for every a

and this will indeed be forced by 1 which is already fixed by any permutation.

Theorem 4.3.7. Working over KMy, suppose that P is a tame class forcing. Then
N is a model of KM.

Proof. Tt will suffice to show that for any ordinal o, N, := {z € N | rank™(z) < a}
is a set. Then, since N is closed under Godel operations by Theorem 4.3.1, N will be
almost universal in M[G] and, since Class Comprehension holds in N by the proof in

the previous theorem, therefore a model of KM.

Fix o to be an ordinal. Since P is tame, the standard cumulative hierarchy exists in

M|G]. Therefore, by definition of the forcing relation,
1 Ik Ju Vo (rank(z) < o — = € u).

Let £ = {& € M"™ | 1 IF rank(z) < o} and let E; == {y € £| 1 |- & = 5} be the
equivalence classes modulo forcing equality by 1. Now, since 1 forces there to be only
set many distinct sets of rank at most «, there can only be set many equivalence classes.
So, by Collection in M, fix I € M such that for any 3 € £ there is an & € I such that
y € E;. Then
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1IFVy (rank(y) < o — y € I°).

Therefore I* € M"® is a name for (V,)" so it remains to prove that this name is
respected. This is done by proving that for any m € G, 1 IF wl® = I°.

To see this, suppose that ¢y IF z € I* and fix t; < ty. We shall find some condition
p below ¢; and name &’ € I® such that p IF 2 = w4/, To do this, take t, <t; and © € 1
such that ¢, IF 2z = @. Since ty IF rank(#) < &, we have that 7=, I rank(77'2) < &
and so 7'y IF 7714 € I*. Hence we can take some t3 < 7 'ty and @’ € I* such that
ts IF 7714 = 4’ which implies that 7ts I & = 7. So, since 7ts < to, mt3 IF 2 = 72’ and

thus 1 IF I* C wl°®. The reverse implication is done in the same way, as per usual. [

4.4 Symmetric versus Respected

To end this chapter, we give a sufficient condition which implies that the Symmetric
Model is equal to the Respected Model. This requirement is that {w& | 7 € H} should
form a set for any H in the filter and P-name &. This proof will not require the tenacity

assumption we needed for the pretame case.

Proposition 4.4.1. Suppose that M is a model of KM . Let P be a pretame class
forcing and (P, G, F) a symmetric system. Suppose further that for any @ € M"™™ and
any H € F, {ri |7 € H} € M. Then a P-name i is in M"® iff there is some name 3
such that

e 1IF2 =9 and
e {reG|my=y}eF.
Proof. Let & € M™ . Our desired name shall be

g = J{m@ | m € resp(i)}.

First note that for any o € resp(#), oy = y and therefore resp(z) C resp(y) so resp(y)
is indeed in F and y is hereditarily-respected. We shall now prove that these names

are forced to be equal, noting that @ C y. So suppose that to IF z € y and let t; < ¢y be
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arbitrary. Then we can fix some to < ¢y, 7 € resp(z) and (4, s) € mi such that t5 < s

and
tblFz=uwenr=x

which completes the proof. O]

Using this proposition we can show that, under the above assumptions, the Collection

Scheme will also hold in the Respected Model.

Theorem 4.4.2. Suppose that M is a model of KM 4. Let P’ be a pretame class forcing
and (P, G, F) a symmetric system. Suppose further that

o forany i € M"™ and any H € F, {ri |7 € H} € M,
o foranypePand He F, {mp|m€ H} € M.
Then N satisfies second-order Collection.

Proof. Suppose that
N EVz €a Iy p(r,y,1)

where I' is some class parameter. Using the previous proposition, fix names a and I’

for a and I such that {m € G | ma = a} and {7 € G | aT' = '} are in F. We shall refer

to these classes as sym(a) and sym(I"). Now, take p € G such that

plFVz €a Iy o(z,y,T).
As we did when proving Replacement earlier, for each (z,7) in a let

Dy, ={seP|s<pr A FyeM™® (sl p(yD))}

and fix ¢ € G and (d;, |(#,r) € a) € M such that ¢ < p and each d;, C D;, is

predense below q.
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Now let ez, = {ms | s € ds,,m € sym(a) Nsym(I')} and let

E =\ {es, | (&,7) € a},
noting that E is a set by our second assumption. Using Collection in M, fix ¢ € M
with ¢ € MR such that

V(i,r) € aVs € dy, 3y € cp(i,y,T)

and let £ .= {ny |y € ¢ A m € sym(a) Nsym(I")}. We shall show that a name realising

this instance of Collection is the set
b={(y,s)|gekK N seE A Iir)eal(sloy)}

Since b contains the standard name for the instance of Collection in the full extension,

where we take ¢ € c and s € d; -, if this name is respected then we will have that
N EVeeadyeb® o,y T).

So let (7, s) be in b, m be in sym(a) Nsym(I") and fix (z,r) € a such that s IF (&, 7, T).
Then 7s IF (n@, 7y, 1) and (7@, 7r) € a. Moreover, since K and E are closed under
elements of sym(a) Nsym(I'), 7y € K and 7s € E so (75, 7s) is indeed in b. Therefore

mb = b and thus resp(b) D sym(a) N sym(I).
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Chapter 5

Constructing the Constructible

Universe Constructively

5.1 Introduction

The Constructible Universe was developed by Godel in two influential papers, [G6d39]
and [G6d40], in the late 1930s in order to prove the consistency of the Axiom of
Choice and the Generalised Continuum Hypothesis with ZF. The constructible
universe, denoted by L, is constructed by transfinite induction as UaLa and there are

three main ways to define L1, all of which can be undertaken in KP:

1. Syntactically; using the notion of a “definability operator” so that L. is the
collection of definable subsets of L. This is the original approach taken by Godel
in [G6d39] and was formalised in KP by Devlin in [Dev84].

2. By closure under what Barwise calls “fundamental operations” or “Gddel
operations”. This is the approach taken by Gédel in [G6d40] and further studied
by Barwise in [Barl7] where he considered the theory KP with urelements.

3. Using “rudimentary” functions. This is a modified version of using fundamental
operations which was developed by Jensen and further explored by Mathias,
leading to his weak system of Provi, the weakest known system in which one can

do both set forcing and build L. The details of this theory can be found in [MB15].
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The intuitionistic approach to constructing L was first undertaken by Lubarsky in
[Lub93] under the assumption that V satisfied IZF. His approach was to show that
the syntactic definition of the constructible universe still goes through in intuitionistic
logic, with some minor modifications. The main obstacle one has to overcome is that
the ordinals are no longer linearly ordered so one has to be more careful as to how one
finds witnesses for the collection of definable subsets of some given set X. It also adds
complications to proving the Axiom of Constructibility, that is proving that V = L
holds in L. Because it is unclear as to why L should contain every ordinal under IZF,
there is no reason to assume that

U Le= U La

a€ORDNV a€eORrRDNL

In order to circumvent this issue, Lubarsky proves the following lemma, under IZF,

which we shall reprove later in our weaker context.

Lemma 5.3.8 (Lubarsky). For every ordinal o in V there is an ordinal o* in L such

that La = La* .

The syntactic approach has been further studied by Crosilla, and appears in the
appendix to her PhD thesis, [Cro00]. Here she shows that the construction can be
carried out in a fragment of constructive set theory, which is equivalent to what we
have defined as IKP, by essentially the same proof as found in [Dev84].

The third approach via rudimentary functions has also been explored in
constructive contexts by Aczel [Aczl3]. Here he defines the weak system of
Rudimentary Constructive Set Theory and shows that many of Jensen’s techniques

can be applied in this theory.

In this chapter, we shall be interested in which axioms are sufficient to construct the
constructible universe. Because the syntactic approach requires essential use of w in
order to work with arbitrarily long finite sequences, it is not the appropriate method
to use in IKP without infinity. Therefore, we shall adapt the second approach and

use the fundamental operations. Adapting Barwise’s method, we shall show that if
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one expands the collection of fundamental operations, then one can indeed construct L
over the weak system of IKP without infinity. It should be noted that one could also
consider urelements, as Barwise does. We have chosen not to undertake this study but
this could be done without a significant amount of additional work.

Therefore, the majority of this chapter is just a reproduction of Chapter II of [Bar17]
where we have just needed to consider some additional logical operations. These are
the operations of conjunction, implication and universal quantification which are not
treated in the classical case as distinct cases due to their equivalent definitions using
disjunction, negation and existential quantification.

Finally, because we are interested in which axioms are necessary to construct the
constructible universe, in this chapter we shall take care to differentiate between IKP
without infinity, which we will call IKP ™ and IKP. We shall therefore regularly refer
to IKP as IKP ™™ + Strong Infinity just to make it clear when Strong Infinity is being

assumed.

5.2 The Fundamental Operations

Definition 5.2.1. For x an ordered pair, y a set of ordered pairs and z a set, define
o I¥(x)=qaiff Ju ez I € u (x = (a,b)),
o 2M(z) =0 iff Ju €  Ja € u (z = (a,b)),
o Yz} ={ul(z,u) € y}.

We start by defining the Y-operations, each of which will comprise of two arguments,
which we will use to generate the constructible sets. These are the same as in [Barl7]
except for the addition of F_, and Fy. Note that Barwise deduces F by the classical

identity
zNy =z\(z\y)

but this equivalence does not hold intuitionistically.
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Definition 5.2.2. The fundamental operations are as follows:
(Fp) Folz,y) = A{z,y},
(Fn) Falz,y) =znNy
(Fu) Fulz,y) = Uz,
(A) Alz,y) =z\y,
(Fx) Fxlz,y) =z xy,
(F) Folx,y) =axn{z € 2™(y) | y is an ordered pair N\ z € 1°¢(y)},
(Fo) Fyle,y) =A{z*{z} | z ey},
(Fa) Fa(z,y) =dom(x) ={1%(2) | z € x A zis an ordered pair},
(F) Fo(z,y) =ran(z) = {2"(2) | z €z A zis an ordered pair},
(Fras) Frzs(z,y) = {(u,0,w) [(w,v) €z N w ey},
(Fi32) Fisa(2,y) = {(w,w,v) [(u,v) €x A w €y},
(F=) F=(z,y) ={{v,u) ey xx [u =0},
(Fe) Fela,y) = {{v,u) ey xa|uecuv}

Remark 5.2.3. In order to simplify later notation, we shall let Z be the obvious finite

set indexing the above operations.
Note that we form n-tuples inductively as
(w3, 02, 21) = (23, (72, 1))

and therefore ran({(xs, 2, x1)}) = {(22, 1) }. The next lemma is adapted from Lemma
I1.6.1 of [Barl7] which will give us that any instance of Bounded Separation can be

written as a sequence of fundamental operations.
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Lemma 5.2.4. For every Xg-formula (z1,...,x,) with free wvariables among

T1,...,%y,, there is a term F, built up from the operations in 5.2.2 such that
IKP ™ - Folar,...,an) = {(tp,...,71) €an x ... x a1 | p(x1,...,2,)}.

Proof. As in Barwise, we will call a formula ¢(zy,...,z,) a termed-formula, or
t-formula, if there is a term F, built from the fundamental operations such that the
conclusion of the lemma holds. We shall then proceed by induction on »y-formulae to
show that every such formula is a t-formula. Using the proof of [Barl7], Lemma

I1.6.1, it only remains to consider the following cases:

(i) If  o(xy,...,x,) and Y(xq,...,2,) are t-formulae then so is

o(x1, .o ) ANY(x, ..o xp).

(ii.) If  @(x1,...,2,) and  Y(zy,...,2,) are t-formulae then so is

(a1, .. ) = (g, .. Ty).

(iii.) If (xq,...,2py1) is a t-formula and @(x1, ..., 2,,0) is Ve, € bY(21, ..., Tpe1),

where b is an arbitrary set that does not appear in {zi,...,x,}, then ¢ is a
t-formula.
(iv.) If Y(x1,...,2pq1) is a t-formula and @(z1, ..., 2,) is Vo, € x5 (21, ..., Tpya),

then ¢ is a t-formula.

Case (i): Let F, and F,, witness that ¢ and ¢ are t-formulae. First note that for a set
z, Fp(z,2) = {z}. Then,

Fo(Folar, . an), Fo(Folar, .. an), Fylar, ..., an)))
= Folar,...,a,) N[ Fplar,...,a,)}
= ]:¢(a1, Ce ,an) N .ﬂ,(al, Ce ,an).

Therefore, we can define F,ry(ag,. .., a,) as

fm(fw(al, . ,an),}'p<]:¢(a1, ce ), Fylag, ... ,an)>).
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Case (ii): Let F, and F,, witness that ¢ and ¢ are t-formulae. For this one, note that

{zp...,x1) €Ean X ... xay | @(xr,...,2,) = Y(x1,...,2,)}

= (ap X ... xa)N{z € Fylar,...,an) | 2 € Fylar,...,an)}.
Also,

(.y) = {2} {2, 9}} = Fo(Fplw, ), Fyplz,v))

and a, X...xa; can be defined by repeated used of F so we can use these constructions.

Thus, the above can be expressed as

F. <an X ... X ay, <.7:¥,(a1, . ,an),f¢(a1,...,an)>>

Giving the required construction of F,_,.

Case (iii): Let ¢(z1,...,2,,0) = Va1 € bY(x1,...,2,41) and let F, witness that ¢

is a t-formula. Then
Fo(Folar, . an,b),b) = {Fular,... an,b)*{z} | 2 € b}

- {{w [(z,w) € Fylar,..,an,b)} | zeb}

= {{(xn,...ml) (2, %0,y 11) € Fylar, .. an,b)} | zeb}

= {ran(Fyar, ..., an,{2})) | z € b}.
Therefore F,(ay,...,a,,b) can be expressed as

{(xn,...,x1> €Eap X ...xXay| VT, €0 w(xl,...xn)}
=(ap, X ...xay)N {w | Vi1 €0 (Tpyq,w) € fw(al, ey, {:cnﬂ})}
=(ap, X ...xay)N ﬂ{ran(.ﬂ,(al, cosany {xni1})) | Tngr € b}

=Fn (an X ... X ay, Fv(]:w(al,...,an,b),@).
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Case (iv): Let p(z1,...,2,) = Vo € 25 Y(21, ..., 2py1). Then
{(@n,...,21) €an X ... X a1 | VT € 25 Y(21,...,2p41)}

is equal to the following set;

{{xn,...,x1) €ap X ... x a1 |V €Uaj (21 € 25 = Y(1, ..., Tng1)) }

So, taking ¥(x1,...,2n,Uaj) = Vo, € Uaj (Tn41 € x5 = Y(21,...,2T041)), @ IS a
t-formula by cases (ii) and (iii) and the fact that if two formulae are provably equivalent

in IKP and one is a t-formula then so is the other !. O

Theorem 5.2.5. For any ¥o-formula (x4, ..., x,) with free variables among 1, . .. T,

there is a term F, of n arguments built from the operations defined in 5.2.2 such that:
IKP ™ & F(a, 21, ., @1, g1, o) = {2 €a | o(xy, ... 20)}-

Proof. This follows easily from our lemma since if F, is the term built in the previous

lemma such that
IKP ™ - Foar, .. an) = {(xn, ..., 11) € an X ... X ay | p(x1,..,20)}

then our required set can be built from F,({z1},...,{zi1}, @i, {zina}, ... {zn}) by
using F,. n — ¢ times and then Fy. [

5.3 Defining Definability

In this section we shall define a definability operator. The idea being that the definable
subsets of b are those sets which can be constructed from b using the fundamental
operations. We shall then discuss some of the basic properties one can deduce from
this definition and show that the model which one constructs satisfies IKP ™. To

conclude, we will end this section by mentioning other definability operators.

!This is statement (b) in the proof of Lemma I1.6.1 of [Bar17]
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Definition 5.3.1. For a set b:
o« E(b) =bU{Fi(z,y) |z,yeb N i €T},

. D(b) == E(bU{b}).

The following proposition is then provable using >-Collection and the Axiom of Unions

in TKP "
Proposition 5.3.2. IKP ™ Vb 3z (z = £(b)).

We would now want to define another operation Def(b) to be the closure of b under our

fundamental operations, that is

Def(b) :== ] D"(b).

new

This would have the added benefit that if we defined L, = (J sea Def(Lg), then for
each ordinal «, L, would be transitive. However, this definition requires the Axiom of
Infinity, which we are not initially assuming. Therefore, to begin with, we will just use
D to define our universe and use the different script I to differentiate between the two
notions. The relationship between L and L in the presence of Strong Infinity will be

discussed in Lemma 5.3.13.

Definition 5.3.3. For « an ordinal, L, := | D(Lg) and L .= [J L.

Bea a€ORD

Remark 5.3.4. It is worth mentioning that the hierarchy as defined here does not
look like the “standard” one obtained through the syntactic approach. Firstly, D(b)
does not close under the fundamental operations, which is an approach we have chosen
to take due to a lack of Strong Infinity in the background universe. Secondly the IL
hierarchy does not stratify nicely by rank because D(b) may potentially add sets that
are not subsets of b, for example x x y, and the ordinals of I, may not be «, for example
we will have that n € LLo,.1. This seems to be a useful deficiency in our weak context
because it simplifies some of the proofs and is the approach taken by Barwise. However,

we will address alternatives to this approach in Lemma 5.3.13 and Theorem 5.3.16.

We start the analysis by noting some of the basic properties of L,:



95 5—The Constructible Universe

Lemma 5.3.5. (IKP ™) For all ordinals o, B:

1. If B € a then Lg C L,,
2. If B C o then Lg C L,
3. Ly € Loy,

4. If x;y € Ly then for any i € I, Fi(z,y) € Loy,

O

f forall B € o, B+ 1€ a then L, is transitive,

6. L is transitive.
Theorem 5.3.6. For every aziom of IKP ™ TKP ™ - ©l. Moreover,

IKP ™ 1 “Strong Infinity” F (Strong Infinity)".

Proof. The axioms of Extensionality and €-induction follow from the fact that IL is a
transitive class. Pairing follows from F, and Unions from F. The Axiom of Empty
Set holds because

O0={yly#y}=Lo €L
Bounded Separation follows from Theorem 5.2.5. Therefore it remains to prove
Bounded Collection.

—Inf

Suppose that ¢(z,y,2) is a Yg-formula and, working in IKP ™™ assume that

a,2€L and Vo € a Jy € L (p(x,y,2))". Since bounded formulae are absolute

between transitive models, we get that
Vz € a 3a (Fy € L, (1,9, 2)).
Using the >-Collection principle, there is a 8 such that
Vz € a3da€f (Jy €L, o"(z,y,2))

which, by property 1 of Lemma 5.3.5, yields that Vz € a Jy € Lg o"(z, v, 2). So, setting

b = L and again using absoluteness, we get that
(Vxr € a3y €bo(z,y,2)"

Proving this instance of Bounded Collection.
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Now we work in the theory IKP ™+ “Strong Infinity”. We first prove that w C L.
This is done by induction by showing that for all n € w, n € Ly,11. Note that this

holds because if n € Ly, then
n+1=nU{n}=F, (n, Fy(n, n)) € Lopi14o.

Thenw={nel,|n=0V Imen (n=mU{m})} which will be in L. by Bounded
Separation. O]

It is worth noting here that we will frequently claim that sets of the form

{zeLs|p(u,2)}

are in some LLs ; for some k € w, where u € Ls and ¢ is a Yp-formula, without
computing the required k. This k£ could be computed by breaking down how ¢ was
built up using the fundamental operations, however this is often an unnecessarily
tedious computation. We will also often use formulae of the form 3i € Z (i) despite
7T not technically being a formally defined set. Since Z is finite this can either be
circumvented by taking the obvious indexing or considering 3 € Z (i) as an
abbreviation for \/;c7 (7).

An important property of the constructible universe is the viability of the Axiom of
Constructibility; the axiom asserting that V = IL. We shall next prove that this axiom
does indeed hold in L, that is:

Theorem 5.3.7. IKP ™ - (V = L)L,

Our method of proving this will closely follow the corresponding proof in Lubarsky

[Lub93]. In order to prove the theorem it suffices to prove the following lemma:

Lemma 5.3.8 (Lubarsky). For every ordinal o in 'V there is an ordinal o* in IL such

that L, = Ly~.

In order to do this we define the operation of hereditary addition on ordinals. This is

necessary because in general it will not be true that 5 € « implies that §+1 € o + 1:
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Definition 5.3.9 (Lubarsky). For ordinals o and ~, hereditary addition is defined

inductively on « as

gy = <U{B+H7|ﬂ€a}U{a}> +79

where “47 is the usual ordinal addition. We will also use the notation

(@+n = (U540 5 € abUta).

Proof of Lemma 5.53.8. First note that by using the fundamental operations and

Theorem 5.2.5, there is a fixed natural number &k such that for any ordinals o and 7,
{veL, | DL, CL,} € L 4.
Therefore we can define a* as the ordinal
0" = {3 € Ligi iy | DLy) € Lo} € Loy i

Now clearly, for any ordinal a € V, a* € L. We shall prove by induction that for every
a, L, = L,-. To this end, observe that if x € L+ then there is some v € o such that
z € D(LL,) which is subset of L, by construction, and thus L.~ C L,. For the reverse

implication, we first prove the following claim:
Claim 5.3.10. For all f € «, f* € o*
Proof of Claim. Since € «, (8 +pn k) C (o +y k)~ so, using property 2 of Lemma

5.3.5,

5* S L(ﬂ-‘er) - ]L(oHer)—-

Moreover, using our inductive hypothesis, D(Lg+) = D(Lsz) C D(L,) so 8* € a* as

required. O

Thus,
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As mentioned at the beginning of this section, in the presence of infinity we can
define the constructible universe using a different definability operator, Def, where
Def(b) = Une, P"(b). This gives us an alternative way to construct the constructible
universe, which we now show is equivalent as long as w exists and is the one we shall,

in general, use.

Definition 5.3.11. For a an ordinal, L, = J,__Def(Lg) and

Be
L= U L..

acORD

As before, we can easily observe a few basic properties of this hierarchy:
Proposition 5.3.12. (IKP ™ 4+ “Strong Infinity”) For all ordinals o, 3

1. If B € a then Lg C L,

2. Lo € Log1,

3. L is transitive,

4. Lg is a model of Bounded Separation,
It is possible to compare the hierarchies L, and L, via the following correspondence:
Lemma 5.3.13. (IKP ™ 4+ “Strong Infinity”) For any ordinal o, Lo = Li.q.

Proof. We proceed by induction on a. So assume that our claim holds for all g € a.
First note that for any ordinal o, w - ={w-v+n|v € @ An € w} is an additive

limit ordinal. Then

Lo = U Def(Ly) = U U D'(Ly)

Bea BEa nEw
= U U Dn(Lwﬂ) - U U ]Lwﬂ—i-n
BEaNEW BEa nEw

=L,a-
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]

Corollary 5.3.14. (IKP ™ 4 “Strong Infinity”) L = L.

For completeness we briefly discuss how this method relates to the first, syntactic,
approach we mentioned at the beginning of the chapter. We shall be sloppy in our
presentation of the syntactic definability operator by using the “=” symbol in our
definition of definability instead of the more formal way this is presented in the
previously mentioned references. We then refer to [Cro00] for the formal way to do
this in IKP ™ + “Strong Infinity”. We remark here that the syntactic operator is the
standard operator we shall use when taking the collection of definable subsets of a

given set.

Definition 5.3.15. Say that a set x is definable over a model (M, €) if there exists a

formula ¢ and aq,...,a, € M such that

r={yeM|(M, €)= ¢ly a,...,a,l}.
We can then define the collection of definable subsets of M as
def(M) := {x C M | = is definable over (M, €)}.
The constructible hierarchy can then be defined iteratively as
W U def(W53).

Clearly, given z,y € M and i € Z, F;(z,y) is a definable subset of M. Moreover, one can
define the notion of being definable over (M, €) using only the fundamental operations,
so the two universes they produce will be the same. To see the relationship between the
two hierarchies, one can perform a careful analysis of the standard proof, for example

Lemma VI.1.17 of [Dev84], which yields;

Theorem 5.3.16. For every transitive set M:
def(M) = Def(M)NP(M)
= U D" (M) NP(M).

new
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Therefore, in the theory IKP ™ + “Strong Infinity” the two standard formulations
of the constructible hierarchy are equivalent. One of the main benefits for using the
formulation in terms of the fundamental operations is to avoid the use of Strong Infinity
in the construction. The second benefit for using our formulation is because of the
versatility of these operations over ZF. A notable example is that it allows us to define
when an inner model satisfies ZF. This occurs when the inner model is closed under
fundamental operations and it satisfies a property known as almost universality. We

shall see in the next section that an analogous result holds in IZF.

5.4 External Cumulative Hierarchies

In this section we shall show that if V satisfies IZF then so does L. This could be
done by a very similar repetition of the analysis in the IKP case however we will take
a different approach here in order to derive further axiomatic properties under 1ZF.
The main theorem of this section is adapted from Theorem 13.9 of [Jec03]. The
essence of the theorem is that if V is a model of ZF and M contains all of the ordinals
then M being a model of ZF can be expressed by a single first-order sentence. On the
face of it, the theorem we present here will be slightly weaker than this because it will

requires the additional assumption that M has an external cumulative hierarchy.

Definition 5.4.1. Let M C N. We say that M has an ezternal cumulative hierarchy
(e.c.h.) in N if there exists a sequence (M, | @« € ORD N N), definable in N, such that:

o For every « € ORDN N, M, € M,
« M=[J{M,|aeOrp N N},
e If B € athen Mg C M,,.

We say that M has an e.c.h. when N = V. It is worth remarking that if M is an inner
model of IZF, that is a model of IZF containing all of the ordinals, then M will have
an external cumulative hierarchy given by the standard rank hierarchy which can be

defined as follows:
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Definition 5.4.2. Define the rank of a, rank(a) recursively as follows:
rank(a) := | J{rank(z) + 1 | z € a}
where z + 1 :=zU {z}.

Note that one can easily prove that for any set a, rank(a) is an ordinal and for any

ordinal «, rank(a) = a.

Definition 5.4.3. For « an ordinal, V,, .= | ] P(Vp).

BEa
Proposition 5.4.4. For any set a, a C Viank(a)-
Proof. This is formally proved by induction on rank noting that for any x € a, if

x C Vrank(:p) then z € P(Vrank(m)) - Vrank(a)- O

Therefore, if M is an inner model of IZF, then (VM | & € ORD) defines an e.c.h. which
is moreover uniformly definable. Also, by construction, we have that (L, | « € ORD)
is an e.c.h. for L even though, as we shall prove in Section 5.5, it is not necessarily the

case that L contains all of the ordinals of V.

Definition 5.4.5. Let M C N. We say that M is almost universal in N if for any

x € N, if x € M then there exists some y € M such that x C y.

Furthermore, it is worth pointing out that classically, for almost universal models,
having an e.c.h. is equivalent to having the same ordinals. This will be stated in ZF
for simplicity, but in reality only requires very basic set theory and some amount of

separation and replacement with regards to the hierarchy.

Proposition 5.4.6. Suppose that M C N are transitive models of ZF and M 1is almost
universal in N. If M has an e.c.h. in N then ORD N M = ORD N N.

Proof. Let (M, | @ € ORD N N) be an external cumulative hierarchy. We shall prove
inductively that for any ordinal v € N there is an ordinal 8 € N such that v C Mg.
Then, since Mz € M, either v = Mg N ORD or v € Mg N ORD. Almost universality
allows us to take some transitive set y € M covering the set Mg N ORD and then

Bounded Separation in M yields that v € ORD N M.
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Working in N, to prove the claim first note that, by induction,
Vaeydr,e Nae M,,.

So, by Collection and the assumption that the hierarchy is cumulative, there is some

ordinal 3 such that for all a € v, « € Mg and therefore v C Mp. O

Remark 5.4.7. For clarity, the point where we used excluded middle in the above
proof was when we asserted that v C Mg implies that v € M. If 7y = Mg N ORD then
~v will be in ORD N M as

v={a € Mg | a is a transitive set of transitive sets}.

However, if v is a proper subset of Mg N ORD then we require linearity of the ordinals
to conclude that ~ is an element of this set. To see an example of this, consider an
arbitrary truth value x C 1. It is quite plausible for such an ordinal to be a proper
subset of some Mg N ORD since this set could contain 1 but there is no reason to assume

that z itself is a member of this set.

We now present our adaptation of the theorem from Jech. The assumption of an e.c.h.
is not necessary for the right-to-left implication of this theorem but it is needed in order
to prove that our model M is almost universal in V. This is because, while we can use
the rank hierarchy of M to show that if a set a € V is a subset of M there is some
£ € ORD such that a C Uae BV};I, it does not seem possible to show that this union is
in fact a set in M because there is no reason why 3 should be in M.

However, having an e.c.h. seems to be a reasonable additional assumption since in
most cases our model M will be built up iteratively over the ordinals in V, which gives

o

a very natural hierarchy. Notably, we have that L := U

aceORD

Theorem 5.4.8. Suppose that V is a model of 1ZF and M C V is a definable,
transitive proper class with an external cumulative hierarchy. Then M is a model of

IZF iff M is closed under the fundamental operations and is almost universal.
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Proof. For the left-to-right implication, first see that, if M is a model of IZF, then M
is certainly closed under the fundamental operations because they are X-definable. For
almost universality, let (M, | « € ORD) be an e.c.h. and suppose that a € V with
a € M. Then we have that

Vo € a Jo € ORD (z € M,).
So, by Collection in V, there is some set b € V such that
Ve €a3dach (xeM,).

Taking 3 = trcl(b N ORD) we can then conclude that a C Mg, which is a set in M by
the assumption that the M,’s form an external cumulative hierarchy.

For the reverse implication, since M is transitive it is a model of Extensionality and
€-induction. Also, Pairing and Unions follow from M being closed under F, and F
while the Axiom of Infinity will follow from the proof of Theorem 5.3.6 along with an

instance of Bounded Separation. We now proceed to prove the other axioms.

Bounded Separation: This follows from the same argument as given in Theorem

5.2.5 because any Yg-formula can be expressed using the fundamental operations.

Power Set: Let a be a set and note that P(a) N M is a set in V, and a subset of M.
So, by almost universality, we can fix some b € M such that P(a) N M C b. But then

PMa)={reb|zCa}

which is a set in M by Bounded Separation in M.

Collection: Let a be in M and suppose that, in M, Vo € a Jy € M ¢(z,y,u). By

Collection in V we can fix some set b’ such that
Vo €ayelt oM, y,u)
and, by almost universality, we can fix b € M such that b D ¥’ yielding, in M,

Ve €aJy ebp(x,y,u).
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Separation: This is shown by induction on the complexity of the formula .
Yo-formulae and all cases except for those involving quantifiers follow immediately
from the consequences of the fundamental operations.

So suppose that ¢(x,u) = Jv ¢¥(x,v,u). Using Separation in V, define o’ to be

o = {z € a| $M(z,u)}.
Then,

Vo € a Jv e M pM(x,v,u).
So, by Collection in V, there exists some set & C M such that
Vz € d Fveb vM(z,v,u).
By almost universality, take b € M such that & C b. Then
Vo €a Jveb Mz, v,u).
Now, by the inductive hypothesis, we have that
y={({z,v) €axb|PM(z,v,u)} € M,
and thus, using F,

z=dom(y) ={r €a|IvebyMx,v,u)} € M.

For the final case, suppose that ¢(x,u) = Vv ¥ (x,v,u). For r € M let
vy ={r€alVver Mz,v,u)} € V.

Then, by using the inductive hypothesis and the proof that Separation holds for
bounded universal quantifiers, y, € M. Also, it is obvious that if s C r then y, C y,.
We aim to show that yy, which is defined in the same way, is in M by showing that it
is equal to y, for some r € M. To do this, we begin by defining

Y={z2€Pa)|IreM (z=y,)}

So
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VzeY IreM (z=uy,).
Therefore, by Collection in V, there is some set d C M such that
VzeY dred (z=y,).

Taking the transitive closure if necessary, by almost universality fix a transitive set
d € M such that d C d. We claim that y; = yn. Firstly, since d € M, yy C yg. For
the reverse direction, let x € yq and let v € M. Then y,, € Y so we can fix r € d such
that y(,y = . Therefore, since r C d, y4 C Y, = yjv} 50 T € Yy, and, by construction,

YM(z,v,u). Finally, since v was arbitrary, z € yy as required. O

Corollary 5.4.9. For every axiom ¢ of 1ZF, I1ZF - ¢V,

5.5 The Ordinals of the Constructible Universe

In this section we shall answer a question of Lubarsky from the end of [Lub93] about
the ordinals in the constructible universe. In particular, in this section we shall prove

that:

Theorem 5.5.1. Starting from a model of ZFC, it is consistent to have a model of
IZF such that
OrRDNV # OrDN L.

To begin with we recall the following lemma from Section 2.6;
Lemma 2.6.9. Let # = (K, R, D, ) be a Kripke model and suppose that IC has initial
node 1. Then for any I € D(1),

V() EVY{a, |aeI'} Vo ((mGUaan§ZUaa)—>xea7). (%)

aFy
The property (%) will be useful because it will allow us to satisfy the first condition
for the next theorem, which tells us that if we can find a set of w many incomparable

ordinals then we can code every real by a unique ordinal. This means that if two models
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M C N have the same ordinals, then they must have the same reals. Therefore, if V
contains a real which is not in L, then the two models cannot possibly have the same

ordinals.

Theorem 5.5.2. Suppose that M C N are models of 1ZF such that M satisfies the

following weak incidence of excluded middle:

for any set {a, | n € w} of distinct ordinals, if we have x such that

T € Uan and for some k, x & U a, then x € ay.
n n#k

Further suppose that in M there is an ordinal o such that o ¢ w and w € «. Then

ORDNN = OrRDNM = (“2)N = (*2)M,

Proof. Fix a to be an ordinal in M which is incomparable with w. By the
absoluteness of w, « is still incomparable with w in N. This gives us that (o + 1) € w,
so {nU(a+1)|n € w}is a set of w many pairwise incomparable ordinals. Now, take

f € (“2)N and define

o == Unew(n U(a+1))+ f(n).
So df is an ordinal in N and therefore, by hypothesis, an ordinal in M. Now we can

define a function g: w — 2 in M by asserting that g(k) = 1 if and only if (kU (o + 1))

is in 0. Then, working in N, we have that g = f because
f(k)=1+— (kU (a+1)) € dy.

Note that the backward implication holds because if (kU (a+1)) is in §¢ then for some
nec€w, (kU(a+1)) € (nU(a+1))+ f(n). But, since the ordinals are incomparable,
(kU(a+1)) € (nU(a+ 1)) + f(n) for n # k. Therefore, the only option is that
(kU (a+1)) € (kU (a+ 1))+ f(k) which implies that f(k) = 1. O

Before giving the proof of Theorem 5.5.1, we shall outline a plausible scenario which

shows that L can feasibly have a very fragile structure and that doing standard forcing
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over an intuitionistic model could have some unforeseen consequences. In particular, if
the scenario were correct it would mean that L is not absolute under forcing extensions.
We currently do not have an actual model of when this could happen but it will provide

the motivation for the model that proves Theorem 5.5.1.

Example 5.5.3. Suppose that V is a model of IZF, P € L is a partial order and that
there exists some set {cy, | p € P} C P(1) such that for all p,q € P:

e oy # 0 (that is =(Vo € o, (x # )) ),

o If p # q then o, # oy,

e Lo, = ap.

Suppose further that property (x) from Lemma 2.6.9 holds in L.

Now let G C P be a generic. In the classical case one shows that G € L because
forcing does not add new ordinals and the definability operator is absolute between
transitive models. However, we seek to show that there is no reason to believe this
is the case intuitionistically because there could be new ordinals. First we see that

Lo,u{a,} = 1 U, U {a,}. Now define the ordinal ¢ as
¢ =1U{a, |p € G}
and consider Ls,;

Ls, = |J def(L,) =Ly U | def(La,) = J 1Ua, U {o,}.

YES peEG peEG

But o, € L;, <= p € G and both L;, and P are sets in L. Therefore
G={peP|a,eLs}eL.

Remark 5.5.4. As can be seen in the work of Lubarsky [Lub02], and will be discussed
later, if we define a Kripke frame using the partial order P then the first point and the
third point of the above example can be consistently true. However it is unclear how

to have a model which verifies the second point as well.
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We shall now prove Theorem 5.5.1 while showing how we can avoid the issue that arose
in the previous example. Part of the proof will involve defining a new subset of 1, or
truth value, in our model. This will be defined as a set which “looks like” 0 at one
node and 1 at another. Such an ordinal is defined by Lubarsky in Section 4.1.3 of
[Lub02] and, for completeness, we shall state it here and prove that it has the required
properties. This will be done in a much more general framework than is needed for the

proof.

Definition 5.5.5. Let # = (K,R,D,t) be a Kripke model. For p € K define
1, € V() by

1%, if s € KP

1,: K —2 1,(s) =
0%, otherwise.

where 1° and 0° are the canonical names for 1 and 0 as defined in Definition 2.6.8.
The idea is that 1, looks like 1 at any node above p and 0 otherwise.
Proposition 5.5.6. In V(%'), 1, C 1 is an ordinal with Ly, = 1,.

Proof. To prove that 1, C 1 we need to show that for any s € IC, if s I- = € 1, then
s IF x € 1. Using our classical metatheory, there are two cases: s € KP and s ¢ KP.
For the first case, suppose that s I+ x € 1,. Then, by definition, = [ £* € 1,(s) = 1°.
Therefore, x [ ° = 0° which gives us that s -z € 1.

For the second case, if s ¢ KP then s IF x € 1, if and only if 2 [K* € 1,(s) = 0°.
But this set is empty and therefore there can be no such x. Hence s | x € 1,, so the

implication vacuously holds.

For the second claim we will again split it into the same two cases after noting that
sl-a € Ly, = for some 3, slkx € def(Lg) and § € 1,.
Now, if s € KP, then s I 38 € 1, if and only if s I 8 = 0° = Lg. So,

sk x € def(0) = slFx=0 = sl Ly, =1,
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For the second case, if s ¢ KP then s I 3 € 1, for any 3 and thus s If x € L;, for any
x. Therefore

slELy, =1,
giving us our required result. O

Proof of Theorem 5.5.1. The desired model will be the full model of the Kripke model
2 where K is the two node Kripke structure {1,a} and D(1) = D(«) = L]¢, for ¢ a

Cohen real over L, and ¢ is the identity.

aI L[]
K =
1 L[]

Let ¢ be the interpretation of ¢ at node p for p € {1,a}, as given in Definition

2.6.8, and note that, since D(p) is a model of ZFC,
plkc ¢ L.

Therefore V(#') |= ¢ € L. Let 1, be the new ordinal subset of 1 which is derived from
the node «, using Definition 5.5.5.
Working in V(£7), define §,. to be an ordinal encoding ¢, for example,

6. = UYlaun)+e(n)

new
= {aUn|cn)=0}U{aUnU{aUn}|c(n)=1}
= {aUn|newlU{{aun}|c(n) =1}
Then ¢(n) = 1 if and only if (¢ Un) € 6. which means that ¢ € L +— 6. € L,
because 1, is in L. Thus ¢. ¢ L and ORD N L & ORD NV, completing the proof.
O

Remark 5.5.7. We do not have the same contradiction which arose in Example 5.5.3
because {a Um | m € n} C def(L,u,). Now, since ¢ is a Cohen real, {n | ¢(n) = 1} is
unbounded in w. This gives us that {a« Un |n € w} C Ls,. Therefore, Ly, loses the
definition of ¢ because it contains all of the sets used for the coding and thus ¢, is not

definable from Ls, .
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Chapter 6

An Introduction to Elementary

Embeddings

The second half of this thesis concerns elementary embeddings of various subsystems of
ZFC. Large cardinal axioms are the principal method we use to measure the consistency
strength of set-theoretic statements, and many of these axioms can be defined using
elementary embeddings from the universe into some inner model M. Therefore, there
are two natural questions to consider when working with the larger of the large cardinals

over some weak system T
1. What is the consistency strength of T plus a non-trivial, elementary embedding
from the universe to some “inner model” in terms of the ZFC large cardinal

hierarchy?

2. What are the consequences for the structure of the universe given such an

embedding?

Before we can attempt to answer either of these questions it is necessary to discuss how
to define such embeddings. Recall that, over ZFC, a measurable cardinal is the critical
point of a non-trivial, elementary embedding j: V. — M where M C V is an inner
model. At first sight, j is a proper class so this definition is not first-order definable.
However, it is well-known that x is measurable if and only if there is a non-principal,

k-complete ultrafilter on P(k), an assertion which is first-order definable.
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Moreover, if x is the critical point of j then

U={XePk)|rejX)}
is such an ultrafilter.
Our first issue is that this first-order way to define measurability breaks down

immediately when one tries to weaken the theory. Notably:

o Under ZF, the existence of a non-principal, k-complete ultrafilter does not imply
the existence of a non-trivial, elementary embedding j: V — M with critical point
k. For example, by Theorem 21.16 of [Jec03|, w; can have such an ultrafilter,

however w; can never be the critical point of an embedding which is definable in

V and has M c V.1

o Proofs using ultrafilters appear to need essential instances of excluded middle and
so it is unclear what can be achieved in an intuitionistic setting. For example,
consider the claim that if there is a non-principal, k-complete ultrafilter then « is
a regular cardinal.? How one proves that x is regular is to assume it is singular
and that there is a partition of k¥ into a many sets each of which has size less
than k. Then one of these small sets must be in the ultrafilter, from which one
can derive a contradiction. This only shows the “negative” result that s is not
a singular cardinal and there seems to be no obvious way to translate this into
a “positive” result. We shall see in Chapter 7 that if there is an elementary

embedding j: V — M where V is a model of IKP and j moves an ordinal, then

there is a set which is regular, inaccessible and much more.

o The fact that ultrafilters give rise to elementary embeddings makes essential use

of Lo$’s Theorem which can consistently fail in either ZF ? or ZFC~ ([GHJ16]).

If we weaken the hypothesis to allow an elementary embedding j: V. — M C V[G] which is
definable in some set generic extension, then it is in fact possible for such an embedding to have
critical point w;. An example of this can be found in Theorem 10.2 of [Cum10].

2Technically, in an intuitionistic context one should be working with an ultrafilter over a “large set”
and trying to prove that the set is regular, as defined at the end of Section 2.3, but we will ignore this
issue here.

3In [How75] it is proven that, over ZF, Lo$’s Theorem plus the Boolean Prime Ideal Theorem
implies the Axiom of Choice.
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The existence of a class function from the universe to itself is a second-order claim
and therefore it is not apriori definable in a first-order context. There are many ways
to circumvent this definability issue in particular circumstances. We shall discuss
some of them here and give more details where appropriate throughout the rest of this
thesis. However a fuller, more self-contained discussion about the metamathematical
preliminaries one should consider when discussing elementary embedding can be
found in the introduction to [HKP12].

The first method is to only work in a set sized fragment of the universe. For example,
in [HK20], Hayut and Karagila define a cardinal k to be a critical cardinal if it is the

critical point of an elementary embedding
j: VNJrl — M.

This definition ensures that j is a set while being equiconsistent over ZFC to a
measurable cardinal. The embedding itself also still gives us many of the useful
consequences we would want, for example one can prove that s is a regular cardinal
which is a limit of cardinals that satisfy a specific formulation of weak compactness.
On the other hand, this definition runs into issues if one does not assume the Power
Set axiom holds. In particular, we shall later see examples of embeddings over ZFC™
in which P(w) and therefore V, are not sets.

The second way to deal with definability is to assert that j is a class which is
definable from a parameter. That is, we assume that there is a formula ¢(-, -, p) with

fixed parameter p such that

o(z,y,p) +— j(x) =y.

This is perhaps the most natural way to consider class embeddings in a purely first-order
context. However, as we shall discuss further in Chapter 8, it is perhaps too restrictive.
This is due to Suzuki’s Theorem which rules out definable embeddings from the universe
to itself under the assumption that V satisfies ZF. Kunen’s inconsistency result, on the
other hand, is a much stronger claim which rules out many more embeddings than just

those definable by a first-order formula.
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The third way is to either work in a full, second-order theory such as GB or to
expand the language by adding a predicate for j, along with axioms asserting it is
an elementary embedding, and then work in the theory T; as defined in Convention
2.2.1. The idea of working in T'; has been extensively studied by Corazza, for example
in [Cor00] and [Cor06], and is the approach we will in general adopt after formalising
precisely what we mean by it in Section 6.1. Although this does have its own drawbacks,
it allows us to work in as close to a first-order setting as possible, while also allowing j

to retain some of its natural class properties.

It is well-known that without expanding the language in some way there is no reason
why the existence of such an embedding should have a large consistency strength. For
example, it is possible to obtain an embedding of the universe from just the consistency
of ZFC. This follows from standard model-theoretic results on indiscernibility (see
Theorems 3.3.10 and 3.3.11(d) of [CK73]) and is stated as Proposition 2.3 of [Cor06].
It is important to note that in this next theorem, elementarity will only be with respect
to E-formulae and that M does not satisfy the schemes of Replacement or Separation

in the language expanded to include j.

Theorem 6.0.1 ([CK73]). If there is a model of ZFC then there is a model (M, E, j) of
ZFC such that j: M — M is an elementary embedding and for some x € M, x # j(x).

Perhaps an easier, more set-theoretic, example of this is that 0% gives rise to
elementary embeddings from L to itself. A full explanation can be found in Chapter 9
of [Kan08] but, very briefly, from 0% we can obtain a sequence of “indiscernible
ordinals” (v, | n € w) and then the map 7, — 7,41 can be used to generate an
elementary embedding j: L — L.

In this case, it is clear that Collection; holds in L because we have Collection in
the full universe V. This allows us to consider the least rank of each witness, from
which we can find some L, which contains at least one witness for every element of the
domain. However, it is possible to show that Separation; already fails in L for any such

embedding because the reals of L will only be a countable set in the full universe.
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6.1 Formalisation

In order to give a uniform presentation of elementary embedding characterisations in
weak theories, this section is devoted to stating precisely what we mean. To do this
we shall work in some weak theory T, for example ZBQC or IKP, and slowly add
more assumptions as necessary. An important point to note is that when we consider

elementary embeddings
j: V=M

it is useful to not only add a predicate for j but also to add a predicate for M. This is
because, without being able to construct ultrapowers, it is hard to see how M should
otherwise be interpreted. It is also important to remark that the next definition will
technically be a metatheoretic axiomatic scheme because, at least naively, it is not
expressible in the language of set theory. This necessity similarly arises in [Cor00] and

[HamO1] when one tries to express the Wholeness Aziom over ZF.

Definition 6.1.1. Let T be a “sufficient” theory* over £ = {€} and suppose that V
is a model of T. Let £;n be the extension of £ to include a unary predicate symbol
M and a unary function symbol j, with interpretations MY and ;Y. Then we say that

j: V.— M is an elementary embedding if, in the structure (V, €, MY, 5V), we have:
(i) V= Tjm,
(ii.) M is transitive. That is Vo (M(z) — Vy € = M(y)),
(iii.) MY =T,
(iv.) 30 @ # j(2),
(v.) M(w),
(vi.) For any L-formula ¢(vy, ..., v,) and sets ag, ..., a, in V,
plag, ..., an) «— @ (j(ao), ..., j(an)),

where oM is the result of restricting all quantifiers in ¢ to M.

4Here by sufficient we mean any of the axiomatic theories considered in this thesis, such as ZBQ,
IKP or their extensions.
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We further call j an ORD-inary elementary embedding if
dk € ORD Vo € K (j(a) =a A K Gj(li)).

In essence, ORD-inary embeddings are those which are non-trivial on the ordinals and,
as we shall discuss in Section 6.2, in many natural base theories it will just follow
from non-triviality. At first sight, calling such an embedding “ORD-inary” may seem
strange because it is just talking about a single ordinal, x. However, many of the first
consequences one deduces about ordinals, for example those in Chapter 5 of [Kan08],
will only really require this property. Notably, over suitably weak base theories, we
will be able to show that; x is a regular limit cardinal (6.2.10),  is a limit of weakly
compact cardinals (and much more, 7.4.11), one can define an ultrafilter U over  (even
if we can’t prove that U is necessarily a set, Section 10.5) and that the critical sequence
(7"(Kk) | n € w) exists (6.3.3). It also appears to be a crucial property in allowing us
to deduce either Suzuki’s (8.1.4) or Kunen’s Inconsistency results (9.1.11 and 10.2.3).

Therefore it is somewhat natural to call such an embedding ordinary.

On occasion we may abuse the notation given in Convention 2.2.1 by associating our
class predicate with some predefined set of axioms. Notably, we will sometimes write
V = T, to indicate that j is an elementary embedding j: V — V as defined above. In

such a case it should be clear from the context how this would be formally phrased.

We shall shortly see that in the classical case any non-trivial elementary embedding
j: V.— M is ORD-inary as long as V is a model of at least KP,\. However, we
shall then later show that it need not be the case intuitionistically. It will follow that
there are many different ways to express non-triviality and we shall explore this concept
further in Section 7.2. The definition that we have given here; that for some x, z # j(x),
is the weakest natural one but we shall see it is sometimes too weak for our purposes.

Using Gaifman’s Theorem 8.1.1 we shall see that in a sufficiently strong system full
elementarity can be expressed by a single sentence. But in weaker systems, such as
KP, it is often natural to restrict the elementarity to the subclass of ¥-formulae. As

before, to begin with this should be seen as a metatheoretic definition.
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Definition 6.1.2. Let T be a “sufficient” theory over £ = {€} and suppose that V is a
model of T. Let £\ be the extension of £ to include a unary predicate symbol M and
a unary function symbol j. Then j: V — M is called a ¥¢-ORrD-inary (X-ORD-inary)
elementary embedding if it satisfies points (i.) to (v.) of Definition 6.1.1 as well as the
following two assertions:

o there exists an ordinal s satisfying Vo € k j(a) =a A Kk € j(k).

o for any Yy-formula (X-formula) ¢(vy,...,v,) of £ and sets ag, ..., a, in V,

QD(CL07 s aan) — 90M<j<a0)a ce 7j(an>)'

Notation 6.1.3. For classes M and N, let M <5, N denote the assertion that there

exists a X-elementary embedding from M into N.

Over the next few chapters, we shall see that Y-elementarity will be enough to prove
many of the basic results we desire, and Gaifman’s Theorem will show that, under ZF,
Y-elementarity suffices to deduce full elementarity. However, as stated Y-elementarity
is still a scheme because it refers to metatheoretic formulae. This means that, naively
at least, it is still not first-order expressible in the language of set theory. In Part II
Theorem 2 of [Gai74], Gaifman uses the result that the satisfaction relation can be
expressed by a single formula to give a finite set of formulae which will suffice to deduce
Yg-elementarity when working in Z* (with additional assumptions). Using this result,
after proving Gaifman’s Theorem we will remark that this allows us to express enough
elementarity for the situations we need by a single formula.

It is also worth noting that Y-elementarity is a minimal theory one would wish to

use to develop large cardinals. To see why this is, consider an elementary embedding
7:V—->M

arising from a measurable cardinal where V is a model of ZFC. By composing this

with the identity embedding
t:M—=V
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we obtain a non-trivial ¥y-elementary embedding from V to itself. In fact, because
Y1-statements are upwards absolute and their negations are Il;-statements which are

downwards absolute, this embedding is A;-elementary.

A final important fact that we shall regularly use, without further mentioning it, is the
existence of a satisfaction predicate. Introduced at the end of Section III.1 of [Barl7],

there is, derivable in KP, a Y-operation Sat(a, ¢), such that
Sat(a, ) «— ¢ is a sentence which is true in (a, €).

Moreover, one can express the predicate a = ¢(u) in a A-way. Therefore, if we are in

the situation where j is a X-elementary embedding and

a = o(u)

for some formula ¢, then, using the satisfaction predicate, we can deduce that

ja) = ¢(i(u).

6.2 Critical Points and Cofinality

While ¥-elementarity is needed for many of our results, as long as we satisfy some basic
classical set theory, Yg-elementarity suffices to show that there will be an ordinal which

is not fixed by j.

Proposition 6.2.1. Let N C M be transitive class models of KP. Suppose that
Jj: M — N is a non-trivial, ¥o-elementary embedding and M = KP;n. Then there

exists an ordinal o such that j(a) > «.

Proof. First recall that Yy-elementarity implies elementarity for any formula which is,
provably in KP, A-definable. Then, since being an ordinal is Yy-definable, if « is
an ordinal then so is j(«). Next, since () is definable as the unique set z such that
Yy € z (y # y), which is a Yp-formula, j((}) = (). Now, by induction, we have that

for every ordinal «, j(a) > a. So, let x be a set of least rank such that j(x) # z and
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let § = rank(x). Then for all y € z, y = j(y) € j(x) so x C j(x). Thus there will
be some z € j(z) \ x. Supposing that rank(j(x)) were to equal §, we must have that
j(z) = z € j(z) so, by elementarity, z € x which yields a contradiction. Hence, since

the following is provably in KP A-definable, we have that j(§) = rank(j(z)) >4d. O

Notation 6.2.2. When such an ordinal exists, we shall denote by crit(j) the least such
ordinal and call it the Critical Point of j.

An alternative name we shall use for the critical point of an embedding j: V — M is
a V-critical Ordinal. This notation comes from Schlutzenberg, [Sch20a] Definition 5.1.
Furthermore, if M = V then we call the critical point a Reinhardt Ordinal. To be
more formal, by M = V we mean adding the assertion
Vo M(z)
to our definition of ORD-inary embeddings in Definition 6.1.1. We will also call the

associated embedding a Reinhardt Embedding.

Remark 6.2.3. The terminology V-critical is adopted from [Sch20a]. This is because in
the paper [HK20], the authors define a critical cardinal to only have domain Vyig(j)41 in
order to be working solely with sets. We choose to take this slightly stronger definition
because we will be concerned with theories for which the above is not a set and thus

having the domain the full universe is a more natural concept to work with.

Remark 6.2.4. We may on occasion abuse notation by calling an ordinal x V-critical
if there exist predicates M and j for which there is an ORD-inary embedding despite it
being unclear how to formally express this in the set theory we are working in. In ZFC
this is not an issue because x being V-critical is equivalent to there being a x-complete
non-principal ultrafilter on P (k). In general, it will either be clear what j and M should
be in this case (for example in Theorem 10.5.7) or the mention of a V-critical ordinal
will be part of a motivational discussion, in which case one can also assume that they
are given witnessing j and M. It is also worth noting that, in Theorem 5.8 of [Sch20a],
Schlutzenberg proves that there is a first-order definition of V-critical in the theory ZF

plus a proper class of what he calls weakly Liwenheim-Skolem cardinals.
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The above proof makes use of taking a set of “least rank”, rank being a Y-recursive
function that uses the linearity of the ordinals. However, when working in a weak
system without any assumption of replacement or rank such an argument no longer
works. An example of this is the theory Z. As witnessed by Mathias’ Model 13 from
[Mat06], it is possible to have a model of Zermelo in which the rank function is not
everywhere defined. Moreover, using such a model we can find a non-trivial elementary

embedding without a critical point.

Definition 6.2.5. A class M is said to be supertransitive if for any x € M, P(z) C M.

Definition 6.2.6 (Mathias, [Mat06] Model 13). Let A be a limit ordinal. Define
Ay ={u|UuCu A sup(unA) <A}; Mgy =JAsn.

Proposition 6.2.7 (Mathias). Under ZFC, for any limit ordinal X\, M3 is a
supertransitive model of ZC +Vx Jy (Trans(y) A x € y) in which the rank function is

not everywhere defined.

Proposition 6.2.8. Suppose that V is a model of ZFC and k is a measurable cardinal.
Then there exist sets N C W and a non-trivial elementary embedding j: W — N such
that W = ZC; but j does not have a critical point.

Proof. Let j: V — M be an elementary embedding with critical point x arising from a
normal measure on x and fix § < k to be an uncountable cardinal. Next, fix u > & to
also be a strong limit cardinal such that j(u) = p, and let

W = M35 NH,.

Then, clearly, W is a supertransitive model of ZC since M3 is. Now, define N as
N=jW)=J{u|UuCu A und<d A (ueH,)M = (MizsnH,)M
Therefore, we have that N C W and j | W is an elementary embedding. Moreover, it

is clear that W N ORD = 0, so j | W does not move an ordinal.
Next, to show that W = ZC; it suffices to prove that W models Separation;. To

see this, let ¢ be a formula in the language expanded to include j [ W as a predicate
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and let a € W. Then, since Separation; holds in V, b :={z € a | "V (z)} is a subset of

a so, by supertransitivity, b € W.

Finally, to see that j [ W is non-trivial, define ug := {0, {0}, {{0}}}. Then we can define

a sequence of sets inductively as

Uyy1 =, U{uy}; Uy = U u, for vy a limit.
vey
It is easy to see that each wu, is in Ay35 N H, and if v < v/ then v, € w,. Thus

Uy, Wiy € W and j(u,) = uj(), so the embedding is indeed non-trivial.? O

To circumvent this insufficiency, we can use a different proof of Proposition 6.2.1 which
was given by Hamkins on MathOverflow, [Hama]. This will replace the existence of
a total rank function by Axiom W; that every set is well-ordered by a well-ordering

isomorphic to an ordinal.

Proposition 6.2.9. Let N C M be transitive class models of ZBQW . Suppose that
j: M — N is a non-trivial, ¥o-elementary embedding and M = ZBQW, . Then there

exists an ordinal o such that j(a) > «.

Proof. As before, we first note that for every ordinal «, o < j(«). So suppose, for a
contradiction, that j fixes every ordinal. Using €-induction, take a to be an €-minimal
set with a # j(a). Then, by definition, for any x € a, z = j(z) so a C j(a).

Using Well-Ordering, we can fix an ordinal v and a set f such that

f s a bijection between v and a.

Since this can be expressed by a Yo-formula, it follows that j(f) is a bijection between

j(v) = 7 and j(a). Moreover, since j fixes every element of a by minimality,

f(B) =3(f)(F(B)). Now, by assumption, 8 = j(B) and therefore f(3) = j(f)(B) for
every 5 € v. But this means that j(f) = f, so

jla) =3(f*y) = f*r = a,

yielding our contradiction. O

5In fact any set in W whose actual rank in V is x will witness non-triviality. What we have given
is an example of the seemingly stronger assertion that for some set x we have x € j(x).
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There are two further necessary assumptions in the above propositions worth noting.
The first is that N € M. While this assumption is not needed over ZFC ([Kan08],
Proposition 5.1) it is required when working without choice because, over ZF, it is
possible to have non-trivial elementary embeddings j: M — N which fix every ordinal.
A proof of this can be found in [Cai03] or alternatively on MathOverflow, [Cai.
Secondly, the use of classical logic is an important point to raise here, in particular,
the ability to choose an x of least rank. Without the law of excluded middle, the ordinals
are not linearly ordered and therefore it is not possible to define a “least” ordinal moved
by the embedding and it is possible to make embeddings with multiple “critical points”.
Moreover, the existence of an ordinal « such that o # j(«) won’t necessarily give us

that « € j(a) as we shall see in Section 7.1.

Proposition 6.2.10. Let M C V be transitive class models of ZBQ . Suppose that
j: V=M s a non-trivial, Yg-elementary embedding with critical point k and

V EZBQ;\- Then k is a regular cardinal.

Proof. The conclusion of the proposition will follow from proving that

for any o € k and any function f: a — k we can find an

ordinal 8 € k such that the class ran(f) is contained in /3.

To see this, fix @ € k and let f: o — k be a function. Then, since « is fixed by 7 and

being a function is Yg-definable, j(f): @ — j(k). Next, for any v € o we have

from which we can conclude that j(f) = f. So, since the range of f is contained in &,

we have that
M 3B € j(k) Vy € a j(f)(v) € B,

which, by elementarity, gives us that

ViEILerVyea fy) ep.

Hence the claim, and therefore the proposition, is true. O
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Remark 6.2.11. It is worth remarking that, so far, at no point in this section have we
explicitly used the Axiom of Infinity. In particular, if we removed condition (v.) from
Definition 6.1.1 and « was the critical point of a »-elementary embedding j: V — M
where V is a model of ZBQ  formulated without infinity, then « is still a regular

cardinal. Therefore, the above assumptions prove the Axiom of Infinity. That is,
ZBQ™ \{Infinity} 4+ 3k (k is the critical point of j: V.— M) F Infinity

Moreover, one can see that in this case M(w) holds by elementarity and the
absoluteness of w. The decision to include condition (v.) comes from Definition 3 of
[FS84] where they are defining elementary embeddings in IZF. This ensures that the
true ordinal w is in M which is not obviously true when working in an intuitionistic

setting.

A crucial property that need not hold if we only assume Yy-elementarity is that

J(P(z)) = P(i(x)).
For example, consider the earlier »j-elementary embedding j: V — V given by an
ultrafilter U C k over ZFC. It is then easy to see that U is not a set in the ultrapower

M and so
J(PY (k) # PV (j(k)).

However, by expanding to YX-elementarity this issue can be overcome.

Proposition 6.2.12. If j: V — V is a X-elementary embedding then, for any set x,
J(P(x)) = P(j(x)).
Proof. To see this, let ¢(z,y) be the formula
Vs,t (sey+— (tes—teux)).

Then it is clear that ¢(z,y) holds if and only if y = P(x). Since j is Y-elementary, or
more accurately II-elementary, ¢(z,y) <— ¢(j(z), j(y)), which yields
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Using a similar argument, if j is a -elementary embedding of V to itself then, for any

sets a and b,

We end this section with an important property of elementary embeddings that we
will use in our analysis of embeddings of the universe in weak systems: the notion of

cofinality.

Definition 6.2.13. An elementary embedding j: M — N is said to be cofinal if for

every y € N there is some x € M such that y € j(z).

Proposition 6.2.14. Suppose that j: M — N is an elementary embedding, M = ZF;,
N CM and ORDNM = ORD NN. Then j is cofinal.

Proof. Since M and N have the same ordinals, we have that for any § € N there is

some o € M such that 5 € j(«). Now fix y € N. Then, y has rank less than /3 for some

B, so
y € (V)N € (Vi)™ =5((Va)™).

6.3 The Critical Sequence

One of the most important properties of an ORD-inary embedding shall be its critical
sequence which is the sequence (crit(j), j(crit(5)), j2(crit(j)),...). In this section we
shall explore the definability of this sequence. It will be shown that Induction; is a
necessary condition to ensure that the function n — j"(crit(j)) is total by looking
at what Corazza calls Hatch’s Model in [Cor06]. This is a model with non-standard
natural numbers in which the function defined above is not provably total. Most of the
ideas in this section come from the work of Corazza and we are grateful to Joel David
Hamkins for pointing out the essential use of Induction; for the arguments we give in
later chapters. It is worth remarking that we will in fact only require Y’-Induction to
prove totality of the function and therefore the results will go through in the weaker

versions of KP and ZBQ as defined by Mathias and mentioned in Remark 2.1.7.
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Definition 6.3.1. Suppose that N C M and j5: M — N is a non-trivial,
Yo-elementary embedding with critical point k. Then the critical sequence of j is the
sequence (j™(k) | n € w and j*(k) exists).

When j"(k) exists we will alternatively refer to it as x,,.

In order to show that j"(k) exists for every n € w we require the ¥7/-definable functions
from the end of Section 2 of [Cor06]. Because in our very weak systems we will only be
discussing the critical sequence of an embedding j: V — V. we will only consider this
situation rather than the more general j: V — M case. We will also work in the base

theory of ZBQ .

Definition 6.3.2 (Corazza, [Cor06]). Working over ZBQ ™, suppose that j: V — V is
a non-trivial ORD-inary embedding such that V = ZBQ; . For this section, let I, T

and ® denote the following three ¥/-definable formulae:

I(f,n,z,y) = func(f) A dom(f)=n+1 A f(0)=z A
Vi (0<i<n— f@)=j(fi—1)) A f(n) =y,
Y(n,z,y) = necw—3f I'(f,nzvy),

dr ey 3z (:L‘;«éz A Y(n,z,y) N x € ORD A

=
S

s
I

Vaez (jla)=a) A jlx)= z)

Explaining what these functions signify: T'(f,n,x,y) denotes that f is the function
with domain n 4+ 1 computing y = f(n) = j"(z). Then Y(n,z,y) says that when n is
a natural number we can find such an f. Finally, ®(n,y) holds whenever y = j"(x) for

some ordinal x which is not fixed by j but whose elements are all fixed by j. Namely,

y = j"(crit(j)).

We shall now prove that the formulae I' and ® define class functions with domain w.
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The following Theorem and proof originally appears in Proposition 4.4 of [Cor06] where
Corazza works in the theory ZFC+BTEE (the scheme of axioms asserting the existence
of a fully elementary embedding j: V — V with a critical point) +>7-Induction. The

proof will be the same as Corazza’s but we include it here for completeness.

Theorem 6.3.3 (Corazza, [Cor06] Proposition 4.4). Working over ZBQ ™, suppose that
j: V = Vs a non-trivial, ORD-inary embedding and V = ZBQ; . Then:

1. For all n,z,y there is at most one f for which U'(f,n,z,y) holds. That is
¥n € wVa,y, f,g (D(f,n.z,y) A T(gn,z,y) = f=g).
2. Y(n,x,y) defines a class function. That is

Vn € w Ve Jly Y(n,z,y).

3. ®(n,y) defines a class function. That is
Vn € w 3y ®(n,y).

Proof. To begin with, we observe that the following statement can be proved by an

instance of bounded induction in ZBQ :

Suppose n € w, f and g are functions with domain n+ 1, f(0) = g(0) and f # g.

Then there is a least i with 1 < i <n for which f(i) # g(i). (xx)

So fix n, z and y and suppose that there are f # g for which I'(f, n, z, y) and I'(g, n, x, y)
both hold. Since, by definition, f(0) = ¢g(0) by (%*) we can fix ¢ with 1 <1i < n to be
the least number for which f(i) # g(i). But then, by the definition of T,

f@) =3(fi=1)) =jlgli = 1)) = 9(i)

contradicting the assumption on ¢z. Thus 1 holds.

For 2, we first establish uniqueness. So fix n € w and z and suppose that we have
(y1, f1) and (ys, fo) for which both T'(fi,n,x,y1) and T'(fs, n,x,y2) hold. By the same
argument as was used in part 1, f; = f5. Then, by the definition of f in T,
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y1 = fi(n) = fa(n) = y2

so uniqueness does indeed hold. To show the Y (n,x,y) is a class function we shall show
that for any fixed set a,
Vn € w y(n,a)

where

v(n,a) =3Iy T(n,a,y).
This shall be done by an instance of ¥/-Induction on the formula 7, noting that
Y(0,a,j(a)) always holds and therefore so does 7(0,a). For the induction step,
suppose that z satisfies T(n,a, z) as witnessed by the function f with domain n + 1.
Setting " == fU{(n+ 1,7(f(n)))}, it is clear that f’ witnesses Y(n + 1,a,j(2)).
Thus, by ¥7-Induction, Vn ~y(n, a) holds from which the proof of 2 follows.

Part 3 will be proved in a similar manner. First note that, since the ordinals are linearly

ordered, the critical point is unique. That is, if z; and x5 are ordinals for which
Va € z; (jla) = a) N jlwi) #

then x; = x9. So, for uniqueness, suppose that y; and y, are such that ®(n,y;) and
®(n, yz) hold. By the definition of ® and the uniqueness of the critical point, this means
that there is an z for which Y (n,x,y;) and Y (n,z,y2) both hold. But then, by part 2,
Y1 = y2. To show that ®(n,y) is a class function we again use Y¥’-Induction and the
remark that ®(0,crit(j)) holds. It is then obvious that if ®(n,y) holds then so does
®(n+1,7(y)). Thus ¥n € w Jy ®(n,y) holds which proves 3. ]

Remark 6.3.4. Observe that in the previous proof the formulae we needed were
YJ-definable and therefore we only needed to use Y’-Induction (or equivalently
[I-Foundation). Therefore the previous theorem will go through even if we use the

version of KP or ZBQ ™ as formulated by Mathias in [Mat01], see Remark 2.1.7.

Since ®(n,y) defines a class function, if we have Y/-Replacement (and -Induction)
then the critical sequence is provably a set and in particular its supremum exists.

Notably, this will go through for elementary embeddings j: V — V where V = KP;.
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Corollary 6.3.5. Suppose that V |= KP and j: V. — V is a non-trivial, ORD-inary
embedding such that V |= KP;. Then (j"(crit(j)) | n € w) is a set.

Following a suggestion from Hamkins, we end this section with a brief discussion on the
necessity for at least ¥/-Induction in our formulations of KP; and ZBQ); . For this, we
first define The Wholeness Axiom which we will further study in Section 9.2.

The Wholeness Axiom is an axiom proposed by Corazza [Cor00] in order to quantify
the extension of ZFC needed to derive the Kunen Inconsistency. The intention was to
weaken the access V has to 7 while still allowing enough access to prove the existence of
very large cardinals. This will be done by not allowing instances of j in the Replacement
Scheme and restricting where instances of j can appear in the Separation Scheme.
Removing Replacement means that we are unable to define the supremum of the critical
sequence, which will be an essential component of the proof of the Kunen inconsistency.

To be more precise, and using the notation from [HamO01],
Definition 6.3.6 (Hamkins). For n € w, let WA,, consist of the following conditions:

1. (Elementarity) For any formula ¢ and set x, p(z) < ¢(j(z)),

2. (X,-Separation) All instances of the 3,-Separation Scheme in the language

expanded to include a predicate for 7,

3. (Non-triviality) The axiom 3z (z # j(x)).
Let WA, be defined as above except condition 2 is expanded to allow all instances of

the Separation Scheme in the language expanded to include a predicate for j.

Over ZFC, an alternative, useful, characterisation of WA is that j is a non-trivial,

amenable elementary embedding where

Definition 6.3.7. An embedding j: M — M is said to be amenable if for every set
a€eM, jlae M.

Lemma 6.3.8 (Corazza, [Cor06] Lemma 8.6).

ZFC + BTEE Zé-Sepamtz’on < “7 is amenable”.
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As shown by Corazza, the assumption that there is an embedding witnessing Wholeness
is very strong. For example, such an embedding has a critical cardinal which will be
supercompact, extendible and even super-n-huge for every natural number n. The

natural upper bound, over ZFC, for the Wholeness Axiom is an I3 embedding.

Definition 6.3.9. I3 is the assertion that there exists a non-trivial, elementary

embedding j: V) — V.

We can now define the model of ZBQ in which there is a non-trivial, ORD-inary
embedding with a critical point but for which the critical sequence is not total. Note
that, by Theorem 6.3.3, X’-Induction must necessarily fail in this model. The model we
will define is referred to as the Hatch Model in [Cor06] and was independently observed
by Hamkins.

So, working with a background theory of ZFC, suppose that we have a model of
ZFC+WA,. By a standard application of the Compactness Theorem, there is a model,
M = (M, E, j), of ZFC + WA, with critical point x in which the natural numbers are
nonstandard. Next, take the model constructed by cutting M off at the supremum of

the critical sequence for standard n. That is, let
N={zeM|3IncwM =rank(z) < j"(k)}

and take i := j [ N. By examining the argument at the end of Chapter 10 of [Kun80],
one can see that N':= (N, E i) is a model of ZFC (and therefore ZBQ). Next, it is

clear to see that i: N — N is a non-trivial, elementary embedding and that
Vee NN E3Jz (z=1ilx).

Therefore 4 is an amenable embedding so Y}-Separation holds in A. However, in N,
j"(k) only exists for standard n and so the critical sequence is not total. In particular

we have a model of
ZBQ + “i: V. — V is an elementary embedding” + 3 -Separation + =%} -Induction

in which ®(n,y) does not define a total class function.
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6.4 A Historical Overview

Having introduced the main ideas necessary to formalise the notion of an elementary
embedding, we end this chapter with a brief literature review of some of the results
concerning large cardinals in weak systems. These results will not be given in
chronological order but rather presented in such a way as to try and give a coherent

outline as to what has been done before.

Much of the work on large cardinals over the last sixty years can be traced back to the
seminal paper Strong axioms of infinity and elementary embeddings [SRK78] by Solovay,
Reinhardt and Kanamori. This introductory paper outlined many of the large cardinal
notions which still preoccupy a large amount of current work in set theory. Their
guiding principal was to study various ways to strengthen the notion of measurability,
with the motivation being that the closer the inner model, M, was to V, the stronger the
resulting large cardinal. It then turned out that this basic framework led to a hierarchy
of principles, which could in general be linearly ordered by consistency strength. For

example, one could:

o Close M under arbitrarily large segments of the cumulative hierarchy of V, that

is Verit(j)y © M. This leads to the notion of the critical point being vy-strong.

o Close M under arbitrarily large sequences, that is "M C M. This leads to the

notion of the critical point being v-supercompact.

o Restricting the domain of the elementary embedding to some stage of the
cumulative hierarchy and having it embed into a larger segment. This leads to

the notion of extendibility.

Definition 6.4.1. A cardinal k is said to be n-extendible if there is a 7 and an
elementary embedding j: V., = V., with crit(j) = x and n < j(k).

A cardinal « is said to be extendible if it is n-extendible for every n > 0.
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» Close M under sequences of length j™(crit(j)) for n a fixed natural number. This

leads to the notion of n-hugeness.

The natural conclusion to this process, which is first briefly mentioned at the end
of Reinhardt’s thesis [Rei67], is the existence of a Reinhardt embedding. That is, an
embedding
j: V= V.
However, soon after this “wultimate” large cardinal assumption was proposed it was
shown to be inconsistent with the axioms of second-order ZFC by Kunen. The proof
of this was first given in [Kun71] using Jénsson functions and was later included in
[SRKT78]. There are a variety of alternative proofs of the Kunen inconsistency, notably
Woodin’s proof using Solovay’s Lemma on splitting stationary sets and Harada’s using
more of the structural properties of the resulting ultrafilter. All three of these proofs
can be found in Section 23 of [Kan08]. It is also worth mentioning a further proof by
Zapletal, [Zap96], using results from PCF theory.
While Kunen formally worked in the full second-order theory of Kelley Morse it

could be easily seen that what was required was the second-order fragment ZFC;.

Theorem 6.4.2 (Kunen, [KunT7l]). Ouver ZFC, There is no non-trivial elementary
embedding j: V — V for which V |= ZFC;.

After stating this, Kunen, following a suggestion of the referee, briefly remarks that
the Axiom of Choice is necessary for this result and that it is unknown if Reinhardt
embeddings are consistent with ZF. This was then formally stated as open question

1.13 in [SRK78] and has become one of the leading focal questions in all of set theory.

An in-depth study of Reinhardt-type cardinals in ZF without Choice was undertaken
by Bagaria, Koellner and Woodin in [BKW19]. Here, they identify a series of
strengthening of Reinhardt cardinals such as Super Reinhardt, Totally Reinhardt and
Berkeley cardinals and this is further developed by Cutolo [Cut18]. A lower bound for
the consistency strength of ZF 4+ DC plus a Reinhardt cardinal was later isolated by
Goldberg [Gol20], where he obtained that
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Theorem 6.4.3 (Goldberg, [Gol20] Theorem 6.16). Over ZF + DC, the existence of
a Y-elementary embedding from Vi3 to Vi3 implies Con(ZFC + 1y), where 1y is the
assertion that for some & there is an elementary embedding j: L(Vsi1) — L(Vsi1) with

critical point less than 0.

Theorem 6.4.4 (Goldberg, [Gol20] Theorem 6.20). Over ZF + DC, AC + I is

equiconsistent with the following statement;

For some ordinal X\, there is an elementary embedding j: V12 = Viio.

Next, recall that in Section 6.1 the second way to formalise elementary embeddings was
to assert that j was a class which is definable from a parameter. While this idea had
been known for a long time, it was first explicitly studied by Suzuki in [Suz99|. There,
Suzuki showed that there is no definable Reinhardt embedding over ZF.

The notion of definable embeddings has recently been studied further by Goldberg
and Schlutzenberg in a series of papers, [Sch20a], [Sch20b], [Gol20] and [GS20]. Here,
the authors study the structure of rank-to-rank embeddings over ZF, proving, amongst
other things, that given an elementary embedding j: V,i1 — Va1, it is definable from

parameters over V. if and only if o + 1 is an odd ordinal.

By examining Kunen’s proof that Reinhardt cardinals are inconsistent with ZFC one

can refine the result in a way which is first-order.

Theorem 6.4.5 ([Kan08] Corollary 23.14). Assume that V is a model of ZFC. Then,

for any ordinal ¢, there is no non-trivial, elementary embedding j: Vsioa — Viio.

This refinement has led to a series of large cardinals known as Iy — I35. I; — I3 were
originally considered by Gaifman [Gai74] and were later studied in [SRK78], while I,
was introduced by Woodin to study the Axiom of Determinacy. A full account of these
axioms along with many of their interesting structural consequences can be found in
Chapter 24 of [Kan08] or the survey article [Dim18] by Dimonte.

A second way to refine Kunen’s result can be found in work of Eskew and Friedman,

[EF19].
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Theorem 6.4.6 (Eskew, Friedman [EF19] Theorem 1). Suppose that j: M — N is a
non-trivial, elementary embedding between two transitive models of ZFC with the same

class of ordinals €. Then at least one of the following holds:
1. The critical sequence (j™(crit(4)) | n € w) is cofinal in §2,

2. For some a € Q, j“a € N,

3. For some a € Q, « is reqular in M and singular in N.

In this paper the authors study the possibility of having various combinations of these
three possibilities. With particular reference to the study of Reinhardt cardinals, if M
is equal to N then Theorem 6.4.6 tells us that the closure of M, as measured in V, must
run out at some point. However, assuming the existence of a supercompact cardinal,

they notably prove that this closure can be arbitrarily high up in the universe.

Theorem 6.4.7 (Eskew, Friedman [EF19] Theorem 2). Suppose that k < X are reqular
cardinals. Then k is A-supercompact iff there exists a transitive class M with *M C M

and a non-trivial, elementary embedding 7: M — M with critical point k.

A related approach involving embeddings between transitive class models of ZFC is
taken by Hamkins, Kirmayer and Perlmutter in [HKP12] where the authors show that,
for any set generic GG, there can be no non-trivial, elementary embedding from V to
V[G] (Theorem 7) or from V[G] to V (Theorem 5). A similar result holds between
any two set forcing extensions, or between V and HOD. Such results are proven by
adapting Woodin’s version of the Kunen Inconsistency.

A final way to consider Kunen’s inconsistency is in the language with a predicate
for 7. Then the theorem tells us that the universe cannot satisfy the full fragment
ZFCj, that is, there must be an instance of separation or replacement in the language
expanded to include j which does not hold. The precise amount of separation and
replacement needed to derive an inconsistency has been determined by Corazza in
[Cor00] and [Cor06]. In these papers he also develops the Wholeness Axioms, which
was further studied by Hamkins in [Ham01] and which we shall discuss in more detail

in Section 9.2.
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To date there has been very little work on large cardinals in weak subtheories of ZFC
as a central topic, with most of the results appearing as minor comments alongside
traditional large cardinal study. Examples of this include [GHJ16] where the authors
study the effect of only assuming the Replacement Scheme rather than the stronger
Collection Scheme over ZFC without Power Set. They prove that consistently one
can have normal ultrapowers over models of ZFC— which are well-founded but whose
ultrapower map is not elementary. Moreover, they construct elementary embeddings

j: M — N which are ¥;-elementary and cofinal but not s-elementary.

Another example appears in the work of Holmes, Forster and Libert [HFL12]. In the
final chapter they mention that ZFC plus the Wholeness Axiom should be considered
as a Reinhardt embedding over a model of Zermelo with the Axiom of Choice and a

rank hierarchy. This is an idea that we shall discuss further in Section 9.2.

A related branch of work is the study of Ramsey-like cardinals and various
weakenings of measurability, notable examples of which include [Gitll], [GW11],
[HL16], [BM19] and [GS21]. In these papers, the authors study models of the form
(M, €,U) where M is a model of ZFC™, U is a normal ultrafilter over M and M has a
restricted amount of access to . One can then obtain a hierarchy of principles
between a Ramsey cardinal and a measurable cardinal by, for example, asserting that
M satisfies a larger fragment of the Separation and Collection schemes in the language
expanded to include a predicate for /. Alternative ways to increase the strength are
to assume that U/ is a set in M, rather than a proper class, or that M is an elementary

submodel of some Hy.

There are two notable exceptions where the authors have decided to explicitly work in
some very weak fragment. The first is [Agu20] where Aguilera discusses the Axiom of
Determinacy in models of Kripke Platek plus the assumption that the reals constitute
a set. The author shows that, from a model of ZFC plus the existence of w? many
Woodin cardinals with a measurable on top, one can produce a model of the above

strengthening of KP which moreover satisfies the Axiom of Determinacy.
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The second instance is [Tzo16] where Tzouvaras studies Vopénka’s Principle, VP,
over a fragment he calls FElementary Set Theory. EST consists of the axioms;
Extensionality, Empty Set, Pairing, Union, Cartesian Product, ¥j-Separation Scheme
and Induction along w. It is then proven that EST + VP proves the Axiom of Infinity
as well as the full schemes of Replacement and Separation. From this one can deduce
that EST + Foundation Scheme + VP is the same theory as ZF 4+ VP, and also the
corresponding result when one also assumes AC. To give an outline as to why this

could be true, we begin by recalling Vopénka’s Principle.

Definition 6.4.8. VP is the assertion that for any formula ¢ in the language of set
theory, if X, = {z | ¢(z)} is a proper class of Le-structures, for some first-order

language £, then there are distinct M, N € X, such that M < N,

As commented upon by Tzouvaras, this can be seen as a set existence principle because
if no two such structures embed into one another then the associated class must be a
set. Therefore, by a careful examination of the axioms of ZFC, this allows us to deduce
each instance in turn. For example, to prove that {X | X C A} is a set, one works in

the language
Ls={U}U{c,|ae€ A}

where U is a unary predicate symbol. Then, for each X C A, one considers the
L 4-structure Mx = (A, X,id4) where U will be interpreted as X. Next, an analysis of
the class {Mx | X € P(A)} shows that it does not satisfy VP and thus it must be a

set, from which one can deduce that P(A) is also a set.

To conclude this overview, we examine the literature concerning large cardinals in
intuitionistic theories. The first major study of such principles was undertaken by
Friedman and Séedrov in [F§84] where they add many large cardinal assumptions to
IZF. In particular, using a double negation translation, they show that IZF enhanced
with axioms such as Inaccessible sets, Mahlo sets, Measurable embeddings,

Supercompact embeddings and Huge embeddings are equiconsistent with their
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classical counterparts. Their methods are used to find a lower bound for a Reinhardt
embedding over IKP in Section 7.4.

As previously mentioned in the preliminaries, versions of regular and inaccessible
sets in constructive set theories have been investigated in depth by authors such as
Aczel and Rathjen and many of their results can be found in [AR10]. Many of these
ideas were then further extended in the theses of Gibbons [Gib02] and Ziegler [Ziel4]
where they begin to look into what properties one can deduce the critical point of an
elementary embedding must satisfy. We shall continue this line of work throughout the

next chapter when we study ORD-inary embeddings of TKP.

A final, very recent, exploration into the strength of such embeddings was by Jeon in
[Jeo21] where the author studied Reinhardt embeddings over a theory known as CZF.
Constructive Zermelo Fraenkel is a constructive variant of ZF that was specified by
Aczel and Rathjen and the details of which can be found in [AR10]. This is a theory
which is equiconsistent with KP but, if one adds the Law of Excluded Middle, then
one in fact regains the entirety of ZF. This makes it a very useful constructive theory
to work with. Furthermore, an analysis by Gambino in [Gam06] proves that one can
interpret ZF  in a topological version of the double negation interpretation of a model
of CZF plus full Separation. Moreover, in Theorem 9.37 of [Ziel4], Ziegler proves that
any Reinhardt embedding over CZF is cofinal.

As a counterpoint to the investigation within this thesis, Jeon shows that an
ORbD-inary Reinhardt embedding over CZF with full Separation interprets a
Reinhardt embedding over ZF . Moreover, if j: V — V is such an embedding and
there is an inaccessible set K such that K € j(K), then one is able to find an
interpretation of a model of ZF + WA,. This is a much stronger bound than we will
be able to derive at the end of Section 7.4. One reason for this is that, while both our
results and the theorems of Jeon rely on double negation interpretations, IKP
appears to be a much more impoverished theory which severely weakens what one can

deduce.
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Chapter 7

Intuitionistic Embeddings

In this chapter we shall explore the properties of intuitionistic elementary embeddings
from the universe to some transitive class. In the classical case, such embeddings have
very large consistency strength and imply important structural consequences for the set-
theoretic universe. For example, under ZFC, the existence of a non-trivial elementary

embedding
j:V—->M

implies, among other things, that V # L. We shall see that neither the consistency
strength nor the structural results need be the case under I1ZF, even when M = V.
This is because, as we shall see in Theorem 7.1.9, it is consistent for there to be a
non-trivial, elementary embedding j: V — V which moves an ordinal «, as long as we
only require that o # j(«) rather than o € j(«). In the classical case, this assertion is
unnecessary by Theorem 6.2.1, because for any ordinal we have a < j(«). The issue is
that this assertion makes essential use of the linearity of the ordinals, which is a highly

non-constructive principle.

As shown in [F§84], being ORD-inary is important for the consistency strength. They
show that, by a double negation translation, if both V and M are models of IZF then
the existence of an ORD-inary embedding is equiconsistent with ZFC plus a measurable

cardinal.
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Later on in this chapter we shall look at the consequences of elementary embeddings
under the assumption that V is a model of IKP. It shall be shown that, even under
this weak base theory, this definition has many interesting structural consequences,
particularly concerning the constructible universe. Namely, in Theorem 7.3.2 we shall

obtain that there is some ordinal x# such that
L.# = IZF.

We shall then use a double negation translation to obtain a lower bound for the existence

of such embeddings using the standard large cardinal hierarchy under ZFC.
Corollary 7.4.36.

IKP +dj5: V — M which is a 3-ORD-inary embedding -
Con(ZFC + a proper class of weakly compact cardinals).

However, before doing this we shall show the importance of the embedding being
ORD-inary in order for there to be an increase in consistency strength. This is done
by showing that, if we just take the standard definition of non-triviality, the existence

of such an embedding from a model of IZF to itself is consistent relative to IZF.

7.1 Automorphisms of the Universe

In this section we show that, consistently from a model of ZFC, one can produce a
model of IZF + V = L with a non-trivial, definable, automorphism of the universe
which moreover moves an ordinal. That is, we shall find some structure W which
models IZF + W = L and some automorphism 7: W — W, definable in W, such
that for some ordinal «, m(«) # «. This shows that, without making assumptions on
the nature of the “critical ordinal”, intuitionistically it is possible to have definable,
non-trivial, elementary embeddings of the universe which is very unlike the classical

case.
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We begin by sketching the idea behind the argument before spending the rest of
the section formalising it. So suppose that one were to have two distinct ordinals
ap,@; € 1 which are neither 0 nor 1. Further suppose that these ordinals have no
discernible differences between them, that is ¢(ap) iff ¢(aq) for any formula . Then
one could think of this as a model of IZF with “atoms”. Now we know that there are
non-trivial automorphisms of universes with atoms which are defined by permuting the
atoms and then defining 7(x) = {7 (y) | y € x} at later stages. So therefore, using the
fact that these two sets are indistinguishable from each other, the same map will give

us a permutation of our model of IZF.

The approach we are going to take to do this is to produce a forcing model in the style
of Lipton [Lip95] which was introduced in Section 2.6.2. Let V = L and let P be the

partial order consisting of two nodes with one node below them both. That is,

(&%) (071
P= v

where we let «,, denote the node given by {(0,n)} and 1 denote the bottom element.

We now define our two new indistinguishable subsets of 1. Using the same tactic we
employed in Definition 5.5.5, where we added an ordinal not in L, we let 1, be the set

that looks like 0 at «, and 1 at oy_,,. That is 1,, = {(0, 1)} and 1,, = {(0, ap)}.
Lemma 7.1.1. In V(P) both 1,, and 1,, are ordinals.

Proof. We shall prove this for 1,,, the other case being symmetric. The main thing to
prove is;

1V Yy (z €l N yET —> Yy € 1yy).

This, when combined with the monotonicity of I+ from Lemma 2.6.13, will give us that
V(P) believes that 1,, is a transitive set. The fact that it is a set of transitive sets
follows by essentially the same argument. To see the main claim, let a and b be elements

of V(P) and p € P, we need to show that
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ifplFael,, andpl-beathenpl-bel,,.

There are 3 cases, one for each node:

Case 1 p = «;: In this case, a; IF a € 1,, if and only if oy IF a = 0. Therefore, for no

b € V(P) do we have that a; IF b € a so the conclusion holds.

Case 2 p = ap: In this case, ag I+ 1,, = ) and therefore for no a € V(P) do we have

that ag IFa € 1,,.

Case 3 p = 1: Note that 1 I a € 1,, if and only if we can find ¢ € V(P) and ¢>1
such that (c,q) € 1,, and ¢ IF @ = ¢. But clearly no such pair exists and therefore

1lfae€1,, for any a.

Since we have proven the claim for each condition in PP, we do indeed have that 1,, is

an ordinal. [

Note that, by Theorem 5.5.1, we cannot simply assert that these ordinals are in L. So
we show that next. First it is easy to see that, since 1,, and 1,, are ordinals in V(PP),

L,,, and Ly, are well-defined sets.
Lemma 7.1.2. Forn € {0,1}, V(P) = 1,, = Ly, . Hence 1,,,1,, € L.

Proof. Again, we shall just prove this for . If p IF = € L;, then there is some (3
such that p IF z € def(Lg) A S € 1,,. As before we have the same 3 cases: If p = oy
then oy IF 8 € 1,, if and only if a; IF 8 =0. So, since 1IF Lo =0 A def(Lgy) = {0},
o lFx e Llao if and only if o IF 2 = () which means that oy I+ Llao = 1lg,-

For the second case, where p = ag, ag forces both 1,, and L;,  to be empty. The
final case with p = 1 follows from the fact that 1 |t a € 1,, for any a € V(P). Because
of this, we have that for any 8, 1 Iff (a € def(Lg) A 8 € 1,,) so

1WFael, and LI (a € def(Lg) A B € 1a,)

and the conclusion follows. ]
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Lemma 7.1.3. V(P) = 1,, # 1a,.

Proof. We need to show that any node can be extended to a node which does not force

14, to be equal to 1,,. So it just suffices to prove that

(%)) I+ 1a0 7& 1a1-

But this is the case since (), ) € 1,, and g I @ & 1, since 1,, is empty at node

Q. ]

Remark 7.1.4. We remark here that the above lemma holds for the given partial order
and not for a partial order with more than two nodes attached directly to the base.
This is because in that case, if «,, a,, and «4 are distinct nodes then «y will believe
that 1, and 1,,, are both equal to 1. But then 1 can either be extended to a condition
where 1, and 1,, are equal or to one where they are not equal. This leads to the
situation that the forcing model can prove no useful information about whether or not

la, and 1, are equal.

We now identify a set which will play the role of w in V(IP). This will just be the
standard forcing name for w, namely @ = {(n,1) | n € w} where we have used the
standard forcing notation from Remark 2.6.16. It can then be proven using standard

methods that

Remark 7.1.5. V(P) E -—(1,, € w).

Now let m: P — P be the automorphism which switches ay and a; so w(ag) = ay,

m(ag) = ap and w(1) = 1. We can extend 7 to names by the following recursion:

m(z) = {(7(y),7(p)) | (y,p) € =}

As in the set forcing case, we have the symmetry lemma which can be proven using a
simple inductive argument. The proof is in essence the same as the classical proof, as

example of which can be found in Lemma 8.12.3 of [DS96], so we shall omit it.
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Lemma 7.1.6. Let ¢(v) be any formula of the forcing language, p be a node in P and
x an element of V(P). Then

pIFp(z) <= m(p) IF o(7(x)).

Theorem 7.1.7. V(P) believes that w defines a non-trivial automorphism of the

universe.

Proof. First note that V(P) = 7(1la,) = la, so V(P) believes that 7 is non-trivial.

Now, let ¢ be a formula. Then
V(P) |= o(z)
if and only if, for any node p,
plFo(x).

By the symmetry lemma, this holds if and only if for every node p,

m(p) IF o(m(x)).
So, since 7 is an automorphism of P, this holds if and only if

V(P) = ¢(n(z)).

O

Remark 7.1.8. In fact, since V(P) believes that both 1,, and 1,, are in L, V(P)

believes that 7 defines an automorphism of L.

Theorem 7.1.9. W = LV® s a4 model of 1ZF plus W = L and 7 is a non-trivial

automorphism of W which moves an ordinal and is definable in W.

Since our current methods do not allow us to produce a model with more than two

subsets of 1 which are “independent” of one another we have the natural question:

Question 7.1.10. Is it consistent with IZF that there is some class M C V, with

M =# V, and a non-trivial, elementary embedding j: V — M?
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This could plausibly be achieved if one could produce a model containing a set of w
many independent ordinals {c,, | n € w}. That is, some set satisfying conditions such

as:
e VnEewa, C1,
e ap & L[{a,, | n > 1)].

If this were to be the case then one could take V. = L[{a,, |n € w)],

M = L[{a, | n > 1)] and j generated by the map

j: Op = Opt1.

7.2 Complications of Critical Sets

In this section, we look at the difficulties in defining the critical point of an elementary
embedding. Given an embedding j: V — M there are many ways to express non-

triviality. For example:
(i) 3K (K £ j(K) A Vo€ K j(z) =),
(i) 3k (k€ ORD A Kk #£j(k) A Yo €k j(a) = a),
(iii.) 3K (K € j(K) A Vo € K j(z) = z),
(iv.) 3K (K € j(K) A V¥ € trd(K) j(z) = 1),
(v.) 3K (Trans(K) A K € j(K) A Vo € K j(z) = z),
(vi) 3 (k € ORD A k€ j(k) A Vo €k j(a) = a),
(vii.) 3K (Inace(K) A K € j(K) A Vo € K j(z) = ).

The consequences of these definitions have been studied in places such as [FS84], [Gib02]

and [Ziel4]. In particular, Ziegler looks in detail at various consequences of some of
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these definitions in Chapter 9 of his thesis. For example, he shows that condition (v)
implies condition (vi).

As shown in Theorem 7.1.9, the first two expressions are not very strong under IZF
and we shall now discuss the other definitions. To being with, we shall discuss why
condition (iii) could be a difficult one to work with. This is done by starting with a
measurable cardinal in ZFC and constructing a set which satisfies condition (iii) but
not (iv).

While it will be easy to still show that an ordinal in moved from a classical
perspective, the idea is to indicate why it could potentially require a non-trivial step

in the intuitionistic setting.

Example 7.2.1. Let V | ZFC and j: V — M be a non-trivial, elementary
embedding. Let x be the critical point and A the first ordinal above s which is fixed
by j. We shall define a sequence of sets {S, | a € j(x)} such that j(S,) = Sj() and if
a € (3 then S, € Ss. To do this, let

SO = (2)7
Sat1 =19 | BeaU{{A+ 8] €a}},
Sy = J{Sa | @ € 4} for v a limit ordinal.

Since we are only working with ordinals that are fixed by j, it is clear that
Sw € j(Sk) = Sj) and any x € S, is either of the form S, or {A+ 3 | 8 € a}, both of
which are fixed by j.

In the above example, the rank of S, is A + x and it is obvious that any & length

sequence of fixed ordinals could also be used to produce a similar set. So, in particular,

Proposition 7.2.2. If v is an ordinal of cofinality k which is a limit of ordinals fixed
by j then there is a K of rank ~ such that

K e j(K) N Ve e K z=jx).
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Examples of such v are the ordinals § + k, 0 - k, 6" and the cardinal §** for § a fixed
point. However, it is not clear that “cf(y) = k” is a necessary condition to obtain such
a K of rank v. For example, it might be possible that there is some new ordinal g,
much greater than A, such that the behaviour of j(u) is not determined by j [ A. Such
an ordinal could then be used to produce a K and it would be unclear how one could

recover k from said K.

It turns out that definitions (iv), (v) and (vi) are equivalent, as we shall see next. This
was originally claimed by Ziegler [Ziel4| as Theorem 9.1 however there is a small gap
in the proof which we fill now. The gap is caused by only assuming that every element
of a is fixed and not every element of trcl(a) in Proposition 7.2.3. Without this, taking
a to be the set containing the first non-trivial fixed ordinal, a = {\}, would satisfy the

assumptions but not the conclusions.
Proposition 7.2.3. Va <(Vb € trel(a) j(b) = b) — V3 € rank(a) j(B) = 6).

Proof. This is proved by set induction. So take § € rank(a). Then there is some z € a

such that either § = rank(z) or § € rank(z). In the first case we have

J(B) = j(rank(z)) = rank(j(2)) = rank(z) = p.

And in the second case, since trcl(z) C trcl(a), for any b € trcl(z), j(b) = b.

Therefore, by the induction hypothesis, every ordinal in rank(z) is fixed. In particular,

j(B) = B. O

Lemma 7.2.4. Suppose that V is a model of IKP, M is a predicate for a transitive
subclass of V and j is a predicate for a non-trivial, ¥-elementary embedding j: V. — M.

Then the following are equivalent:
(v.) 3K (K € j(K) A Vz € trel(K) j(z) = z),
(v.) K (Trans(K) AN K € j(K) AN Yz € K j(z) =),

(vi.) 3k (k € ORD A K € j(k) A Ya € k j(a) = a),
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Proof. First note that all of the reverse implications are immediate so we only need
to prove that (iv) implies (vi). Secondly, transitivity, the transitive closure and rank
are all X-definable and therefore the previous proposition holds under the assumption
that the embedding is ¥-elementary. To prove (iv) implies (vi), fix K satisfying the
assumptions and let x = rank(K). Then, by Proposition 7.2.3, for any b € K and any
p € rank(b), j(B) = . Therefore, since any « € k is either equal to, or in rank(b) for
some b € K, j(a) = a. Now, j(k) = j(rank(K)) = rank(j(K)) so, since K € j(K),
k € j(r). Completing the proof. O

Under IKP, it does not seem possible to show that definition (vii) is equivalent to
(vi) because of the difficulty in producing inaccessible sets without a rank hierarchy
of sets. This can also be seen in the classical case, which we shall discuss in more
detail in Section 10.4. Recall that, classically, a set z is inaccessible if and only if it is
equal to V; for some weakly inaccessible cardinal 6. Now, suppose that V = KP and
j =V — M was a non-trivial, ¥-elementary embedding with critical point . Then
it is not clear why V, should be a set and therefore why there should be sets which
are truly inaccessible. However, we can circumvent this issue by showing that the two

conditions are equivalent in L.

7.3 ORD-inary Embeddings

Due to the non-linearity of the ordinals, it is certainly possible that we could be in
a situation where we have a critical ordinal x which doesn’t contain 0 or w. This
means it could be difficult to prove that L, satisfies IZF in the way we have formulated
it. Therefore, in order to ensure that the structure we will build from an elementary
embedding satisfies the Axioms of Empty Set and Strong Infinity, it is useful to define
a way to take any ordinal o to an ordinal o which contains w + 1 as a subset. We do

this by using a technique from Lubarsky, [Lub93]:
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Definition 7.3.1 (Lubarsky). We define the class {a# | a € ORD} inductively as

o = | J{B* | B € a} U (w+1).

Note that, by induction, for each ordinal o, a* is an ordinal with w +1 C a#. In order
for us to build a model of IZF from our elementary embedding we want to define a
well-behaved set sized structure for each ordinal a. Since we do not have access to the
V., hierarchy as a hierarchy of sets, we have to make do with the L-hierarchy, which
is why we will only be able to get the consistency strength of a proper class of weakly

compact cardinals as a lower bound.

Theorem 7.3.2. Suppose that V = IKP and j: V. — M is a X-ORD-inary, elementary

embedding with witnessing ordinal k. Then

L.+ = IZF.

Before we give the proof, we first note some easy observations:
Remarks 7.3.3.

e j(a) =« for every a € w+ 1. This can be proved inductively by noting that  is

the unique set a satisfying Vo € a(x # z).

e Va € ORD j(a?) = j(a)#. This is because

ja®) =i(UB* [ Beatuw+1) =U{B* | Bei(@}uw+1) = j(a)*.

« Due to the uniform, absolute definition of L, if # € L, then j(z) € Lj4) and
j(La) = Lj(a)
Definition 7.3.4. An ordinal ¢ is a weak additive limit if
Vaeddged (aep).

4 is an additive limit if

Va €0 (a+1€9).
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Claim 7.3.5. For 0 a weak additive limit, Ls = UaeaLa‘

Proof. First note that Uae sLa U def(L,) = Ls for any 6. Solet z € U def(Ly)
and fix § € § such that = € def(Lg). Now take v € ¢ such that § € v € §. Then, since
Ly =, def(La), 2 € Ly €U, L O

Claim 7.3.6. % is a weak additive limit.

Proof. Let 8 € s#, then 8 € | J{a# | @ € K} U (w +1). Since for any a € x, j[a®
is the identity and for any o« € w + 1, j(a) = «, we have that j(5) = . Therefore
B e j(x#) and M |= j(B) € s* € j(k¥) so

M =3y € j(x7) (§(B) € 7).

Hence, using elementarity, V = 3y € k¥ (3 € ). O
Lemma 7.3.7. j restricted to L,.# is the identity and therefore (L)Y € M.

Proof. We begin by showing that for any o € %, j | def(L,) is the identity. This is
proven by induction, so assume that for every 8 € «, j [ def(Lg) = id. We first see that
j I L, = id since if z is in L, then = € def(Lg) for some f € « and thus j(z) = z.
Next, we have that j(La) = Lj@) = Lqa, from which one can see that for any ¢ C L,
j(t) =t. Thus, for any x € def(L,), j(x) = x so j [ def(L,) is indeed the identity.
Finally, let € L,# and fix o € k¥ such that z € def(L,). Since j | def(L,) is the

identity, j(z) = x as required. O
Corollary 7.3.8. L.+ C M and therefore M | Ly € Lj.#).

We now prove that L,# is a model of each axiom of IZF. To begin with, note that
0,w € k¥ so L,# is a model of the Axioms of Empty Set and Infinity. Also, because it
is a transitive set, L,# is a model of Extensionality and €-induction. Lastly, for a
formula ¢, recall that ¢“# is the formula defined from ¢ by replacing all instances of

the unbounded quantifiers Vax and dy by Vz € L, and dy € L, # respectively.
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Pairing and Unions: Let a,b € L,%. Since def(z) is the closure of x under the
fundamental operations, {a,b} and Ua are sets in def(L,#) C Ljq#). Therefore
M = {a,b}, Ua € Lj#).

So, using elementarity, the fact that j(a) = a, j(b) = b and the absoluteness of
these definitions, V |= {a,b}, Ua € L, %.

Separation: Let ¢ be a formula and @ € L,#. Then ¢“# is ¥, so, by Bounded
Separation in L, there exists a b € L such that b = {x € a|¢"#(z)} and
b € def(L,#) C Lj(.#). We claim that

b N Ln# — ](b) N Lj(n#)'

To see this, fix 2 € j(b) N Lj(#). Since a = j(a) and b C a, we have that j(b) C a
so x = j(r) and j(x) € j(b) N L;(#). Then elementarity gives us that x € b L,4.

Similarly, if 2 € b N Ly# then € j(b) N Lj#) so bN L = j(b) N Lj#) as
claimed.
From this we can see that

M }: ](b) N Lj(n#) S Lj(ﬁ#).
Thus,
VEbL=bNLxand V Ebec L,4.
This gives us that
VEIeLsVrels (zebeaxeca A ot (x)),

that is

LxEJVr(zebeazeca N p(x))

so this instance of Separation holds in L, .
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Collection: Let ¢ be a formula, a,u € L,# and suppose that
VEVe €a Iy € Loy o (2,y,u).

Now for each z € a, if V = @™ (x,y,u) then M = ©"t# (j(x), j(y), j(u)). However,
we have assumed that x,y,u € L,# so they are fixed by j. Therefore we have that
M = gpLi<~#)($, y,u), and thus

MEVr€adye L, gpLJ(H#>(x,y,u).
So, by taking b = L,.#,
M E 3b € L) VY € j(a) Jy € b "0 (2, y, j(u)).
Elementarity then gives
VE3IE Ly Vreadyeboh(z,y,u)

which proves this instance of Collection.

Lemma 7.3.9. For any a,b € L, there is a z € L,# such that
L.# = z = mv(“D).

Proof. Let a,b € L,» and let R € mv(“b) N L. First note that j restricted to a x b
is the identity and a x b € L,#. Then

(a,y) € axb ((r.y) € R j((z.y)) € (R) <= (x.y) € j(R))

so j(R) = R. Therefore j(R) € Lj(.#) which implies that R € L,#. This means that
mv(*b) N L# = mv(“b) N L;(.#). But
mv(“)) N Ly = {R€ L |RCaxb A VoecaIyeb ((z,y) € R)}

€ def(L,#) C Lj#)
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so M |= 30 € j(k#) mv(?®j(b)) N Lj(#) € def(Ls) and thus
V E 3§ € k% mv(*b) N L% € def(Ls),
yielding L.+ E 3z mv(“b) = z. O

Finally, it is proven in Proposition 5.1.6 of [AR10] that over ECST, which is a
sub-system of IZF without Power Set, the Axiom of Power Set is equivalent to the
assertion that mv(“d) is a set for all a,b. Therefore we have shown that every axiom of

IZF hold in L, %, completing the proof. UTheorem 7.3.2

We recall here that we chose to work in the constructible universe because it is not in
general true that the V,’s will be sets. This creates the additional problem that, in
general, L,# is not functionally reqular as defined in Definition 2.3.11.

To see this, note that if there is a measurable cardinal £ in ZFC then P%(w) is
countable. So we can fix some real f € “w which is not in L. But then, by defining

g:w — w as

n = (n, f(n))
we have that dom(g) is in L, but ran(g) is not.

On the other hand, if we add in the additional assumption that V, is a set for every
ordinal a, then the above proof gives us the much stronger result of full inaccessibility

in V.

Theorem 7.3.10. Suppose that V = IKP+Va € ORD Jz (z = V,) and j: V. — M is
a YX-ORD-inary, elementary embedding with critical ordinal k such that for any ordinal

a, J(Va) = (Vj(a))M. Then V .# is an inaccessible set so, in particular,
V,.# = IZF.

The additional assumption that j(V,) = (V)™ is needed because it is unclear how
to show that j(P(x)) = P(j(z)) from just 3-elementarity here, as this is a II
statement. However, using Proposition 6.2.12, if we strengthen j to assume that it is a

(X U II)-elementary embedding then the conclusion would follow.
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We end this section with a note that while s is provably a weak additive limit, it
need not be an additive limit. Specifically, there is no reason why we should have that
w+1 € k¥. To see this, we first remark that for an ordinal A, Ly being closed under

ordinal successors does not imply that A is an additive limit.
Remark 7.3.11. IZF i/ Va,6 € ORD ((0 € A A a+1€Ly) »a+1€)).

To see this, note that 0 and 1 are in the ordinal P(1), so

2={0,1} € def(Lpq)) = Lpayuirpa)y-

Therefore if IZF could prove that
(a € POUIPM} A a+ 1€ Lpwupay ) > a+1€ P UPO)

then IZF would prove that 2 € P(1) U {P(1)}, implying that P(1) = 2 which is not

provable in IZF.
Proposition 7.3.12. In general k¥ need not be an additive limit.

We shall not formally prove the above proposition, but just sketch a proof of it. To do
this we shall take a realizability model without formally defining what this is. This is
a standard technique to produce models where classical logic fails and can be found in
many texts on intuitionistic logic. We refer the reader to Chapters 2 and 3 of the thesis
of McCarty [McC85] as one such reference.

Suppose that V = ZFC and j: V — M is an elementary embedding with critical
point k. Take a realizability model in which there is a new “small” ordinal, u, and
show that the embedding still exists in this model. For example, as shown by Ziegler
in Section 9.5 of his thesis [Ziel4], if one takes the standard Kleene realizability model
V(K1) then one can show that the embedding lifts to some

j: V(K1) — M(KI)
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where M(K1) = V(KI) N M is the realizability structure relativised to M.
Here by “small” we mean an ordinal that will be fixed by j. In this case we could
take w® which is defined as follows:
n = {(m,m) | m € n},

W= {(0,n) | n € w}.

It is a standard proof that, in V(KI), w = {(n,n) | n € w} is the standard name for w,

w? is an ordinal with @ as a subset, but

VK Ew#uw ANwé¢uw AW é¢w.

Now, we want to take the k™ additive successor of w°, that is we take
n=uw'+kK
where + is the standard ordinal addition. Note that 7 is not the same as w® U k.
Then n# will still be a critical ordinal in our realizability model with w € n but

w—+ 1 & n son cannot be an additive limit.

7.4 The Strength of ORD-inary Embeddings

7.4.1 Preserving Power Set

In this section we aim to derive a lower bound for IKP plus an ORD-inary elementary
embedding. Because we can prove that L, # is a model of IZF the idea is that we should
be able to deduce the consistency of ZFC plus a proper class of every large cardinal
axiom below a measurable which is consistent with L. To this end we shall show that
we can obtain the consistency of ZFC plus a proper class of weakly compact cardinals.
The proof we give can then be viewed as a template for similar consistency statements
where the main difficulty will arise from redefining the classical large cardinal axiom
as an intuitionistic large set axiom whose double negation interpretation can then be

taken. For the next three propositions, our background theory is IKP.



7.4—The Strength of Embeddings 154

To begin with, we show that the power set of L,% is a set in L.
Proposition 7.4.1. Suppose that X C L,x. Then X = j(X) N L.
Proof. For the first direction, suppose that z € X. Since X C L, % and j restricted to

L,# is the identity, j(z) = z so z = j(z) € j(X) N L.#. For the reverse direction, if
z € j(X) N Lg# then we again have that z = j(z) so z is indeed in X. O

Proposition 7.4.2. Vi=EJz Vit (tex+— (t€L A t CLu)).

Proof. Since V proves that L,# satisfies Power Set, M believes that L;.)» satisfies this
also. This means that

MEJzVt(teox+— (tEL AN tC L))

Therefore all we are required to prove is that (P(L,.#))Y™ = (P(L.%))M™. Since

M C V the reverse inclusion is immediate. Now for the forward inclusion, suppose that
V):tGL A\ tQLH#.
Then j(t) € M N L and, by the previous proposition, ¢t = j(t) N L, € M N L. ]

It does not, in general, seem to be possible to prove that VN L is equal to M N L
because there is no reason to believe that V and M share the same ordinals. However,
if a is an ordinal of M then we can prove that (L,)Y = (L,)™. We shall state this
in terms of the original definability operator we defined, which was just a single step

closure under fundamental operations, for simplicity.
Proposition 7.4.3. For any a € M, LM =1Y.

Proof. This is proven by induction on « using the assumption that M is a transitive
subclass of V to allow the inductive hypothesis to go through. So suppose that the
claim holds for every ordinal S in a. Since M is a model of IKP and the fundamental
operations are absolute, we have that for every i € [ and z,y € M, F;(z,y) € M.
Therefore, for each 8 € a, (D(Lg))™ = (D(LLg))V and

Lo = (U D))" = U (D(ILs))" = |J D(Ls) = Ly

Bea BEa Bea



155 7—Intuitionistic Embeddings

7.4.2 A Lower Bound

Many traditional large cardinal notions have several different characterisations which,
while equivalent over ZFC, imply unwanted structure in weaker systems. For example,
they may imply instances of choice, excluded middle or power set, all of which we wish
to avoid over IKP. This restricts the cardinal notions which we can describe in our
settings and thus the lower bounds we are able to obtain.

However, one concept that is somewhat amenable is that of indescribability.
Definition 7.4.4. Let D be a structure over a fixed language £. A variable is said to
be of type m + 1 over D if it ranges over P™(D).

Furthermore, we call a first-order formula ¢ a formula of higher type over D if for

each variable of ¢ there is some m € w such that the variable is of type m + 1 over D.

Definition 7.4.5. A formula is said to be II'" iff it consists of a block of universal
quantifiers of type m + 1 followed by a block of existential quantifiers of type m + 1
and continues alternating at most n times, followed afterwards by a formula containing
variables of type at most m+1 and quantified variables of type at most m. The class X"
is defined analogously with the order of the initial universal and existential quantifiers

switched.

Remark 7.4.6. Over ZF, one can prove that any formula of higher type over D is
equivalent to either a II" or £ formula over D for some m,n € w. However this is

not necessarily true over weaker systems.

Example 7.4.7. We give here a few simple examples of higher type formulae. Firstly,
over ZFC, the statement that x is a measurable cardinal is $2 over x because it suffices
to say 3U € P?*(k) “U is an ultrafilter on x”. Secondly, the axioms of a topology can
be seen to be third order. For example, to say that a topology 7 is closed under unions

is I3 over arithmetic via the formula
VU € PX(N) (W eP(N) (UcU —»Uer)

3V e P(N) Vx((xEVHEIUEL{(xEU))/\V67’)).
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Definition 7.4.8. A set z is said to be totally indescribable if it is inaccessible and
for any R C z and sentence ¢ of higher type over z, if (z, €, R) = ¢ then there is an

inaccessible set v € z such that (v, €, RNv) = ¢.

Theorem 7.4.9. Suppose that 7: V. — M is a X-ORD-inary, elementary embedding

with witnessing ordinal k. Then
L.# =E1ZF +Vx 3z (x € = A “z is totally indescribable”).

Proof. Working in M, we begin by showing that, in L;,)#, L.# is a totally indescribable
set. To do this, let ¢ be a sentence of higher type over L%, R C L,# and suppose that
(z,€,R) = ¢. Recall that L

j(n)# satisfies Power Set so, in particular, P™(L,#) N L;(.#

is a set for each m € w. This means that

Li# E 32((2,€, RN 2) £ 9).

Since this can all be expressed in a X way in M, using the fact that everything is

bounded by Lj.)#, by elementarity we have that

L. E3z((z,€,RN2) E )

holds in V and hence L, # is a totally indescribable set.

Now, fix x € L% and recall that j(x) = x. Then, taking z = L,
Lj# = 32(j(x) € 2 A “z is totally indescribable”).
As before, this reflects by elementarity so

L.# = 3z(x € 2 N “z is totally indescribable”).

Corollary 7.4.10.

IKP +dj: V — M which is a X-ORD-inary embedding -
Con(IZF + a proper class of totally indescribable sets).
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Corollary 7.4.11.

KP +3dj5: V— M which is a X-elementary embedding
Con(ZFC + a proper class of totally indescribable cardinals).

We now seek a lower bound for IKP with an ORD-inary elementary embedding in terms
of the traditional large cardinal hierarchy over ZFC. This appears to be difficult to do
because of the complexities of performing a double negation translation. In particular,
it is unknown how to express total indescribability in a way for which it is suitable to
take the translation.

However, using the work of Friedman and Séedrov [F§84], one can obtain some weak
lower bounds. The first will be a proper class of Mahlo cardinals, directly using their
results. The second, more involved bound, will be a proper class of weakly compact

cardinals.

In order to do this, it is necessary to rephrase the large cardinal notions in a more
constructive manner. The definitions we take will be mild variants of standard

definitions of these large cardinals using higher types.
Proposition 7.4.12. Over ZFC:

o (Lévy, [Kan08] Proposition 6.2) A cardinal k is Mahlo iff for any R C V; there

is an inaccessible cardinal o < K such that (Va, €, RN V,) < (Vi €, R).

o (Hanf-Scott, [Kan08] Theorem 6.4) A cardinal k is weakly compact iff it is

[} -indescribable.

Definition 7.4.13 ([FS84], Definition 2). A set z is said to be Mahlo if it is inaccessible

and for each u € z and each set ¢, there exists an inaccessible set v € z with © € v and:

Veewv (Fy € z((z,y) €t) = Jy € v({x,y) €1)).

Theorem 7.4.14 ([FS84], Theorem 3.1). IZF +Vz 3z (z € 2 A “z is Mahlo”) is

equiconsistent with ZF plus a proper class of Mahlo cardinals.
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Since it is clear that any totally indescribable set is Mahlo, we obtain that if j: V. — M

is a X-ORD-inary embedding then

L.# EIZF +Vx 3z (v € 2 N “z is Mahlo”).

Therefore, we can bound the above intuitionistic large cardinal by ZFC plus a proper

class of Mahlo cardinals.
Corollary 7.4.15.

IKP +dj: V — M which is a %-ORD-inary embedding -
Con(ZFC + a proper class of Mahlo cardinals).

We now seek to obtain a slightly better lower bound, which will be a proper class of
weakly compact cardinals. This shall be done by using the notion of 2-strongness which
was first introduced by Rathjen in [Rat17]. The definition below is essentially that of
being ITi-indescribable written out in a more verbose way and further details of this

concept, along with proofs of some of its elementary properties, can be found in [Gib02].

Definition 7.4.16. A set K is called 2-strong if it is inaccessible and ©(K') holds where
O(K) is the statement:

For any set S,
VRemv(K,K)Vue K3z e K Jve K (t C R A (z,u,v) € S) —
Al € K (Inacc(I) AN VRemv([,I[)YuelJx el el (xR A (z,u,v) €5)).

We then have two theorems which show how 2-strongness relates to other large set

notions. The second theorem follows from the fact that being 2-strong is a weakening

of being a totally indescribable set.

Theorem 7.4.17 (Rathjen, [Gib02] Lemma 6.10). Under ZFC, for any ordinal k, V

is 2-strong iff k is weakly compact.

Theorem 7.4.18. (IKP) Suppose that j: V. — M is a X-ORD-inary elementary

embedding with witnessing ordinal k. Then

L. EIZF +Vx 3z (x € 2z A z is 2-strong).
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Corollary 7.4.19.
IKP +dj: V — M which is a X-ORD-inary embedding -

Con(IZF + every set is contained in a 2-strong set).

We shall now perform a double negation translation of the above extension of IZF in
order to obtain that ZFC plus a proper class of weakly compact cardinals is a lower
bound for the theory IKP plus a ¥-ORD-inary embedding. To do this, we begin by

fixing some notation:
o Let ZT be the theory IZF plus Vo 3z (z € 2 A O(2)).
o Let 7 be Z7T with classical logic.

o Let ZS be ZT without the Axiom of Extensionality and weak Power Set (w.Power)

in the place of Power Set.

e Let § be ZS with classical logic.

Remarks 7.4.20.

o T can easily be seen to be equivalent to ZFC with a proper class of weakly

compact cardinals.

e In Z7 it is important that the theory is defined with the Collection Scheme
instead of the Replacement Scheme. This is because, by work of Scott [Sco61],
Z is equiconsistent with ZFC minus Extensionality assuming that this has only
been formulated with the Replacement Scheme. Replacement holds in Scott’s
model because it is a very weak principle in this context and, as noted by Lévy
[Lév64b] in his review of Scott’s paper, there are very few formulae for which one

can prove that there is a unique y for every x.

We shall then prove that there exist some interpretations ¢* and ¢~ such that

1. If ZT + ¢ then ZS F ¢* and similarly for 7 and S.

2. If Sk 1) then ZS .
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This is then sufficient to conclude that all four of these theories are equiconsistent
because if 7 were to derive a contradiction, then, by the first interpretation, S would
also and so, by the second interpretation, ZS will. Finally, since ZS is a subsystem
of Z7T, we must be able to derive a contradiction in Z77. The basic properties of the
interpretations we shall use, and the fact that they prove that ZF is equiconsistent
with IZF, can be found in [Fri73], with the extension to inaccessible sets coming from
[FS84].

Therefore, it remains to check that the additional axiom Vx 3z (z € z A ©(z)) is

preserved and extend the two interpretations.

7.4.3 The First Interpretation

To begin with, we briefly mention here what the interpretation * is and point the reader
to [Fri73] or [FS84] for further details. When taking the double negation translation, it is
convenient to not have to worry about the Axiom of Extensionality. This interpretation
then tells us how to “simulate” extensionality through a new definable relation, ~. We
will not define the relation here but essentially a ~ b indicates that there is some
equivalence relation £ with (a,b) € E and for any = € trcl(a) there is some y € b such
that (x,y) € E and vice versa. So two sets are related if there is a single equivalence
relation witnessing that; a is related to b, every element of a is related to an element of
b, every element of b is related to an element of a, and so on.

We then define a relation €* by
a€*b+— Jxeb(z~a).

Using this relation one can then define the * interpretation by:

Definition 7.4.21. For ¢ a formula of L, let ¢* be the formula which is abbreviated

by the result of replacing each instance of € in ¢ with €* and = by ~.

We can then obtain the following pair of results, which are Lemma 22 and Theorem 1

of [Fri73].
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Theorem 7.4.22 (Friedman, [Fri73]).
o Ifp is an axziom of 1ZF then 1ZF \ {Ext. + Power} + W.Power - ¢*.
o IfIZF & ¢ then IZF \ {Ext. + Power} + W.Power = p*.

We will also use the work of Friedman and Stedrov [FS84] where they extend the
interpretation to inaccessible sets, which we denote by Inacc*(z). Now, in order to
complete the interpretations, it will help to modify ©(z). To do this it is beneficial
to introduce some auxiliary formulae, the first of which is the following presentation
of ordered pairs which is Definition 1 of [Fri73]. In plain language, P(a, b, ¢) will hold

whenever ¢ = (a, b).
Notation 7.4.23.

P(a,b,c)= a€c N Tz (xEc/\ acx Nbex A

Vy(yex—>(y=a Vy=>b) ANVz(z€c—(z=a V z—x))).

Next we give the formula denoting the statement that R is a multi-valued function
and then introduce a formula which will cover a variant of the antecedent of the
implication in ©(z) from Definition 7.4.16. In particular, the formula ¥, (z,w) will be
the antecedent of O(z) whenever p(z,u, v, w) is taken to be the formula (z,u,v) € w.
For taking the interpretations, it will be more insightful to work with formulae instead

of the sets S

Notation 7.4.24. Let MV (R, z) denote the formula
Vaez3dbez3c(ce R N Pla,b,c)).

Then, for ¢ a formula with free variables z,u,v and w, let ¥, (2, w) be the statement

VR Vu ((MV(R, 2 A uEz) —s
dzr,v (sz ANveEz NVt(tex —teR) A go(x,u,v,w))).

We can then give the following equivalent characterisation of 2-strongness which was
first stated by Rathjen as Corollary 6.16 in [Rat17]. A proof, in CZF, can be found as
Lemma 6.6 of [Gib02].
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Lemma 7.4.25 (Rathjen). If z is 2-strong then for any formula ¢ and set w,

U, (z,w) — EII(I €z A Inacc(I) A \IJ@(I,w))
We are now in a position to give the €*-translations of the above statements:
P*(a,b,c)= a€*c N Tz <:L‘E*c ANa€ x Nbe x A

Vy(ye*z—(y~a V y~b) ANVz(z€c—(z~a V ZNZL‘)))

MV*(R,z)=Va€*z3bJec(be*z N ce* R N P*(a,b,0)).

Finally, for any formula ¢ which has already been translated so that it contains €* and

~ in place of € and =:
U (z,w) = VR Vu ((MV*(R, Z) N u€tz)—

dz, v (x €z Nve z ANVi(te s —tE"R) A cp(x,u,v,w))).

Using the fact that ZS - x € z — o €* z, it is easy to see that
IS+ P(a,b,c) - P*(a,b,c) N MV(R,z) - MV*(R,z2).

This will give us the following lemma, which we note here only holds for a formula that

has already been translated to only contain €* and ~:

Lemma 7.4.26. For any formula o, written in terms of €* and ~

IS EVy(2,w) — Wi(z,w). Therefore, taking p(z,u,v,S) to be ((zr,u,v) € S)*, we

can see that
IS F O(z) — 6% (2).

Concluding this first interpretation, we have that
IS FVz Jz(x € 2 N O%(2)).

So, since the * interpretation preserves deductions, we have proven the first of our two

required statements, namely

Theorem 7.4.27. If T ¢ then ZS - p*.
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7.4.4 The Second Interpretation

For the second interpretation we take a =—-translation, the details of which can be found
in Section 81 of Kleene [Kle52]. This is a process initially investigated by Kolmogorov
and later independently by both Godel and Gentzen to study the relationship between
classical and intuitionistic arithmetic. The idea is to define a translation that takes
a classically valid proposition into one which is classically equivalent but still valid
intuitionistically. Therefore if the classical theory derives a contradiction so will its
intuitionistic version. Let CPC denote classical predicate calculus and HPC denote

intuitionistic predicate calculus.

Definition 7.4.28 ([Fri73]). We define the translation ¢~ over formulae in the language

L inductively as:

a. (a€b)” = ——(a€d),

b (e AY)” = ¢ Ay,

¢ (pVvy)y = (e V),
d (p=v)” = ¢ =97,

e. ()" = ("),

f. Vro(r,u) = Voo (x,u),

g. drp(r,u) = —-—dre (z,u).

We then have four fundamental lemmas about this translation,

Lemma 7.4.29.
1. ([Kle52] Section XV.81, Theorem 60) If CPC F ¢ then HPC F ¢,
2. ([Kle52] Section XV.81, Lemma 43a) HPCF (m=p ™) <> ¢,

3. ([Fri78] Lemma 2.10) If ¢ is an aziom of ZF \ { Ext. + Power} +W.Power, then
IZF \ {Ext. + Power} + W.Power F ¢,

4. ([Fri78] Theorem 2.2) If ZF \ {Ext. + Power} + W.Power - ¢, then
IZF \ {Ext. + Power} + W.Power - ¢~ .
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As before, this interpretation is further extended in [FS84] to inaccessible sets which
we denote by Inacc™ (z). Therefore, it only remains to extend it to ©(z). In order to

simplify the notation we shall use the following two abbreviations:

afb=--(ae€b),
a#b=-=(a=0).

Then the translation of P and MV are:
P (a,b,c) = agc N (——32) (x% cNaggx Nbgx A

Yy (ygox — —(y#aV y#b) ANVz(zgc— -—(z#a V z#x)))

MV (R,z) = Va(a% z— (==3b) (=—3e) (b z N cg R N P (a,b, c)))

From this, it is clear that the translation of W, is
W (z,w) = VR Vu ((MV(R, 2) A ug 2) —s (==32)(-—3v)

(m%z Nvgz NVt(tgre —tgR) A go(x,u,v,w))).

Lemma 7.4.30. ZS - ¥ (2, w) — \If;, (z,w).

Note that in the above lemma, when taking the translation of ¥ we also need to ensure
that the index, ¢, is translated. Now, we will show that we can take the double negation
of the expression that every set is contained in a 2-strong set. But first, we will translate
the existence of a 2-strong set as this is the main element of the proof. For this, recall

that =—3Jz—=—p(z) > == (Jzp(z)).
Lemma 7.4.31. ZS F O(z) — 07 (2).

Proof. Throughout this proof, we work in ZS. So, suppose z was a 2-strong set. We

shall actually prove the stronger claim that for any formula ¢,

vw(\l/;,(z,w) — (—==3ANI ¢ z A Inacc (I) A xlf;,(f,w))).
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To do this, fix a formula ¢. Then, since z is 2-strong,
Vw(\Ifsf(z,w) — 3I(I € z AN Inacc(l) A \I/Sf(f,w))).
Next, since HPC F (¢p — 9) — (==t — —=—1), we have that
‘v’w(—'—'\llcp_(z,w) — =3I € z A Inacc(l) A \I/so_(],w)))).
Now, clearly, I € z — I # 2. Secondly, using the proof of Theorem 3.1 in [F§84},

Inacc(z) — Inacc™ (2). Finally, we have (¥ _-(I,w))” — \If;_(l,w). Here we use the

fact that HPC F ¢~ <« (=—%7) to ensure the formula appearing in the index of W

translates correctly. Thus the whole statement translates, proving the claim. O]
Having defined the translation, it is clear that we have the following:

Lemma 7.4.32. ZS FVz (——3z2) (e gz N O (2)).

This leads us to our desired conclusion:

Theorem 7.4.33. If S+ ¢ then IS F ¢~

Combining this with Theorem 7.4.27 gives ZF plus a proper class of weakly compact

cardinals is equiconsistent with IZF plus a proper class of weakly compact sets.
Theorem 7.4.34. If T F ¢ then ZS F (¢*) ™.

Corollary 7.4.35. T and ZT are equiconsistent.

Corollary 7.4.36.

IKP +dj: V — M which is a X-ORD-inary embedding -
Con(ZFC + a proper class of weakly compact cardinals).

Proof. Let j: V— M be a X-ORD-inary embedding with witnessing ordinal k. Then,
by Theorem 7.4.18, L.# is a model of IZF +Vz 3z (x € 2z A ©O(z)). So, by the
above corollary, we obtain the consistency of ZF plus a proper class of weakly compact
cardinals. Finally, since being weakly compact is absolute when moving to L, we get

the desired result with Choice also holding. [
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Chapter 8

Definable Embeddings

We begin this chapter by discussing Suzuki’s proof [Suz99| that there are no definable,
cofinal Reinhardt embeddings over ZF, and will show that this theorem also goes
through in ZF . This will be done by first giving Gaifman’s result that, in a sufficient
fragment of ZF, elementarity can be defined by a single sentence.

After this, we shall explore some of the technical results concerning Reinhardt
embeddings, with particular emphasis on application of elementary embeddings. We
shall show that, under suitable circumstances, one can apply one embedding to itself
and compose embeddings. This will be done in the context of KP where the
embedding is either definable by a formula or when we work with a predicate for the
embedding. To end with, we will discuss the Axiom of Constructibility in relation to

V-critical cardinals.

8.1 Definable Embeddings in ZF~

Gaifman’s original proof, [Gai74], was completed under the assumption that M is a
model of Z*. He then commented that the assumption of Power Set can be replaced
by the Collection Scheme plus the existence of Cartesian Products. This was then
formally done by Gitman, Hamkins and Johnstone in [GHJ16] and we reproduce their

proof now.
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Theorem 8.1.1 (Gaifman, [Gai74] Part II Theorem 1 and [GHJ16] ). Suppose that M
is a model of ZF and j: M — N is a cofinal, ¥g-elementary embedding. Then j is

fully elementary.
It is worth remarking how little we are assuming about M, N and j:
Remarks 8.1.2.

e This theorem does not require any assumptions on N.
e The models M and N need not be transitive.

e This theorem does not require M or N to satisfy any of the axioms of ZF~ where

j appears as a parameter.

Proof. We first prove that N will satisfy the axiom of ordered pairs: Using cofinality,
for a,b € N, fix z,y € M such that a € j(z) and b € j(y). Then

MEVYuexzVYveyJwerxzxy (w= (u,v)).
So, since this is a YXg-formula,
N |=Vu e j(z) Vv € j(y) Fw e j(z x y) (w=(u,v))

which yields (a,b) € N. This means that we can contract like quantifiers in formulae

to a single quantifier in N.

We now proceed by induction on the number of unbounded quantifiers to show that

if M = ¢(2) then N = ¢(j(2)). (% %)

The cases of conjunction, disjunction and implication are obvious while negation will
follow from the other cases combined with the observation that — (Vv (v)) is logically
equivalent to Jv—)(v). Therefore, we only consider the quantifier cases in detail.

To do this, first suppose that ¢(z) = Vo ¢ (v, z) where ¢ is a ¥g-formula and fix
y € N. By cofinality, there is some x € M such that y € j(z). Now suppose that
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M E=VYv €z ¢(v, 2).

Since this is X,
N Vo € j(z) $(o, (2),
yielding

N (y, j(2))-

For the second case, where ¢(z) = Jv 1(v, z), suppose that (x %) has been proven for
(v, z) and that M = Jv 9(v, z). Then there is some t € M such that M = (¢, 2).
So, by the inductive hypothesis, N |= 1 (j(t), j(z)) which yields N = Jv ¢ (v, j(2)).

For the final case, it remains to prove that if ¥ (u,v, z) has fewer than n unbounded
quantifiers and (x*x) is assumed for any formula with at most n unbounded quantifiers,

then
if M EVYu Jv ¢Y(u,v,2) then N = Vu v (u,v,j(z)).

To do this, fix y € N and, by cofinality, a € M such that y € j(a). Then, by Collection

in M, we can find some set b € M such that
M EVYu€aIvebip(u,v,z).
Now, by Separation and Cartesian products in M, we can find some set ¢ such that
MEVYu€e€adveb (u,v) €c N YuVo ((u,v) € c—m/J(u,v,z)).

Since the first half of this formula is ¥y and the second half is logically equivalent to a

statement with at most n unbounded quantifiers, by the inductive hypothesis,
N b ¥ (o) 30 € J00) (o) €.56) A Vv ((u) €5(0) > vl i(2),
which implies that N = Jv ¢(y, v, j(2)) as required. ]

In order to obtain a version of Suzuki’s Theorem on the non-definability of embeddings,
[Suz99], in the context of ZF~ we will use the fact that being ¥g-elementary is definable

by a single formula.
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Remark 8.1.3. In Part II Theorem 2 of [Gai74], Gaifman constructs a finite set of
formulae ¥ and proves that if M = Z and j: M — N is a cofinal embedding which
is elementary for U then j is g-elementary. Essentially W is chosen such that the

following hold:

1. All subformulae of the following formulae are in W:
Jv (v =10), YVu,v Jw (w = (u,v)), Yu Ju (v =Uwu),

7

2. The formula expressing the satisfaction relation “x = ¢(z)” along with all
sentence expressing the usual recursion conditions for satisfaction are in W. A
formal exposition of this formula and these sentences can be found in Section III

of [Barl7].

Gaifman further remarks that the definition of ¥ suffices to prove ¥g-elementarity in
substantially weaker theories than Z, and his proof can be easily seen to go through in
a theory such as KP. Then, while Theorem 8.1.1 doesn’t go through for KP due to the
theory’s lack of full collection, it is easy to see that the proof shows that if j: M — N
is cofinal and elementary for the sentence W then it is ¥-elementary.

Moreover, working with either KP and Y¥-elementarity or ZF  and full elementarity,
since W can be seen to be a standard sentence, Theorem 8.1.1 implies that our level of
elementarity can be expressed by a single formula. Therefore, while our elementarity
was defined for metatheoretic ¢, we will also have elementarity for object-theoretic

formulae.

Theorem 8.1.4 (Suzuki). Assume that V |= ZF . Then there is no non-trivial,

cofinal, elementary embedding j: V — V which is definable from parameters.

Proof. Formally, this is a theorem scheme asserting that for each formula ¢ there is
no parameter p for which ¢(-, -, p) defines a non-trivial, cofinal, elementary embedding
j: V — V. Using Theorem 8.1.1, it suffices to show that for no parameter p are we able

to define a non-trivial, cofinal, ¥g-elementary embedding j: V — V by

j(x) =y <— p(z,y,p) holds.
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So, seeking a contradiction, let o(p) be the sentence asserting that ¢(-,-,p) defines
a Yg-elementary embedding and let ¢ (p) assert that o(-,-,p) defines a total function

which is non-trivial, cofinal and Yy-elementary. That is,

Y(p) = Vudlv p(u,v,p) A Jw =p(w,w,p) A VoIy,z (p(y,2,p) N z€z) A o(p)

Let ¥(p, k) postulate that x is the critical point of j. So,

Y(p,k) =k € ORD A Ya € k p(a,a,p) N —p(k, K, p).

Then, by Proposition 6.2.1,

V EY(p) — Ik I(p, k).

So denote by crit, the (unique) & for which ¥(p, x) holds. Now fix p such that crit, is

as small as possible, that is such that
V E=v(p) A Vw (Y(w) — crit, < crity,).
Then, by elementarity,
V E3ds op,s,p) A P(s) A Yw(i(w) — crity < crity,).

But, V = crit, < crit, because the critical point of the embedding defined by (-, -, s)

must be j(crit,), yielding a contradiction. O]

We remark here that the main element of the proof was that being fully elementary
can be expressed by a single sentence. Moreover, while Proposition 6.2.8 showed that
without a total rank function we can’t assume that a non-trivial, elementary embedding
has a critical point, recall that there will be one in ZW by Proposition 6.2.9. Therefore,
using Gaifman’s original theorem, since the Collection Scheme also wasn’t used in the
proof of Theorem 8.1.4, the above proof also shows that there is no non-trivial, cofinal,

Reinhardt embedding over ZW™ which is definable from parameters. It can also be
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used to show that there is no non-trivial, cofinal ORD-inary embedding over Z* which

is definable from parameters.

Theorem 8.1.5. Assume that V. = ZW™'. Then there is no non-trivial, cofinal,

elementary embedding j: V — V which is definable from parameters.

There are two obvious questions which appear here about whether or not the
assumptions of cofinality and collection were necessary in the proof that there is no

definable embedding,

Question 8.1.6. Are either of the following statements consistent:

1. There exists a non-trivial, elementary embedding j: V. — V which is definable

from parameters where V |= ZF 7

2. There exists a non-trivial, cofinal, elementary embedding j: V. — V which is

definable from parameters where V |= ZF-?

Remark 8.1.7. For the above questions it may be unclear what we are formally asking
for because we would not expect elementarity to be first-order expressible, especially
by a single sentence. Otherwise a similar trick to the one used in the proof of Suzuki’s
Theorem could plausibly be used to derive a contradiction. Instead these questions
should be viewed from a more motivational perspective as asking for a class embedding
whose elementarity is proved in the metatheory. That is, we would want a scheme such

that, for every (metatheoretic) n, the embedding defined is ¥,,-elementary.

It has been proven in [GHJ16] that one can have cofinal, ¥;-elementary embeddings of
ZF—- which are not X,-elementary. That is to say that Gaifman’s Theorem can fail
without the Collection Scheme. Therefore proving Suzuki’s Theorem in this context
would involve a different approach. We shall also see in Theorem 10.2.3 that the
existence of a definable, non-trivial, non-cofinal, Reinhardt embedding in ZF  is
intimately linked with the large cardinal axiom I;. Namely that, assuming the

consistency of ZFC + I;, the first question has a positive answer.
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8.2 Definable Embeddings in KP

In this section, we develop some of the techniques needed to work with the structural
properties of elementary embeddings of KP. A large number of the ideas for this work
come from observations by Corazza in [Cor06], with the primary focus here being to

show that Corazza’s observations transfer to our weaker context.

There are two significant issues one comes across when trying to develop properties of
elementary embeddings in KP. The first is whether or not the supremum of the critical
sequence exists. In general, KP cannot deduce that the supremum of a sequence of
cardinals exists because being a cardinal is a II; property. In fact, as shown in Section
I1.3 of [Barl7], every uncountable cardinal in admissible. However, as observed by
Corazza and discussed in Section 6.3, there is a function defining the critical sequence
which can be shown to be total by an instance of %J-Induction and whose supremum
then exists by Z{—Replaeement, so it must exist when working in the theory KP;.
The second issue is application of elementary embeddings. Given an embedding
j: Vy — V, with critical point « it is often beneficial to be able to consider a new

embedding with critical point j(x). This is usually obtained by defining j - j as
g5 =il Va).

This is a problematic definition in KP because V, need not be a set. Moreover,
elementarity may not be definable by a single sentence of the right complexity, causing
difficulties with the naive assumption that elementarity is preserved. We shall shortly
see how to circumvent this issue by defining j - j in a more careful manner using the
assumption of cofinality.

We will then end this section with an application of the introduced methods by
giving a necessary condition for the embedding j: V — V to be definable by a formula
with set parameters. This condition will essentially be that the rank of any parameter

must be above the supremum of the critical sequence.
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To accommodate later sections and avoid repetition, we will simultaneously work with
an embedding definable by a formula 7 and an embedding constructed using a predicate
for it. For the definable case, it is natural to restrict our attention to only those
definitions which are Y-definable in order to be able to use the Yj-Separation and
Y-Collection schemes given by KP. This is in some ways quite a significant restriction
because it does not reveal anything about an elementary embedding which is definable
by a formula of complexity at least Yo, since the theory lacks the axiomatic schemes to
do large amounts of set theory with this formula.

In particular, from this perspective, one could potentially have the scenario that
there is some admissible L, and some elementary embedding of the form j: L, — L,
with a definition of high complexity. However, this should not be considered a definable
embedding in L, because some instance of Separation; must fail, even if this set cannot

be proven to exist from the axioms of KP.

Definition 8.2.1. Let V be a model of KP. A formula 7(-,-,p) defines a cofinal,

Yo-elementary embedding j: V — V (via the parameter p) if the following hold:

o Yo,y (@) =y« 7(2,9,p)),
o (Cofinality) Vz Jx,y (T(x,y,p) A z € y),

o For any Y-formula ¢ (v) and set a, there is some b such that 7(a,b,p) and

(a) «— ¥(b),

So, given a model of KP, suppose that 7(-,+,p) is a X-formula which defines a cofinal,
Yo-elementary embedding j: V — V. We can then mimic Corazza’s functions from
Definition 6.3.2 to show that both the critical sequence and its supremum are
Y-definable, noting again the use of X-Induction to prove that ® defines a total class

function on w.
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I'(f,n,z,y) = func(f) A dom(f)=n+1 A f(0)=z A

vi (0<i<nor(fi-1.00).p)) A f) =y

2
S
=
I

dr ey 3z <3:7éz A Y(n,z,y) AN x € ORD A

Va € x T(a,a,p) A 7(x, z,p)).

The next thing we shall show is how to apply one embedding to another. We shall state
it separately for both our definable context and our ¥/ context. However, Theorems

8.2.2 and 8.2.3 will be proved simultaneously.

Theorem 8.2.2. Let V be a model of KP. Suppose that 7(-,-,p) is a X-formula which
defines a cofinal, Yg-elementary embedding j: V. — V. Then for each n € w there is a
E-formula 70, (-, -, p) satisfying:

1. T(y) defines a total function,

2. T(ny defines a cofinal function,

3. T(n) defines a X-elementary embedding,

4. crity, = j"(crit,), where crity,, denotes the critical point defined by 7).

Theorem 8.2.3. Let V be a model of KP and suppose that j: V. — V is a cofinal,
Y-elementary embedding such that V |= KP;. Then for each n € w there is a class
function jiy, definable from (V,j), such that:

1. jmy 18 a total function from V to V,
2. Jmn) s cofinal,

3. Jm) 18 a X-elementary embedding,

4. crity, = j"(crity),

5. VEKP;, .
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Remark 8.2.4. Note that in Theorem 8.2.3 we assume that our universe satisfies
E%—Separation. However, if j was defined by a Y-formula 7 then E%—Separation would
equate to X-Separation which is not an assumed axiom scheme of KP. Therefore when
our proofs use Z%—Separation we will make an additional comment of how to get around
this issue in order to prove the equivalent statement for 8.2.2. One of the primary tools

that will allow us to do this is the X-Reflection Principle from Theorem 2.2.5.

For notational clarity, in the proofs of most of the following claims we shall work with
the function j rather than its definition 7 and when we refer to 7 we will occasionally
drop the parameter p. It should be easy to see how to transfer between the two of them
if one wishes to express everything in terms of definable functions, but to do so would
make the proofs significantly less readable. However, we shall continue to express the
claims themselves in terms of 7 and other related functions.

As previously stated, if one works in ZF;;, where j and k are cofinal Reinhardt

embeddings, then we can define j applied to k by

Jj- k= U](k: [Va).

«

Now, since j is an elementary embedding, we obviously have that if x € j(a) and
x € j(b) then j(k[a)(x) = j(k[b)(x). Therefore, if x € j(a) and ¢ = k[a then
j - k(x) = j(c)(x). This leads to the following way to define j - k:

j-k(x)zy@ﬂa,b,c,d(b:j(a) NzebANc=kla N d=jl) A yzd(x)).

So, the embedding j) which will witness Theorem 8.2.3 is defined inductively as jy = Jj

and Joi1) = J - Jk)-

While this construction works for the definition of j - 7 over KP, we immediately
run into issues when we try to define j - (j - 7). This is because, in the construction we

require that k [ a is a set for a given a, but this is not obviously true. In particular, at
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first sight, the assertion that (j-7) [ a is a set requires »77_Separation. Indeed Corazza
[Cor06] states that it is not clear how one can iterate the procedure in the theory ZFC
plus only Eé—Separation. However, by using cofinality and Y’-Collection we shall be

able to circumvent this issue.
Proposition 8.2.5. (KP;) For every sett andn € w, ju [t is a set.

Proof. Firstly, we observe that for any set ¢, j [t is a set by Zg—Separation. Now the
proposition will be proved using ¥’-Induction on n. So, for a given n, fix t and assume

that ji,) [t is a set. We now consider the class

Jmany [t = {{u, jmsny(u)) | u € t}.

Using cofinality, for each u € t there is some set a, such that u € j(a,). So, using

Y-Collection, we can fix s such that
Vu et da, €s (ue jlay)).
Therefore, for each u € t, a, C trcl(s) and
u € j(a,) C j(trel(s)).

This means that j,1)(u) = j(jm) [ trel(s))(u) and, importantly, the definition of s was

independent of n. Thus, if given ¢ we fix s, then

Jorny It = {(u, j(Jem [trcl(s))(w)) | u € t}

= {2 €j(jm Itrcl(s)) | 17(x) € t}

will be a set by our inductive hypothesis and ¥y-Separation. O

For the definability version, observe that the only place we required E%—Separation in
the above proof was to deduce that j [t was a set. Therefore, we need to reprove this

in the context using 7.
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Proposition 8.2.6. (KP) For every set t, {{(u,v) |u €t A 7(u,v,p)} forms a set.

Proof. Since 7 defines a total function,
Vu € t Jw (T(u, 1 (w),p) A 2"Y(w) = (u, 1St(w)>).

Observe that each w is of the form (v, (u, v)) where v is the unique set for which 7(u, v, p)

holds. Next, by >-Reflection we can fix a set ¢ such that
Vu €t 3w € c (7O, 1 (w),p) A 2"(w) = (u, 1%(w))).

where 7(¢) is the result of bounding each unbounded quantifier in 7 by ¢. Since 7( is

a Yo formula, let
bi={2"w)lw € ¢ A Fu € t(r(u, 1 (w),p) A 2"(w) = (u,1*(w))) }.
Now, since 7 (u, v, p) — 7(u, v, p) we have that
Yu €t dy € b Jv (y = (u,v) A T(U,’U,p))
and, by definition of b,
Vyebduet v (y = (u,v) A T(u,v,p)>.

]

Therefore, if 7 and o are two X-formulae which define cofinal, Xj-elementary

embeddings, we can fix a formula =.., defining 7 - ¢ by

Ero(x,y) = Ja,b,c,d (T(a, b) N z€b A func(c) A dom(c) =a
A Yw € ao(w,c(w)) N T(e,d) N y= d(:v))
Then, if we let 7o) = 7 and 7(441) = Er.r4» One can see that 7 remains a Y -formula.

Importantly, if 7 was defined with parameter p, then =, can also be defined from the

same parameter.
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We now prove Theorems 8.2.2 and 8.2.3 using the ¥ / 37 Induction scheme as applicable.
So assume that we have proven each of the four conditions for 7,y and j). To ease

notation, we will also use £ to denote j,).
Claim 8.2.7 (Condition 1). 7,1y and ju41) are total functions.

Proof. Let x be an arbitrary set and, by the cofinality assumption, fix a such that
x € j(a). Using either E%—Separation or the previous proposition, let ¢ = k[ a. Then,
by elementarity, j(c)(x) = j(k [ a)(z) is a set and =;. (x, j(c)(z)) holds.

To prove uniqueness, suppose that j - k(z) =y and j - k(z) = y/. Again, fix a such
that z € j(a). Using the definition of application we have that y = j(k[a)(z) =y so

J(n+1) is indeed a function. O

It is useful to remark on how composition and application relate to one another for

Reinhardt embeddings. In the standard case, we have the identity

jok=(j-k)oj

and this will transfer to the definable case as well. To see this, we first give a function

I';os which will denote the composition of 7 and o:

ooz, y) = Jw (U(:p,w) A T(w,y)).

We can then define the function 7 inductively on the natural numbers such that

7 (x,y) holds if and only if j°*!(x) = y. To do this, let 7(®) = 7 and set
T (2, y) = Troron (2, ).
Claim 8.2.8 (Condition 2). 7,41y and ju41) are cofinal functions.

Proof. We begin by proving that
jok=(j k)oj

To do this, let x be arbitrary and, using the assumption that k is cofinal, fix a such

that « € k(a). Then
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joktx) =j((k1a)®) = j(k 1) (i) = - k(i)

Next note, that by taking the transitive closure of a, we can assume that for every set x
there is a transitive set a such that x € j(a). Now let = be arbitrary and fix transitive

sets a and w such that z € j(a) and a € k(u). This yields that
x € ja) € jok(u).
Therefore, x € j - k(j(u)) so j(u) witnesses this instance of cofinality. O

In order to prove Condition 3 for the definable case, it is insightful to include parameters,
which we have suppressed so far. Therefore, if we were to consider 7(-, -, p) then formally
71y should be written as Z;.,(-,-,p). With this being the case, we can see that the map

defined by 71y is the same as the map defined by 7(-, -, 7(p)).

Claim 8.2.9. Vz,y (ET.T(x,y,p) < Jq (T(p,q,p) A T(:U,y,q))).

Proof. For the left-to-right direction, fix a,b, ¢ and d witnessing =, ., (z,y,p). Then in

particular we have that x € b and
7(a,b,p) A func(c) A dom(c) =a A Yw € a 7(w,c(w),p).
So, by elementarity and the fact that j(a) = b,
7(b,j(0),j(p)) A func(j(c)) A dom(j(c)) =b A Vw € b 7(w,j(c)(w),j(p)).

Since z € b, we have that 7(z, j(c)(x), j(p)) and, by definition,

So 7(x,y, j(p)) holds, as required.
Similarly, if 7(z,y, j(p)) holds then we obtain that j(c)(x) = d(x) = y. So, again

since Z,.. defines a total function, =,..(z,y, p) holds. [

By a similar argument, we have that for any n, 74, (-,-,p) defines the same map as

7_('7 a]n(p))
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Claim 8.2.10 (Condition 3). T(n41) and jn41) are X-elementary embeddings.

Proof. 1t suffices to show XYg-elementarity because cofinality and the second quantifier
case in the proof of Theorem 8.1.1 will then give us -elementarity.

Let p(u) be a ¥g-formula with parameter u. Using cofinality of k, fix a such that
u € k(a). Since k is a Y-elementary embedding, so is the restriction k [ a. Moreover, the
statement “k [ a is Xg-elementary” can be defined is a ¥ way using a truth predicate.

Therefore j(k | a) is a Yg-elementary embedding with domain j(a). Therefore

p(u) < @ik I a)(u)).
But, by definition, ¢(j(k[a)(u)) holds if and only if ¢(j - k(u)) holds. Thus
o(u) <> o(j - k(u)) so j -k is indeed ¥, and hence ¥, elementary. O

Since j, 11 was definable from j (but not vice versa) we immediately get that V satisfies

the Bounded Separation and Collection schemes in the language expanded to include

J(n+1)-
Claim 8.2.11. V is a model of KP; .
Claim 8.2.12 (Condition 4). crit, . = j*"(crit,) and crit;, ., = 7" (crit(j)).

Moreover, jun1) (5" (crit(5))) = 572 (crit(4)).
Proof. Let r = crit(j). Using the induction hypothesis that crit; , = j"(k) and
oy (5" (K)) = 5" (),

3 3my (" (R) =5 Gy (G (" (K)) = J o Jm (7" (K)) = 51" (k) = 5" (k).

Thus it suffices to prove that for all & € j"™(k), jin41)(@) = . But this just follows

from the fact that j,) [ j"(k) is the identity, which implies that so is

30y 1" (R): 5" (k) = 5" (k).
[l

DProof of Theorems 8.2.2 and 8.2.3
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As an application of the methods we have just developed, we show that if (-, -, p)
defines a cofinal, X-elementary embedding j: V — V then the rank of p must be at

least as big as the supremum of the critical sequence.

Theorem 8.2.13. Assume that V = KP. If 7(-,-,p) is a 3-formula defining a cofinal,
Yo-elementary embedding j: V — V then rank(p) > sup{j"(crit.(..p) | n € w}.

-y

Proof. Suppose towards a contradiction that 7(-,-,p) defined a cofinal,

ES(""‘D )_elementary embedding j: V — V with

7¥(erity (.. ) < rank(p) < j"(crity( )

for some k € wU{—1} where we define j~!(crit,(..,)) to be §. Then, by Theorem 8.2.3,

Tet1) (s -, p) defines a X7+ P)-elementary embedding i: V — V satisfying i(p) = p.

k+1

Let n = 7% (crit,(., ) denote the critical point of i. Then

ViEnein) A tayni(m),p) A Ya €n (e, a,p)

s0, by elementarity,

Vi=i(n) € i2(n) A 1 (i(n),i%(n),i(p)) A Ya € i(n) Twen (@, o, i(p)).

However this leads to a contradiction, since p = i(p) gives us that

V E Teesy(m:i(1), 2) A Ty (0,1, ).
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8.3 Non-Constructibility

One of the first results that one deduces from ZF C plus a measurable cardinal is that the
Axiom of Constructibility does not hold, that is V # L. This result still goes through
in very weak systems by showing that, in general, if there is a Reinhardt embedding
then the universe cannot have a definable, global well-order which is respected by j.
This result makes essential use of the fact that the supremum of the critical sequence is
> _definable and therefore a set. The observation below can be found as Theorem 21 of
[HKP12], where they show that if V.= HOD then there are no Reinhardt embeddings.
This proposition will rule out well-orderings of [\ which are definable without reference

to the parameter j and definable, global well-orderings such as the one given by L.

Proposition 8.3.1. There is no non-trivial, elementary embedding j: V — V with
V = KP; for which there is a well-order, <, of the class [sup{j™(crit(j)) | n € w}]*
which is fired by j. That is, for any a and b in the class, a < b if and only if j(a) < j(b).

Proof. Suppose for a contradiction that such a situation were possible and let x denote
the critical point of j. Let A = sup{;j"(k) | n € w} and note that j(A) = A. Now, given
the well-order, <, of the class [\|* which is fixed by j, let s be the <-least element of
this class. Since < was a definable ordering which is fixed by j, by elementarity j(s) is
the <-least element of this class, namely j(s) = s.

In particular, this gives us that for every n € w, s(n) = j(s)(n) which is to say that
every element of s is fixed by j. However, by construction, X is the first ordinal above

which is fixed by j which implies that s is not cofinal in A, yielding the contradiction. [

Corollary 8.3.2. If there is a non-trivial, elementary embedding j: V — M where
M CV and V = KP,\ then V # L.

Proof. Suppose that V.= L and j: V — M was an elementary embedding. Then, by
absoluteness of definability, L™ = L and thus M = L. However, L has a ¥;-definable

global well-ordering so, by the above proposition, the embedding must be trivial. [
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Chapter 9

Initial Bounds for Reinhardt

Cardinals in Weak Systems

9.1 Embeddings of Weak Theories with Power Set

To begin this chapter, we shall derive our first variant of the Kunen inconsistency. That
is, we shall show that there is no non-trivial elementary embedding from V to itself in
essentially any theory which satisfies the Well-Ordering Principle and has the function
space *\ as a set. This will be done by following Kunen’s original argument using
Jonsson functions while keeping a close check on the complexity of each statement we
make.

In order to do this, we begin by proving some basic consequences that can be derived
from Power Set. Our background theory in this section shall be ZBQW. For clarity,

we recall here how we are defining ordered pairs and the Cartesian product.

Definition 9.1.1. Given sets a, b we let the ordered pair of a and b be

(a,b) = {{a},{a,b}}
and we define the Cartesian product of a and b by

axb={(x,y)|rea N yeb}.
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Proposition 9.1.2. ZBQW +Va,b 3¢,d (c=axb A d="1).

Proof. To prove Cartesian products, let w = P(P(a Ub)). Then we have that for any

r €aand y €D, (x,y) € w. Therefore, the required set is
c={tew|3recadyebt=(z,y)}

which is a set by Bounded Separation.

To prove exponentiation, the set of functions from a to b is
“b={f€Plaxb)]|func(f) A dom(f)=a}
which is also a set by Bounded Separation. O]
Definition 9.1.3. For sets a and b, let Inj(“b) denote the set of injections from a to b.

Note that being an injection is 3y-definable and therefore Inj(*b) is a set. We also verify
that the canonical well-ordering of the class of ordinals, which is defined in Chapter 3
of [Jec03], still goes through in ZBQW. This will give us that for any infinite cardinal
i, i X @ has cardinality pu.

Definition 9.1.4. Define the canonical ordering, <, on ORD x ORD as follows:

(a, B) < (7,0) «— either max{a, B} < max{~,d},
or max{a, f} = max{vy,d} and a < 7,

or max{a, f} = max{vy,d}, a =~ and 8 < 9,

Given « and 3, {(&,n) | {(,n) < {«, B)} constitutes a well-orderable set. So, by axiom
W, let I'(a, B) denote the ordinal this set is isomorphic to.

As stated in [Jec03], < is a g relation on ORD X ORD and I" can be defined in a A; way.
Moreover, for an ordinal a we let the canonical ordering of o X « be the restriction of
< to a X a. We shall prove that for any infinite cardinal p, I'(i, 1) = p, which will give
us that p X p has cardinality . Note that, under ZF, this holds for any indecomposable
ordinal however to prove this over ZBQW would lead to unnecessary notation for our

purposes.
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Proposition 9.1.5. Over ZBQW, for any infinite cardinal p, T'(p, 1) = p.

Proof. We first remark that (o) = I'(«, ) is an increasing function, so I'(o, ) > «
for any o, and I'(w,w) = w. So suppose that the claim is false and let p be the least
cardinal witnessing this. Since < is a well-ordering of 1 x p of order type greater
than p, we can fix ordinals @ and § less than p such that I'(a, 8) = pu. Now take
d =max{a, f} +1 < pu. Then, (a, ) < (4,9) so

1S I(6,6)
which gives us that |0 x §| > p. But, by definition,
|0 6] = [[0] - |8]] = 16] < p
where the last equality follows from the minimality of y. Yielding our contradiction. [

We now define a variation of a function being w-Jonsson. We have decided to use this
variant rather than the original because, in such a weak system, it is more natural to

work with the set of functions from w to x rather than the set of w sized subsets of z.

Definition 9.1.6. For any cardinal a and function H, H satisfies %, if H: Inj(“a) — «

and
Vg € Inj(“a) Vy € a 3t € Inj(“a) H(got) = 7.

Explaining the above definition in more detail, under ZFC a function F' is said to be
w-Jénsson for « if for any set x C « of size a, F“([x]*) = a. For the definition given
above, we replace subsets of size o by injections ¢ from « into «. Then the claim is
that H{got |t € Inj(Ya)} = a.

Next, note that, given an ordinal o, the claim that H satisfies %, is >-definable with

the parameters o, “a and “a by the formula,

HePCaxa) A Hisa function AN dom(H) =Inj(*a) A ran(H) = «

A Vg€ nj(“a) Vy € a 3t € Inj(“a) H(got) = .
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We now show that Reinhardt Cardinals are inconsistent with ZBQW, if we also
assume a single instance of Y’-replacement. This is the instance which gives us that
the supremum of the critical sequence is a set. Note that this instance is necessary for
the proof because, as we shall discuss in more detail in Section 9.2, the Wholeness

Axiom gives us a Reinhardt Cardinal over Zermelo set theory.

Theorem 9.1.7. There is no non-trivial, ¥-elementary embedding j: V — V such that
« VEZBQW;,,
o The supremum of the critical sequence exists.

Suppose that j: V — V is a non-trivial X-elementary embedding and, using Proposition
6.2.9, let K be the critical point. First observe that, using Induction;, for any set x the
function n — j"(z) is provably total by the same argument as used in Theorem 6.3.3.

So let k, = j"(k) and let \ :=sup{k, | n € w}.
Lemma 9.1.8. There exists a function H satisfying .

Proof. By using the assumption that every set can be well-ordered by an ordinal,

enumerate Inj(*A) x A as {(4,7a) | @ € §} where § is a cardinal. Given z,, define
Yo ={xqor|relnj“A)}
and note that Y, C Inj(“A) is a set by Yy-separation.

Claim 9.1.9. There is an injection from Inj(*\) x X into Inj(“\).

Assuming the claim, first fix a well-ordering of Inj(“A). Then, for a € §, choose s, to
be the least element of Inj(“)\) according to this well-order such that s, € Y, and for
any 3 € a, So # Sg.

Finally, define H: Inj(“A) — A by

Yoy if t = Sq for some a € 0
H(t) =

0, otherwise
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To see that this satisfies *y, take g € Inj(*\) and 7 € X\. Then (g, 7) = (24,7,) for
some a € 0. So s, is defined and s, = x, or = g or for some r € Inj(“\). Therefore

H(gor) =H(sa) = Ya =T

Proof of Claim 9.1.9: We shall show that the following chain of injections are all
provable in ZBQW,

Inj(*A) x A @ Inj(*\) x Inj(*\) @ Inj(*(A x \))

@ Inj(*)) @ A(*2) @ AXAD
@ A2 @ YA < Inj(*(A x N))
@ Inj(*\).
® ®: <g,0&> = <97 (5 = @_'_B»
© @: (g, h) = (a = (g9(@), h(a))).
e (®: via the canonical bijection between X and A\ x \.
@ 1 8= g(a)
if B=g(a
g | a— he: A — 2, where hy(B) = 7 I
0, otherwise
« ®: g ({a,B8) = g(a)(B)).
e (®: via the canonical bijection between A and A\ x \.
« @: g (n(n,g(n)).

©

via the canonical bijection between A and A x .

In order to prove (7) we need to fix a series of injections from *#2 into the interval

[/fm "fn-i-l)'
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Claim 9.1.10. For every v € k there is an injection from 72 into k.

Proof. Suppose this is not the case. Then, using well-ordering, we can fix some v € &
and an injection t: kK — 72. So, by elementarity, j(¢) is an injection from j(k) into

7(72), which is equal to 72 by Proposition 6.2.12, since v was fixed by j. Now consider

J)(R): v — 2.

This is fixed by j because j(j (t)(n)) is another function from v to 2 such that

i(50) @ =3 (i) ) =5 (iO(@) = i),

Therefore j(j(t)(/i)) € ran(j(t)) so, by elementarity, j(¢)(x) is in the range of ¢. But
this means that for some § € &, j(t)(k) = t(d) which, by the previous argument, is

equal to

contradicting the assumption that j(t) is injective. O

Next, by Y-elementarity, we have that for every v € j(k) there is an injection from 72
into j(x). In particular, this gives us that there is an injection from "2 into j(k). So,

since j(k) is bijective with [k, j(k)) we can fix an injection
g: "2 = [k, j(K)).

Finally, by Induction; and elementarity, for any n € w, j*(g) is an injection from "2

into the interval [k, Kni1).

Therefore, to prove (7), define ®: *2 — “\ by

O Claim 9.1.9 [ Lemma 9.1.8
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Proof of Theorem 9.1.7. Fix H satisfying ). Now, by elementarity, j(H) also satisfies
s, because this was Y-definable with the parameters A, “A and *), all of which are
fixed by j. Since f: A — A, a — j(a) is an injection, we shall now reach a

contradiction by showing that for any ¢t € Inj(“* ), j(H)(f ot) # k.

To do this, fix t € Inj(*A). Then, for any n € w, fot(n) =j(t(n)). So,

JMH)(fot) = jH)({(n, fotn) |new})
(H)({(n,§(t(n)) | n € w})
= JH)({(n.tn)) | n € w}))

= J(H{(nt(n) | n € w})).

I
.

Therefore the range of j(#)(f o t) must be contained in the ¥}-definable set

JA={aeX][IF e (a=j(B))}
and k # j(H)(f ot), completing the proof. O

Since the supremum of the critical sequence is ¥/-definable, the above analysis allows us

to conclude that Reinhardt embeddings are inconsistent with KP(P) plus well-ordering.

Corollary 9.1.11. There is no non-trivial, X-elementary embedding 7: V. — V such
that V = (KP(P) + W),.

9.2 The Wholeness Axiom

Section 9.1 can be seen as proving that, over a weak system, the Kunen inconsistency
follows from the function space *X being a well-orderable set. In this section we want
to show that, if we have a cumulative hierarchy of sets, then Reinhardt embeddings
have large consistency strength. In particular, we will show that, again over a weak
base theory, V) will be a model of ZF plus the Wholeness Axiom which we defined in
Definition 6.3.6.
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As we shall shortly see, if A witnesses an I3 embedding then V) is a model of ZFC plus
WA .. In fact, this will even hold when we substantially weaken the theory we assume
V to satisfy. In order to do this, we need to use the Tarski-Vaught Test. This is a very
model theoretic property and so will hold assuming only a very modest background
theory, which we will take to be the theory ZB(Q . We also state here a special case of

the Tarski-Vaught Test where we restrict to X-formulae, using a proof from Barwise.

Theorem 9.2.1 (Tarski-Vaught Test, [Barl7| Lemma V.7.7). Suppose that M C N
are two class substructures of a model of ZBQ ™~ (with the language expanded to include

predicates for these). Then:

1. M is a Xq-elementary substructure of N <= For every Y-formula ¢(u,v) and
a € M, if N =3z o(x,a) then there exists some b € M such that N = ¢(b, a).

2. M is an elementary substructure of N <= For every formula ¢(u,v) and a € M,
if N = 3z ¢(x,a) then there exists some b € M such that N |= ¢(b, a).

Proof. For the left to right implication of the first claim, suppose that M is a
Yi-elementary substructure of N, let ¢(u,v) be a ¥g-formula and a be in M. Next,
suppose that N = 3z ¢(x, a). Since this is a 3;-formula, the statement transfers to M

so we can fix some b € M such that

M k= ¢(b, a)

and this transfers back to N by the definition of being an elementary substructure. The
left to right implication of the second claim follows by the same argument.
For the reverse direction of the first claim, we first prove that M is a ¥y-elementary

substructure of N. That is, for any Yg-formula ¢(v) and a € M,

M | 4(a) <= N F ¥(a).

Note that since we are not assuming the structures are transitive we have to do slightly

more work than just using absoluteness. The atomic cases follow from the assumption
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that M C N while the connective cases are immediate. Moreover, we can write bounded

existential quantifiers as
dx(x € a N Y(x)),
and bounded universal quantifiers as
—Jz(x €a N —Y(x)).

Then the left implication of these cases follow from M C N while the right implication
follows from the criterion we are assuming and the assumption that z € a A ¥(x) was

a Yo-formula.

We now proceed to prove that M is a >j-elementary substructure of N. To do this,
let p(u,v) be a Xp-formula and suppose that N | Jzp(x,a) for some a € M. Then,
by the assumed criterion, there is some b € M such that N = ¢(b,a). Since M is a
Yo-elementary substructure of N, this gives us M = ¢(b, a) and thus M = 3z ¢(z, a).

On the other hand, if M = 3z ¢(x,a) then we can fix some b € M such that
M E @(b,a). Again, by Yg-elementarity, N = ¢(b,a) yielding N = Jz ¢(z,a). As

before, the reverse direction of the second claim follows by the same argument. O]

Observe that in the first claim of the previous theorem we only obtained that M was
a Yp-elementary substructure. Over ZBQ  this is weaker than being a Y-elementary
substructure because we required Bounded Collection to prove that every Y-formula is

equivalent to a Y;-formula. However, the following is immediate in KP:

Corollary 9.2.2. Suppose that M C N are two class substructures of a model of KP
(with the language expanded to include predicates for these). Then:

M is a X-elementary substructure of N <= For every Yg-formula ¢(u,v) and a € M,
if N |=dz p(x,a) then there exists some b € M such that N = (b, a).

We end this section by giving lower bounds for Reinhardt embeddings in two systems

for which V, is a set for every a. The first of these will be the theory ZW™ while the
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second will be KP", where we recall Definition 2.1.8 which defined the theory T™ to
be T plus the assertion that V, constitutes as set for every a.

In Section 8.2 of [HFL12], the authors claim that the correct way to think about
ZFC + WA is as a Reinhardt over a model of ZW with a cumulative hierarchy of
sets. They give their version of the axioms of this theory and then state, without
proof, consequences of such an embedding. Since their interpretation of a Reinhardt
embedding over a model of ZW™ is different to that we have presented, it is instructive

to state this in a manner cohering to our presentation.

Theorem 9.2.3. The following two theories are equiconsistent:
(i) ZFC + WA .,

(ii) ZW™ plus the existence of a non-trivial, X-elementary embedding j: V — V for
which V = ZW7 .

Proof. For the first implication, suppose that V satisfies ZFC plus Wholeness, as
witnessed by j. Then, by definition, V must satisfy every instance of Separation; so V
satisfies ZW;F.

For the second implication, let j again denote the elementary embedding with critical
point k. By Theorem 9.1.7, the supremum of the critical sequence cannot exist and
therefore, using Induction;, we can assume that for every x there is some n such that

T € Vjn(y). This can be done by restricting ourselves to the definable class
{z|In€ewr eV}

which one can easily see is a model of ZW; since V was. Therefore, j is a cofinal
Y-elementary embedding which, by Gaifman’s Theorem, gives us that it is fully
elementary. We shall now show that V is an elementary substructure of V.

To see this, let p(u,v) be a formula, a € V,; and suppose that

V E Jz o(z,a).
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Take b witnessing ¢ (b, a) and n such that b € Vjn(,. Since a € V,, we have that
j"(a) =a. So, V =3z € j7(V,) ¢(z,7"(a)) and, by using elementarity n times,
ViEdr eV, ¢(z,a).
Thus, by the Tarski-Vaught Test, our claim holds.
Finally, by the same argument as in Theorem 7.3.10, it is clear that V,, = ZFC

which gives us that V is also a model of ZFC, completing the proof. n

Using a very similar idea, we can obtain a lower bound in the theory KP*.

Theorem 9.2.4. Suppose that V = KP* and there exists a non-trivial, ¥-elementary
embedding j: Vy — Vy for some limit ordinal X\ for which V |= KP;F. Then
(Va,j) EZF + WA ..

Before beginning the proof it is worth remarking that, by Theorem 9.1.7, if such an
embedding exists for any ordinal ¢ then 0 is either the supremum of the critical sequence

or the supremum plus one. This is because °6 will be a set in V.

Proof. Fix A and j such that j: V, — V, is a non-trivial, X-elementary embedding with
critical point . Using Theorem 9.1.7 we must have that A = sup{j™(k) | n € w}. We
shall first prove that V is a model of Zj. All of the axioms apart from Separation (both
in the original language {€} and the language expanded to include j) are immediate so
we shall focus on Separation;. To prove this, let ¢(u,v) be a formula in the expanded
language £; = {€,j} and a,v be sets in V. Using E%—Separation, we have that
bi={z €a o (z,0)}
is a set in V. Fixing n € w such that a € Vjn(,), it is clear that rank(b) < j"(x) and

therefore b is also a set in Vjn(,) € V.

But now, the proof of Theorem 9.2.3 gives us that j is a fully elementary embedding
via Gaifman’s Theorem and that V, < V. Thus V, | ZF which, when combined

with Separation;, yields

(V) | ZF + WA
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9.3 I, and embeddings of ZFC

In this section we give an upper bound for the existence of a Reinhardt embedding
over ZFC . This is done by finding an assertion which is equivalent, over ZFC, to the

axiom 1.

Definition 9.3.1. I; is the assertion that for some ordinal A\ there exists a non-trivial,

elementary embedding k: V.1 — V1.

I; is considered one of the strongest large cardinal axioms that is not known to be
inconsistent. The following result is adapted from a folklore result which gives an
alternate characterisation of l-extendible cardinals, a proof of which can be found
in [BT07]. This theorem shows an equivalent way of considering I; embeddings as
embeddings of H,+, a set with much more structure than V.

For convenience, we note here that the Kunen inconsistency can be proved in H++,
so there is no non-trivial, elementary embedding from H,++ to itself. This can be seen
by carefully analysing the second proof of Theorem 23.12 in [Kan08] or, equivalently,
it will follow from Theorem 10.2.1.

Theorem 9.3.2. Over ZFC, there exists an elementary embedding k: Vi1 — Vi

if and only if there exists an elementary embedding j: Hy+ — Hy+.

Proof. (<) : By the Kunen inconsistency, A must be the supremum of the critical
sequence (k, | n € w) of j, where ky is the critical point and k, 1 = j(k,). Then each
Ky is an inaccessible cardinal and thus 2<* = X\ = J,. Therefore V), = Hy and [V,| = A
so V) € Hy+. This means that Vi3 = { € Hy+ | x C V,}, so V.1 is a definable
class in Hy+. Moreover, working in Hy+, any formula ¢ can be relativised to V ;1 so

J T Vari: Vair — Vg is elementary.

(=) : We begin by defining a standard way to code elements of Hy+ by elements of
Vi1. This will be done by coding trcl({x}) by some subset of A x A whose Mostowski
collapse is again trcl({z}). However, since we will be working with trcl({z}) rather

than z itself, it is necessary to do a simple, preliminary coding.
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So, let H := {trcl({z}) | 2 € Hy+ }. For trcl({z}), trel({y}) € H define the relation
€ by trcl({z}) € trcl({y}) if and only if z € y and similarly for =. Tt is then clear
that any first-order statement, ¢, about Hy+ is equivalent to a formula, ¢, over H by

the obvious coding.

Next, note that rank(A x A) = X and so any subset of A x A has rank at most A. So,
for any € Hy+ and bijection f: |trcl({z})| — trcl({z}) let

Cop = {(a,8) € Ax A | f() € f(B)} € Vap.

Then the Mostowski collapse of C, s, coll(C, ), is trcl({z}). Let H denote the
definable class in V), of all subsets of A x A which code an element of H in this way.
That is X € H iff X is a well-founded, extensional, binary relation on A with a single

maximal element and dom(X) Uran(X) is a cardinal which is at most .

For Z € H, let ld(Z) be dom(Z)Uran(Z) and define max(Z) to be the unique element
of fld(Z) which is maximal with respect to the relation on Z. Now, for X,Y € H define

relations = and € by:

X=Y<+—dg: A=A <g is a bijection N\ Vo, € A

(100 € X & ). a() € )

X EY «+—dg: A=\ <g is injective N\ (g(max(X)),max(Y)) € Y

A Va5 € 04CX) ((a8) € X o lata).g(9)) € 7))
Then = and € are definable in Vyy, X =Y < coll(X) = coll(Y) and

X €Y < coll(X) € coll(Y). Moreover, any first-order statement, @, about H is

equivalent to a formula, ¢, over V.1 which is defined by the following coding:
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 Replace any parameter trcl({z}) occurring in ¢ with C, ¢ for some (any) bijection
[ trel({x})] — trel({x}).

« Replace any instance of = with = and € with €.

« Replace any unbounded quantification by the same quantifier taken over H.

Then, by the elementarity of &,

X=Y <«— kX)=kY)
and
XEY +— k(X)ekY).
Also, since H is a definable class in V a+1 the restriction of the embedding k 'H: H > H
is still elementary.
So we can define j: Hy+ — Hy+ by setting j(z) to be the unique element of
coll(k(Cy,f)) of maximal rank for some bijection f: [trcl({z})] — trcl({z}).

Furthermore, j is elementary since

H)\-o— ): (,0(5(71, Ce ,;Un)
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Since Hy+ is always a model of ZFC™ 4+ DC_,+, the next Corollary is immediate.

Corollary 9.3.3. ZFC + 1, implies the consistency of a Reinhardt embedding under
ZFC_ + DC<CARD'

The above theorem shows that the existence of a Reinhardt embedding under ZFC™ is
weaker than Iy, however it does not show that the embedding one obtains has any useful
structure with respect to j. What we shall show in Chapter 10 is that this embedding

must fail to have one of the most useful fundamental characteristics, that of cofinality.
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Chapter 10

Taking Reinhardt’s Power Away

In the previous chapter we proved that, under ZFC, I; implies the consistency of a
Reinhardt embedding over (ZFC™ + DC_.curp);. In this chapter, we will explore this
theory in much greater depth and consider sufficient additional conditions to render
a Reinhardt embedding over ZFC; inconsistent. In particular, we shall see that the

embedding can not be cofinal; culminating in Theorem 10.2.3.

Theorem 10.2.3. There is no non-trivial, cofinal, Xo-elementary embedding j: V. — V
such that V = ZFC; and Vi) € V.

The proof of the above theorem will make essential use of the assumption that V()
was a set, leading to the question of whether or not this is always true. A question that

we shall answer negatively.

Corollary 10.4.2. Assuming the consistency of ZFC plus a measurable cardinal, it
is consistent to have M C 'V and j: V — M such that j is a non-trivial, elementary

embedding, V {= (ZFCpg.g)jm and P(w) is a proper class.

We end this chapter with two independent sections discussing various concepts
concerning elementary embeddings without Power Set. The first of these sections is to
obtain bounds for the existence of a V-critical embedding in ZFC  in terms of the

standard ZFC large cardinal hierarchy.
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Theorem 10.5.7. Working in ZFC, if there is a locally measurable cardinal then the
theory ZFC™ + DC_carp plus a V-critical cardinal is consistent.

Theorem 10.5.9. Working in ZFC, suppose that M C V and j: V — M 1is a non-

trivial, elementary embedding with critical point k such that
AV ): (ZFC_)LM + dz (Z = Vn)
Then V. is a model of a proper class of baby measurable cardinals.

In the final section, we analyse the stationary partition that was needed to derive the
Kunen Inconsistency. This leads us to isolate a new type of stationary reflection and

investigate models of ZFC in which this principle is true.

10.1 Choosing from Classes

To begin this chapter, we mention how one can apply choice to set-length sequences
of classes using the Collection Scheme. The standard way to do this in full ZFC is by
using Scott’s trick to replace each class by the set of elements of least rank of that class.
However, if V, is not a set for each «, then this may not be possible so we have to be
slightly more careful in our approach.

Let p be an ordinal and suppose that we have a sequence of non-empty classes
(Co | @ € p) which are uniformly defined. This allows us to fix a formula ¢(vg,v;)
saying that v, € C,,. Then, for each « € p there is some set x such that p(a, z). So, by
Collection, there is some set b such that for each o € p there is some x € b such that
¢(a, x). By well-ordering b, there is some cardinal 7 and bijection h: 7 <> b. So we can
define a choice function by taking z, € C, to be h(~) for the least ordinal v € 7 such
that o(«, h(7)).

For example, suppose that S C p were a stationary set which was partitioned into
7 < cf(p) many sets (S, | @ € 7) and one wanted to show that for some a € 7, S, was
stationary. Arguing for a contradiction, suppose that none of the S, were stationary.

Then for each a € 7 we define C, to be the non-empty class of clubs D C u for which
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D NS, is empty. By the above argument, we can then choose a sequence of clubs
(D, | @ € 7) such that for each a, D, € C,. Finally, ﬂ D, NS = 0, yielding the
required contradiction. e

Using this idea we are able to prove many useful classical results without much

change from their standard proofs. For completeness, we give here two such ZFC ™

results which will then be used in our proof of the Kunen inconsistency.

Definition 10.1.1. A function f: S — ORD is regressive if for any non-zero a € S,

fla) < a.

Theorem 10.1.2 (Fodor). Let p be a regular cardinal, S C p stationary and f a
regressive function on S. Then there exists some stationary setT' C S and v € p such

that for all « € T, f(a) = .

Proof. Assume for a contradiction that for each v € u the set {aw € S| f(a) = v} was
non-stationary. Using the above comments, for each v € p choose a club D, such that

for each o in D, NS, f(a) # 7. Let
D=A,D,={a|Ve€a(aec Dy}

and note that this is club in u. Therefore S N D is stationary, so in particular non-
empty, and for any « € SN D and v € «, f(a) # 7. So f(a) > «a, contradicting the

assumption that f was regressive. O
Definition 10.1.3. For cardinals ¢ < p let S§ = {a < p | cf(a) = d}.

Theorem 10.1.4 (Solovay). Suppose that u is an uncountable, reqular cardinal and
S C Sk is stationary. Then there is a partition of S into p many disjoint stationary

sets.

Proof. First note that for each o € S there is some increasing sequence of ordinals
(tn | n € w) cofinal in a. Therefore, by the comments at the beginning of this section,
for each @ € S choose an increasing sequence (a2 | n € w) cofinal in «. Then, as in

the usual proof, using our first example and the regularity of y we can fix some n € w
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such that for each o € pu, {a € S| a® > o} is stationary in p. Now define a regressive
function f: S — pu by f(a) = af. Using Fodor’s Theorem, for each o € p fix some
S, stationary and v, > o such that for all « € S,, f(a) = 7,. Then if v, # 7o,
Sy N Syr = 0 and, by the regularity of u, [{S, | o € u}| = p, which gives the required
partition. O]

10.2 Non-existence of embeddings

We are now in the position to prove that there is no non-trivial, cofinal Reinhardt
embedding j of ZFC™ with V. ;) € V. This shall be done in two parts; first we
shall show that Woodin’s proof of the Kunen inconsistency, which is the second proof
of Theorem 23.12 in [Kan08], goes through in ZFC™ under the additional assumption
that (sup{j™(crit(j)) | n € w})* € V. Then we shall show, by modifying the coding
from Theorem 9.3.2, that no cofinal embedding can exist in any model that sufficiently

resembles Hy+.

Theorem 10.2.1. There is no non-trivial, elementary embedding j: V — V such that
V E ZFC; and (sup{j"(crit(j)) | n € w})* € V.

Proof. Suppose for a contradiction that j: V. — V was a non-trivial elementary
embedding with critical point £ and let A = sup{j"(k) | n € w}. Then j(A) = X and,
since A" is definable as the least cardinal above A, j(A") = AT. Now, using Theorem
10.1.4, let (S, | @ € ) be a partition of S} into x many disjoint stationary sets and
let S = {(a,S,) | @ € k}. Then j(S) = {{(o,T,) | @ € j(r)} and, by elementarity,

(T, | o € j(r)) is a partition of SA" into disjoint sets such that for each o
T, is a stationary subset of \T.

Also, we have that for each « € &, j(S,) = T,. We claim that there is some € k such
that T, N Ss is stationary. For suppose not, then by our comments on choosing from
set many classes, for each o we can fix a club C, such that T,, N S, N C, = 0.

Letting C' = ﬂaenCO‘ we must have that
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@zﬂmCmuﬁfg:ﬂmC,

contradicting the assumption that 7, was stationary. So fix 8 such that 7, N Ss is

stationary. Now, let
U={ver"|y=i}
and note that U contains all of its limit points of cofinality w. Therefore there exists

some 0 € UNT, NSg. But then 0 = j(o) € j(S3) = Tp, contradicting the assumption

that the T, were disjoint. Hence no such embedding can exist. O

Remark 10.2.2. The above theorem did not require any assumption about j being

cofinal or that Vi (;) was a set.

Theorem 10.2.3. There is no non-trivial, cofinal, ¥g-elementary embedding j: V. — V

such that V |= ZFC; and V) € V.

Proof. Suppose for a contradiction that j: V. — V was a non-trivial, cofinal,
Yo-elementary embedding with critical point x and let A = sup{j™(k) | n € w}. Recall
that, by an instance of Replacement with the parameter j, A is a set in V. Now there

are two cases:
e Case 1: \' exists.
e Case 2: For all x € V, there is an injection f: z — .

Case 1: The fact that no such embedding exists is just a special case of Theorem

10.2.1.

Case 2: FMirst note that, by elementarity, since V, € V 50 is Vn(,) for each n € w and
therefore V, = Uneijn(K) € V. Note also that A x A € V and, by the Well-Ordering

Principle, for each x € V there is a bijection

fitred({z})| — trel({z}).

Moreover, since there is an injection of = into A, we must have that |trcl({x})] < A for

each r € V.
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Now, for any such function f, let

Copi={{a, B) € Ax A | fa) € f(B)}.

Then C, s € V and therefore so is its Mostowski collapse, with coll(C, r) = trcl({z}).

Now, since
Cof SAXACV),
so is j(Cy,r). Thus,

§(Cog) = §(Cap) N VA =, 3 (Cap) N Vi) = U, ., (Cay N Va).
This means that for any = and bijection f: | trcl({z})| = trcl({z}),
j(tred({x})) = j(coll(Cuy)) = coll (§(Cuy))
= coll (U j(CrynVa))
a<A
= coll (U 71 Va(CrynVa)).

a<

That is, 7 is completely determined by its construction up to V. Now, let i .= 5[V,

and note that, since V), x V, € V, so is

i={(z,y) € Vax Vi |j(z) =y}
Therefore, by defining (-, -, 7, A) as

o(x,y,i,A\) = 3f,2,Cpy (“dom(f) is a cardinal” N ran(f) = trcl({z})
N4 is a bijection” N Cyp = {(a, ) € A\ x A | f(a) € f(B)}

Az =coll (| i(Chy 1 V,))

a<

A “y is the element of z of maximal rank ”),

we have that ¢(x,y,i,A) holds if and only if j(x) = y so j is definable from the
parameters ¢ and A\, both of which lie in V, contradicting Theorem 8.1.4. ]
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10.3 Removing the Assumption that V ;. ; € V

Assuming that V satisfies the additional assumption of Dependent Choice of length
for every infinite cardinal p, we are able to remove the assumption that V. ;) € V.
This will be done using Corollary 3.2.10 which showed that in this theory every proper
class must surject onto any given non-zero ordinal. In particular, for V. to be a
proper class it is necessary for Vy(j) to surject onto j(x) which we shall show cannot

happen. Note that, in the standard ZFC case, the cardinality of Vi is crit(j).

Lemma 10.3.1. Suppose that V = ZFC™ + DC_.cppp, M C V and j: V. — M s
a non-trivial, elementary embedding with critical point k. Then for any o € Kk + 1,

V,e V.

Proof. This is proven by induction on o € k + 1. Clearly limit cases follow by an
instance of Collection so it suffices to prove that for a € k, if V, € V then so is
Vi1 = P(V,). First note that j fixes every set of rank less than & so j [ V.1 is the
identity. Now, suppose for sake of a contradiction that V,,; were a proper class. Then,

by Corollary 3.2.10, we could fix a set b C V,,; and a surjection
h:b— k.
So, by elementarity, there is a surjection
3(h): j(b) = j(k)

in M. However, since b C V1, j(b) is also a subset of (Vj(aﬂ))M = V41 and for any

z € j(b), j(x) = x. Therefore,
x € jb) +—jx) € jb) «—x€b

and hence b = j(b). Then, for any x € b,

so j(h) = h. But this then contradicts the assumption that j(h) was a surjection onto

j(k). Hence V,.1 must be a set in V as required. O
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Combining this result with Theorem 10.2.3 gives the Kunen inconsistency for the theory

ZFCi + DC<CARD .

Corollary 10.3.2. There is no mnon-trivial, cofinal, Xg-elementary embedding

J: V=V such that V |= (ZFC™ + DC_cunp);-

However this leaves open the question as to whether or not this result is provable

without relying on the Dependent Choice Schemes, namely;

Question 10.3.3. Is the existence of a non-trivial, cofinal, ¥j-elementary embedding

j: V= V such that V = ZFC; inconsistent?

One stumbling block in answering this question is whether V) is a set without
assuming the DCy(j)-Scheme. This question appeared in [Mat20] and we shall answer

it negatively in the next section using the techniques from Section 3.3.

Question 10.3.4. Suppose that V = ZFC™, M C V and j: V — M is a non-trivial
elementary embedding. Is P(w) € V? Is Vi) € V?

A second conclusion we can achieve from Lemma 10.3.1 is that ZFC plus Wholeness
is a lower bound for a Reinhardt embedding over ZFC™ + DC_carp - This is because
we can observe that the proof of Theorem 9.2.4 did not really require a cumulative

hierarchy of sets but only that V) was a proper class.

Corollary 10.3.5. Suppose that j: V — V is a non-trivial, elementary embedding such
that V |= (ZFC™ 4+ DCccarp); and let X be the supremum of the critical sequence.
Then (Vy,j) = ZFC + WA .

10.4 Embeddings with P(w) a proper class

In this section we shall show that having an embedding j: V. — M where V = ZFC;
does not imply that P(w) is a set. This in turn suggests that answering Question
10.3.3 may be very difficult and to prove it is inconsistent would involve a very different

technique to the one we employed for the theory ZFC™ + DC_carp -
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A first attempt one could try would be to use the forcing Add(w, ORD). If V is a model
of ZFC and j: V — M is an elementary embedding with critical point s then, after
forcing with Add(w, ORD), P(w) is obviously a proper class. The issue is with lifting
the elementary embedding. To see this, consider the first x many Cohen reals, G | k.
By elementarity, we would need j*(G | k) to be a set of j(k) many Cohen reals in M,
where j7T is the lift of j. However, there is no way to decide which Cohen reals these
are after the first x many. In fact, since DC_¢pp holds in the extension and P(w) is a
proper class, Lemma 10.3.1 implies that no embedding with critical point x can exist!

Instead, we shall use a different approach which is to consider Zarach’s union model
from Section 3.3. To do this, we first need to derive a model theoretic counterpart to

the lifting of elementary embeddings in the same style as Theorems 3.3.15 and 3.3.16.
Theorem 10.4.1. Fix structures
Mn+1 = <Mn+17 € Nn>> Nn - <Nn7 E>7 ;L+1 - <M/n+17 € NIn) and N’r/L - <N;L7 €>

and suppose that
M, €N, € M,y and M;, CN;, C M, ,

for each n € w. Define
N=JM,, N=(N,e), N=JM, and N'= (N, €).

Suppose further that for each n € w, N,, < N, N < N and there is an elementary
embedding j,: M, — M. such that whenever m < n, j, | M, = jp. Then there is an
elementary embedding j: N — N.

MO g NO - Ml Mn g Nn g Mn—H =

jo | i | | n | 3

My € N € M, € .. © M, N CSM, C

N
IN
N
IN
=

N
=

Figure 10.1: Union Chain with Elementary Embeddings
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Proof. The desired embedding will be 7 = Un jn. To see that this is elementary, fix

a € N, a formula ¢(u) and suppose that

N E ¢(a).
Then we can fix n € w such that a € M,, € N,,. Since N,, < N, ¢ reflects down to N,

SO
Mo = 9V (a).

Using the elementarity of j,41, which will interpret N,, as N7,, we have that in M/,

Ny | (inra(a)).
Since NV is an elementary substructure of A/’ this reflects up to N’ so, by definition of
Js
N ¢(j(a))

which proves elementarity. O]

So let us suppose that V is a model of ZFC+CH and « is a measurable cardinal which is
the critical point of some embedding j: V — M. We shall consider the model produced
in Corollary 3.3.17. Recalling the notation, let P = Add(w, 1) be the forcing to add
a Cohen real, H ) P the product of w many copies of P with finite support, and let

h:P= H “ p be an order-isomorphism which is fixed by j. Let G be P-generic over

w

M and H = h“G be the corresponding [] ) P-generic. Let G, = H [{n} be the P-

generic produced by restricting H to its n'" co-ordinate and let N = UnV[GO XX G
Then
N = (N,e M) | ZFCp,; + -DCy,.

Since j“H is the identity we can lift each of the restricted embeddings to get
Jn: V[Go X -+ X Gpq] = M[Gg X -+ X Gp_1].

Letting N’ = UnM[GO X+ -+ X Gy], it is clear that we satisfy the hypothesis of Theorem

10.4.1, giving us the following corollary which answers Question 10.3.4 negatively.
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Corollary 10.4.2. Assuming the consistency of ZFC plus a measurable cardinal, it
is consistent to have M C 'V and j: V — M such that j is a non-trivial, elementary

embedding, V {= (ZFCp.g)jm and P(w) is a proper class.

Remark 10.4.3. By using the methods of Section 3.3.3 we can also have that our

universe satisfies the DC,-Scheme for ;1 an arbitrary uncountable cardinal less than .

It is worth commenting that, in the above models, the ultrafilter
U={xCk|kejl)}

is also a proper class. This makes it unclear how one can work in a sub-universe of the
form L{Y]. In turn, this means it will be difficult to obtain accurate lower bounds for
the consistency of such embeddings using the traditional ZFC large cardinal hierarchy.

Finally, the following is technically an open question. This is because the only known
method to produce models where the DC-Scheme fails is by using Jensen forcing over
L and measurable cardinals imply V # L. However, this seems to be more of a lack in

technology rather than a question of fundamental structure.

Question 10.4.4. Is it consistent to have M C V and j: V — M such that j is a
non-trivial elementary embedding, V = (ZFC™ + -DC); and P(w) € V?

10.5 Local Measurability

In this section we discuss some bounds for a V-critical cardinal over ZFC  in terms
of the ZFC large cardinal hierarchy. This will be done by identifying two weakenings
of measurability: baby measurability and local measurability. We will show that if x is
a locally measurable cardinal then there is a V-critical embedding of a model of
ZFC™ with critical point k and, for any such embedding, if V, is a set then it is a
model of ZFC with a proper class of baby measurable cardinals. This section is
derived from suggestions made by Gitman who proposed to the author that a locally

measurable cardinal would be the appropriate bound. Moreover, many of the ideas for
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the proof come from recent work of Gitman and Schlicht, which will appear in [GS21],

and we are grateful to the authors for being able to see an advance copy of this work.

We now define the large cardinals that we shall study in this section. Firstly, baby
measurables were introduced by Bovykin and McKenzie in [BM19] to measure the
consistency strength of a certain strengthening of New Foundations with Urelements,
denoted NFUM, which was introduced by Holmes [Hol01]. Gitman and Schlicht have
since identified various interesting modifications on the original definition, some of
which we give now. Note that in the following definitions, PM(x) may be a proper
class over M and therefore, in general, there is no need to assume that the ultrafilter

is a set in M.

Definition 10.5.1. A filter U on a cardinal x is called uniform if it contains all tail
sets (a, k) for a € k.
U is called normal if for any sequence (X, | a € k) of elements of U, the diagonal

intersection A,exXo ={f €K | P E ﬂ X, }isin U.

aef

Definition 10.5.2 ([GS21]). Assume that V |= ZFC. A cardinal x is very weakly baby
measurable if every A C k is an element of some transitive set M = ZFC™ such that;
M has cardinality &, £ and V, are sets in M and there exists some U C PM (k) such

that
(M, e,U) = ZFC,, + U is a uniform normal ultrafilter.

Kk is said to be weakly baby measurable if it is very weakly baby measurable and M
and U may be chosen such that the ultrapower of M by U is well-founded.
Finally, x is said to be baby measurable if it is weakly baby measurable and M may

be chosen such that M<" C M.

The other large cardinal notion we shall need is that of a locally measurable cardinal.
This was introduced by Holy and Liicke in [HL21] as a cardinal notion which is
weaker than measurability but still above the Ramsey-like cardinals. Again, we take

the formalisation given in [GS21] rather than the original one.
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Measurable

|
Locally Measurable

|
Baby Measurable

|
Weakly Baby Measurable

|
Very Weakly Baby Measurable

k-Ramsey

Super Ramsey

Strongly Ramsey

a-Ramsey

Ramsey

Figure 10.2: The Small Embeddings Hierarchy

Definition 10.5.3 ([HL21]). Assume that V = ZFC. A cardinal & is said to be locally
measurable if every A C k is an element of some transitive set M = ZFC™ such that;
M has cardinality %, x and V, are sets in M and there exists some U C PM(k), with

U € M, which is a normal ultrafilter on x.

While we shall not discuss the consistency strength of these principles in detail, Figure
10.5 shows where these cardinals fit in in terms of the large cardinal hierarchy of ZFC.
All of the proofs can be found in [GS21].

So suppose that we wanted to find the consistency strength of a V-critical cardinal
over ZFC . Taking a naive approach, this could entail finding some sets N C M for
which there is a non-trivial elementary embedding j: M — N with critical point s such
that M = ZFC; . We now see what properties can be derived about M from these
assumptions.

To being with, we can define Y C M as

U={XeM|XCkr AN kejX)}
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Despite PM (k) possibly being a proper class over M, it is easy to see that, over M, U

is a uniform, normal ultrafilter which is well-founded.

Proposition 10.5.4. j is k-power set preserving. That is, PM(k) = PN (k).
Proof. Let X € PM(k). Then j(X) € N and
ze€X — z=j(z2) — z€j(X)Nk,

so X = j(X) Nk € N. Hence PM(k) C PN(k) and the other inclusion follows from the
assumption that N C M. O

Lastly, since we assumed that M satisfies full Separation and Collection with respect

to 7, we have that
(M, e,U) = ZFC,,.

This therefore implies that the consistency of a V-critical cardinal in ZFC ™ should give
us at least a baby measurable cardinal. Note that the only things we don’t automatically
have are that V, € M and that such an embedding exists for every A C k. By Corollary
10.4.2, it is consistent for (V)M to be a proper class and so it is difficult to see how
one can produce the required embedding.

However, if we add in the assumption that M believes (V)™ is a set then we shall
see that this allows us to show that the consistency strength is in-between a locally

measurable cardinal and a proper class of baby measurable ones.

To see that local measurability suffices, we use the following proposition from [GS21].

Definition 10.5.5. Following the notation of [GS21], let ZFC_ be the theory ZFC™

where the Collection and Separation Schemes have been restricted to only YJ,,-formulae.

Proposition 10.5.6 ([GS21]). Assume that V |= ZFC. If (M, e, U) = ZFC,, then

the Los Theorem holds for X, and 11, assertions in the extended language.
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Theorem 10.5.7. Working in ZFC, if there is a locally measurable cardinal then the

theory ZFC™ + DC_carp plus a V-critical cardinal is consistent.

Proof. Suppose that x is a locally measurable cardinal and fix a model M of ZFC™
and a normal ultrafilter &/ € M. Working in M, build the model M’ := L[U] which
one can easily see is a model of ZFC™ + DC_carp with a rank hierarchy. Defining

U=UNM €M, it is easy to see that,
M = U is a normal ultrafilter on k.

Now, working in M’, one is able to define the ultrapower. This is because, for f: x — M’

we can take the equivalence classes modulo the ultrafilter,
f1=Ag | f="g AN Vh(h =" f — ranky g < ranky h)}.

Where f =* g is defined to hold whenever {o € k| f(a) = g(a)} € U and rank,y is
the obvious rank defined on L[U].

Since this is all definable in M" and L, [U] is a set in M, [f] is a set for each f and
therefore the ultrapower Ult(M’,{) in definable in M’. Using the fact that, in M, I is
countably complete, the ultrapower is well-founded so we can take its collapse to find
a transitive class N C M'. Finally, we have that the derived embedding j: M — N is
fully elementary and M’ satisfies ZFC; , which witnesses that r is indeed a V-critical

cardinal in M’. O

Remark 10.5.8. In order to work in L[U] we needed that & was a set. This means
that the proof will no longer go through if we only consider ¢ to be a definable class
over M. To see this, consider a measurable cardinal x in a model of ZFC. Then the
ultrafilter is a class over H,+ but the collapse of the ultrapower will not be a subclass

of H,.+.

We end this section by showing that a lower bound for a V-critical cardinal under
ZFC™ + DC_gaprp is a proper class of baby measurable cardinals. It is worth noting

that we do not require full DCcagp in the proof but only that V() is a set. This
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theorem is a modification of one in [GS21] where they show that a different variant
of baby measurability, which they call k-game baby measurability, is a limit of baby

measurable cardinals.

Theorem 10.5.9. Working in Z¥FC, suppose that M C V and j7: V — M 1is a non-

trivial, elementary embedding with critical point k such that
Vv ): (ZFC_)]‘A/[ + dz (Z = V,i)
Then V. is a model of a proper class of baby measurable cardinals.

Proof. 1t suffices to show that k is a baby measurable cardinal in M since elementarity
will then give us that this reflects unboundedly below x in V. We begin by showing
that P (k) is a set in V. Since V, is a set, (V)™ is a set in M which gives us that
PM(k) € M. But, by Proposition 10.5.4, PV (x) = PM(k). So, since M C V, PV(k) is
indeed a set in V. Next, by the same argument, we have that (V. )M = (V.41)¥ € V.

Using the same coding as in Theorem 9.3.2, we can now show that H,+ is a set
in V. First, since P (k) is well-ordered by a cardinal greater than x, we have that k™
exists. Let H be the definable set of subsets of x x x which are well-founded, extensional

relations on x with a single maximal element. Then it is clear that
H,r = J{coll(X) | X € H} € V.

Using the coding, it is moreover clear that (H.+)" = (H,.+)™. Finally, working in M,
we have that the ultrafilter Y = {X € P(k) | k € j(X)} is a definable class and

(Ho+, €,U) = ZFC,, + U is a uniform normal ultrafilter.

So, given A C k we can take an elementary submodel of H,+ in M which witnesses this

instance of baby measurability, proving that x is baby measurable in M. O]

Using a similar argument to a later theorem of Gitman and Schlicht, it is possible
to show that Vi ;) satisfies that there is a proper class of cardinals p which are
pu-game baby measurable. However, this would involve defining games and their winning

strategies which we have not done in this work.
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10.6 Stationary Reflection

We end this chapter with some comments on the consequences for I; which we can derive
from the proof of Theorem 10.2.1. This section can be seen as an initial unsuccessful
attempt to try and prove that I; was inconsistent. An important component of the
proof was that we could find a partition S of Sf into K many disjoint stationary sets
such that j(S) was a partition of SA" into j(x) many disjoint stationary sets. When A\t
is no longer assumed to exist, it is unclear if one can do this, however it will turn out
that if we assume enough “reflection” then we are in fact able to derive the required
result for our contradiction.

We say that a stationary set S C k refiects if there exists some ordinal a such that
S Na is stationary in a. This concept has been extensively studied and the notion that
there are a lot of stationary sets which reflect can be seen as a type of compactness
principle with high consistency strength. For example, there is the following Theorem

by Magidor, a sketch of which can be found in [Kan08§].
Theorem 10.6.1 (Magidor, [Kan08] Theorem 23.23). The following are equiconsistent:

o The existence of a weakly compact cardinal,

o Fuvery stationary set S C S;fj reflects at almost all o € Sgé

In this section we will look at a specific instance of stationary reflection rather than
asking for every set to reflect. The idea is that if one could prove in ZFC that there
was a partition, S, of Sy into k¥ many disjoint stationary sets which simultaneously
reflected almost everywhere then j7(.S) would be a partition into stationary sets and we
could obtain the same inconsistency we derived earlier. In particular this would show

that ZFC + I; was inconsistent.

To be more precise, suppose that j: Hy+ — Hy+ witnesses I; and let (S, | @ € k)
be a partition of S[dw into x many disjoint stationary sets. Next, for v € A*, let
fy:a = S, N~y be the function restricting the partition to v. Then we can define a

new partition (T, | o € j(r)) of S}" by
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T, = U i(f)(0).

~yeAT

It is easy to see that this is a partition of Sy into disjoint sets but there is no
reason to believe that stationarity should be preserved. In fact, using the proof of the

following proposition, this can never be the case.

Proposition 10.6.2. Suppose that there is a non-trivial, fully elementary embedding

j: V= V such that V |= GB; . Then there is no partition of
SORD — 3 € ORD | cf(B) = w}
into crit(j) many disjoint stationary sets, (S, | a € crit(j)), for which there is a reqular

cardinal p > crit(j) such that for each o € k,

{8 € SP™ | Sy N is stationary in B} is p-closed and unbounded in ORD.

Proof. Suppose, for a contradiction, that j: V. — V were such an embedding with
critical point x and let A denote the supremum of the critical sequence. We note that,
by Theorem 10.2.1, AT does not exist. Let (S, | &« € k) be such a partition and define
(To, | @ € j(k)) as above. Since p is a regular cardinal above x it is clear that, by
intersecting the appropriate classes, there is a p-closed unbounded subclass of ORD on
which the S, simultaneously reflect. Denoting this class by C', and using the fact that
being p-closed and unbounded is first-order definable, we have that

(@)= U (Cna)

a€ORD

is a j(p)-closed, unbounded class. By construction, we have that for each v € C,
Va € k VE (E is club in v — (Sa Ny) N E #0).
So, by elementarity, for every v € j(C) and o € j(k),
T, Ny is stationary in 7.

Now, let D C ORD be a class club and D’ its club of limit points, that is
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D'={aeD|DnNa is club in a}.

Then we can fix some v € C'N D'. Since T, N~ is stationary in v, T, N (D N~) # 0
which gives us that T, intersects the given club.
But this means that (T, | o € j(k)) is a partition of SO*” into j(x) many disjoint

stationary sets and the inconsistency derived in Theorem 10.2.1 will go through. O

It should be remarked upon that it is unclear as to whether such a partition of SO
should exist in the first place. This is because the proof of Solovay’s splitting theorem
we gave required the use Fodor’s Lemma and would almost certainly require some sort of
class choice principle. Furthermore, as shown in [GHK21], it is consistent that Fodor’s
Lemma consistently fails over a model of KM which makes it unclear how to produce
such a partition.

However, as a weak indication that such a partition could consistently exist, note
that if one works in a model of ZFC™ 4+ DC_c,rp then it is possible to force to have
a partition (S, | @ € k) such that the S, simultaneously reflect on a stationary class.
To see this, consider the class forcing whose conditions are partitions of S, for some
ordinal 7 of cofinality u, into x many disjoint stationary sets, ordered by extension. It
can be shown by standard arguments that the generic class is a partition of SO* into &
many disjoint stationary sets which will simultaneously reflect on a stationary subclass
of SSRD. On the other hand, it does not seem possible to extend this forcing to get the

partition to simultaneously reflect on a p-closed and unbounded class.

So let us consider the set version of this problem over ZFC.

Definition 10.6.3. For regular cardinals k < p < ¢ let t(k, i, d) be the principle that
there is a partition of S into x many disjoint stationary sets which simultaneously

reflect on a p-closed unbounded set.

This principle is different to standard principles concerning stationary reflection because
we are only asking for a single instance of reflection rather than wanting every stationary

set to reflect on a p-closed unbounded set. Therefore, we shall see that it is possible for
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this principle to hold in certain circumstances even if there are also stationary subsets
of 9 which do not reflect anywhere. For example, it will hold in L even though it is well
known that, in the constructible universe, S° contains a stationary set which does not
reflect on any ordinal of uncountable cofinality.

We have not been able to find an example where T(k, 1, §) does in fact fail. However,
using Theorem XI.1.3 of [Shel7], we do know that the stronger result where the partition
reflects on every point of cofinality u can consistently fail for u = Ny. This theorem

should be seen as a counterpoint to Magidor’s Theorem from 10.6.1.

Theorem 10.6.4 (Shelah). If ZFC plus a Mahlo cardinal is consistent then so is ZFC

plus every stationary subset of S§§ contains a closed copy of wi.

On the other hand, we shall show that global square implies that for any £ < p < 9,
T(k, 1, 0) holds. This is an easy generalisation of an argument by Jensen which can be

found in a MathOverflow answer given by Hamkins, [Hamb].

Definition 10.6.5 (Jensen). A global [O-sequence is a  sequence

(Cy | @ € ORD, cf(a) < a) such that for each «

e (,isclubin a,
e otp(C,) < a,

 (Coherence) If g € acc(C,) then cf(8) < 5 and Cp = C, N .

For 0 an ordinal, a GS(d)-sequence is a sequence (C, | a € §, cf(a) < a) satisfying the

three above conditions.
Remarks 10.6.6.
1. In L, there is a definable global [J-sequence.
2. A GGS(6)-sequence is an approximation to a global [J-sequence.
3. If there is a GS(6)-sequence then O, holds for all cardinals x < 4.

4. If k is kT-subcompact then O, fails, and therefore so does GS(0) for all § > k.
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If j: Hy+ — H,+ is an I; embedding with critical point x then one can show that & is
kt-subcompact. Therefore, the next lemma will not be useful in our contexts. However
it is an insightful construction because it shows the consistency of our desired principle.
It should also be remarked upon that square sequences are more commonly used to
show that there is a stationary set which does not reflect rather than our stationary

sets which will reflect almost everywhere.

Lemma 10.6.7 ([Hamb]). Suppose that GS(\) holds and w < k < X\ where k and X\ are
reqular cardinals. Then there exists a partition of S} into k many disjoint stationary

sets which simultaneously reflect on every point of cofinality k.

Proof. Let (C, | @ € A, cf(a) < ) witness GS(A) and fix a partition of S¥ into x many
disjoint sets (T, Nk | v € k). We define elements of T, inductively by the following
rule:
a €T, +—otp(C,) €T,

We claim that for each v € k and each § of cofinality x, T, N J is stationary. Note that
if this holds then on any ordinal of cofinality greater than x, the 7T, will simultaneously
reflect.

By construction, the claim holds for 6 = k. So let § > k have cofinality « and let

D C 4 be a club. Fix 7 to be the increasing enumeration of Cjy,
T Otp(05) — 05.

Then, since acc(Cs) is club in 6 and 7 is a bijection we immediately have the following

claim:
Claim 10.6.8. 7 '“(D Nacc(Cy)) is club in otp(Cs).

Next, fix v € k. Now, by our inductive hypothesis, T, N otp(Cys) is stationary in
otp(Cs) so we can fix some v € T, N7 (D Nacc(Cs)). Then w(y) € acc(Cs) so
Cs Nm(y) = Cry. Since 7 is the enumeration, otp(Cr(y)) = 7, which gives us that
7(y) € T,N D and T, N§ is indeed stationary. O]
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Corollary 10.6.9. Suppose that GS(X) holds and w < k < X where k and X are reqular
cardinals. Then {(k, pu, \) holds for all K < p < A.

Remark 10.6.10. The use of some amount of global [J seems to be essential in this
argument to ensure that the inductive argument works. Note that, by Theorem 6 of
[ST17], if I; holds then it is consistent to have an elementary embedding
j: Va1 — Vg and for Oy to hold. This is because the standard forcing to add a
(x-sequence is < AT strategically closed and therefore does not change V.

The difference between GS(A") and [, is the second condition. If we have such a
O, sequence, (C, | o € AT, cf(a) < ), then we only require that for 5 of cofinality less
than A, |Cs| < A.

An alternative way to achieve instances of  which avoids [J principles is by using
collapses. We conclude by giving the following example of this which can be easily

generalised.
Proposition 10.6.11. (Rg, Ny, Ry) consistently holds.

Proof. Let Col(w,R,) denote the Lévy collapse which adds a surjection collapsing ¥,
onto w. It is a standard fact that S:V remains a stationary set in the extension for all
A > XY, Let V[G] be the extension where we have collapsed R, for each n in w. Then,

in V[G], for each n € w

\ate) \ite)
N N

2 2
. CS,

(@]

is a stationary set which reflects at every point of cofinality NY . Hence the stationary

e
partition <S:i |n e w> witnesses that T(Rg, Ny, Ng) holds. O
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