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Abstract

This thesis studies quantum integrable structures such as Yangians and quantum
affine algebras that arise in and are inspired by the AdS/CFT duality, with a primary
emphasis on the exploration of integrable boundaries deeply hidden in the duality. The
main goal of this thesis is to find novel algebraic structures and methods that could lead
to new horizons in the theory of quantum groups and in the exploration of boundary
effects in the gauge/gravity dualities.

The main thrust of this work is the exploration of the AdS/CFT worlsheet scatter-
ing theory and of integrable boundaries that manifest themselves as Dp-branes (p+ 1-
dimensional Dirichlet submanifolds) which are a necessary part of the superstring the-
ory. The presence of these objects breaks some of the underlying symmetries and leads to
boundary scattering theory governed by coideal subalgebras of the bulk symmetry. Here
the boundary scattering theory for D3-, D5- and D7-branes is considered in detail, and
the underlying boundary Yangian symmetries are revealed.

The AdS/CFT worldsheet scattering theory is shown to be closely related to that of
the deformed Hubbard chain. This similarity allows us to apply the quantum deformed
approach to the boundary scattering theory. Such treatment of the system leads to quan-
tum affine symmetries that manifest themselves in a very elegant and compact form. In
such a way the symmetries of distinct boundaries that previously seemed to be unrelated
to each other emerge in a uniform and coherent form.

The quantum deformed approach also helps us to better understand the phenomena
of the so-called secret symmetry. It is called secret due to its peculiar feature of appear-
ing as a level-one generator of the Yangian of the system. However it does not have a
Lie algebra (level-zero) analogue. This symmetry is shown to have origins in the quan-
tum deformed model, where it manifest itselfs as two, level-one and level-minus-one,
generators of the corresponding quantum affine algebra.
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Preface

This manuscript will take the reader to a magical world of symmetries, where Yangian
and quantum affine algebras converge. It will lead on a magnificent journey following a
yellow-brick road of a superstring of infinite length and light-cone momentum through-
out the AdS5 x S° spacetime. We will encounter various D-branes blocking our way and
will find elegant integrable solutions giving a safe bypass from these obstacles.

The experience gained will allow the reader a glimpse into an even more extraor-
dinary world of quantum deformations, where the previously encountered structures
emerge in completely new prospects and require more elaborate methods for being con-
quered.

The final part of the manuscript will lead to a quest for the origins of the secret sym-
metry. This quest will require to scout through many strange worlds of quantum sym-
metries that are fearlessly protecting secrets of the AdS/CFT.
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Chapter 1

Introduction

During the last twenty years mathematics and physics have significantly influenced each
other and became highly entangled. Theoretical physics was always producing a wide
variety of new concepts and problems that became important subjects of mathematical
research. The growth of gauge, gravity and string theories have made the relation be-
tween these two disciplines closer than ever before. An important driving force was the
discovery of quantum groups [1-5] and of gauge/gravity dualities [6-8]. Here the lead-
ing role was played by the the so-called AdS/CFT correspondence and the underlying
integrable structure of it [9].

Quantum integrable systems constitute a special class of models in both mathematics
and physics and are studied principally through the quantum inverse scattering method
(QISM) and related methods [1012]. Their properties allow them to be solved exactly
and thus integrable models form a very useful playground for studying various systems.
A common feature shared by these models is that they have hidden algebraic structures
with a Lie algebra at the core. Furthermore, such systems typically enjoy not only a
symmetry of Lie type, but also a much larger and more powerful symmetry, for example
of Yangian or quantum affine type.

A far-reaching concept in integrable systems is the effect of boundaries and the cor-
responding boundary conditions. They are unavoidable in almost all models of physics
and are of fundamental importance. The introduction of boundaries into the theory of
quantum groups leads to a whole new class of the so-called reflection algebras [[13H15].
Such algebras were shown to appear in numerous models of physics and are at the core
of the integrable structure of them. However a coherent framework for describing such
algebras is not known, and many properties of reflection algebras are still an open ques-
tion.

When studying integrable models with periodic boundary conditions, the spectrum is
governed by the S-matrix and thus indirectly through the underlying symmetry algebra,
which is conventionally called the bulk symmetry. However, for integrable systems with
open boundaries, there is another object, called the reflection matrix, or K-matrix, which
describes the scattering of excitations from the boundary [16]. Generically, boundaries
preserve a subalgebra of the bulk Lie algebra and this subalgebra then determines the
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2 Introduction

corresponding reflection matrix. However this is usually not enough to determine the
bound state reflection matrix and a coideal subalgebra of the corresponding bulk Yangian
or quantum affine algebra is required [17].

A very distinctive algebra arises at the core of the AdS/CFT duality [18-20] and leads
to a variety of coideal subalgebras [21H26]. These algebras have very specific properties
and hardly fit into the current classification of quantum groups. Thus new algebraic
methods must be developed to put these new algebras onto a firm ground.

The goal of my research is to explore the symmetries of the worldsheet scattering
in AdS/CFT by building a connection between the theory of quantum groups and the
integrable structure of AdS/CFT, in particular by shedding more light on the effects of
boundaries and different boundary configurations, and find elegant, exact solutions and
methods describing the models that arise from and are inspired by the gauge/gravity
dualities. Animportant part of my work is to link the integrable structures and boundary
algebras arising in AdS/CFT to the already known ones, in particular, to those of the
principal chiral model defined on a semi-infinite line [17,27], to the deformed Hubbard
chain [28-30]], and to the axiomatic theory of the quantum symmetric pairs [31,32]. In
such a way the methods presented in this manuscript can be generalized and applied to
other gauge/gravity dualities and relevant models of both mathematics and physics.

In this chapter we will briefly recall the notion of integrability, the link between Hopf
algebras, quantum groups and the Yang-Baxter equation, and also between reflection
algebras and the reflection equation. We will then make a short glimpse at the integrable
structure of AdS/CFT and give an outline of this thesis. Some of the topics briefly covered
here will be explored in much more detail in the subsequent chapters and more references
to earlier works will be given.

1.1 Integrability and the algebraic Bethe ansatz for spin chains

We will introduce the notion of integrable systems through the Liouville theorem. Such
systems have a 2m-dimensional phase space M, and have m independent conserved
quantities (constants of motion) {/;};—1,. ., in involution. Then the Liouville theorem
states that such a system can be solved exactly. Examples of such systems are har-
monic oscillators in m dimensions, Toda lattices, nonlinear sigma models, Heisenberg
spin chain. There are also systems with k£ > m independent conserved quantities, for ex-
ample the Kepler system. Such systems are called superintegrable, however in this case
not all of the conserved quantities are in involution.
Let us start by recalling some basic definitions. A manifold M equipped with a non-
degenerate closed 2-form
w:TM — T*M, (1.1.1)

between the tangent bundle 7'M and the cotangent bundle 7™M, is called a symplectic
manifold with a symplectic 2-form w and is conveniently denoted by (M,w). The non-
degeneracy of w implies that there exists a well-defined inverse

Q:T*M - TM, Q=w"'. (1.1.2)
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In such a way any one-form df on M can be identified with a vector field and for any
differentiable function H : M — R, there exists a unique vector field Xy, called the
Hamiltonian vector field such that for any vector field Y on M the following identity
holds,

dAH(Y) = w(Xp,Y) . (1.1.3)

We will use the notion of a Hamiltonian vector field to define a Poisson manifold.
Consider a bilinear map on M, called the Poisson bracket,

{,-}:C®(M)x C®(M)— C*(M), (1.1.4)
such that for any f, g,h € C*(M)

{fag}:W(XﬂXg) :df(Xg) :ﬁng, (1.1.5)
where Lx is the Lie derivative along the vector field X with the following properties:

e Itis skew-symmetric: {f, g} = —{g, f} .

e It obeys the Jacobi identity: {f,{g, h}} + {g,{h, f}} + {h,{f.9}} =0.
e Itis a derivation of C°°(M) in its first argument: { fg,h} = f{g,h} + {f, h}g.

A Poisson manifold W is a manifold endowed with a Poisson backet satisfying the
properties above.

Let us make two remarks. First, any symplectic manifold is a Poisson manifold, but
the converse is not true. There are many Poisson manifolds that are not symplectic man-
ifolds. Secondly, a vector space of differentiable functions on a Poisson manifold has the
structure of a Lie algebra; the assignment f — X is a Lie algebra homomorphism, whose
kernel consists of the (locally) constant functions.

We are now ready to define the notion of integrability. Consider a dynamical sys-
tem modeled by a symplectic manifold M equipped with a Poisson brackets and the
Hamiltonian # (M ). and its time-evolution given by following the integral curves of the
Hamiltonian vector field X7, on M corresponding to H,

Xu(f)={H. f}. (1.1.6)

Let f = f(m(t)), here m(t) is any integral curve of Xy parametrized by ¢. Then (1.1.6)
becomes of

=111} (1.1.7)

The function f is called a conserved quantity (or an integral of motion) if it Poisson-
cummutes with #, i.e. {#, f} = 0. Two functions f and g are in involution if { f, g} = 0.
This terminology allows to give the following definition of a classical integrable system:

Definition 1.1.1. A classical dynamical system on a 2m-dimensional symplectic manifold M
with a Hamiltonian H is Liouville integrable if it possesses m independent conserved quanttities
{I;}j=1,...m in involution.
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Here the independence means that the tangent space of the surface defined by I; = f;
exists everywhere and is of dimension m. Furthermore, there can be at most m indepen-
dent quantities in involution, otherwise the Poisson bracket would be degenerate.

There is also a notion of a quantum integrable system. In the quantum setting, func-
tions on the phase space must be replaced by self-adjoint operators on the Hilbert space,
and the notion of Poisson-commuting functions is replaced by commuting operators.
Consequently, a system is considered to be quantum integrable if there exist operators I
corresponding to conserved charges which can be simultaneously diagonalized together
with the Hamiltonian operator A,

[#.1;] =0, [1;, 1] =0. (1.1.8)

In the semiclassical limit, these operators correspond to symbols that are independent
Poisson-commuting functions on the phase space.

The importance of Liouville integrability, as the terminology implies, is that system
with such properties can be solved exactly. Solving the system is considered as finding
the resulting spectrum of # and ;. A very simple but widely applied example of an
integrable system is the Heisenberg X X X 1 spin chain which can be exactly solved using
the Bethe ansatz.

The classical Bethe ansatz is applied to a periodic chain with L sites. At each site the
spin variable can be facing either up or down. Consequently the Hilbert space of the spin
chain is

L
oW =T e Vs, (1.1.9)
n=1

where each local space Viisa spin-% irrep of su(2) with a basis {f,]}. Therefore the
dimension of the Hilbert space is dim (%) = 2L The Hamiltonian for a such system is
very simple,

L
H=-) (6-Gi1—1), with Gr41:=51, (1.1.10)

i=1
and reflects that the interactions are short ranged, — the nearest neighbours are inter-
acting only; here #; are the Pauli matrices acting on the i-th lattice site. Denote ¢ the
operator shifting the states by one lattice unit. Then the Hamiltonian is clearly translation

invariant '
e H] =0. (1.1.11)

The periodicity of the closed spin-chain gives
Pl =1, (1.1.12)

Finally, define A(")(X) = S | X;, where X; € {07,067, 07}. Then the Hamiltonian H is
su(2) symmetric,
H,AP)(X)]=0. (1.1.13)
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Let us denote the state with all spins-down as the vacuum state. Next, we divide the
Hilbert space into subspaces of states with equal number of spins-up,

N
A =3P, (1.1.14)
M=0

(L

where %(L) represents the vacuum state, 77 ) represents the subspace of all configura-

tions with one spin-up and etc. The dimension of each subspace is dim z%”]\(f) =( AL/‘,) .
The natural way to define the wave function for an eigenvector from the first sector is

L

U1) =D () |z), (1.1.15)

r=1

where |z) represents the state with spin-up at the site 2. The function f(z) describes the
probability that a single spin-up is precisely at the site 2. Next, translation invariance and
periodicity offer a very simple form of f(x), namely it is a plane wave,

fz) =™, (1.1.16)

where k is momentum constrained by the periodicity f(z + L) = f(x) and is k = 27l /L
withI =0,1,...,L — 1.
The wave function for an eigenvector from the second sector is very similar,

(W) = > flar,22) |21, 22) . (1.1.17)

1,22

. L
Here |21, x2) represents a vector in ,%”2( )

periodicity condition now reads

with spins-ups at the lattice sites x; and x3. The

f(xl,xg) = f(xg,xl + L) . (1118)
The solution for the unknown function f(x1, z2) was found by Bethe and is [33]
fx1, x0) = Ajgetkrmithen) o gy gilkizathozy) (1.1.19)
It respects the periodicity condition by requiring the following constraints to hold,
Ajg = Agy Ml Agy = App ekl (1.1.20)
Finally, the full translational symmetry of the system requires
flar+ Lowg+ L) = f(zy,25), Pl (1.1.21)

The Bethe ansatz is treating the scattering of two spin waves as purely elastic. The
only dynamics allowed is the permutation of the quasi-momenta. This is the consequence
of integrability.
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The physical properties are encoded in the scattering amplitudes,

512 = Tw ) 521 = A721 ) (1-1-22)

in terms of which Bathe ansatz reads as
f($1,$2) = Ay <ei(k1x1+k2r2) + Sio ei(k1x2+k2r1)) , (1.1.23)

and the scattering amplitudes satisfy
eileSu =1 s eikgLSm =1. (1124)

Let us continue and generalize these equations for an arbitrary number M of spins-
up. The generic form of a wave function is

(W) = > f(@1, e pr) |1, s ar) (1.1.25)

1<z1<z2<..<zxp <L

and the Bethe ansatz acquires the form

flxy,...,zr) = Z A, elkpyz1tthpan i) (1.1.26)
PEPM

where the sums runs over the M! permutations p of the labels of quasi-momenta k;. The
periodicity condition generalizes to

f(x1,..xpr) = f(zo, ooy xpr, 21 + L) . (1.1.27)
And therefore we arrive to the Bethe ansatz equations (BAE)

M
oikil _ H Sii(kj ki), for i=1,....M. (1.1.28)
=1, j#i

It is worth considering the case M = 3 more explicitly as it is closely related to the
Yang-Baxter equation [34,35]]. For a scalar S-matrix the ordering of factorization does not
play a role. However in the matrix case there are two inequivalent ways of factorizing
the three particle scattering. They are shown in figure|l.1|and represent the Yang-Baxter
equation,

S{3y = 23513512 = S1251352 - (1.1.29)
The Bethe equations can be derived heuristically if we consider M particles on a circle

of circumference L. Transporting the j’th particle around the circle reads as shifting of
the particle position /; by [; — [; 4 L. In the absence of other particles this transportation
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p % px >{;
1 p2 3 1 p2 3 1 p2 3

Figure 1.1: Factorization of the three particle scattering.

would produce a phase shift exp(ip;L) only. By introducing other particles we must in-
clude the scattering of the j’th particle with all the other particles around the circle and
therefore the phase picks up factors S; ;. for all k # j. Consequently, the heuristic deriva-
tion yields the BAE (1.1.28). In the L — oo limit the system becomes infinite dimensional
and the number of conserved quantities becomes infinite as well. For more examples and
details how to treat infinite dimensional Hamiltonian systems we refer to e.g. [36]. The
properties of the S-matrix will be discussed in more detail in Chapter 3| where we will
consider the AdS/CFT worldsheet scattering.

Bethe ansatz equations can be easily generalized for a system with open boundaries.
In this case the periodicity condition corresponds to transporting the test particle along
the chain towards the right boundary, reflecting, translating backwards to the left bound-
ary, reflecting, and then translating it back to the initial site of the chain. In such a way
the Bethe ansatz equations become

M
PRl = K (k)? T[ Sjilky, ki) Sji(—kj, ki) (1.1.30)
J=1, j#i
where K (k;) is the boundary reflection matrix. This time the M = 2 case is related to the
boundary Yang-Baxter equation shown in figure

% Ao X

Pa P2 P, P, P,
Figure 1.2: Factorization of the boundary scattering.

The statement of exact factorization reads as

K = K230 K13512 = S21K13512Ka3 | (1.1.31)
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where the underbarred notation denotes reflected states and the subindex 3 denotes the
boundary. Note that there can be two different boundary conditions, a trivial boundary
with no boundary degrees of freedom, and the one with a boundary state located at the
extra lattice sites L = 0 and L = M + 1. In such a way the explicit form of K (k;) depends
on the corresponding boundary conditions.

1.2 Hopf algebras and the YBE

Here we shall give a brief introduction to Hopf algebras and show how these naturally
produce the Yang-Baxter equation [34,35]. We will come back to this topic in more detail
in Chapter[2} For a comprehensive guide to Hopf algebras and quantum groups we refer
to [37].

We start from an associative unital algebra (A, m, ¢) over C. The associativity of mul-
tiplication map m : A® A — A for an arbitrary algebra elements q, b, c reads as

mme)](e@bc)=m(leom)](a®@b®c). (1.2.1)

The unit map i is linked to unit element 1 € Aasi: A € C+~ 1.\ € A. Next we introduce
a comultiplication (coproduct) A : A — A ® A which we require to be coassociative

(A ®id) Ala) = (id® A) Aa) | (1.2.2)

where id is the identity map. One more required element for the coalgebra structure is a
counit map € : A — C which satisfies

(id ® €) Aa) = (e ®id) Ala) = id . (1.2.3)

The structure (A, m, i, A, €) is an algebra and a coalgebra simultaneously and is called
a bi-algebra if comultiplication A and counit € are algebra homomorphisms,

e(ab) = e(a)e(b) , Aab) = A(a)A(D) . (1.2.4)
By introducing an antipode S : A — A which is an anti-homomorphism
S(ab) = S(b)S(a) , (1.2.5)
satisfying the following condition
m (S ®id) A(a) =m (id® S) A(a) = €(a)id, (1.2.6)

the bialgebra becomes a Hopf algebra. To summarize what was said, let us give an ex-
plicit definition.

Definition 1.2.1. A Hopf algebra over a field K is a K-module A equipped with K-module maps

m: A A— A (multiplication), i:C—A  (unit map),
AtA—-ARA (comultiplication), e:A—C (counit map),
S:A—- A (antipode), (1.2.7)
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such that m and A are coalgebra homomorphisms, i and e are algebra homorphisms, S is algebra
anti-homomorphism, and satisfy the following properties:

mo (id®@m) =mo (m® id) (associativity),

mo (id®i) = mo (i®id) = id (existence of unit),

(id® A)o A= (A®id)o A (coassociativity),

(e®id)o A X (id®e€)o A Xid (existence of counit),
mo(id®S)oA=mo(S®id)oA=ioe,

Aom=mem)o(A®A) (connection axiom). (1.2.8)

If the multiplication is commutative the algebra is called commutative, otherwise it is
anon-commutative algebra. A similar but slightly extended classification applies to coal-
gebras and Hopf algebras. These can be cocommutative or non-cocommutative. How-
ever some of the non-cocommutative Hopf algebras can be endowed with an additional
algebraic structure called the quasi-cocommutativity property. Such Hopf algebras inter-
polate between cocommutativity and (completely) non-cocommutativity in a controlled
and very special way. To explore such algebras we need to introduce a permutation map,

c: ARA—-ARA, a®b—bRa, (1.2.9)

which acts by interchanging the order of the operands only. The Hopf algebra is cocom-
mutative iff
A%(a) :=00A(a) =A(a) forall ac A. (1.2.10)

Furthermore, A% (a) is also a comultiplication. In such a way the set (A, u°, i, AP, ¢, 57),
where S'(a) = S71(a), is also a Hopf algebra and is convienently called as the opposite
Hopf algebra and is denoted by A°P. It is isomorphic to A°? = A as a Hopf algebra. The
algebra of prime interest to us will be a quasitriangular Hopf algebra:

Definition 1.2.2. A given Hopf algebra is called quasitriangular if there exists an invertible
element, called the universal R-matrix R =, a, ® a] € A® A, such that

A%P(a) =RA(a)R™Y forall ac A, (1.2.11)
and satisfying
id@ A)R =Ri3R12= Y did;®d ®al, (1.2.12)
1) i 7

4,7
(A®id)R =Ri3Res = Y _a;®d; ®ajaf, (1.2.13)

4,3
(S®id)R=(ido ST )R=R"". (1.2.14)

The notation used above is

Rip=)Y aj®@a/®1, Riz=Y» a;@l®a], Ru=)» l@aoad. (1215)
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The quasitriangularity means that the comultiplication A and its transpose AP are
related linearly. Heuristically it can be understood as an equivalence between two dif-
ferent ways of ‘adding things up’. A trivial example of a quasitriangular cocommutative
algebra is when R = C ® C. A Hopf algebra is called triangular if Ro; = R~!, where
Ra1 = ), a] ®aj,. Anoncocommutative quasitriangular Hopf algebra is called a quantum
group. The most interesting feature for us is that a quasitriangular Hopf algebra naturally
produces a solution to the Yang-Baxter equation in the so-called universal form.

Proposition 1.2.1. Let (A, R) be a quasitriangular Hopf algebra. Then,

Ri12R13R23 = Ra3R13R12 . (1.2.16)
Proof. By (1.2.13) we have
[(J o A) &® Zd] R =019 (A & Zd) R =019 (R13R23) = Ro3Ri3. (1.2.17)

On the other hand the same expression can be written as
[(coA)®idR = ZAOP ® al —ZR12A DR ®af
= Ris Z Aa)) ® a])Rig =Rz [(A ®id) R] Ry

= R12R13R23R12 R (1.2.18)

and therefore (1.2.16) follows.

1.3 Reflection algebras and the BYBE

One of the most challenging questions in the scattering theory is the solution to the so-
called universal boundary Yang-Baxter equation,

K23R12K13R12 = R12K13R12K23 (1.3.1)

where the underbarred notation is associated with the reflected states; we will explain
this point in more detail a little bit further. This equation is also called the reflection
equation [15]]. Similarly, algebras defining solutions of the reflection equation are conve-
niently called reflection algebras (see e.g. [14,38-43]).

There are several approaches leading towards the universal solution of (see
e.g. [44,45]); however these are valid for specific cases only, and thus there is no canonical
approach in solving the reflection equation. In such a way in most cases the refection
equation is understood as a matrix equation.

Here we will briefly recall some aspects of the representation theory of the Hopf alge-
bras that will be relevant to us in defining the boundary reflection matrix. We will give
more details and references in Chapter
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Consider a quasitriangular Hopf algebra (A, R). Let V be a finite dimensional vector
space and T, : A — End(V) be a finite dimensional representation of A, where z denotes
the evaluation parameter of the representation. Then the R-matrix can be defined as an
intertwining matrix

R=(T.®T,)[R] €End(V®)V). (1.3.2)

and can be obtained by solving the intertwining equation
(T2 Tw)[A(a)| R — R(T,® T)[A(a)] =0 forall ac€ A, (1.3.3)

Note that (T, ® T}, ) [A(a)] is required to be irreducible. Such R-matrix then automatically
satisfies (1.2.16) defined on the tensor space V ® V ® V.
Let B C Abe a left coideal subalgebra,

A(b) e A®B forall beB. (1.3.4)

Let W be a finite dimensional vector space and T : B — End(W) be a finite dimensional
representation of 3, called boundary representation, where s denotes a boundary spectral
parameter. Let 7 : A — End(V) be a conjugate representation of A, for example 77 =
T, for quantum affine algebras, and 77 = 7", for Yangian algebras. Then the boundary
reflection matrix can be defined as an intertwining matrix

K eEnd(VeW), (1.3.5)
and can be obtained by solving the boundary intertwining equation
(T, Ts)[AD) K — K (T;®Ts)[A(b)) =0 forall beB, (1.3.6)

Here (T,® Ts)[A(b)] is required to be irreducible. We are now ready to introduce a notion
of the reflection algebra. Let us give some necessary preliminaries. Define Ri3 := (T, ®
Ty ® id)[R12), and similarly for Ri9, Ri2. Set K23 = 1 ® K, and similarly for K3. Then:

Definition 1.3.1. A coideal subalgebra B C A is called a reflection algebra if the intertwining
equation (1.3.6) defines a K-matrix K € End(V ® W) satisfying the reflection equation

K23R12K13R12 = RQKlgngKgg . (137)

The property that reflection algebra must be a coideal subalagebra was first observed
in [46]. We will consider such reflection algebras in more detail in Chapter @ In the re-
maining part of this section we want to give an approach which could lead to a universal
solution of the reflection equation and a universal reflection matrix. This approach is in-
spired by the algebraic structures of the AdS/CFT duality and will be considered in more
detail in Chapters[3|and 4

We would like to lift the considerations presented above to the algebra level. Suppose
there exists an involutive algebra automorphism

k:A—= A  a— a:=k(a), (1.3.8)
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and k2 = id, such that
Ty(a) =T (a) forall ac A, (1.3.9)

and any pair of mutually compatible representations 7, and 77 in the sense as was de-
scribed above.

Definition 1.3.2. Let s : A — A be an involutive algebra automorphism as defined above. Then
we call k a reflection automorphism of A.

The reflection automorphism is a necessary step in the search of a universal reflection
matrix. Let us define a modified coproduct,

A = (k®id) o A. (1.3.10)
Definition 1.3.3. We call A"/ defined by (1.3.10) the reflected coproduct.

Now we are ready to introduce a notion of the universal reflection algebra and the
universal reflection matrix.

Definition 1.3.4. We call B a universal reflection algebra if there exists an invertible element,
called a universal K-matrix K =3, a; @ b € A® B, such that

A" (b)) = KADB)K™Y forall beB, (1.3.11)
and satisfying the universal reflection equation (1.3.1)
K23R12K13R12 = R12K13R12K23 ,

where Rig = Y ,a, ®al ®1, Rizg = (id®@ k ®id)Ri2 = Y, a; ® a] ® 1, and similarly for
RLQ,RQ;QTZCZICB: ia;®1®b§',lC23:Zi1®a§®b;’.

Note that a given Hopf algebra .A may have several inequivalent coideal subalgebras,
and thus there can be a family of reflection algebras leading to inequivalent reflection
matrices satisfying the reflection equation for a single R-matrix. There are some universal
properties that are respected by all B’s:

Definition 1.3.5. Let b € B be such that A"/ (b) = A(b). Then we call b coreflective.
Proposition 1.3.1. Let ¢ € B be a central element of the algebra. Then c is coreflective.

Proof. This follows directly from (1.3.11).
]

The reflection matrix for the left boundary can be obtained by composing with the
flip operator o,
K?P:=0(K)eB A. (1.3.12)

Define A%7¢/(b) := o o A"/, Then the relation (I.3.T1)) for the left boundary becomes

APTe (b) = P AP (b) (KP)~! forall beB. (1.3.13)
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T - A
g
d® K Kk ®td
Aop.ref g Aref

The maps o and « lead to the following commutative diagram,

A somewhat similar approach was considered in [44] where the role of the reflected
algebra A"/ and the reflected coproduct A™/ is played by a twisted Hopf algebra and
a twisted coproduct, and £ € A ® A*, where A* is a twisted-dual algebra to A, and
coincides with A as a linear space.

The key problem of the universal approach to the reflection equation presented above
is that it is not possible to construct the reflection automorphism « for a generic algebra
A, thus this approach could be applied to specific algebras only.

An algebra which does have a reflection automorphism is the centrally extended
psu(2|2)c algebra playing a key role in the worldsheet scattering theory of the AdS/CFT
correspondence. An exclusive feature of this algebra is its braided Hopf algebra structure
and an SL(2) outer-automorphism group which accommodates the reflection automor-
phism. This algebra is very rich in coideal subalgebras which we will explore in Chapters
and E} However, the universal R-matrix is not known for this algebra, and this obscures
finding a universal reflection K -matrix. Nevertheless this approach has proved to be very
useful in finding worldsheet reflection matrices in AdS/CFT, and played a crucial role in
defining the representation of the reflected algebra and determining boundary algebras
for the g-deformed worldsheet scattering.

To finalize we want to give a ‘dictionary” relating quantum groups and reflection
algebras.

Bulk Boundary

Hopf algebra A Coideal subalgebra B

Coproduct A(a) e A® A, YVae A Coproduct A(b) € A® B, Vb e B

Flip map o Reflection map ~

Opposite coproduct A? = g o A Reflected coproduct A" = (k ® id) o A
R-matrix R €e A® A K-matrix K € A® B

A%(a) = R A(a) R™1 Al (b) = K A(b) K1

YBE: R12R13R23 = R23R13R12 BYBE (RE): K23R12K13R12 = R12K13R12K23
Quantum group Reflection algebra
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1.4 Integrability in AdS/CFT

The AdS/CFT correspondence, as originally conjectured by Maldacena [6], states an
equivalence (or duality) between two very different theories:

e N = 4 super Yang-Mills theory in 4-dimensions with the gauge group SU(N) and
coupling constant gy 57 in the conformal phase;

e Type IIB superstring theory on AdSs x S 5 where both AdSs and S® have the same
radius and the coupling constant is gs = ¢%,;

The AdS/CFT conjecture states that these theories, including operator observables, states,
correlation functions and full dynamics, are equivalent to each other.

In this section we shall briefly review the connection between the type IIB superstring
theory compactified on a AdSs x S° and the N' = 4 super Yang-Mills theory. There are
currently many nice reviews on the subject [47-52]]), the most recent and exhaustive one
being the review [9]. Thus we will be rather concise in this section and concentrate more
on the geometry, where D-branes live, the subject of our investigations.

Let us start from a flat ten dimensional Minkowski spacetime where the type IIB su-
perstring theory lives. The spacetime will become compatified to AdSs x S° by intro-
ducing a stack of NV parallel D3-branes that are sitting together very closely to each other
and are extended along a (3 + 1) dimensional plane in the (9 + 1) dimensional spacetime.
String theory on this configuration contains two kinds of perturbative excitations, namely
closed and open strings. The closed strings are excitations of an empty space, while the
open strings end on D-branes and describe excitations of the D-branes. Open strings both
of whose end points are attached to a single brane can have arbitrary short length and
therefore can have massless modes, while the stings attached to different D-branes have
mass proportional to the distance between those D-branes and induce a U(1)" gauge
theory. In the limit when all D-branes become coincident, all of the open strings can be-
come arbitrary short and therefore at the low energy (supergravity) limit dominates, i.e.
only the massless modes survive giving raise to the full U(/N) gauge symmetry on the
boundary (fig. [I.3). Although only a SU(N) gauge field theory is usually considered,
because the overall U(1) = U(N)/SU(N) factor corresponds to a global translation of
the stack of the D-branes thus can be ignored when considering the local dynamics of the
brane.

The massless modes of closed strings give a gravity supermultiplet in ten dimensions
and in the low energy limit (energies lower than the string scale 1/I;) the effective theory
is the type IIB supergravity. The low energy effective theory on the brane is the N’ = 4
super-Yang-Mills theory in its conformal phase with a gauge group SU (NN ). The complete
action of the configuration can be written in the form

S = Sbulk: + Sbrane + Sint y (141)

which in the low energy limit becomes an effective action of massless modes and can be
read as
Seff = Ssugra + SSYM, (142)
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Figure 1.3: a) A stack of N separated D3-branes inducing massive U(1)"¥ gauge theory,
b) The stack of NV coincident D3-branes inducing massless U(N) gauge theory.

because the interaction part of the action Sj,,; ~ g5 (¢ )2, and thus the o/ — 0 limit (while
keeping g; fixed) gives Sin: — 0. Therefore, the supergravity decouples from the brane
and in this sense is considered to be free. Note that it is still an interacting theory on its
own.

Lets take a closer look to the the D3-brane. This supergravity solution is of special
interest for several reasons. Its worldbrane has 4-dimensional Poincare invariance, it
has a constant axion and dilaton fields, and is self dual and regular at all points. The
spacetime metric of such configuration may be written in the following form

2 L 3 i j Lt 2 2, 2302
ds® = 1—I—E nijda’dz? + 1—|—E (dy +y dQ5)7 (1.4.3)

where i, j = 0...3 and the radius L of the D3-brane is given by

LY = 4mgs N (a')2 .

Wskian flat limit

‘~-.-____________________________________——_——————————————

Throat limit
Figure 1.4: Minkowski and throat region of the AdS.

(1.4.4)

In the limit y > L we recover the flat spacetime R9, whiley < L corresponds to the
geometry that is often referred to as the throat (Fig. and would appear to be singular
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as y < L. Although, after introducing a coordinate

, (1.4.5)

the limit y < L reads as large u limit and transforms the metric to the following asymp-
totic form

ds? = 12 ( Lyyssdaidad + du” + d0? (1.4.6)
- U2 T]’Lj ’U,2 5 I <.

which is referred to a product geometry of five-sphere S° with metric L?dQ? and the
hyperbolic space AdS; with a conformal metric o< du®+n;jdz'dz?. It is a space of constant
negative curvature and in the general case AdS,; can be defined by a Lobachevsky type
embedding in R+, Using parametrization zo = R cosh pcos T, £441 = Rcosh psinT and
x; = Rsinh pQ);, where ), Q; = 1, the metric of AdS,; space can be written as

ds® = R? (— cosh? p dr + dp? + sinh? p dQQ) ) (1.4.7)

with p > 0and 0 < 7 < 27 (fig. . This metric has a hyperboloid topology of S L RpHL
with S representing closed timelike curves in the 7 direction. By setting d = 5 and taking

the limit 7 — oo we obtain a flat 4-dimensional Minkowski space time on the boundary
of AdS5

p—oo p—e

Figure 1.5: Anti de-Sitter spacetime parametrized by p and 7.

It is worth noting, that Anti de-Sitter space is a solution of the Einstein equation with
a constant negative cosmological constant

Ry — 29w R = 87GAg,,. (1.4.8)

The Maldacena AdS/CFT duality considers the o’ — 0 limit while keeping g and
N fixed. In such a way only the AdS; x S° region of the D3-brane geometry survives
and contributes to the string dynamics of physical processes, while the asymptotically
flat region decouples from the theory and does not influence the string dynamics. The
conjectures states that the supergravity and super Yang-Mills spectrum coincides. Any
field ¢(Z, z) propagating in the AdS, where z is the distance from the boundary of AdS, is
in one-to-one correspondence with some gauge invariant operator O() in the conformal
field theory. The correspondence is realised by a relation between the energy of the field
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and the scaling dimension of the of the operator in the field theory. The strongest conjec-
ture formulation states, that the generating functional of the correlation functions of the
conformal field theory side coincides with the partition function of the superstring theory
with the boundary condition stating that the field ¢ has the value ¢y on the boundary of
AdS,

<e fd4ac¢0(ac)(’)(:v)>CFT = Zastring [0(Z, 2)| =0 = ¢0(7)] - (1.4.9)
This relation is valid for any field in the theory.

Quantum integrability, the study of exactly-solvable models of quantum physics, has
long enjoyed a fertile exchange between physics and mathematics. Most of the quan-
tum groups and associated algebras have their origin in some classical or quantum in-
tegrable system of fundamental physics. However, at the early stages of exploration of
the AdS/CFT duality, there were no signs of integrability observed. This changed in
2003, when integrability was found to govern certain limits of the duality, including non-
local charges [53] in the string sigma model [54], and the spin-chain picture on the gauge
side [55-57]. Since then, integrability became an important part of the core structure of
the duality and has led to an astonishing range of new results. The complete story of
the integrability has been merged into a comprehensive 23-part review, an overview of
which is given in [9]].

The N/ = 4 super Yang-Mills is a non-Abelian gauge theory in 3 + 1 dimensions
with a G = SU(N) gauge group. This theory is unique, it has a vanishing S-function
at all values of the coupling constant gy s, and has the largest possible spacetime sym-
metry. The bosonic part of the global symmetry is SO(4,2) x SO(6) and coincides ex-
actly with the isometries of the AdS; x S° background. The first factor is the conformal
group of four-dimensional spacetime and includes the Lorentz symmetry as a subgroup,
S0O(3,1) C SO(4,2). The second factor is the so-called R-symmetry, SO(6) ~ SU(4).
These symmetries are enhanced by 32 supercharges thus generating the PSU (2, 2|4) su-
pergroup.

The field content of this theory consists of a gauge field .A,, which is a singlet 1 under
the R-symmetry, six massless scalar fields ¢I , I =1...6, transforming in 6, four chiral
and four anti-chiral fermions, 9% and 44, @ = 1...4, transforming in 4 and 4 of SU(4);
and «, & = 1,2 are spinoral indices of two independent SU(2) that constitute the Lorentz
algebra.

The natural observables are the correlation functions of local single-trace gauge-invar-
iant operators of ‘words” composed of all possible ‘letters’, fields o, Y&, Ysq and covari-
ant derivatives D,,, all transforming in the adjoint representation of SU(N) and evaluated
at a point z. Such operators have a well-defined classical scaling dimension A which is
simply a sum of the mass dimensions of each individual component.

Such operators can be classified by a sextuplet of charges, (A, S1, S2; J12, J34, J56) Of
the global PSU(2,2|4), where A is the aforementioned conformal dimension, S; and S
are the two charges (spins) of the Lorentz group, and J;;’s are three independent R-char-
ges of SO(6). Then, by the AdS/CFT conjecture, operators of scaling dimension A are
identified with string states of energy H = A. More precisely,
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e single trace operators are in one-to-one correspondence to single strings, multi-trace
operators correspond to multi-string states;

o the charges S; correspond to angular momenta of strings in AdSs, the three charges
J; correspond to angular momenta of string in S°.

Consider an operator composed of fields Z = ¢° + i¢® only, ¥, = Tr[ZF], with
L > 2. This operator has a set of charges (L,0,0;0,0, L) satisfying A = Js6 and is a
chiral primary (BPS) operator. In such a way the classical conformal dimension A of ¥,
is protected against quantum corrections and thus ¥, is a good starting point in trying
to solve the theory.

Choose L to be very large, L — oo. Then the operator ¥;, corresponds to a ligh-
cone superstring with an infinite momentum p; — oc spinning in the maximal S? C
S® stretched in the 56-plane. The light-cone gauge preserves a subgroup PSU(2[2),, x
PSU(2|12)p C PSU(2,2/4) of the global group. The same symmetry manifests itself in
the gauge theory side of the correspondence. The operator ¥, can be identified with a
periodic spin chain of length L and vacuum reference state Z = |. In such a way ¥, = |0)
becomes the BMN vacuum state state of the theory with ‘zero energy” H = A—J,6 =0 [58].

Figure 1.6: Duality between the light-cone superstring stretching a maximal S? C S° and
an excited periodic spin chain; here Z = is the vacuum reference state and 1 represents
any allowed excitation.

Then by replacing some of Z’s in ¥y, by other super Yang-Mills fields, which in the
string side of the duality correspond to worldsheet excitations and in the spin chain lan-
guage are called magnons, one obtains an excited spin chain configuration with H =
A — Js6 > 0 (see figure and an underlying centrally extended symmetry algebra,

psu(2|2); x psu(2(2)p x R? (1.4.10)

where R? = {H,C,CT} and C ~ g(1—ePv*) with p,,; being the worldsheet momentum of
an individual excitation satisfying >  p,,s = 0, i.e. the total worldsheet momentum of the
string is required to be vanishing [19]. Therefore the theory can be solved by applying the
standard Bethe ansatz and R-matrix techniques that we have discussed in the previous
sections. The symmetry algebra (1.4.10) implies that the worldsheet S-matrix factorized
into two equivalent and independence factors, left and right,

Sws = S, ® Sg, (1.4.11)
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each governed by a single copy of psu(2|2) x R3. In such a way one only needs to consider
one sector at a time, which simplifies the model significantly.

T—H—f—H—l—l—f% Vector boundary

f l Singlet boundary
SS

Figure 1.7: Duality between open light-cone superstrings ending on a D3-brane wrap-
ping a maximal S® C S® and open spin chains. Boundary conditions depend on the rel-
ative orientation of the string and the brane leading to two different cases: the vertically
oriented open string gives raise to a vector boundary, a boundary with boundary fields,
the horizontally oriented string gives raise to a singlet boundary, a boundary without
boundary fields.

So far we have only considered closed strings that correspond to periodic spin chains.
By introducing D-branes into the type IIB supertring theory one gets a whole family
of new configurations that were absent before — open strings ending on the D-branes,
the most famous ones being the D3-, D5- and D7-branes [59-65]. Such configurations
correspond to spin chains with open boundary conditions (see figure [I.7). Deep in the
bulk, i.e. far away from its ends, open strings behave exactly the same as their closed
relatives. However, by getting closer to the ends the boundary effects emerge into the
theory. These boundary effects are very extensive and depend not only on the type of the
D-brane the string is attached to, but also on the type of embedding of the brane inside
the AdSs x S° background and the relative orientation of the string and the brane, thus
leading to a vast variety of new phenomena. This requires new mathematical methods
to be invented which go far beyond the standard techniques.

1.5 OQOutline

In this chapter we have given a motivation for this manuscript — integrable structures
arising from and inspired by the AdS/CFT duality. In the subsequent chapters we will
give an exhaustive description of algebraic methods, quantum algebras, bulk and bound-
ary scattering theories that were developed in the quest for uncovering integrable bound-
aries in the AdS/CFT.

Each chapter will present an individual topic and, for readers” convenience, will be
given in as much as possible self-contained way. However, the topics that will be covered
in this manuscript are intimately related to each other and thus each chapter serves as a
precursor for the subsequent one.

The second chapter presents the theory of reflection algebras that has been inspired
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by the algebraic structures and boundary scattering in AdS/CFT. This chapter is writ-
ten in as much as possible mathematically rigorous way and introduces a framework of
reflection algebras that are later used throughout the rest of the manuscript. Here we
give a generalization of the axiomatic theory of coideal subalgebras and quantum sym-
metric pairs for quantum affine algebras. We also present generalized twisted Yangian
algebras of two types. We then explicitly construct reflection algebras based on the afore-
mentioned constructions for two most simple Lie algebras, sl(2) and gl(1|1), for ‘singlet’
and ‘vector” boundary conditions, and show a relation between such quantum affine and
Yangian reflection algebras.

In the third chapter we present reflection algebras and boundary scattering theory for
integrable boundaries in AdS/CFT. We start by recalling the necessary preliminaries and
the underlying symmetries of the light-cone superstring and worldsheet S-matrix. We
then proceed by presenting the well-known boundary configurations: D3-branes that are
also known as the maximal giant gravitons, and the D3-D7- and D3-D5-brane systems.
We construct generalized twisted Yangian algebras for these boundaries and calculate
fundamental and selected bound state reflection matrices.

The fourth chapter deals with a quantum deformed model of the AdS/CFT world-
sheet scattering. This approach is also known as the one-dimensional double-deformed
Hubbard chain, as the underlying symmetries of both models is the same. Here we con-
struct the bound state representation of the underlying quantum affine algebra of novel
type and the corresponding bound state S-matrix for arbitrary bound states. We also
construct quantum deformed models of selected boundaries considered in the previous
chapter. We show that quantum deformed approach to boundary scattering in AdS/CFT
leads to quantum affine reflection algebras that are of a very elegant and symmetric form
and fit into the generalized theory of quantum symmetric pairs presented in the second
chapter. We calculate fundamental and selected bound state reflection matrices that are
quantum analogues of the reflection matrices found in the third chapter.

The final chapter presents the so-called secret symmetry of the worldsheet S-matrix
and selected reflection matrices. This is a very distinctive symmetry observed in diverse
sectors of AdS/CFT, and thus is one of the most interesting mysteries of this duality.
Here we explore the quantum affine origin of this symmetry and build a bridge to its
relative of the quantum affine superalgebra Z/{q(gA [(2|2)). Nevertheless this does not com-
pletely solve the mystery of this symmetry, as there are still quite a few of its properties
unknown. Thus we do not say the quest for integrable structures in boundary scattering
in AdS/CFT is accomplished, we rather say the quest continues!



Chapter 2

Reflection algebras

Quantum affine algebras and Yangians are the simplest examples of infinite-dimensional
quantum groups and play a central role in quantum integrable systems [1,10,12]. These
algebras were introduced in [1-5] and since then had a significant impact on the develop-
ment of the quantum inverse scattering method and related quantum integrable models.

The quantum affine algebra U, (g) and the Yangian )(g) are deformations of the uni-
versal enveloping algebras U/ (g) and U (g[u]) respectively, where g is the affine Kac-Moody
algebra, a central extension of the Lie algebra of maps C* — g of a finite Lie algebra g,
and g[u] is a deformation of the Lie algebra of maps C — g. In such a way, Yangians
may be viewed as a specific degenerate limit of the quantum affine algebras [4]. We refer
to [37] for complete details on quantum groups.

In this chapter we will concentrate on finite dimensional representations of quantum
groups, the so-called evaluation representations. These are constructed via the epimor-
phisms ev, : U,(g) — U,(g) and ev, : V(g) — U(g) called the evaluation homomor-
phisms, which evaluate the g-valued polynomials at a point a € C. Such representations
have wide applications in both mathematics and physics. However they can be con-
structed for some Lie algebras only.

We will consider integrable models with open boundary conditions, and concentrate
on the algebras that define solutions of the reflection equation [15]. These algebras are
one-sided coideal subalgebras and are conveniently called reflection algebras. Such al-
gebras have been extensively studied in e.g. [14,38-43] and more recently in e.g. [66}/67].
For field theoretical applications of the coideal subalgebras and corresponding reflection
matrices we refer to [16,17]. We have selected two simple Lie (super-)algebras, s[(2) and
gl(1]1), and have studied reflection algebras for the corresponding quantum groups: the
quantum affine (super-) algebras U, (sI(2)) and L{q(g [(1]1)), and the Yangians Y(s((2)) and
Y(gl(1]1)). We refer to [37] and [68-70] for details on these algebras. For each quantum
group we consider singlet and vector boundary conditions. The singlet boundary forms
a singlet (trivial) representation of the boundary (reflection) algebra, thus there are no
boundary degrees of freedom in the associated field theory. The vector boundary forms a
vector representation of the boundary algebra and has boundary degrees of freedom. Sin-
glet boundaries have been heavily studied and the corresponding boundary algebras and
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solutions of the reflection equation for most of the semisimple Lie (super-) algebras are
well known. However vector boundaries have not been studied as much as the singlet
ones. The corresponding reflection matrices are usually constructed via the bootstrap
procedure by fusing bulk S-matrices with an appropriate scalar reflection matrix (see
e.g. an overview [71]). Thus we hope the reflection algebras we have constructed in this
manuscript will serve not only as neat examples but will contribute to the exploration of
vector boundaries.

We show that reflection algebras for quantum affine algebras are quantum affine
coideal subalgebras that are a generalization of the quantum symmetric pairs of simple
Lie algebras considered in [31] and [32], where quantum symmetric pairs and the asso-
ciated coideal subalgebras for all simple Lie algebras have been classified. Such coideal
subalgebras were also considered in [72H74] and recently generalized for Kac-Moody al-

gebras in [75]. Similar quantum affine coideal subalgebra for algebra of type Agl) was

considered in [76], for Dg) in [77], for the double affine Hecke algebras of type CVC,,
in [78], for o(n) and sp(2n) in [79], and for the Sine-Gordon and affine Toda field theories
in [46,80,[81]. These algebras also play a crucial role in the g-deformed AdS/CFT [25,26];
we will discuss this topic thoroughly in Chapter [4}

For the Yangian case we will consider two types of (generalized) twisted Yangians.
For a singlet boundary we will consider the twisted Yangian introduced in [40], while
for a vector boundary we will employ the twisted Yangian introduced in [23]. In order
to distinguish these two algebras and simplify the notation we name them the twisted
Yangian of type I and of type I respectively. We note that reflection algebras and Yangians
for gl(n) in various contexts have been extensively studied in [39,42,43]], for superalgebras
sl(m|n) and gl(m|n) in [82-85]. We refer to [41] where twisted Yangians of type I and the
corresponding reflection matrices for generic classical Lie algebras and for both singlet
and vector boundaries were found. See [24] for an ‘achiral” extension of such Yangians
(and Section 3.5).

We also give some arguments that quantum affine coideal subalgebras in the rational
g — 1 limit specialize to the twisted Yangians. This is an important but quite technical
question that is worthy of exploration on its own, thus we will be rather concise and
heuristic concerning this claim in the present manuscript. A thorough exploration of the
Yangian limit of the quantum affine enveloping algebras can be found in [86-89].

This chapter is organized as follows. In Section 2.1 we give the necessary prelimi-
naries. Here we will recall some of the mathematical formalism presented in Sections
and [1.3| that will be heavily employed in this chapter. We recap the construction of
quantum symmetric pairs and coideal subalgebras adhering closely to [31]. We then give
a definition of the quantum affine coideal subalgebra, and also definitions of the twisted
Yangians introduced in [40] and [23]. In Section [2.2] we construct reflection algebras
for the quantum affine algebra U, (s((2)). In Sectio we construct twisted Yangians
for Y(sl(2)). In Sections and we repeat same derivations for quantum groups
Z/Iq(g [(1]1)) and Y(gl(1|1)) respectively. Appendix |Al contains a heuristic Yangian limit

Uy(s1(2)) = V(s1(2)).
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2.1 Preliminaries

Quasitriangular Hopf algebras and the Yang-Baxter equation. Let.4Abe a Hopf algebra
over C equipped with multiplication y : A® A — A, unit ¢ : C — A, comultiplication
A:A— A® A, counite: A — Cand antipode S: A — A. Leto : A® A — A® Abe the
C-linear map such that o(a;®as) = as®ay forany ay, az € A. Then (A, u, 1, AP, e, S71),
where P = pooand A? = g o A, is called the opposite Hopf algebra of A and denoted
AP,

Let A be a quasitriangular Hopf algebra. Then there exists an invertible element R €
A ® A called the universal R-matrix such that

A%(a) = RA(a)R™! forany ac A, (2.1.1)
which satisfies the universal Yang-Baxter equation
R12R13R23 = RasR1sRaz2, (212)

where R € AQAR]L, Rzsc A1 Aand Ry3 €1 AR A.

Let A be a quantum affine universal enveloping algebra U,(g). Let V be a finite di-
mensional vector space and 7, : A — End(V) be a finite dimensional representation of
A, where z denotes the spectral parameter of the representation. Then (7, ® T,) : R —
R(z/w) € End(V ® V) maps the universal R-matrix to a matrix called the trigonometric
R-matrix. In such a way becomes the intertwining equation,

(T @ Tw)[A%(a)] R(z/w) = R(z/w) (T. @ Ty)[Aa)], (2.1.3)
and the Yang-Baxter equation on the space V ® V ® V becomes
R12<Z/'LU)R13(Z)R23(LU) = RQg('LU)RIS(Z)RIQ(Z/’U)) . (214.)

In the case of an irreducible representation 7, ® T, the intertwining equation (2.1.3) de-
fines the R-matrix uniquely up to an overall scalar factor. Furthermore, this R-matrix

satisfies (2.1.4) automatically.

Coideal subalgebras and the reflection equation. Consider the reflection equation [[15]
ng(z/w)Klg(z)ng(zw)Kgg (w) = Kgg(w)ng(zw)KIS(Z)RIQ(2/11)) (215)

defined on the tensor space V®V&@W, where W is the boundary vector space. Here K3(z)
and Ks3(w) are reflection matrices such that Ky3(w) = 1 ® K with K € End(V ® W), and
a similar relation holds for Ki3(z).

Let B C Abe a left coideal subalgebra,

A() e A®B forall beB. (2.1.6)

Let T : B — End(W) be a finite dimensional representation of 3, called the boundary
representation; here s denotes the boundary spectral parameter.
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Definition 2.1.1. A coideal subalgebra B is called a quantum affine reflection algebra if the in-
tertwining equation

(Ty). @ T)[AD)] K (2) = K(2) (T. @ T,)[A(b)] forall beB, 2.1.7)

for some representation T, and Ty defines a K-matrix K(z) € End(V ® W) satisfying the
reflection equation (2.1.5).

Let the boundary vector space be one-dimensional, W = C. Then T = e and K (z) €
End(V). Note that V @ C = V as a vector space. In this case the intertwining equation

becomes
(Ty). @ €)[A(D)] K(2) = K(2) (T. ® €)[A(b)] forall beB. (2.1.8)

For an irreducible representation T, (resp. T, ® Ts) of B, the intertwining equation
(resp. ([2.1.7)) defines the K-matrix uniquely up to an overall scalar factor. Note
that the boundary representation T may be different from T; however, in this paper we
will consider the T, = T, case only (i.e. when the representations are isomorphic).

Definition 2.1.2. Let T = T, be a non-trivial boundary representation. Then we call 2.1.7)
the intertwining equation for a vector boundary. We call (2.1.8) the intertwining equation for a
singlet boundary.

In the subsequent sections we will consider coideal subalgebras compatible with the
reflection equation for the quantum affine enveloping algebras and Yangians.

2.1.1 Coideal subalgebras for quantum deformed algebras

Quantum symmetric pairs and coideal subalgebras. We will begin by introducing the
necessary notation and then we will give the definition of the coideal subalgebras of the
universal enveloping algebras. We will be adhering closely to [31].

Let g be a semisimple Lie algebra of rank n. Let ® denote the root space of g, and
P+ be the set of the positive roots. Let 7 = {; };c1 be a basis of simple positive roots in
¢+. Here I = {1,...,n} denotes the set of Dynkin nodes of g. We will use X to denote
any root in ®. Let (-, -) denote a non-degenerate Cartan inner product on h*, the dual of
the Cartan subalgebra h of g. Then the matrix elements of the Cartan matrix (a;;); jer are
given by a;; = 2(a;, oj)/ (04, ;). There exists a set of coprime positive integers (r;) such
that (b;;) = (r;a;;) is symmetric and is called the symmetrized Cartan matrix.

The triangular decomposition of g is givenby n~ & h & n™, and the basis for n™ (resp.
nt)is {fi}iex (vesp. {e;}ic1). Let h; = [e;, fi] for alli € I. Then {e;, fi, h;}ier is a Chevalley
basis for g satisfying

[hi,h;] =0, les, f5] = 0ijhi, [hi, ej] = ajie; (hi, fi] = —ajifj, (2.1.9)
and the Serre relations

(ade;) " %ie; =0, (ad f;)' 7% f; = 0. (2.1.10)
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Let 6§ : g — g be a maximally split involutive Lie algebra automorphism (involution)
of g,i.e.

O(h) =h, {0(e;) = ei, 0(fi) = fil0(hi) = hi}, {0(e;) € n™, 0(fi) € n™[0(hi) # h, }1

(21.11)

It defines a symmetric pair (g, g’), where g’ is the 6—fixed subalgebra of g, and induces
an involution O of the root space ®. Let 1 = {O(;) = i |; € 7} denote the ©-fixed
subset of 7. Then, by 2.1.11), ©(—a;) € ®* for all a; € 7\me.

Let p be a permutation of {1,...,n} such that

@(aj) S —Qp(5) — Zﬂ'@ for all Qi g e, (2112)

and p(i) = i otherwise. Let 7* be a maximal subset of 7\7g such that a;; € 7* if p(j) = j,
or only one of the pair a;, ay,(;) is in 7 if p(j) # j. Then for a given j such that a; € 7*
there exists a sequence {c;,,...,q; .}, where aj, € mg, and a set of positive integers
{m1,...,m,} such that 6 defined by

0(f:) = fi, O(e;) =e;, O(h;) = h; forall «; € Mo, (2.1.13)
and
0(f;) = (adef™ - ef™ ey ). 0(fpis) = (~1)70 (adef™ el )e,
0(ej) = (=)0 (ad £ ") gy Olepy) = (ad £ 1) 55,
0(hj) = —mahj, — ... —mphj, — hygy, O(hy(j)) = —mahj, — ... +mphj, — hy,
(2.1.14)

for all o; € 7* is an involution of ¢ (up to a slight adjustment and rescaling of the defini-
tion of power (m;) such that [0(e;), 8(f;)] = 0(h;) and
(ad f(ml) . fj(:m)) [(ad e(mr) e e(.ml)) ej] =ej,

J1
(ad ™) g™ ) [(ad £ ) 5] = (21.15)

would hold). Here (ada)b = [a,b] and m(;) = mq + ... + m,. Note that the notation
used in (2.1.14) corresponds to ©(aj) = —miay, — ... — My, — ap;). The special case
O(a;) = —aj for all simple roots o € 7 gives Chevalley anti-automorphism x(f;) = e;,
r(ej) = fj, whj) = —h;.

Let the quantum deformed universal enveloping algebra U/, (g) of a semisimple com-
plex Lie algebra g of rank n be generated by the elements 5?, k:iil (ki = ¢"", i €1, and
g € C* is transcendental) that correspond to the standard Chevalley-Serre realization
satisfying

ikt =k =1, kik; = kjk; ,
ki — k!
kg kT =g g (65,61 = 6——"L (2.1.16)

v 4
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and the quantum Serre relations

1—a;;

Z(—r)m[l_maif] (gf)mgjt(ggt)l‘“”‘m:o, forall i#j. (2.1.17)
q

m=0 i

The notation used in here is ¢; = ¢"¢ and
qn _ q—n n n ‘
R o N P B e I

g m], " [n—mlg![m],!

The algebra U,(g) becomes a Hopf algebra when equipped with the coproduct A,
antipode S and counit € given by

A(k) =k @k, S(k;) =k, elk;) =1,
AN =& @1+ ko, S = -k,
A =¢ @kt +1®8&, SE) =& ki, €& =0. (2.1.19)

Being a Hopf algebra, /,(g) admits a right adjoint action making ¢/,(g) into a right mod-
ule. The right adjoint action is defined by

(ad, &) a =k 'agt — k7 '¢ra, (adi &) a=a&y — & kiaky ", (ad, ki)a=k; 'ak;.
(2.1.20)

We shall also be using a short-hand notation (adr @i e 5?[) a= (adr §i+ e (adr 5?) ) a, for
any a € Uy(g).

Let 7 be an abelian subgroup 7~ C U,(g) generated by k. Set Q(r) to be equal to the
integral lattice generated by 7, i.e. Q(7) = >, ,~,, Za;. Then there is an isomorphism 7
of abelian groups from Q(7) to 7 defined by 7(a;) = k;, thus for every A € ® there is an
image 7(\) € T.

Consider the involution # of g defined in (2.1.13) and (2.1.14). It can be lifted to the
quantum case in the following sense.

Theorem 2.1.1 (Theorem 7.1 of [31]). There exists an algebra automorphism 0 of U,(g) such
that

[t}
=)

(q) =

({f) £i forall o; € g,

O(r(\) =7(O(=X)) forall T(\)eT,

( i) =[(ad, €+(m1 "fjt(mT) p(j) £+J)]

and 0(& ;) = (~1)"0 [(ad, &) N forall ajent. (2121)

b}

This construction allows us to define a left coideal subalgebra of U, (g) induced by the
involution ©. Let 7 = {7(\) | ©(\) = A} be a ©-fixed subalgebra of 7. Let M be a Hopf
subalgebra of U, (g) generated by &, k! for all a; € mg. Note that k; ko) € Te for all

aj € 7, thus Ty C To where Ty = {kzﬂ} is the Cartan subgroup of ./\/l Furthermore,
6? = id when restricted to M and to 7. Finally, in the ¢ — 1 limit 6 specializes to 6.
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Theorem 2.1.2 (Theorem 7.2 of [31]]). The subalgebra B C U,(g) generated by M, Tg and the
elements

By =& ky—d;0(& )k; forall o € 7\me, (2.1.22)
and suitable d; € C* is a left coideal subalgebra of Uy(g).

Let U™ (resp. U™) be the subalgebra of U,(g) generated by §+ (resp. k;&; ) for all o; €
Te. Set M* = U* N M. By the definition, the elements 0(5 )k; are such that (see Section
6 and the proof of the Theorem 7.2 of [31]),

A Vks) € kj @ B(E7 )y + Uy(g) @ MTTo C Uy(g) ® B. (2.1.23)
Hence the coproducts of B; are of the following form,
A(By) € kj @ By +Uy(g) @ M™To CUy(g) @ B. (2.1.24)

Corollary 2.1.1. The subalgebra D C B generated by M, Tg and the elements B;" for any
but not all a; € m\7e is a left coideal subalgebra of /,(g).

The pair (U,(g), B) is called the quantum symmetric pair and is the quantum analog
of the pair of enveloping algebras (U/(g), U(g?) ). For more details consult Section 7 of [31];
for explicit B’s and corresponding suitable choices of d;’s for various simple Lie algebras
see [32]. Note that the action of § on 5;“ is not explicitly defined by Theorem but is

constrained by requiring  to be an automorphism of U, (g).

In some cases it is more convenient to work with an equivalent coideal subalgebra B’
which is obtained by interchanging all ¢, and k; '¢", {i € T}. Let us show this explicitly.
Consider a C-linear algebra anti-automorphism s of U,(g) given by

kp(&) =gk 16, kp(E) =cp& ki, kp(T(N) =T(\). (2.1.25)
Then there exists cg € C* such that kp(B) = B holds. This is easy to check. Firstly,
rp((ad, €1)6) = —cp(ad, & )rp®),  rp((ad, & )b) = —c5'(ad, & rp(b) . (21.26)

Recall that

(ade &, &5 ) (ad, & R = ke 2:1.27)
This gives
_ 1 i —(m1) e (mr)y -
rp(Bj) = cg' (q Ik kg — djf(ady g5 6 )gp(j)]kj>
1 ass "o —(m1) —(my)
=cp'q 7 (=1)") [(adr & 1 g, )B (])] kp(;)k (2.1.28)

N2 o ) o _
where d} = aljcg(”+ qZk "k4iir =%, and we have required d;- = q%i dpé.). Thus KB(B]- )€

B, and in a similar way one could show that « B(Bp_(j)) € B. Finally, the property is
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manifest for M and of 7e. This implies that one can replace all generators B; (2.1.22) by
an equivalent set of generators B;T that are obtained by interchanging all ¢, and k; ¢

(i € I)in (2.1.21) and (2.1.22) giving [72]
Bl =&k —d;6'(¢)k; forall aj € m\me, (2.1.29)

and suitable d; € C*; here ¢/* = k7 '¢F and ¢/ is defined by

0'(&)
o)

(=)™ [(adr j_l(ml) . j—r(mr))gg(j)} ’
[(ad, & ") oe MY (2.1.30)

The coproducts of B;-“ have the following form
A(Bf) € kj ® Bf +Uy(g) @ M Teo. (2.1.31)
This leads to the following corollaries:

Corollary 2.1.2. There exists an algebra automorphism 6’ of ,(g) such that

0'(q)=q",
0")=¢F forall a; € 7o,
0'(t(\) =7(O(=\)) forall 7(\)eT, (2.1.32)

and (2.1.30) holds for ~all a; € 7*. Itis an involution 0’2 = id when restricted to M and to
T. In the ¢ — 1 limit ¢’ specializes to 6.

Corollary 2.1.3. The subalgebra B’ C U,(g) generated by M, Tg and the elements

Bf =¢

=Ty — dj0(k; forall oy € m\mo, (2.1.33)

J

and suitable d; € C* is a left coideal subalgebra of U,(g).

Corollary 2.1.4. The subalgebra D’ C B’ generated by M, Tg and the elements Bj+ for
any but not all «; € 7\mg is a left coideal subalgebra of U/, (g).

Note that in this case the action of §’ on §; isnot explicitly defined, but is constrained
requiring @ to be an automorphism of ,(g).

Quantum affine coideal subalgebras. We will further be interested in two particular
extensions of the coideal subalgebras defined above. We will construct coideal subalge-
bras of the quantum affine algebra i/,(g) that are associated with the singlet and vector
boundaries.

Let g be the (untwisted) affine Kac-Moody algebra. Let (az-j)i’j ci denote the extended
Cartan matrix and @w) = (73 a;j) be the symmetrized extended Cartan matrix. Here
I=1{0,1,...,n} denotes the set of Dynkin nodes of g. The set of the simple positive roots
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is given by T = ag U m, where qy is the affine root. Recall that g is an one-dimensional
central extension of the Lie algebra £(g) = g[z, 2~ !] of Laurent polynomial maps C* — g
under point-wise operations, i.e. there exists a well-defined Lie bracket. The triangular
decomposition is given by § = nt & h @ n~, where

nt =2 Clt @ T @h) e ClzH ] @nt, h=(1®h)®CK®CD, (21.34)

Here K is the central element and D is the derivation of the algebra. The Chevalley
generators are given by

Ef=1®e;, Ef =z2®e€z®n” Cnt
E =1® f;, Efi=z'®frcz'@nt ca,
H;, =1®h;, Hy = [Ef,E;] € [eo, fo] + CK C h, (2.1.35)

where ey € g_y, fo € gy are sugh that ¥ € @ is the highest root of g.
The elements Eii, H; (i € I) generate a subalgebra g C gsuchthatg =g® CD isa
semi—direct product Lie algebra. The derivation D = zd/dz of C[z, z~!] acts on g by

[D,Ef)=+Ef and [D,Hy|=[D,H;|=[D,Ef]=0 forall icI. (2.1.36)

Set § € h* such that §(D) = 1 and §(h @ CK) = 0. Then the affine root is given by
g = 6 — 1.

Consider an involution 6 of g such that the associated root space involution © is given
by

O(ao) € —ap(0) — Z(T\p(0)) and O(a;) = a; forall a; € M\, (2.1.37)
and satisfying the following constraint,

k =1 for p(0) #

-0 =kd, h
Qg () where {k — 2 for p(0)

0
’ 2.1.38
0 ( )

here p(0) € {0,...,n}, and m\ay,) = 7 if p(0) = 0. Define (D) = —D. Then, for the
p(0) = 0 case, the relations

0(D),0(EX)] = 0(|D,Ef])  and  [0(D),0(EF)] = 0([D,E¥]) forall i€l
(2.1.39)

are satisfied, and thus the involution 6 can be naturally lifted to an involution of g. Other-
wise, if p(0) # 0, relations (2.1.39) do not hold and such lift is not possible. Nevertheless,
6% = id on g for both cases.

Let U, (g) be the universal enveloping algebra of g. The algebra U, (g) in the standard
Drinfeld-Jimbo realization is generated by the elements ¢, k (i € 1) satisfying (2.1.16)

and (2.1.17) with a,; (resp. b;;) replaced by @;; (resp. Bj;). The subalgebra of U, (g) gener-
ated by {f k! (i € 1) is a Hopf subalgebra and is isomorphic as a Hopf algebra to U, (g).
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In this way, the modules of U/,(g) restrict to the modules of U/,(g) [90]. The involution
0 defines a Hopf subalgebra M C U,(g) generated by &5, k! for all a; € m\ay() and
an abelian subgroup 7e in the sense as described above. Furthermore, the involution 6
induces an automorphism of /,(g) in the following way.

Conjecture 2.1.1 (Theorem for the quantum affine algebras). Let a root space invo-
lution © be defined as in (2.1.37). Then there exists a sequence {ay,, ..., o, }, where ag, €
m\yp(0), and a set of positive integers {ma, ..., m; } such that the algebra map 0 defined by

(
(

O(r(\) =7(O(=N) forall T(\)eT,
(&) = [(adr &g, ™t ") h e )]

and  0(&, ) = (1) [(ad, &gt MR (2.1.40)

can be extended to an automorphism of Uy(g). Furthermore, it is an involution 6> = id when

restricted to M and to T. In the ¢ — 1 limit 0 specializes to 6.

Note that for p(0) = 0 case the last two lines of are equivalent. The proof of
this conjecture would be a lift of the proof of the Theorem 7.1 of [31]. This is because
the sequence {m, ..., m,} does not include the affine root, which makes the whole con-
struction very similar to the non-affine case. However here we will not attempt to give
a proof as it goes beyond of the scope of the present work. We will concentrate on the
quantum affine coideal subalgebras B C U,(g) compatible with the reflection equation.
Set 7 = {aw, ay(0) } if p(0) # 0, and 7* = {ap} otherwise. Then:

Theorem 2.1.3. The algebra B generated by M, Te, and the elements
By =& kj—d;i0(&)k;  for oy €RT, (2.1.41)
and suitable d; € C* is a quantum affine coideal subalgebra of Uy(g) .

Proof. The proof of this theorem is a direct lift of the proof of the Theorem 2.1.2)(Theorem
7.2 of [31]). We need to check that

A(b) eUy(g) @B  forall bebB. (2.1.42)

This property is manifest for all generators of M and of 7o. Next we need to show that
it also holds for B; . By the definition #(;") is such that

AB(E; k) € kj @ 0(E; ks + Uy (3) © M T To . (2.1.43)
Hence
A(Bj) € kj ® By +Uy(8) © M To C Uy (8) © B, (2.1.44)

and the theorem follows. O
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Analogously to the non-affine case, we could instead introduce an equivalent coideal
subalgebra B’ which is obtained by interchanging all ¢, and k; ‘¢, {i € I}. This leads to
the following corollaries:

Corollary 2.1.5. There exists an algebra automorphism 6’ of ,(g) such that

/

™

(q) =

(&) = gi forall «; € T\,

"(T(\)) = 7(©(=)\)) forall 7(\)eT,

0(6) = (1) [(ad, &, ™+ &, "))

and el(fp(o)) _ [(adr &, (mr) &g (m1) )50 ] ’ (2.1.45)

T ™

Furthermore, it is an involution 0”2 = id when restricted to M and to 7. In the ¢ — 1
limit 6’ specializes to the involution 6.

Corollary 2.1.6. The subalgebra B’ C U,(g) generated by M, 7o and the elements

Bl =& Tk —dj6(¢T)k;  for  aj€q”, (2.1.46)

and suitable d; € C* is a left coideal subalgebra of U/, (g).

Conjecture 2.1.2. The coideal subalgebra B defined above with suitable d; € C* is a quantum
affine reflection algebra.

Corollary 2.1.7. The coideal subalgebra B’ defined above with suitable d; € C* is a quan-
tum affine reflection algebra, and is isomorphic to B.

In the cases when it is obvious from the context we will further refer to a quantum
affine reflection algebra simply as a reflection algebra. The parameters d; (resp. d) are
constrained by solving the intertwining equation for all generators of B (resp. B').
In certain cases, in particular for p(0) # 0, the requirement for d; (or equivalently for d’)
to be non-zero is too restrictive. Thus in such cases it can be more convenient to deal with
a coideal subalgebra defined in the following way.

Conjecture 2.1.3. The subalgebra B C U, (g) generated by M, Te and the elements

By =& ko —d-0(& ko and B = & ko — dy.0' (51 ko (2.147)
with suitable d+ € C is a quantum affine reflection algebra.
Definition 2.1.3. We call B the twisted affine generators.

We will give explicit examples supporting the claims above for both singlet and vector
boundaries in the following sections. In Section 2 we will construct coideal subalgebras
for U,(s(2)), and in Section 4 for U, (gl(1|1)).
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Note that for the p(0) = 0 case inclusion of both Bj” and B, could potentially lead to
an unwanted growth of B. This can be avoided by a suitable choice of d-+. Let us show
this explicitly. Consider the following element,

—d_ [(ad 5(—)"—1(7“1) Y (m?“))B-i-k.ﬁ}
— [—d0(&5) + d-dy (ad, &, gt e M g MY eg Tkoky = By kg
(2.1.48)

where ky = k1 - -k, € To. The last equality holds for a suitable choice of d. Finally note
that one could equivalently choose §;+ = {;F kj_l in (2.1.47). This would introduce a factor

of ¢=%i for dy.

2.1.2 Coideal subalgebras for Yangian algebras

Yangian. The Yangian )(g) of a Lie algebra g is a deformation of the universal envelop-
ing algebra of the polynomial algebra g[u]. It is generated by the level-zero g generators
j¢ and the level-one Yangian generators j¢. Their commutators have the generic form

5% 4°] = £, 5°, [i%, 7] = £ 5°, (2.1.49)
and are required to obey Jacobi and Serre relations
[j[a’ []b’]d” =0, [}[a7 [}\b’]c]“ _ 042 aabc ]{d]e]f} (2‘1‘50)

where 2% denotes cyclic permutations, {2¢/} is the total symmetrization, and a®", ;=

Lfe9 fbh pek 1 fonk- For g = s1(2) the second equation in (2.1.50) is trivial and
(1570 5570 + (13370, 57 71] = 02,7, + a5, )34 59 2150

needs to be used instead [3,/4]. The indices of the structure constants 4 are lowered by
the means of the inverse Killing—Cartan form g;4. Here « is a formal level-one deforma-
tion parameter which is used to count the formal level of the algebra elements. In such
a way the left and right hand sides of the expressions in and are of the
same level.

The Hopf algebra structure is then equipped with the following coproduct A, an-
tipode S and counit ¢,

A(j") =j"@1+1®4%, S = -4, €(j*) =0,
~a ~a ~a Cy .a ~a
AGH=7"21+1®5%+ fch ®j° S(")=-j +Zg3 , €(j)=0, (2152

where ¢ is the eigenvalue of the quadratic Casimir operator in the adjoint representation
( fabc fevd = ¢g gaa) and is required to be non-vanishing.

The finite-dimensional representations of )(g) are realized in one-parameter families,
due to the “evaluation automorphism”

T VE) = V) et e g, (2.1.53)
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corresponding to a shift in the polynomial variable. On (the limited set of) finite-dimen-
sional irreducible representations of g which may be extended to representations of )(g),
these families are explicitly realized via the “evaluation map”

evy : V(g) — U(g) e it 3% e ug®, (2.1.54)

which yields “evaluation modules” and w is the spectral parameter.

The level-two Yangian generators may be obtained by commuting level-one genera-
tors as

A~ A~ o~

= 1 e S 7 =
= AT and [ = S X (2155)
9

where the non-zero extra term X is constrained by the Serre relations (2.1.50) to sat-

isfy f [abdX cdd — yabe here Y€ is the right hand side of the second equation in (2.1.50)
(and thus a fixed cubic combination of level-zero generators), and by (2.1.55) to satisfy
a Xbe —=0[17].
be

Let V be a finite dimensional vector space and 7, : Y(g) — End(V) be an evaluation
representation of Y(g) on V. Then (T, ® T;,) : R — R(u —v) € End(V ® V) maps
the universal R-matrix to a matrix, called the additive R-matrix. In such a way
becomes the intertwining equation,

R(u—v) (Ty @ T,)[A(a)] = (Tw @ T)[A%(a)] R(u—v) forall a€Y(g), (2156)
and equivalently the Yang-Baxter equation becomes

ng(u — ’U)ng(u)Rgg(v) = RQg(U)Rl?)(U)RlQ (U — U) . (2.1.57)

Generalized twisted Yangians and the reflection equation. The reflection equation for

the Yangian algebra is obtained from in the same way as from giving
Riz(u — v)Ki3(u)Ria(u + v) Kog(v) = Koz(v)Riz2(u 4+ v)Ki3(v)Ria(u — v).  (2.1.58)

Let B C Y(g) be a left coideal subalgebra,
A() € V(g)®@B forall beB. (2.1.59)

Let Ty : B — End(W) denote an evaluation representation of B on the boundary vector
space VW. Here we assume W to be finite dimensional.

Definition 2.1.4. The coideal subalgebra B is called a Yangian reflection algebra if the intertwin-
ing equation

(T @ To)[AD)] K (u) = K(u) (T, @ Ts)[A(b)] forall beB, (2.1.60)

defines a K-matrix K (u) € End(V ® W) satisfying the reflection equation (2.1.58).
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Let the boundary vector space be one-dimensional, W = C. Then T, = ¢ and K (u) €
End(V ® C). In this case the intertwining equation (2.1.60) becomes

(T-y, @ e)[AL)] K(2) = K(2) (T, ® €)[A(b)] forall beB. (2.1.61)

Note that and are the Yangian equivalents of the quantum affine inter-
twining equations and (2.1.8). Finally, for an irreducible representation T;, (resp.
T, @ Ty) of B the intertwining equation (resp. (2.1.60)) defines the K-matrix uni-
quely up to an overall scalar factor. As in the quantum affine case, the boundary repre-
sentation 7, may be different from T;,. Here we will consider the T, = T, case only.

We will next identify two types of coideal subalgebras of )(g) that are compatible
with the reflection equation. These are the so-called generalized twisted Yangians intro-
duced in [40] and [23]], and are constructed by defining involutions of )(g) and requiring
the coideal property to be satisfied. We will be calling these twisted Yangians to be of
type I and type II respectively. These twisted Yangians are formulated using Drinfeld-
Jimbo realization of Yangians [2,13] and hence are conventionally called the generalized
twisted Yangians [40,41] or MacKay twisted Yangians [67] to distinguish them from the
Olshanskii twisted Yangians constructed using the RTT realization of Yangians [38].

We give the next two propositions without the proofs as they are straightforward.

Proposition 2.1.1. Let a subalgebra a C g be such that the splitting g = a @b forms a symmetric
pair

[a,a] C a, [a,b] C b, [b,b] Ca. (2.1.62)
This splitting allows us to introduce an involution 6 of g such that
0(5%) = j*, 0(5%) = —j7, where  j'ca, P €b. (2.1.63)
Then 6 can be extended to the involution  of Y(g) such that
03 ==1" 0" =7"  fla)=—a. (21.64)
Proposition 2.1.2. Let 0 be the trivial involution of g,
0(j*) = j*, j*€g. (2.1.65)

Then it can be extended to a non-trivial involution 0 of Y (g) such that

~

0 =7, 0 =7". 0a)=-a. (2.1.66)

Involution § endows Y(g) with the structure of a filtered algebra which combined
with the requirement for the coideal property

A(0(V(9)) C V(g) @8(V(g)), (2.1.67)

to be satisfied defines the twisted Yangian Y(g,6(g)). Here () (g)) denotes the 6—fixed
subalgebra of )(g), and 6(g) denotes the /—fixed subalgebra of g.
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Definition 2.1.5. Let a = 6(g) be a non-trivial 0—fixed subalgebra of g. Then the twisted Yangian
V(g,a) of type I is a left coideal subalgebra of Y(g) generated by the level-zero generators j* and
the twisted level-one generators [40,41].

> . « .q i P ~ ~ ~ . .4
= et 5 (0 500, AW =P elt 1@ +aff @)t (21.68)
where i(, j, k,...) run over the a-indices and p,q(,r,...) over the b-indices, and t € C is an
arbitrary complex number.

Definition 2.1.6. Let 6(g) = g be the trivial involution of g. Then the twisted Yangian Y (g, g)
of the type 1l is a left coideal subalgebra of ) (g) generated by the level-zero generators j* and the
twisted level-two generators [23]

=~ ~ 1 “c 7 « dr7b - « dr e
3t = at G4 — £ (173 + 575000 ) + 5 e 5715 5°1)
9

= ~a a ., ¢ diTh e dr e e
=j"4aty +§f be (f e 330 3+ £l 355 ]); (2.1.69)
g

having coproducts of the form

“a ~a ~a QL. c roed e “~c e 1
A =7"®01+1®] +;fbc(fde[1d,.7”]®1 + £l ,Jd}®y)+;0(a2),
g g
(2.1.70)

where a(, b, c, ...) run over all indices of g, and t € C is an arbitrary complex number. The order
O(a?) terms are are cubic in the level-zero generators and thus automatically satisfy the coideal

property (2.1.67).

Remark 2.1.1. In the case when ¢; = 0 (and g,4 is degenerate) the twisted level-two
generators can be alternatively defined by

~ “c . « drh - « .dr e T3

3=+ et [50S4 31505+ 5 e 3 (21.71)
Theorem 2.1.4. The twisted Yangian of type I with suitable t € C is a Yangian reflection algebra.
Proof. The proof is given in [67]. O

Conjecture 2.1.4. The twisted Yangian of type 1 with suitable t € C is a Yangian reflection
algebra.

In the following sections we will give explicit examples of the twisted Yangians of
both types and show that they are Yangian reflection algebras. In section 3 we will con-
struct twisted Yangians for J(s[(2)), and in Section 5 for Y (gl(1]1)).

Let us give a final conjecture regarding which we will give some explicit details for
the coideal subalgebras we will be considering in the remaining parts of this chapter.

Conjecture 2.1.5. In the rational ¢ — 1 limit the quantum affine coideal subalgebra defined by
the conjecture [2.1.2] specializes to the twisted Yangian of type I if p(0) # 0, and to the type II if

p(0) =0.
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2.2 Reflection algebras for U/, (s1(2))

Algebra. The quantum affine Lie algebra U, (;[(2)) in the Drinfeld-Jimbo realization
is generated by the Chevalley generators &7, the Cartan generators k1, k; !, the affine
Chevalley generators & and the corresponding Cartan generators ko, ky . The extended

(symmetric) Cartan matrix is given by

_ 2 —2
(@ij)o<ij<1 = (_2 5 > : (2.2.1)

The corresponding root space ® is generated by 7 = {«ap, «;}. The commutation relations
of the algebra are as follows,

+ Gij et + - ki — ki '

[k’i,kj] :0, szj =q ”fj ki, [ fj] :5Uﬁ (222)

70 -1

Representation. We define the fundamental evaluation representation 7, of U, (s?[(Z)) on
a two-dimensional vector space V with basis vectors {v;, v2}. Let e;; be 2 x 2 matrices
satisfying (e;x);/ 1 = 0; 0k 1 OF equivalently e; j v, = ;1 v; (i.e. for any operator A its
matrix elements A;; are defined by Av; = Aj;v;). Then the representation T, is defined
by

T.(&) = e12, T.(& ) =e21, T.(k1) =qe1n+q 'eas,

T.(5) = zean, T.(&) =2z tern, T.(ko) = q te11 +qean, (2.2.3)

We choose the boundary vector space W to be equivalent to V. The boundary represen-
tation T} is obtained from (2.2.3) by replacing z with s.

The fundamental R-matrix R;;(z) € End(V; ®V;) satisfying the Yang-Baxter equation
(2.1.4)

Ria(z/w)R13(2) Rasz(w) = Roz(w)R13(2) Ri2(z/w) ,

is given by
1 0 0 0
10 r 1—qr 0O 21
R(z) = 0 1—r/q T 0|’ where "= qz—1/q" (2.24)
0 0 0 1

2.21 Singlet boundary

Consider the reflection equation (2.1.5) on the space V ® V ® C with the R-matrix defined
by (2.2.4) and the K-matrix being any 2 x 2 matrix satisfying

R12(Z/w)Klg(Z)R12(zw)K23(w) = K23('U))R12(Z’U))Klg(Z)RlQ(Z/U}) .
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The general solution is [16]

B 1 ak _cz—1 ;o 1=22
K(z)_(bk, i >, where k—z(c_z), k—z(c_z), (2.2.5)

and a, b, c € C are arbitrary complex numbers.
We are interested in a solution compatible with the underlying Lie algebra. The min-
imal constraint is to require the reflection matrix to intertwine the Cartan generators,

(Tr/: @ AR K (2) — K(2) (T> © €)[A(ki)] = 0. (2.2.6)

This constraint restricts the K-matrix (2.2.5) to be of diagonal form (a = b = Oﬂ Next, it
is easy to see that such a K-matrix does not satisfy the intertwining equation for any of
the Chevalley generators,

(Th)» @ €)[A(E)] K(2) — K(2) (T: @ €)[A(E7)] #0. (2.2.7)

We call Cartan generators k; the preserved generators, while the Chevalley generators fii
are the broken generators. This setup is consistent with the following quantum affine
coideal subalgebra.

Proposition 2.2.1. Let the involution © act on the root space ® as

@(Ozo) = —Qq . (2.2.8)

Then it defines a quantum affine coideal subalgebra B C A = U, (s1(2)) generated by the Cartan
element koky * and the twisted affine generators

Bf =&t ko —di0(&N ko, 0(ET) =&,
By =& ko —d_0()ko,  0(&) =&, (2.2.9)

where &7 = ky '¢) and du. € C are arbitrary complex numbers.
Proof. The generators (2.2.9) satisfy the coideal property

A(BF) =& ko ® 1 — dy & ko ® koky ' + ko @ By € A® B,
ABy) =& ko®1—d_&tko® koki" + ko ® Bf € A® B, (2.2.10)

and the property is obvious for kok; *. O

Proposition 2.2.2. The quantum affine coideal subalgebra defined above withd, g =d_/q = ¢,
where ¢ € C, is a reflection algebra for a singlet boundary.

!This constraint may be alternatively obtained by requiring the unitarity property to hold, K (2 ') K (z) =
id.
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Proof. The representation of the generators of B is given by

T.(koki') = q %e11 + q’e22, T:(Bf)=q *(z—qdy)ezn, To(By)=(qz"' —d_)eis.
(2.2.11)

Let K(z) be any 2 x 2 matrix. The intertwining equation for kok; ' restricts K (z) to be
of a diagonal form, thus up to an overall scalar factor, K(z) = e; 1 + kea2. Next, the
intertwining equation for B¥ gives

14+qzdi(k—1)—2*k=0, d(k—1)+q(z'—2k) =0, (2.2.12)
-1
having a unique solution d, ¢ = d_/q = cand k = zc(ii—z' where ¢ € C is an arbitrary

complex number. This coincides with (2.2.5) provided a = b = 0.
O

2.2.2 Vector boundary

Consider the reflection equation (2.1.5) in the tensor space V ® V ® W with the R-matrix
defined by (2.2.4). Then there exists a solution of the reflection equation,

1 0 0 0
o 1-k/q k 0 (=g (-1
K(z) = 0 I gk 0 | where k= eyl (2.2.13)
0 0 0 1

and ¢ € C is an arbitrary complex number. This K-matrix satisfies the intertwining

equation
(T, @ THAB) K(2) — K(2) (T. @ T)A®D)] =0 forall bet,(sl(2). (2.2.14)

We call Cartan generators k; and Chevalley generators £ the preserved generators, while
the affine Chevalley generators &5 are the broken generators. Next, we identify the corre-
sponding quantum affine coideal subalgebra consistent with the reflection matrix (2.2.13).

Proposition 2.2.3. Let the involution © act on the root space ® as
O(ap) = —ap — 201, Q) = o . (2.2.15)

Then it defines a quantum affine coideal subalgebra B C A = U, (s1(2)) generated by the Cartan
generator ki, the Chevalley generators £, and the twisted affine generator

By =& ko —d-_0(&5 ko , 0(&y) = (ad, &FEN) T, (2.2.16)

where &) = kg '¢; and d_ € C* is an arbitrary non-zero complex number.
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Proof. The twisted affine generator (2.2.16) satisfies coideal property

A(By) =&5ko®1—d_6(&5 ko ® k2 + ko ® By
+d-g*(q* — ¢2)(&f ® (ad, &)L — ko (ad, £1)€5F @ kT ELT) € A B.
(2.2.17)

The property is satisfied by the definition for the rest of the generators.
t

Remark 2.2.1. This algebra may be alternatively generated by ki, £, and the twisted
affine generator

By = & ko — dy 0(&5 ko s 0(¢57) = (ad, &767)&5 (2.2.18)
having coproduct
A(Bf) = &Tko @1 — dy (€5 ko @ k2 + ko ® By
—di(q® =) (& ko @ (ady €7)€T — a2 ko (adr €7)& @ ki E7) € A® B,
(2.2.19)
and d; = d_*(¢~"' + q)~2. Generators B are related by
By = —d_[(ad, & &) B k] k7! (2.2.20)

Proposition 2.2.4. The quantum affine coideal subalgebra defined above with ¢*dy = q~2d_ =
(q + ¢ 1)t is a reflection algebra for a vector boundary.

Proof. The representation (T, ® T) of the coproducts of the Lie generators of B is given
by
(T @ Ts)[A(k1)] = ¢’e11 + €22 + €33+ ¢ “eau,

(T> © Ts)[A(
(

T, ®T. M) =qe1atersteast+q lesa,
(T. @ Ts)[A

E)] =e21+q Tes1+qesstess, (2.2.21)
and of the twisted affine generators by

(T: ® T)[A(By)]
= (q_?’s + dJr(s_l(q_2 +1) — z_l(q_4 — 1))) e21 + g2 (z + d+z_1(q + q_l)) es31
+ (22 +di?2 g+ q D)) ean+ (¢ s +di(s (P +1) =2 (¢ = 1)) eas,
(T ® T5)[A(By )]
= (sfl +qtd_(s(g2+1)—z2(¢g* - 1))) e1,2 + (q sl pd_z(gt+ qu)) €24
+ (q 2 d_z(?+ 1)) eaq + (q23_1 + ¢ td_(s(*+1) — 2(¢* - 1)) esq. (22.22)

Let K(z) be any 4 x 4 matrix. Then the intertwining equation for the Lie generators
(2.2.21) constrain K (z) to the form given in (2.2.13) up to an unknown function £ and
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an overall scalar factor. Next, the intertwining equation for the twisted affine generators

(2.2.22) has a unique solution,

(q—q H(*-1)

2 -2 —1y—1
dy = d_ = k= 2.2.23
q a4 q (q + q ) ) q_2 — (5_1 ¥+ S)Z I q222 ) ( )
which coincides with £ given in (2.2.13) provided ¢ = s + s~ L O

Remark 2.2.2. Reflection matrix (2.2.13) satisfies the intertwining equation for all Cartan
generators k; € T, thus the subalgebra B ® 7 C A is also a reflection algebra. The same
is true for the reflection algebra of a singlet boundary.

Remark 2.2.3. The coideal subalgebra defined in proposition is also compatible with
a vector boundary. The corresponding reflection matrix is

1 0 0 0
Kz) = 8 1 Z{Sc(f z‘_z 1 . ) 1 +q§((§__1 j)](;zc) L 8 : (2.2.24)
0 0 0 %
where (@2 —1)(2-1) cr 1
@@ P T ey (2.2.25)

and ¢, s € C are arbitrary complex numbers. This vector boundary reflection matrix can
be obtained using the boundary fusion procedure [15,91], which in this case is simply
Ky(z) = PR(zs) (1 ® Kg(z)) P R(z/s), where Ky(z) is (2.2.24), Kg(z) is with
a=b=0,and P = R(0) with R(z) given by (2.2.4).

Similarly, the coideal subalgebra defined in proposition is compatible with a
singlet boundary. However, the corresponding reflection matrix is trivial,

10
K= < 01 ) (2.2.26)

This reflection matrix can be obtained by solving the boundary intertwining equation for
the Lie algebra generators only, and thus the twisted affine symmetries are redundant in
this case. Then the reflection matrix can be obtained using an equivalent fusion
procedure as above. These properties will further reappear in the Yangian case and for
the GL(1|1) algebra for both affine and Yangian cases. In these cases we will simply state
that the corresponding reflection matrix is trivial and omit repeating the expression for
the fusion procedure.

Remark 2.2.4. Let 7} , be a finite-dimensional irreducible representation of the algebra
Uy(sI(2)). Let [ be an integral or half-integral non-negative number and V; be a (2[ 4 1)-
dimensional complex vector space with a basis {v,, |m = —I,—l +1,---,{}. For con-
venience we set v_;_; = v;41 = 0. The operators TLZ({ZTJ‘), T} »(k;) act on the space V,
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by

T‘l,z(git) Um = ([l + m]q[l tm+ 1]q)1/2 Um+1 Tl7z(kl) Um = q2mvm )

T (65) vm = 2 (UF mlgll £ m+ 1) Pomsr,  Tia(ko)vm = ¢ o, (2.2.27)
Let the boundary vector space WV, and the boundary representation 7; ; be defined in the
same way. Then all the constructions of the quantum affine coideal subalgebras presented
above apply directly for any finite-dimensional representation 7; ., and lead to a unique

solution (for fixed ) of the reflection equation (for a singlet boundary this was explicitly
shown in [76]).

The coideal subalgebras given in propositions and by the construction are
closely related to the orthogonal and symplectic twisted q-Yangians Y{¥(02) and Y (sp,)
introduced in [79], however we do not know the exact isomorphism.

2.3 Reflection algebras for ) (s[(2))

Algebra. The Yangian ))(s[(2)) is generated by the level-zero Chevalley generators E=,
Cartan generator H, and the level-one Yangian generators £ and the corresponding
level-one Cartan generator H . The commutation relations of the algebra are given by

[H,E*)=+2E*, [Et,E"|=H, [H EY=+2E*, [E* Ef|=+H, [H ,H=0.

(2.3.1)
The Hopf algebra structure is equipped with the following coproduct,
AH)=H®1+1®H, AH =H®1+19H-a(EYQE —E-®EY),
ABY) = E*@1+10 B, AEY)=E*ol+10B*+ S (B*oH-Ho EY).
(2.3.2)

Representation. The fundamental evaluation representation of )(s((2)) on the two-dimen-
sional vector space V is defined by

T.(ET) =e1s, T.W(E™)=e21, TuH)=e11—ez,
TU(E+) = uel,g 5 TU(E_) = u€2,1 y Tu(ﬁ) =Uu (6171 - 6272) . (233)

We set T;,(a) = 1. The boundary representation Ty is obtained by replacing v with s.
The fundamental R-matrix R;;(u) € End(V; ®V;) satisfying the Yang-Baxter equation

(2.1.57)
ng(u - U)R13(U,)R23(1)) = RQg(’U)ng(u)ng (u - U) s

is given by
1 0 0 O
0 r 1—7r 0 U
R(u) = 0 1-r »r o | where r=— (2.3.4)
0 O 0 1
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2.3.1 Singlet boundary

Consider the reflection equation (2.1.58)) in the space V ® V ® C with the R-matrix defined
by (2.3.4) and the K-matrix being any 2 x 2 matrix satisfying

ng(u - U)Klg(u)ng(u + U)K23(U) = KQg(U)ng(u + U)Klg(v)ng(u - U) .
The general solution is [14]

/
K(u) = ( bi:’ a: > , where k= C+u, R , (2.3.5)

C—Uu C—Uu

and a, b, c € C are arbitrary complex numbers.
Once again we are interested in a solution compatible with the underlying Lie algebra
and thus require the reflection matrix to intertwine the Cartan generator H,

(T ® )[AH)] K (u) — K (u) (Tw ® €)[A(H)] = 0. (2.3.6)

This requirement restricts K-matrix to be of the diagonal form (¢ = b = 0). Next,
it is easy to check that such a K-matrix does not satisfy the intertwining equation for any
other generators of s((2) (and )Y(sl(2))). Hence we call Cartan generator H the preserved
generator, while the rest are the broken generators. This setup allows us to define the
following involution and the twisted Yangian:

Proposition 2.3.1. Let the involution 6 act on Lie algebra g = s1(2) as
O(H)=H, 6(E*)=—-E*, (2.3.7)

defining a symmetric pair (g, 0(g)), where 0(g) is a 6—fixed subalgebra of g. Then the involution
6 can be extended to the 0 involution of Y(g) such that

9(H)=-H, OEY=EF, 6a)=—a. (2.3.8)

This involution is obvious and thus we do not give a proof of it; we will follow the
same strategy, when appropriate, in further sections.

Proposition 2.3.2. The twisted Yangian Y(g,0(g)) of type I for g = sl(2) and 6(g) = H is the
O—fixed coideal subalgebra of Y (g) generated by the Cartan generator H and the twisted Yangian
generators [38]

Er=F*tatE*+ %(H E* + E*H). (2.3.9)

Here t € C is an arbitrary complex number.

Proof. The twisted generators (2.3.9) are in the positive eigenspace of the involution § and
satisfy the coideal property

AEN)=E*®1+aFE*@H+1® E] € Y(g)®Y(g,0(g)). (2.3.10)

The same properties for H follows from the definition. O
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Proposition 2.3.3. The twisted Yangian Y (g, 0(g)) defined above is a reflection algebra for a
singlet boundary.

Proof. The representation 7, of the generators of (g, 6(g)) is given by
Tu(H)=e11—es2, Tu(EY)=(u+t)era, Tu(E )= (u—t)eis. (23.11)

Let K(u) be any 2 x 2 matrix. Then the intertwining equation for H restricts K (u) to
be of the diagonal form, thus up to an overall scalar factor, K(u) = e 1 + kez2. Next,

: - : = : : t+u . o :
the intertwining equation for £+ has a unique solution k = which coincides with
—u

(2.3.5) provided ¢ =tand a = b = 0. O
P

2.3.2 Vector boundary

Consider the reflection equation (2.1.58) in the tensor space V ® V ® W with the R-matrix
defined by (2.3.4). Then there exists a solution of the reflection equation,

1 0 0 0
0 1-k% k 0 2u
0 O 0 1

and c € C is an arbitrary complex number.
This K-matrix satisfies the intertwining equation

(T_w @ TS)[A(D)] K (u) — K(u) (Ty ® Ts)[A(b)] =0 forall besl(2). (2.3.13)

Thus we call the level-zero s[(2) generators E* and H the preserved generators, while
the level-one generators E* and H are the broken generators. This setup leads to the
following involution and the twisted Yangian.

Proposition 2.3.4. Let 0 be the trivial involution of the Lie algebra g = sl(2),
0(H)=H, 60 =E* = 0@ =g. (2.3.14)

Then it can be extended to a non-trivial involution 0 of Y (sl(2)) such that

— o~

O(H)=—-H, 6G(EY)=-E*  6(a)=—o. (2.3.15)

Proposition 2.3.5. The twisted Yangian ) (g, g) of type II for g = sl(2) and 6(g) = g is the
Ofixed coideal subalgebra of ) (g) generated by all level-zero generators and the level-two twisted
Yangian generators

~ 1/ ~ ~ - N - ~
B* =+ ([H, Ei]—a(tEi+EiH—HEi)) and  H=[E*, E7], (23.16)

where t € C is an arbitrary complex number.
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Proof. The twisted generators (2.3.16) are in the positive eigenspace of the involution 8
and satisfy the coideal property

AH)=Hol+10H+2 (B oE —E* @B ) +0(0?) € V(@) ® Y.g).
(2.3.17)

The same properties for the level-zero generators follow from the definition. O

Proposition 2.3.6. The twisted Yangian Y (g, g) defined above with t = —2 is a reflection algebra
for a vector boundary.

Proof. The representation (7, ® T) of the coproducts of the Lie generators of )(g, g) is
given by

(T, @TH[AET) =e1o+e13+esatesa, (Tu@T)[AH)] =2(e11 +eaa),
(Tu X TS)[A(E_)} =e21 + €31 + €4,2 + €43, (2318)

and of the twisted Yangian generators by

(T, @ TH[A(EY)] = aerp+ ez +yess+desy,

(Tu @ TH[AE™) = Seg1 +ves1 + Bess+aess,

(Tu @ Ts)[A(H)] =Xeip1+pego —pess—Nessa +1n(eas3 —es2), (2.3.19)

g
=
)
=
@

|~

(As+t+2°—(t+4)*) —u—3, A=E((du+t+2)°+ (dc+t+2)°
2u+1)(2u+t+3), —2(t+2)%)-1,
2u—1)2u+t+1), p=((du+t+2)7%— (de+t+2)?) +1,
L(4s+t+22—t)+u—3, n=—u+t/2+1). (2.3.20)

> 2 ™ e
I

= = =

—~ —~

Let K(u) be any 4 x 4 matrix. Then the intertwining equation for the Lie generators
(2.3.18) constrain K (u) to the form given in (2.3.12) up to an unknown function k£ and an
overall scalar factor. Next, the intertwining equation for the twisted Yangian generators

2
(2.3.19) constrain ¢ = —2 and has a unique solution k£ = ﬁul)? which coincides
s —(u —
with (2.3.12) provided ¢ = s. O

Remark 2.3.1. Following the same pattern as in the quantum affine case, the twisted
Yangian given in proposition is also compatible with a vector boundary. The corre-
sponding fundamental reflection matrix is

1 0 0 0

1 0 1+ (u—1-c)k (c—9)k 0
KEE=10 " ook WFi(l-c—uhk 0 (2:3:21)

0 0 0 K’
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where

2u c+u
k= E = 2.3.22
(c—u)(l+4+s—u)(ut+s—1)" c—u’ ( )

and c, s € C are arbitrary complex numbers.
The twisted Yangian given in proposition is compatible with a singlet boundary,
and the corresponding reflection matrix is trivial.

Remark 2.3.2. Let 7}, be a (2] 4+ 1)-dimensional representation of )(s[(2)). Let V, be a
vector space defined in remark The generators of Y (sl(2)) act on the space V, by [37]

T E5) v = (LFm)(I £ m+ 1) vy, T} (H) vy = 2m v,

TIU(E\SE) U =2lu((lFm)(I£m+ INY2 v T1u(H) v = 4mluvy,, (2.3.23)

Let the boundary vector space W, and the boundary representation 7; ; be defined in the
same way. Then all the constructions of twisted Yangians presented above apply directly
for any finite-dimensional representation 7; ,, and lead to unique solution (for fixed /) of
the reflection equation.

To finalize this section we want to note that the twisted Yangian of type I given in
proposition[2.3.3]is isomorphic to the orthogonal twisted Yangian Y (2) of [38/92] and to
B(2,1) of [39]. The twisted Yangian of type II given in proposition is isomorphic to
the symplectic twisted Yangian }~(2) of [38,92] and to B(2, 0) of [39] (see also [66]).

2.3.3 Yangian limit

The algebra U, (g) does not contain any singular elements, and in the ¢ — 1 limit special-
izes to U(g) via the composite map ¢ such that

Uy (@) —> UL(g)) > Ulg). (2.3.24)
Set ¢ = e*" and z = e~2"™. Then the ¢ — 1 limit is obtained by setting  — 0, where h
is an indeterminate deformation parameter that can be regarded as the Planck’s constant
when the Yangian is an auxiliary algebra and « is a formal parameter used to track the
“level” of the Yangian generators and is usually set to unity [17]. Consider an extended
algebra

—_—~

Uy(8) = Uy(8) @cpr CU(R), (2.3.25)

Here C[[7]] (resp. C((R)) ) denotes the formal power (resp. Laurent) series in /. This alge-
bra contains singular elements those that do not have a properly defined ¢ — 1 limit. Let

—

A C U,(g) be the subalgebra generated U, (g) and A~ 'ker(yp). Then the Yangian Y(g) as
an algebra is isomorphic to the quotient A/hA = ) (g) [4].

In such a way the Yangian Y(sl(2)) can be obtained by taking a rational ¢ — 1 limit
of certain singular combinations of the generators of U, (sl(2)). Here we shall be very
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concise and rely a lot on the evaluation map (for some heuristic arguments see appendix
for more thorough considerations see e.g. [86-89]). The Yangian generators of V(s((2))
are obtained by the following prescription,

P & — &
E* = +alim 20—2L (2.3.26)
q—1 q — q_
The Lie algebra generators are recovered by
E* =lim&f =lim¢f  and  H =limhy = —lim hg. (2.3.27)
q—1 qg—1 q—1 qg—1

We will next show that the quantum affine reflection algebras considered in sections
and in the rational ¢ — 1 limit specializes to the Yangian reflection algebras

considered in sections and respectively.

Proposition 2.3.7. The quantum affine coideal subalgebra B C U, (s1(2)) defined by the Propo-
sition in the rational ¢ — 1 limit specializes to the twisted Yangian Y (g, a) of type I defined
by the Proposition|2.3.3}

Proof. Recall that B is generated by the twisted affine generators (2.2.9)
B =& ko —c/q& ko, By =& ko—cq&iTko. (2.3.28)

and the Cartan element kok; '. Note that &, ko = ¢2¢;. We will be using the following
series expansion,

ki = 14 (¢ —1)h; + O(c?), (2.3.29)
where O(a?) represent the higher order in o terms (here a ~ k). Then by substituting
c — ¢ %" we find

2+ + -
L aa By _ . & — & q—1 — e e 9
s i i [a q—q! Jraq—q‘l(%61 & ~ ko) + O(e)
——E tatE + % (EEH+HE )= —E, (2.3.30)
and
LoaBy & — & q—1 +_ et + 2
él_)rr%q_q_l —;L}Iri [a = —i—aq_q_l(fo ho — (1 —20)& — & ho + hi&f) + O(a”)
—ET+atET+ % (EYH +HET) = E™. (2.3.31)
Finally,
1 — k=l
lim kokll —H. (2.3.32)
=1 q—q—

These coincide with (2.3.9) as required. O
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Proposition 2.3.8. The quantum affine coideal subalgebra B C U, (s1(2)) defined by the Proposi-
tion in the rational ¢ — 1 limit specializes to the twisted Yangian Y (g, g) of type 1I defined
by the Proposition|2.3.6}

Proof. We will prove this proposition for the representations only. Let z = g *'*. Then,
upon rescaling s — ¢***, the twisted affine generators and in the ratio-
nal ¢ — 1 limit specialize to the twisted Yangian generators by the following
prescription,

q 2T .(By)—2T.(&) *T.(By) — 2T .(&)) =

. _ /::/+ . _ ~_
A e i
(2.3.33)
and
_9 —\1 _ /+ ~
;igi q (Tl,z b2y Tk,s)[A((B;O_)]qlz)gﬂ,z ® Tk,s)[A( 1 )] _ (Tl7u Q T;w)[A(E"')] ’
lim ¢ (s ® T’“S)[A(sz] q_f)(fl’z OLIAE _ (g o )AE).  (2339)

O

2.4 Reflection algebras for Uq(§[(1|1))

Algebra. The quantum affine Lie superalgebra U, ( gl [(1]1)) in the Drinfeld-Jimbo realiza-
tion is generated by the fermionic Chevalley generators ¢, the Cartan generators k;, ko
and their inverses (here ky = ¢"2, and hsy is the non-supertraceless generator completing
the superalgebra s[(1]1) to gl(1|1) ), and the affine fermionic Chevalley generators £ and
the corresponding affine Cartan generators ko, k; '. The extended (symmetric) Cartan

matrix is given by
0 0 =2
(@ij)o<ij<2 = 0 0 2 . (2.4.1)

-2 2 0

The corresponding root space has a basis of two fermionic roots, 7 = {ag, @1 }. The com-
mutation relations are as follows, for 0 < i, j < 2 (Chevalley generators corresponding to
the Cartan generator k are absent):

o _ ki —k;
ki kj] =0, [ki, &) = g€ &6 = O T (24.2)

Here {a, b} = ab + ba denotes the anti-commutator. The graded right adjoint action is
defined by

(ad, &) @ = ()N agl — ke, (ad, &) a = ()& agy — &k, ak?zl’s)
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where (—1) [€7114] s the grading factor. Notice that the block (@;;)o<i, j<1 is trivial, and thus
the right adjoint action for this block is equivalent to the regular graded commutator. This
shall have important consequences for constructing the reflection algebra for a vector
boundary. For this reason we shall also be in the need of the level-one Cartan generators
hE, which have coproducts defined by

AR =hi @1+1@h5 +267k @&,
Ahy =hy @ 1+1®hy +2& @ kg & (244)

Representation. We define the fundamental evaluation representation T, of U, ( al(1]1))
on a graded two-dimensional vector space V. Let V = {vi,v2} and V' = {v},v}}, then
vV] = ViU, vavy = —v5uy, and vavgy = vHvy = 0. Let e; 1 be 2 x 2 matrices satisfying
(ejk)j' 1 = 050k 1. Then the representation 7, is defined by

T.(&) = e, T.(&) = zea, T.(h2) =e11 —e22,
- N | +y _ z*lq
T,(& ) = ez, T.(&) = —2 e12, T.(hy) = m(el,l —e22),

T.(k1) =qe1n +qesn, To(ko) =q ternr+q tean, Tu(ka) =qer1+q tean. (24.5)

We choose the boundary vector space WV to be equivalent to V. Then the boundary rep-
resentation 7 on W is obtained from (2.4.5) by replacing z with s.
The fundamental R-matrix satisfying Yang-Baxter equation (2.1.4) is given by

1 0 0 0
10 r 1—gqr 0 _oz—1
R(z) = 0 1-r/q . 0 , where T_qz—l/q'
0 0 0 —14+(g+1/q)r
(2.4.6)

2.4.1 Singlet boundary

Consider the reflection equation (2.1.5) in the space V ® V ® C with the R-matrix defined
by (2.4.6). Then the general solution of the reflection equation is [93]

1 0 cz—1

K(z)—<0k>, where k=

. (2.4.7)

and ¢ € C is an arbitrary complex number.

The general solution (2.4.7), in contrast to (2.2.5), is already of the diagonal form and
thus intertwines all (level-zero) Cartan generators k;, but does not satisfy the intertwining
equation neither for any of the Chevalley generators nor for the level-one Cartan genera-
tors hE. Hence we call Cartan generators k; the preserved generators, while the generators
&F and hi are the broken generators. This setup is consistent with the following involu-
tion and the quantum affine coideal subalgebra.
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Proposition 2.4.1. Let the involution © act on the root space ® as
@(ao) = —Qq . (248)

Then it defines a quantum affine coideal subalgebra B C A = uq(§[(1 |1)) generated by the Cartan
elements ko, koky ', and the twisted affine generators

By =& ko —dy 0(& ko, 0(&T) = &1,
By =& ko —d-0(& ko, 0(&) =¢&", (24.9)
where ff =k, 1£Z.+ and dy. € C are arbitrary complex numbers.

Proof. The coideal property is trivial for the Cartan elements, and for (2.4.9) follows di-
rectly from (2.2.10). O

Proposition 2.4.2. The quantum affine coideal subalgebra defined above with d, = —d_ = qc
where c € C is an arbitrary complex number, is a reflection algebra for a singlet boundary.

Proof. The representation 7, of the generators of B is given by

T.(koki') = g %(e1n +e22), To(Bf) = (2—q 'dy)ess, To(By) =g *(qgz " —d )erz.
(2.4.10)

and T (k2) was given in (2.4.5). Let K(z) be any 2 x 2 matrix. Then the intertwining
equation for kok; ' and ks restricts K (z) to be of the diagonal form. This gives K (z) =
e1,1 + ke 2 up to an overall scalar factor. Next, the intertwining equation for B* gives

di(k—1)z—q(z?k—1)=0, d(k—1)z+q(z*k-1)=0, (2.4.11)
-1

having a unique solution d{ = —d_ = gcand k = %, where ¢ € C is any complex
z(c—z

number. This coincides with (2.4.7). O]

2.4.2 Vector boundary

Consider the reflection equation (2.1.5) in the tensor space V ® V ® W with the R-matrix
defined by (2.4.6). Then there exists a solution of the reflection equation

1 0 0 0
o 1-k/g ok 0 C(g—gH(*-1)
K(z) = 0 k 1— gk 0 , Where k= P —————
0 0 0 1—(g+q Mk

(2.4.12)

and c € Cis an arbitrary complex number.

This K-matrix satisfies the intertwining equation for all generators of the Lie
superalgebra gl(1|1). Thus we call Cartan generators k; and Chevalley generators ¢i the
preserved generators, while the affine Chevalley generators &5 and the level-one Cartan
generators h3 are the broken generators. Next, we identify the corresponding quantum
affine coideal subalgebra consistent with the reflection matrix (2.4.12).
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Proposition 2.4.3. Let the involution © act on the root space ® as
O(ap) = —ap — 201, Oay) = o . (2.4.13)

Then it defines a quantum affine coideal subalgebra B C A = Uq(gA[(l |1)) generated by the Cartan
generators k;, the Chevalley generators &£, and the twisted affine generator

By =& —d-0(g),  0&) =0, &7, (24.14)
where &7 = k; ¢ and d_ € C* is an arbitrary complex number.
Proof. The twisted affine generator (2.4.14) satisfies coideal property,

ABy)=¢& @kyt —d_0(&) @kt +1® By +2d_{&", &} @ ky 'k € A B.
(2.4.15)

The property follows by definition for k; and £ f[ O

Remark 2.4.1. This algebra may alternatively be generated by k;, £, and the twisted
affine generator

Bf =&t —dy 05, (&) = [hy s &1, (2.4.16)
having coproduct

ABf) =€ @ky' —d 0N @ kT + 1@ B +2d4{&, &7y @ kg tky ey eA(®B )
2.4.17

and d, = d_'(¢~' — q)%/4. The generators B are related by
2d_

(ad, &7)By = — (ad, &) By . (2.4.18)
Remark 2.4.2. This algebra is not of a canonical form (compare (2.1.47), (2.2.16) and
(2.4.14)). This is due to the all-zero entries in the block 0 < 7,5 < 1 of the extended
Cartan matrix a;; ( , and thus the ad,-action is equivalent to the usual graded com-
mutator. In such a way the level-one generators h3 are employed to ensure the coideal
property.

Proposition 2.4.4. The quantum affine coideal subalgebra defined above with

d_=dy= (¢! — q)/2 is a reflection algebra for a vector boundary.

Proof. The representation (T, ® Ts) of the coproducts of the Lie generators of B is given
by

(T: @ Ty)[A(ET)] = 12+613+62,4—q€3,47

(T, @ Ts)[A(E7)] = ea1 +q ezt +q teas —eas,

(T, @ Ts)[A(ko)] = ¢ 2(61,1 +exo+e33+eq4),

(. ®T)[A(k¢1)} =q*(e11 + €22 +e33 +eaa),

(T, ® Ts)[A(k2)] = qPerq + e22 + €33+ q e, (2.4.19)
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and of the twisted affine generators by

(T, @ Ts)[A(B )] = aveas + Bes1+ Bess —aess,
(T, @ Ts)[A(By ) =ve12+de13+veas —vesa, (2.4.20)

where

a=gqs+2d((¢2 -1 =2, B=qlgz—2d (P — 1) T2,
v=—q gs T +2d (¢ -D)s—2)d=—(¢gz ' —2d (- 1)""2),  (2421)

Let K(z) be any 4 x 4 matrix. Then the intertwining equation for the Lie generators
(2.4.19) constrain K (z) to the form given in (2.4.12) up to an unknown function £ and
an overall scalar factor. Next, the intertwining equation for the twisted affine generators

(2.4.20) has a unique solution

(g—q")(z"-1)

=d_=(¢"—q)/2 k= 2422
d+ (q Q)/ ) q_g — (S + S_I)Z + qug ) ( )
which coincides with k given in 2.4.12) provided ¢ = s + s~ L. O

Remark 2.4.3. The coideal subalgebra given in proposition does not lead to a unique
reflection matrix for a vector boundary. The boundary intertwining equation in this case
defines the reflection matrix up to an overall scalar factor and one unknown function,

1 0 0 0
0 1+ (P2—)k qlc—s)K 0
K(z) = 0 qlc—s YK 1+k 0 (24.23)
0 0 0 1+ k+ (27t =)k
where
p_ ¢* (s +z(c—s)(cs — 1)K — s2?) ’ (2.424)

sz(q?z —c¢)

and ¢, s € C are arbitrary complex numbers. Here k' = £’(z) is an unknown function that
needs to be obtained by solving the reflection equation (giving i.e. k' = 0). In such a way
this coideal subalgebra is not a reflection algebra for a vector boundary as it does not lead
to a reflection matrix automatically satisfying the reflection equation.

The coideal subalgebra given in proposition[2.4.4)is compatible with a singlet bound-
ary; the corresponding reflection matrix is trivial.

2.5 Reflection algebras for Y(gl(1]1))

Algebra. The Yangian )(gl(1|1)) is generated by the level-zero Chevalley generators
E#, Cartan generators H and the non-supertraceless generator H», and the level-one



52 Reflection algebras

Yangian generators E* and the corresponding level-one Cartan generators H and H,.
The commutation relations of the algebra are
{E".E"y=H, ({B*ET}=H, [H, B*] = [H,E*] = [H, H] =0,
[Hy, E¥] = +2E* | |H,, E*] = [H,y, E¥] = £2F* . (2.5.1)
The Hopf algebra structure is equipped with the following coproduct,
AH =H@l+19H, AH) =H®l+1®H,
AH)=Hy®1+1®Hy, AH)=H,®1+19H,—a(Et®E +E ®FE"),
AEE)=Efel1+10EX, A(EY) :Ei®1+1®ﬁi¢%(Ei®H—H®Ei).

(2.5.2)

Representation. The evaluation representation on the graded two-dimensional vector
space V is defined by

T.EY)=e12, TuE )=e21, Tu(H)=ce11+e22, Tu(H2) =e11 —e22,
Tu(ET) =uers, Tu(E™)=wesr, Tu(H)=u(er1+ess), Tu(Hs)=u(er1 —eas),
(2.5.3)

and T,(a) = 1. We choose the boundary vector space W to be equivalent to V. The
boundary representation 7 on WV is obtained from (2.5.3) by replacing z with s.
The fundamental R-matrix satisfying Yang-Baxter equation (2.1.57) is

1 0 0 0
0O r 1-r 0 u

R(u) = 0 1—r r 0 , where = (2.5.4)
0 0 0 —1+2r

2.5.1 Singlet boundary

Consider the reflection equation (2.1.58) in the tensor space V ® V ® C with the R-matrix
defined by (2.5.4). Then the general solution of the reflection equation is [83]

1 0

K(u):<0 k)’ where k:C+u

)
C—Uu

(2.5.5)

and c € Cis an arbitrary complex number.

This K-matrix intertwines the Cartan generators H and Hs, but does not satisty the
intertwining equation for any other generators of gl(1]1) (and Y(gl(1]1))). Hence we
call Cartan generators H and H> the preserved generators, while the rest are the broken
generators. This setup allows us to define the following twisted Yangian.



Reflection algebras for Y (gl(1|1)) 53

Proposition 2.5.1. Let the involution 6 act on the Lie algebra g = gl(1|1) as
0(H)=H, 0(H)=H, 0F*)=-EF, (2.5.6)

defining a symmetric pair (g, 0(g)). Then involution 6 can be extended to the involution 0 of Y(g)
such that

— o~ —

O(H)=—-H, 6(Hy))=-Hy,, OFEY=E*  6(a)=—a. (2.5.7)

Proposition 2.5.2. The twisted Yangian Y (g, 0(g)) of type I for g = gl(1|1) and 6(g) = {H, Ha}
is O—fixed coideal subalgebra of Y(g) generated by the Cartan generators H and Hs, and the
twisted Yangian generators

Eft—E*+uErT %HEi : (2.5.8)
where t € C is an arbitrary complex number.

Proof. The twisted generators (2.5.8) are in the positive eigenspace of the involution
(2.5.7) and satisfy the coideal property

AEN=E*®@1+10E T TaE*©H e Y(g) @ Y(g,0(g)). (2.5.9)
The same properties are obvious for H and Ho. O

Proposition 2.5.3. The twisted Yangian Y (g, 0(g)) defined above is a reflection algebra for a
singlet boundary.

Proof. The representation T, of the twisted generators of (g, 6(g)) is given by
TJET) = (u+t—1/2)e1n, Tu(E)=@u—t+1/2)e1z, (2.5.10)

For H and Hj; it was given in (2.5.3). Let K (u) be any 2 x 2 matrix. Then the intertwining

equation for H and Hj restricts K(u) to be of the diagonal form. This gives K(u) =

e1,1 + keap up to an overall scalar factor. Next, the intertwining equation for E* has a

t —1/2

” which coincides with (2.5.5) provided ¢t = ¢+ 1/2 and
p— u J—

a=0b=0. O

unique solution & =

2.5.2 Vector boundary

Consider the reflection equation (2.1.5) in the tensor space V ® V ® W with the R-matrix
defined by (2.3.4). Then there exists a solution of the reflection equation,

1 0 0 0
0 1—-k% k 0 2u
0 0 0 1-2k
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and c € Cis an arbitrary complex number.
This K-matrix satisfies the intertwining equation for all generators of gl(1|1). We
call the level-zero generators E*, H and H, the preserved generators, while the level-one

generators E*, H and H, are the broken generators. This setup leads to the following
twisted Yangian.

Proposition 2.5.4. Let 0 be the trivial involution of the Lie algebra g = gl(1]1),
0(H)=H, O(H))=H,, 6OFE5=EF =  0(g)=g. (2.5.12)

Then it can be extended to a non-trivial involution 6 of Y(gl(1|1)) such that

O(H)=—H, 0(Hy)=—-Hy, O(E*=-E*  6(a)=—a. (2.5.13)

Proposition 2.5.5. The twisted Yangian Y(g, g) of type I for g = gl(1|1) and 0(g) = g is O-
fixed coideal subalgebra of ) (g) generated by the level-zero generators and the level-two twisted
Yangian generators

o~ 1/ ~ ~ ~ o ~ ~
B =+ ([HQ, B+ a(+tB* + EXH - EiH)) and  H={E*, EF},
(2.5.14)

where t € C is any complex number.

Proof. The twisted generators (2.5.14) are in the positive eigenspace of the involution 6
(2.5.13) and satisfy the coideal property

AE*)=E*@l+1eB* ol @ B - B* @ H) + 0(a®) € Y(s) © V(.0).
(2.5.15)
and for H and the level-zero generators these properties follow identically. O

Proposition 2.5.6. The twisted Yangian ) (g, g) defined above with t = 0 is a reflection algebra
for a vector boundary.

Proof. The representation (7, ® T) of the coproducts of the Lie generators of )(g, g) is
given by

(T, @T)[A(ET) ] =e12+te1s+eas—esa, (Tu@T:)[AH)] =2 Z?:l €ii,

(TuRT)[A(E™) =ez1+e31+eso—ess, (T, QT)[A(Hs)] =2(e1,1 —e€a4),
(2.5.16)

and of the twisted Yangian generators by

(T, © T)[A(ET)] = aelg+pfeis+Pers—aess, (I.® TH[AH)] =17 Z?:l €ii,
(T, @ T)[AET)] = vea1 +dezs +yean —veas, (25.17)
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where

a=2s2s+t)+4du+t—-3, B=02u—-1)(2u+t—-1), 77:1—16((45+t)2—|—(4u—|—t)2
v=2s(2s+t)—4du—t—3, d=Q2u+1)2u+t+1), —2t2-8). (2.5.18)
Let K (u) be any 4 x 4 matrix. The intertwining equation for the Lie generators (2.5.16)

constrain K (u) to the form given in (2.5.11)) up to unknown function k£ and overall scalar
factor. Next, the intertwining equation for the twisted Yangian generators (2.5.17) con-

2
strain ¢t = 0 and has a unique solution k = ﬁ which coincides with (2.5.11)
u — S
provided ¢ = s. O

Remark 2.5.1. The twisted Yangian given in proposition does not lead to a unique
reflection matrix for a vector boundary. The boundary intertwining equation in this case
defines the reflection matrix up to an overall scalar factor and one unknown function,

1 0 0 0
10 1+ (1 —c+uk (c—s)K 0
EG =1 (c+ )k 14k 0 (2:5.19)
0 0 0 1+k+(1—c—u)k
where ) .
o (oK =2 c=t-1/2, (2.5.20)

l—c+u
and t,s € C are arbitrary complex numbers. Here ¥’ = k/(u) is an unknown function
that needs further to be obtained by solving the reflection equation (giving i.e. ¥’ = 0 or
K = (2u)/(s®+c(1+u)? —u(1+u)?)). In such a way this twisted Yangian is not a reflection
algebra for a vector boundary as it does not lead to a reflection matrix automatically
satisfying the reflection equation. This is in agreement with the remark[2.4.3]
The twisted Yangian given in proposition[2.5.6)is compatible with a singlet boundary;
the corresponding reflection matrix is trivial.

2.5.3 Yangian limit

Lie algebras s((2) and gl(1]|1) are very similar, thus the Yangian limit of coideal subal-
gebras of L{q(g/;\[(1|1)) is obtained in a very similar way as it was done in section m
The Yangian )(gl(1|1)) can be obtained by taking a rational ¢ — 1 limit of the singular
combinations of the generators of Z/{q(g?[(l 1)),

(2.5.21)

The Lie algebra generators are given by

E* =lim& = Flimé&f  and  H = lim hy = —lim hy. (2.5.22)
q—1 q—1 q—1

q—1
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Next will show that the quantum affine reflection algebras considered in sections[2.4.1]
and in the rational ¢ — 1 limit specializes to the Yangian reflection algebras consid-

ered in sections and respectively.

Proposition 2.5.7. The quantum affine coideal subalgebra B C Uy ( al(1]1)) defined by the Propo-
sition in the rational ¢ — 1 limit specializes to the twisted Yangian Y (g, a) of type I defined
by the Proposition[2.5.3}

Proof. Recall that B is generated by the twisted affine generators (2.4.9)
B =& ko —cq&ko, By =& ko+cqéiTho. (2.5.23)

and Cartan element kok; '. Firstly note that &'k = &;. Then by substituting ¢ —
¢**=1/2) and using the expansion (2.3.29) we find

. aBf & — & g—1 . 2
c}%q—q—l_glﬂ[aq—rl _Oéq—q‘l(%51 + ko) +0(e)
—E —atE + %HE‘ —F, (2.5.24)
and
. aBy . & +& qg—1 _
lim 0 _ — lim |a 2 L4+ 2t & + & ho + & (hog — 1)) + O(a?
g1q—q1 q—>1|: qg—q1 q_q—l( & +& ho & (ho 1)) (a”)
—EttatEt - %HE+ — . (2.5.25)

Finally, H; = lir% (k3 —1)/(q¢ — ¢~'), and the Cartan generator H is obtained in an equiv-
q—
alent way as in (2.3.32). These coincide with (2.5.8) as required. O]

Proposition 2.5.8. The quantum affine coideal subalgebra B C Uy ( gl(1]1)) defined by the Propo-
sition in the rational ¢ — 1 limit specializes to the twisted Yangian ) (g, g) of type II defined
by the Proposition[2.5.6}

Proof. We will prove this proposition for the representations only. Let z = ¢*>“. Then,
upon rescaling s — ¢*%, the twisted affine generators (2.4.14) and (2.4.16) in the ratio-
nal ¢ — 1 limit specialize to the twisted Yangian generators by the following
prescription,

im TZ(BSF) - 2Tz(§;k1) o =_ im Tz(Ba) + 2Tz(§fr) _ ”~V+
P S R T gy
(2.5.26)
and
iy (22 LIEEN =2 (O LIRE R _ 7, 1),
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A The Yangian limit of I/, (s1(2))

Here we give a heuristic derivation of the Yangian limit of ¢, (;[(2)) We will recover the
level-one generators of )V (s[(2)) by calculating the rational ¢ — 1 limit of certain singular
combinations of the generators of I/, (s((2)) that otherwise do not have a propierly defined
g — 1 limit.

Set g = 51(2). Recall that s[(2) 2 £(g). Let the Chevalley basis of U/(g[u]) be given by

Et=1®e, E-=1®f, H=1®h,
Et=uef, E~-=-u®e, H=u®h. (A.1)
Let e,, f; and k, = ¢" be the basis of U,(g). Let the basis of ¢,(£(g)) be given by
G =10e¢, &=10f,  Mm=180h,  k=d",
G =20f, &G=z"'®e, ho=-h,  ki=q". (A2)

Set ¢ = e*" and z = e 2", Then the ¢ — 1 limit is obtained by setting i — 0. The

expansion in series of the Cartan generators k; at the point 2 = 0 is given by
ki =1+ (¢ —1Dh + 0(?), (A3)

where O(a?) denotes higher order in « terms (o ~ h). Note that the (full) ¢ — 1 limit
gives

+_ . +_ . — - _ . - _ . J’_
E —;;Hifl —élg%fo, E —ggﬁﬁ —513%50‘ (A4)
Choose
+_ @ — ot - _ @ + - A5
504—@(‘50—51)7 fa——m(fo—é)- (A5)
Then
li §+_1 271—1 . —E+
el = ie g O muoe =L
1-—- .
limé; = lima —— @ f, = —u® f = E , (A.6)
q—1 —1 q—q
and
1 AlEH) =lm——(& @k ' +10& — & @1k
el (&) ngq_q (50 & 51 1®§1)
— lim [a S0 = 51®1+1@g>04§“_€11
q—1 q_ q—q
~a qq_ Silé @hoth@gl) + O(a?)]

:A:{®1+1®E§+%(E+®H—H®E+):A(E+), (A7)
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(TR -k @&+ @k +HIRE)

lim A(¢,)) = lim
q—1

g=1q—q!
= lim |a il_qﬁo 1+10a 51 qﬁo

_a qq__ — (&7 @ h+ho® &) + (’)(oﬂ)}
:E;®1+1®E;—%(E_®H—H®E+):A(A;), (A.8)

which coincide with (2.3.2).



Chapter 3

Integrable boundaries in AdS/CFT

It has been recognized in recent years that the planar limit of N' = 4 super Yang-Mills
is integrable, and the worldsheet S-matrix approach allows us to successfully study the
spectra of the light-cone superstrings propagating freely in AdSs x S° spacetime in the
framework of the AdS/CFT correspondence conjectured by Maldacena et al. [6] (see
also the review [9]). The S-matrix approach [94-96] was first developed in the spin chain
framework in the perturbative regime of the gauge theory, where it allows one to con-
jecture the corresponding (all-loop) Bethe equations describing the asymptotic spectrum
of the gauge theory [19,557,97]. The integrability allows one to find the exact expres-
sions of the S-matrices by requiring them to respect the underlying symmetries of the
model. It is well-known that the S-matrix for the fundamental excitations in the bulk can
be determined up to an overall (so-called ‘dressing’) phase factor from just the centrally
extended psu(2]2)¢ symmetry [18,19,98], and the S-matrix obtained in this way respects
the Yang-Baxter equation (YBE) and a generalized physical unitarity condition. The over-
all phase factor is severely constrained by the crossing symmetry [99]. This non-analytic
overall phase factor constitutes an important feature of the string S-matrix and has been
the subject of intensive research [100-103].

In the limit of infinite light-cone momentum, in addition to the fundamental states,
the spectrum of the string sigma model contains an infinite tower of bound states [104-
106|]. These manifest themselves as poles of the multi-magnon S-matrix built from the
fundamental S-matrix S44, where A is used to denote the fundamental state. The generic
bound state S-matrix SMY is then obtained by considering a tensor product of the 4M-
and 4N-dimensional atypical (short) supersymmetric multiplets of the psu(2|2)¢ [20,104,
107]. These multiplets can be obtained from the (M + N)-fold tensor product of the
fundamental representation by projecting it onto the totally symmetric component.

As was shown in [108], the construction of the bound state S-matrix relies on the ob-
servation that an M-magnon bound state representation of the psu(2|2)¢ algebra may be
realized on the space Vs of homogeneous supersymmetric polynomials of degree M de-
pending on two bosonic and two fermionic variables, w, and 6, respectively. Thus, the
representation space is identical to an irreducible short superfield ® (w, #). In this real-
ization the algebra generators are represented by differential operators linear in variables

59
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w, and 6, with the scattering coefficients being functions of the parameters describing
the representation. The introduction of a space DM dual to V), which may be realized
as the space of differential operators preserving the homogeneous gradation of ® (w, 6),
allows one to define the S-matrix as (an element of)

SMN € End(Vi ® Vi) = Vs @ Vv @ DM @ DV .

Thus the S-matrix SMN may be written as a differential operator of degree M + N acting
on the product of two superfields ®* (w, §) and ®" (w, 0).

Finding the generic bound state S-matrices is very complicated, as the psu(2]2)¢ sym-
metry alone is not enough to determine all of the scattering coefficients. Further con-
straints are required, either from the YBE or the underlying Yangian symmetry [20].

The underlying Yangian symmetry, which goes back to the inception of quantum
groups, is at the core of the general strategy for finding the higher-order bound state
S-matrices [109]]. The Yangian symmetry is essential since the fusion procedure does not
work straightforwardly for AdS/CFT S-matrices [108]. These higher-order S-matrices
play an important role in understanding the underlying integrability and deriving the
transfer matrices, Bethe ansatz equations, writing 7- and Y-systems, and other impor-
tant algebraic objects of the theory. It is worth recalling that Yangians generically have
some very nice properties, particularly at the level of representation theory [17,110]. So
the appearance of Yangian symmetry in the string context — for example, via the universal
R-matrix [111H113] - is a very welcome feature.

A specific case of worldsheet scattering is the boundary scattering which has attended
lots of research interest and development on its own due to a large variety of the bound-
ary conditions that arise when open strings end on D-branes embedded in the AdS5 x S°
background (See e.g. [59,61-63,114-124]). Boundary conditions depend not only on the
type of the D-brane the string is attached to, but also on the type of embedding and the
relative orientation of the string and the brane. The emerging integrable configurations
have been classified in [65].

Deep in the bulk of an open string the theory is indistinguishable from the pure N’ = 4
super Yang-Mills, thus the symmetry arguments discussed above remain valid, and the
bulk S-matrix may be used without modifications. The task is then to determine the
reflection of magnons from the end of the string, where the residual symmetries of the
boundary are crucial in determining the structure of the reflection K-matrix. However it
is a great challenge to understand the residual boundary symmetries in full generality.

An important feature of quantum integrability is that the presence of suitable bound-
ary conditions may break a bulk Yangian symmetry without spoiling integrability. In
such a way one can find a boundary Yangian symmetry which is a coideal subalgebra of
the bulk Yangian symmetry, and in many cases appearing in the AdS/CFT this was show
to be generalized twisted Yangian algebras discussed in Chapter

This chapter is organized as follows. In Section 8.1 we recap the underlying symme-
tries and the worldsheet S-matrix of the light-cone superstrings in AdS/CFT. In Section
we review the spectrum of integrable boundaries and give the necessary preliminar-
ies for the boundary scattering theory. Sections[3.3]and 3.4] contain description of bound-
ary symmetries and boundary scattering theory for giant gravitons and D7-branes, that
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share a lot of common features from the boundary scattering point of view. Section
considers boundary scattering for the D5-brane. This boundary was long thought not
to be integrable. Here we show that it is indeed integrable and is of a specific ‘achiral’
type. This type of boundary symmetry was not considered explicitly in Chapter [2} thus
this sections also contains the general considerations for this type of algebra. Appendix
accommodates explicit expressions of selected bound state reflection matrices.

3.1 Worldsheet scattering

3.1.1 Underlying symmetries

The symmetry algebra of excitations in the light-cone superstring theory on the AdS5 x S°
background and for the single-trace local operators in the N' = 4 supersymmetric Yang-
Mills gauge theory is given by two copies (left and right) of the centrally-extended Lie
superalgebra [18,125]

psu(2]2)c = psu(2[2) x R3. (3.1.1)

3.1.1.1 Lie algebra

The algebra psu(2|2)c contains two sets of bosonic su(2) rotation generators R, L2, two
sets of fermionic supersymmetry generators QJ, G,;* and three central elements H, C and
C'. The non-trivial commutation relations are

(L, 3q) = 05 Ja = 30235 {Qg,Q4) = eeas C,

(L2, I = (mﬁ 168, (G2, G/} = ePey CF,

[R2,J] = 02Ta — 360 0., {QS, G =6 Lg + 0§ RY + 16765 H

(RS, I = 50 Jb 3600°, (3.1.2)
where a, b,... = 1,2 and o, 3,... = 3,4, and the symbols J,, J, with lower (or upper)

indices represent any generator with the corresponding index structure.

Hopf algebra. This algebra may be equipped with a non-trivial (braided) Hopf algebra
structure [126] such that for any J4 € psu(2|2)c,

AJY =74 @1+ U @ g4, AP =4 Ul 1104, (3.1.3)
Here U is the so-called braiding factor, and is a group-like element of the algebra,
AU)=U®U. (3.1.4)

The additive quantum number [[A]] equals 0 for generators in su(2)@su(2) and for H, 3 for
&, — 1 for G¢, 1 for C and —1 for Ct. This number is sometimes called the hypercharge.
We w111 come back to it a little bit further.
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The Hopf algebra structure becomes complete after defining the antipode map S and
the counit map ¢,

S(1) =1, S(UTY) =UT, SJA) = —u-lAlga
e(1) =e(U*) =1, e(J*) =0. (3.1.5)
The braided structure of the algebra imposes additional constraints on the central
generators C and C'. The co-commutativity requirement gives
A(C) =AP(C) = Ce(1-UP?)=(1-U%eC = Cx(1-U?),
A(Ch =a?Ch) = Clo(1-U?)=(1-U?ecC = Cx(1-U7?). (316

One can further introduce universal proportionality coefficients o, af and g such that
C=ga(1-U%?), Cl=ga'(1-U?), CC'-gaCi-—gafC=0. (3.17)

Here g plays the role of the coupling constant of the corresponding string theory. In the
g — 0 limit central generators C and C' vanish and and the psu(2|2)¢ algebra specializes
to su(2(2).

Automorphism group. The psu(2|2) algebra has no matrix representation, but the cen-
trally extended algebra does, and the representations may be traced back from the su-
peralgebra g[(2|2) using an SL(2) outer-automorphism group of the algebra [127]. This
outer automorphism reveals itself in the ¢ — 0 limit of the exceptional superalgebra
0(2,1;¢) [128]. The SL(2) automorphism transforms the supersymmetry generators of
the algebra as

Q. =wu Q% — u2 gab €ap Gbﬁ , G’ao‘ =01 G, —vaeg b Qﬁb, (3.1.8)

(67

and the central generators as

C'=u)C+udCl+ujug H, CT=v2CT + 03 C + vy H,
H = (u1v1 +U202)H+2U1U2@+2U2U1 CT . (3.1.9)

The parameters u; and v; satisfy the non-degeneracy constraint ujv; — upv2 = 1 and may
be combined into an SL(2) matrix

hm_<m1”) (3.1.10)

Vo U1

We shall be interested in the unitary representations of psu(2|2)¢. The latter requirement
restricts the SL(2) automorphism group to its real form SU(1, 1) upon imposing the uni-
tarity constraints v} = u; and v; = ug .

It is important to note that the outer-automorphism group leaves the combination

H? := H? — 4C C' of the central charges invariant, i.e. this combination defines the orbits
of the SL(2).
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Hypercharge and reflection map. Set up = vy = 0 and choose u; = e, v, = e~ for
some real ¢. This setup defines a U(1) C SU(1,1) subgroup of the outer-automorphism
group discussed above given by

QY, — eQ?, , G2 — e G2, C — e%eC, Ch — e72¢Ct . (3.1.11)

This soubgroup has several important and far-reaching properties that we will encounter
in the boundary scattering.
The corresponding Lie generator Y serves as a hypercharge for the generators of

psu(2(2)c,

[Y,J4] = @ 4, (3.1.12)
more explicitly:
[Y,Q4] = +5Q4 , [Y,C] =+C, [Y,LJ] = [Y,R]] = [Y,H] =0,
Y, 6 = -G,  [Y,Cl=-C'. (3.1.13)
Set u? = —U~2, v} = —U? Recall that U is a group-like element, thus can be repre-

sented as U = /2 for some p. Then the corresponding generator x € U(1), as we will
show in the Section can be interpreted as the reflection map.

Representations. The psu(2|2)¢ algebra has several different types of finite-dimensional
representations. The most relevant representations for AdS/CFT superstrings are called
long (typical) and short (atypical). There are also anomalous (singlet and adjoint) repre-
sentations. See [18] and [19] for a comprehensive review and details. A tensor product of
two short representations generically yields a sum of long multiplets. The long represen-
tations are generically irreducible, but become reducible for some specific eigenvalues of
the central charges. Next we will briefly review the decomposition of the tensor product
of two fundamental representations and the tensor product of two 2-particle bound state
representations, as this will be important to us later on.

The fundamental excitations (asymptotic states) of the superstring transform in the
4-d(imensional) short (fundamental) representation 7. The tensor product of two funda-
mental representations gives a 16-d irreducible long multiplet. This is the smallest long
representation. At the special points (corresponding to special eigenvalues of the central
charges) one may decompose the 16-d long multiplet into two 8-d short representations
(totally symmetric and totally antisymmetric), or into two singlets (corresponding to the
fundamental singlet state of the spectrum) and a minimal 14-d adjoint, which may further
be reduced to (3 + 2 x 4 + 3)-d totally symmetric multiplets. We shall mainly focus on
supersymmetric short and singlet representations, where the interesting physical states
(magnons and their bound states) of the AdS/CFT superstring live. A multiplet short-
ening constraint defining a supersymmetric (or equivalently anti-supersymmetric) short
representation is given by

H2 -4CCl=1. (3.1.14)
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Two-particle bound states live in an 8-d supersymmetric short representation 7. A
tensor product of two such representations decomposes into a sum of two long, 16-d
and 48-d, representations. This tensor product is very important in the scattering the-
ory we shall be considering, as it is the simplest representation for which the Lie algebra
is not enough to determine all the scattering coefficients and additional constraints are
required [108]. Thus this representation serves as the most simple non-trivial test of Yan-
gian symmetry.

The supersymmetric short representation describing an M-particle bound state con-
sists of vectors |m, n, k,l) € V(p) where k+1+m-+n = M, and V (p) is the corresponding
vector space of the excitations with momentum p. The labels m, n denote fermionic de-
grees of freedom and k,! denote the bosonic part. The symmetry generators act on the
basis vectors as

R m,n,k,0) = 21— k) |m,n, k1), L3 |m,n,k,l) = (m—n)|m,n, k1),
RS |m,n, k, 1) = k|m,n,k—1,1+1), Lim,n k1) =|m+1,n—1k]I),
RZ|m,n, k) =1|lm,n, k+1,1—1), L2 |m,nkl)=|m—1,n+1kl), (3.1.15)

while the action of the supercharges is defined by

Q2 |m,n, k1) =a (=)™ |m,n+ 1, k1 —1)+b|m—1,nk+1,1),
Gy lm,n, k1) =cklm+1,nk—1,0)+d (1) |m,n—1,k,1+1). (3.1.16)

The explicit action of the rest of the generators is easily obtained by the defining commu-
tation relations (3.1.2). Finally, the action of central elements is given by

Clm,n, k1) = Mab|m,n, k1), Clm,n, k,1) = Mcd|m,n, k1),
H|m,n,k,l) = M (ad+bc) |m,n, k1) U |m,n,k,l)y =U |m,n,k,l), (3.1.17)

where the braiding factor in this representation is related to the momentum of the magnon,
U = /2. In such a way the multiplet shortening constraint (3.1.14) becomes

ad—bc=1, (3.1.18)
while (3.1.7) gives
Mab=ga(l-U?), Mecd=gal (1-U?). (3.1.19)

A convenient parametrization of the representation labels satisfying (3.1.18) and (3.1.19)
is [[18,108]

we |9 g Jeaf 2N _ [g iy . Jgiat fam
VM VMo =)’ SV Mazt’ VM oy \at ’

(3.1.20)
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where M is the bound state number (M = 1 corresponds to the fundamental represen-
tation), g is the coupling constant, and x* are the spectral parameters (e”? = ;—f). The
multiplet shortening constraint in this parametrization becomes

1 1 1M

RS — T - = (3.1.21)
x

Z g

and is conveniently called the mass-shell constraint. The parameters v and « are internal
parameters of the representation and define the relative normalization between bosons
and fermions. The unitarity imposes af = a~! and v = ¢/i (x—— 27) , where the
arbitrary phase factor ¢ reflects the freedom in choosing z* and is conveniently set to
¢ = p/4. The rapidity of the magnon in the 2% parametrization is defined to be
.1 M
T (3.1.22)

Finally let us note that this algebra does not have a well-defined quadratic Casimir
operator due to the degeneracy of the Killing-Cartan form. Consider a Casimir-like
quadratic generator W,

W=R/Rf-LILF+QIG -G QL. (3.1.23)

Enhance the algebra by an extra non-supertraceless generator B € gl(2|2) such that

B|m,n,k,l) = 5 (m+n—k—1)|m,n, k,1). (3.1.24)

1
(ad+bec)
Then one can define an extended quadratic generator
T:=BH+W, such that  [J4, T]|m,n, k1) =0, (3.1.25)

for all J* € psu(2|2)c. This generator is called the generalized quadratic Casimir operator
of psu(2|2)¢. The generator B is closely related to the so-called ‘secret’ symmetry of the
AdS/CFT. We will consider this symmetry in more detail in Section 5

3.1.1.2 Yangian

The Yangian algebra for planar AdS/CFT was constructed in [20] and has been further
investigated in [109}113}[128-132]]. The coproducts of the Yangian charges are defined as

AJY =TAe1+ UMl g4 4 14, UlCIgE  J© (3.1.26)
and the opposite coproducts are
AP(JA) =JA UM 41074 — 14, I8 @ UIBN JC, (3.1.27)

The Cartan-Killing form gap of psu(2|2)¢ is degenerate and thus the symbols f %C can
not be obtained directly from the structure constants 4%, of the Lie algebra (3.1.2). How-
ever there is a number of ways to overcome this obstacle, for example by employing the
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exceptional superalgebra 9(2,1;¢) [128]. In such a way the explicit expressions of the
coproducts are given by

AR =R @1+10RL +iR @R - IR " OR,C
-3U"6,9Q, -3U7'Q, 8G,”
+360UMG.®Q,  +18UT'Q,®G,,
AL =LSfo®1+19L, - LL, ®L P+ 3L oL,
+1lumG. 0Q, +1U0 Q0GP
— 1 UMG, ®Q, - 355U'Q,° ®G,",
AQY) =0, ®1+UM Q"+ Q. ®R,*— JUMR.“®Q,°
+%Q'ya®]l“a’y_%UJrlLa’Y@Q'ya_‘_iQaa@H_%U+1H®Qaa
+ 160 CUT®G, — 301G, ®C,
AG,) =G,*®1+U'®G,*-1G,*0R, + iU 'R, °®G,*
-31G,®L*+1U 'L *®G," - 1G,*9H+ iU 'H®G,*
— 360t CTUT ©Q,° + L eaee™ U2 Q, 0 CT,
AH) =Hol+1eH+U2CoCl-UPCfaC,
A(C) =C®1+U?@C-1UMPHRC+1CoH,
ACHh=Cle1+U?eCl+iU?HeCl - 1Ci@H. (3.1.28)

Quasi-commutativity. In order to have a quasi-commutative Hopf algebra the centre of
the algebra is required to be co-commutative. It was shown in [20] that the coproducts of
the central charges may be chosen to be co-commutative not only at the algebra level, but
also at the Yangian level. For this purpose one needs to define the following combinations
of Yangian generators,

H :=H+oC-aCt, T:=C+L1H(C-2a), C":=Cf-1H(C-2a1), (3129

which we can call the ‘deformed central charges’. These new deformed charges have
almost-trivial coproducts

AH)=H®1+1H, AC)=Col1+U?2eC, AC"=C"®1+U2CV.
(3.1.30)

The coproduct of H' is already co-commutative, while the co-commutativity of C’ and C"
can be ensured by imposing additional constraints

C' = BvcC, Cl" = Bue: CF, (3.1.31)

with some universal parameters vc, vot and . In such a way the generators H, C, Ct are
also required to be co-commutative as they differ from the deformed central charges by
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the central elements of the algebra only. We can also introduce a similar ansatz
H = Buy H, (3.1.32)

to have a complete set of expressions of the deformed central charges with vg being some
universal parameter as well. We have not introduced or assumed any relations between
the parameters vc, v+ and vy so far, we have merely required them to be universaﬂ We
will arrive at a set of constraints by constructing the evaluation representation. However
it is easy to see, that even at the representation level (on-shell) vy will remain uncon-
strained. This is because H and H' are not only co-commutative but also commutative
charges.

Evaluation representation. The evaluation representation is constructed with the help
of the evaluation map ansatz

Tlo) = (v +vo) I Jv). (3.1.33)
In such a way the deformed central charges (3.1.29) give

€ Jv) = [y (v+v0) C + 3 H(C — 20)] [v) = Bvo C o),
C"|v) = [y (v +v0) CT = LH(CT - 2a1)] [v) = Bvei C o), (3.1.34)

where at the final step we have imposed the constraints (3.1.31) and (3.1.32). Assuming
that all universal constants are equal vo = vg = vp, these equations have a family of

solutions .
v =9y + évo — 9, (3.1.35)
v v

where u is the rapidity (3.1.22) of the magnon and the parameters 3 and ~ remain uncon-
strained. A natural choice is

B=~v=ig, (3.1.36)

giving a simple, sensible solution v = u. The parameter vy remains unconstrained, but is
conventionally set to vg = 0.

3.1.2 S-matrix

Superspace representation. The worldsheet S-matrix is conveniently described on a
4M-dimensional graded vector space Vj; of monomials of degree M of two bosonic w,
(a = 1,2), and two fermionic variables 6, (o = 3,4) [108]. Any homogeneous supersym-
metric polynomial of degree M can be expressed as

‘I)M (o.), 9) — qbal"'aMwal S Wayy + qbal"‘aM*awal .. 'WaM_1‘9a

ptreM—20102y, g B Oy (3.1.37)

1One the other hand, the universality condition is quite strong on its own.
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In such a way Vi = Span(® s (w, 6)).
Recall that M-magnon bound states form a supersymmetric short 4}/ —dimensional

representation of psu(2|2)¢ spanned by |m,n, k, 1) € Vas(p). Set (m,n, k1| := |m,n, k, l>Jr
and require the basis of Vj/(p) to be orthonormal,
<a, b,c, d‘m, n, k, l> = OamObnOckOdi - (3.1.38)

Then there exists a canonical isomorphism ¢ between the vectors spaces Vi (p) and Vi,
given by

1\ /2
o |myn, k1) — Npnk w’f wl2 05" 0y Nopnkl = <) . (3.1.39)

Choose the hermitian conjugate operators to be

(wa)T = aia’ (o)t = - (3.1.40)

and consider them to be real. Then the dual to vector space DM ~ V]TW is realized as the
space of polynomials of degree M of the differential operators 8%@ and % with a natural

pairing between DM and V), induced by the relations

9 a 0 a

In such a way a superspace representation T',; of psi(2]2)¢ can be defined via the follow-
ing differentian operators:

Tu(L) =g — 05 Tl@) = bz +bePpung
Tw(R,P) = eaa% %5@ 076‘37 . Tu(G,%) = ceqpe®® Op5 + dwaaza . (3142
while the representation of the central generators is given by
Tw(C) =abN, Ty(CH =cdN, Ty(H) = (ad+bc) N, (3.1.43)
where N is a number operator
N = w“aia + eaa‘za . (3.1.44)

The labels a, b, ¢, d are defined by (3.1.20). Finally, T,,(U) = U .
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S-matrix. The S-matrix one the superspace can be viewed as an element of
SMN(p1, pa) € End(Viy @ V) = Vi @ Yy @ DM @ DV, (3.1.45)

and is explicitly expressed as a differential operator

p17p2 Zaz p1,p2) Ai (3.1.46)

where A; € V) ® Vy ® DM @ DV span a complete basis of the differential operators
invariant under the su(2) @ su(2) algebra, and a;(p1, p2) are the scattering coefficients.

The fundamental S-matrix is obtained by setting M = N = 1 and is conveniently
denoted by SAA | The tensor product of two fundamental vector spaces Vi ® Vi = W, is
isomorphic to a 16-dimensional fundamental long representation of psu(2|2)¢c. Hence the
fundamental S-matrix is described as the second order differential operator

10

SM (p1,p2) = ai(pr,p2) A (3.1.47)
i=1
where A; are given by
A = % (w wp, +wbw2) aw?;w}l , Ag = w26}, 8@)2(29% )
Az = % (watei = s aw?;w; ’ Az = gieas 89;9;91 ’
As %(eleﬁeﬁe?) o0, Ag = ; € 0ab3ea 55— ?;w;’
Ay é (005 — 0502) 69;2?;% : Ag = wiei&gg%,
As = wablo ?; 7 Ao = wgblasy ?; = (3.1.48)

The coefficients a;(p1, p2) are obtained by solving the intertwining equation

(T2 @ Ta) (AP W] SN (p1, p2) = SMN (pr, o) (Tas © T [AQT]) Vas © Vi = 0.
(3.1.49)

with M = N = 1 for all J* € psu(2|2)c. The equation above is sufficient to constrain all
coefficients a;(p1,p2) of SA (p1, p2) up to an overall scalar factor, the so-called dressing
phase. This can be done using Wolfram Mathematica and involves a heavy usage of the
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mass-shell constraint (3.1.21) giving [18]]:

Ty — Ty
et w= 0,
1 7 Ty
|
+_ ATy — —F — Y (ot ) (b
_ Ty — Ty "2 @ _ (o —a)) (o —23) (2] —a3)
ag = —1+2— T—1 > ar = ——= 7= T — ,
Ty W Ty T = o~ (zy —23) (1 -2y 23) Uimms
— 1 (F _ ot
a _ 2 —ay Uy s — a ! (2 —a3) 7172
3= "= T 8= —7 = p— )
v —xf Uy (27 —2F) (1 — a7 2y) UV,
- _ 1
+ +_ 4T — = -+
an — Lo — Ty _1_2371_372 L af @ a _ T T 2
* ry —xd o —af oy — LU T ey —al
1 2 1 2 o | MY 1 2 N
_af-af1 B R )
a5 = —— T ) alp = —= T . (3.1.50)
xy —xy Un xy —xy Ui

In the same way, by solving the intertwining equation for all Lie algebra gen-
erators, the bound state S-matrices SM! and S™ for any M > 2 can be obtained. This is
because the tensor space Vyy ® V1 = Vi ® Viyr = Wi is isomorphic to an irreducible
16M—dimensional long representation of psu(2|2)c.

However, in the case when M, N > 2, the Lie algebra alone is not enough to fix all
coefficients of the bound state S-matrix SMN. This is because the tensor product of higher
order supersymmetric short representations generically yields a sum of long representa-
tions. To remedy this, one either needs to invoke the Yang-Baxter equation or use the
Yangian symmetry [108}[129].

The case M = N = 2 is exceptional. The tensor space Vo ® Vo = Wig @ Wig is
isomorphic to a sum of two 16— and 48-dimensional irreducible long representations
of psu(2|2)c. The corresponding S-matrix SBB has 48 scattering coefficients. Choose
ai(p1,p2) = 1. Then the Lie algebra constrains all but one of the remaining 47 coeffi-
cients. The last coefficient can be found by solving the Yang-Baxter equation [108] or by
employing the Yangian symmetry, i.e. by solving the intertwining equation for all
J4 € Y(psu(2]2)c) [20,109]. In such a way SBB serves as the simplest non-trivial test for
the Yangian symmetry.

Interestingly, there is an alternative way to obtain all 48 coefficients (up to an overall
dressing phase) of SBB. This S-matrix is specific because only 44 scattering coefficients
are non-zero. Thus by setting a;(p1,p2) = 1 and a;(p1,p2) = 0 for j = 45...48 (in terms
of the notation used in [108]) the remaining 43 coefficients are then uniquely defined by
the Lie algebra only [133]. However one needs to know that a5 45 are trivial in advance.

The non-local representation. In the last part of this section we will present a non-local
representation of psu(2|2)¢. This representation has a very nice interpretation as we will
show a little bit further and will be heavily employed in Section[3.5where we will discuss
boundary scattering for the D5-brane.
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Ceipl Ce/ﬁpg
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¢ / ¢
S(p1,p2) \ S 3:2

Figure 3.1: Step 1. Scattering of two well-separated magnons in an LLM-type coordi-
nates [64)134]. Here the circle represents S? C S° of AdS5 x S° where the string configu-
ration is extended (the standard choice being the Zs¢-plane) and the poly-line represents
a segment of a very long (closed) string with straight lines representing excitations. The
length of each straight line is proportional to the momentum p; of the excitation and thus
the total momentum of the excitations of string must be ) . p; = 27n, n € N. The direc-
tion of the string defines the increment of the phase. Here two excitations with momenta
p1 and p2 (¢ being the phase reference point) are participating in the scattering. The dia-
gram shows that the scattering of two states does not affect the rest of the string. Step 2.

Creation of a two-magnon bound state at the pole x; = x3 of the S-matrix. The resulting

+ .+ +

; i ; T, T T +

bound state has momentum e? = P12 = I—lx—% = —1, = i—,
1 2 2

The non-local representation is obtained by absorbing the non-trivial braiding of the
Hopf algebra into the definition of the representation labels a, b, c, d:

g g i¢ [zt g 7 g " (2T
a=4/==m b=/"=|—-1|, c=—|F5-—, d=— ——1).
2M 2M n \z~ 2M (xt 2M in \zt

(3.1.51)

These labels can be obtained from by a simple map, « — —i(, g — g/2and v — 7.
Here ¢ = €2 is the magnon phase, and the unitarity constrains, n = ¢/ e¥? /i (z— — z1).
This representation is sometimes also called the ‘Utrecht’ basis, while the one in
is called the ‘Potsdam’ basis?]

The magnon phase ( is the non-local element in this representation and carries the
information about the total momentum of magnons standing left with respect to the
magnon under the consideration. In such a way the S-matrix in this representation has
a nice interpretation as shown in the Step 1 of figure This representation is also very
transparent in showing the creation of bound states at the pole of the S-matrix, see Step

2 of figure

The S-matrix on the superspace in the non-local basis is represented by

SMN Vs (p1, €) ® Vv (pa, Ce™Y) — Vi (pr, (™) @ Vi (p2, €) (3.1.52)

*Such naming arose by the different groups working on the same topic at Utrecht and Potsdam but using
different notation. Furthermore, ‘Potsdam’ basis usually follows by Gothic scipt used to denote the algebra
elements of psu(2|2)c.
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where each vector space Vj/(p;, (;) is now carrying an extra phase factor. The scattering
coefficient of SA4 in this basis can be obtained from the ones in (3.1.50) by the following
prescription:

U
ai2 — a2, 05—>U1@057 a7—>gwa77 ag%wag,
2 1 MN12 Y2
U1 mn2 1 m iaUs 1172 U1 vom1
asy — —-——a34, Qg — ——40a, G8 — ——5 —— 08, Q10 — — ——aio, (3.1.53)
Uz mn2 Uam CUE M2 Uz 7y
where

m= 77(p1> C) ) ﬁl = 7](1717 geipl) ) N2 = 77(2927 Ceipl) ) 772 = n(p2a C) . (3154)

3.2 Boundary scattering

3.2.1 The spectrum of boundaries

The best known and most studied boundaries are the so-called Y = 0 and Z = 0 giant
gravitons that are D3-branes occupying the maximal S® C S° of the AdS5 x S° spacetime
[21,22,62,63,135H141]. In the gauge theory side of the duality these branes correspond to
determinant operators of scalar fields. We will consider the boundary Yangian symmetry
and scattering theory for these branes in detail in Section 3.3}

The second type of boundaries we will focus on is the so-called Y = 0 and Z = 0
D7-branes spanning AdS5 x S® [23,/59)61,133,142,143]]. The explicit description of these
branes in the gauge theory side of the duality is very different that of the D3-branes,
however the boundary scattering theory is almost the same: the reflection matrices for
the Y = 0 giant graviton and for the Y = 0 D7-brane are equivalent, while the one for the
Z = 0 DT7-brane factorizes in to two non-equivalent factors, left and right. The scattering
in the right factor is identical to that of the Z = 0 giant graviton, while the left factor does
not respect any supersymmetries and is somewhat similar to the Y = 0 case. We will
give the details on these branes in Section [3.4}

The last set of boundaries we will encounter are the ‘horizontal” and ‘vertical” D5-
branes wrapping a defect hypersurface AdS; C AdS5 and a maximal 5% C S° [59,/61}/133,
142-144]. These boundaries are very distinct as they are of the ‘achiral’ type and were
long thought not to be integrable [143}(145,(146]. The boundary scattering in this case
does not factorize into independent left and right factors as it does for the giant gravitons
and D7-branes, but becomes entangled. An incoming magnon living in the left factor of
theory emerges in the right factor after the reflection, and vice-versa for an incoming right
magnon [144]]. Such boundary scattering has an underlying boundary Yangian symmetry
of an “achiral” type which can be understood as a particular specialization of the twisted
Yangian of type I [24]. We will present this algebra and corresponding scattering theory
in Section 3.5

The main properties characterizing the boundary scattering theory for the branes de-
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scribed above are as follows (here psu(22), is the diagonally embedded subalgebra):

Lie algebra representation
bulk magnons psu(2]2) x psu(2]2) x R3 vector X vector
Y =0 graviton su(2]1) x su(2|1) singlet x singlet
Z =0 graviton psu(2]2) x psu(2]2) x R3 vector x vector
Y =0 D7-brane su(2[1) x su(2|1) singlet x singlet
Z=0 DT7-brane su(2) x su(2) x psu(2)2) x R?  singlet x vector
horizontal D5-brane psu(2)2), x R? singlet
vertical D5-brane psu(2)2), x R3 vector

3.2.2 Reflected algebra

Reflection autmorphism. The braided structure of the algebra allows us to define an
automorphism x which acts by inverting the braiding factor,

fopsu(22)e — psu(22)e T4, UsU=U"', (3.2.1)

where the under-barred generators J4 € psu(2|2)c. It is an involution, ? = id, and plays
the role of the reflection map of the algebra as we will show explicitly a bit further.

The automorphism & is compatible with the Hopf algebra in the sense that one can
introduce a ‘reflected” coproduct,

N = (k@id)o A, NPT = (id @ K) 0 AP, (3.2.2)
giving
NI =401+ U0 g4 AP (Y = eUu Ml 194, (323)

The Ulll-braiding structure of the Hopf algebra implies that » acts trivially on the
generators that are not charged under U (i.e. J* = J4 if [[A]] = 0), thus

R=R., LS=LFS, H=H, (3.2.4)
while gives
C=ga(1-U"2), Cl=ga'(1-U"?). (3.2.5)
We can further require « to be in the outer-automorphism group, x € SL(2). Then

Q. =u1Q," —u2e®ea3G,” C =uiC+u3Cl +uug H,
G,* =116, —v2eaq e QP Cl =17 CM + 03 C + v10p H,
H = (ulvl + ’U,QUQ) H + 2uiv9 C 4+ 2ugv; (CT . (326)
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These relations are satisfied provided u? = —U?,v? = ~U~?and ug = v = 0. Set A = i U,

then « is explicitly given by

R, LY H RS, LY, H
kg Qy G = ¢ A1Q.. MG, o (3.2.7)
C, Cf A72C, A2CT

Reflected representation. The representation defined in section 3.1.1.1{ describes mag-
nons with momentum p. The algebra automorphism &, as can be easily deduced from
(3.2.1), acts on the representation by inverting momentum,

k:Ums Ut = K:ipr —p, (3.2.8)

In such a way the map & represents the reflection automorphism of the algebra, i.e. maps
magnons with momentum p to —p and vice versa. Let us now explicitly define the re-
flected representation.

The representation constraints are easily deduced to be

ad—bec=1,  Mab=ga(1-U"?),  Mcd=ga '(1-U%. (329

These can be solved in terms of the previously defined labels a, b, ¢, d. Thus (3.2.9)
together with (3.1.18) and (3.1.19) leads to
1 02 ed

a==a, b= ; c=

S o d=-d, (3.2.10)

giving

g b gofl, = g g izt [z~ .
a = — = _— _— C = — _— fr - —_ .
- ML 2 My xt )’ = Mox=" ~ M vy \zt

(3.2.11)

Here we have chosen a = a v/ as an initial constraint. Then, by comparing with

B.1.20) we find that x : 2% — —2F and & : v > . We will give an explicit form of  a

little bit further. a a
The relation between the representation labels and can be represented

by a compact matrix relation,

( )D:T(a b)Tl where D:<7/7 0), T=<U_2 0>7 (3.2.12)
c d 0 /v 0 -1

Recall that k € SL(2) is in the outer-automorphism group and is given by

(oY=

[SUIS

Ao ,
K= N E where A=1U. (3.2.13)
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( b) - <_i v ! ) (a b) . (3.2.14)
d 0 U c d

Then upon requiring and to be in consistency we find v = —i U~ !v. Note
that the solution of is \2 = —U?, thus we could have equivalently chosen A = —i U.
This choice leads toy = i U~!. Thus we will further always retain v and y without going
into explicit form in order to avoid any disambiguities. a

Therefore

IS

e}

3.3 Giant gravitons

The maximal giant graviton is a D3-brane in AdSs x S° wrapping a topologically-trivial
cycle enclosing maximal $3 C S5, and is prevented from collapsing by coupling to the
background supergravity fields [114]. The usual parametrization of S° is expressed in
terms of the complex coordinates X = &1 +i®Pg, Y = &3 + i®y, Z = &5 + iPg respecting
|X|? + |Y]? + |Z]?> = 1, where the radius of S® has been set to unity, R = 1. In this
parametrization the maximal giant graviton is obtained by setting any two ®;’s to zero.
However, any two such configurations are related to each other by an SO(6) rotation.
This symmetry can be broken by attaching an open string to the brane and giving it a
charge J corresponding to the preferred SO(2) C SO(6) rotation.

The parametrization in complex coordinates makes it easy to translate this setup to
the gauge theory side. The triplet X, Y, Z can be thought of as representing the three
complex scalar fields of the N' = 4 super Yang-Mills. Then the field theory description
of the string in the large J limit carries a large number of insertions, called the Bethe
vacuum state, of the field corresponding to the preferred rotation, and a relatively small
number of other fields, called excitations (or simply magnons). The explicit description of
the string in the gauge theory depends on the choice of the particular generator .J and the
relevant orientation of the giant graviton inside S°. The two relevant cases are obtained
by choosing J = Js¢ and the giant graviton to be the maximal three sphere given by
Y = 0 or Z = 0 with the standard Bethe vacuum on the string being Z = X5 4 i X¢ [135]].

Let us take a closer look at the string theory description of this setup. The Y = 0 giant
graviton covers the whole disk in the Z plane and wraps an S inside the S? attached to
each point of the plane. In such a way an open string attached to the Y = 0 giant graviton
in the large J limit is just a string stretched between two points on the rim. Note that there
is an additional S? at each point of the Z-plane, thus the string does not necessary need
to be contained on the D-brane, see figure 3.2 (left).

In this picture, the Z = 0 giant graviton is simply a point at Z = 0 and wraps entire
S3 attached to the Z = 0 point. Then the open string attached to the Z = 0 giant graviton
and carrying a large charge J starts at the centre of the circle, extends to the rim, and ends
at centre again, see figure3.2|(right). This configuration suggest that the string is carrying
boundary degrees freedom. This is indeed true as we will see explicitly at gauge theory
side of the duality.
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Figure 3.2: Left: A large J string attached to the Y = 0 giant graviton in the Z plane.
The graviton is filling the whole plane. The black dots represent the points where the
string is attached to the graviton. Straight segments of the string represent the worldsheet
excitations propagating along the string. Right: A large J string attached to the Z = 0
giant graviton in the Z plane. The graviton is the thick black dot at the centre of the
Z plane. The boundary degrees of freedom correspond to the segments of the string
connecting the centre to the rim of the circle.

The Y = 0 giant graviton in the gauge theory is described as a single trace gauge
invariant baryon-like operator det(Y") with J = N [116]. In the large-N limit this oper-
ator has no dynamics of its own and serves as ‘an infinitely heavy boundary’. Then by
attaching an open string one obtains

_ J1j2--dN-1Ax i1y IN—1 B
Oy =€, ie pY Y2 Y722, 22)4. (3.3.1)
Here the string is in the ‘ground state” and thus is composed entirely of the Bethe vacuum
states Z. One can further introduce some impurities x to propagate along the string,

Oy = Pdv-tiyiyle YN U 7. ZxZ... 222 ... 2)F. (3.3.2)
We assume that the number of impurities x is much smaller than the number of Z’s and
all impurities are separated from each other by a large number of Z’s. In such a way
the scattering of two impurities along the chain of Z’s is described by the worldsheet S-
matrix considered in Section[3.2] In a similar way, the reflection of the impurities from the
ends of the chain is described by the worldsheet reflection K-matrix. We will construct
this K-matrix in the following section.

In case of an open string attached to the Z = 0 giant graviton the corresponding gauge
invariant operator is given by

e - B
Oy =€ 2N L7072 ZN (XN 2. ZxaZ .. ZxaZ .. ZX")] (3.3.3)
where the impurities x’ and " are attached to the ends of the Z-chain and are called the
boundary states. In the absence of the boundary states the operator O would factorize
into a determinant and an independent single trace operator and thus would describe a
non-interacting system of a giant graviton and a closed string [63].
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In the large J limit the string worldsheet is a very long segment. Consequently, the
left and right boundaries are well separated and can be treated independently; thus the
boundary scattering becomes equivalent to scattering on a semi-infinite line. In AdS/CFT
this translates into the description of a magnon incoming from infinity, reflecting from the
boundary, and returning back to infinity. Hence the asymptotic states are interpolating
between the usual vacuum of BMN states [58] and the boundary. This treatment allows
us to employ the usual S-matrix technique to study the boundary scattering.

3.3.1 Y=0 giant graviton

We will further consider boundary symmetries and the scattering theory for the Y = 0
giant graviton. For complete details on the setup of this boundary we refer to [135].

3.3.1.1 Boundary symmetries

The symmetry algebra in the bulk is given by two copies, left and right, of psu(2|2)¢. The
Y = 0 giant graviton preserves the subgroup which is also preserved by the field Y. This
restricts the symmetry algebra on the boundary to be two copies h = su(2|1) and has no
degrees of freedom attached to the end of the spin chain, as we have discussed above.
This allows us to consider the left and right factors of the boundary algebra indepen-
dently.

The commutation relations of su (2|1) are acquired from by dropping the gener-
ators with bosonic indices a, b, ¢, ... = 1 (or equivalently with 2). It is straightforward to
check that the subalgebra h and the subset of ‘broken” generators m = psu(2|2)¢\bh given
by

h={L.,”, R,%, Q,% G,*, H}, m={R,% R, Q' G, C,Cl}, (3.3.4)

satisfy
h,b] Ch, [h,m] Cm, [m,m] C b, (3.3.5)

thus form a symmetric pair. In such a way the theory should have an underlying Yangian
symmetry, which corresponds to a generalized twisted Yangian of type I.

Twisted Yangian. The twisted Yangian of the Y = 0 giant graviton is of type I and is
generated by the level-0 generators and the twisted level-1 Yangian generators

TP =TP 4+ LR, (R + (—)QU 7 J@) = FP — LT JP], (3.3.6)

where J”,J9 € hand J/ € m and (—1)I?l is the fermionic grading factor; TV is the
generalized quadratic Casimir operator (3.1.25) restricted to the subalgebra b,

T = —2HY +2R'R! -L L) +Q’G, — G, Q. (3.3.7)
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In such a way we obtainlﬂ
Ql=Qt-i[m,Ql], RZ=RZ-1L[T"RZ, C =C-i[1"C],
G =G - [T GP], Ry =Ry -Li[T"RS], CI=C'-1i[T"Cl. (339

These twisted Yangian generators satisfy the usual Lie algebra commutation relations;
their coproducts are given by

AQH=Q221+UQ2+Q20H ~URZ® Q) +Q?®L]) -0, U C® G
A(G 1“):«}1 R1+U'9GH -G oH +U'RZ® Gy -~ G 9L — e UC 2 Q)
AR =RZ®1+1®R? - 2RZ®R{ —~ UG, @ Q2

AR) =R} ®1+1®R; +2R; @R ~U' Q! ® G,

A(C) _C®1+U2®C+C®H,
ACH=Cl®1+U?eCl -CloH, (3.3.10)

and thus the coideal property is satisfied. Here H' = R,' + 1H, and we have used the
relation R{' = —R}. Note that the structure constants fPQ ; in (3.3.6) are obtained from
the structure of Yangian )(psu(2]2)¢), but not from the Lie algebra itself. This is because
Lie algebra has a degenerate Cartan-Killing form and thus otherwise the terms with cen-
tral charges would absent from the twist. This is a specific feature of this algebra and
we will encounter it again when constructing the twisted Yangian algebras for the other
boundaries in the following sections. Finally we note that the twisted generator R, is
equivalent to the conserved charge @ introduced in [21].

3.3.1.2 Boundary scattering

We will construct the boundary scattering for a single factor only. The complete reflection
matrix then follows straightforwardly.

Consider a fundamental magnon which transforms irreducibly in the fundamental
representation 1 of psu(2|2)¢. In terms of the boundary Lie algebra, the fundamental
magnon transforms in the supersymmetric representation (12 of su(2|1). Thus the bound-
ary Lie algebra defines the fundamental reflection matrix up to an overall dressing phase.
The dressing phase can obtained by considering the crossing equations. In such a way
the reflection matrix and the dressing phase found in [135].

% The explicit form of the twisted Yangian generators is

Qo = Qo — {Q7, Ry} + ${R{, Qa} + 3{Q), L} + § Qa H+ § 64, CGy
@1a:@1a+*{G27R1}**{R1,G1 *z{G Ly }** H*% MCTQ77

R =R’ -1 {R R} +1[Q7, G, C =C+1icH,

Ry =R + 1 {RS, R} + 1[G, Q)], C'=C'-1c'H. (3.3.8)
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A two-magnon bound state transforms irreducibly in the supersymmetric represen-
tation 12 of psu(2(2)¢, but in a reducible representation A1 & % of su(2[1). There-
fore one further needs either the boundary Yang-Baxter equation or boundary Yangian
symmetry to fix the ratio between the representations of su(2|1). A conserved Yangian
charge and the two-magnon bound state reflection matrix was found in [21]. The com-
plete boundary Yangian was then constructed in [22].

Consequently, the number of reducible components grows linearly with bound state
number M and the Yangian symmetry becomes crucial. The generic A/-magnon bound
state reflection matrix was constructed in [[139].

Our goal is to show the role of the boundary Yangian, thus we will not worry about
the overall dressing phase. We will use an orthogonal, but not orthonormal basis. This is
to avoid unpleasant numeric factors appearing in the expressions. The reflection matrix
in the orthonormal basis can be found in [139].

Reflection matrix. The boundary we are considering forms a trivial (singlet) represen-
tation of the boundary algebra, and is conveniently represented by a boundary vacuum
state |0) 5 € V(0) which is annihilated by generators of the boundary algebra [16]. Here
V(0) is an one-dimensional boundary vector space and will not play any role in the
boundary scattering we will be considering further in this section.
Let us define the boundary reflection matrix to be the intertwining matrix
a,b,c,d

K(p) [m,n, k1) ® 0)p = K040 () |a,b,c,d) @ [0)5, (3.3.11)
where |m,n, k,l) € V(p). The vector space V (p) is 4M-dimensional and can be decom-
posed into four 4M = (M + 1) + (M — 1) + M + M subspaces that have an orthogonal
basis

k)t =10,0,k, M —k), k=0...M,

k)2 =|1,1,k—1,M—k—1), k=1...M-1,

k)3 =1,0,k, M —k—1), k=0...M-1,

k)* =10,1,k, M —k—1), k=0...M—1. (3.3.12)

Symmetry constraints. The reflection matrix (3.3.11) is required to satisfy the following
intertwining equation

(K AT — A (I K) |m,n, k1) @ |0)5 = 0, (3.3.13)

for all J in the boundary algebra. The invariance under the bosonic generators R;! and
L/ constrain the reflection matrix up to five independent sets of reflection coefficients

K [k)' = Ay |k)! + Dy |k)?,

K |k)? = By, |k)* + By k)",
K kY™ = Cy | ), (33.14)



80 Integrable boundaries in AdS/CFT

where we have dropped the boudary vacuum state, and the basis was chosen is
such a way that the reflection matrix would act diagonally on the quantum number k.

For computational purposes it is convenient represent the reflection matrix on the
superspace as the following differential operator

EM(p) = ri(p) Ai (3.3.15)

7

where A; € V)y ® DM span a complete basis of the differential operators invariant under
the boundary algebra, and r;(p) are the reflection coefficients. Set

k)t = wh W —* k)2 =wi o " 1050, k) =wiw)* 10, (3.3.16)

9

Then (3.3.11) on the superspace is given by

M M—-1 M—-1 M—-1 M-1
KM= "AAf+ > BeAS+ > CuAs+ > DA+ > EAE, (33.17)
k=0 k=1 k=0 k=0 k=0
where
Ak‘ — wlf wéw_k 82
PRI(M =) guf owdT R
Ak _ wif—l wé\/[—k—l 9394 8]\/[72 82
2 (k’—l)!(M—k—l)! 8w]1€_1 8wé\4_k_1 00, 005 ’
Ak — wh w{wfkfl Oc oM—1 i
RN (M —k—1)! guwk w1 06,
AF w1 M =k=1 9,04 0?
! UM=K gwh dwy! =
Ak wf " ol o (3.3.18)

P DM k- 1)! 0T gl T 96,005
Finally, the intertwining equation (3.3.13) on the superspace becomes
(Tar(J4) EM(p) — KM(p) Tos (J4)) Vs = 0. (3.3.19)

Let us start by determining the ‘corner’ relations - the constraints for the coefficients
Ay, Dy, Cp and Aps, Dyr, Cpr. Consider the scattering of the ‘lowest” state 0yt = wd,

KMoyt = Ag|0)t,  thus Dy=0. (3.3.20)

The invariance equation for the generator Q

(EMTy(QF) - Tyu(@) KM 0)' =0 gives  Cp= %AO = =Ap. (3321

2
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We choose the overall normalization to be Ag = 1. Then similar considerations for the
‘highest’ state |[M)! = wM give

D=0 and Ay=Cur=-U2L0n. (3.3.22)

The next step is to consider states |k)®. The twisted Yangian generator ]lif acts on
these states as a raising operator

Tu(R2) K = fr(w)lk + 1%, TyR2) k) = fiu—u)lk + 1),
where  fi(u) = (M — k — 1)(2igu+ M — 2k — 2). (3.3.23)

Notice that these states scatter diagonally. Thus the interwtining equation gives

Crr1 fe(u) = fru(—u) Cp =0, (3.3.24)

leading to an iterative relation

1 ) _ 2igu — M + 2k
= Jr—1(u) Ok = Sigu— 2+ ok (3.3.25)
This relation is then simply solved by
k .
2igu — M + 2n
Ch = Cog —2igu — M +2n’ (3.3.26)

The coefficients C}, are (anti)symmetric under the interchange k — M —k —1 for M being
(even)odd,

Cr=—-Cp—_p—1 for M=even and k=0,.., M/2 -1,
Cr=Chr_p_1 for M =o0dd and k=0,..,(M-1)/2-1. (3.3.27)

This symmetry comes by requiring the reflection to be symmetric under the renaming of
bosonic indices 1 <+ 2 as the reflection is of a diagonal type for the states |k)*. However
this is not the case for the states |k)!2, thus there is no such symmetry for the rest of the
reflection coefficients.

The remaining reflection coefficients, as we shall show, will be expressed in terms of
Ck and Cj_1. Thus by solving the intertwining equation for the generators Q2 and G
and the states |k)?, we obtain the following set of separable equations

Dyb— (M—Fk)(Cra— Aya) =0, Crpb— (M—k)Eya— Brb=0,
Dpd+k(Cr_1¢— Arc) =0, Cr1d+kEyc— Brd=0, (3.3.28)

having a unique solution

A = (ka,lbc—i— (M—k)Ck ad) /N, Dy = k(M—k) (Ck ac— Ck,lgc) /N,
By = (kCibe+ (M—k)Crad) /N, By =(Cpb —Cy1bd) /N, (3.3.29)
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where the normalization factor is N = M ad — k . In terms of the z* parametrization
these read as
- Dy — ﬁk(M—k) (C’ka:+ + Cg_127)
xt N’ T N'(zt —a7) ’
2+

Tz~ N’

Ap = (M =k)Ci(z™)? — k Cy_1)

-t
B = (Crat + Gy ) 2
) k(kﬁf-i-kw?) N
(3.3.30)

2[R 1R [

Bk = ((M—k)ck,1($_)2 — ka)

where N' =k + (M — k)z~xt.
Finally, a straightforward check shows that the unitary property holds,

KM(—p) KM(p) =1. (3.3.31)

Fundamental representation. The fundamental reflection matrix K“(p) is obtained by
setting M = 1. The states |k)? are absent in this case and the reflection matrix is of
diagonal form. In such a way K“(p) may be conveniently represented on the superspace

as
0 0 0
A _ _
K*(p) = A1(p) w1 oo T Ao(p) wa s + Co(p) O 0.

In this case the boundary Lie algebra is enough to constrain all of the reflection coeffi-
cients up to an overall scalar factor,

(3.3.32)

Ay = %Co _ %Co, Ar=S0=-2% ¢, (3.3.33)

Then, by choosing the normalization to be Ay = 1, this is in agreement with [135].

¢

—ip C

/ \ (o
—

\ K(p) \

Figure 3.3: Reflection from the right boundary of a magnon living on a semi-infinite string
with ¢ being the reference point.

Non-local representation. To end up this section we want to give the non-local super-
space representation of the reflection from the Y = 0 giant graviton. The reflection matrix
in this representation is given by the following map,

KMV (p, Q) ©1 = Vur(—p, () @1, (3.3.34)
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which can be nicely represented on a LLM-type diagram, see figure

3.3.1.3 Mirror model

A mirror model of the Y = 0 graviton corresponds to a spin chain ending on a boundary
which has no degrees of freedom, and preserves only a h = su(2|1) subalgebra of the bulk
symmetry algebra, which is obtained from the psu(2|2)¢ by dropping generators with
fermionic indices «, 3, 7v,... = 3 (or equivalently with 4). In such a way the boundary
algebra structure is

6 = {R(Ea L337 an’ Gf}a ﬁl = {L347 I[‘437 Q4a7 Ga47 (Ca CT}7 (3335)

where 1 = psu(2]2)c\b, and b and i is a symmetric pair. Therefore this boundary has an
underlying generalized twisted Yangian algebra of type I. However the Yangian algebra
in this case is redundant from the boundary scattering point of view. We will show this
in the following paragraphs.

Twisted Yangian. The twisted Yangian for the mirror model is obtained in the same
way as for the regular model, and is generated by the level-0 generators J* € b and
level-1 twisted Yangian generators

Qe =Qp - L[], Li=Li-i[M L], C =C-1i[m ],
HTo,Lf), Cf=CM-1[T"C'. (3.3.36)

T = 2HY +R RS — 2L3LS + QOGS — G2 QL. (3.3.37)

is the generalized quadratic Casimir operator restricted to . The twisted Yangian gen-
erators satisfy the usual Lie algebra commutation relations; their coproducts are given

by

AQM) =001+ UeQf +Qf R+ Qf o H ~ UL ® Qf — U Co G,
AGH =Gl o1+ U706/ -Gl oR; ~ G o H + ULy 9 G+ cuc UCT @ 5
AL =Lie1+10Li + 2L ® Ly + UGS ® Qf,

ALY =Lio1+19L{ +2L{oLi +U Q{0 G2,

A(C) =C®1+1®C+C®H,
ACH=Clo1+1eCl -CleH, (3.3.38)

where H' = —LJ + 1H, and we have used L = —L} .
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Boundary scattering. The boundary scattering for the mirror model is very similar to
the Y = 0 giant graviton. The boundary is a singlet and thus the reflection matrix can be
represented on the superspace as the following differential operator

EM(p) =) " rilp) Ay, (3.3.39)

)

where A; € Vs ® DM span a complete basis of the differential operators invariant under
the boundary algebra. However, in this case, the matrix K™ (p) is diagonal for any bound
state number A, and the boundary Lie algebra is enough to find all the reflection coef-
ficients up to an overall scalar factor. We will show this by considering reflection matrix
for fundamental and two-magnon bound states, and then we will generalize the obtained
results for arbitrary bound states.

The fundamental reflection matrix is given by

0 0 0
wa% + k2(p) 9387(93 + k3(p) 048794' (3.3.40)

K*(p) = k1(p)
Then solving the intertwining equation for generators Q2 and G4 leads to

_ 2
5

RA
2
—~
S
~—
I
—_
=
V)
)
S
SN—
I
e |Ie

b v
o ks(p) = = —Uzj, (3.3.41)

where we have chosen the overall normalization to be k;(p) = 1.
In the case of the reflection of the two-magnon bound states, the most general struc-
ture of the reflection matrix K one may write is

KP(p) = Z ki(p) Ai (3.3.42)

where A; with ¢ = 1, ..., 4 are diagonal and A5, Ag are off-diagonal differential operators

1 0?2 2 H?
Mo=swwag g Nemwdlpomas A =waligmas
0?2 0?2 0?2
Ay =030, ——— As = 050 Ag = —_— 3.3.43
1= 050450 o~ 5= 0s0a 55 6 w1w2894803 ( )

However, the off-diagonal reflection channels are forbidden by the boundary symmetry.
It is easy to see this by solving the intertwining equation for Ry} and M = 2, giving

Tu(RS) KB wiw; = 2k wiws, KB T, (R ) wiwr = 2k wiws +2ks 0304,  (3.3.44)
leading to k5 = 0, and similarly

Tu(Ry) KP 0304 = ke waws KB Ty (Ry) 0304 =0, (3.3.45)
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leading to k¢ = 0. This is a general feature for the reflection of any M -magnon bound
states. Hence the generic M/-magnon reflection matrix

EM(p) = ki(p) A (3.3.46)
=1
is a diagonal matrix with
1 oM 1 oM
A= — M — M—-1
L= e gy, = (M—1)! " GSawéW—laag’
1 M 1 M
A = wM—1 0 Ay = wM—2 0 (3.3.47)

0 —o N —
(M—1)1 7 o M-1gg, (M —2)! S 0w 200,005

The boundary symmetry algebra constrains the reflection coefficients up to an overall
factor without need of the boundary Yangian symmetry. They are

2
) =1kl =2, k)= -US. k() =-U5,  (3348)
Y v v

Finally we want to give a remark noted in [139]. While giving a somewhat trivial

boundary scattering theory for the supersymmetric short representations, this model has

a non-trivial scattering theory for the anti-supersymmetric short representations. This

is the so-called mirror channel and is obtained by a double Wick rotation, i.e. by inter-

changing bosonic and fermionic indices. In such a way the role of the boundary Yangian

becomes crucial for the mirror model and leads to a reflection matrix equivalent to the

one of the Y = 0 giant graviton considered above. Consequently, the boundary scattering

for the Y = 0 giant graviton in the mirror channel becomes ‘trivial” and is equivalent to
the one described in here.

3.3.2 Z=0 giant graviton

We will further consider boundary symmetries and the scattering theory for the Z = 0
giant graviton. Once again, for complete details on the setup of this boundary we refer
to [135].

3.3.2.1 Boundary symmetries

Boundary algebra. The Z = 0 giant graviton preserves the same supersymmetries as
the field Z. The boundary Lie algebra consists of two copies, left and right, of the non-
braided subalgebra of psu(2|2)c. We will denote this algebra as psu(2|2)¢ 5. Furthermore,
it is a coideal subalgebra,

A(b) € psu(2]2)c @ psu(2|2)cp forall b e psu(2]2)cy. (3.3.49)

Let us show this explicitly.
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The central generators of the boundary algebra are required to be coreflective,
AH) =A9H),  AC)=4a7C),  A(ChH=a(Ch). (3.3.50)

This property is clearly satisfied for H as coproduct is not braided U (the hypercharge
is [H]] = 0), while for C and C' this property introduces additional constraints on the
boundary algebra. Recall that

A(C) =Ce1+U"?aC, NIC) =C®1+U2C,
ACHh=Clg1+U?aCT, Adch =cte1+U?2eCh. (3.3.51)
Thus (3.3.50) gives

(C-QO)el=U?-U"eCc, ((C"-CHhel=U?-U?HaC, (3352
which together with lead to the following relations
Col=ga(l-U?H®1, 19C =1®ga,
Clel=gaf(1-U) @1, 1eC'=1®gal. (3.3.53)

Note that the tensor space structure above is psu(2|2)¢ ® psu(2|2)c 5. In such a way the
element U never appears in the second factor, and thus is not in the boundary algebra

psu(2|2)c 5.

Boundary representation. The boundary forms a vector representation of psu(2(2)c .
The boundary representation constraints are easily deduced to be

Magbg=go, Mcgdg=ga', agdp—bpeg=1, (3.3.54)

where the last relation is the boundary mass-shell constraint. Here we have added the
subscript g to discriminate boundary representation labels from the bulk labels a, b, ¢, d.
A convenient parametrization satisfying these constraints is given by [135]

g /g « g B g B
= /= bp = 4/ = — =,/ =— dp =/ ——. 3.3.55
e \/;’)/B7 B M’)/B ’ B M axp ’ B M i’}/B ( )

The boundary mass-shell constraint in this parametrization becomes

1 T M
rgp+—=—.
IB g

(3.3.56)

The unitarity requirement imposes an additional constraint, v = eB\/—izg. In such
a way this representation is just an M-particle bound state representation with different
labels. Interestingly, boundary labels can be obtained from the bulk ones in by
a simple bulk-to-boundary map % ~ 4z p together with the rescaling of the coupling
constant g — ¢/2. This rescaling is introduced to cancel the factor of V2 appearing due
to the bulk-to-boundary map of v, i.e. ¥ = v/2yp. In such a way the M-magnon bound-
ary bound state can be interpreted as a bulk 2M/-magnon bound state with a maximal
momentum, p = 7, i.e. it is the state at the end of the Brillouin zone.
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Twisted Yangian. The twisted Yangian of the Z = 0 giant graviton is of type II and
is generated by the level-0 generators J4 of psu(2|2)c and the twisted level-2 charges

JOB (23]
JOB = [J€ TP} + L(—1)IPIBI fC, L TP [T, JF} + L (—)IPIICl B L JP[ 3P TCY, (3.3.57)

where [, } represents a graded commutator and (—1)/PI1Bl with (—1)PlI€l are grade fac-
tors. The explicit form of these twisted level-2 charges is rather bulky and not very il-
luminating, thus we do not write them all explicitly. As an example we give an explicit
form of a single twisted level-2 supercharge:

Goi=[GJRi)+3RG - 365, (33.58)
where

ROC =[RS RE, GF] + [LP, RS, G ] + eacc™[QF, RF]CT + § [Rf, G/ H,

a

Gyt =[RS G R +{G), Gf, @b} - 185 {Qs, GJ. G} (3.3.59)

Here [a, b, c] = abc — cba and {a, b, c} = abc + cba. Note that the term with parameter ¢
is not present in (3.3.57). This is because the intertwining equation gives the additional
constraint ¢ = 0.

Finally, for finding the expressions of the reflected coproducts one has to use
together with

NG =T 01+ UMl @ T4 + f4,U (U B g IC. (3.3.60)

The prescription has a down side. In general, it gives a linear combination
of the level-2 and level-0 charges, and thus it is hard to identify the central elements of
the algebra. Knowing these is very important as they are required to be coreflective, and
thus commute with the reflection matrix. This allows us to obtain the evaluation map for
the boundary states. For example, the level-2 charges defined by

C'= *Peap {@aa , @Bb} , Cl = eabeag {@aa ,@bﬁ} , (3.3.61)
in contrast to @, C' and C, C' are not central, but are shifted from the center by some
combination of the level-0 generators. Thus, it is not clear that the twisted charges C’

and C " obtained using prescription (3.3.57) are coreflective. In fact, it is readily checked
that they are not. This problem can be resolved by switching to the Drinfeld second
realization of Y(psu(2]2)¢) [5]. As was shown in [131], the level-2 chargef]

C={iQ) —w2,iQF —ws}, Tl ={iG — 2,iGJ - 2}, (3.3.62)

“We use the same notation as in [[113].
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are central. Here

w2 = —i {i@z;lv Ko2,0} + % @311[443 - %RQIQE - %QER; - %Hﬂg@?} - %G23C’
ws = —1 {iQ7, k30t — 1 QIR + ¥ RPQ — £ Q7Ly — L L'Q7 — 4 G,'C,
2 =—3 {iG*, ko) — %G13L34 + 3 LG — %G24R12 - %REG; - %Q:&QCT )
2= —1{iGs), k30t — £ G'LP — L LGS + 4 GPRY — S RGP — §Q/CT,  (3.3.63)
and
Koo=-R{ +L—IH,  r3o=R} L5 —3H. (3.3.64)
In such a way, applying (3.3.57) to (3.3.62) we find the twisted level-2 central charges

C=C'+{wyws}, CH=C"+{z,2}. (3.3.65)

Evaluation representation. The evaluation representation of the twisted Yangian gen-
erators is obtained by considering the coreflectivity property of the twisted central char-

ges (3.3.65). In such a way we find

A(C)=A9T), ACH=ANTH = evy: T igul?, (3.3.66)

where w = % is the boundary spectral parameter. The same result may be obtained
heuristically by applying the bulk-to-boundary map z* ~— +xp to the bulk rapidity

(3.1.22) and using the boundary mass-shell constraint (3.3.56),

M

3.3.2.2 Boundary scattering

The boundary scattering for the Z = 0 giant graviton was presented in [135]. The left and
right sectors are equivalent and thus only one sector needs to be considered. Here we
shall give the description of the reflection matrix in terms of the superspace formalism,
which was introduced in [133].

The boundary forms a vector representation of the boundary algebra, thus the reflec-
tion matrix has essentially the same matrix structure as the worldsheet S-matrix. In such
a way the reflection matrix can be conveniently represented on the superspace exactly in

the same way as the corresponding S-matrix (see (3.1.45) and (3.1.46)),

EMN(p,s) = ki (p.s) Ay, (3.3.68)
=1

where A; € V) ® Vy @ DM ® DV span a complete basis of the differential operators in-
variant under the su(2) @ su(2) algebra, and k;(p, s) are the reflection coefficients; here p is
the momentum of the incoming magnon and s represents the parameters of the boundary
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magnon. The reflection coefficients can be obtained by solving the boundary intertwining
equation

((TM @ T [A I KM (p1,p2) — KMN(p1,pa) (T @ Tﬁ)[A(JA)]) Vu ® VN =0.
(3.3.69)

for all J# in the boundary algebra; here T% is the boundary N-magnon bound state rep-
resentation given in the paragraph above.

The fundamental reflection matrix is obtained by setting M = N =1 and is conve-
niently denoted by K4#,

10
KA (p,s) = ki(p,s) A (3.3.70)
=1

Here A; are the same as in (3.1.48). By solving the boundary intertwining equation for
the boundary Lie algebra one finds [135]

(z7)? +atep v
(xp—ax~)a™ v
azp(zp+a” —at) ((z7)? — (z7)?)

k=1, ke = —

(x5 +27) ((z7)? = (21)?)

i

Rp=1+2 (xp—x~)x—at ’ b = U(xp—x)x~ yyB ’
by — (zp+at) v e — (zp+a —at)(z” +27)yyB
(xp—27) v’ aU(zxg—x7 )z~ ’
hy = 1— 2zt —a7)(zp+x —a ) (z"+2T)] 7 ko — (x1)? — (27)? B
(xp—a7)(x7)? U2y’ U(xp—a )x= v~
T rp — (3!:*)2 zp(z” +a2t) 7
R P e e bl (3.3.71)

where the overall normalization is set to k; = 1. This reflection matrix was first obtained
in [135] and the corresponding dressing phase was considered in [136].

The boundary Lie algebra also defines the bound state reflection matrices K™! and
K™ for any M > 2 uniquely up to an overall dressing phase. The most simple cases,
with M = 2, were reported in [133]. The generic bound state reflection matrix can be
found by employing the twisted Yangian algebra and using the same approach as it was
done for the bound state S-matrix in [109]. However, due to the highly complicated
structure of the twisted Yangian generators (see e.g. (3.3.59)) it is extremely challenging to
find reasonable and compact expressions of the generic bound state reflection coefficients.
Even the most simple case, with M = N = 2, is already of a very complicated form.
Some higher order bound state reflection matrices were calculated numerically and were
checked to satisfy the boundary Yang-Baxter equation, thus proving the validity of the
proposed Yangian [23]. The most simple and elegant bound state reflection matrices are
spelled out in Appendix

Non-local representation. To end up the discussion on the giant gravitons we want
to give the non-local superspace representation of the reflection from the Z = 0 giant
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Figure 3.4: Step 1. Reflection from the right boundary of a magnon living on a semi-
infinite string with ( being the reference point. Here the dot in the center of the circle
corresponds to the Z = 0 giant graviton in the Z plane. The boundary degree of freedom
corresponds to the straight line connecting the rim of the circle with the dot (brane) in the
center. The boundary magnon has zero momentum but is allowed to have a continuous
parameter s which represents the energy of the state. Step 2. Construction of a two-
magnon boundary bound state appearing at the pole 2~ = zp of the K-matrix. The
spectral parameter of the emerging boundary bound state is 'y = e’ = zp 2t _ gt

= —

graviton. The non-local boundary labels are

g g i¢ g9 nB g TR
—JIng, bp=—y /3% p=——, /0B g, [9ZB 3.72
ap \/;73, B \/;773’ CB \/;ng, B g (3.3.72)

These can be obtained from (3.3.55) by substituting « — —i(, ¢ — ¢g/2 and v — np
where g = e’\/—izp . The reflection matrix in this representation is given by the fol-
lowing map,

KMV (p, Q) @ Vi (s, ¢e™?) = Y (—p,¢) @ Vv (s, Ce ™). (3.3.73)

The LLM-type diagram for this boundary scattering is given step 1 of figure The
pole 1/(zp —x7) in (3.3.71) signals the appearance of the boundary bound states. In
such a way an incoming magnon with an appropriate momentum gets adsorbed to the
boundary, as it is shown in step 2 of figure.

Finally, the reflection coefficients of K** in this basis can be obtained from the ones

in (3.3.71) by the following prescription:

~ I _
nB i NB VBN
k374—>U2wk374, k@%ﬂk@‘, k8_>@@k87 k10—>U’YBn k1o,
RS n ¢ Y8 YNB
(3.3.74)

where

n=n¢), n=n(-p,(), ne = np(¢e?), e = np(Ce"P). (3.3.75)



D3-D7 brane system 91

3.4 D3-D7 brane system

The second system we will consider is the so-called ‘D3-D7-brane’ system, where the
stack of the D3-branes leads to the AdS; x S° background, and the D7-brane is wrapping
the entire AdS; and a maximal S® C S5. This setup is conformal only in the strict large-N
limit where the backreaction of the D7-brane can be ignored.

The presence of the D7-brane breaks exactly half of the background supersymmetries.
In such a way the dual descriptionis a " = 2 super-Yang Mills gauge theory with a single
chiral hypermultiplet of fundamental matter [142]. The addition of fundamental matter
provides a new way to form local gauge-invariant operators. In addition to the usual
closed chains of N = 4 fields, e.g.

T{Z...2xZ...Zx2Z ... Z} (3.4.1)

constructed by taking the trace over the SU (V) colour indices, there are also operators of
the form

iZ...2x1Z...Z2x2Z ... 2q (3.4.2)

where ¢, g are fields in, respectively, the fundamental and anti-fundamental of SU(XV).
Such operators in the planar limit N — oo can be thought of as open spin chains, with
the dilatation operator D playing the role of the Hamiltonian.

The boundary scattering depends crucially on the relative orientation of S and the
bulk Bethe vacuum field Z, and was presented in [143]. There are two important cases
of such configurations that we will consider in this section. They are the so-called Y = 0
and the Z = 0 D7-branes.

3.4.1 Z=0D7-brane

The Z = 0 D7-brane is obtained by setting X5 = X = 0 in the parametrization of
S®. This choice breaks the SO(6) symmetry down to SO(4)1234 X SO(2)56. There are 16
supercharges invariant under the combination D — Jss. However only half of them are
symmetries of the Z = 0 D7-brane. Thus this choice of embedding breaks half of the
residual supercharges — the left copy of psu(2|2)¢. This leaves the boundary algebra to be

su(2) x su(2) x psu(2]2) x R3. (3.4.3)

The field content of the N’ = 2 fundamental hypermultiplet consists of a doublet of
complex scalars ¢ and two Weyl fermions 1, ¢_. They are charged under the residual
symmetries as follows:

‘ J12 J34 J56 50(1,3) D
¢ |0 L2 0 [0,0] 1 (3.4.4)
Y| 0 0 41/2 0, 1/2] 3/2
Y| 0 0 —1/2 [1/2,0] 3/2
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Here so0(1,3) C s0(2,4) of the AdSs. The fundamental matter fields listed above form the
basis of the rightmost site of the underlying spin chain. Furthermore, they are required
to fall into the representations of the residual symmetry algebra. The leading role in the
boundary scattering theory is played by the states with the lowest value of A = D — Js¢ ,
namely the doublet ¢ and ), for which A = 1. These states form the fundamental
representation 1 of psu(2(2), and correspond to the boundary degrees of freedom in the
scattering theory of the unexcited boundary. Similarly, the leftmost site of the spin chain
has an equivalent configurations furnished by the conjugate fields.

In such a way the fundamental matter fields transform in a (1, 1) representation of
the bulk symmetry algebra psu(2|2) x psu(2|2). This setup leads to the factorization K 9K
of the complete reflection matrix, and thus two independent reflection processes need to
be considered, the reflection in the left and the reflection in the right factor of the brane.

The reflection in the right factor

K:V(p)@V(s)—= V(-p) @ V(s), (3.4.5)

is equivalent to the reflection from the Z = 0 giant graviton discussed in Section [3.3.2
The reflection in the left factor

K:Vip)el—-V(-pel, (3.4.6)

is a reflection from a non-supersymmetric singlet boundary. The fundamental reflection
matrix was found in [143]], the bound state one was found in [133]; the boundary Yangian
algebra was revealed in [26]. We will next show the latter how the Yangian symmetry
was constructed.

3.4.1.1 Boundary symmetries

The boundary Lie algebra for the left factor of the Z = 0 D7-brane can be formally de-
composed as h = g/(m + ¢), where

h={RS Lg, H}, m = {Q, G4}, ¢={C, C}, (3.4.7)

and g = psu(2]2)¢. This setup almost resembles the structure of a symmetric pair. In the
latter case the boundary scattering would be governed by a twisted Yangian Y(g, h) of
type I in a similar way as for the Y’ = 0 giant graviton. Unfortunately, in the present case
the symmetric pair structure breaks down due to the following relations

{Q4, Q2 = e®eusC, (GG} = ePey, CH. (3.4.8)

In other words, the presence of the central charges prevents us from applying the generic
formalism discussed earlier. However, the algebra psi(2|2)¢ has an SL(2) outer auto-
morphism, which is realized as a mixing of the supercharges. This automorphism can
be used to rotate the central charges to a trivial point, C = C' = 0, in such a way the
commutation relations in the rotated realization of the algebra are absent. We will
use an analogue of this automorphism on the level of the twisted charges to construct the
twisted Yangian.
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Modified twisted Yangian )(g,h). Let us first ignore the fact that the central charges
C and CT are not symmetries of the boundary, and suppose they are in the boundary
algebra h. Then following the general twisted Yangian prescription and using the struc-
tural constants obtained from the Yangian Y(psu(2|2)¢) as was explained in the previous
section, we obtain

@/aa = @5+%@5+
G =GX—t,G2 -

(R +RIQ5+QIL) + L) QF+HQY — 26,6 CG),
(GERL+RIGE+ G LY + LG + HGY — 247 C'QY).
(3.4.9)

1

1

1
7]

The coproducts of these charges are

AQ) = Uil + UM QE + QIO RS + QO Ly + 3Qe® H — €aye“GI U B C,

AGC) =G re1+U'®G,Y — GRS —GJOLY — 1G @ H+ 0e™ QU TR CT.
(3.4.10)

As expected, we see that these charges violate the coideal property due to central charges
acting on the boundary. We can overcome this problem by adding a twist resembling the
SL(2) automorphism,

@O? _ @/aa + Ea’ysac ((C . gOé) GC’Y ,
@aa _ @/aa — £qee® (CT — 90171)(@70- (3.4.11)

The coproducts of the new charges are then readily found to be

AQYH =0 @1+UM@Qf + QR +Q ®L) + Qe @ H,

AGH) =Gr@1+U'®G ~G2 R~ G LY~ 1GA®H, (3.4.12)

and thus the coideal property is satisfied.
The parameters ¢, and ¢, in the twist (3.4.9) are constrained by requiring the twisted
central charges

C = eabeo‘ﬁ{@o‘l‘, @é’} , Ct= eageab{@aa, @bﬁ} , (3.4.13)

to be coreflective. This gives a constraint ¢, = t, = /g% + 1/4. The square root may be
eliminated by using the fundamental mass-shell condition zp + 1/2p5 = i/g (3.3.56). In
such a way we obtain a very elegant expression, t, =t = ig/zp + 1/2.

3.4.1.2 Boundary scattering

The boundary we are considering is a singlet with respect to the boundary algebra, thus
it may be represented by the boundary vacuum state |0) g which is annihilated by all gen-
erators of the boundary algebra [16]. We define the reflection matrix to be an intertwining
matrix

K |m,n, k1) ®[0)5 = Kg‘;j”c’d}) la,b,c,d) ®0)5. (3.4.14)

( 7n7k7
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The space of states |m, n, k, ) is 4M-dimensional and can be decomposed into four 4\ =
(M +1)+ (M — 1)+ M + M subspaces that have the orthogonal basis

k) =10,0,k, M k), k=0...M,

k)2 =|1,1,k—1, M —k—1), k=1...M-1,

k)3 = 11,0k, M—k—1), k=0...M-1,

k)t = 0,1, k, M—k—1), k=0...M—1. (3.4.15)

The setup so far is of the same type as for the Y = 0 giant graviton considered in section
but the reflection matrix will be of a very simple form in this case.

The boundary Lie algebra in the left factor is generated by the bosonic generators R
and ./, and the central charge H only. It constrains the reflection matrix K to be diagonal
for any k and M,

K k)= Alk)', K |k)* = Bk)?, K k) = C k), (3.4.16)

where a = 3, 4 and we have dropped the boundary vacuum state. The standard normal-
ization is A = 1. This leaves the coefficients B and C undetermined. However, due to the
simple form of the reflection matrix, these can readily be found by solving the boundary
Yang-Baxter equation. It factorizes in this case, and thus can be solved by the method of
separating variables. Consequently one finds

xp+at Y O - (acB—Fx“‘)(l—xB:z:Jr)172

zp—a” (xp —a7)(1+apr=)?"
where the parameter x5 satisfies the fundamental mass-shell constraint zg+1/xp5 = i/g.
This constraint is obtained by considering the ‘supersymmetric’ matrix elements of the

boundary Yang-Baxter equation, e.g. 3(k;| @ *(k;| BYBE |k;,,)! ® |k,)! leading to

(A2v2 — Bave) (Bimay + Aiyiaf) — (A1y1 — Bim) (Bayezy + A2yaad) =0,
(3.4.18)

where A; = A(p;) and B; = B(p;). This equation can be solved by separating variables
and setting

B:

(3.4.17)

Biviz; + Aivix;
Aivi — Bivi
The inspection of the rest of the matrix elements of BYBE constrains = g to satisfy the fun-
damental mass-shell constraint. The explicit expression of C; then follows after lengthy
but quite straightforward calculations.

In the next paragraph we will show how to obtain the same results in a much easier
way, by employing the twisted Yangian generators (3.4.11).

=15. (3.4.19)

Symmetry constraints. The complete reflection matrix K (3.4.16) follows from simple
Yangian symmetry arguments. Indeed, solving

(KQf —Q4K) k) =0 and (KQf -Q4K)[k)?*=0 (3.4.20)
leads to the reflection coefficients that coincide with (3.4.17).
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3.4.2 Y=0 D7-brane

The Y = 0 D7-brane is obtained by setting X3 = X; = 0 in the parametrization of S°.
This orientation breaks the SO(6) symmetry down to SO(4)1256 X SO(2)34. Then the
charge Js¢ further brakes the SO(4);256, and the residual boundary symmetry is

su(2]1) x su(2[1). (3.4.21)

The field content at the gauge theory side of this setup is equivalent to the Z = 0 case
given in (3.4.4), but with .J34 and J5 interchanged. In such a way there is a unique com-
plex scalar field at the rightmost site for which A = 1/2. The same considerations apply
to the leftmost site, and thus there is a unique unexcited spin chain with an antiquark
at the left end and a quark at the right end which from the scattering point of view is
identical to the Y = 0 giant graviton, and thus the reflection matrix is the same.

3.5 D3-D5 brane system

The third system we will consider is the so-called *D3-D5-brane” system, where the stack
of the D3-branes leads to the AdS5 x S° geometry, and the D5-brane spans an AdSy x S2.
In the same way as in Section we will consider the strict large-N limit where the
backreaction of the D5-brane can be ignored.

Our goal is to build the boundary scattering theory for this system. This system, as
we will show, has an underlying Yangian algebra of the so-called ‘achiral” type that was
not considered in Chapter 2 For this reason we will start by considering achiral bound-
ary conditions in the bosonic Principal Chiral Model. We will then build the boundary
scattering theory for the D5-brane using the non-local representation of psu(2|2)c .

3.5.1 Achiral boundary conditions in the bosonic Principal Chiral Model
Consider a 1+ 1-dimensional bosonic principal chiral field g(¢, z) € G on a half-linez < 0
for a compact, simple Lie group G, with Lagrangian density

1
L= 5T (0497 '0_g) . (3.5.1)

The model has Lie algebra g-valued conserved currents

1

jﬁ = 0u99~ and jf = —g_laﬂg, (3.5.2)

which generate g;, and gr and thereby the model’s G x GG symmetry. On these currents
at z = 0, the boundary conditions are either chiral,

ji=a(h), jf=a() = jo=aljio). ji=-ali) (bothLandR), (3.5.3)
or achiral,

it =a(i) = j5=a(), i =-a@, (3.5.4)
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where « is an involutive automorphism of g.

For the chiral conditions the residual Lie symmetry is H x H C G' x G, where H is
the subgroup fixed by «. In fact may be generalized by independent conjugation
of the currents, and the general boundary condition on the fields g is that

g(t,0) € kp Hk !, (3.5.5)
sothatatz =0
kp ik = a(k; ' i5kn) . kptifkr = a(kn'ifkR) . (3.5.6)

The constant group elements k7, and kr parametrize left- and right-cosets of H in G and
may be taken to lie in the Cartan immersion, G/H = {a(k)k~'|k € G}, of G/H in GE]
Then the Yangian symmetry is two (L and R) copies of a generalization of the twisted
Yangian of type I, Y(g,h) C Y(g) [40,41]. For different choices of b this encompasses
twisted Yangians [38] and reflection algebras [39], and the ‘soliton-preserving’ and ‘-non-
preserving’ boundary conditions of [148].

The second, achiral class of boundary condition was not fully investigated in [27].
Its Lie symmetry was under-identified there as the diagonal H C G x G, but the full
symmetry is a diagonal G C G x G, due to the conservation (where J := ff]oo Jo)

% (T1 +o(Tr)) = /_ (; dojo’ + Doa(jo’) = 1 (0) + a(ji’(0)) = 0. (357)
Again conjugation is allowed, and
g i%gr = algg'i%gr) (3.5.8)
at z = 0 follows from
9(t,0) € gr{a(k)k™" |k € Grgg' = gL G/H g5 (3.5.9)

Henceforth we set g;, = gr = 1 (the identity in G) for simplicity.

What is the remnant of the Yangian symmetry (g x g)? One might at first think that
it is simply A)(g), but it is not. Rather it is again associated with a symmetric space
structure, this time G x G/G, and is the co-ideal subalgebra ) (g x g, g). This is expected
from [149], which analysed boundary conditions for symmetric-space sigma models. We
write the symmetric pair structure as gr, ® gr = g+ @© g—, where g, is the a-twisted
diagonal subalgebra and g_ its complement (which is not a Lie algebra). Note especially
that in this case different choices of o merely give different a-twisted embeddings of g in
g x g, rather than the different proper subalgebras a of g we saw in the chiral case. Thus
by a change of basis for gr we can set & = id (the identity map), and indeed we shall
need such a change in the next section. For the moment we retain «, but the reader may
like to bear in mind that o = id captures the essence of the construction.

SHere = means ‘is locally diffeomorphic to’; there may be global ambiguities [[147].
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The subalgebra g, and its complement g_ are spanned by J¢ = J¢ £ a(J%), which
have eigenvalues +1 under the involution o(a x «). The boundary Yangian symmetry
Y (g x g,9) = Y (g1 X gr,g+) then has Lie subalgebra g, generated by the J¢. At level 1
its generators J are constructed from the level-1 Y (g;, x gr) generators J¢, J% as

Je =0 + Lfe, (3018 + 35 1)
=J* + 12 08 a(J%), (3.5.10)

where again J& = j%ia(j%). Notice the factor of two in (3.5.10) relative to (2.1.68), due to
the normalization of J¢ . It is easy to see that this is a specific case of the twisted Yangian
of type I, which we call the ‘achiral twisted Yangian’ to emphasize its achiral properties.

It is an easy calculation to check that these charges are classically conserved by the
achiral boundary condition (3.5.4). Further, the co-product of the level-1 charges is

AJY) = AJY) + §F (A0 AJS) + AJ) AUTYL))
=lr@l+1@]° + 1% +120%) @1+ 2% 1o (35 1° + 10 18)
+ir (el +1 0l)+ir 0 el —1° ®1%)
=]"®1+10]* + 1. 0% ®J% (3.5.11)
€Y (gL X gr) @Y (8L X 9R, 0+)

and thus satisfies the coideal property.

We commented earlier that the structure of Y (g7, X gg, g+) is subtly different from a
simple diagonal embedding AY(g+) C V(g1 % gr). This difference can be made precise,
and is seen in the algebra isomorphism

V(oL X 9r,8+) = AV(g). (3.5.12)

Here, for any Yangian charge J, we define A(J) := (1o (—1)'a)A(J), where [ is the level
of J, and A(J) acts on the tensor product of L and R components, written using a circle
o. Thus the difference lies entirely in the twisting by 1 o (—1)!a, and at its simplest, with
a =id, solely in some relative signs. At level 0 the isomorphism relates J% on the left of
to J% 0 1 4+ 1 0 a(J%) on the right, and at level 1 it relates J* to J% o 1 — 1 0 a(J%).

At the co-algebra level this isomorphism takes the form

AV(gL X gr,9+) =2+ (Ao A (AV(g))) - (3.5.13)

This equation is valued in the fourfold product of }(g) which acts on the L o R compo-
nents of a bulk ® boundary state; A and A’ := ¢ - A are the usual and flipped coproducts.
The role of the operator X is simply to re-arrange the order of factors, 1 ® z2 023 ® x4 —
Z1 0 T4 @ 9 o x3. The relations then capture the ‘folding’ of a bulk into a
boundary scattering process [144] which we shall meet shortly.
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Let us demonstrate (3.5.13) explicitly. First,
Ao A'(A(ja)) =Ao A’(ja ol—1oa(J%) + 2 F% IPo a(J9))
=(Jel+1e +iftltel)olel
—1@lo (e @1+ 18 al®) - §/% al’) ® a(J))
+ 1t (Po1+101) o (al9) 01 +10a(l9). (3.5.14)
Then, acting with ¥,
Y- (Ao A'(A(j“))) = (ja 0ol—1o0a(J%) + %fabcﬂb oa(l)) ®1lol

+1o1®([J%01—1oa(d®) +1f3%.I%0a(l%)
+ i (JPol—1loal®))® (Iol+1oal9), (3515

which, applying (3.5.10), corresponds to (3.5.11).
Now consider the implications for the scattering theory. Recall that the bulk multi-

plets in the bosonic PCM form representations V o V of V(g1 X gr), where V is a funda-
mental representation of )( g)ﬁ The bulk multiplet carries a rapidity u, corresponding to
the application of the shift automorphism L, o L, to Y (gr, x gr). The bulk scattering of
UoU from V oV is then constructed as a product of minimal factors Sy, o Sg (each factor
acting on U ® V'), multiplied by an overall scalar factor [150].

—

\
\
-
-
7
—

%1 N .
Va Vs

Figure 3.5: The action of the conjugation operator T on 4-particle scattering, with solid L
and dashed R lines.

The state V o V scatters off the boundary into V o V, with u — —u. Thus, on the
states, in the isomorphism (3.5.12) we write the action of ¥ as conjugation by an operator
T whose effect is to re-order and conjugate multiplets,

T:V1®V20V3®V4—)VloV4®V20\73. (3.5.16)

®This is typically a reducible rep of g with the corresponding fundamental g-rep as a component, although
for g = su(n) they are identical.
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Figure 3.6: Achiral reflection process.

The meaning of the map T (T~!) is revealed, as the folding (unfolding) of a bulk to a
boundary scattering process, in figure Similar unfolding processes relate bound-
ary unitarity and crossing-unitarity [16] to bulk unitarity and crossing relations. The
reversing of rapidity by the boundary can be seen in how the shift automorphism acts on
(3.5.12), where, crucially, L, o Ly, (10 (—1)!a) = (1 o (~1)'a) Ly o L_, on AY(g).

In the simplest case, where the boundary is in a singlet state, the boundary scattering
matrix Ky.y(u) is conjugate to (1 o a)Sy¢(2u) (see figure 3.6). Its direct construction
via conservation of the Y(gr, X ggr,g+) charges is isomorphic, via (3.5.12), to that of the
bulk S-matrix (using, for example, the Tensor Product Graph method [151])), in which the
doubling of u is traced back to the extra factor of two in (3.5.10). We therefore expect a
spectrum of boundary bound states in non-trivial multiplets whose mass ratios are those
of the bulk states, inherited through the pole structure of Sy (2u).

The folding construction of the boundary scattering process straightforwardly accom-
modates such non-trivial boundary multiplets, and this will play an important role in
understanding reflection from the D5-brane in the next section. The boundary scattering
matrix, the relevant solution of the boundary Yang-Baxter equation (BYBE) [13,[15], then
becomes a product of three non-trivial factors, analogous to the boundary fusion proce-
dure [91}[152]. These are a bulk S-matrix and two (what we shall call) ‘achiral reflection
matrices’, which are trivial in the case of the singlet boundary and which participate in
the reflection process as on the right of figure This threefold process inherits, via
(3.5.12), a Yang-Baxter property: the order of the factorization does not matter, and our
apparent placing of the bulk S-matrix to the left of the boundary in figures 3.5/and [3.6|is
merely an artefact (figure 3.7).

3.5.2 The D5-brane: general considerations

The D5-brane considered in [143,/144] wraps an AdS; C AdSs and a maximal S? c S5,
Such a configuration defines a 2 4 1 dimensional defect hypersurface of the 3 + 1 dimen-
sional conformal boundary of AdSs. The fundamental matter living on this hypersurface
is a 3d hypermultiplet [60]. The presence of the D5-brane breaks the so(6) symmetry of
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\%1 Vi Wi Vi
Va V3 Va V3

Figure 3.7: The unfolded BYBE as a 5-particle bulk process. The vertical line correspond-
ing to the boundary may be shifted left or right by employing the bulk YBE.

S° down to s0(3)y x 50(3)y. As is the convention, we fix the bulk vacuum state to be
Z = X® 4+ iX5 and then consider two different orientations of the maximal S? inside S°:

e the maximal S? specified by X! = X? = X3 = 0, - this orientation in [144] was
termed ‘horizontal’ D5—braneE] and, from the scattering theory point of view, corre-
sponds to a singlet boundary;

e the maximal S? specified by X* = X5 = X% = 0, - this orientation is perpendicular
to the previous and is termed the ‘vertical” D5-brane; now the boundary carries a
field multiplet transforming in the vector representation of the boundary algebra.

The Lie algebra. The D5-brane preserves a diagonal subalgebra psu(2]2); x R3 of the
bulk algebra psu(2|2)1, x psu(2[2) g x R3 generated by

LY =L{ +L, Qi = Qs +7Q¢,
RP =R?+R2, GA=G2+7'Gg, (3.5.17)
where 7 = —1 for the horizontal case and 7 = —¢ for the vertical oneE] The notation for

the dotted and checked indices is the same as for undotted ones, a, @, b, b = 1, 2 and
&, &, B, B =3, 4. The generators with the undotted indices generate psu(2|2);, and the
generators with the dotted indices generate psu(2|2) z. Rather than make the involution
a explicit, it is easier to absorb it into the combination of the scale 7 and a change of basis,

denoted by a bar, which acts on the dotted greek indices acts as 3 = 4 and 4 = 3. We also

"This configuration corresponds to horizontal vacuum orientation in the scattering theory.
The supersymmetries preserved by the D5-brane were worked out in Appendix B of [143] and lead to
two scattering theories with 72 =41, representing the horizontal and vertical cases.
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define the complementary charges

E&ﬁ:}l‘aﬁ_ﬂ-‘fa @5:Q;_7—@£7
R} =R} - R}, Gl =G —7'G2, (3.5.18)

which do not in themselves form a Lie algebra (and are not preserved by the boundary),
but together with (3.5.17) and the central charges C, C' and H generate bulk algebra
psu(2(2) x psu(2(2)r x R3.

The representation. We will consider the fundamental representation 1 of psu(2|2)¢
only. Let us denote the basis of this representation as

[¢1) :==10,0,1,0), l1hs) == 1,0,0,0),
‘¢2> = ’07 07 07 1> ) ‘¢4> = ‘07 17 07 0) ’ (3519)

and the same for the dotted indices. The bulk magnon transforms in the U4 ¢4y of the
left and the X, 4 .4y Of the right representation of the bulk symmetry algebra and they
both carry the same set (a, b, ¢, d) of representation labels. Our goal is to build the canon-
ical representation of bulk states with respect to the boundary algebra (3.5.17). It is easy
to see that the left representation transforms canonically with respect to the boundary
algebra. However, the right representation does not, and one thus has to choose a differ-
ent basis for it in order to obtain the algebra action in the canonical form. It was shown
in [144] that by choosing the basis

(61, b3l3, ¥g) = (1, D3| My, Aehs) (3.5.20)

to be the new basis of 1, with some arbitrary constant ) representing the rescaling of the
new base with the respect to the old, one acquires the canonical action of the boundary

algebra (3.5.17) on the right rep:
Q4 |¢5) = @5 [a), Gyt |d5) = ¢e™ g 105),
Qg [15) = begz ™ |dp), Gy M) = d 65 |da), (3.5.21)

where (a, b, ¢, d) are the representation labels in the new basis. They are related to the old
basis by

- ~ A
i=—a b=-71Ab, i=——¢c, d=12d, (3.5.22)
A TA T
where the minus sign comes from the relation 5‘5‘5 = ﬁTﬁ = aTﬂ — %8 and similarly for

€35 By choosing a = a one fixes the rescaling constant to be A\ = 7 and arrives at the
relation between new and old representation labels

(a,b,¢,d) = (a,—7%b, =7 2¢,d). (3.5.23)
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Thus the canonical representation of the bulk magnon with respect to the boundary alge-
bra and the corresponding labels are

IZ(a,b,c,d) © Ii(a,fTQb,fT_Qc,d)' (3524)

As in the previous section, we use o to denote the tensor product of L and R represen-
tations of bulk magnon, reserving the usual ® for the tensor product of the bulk and
boundary reps. The action of the complementary charges on the right represen-
tation is almost of canonical form, except for an extra minus sign

Q185 = — 6% [da), Gy |d5) = =22 e 1p),
@; W’}B> _ —5%3 cab ’QE{}% @aa ‘)\7’;8> = —dég |(%d>. (3.5.25)

The total eigenvalues of the central charges on the bulk representations (3.5.24) in the
new basis become

C:=Col+1loC=ab+ab=(1—17%)ab,
Cl:=Clol+10C =cd+éd=(1-71"2)ab,
H :=Hol+1oH=ad+bc+ ad+ bé = 2(ad + be), (3.5.26)

hence the bulk magnon lives in the following tensor product of fundamental representa-
tions:

(0,0; H,C,C" 0(0,0; H,—12C, —72CT) = {0,0,2H, (1-72)C, (1-7"2)CT}, (3.5.27)

which depends on the value of 7. Let us explain this result in more detail.

The symmetry algebra in the bulk is g, © gr ® m, where m is the central extension,
which is invariant under «; thus the central charges’ eigenvalues should not depend on
7 either. What has happened is that, by using a different basis for gr, which allowed us
to write the action of the g4 charges in untwisted diagonal form, we have introduced
T-dependence into the L o R basis of the central charges. That is, the price we have to pay
for simplifying the action of « is that the central charges C and C' become dependent on
7. We resolve this by introducing complementary central charges

C:=Col—10C=ab—ab=(1+72)ab,
@T::CTol—lo(CTEcd—éd:(1+7_2)ab,
H:=Hol-—1oH=ad+ bc—ad—bé=0. (3.5.28)

This formal enlargement of the algebra does not — cannot — add any new constraints
to the system. The charge H has zero eigenvalues on the bulk and boundary represen-
tations independently of 7 and we have introduced it merely to enable us to write the

Yangian charges in a nicely symmetric form. The new charges C and C' will have non-
zero eigenvalues on the bulk representations when 72 = +1, while the charges C and C'
then vanish; and vice versa for the 72 = —1 case. Thus there are always exactly three
non-trivial central charges in the system.
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The Yangian algebra. We now have enough ingredients to write down the general form
of the boundary Yangian. Following the discussion in Section [3.5.1we define the achiral
twisted boundary Yangian )(gr, X gr, g+) to be generated by the Lie algebra generators
(35.17) and (3.5.18), central charges and the twisted Yangian generators .

~ b
RS =R, — RR+ RR+ G7Q+ QG7
_%55;@67@7_§52QV Géa

~ 5 =B s — B 3— 7 C B
]Lf:]Ld +iLchﬁ _%L’YBL; iGcﬁQg_i@‘;Gc
+158G70 + 15 0QrT,

a ; a

Qi =TQs — LQIR+1RAT; — LQIT] +1L] QS

-l-%@o?ﬁﬂ-%ﬂ@a i8a75ad(CG + = ga,yg“dG'YC
~ . ~ & = _
G& =G, +1GSR, - 1R{GS +1GJL - 1LAG,
+1iGLH- 1HG + e e CTQY — Lege e QF ol

€ =C+1HCT-1cCH,

~ ~t

Cl=C -1HC +1ic'H. (3.5.29)
Here the hat-bar operators J are the grade-1 partners of the complementary charges
(3.5.18) and (3.5.28). This is the general form of the twisted boundary Yangian for the

reflection from the D5-brane and represents the explicit realization of (3.5.10). The co-
products of the twisted charges (3.5.29) have the canonical form

ARY) =RP®1+10R!+ IR @RS — IR 9 RS+ 16, 0 @F + 107 0 G
- iég@(j ®Q$ - %52@5@3@;{7

AL =Tle1+10Lf + 1L oLf — IL oL - 16 0 Q¢ - 10 0 G
+158G) 2 Qi + 1520 0 G,

AR =0ie1+100¢ - 10 o RS + 3R 00 — 40y o L] + 3L @ 0]
+HeQé - 10 ®H - Qfsw,eudC@@G“r smsadG ®C,

AGH) =Ci01+10G8 +1G, oRS — IR, @G + 1G, o Lf — IL 0 G,
— iﬁ®Ggf‘ + i@; @ H+ %EaéEM ol ®Q7C — %55656‘;’@& ®Ct,

A(C) =C®1+19C+iCToH-iHC,

A(C)=C'e1+10C - 1T e H+ lHaC, (3.5.30)

as expected from (3.5.11). Note that the terms of the form 1 ® J annihilate the boundary
and give no contribution to the explicit calculations. Also note that the expressions above
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may be reduced to a more compact and transparent form using the Lie algebra relations
(3.1.2). We will do this by considering the reflection from the vertical and horizontal
Db5-branes separately.

3.5.3 The horizontal D5-brane

The boundary algebra of the horizontal D5-brane is acquired from by setting
7 = —1. As was shown in [143], the boundary carries no degrees of freedom in the
scattering theory, and thus is a singlet of ps((2|2),. The total central charges C and C!
vanish with respect to the boundary symmetry,

(0,0; H,C,C") 0 (0,0; H,—C,~C") = {0,0,2H,0,0}, (3.5.31)
and the bulk magnon transforms in the tensor representation
D(abed) © D(a,—b—c,d)s (3.5.32)
with respect to the boundary algebra. The reflection matrix is simply a map
K':@oB®l—BoB®]1, (3.5.33)
and may be neatly represented on superspace as an operator
K" V(p,Q) o V(=p,Ce™) = V(=p, () o V(p, Ce™™), (35.34)

where V(p, ¢) is the corresponding vector space. Thus K" differs from the bulk S-matrix
S(p, —p) by an overall phase at most.

Boundary scattering. The boundary is achiral in the sense that the incoming L state
becomes a R state after the reflection and vice versa. This feature of the achiral boundary
may be neatly displayed graphically (see figure 3.8} left side). The picture of the reflection
nicely accommodates the fact that " is equivalent to S as discussed above and suggests
that it should be related as

Kh=£K-S(p,—p)-K, (3.5.35)

with K hereﬂ being the achiralmap K : 1o ® 1 — Mo 1 ® 1 for an incoming right state
and K : @ol1®1 — 1o ® 1 for an incoming left state. This relation implies that the
structure of the boundary Yangian for the horizontal D5-brane should be related to the
bulk Yangian by (3.5.12). Let us show this explicitly.

The boundary is a singlet; thus the only surviving terms in (3.5.30) are of the form
J®1, since all non-local two-site operators of the form J ® J annihilate the boundary and
give no Contribution Then using (3.5.29,3.5.17}[3.5.18}3.5.28) and performing some Lie

“This enlarged K denoting the achiral map should not be confused with the reflection map .
10gee e.g. [16] for the formulation of the scattering theory on the half-line.
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(_u7 —-p, C) <_y7p7 Ce_ip) (—’U,, —-p, C) (u,p, ge—ip)
K
a S(p,—p)
K
(U, D C) (U, —D, Ceip) (’U,, D, C) (_uv -p, Ceip)

Figure 3.8: Unfolding of the reflection from the horizontal D5-brane. Solid lines corre-
spond to the left representations while the dotted lines correspond to right reps. The
vertical gray lines correspond to the singlet boundary which acts merely as an achiral
map K mapping right (left) representations into left (right) representations (and conju-
gates multiplets by maping u — —u in the unfolded picture). The left and right sides of
the figure are related through the conjugation map T.

algebra manipulations, becomes
ARD = (REo1-10RI + IR0 RS — IR 0RS — 3G 0Qf — 1 QL0 G/
+18GIoQi+188QE G @1,
ALy =Efo1-10Lf —ILIoLl + 1L o L] + G/ 0Qf + 1 Q50 G/
~158GjeQf - 150Qf0G) 01,
AQF) = (Qéo1-10Q¢ + Qo RS — JRE0QF +3Qf oL — L 0 Qf
+1QfoH— 1 HoQf + Jeay e Co G — 3e43“G] o C) @1,
AGH) =(Gfol1-10GS — SGFoRS+ 4R 0GE — LG o LI + LI 0 G,
— in oH + iHOGf‘ — %E@EEMCT OQ;YE—F %E(légd;yQ:yéO(CT) ®1,
A(C) = (Col—-10C—-LiHoC+1CoH)®1,
A(CH =(Clo1-10Cl+ JHoCI - 1CToH)®1. (3.5.36)
We have checked that these co-products commute with the reflection matrix X" calcu-
lated in [144] and also with the two-magnon bound state reflection matrix which is con-
structed from SBZ(py, p2) by setting ps := —p.

It is easy to observe that these co-products have almost the same form as (3.1.28)), as
we expected. The crucial difference is the negative sign of terms of the form 1 o J in

13.5.36D, in contrast to (3.1.28). This is the outcome of the graded map 1 o (—1) relating

A to the usual A in (3.5.12). In this particular case it has a lucid physical interpretation.
Consider the scattering in the bulk of two magnons with momenta p and —p. The residual
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symmetry of such scattering is described by (3.1.28). The rapidities of the states in the
bulk are v and —u and are facing the same direction as their momenta. But in the case
of a single bulk magnon reflecting from the horizontal D5-brane the rapidity of the right
rep, which has the effective momentum —p with respect to the boundary algebra, is v and
faces the physical direction, but not the effective one i.e. is not —u). Thus this minus sign
difference is explicitly seen in the co-products (3.5.36).

Interestingly, in the unfolded picture of the reflection (the right side of figure [3.8),
which is related to the left side by the map T (3.5.16), the rapidity of the right represen-
tation is facing the same direction as the momentum. This is because the map T not only
re-orders the states, but also sends Vz — Vg, u — —u. Thus the reflection from the
boundary in the unfolded picture,

K':-pelepn—-nolen, (3.5.37)
may be regarded as a ‘scattering through the boundary’ and is governed by the Yangian
AT =T"®101+101034 + 141 010 J°, (3.5.38)

which is equivalent to (3.1.28) (by removing the middle singlet in (3.5.37) and (3.5.38) as
it effectively plays no role).

Boundary Yang-Baxter equation. In order to check that the boundary is integrable one
has to consider the boundary Yang-Baxter equation (BYBE), which computes the dif-
ference between the two possible ways of factorizing the scattering of two incoming
magnons off a boundary.

The BYBE represents two incoming bulk magnons reflecting from the boundary:

BYBE : Vi(p1,¢) ® Vr(—p1,Ce™") @ Vi(p2, (eP) @ Vr(—pa, (' P1T72)) —
ViL(=p1,¢) ® Vr(p1, (e ') @ Vi(—pa, (e P') @ Vi(pa, e ' H72)). (3.5.39)

Here V[, (VRr) are representations of the boundary algebra originating as left (respectively,
right) factors of bulk magnons. We must not lose track of this information, because it
affects how the representations scatter, as follows.

For the bulk scattering, left (right) states scatter with left (respectively, right) states
only. When scattering two left representations we use the standard S-matrix, but when
scattering two right representations we must allow for the change of basis, (3.5.23), which
produces additional signs in the (-dependent components:

WP S10'¢%) = — (W3 S [¢16?) = —ar,
(0167 S [Pty = —(616%| S |[v*y?) = —as. (3.5.40)

Given that a7 and ag depend linearly on the phase, this sign change is just { — —(. Next,
to exchange a left state with a right state in the tensor product one must use a graded
permutation, which also produces certain minus signs

'This graded permutation was overlooked in the calculations of [143] thus obscuring the integrability of
the D5-brane boundary conditions.
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.
.

........ :'-.‘SR(pZa b1

Sr(=p2, —p1 P

Sr(p1, —p2

Kh(pla _pl)

—p1,Dp2)

Sr(p2, —p1
Sr(p1,p2

Figure 3.9: BYBE for the reflection in the horizontal case. Solid lines correspond to the
left representations while the dotted lines correspond to right reps.

The pictorial version of the BYBE is presented in figure 3.9|and the equation itself is

Kaa(p2, Ce™PY; —pa, Ce™{P17P2)) Po3 Say(—pa, —CeP?; py, —CelP27P1))
x S12(p2, G; —p1, Ce'P?) Pog Kaa(p1, Ce'P?; —pr, (e PrHP2))
x Py S12(p1, G p2, (™) S3a(—p1, —CeP; —pa, —Ce'P1TP2)) Pog
— Pa3 S3a(p2, —Ce P25 py, —Ce P TP)) Spg(—pa, G —p1, Ge ) Pag
X Kag(p1, Ce™P2; —p1, Ce " P2PUY Pyy S15(py, C; —p2, Ce™1)

X S34(—p1, —CeP; pa, —Ce'P1P2)Y Pos Ky (p2, (™t —pg, (e P1HP2)) = 0,
(35.41)

where the subscripts 12, 23, 34 indicate the tensor factors on which the operators act, P;;
is the graded permutation operator permuting left-right states, SZ-’} and Sg' are the left
and right bulk S-matriceﬁ and K34 is the reflection matrix. We have checked directly
that this boundary YBE is satisfied.

Another way to verify that the boundary YBE is satisfied is to note that it may be
mapped to a standard bulk YBE, as follows. One can verify that whenever a phase-
dependent component appears, the extra sign in the right S-matrix is canceled with a

2Here S;; = P,jSij, thus S : V(p1) @ V(p2) = V(p2) @ V(p1).
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minus sign from a graded permutation. Then, using also the relation between K and the
bulk S-matrix, the above equation is equivalent to

823 (p27 Ce_ipl; —D2, Ceipz—’ipl) 834 (pb Ce’ipz—ip1; —p2, CeiPQ) 812(p27 Ca —P1, Ceip2)
x Saz(p1, Ce™?; —p1, (e HP2) Sgy(—pa, (P TP2; —py ™) S1a(p1, (; p2, (P
— S34(p1, (P2 g CemP2) Sia(—p2, G —p1, Ce2) Sas(p1, (e~ P25 —py, CePr 2

)

)
X Sza(p2, (P72 —p1, (™) S12(p1, ; —p2, (ePY) Saz(pa, (et —po, (eP1TP2)

3.

=0.
5.42)

In this way we have “‘unfolded’ the BYBE into a succession of bulk scattering processes.
Consequently, the boundary YBE follows from a particular case of the bulk YBE. The

meaning of (3.5.42) is represented in figure

b2 —p2

Figure 3.10: The unfolded BYBE as a 4-particle scattering in the bulk. The vertical line
plays no role in the unfolded picture, but is drawn as a reminder that S(p, —p) represents
boundary reflections.

From this second, “unfolded’, point of view, the boundary is seen to be ‘achiral’, meaning
that an incoming left state becomes a right one after the reflection and a right one becomes
a left.

3.5.4 The vertical D5-brane

The boundary algebra of the vertical D5-brane is acquired from by setting 7 = —i.
We will consider reflection from the right boundary, which carries a 1 spanned by the
fields ¢® and %! [143}/144]. The scattering problem under consideration is described by
the triple tensor product

IZ,(a,b,c,d) © IZ,(a,b,c,d) @ IZ,(aB,bB,cB,dB)7 (3543)
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where once again o describes L o R representations of the bulk magnon while ® describes
the usual tensor product of bulk ® boundary reps.

The eigenvalues of the total central charges of the bulk magnon with the respect to
the boundary algebra are

Cc=20, Cf=20c!, H=2H, (3.5.44)

and satisfy the multiplet shortening constraint according to which
{0,0;2H,2C,2C7} = (1,0;2H,2C,2C") @ (0,1;2H,2C,2CTY =m @ .  (3.5.45)
The representation labels specifying the boundary areIT_gI

¢ NB B
ap = b= =TS, p=—vgB a4y = gl 3.5.46
B =491, bp gnB B Q@B B \@“73 ( )

This representation is related to a radial line segment in the LLM-disc picture [64,(134),
135]. The unitarity and mass-shell conditions give

_ i+ V1+4g%) (3.5.47)

29

|773’2 = _ixBa B

Thus, the exact energy of the boundary excitation is

H =D — Jss = 3\/1+4g°. (3.5.48)

For the boundary degree of freedom, the representation labels and the mass-shell
condition are those of the boundary fundamental degree of freedom in the Z = 0
giant graviton case (3.3.72), but with a coupling constant g twice bigger. This doubling
of the coupling constant is crucial for integrability to hold and for the exact boundary
energy to consistently reproduce 1-loop anomalous dimensions.

As we saw, the elementary bulk magnons transform, under the boundary symmetry
algebra, in direct sum of two M = 2 bound state representations (symmetric and anti-
symmetric). Therefore we have the following two scattering processes:

KB meon — men, (3.5.49)

KPe: Bon— Boo, (3.5.50)

As in [133}/143], following [108]], the reflection matrices in the symmetric and antisym-

metric channels (3.5.49) are

19 19
KP =3 "EO A, KPT =) KA, (3.5.51)
i=1

i=1

3Note that here we use a different parametrization from the one used in [[143].
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where A; are certain differential operators (see appendix C for details), A; are obtained
from A; by exchanging indices 1 <+ 3 and 2 <+ 4, and where £** are the reflection coef-
ficients. In both cases, the symmetry algebra alone fixes all reflection coefficients up to
an overall phase. Interestingly, the two channels are related by £ (p, z5) = £ (—p, zp)
[143]. Note that the reflection coefficients do not explicitly depend on g, thus they coin-
cide with the ones for Z = 0 giant graviton found in [133].

It is easy to check that symmetric and antisymmetric reflection matrices ¢ and KBa
do satisfy BYBE on their own. The BYBE invariance of ICBe was checked in [133], while
for checking the BYBE invariance of KB we had to construct an antisymmetric bound
state S-matrix SBP which is the mirror-model partner of the ordinary bound state S-
matrix SP5.

For the vertical vacuum case the complete reflection matrix must be some linear com-
bination:

KV = ko KP* + KBe, (3.5.52)

with kg being a function of bulk and boundary representation parameters. The impor-
tant question is whether there exists any choice of this function, such that the system is
integrable, i.e. such that the complete reflection matrix obeys the boundary Yang-Baxter
equation. For this purpose one needs to consider the complete bulk 16 x 16-dim. S-matrix
SA444 which may be constructed as a tensor product of two fundamental S-matrices
S44 and S44. Tt is convenient to compute S4444 in the basis of (graded) symmetric and
antisymmetric states i.e. on the superspace and the mirror-superspace. The complete
S-matrix is not block-diagonal in this basis; rather it mixes symmetric and antisymmet-
ric states during the scattering. But it is important to note that it is invariant under the
symmetries preserved by the boundary (this is natural as the boundary algebra is a sub-
algebra of the bulk algebra).
The BYBE for the reflection in this vertical case reads as

BYBE : Vi(p1,¢) ® Vr(p1,¢) @ Vi(p2. (e™') @ Vr(p2, (™) @ Vp(ap, (/P HP2)) —

Vi(=p1,¢) @ Vr(—p1,¢) @ VL(—p2, Ce 1) @ Vr(—p2, (e~ PY) @ Vp(ap, (e PLTP2),
(3.5.53)

where once again the scattering in the bulk is between left-left and right-right states only,
while the permutation of left-right and right-left states produces a graded minus sign. In
the contrast to the horizontal case, the right S-matrix is equivalent to the left S-matrix,
i.e. it does not acquire an extra minus sign in the ¢(-dependent components, since now
—72 = +1. Also, all phases in (3.5.53) are increasing from left to right. The graphical
interpretation of BYBE is almost the same as for the horizontal case. The difference is that
the boundary in this case does not act diagonally but mixes bulk and boundary flavours.

A general matrix element of the BYBE has a complicated structure. We found
the particular matrix element

(61 @ oM @ 6L | BYBE [0 @ of™ @ vd) (3.5.54)
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to be quite tractable and by treating minus signs coming from permuting left and right
representations carefully (i.e. $A1A24sds — (_1)l421l4s]g4145 @ §4244) we find the required
ratio has to be
_z (g —27)*nPnp
wt(zp +2t)? PPiip
for to vanish. We have then checked that, using this ratio, the reflection matrix K
satisfies all matrix elements of BYBE (3.5.53). Thus we conclude that the reflection
in the vertical case is indeed integrable. We also claim that it is an achiral boundary
in the same sense as in the horizontal case: at this stage the ‘unfolded” picture of the

reflection is not obvious, but becomes very transparent when we considering the nested
Bethe ansatz [[144].

ko =

(3.5.55)

Factorized approach. As was shown using the Bethe ansatz technique in [144], reflec-
tion from the vertical D5-brane is achiral. Hence it may be represented by a diagram (fig-
ure very similar to the one describing the reflection from the horizontal D5-brane
(figure[3.8).

(_u7 —-b, C) (_uav_pa C) (va Ceiip) (_ua -p, C) (va Ceiip) (u7‘_p7 C)

K(p,p) “K(p,p)
~ S(p, —p)
K(p,zp) K(p,xp)
(uapv C) (uvpv C) (vaceip) (U,p, C) (vaceip) (—U,p, C)

Figure 3.11: Unfolding of the reflection from the vertical D5-brane. Solid lines correspond
to the left representations while the dotted lines correspond to right reps. The vertical
gray lines correspond to the boundary rep. In the contrast to the horizontal case, the
achiral reflection not only maps left (right) representations to right (left) representations
but is also an intertwining matrix mapping momentum p — —p.

Thus, as one can see from figure the reflection factorizes as a composition of a
bulk S-matrix and two achiral reflection matrices K, with

K:U(pv SL'B) = /{(pva) S(pv 7p) l{(pva)' (3556)

The achiral reflection matrix K in the folded picture maps incoming right states into out-
going left states as

K:log®U— RDol®n, (3.5.57)
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and incoming left states into outgoing right ones as
K:Dol®@UW+— lod® . (3.5.58)
These two expressions may be combined into one using vector space notation
K Viw (. ¢) ® Ve(xB, (™) = Vi) (—p, (e?) @ Vp(2B, (), (3.5.59)

and thereby may be defined on superspace in the usual way

K(p,=p) }:k:zuxs i (3.5.60)

where A; are the su(2) x su(2) invariant differential operators (see [108}144]). Invariance
under the boundary algebra (3.5.17) fixes k; up to an overall phase to be [24]

Tp— T B 5(xt —ap)a” —3((x7)? —zpat) mp

kf=——7——7—, ko = —
! T+t 0B ? (xp +at)(x” +a71) B
5(x7 +ap)zt —3((a7)% + xpz7)
ks =1, ky = e ,
(xp+at)(x= +at)

I’B*HSJF?? rp+x 1B

B+ 17 g+ B
or = iV2Cap(ap —at)(a” —at) o = V2(xp + 2" )ms

(xp+at)(1+zpr=)inp C(zp+aT)(1—apr)’

- —zxt nB n

ko = -z ki = — 5.61
9 \/xBan* n 10— \[333+33+173 (3.5.61)

We have checked explicitly that the factorization (3.5.56) is correct. It obeys the Yang-
Baxter relation and the reflection coefficients coincide with the ones found in [144]. For
example, the reflection of the bulk state ¢; o ¢; from the boundary state ¢; gives a relation

k;O k(f)(pl? gv .IB) = kl (p7 Ceiip; LUB) al(p7 —D, C) kl (p7 ga JJB), (3562)

where a; and k) are the coefficients of the fundamental S-matrix and reflection matrix
KBe respectively; all of them are spelled out in the appendices of [144]@

The achiral reflection in the unfolded picture can be interpreted as a scattering through
the achiral boundary and the choice of phases in (3.5.59) can then be easily read from the
LLM-type diagram (figure 3.12). The maps and in the unfolded picture
become

Y 1eped—nenel, (3.5.63)

and
K el 1lopen, (3.5.64)

“The achiral reflection matrix is equivalent to the S-matrix by identifying 2* = 45 up to a graded
permutation and an extra factor of —i in k3 4.6,8,10 due to the change of the basis (3.5.20) for the right rep.
This map identifies the boundary magnon with a bulk magnon of momentum p = 7.
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ip ip —ip —1ip
Ce Ce Ce Ce

AN A3 AN AT
AW AW AW,

Figure 3.12: LLM-type diagram for the scattering through the right boundary in the un-
folded picture. The vertical D5-brane corresponds to the dot in the center of the circle.
The line adjoining the center and the circle corresponds to the boundary rep. The line
segments to the left from the boundary line correspond to the left reps, while the line
segments to the right from the boundary correspond to the right reps. The phase is in-
creasing towards the boundary for left and right reps. Here a) is the scattering of the
right representation through the boundary, b) is the scattering of two left states in the
bulk and c) is is the scattering of the left representation through the boundary. The gray
line segments do not participate in the scattering.

respectively; thus folded and unfolded achiral reflection matrices are related to each other
as kK = T - K", where T is the specialization of the folding map in which the
boundary carries an irreducible g representation (as opposed, more generally, to a g -
reducible g7, x gr rep). Note that the reflection coefficients k3, k4 and kg acquire an extra
minus sign in the unfolded picture (because of graded permutation of two fermionic
states).

Yangian approach. Now we are ready to consider the explicit realization of the Yangian
for the vertical D5-brane. The boundary 7 in this case is an evaluation irrep of
the achiral twisted Yangian with rapidity zero. We consider the folded picture first. All
complementary central charges have zero eigenvalues on all (bulk and boundary)
reps, hence are trivial in this case and do not need to be considered. Thus only the co-
products of non-central charges in (3.5.30) contribute. Writing their action on the tensor
product 7 o D ® 1, we have, for example,

AR =Rfol®1-10R{®1
+1IRGoR @1 - IR oRF @1 - 1G 0@l 01 -1Q00G) ®1
+100G)0Qi 01+ 188Qf0G 01
+1iRF01OR! — IR 01ORS + 16 010 Q0 + 100 010G,
18 Go10Qf - 168 Qf 010 G)
~11oRfORI +110R ORI — 110G Q) —110Q 0 G
+16210G 0Q+ 10810Q 0 G, (3.5.65)
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and similarly for other charges. Thus the co-products in (3.5.30) may be cast in the form
AT = (o1 - 10004 31307 0JN) @14 54 (1P 01~ 1017) ©1°,
(3.5.66)
revealing the factorization (3.5.56) explicitly. Here the first line corresponds to the Yan-
gian of the S-matrix in (3.5.56)

A(jA)‘s: (Tro1—10T4 414 (1P @1, (3.5.67)
and was explicitly spelled out in (3.5.36), while the terms in the second line originate
from the achiral reflection matrices. Therefore the part of the Yangian charges governing
the achiral K-matrices is
A(EA)\K =T 01-10TN @1+ f4,(0P01-1017) 01C. (3.5.68)

Once again we meet minus signs that need to be understood. The origin of the minus
sign in front of the level-1 charge in (3.5.67) was discussed in section 4.1, and its physical
interpretation is almost the same as for the horizontal reflection. The difference is that
now both momenta and rapidities of left and right representations are facing in the same
direction (towards the boundary) in the initial configuration i.e. for the incoming state;
see left side of figure [3.11) but the scattering always follows after the reflection as seen
from (3.5.56). Thus the S-matrix in (3.5.56)) acts on the state with momentum and rapidity
reversed with respect to the initial configuration.

In order to understand the origin of the minus sign in front of the level-1 charge in
(3.5.68) it is better to consider the unfolded picture of the achiral reflection (the right side
of figure 3.11)) first. As for the horizontal case, the reflection in the unfolded picture may
be thought of as achiral scattering through the boundary state; this was nicely shown in
tigure The Yangian charges (3.5.68) in the unfolded picture become

~ 5 (unf ~ s < . . . .
A(JA)‘H =1 91e1+1e10] +1f4:(1PeI°01+101°®1°). (35.69)
The minus sign in front of level-1 charge was absorbed by the unfglding map T-1, while
the minus sign in front of the two-site term was absorbed into f‘% & using the antisym-

metry under exchange of B and C. Thus the achiral scattering through the boundary is
governed by a Yangian symmetry equivalent to the bulk Yangian up to the dif-
ferent underlying tensor space structures. But here lies the most important feature of
the achiral scattering. In contrast to the horizontal case, the right representation in the
unfolded picture has momentum and rapidity pointing in opposite directions, as may be
seen in the right side of figure Thus the minus sign in front of the level-1 charge in
(3.5.68) effectively reverses the rapidity of the right representation in the folded picture,
where it is pointing the same direction as the momentum.

We have checked that the Yangian charges commute with the reflection matrix
K" found in [144]. Hence reflection from the vertical D5-brane may be viewed in two
ways: as a single reflection matrix £V which is governed by the Yangian charges (3.5.66),
or as a factorized reflection (3.5.56) which is governed by the Yangian charges and
(3.5.68). Either way the result is the same, as required.
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B Reflection matrices

This appendix contains selected bound state reflection matrices for vector boundary and
are relevant to Z = 0 giant graviton and D7-branes and to ‘vertical” D5-brane. The re-
flection matrices are given in the non-local representation. The local one can be obtained
by the following substitution

n—, n—", ns — Uvp, s — U 'yg, ¢ —ia. (B.1)

Reflection matrices K5% and K5, The supersymmetric reflection K-matrix K¢ de-
scribing the reflection of the two-magnon bound states in the bulk from the fundamental
states on the boundary may be defined as a differential operator

ICBa pv .Z’B Z k p7 I‘B ’L ’ (BZ)

acting on the superspace, where A; are

A = é (wlwbw + wlwiw? + wlw 1w§)&ug;j§a%£, Ao = ;eklwiwéwfeagagaa;é(%é,
Ay = é (ebews + €acwy) €Mwiw? &Uzai}aw, Ay = e 2934056@(;%288@,
A = 10; (waw? + waw?) 6731, Agp = Eaﬁwgeieé%(saigg,
2 OwgOwg 00 Owi 005002

Ay = %0}3 (w}lwg — wiwg) (%g;jm, Az = e“ﬁwgeéegeacw,
= g0 o A= 5 2%%@%;5;;3@7
Ay = 520, 9582(;9;1891’ his = 5 19&9%@%25;%%’
Ay = % (0562 + 6163) (Mlg;%%, A = 60{7050%036“80.}255&8%7
Ag = é (0562 — 0163) aw;aa;aeg’ A1z = e'wjiw eﬂeaymggw,
Ao — "595"3332;;@91’ Aus = wbwge;w,

63
A19 = wlwl 2

— - (B3
Ceﬁ@wg&u}ﬁ% B3
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The coefficients of the symmetric reflection matrix 5% are:
© _
kY =1

3rp(z™)? —zp(xt)?(2+3(xM)?) + 272t (2p — 4ot + 2p(zT)?)

© _
k2 = 2w+ (-1+24)x~ —zp(z)?)(zt)? ’
ES — _((55_)2 +apat)q
’ (xp —a7)a™ 0’
B — _ (zp +at)(z” +ap@h)?) 7
1 (zp+ (-1+a2%)z™ —ap(z)?)atny’
£ — (zpr” —(z*)*) B
° (rp—a7 )z~ np’
16 _ (—zp(e)' +ap(a)’ + o ot (xp +zp(e”)® + o~ (4 — 2zpa™))) 7*
‘ 2(z7)(xp + (-1 +a})a” —ap(z7)?) n?’
ES — @t (zp +a") s
! (g —a~ )z~ mp’
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The anti-supersymmetric reflection K-matrix KBa describing the reflection of the two-
magnon bound states in the mirror bulk theory from the fundamental states on the
boundary may be defined as a differential operator

KB (p, 2 ) Zk% p.zp) A (B.5)

acting on the mirror superspace, where A; are the differential operators acting on the mir-
ror superspace. They may be acquired from (B.3) by interchange of bosonic and fermionic
indices, (a, b) <+ (o, B). The reflection coefficients £\ may be obtained from [B.4 n using
the relation k" (p, 25) = kP (—p, 7).

Reflection matrix 4°. The supersymmetric reflection K-matrix K describing the re-
flection of the fundamental states in the bulk from the two-magnon bound states on the
boundary may be defined as a differential operator

K4 (p, x) Z ki(p,xB) Ai (B.6)

acting on the superspace, where A; are

1122 2,1, 2 2,2 1 83 1kl 2.2 83
A = g(wawbwc + wpwpwe + wawbwc)ma Ao = 9¢ WkW Weap W’
1 2y ki, 12 0’ L apg2 0
Ay = 2 (can? + eacwp) e wywj Buw2owiow! A = G0 cane dw20w2ow}’

o ok
Ap = eklwiw?6a5w2

1
Az = ~(wiw} + ww})6? 4 A 2An2 A0l
Qwz00%00;,

2 ¢ 062 8w§6w1 ’

Ay = G (whud — w6 Wi&u Ay = e 0abfean; (wiaw
o = Rl oy Ao = 500500 S
Ag = %w?ﬂi@% 39%;9;8“%’ Ais = %GQ'B@l%ﬁwéwa 802886?;8101’
A7 = éwg(egeg +0562) M(%g% : A1 = eqpe®’00307 wijw :
As = 20003 — 0362) ngéael Arr = Hufuleqst? 892;;891
Ag = %919597 302@8;391’ Ays = wowp b} (‘92885;2691’

83

Arg = wiwib,

“ 0% 0wEow} B.7)
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The reflection coefficients k; are as follows:
k1=1,
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Chapter 4

g-deformed scattering in AdS/CFT

The quantum deformed (g-deformed) scattering in AdS/CFT is also known as a de-
formed Hubbard chain, or, more precisely, the one-dimensional double-deformed Hub-
bard chain. These two systems are equivalent as they have the same underlying symme-
try, the quantum affine algebra 0 [30]. The physical interpretation of the g-deformations
is not known at the present time, nevertheless the existence of such symmetries is very
welcome. Quantum affine algebras generally are of more symmetric and elegant form
than their Yangian avatars. This is particularly important for the boundary scattering
in AdS/CFT. In the previous chapter we have encountered a wide variety of twisted
Yangians that look very different from each other. Here we will show that ¢g-deformed
approach leads to a very elegant and uniform boundary scattering theory. But first of all
let us briefly recall some details about the Hubbard model.

The Hubbard model, which was named after John Hubbard, is the simplest model of
interacting particles on a lattice. It has only two terms in the Hamiltonian: the hopping
term (kinetic energy) and the Coulomb potential [153]. The model describes an ensem-
ble of particles in a periodic potential at sufficiently low temperatures such that all the
particles may be considered to be in the lowest Bloch band. Moreover, any long-range in-
teractions between the particles are considered to be weak enough and are consequently
ignored. It is based on the tight-binding approximation of superconducting systems and
the motion of electrons between the atoms of a crystalline solid. Despite its apparent
simplicity, there are different applications and generalizations describing a plethora of
interesting phenomena. In the case when interactions between particles on different sites
of the lattice can not be neglected and are taken into account, the model is often referred
to as the Extended Hubbard model. The particles can either be fermions, as in Hubbard’s
original work, or bosons, and the model is then referred as either the Bose-Hubbard
model or the boson Hubbard model. The latter can be used to study systems such as
bosonic atoms on an optical lattice (for a decent overview of various generalizations see
reprint volumes [154-156] and also a more recent book [157]).

A very specific class of models that share features with the one-dimensional Hub-
bard model and the supersymmetric t-] model [158] is the so-called Alcaraz and Bariev
model [159]]. It contains an extra spin-spin interaction term in the Hamiltonian and it
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shows some characteristics of superconductivity. This model can be viewed as a quan-
tum deformation of the Hubbard model in much the same way as the Heisenberg XXZ
model is a quantum deformation of the XXX model. This model has a specific R-matrix
which can not be written as a function of the difference of two associated spectral param-
eters. This paradigm is related to the very interesting but at the same time complicated
algebraic properties of the model.

The exact integrability of the one-dimensional Hubbard model was established by
B. Shastry [160]. It was also shown that the model exhibits Y(su(2)) & Y(su(2)) Yangian
symmetry [161]. However this symmetry is insufficient to constrain Shastry’s S-matrix
completely. Similarly, the worldsheet S-matrix for the AdSs x S° superstring also turns
out to have Yangian symmetry [20]. However the Yangian in this model is based on a
larger Lie algebra, the centrally extended su(2|2) Lie superalgebra, which has been con-
sidered in Chapter

An interesting approach to the Hubbard model was put forward in [28]. Here the
model was based on the quantum deformation Q of the centrally extended psu(2|2)c
algebra. This ¢g-deformed algebra has a number of interesting features such as a rather
symmetric realization of the different central elements. This model describes spectrum of
deformed supersymmetric one-dimensional Hubbard models [28}(162]]. The undeformed
Hubbard model is revealed by taking a specific limit of deformed model [163]. Moreover,
by sending the quantum deformation parameter ¢ — 1, the S-matrix of this model spe-
cializes to the AdS/CFT worldsheet S-matrix which we have discussed in the previous
chapter. As such, this matrix encompasses both different varieties of Hubbard models
as well as the AdS/CFT worldsheet S-matrix and seems to provide a unifying algebraic
framework for describing this class of models.

The fundamental ¢g-deformed S-matrix is constrained up to an overall phase by re-
quiring invariance under Q itself. However, in the light that both the AdS/CFT and the
Hubbard model S-matrices are actually invariant under an infinite dimensional symme-
try algebra, it should not be surprising that such a structure is also present here. Indeed,
the larger algebraic structure underlying this S-matrix is the quantum affine algebra
0 [30]. This infinite dimensional algebra is obtained by adding an additional fermionic
node to the Dynkin diagram of Q. In the ¢ — 1 limit one can retrieve the Yangian gener-
ators of psu(2|2)¢ by considering the appropriate combinations of generators of Q. This
fuels the idea that O plays a similar role as the Yangian in the undeformed case. More
specifically, it is expected that the S-matrix in the higher representations is uniquely de-
fined up to an overall phase by the underlying quantum affine algebra Q. This indeed
turns out to be the case as we will show in this chapter.

The type of representations we will be considering in here are the supersymmetric
short representations. In order to construct these representations, we employ the formal-
ism of quantum oscillators. It is a quantum version of the well-known harmonic oscillator
algebra and is defined by

[N,a] = —a, [N,aT]:aT, aal —gafa=¢N.

The use of quantum oscillators in the context of quantum groups was investigated ear-
lier in [164-166]. By employing Fock space type modules, g-oscillators naturally give
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rise to the bound state representations of quantum groups. This approach was first for-
mulated for the quantum deformed algebra /,(s((2)) and later extended to simple Lie
(super)algebras of a more general type, see e.g. [167]. Since then quantum oscillators
have become an important part of the theory of quantum deformed algebras.

The g-oscillator approach to bound states is not only an interesting mathematical
playground for studying the quantum affine algebra Q and its S-matrix; there is also
a more elaborate motivation for considering these representations and the correspond-
ing S-matrix. Firstly, there might be some possible applications in the context of the
deformed Hubbard model. Secondly, the study of bound states is necessary to under-
stand some fundamental properties of the ¢g-deformed AdS/CFT. For example, bound
states usually play a crucial role in the thermodynamics of the model. In the case of
the non-deformed AdS/CFT, the thermodynamic Bethe ansatz (TBA) formalism is key
in describing the complete spectrum of the theory [168-171]. The bound state S-matrix
then governs the large volume solutions of both the TBA equations and the Y-system.
Thus this is one of the first steps towards the TBA and Y-system formalism for the ¢-
deformed model. And, consequently, it might give some useful insights for the general
structures of the AdS/CFT superstring. For example, there might be an interesting link
to the recently constructed g-deformed Pohlmeyer reduced version of the superstrings in
the AdS; x S° background [[135,[172] which seems to be closely related to the g-deformed
model constructed in [28].

Open boundary conditions for the deformed Hubbard model have received less at-
tention than their closed chain counterpart, nevertheless they exhibit a rich variety of
structures (see e.g. [173H175]]). Reflection matrices for open boundary conditions for the
deformed Hubbard model of [28] have been first studied in [29]. Here the ¢g-deformed
models of the giant gravitons were considered and the corresponding fundamental reflec-
tion matrices were obtained. In the light of the algebra Q these models have been further
developed to incorporate the underlying affine symmetries. Three types of coideal subal-
gebras of O and reflection matrices were formulated in [25,26] that govern the boundary
scattering for the Y = 0 and Z = 0 giant gravitons and the left factor of the Z = 0
D7-brane. These boundary algebras follow the pattern of the quantum affine coideal
subalgebras discussed in Chapter

This Chapter is organized as follows. In Section [4.1|we introduce the quantum affine
algebra 0 of the deformed Hubbard chain, and its bound state representations. In Section
we construct the bound state g-deformed S-matrix. Section gives the necessary
preliminaries for the ¢g-deformed boundary scattering theory. Then in Sections
and [4.5we construct the g-deformed models of the Y = 0 and Z = 0 giant gravitons and
the left factor of the Z = 0 D7-brane, which we have previously considered in Chapter
We then construct the corresponding boundary algebras and build the the ¢g-deformed
boundary scattering theory. The majority of the ¢g-deformed S-matrix coefficients and
results of the intermediate steps of calculations are spelled out in Appendices|C}[Djand
Appendix [F contains selected bound state reflection matrices for the g-deformed Z = 0
giant graviton.
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4.1 Quantum affine algebra 0

In this section we review the quantum deformation of the centrally extended psu(2|2)c¢
algebra [28], its affine extension [30] and the bound state representation [176].

4.1.1 Quantum deformation of psu(2|2)c

The quantum deformed psu(2|2)¢ algebra Q was introduced in [28]. This algebra is gen-
erated by the three sets of Chevalley-Serre generators { £}, K, F;} (j = 1,2, 3) where Ej
and F} are raising and lowering generators respectively and K; = ¢ are the Cartan gen-
erators. We will consider the case when E, and F» are fermionic generators and the rest
are bosonic. This corresponds to the su(2|2) Dynkin diagram in Figure In addition,
this algebra has two central charges U and V = ¢© and two parameters: the deformation
parameter ¢ and the coupling constant g. There is also a third parameter o, which de-
scribes the relative scaling of E> and F». Even though it is possible absorb this parameter
into these generators by a suitable redefinition, we will keep it unspecified.

O—&—0

1 2 3

Figure 4.1: Dynkin diagram for the su(2|2) algebra.

Algebra. The commutation relations which include the mixed Chevalley-Serre genera-
tors are (j, k = 1,2, 3)

KB, = ¢*PAR B K, KR =g PARRK;, (B R = Djj5jk4Kj__ Kfjl 17
o (4.1.1)
where the associated Cartan matrix A and normalization matrix D are given by
+2 -1 0
DA=1| -1 0 +1 |, D = diag(+1,-1,-1) . (4.1.2)
0 +1 -2

There are also the unmixed commutation relations, called the Serre relations (5 = 1, 3),
[Ev, B3] = {Ez, Bz} = [Ej, [Ej, Ea]] — (¢ =2+ ¢ ) E;E2E; = 0,
[F1, Fy) = {Fy, 5} = [F},[Fj, Bb]] — (¢ — 2+ ¢ ') F;FoF; = 0. (4.1.3)

In addition, this algebra satisfies the extended Serre relations that give rise to two central
elements U and V" as follows,

ga(1 = U?V?) = {[Ea, B\, [Ea, B3]} — (¢ — 2+ ¢ ') B2 B\ E3 B,
ga (V2 U2 = {[F, A\, [Fo, Fs)} — (¢ — 2+ ¢ )L L F3 By, (4.1.4)
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2

Figure 4.2: Dynkin diagram for the affine su(2/2) algebra.

The central element V is also related to the Cartan generators through
V7?2 =KK;iK3. (4.1.5)

The conventional ¢, (su(2|2)) algebra is obtained in the limit g — 0.

Coalgebra. The defining relations of Q are compatible with the following coalgebra
structure. The coproduct of the group like elements X € {U,V,K}is A(X) = X ®
X and the coproducts of the Chevalley-Serre generators E; and F; (j = 1,3) take the
standard forms. However the coproducts of the fermionic generators E» and F» involve
an additional braiding factor U, which is one of the central charges of the algebra alluded
to in the previous paragraph,

AE)=E@1+K'UY2®E, AF)=FeK+U % QF. (416)

The coalgebra can be extended to a Hopf algebra. We will give the relevant definitions of
the antipode and counit later on.

4,1.2 Affine Extension

The infinite dimensional quantum affine algebra Q is the affine extension of Q introduced
in [30]. The affine extension is obtained by adding an additional node to the Dynkin
diagram as depicted in Figure The remarkable property of this diagram is that the
additional fermionic node is a copy of the second node. Therefore, we introduce the
affine Chevalley-Serre generators { £y, Fi, K4} as copies of { Es, I, K2} and assume that
they satisfy the same commutation relations as are given in (4.1.1), (4.1.3) and (4.1.4) and
also have the same coalgebra structure (4.1.6). Thus, we introduce an additional set of
the parameters g, and central charges U, V. We distinguish these two sets by adhering
subscripts to them arising from the generators to which they are associated,

g — gk, o — A, U — U, V =V, with k=24 (417)

Next, we need to determine the commutation relations { E, Fy } and { E4, F>} in such way
that they would be compatible with the coalgebra structure,

A({E2, Fu}) = {A(E2),A(Fy)}  and  A({Ey, F2}) = {A(Es), A(F2)} . (41.8)
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Algebra. As a result, we obtain the quantum affine algebra 0 [30]. The mixed commu-
tation relations of it are given by (i, j = 1, 3)

KiEj = ¢ P B K, KiFj = g PYFK,,
{EQ,F4} = —gdfl(Kz; — U2U4_1K2_1), {E4,F2} = gd(KQ - U4U2_1K4_1),
Kj— K;*
[Ej,Fj}:Djj J [EZ‘,F]'}:O, for Z?éj, Z+]7’é6 (4.19)

q—q!

with the two new constants g and & and the associated supersymmetric Cartan matrix A
and normalization matrix D given by

+2 -1 0 -1

1 0 +1 0
DA — * . D=diag(1,-1,-1,-1). (4.1.10)
0 +1 —2 +1

-1 0 +1 0
These are supplemented by the following Serre relations (j = 1,3 and k = 2, 4)

[B1, B3] = ExFy = E4Ey = {E2, E ) =0,

[F1, B3] = FoFy = FyFy = {F5,F;} =0,

[Ej7 [EjkaH —(g—2+ q_l)EjEkEj =0,

[F},[Fj, Fill — (g — 2+ ¢ ) FF.F;=0. (4.1.11)

The central elements are related to the quartic Serre relations as (k = 2, 4)

grar(l — UEVE) = {[Ey, E1, [Ex, B3]} — (¢ — 2+ ¢ BBV E3 By,
grag (Vi 2 = U = {[Fr, i, [Fr, B3]} — (¢ — 2+ ¢ V) Fy FLF3Fy, (4.1.12)

In such a way this algebra has three regular central charges,

C1 = K1K3K3, Cy=gas(1-U3VY), C3=goay'(Vy2-U;2),  (4.1.13)
and three affine ones,

Ci=FK\KiKs, Cy=gou(1-UVY), Cs=gaa" (V2 -0U%).  (4114)

The central elements V}, are constrained by the relation K| 'K, I Kyt = V2.

Coalgebra. The group-like elements X € {1, K;, Uy, V;} (j = 1,2,3,4and k = 2,4) have
the coproduct A, the antipode S and the counit € defined in the usual way,

AX)=X®X, SX)=X"1 X)=1, (4.1.15)
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while the coproducts of the Chevalley-Serre generators are deformed by the central ele-
ments Uy, as follows (j = 1,2, 3, 4),
—1 +§j72 +5jy4 76@2 753',4
A(Ej) = Ej@ 1+ KUy U, ™ @ B, S(Ej) = =Uy Uy M KjEj,  e(Ej) =0,
AF) =F @ K+ Uy U @ Fy, S(Fy) = —Uy U B, e(Fy) =0,
(4.1.16)

It is important to note that the above coproducts are compatible with all the defining
relations, including the commutators {E3, F4} and {E4, F>} in (4.1.9). The opposite co-
product is defined as A”? = P o A o P with P being the graded permutation operator.

Parameter constraints. In general, the quantum affine algebra O has seven parameters
9k, O, &, G, q (k = 2,4). A suitable choice of them which lead to an interesting fundamen-
tal representation was performed in [30]:

2

~_9 ~9 g
=04 =g, g =00 © =, = . 4.1.17
g2 =9g4=49g 2 4 g 1 gg(q q 1)2 ( )

This choice of parameters is also compatible with the bound state representations. Thus

in this paper we only consider the quantum affine algebra 9, parametrized by four inde-
pendent parameters g, o, &, ¢ given in the relations above.

4.1.3 Quantum oscillators and representations

In this section we will provide all the necessary background for constructing the bound
state S-matrix for the ¢-deformed Hubbard model. We will build the bound state repre-
sentation by introducing g-oscillator formalism linking it to the aforementioned quantum
affine algebra.

4.1.3.1 ¢-Oscillators

We first introduce the notion of g-oscillators and discuss how to obtain the representa-
tions of the quantum deformed algebras using g-oscillators. A concise overview of the
g-oscillators and their relation to such representations may be found in [167,177].

Definitions. The g-oscillator (¢-Heisenberg-Weyl algebra) U/,(h4) is the associative uni-
tal algebra consisting of the generators {af, a,w,w ™!} that satisfy the following relations,

wal = gafw wa=aw 4.1.18
q ) q )
ww l=wtw = 1, aaT—ana =w L.
From the defining relations one can see that the element w~!(afa — 7;:;":11 ) is central. As
such, we will set it to zero in the remainder. Then one easily obtains
| RS P |
afa= YW gat =W -4 W (4.1.19)

qg—q !’ q—q!
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We will also need to consider the fermionic version of the g-oscillator. The above no-
tion is extended to include fermionic operators by adjusting the defining relations in the
following way (we keep the same notation for bosonic and fermionic a, af for now)

wal = galw, qwa = aw, (4.1.20)
ww ™! :w_lwzl, aaT—l—ana:w.
In this case, the central element is w(afa — “;:;”__11 ). Again we set this element to zero,

resulting in the following identities
1 qu=t — ¢~ lw
q—q!

w—w
aTazi aaT:

_— (4.1.21)
q—4q

Of course in the fermionic case the operators a, af square to zero. Equation (.T.21) implies
that this only is consistent if w? = 1, ¢?. Below we will identify w = ¢, where N = 0, 1
is the number of fermions making it indeed compatible.

Fock space. The g-oscillator algebra can be used to define representations of U, (s(2)) in
a very simple way. Let us first build the Fock representation of ¢/,(h4). For this purpose
consider a vacuum state |0) such that

al0) =0, (4.1.22)
then the Fock vector space F generated by the states of the form
[n) = (a1)"10), (41.23)

is an irreducible module of ¢/, (h4). Let us first consider the bosonic g-oscillators. With the
help of the defining relations (4.1.18) and (4.1.19) one finds that the action of the oscillator
algebra generators on this module is

af|n) = |n+ 1), aln) = [n]qln — 1), win) = q"|n). (4.1.24)

This makes it natural to identify w = ¢V, where N is understood as a number operator.
Analogously, fermionic generators are found to act as

afln) = |n+ 1), aln) = [2 —n]yn — 1), wln) = ¢"|n). (4.1.25)

However, due to the fermionic nature, n can only take the values 0 and 1 and thus the
identity [2 — n], = [n], holds.

Next consider two copies of bosonic g-oscillators a;, aZT, w; = ¢ which mutually com-
mute. Then the Fock space is naturally spanned by vectors of the form

Im,n) = (a})™(al)"|0). (4.1.26)
It is easy to see that under the identification

E = alay, F =alay, H = Ny— Ny, (4.1.27)
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the Fock space forms an infinite dimensional i/, (s[(2))-representation. Moreover, the sub-
space Fy; = span{ |m, M —m) | m =0,..., M } is an irreducible U, (sl(2))-representation
of dimension M + 1. This can be straightforwardly generalized to sl(n) and more gen-
erally, by including fermionic oscillators, this space is extended to the representations of
sl(njm) [167].

Representations of U/, (psu(2(2)c). We will now construct the bound state representa-
tion of U, (psu(2|2)¢) in the g-oscillator language. We need to consider two copies of s((2),
a bosonic and a fermionic one. Thus we need four sets of g-oscillators a;, az, w; = ¢,
where the index 7 = 1,2 denotes bosonic oscillators and i = 3,4 — fermionic ones. Using
these we write

E) = alai, F| = ala, Hy = Ny — Ny, (4.1.28)
N7 + N3 — Ny — N,

Ey=a alag +b a}a;; F,=c agal +d a£a4, Hy=-C+ 1+ Vs 5 2 4, (4.1.29)

E3 = a§a4, F3 = aiag, H3 = N4 - Ng, (4130)

where C'is central. It is then straightforward to check that this set of generators forms a
representation of U, (su(2|2)) on the Fock space when restricting to the subspace of total
particle number M upon setting

M
[C -5l ab— P =2 @13

C+5l
[M],’ [M],

“="n, ],

In the above £, P correspond to the right hand side of the Serre relations (4.1.12) follow-
ing [28]]. As a consequence, the central charges satisfy the shortening condition

€2 —ps=[¥]2. (4.1.32)
Here the g-numbers are defined as
k_ —k
q —(q
(klqg = P (4.1.33)

This way of constructing representations of the centrally extended algebra reminds us of
the procedure used in, e.g. [113], where long representations were be obtained by twisting
sl(n|m) in a similar way.

In the ¢ — 1 limit the g-oscillators get reduced to regular oscillators and their repre-
sentations coincide with the superspace formalism introduced in [108]. The identification
is as follows

0 DR R 0
a w1,2 a3 4
1,2 ’ 8(93’4’

a1g & al, ¢ O3.4. (4.1.34)

8w1’2 ’
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Parametrization and central elements. Introducing V' = ¢ and U as in [30], we rewrite

(4.1.31) as

q%V—q_%V_l q_%V—q%V_l
ad = T , bc = T ,
-1
go 2772 go -2 -2
ab = (1—U Vv ), cd = (V -U ) (4.1.35)
[M]q [M]q

which altogether leads to a constraint for U and V,
2 _ My,—1 My -1

i = (4.1.36)

This constraint agrees with the one in [30] by identifying ¢ — ¢, g — g/[M],. The
explicit parametrization of the labels a, b, ¢, d shall be given a bit further.

4.1.3.2 Affine extension

Next we want to consider the affine extension introduced in [30]. Here we will show that
our representation allows an affine extension. Analogously to [30] we make the ansatz
that the affine charges act as copies of Es, Fy, H>. In other words, we set

N1+ N3 — Ny — Ny
5 )

Ey=ay aZaQ + by a{ag, Fy=cy agal + dy a£a4, Hy=-Cy+
(4.1.37)

Checking all of the commutation relations is straightforward. Also, due to the defining
relations (4.1.35), the equivalent expressions for the affine representation parameters are
obtained

@ Va—q v ¢ IVi—qz V!

asdy = ; bycy = )
qM _ q—M qM _ q—M
-1
G404 27 792 940y _9 _9
ashy = (1-UZVy), cady = (V2 —U ). (4.1.38)
[M], e [M], !

However the commutators between the generators EF» and E; and also between F, and
F; induce relations between as, a4, etc. These are found to be

got M _ M ga~l M _ M
asdy = ] (2 UU Vo — g2V h), b2C4=‘([]M] (¢ 2UU; W — g2 VT h,
q q
goe , M _ M goe , M _ Mo
Caby = [jﬂ (@2 V5t —q U ' UVa),  doay = [fﬂ (¢ 2Vy ' = g7 Uy ' UuVa),
q q

(4.1.39)

and agree with [30] upon sending ¢ — ¢, § — ﬁ, as in the non-affine case. The tilded
g, & are not independent but constrained parameters; thus there are 12 constraints for 12
parameters {ag, by, cx, di, Ug, Vi }.
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Hopf algebra and variables. The Hopf algebra structure is just as previously discussed
in Chapter 3| Here we will introduce Zhukowksy variables that will parameterize the
representation labels {ay, by, cx, di} and central elements Uy, Vj, for the bound state rep-
resentation. Following [30] we choose

2
~_9 ~9 g
=g1=9g,  =ad =a  § = T3 (4.1.40)
1-g*q—q')?
Note that the powers of ¢ in the expressions above are 1 and not M because d*(q—q
is invariant under the bound state map (g, ¢) — (g/[M],, ¢*), thus these equations are
identical to the ones for the fundamental representation.
Also, there is a relation between the central elements of the algebra,

1)2

Uy =+Uyt, V=4V (4.1.41)

that are called the two-parameter family of the representation [30]. We shall be using the
plus relation in our calculations.

The mass-shell constraint (multiplet shortening condition) obtained from the expres-
sions (4.1.35) and (4.1.38) reads as

(ardy, — ¢ byer) (ardy, — ¢ Mbyer) = 1, (4.1.42)

and holds independently for k = 2, 4. In terms of the conventional 2% parametrization it

becomes
1 1 1 1 1

q—M(x”L + l’j) - qM(x_ + .7}7_) = (qM - QW) (f + E), (4143)
where ¢ = —ig(q — ¢ '). One can further introduce a function ((x)
(o) = - 25 1?’15; e (4.1.44)

in terms of which (4.1.43) becomes ¢~ ¢(z") = ¢"((2™). This parametrization leads to
the following expressions of the labels ay, by, cx, dj; of a “canonical form”:

- +
g g QT —X
ag = | = Yk b = U —
[M]q [M}q Te o Xy

. M ~ Mo _

g W iq2g 9 Vikgqz vy —xy
=/ : =,/ : , 4.1.45
g [M]qvkakg(l’;:*‘f) g (Mg i9 §$Z+1 ( )

where the representation of the central elements is

o laf+&  yaféa+1 o L&mi+l  afa+¢ 114
kK — M — =dq — T 3 k= "M — =q —r 5 ( -1. 6)
"z, +§ x, Ex) +1 q" €, +1 x, x +§
and the relations between z3, 79 and =, 74 are constrained by (4.1.39) to be
1 118’
vy = ot T = o =1, yy =27 (4.1.47)

xt
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The relation between normalization coefficients a; and a4 was given in (¢.1.40). Finally,
the convenient multiplicative evaluation parameter z for the bound state representation

18
_1-U%?

Tr e =4 ) =" @) (4.1.48)

z

4.1.3.3 Summary

For the convenience of the reader we want to summarize all expressions that will be used
in the subsequent calculations of the bound state S-matrix. We will slightly change the
notation for parameters related to the fermionic nodes. We rename the representation
parameters and the central elements of the algebra as

((IQ, b27 C2, d?u U27 ‘/2) — ((17 b7 C, d7 Uu V)7
(a4,bs, cq,dy, Us, Vi) — (a,b,6,d,U, V), (4.1.49)

in order to reserve the subscript position for discriminating states living in different ten-
sor spaces. We will also give some relations that we found to be very useful.

Explicit representation. The bound state representation is defined as
m,n, k, 1) = (af)™(a})"(a})*(a))" |0). (4.1.50)
The total number of excitations is k + [ + m + n = M. The triple corresponding to the
bosonic s((2) is given by
Him,n, k1) = (I — k)|m,n, k1),
Eilm,n,k,l) = [k]g|m,n, k= 1,1+ 1), Film,n, k1) =[l]g|m,n,k+1,1—1). (4.1.51)
The fermionic part is
Hs|m,n,k,l) = (n—m)|lm,n, k1),
Eslm,n, k1) =|m+1,n—1k1), Fslm,n, k1) =|m —1,n+ 1,k,1). (4.1.52)
The action of the supercharges is given by
H2|ma n, k? l> - = {C - %(k —l+m- n)}‘mvna k’ l>7
E2|ma n, kv l> =a (71)m[l]q |m7n + ]-a k)l - 1> +b |m - 17”7 k + 17 l>7
Fym,n, k1) =clklglm+1,nk—10)+d(-1)"|m,n— 1,k +1). (4.1.53)

The parameters a, b, c, d are related to the central charges via (4.1.31). The affine charges
are defined exactly in the same way,

H4’m7 TL,k’,l> - - {5 - %(k —l+m- n)}‘m7nak7l>7
Eylm,n, k1) = a (=1)™[l)glm,n+ 1,k 1 = 1) +b|m — 1,n, k+ 1,1),
Eym,n, k, 1) = [kly|m + 1,0,k —1,1) +d (—=1)™ |m,n — 1, k,1 + 1). (4.1.54)
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The representation labels a, b, c, d are given by

o= g 5 - g gm‘—x*
[M], 7 [M]g~y  x~ ’

C:\/T’y iq% g i |9 garvat—a (4.1.55)
[M]ang(:);’++f)’ [M]q igy Ext4+17

and the affine parameters a, b, ¢, d are acquired by replacing V' — V=v1 v —

x
a — ad’and 2* — -L; the corresponding central elements are given by V ,
vV =¢°.

7

Useful relations. The evaluation parameter z may be expressed explicitly in terms of
z* parametrization as

T N S (VR S
2(@=q¢ )= = [M]q(x T+ f). (4.1.56)
Then using the identity
-1 g
- = v 3 4.1.57
T T @157)

one can further show that it is related to the representation labels (4.1.55) and their affine
partners in a very nice way,

I_(ah—ba), L= gz (cd — dé), (4.1.58)

Jaa z g

while the consistency conditions (4.1.39) give

z =

1-U%V2  1-U%V?
~ Y~ e (4.1.59)

z

Rational limit. The rational limit is usually obtained by substituting ¢ = 1 + h and then
finding the 4 — 0 limit. Thus by defining the evaluation parameter (4.1.48) as z = ¢—2*
we can expand it in series of h as [30]
z=1—2hu + O(h?), where u = %($++ZE—)(1 +1/xT27). (4.1.60)
It is noted that the ¥ parameters in (.1.60) satisfies the leading order of the following
relation which is stemming from the mass-shell constraint (4.1.43)) in the ~ — 0 limit,
1 1 M
et 2T — —— = 4 2hMu+ O(h?). (4.1.61)
x x g
In fact, this is consistent with the rational constraint for z* parameters [109]. Finally, it
would be important to see how the representation parameters reduce in the rational limit.
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The representation labels (4.1.55) in the ¢ — 1 limit reduce to the usual (undeformed)
labels (a, b, ¢, d) of [109]. On the other hand, the affine parameters are related to the non-

affine ones (a, b, ¢, d) through [30]

uf= (7 (v V) win m= 0 Il I A b
0 1 0 wz —atat 0 — d
(4.1.62)

where z is the evaluation parameter given in (4.1.48), (4.1.59) and w is defined by

" % qU2_1 :gq1/2U2_V2
W@ PVIE -1 gV U2—gq°

(4.1.63)

Since the central elements specialize to (U, V) — (1/ i—f, 1) in the limit ¢ — 1, it is easy to
see that the matrix relation (4.1.62) reduces the following simple form,

MT =T. (4.1.64)

4.2 ¢-deformed S-matrix

In this section we will construct the bound state S-matrix which is an intertwining matrix
of the tensor space furnished by the vectors

|m1,n1,k:1,l1> &® |m2,n2, k27l2> e VM1 (024 VM2' (421)

Here 0 < mq,n1,mo,no < 1 and kq,1q, ko,lo > 0 denote the numbers of fermionic and
bosonic excitations respectively with the bound state number M; being the total number
of excitations, M; = m; + n; + k; + ;. Thus the S-matrix is the automorphism of the
quantum deformed tensor space and is required to intertwine the coproduct and the
opposite coproduct of the affine algebra 9,

[SA(T) — AP(J)S] Var, @ Vag,,  forall  Je Q. 4.2.2)

We normalize the S-matrix in such a way that the state |0, 0,0, M;) ®|0, 0,0, M>) is invari-
ant under the scattering. Therefore we will denote the state

0) = 10,0,0, M) ® |0,0,0, M), 4.2.3)

as the vacuum state.
The invariance under bosonic symmetries A(H,) and A(H ;) requires the total num-
ber of fermions and the total number of fermions of one typ

Ny =mq +ma+ny +ng + 2l + 2I,
Ny =my +mg + 11 + [o. (4.2.4)

to be conserved. This conservation divides the space (4.2.1) into five types of invariant
subspaces of the S-matrix:

"Note that a bosonic excitation may be interpreted as a combined excitation of two fermions of different
type.
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Space lll

AF2 AFQ

A‘JV AE, AEz\Afx

AE4 AE‘4

AF3

Spacelll — > Space llb
AFE;3

AF;| |AE, AE;| |AF,

AFy| |AE, AE,| |AF,
(AF3)?

Space | — > Space Ib
(AE3)?

Figure 4.3: The invariant subspaces of the S-matrix and the algebraic relations between
them.

I |O717k17l1> ® |0713k27l2>/
Ib |1307k1)l1>®‘1)0)k27l2>1

II {‘0707 k17l1> & |07 17 k2712>7 ‘17 17klvll> & |07 17 k27l2>7
|0a 1; klvl1> ® |0707 kQal2>7 |07 13 k17l1 & ‘17 17k2712 }/
l

) )
b {[0,0,k1,01) ® (1,0, k2,1l2),[1,1,k1,11) ® [1,0, ka, [2),
|1a07 k1>l1> ® ’070>k2al2>7 |1707 k17l1> ® ‘1? 17k2712>}/

III {|ana kl,l1> ® ‘an’ k2al2>a |0707k17l1> b2y |17 17k23l2>a ’17 1’klal1> b2y |0a0a kig,l2>,
‘17 17 k1711> ® ’17 17k27l2>7 ’07 17 khll) ® ‘1707 k27l2>7 ’1707k17l1> X ‘07 17k27l2>}'

Subspaces I, Ib and II, IIb are isomorphic, hence we need to find the S-matrix for one of
the isomorphic subspaces only. In the following we will consider the scattering in the
subspaces I, Il and III only.

The invariant subspaces differ by the numbers N r,. By considering the action of the
algebra charges it is easy to see that the different subspaces are related to each other in
the way shown in figure

Finally we want to give a remark on our choice of the basis. The g-oscillator basis we
are considering is orthogonal, but not orthonormal,

<m/’ 77,/, kla ll|m7 n, k, l> = 5m,m’5n,n’5k,k’5l,l’a (425)

(K] {0]!
where [n]! = [n]y[n — 1], - - [1]4 is the quantum factorial. We shall choose the normaliza-
tion for the bra vectors to be

(myn, k1| =

[k]!lw ., &, ) (4.2.6)
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which helps us to normalize the scalar product to unity and avoid the appearance of

unpleasant numerical factors of the form ([kz]![l]!)_l/ ? in the derivations. The price we
have to pay for this choice of the basis is that, for real g, the inverse of the S-matrix is
related to the Hermitian conjugate only up to a basis transformation. For complex g this
property is not valid even for the fundamental representation [28].

For further convenience we introduce these shorthands

M = My + M, oM = My — Mo, K=k + ko, 0K = k1 — ko,
]2‘@' = Mi — ]{Jl — 1, 51’6@ = k?z — k‘l = Mi — 2k‘i — 1, Z12 = 21/22, ou = Ul — u2. (4.2.7)

4.2.1 Scattering in subspace I

The conserved fermionic numbers (4.2.4) for the subspace I are Ny = 2K + 2 and Ny, =
K + 2. Thus for the fixed K (0 < K < M; + My — 2) the dimension of the spaceis K + 1
and the states in this space are defined as

k1, ko)t = (0,1, k1, My — kg — 1) ® 0,1, ko, Mo — kg — 1). (4.2.8)

We start by considering the highest weight state (the state with £y = k2 = 0). The invari-
ance under A(H, and A(H 4 requires it to be an eigenstate of the S-matrix,

510,0)f = 210,0). (4.2.9)

Let us compute 2. First, we construct the highest weight state by acting with the combi-
nation A(E,)A(E,) on the vacuum state (4.2.3) (we use the notation a; = a(p;) etc.)

My o~ o~ 5
A(E,)A(E)) |0) = ¢ 2 [My],[Ma), (a1a2 U1 Vi — agar U1 V4) [0, 0)". (4.2.10)

This construction let us to rewrite (4.2.9) as

$10,0) = — S AlE)AE,) 0)
q 2 [Mi]g[M2]q (ara2 Ui Vi — agaq ViUL)

_ AOP(EZ)AOP(EZL) S |0>
- M ~

g2 [M]g[Malg (a1 Uy Vi — agéy ViU7)
Mngl a0y (72‘72 — ajag VoUsy

araz U1V1 — agar V1Uy

10,0)}, (4.2.11)

where we have used the invariance condition (4.2.2) when going from the first to the

second line. Comparing (4.2.11) with (4.2.9) we find Z to be

%CLQ&l UsVo — arag VoUs _ q_(;M/QUQVQ l’i"- — Ty (4.2.12)

9 =—q o L '
arag UhVi — azan ViUs U\Viz] — a3

In the ¢ — 1 limit this is the inverse of the result found in [109] due to the interchange of
A and AP with respect to the ones in [109].
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Next we define the action of the S-matrix on the subspace I to be
K
Slky ko)t =" 2 k2 n, K — n)l. (4.2.13)
n=0

The strategy for finding coefficients 2;;"** will be based on building the generic state
|k1, ko)l by starting from the highest weight state |0, 0)!. This allows us to relate 2;*2
with any ki, k2 and n to the already known coefficient 2. Thus we need to construct
ki- and ky-raising operators. We start from inspecting the action of the coproduct of the

bosonic charge F giving

A(F )k, ko)t = [E1]g %2 ks + 1, ko) + [Ralg |1, k2 + 1), (4.2.14)
and

AP(F ) |ky, ko)t = [ka]g k1 + 1, ko)t + [kalg % |k, ko + 1)L (4.2.15)

These coproducts do not have the desired properties we want, but are very close. How-
ever, with the help of E», E3 and E4 we can construct a new charge with a similar action,

=% (B, B, B} (4.2.16)

Jaa

We call this new charge ‘the affine partner’ of the raising charge F;. The action of F; on
the state of the form |0, 1, k,1) is

F110,1,k,0) = 2[1]410, 1,k + 1,1 — 1), (4.2.17)

where we have used (4.1.56) implicitlyﬂ Then it is straightforward to see that the new
affine raising charge acts on generic states in subspace I as

A(F)) k1, ko)t = 21 [k1]g 11 + 1, k) + 20 ¢°%1 (Ko |k, ke + 1)L (4.2.19)
And the action of A% () is
AOp(Fl) |]€1, k‘2>1 =21 (]61€2 [/2‘1]q |k‘1 + 1, k‘2>1 =+ Z9 [Eg]q |k’1, k‘Q + 1>I. (4.2.20)

By combining A(F,) with A(F,) we obtain composite operators having the action of the
desired form — raising k; and k; separately:

_1 A<F1) %2 q6k1A(F1>
Filg 21 — 22 @OF1+0k2
1L 2 A(F) - R AR
[kalg 21—z gdltoke

k1 + 1, ko) = k1, ko), (4.2.21)

|k, kg 4 1) k1, ko). (4.2.22)

2For the consistency of the algebra we also give a definition of the “affine lowering charge’ E1:

B = % {Fy,[Fa, F5]},  E1|0,1,k,1) = @ 0,1,k —1,1+1). (4.2.18)
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Then by induction we find that the generic state |k1, k2)! may be constructed as

1520 (21 A(Fy) — ¢ 2 A(F ) TTF 20 (A(F,) — 22 P A(F))
T My — ) TT52 (Mo — 5)g TIEE™2 (21 — 22gM %)

k1, ko)' = 10,0)%. (4.2.23)

Finding Z;¥1k2 s then straightforward. We only need to act with the S-matrix on the
expression above and sandwich with a bra-vector as

Zikk: — Yp K —n| S |ky, ko)l (4.2.24)
Performing similar steps as we did in (4.2.11) and employing the relations

(AP(Fy) = 20 "M AP (F))) [mr, o)’

= [fig]q 22 (1 — ¢®F1 7MY |ng mg + 1)+ [n], (21 O — 22.¢°F1) |ng + 1,m2)Y, (4.2.25)
(21 A(F)) — "2 AP (FY)) |my, o)’

= [in]q 21 (1 — ¢®"270%2) |y 4 1, mo)! + [n], (217 — 22¢°%2)|ny, o + 1)1, (4.2.26)

we find the coefficients of the S-matrix in the subspace I to be

[T (M =g HJK:EH[M2 —Jlq 1
[T My — il TTE2 [Ma = g TTE, (212 — ¢M-2)

« Z (2?2 m _ka(n—m)— klm—kg[ kl k2

ke = g

m n—m

q
k1

(210 M2H2P — M) H (1 — ?Mi=p)y
p=1+m

ko—n—1
X (1 — ?M2=K+n=p)) H (212 M1 F2P — qM2)) . (4.2.27)
p

i

1 p=—m

where 215 = j—; and the ¢-binomials are defined as

[alg!
[bg!a — b]q!.

a
b

(4.2.28)

q

Apart from the prefactor &, this expression only depends on the quotient 212 and on
simple g-factors. The expression above has exactly the form that one would expect to
obtain by an educated guess relying on the one given in [109].

Quantum 6j-Symbol. The coefficients Z,F72 of the bound state S-matrix may be re-
garded as the coefficients which arise in the fusion rule of the irreducible representations
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of Uy(su(2)), thus it is expected that the expression (4.2.27) is related to the quantum
6j-symbol, which is the g-deformation of 6;j-symbol and was first introduced in [178§].

In order to see the relation with the quantum 6;j-symbol, we first rewrite in
terms of quantum factorials. This can be done by introducing the notation 215 = ¢~2%%
and using the following identity several times,

(4.2.29)

¢“—q¢® aB[A-B
7_1:q 2 .
q—q 2 ],

Secondary, we shift the index of summation m to M; — 2 — m. After some computation,
we obtain the following form,

M
%nkl’kQ — @q(h—n)(kg—n—ﬁ—ﬁu—&-a%) [M2 — kz — ]‘]' [(SU + 2 1- K]'
My —n—1]" [Ju+ 2 1]
x [kea ]! [kea] [ou + BT [ow — AL — Ky 4+ + 1]
X Y [mA 1] ([m — My + 2+ ki) fm — My + 2+ n)! [k — n+ My — 2 — m]!
m>0

X [m40u—2 42 [Su+Y —1—m)l My —2—m]! [M - K —3—m])"".
(4.2.30)

where the summation index m runs over the non-negative integers such that all argu-
ments of the quantum factorials, which do not include du, are non-negative. Finally,
replacing the six variables (M1, My, k1, ko, n, 0u) by the appropriate combinations of the
set (1, j2, J3, j4, J5, Jo) as (see also [109]),

J1= 2K —n+ M 4 su), ja= 30 — 1+ ky — Su),
jo =3B =2~ ky — ou), js = 5(%5 —1— K +n+ du),
js=5(My —2—ky —n), jo = 3(My — 1), (4.2.31)

we have found that the expression (4.2.27) obtains a quite elegant form

Qkuky — gy (1) ds—int2ds o g —2is) Gt 2—ia—is) b1 +g2—gsl' 1+ s — Jel!
" 1+ j1 + jo + 73! [71 + 5 + Je!
X [js — ja + js)! [j3 + ja — js)! 2 — ja + J6)! [—jo + ja + de)! | 71 72 P2,
Ja J5 J6

(4.2.32)

where we have defined the rescaled quantum 6;-symbol by

j.l j.2 j.g (=1)"[m + 1)!([j1245 — m]! [j1306 — m]! [j2z56 — m]!
Ja 5 Je m>0

X [m — jia]! [m — jaas]! [m — jass)! [m — juse]!) - (4.2.33)
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Here we have used bookkeeping notations jopc = jo + b + Jec and Joped = Ja + Jo + Je + Ja-
The above expression is related with the quantum 6j-symbol introduced in [178] as

{ Jir J2 J3 } — \/2]3 — 1\/2]6 -1 (_1)*j1*j2+2j3+j4+j5

Ja Js J6
X A1 2. j3)AG 51 J6) Az, G, G6) A, ja, )| 1 72 93], (4.234)
Ja J5 J6
where the triangle coefficient A(a, b, ¢) is defined to be
[a+b—c![b+c—alllc+a—0b)"?
A = ) 4.2.35
(a,b,¢) [ l4+a+b+ (]! ( )

Rational Limit. In order to find the rational limit of the matrix 2~ (4.2.27)) we first use
the expansion (4.1.60) for the spectral parameter z. This leads to

it _ g itV = 1 TSV — jl, ]
n = % . =
Hiil[Ml—Z]qH] 1[Ma — jlq Hl 1(212 [6u], + gM/2- 1[ ~1,)
n—m k2 (n—m)—kim—k32 k1 ko
X P
Z 12 ]l
q q
m—1
M: M
X H (zié2qM2/2+p [5u—2—p] 4 M/ [1} >
2 2
p=0 q ,
ko—n—1 u N
% H (Z%2/2QM1/2+’) [5u21p} 4 gMe/? [22} )
p=—m q .
k1 e
H qu—p[Ml —p]q H qu—K+n—p[M2 _K+n—p]q 7
p=14+m i

(4.2.36)

where du = u; — us. Now we are ready to find ¢ — 1 limit. The g-numbers [z], coalesce
to x, thus (4.2.36) becomes

T, (M — ) TTES™ (Ma — ) 1
[T (My — i) [152, (M — ) TS, (Gu+ & — 1)

k1 I k m—1 SM ko—n—1 SM
()l T (e ) T (5 )

p p=—m

2 Fk = g

k1 n—

< [ -p) [] (M- K +n- p)) : (4.2.37)

p=1+m p=1

3
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This result coincides exactly with the expression obtained in [109ﬂ

Classical Limit. It is also important to find the classical limit ¢ — oo of (4.2.27). This
limit corresponds to the case “T(h)” in the analysis of the classical algebra [163]], where the
deformation parameter ¢ is expanded as

h
g=1+ 2 +0(g7?), (4.2.38)

and the z* parameters become

- Lt ] _
hM(ac+h)(1+1/xh)+O(g_2)’ where T — ih

e _—
1 — h?

— (4.2.39)
2g T—

The above expressions are compatible with the constraint (4.1.43) up to a given order.
Since ¢ — h and 2% — z in the classical limit, it is easy to see that the evaluation param-

eter z reduces to ~ ~
(x+h)(1+1/xh) C+D
=— — =— 424
2 e — (4.2.40)
where elements C' and D are the classical limits of U = ¢” and V = ¢* respectively, and
are given by

h—h!
D=3(+1)q, C=5(-1)4q, where §=-M_—02z-. (4.2.41)
With these preliminaries, we find the classical limit of (4.2.27) to be
m(My =) [T (M — kitke M _
Lk (14 9,) HZI;I( ' ?H]él (0 ‘7) (1 + k Z 2
[L2 (M — ) TT52, (M2 — j) g = z2-1
k1 < h 1 >k1+n—2m . k?l ]{32
x . 212
0 gzi2—1 m n—m
m— ko—mn—
(1SR ) e () =
9 =0 712 — 1 9 212 — 1
h k1 n—m
+j(k2(”—m) — kym — k%)) H (My —p) H (My — K +n—p)|,
g p=1+m p=1
(4.2.42)

where 2, is O(g~!) term of Z in (#2.27). Since the binomial coefficients force the index
m to be m < min{k;,n}, we will discuss the two possible cases separately. They are the

3The normalization of the evaluation parameter is slightly different in here, unere = —2u [109].
*The classical evaluation parameter given in [[163] is related with ours as zf3l4] = (2,.)~" and the classical

parameter is x4 = —ihh 1 (@here + 71)
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n # ki case (off-diagonal sector) and the n = k; case (diagonal sector).

Off-diagonal sector. In the case when n is different from k;, it is further classified by two
more cases — if n is bigger or smaller than k. Firstly, in the n > k; case, the leading order
of is O(g~("=*1)) with m = k;. Therefore the O(g~") term, which contributes to
the classical r-matrix, is obtained by setting n = k1 + 1. In this situation, the classical limit
of turns out to be of a simple form,

ki k h =
L~ k(M) — k1) (4.2.43)

Secondary, in the n < k; case, the leading order is O(g_(kl_")) with m = n. Therefore,
the O(g~!) contribution is given by n = k; — 1. In this case the amplitude becomes

ik T 2
k=1 gz1— 22

k(Mg — ko —1) . (4.2.44)
The other matrix elements do not contribute to the classical r-matrix.

Diagonal sector. This is the n = k; case and it needs a more elaborate treatment in com-
parison with the off-diagonal sector. In this case the leading order in (¢.2.42) is O(1) with
m = k1 = n. Thus the classical limit turns out to be

k1+k2
h h 1 M

29 ga —z | =

Lt 1+ D —

k1—1 ko—ki1—1
ZlMg - ZQMl lel - ZQMQ
+ §0 <2 +21p> + ) ) (2 —I—Z1p> . (4.2.45)

p= p=—K1

Full Rational Limit. It is noted that the classical limit still depends on the deformation
parameter h. This allows us to take i — 0 limit further, which corresponds to the case
“R(full)” in the analysis of [163]. In this limit, the classical evaluation parameter (4.2.40)
reads,

h 1
zr1— p +0(h?), with u=z+ ~ (4.2.46)

Then the off-diagonal elements of the classical r-matrix (4.2.43) and (4.2.44) turns out to
be

k1,k2 i
Zh ~

On the other hand, the diagonal elements (4.2.45) reduce to

1
ko(My—ky — 1), 20~ sk (My—ky— 1) (4.2.47)

k1+ko ki1—1 ko—k1—1

1
r%fk’jl,k’z ~l+ Dy — = Z (% _ l) + Z (_JTM _|-p) + Z (6TM —l—p) . (4.2.48)
=1 p=0 p=—Fk1

The above expressions (4.2.47) and (4.2.48) agree with the classical limits of rational case
[109].
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4.2.2 Scattering in subspace II

The S-matrix in the subspace Il is defined to be

S k1, ko)t ZZmK O A (4.2.49)
n=0 j=1

and the standard 4N + 2-dimensional basis is

MU — 10,1, ky, My — ky — 1) ® 0,0, ko, My — ko),
ko) =10,0, k1, My — k1) @ [0, 1, ko, My — ko — 1),
ki, ko)l = 10,1, ky, My —ky — 1) @ |1, 1, kg — 1, My — ko — 1),
W =1,k — 1, My —ky — 1) ® 0,1, kg, My — kg — 1). (4.2.50)

We shall express the coefficients (%klb)f in terms of already known 2;F"*2 with the
help of the charges A(E,) and A(E,) that relate the states in the subspace II to the states
in subspace I:

A(Ey) k1, ko) = Qj (k1. ko) [k1, ka)',  A(E) [k, ko) = Qi ko) k1, ko). (4.2.51)

The coefficients Q;(k1, k2), @j(k‘l,kg) and their partners for A’(E,) and A?’(E,) are
spelled out in the Appendix

The strategy of finding 2,7 is the following. We start by considering the matrix
element

K
> Yn, K = 0] A (Ey) m, K= m) [l (#52)]

1m

I
E

Yn, K—n| AP(E,) S |k, ko)1t

<.
I
I
=)

Y, K — njm, K —m)! QP (m, K — m) (#42)!

I
E
M=

7=1m=0
4
_ Z Qip(n’ K—n) (%kl,kZ)-Z ) (4.2.52)
j=1

Next, using the invariance of the S-matrix A?(E,) S = S A(F,), we rewrite (4.2.52) as

Yn, K—n| S A(E,) k1, k)it =1 (n, K—n| S |k1, k2)' Qi (K1, k2)
N
= Hn,K—n|m, K—m)' 2,5%2 Qi(ky, ky)
m=0

= 272 Qi(ky, k). (4.2.53)
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Likewise we get a similar set of relations by considering the charge E,. These relations
can be conveniently summarized in terms of a matrix equation

-n) QF(mn,K-n)) "

ki, k2) Qa(ki,k2) Qs(ki,k2) Qalkr, ko)
1(k1,k2)  Qa(ki, ka) Qs(ki,ka) Qa(kr, ko)
(4.2.54)

T K=n) QF(n,K-n) Q3
7' K 5

7K_n) Zp(an_n) gykik —
K

/\/\

giving a total number of 8 constraints. However, there is a further need of 8 more con-
straints. These can be obtained by considering a composite operator

EQ = €0<€1 FngFQ + eg F1F3F5 + e3 F3F2F1>, (4255)
where
EHML M 2K42 -1 S |
e =g (21 —q¢"2), ea=@—q)
ey = qM2+2n(q—2—2Kzl o q2_M22), e3 = _qM2+2n(q—1—2KZl o ql_Mzz), (4256)

and its affine partner 4. These operators act on the states in the subspace II as

A(Fo)|ky, ko)it =Z;(ky, ko) k1, ko) + Z;7 (ky, ko) kr + 1, kg — 1)1
Z;7 (k1, k) k1 — 1, ko + 1), (4.2.57)

giving

4 K
Yn, K —n| A(Ey) S |k, ko)l = Z Z Hn, K —n| A(Ey) [m, K — m>£l (@r§17k2)g
j=1m=0

4
-2 (Z;p(”’ K—n) (@42 4 25 (n — 1, K —n+ 1) (Z012)]
=1
+Z;P(n+1,K—n—1) (%kifg)i) (42.58)

The coefficients (4.2.56) are chosen in a such way that the ‘non-diagonal” part of this
relation is vanishing, Z*%(n — 1, K—n+1) = Z;?(n+1, K—n—1) = 0. Therefore the
only surviving part of (4.2.58) is

Un, K —n| A%(Ey) S |ky, ko) ! ZZOP (n, K — n) (FFrk2)7 (4.2.59)



q-deformed S-matrix 143

This results in the following matrix equation for Z7*(n, K — n):

<pr(n, K—n) Z3*(n,K—n) Z3'(n,K—n) Z(n,K— n)) %kl””
- (Zl(k:l,kg) ok ko) Zs(ki k) Zalkn ko)) 2,052
+ (Zf(kl,kg) 0 Z; (ky, ko) o) ka1
n (0 Zy (ki ks) O Zj (ki I<:2)> =Tt (4.2.60)

plus a similar set of equations arising from the affine charge E;. Both sets can further be
united into a compact matrix form

A@nkl,kg _ B%nkl,kz + B+%ﬂk1+1,k271 + B*%nklfl,kfrl’ (4.2.61)

which multiplied from the left by A~! defines all coefficients of k2 i terms of already
known %nk“kQ, ,%”nklil’kﬁl. The explicit expressions of matrices A, A-1 B, B*, their
g — 1 limit and the coefficients Z;(k1, k2), Z;-’p (n, K — n) and their affine partners are
spelled out the Appendix

To finalize we want to note that not all of the constraints in are linearly inde-
pendent. The set of independent constraints is chosen in such way that the inverse matrix
A~ would exist.

4.2.3 Scattering in subspace III

We will compute the S-matrix components in the subspace III in a very similar way as
we did in the previous section for the scattering in subspace II. We start by defining the
S-matrix for the subspace III as

S |ky, ko) ZZ\n K —n)i( Qp’“l”@)i , (4.2.62)
n=0 j=1

where the standard basis for the 6 N-dimensional vector space is

VM —10,0, k1, My — k1) 10,0, ko, My — k),

k1, k)BT = 10,0, k1, My — k1) ® [1,1, kg — 1, My — ko — 1),

M =11, 1,k — 1, My — &y — 1) ®0,0, ko, My — ks),

k1, k)it = |1, 1,k — 1, My — k1 — 1) @ |1, 1, kg — 1, Mp — ko — 1),

W =11,0,k1 — 1, My — k1) ® (0,1, ko, My — kg — 1),

k1, kYol = 10,1, k1, My — kg — 1) ®[1,0,ky — 1, My — ko). (4.2.63)

Next we shall employ the same strategy as before. We perform the same steps as in
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(4.2.52) and (4.2.53) only with A?(E,), giving

=]

l
iy

M K = n| A (Ey) S [k, k) = D (G(n, K —n)); (25052),

=1

Hn, K —n| SA(B,) [k, ko)1 = > (#842)) (G, ko)) (4.2.64)

m=1

where G(°P) are the matrix representations of the charges A(P) E5. Once again these equa-
tions (together with the affine ones coming from F;) do not provide enough constraints to
define the matrix 2" uniquely, and we need additional constraints. They are obtained
with the help of AlP)(F3Fy), namely

[=2]

Hn = 0i, K=+ 0; — 1| AP (ByFy) Sy, ko)t = > (HP(n,n — K)), (Z552)7,

=1
——k1,ka i m
in =0, K—n+0; — 1| S AFsFy) |k ko) =) (2,7, (H (K, ka))[",  (4.2.65)
m=1

where 6; is defined by 6; = (1 — (~1)?)/2 and H(°P) is the matrix representation of
A°P) (F3F,). Here we have also introduced @ﬁl’l@ as

(@il,k&)é _ (gkl_ejvka—i_ej_l)i' . (4266)

n—~o; j
These equations may be written in a compact way using matrix notation

G (n, K —n) Z5h = gk Gk, k),
HP(n, K — n) ZFok: = 758 (g k). (4.2.67)

n

The explicit realization of the matrices in the expressions above are spelled out in the
Appendix|C.2}

Similarly as in the previous case, not all rows and columns of G(°?) and H(P) are
linearly independent, thus we have to select the independent ones only. Therefore by
taking the following linear combinations,

My

é(op) _ qunfT (&2G(op) _ azé(op)) and H(Op) _ 62V1H(Op) _ szl—lﬁ(op) ’
(4.2.68)

where the tilded matrices are the affine counterparts and selecting the first three rows of
each, we are able to combine them into the non-singular quadratic matrix A (6 x 6) and
the rectangular matrix B (8 x 6) as follows (j = 1,--- ,6),

: G 1 =1,2,3 , Q)i ' —1.2.3.4
(A); — (7Op)]Ai3 /L [t A and (B)"; — (7)]14 Z ) Sy Uy Ey (4_2_69)
(H7);, i=4,56, (H):*, i=5,6,T,8.
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This approach let us to rewrite the constraints (4.2.67) in terms of a single matrix relation
Aghk: —gikvkep o oiving gk = ATlgkukp (4.2.70)

This relation let us to obtain any matrix element (%fl k2 ); of the scattering in the subspace
III. Here we have also introduced the block diagonal matrix B (6 x 8) as

(#),,  i=1,23, and j=1,2,34,
=1 @), i=456, and j=56,738, (42.71)

n

0, the rest.

(%)

j )
The explicit form of matrices A, A~1, B and their ¢ — 1 limit are given in Appendix

4.2.4 Special cases of the S-matrix

In this section we consider the reduction of the S-matrix in the case when one or both
factors of the tensor space (4.2.1)) are transforming in the fundamental representation.

4.2.4.1 Fundamental S-matrix

As a most simple case of the derivations presented in section we want to compute
the fundamental S-matrix found in [28]. The fundamental representation is defined by
setting My = M, = 1 and the corresponding S-matrix is 16 x 16 — dimensional. In order
to make the comparison with [28] more explicit, let us denote

aJ{’Z = ¢12, and a§,4 =12 (4.2.72)
Then, starting with the subspaces I and Ib, we find

S |[p*p®) = D [p*y”), (4.2.73)
where 7 is given by (4.2.12). Further, due to our normalization

S1?") = [¢e"). (4.2.74)

Here we would like to remark that our normalization differs from [28]] where the S-matrix
is normalized such that S |¢p*y®) = —|¢p*¢?®). In other words, the quantities given here
need to be divided by an additional factor of Z.

Next we proceed to the subspaces II and IIb. For the subspace II (and analogously
for IIb) the parameters k1, k2, n indexing the matrix % can take the values 0 and 1, but
fortunately, we find that %" is the same for both of these values. Next it is easy to observe
that the matrices A and B get reduced to the upper left 2 x 2 blocks

P q'2UsVoay B_ —a2,/qU1V1  aq (4.2.75)
—ay  qY2UVear )’ —ao/qUh Vi a1 )’
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while the matrices B™ and B~ do not contribute at all. This gives the following solution

of (4.2.61))

\f(agalU?vLamU V32) a1a1 (1-U2V3)
@0,0 -9 Uy Vi(agd1— CL1(12U V2) a1d2U22V227a2&1
0 azaaUz(UZV2— 1)V2 (aga1—a1a2)U2Va

U1Vi(a2a1—a1@2U2VE) Va(a2d1—a1a2UZV2)

— — + —_
T, —T UsVo Ty —T
q1/2U2V2 i 1 Y1 UaVa Lo 2

et -2y 2UVI gl a7

- R soo | (4.2.76)
2 Ty Ty 1 Ty —Zy
Y1 x;r—:c; q1/2U1\y x;—x;

Then the corresponding explicit form of the fundamental S-matrix acting on the inequiv-
alent states is

+
— X
Sy = g2U51, 2 =T w%b> rh N |¢”¢“>
UsVo x 1 a:+
Saﬂ 71222 B a 2 aqyB 4277

Finally we turn to the subspace III which is four dimensional in this case. Analo-
gously to our strategy presented section we inspect the action of A(FE,) and A(E,)
obtaining

A(E,)[1, 01" = az|1,0)3,  A(E,)[1,0)5" = bi[1,0)3,

uvi

q
m 1 m I

A(E,)|0,1)1" = a1]0,0)7, A(E,)[0,1)g" = =U1Viy/qb2/0,0)7, (4.2.78)

plus similar expressions for E4. For completeness, let us spell out the opposite coproduct
as well

AP(B,)[L, 01" = az[1,0)3, AP(E,)|1,0)5" = biU2Va /41, 0)3
UQVQ

\f
The equation (4.2.70) in this case becomes

AP(E,)|0, 1) = 0,0y, A% (F,)|0, 1§ = —b20,0)1. (4.2.79)

U1V
o2 byalle) (200 (2008) _ (e M) o o)
iz biyalaVo) (4] (213)  \Sfae b
the explicit solution of which is
1,0 1,0 (l—x;xi")(mr—m;) £ a(ml_—xf)(m; —xé’)(m?‘—x%’)
<(‘Qp11 0)% (Qpll O)?) _ (lfz;x;)(acif:p;r) gz \/aUlVl'yi'yQ(aifx;fl)(xffz;)
g 5 g 5 12z —z3) zy (A—zy 25 )(z] —73 ) UsVa Ty
( 1 )1 ( 1 )5 UsVaa(l—z] x5 )(zg —=7 ) ¢3/2z (—zy zy ) (=] —=3) U1V1 gz
(4.2.81)

The remaining matrix elements are then easily deduced from similar derivations. These
results are in agreement with [28]. For a complete list of all the scattering elements we

refer to the Appendix[D.1]
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4.2.4.2 The S-matrix S,

In this section we will derive the S-matrix describing the scattering of an arbitrary bound
state with a fundamental one, Sg;. Once again, we will follow the derivations performed
in section [4.2]step by step. First, by setting M, = 1, we find that the states in subspaces I
and Ib scatter almost trivially

S|k, 0\ = 2|k, 0)L. (4.2.82)

However the scattering in the subspace II does not get simplified that much. Neverthe-
less, for fixed k1 + k2, the corresponding vector space gets restricted to

{|k1, 0T, [k — 1, )Y, k1,005, [k1, 0)4'}. (4.2.83)

This is because the states |k1, k)5 have My > 2 and thus they are not present. By reducing
our general expressions to accommodate these 4 states, we are lead to 16 inequivalent
scattering elements, however we found 2 of them to be vanishing. The rest may be casted
in quite compact form as

S |k, 05 = (25") 1k, 0) 1 + (2571 [k — 1, )Y + (267)3 k. 08 + (267°) 11k, 0)F
S1k—1, 1)1 = (2 DiE, 01 + (2D k-1, D + (253 k 008 + (25D, 00

S [k, 05 = (25"")3lk, 0 + (25"0)3lk =1, )Y+ (257°)3 |k, 0)4,

Sk, 0) = (25 ilk, 01 + (") ik =1, I + (26") [k, 0)F (4.2.84)

The explicit expressions of the coefficients above are given in Appendix[D.2l Upon setting
M, = 1 the coefficients with indices 1 and 2 reduce to the ones of the fundamental S-
matrix derived previously.

The scattering in the subspace III simplifies considerably. It is easy to see, that the
states |k1, k2>IQI£ need not to be considered. Thus we are led to the reduced case of our
general expressions for subspace III that involve the states and

{|k70>11Ha ‘k70>§H7 ‘k70>gla ’k - 17 1>11Ha ‘k - ]-7 1>§Hv |k - 17 1>%3H} (4285)

only. However, there is a more straightforward way to obtain the S-matrix in this partic-
ular case.

There are 36 scattering coefficients in subspace III that need to be determined, but not
all of them are independent. Firstly we can relate the half of them to the other half by
considering the identity

A(Ey)[k = 1,0)" = [k, 05" + ¢ 'k — 1, 1), (4.2.86)
giving

Slk=1,1)¢" = 2 (|k, 05" +q[k - 1,1)¢") — ¢S |k, 0)5". (4.2.87)



148 q-deformed scattering in AdS/CFT

Subsequently we can express the states |k — 1, 1)1 |k — 1, 1)} as follows

A(F1Er) — qlk]g[M — k +1]
[klq
A(F1Ey) — qlk — 1], [M — K]
[k —1]q

. |k70>11H = |k -1, 1>11Hv

Lk, 0)S = |k — 1, DI (4.2.88)

The explicit constraints that follow from these identities are listed in the Appendix

Then instead of reducing the general expression of the matrix 2, we follow its deriva-
tion path. By considering the action of the charges F, and F} on the subspace Il states we
are able to find simple expressions that relate subspaces III to subspace II as

GVaA(Fy) — c1VaA(F,)

ko) = ——— = k,0)8
c1do2Ur Vo — c1daUr Vo
A VaA(F,) — diVaA(F
ot = D) Z GBI g
d1daU1 Vo — dad1 U1 Vo
doyUy A(F,) — doU A(F
Ik, )1 = V1 BUIAE) = BUAE,) |k, 0)5 . (4.2.89)

klg  c1doUs Vo — &1doUy Va

This approach let us to find the expressions of the matrix elements of 2 in terms of the
matrix elements of % for this particular case in quite an easy way. The explicit expres-
sions are once again given in the Appendix

4.3 ¢-deformed boundary scattering

In the following sections we will consider the g-deformed models of the boundary scat-
tering for the Z = 0 and Y = 0 giant gravitons and the left factor of the Z = 0 D7-brane
considered in Chapter[8] We will start by briefly recalling the construction of the quantum
affine coideal subalgebras [179] presented in Chapter [2, and the necessary preliminaries
for the boundary scattering theory. Then in the subsequent sections we will construct the
corresponding boundary algebras using the same approach as we did in Chapter

4.3.1 Quantum affine coideal subalgebras

Let the quantum deformed universal enveloping algebra U, (g) of a semisimple complex
Lie algebra g of rank n be generated by the elements E;, F;, K Z.il (K;=q¢",i=1,...,n),
that correspond to the standard Drinfeld-Jimbo realization. The Hopf algebra structure
of Uy, (g) is given by

AK) =K ®K,;, S(K') =K, e(K;) =1,
AE)=FE®1+K '®E;, S(E;) = —K,E;, e(E;) =0,
AF)=FeK +1®F, S(F) = -FK; ", €(F;) =0 (4.3.1)
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Being a Hopf algebra, U,(g) admits a right adjoint actions that makes U/,(g) into a right

module. The right adjoint action (in Sweedler notation (ad, b)a = >, S(bg%) a bg)) ) is

given by

(ad, Ep)A = (-)P G AR, — KB A,
(ad, F)A = (—1)FI AR, - FKTIAK; (ad, K1) A = K,AK Y, (4.32)

where (—1)AIE:] and (—1)4I1F] are the fermionic grade factors. We shall also be using a
short-hand notation (ad, E; - - - E;) A = (ad, E; - - - ad, E;) A and similarly for F;.

Let U, (g) be the universal enveloping algebra of the Kac-Moody algebra g, the affine
extension of g. Let 7 = {ay,aq,...,a,} be the set of simple positive roots of g, and let
T = ap U, where ag denotes the affine root. Let Ey, Fy, KOil be the affine generators of
Uy(3), and let T denote the abelian subgroup 7~ C U, (g) generated by all K;** and K.

Consider an involution 6 of g such that the associated root space automorphism ©
can be represented by

O(ap) € —ap) — Z(m\ay)) and O(w;) =«a; forall «; € e = m\ay@), (4.3.3)
where p(0) € {0,1,...,n}, and satisfying

k =1forp(0) #0,

(4.3.4)
k =2forp(0) =0,

ag— O(ag) = k4, where {

where § is the imaginary root. Then © induces a subalgebra M C U,(g) generated by
E;, F; and K f for all o; € mg and a ©-fixed subgroup 7e. Furthermore, there exists a
sequence {a;,,...,q®; }, i, € me, and a set of positive integers {mi, ..., m,} such that
the algebra elements defined by

Eo= Rk, ' —dy6(Fo)Ky" . O(Fy) = (ad, By, ™) B, (™) E)
Fy=EyKy ' —do 0(Bg)Ky "', 0(Ep) = (ad, F, ™) F, "™ F),  (435)

where E! = E; K;, together with 7o, M and suitable d,, d, € C generate a quantum affine
coideal subalgebra Bc U,(g) which is compatible with the reflection equation. Note that
quite often boundary algebra includes all of the Cartan subgroup 7. In such cases the
factor of K Lin @#3.5) can be omitted. The boundary algebras we will be considering in
the next sections will be exactly of this type. We will show that the g-deformed model of
the Z = 0 giant graviton is described by a coideal subalgebra which corresponds to the
p(0) = 0 case, while the ¢g-deformed models of the Y = 0 giant graviton and the left factor
of the Z = 0 D7-brane will be described by coideal subalgebras which correspond to the

p(0) # 0 case.

4.3.2 Reflected algebra

Reflection autmorphism. The representation defined in section describes incom-
ing states carrying momentum p. The representation corresponding to the reflected states
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with momentum —p will have the deformation parameter equal to e~? = U~2. The con-
servation of the total number of bosons and fermions together with the energy conser-
vation constrains central element V' and Cartan generators K; to be invariant under the
reflection. These arguments imply that there exists a reflection map « : @ — O™/ defined
by

k:(V,U)— (V,U) and K (B, Py, Kj) — (B, Fj K), (4.3.6)

where the underlined elements generate the reflected algebra Qref. Furthermore, the
constraints
uv=v-t', v=V, K =K, (4.3.7)

define the representation of the reflected algebra. Let us show the explicit form of the
reflection map. The U-braiding structure of the Hopf algebra implies that « acts trivially
on the generators that are not braided, thus

E,=FE, E3y=FE3, F=F, F3=1F3, (4.3.8)

while (4.1.13) and (4.1.14) give

Cy=ga(1-U?V?) = A"2Cy, Cy=ga Y (V2 -U?) = \2C3,

Co=gad®(1-U V) =120y, Cy=ga'a2(V2-U?)=)Cy, (439

where A2 = —2U?2, A2 = —zU 2. Then the quartic Serre relations @1.12) for reflected
algebra Qref give the remaining constraints,

Ey=\"'E;, Fy=\Fy, E,=\Ey, F,=\F,. (4.3.10)

In such a way the map x becomes an automorphism of 9 given by

Ey, Fy, Es, F3, Ey, Fy, B3, F3,
K FEs, Fy, Ey, Fy, — )\_IEQ, AFy, 5\_1E4, ;\F4, . (4.3.11)
Ki7 ‘/7 U Ki7 ‘/7 Uil

Finally, we introduce the reflected coproducts of E; and F; ,
NI(E)) = B;@1+ K U2 igE;, NY(F) = F;eK;+U2 %1 gF;, (43.12)

where A"/ := (k ® id) o A and we have used [.3.7) implicitly. These shall play an
important role in finding the explicit form of the reflection matrix.

Reflected representation. The representation labels a, b, ¢, d associated to the genera-
tors £, F'; can be obtained by replacing U — U~! in (¢.1.45) and similarly for the affine
ones. Then the labels of the reflected charges are related to the initial ones as

2
a=Za,  p="0%2 o LUy g0y 4319
2! 7 a yo? d il
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giving
g g a  Flt-a)
a = v b: ) — +)?
[M]q— Mg~y g*>(1+&x7)( +at)
M ~ M
e [ 92 gg (&4 1) g- [ 9 9a2VaToam (4.3.14)
- M)y aV igx~ ’ B [Ml]g igy &xt+1’ o

The extension to the affine case is straightforward. Here we have chosen ¢ = Laasan
initial constraint with v being the reflected version of v, i.e. k() = 7. The reflection map

for the z* parametrization is found by comparing ([#3.14) with @.1.55), giving

+ T +§

Kzt — .
Ext +1

(4.3.15)

Itis involutive, k% = id, and is in agreement with the one conjectured in [29ﬂ Intheq — 1
limit this maps specializes to the usual reflection map,  : ¥ + —27T, as required. Finally,
the spectral parameter z is required to transform as « : z — 2~ under the reflection map.
This is indeed true and follows straightforwardly when applying map « to (4.1.48).

The expressions in (4.3.13) may be casted in a matrix form

( b)D:T(“ b)T_l with D:(’W 0), T:<U_2 0), (4.3.16)
c d c d 0 /v 0 -z

revealing the explicit relation between two isomorphic representations of O. Here y and
~ are unconstrained parameters defining the representations of incoming and reflected
states. In the ¢ — 1 limit specializes to (3.2.12) as required.

Finally, by requiring (£.3.11) and (£.3.16) to be in consistency we find 72 = —z 71U 242
This relation is in agreement with the one obtained in Section 3.3.2} a

IS

44 ¢g-deformed Y=0 giant graviton

Having all the required algebraic structures presented we are ready to construct the quan-
tum affine coideal subalgebra and the boundary scattering theory for the g-deformed
model of the Y = 0 giant graviton considered in Section[3.3.1} We will denote the coideal
subalgebra for this boundary by By

Let us start from inspecting the charges of Q. It has eight regular supercharges,

namely
Fy, Fo1, F3a, F301 and Es, E91, E32, E321, (4.4.1)

where we have used a shorthand notation Fj;, = [F;, [F}j, Fj;]] and the same for E;;;,. By
replacing F» — F, and Ey — Ej eight affine supercharges are obtained,

Fy, Fy1, F34, F341 and  Ey4, Eg, Es4, E341. (44.2)

5The authors of [29] are using the zt parametrization of [28], while we use the one of [30]. The map
between these two is a:j[:zgl = gg—l(m[iml +€).
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The replacement of the same type apphed to (£.1.13) produces affine partners of the cen-
tral charges, C;, Cy and C3 #1.74). And finally, the affine partners of Fy, F; and F3, F3
are

Fy = Euzp, By = Fizp and  F3 = Ego1, E3 = Fyor. (4.4.3)

The boundary we are considering does not respect bosonic symmetries £, F', central
charges (', C3 and affine charges E,, F (let us name these charges as the broken, while
the rest will be named as preserved), thus it breakes exactly half of the supercharges
and with the broken regular supercharges are

Es1, E391 and Foq, F3a1. (4.4.4)

The construction presented in section and the relation to the algebraic structures
of the Y = 0 giant graviton implies that for each broken regular charge, the algebra By
must possess a corresponding twisted affine charge satisfying coideal property. We shall
denote these charges by

B = {151» ﬁm, 153217 Eh Em, 57321, 52, 53}. (4.4.5)

4.4.1 Coideal subalgebra

The set of positive simple roots of @ is m = {a1, a2, a3, as}. The boundary conditions
imply that the corresponding root space automorphism ©y (4.3.3) acts on the simple
roots as

Oy (a2) = az, Oy(aq) = —ag — a3 — ay,
Oy (a3) = a3, Oy(ay) = —a1 —az — az. (4.4.6)

Thus m¢ = {a2, a3} and it gives rise to a subalgebra My of 0. Note that ay = § — 0 is the
affine root where 0 = a; + a9 + ag is the highest root of the non-affine algebra Q. How-
ever we are interested in the finite dimensional representations which are constructed by
dropping all imaginary roots; thus giving the constraint K1 Ko K3 K4 = 1 [30,(176].

We shall build By based on the affine extension. Thus by composing with
(4.4.6) we obtain the following twisted affine generators,

Eggl = F4 + dy HN(F4) s HN(F4) = (ad E3E2) Ei s (447)
Fio1 = B+ d, 6(E}) 0(E}) = (ad, F3Fy) Fy (4.4.8)

with suitable d, and d,. Then with the help of the right adjoint action ad, M we construct
the rest of the twisted affine generators,

B9y = (ad, F3) Ezo1 Foy = (ad, B3) Fo1 (44.9)
El = (ad, F2 F3) E?;Zl ) ﬁ1 = (ad,EyE3) ﬁgm , (4.4.10)
Co = (ad, Es) Es1 Cs = (ad, Fy) Fia . (4.4.11)

6 Alternitavely, one could choose the root a1 as the starting point giving By = E{ K; ' +d, 0(E{)K; ! and
Fy = BK]! +dy, 0(F1)K; " where 0(E}) = (ad, Fy ad, F3) Fy and 0(Fy) = (ad, E- ad, E3) E}. However,
these generators are completely equivalent to the ones given above.
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Let us show the coideal property for the these charges explicitly. However it is enough

to show this property for the charges and only,
A(E391) = F1 @ Ky + U ® Esg1 + dyy 0(Fy) ® K1a3
+dy(q—q7) ((ad, B2) By @ K12} — UE] © K (ad, E3) E})
€ O® By, (4.4.12)
and
A(F01) = B}y @ Ky + U@ Faoy + dy 0(E}) © K93
—do(q—q7") ((ad, Fo) Fy ® F3K15 — U™ Fy @ [(ad, Fs) F2] K1)
€ O® By . (4.4.13)

Here K3 = K1 K9 and K23 = K1K3K3. The coideal property for the rest of the charges,
@.4.9), and (&4.10), is obvious since By is invariant under the ad, My action.

Finally, we want to perform some checks of our constructions. The twisted affine
central charges Cy and Cs must be conserved under the reflection. Thus requiring
QQ = 5’2 and Q3 = 6’3 we find

dy=—L and d,=-adZ. (4.4.14)
gac g
Then, requiring §/g to be real, we find (ad)? = —1 having a solution @ = 1 and a = i

which corresponds to the usual setting of the unitary representations.

Yangian limit. The algebra Q in the ¢ — 1 limit has no singular elements and the naive
g — 1 limit leads to the undeformed universal enveloping algebra. The relation to the
associated Yangian algebra was explicitly shown in [30] by considering the the specific
combinations of charges of Q that are singular in the ¢ — 1 limit. The construction
presented in [30] is very closely related to the so-called Drinfeldian [180]. However the
twisted affine generators (.6.2]-[4.6.9) are already of the required form. Thus the algebra
By in the rational ¢ — 1 limit is isomorphic to the associated twisted Yangian considered
in Section proposed by [21,22]. The explicit relations between the quantum affine
and Yangian charges are

aa k3o F391

li — QL — ga G4 lim — 32t _ _g3_90p2
ql_{]% 2(q—1) Qs —g9aGy, ql_{q 2aa(q — 1) 1 a@4 X
. OédEQl ~1 3 . ﬁ?l ~ 4 g2
ol 2(q—1) Qi +9a Gy, gl 2aa(q — 1) rt aQ3 ’
AE) F ~
lim —o=L 5, lim ————— = —R{,
q—1 2(q— 1) q—1 2aa(q — 1)
lim 202 _E_a®I-LI-IH), lm -~ I (RI_LI— 1m).
g—12(q — 1) 270 g1 20a(q — 1) a 2

(4.4.15)
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We have checked that these relations for bound state representations at both algebra and
coalgebra level.

4.4.2 Boundary scattering

In this section we consider the boundary scattering theory for the g-deformed ¥ = 0
giant graviton and find the explicit form of the bound state reflection matrix. Moreover,
we explicitly solve the reflection equation and show that the reflection matrix K is indeed
invariant under the coideal subalgebra By.

Reflection matrix. The boundary we are considering is a singlet with respect to the
boundary algebra By, thus it may be represented via the boundary vacuum state |0) . It
is annihilated by all charges of it, with the exception of the generators K;, which keep the
boundary invariant,

Ki|0)g =q""0)p =0)5. (4.4.16)

We define the reflection matrix to be the intertwining matrix

(@bed) 10 b e, d) @ |0)p. (4.4.17)

K |m,n, k, l) ® |O>B = K(m,n,k,l)

The space of states |m, n, k, ) is 4M-dimensional and can be decomposed into four 4\ =
(M +1)+ (M — 1)+ M + M subspaces that have the orthogonal basis

k)t =10,0,k, M —k), E=0...M,

k)2 =|1,1,k—1, M —k—1), k=1...M -1,

k) = 11,0,k M —k—1), k=0...M-1,

k)t =10,1,k, M —k—1), k=0...M—1. (4.4.18)

Symmetry constraints. The reflection matrix (4.4.17) is required to intertwine the co-
products of the boundary algebra,

(KA(J) = NN K) k)Y ®|0)p =0, forall JeB and i=1...4. (4.4.19)

The form of reflection matrix is constrained by the bosonic generators E3 and F3 into five
independent sets of coefficients

Kk = Aglk)' 4 Dy k)2,
K|k)? = Bplk)>+ Ep|k),
K k)Y = Cplk)?, (4.4.20)

where a@ = 3, 4 and we have dropped the boundary vacuum state. We note that the
basis was chosen is such a way that the reflection matrix would act diagonally
on the quantum number k. Also we are working in an orthogonal, but not orthonormal
basis in order to avoid having normalization factors appearing in explicit expressions.
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However switching to the orthonormal basis is rather easy and requires only extra factors
of ([k]![M — k:]!)% and ([k]![M — k‘]!)_% to be added to Dy and Ej, respectively.

We start by determining the corner relations - the constraints for reflection coefficients
Ao, Dy, Cpand Aps, Dys, Cr. This can be achieved by considering reflection of the lowest
state |[0)!:

K|0)' = Agl0)!,  thus Dy =0. (4.4.21)
Then the invariance condition (4.4.19) for the charge F»,
(K By~ Ey K)|0)) =0, gives  Cp= 240 = on. (4.4.22)

We choose the overall normalization to be Ay = 1. The same constraint may be found by
considering the reflection of states |0)* and the charge F5. Similar considerations for the
highest state |M)! give

C
M an M c M-1 ZUQJ

Chi_i. (4.4.23)

Next we turn to the states |k)® as they scatter from the boundary diagonally. The
twisted affine generator F; acts on these states as a raising operator

Bk = fru(2)lk+1)%  Ek)* = fu(1/2)|k +1)%,
with  fuo(2) = do[M — k — 1]yq~ /2741 (qM - q2k+2z) VL. (4.4.24)

The invariance condition then straightforwardly gives

Cier fu(z) — fu(1/2) Ci = 0, (4.4.25)

leading to an iterative relation

a(f2), =

Cre= "5 () Cr1 = = gy O (.4.26)
This relation is then simply solved by
M - q2"/z
G =Co H Ty (4.4.27)

The coefficients Cj, are (anti)symmetric up to a factor of z under the interchange k£ —
M — k — 1 for M being (even)odd,

o, = —MF10y 1 for M =even and k=0, ..., M/2 -1,
KO = M0y for M=odd and k=0, .., (M—1)/2—1. (44.28)

This symmetry comes from the requirement that the reflection is covariant under the
renaming of bosonic indices 1 «+ 2 as the reflection is of a diagonal type for the states
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|k)®. However this is not the case for the states |k)!2, thus there is no such symmetry
for the rest of the reflection coefficients. The factors of z in (4.4.28) arise due to the non-
commutative nature of the model. In the ¢ — 1 limit this (anti)covariance specializes to
(anti)symmetry for M being (even)odd, as observed in [139].

The remaining reflection coefficients, as we shall show, will be expressed in terms of
Cy and Cj_1. Requiring the reflection matrix to be invariant under the generators £ and
F, on the bosonic states | k)12, we obtain the following set of separable equations

Dkb—[M—k]q(Cka—AkQ>:O, Ckb—[M—k]quQ—Bkbzo,
Dy d+ [k]q (Ck,1 c— Ay g) =0, Cr_1d+ [k]quQ — B d=0, (4.4.29)
with an unique solution
Ay = (Cx_1]k]gbe + Cx[M —k]gad) /N, Dy = [k]q[M —k]y (Crac — Cx_1ac) /N,
By, = (Cilk]lgbc + Cr—1[M —k]4ad) /N, Ey = (Cxbd — Ci_1bd) /N, (4.4.30)

where the normalization factor N is

VqM/Q—k —V- q—M/2+k
1

N =[klgbe+ M-kl ad = (4.4.31)

q9—q

Writing the coefficients explicitly in terms of the xT parametrization we finally obtain

- vGq? (z= —at) (ﬁqu{k]qu—l — g IM —k],Cr (£ + x+)2> |4

A= 72 [M]q (€ +27)* (1 + &2 T) N ’
5 % (o = ah) (PIM =K, Crr (27) = gV K]y (14 €27)%)

19[M]q (27)* (1 +€27) VN ’
Dy = JL4* MM = Hly (F2Cira” +¢°Ci (1 +607) (€ +a1)

iag[Mlgz= (§+a2t)V N ’

. zozgq% (ﬂj‘_ — Qj+)2 (§2Ck—156_ + QQCk; (1 + S-T_) (5 I :E+)) v
Ey = @Mz~ (1 +&x) (E+at) (1 +EaT) N : (4.4.32)

Finally, it is easy to check that the reflection matrix satisfies the unitarity constraint

K(p)K(-p)=1. (4.4.33)

Rational limit. In the ¢ — 1 limit the reflection coefficients specialize to

A= L (M=k)C(a™) = kCor) s Br— L (M—k)Cor(a7)? — kCy)
k*lx_;'_N k k—1) > k*’}/x_ k—1 k)
Y k(M —k) (Crat 4 Cr127) ax —at n _
DT Ne ey BT w (GG,

(4.4.34)
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and the coefficients C}, and the normalization N are given bylZ]

2igu — M + 2k _
= _ N = M- +. 4.4,
Ck —27jgu—M—i—2ka 1, k‘+( k)$ X ( 35)

These exactly reproduce the ones found in Section and are in agreement with the
ones found in [139]@

Fundamental representation. In this case M = 1 and the state |k)? is absent, thus the
reflection matrix is purely diagonal. The charges E; and F; constrain the reflection coef-
ficients to be

Ao =20 = Lo, (4.4.36)
a g
A= Cop=2 G o (4.4.37)
P70 TR0 el oyt Y o

Again, choosing the normalization to be Ay = 1 this is in agreement with [29] and with
[135] in the rational limit.

Reflection Equation. In order to show the integrability of the model, we have to show
that the reflection matrix is a solution of the reflection equation (boundary Yang-Baxter
equation). In fact, we shall explicitly derive the coefficient C}, by solving the reflection
equation. The unique solution we find agrees perfectly with the coefficients that are de-
rived from the symmetry considerations. This explicitly proves that the reflection matrix
respects the boundary algebra By.

Consider two states with bound state numbers M;, M, and spectral parameters
21, #z2. Let us denote K; = Ky, (2) and Si; = S, (2, 25) and also let the under-
scored index indicate that the corresponding representation is reflected. Then the reflec-
tion equation is then given by

K5S91K1512 = S21K1S12K2, (4.4.38)
which explicitly written out in components reads as

K3(22) Sy(z0, 27" K5 (21) Shil (21, 20) = S8zt 20 !) K (21) Su (21, 2 1) K S (20),
(4.4.39)
where we have used Roman and Greek letter to distinguish indices of the fist and second
states respectively.
Let us first consider states of the form |k1)* ® |k2)®, because the reflection matrix acts
diagonally on these states. This corresponds to the subspace I case in terms of the analysis

"Here we have rescaled the normalization factor as Ngaz) — Ngaz)/ (272~ — 1) in g — 1 limit.
8Up to some factors due to different choice of the basis (4.4.18) with respect to the one in [139].



158 q-deformed scattering in AdS/CFT

performed in Section The reflection equation in this subspace becomes

k1+k2

> Coul) Z T (2, 27 ) Cr(22) 2172 (21, 22) =

n=0
k1+k2
> 2Rt A Cn(21) 259 (21, 25 1) Ciy (22). (4.4.40)
n=0

We will now proceed with the derivation of Cj. For k1 = ko = 0 we easily find that the
reflection equation is satisfied. Next we consider the state where k; = 1,k = 0. In this
case the reflection equation is satisfied provided that C; satisfies the following relation

22 -1

qM1=M2 (23C1 (22)—Co(22))
a( #2(C1(2)—Coea)) +“>

Cl (Zl) = C()(Zl) 1-— (4441)

The right hand side is allowed to depend solely on z; thus there are two solutions, a

trivial one C; = Cp and
27— AgM
Ch = ——Co. 4.4.42
1 s Agt ( )
The latter solution has an undetermined constant A. This coefficient may be determined
by either considering the rational limit, or by studying the reflection equation involving
states from the subspace II (see Section . Both arguments lead to A = ¢~2. Finally, by
studying a state with k; = 2, ks = 0 we can solve for C; and so on. This leads to the
following solution
koM 2
_ ¢’ —aq"/z
which perfectly agrees with (4.4.27). As expected, the trivial solution does not solve the
reflection equation in general case.
Subsequently we have numerically checked the reflection equation for generic values
of k1, ka2, n, My, Ms for all different states from subspace II and subspace I1I and found it to
be satisfied.
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4.5 ¢-deformed Z=0 giant graviton

The Z = 0 giant graviton and the boundary algebra associated to it was considered in
Section Here we will construct a quantum affine coideal subalgebra governing the
boundary scattering from the ¢g-deformed model of the Z = 0 giant graviton.

The Z = 0 giant graviton preserves all of the bulk Lie algebra. Therefore the cor-
responding ¢-deformed model of this boundary preserves all regular charges and all of
the Cartan subalgebra 7 of Q. The affine generators I/, and Fj are not preserved by
the boundary itself, but give rise to the twisted affine generators of the quantum affine
coideal subalgebra B;c Q.

We will essentially follow the same way as we did for the ¢g-deformed model of Y = 0
giant graviton in the section above. A new element in this case will be the construction
of boundary representation of By.

4.5.1 Coideal subalgebra

The boundary conditions define the root space automorphism © 7z associated to this bound-
ary to act on the simple roots as

Oz() =a; for i=1,2,3, and Oz(ag) = —ay — 2a3 — 203 — 21 . (4.5.1)

Thus e, = {a1, a2, as} and it gives rise to the subalgebra Mz of Q . The affine part of
the boundary algebra B is generated by the twisted affine generators

B30 = Fy — dy 0(Fy), 0(Fy) = (ad, B EsEyEs o Fy) EY (4.5.2)
Fio = B} — d, 6(E}), 0(E}) = (ad, F1 Fs Fy Fs Fy Fy) Fy (4.5.3)

with suitable d, and d,; the action of 6 is induced by @5.1). Any other non-trivial or-
dering of the generators in the adjoint action above is equivalent up to a sign. Here by
non-trivial we assume the obtained operator is non-zero. The rest of B ~ can be furnished
with the help of the right adjoint action of ad, M,

Eip = (ad, F3) E312, Fip = (ad, E3) F319, (4.5.4)
E32 (ad, F1) Ez12, F32 (ad, Ey) Fy12, (4.5.5)
= (ad, F| ad, F3) B39, = (ad, B ad, F3) Fy12, (4.5.6)
= (ad, B») B312, = (ad, F3) F12. (45.7)

Let us show the coideal property for the these generators explicitly. It is enough to
show the coideal property for a pair of twisted affine generators only. For simplicity
reasons we choose (4.5.6)),
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A(Ey) = (ad, P F3)FyK; '@ K3 — dy(ad, Ba B3 By BBy K, ' @ Kogon + UK ' ® Ey
+(g—q ") |a Pk ® Ka R, B
— q(ad, F1)Fy ® K14F5 + ¢~ ' (ad, F3)Fy ® K34F1}
—dy(g—q U @1)|q2UE, @ K { By, [BS, [Bf B3], ] 0}

— U(adT El)EAIL & K14(adT E2E3)Eé — U(ad,« E3>E4/1 (29 K34(ad,« EgEl)Eé
+ (adr EQEg)EZl &® K234(ad7« Eg) i + (adT EgEl)Efl X K214(ad7« EQ)E{))

+ (ad, E2E1E3)Ey ® K2134E§}
€ 0®By, 4.5.8)

and

A(ﬁg) = (adr ElEg)Ezll ® Ki34 — dm(adr F2F3F2F1)F4 ® Koszo14 + U71® ﬁg
+(@—-q¢") [q_lEi ® Ky [E1, B3] 2
+ (ady 1) E, @ KiuES — (ad, B3)E, @ K34E1}

—dy(q—q¢ U '®1) [ ~ Uy @ Ky { P, [F3, [F1, Fo] ]q—3}
+ qilUfl(adr Fl)F4 ® Kia(ad, FoF3)Fy +q Uﬁl(adr F3)Fy @ Ksy(ad, FoF1)Fy
— ¢ Had, [2F3)Fy ® Kogy(ad, Fo)Fy — q(ad, FoF1)Fy ® Koi4(ad, Fy)Fy

— (ad, Fo 1 F3)Fy ® K2134F2]
e 0w By, (4.5.9)

where {a,b} = ab + ba denotes the anti-commutator, [a, b], = ab — ¢* ba is a g-deformed
commutator, and the short-hand notation K; ; = K;---K; has been employed. The
coideal property for the rest of the twisted affine generators follows straightforwardly
from the ad, M z-invariance of B. .

Boundary representation. The next step is to construct the boundary bound state rep-
resentation of the coideal subalgebra By. The constraints defining the representation are
the commutation relations in the third line of (4.1.9), and the coreflectivity of the regular
central charges Cs, C3 and the twisted affine central charges Cy, Cs (4.5.7). We will
start by constructing the boundary representation of the regular supercharges F; and F»
and the central element V. We will denote the latter as V in order to distinguish it from
the bulk one, V. Note that the deformation parameter U is not in the boundary algebra

and thus does not have a boundary representation. In such a way the algebra constraints
(4.1.13) get modified for the boundary algebra.
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The algebra constraints for Cy and C3 for incoming and reflected states in the bulk are
given by

Co@l=ga(l-UV*) @1, Cs@l=ga '(V?-U?)®1,
Co,®l=ga(1-UVH®1, Ci®l=ga'(V2-UH®1. (4.5.10)

Here we have used (4.3.7) implicitly and the tensor space structure is bulk @ boundary.
Then requiring their coproducts

A(Cy) =Co®1+ VU ® Oy, A(C3) =C30 V52 +U 2@ Cs,
A(Cy) =Co@1+VU2RCy, N (C3)=Cya V52 +U?Cs,  (45.11)

to be coreflective, A(C;) = A/ (C;), we find the boundary algebra constraints for the
regular central charges to be

1®Cy =1 ga, 1®C3=1®ga V52, (4.5.12)

Therefore the representation constraints for the boundary algebra are

p g2V —q 2 V5! ) g TV —q2 V5!
apap = y BCB = )
qM _ q—M qM _ q—M
-1
go go -2
bp = —— dp ==—+-V5". 4.5.13
apop [M]q ’ Cpap [M]q B ( )

These relations force the boundary labels to be

R b = )4
B M], B B [M]qVB

eV (e 1 § M (V3 — g ™)

—= dp = = 4.5.14
a g Vs A 7 R
where Vp is required to satisfy
52
(Vg—a ™) (VE-d") = Zo1 (4.5.15)
A convenient parametrization satisfying this constraint is
~m1l+&xp
VE=gM 2B M . 45.16
In this way the boundary labels become
a
= /-9 = )9 =
B = /T, B> bp = [T, B’
. M/2 ~ M/2
s VBig ¢ dy = o9 Vpq"/* (g +§) (45.17)

BTN g Ve(zp+&)’ M gy Exp+1
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Consequently, the mass-shell constraint
(aBdB — quBCB) (aBdB — qiMbBCB) =1, (4.5.18)

in this parametrization becomes

_2M92 (1 + :UQB + 23:35)2
[M]2 (62 - 1) 2%

In the ¢ — 1 limit it gives the usual (non-deformed) mass-shell constraint (3.3.56)

=1. (4.5.19)

2 1 \2 1 M
9 (mB N > 1 gy oM (4.5.20)
rB B g

Furthermore, the ¢ — 1 limit gives Vg — 1, and labels reproduce the usual non-
deformed boundary labels (3.3.55), as required.

Let us turn now to the construction of the boundary representation labels of the affine
generators E; and Fy. We will construct the affine representation in a similar way as
we did for the regular ones above, except we will not give the explicit details of the
coreflectivity of the twisted affine central charges as we did for the regular ones. This is
because the explicit form of the coproducts of Cy and Cj is very large and thus we will
only state the final constraints we have obtained.

The representation constraints that follow from the commutation relations are

- qrVg—q 2V - g Vg—qr V!

&BdB = y bBCB = . (4.5.21)
qM _ q—M qM _ q—M

Bearing on the analogy to the affine bulk labels we choose the following ansatz for the
affine boundary labels,

ip =\ [od— 189 o [g_oa

B =\ B, 4y bs =/ p, 5, B
M= M= Mo Mo

6B:q QVB—q2VB1 &B:qZVB—q 2VB1 (4.5.22)
(@M —qM)bp (@ —qgM)ap ~

where Ap and Bp are undetermined parameters. Then using this ansatz and requiring
C and Cj to be coreflective we find additional constraints that solve this requirement,

~ 2
Ap=—izg, Bp=—ilzp+2), VEVE=1+ ff_ - (4.5.23)
These define the affine boundary labels to be
- 1YBQ ~ ad
ap = [M]q B ) bp = A/ [M]q (xB + 25)
M
TERE: ; gq 2 1—¢&xp+2)
¢ = —\/m1 , dp= g ~ . 4524
B gaa(l + 5:703 b (Mlq gaypVp 21 ( )
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The coreflectivity property also constrains the parameters d, and d,, to be
dy = (ad)?, dy = —(ad)?, (4.5.25)

thus revealing the last undetermined elements of By. The reflection map acts trivially on
the boundary spectral parameter, s : xp — = and the boundary labels, both regular and
affine, are invariant under the reflection as required.

Finally we want to give two useful relations of the boundary representation that are
closely linked to those of the bulk representation. Recall that the evaluation parameter z
may be expressed in terms of the bulk representation labels as

~g~(al~)—b&), z —

gao g

1 gaa, s

(cd — dé). (4.5.26)

Z =

In a similar way, for the boundary representation, we obtain

- _ _ ~ gad = ~
q = gg&(aBbB - bB(IB) y q M — VBVBg g (CBdB — dBCB) . (4.5.27)

4.5.2 Boundary scattering

The boundary algebra By allows us to find any bound state reflection matrix up to the
overall dressing phase. This can be done in a similar way as in [176], where the bound
state S-matrix for the algebra Q was found. However these calculations are rather com-
plicated and thus we will reduce our goal to finding the analytic expressions of the re-
flection matrices with the total bound state number M < 3. These are the fundamental
reflection matrix K/'* and the bound state reflection matrices K** and K;!*. Here indices
4and B denote the fundamental and M = 2 bound states in the bulk, and in the same
way “ and ® denote the boundary states. These matrices are given in the Appendix
We have checked that they are unitary and satisfy the reflection equation. Also we have
calculated some higher order bound state reflection matrices numerically, and checked
that they satisfy the reflection equation.

4.6 g-deformed Z=0 D7-brane

The Z = 0 D7-brane was considered in Section [3.3.2 This boundary from the scattering
theory point of view factorizes into two inequivalent factors, left and right.

The right factor respects all of the bulk Lie algebra and thus the boundary algebra is
equivalent to that of the Z = 0 giant graviton. The same story follows for the ¢g-deformed
approach, and thus the corresponding boundary algebra was presented in the section
above. The reflection matrices are also the same.

The left factor of the Z = 0 D7-brane does not respect any of the Lie supercharges Q*,
G2 or central charges C, C'. Hence the corresponding ¢-deformed model of this bound-
ary in addition to the affine supercharges F; and F; does not respect regular supercharges
F, and E, (and central elements C3, C3). These generators combined together will give



164 q-deformed scattering in AdS/CFT

rise to the twisted affine generators of the quantum affine coideal subalgebra Bx c Q.
The boundary is a singlet with respect to the boundary algebra, thus the boundary alge-
bra, as will be shown in this section, is of the same type as for the ¢-deformed model of
the Y = 0 giant graviton considered in Section

4.6.1 Coideal subalgebra

The boundary conditions define the root space automorphism © x associated to the left
factor of the D7-brane to act on the simple roots as

Ox(a1) = o, Ox(az) = -y —aq — as,
Ox(a3) = as, Ox(ay) = —ag — a1 — 3. (4.6.1)

Thus 7o, = {1, a3} and it gives rise to the subalgebra M x of @ .
As in the previous cases, we build Bx based on the affine extension. This setup fixes
the twisted affine generators to be

E319 = Fy — dy O(Fy), O(Fy) = (ad, E3E,) EY | (4.6.2)
Fi19 = B}, — d, O(E}) O(E}) = (ad, F3Fy) Fy (4.6.3)

with suitable d, and d,,. Let us show the coideal property for the these twisted generators
explicitly,

A(E312) = Fy @ Ky — dy(ad, EsEy)Ey @ K12 — U @ E312

—dy(q— ) ((ady B1) By © Ko B

q2

€ Q®Bx, (4.6.4)

— (ad, E3)Ey ® Kss B} + ¢ Ey ® K, [E}, E3] )

and
A(FV312) = E4 & K4 — dx(adr F3F1)F2 & K312 - U_1® ﬁ312
—deg (a—q ) ((adr F3)Fy @ K3y
— ¢*(ad, F1)F ® K19Fy + Fy ® Ko [, F3]q2>
c 0By . (4.6.5)

The rest of Bx can be furnished with the help of the right adjoint action, ad, Mx,

By = (ad, F3) E31a, Fiy = (ad, E3) Fy2, (4.6.6)
Esy = (ad, F}) E3p, F3 = (ad, F1) F312, (4.6.7)
By = (ad, Fy F3) Es1, Fy = (ad, E1 E3) Fa1a. (4.6.8)
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The coideal property for these charges follows identically since By is invariant under the
adjoint action of M.

The final ingredients of B x are the twisted affine central charges 62 and 63 that can
be obtained by anticommuting two twisted affine generators, e.g.

Co={E12, Es}, Cy = {Fia, F3}. (4.6.9)

These twisted affine central charges must be coreflective. And because the boundary is

a singlet we require QQ = 5’2 and QS = 53. This requirement gives us the following
constraints,

22 1 d d2

1+dxx(q+q_1)—€2_1= , o1y

where x = —J_  These constraints can be solved by introducing a simple ansatz,
gad

goad

g
dy = Py Vh  and  d, = = V(1 — €%, (4.6.11)
where ) )
1—¢x z
Vh=q—=L =q ' 4.6.12

Note that V} is related to Vg in {#.5.16) by setting M = 1 and inverting the deforma-
tion parameter, ¢ — ¢!, giving ¢ — —¢. Thus 2; may be understood as the spectral
parameter of the oppositely deformed fundamental boundaryﬂ

4.6.2 Boundary scattering

The structure of the ¢g-deformed reflection matrix is equivalent to the non-deformed case
(3.4.14) and the corresponding vector space is the same (3.4.15). The bosonic generators
E,, F1 and Ej3, F3 constrain the reflection matrix to be diagonal,

K|k = Ay |k), K |k)? = B, |k)?, K |k)* = Cy |k), (4.6.13)

and we have added the subscript , to distinguish the ¢g-deformed reflection coefficients
from the ones in (3.4.16). Next we choose the normalization for the reflection of the state
|k)! to be A, = 1. Then the intertwining equation for F gives

T+t s

KE,—E,K)k\'=0 =  B,=—2'~_=,
( > K) T a2l + k(2 v

(4.6.14)

°It is possible to choose a parametrization of d,, and d,, that it would agree with the one used for the Z = 0
giant graviton, i.e. in terms of x5, not z’5. However this would make expressions of the reflection matrices
much more complicated and the pole structure would not be transparent.
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Equivalently, the same constraint may be found by considering the reflection of states
|0)* and employing the generator F». Next we consider the reflection of the |k)? state.
The intertwining equation in this case leads to

(1+ &)L+ &at) (1 + algr(a)) (@l +2F) 2*
1-¢&2 (1+apa™)(@p + s(zh))
(4.6.15)

(KB~ E,K)k)?=0 = C,=

Let us perform some consistency checks. It is straightforward to check that this re-
flection matrix satisfies the unitarity condition K (p)K(—p) = 1. In the ¢ — 1 limit the
g-deformed reflection coefficients 4,, B, and C, specialize to the non-deformed ones
given in (3.4.17) as required. Finally we have verified that it satisfies the reflection equa-
tion when the total bound state number M < 5. This is sufficient to claim that reflection
equation should be satisfiend for any bound state numbers.

C Elements of the S-matrix

In this Appendix we have spelled out various coefficients and matrices that have been
heavily used in the intermediate steps in deriving the final expressions of the S-matrix
for the subspaces II and III.

C.1 Subspace Il
The coefficients for the charge A(E,) in (4.2.51)) are

Q1 (k1 ko) = ="/ 27k ULV [Ry + 1], Qa(k1, ko) = a1 [ky + 1],
Qs(ki, ko) = —¢M/2 R by U V7, Qa(k1, ko) = b1. (C1)

Similarly, the coefficients for the charge A’(E,) are

Pk, ko) = —az [ka + 1], QF (k1, ko) = gM2/27R2 g UV [y + 1]q,
§ (k1 k) = —by, QY (k1, ko) = ¢™M2/27F2 by Up V. (C.2)

By replacing a,b — @,band U,V — U,V, one obtains Q;(k1, k») and @?” (k1, k) related
to the affine charge .

The coefficients in (4.2.60) are

M

ZPm, K—n) = Vi [My— K +nlg,  Z(n,K—n)=c; Uz [n— My]yq" * 2,
1 ~ M
ng(n, K—n)=ds W} q_Mz’ ZZ:D(n’ K— n) = —d Uy qn_K"‘Tl, (C.3)
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and

_ 02[71 [EZ + 1]!1 My /2—k1+Mo SM (2(n—k1) k2o M
Zi(k1,k2) = M1y — QD ( ( ) >,

*"z12 — ¢ (q q

Valki+1 :
Zo(k1, ka) = Zﬁs; 2_[q12(~|12+k —6M /242 (q2nz21 — M (q2(n+k2) _ q2K) _ q2k2+§M>7

doU;

_ M /2—k1 [, 2n M, 2(n=k1) _ 1\ _ 2ko+dM
Z3(k1, ko) s (q z12 =" (g 1) —q )7
_ 2121 V) M/2+2( 2n —M ( 2(n+kz) 2K 2kp+5M
Zy(k1, k2) = M a1y — BT (q z1—q " (g —¢") —¢ )
The matrices in (4.2.61)) are defined as
?p(an_n) Qgp(naK_ n) ~gp(n7K_ Tl) ~Zp(n7K_n)
A Pn,K—n) QF(n,K—n) QF(n,K—n) QF(n,K—n) (C.4)
ZP(n,K—n) ZFn,K—n) ZFn,K—n) ZFn,K—n)|’
pr(an_ n) ~§p(n7K_ n) ng(an_n) Zéfp(an_ n)
Q1(k1,k2) Qalk1,k2) Qs(k1,k2) Qa(k1, ko)
B_ Qu(k1, k2) Qa(k1 k2) Qs(ki, k) Qalki, k2) (C5)
Zy(ki, ko)  Zo(ki, ko) Zs(ki ko)  Za(ki ko) |
Z1(ki,ka)  Zo(ki, ko)  Zs(ki,k2)  Za(ky, ko)
and
0 0 0 0 0 0 0 0
B+ 0 0 0 0 B — 0 0 0 0
Z{ (k1 k) 0 Zf(k1,ka) O 0 Zy(ki,ka) 0 Zj(ki,k2)
ZF (k1 ko) O Z3 (k1 ko) O 0 Zy(ki,ks) 0 Zp(ky, ko)
(C.6)

The latter two have a quite compact explicit form

0
M1+2k2212 _ qM2+2(n+1) ( 0
0
0
0
0

0 0 0
P SN g B (e
(@g—q 1)t qM 21 — 2EHD —cUtlka]y, 0 doUn 0]
—&Uilkal, 0 dolUy 0
0 0 0
o ql—k1+“¥ GM2A2n 5 g Mit2(kat1) 0 0 0
b= [kﬂq(q —qg ! qMz1p — ?KHD —e1V; kil 0 d ‘7) | -
1V2|R1]q 1V2
—eValk1], 0 diVa
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The inverse of A has a very complex form, however it can be decomposed intro three
quite compact matrices as A~! = CV D, where

2122 0 2120 0
[Ma—K+n]g [M2—K+nlq
K—M2—n~ K—IV[Q—n”
0 g2 "abhlUsVs 0 g 2 "h
C— [n—Mi], [M1—n]qUaVa , (C.9)
—212G2 0 —21200a9 0
M. KMz _
0 ¢~ " aa Us Vs 0 T 22
. g 1g q 2 q 2
D=d — C.10
lag <§ad22 5 gadQZQ ) ‘/1‘/26[7 V1V2> ) ( )
i [UZ§27VZ+W] VvV, -U, iU, -V,
N w ‘7' — ﬁ 3 ﬁ 2_ 17 Vzvz—ﬁzUzgz _‘7 _ U‘ ’ )
z z £ 65—Vt 212 z 1 zf
% (Vz — UZ£2) V,-U, U, =V,
here
W =V.V, — UU.&%, U, = 215 — UZUZ, U, = 210 — UZU3, (C.12)

plus similar expressions for V.

Rational limit. The matrices B™ (C.7) and B~ (C.8) in the ¢ — 1 + h (h — 0) limit
become

0 0 0 0
S ou—M _kytn+1 0 0 0 0
Bt =2k 2 2T , (C.13)
5u—7+K+1 —/{ZQCQ/Ul 0 dz/Ul 0
kaagUi/ace 0 —boUy/ac O
0 0 0 0
Cu+ My k—n4+1] 0 0 0 0
B~ = 2h ks “(;“ z 120 (C.14)
u—7+K+1 0 —k1c1 0 dq
0 klal/ad 0 —bl/ad
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The matrices A (C.4) and B (C.5) in the ¢ — 1 limit become

—(M2—K+n)gav2

(My

_aga(zy —z3)

ag1Us (e —af)

—n)g1Uz2m

Y2To 7Ty
_i(My—K+n)agyye  i(Mi—n)agivi  iadga(zy —ag)  iadgi (v —zf)
A=| o= - Ve N U (C.15)
i(Ma—K+n)ga7y2 _iMi—n)gaimn ig2(zy —75) 7Z91($1 ) ’
am; aUng Y2 Uam
_ (M2—K+n)gaye (M1—-n)g1Uzam g2z —ad) 91Uz (zy —af)
ak ak (172552— 547”;1—
-+ -+
—(Ma—k2)g2U172 (M1—k1)g1m _OlQZUl (127*332 ) ag (z] jx1 )
Y2Zo V1T
_i(M—hko)agays  iMh—ky)agiyy  _iadgs [Ez; —z3) iadgi(zy —z))
_ Uiz, x] 172 71
B — ’L'(MZ*]CQ)QQ'YQ _i(lekl)gl’Yl igg(ajg —x;) _ ig1 (I;_xir) (C16)
ale;" azf Uiz 1
_ (Ma—k2)g2U172 (Mi—k1)gim _ gaUi(z; —=3) g1(zy —z7)
Qo oo ay2Ty Gy

+
The notation used in here is g; = , /%ﬁ_ and U; = 4/ 2—1

It might seem that the matrices B and B~ do not contribute in the ¢ — 1 limit as
they are of order O(h), however the combinations A~!B* and A™'1B~ in are of
order O(1), thus are defined correctly. We do not spell out the explicit expression of A~!
in the ¢ — 1 limit as it is quite sizy and also not much illuminative.

C.2 Subspace III

The coefficients” matrices in the expressions (4.2.67)

op ki,ka 7]617]{32
H(n,K —n) 20" =% """ H(k,
are
My Kin M2 repn
q2 KJZUXII*”]qal 0 q 22~ Ifj— by 0
U2V2 U2V2
Gor _ [M2—K+n]qaz b2 0 0
- h*K‘Fn &—K+n
0 g2 " [Mi—n]qas 0 gz "
U2V2 U2V2
0 0 [Mo—K+n) gaz b
[M1—k1]qa1 0 by 0
M M
4 2 MMy —kalgas g 2 Flb, 0 0
G = Uiy Uiy
0 [lekl]qal 0 b1
My M
0 0 LT "Makslgaz gz b
U1V1 U1V1

G (n, K —n) ZFP = gk Gk k),

k2),
0 —bo
My g
q 2~Kj by 0
Us Vs
0 [Mo—K4n]qaz
My
q 2 K+~[A{1_7l]qa1 0
—UzxV>
(C.17)
M1
¢z by
0 U1 Va1
by 0
My
0 q 2 ki[ﬂifz—kz]az
Ui Vh
7[M17k1]ql11 0

(C.18)
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and
["]qcl dy . 21 J
M U2 0 —72 0 4 Vl 2 0
, 1
HOP = qni : 51(7’"‘]{1C2 qw —‘31 L O O O [d]12
[n]qc d qniTl[Kfn]qc 5
0 Us L B O 713% _ v, 2 0
0 0 9" ‘[/If_n]‘lc2 q" 771 da 0 [n[]]q;l
(C.19)
szTZ[k: ]qc ko %dl "
q Vs 1lqC1 0 g 7 0 —dUy gu
U [/ _ My
[ka] ,c2Un —doUy 0 0 0 qkzvi;dl
" qk27MT2[k1] c1 kz—%d ~
0 v 0 2 —ko]ge2ln MO
~ — po_ My
0 0 [k2]gcaUn  —daUy 0 %
(C.20)

Their affine counterparts G, G and H, H? are obtained by the replacing non-affine (or

affine) parameter to affine (or non-affine) ones. The matrix %, is a slightly modified
version of Z,*2,

k1—1,kay\1 k1,k2—14\1 k1—1,kay\1 k1,k2—1y1
(%, )1 (@ )2 (Z1 )z (@0 )i
k1—1.k ki,ka—1\2 k1—1,k2:\2 ki,ka—1\2
ghie _ [@TEE @B @ty e
= - ki,ka—1 ki—1.k ki,ka—1 .
" e I (/A ey L I (At L I G/
k1—1,k2\4 k1,ka—1\4 k1—1,k2\4 k1,ka—1\4
(Zh )1 (“h )2 (Ph )3 (“h )1
.. . . K1,k okl
The coefficient matrices in (4.2.70), A Z7,"""* = %, B, are
M —n]A: -
—honlds 0 o 0 0 go
5 A
0 —(g2Zz2 0 0 U2\1/2 0
M;—n]Ag A
0 _Mionlds 1 0 0
A= g Ao 0 PYE N (C.22)
A N T Ui 9%%z2
aa Ay
0 =2 0 0 0 &
njq A2 __Ag
0 — T 0 AR 0 0
_ UsVe FaUsViV, 0 A q2U3V1Vazs 0
Ao ALt 92 AoZz Ao At Ao
o - 0
4 1
[n]qU2Ve  GPIMi—n]qUiViVe  32qiqeU3ViVE [Mi—n]UsVi  [n]q@2U3ViVeZs  §Pqua2UsVEVa
Al = Ao At g2 Ao A1 A 20 —9% Ao Ay —Ag Az ? — Ao A Ay —9% Ao As
0 O [n]qUQVQ 0 0 _[len]Uzvl ’
Ao Ayt Ag At
0 Us Vo _42U22V2252 0 0 _q2U§V1V222
Ay Ao AL AL ? Ao
0 O §2q1U22V1V2 0 Us Vi g2QIU22V12
g2 Ao 22 Ay g2 Ao AT ALz

(C.23)



Elements of the S-matrix 171

here we have defined z; = MzZ and Ay = [n]q A1 Az + [M; — n]q A3 A4 where

Al = b1d2U22V22 — CLgi)l, AQ = 6251U22 — 61V1252,
.A3 = a26~11 - a1&2U22V22, ./44 = d152V12 — Cgclezz. (C24)
My kg2 Bs 0 4285 0 0 -2
[M2—k2)qq3B7 q3B
- q1U1€/1 q1[3]1%/1 0 0 QQBZ 0 5
0 —[M1—FE1]qq283 0 q2B2 0 _%
Mo—k B B
b= 0 0 PRI R 0nokles, O
[kl]qf1334 0 _ q3Bs 0 _ _Bg 0 ’
Vy Viva %
[k2]]q88 _ _Bg 0 0 0 q3Bs
U1V1 U1V1 V1V2
0 _ [k1]qgsBs 0 _43Bs [k2]qBs 0
ViV Viva %
0 0 _ [k2]gBs _ _Beg 0 _ [k1]qg3Ba
U1V1 U1V1 VIVQ
(C.25)
. . no M K_n—2 ko—M2
and we are using the shorthand notation ¢; =¢"~ 2,2 = ¢ 2 ,q3=gq 2 and
By = beasUVE — aghs, By = byas — asby,
B3 = asay — ayas, By = 261V — 16 V7,
Bs = di&;VE — cad V2, B = daia V2 — cpdoyU2,
67 = a2&/2<1 — U12V12>, Bg = CQEQ(U% — V12) (C26)

The matrix @Vnkl’k? is defined as

. gk
Bk — ( " — Ky k > ; (C.27)
0o

. — k1 k
where only first three rows of both %kl’kz and % nl’ * are taken.

Rational limit. In the rational limit ¢ — 1 the coefficients (C.24) and (C.26) acquire quite
compact expressions

Ar g |9 - 1‘1 xf:cg) 2
« M, MQ ] xQ Y1 7

l

a
As g (23 —z7) 17
b — B C.28
z aAy =i M1 M2 vt , (C.28)
giving
Ao — — 9> (1—ayay) (ay —a7) (23 —a7) 3 (C.29)
"7l vy (23)2ay ’ ‘
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and also

Pl _naBs = ii (3 — ) (o] —+x1_x2_x;)’
o 3:‘1 xQ an

—xl l—xlw;)’yg
aa VMl\/Mz :1711‘271 ’
B Tt

3—aal’>’4 / / 2 ’71’727
751%

a
Br o, 7(951 _9”1
Z =@ ab —ZM2—3:1$; (C.30)
D Elements of the special cases of the S-matrix
D.1 Elements of the fundamental S-matrix
The fundamental S-matrix for the space III acquires the following form,
§16'0%) = (2")16'0%) + (25 160" + (L1 0F1'?) + (25 )8 ),
S16%0") = (2")116'6%) + (2" 160" + (L7 DF1'?) + (257w,
S99 = (Z7N310'0%) + (25 )58%0") + (27703 e%) + (25 ")),
S WPt = (Z0)l0"6%) + (25")dlo%e") + (Z0D3wHeR) + (29 8lw*et). (D)

In order to find these coefficients 2 it is sufficient to consider the first relation of (4.2.67))
and its affine counterpart only. In fact, the constraints read as follows,

(mt (i) ((Simd (o) - 0 (& G
(G o (20 008 < i (9 D)o
(5w @)ook (2hog) - 2 (G G
(EEZE EgZii)(O’U <E§§1§ éﬁié)ﬂtwlﬂ%‘)’lﬁ (Egﬁ Eg;i)(&l). ©2)
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It is easy to solve these relations for 2 and we find them to agree with [28]]. For the
completeness, we have listed the relations of our elements 2 to those of [28@

1,0 1,0 0,1 0,1 A,—B F
(% "2 )%)_((ﬁ% " (2 )é)_ 1 ( —q+;2-1>
1,0 1,0 - 0,1 0,1 - C Dio—F )
(2 (20 (20N (2hg) A\ Ly Dufp
0,1\1 0,1\1 —1A,54¢B F
<(§f101)1 (%01)6> - = <q qfq(;? : —?%q% E ) )
(M7 (2] A\ -fCz o Dedgh
0,1 0,1 Aiz+q~'B R
<(%0 1)% (%o 1)é> - = <‘1 12*%_1 : qq+q‘1121 )
s y - —C Dio+q ' E :
(Z3M5 (ZPhE) A\ -1 Gy _eDute B

(D.3)

D.2 Elements of the S-matrix S,

Here we list the explicit forms of the coefficients of the matrix Sg;.

Subspace II.  First we give the coefficients of the matrix % in the case of a bound state
scattering with a fundamental particle. There are four different combinations of the pa-
rameters k1, ko, n that contribute. Thus we have to consider the case where k; = 0 and
ki = n = k leading to

— = Q-2k—1 1 ot — gt
a0\l _ q%J’kU Vvt T Ee 212 74 ’ k02 _ 1 2
S : 25”1__5”; 212 — g9 SO Q%U1V1 xy — g
(RO — q% [Q —Klgzy — a3 UsVam (@F0y2 — 1 oz —xfm
b VIQly =1 —af Vi’ VRl —ad
19
g2 alhWhlzy — iz, —affa, — a7t
(o 2veln —eilns —vslvs Z 0 ko g0, (D)

VIQL Ui (27 — 23) (a7 ;= Dmye

el af —ay &7 Ny
aykoya _ 4 q 1 2 Ty 772 gy k-0
SR o e 5Ty b

-4 +_ - -+
1 g 2x] —x] 1—x] 7y

— L - L=2
UViz] —ag 1 — 2]z,

Next we have three elements corresponding to k3 = 1 and k1 + 1 = n = k giving

(@k—1,1)1 _ ey Ty — Ty (qQ(kH) - QQQ)212 (@k—l,l)Z _ g'th=e Ty — jj1+ 72

k 1=4 2V2—= ¥ — 0-1 ) k 1 — + ~.0
T, — Ty Z12 — ¢ Qg xy =z M

@1y - @k =1, Ty — 7y T M2 (D.5)

L@l /Q], (2 —2f)(1—ay ) af «

We remind that our z* parameterization is based on the one of [30] which are related to those of [28] by
m[iSS] =g5 ! (m[iw] + £). This point must be taken into account when performing the concrete comparison.
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Then we have another three scattering entries for ky = 0 and k1 = n + 1 = k contributing

1—q % (@k,0)1 _ q% K]y x5 — 3 UsVa n
oy — 23¢9 — gz’ RV [Qlg 2 — a5 UiVine|

(@0 = —¢7F(70)L (D.6)

L1 — Xy

Finally, there is one element with k; = 1 and k1 = n = k — 1 providing the last element

— 2 1
Lo qk*quQle

_ 1 €T, —
(@I = g R, 1L (D.7)

Ty —93; qQ_qZIZ

Subspace III. There are 36 elements of the matrix 2 that need be determined. As men-

tioned in Section it follows that (4.2.87) becomes
Slk=1,1)¢" = 2 (|k, 05" +qlk —1,1)g") — ¢ 5 |k, 0)". (D.8)
Acting with the S-matrix on both sides of the equations (4.2.88) and using its invariance

property allows us to express the elements of the S-matrix of the left hand side to the
ones on the right hand side. Explicitly we find

(2= 2EQ ka2 - )+ (2B
_ _ 2k—-Q—-4 _ ) _ _
(ZP-LNE (ko) [k —14[Q — k + 2]4(q i q) — [Q—2k+ 1]Q(%€k_,01)%7
(g (ol M PO Z Rl (g lQ K,
_ _ 2k—Q-4 _ 0O — 0 —
(%kjll,l)? :(Q{}gkﬂ)?[k 2]4[Q — k + 1]4q ‘|‘€I[[];;}q Hglk —Q —2]g+ 2k —Q — 1]
k—1],
ool
) k— 1],¢2*3-Q — q[k],)[Q — k
(,ﬁ’}f 1,1)? :(%k,o)sl,([ 1]qq [k]j[ 1)@ +1]q ’
_ 2k—3-Q _ _
(%ck—_f’l)(li :(%k_,ol)?([k 1qq [k];][k]q)[Q k+1lg ’
_ 2k—Q-2 _
(2t = | B g | 4 (bt
_ _ Q—k+1
2ty =ty [ g, - BB ooy B

(2 =(2EQ - 02 - ) + (2 fﬂj 7
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(kak_—ll,l)g :(fg}fk’%)g [k — 2](1[@ —k+ 1]q + Q[k]q[k - Q+ 1](1_ q2[2k‘ - Q- 1]q + (g}}pkk,o)g7

B qO 2+ — 1], [k —1],
(ZFN =(ZFN3Q — k + 1),¢%97° —q[Q — K]),
(2N =(2F0)51Q — k+ 11,7973 — q[Q - k). (D.9)

Finally, the remaining elements are

N (27 — xii—)(xz— . x;-) [(5901++1)[Q*k}q(Q(§+z§)*wz+*§) - [k]q(x+ +)

k0 _ (£2-1)q% L
kT kg [QIL - 27 23) (27 — 23)q? ’
(zhoy @ - of)(ry —23)[q(€ + 25)(Eaf +1) — (€ +af )(éxg + Ul

Uiy Y1792(62 = DVIQI(L — ayay ) (a7 — a3)q" %
(gkk,o)g _ ’YlQ [Q — kg (x5 — 23)[q(€ + 27) (€ +25) — (§a7 + 1)(Exg + 1)] ’
roqs V1@l (€ =1 — a7z )i Vi(ay —a3)
(2033 _ [k — g (25 —a3)a(€ + 2 )(€ +25) — (Gy +1)(Exy +1)] ’
2 [Qlq (€2 —1)(1 — 2725 Ui Via] — )" %
(D@pkk,o) (55'1 a)[(xy +1)(Exy + 1) — q(§+ 3 )(f@tl% )] ’
(&2 = 1) (2] oy — )(351 3 U1 ViU Vag 2
(2018 o _#12(zy — a3 )(af (Sry +1)(Eag +1) — Viwy (¢ 122 (€ +123)) UaVa
(62 - 1) 23 (a7my — 1) (a7 — a3 )q 2 Ui’
(201 _ 25 (g — 2 )[Q — klol(€xy +1)(€x] +1) — V5 (€+$I)(§+$T)]+
(€% = Dat 212[Qg (a7 5 — 1) (a7 —a3)q?
zy (T xf - 1)@? ) k20

)

i (2725 — 1)(ay —xz)
L Flay —aD)[(Eey + D(Eaf +1) = VR(E +a7)(E + )]
- (1 - &2)at 212[Qlg(1 — 2y 25 ) (a7 —a3) ’
(%k,o)ﬁzv%x;[k] (3] +1)[Q—k‘]q[qw2+(£+x5)—x5(£+w2+)]
a(€? - Va3 [Qly(1 — a7 23) (a7 — 23) ’
(k03 0t [k = dolklg ™ 1(53:2 +1)[gr3 (€ +3) — x5 (€ +23)]
. a(€? = Va3 [Qly(1 — a7y ) (a7 —23) ’
(zboyg _ 0020V = D ag [Ha” Q3 (af — a3)(€+23) (a3 +1)
a(€? = iz /[Ql (1 —ayay)(xy —a3)(zy —a3)UsVo

( k,O)G _ Y1y2zy [klgg™ @ (551 - 95;)
—-1)1 — 9
ke axf (Qlq(z7 25 — D)(zy — m;)U2V2

(ka,O)l :0“](1—‘/2)(»@1 — a2 (€ +a3)(Exy +1)
O @ - DQly(aray — )z — )
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a(l = V)¢ ?(ay —af )€+ 2y)(Exy +1)
N V(2 -1)[Ql(1 —ayay)(ay —z3)
oy _ @@ —zy) (g — 1)
s = e D — )
ay [Klg(ay — 2D VR(Eey + D(&af +1) — (€ +27) (€ + )]
(€2 — D 210[Qlg(xy w5 — 1)(zy —a3) ’
(k0 _ T2k g "z — aD)[VE(a + D (& +1) — (E+ 27) (€ + 2]
S (€2 = D 21[Qlg (1 25 — 1)y — 27) ’
(270) = g (V&—1)(27 —a)(1 —ayad) (€ +a5)(Exy +1)
FEOVIRL (@ -(aray — Dy —a3) (@ —ag)
Q=3 (p — V(g gt
k06 _ Y249 2(371 — 2y )(% Lo — 1) .
e = @y — Dy —23)0aVs

(D.10)

E Yang-Baxter equation

In this section we briefly summarize some details on the checks of the Yang-Baxter equa-
tion (YBE) that we have preformed for the bound state S-matrix.

Let us first focus on subspace I. The block 2~ governing the scattering in this subspace
is required to satisfy YBE on its own right. Thus we need to consider the following
scattering sequences,

|07 17 kl) ]%1>®|O) 17 kQa E2>®|Oa 17 k3) 1233> ﬂ) ‘0) 1)mla ml>®‘0) 1)m2a m2>®‘0) 1)m3a m3>

(E.1)
which give the explicit form of the YBE in subspace I,
ki+ka2
Z '%nkth (Zla 22)%72563 (Zla 23)%7511_{22_%]63-’_”_”12 (2'2, ZS) —
n=0
KU k1 ka+k
D BT (2, 29) o P T (2, 23) 2720 (29, 23) - (E.2)
n=0

We did not attempt to prove this identity in full generality, but we did check it for a large
set of different values of the parameters k;, m; and bound state numbers and found it to
be perfectly satisfied.

In a similar way, this approach for checking YBE may be extended to include the
subspaces II and III. For example, acting with 512513523 — 523513512 on the states of the
following form,

|0707k17l1>®‘0707k27l2>®|0717k37k3>7 (EB)

will result in a plethora of different types of states and the coefficients will depend on all
three scattering blocks 2", %', 2. Due to the large size of these expressions we have not
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spelled them out explicitly here. Nevertheless we have explicitly computed, for different
values of the parameters, various matrix elements of the YBE that include states from all
three subspaces that in general may be written as

( out-state | YBE | in-state ) . (E4)

We have performed the checks for a wide range of numerical values of the representation
parameters and in each case it proved to be compatible with the YBE.

F ¢-deformed reflection matrices

In this Appendix we present the explicit forms of the g-deformed reflection matrices for
the Z = 0 giant graviton. We enumerate the basis for fundamental particles as

e1 =10,0,1,0), ez =10,0,0,1), es =(1,0,0,0), es =10,1,0,0). (F1)
and two-particle bound states as

€1 :‘0’0’270>’ é22‘0)0)17]—>) é3:‘0)0>052> é4:|1505170>

és =11,0,0,1), é¢ =10,1,1,0), ér =10,1,0,1) és =11,1,0,0) . (E2)
We will use the symbol “ o ” to denote the tensor product of states to keep the expressions
as compact as possible. Our normalization is such that K ejoe; = ejoe; and equivalently

for the bound states. We have checked that these reflection matrices satisfy the reflection
equation and unitarity requirement, K (—p)K (p) = 1.

Reflection matrix K ;‘“

K egoeq = eq0€q,

Kegoeq = kzeqoe, + ko egoe,,

K eqoe, = kgeqoeq + kyeqoeq,

K eqoeq = kg eqoeq,

K ejoey = kyegoer + (1 — q ki) eroes — g~ kg eaoes + ¢ *kg ezoea
K egoe; = (1 — qk1) egoeq + ki eyoes + kg eqoes — ¢ kg ezoey

K ezoeq = —qks exoer + ks ejoes + kregoes + (—q thr + ko) ezoeq,

K egoe3 = ¢*ks egoe; — ks e1oeq + (—qkr + ko) eqoez + kyegoey (E3)

herea=1,2and o = 3,4.



178 q-deformed scattering in AdS/CFT

The coefficients k; above are given by

B U2(E+at) —q(é+27) rp+€ 27 —k(zT)] V2

. . 21_ 2772 ——
1 rp— T~ Ui UV)JJB—ﬂf ot JUP
by — A€+ zB) —U(E+27)
2 qU?(zp —27) ’
_ Lt eyt — k@) Vs
kg_q2(]_ UV) - —1p U77
ky = zqfé (27 = w(a”))(@s +§)Ki,
(zp—27)(§+27) Uns
" g2 [q(§+x)—U2(€+m+) Z(m+—“(x+))(x3+§)]vw
5= (zp —27) @ (ap—a) (E+a) | UL
. . _2p2
P Uit § PR R AU [C2R 20 U
72 P T~ — xR Us
VU -1 ap e (1-UPVA)(at —k(ah))] 2
k7 = 2 - - v
q U? zp—=x T =T 7
L _ZUQ(ZB+§)+5+x_l
8 = T~ — TR 'Y’
hy = 22— PET) X

= —zp v

(F4)
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Reflection matrix K f“

Ké1061
Ké1062
Ké1063
K é1oey
K éyoeq
Kégoeg
Ké2063
Ké2064
K ézoe;
Ké3062
Ké3063
Ké3064
Ké4061
Ké4062
Ké4063
Ké4064
Ké5061
Ké5062
Ké5063
Ké5064
Ké6061
Ké6062
Ké@oeg
K égoey
Ké7061
Ké7062
Ké7063
Ké7064
Ké8061
Ké8062
Kégoeg

K égoey

éroeq,

qks éz0e1 — %"’ égoey + (1 — ks — %) €10eg — %4 égoes + % €40eq,
k1 égoe; + ko éroes,

k1 ésoer + kg éjoey,

(1 — ¢®k3) éa0eq + ks égoer + (% +q) ks é10€s + kq égoes — %4 és0ey,
(1 + q%)k’g é3061 + (1 - %) 62062 - ’;% é8062 - % é70€3 + % é5064,
% ésoe1 + k1 é40ea + ko éx0e3,

%1 é70€1 + kl é6062 + kQ é2064 s

(1 - (]. + q2)k3) ésoeq + kg ég0eq + ks égoeg + ky é70e3 — % és0ey ,
ésoeg,

ki ésoen + ko ézoes,

= ki éroey + kg €30ey,

ke é40€eq + (% + q)ku éroes,

. k1o A . kis A
k12 és0€e1 + (kﬁ — %) éq0€es + qki11 é20e3 — % egoes,

k7 é40e3,

kg éz0eq + k1o €goe; — 1:3?2 ks é10e3 + kg égoes + (k7 — %) €40€y,

(ke — qk12) és0e1 + k12 é40ep + k11 é20e3 + ki3 égoes,

ke €50ea + (% + q)k11 é30¢€s3,

k7 ésoes,

(1 + q%)kg ésoe; — % és0e9 + klO égoez + kg é7063 + (k7 - %) é5064,
ke égoer + (% + Q)kll é1 oeéy ,

ki é7oer + (kg — %) €soes + qk11 €x0eq — % égoey,

—qks é0e1 — qkig égoer + (1+ ) ks ér0es + (k7 — gko) égoes + kg és0eq

== k7 é6064 5

(ke — qki12) é70e1 + k12 égoe + k11 é20e4 + k13 égoey,

ke é70ea + (% + q)k11 é30€y,

—(; + q)ksezoer + 22 éy0es — ghig égoes + (k7 — gho) eroes + kg é50eq
k7 ézoeq,

144>
q3

5 kia 2 5 5 kis 5
(1 + q%)k14 €30€e1 — ﬁ €90e9 + k16 €80e€9 + k'15 €70€e3 — % €50€4 ,

~ . kis A
k14 é10eg + k15 égoez — 712 ¢40ey,

k14 é20€1 + kig €goer — m

—qki7 és0eq + k17 é40ea + kig égoes
—qk17 é70er + k17 €goea + kig €goey . (E5)
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The reflection coefficients of K2® are

. dU = D(E+a7)Vp
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Reflection matrix K ;‘b

Kejoé = ejoéyq,

Kejoéy = (1 + q%)kg, e90€1 + ( — ’;—g) €106y — 5—564oé4 + S—gegoéﬁ — ’;—g e10ég,
K ejoé3 = gks ez0és + (1 — ks + I;%’) €10€3 — % eqoés + ];% e30é7 — %6 e20€g,
Kejoéy = (% + q)kg e3061 + k1 e10éy,

K e10é5 = qkg e30; + ks e0éy + (ky — %) €1065 — % esoég,

Kejoég = (% + q)ko es0€1 + ki €106,

K ej0ér = qkg es0és + ks ea0ég + (k1 — %) €106y — % €40€g,

K ejoég = —(1+¢*)ka 2081 + kg 108y + kyes08q — M 3086 + ks er0és
Kegoéy = (1 — (1 4+ ¢°)ks) ex081 + ks e10ég + kyeq0éy — % e30ég + kg 1063,
K ez0éy = (1 — ¢*ks) ex0éq + (% + q)ks e1063 + k7 eg0é5 — % ezoéy + kg exoésg
K egoéz = egoez,

K egoéy = kgegoéy + (k1 — gks) eaoéy + ks eq0é5 + kig ezoés,

Kegoes = (% + q) kg e30é3 + ky ez08s5,

K ego0ég = kgeqoéy + (k1 — gks) e20é¢ + ks e10é7 + kig eq0és,

K egoér = (% + q)kg e40€3 + k1 egoér,

K eyoés = —q°kpep0éy + (% + q)ka e10é3 + kg eqo0és — %4 egoér + k3 egoég,

K eszoéy = kiaezoéy + ki ejoéy,

K e3069 = kg €3085 + %1 €206y + k11 1065,

K ezoé3z = kiaezoéz + kiy eg0é5,

K ezoéy = kizezoéy,

K€30é5 = klg 630é5 y

Kezoég = —(1+ q2)/€14 €20€1 + k141082 + kg es0éy + (k13 - %) ezoég + k15 e1o0ég,
K egoér = —q°kig €208, + (% + q)k1ae10és + kg esoés + (kig — %) e30é7 + k5 ex0€sg ,
K ezoeg = —qki7ea0éy + ki7ejoés + kigesoeg,

Kegoéy =kigeq0é1 + k11 e1066,

Key0éy = kg eq0éq + %l eq0ég + k11 ejoér,

Keqoez = kiaegoéz + kiy egoéy,

Kegoéy = (q+ ¢*)k1a 9061 — gkig €108 + (k13 — qhig) €408y + ki e30é6 — ki e10és
Kegoés = ¢*kig ea0éy — (14 ¢*)k1a e10é3 + (k13 — qkig) e40é5 + kig e30é7 — ks ea0ég
K eqoég = k13 eq0€g,

K eqoé7 = kizeq0ér,

K€4Oé8 = 7(]]{317 €9 Oé@ + k17 €1 Oé7 + klg 64Oé8 . (F7)
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The reflection coefficients of K4 are
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Chapter 5

Secret symmetries of the AdS/CFT
scattering matrices

The Hopf superalgebra relevant to AdS/CFT, which we have considered in Chapter[3} is
quite unconventional, and, as of today, its properties are only partially understood. It is
infinite dimensional, with a structure similar to Yangians [17,37,181-183]. It admits a level
zero given by the centrally extended psu(2|2)¢ Lie superalgebra, and level one generators
giving rise to an infinite dimensional tower. Nevertheless, the actual algebra sits rather
outside the standard theory of Yangians, in that it displays an additional symmetry at
level one, which is absent at level zero. Were this symmetry present at level zero, it
would extend the Yangian to that of gl(2|2). However, this is not compatible with the
central extension. Moreover, if one starts commuting the new generator with the old
ones, one obtains a growth in the algebra which is not completely clear how to control.

At the time it was discovered [130], it was unclear whether the secret symmetry was
an accidental feature of the choice of vacuum for the spin-chain, or the choice of gauge
for the string sigma model. This is because the centrally extended psu(2|2)¢c algebra is
intimately linked to those specific choices. More recently, however, there have been ob-
servations of the very same mechanism in several sectors of AdS/CFT. For instance, the
secret symmetry reveals itself as symmetries of the boundary scattering matrices [184]
and also appear as a so-called ‘bonus’ Yangian symmetry in [185,186]. Thus, the secret
symmetry should perhaps be regarded as an integral part of the symmetries of the model.

The need for such an extension seems to respond to a consistency issue of the un-
derlying quantum group description of the integrable structure, following a general pre-
scription by Khoroshkin and Tolstoy [187]. According to this argument, in the case of
superalgebras with a degenerate Cartan matrix (as the present one is), one may adopt
the S-matrix of the smallest non-degenerate algebra containing the original one. The S-
matrix found in such a way intertwines a fortiori the coproducts of the original algebra.
This leads to the natural question of whether a similar symmetry is also hidden in the
S-matrices of the deformed Hubbard model.

A first hint that this is the case is found in the so-called classical limit. For the ra-
tional case the secret symmetry plays there a crucial role, where it is needed to achieve

183



184 Secret symmetries of the AdS/CFT scattering matrices

factorization of the classical r-matrix in the form of a quantum-double [129,188-190].
Similarly, the secret symmetry generator is also appearing in the factorized expression of
the g-deformed classical r-matrix [163].

Another natural limit to investigate is the ‘conventional” affine limit of the algebra Q
considered in the previous chapter. This limit is obtained by sending one of the (com-
plex) parameters of the relevant representation (namely, the coupling constant g) to zero,
followed by a suitable transformation that removes the twist factors of [126,191]. In this
limit, two of the three central charges of Q vanish; thus, the algebra becomes isomor-
phic to the conventional quantum affine superalgebra U/, (5A[(2|2)) By adjoining the non-
supertraceless Cartan generators h4 o and hy +1, one may extend U, (;[(2]2)) to Uq(gA [(2]2)).
The representations of U, ( 5[(2]2)) can be obtained from [70]. In such a way the secret
symmetry of Q can be revealed by the intuition inspired by the corresponding U, ( al(2]2))
generator.

The full O S-matrix in this conventional limit is naturally found to have U, ( gl [(2]2))
symmetry. In other words, we automatically find an extended symmetry in this limit,
corresponding to the operators h4 ;. However, at non-zero g, we see the appearance of
the same phenomenon as in the rational case: the level one non-supertraceless genera-
tor is once again a symmetry, while the level zero is not. We find two secret symme-
tries which we call B and B, and which extends to all the bound state O S-matrices.
More precisely, while these symmetries are an analog of the Cartan generators h4 +1 of
Uy (gl(2]2)), they get promoted to full O symmetries only in specific linear combinations.
In the rational ¢ — 1 limit they exactly reproduce the secret symmetry of the worldsheet
S-matrix [[130].

The facts listed above show that we are not dealing with an accidental problem. On
the other hand, even in the light of these new observations, the fundamental nature of
the secret symmetry remains unclear, and it is still not known how to consistently embed
it into a satisfactory mathematical framework. After all, we might simply have in front
of us a new type of quantum groupﬂ

This chapter is organized as follows. In Section |5.1| we review the secret symmetry
of the worldsheet S-matrix and some of its properties. In Section |5.2| we present secret
symmetries of the reflection matrices for the Y = 0 giant graviton and D5-branes. In
Section[5.2) we investigate the quantum affine origins of the secret symmetry.

5.1 Secret symmetries of the S-matrix

The su(2|2) algebra has a u(1) outer automorphism extending the algebra to 1(2]2). How-
ever, the additional u(1) charge, which acts as a boson—fermion discriminator,

Blpa) =+1|da),  Bla) = —1Ita), (5.1.1)

p Etingof, A. Torrielli, private communication.
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is not a symmetry of the S-matrix and the eigenvalue I is not constrained to any partic-
ular Value Strikingly, this charge has a Yangian partner B which is known as a ‘secret
symmetry’ of the S-matrix and is the same for left and right factors. It was shown in [130]
and confirmed in [190] that the additional charge

AB) =Be1+1eB-L(U'Q @G+ UGS 2QY), (5.12)

where B is the level-1 partner of 1} with the eigenvalue
I=Z(zt - — 42~ — =), (5.1.3)
xT

is a symmetry of the S-matrix. Interestingly, the non-trivial part of the co-product of B
appears to be the same as the e-correction of A(H) in the limit ¢ — 0 of the exceptional
superalgebra 9(2, 1;¢) [128]. Furthermore, this novel symmetry generates several new
symmetries of the S-matrix that do not have a Lie algebra analog. They were originally
found by computing the commutators [A(B), A(Q2)] and [A(B), A(G2)] and taking lin-

~ ~

ear combinations with the Yangian charges A(Q) and A(G¢) (see [130] for the details).
These new symmetries generated by (5.1.2) are

AQy4+1)=Qr 11 ®1+U® Q.4 _%UL&Y@Q'?‘F%@;L@LJ
—lUR ®QI+1QIOR — LUH® QL + 1Q4 @ H,
AQy-1)=Q¢_1©1+U®Q 1 — 32ay e UG ® C + jear eV CR G/,
AG) =Gl ®1+U'®@Go, + UL ®G) - 1G) LY
+IU'RE®GH - 1GARR+IUTTHR®GY - G0 H,
AGY ) =G 1 ®1+U @G | + 260 e U2 QF ®Cl — 2e,. e UCT ® QF,

(5.1.4)
where the eigenvalues of the new charges Q7 ; and G,',, are given by
o1 =15 Qa (ully + vlly), Qa1 = i Q& (vl + ully),
i1 =15 G (vl + ully), £y =15 G (ully + olly), (5.1.5)
with IT, and II; being the projectors onto bosons and fermions respectively and
1 171 1
— St 4o —

The charges of such form were first considered in constructing the classical S-matrix
of AdS/CFT [189]. It is easy to convince ourselves that these charges do not have Lie
algebra analog, because the naive Lie algebra limit (i.e. v — 1, v — 1) leads to the usual
Lie algebra supercharges Q¢ and G .

The charge B can be related to psu(2|2)c by rather specific non-linear commutation relations, see [192].
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5.2 Secret symmetries of the K -matrices

An very natural question is if secret symmetries and manifest themselves
in the twisted Yangians associated to the integrable boundaries considered in Chapter
This question was raised in [184] and a positive answer was found. It was shown that the
Y = 0 giant graviton and D5-branes inherit additional symmetries that originate from
the secret symmetry of the S-matrix.

An open question is the secret symmetry of the reflection matrix for the Z = 0 giant
graviton. The search for such symmetry would require the knowledge of the level-2
partner of B which is not know at the present time.

We will not present the explicit calculations of the invariance conditions for the secret
symmetries we will construct as they are quite straightforward and not very illuminat-
ing, but at the same time involve very large computer algebra calculations that we have
performed with Mathematica

521 Y = 0 giant graviton

The Y = 0 giant graviton preserves a h = su(2|1);, = L, Rl RZ, QJF, G2, H}
subalgebra of the bulk psu(2|2)¢ algebra. The boundary Yangian symmetry is generated
by the twisted charges

JP =P + if};i (J9J° + J° J9) (5.2.1)

the co-products of which are of the form
APP)=TP@1+10F+ 2,101, (5.2.2)

where J' € hand J?(@ ¢ m = {R?, R}, 2, Gy, C, CT} are the generators of the subset
m = g\bh. The boundary is a singlet in the scattering theory, thus only terms of the form
JP®1in need to be considered. See Sectionfor complete details on the setup.

The fundamental reflection matrix, describing the scattering of fundamental magnons
from the boundary, is diagonal and the generator B is a symmetry of it, but the
twisted partner of the secret Yangian charge is not. Higher order reflection
matrices are of non-diagonal form and do not respect either additional symmetry B, or
the twisted partner of B. To be more precise, due to the form of the tail in the
twist does not ensure coideal property, and we do not see any other way to ensure
coideal property for this charge.

The next step is to check if the twisted partners of the additional secret charges
(5.1.4) are symmetries of the reflection matrix. By performing the twist we found

3For the explicit calculations we are using the superspace formalism, in which the secret charge (5.1.2) is

defined as T/ (B) = T (wa% — Oa %) and is equivalent (up to a prefactor) to the charge 3 introduced
in [129].
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the new additional twisted secret charges to be

Q41 1= Qa1 + 3QI RS — 3R Qg +3Q7 L + jQIH,

Q1= Q31— 3507 Gy,

Gsyy = Ggyy — 1GS RY + 3R) G* — 1G, L — 1G4 H,

Gy =G + i CT Q) (5.2.3)
and checked that they intertwine both fundamental and bound-state reflection matrices.
Hence they are the symmetries of the reflection matrix.

The mirror model of the Y = 0 maximal giant graviton preserves the subalgebra

h = su(2))gp = {RY, L?, L}, Qf, G2, H} and the complementary subset is m =
{Ly, L2, Qf, G2, C, C'}. The boundary is a singlet and the reflection matrices are
diagonal at all orders of the bound-state number (see Section 3.3.1.3| for details); thus B
(5.1.1) is a symmetry at all orders. Similarly to the previous case we have checked that
the twisted partners

©4cf+1 = Qi1+ 3Q7 RS+ 3Q Ly — 317 Qf + QL H,

@4‘7—1 =Q4 1 — %5ad(CGc?,

Ga4,+l = Ga4,+1 - %G(jl Raf: - %Ga4 I[‘44 + %L34 (G'a,3 - %Gf,H,
Gi_1 =Gy i + 2eac CT Qg , (5.2.4)

of the secret charges (5.1.4) are symmetries of the reflection matrix.

5.2.2 Db5-brane
The D5-brane preserves a diagonal subalgebra psu(2|2)+ x R3 of the complete bulk alge-
bra psu(2|2) x psu(2|2) x R3 generated by [143,[144]

Lf =Lf +Lf, Qf = Qs +rQf,

R =R?+ R}, GX=G2+r'GF. (5.2.5)

where k2 = +1; the notation for the dotted and checked indices is the same as for undot-
ted ones, a, a, b,b=1,2and &, &, B, B = 3, 4; the bar above the dotted indices acts as
3 = 4and 4 = 3. The generators with the undotted indices generate ‘left’ psu(2|2) and the
generators with the dotted indices generate ‘right’ psu(2|2). The complementary charges
are defined as

Qs = Q¢ - kQ4,
: Gl =G2 - rIGS, (5.2.6)

and in the contrast to (5.2.5) annihilate the boundary by definition. See Section for
complete details on the setup.
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The Yangian symmetry of the D5-brane is generated by the twisted charges
=T+ 14 (TP I +1°77), (5.2.7)

where the indices A, B, C, run through all possible charges. The co-products of |i
acquire the form

AT =TAe1+10i1+ 1472 1°. (5.2.8)
Based on this construction it is easy to see that the twisted partner for the D5-brane
of the secret charge is
AB)=Be1-18B-1(Qf ®GS+G; ®QF), (5.2.9)
while the twisted partners of are
A(NS},H) = ~5(Z+1 ®1+1® @5?,4—1 - %@5 ®Rél; + %R*a ® @53
1L +1L) 0Qf + IH® QS - 104 ®H,
AQE ) =Qf 1 ®1+8Q% 1 — ey ICOG] + Leas ™) ®C,
AGg1) = Gy ®1+1®Ga+1+ 16 @R — iR, ® G/
+1G, oLf - 1L 706G, - 1HeGS + 1G; oH,
AGL ) =G @1+10Gf, +1eaeT 0QF - Legee™ R 0 CI  (5210)

Note that were considering the algebra in its non-local realization to be in consistency
with Section This is the general structure of the secret symmetries for the reflection

from D5-brane. The definitions of C, C' and T need to be developed a little further
(see Section for complete details). Two inequivalent orientations of the D5-brane,
horizontal and vertical, that look rather different in the scattering theory are known. Thus
we will consider the explicit realization of the secret symmetries (5.2.9) and (5.2.10) for
both orientations separately.

Horizontal D5-brane. In the case of reflection from the horizontal D5-brane (x = —1),
the boundary is a singlet; thus neglecting the irrelevant terms in (5.2.9) and (5.2.10) and
with the help of the Lie algebra the remaining parts may be simplified to

AB) = (Bol-10B-1(Q¢0Gr+GLoQd))®1, (5.2.11)
and
AQf11) = (4101 —10Q7, — 317 0 QF +3Q oL
— IR 0Qf+3QfoR* — 1Ho Q4+ 1QloH) ® 1,
A(@oﬁ—l):(@a 101_10Qa 260675040@’}’0@_*_ EangLCCOG’y) 1,
AGL) = (G101 -10G2, + LY 0G) — 3G oL
+IRF0GY — G2 o R+ THo G — G o H) ® 1,
AGE )= (G101 -10G 1 + Leae® Qo Cl - Legee® CTo Q) ®1, (5.2.12)

a,—1
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here ‘o’ describes the tensor product of ‘left” and ‘right’ representations (hereafter ‘reps’)
of the bulk magnon and the usual tensor product ‘®” separates the bulk and boundary
reps. The central charges in this picture act on the bulk states as C := Co 1 + 1 o C,
(C = (C o1 — 10 C and analogously for C, H. Note that the secret charges (5 and
2) effectively differ from (5.1.2) and (5.1.4) by a minus sign only (we refer to Sectlon
for the details on this similarity). We have checked that these charges commute with
the reflection matrix X" [144], and thus are secret symmetries of the horizontal
D5-brane.

Vertical D5-brane. In the case of reflection from the vertical D5-brane (k = —i), the
boundary carries a field multiplet transforming in the vector representation of the bound-
ary algebra thus the non-local terms in (5.2.9) and (5.2.10) may no longer be neglected.
Nevertheless the general expressions may be casted in a quite transparent form, as

A(IB): (I/B?olfloﬁf%(Q&lo@anrGaaoQCg))®1
~3(Qi01-10Q) ®Gy — 3(G o1 ~10G) ® Qg (5-2.13)

and

AQL4) = (Q8 11 01-10Q2; — L7 0Q% + Qe oLy

—1RGOQC+;@CORQ—7HO@ +1QfoH)®1,

— (L701—10L7)®Q + 5 (Q“ol 1oQ))®L,
LRY01-10R)®QS+2(Qfol—10QS )®Rca
(Hol—1oH)®QY + 7 (Q“ol—lo@)

A@Q¢-1) = (Q¢_101—10Q | — 34y e G 0 C+ fea, e Co ch) ®1

—26078%(G) 01 -10G))®C+ 3604, (Co1-10C)® G,
A(~a‘j‘+1) = (Gﬁ‘_,_l 0l-10G 4 + ILWO‘ oG, — %GJOL,YOC

+ IR 0G — 3G oRS + jHo G — G oH) ® 1

—f—%(LWO‘ol—loL,YO‘)@GJ—%(Ggol—loGg)@LWO‘

T LRE01-10R) OGS — (G0l —10G2) O RS

1Hol-10H)®G2 — 1(Glol—10GY) ®H,
A(~a0j,1) = (G 101-10Gy  + $€ac e Qy oCl — 20 €™ Clo Q;) ®1
+360ce®(Qf 01 -10Q5) ®CM — Le4.e™(CT o1 -10CH 2 Q.
(5.2.14)

= o=

Once again we have checked that these new secret charges commute with the complete
reflection matrix KV (3.5.52) [144] and the achiral reflection matrix (3.5.59) [24], thus are
the secret symmetries of the reflection from the vertical D5-brane.
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5.3 Secret symmetries of the ¢-deformed S-matrix

In this final section we will show the quantum affine origin of the secret symmetry (5.1.2).
We start by recalling the Chevalley-Serre and Drinfeld’s second realization of the quan-
tum affine superalgebra ¢4, (gl(1]1)). We consider its fundamental representation and give
the explicit realization of the corresponding S-matrix and the non-supertraceless charges
ha, and ho +1. Thus Section can be considered both as a warm-up exercise, and
as a treatment relevant to a wealth of subsectors of the full algebra and corresponding
S-matrix, later discussed in Section In Section we review the superalgebra
Z/{q(g ((2]2)) and its fundamental representation, and give the necessary background for
building the secret symmetry of Q. In Section bearing on the construction pre-
sented in Section we build the secret symmetry of the bound state S-matrices of 9
in both the conventional limit (¢ — 0) and the full case of Q.

5.3.1 The quantum affine superalgebra uq(§[(1\1))

In this section we provide both the Chevalley-Serre realization and the so called Drin-
feld’s second realization [5] of the quantum affine superalgebra L{q(gA[(1|1)), in the con-
ventions of [193] (see also [194-199]). We choose a complex number ¢ # 0 and not a root
of unity, and define

We will also set the central charge c of the quantum affine algebra to zero for the rest
of this section, and generically indicate with [ , | the graded (or super-)commutator. We

instead reserve the symbol { , } for the anti-commutator.

5.3.1.1 Chevalley-Serre realization

In the Chevalley-Serre realization, the Lie superalgebra U,( gl [(1|1)) is generated by fermi-
onic Chevalley generators §1i, Cartan generators hy, hy, with hy the non-supertraceless
element completing the superalgebra s[(1|1) to gl(1|1), and the affine fermionic Chevalley
generators §6—L and corresponding Cartan generator hy .

The generalized symmetric Cartan matrix is given by

0 0 -2
(aij)ogi’jgg = 0 0 2 . (532)
-2 2 0

Notice that this matrix is degenerate, but the Lie superalgebra block 1 < 4,5 < 2 is not.
The defining relations are as follows, for 0 < ¢,j < 2 (Chevalley generators correspond-
ing to the Cartan generator hy are absent):

+ + q" —q "
[hi,hj] =0, [hi, §5] = agay (&6 = 51'3'(]_7_

e (5.3.3)
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supplemented by a suitable set of Serre relations. We refer to [70] for the explicit form of
the Serre relations, as we will instead spell out the complete set of relations in Drinfeld’s
second realization, see (5.3.6).

One can define a Hopf algebra structure with the following coproduct, antipode and
counit:

A(hi) =h;i ®14+1® hy, S(hi) = —hi,
A =¢ o1+, S(&) = —agr,
A =& @ghi+ief, e(hi) = e(&7) = 0. (5.34)

5.3.1.2 Drinfeld’s second realization

The same algebra is also generated by an infinite set of Drinfeld’s generators, which in
some sense make explicit the infinite set of ‘levels’ of the quantum affine algebra ob-
tained, in the Chevalley-Serre realization, by subsequent commutations with the affine
generators & . Drinfeld’s generators are

s hin,  with  i=12 mneZ. (5.3.5)

The defining relations are as follows:

_ 1 _
[hz,m 9 hj,’n,] - 07 {gi’:n 9 517771} = m <wi’:n+m - ¢17n+m) 9
[hio, &5 = £ai & s {6, &) =0,
hi, €6 =20 a0 (5.3.6)

We have used the definition

Yi(z) = "0 exp (i(q -y hl,imzm> =S i, (5.3.7)

m>0 neZ

The above expression should be understood as defining a generating function for
the individual ¢,,’s, which in turn can be obtained by Laurent expanding both sides of
the equation and matching the powers of the parameter z.

We call “level” the index n of Drinfeld’s generators. One typically introduces a “deriva-
tion” operator d that counts the level, in the following way:

[d, 7] =n T, (5.3.8)

for any generator 7, at level n.
The map between the Chevalley-Serre and Drinfeld’s second realization, which con-
stitutes a Hopf algebra isomorphism, is given by the following assignment, for i = 1, 2:

hi = hip, ff[fom
ho = —h1p, & = & 1 g0, (5.3.9)
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where we have used the fact that a;; = 0. As one can see, the Chevalley generator associ-
ated to the positive (respectively, negative) affine root generates the positive (respectively,
negative) tower of levels in Drinfeld’s second realization.

The coalgebra structure in Drinfeld’s second realization satisfies the following trian-
gular decomposition, for n € Z,n # 0 (for n = 0 the coproduct can be obtained directly

from (5.3.9), (5.34)):

Alhip) =h1p®1+1® hy, mod No @ Ny,
A(gf:n) = gin ® 1+ qsign(n)m,o ® gii:n

n|—1
szgn(n + 9
T Z ,wl ,sign(n)(|n|—k) Y gl,sign(n)k mod N_ ® N+’
k=3 (1=sign(n))

A&, = &, @M v,
In|—1
sign(n 2
+ Z f1 ,sign(n)k ® 1/]1 gzgn (n)(|n|—k) mod NZ @ Ny, (5.3.10)
k:%(1+sign(n))

with N (respectively, N7) the left ideals generated by &, (respectively, &5, ¢ f[m,), with
m,m’ € Z. 7 o

The coproduct for the generators hs, is obtained by imposing that A is an algebra
homomorphism, namely, that it respects the defining relations (5.3.6). Making use of
(5.3.10), we obtain for instance

A(ho41) = ho 11 @1+ 1@ ho 1+ (477 = )& 41 @&,
Alhg, 1) =ho 1®@1+1@hy 1 — (7> =)0 @& ;. (5.3.11)

5.3.1.3 Fundamental representation

We provide here what we will call the ‘fundamental evaluation” representation in Drin-
feld’s second realization, as obtained from [70] by specializing to a particular case. By the
terminology ‘fundamental evaluation” representation we mean a representation which
coincides with the fundamental representation at level zero, while the level one genera-
tors of the quantum affine algebra are obtained by multiplying the entries of the level zero
generators by appropriate linear polynomials in a certain (sometimes called ‘evaluation’
or ‘spectral’) parameter z. To obtain the corresponding representation in the Chevalley-
Serre realization, one can make use of Drinfeld’s map . For v; and v9 a bosonic and
fermionic state, respectively, 7;; the matrix with 1 in position (¢, j) and zero elsewhere,
and z a spectral parameter counting the level, we have for instance

éffo =m2, §10 =121, hio =mi1 + m2,
hao = n11 — 7722 ; hos1 = 3(z @)= [2]g (m1 — m22)
a1 = (20)" Mo, a1 = () 21 (5:3.12)
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The derivation (5.3.8) in this representation is given by d = zd%. The S-matrix R is
defined by the requirement that it satisfies the intertwining property

AP(r)R = RA(1), (5.3.13)

with A°(7) defined as A(7) followed by a graded permutation, and 7 any generator of
the algebra. In this specific instance, such an S-matrix is given (up to an overall factor)
by (see also [200])

z

R=m1®nm + ﬁ(ﬁn ® 122 + 122 ® M11)

w

1( _ o1 -1z _

q—q ) w q q

+ (M1 ®@ M2 — — M2 @N21) + 722 ® 22, (5.3.14)
q q z

z _ Z
w w

where z, w are the spectral parameters corresponding to the first and second copy of the

algebra respectively.

Finally, we want to translate the expressions (5.3.11)) into the Chevalley-Serre realiza-
tion, as this shall be important to us later on. This can be done with the help of (5.3.9).
However, the charges hs 11 have no canonical image under Drinfeld’s map. For this rea-
son, let us introduce new charges

+1
By = % hao . (5.3.15)
g1 —

q
In the Chevalley-Serre realization, (5.3.11) then reads as

ABy) =B @1+1@By +2¢fk @&,
AB_)=B_-@1+1®@B_+2¢ @kt . (5.3.16)

5.3.2 The quantum affine superalgebra Uq(g [(2]2))

We will now specialize the presentation of [70] to the case of L{q(gA [(2|2)). While the pre-
vious section is strictly related to certain subsectors of the g-deformed AdS/CFT algebra
(which we will treat in the second part of the paper), this section is related to the full alge-
bra and corresponding S-matrix. We will directly focus on Drinfeld’s second realization
for simplicity, referring to [70] for further details (see also [201]).

5.3.2.1 Drinfeld’s second realization

The algebra U, ( gl [(2|2)) (for an all-fermionic Dynkin diagram) is generated by an infinite
set of Drinfeld’s generators

&t hin, with =123 j=1,234, mncZ (5.3.17)

t,m
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The defining relations are as follows:

(hjm s hjrn] =0,
[hJOa é- ] ia]l€1m7
Qj; M
[hj’n ? gfm] = [ j ] g@ n+m I n # 07
{67, no zT,m} = . Z—l < ;,_n—&-m _ w;n—‘,—m) , (5318)

combined with a suitable set of Serre relations [[70] which read

{é-::m ) é.;:’n} == 07 If Qg = 0
{fij,[mﬂ 5 gin}qiai i {f nﬂ,flm} tag (5.3.19)
[{é-Qi,m ) fli,n}lb {52,17 ) 53,7"}11—1] = [{624; s flyn}q, {é-Qi,m , é-Si,r}q—l] .

The symmetric Cartan matrix reads

0 1 0 2
1 0 -1 -2
(aij)1§i,j§4 = 0 -1 0 2 (5.3.20)
2 -2 2 0
We have once again used the definition
wf@):qim@em>< (1—q E:h“m¢¥m>::§:¢;;". (5.3.21)
m>0 neZ

The “derivation” operator d counting the level is once again introduced in the following
way:
[d, Tn] = 1 Ty, (5.3.22)

for any generator 7, at level n.

Let us comment on the Serre relations (5.3.19). The first line expresses the fermionic
nature of the generators associated to the simple roots, while the second one ensures that
a good filtration is preserved. This means that one is free to combine levels in different
ways to obtain one and the same ‘sum’ level as a result. The third line, taken at level 0
(namely, for m = n = p = r = 0), tells us that there are only three generators associated
to the non-simple roots, two obtained as {5;0, ffo}q and {f;fo, 5;0}(]-1, and one obtained
by commuting, for instance, the very first of these generators with f;fo. In fact, the third
Serre relation implies that commuting the two generators associated to the non-simple
roots with each other returns zero, which truncates any further growth in the number of
generators.
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The coproduct has the natural structure (we define sign(0) = +1)

A(hin):hin®1+1®hinmOdN_®N+,
Algh) =&, @1+ gt g ¢t

In|—1
sign(n) + 9
- Z Vi sign(n)(n|—k) © Si.sign(myx MOd N- @ N,
k:%(l—sign(n))
A(é—;,n) = €;n ® qsign(n)hi,o +1® é—;n
[n]—1
* Z $ sign(mk ¢fli;£bnn)(m| gy mod N2 @ Ny, (5.3.23)
k=3 (1+sign(n))

with Ni (respectively, N7) the left ideals generated by 5 (respectively, & m&im £ ), with
m,m’ € Zandi=1,2,3.

The coproduct for the generators hy, is obtained by imposing that A respects the
defining relations . With respect to the case of Z/{q(gA[(1|1)), the “tail” of the co-
product (i.e., the quadratic part that comes after the trivial comultiplication rule for the
generator itself) now contains generators associated to non-simple roots (which before
where simply absent). By carefully taking into account (5.3.23), we find

A(h47+1) = h4,+1 ®1+1® h47+1

-1

+(g7 =) ) laailg &, @& + non-simple roots,

@.
i Mw
()

—_

Ahg,—1) =hs 1 @1 +1® hy

)

N laailq &5 ®§ _, + non-simple roots. (5.3.24)

M

=1

We will specify the non-simple part of the tail of the coproduct in the fundamental repre-
sentation in the following section.

5.3.2.2 Fundamental representation

The fundamental evaluation representation in Drinfeld’s second realization can be ob-
tained from [70] in a particular case. For v1,v2 and v3,v4 two bosonic and two fermionic
states, respectively, n;; the matrix with 1 in position (i, j) and zero elsewhere, and z a
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spectral parameter counting the level, we have this time

&o=ms, 30 =132, 30 =14,

51_70:7731, fioz_n237 53_,():77427

hio = (M1 + n33), ha,0 = — (33 + 1n22), hso = (n22 + Maa)

1
hao =Y (=),
k=1

ffr,ﬂ = (2 Q)ﬂ ms, 5;11 =273, gi;::l:l =(z Q)il N24 ,
§141= (2 Q)ﬂ n31, §o41 = —2 g, 541 = (z Q)il N42 ,

higr =2 (m1 +m33) s hoar = —(2@) T (n22 +1m33), hat1 = 27 (22 + M)

hat1 = 251 (2], (yinn + (yF + 1= ¢+ (v — ez + (v* +1 - 2qil)7744) ,
(5.3.25)

with [k] the grading of the state vj. The derivation in the fundamental evalua-
tion representation is given by d = 2 L. The algebra gl(n|n) is non-semisimple
(sl(n|n) being a non-trivial ideal strictly contained in it). Hence, one can always add a
constant times the identity to the non-supertraceless generator who lives outside the ideal
(and, therefore, never appears on the right-hand-side of any commutation relations). The
generator hy; of the quantum-affine version also does not appear on the rh.s. of any
commutation relations, and one can use the freedom we just mentioned to redefine this
generator by adding a multiple of the identity. This is reflected in the choice of y* (which
we tacitly fixed to a convenient value in the previous section). The term multiplying y*
is a multiple of the identity matrix, and its coproduct is trivial hence it drops out of the
defining relation for the S-matrix (5.3.13).

Let us spell out the coproduct in this representation (» and w once again refer
to the first and, respectively, the second factor in the tensor product):

Alhgy1) =ha1@1+1@hs 1+ (2 —¢%) 2 (q7]31 ®@m3 + (¢ — 1)n21 @ M12
+ (29 — 1)na1 @ mia + 123 @ 132 + (1 — @)Naz @ N34 + qraz @ 7724)-
Alhg 1) =hs 1®@1+1Qhy_1— (¢ > —¢)w " (q’17731 @ms+ (¢ = 1)n2 @iz

+ 20 D @mat s @nze+ (1 —¢ s @na+ ¢ e ® 7724)-
(5.3.26)

Notice that the bosonic part of the tail is higher order in the ¢ — 1 limit, and therefore
it disappears in the Yangian limit. The parameter y does not appear in the coefficients
of the tail, according to the above discussion. We can once again fix the constant y to a
convenient value, for instance

yE =g -1, (5.3.27)
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which produces the following representation:

ha1 = 2" (2], ((qil — )+ g2 — sz — (g - %)7744) : (5.3.28)

The S-matrix satisfying the interwining property (5.3.13) is given (up to an overall factor)
by (see also [202])

2 z
P2—z
R =11 @mi+ e ®ipe + 7 qgwi (133 ® 133 + M44 @ Naa)
w
q(1-2 -1
+1(_C]2“;)Z77ii®77jj—22_ Z Nij @ Nji — M2 © N21 — N32 D 123
woi#y T (i,4)€A
¢ —1
T > M@ — s @nz —ms@na |, (5.3.29)
z

(i,5)€B

As a consistency check, one can notice that in the scaling limit ¢ = e" and z/w = 21"
with h — 0, the above S-matrix reduces to the Yangian S-matrix

ou P

with P being the graded permutation operator P = Zf j:l(_)j Nij @ Nji -

One can show that the combination

+1
q 2 1
By = P — <qi1[2]qh4¢1 + (a7 =D (h1,11 — h3¢1)> ; (5.3.31)

is such that, in the representation (5.3.25), one obtains an analog of (5.3.15),

+1 4
zq )
By = 5_1 )_ p > (). (5.3.32)
i=1
Then, using (5.3.26) and
Ahit1)=h 1 @1+10h i+ @ -9z,
A1) =hi-1@1+1@ k1 — (¢ = @w  (n@ ),
Alhg41) =h341®1+1®@h3 11— (¢ —q)z(n@n)n,
A(hg 1) =h31®@1+1@hg_1+ (¢ —w ' (n@n), (5.3.33)

where
MM =n21 @ M2 — N23 @ N32 + Na1 @ M4 + M43 R N34, (5.3.34)
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we find

ABy) =B+ ®@1+1@0BL+22q(n31 @niz +M23 @32 + a1 @ Mg + 1Maz @ 024) ,

AB) =B @1+10B_ +2(wq)™ (n31 @Mz + 023 @ N32 + Na1 @ 14 + a2 @ 124) -
(5.3.35)

As in the previous section, we translate these expressions into the Chevalley-Serre
realization. The map between the Chevalley-Serre and Drinfeld’s second realization, in
the fundamental representation which is relevant to the present discussion, is given by
the following assignment:

h; = hio, & =£5,
ho = ~h1o = ha0 ~ o, & = £(02) "' [1€F 0, &), &l g MroHhaotha0),
(5.3.36)

Thus with the help of (5.3.25) we find

A(By) =BL @14+ 1® By + 2 (§ k123 ® &fyg + Efioks © &5
— P&k ® & + Ek ® &),
ABL)=B_ @1+ 1®B_ +2 (£33 ® kisséo + &5 @ k3 €51
—q 2, Rk s+ & @k ), (5.3.37)

where we have used the short-hand notation k;j, = kik;k;, and & = [[&, ], §k)- One
can observe that these expressions can formally be written as

A(B+):B+®1+1®B++2 Z Ca&5—aka @ &a s

acdg

AB_)=B-@1+10B-+2 Y caba®@ky 6as, (5.3.38)

aedg

where @ is the set of all positive non-affine roots, ¢ is the affine root and ¢, ’s are complex
parameters.

Let us make a final remark concerning the symmetry we have just obtained. We de-
rived the coproduct starting from an all-fermionic Dynkin diagram, and the pat-
tern of simple and non-simple roots which appear in the tail of the coproduct respects the
original choice of Dynkin diagram. For later purposes, it will turn out to be convenient
to work with a so-called distinguished Dynkin diagram. This is associated to a basis with
only one fermionic root. The assignment of simple roots will be different and this will
reflect on the appearence of the generators associated to non-simple roots in the tail. In
order to be able to match with the expressions we will later find, it is useful to perform a
twist of the coalgebra structure (and of the corresponding S-matrix) in the spirit of [203]
(see also [70]), where it is explained that such twists may involve factors of the universal
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S-matrix itself. One can check that the following transformation

_ w 2
U=1d - (¢—q ) (123 @ 32 + 32 @ 723) — ;7722®7733 - EU33®7722
— 134 @ M43 — M43 @ N34 — N33 @ Naa — Naa © 133 , (5.3.39)

is such that
ANN=UAU ! and R =UPRU L (5.3.40)

gives
AN(By) =B+ @14+ 1@ By +22q(n31 @ ms + N2 @23 + Na1 @ M4+ Naz @ 124)

2
ANB)=B-@1+1®B_ +w7q(7731 ® M3 + M32 @ N2z + Na1 @ Nia + Naz @ N24) ,
(5.3.41)

which is an analog of (5.3.35) for the case of the distinguished Dynkin diagram. The
inverse of (5.3.39) can be explicitly calculated, and it reads

U =1d + 711722 ® 033 + T2 W33 ® M2 + T3 723 @ 32 + TaN32 @ M3 4 (5.3.42)
with
n=—(1-w/z)+( ' -¢9?)w, m=7y=(q—q Hw !,
n=—(1-z/w)+(@ " —¢’)w, (5.3.43)
and
w=(1-z/w)(1—-w/z)+ (¢ —q)? (5.3.44)

The non-supertraceless generator we have been focusing our attention on is what will
be promoted to the secret symmetry of the full ¢-deformed AdS/CFT model in the next
section. While, in the conventional case we have just been treating, this generator lit-
erally extends the superalgebra su(2]2) to gl(2]2), it will instead only appear at the first
quantum-affine level in the subsequent treatment, in parallel to the rational case. The
need for such an extension is however the same as in the conventional situation. Its pres-
ence corresponds to a consistency issue of the underlying quantum group description of
the integrable structure, according to the prescription of Khoroshkin and Tolstoy [187].
In their analysis, an additional Cartan generator is needed to invert the otherwise degen-
erate Cartan matrix. In turn, the invertibility of the Cartan matrix allows one to write
down the universal S-matrix, which appears to be in exponential form with precisely the
inverse Cartan matrix appearing at the exponent (see also [204]).

5.3.3 Deformed quantum affine algebra Q

Having explored the fundamental evaluation representations of the algebras U/ ( gl(1]1))
and uq(i [(2]2)), we are now ready to turn to the quantum affine algebra Q constructed
in [30] and presented in Section Thus bearing on the construction presented in the
previous sections, we will build the secret symmetry of the bound state S-matrix of Sec-
tion Finally we show that this new symmetry is a quantum analog of the secret
symmetry discovered in [130].
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5.3.3.1 Conventional affine limit

Before moving to the analysis of the secret symmetry of Q we would like to first consider
the conventional affine limit obtained by setting ¢ — 0 [30]. It is going to be a warm-
up exercise and also shall serve as a bridge between the secret symmetry of Q and the
symmetries of Z/{q(gA [(2|2)) considered in the previous section. In fact, we will prepare all
formulas in such a way that it will be easy for the reader to appreciate the cross-over to
the full g-deformed case. Note that the ‘braiding” by the element U is preserved in the
g — 0 limit, while the Serre relations are restored to their usual form. A suitable
twist could remove the U-deformation, however we choose to keep it to facilitate once
again the transition to the AdS/CFT case later on. Thus we obtain what we will call a
‘U-deformed’ U, (s(2(2)).

Parametrization. To find the explicit relation with uq(§[(2|2)) we need to parametrize
the conventional affine limit of Q in terms of the spectral parameter z. This may be
achieved by expanding parameters = in series of g,

;. EM
+ 1qgMz—1
= =-———+0(g). (5.3.45)
9(@—q") )
Upon rescaling v — 7 (g/[M],)~'/?, we find the representation labels to be
_ 1
a=7, bZO, C:Oa dzj?
} B v
=0, Yy i=_ d=0. (5.3.46)
o aaz
The central elements of the algebra become
> _ g2 _ -2 _1-q"2 2 _y2_y-2_ M
U :U2:U4 :q]wi—lj %4 :‘/2 :‘/4 =q . (5.3.4:7)

Fundamental representation. The algebra Uq(§[(2]2)) is larger than the one obtained
from Q in the conventional limit due to the presence of the non-supertraceless operators.
Let us denote these additional generators originating from 4, (gl(2|2)) as

Py 2q71
Br = By, Bg = By and By = diag(1,1,—1,—-1). (5.3.48)

g l—q g t—q

They are equivalent to (5.3.32) up to the redefinition z +— 2~1. The charge By has a trivial
coproduct, while the coproducts of the charges B, are defined to have the following
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form:

A(Br) = Br®1+ 18 B — 206 (U—1F4 ® K4Fia3 + U™ Fj3 @ KigFa

+ U P @ K1yFs + U sy @ K143F2),
A(Bg)=Bg®1+1® Bg— O% (U*lEzK:;fl ® Bz + U 'ExsK ' ® By

+ U K3 ® Bsy + U B K @ E4>. (5.3.49)

Here Kij = Kl‘Kj, Kijk = KinKk, Ez'j = [Ei,Ej], Ez’jk = HEZ‘,Ej]aEk] and similar
expressions hold for the F’s. The explicit matrix representation is

Ey =21, Ey =7 m2, E3 =34, Ey=aazms,
Fi =ma2, Fy=5"" a4, F3 =13, Fy=—(adz)" ny, (5.3.50)
and
K, = diag(q~t,¢,1,1), Ko =diag(1,¢7 1, 1,¢7Y),
K3 = diag(1,1,¢q7 %, q), K, = diag(q,1,q,1). (5.3.51)

All three charges By, B/ are symmetries of the (¢ — 0) fundamental S-matrix of Q.

This is because in this limit the central charges C5, C3 vanish and the S-matrix becomes

equivalent to up to the U-deformation and similarity transformation (5.3.39).
The coproducts in are of the generic form and are equivalent to (5.3.37).

Let us be more precise on this equivalence. By removing the U-deformation, setting the

representation parameters to « = & = 1 and mapping the spectral parameter as z + 2~ ¢,

the above expressions (5.3.49) exactly coincide with (5.3.41).
The algebra Q has an outer automorphism which flips the nodes 2 and 4 of its Dynkin

diagram [30]. This automorphism leads to the “doubling’ of the charges (5.3.48)

—1,+1 +1

% By, and Byp—BE-—1_
g " —4q g " —4q
The coproducts of By and B} are given by (5.3:49), while the coproducts of B}, and B},
are obtained by interchanging indices 2 <+ 4 and inverting the U-deformation U~! —
U. These new charges shall be important in obtaining a correct Yangian limit. In the
following sections we shall concentrate on the charges B; and BE , or in a shorthand

: +
notation B BJF

Bp — BE =

By. (5.3.52)

Bound state representation. Let us lift the definitions presented in the previous para-
graph to the case of generic bound state representations. For this purpose we redefine

the charges in (5.3.52) as

+M P q:l:M

Z 2 By, Bf = By and  By= N +Ny—N3—N,, (5.3.53)
' —q Egt—yg

*In terms of (5.3.38) this automorphism corresponds to the shifting of the affine root & from the left to the
right factor of the tensor product, and vice versa.

Z_lq

+
By =
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where M is the bound state number and N; are the number operators (see Section[4.1.3|for
their realization in terms of quantum oscillators). The charge By has a trivial coproduct.
In order to define the explicit realization of the coproducts of Bj; P for arbitrary bound
states we need to introduce the notion of right adjoint action,

(ad, E)A = (-1 K AR, — K, E; A,
(ad, F;)A = (-1)IM AR - FKTAK;
(ad, Ki))A = K;AK; !, (5.3.54)

forany A € Q. Here (—1)l4] represents the grading factor of the supercharges. We shall
also be using the shorthand notation ad, 4;,--- A;, = ad, 4;,---ad, 4;, and E] = K;E;.
The right adjoint action is used to define the bound state representation of generators
corresponding to non-simple roots in the coproducts of the charges (5.3.53). In such a
way we obtain expressions of the generic form (5.3.38),

A(Bf) =B ®1+1® B}
— %204 (U—1F4 ® ((ad, Fs %) F) Ky + U~ (ad, FLFy) Fs @ Fy Ky !
+ U Nad, F1)Fy ® ((ad, F3) F) K14 + U (ad, Fy) F3 ® Ky3(ad, Fy) Fy
+ I3 @ ((ad, Fo F1) Fy) K3 + (ad, Fo Fp ) Fy @ FSK?,_1> ;
A(Bf) =B} ®1+1® B,
- % (UEj1 ® Ki(ad, EsEy)E, + Uad, E1E4) B}y @ By
+U(ad, E1)E} ® Ki4(ad, Es)Ey + Ulad, E4) B} ® Kys(ad, B>)E,
+ B, ® Ky(ad, B2 1) B, + (ad, B2 B E) © E3> . (5.3.55)

The coproducts of B, /F are obtained from the ones of B}, P above in the same fashion

as for the fundamental representation, i.e. by interchanging indices 2 <» 4 and U <> U -1
Notice the extra two ‘bosonic’ terms in in contrast to (5.3.49). These terms ensure
that A(Bg / ) are symmetries of the bound state S-matri

We would like to point out that the extra terms in the tail display a quite surprising
discrepancy between the two U, (s((2)) subalgebras generated by E1, F} and E3, F3. We
do not fully understand the algebraic reason for this fact. The natural explanation would
be that the bound state representations manifestly break the symmetry between bosons
and fermions and hence between the two U,(sl(2))’s. This means that in the case of the
S-matrix of the anti-bound states (for anti-supersymmetric representations) we might
expect the tail to be modified by interchanging indices 1 < 3 for the last two terms.
For the case of a generic S-matrix all four extra terms (the ones in plus the ones

*Notice that, in the case of the fundamental representation, these symmetries differ from (5.3.35) for
the addition of precisely the above mentioned bosonic terms. However, these terms are by themselves a
symmetry of the S-matrix in the fundamental representation, and can therefore always be added to the
coproduct.
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with indices 1 < 3 interchanged) would then possibly be included, and the different
representations would only see a part of them survive. Alternatively, we would also like
to point the reader to the asymmetry between the indices 1, 2 (corresponding to bosons)
and 3,4 (corresponding to fermions) in (5.3.39), meaning that these bosonic terms could
also be an artifact of the choice of Dynkin diagram. It would be interesting to gain a better
understanding of the origin of this discrepancy.

Finally we note that A(BZ) is related to A(BZ) by renaming E! + F; and transposing
the ordering K; A — AK;, where A represents any ad,-type operator, thus E; — F; K~ L

Restriction to the Z/{q(a[(1|1)) subsectors. The bound state representations of Q fur-
nished by the vectors

Im,n, k, 1) = (ah)™(@d)" (@) @h)! |0), (5.3.56)
have four U, ( gl(1|1))-invariant subsectors. These subsectors are spanned by the vectors
Im,0,k,0), [0,n,0,0u, [0,n,k,0)ur, [m,0,0, )1, (5.3.57)

where Roman subscripts enumerate the different subsectors. Each of these subsectors is
isomorphic to the bound state representations of the superalgebra U/, ( gl(1]1)) considered
in section They lead to four independent copies of the corresponding bound state
S1j1-matrix embedded into the (complete) bound state S-matrix. Thus one can introduce

a formal restriction of the coproducts onto the U,( gl [(1|1))-invariant subsectors,
A(B;)‘A: Bi®1+1® By

~24aa (5A/I U=y @ (ad, Fs o) FL Ky + 000 U™ (ad, FyFy) F3 @ Fo K !

F oam U™ (ad, 1) Fy @ (ady F3) Fo K14 + 0a U™ (ad, Fy) F3 @ K43(adrF2)F1>,
ABf)| = Bfe1+16 B}

- % (601 UE} @ Ky(ad, By Eo) Ef + 6,1 Uad, By Ey) B} © B

+ opu U (ad By By @ K (ad, Bs) B + 5y Uad, Ea) B @ Kag(ad, ) Y ).
(5.3.58)
In this fashion, for each subsector we obtain charges equivalent to (5.3.16). The last two

terms in the tails of (5.3.55) do not play any role in this case, as they vanish on these
subsectors.

5.3.3.2 ¢-deformed AdS/CFT: the Secret symmetry

Having prepared all the suitable formulas, we can now come back to the full g-deformed
AdS/CFT case. In the previous section we have explored the symmetries of the conven-

tional affine limit of O whose S-matrix is effectively isomorphic to the one of U( al(2]2)),
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thus the charges B, and BjEt | are proper symmetries. The question we want to answer

is whether any of these charges are symmetries of the bound state representations of Q.

Naturally, By is not a symmetry. However we find that the charges BE /p are symmetries

of O, upon a redefinition

~ 1 ~ —1
L _ g9 '[M], L _ 997 [M]q
Br = pa—y—=2Po. By =pg=—y-2bo
~ 1 ~ 1
__ 997 '[M]q — _ 99 [M]q
BF:WBO, BE:WBO’ (5359)

while keeping the form of coproducts as in (5.3.55). We have checked numerically the
intertwining property for these new symmetries for the bound states representations with
the total bound state number up to M; + M, < 5. It is important to notice that in the
conventional limit these charges exactly reduce to (5.3.53), and so they correspond to the
natural lift of the conventional affine limit case to the generic representations of Q.

This striking similarity between BE s is not accidental. The charges B} and B} (and
equivalently B, and B}) are related to each other by the map U — U ~land E! — F; (as
described above) as this is the automorphism of the coalgebra which interchanges lower-
ing and raising Chevalley generators. The relation between B} and By, (and equivalently
B and Bj) corresponds to the algebra automorphism of flipping the nodes 2 and 4 of
the Dynkin diagram and represents the symmetry between states (particles) and anti-
states (anti-particles), i.e. the corresponding representations are self-adjoint. Thus B}, P

and B, / are not independent, rather two isomorphic representations of charges B .

An important difference between 0 and its conventional affine limit is that the previ-
ously mentioned extra two ‘bosonic” terms in are not a symmetry of the funda-
mental S-matrix by themselves anymore and thus is unique for all bound state
representations. Another important difference is that the 4, ( gl [(1|1))-invariant subsectors
I and II and subsectors III and IV become entangled from the algebra point of view. This
is because the generators Fy/4 and Fy/4 act non-trivially on two subsectors simultane-
ously, while in the conventional affine limit this was not the case (as it can easily be seen
from (4.1.53), and (5.3.46)). Therefore, the formal restriction in needs to
be modified by identifying the delta functions with indices I and II, and with indices III
and IV.

Yangian limit. Finally, we can consider the rational limit of the symmetry we have just
found. Accordingly, we write ¢ ~ 1 4 h with A — 0. In this limit the secret charges we
have constructed become®]

M+

_ Mz~ _ x
Bf =—By=—"—By+O0(h), Bf=-By=——"B+O(h). (5360)

®The rational factor (¢~ —¢) " is already included in the definition of the charges, as one can easily trace

back using (5.3.53) and (5.3.59).
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Thus
Lim 1(BE —Bf) = Lim (B — Bp) =igus By, (5.3.61)
where u;, = (2t — % + 27 — L) is the rapidity found for the secret symmetry [130].

Subsequently, at the coalgebra level we find

g]z_’IZ”IL 1(A(Bf) — A(Bf)) = ffﬁ 1(A(Bg) — A(Br)) = A(B), (5.3.62)
where precisely coincides with the secret symmetry (5.1.2). We note that all the checks
are done for the bound state representations only.

We remark that the outer-automorphism flipping roots 2 and 4, which leads to the
doubling of the charges Bg/p — ngt /p turns out to be crucial in obtaining the secret

Yangian charge B. This is because the rational limit of the linear combinations BfEt —
BF: corresponds instead to a bilinear combination of Lie algebra charges plus a central
element.
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Conclusions and Outlook

This manuscript has presented the research performed during the authors PhD studies,
which were devoted to the exploration of quantum groups and integrable boundaries in
AdS/CFT. The results obtained are threefold. First, there has been a solid contribution
to the theory of quantum groups, in particular to the theory of reflection algebras. A
new type of (generalized) twisted Yangians for boundaries preserving all of the bulk Lie
algebra were constructed, and a new ‘achiral” form of the (generalized) twisted Yangian
was uncovered. The author has also generalized the theory of quantum symmetric pairs
for quantum affine algebras which led to coideal subalgebras that can be thought of as
quantum affine analogues of the aforementioned twisted Yangians.

Secondly, all of the above mentioned algebras were shown to play an important role
in the worldsheet scattering in the AdS/CFT duality, which was shown to be very rich
in integrable boundaries. The best known ones are the D3-, D5- and D7-branes. The
corresponding boundary conditions depend crucially on the type of embedding of the
D-brane into the AdSs x S° background and the relative orientation of the brane and
the open string attached to it. This leads to five different boundary conditions from the
boundary scattering theory point of view. Each of these boundaries were shown to be
integrable and the corresponding twisted Yangian algebras that govern (bound state)
boundary scattering were constructed. A particularly important results are related to the
D5-brane which was long thought not to be integrable [143,145,146]. Here it was shown
that this boundary is of a specific ‘achiral” type, and is indeed integrable. These results
were later shown to play an important role in calculating the quark-antiquark potential
(generalized cusp anomalous dimension) in AdS/CFT [205,206].

Thirdly, a quantum deformed approach to the AdS/CFT worldsheet scattering has
been developed. A generic bound state representation of the quantum affine algebra of
the Deformed Hubbard Chain [30] was constructed and the corresponding S-matrix was
obtained. This S-matrix was shown to be a quantum deformed analogue of the AdS/CFT
worldsheet S-matrix. Furthermore, the quantum deformed models of the D3- and D7-
branes were considered and the corresponding boundary scattering theories were con-
structed. These were shown to obey coideal quantum affine subalgebras of the afore
mentioned type. These coideal subalgebras, in contrast to their Yangian avatars, are of a
very elegant and compact form.

The quantum deformed approach was also employed in search of the origins of the
so-called “secret’ symmetry of the AdS/CFT, which appears as a level-one (Yangian) gen-
erator in the symmetry algebra without the level-zero (Lie algebra) analogue. It was

207
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shown that this symmetry in the quantum deformed model has two relatives, level-one
and level-minus-one symmetries. This is in agreement with what was expected from
the theory of quantum groups. However there are still quite a few mysteries related to
this peculiar symmetry, — for example, if there are higher-level relatives of this symme-
try. These higher-level symmetries are expected to play a role in the boundary scatter-
ing [184].

An important aspect of the quantum deformations is that they offer a quite different
understanding of the system than the conventional approach. For example, the spectrum
of bound states is limited from above when the deformation parameter ¢ is a (higher-
order) root of unity [207]. This leads to a finite number of mirror TBA equations [208]].
Hence the quantum deformed approach offers a new and elegant approach to complex
integrable systems.

To finalize we want to note that there are still quite a lot of open questions in the
gauge/gravity dualities that are closely related to the results presented in this manu-
script. It would be very interesting to explore boundary TBA and Y-systems for various
boundary conditions along the lines of [141]. There has been very little work done in ex-
ploring boundary scattering in other backgrounds and dualities, e.g. in the AdS;/CFT)
and the ABJM models. Here a question of particular importance is the spectrum of the
9(2,1; ) spin-chain. This algebra, in contrast to the psu(2|2)¢, has a non-degenerate
Cartan-Killing form and thus is better behaved. However the corresponding spin-chain
has a much more complex structure [209], and the boundary scattering in this context has
not been explored at all. As we have mentioned earlier, boundary scattering is a necessary
component in calculating the quark-antiquark potential, which is currently emerging as
a new mainstream topic in the exploration of dualities, and thus will require a good un-
derstanding of the boundary scattering. The methods presented in this manuscript offer
a solid background for enhancing the exploration of the boundary effects in other back-
grounds and gauge/gravity dualities.
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