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ABSTRACT 

This thesis presents novel methods for AC copper loss calculation and analysis, and 

investigates the influence of AC copper loss on electromagnetic and thermal performance, with 

particular emphasis on torque/power-speed characteristics of interior permanent magnet (IPM) 

machines for low voltage and high-speed operation.  

The influences of position and size of both solid and hollow rectangular conductors on 

the AC copper loss and thermal management capability are firstly investigated by the finite 

element method. It is shown that the AC copper loss accounts for a major part of the total loss 

in the IPM machine with solid rectangular conductors. There is a tradeoff between high 

maximum torque capability and low AC copper loss at high speed. Thus, it is essential to 

consider AC copper loss in the calculation of torque/power-speed characteristics. With the 

liquid coolant flows directly inside the hollow conductors, the hollow region should be carefully 

designed since it affects not only the AC copper loss, but also the thermal management 

capability. The hollow shape with the best overall performance can be obtained by considering 

the variable coolant flow rate.  

An efficient and accurate hybrid analytical and finite element model has been proposed 

for calculating the AC copper loss, accounting for the influences of temperature, frequency, 

current angle, and saturation. Comparing with a pure finite element method, it is much faster to 

predict the AC copper loss under different frequencies, current levels, and temperatures. By 

utilizing the proposed method, together with the general lumped thermal parameter model, the 

torque/power-speed characteristics accounting for AC copper loss can be obtained within a 

desirable computing time.  

Furthermore, a novel lumped thermal parameter network is proposed based on the heat 

transfer physics. It eliminates the difference in temperature rise between the distributed loss 

model and the concentrated loss model. Comparing with the existing models, it utilizes full loss 

and full resistance and maintains the same parallel flux divide ratio comparing with the 

distribution loss model. The thermal network element with internal heat generation is relatively 

isolated from other thermal network elements to prevent over-prediction. It has been shown that 

the proposed method is relatively more accurate than the existing models for the prediction of 

hot-spot temperature.   

All developed analytical and hybrid models, as well as the lumped thermal parameter 

network, have been validated by the finite element analyses. 
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CHAPTER 1 

General Introduction 

1.1. Introduction 

With the reduction of petroleum resources and the pollution of the atmospheric 

environment, electric vehicles (EVs) have become an inevitable substitute for traditional 

vehicles. Since the 1990s, with the development of battery energy storage units, automobile 

manufacturers began to make attempts in the field of new energy vehicles [Fai96]. For the pure 

electric vehicles and hybrid electric vehicles, the electrical traction machine is one of the most 

important components, since it determines the horsepower, the acceleration, and the efficiency. 

There are several types of electrical machines that can be used as the traction machines for EVs, 

including induction machines (IM), switched reluctance machines (SRM), and permanent 

magnet (PM) machines. The PM machines are becoming the most popular ones for EV 

applications due to high torque/power density, high efficiency, low torque ripples, and low 

acoustic noise [Zhu07]. 

Due to the property of the permanent magnet used in this type of machine, the working 

temperature has a significant influence on the remanence and coercivity [Seb95]. This results 

in different working points of the magnets and influences the torque capability of the machine 

[Jah96]. In addition, the temperature will also influence the amount of power loss in electrical 

machines. Copper loss increases significantly with temperature increasing, although the iron 

loss is slightly reduced [Liu92] [Xue16]. Thus, the efficiency of the machine is influenced by 

the operating temperature. While it is well known that the temperature of an object is 

determined by the ambient temperature and the heat generated inside the object. Thermal 

analysis is absolutely necessary to predict the working temperature of electrical machines, 

especially for permanent magnets.  

To realize the thermal analysis, all the losses should be calculated first. The losses in the 
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electrical machine include friction loss, windage loss, DC copper loss, AC copper loss, iron loss, 

and magnet eddy current loss. Due to convenience in the manufacturing process and high 

packing factor, the companies and suppliers have more interest in large rectangular conductors. 

It makes the hair-pin winding become more popular for low voltage and high current 

applications [Rah12] [Jun12] [Par14]. However, AC copper losses of such large conductors may 

be extremely high. There is a lot of research on the causes of AC copper loss [Kla06] [Pop13] 

[Sul99a] [Mcc89] [Red08] and most of them are focused on the Litz-wire [Pop13] [Sul99a] 

[Mcc89] [Red08]. For the electrical machine with hair-pin windings, AC copper loss is usually 

the majority at high-speed operation.  

It should be noted again that the rectangular conductors become more and more popular 

than Litz-wire in low voltage applications such as Valeo’s 48V hybrid vehicle system.  

There are several ways to estimate the temperature distributions in electrical machines, for 

example, the lumped circuit model and the finite element model. The lumped circuit model is 

not as accurate as the finite element method, but the computing time is much shorter [Bog09]. 

For all the methods, the transfer coefficients are the most important factors. The authors in 

[Bog08a] have proposed the method to calculate the critical coefficients by different tests.  

In this thesis, AC copper loss is studied in solid rectangular conductors and hollow 

conductors. A hybrid analytical and finite element model of AC copper loss is proposed 

considering the temperature effect. The torque-speed characteristics of interior permanent 

magnet machines are studied accounting for AC copper loss. In addition, a novel analytical 

thermal model is proposed based on heat transfer physics. 
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1.2. Permanent Magnet Machines  

There are a lot of types of PM machines. They can be generally divided into two groups 

according to the location of PMs, i.e. stator PM machines and rotor PM machines. The rotor 

PM machines are more suitable for EV applications due to high torque density. The rotor can 

also be divided into two types, surface mounted PM machines (SPM) and interior PM machines 

(IPM). 
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1.2.1. Surface Mounted Permanent Magnet Machines 

The most classic PM machine is surface mounted PM synchronous machine (SPMSM). 

The rotor lamination is a simple cylinder, and the PMs are glued on the rotor surface. Fig. 1.1 

shows two typical SPMSMs with different winding configurations. PM machines with 

conventional distributed winding is a classic topology. The full pitched stator winding links all 

the main flux generated by the rotor PMs. Thus, the maximum output torque can be achieved. 

However, the long end-winding introduces extra copper loss and extends the axial length of the 

machine. Concentrated windings are usually wound on an individual tooth, and thus, the end 

winding is short. However, the shot pitch winding may reduce or limit the reluctance torque if 

there is any. It can be seen that there is no saliency ratio in SPM rotor, the reluctance torque is 

naturally zero. Thus, the short-pitched concentrated winding is usually employed in SPM 

machines instead of IPM machines. In addition, 𝑖𝑑 does not produce any torque in SPM, when 

the machine is operating in high speed and field-weakening region, the output torque is low. 

Furthermore, since PMs are glued on the surface of the rotor laminations, they may disperse 

from the rotor due to centrifugal force at high speed [Zhu07] [Zhu14] [Ish06]. 

 

 

 

 

(a) Distributed winding 

 

(b) Concentrated winding 

 

Fig. 1.1. Surface mounted PM machine with different winding configurations [Zhu07]. 
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1.2.2. Interior Permanent Magnet Machines 

Interior PM synchronous machines (IPMSM) with distributed winding have high 

torque/power density and high efficiency and are eminently suitable for applications such as 

electric vehicles. Compared with integer-slot surface-mounted PM (SPM) machines, integer-

slot interior PM (IPM) machines exhibit a wider constant power-speed region and a higher 

demagnetization withstand capability, and are more suitable for traction applications. Other key 

advantages of IPMSMs include that they can utilize not only the PM torque but also the 

reluctance torque. In addition, the rotors of IPMSMs can prevent the magnet dispersion from 

the centrifugal force at high-speed operation under field weakening control, since the magnet 

is located inside the rotor core [Jah86]. However, the integer-slot IPM machines usually have 

greater iron losses, especially at high speeds [Azr10] [Sch89] [Zhu02]. 

Fig. 1.2 shows different rotor topologies, including SPM, I-shaped IPM, V-shaped IPM, 

and spoked IPM. It can be seen that the PMs in SPM machine are arc and usually difficult to 

make with good manufacture tolerance [Zhu14]. The rectangular magnet in IPM machines is 

more desirable.  

It can be seen that the air barriers are introduced in I-shaped IPM, as shown in Fig. 1.2(b). 

They are used to prevent and reduce flux leakage. To achieve higher torque capability, the V-

shaped IPM is introduced, two PM pieces are located adjacent with an angle. The fluxes 

produced by two PM pieces are integrated into one rotor pole, so-called concentrated flux effect 

or flux focusing effect, as shown in Fig. 1.2(c). In addition, the number of PM layers can be 

increased to achieve a higher torque capability by a larger saliency ratio, as shown in Fig. 1.2.(d). 

For a special case of V-shaped IPM, the angle between two adjacent PM pieces is 90 degrees. 

The rotor can be regarded as a spoke type IPM with circumferentially magnetized magnets, as 

shown in Fig. 1.2(e). In this topology, the shaft is usually non-magnetic to prevent the short 

circuit of fluxes. In addition, the air barriers are required and located around the shaft to reduce 

the leakage. 
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(a) SPM 

 

(b) IPM-I 

 

(c) IPM-V 

 

(d) IPM-V 

Mutilayer 

 

(e) IPM-Spoked 

 

Fig. 1.2. Different types of PM rotors [Zhu14]. 

 

In [Ge16], the author proposed a novel airspace barrier of spoked type IPMs, as shown in 

Fig. 1.3. Half of the leakage paths are eliminated. Thus, it can be seen that the leakage fluxes 

have to pass through the air barrier compared with conventional air barrier design, as shown in 

Fig. 1.4. In addition, the machine with alternate airspace barriers has higher output torque 

capability as shown in Fig. 1.5. 

 

 
 

 

 

(a) Conventional barriers [DEM13] 

 

(b) Alternate barriers [Ge16] 

 

 

Fig. 1.3. Spoke-type IPM rotors with conventional and alternate airspace barriers. 
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(a) Conventional barriers [DEM13] 

 

(b) Alternate barriers [Ge16] 

 

 

Fig. 1.4. Comparison of flux distributions on no load [Ge16]. 

 

 

 

Fig. 1.5. Influence of iron rib width on torque capability [Ge16].  

 



 

8 

 

1.2.3. Comparison of SPM and IPM Machines 

The advantages and disadvantages of SPM and IPM machines are summarized in Table1.1. 

Table 1.1. Comparison of SPM and IPM machines. 

 Advantages Disadvantages 

SPM 

⚫ Simple rotor geometry 

⚫ Less flux leakage 

⚫ Short end-winding (concentrated) 

⚫ Lower cogging torque 

⚫ No reluctance torques 

⚫ Poor torque-speed characteristics 

⚫ PM dispersion from rotor 

⚫ Arc PM shape 

IPM 

⚫ Wider constant power-speed region 

⚫ Better torque-speed characteristics 

⚫ Higher demagnetization withstand 

capability 

⚫ Prevent the magnet dispersion 

⚫ V-shapsed IPM machines have flux 

focusing effect 

⚫ Rectangular PM shape 

⚫ Higher iron losses 

⚫ Longer end-winding (distributed) 

⚫ Complicated rotor geometry 

⚫ Higher flux leakage 
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1.3. Influence of Temperature on Electromagnetic 

Performance of Interior Permanent Magnet 

Machines 

1.3.1. Influence of Temperature on PM Materials 

For the PM machines, the PMs are the major excitation source for producing the output 

torque of the machine. However, the ability of PMs to produce the torque is also influenced by 

the operating temperature since the remanent flux density (𝐵𝑟) decreases with temperature as 

shown in Fig. 1.6. The following equations represent the variation of intrinsic remanence and 

coercivity of PM with temperature [Seb05] [Sun12]. 

 

 

Fig. 1.6. B-H curve of NdFeB magnet material at different temperatures [Sun12]. 
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𝐵𝑟 = 𝐵𝑟0(1 + 𝛼𝑚(𝑇 − 𝑇0)) (1.1) 

𝐻𝑐𝑖 = 𝐻𝑐𝑖0(1 + 𝛽𝑐𝑖(𝑇 − 𝑇0)) (1.2) 

where 𝐵𝑟0 and 𝐻𝑐𝑖0 are the remanence and coercivity of the magnet at temperature 𝑇0, 𝛼𝑚 

and 𝛽𝑐𝑖 are the temperature coefficients of the magnet which also depend on the temperature. 

Most of the NdFeB magnets decreases by 1% of the remanent flux density with the temperature 

rising by 1°C. 

When the temperature beyond 100°C the magnitude of the temperature coefficient 

becomes higher than the previous value. As Fig. 1.6 shows, the coercivity of the NdFeB magnet 

has a negative relationship with temperature as well. As temperature increasing, this kind of 

magnets is more vulnerable to irreversible demagnetization. As for the Ferrite magnets in Table 

1.2, the coercivity has a positive relationship with temperature increasing. In other words, this 

kind of material is safer in high-temperature applications comparing with rare earth materials.  

Table 1.2. Temperature influence on different permanent magnet materials [Sun12]. 

Magnet material Grade 𝜶𝒎(%/°𝐂) at 20°𝐂 𝜷𝒄𝒊(%/°𝐂) at 20°𝐂 

Bonded NdFeB MQP-A/ -O -0.13 -0.40 

Bonded NdFeB MQP-C/ -D -0.07 -0.40 

Casted Alnico 5 -0.02 -0.01 

Casted Alnico 8 -0.02 -0.01 

Sintered Ferrite  C-5/ -8 -0.20 0.27 

Sintered NdFeB  N48M -0.12 -0.65 

Sintered NdFeB L-38UHT -0.10 -0.50 

Sm2Co17 27 MGOe -0.035 -0.20 

SmCo5 20 MGOe -0.04 -0.40 
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1.3.2. Temperature Effects on IPM Machine Operation 

As mentioned previously, the output torque of any PM machine will decrease slightly when 

the temperature increases, since the torque equation is described by [Qi09]. 

𝑇𝑒𝑚 =
𝑁𝑝ℎ𝑝

2
(Ψ𝑝𝑚𝐼𝑞 + (𝐿𝑑 − 𝐿𝑞)𝐼𝑑𝐼𝑞) (1.3) 

where 𝑇𝑒𝑚 is the electromagnetic torque, 𝑝 is the pole-pair number, 𝑁𝑝ℎis the phase number, 

𝐿𝑑, 𝐿𝑞, 𝐼𝑑, 𝐼𝑞 are the d-axis and q-axis inductances and currents, respectively, and Ψ𝑝𝑚 is the 

PM flux-linkage which is proportional to the remanence of the magnet material at the operating 

temperature. Therefore, with the temperature increasing, the magnet flux-linkage reduces 

slightly together with the remanence. On the other hand, the d-axis and q-axis inductances 

increase slightly when the temperature rises [Che15a]. The resultant constant torque curve of 

IPM machine (T1 or T2 in Fig. 1.7) will move away from the origin point and rotate counter-

clockwise slightly since the machine needs more current to produce the same torque, as 

illustrated in Fig. 1.8 [Li16]. Consequently, the maximum torque per ampere (MTPA) curves 

will rotate counter-clockwise slightly since the intersection point between the constant torque 

curve and the current limit circle changes when the temperature rises. The current angle of 

MTPA i is shown by (1.4). 

𝛽𝑖 = sin−1
−Ψ𝑝𝑚 +√Ψ𝑝𝑚

2 + 8(𝐿𝑑 − 𝐿𝑞)2𝐼𝑚𝑎𝑥
2

4(𝐿𝑑 − 𝐿𝑞)𝐼𝑝ℎ
 

(1.4) 

where 𝐼𝑚𝑎𝑥 is the maximum phase current limited by the control process and the inverter. 
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Fig. 1.7. Flux weakening control of IPM. 

The following equations describe the voltages in d-axis and q-axis, Vd and Vq. The first 

terms represent the voltage drops on the resistances, the second terms are due to the transit of 

the currents and the rest terms come from the cross-coupling between d- and q- axes.  

𝑉𝑑 = 𝑅𝑝ℎ𝐼𝑑 + 𝐿𝑑
𝑑𝐼𝑑
𝑑𝑡

− 𝜔𝑒𝐿𝑞𝐼𝑞 (1.5) 

𝑉𝑞 = 𝑅𝑝ℎ𝐼𝑞 + 𝐿𝑞
𝑑𝐼𝑞

𝑑𝑡
+ 𝜔𝑒𝐿𝑑𝐼𝑑 + 𝜔𝑒Ψ𝑝𝑚 (1.6) 

where 𝑅𝑝ℎ  is the phase resistance, 𝜔𝑒  is the electrical angular speed, 𝑉𝑑  and 𝑉𝑞  are the 

voltages in d-axis and q-axis, respectively. 

In the steady-state condition, the derivation terms disappeared, and the voltage drops on 

resistances are relatively small comparing with the cross-coupling terms at high operating speed. 

Thus, the d- and q-axis voltages become 
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𝑉𝑑′ = −𝜔𝑒𝐿𝑞𝐼𝑞 (1.7) 

𝑉𝑞′ = 𝜔𝑒𝐿𝑑𝐼𝑑 + 𝜔𝑒Ψ𝑝𝑚 (1.8) 

For a fixed DC-bus voltage, the operating voltage should be limited by the maximum 

voltage Vmax which depends on the pulse width modulation method. 

𝑉𝑑
2 + 𝑉𝑞

2 ≤ 𝑉𝑚𝑎𝑥
2  (1.9) 

Substitute (1.7) and (1.8) into (1.9), the voltage limitation becomes 

𝐿𝑞
2 𝐼𝑞

2 + 𝐿𝑑
2 (𝐼𝑑 +

Ψ𝑝𝑚

𝐿𝑑
)
2

≤ (
𝑉𝑚𝑎𝑥

𝜔𝑒
)
2

 (1.10) 

When the temperature rises, the magnet flux linkage Ψ𝑝𝑚 decreases, and the inductances 

𝐿𝑑, 𝐿𝑞 increase slightly. Consequently, the constant torque curves of IPM machine will shift 

away from the origin and slightly rotate in a counter-clockwise direction with the increase of 

the temperature. It is dominated by the PM excited torque varying with temperature. Fig. 1.8(a) 

shows the variation trend of the constant torque curves of IPM machines at different 

temperatures. 

The maximum torque per ampere (MTPA) is an operating condition, in which the required 

electromagnetic output torque can be obtained by the minimum input current. It can be achieved 

by controlling the IPM machines operating on the intersection point between constant torque 

curves and current limit circles. 

The MTPA control of IPM machines is described in equation (1.4). However, the influence 

of temperature on MTPA curves is not considered in (1.4). However, the variation of MTPA 

curves can be analysed by the variation of intersection point. It has been discussed previously 



 

14 

 

that the constant torque curves will change when the temperature changes. Thus, it is esay to 

know that the intersection point between constant current circles and constant torque curves 

changes will also vary with temperature. Accordingly, the MTPA curve will also be changed. 

Therefore, the MTPA curves will slightly rotate in a counter-clockwise direction with the 

increase of temperature. Fig. 1.8(b) shows the variation trend of MTPA curves of IPM machines 

with the increase of temperature. Under steady-state operation, the centre of voltage limitation 

ellipses of IPM machines will move towards the origin and the areas coverd by the voltage 

limitation ellipses will be slightly reduced when the temperature increases, as shown in Fig. 

1.8(c). 

The maximum torque per voltage (MTPV), maximum torque per flux (MTPF), and 

minimum flux per torque (MFPT) are the same operating conditions, in which the required 

electromagnetic torque can be obtained by the minimum voltage or flux. It can be achieved by 

controlling the IPM machines operating on the intersection point between constant torque 

curves and voltage limitation ellipses. 

When the temperature changes, the MTPV curve will also change due to the variation of 

the intersection point between curves of constant torque and voltage limitation ellipses. The 

starting point of MTPV curves will move towards the origin, and the MTPV curves will slightly 

rotate in a counter-clockwise direction when the temperature increases. The variation trend of 

the MTPV curves of IPM machines with the increase of temperature is shown in Fig. 1.8(d). 
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(a) Variation of constant torque curves 

 

(b) Variation of MTPA curves 

 
 

 

(c) Variation of voltage limit ellipses 

 

(d) Variation of MTPV curves 

Fig. 1.8. Temperature influence on the performance of IPMs [Li16]. 
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1.4. Loss in Electrical Machines 

1.4.1. Copper Loss  

1.4.1.1. DC Copper Loss 

As mentioned previously, the machine losses dominate the machine operating temperature, 

but both copper loss and iron loss are also influenced by the operating temperature. For a 

balanced three-phase electrical machine system, the copper loss can be calculated by (1.11), 

and the phase resistance depends on the wire diameter and the total length used in one phase 

(1.12). 

𝑃𝑐𝑢 = 𝐼𝑟𝑚𝑠
2𝑅 (1.11) 

𝑅 = 𝜌
𝐿

𝐴
 (1.12) 

where 𝑃𝑐𝑢 is the copper loss, 𝐼𝑟𝑚𝑠 is the RMS value of phase current, 𝑅 is the resistance, 𝜌 

is the resistivity, 𝐿 and 𝐴 are the length and cross-sectional area of the conductor, respectively. 

For the copper loss, the resistivity of the stator winding has a direct relation with its 

temperature. The resistance of a wire at any temperature can be derived by the resistance at a 

known temperature as (1.13a) [Liu93a] or (1.13b) [Seb95].  

𝑅 = 𝑅0(1 + 𝛼𝑟(𝑇 − 𝑇0)) (1.13a) 

𝑅 = 𝑅0
234.5 + 𝑇

234.5 + 𝑇0
 (1.13b) 

where 𝛼𝑟  is the temperature coefficient of the material, and 𝑅0  is the resistance at the 

temperature 𝑇0. 
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1.4.1.2. End-Winding Estimation 

In an electrical machine, copper loss is a dominant loss especially when the overlapped 

winding is employed. Therefore, it is essential to predict the wire length in particular the end-

winding. Fig. 1.9 shows the 2D model of the end-winding prediction. 

 

 

Fig. 1.9. Models of end-windings [Ref06]. 
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Table 1.3. Comparison of different methods to predict the end-winding. 

Winding 

type 

Coil 

pitch 
The average length of end-winding in each coil (Half-length) 

Fractional 

slot (non-

overlapped) 

1 tooth 

Method 1 

[Ma16]: 
𝑊𝑡 +

𝜋𝑊𝑠

2
∗ 𝑘 (1.14a) 

Method 2 

[Ref06]: 
𝜋(𝑊𝑡 +𝑊𝑠 ∗ 𝑘)/4 (1.14b) 

Integral slot 

(overlapped) 
n-teeth 

Method 1 

[Ma16]: 

𝜋𝑊𝑠

2
∗ 𝑘 + (𝑛𝜏𝑠 − 𝛾) ∗ (𝑟𝑠 ±

𝐻𝑠

2
)

+ ℎ𝑒 

(1.14c) 

Method 2 

[Ref06]: 

𝜋

4
∗ (𝑛(𝑊𝑡 +𝑊𝑠) + (𝑘 − 1)

𝑊𝑠

2
) (1.14d) 

Additional equation 𝛾 = 𝜏𝑠 − arctan (
𝑊𝑡

2
/𝑟𝑠) ∗ 2 (1.14f) 

 

where 𝑘 is a coefficient which depends on single-layer (𝑘 = 1) or double-layer (𝑘 = 0.5). The 

term 𝑟𝑠 ±
ℎ𝑠

2
 depends on the internal rotor or external rotor. For the internal rotor, 𝑟𝑠 is the 

stator inner radius and the sign is positive, while for the external rotor, 𝑟𝑠 is the stator outer 

radius and the sign is negative. ℎ𝑒 is the extra length for the overlapped parts.  

It should be noted that the methods to estimate the end-winding length cited in Table 1.3 

are only suitable for conventional strand windings.  
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1.4.1.3. AC Copper Loss 

Skin effect 

There is an effect on the copper loss at high speed which is named the skin effect in the 

time-varying electromagnetic field. The induced eddy currents are focused on the surface which 

reduces the material conducting area and increases the resultant resistance. The depth is related 

to the material conductivity, the permeability, and the electrical frequency, (1.15). For a 

conductor with a radius ‘a’ carrying current 𝐼 cos𝜔𝑡 , shown in Fig. 1.10, the relationship 

between the resultant resistance and DC resistance is shown by (1.16). Mellor [Mel11] 

developed an expression to calculate AC copper loss considering the frequency and the 

temperature effects, and in (1.17), 𝑓2𝑎𝑐 is the frequency at which AC resistance is twice of DC 

resistance. The skin depth is roughly equal to the conductor radius at this frequency, and this 

expression uses this frequency to represent DC resistance [Mel11]. 

 

 

 

 

 

(a) Eddy current model 

 

(b) Model of AC resistance 

 

Fig. 1.10. Models in the time-varying field. 
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𝛿 = √
2

𝜔𝜎𝜇𝑚
 (1.15) 

𝑅𝑎𝑐
𝑅𝑑𝑐

≈
𝑎

2𝛿
 (1.16) 

𝑃𝑎𝑐 = 𝐼𝑟𝑚𝑠
2𝑅𝑑𝑐

[
 
 
 

𝑓 𝑓2𝑎𝑐⁄

√(1 + 𝛼𝑟(𝑇 − 𝑇0))]
 
 
 

+ (1 + 𝛼𝑟(𝑇 − 𝑇0)) (1.17) 

where 𝛿 is the skin depth at speed 𝜔, 𝜎 is the electrical conductivity, 𝜇𝑚 is the magnetic 

permeability, and 𝛼𝑟  is the temperature efficiency of the resistance, 𝑅𝑎𝑐  and 𝑅𝑑𝑐  are AC 

resistance and DC resistance, respectively. 

 

 

 

Fig. 1.11. Skin and proximity effects on coils [Pop13]. 
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Proximity effect 

Furthermore, when the parallel paths of coil conductors are located in different positions 

of the slot they will be affected by the circulating current between conductors and also the eddy 

currents in individual conductors. It is due to the alternative flux linkage between the conductors 

introduced by the rotor magnets, armature leakage, and mutual coupling. This is called 

proximity effect and should be distinguished from skin effect in windings as illustrated in 

[Kla06]. The differences between proximity effect and skin effect are also discussed in [Sul99a] 

and [Mcc89]. The difference and the similarity of the skin effect of individual conductors and 

the proximity effect of bundles of parallel conductors are illustrated in Fig. 1.11. In [Pop13], it 

has been shown that the skin effect can be eliminated with thin wire. However, the proximity 

effect will still exist. It was illustrated in [Kla06] that the total conductors in a slot can be 

separated into bundles of parallel wires. Higher losses will be generated when the end winding 

is tight and the strands do not change position between coil sides. 

There is much literature that discusses the losses in machine windings, including the 

analytical calculation, finite element analysis (FEA), and their hybrid method. In [Tho09], a 1-

D analytical model to accurately estimate the proximity losses in switched flux PM machines 

(SFPM) has been developed. Wojda presented the analytical optimization of solid-round-wire 

inductor windings to achieve the minimum AC resistance [Woj13]. Phung presented two 

complementary numerical approaches to predict proximity losses in rectangular conductors 

[Phu07]. Nan in [Nan03] and [Nan04] improved the accuracy of prediction on proximity effect 

loss presented in [Dow66] and [Fer94], as shown by Fig. 1.12(a). The idea is to simulate a 

single wire with symmetrical boundary conditions and find out its behaviour in a winding. 

Sullivan introduced the squared-field-derivative (SFD) method which allows calculating losses 

of each winding in multi-winding transformers. It considers the two-dimensional (2-D) and 

three-dimensional (3-D) field effects and is suitable for arbitrary waveforms. The predicted AC 

resistance by SFD comparing with the measured value is shown by Fig. 1.12(b) [Sul01] 

[Sul99b]. In [Wro10a] and [Wro12], an investigation into proximity losses in end-winding 
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informed from the 3-D FEA is presented. Iwasaki firstly took account of the influence of the 

pulse-width modulation (PWM) and stated that significant proximity loss exists due to high-

frequency current ripples induced by the pulse-width modulation (PWM) [Iwa09]. Reddy 

analysed the proximity losses in high-speed PM machines, surface mounted PM machines 

(SPM) with concentrated windings, and fractional-slot PM machines (FSPM) in [Red08] 

[Red10] [Red11]. In [Sim18], the author presents a shaped slot winding profile which can 

reduce AC copper loss based on the time-harmonic finite element model. 

 

 

 

 

 

(a) Comparison of experimental data for AC 

resistance with different models [Nan03] 

(b) Measured AC resistance compared to AC 

resistance predicted by the SFD method 

and 1-D model [Sul01] 

 

Fig. 1.12. Prediction of AC resistance by different methods. 

 

Mellor stated that the distribution of the magnetic flux causes eddy current in the axial 

direction for radial field machines, and the largest eddy currents are induced close to the slot 

opening, resulting in non-uniform current distribution in each conduction, shown in Fig. 1.13 

[Mel06].  
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(a) Flux line distribution in slot 

 

 

(b) Resultant non-uniform current 

distribution 

 

Fig. 1.13. Flux variation in stator winding [Mel06].  

 

Mellor demonstrated several winding methods in half-slot and compared the ratio of AC 

to DC loss. It can be seen that the losses are the lowest when the conductors are located near 

the slot bottom (see Figs.1.14c and e) and when the conductor height is minimum in the radial 

direction, Fig. 1.14(f). The author further investigated two winding topologies (g) and (h) which 

use 2-strand and 3-strand bar conductors to reduce the conductor height in the radial direction 

and improve the packing factor [Mel06].  

 

Table 1.4. Comparison of different winding models [Mel06]. 

Winding model (a) (b) (c) (d) (e) (f) (g) (h) 

Packing factor 50% 50% 50% 50% 50% 50% 32% 45% 

𝑃𝑎𝑐 𝑃𝑑𝑐⁄  at 400Hz 7.62 4.10 2.94 6.97 5.90 2.66 1.50 2.00 
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(a) Baseline, 7-

strands of parallel 

conductors wound 

uniformly around the 

tooth 

 

(b) Single round 

conductor 

(c) Single round 

conductor 

concentrated at 

bottom of slot 

(d) Bar conductor 

  

 

  

(e) Bar conductor 

concentrated at 

bottom of slot 

 

(f) Bar conductor 

with a different 

orientation 

(g) 2-strands of 

parallel conductors 

(h) 3-strands of 

parallel conductors 

Fig. 1.14. Different winding models in a half slot [Mel06]. 
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In [Mel06], the authors also analyse the rectangular conductors, as shown in Fig. 1.14. 

There is a lot of literature that focuses on rectangular conductors as well. In [Li18] and [Vol18], 

the author provides the analytical method, finite element method, and a hybrid method to model 

AC copper loss. However, the temperature effect and current effect are not studied. In [Aoy18], 

the author studies the influence of parallel path on DC copper loss and eddy current loss. In 

[Bar18], the author presents that introducing a space between the conductors and tooth tips can 

reduce AC copper loss. In [Bol02], the author presents an analytical method to predict AC 

copper loss of rectangular conductors. The model is shown in Fig. 1.15. 

 

 

 

Fig. 1.15. Multiple rectangular conductors in a parallel slot [Bl02]. 
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AC to DC resistance coefficients for the 𝑝th layer (𝐾𝑅𝑃) in the slot shown in Fig. 1.15 

can be obtained by the following equations: 

𝐾𝑅𝑃 = 𝜑(𝜉) +
𝐼𝑡𝑜𝑡𝑎𝑙(𝐼𝑡𝑜𝑡𝑎𝑙 cos 𝛾 + 𝐼𝑙𝑎𝑦𝑒𝑟)

𝐼𝑙𝑎𝑦𝑒𝑟
2 ψ(𝜉) (1.18) 

𝜑(𝜉) = 𝜉
sinh 2𝜉 + sin 2𝜉

cosh 2𝜉 − cos 2𝜉
 (1.19) 

ψ(𝜉) = 2𝜉
sinh 𝜉 − sin 𝜉

cosh 𝜉 + cos 𝜉
 (1.20) 

𝜉 = 𝐻𝑐√
𝜔𝜇𝑚𝜎

2

𝑛𝑐𝑊𝑐

𝐻𝑠
 (1.21) 

where 𝐼𝑡𝑜𝑡𝑎𝑙 is the total current in the slot, 𝐼𝑙𝑎𝑦𝑒𝑟 is the current per layer in the slot, 𝛾 is the 

angle between 𝐼𝑡𝑜𝑡𝑎𝑙 and 𝐼𝑙𝑎𝑦𝑒𝑟, 𝑛𝑐 is the number of conductors in each layer, 𝐻𝑐 , 𝑊𝑐, 𝑊𝑠 

are the conductor and slot dimensions shown in Fig. 1.15. 

The average value of 𝐾𝑅𝑃 for 𝑚 layers can be calculated by (1.22) and (1.23) for the 

case 𝛾 = 0° and 𝛾 ≠ 0° respectively. 

𝐾𝑅𝑚 =
1

𝑚
∑𝐾𝑅𝑃

𝑚

1

(𝑝) =  𝜑(𝜉) +
𝑚2 − 1

3
ψ(𝜉) (1.22) 

𝐾𝑅𝑚 =  𝜑(𝜉) + (
𝑚2(5 + 3 cos 𝛾)

24
−
1

3
)ψ(𝜉) (1.23) 
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1.4.2. Iron Loss 

Iron loss is another major loss in electrical machines, especially at high-speed operation. 

Since iron loss affects the efficiency of electrical machines, temperature distribution, cooling 

requirements, and PM demagnetisation, etc., its accurate prediction is essential to evaluate the 

performance of electrical machines. However, iron loss is one of the most difficult losses to 

predict accurately in electrical machines. Starting from the first expression by Steinmetz (1.24a) 

[Ste92], several models were developed based on Steinmetz’s model. These models improve 

the accuracy of the estimated iron losses in laminations [Xue16]. 

𝑃𝐹𝑒 = 𝑘h𝑓𝐵𝑚
1.6 + 𝑘𝑒𝑓

2𝐵𝑚
2 Steinmetz (1.24a) 

𝑃𝐹𝑒 = 𝑘h𝑓𝐵𝑚 + 𝑘ex𝑓
1.5𝐵𝑚

1.5 + 𝑘𝑐𝑓
2𝐵𝑚

2 Bertotti (1.24b) 

𝑃𝐹𝑒 = 𝑘h𝑓𝐵𝑚
α +

𝑘c
𝑇
∫ 𝐵(𝑡)2𝑑𝑡
𝑇

0

+ 8.67𝑘ex𝑓
1.5𝐵𝑚

1.5 Atallah (1.24c) 

𝑃𝐹𝑒 = 𝑘h(𝑓, 𝐵𝑚)𝑓𝐵𝑚
α(𝑓,𝐵𝑚) + 𝑘𝑒(𝑓, 𝐵𝑚)𝑓

2𝐵𝑚
2 Ionel (1.24d) 

𝑃𝐹𝑒 = 𝑘h𝑓𝐵𝑚
2 + 𝑘𝑒𝑓

2𝐵𝑚
2 Boglietti (1.24e) 

where 𝑃𝐹𝑒 is the iron loss, 𝑘h and α are the hysteresis loss coefficients, 𝑘𝑒 is the eddy current 

loss coefficient, 𝑘𝑐 is the classical loss coefficient, 𝑘ex is the excess loss coefficient, 𝑓 is the 

frequency, 𝐵𝑚 is the amplitude of flux density. 

Bertotti improved the expression into three items including hysteresis loss, classic eddy 

current loss, and extra loss [Ber85]. Atallah investigated the coefficients in Bertotti’s model and 

then improved the accuracy [Ata92]. Since the B-H curves of soft magnetic materials vary with 
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applied field strength, Ionel improved the coefficients related to the frequency and flux density 

[Ion07]. The three-term expression is difficult to verify in reality, a new two-term approach is 

developed in [Bog03a], where the classical loss and excess loss in Bertotti’s three-term model 

are combined into a global eddy current loss. However, the previous expressions do not consider 

the temperature influence on the iron loss, Equation (1.25c) considered the eddy current loss 

influenced by the iron resistance that is proportional to the temperature [Che15b]. Xue 

developed a model (1.25d), in which the coefficients of eddy current loss and hysteresis loss 

accounting the temperature are variables. It can estimate the total iron loss more accurately 

varying with temperature [Xue16]. As Fig. 1.16 shows, the iron loss prediction with variable 

coefficients is the most accurate model. 

𝑃𝐹𝑒 = 𝑘h𝑓𝐵𝑚
2 + 𝑘𝑒𝑓

2𝐵𝑚
2 Constant coefficients (1.25a) 

𝑃𝐹𝑒 = 𝑘h(𝑓, 𝐵𝑚)𝑓𝐵𝑚
2 + 𝑘𝑒(𝑓, 𝐵𝑚)𝑓

2𝐵𝑚
2 

Coefficients vary with 

frequency and flux density 
(1.25b) 

𝑃𝐹𝑒,𝑇 = 𝑘h𝑓𝐵𝑚
2 +

𝑘𝑒
1 + 𝛼(𝑇 − 𝑇0)

𝑓2𝐵𝑚
2 

Temperature influence on 

the resistance of iron 

introduced 

(1.25c) 

𝑃𝐹𝑒 = 𝑘h(𝑓, 𝐵𝑚, 𝑇)𝑓𝐵𝑚
2 + 𝑘𝑒(𝑓, 𝐵𝑚, 𝑇)𝑓

2𝐵𝑚
2 

Coefficients vary with 

frequency, flux density, and 

temperature 

(1.25d) 
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Fig. 1.16. Iron losses vary with frequency at 100°C, Model 2 (1.23b), Model-TCR (1.23c), 

Improved model (1.25d) [Xue16]. 
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Chen developed a model of iron loss in d- & q- axes which can be used in the simulation 

of machine drive systems. The open circuit and the short circuit losses can be predicted by 

employing the previous models at corresponding conditions [Che15c]. 

𝑃𝐹𝑒_𝑑 =
Ψ𝑞
2

Ψ𝑑
2 +Ψ𝑞

2
𝑃𝐹𝑒_𝑂𝑐 + 𝑃𝐹𝑒_𝑆𝑐 

(1.26) 

𝑃𝐹𝑒_𝑞 =
Ψ𝑑
2

Ψ𝑑
2 +Ψ𝑞

2
𝑃𝐹𝑒_𝑂𝑐 

where 𝑃𝐹𝑒_𝑑, 𝑃𝐹𝑒_𝑞, Ψ𝑑 and Ψ𝑞 are the iron losses and flux linkages in d-axis and q-axis, 

respectively.  𝑃𝐹𝑒_𝑂𝑐  and 𝑃𝐹𝑒_𝑆𝑐  are the iron losses in open-circuit and short-circuit 

respectively.  

Han investigated the effects of rotor and stator magnetomotive force (MMF) harmonics 

on iron losses [Han07a] [Han07b] [Han08]. It has been proved that there are specific orders 

influence the iron loss greatly, where it can be limited by the machine geometries and the 

winding topologies [Han10]. Some of the results are shown in Fig1.17. By introducing the two-

layer rotor the total iron loss can be reduced even if non-optimised. The reason is due to the 

rotor slot harmonic number changes when the rotor topology changes. 
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Fig. 1.17. FE-calculated total iron losses under short-circuit conditions at 8224 r/min. (a) Total 

(hysteresis plus eddy current) core loss density distribution. (b) Breakdown of the total core 

losses into five major parts of the machine [kW]. (c) Spectra of the total core losses in the stator 

teeth [kW] [Han10]. 

 

In conclusion, the development of the iron loss models is improving the accuracy and 

considering more effects, such as frequency, flux density, and temperature. From the Boglietti’s 

two-term model, the eddy current loss is defined proportional to frequency square, the 

hysteresis loss is proportional to frequency and both of them are proportional to flux density 

square. 
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1.4.3. Magnet Loss 

Although many authors developed the expressions to estimate the eddy current losses of 

PMs. It is still difficult to estimate them since the equations are extremely complicated in the 

SPMs. When applied to the IPMs, the expressions should be modified by different rotor 

topologies, the magnet position, and the flux barriers. Therefore, it is more difficult to calculate 

the PM loss in IPMs. However, according to the literature, the eddy current loss can be reduced 

by segment the PMs in circumferential and axial [Ata00] [Tod04] [Wan10] [Kaw09]. 

 

 

 

 

 

 

 

(a) Circumferential segment [Tod04] 

 

(b) Axial segment [Kaw09] 

 

Fig. 1.18. Magnet segment in different directions to reduce eddy current loss. 
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1.4.4. Mechanical Loss 

The final component of the machine loss is mechanical loss. It is the sum of the bearing 

friction loss and the windage loss [Yah14]. 

𝑃𝑚𝑒 = 𝐵𝑚𝑒𝜔𝑚𝑒
2 + 𝑇𝑜𝜔𝑚𝑒 (1.27) 

Equation (1.27) represents the analytical model of mechanical loss, where 𝐵𝑚  is the 

friction coefficient, 𝑇𝑜 is the constant friction load, and 𝜔𝑚 is the operating mechanical speed. 

The two coefficients can be calculated by the no-load testing. However, the rotating rotor 

magnetic field can generate the induced current in the stator winding and the cogging torque 

due to the interaction between the rotor field and the stator slot opening [Zhu00]. The more 

accurate method is employing a dummy rotor machine with un-magnetized magnets. 
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1.5. Heat Transfer 

1.5.1. Heat Transfer Physics in Electrical Machines 

In general, the heat flux is always transferring from a high-temperature region to a lower 

temperature region. As long as the temperature difference exists between two objects or two 

parts of the same object without any thermal-protective coating between them, the thermal 

transfer will not stop unless the temperature is the same. There are three basic forms of thermal 

transfer, i.e. conduction, convection, and radiation. The conduction transfers energy by the 

movement and/or vibration of a molecule, an atom, or an electron. The conduction between 

fluids is similar to the momentum transfer between molecules. The convection transfers heat 

by the macroscopic movement of the fluid micelles. Therefore, the convection can only exist in 

fluids and accompany with momentum transfer. The radiation removes heat by electromagnetic 

waves and does not need material as a medium [Bil67] [Mca54]. 

In reality and also in electrical machines, the heat transfer process is complicated since the 

conduction, convection, and radiation exist at the same time generally. As mentioned previously, 

in the analysis of the electrical machines, a strong interaction between electromagnetic and 

thermal designs should be considered. It is very difficult to predict one accurately without the 

other, i.e., the copper loss and iron loss are seriously related with the temperature and vice versa 

[Bog09]. 
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1.5.1.1. Thermal Conduction 

Thermal conduction is one of the heat transfer phenomena when there is no macroscopic 

movement in the medium. It can happen between any two objects with different temperatures 

no matter whether they are solid, liquid, or gas. However, only the heat transfer inside solids is 

pure conduction strictly. For fluids, the natural convection happens due to the density difference 

caused by temperature gradient even in stationary states. Therefore, the conduction occurs with 

the convection at the same time in fluids [Yun11]. 

 

  

  

Fig. 1.19. The difference in physical properties between solid and gas [Yun11]. 

 

The theory of heat conduction is published by J. Fourier in 1822 [Fou22]. The rate of heat 

conduction through a medium in a specified direction is expressed by Fourier’s law of one-

dimensional heat conduction as: 

𝑑𝑄

𝑑𝑡
= −𝜆𝐴𝑠

𝑑𝑇

𝑑𝑥
 (1.28) 

where 𝑄  is the thermal energy transferred in Joules, 𝑡  is the time, 𝜆  is the thermal 

conductivity, 𝐴𝑠 is the cross-sectional area of the heat flow, 𝑇 is the temperature, 𝑥 is the 

distance. 
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The negative sign in (1.28) represents that the heat flux is flowing in the direction of 

decreasing temperature. In other words, the gradience of temperature is negative when heat flux 

is flowing in a positive direction. In addition, the rate of the heat changing is proportional to the 

product of the area of flow and the temperature gradient. The constant 𝜆  is the thermal 

conductivity which is a material property [Sim88].  

It should be noted that thermal conduction is the most common heat transfer process in 

electrical machines, i.e. the heat transferring in the conductor in the axial direction, and the heat 

transferring in the laminations [Mel91]. 
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1.5.1.2. Thermal Resistance 

The heat transfers through a solid material resulting in the temperature difference can be 

treated as a current source generated current flowing through a resistance and the resulted 

voltage difference. In the thermal circuit, the temperature is similar to the voltage in the 

electrical circuit, the power loss (W) is regarded as current and the rest term can be viewed as 

a thermal resistance [Yun11]. 

𝑑𝑄

𝑑𝑡
= 𝑄̇ = −𝜆𝐴𝑠

𝑑𝑇

𝑑𝑥
 (1.29) 

𝑄̇ = −𝜆𝐴𝑠
𝑇2 − 𝑇1

𝐿
 (1.30) 

∆𝑇 =
𝐿

𝜆𝐴𝑠
𝑄̇ (1.31) 

𝑅𝑡ℎ =
𝐿

𝜆𝐴𝑠
 (1.32) 

where 𝐿 is the length in heat flow, 𝐴𝑠 is the cross-sectional area of the heat flow,  𝜆 is the 

heat conductivity, 𝑅𝑡ℎ is the thermal resistance. 
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1.5.1.3. Interface and Conductor Coefficients 

The heat transfer is usually occurring through complex structures made of different 

materials, joined by a thin interface. Fig. 1.20 illustrates the case of steady conduction across 

an interface and a discontinues temperature occurs and a fictitious temperature drop (∆𝑇) can 

be found. With the steady heat flux, the equation (1.31) is set up, and the unit interface 

conductance is shown by equation (1.34) [Cro77]. 

𝑄 = −𝜆𝐴
𝑑𝑇

𝑑𝑥
|
𝐴
= −𝜆𝐵

𝑑𝑇

𝑑𝑥
|
𝐵

 (1.33) 

ℎ𝑖 =
𝑄

∆𝑇
 (1.34) 

where ℎ𝑖 is the interface conductance. 

There are two requirements which the boundary conditions at an interface should be based 

on. Firstly, two bodies in contact must have the same temperature at the contact face. Secondly, 

there is no energy that can be stored in an interface, and thus the heat flux on the two sides of 

an interface must be the same. 

The prediction accuracy of machine thermal performance is dependent upon the estimation 

of many thermal contact resistances within the machine such as the contact resistance between 

the stator lamination and housing, and the contact resistance between the slot-liner to lamination, 

etc. Thermal contact resistance is caused by the imperfections in the contacting surfaces. It is a 

complex function of smoothness of the surfaces, material hardness, air pressure, and interface 

pressure. In a design process, the easiest way to calculate the thermal contact resistance is to 

base the thermal resistance on an average interference air gap [Sta05]. Table 1.5 summarised 

several typical effective interface gaps and the conductance of different materials. 
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Fig. 1.20. The general model of the interface between the two materials. 

 

Table 1.5. Effective interface gap and the conductance of different materials [Sta05]. 

 Interfacial conductance [
W

m2C
] Effective interface gap [mm] 

Ceramic-Ceramic 500- 3000 0.0087- 0.0052 

Ceramic-Metal 1500- 8500 0.0031- 0.0173 

Graphite-Metal 3000- 6000 0.0043- 0.0087 

Stainless-Stainless 1700- 3700 0.0070- 0.0153 

Aluminium-Aluminium 2200- 12000 0.0022- 0.0012 

Stainless-Aluminium 3000- 4500 0.0058- 0.0087 

Iron-Aluminium 4000- 40000 0.0006- 0.0060 

Copper-Copper 10000- 25000 0.0010- 0.0026 
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1.5.1.4. Newton’s Cooling Law 

Convection-cooling is sometimes called “Newton’s law of cooling”. For a solid heat 

source, when the temperature difference between the surrounding medium and the source is not 

large (less than 50°C), the transferred heat from the source is proportional to the temperature 

difference. The empirical formula is Newton’s cooling law. 

𝑑𝑄

𝑑𝑡
= ℎ𝐴𝑠(𝑇𝑠 − 𝑇0) (1.35) 

where 𝑄 is the thermal energy transferred in Joules, 𝐴𝑠 is the surface area, (𝑇𝑠 − 𝑇0) is the 

temperature difference between the surface and the surrounding medium and ℎ  is the heat 

transfer coefficient. Newton’s cooling law states that the rate of heat loss of a heat body is 

proportional to the temperature difference between the body and its surroundings [Bou97] 

[Joo11] [Ner08]. 
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1.5.1.5. Thermal Convection 

For the successful design of many engineering systems, the ability to predict the rate of 

heat transfer between a fluid medium and a solid boundary is essential. Thermal convection can 

happen if one of the objects is fluid and a relative motion occurs at the surface. Convections are 

usually divided into two categories, namely forced convection and natural convection. When 

the fluid motion is produced by the applied pressure or viscous forces on the fluid boundary the 

process is termed as forced convection. In natural convection, the fluid motion is due to the 

buoyancy forces induced by temperature gradients or concentration gradients [Lew96]. 

 

 

 

Fig. 1.21. Model of thermal convection [Yun11].  

 

The heat transfer rate through a fluid by convection is much higher than by conduction. 

Heat transferred from the solid surface to the fluid layer adjacent to that surface can be regarded 

as pure conduction since there is no relative speed. Therefore, 

𝑄̇𝑐𝑜𝑛𝑣 = 𝑄̇𝑐𝑜𝑛𝑑 = −𝜆𝐴
𝑑𝑇

𝑑𝑦
|
𝑦=0

 (1.36) 
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It is similar to the thermal conduction, the heat transferred by convection can be regarded 

as a current source flowing through a resistor, and the thermal resistance of convection is: 

𝑅𝑡ℎ =
1

ℎ𝐴𝑠
 (1.37) 

where ℎ is the convection heat transfer coefficient. 

Convection heat transfer is strongly dependent on the fluid properties, such as the dynamic 

viscosity, the thermal conductivity, the fluid density, and the specific heat, as well as the fluid 

velocity. It is also depending on the roughness and the geometry of the solid surface. In addition, 

the fluid flow type such as streamlined flow or turbulent flow is also a considerable effect. The 

convection coefficient ℎ is not an inherent property of the fluid material. It is a parameter 

determined by the experiment. The value of the convection coefficient is depending on several 

influences such as the surface geometry, the nature of fluid motion, the material properties of 

the fluid, and the bulk fluid velocity. There are several numbers that can describe the efficiency 

of convection, and thus affecting the heat transfer coefficient. 

Nusselt number: 𝑁𝑢 = 
𝑄̇𝑐𝑜𝑛𝑣

𝑄̇𝑐𝑜𝑛𝑑
=
ℎ𝐿

𝜆
 (1.38a) 

Reynolds 

number: 
𝑅𝑒 = 

Inertial forces

Viscous forces
=
𝜌𝑣𝐿

𝜇
 (1.38b) 

Prandtl number: 𝑃𝑟 = 
Molecular diffusivity of momentum

Molecular diffusivity of heat
=
𝑐𝑝𝜇

𝜆
 (1.38c) 

Taylor number: 𝑇𝑎 = 
𝜌2𝜔2𝑟𝑚𝑙𝛿

3

𝜇2
 (1.38d) 
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where 𝐿 is the characteristic length, 𝜌 is the fluid density, 𝑣 is the fluid velocity, 𝜇 is the 

fluid kinematic viscosity, 𝑐𝑝 is the specific heat capacity, 𝛿 is the airgap length, 𝑟𝑚𝑙 is the 

mean logarithmic radius. 

The first one is the Nusselt number which is a dimensionless coefficient that describes the 

goodness of convection heat transfer. The Nusselt number represents the enhancement of heat 

transfer. It can be regarded as a ratio between the heat convection and heat conduction through 

the same fluid layer. Thus, the larger the Nusselt number, the more effective the heat dissipation 

by convection. 

The second one is called the Reynolds number. The Reynolds number can be regarded as 

the ratio between inertial forces and viscous forces acting on a fluid object. The value of the 

Reynolds number determines the laminar flow or turbulent flow.  

The Prandtl number is also a dimensionless parameter. It describes the relative thickness 

of the velocity and the thermal boundary layers. For gases, the Prandtl numbers are around 1, 

which demonstrates that the momentum dissipates through the fluid at about a similar rate to 

heat. When 𝑃𝑟 << 1, thermal diffusivity is very high, and when 𝑃𝑟 >> 1, thermal diffusivity is 

very low relative to momentum. 

The last one is the Taylor number which is proportional to the speed cube. This number is 

highly related to the forced convection cooling [Bog08a] [Bog09]. 

The heat convection coefficients are the most difficult parameters to be determined in 

electrical machines. They are usually obtained by the properties of the material if the surface is 

smooth, such as the water channel. For the complicated geometries, it is usually obtained by 

tests [Bog09]. 
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1.5.1.6. Thermal Radiation 

The thermal radiation is electromagnetic radiation which carries energy away from the 

emitting object. It is produced by the thermal motion of charged atoms in substances. When the 

temperature of an object is greater than absolute zero, the collisions between atoms change the 

kinetic energy of the atoms or molecules. This results in the particle quantum transition which 

produces electromagnetic radiation.  

The rate of thermal dissipation through radiation depends on the position and the 

temperature difference between the surfaces where the heat-exchanging happening. The larger 

the temperature difference between the surfaces, the higher the rate of heat dissipation from the 

high-temperature surface to the low-temperature surface.  

𝑄̇𝑟𝑎𝑑𝑖 =
𝜙𝑡ℎ

𝑆
= 𝜀𝑡ℎ𝑟𝜎𝑆𝐵(𝑇1

4 − 𝑇2
4) (1.39) 

𝑅𝑟𝑎𝑑𝑖 =
1

ℎ𝑟𝑎𝑑𝑖𝑆
 (1.40) 

ℎ𝑟𝑎𝑑𝑖 = 𝜀𝑡ℎ𝑟𝜎𝑆𝐵
(𝑇1

4 − 𝑇2
4)

𝑇1 − 𝑇2
 (1.41) 

where 𝑄̇𝑟𝑎𝑑𝑖 is the net radiation heat exchange, 𝜙𝑡ℎ is the total heat flux, 𝑆 is the area, 𝜀𝑡ℎ𝑟 

is the emissivity of the surface, 𝜎𝑆𝐵 is the Stefan-Boltzmann constant, 𝑅𝑟𝑎𝑑𝑖 is the thermal 

resistance of radiation, and ℎ𝑟𝑎𝑑𝑖 is the radiation coefficient. 
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As mentioned previously, the radiation can be modelled as thermal resistance and this 

coefficient is mainly depending on the temperature difference. The following values are test 

results at 27.8℃ housing temperature [Bog06].  

ℎ𝑟𝑎𝑑𝑖 = 8.5 W/m2/℃ between stator copper and iron core 

ℎ𝑟𝑎𝑑𝑖 = 6.9 W/m2/℃ between end winding and external cage 

ℎ𝑟𝑎𝑑𝑖 = 5.7 W/m2/℃ between external cage–ambient 

Comparing with thermal convection and thermal conduction, the thermal radiation inside 

electrical machines is not a significant heat transfer method due to the relatively low gradience 

of temperature. In electrical machines, heat transfer through radiation usually occurs within the 

inner components, such as, between the end windings and the end-caps, and between the 

housing surface and the ambient medium. 

The radiation heat transfer inside the electrical machines can be identified by the following 

assumptions. Firstly, the surface heat exchange properties should be assumed as constant at all 

wavelengths. Secondly, the irradiation is regarded as the blackbody emission at the respective 

temperature [Bog08a] [Bog09] [Joo11]. 
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1.5.2. Temperature Influence on Thermal Conductivities 

The heat transfer coefficients vary with temperature because of the lattice vibration in solid 

or molecular diffusion in gas. 

Liu [Liu93b] stated that the surface heat transfer coefficients are highly dependent on the 

temperature of the surface. Therefore, the equivalent thermal resistance of the surface is non-

linear and results in a non-linear thermal network. The computed equivalent conductance for 

the cylindrical frame of the test machine, plotted as a function of its surface temperature, is 

shown in Fig. 1.22. Table 1.6 shows the variation of thermal conduction coefficients of copper 

and aluminum with temperature [Liu93b]. 

Table 1.6. Conductivities at different temperatures [Liu93b]. 

Temperature (K) 

The conductivity of materials (W/m*K) 

Copper Aluminium 

100 482 302 

200 413 237 

300 401 237 

400 393 240 

600 379 231 

800 366 218 
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Fig. 1.22. Variation of temperature with input power of copper winding [Liu93b]. 
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1.5.3. Thermal Analysis Methods 

In [Bog09], the author compared several methods for the thermal calculation of electrical 

machines, and the advantages and the disadvantages are summarized in Table 1.7. The lumped 

circuit models and the Motor-CAD can quickly calculate the temperature at different positions 

in electrical machines, and the rest two methods can be used to verify the results. For lumped 

circuit models, the losses in different parts should be calculated by finite element methods as 

well as the thermal resistances based on machine geometry. For the Motor-CAD, when the 

motor geometry and materials are set, the program can run thermal tests related to the results 

from electromagnetic tests or the inputs from users [Bog09]. 

 

Table 1.7. Comparison of different methods of thermal analysis. 

 Advantages Disadvantages 

LPTN (user 

built) 
Simple, easy to link with other calculations Less accuracy 

Analytical 

(Motor-CAD) 

Only need to input details geometry, 

winding, and materials used 

Geometry is based on a 

fixed set of topologies 

FEM 
Can model solid component conduction more 

accurately than the thermal network 

Long model setup and 

computation times 

CFD 

Improving the accuracy calculation when 

fulid is account, usually use CFD to predict 

convection coefficient  

Long model setup and 

computation times 
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The most common methods for thermal analysis of electrical machines are lumped 

parameter thermal model (LPTM) [Mel91] and finite element (FE) model [Bog09]. The LPTM 

is less accurate than the finite element method, but the computing time is much shorter [Bog09]. 

Indeed, for both LPTM and finite element method, the thermal transfer coefficients are required. 

The authors in [Bog08a] focus on the determination of critical thermal parameters which are 

important in thermal models and have proposed the method to calculate them by different tests. 

There are a lot of existing LPTMs built by different authors for different types of machines 

including PM machines [Lee12] [Liu93] [Ref04] [Joo11], induction machines [Mel91] [Mel88] 

[Bog08a] [Bog09] [Bou97] [Bog03] [Sta05] [Sta06], switched reluctance machines [Li11] and 

switched flux machines [Li12]. 
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1.5.4. Lumped Parameter Thermal Model 

The lumped parameter thermal model (LPTM) is the most widely used thermal analysis 

method in the literature. Fig. 1.23 shows 4 typical lumped models for different types of 

electrical machines. There are three types of components in lumped circuit models, i.e. thermal 

resistance, thermal capacitance, and power loss source. The first one, Fig. 1.23(a), is for the 

induction machines, there are 17 nodes in this model the outer cage is modelled as a single 

resistor. The second one, Fig. 1.23(b), is for the switch reluctance machine. The author 

separated the natural convection and forced convection into two resistors and the total 5 current 

sources to represent the iron loss in stator back iron (behind slot and tooth), stator tooth, rotor 

tooth, and rotor back iron. The third network, Fig. 1.23(c), is for the switched flux machine. 

The geometry of this machine is similar to the switched reluctance machine, the only difference 

is a piece of PM is employed inside the stator tooth. Therefore, compared with the third and the 

second models, there is a third vertical branch to model the PM, while for the switched 

reluctance machine only two branches to represent the slot and tooth regions. The fourth model, 

Fig. 1.23(d), is for the IPM machine with I shaped PM. This model is more complicated than 

the first three models, since the end-winding influence is considered, and also the geometry is 

more complicated than other machines. The rotor has the magnets and also the flux barriers, the 

two resistances in parallel between the magnet and the flux barrier represent the heat flow 

through the magnet to the barrier in both positive and negation circumferential directions. The 

end-winding can only dissipate heats through the end-cup air by convection and radiation. 
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(a) Induction machine [Mel91] 

 

(b) Switch reluctance machine [Li11] 

 

 

 

 

 

(c) Switched flux machine [Li12] 

 

(d) Interior PM machine [Lee12] 

 

Fig. 1.23. Lumped circuit model for different types of machines. 
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It can be seen that the lumped circuit models compared in Fig. 1.23 are complicated. This 

is due to the fact that the author in [Mel91] focused on the average temperature of each 

component in electrical machines. Fig. 1.24 shows a general 3-D cylindrical component which 

has inner radius 𝑅𝑖, outer radius 𝑅𝑜, and axial length L. The thermal resistance in the radial 

direction of this component is derived by Mellor in [Mel91] as shown in (1.44). Since they are 

complicated equations, several authors derived the simplified equations to model the cylindrical 

equations. However, by applying with the same input values, the results of initial equations are 

roughly two times of the simplified results. The difference between the two models and 

equations will be studied and discussed in this thesis. 

 

 

Fig. 1.24. General cylindrical component. 

 

The one-dimensional heat conduction equation in the radial direction of a cylindrical ring, 

Fig. 1.24, can be described as, 

𝜕2𝑇𝑟
𝜕𝑟2

+
1

𝑟

𝜕𝑇𝑟
𝜕𝑟

+
𝑔

𝜆
= 0 (1.42) 

where 𝑇𝑟 is the radial temperature, 𝑟 is the radius, 𝑔 is the loss generated per unit volume 

(W/m3), and 𝜆 is the thermal conductivity. 

 

𝑟1 , 𝑇1

𝐿

𝑟2 , 𝑇2

𝑟𝑚, 𝑇𝑚
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The general solution of (1.42) gives the temperature profile radially, 

𝑇𝑟 = 𝑎 ln 𝑟 −
𝑔𝑟2

4𝜆
+ 𝑏 (1.43) 

where 𝑎 and 𝑏 are constants.  

By introducing the boundary conditions 𝑇𝑟 = 𝑇1 |𝑟=𝑟1 and 𝑇𝑟 = 𝑇2 |𝑟=𝑟2  into (1.43), the 

constants 𝑎  and 𝑏  can be determined. Thus, the radial temperature profile and the mean 

temperature can be obtained as, 

𝑇𝑟(𝑟) =
𝑔

4𝜆
[
ln 𝑟 𝑟1⁄

ln
𝑟2

𝑟1⁄
(𝑟2

2 − 𝑟1
2) + (𝑟1

2 − 𝑟2)] +
ln 𝑟 𝑟1⁄

ln
𝑟2

𝑟1⁄
(𝑇2 − 𝑇1) + 𝑇1 (1.44) 

𝑇𝑚 = (
𝑇2𝑟2

2

𝑟2
2 − 𝑟1

2 −
𝑇2

2 ln
𝑟2
𝑟1

) + (
𝑇1

2 ln
𝑟2
𝑟1

−
𝑇1𝑟1

2

𝑟2
2 − 𝑟1

2) +
𝑔

8𝜆
 (𝑟2

2 + 𝑟1
2) −

𝑔(𝑟2
2 − 𝑟1

2)

8𝜆 ln
𝑟2
𝑟1

 (1.45) 

 

For the case without internal heat generation, the temperature distribution inside the 

element is due to the temperature difference between the inner surface and the outer surface. 

The expressions to represent the thermal resistance in the radial direction are summarized in 

(1.44) [Mel91]. 
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𝑟1⁄ )

𝑅2𝑏 =
1
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𝑟2
𝑟𝑚⁄ )

  (1.45) 

The thermal model is presented in Fig. 1.25(a). It can be seen that there are three 

resistances, the resistance 𝑅1𝑚 is negative and used to correct the output temperature. It should 

be noted that in this method, the element is not separated at a visible radius but an ideal location 

with the mean temperature. 

 
 

 

 

(a) Mellor’s model 

 

(b) Simplified model 

 

Fig. 1.25. Lumped circuit thermal models of the general cylindrical component. 
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Another method is based on the simplified LPTMs. The main idea is to separate the 

element at the mean radius and treat the two small rings as zero loss generation [Bog03b] [Ref04] 

[Joo11] [Bog08b] [Yu10] [Bim18] [Zhu15]. All the losses are assumed to be generated at a 

surface inside the element, e.g. the surface of constant radius 𝑟𝑚 in Fig. 1.24, which separates 

the original ring into two parts. Thus, a simpler expression can be employed. The expressions 

and the model are presented in (1.45) and Fig. 1.25(b), respectively. In [Ger06a], Gerling gave 

several methods to correct the calculation with concentrated loss, including modifying the loss 

to half value and adding two voltage sources on the main branch. The model investigated in 

[Ger06a] is presented in Fig. 1.26. The two voltage sources are used to correct the output 

temperature, the details will be presented in Chapter 6. 

 

 
 

Fig. 1.26. Lumped circuit model investigated in [Ger06a]. 
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1.6. Scope and Contributions of Thesis 

1.6.1. Aims and objectives  

The aim of this thesis is to investigate AC copper loss in electrical machines and to link it 

with thermal analysis of electrical machines. This thesis is organized in 7 chapters as follows. 

Chapter 1 is the current chapter with a brief introduction about the background of this 

thesis, the scope of the thesis, and the scientific contributions. 

Chapter 2 investigates the influence of design parameters on AC copper loss and 

torque/power-speed characteristics of IPM machines with rectangular conductors. In this 

chapter, several basic parameters are selected to analyse their influence on AC copper loss. 

Three typical models are compared in torque-speed characteristics and efficiency maps.  

Chapter 3 investigates the influence of design parameters on AC copper loss and 

torque/power-speed characteristics of IPM machines with hollow conductors. In this chapter, 

the thermal dissipation capability and the generated AC copper loss are both analysed.  

Chapter 4 analyses the electromagnetic performance of the prototype IPM machine 

considering AC copper loss. In this chapter, a hybrid analytical and finite element model of AC 

copper loss with considering the temperature effects are proposed. The results are validated by 

the finite element method. 

Chapter 5 analyses the thermal dispassion performance of the prototype IPM machine 

considering AC copper loss.  

Chapter 6 proposed a novel lumped parameter model of general elements and compared 

with existing models. The proposed model is derived by analytical equations and has the highest 

accuracy comparing with other models. 
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Chapter 7 provides a summary of the main results and the conclusions of this thesis and 

gives proposals for future studies. 



 

58 

 

1.6.2. Contributions  

The contributions of this thesis are summarised as follows: 

⚫ AC copper losses of solid and hollow conductors in the slot are analysed. It shows how the 

design parameters affect AC copper loss. 

⚫ A hybrid analytical and finite element model of AC copper loss is developed. It considers 

the temperature effect and the saturation effect. It has shorter computing time with desirable 

accuracy. 

⚫ The influence of AC copper loss on the torque/power-speed characteristic is considered. It 

helps the simulation more accurately, especially for the machines equipped with solid 

conductors. 

⚫ A novel analytical thermal model is developed. It eliminates the error introduced by the 

concentrated loss model and the distributed loss model. It has good accuracy comparing 

with existing models and FE models. 

1.6.3. Publications 

⚫ Yafeng Zhang, Z. Q. Zhu, Shun Cai, Dawei Liang, Srinivas Mallampalli, J.C. Mipo, and S. 
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Proc. IET Science, Measurement & Technology. Under revision. 

⚫ Dawei Liang, Z. Q. Zhu, Yafeng Zhang, J.H. Feng, S.Y. Guo, Y.F. Li, J.Q. Wu, and A.F. 

Zhao, “A hybrid lumped-parameter and 2-d analytical thermal model for electrical 

machines,” IEEE Trans. on Industry Applications. Accepted. 

⚫ Y. F. Zhang, Z. Q. Zhu, J.C. Mipo, S. Personnaz, “Influence of slot and rectangular 

conductor design parameters on AC copper loss and torque /power-speed characteristics of 

IPM machines with rectangular conductors,” drafted and to be submitted.  

⚫ Y. F. Zhang, Z. Q. Zhu, J.C. Mipo, S. Personnaz, “Influence of design parameters of hollow 

conductors on AC copper loss and thermal dissipation capability in permanent magnet 

synchronous machines,” drafted and to be submitted. 
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CHAPTER 2 

Influence of Slot and Rectangular Conductor Design 

Parameters on AC Copper Loss and Torque/Power-

Speed Characteristics of IPM Machines with 

Rectangular Conductors 

 

In this chapter, the influence of slot and rectangular conductor design parameters on AC 

copper loss and torque/power-speed characteristics of interior permanent magnet (IPM) 

machines is investigated. It is shown that the relative ratios between the slot dimensions and 

the conductor size have a strong impact on AC copper loss. However, the lower AC copper loss 

occurs only when the slot width or depth is extremely large, which is hard to realize in a real 

machine due to space limitation. In addition, the position of the conductors determines the 

maximum improvement of the height and width ratios between slot and conductor. The slot 

aspect ratio is also studied with different packing factors and two type orientations of the 

conductors. It is shown that the tendency of AC copper loss against the slot aspect ratio is 

opposite for the conductors in different orientations. In addition, the overall AC copper loss of 

two types of conductors decreases with a lower packing factor. It is shown that the conductor 

aspect ratio is the most dominant parameter. The torque/ power-speed characteristics are also 

investigated since it is important to study the balance between high torque and low AC copper 

loss. It is shown that with a wider and shorter conductor, the high-speed performance can be 

improved significantly. However, the low-speed torque is sacrificed due to the limited space for 

the stator tooth. 
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2.1. Introduction 

The large rectangular conductors, including hairpin winding, become more popular due to 

the convenience in the manufacturing process and high packing factor for the low voltage and 

high current applications [Rah12] [Jun12] [Par14]. The machines employed with rectangular 

wire windings have high torque /power density. In addition, a good heat dissipation capability 

is also shown between the conductors and the slot due to a high packing factor [Mom19] [Pop18] 

[Ish15]. However, these rectangular conductors usually have large cross-section area, which 

results in significant skin and proximity effects at high speed. In addition, AC copper loss of 

such large conductors may be extremely high. Recently, there is a lot of research focusing on 

the reduction of AC copper losses in rectangular conductors [Sim18] [Bar18] [Vol19]. It has 

been shown that AC copper loss is related to the conducting area, i.e. the height and width of 

the conductor, the distance between the slot opening and the conductor, and the slot opening. 

Furthermore, some novel methods to reduce AC copper loss are summarized in [Zha19], 

including different conductor phase arrangement, twisting criterion [Vet15], and hybrid 

conductors [Fan18]. In [Mel06], it has been shown that the minimum AC copper loss occurs 

when the conductors are located at the slot bottom, especially when the long side of the 

conductor is parallel to the slot bottom. However, it is hard to achieve this due to the space 

limitation in a multi-phase machine with larger slot numbers. 

In this chapter, the influence of fundamental design parameters on AC copper loss is 

studied accounting for airspaces between the conductors and the slot. The parametric study is 

based on a simplified model in Cartesian coordinate to investigate the relationship between the 

design parameters and AC copper loss. The influence on torque-speed characteristic is also 

studied based on a baseline IPM machine. It will be shown that with a wider and shorter 

conductor, the low-speed torque is decreased due to the limited space for the stator tooth. 

However, high-speed performance improves significantly, especially maximum output power 

and efficiency. 
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2.2. Torque-Speed Curve with and without AC 

Copper Loss 

In the conventional calculation of torque-speed and power-speed curves, AC copper losses 

are usually not considered, while for the rectangular conductors, AC copper losses cannot be 

neglected. Fig. 2.1 shows the torque/power-speed characteristics with and without 

consideration of AC copper loss for the baseline IPM machine. It should be noted that the 

baseline machine is designed for hybrid vehicle and operating under the 48V system. It is 

employed with the hair-pin windings and the conductor size is 5mm*2mm. It can be seen that 

AC copper loss (or AC resistance) limits the torque and output power in the flux-weakening 

region. Thus, in order to maintain the machine output performance, it is important to minimize 

AC copper loss by choosing appropriate design parameters. It should be noted that the machine 

speccifications and ratings can be found in Appendix.  

 

 

 

Fig. 2.1. Torque/power-speed envelops with/without accounting for AC copper loss. 
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2.3. Influence of Slot Aspect Ratios on AC Copper 

Loss with Constant DC Copper Loss 

In order to study the influence of slot parameters on AC copper loss, a linear model of a 

parallel slot without tooth tips (the influence of tooth-tips will be investigated later) is shown 

in Fig. 2.2, where the stator height 𝐻𝑠𝑡 and stator width 𝑊𝑠𝑡 are not limited. 𝐻𝑠, 𝑊𝑠, 𝐻𝑐, 

𝑊𝑐, are the height and width of the slot and the conductor, respectively. 𝑑1 and 𝑏1 represent 

the slot liner and other insulation material at the slot bottom and slot side, respectively. 𝑑0 

represents the distance between the conductor and the slot opening and 𝑑2  represents the 

relative position between two conductors. 

 

 

Fig. 2.2. The simplified model of a parallel slot without tooth tip. 
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2.3.1. Slot Width 

Firstly, AC copper loss against the slot width is shown in Fig. 2.3(a). The x-axis 𝑅𝑤 

represents the ratio of slot width and the conductor width. It should be noted that only the slot 

width is varying, and other parameters are not changed. In addition, three horizontal conductor 

positions are compared in Fig. 2.3, where ‘middle’ represents the conductors located at the 

middle of the slot, ‘side1’ represents the conductors touch the same slot side, and ‘side2’ 

represents the conductors touch the different sides, as shown in Fig. 2.4(a) to (c) respectively. 

It can be seen that AC to DC ratio (AC copper loss) decreases with slot width increasing. In 

addition, the conductors located in the middle of the slot has the lowest AC copper loss. It 

should be noted that the frequency focused in this chapter is 1000Hz which is half of the 

maximum operating speed. The skin depth of copper at 1000Hz is about 2mm.  

 

 

Fig. 2.3. AC copper loss against slot width with horizontal conductors at 1000Hz. 
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(a) Middle 

 

 

 

(b) Side 1 

 

 

 

(c) Side 2 

 

Fig. 2.4. Different positions of the conductors when varying the slot width 𝑾𝒔. 
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2.3.2. Slot Depth 

The second parameter to study is the slot depth. Three conductor positions are compared, 

at the slot opening, at the middle of the slot, and at the slot bottom, as shown in Fig. 2.6 (a) to 

(c) respectively. It can be seen in Fig. 2.5, when the conductors are located at the slot opening, 

increasing the slot depth does not help that much. For the conductors located at the middle and 

bottom of the slot, it has more significant effects. It should be noted that 𝑅ℎ represents the 

ratio between the slot depth and the conductor height. In addition, when the slot depth tends to 

infinite, the conductor located in the middle of the slot has slightly lower AC copper loss than 

the conductors located at slot bottom. It should be noted that the improvements by increasing 

slot width and slot depth are saturated around 10 times. 

 

 

Fig. 2.5. AC copper loss against slot depth with horizontal conductors at 1000Hz. 
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(a) Slot opening 

 

 

 

(b) Middle 

 

 

 

(c) Slot bottom 

 

Fig. 2.6. Different positions of the conductors when varying the slot depth 𝑯𝒔. 

 

 

𝐻𝑠

 i ed

 

𝐻𝑠

 i ed

 

𝐻𝑠

 i ed



 

67 

 

2.3.3. Slot Aspect Ratio 

The above analysis shows that AC copper loss can be minimized if the slot width and slot 

depth are extremely large. However, this is only in theory. It is impossible to have such a large 

slot in a real electrical machine with a fixed outer diameter. Thus, the slot aspect ratio should 

be studied with a fixed slot area where the packing factor is selected as 0.7, 0.5, 0.3 and the 

conductor cross-section area maintains the same. It should be noted that the aspect ratio is 

defined as 𝑊𝑠/𝐻𝑠 . Two conductor arrangements shown in Fig. 2.7 are analyzed, and the 

maximum and minimum aspect ratios are limited by the packing factor and the conductor sizes. 

For the horizontal conductors, the aspect ratios are smaller due to the minimum slot depth 

should accommodate two conductor heights. While for the vertical conductors, the slot width 

is larger and results in a larger aspect ratio. When the conductor arrangement is in different 

directions, the relationship between AC copper loss and the aspect ratio is opposite as shown in 

Fig. 2.8, where the y-axis is in logarithmic scale with a base of 2. 

The general tendency of AC copper loss for different conductor orientation can be 

explained by the direction of the leakage fluxes, as sketched in Fig. 2.9. When the aspect ratio 

is small, the vertical leakage fluxes are dominating and perpendicular to the long side of the 

horizontal conductors. Thus, for the horizontal conductor, AC copper loss is high at a small 

aspect ratio. For the same reason, the vertical conductor has high AC copper loss at a large 

aspect ratio. 
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(a) Horizontal conductors (smaller aspect ratio) 

 

 

 

(b) Vertical conductors (larger aspect ratio) 

 

Fig. 2.7. Orientations of conductors in the slot. 

 

For the horizontal conductors, AC copper loss increases initially with the slot aspect ratio 

increasing, and after reaching the maximum point, it decreases. While for the vertical 

conductors, AC copper loss decreases initially, and then increases after the minimum point. The 

initial increase and decrease can be explained by the flux-line and current density distributions, 

as shown in Fig. 2.10. Since the relationship between AC copper loss and the slot aspect ratio 

is opposite for the conductors in different orientations, it is worth to study the conductor aspect 

ratio as well. 
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Fig. 2.8. AC copper loss against aspect ratio at 1000Hz. 

 

 

Fig. 2.9. Sketched diagram of leakage fluxes. 
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(a) Horizontal conductors, 

aspect ratio=0.1 

 

(b) Horizontal conductors, 

aspect ratio=0.144 

 

 

 

 

 

 

 

(c) Vertical conductors, 

aspect ratio=0.4 

 

(d) Vertical conductors, 

aspect ratio=0.576 

 

Fig. 2.10. Leakage flux lines and current density distributions at 1000Hz (𝝎𝒕 = 𝝅/𝟐). 

 
J (A/mm^2)

130-90 8642-2-46

 
J (A/mm^2)

70-50 4622-2-26



 

71 

 

2.4. Influences of Tooth Tip and Slot Opening on AC 

Copper Loss 

In the previous section, the linear model of a parallel slot without tooth tips has been 

utilized to study the influence of the slot aspect ratio on AC copper loss. However, most 

electrical machines employ tooth-tips with a reduced slot opening. Thus, it is worth to study the 

influence of tooth tips, i.e. slot opening. Fig. 2.11 shows the model of a slot with tooth-tips, 

where 𝑊𝑠𝑜  and 𝐻𝑡𝑡𝑝  are the slot opening width and the tooth tip height, respectively. 𝑑0 

represents the distance between the conductor and the slot opening. The full load AC copper 

loss varies with tooth tip height and slot opening width as summarized in Fig. 2.12. It can be 

seen that the lowest AC copper loss occurs when the slot opening is zero and the tooth-tip has 

a certain height. It can be explained that when the tooth-tip height is too thin, the lamination 

material is in the saturation region, the magnetic property behaviors like air. When the 

conductors are located in the closed slot with a thick tooth tip, the majority of the flux lines 

flow through the lamination materials. Thus, the introduced AC copper loss is minimized. More 

importantly, it can be seen that when the slot opening ratio is larger than 0.2, AC copper loss 

does not vary greatly with both tooth-tip height and slot opening width. It should be noted the 

slot opening ratio in Fig. 2.12 is defined as the slot opening width (𝑊𝑠𝑜) divided by slot width 

(𝑊𝑠). 
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In addition, when the input current is zero, AC copper loss induced by PM only is presented 

in Fig. 2.13. It can be seen that when the maximum AC copper loss generated by PM occurs at 

large slot opening width and thin tooth-tip. While it becomes flat when the slot opening ratio is 

smaller than 0.5. However, this loss is usually relatively small and negligible comparing with 

rated DC copper loss in low voltage high current system. For example, the rated current of the 

baseline machine is 230Arms and DC copper loss is around 900W. Thus, it can be concluded 

that AC copper loss can be minimized by closing the slot with a certain thickness, while the 

flux leakages between teeth will reduce the output torque. In the most electrical machines with 

tooth-tips, the smaller slot opening the lower AC copper loss. However, the limitation usually 

depends on the material property and manufacturing process. 

 

 

 

Fig. 2.11. The simplified model of a parallel slot with tooth-tips. 
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Fig. 2.12. AC loss to DC loss ratio against tooth-tip height and slot opening ratio at 1000Hz. 

 

 

 

Fig. 2.13. AC loss against tooth-tip height and slot opening ratio at 1000Hz (PM only). 
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2.5. Influence of Conductor Aspect Ratio on AC 

Copper Loss 

In the previous section, the influences of tooth-tips and slot opening are studied. In order 

to eliminate these influences, the focus of the investigation will be on the conductor aspect ratio 

in this section. The conductors are located in the slot with fixed tooth-tip height and slot opening 

width. 

In section III, it has been shown that when the conductors are located in the slot without 

tooth tips, AC copper losses are different when the conductors are in different orientations. The 

different orientation of the conductor can also be regarded as the reciprocal aspect ratio value 

of the conductor. Generally, when the aspect ratios of the conductor are reciprocal, the 

conductors are identical if their surround boundaries are uniform, i.e. surrounded by uniform 

material. As can be seen in Fig. 2.14, if there is only one conductor in the air, AC to DC copper 

loss ratios are identical for the conductors with reciprocal aspect ratio, i.e. A and B with aspect 

ratios 0.4 and 2.5 respectively. It can be seen that when the conductor C has the aspect ratio 

equal to 1, AC copper loss is the highest. However, for the conductors located in the slot with 

semi-open slot opening, the previous phenomenon disappeared due to non-uniform material 

around the conductor. The copper loss densities and the flux lines for each case are shown in 

Fig. 2.15. It can be seen that the flux lines are closed inside the conductors in Figs. 2.15(a)-(c), 

while the flux lines flow through the conductor in Figs. 2.15(d)-(f). It should be noted that the 

slot-opening and the isolation thickness between the conductor and the slot remain unchanged. 
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For the square conductor in the air (aspect ratio = 1), more flux lines are enclosed inside 

the conductor comparing with rectangular conductors (aspect ratio ≠ 1). Although there are 

two high loss density regions in the rectangular conductor, the square conductor has more area 

generating losses, as shown in Figs. 2.15(a)-(c). In Fig. 2.15(e), the conductor is only affected 

by the flux at the slot opening region, the flux lines do not across the whole conductor. Thus, 

this case has the lowest AC copper loss. 

 

Fig. 2.14. AC copper loss against the conductor aspect ratio at 1000Hz. 

 

 

 

 

 

 

 

1

1.5

2

2.5

3

3.5

4

0.04 0.2 1 5 25

A
C

 /
 D

C

Conductor aspect ratio

Air

Slot

A

B
C

A B

C



 

76 

 

 

 

 

 

 

 

 

(a) Conductor A in the air 

 

(d) Conductor A in the slot 

 

 
 

(b) Conductor B in the air (e) Conductor B in the slot 

  

(c) Conductor C in the air 

 

(f) Conductor C in the slot 

 

Fig. 2.15. Leakage flux lines and loss density distributions (𝝎𝒕 = 𝝅/𝟐). 
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The above analysis agrees with the conclusion in [Mel06] to a certain extent. However, for 

machines with a large number of slots, it is hard to achieve the high aspect ratio of the conductor 

due to space limitation, i.e. Fig.2.15(e). In the previous analysis, AC copper loss can be reduced 

by increasing the gap thickness (𝑏1) between the conductor and the stator teeth or increasing 

the conductor aspect ratio. A higher aspect ratio of the conductor represents wider conductor 

width (𝑊𝑐). Including with the gap thickness (𝑏1), they share the limited space with the tooth 

width. Thus, it is worth showing which one is more beneficial to AC copper loss reduction in a 

real machine. It should be noted that the y-axis in Fig. 2.16 is the tooth width to the slot width 

ratio. It has the smallest limitation value of 0, which means the tooth width is completely 

removed. In addition, it also has the largest limitation value which represents the slot width 

equal to the conductor width. The black dashed line in Fig. 2.16 represents the modified slot 

width only, the conductor shape remains unchanged. The red solid line represents that the 

conductor width also varies with the slot width by keeping the same gap thickness, and the 

conductor height decreases to maintain the same area. It can be seen that when the conductor 

shape and the slot shape vary together, AC copper loss reduces significantly. It can be explained 

by two combined beneficial features of conductor shape and slot shape. In Fig. 2.15(b), two 

features are speared and show the improvement of AC copper loss reduction. It is easy to see 

that the influence of conductor shape is dominated. More importantly, the highest improvement 

on AC copper loss reduction occurs at a low tooth-slot width ratio. The output torque will be 

affected since the magnetic flux path is changed. 
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(a) AC to DC copper loss ratio 

 

 

 

(b) Improvement on AC copper loss reduction 

 

Fig. 2.16. Influences of slot and conductor shapes on AC copper loss. 
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2.6. Influence of Slot Aspect Ratio on Torque-Speed 

Characteristic of Electrical Machines 

In the previous analysis, it can be seen that AC copper loss decreases with lower packing 

factor generally. However, as mentioned previously, one of the purposes to use rectangular 

conductors is to realize a high packing factor and high thermal dissipation capability. In addition, 

the size of the slot will be limited by other dimensions, such as tooth width and back-iron 

thickness in normal electrical machines. These parameters are related with the paths of the 

magnetic fluxes, and affect the output torques. Thus, it is important to calculate the torque-

speed curves for different slot aspect ratio and conductor aspect ratio combinations. By way of 

example, the torque/power-speed characteristics of the baseline machine with/without 

considering AC copper loss are shown in Fig. 2.1. It clearly shows the significant influence of 

AC loss on the power capability of the machine, particularly at high speed. It should be noted 

that the cross-sectional area of the conductor maintains the same to ensure the same current 

density and the same DC copper loss. Since it has been shown that the conductor shape 

influences more on AC copper loss than the slot shape. The conductor shape is focused in this 

case, and the slot shape is dependent on the conductor shape to accommodate the conductors. 

Three typical models of slot and conductor shapes are summarized in Fig. 2.17 based on 

the baseline machine. Fig. 2.17(a) shows the slot and conductor shapes of the baseline machine. 

Fig. 2.17(b) shows the slot shape with a wider and shorter conductor and the tooth-tip always 

remains the same with the baseline machine. Fig. 2.17(c) shows the machine with the same 

conductor in Fig. 2.17(b), while the tooth-tip height varies to keep close to the conductors. The 

objective of the variable tooth-tip is to achieve the widest critical tooth width. The torque-speed 

and power-speed characteristics are shown in Fig. 2.18. It should be noted that the conductor 

aspect ratio of the baseline machine is 0.4. 
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(a) Baseline 

 

 
 

(b) Fixed tooth-tip 

 

 

 

(c) Variable tooth-tip 

 

Fig. 2.17. Different models of slot and conductor shapes. 
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It can be seen that the baseline machine has the highest torque at low speed in Fig. 2.18(a) 

since the machine has the widest tooth width. However, due to its high AC resistance, the low-

speed torque is limited by the voltage. It is more clear to see the power-speed curves, the output 

power of the baseline machines drops to 80% of the maximum power at 10000rpm and 50% at 

20000rpm. By employing the wider and shorter conductors, the high-speed performance is 

improved significantly. The output powers at 20000rpm are above 70% of the maximum output 

power for both two cases. It is mainly due to the low AC copper loss, as shown in Fig. 2.18(c). 

In addition, the high-speed performance of the machine with a fixed tooth-tip is better than the 

machine with variable tooth-tip. It can be seen that the machine with a fixed tooth-tip and a 

wider conductor has the largest operation area enclosed by the power-speed envelope. However, 

the maximum torque of the fixed tooth-tip in the constant torque region is slightly lower than 

the variable tooth-tip. It is due to that the tooth width is slightly wider in the machine with 

variable tooth-tip. However, since the objective is to gain more torque and less loss at high-

speed operation, the peak torque at low speed could be sacrificed slightly. Fig. 2.19 shows the 

reduction of the low-speed torque against the conductor shapes. Since it is unacceptable to see 

the maximum torque drops greatly, the 90% point is chosen as an example. Thus, two typical 

efficiency maps of the baseline machine and the machine with a wider conductor and a fixed 

tooth-tip are compared in Fig. 2.20. It can be seen that the high-efficiency area is expanded 

when a different conductor is employed. The possible highest efficiency is about 65% in the 

baseline machine at 10000rpm. In the modified machine, the possible highest efficiency is 75% 

at the same operation speed. However, it must be noted that the maximum torque is reduced 

about 10% to improve the high-speed performance and keep the same dc resistance. 
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(a) Torque 

 

 

 

(b) Power 
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(c) Copper loss 

 

 

Fig. 2.18. Torque/power-speed characteristics and AC copper losses. 

 

 

Fig. 2.19. Low-speed torque vs. conductor aspect ratio. 
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(a) Baseline 

 

 

(b) Fixed tooth-tip with wider conductor 

 

Fig. 2.20. Efficiency maps. 
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2.7. Conclusion 

In this chapter, the influences of design parameters of the slot and conductors on AC 

copper loss and torque-speed characteristics of hair-pin windings are studied. It is shown that 

the relative ratios between the slot size and the conductor size impact AC copper loss strongly. 

In addition, the positions of the conductor determine the maximum improvement of width ratio 

and height ratio between slot and conductor. When the slot width and slot depth are considered 

together as the aspect ratio, it is shown that the tendency of AC copper loss is opposite between 

different orientations of conductors in the slot. This is related with the dominating leakage flux 

in horizontal and vertical directions. The overall AC copper loss decreases with a lower packing 

factor. However, the lower packing factor results in lower thermal dissipation capability. 

Besides, it shows that the conductor aspect ratio also has dominated AC copper loss. 

Furthermore, due to the space limitation in the electrical machine with a fixed outer diameter, 

more space for the slot means that less space lamination materials such as stator teeth. The 

lamination material determines the flux paths and the output torque. Thus, it is necessary to 

calculate the torque/power-speed characteristics and the corresponding temperatures for 

different design parameters. It has been shown that by varying the conductor shape and keeping 

the conductor cross-sectional area, the low-speed torque decreases due to the thinner stator tooth. 

However, the machine performance at high-speed improves significantly, especially maximum 

output power and efficiency. It is worth noting that for the machine with a large number of 

conductors, there will be some difference. However, the overall tendencies are similar.  
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CHAPTER 3 

Influence of Design Parameters of Hollow 

Conductors on AC Copper Loss and Thermal 

Dissipation Capability in Permanent Magnet 

Synchronous Machines 
 

In this chapter, the influences of design parameters of hollow conductors on AC copper 

loss and thermal dissipation capability in permanent magnet synchronous machines are studied 

by the finite element method. It has been shown that it is better to locate the coolant channel in 

the conductor towards the bottom of the slot, both in cases of single conductor and two 

conductors. In addition, it has been shown that the transposition in conventional hair-pin 

winding may cause additional loss. Furthermore, the influences of coolant channel shapes on 

the thermal dissipation capability and the AC copper loss are discussed. It has been shown that 

for the temperature rise the thermal dissipation capability is more dominant than the AC copper 

loss in different kinds of conductors. More importantly, it has been shown that by considering 

the flow rate as a variable, the better overall performance can be obtained. 
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3.1. Introduction 

In conventional electrical machines with liquid cooling, the water jacket is located in the 

housing and removes the heat from the stator core to the ambient [Kra08]. However, the 

majority of heat is generated in the slot, especially for the rectangular conductors with high AC 

copper loss [Bar18]. Thus, this part of heat has to flow through several components before 

dissipating to coolant [Sug70]. These components including wire insulation, impregnation, slot 

liner, and interface gap between the stator and the housing, which have poor thermal 

conductivities. The direct cooling system of an electrical machine with hollow conductors has 

been proposed in [Che19] and [Tan15]. In this cooling system, the dissipating path of the heat 

generated in the slot is shorter. The author in [Che19] presented a complete thermal network of 

the hollow conductor. The authors in [Sta06] summarized several useful expressions of round 

ducts and rectangular ducts, including laminar flow and turbulent flow. 

In this chapter, both the AC copper loss and the thermal dissipation capability of hollow 

conductors are discussed. The relative positions between the coolant channel, the conductor, 

and the slot are studied firstly. It will be shown that the lowest AC copper loss occurs when the 

conductor is located at the slot bottom and the coolant channel is located at the conductor 

towards the bottom of the slot. In the conventional hair-pin winding, there is a transposition at 

the end-winding. This transposition will influence the AC copper loss when the hollow 

conductor is employed. It will be shown that the minimum AC copper loss occurs when there 

is no transposition. Furthermore, the influences of the coolant channel shape on AC copper loss 

and the thermal dissipation capability are analyzed by the finite element method. It will be 

shown that the minimum AC copper loss occurs when the conductor is the shortest. However, 

this kind of conductor has poor thermal dissipation capability since the coolant channel area is 

usually small. More importantly, the coolant flow rate is usually set as constant in literature. It 

will be shown that the flow rate can be considered as a variable with a limitation so that it can 

obtain better overall performance with a lower flow rate. 
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3.2. Influence of Conductor Relative Positions on AC 

Copper Loss  

The model of a single hollow conductor located in a fixed parallel slot without slot tips is 

shown in Fig. 3.1, with the stator height 𝐻𝑠𝑡, the slot depth 𝐻𝑠, and the slot width 𝑊𝑠 being 

fixed. 𝑑1 and 𝑏1 represent the slot liner and other insulation material at the slot bottom and 

slot side, respectively. Thus, the maximum size of the conductor width 𝑊𝑐 is limited. 𝐻𝑐 is 

the height of the conductor, 𝐻𝑗 is the height of the coolant channel, 𝑑0 represents the distance 

between the conductor and the slot opening, and 𝑑𝑐 represents the relative position between 

the coolant channel and the conductor. It is well known that the AC copper loss can be 

minimized by adjusting the conductor location close to the slot bottom, e.g. moving the 

conductor in Fig. 3.2(a) to Fig. 3.2(c). When the hollow conductors are employed, the location 

of the coolant channel should also be considered. By introducing two variables, R1 and R2, 

which represent the position of the conductor and the water channel, are defined in (3.1) and 

(3.2). 

It should be noted that in this section the dimensions of the conductor are set as constants, 

i.e. 𝐻𝑐 =5mm, 𝑊𝑐 =2mm, 𝐻𝑗 =2mm, 𝑊𝑗 =1.6mm. Fig.3(a) shows the 3-D plot of AC to DC 

copper loss ratio against R1 and R2. It can be seen that the minimum AC to DC copper loss ratio 

occurs when R1 and R2 approach to 1, e.g. Fig. 3.2(d). 

To study the influence of R1 on AC copper loss, two normal solid conductors are introduced 

as references in Fig. 3.3(b). NC1 represents the conductor with the same outer dimensions of 

the hollow conductor (5mm2mm), while NC2 has the same conducting area (3.4mm2mm). 

It can be seen that the conductor NC1 has the highest AC to DC copper loss ratio, since it has a 

larger conducting area and results in heavy skin effect. It is easy to know that NC2 has the 

lowest AC to DC copper loss ratio since it is shorter than other conductors. In addition, when 

R1 approaches 0.2, the AC to DC copper loss ratio becomes stable, as shown in Fig. 3.3(b). It 

can be explained that as the conductor moves away from the slot-opening region, the flux lines 
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across the conductors are more vertically, as shown in Fig. 3.4. Thus, for the objective of 

minimization of the AC copper loss, it is not necessary to locate the conductor at the slot bottom, 

including the normal conductors. As the coolant channel moving from towards slot opening 

(Fig. 3.2a) to towards slot bottom (Fig. 3.2c), the AC to DC copper loss ratio increases firstly. 

After reaching a maximum point, around R2=0.2, it decreases. In addition, the AC to DC copper 

loss ratio of the hollow conductor R2=1 is similar to NC2. This can also be explained by current 

density distributions, as shown in Fig. 3.4. It should be noted that both R1 and R2 cannot be 

selected as 1. The available deepest position of the conductor should keep the space of the slot 

liner 𝑑1. It should be noted that if R2=1, the coolant channel will be open, as shown in Fig. 

3.4(c) and Fig. 3.4(d). Thus, the available value of R2 should consider the critical thickness of 

the copper wall. 

𝑅1 =
𝑑0

𝐻𝑠 − 𝐻𝑐
 (3.1) 

𝑅2 =
𝑑𝑐

𝐻𝑐 − 𝐻𝑗
 (3.2) 

where 𝑑0  is the distance between the conductor and the slot opening,  𝑑𝑐  is the distance 

between the conductor and the hollow region, 𝐻𝑠 is the height of the slot, 𝐻𝑐 is the height of 

the conductor and 𝐻𝑗 is the height of the hollow region. 

 

 

Fig. 3.1. Model of hollow conductor located in the parallel slot without slot tips. 
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(a) Hollow conductor located at slot opening 

with coolant channel towards slot 

opening (Cond1) 

 

(b) Hollow conductor located at slot bottom 

with coolant channel towards slot 

opening (Cond2) 

 

 

 

 

 

(c) Hollow conductor located at slot bottom 

with coolant channel towards slot bottom 

(Cond3) 

 

(d) Hollow conductor located at slot bottom 

with coolant channel towards slot bottom 

(Cond4) 

 

Fig. 3.2. Different configurations of hollow conductors located in the slot. 

 

 

 

 

(a) AC to DC copper loss ratio against R1 and R2 
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(b) AC to DC copper loss ratio against R1 

 

 

 

(c) AC to DC copper loss ratio against R2 

 

Fig. 3.3. Influence of relative positions between conductor, hollow region, and slot on AC to 

DC copper loss ratios at 1000Hz. 
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(a) R1=0.2, R2=0.2 

 

(b) R1=0.9, R2=0.2 

 

 
 

 

 

(c) R1=0.2, R2=1 

 

(d) R1=0.9, R2=1 

 

 

 
 

 

(e) NC2 0.2 

 

(f) NC2 0.9 

 

Fig. 3.4. Current density and flux lines of different conductors in slot at 1000Hz (𝝎𝒕 = 𝝅/𝟐). 
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3.3. Influence of Conductor Arrangement on AC 

Copper Loss 

In the conventional hair-pin winding, usually there is more than one conductor in one slot, 

and exists a transposition at the ending end-winding region as shown in Fig. 3.5. The side A 

close to the slot bottom becomes the side A’ close to the slot opening after the transposition. For 

the conventional solid conductor and symmetrical hollow conductor, AC copper loss is the same 

with and without the transposition. However, when the conductor is asymmetric, with and 

without the transposition will be different in the generated AC copper loss. The models of two 

conductors located in the slot with and without transposition are shown in Fig. 3.6. 

In the previous analysis, it has been shown that the minimum AC copper loss occurs when 

the hollow region of the conductor is located towards the bottom of the slot no matter whether 

the conductor is at the slot opening or the slot bottom, as shown in Fig. 3.2(c) and Fig. 3.2(d). 

However, the analysis is given for a single conductor in the slot. It is worth analyzing the AC 

copper loss generated by each individual conductor when there is more than one conductor in 

the slot, as shown in Fig. 3.6 and Fig. 3.7(a). It is easy to see that Cond 1 (Fig. 3.2a) and Cond 

3 (Fig. 3.2c) have higher AC copper loss. This is due to the fact that these two conductors are 

located close to the slot opening region as grouped as Group 1 in Fig. 3.7(a). In addition, there 

is less active conducting material towards the slot opening in Cond1. The skin effect near the 

slot opening part in Cond1 is more severe than that in Cond3 and thus Cond1 generates more 

AC copper loss. For the same reason, the AC copper loss generated by Cond2 (Fig. 3.2b) is 

higher than that of Cond4 (Fig.3. 2d), although these two conductors are located at the slot 

bottom (Group 2). Fig. 3.7(b) shows the total AC to DC copper loss ratio generated by different 

winding layouts shown in Fig. 3.6. The winding layout with the lowest AC copper loss is Cond3 

in series with Cond4. These two conductors both generate the lowest AC copper loss in each 

group. It can be seen that the locations of the hollow region in these two conductors are the 

same. Thus, the minimum AC copper loss requires each conductor to generate the lowest AC 
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copper loss and it is usually without the transposition at the end-winding. However, if the 

conductors are arranged in the wrong orientation, it could generate the highest AC copper loss 

when there is no transposition, e.g. Cond1+Cond2 in Fig. 3.7(b). 

It should be noted that the AC to DC copper loss ratio in Fig. 3.7(a) is much higher than 

in Fig. 3.7(b). It is because that the total AC to DC copper loss ratio can be regarded as the 

average of two series conductors. 

 

 

 

Fig. 3.5. Model of conventional hair-pin winding with transposition at end-winding. 
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(a) Cond1 and Cond2 without transposition 

 

(b) Cond1 and Cond 4 with transposition 

 

 

 

 

 

(c) Cond3 and Cond4 without transposition 

 

(d) Cond3 and Cond2 with transposition 

 

Fig. 3.6. Different types of winding layout with and without transposition. 

 

 

 

(a) AC to DC copper loss ratio generated by individual conductors when there are two 

conductors in one slot 
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(b) Total AC to DC copper loss ratio generated by different winding layouts 

 

Fig. 3.7. AC to DC copper loss ratio of individual conductors when there are two conductors in 

one slot and total winding layouts. 
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3.4. Influence of Conductor Aspect Ratio on AC 

Copper Loss 

As previously analysed, R1 is not necessarily approaching to 1. However, the larger gap 

between the conductor and the slot bottom influences the heat dissipation capability, although 

in this type of conductor, the coolant channel is the major path of the heat flux [Che19]. It is 

still better to locate the conductor at the slot bottom (R1≈1) when the heat dissipation capability 

is considered. As the optimum locations of conductor and coolant channel are studied with the 

fixed coolant channel shape. It is necessary to study the influence of the shape of the coolant 

channel on loss generation and heat dissipation capability. By introducing another set of two 

variables R3 and R4 defined in (3.3) and (3.4). The outer height of the conductor 𝐻𝑐 can be 

written as a function of two variables (3.5), 

𝑅3 =
𝑊𝑗

𝑊𝑐
 (3.3) 

𝑅4 =
𝐻𝑗

𝐻𝑐
 (3.4) 

𝐻𝑐 =
𝐶𝐴

𝑊𝑐 − 𝑅3𝑅4𝑊𝑐
 (3.5) 

where 𝐶𝐴 is the conducting area,𝑊𝑗, 𝐻𝑗, 𝑊𝑐,and 𝐻𝑐 are the widths and heights of the hollow 

channel and the conductor, respectively. 𝑊𝑐 is the fixed outer width. The outer height 𝐻𝑐 is 

shown in Fig. 3.8(a). 
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(a) Conductor height 

 

 
 

(b) AC copper loss (kW) 

 

Fig. 3.8. Variation of conductor height and AC copper loss with R3 and R4 of the conductor. 
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It should be noted that in this case, the conducting area maintains constant to ensure the 

same DC copper loss. It can be seen that as R3 and R4 increases, 𝐻𝑐 will approach to infinite 

which is unrealistic. Thus, it should be limited according to the slot depth. The variations of AC 

copper loss with R3 and R4 of the conductors are shown in Fig. 3.8(b). It is easy to see that the 

AC copper loss increases with the conductor outer dimensions significantly. In addition, the AC 

copper loss increases more significantly with R4 than R3. This is due to the fact that when R4 

increases, there is less material for the conductor towards the slot opening for conducting the 

eddy current. Thus, the current density in this region is further increased. Fig. 3.9 shows the 

current density and the flux lines for different types of hollow conductors. 

It can be seen that the flux lines in each figure of Fig. 3.9 are similar, especially for two 

figures in the same row. For example, Version A and Version B in Fig. 3.9(a) and 9(b) have the 

same outer dimensions, it is easy to obtain by (5). The flux lines across the conductors are the 

same in the two figures due to the fact that the relative relationship between the magnetic source 

and the slot is almost the same. However, the current density shows that the conductor with 

lower R3 and higher R4 has less area to conduct the eddy current in the conductor towards the 

slot opening. This results in higher AC copper loss as shown in Fig. 3.10. The AC copper loss 

generated by Version A is higher than that of Version B, and the AC copper loss generated by 

Version C is higher than that of Version D. 
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(a) Version A, R3=0.2, R4=0.6 

 

(b) Version B, R3=0.6, R4=0.2 

 

 
 

 
 

(c) Version C, R3=0.4, R4=0.6 

 

(d) Version D, R3=0.6, R4=0.4 

 

 
 

 
 

(e) Version E, R3=0.6, R4=0.6 

 

(f) Version F, R3=0.2, R4=0.2 

 

Fig. 3.9. Current density and flux lines of different conductors in the slot at 1000Hz (𝝎𝒕 =

𝝅/𝟐). 
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Fig. 3.10. AC to DC copper loss ratio against frequency for different versions of conductors.  
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3.5. Influence of Conductor Shape on Thermal 

Dissipation Capability 

In the previous section, the influence of the hollow channel shape on the AC copper loss 

is presented. The main propose of equipping with hollow conductors is to decrease the winding 

temperature. The hollow region can be used as the coolant channel. The shape of the coolant 

channel determines the capability of thermal dissipation when the flow rate and fluid speed are 

set as constants. It should be noted that since the coolant flows directly inside the conductor, 

the coolant must not conduct electrically. In this case, the thermal oil XcelTherm 500 is selected 

as an example, its thermal and fluidic properties being summarized in Table 3.1. Fig. 3.11 shows 

the convection coefficient (ℎ) and the equivalent thermal resistance against with the aspect ratio 

of the coolant channel with the same cross-sectional area. It can be seen that the thermal 

dissipation capability is the worst when the aspect ratio is equal to 1, i.e. the square shape. The 

aspect ratio is defined by (3.6). It should be noted that the convection coefficient ℎ and the 

simplified thermal resistance 𝑅𝑗  can be calculated by (3.7) to (3.13) [Tan15] [Sta06] [Wib66]. 

 

Table 3.1. General properties of XcelTherm 500. 

Thermal conductivity (𝜆) 0.134 
𝑊

𝑚℃
 

Density (𝜌) 761.7 
𝑘𝑔

𝑚3
 

Specific heat capacity (𝐶𝑝) 2354 
𝐽

𝑘𝑔℃
 

Dynamic viscosity (𝜇) 0.002744 
𝑘𝑔

𝑚𝑠
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(a) Convection coefficient 

 

 

 

(b) Thermal resistance 

 

Fig. 3.11. Convection coefficient and equivalent thermal resistance against with aspect ratio of 

coolant channel with the same cross-sectional area. 
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𝐴𝑅 = ma (
𝑊𝑗

𝐻𝑗
,
𝐻𝑗

𝑊𝑗
) (3.6) 

𝐷ℎ = 2
𝑊𝑗𝐻𝑗

𝐻𝑗 +𝑊𝑗
 (3.7) 

𝑃𝑟 =
𝜇𝐶𝑝

𝜆
 (3.8) 

𝑅𝑒 =
𝜌𝐷ℎ𝑣

𝜇
 (3.9) 

𝑣 =
𝑄𝑓

𝑊𝑗𝐻𝑗
 (3.10) 

𝑁𝑢 = 7.49 − 17.02 𝐴𝑅 + 22.43(𝐴𝑅)2 − 9.94(𝐴𝑅)3 +
0.065 (

𝐷ℎ
𝐿𝑎
⁄ )𝑅𝑒𝑃𝑟

1 + 0.04 (
𝐷ℎ

𝐿𝑎
⁄ 𝑅𝑒𝑃𝑟)

2/3
 (3.11) 

ℎ =
𝜆𝑁𝑢
𝐷ℎ

 (3.12) 

𝑅𝑗 =
1

2ℎ𝐿𝑎(𝐻𝑗 +𝑊𝑗)
 (3.13) 

 

where 𝐴𝑅 is the aspect ratio, 𝐷ℎ is the hydraulic diameter, 𝑃𝑟 is the Prandtl number, 𝑅𝑒 is 

the Reynolds number, 𝑁𝑢  is the Nusselt number, 𝜇  is the dynamic viscosity, 𝐶𝑝  is the 

specific heat capacity, 𝜆 is the thermal conductivity, 𝑣 is the mean velocity of coolant, 𝑄𝑓 is 

the mean flow rate of coolant. 

It is worth mentioning again the convection coefficient and the thermal resistance 

presented in Fig. 3.11 are obtained with a constant flow rate, a constant coolant velocity, and a 

constant cross-sectional area. While the cross-sectional area could be variable as analysed in 

Section IV. According to (3.10), the flow rate is the product of the cross-sectional area and the 

coolant velocity. This is usually considered as a constant value since it is related with the coolant 

pump. 
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Continuing the analysis in Section 3.4, the available conductor size without considering 

the coolant has been calculated. In this case, the coolant flow rate in each channel is set as 0.04 

L/min to ensure the total flow rate is under 6 L/min (144 channels). It should be noted that the 

combinations of R3 and R4 will be flited out when the Reynolds number (𝑅𝑒) is larger than 200 

to ensure the coolant is laminar flow [Nel09]. The thermal resistance is shown in Fig. 3.12, 

where the right-top corner region is filtered out due to the oversized conductor height, the left 

part is flited out to ensure the laminar flow. It can be seen that the lowest thermal resistance 

occurs when R4 is large and R3 is small. This is the opposite condition for lower AC copper loss. 

Thus, the resultant temperature is necessary to be calculated. It should be noted that the authors 

in [Che19] have presented that more than 90% of the loss is dissipated to the liquid coolant. 

Thus, in this case, all the heat generated in the conductor is assumed to flow into the coolant. 

The resultant temperature difference is shown in Fig. 3.13. It can be seen that the thermal 

dissipation capability is more dominant in the left-top region and the loss is dominant in the 

right-bottom region. It should be noted that when R4 or R3 equals to 1, the conductor hollow 

channel will be open, no coolant can flow in the conductor. Thus, there must leave a margin for 

a certain wall thickness when selecting the conductors. 
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Fig. 3.12. Thermal resistance map with different channel shapes in conductors (Q=6L/min). 

 

 

Fig. 3.13. The temperature difference between the conductor and the coolant for different 

channel shapes (Q=6L/min). 
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There are six examples in Section 3.4 and only Version C, Version D, and Version E are 

available under the flow rate equals to 6 L/min. The AC copper loss and the thermal dissipation 

capability of these conductors are compared in Table 3.2. It should be noted that the flow rate 

is adjusted to ensure the Reynolds number is 200. 

 

Table 3.2. Comparison of loss and temperature. 

Name Loss (kW) 𝑄(L/min) 𝑅𝑗 (℃/W) T (℃) 

Version A 2.6 5 0.0144 39 

Version B 2.5 5.5 0.0252 62 

Version C 3.0 6 0.0195 60 

Version D 2.8 6 0.0256 73 

Version E 3.5 6 0.022 78 

Version F 2.3 1.4 0.1729 408 

 

It can be seen in Table 3.II, the conductor generating the lowest AC copper loss has the 

worse thermal dissipation capability than Version F. By adjusting the flow rate, the conductor 

Version A gives the best overall performance. It is worth showing the available flow rate map 

against R4and R3, as shown in Fig. 3.14. It is worth noting again, the flow rate shown in Fig. 

3.14(a) is calculated by (3.9) and (3.10) and the Reynolds number is set equal to 200. The 

maximum flow rate is set as 6L/min, and it can be seen that the region flow rate equal to 6 

L/min in Fig. 3.14(a) is the same as that in Fig. 3.12. The thermal resistance is shown in Fig. 

3.14(b). By considering the variable flow rate, the map of available thermal resistance is 

extended comparing with Fig. 3.12. In addition, the conductors in the extended region can 

achieve better thermal dissipation capability with a lower flow rate. However, these conductors 

will be flited out if the flow rate is set to large. Finally, the temperature is shown in Fig. 3.14(c). 

This is calculated by the product of Fig. 3.8 and Fig. 3.14(b). It can be seen that there are two 

hot regions, one of them is due to the high loss and another one is due to the worse thermal 

dissipation capability. By changing the flow rate from a constant to a variable, the overall 

temperature can be reduced by about 20 degrees. 
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(a) Flow rate 

 

 

 

(b) Thermal resistance 
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(c) Temperature rise (Loss calculated at 1000Hz) 

 

Fig. 3.14. Flow rate, thermal resistance, and temperature rise against R3 and R4. 
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3.6. Conclusion 

In this chapter, the influences of design parameters of the hollow conductors on the AC 

copper loss and thermal dissipation capability are studied. It is shown that the relative positions 

between the hollow region, the conductor, and the slot impact the AC copper loss strongly. In 

addition, four versions of winding connections are analyzed with and without the transposition 

at the end-winding region. It has been shown that the minimum AC copper loss occurs when 

the hollow regions are located at the conductors towards the slot bottom and without 

transposition. Furthermore, the influences of the hollow shape on AC copper loss and the 

thermal dissipation capability are analyzed. It should be noted that the conducting area 

maintains the same to keep the same DC copper loss. It has been shown that the AC copper loss 

generated by the case R4< R3 is lower than the case R4> R3. The minimum AC copper loss occurs 

when the conductor is the shortest. However, these conductors generating lower AC copper loss 

could have worse thermal dissipation capability since the hollow region is very small. In the 

conventional analysis of the convection coefficient, the flow rate is usually set as constant. 

However, it has been shown that better overall performance can be obtained by considering the 

variable flow rate. 
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CHAPTER 4 

Electromagnetic Performance of PM Machines 

Accounting for AC Copper Losses 
 

In this chapter, a hybrid analytical and finite element model of AC copper loss is proposed. 

It has been shown that with consideration of the AC copper losses it results in a 6 kW reduction 

in the maximum output power estimation. Compared with the finite element method, the 

developed model is efficient and accurate to predict the actual loss in the windings. In addition, 

by utilizing the proposed method, the torque/power-speed characteristics and efficiency maps 

considering AC copper loss can be obtained within a desirable computing time. 
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4.1. Introduction 

Interior permanent magnet synchronous machines (IPMSMs) with distributed windings 

have been used for many applications including hybrid and electric vehicles. It has high torque 

density and high efficiency, and can utilize not only the permanent magnet (PM) torque but also 

the reluctance torque. The interior PM typed rotor can prevent the magnet dispersion from the 

centrifugal force at high-speed operation, since the magnet is located inside the rotor core 

[Jah86]. In addition, it has a good flux weakening capability, a wide constant power region, and 

a high demagnetization withstand capability. However, the IPM machines usually have a higher 

iron loss due to significant armature reaction as a result of a small effective air gap, especially 

at high speeds [Aza10] [Sch89] [Zhu02].  

Due to the convenience in the manufacture and high packing factor, the large rectangle 

conductors become more popular for low voltage and high current applications [Rah12] [Jun12] 

[Par14]. However, AC copper losses of such large conductors may be extremely high at high 

speed operation. There is a lot of research on the causes of AC copper loss [Kla06] [Pop13] 

[Sul99a] [Mcc89] [Red08] but rare of them is focus on rectangular conductors . The AC copper 

loss is caused by the eddy-current effects in the winding which include skin effect and proximity 

effect. The skin effect is the non-uniform current density distribution in a single conductor. The 

high-frequency current tends to flow towards the surface rather than the whole conductor 

[Sul99]. Different from the skin effect [Kla06], the proximity effect is the current distribution 

due to the magnetic fields generated by the nearby conductors [Pop13] [Sul99a] [Mcc89]. Even 

with thin wire to eliminate the skin effect, the proximity effects still exist [Pop13]. Many authors 

work on the analytical prediction of AC copper losses 31-48[Tho09] [Woj13] [Phu07] [Nan03] 

[Nan04] [Dow66] [Fer94] [Sul01] [Sul99b] [Wro10a] [Wro12] [Iwa09] [Red10] [Red11] 

[Mel06] [Wro10b] [Ger04] [Bol02]. In [Tho09], a 1-D analytical model to accurately estimate 

the proximity losses in flux switching PM machines (FSPM) has been developed. The author 

of [Woj13] presented the analytical optimization of solid-round-wire inductor windings to 

achieve the minimum AC resistance. The author of [Phu07] presents two complementary 
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numerical approaches to predict proximity losses in rectangular conductors. The authors in 

[Nan03] and [Nan04] improve the accuracy of prediction on proximity effect loss presented by 

[Dow66] and [Fer94], and the idea is to simulate a single wire with symmetrical boundary 

conditions to find its behavior in a conductor. In [Mel06] [Wro10b] [Ger04] [Bol02], the authors 

also consider the temperature effects on the AC copper loss. However, it is hard to consider the 

slot geometry and magnetic saturation effect by the analytical method. 

Recently, there are several papers focusing on the reduction of AC copper losses. In 

[Sim18], the author presents a shaped slot winding profile which can reduce the AC copper loss 

based on the time-harmonic finite element model. In [Li18] and [Vol18], the author provides 

the analytical method and finite element method, and a hybrid method to model the AC copper 

loss. However, the temperature effect and current effect are not studied. In [Aoy18], the author 

studies the influence of parallel path on DC copper loss and eddy current loss. However, due to 

the manufacture consideration, the number of parallel paths is not suitable to be too large. In 

[Bar18], the author presents that introducing a space between the conductors and tooth tips can 

reduce the AC copper loss. However, the temperature influence on the AC copper loss and the 

overall winding temperature are not studied.  

In this chapter, a hybrid analytical and finite element method to predict the AC copper loss 

is proposed. It has higher accuracy than the existing analytical model since the geometry effect 

(i.e. the slot tips and slot opening) and saturation effect (i.e. current amplitude and current angle) 

can be considered. In addition, it is more efficient than FE method, since the temperature effect 

can be separated to reduce computing time in FE, and considered individually in the analytical 

model. 
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4.2. Variation of AC Copper Loss with Temperature  

As mentioned previously, the AC copper loss in the prototype machine is very high due to 

the large conductors used in the machine. It should be noted that the length of end-winding per 

phase is equal to the active length per phase for this particular machine. The machine geometry 

and parameters are summarized in Appendix 1. Fig. 4.1 shows the variation of the AC copper 

loss and DC copper loss with the operation speed. In order to simulate the machine in 2D instead 

of 3D, the following assumptions are made:  

⚫ The 𝑅𝑎𝑐 to 𝑅𝑑𝑐 ratio of the end-winding part is equal to 1 [28]. 

 

⚫ The current influence on the AC resistance is not considered in this section and will 

be presented in the next section.  

 

 

 

Fig. 4.1. AC and DC copper losses at 20 °C. 
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Since the skin effect is one of the major reasons resulting in high copper loss, the skin 

depth is given in (4.1). Assuming the relative permeability maintains the same as temperature 

increases, the resistivity will also affect the skin depth and the conducting area. The phase 

resistance can be written as a function of temperature and frequency (speed) as given in (4.2).  

𝛿 = √
2𝜌

𝜔𝜇𝑚
 (4.1.) 

𝑅𝑝ℎ(𝑇, 𝑓) = 𝜌(𝑇)
𝐿

𝐴(𝑇, 𝑓)
 (4.2) 

𝑅𝑝ℎ(𝑇, 𝑓)

𝑅𝑝ℎ(𝑇0, 𝑓)
=

𝜌(𝑇1)
𝐿

𝐴(𝑇, 𝑓)

𝜌(𝑇0)
𝐿

𝐴(𝑇0, 𝑓)

=
𝜌(𝑇)

𝜌(𝑇0)

𝐴(𝑇0, 𝑓)

𝐴(𝑇1, 𝑓)
 (4.3) 

 

where 𝛿 is the skin depth, 𝜌 is the resistivity, 𝜇𝑚 is the permeability, 𝑓 is the frequency, 

𝑅𝑝ℎ is the phase resistance, 𝐴 is the conducting area, 𝑇 is the temperature of the conductor 

and 𝑇0 is the reference temperature. 

Fig. 4.2 shows the variation of AC copper loss with speed at different temperatures when 

the input current is set as 𝐼𝑞 = 60A and 𝐼𝑑 = -250A for q- and d-axis currents. Fig. 4.3 shows 

the variations of 𝑅𝑎𝑐  to 𝑅𝑑𝑐  ratio. It can be seen that although the 𝑅𝑎𝑐  to 𝑅𝑑𝑐  ratio 

decreases with temperature increasing, the absolute value of total copper loss does not change 

significantly, shown in Fig. 4.2. It can be explained by the fact that the resistivity increases with 

temperature, the DC resistance is higher while the skin depth is also larger at high temperature. 

At high speed and low-speed regions, the loss at higher temperature is slightly higher than that 

at low temperature, while in the middle-speed range, the difference between AC copper losses 

with different temperatures is minor.  
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The copper loss at 20 °C in Fig. 4.2 is chosen as reference, the ratio of equivalent phase 

resistance between the higher temperature and the reference (20 °C) is presented in Fig. 4.4. 

For example, the green line (60 °C /20 °C) in Fig. 4.4 represents that the resistance at 60 °C  

divided by the resistance at 20 °C. At zero speed, the resistance ratio is equal to the resistivity 

ratio since the conductors have the same conducting areas. As the speed increases, the resistance 

ratio initially decreases greatly and then increases slightly after the critical point. It is worth 

noting that the resistance ratio between high temperature and low temperature could be smaller 

than 1 at a certain speed which means at one speed the conductor with higher temperature has 

lower resistance than the conductor with lower temperature. This phenomenon is a combined 

result between the resistivity and the equivalent conducting area of the conductor as shown in 

(4.3). Since the resistivity is only related with the temperature by a fixed coefficient, the 

conducting area is the only factor of the resistance which varies with the speed. Fig. 4.5 shows 

the variation of conducting area of the winding at different temperatures with speed. The area 

is calculated based on the AC copper loss shown in Fig. 4.2 and the Ohm’s law. The ratio of the 

conducting area between the high temperature and the reference temperature (20 °C) is 

presented in Fig. 4.6, together with the resistivity ratio in dashed lines. It can be seen that at a 

certain speed, the area ratio is higher than the resistivity ratio. 

 

 

Fig. 4.2. Variation of AC copper loss with speed at different temperatures. 

0

1

2

3

4

5

6

0 2 4 6 8 10 12 14 16 18

A
C

 c
o

p
p

er
 l
o

ss
 (
K

W
)

Speed (krpm)

20 °C

60 °C

100 °C

140 °C

Low speed Middle

speed
High speed



 

117 

 

 

 

Fig.4.3. AC resistance to DC resistance ratio at different temperatures. 

 

  

 

Fig. 4.4. Variation of equivalent phase resistance ratios between high temperatures and 20 °C 

with speed. 
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Fig. 4.5. Conducting area variation with speed. 

 

  

 

Fig. 4.6. Variation of conducting area ratio with speed at different temperature ratios. 
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4.3. Improved Analytical Method for Calculating AC 

Copper Loss and AC Resistance 

It takes a long time by the FE method to compute the variation of AC copper loss with 

operating speed especially when coupled with the thermal analysis and torque-speed 

characteristic calculation. Thus, it is worth calculating the AC copper loss by a reliable 

analytical model. It has been proposed in [27], the analytical model which is suitable for the 

rectangular conductors in parallel slots. The AC to DC resistance coefficient for the 𝑝th layer 

(𝐾𝑅𝑃) in the slot shown in Fig. 4.7 can be obtained by the following equations:  

𝐾𝑅𝑃 = 𝜑(𝜉) +
𝐼𝑡𝑜𝑡𝑎𝑙(𝐼𝑡𝑜𝑡𝑎𝑙 cos 𝛾 + 𝐼𝑙𝑎𝑦𝑒𝑟)

𝐼𝑙𝑎𝑦𝑒𝑟
2 ψ(𝜉) (4.4) 

𝜑(𝜉) = 𝜉
sinh2𝜉 + sin 2𝜉

cosh 2𝜉 − cos 2𝜉
 (4.5) 

ψ(𝜉) = 2𝜉
sinh 𝜉 − sin 𝜉

cosh 𝜉 + cos 𝜉
 (4.6) 

𝜉 = 𝐻𝑐√
𝜔𝜇𝑚𝜎

2

𝑛𝑐𝑊𝑐

𝐻𝑠
 (4.7) 

where 𝐼𝑡𝑜𝑡𝑎𝑙 is the total current in the slot, 𝐼𝑙𝑎𝑦𝑒𝑟 is the current per layer in the slot, 𝛾 is the 

angle between 𝐼𝑡𝑜𝑡𝑎𝑙 and 𝐼𝑙𝑎𝑦𝑒𝑟, 𝑛𝑐 is the number of conductors in each layer, 𝐻𝑐, 𝑊𝑐, 𝑊𝑠 

are the conductor and slot dimensions shown in Fig. 4.7. 



 

120 

 

 

 

Fig. 4.7. Multiple rectangular conductors in a parallel slot.  

 

The average value of 𝐾𝑅𝑃 for 𝑚 layers can be calculated by (4.8) and (4.9) for the case 

𝛾 = 0° and 𝛾 ≠ 0° respectively. 

𝐾𝑅𝑚 =
1

𝑚
∑𝐾𝑅𝑃

𝑚

1

(𝑝) =  𝜑(𝜉) +
𝑚2 − 1

3
ψ(𝜉) (4.8) 

𝐾𝑅𝑚 =  𝜑(𝜉) + (
𝑚2(5 + 3 cos 𝛾)

24
−
1

3
)ψ(𝜉) (4.9) 

 

Fig. 4.8 compares the 𝑅𝑎𝑐  to 𝑅𝑑𝑐  coefficients by the FE method and the analytical 

method. It shows that in the low-speed region, the analytical results match well with the FE 

results. However, in the high-speed region, it deviates from the FE results. Thus, it could be 

over predicted in AC copper loss when the analytical method is employed directly. The 

difference between the analytical and FE results is because the analytical model does not 

consider the lamination geometry effect, i.e. the slot tips and slot opening, and magnetic 

saturation effect due to different current angles. In addition, these two effects can be neglected 

at low frequency, whereas they become more obvious at high frequency. It should be noted that 

these two effects can be considered together in the terms of flux density variation (𝐵) in (4.10). 
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Furthermore, the flux density variation (𝐵) is not related with the temperature (𝑇). Thus, they 

cannot be considered individually. Fig.4.9 compares the variation of the resistance ratio with 

speed at different temperature ratios. Due to the fact that the temperature is an individual factor 

and is not related with the flux density. It can be seen that the resistance ratio at different 

temperature ratios has a better agreement than the 𝑅𝑎𝑐 to 𝑅𝑑𝑐 coefficient. Thus, it is better to 

predict the 𝑅𝑎𝑐 to 𝑅𝑑𝑐 coefficient by the temperature ratio. 

 

 

 

Fig. 4.8. Comparison of AC resistance to DC resistance ratio between analytical and FE at 

different temperatures, at Iq=60A and Id=-250A. 
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Fig. 4.9. Comparison of equivalent resistance ratio between analytical and FE results, at Iq=60A 

and Id=-250A. 

 

The proposed hybrid analytical and FE model to predict the AC copper loss is based on 

separating the temperature and flux density effects. The new 𝑅𝑎𝑐 to 𝑅𝑑𝑐 coefficient can be 

calculated as: 

𝑅𝑎𝑐
𝑅𝑑𝑐

(𝑇, 𝑓, 𝐵) =
𝐾𝑅𝑚(𝑇. 𝑓)

𝐾𝑅𝑚(𝑇0, 𝑓)
∗ [
𝑅𝑎𝑐
𝑅𝑑𝑐

(𝑓, 𝐵)|𝑇0] (4.10) 

Ana +  E(𝑇, 𝑓, 𝐵) = Ana. (𝑇, 𝑓, 𝑇0) ∗  E(𝑓, 𝐵)|𝑇0 (4.11) 

 

where 
𝑅𝑎𝑐

𝑅𝑑𝑐
(𝑓, 𝐵)|𝑇0is the reference value which can be calculated from FE or test. 

With the help of FE method to calculate at the reference temperature (20 °C), the AC 

copper loss or 𝑅𝑎𝑐 to 𝑅𝑑𝑐 ratio at any temperature can be obtained more accurately than the 

original analytical method. 
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The FE results shown in Fig.4.10 as marks are the same as those shown in Fig.4.10, and 

the dashed lines are the analytical results. Fig. 4.11 compares the 𝑅𝑎𝑐 to 𝑅𝑑𝑐 ratio with the 

temperature at 10 krpm and 18 krpm. It can be seen that the difference between FE and 

analytical results can be significantly reduced by the new method (4.10) and (4.11) which are 

shown as solid lines in Figs. 4.10 and 4.11. This proposed method utilizes the temperature ratio 

for prediction. 

 

 

 

Fig. 4.10. Comparison of AC resistance to DC resistance ratio against speed, at Iq=60A and Id=-

250A (𝑻𝟎= 20 °C). 
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Fig. 4.11. Comparison of AC resistance to DC resistance ratio against temperature, at Iq=60A 

and Id=-250A (𝑻𝟎= 20 °C). 

 

It should be noted that the current and current angle will also affect the ratio of 𝑅𝑎𝑐 to 

𝑅𝑑𝑐  due to the flux density distribution in the conductors. However, these effects are not 

considered in the existing analytical model. The comparisons are shown in Figs.4.12 and 4.13.  

During the thermal analysis, the above method is efficient and accurate to predict the AC 

copper loss in the slot. The temperature of the conductor, the flux density, and the operating 

speed of the machine are the three major factors that affect the AC copper loss. For the most 

accurate method (FE), all three factors should be considered. Thus, the result is a three-

dimensional matrix. However, they can be separated by using the above method. The influence 

of the frequency and flux density (current) are considered and included in the term of 

𝑅𝑎𝑐

𝑅𝑑𝑐
(𝑓, 𝐵)|𝑇0 obtained from FE or test. The temperature is considered in the external analytical 

function. In addition, if the input is a test result, the reference temperature does not have to be 

constant at different speeds. 
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Fig. 4.12. Comparison of AC resistance to DC resistance ratio against the current at 10 krpm 

and Iq=60A, Id=-250A (𝑻𝟎= 20 °C). 

 

 

 

Fig. 4.13. Comparison of AC resistance to DC resistance ratio against current angle at 10 krpm 

and 30 Arms (𝑻𝟎= 20 °C). 
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In conclusion, the proposed hybrid analytical and FE model (Ana + FE) can predict the 

AC copper loss with high accuracy compared with the existing model. With the helping of FE, 

the proposed model can also consider the geometry effect and saturation effect which are not 

considered in the existing model. It should be noted that the FE is still the most accurate method. 

However, it takes a long time to calculate the AC copper loss especially when considering the 

temperature effect. By utilizing the proposed method, the temperature effect can be separated 

from the FE, considered individually, and linked with the LTPM model. It is more accurate 

compared with the existing analytical model and more efficient than the direct FE calculation. 

The following investigation will be conducted based on the proposed method. 
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4.4. Influence of AC Copper Loss on Torque-Speed 

Characteristics 

The torque-speed characteristic is one of the most important performance to evaluate the 

electrical machines. However, it is usually calculated without considering AC copper loss. In 

the prototype machine, the performance has a significant difference with and without 

considering AC copper loss, as shown in Fig. 2.1. The current density distributions under low-

speed and high-speed operating conditions on the torque-speed envelops are shown in Fig. 4.14. 

It can be seen that when AC effect is not considered, the current densities are uniformly 

distributed inside the conductors, as shown in Fig. 4.14(a) and 4.14(c). At low operation speed, 

the current density accounting for AC effect is slightly different from that without considering 

it, as shown in Fig. 4.14(a) and 4.14(b). As the operation speed increasing, the current density 

is more un-uniformly distributed inside the conductors. 

 

 

 

 

 

 

 

 



 

128 

 

 

 

 

 

(a) 2krpm without AC effect  (b) 2krpm with AC effect 

 

 

 

(c) 10krpm without AC effect (d) 10krpm with AC effect 

 

Fig. 4.14. Current density distribution with and without AC effect at different speeds (𝝎𝒕 =

𝝅/𝟐).  
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It can be seen that the high-speed torque reduces when AC copper loss is considered under 

the same voltage limitation. It can be simply explained that the equivalent resistance is 

increased, and more voltage drops on the resistor when AC copper loss is considered. Fig. 4.15 

and 4.16 shows equivalent phase resistance with and without considering AC effects. The phase 

resistance remains a constant value at a different frequency when the AC effect is not considered. 

While when AC effects are considered, the equivalent phase resistance is generally increasing 

with frequency and speed.  

Fig. 4.17 and 4.18 show the copper loss with and without considering AC effect, 

respectively. It can be seen that when AC effect is considered, the copper is significantly 

increased comparing with the copper loss without AC effects, especially at the high-speed 

operation region.  

More importantly, the efficiency maps with and without considering AC copper loss is 

shown in Fig. 4.19 and 4.20. It can be seen that the high-efficiency operation region 

significantly shrinks to the low-speed operation regions. The performance of the electrical 

machine can be overestimated without considering AC effects. 
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Fig. 4.15. Phase resistance with considering AC effects (mOhm). 

 

 
 

Fig. 4.16. Phase resistance without considering AC effects (mOhm).  
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Fig. 4.17. Copper loss with considering AC effects (kW). 

 

 
 

Fig. 4.18. The copper loss without considering AC effects (kW). 
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Fig. 4.19. The efficiency with considering AC effects (%). 

 

 
 

Fig. 4.20. The efficiency without considering AC effects (%). 
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4.5. Conclusion 

The AC copper loss could be one of the major losses in the electrical machines especially 

with the large solid conductors and at high-speed operation. Generally, it is simply considered 

during the machine design process. However, a large amount of AC copper loss and high 

equivalent resistance limits the machine output power. An efficient and accurate hybrid method 

is proposed to predict the ac copper loss of the rectangular conductors at different temperatures. 

It is a faster method comparing with the pure FE method, and it can also consider the effects 

which are not considered in the existing analytical model. With the help of FE method, the 

saturation effect due to different d- and q-axis currents and geometry effect (i.e. slot tips and 

slot opening) can be considered. In addition, it is more convenient to couple with the thermal 

model to consider the temperature effect compared with FE.  

By utilizing the proposed method, the torque/power-speed characteristics and efficiency 

maps can be obtained within a desirable computing time. It has been shown that the machine 

performance has a significant difference between with and without considering AC copper loss. 

When AC effect is ignored, the machine performance could be overestimated, especially in the 

high-speed operation region. 

 



 

134 

 

CHAPTER 5 

Thermal Performance of PM Machines Accounting 

for AC Copper Losses 
 

In this chapter, a simple lumped parameter thermal model is developed accounting for AC 

copper loss which is critical in the thermal analysis. It has been shown that with and without 

considering AC copper losses it results in an 80 °C difference in the winding temperature and 

6 kW reduction in the maximum output power estimation. Compared with the finite element 

method, the developed model is effective and accurate to predict the actual loss and temperature 

in the windings. In addition, to reduce AC copper loss and limit the winding temperature, 

smaller conductors located at the bottom of the slot could be employed. 
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5.1. Introduction 

There are several ways to estimate the temperature distributions at different positions in 

electrical machines, for example, by employing the lumped parameter thermal model (LPTM) 

[MEL91] and the finite element (FE) model [Bog08]. The LTPM is less accurate than the finite 

element method, but the computing time is much shorter [Bog09]. Indeed, for both LTPM and 

finite element method, the thermal transfer coefficients are required. The authors in [BOG08] 

focus on the determination of critical thermal parameters which are important in thermal models 

and have proposed the method to calculate them by different tests. There are a lot of existing 

LTPMs built by different authors for different types of machines including PM machines [Lee12] 

[Liu93] [Ref04] [Joo11], induction machines [Mel91] [Bog08] [Bog09] [Mel88] [Bou97] 

[Bog03] [Sta05] [Sta06], and switched reluctance machines [Li11]. Most of LTPMs are built 

based on the most classic paper on the thermal modelling of electrical machines [Mel91]. Both 

[Lee12] and [Ref04] present the LTPM of IPM machines. The authors in [Lee12] use the 

original equation presented in [Mel91] and also consider the heat transfer in the axial direction, 

while the authors in [Ref04] utilize the simplified equations and simplified internal convections 

with a lower number of nodes based on [Kyl95]. However, both of the models do not consider 

AC copper loss at high speed which is quite important for the machines employing the large 

rectangular conductors. 

In this chapter, a simple lumped parameter model is developed with accounting for AC 

copper loss. It has been shown that AC copper loss is a major part of total losses in electrical 

machines, especially at high-speed operation. Thus, it is necessary to predict the temperature 

accounting for AC copper loss.  
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A method to balance the equivalent phase resistance at different low and high speeds is 

presented which maintains the same conductor per slot in the same stator. It has shown that by 

appropriately decreasing the conductor size the average temperature of the winding at high 

speed can be decreased significantly, albeit with sacrificed low-speed resistance and 

temperature. The optimum conductor size is selected based on the overall performance. 
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5.2. Lumped Parameter Thermal Model of Prototype 

IPM Machine 

Fig. 5.1 shows the lumped parameter thermal network including the heat transferring in 

three directions based on [Ref04] [Bog03]. This model is intended to compute the temperature 

distribution in the prototype IPM machine in a steady-state condition. For this reason, thermal 

capacitances have been neglected. The two voltage sources represent the ambient temperature 

and the water temperature in the water jacket. There are 4 major losses are considered in this 

model which are the stator and rotor iron losses (𝑃𝐹𝑒_𝑠 and 𝑃𝐹𝑒_𝑟), copper loss in active length 

(𝑃𝐶𝑢_𝑎) and copper loss in end winding (𝑃𝐶𝑢_𝑒). Since this model is built for the spoked IPM 

machines, the magnet is not totally covered by rotor laminations and can directly contact the 

air in the air gap. Thus, there are a totally 4 convection resistors in the air gap (𝑅11 − 𝑅13, 𝑅15). 

The geometry and parameters of the prototype machine are summarized in the Appendix.  
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Fig. 5.1. The simplified LPTM of IPM machine.  
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5.2.1. External Convection Resistances (𝑹𝟏 and 𝑹𝟐) 

The resistor 𝑅1 represents the combination of natural convection and radiation between 

the external housing and the nearby ambient air. For a self-coolant machine, this resistor is the 

most important factor since it determines the capability of heat dissipation. As [Bog08] [Sim88] 

[Sta05] mentioned, this resistor can be determined by a DC current test. During the test, the 

rotor is locked to ensure only DC copper loss in the stator winding. Thus, the thermal resistance 

can be computed by the following equation: 

𝑅1 =
𝑇ℎ𝑜𝑢𝑠𝑖𝑛𝑔 − 𝑇𝑎𝑚𝑏

𝑃𝑑𝑐
 (5.1) 

where 𝑇ℎ𝑜𝑢𝑠𝑖𝑛𝑔  is the external frame temperature during DC test, 𝑇𝑎𝑖𝑟  is the ambient 

temperature during the DC test, and 𝑃𝑑𝑐 is the power loss during the DC test.  

𝑁𝑢,𝑊𝐽 = 7.49 − 17.02
𝐻

𝑊
+ 22.43 (

𝐻

𝑊
)
2

− 9.94 (
𝐻

𝑊
)
3

+
0.065 (

𝐷ℎ
𝐿𝑎
⁄ )𝑅𝑒𝑃𝑟

1 + 0.04 (
𝐷ℎ

𝐿𝑎
⁄ 𝑅𝑒𝑃𝑟)

2/3
 

(5.2) 

𝐷ℎ =
4 ∗𝑊 ∗ 𝐻

4 ∗ (𝑊 + 𝐻)
 (5.3) 

ℎ𝑊𝐽 =
𝑁𝑢,𝑊𝐽 ∗ 𝜆

𝐿𝑐
 (5.4) 

𝑅2 =
1

ℎ𝑊𝐽𝐴𝑊𝐽
 (5.5) 

where 𝐻  is the height of the channel, 𝑊  is the width of the channel 𝐷ℎ  is the hydraulic 

diameter, 𝐿𝑎 is the active length of the water jacket, 𝑅𝑒 and 𝑃𝑟 are the Reynolds number and 

the Prandtl number, 𝐿𝑐 is the characteristic length and equal to the hydraulic diameter in this 

case, and 𝐴𝑊𝐽 is the outer surface area of the water jacket.  
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5.2.2. Conduction in Housing (𝑹𝟑 − 𝑹𝟓) 

𝑅3 represents the radial conduction resistor between the outer surface and the water jacket 

which is a region from 𝑅𝑤𝑜𝑢𝑡 to 𝑅ℎ𝑜𝑢𝑡  shown in Fig. 5.2. 

𝑅3 =
1

2𝜋𝜆ℎ𝑜𝑢𝐿ℎ
ln (

𝑅ℎ𝑜𝑢𝑡
𝑅𝑤𝑜𝑢𝑡
⁄ ) (5.6) 

where 𝑅ℎ𝑜𝑢𝑡 is the outer radius of the housing, 𝑅𝑤𝑜𝑢𝑡 is the inner water jacket radius, 𝐿ℎ is 

the housing stack length, and 𝜆ℎ𝑜𝑢 is the thermal conduction coefficient of the housing. 

𝑅4 represents the combined radial conduction resistor from the stator back-iron to the 

water jacket. In this case, 𝑅4  can be regarded as three resistors in series. 𝑅𝑏𝑖_𝑜𝑢𝑡  and 

𝑅ℎ𝑜𝑢𝑠𝑖𝑛𝑔_𝑖𝑛 represents the radial conduction resistor of the outer part of the back-iron and the 

inner part of the housing, respectively. Due to the machine manufacture and assembly 

tolerances, there has a small gap between the housing and the lamination. 𝑅𝑖𝑔 represents the 

thermal resistor of the thin gap, and the equation (5.9) is a different form from the other two 

equations. It is due to that the gap length is extremely small comparing with the width, and the 

circular ring can be treated as a long and thin rectangle. 

𝑅4 = 𝑅𝑏𝑖_𝑜𝑢𝑡 + 𝑅𝑖𝑔 + 𝑅ℎ𝑜𝑢𝑖𝑛𝑔_𝑖𝑛 (5.7) 

𝑅𝑏𝑖_𝑜𝑢𝑡 =
1

2𝜋𝜆𝑙𝑎𝑚𝐿𝑠
ln (

𝑅𝑠𝑜𝑢𝑡
𝑅𝑠𝑚
⁄ ) (5.8) 

𝑅𝑖𝑔 =
𝑙𝑖𝑔

2𝜋𝑅𝑠𝑜𝑢𝑡𝜆𝑎𝑖𝑟𝐿𝑠
 (5.9) 

𝑅ℎ𝑜𝑢𝑠𝑖𝑛𝑔_𝑖𝑛 =
1

2𝜋𝜆ℎ𝑜𝑢𝐿ℎ
ln (

𝑅𝑤𝑖𝑛
𝑅𝑠𝑜𝑢𝑡
⁄ ) (5.10) 
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where 𝑅𝑤𝑖𝑛  is the inner radius of the water jacket, 𝑅𝑠𝑜𝑢𝑡  is the outer radius of the stator 

lamination, 𝑅𝑠𝑚 is the average radius of the stator back-iron, 𝑙𝑖𝑔 is the length of the interface 

gap between the housing and the lamination, 𝐿𝑠 is the stack length of stator lamination, 𝜆𝑙𝑎𝑚 

and 𝜆𝑎𝑖𝑟 are the thermal conduction coefficients of lamination material and air, respectively.  

Besides the radial thermal transfer, the heat is also transferring in the axial direction in the 

housing. 𝑅5 represents the axial thermal resistor from the center of the housing to the end-

plates.  

𝑅5 =
𝐿ℎ

4𝜋𝜆ℎ𝑜𝑢(𝑅ℎ𝑜𝑢𝑡
2 − 𝑅𝑠𝑜𝑢𝑡

2 )
 (5.11) 

 

 

 

 

Fig. 1.2. Main radii of stator and housing. 
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5.2.3. Conduction in Stator (𝑹𝟔 − 𝑹𝟏𝟎) 

𝑅6 represents the inner stator back-iron behind the teeth and the top half of stator teeth. 

Although this thermal resistor is a combined one like 𝑅4, it can be calculated directly because 

of the same material and the same stack length. Different from other radial thermal resistance, 

the stator teeth are separated by slots. Thus, a ratio of tooth arc to slot pitch is introduced as 

follows,  

𝑅6 =
𝜃𝑡𝑝 𝜃𝑡𝑎⁄

2𝜋𝜆𝑙𝑎𝑚𝐿𝑠
ln (

𝑅𝑠𝑚
𝑅𝑡𝑚
⁄ ) (5.12) 

where 𝑅𝑠𝑚 is the mean radius of the stator back-iron, 𝑅𝑡𝑚 is the mean radius of the stator 

teeth, 𝜃𝑡𝑎 is the tooth arc, 𝜃𝑡𝑝 is the tooth/slot pitch.  

Similarly, the bottom part of the stator teeth can be calculated by the same equations with 

different radius. In this case, the slot tips are ignored and the slot is a rectangular shape.  

𝑅7 =
𝜃𝑡𝑝 𝜃𝑡𝑎⁄

2𝜋𝜆𝑙𝑎𝑚𝐿𝑠
ln (

𝑅𝑡𝑚
𝑅𝑠𝑖𝑛
⁄ ) (5.13) 

where 𝑅𝑡𝑚 is the mean radius of the stator teeth, 𝑅𝑠𝑖𝑛 is the inner radius of the stator core.   

𝑅8  and 𝑅9  are the thermal resistors between the slot windings and the stator core in 

circumferential and radial directions, respectively. 𝑅8 can be calculated by  

𝑅8 =
𝑙𝑒𝑞𝑠

𝑁𝑠𝜆𝑒𝑞𝐿𝑠𝑑𝑠𝑙𝑜𝑡
 (5.14) 

𝑙𝑒𝑞𝑠 =
𝑆𝑠𝑙𝑜𝑡 − 𝑆𝑐𝑜𝑛𝑑

𝑙𝑝𝑒𝑟𝑖
 (5.15) 
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where 𝑙𝑒𝑞𝑠 is the equivalent length of air and insulations in the slots, 𝜆𝑒𝑞 is the equivalent 

thermal coefficient of air and insulations in the slots, 𝑑𝑠𝑙𝑜𝑡 is the depth of the slot, 𝑆𝑠𝑙𝑜𝑡 is the 

area of one slot, 𝑆𝑐𝑜𝑛𝑑 is the total area of the conductors in one slot, and 𝑙𝑝𝑒𝑟𝑖 is the perimeter 

of the stator slot, 𝑁𝑠 is the number of slots.  

While 𝑅9 is a combined thermal resistor including the inner half of the stator back-iron 

behind the slots. This resistor 𝑅𝑏𝑖_𝑖𝑛  can be calculated based on 𝑅6 . There is a ratio of 

𝜃𝑡𝑝 𝜃𝑡𝑎⁄  in 𝑅6 representing the stator back-iron behind the teeth. Thus, a ratio of (1-𝜃𝑡𝑝 𝜃𝑡𝑎⁄ ) 

should be introduced in 𝑅𝑏𝑖_𝑖𝑛 to maintain the sum equal to 1.  

𝑅9 = 𝑅𝑏𝑖_𝑖𝑛 + 𝑅𝑠𝑙𝑜𝑡_𝑏𝑖 (5.16) 

𝑅𝑏𝑖_𝑖𝑛 =
1 − 𝜃𝑡𝑝 𝜃𝑡𝑎⁄

2𝜋𝜆ℎ𝑜𝑢𝐿𝑠
ln (

𝑅𝑠𝑚
𝑅𝑡𝑚
⁄ ) (5.17) 

𝑅𝑠𝑙𝑜𝑡_𝑏𝑖 =
2𝑙𝑒𝑞𝑠

𝑁𝑠𝜆𝑒𝑞𝐿𝑠𝑤𝑠𝑙𝑜𝑡
 (5.18) 

𝑅10 represents the thermal resistor in the bottom half of the slot. It can be calculated as 

the same equation of 𝑅𝑠𝑙𝑜𝑡_𝑏𝑖. The equivalent thermal coefficient of air and insulations can be 

determined by DC test [Bog03]. 

𝑅10 = 𝑅𝑠𝑙𝑜𝑡_𝑏𝑖 =
2𝑙𝑒𝑞𝑠

𝑁𝑠𝜆𝑒𝑞𝐿𝑠𝑤𝑠𝑙𝑜𝑡
 (5.19) 
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5.2.4. Axial Transferring of Winding (𝑹𝟏𝟕 𝐚𝐧𝐝 𝑹𝟏𝟖) 

The heat generated in the winding is not only transferring to the stator core but also 

transferring from the end-winding regions to the end-plates. Since this transferring is in the 

axial direction, the thermal resistor can be calculated by the definition equation (5.20). The 

nominator in equation (5.20) is 𝐿𝑠/2 representing the heat transferring from the center of the 

object to one of the end. However, the heat must transfer in parallel from the center to both two 

ends. Thus, the axial thermal resistor of winding can be calculated by  

𝑅17 =
𝐿𝑠/2

𝜆𝑐𝑢𝑆𝑐𝑢
/2 (5.20) 

where 𝑆𝑐𝑢 is the total area of the copper in all slots, 𝜆𝑐𝑢 is the thermal conduction coefficient 

of copper.  

For the same reason, the convection resistors are also in parallel from two end-windings 

to the two end-plates. The convection coefficient from the end-windings to the end-plates can 

be estimated according to [Mel88] and [Bog03]. Thus, 𝑅18 can be calculated by 

𝑅18 =
1

2ℎ𝑒𝑤(𝑅𝑠𝑙𝑜𝑡
2 − 𝑅𝑠𝑖𝑛

2 )𝜋
 (5.21) 

ℎ𝑒𝑤 = 15.5 (0.15𝑅𝑟𝑜𝑢𝑡𝜔𝑟 + 1) (5.22) 

where ℎ𝑒𝑤 is the convection coefficient from the end-windings to the end-plates, 𝑅𝑠𝑙𝑜𝑡 is the 

radius of the bottom of the slot, 𝑅𝑠𝑖𝑛  is the inner radius of the stator, (𝑅𝑠𝑙𝑜𝑡
2 − 𝑅𝑠𝑖𝑛

2 )𝜋 

represents the cross-sectional area of the end-winding of one side, 𝑅𝑟𝑜𝑢𝑡 is the outer radius of 

the rotor and 𝜔𝑟 is the rotor mechanical speed.  
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5.2.5. Conduction in Rotor (𝑹𝟏𝟒, 𝑹𝟏𝟔, 𝑹𝟏𝟗) 

The designed rotor has a complicated geometry for optimizing the electro-magnetic 

performance. To simplified the thermal modelling, the rotor can be treated as shown in Fig. 5.3. 

𝑅14  represents the heat conduction of the rotor pole in the radial direction behind the 

position of rotor iron loss generated. Assuming the iron loss is generated at 𝑅𝑓𝑒,𝑟, the resistor 

𝑅14 actually means the heat transfer from 𝑅𝑟1 to 𝑅𝑟𝑖𝑛. Similar to the stator teeth and slots, 

there is a ratio of rotor arc to rotor pole pitch introduced to correct the actual surface area of 

rotor lamination.  

𝑅14 =
𝜃𝑟𝑝 𝜃𝑓𝑒,𝑟⁄

2𝜋𝜆𝑙𝑎𝑚𝐿𝑠
ln (

𝑅𝑓𝑒,𝑟
𝑅𝑟𝑖𝑛

⁄ ) (5.23) 

where 𝑅𝑓𝑒,𝑟 is the assumed position of iron loss generation, 𝑅𝑟𝑖𝑛 is the radius of the bottom 

of the rotor magnet slot, 𝜃𝑟𝑝 is the rotor pole pitch, and 𝜃𝑓𝑒,𝑟 is the rotor pole arc at 𝑅𝑓𝑒,𝑟.  

𝑅16 is a combined resistor including the thermal conduction of PMs in the radial direction 

and the equivalent conduction between PMs and rotor poles. In addition, the PM can be divided 

into two parts e.g. a rectangular top component and a trapezoidal bottom component. It should 

be noted that the total area is used for calculation which is the cross-sectional area of one PM 

times the number of poles. The equation of trapezoidal components is modified according to 

[Liu93]. The equivalent conduction between PMs and rotor poles can be calculated as the same 

method of stator slot to the stator core.  

𝑅16 = 𝑅𝑃𝑀,𝑡𝑜𝑝 + 𝑅𝑃𝑀,𝑏𝑜𝑡 + 𝑅𝑃𝑀,𝑟𝑜𝑡 (5.24) 

𝑅𝑃𝑀,𝑡𝑜𝑝 =
𝐻𝑚𝑡

𝑁𝑝𝜆𝑝𝑚𝐿𝑠𝑊𝑚𝑡
 (5.25) 
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𝑅𝑃𝑀,𝑏𝑜𝑡 =
𝐻𝑚𝑏 ln (

𝑊𝑚𝑡
𝑊𝑚𝑏
⁄ )

𝑁𝑝𝜆𝑝𝑚𝐿𝑠(𝑊𝑚𝑡 −𝑊𝑚𝑏)
 (5.26) 

𝑅𝑃𝑀,𝑟𝑜𝑡 =

𝑆𝑠𝑙𝑜𝑡,𝑝𝑚 − 𝑆𝑝𝑚
𝑙𝑝𝑒𝑟𝑖,𝑝𝑚

𝑁𝑝𝜆𝑎𝑖𝑟𝐿𝑠𝑙𝑝𝑒𝑟𝑖,𝑝𝑚
 

(5.27) 

 

where 𝐻𝑚𝑡, 𝑊𝑚𝑡, 𝐻𝑚𝑏, 𝑊𝑚𝑏 are the height and width of the top and bottom parts of PMs, 

respectively, 𝜆𝑝𝑚 is the thermal conduction coefficient of PM, 𝑁𝑝 is the number of the pole, 

𝑆𝑠𝑙𝑜𝑡,𝑝𝑚 is the area of rotor magnet slot, 𝑆𝑝𝑚 is the area of PM, and 𝑙𝑝𝑒𝑟𝑖,𝑝𝑚 is the perimeter 

of PM. 

 

 

 

Fig.5.3. Simplified geometry of the rotor.  
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5.2.6. Convection in Air-gap (𝑹𝟏𝟏 − 𝑹𝟏𝟑, 𝑹𝟏𝟓) 

There are four resistors related to the convection in the air-gap. 𝑅11  is the convection 

resistor at the surface of stator teeth, 𝑅12  is the convection resistor at the slot region, 𝑅13 

represents the convection resistor at the surface of rotor poles and the radial conduction of the 

top of the rotor pole, and 𝑅15 expresses the convection resistor at the surface of the PMs. 

𝑅11 =
𝜃𝑡𝑝 𝜃𝑡𝑡𝑎⁄

2𝜋ℎ𝑎𝑔𝐿𝑠𝑅𝑠𝑖𝑛
 (5.28) 

𝑅12 =
1 − 𝜃𝑡𝑝 𝜃𝑡𝑡𝑎⁄

2𝜋ℎ𝑎𝑔𝐿𝑠𝑅𝑠𝑖𝑛
 (5.29) 

𝑅13 =
𝜃𝑟𝑝 𝜃𝑟𝑎⁄

2𝜋ℎ𝑎𝑔𝐿𝑠𝑅𝑟𝑜𝑢𝑡
+

𝜃𝑟𝑝 𝜃𝑟𝑎⁄

2𝜋𝜆𝑙𝑎𝑚𝐿𝑠
ln (

𝑅𝑟𝑜𝑢𝑡
𝑅𝑓𝑒,𝑟

⁄ ) (5.30) 

𝑅15 =
1 − 𝜃𝑟𝑝 𝜃𝑟𝑎⁄

2𝜋ℎ𝑎𝑔𝐿𝑠𝑅𝑟𝑜𝑢𝑡
 (5.31) 

where 𝜃𝑡𝑝 is the stator tooth pitch, 𝜃𝑡𝑡𝑎 is the surface arc of the stator tooth tip, 𝜃𝑟𝑝 is the 

rotor pole pitch, 𝜃𝑟𝑎 is the outer surface arc of the rotor pole, ℎ𝑎𝑔 is the forced air convection 

in the air-gap which can be computed as (5.32). Since the air-gap is a narrow ring with 𝑅 ≫ 𝑙, 

the characteristic length is twice the air-gap length. 

ℎ𝑎𝑔 =
𝑁𝑢𝜆𝑎𝑖𝑟
2𝑙𝑔

 (5.32) 

where 𝜆𝑎𝑖𝑟 is the air conduction coefficient, 𝑙𝑔 is the air-gap length, and 𝑁𝑢 is the Nusselt 

number.  
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There are two methods to compute the Nusselt number. The first one is related with the 

Reynolds number and the Prandtl number. Firstly, the critical Reynolds number should be 

calculated as a reference,  

𝑅𝑒,𝑐𝑟 = 100√𝑅𝑠𝑖𝑛𝑙𝑔 (5.33) 

The Reynolds number of different fluid speeds in the air-gap can be calculated as equation 

(5.34). The Nusselt number can be calculated by the following relationships [Bog03], 

{
 

 
𝑁𝑢 = 2, 𝑅𝑒 < 𝑅𝑒,𝑐𝑟

𝑁𝑢 = 0.386
1

√𝑅𝑠𝑖𝑛𝑙𝑔
𝑃𝑟
0.27, 𝑅𝑒 > 𝑅𝑒,𝑐𝑟

 (5.34) 

 

where 𝑅𝑒 and 𝑃𝑟 are the Reynolds number and the Prandtl number of fluid speed, respectively.  

The second method to determine the Nusselt number is according to the Taylor number 

[Tri06] [Bec62].  

{
 
 

 
 
𝑁𝑢 = 2,                 𝑇𝑎 < 1078

𝑁𝑢 = 0.128𝑇𝑎
0.367, 1800  < 𝑇𝑎 < 12000

𝑁𝑢 = 0.409𝑇𝑎
0.241, 12000 < 𝑇𝑎 < 4 ∙ 106

 (5.35) 

where 𝑇𝑎 is the Taylor number of fluid speed. 
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5.3. DC Test for Critical Parameters 

As mentioned previously, a DC test is taken to determine the critical coefficients. This test 

is taken in the chamber with fixed air temperature equal to 90°C to simulate the engine 

temperature. The inlet liquid temperature of the stator water jacket is 65°C . The flow rate of 

the liquid is 6L/min in the channel with 2.35mm height and 62mm width. The computed 

coefficients of the water jacket are shown in Table 5.1. The tested IPM prototype machine has 

72 slots and 12 poles and dual-three phase windings with a 30° difference to achieve the 

maximum winding factor. During the DC test, the current increases from 20A to 120A to avoid 

demagnetization. Figs.5.4 and 5.5 compare the temperatures in windings and stator back-iron 

measured and predicted by the proposed thermal model together with Motor-CAD. The largest 

difference between the measurement and the prediction occurs in the winding at 20A, and the 

difference is 1.2°C. The critical parameters obtained by the DC current tests and material 

thermal coefficients are listed in Table 5.2.  

Table 5.1. Parameters of Cooling Liquid and Coolant Channel  

Parameter Value (Unit) 

Channel height  2.35mm 

Channel width 62mm 

Specific heat capacity of the liquid  3436 J/(Kg∙°C) 

Density of the liquid 1053 Kg/m3 

Thermal conductivity of the liquid 0.3927 W/(m∙°C) 

Flowing rate  6 L/min 

Water jacket convection coefficient 1133 W/(m2∙°C) 

Reynold number 2319 

Prandtl number 12.35 
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Fig. 5.4. Measured and predicted winding temperatures in DC tests. 

 

 

 

Fig. 5.5. Measured and predicted back-iron temperatures in DC tests. 
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TABLE 5.2. Parameters of Thermal Model  

Parameter Value (Unit) 

External convection resistor  2.1 W/°C 

Interface gap 0.015 mm 

End-winding convection to end-plates 6.1 W/(m2∙°C) 

Slot conduction coefficient 0.15 W/(m∙°C) 

Copper conduction coefficient 401 W/(m∙°C) 

Lamination conduction coefficient  30 W/(m∙°C) 

PM conduction coefficient  2.9 W/(m∙°C) 

Housing conduction coefficient (Al) 168 W/(m∙°C) 
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5.4. Influence of Conductor Size on Temperature and 

AC Copper Loss 

It is shown in Fig. 4.1 that the high-speed AC copper loss is much higher than the DC 

copper loss for the prototype machine. The temperature of the conductor should be also higher 

when AC copper loss is considered. It is presented in [Aoy18] and [Bar18] that the AC copper 

loss can be reduced by utilizing the smaller conductors, increasing the parallel paths, or 

introducing a space at the slot opening. However, due to the manufacture consideration, it is 

more convenient to employ a smaller number of parallel paths. The purposed method in this 

chapter is to balance the equivalent phase resistance of all speeds, high and low speeds, by 

varying the conductor size. Thus, it is worth comparing the machine performance with different 

conductor sizes. It should be noted that the conductors are always located at the bottom of the 

same slot shown in Fig. 5.6. The insulation thicknesses 𝑑1  and 𝑑2  keep the same when 

varying the conductor height 𝐻𝑐. 

 

 

 

Fig. 5.6. The same slot with different conductor height.  

 2

 1

(a) 5 mm (b) 4.5 mm (c) 4 mm (d) 3.5 mm (e) 3 mm
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Figs. 5.7 and 5.8 show the phase resistance and the ratio of 𝑅𝑎𝑐  to 𝑅𝑑𝑐  at 20 °C for 

different conductor sizes. Although the DC resistance is higher for the smaller conductors due 

to the smaller conducting area, the high-speed AC copper loss is much smaller. In addition, 

since the slot dimensions and the number of the conductor per slot are kept the same, the thermal 

network is shown in Fig. 5.1 does not change except the resistance value. The smaller 

conductors result in the increased thermal resistance in the same slot. It can be simply explained 

as the packing factor decreased and more insulation material is used in the slot. It can be seen 

that the most significant component is the outer conductor close to the slot opening, due to the 

small conductors located at the bottom of a slot. However, this resistance is not on the main 

path of the heat-dissipating. The major heat in the slot flows into the stator teeth and back-iron 

and finally sunken by the water jacket in the housing. These components do not have a great 

change since the stator and the location of the inner conductor keep the same. The only changed 

resistance is the conductor to teeth due to the conducting area reduced for smaller conductors. 

Another part of the heat transfers in the axial direction to the end-winding and convents to the 

housing. The resistance representing for the axial transferring in conductors increases with 

reducing conductor size due to the smaller conducting area. However, the resistance 

representing for end-winding convection does not have a great change since it is mainly related 

to the speed, and the convection area does not reduce greatly. Thus, due to the big difference of 

the copper loss and relatively minor difference of the thermal resistance, the temperature of the 

conductor is mainly influenced by the loss generated in the slot. 
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Fig. 5.7. AC to DC resistance ratio of different conductor sizes. 

 

 

 

Fig. 5.8. Total phase resistance of different conductor sizes. 
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5.4.1. Full Load Transient Performance 

Fig. 5.9 shows the full-load (230Arms) and transient (20s) machine performance with 

different conductor sizes considering AC copper loss and temperature. Fig. 5.9(a) compares the 

torque-speed characteristic between different conductor sizes. It can be seen that the maximum 

torque can be maintained and the high-speed torque can be improved with smaller conductors. 

However, the corner speed is slightly reduced due to higher resistance for smaller conductors 

in low-speed region. It is much clearer to see in the power-speed curves in Fig. 5.9(b) that with 

the larger conductors, the maximum power at the corner is the highest. However, the output 

power cannot be maintained and reduced with speed significantly. With a smaller conductor, 

the power-speed curve is flatter because of the less AC copper loss generated than the larger 

conductors shown in Fig. 5.9(b). Fig. 5.9(e) compares the variation of average conductor 

temperature between different conductor sizes with speed on the torque-speed curves. For the 

above torque-speed characteristic, the thermal network calculates the transient temperature of 

the conductors within 20 seconds for each speed. In this case, the ambient temperature is set at 

25 °C, and the water jacket setting is the same as shown in Table 5.1. In the low-speed region, 

using smaller conductors resulting in the temperature increased by 20 degrees. However, it 

improves by a maximum of 60 degrees in the high-speed region. If the limited temperature of 

the conductor is 180 °C, the 5 mm and 4.5 mm conductors are not suitable for this application. 

It should be noted that the temperature of PM is not influenced during 20 seconds transient 

calculation. 
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(a) Torque-speed curves 

 

 

 

(b) Power-speed curves 
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(c) D-axis currents 

 

 

 

(d) Q-axis currents 
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(e) Copper loss 

 

 

 

(f) The average temperature of the conductors in 20s 

 

Fig. 5.9. Full load machine performance (transient) with different conductor sizes. 
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5.4.2. Half Load Steady-State Performance  

The steady-state temperatures of the winding and the PM should also be considered. The 

steady-state temperatures are calculated with the half-load (120Arms) current from 0 rpm to 11 

krpm, since the reduced current limits the maximum speed at 11 krpm. Although the copper 

loss is much lower in the continuous operation mode shown in Fig. 5.10(a). The temperatures 

are higher than the transient mode, as shown in Fig. 5.10 (b). For the same limited temperature 

of the winding, only 3.5 mm and 3 mm conductors can be employed. It is important that the 

temperature of the PM varies greatly as well, as shown in Fig. 5.10(c). From 0 rpm to 8 krpm, 

the PM temperature is lower with the 3.5mm conductor, and from 8 krpm to 11 krpm the 3mm 

conductor is better. The speed range of lower PM temperature with the 3.5 mm conductor is 

larger than the 3 mm conductor shown in Fig.5.10(d). In this case, the 3.5mm conductor is 

selected as the optimum choice.  
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(a) Copper loss 

 

 

 

(b) The average temperature of the conductors 
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(c) The average temperature of the PMs with all conductors 

 

 

 

(d) The average temperature of the PMs with 3 mm and 3.5 mm conductors 

 

Fig. 5.10. Steady-state temperatures with half-load current (120Arms). 
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5.5. Conclusion 

AC copper loss could be one of the major losses in the electrical machines especially with 

the large solid conductors and at high-speed operation. It has been shown that the copper loss 

at high speed can be reduced by employing smaller conductors. However, the lower speed 

copper loss will be increased.  

The optimal conductor size is found according to the overall loss and temperature. For 

smaller conductors, although DC resistance is increased, AC resistance can be limited 

significantly. Thus, not only the temperature but the field-weakening performance can also be 

improved. However, due to the higher DC resistance, the maximum power capability and corner 

speed could be affected and slightly reduced. 
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CHAPTER 6 

One-Dimensional Lumped Parameter Thermal 

Model of Electrical Machines 

 

In this chapter, a simple one-dimensional lumped parameter thermal model is developed. 

Comparing with the existing thermal models, the novel lumped parameter thermal model has 

fewer nodes with adequate accuracy. The proposed thermal model is built on the basis of the 

concentrated loss model, in which all losses are concentrated at one node. However, when the 

concentrated loss model is employed, it will lead to an excessive temperature rise, which results 

in an inaccuracy prediction. This chapter improves the accuracy of the concentrated loss model 

analytically by utilizing a compensation thermal voltage. It shows that the developed 

concentrated loss model has a simpler structure of the thermal resistance network and desirable 

accuracy comparing with existing lumped parameter models and finite element models. 
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6.1. Introduction 

Permanent magnet machines are now widely used due to high power density and high 

efficiency. In consideration of the permanent magnets and winding insulation that are sensitive 

to the increase in temperatures, the operating temperature influences the performance of 

electrical machines [Zhu02] [Seb95]. In addition, the interaction between the temperature and 

the power loss should also be considered during the thermal analysis [Liu93a] [Xue16]. Thus, 

it is necessary to detect or accurately predict the temperatures of PMs and copper windings. 

There are several ways to perform the thermal analysis of electrical machines, such as 

finite element method (FEM), computational fluid dynamics (CFD), and lumped parameter 

thermal model (LPTM) [Bog09]. The first two methods can model and analyze complicated 

device geometry while the computation time is very long. Due to the convenience of the 

network analysis, the LPTM is still the preferred method. When the LPTM is employed, the 

concentrated loss model is used to replace the distributed loss model in FEM. Nevertheless, the 

hot spot temperature is different between the concentrated loss model and the distributed loss 

model [Ger06a] [Ger06b]. The distributed loss model is defined as that with the loss generated 

uniformly inside the element, i.e. the material has a fixed loss density (𝑔). The concentrated 

loss model means that the total loss of the element is generated at a surface of constant radius 

𝑟 inside the element and usually this radius is the mean radius in a cylindrical machine. The 

difference of temperature rises between the two loss models is caused by the unequable heat 

fluxes flow through the material, as will be discussed and analyzed in this chapter.  
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The lumped circuit thermal model of a cylindrical ring is presented in Fig. 6.1(a), the 

analyzed object is treated as an intact element (hollow cylinder) [Sim75]. The LPTM is shown 

in Fig. 6.1(b), where 𝑅𝑟 is the thermal resistance between the inner radius 𝑟1 and the outer 

radius 𝑟2, 𝑇1 and 𝑇2 are the boundary temperatures at 𝑟1 and 𝑟2 respectively. However, in 

practice, it is desirable that the temperature inside the element should be detected or calculated. 

Thus, at least one node should be introduced and the object is divided into two parts, as shown 

in Fig. 6.1(c). There are generally two existing methods to divide the object into two elements 

according to the definition of the detected temperature, 𝑇’ in Fig. 6.1(c). It should be noted 

that the thermal resistance 𝑅𝑟 is divided into 𝑅𝑎 and 𝑅𝑏. 

In [Mel91], Mellor firstly investigated the average temperatures of the elements instead of 

the hot spot temperature. When the element generates an internal loss, an extra resistor is added 

to correct the error between the concentrated loss model and the distributed loss model. It should 

be noted that in Mellor’s method, the element is not separated at a visible radius but an ideal 

location with the mean temperature. Some of the researchers followed Mellor’s method and 

their LPTMs are generally complicated [Rob86] [Lee12] [Liu93b] [Mel88] [Li11] [Bou97].  

Another method is based on the simplified LPTMs. The main idea is to separate the 

element at the mean radius, and treat the two small rings as zero loss generation [Sim14] [Bog03] 

[Zhu15] [Ref04] [Joo11] [Bog08] [Yu10] [Bim18]. All the losses are assumed to be generated 

at a surface inside the element, e.g. the surface of constant radius 𝑟𝑚 in Fig. 6.1(a), which 

separates the original ring into two parts. Thus, a simpler expression can be employed. In 

[Ger06a], Gerling gave several methods to correct the calculation with concentrated loss, 

including modifying the loss to half value and adding two thermal voltage sources on the main 

branch. However, the investigation is only focused on the Cartesian coordinate, e.g. the heat 

transfers in the axial direction of the electrical machines.  
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This chapter further investigates this issue in the radial direction. A new LPTM with one 

compensation thermal voltage source on the sub-branch is proposed. The proposed model gives 

an accurate prediction of the hot spot temperature by a simple network. The temperature 

difference between the distributed loss model and the concentrated loss model is eliminated by 

the compensation thermal voltage, which is relatively isolated from the element with internal 

loss and other elements. It will be shown in this chapter that modifying the loss, modifying the 

conductivity, and compensation thermal voltage on the main branch are equivalent in an intact 

element with internal loss. However, in more complicated cases, their accuracy is decreased, 

while the proposed method can still give an accurate prediction. 

 

 

(a) Geometry 

 

  

 

(b) LPTM without the center node 

 

 

(c) LPTM with the center node 

 

Fig. 6.1. Cylindrical ring and thermal networks. 
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6.2. Heat Transfer Equation and Conventional 

LPTMs 

The one-dimensional heat conduction equation in the radial direction of a cylindrical ring, 

Fig. 6.1(a), can be described as, 

𝜕2𝑇𝑟
𝜕𝑟2

+
1

𝑟

𝜕𝑇𝑟
𝜕𝑟

+
𝑔

𝜆
= 0 (6.1) 

where 𝑇𝑟 is the radial temperature, 𝑟 is the radius, 𝑔 is the heat generated per unit volume 

(W/m3), and 𝑘 is the thermal conductivity.  

The general solution of (6.1) gives the temperature profile radially, 

𝑇𝑟 = 𝑎 ln 𝑟 −
𝑔𝑟2

4𝜆
+ 𝑏 (6.2) 

where 𝑎 and 𝑏 are constants.  

By introducing the boundary conditions 𝑇𝑟 = 𝑇1 |𝑟=𝑟1  and 𝑇𝑟 = 𝑇2 |𝑟=𝑟2  into (6.2), the 

constants 𝑎  and 𝑏  can be determined. Thus, the radial temperature profile and the mean 

temperature can be obtained as, 

𝑇𝑟(𝑟) =
𝑔

4𝜆
[
ln 𝑟 𝑟1⁄

ln
𝑟2

𝑟1⁄
(𝑟2

2 − 𝑟1
2) + (𝑟1

2 − 𝑟2)] +
ln 𝑟 𝑟1⁄

ln
𝑟2

𝑟1⁄
(𝑇2 − 𝑇1) + 𝑇1 (6.3) 

𝑇𝑚 = (
𝑇2𝑟2

2

𝑟2
2 − 𝑟1

2 −
𝑇2

2 ln
𝑟2
𝑟1

) + (
𝑇1

2 ln
𝑟2
𝑟1

−
𝑇1𝑟1

2

𝑟2
2 − 𝑟1

2) +
𝑔

8𝜆
 (𝑟2

2 + 𝑟1
2)

−
𝑔(𝑟2

2 − 𝑟1
2)

8𝜆 ln
𝑟2
𝑟1

 

(6.4) 
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6.2.1. LPTMs of Cylindrical Ring without Internal Loss 

Generation 

The heat transfer model in the radial direction can be analyzed in a cylindrical ring, as 

shown in Fig. 6.1(a). For the case without internal heat generation, the temperature distribution 

inside the element is due to the temperature difference between the inner surface and the outer 

surface. There are two sets of expressions to represent the thermal resistance in the radial 

direction, (6.5) and (6.6) [Ger06a] [Li11]. It should be noted that the size of the ring element is 

as follows [Xue16].  

Set 1: 

{
 
 
 
 
 
 

 
 
 
 
 
 𝑅1𝑎 =

1

4𝜋𝜆𝐿
[
2𝑟2

2 ln(
𝑟2

𝑟1⁄ )

𝑟2
2 − 𝑟1

2 − 1]

𝑅1𝑏 =
1

4𝜋𝜆𝐿
[1 −

2𝑟1
2 ln(

𝑟2
𝑟1⁄ )

𝑟2
2 − 𝑟1

2 ]

𝑅1𝑚 = −

[(𝑟2
2 + 𝑟1

2) −
4𝑟2

2𝑟1
2 ln(

𝑟2
𝑟1⁄ )

(𝑟2
2 − 𝑟1

2)
]

8𝜋𝜆𝐿(𝑟2
2 − 𝑟1

2)
 

 (6.5) 

   

Set 2: 

{
 
 

 
 𝑅2𝑎 =

1

2𝜋𝜆𝐿
ln(

𝑟𝑚
𝑟1⁄ )

𝑅2𝑏 =
1

2𝜋𝜆𝐿
ln(

𝑟2
𝑟𝑚⁄ )

 (6.6) 

 

where 𝜆 is the thermal conductivity of the material, 𝐿 is the length of the cylindrical ring, 

𝑟1and 𝑟2 are the inner and outer radii, 𝑟𝑚 can be any radius between 𝑟1 and 𝑟2, and generally, 

𝑟𝑚 is the mean radius.  

The main difference between the two sets of equations is the definition of 𝑇′ in Fig. 6.1(c). 

With the thermal resistance 𝑅1𝑎 and 𝑅1𝑏, the temperature 𝑇′ is the mean temperature of the 



 

169 

 

whole element. With the thermal resistance 𝑅2𝑎 and 𝑅2𝑏, 𝑇′ represents the temperature at 

the selected radius 𝑟𝑚 . By varying the value of 𝑟𝑚 , the radial temperature profile can be 

obtained. With the same element size and the same boundary conditions, the temperature 

distribution is calculated by FEM and shown in Fig. 6.2. The radial temperature profile and the 

mean temperature are compared with the FEM results from point A to point B, as shown in Fig. 

6.3. It can be seen that the temperature profile obtained by Set 2 is the same as FEM. While due 

to the different purposes, Set 1 expression can only give the mean temperature of the element. 

 

 

 

 

Fig. 6.2. Temperature distribution in FEM. 
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Fig. 6.3. Comparison of radial temperature profiles without heat generation between different 

methods. 
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6.2.2. LPTMs of Cylindrical Ring with Internal Loss Generation 

For an element with an internal heat source, it is usually assumed that the heat density 

distribution is uniform inside the element. However, when the LPTM is used to analyze the 

thermal behavior, the heat source (𝐺) is assumed to be concentrated at one face at either the 

geometry center or the mean radius for the Mellor’s model and the simplified model, 

respectively, as shown in Fig. 6.4, where 𝑅1𝑎, 𝑅1𝑏, 𝑅1𝑚, 𝑅2𝑎, 𝑅2𝑏 are the thermal resistances 

which can be found in (6.5) and (6.6), 𝑔 is the loss density, 𝑉 is the element volume and 𝐺 

is the total loss.  

 

 

 

 

 

(a) Mellor’s model (Set 1) 

 

(b) Simplified model (Set 2) 

 

Fig. 6.4. LPTM models. 

 

The difference between the real case (distributed loss) and the LPTM model (concentrated 

loss) can be demonstrated by the FEM analysis. Fig. 6.5 shows the cross-sectional temperature 

distributions with a distributed loss model and concentrated loss model. In the distribution loss 

model, the material between 𝑟1  and 𝑟2  is set with uniform loss density 𝑔 . While in the 

concentrated loss model, the equivalent loss is applied to the mean radius 𝑟𝑚 and the material 

loss density is 0. It should be noted that for simple analysis, the boundary temperatures at inner 

and outer radii are set as the same, i.e. 𝑇1 = 𝑇2 = 𝑇0 = 300𝐾. The radial temperature profile 

is compared in Fig. 6.6. It can be seen that with the concentrated loss model, the temperature 

profile is linearly increasing from both sides to the center of an element. However, the 

𝑅1𝑚

𝑅1𝑎 𝑅1𝑏

𝐺 = 𝑔𝑉

𝑇1 , 𝑟1 𝑇2 , 𝑟2

𝑇𝑚

𝑅2𝑎 𝑅2𝑏

𝐺 = 𝑔𝑉

𝑇1 , 𝑟1 𝑇2 , 𝑟2

𝑇𝑟
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temperature profile is a second-order function when the distributed loss model is employed. In 

addition, both temperature profiles are not symmetrical since in the cylindrical ring the two 

surfaces are not the same. More importantly, the maximum temperature with concentrated loss 

is higher than the distributed loss. In Mellor’s model, an additional resistance 𝑅1𝑚 is added to 

the central node to eliminate the temperature difference between the different loss generation 

models, Fig. 6.4(a). This resistance is obtained from the circuit diagram and based on the correct 

temperature calculated by the analytical equation [Sim75]. However, an extra resistor and an 

extra node are generated. More importantly, the Mellor’s model can give the average 

temperature accurately, while the hot spot temperature is more important to prevent the 

electrical machines from overheating. The following study is based on the simplified models.  

 

 

  

(a) Distributed loss model 

 

(b) Concentrated loss model 

 

Fig. 6.5. Comparison of distribution loss model and concentrated loss model with the same loss 

in FEM. 
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The temperature difference between the distributed loss model and the concentrated loss 

model can be explained from the heat flux flowing rate and the flowed heat flux, as shown in 

Fig. 6.7 and Fig. 6.8, respectively. It should be noted that the heat flux 𝐻 is calculated as the 

product of the heat flow rate 𝐹 and the corresponding surface area. For the distributed loss 

model with uniform heat density, there is no heat at the geometry center with infinitesimal width 

and volume. By moving the radius to left or right, the generated heat increases with the radius 

difference from the geometry center and the covered volume. It should be noted that in the 

Cartesian coordinate, the heat flow rate 𝐹 and the heat flux 𝐻 is linear with the distance 𝑥, 

while in the cylindrical coordinate, the heat flow rate 𝐹  and the heat flux 𝐻  should be 

obtained from the heat transfer equations as, 

𝐹(𝑟) = −𝜆
𝑑𝑇𝑟(𝑟)

𝑑𝑟
 (6.7) 

𝐻(𝑟) = (2𝜋𝑟𝐿)𝐹(𝑟) (6.8) 

By substituting (6.3) into (6.7) and (6.8), 

𝐹(𝑟) =
𝑔

4
[2𝑟 −

(𝑟2
2 − 𝑟1

2)

ln
𝑟2

𝑟1⁄

1

𝑟
] (6.9) 

𝐻(𝑟) = 𝜋𝐿
𝑔

2
[2𝑟2 −

(𝑟2
2 − 𝑟1

2)

ln
𝑟2

𝑟1⁄
] (6.10) 

𝐻(𝑟) =
𝐺

2(𝑟2
2 − 𝑟1

2)
[2𝑟2 −

(𝑟2
2 − 𝑟1

2)

ln
𝑟2

𝑟1⁄
] (6.11) 

where 𝐺 is the total heat which can be written as the product of the volume 𝑉 and the heat 

density 𝑔. 
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As mentioned earlier, the generated heat is zero at 𝑟𝑠, where is the center of the distributed 

loss model in the ring. It is easy to obtain since 𝐻 is a quadratic function. By applying the 

condition (6.12) to (6.11), the distributed loss center can be found in (6.13). In addition, since 

all the heat fluxes flow to the boundaries, the sum of the heat fluxes at 𝑟1 and 𝑟2 is equal to 

the total heat generated in the element, (6.14). 

𝐻(𝑟𝑠) = 0 (6.12) 

𝑟𝑠 = √
(𝑟2

2 − 𝑟1
2)

2 ln
𝑟2

𝑟1⁄
 (6.13) 

𝐻(𝑟2) − 𝐻(𝑟1) = 𝐺 (6.14) 

The resultant temperature rise inside the element can be regarded as the sum of the product 

of the element thermal resistance and the heat flux. For the infinitesimal elements, the total heat 

received can be considered as the area under the heat flux curves shown in Fig. 6.8. Thus, the 

temperature rise can be calculated by the radial integration of 𝐻 , as given by, 

∆𝑅𝑒 =
1

2𝜋𝜆𝐿𝑟
 (6.15) 

∆𝑇(𝑟) = ∆𝑅𝑒𝐻(𝑟) (6.16) 

∆𝑇𝑑 = ∫ ∆𝑅𝑒𝐻(𝑟)
𝑟1

𝑟𝑠

𝑑𝑟 (6.17) 

∆𝑇𝑑 =
𝐺

4𝜋𝜆𝐿
[
 
 
 
 
 

2 ln
(
√
(𝑟2

2 − 𝑟1
2)

2 ln
𝑟2

𝑟1⁄

𝑟1

)
− 1

2 ln
𝑟2

𝑟1⁄
+

𝑟1
2

(𝑟2
2 − 𝑟1

2)
]
 
 
 
 
 

 

(6.18) 
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Fig. 6.6. Comparison of radial temperature profile between the distributed loss model and 

concentrated loss model. 

 

When the concentrated loss is employed, the internal heat flux density is zero. However, 

the same amount of loss 𝐺 = 𝑔𝑉 is applied at the radial surface 𝑟 = 𝑟𝑚. Thus, this amount of 

heat will flow to the inner surface and outer surface in parallel. Due to the area difference, the 

heat flow rate decreases with the radius for the outer half of the ring, i.e. 68.75mm to 75mm, 

while it increases in another half as shown in Fig. 6.7. In addition, more heat flows to the outer 

surface and less heat flows to the inner surface, as shown in Fig. 6.8. The temperature difference, 

𝑇𝑐, between the hot spot and the inner boundary is shown in (6.19) and (6.20). 
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Fig. 6.7. Ccomparison of radial heat flow rate (𝐹) profiles between the distributed loss model 

and the concentrated loss model. 

 

 

Fig. 6.8. Comparison of radial heat flux (𝐻) profiles between the distributed loss model and the 

concentrated loss model. 
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∆𝑇𝑐 = ∫ ∆𝑅𝑒𝐺2

𝑟𝑚

𝑟1

𝑑𝑟 (6.19) 

∆𝑇𝑐 =
𝐺

2𝜋𝜆𝐿

ln
𝑟𝑚
𝑟1
ln
𝑟2
𝑟𝑚

ln
𝑟2
𝑟1

 (6.20) 

where 𝐺2=ln
𝑟2

𝑟𝑚
ln

𝑟2

𝑟1
⁄  is the heat flux flows to the outer surface. 

It is worth noting that the distributed loss center is not at the mean radius. It is actually 𝑟𝑠 

shown in (6.13). The difference between the distributed loss center and the mean radius is 

related to the outer and inner radii of the ring element. By introducing a new variable, 𝑡 =
𝑟2−𝑟1

𝑟1
, 

when 𝑡 approaches 0, the difference also approaches 0, or vice versa. 

To study the relationship of the distribution loss model and the concentrated loss model, 

the ratio of increased temperature with the same amount of loss can be calculated by (6.21). By 

substituting 𝑡 =
𝑟2−𝑟1

𝑟1
, and limiting 𝑡 to 0, the ratio is equal to 

1

2
. Thus, for the same amount of 

the loss, the highest temperature difference of concentrated loss model (∆𝑇𝑐) is twice higher 

than the distributed loss model (∆𝑇𝑑), as shown in Fig. 6.6. Except for the Mellor’s method with 

an extra negative resistance to correct the center temperature, modifying the loss value to half 

in the concentrated loss model can also give the correct center temperature value, as shown in 

Fig. 6.9. 
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𝑓∆𝑇 =
∆𝑇𝑑
∆𝑇𝑐

=
[
 
 
 
 

2 ln
(
√
(𝑟2

2 − 𝑟1
2)

2 ln
𝑟2

𝑟1⁄

𝑟1

)
− 1

2 ln
𝑟2

𝑟1⁄
+

𝑟1
2

(𝑟2
2 − 𝑟1

2)
]
 
 
 
 

2
ln
𝑟𝑚
𝑟1
ln
𝑟2
𝑟𝑚

ln
𝑟2
𝑟1

 

(6.21) 

lim
𝑡→0

𝑓∆𝑇 =
1

2
 (6.22) 

lim
𝑡→0

𝐻(𝑟2)

𝐺2
= 1 (6.23) 

 

 

Fig. 6.9. Comparison of the radial temperature profile of the element with internal heat 

generation between different models. 
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A similar phenomenon exists in the Cartesian coordinate as well, as presented by [Ger06a]. 

The authors also give the solution with a reduced power loss model. In addition, since the heat 

transfer in the Cartesian coordinate is symmetrical, the distributed loss center and the geometry 

center are the same. It should be noted that the temperature difference between the outer surface 

and the internal hot spot is the product of thermal resistance and the loss. Thus, reducing the 

value of power loss is equivalent to increase the thermal conductivity of the material, as shown 

in Fig. 6.9. It should be noted that the authors in [Ger06a] presented another model, which 

introduces two compensated thermal voltage sources. All of three models are shown in Fig. 

6.10, where 𝑇𝑚𝑎𝑥  is the maximum temperature at the hot spot, 𝐺2𝑎  and 𝐺2𝑏  are the heat 

fluxes flow through 𝑅2𝑎  and 𝑅2𝑏  respectively, and 𝑇𝑐𝑎 =
𝐺2𝑎𝑅2𝑎

2
 , 𝑇𝑐𝑏 =

𝐺2𝑏𝑅2𝑏

2
  are the 

compensated thermal voltage sources. These models give the same result in a single element 

since the hot spot temperature expressions, (6.24), are the same, while they have different 

effects when two or more elements connected in series, will be discussed in Section 6.4. 

 

Half loss: 𝑇𝑚𝑎𝑥 =
𝐺2𝑏
2

𝑅2𝑏 + 𝑇2

𝑇𝑚𝑎𝑥 = 𝐺2𝑏
𝑅2𝑏
2

+ 𝑇2

𝑇𝑚𝑎𝑥 = 𝐺2𝑏𝑅2𝑏 −
𝐺2𝑏𝑅2𝑏

2
+ 𝑇2}

 
 
 

 
 
 

 (6.24) Double conductivity: 

Gerling’s: 
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(a) Half loss model 

 

 

 

(b) Double conductivity model 

 

 

 

(c) Compensation thermal voltage model (Gerling’s) 

 

Fig. 6.10. LPTM models of a single element with internal loss. 
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6.3.  Proposed Methods 

The proposed model uses the original concentrated loss model with a compensated thermal 

voltage between the centre node and the detected node shown in Fig. 6.11(a), where 𝐺𝑎 and 

𝐺𝑏  are the heat fluxes flow through 𝑅𝑎  and 𝑅𝑏  respectively. The hot spot temperature is 

relatively isolated from the heat fluxes and other elements. The compensated thermal voltage 

𝑉𝑐  is calculated by the parallel path ratio, which gives the location of the hot spot in the 

distributed loss model. This method utilized the conclusion that the parallel path ratio in the 

distributed loss model and the original concentrated loss model is the same. In addition, the 

main difference between the proposed model and the existing models is that the existing models 

are built based on the ratio 
∆𝑇𝑑

∆𝑇𝑐
 . The proposed model is proposed according to the 

subtraction ∆𝑇𝑐 − ∆𝑇𝑑. 

In order to explain the model clearly, a more general sandwich model in the Cartesian 

coordinate is built and analysed, as shown in Fig. 6.12. It is worth noting that the heat is 

generated in the element 𝐴𝐵𝐵′𝐴′ , and surrounded by non-heating elements 𝑃𝐵𝐵′𝑃′ ,  and 

𝐴𝑄𝑄′𝐴′,. The corresponding LPTM is presented in Fig. 6.11(b), where 𝑅𝑃𝐵, 𝑅𝐵𝐶, 𝑅𝐴𝐶 and 

𝑅𝐴𝑄 represent the thermal resistances of the corresponding region marked in Fig. 6.12. It can 

be seen that due to the unbalanced load at two sides, the hot spot of the distributed loss model 

is not at the centre. While in the concentrated loss model, which is used in LPTMs, the loss is 

assumed generated at the centre. The horizontal temperature profiles and the heat flux profiles 

are compared in Fig. 6.13 and 6.14 respectively. It should be noted that the temperature rise of 

the distributed loss model (∆𝑇𝑑) is equal to the integration of the product of the heat flux and 

thermal resistance from point 𝐷 to point 𝑂. It can be regarded as the area of the triangle 𝐷𝐴𝑂. 

The temperature rise of the concentrated loss model (∆𝑇𝑐) should be equal to the integration 

from point 𝐷  to point 𝐼 , which is the area of the rectangle 𝐷𝐴𝐶𝐼 . Thus, the temperature 

difference between the distributed loss model and the concentrated loss model can be regarded 

as 𝑆𝐷𝐴𝐶𝐼 − 𝑆𝐷𝐴𝑂. Since points A, C, D, I are defined clearly according to the geometry, the 
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critical part is to find point 𝑂. 

It is mentioned that the location of point 𝑂, i.e. the hot spot in the distributed loss model, 

can be found according to the flux deviation ratio. Since in one element, the thermal 

conductivity maintains the same, the slope of 𝑂𝐷 and the slope 𝐹𝑂 are opposite. Thus, the 

right triangle ⊿𝐸𝐵𝑂 is similar to ⊿𝐷𝐴𝑂, and the distance 𝑂𝐴 can be distributed as 
𝐴𝐷 𝐵𝐴

𝐴𝐷+𝐵𝐸
. 

By substituting the physical meaning, the compensation thermal voltage 𝑉𝑐 can be derived as 

shown below: 

𝑅𝐴𝑂 = 𝑅𝐴𝐵
𝐺𝑏
𝐺

 (6.25) 

∆𝑇𝑐 = 𝑅𝐴𝐶𝐺𝑏 (6.26) 

∆𝑇𝑑 =
𝑅𝐴𝑂𝐺𝑏
2

 (6.27) 

𝑉𝑐 = ∆𝑇𝑐 − ∆𝑇𝑑 = 𝐺𝑏𝑅𝐴𝐶 (1 −
𝑅𝐴𝐶 + 𝑅𝐵𝐶
2𝑅𝐴𝐶

𝐺𝑏
𝐺
) (6.28) 

 

It should be noted that 𝑉𝑐  is calculated by focusing on the right side of the above 

derivation. It is also feasible to derive it from the left side i.e. 𝑆𝐸𝐽𝐶𝐵 − 𝑆𝐸𝐵𝑂. 

More importantly, when there is more than one heat source and connected in series, at 

most one hot spot exists in one of the elements. The maximum temperatures of other elements 

are located at the interface. When two elements with the same dimension, the same material, 

and the same loss are located adjacently, the hot spot occurs at the interface. The case of two 

elements located adjacently and both with internal heat source is presented in Fig. 6.15. The 

corresponding LPTM is presented in Fig. 6.11(c), the subscription 1 and 2 distinguish two 

elements and 𝑇𝑖𝑓. is the temperature at the interface between the two elements. The positive 

directions of the heat fluxes 𝐺𝑎1 , 𝐺𝑏1 ,  𝐺𝑎2 , 𝐺𝑏2  are defined as the directions of the 
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corresponding arrows shown in Fig. 6.11(c). The total flux flows to the boundary 𝑇1 is equal 

to 𝐺𝑎1 + 𝐺𝑎2, while the total flux flows to the boundary 𝑇2 is equal to 𝐺𝑏1 + 𝐺𝑏2. It is worth 

noting that one of the heat fluxes 𝐺𝑏1  and  𝐺𝑎2  must be zero when there is no other path 

between 𝑅𝑏1  and 𝑅𝑎2 . The hot spot is located in the element in which the two heat fluxes 

generated by this element are all positive. This can be explained that the heat fluxes are always 

flowing from the high-temperature object to low-temperature objects. In addition, since the 

maximum temperature of the element with negative flux is located at the interface face. The 

corresponding compensation thermal voltage is related to the interface temperature. Thus, for 

the general cases, 𝑉𝑐 can be derived as (6.26). The results of this case between the FEM (Fig. 

6.15) the proposed LPTM (Fig. 6.11(c)) are summarized in Table 6.1. It can be seen that the 

critical results which are marked with “*” have good agreement with FEM. 

 

𝑉𝑐 =

{
 
 
 

 
 
 𝐺𝑎𝑅𝑎 (1 −

𝑅𝑎 + 𝑅𝑏
2𝑅𝑎

𝐺𝑎
𝐺
)⋯⋯⋯𝐺𝑎𝐺𝑏 > 0

 −𝑅𝑎𝐺𝑎⋯⋯⋯⋯⋯⋯𝐺𝑎 < 0

−𝑅𝑏𝐺𝑏⋯⋯⋯⋯⋯⋯𝐺𝑏 < 0

 (6.29) 
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(a) Proposed LPTM of a single element with internal heat 

 

 

 

 

(b) Proposed LPTM with side elements (Fig. 6.12) 

 

 
 

(c) Proposed LPTM of two elements both with internal heat (Fig. 6.15) 

 

Fig. 6.11. Proposed LPTM models of different cases. 
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(a) Distributed loss model 

 

 

 

 

(b) Concentrated loss model 

 

Fig. 6.12. Comparison of distribution loss model and concentrated loss model of a sandwich 

model in the Cartesian coordinate. 
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Fig. 6.13. Comparison of horizontal temperature profiles of the sandwich model in the Cartesian 

coordinate. 

 

 

Fig. 6.14. Comparison of horizontal heat flux profiles of the sandwich model in the Cartesian 

coordinate. 
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(a) Temperature distribution 

 

 

 

(b) Temperature and heat flux profiles 

 

Fig. 6.15. The FEM temperature distribution and corresponding temperature and flux profiles 

of two-loss models. 
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Table 6.1. Comparison of the results between FEM and LPTM of two elements both with an 

internal heat source. 

Name 
Proposed LPTM 

(Concentrated loss) 

FEM 

(Distributed loss) 

𝑇1′ (K) 588 

491.97 𝑉𝑐1(K) 96 

𝑇𝑚𝑎𝑥1(K) * 492 

𝑇2′ (K) 420 

443.98 𝑉𝑐2(K) -24 

𝑇𝑚𝑎𝑥2 (K) * 444 

𝑇𝑖𝑓. (K) * 444 443.98 

𝐺𝑎1 (W) * 0.6 0.5989 

𝐺𝑏1 (W) 0.3 
 

𝐺𝑎2 (W) -0.3 

𝐺𝑏2 (W) * 1.5 1.5011 
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6.4.  Comparison of Existing LPTMs and Proposed 

LPTM 

As mentioned previously, the temperature difference between the distributed loss model 

and the concentrated loss model can be eliminated by different methods: 

• introducing an extra resistance 

• reducing the power loss 

• modifying the thermal conductivity 

• introducing the compensated thermal voltage source on the main load or sub-load 

Since the model with extra resistance gives the mean temperature and others are aiming 

for the hot spot temperature. The following comparison is focused on the latter three models. 

In this case, two rings are connected in the radial direction. The original ring, which from 

𝑟1 to 𝑟2, has heat generation with uniform density 𝑔, is set as the lamination material. The 

outer ring has zero loss generation and can be regarded as the housing of the machine, as shown 

in Fig. 6.16(a). For the same reason, when the LPTM is used to analyze, the power loss is 

usually applied to the middle of the element, i.e. the equivalent loss applied to the mean radius 

𝑟𝑚 shown in Fig. 6.16(b). The comparison of radial temperature profiles and heat flux profiles 

from 𝑟1 to 𝑟3 between different models are shown in Fig. 6.17 and Fig. 6.18 respectively. It 

shows that the temperature of the element with internal heat generation is higher than the 

distribution loss model. 

To eliminate this difference, both the loss value and the thermal conductivity can be 

modified and they have the same effect in one element. However, if the loss value is modified 

to half, only half of the loss can flow into the adjacent elements. The temperature of this element 
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will be lower than the actual value. It can be easy to see the difference between point A and 

point B, as shown in Fig. 6.17 and Fig. 6.18. By modifying the thermal conductivity of the 

material with internal loss, the fluxes deviation ratio is changed due to the thermal resistance 

ratio of two flowing paths is changed. It can be seen in Fig. 6.18 that the flux profile of the 

doubled conductivity model (C) is different from the original concentrated model and 

distributed model (A), and results in the temperature difference shown in Fig. 6.17. It should 

be noted that the original thermal conductivity of the element with internal heat at the center is 

much lower than the side elements. It can be seen that the received heats at point A and point D 

are the same, while the gradient of temperature at point D is much larger than that at point A. 

For the same reason, the gradient of temperature at point E is also larger than that at point B. 

Since in the double conductivity model, the thermal resistance of the material with internal loss 

is modified to half. The temperature gradient difference between point F and point C is smaller. 

It is worth noting that it is meaningless to calculate the temperature profiles of the model with 

compensated thermal voltage source analytically or in FEM. Thus, the expressions of the 

parallel path ratio and hot spot temperature are compared in (6.30) and (6.31) respectively. 

The LPTMs of two elements case are shown in Fig. 6.14. It can be seen that the parallel 

path ratio of the doubled conductivity model and the Gerling’s compensated model are different 

from the proposed model and the half loss model. It can be explained as that the main branch 

has been modified in the first two models. The primary results of the LPTMs are compared with 

FEM in Table 6.2. It can be seen that the proposed model has the highest accuracy compared 

with FEM results. 
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(a) Distributed loss mode (b) Concentrated loss model 

  

Fig. 6.16. Comparison of distribution loss model and concentrated loss model of two-element 

case in polar coordinate. 

 

 

Fig. 6.17. Comparison of radial temperature profiles of two-elements case calculated in FEM. 
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Fig. 6.18. Comparison of radial heat flux profiles of two-elements case. 
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 (6.30) 

Half loss 

Double conductivity: 

Compensated voltage: 

   

Proposed 𝑇𝑚𝑎𝑥 = 𝐺
𝑅2𝑎(𝑅2𝑏 + 𝑅3)

𝑅2𝑎 + 𝑅2𝑏 + 𝑅3
−𝑉𝑐

𝑇𝑚𝑎𝑥 =
𝐺

2

𝑅2𝑎(𝑅2𝑏 + 𝑅3)

𝑅2𝑎 + 𝑅2𝑏 + 𝑅3

𝑇𝑚𝑎𝑥 =
𝐺

2

𝑅2𝑎(𝑅2𝑏 + 2𝑅3)

𝑅2𝑎 + 𝑅2𝑏 + 2𝑅3

𝑇𝑚𝑎𝑥 =
𝐺

2

𝑅2𝑎(𝑅2𝑏 + 2𝑅3)

𝑅2𝑎 + 𝑅2𝑏 + 2𝑅3 }
 
 
 
 
 

 
 
 
 
 

 (6.31) 

Half loss: 

Double conductivity: 

Compensated voltage: 

 

where 𝑅3 is the thermal resistance of the outer element in Fig. 6.16. 
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(a) Proposed model 

 

 
 

(b) Half loss model 

 

 

 

(c) Doubled conductivity model 

 

 

 

(d) Compensation thermal voltage model (Gerling) 

 

Fig. 6.19. LPTM models of two elements with one internal loss. 
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Table 6.2. Comparison of the results between FEM and LPTMs of two elements with one heat 

source. 

Name FEM (a) (b) (c) (d) 

𝑇𝑚𝑎𝑥 (K) 352.3 352.7 346.2 350.6 351.2 

𝑇𝑖𝑓. (K) 322.3 322.1 311 319.5 320.6 

𝐺2𝑏 (kW) 2.72 2.74 1.37 3 2.89 

𝐺2𝑏 (kW) 2.3 2.28 1.14 2.02 2.13 
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6.5.  Conclusion 

In this chapter, a novel LPTM model is proposed to solve the difference in temperature 

rise between the distributed loss model and the concentrated loss model. The concentrated loss 

model is commonly employed in LPTM, and it assumes that all the losses are generated at one 

location. While the distributed loss model is more suitable for FEM, the loss is generated 

uniformly inside the element and it is more close to the real case. The temperature rise is caused 

by the received loss of the elements and their thermal resistance. In the proposed method, the 

element with internal heat generation is relatively isolated from other elements. Comparing 

with the existing models, it utilizes full loss and full resistance, which maintains the same 

parallel flux divide ratio comparing with the distribution model. It should be noted that the 

model with half loss as input and the model with compensation thermal voltages on the main 

load are available for a single element with internal heat generation. While when there exist 

other elements, the parallel path ratio will be changed and results in different parallel flux divide 

ratios. It should be noted that both the proposed model and Gerling’s model introduce the 

compensated thermal voltage. Since the thermal voltage source is located in the main load in 

Gerling’s model, the values of the thermal voltage sources and the currents are interrupted. In 

the proposed model, the thermal voltage source is located in the sub-load and ideally isolated 

with the main load currents. Mellor’s model is appropriate for more general cases while the 

network is more complicated and it aims for mean temperatures. Thus, the proposed model is 

ideal for the thermal analysis to predict the hot spot temperature of electrical machines. 
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CHAPTER 7 

General Conclusion and Future Work 

 

In this thesis, AC copper loss and its influence on the electromagnetic and thermal 

performance of IPM machines for low voltage and high-speed operation are investigated. AC 

copper losses for two types of rectangular conductors, i.e. solid and hollow rectangular 

conductors, are firstly studied. It has shown that AC copper loss accounts for a major part of 

the total loss in the electrical machines with hair-pin windings. The thermal performance and 

electromagnetic performance are significantly affected by AC copper loss. It has also shown 

that there is a tradeoff between high maximum torque capability and low AC copper loss at 

high-speed operation. Thus, it is essential to consider AC copper loss in the calculation of 

torque-speed and power-speed characteristics for the electrical machines employing hair-pin 

windings with the requirement for high-speed operation. Further, a hybrid analytical and FE 

model is proposed for calculating AC copper loss, accounting for the influences of temperature, 

frequency, current angle, and saturation. In addition, a novel 1-dimensional lumped parameter 

thermal model has been proposed based on heat transfer physics. 
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7.1. Influence of Design Parameters on AC Copper 

Loss of IPM Machines 

7.1.1. With Solid Rectangular Conductors 

Generally, the overall AC copper loss is related with the leakage fluxes inside the slot and 

decreases with a lower packing factor. It is shown that the relative ratio between the slot size 

and the conductor size impacts AC copper loss strongly. The larger the slot size, the lower the 

AC copper loss.  

In addition, AC copper loss can be affected by the relative position between the slot and 

the conductors. When the conductors are located near the slot opening region, the generated AC 

copper losses are relatively higher than those located at the slot bottom region.  

Moreover, it is shown that the tendencies of AC copper loss are opposite between different 

orientations of conductors in the slot due to different directions of the dominating flux leakages. 

When the slot aspect ratio is small, the vertical leakage fluxes are dominating and perpendicular 

to the long side of the horizontal conductor. Thus, for the horizontal conductor, AC copper loss 

is high at a small aspect ratio. For the same reason, the vertical conductor has high AC copper 

loss at a large aspect ratio. 

Furthermore, the lowest AC copper loss occurs when the slot opening is zero and the tooth-

tip has a certain height. When the conductors are located in the closed slot with a thick tooth 

tip, the majority of the flux lines flow through the lamination materials. Thus, the introduced 

AC copper loss is minimized. 

Besides, it shows that the conductor aspect ratio also has dominated AC copper loss. It has 

been shown that AC copper loss of the conductor in the airgap is identical for the conductors 

with reciprocal aspect ratio. The highest AC copper loss can be found when the aspect ratio 
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equals to 1. For the conductors located in the slot with semi-open slot opening, the overall 

introduced AC copper loss is much higher. While the minimum AC copper loss can be found 

when the aspect ratio equals to 1. It has been shown that the influence of conductor shape is 

more dominated than the slot aspect ratio. However, AC copper loss can be reduced 

significantly when the conductor shape and the slot shape vary together. 

More importantly, in the electrical machine with a fixed outer diameter, more space for the 

slot means that less space for lamination materials such as stator teeth. It should be noted that 

when the input current is zero, i.e. on open circuit, AC copper loss introduced by PM is not 

significant. 

Thus, it is necessary to calculate the torque/power-speed characteristics and the 

corresponding temperatures for different design parameters. It has been shown that the low-

speed torque decreases due to the thinner stator tooth but the high-speed performance improves 

significantly, especially the maximum output power and the machine efficiency. 
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7.1.2. With Hollow Rectangular Conductors 

Generally, when hollow rectangular conductors are employed, the introduced AC copper 

loss is higher than the solid conductor with the same conducting area. The relationships between 

the conductors and the slots are similar to the case of solid conductors. In addition, the hollow 

regions also affect AC copper losses. It has been shown that the minimum AC copper loss 

occurs when the hollow region towards the slot bottom. When two conductors are connected in 

series in the slot, the transposition at the end winding may cause extra loss. It is due to the fact 

that when there is a transposition at the end winding, the hollow regions of the conductors may 

toward different directions and only one of them can achieve the minimum AC copper loss. 

Furthermore, the influences of the hollow shape on AC copper loss and the thermal 

dissipation capability are analyzed. It has been noted that the minimum AC copper loss occurs 

when the conductor is the shortest (just like the solid one). However, these conductors 

generating lower AC copper loss could have worse thermal dissipation capability since the 

hollow region is very small. It has been shown that the convection coefficient and the thermal 

resistance are affected by the hollow shape considerably. It is worth noting that the condition 

for the lower thermal resistance is opposite to the condition for the lower AC copper loss. When 

the overall temperature is considered, the thermal dissipation capability is more dominated 

when the hollow aspect ratio is relatively high. 

In the conventional analysis of the convection coefficient, the flow rate is usually set as 

constant. However, it has been shown that better overall performance can be obtained by 

considering the variable flow rate. 

7.1.3. Comparison of Solid and Hollow Rectangular Conductors 

The comparison of using solid and hollow rectangular conductors is listed in Table 7.1. 
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Table 7.1. Comparison of solid and hollow rectangular conductors. 

 Solid conductor Hollow conductors 

Influential factors on 

AC copper loss 

⚫ Relative position and size 

between the slot and the 

conductor 

 

⚫ Slot opening width and 

tooth-tip height 

 

⚫ Different orientations of 

the conductor 

 

⚫ Aspect ratios of slot and 

conductors 

⚫ Relative position and size 

between the slot and the 

conductor 

 

⚫ Slot opening width and tooth-

tip height 

 

⚫ Different orientations of the 

conductor 

 

⚫ Aspect ratios of conductor, 

slot, and hollow region 

 

⚫ Relative locations between 

the conductor and the hollow 

region 

 

⚫ Relative location of the 

hollow region 

 

⚫ Transposition at the end 

winding 

 

Influential factors on 

thermal dissipation 

capability 

⚫ Insulation materials ⚫ Aspect ratio of the hollow 

region 

 

⚫ Flow rate of the coolant 

 

Comparison 

⚫ Lower AC copper loss 

 

⚫ Less influential factors 

 

⚫ Poor thermal dissipation 

capability 

 

⚫ AC copper loss is more 

dominated 

⚫ Higher AC coper loss 

 

⚫ More influential factors 

 

⚫ Good thermal dissipation 

capability 

 

⚫ Thermal dissipation 

capability is more dominated 



 

201 

 

7.2. AC Copper Loss and Thermal Modelling 

7.2.1. One-Dimensional Lumped Parameter Thermal Model of 

Electrical Machines 

A novel LPTM model is proposed to solve the difference in temperature rise between the 

distributed loss model and the concentrated loss model. The distributed loss model is defined 

as that with the loss generated uniformly inside the element, which is usually used in FEM. The 

concentrated loss model assumes that all the heat is generated at one face inside the element 

which is usually used in LPTM models. When only one element exists, the difference between 

the distributed and concentrated loss models can be eliminated by other methods such as the 

half loss model [Ger06a] and the doubled conductivity model [Ger06a]. However, when other 

elements are located adjacently, these methods may not give correct results. The temperature 

rise in the adjacent element is lower than the expected one when the half loss model is used. 

The flux deviation ratio is changed when the doubled conductivity model is employed. 

The proposed method is based on the heat transfer physics, the element with internal heat 

generation is relatively isolated from other elements to prevent over-prediction. Comparing 

with the existing models, it utilizes full loss and full resistance, which maintains the same 

parallel flux divide ratio comparing with the distribution loss model. In Gerling’s model 

[Ger06b], the compensated thermal voltage is located in the main branch, the values of the 

thermal voltage sources and the currents are interrupted. While in the proposed model, the 

thermal voltage source is located in the sub-load and ideally isolated from the main load 

currents. Thus, the proposed model is ideal for the thermal analysis to predict the hot spot 

temperature of electrical machines. 
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7.2.2. Hybrid Analytical and Finite Element AC Copper Loss 

Model 

An efficient and accurate hybrid method is proposed to predict AC copper loss of the 

rectangle conductors at different temperatures. It is a faster method comparing with the pure FE 

method, and it can also consider the effects which are not considered in existing analytical 

models. With the help of FE method, the saturation effect due to different d- and q-axis currents 

and geometry effect (i.e. tooth tips and slot opening) can be considered.  

It has been shown that the predicted AC copper losses by the proposed model are more 

accurate than the original analytical method at different temperatures and frequencies. In 

addition, it is also shown by the proposed method that the current and current angle will affect 

AC copper loss due to the flux density distribution in the conductors. However, these effects 

are not considered in the existing analytical models. 

Furthermore, the proposed method is more convenient to couple with the thermal model 

to consider the temperature effect compared with FE. 
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7.2.3. Thermal and Electromagnetic Performance of PM 

Machines Accounting for AC Copper Losses  

AC copper loss could be one of the major total losses in the electrical machines especially 

with large solid conductors and at high-speed operation. High AC copper loss and equivalent 

resistance limit the machine output power. However, it is simply considered as a product of DC 

copper loss and coefficient during the conventional machine design. It has been shown that the 

performance may be over-estimated when AC effects are not considered, especially in high-

speed operation regions. It has been shown that the efficiency maps with and without 

considering AC effect are significantly different. The high-efficiency region (>80%) almost 

covers the whole operation regions when AC effects are not accounted for. However, the high-

efficiency region shrinks to the low-speed region (<5krpm) when AC effects are considered. 

The difference between the efficiency maps is mainly due to the copper loss with and without 

considering AC effects. It is shown that the difference between the copper loss is remarkable, 

especially at high-speed.  

The temperature prediction is obtained by lumped parameter thermal model accounting 

AC copper loss. It is a simple model and the majority of thermal coefficients are obtained by 

material properties including the coolant liquid and the water jacket. Some critical parameters 

are obtained by a DC test with different current levels. It has been shown that the temperatures 

of the winding and the stator back-iron predicted by the developed LPTM have good agreement 

with measured results. 
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In addition, the thermal performance of the prototype machine with different sizes of 

conductors are compared under two operating conditions. It has been shown that the machine 

employing the smaller conductors has better performance at high-speed due to lower AC copper 

loss. It improves the temperature of winding by a maximum of 60 degrees in the high-speed 

region. However, the machine performance at low-speed is sacrificed due to higher DC copper 

loss, and the temperature increases by 20 degrees by employing the smaller conductors. The 

optimal conductor size can be identified according to the overall loss and temperature 

limitations. 
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7.3. Future Work 

Based on the above analyses and conclusions, some future work is summarized as follows: 

(1) Experimental validation of thermal and electromagnetic performance on the prototype 

machine which has been affected by COVID-19. 

(2) Investigation of AC copper loss model and LPTM for PM machines with other PM rotor 

topologies.  

(3) Investigation of AC copper loss model and LPTM for other types of electrical machines 

such as stator PM machines, stator wound field machines, and switch reluctance 

machines.  

(4) Investigation and improvement of AC copper loss model and LPTM for different driving 

cycles.  

(5) Investigation of LPTM considering PM eddy current losses and air turbulence. 

(6) Simplification of AC copper loss model and LPTM for fast predictions during the initial 

design process. 

It is worth noting that the above proposed future work is currently being conducted by a 

PhD student in the Electrical Machines and Drives Group at the University of Sheffield. 
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APPENDIX 

Prototype machine 

The cross-section of the prototype IPM machine under investigation is shown in Fig. A.1. 

Its main parameters are listed in Table A.1. It is a 12 kW PMSM with 72 slots and 12 poles 

designed for hybrid electric vehicles. A spoke type IPM rotor with ferrite magnets is employed. 

The rotor magnet slot opening is the opening width above the spoke magnet, and the magnet 

slot tip height is the distance from the rotor surface to the top above the spoke magnet. The 

stator is equipped with a dual-three phase winding with a 30-degree phase shift and the coil 

pitch is 6 slot pitches to maximize the distribution and pitch factors. The conductors employed 

in this machine are rectangular conductors with 2 mm width and 5 mm height. Two conductors 

located in the same slot are connected in series to the same phase winding shown in Fig. A.2. 

The parallel slots are chosen instead of parallel teeth for higher packing factor and higher heat 

dispassion capability. However, these large conductors employed in the prototype machine 

generate a large AC copper loss at high speed as investigated in the thesis. 

 

Fig. A.1. Cross-section of the prototype machine with a spoke IPM rotor. 
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TABLE A.1. Major Parameters of Prototype IPM Machine  

Parameter Value Parameter Value 

Stator outer diameter 151 mm Numbers of slots and 

poles 

72/12 

Stator inner diameter 110.6 mm Axial length 67 mm 

Slot depth 11.4 mm Rotor outer diameter 109.6 mm 

Slot width 2.7 mm Magnet thickness 12.4 mm 

Slot opening width 1.6 mm Magnet height 24 mm 

Slot tooth tip height 1 mm Magnet slot opening 7.7 mm 

Magnet remanence at 

70 °C 

0.39 T Magnet permeability 1.1 
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Fig. A.2. Geometry of the stator. 

 

 

Fig. A.3. Geometry of the rotor.  

It should be noted that 𝑊𝑠𝑜 is the width of slot opening, 𝐻𝑡𝑡𝑝 is the slot tooth tip height, 

𝐻𝑐, 𝑊𝑐, 𝐻𝑠, and 𝑊𝑠 are the height and width of conductor and slot, respectively, shown in Fig. 

A.2. In Fig. A.3, 𝑊𝑃𝑀,𝑠𝑜 represents the magnet slot opening, 𝐻𝑃𝑀,𝑡𝑡𝑝 is the height of magnet 

slot tip, 𝐻𝑃𝑀, and 𝑊𝑃𝑀 are the height and width of conductor and slot, respectively. 

To validate the FE model of the prototype machine, the back-EMF is tested. Fig. A.3 

compares the tested and FE calculated phase back-EMF waveforms. It can be seen that the FE 

calculated back-EMF has good agreement with the measured one. The photos of the laminations 

and the assembled machine are shown in Figs. A.4. and A.5. 
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Fig. A.4. Measured and FE calculated back-EMF waveforms at 2000rpm. 

 

 

 

Fig. A.5. Photo of the stacked laminations.  
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Fig. A.6. Photo of assembled prototype IPM machine. 

 


