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Abstract  

Rapid developments in the electronics industry have led to an increase in the 

densities of integrated circuits, therefore, finding effective cooling methods to keep 

the temperature of the electronic components during operation below their critical 

temperature has become a necessity. Consequently, the current study aims to 

enhance and optimise the hydrothermal performance for the serpentine 

minichannel heat sink. Accordingly, a set of objectives have been proposed, and the 

CFD methodology has been adopted to achieve this aim. Deterministic and 

probabilistic optimisation strategies have also been employed to find global and 

robust designs for the considered heat sink.  

To enhance the hydrothermal performance of the serpentine minichannel heat sink 

with plate fins (ὛὓὅὌὛὖὊ), the effect of the channel width, ρȢπ  7Ã  ςȢπ άά , 

and height,  ρȢπ  (Ã  σȢπ  άά, have been investigated. The results showed that the 

pressure drop (Ўὖ) and thermal resistance (Ὑ ) could be reduced up to, 

respectively, ωτȢωςϷ and ρπȢςςϷ  through setting the 7Ã ρȢυ άά, (Ã σ άά for 

mass flow rate (ά) of ς ὫȾί. Besides, vortex generators (ὠὋί) with different size and 

arrangements were util ised to enhance the performance of ὛὓὅὌὛὖὊ, and the 

study exhibited that the existence of the ὠὋί enhanced the heat transfer, but this 

came at the expense of an increase in pressure losses. The performance evaluation 

criteria (PEC) has also been used to assess the benefit of adding the ὠὋί. The study 

has revealed that the ὛὓὅὌὛὖὊ with vertical in -lined vortex generators (VIVGs) 

design, which abbreviated as ὛὓὅὌὛὖὊ ὠὍὠὋί, has a superior performance 

among the studied designs with in the range for the vortex generators generatorȭÓ 

radius (ὶ ). Regarding the optimisation task implemented for the ὛὓὅὌὛὖὊ, the 

results showed that the robust design could be produced with Ὑ  and Ўὖ higher 

than those of the global design by υȢχϷ and τȢσϷ, respectively. 

The current study has also explored the impact of the fin length (Ὂ) to the secondary 

channel length (ὰ) ratio (Ὑ ), fins offset (Ὂ) and the number of fins (Ὂ) on the 

hydrothermal performance of the microchannel heat sink with chevron fins 

ὛὓὅὌὛ ὅὊ. On the one hand, the study revealed that the pressure drop for the 

ὛὓὅὌὛὅὊ, in comparison to the ὛὓὅὌὛὖὊ, could be reduced by ςψϷ via 

increasing Ὂ from 6 to 18 for ὰ  πȢςυ άά, but this reduction was not exceeded 
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ρπϷ for ὰ  ρȢπ άά for the same range of Ὂ. On the other hand, Ὑ  has a small 

effect on thermal resistance (Ὑ ), and the findings show that the maximum 

reduction in Ὑ  was 7%. Furthermore, the results revealed that lowerin g the Ὑ  

from 3 to 1 can reduce the pressure drop by ρτϷ. The probabilistic optimisation 

results indicated that thermal resistance and pressure drop of the robust design 

were higher than those of the global optimum design by 8.2% and 43%, respectively. 

In the current work, hybrid elliptical -rectangular fins have been proposed to replace 

the chevron fins for the serpentine minichannel heat sink (ὛὓὅὌὛὉὊ). The effect 

of the fin parameters, i.e. the semi-minor axis (Ὑ), the number of fins (Ὂ) and the 

fin length to the secondary channel length (Ὑ ), on the hydrothermal performance 

have been explored. Introducing the hybrid fins helped in reducing the overall 

thermal resistance and pressure drop by ρπϷ and φπϷ in comparison to those for 

the ὛὓὅὌὛὖὊ. Besides, increasing Ὑ  from σ to ρσ has led to reducing the Ὑ  

by χϷ, which was accompanied by raising ɝὖ by τχϷ. 
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Chapter 1  Introduction   

1.1 Background  

Since the invention of the integrated circuits (ICs) in 1958 (Woodford, 2017), the 

number of transistors per square millimetre on integrated circuits have increased 

dramatically. From a careful observation of this trend, in 1965 Gordon Moore, the 

co-founder of Intel Corporation, noticed that the number of transistors per chip 

were doubled for every couple of years and expected that this tendency would 

continue for the new generations of integrated circuits. This has been known as 

-ÏÏÒÅȭÓ ÌÁ× and it is still valid to date. 

The rapid development in the electronics industry has led to significant increases in 

the densities of integrated circuits. The literature shows that the average heat flux 

in the period from 2010 to 2012 has increased dramatically from υπ ὡȾὧά  to 

around ςυπ ὡȾὧά , (Ahmed Ὡὸ ὥὰȢ, 2018), and it is expected that the dissipated heat 

from these components will increase up to more than ψππ ὡ  by 2026 

(Al-Neama, 2018). This led to an increase in cooling system requirements so that the 

proÃÅÓÓÏÒÓȭ ÔÅÍÐÅÒÁÔÕÒÅÓ ÒÅÍÁÉÎ ×ÉÔÈÉÎ ÔÈÅ ÁÌÌÏ×ÁÂÌÅ ÒÁÎÇÅȟ ψυ ÔÏ ρππ Ј#ȟ ÔÏ ÅÎÓÕÒÅ 

reliability and elongate the life span. The studies show that a rise in temperature of 

chip for 1°C will degrade its reliability by 5% and reduce the life span significantly 

(Ahmed Ὡὸ ὥὰȢ, 2018). Consequently, finding effective cooling technologies to ensure 

that the chips and electronic equipment operate below the critical temperature is 

becoming increasingly urgent, and this can be achieved using thermal management. 

1.2 Thermal Man agement Technologies  

Efficient thermal management for electronic components helps in improving the 

reliability and preventing premature failure for such devices by avoiding 

overheating protecting against critical temperature fluctuations and preventing the 

formation of condensates (Shabany, 2009; Murshed, 2016; Ahmed Ὡὸ ὥὰȢ, 2018). 

Several techniques can be employed for cooling electronic devices such as heat 

pipes, jet impingement and heat sinks, to name a few. The primary modes of heat 

transfer that are used in thermal devices for cooling electronics are conduction and 
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convection while the radiation participates in removing only a small fraction of the 

overall thermal load. The design strategies of these thermal management techniques 

can be typically classified into two categories, namely passive and active devices. 

The first category requires no external means to circulate the coolant; however, it 

utilises gravitational force and capillary forces to complete the process of heat 

transfer. This makes it simple and cheap as it does not need maintenance. In 

contrast, the second type of cooling systems needs a pump or fan for driving the 

working fluid to achieve higher cooling capacity and improving the performance of 

the cooling system (Murshed, 2016 and KAWA., 2011).  

1.3 Classification of Cooling Techniques  

The work principle of the cooling techniques which are used in thermal 

management for cooling electronic devices could be divided into four main types 

(Murshed and De Castro, 2017 and Anandan and Ramalingam, 2008): 

1. Radiation and free convection, 

2. Forced air-cooling, 

3. Forced liquid cooling, and 

4. Liquid evaporation. 

For low heat flux applications (πȢρυυρȢυυ ὯὡȾά ), the heat sink designs that 

make use of natural convection are preferable to provide adequate cooling due to 

simplicity, reliability and low cost. In contrast, the forced air-cooling system will be 

a good candidate for cooling a higher heat flux electronic component  

(πȢψ ρφ ὯὡȾά ) such as those used for cooling the PCs and laptops. When the air-

cooling system becomes inadequate to dissipate the generated heat from the chips 

(ρρ ωσπ ὯὡȾά ), the air is replaced by a liquid (e.g. water) to enhance the overall 

cooling performance since liquids have greater heat transfer coefficient than air 

(Murshed and De Castro, 2017). Furthermore, the liquid evaporation method has 

also been used for the electronic components with  very high heat flux (ρυȢυ

ρτππ ὯὡȾά ). This method is superior to the other approaches as it exploits the 

latent heat of evaporation to remove more heat from the electronics (Anandan and 

Ramalingam, 2008). 
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1.4 Emerging Cooling Techniques  

During the last four decades, a considerable effort has been put to innovate and 

develop new technology for controlling the temperature in micro applications like 

micro-electronic circuits packaging, micro-fuel cell, concentrated solar cells, 

infrared detectors, etc. (Murshed, 2016). Among these technologies are heat pipe, 

spray cooling, jet impingement cooling and the microchannel heat sinks. As this 

study concentrates on serpentine minichannel heat sink, a brief description of the 

microchannel heat sinks will be given below. 

The pioneering work of Tuckerman and Pease (1981) is considered as the real onset 

of research in the field of the liquid-cooled microchannel heat transfer since 

microchannel heat sinks represents a promising choice for cooling the small areas 

that generate high heat fluxes. The heat transfer process within the heat sink is 

accomplished by transferring the generated heat from the electronic system to the 

substrate and the walls of the heat sink by conduction, and then it is taken away by 

convection to the surrounding via the working fluid. Based on the state of the 

working fluid, there are two main types of the heat sink structures which have been 

commonly employed for cooling electronic devices, namely air-cooled and liquid-

cooled heat sinks. 

Despite the fact that air-cooled heat sinks are used widely in cooling the electronic 

devices, recent studies have shown that liquid-cooled heat sinks are more efficient 

for high heat flux electronics cooling as they can offer heat transfer coefficients of 

one to two orders larger than those from air-cooled devices (Adham Ὡὸ ὥὰȢ, 2013 and 

Joshi and Wan, 2018). This has motivated a lot of researches towards further 

investigations for the liquid-cooled heat sinks used in cooling the high flux 

electronics (on the order of ρπ ɀ ρπ ὡȾὧά) which is  encountered, for example, 

in aircraft, military avionics, Radio Frequency (2&) Power Amplifier and microwave 

(-7) applications (Ruiz, M., 2015 and Agarwal Ὡὸ ὥὰȢ, 2017). 

There are two kinds of the liquid-cooled technique used for removing heat flux from 

electronics components, i.e. single-phase and two-phase (boiling) microfluidic heat 

sink. Two-phase microchannel heat sinks (ὓὅὌὛ) can offer many advantages over 

single-phase systems, for example, achieving high heat transfer coefficients through 

exploiting the working fluid's latent heat. This helps in reducing the amount of the 

coolant used in such cooling systems. It also helps in maintaining uniformity for the 



Page | - 4 -  

 

temperature along the walls of the heat sink (Mudawar, 2011; Murshed and De 

Castro, 2017 and Joshi and Wan, 2018). However, there are some disadvantages for 

the two-phase microchannel heat sinks such as flow instabilities and dry-out (Joshi 

and Wan, 2018). The present study focussed on single-phase ὓὅὌὛί. 

1.5 Microchannels Classification  

The working principle of many heat transfer equipment has been inspired by human 

organs such as lung, brain, kidney and liver. These parts of the human body have 

micro- and minichannels that provide very high mass and heat transfer. This fact has 

been employed to create microchannel cooling systems for removing the high heat 

flux that is encountered in some application like electronic components and high-

power laser ÄÉÏÄÅ ÁÒÒÁÙÓ ɉ+ÁÎÄÌÉËÁÒȟ ςππσ ÁÎÄ &ÕÒÍÁďÓËÉ Ὡὸ ὥὰȢ, 2018). Among 

these cooling equipments is the microchannel heat sink which was first suggested 

by Tuckerman and Pease (1981) 

To distinguish the (micro-scale) microchannels from the conventional size (macro-

scale) channels, Kandlikar (2003) and Mehendale Ὡὸ ὥὰȢ (2000) proposed two 

different classifications, Table 1-1. The former has been based on the Knudsen 

number and manufacturing constraints in classifying, while the latter classification 

was based on arbitrary sorting (Dixit and Ghosh, 2015). Knudsen number is defined 

as the ratio of the mean free path length,‗, to the characteristic length of the 

system,ὒ ,(Rapp, 2016). This work will follow the one suggested by Kandlikar 

(2003). 

 

Table 1-1  Classification of channels adopted from (Dixit and Ghosh, 2015). 

(Mehendale et al. 2000) (Kandlikar, 2003) 

Conventional channels Conventional channels 
Ὀ  φ άά Ὀ  σάά 

Compact Passages Minichannels 
ρ άά  Ὀ  φ άά ςππ‘ά  Ὀ  σάά 

 Meso-channels Microchannels 
ρππ‘ά  Ὀ  ρ άά ρπ‘ά  Ὀ  ςππ‘ά 

 Micro-channels  Transitional channels 
ρ‘ά  Ὀ  ρππ‘ά πȢρ‘ά Ὀ  ρπ‘ά 

 Molecular nanochannels 
 Ὀ  πȢρ‘ά 

 Ὀ : The hydraulic diameter of the conduit. 
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1.6 Thermo -hydraulic Performance of Microchannel Heat 

Sinks 

As mentioned in the previous sections, the aim of using the heat sink mainly is to 

manage the heat generated within the electronics components and prevent it from 

rising beyond the allowable limits of the working conditions. Therefore, the heat 

sink needs to convey the generated heat and reject it away with minimum thermal 

resistance, Ὑ . As a designer, to assess the effectiveness of the cooling system, it is 

useful to calculate its overall thermal resistance which could be written in the 

following form (Kode Ὡὸ ὥὰȢ, 2018): 

  

Ὑ
   

  Equ.  1-1 

  
where Ὕ  , Ὕ  and q are the maximum temperature of the heat sink, inlet 

temperature of the working fluid and the dissipated heat. 

For the active microchannel heat sinks technology, forced convection is used to 

circulate the working fluid. So, it is necessary to calculate the pumping power 

needed to achieve the required level of cooling. As can be seen from Equ. 1-2, the 

pumping power is directly proportional to volumetric flow rate, Q, and pressure 

drop, Ўὴ, of the coolant (Husain Ὡὸ ὥὰȢ, 2008). 

  
ὗ ȢЎὖ  Equ.  1-2 
  

The microchannel heat sink designs with minimum pressure drop and thermal 

resistance are desirable in order to minimise each of the temperature rises of the 

electronic equipment per each watt of the dissipated heat and the pumping power 

needed to circulate the coolant. 

1.7 Motivation of the current study  

In spite of the fact that the convection heat transfer and fluid flow in microchannels 

heat sinks have been extensively investigated experimentally and numerically 

(Adham Ὡὸ ὥὰȢ, 2013 and Ahmed Ὡὸ ὥὰȢ, 2018), there is still a need to improve the 

performance of the microchannel heat sink to overcome the increase in the power 

density of the electronic devices. Despite the fact that numerous previous studies 

have addressed the optimisation problems, ÔÈÅÒÅ ÁÒÅȟ ÔÏ ÔÈÅ ÂÅÓÔ ÁÕÔÈÏÒȭÓ 
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knowledge, limited studies that have dealt with the performance robustness of the 

microchannel heat sinks when there is a margin of uncertainty associated with the 

manufacturing process and the operating conditions. A thorough review of the 

related literature is presented later (Chapter 2). It is worth stating here that 

Al-Neama (2018) achieved good results in reducing the overall thermal resistance 

by ρπϷ and pressure drop by φπϷ for the serpentine minichannel heat sinks by 

introducing chevron fins and secondary channels. Therefore, replacing the chevron 

fins with a simpler geometrical shape may offer a better performance for the heat 

sink. In addition, taking into consideration the variability in geometrical parameters 

of the serpentine minichannel heat sink due to the manufacturing process could lead 

to producing a robust design. 

1.8 Scope of Research 

This study is aimed at trying to improve the performance and produce a robust 

design of the serpentine minichannel heat sink provided with secondary channels 

which has been proposed by Al-Neama (2018). To achieve these aims, the following 

objectives are set: 

1. Examining the effect of the channel width and depth of the main channel for 

the smooth serpentine minichannel heat sinks without secondary 

microchannels (ὛὓὅὌὛὖὊ). (Chapter 5) 

2. Exploring the influence of adding vortex generators to the sidewalls and to 

the base of the minichannels for the ὛὓὅὌὛὖὊ. (Chapter 5) 

3. Performing deterministic optimisation by formulating a design optimisation 

problem with the overall thermal resistance (Ὑ ) and pressure drop (ɝὖ) as 

the objective minimisation functions to explore the best design variables for 

the ὛὓὅὌὛὖὊ. (Chapter 5) 

4. Formulating an optimisation under uncertainty problem, with design 

objectives of minimizing the mean (‘) and standard deviation („) for the 

responses, i.e. ‘ , „ , ‘Ў  and „Ў , to investigate the best design variables 

for the ὛὓὅὌὛὖὊ. (Chapter 5) 

5. For the serpentine minichannel heat sinks with chevron fins (ὛὓὅὌὛὅὊ), 

investigating the effect of the number of fins (Ὂ), the fin offset (Ὂ), the 
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impact of the fin to secondary channel lengths ratio (Ὑ ) on its thermal 

resistance (Ὑ ) and pressure drop (ɝὖ). (Chapter 6) 

6. Conducting a deterministic optim isation for the ὛὓὅὌὛὅὊ performance 

in terms of the Ὑ  and ɝὖ, to find the best design variables. (Chapter 6) 

7. Formulating the optimisation under uncertainty problem for the 

ὛὓὅὌὛ ὅὊ to produce the optimum design with min ‘ , „ , ‘Ў  and 

„Ў . (Chapter 6) 

8. Investigating the performance of the serpentine minichannel heat sink with 

hybrid elliptical -rectangular fins (ὛὓὅὌὛὉὊ). (Chapter 7) 

9. Performing deterministic optimisation by formulating a design optimisation 

problem aiming at minimizing the design objectives, i.e. Ὑ  and ɝὖ, explore 

the best design variables for the ὛὓὅὌὛὉὊ. (Chapter 7)  

1.9 Main contributions (Original contr ibutions of this 

work)  

The specific contributions of this thesis can be summarised as: 

1. Providing robust designs for the serpentine minichannel heat sink with and 

without secondary channels. Chapters (6-7) 

2. Extending the investigations of minichannel heat sinks wi th secondary 

channels, first studied by Al-Neama (2018), to cover some aspects, e.g. 

number of fins (Ὂ), the fin length to the secondary channel length (Ὑ ) and 

the fins offset (Ὂ), that have not been examined. Chapter (6) 

3. Exploring new fin design for the serpentine heat sink aiming at the 

enhancement of its performance. Chapter (7) 

1.10 Chapter Summary  

In this chapter an overview about the thermal management for electronic 

components and its related methodologies has been presented. The serpentine 

minichannel heat sink with chevron fins and secondary channels has been 

mentioned in this chapter as it is considered a promising cooling system for high 

heat flux applications. In Al-Neama study (2018), it has been demonstrated that this 

design has good hydro-thermal performance over the designs without secondary 
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channels. Consequently, this has motivated the researcher to further explore and 

improve this design. 

1.11 Thesis Overview  

The remaining chapters of this thesis are presented as shown in the following 

diagram: 
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Fig. 1-1 Structure of the current thesis. 
 

 

 

 

 

 

Chapter 2

Ɇgives a review for the previous works in the field of fluid flow and 
heat transfer in microfluidic applications and some works from 
other area relevant to the robust design.

Chapter 3

Ɇis devoted to fundamentals of heat transfer and fluid flow that 
relates to the current study.

Chapter 4

Ɇpresents the computational methodology and optimisation 
procedure used in the present investigation.

Chapter 5

Ɇaddresses the enhancement and optimisation of the smooth 
serpentine minichannel heat sinks without secondary 
microchannels (ὛὓὅὌὛ ὖὊ).

Chapter 6

Ɇcovers the study of the serpentine minichannel heat sinks with 
chevron fins (ὛὓὅὌὛ ὅὊ) 

Chapter 7

Ɇpresents the exploration of the performance for the serpentine
minichannel heat sinks equipped with elliptical fins
(ὛὓὅὌὛ ὉὊ)

Chapter 8
Ɇgives the conclusions and recommendation for future work. 
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Chapter 2 Literature Review  

2.1 Introduction  

Microchannels have been used widely for the purpose of cooling microelectronic 

components because they have shown a good thermal performance as they have 

small volume and large heat transfer surface to volume ratio. A considerable number 

of studies have been conducted to investigate the flow and heat transfer 

characteristics of microchannels and improve their performance. Different factors 

can affect the performance of microchannel heat sinks such as the shape of the 

channel, fluid properties, the cavities machined on the channel surface and surface 

roughness of the channel walls (Tullius Ὡὸ ὥὰȢ, 2011). 

This chapter presents the relevant works to the microchannel heat sinks technology 

used for cooling electronic systems. It is organised as follows: section 2.2 gives an 

overview about single-phase microchannel heat sinks (ὓὅὌὛί). A review of the 

active and passive techniques of enhancing the heat transfer in ὓὅὌὛί is presented 

respectively in section 2.3 and section 2.4. A review of the studies that addressed 

the serpentine microchannel heat sink is presented in section 2.5. After that, the 

focus is turned to review the articles that dealt with optimisation of ὓὅὌὛί, sections 

2.6, which is subdivided into two main subsections: investigations dealt with the 

deterministic optim isation of ὓὅὌὛί, section 2.6.1, and the studies that related to 

robust design methodology, section 2.6.2. Finally, the gaps in knowledge will be 

given in section 2.7. 

2.2 Single-Phase Microchannel Heat Sinks  

In their experimental and theoretical pioneering study, Tuckerman and Pease 

(1981) suggested the concept of single-phase flow microchannel heat sink (ὓὅὌὛ) 

for cooling very-large-scale integrated (ὠὒὛὍ circuits. They manufactured and 

tested a very compact heat sink which has a base area (L x W) of ρ ὧά and made of 

silicon with an array of straight channel is chemically etched in it with height (Ὄ) 

and width (ὡ ) of respectively σπς Аά and υπ Аά and separated by υπ Аά thick 

wall (ὡ ), Fig. 2-1. They employed water as a working fluid.  
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Fig. 2-1 The geometry of the straight microchannel heat sink with a magnifying 

view. 
 

They concluded that manufacturing cooling channels with micro-scale dimensions 

leads to a high heat transfer rate, i.e. the heat transfer coefficient of laminar flows 

within small channels is inversely proportional to the hydraulic diameter of the 

channel. They also demonstrated that this design could dissipate χωπ ὡȾὧά while 

keeping the maximum difference between the substrate temperature and the water 

inlet temperature less than χρᴈ. It is worth mentioning that the thermal resistance 

and the pressure drop were respectively as low as πȢπω ὑȾὡȢὧά and ςȢς ὦὥὶ. This 

pioneering work was followed-up by a number of researches to improve the 

hydrothermal performance of the ὓὅὌὛ. For example, Phillips Ὡὸ ὥὰȢ (1990) 

extended the theoretical work of Tuckerman by conducting an experimental 

investigation to study small, moderate and large aspect ratios of channels for 

different flow conditions, i.e. fully developed and developing flow in the laminar and 

turbulent regimes. The substrate for heat sink was made from indium phosphide 
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(InP) while water was used as the coolant. The dimensions of the microchannel heat 

sink were Ὄ ρφυ Аά, ὡ  ςςπ Аά, ὡ ρυυ Аά and ὒ  πȢωχ ὧά. He also 

developed a computer model (ὓὍὅὙὕὌὉὢ) to enable numerical computations for 

the hydrothermal performance of the considered heat sink. He obtained an excellent 

thermal performance with thermal resistance was as low as of πȢπχς ὑȾὡȢὧά 

allowing load dissipation as high as ρπυφ ὑȾὡȢὧά. 

Kawano Ὡὸ ὥὰȢ (1998) conducted combined three-dimensional numerical 

simulations and experiments to explore the fluid flow and heat transfer in a straight 

rectangular microchannel heat sink (ὓὅὌὛ). They selected silicon as the material 

for the substrate and water as the refrigerant. In their experimental setup, the 

manufactured substrate had dimensions of ρυ άά  ρυ άά with an array of ρρπ 

microchannels. Two designs have been tested where both had a channel width of 

υχ Аά  while channel height was either ρψπ Аά  or σχπ Аά . To simplify the 

numerical simulations, they assumed that the flow was laminar and fully developed. 

For the experimental pressure loss measurements, they did not apply heat to the 

chip. The results showed there was a good matching between the numerical results 

and the experimental measurements of the pressure drop for the range of Reynolds 

number of π  ὙὩ  ςππ. For the same range of Reynolds number, however, there 

was a discrepancy in the thermal resistance values at the entrance of the micro-

channels. This discrepancy had been attributed to heat losses from the heat sink 

block to the surrounding while implementing the experiments. For higher Reynolds 

number, i.e. ὙὩ  σππ, they also highlighted that the values of the pressure losses 

in the experimental part were higher than that predicted using the numerical 

simulation. 

Xu Ὡὸ ὥὰȢ (2000) conducted an interesting experimental investigation for water flow 

friction in a rectangular microchannel heat sink with a hydraulic diameter ranging 

from ςωȢυω Аά to σττȢσ Аά and ratio of the width to the depth ranging from πȢπτρ 

to ρȢχρφ. Their experimental results were presented for Reynolds numbers ranging 

from ςπ to τπππ. Two different types of microchannels have been fabricated and 

tested. The first type had microchannels machined in an aluminium substrate using 

micro-end-mills while the second one had microchannels structures in silicon 

wafers made by etching. The comparison of their results with the available data from 

literature showed that the conventional theories, i.e. Navier-Stokes equations, are 
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suitable to predict the flow characteristics in the microchannel with the range of 

hydraulic diameters studied. 

During the last four decades, considerable efforts have been put to improve the 

performance of conventional microchannel heat sinks for cooling the 

microelectronics (Anandan and Ramalingam 2008, Tullius Ὡὸ ὥὰȢ, 2011, Adham 

Ὡὸ ὥὰȢ, 2013, Dixit and Ghosh, 2015, Murshed and De Castro 2017, Ahmed Ὡὸ ὥὰȢ, 

2018). Mainly, the heat transfer augmentation techniques could be active or passive. 

For the first technique, the improvement in heat transfer happens with the aid of an 

ÅØÔÅÒÎÁÌ ÐÏ×ÅÒ ÓÕÃÈ ÁÓ ÊÅÔ ÉÍÐÉÎÇÅÍÅÎÔȟ ÓÕÒÆÁÃÅ ÖÉÂÒÁÔÉÏÎȟ ÅÌÅÃÔÒÏÓÔÁÔÉÃ ÆÉÅÌÄ ȣȢ ÅÔÃȢ 

(Anandan and Ramalingam 2008). In contrast, the intensification of heat transfer 

using the second technique occurs as a result of increasing the heat transfer area or 

improve the thermophysical properties for the heat sink material or the working 

fluid, like extended ÓÕÒÆÁÃÅȟ ÔÒÅÁÔÅÄ ÓÕÒÆÁÃÅȟ Ó×ÉÒÌ ÆÌÏ× ÄÅÖÉÃÅÓȟ ÖÏÒÔÅØ ÇÅÎÅÒÁÔÏÒÓ ȣ 

etc. (Léal Ὡὸ ὥὰȢ, 2013 and Al-Asadi 2018). The designers might use the active 

technique, passive technique, or a combination of both of them. A brief review of the 

active and passive heat transfer augmentation techniques will be given in the 

following sections. 

2.3 Active Enhancement of Heat Transfer in ╜╒╗╢▼ 

2.3.1 Forced Convection  

In thermal management, the thermal convection is the main mode of heat transfer 

util ised to cool the electronic components. This kind of heat transfer can be forced 

convection or natural convection, depending on whether there is an external means 

to move the fluid or not. The heat sinks under natural convection have been used 

ÅØÔÅÎÓÉÖÅÌÙȟ ÓÕÃÈ ÁÓ ÓÕÃÈ ÔÈÅ ÓÔÕÄÙ ÏÆ 9ÁÚÉÃÉÏøÌÕ ÁÎÄ 9İÎÃİ ɉςππχɊȠ )ÓÍÁÉÌ Ὡὸ ὥὰȢ 

(2008); Yu Ὡὸ ὥὰȢ (2010) and Huang Ὡὸ ὥὰȢ (2014). However, the heat sinks utilising 

the forced convection has become more prevalent and regarded as a promising 

solution in thermal management due to its ability to cool the electronics is superior 

to that of the natural convection (Pi Ὡὸ ὥὰȢ, 2018). Several studies, like the work of 

Peles Ὡὸ ὥὰȢ (2005), Ho Ὡὸ ὥὰȢ (2010) and Sohel Ὡὸ ὥὰȢ (2014), have employed this 

mechanism with heat sinks to tackle the problem of high heat flux generated within 

electronic components. 
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Furthermore, fluid flow within heat sinks could be laminar or turbulent; however, 

studies of the microchannel under laminar flow was the dominate  

(Adham Ὡὸ ὥὰȢ, 2013 and Ahmed Ὡὸ ὥὰȢ, 2018). The reason behind that could be 

attributed to the belief of the researchers that the performance of microchannel heat 

sinks is better with laminar flow than turbulent flow. 

2.3.2 Nanofluid Technology  

Nanoparticles have also been investigated as a mean of enhancing the heat transfer 

(Palm Ὡὸ ὥὰ., 2006); however, recent results showed that the increase in thermal 

conductivity of the nanofluids comes at the price of pressure drop and also do not 

deliver these benefits in practice (Alkasmoul Ὡὸ ὥὰ., 2018). Besides, other studies 

have shown that the nanoparticles' presence causes some issues like erosion, 

particle sedimentation, nanoparticle agglomeration, clogging the channel over time 

and fouling (Lee and Mudawar, 2007 and Yu Ὡὸ ὥὰ., 2008). 

2.4 Passive Enhancement of Heat Transfer in ╜╒╗╢▼ 

Heat sinks have been used as an effective cooling technique for electronic systems. 

The modes of heat transfer involved to cool the electronic chips are mainly 

conduction and convection. Basically, the heat is transferred from the electronic 

component to the base of the heat sink by conduction. This heat, then, conducts from 

the bottom of the heat sink to its fins. These fins are in contact with the cooling fluid 

that, in turn, convey the heat away by convection, free or forced convection, 

Fig. 2-2 (a). 

In the heat sink research community, researchers have chosen the concept of 

thermal resistance as a criterion to assess heat sink. Researcher groups aim to 

reduce the overall thermal resistance, thus improving the heat transfer and 

maintaining the junction temperature of the electronic components within safe 

working temperature of 85 to 100 ᴈ  (Ahmed Ὡὸ ὥὰȢ, 2018). The thermal resistance 

network for the heat sink is depicted in Fig. 2-2 (b). 
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(a) 

 
(b) 

Fig. 2-2 Schematic diagram of the heat sink showing (a) the involved heat 
transfer modes and (b) the thermal resistance network. 

 
The summation of the individual thermal resistance of all the layers of the heat sink 

is equivalent to its overall thermal resistance. So that the total junction-to-fluid 

thermal resistance (Ὑ ) consists of the junction-to-case (Ὑ ), the case-to-thermal 

material (Ὑ ), the thermal material-to-heat sink (Ὑ ), and the heat sink-to-

coolant ( Ὑ ). Thus, the overall thermal resistance could be expressed 

mathematically as in the following equation: 

  

Ὑ
Ὕ   Ὕ 

ή
 Ὑ Ὑ  Ὑ  Ὑ Ὑ  Equ.  2-1 

  
To improve the heat sink performance, it is necessary to enhance its heat transfer 

mechanisms by reducing the thermal resistance of conduction and convection 

modes. The conduction thermal resistance for the heat sink base can be written as 

Rsf

RTMs

Rjc + RcTM

Heat Sink

Electronic 
components

Case

Fluid

Thermal 
Material
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the ratio of its substrate thickness (Ὄ ) to the thermal conductivity (Ὧ) and the area 

of the heat sink (ὃ) as shown below: 

  

Ὑ
Ὄ 

Ὧ Ȣὃ
 Equ.  2-2 

  
So, reducing this thermal resistance needs to minimise the Ὄ  and/or maximise the 

ὃ and Ὧ ɉ+ÏĥÁÒ ςπρπɊȢ 

On the other hand, the convective thermal resistance of the heat sink can be defined 

as the reciprocal of the heat transfer coefficient (Ὤ) times the effective heat transfer 

area (ὃ ) as stated bellow: 

  

Ὑ
ρ 

Ὤ Ȣὃ
 Equ.  2-3 

  
As a result, to augment the convective heat transfer it is required to mitigate this 

thermal resistance which can be achieved by maximizing the Ὤ and/or ὃ . 

In the literature, there is a good review for the passive techniques used to enhance 

the heat transfer for microchannel heat sink which has been accomplished recently 

by Sidik Ὡὸ ὥὰȢ (2017). In the following subsections, however, a review of some 

previous works devoted to investigating the effect of the coolant type, substrate 

material, shape of the channels and other factors on the performance of 

microchannel heat sinks will be presented. 

2.4.1 The effect of Coolant Type  

Air-cooled heat sinks are used widely to cool electronic system due to their  

simplicity, reliability, and low cost (Al-damook, 2016). Numerous studies have been 

conducted to investigate and improve the performance of the air-cooling heat sinks 

like the recent studies of Al-Damook Ὡὸ ὥὰȢ (2015), Sakanova and Tseng (2018), 

Khoshvaght-AliabadiὩὸ ὥὰȢ (2018) and Aghakhani Ὡὸ ὥὰȢ (2019); furthermore, an 

interesting review can be found in an article by Khattak and Ali (2019). As the power 

of electronic systems increased, the performance of the traditional air-cooled heat 

sinks become limited and insufficient to meet the recent and future cooling 

requirements of the electronic circuitry of the forthcoming years. They also suffer 

from noise problem. They also suffer from noise problem (Khattak and Ali, 2019 and 
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Wang, 2017). Therefore, researchers are trying to find alternative solutions to 

eliminate these shortcomings.  

One of the attempts is to use liquid coolant instead of air to overcome the 

shortcomings of air-cooled heat sinks. In early 1980s, Tuckerman and Pease 

suggested water as a coolant in microchannel heat sinks for cooling high heat flux 

devices which have better performance and compact size in comparison with the 

forced air-cooled system. This superior performance is due to the fact that water has 

higher specific heat capacity and higher thermal conductivity than air, and thus has 

a high heat transfer coefficient (Salman Ὡὸ ὥὰȢ, 2014). Also, water-cooled systems 

need much lower flow rates. However, using water as a coolant for cooling electronic 

devices is risky due to the possibility of leakage issue that causes system damage. 

Therefore, considerable attention to design the water-cooled heat sinks should be 

given (Adham Ὡὸ ὥὰȢ, 2012).  

Other studies have employed alternative coolants like the study of Adham Ὡὸ ὥὰȢ 

(2012) who reported an analytical optimisation study of the hydrothermal 

performance of a rectangular heat sink using ammonia gas as working fluid. Their 

results demonstrated ammonia gas as a coolant for the rectangular microchannel 

heat sink is promising. The results also showed an enhancement in heat removal 

capability where the thermal resistance reduced significantly from πȢςφφ ὑȾὡ for 

air to πȢςρψ ὑȾὡ  for ammonia gas under the same operating conditions. 

Furthermore, they achieved a substantial reduction in the total pressure drop from 

υȢσφ άὦὥὶ and ωȢυς άὦὥὶ for ammonia and air respectively. 

2.4.2 Effect of substrate  thickness and structural material  

Some researchers have investigated the effect of substrate thickness and structural 

material on the thermal performance of the microchannel heat sink. For example, 

+ÏĥÁÒ ɉςπρπɊ ÁÎÁÌÙÚÅÄ ÎÕÍÅÒÉÃÁÌÌÙ ÔÈÅ ÃÏÎÊÕÇÁÔÅ ÈÅÁÔ ÔÒÁÎsfer of water flow inside 

rectangular ὓὅὌὛ to explore the effect of the material type and wall thickness on 

the heat transfer characteristics. He modelled conjugate heat transfer in 

microchannels of size (ςππ‘ά  ςππ ‘ά) with substrate thickness (Ὄ ) in the 

range of ρππ ‘ά  ρπππ ‘ά made of different materials, i.e. Polyimide, Silica Glass, 

Quartz, Steel, Silicon and Copper. The flow has been assumed to be laminar with 

Reynolds number ὙὩ  ςπππ. He concluded that the thermal conductivity and 



Page | - 18 -  

 

thickness of the substrate have a crucial effect on the heat transfer as it increases 

with increasing thermal conductivity and decreasing the substrate thickness. 

The study of Léal Ὡὸ ὥὰȢ (2013) reported a numerical analysis of the conjugate heat 

transfer of water flow inside partially heated microtubes. They considered two wall 

thicknesses (ὨὭȾὨέ  πȢρȾπȢσ and πȢρȾπȢυ) and three different materials (stainless 

steel, copper and silicon). They assumed laminar flow with Reynolds number up 

toςππ. Their major findings confirmed that the heating source position has a 

significant effect on the behaviour of the local Nusselt number while the wall 

thickness, wall material and the Reynolds number did not affect it.  

Another study by Shkarah Ὡὸ ὥὰȢ (2013) explored numerically the effect of three 

different substrate materials, i.e. silicon, aluminium and graphene, on the thermal 

performance of a single-phase microchannel heat sink. Water was used as the 

coolant fluid with non-temperature-dependent thermal properties. Three-

dimensional CFD simulations based on the finite volume method (Ὂὠὓ) using 

ὊὒὟὉὔὝ ρτ were performed for solving the governing equations of the straight 

microchannel heat sink. The study revealed that graphene offered the lowest 

thermal resistance among the investigated materials. 

Gunnasegaran Ὡὸ ὥὰȢ(2010) conducted a numerical analysis research on heat 

transfer and pressure drop in trapezoidal microchannel heat sinks using different 

types of base nanofluids and four types of ὓὅὌὛ substrate materials (copper, 

aluminium, steel, and titanium). They employed the finite volume method to solve 

the three-dimensional steady, laminar flow and heat transfer governing equations. 

They reported that great heat transfer enhancement can be achieved by 

manufacturing the heat sink substrate from steel (high thermal diffusivity material) 

and using water-based nanofluids (low Prandtl number, ὖὶ) as coolant. 

2.4.3 Double layers (Multi -layers Heat Sink)  

To produce reliable microelectronic devices with long lifetime, the issue of non-

uniform wall temperature distribution should be addressed. One of the proposed 

solutions is the concept of a double-layered microchannel heat sink (Ὀὒ ὓὅὌὛ), 

Fig. 2-3, which has been suggested by Vafai and Zhu (1999). They used a counter 

current flow arrangement for the cooling purpose. The study analysed the thermal 

performance and the temperature distribution for the proposed structure and 
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optimised the geometrical design parameters. In comparison with the one-layered 

structure, the two-layered design can substantially reduce the streamwise 

temperature rise on the base surface and the pressure drop. This study has been 

followed by several investigations that employed multi-layers to enhance the 

performance and obtain uniform wall temperatures of the heat sinks such as the 

studies of Wei and Joshi (2003), Skandakumaran et al. (2004), Levac Ὡὸ ὥὰ. (2011), 

Deng Ὡὸ ὥὰ. (2019). 

 

 
 

Fig. 2-3 Schematic diagram of the designed double-layered microchannels heat 
sink proposed by Vafai and Zhu, 1999. 

 

2.4.4 Flow Passages Filled with Porous Materials  

The hydraulic and thermal performances of the porous-microchannel heat sinks 

(porous-ὓὅὌὛί) for electronics cooling have been given considerable attention by 

researchers. The idea behind inserting porous metallic materials into a 

microchannel is to increase both the local velocity mixing of the cooling fluid and the 

surface contact area-to-volume ratio which lead to improving convective heat 

transfer (Singh Ὡὸ ὥὰȢ, 2009). Significant effort has been devoted to determining the 

effect of configurations and porosity conditions on the hydrothermal performance 

of porous-ὓὅὌὛί, such as the work of Jiang Ὡὸ ὥὰȢ (2001), Hung and Yan (2013), 

Hung Ὡὸ ὥὰȢ (2013) and Dehghan Ὡὸ ὥὰȢ (2016).  
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2.4.5 Effect of the Geometry of the Heat Sink Microchannel  

As can be seen in the literature, several attempts have been made to improve the 

overall thermal performance of microchannel heat sinks through modifying its 

channel shape. This has been done by employing different microchannel geometries 

such as rectangular (Kawano Ὡὸ ὥὰȢ, 1998; Vafai and Zhu, 1999 and Xu Ὡὸ ὥὰȢ, 2000), 

circular (Nonino Ὡὸ ὥὰȢ, 2009, Singh Ὡὸ ὥὰȢ, 2009 and Sohel Ὡὸ ὥὰȢ, 2013), square (Mo 

Ὡὸ ὥὰȢ, 2005, Raimondi Ὡὸ ὥὰȢ, 2013 and Abdollahi Ὡὸ ὥὰȢ, 2014) and trapezoidal 

(McHale and Garimella, 2010, Chai Ὡὸ ὥὰȢ, 2012 and Qu Ὡὸ ὥὰȢ, 2001). The purpose of 

these changes was to increase the effective area available for heat transfer and 

mitigate convective thermal resistance (Adham Ὡὸ ὥὰȢ, 2013). For instance, to study 

the influence of geometrical parameters on microchannel heat sink performance, 

Gunnasegaran Ὡὸ ὥὰȢ(2010) carried out a three-dimensional numerical analysis of 

conjugate heat transfer and fluid flow in channels with a rectangular, triangular and 

trapezoidal cross-sections, Fig. 2-4. Water was used to remove the heat from the hot 

surface of the heat sink. The governing equations were solved using the finite 

volume method and the investigations of the steady-state laminar flow were 

performed in the range of Reynolds number 100-1000. The authors disclosed that 

the heat sinks having the smallest hydraulic diameter have better thermal-hydraulic 

performance. 

Later, Wang Ὡὸ ὥὰȢ (2016) investigated numerically the effect of different 

geometries, i.e. rectangular, trapezoidal and triangular shapes on the heat transfer 

and fluid flow characteristics of microchannel heat sinks. The coolant was de-

ionised water while the material of the heat sink was oxygen-free copper. They 

showed that the rectangular microchannel has the best performance compared to 

the other geometries. 

As seen in the open literature, another direction of improving the performance of 

ὓὅὌὛί is by using curved path channels. For instance, one of the studies that 

investigated the effect of the path shape of the microchannel on the heat sink 

performance has been done by Mohammed Ὡὸ ὥὰȢ(2011). They examined 

numerically the effect of zigzag, curvy, and step channel shapes on the heat transfer 

and fluid flow in the microchannel channel heat sink made of aluminium and cooled 

by water. They concluded that the zigzag shape, in comparison with other 

configurations, has the best heat transfer but this at the expense of high pressure 
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drop. Furthermore, the pressure drop in all the studied shapes was higher than that 

of the conventional straight ὓὅὌὛ. 

 

  
(a) 

 
(b) 

Fig. 2-4 Schematic of microchannel heat sink with different channel shapes 
investigated by Gunnasegaran Ὡὸ ὥὰȢ (2010) . 

 
Some researchers tried to improve the performance of the conventional 

microchannel heat sink by replacing the straight channels with sinusoidal channels 

such as the study by Sui Ὡὸ ὥὰȢ (2010). They reported a three-dimensional numerical 

simulation for laminar liquid -water flow and heat transfer to assess wavy 

microchannels with a rectangular cross section, Fig. 2-5 (a). They assumed the 

substrate to be silicon and the applied heat flux to be constant. The numerical results 

revealed that there was a considerable improvement in the heat transfer 

performance of the wavy microchannels in comparison with that of straight 

channels for the same cross section.  According to the authors, the augmentation in 

heat transfer is due to generating secondary flow (Dean Vortices) with variable 

patterns, i.e. changing in number and location of the vortices, along the flow 

direction which creates chaotic advection and enhances the convective fluid mixing. 

Besides, they noticed that the pressure drop penalty was small in comparison to the 

significant enhancement in the overall heat transfer. They also investigated the 

changing in the relative wavy amplitude Fig. 2-5 (b ɀ ii & iii). They found that 
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increasing the waviness along the flow direction can lead to an increase in heat 

transfer performance and consequently a reduction in the temperature rise of the 

chip along the flow direction. They were also able to increase the waviness at 

specific locations of higher heat flux to promote the heat transfer, which is beneficial 

for addressing hot spot issue. For the two new designs, Fig. 2-5 (b ɀ ii & iii), it is of 

interesting to highlight that the authors also recorded an improvement for the heat 

transfer enhancement factor and pressure factor with values from (1.71 to 2.95) and 

(1.38 to 2), respectively. 

 

 
(a) 

  

i)   
  

ii)  
 

  

iii)  
 

  
(b) 

Fig. 2-5 Schematic of wavy microchannels (a) characteristic dimensions  and (b) 
change in relative wavy amplitude along the flow direction of  the novel designs: 

i) constant wavy amplitude, ii) increased relative wavy amplitude, and  iii) 
locally higher at high heat flux regions wave amplitude (Reproduced from 

Sui Ὡὸ ὥὰȢ, (2010) with permission). 
 

Interestingly, the same authors conducted an experimental study Sui Ὡὸ ὥὰȢ (2011) 

to investigate the hydrothermal performance of sinusoidal microchannels with 

rectangular cross sections. They used de-ionised water to cool the copper heat sinks 

that containing 60-62 wavy channels. Each microchannel consisted of 10 identical 

wavy units with average width, depth and wavelength of about ςυπ ‘ά, τπτ ‘ά and 

ςȢυ άά, respectively, while wavy amplitude was changing between 0 and ςυω ‘ά. 
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The range of Reynolds numbers considered in their experiments was from around 

300 to 800. They also performed a conjugate heat transfer simulation, using the CFD 

software package (ὊὒὟὉὔὝ), for the specified test geometries and boundary 

conditions used in the experimental part of their study and compared the results 

from the two methodologies. The comparison showed a reasonably good agreement 

between the experimental and numerical results. They also demonstrated that the 

heat transfer performance of the wavy microchannel that they studied was superior 

to that of straight baseline microchannel and the pressure drop penalty was 

noticeably less than the heat transfer enhancement. The enhancement in the 

hydrothermal performance confirmed the conclusions of their previous work (Sui 

Ὡὸ ὥὰȢ, 2010) about the advantages of using a heat sink with wavy microchannels 

over those using straight channels. 

2.4.6 Vortex generators (Turbulators)  

Researchers have conducted several studies to enhance the heat transfer in 

conventional microchannel heat sink by adding different geometrical features, 

which are termed as vortex generators (ὠὋί). These geometrical modifications 

increase the cooling surface area for convection heat transfer mechanism and play 

a role in disturbing the flow and forming vortices in the stream (Ebrahimi Ὡὸ ὥὰȢ, 

2016 and Al-Asadi 2018). The vortex generators could be formed in different shapes 

ÓÕÃÈ ÁÓ ÇÒÏÏÖÅÓȟ ×ÉÎÇÓȟ ×ÉÎÇÌÅÔÓȟ ÆÉÎÓ ȣ ÅÔÃ ɉ!ÒÉÓ Ὡὸ ὥὰȢ, 2011). According to the 

orientation of the vortices' axes with respect to the fluid flow, vortex generators can 

be classified into two categories. The first kind is named transverse vortex 

generators (ὝὠὋ) in which the rotating axes of Ὕὠί are perpendicular to the 

direction of the main fluid flow. The other type is termed as longitudinal vortex 

generators (ὒὠὋ) in which the rotating axes of ὒὠί are parallel with the main fluid 

flow's axis, therefore it is also known as stream wise vortices. It has also been shown 

that using (ὒὠὋί) augments the heat transfer performance better than employing 

(ὝὠὋί) (Wang Ὡὸ ὥὰȢ, 2002, Wu and Tao, 2008 and Ahmed Ὡὸ ὥὰȢ, 2012). 

The literature is rich with the studies that investigated the use of vortex generators 

such as Hsiao Ὡὸ ὥὰȢ (2014), Kim Ὡὸ ὥὰȢ (2011), Datta Ὡὸ ὥὰȢ (2016), Al-Asadi Ὡὸ ὥὰȢ 

(2016), Li Ὡὸ ὥὰȢ (2016), Zhang Ὡὸ ὥὰȢ (2019) and Datta Ὡὸ ὥὰȢ (2017). Recently, Chai 

and Tassou (2018) presented a comprehensive review of the experimental and 
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numerical studies that addressed vortex generators of variant types to enhance the 

thermal performance of the airside surface of heat exchangers. A review for the 

more relevant researches in the field of microchannel heat sink is given below. 

Wang Ὡὸ ὥὰȢ (2007) experimentally studied the heat transfer and pressure drop in 

narrow rectangular mini-channels with length (ὒ), width (ὡ) and height (Ὄ) of 

ωτπ  τπ  ςȢυ άά, respectively, while the length (ὒ), width (ὡ ) and height 

(Ὄ ) of the ὒὠὋί were ρπ άά  ς άά  ρȢρ άά with an angle of attack of 

‍  υπЈ. They used de-ionised water as working fluid with Prandtl number Pr = 4 

ɀ 5. Their findings showed that heat transfer could be enhanced by 10 ɀ 45% if 

longitudinal vortex generators ὒὠὋί are used, but it will be accompanied by a larger 

friction factor than that for the smooth channel. 

Cheng (2007) conducted computational fluid dynamics (CFD) simulation of fluid 

flow and heat transfer in a stacked two-layer microchannel heat sink with enhanced 

mixing passive microstructures. The width (ὡ ), height (Ὄ ȟ), length (ὒ), fin 

width (ὡ ) and base thickness (ὸȟɊ ÏÆ ÔÈÅ ÍÉÃÒÏÃÈÁÎÎÅÌÓ ×ÅÒÅ σπ ʈÍȟ ρππ ʈÍȟ 

υπππ ʈÍȟ σπ ʈÍ ÁÎÄ σπ ʈÍ ÒÅÓÐÅÃÔÉÖÅÌÙȢ  4ÈÅ rib height (Ὤ) had taken the values 10, 

ςπ ÁÎÄ σπ ʈÍ ÁÎÄ ÔÈÅ ÒÉÂ ÐÉÔÃÈ ×ÁÓ ρπɕÈȢ 4ÈÅ ÒÅÓÅÁÒÃÈÅÒ ÅÍÐÌÏÙÅÄ ÔÈÅ σ$ 

conjugated model to simulate the conjugate heat transfer between the heat sink and 

fluid. He studied the effect of the ratio of embedded structure height to microchannel 

height (ὬὌϳ ) and fluid property on the thermal performance of microchannel 

heat sink in their investigation. The Reynolds number was fixed at ρτȢψ while the 

ratio (ὬὌϳ ) was changed from πȢρσ to πȢςφ. He compared his results with 

previous works and concluded that the stacked two-layered microchannel heat sink 

with multiple passive microstructures has a better performance than those of 

smooth microchannel, single and double-layer. Cheng attributed that to the 

presence of the multiple passive microstructures which enhance the mixing 

mechanism and thus augment the heat transfer and reduce the thermal resistance. 

Furthermore, increasing the ratio (ὬὌϳ ) leads to a decrease in thermal resistance. 

Liu Ὡὸ ὥὰȢ (2011) conducted experimental research on the hydrothermal 

performance in a rectangular microchannel with longitudinal vortex generators and 

cooled by de-ionised water for Reynolds numbers in the range from ρυπ to ρςππ. 

The dimensions of the height (Ὄ), width (ὡ), and length (ὒ) of the rectangular 

microchannels were respectively ρππ ‘ά, ρυππ ‘ά, and ςπȟπππ ‘ά. In their 
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investigation, six different configurations of the microchannel test chips with a 

different number of pairs and angles of attack of the ὒὠὋί were considered. They 

also highlighted that the rectangular microchannel with ὒὠὋί could enhance heat 

transfer up to ρςϷ for laminar flow and up to ωπϷ for turbulent flow, compared 

with the smooth rectangular microchannel, while causing more significant pressure 

drop which might reach ψσϷ for laminar flow and ρφωϷ for turbulent flow.  

Chen Ὡὸ ὥὰȢ (2014) extended the work of Liu Ὡὸ ὥὰȢ, (2011) by exploring 

experimentally the hydraulic and thermal characteristics of rectangular 

microchannels having longitudinal vortex generators (ὒὠὋί). The de-ionised water 

was the working fluid, and the Reynolds number varied from συπ to ρυππ. They 

designed and fabricated ten rectangular microchannel test chips to study the effect 

of the height of ὒὠὋί and the aspect ratio on the heat transfer and pressure drop of 

rectangular microchannels with passive microstructure. The rectangular 

microchannels were manufactured in two aspect ratios πȢςυ and πȢπφφχ. Their 

results showed that the enhancement in heat transfer performance was 

ρςȢσɀχσȢψϷ and σȢτɀτυȢτϷ for microchannels with aspect ratios of πȢπφφχ and 

πȢςυ, respectively but the penalties for pressure drop were raised τπȢσɀρυψȢφϷ and 

φȢυɀτχȢχϷ, respectively. 

Ebrahimi Ὡὸ ὥὰȢ (2015) performed three-dimensional simulations using an open-

source computational fluid dynamics code, ὕὴὩὲὊὕὃὓ, to explore the effects of the 

Reynolds number and different geometrical configurations on thermo-hydraulic 

performance of microchannels with ὒὠὋί. They validated their numerical results 

with experimental data from the literature and achieved a deviation of less than 

10%. In their study, five different configurations of the microchannel with varying 

angles of attack of the ὒὠὋί have been investigated for Reynolds numbers between 

ρππ and ρρππ. They reported that the Nusselt number for microchannels has 

improved by ς ςυϷ with τ σπϷ increase in the friction factor. Moreover, they 

concluded that introducing the ὒὠὋί increases the required pumping power. They 

also noticed that increasing Reynolds number leads to an increase in the heat 

transfer and friction factor. 

Another investigation has been conducted by Al-Asadi Ὡὸ ὥὰȢ(2016) to analyse 

numerically a three-dimensional conjugate heat transfer problem under laminar 

flow conditions within a microchannel equipped with vortex generators at its base. 
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They explored the effect of spanwise gaps of cylindrical vortex generators (ὅὠὋί) 

having half-circle and quarter-circle cross-sections on the thermal-hydraulic 

performance of the microchannel heat sink in their study. This heat sink has a length 

(ὒ) of 25 mm and height (Ὄ) of 0.9 mm. The radius of the vortex generators was 

varied up to τππ ‘ά, and the distance between the vortex generators (ὼ ) was 

τ άά. Three different configurations of the cylindrical vortex generators have been 

used in their investigation, namely, full-span, centred and split. The ὅὠὋ covers the 

full width of the microchannel in the full-span while it is shorter for the other two 

designs with gaps. Their results showed that the best model among those being 

studied was the centred ὅὠὋ which demonstrated a significant reduction in the 

thermal resistance and a smaller increase in the pressure drop penalty in 

comparison to the full-span ὅὠὋ design. On the other hand, the split ὅὠὋ design has 

a similar performance like the full-spanned design. 

Continuing with their work, Al-Asadi Ὡὸ ὥὰȢ (2018) carried out recently a numerical 

simulation for two different models of a microchannels heat sink to examine the 

impact of geometry and type of coolant on the heat and flow characteristics. They 

employed perforated pinned heat sink (PPHS) in the first model. In contrast, in the 

second model, they suggested different shapes, i.e. circular, triangular and 

rectangular, of vortex generators and distributed them along the microchannel base 

with a specified distance between them. The flow was laminar with a range of 

Reynolds number between υπ to ςσππ. They used air and water as a working fluid. 

The results revealed that no significant augmentation in heat transfer could be 

achieved by using water in ὖὖὊὌὛ. Nevertheless, the proposed ὠὋί showed a 

potential enhancement in heat transfer which could help in tackling the challenges 

of cooling the electronics. They also noticed that all the suggested ὠὋί had provided 

a substantial improvement in heat transfer performance but at the expense of a 

higher pressure drop. 

Another numerical study has been performed by Al-Asadi Ὡὸ ὥὰȢ (2018) to 

investigate the gaps in cylindrical vortex generators (ὅὠὋ) on the heat transfer 

enhancement in plate-fin heat sink microchannels. Their results demonstrated that 

the gaps between each end of the vortex generators and walls of the channel help 

improve the heat transfer and mitigate the pressure drop as compared to full-span 
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ὅὠὋ. They also concluded that the end-gap arrangement is superior to the other 

arrangements in their study. 

More recently, Hosseinirad Ὡὸ ὥὰȢ (2019) performed numerical simulations for 

water flow through a minichannel provided with various non-uniform transverse 

vortex-generators (ὝὠὋί). They conducted experimental measurement to validate 

their numerical results. They concluded that the presence of ὝὠὋί in minichannels 

improves the thermal performance in comparison to the smooth channel. They 

attributed that  improvement to the increase in cooling area, interruption of the 

thermal boundary layer and chaotic mixing. Furthermore, they observed that 

employing ὝὠὋί with non-uniform heights affects heat transfer and pressure drop 

characteristics. The best heat transfer can be achieved by arranging the ὝὠὋί in the 

long-to-short order. 

The literature is rich with the studies that investigated the use of vortex generators 

in microchannels system such as Hsiao Ὡὸ ὥὰȢ (2014), Kim Ὡὸ ὥὰȢ (2011), Datta Ὡὸ ὥὰȢ 

(2016), Al-Asadi Ὡὸ ὥὰȢ (2016), Li Ὡὸ ὥὰȢ (2016), Zhang Ὡὸ ὥὰȢ (2019) and Datta Ὡὸ ὥὰȢ 

(2017). Recently, Chai and Tassou (2018) presented a comprehensive review of the 

experimental and numerical studies that addressed vortex generators (ὠὋί) of 

variant types to enhance the thermal performance of the airside surface of heat 

exchangers. 

2.5 Serpentine M icrochannel Heat Sinks  

Serpentine microchannel heat sinks have received considerable attention as they 

have demonstrated an attractive performance of low thermal resistance and 

pressure drop due to periodical interruption of the flow at the bends of the channels. 

This interruption causes a periodic break of the thermal boundary layer, and as a 

consequence, the heat transfer performance is enhanced in serpentine channels 

(Hao Ὡὸ ὥὰȢ, 2014). This configuration has been employed in different thermal 

system applications such as flow batteries (Gundlapalli an d Jayanti, 2019 and 

Lee Ὡὸ ὥὰȢ, 2019), battery cell (Deng Ὡὸ ὥὰȢ, 2018), compact heat exchangers 

(Southall Ὡὸ ὥὰȢ, 2008), underfloor heating/cooling systems, turbine  blade/vane 

internal cooling, on-chip cooling (Liou Ὡὸ ὥὰȢ, 2018), solar thermal collector (Joy 

Ὡὸ ὥὰȢ, 2016; Moss Ὡὸ ὥὰȢ, 2017 and Singh Ὡὸ ὥὰȢ, 2019), and proton exchange 

membrane fuel cells (Neto Ὡὸ ὥὰȢ, 2019). 

https://www.sciencedirect.com/topics/engineering/turbines
https://www.sciencedirect.com/topics/engineering/solar-thermal-collector
https://www.sciencedirect.com/topics/chemical-engineering/proton-exchange-membrane-fuel-cells
https://www.sciencedirect.com/topics/chemical-engineering/proton-exchange-membrane-fuel-cells
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Li Ὡὸ ὥὰȢ (2013) presented an optimisation study for the channel configuration of a 

serpentine channel heat sink with 180 ֿ bends, Fig. 2-6, through employing a multi-

objective genetic algorithm based on NSGA-II to produce a Pareto front. The 

geometrical parameters were the aspect ratio of the cross-section of channels  

(ὥ  ὌȾὡ ) and the ratio of fin width to channel width (ὦ ὡ Ⱦὡ ). They 

considered laminar flow, i.e. Reynolds number in the range (ρπππὙὩ ςσππ), to 

avoid any influence of ὙὩ on loss coefficient (i.e. to ensure that the loss coefficient is 

independent of ὙὩ).  

To explore the hydrothermal performance of the heat sink in their investigation, 

they developed analytical models to obtain the overall thermal resistance and the 

total pressure drop. They formulated the total thermal resistance using a thermal 

resistance network model which is based on the equivalent thermal circuit method 

and determined the pressure drop by considering a straight channel along with the 

bend loss. Their proposed correlation of pressure loss coefficient for sharp bends 

was valid for (ρ ὥ φ) and (πȢςυ ὦ ς).  

The objective functions of the optimisation problem were the pressure drop (ɝὖ) 

and the thermal resistance (Ὑ ), while the design parameters to be optimised were 

the number of channels (τ ὔ ςπ), channel width in άά (ρ ὡ τ), channel 

height in άά (ς Ὄ υ ) and the inlet velocity in άȾί (π ὠ ς). The 

optimisation problem was subjected to constraints of fixing length (ὒ σς άά), 

width (ὡ σς άά) of the heat sink and the thickness of base plate (ὸ ρ άά).  

The study showed that optimizing the channel parameters and the inlet velocity 

could minimise simultaneously thermal resistance and pressure drop. They 

validated the optimisation results for five representative solutions using CFD 

simulations. It is found that the relative error between the objective functions 

extracted from the Pareto front and those from the CFD simulations are in good 

agreement with maximum error less than χȢρϷ except for one design (ὔ ρπ, 

ὡ ςȢψ άά, Ὄ υ andὠ πȢσψω άȾί) where the difference was 12%. They 

attributed that discrepancy to the fact that the value of the ratio of the width of the 

ÆÉÎ ÁÎÄ ×ÉÄÔÈ ÏÆ ÔÈÅ ÃÈÁÎÎÅÌ ɉЂ πȢρσɊ ÏÃÃÕÒÒÅÄ ÏÕÔ ÏÆ ÔÈÅ ÒÁÎÇÅ ÏÆ ÂÅÎÄ ÌÏÓÓ 

coefficient correlation. 
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Fig. 2-6 Schematic of the heat sink with serpentine channel: (a) top view, (b) side 
view, and (c) isometric view (Reproduced from Li ÅÔ ÁÌȢ, 2013 with permission) . 

 
In another study, Hao Ὡὸ ὥὰȢ (2014) investigated the same heat sink configuration of 

Li Ὡὸ ὥὰȢ (2013) work. They also developed analytical models for the overall thermal 

resistance and the pressure drop to explore the hydrothermal performance of the 

serpentine channel heat sinks with 180 ֿ bends. They formulated the total thermal 

resistance using a thermal resistance network model which is based on the 

equivalent thermal circuit method. They also determined the pressure drop by 

considering a straight channel along with the bend loss as the bends break the 

hydrodynamic boundary periodically. The validation of the numerical results has 

been performed experimentally by measuring temperature and pressure 

characteristics of heat sinks with Reynolds number in the range (ρπππςςππ) and 

eight heat sink configurations with different geometric parameters. These studied 

geometric parameters were the aspect ratio of the cross-section of channels  

(ρ ὥ φ) and ratio of fin width to channel width (0.25 < b < 2). The authors have 

demonstrated that the bend loss coefficient is highly dependent on the geometric 

parameters of the channel, i.e. a and b, while it is independent of Reynolds number. 

In contrast, they have illustrated that the thermal resistance and pressure losses are 

strong functions of the Reynolds number but less sensitive to the geometric 

parameters. They found that the total pressure drop penalty increased from ρσױὯὖὥ 

to φπױὯὖὥ when ὙὩ raised from υππ to ρυππ. 
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Another investigation has been implemented by Al-Neama Ὡὸ ὥὰȢ (2017) where they 

studied numerically and experimentally the effect of four different designs, Fig. 2-7, 

for the ὓὅὌὛ on its hydrothermal performance. The first design had an array of 

straight rectangular microchannels (ὛὙὓί), Fig. 2-7 (a), while the rest had single 

( ὛὖὛὓί), double (ὈὖὛὓί) and triple path multi-serpentine rectangular 

microchannels (ὝὖὛὓί), Fig. 2-7 (b). They employed the conjugate heat transfer 

model for the laminar and turbulent flows for each design in their study. They were 

successful in achieving an enhancement in the average Nusselt number up to συϷ 

and a reduction in total thermal resistance of ρωϷ at a volumetric flow rate of 

ψȢσσσ άὰȾί for the ὛὖὛὓ in comparison to the straight rectangular microchannel. 

This improvement, nonetheless, was accompanied by a high pressure drop. 

  

(a) 

 
  

(b) 

 
 

Fig. 2-7 Different minichannel heat sinks studied by Al-Neama et al. (2017): 
(a) ὛὙὓί and (b) ὛὖὛὓί, ὈὖὛὓί and ὝὖὛὓί (Reproduced with permission) . 
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In another study of Al-Neama Ὡὸ ὥὰȢ (2018) they modified their previous work by 

introducing chevron fins to the serpentine microchannel heat sink design to provide 

a secondary path that aimed at improving the performance of the ὓὅὌὛ, Fig. 2-8. 

They tested the effect of the channel width (ὡ ), number of main channels (Nc) and 

ÃÈÅÖÒÏÎ ÆÉÎȭÓ ÏÂÌÉÑÕÅ ÁÎÇÌÅ ɉʃ) on the hydrothermal characteristics of the water-

cooled minichannel heat sinks. They demonstrated that providing fins structures 

reduces the thermal resistance and the pressure drop by 10% and 60%, 

respectively. 

 

 
Fig. 2-8 Geometries investigated by Al-Neama Ὡὸ ὥὰȢ (2018): 

serpentine rectangular with plate fins, ὛὓὅὌὛὖὊ (left), and serpentine 
rectangular with chevron fins, ὛὓὅὌὛὅὊ (Right) (Reproduced with 

permission). 
 

Imran Ὡὸ ὥὰȢ(2018) carried out a numerical and experimental investigation of the 

heat transfer and fluid flow of serpentine minichannel heat sink (ὛὓὅὌὛ) wi th four 

https://www.sciencedirect.com/topics/chemical-engineering/serpentine
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configurations, Fig. 2-9. The heat sink was made of copper and water was employed 

as a coolant. In their numerical part, they used the finite volume technique to 

simulate laminar single-phase flow through the ὛὓὅὌὛ. Their numerical results 

were validated against the experimental measurements and they were in good 

agreement. They conducted the experimental study under the conditions of flow 

rate in the range of πȢρ πȢφ ὰȾά, the heat load between τπτππ ὡ  and inlet 

temperature of σππ ὑ. The length, width and base height of the heat sink were 

ρυπ άάȟρππ άά ÁÎÄ ρπ άά, respectively, whereas the channel width was τ άά 

and the height was υ άά. All the heat sinks models were manufactured having the 

same channel total length of πȢω ά. The study revealed that Nusselt number 

increases significantly with increasing the mass flow rate while it slightly rises with 

increasing heat flux and this behaviour agrees with the findings of Al-Neama Ὡὸ ὥὰȢ 

(2017). The pressure drop for all the configurations was increased as the mass flow 

rate increased. They concluded that the proposed heat sinks, i.e. configurations B, C, 

and D offered better performance than the conventional serpentine one, i.e. 

configuration A. Comparing the performance of studied configurations, design B 

offered a maximum heat transfer enhancement of ρσφϷ while Design C showed the 

best pressure drop enhancement of υπϷ. 

 

 
 

Fig. 2-9 The four configurations of the serpentine microchannel heat sinks 
studied by Imran Ὡὸ ὥὰȢ (2018) (Reproduced with permission). 

 
The serpentine-channel design has also been employed in battery thermal 

management systems (BTMS) to maintain battery temperature stability. For 

example, Jiaqiang et al. (2018) conducted a numerical study to improve the designs 
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of the serpentine-channel cold plate for cooling high-energy battery cells utilised in 

electric vehicles. They developed models for the thermal resistance and pressure 

loss to characterise the hydrothermal performance of the cold plate in their 

investigation. For the optimisation procedure, they considered the thermal 

resistance and the pressure loss as objective functions and defined the width of 

channel ὰ  ÁÎÄ ÔÈÅ ÒÁÄÉÕÓ ÏÆ ÔÈÅ ÃÈÁÎÎÅÌȭÓ ÂÅÎÄ ὶ as design variables. They 

recommended selecting larges values for ὰand ὶ to help in producing an optimum 

structure for a serpentine-channel cold plate design with the best cooling effect and 

the minimum pressure loss.   

More recently, Al-Neama (Al-Neama Ὡὸ ὥὰȢ, 2018) explored the suitability of water-

cooled serpentine rectangular minichannel heat sinks (ὓὅὌὛ) for cooling gallium 

nitride (GaN) high-electron-mobility transistors (HEMTs) devices. They developed 

a CFD model to simulate the laminar flow conjugate heat transfer problem and then 

validated the computational results against their experimental measurements. 

Their research aimed at investigating the effect of volumetric flow rate, heat 

spreaders and heat spreader materials on the temperature of the chip. 

Different materials have been used in their study, namely graphene, diamond, 

silicon carbide (SiC) and silicon (Si). The size of the copper heat sink block was 

ρπ άά ρπ άά  ς άά while the minichannel width (ὡ ), the minichannel 

height (Ὄ ) and wall width (ὡ ) are respectively πȢχυ άάȟρȢυ άά ÁÎÄ πȢυωτ άά. 

The heat flux dissipated from the GaN HEMT was ρψςσ ὡȾὧά (The total power 

dissipated from the GaN HEMT was χπὡ). 

To mitigate the hot spots, the authors used a nanocrystalline diamond (NCD) layer 

with a thickness of ς Аά mounted on the top surface of the GaN HEMT. They found 

that using a graphene heat spreader with ςυ Аά thick along with NCD layer can 

lower the maximum chip temperature from ρςτȢχ ᴈ ÔÏ ωφȢχ ᴈ in comparison with 

a serpentine ὓὅὌὛ without these heat spreaders. Also, the simulation results 

demonstrated that the effect of the heat spreader thickness for the studied materials 

differs from one material to another. For example, moderate benefits were gained 

from increasing the heat spreader thickness for diamond while there were no 

remarkable benefits from increasing the thickness of the SiC heat spreaders more 

than σππ Аά. On the other hand, increasing the thickness from ρππ Аά ÔÏ φππ Аά 

https://www.sciencedirect.com/topics/chemical-engineering/laminar-flows
https://www.sciencedirect.com/topics/engineering/silicon-carbide
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for Si heat spreader, which has a relatively low thermal conductivity, causes the 

maximum chip temperature to jump from ςπχ ᴈ ÔÏ ςυσ ᴈ. 

2.6 Optimis ation of Microchannel Heat Sinks  

2.6.1 Deterministic Optim isation of Microchannel Heat Sinks  

In order to get the best performance for the heat sink, a noticeable effort has been 

dedicated to optimizing the shape of the heat sink. Husain and Kim (2008) 

investigated numerically the optimisation of a silicon microchannel heat sink. In 

their study, they had exploited surrogate modelling to save time and reduce the cost 

of numerical computational resources. They selected three geometric variables, i.e. 

the microchannel width (ὡ ), depth (Ὄ) and fin width (ὡ ) and combined them in 

two design variables by normalizing with the channel depth, i.e. — ( ὡȾὌ) and ɲ  

( ὡ ȾὌ). They optimised the heat sink performance by formulating the multi-

optimisation for the thermal resistance and pressure drop. They employed water as 

a coolant and took into consideration the dependency of the thermal properties on 

temperature following the proposal of Li et al. (2007). They constructed a 

polynomial surrogate model using the design of experiment (DoE) points of the 

design variables and values of the objective functions which had been evaluated 

numerically at each DoE point. This model has been employed to conduct the 

optimisation process for the objective functions and produce global Pareto optimal 

solutions using the evolutionary algorithm (NSGA-II). They concluded that the effect 

of the two design variables was significant on the thermal resistance and the 

pumping power for the microchannel heat sink. They found that the Pareto optimal 

solutions have a good spread over the range of the design variables which gives 

more flexibility in handling the design and manufacturing constraints.  

Another optimisation investigation has been performed by Chen Ὡὸ ὥὰȢ (2014) to 

explore the optimum designs for the serpentine-channel heat sink which was 

studied by Li Ὡὸ ὥὰȢ (2013). They defined the height and width of the channel, width 

of the fin, and the inlet velocity as the design variables with the total thermal 

resistance (Ὑ ) and the pressure drop (ɝὖ) as the objectives of the optimisation 

problem subjected to the constraints of constant width and length of the heat sink. 

In their work, the artificial swarm fish algorithm with a variable population size was 
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used to obtain Pareto optimal solutions and they had validated these results by 

conducting experiments. The results were presented pictorially as a Pareto-front, 

which is a trade-off between total thermal resistance and pressure drop. 

Reddy Ὡὸ ὥὰȢ (2017) carried out a numerical analysis for the three-dimensional 

conjugate heat transfer problem of a heat sink with pin-fins (shaped as circles, 

symmetric airfoils, and symmetric convex lenses) used in cooling an integrated 

circuit. A uniform heat flux of υππὡ ὧάϳ was applied over the entire footprint, with 

size of τ  σ άά, and a centrally located, πȢυ  πȢυ άά, hot spot with uniform 

heat flux of 20ππὡ ὧάϳ . The goal was to find the optimum sizes of the pin-fins in 

addition to the average speed and inlet pressure for the cooling fluid that minimise 

simultaneously the pumping power and maximum substrate temperature while 

constraining the maximum temperature to be below 85°C. The optimisation strategy 

was based on a surrogate model multi-objective optimisation and employed the 

genetic algorithm as the optimiser to obtain the best trade-off solutions, i.e. the 

Pareto front. The study found that the pin-fin with symmetric convex lens shapes 

produce the lowest pressure drop, followed by the symmetric airfoil and circular 

cross-section pin-fins. 

 

 
Fig. 2-10 Half domain of the micro pin-fins heat sink with: (a) circular, (b) 

symmetric airfoil, and (c) symmetric convex cross sections (Reproduced from 
Reddy Ὡὸ ὥὰȢ (2017) with permission). 

 

Later on, Al-Neama Ὡὸ ὥὰȢ (2017) performed the structural design and optimisation 

of thermal performance of the serpentine minichannel heat sink for cooling the 
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electronic equipments. The goal was to find the channÅÌȭÓ ×ÉÄÔÈ ɉὡ ) and the 

number of channel (ὔ ) that minimise the two conflicting objectives, i.e. the total 

thermal resistance (Ὑ ) and the pressure drop (ɝὖ). They used the Optimal Latin 

Hypercube (OLHC) approach to generate the DoE points that were utilised in 

generating the surrogate model. The surrogate model type was Moving Least 

Squares (MLS) approximation with a second order base polynomial. They employed 

the multi -objective genetic algorithm (άέὫὥ) method to find the global minimum of 

the surrogate models and their results were presented graphically as a Pareto front 

for the two objective functions. In another study of Al-Neama (2018), they modified 

their previous work by introducing chevron fins to the serpentine minichannel heat 

sink design to provide secondary paths that aimed at improving the performance of 

the ὓὅὌὛ, Fig. 2-8. They performed an optimisation process for the water-cooled 

ÍÉÎÉÃÈÁÎÎÅÌ ÈÅÁÔ ÓÉÎËÓ ÉÎ ÔÅÒÍÓ ÏÆ ÔÈÅ ÃÈÁÎÎÅÌȭÓ ×ÉÄÔÈ ɉὡ ), number of channels 

(ὔ Ɋ ÁÎÄ ÃÈÅÖÒÏÎȭÓ ÏÂÌÉÑÕÅ ÁÎÇÌÅ ɉ—). They used the OLHC to sample the design 

space and MLS to generate the surrogate models. They performed the surrogate-

based optimisation utilising the multi -objective genetic algorithm. Their 

optimisation results have been summarised in the Pareto front curve that helps 

designers in selecting appropriate compromises between the conflicting 

performance parameters of ὓὅὌὛὅὊ, i.e. the pressure drop and the thermal 

resistance.  

Recently, Shi Ὡὸ ὥὰȢ(2019) conducted a multi-objective optimisation for the 

geometrical parameters of an ὓὅὌὛ with the secondary flow, Fig. 2-11, to minimise 

the thermal resistance and pumping power of the heat sink under constant water 

mass flow rate. They selected the ratio of secondary channel width to microchannel 

width , the ratio of half pitch of secondary channel to microchannel width ‍, 

and the tangent value of secondary channel angle ‎ as the design variable for the 

optimisation problem. They concluded that the design variable  has the greatest 

influence on the performance of the ὓὅὌὛ in comparison to the other design 

variable, i.e. ‍  and ‎ . According to the authors, the thermal resistance and 

pumping power can be reduced by 28.7% and 22.9%, respectively, by optimizing 

the structure parameters. 

 



Page | - 37 -  

 

 
(a) (b) 

 
(c) 

Fig. 2-11  Schematic diagram of the microchannel heat sink (a)3D full geometry 
(b)  computational domain and (c) top view of the computational domain 

(Reproduced from Shi Ὡὸ ὥὰȢ (2019)) with permission).  
 

There are other studies that dealt with the optimisation of the ὓὅὌὛ such as the 

investigation of Knight Ὡὸ ὥὰȢ (1992), Hung Ὡὸ ὥὰȢ (2012) and Alfaryjat Ὡὸ ὥὰȢ (2014). 

Besides, optimisation of the microchannel heat sinks by varying the geometric 

dimensions has also been carried out in order to improve the hydrothermal 

performance of the heat sink, like the studies of Ahmed and Ahmed (2015) and Fan 

Ὡὸ ὥὰȢ (2014). A recent review for optimisation of the thermal design of heat sinks 

has been conducted by Ahmed Ὡὸ ὥὰȢ (2018) and they did not mention any work that 

considered the uncertainty in the input parameters for optimisation microchannels 

heat sinks, e.g. variations in geometrical shape due to manufacturing errors or in 

operating conditions, and their effect on hydrothermal performance. Producing 

robust designs which are insensitive to the variations of the input parameters is vital 

for some applications like safety-critical applications, e.g. the aerospace industry. 

2.6.2 Robust Design  

There are numerous sources uncertainty in the heat sink and in the modelling 

context the uncertainties have been classified as either aleatory or epistemic. The 
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root of the word aleatory is Latin 'alea' which means the rolling of dice. Therefore, 

aleatory uncertainty (which is also known as type (A), stochastic uncertainty, or 

irreducible uncertainty) represents an inherent randomness of the system or 

process such as the variability in geometric parameters due to manufacturing 

processes, the uncertainty in material property constants and uncertainty in 

weather conditions. This type of uncertainty is physical in nature and probability 

theory can be used to mathematically model this kind of uncertainty due to its 

probabilistic nature. On the other hand, the root of the word epistemic is Greek 

ͻʀʌʅʎʐʂАʂͻ ɉÅÐÉÓÔÅme) which means knowledge. So epistemic uncertainty (which is 

also known as type (B) or reducible uncertainty) refers to a lack of information or 

data about the appropriate value to use for a quantity at the time of decision. 

Imperfect understanding of physical phenomena or physical coupling, and 

inadequate experimental data to accurately describe a probability distribution are 

both examples of epistemic uncertainty (Romero Ὡὸ ὥὰȢ, 2004; Sahinidis, 2004; 

Oberkampf and Ferson, 2007; Der Kiureghian and Ditlevsen, 2009;  Bodla 

Ὡὸ ὥὰȢςπρσ and Shahbaz Ὡὸ ὥὰȢ, 2016). Including the uncertainties within the 

optimisation helps in obtaining robust and reliable designs. This type of 

optimisation is called the non-deterministic optim isation, probabilistic optim isation 

or optimisation under uncertainty (OUU). 

Non-deterministic optimization has attracted increasing attention during the last 

two decades. This type of optimization has two different design formulations that 

consider the probability in the response of the system, namely Reliability-Based 

Design Optimization (RBDO) and Robust Design Optimization (RDO), Fig. 2-12. The 

former seeks a safe design in the presence of parameters' variability, while the goal 

of the second kind is to produce a design insensitive to the uncertainty associated 

with design variables (Doltsinis and Kang, 2004 and Papadrakakis Ὡὸ ὥὰȢ 2005). The 

start of robust design dated back to the early 1920s when Fisher was working on 

developing the statistical design of experiments (DoE) method to increase the yield 

of agricultural crops. During the 1950s, the Japanese engineer Dr. Genichi Taguchi, 

which is known aÓ ÔÈÅ ȬȬÆÁÔÈÅÒ ÏÆ ÒÏÂÕÓÔ ÄÅÓÉÇÎȭȭȟ ÓÅÔ ÕÐ ÔÈÅ ÂÁÓÉÃÓ ÏÆ ÔÈÅ ÒÏÂÕÓÔ 

design, (Shahbaz Ὡὸ ὥὰȢ, 2016).  
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Fig. 2-12: Comparison between robust and reliable design concepts in terms of 

PDF. 
 

In previous works, robust optimization in structural design have been widely 

studied. For example, Doltsinis and Kang (2004) proposed a new method to 

investigate numerically the robust design of structures with stochastic parameters. 

In their proposed approach, they evaluated the sensitivity of the mean and variance 

of structural response based on the perturbed equations for stochastic analysis. 

They also formulated the robust design optimization of structures as a multi-

objective optimization problem aimed at minimizing the expected value and the 

standard deviation of performance. Thereafter, the multi-criteria optimization 

problem has been converted into a scalar optimization problem and solved using a 

gradient based optimization algorithm. Later on, Marano Ὡὸ ὥὰȢ (2010) conducted a 

comparison between conventional deterministic and robust optimum design 

methods used in structural optimization. They employed the problem of the 

optimum design for mechanical characteristics of a single tuned mass damper 

(TMD) device as a case of study. To perform the robust design strategy, they 

included not only the absolute performance of the system but took into account its 

sensitivity to the uncertain parameters. The comparison revealed the importance of 

conducting a robust design as it provided solutions which differed from the 

deterministic one. 

Robust Design in other Disciplines 

As the literature shows, robust design has been widely utilised by researchers in 

aerodynamic design optimization with the aim of minimizing the statistical 

moments, i.e. mean and variance, of the objective function over alterations of 
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uncertain design parameters. For example, Zaho Ὡὸ ὥὰȢ (2014) studied numerically 

the design robustness of a transonic, high Reynolds number laminar flow 

supercritical airfoil. They used ‎ — transition model along with the shear stress 

transport (SST) Ὧ ύ turbulence model to predict the transition region for a 

laminar-turbulent boundary layer. They employed a surrogate model based on 

Kriging models to reduce the cost of evaluating the objective functions and used the 

non-dominated sorting genetic algorithm-II (NSGA-II) to search for the optimum 

solutions of the multi-objective problem. The type of the airfoil was NASA0412, and 

the uncertain variable for the robust design was the Mach number. They analysed 

and compared their results of the optimised design with original airfoil and found 

that natural laminar flow can be achieved on a transonic supercritical airfoil leading 

to considerably decrease in the drag coefficient. They noticed the importance of 

introducing robust design to achieve a compromise between the drag and the drag 

divergence characteristics of the airfoil. They also achieved a trade-off between the 

mean value and the variance by employing a multi-object evolution strategy.  

Shahbaz Ὡὸ ὥὰȢ (2016)  have implemented a robust aerodynamic design optimization 

for a RAE 2822 airfoil to reduce the statistical mean and variance of drag coefficient 

(Cd) over two uncertain input variables, namely the Mach number and angle of 

attack. An in-house code, PMNS2D, has been employed to calculate the CFD model 

response for the airfoil design.  The statistical parameters and probability density 

functions of the design response quantities have been extracted using an 

inexpensive Monte Carlo (IMC) approach with a kriging surrogate model to assess 

the robustness of a candidate design. To judge the accuracy of the surrogate model 

in their study, they compared the CFD outputs for the aerodynamic coefficients with 

predicted values using the surrogate model and found them accurate. They achieved 

a reduction in the objective function, drag coefficient (Cd), around σχȢτψϷ and 

σωȢρωϷ for the combination of the angle of attack and Mach number uncertainties 

under normal and LHS distributions respectively. 

Recently, Chakraborty ÅÔ ÁÌȢ (2017) have suggested two new methods to solve 

robust design optimization (RDO) problems. The first one is the low-fidelity (LF) 

polynomial correlated function expansion (PCFE) based differential evaluation 

algorithm (DEA), and the second is the high-fidelity (HF) PCFE based DEA. In each 

one, they combined polynomial correlated function expansion (PCFE) with 
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differential evaluation algorithm (DEA) in which the first was to calculate the 

statistical moment properties of performance functions while the second was 

employed to solve the optimization problem. In order to assess the performance of 

the proposed approaches, they have been applied to three benchmark RDO 

problems, and the accuracy and efficiency of their results were outperforming the 

popular techniques, i.e. +ÒÉÇÉÎÇȟ 4ÁÙÌÏÒȭÓ ÓÅÒÉÅÓ ÁÎÄ  tensor product quadrature. 

They stated that the low fidelity PCFE based DEA could be used to obtain an initial 

estimate for the RDO problems as it is highly efficient. Furthermore, they 

demonstrated the capability of the suggested methods in solving large scale 

problems like the RDO of a hydroelectric dam. 

Uncertainty analysis for building energy assessment, according to Tian Ὡὸ ὥὰȢ (2018) 

in their review, is now considered one of the active field researches. This trend is 

because the thermal performance of buildings is affected by several variables which 

are inherently uncertain like weather conditions, residents' behaviour and thermal 

properties of the building envelope. Different areas of building energy analysis have 

been extensively studied using uncertainty analysis such as life cycle analysis, 

impact and adaptation to climate change, sensitivity analysis and optimization, to 

name of few. The two main methods of uncertainty analysis, i.e. forward 

(uncertainty propagation) and inverse (model calibration) uncertainty 

quantification have been employed in building energy assessment. The focus of the 

first type is to quantify the uncertainty in the system outputs (e.g. energy use or 

carbon emissions) propagated from uncertain input variables through 

mathematical models (building energy models) while the second type of the 

uncertainty quantification aimed at predicting the unknown variables through 

mathematical models from measurement data. On one hand, the literature is 

showing that the most widely used methods for the forward uncertainty analysis 

are the Monte Carlo sampling-based, non-sampling, and non-probabilistic. On the 

other hand, the frequentist and Bayesian approaches have been employed 

extensively in the inverse uncertainty analysis (Tian Ὡὸ ὥὰȢ, 2018). 

Huang Ὡὸ ὥὰȢ (2017) proposed a new strategy for optimal sizing of the heating, 

ventilating, and air-conditioning (HVAC) systems under uncertainty in both load-

demand and capacity-supply side from a life-cycle point of view. At the design stage, 

the uncertainty in HVAC system sizing comes from different sources such as 

https://www.sciencedirect.com/topics/engineering/tensor-product
https://www.sciencedirect.com/topics/mathematics/quadrature
https://www.sciencedirect.com/topics/engineering/carbon-dioxide-emission
https://www.sciencedirect.com/topics/engineering/building-energy-model
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inaccurate prediction of system operating cost and energy performance due to the 

lack of information about the operational data and building's peak load demand. 

With the classical method of HVAC system sizing procedure, the designers are 

dealing implicitly with uncertainty by choosing a safety factor to minimise 

professional risk, which produces an oversizing system. In the suggested method, 

however, the authors studied the uncertainty on the cooling supply side and 

demonstrated its importance for proper HVAC system sizing. In their investigation, 

they employed Monte-Carlo simulation to produce the statistical distribution of the 

predicted peak cooling load while they used an open source software called 

EnergyPlus to generate the life-cycle performance data for the HVAC system. 

In order to reduce the number of the Monte Carlo simulations for producing a robust 

system sizing of nearly/net zero energy buildings (ZEBs), Zhang Ὡὸ ὥὰȢ (2018) 

proposed a response-surface-model-based system sizing method. Three design 

criteria namely, the annual energy match ratio (AEMR), self-consumption ratio 

(SCR) and initial investment have been selected for their study. These criteria 

depended on three design points: annual energy demand, photovoltaic (PV) energy 

generation ratio and daily energy demand. The energy performance evaluation of 

the system has been performed using a popular building simulation tool called 

ὝὙὔὛὣὛ. The authors have constructed the response surface model, polynomial 

regression model, for the overall performance, i.e. the weighted performance of the 

design criteria, based on Monte Carlo simulations for 29 specific design points. 

These points have been determined by the design of experiments, Box-Behnken 

design. The predicted value of AEMR and SCR were in good agreement with actual 

values, and the percentage of errors were, respectively, πȢφ and ρȢς. Exploiting the 

established response surface models, the performance has been evaluated, and the 

optimal design has been chosen.  Their results showed that the proposed 

methodology had mitigated the computational load required to identify the optimal 

design. 

Robust Optimization of Microchannel Heat Sinks 

In the literature, two studies on the importance and applying the optimization under 

uncertainty (OUU) for microchannels heat sink have been conducted by Bodla 

Ὡὸ ὥὰȢ(2013) and Sarangi Ὡὸ ὥὰȢ(2014). The study of Bodla Ὡὸ ὥὰȢ(2013) performed 
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optimization under uncertainty (OUU) for both heater block and pin-fin heat sink 

with the impinging flow. They used Ansys Fluent for the numerical analysis and 

Dakota, an open-source software, to implement the optimization. To mitigate the 

cost of the CFD simulations, they utilised surrogate models obtained from 

generalised polynomial chaos (gPC). Besides, they used the nested approach within 

Dakota to perform the uncertainty quantification (UQ) for the optimization loop. 

They concluded that this methodology, i.e. optimization under uncertainty, is a 

powerful tool to produce a robust and reliable design if the input parameters are 

uncertain. The robust design aimed at minimizing the fluctuation in system 

performance resulting from the variation of the system input, while the aim of the 

reliable design is producing a design with low probability of failure under 

uncertainties.  

Later, Sarangi Ὡὸ ὥὰȢ (2014) studied the geometric parameters of the manifold 

microchannel heat sink. In their study, two different computational analysis 

methods, a simple unit-cell model and porous-medium model, were employed. 

Furthermore, they conducted conventional deterministic optimization along with 

probabilistic optimization to determine the optimal parameters of the heat sink 

geometry that maximise heat transfer performance while minimizing pumping 

power. They utilised the same framework of the OUU used in the study of Bodla 

Ὡὸ ὥὰȢ(2013). They quantified the conservative nature of the probabilistic design 

method by comparing the deterministic and probabilistic optimization 

methodologies. They concluded that the maximum heat transfer occurs when the 

ratio of the inlet to outlet length is 3. 

2.7 Gaps in knowledge and the aims of the current 

research  

Based on the published literature reviewed in this chapter and to the best of the 

author knowledge, no previous study has examined the influence of adding half-

cylindrical vortex generators to the sidewalls or the channel's base for the 

serpentine minichannel heat sink. Furthermore, there are some aspects such as the 

number of fins (Ὂ), the fin length to the secondary channel length (Ὑ ) and the fins 

offset (Ὂ) in the study of Al-Neama Ὡὸ ὥὰ. (2018) that need to be covered. Besides, a 

simpler design, such as the hybrid rectangular-elliptical shaped fin for replacing the 
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chevron fins, need to be explored. The literature also showed that no study applied 

the OUU for the serpentine minichannel heat sinks. Therefore, this PhD study will 

try to bridge these gaps. Before addressing these, some heat transfer and fluid flow 

fundamentals related to the current research will be presented in the next chapter. 
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Chapter 3 Heat Transfer and Fluid Flow 

Fundamentals  

3.1 Introduction  

In this chapter, an overview of the basic concepts of heat transfer and fluid flow for 

the microchannel heat sinks are given. These concepts represent the basis of the 

work that will be carried out in the following chapters. Firstly , a review of some heat 

transfer and fluid flow basics will be provided in sections 3.2 and 3.3. In section 3.4, 

the hydrodynamic and thermal boundary layer concepts will be explained. 

Furthermore, sections 3.5 and 3.6 present a brief description of the flow entrance 

region characteristics and the conjugate heat transfer problems. After that, sections 

3.7 and 3.8 provide the governing equations for the modelling of microchannel heat 

sinks beside the assumptions and boundary conditions for the problem under study. 

A summary of this chapter will be given in section 3.9. 

To study the hydro-thermal performance of microchannel heat sinks numerically or 

experimentally, there are several characteristics that need to be evaluated including 

Reynolds number, Prandtl number, Nusselt number, the average temperature for 

the base of the heat sink substrate, overall thermal resistance, fluid velocity 

distribution, fluid pressure drop and the pumping power of the fluid. Therefore, it is 

worth reviewing some of the heat transfer and fluid flow fundamentals in the 

following sections. 

3.2 Heat Transfer Basics  

Heat transfer is the process of transferring energy from one region to another when 

a temperature gradient exists. There are three modes of heat transfer: conduction, 

convection and radiation. Basically, conduction heat transfer takes place across a 

solid (or a stationary fluid) due to the presence of temperature difference in the 

medium. While the heat transfer by convection occurs between a solid and fluid, in 

contact, at different temperature which it can be free convection (buoyancy force 

causes fluid motion) or forced convection (external source forces the fluid to move). 

Finally, the heat transfer by thermal radiation is the process in which two solid 
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bodies or more (not in direct physical contact) at different temperature exchange 

thermal energy. The space between the bodies could be a vacuum or could be filled 

with gas or liquid (Sachdeva, 2009 and Cengel, 2014). 

Microchannel heat sinks mainly dissipate the generated heat in electronics through 

two modes of heat transfer, i.e. conduction and convection. With the presence of 

temperature differences across the heat sink, heat is transferred from the source to 

the fluid in the microchannels. The fluid that flows inside the channels, in turn, takes 

the heat by convection and rejects it to the ambient. The rate of heat transfer by 

ÃÏÎÄÕÃÔÉÏÎ ÉÓ ÅØÐÒÅÓÓÅÄ ÂÙ &ÏÕÒÉÅÒȭÓ ÌÁ× ÁÓȡ 

  

ὗ  Ὧ ὃ
Ὕ  Ὕ 

ὒ
 Equ.  3-1 

  
where ὗ  , Ὧ, ὃ and Ὕ , ὒ respectively represent the rate of heat transfer by 

conduction, the thermal conductivity, the heat transfer area, the temperatures on 

solid sides and wall thickness. According to the thermal resistance concept that has 

been used in heat transfer analysis, the conductive thermal resistance is: 

  

Ὑ
ὒ

Ὧ ὃ
 Equ.  3-2 

  
Heat sinks are usually manufactured from a high thermal conductivity material with 

a large surface area to reduce the conductive thermal resistance and hence improve 

the thermal performance of the heat sinks. 

/Î ÔÈÅ ÏÔÈÅÒ ÈÁÎÄȟ ÔÈÅ ÒÁÔÅ ÏÆ ÈÅÁÔ ÔÒÁÎÓÆÅÒ ÂÙ ÃÏÎÖÅÃÔÉÏÎ ÉÓ ÇÏÖÅÒÎÅÄ ÂÙ .Å×ÔÏÎȭÓ 

law of cooling: 

ὗ Ὤ ὃ Ὕ  Ὕ  Equ.  3-3 
  

where ὗ  , h, A, Ὕ and Ὕ  are the rate of heat transfer by convection, heat transfer 

coefficient, the heat transfer area, surface temperature and fluid temperature, 

respectively (Bergman Ὡὸ ὥὰȢ, 2011 and Çengel Ὡὸ ὥὰȢ, 2012). The convective thermal 

resistance can be written as: 

Ὑ
ρ

Ὤ ὃ
 Equ.  3-4 

  
In convective heat transfer studies, a commonly used nondimensional parameter is 

the Nusselt number which is the nondimensional form of heat transfer coefficient. 
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This parameter is defined as the ratio of convective heat transfer to conductive heat 

transfer:          

ὔό 
#ÏÎÖÅÃÔÉÖÅ ÈÅÁÔ ÔÒÁÎÓÆÅÒ

#ÏÎÄÕÃÔÉÖÅ ÈÅÁÔ ÔÒÁÎÓÆÅÒ

Ὤ ὒ

Ὧ
 Equ.  3-5 

  
Nusselt number is used to assess the enhancement of heat transfer caused by 

convection relative to conduction heat transfer. 

3.3 Fluid Flow Basics  

Fluid mechanics plays a vital role in analysis of convective heat transfer; therefore, 

it is worth presenting the basic concept briefly here. In fluid mechanics applications, 

there are generally two kinds of flow namely the external flow and internal flow. The 

external flow refers to the flow of unconfined fluid such as flow over a surface of a 

plate, pipe and ball. In contrast, the internal flow represents the flow of a bounded 

fluid like the flow in ducts and pipes. In microchannel heat sink, since the cooling 

fluid is bounded by channel walls, it is classified as internal flow.  

The flow, furthermore, can be laminar, transient or turbulent depending on its flow 

velocity. When fluid flows smoothly and its layers do not interact with each other, 

the flow is called laminar. On the contrary, if the flow is highly disordered and 

characterised by velocity fluctuation then it is termed as turbulent flow. The 

transient flow represents the intermediate flow state between the laminar and 

turbulent flow. Osborne Reynolds in the 1880s performed an experimental 

investigation to study the flow regime in pipes and found that the ratio of inertial 

forces to viscous forces in the fluid affects broadly the flow regime. This ratio, then, 

is termed the Reynolds number (ὙὩ) and it is used to identify the flow type and 

determine the transition from laminar flow to turbulent flow (Çengel, 2010, 

Bergman Ὡὸ ὥὰȢ, 2011 and Çengel Ὡὸ ὥὰȢ, 2012). Reynolds number (Re) is expressed 

as follows: 

ὙὩ
ὍὲὩὶὸὭὥὰ ὪέὶὧὩί

ὠὭίὧέόί ὪέὶὧὩί

” Ὗ  Ὀ

‘
 Equ.  3-6 

  
here ” is the density of the fluid,  Ὗ  is the average flow velocity, Ὀ is the 

characteristic length of the geometry and ‘ is the dynamic viscosity. 
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For internal flow in a circular pipe, the characteristics length of the geometry used 

in Reynolds number (Re) is the diameter of the pipe whereas it is the hydraulic 

diameter Dh for noncircular pipes. The hydraulic diameter is defined as: 

  

Ὀ
τ ὃ

ὖ
 Equ.  3-7 

  
where ὃ and ὖ are respectively the cross-sectional area of the pipe and its wetted 

perimeter. 

Different factors affect the value of the critical Reynolds number (ὙὩ), at which the 

flow transits from laminar to turbulent, such as fluid velocity, surface geometry, 

surface roughness, the temperature of the surface, and the type of fluid, among other 

things. For external flow over a smooth flat plate, the critical Reynolds number for 

the different regimes are as follow (Çengel, 2010, Bergman Ὡὸ ὥὰȢ, 2011 and Çengel 

Ὡὸ ὥὰȢ, 2012):  

      

Laminar flow regime  :  ὙὩ ρπ   

Transitional flow regime : ρπ ὙὩ σ ρπ   

Turbulent flow regime :  ὙὩ σ ρπ  

    

while for internal flow in circular pipes, the values of the critical Reynolds number 

are listed here (Çengel, 2010 and Bergman Ὡὸ ὥὰȢ, 2011):   

    

Laminar flow regime :              ὙὩ ςσππ   

Transitional flow regime :  ςσππ ὙὩ τπππ  

Turbulent flow regime :                    ὙὩ τπππ  

3.4 Boundary layer concept  

In order to understand the convective heat transfer between a moving fluid and a 

surface in contact, it is necessary to understand the concept of boundary layers 

which was introduced by Ludwig Prandtl in 1904 (Sachdeva, 2009 and O'Malley, 

2014). There are two kinds of boundary layers which are encountered in convective 

heat transfer: hydrodynamic boundary layer and thermal boundary layer. Some 

details about these boundary layers and the related concepts are given below: 
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3.4.1 Hydrodynamic boundary layer  

The concept of the boundary layer is applied in internal and external flows. The 

boundary layer is a thin layer which can be defined as the flow region in the vicinity 

of the contact surface where the viscosity effects are significant. Within the 

boundary layer, the fluid velocity is slowing down in the contact surface vicinity and 

becomes zero at the surface itself (the no-slip boundary conditions). Outside the 

boundary layer, there is no velocity gradient. For the external flow, Fig. 3-1(a), the 

boundary layer over the surface is freely growing because the fluid has a free surface 

(Çengel, 2010 and Bergman Ὡὸ ὥὰȢ, 2011). 

Similarly, for internal flows such as the flow of liquid entering a circular pipe, 

Fig. 3-1(b), it can be seen that the flow is divided into two regions: the hydrodynamic 

entrance region and the hydraulically fully developed region. The first covers the 

region from the pipe inlet to a point at which the velocity profile becomes fully 

developed and its length is termed the hydrodynamic entry length ὒ . At the 

entrance of the pipe, fluid enters with uniform velocity and its particles within the 

layer that is in contact with the pipe's wall become stationary as a result of the no-

slip conditions. As Fig. 3-1 (b) depicts, the boundary layer thickness grows 

continuously in the flow direction until it meets the centre line and fills the entire 

pipe. A little farther downstream, the flow becomes fully developed, i.e. the velocity 

becomes fully developed and remains unchanged; therefore, this region is known as 

hydrodynamically fully developed. In this region, the velocity profile has a parabolic 

shape in the laminar flow while it is somewhat flatter in the turbulent flow. This 

difference in velocity profile can be attributed to the fact that the wall shear stress 

effect is not as large in the turbulent flow as in the laminar flow, Fig. 3-1 (b), (Çengel, 

2010 and Bergman Ὡὸ ὥὰȢ, 2011).  

3.4.2 Thermal boundary layers  

In a similar manner of developing the hydrodynamic boundary layer as a result of 

fluid flowing over a surface, a thermal boundary layer evolves due to the 

temperature difference between the flowing fluid and the surface in contact with it, 

Fig. 3-2 (a). Within the thermal boundary layer, there is a temperature gradient, and 

the fluid particles in the adjacent layer to the surface are in thermal equilibrium with 

the solid body (Çengel, 2010 and Bergman Ὡὸ ὥὰȢ, 2011). 
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(a) 

 
(b) 

  
Fig. 3-1. Schematic of typical boundary layer (a) external flow and (b) internal 

flow. 
 

In the same way, the thermal boundary layer also exists in internal flow if there is a 

difference in temperatures between the fluid and the bounding surfaces. 

Furthermore, two regions can be distinguished for this confined flow, i.e. thermal 

entrance region and thermally fully developed region, Fig. 3-2 (b). The shape of the 

fully developed temperature profile is fixed, however, it takes a certain pattern 

based on the imposed wall conditions, i.e. constant temperature or constant heat 

flux, Fig. 3-2 (b). 
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(a) 

 
(b) 

Fig. 3-2. Thermal boundary layer of cold flow: (a) over flat plate and (b) inside 
pipe. 

 

3.4.3 Significance of the Prandtl Number  

Prandtl number (ὖὶ) is a nondimensional parameter which describes the relative 

thickness of the velocity and the thermal boundary layers (Çengel, 2010) and can be 

expressed as: 

ὖὶ 
   

   
 

 

 
 

   Equ.  3-8 

  
here ’, ‌, ‘, ”, Ὧ and ὅ  are respectively kinematic viscosity, thermal diffusivity, 

coefficient of dynamic viscosity, mass density, thermal conductivity and specific 

heat at constant pressure of the fluid. The kinematic viscosity describes the ability 

of a fluid to transport momentum by diffusion whereas thermal diffusivity describes 

the ability of a fluid to transport energy by diffusion (Nellis Ὡὸ ὥὰȢ, 2009). From the 

definition of Prandtl number, it is clear that it is a function of the properties of the 

fluid itself and does not depend on the state of flow condition of the fluid (i.e. 

whether the flow is laminar or turbulent flow). 



Page | - 52 -  

 

The Prandtl number for fluid changes with temperature and its values range from 

than ρπ  for liquid metals (like Mercury) to more than ρπ  for heavy oils (such as 

engine oil) (Nellis Ὡὸ ὥὰȢ, 2009). All gases have Prandtl number (ὖὶ) values between 

0.7 - 1 which implies that the velocity boundary layer thickness (‏) is equal to the 

thermal boundary layer thickness (‏) and this indicates that both momentum and 

heat dissipate through the fluid at about the same rate. However, if 0ÒḺρ, like in 

liquid metals, it indicates that the thermal boundary layer thickness (‏) is larger 

than the velocity boundary layer thickness (‏) and hence heat diffuses very quickly. 

In contrast, when 0Òḻρ, as in engine oils, the thermal boundary layer thickness 

 and as a result, the (‏) is thinner than the velocity boundary layer thickness (‏)

heat diffusion will be very slow relative to the momentum. 

For laminar boundary layers, the relationship between the Prandtl number, 

thickness of the velocity (‏) and the thermal (‏ὸ) boundary layers can be expressed 

mathematically as (Bergman Ὡὸ ὥὰȢ, 2011): 

‏

‏
  ὖὶ  Equ.  3-9 

  
here the exponents (ὲ) is a positive number. According to (Equ. (3-9)), it can be 

illustrated that for gases that have 0Òρ then ‏  for liquid metals with 0ÒḺρ , ‏

then  ‏ḻ‏ and for oils with 0Òḻρ then ‏Ḻ‏. 

3.5 Flow Entrance Region Characteristics  

When fluid flow is accompanied with heat transfer in internal flow, the state of the 

hydrodynamic and thermal boundary layers affects directly the calculations of 

pressure drop (ɝὖ) and heat transfer coefficient (Ὤ) inside conduits. For laminar 

flow in ducts, four types of flow based on boundary layers developments have been 

distinguished, these are the fully (hydrodynamically and thermally) developed, 

hydrodynamically developing, thermally developing, or simultaneously developing. 

The same types of flow exist in turbulent duct flow, but their thermal and 

hydrodynamic entrance lengths are much shorter than their corresponding lengths 

in laminar duct flow (Rohsenow Ὡὸ ὥὰȢ, 1998). 
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Table 3-1 Types of hydrodynamic and thermal boundary layers developments in duct flow (Rohsenow Ὡὸ ὥὰȢ, 1998). 
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Fully developed flow Developed Invariant  Constant Developed Invariant  Constant 

Hydrodynamically 

developing flow 
Developing Variant Variant ----- ----- ----- 

Thermally 

developing flow 
Developed Invariant  Constant Developing Variant Variant 

Simultaneously 

developing flow 
Developing Variant Variant Developing Variant Variant 
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Shah and London (2014) proposed two formulae to estimate the hydrodynamic 

entry length (ὒ) and thermal entry length (ὒ ). These are: 

  
ὒ  ὒ ȢὈ ȢὙὩ Equ.  3-10 

  
ὒ ὒᶻ ȢὈ Ȣ  ὖὩ Equ.  3-11 

  
where ὒ  and ὒᶻ  are the nondimensional hydrodynamic and thermal entrance 

lengths and they are both 0.05 (Kandlikar et al., 2014 and Lee et al., 2005). 

WhileὖὩ    ὙὩ Ȣὖὶ)  a dimensionless number termed Peclet number which 

represents the advective transport rate to mass diffusion rate (u/( D/L)).  

3.6 Conjugate Heat Transfer  Problems  

Whenever a domain consists of more than one sub-domain and its heat transfer 

problem is governed by different differential equations, the conjugate heat transfer 

becomes an essential tool to solve this kind of problems. In the current study, the 

fluid comes into contact with solid walls of the heat sink channels and exchange 

heat; therefore, the conjugate boundary condition should be applied at the fluid-

solid interface to solve this heat transfer problem numerically. Accordingly, the 

continuities of temperature and heat flux at the interface between the solid walls 

and the fluid are applied, Fig. 3-3, which can be expressed as follow: 

   

Temperature: Ὕȟ = Ὕȟ Equ.  3-12 

Heat flux (Fourierȭs law): Ὧ
‬Ὕ

‬ὲ
Ὧ
‬Ὕ

‬ὲ
 Equ.  3-13 

Velocities (No slip conditions) : ό  ὺ  ύ π Equ.  3-14 
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Fig. 3-3. Conjugate boundary conditions between the solid and fluid. 

3.7 Governing Equations for microchannel heat sinks  

In the current study, the CFD techniques will be employed to solve the convective 

heat transfer problem in minichannel heat sinks. The generalised form of the 

governing equations which are used to represent the conjugate heat transfer and 

fluid flow problem  are given below (ὅὕὓὛὕὒ: 

   
Continuity equation:   

  

‬”

‬ὸ
 ɳȢ” ὠ ᴆ π Equ.  3-15 

  
Momentum equation:   

  

 ”
  ᴆ

 ὠ ᴆ Ȣɳ  ὠ ᴆ   ɳὖ  ɳ Ȣ‘ ὠɳ ᴆ ὠɳ ᴆ

 ‘ ὠɳ ᴆὍ Ὂ 
Equ.  3-16 

  
The energy equation for the fluid:  

  

” ὅ
‬Ὕ

‬ὸ
ὠ ᴆ Ȣɳ Ὕ  ɳ ȢὯ Ὕɳ  ὗ Equ.  3-17 

  
The energy equation for the fin:  

  

” ὅ
‬Ὕ

‬ὸ
 ɳȢὯ ɳ Ὕ ὗ Equ.  3-18 

  

where ὠ ᴆ, ” ,‘, ὅ, ὖ, Ὕ and Ὧ are respectively the velocity vector, the density, the 

viscosity, the specific heat, the fluid pressure, the temperature and thermal 
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conductivity. The subscript Ὢ and ί refer to the fluid and solid respectively. The Ὂ 

and ὗ are respectively the body force and the heat source/sink per unit volume and 

time. 

For steady state laminar flow with no heat generation, the above equations can be 

re-written as: 

   
Continuity equation:   

  

 ɳȢ” ὠ ᴆ π 

 
Equ.  3-19 

  
Momentum equation:   

  

  ὠ ᴆ Ȣɳ ” ὠ ᴆ   ɳὖ  ɳ Ȣ‘ ὠɳ ᴆ Equ.  3-20 

  
The energy equation for the fluid:  

  

ὠ ᴆ Ȣ” ὅ  ɳὝ  ɳ ȢὯ Ὕɳ Equ.  3-21 

  
The energy equation for the fin:  

  

 ɳȢὯ ɳ Ὕ π Equ.  3-22 

3.8 Assumptions and Boundary Conditions  

To simplify the numerical simulations of the current investigation, some 

assumptions were made following previous works such as Qu and Mudawar (2002a 

and 2002b), Lee Ὡὸ ὥὰȢ (2012), Lee Ὡὸ ὥὰȢ (2013), Kuppusamy Ὡὸ ὥὰȢ (2014), Al-

Neama (2018) and others. These assumptions are as follows: 

1. The flow is single-phase, incompressible, and laminar.  

2. The heat transfer and fluid flow were assumed to be steady state. 

3. No radiation effects. 

4. The internal channel walls were assumed smooth. 

5. All the external walls of the heat sink were assumed to be insulated  

( ὲ Ͻ Ὧ ɳὝ π) except for the part supplying the heat flux, underneath 

the minichannel heat sink, i.e. ὲ Ͻ Ὧ ɳὝ ή. For easy comparing with 
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experimental and numerical work of Al-Neama (2018), the ή is set to be 

σρ ὡȾὧά in this work unless stated otherwise. 

6. The fluid temperature at the inlet is ςπᴈ. 

7. The no-slip conditions are applied. 

8. The outlet boundary conditions are set as ὖ ὖ πȢ 

9. The thermo-physical properties of the fluid such as,‘ , ὅ , and Ὧ were 

assumed to be temperature-dependent and the ὅὕὓὛὕὒ build-in equations 

of these properties have been used. 

3.9 Chapter Summary  

This chapter has been devoted to reviewing some of the concepts and fundamentals 

related to the microchannel heat sinks such as the heat transfer modes, fluid flow 

basics, the boundary layer concepts. Besides, in this chapter, the governing 

equations that control the heat transfer and fluid flow have been stated. All the 

above represent the bases for the current investigation including the numerical 

simulation which will be illustrated and implemented in the following chapters. 
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Chapter 4 Computational and Optimis ation  

Methodologies   

4.1 Introduction  

This chapter presents the computational methodology to perform the numerical 

analysis and the optimisation procedure for exploring the performance of different 

designs of the serpentine microchannel heat sinks, i.e. the smooth serpentine heat 

sink and the serpentine heat sink with secondary channels. In section 4.2, an 

overview for the main stages of performing a CFD numerical analysis will be 

presented. Then, sections 4.3 to 4.5 provide a brief description for the optimisation 

strategy which includes the types of optimisation, software used, the surrogate-

based optimisation approach and the validation of surrogate model. After that, the 

robust design employed to conduct in this investigation is introduced in section 4.6. 

Finally, section 4.7 provides a summary of the chapter. 

4.2 Computational Fluid Dynamics (CFD) Methods  

During the last decades and as a result of the considerable developments in the 

computer industry, many computer-aided engineering (CAE) software have 

emerged to become a popular research tool to investigate complex engineering 

systems by solving different differential equations associated with engineering 

problems. The engineering problems that involve flow phenomena are simulated 

using a group of software programs known collectively as computational fluid 

dynamics (CFD). The CFD can be defined as a branch of fluid mechanics which 

employs numerical techniques to obtain approximate solutions of problems 

involving fluid flow and heat transfer (Zikanov, O., 2019). Example of commercial 

CFD software include COMSOL Multiphysics®, ANSYS-CFX, ANSYS-FLUENT and 

STAR-CCM+, whereas the other are free and open source software like OpenFOAM® 

and Palabos. In the present work, COMSOL Multiphysics® has been selected to solve 

the current problem because it has a strong capability to model multi-physics 

problems and has also been successfully employed by researchers in other relevant 

studies such as the studies of Han Ὡὸ ὥὰȢ, (2014), Al-Neama (2018), and Turgay and 
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9ÁÚąÃąÏøÌÕ ɉςπρψɊȢ #&$ ÓÔÕÄÉÅÓ ÁÒÅ ÌÅÓÓ expensive, timesaving and more flexible than 

real physical experimental testing, but sometimes they are not as accurate as 

experiments. Using the CFD techniques, designers can model, simulate and predict 

system performance before manufacture (Joseph, 2016 and Versteeg and 

Malalasekera, 2007). In CFD simulations, the set of governing mathematical 

equations in the form of partial differential equations (PDEs), such as conservation 

of mass, momentum, energy and species, for the physical problems are first 

discretised. Then, they are solved numerically to predict approximate solutions of 

the studied governing equations (Versteeg and Malalasekera, 2007 and Joseph, 

2016).  

In general, a typical CFD simulation study is divided into three main stages, namely, 

pre-processing, processing and post-processing. An overview of these stages is 

given below:  

4.2.1 Pre- processing  

Before starting a numerical study, it is essential to define the modelling goal and 

identify the domain of the problem. Furthermore, a CFD software that is capable of 

solving the considered problem should be chosen. Then, the investigator needs to 

specify what to solve and how to solve it. The first question can be answered 

through: 

ü Creating the geometry that provides the computational domain for the problem,  

ü Specifying the governing equations, that represent the physical problem, in this 

study (Equ. 3-15 to Equ.3-18). 

ü Imposing the boundary conditions and materials properties. 

Whereas answering the second question needs to illustrate the solution strategies, 

which include: 

ü  Discretisation of the computational domain into small elements (Meshing), and  

ü  Specifying acceptable error tolerances for monitoring the convergence of the 

calculated solution of the problem. 

All the above steps are called pre-processing. 

Creating the geometry can be accomplished either using a geometry builder 

included within the software or using external computer-aided design (CAD) 

software such as ὛέὰὭὨύέὶὯs® and then export it to the CFD software. 
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Meshing is the process of generating a collection of non-overlapping sub-domains 

by partitioning the original solution domain. Accordingly, various discretisation 

methods are available to mesh the computational space, and the most commonly 

used are the finite difference method (FDM), finite element method (FEM) and finite 

volume method (FVM). The finite-difference is considered as the oldest one which 

is used for numerical analysis, and it is suitable for obtaining solutions on structured 

meshes, i.e. simple geometry. This approach is based on the differential form of the 

governing equations, and its numerical calculations occur at each node of the 

discretised domain. 

In contrast, the finite volume and the finite element methods deal with an integral 

form of the governing equations and they can be used to generate the grid for 

complex geometries. The finite volume approach decomposes the computational 

domain into a discrete number of cells, each of which is treated as individual control 

volume. The conservation equations are applied to each control volume, and the 

calculations are accomplished at a node located at the centroid of each control 

volume (Maneeratana, 2000).  

In the finite element approach, the model body is sub-divided into many smaller 

regions called finite elements which are interconnected at nodes common to two or 

more elements and/or boundaries (Lewis Ὡὸ ὥὰȢ, 2004). This technique utilises the 

ȰÓÈÁÐÅ ÆÕÎÃÔÉÏÎȱ ÔÏ ÉÎÔÅÒÐÏÌÁÔÅ ÁÎÄ Òepresent the value of the dependent variable 

throughout each element. The calculations are performed within the generated 

ÅÌÅÍÅÎÔÓ ÁÔ ÐÏÉÎÔÓ ÃÁÌÌÅÄ ȰGauss pointsȱȢ  

Studies showed that the finite element technique needs longer computational time 

and more memory storage than the finite volume (Jeong and Seong, 2014; and 

4ÕÒÇÁÙ ÁÎÄ 9ÁÚąÃąÏøÌÕȟ ςπρψɊ; however, the finite element technique is well-suited 

to solve multiphysics problems (Pryor, 2011). 

4.2.2 Processing 

In the processing stage, the CFD software follows a set of steps to solve the problem 

which is defined in the pre-processing step. Solving multiphysics problems with 

ὅὕὓὛὕὒ is accomplished using either fully coupled or segregated solution 

approaches. In the former, a single large system of equations containing the 

unknown and the coupling between them is formed and then solved at once within 
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each iteration. In contrast, when employing the segregated solver, the problem is 

subdivided into two or more segregated steps in which each step represents a single 

physical process. Then the segregated steps are solved iteratively and within a single 

iteration, the solution of the segregated steps is performed sequentially. In 

ὅὕὓὛὕὒ, the default setting for a 2D model is the fully coupled one while for 3D 

models it is the segregated approach. The segregated approach is faster than the 

fully coupled (Tabatabaian, 2015 and ὅὕὓὛὕὒ Manual, 2018). 

4.2.3 Post-processing  

In the final stage of the numerical solution, i.e. post-processing, the results are 

prepared for the analysis and physical interpretation by presenting them as tables, 

graphs, contour, animations and plots. 

Before starting to acquire data, it is necessary to check whether the predicted 

numerical results are reliable or not. This can be implemented through the 

validation and verification processes. Therefore, the goal of these processes is to 

assess the accuracy and reliability of the CFD simulation solution. Measuring how 

accurate the computational outputs are in comparison with the experimental results 

is called validation. Whereas comparing the accuracy of computational results 

against highly accurate numerical and analytical solutions is called verification 

(Oberkampf and Trucano, 2002). If there is a discrepancy between the results of the 

developed CFD simulation from one side and the previous works on the other side, 

then a number of steps should be followed to tackle this issue such as improving 

mesh quality, inspecting the solution method, checking the boundary conditions and 

fluid properties. 

4.3 Formulation of Optim isation Problems  

Optimisation can be defined as the procedure or methodology of finding the 

optimum results under certain circumstances or constraints for an engineering or 

economic system (Rao, 2019 and Merriam-Webster, 2020). In different engineering 

aspects, i.e. design, construction and maintenance, many managerial and 

technological decisions need to be taken by engineers to achieve the maximum 

benefit or/and require the minimum effort (Arora, 2004 and Rao, 2019). 
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An optimisation problem consists of three main parts: objective function, variables, 

and constraints. The first essential part, the objective function, represents the 

quantity that needs to be maximised or minimised, and this may be one quantity 

(single objective function problem) or be more than one (multi-objective function 

problem). In the second category, the different objectives are usually conflicted, 

which means that the variables that maximise one of the objectives minimise the 

other objectives. The second crucial part of the optimisation problem is the 

variables, also called design variables, which are a set of unknowns used to define 

the objective function and constraints. The selection of these variables depends 

mainly on problem specifications and other functional requirements. These 

variables could be continuous or discrete. The third important part of the 

optimisation statement is the constraints of the problem which are a set of 

conditions that allow the unknowns to take specific values but exclude others. These 

constraints must be satisfied to make the design feasible (Arora, 2004; Parkinson 

Ὡὸ ὥὰȢ, 2013 and Rao, 2019). 

Mathematically, a typical optimisation statement can be written as follows: 

   
ὊὭὲὨ ὈὩίὭὫὲ ὠὥὶὭὥὦὰὩίȡ ● ὼȟὼȟὼȟȣȣὼ  Equ.  4-1 

   
ύὭὧ άὭὲὭάὭίὩ ὕὦὮὩὧὸὭὺὩ ὊόὲὧὸὭέὲȡ Ὢ● Equ.  4-2 

   
ίόὦὮὩὧὸ ὸέ ὉήόὥὰὭὸώ ὧέὲίὸὶὥὭὲὸίȟὍὲὩήόὥὰὭὸώ ὧέὲίὸὶὥὭὲίȟὠὥὶὭὥὦὰὩ ὦέόὲὨίȡ  

   
 Ὤ ● πȟ Ὥ πȟρȟςȟȟȣȣȢȟὯ Equ.  4-3 
   
 Ὣ ●  πȟ Ὥ πȟρȟςȟȟȣȣȢȟὴ Equ.  4-4 
   
 ὼ  ὼ  ὼ Equ.  4-5 
   

4.4 Classification of Optim isation Problems  

Optimisation problems can be categorised in different ways. Based on the variables' 

nature, for example, the problems could be divided into deterministic optimisation 

and stochastic optimisation or optimisation under uncertainty (NEOS, 2020). The 

deterministic optimisation for a single objective function can be grouped into two 

main branches, according to the type of the design variables, continuous and 

discrete. The assumption in the deterministic optimisation is that the data for a 
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given problem is known precisely. In reality, these data cannot be known with 

certainty; therefore, the optimisation under uncertainty can be used to find a 

feasible solution for almost all of the data and optimal in some sense. Besides, there 

are two important categories for the optimisation under uncertainty: robust 

optimisation and the reliability -based optimisation (NEOS, 2020). The optimisation 

problem could also be constrained or unconstrained based on the existence of 

constraints on design variables (Arora, 2004; Coello 2006; Kumar, 2009 and Muthu, 

2010). 

Besides, they could be global or local optimisation strategies based on the nature of 

the optimisation problem. Most engineering problems are considered as non-linear, 

constrained and multi-objective optimisation problems (Arora 2004; Coello 2006; 

Kumar, 2009 and Muthu, 2010). 

4.5 Optim isation  Algorithms  

No single efficient approach exists to solve all optimisation problems (Arora 2004). 

Therefore, many methods have been developed to solve specific optimisation 

problems. The appropriate choice of the optimisation technique depends mainly on 

the kind of the optimisation problem itself (Parkinson Ὡὸ ὥὰȢ, 2013 and Rao, 2019). 

An overview of the most popular optimisation techniques is given below. 

4.5.1 Derivative Based Optim isation Methods  

Derivative based optimisation methods employ differential calculus techniques to 

locate the optimum points. Therefore, these methods are very beneficial in 

determining the optimum solutions for smooth functions, continuous and 

differentiabl e functions. Several methods can be found under this category such as 

Newton-Raphson method, Levenberg-Marquardt, and steepest-descent method 

(Fröhlich and Hasenauer, 2019). They are good for local search in the vicinity of the 

optimum solution. However, the derivative based classical techniques have limited 

application for the practical problems due to the discontinuity and/or non-

differentiability of the objective functions involved in real-life problems (Arora, 

2004, Kumar, 2009, Rhinehart, 2018 and Rao 2019). 
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4.5.2 Derivative Free Based Optim isation Methods  

During the last four decades, scientists have developed derivative free based 

optimisation methods that have been used extensively to find the optimal solution 

of complex engineering problems such as design and operation engineering 

problems (Rhinehart, 2018). Most of these modern techniques are inspired by 

nature and biological systems and they use stochastic approaches to explore the 

entire design space. Among the non-traditional methods of optimisation are particle 

swarm optimisation (PSO), simulated annealing (SA), ant colony optimisation 

(ACO), neural network-based methods (NN) and genetic algorithms (GAs) which 

only rely on function evaluations in performing the optimisation. The simulated 

annealing (SA) and the genetic algorithms (GAs) can find the global optimum 

solution very efficiently (Arora, 2004 and Rao, 2019); however, they are not 

effective in finding the optimum solution for large numbers of design variables of 

more than 100 (Haftka Ὡὸ ὥὰȢ, 2016). For the current investigation, the number of 

design variables is less than five; therefore, the GAs has been selected in the present 

study to implement the optimisation procedure. A brief description of this method 

is given below. 

Genetic Algorith ms  

Due to its robustness, efficiency, and flexibility, besides avoiding getting trapped in 

local minima, the genetic algorithm (GA) is regarded as one of the most useful 

optimisation techniques (Khan et al., 2013). The GAs, invented by John Holland in 

the early 1970s, is a search-based optimisation technique. This algorithm is inspired 

by the mechanics of biological evolution. The GA mimics the survival of the fittest 

among individuals over consecutive generations to find a solution to the problem. 

The implementation of the GA can be described as follow (Arora, 2004; Coello, 2006; 

Kumar, 2009 and Deb, 2012): 

ü The algorithm is started by selecting a population of individuals so that each one 

of the individuals represents a feasible solution to the problem. 

ü Then, use these individuals to find the fitness function. The higher the fitness 

the better the solution. 

ü Parents are selected to reproduce offspring for a new generation. The selection 

process of individuals depends on their fitness function values from the 
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previous step. The fitter individuals have more opportunity to reproduce. The 

reproduced generation has a combination of properties of two parents. It should 

be noted that old generation dies, and the new generation has the same size as 

the older one. 

4.5.3 Optim isation software Used  

An open-source toolkit called DAKOTA (Design Analysis Kit for Optimization and 

Terascale Applications) has been selected to conduct the optimisation process in 

this study because it is a useful software for optimisation and uncertainty 

quantification (UQ). DAKOTA toolkit is provided by Sandia laboratory to do a 

parametric analysis for design exploration, model calibration, risk analysis, 

optimisation, uncertainty quantification and other facilities (DAKOTA, 2020). All the 

instruction s and commands of doing a specific investigation, writing the output to a 

specified file or declaring the variables can be usually set in Dakota input file. For 

more details about the use of this toolkit, the reader is recommended to consult the 

manuals and the official website of DAKOTA (https://dakota.sandia.gov/ ). 

4.5.4 Surrogate -Based Optim isation  

For realistic engineering optimisation problems, the evaluation of the response 

function could be computationally very expensive or complicated and takes hours 

or days to implement one simulation. These barriers could make the coupling of the 

simulation model with an optimiser prohibitively time -consuming and require 

tremendous computational resources. To tackle this issue, researchers have 

employed an alternative optimisation methodology which is called surrogate-based 

optimisation (Joseph, 2016 and Dakota, 2020). Surrogate models, which are also 

known as metamodels, or response surface models (RSM), represent inexpensive 

approximation models which are used to explore the variations in response 

quantities over the regions of the input variables space. Consequently, the 

surrogate-based optimisation approach relies on replacing the actual 

computationally expensive functions with approximate surrogate models and the 

search for the optimum solution is made directly on the approximated model. As a 

result, implementing optimisation problems which require hundreds, or thousands 

of function evaluations will be less expensive.  

https://dakota.sandia.gov/
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The optimisation toolkit used in this work, Dakota software, supports three 

categories of surrogate models: data fits, multifidelity and reduced-order model 

surrogates (Dakota, 2020). For the data fits, there are two types of approximation 

surrogate  models: interpolation techniques like Kriging (KG) or Gaussian process 

model, and radial basis functions (RBF) and regression approaches such as 

polynomial regression (PR), multivariate adaptive regression splines (MARS) and 

artificial neural networks (ANN)(Forrester Ὡὸ ὥὰȢ, 2008; Ahmed and Qin, 2009 and 

Ben Salem Ὡὸ ὥὰȢ,  2017). For each fitting technique in Dakota, a different numerical 

method is utilised to compute its internal coefficients. For instance, the kriging 

surrogate model employs maximum likelihood estimation (MLE) to determine its 

correlation coefficients, while the polynomial surrogate model utilises the least-

squares method that uses a singular value decomposition to calculate the 

polynomial coefficients (Dakota, 2020). 

To generate a surrogate model, samples of the design space should be extracted 

using one of the design of experiments (DoE) methods such full factorial design, 

Monte Carlo design or Latin Hypercube. Then, the response values at these selected 

points can be produced by performing the CFD simulations. The combination of the 

DoE points and their corresponding response values is called a training set or build 

points. Employing these training points, the surrogate model can be constructed 

using surrogate model techniques like linear models or artificial neural networks. 

The accuracy of a generated surrogate model could be verified by comparing the 

response values from the surrogate model against the actual values produced by 

computer simulation (cross-validation). The following subsections give an overview 

of the design of the experiment and the approximation surrogate model techniques 

employed in this study. 

4.5.5 Design of Experiments (DoE):  

Sampling is the process of selecting individuals from a population under study so 

that the results from the sample can be employed to make a conclusion about the 

population. The need for sampling emerges from the fact that testing every member 

of the population of interest is usually impossible as it is very expensive and time-

consuming. To obtain reasonable results, the sample should be well selected and 

evenly distributed. Therefore, the design of experiments (DoE) techniques can help 



Page | - 67 -  

 

the designers explore the parameter space and identify the significant factors that 

affect a system's performance. Consequently, this can give the decision-makers a full 

insight into the interaction between design variables and the product's performance 

and help improve the design before manufacturing (Cavazzuti, 2012 and 

Montgomery, 2017). Studies have recommended that the minimum number of 

samples should be no less than ten times the number of variables (Swiler and 

Giunta, 2007). 

4.5.6 Monte Carlo Sampling Method  

Monte Carlo method can be used as DoE technique to generate random sampling for 

the design variables domain. In this approach, generating a new sample point in the 

design space does not consider the previously created sample points. Therefore, it 

could generate samples very close to each other, or concentrated in a specific region, 

while leaving another part of the design space unsampled (Cavazzuti, 2012 and 

Dakota, 2020). Therefore, it could be inefficient. 

4.5.7 Latin Hypercube Sampling Method  

The Latin Hypercube design sampling is one of the space-filling DoE techniques in 

which the design space is filled uniformly and randomly. In general, space-filling 

approaches are considered as a good selection for generating surrogate models 

(Montgomery, 2017). For sampling two variables, the Latin square design technique 

is used to generate random samples so that each row and column has only a single 

sample, Fig. 4-1.  

  

  
Fig. 4-1 Latin hypercube sampling (a) Five samples (b) Ten samples. 
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For more than two of variables, the Latin Hypercube sampling (LHS) technique, an 

extended version of the Latin square design which can sample from multiple 

dimensions and multiple hyperplanes rather than two parameters and a single 

plane, is employed (Cavazzuti, 2012; Montgomery, 2017 and Dakota, 2020). 

In this investigation, the Latin Hypercube design approach has been exploited to 

generate the required sample for producing the surrogate model used in the 

optimisation process. 

4.5.8 Surrogate Model: Gaussian Process (GP) 

As stated above, several types of approximation models are available as a cheap 

alternative to replace expensive numerical simulations. In this thesis, the Kriging 

model, also termed as Gaussian process (GP) (Dakota, 2020), has been used to 

generate an approximation for the expensive simulator. This model has been named 

after the South African geologist engineer Danie Krige who proposed it in the 1950s 

as a tool to predict the distribution of minerals. Matheron established the 

mathematical formulation for the Kriging surrogate model in the 1960s (Matheron, 

1963). Although the Kriging model has developed in spatial statistics and 

geostatistics communities, it has been widely employed in engineering applications 

as a fitting surrogate for expensive computer simulations during the ςρ century. 

Kriging surrogate model has emerged in reliability studies by combining it, for 

example, with the importance sampling method (Echard Ὡὸ ὥὰȢ, 2013) or Monte-

Carlo simulation (Echard Ὡὸ ὥὰȢ, 2011). It has also been employed in global 

optimisation (Husain and Kim, 2010), uncertainty propagation problems 

(Romero Ὡὸ ὥὰȢ, 2004 and Janusevskis and Riche, 2010) and robust design 

optimisation (Shahbaz Ὡὸ ὥὰȢ, 2016)  

To clarify the relationship between the high-fidelity expensive computer 

experiments and a cheaper surrogate model, let us suppose that the outputs of the 

numerical analysis code can be expressed as: 

 ώ Ὢ● Equ.  4-6 
   

here y represents the quantity of interest, and the vector ● stands for the inputs 

design parameters.  

An approximation model, on the other side, can be formulated as: 

 ώ  Ὢ●ȟ♪ ḙὪὼ Equ.  4-7 
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where  denotes a vector of unknown parameters which are estimated using the 

build points employed in constructing the approximation model (ώ) (Echard Ὡὸ ὥὰȢ, 

2011; Echard Ὡὸ ὥὰȢ, 2013 and Dakota , 2020). 

In Kriging, the approximation model consists of a combination of two parts as given 

in Equ. 4.8. The first is the trend function (also known as global model), usually low 

order polynomials, that interpolates all training points; and the second is the local 

deviation (a Gaussian process error model) that is used to capture the deviation 

from the trend function (Ahmed and Qin, 2009; Kim Ὡὸ ὥὰȢ, 2009; Mohammadi, 2016 

and Dakota , 2020). 

 ώὼ ‌Ὥ

Ὧ

Ὥρ

ὫὭ● ὤ● Equ.  4-8 

   
here ‌ represents the coefficients of basis function Ὣ ●  and ὤ●  is a normal 

distribution with mean and variance of π and „  , respectively (Kim Ὡὸ ὥὰ., 2009). 

The correlation of the deviation at each point of the sample can be defined as: 

   

 ὅέὺὤ● ȟὤ● „ ╡ Ὑ●ȟ● ȟ   
Equ.  4-9 

 ὭȟὮ ρȟςȟσȟȣȢȢȟὲ 
   

 Ὑ●ȟ● Ὡὼὴ — ὼ  ὼ

 

ȟ   Equ.  4-10 

   
here ὲ represents the number of sampling points and ά denotes the number of 

design variables. Accordingly, the design variable at the Ὥ  sampling point and the 

ὰ  design variable is written as  ὼ . In Equ. 4.9, Ὑὀȟὀ  refers to a correlation 

function between any two sampling points which is usually described by a Gaussian 

correlation function. This correlation function can be formulated as in Equ. 4.10, and 

its correlation coefficients, —, can be estimated using the maximum likelihood 

approach (Li and Sudjianto, 2005; Ahmed and Qin, 2009, Kim Ὡὸ ὥὰ., 2009 and 

Dakota, 2020). 

4.5.9 Surrogate Model Validation: Efficiency and Accuracy  

Accepting or rejecting a surrogate model depends on its efficiency and accuracy. The 

efficiency can be assessed by measuring the required time for predicting the 

function values; whereas the accuracy can be assessed by checking the goodness of 
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these predictions (Hamad, 2006). In the present work, the efficiency of the 

constructed surrogate model was excellent as it gives the evaluations for the input 

design value within a few minutes while the CFD simulation model takes hours to 

generate the results for the same inputs. 

On the other hand, the accuracy of the generated surrogate models has been checked 

by comparing the extracted function values from the surrogate model at unknown 

design variables against those obtained using CFD simulation software. 

4.6 Robust Optim isation  

Optimisation under uncertainty (OUU) can be defined as the design process that 

considers the uncertainty in design variables to produce a design less sensitive to 

these uncertainties, i.e. robust design. To illustrate this idea, suppose that the 

optimisation process results in two designs with a response of A > B, Fig. 4-2. By 

taking into consideration the uncertainty in design variables, the global optimal 

design (A) shows great sensitivity to the variations in input variables while the local 

optimal design (B) displays less sensitivity to such variations in design variables. As 

a result, design (B) could be better than design (A) if the worst-case performance is 

the target rather than the optimal performance (McClarren, 2018). Consequently, to 

produce a robust design, an optimisation under uncertainty (OUU) procedure 

should be implemented which includes propagating uncertainties from the input 

parameters to the quantity of interest. Before proceeding with the description of the 

optimisation under uncertainty procedure, it is useful to give a brief overview of 

some related statistical concepts. 

4.6.1 Random Variables  

Random variables can be defined as a variable whose value is obtained by a random 

experiment. These variables are associated with cumulative distribution function 

(CDF) and probability density function (PDF) that provide key pieces of information 

about such variables. The cumulative distribution function (CDF) is the probability 

that a random variable ὢ is less than or equal to a given value, ὼ, and can be written 

as: 

 Ὂ ὼ ὖὢ ὼ Equ.  4-11 
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On the other hand, the probability density function (PDF), Ὢὼ, also known as 

density of continuous random variable, describes the relative likelihood of a random 

variable ὢ to have a specific value ὼ (Kiran, 2017). For example, the probability of 

random variable ὼ to fall within the  limits of ὥ and ὦ can be expressed as: 

   

 ὖ ὥ ὼ ὦ  ὪὼὨὼ Equ.  4-12 

   
 

 

 
Fig. 4-2   Schematic for the concept of the: global optimal design (point A) and 

robust design (point B). 

4.6.2 Uncertainty Quantification  

Optimisation under uncertainty aims to quantify the uncertainties of a given 

system's response function resulting from the uncertainties in its inputs. These 

uncertainties of the inputs could be due to the geometrical discrepancies resulting 

from manufacturing tolerances, the variation in materials' properties, or insufficient 

knowledge of the ambient conditions. The uncertainty quantification techniques 

determine statistical information for outputs such as mean, standard deviation and 

probability distribution function. Different approaches have been used to quantify 

the uncertainty like Monte Carlo methods, reliability methods and polynomial chaos 

expansions. 
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4.6.3 Monte Carlo Simulations ( MCS) 

Monte Carlo simulation has been used extensively for quantifying uncertainty in 

numerous fields, like finance and business, applied statistics and engineering, due 

to its simplicity and ability to accommodate large number of variables. Furthermore, 

the convergence of the ὓὅὛ is independent of the number of uncertainties, i.e. the 

dimensionality of the problem (Cook, 2018). The main disadvantage of this 

approach is that it is very slow; however, this can be overcome by using the 

surrogate model to implement it as has been done by the study of Shahbaz Ὡὸ ὥὰȢ 

(2016). Therefore, it has been adopted in this work to quantify the uncertainties in 

the output parameters.  Using this approach, the mean and standard deviation of a 

quantity of interest (QoI), f, over K samples can be estimated as follow: 

   

 ‘  
ρ

ὑ
 Ὢ ‚ Equ.  4-13 

   

 „  
ρ

ὑ ρ
 Ὢ ‚  ‘  Equ.  4-14 

   
where ‚ represents the Ὥ   sample from design space. 

To perform the Monte Carlo simulation technique, the following procedure can be 

followed: 

ü Creating large number of random samples using appropriate sampling method 

such as the Monte Carlo sampling and the Latin Hypercube design sampling. 

ü Performing the simulation code, the original numerical simulation or the fit of 

the simulation data (surrogate model), for each random sample. In the current 

work, the surrogate model has been used. 

ü Computing the statistics of output distribution, i.e. the mean and the standard 

deviation, from the simulation results. 

4.6.4 Optim isation under uncertainty  

In section 4.3, the formulation of deterministic optimisation is presented. In real life, 

the variation of the operating conditions and minor manufacturing errors for 

engineering systems are not avoidable. Therefore, the need for performing design 

under uncertainty has become a necessity for critical engineering designs  
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(Chen ὥὸ ὩὰȢ, 2012). Besides optimizing the quantity of interest, the optimisation 

under uncertainty is aimed at minimizing its variance. Considering the uncertainty 

in design variables and boundary conditions, the OUU problem could be formulated 

as a sum combination of mean and standard deviation (Jin Ὡὸ ὥὰȢ, 2003 ; Shahbaz 

Ὡὸ ὥὰȢ, 2016 and Cook, 2018): 

   
ὊὭὲὨ ὈὩίὭὫὲ ὠὥὶὭὥὦὰὩίȡ   

 ● ὼȟὼȟὼȟȣȣὼ  Equ.  4-15 

   
ύὬὭὧὬ άὭὲὭάὭίὩ ὕὦὮὩὧὸὭὺὩ ὊόὲὧὸὭέὲ:   

 
 Ὠ

‘

‘ᶻ
 
„

„
 z Equ.  4-16 

    
ὛόὦὮὩὧὸ ὸέ ὉήόὥὰὭὸώ ὧέὲίὸὶὥὭὲὸίȟὍὲὩήόὥὰὭὸώ ὧέὲίὸὶὥὭὲίȟὠὥὶὭὥὦὰὩ ὦέόὲὨίȡ 

   
 Ὤ ● πȟ Ὥ πȟρȟςȟȟȣȣȢȟὯ Equ.  4-17 
   
 Ὣ ●  πȟ Ὥ πȟρȟςȟȟȣȣȢȟὴ Equ.  4-18 
   

 ὼ  ὼ  ὼ Equ.  4-19 
   

For more than one objective function, the optimisation problem could be formulated 

as: 

άὭὲὭάὭίὩȡ Ὠ ὥὲὨ Ὠ   Equ.  4-20 

ύὬὩὶὩȡ   
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The application of this approach will be illustrated in the next chapters. 

4.7 Chapter Summary  

As this study is devoted mainly to exploring the CFD-based Optimisation of the 

serpentine minichannel heat sink, the related computational methods and 

optimisation strategies have been reviewed in this chapter. ὅὕὓὛὕὒ Multiphysics® 

has been selected to be the simulation tool due to its ability to solve the current 
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problem as demonstrated in the study of Al-Waaly (2015), Al-Neama (2018) and Al-

Asadi (2018).  

This chapter also presented a brief overview of the steps of performing CFD the 

simulations which includes the pre-processing, processing, and post-processing 

stages. Regarding the optimisation, the surrogate-based optimisation strategy has 

been explained and adopted in the current investigation because it saves time and 

effort in obtaining results. 
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Chapter 5 CFD-enabled Optim isation of the 

Serpentine Minichannel Heat Sinks  

5.1 Introduction  

This chapter focuses on investigating flow and heat transfer in simple serpentine 

minichannel heat sinks with plate fin (ὛὓὅὌὛὖὊ) through studying the channel 

height which has not covered by the study of Al-Neama (2018) and adding 

cylindrical vortex generators which has not been addressed before, as shown in 

Chapter 2. Accordingly, the organisation of this chapter is as follows. Section 5.2 

presents the CFD simulation setup, which includes a description of the geometry, 

the governing equations and the boundary and operating conditions for the problem 

under consideration. Followed by a test for the dependency of the results on mesh 

size as well as the validation of the numerical results are described in same section. 

After that, the influence of the channel width and height and the impact of 

introducing vortex generators on thermal resistance and pressure drop of the 

serpentine minichannel heat sink is addressed respectively in sections 5.3 and 5.4. 

In addition, this chapter includes two optimisation procedures, i.e. the deterministic 

optimisation and the optimisation under uncertainty which are tackled in sections 

5.5 to 5.7. Finally, a summary of this chapter is given in section 5.8. 

5.2 CFD Simulation Setup:  

5.2.1 Geometry description and boundary Conditions  

Fig. 5-1 shows a 3-D geometrical model of the serpentine minichannel heat sink with 

plate fins (ὛὓὅὌὛὖὊ) that was investigated by Al-Neama, 2018. A cooper heat 

sink block with a square base (ὡ ὒ σψ άά) and height (Ὄ τ άά) has been 

used and 12 minichannels, with width (ὡ ) of ρȢυ άά and height (Ὄ) of 2 άά, have 

been created in the block to allow water circulation. Two heaters were attached at 

the base of this heat sink to mimic the heat generated by the chip processors of the 

electronic systems.  
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(a)               (b) 

 

 
   (c) 

Fig. 5-1 Geometrical model: (a) 3-D geometry, (b) top view and (c) side view. 
 

A finite element method based CFD software called ὅὕὓὛὕὒ ὠυȢυ Multiphysics is 

used to solve the fluid flow heat transfer governing equations which also implies 

solving the conjugate heat transfer problem, Equ.  5-1 to Equ.  5-4 (Fedorov and 

Viskanta, 2000 and Toh Ὡὸ ὥὰȢ 2002).  

Continuity equation:   
  

 ɳȢ” ὠ ᴆ π Equ.  5-1 

   
Momentum equation:   

   

ὠ ᴆ Ȣɳ ” ὠ ᴆ   ɳὖ  ɳ Ȣ‘ɳὠ ᴆ Equ.  5-2 

  
The energy equation for the fluid:  

  

ὠ ᴆ Ȣɳ ” ὅ Ὕ  ɳ ȢὯ Ὕɳ Equ.  5-3 

  
The energy equation for the fin:  

  
 ɳȢὯ ɳ Ὕ π Equ.  5-4 

  
The numerical models were run at constant heat flux of σρ ὡȾὧά provided by the 

attached heaters at the bottom of the heat sink. The water enters at temperature of 

ςπᴈ and exits at the outlet with pressure of  ὖ π ὖὥ , i.e. outflow condition.  
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5.2.2 Mesh Independency Test  

A mesh independence study was needed to explore the effect that the mesh size has 

on the simulation results. Two different mesh element types, i.e. hybrid (semi-

structured) and unstructured mesh, are used to accomplish this test, Fig. 5-2. For 

this task, the following boundary conditions have been designated for the heat sink. 

A power of (100 W) is applied at the bottom of the heat sink to mimic the IC chip. 

The fluid enters the heat sink with a temperature of (20°C) and Reynolds number of 

(1600). Different criteria have been used to select the appropriate element type and 

size and improving accuracy according to the available computational resources. 

These criteria are the number of elements (NOE), the average element quality 

(AEQ), the time required to complete a CFD simulation, the physical memory 

(Ph.M.), the number of degrees of freedom (DOF) and the relative difference for both 

the Ὑ  and Ўὖ, calculated based on the finest mesh. 

Table 5-1 summarises the key characteristics of the mesh analysis for the 

unstructured mesh (A) and the hybrid mesh (B). For each mesh group, four element 

sizes ranged from coarsest to finest meshes were applied and examined. In group 

(A), default meshes, generated automatically by the COMSOL software, named as 

normal, fine, finer, and extra-fine, have been tested. In contrast, meshes in group (B) 

were set manually and given names (Mesh-01) for the coarsest one and (Mesh-04) 

for the finest one. For both groups, increasing the density of the grid leads to an 

increase in the precision of the numerical simulation outputs but at the expense of 

the computational resources and the time required for completing a simulation. 

For group (A), it can be noticed that the relative differences in both the thermal 

resistance and pressure drop were respectively reduced from 5.22% and 9.96 

ɉÕÓÉÎÇ Ȱ.ÏÒÍÁÌȱ ÍÅÓÈɊ ÔÏ σȢτςϷ ÁÎÄ σȢχσ ɉÕÓÉÎÇ Ȱ&ÉÎÅÒȱ ÍÅÓÈɊȢ (Ï×ÅÖÅÒȟ ÔÈÅ ÔÉÍÅ 

consumed for obtaining the results was increased from (9 min for the coarsest 

mesh) to (4 hr and 05 min for the finest mesh). Similarly, for group (B), the relative 

differences in Ὑ  and Ўὖ ×ÅÒÅ ÄÅÃÒÅÁÓÅÄ ÆÒÏÍ πȢυ ÁÎÄ χȢτυ ɉÕÓÉÎÇ Ȱ-ÅÓÈ-01ȱ ÍÅÓÈ) 

ÔÏ πȢς ÁÎÄ ρȢφω ɉÕÓÉÎÇ Ȱ-ÅÓÈ-03ȱ ÍÅÓÈɊȟ ×ÉÔÈ Án increase in the required time for 

implement the simulation from (14 min) to (1 hr and 56 min). As a compromise 

between the results precision and the available computational resources on one 

hand and time on the other handȟ ÔÈÅ Ȱ&ÉÎÅÒȱ ÍÅÓÈ ɉÇÒÏÕÐ !Ɋ ÁÎÄ Ȱ-ÅÓÈ-πσȱ 

(group B) are selected for further verification and validation. 



Page | - 78 -  

 

5.2.3 Validation of the Numerical Simulation Model  

To validate the present CFD simulation model, the current numerical results have 

been compared against the numerical and experimental study of Al-Neama (2018), 

Fig. 5-3. The current CFD outputs were obtained using two different mesh 

approaches, i.e. the unstructured and hybrid meshes. It is evident that the 

comparison of the current CFD results obtained from both mesh designs against the 

previous work shows a good agreement with a difference of less than 9% in Ὑ  and 

12.3% in Ўὖ. As the unstructured mesh shows better predictions than the hybrid 

mesh with a difference of less than 5% in comparison with the previous 

experimental observations, therefore it is adopted for this investigation. 

 

 
(a) 

 
(b) 

Fig. 5-2  Mesh techniques for the mesh independency study: (a) hybrid mesh and 
(b) unstructured mesh. 
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Table 5-1 Mesh dependence test for the serpentine microchannels heat sink. 

No Mesh Resolution NOE x ρπ AEQ time (H: min) Ph.M. (GB) DOF x ρπ Ὑ  +7ϳ  % diff. ( ) Ўὖ [Pa] % diff. ( ) 

Group (A): Unstructured mesh  

1 Normal 0.222 0.6524 00:09 2.77 257,173 0.34587 5.22 5415 9.96 

2 Fine 0.446 0.6553 00:17 3.46 469,985 0.34477 4.89 5594.4 6.97 

3 Finer 1.201 0.6613 00:53 4.97 1,145,301 0.33995 3.42 5789.4 3.73 

4 Extra fine 4.341 0.6653 04:05 13.1 3,725,212 0.32870 ------ 6013.8 ------ 

Group (B): Hybrid mesh  

1 Mesh-01 0.247 0.6649 00:14 2.94 402,423 0.34048 0.50 6266.4 7.45 

2 Mesh-02 0.433 0.6745 01:04 4.19 714,523 0.34064 0.45 6105.3 4.69 

3 Mesh-03 0.880 0.6772 01:56 6.33 1,485,503 0.34151 0.20 5930.5 1.69 

4 Mesh-04 1.225 0.6848 03:42 8.81 2,137,690 0.34218 ------ 5831.8 ------ 
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(a) 

 
  

(b) 

 
Fig. 5-3 Comparison of the present work against the work of Al-Neama (2018): 

(a) Ὑ  and (b) Ўὖ. 
  

With the CFD simulation model validated against the work of Al-Neama Ὡὸ ὥὰȢ 

(2018), the original results of the current work, i.e. the effect of channel height and 

adding cylindrical vortex generator, are presented in the following sections. 

5.3 Effect of Channel Width and Channel Depth  

The effect of channel width (ὡ ) and depth (Ὄ) of the serpentine minichannel heat 

sink, Fig. 5-1, were explored to reveal their impact on the overall thermal resistance 

and pressure drop of the considered heat sink. To examine the channel width effect 

on the heat sink performance, its values were changed in the range from ρ άά to 
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ς άά while the channel depth was fixed at ς άά. However, to test the influence of 

the channel depth, this design variable has given values from πȢυ άά to σ άά 

whereas the width of the channel has been kept at ρȢυ άά. The other dimensions 

and boundary conditions were taken as in section 5.2.1. The results are presented 

graphically, in Fig. 5-4 to Fig. 5-7, in terms of thermal resistance (Ὑ ) and pressure 

drop (Ўὖ) in addition to the temperature, velocity and pressure distributions for 

selected mass flow rates (ά) which ranged from ά πȢχυ ὫȾί to ά ς ὫȾί. 

By inspecting Fig. 5-4 (a) and Fig. 5-5 (a), it can be noticed that the overall thermal 

resistance increases with increasing channel width and depth. It is also clear that 

the rate of change of the thermal resistance is affected by the flow rate magnitude, 

the higher the flow rate the lower the thermal resistance. At ά ςȢπ ὫȾί , for 

example, the Ὑ  increased from πȢσςψυ ὑȾὡ  and πȢσρψρ ὑȾὡ 

to πȢσυπω andπȢσυπφ ὑȾὡ  by increasing respectively the ὡ  and Ὄ  in their 

prescribed range of change. Besides, at constant channel width, it has been noticed 

that the maximum increase in thermal resistance due to change in channel height 

was υȢσσϷ at ά πȢχυ ὫȾί whereas it was ωȢυϷ for the ά ρȢχυ ὫȾί. 

On the contrary, a decrease in pressure drop penalty with increasing the ὡ  and Ὄ  

is observed for all the studied flow rates, Fig. 5-4 (b) and Fig. 5-5 (b). The current 

investigation shows that the maximum reduction in pressure drop achieved was 

94.92% for Ὄ σ άά at ὡ ρȢυ άά and ά ς ὫȾί.  

The above behaviour for the performance criteria could be attributed to the fact that 

the increase in the considered design variables, i.e. ὡ  and Ὄ , leads to providing 

additional flow section which results in lowering the Reynolds number, i.e. 

decreasing in cooling fluid velocity inside the minichannels, for a given flow rate. 

Therefore, the ability of the fluid to transfer the heat from the source underneath 

the heat sink and reject it out to the surrounding will reduce. This can be seen clearly 

by comparing the maximum magnitudes of the velocity, the pressure, and the 

temperature for different values of ὡ and Ὄ , shown in Fig. 5-6 and 

Fig. 5-7.  
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(a) 

 

(b) 

Fig. 5-4 The variation in (a) thermal resistance and (b) pressure drop due to change in 

channel width for different mass flow rate and Ὄ ς άά. 
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(a) 

 

(b) 

Fig. 5-5 The variation in (a) thermal resistance and (b) pressure drop due to change in 

channel depth for different mass flow rate and ὡ ρȢυ άά. 

 

From Fig. 5-6, for example, it can be noticed that the maximum velocity in the 

channel with depth Ὄ ρȢςυ άά, Fig. 5-6 (a), is πȢψψ άȾί where as it is reduced to 
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πȢσχ άȾί by increasing the channel depth to Ὄ σ άά, Fig. 5-6 (b). This reduction 

in the coolant velocity affects adversely the heat transfer and results in raising the 

temperature of the heat sink by ς ὑ from στχ ὑ to στω ὑ. It is worth stating that the 

velocity vectors are scaled and coloured with respect to the velocity components in 

the x-direction, i.e. u, for all the figures presenting the velocity field in this thesis.  

Furthermore, the results reveal that there is also a reduction in pressure drop 

penalty where it falls dramatically from ωȢτς Ὧὖὥ to  ςȢπχ Ὧὖὥ by increasing the 

channel depth from Ὄ ρȢςυ άά to Ὄ σȢπ άά. It should be noted here that 

these results were obtained for ὡ ρȢυ άά and ά ρȢςυ ὫȾί.  

  

 

  

m/s  

 

   

m/s  

 

S.V. 
  

 

 (a) (b)  

Fig. 5-6 Velocity vectors at the middle of the minichannels, i.e. Ú πȢυὌ  and the middle 

of the first channel for: (a) Ὄ ρȢςυ άά and (b) Ὄ σȢπ άά both at ὡ ρȢυ άά 

and ά ρȢςυ ὫȾί. 

In the same way, the channel width, Fig. 5-7, had similar effects to those of the 

channel depth. As a result of increasing the channel width from ρ άά to ς άά, for 

instance, the fluid velocity and pressure drop were respectively reduced from 

πȢψφ άȾί and 13 Ὧὖὥ to πȢτφ άȾί and ςȢπχ Ὧὖὥ, while the temperature was 

increased from στχ ὑ to στω ὑ. 
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m/s  

 

 
 

 

 

m/s  

 

 (a) (b)  

Fig. 5-7  Velocity vectors at the middle of the minichannels, i.e. Ú πȢυὌ  for: 

(a) ὡ ρȢπ άά and (b) ὡ ςȢπ άά both at Ὄ ςȢπ άά and ά ρȢςυ ὫȾί. 

 

5.4 Effect of Vortex Generators  

As has been stated in the literature review section 2.4.6, several studies, such as 

Liu Ὡὸ ὥὰȢ (2011); Al-Asadi (2018), Hosseinirad Ὡὸ ὥὰȢ (2019) and Cheng, 2020, have 

employed vortex generators within the microchannel heat sinks to improve their 

heat transfer performance, however, it has not been used with the serpentine 

minichannel heat sink. Therefore, the effect of the transverse semi-cylindrical vortex 

generators on the thermal-hydraulic performance of the serpentine minichannel 

heat sink with plate fins (ὛὓὅὌὛὖὊ) is investigated in the current study. Two 

designs have been tested; in the first one, the vortex generators were attached to the 

sidewalls, whereas they were added on the minichannels base in the second design. 

The considered flow was laminar with Reynolds number range from 500 to 2250. 

The results are presented in the following subsections.   

To evaluate the benefit of using theὠὋί, the thermal-hydraulic performance 

criterion (0%#) has been employed. This criterion might be defined as the ratio of 

the heat transfer enhancement to the pressure drop penalty of the new design in 

comparison to the smooth serpentine (Manca Ὡὸ ὥὰȢ, 2012; Ahmed Ὡὸ ὥὰȢ, 2014; 

Zhao Ὡὸ ὥὰȢ, 2016; Al-Asadi, 2018 and Al-Neama, 2018). Mathematically, it can be 

expressed as: 

 0%#  
ὔό   ὔό

  Ўὖ    Ўὖϳ  Ⱦ
 Equ.  5-5 
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where ὔό and Ўὖ represent the average Nusselt number and the pressure drop for 

the compared models, i.e., the smooth serpentine (ὛὓὅὌὛὖὊ) and the one with 

ὠὋί (ὛὓὅὌὛὖὊ ὠὋί). The average Nusselt number can be determined using: 

   

 ὔό  
Ὤ ȢὈ

Ὧ
 Equ.  5-6 

   

The Ὤ, Ὀ  and Ὧ are the average heat transfer coefficient, the minichannel hydraulic 

diameter (
    Ȣ  

    
) and the fluid thermal conductivity, respectively. The Ὧ  is 

obtained at the average fluid temperature  Ὕ  which is calculated based on fluid 

temperatures at the inlet  Ὕȟ  and outlet  Ὕȟ . The heat transfer coefficient, on 

the other hand, is determined by: 

 Ὤ Ѐ 
ὗ

ὃ  Ὕ ͺ  Ὕ  
 Equ.  5-7 

   

where the ὗ is total heat imposed over a part of the heat sink bottom, Ὕ ͺ is the 

average minichannel base temperature and ὃ is the available surface area for the 

heat transfer. In the current investigation, as the top surface of the serpentine 

channel has been assumed to be insulated, the heat is transferred through the other 

three surfaces of the channel to the cooling fluid. Consequently, the effective heat 

transfer area (ὃ) can be calculated using the following equation: 

   
 ὃ   – ὃ  ὃ  Equ.  5-8 
   

here,  – and ὃ  are the efficiency and the area of the fins whereas ὃ  denotes 

the minichannel base. The efficiency can be calculated as follows: 

   

 –  
ὸὥὲὬάȢὌ

άȢὌ
  

   

 ά
ςὬ

ὡ Ȣ  Ὧ
  

   
where Ὧ is thermal conductivity of the solid. 

The areas in (Equ. 5-8) can be determined as:  

  
 ὅρ   ὒ Ὑ   ὡ Ͻὔ   
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 ὒ  ὒ ςὡ  Ὑ    

 ὅς  
“

ς
 Ὑ  Ὑ ὔ ρ   

 ὅσ  ς  
“

ς
 Ὑ  ὡ  Ὑ Ὑ    

 

 ὃ ὅρ ὅς ὅσ   

 

 ὅτ  ς ὒ Ὑ   Ὄ Ͻὔ   
 ὅυ “ Ὑ  Ὑ ὔ ρ Ὄ   
 ὅφ  τ Ὑ  Ὑ  ς “ Ὑ   Ὄ   
 ὅχ  Ὑ Ὑ   Ὄ   

 

 ὃ ὅτ ὅυ ὅφ ὅχ   

 ὃ    – ὃ  ὃ   Equ.  5-9 

    
For vertical vortex generators: 

 ὑψ  ςὶ  ȢὌ  ὔ Ͻὔ   ςὶ  ȢὌ ὔ ρ    
 ὑω  “ὶ ȢὌ  ὔ Ͻὔ   “ὶ ȢὌ ὔ ρ  
   
 ὃ ὃ    

 ὃ  ὃ  ὑψ ὑω   

 
ὃ    – ὃ

 ὃ  
Equ.  5-10 

   
For horizontal vortex generators: 

 ὑρπ  ςὶ  ȢὌ  ὔ Ͻὔ   ςὶ  ȢὌ ὔ ρ    
 ὑρρ  “ὶ ȢὌ  ὔ Ͻὔ   “ὶ ȢὌ ὔ ρ  
   
 ὃ ὃ ὑρπ ὑρρ   

 ὃ  ὃ    

 
ὃ    – ὃ

 ὃ  
Equ.  5-11 

   
   

5.4.1 Vertical  Transverse Vortex Generators Attached to the 

Sidewalls  

Fig. 5-8 shows a serpentine minichannel heat sink equipped with vertical semi-

cylindrical  vortex generators ( ὛὓὅὌὛὖὊ ὠὠὋί), with a radius of 

ὶ  πȢρȟπȢρυȟπȢςȟπȢςυ ὥὲὨ πȢσ άά  and height of Ὄ ς άά, attached to its 

sidewalls. These ὠὠὋί were distributed on both sides of the channel in two 
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arrangements: (1) staggered (ὛὓὅὌὛὖὊ ὠὛὠὋί), Fig. 5-8(b), and (2) in-lined 

(ὛὓὅὌὛὖὊ ὠὍὠὋί), Fig. 5-8(c). 

For the staggered pattern, the number of ὠὠὋί was 5 on one side and 4 on the other 

side. The distance between any ὠὠὋί on the same side was  ὰ ςȢυ Ὄ  while the 

distance between ὠὠὋί on one side and another on the opposite side was 

Ὠ  πȢυ ὰ . Moreover, for the in-lined configuration, the number of ὠὠὋί in each 

channel was 5 with a distance of ὰ  between any two of them. The other dimensions 

are as stated in section 5.2. 

For the two studied cases of the ὠὠὋί, the influence of Reynolds number on thermal 

resistance, pressure drop and PEC is illustrated in Fig. 5-9 and Fig. 5-10. As expected, 

increasing Reynolds number (ὙὩ) leads to a decrease in thermal resistance, 

Fig. 5-9(a) and Fig. 5-10(a), which can be attributed to the decrease in the surface 

temperature of the minichannel heat sink. In contrast, the pressure drop, 

Fig. 5-9(b) and Fig. 5-10(b), increases with increasing ὙὩ and this is consistent with 

the internal flow theory, which states that: 

 Ў0  Ὢ 
ὒ

Ὀ

”ὠ

ς
 

 

 
Equ. 5-12 

Furthermore, this investigation reveals that adding vertical vortex generators 

(ὠὠὋί) to the serpentine minichannels (ὛὓὅὌὛὖὊ) leads to a decrease in the 

overall thermal resistance, Ὑ . Depending on ὙὩ, ὶ  and the arrangement of the 

ὠὠὋί, the achieved improvement in Ὑ  was in the range of 4% to 11% in 

comparison to that without vortex generators, serpentine smooth minichannels. 

This enhancement can be mainly assigned to the contribution of the additional 

surface area (2.8%) provided by the ὠὠὋί to heat transfer. However, this advantage 

is accompanied by a remarkable increase in pressure penalty ranging from 30% to 

200% due to the contraction in the flow passage at the locations of the ὠὠὋί. 
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(a) 

 

(b) 

 

(c) 

 

Fig. 5-8 Serpentine minichannel heat sink equipped with vertical traverse vortex 

generators: (a) 3D view showing the ὠὋί, (b) top view with an enlarged view ὛὓὅὌὛ

ὖὊ ὠὛὠὋί and (c) top view with an enlarged view for ὛὓὅὌὛὖὊ ὠὍὠὋί. 

 

On one hand, for example, the in-lined ὠὠὋί arrangement uncover that the 

reduction in Ὑ  at ὙὩ  ςςυπ and for ὶ  = 0.1, 0.2 and 0.3 was respectively ωȢσϷ, 

ωȢτ and ρρȢρϷ accompanied with an increase in pressure penalty of τυϷ, ψψϷ and 

ςπψϷ. On the other hand, the staggered ὠὠὋί configuration shows that the 

reduction in Ὑ  for the same conditions, i.e., ὙὩ  ςςυπ and for ὶ  = 0.1, 0.2 and 

0.3, was respectively ωȢρϷ, ωȢς% and ρπȢχϷ with increasing in pressure drop (Ўὖ) 
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of σχϷ, φσ% and ρρυϷ. All the above percentages have been calculated with 

respect to the smooth serpentine minichannel heat sink, i.e. without ὠὋί. 

(a) 

 

(b) 

 

(c) 

 

Fig. 5-9 Effect of Reynolds number on: (a)Ὑ , (b) Ўὖ  and (c) PEC for 

 ὛὓὅὌὛὖὊ ὠὛὠὋί. 
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(a) 

 

(b) 

 

(c) 

 

Fig. 5-10 Effect of Reynolds number on: (a) thermal resistance, (b) pressure drop and 

(c) PEC for ὛὓὅὌὛὖὊ ὠὍὠὋί. 
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To assess the benefit of adding the ὠὠὋί, the performance evaluation criteria (PEC) 

index was used, and the results are presented in Fig. 5-9 (c) and Fig. 5-10 (c). For 

the staggered ὠὠὋί arrangement, Fig. 5-9 (c), it can be noticed that the PEC are 

greater than 1 for all studied ranges of  ὶ  and ὙὩ and the maximum PEC reached 

to ρȢυχ for ὶ πȢρ άά and ὙὩ  ςςυπ. These results mean that the presence of 

the ὠὠὋί arranged in staggered is beneficial for improving the hydrothermal 

performance of the considered heat sink. However, for the in-lined ὠὠὋί 

arrangement, the findings show that they can offer good enhancement except for the 

design with ὶ πȢςυ άά where the PEC was less than 1 for ὙὩ ςπππ. 

Therefore, the best design among the studied cases for the two arrangements is the 

one with ὶ πȢρ άά. 

Fig. 5-11 and Fig. 5-12 present the velocity vectors in the ὼώɀÐÌÁÎÅ at ᾀ  σ άά 

for the staggered and the in-lined ὠὠὋί arrangements with ὶ  = πȢρυ and πȢσ άά, 

respectively. It is found that the presence of the ὠὠὋί disturbs the flow, reduces the 

boundary layers thickness, and helps in mixing the fluid which results in promoting 

the heat transfer efficiency from the solid walls to water and, consequently, reduce 

the maximum temperature of the heat sink. 

Fig. 5-11 shows the velocity vector in the channels without and with vertical vortex 

generators. For the smooth straight minichannel, Fig. 5-11(a), the fluid particles 

following in smooth paths layers and these layers slide smoothly on each other with 

no mixing. Introducing the ὠὠὋί on the sidewalls of the serpentine minichannel 

with the staggered arrangement, Fig. 5-11(b and c), interrupts the flow at the 

locations of the ὠὠὋί. For this arrangement, an increase in maximum fluid velocity 

from πȢωφ άȾί for the smooth channels to ρȢπτ άȾί for the channels with ὠὠὋί of 

ὶ  πȢσ άάis observed. This increase in velocity reflects on the heat sink 

maximum temperature (Ὕ  ) and the pressure penalty of the coolant where the 

Ὕ   falls from στφ ὑ to στς ὑ, while the pressure raises from ψȢφ Ὧὖὥ to ρχȢφ Ὧὖὥ 

for the same minichannel conditions. 

Using the in-lined configuration in distributing the ὠὠὋί on the sidewalls of the 

channel has a clear impact on velocity, Fig. 5-12, and pressure loss. For the same 

boundary conditions and comparing to the smooth serpentine minichannel heat 

sink, the fluid pressure penalty increases to ςτȢς Ὧὖὥ (i.e., by ρωφϷ) for in-lined 

ὠὠὋί whereas it was ρχȢφ Ὧὖὥ (i.e. by ρρπϷ) for staggered ὠὠὋί ὶ  πȢσ άά. 
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The reason behind that is the large periodic contraction in channel width at the 

locations of in-lined ὠὠὋί in comparison to the staggered ὠὠὋί. 

  

άȾί 

 

(a) 

 

 

(b) 

 

 

(c) 

 

 

 

Fig. 5-11 Velocity vectors in the ὼώÐÌÁÎÅ at ᾀ  σ άά, for staggered ὠὠὋί at 

ὙὩ ρχυπ with: ( a) smooth channel (b) ὶ ρȢυ άά and (c) ὶ σȢπ άά. 
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άȾί 

 

(a) 

 

άȾί 

 

(b) 
 

Fig. 5-12 Velocity field in the ώᾀÐÌÁÎÅ at ᾀ  σȢχυ άά, for in-lined ὠὠὋί at ὙὩ ρχυπ 

with: (a) ὶ ρȢυ άά and (b) ὶ σȢπ άά. 

 

5.4.2 Horizontal Transverse Vortex Generators Attached to the 

Channel Base 

For further exploration of the effect of the ὠὋί on the performance of the 

ὛὓὅὌὛὖὊ, horizontal transverse vortex generators (ὌὠὋί) at the bottom of the 

minichannel instead of the sidewalls have been employed, ὛὓὅὌὛὖὊ ὌὠὋ, Fig. 

5-13. The investigated radius of the semi-cylindrical vortex generators, ὶ  , was in 

the range from πȢρ άά to πȢσ άά with  a height of Ὄ πȢυ ὡ . The Reynolds 

number of the coolant was less than or equal to 2250 to maintain laminar flow and 

its inlet temperature was ςπᴈ. The heat flux applied underneath the heat sink was 

σρ ὡȾὧά. 
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(a) (b) 

 

(c) 

 

Fig. 5-13 Serpentine minichannel heat sink equipped with horizontal traverse vortex 

generators at the base of the minichannels (ὛὓὅὌὛὖὊ ὌὠὋ): (a) 3D view showing 

the channel base with ὌὠὋί, (b) side view of the channel and (c) top view with an 

enlarged view for the ὌὠὋί. 

 

The impact of the ὌὠὋί on the thermal-hydraulic characteristics of the studied heat 

sink is presented in terms of Ὑ , Ўὖ and PEC, Fig. 5-14. It can be noticed that there 

is a significant reduction in overall thermal resistance (Ὑ ) in comparison to that of 

the ὛὓὅὌὛὖὊ without ὌὠὋί but this reduction is offset by a noticeable increase 

in pressure drop penalty. At ὙὩ  ρςυπ and ὶ   πȢρ άά, for instance, the 

thermal resistance was lowered by τψϷ while the pressure was raised by 19Ϸ. 

Besides, the increase in the radius of the vortex generator (ὶ ) results in a slight 

increase in thermal resistance with a remarkable rise in pressure penalty. The study 

has exhibited, for example, that the improvement in thermal performance (Ὑ ) was 

shifted from υςϷ to υτϷ by increasing the ὶ  from πȢρ άά to πȢσ άά, whereas 

the pressure penalty elevated from ρψϷ to τψϷ under the same conditions.  
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(a) 

 

(b) 

 

(c) 

 

Fig. 5-14 Effect of Reynolds number on: (a) thermal resistance, (b) pressure drop and 

(c) PEC for ὛὓὅὌὛὖὊ ὌὠὋ. 
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Furthermore, the reduction in Ὑ  due to introducing the ὌὠὋί reduces the heat 

ÓÉÎËȭÓ ÍÁØÉÍÕÍ ÔÅÍÐÅÒÁÔÕÒÅ ÆÒÏÍ συσ ὑ (for the ὓὅὌὛὖὊ) to σρσ ὑ (for the 

ὛὓὅὌὛὖὊ ὌὠὋ with ὶ πȢςυ άά), i.e., 11.33%, as shown in Fig. 5-15. 

Similar to the case of the ὠὠὋί, the above improvement in thermal performance can 

be attributed to the disturbance caused by introducing the ὌὠὋί which break the 

boundary layers and augment fluid mixing near the solid walls, Fig. 5-16. This 

influence is increased by increasing the ὶ  as depicted in Fig. 5-16(b). However, as 

stated above, there is an increase in the pressure penalty by including the ὌὠὋί and 

increasing its radius, ὶ , Fig. 5-14(b). 

Moreover, the ὌὠὋί generate longitudinal vortices which in turn push the fluid 

from the bottom toward the centre of the channel with the flow direction, helping in 

transferring  the heat from the solid walls to the cooling fluid. This behaviour can be 

identified easily by comparing the centre of the fluid vortices for the smooth 

serpentine heat sink (Fig. 5-17 a) with those containing ὌὠὋί where it can be 

noticed how the vortices centre shift upward as shown in Fig. 5-17 b and c. However, 

the regions behind the ὌὠὋί have stagnant zones which generate hot spots as 

illustrated in Fig. 5-18. 

Assessing the benefits of employing the ὌὠὋί, has been implemented through the 

PEC, shown in Fig. 5-14(c). The PEC values are, for all designs, above 1 except for the 

one which has ὶ πȢςυ άά with ὙὩ  ρυππ. It has also been noticed that PEC 

for the studied designs increased to a maximum point then decreased, and the best 

performance can be achieved using ὶ πȢρ άά with χυπὙὩ ρπππ. 
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(a) 
 

 

 

(b) 

 

 

 

(c) 

 

 

Fig. 5-15 Temperature distribution  in the ώᾀÐÌÁÎÅ at ὼ  χȢχυ άά and at ὙὩ

ρπππ for: (a) smooth serpentine and ὌὠὋί with (b) ὶ πȢρ άά and 

(c) ὶ πȢςυ άά. 
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άȾί 

 

(a) 

 

άȾί 

 

(b) 

 

Fig. 5-16  Velocity vectors in the ώᾀÐÌÁÎÅ at ὼ  χȢχυ άά and at ὙὩ ρπππ for: (a) 

smooth serpentine and ὌὠὋί with (b) ὶ πȢρ άά and (c) ὶ πȢςυ άά. 
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(a) 

 

  

(b) 

 

 

 

  

(c) 

 

 

 

 

Fig. 5-17 Vortical structures in the xᾀ ÐÌÁÎÅ at different  ώ values and at ὙὩ

ρπππ for: (a) smooth serpentine and ὌὠὋί with  (b) ὶ πȢς άά and (c) ὶ πȢσ άά. 
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(a) 

 

 

 

(b) 

 

 

 

(c) 

 

 

Fig. 5-18 Temperature distribution  in the ὼώÐÌÁÎÅ at ᾀ  ςȢπυ άά, and at ὙὩ

ρπππ for: (a) smooth serpentine and ὌὠὋί with (b) ὶ πȢς άά and (c) ὶ πȢσ άά. 

 



Page | - 102 -  

 

5.5 Deterministic Optim isation of the Serpentine 

Minichannel Heat Sinks  

This section addresses the optimisation of the hydrothermal performance of the 

serpentine minichannel heat sink with plate fin (ὛὓὅὌὛὖὊ). Consequently, both 

single- and multi-objective optimisation will be formulated and explored in the 

following subsections. 

5.5.1 Single-Objective Deterministic Optim isation  

In the study of Al-Neama Ὡὸ ὥὰȢ (2017), they did not address the height of the channel 

in their optimisation study, therefore, it is considered in this investigation. In the 

first stage, a single-objective function deterministic optimisation for each quantity 

of interest for the ὛὓὅὌὛὖὊ, i.e. Ὑ  and Ўὖ, has been performed. The design 

variables were chosen to be the width 7Ã and the height (Ã of the minichannel. It is 

assumed that 7Ã  7× σȢπάά. The optimisation problem for the Ὑ  has been 

formulated as: 

ὊὭὲὨ  7Ã ὥὲὨ (Ã   

Ὕέ άὭὲὭάὭίὩ   Ὑ  (ὡ  , Ὄ)  
Equ.  5-13 

whereas, the one for the Ўὖ has been written as: 

ὊὭὲὨ  7Ã ὥὲὨ (Ã   

Ὕέ άὭὲὭάὭίὩ  Ўὖ (ὡ  , Ὄ)  
Equ.  5-14 

Both optimisation problems are subjected to: 

  ρȢπ   Ѕ  7Ã Ѕ  ςȢπ  
Equ.  5-15 

 ρȢπ   Ѕ  (Ã Ѕ  σȢπ  Equ.  5-16 

As the optimisation strategy is a surrogate-based optimisation methodology, the 

design space has been sampled using the Latin-hypercube sampling method to 

obtain space-filling points that represent the whole space with relatively few sample 

points (50 points), Fig. 5-19. 
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Fig. 5-19 Design of experiments and validation points used to build the surrogate model 

for the ὛὓὅὌὛὖὊ design. 

 

Then, the #&$ ὅὕὓὛὕὒ model for ὛὓὅὌὛὖὊ (with ὙὩ ρυππ, ήͼ σρ ὡȾὧά 

and Ὕ ςπ ᴈ ) was run at each point of the DoEs to generate the response of the 

model. After that, the metamodel (Gaussian Process model) for each of Ὑ  and Ўὖ 

was constructed, Fig. 5-20, based on these DoEs points and their corresponding 

response. In these figures, the black points are heat sink's performance at the DoE 

points while the green points represent the minimum values of these responses. 

The accuracy of those surrogate models was assessed by the cross-validation 

method, i.e. comparing their responses against those of the CFD model at new design 

variables, the blue stars in Fig. 5-19. The results, Table 5-2, demonstrate a very good 

agreement with a maximum difference ofρȢωσϷ. Based on this assessment, the 

constructed surrogate models can be considered as excellent candidates to replace 

the expensive CFD model to predict the Ὑ  and Ўὖ of the heat sink under study. 

Then, the optimisation procedure for each function, i.e. the thermal resistance and 

pressure drop, has been run using the genetic algorithms (ίέὫὥ) to find the design 

variable values that minimises these objectives and the results are shown in 

Fig. 5-20 and Table 5-3. 
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(a) 

 

(b) 

Fig. 5-20 Surrogate model for the performance criteria of ὛὓὅὌὛὖὊ design: 

(a) Ὑ  and (b) Ўὖ. The red points are the training points, while the black (Labeled as 

CPi) points are the validation points. 
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Table 5-2  Comparison of the responses evaluated by the CFD simulation and the 

approximation surrogate model (cross-validation) . 

Point 

Design 

Variables 
CFD-Predictions Surrogate model % diff . ( ) 

7Ã (Ã 
Ὑ  

[K/W ] 

Ўὖ 

[ὖὥ] 

Ὑ  

[K/W ] 

Ўὖ 

[ὖὥ] 
Ὑ  Ўὖ 

CP1 1.10 1.25 0.40363 14471.0 0.40325 14452.0 0.09 0.13 

CP2 1.30 2.25 0.37590 5393.9 0.37644 5405.1 0.14 0.21 

CP3 1.40 1.75 0.36662 7657.1 0.36582 7703.0 0.22 0.60 

CP4 1.60 2.00 0.35295 5950.7 0.35134 5995.9 0.46 0.76 

CP5 1.70 2.68 0.34811 3726.2 0.34778 3710.8 0.10 0.41 

CP6 1.85 2.55 0.34139 3923.9 0.34112 3902.5 0.08 0.55 

CP7 1.90 1.84 0.33527 6869.2 0.33526 6736.9 0.00 1.93 

         

 

Table 5-3 Global surrogate-based single-objective optimisation results for the thermal resistance 

and pressure drop. 

Case Objective function Global Opt. 7Ã [άά] (Ã [άά] 

1 Thermal resistance, Ὑ  [ὑȾὡ] 0.330 1.994 1.127 

2 Pressure drop, ɝὖ [ὖὥ] 3061.289 1.997 2.925 

5.5.2 Multi -Objective Functions Deterministic Optim isation  

In this subsection, a surrogate-based multi-objective deterministic optimisation for 

the Ὑ  and Ўὖ has been conducted to examine the effect of the channel width and 

channel height on these outputs of interest. The optimisation problem could be 

written as: 

ὊὭὲὨ   7Ã ὥὲὨ (Ã   

Ὕέ άὭὲὭάὭίὩ Ὑ  (ὡ  , Ὄ) & Ўὖ (ὡ  , Ὄ) 
 

Equ.  5-17 

ὛόὦὮὩὧὸὩὨ ὸέ  
 

ρȢπ Ѕ 7Ã Ѕ ςȢπ 
 Equ.  5-18 

 ρȢπ   Ѕ  (Ã Ѕ  σȢπ  Equ.  5-19 
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As in the previous subsection, the genetic algorithm (άέὫὥ) has been employed in 

the surrogate-based optimisation process and the results are presented graphically 

in the form of Pareto front along with their DoE points, Fig. 5-21. 

The points on the Pareto front are non-dominated in the sense it is impossible to 

decrease the Ὑ  without increasing the Ўὖ and vice versa. Therefore, these points 

represent a compromise between the optimised objective functions. Accordingly, 

the designers can use the Pareto front to choose the appropriate design in which the 

goal of their design is satisfied. 

 

 
Fig. 5-21 Pareto front for the pressure drop and thermal resistance of the 

ὛὓὅὌὛὖὊ. 
 

Seven design points (0-0), Fig. 5-21, were selected randomly on the Pareto front as 

representatives for the purpose of demonstrating the accuracy of the metamodelling 

method. The channel width and height with their corresponding responses have 

been tabulated in Table 5-4. The numerical solutions have been obtained at the 

design variables of these points and presented in the same table. It is obvious that 

there is a good agreement between the results of the surrogate model with those of 

the CFD simulation with a relative difference less than 3.1% for both two objective 

functions in the present case. It can be noticed that all the selected optimum points 

occur with 7Ã ḙς άά while the (Ã  varies from ρȢρυάά to ςȢψτ άά. To minimise 

the thermal resistance, channel height should be chosen near the lower limit of the 
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studied range of the channel height, but this will at the expense of the raise in Ўὖ, 

and vice versa. 

Table 5-4 Validation of the metamodeling method for the ὛὓὅὌὛὖὊ. 

Point 

Design Variables Surrogate model  CFD-Predictions % diff . ( ) 

7Ã (Ã 
Ὑ  

[K/W]  

Ўὖ 

[ὖὥ] 

Ὑ  

[K/W]  

Ўὖ 

[ὖὥ] 
Ὑ   Ўὖ 

0ρ 1.999 2.837 0.338 3141.4 0.337 3241.4 0.34 3.1 

0ς 1.999 2.237 0.334 4909.7 0.335 4819.9 0.22 1.86 

0σ 1.999 1.896 0.332 6603.3 0.332 6535.8 0.18 1.03 

0τ 1.999 1.632 0.331 8754.8 0.332 8715.7 0.08 0.45 

0υ 1.999 1.261 0.330 14778.3 0.329 14825.0 0.46 0.31 

0φ 1.999 1.423 0.331 11479.2 0.330 11511.0 0.25 0.28 

0 1.999 1.151 0.330 18122.4 0.329 18128.0 0.17 0.03 

5.6 Deterministic Optim isation of  ╢╜╒╗╢╟╕ ╥╖▼  

The single- and multi-objective optimisation on the serpentine minichannel heat 

sink's hydrothermal performance equipped with vortex generators has been 

applied in this section. TheὛὓὅὌὛὖὊ ὠὛὠὋίand ὛὓὅὌὛὖὊ ὌὠὋί 

designs have been selected to implement this optimisation strategy. 

5.6.1 Single-objective Optim isation for ╢╜╗╢╟╕ ╥╢╥╖▼ and 

╢╜╗╢╟╕ ╗╥╖▼ 

For the serpentine minichannel heat sinks equipped with staggered vertical vortex 

generators (ὛὓὅὌὛὖὊ ὠὛὠὋί) and horizontal vortex generators (ὛὓὅὌὛ

ὖὊ ὌὠὋί), the single-objective optimisation has been performed for the Ὑ , Ўὖ 

and PEC. The design variables were the radius of the vortex generator (ὶ ) and the 

distance between vortex generators (ὰ ), Fig. 5-8(b) and Fig. 5-13(b). It is also 

assumed that Ὠ πȢυ ὰ . Accordingly, the three optimisation problems were 

formulated as: 

ὊὭὲὨ  ὶ  ὥὲὨ ὰ    

Ὕέ άὭὲὭάὭίὩ   Ὑ  (ὶ  , ὰ )  
 

Equ.  5-20 
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Ὕέ άὭὲὭάὭίὩ   Ўὖ (ὶ  , ὰ )  
 

Equ.  5-21 

Ὕέ άὭὲὭάὭίὩ   PEC (ὶ  , ὰ )  
 

Equ.  5-22 

Based on the design configuration, these optimisation problems were subjected to 

two different design variables ranges which are written as: 

For ὛὓὅὌὛὖὊ ὠὛὠὋί design: 
 

πȢρ Ѕ Ò6' Ѕ πȢσ  
 

Equ.  5-23 

 ρ Ѕ ὰ  Ѕ ρπ  Equ.  5-24 

For ὛὓὅὌὛὖὊ ὌὠὋί design: 
 

πȢρ Ѕ Ò6' Ѕ πȢυ  
 

Equ.  5-25 

 ρȢυ Ѕ ὰ  Ѕ τȢυ  Equ.  5-26 

As in the previous optimisation section, the Latin-hypercube sampling technique 

has been utilised to generate 50 points in the design space for each studied design, 

the red triangles in Fig. 5-22. Following that, the quantities of interest, i.e. Ὑ , Ўὖ 

and PEC were obtained using the CFD simulation model for the 

ὛὓὅὌὛὖὊ ὠὛὠὋί and ὛὓὅὌὛὖὊ ὌὠὋί, with ὙὩ ρυππ , 

ήͼ σρ ὡȾὧά and Ὕ ςπ ᴈ, at each of these DoE points. Then, the DoE points 

and their corresponding simulation outputs (training points) were used to construct 

the surrogate model (Gaussian Process model) for each objective function, Fig. 5-23. 

The validation of these surrogate models was implemented by comparing their 

results against the CFD predictions at new design points, the blue stars in Fig. 5-22. 

The comparison showed that the obtained data from the two methods, Table 5-5, 

were in good agreement and the maximum difference was less than 4.1%, which 

validated the constructed surrogate models. 

After that, the single-objective optimisation with genetic algorithms (ίέὫὥ) has 

been employed to find the design parameters that produce optimum performance 

for ὛὓὅὌὛὖὊ ὠὛὠὋί and ὛὓὅὌὛὖὊ ὌὠὋί designs. The results are 

presented in Fig. 5-23, Fig. 5-24, Table 5-7 and Table 5-8; and validated against the 

numerical predictions with a maximum difference of υϷ for the pressure penalty. 
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(a) 

 

  

(b) 

 

Fig. 5-22 Design of experiments and validation points used to build the surrogate model 

for the: (a) ὛὓὅὌὛὖὊ ὠὛὠὋί and (b) ὛὓὅὌὛὖὊ ὌὠὋί designs. 
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Table 5-5  Surrogate model validation for the ὛὓὅὌὛὖὊ ὠὛὠὋί design. 

No 
DVs Surrogate Evaluations CFD-Predictions % diff . ( ) 

ὰ  ὶ  Ὑ  Ўὖ PEC Ὑ  Ўὖ PEC Ὑ  Ўὖ PEC 

VP1 5 0.15 0.325 8680.3 1.22 0.325 8691.5 1.21 0.04 0.13 0.36 

VP2 3 0.28 0.312 16482.4 1.26 0.311 16699 1.27 0.38 1.30 1.19 

VP3 2 0.12 0.317 9728.6 1.36 0.318 9400.2 1.33 0.41 3.49 2.21 

VP4 7.25 0.27 0.323 10519.6 1.20 0.323 10729 1.17 0.15 1.95 1.92 

VP5 7.25 0.15 0.330 8116.9 1.16 0.330 8317.3 1.15 0.05 2.41 0.31 

VP6 8.75 0.13 0.333 7693.0 1.15 0.333 7535.3 1.13 0.13 2.09 1.34 

VP7 3.1 0.2 0.316 12076.8 1.28 0.316 12169 1.28 0.12 0.76 0.24 

VP8 2.2 0.25 0.312 16055.8 1.27 0.311 16739 1.25 0.20 4.08 1.18 

VP9 1.9 0.16 0.314 11506.6 1.34 0.315 11448 1.32 0.18 0.51 1.36 

 

Table 5-6  Surrogate model validation for the ὛὓὅὌὛὖὊ ὌὠὋί design. 

No 
DVs Surrogate Evaluations CFD-Predictions % diff . ( ) 

Ὀ  ὶ  Ὑ  Ўὖ PEC Ὑ  Ўὖ PEC Ὑ  Ўὖ PEC 

HP1 4.15 0.12 0.334 7265 1.16 0.334 7411 1.17 0.23 1.97 0.72 

HP2 1.9 0.15 0.33 7967 1.228 0.33 7917 1.21 0.03 0.63 1.16 

HP3 3.5 0.175 0.331 7835 1.192 0.331 7936 1.19 0.11 1.27 0.22 

HP4 2.5 0.25 0.327 8669 1.238 0.327 8837 1.25 0.02 1.9 0.6 

HP5 3.25 0.275 0.327 8622 1.242 0.327 8717 1.25 0.12 1.1 0.35 

HP6 4.35 0.325 0.327 9181 1.252 0.326 9255 1.26 0.13 0.8 0.37 

HP7 2.75 0.375 0.323 10059 1.289 0.323 10107 1.29 0.04 0.48 0.4 

HP8 2 0.425 0.321 11026 1.337 0.321 10890 1.31 0.09 1.25 1.98 

HP9 3.1 0.45 0.321 10929 1.328 0.322 10970 1.32 0.02 0.37 0.65 
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(a) 

 

(b) 

 

(c) 

 

Fig. 5-23  Surrogate model for the performance criteria of ὛὓὅὌὛὖὊ ὠὛὠὋί 

design: (a) Ὑ , (b) Ўὖ and (c) PEC. 
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(a) 

 

(b) 

 

(c) 

 

Fig. 5-24 Surrogate model for the performance criteria ὛὓὅὌὛὖὊ ὌὠὋί 

design: (a)Ὑ , (b) Ўὖ and (c) PEC. 
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Table 5-7 Global surrogate-based single-objective optimisation results for Ὑ , ɝὖ and PEC of the 

ὛὓὅὌὛὖὊ ὠὛὠὋί design. 

Case 
Objective 

function 
Global Opt. ὰ  άά  ὶ  άά 

CFD- 

Predications 

% 

diff . 

( ) 

1 Ὑ  [ὑȾὡ] 0.299 1.077 0.358 0.302 1 

2 ɝὖ [ὖὥ] 7051 7.952 0.1 7427 5 

3 PEC 1.112 9.937 0.145 1.110 0.2 

 

Table 5-8 Global surrogate-based single-objective optimisation results for Ὑ , ɝὖ and PEC of the 

ὛὓὅὌὛὖὊ ὌὠὋί design. 

Case 
Objective 

function 

Global 

Opt. 
ὰ  άά  ὶ  άά CDF-Predications 

% diff . 

( ) 

1 Ὑ  [ὑȾὡ] 0.318 1.502 0.499 0.3176 0.1 

2 ɝὖ [ὖὥ] 7102 4.137 0.1 7235.7 1.8 

3 PEC 1.35 1.998 0.496 1.34 0.8 

       

It has been noticed that Ὑ  and ɝὖ are conflicting objectives, for example, to obtain 

a design with minimum Ὑ  (πȢςωωὑὡϳ ), Table 5-7, was accompanied by a high 

pressure penalty of σφȢφσχ Ὧὖὥ and vice versa. This behaviour can be attributed to 

the fact that the design with minimum Ὑ  in this study had 41 vortex generators in 

each channel with a radius (ὶ ) of 0.36 mm and the distance between any two of 

them (ὰ ) was 1.077 mm which increased the effective heat transfer area to be 

ςρτω άά  (increased by 16% with respect to ὛὓὅὌὛὖὊ). This helped in 

reducing the thermal resistance by ρσȢυϷ and hence augmenting the heat transfer 

between the solid wall of the heat sink and coolant. However, this affected the 

pressure drop adversely where it was raised by τψςϷ in comparison to that of the 

ὛὓὅὌὛὖὊ. 

In contrast, the design with minimum pressure penalty had only 5 vortex generators 

for each channel with ὶ πȢρ άά and ὰ χȢωυ άά. Therefore, the increase in 

pressure drop was about ςςϷ compared to the pressure drop for the ὛὓὅὌὛὖὊ, 

but the reduction in Ὑ  was only φȢσϷ. 
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The PEC which combines the effect of Ὑ  and Ўὖ in one parameter has also been 

optimised. It has been concluded that the maximum PEC, as shown in Table 5-7 and 

Table 5-8, occurs with ὶ πȢρτυ άά and ὰ ωȢωσχ άά forὛὓὅὌὛὖὊ

ὠὛὠὋ design whereas they were ὶ πȢτωφ άά  and ὰ ρȢωωψ άά  for 

ὛὓὅὌὛὖὊ ὌὠὋί design. This design is considered the best one in the studied 

ranges, which offers the optimal use of introducing the vertical vortex generators. 

5.6.2 Multi -objective optim isation for ╢╜╗╢╟╕ ╥╢╥╖▼ and 

╢╜╗╢╟╕ ╗╥╖▼ 

Following the same procedure in the previous sections, the surrogate-based multi-

objective optimisation for the Ὑ  and Ўὖ using the genetic algorithm (άέὫὥ) has 

been performed to look for the optimum design. The optimisation problems for the 

ὛὓὅὌὛὖὊ ὠὛὠὋί and ὛὓὅὌὛὖὊ ὌὠὋί have been formulated as: 

ὊὭὲὨ   ὶ  ὥὲὨ ὰ  
 

 

Ὕέ άὭὲὭάὭίὩ Ὑ  (ὶ , ὰ ) & Ўὖ (ὶ , ὰ ) 
 

Equ.  5-27 
 

Depending upon the design type, these optimisation problems were subjected to 

two different design variables ranges which are written as: 

For ὛὓὅὌὛὖὊ ὠὛὠὋί design: 
 

πȢρ Ѕ Ò6' Ѕ πȢσ  
 

Equ.  5-28 

 ρ Ѕ ὰ  Ѕ ρπ  Equ.  5-29 

 

For ὛὓὅὌὛὖὊ ὌὠὋί design: 
 

πȢρ Ѕ Ò6' Ѕ πȢυ  
 

Equ.  5-30 

 ρȢυ Ѕ ὰ  Ѕ τȢυ  Equ.  5-31 

By utilising the surrogated models generated in the previous section, Fig. 5-23 and 

Fig. 5-24, the optimisation process was implemented and the results are depicted in 

Fig. 5-25. 

Five points from Pareto front curves, 0  to 0  (Fig. 5-25(a)) and (0  to (0 

(Fig. 5-25(b)), have been selected as optimum design candidates. These points have 

also been validated by comparing them against the CFD predictions and they 
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showed a good agreement with maximum difference less than 2.6%, Table 5-9 and 

Table 5-10. 

  

(a) 

 
  

(b) 

 
  

Fig. 5-25 Pareto front for the pressure drop and thermal resistance: (a) 
ὛὓὅὌὛὖὊ ὠὛὠὋί and (b) ὛὓὅὌὛὖὊ ὌὠὋί. 
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Table 5-9 Performance of the ὛὓὅὌὛὖὊ ὠὛὠὋί for the selected optimum designs located 

on the Pareto front, P1 to P5 as shown in Fig. 5 22.  

Point 

Design Variables  Surrogate model  CFD-Predictions % diff . ( ) 

ὰ  άά   ὶ  άά 
Ὑ  

[K/W]  

Ўὖ 

[ὖὥ] 

Ὑ  

[K/W]  

Ўὖ 

[ὖὥ] 
Ὑ  Ўὖ 

0ρ 1.030 0.101 0.305 12159 0.306 11850 0.04 2.6 

0ς 1.689 0.102 0.309 10993 0.310 10825 0.24 1.5 

0σ 2.675 0.102 0.314 9813 0.313 9787 0.12 0.3 

0τ 3.688 0.101 0.319 8834 0.320 8854 0.29 0.2 

0υ 8.245 0.100 0.329 7074 0.329 7139 0.19 0.9 

         

 

Table 5-10 Performance of the ὛὓὅὌὛὖὊ ὌὠὋί for the selected optimum designs located 

on the Pareto front, HP1 to HP5 as shown in Fig. 5-25.  

Point 

Design Variables  Surrogate model  CFD-Predictions % diff . ( ) 

ὰ  άά   ὶ  άά 
Ὑ  

[K/W]  

Ўὖ 

[ὖὥ] 

Ὑ  

[K/W]  

Ўὖ 

[ὖὥ] 
Ὑ  Ўὖ 

(0ρ 0.496 1.529 0.3179 11812 0.318 11920 0.03 0.91 

(0ς 0.406 3.203 0.3218 10211 0.322 10352 0.06 1.36 

(0σ 0.184 1.541 0.3276 8326 0.328 8339 0.12 0.16 

(0τ 0.118 1.771 0.3302 7656 0.330 7683 0.06 0.35 

(0υ 0.102 4.218 0.3352 7123 0.335 7264 0.06 1.95 

         

From Table 5-9, all the optimum designs of the ὛὓὅὌὛὖὊ ὠὛὠὋί can be 

achieved by setting ὶ  to πȢρ άά. However, changing the distance between the ὠὋί 

affects the hydrothermal performance criteria. For example,ὰ  can be selected to 

be ρȢπσ άά to minimise the Ὑ  to πȢσπυ ὑȾὡ , but a high pressure drop of 

ρςρυω ὖὥ accompanies it. On the other hand, to obtain a minimum pressure drop, 

ὰ  should be set to ψȢςτυ άά. 

Regarding the ὛὓὅὌὛὖὊ ὌὠὋί design, changing ὶ  and ὰ  affect the heat 

sink's optimum performance under consideration. Therefore, the minimum Ὑ  can 

be achieved by adjustingὰ andὶ  to πȢτωφ άά and ρȢυςω άά, respectively. 

However, to obtain a ὛὓὌὛὖὊ ὌὠὋί design with minimum Ўὖ, ὰ and ὶ  

should be set respectively to πȢρπς άά and τȢςρψ άά. 
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5.7 Optim isation  under Uncertainty for  ╢╜╒╗╢╟╕  

5.7.1 Uncertainty  Quantification  for the  Performance of  

╢╜╒╗╢╟╕ 

As mentioned in section 4.6, the main difference between the optimisation under 

uncertainty procedure and that of the deterministic optimisation is the uncertainty 

analysis task. This step aimed at characterising the uncertainties of the output 

response, in our case the thermal resistance (Ὑ ) and pressure drop (ɝὖ) of the 

ὛὓὅὌὛὖὊȟ caused by the uncertainties of the inputs such as the design variables 

and boundary conditions. The probabilistic characteristics used in robust design are 

the mean ‘ and standard deviation „ (Wang and Yu, 2006). As in the study of (Bodla 

Ὡὸ ὥὰȢ, 2013), the channel width (ὡ ) and the channel height (Ὄ) were treated as 

uncertain inputs in the current investigation and had the probability distributions  

defined in terms of ‘ and „, as illustrated in Table 5-11. The Ὥ in the table represents 

the Ὥ  DoE point.  

Table 5-11  The uncertainty associated with the input design variables. 

Variable Distribution  ‘ άά „ άά 

7Ã Normal ὡ  πȢπςυ 

(Ã Normal (ÃÉ πȢπςυ 

 
Before extracting the statistical metrics for the responses, their dependence on the 

number of samples used within Monte Carlo simulation (ὓὅὛ) has been assessed, 

Fig. 5-26. It is clear that there is no change in the statistical moments evaluation by 

increasing the number of samples more than 500000, therefore this number of 

samples has been adopted to implement ὓὅὛ. 

Based on the distributions of the uncertain input parameters presented in Table 

5-11, the Monte Carlo simulations, described in section 6.4.3, have been applied at 

each DoE point to quantify the corresponding statistical moments (‘ and „) for the 

thermal resistance and pressure drop. The mean of each response was in excellent 

agreement with its corresponding original CFD response with a difference less than 

πȢπτυ and πȢρψ for the Ὑ  and ɝὖ respectively. Therefore, the surrogate models for 
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the ‘  and ‘Ў  are identical to the surrogate models shown in Fig. 5-20; however, 

Fig. 5-27 shows the standard deviation for each response.  

 

 

(a) 

 

(b) 

Fig. 5-26 (a) the mean and (b) the Std Dev of Ὑ  and ɝὖ  as a function of the number of 

samples . . 
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(a) 

 

(b) 

Fig. 5-27 Surrogate model for the Std Dev of (a) the thermal resistance („ ) and (b) the 

pressure drop („Ў ) wi th the DoE points and the optimum at min „ as a function of the 

two design variables, ὡ and Ὄ . 
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5.7.2 Single-Objective Optim isation for  Ɑ╡◄▐ and ⱭЎ╟ 

After obtaining the statistical moments for the Ὑ  and Ўὖ at each of the 50 sample 

points generated previously, the single-objective optimisation for the standard 

deviation of each quantity of interest for the ὛὓὅὌὛὖὊ has been performed. The 

design variables were the width 7Ã and the height (Ã of the minichannel. The 

optimisation problem for the „  has been formulated as: 

ὊὭὲὨ  7Ã ὥὲὨ (Ã   

Ὕέ άὭὲὭάὭίὩ  „  (ὡ  , Ὄ)  
 

Equ.  5-32 

whereas, the one for the „Ў  has been written as: 

Ὕέ άὭὲὭάὭίὩ  „Ў  (ὡ  , Ὄ)  
 

Equ.  5-33 

The above optimisation problems were subjected to: 

  ρȢπ Ѕ  7Ã Ѕ ςȢπ  
 

Equ.  5-34 

 
ρȢπ Ѕ  (Ã Ѕ σȢπ 

 
 Equ.  5-35 

The genetic algorithms included within the Dakota toolkit have been utilised to run 

the optimisation procedure for each function, stated in Equ. 5-32 to Equ. 5-35. The 

results are shown in Table 5-12 and Fig. 5-28. Therefore, the obtained design 

parameters represent the robust design for theὛὓὅὌὛὖὊ. A comparison 

between the designs at the global optimum and the robust designs are illustrated in 

Table 5-13. It can be noticed that the difference in the performance of these designs 

is small, and this could be attributed to the low deviation applied to design variables. 

The scenario could differ if a larger variation were assigned to these variables. 

 

Table 5-12  Surrogate-based single-objective optimisation results for „  and „ . 

Case Objective function Opt. Value 
ὡ  

[άά] 

Ὄ  

[άά] 

1 Std Dev of thermal resistance, „  [ὑȾὡ] πȢυτρπ 1.995 1.898 

2 Std Dev of pressure drop, „  [ὖὥ] 19.539 1.876 2.971 
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(a) 

 

(b) 

 

 

Fig. 5-28 (a) thermal resistance and (b) pressure drop surrogate model showing the 

global minimum (red point) and the robust design at the minimum „ (green point). 

 

Table 5-13  Comparison between the global optimum and the robust optimum for the thermal 

resistance and pressure drop evaluated at ὡ  and Ὄ . 

Case Objective function Opt. Robust Opt. Global % diff . ( ) 

1 Thermal resistance, Ὑ  [ὑȾὡ] 0.331 0.330 0.3 

2 Pressure drop, ɝὖ [ὖὥ] 3186.729 3061.289 4.1 
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5.7.3 Multi -Objective Function Optim isation for  Ⱨ╡◄▐, Ɑ╡◄▐, ⱧЎ╟  

and ⱭЎ╟ 

In this section, the multi-objective optimisation for the statistical metrics of each 

performance criterion has been implemented. To achieve this task, the multi-

objective optimisation problems for the statistical mean and standard deviation of 

the Ὑ  and Ўὖ have been formulated as stated below: 

For the thermal resistance (Ὑ ): 

ὊὭὲὨ  7Ã ὥὲὨ (Ã   

Ὕέ άὭὲὭάὭίὩ   ‘
 
ὡ ȟὌ  ὥὲὨ „  (ὡ  , Ὄ) Equ.  5-36 

    
For the pressure drop (Ў0): 

Ὕέ άὭὲὭάὭίὩ  ‘Ў0 ὡ ȟὌ  ὥὲὨ „Ў0 (ὡ  , Ὄ) Equ.  5-37 

These problems were subjected to: 

  ρȢπ Ѕ 7Ã Ѕ ςȢπ  Equ.  5-38 

 ρȢπ Ѕ (Ã Ѕ σȢπ  Equ.  5-39 

    
As in previous sections, the multi-objective optimisation process has been 

conducted employing the genetic algorithms embedded within the Dakota software 

and the results are illustrated in Fig. 5-29 and Fig. 5-30. The Pareto fronts curves of 

the statistical parameters considered are depicted in Fig. 5-29(a) and Fig. 5-30(a). 

Three different points on each Pareto curve (two on the extremes of the curve and 

one at its middle) have been chosen, as shown in the figures, to compare between 

the global optimum design and the robust designs, those obtained by taking into 

account the uncertainty associated with the geometric design variables. The 

comparisons are illustrated in Fig. 5-29(b) and Fig. 5-30(b) and it can be seen that, 

for the two objectives, these three points are located between the global 

optimisation and the robust design obtained from the single-objective optimisation 

previously. Like the previous results, the design points are close to each other, which 

means that the small deviation associated with the design variables has not strongly 

affected the performance. 
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(a) 

 

(b) 

 

 

Fig. 5-29 (a) Pareto front and (b) surrogate model of Ὑ  showing the global minimum 

(red point) and the robust design at the minimum „ (green points). 

 

 

 

 

 

 


































































































































































