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Abstract

In this thesis the nested algebraic Bethe ansatz technique is applied to various orthogonal and
symplectic closed and open spin chain models. Each spin chain considered is regarded as a rep-
resentation of an underlying quantum group algebra, and expressions for eigenvectors of transfer
matrices associated to these models are constructed using the algebra relations, reducing the prob-
lem to a set of Bethe equations. The specific models considered are the Ol’shanskii twisted Yangian
spin chain, where gl,, bulk symmetry is broken to orthogonal or symplectic symmetry; the MacKay
twisted Yangian spin chain, an open spin chain with bulk orthogonal or symplectic symmetry and
various boundary types; and the g-deformed orthogonal or symplectic closed spin chain. For the

first and third cases, a closed ‘trace formula’ expression for the eigenvector is also provided.
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Chapter 1
Introduction

Perfectly balanced between the simplicity of completely solvable models and the complexity of
many body interactions, spin chains appear in many, often surprising, physical contexts—not just
the original quantum statistical mechanics but also, as we shall see, the classical counterparts
[On44] [Ba82], as well as quantum field theory [MZ03] and even certain Markov chains [Sa94]. The
quest to understand these models gave birth to new algebras which underpin the theory and are
today an active area of investigation. The algebraic Bethe ansatz and spin chains lie at the heart
of this story of solvable physics that has come together over the last 90 years, from the dawn of
quantum mechanics to the present day.

An appropriate starting point for this story is the very first spin chain model. Now often referred
to as the Heisenberg model [He28], it is an attempt at modelling the interactions between electrons
in a lattice of ions. Consider a lattice of static atoms, each with a single free electron, so that
the resulting Schrodinger equation contains an interaction term for each pair of charged particles.
Following earlier work of Heitler and London [HL27] on the Hs bond, Heisenberg approached this
problem perturbatively, considering the case in which all free electrons are paired to individual
ions—or rather, the case in which atoms are infinitely separated from one another—to be the order
zero approximation to the model. In this case the energy eigenfunctions of the electrons are identical
to those of the hydrogen atom, each localised about a single ion. Interactions between electrons are
introduced at first order but, from calculations of Heitler and London, the ‘exchange integral—the
amplitude for the exchange of electrons at different sites—was found to decay exponentially with
distance. With this, the resulting interaction Hamiltonian for this ‘first order’ model consists solely
of interactions between electrons at meighbouring sites, with opposite spins. In other words, we

arrive at a ‘first order’ Hamiltonian given essentially by
J
H==3 2 U=
<2,7>

where the sum is taken over all neighbouring pairs of atoms, and P;; is the operator that exchanges

states at positions ¢ and j.



Heisenberg in his paper laments that the model is in general not solvable and resorts to a
statistical analysis of the energy levels. However, Bloch [BI30] made some progress towards an
exact solution. When considering the simplest possible lattice—a finite one-dimensional chain of
L atoms with periodic boundary conditions—Bloch showed that the translational invariance of
the model naturally led to wave-like eigenstates. These spin waves, or magnons in their particle

interpretation, describe a single down spin in a sea of up spins. That is, for a chain of length L,

L

k) =Y e® M) [ Da-- D

x=1

describes the spin wave with wavenumber k, the allowed values of which are quantised by the
periodic boundary conditions. The number of magnons is a symmetry of the Hamiltonian, and so
these states provide a basis for constructing the eigenstates of the chain.

This idea was developed further by Bethe [Be31], who solved the model using his now-famous
ansatz. Bethe began his analysis by calculating all possible two-magnon states, including the states
with interacting spins, as well as an additional set of solutions with complex conjugate wavenumbers.

With a two-magnon state of the form

ko) = 3 (Agetiontibass | gocikoritibian) 14y, 1)y ),

r1<x2

Bethe found that this would be an eigenstate only if the wavenumbers satisfied

Ay z21— 29+ 1 L 1 ¢ k‘j
—_— = where z; = —cot | = ).
A2 Zl—ZQ—i J 2 2

Then, with the two magnon states fully mapped out, he gave an ansatz for the general r-magnon
state which, crucially, had built-in the hypothesis that the phase difference between each r-magnon
state depended only on phase differences between the two-magnon interacting states. Incredibly,
he found that this method gave all possible eigenstates to arbitrary precision and for any number
of atoms, provided the wave numbers satisfied a set of algebraic equations, now known as Bethe
equations.

The theory of spin waves persisted, but significant developments in solution techniques for spin
chains would not occur until much later, and would come from other, seemingly unrelated, areas of
physics. We turn our attention to the Ising model—an earlier, classical version of Heisenberg’s spin
chain where ‘spins’ may only take one of two possible values (rather than a linear combination), and
the simplest example in a broader theory of lattice models. The one-dimensional case was solved
by Ising himself [[s25], and attention turned to more general lattice types in the 1940s. From this
theory emerged the transfer matrix method, which allows one to write the partition function for
the entire lattice in terms of a product of identical transfer matrices, each acting only on a single
row or column. The full partition function can then be well-approximated in terms of the highest

eigenvalue of this transfer matrix. Kramers and Wannier made use of this technique in their study



of the 2D Ising model [KW41], which was built on by Onsager in [On44], who was able to find all
transfer matrix eigenvectors.

In the 1950s and 60s the Bethe ansatz re-emerged, initially to solve the anisotropic Heisenberg
spin chain (XXZ model) [Or58]. However, again, the significant developments in the theory came
from a different area of physics, this time in the scattering of quantum particles with a delta-
function interaction. Since the collisions between particles are completely elastic, there are only
two possible outcomes for a single collision: the particles either retain their momenta, or they
completely exchange momenta. Moreover, it was shown by McGuire [Mc64] that the full scattering
matrix for IV particles could be calculated exactly from these 2-particle interactions, given that
the two possible factorisations of the 3-particle scattering were equal. Essentially, this particular
model admitted ‘factorised scattering’ into the individual 2-particle interactions. This was built on

by Yang [Ya67], who wrote the 2-particle S-matrix,

’iCPij

SUO(I— s
bi —Ppj

where P;; permutes the two states and p; and p; are the momenta of the two particles, and showed
that it satisfied the relation
SijikSij = SijSiijk. (1.0.1)

Following Lieb and Liniger [LL63] before him, Yang showed that the spectral problem for this
model was identical to that of a spin chain model and was thus able to apply the Bethe ansatz.
Lieb also made use of the Bethe ansatz in studying the ice model [Li67], a simplified lattice model
of the hydrogen bonding in ice. Connections were rapidly being found between these three theories,
and this culminated in Baxter’s solution of the eight-vertex model [Ba72]. In this paper Baxter
introduced a transfer matrix which depended on a free parameter, and showed that, by tuning this
parameter, previously studied solvable models including the XYZ (fully anisotropic) spin chain and
the ice model appeared as specific cases. The model consisted of a directed graph on the square
lattice, with each configuration of edges around a vertex assigned a certain energy level. This eight-
vertex model allowed eight of the possible 16 energy levels to be nonzero. Summarising this data in
a matrix R, Baxter was able to construct the transfer matrix as a partial trace of a product of these
R matrices. He then showed that transfer matrices of different parameters would commute, and
thus would be simultaneously diagonalisable, only if the R matrices satisfied a version of (1.0.1),
the Yang-Bazter equation.

Before arriving at the quantum inverse scattering theory, we must first introduce its classical
counterpart. The inverse scattering transform began as a novel solution to the Korteweg-de Vries
equation, which governs the evolution of shallow water waves [GGKM67]. It was known [ZK65]
that the equation yielded solitary wave, or soliton, solutions: travelling waves which are localised
in space and do not dissipate. The method makes use of the already known inverse problem of
reconstructing a potential from scattering data in quantum mechanics, due to [GL51], but in this

case the ‘potential’ is the soliton solution itself. It was then Lax [La68] who showed how to generalise



the method to other PDEs, and this was put into practice throughout the 70s as various solvable
PDEs were put into this framework, including the nonlinear Schrodinger equation [SZ72] and the
sine-Gordon field theory [AKNST73].

The quantisation of this theory was investigated throughout the 70s. It was discovered [ZaT77]
that interaction between sine-Gordon solitons obeyed factorised scattering in the sense of Yang and
McGuire which, in the process, revealed a new solution of the Yang-Baxter equation. The task of
quantising the inverse scattering method itself was then undertaken by the Leningrad school, and
from it came the quantum inverse scattering method [STF79] [TF79], or algebraic Bethe ansatz.
Linking Baxter’s theory to the theory of inverse scattering, the technique makes use of the Yang-
Baxter equation not just to show the commutation of transfer matrices, but also in the construction
of their joint eigenvectors. Indeed, it was shown that the eigenvector could be written in a form
hardly more complicated than an expression for a harmonic oscillator eigenstate, with matrix
elements of the monodromy matrix playing the role of the magnonic creation and annihilation
operators.

The algebraic Bethe ansatz saw a lot of interest in the following decades, as it provided a
framework for solving physical models that relied mainly on algebraic relations stemming from
the Yang-Baxter equation, rather than particular physical properties of the models themselves.
Indeed, any model for which an R-matrix—that is, a solution of the Yang-Baxter equation—had
been found was a candidate for solution by the algebraic Bethe ansatz. As a result, the technique
was quickly generalised to models with higher rank symmetry algebras compared to, for example,
the sus symmetry of the XXX model. One of these developments was Kulish and Reshetikhin’s
nested algebraic Bethe ansatz (NABA) solution of the gl; [KR82] and, soon after, gl,, spin chains
[KR83]. It was found that the transfer matrix diagonalisation problem for gl,, could be reduced to
that for gl,,_; and, inductively, down to the gly problem, which is identical to the sus chain.

Through the study of the algebraic Bethe ansatz and factorised scattering, it became clear that
solutions of the Yang-Baxter equation led directly to solvable physical models and, while many of
these solutions had been uncovered via the physical theory, no formal mathematical classification
had been achieved. The task of classifying these solutions was undertaken by Drinfel’d. First, in
a paper with Belavin, Drinfel’d was able to classify non-degenerate solutions of the classical Yang-
Baxter equation [BD82]. They showed that these corresponded to representations of simple Lie
algebras, as well as belonging to one of three categories: rational, trigonometric or elliptic. Drinfel’d
then showed that these classical solutions could be deformed to give solutions of the quantum Yang-
Baxter equation. In doing this, Drinfel’d [D88] built up a new algebraic theory of ‘quantum groups’,
in which the Lie algebra itself was deformed by this process. He named the rational quantum groups
Yangians, while the trigonometric case, which was discovered independently by Jimbo [J85], became
known as quantised enveloping algebras. The elliptic case had been studied by Sklyanin [Sk82] in
the sly case, and was extended to any simple Lie algebra by Felder [Fe94].

Spin chains based on these R-matrices were studied using the nested algebraic Bethe ansatz

in the following works. For rational spin chains, the even orthogonal case was solved in [DVKS87]



for the vector representation. The symplectic case in the vector representation, as well as the odd
orthogonal case in the spinor representation was solved in [Rs85]. A number of cases were studied
in [MR97], including the orthosymplectic Lie superalgebra. Nevertheless, the gl,, case is by far the
most well-understood. In [TV94] (see also [TV13]), a non-recursive ‘trace’ formula was given for
the eigenvector in terms of its Bethe roots. The gl, results were revisited in [BRO8|, where the
super-rational and super-trigonometric cases in any representation were studied together, and a
trace formula was given.

The investigation of boundary conditions would also be initiated during the 80s. Cherednik
[Ch84] looked at the factorised scattering problem on the half-line, introducing a matrix to encode
the boundary conditions of the model. He then went on to show that factorised scattering could be
preserved so long as this matrix satisfied another Yang-Baxter-type equation with the R-matrix,
now known as the boundary Yang-Baxter equation or reflection equation. Sklyanin [Sk88] applied
this to the context of spin chains, and extended the idea to a system with two boundaries, a
bounded chain of spins. He then went on to apply this theory to the XXZ spin chain, showing how
an appropriate Hamiltonian with suitable boundary interaction terms could be extracted from this
construction, and ultimately be diagonalised it using the algebraic Bethe ansatz.

Sklyanin’s method gave a way of constructing commuting transfer matrices for these bounded
systems starting from an R-matrix of the type used in the periodic chain and the reflection matrices
which encoded the left and right boundary conditions, the K-matrix and dual K-matrix. Moreover,
Sklyanin introduced the algebraic framework for understanding these models in the same paper,
defining in the process boundary analogues of quantum groups. Following this, another type of
algebra with similar properties to Sklyanin’s, known as the twisted Yangian, was introduced by
Ol’shanskii [0192]. From an mathematical perspective, the construction of these algebras mimicked
a common construction of a Lie subalgebra from a Lie algebra using one of its involutions, which
results in a symmetric pair. For the rational case, the K-matrices for the remaining symmetric
pairs of simple Lie algebras were found in [MS01], and the corresponding twisted Yangian algebras
were studied in a follow up work [M02].

Sklyanin’s algebraic Bethe ansatz was extended to a nested algebraic Bethe ansatz for a gl,,
chain in [DVG94] and further to the supersymmetric cases in [BR09]. The orthogonal [GP16,
Go18] and symplectic [GKRO5] cases were studied. However, certain boundary conditions did not
admit an algebraic Bethe ansatz solution due to the problem of defining a suitable vacuum vector
from which to build the eigenstates. Use of gauge transformations allowed this problem to be
mitigated somewhat [GMO05], but in general an analytical Bethe ansatz-type approach [CYSW14]
was necessary to find expressions for eigenvalues and Bethe equations for these systems.

In this thesis we solve some of the outstanding rational open spin chains using a nested algebraic
Bethe ansatz method. We will start by reviewing the original algebraic Bethe ansatz for the rational
Heisenberg spin chain before introducing the rational quantum groups which underpin the theory
of closed chains, the Yangians associated with the Lie algebras gl,,, so2, and sp,,, as well as their

representation theory. We then describe the construction of the transfer matrix and Hamiltonian



for open chains, and list the symmetric pairs for simple Lie algebras in preparation for Chapters 2
and 3.

In the remaining Chapters we systematically introduce quantum groups and their associated
spin chains, and then proceed to solve them using the nested algebraic Bethe ansatz. In Chapter 2
we start with the closed gl,, spin chain before repeating this process for the Ol’shanskii twisted
Yangian spin chain, in the even cases. Similarly for Chapter 3 we focus first on the gl,, reflection
algebra and its spin chain before leading into the MacKay twisted Yangian spin chains, in the even
cases. Finally, in Chapter 4 we give the NABA for a trigonometric (g-deformed) closed Ug,(s02,,)
or Ugy(spy,) spin chain.

1.1 The algebraic Bethe ansatz

1.1.1 Construction of the transfer matrix

We begin by reviewing the algebraic Bethe ansatz for the original Heisenberg spin chain, in order to
explain the general argument, set some of the notation and, moreover, to motivate the introduction
of the underlying algebraic structures of spin chains. Despite the problems this causes for the
completeness of the Bethe ansatz, we will choose to introduce the simplest possible spin chain,
forgoing generalisations such as quasi-periodic boundary conditions, the higher spin case, or spectral
parameter shifts, as these are unnecessary for understanding the overall method. This will largely
follow Faddeev’s lecture notes on the algebraic Bethe ansatz [Fa96].

The space of quantum states of the spin chain is an /-fold tensor product of individual spin

sites, Spin-% representations of suy,
H=C’@C’®. - -®C%=(C*%"

Denote by e;, for i = 1,2 in this case, the basis vectors of each individual C? space. We will denote
by e;; the elementary matrices, with the 7, j entry being 1, and all other entries being zero.
We then define the permutation operator by the relation P(a ® b) = (b® a) for any a,b € C2.

With respect to our basis, this is given as a matrix by

2
P := Z €ij ® €j; € End((C2 &® (CQ)
ij=1

We also introduce here the subscript notation to denote the tensor factors on which a matrix acts
nontrivially. For example, Py3 = I ® P € End((C?)®3), and Py3 = >ij€ij ®1®eji. In general
numerical subscripts will denote spin chain sites, while we will also use subscripts a, a; etc. to
denote certain auxiliary spaces, which are crucial to the algebraic Bethe ansatz technique. From its

defining property, the permutation operator satisfies P2 = I, PM;P = M for any M € End(C?)

and try P = I, where tr; denotes the partial trace over the first space.
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With this, we define Yang’s R-matrix
R(u) =T — Pu~! € End(C? ® C*)[u™1],
which is invertible and satisfies the Yang-Baxter equation
Rio(u —v)Riz(u — w)Ra3(v — w) = Roz(v — w)Riz(u — w)Riz(u — v). (1.1.1)

The parameter u here is referred to as the spectral parameter and at this point we consider it to
be indeterminate, but it may be thought of as a complex number throughout. The R-matrix also
has various other important symmetry properties which will be discussed in later chapters. On the

basis {e1 ® e1,€1 ® e2,€2 ® €1, e2 ® ez}, this R-matrix is given by

1—uwt 0 0 0
0 1 —u! 0
R(u) = . 1.1.2
() 0 T 1 0 ( )
0 0 0 1—wut

We now introduce an auziliary space V, = C?, and construct the monodromy matriz for the

fundamental chain,
Tui..0(v) = Ra1(v) Raa(v) -+ Rae(v) € End(V, @ H)[v™].

This is best understood from the perspective of factorised scattering theory: the monodromy matrix
is the factorised S-matrix for the interaction between a test particle, represented by the auxiliary
space V,, and £ particles in a line, where the 2-particle S-matrix is given simply by the R-matrix.
The test particle travels in a loop around the closed chain, arriving back at its original location,
completing the full monodromy to give the above matrix. As a result of the Yang-Baxter equation

(1.1.1), the monodromy matrix satisfies the RT'T relation,
Rayay (u — 0)Tay () Tay (v) = Tay (v)Ta, (u) Rayay (v — v). (1.1.3)

Note that above we have omitted the subscripts 1. ../ from the monodromy matrix; we will adopt
this convention throughout. The RTT relation is the cornerstone of the algebraic Bethe ansatz
technique and we will return to it shortly.

We now define the transfer matriz, in the sense of Baxter, by taking the trace over the auxiliary

space of the monodromy matrix to obtain an operator which acts on End(H) only:
t(v) = tr, Ty(v) € End(H)[v™!].

Crucially, as a result of the RTT relation (1.1.3), transfer matrices of different parameter values

mutually commute. This can be seen simply by multiplying from the left of (1.1.3) by (Rg a,(u —



v))~, taking the partial trace over V,, ®V,,, and using its cyclicity. This implies that the coefficients
of t(v) all mutually commute, and can therefore be simultaneously diagonalised. For example, from
the transfer matrix we can recover the Heisenberg spin chain Hamiltonian, arriving back at the

spin chain interpretation of the model:

-1
H=t"D)= = Z Py g1+ Py,
k=1

where here tU) is the coefficient of v~/ in the polynomial expansion of t(v).

1.1.2 Diagonalisation of the transfer matrix

The eigenvectors will be constructed from the action of monodromy matrix elements on a vacuum
state, similar in spirit to the construction of the energy eigenstates of the harmonic oscillator. We

decompose the monodromy matrix in the auxiliary space,

T(w) = <a<v> b(v)) |
c(v) d(v)
Here we are viewing the operators a(v),b(v), c(v),d(v) as operators which act on the spin chain
only—that is, they act on a one-dimensional subspace of the auxiliary space, which may be ignored.
In terms of these operators, the transfer matrix is t(v) = a(v) + d(v).

The remaining elements b(v) and ¢(v) will be thought of as creation and annihilation operators
respectively. However, we must first define a ‘vacuum’ state from which to construct our eigenstates.
That is, a state in H that is annihilated by ¢(v), while also a simultaneous eigenstate of a(v) and
d(v). The RTT relation and the existence of the vacuum state may be thought of as the two
necessary ingredients for applying the algebraic Bethe ansatz to closed spin chains. In this case,
we may define such a state simply by 7 := (e1)®* € H, the state in which all spins are aligned.

The properties of 1 are

c)n=0 a(w)n=X()n  dv)n=X(v)n, (1.1.4)

where A (v) = (1 — v~ )¢, and Aa(v) = 1. To see this, consider first the action of T'(v) on e; ® n =
(el)w“. Since this state is completely symmetric, the permutation operator acts as the identity

and the result is
T(v)(e1®@n) =(1—v" " (e1@n),

giving the first two identities above.

The action on ez ® n is slightly more complicated but, thinking again of the monodromy matrix
as T(v) = (I — Pyyv=1)--- (I — Pyv™?), there can be only one term in the resulting expression
which leaves the es in the auxiliary space, namely the one in which we take the identity matrix

from each factor. Hence, 7 is also unchanged, and so we obtain the required eigenvalue for d(v).

8



With this, we are ready to construct our transfer matrix eigenvectors. Pick m € N and let

u = (u1,...,uy,) € C™ be a tuple of distinct nonzero parameters. We then define the Bethe vector

O(w) :=b(uy) - - b(um)n. (1.1.5)

This constitutes the Bethe ‘ansatz’ for the transfer matrix eigenstates, and the goal is now to show
how the transfer matrix acts on this vector. We will use the relations between the monodromy
matrix elements to move a(v) and d(v) rightward through the creation operators. These relations

are obtained from the RTT relation (1.1.3) and the relevant ones will be, for u # v,

:<1 u_y) (w)a(v) + ———b(v)a(u) (1.1.6)

=1 d(v) — b(v)d 1.1.

W= (14 2 Jpwde) - b dw (117
b(v) b(u) = b(u)b(v). (1.1.8)

The general method may be illustrated by the m = 1 case. Here we simply act with a(v) and

d(v) individually on the Bethe vector ®(u;) = b(uj)n, commute these operators with the single

creation operator and act diagonally on the vacuum state via (1.1.4). That is,

a(v)®(u1) = A (v) (1 -

Uy — v U — v
d(v)®(uy) = Aa(v) <1 + u1l_v>q)( ) — 2?(?1319( )

We see that the right hand side contains two terms: one which is proportional to the Bethe vector
with its parameter u; unchanged, and another term in which the parameters have been swapped.
Since we require this process to diagonalise the transfer matrix for any value of the parameter v,
these terms, or rather their sum, must vanish. The equation resulting from this condition is the
Bethe equation for ui, in this case given simply by Aj(u1) = A2(uq), which is a sufficient condition
for ®(uqp) to be an eigenvector of the transfer matrix.

The exchange relations (1.1.6-1.1.7) therefore each contain both a wanted term, in which the
two operators retain their parameters, and a single unwanted term, in which the parameters are
swapped. We will make use of this terminology in the m > 1 case below.

Indeed, we begin by extrapolating the exchange relations (1.1.6-1.1.8) to the case of multiple
creation operators. Starting with expression a(v)b(uy) - --b(uy,), and repeatedly applying the ex-
change relation (1.1.6), we can move the operator a(-) through the creation operators until it is the
rightmost operator. The terms of the resulting expression may then be grouped according to the

spectral parameter of a(-). Indeed, the term containing a(v) is given by

11 (1 - — L v>b(u1) < b(um) alv).

=1




There can only be one such term, as we can allow no parameter swaps at each exchange of a(v)
and b(u;). That is, we take the ‘wanted term’ from each exchange.
All other terms contain a(u;) for some 1 < i < m, and are all unwanted terms. In other words,

we have, introducing notation b(w) := b(uy) - - - b(up, ),

m m
1
a(v)b(u) = 1_[1 (1 T v)b(u)a(v) + Z U;(v;w)a(u;), (1.1.9)
=

where U;(v;u) belongs to the algebra spanned by the creation operators, noting that the exchange
relation (1.1.8) ensures that this algebra is closed. This is important, as it ensures that the unwanted
terms are unique up to reordering of the creation operators.

To calculate an expression for the unwanted terms, it is common to use the following argument.

Consider first the result of applying the exchange relation a single time:

1

uy —v

Uy —v

1
a(v)b(u) = ((1 — >b(u1)a(v) + b(v)a(u1)> b(ug) -+ b(um,)-
The first term above will lead to the wanted term as before. However, by the same logic, the only
contribution to Uj(v;w)a(u1) is obtained in the same way, by starting with the second term in the
above expression and again taking the term from each subsequent exchange in which a(u;) retains

its parameter. Therefore,

1 1
Ui(v;u) = 1- b(v)b ) .
(50 = _1_12< e LG LD R

The remaining unwanted terms may be calculated by symmetry. Indeed, let ¢ € S,,, and
denote us; = (Ug(1),- - Ug(m))- The commutation of the creation operators (1.1.8) implies that
b(u,) = b(u). Further, let o; denote the cyclic permutation defined by ¢;(i) = j +¢—1 mod¢.

We may apply the previous logic to the creation operators with permuted parameters:

1

uj—v

a(v)b(ar) = a(v)blu,) = ((1 - )b<uj>a<v> n b(v)a(u») bujan) - bluj1).

U; —v

resulting in an expression for U;(v;u):

Uj(v;u) = o 1_ ” H (1 b i w)b(v)b(ujﬂ) o b(ujo).
J i=2 ! g
Hence, we arrive at
a()b(w) =] <1 - L v)b(u)a(v) £ L 11 <1 -— ! u)b(v)b(u(,i(g)) Dt oy ) ():
i=1 ' i=1 ¢ j#i J 7

10



An equivalent relation for d(v) may be found in the same way, yielding

d(v)b(u):H<1+ ! >b(u)d(v)—z ! H(1+ ! )b(v)b(uai(z))---b(uai(m))d(ui).

i1 U; — U i1 U; — U i Uj — Uj

(1.1.11)

We now have enough information to give the full action of the transfer matrix on the Bethe vector
®(u). Acting with (1.1.10) and (1.1.11) directly on the vacuum vector, we recall that the vacuum

vector is an eigenvector of the diagonal elements of the monodromy matrix (1.1.4). Hence,

o0 = a0 [T (1 5 o+ X 2] (1o L Yot

i=1 i=1 i
A(0) () = o) [ (1 o L v)‘b(u) By 22(12 I (1 = ! ul)@((ua)um),
i=1 ' i=1 " i 4 ¢

where the subscript in (us )y, - denotes the replacement of w; with v. Summing these expressions

gives
o) D(ar) = Afv: ) D() +§ e Il (-7 ) -2 Il (1+ u;)] B((1tg) ).
(1.1.12)
where
Avs ) = Al(v)ﬁ <1 - L v) + AQ(U)f[l (1 o L U).

It is now clear that ®(u) is an eigenvector of the transfer matrix, with eigenvalue A(v;w), if the

terms in square brackets in (1.1.12) vanish for each i. This condition results in the Bethe equations

A1 (u;) :HM for 1<i<m,

i uj —u; — 1
or, inserting the expressions for Aj(u;) and Ag(u;),

L
1 i —u; + 1
(1_) :llw for 1<i<m.
U; j#Uj—ui—l

1.2 Yang-Baxter algebras

As we saw in the previous section, almost all steps of the algebraic Bethe ansatz, as well as the
commutation of the transfer matrices, stemmed from the RTT relation, itself a generalisation of
the Yang-Baxter equation. This naturally leads to the idea of a Yang-Bazter algebra, an algebra
generated by T-matrices, with the RTT relation as its defining property. Let R(u,v) be an invertible

11



solution of the Yang-Baxter equation
Rap(u, v) Rae(t, w) Rpe (v, w) = Rpe(v, w) Rae(u, w) Rap(u, v).

Then we regard the Yang-Baxter algebra to be the associative unital algebra generated by T'(u),
with relations
Rap(u, v)To(w)Th(v) = Ty (v)Ta(w) Rap(u, v)

and no others. Specifically, we will regard the Yang-Baxter algebra A to be generated by tl(;)

, where
r € Z>p and i,j = 1,...n, which form the coefficients of formal power series in u~!, which in turn

are considered to be the matrix elements of T'(u). That is,

tij(u) = Ztg) u" € A[[uil]]a

r>0

and the generating matrix is defined by

T(u) =) e ®ti;(u) € End(C") @ Alfu"]].

3,7=1

Any representation of this algebra then could be said to define a monodromy matrix, the trace
of which tr T'(u) defines commuting transfer matrices. Any R matrix may be used to define a Yang-
Baxter algebra, and the map T, (u) — Rg(u,v) even provides a representation of the algebra,
due to the Yang-Baxter equation. Therefore any solution of the Yang-Baxter equation defines
commuting transfer matrices, and a classification of these solutions provides a list of potentially
solvable models.

As an example of a Yang-Baxter algebra, we introduce the Yangian Y (gl,,), adhering closely to
[Mo07].

1.2.1 The Yangian Y (gl,)

We begin by briefly reviewing the definition and representation theory of U(gl,), the universal

enveloping algebra of gl,,.

Definition 1.2.1. The universal enveloping algebra of gl,, U(gl,), is the unital associative C-

algebra generated by elements 1 and E;; for 1 <1i,j < n, satisfying relations
EijEy — EnEij = 6k Eqy — 0y Ey;. (1.2.1)

For any Lie algebra, representations of U(g) may be thought of as representations of g and vice
versa; we will tend to refer to them in the latter manner.
First, we introduce finite dimensional highest weight representations of gl,. A gl,,-module V is

a highest weight module if there exists a vector n € V such that V is generated by the action of gl,,
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on 7, and

Eyn=XNn, for 1<i<n and

Eijn= 0, for 1<i<yj<n.

Then 7 is the highest weight vector and A = (A1, ..., A,) € C™ is the highest weight. Highest weight
representations may be defined abstractly as quotients of the Verma module for any A € C", but will
be finite dimensional if and only if \; —A\;11 € Z>¢ for each 1 <14 < n—1. This reflects the condition
that these are dominant integral weights. These finite dimensional modules are irreducible and we
denote the gl,,-module with highest weight A € C™ by L(\).

There is another way of defining U(gl,,), which will help introduce some of the concepts which
will be valuable when studying the Yangian.

We first construct a matrix of generators
n
FE = Z €ij & Eij S End((C”) X U(g[n).
i,j=1

This may be viewed as an n X n matrix of U(gl,,) elements through the isomorphism End(C") ®
Ul(gl,) — Mat,x,(U(gl,)) as C-algebras. The defining relations for U(gl,) may then be written
in terms of this E. First, recall the permutation matrix P € End(C") ® End(C"™), which satisfies
P(a®b) =b®a for all a,b € C", given explicitly by

n
P = E eij & eji.
5,j=1

Then the defining relation of U(gl,,) is equivalent to
F1Ey — FyE1 = FE1P—PFE; € End(@") X End(C") & U(g[n) (122)

The subscripts here denote the tensor factor in which the matrix acts nontrivially.

We now proceed to introduce the Yangian Y (gl,,) in its RTT presentation.

Definition 1.2.2. The gl,,-Yangian, Y (gl,)) is a unital associative C-algebra generated by 1 and
tz(;-) for 1 <i,5 <n and r € N, satisfying relations

[ty ) = 1 ) = ) — e, (1.2.3)

for each 1 <1i,j,k,l <n, r,s € Z>o with the convention that tl(?) = 0;51.

For each 1 < i,j < n, define the formal power series t;;(u) := > 7, tl(-;)u_r € Y(gl,)[[u").

Then the defining relation of the Yangian (1.2.3) is equivalent to

(u = v)ftij(u), ta(v)] = trg (w)ta(v) — tij(v)ta (). (1.2.4)
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This form of the defining relations can be thought of as analogous to the relations (1.1.6-1.1.8)
which we used in the algebraic Bethe ansatz. However, we will also apply the same treatment to
these formal series generators of Y (gl,,) that we did earlier for the generators of U(gl,,). First, recall
Yang’s R-matrix

R(u) ;=TI —u'P € End(C")[u™1].

Define now the generating matriz for Y (gl,))

n

T(u) =Y e @ti;(u) € End(C") @ Y (gl,)[[u]].

ij=1

Then the relation (1.2.4) is equivalent to the RT'T relation,
Rio(u — )T (u)Ta(v) = To(v)T1(u)Ri2(u — v) (1.2.5)

which is now a relation in End(C") ® End(C") ® Y (gl,,)[[u"t,v™1]].

The Yangian generating matrix is therefore an abstraction of the monodromy matrix for spin
chains, and the spin chain defines a particular representation of the Yangian. Much of the argument
of the algebraic Bethe ansatz, as well as the commutation of the transfer matrices, depends only
on the RTT relation. The exception to this is the existence of the vacuum vector (1.1.4) which
depends on the spin chain itself, or, in other words, the representation of Y (gl,,).

Before defining these representations, it will be useful to first introduce some automorphisms

and anti-automorphisms of the Yangian. Working from Molev [Mo07], we have the following result.

Lemma 1.2.3. The following define automorphisms of Y (gl,,):

Te: T(u) — T(u—c) for ceC
wp ) o f@TW)  for fu)=1+-eClu™]
ga:T(u)— AT(u)A™Y for A€ GL(n)

Proof. For 7., the elements t;j(u — ¢) may be constructed as a formal series in (u — ¢)~! with the
same coefficients as t;;(u). Then, the fact that these shifted elements satisfy relations (1.2.4) is a
consequence of the relations depending only on the difference (u —v). However, it remains to show
that 7. actually defines a map between elements of the Yangian. For this we make use the formal
series identity ﬁ = (1+c/u+(c/u)*+...), which allows us to view #;;(u — c) as a series in u~*
with zeroth coefficient equal to d;;.

For g, multiplying the RTT relation on both sides by f(u)f(v) yields the necessary result.

For g4 we use the fact that the R-matrix commutes with A ® A, which amounts to the fact
that P(A® A) = (A® A)P. Conjugating the RTT relation by (A ® A) then yields the required

result. O
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Lemma 1.2.4. The following define anti-automorphisms of Y (gl,,):

sign : T'(u) — T'(—u), (1.2.6)
tran : T(u) — (T'(u))", (1.2.7)
S T(u) — T (u). (1.2.8)

Proof. We need to show that these satisfy the relations of Y (gl,,) with the multiplication in the

Yangian algebra reversed.
Ria(u — v)Ta(v)T1 (v) = T1 (w)Ta(v) Riz(u — v) (1.2.9)

The first we obtain by conjugating by the permutation operator, swapping spaces 1 and 2. Note

however that we have Rj2(u) = Roi(u) from the definition of the permutation operator. Then
1%12(u —-v)]b(u)]}(v) Zijﬁ(v)jh(u)f%lg(u —-U).

Setting u = —v’ and v = —u/, we obtain (1.2.9).

For the transpose, applying the transpose to both spaces in the RTT relation, we have
Tﬁ(u)Tlib(v)TQI%lg(u —-U)T1T2 ::1%12(u —-U)TITQIE(U)T2YH(U)TI.

Then, as the permutation operator and therefore R-matrix is symmetric, we see that this is identical
to (1.2.9).

The existence of (left and right) inverses of T'(u) is a consequence of the fact that the zeroth
coefficient of T'(u), as a formal series in u™!, is the identity in End(C") ® Y (gl,). Indeed, by
expanding the relations T5(u)T(u) = I ® 1 and T'(u)T"(u) = I ® 1 as formal series in u~! we
may build the left and right inverses T (u) and T (u) inductively. For example, at level-0 we have
(T = I®1, and at level-1, (TL) O 70 1 (TLYDTO) = 0, giving (TL)1) = —T(), Then, the left
and right inverses can be shown to be identical by T (u)T(u)T"(u) = T*(u) = TR (u) =: T~ (u).

To show that this defines an anti-automorphism, from the RTT relation (1.2.5) we need only
multiply from the left by T, ! (u) Ty ' (v) to arrive at (1.2.9). O

Remark 1.2.5. The inverse T~!(u) may also be constructed in manner analogous to the cofactor
construction for matrices. Indeed, we introduce the quantum determinant qdetT(u) of the matrix
T'(u) as (see Definition 1.6.5 and Proposition 1.6.6 in [Mo07])

qdetT(u) = Y sgn(o)tipy (= n+ 1) -ty (w).
ceG,

It is a formal power series in u~! with coefficients in Y'(gl,). In fact, it can be shown ([Mo07]
Theorem 1.7.5) that these coefficients generate the centre of Y (gl,,). Going further, one may define
Y (sl,) as the quotient of Y(gl,) by the relation qdetT'(u) = 1, which then has trivial centre.
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We then construct the quantum comatriz (adjugate matrix) elementwise by taking the quantum

determinant of the generating matrix with one row and column missing. Specifically,

o~

tij(u) = (—1)"qdet |T|5;(u),

where |T);;(u) denotes the (n—1) x (n—1) matrix obtained by removing the j*® row and i*" column
from the matrix T'(u). It then follows by [Mo07] Proposition 1.9.2 that

T(u)T(u—n+1) = qdet T(u).
The inverse matrix 7! (u) with matrix elements ti;(u) is then given by

ti;(u) = (qdetT(u +n — D))t (utn—1).

Consider now the relation (1.2.3) with » =0 and s = 1. We find

0 ) = ) — ).
Comparing with the defining relations of U(gl,,) (1.2.1) we see that the level 1 generators, with
the identity, form U(gl,) as a subalgebra within Y(gl,). That is, the map E;; — tg) defines
an embedding U(gl,) — Y(gl,,). We can also go in the other direction, from the Yangian to
U(gl,,). This map is called the evaluation homomorphism, and is defined by t;j(u) — &;; + u™ ' E;;
The evaluation homomorphism allows us to extend any representation of U(gl,) (that is, any
representation of gl,,) to a representation of the Yangian. Please note that throughout this work,

we will instead use the homomorphism
ev : tij(u) = 0y — u LB, (1.2.10)

which is a composition of the above map with the anti-automorphisms (1.2.6) and (1.2.7). This
is sometimes referred to as the twisted evaluation homomorphism. We will also make use of the
homomorphism ev, = ev o 7.

While this does define an action of the Yangian, one might wonder what we have gained by
throwing out all the higher levels of the Yangian algebra. The key is what lies at the heart of all
quantum groups: the coproduct.

We first introduce these ideas in the context of U(gl,,). In the context of associative algebras,
the coproduct is a homomorphism from the algebra to the tensor product of the algebra with itself.
In U(gl,) the standard choice is A : U(gl,) = U(gl,) ® U(gl,), A(Esj) = E;; ® 1 +1® E;j, and
A(1l) =1® 1. This is recognisable as the “addition of spin” rule in quantum mechanics.

For the Yangian, we make the following choice of coproduct:

A(tij(u thk ® thi(w). (1.2.11)

16



This defines a map on the formal series; the action on the original generators can be found by
expanding the series and using the coproduct’s linearity. In particular, we have

At =t e1+10t)),

showing that the Yangian coproduct is a deformation of the standard U(gl,,) coproduct.
One crucial property of the Yangian coproduct is its lack of cocommutativity. That is, swapping

the ordering of the tensor factors gives a different coproduct
AP (t5( Ztk’f @ tin(u).

This is in contrast to U(gl,,), and is the property which makes the Yangian a ‘quantum group’.

If we define also the counit €(t;;(u)) = &;; and the antipode S(T(u)) = T~!(u), the Yangian
becomes a Hopf algebra. These will not see active use in the construction of spin chains, but do
show that the tensor product defined by the coproduct satisfies standard properties that we might
expect.

With this coproduct we see that, while the action of the Yangian through the evaluation homo-
morphism is not different than the action of U(gl,,) on a single module, the action of the Yangian on
a tensor product of modules is more interesting, and this will allow us to make use of the Yangian’s
unique properties in the study of spin chains.

We now proceed to introduce the representation theory of the Yangian. Crucially we are inter-

ested in representations which contain a vector with properties (1.1.4).

Definition 1.2.6. A representation V' of Y (gl,,) is called a lowest weight representation if there
exists a nonzero vector n € V' such that V- =Y (gl,,)n and

tij(u)n =0 for 1<j<i<n and
ti(w)n = X(u)n for 1<i<n,

where \;(u) is a formal power series in u~! with a constant term equal to 1. The vector 0 is called
the lowest vector of V, and the n-tuple A(u) = (A1(w), ..., A\n(w)) is called the lowest weight of V.

The distinction of lowest weight here, rather than highest weight, is due to the choice of which
generators annihilate the lowest weight vector. Choosing elements below the diagonal for this gives
the lowest weight module definition, whereas a module in which elements above the diagonal play
this role would be a highest weight module. Due to our earlier choice of evaluation homomorphism
which includes a transpose, these lowest weight modules are connected to highest weight modules
of U(gl,).

Indeed, we now proceed to construct the spin chain from U(gl,,) modules, and use the evaluation
homomorphism to define a Yangian action on it. Recall L(\), the finite dimensional irreducible

highest weight U(gl,,)-module with weight A = (A1,..., A,) and highest weight vector n. Applying
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the evaluation homomorphism (1.2.10), L(A) is a Yangian lowest weight module with lowest weight

vector ) and lowest weight A(u) = (A1(u),. .., A\p(u)) where
Ai(w) =1—Nu™t. (1.2.12)

We will refer to this as an evaluation module.

We may then build the spin chain out of these modules, with Yangian action defined via the
coproduct and evaluation homomorphism. We also include the shift automorphism to allow for
more generality, and this will be relevant for the nested Bethe ansatz in Chapter 2. Fix £ € N and

consider the tensor product of finite dimensional irreducible gl,, modules
LOMNY @ LAY @... @ L(AY), (1.2.13)

denoting their highest weight vectors by n®) for 1 < k < £. We define a Yangian action on this
space as follows. First, define recursively A®) = (id®--- ®@id ® A) o A®=1 with A®) := A. Then,
the action is defined by

tij(u) — (eve, ® -~ ® eve,) o A®) (tij(u))

where ¢, € C for 1 < k < /. This is a Yangian lowest weight module with lowest weight vector
n:=n0®- - @n®, and lowest weight A(u) = (A1 (u),..., A\u(u)) given by

()

A,;(u)—ﬁ(l—ui%).

As a Yangian module, we will denote this by

L:=L(W), @ LO?), ®...@ L(A®),,, (1.2.14)

including the parameter shifts in the notation. The binary property of the tensor products of
Yangian modules states that, for a suitable choice of weights )\gk)
module L is irreducible, see Theorem 6.5.8 in [Mo07].

Defining the Lax operators as

and parameters ¢, the Y(gl,,)-

n

Llu—c):=(id®eve)(T(w) = Y e ® <5ij _ L > (1.2.15)

ij=1 w-c
the generating matrix 7'(u) acts on the space L by
l
To(u)- L= (Hﬁai(u - cl)> L € End(C") @ L{[u™"]]. (1.2.16)
i=1

In particular, in the case of n = 2 with vector representations at each site, that is, A = (1,0), we

arrive at the Heisenberg spin chain.
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Note that in the product of non-commuting operators in (1.2.16), and in what follows, we use
the convention that the operators are ordered left to right—that is, the leftmost operator above is
La1(u — ¢1). In order to denote the reversed product we will make use of a decreasing index, for
example []1_,.

Finally, it will be necessary to define the action of 77! (u) on lowest weight modules. Indeed, it

~

follows (see the proof of Theorem 4.2 in [MRO02]) from the definitions of qdetT (u), T'(u) and n that
tij(uyn=0 for 1<j<i<n and ty(u)n=AN(u)n for 1<i<n

with the “inverse-weights” \;(u) defined by

)\1(u+1)"-)\i_1(u+i—1)

Xifu) = M) N(uti—1)

(1.2.17)

1.2.2 Orthogonal and symplectic Yangians

In this section we give equivalent results for the even orthogonal and symplectic Yangians. We will
largely follow [AMRO6], which also contains results for the odd orthogonal case. We again begin by
introducing the universal enveloping algebras U(s02,) and U(sp,,,). In fact, we may study both at
once by introducing U(gay,), which is equal to U(soay,,) or U(sp,,,) depending on a choice of sign. In
what follows, we will use 4+ or F to denote this choice of sign; the upper sign being the orthogonal

case and the lower sign being the symplectic case. Additionally, let

+1 for 1<i<n,
0; =
1 for 7> n,

and let 92’]’ = (97,9]

Definition 1.2.7. The universal enveloping algebra of gon, U(g2n), is the unital associative C-

algebra generated by elements 1, Fy; for 1 < 1,5 < 2n, satisfying relations

[Fijy Fra] = 0 Fa — 0uFj + 015 (0,7Fka — 6;5.F51), (1.2.18)
Fij +0;;F;; =0, (1.2.19)

withi=2n—i+1and 7=2n—j+ 1.

We may regard this as a subalgebra of U(gly,,) by setting Fj; = E;; — 6;;E5;. Going further, we
define a particular transpose ¢t by
ei; = ijeg. (1.2.20)

This is identical to a regular matrix transpose followed by conjugation by the matrix J =), 0;e;.
As this is an anti-automorphism, following it by multiplication by —1 gives an (involutive) au-

tomorphism of U(gly,). Then, we may regard the U(gay,) subalgebra as generated by elements
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of U(gly,) that are symmetric with respect to this automorphism. That is, F = E — E*, where
Fi=35ei © Fij.

The matrix form of the defining relations is then

FiFy—FBF =F(P-Q) —(P-Q)F, and F+F'=0, (1.2.21)
where )
Q:=P" =P” = )" ;e ® e;; € End(C*" @ C*). (1.2.22)
i,j=1

The matrix ) has properties which we will frequently make use of in later chapters. First,

PQ=QP=4Q and Q?=2nQ,

implying that Q is a projector. Additionally, recall that PM; = MsP for any M € End(C?").

Taking the transpose of this, we obtain a pair of relations for Q:
QM =QM;, M Q= M;Q. (1.2.23)

For any n-tuple A = (\1,...,A,) € C" there exists an irreducible highest weight representation

V(X) of the Lie algebra go,,. In particular, V() is generated by a non-zero vector n such that

Fijn=0 for 1<i<j<2n and
Fyn=Xn for 1<i<n.

The representation V() is finite-dimensional if and only if

Ai—Aiq1 €Zy for i=1,...,n—1 and
A1+ A €ZL  if gop = 509,

A €Zy it gop =8Py,

We now introduce the extended Yangian X (go,,) and its representation theory, adhering closely
to [AMROG6]. First we introduce the Zamolodchikov R-Matriz [Z778],

1 1
R(u)=1——-P— ——Q, where k=n7F1, (1.2.24)
u K—u

acting on C?" @ C?". Note that the distinction between the orthogonal and symplectic cases is
contained within the operator () and the parameter x, which is the dual Coxeter number.

The R-matrix is of course a solution of the Yang-Baxter equation,

ng(u - U) ng(u - Z) Rgg(v - Z) = Rgg(v - Z) ng(u - Z) ng(u - ’U), (1225)

20



but also satisfies R(u)! = R(k — u), where R(u)! := R(u)"* = R(u)*, and
R(u)R'(u+ k) = R'(u+ r)R(u) = (1 —u2)I. (1.2.26)

Following this, we may define the Yang-Baxter algebra associated to this R-matrix, which is
known as the extended Yangian X (go,). Introduce elements tz(-;-) with 1 <+¢,7 < 2n and r > 0 such
(r)
t

that tl(?) = d;j. Combining these into formal power series ¢;;(u) = 3, 5o;;’u™", we can then form

the generating matrix T'(u) = 2127;:1 eij @ tij(u).

Definition 1.2.8. The extended Yangian X(gon is the unital associative C-algebra generated by
(r)

elements tij with 1 < 14,7 < 2n and r € Z>¢ satisfying the relation

R(u —v)T1(uw) To(v) = To(v) T1(u) R(u — v). (1.2.27)

The Hopf algebra structure of X (gan) is given by
2n
A tii(u) — thk(u) ® tgi(u), S:T(u) — T (u), e:T(u) — I. (1.2.28)
k=1

We now collect several useful facts about the algebra X(g2,). The matrix T'(u) satisfies the

matrix form of the cross-unitarity relation (1.2.26),
Tw)T (u+ k) =T (u+ &) T(u) = 2(u), (1.2.29)

where z(u) is a formal series in u~! with coefficients that can be shown to be central in X (gz,)
[AMRO6]. In this sense, this relation plays a similar role to the quantum determinant for Y'(gl,,).
Going further, one may define the go, Yangian Y (go,) by taking the quotient of X(go,) by the
relations T'(u)T*(u + k) = T'(u + )T (u) = I, setting z(u) = 1, and it can be shown that this
resulting algebra has trivial centre.

Let G(2n) denote the Lie group associated to go,, and let ¢ € C and f(u) € C[[u~!]]. The

following are also automorphisms of X (gay,),

Te:T(uw) = T(u—rc), for ceC (1.2.30)
pr:T(u) = f(w)T(u) for flu)=1+ € Clu!]] (1.2.31)
gp :T(u)— BT(u)B" for Bé€GL(2n) with BB'=1. (1.2.32)

The proofs are identical to those for Lemma 1.2.4. The proof for gp requires that B ® B commutes
with R(u), in particular with Q. Indeed, B1B2Q = B1BiQ = Q = QB Bs.
The following define anti-automorphisms of X (gay,):

T(u) — T(—u), T(u) — T (u), T(u) — (T(u))™t. (1.2.33)
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Note that in this case, the inverse anti-automorphism can be built from the transpose due to the
cross-unitarity relation (1.2.29).

We may define lowest weight representations for X (gs,) analogously to those for Y (gl,,).

Definition 1.2.9. A representation V' of X (g2n) is called a lowest weight representation if there
exists a non-zero vector n € V' such that V = X(g2,)n and

tij(uyn=0 for 1<j<i<2n and t;(u)n=XN(w)n for 1<i<2n, (1.2.34)

where \;(u) is a formal power series in u~! with a constant term equal to 1. The vector 0 is called
the lowest vector of V' and the 2n-tuple A(u) = (A1 (w), ..., Aan(w)) is called the lowest weight of V.

The Yangian X (go,) contains the universal enveloping algebra U(gey,) as a Hopf subalgebra.
An embedding U(ga,) < X (gon) is given by

Fy e L — 0,t) (1.2.35)

for all 1 < 4,5 < 2n. However, in contrast to Y(gl,), there is no surjective homomorphism
from X (gon) onto the algebra U(ga,), that is, there is no evaluation homomorphism [D85]. As a
consequence, not every irreducible finite-dimensional representation of go, can be extended to a
representation of X (go,). In Chapter 3 we tackle the problem of defining suitable representations
with which to build a spin chain using the R-matrix fusion procedure.

This concludes this chapter’s discussion of RTT algebras, however, this will be resumed in
Chapter 4, where we will introduce the quantum loop algebras U,(£gl,) and U,(£g2,). These
algebras are the trigonometric equivalents to the rational Yangian algebras introduced above, and

share a similar representation theory.

1.3 Open spin chains

In this section we give a brief introduction to open spin chains. We construct the open Heisenberg
spin chain with reflective boundary conditions using a transfer matrix, and then proceed to describe
the challenges associated with the algebraic Bethe ansatz for an open spin chain. The underlying
algebras of these spin chains will be introduced in their respective chapters, but we conclude with
a table of symmetric pairs for simple Lie algebras over C, which will correspond to the different

types of reflective boundary conditions we will be interested in.

1.3.1 The open Heisenberg spin chain

The techniques discussed so far are relevant for closed chains, those with periodic and quasi-periodic

boundary conditions. However, we may also introduce reflective boundary conditions to the theory.
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Consider once again the quantum state space
H = (C%H)®,

Our open spin chain will make use of the same state space. However, while the bulk of the
spin chain will have the same nearest neighbour interaction as the closed Heisenberg spin chain,
the interaction Hamiltonian will include terms which describe the interaction of the leftmost and
rightmost sites with fixed boundaries. This Hamiltonian will be obtained from a transfer matrix,
which will again be the partial trace of a monodromy matrix, the construction of which now follows.

Working once again from the perspective of scattering theory, we will construct the monodromy
matrix by sending a test particle through the spin chain. The particle interacts with each spin site
before reflecting off the right boundary, returning back through the spin chain with a reversed
momentum. It then reflects off the left boundary to return to its original position, completing the
monodromy of the chain.

We therefore introduce matrices K (u), K (u) € End(C?)[u"1] to represent the interaction of the
test particle with the right and left boundaries respectively, and the full monodromy of the chain
is given by

Sa1..6(t) = Ra1(v) ... Rag(v) Ka(v) Rag(v) . .. Ra1 (v) Ka(v),

where once again R(u) = 1 — Pu~!. This construction was first introduced by Sklyanin in [Sk88].
In his paper, Sklyanin showed that the partial trace of a monodromy matrix constructed in this
way Ti.¢(v) = tre Sg,1..0(v) gave a transfer matrix which enjoyed properties analogous to those of
a transfer matrix for a periodic chain, which we outline below.

First, a nearest neighbour Hamiltonian may be extracted from this transfer matrix. Assuming

that the constant part of K(u) is equal to the identity matrix, the Hamiltonian can be found by

taking the coefficient of u =21 of the transfer matrix. Indeed,
(2e+1) _ (0) S (1) K" 1
2 = 20 KON Py SK) + —L2 | +tr K.
' ) k=1 PR T G RO) '

Then, stripping the constant terms and scalar multiples, we arrive at a Hamiltonian given by the

terms in square brackets above. This describes nearest neighbour interaction in the ‘bulk’ of chain,

but also includes two terms which describe interactions with the left and right boundaries.
Second, these transfer matrices will commute, provided the matrices K (u) and K (u) satisfy the

reflection equation
Ralaz (u - U)Kal (U)RalaQ (u + U)Kaz (U) = Ka2 (U)Ramz (u + U)Kal (U)Ralaz (u - v)?
and the dual reflection equation

Rajay(—u+ U)I}él(u)Ramz(_u — v+ 2)1?22 (v) = f{ég (V) Rayar (—u — v + 2)[}21 (u)Rayay (—u +v)
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respectively. These equations are analogous to the Yang-Baxter equation for periodic chains.

The algebraic Bethe ansatz may also be applied to this chain, in a way that is detailed in
Sklyanin’s original work, where he considered the XXZ version of the chain. Recall that in the
periodic case, the starting point for the algebraic Bethe ansatz was the RTT relation (1.1.3) that
was satisfied by the monodromy matrix, and this gave the relations between its matrix elements
which were used to construct the ansatz.

In this case, however, we focus not on the full monodromy matrix, but instead on the matrix
given by

S() := Ra1(v) ... Rae(v) Kq(v)Rag(v) ... Ra1 (v),

the monodromy matrix without the left boundary. The reason for this is a property of the re-
flection equation: solutions of the reflection equation may extended to give further solutions using
representations of Yang-Baxter algebras, that is, solutions of the RTT relations. Indeed, for any
T'(u) that satisfies the RTT relation (1.1.3) and is invertible, the matrix given by

T(u)K (u)T~(—u) (1.3.1)

can be shown to satisfy the reflection equation. This is related to the co-ideal property of reflection
algebras, which will be discussed in later chapters. For now we see that the monodromy matrix is
an example of this, as R~ (—u) oc R(u).

We then write

and extract relations between the matrix elements a(u), b(u), c(u) and d(u). The eigenstate is built
from b(u) operators, in a similar way to the periodic case. The details of the calculation will not
be given here, but there are two remaining crucial factors that will be relevant in future chapters.

First is the dual K-matrix. The dual K-matrix may be reinstated as a modification to the
relations between matrix elements of S (v). For the Heisenberg chain the algebraic Bethe ansatz
is still possible, however, this freedom does not extend to higher rank symmetry algebras such as
gl,,. Indeed, it was shown in [BR09] that the n x n dual K-matrix could have not more degrees of
freedom than the 2 x 2 one used in the Heisenberg chain. For this reason, in later chapters we will
work only with the case K (u) = I, the trivial solution of the dual reflection equation. As such, we
drop the notation S, as S(u) = S(u).

The second matter is that of the vacuum vector. For this system, the vacuum vector is un-

®¢ However, the existence of the vacuum vector is

changed from the closed chain, equal to (ej)
not guaranteed: it depends on the extent to which the symmetry of the spin chain is broken by
the boundary conditions. In particular, off-diagonal terms within the K-matrix cause a mixing of
creation and annihilation operators, preventing the existence of an appropriate vacuum [GMO05].
For this reason, we consider only diagonal K-matrices in later chapters.

Despite these restrictions, we are left with a considerable number of possible boundary types.
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We will be interested in those that may be described by symmetric pairs, which describe the
bulk Lie symmetry of the chain—that is, the choice of R-matrix—along with the resulting Lie
symmetry after symmetry breaking by the boundary. We therefore conclude this section with a

brief introduction to symmetric pairs.

1.3.2 Symmetric pairs

Let g be a simple Lie algebra over C, and let 6 be an involutive automorphism of g. In fact, we will be
interested in only the classical Lie algebras—the infinite families of simple Lie algebras. Discussion
of the exceptional cases can be found in [He01l]. As @ is involutive it must have eigenvalues of +1,

and hence g may be decomposed into the positive and negative eigenspaces of 6:
g=g’@f.

Here g? is the fixed point subalgebra of 6 in g, that is, the 4-1 eigenspace. We then denote by (g, g%)
the symmetric pair of the Lie algebra and its fixed point subalegebra.

These involutions will almost all be inner automorphisms: conjugation by an element of the Lie
group associated to the Lie algebra. Any outer automorphisms can be characterised as automor-
phisms of the Lie algebra’s Dynkin diagram and, for classical Lie algebras, exist only in the cases of
sl, (reflective symmetry of the entire diagram) and so9,, (exchange of branched nodes), see [He01]
pp- 514 Table II. A list of symmetric pairs and the associated involutive automorphisms is given
in Table 1.3.2, adapted from [GR16].

In subsequent Chapters we will study rational quantum groups associated with these symmetric
pairs. In Chapter 2 we study the Ol’shanskii twisted Yangian [O192], associated with symmetric
pairs of type Al and AIIL. In Chapter 3 we study both the Molev-Ragoucy (extended) reflection
algebra [MRO02], associated to type AIIl, and the MacKay twisted Yangians [M02] associated to
types CI, CII, DI(a) and DIII.

25



0

Name g 0 g
Al (a) | sl E— —E% 509,
AT (b) | slap+ E— —FE'™ 509941
ATl 5l E — —FE* 5Poy,
AIIT s, sl ®sl, ,®C
BI | s02,41 F— GFG™',G = —Ion_api1 509, @ §02,—2p+1
Ip
Cl | spy, Fs GFG,G = ol
Ip
CII sPoy, F— GFG™Y,G = —Ion—2p SPap O 5Pp—2p
I
Ip
DI (a) | so2, F— GFG',G= N L 509, B 502,_2)
Ip
Jop+1
DI (b) | so2, | F—GFG',G= Ton—4p—2 502541 D $025,—2p—1
Jopt1
DIII | sog, F— GFG™,G = In — gl
—I

Table 1.1: Table of classical symmetric pairs, adapted from [HeO1] and [GR16], where I, is the r x r
identity matrix and J, is the matrix with ones on the anti-diagonal and zeros elsewhere.
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Chapter 2

Nested algebraic Bethe ansatz for the

even twisted Yangian spin chain

In this chapter we first review the nested algebraic Bethe ansatz for a closed gl,, spin chain. We
then recall the definition of Ol’'shanskii’s twisted Yangian Y*(gl,,) as well as its representation
theory, and use this to define an open spin chain and commuting transfer matrices which act on
the spin chain. We use the nested algebraic Bethe ansatz to construct eigenvectors for this transfer
matrix, finding the eigenvalues and Bethe equations. Finally, we give a ‘trace formula’ closed form

expression for the constructed eigenvectors in terms of the Bethe roots.

2.1 Nested algebraic Bethe ansatz for a closed Y (gl,) spin chain

Recall Y (gl,,) in its RTT presentation as defined in Definition 1.2.2, as well as the Y (gl,,) module
L defined by (1.2.14),
L:=LOW), @ LO?), ... L(AY),,, (2.1.1)

which is a lowest weight Y (gl,,) module with lowest weight
¢

Ai(w) =] <1 — UA_(k;) (2.1.2)

k=1

We will assume that the weights A(*) and shifts ¢; are such that this forms an irreducible represen-
tation of Y'(gl,,). Recall also that the RTT relation implies that t(u) := tr T'(u) satisfies

[t(u), t(v)] = 0.

The goal of the nested algebraic Bethe ansatz is to construct eigenvectors of ¢(u) in L. The approach
follows that of Kulish and Reshetikin’s original paper from 1983 [KR83], and more recently that of
Belliard and Ragoucy [BRO8] in which generalisations are given.

If we recall the algebraic Bethe ansatz from Chapter 1, we used a product of creation operators
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b(u) to construct an ansatz for the transfer matrix eigenstates. In doing so, we appeal to a version
of the Poincaré-Birkhoff-Witt theorem, see Theorem 1.4.1 of [Mo07] for its proof.

(r)
1y 7
Y (gl,,) can be uniquely written as a linear combination of ordered monomials in these generators.

Theorem 2.1.1. Given an arbitrary linear order on the set of generators t any element of

Combining this result with the properties of the lowest weight modules, for which the spin chain
is an example, we see that any element of such a module may be constructed by acting on the lowest
vector by the above-diagonal generators of the Yangian—those which sit above the diagonal in the

generating matrix. Put more precisely, we have the following result.

Corollary 2.1.2. Let L be a finite dimensional lowest weight Y (gl,,)-module with lowest weight
vector 1. Then, as a vector space, L is spanned by vectors of the form

t(rl) L. t(rm)

Z‘1]’1 ’Lm,_]'m/'77

withm € N, and r, € N and 1 < i < jr < n for each k.

To see this, we simply pick an ordering for the generators which place the ‘below-diagonal’
generators—the tg-) with ¢ > j—as the rightmost operators, followed by the diagonal generators,
and finally the above-diagonal generators as the leftmost operators. Since the lowest weight vector
is by definition an eigenvector of all below-diagonal and diagonal generators, those generators play
no part in generating the remaining vectors and thus we need only consider the above-diagonal
elements.

Of course, this result alone does not prove that the eigenvectors of the transfer matrix can
be written in the form used in the algebraic Bethe ansatz. However, it justifies the use of gen-
erators above the diagonal in the generating matrix—that is, creation operators—in constructing
eigenvectors without the need of involving the diagonal or below-diagonal elements.

In the case of Y(gly) this led to a unique creation operator, with which we constructed eigenvec-
tors of the transfer matrix. Moving to Y (gl,,), however, there are %n(n —1) creation operators, and
the approach is no longer so simple: which ordering and linear combinations of creation operators
will facilitate the steps of the algebraic Bethe ansatz, that is, the rightward movement of diagonal
generators which make up the transfer matrix?

Kulish and Reshetikhin’s nested algebraic Bethe ansatz [KR83] gives an answer to this question
which makes use of a convenient property of the Yangian: namely that any p x p diagonal submatrix
of Y(gl,) defines a Y(gl,) subalgebra within Y'(gl,). It can then be shown that, by taking the
creation operators one row at a time, the Y'(gl,) problem can be reduced to another transfer
matrix diagonalisation problem for Y (gl,,_;). Using the chain of subalgebras Y (gl,,) D Y(gl,_1) D
-+ DY (gly), we arrive at the Y (gl,) case, to which a regular ABA may be applied.

28



2.1.1 Exchange relations

Recall the Yang R-matrix R(u) = I — u~!P € End(C" ® C")[[u]], and the Yangian generating
matrix T, (u) € End(V,)®Y (gl,)[[u"1]], where V, = C" is an auxiliary space. We will refer to T, (v)
as the monodromy matrix, although strictly this name should be reserved for the representative of
the T, (v) on the spin chain module.

As with the gl, case we begin by splitting the monodromy matrix into four operators. Crucially,
however, in the gl, case these operators will be matrices in the auxiliary space rather than the
scalars a(v), b(v),c(v),d(v). We denote this ‘reduced’ auxiliary space by VJ/ = C"~! and further
reductions by Va(k) = C" % for any 0 < k < n, so that V, = Va(o) and V, = a(l). Accordingly, the

monodromy matrix Tg(u) splits into block matrices as follows:

To(u) = ) | Bl ; (2.1.3)
Calt) | Dulw)
where a(u) = t11(u) and
Ba(u) = (t12(w), - .., tin(u)) e (V) @Y (gh,)[[u]],
Calu) = (t21(u), - s tur ()" € Va @Y (gl,)[[u™]),
t22(u> . tgn(u)
Da(u) = P € End(V;) ® Y (gl,)[[u™]]-
tno(u) ... tpn(u)

In particular, By (u) is a row-vector and Cy,(u) is a column-vector. It will be convenient to denote
the matrix entries of Bg(u) by b;i(u) with 1 < ¢ < n — 1, and similarly for Cy(u) and D (u).
Additionally, we introduce a reduced R-matrix R'(u) acting on C*~! @ C"~1
n—1
Ru):=T-u"! Z e ey =1— u P

1,j=1

The defining relations of Y (gl,,) imply the following exchange relations for a(v), B,(v) and D, (v):

a(0)Boy () = "L By, (w)a(v) — 1 Ba, (v)a(u), (2.1.4)
Da(0) Bay () = Buy (u) Daf(0) Rig, (0 — 1) + —— B (1) Da(u) P, (2.1.5)
Bay (v) Buy (1) = —————Buy (1) B, (v) Ry, (0 — w), (2.1.6)
along with an RTT relation
Ryt = ©) Doy (1) Doy (v) = Doy (v) Do (1) Ry (1 — ). (2.1.7)
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In particular, the coefficients of the matrix entries of D, (v) generate a subalgebra Y (gl,,_;) C Y(gl,,)
(note, however, that this is not a Hopf subalgebra). Two additional relations will be used, which

can be stated more clearly in terms of individual matrix entries of T,(u). For any 1 <i,j,k <n—1,

u i v (dij(u) ci(v) — dij(v) ci(u)), (2.1.8)

(bj(w) ci(v) = bj(v)ei(u)). (2.1.9)

cp(u)dij(v) = dij(v) cp(u) —

(a(v), dij ()] = —

vV—Uu

2.1.2 Exchange relations for multiple excitations

The exact construction of the Bethe vector, that is, the ansatz for the eigenvector of the transfer
matrix will be given in a later section. However, largely it will involve a product of creation
operators just as in the gl, case and, anticipating this, we first establish the exchange relations
between the diagonal operators and the multiple product of creation operators which will appear
in the ansatz.

Choose m € N and introduce an m-tuple w = (uq, ..., uy,) of formal parameters. Let the spaces
V/

..., V! be copies of V! = C"'. The creation operator for m excitations is
1 am a

Bal...am (U) = B(ll (Ul) e Bam (um)

This is a row-vector, which lives in the tensor product of dual-spaces (V,)* ® ... ® (V, )* with
entries in Y (gl,,)[[u;',...,u;,']]. Note that we will also use a as a shorthand for action on the
auxiliary spaces ai, ..., Gn.

The parameters carried by Bg(u) may be exchanged by the braided R-matrix defined by

R(u) = R(u)P. (2.1.10)

Indeed, from (2.1.6) we have

Ba, (1) Bay (u2) = Ba, (u2)Ba, (u1) Ry, o, (u1 — ug).

aiaz

Consequently, for m excitations, we have that

Ba(u) = Ba(wicsiv1) R, . (ui —ujr1) for 1<i<m-—1, (2.1.11)

;41

where ;41 is the m-tuple (uy, ..., uj+1, Uj, . . . Uy ). Going further, as any permutation o € Sy, is
a sequence of transpositions, we may realise any permutation of the parameters u on the creation

operator by a product of R’ matrices:
Ba(u) = Bg(u,)R,[0](u), (2.1.12)
where uy = (Ug(1); - - - Ug(m)) and R! [o](u) is the product of R’ matrices required to enact this
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permutation. In what follows we will make use of the cyclic permutations o; € Sy, with o;(i) =
i+7—1 modm. Another consequence of this relation is that the coefficients of b;(u) for each ¢
combined form a closed subalgebra B of Y (gl,,).

We are now ready to establish the exchange relations for the a(v) and D, (v) operators, which

generalise (2.1.4) and (2.1.5) to m excitations.

Lemma 2.1.3. The following identities hold

=1 UV — Uj
m
1 w—u; +1 -,
- ]2 — Ba(to; u;—v) wR—?% (H w— >a(w) Ryloj(w),
(2.1.13)
try Do(v) Ba(u) = Ba(u) try T, (v; w)
1
_ ]Z:; = Ba(Uo; u;—0) wfgegj try Ty.q(w; Uo, ) R loj](w), (2.1.14)
where
Ty.q(viw) := Do(v) Ry, (0= t) -+ - Ry, (0 — 1) (2.1.15)
and Uo; u;—so = (U, Ujr1, -5 Uj-1).

Proof. The approach is the same as that for the gly case: we divide the problem into the ‘wanted’
and ‘unwanted’ terms, first calculating the wanted terms, then extending this to the unwanted
terms using symmetry.

Consider (2.1.4). The wanted term in each exchange is the term in which the a(v) operator
retains its parameter, and it is clear that there will be a single wanted term after m exchanges.
Additionally, by repeatedly applying the exchange relation, the unwanted terms may be categorised
by the parameter u; held by a(-) after all exchanges have been made. This may be summarised in

the equation

a(v) Bg(u) = (H W) Bg(u)a(v) + Z Ui j(v;u).
v —u; st

i=1
where Uy j(v;u) denotes the unwanted terms containing a(u;) as the rightmost operator, or more
specifically, Uy j(v;u) is of the form Ba(u;) for some product of operators B € (V;,)* ® --- ®

(V) @B ur ).
To find Uy 1(v;u), we begin by acting on Bg(u) with a(v). From (2.1.4), we have

Ba, <v>a<u1>)Ba2 (u2) -+~ Buy, (1),

Now, moving a(v) through the remaining creation operators, we note that the only contribution to

31



Ui,1(v; w) will be from the second term in the above expression, in the instance when there are no

further parameter swaps in the remaining commutations. Therefore,

Urg(v;u) = — L H u—ujtl Ba, (v) Bay (ug) - - - Ba,, (tm) a(uy).

V—U Uy — uj;
1].:2 1 j

The Uy j(v; ) may be found by first applying a permutation to the parameters w via (2.1.12), then

utilising the same argument as above. Indeed,
a(v) Ba(w) = a(v) Ba(us,) Roloj] (u)

m UV — Uys.(; 1 . m
- (H ”+) Ba(us,) Rylo)(w) (o) + 3 Uy 4 (03 w),
k=1

i1 VT Uoy(9)

and we find

Urj(viu) = —— .(H“j_fk+1)Bm(v)BaQ(ujm---Bam(uj1>R;[aj1<u>a<uj>.
VU \ s U Uk

Finally, we note that we may write this expression as a residue, so that the unwanted term resembles

(11252 |

=1

the wanted term:

U1 j(03) = ——— Buy (v) By (1) -+ Ba (1) Rl [o5](1) Res

v — ’LL] W—rUj

Putting this together with the wanted term, we arrive at expression (2.1.13).

For the D, (v) operator, we see that the wanted term from each exchange contains an R matrix
which links the auxiliary spaces of the D,(v) and By, (u) operators. Since this R matrix acts only
on those two spaces, it commutes with any creation operators to the right of it and may be moved
to the right of the expression before applying (2.1.5) to the second creation operator. Therefore,

taking the trace after m exchanges we have
m
trq Dg(v) Ba(u) = Ba(u) trg (Do (v) Ry, (v — um) - Riy (v —u1)) + Z Uz j(v;u),
j=1

where now each Us j(v;u) may be written Y77, By dy(u;) for some By, € Vo e e, e
B((v= Y urt, . unh).

In order to find the unwanted terms, we first note that the unwanted term from a single exchange

may be written as follows, working from (2.1.5) and taking the trace:

trq Dy (v)Ba, (u) = Bq, (u) tra [Do(v) Ry, (v — u)] —

aal

v — uBa1 (v) qu{gi trg [Da(w)Rfml (w— u)],

as P = — Res R(w — u). In this form we see that the unwanted term is the residue of the wanted
w—u

32



term, and can proceed with the argument that was used for a(v). Acting now on Bg(u), we obtain
U1 (v;u) by starting with the unwanted term from the first exchange given above and taking the

wanted term in each subsequent exchange, yielding

! Ba, (v) Bay (u2) - - - Ba,,, (um) Res try Ty, (w;w).

VvV — Uy w—ul

Uz,l('l}; u) =

with Tj.,(w;u) as given in (2.1.15). Then using the same permutation of the parameters u as

above, we find

1 ,
Ba(to;u;—v) Res try Ty, (w;ug,) Ryloj](u),

v — u] w—rul

Usj(viu) = —

as required. O

Here note that the matrix that appears on the r.h.s of the exchange relations for D,(v) is not
D, (v) itself but in fact the matrix

Th.a(v;u) = Do(v) Ry, (V= ) -+ Ry, (v —up). (2.1.16)

We will refer to this matrix as the nested monodromy matriz, and proceed to investigate its prop-

erties.

Lemma 2.1.4. The nested monodromy matriz satisfies the RTT relation,
;b(v - 'LU) Tclz;a. (’U; u) Tl;;a (w; u) = Té;a(w; u) Tolt;a(v; u) ;b(v - 'U})

Proof. Starting from the Lh.s. of the equation and using the definition (2.1.16) of T}, (v; u),

;b U= w)Ta;a(Ua u) Tb o(w;u)
= Ry (v — w) Da(v) Rig,,, (v = tm) -+ R, (0 = u1) Dy(w) Rpy,,, (w — ) -+ Ry, (0 — 1)
= Ry (v — w) Do (v) Dy(w) Rp,, (v = tm) By, (W = ) -+ Ry (v — 1) Ry, (w — u1)
= Dy(w)Dq(v) Ry (v — w) Rpy,,, (v = tim) Rbyy,,, (W = tm) -+ Rpyg, (v — 1) Ry, (w — un) by (2.1.7)
= Dy(w)Da(v) Ry, (w — um)R’ tam (V= Um) -+ Ry, (w = wn) Ry, (v = ur) Ryy(v —w) - by YBE

— T (w3 u) T (v 0) Ry (v — ). 0

By the above Lemma, the matrix 7). (v;u) is a homomorphic image of the generating matrix
Té;a(v) of Y(g[nfl)
Another important property concerns the parameters u which appear in the nested monodromy

matrix.

Lemma 2.1.5. Matriz elements [T, (v; u)]Jk of T, .o (v;u) transform under the action of Sy, as:

Re0)(w) [Tl (v:)] = [Thea (i) Rilo] (u),
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for any o € Sy,.

Proof. 1t is sufficient to show that this relation holds for transpositions, as these generate S,.
Moving th a;1 (Wi —uit1) from left to right through each of the R-matrices in the definition (2.1.16),
the R-matrices with which it does not commute will undergo parameter exchange u; <> u;41 due

to the (braided) Yang-Baxter equation:

Riary (ui = wi1) Rog, (0 = wig1) Ryq, (v = wi) = Riq, (v — i) R, (0 = wig1) Ryq, (i — wign).

Thus we obtain

The required identity is now immediate. O

We have established that the nested monodromy matrix satisfies the RTT relation with the gl,,_;
R-matrix, and so defines a representation of Y (gl,,_;). We will refer to the associated representation
space as the nested vacuum sector, as it will play the role of the vacuum vector on which the creation
operators B(u) act.

Denote by L()\(i))gi the subspace of the Y (gl,,)-evaluation module L(A(®),. consisting of vectors

annihilated by all operators c¢;(u), namely
LN = {¢e LAY, : ¢j(u)¢=0for 1 <j <n—1}.

This subspace corresponds to the natural embedding gl,,_; C gl,, and is an irreducible lowest weight

Y (gl,,_;)-module with the lowest weight given by
Ai(w)? = N1 (u) for 1<i<n—1 (2.1.17)

and A;(u) defined in (2.1.2).

We define the vacuum sector LY C L as the tensor product of these subspaces,

N 4
L0:=LOWY @ L) ©... @ L(\®)?

Cp*

By our initial assumption, the space L is an irreducible Y (gl,,)-module. Then, by Lemma 6.2.2 and
Theorem 6.5.8 in [Mo07], the space L° is an irreducible Y (gl,,_;)-module. In particular, the space
LY is annihilated by all operators c¢;(u),

LO:{CEL cci(u)- (=0 for 1<i<n-—1},

and is stable under the action of the operators d;;(u) for 1 <1i,j <n —1, see (2.1.8).
Each auxiliary space V. is a vector representation of the Lie algebra gl, ; of weight \' =

(1,0,...,0) and may now be viewed as an evaluation module L()\'),, of Y (gl,_;) with the lowest
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weight given by

u—u; — 1

N (u) = and Nj(u)=1 for 2<j<n-—1 (2.1.18)

U — U;

In particular, the generating matrix T} (u) of Y (gl,_;) acts on L(\),, as Ry, (u — u;).

We have now all the necessary ingredients to define the nested vacuum sector
L=DaV, @V, (2.1.19)
Proposition 2.1.6. Let T'(v) denote the generating matriz of Y (gl,_1). Then the map

Y(gl,_1) = Y(gl,) ®End(V] @---@V!), T (v)— T (v;u 2.1.20
n—1 a al

m

is a homomorphism of algebras. Moreover, it equips the space L' with a structure of a lowest weight

Y (gl,,_1)-module with the lowest weight given by

¢ () m

’ 1)—/\2 —Cj—l v—uk—l
(v;u) = . and
1 H1 v= A —¢ ;};[1 vk

(2.1.21)

v — —c;—1
(v;u):H i for 2<i<n-—1.

Proof. The homomorphism property follows from Lemma 2.1.4. We already know that L° is an
irreducible Y (gl,,_;)-module. It follows from (2.1.16) and (2.1.19) that the space L’ is stable under
the action of T}, (v;u). Thus the map (2.1.20) equips the space L' with a structure of Y (gl,_4)-

module with each tensorand a lowest weight Y (gl,,_;)-module. The lowest vector is
N=mR--NRe|R- Qe (2.1.22)

where each 7; is a lowest vector of L()\(i))gi for 1 < i < /¢ and each €] is a lowest vector of V, for
1 <i < m (viewed as an evaluation module L()\')y,). Finally, acting with [Ty, (v;u)]; on n for
1 <4 <n and using (2.1.17) and (2.1.18) yields (2.1.21). O

Lemma 2.1.7. For any vector { € L' we have that a(u) - ¢ = A\ (u)(, where A\1(u) is defined by
(2.1.2).

Proof. By Proposition 2.1.6 we know that L' = Y (gl,,_;)n for n) defined in (2.1.22) and ¢;(u)-L" = 0.
Using (2.1.9) and definition of ¢;(v;u), we find that [a(u),t};(v;u)] - ¢ = 0 for any 1 < i,j < n.
Hence it is enough to act with a(u) on the lowest vector 7, which yields the required result. O

35



2.1.3 Nested algebraic Bethe ansatz

Recall the definition of the full quantum space (2.1.1) and the nested vacuum sector (2.1.19). Let
@’ ¢ L'. We will refer to this as the nested Bethe vector, and we will impose additional properties
on it in what follows. The ansatz for the eigenvector of the transfer matrix, the Bethe vector, is
then

®(u) := Bg(u) - ¢ € L.

Since L is a finite dimensional vector space, the parameters u can be evaluated to non-zero complex
numbers, hence from now on we will assume that w € C™ is an m-tuple of non-zero complex
numbers.

To find the conditions for which this is an eigenvector of the transfer matrix, we act with

t(v) = a(v) + trg Do(v), and use Lemma 2.1.3 to move through the creation operators. So
(a(v) + trg Dq(v)) Ba(u) - @'

(ﬁ UL o)+t Thalusw)

v — U;
i=1 ¢

i

1
- Z B, (uaj,u]._w) Res

v — u] wW—rUj

(H W) a(w) + trg Té;a(w; U, ) R;[aj](u) - P
i=1 v

(2.1.23)

For ®(u) to be an eigenvector of t(v) for all v, we require that the wanted term acts as a scalar

j=1

on @', and that the unwanted terms all vanish on ®’. Focussing first on the wanted term, by
Lemma 2.1.7, a(v) - ® = A\ (v)®'. Therefore, we require that ® be an eigenvector of the nested

transfer matrix ¢/, (v; u) 1= tr, Ty 4 (v;w) for all v, that is,
tg(v;u) - @ =T'(v;u)®’, (2.1.24)

for some scalar I (v; ). Under this assumption, the eigenvalue of the transfer matrix ¢(v) will then
be

T(v;u) = M (o) [[ o= T (05 ). (2.1.25)

i=1
This condition on @ presents an equivalent diagonalisation problem to the one defined initially
for t(v), the auxiliary spaces ay,...,a, acting as additional spin chain sites in the vector repre-
sentation, with parameter shifts given by the corresponding wyq, ..., uy,. Crucially, the underlying
algebra has changed from Y (gl,,) to Y (gl,_;), with monodromy matrix 7}.q(v; w) and, as such, we
may continue this argument inductively until arriving at the known Y (gl,) case.
For example, constructing the ansatz for the nested Bethe vector, we fix m’ € N and introduce
an m/-tuple v’ = (v}, ...,/ ,) of distinct complex parameters, so that
o' = '(u'yu) = By, (uju) - By (upiu) - @7,

a’ ,\"m
m
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where, upon decomposing the nested monodromy matrix Té;a(v, u) in the same way as we did for
T, (v),
eV @ -0V
m/ 1

Here L'? is the vacuum sector of L defined analogously to that of L, and each V7 is a gl,, _y-module
of weight A" = (1,0,...,0). Repeating this process, we reduce the problem tz) a Y (gly)-system,
which may be solved using using an argument of the type given in Chapter 1.

It therefore remains to show that the unwanted terms can be made to vanish on the nested
Bethe vector. Since the creation operators within each unwanted term contain a unique set of
parameters, we assume that the unwanted terms are each linearly independent, and demand the
potentially stronger condition on ®’ that each term vanishes independently.

Consider again the expression for the unwanted terms acting on @' in (2.1.23). As a consequence
of Lemma 2.1.5 we may commute the j®® unwanted term in square brackets with the Rl [0;](u),
which reverses the parameter permutation in the nested monodromy matrix. The expression on

this line then becomes

m

=S L Ba(ug, y ) Biloj](u) Res

v — uj W—rUj

P

(ﬁ M atw) +tn T (s

w — Uy
i=1 v

J=1

Each term in this sum is now merely a residue of the wanted term acting on ®’, which we have
assumed acts diagonally (2.1.24). Therefore, this expression becomes

<1§1 Y ) + T u>] @

m

- Z ! Ba(uU]',UjA)’U)R/a[O-j](u) Res

v — uj w—ruj

J=1

By setting each summand to zero, we obtain a sufficient condition for the unwanted terms to vanish

Res (H W) Ar(w) + T (w; u)] =0
i=1 v

w—ruj

Or, in other words,
Res T'(w;u) =0 for 1<j<m. (2.1.26)

W—Uj

These are the Bethe equations for u.

2.1.4 End of recursion

Upon reducing to the residual Y (gl,)-system, we have the familiar 2 x 2 monodromy matrix

R
T2 (v) = ( 2 (v)  dr=2(v) >
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Dependence on parameters u,w’, ..., u(™ ) has been suppressed. The RTT relation yields the

relations
(n=2) ( \p =2y — LU ey N ey L o)y (n=2)
oD (@)D ) = L2 ) D (o) — —— b2 (w) "D )
(n=2) (1 (=2 () — LU T L o)y (n—2) L ey g-2)
d (v)b (u) p— b (u)d (v) + p— ub (v)d (u),

6072 (v), b7 (u)] = 0.
The Bethe vector with m(®~2) excitations is

(=2 (q4) = b2 ("D L p(=2) (172 1y g (n2)

m(n—2) )

where 17("~?) is a lowest vector of the nested vacuum sector L("~2). The associated eigenvalue of

the transfer matrix t(*=2)(v) is

(n—2)
m _ ,,(n=2) 1
(n=2),.. (n—2)y _ y(n=2)(, . (n—3) A
r (U,U,...,U ) )\1 (’U,’LL,...,U ) 1:[1 ’U—U(n_2)
(n—2)
m —ulr=2) _q
(n=2) . (n—3) vow T2
+X V(... u ) H D
i=1 i

provided the w("~2) satisfy the Bethe equations

R?s%) r=2 (w;u,. ..u("*Z)) =0 for 1<j5< mn=2),

w—>]

2.1.5 Full expressions for eigenvalues and Bethe equations

In this section, we unpack the recursion steps to give the explicit expressions for the eigenvalues
of the transfer matrix in terms of the parameters of the Y (gl,) system. In order to match the

notation used in the Bethe ansatz for the Ypi(glzn) chain in Section 2.2, we begin by relabelling
(1)

the spectral parameters as follows. For the initial step, relabel parameters u; — u,; ’ and excitation

number m — m™), and for subsequent levels of nesting ugk) — uEkH) and m® — m*E+D | We use

Proposition 2.1.6 to rewrite the weights )\gk) (v;u,... ,u(kfl)) of the nested system in terms of the
weights of the initial Y (gl,,)-system,
m(k) (k) 1

V—U;

)\gk)(v;u(l), L u) = N (0) H —J — for 1<k<n-1 and
i=1 j

AP @u® L u®)y = Ny () for 1>1, 1<k<n—L
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From the recursion relation in (2.1.25), a general expression can be found for the eigenvalue
LE (p;u®, . D) for 1 <k<n-—2:

r® (p;u® uh)

mn—1) _ mU+1D)

_ — ) 4 g
— 22 (D (n—-2) v 0 ) voum oAl
_)\2 (U,U geees U ) 1:! v — ('n, 1) +ZA ’U’LL iy ) I[l v — u+1)
m(n—1) (n—1 m® (l) m(+1) (I+1)
v —uy, —u; —1 v—u; T +1
=) ]] i S Z A (v H @ 11 (1+1)
i=1 v — ’LL v — UZ» i=1 v — ’U/i

We have thus shown the following.

Theorem 2.1.8. The eigenvalues of the Bethe vectors for a Y (gl,,)-system are given by

mt) v—uM 11 mer Y v—ul"Y 1
['(v) = A1 (v) ]_:[1 O + An(v) 1:[1 W
n—2 m® ) m(+1) (z+1)
v—u;’ —1 v — +1
+ ;Alﬂ(v) 1:[1 — 1:11 W. (2.1.27)

Recall also the Bethe equations (2.1.26) satisfied by parameters u§k)

. In fact, comparing the
above two expressions, we note that equivalent Bethe equations can be obtained by demanding
instead that the residue of the full eigenvalue I'(v) vanishes at each ug-k) for 1 <k <n-1,
1 < j < m®). This is exactly the condition that the eigenvalue of the transfer matrix is analytic.
We may now evaluate the residue to obtain the Bethe equations in terms of A\ (v) with 1 <k <n

leading to the following statement.

Theorem 2.1.9. The Bethe equations for a Y (gl,,)-system are

m:mu@—n u§k)_u§k71) .Hugk)_ugk)_l.mﬁl) u§k)_u§k+1)+1
Al(uy))—l‘[“g‘l) u! 1.nﬁ) ul —uf® 1 (2.1.28)
@) i uD a1 W 1

T B ol Gt Y e Gl

s B B -1 (Ve

for1<k<n-1 andlﬁjgm(’“).

Finally, we end this section with an expression for the eigenvector. Although we have con-
structed the eigenvector recursively, it was shown in [TV13],[BRO08] that the gl,, Bethe vector may

instead be written in a closed form in terms of the original Y (gl,,) generating matrix and R-matrix.
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<I>(u(1), .. ,u(”_l))

n—1m) n—1k—1m® 1
= try K H H Ta;v (uﬁ"’) )> ( H H H H Rafag (ng)—uﬁl))>

k=11i=1 k=2 1=11i=1 j=m)

& (n—1)
x (e21)®™ @+ @ (eppn-1)®™ ] -7, (2.1.29)

where the trace is taken over the space V := Va®: - ® Va"f,ll,l) = (C)®™ with m = Y7 m®
and 7 is the lowest weight vector for L.

2.2 Nested algebraic Bethe ansatz for the even twisted Yangian

spin chain

In this section, we give the nested algebraic Bethe ansatz for an even twisted Yangian spin chain.
We first review the twisted Yangian algebra and its representation theory, allowing us to define a
spin chain as a twisted Yangian representation. We then proceed to construct eigenvectors for a

transfer matrix which acts on this system using the nested algebraic Bethe ansatz.

2.2.1 The Ol’'shanskii twisted Yangian

We begin by defining the Ol’'shanskii twisted Yangian, following [0192], [Mo07]. First, recall the
transpose defined in (1.2.20). Recall also the notation 4+ and F with upper and lower signs referring

to the orthogonal and sympelctic cases respectively.

Definition 2.2.1. Let p € C. The twisted Yangian Ypi(glgn) is the subalgebra of Y (gly,,) generated
by the coefficients of the entries of the matriz

S(u) = T(u)T (—u — p). (2.2.1)

The ‘p-shifted’ twisted Yangian defined above is isomorphic to the usual one studied in [Mo07].
The isomorphism is provided by the mapping S(u) — S(u + p/2). For the purposes of the nested
algebraic Bethe ansatz, it will not be necessary to fix a particular value of p, and it will remain a
free parameter. However, it may be necessary to fix a particular value of p in order to obtain a local
interaction Hamiltonian from the resulting transfer matrix; see Remark 2.2.17 for more details.

Note that the construction (2.2.1) differs from the one described in (1.3.1) as it physically
represents a reflective boundary which turns particles into antiparticles and vice versa. As such,

instead of the reflection equation the matrix S(u) satisfies the twisted reflection equation
Rio(u —v)S1(u) Rlo(—u — v — p) Sa(v) = Sa(v) Rlo(—u — v — p) S1(u) Ria(u — v), (2.2.2)
which is a simple consequence of the RTT relation.
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Additionally it satisfies the symmetry relation

L S~ S(-u—p)
2u+p

: (2.2.3)

which can be shown by taking the transpose of S(u) and using the Y'(gl,,) relations to put the
matrix back together. Indeed, if S(u) were instead constructed from a matrix of commutative
polynomials we would simply have the first term on the right hand side; the extra terms are a
consequence of the noncommutative nature of the Yangian. The fact that this relation is linear will
be useful for the nested algebraic Bethe ansatz.

The above two relations are in fact the defining relations of Ypi(g[%), in the sense that this
subalgebra is isomorphic to an algebra defined by the above relations only. Their form in terms
of matrix elements s;;(u) of S(u), for p = 0, can be found in (2.4) and (2.5) of [O192] (note that
indices 1, j, k, [ are indexed by —n,—n+1,...,n — 1,n in loc. cit.); also see Section 4.1 in [Mo07].

This definition of the twisted Yangian may be seen as a quantum analogue of the classical
definition of gs,, as the invariant subalgebra of gl,,, with respect to the automorphism E +— —E?. In
other words, Ypi(g[%) is the rational quantum version of symmetric pairs Al(a) and AIIl. Denoting
the coefficients as s;;(u) = 3, sg)u_’“, the map F;; — —sﬁ) defines an embedding U(g2,) —
Ypi (gly,,), with the twisted reflection equation and symmetry relation implying (1.2.18) and (1.2.19)

respectively. In fact, for this algebra in particular, the map
sij(u) = 85 — Fji(u+ (p£1)/2)7"

defines the evaluation homomorphism ev® : Ypi(g[%) — U(g2n). This is in contrast to X(gn),
which cannot possess such an evaluation homomorphism.

Recall now the coproduct for Y (gly,,), defined by (1.2.11). The coproduct is itself an algebra
homomorphism, and the action on the twisted Yangian subalgebra generated by S(u) can be shown

to obey
A S(u) = (T(w) ©1)(10 Sw)(T(—u—p) & 1) € End(C?) &Y (gly,) & Vi (glhy,) [u]]. (2:24)

We see that, rather than mapping to the tensor square of the twisted Yangian, the subalgebra is
preserved only in the right tensor space in the image of the coproduct, that is, A : Ypi(g[%) —
Y (gly,) ® YpjE (gly,). This property makes the twisted Yangian a left coideal subalgebra of Y (gly,,).
This also has a clear physical interpretation: the T(u) and T'(—u — p) are the interaction
of a test particle with the ‘bulk’ of the spin chain before and after reflecting off the boundary
respectively, and S(u) is the interaction with the boundary itself.
We now turn to representation theory of YpjE (gly,). Asin the case of Y(gl,,), we will be interested

in the lowest weight representations.

Definition 2.2.2. A representation V of Ypi(g[%) is called a lowest weight representation if there
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exists a nonzero vector £ € V' such that V = Ypi(glgn)f and

sij(u)§ =0 for 1<j<i<2n and
si(u)§ = pi(u)§  for 1<i<n,
where p;(u) are formal power series in u~' with constant terms equal to 1. The vector & is called

the lowest weight vector of V', and the n-tuple p(u) = (pu1(u), ..., un(u)) is called the lowest weight
of V.

Note that £ is also an eigenvector for the action of s;;(u) with n +1 < i < 2n. Indeed, the
symmetry relation (2.2.3) implies that

() — i —u — .
Son—it1,2n—i+1(u)§ = <Mi(—u —p)E palu) 25;5 , ,0)) § for 1<i<mn.
Recall from Section 1.2.2 that for an n-tuple p € C” we may define an irreducible highest weight
representation of U(gs,), which here will be denoted M (p). Using the evaluation homomorphism

ev®, we can extend this to a Ypi(glgn)—module with lowest weight satisfying

pi(w) =1— pi(u+ (p£1)/2)7F for 1<i<n. (2.2.5)

Now, recall the tensor product of evaluation modules (2.1.1). The coproduct allows us to equip

the space
M:=L& M) =LOAW), @ LO?), ®...0 LAY, © M(u) (2.2.6)

with the structure of a lowest weight Ypi(g[Qn)-module. In particular, S(u) acts on the space M by

S(u) - M <H£ u—cl>£jE (Hﬁt —u — —cl)>M (2.2.7)

i=1
where here we recall the convention of ordering products from left to right, so the leftmost operators
in the above products are £1(u — ¢;) and L,(—u — p — ¢;) respectively, and we have introduced the

“boundary” Lax operator

2n
LE(u) = (id @ evF)(S(u)) = Z eij @ (6ij — Fji(u+ (p+1)/2)7h). (2.2.8)
ij=1

This may be thought of as a generalisation of a K-matrix, in which case the chosen representation
would be one-dimensional, but as of yet does not have a clear physical interpretation. Nevertheless,

we include it here as a matter of mathematical interest.
Let £ € M(u) be the lowest vector. Denote by 7; the lowest vector of L(A®).. and set ¢ =
me ... n @& Then the submodule Ypi(g[mb)( of Ypi(g[mb)—module M is a lowest weight
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representation with a lowest vector (. It is given by
Ai(w) Aon—ip1(—p —u) pi(u) for 1<i<mn,

with A;(u) defined in (2.1.2) and p;(u) defined in (2.2.5), see Proposition 4.2.11 in [Mo07]. To the
best of our knowledge, there are currently no irreducibility criteria known for a tensor product of
irreducible representations of Y (gl,,,) and Ypi (glyy,)-

For the remainder of this chapter, we will study the problem of constructing eigenvectors of
the transfer matrix defined by 7(u) = trq Se(u), for which we employ the nested algebraic Bethe

ansatz.

2.2.2 Block decomposition

Just as with the gl,, closed spin chain, or even the Heisenberg spin chain, the first step of the (nested)
algebraic Bethe ansatz is the decomposition of the monodromy matrix in its auxiliary space into
submatrices. In the gl,, case, this took the form of (2.1.3), where each row was separated off one
by one. For this spin chain, however, we employ a different strategy. Inspired by the arguments
presented in [Rs91, DVKS87], we decompose the monodromy matrix into equal n x n blocks. This is
due to the redundancies contained within the generating matrix for a go,-symmetric system defined
in RTT presentation.
We write matrices T'(u) and S(u) in the block form:

T(u) = ( Alw) i(“) ) Su) = ( Alu) - B(u) ) (2.2.9)

Our goal is to derive the algebraic relations between these smaller matrix operators (blocks), which
we will make use of in the Bethe ansatz. We will denote the matrix elements of A(u) by a;;(u)
with 1 <4,j < n, and similarly for matrices B(u), C'(u) and D(u), and their barred counterparts.
Furthermore, we make use of barred indices 7 = n — ¢ 4+ 1 for indices 1 < i < n; note that in
Section 1.2.2 this notation was used for indices running from 1 to 2n.

Recall that C?" =~ C?2 @ C". Let e;j with 1 < 4,5 < 2n denote the standard matrix units of
End(C?"). Moreover, let x;; with 1 <i,j < 2 (resp. e;; with 1 < ,j < n) denote the standard
matrix units of End(C?) (resp. End(C")). Then, for any 1 < 7,5 < n, we may write

€jj = T11 @ €ij, entij = T21 & €ij, (2.2.10)

and similarly for e; ,4; and e, 1;n4;. Hence any matrix M € End(C?") with entries (M )ij € C can

be equivalently written as

M= Tap ® [M]ap € End(C?) ® End(C"),

2
a,b=1
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where [M]a = 327 i1 (M)iyn(a—1),j+n(b-1) €5 are blocks of M, viz. (2.2.9). Now let M € End(C*"®
C?"). Then we may write

2

M = Z Tab & Teg & [M]abcd € End((c2 @ (Cz) ® End((cn ® (Cn)v
a,b,c,d=1

where [M]apeq are obtained as follows. Writing M = Zf? k,l:l(M )ijki €ij ® e we have

n
[M]abed = Z (M) in(a=1)j+n(b—1)k+n(c—1),l+n(d—1) €ij @ €kl- (2.2.11)
ijikl=1
Denote the R-matrix acting on C?” ® C?" by R(u) and its ¢-transpose by Rf(u). Viewing them

as elements in End(C? ® C?) ® End(C" ® C*)[[u!]] and using (2.2.11) we recover the six-vertex
block structure

R(u) I

R(u) = , Ri(u) =

(2.2.12)

where the operators inside the matrices are each acting on C* ® C"; note that R'(u) = I —u~'Q
and Q = Zlgz‘,jgn eij ® e57 in both cases of F above are of the orthogonal type, where here we have
used the notation 2 =n — i + 1.

In a similar way, the matrices T} (u) = T'(u) ® I and Ty(u) = I ® T(u), as elements of End(C? ®
C?) ® End(C" ® C") ® Y (gly,)[[u~!]], take the form

Ax(u) B Bi(u) B Ez(u) ?ﬂu
e Ol e e £
1u 1(u 21U 2(U
61 (u) bl (u) 62 (u) EQ (u)
(2.2.13)

where Aj(u) means A(u)® I € End(C"®C") ® Y (g2,)[[u"!]] with I being the identity matrix, and
similarly for the other blocks. Substituting (2.2.12) and (2.2.13) to the RTT relation allows us to
rewrite the defining relations of Y (gls,,) in terms of the matrices A(u), B(u), C(u) and D(u). The
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relations that we will need are:

ng(u - ’U)Zl (U)ZQ('U) == ZQ(’U)Z]_ (u) ng(u - ’U)7 (2214)

Ri2(u — v) By (u) Ba(v) = Ba(v) B1(u) Ria(u — v), (2.2.15)

Rio(u — v) Dy (u) Da(v) = Da(v) Dy (u) Ria(u — v), (2.2.16)

C1 () Aa(v) = Ao() s () Bralu — v) + L2 A0 C20), (2.217)
Ca()Dalo) = Ras(v — 1) Do) s ) — D22 E), (2218)
D () Aafw) — Aa(v) D () = L2102 = Ba0) i) P (2219)

In particular, the coefficients of the matrix entries of A(u) generate a Y (gl,,) subalgebra of Y (gls,,).
The same is true for D(u).

We now repeat the same steps for the twisted Yangian Ypi(glzn). We substitute (2.2.12)
to (2.2.2) and view matrices Si(u) and Sa(u) as elements of End(C? ® C?) ® End(C" ® C") ®
Ypi (gly,)[[u]], so that they take the same form as in (2.2.13). This allows us to write the defining
relations of Ypi(glgn) in terms of the matrices A(u), B(u), C(u) and D(u). The relations that we

will need are:

As(v)Bi(u) = Ria(u — v) Bi(u) Ris(—u — v — p) Az(v)
n P1oB1(v)Riy(—u — v — p)As(u) - B (v)Q12D1(u)

(2.2.20)
U —v u+v+p
Riz(u —v)Bi(u)Riy(—u — v — p) Ba(v)
= Bo(v)Riy(—u — v — p)B1(u) Ry2(u — v), (2.2.21)
Ria(u —v)A1(u)Az(v) — A2(v) Ar(u)Ria(u — v)
~_ Ria(u —v)B1(u)Q1202(v) — Ba(v)Q1201 (u) Ria(u — v)
—r P , (2.2.22)
C1(u)A2(v) = Aa(v) Riy(—u — v — p)C1(u) Riz(u — v)
n Pra Ay (u)Riy(—u — v — p)Ca(v) =D (w)Q12C5 (v) (2.2.23)

uU—v u+v+p

It remains to cast the symmetry relation (2.2.3) in the block form. Observe that

St(u) — Dt(u) iBt(u)
+C0u)  Al(u) ‘

This allows us immediately to extract linear relations between matrices A(u), B(u), C(u) and D(u),
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of which we will need the following two only:

D(—u— p) = A(u) + 0 T p(A(u) — A(—u—p)), (2.2.24)
LB (—u— p) = Bu) + 2u1+ (B(u) = B(—u—p)). (2.2.25)

Having defined the block relations, we now proceed to define the creation operators with which
we will build an ansatz for the transfer matrix eigenvector. As with the gl,, case, these will be
taken from elements of the upper right “B-block”. In the following section we define the creation

operator, and derive relations between creation operators.

2.2.3 Creation operator for a single excitation

The key operators in the construction of the Bethe vector will come from the B block, viz. (2.2.9).
However, rather than use a matrix of creation operators, we reinterpret B(u) as a row vector in two

auxiliary spaces, which will be denoted V, and Vj;, with components given by the matrix elements
of B(u).

Definition 2.2.3. The creation operator is given by

Bu)i= 3 el el @by(u) € (€)@ (C) ® YiE(gly,)[[u']), (2.2.26)

1<ij<n
where 1 =mn —1+ 1.

The two auxiliary spaces in the above definition are labelled in the same order as the tensor
product, that is, Baq(u) € V' @ VI ® Ypi(glgn)[[u_l]]. The exchange and symmetry relations
involving the B operator may now be rewritten using the above notation. We introduce here the

notation )
u)=1=+ , 2.2.27
p( ) 2u—+p ( )

which will appear frequently in what follows.
Recall also the properties (1.2.22) and (1.2.23) of the matrix Q := P'.

Lemma 2.2.4. The creation operator satisfies the following identities:

Bayay (U1) Bagas (U2) Rayay (—u1 — ug — p) Raya, (w1 — ug)

= Bﬁlal (UQ) 6&2(12 (ul) Ra1&2(_u1 — U2 — P) Ra1a2 (ul - u2)7 (2'2'28)

B&iai (u) Qaia == (p(_u - /0) Bdiai(_u - ,0) =+ 6&“” (U)> Qdia Qaia; (2229)

2u+p
where R(u) := PR(u).

Proof. We start by proving (2.2.28). From (2.2.21), begin by acting from the left with P9, then

use the defining property of the permutation operator to move it to the right on the r.h.s. of the
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equation to obtain

Rya(uy—ug) By (u1) Riy(—ur—ug—p) Ba(uz) = Bi(ug) Ria(—u1—ug—p)Ba(u1) Riz(u1—uz). (2.2.30)

We want to rewrite this in terms of the creation operators defined in Definition 2.2.3. Choose bases
for V1 and V4, then denote the matrix components of Ris(—uj —ug — p) by Tiyjrisje» and the matrix

components of Rya(uy — u2) by 7, j,ipj,- In components, (2.2.30) becomes

n n
Z 7x2‘1]’11'23'2 bjl k1 (ul) Tk1l1ka72 bk2l2 (u2) = E , biljl (UQ) Tj1k17272 bjzkz (ul) Theylykala-
Ji.j2.k1,k2=1 J1.j2,k1,ke=1

Relabelling ¢; — 71 and 42 — 72, and relabelling the summation indices j; — 71 and jo — 72 yields

an equivalent expression:

n n
E : bjl k1 <u1) bkzlz (UQ) Tkilikajo Tt = E b71j1 <u2) ijkz (ul) Tj1k1j2io Tyl kol -
Ji,92:k1,k2=1 J1.52:k1,k2=1

Finally, we note that 77,7,:7 = Tj1irjaia> 85 Rap(u)?e® = Rap(u). Then taking the tensor product
with €] ®ej ®e;, ®ep € V7 @V @ V7 ® Vi, and summing over these indices yields
Barar (u1) Bagas (u2) Rayay (—u1 — uz2 — p) Rayag (ur — u2)

= ﬁ&1a1 (u2)ﬁ&2a2 (ul)RaﬁlQ(_ul — U2 — P) Ra1a2 (U1 - u2)’

as required.
We now focus on (2.2.29). From (2.2.25) in matrix components, we make the assignment

u — —u — p and multiply by £ to obtain

bij(u)

bp(u) = £p(—u — p)bij(—u —p) + N+t

Then, taking the tensor product with e; ®e; € V3 ® V', and summing over ¢, j yields the following
expression in terms of the creation operator:
Baia; (u) Baia, (u)

Baiai (u) = ip(—u - p)ﬁaiai(_u - ,0) + m == <p(—u - P)B&iai(_u - P) + 21L+p) P&iai-

To obtain (2.2.29) from here, we multiply on the right by the operator Qg,,, and use the identity
P&iaiQaia = QdiaQaia- Ul

2.2.4 Creation operator for multiple excitations

The next step is to generalize the creation operator §(u) defined in (2.2.26) for multiple excitations.
Choose m € N, the excitation number, and consider the tensor product space W = V3, ® --- ®

Va,, @ Voy @ -+ ® Vg,,. Denote its dual by W* =V @ --- @ Vy @V ®@--- @V, and introduce

m
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an m-tuple of formal parameters w = (ug,ug, ..., Up).

Definition 2.2.5. The creation operator for m excitations is given in terms of the ordered product

of B operators and R-matrices:

m 1
Barar...amam () = [ [ <Bdiai (i) ] Rajar(—uj —ui— P))
j=i-1

=1 i—

€ W* @Y (gly,)[ua, - - - uml([u ', up!]l. (2.2.31)

The insertion of R-matrices between the creation operators here differs from the Y (gl,,) case;
due to the fact that the B block matrices satisfy a twisted reflection equation-type relation (2.2.21),
it is necessary to insert these R-matrices in order to exchange adjacent creation operators or their
parameters. This may be compared to the equivalent block relation for Y (gl,,) given by (2.2.15).

Note that the creation operator for m excitations satisfies the following recursive relation

1
Barar...amam (W) = Baray...am—1am—1 (W1, - - s Umn—1) Bapam (Um) H Rajdm(_uj — U, — p). (2.2.32)

j=m—1
Given i € {1,...,m — 1} denote by w;i+1 the m-tuple obtained from w by interchanging its
i-th and (i 4+ 1)-th entries, namely
Wicsir1 = (UL, U2, .oy Ui 1, Uit 1, Ugy Ui 2, -+ -, Umn)- (2.2.33)

The Lemma below states a relation between the operators 5z,q,. aman (@) a0d Baiay..amanm (Wicrit1)
that will assist us in obtaining the explicit expressions of the so-called “unwanted terms” in Section
2.2.11.

Lemma 2.2.6. The following identity holds:

Barar-imam (W) = Bararimam (Wisrit1) Ragagyy (wi = wirn) Ra g (ui — uiga) (2.2.34)

for1 <i<m-—1.

Proof. We use induction on m, with the basis case provided by (2.2.28). Assume the result holds
for m — 1 excitations. There are two cases to consider, depending on the spaces a;, a;+1 on which

Ra;a;,, (u; — uit1) acts nontrivially. Consider first the case where i < m — 1 and use the recursive
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relation (2.2.32):

1
Barar...amam (W) = Barar...am—1am—1 (Uls -+ s Um—1) Baman (Um) H R a (_uj — U — p)
=m—

J
= Bdlal...&m_1am_1(ula ceey Ui 1, Ugy + o vy Um— 1) a;a ZJrl( U’L-i-l)

1
X Ryt (i = i) Bayan (um) [ Rayanm (15 — thn — p).-
j=m—1

Notice that the matrix R(~1 P (u; — uij+1) commutes with all matrices to the right of it, so it can
be moved to the very right. The matrix Rg,q, +1 (u; — ui41) may be moved through the product of

R-matrices using the (braided) Yang-Baxter equation:

Razaz+1 (u u1+1)Rai+1&m(_ui+1 — Um — p)Rai&m (_u' — Um — :0)

= Ra¢+1&m(_ui — Um — p)Raiam(_ui+1 — Um — )R a;a 1+1( uz+1)

This then gives (2.2.34) for ¢ < m — 1. For i = m — 1, we factorise the excitations as follows:

5d1a1...&mam (u) = Bdlal G — 2y — 2(“17 ce aume)Bdm_lam_lémam (umfla um)

1
X H ( ajlm— (U — U _P)Raj&m(_uj _um_f’))

j=m—2
= /8511a1-..¢~1m—2am—2 (ulv SRR um*Q) Bam—lam—lamam (Um, umfl)
X Ram_lam (um—l - um) ]%awlL Lam (um—l - um)

The matrix R~ i (Um—1 — um,) may be moved through the product of R-matrices using another
variant of the Yang—Baxter equation,

Hp—1

G 18m (Um—1 — um)Raj&m_1 (—Uj — Um—1—p) Raj&m(—uj — Um — p)

= Rajap_y (—tj — thyy — p) Rajan, (—tj — um—1 — p) Ry o (1 — ).

Then, rearranging the commuting matrices in the expression, we reconstruct the full excitation

vector and arrive at (2.2.34) for ¢ = m — 1. This completes the induction. O

2.2.5 Rewriting the AB exchange relation

We now consider the exchange relation between the A(u) operator and the creation operator
(2.2.26). Looking at the relation (2.2.20), we see that it has two “unwanted terms”, one of which

includes the D(u) operator. This mixing appears to cause a problem for the definition of a nested
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monodromy matrix, and we endeavour to rewrite this relation in a more useful form.

Lemma 2.2.7. The following identity holds:

Aa(v) Baya (1) = Basa; (1) Ry o (u — v) R o (—u—v—p) Aq(v)

+ 2l G, R (20— ) Aala)
+ Mﬂa a;(0) Qaza Qasa Aa(—u — p). (2.2.35)
ut+v+p o

Proof. We introduce the following rule for obtaining expressions in terms of the 8 operator from
those in terms of B operator. Let X; € End(V;) and Y, € End(V,). Considering the components
of Baa(u) XLY,, we have

Baa(u) Xé Yo = Z (e ® ef @by (u))(eri ® esj @ TerYsj)

1<i,j b lr,s<n

= ) e®e@by(w) gy,
1<ijkl<n

so that (Bze(u) XLY,)7 = Zlgk,lgn bii(w) zikyij. On the other hand, taking the (4, j)-th matrix
element of the expression X, B,(u)Y, for any X,,Y, € End(V,) we obtain

(XaBa(w)Ya)ij = Y @inbr(uw)yy = (Baa(u) XEYa)s. (2.2.36)

1<k,l<n

Using this rule, we can rewrite (2.2.20) as

Aa(v)Baja; (1) = Basa, (u ) (U - U)Rt a(=u—v—p)Au(v)

Balaz< )Qa,a (—U — v — p)Aa(U)
ﬁazaz( ) t
Wt o pQaeQuaDa(u).

where the identities X1 = P19 Xo P12 and (Q12.X1 = ngXﬁ have been used. From here, the symmetry
relation (2.2.24) may be used to obtain

A0(0)Basan (1) = Bsar (u) Rl (. — 0)Rh o (— — v — p) Aa(w)
g )Qala (—u—v— p)Au(u)

T 5&1111'( )
uU+v+p

Q10 Qo <p<—u ) Au(—u—p)+ ifi))
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We note that

Rfm(—u—v—ﬂ) Qaia _ 1 I+ (1- u—v Qaia _Rt(—Qu—p)
N v 2u+p)utv+p)  u—v

u—v Qu+p)(ut+v+p) u-—

Following these manipulations, we obtain

Aa(V) Basa, () = Basa, (1) R o (u — v) Ry o (—u—v—p) Aa(v)
v)

n 5&1-&2( Q&iaRéia(_2u —p)Aq(u)

U—v
p(—u—p)
—  _ Paa a;a a'aAa_ - ; 2.2.37
e B (0) Qi Quia Aol — ) (22:37)
as required. n

This relation (2.2.35) is convenient as it does not feature the D operator, so the relation can
be used repeatedly in the presence of multiple creation operators. However, to obtain the most
convenient form of (2.2.35), we must consider the action of p(v)A,(v) + p(—v — p)As(—v — p) on
Ba,a; (w) rather than of A, (v) alone (the motivation for this construction will be explained in Section

2.2.8). Introduce the following notation for a symmetrised combination of functions or operators,

{f()}" = f(0) + f(=v=p). (2.2.38)

Lemma 2.2.8. The following identity holds:

{p(v) Aa(v)}" Basa; (w) (2.2.39)
= Basa: () {P(v) R o(u — ) Ry o (—u — v = p) Ag(v) }
+ 1 { pv) Gia (U)}v Res [{p(w)R~ (u—w)R, (—u—w—p) Aa(w)}w]
p(u) |u it W aia aia
(2.2.40)

Proof. Starting from (2.2.35), multiplying by p(v) and symmetrising using (2.2.38), we obtain

{p(v) Aa ()} Basa, (u) = Baa, (u) { R, q(u — 0) Ry o (—u — v — p)p(v) Aa(v) }

+ { p(v) Baa;(v) }” Qi Ra,a(—2u — p) Aa(u)

u—"v

w-u=p {0} QuoQuaa(-u=p) (2200

We will show that this is equivalent to (2.2.39) term by term, separating the terms by the parameter
carried by A,(-). Note that the term containing A,(v) is already the same in both (2.2.39) and

(2.2.41). For the remaining terms, containing A, (u) and A,(—u — p), we will work backwards from
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(2.2.39). Let

1 { p(v)

~plu) \u—v

w—u

()} Ry [{p0) Rl = ) By = = ) Au(u) .

Furthermore, expand the symmetriser inside the residue so that U = Uy + U_, where

U= AP 0} Res [p0) R 0) B - 0= ) Au(w)]

u—v w—uU

- p<1> {f (_U)v %W)}U Res |p(—w = p) RE,o(u+w + p) R o(w = u) Aa(—w = p) .

Focussing first on U, we evaluate the residue to obtain

U, = { PV) g <v>}v Qava Rl (—2u — p) Aq(u).

u—"v

This now matches the term containing A,(u) in (2.2.41). It remains to show that U_ is equal to

the term containing A,(—u — p) in (2.2.41). Again evaluating the residue, we obtain

U_ = — {5(_”)0 Basa; (v)}v WRQN(% + ) Qa;a Aa(—u — p)
= {2 (G2 6) Qu — B ) LB Y VR0 g,

We now apply the symmetry relation (2.2.29), so

U —=— {5(_0)@ < + p(—v — p) Baza;, (v — p) + 52&;&;(1;) B BQZQ—F(T,;)> }”

p(-u—p)
X WQ(IUI QaiaAa(_u - P).

Since it lies within the symmetriser, the term containing f,q,(—v — p) can be rewritten in terms
of Ba,q; (v) to obtain

I {(i Z(:valpp) + uiv <2vl+p - 2u1+p>>p(v)ﬁaiai(v)}v

p(=u—1p) 5 A (—uy —
X p(u) QaiaQai(z a( U p)

02



All that remains are algebraic manipulations:

_ p(—v—p) 2 ) B ; Um ) L
U_ = {(i wtovtp (2v+p)(2u+p)>p( ) Baiai( )} oty Qo Quia da(—u =)

L 1 2u+ 20+ 2p plv) v
N {(il 2v+p+(2v+p)(2u+p)>u—i—v—i—pﬁaiai(v)}

p(-u—p)
X W@ala Qaia Aa(*u - P)

:_{<il+ ! > p(v) 5@%(@)}”’(;(‘15”)QalaQaiaAa(—u—m

This matches the term containing A,(—u — p) in (2.2.41) and completes the proof. O

2.2.6 The AB exchange relation for multiple excitations

We want to move {p(v) A,(v)}" through the operator Ba,a; . anan, (). Each time {p(v) Ay(v)}" is
moved through one of the excitations fz,q,(u;) using (2.2.35), we obtain a term, where the parameter
v of {p(v) As(v)}” is unchanged. We will call this term the wanted term. All the additional terms
will be called the unwanted terms; we will denote them by UWT and consider their exact form in
Section 2.2.11. Focussing on the wanted term at each step, {p(v) A,(v)}" accrues R-matrices as it
moves through the excitations. In the following Lemma, we will show that these R-matrices may

be moved through those appearing in the operator S, a,..amam, (¥)-

Lemma 2.2.9. The following exchange relation holds

1

i—1 i—1
( T REpaux — v)) (H R o(—u —v — P)) Aa(v) Basa; (i) ] Rayar(—uj —ui —p)
k=1 =1

j=i—1

1 7 %
= Baja; (i) ( H Rajfli(_uj - U — p)) ( H nga(uk - U)) <H Rzla(_ul — v p)) Aq(v)
k=1

j=i—1 =1
+UWT.

Proof. We begin by using (2.2.35) and focus on the wanted terms only:

i—1 1—1
( I Reo i — v)) <H Ry a(—u —v — P)) Aa(v) Baa; (wi) |] Rayas(—uj —ui — p)
k=1 =1

j=i—1
i—1 i—1

= ( 11 Béealur — U)) (H Ryo(—u — v — P)) Basa; (ui) R o (wi — v)
k=1 =1

1
X Rho(ui =) Aa(0) [[ Rajai(—wj —wi—p) + UWT

j=i—1
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yielding

ﬁdilh ( H Raka ) (H Rala U — U= P)) Rtaia(ui - U)
X < H Ra,a,(—uj — u; — p)) Rzia(ui —v)Ay,(v) + UWT.
j=i—1

All that remains is to rearrange the product of R-matrices in the centre of the expression. The

matrices can be reordered using the Yang-Baxter equation

Ry, o(—uiz1 — v — p) Rf o (w; — v) Ra;_ya,(—ttim1 — ui — p)

a;—1a

= R, ya,(—ti1 —ui — p) R o (ui —0) Ry, (=1 —v = p).

Thus the product of R-matrices becomes

(HRaza —up— v — ))Rt ( H Raja, (—uj — u; — p))

-1

(H Ry (—up —v — P)) Ra,_ya;(—ui—1 — u; — p) RS o (u; — v)

1
H Ra]al i — U — P))
—2

t
X Ry o(~ui1—v—p (
J=1—2

7

= Rai_ldi(_ui—l — U; — (H ala —Up —v = )) Rflza( U)

=1

1
X ( H Raj&i(_uj - )) szz 1(1( Ui—1 — v — p)

j=i—2
1
= ( H Rajai(_uj — U — P)) ala <H Rala —U v p)) )
j=i—1

where the last equality is achieved by inductively applying the same argument. Putting this to-

gether, and noting that the R'-matrices all commute with the R-matrices, we arrive to

1

1—1 i—1
< 11 REpa s — U)) (H Ryo(—u — v — p)) Aa(v) Basa; (W) ] Rayar(—u; —ui = p)
k=1 =

j=i—1
= Baran uz<H Ry~ — s — )(HRW - )(HRW ul—v—m)Aa(v)
j=i—1
+UWT
as required. 0
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Applying this result to the product of m such excitations in (2.2.31) yields
Aa(v) Baras ...amam (W)

= Barar...ama,, (1) ( T RE,aun — u)> (H Rl (—u—v— p)> Ay (v) + UWT.
k=1 =1

We define the matrix on the right side to be the nested monodromy matriz,

To(v;u) == < 1] Bla e — v)) (H Rl (—w—v— p)> Aq(v). (2.2.42)
k=1 =1

Its matrix entries will be denoted by ¢;;(v;u). The matrix T,(v;u) allows us to write the above

identity more compactly,

Aa(U) B&lm...&mam (u) = ﬂfual‘..&mam (u) Ta(v§ u) +UWT,

which leads to the following result.

Corollary 2.2.10. The AB exchange relation for the creation operator of multiple excitations has
the form

{p(v) Aa(v)}’ Baray..amam (W) = Bajay...amam (W) {p(v) To(v;u)}’ + UWT. O

2.2.7 Exchange relations for the nested monodromy matrix

In this section we introduce a vector space M’, called the nested vacuum sector, on which the nested
monodromy matrix T'(v; u) satisfies the usual RTT relation. This allows us to identify T'(v;u) as
the monodromy matrix for a residual Y (gl,,)-system. The space M’ is then interpreted as the full
quantum space of this residual system.

We start by introducing certain subspaces of the evaluation modules M(x) and L(A®),, that
will be building blocks of the space M’. Denote by M°(u) the subspace of the evaluation module
M (p) of the twisted Yangian Ypi(g[M) consisting of vectors annihilated by the operator C'(u) of

the matrix S(u), namely
M°(p) == {¢ e M(p) : cij(u)¢ =0 for 1<i,j<n}.

The subspace M°(u) corresponds to the natural embedding gl,, C go, With g2, = 502, or sp,,
(generated by Fj; with 1 < 4,5 < n, viz. (1.2.18-1.2.19)) and is an irreducible gl,-representation
with highest weight y = (u1,. .., un). The space M9(p) is stable under the action of the operator
A(u) of the matrix S(u). Moreover, A(u) satisfies the usual RTT relation on this space. Indeed,
applying equality (2.2.23) to M%(u) yields Cy(v) Aa(u) M%(u) = 0. Applying (2.2.22) instead we
obtain

R(u —v) A1(u) Az(v) ¢ = Az(v) A1 (u) R(u —v) ¢
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for all ¢ € M%(p). We thus have the following.

Lemma 2.2.11. The mapping

equips the space M(u) with a structure of a lowest weight Y (gl,,)-module with the lowest weight
given by (2.2.5). O

Note that the operator A(u) of the matrix S(u) acts on the space M°(u) via the Lax operator

L) =) ey @ (65 — Fjilu+ (p£1)/2)7"), (2.2.43)
ij=1
which is the restriction of £*(u) defined in (2.2.8) to the operator A(u).
Next, we denote by LY(A(F))., the subspace of the evaluation module L(A®)). of Y (gly,)

consisting of vectors annihilated by the operator C(u) of the matrix T'(u), namely
'O, = {¢ce LOW),, : &;(u)¢ =0 for 1<i,j<n}. (2.2.44)

The subspace LO(A*))., corresponds to the natural embedding gl, @ gl, C gly, (generated by
E;; with 1 < 4,57 < nand n < ¢,j < 2n) and is isomorphic to a tensor product of irreducible
gl,,-representations L(N *)) @ L(\”(*)) with the highest weights X' (*) = ()\gk), ce E{“)) and \/(*) =
()‘7(11217 e )\(k)) Indeed, applying equality (2.2.17) to L°(A(R),, yields C (u) Ag(v) LO(AR),, = 0.
Applying (2.2.18) instead we obtain C(u)Da(v) L°(AR), = 0. Moreover, applying (2.2.19) to
LOO®D).., we get [D1(u), Ag(v)] LO(A*®)),, = 0. This, together with (2.2.14) and (2.2.16), implies
the following.

Lemma 2.2.12. Each of the mappings
Y(gl,) — Y(gly,), T(u)— A(u) and T(u)+— D(u)

is a homomorphism of algebras. Moreover, these mappings equip the spaces L()\’(k ) and L(/\” ))
with a structure of a lowest weight Y (gl,,)-module with the lowest weight given by A (k)( )= )\( )( )

and /\Z( )( )= Aiz—i)-k( ), respectively, for 1 < k <mn. O

Denote the corresponding Y (gl,,)-modules by LO(X*)). and LO(\"(*)). | respectively. The
operator A(u) of the matrix T'(u) of Y (gly,) acts on the space LO(\”(*)),, as the identity operator,

Ck

and on the space LO()\’(k))Ck via the restriction of the Lax operator ,

n

LO%u—cp) =Y e @ (655 — Eji(u—cx) ™). (2.2.45)
i,j=1

Likewise, the operator D*(u) of the transposed matrix T%(u) acts on the space LO(X %)), as the

Ck
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identity operator, and on the space L°(\"(*®)). via the transposed Lax operator (£0(u — c;))t.

We are now ready to introduce the vacuum sector M° C M by
M= L0, @@ L°(\Y),, @ MO(p). (2.2.46)

Lemma 2.2.13. The space M° is stable under the action of the operator A(u) of the matriz S(u).

Proof. We start by showing that operator C(u) of the matrix S(u) annihilates the space M?:
cij(v) - MY = 0. We use induction on ¢. For ¢ = 0 we have M° = M°(p) and ¢;;(v) M°(u) = 0, by
definition (2.2.46). For any ¢ > 1 denote M~V .= LO(A\W),, @ --- @ LOAEY),, @ MO(u). Let
¢ € MU and ¢ € L°(A®),, be any nonzero vectors. Using (2.2.4) and the notation (2.2.9) we
find

cij(u) - ('®¢) = Z (@k(u)iﬂ(—u —p)¢ @ ag(u) - ¢ £ Ex(w)Cp(—u— p) ¢ @ by (u) - ¢

k=1

+ dig(w) d-p(—u — p) ¢ @ ey (u) - ¢ + dig(w) e5(—u — p) ' @ diy(u) - ¢ )

= (Qk(u)az‘(—u = )¢ @ ap(u) - ¢+ di(u) dyp(—u — p) ¢' @ ca(u) - )

k=1

by definition (2.2.44); here we used the notation 7 = n — i + 1. Assuming induction, cy(u)¢ = 0.
Finally, by (2.2.18) and (2.2.44), we have that

cin(w) djp(—u — p)¢’ = dji(—u — p) g (u) ¢" = 0.

Hence c¢;j(u) - (¢’ ® ¢) = 0, as required. Next, we need to show that a;j(u) - M C M°[u~1]. The

base case is given by Lemma 2.2.11. For ¢ > 1 we have

asi(w)- (@ )= 3 (@) d(—u— )¢ @ ar(u) - ¢ £ () e(—u — )¢’ @ bia() ¢

k=1

+ bir(w) dyg(—u — p) ¢’ ® ca(u) - ¢ % big(u) E57(—u — p) ¢’ @ dpy(u) - ¢ )

= > an(w)d(—u—p)¢' @ an(u) - ¢,
kl=1
by definition (2.2.44) and the result above. Assuming induction, ag(u) - ¢ € M D[u=1] and, by
Lemma 2.2.12, @ (u) d;f(—u—p) ¢’ € LON®),, [u™!]. Hence a;;(u)-(¢'®¢) € M°[u~']. This proves
the claim. O

The last ingredients we will need are the auxiliary spaces V3, and V,,. They are vector repre-
sentations of gl,, of weight A(@) = \(@) = (1,0,...,0). Denote by L*()\). the evaluation module of
Y (gl,,) obtained from the gl,,-representation L(\) by composing the evaluation map ev, in (1.2.10)
with the algebra automorphism T'(u) — T%(—u). The spaces V;, and V,, can thus be viewed as
evaluation modules L{(A(@))_,and L*(\(@)),. of Y(gl,), respectively, with the lowest weights
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given by
@)y — @)y :
A (w) =A7"(w)=1 for 1<j<n-1 and

; — ‘ (2.2.47
Nad () = LU E L Ny 2 UE s L )

UV — U v+ Uy

In particular, the matrix T, (v) of Y (gl,,) acts on the space L*(\(@))_, as R} (u; —v) and on the
space LI(A(@)), as R!, (—u; — v); here note that R, (u) = Rt (u).
We define the nested vacuum sector as a tensor product the auxiliary spaces and the vacuum
sector MO:
=W e M°, W=V;,® - QV;, @Vyy ®---®V,

am, *

(2.2.48)
Proposition 2.2.14. Let T'(v) be the generating matriz of Y (gl,,). Then the mapping
Y(gl,) = End(W) @ Y, (gly,),  T(v) = T(v;u)

equips the space M’ with the structure of a lowest weight Y (gl,,)-module with the lowest weight given
by

Ai(vsu) = Ai(u) Aan—it1( H A% (o (v) (2.2.49)
for 1 <i <n with \;(v) defined in (2.1.2), u;(v) in (2.2.5) and )\,Eaj)(v), )\Z@j)(v) in (2.2.47).

Proof. Tt follows from the definition (2.2.42) and Lemma 2.2.13, that the space M’ is stable under
the action of T,(v;u). Moreover, for any ¢ € M’, we have that

Rap(v — w) Ty (v; w) Ty(w; w) - ¢ = Tp(w; w) To (v w) Rap(v — w) - €.

Indeed, we can interleave the matrices on the lL.h.s. of the equality above, then use the transposed

Yang-Baxter equation to reorder the product of matrices:
Rap(v — w) Ta(v; w) T (w; w)

= Rap(v — (H R, o (uy, R (ui — ) (HR(W v) Ry (—u — w)> Ag(v)Ap(w)
( 1] Rb(ur — w)RE,, (u ) (H Ry (= — w) Ry o(—u — v)) Rap(v — w) Ag(v) Ap(w).

From here we use (2.2.22) to obtain the result, plus additional terms. However, C'(u) appears as
the rightmost operator acting nontrivially on M% C M’ in each of these additional terms. Since

C(u) annihilates all vectors in MY, these additional terms vanish. Its lowest vector is
Ni=ea, @@ ea, eq, @B ea, QME B OE, (2.2.50)
where ¢ is a lowest vector of M?(yu), each 7; is a lowest vector of L(A(i))gi for 1 <i < ¢, and each

o8



ea, (resp. eq;) is a lowest vector of Vg, (resp. V;,) for 1 < i < m (viewed as an evaluation module
LE@)) - (vesp. LH(A(@))_,.)). Finally, acting with t;(v;u) on 7 for 1 < i < n and using (2.1.2),
(2.2.5) and (2.2.47) yields (2.2.49). O

Remark 2.2.15. (i) Recall that LO(A(®),. = LON @), @ LO(N'®)... with A(u) (resp. D*(u)) acting

non-trivially on the first (resp. second) tensorand only. We may thus rewrite the space M as
MO ~ LO(A/(l))Cl R ® LO()\/(K))CZ ® MO(,LL) ® LO()\//(E))CZ R ® LO()\”(l))q-

By Proposition 2.2.14, we may view this space as a lowest weight Y (gl,,)-module. Provided the
binary property holds, it is an irreducible Y (gl,,)-module, see Theorem 6.5.8 in [Mo07]. (i) Enu-
merate the tensorands of M above by 1,2,...,2¢,2¢ + 1. Then the matrix T, (v;u) acts on the
space M’ = W @ MP via the operator

( 1 R, (ur — U)) <H R, (—ug — v — P))
k=1 =1
¢ 1
X (H Lo;(u— Cz)) Ei%ﬂ(#) (H (£2,2£—i+1(_u —pP— Ci))t> :
i=1

=0
where the Lax operators are those defined in (2.2.45) and (2.2.43).

We end this section with one more technical result which will assist us in finding the explicit

expressions of the unwanted terms in Section 2.2.11.

Lemma 2.2.16. The following identities hold:

Raiaiﬂ(ui - Ui+1)Rgi~li+1(Ui = wi1) ti(wi w) =t (w; ui<—>i+1)Raiai+1(ui - Ui+1)R(Z%H1(Ui = Uit1)-

Raai: (ui — uiJrl)R(i}}iH (wi — uir1)n = 1.

Proof. The first identity is achieved by moving the R-matrices through each matrix in the definition
of the nested monodromy matrix. Indeed, the R-matrices each commute with all but a pair of

adjacent R-matrices in (2.2.42), for which we use the Yang Baxter equations,

Raja;y (i — 1) RY, o (—ui — 0) R, o (—tip1 —v)
= Rl (—uit1 —v)RL,  o(—ui — v)Raa,,, (ui — wig1),
51

oot (W — wig ) RE o (wi = 0)RE o (uin —v) = RE o (uipn — 0)RE,, o (ui — 0)Ro L (ui — uiga),

a;Qi41

and the result follows.
To see why the second identity is true, notice that the lowest weight vector n (2.2.50) is an

eigenvector of P, and therefore also of Rg,q, +1 (Wi — wiq1). This is true also for Pj,a, ,. Thus,

Qi1

acting with both Raiai 1 (u; —u41) and R(;&Hl (u; — u;y1), the eigenvalues cancel, which gives the

result. O
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2.2.8 The twisted Yangian spin chain and transfer matrix

We are now ready to consider the nested algebraic Bethe ansatz for a one-dimensional spin chain
with open boundary conditions and having twisted Yangian Ypi(g[%) as its underlying symmetry.

The full quantum space is the lowest weight Ypi (gly,,)-module M defined in (2.2.6):
M =L(\)e ® LOP)e, @ - ® LO)e, @ M ().

The generating matrix S(u) of Ypi(g[%) acts on this space via a product of Lax operators (2.2.7):

V4
Sa(v) - M = (Hﬁai(v—ci)> a€+1 (Hﬁ —v — —ci)>M.
=1

Taking the trace of the generating matrix we obtain a double-row transfer matrix
7(v) := tr S(v) = tr A(v) + tr D(v) = tr A(v) + tr D' (v). (2.2.51)

One can show using the usual methods that [7(u),7(v)] = 0; see Section 2 in [ACDFRO06], also
[Sk88]. We seek an eigenvector of W € M of 7(v), which we will refer to as the Bethe vector. The
problem of finding an eigenvector of the transfer matrix (2.2.51) can be substantially simplified
with the help of the symmetry relation (2.2.24) which allows us to write the transfer matrix 7(v)

in a symmetric form

7(v) = p(v) tr A(v) + p(—v — p) tr A(=v — p) = {p(v) tr A(v)}",

where p(v) is given by (2.2.27). Here we used the notation introduced in (2.2.38). It will therefore
be sufficient to focus on the action of A(v), without needing to consider D(v).

The last ingredient we will need is the nested transfer matriz, see (2.2.42):
t(v;u) = tr T (v;u).

It will play the role of 7(v) at the nested level of the ansatz. Since we will only consider the action
of T'(v; u) on a finite-dimensional vector space, we can thus specialize the parameters u; of m-tuple
u to nonzero complex numbers. Hence we will further assume that u € C™ is an m-tuple of distinct

nonzero complex numbers.

Remark 2.2.17. Open spin chains of this type, with “soliton non-preserving” open boundary condi-
tions, were first considered in [Do00], where a construction of a Hamiltonian with local interactions
is also given. To specialise to this case, we first choose the number of sites ¢ to be even, and choose
the weights A~V = (1,0,...,0) and A®) = (0,0,...,—1), arriving at the “alternating chain”
of fundamental and anti-fundamental sites. We also choose the one-dimensional representation of
§09;, Or 6Py, for the boundary site M (u). Finally, we fix p = —n, and set each of the shifts ¢; to be

zero. The resulting Hamiltonian contains interactions with a range no further than the four nearest

60



sites.

2.2.9 Bethe vector for a single excitation

To introduce the nesting technique, we start by constructing the Bethe vector with a single exci-
tation, i.e., m = 1, as this case allows us to expose the main idea of our approach while keeping
the technical difficulties to the minimum; for example, in this case we find the unwanted terms
without additional computations. Recall the definition of the vacuum sector MY (2.2.46) and the
nested vacuum sector M’ (2.2.48). For m = 1 we have M’ = Vz, ® V,, ® M°. Let ® € M’, which
we will refer to as the nested Bethe vector. The vector ® may depend on u € C, hence we will
write ® = ®(u). Using the creation operators defined in Definition 2.2.3, we write an ansatz for

the Bethe vector with a single excitation
U(u) := Bayay (u) - ®(u) € M. (2.2.52)

We now compute the action of the transfer matrix 7(v) on this Bethe vector. Using Lemma 2.2.8

we have

7(v) - ¥(u)
p(v) tr A(v)}* Baya; (u) - B (u)

={
= Baya; (u) trg ({p(v) RL J(u—v)Rl ,(—u—v—p) Aa(’u)}v> 0
+ (1u) { p(v) Balal(v)}” Res tr, ({P(w)Rgla(u —w) R (~u—w— p)Aa(w)}w> B (u)

P U—v

= Bara (u) {p(v) t(v; ) }" - P(u)
1 {p(v) 6&1(11(1))} 1]1;){32 {p(w)t(w;u)}w Q)(u) (2.2.53)

T \u—o

The first term in the r.h.s. of the equality above is the wanted term, as the parameter carried by
Baya, (w) is unchanged. The second term has 5,4, (v) and is the unwanted term, which we will
require to vanish.

Let us now make the additional requirement, which we will justify later, that vector ®(u) is an

eigenvector of the nested transfer matrix ¢(v; u) with an eigenvalue I'(v;u):
t(vyu) - P(u) = T'(v;u) P(u). (2.2.54)

This allows us to rewrite (2.2.53) as

r(0) - (1) = {p(v) T(v; )} () + —— Res {p(w) T(uw; )} { P(v) ﬁm(w}v- B (u)

p(u) w—u u—

= A0+ Res Awi) s L2 0} o),

61



where A(v;u) := {p(v)T(v;u)}". We thus conclude that ®(u) is an eigenvector of 7(v) with eigen-
value A(v;u) if
llu{_ej A(w;u) = 0.

This is the Bethe equation for u, solutions of which, by (2.2.52), give a set of possible eigenvectors
of 7(v).

It remains to find a nested Bethe vector ®(u) satisfying (2.2.54): we seek an eigenvector ®(u) €
M’ of t(v;u). By Proposition 2.2.14, the nested monodromy matrix T;(v; u) and the nested vacuum
sector M’ form a Y (gl,,)-system. The spectral problem of this system can be solved by means of
the usual nested algebraic Bethe ansatz presented in [KR83], which we have recalled in detail in

Appendix 2.1. For example, the ansatz for ®(u) has the form
b(u) = d(u;u) = B:lll (uh)--- B, /(u’ ) - (w5 u),

where w' = (u},...,u ) € C™ and B, ( %) are creation operators taken from the T, (v;u). Con-

) m

tinuing this nesting procedure, we obtain an eigenvector ®(u;u') with eigenvalue, see (2.1.27),

’ m(n—1) nfl)

mv—uz(-l)—i-l v —uy, -1
[(v;u) = A1 (viu) H —q  t An (V5 1) H — oD
i=1 i

’U_Ui i=1 V—Uu

m(k=1) (k=1)

n—1 m
> M) [T — D H
k=2 i=1 v = j=1

- (’“)+1

J

where \;(v;u) are given by (2.2.14) and the ul(»k) with 1 <k <n —1 are parameters introduced at
level k of nesting when diagonalizing the gl,,-symmetric periodic spin chain. These parameters are
fixed to be solutions of their respective Bethe equations, given in (2.1.28).

The boundary eigenvalue A(v;u) and Bethe equation for u can then be found by substituting the
values for Ag(v;u) from (2.2.49) into the above expression. These are given explicitly for multiple
excitations by Theorem 2.2.18 in Section 2.2.12.

2.2.10 Bethe vector for multiple excitations

For multiple excitations the argument proceeds similarly to the previous section. Recall that m € N
is the excitation number and w € C™ is an m-tuple of distinct nonzero complex parameters. Let ®,
the nested Bethe vector, be a vector from the lowest weight Y (gl,,)-module M’ defined in (2.2.48):

PeM =Vy,® @V, @ Vo, @ ® Vo, @ M.

The vector ® may also depend on the parameters u, and we will write ® = ®(u). From the nested

Bethe vector, we make the following ansatz for the full Bethe vector:

\Ij(u) = /Bd1a1...&mam (u) : (I)(u) € M. (2'2'55)
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We now act with the transfer matrix 7(v) on this Bethe vector. Using Corollary 2.2.10 we find
7(0) - U(u) = Barar...iman (W) {p(V)t(v; )} - (u) + UWT.

The unwanted terms UWT are less simple than in the m = 1 case, and will be discussed in detail in
the section below. With the expectation that the w may be chosen such that the unwanted terms
vanish, the Bethe vector ®(u) will be an eigenvector of 7(v) if we take the additional requirement,
as for m = 1, that

t(v;u) - P(u) =I'(v;u) P(u). (2.2.56)

We therefore seek an eigenvector ®(u) € M’ of t(v;w). This is found again by the algebraic Bethe
ansatz for Y (gl,,) with the full quantum space M’ and monodromy matrix T'(v;u), precisely as
given in Section 2.1.

From here, proceeding as we did in the m = 1 case, we have that

7(v) - U(u) = A(v;u)U(u) + UWT, where A(v;u) = {p(v)T(v;u)}’. (2.2.57)

2.2.11 Dealing with unwanted terms

In this section, we will find an exact expression for the unwanted terms from the action of 7(v) on
the Bethe vector and, by setting these terms to zero, we will obtain the Bethe equations.
We begin by introducing some notation for the unwanted terms. Let U(v;u) denote the terms

initially excluded from the expression in

7(0) Barar. .aiman () = Barar aman (@) {p(0) t(v; w)}" + U(v; ).

To find an expression for U(v;u), begin by acting on Sa,a,..a,.am (@). By repeated applications of
(2.2.39), as in Lemma 2.2.9, we may move A,(-) through each of the remaining creation operators
in Bajay..aman (W), generating a sum of terms in which the rightmost operator is a matrix element
of Ay(u) for u € {v,uy,...,Un,—v —p,—u1 — p,...,—uy, — p}. To find a more concise expression
for U(v;u), it will be useful to partition the terms by the parameter appearing in A,(-). Let B
denote the subalgebra of Ypi(g[%) generated by coefficients of b;;(u) for 1 <i4,j < n, the closure
of which is guaranteed by (2.2.21). Then

m

Ulviu) = <U+,j(v; w) + U_j(v; u)),

=1

where

n n
Upj(viw) = > Byjman(uy),  U_j(v;u) =Y B_juau(—u;—p)
k=1 k=1

for some By g € B® (C")®?™. Additionally, let us define U;(v;u) := Uy j(v;u) + U— j(v;u).

We will now proceed to find U; (v;u) using the standard techniques. Indeed, consider moving 7(v)
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through only the first creation operator. From (2.2.39),

T(U) ﬁ?nm...&mam (’U,)

(ﬁalal (U1 trg {p ala(ul - U)szla(_ul —v - p)Aa(U)}v

L1 { p) B, (v )}v Res trq {p(w)RY ,(ur — w)R, ,(— U1—w—ﬂ)Aa(w)}w>

p(ul) uyp — w—rul
m 1
X H </8alal Uz H Rajai(—u]‘ — U — p))
i=2 j=i—1

We focus on the second term here, which, upon taking the residue, contains A, (u1) and A,(—u1—p).
As all the entries of the m-tuple u are distinct, all contributions to Uy (v;w) must originate from
moving A, (u1) and A,(—u1 — p) through the remaining creation operators without any further

parameter exchanges. Therefore, by repeated applications of Lemma 2.2.9,

) =~ { 20 >}vﬁ(ﬁ%<ui> 0 Rugs (<5 u-0) ) Res (p(upt(us )"

pur) Lu1 — i=2 j=i—1 v

It now remains to find similar expressions for Uj(v;u) for 2 < j < m. Recall Lemma 2.2.6.
By repeatedly applying such transpositions, we may apply an arbitrary permutation to the pa-
rameters u in the m-excitation creation operator. For ¢ € &,,, let u, denote the ordered set
(Uo(1)s Us(2)s - - - » Uo(m))- Additionally, let o; denote the cyclic permutation o; : (1,2,...,m)
(j,7+1,...,5—1). We have

B&1a1...dmam(u) = szlal...&mam(uaj)Ral...am[U]]( )Ral am[o-j](u)

where R[o;](u) is the product of R-matrices that generates this permutation. Using this expression

for Bayay.. .aman, (w) and following the argument above, we obtain an expression for Uy (v;u):

i) =~ L PO )b T (B

p(u) i=2

1
) 1 Rejal “ak(j)—uaku)—ﬂ))

j=1—1

x Res {p(w)t(w; to, )} Ray..a, lok](w) By 5 [o%](w).

W—UL

By applying this to the nested Bethe vector, we will obtain an expression for all the unwanted terms
from the action of 7(v) on ¥(u). Moving the R matrices back through the nested transfer matrix

by (2.2.16) allows us to use the fact that the nested Bethe vector is assumed to be an eigenvector
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of the nested transfer matrix. Therefore, summing all these unwanted terms gives

U(viu) - @(u)
_ i 1 p(v) —f; ! ﬁ 5, ﬁ Rua(u . )
= 2 p(uk) up — a1a1 o alal jii_l (o ok (4) o (4) P

_ m 1 o w )1 p(v) ) . v
=y B, )T} {2 )]
m 1 v v
X H (6&1‘&1’ (uok(l)) H Raj&i(_uak(j) = Ugy (i) — p)) Ral...am [O'k](’u) Rgll...dm [Uk](u) . (I)(u)
=2 j=i—1

The Bethe equations are then extracted by demanding U (v;u) - ®(u) = 0. Since each summand is

independent, we obtain

Res {p(w)T(w;u)}" =0 for 1<k<m

wW—rUE

or, more concisely
Res A(w;u) =0 for 1<k <m. (2.2.58)

W—UE

2.2.12 Boundary eigenvalues and Bethe equations

From the nested algebraic Bethe ansatz for a Y (gl,,)-system, we have explicit values for the eigen-

values of the nested system, see (2.1.27),

1)

ml m(—1) (n—1)

U—u§1)+1 v —uy, —1
Pvu) = M(vu) [[ ——g— +dow) [[ ——
i=1 VU i=1 U=y
n—1 mk=1) (k—1) mk) (k)
v — U -1 v—u;  +1
+ Z )‘k(v; ’LL) H v — u(kil) H v u(k) )
k=2 =1 i i=1 i

where A\ (v;u) are given by Proposition 2.2.14. Note that the (i+1)-th level of nesting for Ypi (gly,)
corresponds to i-th level for Y (gl,). The parameters ugk)
of Y(gl,,) given in (2.1.28). The full eigenvalues A(v;u) = {p(v)T'(v;u)}" of the Bethe vectors, cf.,
(2.2.57), are then obtained by substituting our values for A\;(v;u) from (2.2.49). This leads to the

following statement.

satisfy the appropriate Bethe equations

Theorem 2.2.18. The eigenvalues of the Bethe vectors for a Ypi(g[zn)—system are given by

Awsw) = (1 + >F(U;u) + <1 SN p) T(—v — piu), (2.2.59)

2v+p
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; ; ¥
T(0:u) = oo A vdpte G ”ﬁv—ugl)ﬂ v+ (p£1)/2—m
’ SvTG v+p+c paley ’U—ugl) v+ (pt1)/2
n ¢ v—cj—)\,(lj)‘v—i-p—i-cj—k)\fﬁl ﬁv—ui+1.v+p—|—ui+1
=1 v — ¢4 v+ p+cy ey v — U v+ p+u;

mr ugn_l) -1\ [v+(px1)/2—py
X H n=1)
i=1 'U—U,L- 'U-'—(p:l:l)/Q
el ﬁv_cj_)\,(j) vt pte Y

V— Cj v+p+c

+
k=2

mE e WY\ (Yl 1 (o (p£1)/2 —
AT (I () e

i=1 i=1 V=Y

j=1

By (2.2.58), the Bethe equations for u are found by demanding that the residue of the eigenvalue
(2.2.59) vanishes at each of the uy with 1 < k < m. Evaluating this residue and using the fact that
the Ypi(glgn)—system reduces to a Y (gl,,)-system we obtain the following.

Theorem 2.2.19. The Bethe equations for a Ypi(g[%)—system are given by (2.1.28) and

up+ (p—1)/2 ue+(pF1)/24 pa Huk_ui_l_uk+ui+p_1
(

wet (p+1)/2 un+ (pE£1)/2—pn \ Lpun —wi+1 uptui+p+1
' : (n—1) _ -
_ uk_cj_)\gzj) .uk‘}'p‘}'cj‘{‘)‘gﬁrl mH uk+p+u§n 2 _uk—ugn 1)—1
j=1Uk — Cj —)\S_?_ Uk+p+cj+)\,(f) paiey Uk+p+u§n_1)+1 uk_ugn—l)

for1 <k <m.
Remark 2.2.20. The condition (2.1.26) is equivalent to the vanishing of the residue of A(v;u) in
(2.2.59) at each of the ugk), which is the expected Bethe equation for a system of equations.

Remark 2.2.21. The eigenvalue A(v;u) for a Ypi(g[%)—system, when the evaluation module M ()
of Ypi(g[%) in (2.2.6) is a one-dimensional, was calculated in [ACDFRO06] by means of the analytical
Bethe ansatz. By shifting the roots of the equations and including the assumption that the roots

come in pairs, one can recover the eigenvalue found in [ACDFRO06] from (2.2.60) and (2.2.59).

2.2.13 A trace formula for the Bethe vectors

Recall the trace formula for the Bethe vectors for the closed gl,,-symmetric spin chain (2.1.29). This

formula allows us to write an expression of the nested Bethe vector of the residual Y (gl,)-system

66



in terms of a trace of elements of the nested monodromy matrix as follows:

1 -1
(I)a1,...,am,&1,...,&m (’LL, u( )a ey u(n ))

n—1m) n—1k—1m® 1
= tryr K 1111 T w®, u)> ( TTII1I 11 Ryt (u§k>_u§z>)>

k=11i=1 k=2 1=1i=1 j=m®)

(1) (n—1)
X (621)®m Q@ (en,nfl)(g)m ] -1, (2262)

where the trace is taken over the space V := Vai®--® Va;_(i_l) =~ (C")®™ with m = .17 m®
and 7 is the lowest vector (2.2.50) of the nested vacuum sector M’, c.f. (2.2.48). Our goal is to
extended this formula for Bethe vectors (2.2.55) of the Ypi (gly,,)-system.

Recall the notation from Section 2.2.2. The R-matrix acting on C?>" @ C?" is denoted by
R(u) and the matrix units of End(C?") (resp. Endy(C?)) by e;; for 1 < i,j < 2n (resp. x;; for
1 <i,j <2). We will use symbols W, (W,,, Wa,, W, ...) to denote copies of C**; symbols V,
(Vays Vags Vo, ...) will be reserved for copies of C". Whén necessary, we will write (e;;), to indicate
that e;; € Eznd(Wa), and similarly for (z;5), and (e;5)q; here recall (2.2.10).

Proposition 2.2.22. The Bethe vector for the Ypi(g[Qn)-system can be written as

¥ (u, ul u(”_l))
i — n—1m)
. o .
- tw [H << Rija (= - P)> Sy (wzulD, .l D)) <H HSaf(uz( ))>
= B k=1 i=1
T T ! o) (n-1)
( H H H H R aka 1 ( 5))> (en-i-l,n)@m & (e21)®m R---® (en,n—1)®m ] €,
k=2 =1 i=1 j—m( “
(2.2.63)
where the trace is taken over the space W := Wy, ®@---QW,, W, 1®- OW (@2n)®(m+m)

m(n—1)
withm = 3" m® and

n—1m()
Salwsu, .. ultD) ( I1 H R,, ®—p )saw) ( I1 HRzakw—uE’“’)),
k=n—1 j=m(¥) k=1i=1
(2.2.64)
and € is the lowest vector of the Ypi(g[%)—module M defined in (2.2.6).
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Proof. We start from (2.2.55), with ® replaced by (2.2.62),

U(u,uM, . u)
m 1 n—1m)
= tryr [ (Bazaz uy) H Ra,a,(— H H Tk (k " )
=1 j=l-1 k=1 i=1

n—1k—1m®) 1
m®) m(n—1)
X (HHH H Rf k u§l))>(621)® ! ®"‘®(€n,n—1)® 1] o
k=2 1=1 i=1 j—pm
(2.2.65)

The proof shall proceed in two steps. First, we shall rewrite the above formula in terms of the
B-block operator, c.f. (2.2.9), rather than creation operators 3, which will allow us to introduce
a trace over the corresponding auxiliary spaces. Then, from this formula, we will argue that the
n X n matrix operators B, T and R may be replaced by their 2n x 2n counterparts to complete the
proof.

Note that, by commuting matrices which act on different spaces, the creation operator and the

product of nested monodromy matrices may be reordered as follows:

m 1 m m 1
H </8alal Ul H R - —u — )> = <H ﬁdlal (Ul)) <H H Raj&l(_uj —u — p))
= =1

=1 g=i-1 =1 j=l-1
and
n—1m*) n—1m(k)
IT11 Taf(uz(»k);u) =111 (HR&zak (g — u )(HRalak Uz—ugk)—p)> Aag(UEk))]
k=1 i=1 k=1i=1 L\ =

~(Jremsen) (o) (I )

where we have introduced

H H R, (u—u). (2.2.66)

k n— 11 m(k)

Dependence on uV, ... w1 has been omitted for clarity. Note also that, as a product of R-
matrices, R, (u) satisfies the RTT relation

Rup(u — v) Ro(u) Ryp(v) = Rp(v) Ro(u) Rap(u — v).
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Including these new expressions in (2.2.65), we make the following reordering,

m 1 m m
(H [T Rujar(—uj —w - p)) <HR§? (w)) (HRZ’;Z(—UZ _ p)>
1=1j=1-1 = P
(L st ) s 0)
=1 \j=l-1 =1

We now proceed to make repeated applications of the RTT relation, in a similar manner to the

proof of Lemma 2.2.9. For example we have, at the centre of the expression,

1
t&m ta a
( 11 Rojan (=15 = um p)) i () Ra! (—ur—p) -+ R (—um—p)
j=m—1
a tam— a
— RS (—ur = p) - R (=1 — p) RE™ (uy)

1
X ( H Rajam(—uj — Uy, — p)> RZC;T(—um —p).
j=m—1

Continuing inductively, we obtain the equality

Therefore, (2.2.65) is equivalent to

U(u,uM, . uD)

m L n—1m(*)
-t [H (B“l“l w) Bg' (u ( I Rejan(—uj = - )) Ra) (—u —p)> (H 11 Aaf(uz(-k))>
J

=1 =11 k=1 i=1

n—1k—1m® 1 k I 1) (n—1)
(HHH I1 Rura (o uﬁ)))(ezl)‘@m @ ® (enn1)"" ]'77- (2.2.67)

k=2 =1 i=1 j—m®

To obtain an expression in terms of the B-block operator (as opposed to the creation operator ),
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we utilise (2.2.36). Indeed,

U(u,uM, . uD)

= try > (H (( 1:[ Ry, (—uj —uy — P)) Ry, (—u; — p)Ba, () Ra! (Uz)>>

T1yesTm, =1
814..0ySm=1

n—1mk)
et @---Qel Vel @---Qel (H I1 Aaf(ug’“))>

k=1 i=1

81T1...8mTm

n—lh—1m® 1
% ( H H H H Rafaé (ul(k) - U§Z))> (621)®m(1) R R (en,n71)®m(n71)

k=2 1=1 i=1 j—m )

Recall that n = (e1)®™ ® (e1)®™ @ €. After contracting the dual vectors with the vector 7, the
resulting matrix element may then be written in terms of a trace over V := Vo @@V, = (Ch)®m

using the identity (M);; = tr(Me;;). This gives the expression

U (u, u . ,u(”_l))

n—1m)
- t [H < HR%az B p)> Raz(_ul - p)Bal(UZ)Ral u ) (H H A k k >
l

1 k=1 i=1
n—1k—-1m® 1 . »
k l ! n—1
( II H R akal ug ))> (€1n)®™ @ (21)®™ ®---® (en,n71)®m ] 3
k=2 1=1 i=1 j=m®

(2.2.68)

It remains to show that this expression may be rewritten in terms of the original monodromy
matrix S(u) and the R-matrix R(u). We will do this by showing that the expression (2.2.63)
reduces to the above expression (2.2.68). We put S, := Sy(u;u®, ..., w™1) and rewrite the
r.hs. of (2.2.63) as

trWKH ( agor (5~ Ut = p) ) S) (ent1n)®™
=1
AR << >®m<1> Q- ® (en,n—1)®m(nl)>>] . é‘, (2.2.69)

where operators A and R denote the products in the third line of (2.2.63). Recall (2.2.10) and
write (en11,0)®™ = (221)%™ ® (€1,)®™ and

(1) (n—1) ™ (1) (n—1)
(€21)®™ @+ ® (epn_1)" = (211)9" ® (e21)®" @ @ (enpn_1)®™ :
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From (2.2.12) we see that

(9 _ 0y,

(w;” —u

(ugk) - uy)) ($11)a§(9€11)a§. = (xll)af(mll)agRafag

Moreover,

S () (@11) g1 = (@11) g1 Agh (1) + (@20) g Cop (™),

Since Cx (ugk))f = 0, we can neglect the C operator above. Therefore we can replace A R <(e21)®m(1)

R -® (enm_l)@m(n D) in (2.2.69) with (z11)™ (AR <(621)®m(1) ®® (emn_l)@m(n_l))), where
operators A and R denote the operators in the third line of (2.2.68). Now set U := (C2)®(m+m)

and consider the expression

[(H (HRaJal —w = p)) Sal> (221)*™ ® (wn)m]. (2.2.70)

=1

To complete the proof we need to show that the trace above is equivalent to the operators in the
second line of (2.2.68). Observe from (2.2.12) that operators R and R? acting on tensor products
of z11’s and x21’s preserve their numbers in the tensor product. Hence the trace (2.2.70) is only
nonzero when each S,, maps (£21)q, to (11)e,. In particular, using (2.2.12), and the notation
(2.2.66), we find that

A~

Sar(21)%0 @ (211)™ 7 = (221)20D @ (1) Ry, (—up — p) Bay (w) Rey! (w) + (...,

where (...) denotes the terms that do not contribute to the trace. Moreover,

<H Ragaz = P)) (221)®0 @ (7)™ ™

-1

= (21)%Y @ (z)™ T ( H Rajal —u — p)) +(..),

7j=1

where we have used the same notation as above. Hence the trace (2.2.70) is indeed equivalent to

the operators in the second line of (2.2.68). This completes the proof. O

The trace formula (2.2.63) simplifies the process of obtaining the explicit form of the Bethe
vectors in terms of the matrix elements of the monodromy matrix S,(u). We provide here some

very basic examples.

Ezample 2.2.23. Let n > 2, m > 1 and m = ... =m=1 = 0. Then
m i—1
u; +uj+p+1
\ = _— |- E.
(ula 7“771) (zljl <E U +Uj +p >5n,n+1<uz)> §
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Ezample 2.2.24. Let n > 2, m =m® =1 and m{) =0 for all j # i. Then

W(ur,ul) = (Sn,n+1(ul) siivr(ul)

(i)
1 up —uy’ —1 i
(9) ( 1 %i) sint1(u1) S”’Q”i+1(u1)>8n,i+1(ug))> 53

up —uy \uptuy +p

Ezample 2.2.25. Let n > 2, m =2, md =1 and m{) =0 for all j # i. Then

U (ug, ug, ugz))

ut+us+p+1 ;
= P <3n,n+1 (u1) Snms1 (uz) siig1 (ul?)

up +u2 +p

1
- (a) Snn+1(U1) Sn2n—it+1(u2)
U2 — Uq

(1) o
ug —uy — 1 1 ug +uy”’ +p+1
1 G @ (8n7n+1(U1) Si,n+1(u2) + 1 .
won S ul — uy
(#)
up —uy’ —1 ,-
X (1(11) Sim+1(u1) — 3n,2n—i+1(U1)> 3n,n+1(u2)> 3n,z‘+1(u§ ))>> £
ur+u +p

Remark 2.2.26. Note that in Examples 2.2.24 and 2.2.25 s,,; 1 (u{”) - € = 0 unless i = n — 1.

Example: the ¢ =2, Y, "(gl;) chain

In this section we give an analysis of the solutions to the Bethe equations of a simple example
system, the sp,-symmetric (n = 2) chain of length two.

Using the following parameters gives a alternating chain of form studied in [Do00]:
AD =(1,0,0,0), =0, AP =(0,0,0,-1), c=-p;  p=/(0,0).

Additionally, we must take p = —2 in order to make use of the Hamiltonian given in the paper.
The A9 are weights of gl, representations, but the overall sp,-symmetry requires us to de-
compose the representations according to sp, C gly, and we find that both representations above

decompose to the 4 irrep of sp,. As sp -irreps, we can then decompose the full spin chain as follows:
44=1005d1.

Each Bethe vector should correspond to the highest weight vector of one of the above multiplets,
with excitation numbers m; determined by the difference in weights. Specifically, each excitation
at level 7 represents a reduction in the highest weight by root «;. Then, the multiplicity of the irrep

in the decomposition indicates the number of distinct solutions to the Bethe equations with the
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b M

spy-irrep  (mq,m) Us, up energy
10 (0,0) - - - 96
5 (1,0 1/2 - - —48
3/2* - - 16
1 (2,1) |1/2+4/2 1/2—1i/2 1+i/v2 —48

3/2* 1/4Fi/4 1.50383 £ 0.0620246¢ | 16 + 32i

Table 2.1: Solutions to the Bethe equations of the Y,"(gl,) spin chain of length two, with p = —2.
The solutions have been organised according to the corresponding sp, multiplet. Solutions with an
asterisk correspond to non-physical states.

given excitation numbers. In practice, the number of solutions of the equations themselves tend to
exceed the number predicted by this decomposition, and the desired number is reached only after
undergoing a careful selection process.

We present in Table 2.2.13 a list of solutions corresponding to the case [ = 2. Note that the
Bethe vector is invariant under the action of the symmetric group &,,, for each level ¢, so there is a
redundancy in the solutions; we have not included the redundant solutions in Table 2.2.13. Further
to this, for the top-level there is also a parameter symmetry u — —u — p; we have opted to display
only the solutions satisfying Re(u; + p/2) > 0.

We see that, even after accounting for the redundancies, the equations have additional solutions

(1)

which do not correspond to physical eigenstates of the system. In this case, the parameter u;
satisfies 2u§1) + p —1 =0, and thus is a zero of the function p(v), which appears in the Bethe
ansatz, artificially removing the pole from the eigenvalue.

In this short chain, it is not too difficult to show that the Hamiltonian is given simply by
H=2p(p—1)(p(p£1)Pr2 £2(n+ p)Qr2 — p) = 24(1 + 2P12).

Then, comparing the spectrum of the permutation operator with the above solutions justifies the
removal of those solutions with ugl) = 3/2, as the corresponding energy levels are not present.
In the case of a single excitation, it is a simple calculation to check that the eigenvector obtained

by the Bethe ansatz agrees with the results above. Indeed,

= [Ba (@) Rlo(—uf” = p)Rez(u) Bl (—uf) = )| (1@ en)
" 1 1 1 1
= (e3) , Rar(uf) Rl (—u" = p) Raa(uf ) Rl (—ul” = p)(ea @ e1 @ ).
From the last expression above, we see that R%; acting on ey ® e ® e will act as the identity—the
projector @ will only be nonzero if it acts on a tensor product e; ® es,_;11. Further, since each

R-matrix only serves to permute the vectors, we see that R., will also only act as identity. Hence,

in this case the Bethe vector is identical to that of a periodic chain of the same length.
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Calculating the action of the remaining R-matrices is straightforward, and yields

1 1
\I/(u(ll)> =0 [62 ®er + (1 — (1)>€1 &® 62:|.
L1 Uy

(1)

The solution u; ' = 1/2 gives the antisymmetric state as expected.
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Chapter 3

Nested algebraic Bethe ansatz for
even orthogonal and symplectic open

spin chains

In this chapter we repeat our analysis for an open spin chain constructed from sos,, or sp,,, modules,
with all possible diagonal boundary conditions. However, as with the previous chapter, we will begin
by reviewing a related gl,, spin chain, this time the open spin chain with Grassmannian (type AIII)
boundary conditions which will appear as the nested system for the orthogonal or symplectic chains.
We introduce its underlying reflection algebra B pex(n, p) and give the nested algebraic Bethe ansatz
for such a chain.

Following this, we introduce the algebra X,(gon, ggn)tw and show how it acts on a spin chain
constructed from so09, or sp,, modules. Special consideration must be made when extending these
from Lie algebra modules to Yangian modules, as there is no evaluation homomorphism, and we
present the fusion procedure for this purpose. We then proceed to give the nested algebraic Bethe
ansatz for the system, showing how it reduces to the gl, chain from Section 3.1 . Unlike the
twisted Yangian spin chain studied in Chapter 1, care must be taken to separate the orthogonal

and symplectic cases.

3.1 Nested algebraic Bethe ansatz for an open gl, spin chain.

3.1.1 The extended reflection algebra B;*(n, p)

We begin by introducing the extended reflection algebra, following [MR02]. Recall once again the
Yangian Y'(gl,). In this chapter we will use superscript ° to distinguish the Y (gl,) generating
matrix and weights from those for X (ga,), so Y (gl,,) is generated by matrix 7°(u) which satisfies
the RTT relation with R-matrix R(u) =1 —u~1P.

In Chapter 1 we introduced the Ol’shanskii twisted Yangian Y *(gly,,) as a subalgebra of Y (gls,, ),
which led to an open spin chain with gly,, bulk symmetry, broken to g, symmetry by the bound-
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ary conditions—a type Al(a) or AIl symmetric pair. The (extended) reflection algebra B;*(n,p)
corresponds to the type AIIl symmetric pair (sl,, sl, @ sl,,_, ® C), although in practice it will take
the form (gl,,, gl, © gl,,_,).

As with the twisted Yangian, the reflection algebra may be defined as a standalone associative
algebra generated by a matrix satisfying certain relations, but we will also want to be able to view
it as a coideal subalgebra of Y (gl,).

Recall from Table 1.3.2 that symmetric pair AIII is generated by an inner automorphism corre-

sponding to conjugation by an involutory matrix, which we will call G°. The matrix G° takes the

(B 0 Y
0| —In,

We then define the algebra B;X(n, p) as follows, including also a ‘shift’ parameter p.

form

Definition 3.1.1. The extended reflection algebra Bex(n p) is the unital associative algebra gener-
ated by the coefficients of the entries bfj( u) = 95+ Zr>1 f](T) ~" of the abstract generating matriz
B°(u), satisfying the reflection equation

R(u—v)B°(u)R(u+v+ p)B°(v) = B°(v)R(u+ v+ p)B°(u)R(u — v), (3.1.1)
and no other relations.

By the same arguments as in Proposition 2.1 in [MR02], the product B°(u)B°(—u — p) is a

scalar
B°(u)B°(—u —p) = f°(u)1, (3.1.2)

where f°(u) is an even series with respect to the transformation u — —u—p, with coefficients central
in Bg*(n,p). One may then define the reflection algebra B,(n,p) as the quotient of B;*(n,p) by
the unitarity relation B°(u)B°(—u — p) = I. The algebra B,(n,p) exists as a subalgebra of Y (gl,,)
generated by

T°(w)G(T°(~u—p)) ",

see [MR02] Theorem 3.1. Then, as a subalgebra of Y (gl,,), B,(n,p) is left-coideal, so
A : Bp(nap) — Y(g[n) ® Bp(nap)'

This coideal property is then inherited by the B;*(n,p),

= 3 B ) @ By ().
k=1
The representation theory of B;*(n, p) follows.

Definition 3.1.2. A representation V of B;X(n,p) is called a lowest weight representation if there
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exists a non-zero vector n € V. such that V = By*(n,p)n and
bii(uyn=0 for 1<i<j<n and by(u)n=pi(u)n for 1<i<n,

where u;(u) are formal power series in u~! with constant terms equal to 1 if i < n —1r and —1 if
i >mn—r. The vectorn is called the lowest vector of V', and the n-tuple p°(u) = (uS(u), ..., puo(u))
is called the lowest weight of V.

We note that any representation V' of B,(n, p) may be extended to a representation of B;*(n,p)
by allowing the series f°(u) to act as the identity operator on V.

Recall the action of the inverse matrix 71 (u) on a Yangian Y (gl,,) lowest weight module, given
by (1.2.17). The following proposition shows that the B;*(n, p) modules constructed using lowest
weight Y (gl,,) modules are themselves lowest weight modules. The proof is given in [GR20a], but
is based on that of Proposition 4.10 in [GRW17].

Proposition 3.1.3. Let n be the lowest vector of a lowest weight Y (gl,,)-module L(A(u)) and let £
be the lowest vector of a lowest weight By*(n, p)-module V(u(u)). Then By*(n,p)(n®¢§) is a lowest
weight B*(n, p)-module with the lowest vector n ® & and the lowest weight v°(u) with components

determined by the relations
() = @A (—u—p) for 1<i<n (3.1.3)

with if (u) defined by

i°(u) == (2u+p —i+ 1) (u +Zu] (3.1.4)

and 77 (u) defined analogously.

The following proposition rephrases Theorem 3.1 in [BRO09] for the algebra B;*(n,p), and will

be important for the nesting procedure of the Bethe ansatz.
Proposition 3.1.4. Let M be a lowest weight B;X(n,p)—module. For any 1 <k <n—1 define a
subspace M*) C M by

MFP) = {veM: bij(u)v =0 fori > j and j < k}.

Then operators

) b5 (u+ B bi(u+ 551
.__ 10 2
by (w) = b3 (u+ £51) + 65 E T (3.1.5)

where k <i,7 <n form a representation of the algebra Bf;x(n —k+1,r—k+1) or Bj*(n—k+1,0)
in M®) forr>k—1 orr <k—1, respectively.

Remark 3.1.5. An analogue of Proposition 3.1.4 for the “non-extended” reflection algebra B,(n,p)

would require operators bgf) (u) in (3.1.5) to be multiplied by a suitable series in ~! with coefficients
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central in B,(n, p) to ensure that the corresponding generating matrix B°¥) (v) satisfies the unitarity

relation in the space V).

We now introduce the one-dimensional representations that will function as the boundary of

the spin chain. For any a € C define a matrix-valued rational function

a

Ko(u) = G° — 5.
2

(3.1.6)

The existence of the free parameter a in this case is a consequence of the fact that the underlying
symmetric pair has a nontrivial centre—in this case, we are working with (sl,,, sl, ®sl,_, ®C). This
K-matrix is a one-parameter solution of the reflection equation (3.1.1) with the R-matrix, and is

therefore a representation of B pex(n, p). Indeed, more specifically, we have the following Proposition.

Proposition 3.1.6. (i) Let r = 0. The assignment B°(u) — I yields a one-dimensional represen-
tation of ByX(n,0) of weight
pi(u) = ... = pp(u) = 1. (3.1.7)

(ii) Let 1 < r < n. The assignment B°(u) — K°(u) yields a one-dimensional representation of
By (n,p) of weight u°(u) given by

a a
o cq(w)y=...=pu(u) =1~ .

pi(u) =...=po(u) =—1— (3.1.8)

We now define the spin chain and the action of B ;X(n, p) on it. Recall once again the evaluation
modules from Section 1.2.1, which in this case will be denoted L°(\)., where A = (A1,...,\p)
are the gl,, weights of the module, and c is the parameter shift when acted on by Y (gl,,) via the
evaluation homomorphism. We denote the lowest weight vector of this module by 7. Let V(u°)
denote a B;*(n,p) one-dimensional module defined by Proposition 3.1.6.

We will study the spin chain
M = L2 @ V(i) = L°OAD), @+ @ L), @ V(1), (3.1.9)

which by Proposition 3.1.3 is a lowest weight B*(n, p)-module of weight v°(u) with components
determined by (recall (3.1.4)),

A

U — ¢y

(3.1.10)

4
37 () = 7 ) [T @) N ) with 07 () =1
j=1

The action of the generating matrix on the module is given by
o o o o o -1 o -1
B(u) > Loyt — e1) -+ Lao(u — e) K () (£op(—u— p— ) ™+ (Lon(—u— p— 1)) % (3.1.11)

In what follows we study the spectral problem for a transfer matrix constructed from the above

monodromy matrix, acting on the spin chain (3.1.9). Just as in the previous chapter, this will

78



appear as a nested system when studying the even orthogonal and symplectic chains, and so we
provide the NABA solution of the gl,, system here.

The nesting procedure for this system bears a lot of resemblance to that of the closed gl,, spin
chain studied in Section 2.1. However, a subtlety is introduced via Proposition 3.1.4—unlike Y'(gl,,),
the (n— k) x (n — k) submatrix of the generating matrix B°(u) will not itself form a representation
of the reduced algebra. Instead, the elements must be shifted in parameter, and diagonal elements
of the matrix must be added to obtain a nested system of operators.

The spectral problem for this chain was addressed by Belliard and Ragoucy in [BR09] , thus we

will keep this section concise and provide the key steps in the proofs only.

3.1.2 Exchange relations

For any matrix A =Y., a;je;; with e;; € End(C") and any 1 < k < n define a k-reduced matrix

2,7=1
Ak — > i =k Gije l(k)kﬂ k41 With eij) € End(C"*+1). We use this notation to define &, l-reduced

R- and R-matrices acting on the spaces v#) = cn=k+1 and Vb() >~ Cn—iHl by

k.l u ) 1 (kg = (k.1 Q) ok,
R((lb )(u) = U_1<I¢§b ) - EPa(,b )>, Rt(lb )(“) = Péb )Rflb )(“)-
Note that P(k’l)el(k) ® eg-l) =0ifk<landi+k—1<0,and RSZ’TL) (u) and R((;Z’n) (u) are identity
operators. We denote the k-reduced generating matrix of B;*(n,p) in End(Va(k)) as D) (u) and

decompose it as

a(k)(u) Bék)(u)
D) () = P pEw] (3.1.12)

We also set

5(0) ) (4 + £51) w oD (w+ 5 o

DPF (u) := DW (u+ EFL) + ; i, (3.1.13)
—~ 2u+1 +p @ e 2 o
leading to the following recursive relations:
A A (h— 8ij  rAk—
[D((zk) <“)]z] = [D(k 1)(“’ + %)}l-i-i,l-i-j + 2u j— ) [D(k 1)(“’ + %)]117 (3.1.15)
. ~ A (— 1 N

[DE @)y 140 = [BY (u—3)], (3.1.17)

for1<i,j<n—k+1and 1l <[ <n—k We note that operator lA)((lk) (u) is a generalisation of
Sklyanin’s D(u) operator (see Section 5 in [Sk88]) for arbitrary rank.
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Lemma 3.1.7. Let M be a lowest weight B;*(n,p)-module. For any 1 < k < n — 1 define a
subspace
ME) = {ne M : b5;(u)n=0fori>jandj < k}. (3.1.18)

Let = denote equality of operators in the space Va(k) ® Vb(k) @ M®) . Then

BO @) B (u) = BP () B (0) B (0 — w), (3.1.19)
A8 () B®) () = (v—u+Dwt+u+1l+p) B® () 4k
a (U) b (U) - (U—U)(U+U+p) b (U)CL (U)
2u+1+p 4 R 1 - .
w0 BB, 3120
- ~ —u—1 -1 A
D((lk+1)(v)Bl§k) (u) _ (v U )(v +u + P) Bék) (u)Ri’ZH’kH)(U Tu+ p)

% Dc(lkﬂ)(U)RngH,kH) (v _ u)

2u—=14p)2u+1+p) ~w (k+1,k+1) (k+1k+1) ~ (k)
- B ’ 2 P )
(2v 4 p)(2u+ p)(v+u + p) b (v) R, (2v+p) ab '\ (u)

20—1+4+p Ak (k+1,k+1) A (k+1) (k+1,k+1)
B R ’ 2 D P ’ 3.1.21
(U — U)<2'U T+ p) b (’U) ab ( v+ p) a (U) ab ’ ( )

a® () DY (w) = DV (w)a® () + — trg P (B9 () P (0) - BO () ¢ (w))

N A

1 (k) (k) _ pk) (k) (kt1E+1)
R CECTE T (Bb (©) G (u) = By (W) G (“)> Iy '

(3.1.22)

Proof. The k = 1 case (M) = M) is a restatement of the defining relations of Bg*(n,p). When
k > 1 we additionally need to use Proposition 3.1.4. O

3.1.3 Quantum spaces and monodromy matrices

Choose myq, ..., mp—1 € Z>0, the excitation numbers. Let k =1,...,n — 1. For each my, assign an

my-tuple u®) = (ugk), e ,uﬁ,’ii) of complex parameters and a set of labels a* = {a¥, ... ,af;lk}. We

will use notation from [BR09] to denote multi-tuples:
wlk) = (u(l), - ,u(k)), a't = (a',...,a"). (3.1.23)

We will say that M° is a level-1 quantum space and denote it by M@, Then for each 2 <k<n

we define a level-k quantum space M®*) recursively by
M® =W @ (kD) (3.1.24)

where

a a Qm,_ 4
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and (M*=1)9 is level-(k — 1) vacuum sector defined by
(M*FD)0 = {n e M%) 2 b9 (u)y =0 fori > jand j < k— 1} (3.1.25)

Propositions 3.1.3 and 3.1.4 imply that the space M*) is a By (n—k+1,r—k+1)- or BJ*(n—k+1,0)-
module for £ <r+ 1 or k > r + 1, respectively. In particular, for k > 2,

M® =W @ (CeF ez gL g (CelP)Em
Q L(k—l)()\(l))c1 QR ® L(k—l)()\(f))cé ® V(1)

where

LEDAD), = {n e L°(AD),, : t5;(u)p = 0 for i > jand j < k — 1}

T

are evaluation Y (gl,,_j,)-modules. (In the case when L°(A(")) 22 C", i.e. the bulk quantum space

is a tensor product of fundamental gl,-modules, L*=D(\®) . = C.)

Definition 3.1.8. We will say that IA)SLI)(U) = D((zl)(v) is a level-1 monodromy matriz. For each

2 < k < n we recursively define a level-k monodromy matriz, acting on the space M®) | vig

my_1
sl o= (TR 40 )
i=1 !

where f)(k)

aal--k—2

(v; u*=2) s defined by (3.1.15),

[D((llz)l...k72 (v;u(l...k—Q))] o [f)(k—l) (U+ %;u(l...k—2))]

ij aal---k—2 144,145
0ij A k-1 -
o Dl (v + 4] (3.1.27)

for1<i,7<n—k+1.

The above definition outlines how the nested monodromy matrices will be constructed for this
open spin chain, with extra R-matrices being attached at each level of nesting, and the extraction
of appropriate submatrices. However, this recursive definition is unwieldy and we wish to instead

have a closed form of the operator.

Proposition 3.1.9. Let = denote equality of operators in the space Va(k) QM®) for any 2 < k < n.
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Then

DY, (vuA0) = ( I1 HR(’W*1 v+u<>+’f;j+p))

j=k—1i=1

(H [T R™ "™ w-ul+ W)) . (3.1.28)

j=1li=m;

We use the technical lemma below to help us prove Proposition 3.1.9. First, introduce a rational

function ( \ e
my
’ % S T )

Lemma 3.1.10. Let AV (v) € End(Va(k))[[v_l]] be a matrix operator such that [Agk) (W)4i1 =0
fori>1. Set

mrg—1
st (TR o0 (T 0=l

=1 i=mp_1
Then, for 1 <i,j<n—k andn= (egk))(@mk—l c Wa(i)_U

(AN @] = [AP )] n, [AD L o u® )], =0, (3.1.30)

(k) (. (k=1 _ 1 k
[Aaak—l (’U, u( ))] 1+i,1+j77 = m ([A((l )(’U)] 1+4,1+5

1 — A (v;ul—D)
20—-14p

+ 3y [A) (v)] 11) n.  (3.1.31)

Proof. The first two identities follow from

[Rii}ﬁ)l(v)] wn=n [RE @), n=0

aal

To prove the third identity we need to use

(k,k) _ v .
[Raaf‘l (v)] i1+ T 0i;1,
(k) (ki) _ vu L
[Raa;“*1 (U)] 1+44,1 [Raaf71 (u)} 171+j77 o (1} — 1)(u — 1) VU 52]77

giving

(k 1 (k-
[Maa)k 1 (U u(k 1))] 1+i,1+j77 - m <[Ml§k) (’U)] 144,145 574].](.(@7 u(k 1)) [Ma(,k) (U)] 11> n



where

mME—1 (k—1)

i—1 (
1 (v+u; —14+p)(v—u; - 1)
fo Z (v + u ) 4+ ) (v — (k=1) H (k=1) _ 1) ’
=1 PV u; ) 7j=1 (7) + u; + p)(v Uy )
A simple induction on mg_1 then yields
f(v'u(k_l)) _ 1— A*(v;u(kfl))
' 20—1+p
implying the third identity. O

Proof of Proposition 3.1.9. It is sufficient to prove that (cf. (3.1.27))

ﬁg;)L..ka(U?u(l'“k_Q)) = H HR kj+1) v+u() k- ;_j —|—p)
j=k—21i=1

H H R ,g+1 v—ul? 4 By ) (3.1.32)

Jj=li=m;

We will use induction on k£ to prove the claim. The & = 2 case follows from the definition and

provides a base for induction. Now assume that the statement holds for D( 11)k d(’U;u,(l"'k*g)).

Note that

k,l l v l
[Rz(zb )(’U)] ijeg) = v—1 5ij€§) (3.1.33)

for 1 <4,57 <n—k+1and any k > [. Combining this with Lemma 3.1.10 we obtain

1
[Dg;ll)k ,(v+ 2 L (1...k—2))]11 = ( H - 1 um)) [[)( )( )]117

I—k—_3 (” + k_2
(k—1) 1
plk-1 + w(lk=2) = L
[ aal--k— 2(7) )] 144,145 i A— (U+ k=1-1 1 l. u(l) ]1+Z,1+]
1—-A" (v + 2 ulk= 2) -
; U D( 1)
+ 0i; 20T p (v+ )]

for 1 <i,j <n —k+ 1. The identities above together with (3.1.27) and (3.1.15) imply

1
(k) vy (Lo k— 2 (k)
[Daal.“k—Q (Uau (lH A l;u(l))> [Da (U)Lj

2 =
which is equivalent to (3.1.32), as required. O

The Corollary below follows from Propositions 3.1.9 and 3.1.4, and by virtue of the Yang-Baxter

equation.
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Corollary 3.1.11. Let = denote equality of operators in the space Va(k) ® Vb(k) @ M%) for any
2<k<mn. Then

Rg;’k) (v—w) D(k)

aal--k—1

(v; u(l...kfl)) R(]Z’k) (v + w)D(k)

a bal---k—1

= D o) BI04 w) DY s ) RO - )

a

(w; u(1...k71))

In other words, matrix entries of the level-k monodromy matrix satisfy the defining relations of
the algebra gp(n— k+1,r—k+1)or gp(n— k+1,0)in M®) for 7 > k—1 or r < k— 1, respectively.

3.1.4 Transfer matrix, creation operators and Bethe vectors

We are now ready to introduce transfer matrices and creation operators acting on the level-k

quantum space M (*).

Definition 3.1.12. The level-k a-operator is the first diagonal entry of the level-k monodromy
matriz, namely

. (k - ~ (k _

) oy ) = [P (o Bl )] (3130
Definition 3.1.13. The level-k transfer matrixz for a Bﬁx(n,p)-cham is obtained by taking trace of
the level-k monodromy matrix, namely

_ A (k _ _
(k) (v;u(l...k 1)) — tr, Dia)lmk—l(v . %;u(l..,k 1))

v-ntp w (v— k.u(l...kfl)) + tr, DY (v — E.u(l..-kfl)),

= 20—k +p Wl k-1 25 aal k-1 27

(3.1.35)

Our goal is to find eigenvectors (Bethe vectors) of the level-1 transfer matrix 7(!)(v) and the
corresponding eigenvalues. With this goal in mind we introduce a lowest weight vector with respect

to the action of the level-n monodromy matrix,
g(n) — (egn))@)mn,l Q- ® (€§2))®m1 Q€€ M(n)

This vector will serve as a vacuum vector for constructing Bethe vectors of the full system, including

auxiliary spaces of all nested systems.

Lemma 3.1.14. The level-k a-operator acts on vector €™ by

k—2 ~0
@“1"'“1(1} 27 ¥ )5 (i_lA_(v—é;u(i))>2@—k+1+p§ ’ (3.1.36)

Proof. Recall that & is a lowest vector of weight +°(v) with components ~(v) determined by
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(3.1.10). It follows from (3.1.13) and (3.2.18) that

A (1 _ k=1\] £(n) _ O WG 1 C) R
[Da” (v = 5551, ( JFEij—I<:+1+p>f 2v—/<:+1+p5 '

All that remains is to apply Proposition 3.1.9, Lemma 3.1.10 and identity (3.1.33). O

From now on we will view B-operators (cf. (3.1.12)) obtained from the nested monodromy

Ay (k)

matrix D7 (v; u(l"'k_l)) as row-vectors, that is

B (v;u(l...k—l)) c (Va(k—i-l))* ® End(M(k))[v_l].

aal--k—1

These row-vectors will give rise to level-k creation operators and level-k Bethe vectors. Since M*) is
a finite-dimensional vector space, we can evaluate the formal parameter v to any non-zero complex

number.

Definition 3.1.15. The level-k creation operator is defined by
my
k \ (k N B
0 ) = T B (o 40),

Note that operator %Eﬁ)k (u(l'“k)) is a row-vector with respect to all tensorands in W(kH)

Definition 3.1.16. The level-k Bethe vector is defined by

(I)(k)(u(k‘---n—l);u(l»--~ Hgg ull- 1)) g( )

where %=1 are viewed as fized parameters.

The level-1 Bethe vector &%) (u(l'“”_l)) e M is a vector in the level-1 quantum space. For

(1..n=1) it is called an off-shell Bethe vector.

arbitrary u
Set Spyproomn_1 = Gy, X -+ - X Gy, ;. For any o) e S, with k <1 < n —1 define an action

of Gmy,....omn_, OD o k) (u(k“'”_l)) by

PAQIEE VLGSR DN ug?;')'nfl) = (u®, . U(l()z), L uD)
where we have set ufflgl) = (“((,l()l)(l)v .. ,ufflgl)(ml)). The relation (3.1.19) together with the identity

R[(llli)l (u) €™ = ¢ implies the following Lemma.

i
Lemma 3.1.17. The level-k Bethe vector ®*) (u(k“'"*l);u(l'“kfl)) 1s tnvariant under the action
Of Gmkv"'vmn—l

We are now ready to give the Bethe ansatz result for the spin chain.
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Theorem 3.1.18. The level-1 Bethe vector () (u(l'""_l)) is an eigenvector of T (v) with the

etgenvalue
~ 20—n+p 1 (v) _ (V)
AD (peggon=1Y .= 22— P TP A4+, 1., (1)) /1 A _n-l.m=1)y__ W7/
(v )= 21)fl+p (0= gu )21)+p+ (0= )207n+1+,0
+ Z 2”_7”” A (v — Gl D) AT (v — &5 u) %) (3.1.37)
—w—itp T 2 20—i+1+p
provided
Res A(l)(v + %; u(l"'"*l)) =0 (3.1.38)

oralll<i<m;andl <j<n-1.
f 5 J

Remark 3.1.19. The equations (3.1.38) are Bethe equations for a B;*(n, p)-chain. Their explicit

form is

(3.1.39)

for 1 <j<mpand 1 <k <n—1 assuming mg = m, = 0. For example, when n = 2, we have

k =1 and the r.h.s. of (3.1.39) equals 1.

Proof of Theorem 3.1.18. Using Lemma 3.1.7, symmetry &,,, . m,_, of k) (u(k“'”_l);u(l“'k_l))

and standard arguments, we obtain

O«Eﬁ)kﬂ (v . g’ u(l...k—l)) k) (u(k...n—l);u(l...k—1)>
<A+(v _ §7u(k)) %Eﬁ)k( (1. k)) (1) (0= 27 wLk— 1))
a Z Res A™ (U’;“(k))%(k? k(u(l(mk)(k) k) @,(fl)mk_l(ng);u(l'”k*l))
7‘17}—*—“ w—>u£k> g Uy )
(k)
— Z (k) 2u; +£) Res A (w;u(k))
i (0 =5+ +p) (20" =+ kAt p) wou®

k)
ol k

k A
x G (u(l(k> )(k> ) tra D
2

(k+1)
aal--k

(ugk); u(l(-k.;k))> pk+1) (u(k+1...n71) : u(1~~-k)) (3.1.40)
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and

D(k;—&l-l)k ) (U _ g; u(l...k—l)) (I)(k) (,u(kn—l)

9

u(l...k—l))

= (A— (v -k U(k))%él) L (u (1...k)) tr,, Déifl)k (v— %;u(l...k))

—Z vty ® Res A+(w u(k))

= 2u—Fk+p)(v—~5+u" +p) woul®

x B! 1) & (u(l(mk)(k) k)@ékl)kfl (“z(‘k)m(l'“k*l))

7, ’ i 2
(k )
2u; 2v —

_Z (2u; +P)((;; n(—}i—)ﬂ) Res Af(w;u(k))

i u—k+p)(v—1% )2, =1tk + p) woal

% 973('? k(u(l(k)]f)(k) )t Dil:l)k (u(k);u((:(.k.ik)))q)(k-f—l)(u(k-&-l...n—l);u(l...k))‘ (3.1.41)

Here ng) € G,,, denotes a cyclic permutation such that

k k k k
U = (UE )7 £+)17'--7 gi,)c,ug ), (k ),...,ul(i)l).

Below we indicate key identities that were used in obtaining (3.1.40) and (3.1.41). For this

we need to introduce additional notation. Set agk = (a’f, .. ,af_l,aé?ﬂ, .. 7a,’fnk) and uij% =
’ j
@, WP al). Then let
(k+1) (. (1 k) (k+1,k+1) (k)
D 1kk(U u 7’[(/@ (HR ( +u (k>()—|—p))
o J ’
(k+1) Tl )y — 4™
A (k+1 (1 k=1 k+1,k+1 k
% Daal'“k_l (U’ U( )) H Raa (U U](-k)(i)) (3142)
=My

and

A (wiu®),) = ﬁ (w—u® £ 1) (w+u® £1+ p)
T w1 p)
i#]
so that ®
Res Ai(w u(k)) i2uj st i( (k)a (k(:l)s:))
wﬁugk) 2u§k) + 1% ! 1’[3'

Also note that L
tr, R(k+1 k+1)(u) PC%H—I k1) _u—n -19— ) Iék;-s—l,k-s—l) '
u —
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To obtain the second terms in the r.h.s. of (3.1.41) we used

20 4+ 14p 20—k—1+p

Res AT (w; u(k)) =

w%ugk) QUZ(k) +p 2v—n+p
(k). (k) (k+1 k+1) (k+1,k+1)
x A (u; uq/(k)) tr, R aak (2v—k+ p)Paa,lc .

To obtain the third term in the r.h.s. of (3.1.40) we used the second equality below, and to obtain
the third term in the r.h.s. of in (3.1.41) we used the third equality below:

Res, A~ (0t AT o)
w—ru, %i
2u2(-k) —l4p, & ) ®) (k+1k+1) (o) (k) k1) (o (k). (F) (k+1,k+1)
= —TA ( ) (k))t a (R k (2 +p)Daal'“k (u ) (k )) 5 >

2ul™ + p " “

aaf ; o, aay

k
2 —nA RPN () ) )G Ll )

2u§k)+p i 7/<k) k flt’fk ’ual(k)#gk)
B 2u§k)—n+k+p 20—k—1+p

- k k+1,k+1 AEFD) (k). o, AR
7

Combining (3.1.40) and (3.1.41) gives
79 (1 24 0-H=1)) G B) (1), gy 1k

+ jay —
%1(11) o(u (1. ..k)) (M At (v Em(k))@,(fl)...k (v %;u(l...k 1))

AT (v _ k. u(k)) tr, D(k+1) ( k; u(l...k))) (I)(k+1) (u(k-l—l...n—l); u(l...k))

29 aal--k

mg
B Z F (v, “Ek)) 93,(1]?1@ (“(1 >ki<k> i)
. 2

1 (a2

2w — k
x  Res < w—n+ +'OA+(w;u(k))d¢(lk1)mk_1(w;u(l“'k_l))

+ A (w; u®) trg DETY, (w; ufj',;;’“)) D) (g H1m=D), (1K) (31 43)

i

where
(2v —n+p)(2u+ p)

(- E—w—Etutp@u-n+k+p)

When k =n — 1 and n = 2, using (3.1.34) and (3.1.36) we have that @*+1) (u(F+1-n=1D) = £ and

o 1
. (1) _ Yi(w+3) - (2) (1) Y5 (w + §)
o (w)€ 2w—|—1+p£’ tro D, (w u (1))5 2w + p 3
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yielding

0 () 00 ()
20=24p 01y 00 w200\ ) (@
<21}—1—|—pA (0= u )2v—l—p+A (v=3u )2v—1+p o ()

20— 1 ~° 41
_ZFM(U%@)) Res (wﬂ)mw;um)%(wy
=i wsu() \ 2W P 2w+ 1+p

~0 1
SO L1 Gl ) A PR O €D
+A (wau ) 2w+p o (uagn,ugl)—)v*%)

1 1 1 (a1 1,1
= Al )(v u! ) ZFgl v, u Re?l) Al )(w,u( ))<I>( )(uam u(l)ﬁvfé)‘
w—ru, v
This completes the proof when n = 2. Assuming 1 < k£ < n and n > 2 introduce notation
n—1 ~
o 20-n+p , _ _ _ 37 (v)
AF) (e g k—1n=1)y . ST T EA L DY AT (= Loy NP
(v ) ;ZU—l—i-p (v wT) AT (0 - g )2v—l+1+p

— n—1 n—1 :77101('0)
+A (U_ 2 ’U( ))2U—n—|—1+p

and notice that, for all k <l <n—1and 1 <i<my,

Res AW (w + 55 at10) = Res AW (w; w1y,

U}—)’U‘,El) w—>uil

Hence, when £k = n — 1 and n > 2, using similar arguments as before and symmetry of the Bethe
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vector, we find that

T(n—l) (U; u(l...n—2)) (b(n—l) (u(n—l);u(l‘..n—2))

n—2 -1
H _ G 20-n+p | _ ne9.  (n—

AT (p — 7=l (n—1) 7’?7,—1(1})
KA (0= )2v—n+2—|—p

+ A (v— Tl;u( 1)) 21)—n—|—1+p>(1)( 1)(11,( 1);u(1 2))

Mnp—1 n—2 -1
~ 3 Funet (0,u™™Y) ( T[A (a0 j—gm;u(j))>
i=1

J=1

_ ~ nl
X  Res <2wl+p A (w+ 3 a2 AT (w;uY) Tna(w+557)

w1 2w+ p 2w+ 1+p
~o —1
B N A (e . “1) ¢, (n—1) o (1n—2
+A (w’ ul” )) 2w+ p LA (uuﬁ"‘lbv—%l 7 ulh" ))

n—2 —1
= ( H A (1} — %; u(i))) Aln—1) (1}; u(n—2,n—l)) H(n—1) (u(n—l); u(l...n—?))

provided R(es ) A (w;u(l'"”_l)) =0forall 1 <i < mp_1. Next, when 1 < kK < n —1 and

n > 3, using negative inductive arguments we obtain

w—u,

(k) (v: u(l...k—l)) 0! (u(k...n—l); u(l...k—l))

k—1 -1
_ <H A_(v B %’;u(j))> AR (v;u(k—l...n—l)) G (u(k‘..n—l);u(l.“k—l))
j=1

provided Resl) A(l)(w + %;u(l'””*l)) =0forall 1 <i<m;and k <1 <n—1. Finally, when
w—u,
k=1 and n > 2, we obtain

7_(1) (U) q)(l) (u(l,..nfl)) _ A(l) (U; ul...nfl) (I)(l) (u(l...nfl))

provided Resl> A(l)(w + %;u(l'“”*l)) =0forall 1 <¢<myand1l<1[<n-—1, which completes

’LU—)’lLl

the proof. O

3.2 Nested algebraic Bethe ansatz for the X,(g2,,g5,)" spin chain

In this section we present the nested algebraic Bethe ansatz for the X,(gon, ggn)tw spin chain. We

begin by reviewing the fusion procedure for X (ga,), which allows us to construct representations
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of X(g25,), which will form the bulk of the chain.

3.2.1 Representations of the Yangian X (g.,)

Recall the extended Yangian X (g2,,) from Section 1.2.2, generated by the matrix T'(u) € End(C?*")®
X (gon)[[u~1]] satisfying the RTT relation

Rap(u — v)To(u)Tp(v) = Ty(v)To(u) Rap(u — v), (3.2.1)
with R-matrix
R(u) :=1— g - 6;2 " (3.2.2)

Here P is the permutation operator on (C?*)®2 @ = P% as defined in (1.2.22), and k = n ¥ 1 with
the upper and lower signs denoting the orthogonal and symplectic cases respectively.

Since X (gay,) cannot have an equivalent of the evaluation homomorphism, not every representa-
tion of U(g2,) may be extended to a representation of X (goy,). Nevertheless, we may extend some
representations via a process known as R-matriz fusion.

The fusion procedure first makes use of the fact that the R-matrix itself satisfies the defining
relation of X (g2,) as a consequence of the Yang-Baxter relation, and therefore defines a represen-
tation of the algebra on C?". This is the vector representation of go, on C?", a highest weight
representation of weight A = (1,0,...,0) and highest weight vector e, defined by the assignment
Fij — eij — 0ijean—j+1,2n—i+1- The map
1

P Oij €an—j+1,2n—i+1

1
o tij(u) ’_>5ij +Eeij — ur

then equips C?" with a structure of a X (ga,)-module. Since we will use lowest weight X (gon)-
modules, we compose the map g with the anti-automorphisms sign and tran. We also include the
shift automorphism 7. as it will be necessary for the fusion procedure. Denoting the resulting map

by 0. := oo sign otran o1, we have
1 1
O tz‘j(u) = 5@']’ - ﬁeji + m%’ €2n—i+1,2n—j+1-
It follows that

1

0.(T(u)) = R(u —¢), &@@DQATPM)=&Uﬁ%e&ﬁw+ﬁn=l—@:?§

This allows us to view the space C?" as an irreducible lowest weight X (ga,)-module with weight
A(u) given by
1 1

A(w) =1 — Ao(W) = o = Ao 1(w) =1,  Aon(u) =14+ ——— .
1(u) P 2(u) 2n—1(u) on (1) A—

(3.2.3)
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We denote this module by L(\).. We will use this notation for all irreducible finite-dimensional
representations of go, that can be equipped with a structure of a X (gay,,)-module.

Consider the tensor product space (C*")®* with k > 2. Each C?" carries the vector representa-
tion of gay,, and so the full vector space (C2*)®* is also a representation of go,. The Brauer algebra
B (£2n) acts naturally on this tensor space and commutes with the action of ga,, see e.g. Chapter
10 of [GW09]. The Brauer-Schur-Weyl duality allows us to obtain irreducible representations of gay,
by studying primitive idempotents in B (+£2n). Recall that irreducible representations of By (+2n)
are labelled by all partitions A = (A1, Ag,...) of the non-negative integers k, k—2, k—4, .... Denote
by A the partition conjugate to A, e.g. if A = (2,1,1), then N’ = (3,1). Then the vector space

(C?")®k decomposes as
[%/2]
=P O neLn

=0 Ark—2f
N +A<2n

in the orthogonal case, and as

Lk/2]
@)= @ @ VoL

f=0 M-k—2f
2)\, <2n
in the symplectic case; here V) and L(A) are irreducible representations of Bj(+2n) and goy,
respectively, labelled by the partition A. We will focus on the symmetric representation labelled by
the partition (k) and the skew-symmetric representation labelled by the partition (1,...,1) of k.
Assume that & > 1 in the orthogonal case and 1 < k < n in the symplectic case. By Theorem 2.2 of
[IMO12] (see also Example 2.4 (iii) and Section 4 therein) the corresponding primitive idempotents
act on the space (C*")®* via operators Hki defined by

k
O =1 and I = [] (Ru(zp(i — 1)) Ri_l,i(¢1)> it k> 2. (3.2.4)

=2

1
k!
The subspace L = Hf(([?")@k is a go,-submodule of (C?")®* that is isomorphic to the highest
weight representation L(A) of weight A = (k,0,...,0) in the orthogonal case and of weight \ =
(1,...,1,0,...,0), where the number of 1’s is k, in the symplectic case. The highest vector in the

orthogonal case is

n=e Q- -Qej.

In the symplectic case it is

n=Y_ sign(o) ey ® -+ ® eo(p),
gEeGy,

where &y, is the group of permutations on the set {1,2,...,k}.
By combining the comultiplication in (1.2.28) with the map g, and an appropriate choice of

the shift automorphisms, we obtain a representation of X (g2,) on the vector space (C?")®* given

92



by the assignment
T(u) — Roy(u—¢)Rog(u — ¢ F 1) -+ Rop(u — ¢ F k£ 1) € End((C?)®+1) (3.2.5)

where the “zero” space denotes the matrix space of T'(u).

Proposition 3.2.1. The subspace Lf C (C?)®F s stable under the action of X (gon) defined by
(3.2.5). Moreover, the representation of X(gan) on L obtained by restriction is an irreducible

lowest weight representation of weight A(u) given by, for 1 < i <n,

)\i(u)ZI_u—c’ )\M%H(u):l—l_u—cxk:l:l—m’

(3.2.6)

where A = (k,0,...,0) in the orthogonal case and A = (1,...,1,0,...,0), with the number of 1’s

being k, in the symplectic case.

Proof. Using the explicit form of the idempotent Hf and the Yang-Baxter equation multiple times
we find

Roi(u — ¢) Roa(u — ¢ F 1)-~R0k(u—cZFk::|:1)Hf
=TI Rop(u —cFk£1)-- Roa(u— ¢ F 1) Ro1 (u — ¢),

which implies the first part of the proposition. Since U(g2,) C X (g2n) we have X (ga,)(e1 ® -+ ®
e1) = Lf. By Lemma 5.17 in [AMRO06] adapted to lowest weight representations, the tensor product
of lowest vectors e; ®- - -®e; is again a lowest vector of weight given by the product of the individual
weights with respect to the action (3.2.5), namely H?;& Xi(uFj), where \;(uF7) are those given by
(3.2.3). This implies the second part of the proposition for the orthogonal case. For the symplectic
case we refer the reader to the proof of Theorem 5.16 in [AMRO06]. t

These representations of X (gay,) will be denoted by L(\).. We define the Lax operator £(u) of
X(g2n) by T'(u) - L(A)e = L(u — ¢) L(A). It will be useful to know that

— (uFi)?— U U
ﬁ(u)ﬁt(U‘F/‘?)—Et(U“‘“)ﬁ(u)_H((j;:F)i)Ql.I_ tl.u:‘::‘k:jil-

I (3.2.7)

which follows from the relations R(u) R (k + u) = R'(k +u) R(u) = (1 —u~2)I and (3.2.5).

3.2.2 The twisted Yangian X,(g2., 85,)"

We now focus on the extended twisted Yangian X,(gon, ggn)tw and its representation theory, adher-
ing closely to [GR16, GRW17, GRW19]. This will form the full underlying algebra of the open spin
chain, and many results in this section will bear resemblance to the those given in Section 3.1.1 for
the gl,, chain. As in the B;X(n, p) case above, we have included an additional “shift” parameter p

in the definition.
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Recall the C and D symmetric pairs from Section 1.3.2. Each of these is defined using an
involutive automorphism 6 of the form F — GFG~'. In order to construct the twisted Yangian,

we use this matrix G to construct a specific matrix-valued rational function

dl —uG 1
G(U) = ﬁ where d= Ztr G, (328)

so that d = 0 for symmetric pairs CI and DIII, d = n/2 for CDO0, and d = (p — ¢q)/4 for CII and
DI. Note that in each case the matrix G(u) = G + O(u~') when expanded in powers of u ™!

Definition 3.2.2. The extended twisted Yangian X ,(gon, 65,)" is the subalgebra of X (g2n) gen-

erated by the coefficients of the entries of the matrizx
Y(u)=T(u—5)Gu+ 5T (a—5) where  U=K—u—p. (3.2.9)

The “p-shifted” twisted Yangian defined above is isomorphic to the one introduced by one of
the authors in [GR16]. The isomorphism is provided by the map 3(u) — S(u + §). (Note that
¥ (u) is used to denote the special twisted Yangian in [GR16].)

Note that, from this definition, it is immediate that the extended twisted Yangian X ,(gon, ggn)tw

is indeed a coideal subalgebra of X (g2,), and we have

Uzy thl t2n —J+1,2n— m+1( %) & Ulm(u) S X(an) ® Xp(g%u ggn)tw

The Lemma below gives the defining relations of the algebra, and is due to Lemmas 4.1 and 4.3
in [GR16].

Lemma 3.2.3. The matriz X(u) defined in (3.2.9) satisfies the reflection equation and the sym-

metry relation:

Ru—v)E1(u) Rlu+ v+ p)Xa(v) = E2(v) R(u+ v + p) X1 (u) R(u — v), (3.2.10)
S (u) = (+) S(@1) + Z(“i - g(a) eCIChs SB%(U )__Htr(z(u)) ! (3.2.11)

where the lower sign in (£) distinguishes symmetric pairs CI and DIII from the remaining ones.

The name extended twisted Yangian refers to the lack of unitarity relation of the algebra
which, just as in the B;X(n, p) case, implies the existence of a nontrivial centre of the algebra. If
the unitarity relation is included, one arrives at the twisted Yangian Y (g2n, ggn)tw. Alternatively,
one arrives at the twisted Yangian using the construction (3.2.9), but instead starting from the
Yangian Y'(go,,) instead of its extended version; this is a consequence of the cross-unitarity relation.
In the other direction, one may drop the symmetry relation to define an extended reflection algebra,
which has the reflection equation as its only relation, just as we defined B;’X(n, p). These algebras

were studied in [GR16]. Since we will make use of the symmetry relation but not the unitarity
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relation in the nested algebraic Bethe ansatz, we have opted to use X,(g2n, 85,)" as our starting

point.
Note above that the cases CI and DIII must be distinguished from the others using an additional

(£) sign in (3.2.11). We can combine these cases with the others by studying a slightly different

generating matrix. First we introduce the rational function

1 for CI, DIII,

g(u) =<C2u—rk£1+p for CII, DI when p = g, (3.2.12)
U—1U—K

_ fi D d CII, DI wh .
w(Clut D)) or CDO and CII, when p > ¢

Note that in the last case we have

Now we define the matrix
S(u) == g(u) S(u) € Xp(g2n, 85,)" ((u™)). (3.2.13)

Lemma 3.2.4. The matriz S(u) satisfies the reflection equation and the symmetry relation

1 S tr(S i
St(u) = —<1 + ) seay + S _8W) -1 (3.2.14)

u—1au u—u  u—U—kK
Proof. Since we have only multiplied by a rational function, the reflection equation is satisfied as

before.
Substituting (3.2.13) to (3.2.14) gives
. 1 '
St ) = 28 (1 + > S —u— p) £~ wEW) T (3.2.15)
g(u) u—1u u—u  u—U—K

For symmetric pairs CI and DIII we have g(u) = 1 giving

10 (1 125) it

For symmetric pairs CII and DI when p = ¢ we have instead g(u) = 2u — k + 1 + p and so

_g(ﬂ) (1; 1~>_1:F 1~.

g(u) u—1u u—1u

Thus for the above symmetric pairs (3.2.15) becomes

)Sn—u- g

u—u

) = (1
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which is equivalent to (3.2.11), since the above cases have tr(G(u)) = 0.

Let us now focus on all the remaining symmetric pairs. By Lemma 2.2 in [GRW17] the matrix
G(u) itself satisfies the symmetry relation (3.2.11), namely
Glu+5)—Gr—u—25)
G'u+5)=Gk—u—5)+ 2 = 2

N tr(G(u+5))G(k—u—5) —tr(G(u+ %)) - I.

U—uU—kK

Recall (3.2.12). Taking the trace of both sides we find

u—1—kK 1 2K £+ 2 _ 1 g (u)
— 1 =11
2u—+p < :Fu—ﬂ+u—ﬂ—n>g(u) ( :Fu 0 U— K 9(u)

and rearrange to

This allows us to rewrite (3.2.15) as

1 ! b tr(X(u)) - I
00 = (17 2 Y 200 )
u—1u u—uU—~kK u—u  uU—U—K
iy o D) =S | (Gl §) D) (S -1
u—1u U—1uU—kK
which coincides with the symmetry relation (3.2.11), as required. O

This new symmetry relation (3.2.14) is more convenient than (3.2.11) in the context of the nested
algebraic Bethe ansatz for the X,(gon, ggn)tw—chain as it allows us to study all types of boundary
at once. This will become evident in Sections 3.2.7 and 3.2.8, where the exchange relations are
obtained.

Next, we introduce the lowest weight representations of X,(gon, ggn)“". We rephrase some of
the statements given in Section 4 of [GRW17], where the highest weight representation theory was
studied.

Definition 3.2.5. A representation V of Xp(ggn,ggn)t“’ is called a lowest weight representation if
there exists a non-zero vector £ € V such that V = Xp(ggn,ggn)twﬁ and

oij(w)§=0 for 1<j<i<2n and o4(u)é=pi(uw)é for 1<i<n, (3.2.16)

where pi(u) are formal power series in u™' with the constant term equal gi;. The vector & is called
the lowest weight vector of V', and the n-tuple p(u) = (u1(u), ..., pn(u)) is called the lowest weight
of V.

Note that the symmetry relation (3.2.11) implies that £ is also an eigenvector for o;;(u) with
n<it<2n.
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Our focus will be on the lowest weight X,(gon, g5 )"™-modules obtained by tensoring lowest
weight X (g2, )- and X,(gan, 95,,)"-representations. With this goal in mind we make use of Propo-
sition 4.10 in [GRW17], which is rephrased to include the shift p.

Proposition 3.2.6. Let n be the lowest vector of a lowest weight X (gop)-module L(A(u)) and let &
be the lowest vector of a lowest weight X ,(gan, 85,)"-module V (u(w)). Then X,(g2n, 85,)" (0 ® €)
is a lowest weight Xp(ggn,ggn)tw—module with the lowest vector n ® & and the lowest weight ~y(u)

with components determined by the relations

%(u) = ﬁl(u) Al(u — %)A2n7i+1(ﬂ — %) fOT 1 S ) S n, (3.2.17)

with .
fi(uw) == 2u+p—i+1)pi(u) + Z i (u), (3.2.18)

j=1

and 7¥;(u) defined analogously.

We introduce the one-dimensional representations of X,(gon, ggn)tw below, which play the role
of boundary conditions for the spin chain. This Lemma rephrases Lemma 2.3 in [GRW17] and
Lemma 5.4 in [GRW19].

Lemma 3.2.7. Let a,b € C. Then the matrices

a

K(u):G—u+B
2

I (3.2.19)

when n > 1 and G is type CI, or n > 2 and G is of type DIII, and

(- 29) (2o ()
+<1+uig> <<1—uig>€33—<1+uig>644>, (3.2.20)

(w—a+8)(u+a—2d+5) ;o 2utp o 2u+p
u—d+ 5)2 u—a+L " uta—2d+8
2 2 2

[\C]pst

when n = 2, and

K(U) = egmgn) s (3221)

when n > 2 and d = § —1, are one- or two-parameter solutions of (3.2.10) satisfying the symmetry
relation (3.2.11) (with ¥(u) replaced by K (u)).

The non-zero matrix elements of K(u) in (3.2.19-3.2.21) are power series in u~! of the form
gii + uIC[[u"Y], so that K(u) € G + u~'C[[u"!]] with G type DI with p = 2 for (3.2.20-3.2.21).

This implies the following statement.

Proposition 3.2.8. (i) The assignment X(u) — K(u) yields a one-dimensional representation of

X, (920, 85,1 of weight u(u) given by, in the case-by-case way,
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e for CI and DIII by (3.2.19):

p(u) = ... = pp(u) =1—- —3, (3.2.22)

e for DI whenn =p=q=2 by (3.2.20):

p (u) = <_1+ui§> (1_“i§>’

3.2.23
w={(1+—")(1-2 a2
patt) = u+ 5 u+5)’
e for DI whenn >2,p=2n—2,q=2 by (3.2.21):
(U):_(u+a+§)(u+a—2d+§)
H (u—d+5)? ’
(3.2.24)
(W) = .. = (u)_(u—a+§)(u+a—2d+§)
/"L2 _"'_/“[/TL - (u—d+§>2 .

(ii) The assignment X(u) — K(u) = G(u+5) with G(u) defined by (3.2.8) yields a one-dimensional

representation of Xp(ggn,ggn)t“’ of weight u(u) given, case-by-case, by

o for CII when p > q and DI when p > q > 4:

for 1<i<mn, (3.2.25)

e for CDO:

p1(u) = ... = pup(u) = 1. (3.2.26)

Finally, we introduce the spin chain model using the above representation theory defining the
action of X,(gan, g5,)" on it.

Recall the module L(\)., regarded as a X (gz2,) lowest weight module, with action defined by
the fusion procedure in Proposition 3.2.1. Let V(u) denote a one-dimensional representation of

X, (g2n, ggn)t“’ of the sort given in Proposition 3.2.8. The spin chain is then
M =LY, @ LA, ® ... LAY, @ V(u), (3.2.27)

The generating matrix S(u) (cf. (3.2.13)) of X,(g2n, 65,)"" acts on this space as

4 1
S(u) - M = g(u) (Hﬁi(u — ¢ — g)) K(u) (Hcg(a —ci— g)) M, (3.2.28)
] =L
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where L£;(u) are the fused Lax operators of X(g2,), K(u) are given by Lemma 3.2.7, and @ =
k —u — p. By Proposition 3.2.6, the space M is a lowest weight Xp(ggn,ggn)t“’—module of weight
v(u) with components defined by (3.2.17) with p;(u) as in Proposition 3.2.8 and A;(u) given by

¢
i(w) = [T A (w) (3.2.29)
j=1

with weights )\Ej)(u) as in (3.2.6). The image of S(u) on M given by (3.2.28) is the monodromy

matriz of the open spin chain.

3.2.3 Block decomposition of X(g2,) and X,(g2,,95,)™

We now initiate the nested algebraic Bethe ansatz of the chain, using the nesting procedure from
Chapter 2. The first step is to decompose the generating matrices T'(u) and S(u) into n x n block
matrices, and recast the defining relations in block form. We decompose the 2n x 2n matrices T'(u)

and S(u) into n X n blocks as follows:

_ ([ Alw) B(u) o = [ Al Blu)
T(u) = ( ) D) ) S(u) = ( ) (3.2.30)

We will denote the matrix elements of A(u) by «;;(u) with 1 <4,j < n, and similarly for matrices
B(u), C(u) and D(u), and their barred counterparts.

Recall that C?* = C? @ C". Let e;; with 1 < 4,5 < 2n denote the standard matrix units of
End(C?"). Moreover, let x;; with 1 < 4,5 < 2 (resp. e;; with 1 < i,j < n) denote the standard
matrix units of End(C?) (resp. End(C")). Then, for any 1 <4,j < n, we may write

€jj = X11 ® €5, ©entij = T21 ® €55, €jnptj = T12® €5, entint; = T2 Q €. (3.2.31)

Hence any matrix M € End(C*") with entries (M);; € C can be written as

2
M = Z Tap @ [[Mﬂab € End((CQ) ® End((cn)7
a,b=1

where [M]qg = Zijl[M]i+n(a—1)7j+n(b_1)eij are blocks of M, viz. (3.2.30). Now suppose that
M € End(C?" ® C?"). Then we may write

2
M= " 24®zq® [M]ae € End(C* ® C?) ® End(C" @ C"),
a,b,c,d=1
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where [M]qpcq are obtained as follows. Writing M = Z?,?,k,l:l{M]ijkl e;j ® e we have

n

[M]apea = Z [M]itn(a=1)j4+n(b=1)k+n(c—1),1+n(d—1) €ij @ €kl- (3.2.32)
igikel=1

Denote the gg, R-matrix acting on C2" @ C2" by R(u). Viewing R(u) as element in End(C2? ®
C?) ® End(C" ® C™)[[u~!]] and using (3.2.32) we recover the familiar six-vertex block structure,

R(u)
= Rk —u) U(u)
R(u) = U@ Ris ) . (3.2.33)

R(u)
The operators inside the matrix above are each acting on C" ® C" and are given by

1 1 1
Ru)=I—--P, Ul)=--P+

u u Uu—~K

Q, (3.2.34)

where both the transpose t and the projector Q = Zﬁszl eij ® ez7 are of the orthogonal type (recall
the notation © = n — i + 1), and I is the identity matrix. These operators satisfy the following

unitarity relations
Rw)R(—u) = (1 —u"2)I, R'(u)R'(n —u) = 1. (3.2.35)

In a similar way, the matrices Ty (u) and Ty(u), as elements of End(C? ® C?) ® End(C" ® C") ®
X (g2n)[[u™!]], take the form

EQ(U) §2(u)

C1(u) Dy (u) Ca(u) Da(u)
(3.2.36)

where Aj(u) means A(u) ® I € End(C" ® C") ® X (ga,)[[u"!]], and similarly for the other blocks.
Substituting (3.2.33) and (3.2.36) to (1.2.27) allows us to rewrite the defining relations of X (goy,)
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R(u — v) Ay (u) Az(v) = As(v) A1 (u) R(u — v) (3.2.37)

R(u — v) D1(u) Da(v) = Da(v) D1(u) R(u — v), (3.2.38)

R'(k —u+v)C1(u) Az(v) = Az(v) C1(u) R(u — v) + Q(u — v) A1 (u) Ca(v), (3.2.39)

Co(v) D1 (u) R (k — u +v) = R(u — v) D1(u) Ca(v) — Da(v) Cy(u) K (u — v), (3.2.40)
As(v)Dy(u) R (k — u +v) — R (k — u + v) D1 (u) Az (v)

= Q(u —v) B1(u) C2(v) — Ba(v)C1(u) Q(u — v). (3.2.41)

In particular, the coefficients of the matrix entries of A(u) generate a Y (gl,,) subalgebra of X (goy,).
The same is true for D(u).

We now repeat the same steps for the extended twisted Yangian X,(gon, ggn)tw. We substitute
(3.2.33) to (3.2.10) and view the matrices S (u) and Sz(u) as elements of End(C? ® C?) ® End(C" ®
C") ® X, (g2n, 65,) ((u™1)), so that they take the same form as in (3.2.36). This allows us to write
the defining relations of X,(gan, 85,)" in terms of the matrices A(u), B(u), C(u) and D(u). The

relations that we will need are:

R(u—v)A1(u)R(u+ v+ p)Az(v) = Az(v) R(u+ v + p) A1(u) R(u — v)
— R(u—v)B1(u)Q(u~+ v+ p)Ca(v) + Ba(v) Q(u+ v+ p)Cr(u) R(u —v),  (3.2.42)
1(u

Az(v) R(u+ v+ p) Bi(u) Q(u — v) = R(u — v) B1(u) Q(u + v + p) A2(v)

— By (v) Q(u + v+ p) A1(u) Q(u — v) — Ba(v) Q(u+ v + p) D1(u) Q(u —v),  (3.2.43)
R — v)Cy(u) R(u + v + p) Ay (v) = A1 (v) RY (@ — v) Oy (u) R(u — v)

— Qu — v) A (u) R (@ — v) Ca(v) — R (@ — v)D1(u) Q(u + v + p) C1(v), (3.2.44)
R(u — v) By (u) R (@ — v) Ba(v) = Ba(v) R (i — v) By (u) R(u — v). (3.2.45)

It remains to cast the symmetry relation (3.2.14) in the block form. Observe that

oy _ [ DHw)  £B'(u)
SM_(iﬁw A%))’ (3.2.46)

which allows us to immediately extract linear relations between the operators A(u), B(u), C(u) and

D(u), of which we will need the following two only:

JM@i - A (3.2.47)

(3.2.48)
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3.2.4 Creation operator for a single excitation

We begin by reinterpreting the B operator of the generating matrix S(u), viz. (3.2.30), as a row
vector in two auxiliary spaces, V7' @V = (C")* @ (C")*, with components given by the matrix

elements 6;;(u).

Definition 3.2.9. The creation operator for a single (top-level) excitation is given by

N
Baray (1) := Y € @ € @ by5(u) € V5, @ Vi, @ Xp(g2n, 05,)™ (u™)). (3.2.49)
ij=1

The exchange and symmetry relations involving the B operator must now be rewritten using the
above notation. In general, we may switch between the two notations using the following relation,

in matrix elements,

(XaBa(w)Ya)ij = > @inbri(uw)yy = (Baa(w) X5 Ya)s, (3.2.50)

1<k,l<n

where X,Y are matrix operators with entries in C((v~1)) and may act nontrivially on the additional

auxiliary spaces. The Lemma below states some useful properties of the creation operator.

Lemma 3.2.10. The (top-level) creation operator satisfies the following two identities:

Bayay (1) Banay (U2) Rayay (—u1 — ug — p) Raya, (u1 — ug)

= Barar (U2) Basas (U1) Rajan (—u1 — u2 — p) Raja, (U1 — u2), (3.2.51)
Bdlal (U) qua Qala = <:F 1- y i f}>ﬁdla1 (17) Qala + szm;(_v);)ala' (3.2.52)

Proof. The operator B(u) satisfies the same exchange relation as the equivalent operator from
Chapter 2, with an additional shift of k. Following Lemma 2.2.4, with p replaced by p — &, we
arrive at (3.2.51). To prove (3.2.52) we work from (3.2.48). Acting from the right by Q4,q, and
using the equalities X};lQala = XoQaya = Pa,aXa,Qaya; We obtain

Bg, (v) Qaw.

v —v

1 -
PalaBal (U) Qala = (:F 1-— v 1~)> Ba1 (U)Qala +

Implementing (3.2.50) then yields the desired result. O

3.2.5 The AB exchange relation for a single excitation

Our next step is to rewrite the AB exchange relation (3.2.43) in terms of the creation operator
(3.2.49). Typically, the Bethe ansatz method would also require us to consider the DB exchange
relation but, just as in Chapter 2, we will make use of the linear symmetry relation (3.2.47) to

replace all instances of D operators by A operators. Indeed, the Lemma below allows us to rewrite
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the trace of the monodromy matrix tr S(u) = tr A(u) + tr D(u) in terms of the A operator only.
We will often make use of the following notation. For a function f we define a symmetrization

operation by

{f(w)}" = f(u) + f(a), (3.2.53)

noting that now u = k —u — p. We also introduce the rational function

p(u) = ——. (3.2.54)

Lemma 3.2.11. We have

_ S WS ey i Aqu)ye

uU—uU+kK U—U—kK

Proof. Adding A(u) to both sides of (3.2.47) and taking the trace we obtain

(k£ 1)trS(u)

u—u—K

trS(u) = <1 + > tr(A(u) — A(a)) —

u—1u
Rearranging this, and dividing by (v — @ £ 1), we find

tr S(u) tr(A(u) — A(a))

U—u—~K u—1u

which, by (3.2.53), proves the second equality. The first equality is obtained by sending u — ,

and noting that the r.h.s. remains unchanged. O

Applying Lemma 3.2.11 to (3.2.47) we obtain a new symmetry relation for the A and D oper-

D'(u) = —<1 b1 ~)A(a) M ONS {tr(A(“)) ' I}u. (3.2.55)

u—u u— U u—u

ators:

This symmetry relation allows us to obtain a D-independent form of the AB exchange relation.

Lemma 3.2.12. The AB exchange relation (3.2.43) may be equivalently written as

Aa(0) Barar () = Bayar () SU5 o (v3u) + UT + U, (3.2.56)
where
S o (0310) = RE ((u— 0) RL (0~ 0) Aa(0) BY o (u — v £ DRE (G —v£1),  (3.2.57)
Ut .= le‘f( v) Qara RL o (1 — u) Ag(u) RY o (£1) RE (G — u £ 1), (3.2.58)
U 6“1“1(0)Qa1a62a1a< ! U>Aa(ﬂ) Rl (u—a+1)R} ,(£1). (3.2.59)

The matrix S((L a)1 @ (v;u) is the nested monodromy matrix for a single excitation. The matrices
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U? are the ‘unwanted terms’, which will also be written as “UWT".

Proof of Lemma 3.2.12. The first step is to rewrite (3.2.43) in terms of f;,4, (). We obtain, using
(3.2.50),

Aa(v) Bayay (u) Ry o (u+ v+ p) Ry (5 — u+0)
= Barar (u) Rg o (u = v) Ry (@ — v) Ag(v)
— Barar (V)Qaya Paya Ry o (@ — v) Agy (u) Unya(u — v)
— Barar (v)Qara PayaUaya(w + v + p) Day (u) Ry, o (K — u+ v).

Since @ is a rank n projector, R!(u) is invertible for u # n, with inverse R'(n —u) = R'(k —u+1).

Multiplying the expression above by the appropriate inverses, we have

Aa(v) Bayar (1)

RGyo(u = v) Ry o (i — v) Aa(0) Ry o (u — v £ 1) RE (4 — v £ 1)
QiraPaya Ry ot = v) Agy () Uaya(u — 0) R (u— v £ 1) RE o (6 — v £ 1)

Qi PayaUara(w + v + p) Day (u) Rg, 4 (@ — v £ 1)

S(la)lal(v;u) +UA 4+ UP, (3.2.60)

where

_Bdlal (U) le‘lPalaRZw(~ 'U) Aal (U)Uala(u - U)Rém( —vk 1)Ra1a( —vt 1)7
- _5&1111 (U)depalaUala(u + v+ p) Dy, (u) Réla(ﬂ == 1).

So far the first term, the “wanted term”, matches the desired expression (3.2.56). We must now

manipulate U4 4+ UP to match the remaining terms. First, note that

U(u—v)Rt(u—vil):<— P, 0 ><1_Q)

U—v U—V—K u—v=xl
P 1 1 +1
= - + + R Q
u—v (u—v)(u—v+l) wu—v—k u—v=+1

P 1 1
:_u—v+((u—v)(u—vjzl)iu—vil>Q

_ PR@ED
N u—v
Thus,
Bira i )
A _ ul_l( >Qa1aPa1ang( —0) Agy () Py BY (1) R (G — v+ 1)
/BZIT( ! Quva R Ry o(@—v) Aq(u) Rg, (1) RE o (@ — v £ 1). (3.2.61)
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With UP, our strategy will be to use the symmetry relation (3.2.55), allowing us to combine the

term with U4. We first make the following manipulations in preparation:

UD = _/Bdlal (U>Q&1apa1aUa1a(u +v+ p) R(tlla(~ vt 1)Dal (u)

= —Ba1a1 (V) Qiara ( - ! + Qalcﬁ) (1 + %) D, (u)

utv+p u—v u—vF1

Q?lul ana Qala szla | 1
= —Ps - + “ d (— 4 ) Dy, ().
ﬁalal(v)( u+v+p u—10 +’U,—U:F1 u+v+p u—7 ar (1)

The final term may be factorised as follows:

S n - Ku—0F1)
utv+p u—0  (utv+p)(u—19)

Thus,

-5 B Q&la Q&laQala . Hlea
N ﬁalal(v)( u%—v—kpi u— 9 (u+v+p)(u—@)>Da1(u)
= —Baras (v) ( +

Q&qa Q(na Q61(1~>Da1 (u>
Bdlal (U)
s “5(

u— v u— v

+ Q&m Qam - Qﬁla)D(h (u)

Although this expression is now a lot simpler, the D,, (u) operator is acting on the auxiliary space

Va,, rather than V, as desired. To remedy this, we use the following identity:

QaraDa; (1) = Qaya t1a(Qaya Doy (4) = Qiira tra(Qara Do (1)) = QaraQaraDe (1) Qaya,
where we have used that try(Qa,q) = I,. Therefore, using also Qu,qDa; (1) = Quya DL (u),

UD lBalal( )QalanaDt( )(1 + Q&qa)-

Applying the symmetry relation (3.2.55) we obtain

R I e L i) (LRI}

Qz
<

U — U —

Since all terms in UA + UP contain A,(u) or A,(@), we reorganise the sum U4 + UP accordingly.
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Define

U+ = Bcf;lci( )Qam am( U)A ( >R21a(i1)R21“(~ v+ 1)
ﬁzﬂf( )QalaQala( (u)uﬂF_tréA(U)) ) (1T Qar),
- @zm( ) QGIGQM« iﬂ)Aa(a) W)( F Qara),

so that UA4+UP = Ut +U~. It remains to match the expressions for U and U~ with those in the
desired expressions (3.2.58), (3.2.59). With U~ we simply use Qq,q tr(A(2)) = Qaya Aa() Quya to

obtain the required form,

- = +fam )

2 Qa1 1 A0 = 5 D RE (1),

uU—1u
We now turn our attention to U*t. Using again the trace property of Qq,aq,

Ut — 5a1a1( )

Qala ala(u - U) ( ) a1a( ) a1a(u == 1)

ﬁa1a1( )QalaQala a(u )Rtala( +1)(1 F Qaya)-

The Qa,, and Rt

is to expand the remaining matrices in terms of projectors, then match term by term. Indeed,

t,a(£1) matrices are present in both terms as desired. The simplest way forward

+ _ 3. v) O L u Aq ( )Rzla(il)Qéla
= B (0) Qose (5 A (1) 4 e
f () Qe )
o i b <u i P o v)(:— U F 1)>QalaAa( )Rﬁla(il)Qa1a>
o om (e o A Ry Qo
— B (0) Qo (s A 1) 4 e
u—v=El " i
T e AR ) ).

Although all the terms have been fully written out, it is still not clear that this is equal to the
desired expression. The discrepancy arises due to the terms on the last line. These terms contain
two Qa,q Operators, and so elements sandwiched between these operators appear as a trace. This

leads to the following identities

Q&lanaAa(u)Qalanla = Q&laAa (U)Q&uzv

(3.2.62)
leanaAa(u)lea = Q&laAa(u)Qalanna-
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Then, expanding the R, 1) matrices,

ala(

BZHE(U)Qma ala( )A ( )Rzla( )

+ /Bélal (U) (alemQawAa(u)de + a?QdeawAa(u)Qan&m)a

Ut =

where we find

_ _ " u—v=El1l _ 1

TR T T w0 w—Du—0w—9FD) (-0 (u—a)
So

+ Bﬁum(v) t
U - U — v <Qala a1a( )A ( )Rala( )
T Q&1aQa1aAa(u)Q&1a + Q&laQa1aAa(u>Qa1aQ&1a
u—1a u—1a '
Writing
1~: 1~.U—’5Lq:1: { (1:': 1~>’
u—u u—u u—uFl u—uFl uU—u

and using (3.2.62) we obtain

+ Bdlal (U) t Qala a( )Qalanla
0+ = T (ool = ) )Rl 1) 5 L0
4 Qdm@amAa(u)ana I QEuaAa(u)QEua leaQalaAa(u)Qalanua
(w—a)(u—aF1) w—aFl | (w-d)u-aFl)
= Pa0s0) i B ) Aul) B (1) Bl (i~ u 1),
which matches (3.2.58), as required. O

From Lemma 3.2.12, in order to obtain the most elegant form of the unwanted terms, we must
symmetrise over v — 9. This will allow us to write the unwanted terms as a residue of the wanted

terms. We will employ the notation (3.2.53).

Lemma 3.2.13. The AB exchange relation for a single excitation is

{(p(v) Aa(©)} Baray () = Bayar (W) {p(v) S, (v;u)}"
1 v Bara, (v) s (1) w-u) VY
+ ) {p( ) } R {p aalal( ) )} .

p(u U —v w—u
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Proof. Evaluating the residue, the desired expression is

{p(v)Aa v }U/Bdlal U
:Bﬁlal {p a1a u_U)szla(a_v)A ( )Rzla(u—vil)Rgla(ﬂ—vj: 1)}’0

+ {p(v)ﬁzla_l(v)} Qara Rl (1 — ) Ag(u) R, o (£1) RS (0 —u+ 1) (3.2.63)
i {p”ﬂu_()} RL, (4 = @) Quya Aa(@) R o (u — i+ 1) RE 4 (£1).

We will work from (3.2.56), and obtain this expression. Multiplying (3.2.56) by p(v) and sym-

[43

metrising over v — ¥ reveals that the “wanted term” and U™ term are already of the correct form,

while U~ is of the form

(ot = {p0 22O 60,1+ -

)A (@) R, o(u — i & 1) R o (£1).

— U

From here, we will use the identity (3.2.52) to construct R'(u — @), and arrive at the desired
expression. We must split the r.h.s. into two portions, on one of which we will use the to construct
the “identity” part of the R'-matrix. Combining this with the other portion will result in the

desired Rf-matrix. It turns out the correct proportions to take are given as follows:

1~<1:|: 1~>_ 1~<1:|: 1 - 1 n 1~>
u—170 u—1a u—17 u—v u—v u—1u

:uiﬁ<liuiv$(u—z)_(j—ﬂ)>

Then,

{p(v)U~}" :i{p(v) Baran (v) <u-v%1 o )}

u—"2v u—v u—mu

X leaQalaAa( )ana( )ana( )

108



Applying (3.2.52) to the first of these terms, we have

. {p(v) o ‘“‘”(”)< S 1)} Qs10Qere

u—"7v u—10
i)+ 010

- (s ) (- =
e

p(v ufa;aluzv)((u—viD(il—Uiﬁ)+uuﬁf1>}Qala
@m) <(U—5i1)(v—f1:F1)i(u—vil))}”@ala

(u—v)(u—12) v—"0

oo
?’ et (e =t g,

p ﬁalal } Qala-

u—"v

==+

plv

Therefore

(00} = {o0 22O R 000w A0 B - 5 B2, (3260)

u—v
which agrees with the last term in (3.2.63). O

Lemmas 3.2.12 and 3.2.13 provide us with an insight into the expression for the nested mon-
odromy matrix of the spin chain. The next step is to generalize the result of Lemma 3.2.13 for an

arbitrary number of excitations.

3.2.6 Creation operator for multiple excitations

Choose m € N, the number of (top-level) excitations, and introduce m-tuple w = (u1, ug, ..., Up)
of formal parameters and m-tuples @ = (a1, ...,an,) and a = (a1,...,ay) of labels. For each label
we associate an auxiliary vector space, Vi, V..., Vi, Va,,, €ach isomorphic to C*. Then we

define a tensor space Wgq and its dual W, by
Waa = V(n ® sz1 K@ Vﬁm ® thm7 Wga = V&*1 ® Va*l V~ ® V* (3'2'65)

Definition 3.2.14. The creation operator for m (top-level) excitations is given by

m 1
Baa(u) =] (6 (ui) T] Raja(ii — u]-)> € Wia ® X (920, 85,)™ (ug ™, .. ).

i=1 Jj=i—1

Note that Saq(u) satisfies the following recursion relation:

ﬁ&lal...&mam (Ul, cee 7um) = B&lal...&m_lam_l (u17 ceey umfl),@&mam (um)

X Ram—lam(ﬂm - um—l) e Raldm(am - u]_).
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Our next step is to obtain an identity relating Szq () With Bgq(Wicsit1), where w;i+1 denotes the
m-tuple obtained from w by interchanging u; with wu;y; for any 1 < ¢ < m — 1. For this purpose,

we define

R(u) := " i ] PR(u).

The normalisation here is chosen such that R(u) R(—u) = I.

Lemma 3.2.15. The creation operator for m (top-level) excitations obeys the following symmetry

Baa(t) = Baa(Wicsis1) Rayap,y (Wi — wit1) Raayy, (wiv1 — ;)
for1<i<m-—1.

Proof. The operator B(u) satisfies the same defining relations as those in Chapter 2, with an
additional shift of x. Following the same argument as in Lemma 2.2.6, with p — k instead of p, we

arrive at the same conclusion. Finally, the normalised R allows us to write R~!(u) = R(—u). O

3.2.7 The AB exchange relation for multiple excitations

We now generalise the single excitation nested monodromy matrix S (1)

adia; (v;up) from Lemma 3.2.13

to multiple excitations.

Definition 3.2.16. The nested monodromy matrixz for k (top-level) excitations is given by
k k
51(11&)1a1...&kak (vsug,...,ug) = (H Rgia(ui — v)) (H RZia(ﬂi — v))
i=1 i=1
1 1
v) (H R (uj—v+ 1)) (H RL (G —v+ 1)) . (3.2.66)
i=k i=k

We will often omit the aiay ...agag from the subscript, writing simply S(Sl)(v; ULy vy Ug).

Lemma 3.2.17. The following identity holds
1
Sc(tl) (U; ULy -5 Uk—1 (ﬁakak uk: H Rajak ]))
j=k—1

1
= </8dkak (uk) H Rajdk (ﬂ,k — u])> S((ll) (1); ULy v -y uk) +UWT,

j=k—1

where UWT denotes the “unwanted terms” that do not contain Ag(v).

Proof. Working from the definition of S,gl)(v; Ui, ..., up_1), and commuting matrices which act on
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different spaces, we use Lemma 3.2.12 to obtain

1
Sél)(v;ulw-'auk 1 <Bakak ug) H R, uk—u])>
j=k—1

= Bayar (U ( 11 7. )) ( H R, o — U))

X szka(uk - 1)) Raka U) Aa aka( —vk 1)Raka( k— vk 1)
1 1
x(H Rl (u vil)( Rt —vil)( 11 Rajak(ak—uj)>
i=k—1 i=k—1 Jj=k-1
+UWT.

To obtain the result, we must move the rightmost product of R-matrices to the left, using the
Yang-Baxter equation. The first move is simply commuting the rightmost product of R-matrices
to the left, through the product of R'-matrices, as there is no intersection of spaces on which these
products act non-trivially.

Next, we write

1 1
RL (@ —v£1) ( I Rha(uwi—v+1) ) ( I Raal@ uj)>
i=k—1 j=k—1
k—1 1 ta
= [(HRaia(ui—vil))Raka(ﬂk—vil ( I Raala j)>] .
i=1 j=k—

1

From here, repeated use of the Yang-Baxter equation allows us to swap the matrices on the left

with those on the right. Indeed, the Yang-Baxter equation is
Raia(uz‘ == 1)R&ka(ﬂ/k —v=x 1) Raiak (ka — Uz) = Raidk (ﬂk — ’U,Z‘)Raka(ﬁk —v* 1)Raia(ui —v* 1).

Note that after performing each swap, the R-matrix swapped to the left commutes with the re-
maining product of R-matrices on the left, and similarly for the R-matrix swapped to the right.
Thus

1 1
R (@, — v+ 1)< I BRLa(uwi—v+ 1)) ( I Bayatiin — uj))
i=k—1 j

=k—1

1 k—1
[( I Raja(a -))Raka(ﬂk —vil)(HRaia(ui —vil))
j=k— =1
1

ta

1

1
= ( I Rajarl uj)) ( I Rla(ui—v+ 1)) R (G, —v£1).
j=k—1 7

i=k—1
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So far we have

1hs—,6’akakwc<HR )(HR“” )

X Rzka(uk 1)) Raka( )Aa(v) aka( vt 1)
1 1
( I RBay e — )( II B.. —vi1><HRgm(ai—vi1)>
j=k—1 i=k—1 i=k
+UWT.

Note that the product of R-matrices that we were moving commutes with Rf, ,(x—v) Ay (v) R, , (up—
v £ 1). Then, moving further leftwards, we must use the Yang-Baxter relation again. Specifically,

we use

R. (G — v) R, ,(uk — v) Raya, (i, — 1) = Raya, (i — wi) Ry, o (u, — v) Ry, (i — v),

giving
k—1 1
( H RZ a(ﬂz - 'U)) nga(Uk — U) ( H R n (uk_ uj))
=1 j=k—1
! k-1
— ( H Rajay, (g u;)) nga(uk v) ( H RY (4 v))
j=k—1 =1
Therefore,

1
Lhs. = Bakak U (H R > ( H Rajfzk (’l]k; — ’U,j)) Réka(uk - 1})
j=k—1

1 1
(HR )Aa(v)<HRgm(ui ui1)><HRga( —vil))
i=k i=k
+UWT
1 k
= Bakak Ug ( H Rajak —'LLj)) <HRgia(uZ U))
j 1 i=1
1 1
(HR )Aa(v)<HRZia(ui vil)) (HRga(al _Uﬂ)>
i=k i=k
+UWT
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as required. O

We may apply this result inductively to the creation operator for m excitations Saq(u).

Corollary 3.2.18. The AB exchange relation for multiple excitations has the form
[p(0) A4(0)}" Baa(w) = Baa(w) {p(v) SO (v w)} + UWT (3.2.67)

where Sél)(v; u) is the nested monodromy matriz for m excitations defined by (3.2.66) and UWT

denotes the terms that do not contain Ag(v). O

3.2.8 Exchange relations for the nested monodromy matrix

We introduce a vector space M (1) which we call the nested vacuum sector, and a matrix SC(Ll) (v;w,u),

called the generalised nested monodromy matriz, acting on this space, with w = (w1, wa, ..., wy,)
and u = (uy, u, ..., Uy ) being m-tuples of non-zero complex parameters. We show that S((ll) (v;w,u)
satisfies the defining relations of the algebra B;*(n,p) in the space M (1), This allows us to identify
S((ll)(v; w,u) as the monodromy matrix for the residual B*(n,p)-chain, in a suitable sense. The
space M) is then reinterpreted as the (full) quantum space of this residual chain, which we have
studied in Section 3.1.
For each bulk vector space L(A®).. in (3.2.27) denote by L(A(®),, the subspace consisting of
vectors annihilated by the operator C'(u) of the generating matrix T'(u) of X (g2y), namely
LDy, == {¢ e LY,

7

Stpgkg(uw) - (=0 for 1<k, Il <n}. (3.2.68)

Lemma 3.2.19. The space L°(A9)... is an irreducible lowest weight Y (gl,,)-module.

Proof. Relation (3.2.39) implies that LO(A()).. is stable under the action of A(u). Then (3.2.37)
allows us to view LO(A(®).. as a Y (gl,)-module. Thus we only need to show that LO(A\(),, is an
irreducible Y (gl,,)-module. Let n € L(A®).. be a lowest vector and note that n € LO(A®),.. Set
L := Y (gl,)n and note that L C LO(A®).... Since there are no more lowest vectors in LO(A®))..., it
follows that L = LO(A(®),... O

Introduce a vacuum sector M° of the full quantum space M by
MO =10, @@L\, @ V(x) Cc M.

The Lemma below is an analogue of Lemma 2.2.11.

Lemma 3.2.20. The operator C(u) of the matriz S(u) acts by zero on the space MY. Consequently,
MY is stable under the action of the operator A(u) of the matriz S(u). O

Recall (3.2.65). We define the level-1 nested vacuum sector by
MW = Wse @ M°, (3.2.69)
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Here an overlap of notation with M) defined in Section 3.1.3 is intentional. It will be shown below
that M@ can be viewed as the (full) quantum space for a residual B;X(n, p)-chain.

Next, we define a generalised nested monodromy matrix which differs from the one in Definition
3.2.16 by an addition m-tuple of complex parameters, w. These parameters will play a prominent

role in Section 3.2.10.

Definition 3.2.21. The generalised nested monodromy matriz is defined by

SO (v; w, u) := (H Rgia(ui — v)> (H szia(wi — v))
=1 i=1

1 1
v) ( I Balii — v £ 1)) ( I Rt — v+ 1)). (3.2.70)

Matrix S,gl)(v; u) defined by (3.2.66) is recovered by setting w; = 4;. It will be useful to know
that (3.2.35) allows us to rewrite (3.2.70) as

S (v; w, u) (HR ) (ﬁRZia(wi —v))
=1
-1
<HR wrl—v—l—p)) <HR ul—l—v+p)> . (3.2.71)

Set r = 0 for types CI, DII and CDO, and r = n — £ for types DI and CIL

Proposition 3.2.22. The mapping

By*(n,p) — End(MW) ®@ X,(g2n., 85,)"™, B2(v) = S (v;w, u) (3.2.72)

a

equips the space MY with the structure of a lowest weight Bﬁx(n,p)-module with lowest weight
given by

- 53—

—~
>
<~
<.
=
A

s
I
—_

w\x

i (v;w, u) = g(v) 5 (v) < )>7 (3.2.73)

—

S
I
—

v — U v — Ww; v—w; F1 v—u; F1

~ — v—u+1 v—w;+1 v—w;,F14+1 v—u, F1+1
Fn(v;w, w) = g(v) iy, (v) ' '

l
(HAS )AD (5 — g)) (3.2.74)

for 1 < j < n—1 with g(v) defined by (3.2.12), p;j(v), pn(v) defined in Proposition 3.2.8, and

)\g-i)(v -5), )\y) (0 —5) given by

(0) A (i) A
s =1- AL =1 J 2.
A () v—c¢ A (v) +v—ci$ki:|:1—/€ (8:2.75)



for 1 < j < n, where \) = (k;,0,...,0) in the orthogonal case and \¥) = (1,...,1,0,...,0), with

the number of 1’s being k;, in the symplectic case.

Proof. We start by proving the Proposition in the case m = 0. Relation (3.2.42) with Lemma 3.2.20
imply that A(v) satisfies the reflection equation on M. That is, for any ¢ € M?,

Rap(v = 2) Aa(v) Rap(v + 2 + p) Ap(2) - ¢ = Ap(2) Rap(v + = + p) Aa(v) Rap (v — ) - €.

The remaining terms, which contain C'(u) as the rightmost operator, vanish due to Lemma 3.2.20.
It follows that MY is a lowest weight B*(n,p)-module, with weights obtained from (3.2.6) and
Proposition 3.2.6. The m > 0 case is then immediate from Proposition 3.2.6 and (3.2.71), as the
auxiliary spaces are regarded as dual vector evaluation representations of Y (gl,,) with shifts of w;

or w; for 1 < i < m, and lowest weight vector ej. O

Proposition 3.2.22 implies that M) can be viewed as the (full) quantum space for a residual
B*(n, p)-chain (since S((ll)(v;'w,u) satisfies (3.1.2) but not the unitarity relation). We end this
section with a lemma which will assist us in finding the explicit expressions of the unwanted terms.
Recall that R(u) := 4 PR(u).

Lemma 3.2.23. The following identities hold:

R(u)el ®el =e; ®ey,
R&¢&¢+1 (u’i+1 - l(va 'UJ, u) = Skl (/Uv 'l.U, u’i(—)i+1) Raiai+1 (ui+1 - ui)a

u;) S,
Rasaiy (Wig1 — w;) s (03w, w) = 8p(0; Wicsig1;w) Rayay,, (Wit — w;).

Proof. The first identity follows from the definition of R(u). To obtain the second identity we
need to move Rdi&i . (ui+1 — u;) rightward through the products of R-matrices in the definition of
S((ll)(v; w,u) in (3.2.70). In each product we must use the (braided) Yang-Baxter equation once.

For Raiai 1 (Wir1 — ;) in the leftmost product,

Ry (wir1 — i) RE o (ui — 0)RE o (uig1 —v) = Rg o (uip1 — 0)RE, o (ui — 0)Raa,,, (uigr — uq),

and in the rightmost product,

R (wit1 — Ui)Rf}iHa(ﬁi—i—l —v&E ]‘)Réia(/&’i —v=*1)
=RL . (G —vE1)RE (G4 — v+ 1) Raa,,, (uip1 — w).

a;+1a
Applying these identities, we obtain the second identity. The third identity is obtained similarly. [

At this point it will be necessary to separate the orthogonal and symplectic cases—we will find
that the method used for the symplectic case results in an eigenvector which would be identically
equal to zero in the orthogonal case. Thus, we present first the symplectic case in Section 3.2.9,

and give the appropriate modifications, following [DVKS87], in Section 3.2.10.
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3.2.9 Transfer matrix and Bethe vectors for a X ,(sp,,, 5p5,)"-chain
Introduce the transfer matrix acting on the quantum space M defined in (3.2.27).

Definition 3.2.24. The transfer matriz 7(v) € End(M)[v,v™}] is the representative of

trS(v)
20—-2k—p

on the space M.

From arguments given in [Sk88] (see also Section 2.2 in [V115]) the reflection equation (3.2.10)

implies that transfer matrices commute,

[7(u), 7(v)] = 0.

Lemma 3.2.11 allows us to deduce the following symmetry properties of the transfer matrix.

Corollary 3.2.25. The transfer matriz satisfies the following:

7(0) = 7(v) = {p(v) tr A(v)}".

Recall the generalised nested monodromy matrix S((ll)(v; w, u) defined in Definition 3.2.21, and
the nested vacuum sector M) from (3.2.69). By Proposition 3.2.22 we regard M) as the (full)

quantum space of a residual Bg*(n,p)-chain. Let <I>(1)(u(1'“"_1);w,u) denote the level-1 Bethe

vector constructed from S(gl)(v; w, u) according to Definition 3.1.16.

Lemma 3.2.26. The level-1 Bethe vector satisfies

(wi N wiJrl)q)(l) (u(l...n—l); w, u) _ (D(l) (u(l...n—l); Wicsit; ,u),

RaiaiJrl (ul - ui-i—l) (I)(l) (u(l...n—l); w, u) = q)(l) (u(l...n—l); w, ui<—>i+1)-
Proof. The level-1 Bethe vector is constructed from a linear combination of products of matrix

elements sg;(v;w,u) of the generalised nested monodromy matrix acting on the highest weight

vector. The result is therefore immediate from Lemma 3.2.23. O

Recall the creation operator faq(u) for m excitations from Definition 3.2.14. In what follows

En) =y -y = U — 2l and my, := m. Additionally, we will use u + a

we will use the notation u 5
to mean (u1 +a,...,uy + a).

Definition 3.2.27. The (top-level) symplectic Bethe vector is defined by

\I/(’u(ln)) = /B&a(’u,(n) —+ %) . q)(l) (,u,(l.‘.nfl); g _ 'u,(") B p?u(n) . %)
= Baa(u) q)(l)(u(l..,nq); i),

where @ = (U1, ..., Uy) with 4; = kK — u; — p.
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As with the BJ*(n,p) case, &m := Gy X -+ X &, X &y, acts on the symplectic Bethe
vector by reordering parameters. The invariance of the Bethe vector under this action can then be

shown by combining Lemma 3.2.15 and Lemma 3.2.26.

Corollary 3.2.28. The symplectic Bethe vector is invariant under the action of Gy,. O

Recall the notation A*(v;u®) in (3.1.29) and in addition define

(v —l—ugn) +2+p)(v— ugn) +2)
( .

A2 (v, u™) =
o w+u™ 4 p)w—u™)

The Theorem below is our first main result.

Theorem 3.2.29. The symplectic Bethe vector \Il(u(l"'”)) is an eigenvector of the transfer matrix

7(v) with eigenvalue

Afv; ) = {p(v) A (v ul-) 1 (3.2.76)
where
AD (- = v=ntp .y (01, u) i(v)
’ S 2014y 2% 0t
n—1 .
w—ntp Dy A ( i @y i)
"5 S G B R Gl ey sy pry
A (0 — = DY A2 (& gy ()
+ (v 7, U ) (v Lu )2U—n+1—i—p
and
¢ ) ¢
~ ~0 7 K 1(2) / ~ K
Fiw) =g i) [N 0 - 5) T[N - 5)
i=1 i=1
for 1 < j <n, provided
Res A(v+ %; ull-") =0 and Res A(v+ §; u+M) =0 (3.2.77)

(n)

Q) ’U—>uk

U—>uj

for1<j<m;,1<i<n—1andl <k<m,.

Remark 3.2.30. The equations (3.2.77) are Bethe equations for a X,(spo,,5p3,)!"-chain. Their

explicit form for ugi) with 1 <4 < n — 2 is the same as in (3.1.39). Those for u§n_1) receive an
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additional factor due to the top-level excitations,

(3.2.78)

<o
3
=

+ul™ 42+ p)
") 4™ — 24 p)

n)

(3.2.79)

u " 14 p)
(

~ D0 " 14 )

Proof of Theorem 3.2.29. In order to prove the theorem, it will be necessary to calculate an ex-
pression for the unwanted terms. As such, we will first expand on the exchange relations of the
twisted Yangian, studied in Section 3.2.7. Recall Corollary 3.2.18,

{p(v) Aa(v)}*Baa(u) = Baa(uw) {p(v) S (v;u)}* + UWT.

Let Xp denote the subalgebra of X (5p2n,5pgn)tw generated by elements of the B block matrix,
ie. sgljl)ﬂ with 1 <14,5 <n, k > 1. The closure of Xp is guaranteed by (3.2.45). Then, considering
repeated applications of Lemma 3.2.12, it is possible to write UWT above such that, in each
term, elements of the Xp subalgebra appear to the left of the expression. That is, there exist

Bik € Wi, @ Xp((v™1)) such that

tra{p(v) Aa(0)}" Baa (1) = Baa(w) tra{p(v) SN (viu)}”
+Z Z B+ k@w (uk) + By’ @lj(uk))

k=114,j=1

Since we will not need the exact form the B$ ’k, we define the combination
n
k +k —k -
U (v;u) = Z (Bij @”(uk) +Bij aij(uk)),

ij=1

where we have made explicit the dependence on v and w. From Lemma 3.2.13 we obtain an exact
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expression for the unwanted terms for a single excitation. Applying this to the leftmost creation

operator 33,4, (u1), followed by Lemma 3.2.17, we are able to extract an expression for U (v;u):

Ut viu) = — {p(v)ﬁ&wl(v)}v

p(u1) up —v

X ﬁ (5%% u;) H aja; (—uj — u; — p)) Res tr, {p(w) StV (w;u)}”.  (3.2.80)

k w—rul
=2 j=1—1

.

From here, to find U*(v;u) for 2 < k < m we make use of Lemma 3.2.15. Specifically, by repeatedly
applying transpositions, we may apply any permutation ¢ € &,, to the parameters u. Let u, denote

(Ug(1)s - - s Ug(m)), and let oy denote the cyclic permutation (k,k+1,...,1,m,...,k —1). Then
Baa (u) = B&a(uak) Ra [Uk] (u) R& [Uk] ('a)

where Rq[o}](u) is the product of R matrices necessary to implement this cyclic permutation,

1
Ra[ak]( H < H ala1+1 u3+1)>

j=k—1 =m—1

With this permuted creation operator, repeating the arguments used to find (3.2.80) yields

v m 1
U* (0 w) = 1 {Uk( v) Barar (v )} H(ﬁ&ia, Uy, (i) H a5 ( Uak(j)_uak(i)_p))

p(uk) Fales Pt
X Res {p(w) tra SE (w3 o)} Ralow) (w) Ralow) (@), (3.2.81)

and therefore a full expression for the unwanted terms,
tra{p(v) A0 ()} Baa(u) = Baa(w) tra{p(v) SV (v u)}"
1
+ Z { up — ,U/Balal } (/Balaz U, z) H Ugy, (5) ™ uak(i)_p))
wp .

x Res trq {p (w; U, } al R&[Uk](~)

W—r UL

Acting now with this expression on the level-1 Bethe vector gives the full action for the transfer
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matrix on the top level Bethe vector with uin =u; — 3,

7(v) - (") = Baq(u) tra{p(v) S (v;u)}" - @D (w7 i, w)

a

1 p(v) L
+ Z p(uk) {uk ﬁa1a1 } H <Bala1 O'k ;[ a]al o’k(] Jk(i)—p))

m
k=1 _

x Res trg {p(w) S (w;us, )} Ralow)(u) Rafog] (@) - @D (wt+"71; G, )

wW—r UL

= faa(u) tra{p(v)S, )(v u)}’ - oW (w1 G, )

+§m:p { }ﬁ(ﬁa Ugy i HRaJaz Uy () U9 —F))

k=1 = Jj=i—1

2
w 1.n—1
X wfifzsk trg {p (w uok)} e ( (1..n—1). iUy Ugy, )-
The last equality follows from Lemma 3.2.26. From the full expression (3.2.76), the condition
) s equivalent to Resvﬁu(j)A(l)(v—k %; u(l"'")) = 0 with uz(-n) =u;— 75,
as these poles are not present in A() (0— %; u(l"'")). Therefore, from Theorem 3.1.18, using weights

(3.2.77) for the parameters u,

from Proposition 3.2.22,

+waie§kf\<w u%) {2 )}

U — U

p(u
1
X H (BazaZ O'k l_[ ajal ak(j)_uok(i)_p)) '(I)(l)( (L..n—1), uokauok)

where A(v; e {p (v; u(l-n) } as required. Note that, owing to Corollary 3.2.28, we

have A(v; u ”)) = A(v,ufrl(n) )) for any 0™ € &,,,. Therefore, ¥(ull~™) is an eigenvector of

7(v) with eigenvalue A(v;u(l~™) provided Iies A(v;u™) = 0, or equivalently Res A(v +
VU

v—uy
%;u(l“'”)) =0, for 1 <k < m,. O
Ezample 3.2.31. The symplectic Bethe vector with m top-level excitations and m; = ... =m,_1 =
0 is given by
() = [B+5)], - [BOG+5)],,, €
=[S+ 5)] g (S +5)] €
For mi =m,, =1 and mg = ... = m,_1 = 0, the on-shell symplectic Bethe vector, that is, when
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the parameters satisfy the Bethe equations, takes the form

(@ — D) (u® 1 a1 + p)

’ <[B(“("’+§”)]n,1 (AP @45,

ﬁnfl(u(n_l) + nT_l)
(u( — y(=1 — 1) (u™) +yn=1) 4 p+ 1)

x ([B(u(”ug)}w + [B(u(”>+g)]n1’1)> 3 (3.2.82)

where A1 () refers to the level-(n—1) nested version of the A operator of S(v) obtained via
(3.1.13).

3.2.10 Transfer matrix and Bethe vectors for a X,(s02,,505,)"-chain

We now focus on the orthogonal case. We define the transfer matrix 7(v) acting on the quantum
space M defined in (3.2.27) in the same way as we did in the symplectic case. However, the
definition of the orthogonal Bethe vector will differ from its symplectic counterpart in Definition
3.2.27. Indeed, looking at Proposition 3.2.22, the weights 7, (v; @;u) do not have poles at v = u;,
and so making the same ansatz as in the symplectic case would yield Bethe equations that are
trivially satisfied. Such an ansatz therefore must be identically equal to zero. To remedy this we
use a limiting procedure proposed in [DVK87]. Recall that ) (w1 w: u) denotes the level-1

Bethe vector constructed from S((ll)(v; w; u) according to Definition 3.1.16.

Definition 3.2.32. The level-1 orthogonal Bethe vector is defined by

e

lim(u(l'“”_l),'&; a, B) = lim @M (w772 (1) g — §—€)siu—PBeu+ ae).

e—0

1..n—1)

In the above definition, as well as parameters u! , the Bethe vector includes m additional

excitations at level-(n—1), with parameters @; — 5 — e = & — u; — p — €. The shift of & = $(n —1)
is simply to account for the parameter shifts in the nested Bethe ansatz for the Bﬁx(n,p)—chain.
Parameters a and 3 have been introduced to control the limit as ¢ — 0. These parameters should
be thought of as additional Bethe parameters, which will eventually be determined by the Bethe

equations. We obtain the same parameter symmetry as Lemma 3.2.26.

Lemma 3.2.33. The level-1 orthogonal Bethe vector satisfies

Réai (Uip1 — ui) Raja,,, (Wi — ui+1)‘1’l(i1731(u(1“'n_1), u; o, 3)

(u(l...n—l) ~

_ &M .
= ¢, y Wicsit1,; ai<—>i+17ﬁi<—>i+1)'
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Proof. We use Lemma 3.1.17 to write

o) (w D @ a, B) = ) (WD @i, B).

lim

Then
Raz‘&i+1 (ui-‘rl )Razaz+l( U’H-l) hIIl (I)(l) (u(l...nf2)7 (u(nil)a a - % - 6); ﬂ - /66; u + ae)
= ll_{n Ra az+1(uz+l + (Bi — Bit1) ) 041 (i — uip1 + (o — @ig1)€)

x &M (-2 (1) g — §—€);u— Beu+ ac)

— lim (I)(l)(u(l.”nf2)7 (u(n71)7 Fy

ey —€); Wisit1 — Bicsit16 Wierit1 + Qicsit1€),

|

where the last equality follows from Lemma 3.2.23, as in the symplectic case. Then, following up

with Lemma 3.1.17 to exchange @ — § — € with @;4,;41 — § — €, we obtain the desired result. [

Corollary 3.2.34. The level-1 orthogonal Bethe vector satisfies

7O (v; @ u)CI’l(jTL( (t-n=1) ‘& o, B)

_ A(l)(v;u(l...n—2), (u(n—l)’,& . %) )<I>(1)

lim

(w1 @ o, B)

with
A ralt Dot ) = A o= ) 12
P A - fw - DA - ) 2y

provided

Res A(l)(v+ w72 () G — Bia,u) =0 for 1<j<m; 1<i<n-—1, (3.2.84)

U*)]

lim Res A (1};'11(1“‘”_2)7 (u(”_l),ﬁ -5 —€)su— Be,u+ ae) =0 for 1<j<m. (3.2.85)

e—0 v—uj;—e

Proof. By Theorem 3.1.18 and Proposition 3.2.22, vector ®)(g(1-7=2) (u(” Da— 5 — €)

@ — Be;u + ae) is an eigenvector of the nested transfer matrix 7V (v;d — Be;u + ae)
with eigenvalue AN = AW (p;ut7=2 (uD a4 — § — eu — Beu + ae) provided
Res v i AL =0 for 1 <j<m;,1<i<n-—1 andResU%arﬁfﬁanA(l) =0forl1<j<m.
Taking the € — 0 limit gives the wanted result. O

Direct evaluation of the residue and the limit in (3.2.85) yield the following Bethe equations for
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1<j<m,

2uj —n+p+2%-1(4)  1-oy 1 At (uy — 251 uD)
uj—n—+p  An(dy) 1= At(u;— ZuD) A (uy — L uD)

(1..n=1) "the above equations can be thought to constrain « in

For any collection of Bethe roots u
terms of B. With this perspective, for any m-tuple u, as the equations depend on «; and 3; only
through the combination (1 — a;)/(1 — f3;), there is a 1-parameter family of eigenvectors of the
nested transfer matrix with the same eigenvalue. We conclude that any choice of 3 must give the

same nested Bethe vector. In particular, there will be two choices of interest:

1

Oéj = 0, ,Bj = (5j and Ctj =1- = 3]', ,Bj = 0,
1 -9,
with eigenvector
o1 (7D G:0,6) = V) (w1 @ 8, 0). (3.2.86)

Note that this equality has only been shown to hold “on-shell”, i.e. when the w(}+"~1) satisfy Bethe

equations. We are now ready to define the top-level orhtogonal Bethe vector. In what follows, we

(n) K n—1

will write u; "’ == u; — 5 = u; — "5, U= —v — p and my, :=m.

Definition 3.2.35. The (top-level) orthogonal Bethe vector is
D;8) i faa(w) - 1) (", 3:0,0)

= Baa(u™ + 5) - @) (u"D @™ 4 £:0,6)
with 6; defined by, for 1 < j < my,

n) n—1
7 ( i ,’LL( ))

ut
J .
2™+ p+ 171 (@ + 5) AT — 5, ul2) A", uln)

2l +p—1 Fu@ + ) 1 A*

5 =1+ (3.2.87)

We now have an &, 1= Gy, X -+ X Gy, X &y, action on the orthogonal Bethe vector by
reordering parameters. The invariance of the Bethe vector under this action can then be shown by

combining Lemma 3.2.15 and Lemma 3.2.33.
Corollary 3.2.36. The orthogonal Bethe vector is invariant under the action of Gy, . O
The Theorem below is our second main result. Recall (3.2.83).

Theorem 3.2.37. The orthogonal Bethe vector \If(u(l"'"); d) is an eigenvector of the transfer matriz

7(v) with eigenvalue
A(v; u(1~-~”)) = {p(v) A (’U; u(l--'”_2)7 (u("—1)7ﬂ(”)); a™ 4 5, u™ + %) }“ (3.2.88)
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provided

Res A(v+ & ull-") =0 (3.2.89)
v—>u§-i)
for1<j<m;, 1<i<n-—2, and
aﬁ_l(uy“*)+-g)"ijf @ a4 p 1) 1
Fu(u" D 4 5 i @'V D@ 1) A WY 4 L uee2)
i#j
(3.2.90)

for 1 <j <mp_1, and

)y 1)(u(»n) +ul™ 4 p+1) 1

~ (
'Yn(uj i J i

ﬁnfl(aj

Jor 1 <5 <m,.

Remark 3.2.38. The equations (3.2.89-3.2.91) are Bethe equations for a X,(s09,,505,)"-chain.
Their explicit form for uy) with 1 <7 <n-—3andi=mn—1is the same as in (3.1.39). For i =n—2

there is an additional factor, corresponding to the extra excitations at level n — 1,

(
J

—1+p)

|
IS
+

(3.2.92)

The sets of parameters w1 and u(™ correspond to the two branching Dynkin nodes of so0s,,, and

are often denoted (™) and u(~) .

Remark 3.2.39. For n = 2, the Bethe equations (3.2.90) and (3.2.91) decouple into two sets of
Bethe equations for open sls spin chains, and can be solved separately. This is consistent with the
isomorphism so4 =2 sly @ sly. Similarly, for n = 3, the isomorphism sog = sly is borne out in the
Bethe equations (3.2.90), (3.2.91) and (3.2.92).

Proof of Theorem 8.2.37. The calculation of unwanted terms is identical to the symplectic case. In
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particular, using Lemma 3.2.33 we find
7(v) - U(ul'"; 8) = Baa(u ){p(v)f(l)( rw)}” - @) (u-""Y @0, 8)

+Z {uj _)v Barar (v )}U
1

X U (,Baiai(uaj(i)) H Rak&i(_ucrj(k)_utfj(i)_p)>

k=i—1

x Res {p(w)rD(w; s, us,) " - @) (WY 4, 0,8,,).

w—)u]

(n)

Recall notation U =u— 5. Corollary 3.2.34 applied to the wanted term together with the identity

Res A(l)(fi — Loqg(Lon=2) (g (n=1) (). g (™) 4 5 u™ 4 5)=0

Sl 2
for 1 <j<m;and1l<i<n-—2yields (3.2.88) and (3.2.89). The above identity does not hold for
i =n — 1. Thus the Bethe equations (3.2.90) for ugn_l) are obtained by evaluating directly

Res A(l)(v—”—_l, (1.n=2) (g (n= 1),ﬁ("));ﬁ(”)+%,u(”)—|—g) -0

2
v—)u;.n_l)

and the help of

@™ — AT (v = %,u(”) -3 = A*(v,ﬂ(”)).

The top-level Bethe equations (3.2.91) for ug.n) are obtained from equating to zero the unwanted
terms. However, some care must be taken so as not to exchange the order of the residue and limit.
Using the same arguments as in the proof of Corollary 3.2.34 and assuming (3.2.89) and (3.2.90),
so that (3.2.86) holds, we write

Res {p(w) 70 (w; Ug,; U, ) } Cb(l)( (. "”*1),'&0].;0,503.)

WU lim

= lim Res (p(w) T(l)(w;ﬂgj — 05,6 Uq,)

e—0 w—u;
x o) (u(l...nf2)7 (u(nil)/avj - % —€); ﬁoj - 5aj€§ uaj)

~ 1

+ p(w) 7l )(UNJ, ﬂO’j JUg; + Saj €)

x @) (g1 =2) (u(”fl),ﬁaj — 5 = €);Ug;;Ug; + ngﬁ)).
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This expression equates to zero if

lim Res (p(w)A(l) (w; w72 () g — 5 —¢);u— de,u)

e—0 w—u;

Note that the terms that contain a pole at u; are AT (w - 5,u — %) and AT (w -5, — %)

Now evaluate the residue and use identities AT (7,w) = AT(v,w), AT(v,%) = A*(v,w) and

p(w) = —p(w). Then, upon rewriting u;’s in terms of ul(-n)’s, we obtain

e—0

lim (A (uﬁ»n), u(nfl))Af (ug»n), ul™ 4 E)AJr (ugn) - %, u™ + e + %)

Mgy el a1 W+l 4 p

2u§n) +p—1;7 u&n) — ugn) ug-n) + uz(»n) +p—1

X

— AT (u§-n), u(”_l))A+ (ug-n), ul™ 4+ e)A_ (u(n) + %, u™ + be — %)

J

~ (=) | Ky m,  (0) (n) (n) (n)
n(Uy 4+ & rus ) —ug — 1w uy +
= <(n>] 2 [ ) =0 (3.2.93)
2u; " +p+ 1w -y u;” Fu; +p+1
i#£]

Observe that

20l +p— 120" 4 p 41

iy A () + AT (o) = J e+ 3) = 5

e—0 J

2u§»n) +p 2u§»n) +p

Y Y B U B S B B Y S

J 7
X
z];[l u§n) _ uz(n) u§n) + uz(n) +p u§n) B ug") 1 ugn) n ugn) s
i#j
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and

2u§-n)+p—12u§-n)+p+1

2u." + p 2u§n) +p
ﬁ u — ™ 1al p ™ o1 Wl —u W p ™ 4 p -1
X :
i;l ugn) — ul(-n) ug-n) + uﬁ”’ +p u§") — ugn) +1 ugn) + uz(-n) +p
i#]

J

T +5) T 41l
p—1

A= (™ DY 5
. " 20" +p— 17wl —u™ WY Y -1
J A J 7 ] 7
i#j

~ _(n) K\ mp (1) (n) (n) (n)

— A*(u(.") u(n—l)) 5. (U5 + ) u; =y =1 4 p .
] 20 +p+ 15w —u™ W+ 4 p 1
i

Recall that 5j = —6;/(1 — 0;). We may thus rewrite the equality above as

2l 4 p 41 Fu(ul” +5)

2 +p = 15(5 — " = p)
X —
7~ =D =1 T A, o)

Substituting the definition of §; from (3.2.87) and using A+ (ugn) — S w2 A~ (ugn) +1,ulr2) =

we obtain (3.2.91), as required.

Ezxample 3.2.40. The orthogonal Bethe vector with a single top-level excitation and m; = ...

mp—1 = 0 is given by

n 2u(”)+p—1 n K A(n—1) = (n
ww”>=<‘zwn+p[3w“+¢ﬂnnpﬂ]NM’+bhl

1 1
. B(u
1-60 2u™4+p+1 ;

 ([AD@ + 1), -

+

1 2u(™ + p [
1-6 2u™ +p+1

 ([AD@ + 1), -

B+ 5)]

n,2

[A(n—l)(ﬂ(n) 4+ %)]11 "
2u(m) + p ’
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where A"~ () refers to the level-(n—1) nested version of the A operator of S(v) obtained via
(3.1.13). Note that the level-(n—1) excitations contribute only diagonal elements, which do not

modify the vacuum vector. Hence the expression above may be simplified by using (3.2.87) and

Fu(@™ + %) A(n=1) (- (n Fn-1(a™ + §)
HUASHN 2oy [Al 1)(u()+%)]11.§: Mt S Py

A gy e — - 2
[ (u )] 11 £ 2um) + p 2u(n) + p—1

resulting in

A (@™ + 5)

(n)
\I/(U ) 2u(”)—|—p—1

<[S(U(n) + %)]nfl,nJrl - [S(u(n) + g)]n,n+2> &

3.2.11 Hamiltonian for the fundamental open spin chain

In this section, we discuss the case in which each bulk quantum space is the fundamental rep-
resentation of go, and each ¢; = —r/2, i.e., M = (C?>")®f. Additionally, set p = 0. Let K(u)
denote the K-matrix associated to a one-dimensional representation of X,(gan, g5,)t", as listed in
Proposition 3.2.8. Additionally, let K*(u) denote a solution of the dual reflection (obtained by
substituting u — @ and v — U in the reflection equation, so that K*(u) = K(u)). Note that in the
above Sections we have taken K*(u) = I. For such an open spin chain, the transfer matrix given
in Definition 3.2.24 takes the form

l 1
r(u) = 5 5 (_m% tr, <K;; (u) (H Rai(u)> K, (u) (H Rm-(u)> ) :
i=1 =/

Prior to extracting a Hamiltonian, we may cancel the poles at ©v = 0 and v = s by multiplying by

a certain rational function in v to obtain

l 1
t(u) = trq (KZ{ (u) (H Rai(“)) Ka(u) (H Rai(“)) ) : (3.2.94)
i=1 i={

where
ulk —u) K

R(u) = ——— R(u) = — + 5P+ —Q € End(C*" & C™")[u],

and K (u), K*(u) are normalised such that K(0) = K*(x) = I, with tr K(x) and tr K*(0) both

non-zero.

Proposition 3.2.41. The following Hamiltonian commutes with T(u):
(-1
HY=H) +> Hi\ + Hp, (3.2.95)
i=1

where 0
o tra (Ki(0)HY,)

= wKA0)

Qii+1
HIO% = %Ké(O), HgiJrl =PFip £ sz+
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Proof. Observe that R(0) = P, and K(0) = I, so Proposition 4 in [Sk88] allows us to extract a

nearest neighbour interaction Hamiltonian for the system. O

The Hamiltonian (3.2.95) is equivalent to the one considered in [GKRO05]. The two-site inter-
action term H; ;11 is equivalent to that given in [Rs85].

An additional Hamiltonian may be extracted from ¢(u) by looking instead at the point u = k.
At this point, R(k) is equal to @, rather than P. Nevertheless, the following procedure allows a

nearest neighbour interaction Hamiltonian to be extracted.

Proposition 3.2.42. The following Hamiltonian commutes with 7(u):

-1
H" = Hf +>  Hfy\ + Hf, (3.2.96)
=1
" (s )
try (HF,IK Qi
K 1 * t K a al K _ 1,041
HL = E(Kll(f{)) ) HR_ tI‘aKé( ) s il —Pi,i—&—l:':i-

Proof. We begin by differentiating ¢(u) at u = & to obtain

t/(’%) = tra (K;/(H) Qal te QaZIKa(K) Qa@ te Qal + Qal te Qa@ K:;(H) Qa@ te Qal

y4
+ Z Qal e 'Rilj(’i) c 'QaZKa(K)QaZ e 'Qal
=1
]K
+ Z Qal c 'QaéKa(K‘)Qaf t 'IRZU‘(H) o 'Qal)-
=1

Repeated applications of Qu; M Qu = Qui tr M and tr, Qu; = I allow us to reduce this to:
t'(k) = tra (K*/(H)Qal) try Kp (k) + tr K'(k)

+ Z tra aj Qa,j—i—lQa]) try Kb( ) + trg (RiM(ﬁ)Ka(K)Qaé)
/—1
+ Z trg (Qana,jJrl]R:zj(”)) try Kb("i) +tre (QaflKa(”)lR:zf(K))'

J=1

Since R'(k) = I — P/k+ Q/k, it commutes with @ acting on the same spaces, allowing us to apply
the cyclicity of the partial trace. With this, and the identity Qq; M, = Qi M}, we obtain

t'(k) = (Ki' (k)" tra ZKa(/@) + try K. (k)

+ 2tr, K a Z j+1 ]j+l + 2trg ( a(’i)]RZa(’i)QZa)'
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From here we divide by tr, K, (k) and subtract appropriate constants to extract the Hamiltonian.
O

Remark 3.2.43. Note that in the case where both conditions on K and K* hold, the Hamiltonian
H° + H* has nearest neighbour interaction in the bulk given by Pt
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Chapter 4

Nested algebraic Bethe ansatz for
g-deformed even orthogonal and

symplectic closed spin chains

In this chapter we present the nested algebraic Bethe ansatz for a closed spin chain with underlying
algebra given by the s02,, or sp,y,, quantum loop algebra. The spin chain sites are given by U, (s02y,) or
Uy, (sps,,) representations, with the action extended to the quantum loop algebra via an analogue of
the fusion procedure introduced in Chapter 3. The nested algebraic Bethe ansatz is then undertaken
using the same nesting procedure as the previous two chapters, the nested system being the g¢-
deformed gl,, closed spin chain. As with the system in Chapter 3, care must be taken to distinguish
the orthogonal and symplectic cases; we find that the auxiliary spaces at the top level appear as
fused (anti-)symmetric representations of Uy (gl,,) in the nested system. The eigenvalues and Bethe
equations are found, and a closed ‘trace’ formula for the eigenvectors is given, analogous to the one

given in Chapter 2.

4.1 Preliminaries and definitions

4.1.1 Quantised enveloping algebras U,(gl,) and U,(g2,)

We must first define the g-deformed equivalents to the classical Lie algebras. Recall that in Chap-
ter 1 we gave the definitions of the classical enveloping algebras U(gl,,) and U(gy), in terms of
their generators and commutation relations. We then gave an equivalent, matrix form of the defin-
ing relations (1.2.2) and (1.2.21). It will be simplest to use this latter style of definition for the
quantised enveloping algebras U,(gl,,) and U, (gan)-

Let ¢ € R* with ¢ # 1. Following [J86a], the algebra U,(gl,) may be defined as an RTT
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algebra associated to a constant R-matrix

n
R, = Z e e+ (g—q") Z eij ® €ji, (4.1.1)

3,j=1 1<J

which satisfies the constant Yang-Baxter equation

(Rg)12(Rg)13(Ry)23 = (Rg)23(Rg)13(Rg)12-

That is, we define the generating matrices L™ = Zgjzl eij ® Kiij € End(CY) ® U,(gl,,), which are
triangular matrices
G;=0 for i<j, ;=0 for i>j.

Then the defining relations of U,(gl,,) are

+r+ +r+
R,LTLy = Ly LT R,
R,LTL; = Ly LT Ry, (4.1.2)

b =005 =1 for 1<i<n.

1711 1118

Following [FRT90] and [GRW20], the algebra U,(g2,) may be defined in the same way, although
we must first introduce the following notation. We use parameter § = 1 for the so09, case and § = —1
for the sp,,, case. Note that in previous chapters this role was taken by the double sign symbols +,
F; we make this change of notation in order to match the literature on the respective algebras in
each chapter. We will also make use of the notation 0;; = 6;0; with 0, =0 if 1 <7 <nand §; =1
if n < i < 2n. Now, defining also ¢ = (6 + 1)—that is, the indicator function for the orthogonal

case—we introduce the tuple of integers
(vi,...,v0n) =(—n+0,—n+1+60,...,-1+0,1-0,...n—1-0 n-0). (4.1.3)

This allows us to define the constant R-matrix for Uy (gan ),
2n
Ry= Y ¢ it e+ (q—q )Y (e @ eji — ¢ 60ei5 ® ean_it10—j11). (4.1.4)
ij=1 i<j

We also define a matrix transposition w, which may be thought of as a ¢g-analogue of the matrix

transposition ¢ from previous chapters:

Vi

(€ij)” = q" " bijean—j+1,2n—iv1- (4.1.5)

This transpose, however, is not involutive, and we separately define its inverse as w : e;;

¢ 7" 0;j€2n—j+12n—i+1. The algebra U,(go,) is then the associative algebra generated by relations
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(4.1.2) with R-matrix (4.1.4), along with a cross-unitarity relation

LE(LF)® = (LH*L* =1 (4.1.6)

4.1.2 Quantum loop algebras U,(£g2,) and U,(£gl,)

We now introduce the matrix operators required to define the quantum loop algebras U, (£g2y,) and
U,(Lgl,,). The R matrix for the former is given by

-1 -1

qa—4q qa—4q
= P — 4.1.
B(u,v) := Ry + v/u—1 q2”°v/u—1Qq’ (41.7)

where R, is given by (4.1.4), P is the permutation operator P = Z ceij ®eji and Qq = P“2. The
matrix R(u,v), obtained by Jimbo in [J86b], is a solution of the quantum Yang-Baxter equation

on (C?™)®3 with spectral parameters,
R12 (u, ’U) R13 (u, w) R23(v, w) = R23 (U, w) R13 (u, w) R12 (u, ’U). (4.1.8)

In this chapter, the U,(£gl,,) model will appear as the nested system after the first level of
nesting, and so we introduce the R-matrix and relevant operators in this context. The reduced

U,(£gl,,) R-matrix on C**+1 @ C" !+ where k > [ in all cases we are interested in, is given by

(b)) L L4 pik)

RkD (u,v) :== Ry Sy )

(4.1.9)
where the bracketed superscripts refer to the nesting level on each of the two tensor spaces. The
matrix operators here are reduced versions of those introduced above. Indeed, let e( ) denote the

(n—Fk+1)x (n—k+ 1) elementary matrices. Then

n—k+1n—I1+1 n—k+1
-3 3 Adled e 3 s e d),
1,j=1
et (4.1.10)
pk) . Z ek)®e(l,)w kl) Z qz Je (k ®6z§),
7] 1 ,] 1

where i’ =i+k—land j =j+k—1l,and7=(n—1+1)—i+1,7=(n—1+1)—j+ 1. Note here
that the g factor for Q,(Ik’l) will have a different form to that of ;. We also introduce an equivalent

of the transpose w on the reduced spaces by

() =qef)  and () = ¢/ ie).

v] )

withz=(n—1+4+1)—i+1, 7= (n—1+1)—j+ 1. Despite the difference with (4.1.5), we have used

the same notation w and @; it will be clear which one is meant from the matrix it is acting on.
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These matrix operators satisfy

(D)1 = Rfﬁ’f), prOQUED pkd) — Q((I’j»?, (4.1.11)

I means that all instances of ¢ are replaced with ¢! in the definition of the

Here the subscript ¢~
operator; such notation will be used throughout this chapter.

Recall that C?" = C?®C". Let z;; with 1 <4, j < 2 denote the matrix units of End(C?). Then,
for any 1 < 4,5 < n, we may write

(1)

1 1 1
ij s Cntij = T21 @ eV z('j)v Cntintj = T22 @ ez(j)' (4.1.12)

e; =r11®e ij s Cintj = Ti2@e€

Viewing the matrix R(u,v) as an element in End(C2®C?) we recover the six-vertex block structure,

R (u,v)
KU (u, ¢ v) U0 (u,0)
R(u,v) = G (o) KD, ) , (4.1.13)

RO (y,v)

where the operators inside the matrix above are each acting on C" ® C" and may be written in
terms of those in (4.1.10) as

-1 -1
U0 () = — I 9 pli) 9(/q -q ) _QUkk)
u/v—1 g " ufv—q¥ "1 (4.1.14)
U*R) (v, u) = P(k’k)Uq(ﬁ’lk)(v,u)P(k’k)7 K®D (y, ) := (Ré’i’i) (u,v))~2,

where k' = k — k + 1. We also note two more important identities,
-1
77 (k,k) F(kok) 26, -1 _ 4794 pkE) (f (R K) 2k, \\—1
0 (o, ) (K49, ?0) ™ = 7 PO (D), g2
1
= Res REHF) (u, w) (K ®FF) (u, ¢ w)) (4.1.15)

V— U w—u

-1 _
(K(k,k) (v, q2nu))—1U(k,k) (v, u) = q q (K(k,k) (u’q2nu)>—lp(k,k)
v/u—1
= 1 Res (K®9) (w, ¢25u)) L REP (), w), (4.1.16)

Vv — U w—u

that will play a key part in finding the unwanted terms of the algebraic Bethe ansatz. Lastly,
introduce elements
+( O - ! - ) - !
&'j() = 0i5q % — (g —q 1)5i<jez(’j)7 gjz’() i=0ijq" + (¢ —q 1)5i<j€§‘i)’

() = L

(4.1.17)

=)
1—u! € s

0
AALE

17
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n—I+1 & (

. @) .
where we have used the notation ¢%i =3 q% ejlj). Then we may write

j=1
n—k+1 n—k+1
R®D (4 Z e , v/u) K®ED(y, Z e S(l,l ,,(v/u)) (4.1.18)
,j=1 ,j=1

where i =i+k—land 7 =75+ k-1

We are now ready to define the quantum loop algebras U, (£g2,) and Uy (£Lgl,,). The two algebras
may again be defined by RTT relations, with the R-matrices defined above. As such, we combine
the two definitions, writing N = 2n or N = n respectively. We then introduce elements EZ:-'; [r] with
1<4,5 <N and r > 0, combine them into formal series E?; (u) =350 ff'; [r]u®", and collect into

generating matrices

L¥u):= > e @ G5(u). (4.1.19)

1<ij<N

We will say that elements éiij [r] have degree r.

Definition 4.1.1. The quantum loop algebra U,(Lga2y) (resp. Uy(Lgl,,)) is the unital associative
algebra with generators Ef; [r] with 1 <i,j < N and r > 0, subject to the following relations:

01014510 =1 for alli and ¢ ;0] = j[O] 0 fori<j and (4.1.20)
Rip(u,v) L (u) L (v) = L5 (v) LY (u) Riz(u, v), (4.1.21)
Ri2(u,v) L (u) Ly (v) = Ly (v) L (u) Ri2(u, v). (4.1.22)

where N = 2n and Ri2(u,v) is given by (4.1.7) (resp. N =n and Ri2(u,v) is given by (4.1.9) with
E=1=1).

The following subalgebras of U,(£g2,) will be relevant to the present chapter:

e Looking at the degree 0 elements Ef; [0] with 1 < 4,7 < 2n, they satisfy the relations (4.1.2),
but not the cross-unitarity relation (4.1.6). Thus, they form a subalgebra isomorphic to the

quantisation of the direct sum of gs,, and a one dimensional Lie algebra.

e The subalgebra generated by Ef; [r] with 1 <4,j < n and r > 0 is isomorphic to U,(£gl,,).

This can be seen as a consequence of the decomposition (4.1.13).

e The subalgebra generated by Eiij [0] with 1 <4, j < n is isomorphic to Uy(gl,).

We now cast the generating matrices L (u) of Uy(£gay) into n x n block matrices and find the

relations between them. Indeed, we write

L (u) = (Ai(“) Bi(”). (4.1.23)



Then, viewing L (u) and Li(u) as elements in End(C? ® C?) with entries in End(C"* @ C") ®
Uu(Sg20)[[*1]], we have

A¥(u) B (u) AE(w) BE()
A () BE(u) Cfu) DE)
L:I: w) = 1 1 ’ L:I: w) = 2 2
T = ) D¥ (w) 2 (v) Af(w) BE(u
CE(u) D¥ (u) CF(u) DE(u

This allows us to write the defining relations of U,(£g2,) in terms of the matrix operators A% (u),
B*(u), C*(u) and D*(u). The relations that we will need are:

AF () B (u) KV (u, ) = RV (u,0) BE () A (v) — B (0) AT () Uy (v,u),  (4.1.24)
Ky (v,¢*u) DE(v) B <u>=B§<u>Df<v>R§§’”<v,u>—Uf%’”(w)Bf( ) D3 (u),  (4.1.25)
K5V (u, %) CF (u) AT (v) = A5 () CF (u) R (uw,0) — U (u,0) AF () G (v),  (4.1.26)
C5 (v) D3 (u) K{5™ (w, ¢*v) = R (u, v) D (u) CF (v) — Df (v) CF (u) Uy (0,w),  (4.1.27)
Ky (u, q**v) DE(u) A5 (v) — Az (v) DF (u) K{y" (. ¢*v)

Al
= BE(v)CEw) TS (v, u) — UG (u,0) BE(u) CF (v),  (4.1.28)

and their mixed counterparts obtained in an obvious way, cf. (4.1.21) vs. (4.1.22). Operators A% (u),
B*(u) and D*(u) satisfy relations analogous to (4.1.21) and (4.1.22) only with R(:D (u,v), e.g.,

RSV (u,v) B (u) By (v) = By (v) Bf (u) Ry (u, v). (4.1.29)

We now focus on the subalgebra Ug,(gl,) C Ug(g2n) generated by coefficients of the matrix
entries of A*(u). Define a k-reduced matrix A" (y) := Dijk € Ek)kﬂ k1 ® [A%(u));; and set

n—k
B (0) = (AP )y, BEED () = 3 () @ AT ()] 1 (4.1.30)
j=1

We also define a suitably normalised check R-matrix

(k) __v—u (k1) p(k,0)
Ry (u,v) o= mpu Riy7 (u,v).
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The defining relations of U,(£gl,,) then yield

g1 1
@i(k)(”) Bli(k+1)(u) = wa(kH)(u) o+ (v) + &Bﬂkﬂ)(v)@i(k) (u), (4.1.31)

v —u uwf/v—1"1
A9 ) By M ) = 57 () 470 (0) RED (0, 0) - Z/_vqj By ® () ATV PEY,  (11.32)
Bf® ) BY® (v) = BE® (0) By ® () B (u, ), (4.1.33)
Ry (n,0) A7 ) 430 (0) = 450 ) ATV () R (0, 0), (4.1.31)

(n,n)

plus the mixed relations. Note that Ry5" (u,v) acts as a constant on C ® C = C multiplying by
=g "t while Rg’n) (u,v) multiplies by 1.

v—u

4.1.3 Representations

Just as in Chapter 3, we will need to construct representations of this quantum group using the
fusion procedure, and this construction will proceed in an analogous way. For this we follow
[IMO12, IMO14].

Each site in the spin chain is built using the fusion procedure, which allows us to define an
action of Uy(Lg,,), on symmetric (respectively skewsymmetric) modules of Uy(s02,) (Uy(spay,))-
These modules can be obtained by projecting to the (skew)symmetric subspace of a tensor product
of s copies of the vector representation C?”, and they define irreducible representations of their
respective algebras. Indeed, the symmetric case has lowest weight vector ns = (e1)®® with weight
A=(¢%1,...,1,¢7%). In the skewsymmetric case, we must restrict to 1 < s < n, and the lowest
weight vector is 75 = ) g, sign(o) ¢ . o(1) ® €x(2) @+ @ €4(s); here (o) denotes the length of
a reduced expression of 0 € G, an element in the symmetric group on s letters (full details will
be given in [GRW20]). The weight of this vector is given by A = (q, g, g ,q_l),

bg g s.

where the number of ¢’s and the number of ¢~

The U,(L£g,,)-action on either of these modules derives from the action on the tensor product
space (C?")®$) which is given by a product of R-matrices. By carefully choosing the relative
shift parameters between these R-matrices, we can obtain an action which leaves invariant the
(skew)symmetric subspace of the tensor product space. Indeed, letting ¢ € C* denote an overall

shift for this particular site, the map is given by

S
LE(u) — H Raj(u,q29(j_1)c).
j=1
The projector to the (skew)symmetric subspace may also be written as a product of R-matrices,

= —1] (312((17297 D)Pig-- Ry 1;(¢ 917, 1)Pj—1,j)-

0
!
[s]q! j=s
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Thus, the space I1?(C?")®* may be viewed as a U,(£g,,)-module, which we will denote by L())..
Now, fix £ € N, the length of the spin chain. For each 1 < i < £ we choose ¢; € C* and s; € N,
and construct the module L(A®).,. As a U,(£gs,,)-module, we find that this is a lowest weight

module with lowest weight vector 7,, given above, and weights now given by

( Si S;

e —q —
C; — U
)‘E-Z)(u’ ¢) =<1 if 1<j<2n, (4.1.35)
¢ la—g¢ e
(pi-le — g sty & T 2n
in the symmetric case, i.e. when g, = 502, and by
gci—q 'u , ,
T —u if 1<j<s,
C; — U
—Sic, — 72n+siu . .
(3

in the skewsymmetric case. Here weights \(?) (u) should be expanded as a series in positive (resp.
negative) powers of u for ij(u) (resp. for £;;(u)).
The full spin chain, on which we will study the transfer matrix spectral problem, is then given
by
L:=LOW), @@ L(0Y),. (4.1.37)

The generating matrix LF(u) acts on the space L in terms of a product of R-matrices (4.1.7),

s
To(u;e) == H H Ruai; (u, ¢PUN¢) (4.1.38)

i=1j=1

where i; enumerate individual tensorands C?" of L(A®),.. We will often omit the dependence on ¢
to ease the notation and write Ty (u), its matrix elements will be denoted as ¢;;(u). The module L
is a Uy(L£gs,) lowest weight module, with lowest weight vector n = n,, ® - - - @15, and lowest weight

equal to the product of lowest weights of the individual modules, that is,

E;S(u)n =0 for i>j and E}tj(u)n = H)\ Z.)(u, ci)n for all j. (4.1.39)

=1

(
J
Finally, of particular interest for the nested algebraic Bethe ansatz, we note that the subspace

(LD = {¢ € LAD),, : tyyi;[0]€ =0for 1 <i,j <n}
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is an irreducible Uy,(gl, )-module of lowest weight ()\gi), ... ,)\,(f)). In particular, we have that
LO:={¢€L: thyju)é=0forl<ij<n}=LOW) @ ..0LA)?.

The AX(u) and DF (u) operators act on the subspace L” in terms of a product of the “reduced” R-
and K-matrices defined in (4.1.9) and (4.1.14),

{ s
AD () = [ TT RSP (w20 Vey), (4.1.40)
i=1j=1
s '
DO () = [T [T &5 (w, 20 e). (4.1.41)
i=1j=1

4.2 Nested algebraic Bethe ansatz

4.2.1 Quantum spaces and monodromy matrices

Choose mg, m1,...,my—1 € Z>p, which will denote the number of excitations at each level of
(k) (k)
1 »

nesting. For each mj assign an mg-tuple uk) = (uy”’,...,umy) of complex parameters and an

my-tuple of labels a := (a]f yees ,aﬁlk), which will label the auxiliary spaces. For the top level

myg the creation operator will live in two auxiliary spaces, and so we additionally assign a tuple

a’:= (af,...,ap,,). As in Chapter 3, we will often use the following shorthand notation:

w0 = (O u®), a’0* .= (a%a’ ... a"). (4.2.1)

Let Va(,f)l denote a copy of C***+1 and let Wc(llz),l be given by

Wil =vilie eV,

Let L be a lowest weight U,(£g2y,)-module defined in (4.1.37). This will play the role of the
original spin chain, and we will refer to it as the level-0 quantum space. Then, starting from
L = L we recursively define the nested quantum spaces in the following way. We define the
level-1 quantum space by

LW = (LY o W) o Wy, (4.2.2)

a

and each subsequent level-k quantum space, for 2 < k < n, by

L™ = (LF=D)0 o wh) | (4.2.3)

where
(LEN0 = e e LY : t;(u)e =0for i > jand j < k — 1},

As the name quantum space suggests, we will regard these quantum spaces as spin chains in
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their own right. As such, we recursively define a monodromy matrix for each nested spin chain.

Definition 4.2.1. We will say that Ty (v) is a level-0 monodromy matriz. We define level-1 mon-

odromy matrices, acting on the space LY, by

1 mo
Ao ) = (H Ky (v q%“’))) (H Ko (v u“”)) A0 ), (4:2.4)

i=my =1

DD (5,0 ®) = <H R (w ) (HR (L) (y, 20 (°>)> _ (4.2.5)

i=mg

For each 2 < k < n we recursively define level-k monodromy matrices, acting on the spaces L),

by

mg—1
k - k
AW u®E)y = Afw)oo (o u(0-R2)y (H R >)>, (4.2.6)
mg—1

DL(L];)é,D»uk—l(U;u 0.k~ 1 <H Rklf)l (v q u(k 1))> Dﬁ(l];)f),omk—z(”;u(o"'kiz))a (4.2.7)
where A( )00 o and D( )00 _, denote the 1-reduced operators of A(kO? o and D( OO) fgs TE-

spectzvely
Operators A( )O o r_, and D( )0 o, are matrices with entries in End(L®). Thus, to ease the

notation, we w1ll write them as A((z) and Dc(bk). We will use a similar notation throughout this

chapter.
Lemma 4.2.2. For 1 <k <n —1 let = denote equality of operators in the space L'’*). Then
Rgl?k) (v,w) A(k) (v u(() k_l))Al()k) (w; u(O...k—l))
— Az()k) (w; u(O..Ak—l))A((lk)(v; u(o“.k_n)RgZ,k) (v, w),
R (0, w0) DO (0;u047D) D (w5 u®-4-1)
= D3 (w;u® ) DB (00 RGD (0, w0),
Dc(zk)(v; u(O...k—l)) Ré]if7lb(vﬁ qQH/w) A((,k) (w; u(O...k—l))
— A((,k) (w;U(Omk_l))R((;i’ﬁ)ab(% q2n’w) ng)(v; u(D...k—l)) (4.2.8)

where k' =k —k+ 1.

Proof. The first two identities follow from the Yang-Baxter equation and the defining relations of

A and D operators. For the third identity we additionally need to use the property C(v) =0. [

Observe that K-matrices in (4.2.4) and R-matrices in (4.2.5) are “at the fusion point”. More
precisely, introduce (anti)-symmetric projector I := + _IR(1 (g2, 1) P and set VE =
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[I*C" ® C". The subspace V¥ is an irreducible U,(£gl, )-module with the lowest weight vector £+
given by
er=cled’, e =eVee) gl @l (4.2.9)

Denote

ey = (K5 0, u™) KO 0™ Ry = [REGY 0,u™) R (0,070

7 7
aay

where the matrix elements are taken with respect to the “a” space. Then fl{fk &0 = Qijekﬁ =0
if 3 > k and

et v — q_Qu(O) N L g2 — qzu(o) .
56" = (st on TG ) € a6t = (5 o+ 0 ) €,
U=y v —u;
—1,,(0) -1 (0)
_ qu —q u; _ _ q v —qu; _
3{;5 = <5j<n—1 + 6j2n—1 v_u(o)> 5 y %J—;f = <5j§2 W + 5j>2> f .

For each 1 < j < myg define vector {Ej) recursively by f(_l) = ¢ and
f(,j) = egl) ® 59_1) ® 6(21) - qegl) ® 59_1) ® egl).

We also set §(+j) = (egl))@j. Then for each 1 < k < n —1 we define a level-k nested vacuum vector
by
1 = neel™ o ()™ @@ () e (W)Y, (4.2.10)

where n = 15, ® -+ ® s, is the lowest weight vector of L) = L. We then denote the (1,1)-th

matrix element of monodromy matrices (4.2.4), (4.2.6) by

Ou(k) (’U; u(O...kfl)) — [Az(zk) (’U; u(O...kfl))] d(k) (U; ,u,(O...kfl)) — [Dc(zk) (U; u(O...kfl))]

11’ 11°

We will be interested in the action of these operators on nf ).

(k)

Lemma 4.2.3. Vector 1>, is lowest weight vector with respect to the action of the level-k mon-

odromy matriz. The operators «. ) (v; uw®*=D) and d® (v; uwO*=1) act on 77969) by multiplication
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with

fork=1:
for2<k<n-—2:
fork=n—1:
fork=mn:
and

fork=1:
for2<k<n-2:
fork=n—1:
fork=mn:

respectively. Here k' = Kk —

é .
_HA%%)

H NCIN g L
=1 U= uz('kil) 7
H )\ Mn_2 v — qugnﬂ) mo 4y — q_ofuZ(O)
n—2 0 !
=1 E ) =1 v )
Mp-1 _1 (n—1) mo o_g’ 6'—2. (0)
() q v — qu q v—q U/i
H)‘n (v) (n—1) H ©) ,
= i=1 v U, i=1 U=y
Z .
HAéii(v)
me—1 -1, (k=1)
qu — q u;
H)\2n k+1 H opt . (k—1) 7
— ¢*Fu;
2k'—1, (n=2) mo _g o', (0)
@) qU —q u; q " vV—q u;
H >‘n+2 H o, (n—2) H ) )
‘ —qTYy =1 UV

! 1 /_ —_p' (O
1(n)m092v 29u1(-)

Hml H q”_qgn, e [ ——

v q u i=1 v — U,L'

k+1and 0 =3(1+90).

Proof. First, note that the level-k nested monodromy matrix may be written as

AP (1 4 0-F1)y

In order to prove that n(_ka)

[A((lk) (v;u(o"'kfl)]ij with ¢ > j. It follows from (4.1.17-4.1.18) that, when acting on 7

( H K (v q29u(0))>

i=mg

mo k mi—1
x (HKﬁ’;;Ql)(v,uE“))) AP ) (H I1 2% . ugl—D)).
i=1 i

(4.2.11)

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

(4.2.16)

(4.2.17)

(4.2.18)

is a lowest weight vector, consider the action of the matrix elements

[AP=)

¥ the R-

and K-matrices become upper triangular matrices in the “a” auxiliary space. That is, for i > j,

-1,
e ufore) = 65y T 5 )

-1

! s qv—q 'u !
(€ (/) e = 3 (% To—u 5z"<l> e,
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where the primed notation is the same as for (4.1.18). Furthermore, as 7 is a lowest weight vector

for L, the action of Agk)(v) is also upper triangular,

Y4
WO =0, T[Ny i
p=1

Therefore, taking a product of these matrices, the action of the level-k nested monodromy matrix
will also be upper triangular, from which we conclude that ngf) is a lowest weight vector. The

identities (4.2.11-4.2.14) may be found by

= -1 ! e — quY !
[T RS ™) | @) =60 {ou [T i + 0t | ()=,
-1 11 =1 VU
1 T mo 1-¢ 6—1,,0)
v — U,
[ Ké];bl)(vaqwugo)) (ef)emo =g (5kn H : 0 qe © T 5k<n> (ef))Emo,
i=mo P i=1 4V
Tt o] o rrav—a'ul M
[T 5o 0w”) | (@)% = (o [T + hen | ()™,
i=1 ' J11 i=1 V=Y

where the matrix elements are taken with respect to the the “a” space. Expressions (4.2.15-4.2.18)
are obtained similarly. This concludes the proof in the symplectic case.
The orthogonal case follows by the same arguments and the fact that §£m°) is a lowest weight

vector with respect to the action of

1
%[mo]::<H K{S;’O vquo )(HKll)UU )

i=mg

We will prove the latter by induction on mg. The my = 1 case has already been explained above.
Let s > 1. We assume that 5(8) is a lowest weight vector for F[! of weight )\[S]( y=1fori<n-—1

1

and )\[S]( ) =1l =9 for § =n — 1,n. We write the action of H [+ on ¢t ag

(], €0 = S (e (@Puo))® [#H], (€D (ufv))?
b,c=1

x (e @ @ell) - el 0 @ efV)

= > (Y @) [H), (€0 /) o @ @ ef

zb<cb:<10

0 30 (€ /o) (] (60, (/) ) 0P @ el) (1210
bbSCCSIJ
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since 5@ and egl) are lowest weight vectors in their relevant representations. Observe that

_—1
(€D, ufo)@e! =5, <5mq”qu+5i<n> eV

q v—1U

A ¢ q—q ")
+ 5z<n5 U/U 1 en—i—i—l

and

-1

1 w qu—gq 'u ! —
€D, (w/v)) ”—%(5@"‘11%+5i#"1>eé)‘5i"5j’"‘lm—1€1

¢ q—q")
+ 5i<n—15j,n—1@/u—_1 Cn—it1

Assume that ¢ > j. It clear from above that %[SH} £(S+1) =0if j <n —1. Hence we only need

to consider the case with ¢ =n and j =n — 1. Then (4.2.19) becomes

2
[s+1] (s+1) _ [s] v-u g — 1
(% ]nn & <)‘n (U)q—lv—qu wlv— 1

2 —1
NS PR it SN ek B A W VRN O IRV I
q)‘n (U) q2u/v— 1 v —u >61 ®§— ®61 07

as required. Next, assume that ¢ = j = n. Then

s v—u s v—q lu s
[%[s—&—l]]nn . 5(_+1) _ )‘LS} (v) (q_lv = quegl) ® 5(_) ® egl) _ qq - _qu egl) ® 5(_) ® egl)>

e |
¢ (a—q )€§1>®5(_s)®€(1)

2
s —1
+ A () 2 2

Cufv—1  vju—1
v—q tu s
=N L2 (0P e - gl 0 @ ef”)

v—1u

+1] (U) SESJrl) )

I
>
S

In a similar way, for : = j =n — 1, we find

s S v—q tu s v—u s
[T = () (q o eded) —¢ o d)ede eﬁl))
Me—ah) -1 0y e o0
2y/u—1 u/v—l62 we e

|
— A\l 1(v) 7(10 ¢ ¢ (egl) ® f&s) ® egl) — qegl) ® 59) ® egl)>

n- v — U

)\[8'1'1 ( )£(S+1)

M) L

Lastly, when i = j < n— 1 we obtain [3{[8+1]]ii -5 (s+1) E(SH Then, using the arguments similar

to those in the symplectic case yields the wanted result. O
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4.2.2 Transfer matrices, Bethe vectors and Bethe equations
Recall the level-k monodromy matrices from Definition 4.2.1.
Definition 4.2.4. We define level-0 transfer matriz by
T(v) = trg Ty (v) = trg AV (v) 4 try DY (v). (4.2.20)
For all 1 <k <n—1 we define level-k transfer matrices by
70 (03 @R i g A (0 F-1)

and
;(k)( w(0-k— 1)) traD(k)(v,u(O K~ 1))

Note that, as there is no equivalent of the symmetry relation that we used in previous chapters,
it is necessary to keep track of both the A and D blocks of the monodromy matrix.
Next, for each level of nesting, 0 < k < n — 1, we introduce the creation operators for multiple

excitations.

Definition 4.2.5. We define level-0 creation operator by

2 (u Hﬁ 000 (") (4.2.21)
where
@)= Y ¢t ) @ el @ el € End(L©) @ V(l)* ® V(l)*. (4.2.22)

jk=1

For all 1 < k <n—1 we define level-k creation operators by
%((Zi)(u(k) (0..k— 1 HB(k+1 ik , (0...k—1)) (4.2.23)

where

n—=k
B(IZ+1)(uz(k); u(O...kz—l)) = [A(’Z) (ugk); U(O...kz—l))]

[ 7

© e € End(L®) @ VI (4.2.24)

i

1,14

<.
Il
—

Recall the notion of nested vacuum vector nf ), viz. (4.2.10). The level-(n—1) nested vacuum

vector is our reference state for constructing the (off-shell) Bethe vectors.
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Definition 4.2.6. For all 1 < k <n — 1 we define level-k Bethe vectors by
k n— i n—1

The level-0 Bethe vector is defined by

0 n— 0 1 =
o) (u V) 1= B (w®) el (w0 0 0), (4.2.26)
Note that vector q)gk) (wF-n=1): (0--k=1)) i5 an element of the level-k quantum space L(*) and
has w(9-*=1) and ¢ as its free parameters.
ForO<k<n-—1set Gpm, , , =6y, X - XG&p, ,. Forany o e Sy, with £ <1 <n—-1
on @ék) (wlk-n=1); 4y 0-k=1)) by

define an action of &,,,

e k..n—1 ! n— ! ! !
0@ a1 ) )= = (u®,.. “( <)z>v"'v“( VY, “((,—()w = (ugzw(l)""’“E;()w(mz))'

For further convenience we set a](-l) € &,,, to be the j-cycle such that

O = @® ).

U(z) j,uj+1,..., ml,ul,...,u
We will also make use of the notation
0 0] D 0 L0
uU(_z>u(_z> (U,u]Jrl,...,ugn)l’ul sy UL 1)-

Lemma 4.2.7. Bethe vector @ék) (k1) 44Ok =1)) s inuariant under the action of G, ...

Proof. This follows using standard arguments, the fact that R-matrices act on 17( 0 b by 1, and

relations
©) 0 0 0)\ /(1,1 0)  (0) \y—1 (1,1 0) (0
Broe ( )8, NG z(+)1) 5agag(uz(+)1)5a +1a9+1(u§ ))(Rg?a(gﬂ(ug ),uz(+)1)) Réga§+1<u§ )7u1(+)1)
and
B(i-&-l)(ul(k);u(o...k—l))B(lZ'i'l)(ul(i)l’ (0..k— 1))
a; i
k+1), (k _ k+1), (k _ E+1,k+1), (k) (K
_ sz; )< §+)17 (0..k 1))3655; )(ug );U(O...k 1))R‘(%Zz+1+ )(ug )7 §+)1)

which follow from (4.1.29) and (4.1.33); here = denotes equality of operators in the space L¥), [

The following result is the solution of the Ugy(gl,) subsystem. The method is well-known—see
e.g. [BRO8]—and follows along the same line as the rational case, which was given in Section 2.1,

and so we omit the details here.
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Theorem 4.2.8. Bethe vector @él)(u(l“'”*l); u(0) is an eigenvector of TV (v; w(0)) with the eigen-

value
_ g1 ¢
A(l)(fu’ u(l n= 1 H qu q U H)\gz
n—2Mg—1 qil'l) _ qu(k’ qv — qilu(k) Y, »
t2 H v — (kjl) H - (k)z H)‘k (v)
k=2 i=1 i u;
Mn—-2 _q 1 (n—=1) mo g g (0) ¢
oo qu! Lav—gly ¢"v—q"y 0
" H v— M) H v — 30 HAnﬂ(U)
= i i=1 i i=1
2-¢' —2+¢' (0) Mool ] (n—1) ¢
q v—q u; q v —quy (i)
* H o — O H G H An’ (V) (4.2.27)
i=1 i i=1 _

and an eigenvector of ?(1)(v;u(0)) with the eigenvalue

mi ¢
Oty T2l 10
QU — q2n 1

7, 1=1

s 1qv g2ty (Pl ey a2k, ()L
+Z H g2e—2k+2y (k 1) H (k H)‘m o1 (V

k=2 i=1 o1 qu — @R
Mn—2 3-20, (n—2) Mn—1 4—20, (n—1) mo
TR | (e A, i SIS ) FONE
_ —2 _ —1 0 n
-1 v—q* 20%@ : =1 qv— ¢ 20u(n )i:1 U—Uz() i=1
Mn—1 1-26, (n=1) mo o249’ > ¢
qu —q q (i
- PT Y H HAM (4.2.28)
i=1 UV —4(q UZ v—1Uu

provided

Re(sk) A(l)(v;u(1~~n—1);u(0)) =0 for 1<k<n-—1,1<j<my. (4.2.29)
VU

J

Proof. Step 1. @él)(u(l =140 s an eigenvector of T (v, u(®)),

We rewrite the exchange
relations (4.1.31) and (4.1.32) as

-1,,(k)

qu—q U,

BB W) = ——F= B @) e W)
¢ v —uy, i
(k) _ a1, (k)
v Res L0794 Y g+l o)),
v—u® i ® g — at
Agk+1)(v)3(i+l)(uz(k)) k+1)(u (k) )Agk+1)(v)RiZ;rl)(v7ugk))
v/u > (k+1) k41 (k+1,k+1) (k)
_ . ;(k) wi{i?k) Baf (U)Az(z + )(w) Raaf ’ (w, u, ).
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Then, using the usual symmetry arguments for the Bethe vector, viz. Lemma 4.2.7, we obtain

7(1)(1); u(o)) (I)gl)(uu...n_l);u(o))

2ov/u 1 )
_Z J(1) ‘%Eﬂ)( (<)1) ) 7U(0))
j=1V U, )
< R ﬁqw_qlugl) W (1; u®) + 7@ (w; (0,1) ) @(2)( (2..n—1). (0,1))
es o (v N o (u )
wﬁuj i= 'l,U—’I‘LZ i Y%y j

Proceeding in the same way and using Lemma 4.2.3 we find
7(1)@; u(O))(I)él)(u(l...n—l); u(o)) _ A(l)(u; a1, u(O))(I)él)(u(l...n—l); u(o))

provided (4.2.29) holds, as required.

Step 2. @él)(u(l“'"*l);u(o)) is an eigenvector of TN (v,u(®). It follows from Lemma 4.2.2 that
transfer matrices 7 (v;u(9) and 7 (v; w(?)) form a family of commutative operators in the space
LM, They can thus be diagonalized simultaneously. Assuming (4.2.29) holds, it is sufficient to

focus on the wanted terms in the exchange relations. In particular, it follows from (4.2.8) that

_ 26—2k+2, (k)
d® () B () = 279 B gD M) g0 () + UWT,

k
a; ’ qu — q2572+1u§k) ag ’

D((lk—f—l)(v)B(iJrl) (ugk)) _ B(gﬁJrl)(ul(k))R;’iJlr;)ak (v, q25—2k+2u£k))ng+1)(v) +UWT,

where UWT denotes the unwanted terms. The eigenvalue (4.2.28) now follows by Lemma 4.2.3

and the standard arguments. O

Having solved the nested system, we now give the solution to the full system below.

Theorem 4.2.9. Bethe vector <I>((,0) (w-"=1)Y s an eigenvector of T(v) with eigenvalue

A(v; u(o’””_l)) = A(l)(v; =1, u(O)) + K(l)(v; w(l-n=1, u(o)) (4.2.30)

provided
WES?O) A(v;u(o"'"_l)) =0 for 1<j<mg, and (4.2.31)
UES?k) AW (;;u(l“‘n_l);u(o)) =0 for1<j<my, 1<k<n-—1. (4.2.32)

J
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Proof. Using (4.1.11) and (4.1.14)~(4.1.16), we deduce Ry (u,v) = R\, (v, u) and

1,1 - 1,1 1,1 .
(K" (w,?0) 7 = Ky (0,0%"w) = K1 (g7,
These relations allow us to rewrite (4.1.24) and (4.1.25) as

AF(0)B3 (u) = RUD (0, 0) B () AT (0) K5V (v, ¢%u)

112

1
Res R( 1

vV — U w—u 112

(w, ) BE (v) A7 () K5 (w, ¢*u),

1.1
D¥(v) By (u) = KbV,

L Res KD (w, q2%u) BE (0) D () RV (w, u).

v—uwou 4 12

(0,4~ 2u) B (u) D (v) Ry (v, u)

Then, using (4.1.14), (4.2.22) and replacing the A and D operators with their images in End(L(%)),

we obtain

AD @) Bavag (u”) = Bapao (u™ ) K (0, u) AD (0) K (0,42 u™)

— 9 Pavar(v) Res K5 (w, u(o))A(l)(w)K({él)(w’qzaul(O))’

=4
—
—
—~
<
N~—
7
=)
~—~
£
S~
(=]
=
N—
@
N
o
Q
=}
~—~
£
S~
(=]
=
N—
=
[N
S
—
—~
<
l\D
Q)
SA

™) D (0) Ry (v, u”)

aa; ?
UV —U; w—u,;

1
— g Pavat (v) Res R (w, g2 DM (U)RS&’E}) (w, u®),

The relations above together with Lemma 4.2.7 and the standard symmetry arguments imply that

7(v) @y (V)
- gg,io)o( (0)) ( M (p; @) + 7O (y; u(O))) q)él)(u(hﬂ—l); u®)

1 ©) , (0)
_Z © Baoo (W0 o0 ,)
J 77

— v —u —v

X Res <T( ) (w; u(%) +?(1)(w;uf’%))> (I)él)(u(l,..n 1). u(%))

9j J 7

(0)

Theorem (4.2.8) allows us to replace 7Y (w; u () and 7O (w; u 0<0>) with their eigenvalues, provided
%5 i

149



(4.2.32) holds, giving

T(’U) <I>é0) (u(O...n—l))

= B0 () Aosu®n ) o) (unD; )
20 1 n— n—
= - 2, (ui‘?o) Lo,) Res Adw: ufjo(’)o),u(l..l 1) g0 (u-m-D), u%)
=1 U= g T g ; ’

Noting that, from its definition and the exact forms of the A and A® from Theorem 4.2.8, we
have A(w; u(%),u(l"'”_l)) = A(w; w(®-"=1). Therefore, (4.2.31) implies that each term in the sum
o\

J
on the second line individually vanishes, and we are left with the desired result. O

Remark 4.2.10 (i). The equations (4.2.32) are Bethe equations for a U,(gl,, )-symmetric spin chain,

with an additional factor when 7 = n—1 due to level-0 excitations. For convenience, set ug-n) = go)

and m,, := mg. Then the explicit form of the equations (4.2.32) and (4.2.31) in the symplectic case

u

is
ﬁ Aﬁ”(uf)) - ﬁ q—lu(l) _ qu( ) mo ugl) _ q_IUEQ) 12.33)
LL\@), @y o _ —1,,1) n_, @ 7 o
i=1 N2 (“j ) ;;1 qu; q Ut g=1 Uy U
i#£j
¢ (@) (k) M- (k) (k=1)  my -1, (k) (k) m (k) -1, (k+1)
1 Ap () 1’“—[1 Uy U ﬁq g ﬁl quj —q v (4.2.34)
i=1 )\SL(ug'k)) i=1 q‘1u§-k) - quﬁk_l) @;1 qug-k) - q_lugk) i=1 ug“ - “z('kH)
i#]
ﬁ AS),l( gn 1)) - mﬁ2 gnfl) u§n72) mﬁl q 1u§n 1) quz(nfl) ﬁ qgugnfl) . q_ngn)
i=1 Aﬁ)(ugn 1)) i=1 q_lu(n_l) qUE"_Q) i=1 quy‘_” q—luz("_l) i=1 () in)
i#]
(4.2.35)
¢ @) (n) Mn—1 (n) (=1 m, —2 () 2 (n)
11 A<n> (Ujm)) -1 o el o m (42:36)
1 A () S Y = Py Py — gy
i#j
for 2 <k <n —2 and all allowed j, and weights given by (4.1.36).
(ii). In the orthogonal case, the Bethe equations for k£ = 1,...,n — 3 are identical to the symplectic
case. For k =n — 2 and n — 1, the equations are replaced by, respectively,
7 n—2 My — n—2 n—3) My —2 n—2
H)\gl)z g ))_Hs 5 ) _ ( Hz ] )_q“z( )
i1 A ( §n 2) i=1 q‘lugn P qu{"™Y i=1 qu _q_1uz(n—2)
i#£]
Mn—1 (n 2) 1 (n D my ,, (n=2) -1,,(n)
X H (-2 _ (n 1) H LD W (4.2.37)
U; i=1 o i
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and

% n—1 My — n—1 n—>2 M B 1 1
ﬁ)‘”)—l(UHZ H2 u" ™t — " qu WY Y )
D O R N . SR e Ok

i#]
for all allowed j. For the level-0 Bethe equations, however, the eigenvalue contains four poles at
each Bethe root, rather than two. Through use of the identity (see Remark 6.6 in [GRW20]),

the resulting expression may be factorised to give the following Bethe equations, for 1 < 7 < m,,,

(mﬁ2 q ! 5") — qu{"™? mﬁl Qu(") —q tu f"_l) . ﬁ AY) (ug-”)) )
P Sn) . uz(an) paley q—lu(”) (n 1) Pl )‘S)fl(ug‘n))

) <m qul? — g1y Mz g1 5”)—qu§” 2 40

(n)
v a n+1(uj ) _
(n) (n) H (n) (n—2) _H(Z)(n)) =0. (4.2.39)
J

i=1 qfluj —qu; =1 Uy T im1 Al (1

i#j
Observe that setting the first factor to zero is exactly equivalent to (4.2.38), the level-(n — 1) set
of equations, noting that the sign discrepancy is due to the product in (4.2.38) excluding the i = j
index. This factorisation is due to an automorphism of the Dynkin diagram of type D,,, which
exchanges the two branching nodes. This symmetry of Dynkin diagram is broken by our nesting
procedure, and so we obtained only a single set of Bethe equations for the level-(n — 1) Bethe roots.

Extending this to the level-0, we set the right-hand factor above to zero to give the level-0 Bethe

equations
0 @) T ) )y
H @ (™ = H L) (n— 2)H (n) o, (4.2.40)
i=1 )\n—i-l j ’Ci) i=1 ¢ "U; T —qU; 1;1 qu; " —q U
1F]

for all allowed j.
(iii). Rather than taking (4.2.31) and (4.2.32) separately, we could instead attempt to recover the
Bethe equations from the condition Re(sm A(v; w0-"=1) = 0 for all Bethe roots ug-k), 0<k<n-1.

v—U
J
As one might expect, this turns out to be directly equivalent to (4.2.32) for 1 < k < n—2, however,

in the k = n — 1 case we obtain a factorisation identical to (4.2.39),

(mﬁ2 q—lugnfl) _ qul(an) mﬁ1 qug_nfl) . q_1u§n71) . ﬁ)\s)(ugnl))>
Pl ugn—l) _ uz(n—Q) i;l q—1u§n—1) _ qul(n—l) P Ag_l(u§n_1))
i#]
y (H qu(n 1) q—lugn) mﬁQ q—lug_nfl) _quz(an) +1£[)\£:)+1(u§nl))> »
e L B L B FGNE
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for 1 < j < my_1. This again reflects the fact that the symmetry of the Dynkin diagram of type
D,, is unbroken at level-0. One might expect that a nesting procedure of the type employed in
[MR97] for rational closed spin chains and in [Gol8] for rational open spin chains, in which the
chain of symmetry subalgebras is D,, D D,,—1 D --- D Dj, would preserve this symmetry of the

Dynkin diagram at all levels of nesting.

Remark 4.2.11. For n = 2, the Bethe equations (4.2.38) and (4.2.40) decouple into two sets of
Bethe equations for Uy (slz)-symmetric spin chains, and can be solved separately. This is consistent
with the isomorphism so04 = sly @ sly. Similarly, for n = 3, the isomorphism sog = sl4 is borne out
in the Bethe equations (4.2.37), (4.2.38) and (4.2.40).

Remark 4.2.12. Let a;; denote the matrix entries of a connected Dynkin diagram of type C,, or
D,, and let I denote the set of its nodes. Then put dy = ... = d,, = 1 except d,, = 2 for C,.
k) _, qdkzj(»k), where d;, = Zle d; except d, = Z?;ll d; for Dy, and taking

Upon substituting u;
into account (4.1.35) and (4.1.36), Bethe equations above can be written as

H i dkz](k) B HH (k) qdkaklz(l)
& _ _(
i=1 Mo ( dkzy lel i=1 qd’“a“z Zi()

for 1 < k < n and all allowed j.

4.2.3 A nearest-neighbour interaction Hamiltonian

In the case where L(A("),, = C", so that L = (C™)®¢ and the Lax operators are given simply
by the R-matrix (4.1.7), a nearest neighbour spin chain Hamiltonian may be extracted from the
transfer matrix by taking the logarithmic derivative at a particular value of the spectral parameter

v. Indeed, set ¢; =1 for 1 < i < ¢ and define an adjusted transfer matrix by

)= ( 1”1>Z7<v>,

qa—4q

with the property that at v = 1 it becomes the shift operator,
t(1) =trg Pai Pao - Pag = P10 Pr—24-1 - Pro.

A nearest-neighbour interaction Hamiltonian is then

/—1
d 1y
H = %lnt( ) - = (t(l) )t (1) = ;h@i-}—l + h@,lv

where the interaction between adjacent sites h € End(C" @ C") is given by

h:=1-—




4.2.4 Trace formula for Bethe vectors

Introduce matrices fy € End(C?") by f, = q_len”m —qepntin—1 and f_ = —qgept1,n. Then define
a transposition w on End(C*") by w : e;; + 0;;¢" ez where 7=2n —i+ 1 and 7= 2n — j + 1.

The Theorem below is our second main result.

Theorem 4.2.13. The level-0 Bethe vector can be written as

n—1mg mo
(T o)

(I)éo) (u(On 1) tI'*

k=11=1j5=1
T on\ [ T7 75 T k) (0)
%H%wﬂﬂﬂﬂﬂ%wﬁf%n)
i=1 k=11i=1j=1

"w/\

() (T L)

k=1i=1 k=2 1=1 i=1 j=my

X (fo)®™0 @ (€21)®™ @+ @ (en,n_l)@’m"—l] -, (4.2.41)

where the trace is taken over the space W = Wao @ - - @ Wan-1 =2 (C2)®(mot.tma1),

Proof. Recall the trace formula for the Bethe vectors of a U,(gl,,)-symmetric spin chain given in

Section 5.2 of [BRO8]. This result implies the following formula for the level-1 Bethe vector:

n—1 myg
@él)(u(l“'"_l);u(o) — tr [( H H (1)a0 0 (0))>

k=11:=1

(ﬁﬁﬁnR» )

k=2 l=1 i=1j=my, ’

X ()T @ <e2%2_1>®mn1] .

where the trace is taken over the space w = W;ll) ®-® W(}L)_l & (CM)@(mitetmn1)  From



(4.2.4), this is equal to

n—1 mi 1
(I)él)(u(l...n—l); u(o)) _ trWu) [( H H H Kc(Lilvalg) (ugk), q29u§0))>

=1 i=1 j=1
n—1 mkj n—1k—1my

(T o) (TLITTL I Aol o)
h=1i=1 k=2 1=1 i=1 j—my

X ()P @ @ (e n@mnl] .

We now introduce the level-0 creation operators in order to arrive at an expression for the level-0

Bethe vector, as given in Definition 4.2.6,

<I>§O)(u(0"'” 1) _ trf(l) [(HB ) <l—fﬁ H ilo ,q29u(0))>

k=11i=1j=mo

n—1 mg m R
(e ) (I )

k=1i=1j=1

n—1k—1 mg 1
(T T #e)

The next step is to rewrite the above expression in terms of the matrix B(u), cf. (4.1.23), rather
than the creation operator S(u). Consider the following in expression in which a matrix operator
X acts non-trivially on the space @° and trivially on the space a°, and vice versa for the matrix

operator Y, and both operators act non-trivially on any number of other spaces,

Ba0a0 (1) X0 Yoo - ()30 @ (e )ao = 3 (80730 @ (€000 @ g5 () - Ko Yoo - ()30 @ (e o
ij

Contracting matrices gives
> g by (u) [X]ji[Y]a =) ¢ 7 [B* (u)] 5, [X] kY u
ij ij
=D (B ()] XY

= > a F X (B (w)] [ ]a

ij
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“HXYB(w) Y]y = ¢ " tr (XY B2 (u)Yel].

We have thus arrived at the identity

B0 (1) X0 Yoo - (e a0 @ (ef)go = g Pt [ X% B (u) V(L.

Now recall (4.2.9). Hence we need to consider the cases when (k,1) = (1,1),(1,2),(2,1), or equiv-
alently (1,k) = (1,n),(2,n),(1,n — 1). Bearing this in mind we define matrices fe(l) € End(C"™) by
f&l) qegl,)l and fJ(rl) = q_legzl — qeﬂ%fl. This allows us to write the level-0 Bethe vector as
follows:

k
n—1 my
Al <u§’“)>)

a;
k=11:1=1

n - 1
(H Hmw@ﬂwﬁ
i

k=2 =1 i=1j=

n,

X (04" f))P @ (el )P @ <e<1i_1>®mn1] K

hog Tk e (1,1 0
[(HHHR—l)kO >q26u()>
k=11i=1j =1
o= g (@) ) [ T TTTT LD () (0
o (Eor-oss XHHHKM )
i=1 =li=1lj=1
n—1 myg k) —lm k
1 ’

(T o) (TTTHT T )

k=1i=1 k=2 I=1 i=1 j=my !
x ([P0 @ ()P @ - @ (eﬁii_a@mn-l] . (4.2.42)

It remains to show that the form of the Bethe vector given in (4.2.41) reduces to to above form,

by considering the decomposition C?* = C? ® C" as in (4.1.12), and tracing out all the C? spaces.
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Making explicit this decomposition, the formula (4.2.41) becomes

n—1 myg mo
@éo)(u(o“'" 0y = =ty [( H HHR o 0 'k q 9u(0))>

k=1i=1j=1
mo n—1mg mo
x (H T <u§°>>> ( [T TTTI Barar o™, q%;o)))
i=1 k=1i=1j=1

n—1my n—1k—1my

(T )(HHHHR )
k=11i=1 k=2 =1 =1 j=my

X (221 ® f§))2™ @ (211 ® )™ @ - © (211 © 6511,211)®mn1] -

(4.2.43)

Recall (4.1.13) and note that

R(u,v) 11 ® 11 = ROY (u,0) 211 © 211,
R(u,v) 211 ® x91 = USY (u,v) 291 @ 211 + KO (0, ¢*0) 211 © 221

Next, recall (4.1.3) and note that
Upnyj—vi=j—0 —(—n+i—-146)=j—i+n—10

for all 1 < i,j < n. This implies the following relationship between the transposition w on End(C?")

and its counterpart on End(C"):
(700 iy = 0077 gt oniga (w) = 00" [B ()] .

Hence, the action of T'(u) and T%(u) on x1; and x9; takes the form

T(u)xy1 = A(u)z11 + C(u) zay,
T%(u)xer = qu_"Bw(u)wn + A¥(u) z21.

The identities above imply that the numbers of x11’s and z21’s inside the trace in (4.2.43) are
conserved individually under the action R-matrices. Therefore, the only possibility for the partial
trace over the C? spaces to be nonzero is if the action of the 1% (ugo)) maps (5U21)ag to (xn)a?.
That is, each T% (ugo)) acts as qG*"GB;"Q(uEO)). Since each (xgl)aglmust be acted on by T% (ugo)),
the R-matrices ‘;0 the right of the T% (Zu(o))’s must not permute the (mgl)a? with the (:Ulll)aéC for

K3
k > 1. That is, the R, . o( (k ),q_2”u§-0)) each act as Kﬁ’;g(ul(k),ugo)) in order for the trace to be
i %5
non-zero. Finally, all other R-matrices in (4.2.43) act on suitable pairs x;; ® x1; only, and may

simply be replaced with R (u, v), for appropriate u,v. This proves that taking the partial trace
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over the C? spaces in (4.2.43) we arrive at (4.2.42), as required. O

Below we provide two examples of level-0 Bethe vectors obtained using (4.2.43). We will assume

that m; = 0 for 0 <4 < n—1 if not stated otherwise. We also use the notation pj := 93 ,—1 g ?(qg—
-1
q )

Ezample 4.2.14 (Symplectic case). For n > 1 and my = m > 1 we have
0w, ul) = ¢t () b () .
Forn > 2 and mg =m; =1 with 1 < k <n — 1 we have

0 (" uM)y = ¢ [tn,m(u&”))tk,m(u&“)

(0)

Pru

g (e (@) + tsa(f”) tnn<u§“>] .
Uy — U

Forn > 2 and mg =2, mp =1 with 1 <k <n—1 we have

0 (W, u WMy = ¢ [tn,nH(u%O’)tn,nH(ué“))tk,kH(u&“)
(0) (k) —1,.(0)
u u — u
tpr | =ty () g (@) + L )
NONNO: NOBNO
1 2 1 1
(0) (k) —1..(0) 2. (k) —2_(0)
Uq quy " —q “Ug (0) qg Uy —4q "Uy (0)
+ tn—l,n+1(u )+ tn7"+2(u )
ul) —u&”( ul) — o) ' ul — o '

X tn,n+l(“§0))> tk+1,k+1(ugk))] - 7).

Ezample 4.2.15 (Orthogonal case). For n > 1 and mo = m > 1 we have

(IJEB) (ugo), . ,ugg)) = H (q*Qtn_LnH(uI(CO)) — tn,n+2(u,go))) - 1.

Forn > 2 and mg =m; =1 with 1 < k <n — 1 we have

©, © @, _ |l — g e 0) (0) (k)
(I)—i- (ul y Uy ): 9 (k) () <q t’n—lﬂl-i-l(ul >_tn,n+2(u1 )) tk7k+1(u1 )
*(uy’ —uy’)
(0)
Pk+1U _ 0 0 k
* (k)Jrl 1(0) (q 21 (u)) = Qo s (uf ))> bt et () ))] "1
Uy " — Uy
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Forn >4 and my =2, mp =1 with 1 <k <n — 3 we have

(I)Ei-)(ug())vug )7ugk)) = <q_2tn71,n+1 (ug())) - tn,n+2(u50))>

% (q_Qtn—1,n+1(U§O)) - tn,n+2(ug)))) tkvkﬂ(ugk)) 1.

The £k =n — 2 and kK =n — 1 cases have long tails, hence we have not written them out explicitly.

4.2.5 The semi-classical limit

In order to retrieve the results of [Rs85] and [DVKS7], we investigate the semi-classical ¢ — 1
limit, or equivalently the A — 0 limit. The limit must be taken in a particular way, as the spectral
parameters have a hidden ¢ dependence. Setting u = €?*" v = €2¥" and ¢ = €" and expanding in

powers of A, we recover the Zamolodchikov R-matrix [ZZ78, KS82],

P Q
I = .. — —_ = I — —_ .
Rq h—>—>0 ) Qq 3 Q i]zzl €ij ® €17, R(U, ’U) h—>—>0 R(l’ y) r—y K — (l‘ _ y)
The reduced R-matrices become the Yang R-matrices,
k.l
R¥D (y, v) — RFD (2 — ) := 1D — L( ).
" h0 x—y
The eigenvalues given in Theorem 4.2.8 in the limit become
A (y; g (1n=1) (0] Hy +1H)\
i

n—2Mmg_1 — y— x l
> 117 N H I

k=2 i=1 - 1, i=1

Mp—2 ) Mn—1 TL mo / l

1 — y—a” +0 (i)
+ H H y— : (n 1) H 0) H)‘n—l( )
- i=1 T i=1
Mn—1 - mo (0) r £
Y — IL‘ y—x; +2-10 ()
+11 H o D)
y—x; i=1
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and

(1 ¢
Y n— Yy—T, —K %
A (g2 = [T [[% )

h—2 i=1 YT +k-1121 y—x; k+k 5
mn—2 y _ xgn—?) + 6 _ 1 n—1 . I'Z(-n_l) + 9 _ 1 mo y _ xi ) o H/ l (Z)
+ H (n—2) H (n—1) ©) A2 (Y)
i=1 Y~ +0-2 51 y—u; +0-2;5 y—ux; i=1
M1 (n—1) mo (0) /
y— +0 y—x, —246 ()
zl_[ly—x(n 1)"‘9—1#1 - Z(O) zl_[l !
where the rational weights are given by
y—bi—s; e
e f j7=1
M) — A (y) =01 it 1<j<om, (4.2.44)
h—0
Yy — bi —Kk+1 . .
f j=2
y—bi—rk+1-—s td "
in the symmetric case, i.e. when go,, = $09,,, and by
—b—1 . .
y-bi-1 if 1<j<s,
y — b
A (w) — A () =41 if s;i<j<2n—si+1, (4.2.45)
y—bi—rk+s;

if 2n—s5;+1<75<2
y—b—k+s—1 ! nositlsysan

in the skewsymmetric case, i.e. when go, = spo,,; here b; = 2%1 log ¢; € C are the inhomogeneities.

(n) (0)

The Bethe equations may be obtained in the same way. Denoting x ;= and m, := my

their explicit form is, in the symplectic case,

£ @) (1) my (1) (1) my (1) (2)
H)\l‘ (le): 1le1 11 1ﬁ ’ 1 — :—1’
i=1 )\g) (905 )) i=1 1’5 E ) = ( - S
1#]
ﬁ Algi)($§k)) mioy o (K) (k1) ﬁxgk) ngk) 1mﬁ1 (k) x£k+1)+1
i k k k—1 k k k k+1 ’
S0P T P )_12¢1§> OIS SENCRN
i#j
ﬁ )\ni)_l(xgnfl)) mﬁ2 xglnfl) . En 2) mﬁl x(nfl) xl(nfl) 1 ﬁ x§n71) . xl(n) +2
Urogeny = W ien ™ e ey e U ey ™ o
J i 2 7 J i
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ﬁ g) (x;n)) - mﬁl xgn) _ xl(n—l) ﬁ xgn) _ :L,Z(") _9
i#j

for 2 < k < n—2 and all allowed j, and weights given by (4.2.45). In the orthogonal case, the
Bethe equations for £k = 1,...,n — 3 are identical to the symplectic case; for k =n —2,n —1,n

they are, respectively,

ﬁ )\5?_2 gn—Q)) mﬁ3 x;n—?) - xz(n—3) Mp—2 $§-n_2) B xEn_Q) 1
paler )\1,:_1 x§n—2 ) Py gn—Q) xfn—3) _ 1 121 xgn—Q) _ xEn 2) + 1
i#j
mﬁl {L';n_Q) xgn—l) +1mn xgn—Q) En) 1
% )
paley lén—Q) xl(n—l) paley x§n—2) B J}(n)
ﬁ M _ mff ‘Eg'n_l) — (" mﬁl :c§"_1) —amY o
o AT e e oy e e
i#j
(AL T o ety
g, = I L
i#j

for all allowed j, and weights given by (4.2.44). Substituting x§k)

restrictions on n as in Remark 4.2.12, the Bethe equations for both symplectic and orthogonal cases

— wj(k) —Jk with Jk and assuming

take the form

O )l
® - _
i=1 Aéil( lel il wj(k) —wl ¢ sdrag

for 1 < k <n and all allowed j.
Finally, the trace formula for level-0 Bethe vector (4.2.43) takes the form

n—1mE m
w10 g [ ({1 T et -0)

k=1i=1j=1
mo 0 n—1mg mo i .
) <HT£°($§ ))> <HHHRQ§QQ(:U§ ) 20 +/~e)>
=1 k=1i=1j=1 J
n—1 myg ) n—1k—1 myg k l
X<HHTa§( )(HHHHR <>)>
k=1i=1 k=2 1=1 i=1 j=m,
X (f9>®m0 ® (621)®m1 R ® (enm_l)@mn_l -,
where the trace is taken over the space W = Weo ® -+ @ Wynor 2 (C2)@0mot=Fmn-1) and
Amyp g

fo € End(C?") is defined for orthogonal and symplectic cases respectively by fi = €ntln—1—C€nt2n
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and f_1 = ept1n, and To(x)’s are defined via the rational fusion procedure analogous to that
in Section 4.1.3 (see [IMO12] and Section 3.1 in [GR20a]) and t is the transposition defined by

t: ey — e
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Chapter 5

Conclusion and Outlook

In this thesis we have studied closed and open spin chains using the nested algebraic Bethe ansatz
technique. More specifically, we have studied even orthogonal and symplectic (ga,, or indeed
Uq(g2n) ) spin chains, and applied a nesting procedure which reduced the diagonalisation problem
to well-known gl -type problem.

Having found expressions for the eigenstates, physical properties of the spin chain can be ex-
plored by calculating expressions for scalar products between eigenstates and other important
states, as well as matrix elements known as form factors, in terms of the undetermined Bethe roots.
For the closed Heisenberg spin chain, it was shown that overlaps reduce elegantly to a determinant
form [SI189], and this has recently been extended to closed spin chains with gl,, symmetry [GLR20].
It is hoped that a similarly elegant form exists for the open spin chains.

The Bethe ansatz has a well known application in models relating to the AdS/CFT corre-
spondence: Hamiltonians for spin chains of certain symmetry algebras, including s0(6), show up in
1-loop corrections to correlation functions in the conformal field theory. A recent paper [LGKLP20)]
details these calculations for certain open spin chains, including models of similar type to those
studied in Chapter 3.

Here we outline some alternatives and extensions to the methods we have presented.

5.1 An alternative nesting procedure

When applying the algebraic Bethe ansatz, the main freedom we have is the ‘creation operator’
for the system—Dboth its structure and the ordering of multiple creation operators. In the nested
algebraic Bethe ansatz, the creation operator is chosen to facilitate the reduction of the system to
a lower-rank case using the algebraic relations between the monodromy matrix elements. In this
work in particular, we have focussed on the nesting procedure go, O gl, D --- D gl,. However, it
is possible to work ‘from the other end of the Dynkin diagram’, employing instead the procedure
gon O Gon—2 O -+ DO go. An advantage of this nesting procedure is that it allows one to study the
odd orthogonal (type B) case in the same manner: $09,+1 D §02,-1 D -+ D §03, where a variant

of the gl, algebraic Bethe ansatz is applied at the final step. This is a well-known technique, and
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has been applied to closed [MR97] and open spin chains [GKR05, Gol8].

Another approach to the type B case, first introduced by Reshetikhin [Rs85], defines a mon-
odromy matrix with the spinor representation as its auxiliary space. The resulting matrix is 2V
dimensional, and at each step cutting the matrix into equal sized block matrices corresponds to the
nesting procedure above.

The [MR97] paper also contains the algebraic Bethe ansatz for the more general orthosymplectic
spin chain. For open orthosymplectic spin chains, the Bethe equations were given in [AACDFRO04],

but the construction of eigenvectors remains an open problem.

5.2 Baxter’s () operator

One technique that has seen much success in studying solvable models was introduced by Baxter
[Ba72]. In his landmark solution of the 8-vertex model Baxter does not construct eigenvectors
for the transfer matrix. Rather, he defines an operator, denoted (), which commutes with the
transfer matrix and the action of which on the Bethe eigenvector is simply given by a polynomial
with roots at each of the Bethe roots. This implies that the expression for the eigenvalue of the
transfer matrix may be replaced by an operatorial relation between the transfer matrix and the
@ operator: Baxter’s T-Q) relation. The Bethe equations then appear as an analyticity condition
for the transfer matrix eigenvalues. This technique was adapted by Reshetikhin into the analytical
Bethe ansatz [Rs83], which allows one to obtain the eigenvalues and Bethe equations without the
use of the ‘heavy machinery’ of the coordinate or algebraic Bethe ansétze, and which saw much
success in the study of spin chains [KS95, AACDFR03, ACDFRO6].

An explicit construction of Baxter’s () operator is not necessary for finding the transfer matrix
eigenvalues and so, until recently, its form has only been known in the low-rank cases. However, in
[BFLMS11] the gl,, closed chain was studied in detail, linking the @ operator to infinite dimensional
oscillator representations of (slight generalisations of) Y'(gl,,). It was shown that the @ operator
may be constructed in the same way as the transfer matrix, but with the ‘auxiliary space’ being
this oscillator representation. The investigation into even orthogonal spin chains is far advanced
[Fr20], and it is hoped that these results could be generalised to open chains—the XXX and XXZ

cases were studied in [FS15, VW20]—in particular to those with non-diagonal boundary conditions.

5.3 Solutions to the Bethe equations

In this work, our starting point has been a spin chain and transfer matrix, and our end point has
been Bethe vectors, eigenvalues and Bethe equations. However, we did not touch on the notion
of completeness of the Bethe ansatz, or the solutions to the Bethe equations themselves. Indeed,
the counting of solutions to the Bethe equations has always been a topic of study, since even the
original Bethe ansatz [Be31]; perhaps Bloch’s [BI130] miscounting of eigenvectors partially inspired
Bethe to pick up the problem in the first place.
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The Bethe ansatz completeness problem has been studied in detail in a series of works by
Tarasov, Varchenko and Mukhin; [Tal8] contains the results for the XXX model as well as the
relevant references. Higher rank cases have been studied using the ‘reproduction procedure’, a
method which gives families of solutions originating from a single solution [MVO03]. It would be
interesting to explore the reproduction procedure for Bethe equations derived from open spin chains
and determine of the mathematical structure of the corresponding population of solutions.

The counting and classifying of solutions into those that lead to physically valid eigenstates
has also been studied using computational algebraic geometry [JZ18]. Similarly, in [MV17] a
computational method was given for determining the Bethe roots using relations between the
eigenvalues of the Baxter () operator, known as the QQ system.

Regarding the models we have studied in this thesis, one natural prerequisite for the complete-
ness of the Bethe ansatz is the irreducibility of the spin chain as a representation of the quantum
group. In the case of the Yangian Y (gl,,), this supplies a restriction on the shift parameters c¢; and
weights A of the evaluation modules that make up the spin chain, mentioned briefly in Section 1.2.1.
However, the relevant irreducibility conditions for representations of twisted Yangians are not yet

known.

5.4 Separation of variables

Separation of variables is a well-known technique when applied to PDEs, but Sklyanin was the
first to popularise it as a universal method for solving classical and quantum integrable models,
including quantum spin chains [Sk92]. The method involves a detailed analysis of the B operator
(creation operator), regarding it as a polynomial with operator coefficients and finding its operator
roots. Diagonalising these operator roots, which commute by virtue of the algebra relations, then
provides a useful basis for the construction of transfer matrix eigenvectors.

Sklyanin was able to apply the method to the sus- and sus-symmetric closed spin chains.
For the sus model, the technique differs from the nested algebraic Bethe ansatz—rather than
using a particular ordering of creation operators, the eigenstates are built from a single, carefully
constructed B operator. The form of this operator was deduced from its classical counterpart,
but this approach is limited by operator ordering ambiguities when moving to the quantum case.
Nevertheless, the extension of this construction to su, was recently discovered [GLS17]. The
orthogonal and symplectic cases remain open problems, as it is a difficult task to find an appropriate
diagonalisable B operator with the correct number of roots.

Separation of variables has also been expanded to open spin chains [FKN14], where it was
successfully applied to an XXZ system with arbitrary non-diagonal boundaries. We hope that in
the future this technique can be applied to open spin chains of higher rank, as well as the orthogonal

and symplectic spin chains.
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