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Abstract

Reconstructing the 3D geometry of objects from images is a fundamental problem in computer
vision. This thesis focuses on shape from polarisation where the goal is to reconstruct a dense

depth map from a sequence of polarisation images.

Firstly, we propose a linear di erential constraints approach to depth estimation from po-
larisation images. We demonstrate that colour images can deliver more robust polarimetric
measurements compared to monochrome images. Then we explore di erent constraints by tak-
ing the polarisation images under two di erent light conditions with xed view and show that

a dense depth map, albedo map and refractive index can be recovered.

Secondly, we propose a nonlinear method to reconstruct depth by an end-to-end method.
We re-parameterise a polarisation re ectance model with respect to the depth map, and predict
an optimum depth map by minimising an energy cost function between the prediction from the

re ectance model and observed data using nonlinear least squares.

Thirdly, we propose to enhance the polarisation camera with an additional RGB camera in
a second view. We construct a higher-order graphical model by utilising an initial rough depth
map estimated from the stereo views. The graphical model will correct the surface normal
ambiguity which arises from the polarisation re ectance model. We then build a linear system
to combine the corrected surface normal, polarimetric information and rough depth map to

produce an accurate and dense depth map.

Lastly, we derive a mixed polarisation model that describes specular and di use polarisation
as well as mixtures of the two. This model is more physically accurate and allows us to decompose

specular and di use re ectance from multiview images.
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Chapter 1

Introduction

1.1 Motivation

Retrieving 3D information about our surroundings is one of the fundamental problems in com-
puter vision. Objects with di erent shapes and appearances can be perceived by human and
animals easily, but it is a non-trivial task in computer vision. Over the last few decades, both
academic and industrial researchers have been inspired and dedicated to develop algorithms to
make machines able to perceive and produce a wide range of applications. For instance, creat-
ing robots that can replace humans in tedious and dangerous work such as autonomous driving
aims to manoeuvre vehicles safely while perceiving di erent tra ¢, road conditions etc. Rescue
robots can enter into dangerous and complex environments where humans cannot safely reach.
Logistics robots can manage warehouses and transfer goods to save a lot of human resources.
All these related tasks involve a fundamental problem: how to receive the data from our 3D

world. Several methods and sensors have been developed to tackle this problem.

This thesis focuses on reconstructing 3D shape from polarisation images. A polarisation im-
age records polarisation state at each pixel. Computational polarisation vision seeks to exploit
this additional information in order to tackle computer vision tasks. This is a disruptive tech-
nology, with the promise of providing new approaches to computer vision problems and broad
potential applications. On the other hand, we already see a wide range of applications utilising
polarisation in our daily life. You might experience that while walking or driving on a sunny
day, the glare illumination will blind your view. By wearing a pair of polarised sunglasses, glare

will be removed and your view will become clearer. Or you would like to take a photo of a scene



under the river while you are resting ashore, and the scene under the river has been concealed
by the re ected light. By mounting a polarising Iter on your camera, adjusting it then you can
capture a clear view under the water surface. An example has been shown in Figure 1.1. There
are many other critical applications developed by the use of polarisation such as Liquid Crystal

Display, 3D stereo movies etc.

The polarisation state of light re ected from a dielectric (i.e. non-metallic) object conveys
information about both the material properties and shape of the object [82]. The reason for this
phenomenon is that unpolarised light becomes patrtially polarised when it is re ected specularly
[64] or diusely via subsurface scattering [6]. The degree of polarisation and the orientation
of the polarisation are related to local surface orientation, the refractive index of the material
and whether the re ection was di use or specular. Usually, this information is not visible in an
image captured by a conventional camera. However, using either a custom polarisation camera
(based on polarising beamsplitters or micropolarising Iters on the sensor) or simply placing a
rotating linear polarising lter in front of a conventional camera, this rich source of additional

information becomes available.

A polarisation camera captures additional information about the surface orientation of ob-
jects. These surface features can greatly enhance methods which just use intensity information
alone. (a) It provides surface normal information on featureless regions where stereo matching
methods fail. (b) A proper formulation can achieve di use and specular separation in natural
illumination which will be addressed in this thesis. (c) Detailed reconstruction is possible on
pixels with high specularity and inter-re ection while multi-view stereo and shape from shading

completely fail.

1.2 Thesis Outline

The remainder of this thesis is organised as follows:

Chapter 2. Background and Related work . We go through the basic theory of
polarisation and show the derivation of the polarisation re ectance model which is widely

used in computer vision. We then review the related work involved with polarisation.

Chapter 3. Underpinning methods for shape-from-polarisation . In the rst part,
we propose a multichannel estimation method that utilises chromatic polarimetric intensity

images to suppress noise in the polarisation decomposition. This improves the quality of

2



the polarisation images and will better serve our depth estimation from polarisation images.
In the second part, we propose a linear least squares approach to formulate the surface
height from gradient. Moreover, we developed a 2D Savitzky-Golay Iter which provides

a higher order surface derivative approximation that can be applied to arbitrary domains.

Dizhong Zhu , and William AP Smith. \Least squares surface reconstruction on

arbitrary domains." Proc. ECCV (2020).

Chapter 4. Monocular shape-from-polarisation : We propose two approaches with

active light sources to address the problems of depth estimation and albedo estimation

(a) source: https://www.misterspex.co.uk/sunglasses-guide/sunglasses-lenses

(b) source: http://www.paddling.net/sameboat/archives/sameboat496.html

Figure 1.1: (a) left image shows a scene under glare light without wearing sun glasses, right
image shows a similar scene wearing sun glasses. (b) left images shows the photo captured

without polarising lter, right image shows the photo captured with a polarising lter.



under a monocular polarisation setup. (a) We rst use a nonlinear approach to estimate
the object depth under one view with one light source. We re-parameterise the di use
polarisation re ectance function w.r.t depth. The optimum depth should minimise the
cost between predicted intensity and observed polarimetric images. (b) In the second
approach, we utilise two di erent light sources to build a linear system to reconstruct the

depth and achieve albedo estimation.

Tozza, Silvia, William AP Smith, Dizhong Zhu , Ravi Ramamoorthi, and Edwin R.
Hancock. \Linear di erential constraints for photo-polarimetric height estimation." In
Proceedings of the IEEE International Conference on Computer Vision, pp. 2279-2287.
2017.

Yu, Ye , Dizhong Zhu , and William AP Smith. \Shape-from-polarisation: a non-
linear least squares approach.” Proceedings of the IEEE International Conference on Com-

puter Vision. 2017. indicates equal contribution

Chapter 5. Depth from a polarisation + RGB stereo pair : We propose a hybrid
depth imaging system in which a polarisation camera is augmented by a second image from
a standard digital camera. The method includes the following key steps: (a) A graphical
model to solve the normal ambiguity and label each pixel as di use or specular dominant
by minimising a novel energy. (b) With di use label and corrected normal we estimate
the albedo of the object. (c) Build a linear system to solve the depth under perspective

camera model.

Dizhong Zhu , and William AP Smith. \Depth from a polarisation+ RGB stereo
pair." Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition.

2019.

Chapter 6. Mixed polarisation model with Multi-view stereo : We propose a

comprehensive mixed polarisation model of both specular and di use polarised re ectance.
We then propose a novel method for tting this model to multi-view data. We emphasise

that this line of work is not yet complete but provides a rst attempt in this direction

which shows promising results.

Chapter 7. Conclusion and Future work : This chapter summarises the main contri-

butions from this thesis and suggests potential future works based on polarisation.



Chapter 2

Background and Related Work

This chapter reviews the fundamental theory of the polarisation phenomenon and explains how
to derive the polarisation re ectance model which is widely used in shape-from-polarisation. We
then review some important papers that use polarisation images for di erent computer vision

tasks.

2.1 Background

2.1.1 Polarisation phenomenon

In 1669 Rasmus Bartholin discovered double refraction of a light ray. When a single ray of
natural incident light propagated through a calcite crystal it caused two rays to emerge, which
demonstrated that a single ray of light actually consists of two rays [11] as shown in Figure 2.1.
Christiaan Huygens further showed that by allowing these two emerged lights to pass through
a second calcite crystal, and rotating it, the intensity of one emerged ray was maxmised while
another vanished. At a 45 rotation degree, the intensities of these two rays were equal. They
observed this opposite behaviour of intensity and the two rays were said to be polarised. Until
in the early 19" century, Augustin-Jean Fresnel proposed his Fresnel's wave theoryto fully
explain this phenomena of light. Furthermore, Fresnel and Arago experimentally showed that
the optical eld can be decomposed to two orthogonal components in the plane transverse to
the direction of propagation [18,38]. The component of electronic wave perpendicular to the
incident plane is called s-polarised (or Transverse Electronic) while the one of magnetic wave

perpendicular to the incident plane is calledp-polarised (or Transverse Magnetig as shown as



Ex; Ey respectively in Figure 2.2. The two optical components are waves that we can present

them in following forms: |
'Ex(ﬁt): EOXej(Rf It + ) (2 1)
! . :
‘Ey(f;t) = Eqyd KT '+ y)
where Eox; Eoy are the maximum amplitudes of the two waves respectivelyk is the direction of

propagation, + is a position vector, y; y are arbitrary phases.

Figure 2.1: Double refraction occurs in calcite because it is an anisotropic crystal and the o-ray

wave front propagates as a sphere, whereas the e-ray propagates as an ellipsoid [18].

Figure 2.2: lllustration of two orthogonal waves, assume the plane of our paper is incident plane,

then Ey is p-polarised component while Ey is s-polarised component.

Polarisation ellipse. A classical way to describe and visualise the polarisation state is to
use the polarisation ellipse [18]. It takes the real part of the equations in (2.1) with certain
computation that leads to an equation of an ellipse:

! ) ! . I !
JEx (% 1)j? N JEy (£ 1)j2 2EX(1=;t) Ey(#t)
EOx2 EOy2 Eox EOy

cos(y x)=sin?(y ) (2.2)



Figure 2.3: An illustration of some polarisation states. Imagine that the instantaneous state of

a light wave will move along the arrow on the ellipse.

Proof. In detail, we take the real parts of the equation (2.1) and postulate that = K * It

then we have

|
‘Ex(¥;t) = Eoxcos( + )

|

1) Rearrange the above equations and expand them by trigonometric function, we get

!EX('F; t)

=COS COS yx Sin sin (2.3)
| EOX
‘Ey(xt . .
(B _ cos cosy sin sin y (2.4)

2) We multiply sin y with equation(2.3) and sin yx with equation(2.4), we have

!Ex('l‘;t)

sin y =C0S COS xsin y sin sin xsin y (2.5)
I Eox
Ey(xt) . L .
3;5( )sm x =COS COS ysSin x sin sin ysin (2.6)
Oy

3) By subtracting equation(2.5) and equation(2.6), we have

| |
' 1) . Ey(¥;
EOx Oy

sin y =cos sin(y ) (2.7)

4) Similarly, we multiply cos y with equation (2.3) and cos x with equation (2.4), then
subtracting them we have:
| |
Ex(£1) ‘Ey(rt)

COS y
0x Oy

cos x =sin sin(y ) (2.8)



5) We square equations (2.7), (2.8) respectively and adding them, with some trigonometric

transformation we have got:

I ! !

Ex(f5t) ‘Ey(rt) Ex(ft ‘Ey(r5t :

( x(F 1) sin y(F1) sin )2+ ( LCOS y Lcos )2 = sin( y  x)
Eox oy Eox Eoy

which is the same as equation (2.1).

The shape of the ellipse reveals the polarisation state of the optical eld. There are special
combinations of amplitude and phase that are critically important. These are: 1) linear polari-
sation state of horizontal polarised light (LHP ) and vertical polarised light (LVP ). 2) Linearly

45 polarised light (L+45P ,L-45P ). 3) Right and left circularly polarised light ( RCP , LCP ).

An example has been shown in Figure 2.5

Stokes parameters. The equation (2.2) of an ellipse only presents an instantaneous state of
polarised light, and cannot be measured directly. In order to measure the energy of the polarised
light, Sir George Stokesintroduced Stokes polarisation parameters, by taking a time average of

the polarisation ellipse can lead to the following equation [36]

S()2 = 512 + 822 + 332 (2.9)
where
so = Eox?+ Eqy?
S1 = EOX2 EOy2
SZ = 2EOXEOy COS(y X)

For convenience, we rewrite the stokes parameters into &tokes vector , and the parameters

descriptions can be concluded as follows

2 3
So_ ! Intensity of optical ray

s1Z! preponderance of LHP light over LVP light (2.10)
s= .
so£ ! preponderance of L+45P light over L-45P light

s3 ! preponderance of RCP light over LCP light

The Degree of Polarisation is de ned by the equation

P
_ _SEtstrst 1 (2.11)
So ’ '




We can now model the change of polarisation state as a functios?= F(s), where F is a series of
transformations that change the input polarisation state s to new state s° The transformation
function F is actually a linear transformation that can be written as a 4 4 matrix known as a

Muller Matrix  [36]. We can model the change of polarisation state as follows:

2 3 2 32 3
88 Moo Moe1 Me2 Moe3., .So
0
S1 Mip M11 M2 M35 0S;
= (2.12)
sS M20 M21 M2z M23E 7S2
s% M3 M31 M3z M3z S3
Measuring polarisation state. With equation (2.12), we can measure the Stokes parameters

of incident light by using a phase retarder and a rotated linear polariser [18], which is shown in
Figure 2.4. The rotating linear polariser can be decomposed to linear polariser and optic rotator.
An ideal linear polariser only allows the light aligned with a certain direction to transmit through
it and absorbs the rest. The optic rotator allows the light to propagate through it and rotates

the polarisation ellipse. The Muller matrix of the rotated linear polariser is

2 3
1 cos 2 sin 2# 0
Mmoo (#) = 1fcos 2 cog2#  sin2#cos O ; (213)
2Bsin2# sin2#cos@  sin?2# 0
0 0 0 0

I
where # is the angle of rotation w.r.t to Ey, and the rotation plane is perpendicular to the

| |
incident plane. A phase retarder is to shift phase betweerE, and Ey. Concretely, a phase
retarder has a fast axis normally along thex axis, and slow axis alongy axis, the light through
a retarder will shift phase by ' between the orthogonal components. The Muller matrix of the

phase retarder can be written as follows:

2 3
10 0 0
, 01 0 0
Mpr(")= (2.14)
0 0 cos sin'
0 O sin' cos'

We can model this process by (2.12) thass is the light state in the light source, and Cis the light
state received in the detector. This yieldss®’= M (#;' ) s, whereM (#;' ) = M rpoL (#) M pr(" ),



in detail:

N
w

1 cos & sin 2# cos' sin 2#sin'
1 6cos 2 co 2# sin 2# cos 2 cos' sin 2# cos Z sin'
M#' )= = : (2.15)
2Qsin2# sin2tcosH sin? 2# cos' sin? 2# sin'
0 0 0 0

If the detector only measures the rst component ofs® which is the intensity of light ray, it can

be simpli ed as the rst row of the M (#;' ) multiplied with Stokes vector s:
L(#" ) =(-Ma(#")-) s

1 (2.16)

= E(so + s;cos# + s, Sin 24 cos' szsin2#sin' );

where | (#;' ) is the intensity of received light ray. In order to compute the Stokes parameters,

we rst removed the phase retarder, and record the intensity only by rotating the linear polariser

in # =0, 7 and 5 angles which we denote the intensity ad (0;0);1(3;0);1(5;0) respectively.

Then we insert a phase retarder as Figure 2.4 witi = - and rotated linear polariser in angle

7 where denote ad (Z; E):

So = 1(0;0) + I(E;O)

s1=1(0;0) 1(5:0)

: (2.17)

Sy =21 (Z;O) So

= 20(—; =
sz = So (41 2)
We utilise (2.16) to develop a more compact way to represent the (2.17), we write it in a matrix

form by stacking di erent polariser rotated angles and whether inserting a phase retarder as

2 32 3
|(#1.0) (- |V|1(#1.0) ) So
Sz (2.18)
| (#n,;0) (-M1(#n;0)-) S2
I (#1; 5) (-M1(#1;5)-)  s3

This provides a closed from solution by linear least squares [74] and is more robust to noise

whenn 3.

2.1.2 Polarisation re ectance model

The polarisation state of light will change when an optical ray interacts with a surface. This is
due to re ection and refraction caused by di erent refractive indices on two sides of the interface.

Where refractive index is de ned by a ratio between light speed in vacuum and speed in the
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medium. To simplify our explanation, we rst consider s-polarised optical ray whose electric eld
is perpendicular to the incident plane as shown in Figure 2.6, where an optical ray propagates
from one medium to another medium! Ki I kr!; k:; denotes the propagation directions of incident
ray, re ected ray and transmitted ray respectively. Assume the optical ray! ki is oriented at
angle ; w.r.t the interface normal, the re ected ray will propagate at the same angle ;. While
the transmitted ray will propagate at angle ; which is determined by the refractive index of

medium 1 ( ;) and refractive index of medium 2 ( ), which is known as Snell's law [15]:

sin t
- = —: 2.19
SN ¢ i ( )

As shown in Figure 2.6, an optical ray constitutes an electric eld E and magnetic eld B
due to electromagnetic property. The oscillation directions ofB; E and propagation direction K

can be written as
E?B?K

E B=K
The amplitude between electronic eld and magnetic eld has the relationship as follows
E="8: (2.20)
where refractive index and magnetic permeability depends on the property of the medium.
c represents the speed of light [59] in a vacuum. We can also write down the boundary condition

of the s-polarised ray in Figure 2.6 as

BrEEE (2.21)

Bicos; B,cos ;= Bicos;

Figure 2.4: [18] Classical method to measure the Stoke parameters, imagine tHey; E, of

optical ray align with X;y axis respectively.
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We substitute equation (2.20) into equation (2.21) to obtain

_t

Ei—~cos; E;—-cos;=E;{— cos
i C Ct
) Eicos; E;cos;= f'cost(Ei+Er):
1t
E, COS; :—icost
E_cosi+:—icost

Figure 2.5: The degenerate polarisation states and their corresponding Stokes vectors. The

linearly polarised lights are degenerates case of the ellipse equation.
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This gives the amplitude ratio of s-polarised optical rays between re ected ray and incident ray.
In this thesis we only consider non-magnetic medium so that ; =  approximately, which leads

to
E, COS | —:cost

E; cos;+ Lcos ¢’
An amplitude ratio between refractive/incident ray E—: can be calculated by following the same

process, subEtituting E: instead of E,. By substituting a variational form of equation (2.19)

thatcos (= 1 (—‘t)zsin2 i, we arrive at the Fresnel equations of s-polarised ray
p___
E, cOS | 2 sin?
r<(j; )= — = o 2.22
L) Ei cosi+ 2 sin? (2:22)
E: 2COS j
sCis ) E cos x " T e (2.23)
where = —f similarly the Fresnel equation of p-polarisedray is
p__
2 : 2 qin? -
COS j sin®
re( i3 )= P (2.24)
o 2cosi+w2 sin®
2 COS i
to( i; )= P (2.25)
P 2cosi+v2 sin?
Polarisation by re ection and transmission The polarisation state change between inci-

dent light and re ected light can be modelled by a Muller matrix as described in (2.12), denoted

by ss = Mgr(i; ) s where

2 3
Rs+Rp Rs Rp 0 0
18Rs Rp Rs+ R 0 0
Mr(i )= 5 P e
o 2LRR, 0
_ 2.26
0 0 o 2 RR, (2.26)
where  Rs=rs%, Rp=rp?

The polarisation state change between incident light and refracted light can be modelled by

st = M1(i; ) s where

2
Ts+Tp Ts Tp 0 0
Tp Ts+ T 0 0
Mr( i é el
o 27T, o
- 2.27
0 ZD TsTp ( )
where  Ts=ts?, Tp= tp?
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2.1.3 Assumptions

We now have all the building blocks to construct the polarisation re ectance model. We made

these key assumptions on shape-from-polarisation method through this thesis.

The incident light is unpolarised light.
We will not use the circular component when we measure the received optical ray.

We only consider dielectric material objects.

|
Figure 2.6: An optical ray with direction " ki propagates from medium 1 to medium 2, which

produces a re ected ra)} k. and a transmitted ray! k; at the interface between medium 1 and
medium 2. The re ected angle ; = ; and the transmitted angle ; is determined by the Snell's
law. E; B present the amplitudes of electronic eld and magnetic eld of optical ray respectively.
And direction of E is perpendicular to the incident plane while direction of B is coplanar with

incident plane.
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The object surface is smooth and we do not consider the rough surface which might cause

depolarisation e ects.

We do not consider subsurface re ection and refraction.

2.1.4 Specular re ection polarisation model

We rst derive the specular re ection component of our polarisation re ectance model. Figure
2.7 shows a typical setup to capture polarimetric intensity images. The polarisation state of
the optical ray emitted from light source until to camera follows the path: 1) Unpolarised when
emitted from light source. 2) Partially polarised when re ected from object surface. 3) Linearly
polarised after passing through a rotated linear polariser Iter. This change of polarisation state

can be compactly written in Muller matrix with equations (2.13), (2.26) and (2.12) as
$°= MgeoL (# i+ S)Mr( i )s; (2.28)

where the the unit surface normal is written in spherical coordinates such that the zenith angle
is equal to the incident ray angle i, and the azimuth angle is ;. The rotation angle of the
polariser w.r.t x axis is denoted by#, and the orientation between polariserw.r.t the re ected

ray now is # i + » as shown in Figure 2.8.

Figure 2.7: An experiment setup to capture polarimetric images. Compare to Figure 2.4, we

remove the phase retarder so that only linear polarisation information will be captured.
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Figure 2.8: The incident ray is coplanar with surface normal, while the most energy of re ected
ray is s-polarised which is perpendicular to the incident plane. The surface normal is oriented at

i when mapped to the image plane, so the angle between polariser and re ected ray#s j+ 5.

If the incident ray is unpolarised, the Stokes vector can be written ass = [sg 0 0 O] . The Stokes

vector of re ected ray can be written as follows by substituting (2.26) in

2 3 2 3
So So(Rp + Rs)
0 18s9(R R
s = Mg =3 oRs Re)g. (2.29)
0 0
0 0

In order to measure the Stokes parameters of the re ected rag,, we adapt (2.16) without phase

retarder which leads to
| (#) = %(so(Rp+ Rs)+ so(Rs Rp)cos(2# 2 i+ )): (2.30)

Note that the rst component of (2.29) is the intensity of the re ected ray by (2.10), and the

degree of polarisation is = S;Sz by (2.11). We substitute equations (2.22) and (2.24) into

degree of polarisation such that .
E_
2sir?( j)cos(i) 2 sin?( i) _
sin’(()  2sin?( j)+2sin?( )’

This is known as the DoP of the re ection polarisation re ectance model and we denote with

(i:)= (2.31)
s- The %lso(Rp + Rg) will be denoted aslg, it represents the unpolarised intensity when we
actually capture by a conventional camera. We nally arrive at a simpli ed version for re ection
polarisation re ectance model that is used in most of the state of the art methods [6, 69, 70, 77,
87,89]:
I(#)=1s(1+ s cos( 2+ )): (2.32)
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2.1.5 Diuse polarisation model

The di use polarisation model is modelled by the light scattering inside the object and refracted
back out through the object surface. The di use polarisation re ectance model follows a similar
path as the specular re ection model, the di erence is the incident light is emitted from the
inside of the object, and the detector is receiving its refracted light as shown in Figure 2.9. We
denote the Stokes vector of incident light from the object ass,, the change of polarisation state

can be described by combining equations (2.13), (2.27) and (2.12) as
0_ .
So= MgrroL (#  i)M71( t;—)So! (2.33)

Since the incident ray comes from inside of an object is assumed to be unpolarised, the Stokes
vector can be written ass, = [Sp, 0 0 O] . The Stokes vector of the refracted ray can be written

as follows by substituting (2.27) in

2 3 2 3
S S0, (Tp + Ts)
0 18s0,(Ts T
S =Mr _ 18so.(Ts Tp) (2.34)
0 2 0
0 0

Notice that the incident ray angle is  and refractive index is the reciprocal of since the ray is
emitted from the medium of object. We can simply convert ; to zenith angle ; of surface normal
by Snell's law (2.19). Compare this with Figure 2.7 in which the incident ray and re ected ray
all lay in the medium of air. The orientation between polariser w.r.t the refracted ray now is

# i as shown in Figure 2.10.
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Figure 2.9: The optical ray emitted from a light source will bounce multiple times inside the
object which makes the optical ray remain unpolarised. Then the optical ray is transmitted out

from the object and received by the detector.

Figure 2.10: The incident ray is coplanar with surface normal and refracted ray, for the most
energy of refractive ray isp-polarised which is coplanar to the incident plane. The surface normal
is oriented at ; when mapped to the image plane, so the angle between polariser and refracted

ray is# .

Combining equations (2.16) (2.27) and (2.33) we get

()= S0 (Tp+ T+ s0,(Ts Tp)oos(2t 2 1)) (239)

The degree of polarisation is = EJS by (2.11). We convert { to ; by (2.19) and substitute
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1 with equations (2.23) and (2.25) into degree of polarisation such that

. si?( ()2
(i; )= E—7M— ; (2.36)
4cos(i) 2 sim?( i) sin( i) +1)2+2 2+2

This is known as the DoP of the di use polarisation re ectance model and we denote with 4.
The %so(Tp + Ts) will be denoted asl 4, it represents the unpolarised intensity image when we
capture with a conventional camera. We nally arrive at a simpli ed version for the di use

polarisation re ectance model:

L(#) = 1g(L+ g cos( 2 1)): (2.37)

2.1.6 Polarisation information from polarimetric image data

The rst researcher that used a polarimetric approach to estimate shape can be traced back
to 1979 by Koshikawa [49] who took advantage of the re ected polarised light to estimate the
shape of glossy objects. Later Wol [80,82] proposed the Fresnel re ectance model that nicely
builds a bridge between physics constraints and the task of surface shape estimation in computer
vision. With a linear polariser placed in front of a hormal camera (Fig 2.7 and Fig 2.9), and
by rotating the polariser, the intensity of each pixel in the captured images follows a sinusoidal
function w.r.t the polarising Iter orientation as predicted by equations (2.37) and (2.32). While

in experiments we measure the image intensity (#) but it remains unknown which model each
pixel belongs to. For we have seen both the equations (2.37) and (2.32) form sinusoidal functions.
To simplify we denote the unit surface normal as; instead of ; ;. And we merge these two

eqguations into one for a general presentation:
l4(lun; ;" )= lun(@+ cos(Z 2)); (2.38)

where

I un is the mean value of the sinusoid or can be presented as the intensity value captured
without a polarising Iter. It encapsulates the surface re ectance properties of the object

and the illumination of the scene.

represents the degree of polarisation which measures the proportion of how much initially
unpolarised optical light ray becomes linearly polarised after re ection/refraction by the

surface.

# represents the polariser orientationw.r.t axis of image plane.
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' represents the phase angle that is related to the azimuth angle of the surface normal
projected to image plane, but the relationship depends on whether specular polarisation

model or di use polarisation model is used.

Notice that the experimental setup only uses a linear polariser which means the circular com-
ponent of the optical ray won't be measured. The process is the same as (2.17) shows. Instead
of measuring the Stokes parameters directly, we are now interested in unknowns of,, and

in (2.38) where we move the known polariser orientation to subscript, and unknowns to the

bracket. We expand (2.38) as
l#(lun; ;" )= lun + lun cos(2#)cos(2 )+ lun sin(2#) sin(2' ):

While the polariser orientation # and intensity | are measured data, we can factor out the

unknowns to one side of above equation into a matrix form:

2 3 23 2 3
h i X X lun
l4(lun; 5" )= 1 cos(2#) sin(2#) éyz where Eyz = glun cos(2 )z: (2.39)
z z lun sin(2' )

Theoretically we can solve thex;y;z by capturing N images whereN 3 whose polariser is

oriented at di erent angles. By stacking (2.40) into matrix form as (2.18) suggests, we have

2 323
1 cos(2t1) sin(2#1)

g:i = g : : z §§§ (2.40)

1 cos(2y) sin(2#N) z
I {z }

A2RN 3
where |4, represents the intensity under polariser orientation at angle#ji 2 [1:::N]. Due to
the noise and model approximation error, the observed image®y are not equal to the valuel 4

that are predicted by the model. We represent the relationship between 4 and Oz as

O =ly+ : (2.41)

)r(nyi_rzka [X;y;2]"  [Ogy;:::; 04, 1TKZ: (2.42)

For example we can solve by taking three images with polariser oriented at;0;; » suggested
by [18,82]. Although three images are enough to solve the equation, in practice we would like to
capture more than three images for robust estimation. The observed images might not perfectly

t the (2.40), but we can solve by linear least squares [74]. An example is shown in Figure 2.12
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where seven images are captured at polariser angles in radians of; EQ 31 31 %; %; ] which
gradually increase the angle byg as suggested in [87]. Another choice is to use a polarisation
camera that embeds the polarising lters at sensor level developed by Sony [72]. This camera
has polariser orientations at four di erent angles on the sensor. In contrast to a normal camera
with a mounted polariser, this camera makes the application based on polarisation information
easy to deploy. For example in our scenario, we need to take at least three images with di erent
polariser orientations which takes at least three shots. But with the latest camera developed by
Sony, we can access polarisation information in a single shot. An illustration of Sony polarisation

camera is shown here:

Figure 2.11: Sony's Polarsens 4 Pixel Block Polarizer Design. source:

https://thinklucid.com/tech-briefs/polarization-explained-sony-polarized-sensor/

As we see in Figure 2.12, the tted curve with seven images is closer to the ground truth

in contrast to only using the rst three images. We nally retrieve the unknowns by |y, = X,

y2+ 22,
X

2 [0;1]and’ = jtan 'Z as shown in Figure 2.13.
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Figure 2.12: The upper row shows input images that are captured by a camera with a mounted
linear polariser. The upper right numbers show the degree of angle rotated by the polariser. We
plot the samples by red cross and can see they are not a perfect sinusoidal curve due to noise.

But we show using more images is more robust to noise.

Figure 2.13: The 3 images shown; ;' respectively solved by (2.40).
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We have seen that (2.38) can be interpreted either as specular polarisation re ectance model
or di use polarisation re ectance model. In this stage, we postulate each pixel can only be either
specular dominant or di use dominant while in reality it is a superposition between these two
and we will model it later. We know that degree of polarisation is dependent on the zenith
angle of the surface normal and the refractive index of the material. While the phase angle
" reveals the azimuth angle of the surface normal with ambiguity shift by . This is because
the linear polariser will allow the incident ray both with azimuth angle and + to pass
through. i.e. in 2.10, the incident plane ipped by cannot be distinguished from which is not.
We have the following relationship for specular polarisation re ectance model

E_
2sir?( )cos() 2 sin?()
G )= 260 2sine()+2sn%()

8
2w or : (2.43)

>
2

For the di use polarisation re ectance model, we have

sin?( ) 1)?
()= B
4cos() 2 sin’() sin?( ) +1)2+2 2+2
3. N (2.44)
= >

We plot the degree of polarisation for each model respectively in 2.14. We constrain to lie
in [0; 5] otherwise the surface cannot be visible in the image. We are only concerned about
dielectric materials in this thesis, whose refractive index lies between [B; 1:6] [6]. By observing
the curve of specular DoP, there are up to two possible answers for, while the diuse DoP
yields a unique answer for . And each re ectance model has two possible solutions for. The
total possibility of the surface normal is therefore up to six, where four come from the specular

re ection model and two from the di use re ection model.

23






	1 Introduction
	1.1 Motivation
	1.2 Thesis Outline

	2 Background and Related Work
	2.1 Background
	2.1.1 Polarisation phenomenon
	2.1.2 Polarisation reflectance model
	2.1.3 Assumptions
	2.1.4 Specular reflection polarisation model
	2.1.5 Diffuse polarisation model
	2.1.6 Polarisation information from polarimetric image data
	2.1.7 Multi-view stereo

	2.2 Related work
	2.2.1 Monocular polarisation
	2.2.2 Two view Polarisation
	2.2.3 Multi-view Polarisation
	2.2.4 Limitations

	2.3 Conclusion

	3 Underpinning methods for shape-from-polarisation
	3.1 Multichannel estimation
	3.1.1 Solve unpolarised intensities
	3.1.2 Solve degree of polarisation and phase angle
	3.1.3 Alternating optimisation

	3.2 Polarisation image estimation with multiple light sources
	3.2.1 Solve unpolarised intensity
	3.2.2 Solve degree of polarisaiton and phase angle

	3.3 Least square reconstruction of surface height
	3.3.1 Linear least squares height-from-normals
	3.3.2 Linear equations
	3.3.3 Discrete formulation
	3.3.4 Numerical differentiation kernels
	3.3.5 2D Savitzky-Golay filters
	3.3.6 K-nearest pixels kernel
	3.3.7 3D K-nearest neighbours kernel
	3.3.8 Implementation

	3.4 Summary

	4 Monocular shape-from-polarisation
	4.1 Shape-from-polarisation by nonlinear least squares
	4.1.1 Shape-from-polarisation as analysis by synthesis
	4.1.2 Nonlinear least squares
	4.1.3 Priors
	4.1.4 Hierarchical estimation
	4.1.5 Ratio-based formulation

	4.2 Photo-polarimetric stereo
	4.2.1 Photo-polarimetric height constraints
	4.2.2 A unified PDE formulation
	4.2.3 Height estimation via linear least squares 
	4.2.4 Refractive index estimation
	4.2.5 Two source lighting estimation

	4.3 Experiments and evaluation
	4.3.1 Evaluating nonlinear square method
	4.3.2 Evaluating photo-polarimetric stereo method

	4.4 Summary

	5 Depth from a polarisation + RGB stereo pair
	5.1 Perspective depth representation
	5.2 Integrability-based disambiguation with a higher order graphical model
	5.2.1 Unary cost
	5.2.2 Pairwise cost
	5.2.3 Ternary cost
	5.2.4 Graphical model optimisation

	5.3 Albedo estimation with gradient consistency
	5.4 Linear perspective depth from polarisation
	5.4.1 Phase angle constraint.
	5.4.2 Shading/polarisation ratio constraint.
	5.4.3 Surface normal constraint.
	5.4.4 Global linear depth estimation.

	5.5 Experimental results
	5.6 Summary

	6 Mixed polarisation model with Multi-view stereo
	6.1 Mixed Polarisation Model
	6.2 Multi-view constraint
	6.2.1 Polarisation model under camera coordinate
	6.2.2 Reformulation under Multi-view stereo

	6.3 Estimation of mixed polarisation model
	6.3.1 Extract correspondences in image space
	6.3.2 Optimisation strategy

	6.4 Summary

	7 Conclusion and Future work
	7.1 Summary
	7.2 Overarching conclusions
	7.3 Future work


