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Abstract

The work in this thesis provides a refinement in the classification of nilpotent orbits in classical
algebras. Given an affine algebraic group and attached Lie algebra over an algebraically closed field
x with good characteristic, we explore the relationship between the nilpotent orbits given by taking
limits along cocharacters of the group. This can be used to determine the so-called accessibility
order of the nilpotent orbits in the Lie algebra. In this thesis, the accessibility of nilpotent orbits
in the general linear, symplectic and orthogonal algebras are completely determined, as well as
possible differences that occur when « is no longer closed. Leaving the restriction of algebraic

closure provides a topic for further research.
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Introduction

The work in this thesis is based on the work in the area of Lie theory, a subject dating back to
the late 19*" century. From the origins in “transformation groups” by Sophus Lie, the subject
has developed in various directions and influenced different areas of mathematics, such as repre-
sentation theory, algebraic and differential geometry, and mathematical physics. Before the 20"
century, semisimple complex Lie algebras were introduced, and this was quickly followed by their
classification. In the 1940s, the eponymous Dynkin diagrams provided a big refinement in this
classification.

The affine (and linear) algebraic groups in this thesis arise as groups which are also affine
algebraic varieties. From the beginning Lie algebras and algebraic groups were closely linked. By a
construction of Chevalley, an algebraic group can be constructed over any algebraically closed field
from a complex semisimple Lie Algebra. This connection is made closer as every affine algebraic
group has a Lie algebra attached over the same field as the group. This attachment can be
considered as a linearisation of the group. The group acts naturally on its Lie algebra, which will
be discussed in Chapter 1. From this action arise the so-called nilpotent orbits, which are the main
focus of this thesis.

Understanding how an algebraic group acts on its Lie algebra helps the understanding of the
group itself, this is explained in (for instance) the books about linear algebraic groups by Borel
[2], Humphreys [6], and Springer [9], but it also relates to other fields of study. The notes [7] by
Jantzen discuss several connections between the study of nilpotent orbits and other subjects, such
as the links with representation theory.

Since the introduction of the classification of nilpotent orbits for algebraic groups, it has been
refined many times. In this thesis, we will make another step in refining the classification. The
original classification of Dynkin-Kostant [3] in characteristic 0, using slo-triples, is a classic result
in the theory, which is still being revisited in the present day, for instance see [11]. In positive
characteristic, we refer to the paper of Holt-Spaltenstein (see [5]) and the sources given there. In
this thesis, the so-called dominance order for nilpotent orbits in classical groups is of particular
relevance. The dominance order was first established by Gerstenhaber [4].

The idea for using cocharacters (or 1—parameter subgroups) to study orbits and whether or
not they are closed (which is a different approach to the Zariski-closure) finds its origin in the work
of Hilbert (where the focus was on the general linear group). The Hilbert-Mumford theorem (see
theorem 1.8.1) is an application, which says that if an orbit is not Zariski-closed, taking the limit
of a suitable cocharacter will yield an element in a different orbit.

The first chapter of this thesis will explore the known information regarding linear algebraic
groups, nilpotent elements, Lie algebras, cocharacters and the related approach of closed and open
orbits, and the orthogonal and symplectic groups. The second chapter explains the results of the
research in the general linear group. In the third and fourth chapter, the symplectic and orthogonal
groups are covered. The final chapter summarises the developments made and gives suggestions

for further research.
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Chapter 1

Algebraic groups, lie algebras and

nilpotent orbits

In this chapter, we will discuss general information on algebraic groups, Lie algebras and nilpotent
orbits. We start with some notation and definitions. Throughout the thesis, x denotes an alge-
braically closed field with good characteristic. Given a set X and a k—valued function f: X — &
we denote evaluation at a point € X by e€,; that is €,(f) := f(z). An affine variety over k

consists of:
1. a set X of points,
2. a finitely generated k—algebra x[X] of k—valued functions on X,

such that the evaluation map = — €, gives a bijection X — Homy_a1s(x[X], k). A morphism of
affine varieties is a map ¢ : X — Y of sets of points such that f o ¢ € x[X] for all f € x[Y]. This
gives rise to the comorphism ¢* : k[Y] — k[X] defined by ¢*(f) = f o ¢.

Affine varieties carry a topology coming from the coordinate algebra: for any subset S C x[X],
we define V(S) C X to be the set {x € X | f(z) = 0 for all f € S}. These sets form the closed
sets in the Zariski topology on X.

The main focus of this thesis are affine algebraic groups and their actions on affine varieties.
An affine algebraic group G is an affine variety, with k[G] its coordinate algebra, and the following

are morphisms of varieties:

multiplication p: G x G — G,

inversion ¢ : G = G.
Example. Let G = GL, (k). Then the coordinate algebra is
H[G} = H[Xll,X12, e 7Xij7 e ,Xnn, 1/det},

where the X;; are the matrix coordinate functions and det is the matrix determinant.

The multiplicative group G,, can be defined as GL;. As an abstract group it consists of the
nonzero points of x under multiplication, and its coordinate algebra can be identified with the ring
of Laurent polynomials x[T,T!] in a single indeterminate 7. To show that y is a morphism of

varieties, we need to check that the comorphism ;# takes an element in k[GL,] to x[GL,, x GL,]:



= <Zn: Xa® X1j> (g,h).

So u#(Xyj) = >, Xy ® Xyj. For the inverse the argument is similar.

1.1 Algebraic groups, actions and linearisation

For further background reading, see [6], [2] and [9]. Let G be an algebraic group, and recall that the
irreducible and connected components of G coincide. We let G° denote the connected component
of G containing the identity; it is a normal subgroup of G of finite index, and the other components
are its cosets. The group G is called connected if G° = G. For the majority of this thesis, we will be
concerned with the general linear group GL,(x), symplectic group Sps,, (k) and orthogonal group
On (k). The groups GL, (%) and Sp,,, (k) are connected, and O,,(x) has two connected components.

The aim of this thesis is to study certain actions of algebraic groups on affine varieties. We
begin with some generalities. In general, let X be a set and let G be an abstract group. G acts on

X if there is a map

a:GxX =X

alg,r)=g-w

such that

x1 - (22 y) = (wra2) -y for x; € G,y € X
e-y=yforallyeX

If an algebraic group G acts on an affine variety X in such a way that the associated map

a:GxX =X,
(9,2) =g -z

is a morphism of varieties, then we say G acts morphically on X. In this situation, we get an induced
linear action on the coordinate algebra x[X]: given f € x[X] and g € G, define 7,4(f) € k[X] by

r

The comorphism of takes [X] to |G x X], so for any f € x[X] we can write: o (f) = Y|, a;®b;,
for some a; € k[G],b; € k[X]. But then for any g € G and x € X we have:



o(f)(@) = flg™" - x)
= fla(g™!,2))
= (f)(g~" @)

= Zai(g_l)bi($)~

Since this holds for all z € X, we conclude that 7,(f) = >.._, a;(¢~')b;, which is an element of
k[X], so 74 : K[X] = K[X].
To see that this does define an action, let g,h € G, f € k[X], z € X, and we calculate:

(g o) (f)(2) = 7

SO Tg © T, = T4, hence 7, defines an action.

Let G act on X. Then G -z is called the orbit of x. When the group acting is an algebraic
group and the set is a variety, it is natural to ask topological questions about the orbits. In this
setting, difficulties arise because not all orbits are closed, in the topological sense. Then forming a
quotient (for example) is difficult.

In this setting, we have the following result (see [6, Section 8.5-8.6]), which shows that algebraic
groups act “locally finitely”:

Proposition 1.1.1. Let G act morphically on an affine variety X, and let F be any finite-
dimensional subspace of k[X]. Then there exists a finite-dimensional subspace E of x[X] such that
F CE and 7y(E) C E for all g € G.

This allows us to “linearise” any such action. For us, there is one particular interest of this
result when we apply it to the action of an algebraic group G on itself by right multiplication, as

follows:

Theorem 1.1.1. Let G be an affine algebraic group. Then G is isomorphic to a closed subgroup

of GL,, (k) for some n.

The proof of this theorem can be found in [6][Section 8.6].

1.2 Nilpotent, unipotent and semisimple elements, the Jor-

dan decomposition

Since any affine algebraic group G can be embedded in some GL, (), by Theorem 1.1.1, we will
extend some familiar notions from linear algebra to algebraic groups in this section.

A particularly useful instance of this comes from nilpotent, unipotent and diagonalizable ma-
trices. Recall that a square matrix A is called nilpotent if some power A" = 0. A square matrix
A is called unipotent if A — I is nilpotent, where I is the identity matrix of the same size as A —

equivalently, all eigenvalues are 1. A square matrix is called diagonalizable if there is an invertible



P such that PAP~! is diagonal. Working over an algebraically closed field, one can see from
the Jordan normal form for matrices (for example) that any invertible matrix A has a unique
expression: A = A;A,, where A; and A, commute, A, is diagonalizable and A, is unipotent.
Now we can extend these notions to elements of an arbitrary affine algebraic group G. We
call g € G unipotent if the image of ¢ is a unipotent matrix in some linearisation of G; we call g
semisimple if its image is diagonalizable in some linearisation of G. It turns out (see [6, Section
15.3]) that these notions are independent of the chosen linearisation. Further, there is a unique
Jordan decomposition of elements of G — any g € G can be uniquely written g = gsg, where g,

and g, commute, g5 is semisimple and g, is unipotent.

1.3 Borel subgroups and reductive groups

In this section, we will describe the properties of several groups that appear in the thesis, using
the notation from the description in Humphreys, see [6]. Let G be an affine algebraic group and
let a,b € G. Recall that the commutator is defined as (a,b) = aba~'b~!, where a, b are elements of
a group G. Similarly for subgroups A, B of G, then the group generated by all (a,b),a € A,b € B
will be denoted by (A, B).

G is solvable if its derived series terminates in the identity: G = G > (G,G) = GV >
(GD.GV) =GO b e

Example. Take the group of upper triangular matrices B, (k) C GL, (k). Let =,y € B, then

96113/11331_113/1_11 * * 1 * *
Iyxilyil = 0 * = 0 . % s
0 0 TpnYnnTolynt 0 0 1

which is a unipotent matrix, so (By, B,,) = U,, the group of upper triangular unipotent matrices.
Continuing, one gets that (U,,U,) = {X € U, | (z;i+1) = 0}, the unipotent group with zero
entries on the first upper diagonal. By induction, (UT(Lm)7 Uf,m)) = I,, as I,, can be described as a
unipotent matrix with zero entries on every upper diagonal. We conclude that the unipotent and

upper triangular groups are solvable.

Definition 1.3.1. Let R(G) denote the radical, which is defined to be the largest closed connected
normal solvable subgroup of G, and let R, (G) denote the unipotent radical, which is the largest
closed connected normal unipotent subgroup of G. Then we say that G is semisimple if R(G) =1
and reductive if R, (G) = 1.

Example. The matrix groups GL, (k) and SL, (x) are both reductive. GL,(x) is not semisimple
because the scalar matrices form a nontrivial connected normal solvable subgroup. However,

SL, (k) is semisimple.

A Borel subgroup B C G is a maximal connected (G = G°) solvable subgroup. The subgroup
of upper triangular matrices is called the upper, or standard, Borel inside GL,, (k). It is denoted
by B, (k).

A subgroup P is defined as parabolic if it contains a Borel subgroup B. By [6, p.134], a subgroup
P is parabolic if and only if G/P is projective (a subspace of projective n—space, see [6][Section
1.6]). The group P is called a standard parabolic if it contains a standard Borel. In GL,, then,
any parabolic is conjugate to a subgroup in upper triangular block form. For example, in GL4, the

parabolic subgroups that arise, other than G and By are:



o o of*
*
*

0 0 0|~

One of the key points in the basic theory of affine algebraic groups is the following theorem of
Borel. This theorem together with the material on Lie algebras in the next section, is the starting

point for the classification of simple algebraic groups, see Section 5.

Theorem 1.3.1 (Borel’s Fixed Point Theorem). Let G be a connected solvable algebraic group,
and let X be a (nonempty) complete variety on which G acts. Then G has a fixed point in X.

Remark (see [6][Section 6.1]): a variety X is complete if for all varieties Y, the projective map

X xY — Y is a closed map (i.e. the map sends closed sets to closed sets).

1.4 Lie algebras

Given an affine variety X, one can form the tangent space to X at any point x € X. The easiest way
to define this is as the set of k-linear derivations T, (X) := Der,(k[X], k) — that is, linear maps from
the coordinate algebra x[X] to  satisfying the extra property that D(ab) = a(x)D(b) + D(a)b(x)
for all a,b € k[X] (this is the analogue of the product rule for derivatives in this setting). It is
clear that T,(X) is a vector space, and it enjoys some nice functorial properties: for example, if
¢ : X — Y is a morphism of affine varieties, then there is an induced map d,¢ : T,,(X) = Ty(2)(Y)
given by D +— D o ¢f, where ¢* : k[Y] — x[X] is the comorphism.

The following calculation shows that D o ¢ is a derivation.

()(D 0 ¢*)(b) + (D o ¢F)(a)b(y),

|
)

for any a,b € K[Y].

Example. The easiest tangent space to write down gives a good idea of how this construction

works in practice. If X = A" is affine n-space, with coordinate algebra k[X1,..., X,], then the
tangent space at a point = (ay,...,a,) € X is simply the linear span of the partial derivatives
(0/0X;)|: that is,

0 af

for each f € k[X].

In the case of an affine algebraic group G with identity element 1 € G, the comultiplication on
the coordinate algebra k[G] can be used to give the tangent space T;(G) the additional structure
of a Lie algebra. This is not straightforward to show — one approach is to identify T3 (G) with the
space of left-invariant derivations from k[G] — k[G], and then equip this space with the usual Lie
bracket [Dy, D2] = Dy o Dy — Dy o Dy. The Lie algebra so defined is called the Lie algebra of G,
which we will denote by g (see [6, p.65])

The functoriality noted above now has some particularly nice properties: any action of G on

itself which fixes the identity will differentiate to give an action on the Lie algebra. In particular,

10



the action of G on itself by an inner automorphism differentiates to give the so-called adjoint action

of G on g.

Definition 1.4.1. Let G be a linear algebraic group with Lie algebra g. For each g € G we have

the inner automorphism

Inn(g): G — G
1

T grg .
Then the differential d; (Inn(g)) : g — g is denoted by Ad(g). This gives rise to the adjoint action
of Gon g: for g € G, x € g, define g - x = Ad(g)(z).

Fortunately, for our purposes, all of this is quite easy to write down. The general linear group
is an open subset in the set of all n x n matrices, which is just affine n?-space as a variety. Thus
the tangent space at the identity of GL, (k) can be identified with the vector space of all n x n
matrices, and it turns out that under this identification, the Lie algebra structure is the usual one
for matrices: we have the Lie bracket [z,y] = zy — yx for n x n matrices x and y. We write gl,, (k)
for this Lie algebra. The adjoint action of GL, (k) on gl,, (k) is simply given by matrix conjugation.
Furthermore, if H is a closed subgroup of GL,,(k), then the Lie algebra of H can be identified as
a closed subalgebra of gl, (k). We describe how to do this in two specific examples in Section 1.11
below.

The above discussions give a strong motivation for a further study of the conjugation action of
GL, (k) on the set M, (k) of all n X n matrices, since this is precisely the adjoint action of GL, (k)
on its Lie algebra. We can see easily that this action is a morphism, by considering the conjugation

action of GL,, on all matrices:

GL, x M, — M,,
(9,A) — gAg".

The mapping is a composition of the following morphisms: o po ¢,

Lig— gt

pe(Ag™h) s AgTh,
p:(g, Ag™") = gAg",

S0 conjugation is a morphism.
Note that in this case, the stabilizer of z € X is defined as G, = {xr € X | g-« = z}. In the
case that the action of G on X is conjugation, the stabilizer and centralizer Cg(z) = {g € G |

gr =g} ={g € G| grg~! = x} are the same.

1.5 A motivating example

One of the main motivations for the work in this thesis is the paper [1], concerning the notion
of cocharacter-closed orbits for algebraic groups acting on affine varieties. The technical language
will be introduced later in the thesis, but this early example shows what kind of ideas appear. This

is based on the example in [1, p.11].

11



Working over the complex numbers C, consider the affine line X = A! (which we can identify
with C as a set) and the multiplicative group G = G, (which we can identify with C* = C\ {0}).
The algebraic group G acts on the variety X by squares:

G x Al = Al
(x,9) g -z:=g°r, geG,xeX.

This action has two orbits — the orbits X \ {0} of nonzero points and the orbit {0}. This latter
orbit is closed in the Zariski topology, and we can reach 0 from any other point in A! by taking a
limit — for any « # 0 € X, we have 0 = lim,_,ga - . Here each of the points a - x lies in the first
orbit, and the limit point 0 lies in the closed orbit.

Now consider the subfield R € C. We have the group of R-points G,,(R) acting on the set of
R-points X (R), but now there are three orbits — the orbit of positive real numbers RT, the orbit of
negative real numbers R™, and the orbit {0}. The set X (R) inherits a topology from the Zariski
topology on X, but this topology cannot tell apart the two orbits RT and R~ of G,,(R) because
both of them are infinite, and hence dense in X (recall that a proper Zariski closed set in A® is the
set of zeroes of a collection of polynomials, and hence is finite).

The notion of cocharacter-closed orbits was designed in part to get round this problem: it
provides a tool to topologise so-called “relative orbits” for an algebraic group which allows for a
more detailed analysis than the Zariski topology inherited from the absolute (i.e., algebraically
closed) setting. In this example, for the action of the real points, the closed orbit {0} can still be
obtained as a limit from either of the two other orbits, but it is not possible to jump between them

using limits, so in this sense we can tell the orbits apart.

1.6 Tori and cocharacters

First, we give the definition of a torus:
Definition 1.6.1. T is called a torus if it is isomorphic to some diagonal group Dy, (k) C GLy (k).

From Section 1.2, recall that an element is semisimple if it is diagonalizable when represented
in GL,,, so a torus T is a commutative group consisting of semisimple elements. In fact, the action
of a torus in any representation is diagonalizable, since a set of pairwise commuting diagonalizable
matrices can always be simultaneously diagonalized.

With the properties of tori, we move on to characters and weight spaces:
Definition 1.6.2. Let G be an affine algebraic group, then a character of G is defined to be a
morphism of algebraic groups:
a:G— Gy,

If a1, ap are two characters, the product is defined as (a1a2)(g) = a1(g)az(g), which gives the
structure of a commutative group to the set of all characters X(G). In GL,,, the determinant of a
matrix is a natural example of a character.

Let T C GL(V) be a torus, so it is diagonalizable in GL(V'). For each a € X(T'), define the

weight space V,, as follows:

Vao={veV |rt-v=ar)v VreT}, (1.1)

then « is called a weight if V,, # 0.

12



Example. Let G = GLa(k) and let T be the standard diagonal torus in G. Then we can let

V—span{( é),(?)}, let T C GLg,

The characters of T' correspond to pairs of integers a@ = (a1, a2) as follows: if

t 0
t= ( 01 ) , then a(t) = 1452

to

t t{1eS?
T~€1:< 01 >7 anda(7)61:< 102 )

It follows that if & = (1,0), Equation 1.1 is satisfied. Therefore

1
Vi = span ,
0

In this case, it follows that V' = V(1 9y & V(g,1). Now V can be denoted as the direct sum of its

Furthermore:

and similarly

weight spaces: V = ®,V,,. This is an instance of the general situation: for any vector space V upon

which a torus acts linearly, we have that V' can be decomposed as the direct sum of its T-weight

V:@Va.
«@

Dual to the notion of a character is the notion of a cocharacter, which is central to the work in
this thesis.

spaces:

Definition 1.6.3. A cocharacter of G is an algebraic group homomorphism A : G,, — G.

Let
At) : G, — GL(V).
Let T be the standard diagonal torus in GL, (k). Then any cocharacter has the form:

g

tm"

where the m,; are integers. For reductive G acting on affine X over k, we define Y, (G) =
{cocharacters of G over x} (see [1, p2]).

Now suppose G acts on an affine variety X, then given any A and = € X, we can define:

7/}:7/)95,)\:Gm4>X

a— Aa) - x.

Then Im(1)) C G-x. So there is a point on the line for every a # 0, and z = A(1) -z. We can make

the following observations:

13



1. If ¢ extends to ¢ : A — X (i.e. ¢ is a morphism and ¢ = ¢ Ya € G,,), then the limit

lim,_,0 A(a) - = exists.
2. If 9 exists then we write lim, 0 A(a) - © = 1(0).

We identify G,, C Al in the obvious way, which places the coordinate algebra of Al as k[T]
inside [T, T~1]. Since

PGy — X,
V# : K[X] = k[Gp] = &[T, T,

it follows that ¢ exists if and only if Im(y#) C &[T], and we can get ¢¥# : k[X] — &[T] by

restricting the codomain, so 1 is given automatically. This gives a third observation:
3. If 1) exists then it is unique.
Since we will often be using cocharacters, we introduce the following definition.

Definition 1.6.4. Let = € X be a matrix, and let A € G be a cocharacter. Then conjugating x

with a cocharacter and taking the limit lim;—,g A(¢) -z is called taking the limit along a cocharacter.

We also introduce a simplified notation for taking the limit along a cocharacter. When

lim,_,0 A(t) - = exists, we denote it by lim) x.

Example. We return to the vector space from the previous example, and now apply a cocharacter

() 2)
e (")

Next, let G = GL2 act by conjugation on X = Ms, the matrices of size 2. Suppose

P q
T = s

and let A(¢) : K* — GLag:

is an arbitrary matrix in Ms. Then:

and we observe that

1. limyz = x if A(t) - © = x, so when X centralizes x.
2. limy z exists if r = 0, this is when x is upper triangular.

So, for this choice of cocharacter, the limit exists for a matrix « if and only if x is upper triangular,
and then the limit is a diagonal matrix.

This is a special case of the Hilbert-Mumford Theorem below.

Next, we determine the comorphism for ¢ = 1, » for a fixed choice of = as above. Recall that

k|Gm] = k[T, T71] and we can write k[Ms] = k[x11, T12, T21, T22), where the z;; are the coordinate

14



functions on matrices. Then ¥ should be a map from x[Ms] — k[T, T~']. Working with the

coordinate functions on My, we get:

PH(z11) = (211 0 P)(t) = 211 (¥ (t)) = p.

So ¥*(x11) = p is constant. Similarly we can calculate:

P (212) = qT,
P (291) =T,
w(xzz) =S

This shows that the image of ¢! lies in k[T] if and only if » = 0, and since limy z exists if and

only if r = 0, we conclude that limy x exists if and only if Im(¢)#) lies in k[T.

1.7 Further results on limits

In this section we will discuss further results on taking taking limits, specifically with the parabolic
subgroup, Levi subgroup and unipotent radical in mind. Suppose G is a reductive group acting on

an affine variety X.
Lemma 1.7.1. There exists a vector space V' and embedding
p: G — GL(V),
p: X =V,
for all g € G and x € X. In other words, the action of G on X can be linearised.

Proof. For a full proof, see [8, Section 1]. This follows in a similar fashion to the proof that any
algebraic group can be linearised (see theorem 1.1.1). The action of G on X induces an action
on the coordinate algebra xk[X]. We can find a G—stable finite dimensional subspace E of k[X]
containing a generating set for x[X], and then we can identify the symmetric algebra on E with
the coordinate ring of a vector space V. The inclusion E C [X] and the action of G on E induces

the required maps ¢ and p. O

Note that if G -z is a closed orbit, then limy x € G - z, whenever it exists. This follows since
the limit is given by a morphism, and morphisms are continuous.

For a cocharacter A € Y(G) and an element g € G, the cocharacter g- A is defined by (¢g-A)(a) =
g\(a)g~! for each a € G,,. We begin with a general result.

Lemma 1.7.2. Let € X and A € Y(G). Suppose y = lim, z exists. Then:
(i) (The image of) A centralizes y.
(ii) Forall g € G, limgag-z=9g-y.
Proof. (i) By Lemma 1.7.1 we may assume that X is a vector space and G is acting linearly. As
y = limy x, we can denote x = y + xg, where xq is the part that gets killed off: limy g = 0. Then
y = limy x = limy(y + x¢) = limy y + limy ¢ = limy_o A - .

Hence it follows that A must centralize y.
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(ii) Note that for all ¢ € G,, we have:

(g- M) - (g-2) = (gA)g ™) - (g9-2) = g- (A(t) - ).
Taking the limit as ¢ — 0 now gives the result. O

Remark: if A is trivial, it centralizes x, that is lim, x = x.

The material above on limits has particularly interesting consequences when applied to the
conjugation action of G on itself. It turns out, by [9] that if we take any cocharacter A € Y (G),
then:

Py :={g € G | lim, g exists},
is a parabolic subgroup of G. Moreover the unipotent radical R, (P)) can be recovered as the set
of elements which are sent to 1 in the limit:

Ru(Py) ={g € G [limyg =1},

and if we define

Ly:={g € G |limy\g = g} = Cg(Im(})),

then L) is a reductive subgroup of Py and Py = Ly x R, (Py) gives a so-called Levi decomposition
of Py. Moreover, for every pair (P, L) consisting of a parabolic subgroup P of G and Levi subgroup
L of P, there is some A € Y(G) with P = Py and L = L.

1.8 The Hilbert-Mumford theorem

The Hilbert-Mumford Theorem allows us to define closedness with respect to cocharacters. In [8,

Section 1], the theorem is described as follows:

Theorem. Let X be an affine G—variety over an algebraically closed field k. Let x € X and let S
be a closed G—subvariety of X which meets the closure of the orbit G - z. Then there is a A such

that limy z exists and is contained in S.
For this thesis, we consider S = G-z \ G- z. So we get:

Theorem 1.8.1. [Hilbert-Mumford Theorem] If G -z is not closed in X, then 3\ such that limy

exists and limy z ¢ G - z.

A proof can be found in [8, Section 1]. This fundamental theorem leads us to consider the

following definition, see [1]:

Definition 1.8.1. Let X be a set over &, then S C X is cocharacter-closed (over k) if for all z € S
and VA € Y(G) such that limy z exists, it follows that limy z € S.

The cocharacter-closure of an orbit G - x is denoted by G - mc, this gives two main ideas:

1. Use cocharacters to define a new topology on X, using the G—orbits in X. Letting cochar-

acters act on a G—orbit that is not closed allow us to go to another G—orbit.

2. With the suitable modifications, this works over any field. However, if G acts on X over a

field that is not algebraically closed, there will be restrictions.
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The case of interest is when S = G - x, the orbit of x € X. This is because the limy x exists

(and is G—conjugate to x). To show this, take any a € k, then:

(g-M(a)-(g-2)=(gMa)g™") - (g-2) =g (Ma) - z).

Moreover, if K = &, then the Hilbert-Mumford theorem tells us that cocharacter-closedness and

Zariski-closedness are equivalent.

Definition 1.8.2. Suppose z,y € X. Say that G -y is 1-accessible from G - z if there exists a
A € Y(G) such that limy € G-y. Say that G-y is n—accessible if there is a chain x = xg — 1 —
... = xn = y such that G - x; is 1-accessible from G - x;_; for 1 < i < n. If G -y is n—accessible

for some n, we say it is accessible.

It is immediately clear that accessibility gives a preorder on orbits; it is transitive by definition,
and to show that it is reflexive, note that limy x = x when A is trivial. Now a formal definition of

the cocharacter-closure can be given:

Definition 1.8.3. The cocharacter-closure

G'JZC:UG'y,

where the union is over the orbits G - y that are accessible from G - x, is the smallest cocharacter-

closed set containing G - x.

Remark: We can now use a new notation for accessibility. If G -y is accessible from G - z, then

we write G - yc <G -z". The following questions arise the definitions:

1. Is the preorder on orbits given by cocharacter-closure a partial order?
2. Even when k = &, are there cases when G - 7 #G-x?

3. Does accessibility imply 1-accessibility, e.g. if G -y is l-accessible from G -z and G - z is
l-accessible from G -y, does it folllow that G - z is 1l-accessible from G - 7 To put it in

diagram form:

G z——=G-y

N

G-z
We can answer the first question, whenever & is algebraically closed.

Lemma 1.8.1. Accessibility gives a partial order on nilpotent orbits over an algebraically closed
field.

Proof. Since the accessibility order is defined by taking limits along cocharacters, it is clear that
if @-y° < G-2°, then the orbit G -y must lie in the Zariski-closure of the orbit G - z. This means
that taking limits cannot take us up the dominance order on partitions, and hence if G - yc <G-z°

but G - yc G- xc, the orbit of y must be lower in the dominance order than the orbit of z. [

Remark: note that this proof relies on the dominance order, so it relies on the Zariski-closure.
So with this proof, we cannot say that the preorder on orbits given by cocharacter-closure is a
partial order when the restriction of algebraically closed fields is lifted. Note also that we can say
that if G-y~ < G-z, we also have that G -y < G -, but the reverse is not necessarily true.

Hence, we do not have an answer to question 2 yet.
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1.9 Nilpotent elements

Recall that a square matrix z is called nilpotent if ™ = 0 for some n € N. For each integer n > 1,
denote by J,, the (n x n) matrix where the (i,7 + 1) entry equals 1, for 1 < i < n, and all other
entries equal 0. J, is called a Jordan block. If z is nilpotent then there is a basis B such that x
has a Jordan normal form: a diagonal block matrix of Jordan blocks. In this thesis we will denote
Jordan normal forms with a direct sum:

z=JM g oI, (1.2)

p

where the (r;) denote the multiplicity of each .J,,. The matrix has a partition 7, defined as follows:

Definition 1.9.1. A partition 7 of a natural number m is an expression m = ni + - - - +n,, where
the n; are positive integers. Partitions are typically denoted by listing the numbers n;,...,n, in
decreasing order of size inside square brackets, with powers to indicate the number of occurrences
of each number listed in the partition. So the partition mr of n =n1+n1+---4+n1+nes+---+ny
is denoted as:

T = [ngrl), . ,n](grp)].
There is a partial order on partitions, as described in [4]:

Definition 1.9.2. Let m = [n1,...,n,] (not all n; necessarily distinct) and let mo = [mq,..., mg]

be two partitions of some n. 7 is said to dominate 75 if:

J J
ZniZZmi for1 <j<np. (1.3)
=1 =1

The partial ordering of nilpotent partitions is called the dominance order, which can be vi-
sualised in a diagram. As example, Figure 1.1 shows the dominance order for the partitions of
6:

[2,14]

10
Figure 1.1: Dominance of partititions in glg.
As we show below, the orbits of interest in this thesis can be labelled by partitions, and hence

the accessibility between these orbits can be described by changes between partitions, which we

define as moves. It is useful to have some terminology to describe such moves. In a partition
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71 = [n1,n2], n1 and ng are called the parts, and in a move to partition 7o = [nq — a,ne + al, a is
the piece that is moved from part ny to nso.

Let G be a reductive group and g its Lie Algebra. An element = € g is called nilpotent if it
acts nilpotently in every representation of g. The set of all nilpotent elements in g is called the
nilpotent cone in g. As seen above, G acts on g via the adjoint action, and the nilpotent cone is a
closed G-stable subset for this action.

The main subject of this thesis is an analysis of the orbits in the nilpotent cone for linear,
symplectic and orthogonal groups, concentrating on the notion of accessibility we have defined

above.

Example. For G = GL,(k), the Lie Algebra is the algebra of all matrices and the nilpotent
elements are the nilpotent matrices described above. Hence the G-orbits in the nilpotent cone

correspond to partitions.

The Jordan normal form gives a labelling of the G—orbits of g, because G acts on g by con-
jugation. In fact, when we consider an n x n nilpotent matrix x, it has eigenvectors {vy,...,v,}.
Then conjugating with a matrix V, constructed of these eigenvactors, yields the Jordan form of
the orbit O(z) € g. We want to see if these orbits are topologically closed. By conjugating with
the cocharacter \ = diag(t",¢~!,...,1) and then taking the limit as t — 0, any nilpotent matrix
in Jordan form can be killed off. So 0 is in the closure of every orbit, and it is also the only closed
orbit in the Zariski topology.

We now define distinguished partitions, which will show to be not accessible from any other

partition:

Definition 1.9.3. A nilpotent element x € g is called distinguished if each torus contained in the

stabilizer C(x) = {g € G | g - x = x} is contained in the center of G.

The following lemma is simple to prove, but it turns out to be a central tool in our work below

as it gives a criterion for “non-accessibility”.

Lemma 1.9.1. If 2,y are nilpotent elements with y distinguished, then y = limy = occurs only if

x =y and A is central in G.

Proof. If limy x = y, then the image of A is a torus which centralizes y. But any torus which
centralizes y lies in the centre of G, by definition. Hence A is central and this means that y =

limy z = z. O

For nilpotents in gl,,, first consider that Z(GL,) = al,, with a € x*. Then z is distinguished

if the al,, are the only matrices in Stabg(x). In gl,, let z1 have partition m = [n1], then it is of

no

the form:

xr1 = Jn17

and let ¢, = diag(ay, ..., an,) € Cg(z), then for the equation

Qny—1
Any

0

to hold, we require a; = a;41 for 1 <i <ny —1. So t; = al,, and z; is distinguished.

Next, let 25 have partition 73 = [n1, na], so
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T = Jn1 D JnQ,

and let

ta = diag(ah sy Qngy Gny 41, - - '7an1+n2)7

with a; = a;41 for i < ny, an, # an,+1, and again a; = a;41 for n; +1 < i < n; + ny. Then

ty - o = X9, but 9 is not in the center of G, so z is not distinguished. The lemma follows:

Lemma 1.9.2. z € gl,, is distinguished if and only if z has partition = = [n].

1.10 A key technical result

Suppose that G is a general linear, symplectic or orthogonal group, and X is the Lie algebra. By
conjugating if necessary, we may put a cocharacter A in any standard form we like — that is we
can make A evaluate in the standard diagonal torus, and we can ensure that the powers in A are
decreasing in size as we go down the diagonal. This means that the parabolic subgroup Py will be
of standard upper block triangular form. Furthermore, if = is a nilpotent element such that the
limit exists, we have that = is in the Lie algebra of the parabolic subgroup P,. Let y = lim) x,
then since A fixes y, we have that y is in the Lie algebra of the Levi subgroup L) (which is the
block diagonal subgroup).

If we take any g € L) and replace z with g-z, replace y by g-y and A by g- A, then if limy x = y,
it follows that limg.n g - = g -y, by Lemma 1.7.2. By this conjugation we may further assume
that y is in standard form for the Levi subgroup L,. But conjugating A by an element from L)
doesn’t change A, which means that we can put y in standard form for the Levi subgroup without
changing A.

Hence we have:

Lemma 1.10.1. When considering limits y = limy x in the general linear, symplectic or orthogonal
Lie algbras, we may assume that A is diagonal, y is in a standard form, and x is in a corresponding

upper block triangular form.

1.11 The symplectic and the orthogonal groups

When we deal with symplectic and orthogonal groups, we make the extra assumption that char(k) #
2. This is because the theory of bilinear forms in characteristic 2 deviates quite significantly from
that in other characteristics. Let V be a finite dimensional vector space over k and let ¢ : VXV — &k
be a bilinear form that is non-degenerate (so for all v € V, there is a w € V such that ¢(v, w) # 0).
Assume ¢ is either alternating or symmetric, in other words, there is an ¢ = {1} with

o(v,w) = ep(w,v) for v,w € V.

If ¢ is symmetric, then € = 1 and if ¢ is alternating, then ¢ = —1. Set
G ={g € GL(V) | ¢(9(v),g(w)) = ¢(v,w) for all v,w € V}.

This is an algebraic subgroup of GL(V), called the orthogonal group O(V,¢) if e = 1 (so ¢ is
symmetric), and the symplectic group Sp(V, ¢) if ¢ = —1 (¢ is alternating). In this thesis, we will
mostly be working with matrix forms of these groups, which amounts to choosing a suitable basis
of the vector space V. Since all bilinear forms are conjugate, our work is independent of the choice
of ¢, so the theorems we use and prove for the symplectic and orthogonal groups and algebras hold

for any bilinear form ¢ and basis B.
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If B={ey,...,e,} is a basis and the bilinear form ¢ is alternating, then the matrix of ¢ with

respect to this basis is of the form Qg = (¢(e;, e;)). Let v,w € V, then there are column vectors:

aq bl

and with respect to the basis B :

v =ai1e; + -+ apey,

w=bie; + -+ bpen.

Then ¢(v, w) = v Qprw. We want to choose a suitable basis so that 2z has an nice structure. Pick
av €V, then find a w € V| with ¢(v, w) # 0. Note that w # cv for any ¢ € k because ¢(v,v) = 0.
Suppose ¢(v,w) = a, then if v’ = %w is substituted, then ¢(v,w’) = 1 and ¢(w’,v) = —1. Next,

let e; = v, and f; = w’, and consider:

<€13f1>J_ = {U ev | ¢(61,U) = ¢(f1’v) = O}

There are two observations: dim({ey, f1)*) = dimV —2 and V = (e, f1) @ (e, f1)*. By taking
W = (e1, f1)*, we get a pair es, fo such that ¢(es, f2) = 1 = —d(ea, f2), and by iteration, we

obtain a basis for V:

82{617"'76T7fT7"'7f1}7 (14)
so dim(V') = 2r, an even dimension for alternating ¢. With respect to this basis, the form has
matrix:

1
0 1
> -1
-1
So

Sp(V, 9) 2 Spy, (k) = {g € GLan(x) | g7 Qsg = s}

Next, if ¢ is symmetric, the process of determining a matrix Q¢g, with respect to B is the same,
but as ¢(v, w) = ¢(w,v), we can have that ¢(v,v) = 1. So dim(V') = n can be odd or even:

B={e,....ep 0, fr,..., f1} if dim(V) is odd,
B={ei,....er, fry..., f1} if dim(V) is even.

In both cases:

QO: )

then
O(V.¢) = On(k) = {g € GLn(r) | g" Q0g = 20}
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Next, we can determine their Lie algebras, as by [6, Chapter 9]. Given 2 as above, there is an

isomorphism

¢ : GL,, — GL,,
given by g — Q71 (g7)71Q.

The subgroup G (orthogonal or symplectic) is defined by ¢(g) = g. If we take the differential of
this map at the identity, we get an isomorphism of the Lie Algebra. First, we decompose ¢ as a

sequence of maps:

g—g e (@) e QT (D),

then when differentiated, we get the following map on the Lie Algebra:

e —x— —zl = -0 12TQ,

so the Lie Algebra of G is the subalgebra of the fixed points of this map. Now we see that:

R o R §)

if and only if:
zTQ+Qx = 0.

Hence the Lie algebras have the following condition:

5Py, = {z € gly, | 2TQg + Qg = 0},
o, ={xegl, | 2T Qo + Qo = 0}.

To determine (1-)accessibility in the symplectic and orthogonal algebras, one first has to determine
which partitions label nilpotent orbits in sp,,, and o, respectively. The following theorem, which

we take from [7, Section 1.6], provides the answer.
Theorem 1.11.1. Let 7 = [ngrl), ce nz(fp)] be a partition of dim(V).

1. Assume ¢ is alternating (the symplectic algebra). Then there exists a nilpotent element in g

with this partition if and only if r; is even for all odd n;.

2. Assume ¢ is symmetric (the orthogonal algebra). Then there exists a nilpotent element in g

with this partition if and only if r; is even for all even n;.

Since all matrices in an orbit are conjugate, we can determine a standard form for nilpotent
symplectic and orthogonal matrices, which we can use in this thesis to determine examples of
accessibility between orbits (see Chapters 3 and 4). By conjugating, we can always assume that the
cocharacter is diagonal, and that y = lim) z is in standard form, so when we check the accessibility
relation of x and y, most work will be in checking the orbit of x. In the following subsections, we
will determine the standard forms of the symplectic and orthogonal nilpotent matrices, so we can
prove Theorem 1.11.1, and determine when a nilpotent matrix is distinguished. From now on, we

fix the standard bases and bilinear forms as described in these sections.
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1.11.1 The symplectic algebras

In this section we will determine the standard forms of symplectic elements, and by doing so, we
will prove the first part of theorem 1.11.1. First, recall the notation of Jordan forms: let z = Ja,

be a Jordan matrix form of size 2n x 2n, so:

0

We can also denote this as a diagonal Jordan block matrix, with an extra l-entry in position
(n,n + 1), which is in the upper right block of z. For notation purposes, we will use a shorthand

notation of the subscript in the matrix, and then indicate the location. So

In
Lia)

In

with (a) = (n,n+1). We will use this notation of block matrices often, as most upper right blocks
have zeroes almost everywhere.

To explicitly determine the standard form of a symplectic matrix x with partition w, we start
with a partition of one part, then we add new parts and determine the requirements for the bigger
partition to be symplectic. First, let 21 have partition ;1 = [2n], then if we let 21 be of the strictly

upper triangular form:

T = )

with (a) = (n,n + 1). Then x; is symplectic as 27 Qg + Qsx1 = 0, and we call this the standard
form of x1. For what follows it will be useful to describe the action of a nilpotent matrix on a basis
by writing down a wvector sequence, which helps read off the corresponding parts in the partition
for the matrix, as well as other useful information. We denote the result of successively applying
the matrix to vectors by joining the vectors with arrows. So in this example the matrix z; induces

the following vector chain:

i —fo— = (=D)"" = (=D, — - = (1" leg = 0.

And the vectors of the [2n] part form pairs e;, f; such that ¢(e;, f;) = —1, so zy is symplectic.

Next, let 25 have partition w9 = [2n, 2m], then z has to induce the chains:
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fi=—fo—= = (D)™ (=D ey = - — (=1)™ e — 0,

hy = —hy = -+ = (=1)" Thy =(=1)"gp = -+ = (=1)" g1 = 0,

with vector pairings ¢(e;, fi) = —1 and ¢(g;, h;) = —1 such that both parts are symplectic. If we
take:

hy = fm+1a-~-ahn = fm-‘rnv

g1 = 6m+1, ceesgn = €m+n-

Then we obtain the required pairings, and x5 is of the form:

J’HL
L)

1
J, ®)

1
L2 = () = T

—Jm

with (a) = (m+n,m+n+1) and (b) = (m, m+2n+1). As the partition mo = [2n, 2m] contains the
partition of 1, we denote the partition of xo with a direct sum: 7o = m @ [2m]. By induction, any
matrix z, with partition m, = [2n1,...,2n,] = mp_1 & [2n,], of p distinct even parts, is symplectic

in the following form:

p

L)

—J,

P

with (a) = (np, np + .7~ (2n;) + 1). We call this the standard form of z,. Next, suppose that z,

has a partition of p distinct parts, and x,11 has a partition with a repeated part:

2
Tp [néﬁl]

Then x,4; induces the vector chains that z, induces, and in addition it induces the vector chains:
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hy — —hg — ... — (=1)"+ 71, 0,

Mp+1

Inpia - Inpi1—1 ... g1 07

With pairings g;, h; such that ¢(g;, h;) = —1, hence the two [n,41] parts are a symplectic pair;
observe that n,1 can be any positive integer. Then x4, is of the form:

Jﬁp+1
Tp+1 = Tp
_J"p+1
By induction, x4, with partition 744 = 1, &7y = [2n1,...,2n,| P [nz(igl, - ,nf_gq] is of the form:
Jﬁp+q
Jﬁp+1
Tyt = 7 . (15)
_J"p+1
__Jﬁp+q

We call this the standard form of z,.,. We can now show that a nilpotent element x with a

partition m does appear in the symplectic Lie algebra, if 7 has the form given in Theorem 1.11.1.

For such a partition we can denote any odd part [...,2n + 127,...] occurring 2r times, as pairs of
size 2n + 1, occurring 7 times: [...,2n + 12,...2n + 12,...]. Hence z appears in the symplectic
algebra.

We now need to show that every nilpotent element in the symplectic Lie algebra has a partition
of the given form. We begin by noting that since all alternating bilinear forms are conjugate, we
are free to change our basis if it helps the proof.

Now, we will can prove the following lemma:

Lemma 1.11.1. Let x € sp,,, have an arbitrary partition 7 = [py, ..., ps]. Then any odd parts in

T pair up.

The calculations in this proof are standard, but it is still worth to work them out because it

shows how the pairings of odd parts occur.

Proof. Let x € sp,, with partition 7 = [p1,...,p,]. Then for each part p;, we have a vector

sequence induced by z:

e—xe— - —aPi~le,

We may take the vectors in this chain to be basis vectors, so we obtain a decomposition of the

space V.= M, @ --- @ M,, where each M; is spanned by the vector chain of the i*" part in the
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partition. We have a non-degenerate form ¢ on the space V', and we can take the complement of

each M; with respect to the form. Then we have the following spaces:

M= {v eV |¢v,w)=0 for all w € M,}.

Since ¢ is non-degenerate, we have that dim M; + dim M;- = dim V, and since M, is stable under
x, so is M;-. We start by considering M, which we may assume is the largest part of the partition

7. Since M; and M- are z-stable, so is M; N M;-. There are now two possibilities.

1. MyNMi- = {0}, this means the restriction of the form to the space M is also non-degenerate.
So M is a space carrying a non-degenerate symplectic form, hence it must be of even di-

mension, and the corresponding part p; is even.

2. MinN Mll is non-trivial. Then there is a nonzero vector z € M; N Mll The basis for M;

is {e,we,..., 2P 71} as above. We can then write z as z = ?1:;1 ajxje, with at least one
nonzero a;. The intersection M; N Mji- is z-stable, so if we let o act on z enough times,
we obtain a vector azP*~!, with a # 0, so we conclude that 2P1~1 € M; N M. As x is
symplectic, we can now find a vector e’ such that ¢(zP*~'e,e’) = —1, and we can let M| be
spanned by {e,...,zP1~1e’}. By the choice of ¢, we have that ¢(zP1 =~ le z'¢’) = —1. In

1is nonzero, and all z’e’ are independent. Hence dim M| > 1, and since p; is

particular, xP*—
the largest block size, the dimension of M] is exactly p;. Since we have ¢(xPr =i Le, ale/) =1

for each 4, the restriction of ¢ to the direct sum M; & M/ is non-degenerate.

Writing V' = M; @ Mi- in the first case or V = (M; @ M]) @ (M; @ M])* in the second case,
we can reduce dim V' by an even number by going to the perpendicular space in either case, so we
can break V into pieces up by induction such that ¢ is non-degenerate on a piece (case 1) or pair
of pieces (case 2). We have seen that in case 1, the single piece cannot be odd, so all odd parts

must pair up in pieces M; and M/, hence odd parts in sp,,, have even multiplicity. O

We now determine the maximal tori and center of Sp,, (k). We have chosen the matrix Qg so
that there is a diagonal maximal torus in each case, with restriction g7 Qgg = Qg. Then a diagonal

matrix g = diag(g1, g2, . - . , g2n) must satisfy the following property for its entries:

Ti=a5 1, Vi<2n. (1.6)

The center of GL,, is al, with a € k*, so the extra restriction in Sp,,, shows that Z(Sp,,,) = +1.
With this information we can now determine which nilpotent symplectic elements are distinguished.
Let € sp,,, and recall that it is distinguished if the only tori in Cgy,, (x) are central. So z is
distinguished if there is no non-trivial torus contained in the stabilizer. In standard form, there

are two types of matrices:

1. Matrix = has distinct Jordan blocks of even size and has a partition 7 = [2n4,...,2n,).

Without loss, we may assume that of generality m = [2n, 2m].

(2)

2. Matrix x has at least one repeated Jordan block, and has partition 7 = [2n4,...,2n,, (ONCTRRRY

Without loss of generality, we may assume that 7 = [2n, m(?)].

A matrix x with only distinct Jordan blocks is of the form:
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Lv)

L(a)

_Jm

with (a) = (m+n,m+n+1) and (b) = (m,m+ 2n+ 1). Next, let g € T C Spy,,, SO

g = diag(glv s Imy9mA1, - - 7gm+nvg;1£rn s 797;1179;179171%

I = 2, we need to preserve all Jordan blocks, so we require ¢; = g;_ll for

and not that for gxg™
1 <i<m-—1and for m+1 < i< m+n We also need to preserve the entries L) (so
Im+4n = g;lin = 1) and 1) (0 gm = gt = 1). This means we require all g; = +1, hence
g = £Is42,. We conclude that x is distinguished.

Next, let  have a repeated part, so it is of the form:

JH’L

Lia)

—Jm

with (a) = (m +n,m +n + 1). We again want gzg~*

=z, so all Jordan blocks need to preserved
(we require g; = g;_ll for1 <i<m—1and m+1<i<m-+n), and the 1) entry needs to be
preserved (SO gmin = g;ﬁrn), but there are no other entries, so g,, does not have to equal 1. Then
g can be of the form g = diag(t,,,, Ion,t " I,n) # Iamton, for t € £*. So z is not distinguished. We

conclude with the following lemma:
Lemma 1.11.2. Let = € sp,,,, then z is distinguished if and only if its partition 7 has distinct

even parts (and no odd parts).

1.11.2 The orthogonal algebras

Similar to the process in the symplectic algebra, we will determine the standard Jordan normal
form of a nilpotent element in o0,. Starting with a partition of one part, let x; have partition

m1 = [n], then zy is of the form:
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xr1 = _1

71 satisfies the orthogonal equation: 27 Qo + Qox1 = 0 and it induces the vector chain

fl N _f2 AU (—1)n71f7L N (—1)"71’0 N (_1)71716" e (_1)’”7161 N 0,

with orthogonal pairings: (e;, f;) =1 for all ¢, and (v,v) = 1.

Next, let x5 have partition mo = [2n + 1,2m + 1]. Then x5 has to induce vector chains:

i =fp == (C) T o (<) (<) e (1) e 50,

hi — —hg = - = (=1)"th, = (=1)"tw = (=1)" g, = (=1)""te; = 0.

with orthogonal vector pairings ¢(e;, fi) = 1, ¢(gi, h;) = 1, and ¢(v,v) = ¢(w,w) = 1, while
o(v,w) = 0. If we take

hl = fm+17~-~>hn = fm+n7

g1 = €m+1,---y9n = fm-i-nv

then by taking:

(em+n+1 + fm+n+1)a

(_eernJrl + fm+n+1)7

we get ¢p(v,v) = ¢(w,w) =1 and ¢(v, w) = 0, as required. Here, as usual, we let i denote a square

root of —1 in k. Then z5 is of the form:
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1 1
V2(a)  V2(p)

In
i N
V2(co) V2 (d)
i _ L
Ty = V2(e) v2(f)
_ i _ 1
V2 (g) V2 (h)
—J,
—Jm
with

(a) = (m,m+n+1)

b) =(m,m+n+2)

(c)=(m+nm+n+1)

(
(d)

=(m+n,m+n-+2)

(¢)

m+n+1,m+n+3)

(f) =

(9)

= (
=(m+n+2,m+n+3)

(h) =

(m4+n+1,m+2n+3)
(m+n+2,m+2n+3)

Note that the coefficients of v and w here involve square roots of 2 and —1 which are not always

defined if « is not closed. So this process may fail if we are not working over an algebraically closed

field (e.g., if we work over R instead of C), Hence it can occur that nilpotent elements of partition

[2n 4 1,2m + 1] in 0,, over k£ cannot always be put into this form if & is not algebraically closed.

By induction, let x, have partition 7, = [2n; + 1,...,2n, + 1], of all distinct parts. Then z,

is of the form:

']’Ilp
1 1
V2 (a) V2 (b)
Jn,,—l

V2 (c) V2
i 1
V2(e) V2(f)

Tp—2
_ i 1
V2 (9) V2 (h)
_an—l
_an
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with

a) = (np—1+1)

b) = (npynp +np_1+> (2m-—|—1)—|—2)

¢) = (np+np_1,np +np_1 +1)

d) = (np +np—1,mp + Mp—1 + 37 1(2”z+1)+2)
e)=(np+np_1+1,n,+n,_ 1+Z (2n2+1)+3)
f)=(np+mnp_1+1,n, +>" (2n2+1)—|—2np 1+3)

9) = (np +np_1 + 307 <2m+1)+2np+np71+z,;:f<2m+1>+3)
h) = (np +1p1 + 207 (20 + 1) + 2,1 + 307 (20 + 1) + 20,1 +3)

Then z,, induces the vector chains that z,_, induces, in addition to the chains:

(
(
(
(
(
(
(
(

fim—fo— s (D) o (1),
= (=) le,, = oo (=1)"rep =0,

fnp_1+1 — 7.fnp_1+2 — = (71)np7171fnp+np_1 — (*1)np71711)p—1

= (D) ey, == (1) e — 0.

Where:

1
vp = E(fnp+np71+1 + €nptny, 1+1);

1
Up—1 = \ﬁ(*fnp-&-np_l-&-l + enp—i-np_l—i-l)-

Then we get ¢(vp,vp) = ¢(vp—1,Vp—1) = 1, while ¢(vp,vp—1) = 0, we get the standard orthogonal
pairings for the e; and f;, with ¢ < np + np—; + 1 and ¢ # n,. Next, let 2,11 have partition

Tpt1 = 201+ 1,...,2n, + 1, n12)+1], then x,; induces the vector chains of z,, in addition to the
chains:

fi—=—fa—= = fa,1 =0,

€npr1 — Enppi—1 —> - —> €1 — 0.

With vector pairings ¢(e;, f;) =1 for all ¢ < np41. Then x4 is of the form:

J”erl
Tp+1 = Tp
7an+1
By induction, the standard form of z,, 4 with partition 7,1 = [2n141,...,2n,11]®[n2 4, ..., 2y ]

is as follows:
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Mp+gq

Np+1

Lptq = Tp

—J,

Tpt1

—J,

Mptq

Now that we have determined what a standard Jordan form for orthogonal nilpotent matrices, we

will prove part 2 of Theorem 1.11.1:

Theorem. Assume ¢ is symmetric (so we consider elements in the orthogonal algebra). Then
there exists a nilpotent element in g with a partition [n}?,... ,ny’] if and only if r; is even for all

even n;.

First, it is worth noting that a basis of even dimension 2n can be orthogonal, as for any pair
e; and f;, we get ¢(e;, f;) = 1 for all i« < n. We will prove a matrix cannot be orthogonal if it

contains an even part an odd number of times.
Proof. First, let 2 have partition 7, = [2n,], then z is of the form:

In

T

Lia)

—J,

(s

with (a) = (n, + 1,n, + 1). Then we calculate that 27 Qo + Qo # 0 (it has an entry 2 in position

(nr + 1,m, + 1)), so z is not orthogonal. We conclude that a partition consisting of a single

even part cannot occur in 0g,. Next, take an arbitrary partition mptq1r = [2n1 +1,...,2n, +
1, n;i)l, e ,nﬁgq, 2nl2k + 1)]. First, note that we can rewrite [2n$2k+1)] as [Qngk)] @ [2n,]. Then

a matrix with this partition has Jordan normal form:

$:J2n1+1@"'@J2n,,+1@J(2) @...Jf)q@g}éi’:)

Np+1 p+

2] J2n,,, .

Let m be the size of matrix x. We can describe x as T @ Jap,, with Z = Jop, 41 @ -+ @ Jop, 11 ®
Jg{rl DD J,(Lilq. Then:

T

L(a)

—Jn.

with (a) = (r,m + 1 —r). Then we can calculate that the entry (m + 1 —r,m + 1 —r) of
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27Qo + Qox # 0, so z is not orthogonal. The entry (4, 5) in 27 Qo + Qo is calculated as follows:

m

@70 + Qoz)5) = > @) G0 T QoG T
=1

=Y 265065 + LG %(,5)-
i=1
In our case, j = (m+ 1 —7), so we get (z7Qo + Qox);) = Doy (imt1-nQ0mt+1-r) +
Q0 (m+1-r,i)T(i,m+1—r)- The matrix € has 1-entries on the anti-diagonal, and 0-entries everywhere
else, so Qo(i,m+1—r) = 1 if and only if i + m +1 -7 =m + 1, so if and only if i = r. Otherwise
Qo(i,m+1—r) = 0. Then:

('ITQO =+ Qox)(m-i-l—nm—i-l—r) = x(r,m+1—T)QO(r,m+l—r) + QO(m—&-l—r,r)x(nm—i-l—r)

= 2x(r,m+1—r)
=2.

So z7Q0 + Qox # 0, hence z is not orthogonal. We conclude that a matrix cannot be orthogonal

if an even part occurs an odd number of times. O

Finally, we determine when an orthogonal partition is distinguished. As we have chosen Qo so
that there is a diagonal maximal torus in each case, again with restriction g7 Q0g = Qo (restricting

from GL,,). Hence a diagonal matrix g = diag(g1, g2, . - ., gn) must satisfy the equation:

x; =a,t, foralli<n,

similar to Equation 1.6 for the symplectic algebra. Then it is immediate that Z(0,,) = 1. Now
we let = € 0, and recall that it is distinguished if each torus in Stabo, = {g-z = x} is contained in
Z(0y). So x is distinguished if only +1I are contained in the stabilizer. The two types of matrices

in standard form are:

1. Matrix z has distinct Jordan blocks of even size and has a partition 7 = [2n1+1,...,2n,+1].

Without loss of generality, we may assume that 7 = [2n + 1,2m + 1].

2. Matrix x has at least one repeated Jordan block, and has partition 7 = [2n4,...,2n, +

1, nfﬁl, ... 7n1()2+)q}. Without loss of generality, we may assume that = = [2n 4+ 1, m(?].

Recall the standard form of a matrix with partition 7 = [2n + 1,2m + 1] from Equation 1.7,
then it is clear that only I stabilize x5, so x5 is distinguished. By induction, any matrix with
only distinct odd parts is distinguished. Conversely, a matrix with partition = = [2n+ 1, m(z)] can
be stabilized with a matrix of the form:

g = dla‘g(t—[ma 12n+17t_1—[m)7t € K*u

so a matrix with partition [2n + 1,m(?)] is not distinguished. Hence the lemma follows:

Lemma 1.11.3. Let x € o0,,, then x is distinguished if and only if its partition 7 has distinct odd

parts (and no even parts).

1.12 Symplectic and orthogonal orbits

In this section, we finish the description of the nilpotent orbits for symplectic and orthogonal

groups by showing that the orbits are still labelled by partitions. Let G = Sp,,, or G = O,,, and
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we look at the orbits of elements x in g, where g is the symplectic or orthogonal algebra. The

following theorem from [7, Section 1.4], helps out in the classification of nilpotent G—orbits in g:

Theorem 1.12.1. Two elements in g belong to the same G—orbit if and only if they belong to
the same GL(V)-orbit.

So if x,y are symplectic (the same will hold for orthogonal elements) and are in the same
Spy,-orbit, then they are in the same GLg,-orbit, so for  and y we can find a g1 € GLg, such
that y = g1zg; ! while g; is not symplectic. Then by the reverse process, there exists a g € Spay,
such that y = grg~!. The following process, which describes the proof of the theorem given in [7,
Section 1.4, 1.5], will be used below to find the explicit change of basis matrices in some of our
calculations.

First, we recall that:

SPon = {9 € GLay | g7 Qsg = Qs}
={g € GLa, | legTQS = g_l}.

With this in mind, we define for any g € GL3,, (k) a new element g* = legTQs. Then g is in the
symplectic group if and only if g* = g~!. Then as

5Py, = {z € gly, | 2TQg + Qg = 0}
={z € gly, | lexTQs = —z},

we can see that for an arbitrary matrix x, it is in the symplectic algebra if and only if * = —=.
As z and y belong to the same orbit in GLs,,, we have that y = glxgl_l for some g1 € GLa, (k).
Set g7 = Qg'g7 O, then:

y* = (qregr )
= Q5" (q1zg7 )" Os
= Q5" (g7 1) 2" i Qs
= Q5 (g1 1) T2 2T Q05 g s
= (91)""a"g
= —(g97)"'zgi = —y.
So glngl = (g7)"tagt, or gfgix = xg}g1. We define go = gig1, then go commutes with z. Next,

we take the following Lemma (see [7, section 1.5]):
Lemma. [7, Section 1.5] Let g € GL(V). There exists a polynomial f(t) € [t] such that f(g)% = g.

We will denote h = f(g)?, and apply the Lemma to go. Then:

f(t) = Z agt',
i=0
such that h = Z a;gy.
i=0
We choose h because of three reasons:
1. Since h? = go € GL(V), and as det(h?) = det(ga) # 0, it follows that det(h) # 0, hence

h e GL(V).
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2. Because xgs = gox, it follows that:

zh = z(apl +a1g2+ ...+ arg")
= (apl +a192+ ... +a,g")x
= hx.

So h commutes with x.

h* = (apl + ...+ argy)"
=al*+...+a.(g3)"
=h

Then if we take g = g1h ™', we get

9" =(gh™ ) = (") 'g;
=h7gigrgr !
=h""gagy!
— B lh2g!

=hg;'=g"

1

So as g* = g~ ", we conclude that g is symplectic. Next,

9Xg™' = gih ' Xhg!
= gh~ hXg; !
=g Xgy"
= y.

1

Thus we have found g € Sp,,, (k) such that gzg~' = y, as required. We will be using this process

in two examples in the symplectic (Section 3.1.1) and orthogonal (Section 4.1.1) results.
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Chapter 2

Results in the general linear

algebra

In this chapter, the accessibility between orbits of nilpotent elements in the general linear algebra
will be discussed. We start with an illustrative example, before moving on to the general case. We
first show how to move between two orbits where the partitions differ by a single move between two
parts. After this, we show how to combine these moves to prove accessibility between arbitrary

orbits.

2.1 An example

We start with an example with matrices in gl,, showing that the nilpotent orbit of partition [2, 2]
is one-accessible from the orbit of partition [3,1]. This example illustrates some of the important
ideas which are needed in the general case. In particular, we see that in order to show accessibility,

it is necessary to first conjugate one of the elements away from its standard form. Let 2’ € gl be

S O O©O O
o O =
_ o O

1
0
0
0 0

o

then 2’ is in the nilpotent orbit of the partition [3, 1], which we will denote as =" € O([3,1]). This
will be shown in two ways. For a direct argument, one can check that (z')? # 0, but (2')3 = 0,
so the Jordan normal form has a block of size 3, and the other block can only be of size 1. So
z’ € O([3,1]). For the general case, it will be more useful to think in terms of basis elements. Let
the standard basis be {e1, ea, €3, e4}. Then the kernel of 2’ is spanned by e; and ez —e3. Moreover,

x’'eq = ez and x’e3 = ey, so if we change basis to {e1, €3, e4,€2 — €3}, we get that

o O O
o O O O

0
1
0
0

o
o O O =

Furthermore, the basis change corresponds to conjugating z with g € GL4, with
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g= (61|€3|64|€2 - 63) =

oS o O =
o = O O

SO

=g x=gzg ",

which finishes the proof. Next, define a cocharacter A by A(t) = diag(¢,¢,1,1) for ¢t € k*. Then

lim A(t) -2’ =limz' =
t—0 A

o O o O
o O O
o O ©oO O
o = O O

which is the standard form of matrices in the orbit O([2,2]), so O([2,2]) is l-accessible from
O([3,1)).

2.2 Matrices of any size

In this section, we will show that any matrix with a partition of the form 7 = [r, s] is 1-accessible
from a matrix with a partition of the form me = [r + k, s — k], for k € Z>¢. Recall that we denote
matrices with their Jordan blocks, that is, if x is a Jordan matrix of size (n x n), then x = J,,, and
if it is a Jordan normal form of multiple Jordan blocks, we denote x = Jy,, & Jy, ® -+ & Jp,,-
Next, suppose that 2’ consists of two Jordan blocks on the diagonal (e.g two Jordan blocks of
size 3), and an upper right block with one nonzero entry (e.g. in the second row and the fourth

column). Then we denote =’ as follows, e.g:

J3 t(a)

Js

O O OO «+ O
SO O RO O O
o = OO0 O O

S

|

I
o o ojlo o o
o o olo © ~
o o o|lo =~ o

where the subscript at the nonzero entry in the upper right block, in this case (a) = (2,4).

Theorem 2.2.1. Let m = [...,r+ k,s —k,...] and mo = [...,r,s,...] be two partitions, which
only differ in the positions of the entries shown, so 7m; dominates mo. Then O(ms) is l-accessible
from O(my).

Proof. First, note that r > s. If k = 1, we show that the orbit O([r, s]), is one-accessible from the
orbit O([r + 1, s — 1]) (recall that [r + 1, s — 1] dominates [r, s, see equation 1.3). Let n = r + s,
and let z € O([r + 1, s — 1]) be the matrix in standard form, so:

€T = Jr+1 D Js—1.
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Next, let
L)

J,

with (a) = (1,s+1). Recall that we can describe the action of a nilpotent matrix by writing down
a vector sequence, which helps read off the corresponding parts in the partition of the matrix. We
compare vector sequences of x and z’, so we check how the actions of x and z’ compare, and that
they are in the same orbit. We want to check that 2 and 2’ are in the orbit O([r + 1, s — 1]), so
there are two vector sequences to compare. The sequence of z and z’, of size s — 1 is as follows

(starting with the first vector of the sequence):

/
Terys = €rys—1  T'(€s—€s45-1) = €s_1 — 5452,
/
Tlrys—1 = Erys—2 z (es—l - es+s—2) = €52 — €545-3,
=0 ‘( - )=0
Tlri2 = T (€s—(5—2) — €s4s—-1—(s—2)) = Y-

Next, the sequence of size r + 1 is as follows:

!
TEr41 = €Ep T €ris = €rys—1,
!/
ZTEy = €r—1 T €rys—1 = €rys—2,
— ! —
Treg = €1 T €g41 = €1,
ze; =0 xz'e; = 0.

This suggests using a base change as follows:

€r4s = €5 — €s4s—1,

€r4s—1 = €51 — €s+s5—2,

€r42 F7 €5_(5—2) — Cs4s5—1—(s—2) = €2 — €s41-

€r41 — Cris,

€p — Cr4s—1,

€ > €511,

el —eq.

We describe the matrix g associated with this base change by its column vectors:

9= (€1,€50415-+3Cstr, €2 — €511,--.,€5 — Csis_1)

And g-x = grg~! = 2/, so 2’ is in the orbit of z € O([r + 1, s — 1]). Finally, let A be defined by
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A = diag(tl, I.), for t € k™.

Then limy 2’ € O([r, s]), so O([r, s]) is 1l-accessible from O([r + 1,s — 1]). Iterating this process
shows that O([r, s]) is accessible from O([r + k,s — k]). We now proceed with the proof of the
stronger result, that O([r, s]) is 1-accessible from O([r + k, s — k]). Let x € O([r + k, s — k]) be in
the standard form, that is = J, 1 & Js—k, and let

JS 1(a)

with (a) = (k,s +1). Then if
A = diag(tls, I,), for t € K*

it follows that limy -z’ € O(]r, s]). Now we will prove that x and 2’ are conjugate: as with the case
of z,2' € O([r+1, s—1]), we compare vector sequences. There will again be two vector sequences,

one of size s — k:

/
TElr4s = Epqs—1 T (63 - es+s—k) = €s5—1 — €s4s—k—1,
/
LTErys—1 = Erps—2 x (65,1 - eersfk:fl) = €52 — €s4s5-k—2,
/ /
TCr4k+1 = 0 x (esf(sfkr)Jrl) - eersfkf(sfk:)«Fl) =z (ek-i-l - es+1) =0.

And a sequence of size r + k.

’
TErik = Ertk—1 T €ris = €ris—1,
’
LTErtk—1 = Er—k—2 T €rys—1 = Er4s-2,
— / —

Tek+1 = €k T €sy1 = €k,
’

TEp = €k—1 T e = €k-1,
’

reg = €1 T ey = €1,
ze; =0 2'e; =

Then the base change is:
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€ris > €5 — Csts—k»

€r4s—1 = €es—1 — €s+s—k—1,

€r+k+1 77 €k41 — €541,
Cr4k rd €risy

Terik—1t7 Crps—1,

Ck+1 F7 €541,
e — €k,

€k—1 > €k—1,

e —eq.

We describe the matrix g associated with this base change by writing down its column vectors:

g= (617 vy Chy sy ey oy €41 T €541y ,€5 — eersfk) .

Then, it can be checked that ¢ - x = 2/, as intended. Finally, let

A = diag(tls, I,.),
so that limy A - 2’ € O([r, s]), finishing the proof. O

With Theorem 2.2.1, we have shown that if 2’ is of the form

Js 1((1)

T,

with (a) = (k,s+ 1), and k < s, then 2’ induces a vector sequence:

TiCrysh> Crpgs_1 > ... > €Ey1 e ... e — 0.

So x € O([r + k,r — k]). In this matrix, there are two Jordan blocks (of size J, and J,, in
that order, with s < r) on the diagonal, an there is a nonzero entry in the upper-right block. We
will now prove two lemmas that determine the orbit of z’ if it has multiple nonzero entries in an

arbitrary j*™ column, with j > s.

Lemma 2.2.1. Let 2’ be of the form:
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Ta1,s41)

o = L(k,s+1)

T,

such that it has two Jordan blocks of sizes s and r, with » > s, and that multiple 1-entries in the
first s rows of the (s + 1) column. Then 2’ is in the orbit of O([r + k, s — k]), where k is the row

of the last nonzero entry in the (s + 1) column.

Proof. Suppose that 2’ has two Jordan blocks, of size J, and J,. on the diagonal (s < r), and two

1—entries, in positions (k,s + 1) and (k4 ¢, s + 1). Then 2’ induces a vector sequence:

T gy g1ty Gl Cpai R e Fer e+ 0 e o e = 0.

At step r, the entries 1(; ;1) and 14 s41) are picked. The entry 1, 11 is killed off k steps later,
but the entry 1(j4; .41) is killed off k + i steps later. So the vector sequence has a length 7 + k +
and the sequence ey — ... — e; — 0 is entirely contained in it. So we conclude that the last
nonzero entry in the (s+ 1) column determines the orbit of #/, hence 2’ € O([r +k +i,s—k —1]).

O

Lemma 2.2.2. Let 2} be of the form:

Js A(k,s+1)

J,

such that it has two Jordan blocks of sizes s and r, with r > s, and that it has one nonzero entry

in the top right block, in position (k, s + 1), and let 2, be of the form

b(1.9)
I :
1'/2 = ’U(Snj) y
Iy
such that it has Jordan blocks of sizes s and r, with r > s, and nonzero entries vy j), ..., V(s j), in

the first s rows of the j*" column. Let V(t,5), With £ < s be the last nonzero entry in the first s rows

of the j* column. Then 2/ and ), are in the same orbit if (k,s+1) = (t — m, j —m) for some m.

Proof. First, we note that z) and z} are strictly upper triangular, and that 2} has one nonzero
entry in the s + 1*" column. If 2} has more nonzero entries in this column, we apply lemma 2.2.1
and look at the last nonzero entry. Next, in matrix x5, we look closely at the first s rows of the

4*" column of x4, which we will denote by a vector v. Then v is of the form:
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V1,5

v = Vt,j

v(t,5) is the last nonzero entry in the first s rows of the 4t column. As j > s+ 1, there another
nonzero entry, in the J,. block, say in row ¢ with ¢ = j — 1.

Let u be the unipotent matrix with 1s down the diagonal and —wv; in position (¢,4), so u €
R, (Py) and limy u = 1 (see Section 1.7). Then:

ep, —viey  if p=1,

uley) = (2.1)
€p otherwise.

w(e,) = e, +vier  ifp=1, (2.2)
ep otherwise.

Then

uzhu~(e;) = uwh(e; + vier) = uah(e;) +u(vies_1),

by the equations and the properties of z, (we know xf : e, — e,—1 for 2 < a < s, in particular
xh(es) = e;—1). Without having to detail the actions of zf, for e, when b > s, note that it is upper

triangular, so uzh(e;) = xh(e;). Therefore conjugating x5, with u adds v in position (¢ — 1,5 —1):

uzhu~(e;) = X(ei) + viep_1,
and

t t t—1
uzhu(e;) = ux(e; + Zvlel) = u(e; — veer + Zvlel) =¢; + Zvleg,
=1 1=1

1=1
so the " column of uzbu~! is the j** column of z/, with the v; entry removed (the other entries
are left the same). Hence conjugating with u takes vy from position (¢,5) and puts it in position
(t—1,5 — 1), i.e. it moves up its superdiagonal. By repeating the process of conjugating with

unipotent matrices, we get that for some m € N:

um.....ul.ajé

has v; in position (¢t —m,j—m) = (k,s+1). With the same process of conjugating with unipotent
matrices, we can also take other all v j-entries (with s < t) out of the 4 column, an add their
values to certain (I, s + 1) entries in the (s + 1)*® column. Since s < ¢, we also have that | < k,

and we can apply Lemma 2.2.1 to see that so a4 is in the same orbit as a} : O([r + k,s — k]). O

We can now describe in detail what orbit a matrix z’ is in. Let:
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T,14s) T(1,24s) -~ T(1,r4s)

Js T(2,14s5)

I(S,1+S) e e $(87’I‘+S)

Iy

and suppose that x; ; is the last nonzero entry in the first s rows of column j. Then 2’ is in the
orbit O([r + k, s — k]), with the value of k denoted in the (z, 7)-spot:

| [s+a]s+2].Jos[as+1].[r]

We note that block order does matter with the following corollary.

Lemma 2.2.3. Let y be of the form:

’ Y(rr+s+1—k)

Js

for some k < s. Then y € O([r + k, s — k]).

Proof. The matrix y’ has two Jordan blocks of size r and s on the diagonal, and a nonzero entry

in the 7" row of the upper right block, so it starts a vector sequence of length [r + k] by acting on

Cris
/
Y tCryps 2 Crps—1 7 " P Crqstl—k
= €rqs—k tep 2 Eppl € (s—k)+1
> Cp_(s—k) F> e = 0,
hence y' € O([r + k, s — k]). O

1th

Remark: Similar to the case of multiple nonzero values in the r + column in z’, if there

are two nonzero entries in the r* row of ¥/, Yrrrsrik, and y. ooy with ki > ko, then
y/ S O([T + k’hS — kl])

To determine the orbit when the 3’ is in an arbitrary position, we adapt lemma 2.2.2.

Lemma 2.2.4. Let y| be of the form:
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y(r7r+s+1—k:)

T,

and let y5 be of the form

I Y(t,5)

Js

with ¢ <, and j > r. Then y} is in O([r+k,s —k]) if (t+m,j+m) = (r,r +s+ 1 — k) for some
m e 7 > F¥.

Proof. Again, denote by v the first 7 rows of column j, then v; = y; ; is the last nonzero entry of
v, and in column j there is exactly one nonzero entry y; ; with ¢ > ¢ (here ¢ = j — 1). As before,
unipotent matrices can remove the entry in position (¢, j) in exchange for gaining one in position
(t—1,j—1). Here the process is reversed: let u be a unipotent matrix which is the identity with v;
in position (t+ 1,5+ 1), then u~" is the identity with —v; in the (¢ + 1,5 + 1) position and uy'u ="
is ¢/, but with v, in position (¢, j) replaced to position (¢t + 1,5 + 1). By repeating the process, we
get that:

/
ul.uz.....um.y

has v in position (t +m,j+m) = (r,r + s+ 1 — k) for some m. We conclude that y is in the
orbit of O([r + k, s — k]). O

2.3 Multiple parts

In this section, we will determine when moves of multiple parts are possible using cocharacters. In

the dominance order, we can identify two moves:
1. Multiple parts give pieces to one part, e.g. [r1 + k1,72 + ka, s — k1 — ko] — [r1, 72, ].
2. Multiple parts take pieces from one part, e.g. [r + k1 + k2, 51 — k1, $2 — k2] — [r, 51, S2].

Theorem 2.3.1. Let my = [...,ri4+ky, ..., 7p+kp,s—> 0 ki, .. Jand mo = ..., 71, ..., 1p, S2,.. ]
Then O(ms) is 1-accessible from O(my).

Proof. Since the general proof for this result is technically quite involved and might be difficult
to follow, we begin with the special case that p = 2. That is, we show that O([ry,re,s]) is
one-accessible from O([r1 + k1,72 + ka, s — k1 — k2]).

Let:

xr = JT1+k‘1 ©® Jr2+k2 5] Js—k‘l—k‘zﬂ

43



and let

Liay)

with (a1) = (k1,5 + 1),(b1) = (k1 + k2, s + 71 + 1), (b2) = (s + ka,s + r1 + 1). Then the vector

sequences are as follows, starting with the part of size r1 + k1:

/
LTEri+ks = Cri+ki—1 T €ri4+s = €ri4+s—1,
/
Llri+k1—1 = €ry—k;—2 T €ri4+s—1 = €ry4+5-2,
— / —
TRy +1 = €k, T €si4+1 = €ky,
/
T€, = €k —1 T €py = €k—1,
— / —
Treg = €1 T eg = ey,
ze; =0 2'e; = 0.

Next, the part of size ro + ko:

’
LEry+ki4ro+ke = Critki+rotka—1 L Critro+s = Critrots—1;,

/

LEry+ro+s—1 = Eritrots—2 T €ri+rag—s—1 = €ri+ra+s—2;

— / —

Teritki+ra+1l = Critki+rs T Cri+s+1 = €ki+ky — Cstkas
’

LEri+ki4ry = Cri+ki+ra—1 T (6k1+k2 - 68+’€2) = Cki+ka—1 — €s+ko—1,
/

Ter4h+1 =0  @'(ep 41— €s41) =0.
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Finally, the part of size s — k1 — ko:

/
Tlri4rot+s = Ery4rots—1 X (65 — €54k — 6s+r1+k2) =€s5—1 — €s—k1—1 — Estri+ka—1;

/
Tlri14ky+rothe+1 =0 T (€s—sthyt+hat1l = Csthi—sthi-that1 = Cstritha—stki+ha+1)

= ]"/(ekl-l‘kz-‘rl = €2k 4ka+1 T 67"1+/€1+2k2+1) =0.
So we have the following base change, for the ry + k1 part:

e] — e,

€9 > €9,

€k, 7 €k,

€ki+1 77 €541,

€ri+ki 7 Erits-

For the ro + ko part:

€ri+ki+1 "7 €ki+1 — €541,

€T1+k1+2 = 6k1+2 - 6‘9-"—27

€rtkitks 7 €kitke — €stka)

€ritki+ko+1 77 €rifs+1s

Crtltk+ltratks 7 Critrots:

For the s — k1 — ko part:

Ert 14k +rothatl "7 Chidthotl — €2k +kot1 — Eridki4+2kat1,

€ritrots 77 €s T €stky T Estrytko-

So we have shown that z’ is in the orbit of x. With the appropriate A it follows that limy z = y
with y € O([r1,r2,s]), and in the standard form. So O([r1,72,s]) is l-accessible from O([r; +
k1,79 + ko, s — k1 — ka]).

By induction, we can now prove that O([r1,r2,...,Tp, s]) is l-accessible from O([rq + k1,72 +
koyooosrp+kp,s — >0 ki)

Let
L= JT1+7€1 D JT2+7€2 ©--- D er+kp & Js_yr ki-

i=1
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And let

Liay)
Js Ly | L
Liay)
71(172)

']’I‘1 _1(62)

—L(dn)
[L'l = J’rz )

71(d3)
Ir,

where

(a1) = (k1,5 +1) (di) = (( )s+(221n) 1)

(b1) = (k1 + ko, s +71 4+ 1) (d2) = (s ( )s+(211n) 1)
(b2) = (s + k2, s+ 711+ 1) (d3) = (s + 1+( ki)os + (i i) +1)
(1) = (i ki)os+ (i) +1)

(co)=(s+r1+ks,s+ri+ra+1)

Then the base change is (blocks are separated by a ’|'):

{€1, s Chyy€sqty s ot
€ki4+1 — €s4+15-++3€ki+ky — €s+kos Cstri+1y--+5Cs4ri+ry
€ki+ko+1 = Estkotl = Cstritly -+ Chithatks = Cstkaths — Cstrithay Cstridratly o) Cotridratrs
Ol k)+1 T ot (P k)+1 T T Ce (T )R (S o k)L T T G (I )L
Gy k) 7 Cot (i k) — T G (R ) (D g ki) T Cs b (IT Y )k
Cot (TPl ro+17 0 G+ (S o)
CEI b+ T o (T k)1 T T o (T ) (Sl k)L T T S (DI )41

€s T Cot (Ch o ki) Fs— (I ki) T Cst (T r)H (TP s ki) Fs— (0 ki) T

€t (X0 E )b (50, ko))
(2.3)

And, as before the matrix g consists of exactly the above base change vectors, in that order. Then
g-x =x'. Next, let
A = diag(t? L, "', ..., 1,,),

so that limy -2’ € O([r1,72,...,7p,s]), finishing the proof. O
Theorem 2.3.2. Let my = [...,r+> ¢ ki, s1—k1,...,8q—kq,...Jandlet mo = [... 7, 81,...,8q, .- ).

Then O(m2) is 1-accessible from O(my).
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Proof. Again, we first analyse the case ¢ = 2, in order to illustrate the general case with a more

traceable one. Let m = [r + k1 + ko, 81 — k1, $2 — ko] and let 7o = [r; s1, s2]. Then
Tr = J7'+k)1+k2 @ Jsl—kl @ ‘]82—]627

and

J,

with (a) = (k1,51 + 1) and (b) = (s1 + k2,51 + s2 + 1). Again, we compare vector sequences, first
the block of size r + k1 + ko.

’
Llriki+ks = Crtki+ka—1 T €si+sy+r = Csi+sy+r—1
’
Llrtki+ka—1 = Criki+ky—2 L Csi+so+r—1 = Csy+sa+r—2
— / —
LCky+ky+1 = Chky+ko T €si+sy4+1 = €s1+ko
’
LCki+ky = Chitka—1 L Csi+ky = Cs14ka—1
— / —
LTlky+1 = €k, T €s14+1 = €k,
’
TlE, = €k —1 T € —1 = €2
zer =0 2'e; = 0.

Next, there is a block of size sy — ko.

’
LErisy4sy = Crisi+sa—1 T (€145, — Csytsatsn—hs) = €s14s5—1 — Csytsptsa—ka—1s
’
LErtsi+sa—1 = Crisi+sy3—2 T (651+82*1 - 681+S2+82*k2*1) = €s1452—2 ~ €sy+sat+s50—ka—2
xe =0 2'(e —e )
r+s1+ke+1 = s1+s2—(s2—k2)+1 s1+s2+s2—kao—(s2—k2)+1/>

’
=T (651+k2+1 - 651+82+1) =0.

And finally there is a block of size s; — k1.
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_ / _
TErys) = Crps;—1 x' (s, — €siqs1—ky) = €s1—1 — €5y 451 —ky—1

'Te’l"JrSlfl = e’l‘+5172 l'/(€5171 - elerSl*k:l*l) = 65172 - 681+517k‘172
r=ce =0 (e —e )
= Crtki+1 = s1—(s1—k1)+1 s1+s1—k1—(s1—k1)+1

= $/(€k1+1 - 651+1)'

Which gives the following base change for the r + k1 + ko part:

Ertkithy F7 Csitsatrs

€ki+ka+1 F7 €s14s2+1)

€hytky 7 €514k

€ki+1 =7 €541,

€L, > €y,

e — eq.

And for the sy — ko part:

€rtsi+ss 7 €si4sy — Csitsatsa—ka)

€rtsitkatl 77 Csitkat+1 T Csitsatl

And for the sy — k1 part:

Crisy 7 €s; — Csi4s1—ks

€rtki+1 77 €ky+1 — €sy41-

Then the base change is:

{ely <o 9€k13 €541y -5 €51 +kas Csytsat+1ly ey Esydsatr
€ki+1 — €s14+1y---5€5; — €sy4s1—ky
€s1+ko+1 — €si+so—kyy -5 Csitsa T 681+52+82*k2}'

Let g be the matrix with the vectors of the base change, in that order, then g -z = 2/, and let:

A= diag(t2151 s tIs'za Ir)
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Finally
li>r\n)\ ' =Js, @ Js, @ .

So O([r, s1, s2]) is 1-accessible from O([r + k1 + ko, 81 — k1, 82 — k2]).
Next, we can prove that O([r, s1, 52, . . ., sq]) is 1-accessible from O([r+>.7_,, s1,...,s1]). First,
let
r=Jysa g @ ok @ D Tk,

and let

Iy

with (a) = (k,s1 4+ 1) and (b) = (X9 s; + k,3.%, s; + 1). Then the base change is:

K2

{61, v 3 €y Csi 41y ety Coyidkoy ey 6(23;11 s)4+10 6(2;;;11 Si)+kq’€(23:1 Fsi)H1rc 6(23:1 si)+r|
Cki4+1 — €s1415---, €5 — 681+S1*k1|
€s14+ka+1 — Csitsa+1y-- -5 Coi4sy T eSl+82+82—k2|
N
St gitkg)+1 — E I (sitsg) 410 Oy s T G, si)sq—kq )

Let g be the matrix with the vectors of the base change, in that order, then g -z = 2/, and let:

A = diag(t?1,, ,t9 ' ,,, ... tL,,, I).

Then limy A - € OJr, s1, $2,. .. $2], finishing the proof that O[r, sy, ... s] is one-accessible from
O[T+Zg:1k¢,517k1,...,5q7k'q]. D

We have now shown that a move is valid if it involves moving pieces from one part, to any
number of smaller parts, or if it involves moving pieces from any number of larger parts to one
smaller part. Note that no larger part can receive a piece from a smaller part (see 1.8.1). Here we
will show that if a move involves a part receiving pieces from a larger part, and giving pieces to a

smaller part, we can instead denote it as either of the two moves described above.

Lemma 2.3.1. Let my = [r + k,s+1— k,t — ], with & > [, and let mo = [r,s,t]. Then 79 is

1-accessible from 7.
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Proof. Denote k =1+ k', thenk—1l =k so[r+k,s+l—k,t—I=[r+1+k, s—k t—1], which
is of the form [r + k1, s1 — k1, s2 — ko, so clearly [r, s,t] is 1-accessible from [r+ k,s +1— k,t —].
Conversely, suppose there is a partition of the form [r+k, s+1—k, t—I] with k < [, and one wants
to show that [r, s, t] is 1-accessible. Denote k = -1, then [r+k, s+1—k,t—1] = [r+1-1', s+’ r—1],
which is of the form [r1 + k1,72 + ko, s — k1 — ka].
Finally, if k = [, it immediately follows that [s+k —[] = [s], so the problem reduces to showing

[r,...,t] is 1-accessible from [r + k,...,t — k], as shown in Section 2.2. O

2.4 Conclusion for gl,

In this section we will use Theorems 2.3.1 and 2.3.2 to prove the following theorem:

Theorem 2.4.1. Let m; and w5 be any two partitions such that m; dominates mo. Then O(ms)
is one-accessible from O(m1). Hence, for GL,, accessibility and 1-accessibility coincide, and the

partial order on orbits given by accessibility is the same as the dominance order.

Proof. m dominates s, so letting 71 = [a1,...,an], T2 = [b1,...,by), we have > 1 a; > > 1" b;
for 1 <i < m (note also that n < m, or equivalently, all a,1,...,a, parts are of size zero).
We can rewrite mo = [..., 73, ..., 8;,...,t,..Jand m = [...,r+ P, ...,8, — Q... 1, ], 80

r; + P; parts lose pieces, and s; — @); parts gain pieces (t; parts are unchanged). There are a finite
number of r; + P; parts, say p, and a finite number of s; — @Q); parts, say q.

Then we can denote each r; + P; as r; + 23:1 Di,j, where p; ; are the pieces transferred to all
s; —Qj, for 1 < j < ¢, and some p; ; may be zero. Hence we can describe the move m; — m as p
number of moves of type 1; all r; parts lose pieces simultaneously. Similarly, all s; — @; parts can
be denoted as s; — > %_; ¢; j, hence the move can be described as ¢ moves of type 2; all s; parts
gain pieces simultaneously. Then we have described all changes to the r; and the s; parts in one

move, so 7y is 1-accessible from 7. O

As the dominance order and the partial order given by accessibility coincide, the example for
accessibility in glg is the same as figure 1.1. Recall that the general linear group contains as a sub-
group the special linear group SL, (k) consisting of matrices of determinant 1. The corresponding
Lie algebra sl,, (k) consists of trace zero matrices in gl,,(x). Since the trace of nilpotent matrices is
zero, all nilpotent matrices in gl,, are also in sl,,.

The accessibility of nilpotent orbits in the general linear group is helpful for determining the
accessibility in the special linear group. In fact, the following two lemmas will show that the

accessibility for sl,, is the same as that for gl,,.
Lemma 2.4.1. The GL, (k)-orbits and SL,,(k)-orbits of nilpotent matrices are identical.

Proof. Let x be a nilpotent matrix in standard form, in any orbit. Then x is strictly upper
triangular, so it is immediate that all diagonal entries are zero, hence Trz = 0. We conclude that
x € sl,. Since any g € GLy (k) can be written g = zh with z a scalar matrix and h € SLy(k),
we see that two nilpotent elements are conjugate by GL, (k) if and only if they are conjugate by
SL, (k). O

Furthermore, the accessibility of orbits in sl,, is the same as that for the orbits in gl,,.

Lemma 2.4.2. Let z1,22 € gl, be nilpotent matrices corresponding to partitions m; and 7o,

respectively. If xo is accessible from x7 in gl,,, then it is accessible in sl,,.

n’

Proof. Let xo be accessible from x; in gl,,, then there is a ¢ € GL,, and a cocharacter A of GL,, (k)
such that limy(g - 1) = x2. We can find an h € SL,, and p € £*(t) with det(p) = 1, such that
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limy o o - (h - a1

)
det(h) = det \’ﬁg = Ldetg=1.

The approach to find a suitable form of A is similar. Let xo have partition [rq,...,7r,] of p

= xo. Specifically, if detg = ¢, then we take h = \ﬁg, and it follows that

parts, each of size r;. Then A is of the form:

P
P21,

P

where each I, is an identity block of size r;. Then

det(\) =TI, I} #7 "
— Hletri(P—i)
— iz ri(p—9),

The effect of the cocharacter A when limits are taken does not depend on the values of the powers
of t, only on the fact that these powers form a decreasing sequence. Hence, if we like, we can
replace the powers with a decreasing sequence of integers summing to 0 — that is, we replace each
tP~" (including when ¢ = p) with powers t* with a; € Z chosen so that Y %_, r;a; = 0. Then the
new cocharacter has the same effect in the limit, but now evaluates in SL,, (k).

By Lemma 2.4.2, x; and x5 are present in the special linear group, so with p and h, we have
found a move such that lim, 1 = lim; o it - (h - 21) = x2. We conclude that z is accessible from

x1 in the special linear group. O
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Chapter 3

Results in the symplectic algebras

In this chapter, we describe the results in the symplectic algebras. We consider the five possible
moves in the dominance order of the symplectic algebras, and analyse four which are also possible
with cocharacters. The last move, which doesn’t occur with cocharacters, will be analysed in detail.

First, recall from Equation 1.4 that the symplectic basis we choose is as follows:

B:{ela"'7en7fna"'7f1}’

and that the matrix of the bilinear form ¢ with respect to this basis is:

Then the symplectic group is
Span, = {9 € GLay | g7 Qsg = Qs},
and the symplectic algebra is:
spPo, = {2 € gly, | 27 Qs + Qgz = 0}.

Recall that bilinear forms are conjugate, so the our analysis of the moves in this chapter are
independent of the choice of the bilinear form and symplectic basis. Recall that the group and
algebra are over an algebraically closed field k = k. In the Section 5.1, we describe why the proofs

do not always hold if the restriction of algebraically closed fields is lifted.

3.1 Partitions and moves

To determine (1-)accessibility in the symplectic algebra, we first recall the possible symplectic
partitions, and which orbits in sp,,, are distinguished. The symplectic partitions are given by part
1 of Theorem 1.11.1:

Theorem. Let x be a nilpotent element with partition [rgnl) o ,T;f,"‘“)]. Then x appears in sp,,,

if and only if n; is even for all odd r;.
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And by Lemma 1.11.2, we can determine when a partition is distinguished:

Lemma. Let x € sp,,,, then z is distinguished if and only if its partition 7 has distinct even parts

(and no odd parts).

By considering minimal through the dominance order of the partitions corresponding to sym-

plectic nilpotent orbits, we can identify the following moves (note that m = 0 can occur):
1. O([2m,2m — 2]) — O([2m — 1,2m — 1]).
2. O([2n,m,m]) = O([2n — 2,m + 1, m + 1]).
3. O([n,m,2m]) = O([n — 1,n —1,2m + 2)).
4. O([n,n,m,m]) = O([n —1,n—1,m+ 1,m +1]).

5. O([2n,2m]) — O([2n — 2,2m + 2]).

It is clear that move 5 cannot occur with cocharacters if m = 0, and in section 3.2 we will
analyse why it fails in general. First, we will analyse moves 1-4 with examples, and the generalized
moves as given above. The base changes between matrices x and z’ will be omitted, but can be
determined with the same method as in chapter 2. While these base changes will not necessarily
be symplectic, theorem 1.12.1 tells us that if  and 2’ are in the same GL(V )-orbit, they will also
be in the same g-orbit, in this case g = sp,,. In chapter 5, we will give an example in which
start with a base change that is not symplectic, and then determine one that is symplectic. This
gives an interesting topic for further research, as the process involves elements that are not always

defined in fields that are not algebraically closed.

3.1.1 The cocharacter realizing move 1

We begin with an example, the move, O([6,4]) — O([5,5]) in dimension 10.

Recall that the goal is to find an ' € O([6,4]) and a cocharacter A such that limy 2’ € O([5, 5]),

1

and a symplectic base change g, such that grg~! = z/, where z is the standard form of a symplectic

matrix with partition [6,4]. That is:

S OO O O
O O O OO o o

S| O O OoOlo o O

o O Ol O = OO0 ©o ©
OOOOI

—_
o O Ol O O o~ o O

o O OO0 O O oo o o
O O OO0 O O oo o
O O OO0 O O oo ~ O
SO O OO0 O O oo o o
o O OO0 O O =l o O

o o
o |
—_
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Let

010001 0 0 0 0
00100/0 0 0 0 0
00010/0 0 0 0 0
000O0T1/0 0 0 0 0

, looooojo 0o 0o o0 1

"1 00000 -1 0 0 o |
000O0GO0|/0 0 -1 0 0
000O0O0/0 0 0 -1 0
00 00O0[0 O 0 -1
000O0O0/0 0O 0 0 0

At) = diag(t, t,t,t,t, 67t e e e h),

So y = limy 2’ € O([5,5]), and row-elimination shows that dim(ker(z’)) = 2, while (2/)° # 0 and
(2")% = 0, therefore 2’ € O([6,4]). Alternatively, the information about the nonzero entries on the
sh superdiagonal can be used to clarify the form of 2/, see Lemma 2.2.2 on page 40. We conclude
that O([5,5]) is 1-accessible from O([6,4]).

We now generalize to the move O([2m, 2m — 2]) — O([2m — 1,2m — 1]). For notation purposes,
let

JQn = )

with (a) = (n,n + 1). Then, the standard forms of x and the form of 2’ are as follows:

JT",
L)
T = j2m72 )
—J,
where (a) = (m,3m — 1). Next,
Lia)
Jom—1
o 0]
_Jmel

54



with (a) = (1,2m) and (b) = (2m — 1,4m — 2). Then « induces the vector chains:

A= —fo= .= (=D)" = (—D)™em = (=1)"em_1 — ... = (=1)"e; — 0.

fms1 = —fmgo == (=)™ 2 fom 1 = (=D e = ... = (1) tepi — 0.

And 2’ induces the vector chains:
fl — —fQ — €n — f3 —€p—1—7... (—1)2m_2f2m_1 — €9 — —262 — O7

f2 — €np — 7f3 —€n—1—7... 7 (71)2m73f2m—1 — €2 — 07

so z’ does indeed have partition [2m,2m — 2]. Let
tlom— tJom—
A= Zm=1 , then y = lim2’ = am=t )
—t_llgm,Q A _t_lJmel
which has partition [2m—1, 2m —1], hence O([2m —1,2m —1]) is 1-accessible from O([2m, 2m —2]).

3.1.2 The cocharacter realizing move 2

The second move is: O([2n, m,m]) = O([2n—2, m+1, m+1]). We start with example O([6,2,2]) —
O([4,3,3]). The standard symplectic form is:

rt=Jy, ®Js ® Jo.

Let
01 0ltoo0o olo o o
00 1/000 o0lo 0o o
000/0oo00 0lo 0o o
000/010 0J0o 0 0
, looojoo1 olo 0 o
““looolooo —1lo 0o o |’
000looo olo o -1
000000 0]0 -1 0
000000 0olo o —1
000/000 0lo 0o o

At) = diag(t, t,¢,1,1,1,1,¢7 1 ¢t ¢,

So y = limy 2’ € O([6,2,2]).
Generalizing to the move O([2n,m,m]) = O([2n —2,m + 1,m + 1]), let

= Jp ® Jon ® (—Jm)

and let
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La)
Jm+1

—JIm+1

with (a) = (1,m + 2) and (m + 2n — 1,2m + 2n). Then x induces the vector chains:

fi—= —fo— = (=)™, =0,
fm+1 N _fm+2 S s (_1)n_1fm+n — (—1)n€n+m — (_1)n€1 — 07

em —--—e; — 0.
and 2’ induces the vector chains, of length 2n, m, m, respectively:

fi = =(f2+ fom) = = (1) (frem + fiom) = (1) fogom —
N (71)n73+mfn+m N (71)n73+m6n+m N

C (1) ey = (1) e — 0,

f2 — —f3 — s —r (—1)m71fm+1 — 0,

€n — €ndtm —> " = Entlm — €nt1 — 0.
So 2’ does indeed have partition [2n, m, m]. Let

tIm+1 Jm+1
A= j2n—2 s then h)I\n.’L'/ = —j2n_2 y

-1
t Ierl —Jm+1

which has partition [2n — 2,m + 1,m + 1], hence O[2n — 2,m + 1,m + 1] is l-accessible from
O[2n, m,m).

3.1.3 The cocharacter realizing move 3

The third move is: O([n,n,2m]) — O([n—1,n—1,2m+2]). We start with example O([5,5,2]) —
O([4,4,4]). The standard symplectic form is:

r=Js& Jo & (—J5).
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Let
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o o olo o o oo o o o
! olo o o olo oo o
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o
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o
o

0
0
0
At) = diag(t, t,t,¢,1,1,1, 1, ¢ et et et
Soy =limy a2’ € O([4,4,4]), therefore O([4, 4, 4]) is 1-accessible from O([5,5,2]). Note the position
of the ones in 2’ compared to the position in z’ in the example for move 2.

Generalizing to the move O([n,n,2m]) = O([n — 1,n —1,2m + 2]), let

x=Jp ® Jom @ (—Jn),

and let

n—1

with (a) = (n — 1I,n+2m + 1) and (b) = (n,n + 2m + 2). Then z induces the following vector

chains:

fi=—fo—- = (=1)" =0,
en —>ep_1—+--— e —0,

frst = —fago = = (=)™ = (=DM — - — (=1)™ey — 0.
And 2’ induces the following chains of length n, n, 2m respectively:

fi=—fo— = (D" 2f 1 = (=1)"te, =0,
fn — _fnJrl —€p—1 " (_1)mfn+m — €p—m — (_1)m+1

+1
= (_1)m €p — €p—2m—-1 —7 —€p—2m—-1 —7

€n+m — En—m—1 —
= —e; — 0,

fn+1 + fn72m — s (_1)m71(fn+m + fnfmfl) — (_1)men+m + (_1)mfn7m —

o (D) ™epgr + (1) g — 0.
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So ' does indeed have partition [n,n,2m]|. Let

tInfl Jnfl
A= JoTR) , then y = li/I\H t = Jom+2 )

-1
—t In—l —Jn—-1

which has partition [n — 1,n — 1,2m + 2], hence O([n — 1,n — 1,2m + 2]) is l-accessible from
O([n,n,2m)).

3.1.4 The cocharacter realizing move 4

The fourth move is: O([n,n,m,m]) = O([n —1,n —1,m+ 1,m + 1]). We start with an example:
O([5,5,2,2]) = O([4,4,3,3]). In standard form

xr = J2 D J5 D (_JE)) ©® (_JQ)u

let
01 0/1 00 0{0O O O O|0 O O
00 1/0 00 0{0O O O 0|0 0 ©O
00 OJOOOO|O O O O|0 0 ©O
00 0OJO1 00{O O O O|0 O ©O
00 0OJOO1O0{0 O O O|0 0 O
00 0JOOOT1{0 0O O O0O|0 0 ©O
, 1 000j0O0O0CO0C0O O O 0|0 0 0
e 00 0O)OOO0O|O -1 0 0|0 0 ©O 7
00 0OJOOOOO O -1 0|0 0 ©O
00 0OJOOOOO O O —-1/0 0 ©0
00 0OJOOOO|O O O O0j]0 0 -1
00 0OJOOOO|O O O O0O|0 -1 0
00 0OJOO OO0 O O O0]0 0 -1
00 0OJOOOO|O O O O0O|0 0 ©O

A = diag(t,t,¢,1,1,1,1,1,1,1,1,¢ 1 ¢ 71,

So y = limy 2’ € O([4,4, 3, 3]), therefore O([4,4,3,3]) is 1-accessible from O([5,5,2,2]).
Generalizing to the move O([n,n,m,m]) = O(ln — 1,n —1,m+ 1,m + 1]), let
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and let
La)
Jm+1

Liv)

_J7rz+1

with (a) = (1,m+2) and (b) = (m+2n—1,2m+ 2n). Then z induces the following vector chains,

of sizes m,n,n, m respectively:

fr—= = (1) o,
fm+1 — (_1)n_1fm+n7
Cn+m — = €m+1,

Cyp —> > €],
And 2’ induces the following chains, of sizes m, n, n, m respectively:

fao= —fa = = (=)™ fipm — 0,
fl — _(fZ + f2+m) s (_1)m(fl+m + f1+2m) — (_1)m+1(f2+2m) — (_1)n(fn+m) - 07
€nt+m — Entm—1 —> - —> €24y — €1 — 0,

€l4m —€l42m —7 " —> €2 — €21, — 0.
So 2’ has partition [n,n, m,m]. Finally, let A = diag(tL,n1, In_1,In_1,t I ;mi1), then

Jerl
7 Jn—l

—dJn—1

—dJIm+1

which has partition [n —1,n—1,m+1,m + 1], hence O([n — 1,n —1,m+ 1,m+1]) is 1-accessible

from O([n,n,m,m]).

3.2 A non-move

This section will analyse Move 5: O([2n,2m]) — O([2n — 2,2m + 2]). First, consider that if
2n — 2 = 2m + 2, then this move is actually a generalized move 1, of the form O([2m, 2m — 2k]) —
O([2m — k,2m — k]), with k = 2. We should now consider the case where 2n — 2 # 2m + 2.

As example, consider the move O([6]) — O([4,2]) (so m = 0). Let x € O([6]) be in standard
form, then
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o o o o o o
o 0o o o =
o o o o~ O
o o o r o o
|
—

Next, we want to find a matrix 2’ such that y = limy 2’ € O([4, 2]), for a suitable A\. Then A has

to be in the centralizer of y, so we start by determining the forms of y and A.

0000 0 1
0010 0 O
looo1 0 o0
“loooo -10]|
0000 0 O
0000 0 O

and A = diag(t1,ta,ts,ta,t5,t6). As limy 2’ = y, we require lim;_,q tlx’(m)tgl =1, s0 t; = tg,
therefore all ¢; must be equal, so the only A in Stabg(y) is +1, which is in the centre of y. So
y is distinguished. By Lemma 1.9.1, 2’ = y, hence y is not accessible from z. This is a special
case of a general phenomenom: if the target element y is distinguished, then there cannot be any
non-trivial cocharacter with limy 2’ = y.

Now that it is shown that O([2n, 2m]) — O([2n—2, 2m+2]) is not a valid move if 2n—2 # 2m+2,
we can consider the implications to the general accessibility of orbits. The following diagram is

the diagram of 1-accessibility in spg, to compare to the diagram for gl (see Figure 1.1).

(6] [4,2]

1]
Figure 3.1: Accessibility in spg.

The observation that O([4,2]) is not accessible from O([6]) gives an answer to the second
question in 1.8: When x = &, are there cases when G(k)-2 # G(k)-x? Yes, as O([4,2]) is

not in the cocharacter-closure of O([6]). In general, however, this observation does not give us

the complete answer, since the presence of other parts in the partition can complicate matters.
For example, even though O([4,2]) is not accessible from O([6]), we can show that O([4,2,2]) is
accessible from O([6,2]). The presence of the extra 2 in the partition makes a material difference
to the outcome, which is not obvious immediately. Note in this case that the two partitions are
no longer adjacent in the dominance order — the accessibility diagram for this case can be split as

follows:
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Consecutively applying move 1 to the [2] part of [6,2] ([2m,2m —2] — [2m —1,2m — 1] for m = 1)
and move 2 to the partition [6,1,1] ([2n,m, m] — [2n — 2,m + 1,m + 1] for n = 3, m = 1), shows
that O([4,2,2]) is accessible from O([6,2]). The following matrix shows that O([4,2,2]) is also
1-accessible. Let a’ be of the form:

0 1/t 00 o]0 o
0 0[]0 00 01 0
0 0[0 1 0 0[]0 0
, | oojoo 1 ofo o
““loolooo —1lo o |’
0 0[]0 00 010 —1
0 0[]0 00 010 —1
0 0[]0 00 0[]0 0

we can compute that (z)% # 0, and row-elimination shows that rank(z’) = 6, so 2’ must have two
parts to the partition, and hence 2’ is in the orbit of O([6,2]). Taking

A\ = diag(t, t,1,1,1,1,t7 1, ¢t71),

then we get:

0 12 00 0[]0 O
0 0J0O 0O O |t 0
0 0|0 1 0 0|0 O
, 0 0|0 01 0|0 O
Ax = ,
0 0|0 OO0 —-1|0 O
0 0J0O 00O 0|0 —t2
0 0|0 0 O 0 -1
0 0|0 0 O 0 0

so limy 2’ € O([4,2,2]), so O(/4,2,2]) is 1-accessible from O([6,2]). We now proceed to show

precisely when the move of type 5 cannot occur.

3.2.1 The shrinking operation

We define the shrinking operation as follows: given a 2n X 2n matrix A, matrix S(A) is the

(2n — 2) x (2n — 2) matrix formed by deleting rows and columns on the outside of matrix A.

a4y 912 913 414

For example, let A = “ay ey fes e , then S(A4) = 22 923 |
a@E1) 432 433 434 a3,2)  4(3,3)
A41) 442) 943 449

Denote by S%(A) the (2n—2d) x (2n—2d) matrix formed repeating the shrinking operation d times.
The shrinking operation is well-behaved with respect to the transpose S¢(AT) = (S4(A))T. To
show that S is also well-behaved with respect to being in the symplectic Lie algebra, observe that

when Qg is the defining matrix for the form in dimension 2n, then S¢({g) is the defining matrix in
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dimension 2n — 2d. Then if ATQg + QsA = 0, it follows that S¢(AT)S%(Qg) + S4(Qs)S%(A) = 0.
Next, suppose y is in standard form and dim(y) = 2n. If = is such that limy z = y and A is in
standard form (as in 1.6), then limga(y) S%(x) = S%(y). There are now two possibilities:

1. S%(z) is conjugate to S%(y), i.e. no orbit change is made.

2. S%(z) is strictly higher than S¢(y) in the dominance order.

With these observations in hand, we now make some further reductions.

3.2.2 The setup

We have observed that distinguished partitions are not accessible from any partition higher in the
dominance order. The question is: are non-distinguished partitions accessible through a ‘move’ of

type 57 This is the case of interest, so we may assume that the following hold:

(i) y is in standard form with a repeated part [...,d,d,...] appearing on the outside of y (so y
is not distinguished).

(ii) « is another nilpotent element.

(iii) A is a cocharacter in standard form such that limy z = y.

Under these hypotheses, we can denote = as x = y+xg, with limy o = 0. Since A is in standard
form, x( is strictly upper triangular. Furthermore, A must centralize y, so A has constant weight
a on the first d basis vectors, and constant weight —a on the last d vectors, i.e. for 1 <: < d, we
get A\(t)e; = t%;, A(t)fi =t~ %f;. Let Ag be the cocharacter formed by having weight a on the first
d vectors, —a on the last d vectors, and weight zero elsewhere. Then Ao and A are identical on the
outside d vectors, and )\ fixes the other vectors.

Then limy, y = y and 2’ := limy, = exists. Since limyx = y, limy 2’ = y also, hence 2’ lies
between x and y in the order of dominance. Hence, if x and y are adjacent in the order, there are
two possibilities:

/

1. 2" =y,

2. 2’/ is conjugate to x.

In the case that 2’ = y, the only difference between x and y lies in the outside d rows and
columns, i.e. S¥(x) = S%(y). In the case that 2’ is conjugate with x, we may replace x with 2’

and assume z has the same repeated [d, d] blocks as y on the outside.

3.2.3 The move of type 5

In the previous subsections, we have setup the requirements to analyse move 5, the move
O([...,2r,2s,...]) = O([...,2r — 2,2s + 2]).

We can now prove the following lemma:

Lemma 3.2.1. Let z € O([...,2r,2s,...]) and let y € O([...,2r — 2,25+ 2,...]). Then y is not

accessible from x.

Proof. We proceed by induction on n, where 2n is the matrix size. If n = 1, there are no r, s with
2r > 6. For the inductive step, suppose that for all matrix sizes smaller than 2n the claim holds,

we now finish the proof with a combination of contradiction and some direct calculation.
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Suppose there is a A € Y (G) such that limy = y. First note that y is not distinguished, by
Lemma 1.9.1. So y must contain a repeated part [...,d,d,...]. With the assumption that y and A
are in standard form, we may assume that this repeated part appears on the outside of the matrix
for y, so Section 3.2.2 can be used. Since x and y are adjacent, the two cases of that section apply.
First, suppose that 2’ is conjugate to x, then z and y share the repeated [...,d,d...] part. With
a suitable conjugation, we may assume that the repeated d—parts in x are on the outside as well.
Then the shrinking operation applied d times removes that part from both x and y. The move
between S%(z) and S%(y) is of the same form as the move between z and y, i.e. it consists of the
move [...,2r,2s,...]to [...,2r —2,2s+2,...] between adjacent parts, with 2r > 2s+ 6. Since the
matrix sizes have been decreased, this is impossible, by induction. So we get a contradiction and
conclude that the second case cannot occur.

So we may assume we are in case 1 of Section 3.2.2. Replacing x with 2/ and X with A\, we
are left with the case of S%(x) = S%(y). Note that the first d rows and last d columns of z are
related because x is symplectic; if there is an entry a in position (i,7) then z also has an entry
—a in position (2n 4+ 1 — j,2n+ 1 —¢). The main idea is to conjugate x by a suitable symplectic
unipotent matrix to kill off most entries in the first d rows which have a further nonzero entry in
the column below them, say in row ¢ for ¢ > d.

So we suppose that = has at least one nonzero entry in column j, with d < j < 2n — d, and we
suppose further that in this column there is another nonzero entry in position (4, j) for some i > d.
Then, since x looks the same as y away from the first d rows and last d columns, we can conclude
that:

(i) This other entry is the only other nonzero entry in the j*® column, because S%(x) = S%(y)

is in standard form.
(ii) We have d < i < j because z is strictly upper triangular.
(iii) The entry is a 1 if 4 <n and a —1 if i > n.

(iv) It is the only nonzero entry in the i*" row, except possibly in the last d columns - in particular

all entries in row 7 before the j** column are 0.

In this situation, let v denote the first d rows in the j*" column, viewed as a column vector of
length d. Let vs denote every position s of vector v. We now split into the following subcases to

cover all possibilities:
1. j <n,and i < n,
2. j>n,and ¢ < n,
3. 7>n,and i > n.

Matrices y and x are of the following form:
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Jq
Jr—l
La)
Y= J2s 42 ;
—Jdr—1
—Jy
* * *
Ja
* * * | *
* Kk,
Jr_1 * Kk ok
1(a) * ok ok
* Kk ok
T = Josta * kK
* Kk,
* Kk k
—Jr_1 * Kk K
* Kk *
—Jy

Here the entry 1(,) is the entry in the bottom-left location of its respective block, and the stars
indicate arbitrary entries at any location in their blocks.
Subcase 1: if j < n, and ¢ < n, then the case is almost identical to determining the orbit of a

nilpotent matrix in gl,, see Lemma 2.2.2 in Section 2.2. Let v; be the last nonzero entry in the

4* — column, more precisely in position (¢, ), and the symplectic property requires that —v; is in

n’

position (2n+1—j,2n+1—t). Let u be a unipotent symplectic matrix with 1s down the diagonal,
—uvy in position (t,1), and (since u is symplectic) vy in position (2n 4+ 1 —i,2n 4+ 1 —t). Recall the

action of the unipotent matrix on the basis vectors (Equation 2.1):
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e, —viey  if p=1,

ep otherwise.

e, +vier  ifp=1,

ep otherwise.

Then

uzu” (e;) = uz(e; + vier) = ua(e;) + u(vies—1),

so a v-value is added to the entry in position (¢ — 1,4), but no other entries before the j* column
are altered. And

t

t t—1
uzu(e;) = ux(e; + Zvlel) =u(e; —viey + Zvlel) =e; + Zvlel.
=1 =1

=1

So the vg-entry in position (¢, §) is killed off. Hence by conjugation with w, the vs-value in position
(t,7) moves up and to the left.

Subcase 2: if j > n, and i < n then the other nonzero entry in the j** column is found on
the anti-diagonal. As before, we will determine a unipotent matrix to conjugate = with, but we
calculate what entries can be found in uzu~' for each column, with an example for further clarity.
Recall that the second half of the symplectic basis is indexed backwards, f; is the last basis vector,
fo the second to last, etc, with f,, being the n + 1*® basis vector, f,_1 being the n + 2", etc. As

an example, let n =7, =9,1 =6,t = 3, so:

010 0/0O0O0O0OO0ODO0O O|O O 0 O

00 1 0[{0 0 0 0 O 01]0 O 0 0

00 0 1{0 0 0 0 w3 0|0 O 0 0
000 O0/0OO0OO0ODUO O|O 0O 0 O
000001 O0O0OUO0O O|0O O 0 o0
000 0/0O0OO0OOT1 0]0 w3 0 0

_ 00 0 0[O0 O O 1 O 01]0 O 0 0
v 00 0 0[O0 O 0 0 O 010 0 0
000 0|0 OO0OO O —-1]0 0 O
000 0|0 OO0OO O 010 0 O
000 0/0O0O0O0OOTO O0O]J0O -1 0 0

00 0 0[O0 0 0 0 O 010 -1 0

00 0 0[O0 O 0 0 O 0]0 O 0 -1

00 0O0/0O0OO0ODUO O|O O 0 o0

Note that z(f;) = —e; — vier, and z(f;) = — fi41 — vee;. In this example, x(fs) = —eg — vie3, and

x(f3) = f4 — V3€¢.-
Let u be the unipotent matrix with —v; in position (¢,4) and v in position (2n+1—4,2n+1—t),

then by Equation 2.1, we know that the first n columns of uzu ™"

are the same as those in z, with
a vy removed from position (¢,5) and added in position (¢ — 1,47). The calculation of interest is:
uru~t(e;) = e;_1 + vier_1. By the symplectic property, we also get that the v; entry in position
(2n+1—j4,2n+1—t) is removed, and a —uvs;-value in position (2n 4+ 1 —4,2n + 2 — t) is added.

To check this, we calculate the conjugation w - x for the last n columns:
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fp+Utfi lfp:tv

fo otherwise.

u(fy) =

) fo—we: ifp=t,
U l(fp): g

fp otherwise.

Checking for the columns p with n < p < j, we note that this corresponds to the basis vectors
f2n+17n7f2n+17(n71)7 .. -7f2n+17(j71)~ Asn < .7 <2n-— da we get f2n+17n > f2n+17p > f2n+17j
and with ¢ < d, we get fony1—; > fi, S0 font1—p # fi for n < p < j. For these fon41—p it must
follow that uzu™'(fent+1-p) = ux(font1-p). Furthermore, as x is upper triangular, (fan—14p)

does not involve f;, so uz(fan+1—p) = T(fant1-p)- Next, for p = j, we repeat the calculation:

t t t—1
uxu_l(f2n+1_j) = uz(font1—j) = u(—e; + szes) = —e; — Vsl + szes = —e; + szes.
s=1 s=1

s=1
In the example,

3

3 2
uzu~ " (f6) = ur(fs) = u(—es + Y _ vs€s) = —€6 — g€z + Y _VsCs = —€;i+ Y Vi€ = —€6.
s=1

s=1 s=1

Forp > j,p#t—1and p #t — 1, we again get uzu='(f,) = z(f,). For p =t — 1, we have
that uru=t(f;—1) = —fi — v¢ fi, hence uzru~! has a —v-entry in position (2n + 1 —4,2n + 2 —t),
as u is symplectic. Finally, if p = ¢, we get that uzu='(f;) = uz(fi — vefi) = u(—fir1 + vier) =
—fis1 +vPes, so the v-entry in position (2n+ 1 — j,2n + 1 —t) is removed (the vZ-entry added in
uzul, in position (t,2n + 1 — t) is not of interest).

To summarize, conjugation by w kills off the vs;-entry in position (¢, j) at the expense of adding
a vg-value to the entry in position (¢ —1,4), possibly making it nonzero. The other entries of uau ="
before column j are unchanged, hence the v;-value in position (¢, §) is moved up and to the left.
In particular for Subcase 2, because t — 1 < d < n, and i < n, the entry where a v;-value is added,
is in position (¢ —1,%). If the entry in this position needs to be removed, subcase 1 can be applied
to do so.

Subcase 3: in the last subcase, i,j > n. As before, the first d rows of column j form vector v,
with v, its last nonzero entry in position (¢,5). The only nonzero entry in column j, after v, is —1
in position (i, 7). With v; in position (¢, j), there is an entry v; in position (2n+1—j,2n+1—1).
Let u be the unipotent matrix with ones on the diagonal, and a v; entry in positions (¢,i) and
2n+1—14,2n+1—1).

Then for any e, we get u(e,) = e, and u=*(e,) = €p, so u and u~! do nothing to the first half of
the basis, hence the first n columns of x and uzu~! are the same. Next, with n+1 <1i < j < 2n—d,

we let p range as follows (n+ 1 < p < 2n):

{n+1,...i—-14,9+1,...;.2n+1—¢t,2n—1t,...,2n}.

Then we get the following sequence of basis vectors fon41—p:

{fn7 ey f2n+17(i71)a f2n+17i7 f2n+17(i+1)a ey ft+1, fta ft717 L fl}a

and the action of u yields:
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Jont1—p — Veey ifp=1i,
u(font1-p) = font1-p — Ve€2nt1—i ifp=2n+1—t,
Jont1-p otherwise.
Jont1—p +viey if p =1,
U (fang1-p) =S fons1p + Vi€omp1—;  ifp=2n+1—t,
Jont1-p otherwise.

The sequence of u(font1-p) is as follows:

{fn7 ey f2n+17(i71)7 f2n+l—i — Ut€y, f2n+17(i+1)a ey ft+la ft — Vt€an+1—i, ft—la DR f1}7

by our assumptions, we have that ¢ < d and j < 2n — d. So when we look at what happens with
the vectors fop41—p for n+1 < p < j, with p # ¢, this never includes vector f;.

First, for n +1 < p < 4, and p # i, we get uzu™(fan+1-p) = uz(font+1-p). The only nonzero
entries in row 4 occur in column j (as S%(x) is in standard form) or later (the last d columns). So
applying x to fa,41-p does not yield basis vector fa,1—;, and since z is strictly upper triangular,
applying « to fon41—p does not yield f;. So uz(font1—p) = z(font1—p) when n+1 < p < j, and

I is the same as

p # . Hence for n+1 < p < j, and p # i, we have that the p'" column of uzu™
the p** column of z.

Second, if p = 4, then uzu™ (font1-i) = ur(fonr1-i + vier) = uz(foni1_i) + ux(vee). Since
x is upper triangular, z(fon+1-;) yields basis vectors fp,, with p > 2n + 1 — ¢ and vectors e, with
1 < p < n, which are all fixed under u. Furthermore ux(vie;) = u(vies—1) = vieg_1, since we know
the action of = on v.e; explicitly, and all e, vectors are fixed under u (1 < p < n).

So the it column of uzu™! is the same as the i*" column of z, except a v;-value is added to
the entry in position (¢t — 1,4).

Next, let p = j, then:

t
umu—l(f2n+1fj) = u<f2n+17i + Z'Uses)

s=1

t
= font1—i — veer + E Vg€

s=1

t—1
- f2n+17i + E Vs€s.
s=1

So conjugating with u removes the v; value in position (¢, j).

Considering the action on the i*" column and the ;" column, conjugation by w kills off the
vg-entry in position (¢,7), at the expense of adding a vi-value to the entry in position (¢ — 1,4),
which may make it nonzero. Except for the change of this value in position (¢ — 1,7), no other
entry before column j is altered by the conjugation.

With these subcases in hand, we can remove nonzero entries v; in position (¢,7) in columns
where a further nonzero entry in row ¢ is present. Specifically, by conjugating, the v;-value of the
entry in position (¢, 7) moves up and to the left. By systematically iterating these conjugations, we
can kill off all the v-entries in the first d rows (starting with the entry in position (d,2n + 1 — d);

the last row of the rightmost column), in the columns where a further nonzero entry is present,
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until the only nonzero entries left in the first d rows are in the columns which have zero entries
everywhere else. Since each of the conjugating elements is sent to the identity in the limit, we have
that the limit along the “new” x is still equal to y. So we may assume that z is of the following

form:

Ja
Jr—l
L)
T = j25+2 ,

* * *

—dJdr—1
* * *

—Jy

where 14 is the entry in the bottom-left of its respective block, and the stars indicate arbitrary
entries in the first column or last row of their respective blocks (zero entries are omitted as usual).
First, we consider the behaviour and orbit of x in an abstract way, then we analyse in detail what
change of orbits occurs. While y induces vector chains of size 2r —2, 2s+2 and two chains of size d,
matrix x induces different vector chains. Consider the effect of = on a basis vector f; for 1 <i < d.
If 2(f;) # 0, then f; is in the vector sequence starting with f;, and the value of f; is added to a
vector from another vector sequence in the center of the matrix. In other words, a vector sequence
initiated in the [d] part at the bottom of the matrix will be continued by the Js,._o Jordan blocks
or the Jys4+2 Jordan block in the central portion of the matrix, where in the matrix y the vector
chains of parts [2rr — 2] and [2s + 2] are initiated. By the symplectic property, the vector chains of
lengths 2r — 2 and 2s + 2 that are terminated in y are picked up by the J; Jordan block at the top
left of the matrix. In detail, the following moves occur, in two cases:

Case 1: if s > d, then x induces vector chains of size s + 2a, r + 2b and two chains of size
d — a — b, with at least one of ¢ and b nonzero. So taking limy x is a move of type 2, in fact two

moves of type 2 occur simultaneously:

O([r +2a,s8+2b,d—a—b,d—a—0b]) = O(r,s,d,d]),

is a combination of

O([r +2a,s+ 2b,d —a — b,d —a —b]) — O([r, s + 2b,d — b,d — b]),
O([r,s + 2b,d — b,d — b]) = O([r, s,d, d]).

Case 2: if d > r, then we analyse the matrix = separately for even d and for odd d. Without
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loss of generality, we can assume that the nonzero entry is in the first column after the [d] block,
so in the otherwise zero column of the Jo,._o block. If d is even, let d = 2d’, and denote top left
2d' x (2d’ 4+ 1) block of matrix z as follows:

T1,2d'+1

Tk, 2d +1
Tk41,2d"+1
Jaq . ’
Lk+it,2d +1

Ll+i+1,2d'+1

Lk+i+j,2d +1

here we let k,7 and j take their maximum value, and we now relate the orbit of x to the position
of the nonzero entry, and determine in what values k,7 and j range.

If we consider a single nonzero entry, in a row k+4+j, we start by considering the last row; row
d = 2d’ Then z has a Jordan block of size 2d’ +2d’ +2r —2 (and a Jordan block of size 2s+2, which
is not involved). Then, if we consider the nonzero entry to be in one row higher, this part loses two
pieces to two different parts, so x has parts of size 2d’ +2d’ +2r — 4, and there are now two parts of
size 1. For every row higher, the largest part loses two additional pieces to the two smaller parts,
until these are of size 2r — 2, hence x is in the orbit of [2d' + 2d' — (2r — 2),2r — 2,2r — 2,25 + 2].
Hence, if the nonzero entry is in one of these last 2r — 2 rows, taking the limit limy x yields the

move:

O([2d" +2d" + (2r — 2) — 24, 4,7,25 + 2]) — O([2d', 2d’, 2r — 2,2s + 2]),

which is a move of type 2. Furthermore, we have determined that 1 < j < 2r — 2.

Next, if we consider the nonzero entry to be another row higher, the first part loses two pieces
and the second part gains two pieces, hence taking limy x gives the following move: O([2d" +
2d' — (2r —2) —2,2r —2+2,2r — 2,25 + 2)) = O([2d’,2d’,2r — 2,25 + 2]). Then, for every row
we go up, the first part will be two additional pieces smaller, and the second part will be two
additional pieces bigger, hence if the nonzero entry is in row 2d’ — (2r — 2) — ¢, = is in the orbit of
[2d" 4 2d’ — (2r — 2) — 2i,2r — 2 4 2i,2r — 2,25 + 2], and taking the limit limy = yields the move:

O(2d +2d' — (2r —2) — 2i,2r — 2+ 2i,2r — 2,25 + 2]) — O([2d',2d’, 2r — 2,25 + 2]),

which is a move of type 1. This is possible until 2i = 2d’ — (2r — 2), because when this equality
holds, z is in the orbit of [2d’,2d’, 2r — 2,2s + 2], which is the same orbit as y = limy z, and no

move occurs. Hence we have determined that 1 < ¢ < d’ — (r — 1), and then for the maximum

)

values of 7 and j, we determine that the range of k is as follows: 1 <k <2d' —i—j=d —(r—1).

We can now make the following conclusion:

(i) If the nonzero entry is in position k, for 1 < k < 2d' —i—j =d' — (r — 1), then « is in the
orbit of [2d',2d’,2r — 2,2s + 2]. Taking limy = will not change the orbit.

(ii) If the nonzero entry is in position k + ¢ for the maximum value of k and 1 < ¢ < d — (r — 1),
then z is in the orbit of [2d" + 2i,2d" — 24, 2r — 2,25 + 2]. Taking limy z is a move of type 1,
where the [2r — 2] and [2s + 2] pieces are unchanged.

(iii) If the nonzero entry is in position k + ¢ 4+ j for maximum values of k,4, and 1 < j < 2r — 2,
then x is in the orbit of [2d' +2i+ 27, 2d’ — di — j, 2r — 2 — j]. Taking limy « is a combination of
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move 1 and move 2: O([2d’ +2i+ 25, 2d —di—j,2r —2—j]) — O([2d' +2i,2d' — di, 2r —2]) —
O(2d,2d, 2r — 2,25 + 2]).

If d is odd, we denote d = 2d’ + 1, and this introduces a row where the nonzero entry places x
in the orbit of [2d’ + 1,2d" — 1,7 — 2, s + 2]. Then the conclusion changes only by the size of the
blocks:

(i) If the nonzero entry is in position k, for k¥ < d’ — (r — 1), then « is in the orbit of [2d’ +
1,2d" + 1,2r — 2,25 + 2]. Taking limy 2 will not change the orbit.

(ii) If the nonzero entry is in position k+1 for the maximum value of k and 1 < i <d—(r—1)+1,
then z is in the orbit of [2d' + 1+ (2(i — 1) + 1),2d" — (2(: — 1) — 1), 2r — 2,25 + 2]. Taking
limy = is a move of type 1, where the [2r — 2] and [2s + 2] blocks are unchanged.

(iii) If the nonzero entry is in position k+i+ j for maximum values of k, 4, and 1 < j < 2r—2, then
x is in the orbit of [2d'+ (2(i —1) +1)+27,2d" — (2(i — 1) +1) — j, 2r —2—j]. Taking limy z is a
combination of move 1 and move 2: O([2d'+(2(i—1)+1)+2j,2d'—(2(i—1)+1)—j, 2r—2—j]) —
O([2d" + 24,2d" — di, 2r — 2]) — O(|2d, 2d, 2r — 2,25 + 2]).

We now have determined the move for a nonzero entrey in the d 4 1t

column: a nonzero entry in
the first d rows of the first column above the J,._; Jordan block gives rise to a move involving the
parts that are of size [d] and [2r — 2] after taking the limit, and we have also established that it
does not involve the part of size [2s + 2]. Similarly, a nonzero entry in the first column above the
Josto Jordan block gives rise to a move involving the parts that are of size [d] and [2s + 2] after
taking the limit, but it doesn’t involve the part of size [2r — 2].

In the case there are nonzero entries in the first columns above both Jordan blocks, taking the
limit will give rise to two moves, that separately involve the parts which (after taking the limit)
are of size [2s + 2] and [d], and the parts which are of size [2r — 2] and [d]. However, the nonzero
entries do not allow for a move between the parts that are of size [2r — 2] and [2s + 2], after taking
the limit. Hence in this special case, the required move does not occur.

So for both case 1 and case 2, the nonzero entries described are only in the first d rows of the
matrix so the move only involves the [2r — 2] and [d] parts when the nonzero entries are above the
Jr—1 bock. In case the nonzero entries are above the Jas1o block, the move involves the [2s + 2]
and [d] blocks.

We will now generalize as we go down the diagonal, where the .J;, blocks are present, for
1 < i < m. The nonzero entries in the first column above the J,._; blocks are next to the Jy,
blocks, so we obtain a move involving the [2r —2] and [d;] parts (after taking the limit). Regardless
of the details of the move, the [2s + 2] part is not involved.

Vice versa, the nonzero entries in the first column above the Jos12 Jordan block, in any row of
one of the J; or Jy, Jordan blocks give rise to a move involving the parts [2s + 2], [d], [d1], - . ., [dm]
(after taking the limit), but the [2r — 2] part is not involved.

Hence, regardless of the location of the nonzero entries above the J,._; and j25+2 Jordan block,
a move of type [2r,2s] = [2r — 2, s2 + 2] does not occur.

This shows that the move O(]...,r,s,...]) = O([...,7 — 2,5+ 2,...]) does not occur. We
conclude that the orbit O(]...,r—2,542,...]) is not accessible from the orbit O([...,r,s,...]). O

3.3 Conclusion for sp,,

In this chapter, we considered the five minimal moves in the dominance order of partitions cor-

responding to symplectic nilpotent orbits (see 3.1), and determined that four are valid moves for
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accessibility of these orbits. We can now describe the order of the orbits in the symplectic alge-
bras. In Section 2.4, we drew a conclusion for accessibility of nilpotent orbits in the general linear
group: the partial order on orbits is the same as the dominance order. This is not the case for the
symplectic algebra, as we have found in Section 3.2 that distinguished partitions are not accessible
from partitions higher up in the dominance order (e.g. in spg, m1 = [6,2] is not accessible from
72 = [8]). Moreover, if we consider two partitions m = [...,r,s,...Jand mo =[...,r—2,s+2,...],
with » > s+ 6, then 7 dominates 7o, but 75 is not accessible from 7. In Section 3.1, we have seen
the moves that are valid in the symplectic algebra, so we can determine an accessibility diagram

with the following theorem:

Theorem 3.3.1. The partial order on nilpotent symplectic orbits given by the accessibility relation

is determined by a combination of the moves of type 1 — 4.

In sections 3.1 and 3.2, we have seen that O(y) is accessible from O(x) if its partition change
is a move of type 1 — 4. But O(y) is not accessible from O(z) if the partition change can only
be obtained through a move of type 5. With the proof of Lemma 1.8.1 (which tells us that
the accessibility order is a partial order over algebraically closed k), we can also determine the

accessibility order with respect to the dominance order:

Lemma 3.3.1. Let z,y be two nilpotent symplectic matrices. Then O(y) < O(y) if O(y) <
O(z), unless the move from O(z) to O(z) is of type 5.

With this theorem we can answer Questions 1 and 2 in Section 1.8.
1 The preorder on orbits given by cocharacter closure is a partial order.

2 Over a closed field %, the cocharacter-closure G - 2~ does not coincide with the Zariski-closure
if the Zariski-closure contains a distinguished orbit, or if the Zariski-closure contains an orbit

G -y, where the move between O(z) and O(y) is of type 5.

We can now describe the difference between the dominance order, and the accessibility order,
of orbits. Let O; and Os be two partitions with 73 = [...,71,81,...] and my = [..., 79, 82,...].
Then O7 > O,, while O is not accessible from Oy if [...,r1,81,...] =[...,ro + 2k, s0 — 2k, .. ] for
k € Z~g, and with r; > s1 + 6 and ro — 2k #£ so + 2k.

Example. The following figure shows the accessibility diagram and the dominance order of nilpo-

tent orbits in spg.
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(8] [6, 2] (6, 2]
| | PN
4, 4]><[6, 1,1] [4,4] [6,1,1]
[4,2,2] [4,2,2]
3,3,2] [4,2,1)] 3,3,2] [4,2,1)]
| |
[3,3,1,1] [3,3,1,1]
| |
260 [4,169) 269 [4,169)
\ \
[2(3)’ 1(2)] [2(3)’ 1(2)}
[2(2) , 1(6)] [2(2), 1(6)}
[1(8)] [1(8)]

Figure 3.2: Accessibility and Dominance diagrams of the nilpotent orbits in spg
Example. The following figure shows the accessibility diagraom of the nilpotent orbits in sp;,.

Note that O([6,4,1?]) is not accessible from O([8,2,1?%]), because the move of type 5 does not
occur in the symplectic algebra.
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110,17 ) 6,4,2]
[8,2()]
8,2,13)]
52, 9] 6,3 [6,4,1)]

Figure 3.3: Accessibility and diagram of the nilpotent orbits in sp;,



Chapter 4

Results in the orthogonal algebra

4.1 Partitions and moves

In this section, we describe some results in the orthogonal algebra. It will show that the matrix
forms of nilpotent elements are similar to those in the symplectic algebra, and that the orthogonal
moves share similarities with the symplectic moves.

We recall from Section 1.11.2 that the basis of o,, is as follows:

B={ei,...,en, fn,-.., f1} if Dim(B) = 2n,
B={e,...,en, 0, fr,..., f1} if Dim(B) = 2n+1,

and the matrix of the bilinear form with respect to B is:

Qo =

Then:

On - {g S GLn | QTQOQ == QO}7
0, ={z cgl, | 270 + Qoz = 0}.

Recall the orthogonal case of Theorem 1.11.1:

Theorem. Assume ¢ is symmetric (the orthogonal algebra). Then there exists a nilpotent element

in g with this partition if and only if r; is even for all even n;.
Then from Lemma 1.11.3, we know that:

Lemma. Let x € 0,, then x is distinguished if and only if its partition 7 has distinct odd parts

(and no even parts).

Like we did in section 3.1, we consider the minimal moves through the dominance order of the

partitions corresponding to orthogonal nilpotent orbits. Then we have the following moves:
1. O([2m + 1,2m — 1]) — O([2m, 2m)).

2. O(2n+1,m,m]) = O([2n — 1,m + 1,m + 1]).
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3. O([n,mn,2m —1]) = O(jn — 1,n — 1,2m + 1)).
4. O([n,n,m,m]) = O([n —1,n—1,m+ 1,m +1]).
5 O(2n+1,2m+1]) — O([2n — 1, 2m + 3)).

Comparing with the moves in Section 3.1, it shows that the moves in the orthogonal algebra
are similar to those in the symplectic algebra; only the sizes of the partitions that occur once are
of different size. In moves 2, 3, and 4 there is at most one distinct partition, so there are very
similar matrix forms (see Sections 1.11.1 and 1.11.2 where we determined the standard forms of
matrices). Therefore we will omit Moves 2, 3, and 4. In the next section, we will analyse Move
1 in more detail, because the standard form of a matrix with partition [2m + 1,2m — 1] is quite
different from the standard form of a matrix with partition [2m,2m — 2], and it is worth viewing
the differences in more detail. Move 5 is impossible to realise with cocharacters, which we will

analyse in section 4.2.

4.1.1 The cocharacter realizing move 1

In first move for the orthogonal algebras is: O([2m + 1,2m — 1]) — O([2m, 2m]). We start with
example O([7,5]) — O([6,6]). As established in Section 1.11.2, the standard form of an element
in O([7,5]) is:

‘AOE‘HO o

o O O O o o o
|
OOOOO&‘HE‘HDO o o O

I
—_
o 0O 0o o oo o o o

SO O O O O O o o o o

e =R = R R R e =)
\
—

o
|
—_

cCo oo o0 o0 o oo oo o
O o o0 o0 o0 o0 o oo o o
C o o0 o0 o0 o0 o0 oo oo o
C o oo o0 o0 o o~ oo o
oo oc oo o oo e
oo oo o o o <
|
o o o o o E‘“E‘s o o o o o

o O o O

e}

0 0

and we have also determined that this type of nilpotent matrix may not occur in o, over k if
K is not algebraically closed, since v/—1 and v/2 may not be defined. The matrix = induces the

following vector chains (for the vector chains of the general case, see Section 1.11.2):

1
f1 — —f2 — f3 %ﬁ(—fb — 66) — —€3 — —€y — —€1 — O,

fa——f5 H%(fﬁ —eg) > e5 —eq — 0.

Next, let 2’ be of the form:

(0]



0100001 0 0 0 0 O
00100000 O 0O 0 O
00010000 O 0O 0 O
00001000 O O O O
00000100 O O 0 O

, loooooo0o0 o0 0o 0 0 -1

““looo0oo0000 -1 0 0 0o o0 |
0000O00O0O0O 0 -1 0 0 O
0000000 0O O -1 0 0
00000000 O 0 -1 0
0000000 0O 0 0 -1
0000O0O0O0 0 0 0 0

then it induces the vector chains:

fi—=—fo—es— fs—es = —fis—es— fs—e3 = —fs —ea = —2e1 — 0.

fo—es = —fzs—es = fa—es— fs —es = fo —ea = 0.

As some entries in = involve ¢ = /—1, we can expect the base change to show parts containing %

as well, and indeed we obtain the following base change matrix:

20 0 0 0 0O O O O 0 00O
01 0 -1.0 0 0O 0 0O 0 00O
o0 1 0 -1 0 0 0 0 0 00
00000%%00000
0o0 0 0 O 0 0 1 0 —-100
oo o o o o 0 0 -1 0 10
P70 1 0 1 0 0 0 00 0 00
00 -1 0 -1 0 0 0 0 0 00
00000%%00000
00 0 0 O 0 0 1 0 1 00
0Oo0 0 0 O 0 0 0 1 0 10
0Oo0 0 0 O 0 0 0 0 0 01

As some of the entries in g; contain i as well, it is clear that this base change does not work over
any field &, since v/—1 may not be defined in some fields that are not algebraically closed. Matrix
g1 is not orthogonal, as gf Qog1 # Qo. Further calculation, as described in Section 1.12, gives the

following base change matrix:
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V2 0 0 0 0 00 O 0 0 0 0
1 7
0 o5 0 % 0 00 0 0 0 0 0
1 7
0 0 0 % 00 0 0 0 0 0
0 0 0 0 0 01 0 0 0 0 0
1 1
0 0 0 0 000 —% 0 -9 0 0
7 1
- 0 0 0 0 0 00 0 & 0 55 0
1 y b
0 % 0 -2 0 00 0 0 0 0 0
1 7
0 0 —% 0 2 00 0 0 0 0 0
0 0 0 0 0 1.0 0 0 0 0 0
7 1
0 0 0 0 0 00 —% 0 % 0 0
7 1

0 0 0 0 000 0 —% 0 5 0
1

0 0 0 0 0 00 0 0 0 0 7

which is orthogonal.

Here we see that the orthogonal base change g to obtain z’, when z is given, may not occur
over any field &, since v/—1 and /2 are not always defined. Earlier, we have also seen that z is not
always defined when the restriction of algebraically closed fields is lifted, since = also has entries
containing v/—1 and v/2. Hence, for the orthogonal algebras, both the orbits of nilpotent elements

and the accessibility diagrams may change when the field x is not closed.

4.2 A non-move for o,

We have seen with Lemma 1.9.1 that distinguished partitions are not accessible. In gl,,, the only
distinguished partition is 7 = [n]. In the symplectic algebra, distinguished partitions are of the
form [2r1,...,2r,], where each r; is distinct. In Section 3.2, we have seen that the orbit of the
non-distinguished partition O(]...,2r — 2,25+ 2,...]) is not accessible from O(]...,2r,2s,...]), if
2r > 2s 4+ 6, and 2r and 2s are adjacent parts in the partition.

It is now a natural question to ask if a similar case occurs in the orthogonal algebra, for two
odd parts in a partition. We recall the method to prove that the move of type 5 cannot occur in

the symplectic algebra, and use it for the move in the orthogonal algebra.

4.2.1 The setup

First, suppose that y - of size 2n - is in standard form, and z is of a form such that limy z = v,
with X also in standard form. Then lim S%(\)S¢(x) = S%(y) and we have two possibilities:

(i) S%(z) is conjugate to S%(y) so no orbit change occurs.
(ii) S%(z) is strictly higher than S¢(y) in the dominance order.
As in 3.2.2, we may assume that:
(i) y is in standard form with a repeated [...,d,d,...] part on the outside.
(ii) z is another nilpotent element.
(iii) A is a standard-form cocharacter such that limy z = y.

Next, we denote * = y = x, then there is a A\g such that limy, o = 0. z¢ is strictly upper
triangular because A is in standard form. Then limy,y = y and 2’ := limy, x exists. Since
limy x = y, limy 2’ = y as well, hence z’ lies between = and y in the dominance order. Then if x

and y are adjacent, we get that one of the following two possibilities occurs:
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1. 2/ =y.
2. 7' is conjugate to x.

In the case that ' = y, the only difference between x and y lies in the outside d rows and
columns; S (x) = S4(y). If 2’ is conjugate with x, we may replace x with 2’ and assume that x

has the same repeated [d, d] part on the outside.

4.2.2 The orthogonal non-move

The move of type 5 is of the form [...,2r+1,2s+1,...] = [...,2r—1,2s+43,...] between adjacent
parts, with 2r — 1 > 25+ 3. As both parts need to be odd (since they occur once in the partition),
it follows that 2r —1 > 2s+ 3+ 2, or 2r > 2s + 6, as is the case in the symplectic move of type 5.

Now we apply Section 3.2.3 to this orthogonal case. If x’ is conjugate to =, then z,y share
al...,d,d,...] part which we may assume is on the outside. Then we may apply the shrinking
operation to remove the d—parts. So here too the move between S¢(x) and S%(y) is the same as
between x and y, for the two adjacent [...,2r+1,2s+41,...] parts. By induction on the shrinking
operation, this is equivalent to the move [2r + 1,2s 4+ 1] — [2r — 1,2s + 3] between distinguished
partitions, which cannot occur.

So we are left with the first case: 2’ = y. By replacing x with 2/, and A with A, this is the
situation of S(z) = S%(y). The first d rows and last d columns are related in o,. By using the
suitable conjugations we will again kill off nonzero entries in the first d rows (after the first d
columns) and last the d columns (before the last d rows). We let v denote the first d rows of the
4 column, viewed as a column vector of length d. Let vy denote the s entry of v, and let v,
denote the last nonzero entry of v. The difference between the proof in the orthogonal case and
the symplectic case, is that in the orthogonal case several columns have two nonzero entries in two

rows below row d, which we will denote by i,,73. We can then make the following observations:

1. There is one other nonzero entry, or there are two in the ' column, as S%(x) = S¢(y) is in

standard form.
2. x is strictly upper triangular, so d < 7 < j.
3a. If there is one other nonzero entry, this entry is a 1 if i <n, and —1 if i > n.

3b. If there are two other nonzeroes, we denote these by «, 8 for the entries in position (i4,J)

% 7

and (ig, j) respectively. The values « and (3 take are L or

1
Ve v Ve O TvE

4a. If one other nonzero entry is present in column j, then this is the only nonzero entry in row

i, with i > d.

4b. If two other nonzero entries are present in column j, then there are two nonzero entries in
TOW %, and two nonzero entries in row ig, in accordance with the “block” in the centre of

the matrix.

So z is of the following standard form (see Section 1.11.2), with repeated blocks between J; and

Jr—1 left out for symplicity:
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Jq | * * * | * * * * * * * K * *
*
J’r‘fl
1 1 *
V2(a)  V2(p)
Js-i—l
Vi) V24
i _ 1
x= V2 (e) V2(5) *
_ i _ 1
V2 (g) V3 (1) *
*
—dJds+1 *
*
*
_— 7._1 *
*
—Jy

where the stars indicate nonzero entries at any location in their respective blocks, and:

(@)=(d+r—1,d+r+s+1) (b)=(d+r—1,d+r+5+2)
(©)=(d+r+sdtr+s+l) (d)=(d+r+sdtr+s+2)
(e)=(d+r+s+ld+r+s+3) | (f)=d+r+s+l,d+r+2s+4)
(9)=(d+r+s+2d+r+s+3)| (h)=(d+r+s+2,d+r+2s+4)

We now split into the following subcases, where subcases 1 and 3 are identical to subcases 1 and 3
in the symplectic case, see Section 3.2.3. Subcase 2 is different, and we split that up further, into

four parts.
1. j <n,and i < n,
2a. j=n—1, and 4,18 < n,
2b. j=mn, and i4,i8 < n,
2c. j=n+1, with i, =n, and ig =n+ 1.
2d. 5 >n+1, withiy =n,andig=n+1
3. j>n,and ¢ > n.

First, as subcases 1 and 3 in the orthogonal case are the same as subcases 1 and 3 in the
symplectic case, a suitable unipotent matrix « will move the nonzero entry v; in position (¢, j) up
and to the left, matched by a —uv; entry in position (2n+ 1 — j7,2n + 1 — ¢) that moves down and
to the right. By repeatedly conjugating with the desired unipotent matrices u, all entries in these
cases will either be killed off, at the cost of changing the entries in the first d rows of otherwise
zero columns in x, or changing the entries in the first d rows in columns j that have two nonzero
entries further down the column; we kill those off by applying any of the second subcases.

In the subcases 2a through 2d, the entry v, is in position (¢,7), with ¢ < d, and there are
two other nonzero entries further down column j: « in position (is,j), 8 in position (ig,7 ),

with both 4,48 > d. Then let u be a unipotent matrix with 1s down the diagonal, and entries
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& in position (t,i4), 3 in position (t,ig), and (as the matrices are orthogonal) —é& in position
2n+1—iy,2n+1—1), —f in position (2n+1—1ig,2n+1—t). In the following table, the values

of & and f3 are set out for each part of subcase 2.

Qv By

1 -
2a — QU = *ﬁ’l}t —ﬂvt = —ﬁfut

2b | —av, = —%vt Buy = — -y

2¢ vy = ﬁvt Buy = —ﬁvt

2d | —avy = %vt —pBuy = —%vt

Then uzu~?! kills off the vs-entry in position (¢,7), at the expense of adding —a&wv; and —th values
to the entries in positions (¢t — 1,i,) and (¢ — 1, 8), respectively. The conjugation also kills off the
—ug-entry in position (2n + 1 — j,2n + 1 — t), while adding &v; and th values to the entries in
positions (2n+1—ig,2n+1— (t—1)) and 2n+1—iy,2n+1— (t —1)).

Hence we can conclude that in these subcases, we can conjugate by a suitable unipotent matrix
to move a nonzero entry v; in column j, in the first d rows of x, up and to the left while there
are two nonzero entries further down in column j. Then by conjugating with suitable unipotent
matrices for all subcases 1 through 3, we can obtain a new matrix x with the nonzero entries in

the first d rows only in the columns which are zero columns in S%(x):

Jd* *

1 1
V2(a)  V2(p)

Js+1
V) V2@
i _ 1
T = V2(e) V2(f) ,
_ i _ 1
V2 () V2 ()
*Js-&-l
*
—dJdr—1
*
—Jy

where the stars indicate nonzero entries in the first column or last row of their respective blocks,

and:

a)=(d+r—1,d+r+s+1) O =d+r—1,d+r+s+2)
c)=([d+r+s,d+r+s+1) (d)=d+r+s,d+r+s+2)
d+r+s+1Ld+r+s+3) | (f)=d+r+s+1,d+r+2s+4)
d+r+s+2,d+r+s+3) | (h)=d+r+s+2,d+r+2s+4)

(e

(g

(
(
)= (
)= (

Now we again analyse the vector chains induced by x, and compare it to our assumption. Recall
that y induces vector chains of size 2r — 1,2s+ 3, and two of size d. To determine the vector chains

of x, we can apply the analysis from Section 3.2.3, to conclude that the vector chains are not of
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size 2r + 1,2s + 1, and d (with multiplicity 2). Hence the move made by taking the limit limy x
to obtain y is not of the form [...,2r+1,2s+1,...] = [...,2r — 1,25+ 3,...]. Hence the move of

type 5 doesn’t occur in the orthogonal algebra.

4.3 Conclusion for o,

As we have observed the many similarities between accessibility of nilpotent orbits in the symplectic
algebra, and the accessibility of nilpotent orbits in the orthogonal algebra, we can draw the same

conclusion. Theorem 3.3.1 in Section 3.3 applies to the orthogonal algebra as well:

Theorem 4.3.1. The partial order on nilpotent orthogonal orbits given by the accessibility relation

is determined by a combination of the moves of type 1 — 4.

Proof. To show that moves 1—4 apply, while Move 5 doesn’t, we have explicitly shown that move 1
is a valid move between orthogonal nilpotent orbits. The moves 2, 3,4 are constructed in the same
way as they are for the symplectic algebra, in Sections 3.1.2, 3.1.3, 3.1.4. To determine that move
5 is invalid, the theory of move 5 in the symplectic case can be applied again (see 3.2.3), though
with the addition for the subcases where a nonzero entry v; in the first d rows is in a column with
2 nonzeroes in rows i4,1g for i,i3 > d. That the ordering in the orthogonal algebra is reflexive,
transitive and antisymmetric is covered by the proof of Theorem 3.3.1. Hence the accessibility

relation gives a partial order on nilpotent orbits in the orthogonal groups. O

Then the answers to Questions 1 and 2 in Section 1.8 are the same for the orthogonal algebra

and the symplectic algebra:
1 The preorder on orbits given by cocharacter closure is a partial order.

2 Over a closed field %, the cocharacter-closure G - 2 does not coincide with the Zariski-closure
if the Zariski-closure contains a distinguished orbit, or if the Zariski-closure contains an orbit

G -y, where the move between O(z) and O(y) is of type 5.

Example. The following figure shows the accessibility diagram and the dominance order of nilpo-

tent orbits in osg.

7, 1]
|
[7,1] [5,3] [5,3]
- AN
4,4] 5,1,1,1] 4, 4] [5,1,1,1]
AN
3,3,1,1] 3,3,1,1]
| |
3,2,2,1] 3,2,2,1]
|
[2(4)] [2(4)]
| |
[3,16] [3,16)]
[2(2) 1(4) [2(2)1(4)
[18)] [1®)]

Figure 4.1: Accessibility and Dominance diagrams of the nilpotent orbits in os.
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Chapter 5

Further research

5.1 Non-algebraically closed fields

In this thesis we have focused on the case where the group G acting on a set X, is over an
algebraically closed field . In this chapter, we will explore reasons for that, and to what extent
it might be possible to relax the assumption of an algebraically closed field. This is important,
since one of the motivations for the introduction of cocharacter closure is to provide a formalism to
work over an arbitrary field: recall that studying Zariski-closed sets may fail to pick up interesting
behaviour, see also in the example of Section 1.5. We begin with a positive result: let ¥ be any
field, then although the Jordan normal form for matrices may not work over k, it is still the case
that nilpotent m x n matrices have a standard form. This is because for nilpotent matrices the
eigenvalues are all zero, and the calculations needed to put a matrix in standard form can all be
done over k.

Thus GL,,(k)-orbits of nilpotent matrices over « still correspond to partitions as described in

Chapter 2. We then have the following theorem:

Theorem 5.1.1. The accessibility for nilpotent orbits of GL, (k) is identical to the accessibility
for nilpotent orbits of GL,,(R).

Proof. Suppose that 21 and zo are nilpotent matrices in gl, (%), with partitions m = [rq +
ki,...orp+kp,s1—l,...,80 — lg] and ma = [r1,...,7p, S1,...,8,4] respectively, such that O(ms)
is accessible from O(m1). In Section 2.4, we showed that the accessibility O(m) — O(ms) is a

combination of two moves:

P
(’)([7«+ Zki’sl — kl,...,sp — k‘p]) — O([T,Sl, .- '7517])7
i=1
q
O(fry + koo rq +hgys = Y ki) = ([r1,.. . 7q, 8).
i=1

So it suffices to show that these orbits and moves are defined over any field .
Starting with the orbits, recall that any nilpotent matrix in gl,, is a Jordan normal form in its

standard form:
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Tr, =

Js,

where each J; has ones on the upper diagonal, and zeroes everywhere else. So the Jordan blocks
are defined over any field, hence the nilpotent matrices are also defined over any field .

Next, we check that the base changes are valid. Recall that a base change gives rise to a matrix
g such that ] = ¢g- . In Section 2.3, we determined the base changes for the two moves described
above. In Equation 2.3, the base change for the move O([r1 + ki,...,7q + kg, s — > i ki]) —
O([r1,...,7q,s]) has no coefficients other than 1, so it is defined over any field x, as is the base
change matrix g. Then 2 is also defined over k, as it is the conjugation of x; with g. Similarly,
the base change for the move O([r + Y0 ki, s1 — k1,...,8p — kp]) = O([r, s1,...,p]) is defined
over k. We can then combine the base changes, to obtain a ‘final’ base change that is still defined
over any field k. Hence the nilpotent gl,-orbits are also defined over any field &.

Finally, the cocharacters A are diagonal matrices in their standard form, and the nonzero entries
are all powers of ¢, that are non-increasing as they go down the diagonal. These powers of ¢ are
defined over k(t), for any field x, hence the cocharacter is defined for any x(t). In 1.6, conjugating
with a cocharacter with non-increasing powers of ¢ showed that the limit lim)y g - x is defined over
% for suitable x and g. Since x,g and A\ are defined over any field x, the limit is still valid if we

remove the restriction of algebraically closed fields. O

Corollary 5.1.1. The dominance order on nilpotent orbits for GL,,(x) describes the order from

cocharacter closure over an arbitrary field.

We now discuss the symplectic and orthogonal groups, where the situation is less transparent.
The main problem for our approach is that one of the key results - Theorem 1.12.1 - fails over
fields that are not algebraically closed. In Section 3.1.1, we considered the orbits O([5,5]) and
O([6,4]) in the symplectic algebra, and found a matrix = € sp;, in the orbit O([6,4]), and 2’ in
the same orbit that had its limit y = limy 2’ € O([5,5]) for a suitable cocharacter A. Here, we will
determine the base change by first finding a base change g1 € GL1g, and then making it symplectic
by applying Theorem 1.12.1.

For the move O([6,4]) — O([5, 5]), recall that:

o oo o O
S O O O O

o O O oo o O©
Ol O O O O
O OO0 O O O O

SO O OO0 ©O O oo o o
oSO O O oOolo o O
O O O O oo o o o o
SO O O O Ol o o o =
SO O O O OO0 o o = O
o O O O oo o+~ o O
o O O O Ol = o o o
SO O O O Ol o o o =
|
—_
SO O Ol O O ©o O

o O o O

o O Ol ©O = Ol ©o ©
OOOO'

—_
o O OO0 ©O O o~ O O

O O OO0 O O oo o
O O OO0 O O oo ~= O
O O OO0 O O |l O O

&
I
o o olo o o o|lo o o

o O
\
—_

o O
|
[

e}
o

Then we obtain a base change matrix g; of the form:
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20 0 0 0 00 0 0
01 0 -1 0 00 0 0
00 1 0 -1 0 00 0 0
00 0 0 0 101 0 0

oo 0o 0o 0o 0o 10 -10

=101 0 1 0o 00 0 0]
00 -1 0 -1 0 00 0 0
00 0 0 0 1 01 0 0
00 0 0 0 0 10 1 0
0 0 0O 0 0 00 0 1

which is not symplectic, as gf 2sg # Qs. By the process described in Section 1.12, we obtain a
symplectic base change g, of the following form:

2
Sk <

|

o 0o o o o o o o o 2

oooo‘ooo o
s sk

= O O O%‘&OO
[ V)

E"_‘OOO

o o o &l‘H o o o 5‘” o o
o o o M“ o o o o
©O o o o o o o o o

o o o&‘

o oo oo oo

o o o o o

o&‘w o o O%‘»—‘ o o o o

o o%‘& o o OS‘& o o o
[ V) V)

° -

i

V2
which has entries containing v/—1 and /2, so a symplectic base change is not possible over fields

in which these values are not defined. Hence we can say that 2 and 2’ are Sp,,, (k) —conjugate, but
not necessarily Sp,,, (k)—conjugate.

This means that we cannot analyse nilpotent orbits over an arbitrary field without additional
tools at our disposal. However, there are some options if we restrict our attention to certain classes
of fields.

As an example, further research could be fruitful in the direction of finite fields. Let G be the
symplectic or orthogonal group defined over x = F,, the closure of the finite field with ¢ elements.
Then [, can be realised as the fixed points of the Frobenius endomorphism x +— x4, which extends

to a homomorphism ¢ which raises each matrix entry to the ¢** power:

oc:G— G,

: q
given by a;; — a;;.

It is clear that the subgroup G, of o-fixed points in G is the finite symplectic or orthogonal
group consisting of matrices satisfying the defining conditions for G, but with all entries in IF,. We
can now extend the Frobenius endomorphism to a map on the Lie algebra g of G and consider how
the G—orbits of g relate to the G,—orbits of g,.

In particular, if € g is such that o(z) = z, how does (G - x), := G-z N g, decompose into

G,—orbits? The theorem of Springer-Steinberg (see [10, p.172-173]) gives the answer:

Theorem. Let C = Cg(z) be the centralizer of x in G. Then the G,—orbits in (G - z), are
parametrised by the elements of the cohomology group H'(c,C). In the special case that C is
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connected, there is a single orbit.

Here H'(o, C) denotes C' modulo the equivalence relation a ~ b if and only if there exists ¢ € C
with a = cbo(c)~!. These are the orbits under ‘twisted’ conjugation. With this result and the
knowledge of the centralizers of nilpotent elements from [7, Section 3], in principle we can work out
the nilpotent orbits for these finite groups and then begin to analyse accessibility relations between
them. In practice, this is likely to be a complex process, but it is possible that we could find a
general theorem analogous to theorem 3.3.1 , which deals with accessibility of nilpotent symplectic

orbits over a closed field (or the likely similar theorem for nilpotent orthogonal orbits).

5.2 Non-classical groups

Simple algebraic groups over an algebraically closed field have a classification by root data (see [6,
p.229]), as in common in Lie Theory. This means that for a fixed algebraically closed field x there
are four infinite families of simple algebraic group — types A, B, C' and D — and five exceptional
families — types Fg, E7, Eg, Fy and G2. There is in general more than one simple group of each
type, but they are all closely related by isogeny — there is a so-called simply connected group of
each type and an adjoint group of each type, and all the others lie somewhere in between. In any
case, the structure of the nilpotent orbits is insensitive to this change of group within each type,
so we are free to choose a representative of each type and study that. The groups in this thesis
cover the four infinite families: type A simple groups are represented by the special linear groups
SL,,, and this is covered by our work in Chapter 2, type C' is symplectic groups (Chapter 3), and
types B and D are orthogonal groups (Chapter 4). This leaves the exceptional groups, which we
now briefly discuss.

Typically, when dealing with the exceptional groups it is rather difficult to produce uniform
arguments, like we have been able to provide above for the classical groups, and one has to proceed
in a more ad hoc manner, case by case. Type G2 was explored in some depth in [1]. The next case
to consisder would be Fy. In attacking these groups, there is some hope that a method similar to
the method’s laid out in [1] might bear fruit.

The nilpotent orbits in exceptional groups can be classified by combinatorial data, based on
the Dynkin diagram of the root system, and the G5 calculations in [1] suggest that for many of
the orbits the accessibility question is relatively easy to settle by writing down cocharacters based
on the coroots. As above, what is likely to be more difficult is to settle cases where orbits are
not accessible from higher up. By Lemmas 1.9.2, 1.11.2, 1.11.3, we know that there will be non-
accessible orbits, corresponding to distinguished nilpotent elements. However, it is quite likely that
within the larger exceptional groups, there are more complicated relationships between the orbits,

as discovered in the symplectic and orthogonal groups in Chapters 3 and 4.
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