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Abstract

In the paper ‘On Chromatic Number of Infinite Graphs’ (1968), Erdés and Hajnal defined
the Shift Graph to be the graph whose vertices are the n-element subsets of some totally
ordered set S, regarded as increasing n-tuples, such that A = (a4, ...,a,) and B = (b1, ..., by,)
are neighbours iff a; < by = as < by = a3 < ... < b,_1 = a,, < b, or the other way round.
In the paper ‘On Generalised Shift Graphs’ (2014), Avart, Luczac and Rédl extend this
definition to include all possible arrangements of the a;s and b;s, known as ‘types’. In this
thesis, we will consider a selection of these types and study the corresponding graphs. All
the types we consider will be written as 1¥3™2%, where k + m = n, which means that the
final m entries of (ay,...,a,) are identified with the first m entries of (b1, ...,b,). Such a
graph with totally ordered set S and type 1¥3™m2* is denoted G(S, 1¥3m2%).

There are two related questions here. One is when the (undirected) graphs G(S, 1*3m2%)
and G(S’,1%#3™2%) are distinct (non-isomorphic) for distinct linear orderings S,S’. The
other is to what extent we can recognise S inside the graph (called ‘reconstruction’). A
positive solution to the latter also yields one for the former, since if we can recognise S in
its graph, and S’ in its graph, and they are distinct, then so must the graphs be. We focus
on these main cases: S is finite, S is an ordinal, S is a more general totally ordered set. The
tools available for reconstruction depend on whether S is a total ordering, a dense total
ordering, or an ordinal. There are additional technical complications in the case where S
has endpoints, and similarly for S containing relatively small finite segments.

Since these graphs are undirected, we expect in general only to recover a linear ordering up
to order reversal. The natural notion here is of ‘linear betweenness’, and we spend some
time studying linear betweenness relations in their own right, also considering the induced
relations on n-tuples. Betweenness relations on n-tuples correspond to shift graphs of the
special form G(S,1"2") (i.e. in which no identifications are made).

The main contribution of the thesis is to show how it is possible in many instances to
reconstruct the underlying linear order (often just up to order-reversal) from the generalized
shift graph. A typical example of this is Theorem The techniques are to employ
graph-theoretical features of the relevant shift graph, such as co-cliques or pairs of co-
cliques fulfilling various conditions to ‘recognize’ points and relations of the underlying
linear order. There are many variants depending on the precise circumstances (dense or
not, with or without endpoints, well-ordered, only partially ordered).

We show that for ordinals a and 3, if G(a, 1¥3™2%) is isomorphic to G(3,1¥3™2%) then
a = f. Note that the fact that (in the infinite case) « is not isomorphic to its reversed
ordering means that the betweenness relation is enough to give us the ordering. This result
does not necessarily extend to all total orderings in full generality, but we obtain many
partial results. A suite of techniques is used, which may be adapted suitably depending
on circumstances, endpoints or not, density, or finiteness.

In a more open-ended chapter, we generalise as much of the material for total orders to



partial orders, the easiest case being that of trees.

Work by Rubin [I5] considers reconstruction in a slightly different sense: that a structure
can be reconstructed from its automorphism group. So we have two ‘levels’ of reconstruc-
tion: of the graph from its automorphism group, and then if possible of the underlying
total order from the graph. With this in mind, we study the automorphism groups of
many of the graphs arising, managing in several cases to give quite explicit descriptions,
so answering Rubin’s reconstruction question - i.e. whether or not a structure can be ‘re-
constructed’ from its automorphism group (as in for example [17]) - where possible. For
instance, we show that it is possible to determine S from Aut(G(S,132)) if and only if
G(S,132) contains no two points sharing exactly the same neighbour sets.

Finally we return to colouring questions as in the original paper of Erdés and Hajnal, and
show that the chromatic number of G(k,132) is equal to x for any strong limit cardinal x.
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1 Introduction

1.1 Background Material and Known Results

Shift graphs were introduced by Erdés and Hajnal in [7] in order to give certain examples
in the theory of graph colourings (and compactness type questions about these). Originally
these are constructed in the finite case, or for ordinals. The basic example is as follows: a
positive integer n, and a finite or infinite ordinal « are given, and the vertices of the graph
consist of n-tuples with elements in S, enumerated in increasing order, and A = (ay, ..., a,)
is joined to B = (by,...,b,) if either b; = a;41 for all ¢ < n, or a; = by for all i < n.
This pattern of identifications is encapsulated by the ‘type’ 1333...32, having n — 1 3s,
the 3s indicating the entries of the two sequences which are identified, and the 1 and 2
telling us that the first and last points are not identified with any element of the other
set. Avart, Luczak, and Rodl [3] extended this to more general ‘types’, which correspond
to other arrangements of the a; and b;, thus defining the generalised shift graph. The
formal definition of ‘type’ is given at the beginning of Chapter 2 (Definition , and
the generalised shift graph on a total linear ordering S with type 7 is an undirected graph
written G(S, 7).

A disjoint type T is a type where the two n-tuples are disjoint, i.e. 7 contains no 3s.
A Specker Graph is a Shift Graph G(k,T) where 7 is a disjoint type.

Erdés and Hajnal [6] showed:

e The chromatic number x(G(k, 7)) of any uncountable Specker graph of cardinality x
is equal to k for x an infinite cardinal,

e For every positive integer s there is a disjoint type 7 such that no Specker graph
G(k, T) embeds any odd cycle of length < 2s + 1, and

e For any infinite cardinal x, the chromatic number of G(k, 132) is the min{« : exp(«a) >
K}
In Erdés and Rado [8] showed that for any infinite cardinal s, the chromatic number of
G(k,112122) is k.

Komjath has remarked (personal communication) that for any infinite cardinal A and n > 0,
X(G(\,1372)) < kiff X < exp,(k) = 227" (n times)

Avart, Luczak, and Rodl [3] defined a simple type as a disjoint type that can be partitioned
into subsections of the form 1"2" or 2"1". For example, 112221111222 is a simple type,
and can be partitioned into the subsections 1122 21 111222, but 112122 is not. They then
show that if 7 is simple with a total number of n 1s (and n 2s), then x(G(k,7)) = |k/n|
for finite k. They showed that for any finite z, a disjoint type 7 is either simple, or

X(G(z,7)) < 2logy(2).



The width of a type 7 is the number of 1s plus the number of 3s. Intuitively, this is the
value of n for the graph G(S,7) whose vertices are n-tuples.

We can define a subtype 7' of a disjoint type 7 of width n as follows: Let X be a subset of
{1,...,n}. Then if 7’ is obtained by removing all ith occurrences of 1 and ith occurrences
of 2 from 7, for all i € X, then 7’ is a subtype of 7.

If 7" is a subtype of 7, then for every integer x
X(G(z, 7)) < x(G(z,7))

In the final section of 3], they suggest types of the form 1"3™2". They prove the following
results:

For any n,m > 1 and k € N we have

k nomon

For any n,m > 1 and infinite k we have

X(G(k,1"3™2")) = min{a : exp(|m/n)) () > K}

Finally, they define the type d,; as a 1s followed by b copies of 21, and ending with a 2s
(so for example 03 4 is the type 11121212121222), and show that for any a > 1 and b > 1,

[b/al+1 )

k
108 (15/a7) 2% = X(G(k, 6ap)) < Clog a1 k) 2

for some constant C' depending on a and b.

1.2 Reconstructions

In this thesis we generalise the notion of Shift Graph by allowing the underlying set S to
be any totally ordered set, and allowing any type of the form 1"3™2" as in the final section
of [3]. Our main theme is reconstruction. This has been extensively studied by Rubin
in a series of papers, for instance [I5]. For a general class C of structures one wishes to
know what information about a member X of C is provided by its automorphism group.
Under favourable circumstances, one may be able to prove statements of the form: for
any X1, X € C, Aut(X;) = Aut(Xy) = X; = X, (or possibly, just that X; and X, are
elementarily equivalent). Thus one can say in this case that the ‘essential’ information
about a structure is carried by its automorphism group.

In the present context, we have the opportunity to consider reconstruction at two levels.
First, from the discussion above, it is clear that given a total ordering (.S, <), and a type
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7, we can define a corresponding graph G(S, 7). We have ostensibly ‘lost’ the information
about what S was, as we now just have an (undirected) graph. However, it may be that
under certain circumstances, we can show that G(S1,7) = G(S,,7) = (51, <) = (52, <),
so that the more general linear order can be ‘recovered’ from the graph. One can also
ask whether the type can be recovered. We give results of this kind for both ordinals and
linear orders. In addition, in the spirit of Rubin’s work ([14], [15], [16], [I7], [18]) , one can
ask whether the graph (and hence in certain cases also the total order) can be recovered
from its automorphism group. This problem is addressed in the final chapter, where some
of the automorphism groups are given explicit descriptions. We remark that if any set of
two or more elements of the graph share exactly the same neighbour sets, permuting these
elements will result in the a non-trivial automorphism, and the graph G can therefore not
be recovered from Aut(G).

We also consider the notion of interpretability. Intuitively this says that one structure can
be 'recognised’ in another, for instance that a total order can be recognised inside a shift
graph, or vice versa. The definition we follow comes from Hodges [10], and formalises the
above intuition. Two versions are given, first-order and second-order, depending on which
formulae arise in the definition. We indicate which of our interpretations are known to
be first-order. The rest will be second-order (although in fact these may be first-order,
but they appear second-order and we do not know whether they can be reformulated in
a first-order way). Thus when we say something is ‘second-order interpretable’, what we
really mean is that it is ‘at least second-order interpretable’.

1.3 Structure of Thesis and Summary of Results and Techniques

We start by defining the generalised shift graph in the preliminaries, followed by looking
at some very simple cases including 7 = 3, 7 = 3", 7 = 12, and 7 = 123. We also look at
the case where 7 = 132, and compare this to the line graph on a set S (Definition [2.26]).

In Section 2.4 we introduce some general notation which will be used throughout the thesis
within the various reconstruction proofs. Most of the proofs will use this notation in some
form or another.

In Chapter 3, we look at total betweenness relations in their own right. We deduce some
basic results (many of which have already been shown elsewhere), including Theorem m
and Corollary [3.16] which state that exactly two total orderings arise from a betweenness
relation B on a set S, such that if one of them is < the other is >. We also consider
variations on the betweenness definition, namely how betweenness can function as a relation

on more than 3 points. Finally, we show that given these alternative betweenness relations
on a set S, we can reconstruct the standard betweenness B on S, in Lemmas

3.28] and and in Theorem [3.32

We then tackle the main problem in the thesis: whether or not it is possible to recover S
in the shift graph G(S, 7).



We start with the case where S is an infinite linear ordering without endpoints, in Chapter
4. We tackle the problem by considering infinite co-cliques in G(S,132), and similarly in
G(S,1"32™) (the notion of 132 and 1"32" is defined in Section 2.2, starting with Definition
. In each case, we start with a lemma describing a pair of co-cliques C' and D in G,
which will eventually ‘represent’ a single point in S (such as, for example, Lemma .
We then look at the union of these co-cliques, and we let A = C'U D. We use sets of the
form A to represent single points of S, and intersections between varying sets of this form
to determine betweenness on points of S.

Due to us essentially talking about sets of sets in these proofs, we see that they are (most
likely) not first-order. In the G(S,1"32") case, we rely on some of the betweeness results
from earlier; namely, that we can determine betweenness from betweenness on n-tuples

(defined in Section 3, Definition [3.19)).

For the G(S, 13"2) case, we use a different trick (Theorem[4.8)). Again, we construct infinite
co-cliques C, D with our desired properties, and let A = C'U D; however, we see that for
two such sets A, A’, their intersection is non-empty if and only if there is an edge between
their corresponding vertices in G(S,13"12). Thus we can recursively obtain G(.9, 132) for
1 < i < n, and hence G(S5,132) and S.

A similar trick can be used in the case G(S, 1"3™2") to obtain G(S,1"3*2"), where n = k
mod m, again reducing the problem to G(S,1"3™2") for m < n, as in Lemma In
this final case, we start by considering dense S, followed by utilising some results on total
betweenness relations (namely that we can obtain betweenness from n-betweenness) to
obtain S from G(S,1"3™2"). Finally, we show that S can be obtained from G(S, 1"3™2")
where m < n, in Theorem [£.12], utilising some of the results in Chapter 3. We then briefly
look at partial orderings in Section 4.2, more specifically trees without endpoints, which
behave similarly.

In the ordinal shift graphs chapter, we approach the finite cases one at a time in Theorems
b.1] (.2, and [5.3] starting with a similar method to Chapter 4 which provides a uniform
way of obtaining Z from G(Z,13"2).

For infinite ordinals an alternative method is used for proving that we can recover «
from G(a, 132), arguing transfinitely. We essentially start at 0 and ‘move our way up’,
obtaining each ordinal recursively and taking limits as needed. Because of this, we will see
that once we have reconstructed the graph, we can actually reconstruct each individual
vertex within the graph (for example the vertex (0,1) in G(w, 132)). This is shown in the
discussion following Theorem [5.7]

We initially consider limit ordinals, as endpoints pose some technical problems in the
successor case. Once again, we start with lemmas and about sets of points in
G(a, 13"2) which satisfy some particular properties, and these sets will end up ‘represent-
ing’ ordinals < «. Unlike in the general total ordering case, we construct these inductively,
starting with 0 and taking unions to obtain limits. We can thus determine o by considering
the union of all of these sets, as in Theorem 5.7, We then treat the 1732" case Theorem in
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[5.10] followed by the 1"3™2" case in Theorem [5.12] both approached in a similar manner.

We then consider successor ordinals a = ag + k (where ag is a limit). The method here
is typically to ‘remove’ the endpoints one at a time, by for instance comparing the set
{(0,y) : y > 0} to the set {(z,a0 +k —1) : © < ap + k — 1}, and noticing that they
do not satisfy the same properties. Once we can tell the difference, we can remove the
latter set, and repeat k times to obtain the graph G(«y, 132) ‘inside’ the graph G(«, 132),
and then determining o as in the limit case (Theorems and . This can fairly
easily be extended to the 1"32" case, except that we will see that G(ag + ky, 1732") =
G(ag + ko, 1732™) for all ki, ks < n, as in Theorem m Finally, using a sequence of
lemmas to to show that if two points z, z in G(«, 1"3™2") share exactly one
neighbour, and there is no point v sharing exactly one neighbour with both x and z, then
x and z must have a certain relationship to one another; namely, they must be neighbours
in the graph G(a, 12"3™7"22") and so we can recursively reduce the problem to graphs of
the form G(a,1"3™2") with m < n, and showing that « is interpretable from this graph
in Theorem [5.22] Again, assuming o = g + k, we have some restrictions on k here - so we
take k > n x z, where z = m mod n.

In Chapter 6 we consider whether it is possible to detemine a graph of this form from its
automorphism group, and show that Aut(G(S,13"2)) = Aut(S, B) for any total ordering
S and n > 1 (Theorems and . We also conjecture that if S is any total ordering
without endpoints:

Aut(G(S5,1"32")) = [ (Sym(I) Wr Aut(S, B))

ICS

for I a convex subset of S and n > 1.

In the final chapter we show that x(G(k, 1"32")) = & for any strong limit x (Theorem [7.15)).
We build up to this result, first by defining measurable cardinals and proving the result
for k measurable using a fairly perspicuous proof (Theorem , and then by extending
the ideas in this proof to the strong limit case.
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2 Preliminaries

2.1 Set Theory and Basic Graph Theory

In these thesis we use basic notions in formal logic and set theory as given in [5] (Chapter
2) or [12] (Chapter 1). We also use the elementary theory of ordinals given in both of
these. We use the terms ‘linear order’ and ‘total order’ interchangeably.

Definition 2.1. A first-order language L is a collection of symbols including:

e Parentheses (, ), logical connective symbols =, —, V, A, and the equality symbol =
(optional)

Quantifier symbols: V,

Function symbols: for each positive integer n, some set (possibly empty) of symbols,
called n-place function symbols

Relation symbols: for each positive integer n, some set (possibly empty) of symbols,
called n-place predicate symbols

Variables: vy, vs, ... (one for each positive integer n)

e Constant symbols: some set (possibly empty) of symbols

A second-order language additionally contains the following symbols:

e Relation variables: for each positive integer n, we have the n-place predicate variables
X1, X7

e Function variables: for each positive integer n, we have the n-place function variables
Fl' F} ...

In this thesis the most common language we use is the language of graphs, that is, the
language with a single binary relation E representing the edge relation. We also use
the language of set theory, consisting of a single binary relation €, and the language of
orderings, consisting of a single binary relation <.

An expression in a first-order language is a finite sequence of symbols from that language.
We are interested in expressions that “make sense”, and so we define the following:

Definition 2.2. The set of terms is defined inductively: variables and constants are terms,
and if F' is a function symbol, then F'(¢y,...,t,) is a term, where ¢, ..., t,, are terms.

Definition 2.3. An atomic formula is an expression of the form R(ty,...,t,), where R is
an n-ary relation symbol and ¢4, ..., t, are terms, or an expression of the form ¢; = t5, where
t; and ty are terms.
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Definition 2.4. A formula is an expression built up from from atomic formulae by use
(zero or more times) of the logical connectives and the quantifier symbols.

Definition 2.5. A sentence is a formula where every variable is bound by a quantifier (i.e.
it has no free variables).

Definition 2.6. A second-order formula is a formula in a second-order language where we
can also quantify over function and relation variables.
We would now like to interpret these formulae inside a model.

Definition 2.7. A model (or structure) 2 for a given first-order language L is a set A
(called the universe (or domain) of ) along with functions, relations, and constants which
interpret the function, relation, and constant symbols in £. More specifically:

e 2 assigns an n-ary operation f* C A to each n-ary function symbol f
e fAiA" 5 A
e 2l assigns an n-ary relation R* C A to each n-ary relation symbol R, i.e. R¥ is a set
of n-tuples of members of the universe

e 2 assigns a member c® of the universe A to each constant symbol ¢
The idea is that 2l assigns meaning to non-logical symbols of the language.

We would now like to determine when a formula ¢ is true (holds) in a model 2.
Definition 2.8. Let ¢ be an atomic formula of the form R(ty,...t,,) with parameters in 2.

Then we say that ¢ is true in 2, written 2 |= ¢ if R(¢y,...t,) holds in A. For detail see [5].

For any given model 2, every sentence will either hold or fail in that model. A formula,
does not hold or fail in a model, but for any interpretation of the variables in the formula,
it either holds or fails.

Definition 2.9. We now define inductively what it means for a formula ¢ (with an inter-
pretation of the variables) to hold in 2l

e 2 = —pif ¢ does not hold in 2A

e 2 = p — 1 if either ¢ does not hold in 2, or 1) holds in A

2A = ¢ VvV if ¢ and ¢ both hold in A

A = o Ao if either ¢ or ¢ hold in 2

2 = Vap(x) if either ¢(z) holds for every x in the universe A of 2

2 = Jzp(x) if either p(z) holds for some z in the universe A of 2A

12



Definition 2.10. Two models 2l and B are elementarily equivalent, denoted by A = B, if
they satisfy the same first-order sentences, i.e. 2 = ¢ < B | ¢ for every sentence .

Definition 2.11. Let 2 and *B be models for the same language £ with respective universes
A and B. Then 24 C B if A C B and for every atomic formula ¢ with parameters in A,

A BEo

Definition 2.12. Let S be any set. Then a total order or linear order < on S is a binary
relation such that:

o Ifa <band b <athen a=>0forall a,b € S (antisymmetry)
e Ifa<bandb<cthena<cforall a,b,ce S (transitivity)

e For all a,b € S, either a < b or b < a (total condition)

Definition 2.13. Let X be a totally ordered set. Then X is well-ordered if every non-
empty subset has a minimal element.

Any two well-orderings X and Y are comparable, so that there is an order-isomophism
that maps X to an initial segment of Y (in which case X <Y'), or vice versa [12].

For every proper class of isomorphic well-orderings, we would like to choose a representative
called an ordinal.

Ordinals are defined using transfinite induction, such that each ordinal is the set containing
all previous ordinals, for example 3 = {0, 1,2} (for details see [12]).

Ordinals generalise the numbers 0,1,2,3,... to include transfinite numbers. The set of all
natural numbers (with 0) is called w, and from there we continue with w+1,w+2,w+3, ....

The proper class of all ordinals is itself well-ordered.

Definition 2.14. An ordinal « is a cardinal if there is no bijection from « into any 5 < «.

Notice that since the class of ordinals is well-ordered, then so is the class of cardinals.

Definition 2.15. Let S be any set. Then the cardinality of S, denoted by card(S), is the
unique cardinal x isomorphic to S.

Definition 2.16. The power set P(X) of a set X is the set of all subsets of X.

In general any ordinal is equal to the set of its predecessors, and this convention is also
followed in the finite case, e.g. 5 = {0,1,2,3,4}. We use w for {0,1,2,3,...} and N for
{1,2,3, ...}, and we use w; for the least uncountable ordinal.

13



Definition 2.17. A graph G is an ordered pair (V(G), E(G)) such that:
o V(G) is a set, known as the vertices of G

e F(G) is a symmetric binary relation on V(G), known as the edge relation on V(G)

Definition 2.18. A directed graph G is an ordered pair (V(G), E(G)) such that:
e V(@) is a set, known as the vertices of G

e F(G) is a (not necessarily symmetric) binary relation on V(G), known as the edge
relation on V(G), such that if aEb holds then there is an edge from a to b

In this thesis, all graphs are simple (there are no edges going from a to itself for all
a € V(G)) and undirected unless stated otherwise. We sometimes use G and V (G) inter-
changably.

Definition 2.19. Let v be some vertex in a graph G. Then the neighbour set N, of v is
defined as the set of neighbours of v in G.

Definition 2.20. Let G be any graph with vertex set V(G). A set of vertices S C V(G)
is a clique if there is an edge between every pair of vertices in S.

Definition 2.21. Let G be any graph. A set of vertices S C V(G) is a co-clique if S there
is no edge between any pair of vertices in S.

Definition 2.22. Let k be any cardinal. The complete graph K, consists of k vertices
such that there is an edge between every pair of vertices.

Definition 2.23. Let v be a vertex in a graph G. Then the degree of v, denoted by d(v),
is the number of edges incident to v.

Definition 2.24. Let G be a graph. A path in G is a finite or infinite sequence of edges
e; in F(G) such that for distinct vertices v;, the edge e; has endpoints v; and v; .

Definition 2.25. Let G be a graph. A connected component of G is a subgraph G’ of G
such that for any two vertices z,y € G’ there is a path from x to y, and such that for every
x € G’ there is no path from z to any y € G\G'.

Definition 2.26. Let G be any graph. Then the line graph L(G) on G is another graph
such that:

e The vertices of L(G) are the edges of GG, and

e There is an edge between two vertices of L(G) if and only if their corresponding edges
in GG share an endpoint in G

14



2.2 Shift Graphs

Definition 2.27. Let k,/ € N be fixed, k < ¢. We say that a sequence 7 = (7;)!_; is a
type of width k and length ¢ if 7, € {1,2,3} and [{i : 7 € {1,3}} = |{i: v € {2,3}}| = k.
3l

This says that a type is a sequence of 1s, 2s, and 3s such that the number of 1s is equal to
the number of 2s. This type effectively encodes the edges in the graph by showing what
the pattern needs to be between two k-tuples arranged in increasing order for there to be
an edge between them.

We thus interpret this type as follows.

Definition 2.28. Let x and y be increasing k-tuples with entries in some totally ordered set
(S, <). Note that a k-tuple x = (x1, z, ..., 1) is said to be increasing if x1 < x5 < ... < xy,
so x and y correspond to k-sets, but enumerated in increasing order.

Let x Uy = {21, ..., 2¢}, with 21 < 29 < ... < 2. Then we say that the pair x,y has type T
(denoted by t(z,y) = 7) iff:

=1=z€x\y,

T, =2=z €y\z, and

m=3=>z€xNy
for1 <i¢</

Throughout this thesis, unless otherwise stated we assume that any n-tuple (x1, ..., x,) of
a totally ordered set S is ordered by the induced ordering. We also adopt the following
(non-standard) notation: S™ = {(z1,....,x,) 1 x; € S, 1 < T3 < ... < T}

The ordering S doesn’t need to be total; this notation is also applicable if S is a partial
order. Of course, in this case, the n-tuple is only defined on points that are pairwise
comparable, i.e. z; < x; or x; < x; for all 4,5 € {1,...,n} with i # j.

Definition 2.29. The graph G(S,7) is defined to be the graph whose vertices are the
k-element subsets of S for some k (determined through 7), and where there is an edge
between x and y in V(G(S,7)) iff t(x,y) = 7. We call such a graph a shift graph.

Example 2.30. Consider the graph G(5, 1221) consisting of the 2-tuples with entries in the

set {0,1,2,3,4}. There is an edge between any two vertices x = (z1,z3) and y = (y1,y2)
if x1 < y; < yo < xo. The full graph is:
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Q4,3

. . P
©0,3) 0;2) o, 1) €2,3) G, 4)

° L]
o, €0,2) (2,4) (3,4)

Notice that, intuitively, we would simply see the dots and lines in the example above - we
would not know, for example, that the point at the top is the vertex (1, 3) (this is part of
the information we are trying to recover). Note that several points in this structure can be
permuted by an automorphism (for example the isolated points, and the larger connected
component can be reversed).

Example 2.31. Consider the graph G(w, 12312). Then 7 = 12312 has width 3 and length
5. Now let z = (1,5,6) and y = (3,5, 8).

(1 < 5 < 6 < )

|
( 3 < 5 < 8 )

Then zUy = {1, 3,5, 6,8}, and thus ¢t(z,y) = 7. We see how the pattern above corresponds
to the pattern given by 12312. Now, let 2’ = (1,3,5) and ¢/ = (2,4, 6).

Then 2’ Uy’ = {1,2,3,4,5,6}, and so t(2',y) # 7. In fact, t(z,y’) = 121212. We can see
how the pattern above does not correspond to the the pattern given by 12312, because the
middle coordinates aren’t equal. Thus in the graph G(w, 12312), there is an edge between
the vertices x and y but not between 2’ and y/'.

Example 2.32. Consider the graph G(R,13332). Then |{i : 7, € {1,3}} = {i : = €
{2,3}}| = 4, and so the vertices of G(R, 13332) consist of strictly increasing elements of
R*. There is an edge between two vertices z = (11, T2, 3, 74) and y = (y1, Yo, Y3, ys) iff
1 < Y1 = Tg < Y = x3 < Y3 = T4 < Yy or vice versa. Any graph like this with type
133...32 is an example of the shift graph 7] (as opposed to the generalised shift graph where
the types can vary more, as defined at the start of Chapter 2).

We now present a finite example of the shift graph, namely G(6, 132):
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(0,1 (2) (2,3 R,M) 0 4esD

Again, we have labelled this graph for convenience, but these labels are not part of the
graph.

We have so far seen that these graphs contain a certain symmetry, which can be attributed
to the symmetry in the underlying finite ordering.

In this thesis, we will mostly focus on the type 1"3™2". Note the following cases which
provide the ‘simplest’ case in various scenarios (some of which are trivial), and which we
will often consider separately:

T=1"2" 7 =3", 7=1"32", 7 =13"2

2.3 Some Very Simple Cases

We will look at for which values of 7 and S,5" we have G(S,7) = G(S',7) = S =2 9,
starting with some very simple cases.

Perhaps the most natural “simple” case is the graph G(S,3). It is easy to see that this is
simply one giant co-clique of size card(S), and similarly for G(S,3"). Thus G(«,3") is a
set of (‘3') isolated points, and so G(a,3") = G(f,3™) for all infinite ordinals «, f with
la| = |B| and for all finite n,m > 1. Hence G(S,7) = G(5',7) & S = S’ for the types
3" n e N.

Another natural “simple” example to consider is the graph G(S,12). It is easy to see that
this is simply one giant clique of size card(S). Thus, G(Si,12) = G(Ss, 12) for every pair
of ordered sets Sy, Sy with equal cardinality. Hence G(S,7) = G(5',7) & S = S’ for the
type 12.

Adding a ‘3’ onto the end of this type gives us a similar graph, although instead of one
complete graph the connected components are all complete graphs (cliques) of possibly
different cardinalities. If « is any ordinal, G(«, 123) will contain complete graphs of all
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cardinalities less than the ordinal a. Once again, we do not have G(S5,123) = G(5’,123) =
S =5 as for example G(w + w, 123) = G(w + w + a, 123) for all o < wy.

We now turn our attention to the graph G(S,132) for any set S. This is generally the
‘simplest’ case we consider.

One way to view G(S,132) is as a modification on a line graph on the complete graph
K arq(s), although in this case K...q(s) a directed graph with an edge going from a to b
if a > b for distinct a,b € S. Additionally, there is only an edge between two vertices in
G(5,132) if the corresponding edges in Kguq(s) are not only incident to one another, but
the vertex they share in K.,.q(s) is the head of one edge and the tail of the other. Thus
the vertices (1,2) and (2,3) are neighbours in G(R, 132) as the edge going from 2 to 1
and the edge going from 3 to 2 are incident to one another with one being the head of
the point 2 and the other being the tail, whereas this is not the case for (1,3) and (2, 3).
Thus G(R,132) is a modification on the line graph on the directed graph Ky, with an
edge going from a to b if a > b for distinct a,b € R.

We can similarly view G(5,1"32") as the family of increasing paths of n + 1 points in the
complete graph with two such adjacent if the sink of one is the source of the other, and
modifications of this remark also apply in G(S,1"3™2").

In general, we can determine the size of the underlying set Z of a finite shift graph G(Z, 1)
quite easily by counting the vertices. G(Z,132) has (‘g‘) vertices, and G(Z,1"3™2") has
(Tﬁ'n) vertices.

2.4 Notation

We will now introduce some general notation which will be used throughout.

Given a set V' of increasing n-tuples (s, ..., s,) with s; € S for some linearly ordered set
S, we define the following sets for each x € S:

Cr i ={(51, -, 8n_1,2) €V : 8,1 < x},

i.e. C, is the set of all n-tuples ending in .
D, :={(x,82,....,8,) €V 1w < s3},

i.e. D, is the set of all n-tuples beginning in x.
A, = C,U Dy,

i.e. A, is the set of all n-tuples either beginning or ending in .
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Given a set V of n-tuples (s1,...,s,) with s; € S for some set S, for k < n we generalise
the above to k-tuples 1, ...,z € S as follows:

Copown = {(815 ooy Sptes @14 oy g) €V 2 Sy < 1},

i.e. C, is the set of all n-tuples ending in zy, ..., .
Dyyoow = {(z1, o, Tpey Spg1y ooy Sn) €V 1 T < Sgya ),

i.e. D, is the set of all n-tuples beginning in 1, ..., .
Ay g = Coyay U Doy

ie. Ay, . ., is the set of all n-tuples either beginning or ending in 1, .., xy.

k

Dx.,...,x‘.k

Given a set V' of n-tuples (sq, ..., 8,) with s; € S for some set S, we can define the following
sets which satisfy similar properties to C, D,:

Cy i ={(x, 59, ..., 8n-1,y) €V 12 < s1,8,.1 <y} =D, NC,y
i.e. ,Cy is the set of all n-tuples beginning in « and ending in y.
Dy = {(s1,52, ..., 5n—1,2) € V i sy < x} U (Y, S2,...,85) 1y < s2} = C, U Dy,

i.e. ;D, is the set of all n-tuples ending in = or beginning in y.



Finally, given a set V' of n-tuples (sq, ..., s,) with s; € S for some set S, for 2k < n we can
once again generalise the above for k-tuples z1, ...,z and yy, ..., y; as follows:

T1yeney kayl ..... yr {(Ila--~>$k73k+17-~-a3n—k‘ay17'“7yk) F X < Sk, Sn—k < yl}a
y 18 the set of all n-tuples beginning in

..........

L1,y :ckDyl ..... yp {(Sla ey Sp—k, L1, 7'Ik;) PSn—k < l‘l} U (yh o Yky Sk+15 -+, Sn—k‘) YUYk < Sk’-i—l}a
v 18 the set of all n-tuples ending in

.....

x1, ..., Tk Or beginning in yy, ..., Yg.

.....

1.,...,x.‘an--~.‘jw.

x"..‘,‘Cg‘D\jnﬁ'v‘jK

Each of these can be applied to a graph with any type 17327,

2.5 Definability and Interpretability

Definition 2.33. If £ is a first-order language and A is an L-structure, then X C A" is
first-order definable (with parameters) if there is a first-order formula ¢ of £ and finitely
many aj, ..., a4y, € A such that X = {(z1,...,2,) : A E @(x1, ..., Tp,a1,...;a,)}. fm =0
then it is (-definable, or definable without parameters. A similar definition applies to
second-order definable, where ¢ is a second-order formula.

Example 2.34. The language of graphs has one binary relation symbol ~ (for adjacency).
A graph is a model in which ~ is symmetric and irreflexive. The set of vertices of degree
2 is (-definable:

re€X < (FyI)(e~yANrx~zAy#zANM)(z~t>t=yVit=2))

Example 2.35. In the language of graphs, ‘z,y are in the same connected component
C(z,y)’ is second-order definable, but not first-order definable (for details of how to use
Ehrenfeucht-Fraissé games to prove it’s nof first-order definable see [19]).

We start by defining Connected(X):
WV (X =YUZDO)ANYNZ=DO)ANY £NON(Z#0)—= FyeY)3ze€ Z)(y~=2))
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Note that X =Y U Z can be expressed as (Vz)(z € X <> 2 € Y Vo € Z), and similarly
with Y N Z. We now define C(z,y):

C(z,y) > (3X)(Connected(X) Nz € X Ny € X)
Example 2.36. The set of neighbours of a is first-order definable with a as a parameter.

Example 2.37. Connectedness is not first-order definable. To see this, consider Z as a
graph, with E(n,n+1) for all n € Z. Then, using Ehrenfeucht-Fraissé games, we can show
that Z =7+ Z [13].

Definition 2.38. Let 9t and 91 be structures with underlying sets M and N respectively.
Then N is first-order interpretable (without parameters) in 9 if for some n € N, there is:

1. A (-definable subset D of M"
2. An (-definable equivalence relation £ on D

3. A bijection v : N — D/E, such that for every m-ary relation R of the language of
N there is a formula ¢ in the language of 9 with mn free variable, such that for every
ay,as, ..., a,, where a; have length n and 1 < i < m, all entries in M, all a; in D,

NE ROy N(@)e, v (@), ..y (@n)p) <= M= o(a, ..., an)

Second-order interpretability is defined similarly:

Definition 2.39. Let 9t and 91 be structures with underlying sets M and N respectively.
We say that 1 is second-order interpretable in 91 if for some n € N, there is:

1. A (second-order) definable subset D of M"
2. A (second-order) definable equivalence relation £ on D

3. A bijection v : N — D/FE, such that for every ()-definable subset R of N™, the subset of
(M™™ given by R = {(az, ...,am) € (M™)™ : (v Y(a1/E), ...,7 Y (@n/E)) € R} is (second-
order) definable in M™. In other words, N can be identified with a definable subset D of
M™, divided by a suitable (-definable equivalence relation.

We now consider some examples of this.

Example 2.40. G(Q, 11322) is first-order interpretable inside (Q, <).

In this case our structure M is (Q, <) and N is G(Q,11322). We take D to be the set
{(z,y,2) € Q°: x < y < z}, where in this case n = 3. E is trivial (equality), and the
domain of N is D.

Our m-ary relation is the edge relation, and m = 2. Thus R((x1,y1,21), (2, Y2, 22)) <
21 =9 VI = 29.
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Example 2.41. (Q, B) is second-order interpretable inside G(Q,132), where B is the
betweenness relation on Q (defined in Chapter 3: Definition [3.6)).

In this case our structure M is G(Q, 132) and N is (Q, B). We identify Q with sets of the
form A,, i.e. elements of P(G(Q, 132)), n = 1, and again, F is trivial.

Then our m-ary relation is the betweenness relation, and m = 3. Thus, assuming R(z,y, z)
means ‘z lies between y and z’, and u ~ v means ‘there is an edge between u and v’, in
the language of M, we have: R(z,y,2) © uec A, NA,NFve A, NA, tu~wv

Details of the definability of these notions and their correctness is given in Theorem [4.2]

Definition 2.42. If 2,5 are first-order structures such that 2 C B, then A is first-order
definable in B if the domain A of 2 is definable inside B, and for every relation R of 2,
there is a first-order formula ¢ of L(®B) such that for all ay, ..., a,,

A = R(ay,...,a,) < B = ¢la, ..., ap)

This is a stronger version of interpretability, where n = 1 and F is trivial.
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3 Betweenness Relations

Since we are dealing with undirected graphs, the graph G(S,7) will be the same as the
graph G(S’, 7) where S’ is the reversed ordering of S. Consequently, we cannot in general
expect to recover the ordering from the graph, but only ‘up to order reversal’. The correct
context for this is the corresponding ‘total betweenness relation’, which we now axiomatise
as in [I]. We write 2By, z] to mean ‘x is between y and z’.

The material in this chapter is well-known, but in [I] and [IT] the details are omitted, and
so I am including them here for completeness.

Remark 3.1. We use the standard, reflexive definition of betweenness as in [I], but as-
sociated with any such reflexive relation there is automatically a strict one. We will use
whichever is most convenient in the context.

Remark 3.2. We sometimes refer to orderings by their ground sets (for example we write
Q when we mean (Q, <)).

Throughout the thesis we will be using the following definitions regarding total orderings:

Definition 3.3. Let S be a total ordering. Then a mazimal finite section is a convex subset
Y of S which is finite and maximal. A non-trivial maximal finite section is a maximal finite
section of size greater than 1.

This may or may not exist for a given S. For example, Z contains no non-trivial maximal
finite sections, but Q + 3 + Q contains one of size 3.

Definition 3.4. Given a,b in some total order S, the distance dist(a,b) between a and b
with a < b is the cardinality of the set [a,b). In this thesis, distance is always positive.

We can expand the definition of a maximal finite section to include infinite sets as follows:
Definition 3.5. Let z € S, where S is some total ordering. Then the finite component x
lies in is the set of all points in S of finite distance from .

If this set is finite, then it is a maximal finite section.

3.1 Total Betweenness and Total Orderings
Definition 3.6. A total betweenness relation is a ternary relation B defined on a set S
which satisfies:
(i) Vx,y,z € S, By, z] = xBlz,y| (symmetry)
(i) Vz,y,z € S, Bly,z] NyBlz,z] =y
(iii) Vx,y,z € S, xBly, z] = Yw, zBly,w|V x B[z, w]
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(iv) Vx,y,z € S, xBly, z] VyBlzx, z] V zB[x, y] (total condition)

Remark 3.7. yBlz,y| for all y,z € S

This follows from Definition (ii), as x = y < B[y, z] AyB|x, 2], i.e. yBly,z], and so
yBlz,y] by symmetry.

Lemma 3.8. 2By, y| =z =y

Proof. We know that yBlz, y] by Remark 3.7

We now have B[y, y] and yBlz,y], so from the left to right implication in (ii), it follows
that x = y. ]

Lemma 3.9. From the above axioms, we can deduce the following:
Vr,y,z,w € S, yBlz,w] A zBly,w] = zB[z,w] (transitivity)

Proof. We first deal with all cases in which not all of z,y, 2z, w are distinct. There are 6
cases.

Assume that yB[z,w| and zBly, w], and we require zB[z,w|. If x = z or z = w then
using (i) and Remark [3.7| we see that zBz,w|. If x = y then from zB[y, w] it follows that
zB[x,w]. If y = z then from yB[z,w] it follows that z Bz, w]. If z = w then by applying
Lemma [3.8 to y B[z, w] we deduce that x = y which is a case already done. If y = w then
applying to 2By, w] we deduce that y = z, which has also already been done.

Now let us suppose that all of z,y, z,w are distinct. As usual, we are assuming that
yBlx,w| and zB[y, w], and aiming to get zB[z, w]. By (iii), from y B[z, w] we get yB|z, z]
or yBlw, z|. If yBlw, z] then as zB[y, w], by (i) and (ii), y = 2, contrary to y and z distinct.
Therefore yBlz, z]. Using (iii) once more, from zBly, w| we get zB[y,z] or zB[w,z]. If
2Bly, x| then from y Bz, z] and property (ii), y = z, contrary to y and z distinct. Therefore
zBlw, x], as required.

Theorem 3.10. A set S with linear ordering < induces a total betweenness relation B on

S.

Proof. Define B as follows: yB[z,z| if (t <yand y < z)or (z <y and y < x). ]

Remark 3.11. S as above with the reverse ordering > induces this same total betweenness
relation B on S.
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Lemma 3.12. : Let S be a set with betweenness relation B, and let a,b,c,d € S, with
b # c. Then

(i) bB[a,c] A e¢B[b,d] = bBla,d] A c¢Bla,d).

/W\
a b o
o ox ooV

S g

(ii) bBla, c] A c¢Bla,d] = bB|a,d] A cB[b,d].

A~ —
o b c
X ox ox xV

N

Proof. (i) By Axiom (iii), from bB[a,c| we get bB[a,d] V bB|c,d]. But as ¢B[b,d], from
bB|c,d] we derive b = ¢ using Axiom (ii), contrary to hypothesis. Hence bBla,d]. The
proof that ¢Bla, d] is similar.

(ii) From cBla,d] we get cBla,b] V ¢Bld,b] by Axiom (iii). If ¢Bla,b] then as bBla, c] we
get b = c again. Consequently, c¢B[d, b], and to get bB|a, d] we can now use part (i).

Definition 3.13. Let B be a total betweenness relation on a set S and let z,y € S be
distinct. Let R, be the set of all points p in S such that yB[z, p|, and let its complement

be L,.

Ls R‘j

Y

AV N

LA FA) [A)

\aﬂt\-/
-

The idea is that < y, and that R, should be the set of points greater than or equal to y,
and L, the set of points less than y. Notice that L, U R, = S, and L, N R, = .

Lemma 3.14. If yB|a, b] where a,b # y, then one of a,b lies in R, and the other lies in
L

Y-

Conversely, if a € L, and b € R, then yBa, b|.
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Proof. By Axiom (iii), since yBla,b], we know yBla, x| V yBIb, x] for all z; in particular,
for the fixed x in Definition It follows that a or b lies in R, (or both). Suppose
for a contradiction that both lie in R,. Thus both yB[a,z] and yB[b, z| hold. By Axiom
(iv), xBla,b] V aB|z,b] V bB|x,a]. By Axiom (iii), zBla,y|V xB[b,y]V aBlz,y| V aBb,y| V
bB|x,y]VbB|a,y]. We now use Axiom (ii) to deduce that y is equal to z, a, or b, all of which
are ruled out. For instance, if xB[a,y| then since yB|a, x] we get © = y, and similarly in
the other 5 cases (though in the 4th and 6th cases we appeal directly to yBla, b]).

Now suppose that a € L, and b € R,. Thus yB[z, b]A—-yB[z,a]. By Axiom (iii), yB[z, a] V
yBlb,a]. Since —yB|x,a] we deduce that actually, yB[b, a], as required.

Theorem 3.15. Let B be a total betweenness relation on a set .S and let  and y be two
fixed, distinct points in S. Then there exists exactly one linear ordering < of S with z <y
and such that B is induced from < as in Theorem [3.10]

Proof. We will find a total ordering of S in which < y which induces the given between-
ness relation B.

We define L,, R, as above. Note that by this definition, x < y since z € L, and y € R,.
We can now define a relation < on S by saying that z; < 2o iff

21 € Ly and 29 € Ry
Z, by 2,

L n .
T v

or 21,29 € Ly and Z2B[Zlay]

or z1,22 € R, and 2, Bzs, Y]
y 2 2,

Lo
L}

W
We will start by showing < is linear. To show this we have to check:
Reflexivity: z < z. This holds since zB|z,y| by (ii).

Antisymmetry: Suppose z; < 2z and 29 < z;. Since L, and R, are disjoint, zi, 25 lie in the
same one of L,, R,. Hence zB|zs,y| and 298|z, y|, and from (ii) it follows that z; = 2.

Transitivity: Suppose 21 < 29 A 2o < 23. If 21 € L, and 2z, € R, then by definition
of <, also z3 € Ry, so 21 < z3 is immediate. Similarly if 2o € L, and 23 € R,. The
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remaining cases that need to be considered are just that all of 21, 2, z3 lie in the same one
of L, R,. If 21, 2, 23 € Ly, then 2Bz, y] A 23B[22,y] so by 23B[z1,y], and z; < z3. If
21,2, 23 € Ry, then 21 Bzg,y] A 20 B|z3, 9] s0 by B.9) 21 B[23,y], and again, 21 < 2.

Linearity: To see that < is total, take any 2,20 € S. If 21 € L, and 2z, € R, then 2z; < 2,
and similarly the other way round. So suppose that they both lie in the same one of
L,, R,. By (iv) z1Blz,y|V 22Bz1,y| VyB|z1, 22]. The first two give comparability of 21, 25
by definition, and in the third case, by Lemma [3.14] 21, 2, lie in different ones of L,, R,
(which we have ruled out), unless at least one of them equals y, in which case z1, 29 € R,
(since y ¢ L,) and if y = 2y, then z; B[2s,y] by Remark (and similarly if y = 2).

Hence < is linear.

Thus by Theorem [3.10] < induces a betweenness relation B<. We would now like to show

To show this, we need to show that z9B[z1, 23] < 22B<|z1, 23). Now, B< is defined as
follows: zoB<|z1, 23] if (21 < 29 < z3) or (23 < 29 < z1).

Hence we would like to show that [(z1 < 20 < 23) V (23 < 20 < 21)] = 22B[21, 23)-

First assume [(27 < 25 < 23) V (23 < 29 < 21)]. If 21 = 25 or 29 = 23, then z,B|z1, 23] by
Remark [3.7, so we now assume that z1, 22, and z3 are all distinct. We have to show that
ZQB[Z]_, Zg] .

We have two cases.

Case 1: (21 < 25 < z3)

Since z; < z3, we know that one of the following holds:
(1) z1 € LyAN 2z € R, Or

(2) 21,22 € L, and 2Bz, y], or
(3) 21,22 € R, and 2 B[z9, Y]
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Also since zo < z3, we know that

(i) 22 € Ly N z3 € Ry, or
(17) 29,23 € L, and 2z3B[z9,y], or
(i17) 29,23 € R, and 2z B|z3,

We tackle these one at a time:

(1) : First suppose 21 € L, A z2 € R,. Then we must have 2, z3 € R, and 23B|z3,y|. By
Lemma we have that yB[z1, ). By Lemma [3.12] (i) applied to yBlz1, 23] A 22Bly, 23],
we obtain z9B[z1, 23] as required.

(2) : Second, suppose z1, 22 € L, and 29 B[z, y]. We now have 2 options:

(i) If 25 € Ly, A z3 € Ry, then we know yBz, z3] by [3.14 Again by Lemma [3.12] (i), this

time letting a = 21,b = 29, ¢ = y,d = z3, we obtain 2, B[z, 23] as required.

(i) If 2,25 € Ly and 23B(z,y), since 2pB[z1,y] and z3B[z2,y] we can use Lemma [3.12)
(ii), which states that

bBla,c| A cBla,d] = bB|a,d] A\ cB[b,d]

Letting a = y,b = 23,¢ = 29,d = 2, we thus obtain z9B[z3, 21], and so by symmetry
29 B[z, 23] as required.

(3) : Finally, suppose 21,22 € R, and z; B[22, y|]. We now only have one option:

(249) We must have z9, 23 € R, and 2z, B[z3, y]. Again, we can use Lemma (i), which
states that:

bBla,c| A cBla,d] = bB|a,d] A\ c¢B[b,d]

By symmetry, zoBly, z3] and 2,B[z3,y]. Letting a = y,b = z1,¢ = 29,d = 23, we thus
obtain zyB|z1, 23).

Hence [(z1 < 29 < 23) V (23 < 29 < 21)] = 22B[z1, 23], and so B = B<.

Corollary 3.16. Any total betweenness relation B on a set S arises from exactly two
orderings on S, such that if one of them is <, then the other one is >.
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Proof. Theorem [3.15]states that if B is a total betweenness relation on a set .S and distinct
x,y € S, then there exists exactly one ordering < of S with x < y and such that B arises
from S. Clearly B also arises from the ordering <* which is the reverse of <, and in this
ordering y <* x. Since the ordering which gives rise to B is uniquely determined once we
know how x and y are related, it follows that these are the only two possibilities.

3.2 Partial Betweenness Relations
Definition 3.17. A (strict) partial betweenness relation is a ternary relation B defined
on a set S which satisfies:

o Vr,y,z2€ S, zBly,z| > (x AyANax#zNy#2).

o Vr,y,z €S, ©Bly,z] — xB[z,1]

o Vx,y, z,w €S, (yBlr,w] A zBly, w|) — 2B[x, w]

This is ‘partial’ betweenness since it is does not contain the total condition, i.e. it is not
the case that for all z,y, z € S either zBly, z] or yB|z, z| or zBly, x|.

We now apply this to the generalised shift graph.

Definition 3.18. Two n-tuples x1, ..., x,, and yy, ..., y, with 1 < ... < x, and y; < ... < y,
are comparable if either x,, < y; or y, < z;.

Definition 3.19. Partial betweenness on n-tuples. Let (.S, <) be a totally ordered set. We
define betweenness B™ on increasing n-tuples of S as follows:

(Y1, s Yn) B™ (21, ooy ), (21, -y 2,)] if and only if
B1 <ot < Ty <Y< e <Y < 21 < e < 2
O 21 < oo < 2y <YL < e < Yy < L1 < oo < T

Note that the n-tuples must be pairwise comparable for this to hold.

X N r3

LN, OO NN
x, Kpn Yo Yn 2z, Zn

Note that B"™ is a partial betweenness relation.
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Definition 3.20. We now define a new relation, called n-betweenness B,, on a totally
ordered set (S,<). This is a relation on n + 2 points (not necessarily increasing) in S,
where {y1, ..., yn } Bn[z, 2] holds iff the set of points {yi, ..., y, } lies between x and z. In this
case we call z and z the endpoints of the set {y1, ..., yn, z, 2}

Y

+ OO\ %
P Z

Note that {y1,...,yn}Bnlz, 2] = {¥r1)s s Yr(n) } Bulz, 2], where 7 is any permutation on
{1,...,n}, and that {yi, ..., yn} Bulz, 2| = {v1, ..., Yn} Bul2, z].

Also note that for 1-betweenness there is a slight difference of notation, in that we write
yBlx, z] as opposed to {y} B[z, z].

Definition 3.21. We can combine the above definitions as follows: B]" is defined as
partial n-betweenness on increasing m-tuples, i.e. this is a relation on n + 2 m-tuples
where {Y1,...,Y,,} B,[X, Z] holds iff each m-tuple in the set {Y7,...,Y,} lies between the
m-tuples X and Z, and the Y;s are pairwise comparable.

Similarly, note that {Y1,...,Y,}Bn[X, Z] = {Yzq1), ..., Ya(m) } Bl X, Z], where 7 is any per-
mutation on {1,...,n}, and that {Y3,..., Y, } B,[X, Z] — {Y1, ..., Y.} B,[Z, X].

Lemma 3.22. Let (S, <) be a total ordering without endpoints with induced betweenness
relation B, and let n € N. Then (5, B) is 1st-order interpretable from (S™, B").

Proof. We define an equivalence relation = on S™ on n-tuples X = (z1,...,x,), X' =
(@), ey 2h), Y = (Y1, s Un)y Z = (21, ey Zn):

X=X'ifftvVY, Z e S (XB"Y, Z] <> X'B"|Y, Z]).

Then it is clear that this holds if and only if x; = 2} and z, = z/,, so the equivalence
classes precisely correspond to intervals of size at least n. This is a first-order formula, as
are the ones which follow.

We can also express inclusion and disjointness of intervals (comparability) as follows:
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XCX & VY,ZeS" : X'B"Y,Z] — XB"[Y, Z]
comp(X,Y) & 3 Z2e€ 5" . XB"[Y, 7]

Now we want to represent points x of S by families of intervals of the form {(z1,...,z,) :
x1 =} or {(z1,...,2,) : ¥, = x}. Since this will however give a second-order interpreta-
tion, we instead consider pairs of members of these sets at a time, which will sufficiently
well represent the whole set. So we use the following formula:

p(X,X") & JY € 5" : comp(X,Y) AN comp(X')Y) AN VZ € S” (XB"[Y,Z] <
X'B"Y, Z])

zZ ., X ¥

(]
-}

(If Y lies to the right of X, X')

K
' Z
:—y 4 = 2= A

(If Y lies to the left of X, X')

We note that if X = (xy,...,x,) and X’ = (21, ...,2]) share their left endpoint, for in-
stance, so that x; = ), then this formula holds, since we may take ¥ > X, X’ and then
whichever Z we take, if X B"[Y, Z] then z, < z;, and hence also z, < 2} so Z < X/,
giving X' B"[Y, Z], and similarly in the other direction (if x, = 2/, then we instead take
Y < X, X’). Conversely, suppose that X and X’ do not share either their left or right
endpoints. Then we see that the formula is false. Otherwise there is a suitable Y which is
disjoint from both X and X’. There are two cases, one in which Y is to the left of both X
and X’ (similarly to the right of both), and the other in which it is greater than one and

less than the other.

If Y < X, X' then as x,, # x},, suppose that z,, < 2/, and then there is Z such that z; = /.
Clearly X B"[Y, Z]| but not X'B"[Y, Z], violating the formula.

If on the other hand, X <Y < X’ we can easily violate the formula by taking Z to the
right of X’ (or indeed to the left of X).

We observe that for three sets, if p(X, X’) and p(X, X”) and p(X’, X”), then all of X, X', X"
share the same endpoint, since if for instance z; = 2| # zf, then as X, X” share an
endpoint, z,, = x/, and as X', X” share an endpoint, =/, = x/, so all three share their right
endpoints (and in fact, X = X’).
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Two pairs (X, X’) and (Y,Y”) which both satisfy the formula p are said to have the same
parity, if X and X’ share the same left endpoint and so do Y and Y’, or else the same
statement for right endpoints. We next aim to characterise when two pairs of members of
S™ satisfying p have the same parity. The following formula gets us part way to this aim.

pamtyl((XvX/)a(Y7 Y/)) Ang p(X,X’) A p(Y, Y') /\VXH(p(XvXH) A p(X/,XH)
S ALY A YY) A (X7 CYT)

We can see that this formula holds if and only if either (X, X’) share the same left endpoint
and so do (Y,Y’) and x; > 1, or (X, X') share the same right endpoint and so do (Y,Y”)
and x, < y,. First suppose that 1 = 2| > y; = y;. Then any possible X" is of the form
(xf,...,2") where z{ = 1, and we can take (y7,...,y) such that y{ = y; and y/! > 2.
Then the interval given by X” has endpoints x;, 27, which is contained in that given by
Y”, which has endpoints y;, 4. A similar calculation applies in the second case, arguing

with respect to right endpoints.

Conversely, suppose that the formula holds, and without loss of generality, suppose that
X, X’ share left endpoints, but Y, Y” share right endpoints. Then there is X” which shares
its left endpoint with X, but whose right endpoint exceeds the right endpoint of Y, and
this cannot be contained in any possible Y.

Hence Y and Y’ also share left endpoints. Clearly X” C Y"” implies that y; < ;.

The symmetrised version is as follows:
samepam'ty((X, X,)7 (Y’ Y/)) Ang parityI«X? X/)u (3/7 Y,)) v parityl((y7 Y/)u (X7 X/))

Then this holds if and only if (X, X’) share the same left endpoint and so do (Y,Y”), or
(X, X’) share the same right endpoint and so do (Y,Y”), so it precisely expresses the fact
that (X, X’) and (Y,Y”) have the same parity.

If we have decided on the parity, we can now represent the points of S by p-classes of pairs
of members of S™. Intuitively, this picks out all the members of S™ with a fixed greatest
entry, or alternatively, all the members with a fixed least entry. It would be preferable to
be able to identify the classes of different parities representing the same point. We can do
this as follows:

sameendpoint((X, X'), (Y, Y")) & p(X, X") A p(Y,Y")
A —sameparity((X, X'), (Y, Y")) A =comp(X,Y)
N3Z: Z5XAp(X,Z)Ap(X', Z)
NVZNZ'CZ) N —p(X,Z") = comp(Z'Y)

This is intended to say that X and X’ share the same right endpoint x,, and Y, Y’ share
the same left endpoint ;, and y; = z, (or the other way round). Assume for instance
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that the former holds. Since —comp(X,Y),y; < x,, and the hypothesis on Z ensures that
it also has z, as a right endpoint, and then any Z’ as given does not have z, as right
endpoint. So the formula guarantees that y; = x,,.

Now, two pairs (X, X"),(Y,Y")) and ((Z, Z"), (W, W")) satisfying sameendpoint ‘encode’
the same point if either p(X, Z) and p(Y, W), or p(X,W) and p(Y,Z). This forms an
equivalence relation E on intervals of size at least n, with equivalence classes corresponding
to elements of S. Let (X1, X3), (Y1,Y2),(Z1, Z3) be representatives of equivalence classes
encoding points x,y,z € S respectively. Then yB|x, z] iff there are X,Y,Z such that
p(X, X)) AN p(X, Xo) Ap(Y, Y1) A p(Y,Ya) Np(Z, Z1) N p(Z, Z5), and these all have the same
parity,and X CY C Zor X DY D Z. ]

Lemma 3.23. Let (5, <) be a total ordering without endpoints with induced betweenness
relation B, and let n € N. Then (S, B) is 1st-order interpretable in (S, B,,).

Proof. We start by giving a formal proof using the definition of what it means to be 1st-
order interpretable (Definition [2.38]), followed by a more intuitive explanation of the proof.

Following Definition let M = (5,B,) and N = (5,B), and thus M = N = S.
D = M, FE is equality, and so the bijection v going from N to D\E = M is the identity
map. Furthermore, n =1 and m = 3, and the formula ¢ containing mn = 3 free variables
(z,y and z2) is as follows:

n+1
@:=3dpi I ps... I Pons2 : (/\{pi+1, --‘7pi+n}Bn[pi7pi+n+1]> A
i=1

V'  (@=pay=paz=p)V (@ =pAy=pAz=p))
1<i<j<k<2n+2

Thus M = ¢ if and only if N |= y B[z, x], where the ternary relation R(zx,y, z) is yB|z, z].

Intuitively, given distinct points z,y, and z, we choose distinct points py, ..., popio such
that z,y, and z appear among these somewhere. This is possible since S has no endpoints.
Furthermore we may make this choice so that p; < py < ... < papio. It is clear that now
that ¢ holds.

Conversely, suppose that ¢ holds. We note that the hypothesis allows us to find which are
the two endpoints given any n + 2 distinct points of S (using the version of betweenness
assumed).

By assumption, there are (distinct) points p; validating the formula. Then for each i with
1 <i<n+1, p; and p;1,41 are the endpoints of {p1, ..., pisni1}. To ease the argument,
let us suppose that p; < po,ps3, ..., Pni1 < Pnie. Then ps and p,.3 are the endpoints
of {p2,p3, ..., Pni3}, from which it follows that p; < pa < p3, P4, --Pri1 < Pnio < Dnis-
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Repeating this argument determines the ordering on all p;, and since x, y, 2z appear among
them, we can also determine which of these lies between the other two. O

We can extend this result to betweenness on m-tuples:

Lemma 3.24. Let S be a total ordering without endpoints. Then (S, B) is lst-order
interpretable from (S™, B)").

Proof. Similar to Lemma [3.23]

We finally define a new form of partial betweenness, and show that standard betweenness
is definable from this new betweenness. This will come in useful for several future results.

Definition 3.25. Let S be a linearly ordered set under <. Then Byjs ) is a par-
tial betweenness relation defined on S as follows: yBgisim)lz, 2] iff 2 < y < 2z and
dist(z,y),dist(y,z) > m, or z <y < z and dist(z,y), dist(y, z) > m.

Definition 3.26. We now define the notion of comparability. We say that for =,y € 5,
x and y are comparable if there exists a z € S such that ©Bgism)|y; 2] V yBaistom) @, 2] V
2 Baist(m) [z, y]. In this case we say that x,y are comparable.

Lemma 3.27. Let S be any total ordering of size > 4m. Then x,y € S are comparable if
and only if dist(x,y) > m.

Proof. First assume z,y are comparable.
Then xBgisi(m) [y, 2] OF YBaist(m) |, 2] or 2Bgisi(m) [, y] for some z, and so dist(x,y) > m.

Conversely suppose dist(x,y) > m. If S has no endpoints in one or both directions, then
there will always be a z of distance at least m from x and y, and so we have xBgisi(m)[y, 2]

or deist(m) [.17, Z] .

Let S be finite of size at least 4m. Assume without loss of generality that < y. Then if
the distance between x and the ‘left endpoint’ of S is at least m, choose z to be the left
endpoint. If dist(z,y) > 2m then choose z to be a point in the middle of x,y, such that

ZBdist(m) [ZL‘, y] .

In the remaining case, both the distance between x and the left endpoint of S is less than
m, and dist(z,y) < 2m. Then, since S has size at least 4m, there exists a z > y in S with
dist(y,z) > m. Hence z,y are comparable. ]
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Lemma 3.28. Let Z = {0,1, ...,z — 1} be a finite ordinal of size > 4m. Then (Z, B) is
definable in (Z, Baist(m))-

Proof. Since Z > 4m, by Lemma any two points in Z are comparable if and only if
the distance between them is greater than or equal to m.

Let x € S. Define the set Ci(z) as the set of all y comparable to z, and the set Cy(x) as
the set of all y not comparable to x.

We have two cases here; either x is distance > m from an endpoint, in which case Ci(x)
has two components, everything lying to the right of z at distance > m and everything
lying to its left at distance > m, or x is distance < m from an endpoint.

We can distinguish these two cases by noting that z is distance < m from an endpoint if
there do not exist y, z € S such that 2 Bgis¢(m) [y, 2]. If this is the case, we let Dy (x) = C; ().
Now consider all the points in Cy(x) that are comparable to all of D;(x). This is the set
of all points between x and the endpoint it is closest to, including x. Let this set be £(x).
Finally, let Dy(z) be the set Co(x)\E(x), and let D(x) = Dy(z) U Dy(z). Thus D(x) is the
set of all points to one side of z, and £(x) the set of points to its other side (including x).

D D &

m <m
| e | aa— |

— " 3 —
¥ t 1

2C

Now assume x has distance at least m from both endpoints, i.e. there exist y, 2z € S such
that ©Bgistm)[y, 2]. We define the following equivalence class on Ci(z): let y and z in
Ci(x) be equivalent if for all t, £ Bgise(m) |y, t] if and only if £ Bgis(m)[2,t]. Then y and z are
equivalent in this sense if and only if they are both comparable with  and they are on the
same ‘side’ of x and of distance at least m from x. Both these equivalence classes will be
nonempty as x is distance as least m from each end of S. Call these equivalence classes
Dy (z) and & (z).

®‘(t.) m m 8,(2{

Now let y € &(x) if and only if y is comparable to all of D;(x), and y € Dy(x) if and only
if y is comparable to all of & (x). Let D(x) = D;(x) UDsy(x), and let E(z) = & (z) U & (x).
Again, D(z) is the set of all points to one side of z, and £(z) the set of points to its other
side.
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Now let F(z) = {D(z),&E(x)} for each x, and consider F(x), F(y), F(z) for z,y,z € Z.
Then yBlz, 2| if and only if there exists X € F(z), Y € F(y), and Z € F(z), such that
XCYCZorXDYDUZ. O

Lemma 3.29. Let S be a total ordering without endpoints. Then (S, B) is definable in
(57 Bdist(m))‘

Proof. Let x € S. Again define the set C;(x) as the set of all y comparable to x, and Cy(z)
be the set of all y not comparable to z. Let y and z be equivalent if for all ¢, 2 Bgis(m) [y, t]
if and only if 2Bgist(m)[2,t]. Then y and z are equivalent in this sense if and only if they
are both comparable with x, and they are on the same ‘side’ of x and of distance at least
m from z. Hence there are two equivalence classes, which we call D;(z) and & (x).

®‘(t.) m m 8,(2{

We now have two cases:
Case 1: The set Cy(x) is comparable to all of D;(x) and & (x).

In this case, Co(x) = Co(x)U{z} is a maximal finite section of size < 2m. We can determine
the size of Cy(z)" as it is simply the number of points in the graph that are comparable with
all of Dy(z) and & (). Thus we pick a formal labelling of these points with an ordering
<, which is forced upon us by the existing Bgs(m) configuration.

D69 z i)

__.X X ==
3

Case 2: The set Cy(x) is not comparable to all of D;(x) or all of & (z).

In this case Co(z) U{x} is a finite section of size 2m + 1, and additionally, there are at least
m discrete points to the right of x and m discrete points to its left.

Now, consider the set of all points in Cy(z) that are comparable to all of D;(z). No point
lying between x and D; (x) will be in this set, so this gives us the set of points between x and
&1(x). Call this set & (), and similarly, let Dy(x) be the set of all points in Co(z) that are
comparable to all of & (). Again, let D(z) = D;(x) UDs(x), and let E(x) = & (x) U (),
so that D(z) is the set of all points to one side of z, and £(z) the set of points to its other
side.
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Now, given any a,b,c € Co(z), I claim we can determine which lies between the other
two. First suppose without loss of generality that two of a,b lie in Dy(z) and ¢ lies in
Ey(xz). Then we know ¢ doesn’t lie between a and b. Now consider ¢ € & (x) such that
¢ is comparable to exactly one of a,b. Such a ¢ always exists because, supposing b lies
closer to x than a does, and dist(a,z) = k < m, then we can let ¢ be the point in & ()
of distance m — k from x. It follows that for any two a,b in Dy(x) or in E(x), we can
determine whether aB[b, z] or bBla, x].

Now suppose a, b, ¢ all lie in Dy(x). Then we can determine betweenness on any pair in
a, b, c and x by the method above. Thus we can determine betweenness on a, b, ¢ as follows:
bB|a, c| if and only if bBla,x] and c¢B[b, z| (this can be easily justified by the methods in
Section 3.1).

So what happens if one of Dy(z), & () is comparable to all of Co(z), but not the other? I
claim we can ignore those cases, because if the maximal finite section has size < 2m, then
we are in Case 1 above (and we will notice this when picking a more central point in this
maximal finite section), and if the maximal finite section has size > 2m + 1, then again,
when we pick a more central point in the maximal finite section we will obtain betweenness
on the entire section as in Case 2 [

We now expand this Lemma to n-tuples on S:

Definition 3.30. Let X = (zy,...,2,),Y = (y1,...,yn) be n-tuples. Then dist(X,Y) >m
iff z, <y, and dist(x,,y1) > m, or y, < z1 and dist(y,,z1) > m.

Definition 3.31. Let Bsist(m) be betweenness on k-tuples of a set S without endpoints,
defined for all X = (x1,...,2%),Y = Y1,y W), Z = (21,...,2r) where dist(X,Y) >
m,dist(X, Z) > m, and dist(Y,Z) > m.

Thus Bgz’st(l) is the same as B*.
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We can also extend the notion of comparability to ijist(m) as follows: two tuples X and Y
are comparable if dist(X,Y) > m (formally: X and Y are comparable if there exists some
Z such that XBsist(m) Y, Z] or YBsist(m) (X, Z] or Zijist(m) (X, Y)).

Theorem 3.32. Let S be a total ordering without endpoints. Then if S has no non-
trivial maximal finite section of size less than m + n, then (S, Byist(m+n)) is interpretable
in (S™, B;‘ist(m)).

Proof. Given an n-tuple X = (x1, ..., 2,), let C(X) be the set of all n-tuples comparable to
X.

Now split C(X) into two halves, D(X) and £(X) as in Lemma for each X € S™.

Let Xy € S™ be fixed, with corresponding sets D(Xy) and £(Xj). It will be true that
for every other set Y € S™, either D(Y) C D(Xy) or D(Xo) C D(Y), or E(Y) C D(Xy)
or D(Xy) C E(Y). For every such Y, let D(Y) be such that either D(Y) C D(X,) or
D(Xo) € D(Y). Thus all the Ds in the graph will end up on the same side as one another,
and similarly with the €s. Without loss of generality assume D(Xy) < Xy < E(X).

DX £0Xo)

T ‘““‘W \/’—-—‘/“

K DY) and E(Y) j

We now have two cases for each X € S", where X = (x1,...,x,): either D(X) has a
‘maximum’ dy, or not. If D(X) does have a maximum, then every element of D(X) ends in
something less than or equal to dy, and dist(dy, z1) = m. If D(X) doesn’t have a maximum,
then D(X) has no point of distance exactly m from z;.

In clarification, I remark that if D(X) has no maximum, there could be any number of
points < m (perhaps none) lying between all of D(X) and x;. Any n-tuple beginning with
one of these points is comparable to all of D(X), meaning there is no tangible difference
between tuples beginning with one of these points and tuples beginning with x;.

We can distinguish between the two cases as follows: if there exists an n-tuple Z € D(X)
such that there aren’t infinitely many n-tuples Y with Y B[X, Z], then D(X) has a maxi-
mum, and otherwise it doesn’t.

Since every maximal finite section has size at least m + n, there is an n-tuple X in every
maximal finite section such that D(X) has a maximum. Similarly, in any finite component
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with a left endpoint, there is an n-tuple X of distance at least m from the this edge so
that D(X) has a maximum.

We now define an equivalence relation, =, on S" as follows: given X, Y € " X =Y if
D(X) = D(Y). Thus n-tuples (zy,...,z,) and (yi,...,y,) are equivalent if either z; = y;
(if D(X) has a maximum), or xy,y; lie within distance < m of the minimum of a finite
component, in which case D(X) doesn’t have a maximum.

The idea is that every time D(X) doesn’t have a maximum, we define the equivalence class
for 1 to be to the minimum of the finite component x; lies in.

The =-classes are now points = € S, corresponding to the set of all n-tuples beginning
with x. These can take any value in S, except for values of distance less than m from the
minimum point of a finite component. Let the set of values x can take be S’.

We define comparability on equivalence classes as follows: x and y are comparable if there
is some representative in x that is comparable to some representative in y. Any pair of
equivalece classes x, y are thus comparable to one another if and only if dist(z,y) > m+n.
Now consider x,y, z, all pairwise comparable. Then yBlz, z] if and only if there exists a
representative X of x that is comparable to some representative Z of z but not to any
representative Y of y, or there exists a representative Z of z that is comparable to some
representative X of x but not to any representative Y of y.

We have thus recovered (5, Byisi(m+n))- We would like to expand this to S, which we
can do as follows: formally add m — 1 points between the minimum point of every finite
component, and its successor, and choose some natural ordering on these points < with
induced betweenness B, 1. Thus (S, Bgist(m+n)) is interpretable from (S, Bgist(m)).

]

3.3 Betweenness Relations on Trees

We now expand some of the betweenness theorems to partial betweenness on trees.

We start with some basic definitions.

39



Definition 3.33. A tree (T, <) is a partially ordered set such that for each ¢ € T', the set
{s € T': s < t} is totally ordered, and any two elements have a common lower bound.
A proper tree is a tree which is not a totally ordered set i.e. a proper tree has 2 distinct
vertices x and y such that -z < y and —y < z.

Definition 3.34. A tree (T, <) is dense if for any s,t € T with s < ¢, the interval [s, t] is
dense.

Definition 3.35. Let T" be a tree. Then two distinct vertices x,y € T are comparable,
denoted by comp(x,y), if either x < y or y < x. If z and y are subsets of 7" whose elements
are comparable, then z and y are comparable if every element of = is comparable to every
element of y.

Note that x is not comparable to itself.
Definition 3.36. Let T be a tree. Then x € T'is a leaf if there is no y € T with x < y.

Definition 3.37. Let (7, <) be a tree. Then a point x is a ramification point if x is the
greatest lower bound of some incomparable y, z € T

Definition 3.38. We can form a least extension T of T so that any two members of T
have a greatest lower bound (so that it is a meet semilattice).

This is a special case of the Dedekind-MacNeille completion [4]. In fact, all ‘new’ points
will be the greatest lower bound of two incomparable members of T

We call points of TT\T gaps.
Note that |[T7| < maz(Ro, |T).

Definition 3.39. Let (T, <) be a tree. If x € T" we define ~ on {y : y > x} as follows:
y ~ z if there exists a t such that x <t <y, 2.

This is an equivalence relation. Reflexivity and symmetry are clear. To see that it is
transitive suppose y; ~ Y2 ~ y3. Then y;,yo > t; > x, and yo,y3 > t; > x, and so
t1,to < 1yo. Since predecessors of ys are linearly ordered, either ¢; < t5 or t5 < 1, and so
min{ti, ta} < Y1, Ys.

Equivalence classes are called cones at x.

Definition 3.40. Let (T, <) be a tree. Then 7" has a root x if x is a minimal point in 7.

Note that a tree can only have one such minimal point.
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Let T™ be the set of all strictly increasing n-tuples in 7.

Definition 3.41. Partial betweenness on n-tuples for trees. Let (7, <) be a tree. We
define betweenness on n-tuples of T' as follows: given (x1,...,2,), (Y1, -y Un), (21, -, Zn),

(Y1, ooy Yn) B™[(21, ..y ), (21, ooy 2)] if and only if (y1, ..., Y ) B"[(21, ..., 20), (21, .., 2n)] holds
on some linearly ordered subset of 7.

X Y jﬁ%
K, o \_,\ Yn ‘&‘\

Definition 3.42. We now expand n-betweenness B,, to trees: {yi, ..., y, } Bn|x, 2] holds iff
the set of points {yi,...,y,} lies between x and z in some linearly ordered subset of T
Again, we call z and z the endpoints of the set {y1,...,yn, z, 2}.

)4 %

Note that {y1,...,yn}Bnlz, 2] = {Yr), - Yn(n) } Bnl2, 2], where 7 is any permutation on
{1,...,n}, and that {yi, ..., yn} Bulz, 2| = {y1, .-, Yn} Bulz, z].

Again note that for 1-betweenness there is a slight difference of notation, in that we write
yBlz, z] as opposed to {y} B[z, z].

Definition 3.43. Again, we can combine the above definitions as follows: B is defined
as partial n-betweenness on m-tuples, i.e. this is a partial relation on n+ 2 m-tuples where
{Y1, ..., Y.} Bn[X, Z] holds iff each m-tuple in the set {Y7, ..., Y,,} lies between the m-tuples
X and Z in some linearly ordered subset of T'.

Z
T

Similarly, note that {Y,...,Y,} B,[X, Z] = {Yzq), ..., Yam) } Bl X, Z], where 7 is any per-
mutation on {1,...,n}, and that {Y1,...,Y,,}B,[X, Z] — {Y1, ..., Y.} B.[Z, X].
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Lemma 3.44. Let (7, <) be a proper tree without endpoints with induced partial be-
tweenness relation B, and let n € N. Then (7, <) is 1st-order interpretable in (7™, B™).

Proof. We can show that (7, B) is 1st-order interpretable in (7, B™) just as in the proof
of Lemma [3.22] Thus it remains to show that (7', <) is interpretable in (7', B).

First note that ¢; and t, are not comparable if for every t3, none of tq, ¢y, t3 are between
the other two, because T" has no endpoints.

Since T is a proper tree, there exist x,y, 2z such that x and y are not comparable to one
another, but are both comparable to z. In this case we know that z < z,y. Such z,y, z
always exists since 7' is a proper tree.

Now suppose we are given distinct comparable ¢1,t; € T" and we would like to determine
whether t; < ty or t5 < t;. We have 3 cases:

e 1,15 are both comparable to both z and y. In this case, t; < o if toB[ty, x].

e {; is comparable to both = and y, and ¢ is only comparable to one of x,y (assume x
without loss of generality). Then ¢; < to by default.

e (1,15 are both comparable to only one of x,y. Then t; < ty if t; B[z, ts], where z is
as above.

Hence for any comparable ¢;,to, we can determine whether t; < t5 or ¢ty < ¢, and so (7', <)
is interpretable from (7™, B™). ]

Lemma 3.45. Let (7, <) be a tree without leaves with induced betweenness relation B,
and let n € N. Then (T, B) is 1st-order definable from (7', B,,). Moreover, if T is a proper
tree then (T, <) is 1st-order definable from (7, B,,).

Proof. The proof that (T, B) is 1st-order definable from (7', B,,) is similar to that of Lemma
3.23, and the proof that (T, <) is 1st-order definable from (T, B,,) if T is a proper tree is
similar to that of Lemma [3.44] O

The reason we require 7' to not have leaves is similar to why we have mainly looked at
total orderings without endpoints, namely, that there are quite a few complications as
soon as endpoints are considered. 7" must be a proper tree in order to determine < rather
than B, as we must be able to consider 3 elements z,y,z in T as in Lemma [3.44] i.e. z
is comparable to x and x, but x and y are not comparable to one another (in which case
z <z and z <y).

Lemma 3.46. Let T be a tree without endpoints. Then (7', B) is definable from (7™, B").
Moreover, if T' is a proper tree that does not have a minimal element which ramifies, then
(T, <) is 1st-order definable from (T, B").
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Proof. The proof that (T, B) is 1lst-order interpretable from (7", B!") is similar to that
of Lemma [3.24] and the proof that (7', <) is lst-order definable from (7, B]") if T' is a

proper tree that doesn’t have a minimal element which ramifies is similar to that of Lemma

3.441 O

3.4 The Graph G(S,1"2")

Proposition 3.47. Let S be any total ordering with no endpoints. Then (5, <) is 1st-
order interpretable from the relation (5", <"), where (z1, ..., 2,,) <n (Y1, ..., yn) if and only
ifry<...<xz,<y1 <..<Yp

Proof. Let a € S™, and define a™ := {y € S™ : a <™ y}, i.e. a* is the set of all members of
S™ which are greater than a.

We now define the following equivalence relationon S™: a ~ b iff a* = b (one can check
that this is an equivalence relation). The idea is that we identify two increasing n-tuples
if they have the same set of strict upper bounds, which depends only on the final entry.

The equivalence classes of ~ are in natural 1-1 correspondence with members of S. Fur-
thermore, we can also recover the ordering, since the greatest member of a is less than or
equal to the greatest member of b if and only if bt C a™.

Note that this is first-order:

at =b" & (Vy)(a <"y < b<"y)

And similarly,
b' Cat = (Vy)b <"y —a<"y)

]

Remark 3.48. Similarly, the total ordering S can be reconstructed from the directed
graph G(S,1%2%) with an edge from (yi, ..., yx) to (1, ..., zx) if and only if 71 < ... < 7y <
Y1 < ... < Yg.

Theorem 3.49. Let (S, <) be a dense total ordering without endpoints, Bg the associated
betweenness relation, and let n > 2 lie in N. Then (5, Bg) is 1st-order definable inside

G = G(S,172M).

Proof. In the graph G, there is an edge between (ay, ..., a,) and (by, ..., b,) iff either a,, < b
or b, < aj.
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Let A be the n-tuple (ay, ..., a,), and let N4 be the set of neighbours of A in G. Then N4
is the disjoint union of two sets: the set of n-tuples whose greatest element is less than aq,
and the set of n-tuples whose least element is greater than a,,. From this it follows that

N, = Np if and only if a; = b and a,, = b,

In this case, we write A = B (we see that this is an equivalence relation). Thus we can
identify the =-classes with pairs (a1, a,) such that a; < a,.

Note that this is first-order, as we can write
Ny=Np & VO(A~C < B~C)
for elements A, B, C.
Furthermore,
N4 C Np if and only if a; < b; and b, < a,,

and for this reason, it makes sense to identify each =-class with a closed interval [a4, a,],
rather than the pair of its endpoints, since then the relation [a, a,] C [b1, b,] of inclusion

is definable.
Let Z be the family of all these closed intervals:

7 :={[a,b] : a < b, a,b € S such that there exist a; < ... < a,, with a; = a and a,, = b}

We would now like to define the relations “AU B € 77 and “AN B € 7”7 for intervals
A = [ay,a,] and B = [by, b,,).

Let AV B be the least upper bound under inclusion of these two intervals. This always
exists (for example if a; < b, then this will be the interval [ay,b,]), and is given by the
interval C such that A C C' and B C C, and for every D € Z, if AC D and B C D, then
CCD.

Let A A B be the greatest closed interval C' lying in both A and B. This exists if and only
if the intersection of A and B is nonempty and not a singleton, and is given by the interval
C such that C € A and C C B, and for every D € Z,if D C Aand D C B, then D C C.

Intersection: We now define A N B as follows: AN B € 7 if and only if A A B exists, in
which case AN B = A A B, and otherwise AN B is undefined.
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Consider the statement that A A B does not exist, and for any A’ strictly containing A and
such that AV B= A"V B, A’ \ B exists.

This describes two intervals overlapping in a singleton. To see this, note that if they do
overlap in a singleton, whenever you try to increase one of the intervals while retaining
the same least upper bound (now just the union), you have to increase the ‘bit in the
middle’ where they overlap, so that the greatest lower bound now exists. If however, they
are disjoint, then you can increase one of them a little bit (in the middle) so that it is
still disjoint from the other, and the greatest lower bound still doesn’t exist. Again, here
we utilise the fact that S is dense, as otherwise the statement above would not necessarily
describe two intervals overlapping in a singleton.

Union: This enables us to define AU B in cases where this is an interval. Namely, we let
AU B = AV B provided either A A\ B exists (so is an interval), or A and B overlap in a
singleton.

We can now exploit the definability of intervals overlapping in a point to gain access to
points of S inside G. Let us call a pair (A, B) which overlap in a singleton pointed. We
note that this happens provided that either a; = b, or by = a,, and we say that a pointed

pair ([z,y], [y, 2]) points to y.

Note that for n = 1, this entire argument becomes trivial as (A, B) is pointed iff A = B.

We would now like to identify any y € S with the set of all pairs of intervals ([z, y], [y, z])
in Z pointing to y.

First define the following equivalence relation =,: We say that (A4, B) =, (C, D) if (A,C)
and (B, D) are pointed and B # C or (A, D) and (B, C) are pointed and A # D.

Since (A, B) =, (B, A) we can switch round the pairs, and assume always that A = [a, 2]
and B = [x,b] for some a,b, x.

We would like to show that (A4, B) =, (C, D) if and only if A = [a, 2], B = [z,b],C = [c, 7],
and D = [z,d] for some a,b,c,d,z. If this is the case, it is immediate that =, is an
equivalence relation.

Let’s assume then for a contradiction that (A, B) =, (C, D) and A = [a,z], B = [z,b],C =
lc,y], and D = [y,d] for some a,b,c,d, z,y with = # y.

Suppose first that (A, C) and (B, D) are pointed. This implies that a = y or z = ¢, and
also that b = y or x = d. There appear to be 4 options. However, as a # b and ¢ # d,
there are only 2, which are that a = y and x = d, or that x = ¢ and b = y. But the first
implies that A = D, which we have ruled out, and the second that B = C, also impossible.

One argues similarly if (A, D) and (B, C') are pointed. Hence =, is an equivalence relation.
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It now remains to recover the betweenness relation, which can be done as follows:

For pointed pairs (A, B), (C, D), (E, F), the element of S pointed to by (C, D) lies between
the elements of S pointed to by (A, B) and (F, F) if and only if there exist (4’, B'), (C', D’),
(E', F") respectively equivalent to (A, B), (C, D), (E, F') such that

ACC CFE and FCD CB
or FCC'C A and BBCD CF'

See diagram for intuition:

LN NN ™

4 * *
(a,8) (c,0) (€.F)
0 ™ A
CA €.0> (.89
Thus we can reconstruct (S, Bg) from G. Note that this is first-order. O

We remark that although the dense case without endpoints seems restrictive (in the count-
able case it is just Q), in the uncountable case there is a vast range of possible orderings
to which it could apply.

We would now like to expand this theorem to all total orderings without endpoints. We
start with some definitions.

Definition 3.50. Let S be a total ordering. Then the comparability relation C' on S™ is
the relation which holds for two n-tuples (x1, ..., z,) and (y1, ..., y,) if and only if x4, ..., z, <

Y1y ooy Yn OF Y1, ooy Yn < L1y oony Ty
Definition 3.51. Let S be any total ordering, and let Z(S) be the set of all closed intervals

on S that are not singletons. Then the comparability relation C' on Z(S) is the relation
which holds for two intervals [x1,x,] and [y1, y,] if and only if x,, < y; or y, < z.
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Note that comparability on n-tuples of S'is the same thing as the edge relation in G(S, 1"2").

Theorem 3.52. Let (S, <) be any total ordering without endpoints, Bg the associated
betweenness relation, and let n > 2 lie in N. Then (S, Bg) is 1st-order definable inside
G =G(S,1m2m).

Proof. Similarly to the proof of Theorem define =-classes on closed intervals [ay, a,,]
in S of cardinality at least n, and again let Z be the family of these closed intervals. Note
that disjointness and inclusion are easily definable in Z.

We would like to represent points of S inside G' by means of ‘pointed pairs’ as in the proof
of Theorem [3.49] The problem here arises if a pair of intervals which may appear suitably
‘pointed’ in fact overlap at a number of points between 2 and n — 1.

Let us call a pair (A, B) € T awkward if:

(i) A and B are not disjoint (i.e. representatives from A and B are not neighbours in G)
(ii) There is no C' in Z contained in both A and B

It is clear that awkward pairs are intervals A, B which overlap in a set of size < n.

Since clearly AU B € Z, we can express that D = AU B. We simply say that A C D
and B C D, and for any F such that A C F and B C E, we have D C E. In the dense
case, |AN B| must be 1, and everything goes through straightforwardly. If S is (in places)
non-dense, then we have to use a different trick. We would like to decrease A as far as
possible while retaining awkwardness, until the intersection does have size 1. The trouble
is that if A is too small, reducing its size may mean that it isn’t in Z any more. So we first
have to increase it a bit, and after that decrease it again.

Let A’ be a proper superset of A such that (A’, B) is awkward. Such A’ exists because one
can extend in the direction away from B, since S has no endpoints. Repeat this n times.
Then such A’ has size at least 2n, and overlaps with B at at most n — 1 points (so if we
‘remove’ at most n — 2 points from A’ so that A’ and B overlap at a singleton, we know
A’ still has size at least n). Now if possible, find A” C A’ so that (A”, B) is still awkward,
and A” U B = A" U B (if this isn’t possible, then (A’, B) already overlap at a singleton).
Since the union is preserved, the endpoints of A" and A” away from B must agree, so the
only way that A’ can strictly decrease is in the intersection with B. So this must go down.
Repeating n (at most) times, eventually it isn’t possible to decrease any more, and this
must mean that A” and B intersect in a singleton.

The rest of the proof is similar to the proof of Theorem [3.49] O
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4 Reconstructions of the Shift Graph

We now turn our attention to reconstructing the underlying set S from the shift graph
G(S,1"3™2"). We start by considering general linear orderings, and then briefly looking
at partial orderings that behave in a similar way.

4.1 Linear Ordering Shift Graphs

We now consider shift graphs in which the underlying set is any linear order. We will focus
on infinite linear orderings.

Lemma 4.1. Let (S, <) be any total ordering without endpoints. Then any pair of co-
cliques C' and D in G(S,132) with the following properties:

i) C = {{N,:ve D}
it) D =(){N,:veC}}
and where |C],|D| > 2 must be of the form
Cr=A{(v,z):v <z}
D, ={(z,w) :x < w}
where z € S.

Proof. First we see that C,, D, satisfy i) and i7). Now, let C' and D be a pair of sets
satisfying i) and 7). Then we remark that if (¢1,c;) € C and (dy,ds) € D, then either

cp < Co
I
d1 < d2
or
cp < Co
|
dl < d2

Note that we cannot have (ci,cz),(c},c5) € C with ¢ = dy and ¢ = dy for the same
(dy,dy) € D, as otherwise (di,ds) is the only point of D adjacent to both (c1,¢2) and
(¢}, ca), contrary to the assumption that both C' and D contain at least 2 elements.

Thus either for all (¢1,ce) € C and (dy,ds) € D we have ¢y = dy, or for all (¢, ) € C and
(dl,d2> € D we have cl = dg.

Without loss of generality we assume the former. We then note that, by the definition of C'
and D, any pair ending in ¢, must lie in €', and any pair beginning with ¢, must lie in D.
Thus any pair of subsets of G satisfying i) and ¢i) must be of the form C, = {(v,z) : v < z}
and D, = {(z,w) : x < w}. O
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Theorem 4.2. Let (S, <) be any total ordering without endpoints, and B the associated
betweenness relation. Then (S, B) is 2nd-order interpretable inside G = G(S, 132).

Proof. We are interested in identifying co-cliques C' and D with the following properties:
i) C = {N,:veD}
it) D= {N,:veC}

where |C|,|D| > 2.
By Lemma [4.1] a pair of subsets of V(G) satisfying i) and i) must be of the form

(v,z):v <z}

(r,w):x <w}

Cx {
Dz {

where x € S.

Let A, = C, U D, for every such pair {C,, D,} and z € S. Thus V(G) = J{4, : v € S},
and for each = # y, A, N A, contains exactly one element, namely (z,y) or (y, ).

Now, given A,, A,, A,, we see that yB|z, 2| iff the element of A, N A, is a neighbour of the
element of A, N A,, and neither of these elements is a neighbour of the element of A, N A,.

Thus we can reconstruct S with the betweenness relation from G, and so we can reconstruct
S up to order reversal by Theorem [3.15] O

Lemma 4.3. Let (5, <) be a dense total ordering without endpoints, and let n be a positive
integer. Then any pair of co-cliques C' and D in G(1"32") with the following properties:

i) C = {N,:veD}
it) D= {N,:veC}
and where C' and D are nonempty must either be of the form

Cy = {(v1,v9, ..., Up, ) 10, < x}

D, = {(z,wy,wa, ..., wy) 1 x < wy}
where x € S, or of the form

Oy ={(x,v1,02, ..., Up_1,y) 12 <V <V < ... <VUpy <Y}

Dy = {(w1, wa, ...,wy, x) T wy, <z} U{(y, w), wh, ..ywy,) 1y < wi}
where z,y € S.
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Proof. First we see that C,, D, and ,C,, ,D, satisfy i) and 7). Now, let C' and D be
a pair of sets satisfying i) and ii). Then we remark that if ¢ = (¢q,...,cpy1) € C and
d= (dy,...,dn11) € D, then either

g < Cc ... < Cp41

|
dy < dy ... < dn—l—l
in which case we say c is “left adjacent” to d, or

C1 < Cco ... < Cpy1
|

dy < dy ... < dn+1

in which case we say c is “right adjacent” to d.
Note that ¢, d are adjacent provided c is left or right adjacent to d.
We now have two cases:

Case 1: there exist ¢, € C and d € D such that ¢ is left adjacent to d, and d is left
adjacent to .

cp < Ca ... < Cpyi

di < dy ... < dpp

/

/ /
Cl < C2 “en < C’I’L—‘rl

Then any n + 1-tuple lying in C' is adjacent to d, so must end with d; or begin with
dp+1, and hence any n + 1-tuple beginning with d; and ending with d,,; is adjacent to all
members of C', and so lies in D.

Similarly, any n + 1-tuple in D is adjacent to ¢ and ¢/, so must begin with d; and end with
dpi1- The set of all n 4+ 1-tuples which are neighbours of all of these is precisely the set
of all n + 1-tuples beginning with d,,y; or ending with d;, it follows that C' is the set of
everything adjacent to D.

The argument is similar if d,d’ € D and ¢ € C.

Case 2: neither of the above hold.

Then for every ¢ € C, either every d € D is left adjacent to ¢ or every d € D is right
adjacent to c.

Similarly, for every d € D, either every c € C' is left adjacent to d or every ¢ € C is right
adjacent to d.
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Without loss of generality assume there is a d € D such that every ¢ € C' is right adjacent
to d.

. < c ... < Cpyl
|

dy < dy ... < dpn

Then ¢; = d, 11, and moreover all members of C' must begin with this same ¢;. Thus all
n + 1-tuples ending in d,;; lie in D, and similarly all n 4+ 1-tuples beginning in c; lie in

C. [

Theorem 4.4. Let (S, <) be a dense total ordering without endpoints, B the associated
betweenness relation, and let n be a positive integer. Then (S, B) is 2nd-order interpretable
inside G = G(S, 1"32").

Proof. Consider co-cliques C' and D with the following properties:

i) C = {N,:veD}
it) D= ){N,:veC}
where C' and D are nonempty.
By Lemma [4.3] a pair of subsets of V(G) satisfying i) and ii) must either be of the form
Cr = {(v1,v9,...,;vn,2) 1 v, < x}
D, = {(x,wy,wq, ..., w,) : x < wy}
where x € S, or of the form
Oy =A{(z, 01,09, ., Up_1,Y) 12 <V <V < oo. < Vg <Y}
Dy = {(w1,wa, ...,wy, x) 1w, <z} U{(y, w, wh, ...,w)) 1y < wi}

where z,y € S.

Let F be the family of all pairs {C, D} satisfying i) and ). Let F; be the family of all
pairs {C,, D, }, where C,,, D, are as above, and let F; be the family of all pairs {,Cy, ,D,},
where ,C,, D, are as above. Then F = F; U Fo.

Given some {C, D} € F, we would like to determine whether {C, D} € F; or {C, D} € F».
I claim that {C, D} € F; if and only if there exist pairs of sets {C’, D'}, {C", D"} € F
with {C’", D'}, {C", D"} # {C, D} such that for some X' € {C’", D'} and X" € {C”, D"},
we have X' U X" € {C, D}.

To see this, suppose {C, D} € Fo. Then {C,D} = {,Cy, ,D,} for some z,y. Now let
{C",D'} ={C,,D,} and {C", D"} = {C,, D,}, and let X’ = C, and X" = D,,. Thus we
have ,D, = C, U D,, i.e. C, UD, € {,C,, .D,}.
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Conversely, suppose {C, D} ¢ F», i.e. {C,D} = {C,, D,} for some x. We will show that
C, cannot be the union of two sets of the form Cy, D,, ,C., ,D..

e (C, cannot be the union of any C, with another set, as C, N C, = () for all x # y.

e (C, cannot be the union of any D, with another set, as if # < y then D, contains
points of the form (y, 21, ..., z,) with 2 <y < z; which do not lie in C,, and if > y
then D, contains the points of the form (y, 21, ..., 2,,) where z, # x which do not lie
in C,.

e We see that C, cannot be the union of any ,D, with another set, as if x < z then
4D, contains points of the form (z,wy, ..., w,) where x < z < w; which do not lie in
C,, and if x > y then , D, contains points of the form (vy, ..., v,,y) where v, <y < x
which don’t lie in C,, (note that we have covered all cases here since y # z).

Thus C, must be the union of two sets ,C, and ,,C,, for some y, 2,7y, 2. Now, by the
construction of these sets, we must have z = 2z’ = z. But then C, contains some point
(w1, ..., wy, ) where wy # y,y’, and so C, #, C, U ,C,, a contradiction.

Hence, given G' we can uniquely determine F;. All pairs {C, D} € F; can be indexed by
some point in S, such that each pair is of the form {C,, D, } for some x € S. Thus we have
determined the set S (or representatives of the set S), but not the betweenness relation on
S. Let A, = C, U D, for every such pair. Thus G = [J{A, : x € S}, and for each = # y,
A, N A, contains the set of vertices (z,vs,...,0,,y) if v <y with z < vy, < ... <v, <y, or
(Y, V2, oy Uy, @) if y <, with y < vy < ... <wv, < z. Such v, ..., v, always exists since S is
dense.

Now, given A,, A,, A., we see that yB|z, 2] iff every element of A, N A, is a neighbour of
every element of A, N A,, and no element of A, N A, or A, N A, has any neighbours in
A, NA,. O

Thus we can reconstruct S with the betweenness relation from G (and so we can reconstruct
S up to order reversal by Theorem [3.15)).

Theorem 4.5. Let (5, <) be any total ordering without endpoints, B the associated be-
tweenness relation, and let n be a positive integer. Then, if S contains no non-trivial max-
imal finite section under size 2n, (S, B) is 2nd-order interpretable inside G = G(S, 1"32").

Proof. We start by introducing sets Cy, Dy, »Cy, oDy as in Theorem [4.4]

We let F be the family of all pairs {C, D} satisfying ¢) and ¢i), and F; be the family of
all pairs of the form {C,, D,} and F, be the family of all pairs of the form {,C,, ,D,}.
We can uniquely determine the set F; as in Theorem [4.4] and all such pairs can again be
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indexed by some point in S, such that each pair is of the form {C,, D,} for some = € S.
Let A, = C, U D, for every such pair.

We now have a problem that for « # y, A, N A, is not necessarily nonempty; if dist(x,y) <
n, then A, N A, = 0. If dist(x,y) > n, then A, N A, is the set of vertices (z, va, ..., v, y) if
r<ywithx <wvy <..<wv, <y (or (y,vq,....,05,2) if y <z, with y < vy < ... <v, <x).

Now, given A,, A,, A., we have 3 possible cases:

Case 1: A, NA,, A, NA,, and A, N A, are all nonempty. Here, similarly to Theorem
we see that yB|z, 2] iff every element of A, N A, is a neighbour of every element of A,NA,,
and neither has any neighbours in A, N A,.

Case 2: Exactly one of A,NA,, A;NA,, and A,NA, is nonempty. In this case, whichever
of A,NA,, A, NA,, and A, N A, is nonempty represents the ‘outer two’ points, and so
yBlz, z] iff only A, N A, is nonempty.

This is because, without loss of generality, if y is between z and z, then dist(z,z) >
dist(z,y) and dist(x, z) > dist(y, z), and so if one of A, N'A,, A, N A, is nonempty, then
A, N A, must be nonempty also.

Case 3: Exactly two of A, N A,, A, N A,, and A, N A, are nonempty. In this case one of
the nonempty intersections represents the ‘outer two’ points. Without loss of generality,
suppose A, N A, and A, N A, are both nonempty, but A, N A, = 0. Then, since one of
A, N A, and A, N A, represents the ‘outer two’ points, z is not between = and y.

Then y lies between z, z iff there exists a v such that A, N A, =0 but A, N A, # 0, and
—xB(v,z). Such a v will always exist as, assuming yB|z, z|, since dist(y,z) > n + 1 we
must have dist(x,z) > n+ 2. Then we can let v be any point of distance at least n + 1
(and less than dist(z, z)) from x in the direction of z.

>rn
m
t . —
>n

Case 4: Allof A,NA,, A, NA,, and A, N A, are empty.

In this case, the distance between the two ‘outer points’ is < n.
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Again, we consider {v : A, N A, = 0}. These are all things of distance at most n from z.
Since every maximal finite section has size at least 2n, the size of this set must be at least
n. Now, if there exists a w ¢ {v: A, N A, = 0} such that A, N A, =0 and A, NA, =0,
then z is an ‘endpoint’ of z,y, z, i.e. ~xBly, z]. It will always be possible to determine at
least one ‘endpoint’ this way as the distance between the two endpoints is at most n, and
so if e is an endpoint of e, py, p2, we can simply let w be the point of distance n + 1 away
from e in the same direction as p; and ps. If there exists such a w for two of x,y, z, then
we have determined the two ‘endpoints’ and thus betweenness on z, ¥, z.

Suppose such a w only exists for one of x,y, z. Without loss of generality suppose z is an
‘endpoint’ of z,y, z, i.e. w ¢ {v: A,NA, =0} and A,NA, =0, A,NA, = 0. Then x lies
quite close to the ‘edge’ of the maximal finite section; close enough that z has distance at
most 7 to the end of the maximal finite section (otherwise we would be able to determine
two ‘endpoints’ in this way). Now, yBlx, z] iff there is a v' ¢ {v : A, N A, = (0} such that
AyNA,#0and Ay NA, = 0. We know such a v" always exists, as y is distance at most
n — 1 from the edge, and so v’ is distance at most 2n from the edge, which is the maximal
distance we have allowed for.

]

Remark 4.6. The reason we can’t have non-trivial maximal finite sections of size less than
2n in Theorem [1.5] is that if there is a maximal finite section smaller than this containing
points z,y, z, it is not always possible to determine which lies between the other two.

Suppose Y is a maximal finite section of size n + k for 1 < k < n, and let x,y,z € P. We
consider the various cases as in Theorem [4.5t

e If we are in Case 1, Case 2, or Case 3 above, then we can determine which lies
between the other two as in Theorem E.5
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o [f we are in Case 4 and x,y, z are all close enough to the ‘middle’ of the maximal
finite section, we can determine the two ‘endpoints’ of x,y, z as in Theorem [4.5]

If x,y, z are all close to the ‘edge’ of the maximal finite section and the distance between
the middle point of z,y, 2 and this edge is less than k, then we can also determine which
lies between the other two using the same method as in Theorem [4.5 This is because in
this case the distance between the middle point and the other edge will be > n, as the
entire maximal finite section has size n + k, and so there exists a v’ as in the proof.

The problem occurs if we can only determine one endpoint of z,y, 2, and the distance
between the middle point of z,y, z and the edge x,y, z are all close to is > k. Assuming
xr <y < z and z is the point closest to this edge, in this case, we might not be able to find
a point v such that A, N A, # 0, but A, N A, = . Thus for every single point p in the
S, either p lies in the maximal finite section, in which case A,N A, = A,NA, =0, orp
doesn’t, in which case A, N A, and A, N A, are both nonempty, and moreover there are no
edges between these intersections. We therefore cannot determine betweenness on z, vy, z.

If the non-trivial maximal finite section Y has size less than n, we can determine that
yBlz, z] for any y € Y and z, z lying either side of Y, but for any z,y,z € Y, we can
not determine which lies between the other two. This is because in this case, we have
ANA, =0, A,NnA, =0, AynA, =0, but for any v € S, either A,NA,, A,NA,, A,NA,
will all be empty or they will all be nonempty. Thus there is no way whatsoever of
distinguishing the points in Y from one another, and so Y can be permuted however we
like in the automorphism group.

This means that any permutation 7 : Y — Y can be extended to an automorphism
v: G — G fixing all g € G\Y.

Lemma 4.7. Let S be any total ordering without endpoints, and let n be a positive integer.
Then any pair of co-cliques C and D in G(S, 13"2) satisfying:

i) C={N,:veD}
it) D= ){N,:veC}
and where |C|, |D| > 2 must be of the form

Oml,“.,ajn - {(Uax17‘r27 71:71) v < xl}

Dy = {(x1, 22, .., 20, 0) 1y, < w}
where zq,...,x, € S.
Proof. First we see that C, ., and D,, . satisfy i) and i7). Now, let C'and D be a pair

of sets satisfying ¢) and 7). Then we remark that if (cy, ..., ¢,1) € C and (dy, ..., dpy1) € D,
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then either

g < g < 3 < .. < ¢y < Cpn
a|l|1 < c|i|2 < dg < .. < JL < dpy1
or
q < 6 < 3 < .. < ¢ < Cpit
di < c|l’2 < c|l|3 < ... < d, < dn”+1

Note that we cannot have both of the above for the same dy, ..., d,, .1, because if ¢; ;1 = d;

for 1 < ¢ < nanddc = dgy for 1 < i < n, where (c1,...,¢n41), (¢}, ..., ¢yq) € C and

(dy,...,dny1) € D, then (dy,...,d,41) is the only point of D adjacent to both (c1, ..., ¢ni1)
and (c}, ..., ¢, 1), contrary to the assumption that both C'and D contain at least 2 elements.

Thus either for all (cy, ..., ¢ 1) € C and (dy, ...,dpy1) € D, we have ¢;41 = d; for 1 <i <mn,
or for all (¢, ...,¢y41) € C and (dy, ..., dp11) € D, we have ¢; = d;yq for 1 < i <n.

Without loss of generality we assume the former. We then note that, by the definition of
C and D, any n+ 1-tuple ending in ¢y, ..., ¢,+1 must lie in C'; and any n+ 1-tuple beginning
with ca, ..., ¢,41 must lie in D. Thus any pair of subsets of G satisfying i) and #i) must be
of the form Cy, ., = {(v, 21,29, ..., 2,) 1 v <21} and Dy, ., = {(z1, 22, ..., Ty, w) 1 T, <
w}. O

Theorem 4.8. Let S be any total ordering without endpoints, and let n be a positive
integer. Then (S, B) is 2nd-order interpretable inside G = G(S, 13"2).

Proof. Consider co-cliques C' and D satisfying:
i) C = {N,:veD}
it) D= |{N,:veC}
where |C|, |D| > 2.
By Lemma , any pair of subsets of G satisfying i) and i7) must be of the form
Coprn = (v, 21,29, ...y xy) 10 < 21}

Dyy.ow = {(x1, 22, ..., Tp,w0) : xp, < w}

Again, this forms a family F of pairs {Cy, 2., Dy, 2} for z1,..,2, € S. Now let
Apy oz = Coygy UD,, . for every such n-tuple, and let ' be the family of all such
Axl,...,:r .

n
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We start by reconstructing G(S,13"7'2) from G(S,13"2).
Consider the following isomorphism ¢ : F' — G(S,13"712):

2R Aml,..‘,xn — («Tl, ,In)

where the relation “the elements A,, ., and Ax’l ... have a common element in F " s
mapped to the relation “there is an edge between the vertices (z1, ..., z,) and (2}, ..., 2) in
G(S,13"12)7 .

To see that this is an isomorphism, first note that this is a bijection as each A, ..
corresponds to exactly the n-tuple (z1,...,z,). Now let Ay, ., N Ay o # (), i.e. there
is some element lying in both, and without loss of generality assume z; < 2. Then
G(S,13"2) contains some vertex (vi, ..., Vp11) € Agy,. e, and (U1, ..., Uny1) € Ay 4. Since
x1 < 2} the first n coordinates of (v1, ..., v, 1) must be x1, ..., x,, and the last n coordinates
must be 2/, ..., 2, thus giving us

T < Ty < T3 < o< Tpy < Tp
|

/ / / / /
o< 2y < 2 < .. < 2, < 2

ie. if Ay, 2,NAsr 2 7# 0 then (z1,...,2,) and (21, ..., 2},) are neighbours in G(S, 137712).
Conversely, suppose Az, . 4. N szl,__% = (), i.e. we do not have

1 < To < T3 < o< Tpa < Ty

o< oxh < o < L. < 2 < 2

Then (z1,...,2,) and (2}, ..., 2") are not neighbours in G(S,13"712).

n

Thus we can reconstruct G(S5,132) from G(S,13"2) recursively for any n € N, and re-
construct S from G(S,132) by Lemma . We can also recover n as it takes precisely
n — 1 recursions to “reach” G(.S, 132). We can “recognise” when we have reached G(.5,132)
because it has the property that every pair of members of 7’ has a nonempty intersection,
which is false for G(S,13"2) where n > 1. O

Lemma 4.9. Let S be a total ordering without endpoints, and let n > m be positive
integers. Let n = k mod m where m > k > 1 (so if m divides n we let & = m). Then
G(S,1m3k2m) is 2nd-order interpretable inside G(.S, 1m3"2™).

Proof. We start by reconstructing G(S, 1™3"~2™) from G(S, 1™3"2™).
Elements of G(.S,1™3"2™) consist of n + m-tuples, where there is an edge between
(1, ooy Tony Y1y ooy Yn) ANA (Y1, ooy Yy 215 o0y Zim)

with Tiys Yiy %4 eS.
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G(S,1m3"7™m2™) consists of vertices of the form (1, ..., Tyt (n—m)), i.e. vertices of the form
(21, ..., T,), with an edge between (1, ...,x,) and (y, ..., y,) if and only if

T <2< .. < Ty < Tyl < Tpyo < ..o < Ty,

U1 < Y2 < v < Ynem < Ynemt1 << Yy

We can construct the family F of pairs of maximal co-cliques {Cy, 4., Day.. 0.} as in
Theorem [£.8] Let Ay,..0, = Cay,.an U Da,,...a, for every n-tuple in S, and let 7’ be the
family of all such A,, ,,. Similarly to Theorem , there is an isomorphism ¢ : F' —
G(S™, 1m3n—m2m).

2 Axl,._.7xn — (l’l, ,In)

where the relation “the elements A,, ., and Am’l ... have a common element in F " s
mapped to the relation “there is an edge between the vertices (z1, ..., z,) and (2}, ..., 2) in
G(S,1m3rn—mamy”,

To see that this is an isomorphism, first note that this is a bijection as each A, ..
corresponds to exactly the n-tuple (zi,..,z,). Now let Ay ., N Ay .0 # 0, ie.
there is some element lying in both, and without loss of generality assume z; < 2.
Then G(S,1M3"™2™) contains some vertex (v1, ..., Unim) € Ay 2, and (U1, ..., Upim) €
Agr .- Since zy < 7 the first n coordinates of (vy, ..., Uy ym) must be x4, ..., 7,, and the
last n coordinates must be 21, ..., 2/, thus giving us

<0< ... <y < Typt1 < Ty < .0 < Ty
| I I
o< oxy, < o< a_, <z_,<..<z,

ie if Ay e, NV A 2 # 0 then (z1,...,2,) and (27, ..., 2;,) are neighbours in
G(S,1m3m=™2™). Conversely, suppose A;, 4z, N Axfp_” - =0, ie. we do not have

"»n

T <2< .. < Ty < Tyl < Ty < ..o < Tn
| I I
o< oxy, < o< oa_, <a,_..<..<z),
Thus (21, ..., 2,) and (2}, ...,2}) are not neighbours in G(S, 1m3"~™2™). O

We repeat this ¢ times until n — tm = k < m, leaving us with G(.S, 1m3k2™).

Thus the general problem of reconstructing S from G(S,1™3"2™) where n > m has been
reduced to the general problem of reconstructing S from G(S, 1™3%2™) where k < m.
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Lemma 4.10. Let (5, <) be a dense total ordering without endpoints, and let & < m be
positive integers. Then any pair of co-cliques C' and D in G(1™3¥2™) with the following
properties:

i) C = {N,:veD}
it) D= {N,:veC}
and where C' and D are nonempty must either be of the form
Copowe = {(V1,02, oo, Uy, T, o, X)) 2 Uy < X1}
Dyyown = {(@1, oy T, w1, Way o W) X < Wy}
where z1, ...,z € S, or of the form
e1in Cutoe = L(T1, ooy Tl V1, V2, oy Uy Y1y oy Yi) = T < U1 < Vo < oo < Uppgy < Y1}
erroar Dy = L (W1, Way ey Wiy Ty oy ) 2 Wiy < 21 F U (Y1, ey Ypy W, W05, oy wl) 2y < W}
where x1, ..., Tp, Y1, ..., yx € S.
Proof. First we see that Cyy 2, Dayoozyp a0 oy 2, Cur v wvoze Dy oy satisty @) and

7). Now, let C' and D be a pair of sets satisfying i) and 7). Then we remark that if
c=(c1y.,Cmyr) € C and d = (dy, ..., dp1) € D, then either

cp < C ... < Cpn < Cpy1 < Cpg2 o < Cotk

d < dy ... < dy < diykx < .. <dpig
in which case we say c is “left adjacent” to d, or

C1 < Co e < Ck < Ciq4k - < Cmyik
| ]

d < dy ... < dp < dpyr < dpao . < dpak
in which case we say c is “right adjacent” to d.
Note that ¢, d are adjacent provided c is left or right adjacent to d.
We now have two cases:

Case 1: there exist ¢, € C and d € D such that c is left adjacent to d, and d is left
adjacent to ¢'.

< ... < Cm+1 < ... Cm+k

dy < .. dy, < .. dm+1 < .. dm—i—k

/

/ / /
&4 < . G < dyp < oo < ok
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Then any m + k-tuple lying in C' is adjacent to d, so must end with dy,...,d; or begin
with d,, 41, ..., dpyik, and hence any m + k-tuple beginning with dy, ..., dx and ending with
dms1, -, Ak 1s adjacent to all members of ') and so lies in D.

Similarly, any m + k-tuple in D is adjacent to ¢ and ¢/, so must begin with dy, ..., d; and
end with d, 1, ..., dpk. The set of all m + k-tuples which are neighbours of all of these is
precisely the set of all m + k-tuples beginning with d,,, .1, ..., d,, 1 or ending with dy, ..., dx,
and it follows that C' is the set of everything adjacent to D.

The argument is similar if d,d’ € D and ¢ € C.

Case 2: neither of the above hold.

Then for every ¢ € C, either every d € D is left adjacent to ¢ or every d € D is right
adjacent to d.

Similarly, for every d € D, either every c € C' is left adjacent to d or every ¢ € C' is right
adjacent to d.

Without loss of generality assume there is a d € D such that every ¢ € C' is right adjacent
to c.

C1 < Co e < Ck < Ci4k - < Cmtk
| I

d < dy ... < dp < dpy1 < dpao . < dpak

Then ¢; = d41, -.-Ck = dyik, and moreover all members of C' must begin with this same
1, ...,ck. Thus all m + k-tuples ending in d,, 11, ..., dpnix lie in D, and similarly all m + k-
tuples beginning in ¢y, ..., ¢ lie in C. O]

Theorem 4.11. Let S be a dense total ordering without endpoints, and let £ < m be
positive integers. Then S is 2nd-order interpretable inside G = G(.S, 1™m3%2™).

Proof. Consider co-cliques C' and D satisfying:
i) C = {N,:veD}
it) D= {N,:veC}

where C' and D are nonempty.

By Lemma |4.10] any pair of subsets satisfying 7) and i) must either be of the form

Coyown = {01, 02 ey Uy Ty, oo, ) 2 Uy < X1}

Dyyoowp = {(@1, oy g, w1, Wa, ooy wyy,) - X < W}
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where x1, ..., x, € S, or of the form

ctar Oy = (B0 ooy Ty V1, V2, oy Uy Yty ey i) 2 g < U1 < V2 < oo < U < Y1 }
ctoan Dyt = { (W1, Wa, oy Wy, T, oy ) T Wy, < 1} U

/ / AN /
{(Y1s ooy Yy W, Woy, oy W) = g < W}
where z1, ..., Tg, Y1, ..., Yp € S.

Let F be the family of all pairs {C, D} satisfying i) and ii). Let F; be the family of all
pairs {Cy, 2y Dy}, where Cyy oy Doy o are as above, and let F» be the family of
all pairs {41, 2.Cy.wes z10znDyrrow > Where oy 0. Cyr 0y 2Dy, are as above.

----------

Then]-"z]:lu]-"g.

Given some {C, D} € F, we would like to determine whether {C, D} € F, or {C, D} € F».
I claim that {C, D} € F; if and only if there exist pairs of sets {C’, D'}, {C", D"} € F
with {C", D'}, {C", D"} # {C, D} such that for some X' € {C’", D'} and X" € {C”, D"},
we have X' U X" € {C, D}.

To see this, suppose {C,D} € Fy. Then {C,D} = {4, 2.Cn . wer 21000 Dyr,ne b fOr
some z,y. Now let {C', D'} = {O;n,...,a:k? D;lxk} and {C”, D"} ={Cy,, . ye» Dyr...yi }» and
let X' =C,,, o and X" =D, .. Thus we have ,, ., Dy . =Cyp 5 UD, . ie
OJ"I ----- Tk U Dylv'--vyk E {$1,-~~,$kcy17-~-7yk7 $17~--7$kDy17~~-ayk}'

Conversely, suppose {C, D} ¢ Fy, i.e. {C,D} = {Cyy, a1 Day...zp} for some xq, ..., z4.
We will show that C,, . ., cannot be the union of two sets of the form Cy, .., Dy, )

Y15k CZL--%M Yok D21,-~~7ch'

k

e C,, . 4 cannot be the union of any Cy, . with another set, as Cy,, ., NCy, 4 =0
for all x1, ..., xg, y1, ..., yr. Where x; # y; for some 1 < i < k.

e C,, ..z, cannot be the union of any D,, ., with another set, as if z; < y; then
D,, ..y, contains points of the form (yi, ..., Yk, 21, ..., Z) Which do not lie in Cy,_,,,
and if x;, > y; then D,, _, contains the points of the form (y1, ..., Yk, 21, ..., 2m) Where

(Zm—kt1y ey 2m) 7 (21, ..., T ), which do not lie in Cy, 4, .

e We see that Cy, . ., cannot be the union of any ,, ., D, . with another set, as
if o, < 2y then , _,, D., . . contains points of the form (z1, ..., zx, Wy, ..., wy,) which
do not lie in Cy, . 4, and if 2 >y, then ,, . D, . contains points of the form
(U1, +ees Uy Y1, - Y) Which don’t lie in Cp,

Thus Cy, . 4, must, be tllle }HllOIl/Of two sets 4, 4, C .- and yiv--’kaZiw-’Z;@’ for some

Ylseeey Yks 21y vy Zhs Yo oooy Yps 215 -5 2. NOW, by the construction of these sets, we must have

2 = 2, = x; for all 1 <4 < k. But then C,, ., contains some point (wy, ..., W, X1, ..., Tk)
, L

where wy # y1, 91, and 50 Cy, 2 oy Conz U yflw,’y;cCZ ...z, a contradiction.

k

k"

!
1

Thus, given G we can uniquely determine F;. All pairs {C, D} € F; can be indexed
by some k-tuple in S, such that each pair is of the form {C,, .., Da, . .} for some
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T1,...,2; € S. Thus we have determined the set S* (or representatives of the set S*), but
not the betweenness relation on S.

Let Ayy oz = Cayo e UD2, 4, for every such pair. Thus G = ({44, 2 : T1, ..., Tk € S}

k

Since the dense case is much simpler than the general case, we will consider this separately
(even though the dense case is a subset of the general case).

Then for each zi,...,xx # Y1, Uk Aszy,zp N Ay, oy 1s non-empty iff zy,..., 2, and
Y1, ..., Yx are non-overlapping, in which case A,, ., N A, ., contains the set of ver-
tices (X1, .oy Ty V1, ooy Uiy Y1, - Y) 1f T < y1 With z, < vy < ... < Vg < Yy, OF
(Yiy oes Yky U1y ooey Uiy 1y -y Tgp) i yp < 7, With yp < v; < ... < Vg < 27. Such
V1, -, Um_k always exists since S is dense.

Now, let X =z, ...,2%,Y = y1, ..., Yk, Z = 21, ..., 2, be comparable. Given Ax, Ay, Az, we
see that Y B[X, Z] iff every element of Ax N Ay is a neighbour of every element of Ay NAyz,
and neither has any neighbours in Ax N A,. Thus we can get partial betweenness B* on
k-tuples S*, and so by Lemma we can reconstruct (S, B).

Thus we can reconstruct S with the betweenness relation from G (and so we can reconstruct
S up to order reversal by Theorem [3.15)). [

Theorem 4.12. Let S be a total ordering without endpoints containing no non-trivial
maximal finite section of size less than m, and let k < m be positive integers. Then (S, B)
is 2nd-order interpretable inside G = G(S, 1™3F2™).

Proof. The first part of the proof is identical to that of Theorem Construct sets

Ay, ...z, as before.

Let X =xq,...,2p, and Y = yq,...,yx. Then Ax N Ay is non-empty iff X and Y are non-
overlapping AND dist(X,Y) > m — k, in which case A,, ., N A, ., contains the set
of vertices (1, ..., Tk, V1, euy Uk, Y1, -, Yx) if T < yp with zp < vy < ... < vy < 4y, OF
(YL eoes Yky U1y oovy Uy 1y ooy Tgp) 1 g < @1, With g < 01 < oo < Uy < 7.

Thus we obtain betweenness on k-tuples in S of distance at least m — k from one another,
ie (S* Bk m—#))- Since S contains no non-trivial finite section of size less than m, by
Theorem [3.32] we can interpret (S, Bgisi(m)), and so by Lemma|3.29| (S, B) is interpretable
in G = G(S,1m3k2m).

Thus we can reconstruct S with the betweenness relation from G (and so we can reconstruct

S up to order reversal by Theorem [3.15]). [

Corollary 4.13. Let S be a total ordering without endpoints containing no non-trivial
maximal finite sections of size less than m. Then (S, B) is 2nd-order interpretable inside
G(S,1m3"2™). If m = 1, then S can be any total ordering without endpoints.
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Proof. If n < m, (S, B) is 2nd-order interpretable inside G(S,1™3"2™) by Theorem [£.12]

If n > m, then by Lemma G(S,1m3k2™) is interpretable inside G(S,1™m3"2™), where
n = k mod m. Now, since £ < m, and S contains no non-trivial maximal finite sections of
size less than m, by Theorem (S, B) is 2nd-order interpretable inside G(S, 1m3k2™),
and hence from G(S,1m3"2™).

If m =1, then (S, B) is 2nd-order interpretable inside G(S,13"2) by Theorem |4.8|
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4.2 Partial Ordering Shift Graphs

We can extend these results to trees, except that with trees we can interpret the original
ordering, as opposed to just the betweenness relation, although once again we will focus
only on trees without endpoints.

We can also determine some additional general properties on T' from G(T),132), namely
that 7' does not have a root which ramifies iff G(7',132) has one connected component
(and similarly for other types of the form 1"3™2").

We start by defining the shift graph on trees.

Let T be a tree. We can now define the shift graph G(7',7) similarly to the shift graph
G(S, ) for a total ordering S:

Definition 4.14. Let z and y be comparable k-element subsets (listed in increasing order)
of the tree (T, <). Let x Uy = {21, ..., 20}, with 23 < 29 < ... < 2. Then we say that the
pair x,y has type T (denoted by t(z,y) = 1) iff:

Ti:1:>2i€$\y,
7, =2=z €y\x, and
m=3=z€c€xNy

Definition 4.15. The graph G(T', 1) is, as before, defined to be the graph whose vertices
are the k-element subsets of T in which all elements are comparable, and where there is an
edge between x and y iff t(z,y) = 7.

We can treat these shift graphs on trees in much the same way as we have been treating
the shift graphs on linear orderings, with some minor adjustments.

We also have an easy way of categorising whether or not G(7,132) has one connected
component or not, and similarly for G(7', 1"3™2").

Lemma 4.16. Let T be a tree without leaves. Then G(T',132) has one connected compo-
nent if and only if 7" does not have a root which ramifies.

Proof. First suppose that r is the root, and it ramifies, so there are at least 2 cones at
r. We show at that any path starting at (r,z) where r < z has all co-ordinates of its
vertices lying in C' U {r}, where C' is the cone at r containing . We do this by induction
on the vertices in the path. So suppose that (y,z) € P and that we already know that
y,z € C'U{r}. Then the next point in the path is either (z,t) or (¢,y) for some ¢. In
the first case, t > z € C'U {r}, so certainly also t € C'U {r}. In the second case, t < y,
soy #r. Ift =r, then t € C'U{r}. Otherwise, the greatest lower bound of ¢ and y is
t, which is greater than r, so by definition of ‘cone’, t and y lie in the same cone at r, in
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other words, t € C. Finally, since r ramifies, there are at least two cones at r, C; and Cs
say. If a path starts with (r, x) where z € (1, then all co-ordinates of entries of the path
must lie in C} U {r}, and hence (r,y) cannot lie in the path if y € Cy. Hence G(T',132) is
disconnected.

Conversely, suppose that T" has no leaves, and either has no root, or else has a root which
does not ramify. Let (x1,22) and (y1,y2) be any members of G(T',132). Thus z; < x5 and

U1 < Yo

As T is a tree there is 2z < x1,y;. If T has no root, there is t < z, and s < ¢t in T. Then
we have a path from (z1,x2) to (y1,y2) as follows:

(x17x2) ~ (taq}l) ~ (S’t) ~ (tayl) ~ (y1,y2)

Now suppose that T" has a root r which does not ramify. Since T" has no leaves, there are
T4 > X3 > To and Yy > ys > yo. Since r does not ramify and o,y > r, there is just one
cone at r, so there is ¢ > r such that r < t < 9,1, and this time we get our path as
follows:

(z1,29) ~ (2, 3) ~ (w3, 4) ~ (L, 23) ~ (1) ~ (L, y3) ~ (y3,Ya) ~ (Y2,93) ~ (Y1, Y2)

We now define a ‘stump’:

Definition 4.17. Let T be a tree without leaves, and write S for the set of all vertices
comparable with all members of T'. This set is called the stump.

Lemma 4.18. Let T be a tree without leaves. Then G = G(T, 13"2) is connected if and
only if |S| > n+ 1, or |S| < n and there is no minimal ramification point > S.

Proof. First suppose |S| < n and there is a minimal ramification point » > S. Note that
r must be the greatest point of S. Let the other members of S be s; < ... < s, < r where
k < n (k might be 0). Then there are at least two cones at r, C; and Cy. We show at
that any path starting at (si,...Sg, 7, 1, ..., ) has all co-ordinates of its vertices lying
in C" = CU{sy,..., sk, 1}, where C is the cone at r containing (xy,...,2,_x). We do this
by induction on the vertices in the path. Suppose (yi,...,yn+1) € P and that we already
know that 41, ...,yn+1 € C’. Then the next point in the path is either (ys, ..., yni1,t) or
(t,y1, ..., yn) for some t. In the first case, t > y,11, so since k < n, y,41 >, and so t € C,
so certainly ¢ € C’. In the second case, t < yi1, so y; # s1. If t € {s1,..., 8,7}, then
t € C’. Otherwise, the greatest lower bound of ¢ and y; is ¢, which is greater than r, so by
definition of ‘cone’, t € C'. Since there are at least two cones at r, suppose x1, ..., ,_r € C
and y1,...,y, € Cy. If a path starts with (rq,...rg, 7", 21, ..., 2,_x), then all co-ordinates of
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entries of the path must lie in C7, and hence (sy, ...Sk, 7, Y1, ..., Yn—x) cannot lie in the path.
Hence G(T',13"2) is disconnected.

Next suppose |S| < n and there is no minimal ramification point > S. Since T has no
leaves, there are z,,1 > ... > 21 > x,11 and w1 > ... > Wy > Y,e1. Since T is a tree there
is some p < z1,w;. Since T  has no minimal ramification point above S, and both 2y, w; ¢ S
due to size restrictions, there are ti,...,t, < p. Then the path goes from (z1,...,x,11) ~

e (21, ...,Zn+1) [ R (tl, ,tn,p) [ AR (U)l, ...,wn+1) [ AR (yh ...,yn+1>.

Finally suppose |S| > n + 1. Since T has no leaves, there are z,.1 > ... > 21 > T
and wp41 > ... > wy > Yuy1. Since T has a stump of length at least n + 1, there exist
S0, 81, -+, Sp_ comparable to all members of T" such that s < s1 < ... < 8, < Zpr1, Yna1-
This time we get our path as follows:

(1, ooy Tpy1) ~ (T, ooy Tpgg, 21) ~ -
~ (Tt 1y 215 ooy 2n) ~ (215 ey Zni1) ~ (Sny 215 ooy Zn) ™~ (Sn—1y Sny 21y ooy Zn_1) ~ == -
~ (81, ey Spy 21) ~ (80, S1y -0y Sn) ™~ (81, vey Spy W) ~ v
~ (Sn_1y Sny Wiy ooy Wy—1) ™~ (Spy W1y ey Wyy) ~ (W1, ooy Wit 1) ~ (Ypg1, W1y eey Wy ) = -+

~ (yQa "'7yn+17w1) ~ (yla "'7yn+1)
O

Lemma 4.19. Let T be a tree without leaves. Then G(T,1"32") has one connected
component if and only if [S| > n+1, or |S| < n and there is no minimal ramification point

>S.

Proof. First suppose |S| < n and there is a minimal ramification point r > S. Note that
r must be the greatest point of S. Let the other members of S be s; < ... < s < r where
k < n (k might be 0). Then there are at least two cones at r, C; and Cy. We show at
that any path starting at (sq,...sx, 7, 21, ..., T,—x) has all co-ordinates of its vertices lying
in C" = CU{sy,..., sk, r}, where C' is the cone at r containing (x1, ..., 2, ). We do this
by induction on the vertices in the path. Suppose (yi,...,yn+1) € P and that we already
know that w1, ...,y,s1 € C’'. Then the next point in the path is either (y,41,t1,...,t,) or
(t1,...,tn,y1) for some tq,...,¢,. In the first case, t; > y, 41, so since k < n, Y41 > r, and
so t; € C, so certainly t € C’. In the second case, t,, < y1, so y1 # s1. I t,, € {s1,..., Sk, 7},
then t € C'. Otherwise, the greatest lower bound of ¢, and ¥, is t,, which is greater than
r, so by definition of ‘cone’, t, € C. Since there are at least two cones at r, suppose
Tl ey Ty € Cp and yy, ..., y, € Cy. If a path starts with (ry, ...rg, 7', 1, ..., 2,k ), then all
co-ordinates of entries of the path must lie in C7, and hence (s1, ...k, 7, Y1, ..., Yn—k) CANNOL
lie in the path. Hence G(7',1"32") is disconnected.
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Next suppose suppose |S| < n and there is no minimal ramification point > S. Since T
has no leaves, there are z9, > ... > 27 > x,y1 and wg, > ... > wy > Y,y1. Since T is a
tree there is some p < zy,w;. Since T has no minimal ramification point above S, and
both z;,w; ¢ S due to size restrictions, there are ¢y, ...,t3,1 < p. Then the path goes
from (1, ..., @py1) ~ o~ (21,0 2on) ~ e~ (B e ty) s~ (W ey W) e
(Y15 s Ynt1)-

Finally suppose that |S| > n+1. Since T has no leaves, there are 2y, > ... > 21 > 2,41 and
Way > ... > W1 > Ypi1. oSince T has a stump of length at least n+ 1, there exist sg, s1, ..., s,
comparable to all members of T" such that s < s1 < ... < s, < 11, Ynsr1. This time we
get our path as follows:

(@1, ey 1) ~ (Tpg1, 215 ooy Z0) ~ (Zny Zntts oo 22n) ~ (Sny 21, ooy Zn) ~ (S0, 515 -0y Sn)

~ (Spy W1y eeey Wy) ~ (Way Wit 1y ooy War ) ™~ (Ynt1s W1y ooy Wi) ~ (Y1 oeey Ynt1)
]

Lemma 4.20. Let T be a tree without leaves. Then G(7,1"3™2") has one connected
component if and only if [S| > n+1, or |S| < n and there is no minimal ramification point
> 5.

Proof. First suppose |S| < n and there is a minimal ramification point » > S. Note that
r must be the greatest point of S. Let the other members of S be s; < ... < s, < r where
k < n (k might be 0). Then there are at least two cones at r, C; and Cy. We show at that
any path starting at (si,...S, 7, 1, ..., Tnem—k) has all co-ordinates of its vertices lying in
C’'=CU{sy,..., Sk, 7}, where C is the cone at r containing (x1, ..., Ty im—x). We do this by
induction on the vertices in the path. Suppose (y1, ..., Yn+m) € P and that we already know
that y1, ..., Yntm € C’. Then the next point in the path is either (Y1, .- Yntm, t1, -, tn)
or (t1,...;tn, Y1, -, Ym) for some tq,....,t,. In the first case, t; > y,11, so since k < n,
Ynim > 1, and so t; € C, so certainly ¢t € C’. In the second case, t, < y1, SO Y1 # S1.
If t, € {s1,...,sk,7}, then t € C’. Otherwise, the greatest lower bound of ¢, and ¥ is
t,, which is greater than r, so by definition of ‘cone’, t, € C. Since there are at least
two cones at 7, suppose Ti,...,Tpnim-r € C1 and y1, ..., Ypim-r € Cy. If a path starts
with (71,...7%, 7, Z1, ..., Tnim—k), then all co-ordinates of entries of the path must lie in

1, and hence (S1,...8k,7, Y1, -+, Yntm—k) cannot lie in the path. Hence G(T,1"3™2") is
disconnected.

Next suppose that |[S| > n + 1. We split into two cases:
Case 1: n>m

Since 1" has no leaves, there are 29, > ... > 21 > 7,41 and wy, > ... > Wy > Y,41. Since
r does not ramify and has a stump of length at least n 4+ 1, there exist sq, s1, ..., Snim
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comparable to all members of T" such that sop < s1 < ... < Spam < Tnim, Ynim, and this
time we get our path as follows:

(ZL‘l, ey :L‘n-l—m) ~ (xn—‘rh ooy Tntmy BLy -y Zn) ~ (Zn—m7 Bn—m+1y o5 Rny ooy ZQn) ~
(Sny ooy Stms 215 s Zn) ™~ (80, 15 <oy Snam) ™~ (Sny +ovy SpamW1, ooy Wy) ~

(Wn—my Wit 1y -y Wy vey W) ™ (Ynt1y ooy Ynbmms Wiy eeey W) ~ (Y1 ooty Yntm)

Case 2: n<m

Since T' has no leaves, there are zgioy, > ... > 21 > Ty and Wyo)y, > ... > wy >
Yntm- Since T has a stump of length at least n + m, there exist sy, ..., S(i1)n, 71,72, ., Thr
comparable to everything in T such that r; < 7y, < ... <1y < 51 < ... < Spq1)n <
Tptm, Yntm (nOte that these indices add up to m+n, as &'+ (k+1)n = kn+k +n = m+n),
and this time we get our path as follows:

(1, ooy Trem) ™~ (Tpsty oos Tomy 21y ooy Zn) ™~ (Tonaty vy Tty 21y ooy Z2n) ~ * -

~ (];kn+1> vy gy 215 +e ey an) ~ (x(k+1)n+17 oo Ty B15 -0 Z(k—l—l)n) ~ (ank’+17 ) Z(k+2)n) ~

(Skng1s s Skt 1)ns Zn—ki1s s 20t 1)) ~ (Sh=1)n41s s S(kt1)ns Zneki41s -or Zhn) ~ *

N (Sngts os Skt D)ns Znek/ 415 - Z2n) ™ (515 ey Skt 1)ns Zne/15 -0 Zn) ™~
(7°1>7“2, ey TRy ST, ---,3(k+1)n) ~
(817 ceey S(k—i—l)na wn_k/+1, ceey wn) ~ (Sn—i—la cees 3(k+1)n7 wn_k/_H, ceey wgn) (o B

~ (S(k:—l)n—I—l; ooy S(k+1)ny Wn—k/+1, ---awkn) ~ (Skn+17 ooy S(k4+1)ny Wn—k'+1, ---,w(k+1)n) ~

(wn—k/—i-l, ) w(k+2)n> ~ (y(k+1)n+17 oy Ynm, Wi, -y w(kJrl)n) ~ (ykn—i-la o Ynm, W5 -y wkn) ~

A (y2n+17 wooy Yntm, W1, “'7w2n) ~ (yn-i-la vy Yntm, W1, 7wn) ~ (yh "-7yn+m)

Finally suppose |S| < n and there is no minimal ramification point > S. The path here
is similar to that of Lemmas 4.18| and 4.19] with the modifications as in Case 1 and 2
above. [

Definition 4.21. A (strict) betweenness relation on trees is a ternary relation Br defined
on a tree T" which satisfies:

o Vr,y,z €T, xBly,z]| > (t #yANx# 2Ny #2).
o Vr,y,z €T, xBly,z] — =Bz,
o Vu,y,z,w e T, (yBlz,w| A zBly,w]) — 2B[z, w]

68



e VT" C T such that 7" = {x : z < t}, some fixed t € T":
Va,y,2 € T', 2Bly, 2]V yBlz, 2]V 2Blz,y]

Lemma 4.22. Let (T, <) be any tree without endpoints. Then any pair of co-cliques C
and D in G(T,132) with the following properties:

i) C=({N,:veD}
it) D= {N,:veC}}
where |C|,|D| > 2 must be of the form

C,=A{(v,z):v <z}
D, ={(z,w) : z < w}

where x € S.

Proof. Similar to the proof of Lemma 4.1 ]

Theorem 4.23. Let (T, <) be any proper tree without endpoints. Then (7, <) is 2nd-order
interpretable inside G = G(S, 132).

Proof. We would like to identify co-cliques C' and D with the following properties:

i) C =N, :veD}
it) D= {{N,:veC}
where |C|, |D| > 2.
By Lemma [1.22] any pair of subsets of V(G) satisfying ¢) and i) must be of the form
Cr={(v,x):v <z}
D, ={(z,w) : z < w}
where z € S.

Now, let A, = C, U D, for every such pair {C,, D,} anda € S. Thus G = |J{A, : x € T}.
We now note that for x # y, = and y are comparable if and only if A, N A, is nonempty.
Furthermore, if this is the case, A, N A, contains exactly one element, namely (z,y) or

(y, 7).

Now, given A,, A,, A, with pairwise nonempty intersections, we see that y B[z, z| iff A,NA,
is a neighbour of A, N A,, and neither is a neighbour of A, N A,.
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Provided the tree isn’t a total ordering (i.e. it splits somewhere), we can do more than this.
We can actually work out the ordering on the tree (as opposed to the partial betweenness
relation), and we can do so as follows:

Since T splits, there exist 3 points, x, y, and z, such that x is comparable to y, and x is
comparable to z, but y is not comparable to z. In this case, x < y and x < z. Now, the set
V., of all points v such that xB[v,y] is exactly the set of all things less than z, and thus
its complement V-, is the set of all things greater than . Now let a,b € T'. We have three
options: a € V., and b € V.., in which case a < b (and similarly for a € V5,,b € V). If
a and b are both in V.., then if bB[a, x| then a < b and if aBb, z] then b < a. Finally, if
a and b are both in V5, then if aBIb, ] then a < b and if bBa, x] then b < a. This gives
us the ordering < on 7.

Lemma 4.24. Let (T, <) be any tree without endpoints. Then any pair of co-cliques C
and D in G(T,1"32") with the following properties:

i) C = {N,:ve D}
it) D= {N,:veC}
where C' and D are nonempty must either be of the form

Cr = {(v1,v9, ...y Vp, ) 1 v, <}

D, = {(z,wy,wa, ..., wy) : x < wq}
where x € S, or of the form

Cy ={(x,v1,02, .., Up_1,y) ta < 21 < T2 < ... < Ty < b}

Dy = {(w1, wa, .cywp, ) 1w, < 2} U {(z,w),wy,...,w),) :z < wi}
where z,y € S.

Proof. Similar to the proof of Lemma [£.3] O

Definition 4.25. Let T be a tree. Then a mazimal finite section of is a convex subset
Y of T such that y < t for every y € Y and for some fixed t € T (i.e. elements of Y are
pairwise comparable). A non-trivial mazimal finite section is a maximal finite section of
size greater than 1.

Definition 4.26. In a maximal finite section of a tree, the distance dist(a,b) between a
and b is the size of the set {z : a < x < b}.
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Theorem 4.27. Let (T, <) be a tree without endpoints, and let n be a positive integer.
Then, if T' contains no non-trivial maximal finite section of size under 2n, (T, <) is 2nd-
order interpretable inside G = G(T, 1"32").

Proof. We would like to identify co-cliques C' and D with the following properties:

i) C=(|N,:veD}
it) D= |{N,:veC}

where C' and D are nonempty.

By Lemma [4.24] such a pair must either be of the form

Cr = {(v1,v9, ey Up, ) 1 0, <}

D, = {(z,wy,wa, ..., wy) : x < wq }
where x € S, or of the form

Oy ={(x,v1,02, .., Up_1,y) ta < @1 < T2 < ... < Ty < b}

Dy = {(w1, wa, ..ywp, ) 1w, < 2} U {(z,w),wy,...,w),) :x <wi}

where z,y € S.

Let F be the family of all pairs {C, D} satisfying i) and ). Let F; be the family of all
pairs {C,, D, }, where C,, D, are as above, and let F; be the family of all pairs {,C,, ,D,},
where ,C,, D, are as above. Then F = F; U Fo.

Given some {C, D} € F, we would like to determine whether {C, D} € F; or {C, D} € F>.
I claim that {C, D} € F; if and only if there exist pairs of sets {C', D'}, {C",D"} € F
with {C", D'}, {C", D"} # {C, D} such that for some X' € {C’, D'} and X" € {C”, D"},
we have X' U X" € {C, D}.

To see this, suppose {C,D} € F,. Then {C,D} = {,Cy, ,D,} for some z,y. Now let
{C",D'} ={C.,D.} and {C", D"} = {Cy, D,}, and let X’ = C, and X" = D,,. Thus we
have ,D, = C, U Dy, i.e. C, UD, € {,C,, .D,}.

Conversely, suppose {C, D} ¢ F», i.e. {C,D} = {C,, D,} for some x. We will show that
C, cannot be the union of two sets of the form Cy, D,,, C.,, D..

e C, cannot be the union of any C, with another set, as C, N Cy, = () for all = # y.

e (C, cannot be the union of any D, with another set, as if # < y then D, contains
points of the form (y, 21, ..., z,) with < y < 2z; which do not lie in C,, and if y < x
then D, contains the points of the form (y, 21, ..., z,) where 2, # x which do not lie
in C,.
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e We see that C; cannot be the union of any , D, with another set, as if x < z then
»D. contains points of the form (z,w, ..., w,) where x < z < w; which do not lie in
C,, and if x > y then , D, contains points of the form (vy, ..., v,,y) where v, <y < x
which don’t lie in C, (note that we have covered all cases here since y # z).

Thus C, must be the union of two sets ,C, and ,,C./, for some y, 2,3, 2. Now, by the
construction of these sets, we must have z = 2z’ = x. But then C, contains some point
(w1, ..., Wy, ) where wy # y,y’, and so C, #, C, U ,C,, a contradiction.

Thus, given G we can uniquely determine Fj. All pairs {C, D} € F; can be indexed by
some point in 7', such that each pair is of the form {C,, D,} for some x € T. Thus we have
determined the set T' (or representatives of the set 7'), but not the betweenness relation
on T. Let A, = C, U D, for every such pair. Thus G = [J{A, : x € S}, and for each
r # vy, Ay N A, is nonempty iff comp(z,y) and dist(x,y) > n, and contains the set of
vertices (x, vy, ..., v, y) if £ < y with z < vy < ... < v, <y, or (y,va,....,v,,x) if y < x,
with y < vy < ... <wv, < 2.

We can thus determine betweenness on any set of 3 comparable vertices x,y,z with
dist(x,y) > n, dist(y,z) > n, dist(x,z) > n as follows: given A,, A,, A, of pairwise
nonempty intersections, we see that yB|z, z| iff every element of A, N A, is a neighbour of
every element of A, N A, and neither has any neighbours in A, N A,.

Now, similarly to Lemma [4.5] because there is no maximal finite section of size under 2n,
we now obtain n-betweenness on all of 7. Thus, by Lemma we obtain betweeness on
T.

Similarly to Lemma [£.23] provided T splits somewhere we can work out the ordering on 7'
as follows: Since T splits, there exist 3 points, x, y, and z, such that x is comparable to
y, and z is comparable to z, but y is not comparable to z. In this case, z < y and x < z.
Now, since we can work out the betweenness relation on everything else, this will give us
the tree (T, <). O

Theorem 4.28. Let T be any tree without endpoints, and let n be a positive integer.
Then (7', <) is 2nd-order interpretable inside G = G(T', 13"2).

Proof. Consider co-cliques C' and D satisfying:

i) C = {N,:veD}
it) D= ){N,:veC}

and let C' and D contain at least 2 elements.
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By a slight alteration to Lemma any pair of subsets of G satisfying i) and i7) must be
of the form

Coan = {(z,a1,09,...,0,) 1 x < ay}

Da17--~7an = {<a17a27 ~--,Cln>3/) Dan < y}

Again, this forms a family F of pairs {C,
Aal,...,a - Cal

n

Aal,...,a .

n

vans Day.oan } for ai,...;a, € S. Now let
an U Da, . a, for every such n-tuple, and let 7' be the family of all such

-----

We can now reconstruct G(S,13"712) from G(T',13"2).
Consider the following isomorphism ¢ : F' — G(T,13"12):

2 Aa1,...,an — (al, ceny Cbn)

-----

mapped to the relation “there is an edge between the vertices (ay, ..., a,) and (a},...,al) in

G(T,13"12)" .

To see that this is an isomorphism, first note that this is a bijection as each A, . 4,
corresponds to exactly the n-tuple (aj, ..., a,). Now let Aq, o, N Aar  ar 7 (), i.e. there is
some element lying in both, and without loss of generality assume a; < a}. Then G(T',13"2)
contains some vertex (r1,...,Tny1) € Agy 0, and (T1,...;Tny1) € Ay o Since a; < a)
the first n coordinates of (xy, ..., 2, 41) must be ay, ..., a,, and the last n coordinates must
be ai,...,al,, thus giving us

ey gy

ar < a2 < a3 < ... < Ap1 < an,

!/ / / !/ !/
ay < ady < dy < .. < a,_, < d

ie. if Agy,.anNAar,.a, # 0 then (ay, ..., a,) and (ai, ..., a;,) are neighbours in G(S, 13712).

coy Uy

Conversely, suppose Ag, ... a, N Aarp_,_,a/ = (), i.e. we do not have

n

a < ay < a3 < ... < Qp-1 < an
|

ay < ay < a3y < ... < a,_, < a,
Then (ay,...,a,) and (a}, ..., a,,) are not neighbours in G(S, 13"712).

Thus we can reconstruct G(7',132) from G(T,13"2) recursively for any n € N, and re-
construct T from G(T,132) by Theorem . We can also reconstruct n by counting the
number of recursions before “reaching” G(T, 132). We can “recognise” G(T', 132) because it
has the property that every pair of members of F’ has a nonempty intersection, which is
false for G(T',13"2) where n > 1. Again, assuming 7" splits, we can determine the ordering
as opposed to the betweenness relation. O
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Lemma 4.29. Let T be a tree without endpoints, and let n > m be positive integers. Let
n = k mod m where m > k > 1 (so if m divides n we let k = m). Then G(S, 1m3%2™) is
2nd-order interpretable inside G(.S, 1™3m2™).

Proof. Similar to Lemma [1.9

This way we can obtain a similar result to Theorem .12

Theorem 4.30. Let T' be a tree without endpoints, and let & < m be positive integers.
Assume 7' has no non-trivial maximal finite section of size less than m. Then (7, <) is
2nd-order interpretable inside G = G(T, 1m3k2™).

Proof. Similar to Theorem [4.12, Again, assuming 7T is a proper tree we can obtain (T, <),
rather than (T, B), as in Theorem [4.23

Corollary 4.31. Let T be a tree without endpoints containing no non-trivial maxi-
mal finite sections of size less than m. Then (7,<) is 2nd-order interpretable inside
G(S,1m3"2™). If m = 1, then T can be any tree without endpoints.

Proof. If n < m, (S, B) is 2nd-order interpretable inside G(S,1™3"2™) by Theorem [£.30}

If n > m, then by Lemma m G(T,1m3%2™) is interpretable inside G(7T',1™3"2™), where
n = k mod m. Now, since k < m, and T contains no non-trivial maximal finite sections of
size less than m, by Theorem [4.30] (T, <) is 2nd-order interpretable inside G(T, 1"3%2™),
and hence from G(7,1m3"2™).

If m = 1, then (T, <) is 2nd-order interpretable inside G(T',13"2) by Theorem [4.28|

Remark 4.32. The case where T" has endpoints or ‘leaves’, or where T' is a more general
partial order, remains open.
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5 Ordinal Shift Graphs

We now consider shift graphs in which the underlying set is an ordinal, and show that in
general, it is possible to determine a from G(«, 1"3™2"). The case in which this is a limit
ordinal works out with the fewest complications. We shall see that the infinite successor
case presents more technical problems than the limit case, and that in certain successor
cases the underlying ordinal cannot be determined. What we mean by this is that for
distinct ordinals «, o/, G(a, 1"3™2") = G(o/,1"3™2") - thus we ‘cannot determine’ what
the underlying set is from the graph (although we might have some idea, as there may only
be finitely many distinct ordinals giving rise to isomorphic graphs, so we know it is one of
these).

5.1 Finite Ordinals

First we briefly consider finite ordinals. In some ways this may seem very simple, as
here we can distinguish them all merely by means of counting; if z is the finite ordinal
{0,1, ...,z — 1}, then the graph G(z,1"3™2") has (njm) verties. This may, however, be
regarded as not completely satisfactory, since though for each finite ordinal and type, there
will be a formula distinguishing that case, and the formulae will get longer and longer as
the finite ordinal increases. So it is far more illuminating to try to do things uniformly,
meaning that the formulae will stay consistent no matter what the size of the finite set. It
turns out that some of the same techniques as used for other total orders or ordinals can be
employed, thereby giving extra information, so this is the approach we adopt. Note that
there is an immediate difference here with the case of any infinite ordinal, namely that the
finite ordering is isomorphic to its reversed ordering, so we can only ever expect to recover
the betweenness relation, as in many of the cases we studied in the previous chapter.

Theorem 5.1. Let z = {0,1,...,z — 1} be a finite set. Then given G(z,132), there is a
uniform procedure for interpreting the betweenness relation on z from the graph.

Thus we can reconstruct {4; : ¢ € z} as in Theorem [4.2| with the betweenness relation such
that A; corresponds to i € z.

Proof. In all cases for 1 <z < z—2, A, is taken to be {(v,z) : v < 2} U{(z,w) : x < w}.
This is easiest to represent when 2 < o < z — 3, using ideas from the linear orders chapter.
We start by identifying co-cliques C' and D with the properties C = ({N, : v € D},
D = ({N, : v € C} of size > 2. As before we can show that these all have the form
C, ={(v,x):v<z},D, ={(x,w) : z < w} for some = € {2, ...,z — 3}, and so we can let
A, = C,UD, in these cases.

We then work out the betweenness relation as in Theorem .2} 2B[w,y] if and only if
A, N A, is not a neighbour of A, N A, or A, N A,, but the latter two are neighbours of
one another.
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Now there are exactly two points, (0, z—2) and (1, z—1), of degree 1, so we can characterize
each of A; and A,_, as consisting of a vertex which is adjacent to a vertex of degree 1, and
all its neighbours.

Although it is possible to determine the set Ay constisting of all points beginning with
0 and the set A,_; consisting of all points ending with z — 1, this is both laborious and
unnecessary, and it suffices to let Ay consist of the unique member of A, 5 of degree 1, and
A, _1 consist of the unique member of A; of degree 1. We can then extend the definition
of betweenness to fit Ay, A1, A._2, A._1 so as to interpret the whole of z.

]

Theorem 5.2. Let Z ={0,1,...,z — 1} be a finite ordinal of size at least 4n. Then given
G(Z,1"32"), there is a uniform procedure for interpreting the betweenness relation on Z
from the graph.

Proof. First we adopt the following notation: let 0,, mean “any member of the set {0, ..., n—
1}, and let z — 1,, mean any member of the set {z —n —1,....2 — 1}".

By identifying co-cliques with the following properties:

i) C=(|N,:veD}
it) D= {N,:veC}

we can isolate pairs of the form

C, =A{(vy, ..un,2) 1 v, < x}
D, ={(z,wy,....;w,) : x < wy}

where x € {n+1,...,z2 — n — 2}, and again let A, = C, U D, for every such z. Note that
pairs of the form ,C,, ,D, also satisfy ¢) and ¢i), but that we can eliminate these as in

Lemma [4.3]

Now given A,, A,, A, all of distance at least n apart, we can determine which lies between
the other two as follows: yB|z,w| if and only if A, N A, is not a neighbour of A, N A, or
A, N A,, but the latter two are neighbours of one another.

This gives us Bgisny o0 Z \ {0,,2 — 1,}. By Lemma we can determine B on Z \
{0,, 2 —1,} from this. We then ‘add’ n points on to either end, with labels 0,...,n — 1 and
z—mn—1,...,z—1 and the usual ordering.

Theorem 5.3. Let Z = {0,1,...,z — 1} be a finite set, and let Z > 2n. Then given
G(Z,13"2), there is a uniform procedure for interpreting the betweenness relation on Z
from the graph.
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Proof. By identifying co-cliques C' and D with the following properties:
i) C = {N,:veD}
it) D= {N,:veC}
where |C|,|D| > 1, we can isolate pairs of the form
Corran = {21, 0) 1y < 21}
Dyy oo = {1, 20y y) s < y'}
where x1,...,z, € {1,..., 2 — 2}.

Note that pairs of the form ., .. Cy s 21,20 Dys.yn also satisfy 4) and 4i), but that
we again can eliminate this case in a similar way to Lemma [4.3]

Now let Ay, 2. = Cuyonn UDy, 4., such that A, . is the set of all vertices beginning
or ending with zq, ..., x,.

We start by noting that A,, .,
either

and A, .. have a non-empty intersection if and only if

n

T < Ty < o< Tpar < T
|

n < Yy < < Yn-1 < Un
in which case their intersection is the point (x1, ..., 2, yn), or

T < To < < Tpo1 < Ty

Y1 < Yo < < Yy < Un

in which case their intersection is the point (y1, ..., Yn, Tn).
Let F be the family of A,, ., for1<ux, .. 2, <z -2
We can thus construct the following isomorphism ¢ : F — G(z \ {0,z — 1},13"712)

2 Axl,...,xn — (-Tl, ,.flfn)

where the relation “the elements A;, .. and A, ., have a non-empty intersection in F
is mapped to the relation “there is an edge between the vertices (1, ...,x,) and (y1, ..., Yn)
in G(Z \ {0,z — 1},13"712). After repeating this process n — 1 times we obtain all the
A;sin G(Z )\ {0,z — 1,},132), and so by Theorem we can work out the betweenness
relation on these. Note that Z \ {0,,z — 1,} is nonempty since Z > 2n. Finally, we ‘add’
n points to either end of Z \ {0,,z — 1, } to obtain Z. O

Remark 5.4. The more general 1"3™2" case remains open, but it looks like z can in general

be obtained from G(z,1"3™2"), using similar methods to those in Chapter 4. Additionally,
the finite case shares some similarities with the ‘endpoints’ case, which also remains open.
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5.2 Limit Ordinals

In this section, we will start by considering all graphs of the form G(a, 13"2), where n > 1.
We will start by defining a set having some desired properties - namely, the set of all
vertices beginning with 0. We can also repeat this inductively for any ordinal less than «.
These are presented as Lemmas, after which the reconstruction theorem follows. We then
repeat with G(a, 1"32") and G(a, 1"3™2"), using a similar structure.

Lemma 5.5. Let a be a limit ordinal. Then there is a unique sequence of pairwise disjoint
subsets D, of G(a, 132) for v < a such that:

(i) The induced subgraph on D, is a maximal co-clique of V/(G) \ U;., Ds
(ii) Any two vertices of D, have disjoint neighbour sets in V/(G) \ Us_., Ds-

Proof. First note that {(0, 8) : 5 > 0} satisfies (i) and (ii). Now let Dy be any set satisfying
(i) and (ii). Suppose Dy Z {(0,5) : § > 0}. Then Dy must contain some vertex (9, 3)
with § > 0. Now, since Dy is a maximal co-clique, it must contain (0, 5); but then (4, 3)
and (0, 8) have a common neighbour, (3, 8") for some ' > § (which always exists as « is
a limit), a contradiction of the second condition above. If Dy C {(0,5) : > 0} then D,
would not be maximal, and so Dy = {(0,) : 5 > 0}.

Now assume inductively that we have chosen Ds for 6 < v and Ds = {(9,5) : f > ¢}. Then
V(G) \ Us<, Ds = {(Bo, B1) : Bo = 7v}. Then G restricted to this vertex set is isomorphic
to G' = G(a/,132), where 7+ o’ = «, and o is still a limit ordinal. By the same argument
as for Dy, there is a unique D, C V(G’) C V(G) such that the induced subgraph on D, is
a maximal co-clique and any two vertices in D, have disjoint neighbour sets.

Hence there is a unique sequence of pairwise disjoint subsets D., of G(a,132) for v < «
satisfying (i) and (ii), and this sequence is D, = {(v,3) : 5 > 7} O

Lemma 5.6. Let o be a limit ordinal. Then there is a unique sequence of pairwise disjoint
subsets D, of G(a, 13"2) for v < « such that:

(i) The induced subgraph on D, is a maximal co-clique of V/(G)\ U;_, Ds
(i) Any two vertices of D, have disjoint neighbour sets in V/(G) \ Us..., Ds-

Proof. First note that {(0, 51, ..., 8,) : f1 > 0} satisfies (i) and (ii). Now let Dy be any set
satisfying (i) and (ii), and suppose Dy Z {(0, 51, ..., Bn) = B1 > 0}. Then Dy must contain
some vertex (6,1, ..., 0,) with § > 0. Now, since D, is a maximal co-clique, it must
contain (0, 31, ..., 5,); but then (6, 81, ..., 5,) and (0, B, ..., 3,) have a common neighbour,
(B1, -, Bn, B) for some § > f3,, (which always exists as « is a limit ordinal), a contradiction
of the second condition above. If Dy C {(0, 51, ...,8,) : f1 > 0} then Dy would not be
maximal, and so Dy = {(0, 51, ..., 8n) : f1 > 0}.
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Now assume inductively that we have chosen Djs for 6 < v and Ds = {(, 51, ..., Bn) : 1 >
6}. Then V(G)\Us., Ds = {(Bo, B -, Bn) : Bo = v} Then G restricted to this vertex set
is isomorphic to G' = G(a/,132), where v+ o/ = «, and ' is still a limit ordinal. By the
same argument as for Dy, there is a unique D, C V(G’') C V(G) such that the induced
subgraph on D, is a maximal co-clique and any two vertices in D, have disjoint neighbour
sets.

Hence there is a unique sequence of pairwise disjoint subsets D., of G(a,132) for v < «
satisfying (i) and (ii), and this sequence is D., = {(v, 51, ..., Bn) : f1 > 7} O

Theorem 5.7. Any limit ordinal « is 2nd-order interpretable inside G = G(«, 13"2) for n
a positive integer.

Proof. We may define D, C V(G) as in Theorem , and then « is the least ordinal v
such that D, =0, and « is the order-type of the family (D, : v < «). ]

Remark 5.8. Given v € G as in Theorem [5.7, we can determine the unique (n + 1)-tuple
“corresponding to” v as follows: first, find the unique D,, containing v. Then, consider
the set V5 of N, in V(G)\U,.,, De. This set V, lies entirely inside one D,, for some
Y2 > 71. Now, pick any element vy of V5, and consider N,, in V(G)\U,.,, De. This set,
once again, lies entirely within one D, for some 3 > 5. Repeat this process n times, until
we consider N, in V(G)\ U£ <, De. Finally, this set lies entirely within some D, ... We
now have a sequence, v1,va, ..., Yne1- Lhus we see that v was “generated” by the n+ 1-tuple
(71,725 -+, Ynt1), Which is represented by (D,,, D D, ).

Y2 0 Yn41

We can illustrate the above with a more concrete example. Suppose our graph G is
G(w,132), and that v is the pair (5,10). Now, the smallest D, containing v is Dj. If
we consider the set of neighbours of v which lie in V(G)\U,5 D¢, we see that this is
precisely the set Djp. We thus have that the original pair was (5, 10) as required, which is
represented by (Ds, Dyp).

Let us take a more complicated example. Suppose our graph G is G(w, 133332), and that v
is is the 5-tuple (1,3,5,7,9). Now, the smallest D, containing v is D;. If we consider the
set of neighbours of (1,3,5,7,9) which lie in V/(G)\ U, Dg, i.e. which lie in V(G)\Do,
we see that this is the set V5 := {(3,5,7,9,y) : 9 < y}. This set lies entirely in D3 (but is
not equal to D3, as the second, third, and fourth “coordinates” must be 5,7,9).

Pick any element vy of V5, for example, (3,5,7,9,10). Once again, if we consider N,, inside
V(G)\ Ugcs D, we see that it is the set V3 := {(5,7,9,10,y) : 10 < y}, and that this set
lies entirely within Ds.
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Again, choose an element vz of V3, say (5,7,9,10,11). Once again, if we consider N, inside
V(G)\ Ugcs De, we see that it is the set Vy := {(7,9,10,11,y) : 11 < y}, and that this set
lies entirely within D;.

Choose an element vy of Vj, say (7,9,10,11,12). Once again, if we consider N,, inside
V(G)\ Ugr De, we see that it is the set V5 := {(9,10,11,12,y) : 12 < y}. Finally, we see
that this set lies entirely within Dy.

We thus have 1, 3,5, 7,9 as our sequence 1,72, ..., Vn+1, and therefore that the original ver-
tex v is the n+1-tuple (1, 3,5, 7,9) as required, which is represented by (D;, D3, D5, D7, D).

This cannot be done in general for 1"3™2" with n > 1.

Lemma 5.9. Let a be a limit ordinal. Then there is a unique sequence of pairwise disjoint
subsets D, of G(a, 1"32") for v < a such that:

(i) The induced subgraph on D, is a maximal co-clique of V/(G)\ U;_., Ds

(ii) Any two vertices of D, have identical or disjoint neighbour sets in V(G) \ Us.., Ds-
Furthermore, D, is equal to the set of all (5, f1, ..., B,) € V(G) for which ny < By < ny+n.

Proof. First note that {(5o, 1, ..., Bn) : Bo < n} satisfies (i) and (ii). Now let Dy be any set
satisfying (i) and (ii), and suppose Dy Z {(Bo, 1, -, Bn) : Bo < n}. Then Dy must contain
some vertex (d, 51, ..., B,) with 6 #0,1,...,n — 1. Now, since Dy is a maximal co-clique, it
must contain (0, £, ..., 3,); but since § > n , Ns,i,...5,) and N g, .. g,) are not equal as
(0,1,...,n—1,06) liesin Nsp,... 5, and not in N g,, .. 3,), yet have a non-empty intersection
as (Bn, Bn+ 1, ..., B +n) lies in both, contradicting the second condition above. Note that
since «v is a limit, 8, < o and so 8, + 1,...., 8, + n € a. If Dy C {(Bo, b1, ..., Bn) : Bo < n}
then Dy would not be maximal, and so Dy = {(Bo, 1, ---, Bn) : Bo < n}.

.....

Now assume inductively that we have chosen Ds for 6 < v and Ds = {(Bo, ..., Bn) : 0 <
Bo <nd +n}. Then V(G) \ Us., Ds = {(Bo, s Bn) : Bo = ny}. Then G restricted to this
vertex set is isomorphic to G' = G(o/,1"32"), where ny + o' = a, and ' is still a limit
ordinal. By the same argument as for Dy, there is a unique D, C V(G’) C V(G) such that
the induced subgraph on D, is a maximal co-clique and for any two vertices vy, v, € D,,
either N,, = N,, or N,, N N,, = ), and this equals {(fo, ..., Bn) : ny < By < ny +n}.

Hence there is a unique sequence of pairwise disjoint subsets D, of G(«,1"32") for v < «
satisfying (i) and (ii), and this sequence is {(5o, ..., Bn) : ny < Bo < ny + n}. ]

Theorem 5.10. Any limit ordinal « is 2nd-order interpretable inside G = G(a, 1"32") for
n a positive integer.

Proof. We may define D, C V(@) as in Theorem [5.9) and then « is the least ordinal ~
such that D, = 0, and « is the order-type of the family (D, : v < «). O
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Lemma 5.11. Let o be a limit ordinal. Then there is a unique sequence (D, : v < «) of
pairwise disjoint sets of vertices in G(«, 1"3™2") with the following properties:

(i) The induced subgraph on D, is a maximal co-clique of V(G) \ U;_., Ds

(ii) Any two vertices of D, have identical or disjoint neighbour sets in V(G) \ Us_, Ds-
Furthermore, D., is equal to the set of all (39, b1, ..., 8,) € V(G) for which ny < 5y < ny+n.

Proof. First note that {(5o, 81, ..., Bntm—1) : Bo < n} satisfies (i) and (ii). Now let Dy be
any set satisfying (i) and (ii), and suppose Dy Z {(Bo, 51, -, Bnim—1) : Bo < n}. Then
Dy must contain some vertex (6, 51, ..., Bnam—1) with 6 # 0,1,...,n — 1. Now, since Dy is
a maximal co-clique, it must contain (0, 51, ..., Br4m—1); but since 6 > n , N, 800m1)
and Nog,...8,m_1) are not equal as (0,1,...,n—1,6, B1, ..., Bp—1) lies in N5, . 3,.,._,) and
not in N g, 8n.m_1), yet have a non-empty intersection as (B, But1, -, Bntm—1, Bntm—1+
1,...; Bmin—1+mn) lies in both, contradicting the second condition above. Note that since «
is a limit, B4 m-1 < @ and 80 Bpym—1+1, ..., Bnan_1+n € a. If Dy T {(Bo, 1, - Bnrm—1) :
Bo < n} then Dy would not be maximal, and so Dy = {(Bo, 1, -, Bntm—1) : Bo < n}.

Now assume inductively that we have chosen Ds for 6 < v and Ds = {(Bo, .-, Bntm—1) :
nd < By <né+n}. Then V(G)\U;-, Ds = {(Bo, .-, Batm—1) : Bo = ny}. Then G restricted
to this vertex set is isomorphic to G’ = G(«/, 1"32™), where ny+a’ = «, and ¢ is still a limit
ordinal. By the same argument as for Dy, there is a unique D, C V(G’) C V(G) such that
the induced subgraph on D, is a maximal co-clique and for any two vertices vy, v, € D,,
either N,, = N,, or N,, N N,, = (), and this equals {(Bo, ..., 5,) : ny < Bo < ny + n}.

Hence there is a unique sequence of pairwise disjoint subsets D, of G(a, 1"3™2") for v < «

satisfying (i) and (ii), and this sequence is {(Bo; ..., Bpim—1) : ny < o < ny + n}. O

Theorem 5.12. Any limit ordinal « is 2nd-order interpretable inside G = G(a, 1"3™2")
for positive integers m, n.

Proof. By the Lemma there is a unique sequence (D, : v < a) having the stated properties,
and we can identify « as the least ordinal such that J,_, D, = G. O

The theorems above apply only to limit ordinals. We would now like to generalise the
result for the type 7 = 132 to all ordinals.

5.3 Successor Ordinals

In this section, we will start by taking an example, namely, the graph G(«ay + 5,132),
where «q is a limit ordinal. We can work out that there is a +5 at the end by looking at
the degrees of vertices. Similarly, we can apply the same logic to G(ag + k, 132), and so
generalise this to all successor ordinals. A similar method is applied in the case of 13"2.
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We then take G(ap + k, 11322) as an example, and show that ag + k can be reconstructed
iff £ > 3. Similarly, we can once again generalise this case to G/(ag + k, 1"32"™), which can
be reconstructed iff k > n + 1.

Finally, we generalise to G(ag + k, 1"3™2™). We start by showing that for m <n < k, a is
interpretable from G(«g + k, 173™2").

Next we consider the case where m > n. Our goal here is to ‘reconstruct’” G(ay +
k,1203m=n22") inside G(ag + k,1"3™2™). We can do this by isolating n + m-tuples over-
lapping in this way:

(T1, v Ty Y1 o Uny Yntls Yna2s oo Ym)
|

/ / / / /
(yl’ Y2, o Ym—ny Yment1s 0 Ymo R1 e Zn)

Two vertices of this form will share a neighbour (yi, ..., Ym, Y _ni1s - Yin). However, this
is not the only arrangement of vertices sharing a neighbour - so we impose the following
conditions one at a time, thus isolating the case above:

i) the two vertices x and z must share exactly one neighbour
ii) there must be no other vertex v sharing a neighbour with both = and z
We see in this proof that we must have n > 2 in G(og + k, 173™2").

We finish off with Corollary [5.23] grouping all these cases together and thus the general
result for all successor ordinals.

Example 5.13. Before we consider the successor case, let us first take the following ex-
ample: consider the graph G(ap + 5,132), where o # 0 is some limit ordinal.

First note that for the degree of a vertex (z,y) to be finite in general, we must both have
dist(0,2) < w, and dist(y, ap +4) < w.

We now count the number of vertices of each finite degree. Starting with all pairs of the
form (n, ag + 4), we get:

1 vertex of degree 0, namely the vertex (0, ag + 4)
1 vertex of degree 1, namely the vertex (1, ag + 4)
1 vertex of degree 2, namely the vertex (2, ag + 4)

Now considering pairs of the form (n, ag + 3), we get:
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1 vertex of degree 1, namely the vertex (0, g + 3)
1 vertex of degree 2, namely the vertex (1, g + 3)
1 vertex of degree 3, namely the vertex (2, ag + 3)

Again, considering pairs of the form (n, ag + 2), we get:

1 vertex of degree 2, namely the vertex (0, ag + 2)
1 vertex of degree 3, namely the vertex (1, ap + 2)
1 vertex of degree 4, namely the vertex (2, ag + 2)

Considering pairs of the form (n,ap + 1), we get:

1 vertex of degree 3, namely the vertex (0, ap + 1)
1 vertex of degree 4, namely the vertex (1, g+ 1)
1 vertex of degree 5, namely the vertex (2, ag + 1)

Finally, considering pairs of the form (n, ag), we get:

1 vertex of degree 4, namely the vertex (0, o)
1 vertex of degree 5, namely the vertex (1, o)
1 vertex of degree 6, namely the vertex (2, ap)

Now, adding all these up, we see that we have a total of:

1 vertex of degree 0
2 vertices of degree 1
3 vertices of degree 2
4 vertices of degree 3
5 vertices of degree 4
5 vertices of degree 5
5 vertices of degree 6

83



Thus there are

J + 1 vertices of degree j for all j < 4
5 vertices of degree j for all j > 4

And so supposing we hadn’t known what the original ordinal was, we would have been
able to determine that it had form a + 5, where « is some limit.

We see that this holds in general for any G(ag + k, 132), where k is finite.

Theorem 5.14. Any infinite ordinal « is 2nd-order interpretable inside G = G(a, 132).

Proof. Let o = ag + k where ag # 0 is a limit ordinal and k¥ < w.
We start by determining k; this can be done by looking at the degrees of the vertices of G.

Claim 1: k£ is the largest finite number such that for some finite 5 there are exactly k
vertices of degree j. If no such number exists, then k£ = 0.

Proof of Claim 1. For finite z, the vertex (z,ag + k — 1) has degree z. If x were infinite,
the degree would also be infinite. In general, the vertex (x, g+ k —v — 1) has degree z+v.
Counting the total number of vertices of each degree, we see that there are

J + 1 vertices of degree j for all j <k —1
k vertices of degree j for all j >k —1

This proves Claim 1.

We would now like to work out ag. We do this by “recognising” G(ayg, 132) inside G(aq +
k,132) as an induced subgraph.

We will start by “recognising” G(ag + k — 1,132) inside G(ag + k, 132), and repeating the
process k times. We can then determine «q as in the proof of Theorem [5.7]

Claim 2: In G(ap + k,132), excluding isolated points, any maximal co-clique whose
neighbour sets are pairwise disjoint is of the form {(0,7) : 0 < v < a9 + k — 1} or
{(0,ap+k—1):0<d<ag+k—1}.

Proof of Claim 2: First of all, each of these is a co-clique, because no two vertices of
the form (0,~) are joined, not are any two of the form (J, g + k& — 1). Each of them is a
maximal co-clique, as we cannot add any vertex (z,y) with > 0 to the first and retain its
being a co-clique, and similarly for the second. The neighbour sets are pairwise disjoint,
as any neighbour of (0,~) must begin with ; similarly in the second case.
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We will now show that any maximal co-clique S with pairwise disjoint neighbour sets is
equal to one of these two sets. Let (a,b) € S with a > 0. Then (0,b) is not joined to any
member of S, since if it was, then it would have to be (b, ¢), but this is joined to (a,b).
By maximality of S, (0,b) € S. If b < ap + k — 1, then (0,b) and (a,b) have overlapping
neighbour sets, a contradiction. We deduce that b = ag+ k — 1. To sum up, any (a,b) € S
has a =0 or b = oy + k — 1 (but not both, as we have excluded isolated points).

Hence S is the union of two subsets, those pairs beginning with 0, and those ending in
ap + k — 1. In fact, for every f < «, either (0, ) or (8,ap + k — 1) lies in S. To see this,
suppose (0, 5) does not lie in S. By maximality, it must have a neighbour in S, and this
can only be (8,a9 + k — 1).

It follows that a can be written as the disjoint union of two subsets A and B such that
S = {0} x AUB x ap+ k — 1. Since the neighbour sets of S are pairwise disjoint, if
(0,a) and (b,ap + k — 1) lie in S, then b < a, as otherwise (a,b) would be a common
neighbour. Thus A is closed upwards, and B is closed downwards. Since ag +k — 1 € A,
A is non-empty. Let § be its least member. If 1 < § < oy + k — 1, consider (1,5 + 1).
Since S is a maximal co-clique, this is joined to a member of S. If it is joined to (0, a) then
a=1¢€ A, contrary to 5 > 1 the least member of A. If it is joined to (b, ag + k — 1), then
b=+ 1€ B, contrary to members of B being < members of A.

This proves Claim 2.

We can distinguish between these sets, {(0,7) : 0 <y < ay+k—1} and {(J, 0 +k — 1) :
0<0<ap+k—1}, since {(6,a0+k—1):0 <0 < ap+ k— 1} has vertices of all finite
degrees, whereas {(0,7) : 0 <y < ag + k — 1} only has vertices of finite degrees up to k.

Now we remove {(d, 9 +k —1): 0 < < ag+ k — 1} from G(ag + k, 132), along with all
isolated points, leaving us with the graph G(ag+ k — 1, 132). Repeat this process k times,
so that we are left with the graph G(«y, 132). We can now determine «q as in the proof of
Theorem [5.10] Thus we can determine the ordinal « from the graph G(a,132). O

We can extend this theorem to all types of the form 13”2 fairly easily:
Theorem 5.15. Any infinite ordinal « is 2nd-order interpretable inside G = G(«, 13"2).

Proof. Let a = ag + k, where aq is a limit ordinal and £ is finite.

A path in G is said to be ‘balanced’ if all its vertices have the same (finite) degree. A
maximal balanced path is one which is as long as possible. If £ < n, then this length is k,
and if k > n, it is n. So the problem is determining which of these two cases applies, and
determining £ in each.
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Now, a maximal balanced path must be of the form:

(ror+ 1, r+k—=1,0k, ., Bnr,c0) ~ (r+ 1,r+2,...r+ k=1, 8k, ..., Bu_1, o, ap + 1)

~ (T +k— 17ﬁk7 "'7571—170407 ey O k— 1)

if k <n, or of form:

(70, 71y ooy Tne1, Qg + So) ~ (71,72, ey T, Qo + So, g + 1)

~ “ee

~ (-1, g + S0, 0 + 51, ..., Qg + Spp—1)
if kK > n, where r; — s; is constant.

We remark that interior vertices in a maximal balanced path have neighbours which have
finite degree. However, it is possible for the endpoints of these paths to have neighbours
(not in the path, of course) which have infinite degree.

This is possible since we know explicitly what the options are for maximal balanced paths.

Consider the following condition on a vertex v. It must be the endpoint of a maximal
balanced path, and have EXACTLY ONE neighbour of infinite degree. Call this property
Uniques(v). This happens for k < n if r = 1, since v = (1,2, ..., k, B, ..., Bn_1, @) has the
vertex (0,1,2,...,k, Bk, ..., Bn_1) as its unique neighbour of infinite degree, and for k > n,
if 1o = 1 then (1,7rq,...,7,_1,a0 + So) has just one neighbour of infinite degree, namely
(0,1,7r1,...,rp_1) and if s, 1 = k — 2, (r,_1, g + S0, ..., 09 + Sn_2, g + k — 2) has just one
neighbour of infinite degree, namely (ag + So, ..., @9 + Sp—2,00 + k — 2,0 + k — 1).

For a vertex v fulfilling Unique.,(v), let v stand for its unique neighbour of infinite degree.
We can tell the difference between the two cases £ < n and & > n as follows:

For any maximal balanced path P, there is at most one endpoint v fulfilling Unique,(v).
This holds if and only if £ < n, and furthermore, k£ can then be recovered as the length of
such a path.

Now suppose that & > n. Then a path can have two endpoints fulfilling Uniques,(v),
and we can tell which is which as follows. The first case ‘small end’ is characterised
by saying that there are only finitely many neighbours of v, which have finite degree.
To see this, let v = (1,71,...,7h—1, 0 + So) be our vertex at the ‘small end’ such that
Voo = (0,1,71,...,75—1). The neighbours of v, having finite degree are precisely vertices of
the form (1,7q,...,7,_1,0 + s) for 0 < s < k — 1. But for a Unique,, vertex at the large
end, v = (r,_1, Qg + So, ..., g + Sp_2, g + k —2), and v, = (g + So, ..., @0 + Sp_2, g + k —
2, g+ k — 1), which has infinitely many neighbours of finite degree, namely all of the form
(ry 00 + 8oy s g + Sp_o, 0 + k — 2) for r < w. So we can distinguish these two types of
endpoint, and we can recover k as the number of possible neighbours of v, of finite degree
in the first case, since s can take k possible values.
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We now turn our attention to ay. We consider separately the cases where £ = 1 and where
k> 2.

Case 1: k> 2

We will show that = € G(ap, 13"2) < there’s a path z,y, z,u,v in G such that:
e 2 £V
e 1, v have infinite degree
e u has degree 2
e v has exactly k neighbours of finite degree which have degrees 1,2, ..., k
First suppose that € G(«y, 13"2). Then x = (By, ..., 5,), where 3, < . Let
y= (B, Bryao + k —2)
2= (B, ., Bnyao + k—2,a0 + k — 1)
u= (1,2, .00, 0+ k —2)
v=1(0,1,0, ..., Bn)

We see that all finite degree neighbours of v are of the form (1,0, ..., 8., ¢ + i) where
1 =0,...,k — 1, meaning these neighbours have degree 1,2, ..., k.

Now suppose that x,y, z,u,v are as stated. v must be of the form (5o, ..., 5,) for some
Bo, -, Bn. Neighbours of v are either of the form (3, By, ..., Bn_1), or of the form (1, ..., Bn,7)-
Thus if these have finite degree then f < w and £,_1 > ap, OR f; < w and v > «p.

As v has infinite degree, we must either have Sy > w or 3, < ay.

If By > w, then neighbours of v of finite degree are of the form (5, 5o, ..., Bn_1). But 3
could have infinitely many values, and we know v only has finitely many neighbours of
finite degree.

Thus By < w, and so £, < ag.

The neighbours of v of finite degree are (5, ..., 5y, ag + i), and we know ; < w. Thus to
fulfil the stipulations, we must have 5; = 1 (as otherwise there will be a neighbour of v of
finite degree greater than k).

Thus v = (0,1, 5a, ..., Bn), where 3, < ap.

Thus u = (1, Ba, ..., Bn, a0 + k — 2), which is where we use k > 2.

Since v # z, we must have z = (82, ..., Bp, 0 + k — 2,00 + k — 1).

Then y = (1, fo, -, Bn, a0 + k — 2), for some v; < fs.

And so, since © # z, we must have x = (79,7, P2, ..., Bn), Where 5, < ap. Thus z €

G(, 13"2), as desired.
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Case 2: k=1

We consider a maximal co-clique C in G such that its members have pairwise disjoint
neighbour sets and the only vertices of C' having finite degree are isolated. The aim is to
recover the set of all vertices beginning with 0, which clearly satisfies these properties.

Now the isolated vertices in this case have the form (0,31, ..., 8,—1,a0). These must all
clearly lie in ', so we concentrate on the other members of C'.

First we show that if v = (fy,...,5,) € C is not isolated, then 5y = 0 or 5, = «ag. If
not, then 0 < fy, and (0, S, ..., B,) shares a neighbour with v, namely (51, ..., Bn, Bn + 1)
(here using 3, < «g). It follows that (0, S, ..., B,) does not lie in C. Since C' is a maximal
co-clique, (0, 31, ..., B,) must be joined to some member of C'; which must have the form
(B1, -, Bn, B). However, this is joined to v, so this gives a contradiction.

Let Cy = {(0,B1,....,0n) € C: By < o} and Cy = {(B1, ..., Bn,p) € C : 0 < 1} We have
therefore shown that C' is the (disjoint) union of C7, Cy, together with the set of isolated
vertices.

Given f, ..., B, such that ; > 0 and 5, < ap we see that exactly one of (0, f1, ..., 5,) and
(B1, -, Bn, ) lies in C. For if the first does not lie in C, then as C' is a maximal co-clique,
it must be joined to a member of C, but this can only be (£, ..., B,, @9). The two points
cannot both lie in C' since they are joined.

We now show that Cy = (). If not, it has a member (5i,...,3,,ap) say. Since C' has
no non-isolated vertices of finite degree, f; > w. Now (1,[4,...,5,) is a neighbour of
(B1, -, Bn, ), 80 is not a neighbour of any member of C;. Hence (0, 1, 31, ..., 8,_1) doesn’t
lie in C;. Therefore by the above calculation, (1,81, ..., Bn, ag) lies in Cy. But this has
finite degree, and is non-isolated, so this contradicts the stipulation on C'.

Hence Cy = (). We deduce that C' = {(0, 51, ..., Bn) : Bn < o}, and this fulfils all the rules

for our set.

We can now recover G(ay, 13"2) inside G(ag + k, 13"2) as follows: starting this time with
a maximal co-clique whose neighbour sets are pairwise disjoint and which is disjoint from
(1, the above calculations show that this must be equal to the set of all vertices ending in
ap, and the complement of this set in G(«g + k, 13"2) gives us all vertices NOT ending in
ap, which is precisely G(ap, 13™2).

We can thus isolate G/, 13"2) in G(o + k, 13"2), and so determine « using Theorem
]

Theorem 5.16. Let o = oy + k where oy # 0 is a limit ordinal and £ < w. Then « is
2nd-order interpretable inside G = G(«, 11322) if £ > 3. In the case where k =1 or 2, we
have G(ag + 1,11322) = G(og + 2, 11322).
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Proof. We will start with the case k > 3.

Consider the induced subgraph G, C G consisting of all vertices V;, of finite degree, i.e.
vertices of the form a = (a1, as, a3) where a1 < w and as > «y. Now, N(a) is the union of
two subsets:

(blv b27b3) : b3 - (11}

Ng(a)
NT (bllv bl27bf’3) Laz = bll}

(a)

Note that Ny(a) is empty for a; = 0,1, and N,(a) is empty for a3 = g+ k — 2,00+ k — 1.

=1
={

Identify two members of Gy, if they have the same neighbour sets by the relation ~.
~-classes now correspond to pairs (aj, az) such that 2 < a1 < w or a; = 0y, and oy <
as < ap+k—3or ag = ag+ k — 24y4%-1, where for (a1, a3) and (a}, a}), corresponding
neighbour sets have a trivial (empty) intersection unless a; = a) or ag = aj. Note that this
holds since a;,a} < w and as, al > «ap - otherwise we could have had a; < a3 < @} < aj for
example. Here we use 0; to mean “0 or 1”7 and ag + k — 24,4%—1 to mean “ag + k — 2 or
(7)) + k — 1”.

Turn G (~) into a graph with relation E and say that (a;, as)E(a}, aj) if their neighbour
sets are unequal, but intersect non-trivially.

Then (a1, a3)E(a},dy) iff a; = a) or ag = a} or a1, a) € {0,1} or ay,a} € {ag+k — 2,00+
k —1}. Thus a clique under E is a set of vertices (a,b) for fixed a;, or a set of vertices
(b, a3) for fixed ag. If the clique is maximal, b takes all possible values.

Now we can verify that for a fixed v < w, X = {(z,a3) : a3 > aop}, and for a fixed y > ay,
Y = {(a1,y) : a1 < w} are maximal cliques under the relation E, and X is finite of size
k. Thus we can recover k as the unique size of such a maximal clique which is finite (and
non-trivial).

Once we have recovered k, we would like to ‘recognise’ Gy, 11322) inside G(ap+k, 11322).

Now expand the relation ~ to all of G in the natural way, and similarly expand the relation
E to all of G. Consider an infinite maximal clique under relation F in Gy;,, i.e. of the
form Y = {(a1,y) : a1 <w,ap <y < ag+k—3} for fixed y, and expand this to a maximal
clique Y’ under relation £ in G. Then Y’ will be of the form {(a1,y) : a; < w}, where y
is fixed and ay < y < ag + k — 3. Remove every such clique Y’ from G. We are now left
with G(ap + 2,11322).

Now we turn our attention to the case where k =1 or 2.
Claim: G(o + 1,11322) = G(ap + 2, 11322).

Proof of Claim. Let G; = G(ap + 1,11322) and Gy = G(ap + 2,11322). We would
like to find an isomorphism 6 from G; to Gy. Let € fix all points of G(11322,g). The
remaining points in G; are of the form (a,b,ag) and in G are of the form (a,b, ag) or
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(a,b,ap + 1). Now all of these points for fixed a have the same neighbour sets, namely
(a1, as,a) for a; < as < a (which will be empty if @ = 0 or 1). Since b can take infinitely
many values, we find ANY bijection 6 taking {(a,b,ap) : a < b < ap} to {(a,b,ap) : a <
b<aptU{(a,b,ap+1):a<b< ay+ 1} for each a, and this will be an isomorphism.

Finally, we determine ag from G(ap + 1,11322).

In the following, we use the notation 0; to indicate “O or 1”7 - this is because 0 and 1
effectively act as a single point here. Thus for example, {(01,71,72) : 6 < 72 < ap} really

means {(0,71,72) : B <92 < ap} U{(1,71,7%2) : B < 72 < ao}

First we show that any maximal co-clique whose neighbour sets are pairwise either equal
or entirely disjoint is of the form {(01,71,72) : 2 < 79 < ap} or {(d1,d2,0) : I1 < p}-
We can see that this is a co-clique, because no two vertices of the form (01,71,72) are
joined, nor are any two of the form (01,2, ap). Each of them is maximal, as we cannot
add any vertex (x1,xq,23) to the first and retain its being a co-clique, and similarly for
the second. The neighbour sets are either equal or pairwise disjoint, as any neighbour
of (01,71,72) must begin with 7, and so two vertices of the form (01, 71,72), (01,7}, 72)
have identical neighbour sets, whereas two vertices of the form (01, 71,72), (01,71, 75) have
disjoint neighbour sets, and similarly in the second case.

We will now show that any maximal co-clique S with neighbour sets either equal or pairwise
disjoint is equal to one of these two sets S. Let (x1,29,23) € S with x; > 2. Then
(01, 9, x3) is not joined to any member of S, since if it was, it would have to be (z3,y1,y2),
but this is joined to (x1, z2,x3). Then (01, z9,23) € S by maximality. If 3 < ag, then the
neighbour sets of (01, xs,3) and (z1,x2,23) are not disjoint, and so they must be equal;
but this is not possible since x; > 2 and so (0,1, z1) is a neighbour of (z1, zs,z3) but not
(01,9, x3). We deduce that x3 = ag. To sum up, any (z1,x2,23) € S has ;1 = 0y or
x3 = g (or both).

Hence S is the union of two subsets, those tuples beginning with 0 or 1, and those ending
in ap. In fact, for every 8 < a, either (01,b, 5) or (8,V', ap) lies in S, for some b, b'. To see
this, suppose (0,b, 5) does not lie in S. Then by maximality, it must have a neighbour in
S, and this can only be of the form (5,V', ag).

Now, «a can be written as the (not necessarily disjoint) union of two subsets A and B such
that S = {(0,z,a) : a € AYU{(b,y, ) : b € B}. Since the neighbour sets of S are pairwise
disjoint, if (0, x, a) and (b, y, ap) both lie in S then b < a+1, as otherwise (a,a+ 1, b) would
be a common neighbour. Thus A is closed upwards, and B is closed downwards. Since
ap € A, Ais nonempty. Let § be its least member. If 2 < 5 < ayp, consider (2, 5+1, 5+2).
Since S is a maximal co-clique, this is joined to a member of S. If it is joined to (0, x,a),
then a = 2 € A, contrary to  being the least member of A. If it is joined to (b,y, a),
then b = 3+ 2, contrary to the assertion that b < a+1 (since /3 is the least member of A).

This proves the Claim.
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We can distinguish between these sets, {(01,71,72) : 1 < v < ap} and {(d1, 02, ) : 01 <
ap}, since{(d1, 2, ) : d1 < ap}, contains vertices of finite degree which are not isolated
points, and {(01,71,72) : 1 <42 < ag} does not.

Now we remove {(d1,d2,p) : 01 < ap} from G(ag + 1,11322), leaving us with the graph
G(ap, 11322), and so we can determine «y by Theorem [5.10} ]

One can extend this theorem fairly easily:

Theorem 5.17. Let a = ag + k where ag # 0 is a limit ordinal and ¥ < w. Then « is
2nd-order interpretable inside G = G(«, 1"32") if k > n 4+ 1. For all k, k' < n, we have
G(ag + k, 1"32™) = G(ag + K/, 1732").

Proof. We will start with the case k > n + 1.

Consider the induced subgraph G, C G consisting of all vertices V;, of finite degree, i.e.
vertices of the form a = (ay, ..., a,41) where a; < w and a,, 11 > «y. Now, N(a) is the union
of two subsets:

Ng(a) = {(bl, ---;bn—l—l) . bn—i—l = al}

Ni(a) = {(b), - Uyy) * Gngr = b1}
Note that Ny(a) is empty for a; = 0,...,n — 1, and N,(a) is empty for a,.1 = g+ k —
n,..,ag+k—1.

We would like to identify the set of all vertices a = (ay, ..., ant1) € Gin such that exactly
one of Ny(a) and N,(a) is nonempty. Let us call the sets of all such vertices G%,, and G,
respectively.

First note that if both Ny(a) = N,(a) = 0, then a is an isolated point.

Excluding isolated points, identify two members of G;), if they have the same neighbour
sets by the relation ~.

We will show that

a € G, UG, < every pair of neighbours ny,ny of a

have a common neighbour v such that v % a

= Since either Ny(a) or N,(a) is empty, any two neighbours of a must either begin with
the same point a,.1 or end with the same point a;. Without loss of generality assume the
former. Then take v to be any vertex ending in a,,; and not beginning in ay, and such
that n < v; < w. Note that in the latter case the argument relies on n > 2.

<: Assume a ¢ G?m UG, i-e. both Ny(a) and N,.(a) are nonempty, and take ny € Ny(a)
and ny € N,.(a). Then every common neighbour v of n; and ny must begin with a; and end
with a,1, i.e. v ~ a. Thus not every pair of neighbours of a have a common neighbour v
such that v % a.
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Now, there is a natural restriction of ~ to G%; U Gy, with ~-classes corresponding to
pairs (ay, a,.1) with either n < a; < w or ag < a,y1 < a9 + k — n.

For (ay, an41) and (a}, al, ;) respectively, corresponding neighbour sets have a trivial (empty)
intersection unless a; = a} or ay+1 = a,,;. Note that this holds since a;,a]; < w and
Ant1, 0y, 2> Qg - otherwise we could have had a; < an41 < @} < aj,, for example.

Turn Gfin(~) into a graph with relation £ and say that (ai,a,41)E(a},a;, ) if their
neighbour sets are unequal, but intersect non-trivially.

Then (a1, an1)E(ay, al, ) iff a1 = a} or a,41 = a;,, but not both. Thus a clique under
E is a set of vertices (ap,b) for fixed aq, or a set of vertices (b, a,1) for fixed a,,1. If the
clique is maximal, b takes all possible values.

Now let a € GY%;, UGY,,, and let b be a neighbour of a. Then the set of all neighbours v of b
lying in G, forms a maximal clique under the relation £. We can see this as if a € chm,
then n < a; < w and a,+1 > ap + k —n, and so b, 1 = a;. Every v either has v, 1 = b;
or v; = by41, and so every such v € Gy;, must start with b, = a;. This is obviously a
clique, and since we are considering the set of all neighbours of b, this clique is maximal.

The case where a € G, is similar.

It is easy to see that if a € chm, then the clique is finite of size k, whereas if a is in G,,,
then the clique is infinite. Thus k can be recovered as the unique size of such a maximal
clique which is finite.

Once we have recovered k, we would like to ‘recognise’ G(ap, 1"32") inside G(ap+k, 1"32").

Now expand the relation ~ to all of GG in the natural way, and similarly expand the relation
E to all of G. Consider an infinite maximal clique under relation E in G,,, i.e. of the
form Y = {(a1,y) : a1 < w} where y is fixed such that oy <y < a9+ k —n — 1, and
expand this to a maximal clique Y’ under relation £ in G. Then Y’ will be of the form
{(a1,y) : a1 < y}, where ag <y < ap+ k —n — 1 is fixed. Remove every such clique Y’
from G. We are now left with G(og + n,1"32").

Repeat this m times, where k& = k' mod n (and mn + k' = k), until we are left with
Glag + k', 17327).

We now turn our attention to the case where & < n.
Claim: G(op +1,1"32") = G(ap + 2,1™32") = ... = G(ap + n, 1"32").

Proof of Claim. Let G; = G(ap + 1,1"32") and Gy = G(ap + k,1"32") for some
1 < k <n. We would like to find an isomorphism # from G; to GG5. Let 6 fix all the points
of G(ap, 1"32™). The remaining points in G are of the form (a,bs, ..., b,, ap), and in Gy
are of the form (a,b,...,b,, a0 + j), where 0 < j < k. Now all of these points for fixed
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a have the same neighbour sets, namely (a1, ..., a,, a) for a, < a. Since the b;s can take
infinitely many values, we can find ANY bijection 6 taking {(a, by, ..., by, ) : b, < o} to
{(a,ba,...;bp, 0+ j) : by < g, j < k} for each a, and this will be an isomorphism.

Finally, we determine ag from G(ag + 1,1"32").
We start by identifying the set {(x, y2, ..., Yn, @0) : Yn < o }-

In the following, we use the notation 0,,_; to indicate “0 or 1”7 - this is because the set
{0,1,...,n — 1} effectively acts as a single point here. Thus for example, {(0,,71,72) : 8 <
72 < ap} really means {(0,71,72) : S <72 <aotU{(1,71,7%):B<1n <a}U..U{(n—
1771772) : 5 S Y2 S Oé()}-

First we show that any maximal co-clique whose neighbour sets are pairwise either com-
pletely equal or entirely disjoint is of the form {(0,_1,71, .., %) : 7 < 7 < o} or
{(61, .y 0n, ) : 01 < ). We can see that this is a co-clique, because no two vertices
of the form (0,,_1,71,...,7s) are joined, nor are any two of the form (dy, ..., d,, ap). Each
of them is maximal, as we cannot add any vertex (xi, za, ..., T,11) to the first and retains
its being a co-clique, and similarly for the second. The neighbour sets are either equal
or pairwise disjoint, as any neighbour of (0,_1,71, ..., 7,) must begin with ~,, and so two
vertices of the form (0,,—1, 71, .-, Yn), (On—1,7], ---, 7n) have identical neighbour sets, whereas
two vertices of the form (0,-1,71, .-, Yn)s (On—1, 71, ---,7,) have disjoint neighbour sets, and
similarly in the second case.

We will now show that any maximal co-clique S with neighbour sets either equal or pair-
wise disjoint is equal to one of these two sets S. Let (z1,...,2,41) € S with 1 > n. Then
(0p—1, g, ..., Tps1) is not joined to any member of S, since if it was, it would have to be
(Tps1, Y15 - Yn), but this is joined to (xq,...,2,41). Then (01,29, ...,2,41) € S by maxi-
mality. If z,,1 < ap, then the neighbour sets of (0,_1, 22, ...,x,11) and (21, Ta, ..., Tpy1)
are not disjoint, and so they must be equal; but this is not possible since a > n and so
(0,1,...,n—1, 1) is a neighbour of (z1, xs, ..., x,11) but not (0,,_1, za, ..., Tpy1). We deduce
that x,11 = ap. To sum up, any (z1,...,x,41) € S has ;1 = 0 or x,41 = g (or both).

Hence S is the union of two subsets, those tuples beginning with 0 or 1, and those ending
in . In fact, for every 8 < «, either (0,_1,21,...,2n_1,3) or (5,y1, ..., Yn—1, %) lies in
S, for some X1, ..., Tp_1,Y1, -, Yn_1. 10 see this, suppose (0,1, ...,z,_1, ) does not lie in
S. Then by maximality, it must have a neighbour in S, and this can only be of the form

(ﬁayla "'7yn717040)-

Now, « can be written as the (not necessarily disjoint) union of two subsets A and B such
that S = {(0p—1, %1, ..., Tp_1,0a) : a € A}U{(b, y1, ..., Yn—1, ) : b € B}. Since the neighbour
sets of S are pairwise disjoint, if (0,1, %1, ..., x,—1,a) and (b, y1, ..., Yn—_1, o) both lie in S
then b < a + n, as otherwise (a,a + 1, ..., a,, b) would be a common neighbour. Thus A is
closed upwards, and B is closed downwards. Since ay € A, A is nonempty. Let 3 be its
least member. If n < 5 < ag, consider (n,8+ 1,8+ 2,...,0 + n). Since S is a maximal
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co-clique, this is joined to a member of S. If it is joined to (0,_1,21,...,Zn_1,a), then
a=mn € A, contrary to 3 being the least member of A. If it is joined to (b, y1, ..., Yn_1, M),
then b = [ + n, contrary to the assertion that b < a + 1 (since [ is the least member of
A). This proves the Claim.

We can distinguish between these sets, {(0n—1,71, -, Yn) : 7 < ¥ < ag} or {(d1, ..., Op, ) :
01 < ag}, since {(d1,...,0n,0) : 01 < g}, contains vertices of finite degree which are not
isolated points, and {(0,_1,71, -, Vn) : 7 < Y < )} does not.

Now we remove {(d1, ...,0n, ) : 01 < ap} from G(ag+1,1"32"), leaving us with the graph
G(ap, 1"32"), and so we can determine o by Theorem [5.10} ]

Theorem 5.18. Let o = oy + k be a successor ordinal with g a limit and finite k > n.
Then « is interpretable in G = G(«, 1"3™2") for all m < n.

Proof. Consider the induced subgraph Gy, C G consisting of all vertices Vy;, of finite
degree, i.e. vertices of the form a = (21, ..., Ty, Y1, -, Ynoms 21, -, Zm) Where 1, ..., Ty < w
and 21, ..., 2, > 9. Now, N(a) is the union of two subsets:

Ni(a)
N, (a)

Note that Ny(a) is empty for 1 = 0,...,n — 1, and N,(a) is empty for z,, = ag + k —
n,..,ag+k—1.

(V1 ey Upy Ty ey Ty) 2 UL, ey Uy < 1}

(215 covy Zimy W1y ooy Wyy) 2 Wy ey Wy > 2 }

={
={

Identify two members of G, if they have the same neighbour sets by the relation ~. ~-

classes now correspond to pairs (21, ..., Tm, 21, ---, Zm) such that n — 1 < 24, ..., 2, < w and

ag < 21,y 2m < aotk—n. For (zq, ..., T, 21, ..., 2m) and (2, ..., 20, 21, ..., 2., correspond-

ing neighbour sets have a trivial (empty) intersection unless x; = 2, xo = 24, ..., z,, = 2,

or z; = 21,29 = Zh, ..., Zm = 2. Note that this holds since zy, ..., T, 2}, ..., 2/, < w and
/ / : / /

21y ey By 215 ooy 2oy > O - Otherwise we could have had 4, ...,z < 21, ..., 2, < 20, .., 77, <

21, ...y 21, for example.
Turn Gy, (~) into a graph with relation £ and say that

(X1 ey Tomy 215 ooey Zm) B (2, s 2l 205 20

oy B
if their neighbour sets are unequal, but intersect non-trivially.

Now we can verify that for fixed vy, ..., v, < w, V = {(v1, ..., Um, 21, .-, Zm) : 21 > o}, and
for fixed wy, ..., wy, > g, W = {(x1, ..., T, W1, ..., W) © Ty, < w are maximal cliques under
the relation E, and V is finite of size (:L) Thus we can recover k from the unique size of
such a maximal clique which is finite (and non-trivial). O
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We now turn our attention to the case where k < n.
Claim: G(qg + 1,1"3™2") = G(ap + 2,1"3™2") = ... = G(ag + k, 1"3™M2").

Proof of Claim. Let G, = G(ay + 2,1"3™2"). We would like to find an isomor-
phism 6 from G, to G,;1. Let 0 fix all points of G(ag + x — 1,1"3™2"). The remain-
ing points in G, are of the form (ay,...,am,b1,....,bn_1,00 + ) and in G, are of the
form (ay, ..., am, b1, ..., bp_1, 00 + ) O (A1, ..., A, by, ..., b1, 00 + 2 + 1). Now all of these
points for fixed ay, ..., a,, have the same neighbour sets, namely (y1, 2, ..., Yn, a1, ..., @y, for
Y1 < ... <Yn < ai,...,an, (which will be empty if a; < n). Since the b;s can take infinitely
many values (or none!), we again find ANY map 6 taking {(ai, ..., am,b1,...,bp—1, ) :
A < by < ... < by, < ap} to {(a1, s @, b1,y oo bp1,0) 2 Ay < b < o < by <
aptU{(at, ..., tm, b1, b1, 0+ ) : G < by < ... < by < ag+x+1} for each ay, ..., ap,
and this will be an isomorphism.

Lemma 5.19. Let a = a9 + k£ be a successor ordinal with o a limit and & < w. Then
for n < m, any two points in G = G(«, 1"3™2") which share a neighbour must be either
of the form

(xla coo Tpy Y1, o YUns Yn+1s Yn42, - ym)
I I I

/ / / / /
(3/17 Yo, o Ym—ns ymfn+l7 oo Yy 21, e Zn)

or of the form

(yla o Ymy L1, .. xn)
| |
(Y1, oo Ymy 21, o Zn)
for y; > n, or of the form
(1, o Tp, Y1, o Ym)
| |
(21, o Zn, Y1, - Ym)

for y, <ag+k—n—1.

Furthermore, the neighbour in the first case is the point (y1, ..., Yn, Y1, .- Yby), the neigh-
bours in the second case are the points (wy, ..., Wp, Y1, .., Ym) for wy, ..., w, < y1, and the
neighbours in the third case are the points (yi, ..., Ym, V1, ..., Uy) for v1, ..., vy > Y.

Proof. Let x = (x1, ..., Tn, Y1, ..., Ym) be a vertex in G. Then any neighbour of x must either
be of the form

(T1, o Tny Y1, e Ym)
| |

(Y1, oo Ym, V1, . Up)
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or of the form

(X1, v Ty e Tny Y1y e Ym)

(U1, oo Up, T1, e Tpp)

Without loss of generality assume the former, and let n(z) = (y1, ...Ym, V1, ...vn). Now, any
neighbour of n(x) must again be of one of the forms above.

Case 1:

(3/1, o Yn, Yn+1, o Ym,y, V1, .. UTL)
I [— I

(Ynt1s oo Yms V1, o Uny 21, o 2p)

Relabelling, we get:

<y17 o Yny Ynt1, - Yms U1, Un)
I I I |

/ / / /
Y1y o Ynns Ymeng1s o Uy 215 o Zn)

and thus the two points sharing a neighbour are of the form

(xla v Tpy Y1y, - Yns Yntly Ynt2, - ym)
I

/ / / / /
<y1’ Y2, o Ymeny Ym—nt1s o Ymo 21, e Zn)

with neighbour (y1, ...Ym, 21, --2n)-

Case 2:

(yh ceo Ym, U1, ... Un)
I |

(21, o Zns Yo o Ym)

Then the two points sharing a neighbour are of the form

(T1, oo Ty Y1, o Ym)
| |

(21, o Zn, Y1, - Ym)

with common neighbour (yi, ...Ym, 21, ...2,). Note that we must have y,, < g +k —n —1,
as otherwise we could not have distinct zy, ..., 2, > Y.
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The remaining case is similar to case 2 except we start by assuming

(T1, o Ty e Tny Y1y e Ym)
| |
(U1, oo Vp, 1, e Tpy)
and therefore end up with
(Y1, oo Ymy, T1, - Tp)
| |
(Y1, - Yms 215 e Zn)
for y; > n, ]

Lemma 5.20. Let o = ag + k£ be a successor ordinal with o a limit and k¥ < w. Then
any two points in G = G(a, 1"3™2") which share ezactly one neighbour must be either of
the form

(xla v Tpy Y1y, - Yny Yn+tly Ynt2, - ym)
I

/ / / / /
<y1’ Y2, o Ymeny Ym—nt1s o Ymy 21, e Zn)

or of the form

(Y1, oo Ym, T1, - Ty)
(?|J|1, y7|7|1, 21, e Zn)
for y; = n, or of the form
(1, oo Ty Y1y o Ym)
(21, - Zn, y|1’, y,[)

for y, =ag+k—n—1.

Furthermore, the neighbour in the first case is the point (y1, ..., Yn, Y1, ---» Yl ), the neighbour
in the second case is the point (0,...,m — 1,y1, ..., Ym), and the neighbour in the third case
is the point (Y1, ..., Ym, 0 + k —n,...,a0 + k — 1).

Proof. By Lemma [5.19] any two points in G sharing a neighbour must be of the form

(T1, v Ty Y1 o Uny Yntls Yn2s oo Ym)
|

/ / / / /
(yl’ Y2, o Ym—ny Yment1s 0 Ymo R1 e Zn)
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or of the form

(Y1, oo Ymy, T1, - Tp)
(yHl, y‘,L, 21y e Zn)
for y; > n, or of the form
(T1, oo Ty Y1y o Ym)
(21, - Zn, y|1’, yl)

for y, <ap+k—n—1 (and y,, < ag if k < n).

In the first case, they have exactly one common neighbour, namely the point

(yh m;yn;yi? 7y;n)

In the second case, neighbours are of the form (ws, ..., wn, Y1, ..., Ym) for wy,...,w, < y;.
Thus there is exactly one common neighbour if and only if y; = n, in which case the
neighbour is the point (0,...,n — 1,41, ..., Ym)

Similarly, in the third case neighbours are of the form (y1, ..., Ym, v1, ..., v,) for vy, ..., v, >
Ym. Thus there is exactly one common neighbour if and only if v,, = g+ k —n — 1, in
which case the neighbour is the point (y1, ..., Ym, % + k —n,...,a0 + k — 1). ]

Lemma 5.21. Let o« = g + k be a successor ordinal with ag a limit and & < w. Let
m > n > 2. Then any two points z,z in G = G(a,1"3™2") which share exactly one
neighbour, and such that there is no point v € GG such that v shares exactly one neighbour
with both z and z, must be of the form:

(xla v Tpy Y1y, - Yns Yntly Ynt2s - ym)
I

/ / / / /
<y1’ Y2, o Ym—ny Ym—nt1s o Ymy 21, e Zn)

with common neighbour (Y1, ..., Yn, Y, <o, Yo )-

Proof. By Lemmal[5.20] any two points sharing exactly one neighbour must be of the form

(xla v Tpy Y1y, - Yns Yntly Ynt2, - ym)
I I I

/ / ! / /
(Y}, Yor oo Yrens Yinenals - YUms 21y oo Zn)

with neighbour (yi, ..., Yn, Y, s Yhn_,,), Or of the form

(Y1, - Ym, T1, .. Ty)
| |

(Y1, oo Ymy 21, - Zn)
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for y; = n, with neighbour (0,...,n — 1,91, ..., Ym), or of the form

(T1, o Tps Yo o Ym)
| |

(21, o Zn, Y1, - Ym)
for y,, = ap + k —n — 1. with neighbour (yi, ..., Ym, 0 + k —n, ..., 0 + k — 1).

In the first case, there cannot be a point v € GG such that v shares exactly one neighbour
with both z and z.

In the second case, take v = (Y1, ..., Ym, V1, ..., Vp) With vy, ..., v, # 21, ...,x, and vy, ..., v, #
L1y eeey e

Similarly, in the third case take v = (vy, ..., V0, Y1, ..., Ym) With vy, ..., v, # x1,...,2, and
U1y eoey Up Fo 21y ooy Zn-

O

Note that we must have n > 2 in this case. If n = 1, we could have the following:
Suppose we are in G(«og + k, 13™2).

Take x to be the point (1,y1,...,Ym—2,0 + k — 3,00 + kK — 2), and z to be the point
(L, y1, -y Ym—2, 0o+ k—3, ap+k—1), where the y;s can be anything but are the same for x and
z. Then z and z share exactly one neighbour, namely the point (0, 1, 41, ..., Ym—2, o+ k—3).
Additionally, there is no point v such that v shares exactly one neighbour with both z and
z, as we have ‘run out’ of points on the right hand side. Normally the point v would look
like (1,41, ..., Ym—2, 0 + k — 3, w), where w > oy + k — 3.

So why isn’t this a problem when n > 27

When considering the example above, the reason for there being no such point v is that
we can ‘fix’ ag + k — 3 so that it is exactly ‘two away from the end’, and since n = 1, this
final point in the m + 1-tuple can take either of these values. If n > 2, we would have a
minimum of two points to fill on the right hand side. So x and z will look something like:

=N+ 1,Y2,Y3, Y, T1y -y Tny)
z = (TL+ 1»927937 Ym, 21, "'7Zn>

where y,, is ‘fixed’ at being something like ag + k —n — 2 (or similar)

Now, the common neighbour of z and z will be the point (0,1, ...,n,n+1,ys, ..., Y ). Since
we must have two points x and z having this common neighbour, the point y,, is ‘fixed’
and must be strictly less than ag+k —n — 1, as otherwise the points z1, ..., z,, and z1, ..., 2,
would not be able to differ. Now, since there must be at least n+ 1 points to ‘choose’ from,
and n values to insert, we end up with (”“). For n > 2, (”:1) will always be at least 3

n

99



(this is easy to see, as (”:1) =n+ 1 and n+ 1 is at least 3). Thus, we will always be able
to find a point v as described above, as v needs to be of the form:

v = (n + 1»92,937 «Ym, V1, --'>Un>

with vy, ..., v, differing from x4, ..., z, and 21, ..., 2,.

Theorem 5.22. Let a = ag + k be a successor ordinal with ag a limit, and k finite. Let
m >n > 2, and k be such that k > n - z, where z = m mod n. Then G(a, 12"3m7"22") is
interpretable from G = G(a, 1"3™2") for all m > n.

Proof. Say that zF;z for two points z, z in G if their neighbour sets intersect at exactly
one point, and such that there is no point v € G such that v shares exactly one neighbour
with both z and z.

By Lemma [5.21] these are of the form

(5’717 o Ty Y1y, oo Yoy Yngl, Yng2, - ym>
| I |

/ / / / /
(Y}, Yoy oo Umcns YUmenidls - Yms 21, oo Zn)

with mutual neighbour (y1, ..., Yn, Y1, Y, -y Yoy)-

Now, there is an isomorphism between the graph G(a, 1"3™2") with relation Fj, and the
graph G(a, 1?"3™7"22") with the usual edge relation. This isomophism should be fairly
obvious, as vertices in the graph G(«, 12"3™7"22") also consist of (m+n)-tuples with edges
of the form

(xla e Ton, Y1, Y2, .- ymfn)

(yla Y2, -+ Ym—n, 21, .- Zzn)

and there is an edge between two vertices in G(a, 12"3™7"2%") if and only if the relation
E; holds for those same two vertices in G/(«, 1"3™2"). O

Note that we must have k > n - z, where 2 = m mod n, as we repeat this process z times
to get G(a, 1?"3™7*"2*") 5o that we get a graph of the form G/(a, 1"'37™'2"), with m’ < n/.
We can thus apply Theorem to determine . Note that by Theorem [5.18], we must
have k > n', ie. k>n- 2.

Now we repeat this until we have a graph G(«, 1"3™2") with m < n.
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Corollary 5.23. Let a = ag+ k be a successor ordinal with «aq a limit and finite k. Then,
for some restrictions on k, « is interpretable in G = G(«, 1"3™2") for all finite m, n.

If n = 1, then « is interpretable by Theorem [5.15] If m = 1 and k > n, « is interpretable
by Theorem (if £ < n this can’t be done). If m < n and k > n, then « is interpretable
by Theorem m (if £ <n this can’t be done). If m > n and k > n - z, where z = m mod
n, then G(a, 1*"3™~*"2%") is interpretable by Theorem , and thus « is interpretable by
Theorem [5.18 If £ < n -z this can’t be done, by the claim following Theorem [5.18] [

Thus we have shown that any ordinal « is interpretable inside the shift graph with type
173™2". The cases where the type is any string of 1s, 2s, and 3s not of the form 173™2",
and where the number of 1s equals the number of 2s, remain open (for example 1232112).
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6 Automorphism Groups

We now approach the question of whether it is possible to work out a generalised shift
graph from its automorphism group. The simple answer is ‘no’, but it is interesting to
look at these different groups and see how the automorphism groups vary depending on
the graph and underlying set.

The simplest automorphism groups are those coming from ordinals in which case as we

have shown, the ordinal can often be recovered from the shift graph, for instance those of
type 13"2 as in Theorem [5.7]

Things get a little more interesting in the ordinal graph G' = G(«, 1"32") with n > 2.
This is very similar to G(«, 13"2), in that we can say something about each vertex in G
- more specifically, for each vertex in G, there is a unique pair (x,y) where =,y € a such
that the n + 1-tuple generating this vertex must begin with  and end with y. The middle
coordinates can however be permuted as we wish to give an automorphism of the graph.
We will show more formally below that in general Aut(G(S,1"32")) 2 Aut(G(S)), but
intuitively, we can think of this as follows: any ‘twins’ (vertices that share exactly the
same neighbour sets) can be completely freely permuted. Thus, for fixed x and z, the
vertices of the form (z,y1, ..., Yn—1, 2), whose neighbour sets are of the form {(vy, ..., v,, ) :
vy, < x}U{(z,wn,...,wy,) : wy > z}, all share the same neighbour sets for any i, ..., yn_1,
and can thus be permuted freely. For example, in G(Q, 1113222), the vertices (1,2,3,5),
(1,3,4,5), and (1,2,4,5) can all be permuted, meaning that the automorphism group
contains the copy of S3 which permutes these vertices. Thus we see that for any ordinal
a, Aut(G(a,1"32")) 2 Aut(a), for n > 1, as Aut(a) = {id} whereas Aut(G(a,1"32"))
clearly contains all the permutations as described above.

Similarly, in the ordinal case with G(«,1"3™2"), we can determine the first n and last n
coordinates of each n 4+ m-tuple, and so whether Aut(G(S,1"3™2")) = Aut(S) or not will
depend on whether m < n.

In order to approach these automorphism groups, we must first recall the notion of wreath
product, denoted by Wr.

Definition 6.1. Let X and Y be sets, and let G < Sym(X) and H < Sym(Y'), where
Sym(X) is the group of permutations on X.

We define G Wr H to be the set of all permutations of X x Y which have the form (f, h),
where f is a mapping from Y to G, and h € H, and which acts as follows:

(f; ), y) = (f(y)(x), h(y))

It can be straightforwardly verified that (f, h) defined like this is a permutation of X x Y,
as follows on noting that f(y) € G which is a permutation of X and h is a permutation of
Y, and then verifying bijectivity.
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(x.,Lj)

!
|

—X—

Intuitively, we can think of the wreath product as follows: Let the diagram above rep-
resent X and Y, where a permutation on X corresponds to ‘shuffling’ points around on
a horizontal line, and vice versa. Then h shuffles the horizontal lines up and down, as
h acts on Y (and H is a bunch of permutations of Y'), and f shuffles the points inside
individual horizontal lines, i.e. individual copies of X, but it does this for all Y copies of
X simultaneously.

We take a couple of examples to illustrate the difference in automorphism groups for
different types:

Example 6.2. The automorphism group of G(7,11322) is
(55 Wr Zg) X (53 Wr Zg) X 516-

There are three kinds of connected components.
e There are 16 isolated points

e One connected component whose automorphism group is S3 Wr Z,

(03 ¢ —m ——— o (3,4,8)
(22,3), 0 (3,4,0)

h23d el ——e(3,5,6)

e An additional component whose automorphism group is S5 Wr Zs.

2,3, (a,1,2) (2,3,4) (4,5,6) ©,4)
> \ i
(23,6, /// \\ e (0,2,4)
. >
(O S to:2,u
C2,s ",’ Y ¢« ° u
20w azuy W
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However, the automorphism group of G(Z, 132) for finite Z is simply Z, as the entire graph
can be reversed but there are no ‘interchangeable’ vertices. The automorphism group of
G(Z,13"2) on the other hand is Zy x S(zfz) for all finite values of n, as the entire graph can

n—1

be reversed and additionally the singletons, of which there are (2_2) are interchangeable.

Example 6.3. Aut(G(Q,11322)) = Sym(Q) Wr Aut(Q, B)

This is because we can interpret QQ inside G, and all vertices of the form (a,b;,c) and
(a, be, ¢) are interchangeable and can be permuted ad lib inside Aut(G(Q, 11322)). There-
fore Aut(G(Q, 11322)) is built up from Aut(Q, B) and Sym(Q), and so the automorphism
group is Sym(Q) Wr Aut(Q, B).

A similar result holds for the generalisation to all types of the form 1"32": Aut(G(Q, 1"32")) =
Sym(Q) Wr Aut(Q, B)

Example 6.4. Let’s consider any automorphism g of G(Z,11322). We know that g must
respect the interpretation of (Z, B), so corresponds to some h € Aut(Z, B). To see what
else can happen, let’s consider h = id. Given a < ¢, g can permute {(a,b,c) : a < b < c}.
This will give a copy of Sk, k =c—a —1 (if ¢ — a = 1, this doesn’t even arise). Thus

Aut(G(Z,11322)) = ﬁ(Sk Wr Aut(Z, B))
k=1

We can extend the example above to all types as follows: consider any automorphism
of G(Z,1"32"™). Then vertices of the form (z,v1,...,yn-1,2) and (z,v],...,y,,_1, 2) can be
permuted ad lib. However, there are some restrictions on the number of options we have
for the y;s, namely, (f:f) Thus

[e.e]

Aut(G(Z,1732")) H ) Wr Aut(Z, B))

k=1

Remark 6.5. We note that if the ordering S is ‘asymmetrical’, then
Aut(S, B) = Aut(S, <). For example, Aut(Q+R, B) = Aut(Q+R, <), whereas Aut(Q, B) #
Aut(Q, <).

We take the following example: consider the right long line L™ = w; x R consisting of the
order completion of w; copies of R. L™ is order-complete, dense without endpoints, and
every initial segment is isomorphic to R. Then Aut(L™, B) = Aut(L™, <).

Aut(G(L*,1"32™)) = Sym(R) Wr Aut(L*, <)

Let G(S) be the shift graph on S for some type 7, such that S is interpretable in G(S, 1) =
G(S). Consider Aut(S) and Aut(G(S)).
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First note that each automorphism on S induces an automorphism on G(.5), since G(5) is
interpretable in S. Let us call this natural homomorphism 6, and note that 6 : Aut(S) —
Aut(G(S)) is injective but isn’t necessarily surjective.

Fix a graph G(S) and an interpretation of S in that graph. This induces a homomorphism
¥ going from Aut(G(S)) to Aut(S).

Let ¢ : Aut(G(S)) — Aut(S) be a homomorphism such that for each pg € Aut(S), ¥(0(ps))
pg. Such a 1 always exists as S is interpretable in G(S). Note that 1 is surjective, but
not necessarily injective. It is clear that Aut(G(S)) = Aut(S) if and only if this homomor-

phism ¢, provided by the interpretation, is injective. Thus, we can determine for various
values of 7, whether or not Aut(G(S)) = Aut(S).

Theorem 6.6. Let S be a total ordering without endpoints, B the associated betweenness
relation, and let G = G(S,132). Then Aut(G) = Aut(S, B).

Proof. Let ¢ : Aut(G) — Aut(S) be a homomorphism provided by the interpretation. We
would like to show that v is injective, which we will do by showing that Ker(y) = idg.

First note that if g : A, — A, then ¢ : ¢ — pg where pg(z) = y.

We will now show that for (z1,x2) # (y1,y2), if wa((z1,22)) = (v1,92), then pg : A; — A;
for some distinct ,7. This is obvious as if pg((x1,22)) = (y1,y2), we must have g :
A, — Ay and ¢ 0 Ay, — Ay, and since (21, 22) # (y1,Y2), we will either have 1 #
or Ty # Yo, hence pg : A; — A; for distinct 1, 7.

Thus if o5 € Ker(y) and ¢g # idg, there must be some distinct (x1,x2), (y1,y2) € G
such that pg((z1,22)) = (y1,92), but such that ¢ : ¢ — ids. However, as we have shown
above, this cannot happen, hence ¢g = idg. [

Theorem 6.7. Let S be a total ordering without endpoints, and let G = G(S,1"32"),
n > 2. Then Aut(G) 2 Aut(S, B).

Proof. We show that Aut(S, B) has no element of order 3, but Aut(G(S,1"32")) does.

First suppose Aut(S, B) has an element g of order 3. Then g is either order-preserving
or order-reversing. Assume g is order-preserving. As g # id, it moves something. Let
g(x) # x, and assume without loss of generality that g(x) > z. Then ¢*(z) > g(z) and
¢*(z) > ¢*(x), and so g*(x) > z, a contradiction.

Now suppose ¢ is order-reversing. Then ¢? is order-preserving. Thus if g has order 3, then
¢* must also have order 3, which can’t happen by the above argument.

However, Aut(G(S,1"32")) does have an element of order 3. Choose v < y < z < s < t.
Then (z,y,1), (x, z,t), (x, s, t) are vertices in G, and the permutation ((z,y,t)(x, z,t)(z, s,1))
has order 3. O
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We now extend this to a more general case of G(5,13"2):

Theorem 6.8. Let S be a total ordering without endpoints, and let G = G(S,13"2). Then
Aut(G) = Aut(S, B).

Proof. Let v : Aut(G) — Aut(S, B) be a homomorphism provided by the interpretation.
We would like to show that 1) is injective, which we will do by showing that Ker(¢) = idg.

First note that if pg @ Ay o0 — Ay 4., then ¥(og) = ps where pg(x1) = yi,...,
vs(zn) = yn. However, there are also a bunch of other restrictions this gives - namely,
that oo @ Agy ey, > Ay oo forall 2y, ..., 2, (and some z; corresponding to each Zi)s
and so on. Essentially, the restrictions on tuples A,, . are similar to the restrictions on

tuples (21, ...,7,) in G(S,13"712). As in Lemma [1.7, G(S,13"!2) is interpretable inside
G(S,13™2), and so we can construct a series of homomorphisms (and thus an induced
homomorphism ¢ as required) as follows:

Let G(S,13"2) = G,,, and similarly G(S, 13%2) = G, for all k < n. Elements of G} are in
general denoted by ¢¢, .

Suppose we have ¢g, ((z1,...,Znt1)) = (Y1, -, Yns1) in Aut(G,). Then we must have
O, * Apprzn — Ay, and 0a, ¢ Apy o an — Aysyne- Lo see this, assume that

SDGn((Q?l’---,SCn,JInH)) = (y17"->ynayn+1) but goGn((:cl,...,xn,x;H)) # (ylv"'ayn7y;1+1>7

some y,, 1. Then (2,21, ..., x,) is a neighbour of both (x4, ..., zn, Tn11) and (21, ..., T, 2}, 1),
but g, ((2, 21, ..., %,)) is not a neighbour of pg, ((21, ..., Tn, Tnt1)) and v, ((T1, ... Tn, ) 11))-

But homomorphisms must preserve neighbour relations, a contradiction.

Now, this means for distinct (z1, ..., Zn11), (Y1, ooy Yni1)s i 0a, (21, s Tns1)) = Y1y ooy Ynt1)
then ¢a, @ Agy,.in) = AGr,...jn)s for some distinet (i1, ..., %), (J1, ..., jn). Thus Ker(i,) =
idg, ., and so we can consider all of Aut(G,,) in terms of automorphisms of entire sets of
the form A, ...

We now use the standard homomorphism from G, to G,y where A,, .. — (21,...,2,),
and A, .. NAy, 4. # 0if and only if there is an edge between (21, ..., z,) and (y1, ..., yn)
in G,_1. Thus if @g, : Asy,wn = Ayryn 10 Gy, we have pa, (1, .0, Tn)) = (Y1, -y Un)
in G,—1. Now, as before, we either have ¢g, | © As 2. 1 — Ay yn 1, OF ©G, |
Ay oz = Ay, oy, Again, we get that Ker(¢,_1) =idg, ,, and so we can consider all of

Aut(G,—1) in terms of automorphisms of entire sets of the form A,, .. .

Repeating this process n times we obtain a chain as follows:

Yn—
RN

Aut(Gr) £ Aut(G_) LB Aut(Gy) B Aut(Gh) 2 Aut(S)

Using the proof of Lemma we can show the final step in this chain, i.e. 1); is injective.
Thus if we let ¢ = 1, 0 9,1 0 ... 0 91, we get an induced homomorphism 1 : Aut(G,) —
Aut(S), whose kernel is idg by composition, and so Aut(G) = Aut(G,,) = Aut(S, B).
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Conjecture 6.9. Our examples suggest that in the case where S is any total ordering
without endpoints,

Aut(G(S,1"32") = [ (Sym(I) Wr Aut(S, B))

where I 1s a convexr subset of S and n > 1. However, we leave this open.

The more general 1"3™2" case also remains open.
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7 Chromatic Number of the Cardinal Shift Graph

We will now consider the chromatic number of G(«, 1"3™2"), where « is an ordinal. It
might be an interesting question to look at the chromatic number of the Finite, Linear
Ordering, and Partial Ordering Shift Graphs. In [3] it is stated that Erdés and Hajnal
showed that for any infinite cardinal k,

X(G(k,132)) = min{a : exp(a) > K}

and that in general x(G(r,13™2)) = min{a : expm)(e) > x}. This of course covers just
types of the form 13™2. Here we will give a fairly perspicuous proof that x(G(k, 1"32")) = &
for k measurable, and a modification for x a strong limit. We will start with the measurable
case, which is more direct.

Definition 7.1. Let G be a graph. Then the chromatic number of G, denoted by x(G),
is the minimal number of colours required to colour the vertices of G so that no two
neighbours share the same colour.

Remark 7.2. Any clique of size x must be coloured with x many colours, and any co-clique
of size k can be coloured with 1 colour.

Definition 7.3. Let x be a cardinal. Then U is an ultrafilter on x if:
1. U CP(r)
2.0¢U
3. zNy e U for x,y €U (ie. U is w-complete)
4. For each x € P(k) either x € U or K\z € U

Definition 7.4. U is principal if there is some o < & such that {a} € U.

This is a way for an ultrafilter to be trivial, as the sets in U are precisely the sets containing
a.

Definition 7.5. U is k-complete if (),_, X, € U for A < xk and X, € U.

This brings us to the following definition:

Definition 7.6. An uncountable cardinal x is measurable iff it has a x-complete, non-
principal ultrafilter.
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Lemma 7.7. Let x be a measurable cardinal, and let U be a k-complete, non-principal
ultrafilter on k. Then every set in U has size k.

Proof. Suppose X € U with |X| =\ < k. For each y € X, let X, = X\{y}.

Then (), .y X, is empty, a contradiction on U being k-complete. ]

yeX

Lemma 7.8. Let k be a measurable cardinal, and let U be a k-complete, non-principal
ultrafilter on k. Then if X € U, any partition on X into < k pieces contains exactly one
set in U.

Proof. Let {X, : @ < A} be a partition of X € U into A < K pieces.

Suppose for a contradiction that no such X, lies in . For each o < A, let Y, = X\ X,,. By
condition 4. in the definition of U, each Y, must lie in /. But (), Yo = (), a contradiction
on U being x-complete. O

Theorem 7.9. x(G(k,132)) = k for every measurable cardinal «.

Proof. Let G = G(k,132), and assume for a contradiction that y(G) = A < k. Let U be a
r-complete, non-principal ultrafilter on k. We choose by transfinite induction a decreasing
sequence (T, : a < k) of members of U. We shall write t, for the least element of T,.

Let Ty = K, and so ty = 0.

Now suppose that T, (and hence also t,) has been chosen, and consider the set {(t,, ) : t >
to} which is a set of k vertices of GG, which is coloured by (at most) A colours. By Lemma
7.7, the set {t : t > t,} lies in U (since its complement has size < k). We can partition
the set {t : t > t,} such that for each set T in the partition, {(t,t) : t > to,t € T}
is monochromatic. Since there are at most A many sets in this partition, by Lemma
exactly one of these lies in &. Let T' € U be such that {(¢,,t) : t > t,,t € T} is
monochromatic.

Let T,11 =T, NT for some such T, which also lies in . Then t, & T, 1, so that T, is
a proper subset of T, and also t, < t,41. If v is a limit ordinal < &, we let T, = ﬂaq T,.
This is a proper subset of each T;, for a < 7, and hence again t, > t,. The fact that
T, € U follows by k-completeness of U.

Now let S, = {(ta,t) : t € Tyy1}. By construction, S, is monochromatic. Furthermore, if
a < f3, then tg € T,41, so that (t,,t5) € Sa. Thus (t,, ) is joined to some (all actually)
members of Sg. Hence the colours assigned to S, and Sg are different. Therefore x colours
in all must have been used, which gives a contradiction. O

109



Theorem 7.10. x(G(k,1"32")) = & for every measurable cardinal x and for every n > 1.

Proof. Assume for a contradiction that x(G) = A < k, and choose a decreasing sequence of
sets T, for a < k, all lying in U, again writing ¢, for the least member of 7T,,. Let T = k.
Assuming that T}, has been chosen, find 7" € U such that {(ta, ta+1,....,ta+n—1,t) : t € T}
is monochromatic, and let T, ; = T, NT. At limits we take intersections as before. Note
that in this case, t411 > to +n. To conclude the proof, we let S, = {(ta,ta + 1, ..., ta +
n—1,t) :t € Tpy1}, and for the same reason as in the proof of Theorem [7.9] these sets
must all be coloured by different colours, which gives a contradiction. [

Recall the following definition:

Definition 7.11. A cardinal s is a strong limit if for all A < &, 2* < k.

Lemma 7.12. If k is a strong limit cardinal, then \Y < k for all A\, vy < k.
Proof. Since k is a strong limit cardinal, 2* < & for all A < x. But

A < 20 = (227 = 2™,
But A -7y < K, so 2*7 < k by the definition of strong limit. Hence \7 < k. O
We can improve Theorem by showing that it holds not just for measurable cardinals,
but for all strong limit cardinals as well. We will require the following definition:

Definition 7.13. Let A, x be cardinals. Then “[)] is the set of all functions from k to A.

First, we start with the 132 case.
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Theorem 7.14. x(G(k,132)) = & for every strong limit cardinal &.

Proof. In this proof we adapt the method of Theorem [7.9] There we made a choice at each
stage of a ‘large’ set (in the ultrafilter). Here, we shall not in general know which set to
take, so instead, we take all of them, and arrange them as the points on the next level of
a tree. If the resulting tree has a long enough branch, then we can derive a contradiction
as before. In fact the vertices will be subsets of k, the tree order will be reverse inclusion,
and distinct vertices on the same level will be disjoint.

Assume for a contradiction that x(G(k,132)) = A < k. We will choose a series of subsets
T(s) of x by transfinite induction, each representing a node of the tree, where (s) is a
sequence of points in A. Again, let t() be the least element of T{,) for each (s). Each
branch of the tree is a decreasing sequence of subsets of k.

Let the root of the tree be T = k, with minimal point ¢y = 0.

Now consider a partition of x\{0} into monochromatic sets of the form {(0,z) : > 0}.
Given our assumption that y(G(k, 132)) = A, there are at most A many sets of this form.
Let us label them 74,75, T3, ... with minimal points 4, ¢5, t3, ... respectively. These are all
on level 1 of the tree. Now, for each T, of this form, a < A, again consider monochromatic
sets of the form {(t,, x) : © > t,}. Again, there are at most A many of these. Call these sets
To1,Ta2, Ty 3, ... with respective minimal points ?,.1,%42,ta,3,.... These are all the nodes
on level 2 of the tree which are joined to T,. Continue like this recursively for all levels of
the tree. Thus at level +, each verticex is of the form T,y where (s) is a sequence of points
in A of length v, and where restricting (s) to its first & < v entries gives us a vertex T(y)
on level a of the tree such that T(y) < T{s). Note that since each vertex of the tree splits
into at most A many branches, at level v of the tree there are at most A” many nodes.

Toas Vs .
W ?,z,z‘ TL 33 .

\|/ \ T;, T T, \l/

l

“\\ \// “’3"/

L

T

Since k is a strong limit, \? < x by Lemma [7.12] Hence the tree must have height , and
therefore it must have a branch of length A™. But by the construction of the tree, this gives
us AT many monochromatic sets, all joined by an edge, a contradiction on the chromatic
number of G(k, 132) being A. O
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Theorem 7.15. x(G(k,1"32")) = & for every strong limit cardinal x and every positive
integer n.

Proof. This proof is similar to that of Theorem [7.14]

Again, we assume for a contradiction that x(G(k,1"32")) = A < k. We will choose a series
of subsets () of x by transfinite induction as before.

Let Ty = £ with minimal element ¢y, and consider a partition of £\ {0} into monochrnomatic
sets of the form {(0,z1,...,2z,) : 1 > 0}. Given our assumption that x(G(k,132)) = A,
there are at most \ many sets of this form, so again, label them T, T5, T3, ... with minimal
points tq, ts,t3, ... respectively. These are all on level 1 of the tree. Again, for each T, of
this form, o < A, again consider monochromatic sets of the form { (¢, 1, ..., x,) : 1 > to}
(there are at most A many of these). Call these sets Tp 1,702, Tas,... with respective
minimal points ¢, 1,%4.2,%03,.... These are all the nodes on level 2 of the tree which are
joined to T,,. Continue like this recursively for all levels of the tree as in Theorem [7.14]

Thus at level ~, each verticex is of the form T{,) where (s) is a sequence of points in A of
length 7, and where restricting (s) to its first o <  entries gives us a vertex Ty on level
a of the tree such that Ty < T(,). Note that since each vertex of the tree splits into at
most A many branches, at level v of the tree there are at most A\” many nodes.

Again, since k is a strong limit, \¥ < k by Lemma Hence the tree must have height
k, and therefore it must have a branch of length A™. But by the construction of the tree,
this gives us At many monochromatic sets, all joined by an edge, a contradiction on the
chromatic number of G(k, 1"32") being A. O
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Conclusions and Future Work

Our main results concern interpretability of linear orders (sometimes just up to order-
reversal) within shift graphs. For ordinals, we have proved that any ordinal « is inter-
pretable inside G(c«, 1"3™2"), which is covered in a succession of cases in Theorems
(.10, .12, [5.14] (.15] [5.16}, [5.17, 5.22, and Corollary [5.23] The techniques and precise
results obtained vary according to the type, 132, 1372,1723" or 1™3"2", as well as whether
the ordinal is a limit ordinal or a successor. The finite case is treated separately in Theo-
rems [5.1] 5.2, and [5.3] Rather different techniques are used for the case of general linear
orders, and once again there are several different cases which need to be distinguished,

in Theorems [4.2] [4.4] [£.5], .8 [4.11] .12 and Corollary [£.13] These are extended where
possible to trees in Theorems [4.23], [£.27] [4.28] [4.30} and Corollary [£.31]

It is conjectured that these results can be extended to all graphs of the form G(z,1"3™2").
The obstacles to doing this are illustrated by the arguments that we were compelled to
adopt in some of the above (and the reason why so many cases had to be considered, with
specific restrictions concerning density, lack of endpoints, absence of certain sub-intervals,
and so on). One first needs to tackle to possible presence of endpoints. This has already
arisen in the ordinals case (for left and sometimes right endpoints), particularly the finite
case. The techniques required are likely to need to be adapted from these cases, as well as
from those where there are no ‘short’ discrete subintervals.

We have shown that Aut(G(S,13"2)) = Aut(S, B) for any total ordering S and n > 1, and
conjectured that graphs of the form G(S,1"32") can be reconstructed from their automor-
phism groups up to order reversal, where if S is any total ordering without endpoints:

Aut(G(S,1"32") = [ (Sym(I) Wr Aut(S, B))

ICS
for I a convex subset of S and n > 1. The more general 1"3™2" case is left open.

It has already been shown that for any infinite cardinal x, the chromatic number of
G(k,132) is the min{a : exp(a) > k}, and for any infinite cardinal A and n > 0,
X(G(A,13"2)) < k iff A < exp,(k) = 92*" (n times). We have extended these results
to show that the chromatic number of G(k,1"32") is k for any strong limit cardinal x and
n € N.

The most obvious next step leading on from this work is to consider total orderings with
endpoints. We may be able to use techniques similar to the ones used in the successor
ordinals chapter, although these will need to be adjusted. There may also be cases with
endpoints in which we cannot determine the underlying ordering.

It should also be possible to extend the results on finite ordinals to all types of the form
173™2", with some additional restrictions on z, using similar tools.
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Other future work might consist of considering G(P,1"3™2™) for all partial orderings P.
It would be interesting to look at the chromatic number of the ordinal, finite, linear, and
partial ordering graphs. Going further, one might also consider the more general shift
graph, that is, not with type 173™2".

It might also be interesting to consider directed graphs - on the surface they seem easier to
deal with, as we are given additional information about each pair of vertices - for example,
in 8(04, 132) we can very easily recognise the set {(0,2) : x > 0} as the set of all vertices
that don’t point at anything - but they might present other problems of their own. It is,
however, likely that we will be able to recover the underlying set with the original total
ordering, as opposed to the betweenness relation, in this case.
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