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Abstract

This thesis develops the deformation theory of instantons on asymptotically
conical Go-manifolds, where an asymptotic connection at infinity is fixed. A
spinorial approach is adopted to relate the space of deformations to the kernel
of a twisted Dirac operator on the Gy-manifold and to the eigenvalues of a
twisted Dirac operator on the nearly Kéhler link. As an application, we use
this framework to study the moduli spaces of known examples of GG5-instantons
living on the Bryant-Salamon manifolds and on R?. We develop two methods
for determining eigenvalues of twisted Dirac operators on nearly Kahler 6-
manifolds and apply this to calculate the virtual dimension of the moduli
spaces that we study. In the case of the instanton of Giinaydin-Nicolai, which
lives on R, we show how knowledge of the virtual dimension of the moduli

space can be used to study uniqueness properties of this instanton.
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Chapter 1

Introduction

1.1 Introduction

Instantons are connections whose curvature satisfies a certain algebraic equation. In
this thesis we study the deformation theory of instanton connections on manifolds with
holonomy group G and which asymptote to a cone. The physical motivation for studying
instantons on G-manifolds stems from the fact that such connections automatically
satisfy the Yang-Mills equation. Furthermore on a compact manifold Gs-instantons are
absolute minima of the Yang-Mills energy functional. Interest in these connections has
grown significantly in recent years since the suggestion of Donaldson-Thomas [29] and
Donaldson-Segal [28] that it may be possible to define invariants from their moduli spaces.

The first example of a non-trivial Gs-instanton was constructed on the principal Ga-
bundle over R” by Giinaydin-Nicolai in 1995 [41] and we shall refer to this example as
the standard Gs-instanton. Other examples of GGo-instantons on non-compact manifolds
have been found in more recent years. Firstly, Clarke [20] found a family of instanton
connections on the manifold $(S®) which was shown by Bryant-Salamon to carry a holon-
omy Go-metric [15]. The other Gy-manifolds constructed by Bryant-Salamon are A% (S*)
and A% (CP?) and examples of G-instantons have been constructed on these spaces by
Oliveira [77]. Part of the work of Lotay-Oliveira [71] was to study the moduli spaces
of instantons on asymptotically conical Go-manifolds where the connections are required
to be invariant under a group action. In particular, they found a limiting connection of
Clarke’s family of instantons. The important observation here is that all of these exam-
ples of Go-instantons converge to instanton connections on the nearly Kéhler 6-manifold
at infinity.

The deformation theory that we develop that relies on the analytic framework for el-
liptic operators on asymptotically conical manifolds that has been developed by Lockhart-
McOwen [67] and Marshall [72]. These tools enable one to determine when elliptic opera-
tors on non-compact manifolds are Fredholm, and hence a Kuranishi model is applicable

to study the moduli space of solutions. In the holonomy G5 setting, this framework has
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been used to study the moduli space of associative and coassociative submanifolds by
Lotay [68, 69] and the moduli space of Ga-structures by Karigiannis-Lotay [61]. In the
gauge theory setting Nakajima |[76] has used a similar analysis to study the moduli space
of ASD instantons on asymptotically locally Euclidean hyperKéhler 4-folds where a flat
connection at infinity is fixed.

Since the asymptotic connection in our setting is a nearly Kéhler instanton it is inter-
esting to compare deformations of the Gs-instanton with deformations of this asymptotic
connection. In particular there is a projection between the moduli spaces of these two
instantons and one can try to understand the properties of this map. The deformation
theory of nearly Kéhler instantons has been developed by Charbonneau-Harland |[18|
and we use many of the ideas and techniques they develop to analyse the asymptotic
connection.

This thesis studies the deformation theory of Gs-instantons on asymptotically conical
manifolds by prescribing a fixed rate of decay at infinity. We take a spinorial approach and
relate deformations of the Go-instanton to the kernel of a Dirac operator on a Hilbert space
of spinors with fixed decay rate. In contrast to the compact case the index of the Dirac
operator controlling the deformation theory is not expected to be zero. The deformation
theory that we develop can be applied to the known examples of asymptotically conical
(G>-instantons so we then move on to studying examples on each of the Bryant-Salamon
manifolds as well as the standard instanton on R”.

After covering the required background material and providing a literature review we
begin in Chapter 4 to study the fundamentals of gauge theory on an asymptotically conical
Go-manifold. Firstly we provide a slice theorem to show that the space of connections
modulo gauge is a smooth Hilbert manifold. We also show that the moduli space of
asymptotically conical Gy-instantons is locally homeomorphic to the kernel of a twisted
Dirac operator. Our analysis shows that the virtual dimension of the space of solutions
to the linearised Go-instanton equation is determined by the spectrum of a twisted Dirac
operator on a nearly Kéahler 6-manifold and we apply the implicit function theorem to
show the moduli space is a smooth manifold when the deformation theory is unobstructed.

In Chapter 5 we develop representation theoretic tools for determining the spectrum
of Dirac operators over homogeneous nearly Kéhler 6-manifolds which are twisted by
the canonical connection on an associate bundle. These results are developed with the
known examples of asymptotically conical Gs-instantons in mind, since the asymptotic
geometry and connection of each example is of this type. We determine the eigenvalues
of an operator which differs from the Levi-Civita Dirac operator by an algebraic term and
use this to provide bounds on the eigenvalues coming from group representations under
the Frobenius reciprocity theorem.

In Chapter 6 we begin to apply the results we have obtained to specific examples.

Firstly we study the examples of Clarke [20] and Lotay-Oliveira [71] and we apply the
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results of the previous chapter to determine the virtual dimension of the moduli space. In
Chapter 7 we consider Oliveira’s examples [77]| of Ga-instantons on the Bryant-Salamon
manifolds A% (CP?) and A? (S*). For the example we consider over A% (S*) we show that
the Lichnerowicz formula is insufficient for determining the relevant eigenvalues and thus
much of the work in this chapter is to develop a method for calculating eigenvalues of
twisted Dirac operators. For this we generalise a method of Bér [4] to the case of a twisted
spinor on a nearly Kéahler 6-manifold. As a result we determine the virtual dimension of
the given moduli space.

In Chapter 8 we study the standard instanton on R7, which we view as the metric
cone of S Here we must once again determine some eigenvalues of a twisted Dirac
operator, this time on S° and we do so by providing another method for determining
the matrix of the operator on a finite dimensional subspace of the space of sections.
We write the operator as a sum of Casimir operators and use representation theoretic
techniques to calculate the first few eigenvalues explicitly— to the author’s knowledge this
method is has not appeared before in the literature. We use this to determine the virtual
dimension of the moduli space and as an application we show how, under an assumption

of unobstructedness, one can prove a global uniqueness for the standard instanton.



Chapter 2

Geometry of Go-Manifolds and Nearly
Kahler 6-Manifolds

In this chapter we review some basic properties of the group Gy before introducing Go-
manifolds and nearly Kéhler 6-manifolds. Our treatment focuses on the spin geometry of
these manifolds. We explain how the two geometries are related via the cone construction

and asymptotically conical Go-manifolds.

2.1 The Octonions and the Group G5

We begin with a brief introduction to the algebraic structures of normed division algebras
and cross products. A more comprehensive treatment can be found in [80]. Let A = R"

be given the Euclidean inner product gg.

Definition 2.1.1. If A has the structure of a (possibly non-associative) algebra over R
with multiplicative identity 1 # 0 such that

lab| = |al|b| for all a,b € A,
then A is called a normed division algebra.

Normed division algebras are completely classified and the classification consists of
precisely 4 possibilities:

R C H @)
The Real Numbers | The Complex Numbers | The Quaternions | The Octonions

The last entry in this list, the Octonions, is an 8-dimensional real vector space. The
standard basis is given by {1, e;,...,er} and the multiplication is described by
62‘6]' = _5U1 + eijkek

for ¢, 7 > 0 and where ¢;;;, is totally anti-symmetric. The multiplication is not associative
but satisfies a weaker condition called power associativity. The Octonions lead to our

first definition of the group G :



2.1 The Octonions and the Group G,

Definition 2.1.2. The group G4 s the automorphism group of the Octonion algebra O.

If A is a normed division algebra, we write ImA = (1)* and call this the imaginary
part of A.

A cross product on a real inner-product space (V, g) is an alternating map x: VxV —
V such that

gluxv,u)=g(uxv,v)=0

[ux o = [ul*|o]* — g(u, v)?

for all u,v € V. If A is a normed division algebra then one can check that ImA carries
a natural cross product defined by a x b = L{a,b], where [-, -] is the commutator of the
algebra multiplication. In fact, this correspondence is a bijection: If V' carries a cross
product then R @& V' can be given the structure of a normed division algebra. It then
follows from the classification of normed division algebras that R™ carries a non-vanishing
cross product precisely when n = 3 or n = 7. Let us package the geometry of the cross

product by defining a 3-form

wolu,v,w) = go(u X v,w).

On R? one has that ¢y = Vols is the standard volume form. In this sense the geometry
of the cross product on R? does not define an interesting geometric structure— a choice
of cross product is equivalent to an orientation. On R” on the other hand, the 3-form
(o is non-trivial. Various conventions exists for the 3-form ¢y € A3(R")*, we adopt the

convention
Vo = dl'127 4 d$347 4 d$567 4 dl’145 =+ dx136 + dx235 o d.’ll'246

where 1, - - - , x7 are the standard coordinates on R” and dz/* = dz® A da? A da*. Using
the Euclidean volume form Vol; = da! A ... A dz” one can also form a 4-form 1y = *,

and this has coordinate expression
o = A2 4 dp1256 4350 _ Q1857 1467 | 42367 | 2457

The relation
(uapo) A (vapo) A o = 6go(u, v) Vol
holds for all u,v € R” and this observation hints at a relation between ¢, and the metric

and orientation on R”. This relation is made precise through the following theorem of
Robert Bryant [13]:

Theorem 2.1.3. Let G = {A € GL(7,R); A*py = po}. Then G = G5 and G C SO(7).
Thus if A € Gy then A preserves both the metric gy and the orientation Vols;.
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Thinking of G5 as the group preserving the 3-form ¢ is for our purposes the most
useful description of the group. As a subgroup of SO(7) we see that G5 acts on R” in the
obvious way. This representation is irreducible and called the standard representation of
(5. Furthermore this action is transitive on S® C R” and has isotropy SU(3), thus G
fibres over S% with fiber SU(3) and this reveals many of the topological properties of Gj.
In particular one finds that G5 is 14-dimensional, compact, path connected and simply
connected. Furthermore SU(3) is the maximal subgroup of G2 and a choice of maximal
torus for SU(3) defines a maximal torus of G via the inclusion homomorphism.

The group G is an exceptional Lie group since the Dynkin diagram of the Lie algebra

g2 does not fall into any of the families A, B,,, C,, D,,. The root diagram of g, is

Figure 2.1: Root Diagram of g

Qg = (0, \/g)

A

as = (—1/2,4/3/2) oy = (1/2,4/3/2)

ay = (—3/2,V/3/2) as = (3/2,V3/2)

Bs Bs

The fundamental roots are ay and «g. Since (G5 is simply connected irreducible rep-
resentations of the group and Lie algebra are in bijection. For 7,7 > 0 we denote by
Vii,j) the complex irreducible representation with highest weight ioy + jog. The first few

irreducible representations are
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e V(o0 = C, the trivial representation

o Vi) = C7, the standard representation

e Vio.1) = (92)c, the adjoint representation

e V(a0 = Symg(C7), symmetric trace-free 2-tensors.

A maximal subalgebra of g is given by su(3). Let us denote irreducible representations

of SU(3) by W(; ), the first few representations being
b W(o,o) =C
o Wi =C?
e Wi = (C)
o Wi =su(3)c =sl(3,C).

One can observe from the root diagram that, as an SU(3) module, one has (g2)c =
W) @ W) @ Wi). The representation theory of these two Lie algebras is crucial to

this thesis and will be revisited in later chapters.

2.2  G9-Structures On Manifolds

The material covered in this section is based on [54]. Let M be a smooth oriented
7-manifold. For each p € M define (A% (T*M)), as the set of 3-forms

{\ € AJ(T" M) such that there exists an isomorphism ®: T,M — R with (®~')*\ = ¢y}

then (A2 (7% M)) is isomorphic to GL(7,R) /G5 since ¢y is stabilised by Gs. Let A3 (T*M) =
Upenr (A% (T*M)),, we call this the bundle of positive 3-forms and a section of this bundle
is called a positive 3-form. This is not a vector subbundle of A3(T*M) but rather an open
subbundle since both bundles have fibers of dimension 35.

Recall the frame bundle & — M is the bundle whose fibers is the set of isomorphisms
between T,M and R”. Let ¢ be a positive 3-form and let Q be the subset of F consisting
of the isomorphisms which identify ¢, with ¢,. Then Q is a principal subbundle of F
whose fibres are isomorphic to G5. By definition then Q defines a Ga-structure on M.

Conversely a Go-structure Q on M allow one to define a 3-form ¢ by pulling back the
Gs-invariant 3-form ¢g. This gives a 1-1 correspondence between positive 3-forms and
Go-structures on M and justifies the following definition (which is technically an abuse

of notation but is standard in the literature).

Definition 2.2.1. A choice of smooth section of A3 (T*M) is called a Gy-structure on
M.
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Remark 2.2.2. There is a topological obstruction to the existence of a Gs-structure,
namely a 7-manifold M carries a Go-structure if and only if M is spinnable, in other

words if and only if the first and second Stiefel-Whitney classes vanish.

Since Go C SO(7) the Gy-structure induces both an orientation and a metric on M.
One can in fact use the positive 3-form to explicitly construct a volume form Vol; on M

(see [60] for details) and the induced metric g = g, is then defined by the relation

(tuwp) A (top) A @ = 6, (u, v)Vols.

Thus one can also define a 4-form 1 := *,¢, but it is important to note that the depen-
dence of g and v on ¢ is non-linear.

A G-structure on a manifold comes with intrinsic torsion. In the case at hand the
torsion measures the failure of the holonomy group of the Levi-Civita connection (induced

by g,) to be a subgroup of Gb.

Definition 2.2.3. A Gy-manifold is a 7-manifold M together with a torsion-free G
structure . That is, we have Hol(V) C Gy where V is the Levi-Civita connection of g.,.

A generic Go-structure will have non-zero torsion, so one can think about torsion-
free structures as optimal Gy-structures. Indeed, Hitchin noted in [49] that torsion free

Go-structures are precisely the critical points of a natural functional on T'(A3 (M)).

Remark 2.2.4. One can be more precise with the notion of torsion by defining the torsion
tensor 1 = V. By decomposing T into irreducible components under the action of G
one can define several classes of Gy structure. We shall consider only the torsion free

case so we omit further discussion of torsion classes.

The following result of Fernandez-Gray [32] gives an alternate characterisation of G-

manifolds:

Theorem 2.2.5. Let (M, @) be a Gy-structure manifold. Then the following are equiva-

lent:
1. Hol(V) C Gs
2. Vp =0
3. dp=dy =0.

We say that Go-manifolds are examples of manifolds with exceptional holonomy. This
is since, from the list of possible Riemannian holonomy groups given by Berger [9] in 1955,
the group Gj is called exceptional since it does not fall into a wider family of holonomy
groups. The only other exceptional holonomy group is Spin(7) and manifolds with this

holonomy group must necessarily have dimension 8. Having holonomy reduced from
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SO(n) determines certain geometric structures, for example a reduction of the holonomy
group from SO(2n) to U(n) determines a Kéahler structure. In the case at hand a special
holonomy manifold (and in particular a Gy-manifold) carries a parallel spinor and is
therefore Ricci flat [48]. A good analogy to keep in mind is that Gy-manifolds are 7-
dimensional analogues of Calabi-Yau 3-folds since these two classes of manifold arise from
studying different branches of string theory. Furthermore both have parallel spinors,
interesting submanifolds (called calibrated submanifolds) which are important from a
string theory perspective and also provide natural settings for the study of gauge theory.

We list here some of the known examles of G9-manifolds:

Example 2.2.6. 1. The first non-trivial examples of Go-manifolds were given by Bryant-
Salamon in [15], where they show that the total space of the vector bundles $(S?)
(the spinor bundle of S?), A%2(S*) and A? (CP?) carry metrics with full holonomy
G, in other words Hol(V) = Gy. Their construction relies on having a large sym-
metry group acting (more precisely there is an isometric group action of cohome-
geneity one) and this allows one to reduce the torsion free condition to an ordinary

differential equation which can be solved explicitly.

2. Further non-compact examples have been given by Kovalev-Nordstrom [04] where
the geometry is asymptotically cylindrical and Foscolo-Haskins-Nordstrom in [3/]
and [35] where the geometries are asymptotically locally conical and asymptotically

conical respectively.

3. The first compact examples of Go-manifolds were given by Joyce in [52].  This
construction relies on resolving orbifold singularities that occur from quotienting
the torus T" by a discrete group acting with fived points. The idea is to resolve
the singularites, place a Go-structure with sufficiently small torsion on the resulting
smooth space, and show that one can the perturb to gain a torsion free structure. It

1s important to note that this construction is non-explicit.

4. Further examples of compact Go-manifolds have been found by Kovalev [63] using
the so-called twisted connected sum construction. This was based on a suggestion
of Donaldson and has to date proved the most fruitful method of producing compact
examples. More recently compact examples have been given (via a third construction

method) by Joyce-Karigiannis in [506].

A rich source of study in Go-geometry is the study of calibrated submanifolds. These
are minimal submanifolds that are absolute minima in their homology classes and were
first introduced by Harvey-Lawson in [44]. They are of particular interest since the
condition of being a calibrated submanifold is a first order PDE, whereas the minimal
submanifold equation is second order, and solutions are automatically stable for the

area functional. These remarkable properties are mirrored by Gs-instantons as will be
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explained in Chapter 3. Furthermore these two objects, calibrated submanifolds and
instantons, interact through bubbling phenomena. For that reason we give here a brief

overview of calibrated submanifolds in Gy-geometry.

Definition 2.2.7. Let (M, g) be a Riemannian manifold. A k-form r € QF(M) is called

a calibration if

dk =0 (2.1)
k(ep,...ex) <1 (2.2)

holds for any set of unit tangent vectors ey, ...ex of T,M and for each p € M.

It is natural to ask which submanifolds yield equality in (2.2). This motivates the

next definition:

Definition 2.2.8. Let k € Q¥(M) be a calibration. A k-dimensional oriented submanifold
N is said to be calibrated by K if

k|n = Voly.

That is, we have k(ey,...ex) =1 for every orthonormal basis e, --- , ey of T,N.

The next proposition highlights why calibrated submanifolds are such worthwhile
objects of study:

Proposition 2.2.9 ([53, Proposition 3.7.2]). Let N be a compact calibrated submanifold.

Then N minimises volume within its homology class.

The case relevant to this thesis is when M = (M7, ¢) is a Go-manifold. In this case

both the 3-form ¢ and the 4-form ) are calibrations.

Definition 2.2.10. Let (M, ¢) be a Go-manifold. We call submanifolds that are calibrated
by ¢ associative 3-folds. Similarly submanifolds calibrated by 1 are called coassociative
4-folds.

Whilst the Poincaré Lemma ensures that R” can have no compact calibrated subman-

ifolds, the situation is different for the Bryant-Salamon manifolds.

Example 2.2.11. Recall that the Bryant-Salamon manifolds are topologically the total
spaces of certain vectors bundles. In each case the zero section of the vector bundle defines

a compact calibrated submanifold for the Gs-structure.

1. On $(S?), the spinor space of S®, the zero section defines an associative 3-fold
for the Gy-structure. This is the unique compact associative submanifold for the

Bryant-Salamon Gs-structure.

10
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2. On the other two Bryant-Salamon manifolds A% (CP?) and A% (S*), the zero sections
define compact coassociative 4-folds for the Ga-structures. In both cases the zero

section is the unique compact coassociative submanifold for the ambient manifold.

The deformation theory of associative and coassociative submanifolds was initiated
by McLean |73], where he showed that the deformations are controlled by Dirac-type
operators. When N is a compact associative, the deformation theory is controlled by
a self-adjoint twisted Dirac operator- hence (since associatives are odd dimensional) the
virtual dimension of the moduli space of deformations is 0. In contrast the moduli space
of deformations of a coassociative N is a smooth manifold with dimension b3 (N) (the
dimension of the space of harmonic self-dual 2-forms on N).

On any manifold with a Gy-structure there is a decomposition of the exterior bundles
determined by the irreducible representations of the group G5. We denote this splitting
AR(T*M) = @, Ak where AX(T*M) is a rank d vector bundle, fiberwise isomorphic to an

irreducible representation of G5 of dimension d. The splitting is
AN (T*M) = AL
A (T*M) = A2 @ A3,
N(T*M) = (p)r ® A7 @ Ay,

Furthermore, the Hodge star operator yields isomorphic splittings

AT M) = @D = (AT M) .

d

We have explicit models for these spaces as follows:

= {usp; u e AY(T*M)} (2.3)
Ai ={a € A3 (T*M); a Ny =0} ={a € A (T*M);*(a A p) = —a} (2.4)
A2 ={uxp;ue A (T*M)} (2.5)
Ay ={n e N(T"M);n g =nAy =0} (2.6)

Note that the fibers of A%, are isomorphic to g, viewed via the standard association
g C 50(7) = A%(R7)*. The fibers of A3, are isomorphic to SymZ(R7) and the map
between these two spaces is given explicitly in [80].

The spinor bundle of a 7-manifold is constructed from an irreducible representation of
Spin(7) arising by restricting a representation of the Clifford algebra CI(R") & Matg(8) &
Matg(8). There are two choices of real spinor representation W+ and W~— they are both
8 dimensional and distinguished by the fact that the volume form Vol; acts as 1 on W=.
The resulting spin bundle is independent of this choice [65]. We make that choice that

the volume form acts as +1 since this will ensure our formula for Clifford multiplication

11



2.2 (Go-Structures On Manifolds

is the standard one in the literature. We denote by s7 a fixed unit parallel spinor on M.

The stabiliser of s; is G5 and this leads to another description
A, ={a € N*(T*M); a-s; =0}

of the bundle A%, corresponding to the adjoint representation of go. The map A° @ A! —
B(M), (f +v)— (f +v) - s7 is an isomorphism [2| so that

S(M) =A@ AL (2.7)

The following result is stated in [2] but no proof is given, so we give a proof here for

completeness.

Lemma 2.2.12. The 3-form ¢ and 4-form ¢ act with the following eigenvalues on the
subspaces of $(M):

A° Al
o | -7 1
V| -7 1

Proof. Since ¢ is G5 invariant Schur’s lemma says that it preserves this decomposition
since A and A! are irreducible representations of G5. Furthermore it must act as a
constant on each space and the action is traceless. We first consider the case A% We
have that ¢y = x¢p = ¢ - Vol; and a direct calculation shows that ¢ -1 = 7Vol; — 6¢. Let
@ - $7 = As7 then we find

15y =% Voly - 57 = Ny
= (7Vol; — 6¢) - s7 = (7T — 6)s7.

Therefore A = —7 or A = 1. The eigenvalues of ¢ acting on A® satisfy the same equation

and since ¢ is traceless we must have that ¢ acts as —7 on A and as 1 on A O]

Remark 2.2.13. Had we instead chosen Vol; to act as -1, the eigenvalues of ¢ would
differ from those above by a minus sign, while the eigenvalues of ¢ are independent of

this choice.
An argument similar to those of [69] and [18] yields the following corollary:

Corollary 2.2.14. Let a € Q*(M), then
- sy =x(a A1) - sy
Proof. Since the A2, component of o annihilates s; we have that

a- sy =m(a) - sq.

12



2.3 Nearly Kahler Manifolds

Now m7(a) = v for some v € Q' (M) so Lemma 2.2.12 says
1
a-s7=(vap) - 57 = —5{7’780} " 87
=3v - s7.

To find v, note that for v € A' we have *(x(v A 1) A1) = 3v (see [14] for details) and

thus we can calculate

#(aNY) = x(mr(0) A) = *((vap) A V)
= 3v

so that v = 1 * (@ A¢) and the result follows. O

Corollary 2.2.15. Let f € Q°(M) and u,v € Q'(M). Then Clifford multiplication of
the spinor (f +v) - s7 by u is

cl(u)(f +v) - sy = (—(u,v) + fu+*(uANvAY)) - s7.

Recall the Dirac operator D: I'(§(M)) — T'($(M)) is given in a local orthonormal
frame e’ of T*M by the formula D(s) = ¢’ - V;s. It is easily verified that

D((f4+v)-s)=(d"v+df +*(dvA1))- sz

so we can write the Dirac operator as the 2 x 2 matrix

D= (g *wd;d_>>. (2.8)

This agrees with the formula given in [59] for example, although we have found the

expression via different methods.

2.3 Nearly Kahler Manifolds

Let (¥,9) be a Riemannian spin manifold and let () denote the real spinor bundle
associated to ¥. A spinor s € I'(§(X)) is called a real Killing spinor if there exists a

non-zero real constant A such that
Vxs=AX"s (2.9)
for all X € I'(T'Y) and where V is the Levi-Civita connection acting on the spin bundle.

From here on we fix X to be 6-dimensional.

Definition 2.3.1. A 6-manifold (3, g) together with a real Killing spinor s € T'($(%))

15 called a nearly Kahler 6-manifold.

13



2.3 Nearly Kahler Manifolds

By scaling the metric, we can also scale the constant A. In order that the Killing
spinor lifts to a parallel spinor on the cone we shall fix

Such a manifold is Einstein with Ric = 5g. The group fixing a Killing spinor on a 6-
manifold is SU(3) and the spinor defines an SU(3)-structure on ¥ as described in [18].
This structure can be described in terms of a non-vanishing holomorphic (3,0)-form
) and an almost complex structure J which allows us to define a fundamental 2-form

w = g(J+,-). In a suitable local orthonormal frame these take the form

Q= (e! +ie*) A (e* +ie*) A (e’ +ieb)

W= 2 1 3y 56,
On a nearly Kéhler manifold w is not closed but the following equations are satisfied:
dw =3Im$,  dReQ = 2w (2.10)

In fact, a 6-manifold is nearly Kéhler if and only if it is an SU(3)-structure manifold such
that (2.10) holds [37]. Observe that (2.10) shows that the almost complex structure J is
non-integrable, since comparing the type of w and dw shows that the equation d = 9 + 0

does not hold. This almost complex structure satisfies
(VxJ)X =0 (2.11)

and this condition is also equivalent to the existence of a real killing spinor in dimension
6 [40]. Since (2.11) makes sense in any even dimension one can define a nearly Kéahler 2n-
manifold to be an almost hermitian manifold such that this equation is satisfied. Nearly
Kahler manifolds were first studied by Wolf and Gray [89, 90, 91] and are sometimes
referred to as Gray manifolds.
The SU(3)-structure has non-vanishing torsion and therefore the holonomy group
of the Levi-Civita connection V need not be an SU(3) subgroup. There is however a
distinguished connection on the tangent bundle with skew parallel torsion and holonomy
SU(3). This connection V" is known as the canonical connection and is defined via the
formula
g(VY, Z) = g(VxY, Z) + %ReQ(X, Y, Z) (2.12)

for all X,Y,Z € I'(TY). It proves useful to define a one parameter family of connections

interpolating between the Levi-Civita connection and the canonical connection by setting

t
§(V4Y, Z) = g(VxY, Z) + SReQ(X, Y, Z) (2.13)

14



2.3 Nearly Kahler Manifolds

for t € R. The torsion tensor 7" of the connection V! is
9(X, THY, 7)) = tReQ(X, Y, Z).

The fact that the holonomy group of the canonical connection V¢ = V! is a subgroup

of SU(3) follows from the equation
1—t

VS(SG = TX - Sg-
For the purposes of this thesis, the most important examples of nearly Kéahler 6-manifolds

will be the homogeneous ones. There are precisely four such manifolds

S% =G, /SU(3), S? x $% = SU(2)*/SU(2)
CP’ = Sp(2)/Sp(1) x U(1), Fi 3 = SU(3)/U(1)°

Remark 2.3.2. Before the work of Foscolo-Haskins [35] in 2015 the only known nearly
Kihler 6-manifolds were the homogeneous ones. The authors showed that S® and S® x S3

admit cohomogeneity one nearly Kdhler structures.

In each case the homogeneous space G/H is reductive, meaning there is a splitting
g = hdm with m closed under the adjoint action of H. Here ) = Lie(H) is the Lie algebra
of h and not a Cartan subalgeba of g. These coset spaces are called 3-symmetric since in
each case the subgroup H is fixed by an automorphism s of G satisfying s* = Id. The
induced Lie algebra automorphism S also satisfies S® = Id. This acts trivially on b and

non-trivially on m; one defines a almost complex structure J: m — m via

1 V3

Sln=—=+—J. 2.14
The Riemannian metric on each space is determined by the Killing form on g. In [75] it
is shown that —% is the normalisation that yields A = % in the Killing spinor equation

(2.9), so the metric is induced from the bilinear form
1
B(X,Y) = —ETrg(ad(X)ad(Y)) VXY €g. (2.15)

We will refer to (2.15) as the nearly Kdhler metric on g. Extending this metric by left
translation furnishes G/H with a G-invariant metric. The (1,1)-form w is then defined
as w(-,-) = g(J+,-) and we require the holomorphic volume form 2 to be a G-invariant
(3,0)-form with |[©2|> = 8 and this determines 2 up to a phase, i.e up to multiplication
by a unit complex number.

Following [42] we note that the tensors defining the SU(3)-structure admit local ex-
pressions as follows: Let {4} be a basis for g such that I, for 1 < a < 6 forms a basis for
m and J; for 7 < i < dim(G) forms a basis of h. Assume furthermore that this basis is or-

thonormal with respect to B. This basis can be represented by left invariant vector fields

15



2.3 Nearly Kahler Manifolds

E 4 on G and also by the dual basis é4 of left invariant 1-forms. Denote by 7: G — G/H
the natural projection map g — gH of the canonical bundle. Over an contractible set U
the canonical bundle admits a local section, in other words a map L: U — G such that
7oL =idy. Put e = L*é4, then e form an orthonormal basis for T*(G/H)|y and we
can therefore write ¢’ = ¢’ e® with locally defined smooth functions e’. Let us denote by
E, the dual frame, then this frame trivialises T'(G/H) over U.

Let f§5 be the structure constants defined by [I4, I5] = f{zlc and use the nearly

Kihler metric to lower an index fipc = f{zdpc. The Maurer-Cartan equations take
the form
de® = —fhe' Ne® — % el A e, (2.16)
dei:—1 geb/\ec—lf? el AeP. (2.17)
2°% 277

The components of the complex structure J defined in (2.14) are defined by J(I,) = Jup 1y
and local expressions for the metric, almost complex structure and nearly Kéhler form

are given by

g =0ue” ® e (2.18)

J = Jabea X Eb (219)
1

w=g we® Ael. (2.20)

The final local coordinate expression we shall need is for the 3-form Ref2 and this is
1 b
ReQ) = —afabcea Ae’ A e. (2.21)

Reductive homogeneous spaces come with a distinguished connection, also called the
canonical connection, which lives on on the principal H bundle G — G/H. This is the
connection whose horizontal distribution is given by left translation of m. The tangent
bundle T'(G/H) is associated to G — G/H via the representation m of H. The canonical
connection coming from the reductive homogeneous structure therefore defines a connec-
tion on T'(G/H) and this agrees with the connection (2.12), justifying the nomenclature.

Analogously to the G5 case the exterior bundles on a nearly Kéhler 6-manifold split
according to how the fibres split as representations of SU(3). The splitting A*(T*%) =

@, A%, where A¥ has fibre dimension d, is as follows:

ANT*Y) = A} (2.22)
A (T*Y) = (W) ® A2 ® A2 (2.23)
ANT*Y) = (ReQ)r @ (ImQ)r & A} & A, (2.24)

16



2.3 Nearly Kahler Manifolds

and there are isometric splittings A% = @, x(A%). These spaces are modelled as follows:

(2.25)
Af = Re (A*” ® A*?) = {viRe(Q); v € A'} (2.26)
A ={ae A x(aAw)=—a} (2.27)
A ={vAw;veA} (2.28)
A}y =Re{y e A @& A" vy Aw =0}, (2.29)

The bundle A2 has fibres isomorphic to su(3). Since the action of the group SU(3) fixes
the Killing spinor it is clear that the Lie algebra action annihilates it, hence we have
a-sg = 0 for any o € A2. The Killing spinor sg determines a bundle map from A%(7T*X) @
ANT*Y) @ AS(T*M) to $(X), defined by 7+ 7 - s¢ and Charbonneau-Harland [18] note

this is an isomorphism:
$(X) = AYT*S) @ AY(T*S) @ AS(T* M). (2.30)

The almost complex structure can be constructed from this splitting; let Volg be the
volume element of the Clifford algebra, then one defines Volg - v - s = Juv - s for any

v € A, The forms Ref) and *w act as scalar multiples on the summands of this splitting:

Lemma 2.3.3 ([18, Lemma 2|). The subspaces of $(3) isomorphic to A°, A* and AS are
eigenspaces of the operations of Clifford multiplication by ReQ) and xw with the following
ergenvalues

\AO Al AS
ReQ| 4 0 -
*W -3 1 -3

We would like to understand Clifford multiplication by 1-forms under this splitting of
the spin bundle. We begin with a lemma:

Lemma 2.3.4. For any a € Q*(X) we have that
a - sg = (—(auw)Volg — aaRe) - s¢. (2.31)

Proof. Let w4 denote projection from A? to the subspace A2. The description (2.27) shows
that mg(a) - s¢ = 0, so that

a-s¢ = (m(a) + me(a)) - sq.
The 7 component of « is a multiple of w so we calculate

w - Sg = Volg - *w - s¢ = —3Volg - sg
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2.3 Nearly Kahler Manifolds

by Lemma 2.3.3. Since |w|? = 3 we see that 7 (a) = 3(@ow)w and thus
m(a) - s¢ = (auw)Volg - s¢.
We have that mg(a) = vaRefQ for a unique v € A' and we find
1
vaRe) - 54 = —5{1), ReQ} - s¢ = —2v - 54

again by Lemma 2.3.3. An application of Schur’s lemma shows that v = %OURGQ.
Therefore

me() - s¢ = —(auReQ) - sq.

Overall we see that

a - s¢ = (—(auw)Volg — (aaRef)) - s¢.
[

Corollary 2.3.5. Clifford multiplication of a spinor (f + v + hVolg) - s¢ by a 1-form
u € QY X) is given by

cl(u)(f+v+hVolg)-sg = (—(usv)+ fu—hJu— (uAv) JReQ — ((uAv) w)Volg) - s¢. (2.32)
Proof. Since the volume form anti-commutes with 1-forms we have that
cl(u)(f + v+ hVol) - s¢ = (fu+uAv— (usw) —hJu) - s

and the term (u A v) - s¢ is handled using the previous lemma. O

We can apply these results to understand the Dirac operator on a nearly Kéhler
manifold. Let D* = clo Vi: T'($(2)) — I'($§(X)) be the Dirac operator constructed from
the connection V' acting on the spin bundle. Charbonneau-Harland [18| show that these

operators differ by a multiple of the action of Re{2 on the spin bundle:
D'=D"+ ZRGQ (2.33)

where D is the Levi-Civita Dirac operator. Note that, since ReQ) - v - s = 0 for any

1-form v, this family of operators have the same action on 1-forms, namely
D'(v - s) = (dv + d*v + 2v) - s6.

Corollary 2.3.6. Under the splitting $(X) = A° @ A' ® A® the Dirac operator is

-3+ 3t d* 0
D' = d 2—(d-)_ReQ2 Jdx |. (2.34)
0 x(d -, w) 3—3t
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2.4 Asymptotically Conical Gy-Manifolds

2.4 Asymptotically Conical Go-Manifolds

The link between Nearly Kéhler and G5 geometry is via the cone construction. It was
noted by Hitchin in [48] that manifolds carrying parallel spinors can be defined by their
holonomy groups. Following this Bér [5] observed that a manifold admits a real Killing
spinor if and only the holonomy of its Riemannian cone fixes a spinor and hence the cone
of a nearly Kéhler 6-manifold has holonomy group G5, this being the group that fixes a
spinor in dimension 7. One can describe the Go-structure on the cone of a nearly Kéhler

6-manifold explicitly:

Definition 2.4.1. Let (X%, g¢) be nearly Kihler. The Gy cone of ¥ is C(X) = (0,00) X &
together with the torsion-free Gy structure (C(X), ¢c) defined by

0o = r’w A dr 4 r*Im§

where 1 is the coordinate on (0,00). The metric determined by pc is the cone metric
gc = dr? + r2gs. We choose the orientation such that dr A r%Volg is the volume form
on C. We call C a Gy cone and X the link of the cone. Finally, we denote the natural
projection map w: C(X) — X.

A (G5 cone is of course not complete, but we will consider complete (Go-manifolds
whose geometry is asymptotically that of a G5 cone. The next definition makes this

notion precise.

Definition 2.4.2. Let (M, g,¢) be a non-compact Go-manifold. We call M an asymptot-
ically conical (AC) Go-manifold with rate pu < 0 if there exists a compact subset K C M, a

compact, connected nearly Kdhler 6-manifold 32, a constant R > 1 and a diffeomorphism

hi (R,o0) x ¥ — M\ K

such that

Ve (h*(Sﬁ”M\K) - Wc) [(r,0) = O(Tufj) as r — o0 (2.35)
for each o € X, for 1 = 0,1,2,..., where V¢ is the Levi-Civita connection for the cone
metric go on C(X), po is the Gy-structure on the cone and | - | is calculated using gc.

We call M\ K the end of M and X the asymptotic link of M.

Remark 2.4.3. We shall often drop the notation showing the dependence of a norm of
the form in (2.35) on a point in X. Such a norm is always to be understood pointwise in

2.

By thinking of |V, (h*(glarx) — gc) | as a function of r one can take a Taylor expan-

sion about 7 = 0 to show that g = g,, satisfies the same asymptotic condition [61]

Ve (W*(glank) — gc) | = O(r*7) as r — oo.
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In the same manner one finds that

V% (B (W]ani) — tbe) | = O(r ) as r — 00.

One must also remark that an AC Go-manifold M can only have one end. This follows
from the Cheeger-Gromoll splitting theorem applied to a complete Ricci flat manifold [61].

If M were to have more than one end it would have reducible holonomy.

Example 2.4.4. 1. (R7, ) is clearly an AC Gy-manifold with any rate u < 0 since
C(S% = R\ {0}. In our convention pc = ¢, and the induced metric is the

Euclidean metric.

2. Recall the Bryant-Salamon manifolds are the total spaces of certain vector bundles.
One can show that the geodesic distance from a point to the zero section of the
bundle gives each manifold an AC Gy-structure. In the case of $(5%) the asymptotic
link ¥ = S3 x S and rate -3. The other Bryant-Salamon manifolds A% (S%) and
A% (CP?) have asymptotic links are CP® and F1 23 respectively and the rate of

converge is -4 in both cases.

3. Foscolo, Haskins and Nordstrém find in [34] infinitely many new diffeomorphism

types of AC Go-manifolds with asymptotic link (a quotient of) S% x 3.

2.5 Analysis on AC Manifolds

For the remainder of this thesis, unless stated otherwise, M will be an AC G5-manifold
with asymptotic link 3 and h the diffeomorphism identifying the end of M with the cone
on Y. Weighted Sobolev spaces provide a natural setting for analysis on AC manifolds so
we now give an overview of their properties following [72]. Let us denote by M-, for any
t > R the subspace of M given by h((t,00) x X).

Definition 2.5.1. A radius function p on M is a smooth function on M that satisfies the
following conditions. On the compact subset K of M, we define p = 1. Let x be a point
in Msog, then h™'(x) = (r,y) for some r € (2R, 00) and we define p(x) = r for such
a point. Finally, in the region h((R,2R) x X), the function p is defined by interpolating
smoothly between its definition near infinity and its definition in the compact subset K,

i a decreasing fashion.

We will need to construct spaces of sections suitable for studying elliptic equations on
AC manifolds. For this let £ — M be a vector bundle with a bundle metric and metric
connection V and denote by the subscript loc the space of sections 1 such that fn lie in
the desired space for all smooth compactly supported functions f on M. For example,
C

* (E) denotes the space of sections that in this sense lie in C*(E).
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2.5 Analysis on AC Manifolds

Definition 2.5.2. Let p > 1,k € NU{0} and p € R. Let (M, ) be an AC Gy-manifold
and fiz a radius function p. Let E be a vector bundle endowed with a bundle metric and

a metric connection V. Define a norm HHLQH on Ly . sections n of E by defining

1

k P

Inllz, = (Z / \pf—“vfn\p,o—7d\folg>
j=0 /M

where | - | is calculated using the bundle metric. We let Ly (E) denote the completion

under this norm.

The weighted Sobolev spaces are Banach spaces and, when p = 2, Hilbert spaces. An
element 7 € LZ, M(E) can be thought of as a section that is k times weakly differentiable
such that the derivative V’n is growing at most like 7#77 on the end of M. Indeed if
In| = O(p*) on the end of M then n € Lg ,, (F) for any e > 0.

Denote L, = Ly ,, then we have a weighted Hélder inequality [7]

”f®77”1f’

ptv

< [1€llcglinll o

where % = é + # As in the familiar L? case, this gives a duality pairing provided we
use the correct weight (LE(E))* = L,  (FE) where % + % = 1. We will mostly work with
the Hilbert spaces L ,(E). For such spaces one has that (L} ,(E))" = L?, _,_ (E), but
in practice we will only ever be interested in the kernel of an elliptic operator on such a
space and we shall see that regularity properties ensure this kernel is in fact independent
of k. In this way we can always work with Sobolev spaces with a positive degree of
differentiability.

We will also require weighted C* and C'> spaces.

Definition 2.5.3. Let p € R and let k € NU{0}. The weighted C* space C(E) is the
subspace of CF (E) such that the norm

k
Inllcs = Zsbplp]‘“vjm
=0

is finite. We also define C;°(E) = MioC}i(E). The spaces C} are Banach spaces but C5°

need not be.

The usual embedding theorems for Sobolev spaces can be adapted to the weighted
case, we state here only the results needed for our purposes. The theorem is stated using
p-weighted Holder spaces CL*(E), where oo € (0,1) is the Hélder exponent. These are
spaces of sections with [ continuous derivatives and controlled growth on the end of M.
The definition of a weighted Holder space is stated here so that we can properly state the

relevant embedding theorems.
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2.5 Analysis on AC Manifolds

Definition 2.5.4. Let o € (0,1), let k € N and let p € R. Let d(z,y) be the geodesic

distance between points x,y € M, let 0 < ¢; < 1 < ¢g be constants and let

H={(x,y) e M x M ; x #y,c1p(x) < p(y) < cap(x) and there exists
a geodesic in M of length d(x,y) from x to y}.

A section n of a vector bundle E, endowed with a bundle metric and a metric connection

V is called Holder continuous with exponent o if

[n]a = sup |77(‘T) _77<?J)|E < 0.

(z,y)eH d(ZL‘, y>o¢
Here V is used to identify the fibers E, and E, via parallel transport along a geodesic

connecting x and y (note we can find such a geodesic since (x,y) € H ).
The weighted Hélder space Cf*(E) of sections of E is the subspace of CPU(E) such

loc

that the norm

1l gt = lnlley + [l

1s finite, where
[l = [y

The spaces C*(E) is a Banach space and there are embeddings C}*(E) — C},(E)
whenever [ < k. With this definition in hand we can state the Sobolev embedding theorem

we require:
Theorem 2.5.5 (Weighted Sobolev Embedding Theorem). Let k,l > 0 and let o € (0, 1).

1. If k— % > |+ « then there is a continuous embedding Ly, ,(E) — Che(B).

5_

2.If k. >1>0 and k — L > l—g,pg q and p < v then there is a continuous
embedding Ly, ,(E) — L] ,(E).

We choose to work with the spaces Lj , for k& > 4 so that the sections we consider
are continuous. We can use the weighted embedding theorem to form a multiplication

theorem, adapting the argument of [19] to the weighted setting.

Theorem 2.5.6 (Weighted Sobolev Multiplication Theorem). Let £ € Lf ,(E), 1 €
L}, (F) and supposel > k. If k > I then multiplication L}, ,(E)x L} ,(F) < L}, ,(EQF)

1s bounded, i.e there exists a constant C > 0 such that

1€ @ 1llk v < ClE N Il

Proof. 1t suffices to show that each of the first k£ derivatives of £ ® n are in Li 4y
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2.5 Analysis on AC Manifolds

e Claim 1: If i > } then there’s a continuous pairing L? ,(E) x L3 (F) = L2, (E®
F),(k,7)— k&7 for any j > 0.
Proof of claim 1: Let & € L? ,(E), then since i > { one notes that Theorem 2.5.5

ensures & € CJ)(E), so that p~#¢ is bounded. It follows that {®n € L2, as required.

e Claim 2: If i < f,5 < I and i+ j >  then there is a continuous pairing L? ,(E) X

L (F)— L2, (E®F) given by (k,7) = k®T.

Proof of claim 2: Since i + 7 > % there exist ¢, ¢ such that ¢ > % — T

7 ] > T_ T
q’ 2 7
and % + & = % Then we are in a position to apply part 2 of Theorem 2.5.5 to see

there are embeddings

L2,(E) = L} ,(E)
L2,(F) < LY, (F)

Li(E)

Ly (F)

v

and thus there exists a constant C' independent of £, 7 so that

I6llzg < Cllslizz,

7y < Clirllzz .

Now applying the weighted Holder inequality we get

Ik @ 7|22

s < lklluglirlly < Cllze,

7'||L;{U

which proves the claim.

So let { € L ,(F) and n € L}, (E). To conclude the proof we first note that V*({ @ n) =
>, C/V=I¢@V/n and furthermore Vi—7¢ € Lz_(i_jw and Vi € L} ;, by the hypothesis
of the theorem. Now if k — (i — j) > I or  —j > I then we may appeal to claim 1 to see

that £ ® n € L2, If this does not hold we notice that

7
k—@—jHJ—j:k+l—iZk>§
so we may apply claim 2 instead. O

At several instances we shall need to apply the implicit function theorem when working
with these Banach spaces. We state here two versions that will be used in subsequent

chapters.

Theorem 2.5.7 (Implicit Function Theorem, Version 1 [27] ). Let Xy, Xy and Y be Banach
spaces and suppose F: X1 X Xy — Y is a smooth map with partial derivatives d;F. If the
partial derivative (doF) at a point (&1, &) is surjective and admits a bounded right inverse

then for all my near & there is a solution 1, to the equation

?(771’772) = ?(§1a§2)'

23



2.5 Analysis on AC Manifolds

Theorem 2.5.8 (Implicit Function Theorem, Version 2 [69]). Let X and Y be Banach
spaces and let W C X be an open neighbourhood of 0. Let F: U — Y be a C* map, for
some k > 1, with F(0) = 0. Suppose dF|o: X — Y is surjective with kernel KX such that
X =KD Z for some closed subspace Z.

Then there exists open sets V C K and W C Z both containing 0, with Vx W C U and a
unique C* map G: V — W such that

FL0) N (Vx W) = {(z,5()): = € V}.
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Chapter 3

Background From Gauge Theory

In this chapter we review the framework for studying gauge theory on Gs-manifolds,
nearly Kéhler 6-manifolds and homogeneous manifolds. Gauge theory is the study of
connections on vector (or principal) bundles together with a gauge invariant curvature
condition. Applications of gauge theory in dimension 4 and below have been hugely
successful, most notably with applications to topology, with tools such as Donaldson and
Seiberg-Witten theory providing novel new invariants. We shall consider gauge theory in
dimension 6 and 7, so we first provide an overview of gauge theory in higher dimensions.

The study of gauge theory in dimension greater than four has a long history— the
first significant result came from James Simons who announced in 1977 that Yang-Mills
connections on spheres of dimension greater than four are unstable and this result was
published two years later in [12]. Further results concerning stability of Yang-Mills con-
nections on quotients of S™ and more general homogeneous spaces were obtained by
Bourguignon and Lawson in 1981 in [11]. In 1983 Donaldson [24] showed that his theory
of ASD instantons could be applied to give strong restrictions on the intersection form
of a differentiable four manifold. Around the same time generalisations of the ASD in-
stanton to higher dimensions were first considered by Corrigan, Devchand, Fairlie and
Nuyts in [21] and included in their list of examples were the Spin(7) and Gs-instanton
equations on R® and R7 respectively. A similar analysis was later provided for a general
Riemannian manifold by Reyes Carrion in [17]. The first examples of instantons on higher
dimensional Euclidean spaces were given for the Spin(7) case by Fubini-Nicolai [38] and
Fairlie-Nuyts [31] and for the G5 case by Giinaydin-Nicolai in [41].

Early suggestions for defining invariants from instanton equations in higher dimensions
were given in [29] and [1| and around this time the first thorough study into Spin(7)-
instantons was carried out in the PhD thesis of Lewis [66]. The first major success in
the program came in 2000 when the Donaldson-Thomas invariant of Calabi-Yau 3-folds
was presented in [85]. Some of the technicalities of defining invariants from counting G-
instantons over compact manifolds were studied in Donaldson-Segal [28]. In particular

they observed bubbling phenomena can occur for a 1-parameter family of Ga-structures.
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Following this observation there has been much work to overcome the difficulties one
encounters from working with these moduli spaces. To define a suitable invariant one
must perform the instanton count (when the deformation theory is unobstructed the
moduli space is a 0-dimensional manifold) with a weight attached to each instanton-
in other words orient the moduli space as is familiar from Morse theory for example.
Following important initial work in this direction by Haydys [45] a system for orienting
the moduli space, by involving counts to solutions of gauge theoretic equations over
associative submanifolds, has been proposed by Haydys-Walpuski in [47] and further
work in this area can be found in [46] [23] and [22]. An alternate suggestion for a suitable
procedure for orienting the moduli space was given by Joyce in [55] and recent related
works [58, 57].

We shall consider Go-instantons on non-compact manifolds. Early work in this area
can be found in |79, 78] and the survey article [70] assesses the current state of play. The
manifolds under consideration in |70] fall into two families; the first is when the geometry
is asymptotically locally conical, which means it is asymptotic to a circle bundle over a
6-dimensional cone. The second is when the geometry is AC and it is the goal of this
thesis to develop the deformation theory for Ga-instantons in this setting. For this we
begin by reviewing the basic setup of gauge theory.

Let (X™,¢g) be an oriented n dimensional Riemannaian manifold, let P — X be a
principal G-bundle and let A be a connection on P. The bundle P comes with a gauge
group § = {principal bundle isomorphisms: P — P covering the identity}. The gauge

group acts on the space of connections .7, heuristically via the formula

g(A) = gAg~' —dgg ",

and one may form the space of connections modulo gauge, B = A/G. We denote by AdP
the vector bundle of Lie algebra valued sections, which is associated to the bundle P via
the adjoint representation of G on g = Lie(G). The space of connections is an affine space
identified with Q'(X, AdP) = T'(T*M ® AdP) since any two connections differ by such a
section. A choice of connection A on P gives rise to a linear connection acting on sections
of AdP which we shall denote V4. This is extended in the usual way to Q*(M, AdP) and
for a section f € I'(AdP) we use the notation VA f = d f interchangeably.

We assume G to be compact and semi-simple and endow the adjoint bundle with an
invariant inner product (, ), coming from the Killing form on g. Given two Lie algebra
valued forms o € QF(M, AdP) and 8 € Q'(M, AdP) we can form a real valued differential
form (a A )y € Q¥(M) by taking the inner product of the Lie algebra valued parts
of a and [ and taking the wedge product of the exterior algebra valued parts as usual.
The space of connections comes equipped with a natural functional, called the Yang-Mills

functional, defined as

YM(A) = | Fal = / (Fa A *Fa)g

M
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where we view F4 as a section of A*>(T*M) ® AdP. The Euler-Lagrange equation for this
functional is
d4Fa=0

which is called the Yang-Mills equation, and a connection whose curvature satisfies this
equation is called a Yang-Mills connection. Note that the Bianchi identity says that
dsF4 = 0, so Yang-Mills connections can be thought of as connections with harmonic
curvature. Observe that the Yang-Mills functional is gauge invariant and so descends to
B.

To seek out Yang-Mills connections one typically simplifies the problem by choosing an
algebraic condition on the curvature that implies that the Yang-Mills equation holds. For
example if A is flat, which is to say that F4 vanishes identically, the Yang-Mills equation
trivially holds. The condition of flatness is clearly gauge invariant, since the curvature
transforms as a tensor, and so the study of flat connections is a typical example of a gauge
theory. As previously mentioned one can often define invariants in such a setting, as an
example Taubes showed in [84] that one can recover the Casson invariant of homology
3-spheres from the moduli space of flat connections.

Another famous example comes from the study of ASD instanton connections on 4-
manifolds. If X is 4-dimensional then the Hodge star operator splits the space of 2-forms
on M into its £1 eigenspaces, i.e we have a splitting A*(T*X) = A7 ® A%. A connection
A is called an ASD (anti-self-dual) instanton if it satisfies the gauge invariant condition
xF'y = —F4. It is clear that such a connection is Yang-Mills thanks to the Bianchi identity,
but one can use Chern-Weil theory to show that such a connection is in fact an absolute
minimum of the energy on a compact manifold. An ASD instanton comes with a notion
of topological charge, which is simply the second Chern number ¢y(F) of the bundle F on
which it lives. On a complex vector bundle an SU(7)-connection has Yang-Mills energy
bounded from below by 8m%cy(F).

Example 3.0.1 (Standard ASD Instanton). The first non-trivial ASD instanton with
structure group SU(2) was constructed in [8], where an ansatz of rotational symmetry
was posed. We provide here a very brief introduction to this ASD instanton as it is
important for understanding the bubbling behaviour of Go-instantons as was done in [71]
and will be covered in Chapter 6.

Give S? the round metric so that (R*\ {0}) is isometric to the Riemannian cone
C(S?) = (RY x S3,dr? + r%gouna), Where 7 is the coordinate on R*. We may view any
connection on R* x SU(2) as a path in the space of connections on S* x SU(2) with
bounded curvature at the origin so that the connection extends over the singular point.
In [8] a 1-parameter family of solutions to the ASD instanton were given, the parameter

describes the concentration of the curvature around the origin. For any scaling parameter
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3.1 Gauge Theory On G>-Manifolds

we call this the standard ASD instanton and denote it Aasp. This connection extends

over 0 and (fixing the scaling parameter) has

1
[Faxsol = A+2)e
It follows that Aagp has finite Yang-Mills action and in fact YM(Aasp) = 872, in other
words Aasp has topological charge equal to 1. If we view Axsp as a path in the space
of connections modulo gauge on Q — S® then Aagp is a non-trivial loop starting and

ending at the trivial flat connection.

Another way of interpreting the ASD equation is as follows: Under the canonical
isomorphism A*(R*)* 2 so(4) the splitting A*> = A2 @& A2 corresponds to the splitting
s0(4) = su(2); @ su(2)_. From this viewpoint an ASD instanton is a connection such
that (denoting the bundle A? as su(2)_)

Fy eT'(su(2)- ® AdP),

in other words 2-form part of the curvature lies in the su(2)_ subbundle of A?. One
advantage of viewing the ASD equation from this point of view is that the notion of
instanton generalises quite readily. Suppose the manifold X carries a K-structure and
K is a strict subgroup of SO(n), then since £ C so(n) we get a subbundle of the bundle
of 2-forms on M, which we also denote by €. An instanton connection A on P is then

defined to be a connection such that
Fy eT(¢® AdP).

Depending on the K-structure and its torsion classes such a connection may or may not
be Yang-Mills. We shall see that the two cases treated in this thesis will have the desirable
property of implying the Yang-Mills equation.

3.1 Gauge Theory On G>-Manifolds

Let (M7, ) be a Go-manifold and recall that M admits a splitting of the bundle of
2-forms

AXT"M) = A7 © Aj,
and the fibers of A2, are copies of the Lie Algebra g,.

Definition 3.1.1. Let P — M be a principal bundle and let A be a connection on P.
We call A a Gy-instanton if
Fy € T(A}, ® AdP).
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3.1 Gauge Theory On G,-Manifolds

There are many alternative definitions of a Ga-instanton that one could give; it is
useful to understand each equivalent condition so we list them here for the convenience

of the reader:

e Since the fibers of A2, are copies of go C s0(7) and Gy is the group that stabilises

the parallel spinor s; we see that a G-instanton satisfies
FA ST = 0

where - denotes Clifford multiplication and only the 2-form part of F4 acts on the

spinor bundle.

e A 2-form o € A*(R")* is in A%, if and only if a A =0 [80] so A is a Go-instanton
if and only if
Fany =0.

e The space A, is characterised as the —1 eigenspace of the operator *(p A-): A2 —

A2, so the Gy-instanton equation can also be written
—FA = *(QD/\FA)

This version of the equation can readily be seen as a generalisation of the anti-self-
duality equation that defines an ASD instanton; an instanton is a connection whose

curvature lies in the -1 eigenspace of an operator on the space of 2-forms.

It is now easy to see that Gs-instantons are Yang-Mills, since xFy = —¢p A F4 we can
use the Bianchi identity and the fact that ¢ is closed to see that d%F4 = 0. Similarly
to the case of ASD instantons on compact manifolds when the Go-manifold is compact
(Gi>-instantons are not just critical for the Yang-Mills energy, they are in fact absolute

minima. To see this note that, since ¢ is closed, the characteristic class

#(P) == [ (FanFaone

is a topological invariant of the bundle. We assume that the chosen invariant inner

product is given by taking the trace (to avoid cumbersome constants) and calculate

#(P) == [ (FanFaone

:—/ (FA/\FA/\g0>g
M

= —(Fp,#2F ] — xF{*)) 12
= 2| FAl* + |1 FiY1?
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3.1 Gauge Theory On G>-Manifolds

where F] and F}* denote the projections of F4 to the orthogonal subspaces A2 and A3,

of A? respectively. Combining this with the Yang-Mills energy one finds that
YM(A) = 3||F1||* + x(P).

One can also write this energy in terms of x and || F}!|| but by assuming x > 0 we can
forget about this possibility. It is now clear that Gs-instantons are stable as claimed.
Observe also that the Go-instanton equation is a first order PDE, whereas the Yang-Mills
equation is second order.

Following [79] one can also interpret G-instantons from a Chern-Simons viewpoint.
Fix a reference connection A, which we assume to be a GGo-instanton, then any other con-
nection B differs from A by an element of Q'(M, AdP). Note that TA = Ax Q' (M, AdP),
so thinking of vectors on A as elements of Q'(M, AdP) we define a 1-form p by

p(B,a) = / tr(Fg Aa) AN,
M
One can show that p is a closed 1-form and since A is contractible, it must be the exterior
derivative of some function ©. Moreover p vanishes on dg(Q°(M,AdP) = Tx(G - A), the
directions tangent to the gauge orbits. Thus p descends to the quotient space B, and so
does 1, at least locally. If we write B = A + b then 9 becomes the multi-valued function

ﬁ([B]):%/M(dAb/\bJrgb/\b/\b) A

and one can show that J(g - A) differs from 6(A) by [ 4 for some o € H*(M,R). Note
1 may not be an integral class, so it may not be possible to think of ¥ as a circle valued
function. The gradient di) = p is none the less well defined on B [79], so if one is simply
interested in the critical points of 1, i.e Gs-instantons, this is not too problematic.

We list here some of the known examples of G>-instantons:

e The Levi-Civita connection of a GGo-manifold is a Gs-instanton. Thinking of the
Riemann curvature tensor R as an endomorphism 2-form, the fact that the Levi-
Civita connection has holonomy contained in G5 means that R(u,v) € go and
the symmetries of the Riemann curvature tensor means that R € I'(go ® g2) C
L(A*(T*M) @ End(T'M)).

e The first non-trivial example was given by Gunéydin-Nicolai in 1995, this is a
connection on Gy x R” — R” and shall be referred to throughout this thesis as the

standard Gs-instanton.

e Examples of Gy-instantons on SO(3) bundles over Joyce’s compact G5-manifolds
have been given by Walpuski [86]. On twisted connected sum manifolds, examples
have been given by Menet et. al in [74] and Walpuski [87]. Similar to the problem
of constructing G-structures on compact manifolds, the problem of finding G-

instantons on compact manifold yields non-explicit examples.
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3.2 Gauge Theory on Nearly Kahler 6-Manifolds

e Recall the Bryant-Salamon manifolds are non-compact manifolds admitting co-
homegeneity one group actions. It is natural to look for instantons which are
also invariant under this action. This is essentially the idea behind the example of
Clarke [20] who found a one-parameter family of examples on §(S3) = R* x S3.
Examples on the other Bryant-Salamon manifolds A% (S*) and A2 (CP?) were found
by Oliveria in [77]. In [71] Lotay-Oliveira studied the moduli space of Gy-instantons
over R*x S? (with both its asymptotically conical and asymptotically locally conical
structures) invariant under a given group action. Notably this lead to an instanton

on $(S?%) which arises as a limiting connection of Clarke’s family.

The important observation from the examples on this list is that those living over an
asymptotically conical Gy-manifold have a well defined limit at infinity. In fact, the
connection at infinity is an instanton connection for the nearly Kahler link of the AC
G9-manifold.

It is worth noting that the work of Huang [51], which shows that the curvature tensor
of a Gy-instanton on R can not lie in L2. More generally on a non-compact manifold, if
the Ga-structure is d-linear, which is to say that ¢ = dk and |k(x)| < 7(1 + dist(xg, z))

for some fixed base point g, then the curvature of any G5-instanton cannot lie in L.

3.2 Gauge Theory on Nearly Kahler 6-Manifolds

Throughout this section ¥ denotes a compact nearly Kéhler 6-manifold and @ — X
denotes a principal bundle with compact and semi-simple structure group. Since ¥ has
an SU(3)-structure, the notion of instanton connection is simply that of an instanton for

the SU(3)-structure. Recall that there is an orthogonal splitting
A (T*Y) = A ® AZ @ (w)r
and that A2 has fibers isomorphic to su(3).

Definition 3.2.1. Let () — X be a principal bundle. A connection Ay, on @) is called a

nearly Kdahler instanton (or a pseudo-Hermitian-Yang-Mills connection) if
Fa, €T(A; ®Q).

As in the Go-case there are several equivalent definitions we could have given and we

list them below:

e Since the stabiliser of the Killing spinor sg is SU(3), nearly Kéhler instantons satisfy

FAOO'SGZO‘
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3.2 Gauge Theory on Nearly Kahler 6-Manifolds

e Since the decomposition of A? is orthogonal, and A2 consists of real (1,1) forms
which are orthogonal to w, the nearly Kahler instanton equation is equivalent to

FEO = FPP =0, wiFa_=0.

oo

These equations are called the Hermitian- Yang-Mills equations, the name pesudo-
Hermitian-Yang-Mills connection is sometimes used since we are studying these

equations on a manifold with an SU(3)-structure that has non-vanishing torsion.

e The space A2 is the -1 eigenspace for the operator on 2-forms *(w A -), thus nearly

Kéhler instantons satisfy the anti-self-duality equation

_FAoo = *(w A FAoo)'

e Another equivalent formulation is that
F Aoo A ImQ = 0.

That this last viewpoint is equivalent to the other conditions requires a little more

work, the reader can find the proof in [92].

Now w is not closed so it is not immediately obvious that A is Yang-Mills. However Xu
[93] observed that da_ * Fa, = —dwA Fy4_ and since dw = 3Im€ is a (3,0) + (0, 3) form,
the wedge product dw A F4_ must vanish, so nearly Kéhler instantons are Yang-Mills.

Xu [92] also studied a Chern-Simons formulation of nearly Kéhler instantons. Define
a function on B = A/9 by

1

Voo(As) = 5/2Tr(Ffloo) Aw

and observe that, since w is not closed, this is not a topological invariant. In other
words, this is not a constant function. The picture here is somewhat different to the case
previously considered. Clearly 9, is gauge invariant, so defines a genuine function on B.
As noted by Xu [92, Remark 2.2.14] after fixing a reference connection A., one can use

dw = 3Im{) to write ¥, in the more familiar form

Doo(Ano + ) = %/

2
(FAOO/\CL——G/\G/\(I>/\IH19.
> 3

One finds [92, Scetion 2.2| that
W) = [ (Fao s o) A
s

and the Euler-Lagrange equation is d4__ (F4. Aw) which by the Bianchi identity is equiv-

alent to Fia_ A Im€) = 0. Thus critical points are precisely nearly Kéhler instantons.
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3.3 Homogeneous Bundles and Invariant Connections

The most important example of a nearly Kéahler instanton is the canonical connection,
this is a connection on 7% and when ¥ is homogeneous it can also be seen as a connection
on the bundle G — G/H which we will refer to as the canonical bundle (this should not
be confused with the canonical bundle from complex geometry). It is shown in [43]| that
the canonical connection defines a nearly Kéahler instanton on TY and in [42] that it
defines an instanton on the canonical bundle. We will revisit the canonical connection in

Section 3.3, where it will be placed in the framework of homogeneous bundles.

Remark 3.2.2. [t is easy to verify that a connection Ay on QQ — ¥ is a nearly Kdh-
ler instanton if and only if, denoting w: C'(X) — X as the natural projection map, the
connection ™ Ay is a Ga-instanton on 7w*Q). For this reason nearly Kdhler instantons are
the natural model for Go-instantons on AC conical Go-manifolds, with decay conditions

imposed at infinity.

3.3 Homogeneous Bundles and Invariant Connections

This section covers standard material on homogeneous bundles, invariant connections
and Wang’s theorem. This material is covered in [62| and summaries can also be found
in [77] and [71].

Let G be a compact, connected Lie group with closed subgroup H and form the
homogeneous space G/ H. Furthermore suppose this space is reductive so that g = hdm
and this splitting is respected by the adjoint action of H. Suppose £ = G Xy, V is a
vector bundle associated via some representation (V, p) of H. Examples of such bundles
are given by the tensor and spinor bundles, so we have a wealth of examples to work
with. We denote by p; (resp. pgr) the left reqular representation (resp. right regular

representation) acting on L*(G, E) via

Then there is a standard association of sections of ¥ and H-equivariant functions G — V

given by
L*(E) = LX(G,V)u ={f € L*(G,V); pr(h)f = pv(h)~" f for allh € H}

(we choose to work with L? sections as this is the natural setting in which to apply the
Frobenius reciprocity formalism which we use in subsequent chapters). We also denote

the induced Lie algebra action by p, thus L?(G,V )y also has the description

LG, V)a = {f € LG V) pr(X)f + pr(X)f = 0 for all X € b}.
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3.3 Homogeneous Bundles and Invariant Connections

The isomorphism L*(E) = L*(G,V)y works as follows: If f € L?(G,V)y note
that X;([g]) = [g, f(9)] is a well-defined section of L*(G X (g, V). Conversely if X €
L*(G X () V) then for each g € G there is a unique v, such that X([g]) = [g,v,]. The
map fx: G — V,g + v, is H equivariant and hence defines an element of L*(G,V)y.
Furthermore, the two maps X +— fx and f +— X are inverse to each other, so this
identification of sections and equivariant maps is indeed an isomorphism.

In this setting it is natural to study G-invariant tensors, which are typically determined
by a natural algebraic constraint. For example, it is demonstrated in [62] that there exists
a one-to-one correspondence between G-invariant metrics on G/H and Ad(H)-invariant
metrics on m. This fact will be useful for understanding the Bryant-Salamon metrics in
Chapters 6 and 7.

Recall on a principal K-bundle 7: ) — X, over any manifold X, the structure group
K acts on the right and for any p € P this action defines a homeomorphism K = Q) =

T ({p}).

Definition 3.3.1. Let Q — G/H be a principal K-bundle. We say that Q is a G-
homogeneous K-bundle if there is a lift of the natural left action of G on G/H to the
total space ) which commutes with the right action of K.

Let @ be a homogeneous K-bundle over G/H. Choose a point gy € 7' ({eH}), then
for all h € H, we see that h-qy € 7~ '({eH}). Thus, for each h € H there exists a unique
k € K such that h-qy = qo - k. This defines a map A\: H — K, we see that this is in fact
a homomorphism since qg - A(h1ha) = hiha - go = qo - A(h1) - A(h2). We call X the isotropy
homomorphism. This allows one to reconstruct the bundle @): Consider the associated
bundle

QxmyK=(GxK)/~

where ~ is the equivalence relation (gh, k) ~ (g, A\(h)k) for all g € G,h € H and k € K.
Then the map

G Xy K = Q, (9. k)] —g-q-k

defines an isomorphism of principal bundles. Thus, G-homogeneous K-bundles over G/H
are determined by isotropy homomorphisms A\: H — K. More precisely, isomorphism
classes of homogeneous K-bundles are in bijection with conjugacy classes of homomor-
phisms A\: H — K.

Suppose now we have a homogeneous K-bundle ) = G x (g ») K and a representation
(V, p) of K. Then the lift of the G-action to () endows the associated bundle £ = QX (x )V

with an an action of GG. Furthermore there is an isomorphism of homogeneous bundles
E =G X 00 V.

A section s € I'(F) is then said to be invariant if, once viewed as and H-equivariant

map s: G — V, it is constant. Thus we can decompose V' into irreducible components for
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3.3 Homogeneous Bundles and Invariant Connections

the action of H on V and call a section s € y(F) a G-invariant section if it takes values
in a trivial component (if there are any).

We can also understand gauge transformations in the homogeneous setting. Let () =
G Xy K be a homogeneous K-bundle and consider gauge transformations of () as
sections of ¢(Q) = Q X (k) K where c(k1)ks = kikoki . Using the isomorphism ¢(Q) =
G'X (#1,c00) I we can define a G-invariant section of ¢(Q)) from an element k of the centraliser
of A(H) via the map

l9] = lg, k]

where [-] denotes an equivalence class. We say a connection A is G-invariant if its con-
nection 1-form A € Q'(Q,€) is left invariant. The most familiar example of an invariant
connection is the canonical connection, which we now review.

Let X6 = G/H be a reductive nearly Kéihler homogeneous space. Recall the canonical

1-form 6 on G is the left invariant g-valued 1-form uniquely determined by
0(X)=X for all X € g.

The reductive property of the homogeneous space means that Ag., = 7, o 6 defines a
G-invariant connection on the canonical bundle G — G/H . It was verified in [42] that
the canonical connection defines a nearly Kéahler instanton on this bundle. If \: H — K

is any Lie group homomorphism, there is a canonical H-equivariant mapping
1:G—> G X\ K

given by
g9 1(g,e)]

where e € K is the identity. By first extending A.., trivially to G x K one obtains a

connection A% on G x, K. If X is an injection we can use i to consider G C G xy K,

then by |65, Proposition 4.7] we have
A?aan = )\*Acan

and
Fayle = MFs

can

A

can

where \,: g — ¢ is the induced Lie algebra homomorphism. The connection A2, defines

a nearly Kihler instanton on the associated bundle with Hol(A2 )= H.
In the same manner one can also view the canonical connection as living on a vector
bundle which has been associated via a linear representation of H. Let (V,A) be such

a representation and form the associated bundle F = G x, V. Associating vector fields
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3.3 Homogeneous Bundles and Invariant Connections

with elements of C*°(G, m)y and sections with elements of C°(G, V), the action of the

. . . A .
covariant derivative VAen is [4]

d

Vi flg) = pr(X)f(g) = i flge!* @), (3.1)

In practice we will work with the canonical connection on a fixed associated bundle and
simply write Ac.n, to denote the canonical connection living on this bundle.
The broader framework for studying invariant connections is provided by Wang’s the-

orem [88|. This gives an algebraic description of G-invariant connections on homogeneous

bundles.

Theorem 3.3.2 (Wang). Let Q = G x(u ) K be a principal homogeneous K-bundle.
Then G-invariant connections on P are in one-to-one correspondence with morphisms ®

of H representations

O: (m,Ad) — (8, Ad o \).

The connection Ag that corresponds to such a morphism ® satisfies (Ap — Acan)([1]) = ®
where we identify linear maps m — € with elements of (T*(G/H) ® AdQ)p.

At various points we shall consider constructing Gs-instantons over an asymptotically
conical manifold with a cohomegeneity one group action. The idea will be to apply
Wang’s theorem and look for a path in the space of invariant connections on the link,
which leaves one with an ODE to solve.

More generally let (G/H,g) be a Riemannian homogeneous space, form the Rie-
mannian cone C'(X) = (RT x X,dr? + r?gx) (where r is the coordinate on RT) and
let 7: C(X) — X be the natural projection map. If Q@ — G/H is a G-homogeneous
K-bundle then 7*() carries an action of G defined in the obvious way on each radial
slice r =const. We shall call a connection A on 7*() invariant if its connection 1-form
A € QY m*Q, ) is left invariant under this action. In looking for solutions to instanton
equations in this setting we shall see that imposing invariance allows one to reduce to
solving an ODE. Since want a connection defined on a complete manifold we must impose

suitable boundary conditions to extend the connection to the entire, complete space.
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Chapter 4

Gauge Theory on Asymptotically
Conical Go-Manifolds

In this chapter we begin to study gauge theory on asymptotically conical G5-manifolds.
We begin by introducing the analytic setup under consideration. The study of gauge
theory on weighted spaces has been considered by Taubes [83|, Nakajima [76] and Don-
aldson [25] among others so we borrow from these works to set up the basic machinery.
The original contributions of this thesis begin in Section 4.2. To specialise to the AC
G5>-manifold setting we provide a slice theorem for the action of the gauge group and
thus provide local models for the space of connections modulo gauge. We then show that
the instanton moduli space is locally homeomorphic to the kernel of an elliptic operator
and use the implicit function theorem to show this moduli space is a smooth manifold
when the deformation theory is unobstructed. Finally we give a brief overview of what
is known about the obstruction spaces in question and adapt the work of [50] and [51] to

show that flat connections are unobstructed for certain decay rates.

4.1 Gauge Theory on Weighted Spaces

In this section we adapt the basic setup of gauge theory to the natural boundary condi-
tions that we choose to impose at infinity. Since we require polynomial decay at infinity
and study an elliptic equation, a natural choice of function spaces to work with is the
weighted Sobolev spaces. We show that, for reasonable decay rates, the machinery famil-
iar from the case of compact manifolds follows through to the present case.

To begin with let us fix some notation. We first adapt the weighted Sobolev spaces
from Definition 2.5.2 to sections of twisted bundles. Let p > 1,k € NU {0} and p € R.
Let (M, ¢) be an AC Gy-manifold with radius function p and let P — M be a principal
bundle with connection A. In the notation of Definition 2.5.2 the vector bundle E in
question is £ =T ® AdP with T being either a tensor or spinor bundle. Thus 7" inherits

a metric g and the Levi-Civita connection and these are combined with the metric (, )4

37



4.1 Gauge Theory on Weighted Spaces

and connection A on AdP to furnish E with a metric and connection. The norm ||-|| r
N
on L} . sections  of E =T @ AdP is thus

1
k 13
Inllzy = (Z/ \pf—“vjn\”p—7dvolg>
j=0 M

where |- | is calculated using a combination of g and {, ), and V = V¢ ®@ V4 is the tensor
product of the Levi-Civita connection on 7" and the connection V4 on AdP. As before
Ly (T ® AdP) denotes the completion under this norm. For convenience we shall adopt
the following notation:

Qm (M) = C(A™T* M), (M) = L2, (A™T* M)
(M, AdP) == C=(T*M @ AdP),  Qp,(M,AdP) = [2 (A"T*M  AdP).

Let us now make precise the concept of a Gs-instanton decaying to a nearly Kéhler

instanton. To do so we first fix a suitable framing of our bundle.

Definition 4.1.1. Let M be an asymptotically conical Go-manifold, with asymptotic link
Y, and let P — M be a principal bundle over M. We call P asymptotically framed if
there exists a principal bundle () — X such that

WP~ 10
where m: C(X) — X is the natural projection map.

Remark 4.1.2. We loose no generality here since such a framing always exists. The
condition here is slightly more general than the setup of Taubes in [83] where it is assumed
that @ is trivial. When this is the case Taubes notes that if G is simple and simply
connected then P must also be trivial.

From now on we assume that P has a fixed asymptotic framing Q).

Definition 4.1.3. Let M be an asymptotically conical manifold. A connection A on an
asymptotically framed bundle P — M 1is called asymptotically conical with rate p if there

exists a connection Ay, on QQ — X such that, denoting Ac = 1 (Ax) we have
VE(h*(Ala) = Ac)le = O 717) (4.1)

for all non-negative integers j, for some p < 0 and where V¢ is a combination of the
Levi-Civita connection on the cone metric and Ac. Here |- |c is the norm induced by the
cone metric and the metric on g. We say A is asymptotic to Ay, and call the quantity

po = 1inf{u; A is asymptotically conical with rate u} is called the fastest rate of converge

of A.
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4.1 Gauge Theory on Weighted Spaces

Remark 4.1.4. Although we choose to measure the rate of convergence with the conical
metric and the coordinate 7 on the cone, we could also have chosen to do so with respect
to the AC metric and the radius function, the rate of converge is the same. Note it is
natural to require the difference of the connections to be O(r#*~!) since a 1-form a on
the link X satisfies |7*alc = O(r~') where 7: C(X) — X is the projection map. The
requirement that pu < 0 is crucial to the analysis that follows; it could be interesting to
consider allowing non-negative rates but the methods we develop in this chapter will no

longer be applicable.

It follows from |77, Proposition 3| that, on an AC Gs-manifold M, any G-instanton
with pointwise curvature decay will have as a limit (if it exists) a nearly Kéhler instanton
on the GG on the asymptotic link > of M.

The weighted Sobolev spaces provide a suitable framework for studying AC connec-
tions. Recall the space of connections is an affine space; a choice of reference connection
A identifies the space of connections A with Q!(M, AdP), since any other connection B

is B = A + a where a is a uniquely determined Lie algebra valued 1-form. We let

Arp1={A+a;aeQ, (M AdP)}

e}

be the space of Li“u—l connections and A, _; = Ni>oAy -1 the space of Cu , connections.

We also need to introduce gauge transformations with specified decay properties.
Recall a gauge transformation g is an automorphism of the principal bundle that covers
L —dgg=!.
Following the setup of Nakajima in [76] suppose P — M is a principal G bundle, pick a

faithful representation G — GL(V') and form the associated bundle End(V'). We define

the identity and that g acts on a connection A via the formula g - A = gAg~

Sks1 = {g € C°(End(V)); |1d — glls+1,. < 00, g € G a.e}. (4.2)

Furthermore we define G, := ﬂzgo Gi,u- The framework of weighted gauge groups has been
studied by Taubes in [83|, Nakajima [76] and Donaldson [25] among others. As such we

are able to borrow a preliminary lemma:

Lemma 4.1.5 ([25, Proposition 4.12]). The pointwise exponential map defines charts
making Gi11,, into Hilbert Lie groups with Lie algebra modelled on QQHM(M, AdP) for

k> 3. The group Gii1,, acts smoothly on Ay ,—1 via gauge transformations when k > 4.

Now we can define our main object of study:

Definition 4.1.6. Let M be an AC Gay-manifold with asymptotic link . Let P — M be
a bundle asymptotically framed by QQ — > and let A, be a nearly Kdihler instanton on

Q. The moduli space of Go-instantons asymptotic to A with rate p is

M(Ax, pt) = {Ga-instantons A on P satisfying (4.1) asymptotic to Asc}/G,.  (4.3)
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4.1 Gauge Theory on Weighted Spaces

To begin studying this moduli space we first try to understand it as the zero set of a
(non-linear) elliptic operator. Let us pick a reference connection A which we assume to
be a Go-instanton, then we can write any other connection B as B — A = a where a €
Q!(M, AdP). The relationship between the curvatures is Fg — F4 = d4a+a/Aa and hence
the Go-instanton equation for B becomes the non-linear equation 1) A (daa +a A a) = 0.
From an analytic perspective it is advantageous to work instead with the G-monopole
equation

daf+* W A(daa+aNa))=0 (4.4)

for some f € Q°(M,AdP). This is because adding the (local) gauge fixing condition
d*a = 0 to (4.4) yields an elliptic equation. The gauge fixing condition mentioned here
will be explored later in the chapter. Ignoring the technicalities of the gauge fixing
conditions for the moment, note that the Ga-monopole equation are precisely elements of
the zero set of the non-linear operator D 4: T'((A°@A)@Ad(P)) — T((A°@A)@Ad(P))
given by

Da= (dOA (P A (dja. A -))) ' (45)

To see that the linearisation of D4 is elliptic we compare the expression for the Dirac

operator (2.8) and conclude the linearisation is the twisted Dirac operator D where

Da= (dOA *(wdAszQ | (4.6)

Nothing is lost in moving to this setup for if (f, A) satisfies the Gy-monopole equation
(with a decay condition) then f = 0. Thus the zero set of D4 consists of solutions B
to the Go-instanton equation together with the gauge fixing condition d% (B — A) = 0.
Similarly if (f, a) satisfies the linearised Gi3-monopole equation then f = 0. We delay the
proof of these facts until later in this section.

Being a twisted Dirac operator, D 4 is first order elliptic and formally self adjoint. The
kernel of D4 consists of gauge fixed solutions to the linearised Go-monopole equation.
In studying the behaviour of this operator we are lead to consider various other Dirac
operators, so we briefly list those operators we will require. If A is an asymptotically
conical connection then there is a connection A, on ) — X and we define Ac = 7* A

as in (4.1). Hence we have operators

Operator Bundle Formula
Dy $(M)® AdP | cloVC® VA
Da, | $(0C)® Ad(7*Q) | clo V¢ g VAe
DY $(X) ® AdQ clo Vi@ VA=
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4.1 Gauge Theory on Weighted Spaces

The operator D4 fits into the analytic framework for operators on AC manifolds which
has been developed by Lockhart-McOwen in [67] and by Marshall in [72], whose work
we now adapt to our setting. Suppose (M, g) is asymptotically conical and p is a radius
function, then gacy = p~2g is asymptotically cylindrical. Let E any vector bundle with
fibre metric induced from the Riemannian metric (the cases we shall consider all fall into
this category) and let T (E, g) = (E, gacy1) be the natural isometry from the conformal
change of AC to Acyl metrics. Let E and F' be two such bundles over M. We will call
an operator K: I'(E) — I'(F) asymptotically conical with rate v if

p"(Tr) 'K T

is asymptotic to an operator K, that is invariant under the RT action on M, =
h((R,00) x X). Here two smooth order [ operators K, L: I'(F) — I'(F) are said to be
asymptotic if the following holds: Let U, be a finite an open cover of X, then over the
sets V, = h((R,o0) x U,) (which form an open cover of the end of M) the operators act

as rankF' x rankF matrices of operators

(Kv,)ij = Y (K)5'

0[Nl

(Lv,)ij = Z (L)720*

0<[A|<l

(here A is a multi index) and each such matrix satisfies
sup [ fod™ ((K)52 — (L)5%)]

for all 1 < i < rankF,1 < j < rankF,|[\| > 0 and 0 < |X\y| < [ and where {f,} is a
translation invariant partition of unity, subordinate to a finite open cover of M which
extends the cover {V,} of the end of M. A very detailed treatment of the constructions
mentioned here can be found in [72]. An important fact is that an AC rate v order
| operator K: I'(E) — I'(F) admits a bounded extension K: Lj,, (F) — Li , ,(F).
Assume the connection A that we work with is AC in the sense of (4.1). Our main cases

of interest are:

o £=AN(M)®AdP, F = AY(M) ® AdP and Ty = id, Tr = p. The operator V4 is
AC with rate 1, this follows straight from the AC condition on the connection (4.1)

in local coordinates. Similarly the operators d4 and d¥ are AC with rate 1.

10 .
0 p>' As noted in [61]

the Dirac operator D is AC with rate 1. It then follows from the above example
that the twisted Dirac operator is AC since if s € $(M) and € AdP one has
Da(s®n) =D(s)@n+clo(s®Vip).

o E=F=gM)®AdP) = (A°®A")®Ad(P) and Ty = (
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4.1 Gauge Theory on Weighted Spaces

o [/ =F = Ad(P) and Tk = Id. The coupled Laplace operator d* d4 is AC with rate
2. This follows from the fact that it is the composition of the AC rate 1 operators
d* and dy4 (this is proved in |72, Lemma 4.19]).

Furthermore the above operators are uniformly elliptic, which is to say they are elliptic
operators that converge to elliptic operators on the cone. The operators in consideration
converge to Dy, and (da.)*da, which are built from the connection A living on the
cone. Such operators come with estimates that ensure desirable regularity properties

analogous to the situation on a compact manifold.

Theorem 4.1.7 (|72, Theorem 4.21]). Suppose K: CX(E) — CX(F) is a smooth uni-
formly elliptic, asymptotically conical operator of rate v and order | > 1. Suppose that
ne€ Ly (F)and &€ L (F) is a weak solution of K& =n.
If€ € Lyg,(E) andn € Ly 4(F) then § € Ly, 5. (E) with

€z, p0 9 < C (Inllzg o + NENzg,. )

where the constant C' > 0 is independent of €.

Thus the kernel of an order [ AC uniformly elliptic rate v operator K : L} iy L?

ku v
is independent of k, we therefore denote the kernel simply by KerK), := KerK: L? g
L? u—v- Using this Sobolev estimate together with the weighted Sobolev embedding theo-

rem we find that the kernel of an AC uniformly elliptic operator has the desirable property
of consisting of smooth sections. To study the kernel of our operators we will need to

determine the set of critical weights which are determined by the asymptotic operators.

Definition 4.1.8. Let C' be a Gy-cone with asymptotic link ¥ and Ac = 1*(Ax). Let
K¢ be either the twisted Dirac operator Da. or the coupled Laplace operator d7y  da,
acting on sections of E = $(C) ® Ad(7*(Q)) and E = Ad(7*(Q)) respectively. The set
Wew(Kc) of critical weights of the operator Pe is

Weit(Ke) = {\ € R; 3 a non-zero homogeneous order A section n of E with Kc(n) = 0}.
(4.7)

In the case of a twisted spinor, a section 7 is homogeneous of order \ if

n=(f+(gdr+v))-sc

(here s¢ denotes the parallel spinor on the cone) with f = r11*(fy), 9 = r*7*(¢so) and
v = r’"Ir*(vy), where fuo, goo € Q°(3,AdQ) and vy, € Q1(Z, AdQ) (equivalently n =
"5+, where s is a spinor on X lifted to the cone). In general one has to allow for complex
critical weights but the formal self-adjoint property of the above operators in question
ensures all such weights are real. The set Wi, (K ) is countable and discrete. Recall an
operator between Banach spaces is called Fredholm if it has finite dimensional kernel and
cokernel. An operator whose range admits a finite dimensional complementary subspace

automatically has closed range, so this is in particular true of Fredholm operators.
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4.2 The Space of Connections Modulo Gauge

Theorem 4.1.9. Let E and K be as above. Then the extension K: Ly, (E) — Ly, (F)

k,u—v
is Fredholm whenever pu € R\ Wey(K¢). Furthermore if [, p'] N Wi (Pe) = 0, then

KerK, = KerK .

Thus the kernel of K is independent of the weight provided we do not pass through
any critical weights. For any k& > 4 and p < 0 we define:

(A da)pp = diydaz Qo (M, AdP) — Q) ,_,(M, AdP) (4.8)
(Da)ky = Da: Li+17ﬂ($(]\/[) ® AdP) — Lz7u71($(M) ® AdP). (4.9)

The last result we shall require is a Fredholm alternative for AC manifolds, see |72]
and [67] for the proof.

Theorem 4.1.10 ([72, Theorem 4.22]). Let K be an AC uniformly elliptic order | and
rate v operator and suppose that p & Weiw(Ke) so that the extension

K: Ly, (E) = Ly, (F)
1s Fredholm. Then
1. There exists a finite dimensional subspace O,_, of Lz#_y such that
Ly (F) = K(Li11u(E)) © Oy (4.10)
and
Opv EKerK*;_ . (4.11)

2. If u > —% + v then we can take

_ *
Op— =KerKZ;_ ..

3. The image of the extension K is the space

K(Li+l7u(E)) = {77 = L27M_V(F) ; (7, /<¢>L2(F) =0 for all K € Ker(K*),7,M+V} )
(4.12)

4.2 The Space of Connections Modulo Gauge

We now aim to give a description of the space of connections modulo gauge. Given a ref-
erence connection A we may view the gauge orbit G541 - A as a subset of Q}C 1 (M,AdP).
The infinitesimal action of the p-weighted gauge group is —da: Q9 1, (M, AdP) —
Q,lwfl(M ,AdP) and our strategy is to show this image is closed and hence admits a
complement. We aim to find a particular complement for this image, which is called a
“slice” of the action and as usual is given by the Coulomb gauge fixing condition. The

upshot of this can be seen from the following thereom:
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4.2 The Space of Connections Modulo Gauge

Theorem 4.2.1 ([36, Section 3|). Suppose G is a group acting on a Banach manifold X .
If through each x € X we can find a slice of the action (i.e an open submanifold Y such
that T,X =T,(G-y) ®T,N for ally € N and such that the restriction of the projection
X — X/G to Y is on-to-one) and if the action is free, then X/G is a smooth manifold.
If G is a Banach Lie group the same conclusion holds if a slice of the Lie algebra action

can be found.

Applying this theorem to the case of the weighted gauge groups SGjy1, action on
the space of connections Ay, 1 we see that a splitting of € , (M, AdP) into an (in-
finitesimal) orbit space and a complement shows the quotient space is a smooth Hilbert
manifold if the action is free. As in the case of a compact manifold the Coulomb gauge
fixing condition may not pick out a unique class representative globally, so we also give
a sufficient condition for this property to hold. Our strategy for this task is to develop
the Fredholm theory of the coupled Laplacian d* d 4.

To learn when d% d4 is Fredholm Theorem 4.1.9 tells us to look for homogeneous
order A elements of the kernel of d’,  da.. Such a solution looks like f = ¢ for some
£ € Q°(X, AdP) and we calculate

diy dao f = A7 (A daE — MA+5)E)

so such a solution exists if and only if A(A + 5) is an eigenvalue of d* dy4. . Given that
the coupled Laplace operator is positive, we find that there are no critical weights in the

range (—5,0). Therefore:

Proposition 4.2.2. Let A be an AC connection over an AC Gy-manifold. If p € (—5,0)
then the coupled Laplacian &%y da: Q). (M, AdP) — Q) , (M, AdP) is Fredholm,

The next lemma is a gauged version of integration by parts on AC manifolds, the

proof goes through identically to [61, Lemma 4.16] but is given here for completeness.

Lemma 4.2.3. Let{ € Q};’fljl(l\/[, AdP) andn € QO (M, AdP). Ifk,l > 4 and p+v < —6
then
(dag,m)re = (& dan) 2.

Proof. We apply Stoke’s theorem to the manifold with boundary M<, = {z € M ; p(z) <
s} (note this satisfies 9(M<;) = {s} x X). Thus by Stoke’s theorem

/ e - / et - / alenay - /{S}XQ“*%

It remains to show that the integral on the right hand side vanishes at s — oo. The

hypothesis of the theorem ensures | A 7| = O(p~07) for some € > 0. We therefore have

] [ enem,
{s}xZ

which vanishes at s — oo as required. O

< / 1€ A sn| dVolgg s < Cs™€
{s}xZ
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4.2 The Space of Connections Modulo Gauge

Corollary 4.2.4. Let f € Ker(d¥ da),. If £ <0 then daf = 0.

Proof. We have seen that there are no critical weights of d* d4 in the region (—5,0), so
d% daf =0 and p < 0 then f € Q°(M, AdP); 2, for some p1y < —2 and for any k. It
follows that d4f € Q. 41, “Ofl(M ,AdP). Integration by parts is valid for such and weight

and we see that
[dafllez = (dydaf, f)re = 0.
0
The following useful lemma which is due to Marshall [72] is a straightforward ap-

plication of the maximum principle. We denote by A = d*d the usual Laplacian on

functions.

Lemma 4.2.5. Let (M, g) be an asymptotically conical manifold. If i < 0 then Ker(A),, =
{0}.

As an immediate corollary we find that harmonic sections of the adjoint bundle must

vanish:
Corollary 4.2.6. Let f € Ker(d¥ da),. If p <0 then f =0.

Proof. Since f € Ker(d’ dy4), we know by Corollary 4.2.4 that d4f = 0 and the connec-

tion is compatible with the inner product so that
Alf* =a"d|f =2d"(daf, f) = 0.
So | f|? is a harmonic function and hence zero. O

Pausing for a moment we can finally justify our switch from the G,-instanton equation

to the Gy-monopole equation (4.4).

Corollary 4.2.7. If 1 < 0 and (f, A) € ), ,(M,AdP) © A satisfies the Ga-monopole
equation
daf +*(p ANFy) =0

then f = 0.

Proof. We apply d* to the Go-monopole equation daf + *(¢) A F4) = 0 and use that ¢
is closed together with the Bianchi identity to find that d% dsf = 0 and hence Corol-

lary 4.2.6 is applicable.
O

Corollary 4.2.8. Let A be an asymptotically conical Gy-instanton. If u < 0 and (f,a) €
Ly (A @ AY) @ AdP) satisfies the linearised Gy-monopole equation
daf +*(p Adaa) =0

then f = 0.
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4.2 The Space of Connections Modulo Gauge

Proof. Again we apply d% any observe that
Ay daf + x(ip Ad4a) =0

and since A is a Gy-instanton Ad4a = YA[Fa, a] = 0 so we may appeal to Corollary 4.2.6.
O

We return our attention to splitting the space of 1-forms. It is sufficient for our
purpose to work in the regime where —5 < p < 0, since each known example (except for
the twistor lift of ASD instanton as given in [77]) has fastest rate of convergence in this
interval. Note from (4.8) that (d% da)k,, has trivial cokernel, since the adjoint maps from

the space with weight —5 — 1 < 0. The bounded inverse theorem then yields:

Lemma 4.2.9. Let (M,g) be an asymptotically conical Go-manifold and let A be an
asymptotically conical connection on a principal bundle P — M. If —5 < p < 0 then the

coupled Laplacian
dida: QQHM(M, AdP) — 927“72(1\/[, AdP)

18 an isomorphism of topological vector spaces.

This allows us to split the space of 1-forms, heuristically Qll’#fl(M ,AdP) = Imds @
Kerd?. Note however that the splitting may not be orthogonal, since the weights we
require need not be in the L? integrable regime. Instead we make use of the following

basic lemma from Banach space theory:

Lemma 4.2.10. Suppose T': X — Y 1is a bounded linear operator between Banach spaces,
so that the kernel KerT is closed and admits a closed complement. A closed subspace

Xo C X is a complement to KerT if and only if
1. T|x, is injective
2. T(X) =T(Xy).

Proof. In a Banach space X two closed subsets X, and K are complementary if and only
if they are algebraically complementary, which is to say Xo+ K = X and XqN K = {0}.
Let K be the kernel of the bounded linear operator 7" and let X be such that the above
conditions hold. Let z € Xy N K, then we must have that x = 0. For any x € X there is
a unique zg € Xy such that T'(x) = T(zo), so we can write x = (x — xg) + xo and since

r — xg € K we are done. O

We would like to apply the above lemma with X = Qllc+1,u—1(M7 AdP), T = d% and
Xo = da(,5,(M,AdP)), thus we must first establish that the image of d is closed.

Lemma 4.2.11. The operator dy: QQH’H(M, AdP) — Ql{:+1,u—1

(M, Ad) has closed im-

age.
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4.2 The Space of Connections Modulo Gauge

Proof. Let {daf.};Z; be asequence in d (9, ,(M,AdP)), andleta € O, , (M, AdP)
be such that

”dAfn - a”kJrl,ufl — 0.

Applying the bounded operator d* we see that d% d f,, converges to d’a in Qg} 1 (M,AdP).
Since d* d4 admits a bounded inverse we find that f, converges to f = (d% d4)~'d%a in

Q0 +2,M(M ,AdP). Finally we apply the bounded operator d4 and see that

ldafn —dafllrs+1,u—1 — 0.
So a = d4 f by uniqueness of limits and hence Imd4 is closed. []

Theorem 4.2.12 (Slice Theorem). Let —5 < pu < 0 then

Qlchrl,#,l(M, AdP) - Ker(dz : QII€+1,,U,71(M7 AdP) — Q(lz:,,u72(M7 Adp)>@dA(Qg+2,,u(M7 AdP))
(4.13)

Proof. We apply Lemma 4.2.10 to the operator d% : €, , (M, AdP) — @} , ,(M,AdP).
Since d is AC this extension is bounded and hence the kernel is a closed subspace. We
claim that d4(Q}, (M, AdP)) satisfies the hypothesis of Lemma 4.2.10. Firstly, as noted
above this is a closed subspace.
Claim 1: d7 is injective when restricted to da(€2),, (M, AdP)).
To see this suppose that d% daf = d¥ dag for f,g € ng,#(M, AdP). Then f — g is
harmonic and hence 0, so certainly dof —dag = 0.
Claim 2: d% da(Q,, ,(M,AdP)) = d% (11,1 (M, AdP)).
This follows from Lemma 4.2.9.

U

The importance of this result is that it gives us a local description of the space
Brt1,y = Akt1,u—1/Gkt2, of connections modulo gauge. The infinitesimal action of the
gauge group Gpyo, is —da: O, (M, AdP) — Q. (M,AdP), so we can interpret
Theorem 4.2.12 as a so called “slice” theorem— we have found complements for the action
of the gauge group. If the action is free, it will follow from general theory that the
quotient space is a smooth manifold.

To see that the action is free set 'y, = {9 € Gxpu; g- A = A}. Recall we are viewing
gauge transformations as sections of End (V') as defined in (4.2). By a standard argument
"4, is closed Lie subgroup of End(V}), for some base point =, whose elements are covari-
antly constant sections of End(V') [27, Section 4.2.2] (i.e sections g for which d4g = 0).
Recall G is assumed to be semi-simple and the inner product on the representation V'
is assumed to be invariant. The connection A has Hol(A) C G so it preserves the inner
product on V' and thus also preserves the induced inner product on End(V) =V @ V*.
Thus, regarding gauge transformations as sections of End(V') as in (4.2), if g € 'y, then
lg—1d] € 9, ,(M,AdP) and Alg — Id|* = 2d*(da(g — Id), g — Id) = 0. We have seen
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4.2 The Space of Connections Modulo Gauge

that such a function must vanish, so that I'4 , = Id. This is in contrast to the case when
M is compact since, in the AC case, reducible connections (those with Hol(A) a proper
subgroup of GG) do not lead to singularities in the space of connections modulo gauge. As

a consequence, if we set
Tapue={a € Kerdj: Q,lfﬂ,u_l(M, AdP) — Qz,u—z(M’ AdP); |lallku—1 <€}  (4.14)

then T4 . models a local neighbourhood of A in By ,. We summarise this in the following

corollary:

Corollary 4.2.13. Let P — M be a principal G-bundle with G semisimple. If —5 <
p < 0 then the moduli space Byy1, = Akt1,u—1/Gk+2, 1 a smooth manifold and the sets

Ta e provide charts near [A].

Working with the local models T4, amounts to solving Coulomb gauge condition
“a = 0. This condition picks out a unique gauge equivalence class locally but may not
do so sufficiently far away from A. The failure of a global gauge fixing is a reflection of
the rich topology of B [26]. Using the surjectivity of the coupled Laplacian we can prove
a weighted version of |27, Proposition 2.3.4| which gives a sufficient condition for solving

the Coulomb gauge condition:

Proposition 4.2.14. Let P — M be a principal G-bundle with G a compact Lie group
and let A € A,y for p € (=5,0). There is a constant c(A) > 0 such that if B € A,
and B = A+ a satisfies

< c(A)

lallzz

then there is a gauge transformation g € G, such that g(B) is in Coulomb gauge relative
to A.

Proof. We have that
g(A+a) =A+gag™" — (dag)g™".

Write g = exp(x) = eX for a section x of AdP, then we are looking to solve the nonlinear

equation F(x,a) = 0 where
F(x,a) = i ((dae¥)e™ — eXae™X) .
The linearisaton of this operator is
dF(0,0)(&;b) = dy dag — dyb.

We are in a position to apply the implicit function theorem. In the notation of The-
orem 2.5.7 we pick the Banach spaces X; = Qf , ,(M,AdP),X, = Qf ,(M,AdP) and
Y the L3, , closure of d%(Q), ,(M,AdP)). By Lemma 4.2.9 (d2F)0,) is surjective and

therefore we can solve for small enough a. More precisely there is a constant ¢(A) for
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which we can solve the equation provided ||a||ls,—1 < ¢(A) since we are topologising the
space of connections with the Liu norm. The solution g = exp(x) is on the outset only
in %, but we now bootstrap to show in fact g € §,,. For this we let u € G, and note

that we can write
d dau = (dquu™) o dgu +udfau™ +dau e +ua sut dyu,

so if k > 4 (so that u is continuous) and a lies in Q) ,(M,AdP) (in particular a is
smooth) then the right hand side of this equation lies in Lj , , and hence by elliptic
regularity u lies in L? +1,+ Thus by bootstrapping our solution solution g € G5, to the

Coloumb gauge equation fixing equation we see that g € G, as claimed. O

4.3 A Regularity Result

We observed that elements of the zero set of the operator D, from (4.5) consists of
(smooth) Ga-instantons B together with the Coulomb gauge condition d*% (B — A) = 0
which fixes a gauge near to A. The decay condition (4.1) we impose on connections in the
moduli space M(Ax, f1)r, that a neighbourhood of 0 in the zero set of D4: C7° ) — CF%,
is homeomorphic to a neighbourhood of [A] in M(Aw, ). We now show that we may
instead study the moduli space using the weighted Sobolev spaces; this is advantageous
since these spaces are the natural setting for studying elliptic operators on AC man-
ifolds. Let us denote by M(Aw, 1t)r the space of Li#il connections by L? 41, gauge
transformations. Note that the Sobolev multiplication theorem (Theorem 2.5.6) ensures
Dy: Ly, 1 (F(M) @ AdP) — Li ,_,($(M) ® AdP) is bounded if k > 3.

We use the regularity of uniformly elliptic, asymptotically conical operators to obtain

a result comparable to Donaldson and Kronheimer [27, Proposition 4.2.16].

Proposition 4.3.1. Let k > 4 and —5 < p < 0. Then the natural inclusion M(Axo, pt) g1 <
M(Aoo, 1) 18 a homeomorphism.

Proof. Suppose A is an asymptotically conical Gs-instanton of rate p and class Liju_l',
we will show that there exists a gauge transform g such that g(A) is in L +1p-1- Flrstly
we know by Proposition 4.2.14 there is an € > 0 such that any L , ; connection B with
|A — B| 3, , < ¢€can be gauge transformed into Coulomb gauge relative to A. Since
C2 1 lies densely in Li ,—1 We may pick a smooth connection B satisfying this condition,

then we know there exists a g in Lj,, , with
di(g~'(B) — A) =0.

The Coulomb gauge condition is symmetric, so that A is also in Coulomb gauge relative
to g71(B), i.e
A1z (A—g7'(B)) = 0. (4.15)
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Let us denote g(A) = B + a, then we can apply ¢ to (4.15) deduce
pa = 0.
Furthermore we have the relation
() Ndpa) = —x (VA Fg) —x(¥ ANa A a).

Now the weighted multiplication theorem Theorem 2.5.6 ensures that a A a € L,ZQ(M_”
and the curvature of B lies in C°,. Thus Dp(a) € Lz’ u—2 and the asymptotically conical
uniformly elliptic estimates for the smooth operator D allow us deduce that a € Lj,, , ;.
That is, we have bootstraped to gain a degree of differentiability. This establishes the
surjectivity of the inclusion.

The map is clearly injective and continuous; to see it is a homeomorphism we show that
the two spaces have the same convergent sequences with their induced topologies. Let
{an}52, be a sequence in M(A, p1) which is convergent in the L , , norm, i.e there is
some oo € M(Aco, pt) With ||an — aoollku—1 — 0 as n — oco. Observe that, since a,, and

(s are in the zero set of Dpg, we have that
|Dp(an — aoo)| = | % (Y A (an A G — Qoo N Go))| = |T7(00 A @y — Qoo N Aoo)]

where the final equality follows from the facts that the Hodge star operator acts isomet-
rically and since the operation of wedging with v is an isomorphism of representations
between A% and A® which preserves the norm. To see that {a,}°°; also converges in the

L2

k41, norm we observe that

lan — aoolit1,0-1 < CUIDp(an — aco)|liu—2 + l[@n — aoollou—1)
< O(llan A @y — age A aoonkvu—? + [lan — ‘IOOHO,M—l)
< C'(llanllk,-1llan = asollku—1 + llasollk,~1llan — acollru—1 + llan = acollou—1)

with the constants C, C" > 0 coming from the elliptic estimate for the smooth operator Dy
and the weighted Sobolev multiplication Theorem 2.5.6. Now since {a,}°, converges
in L, ; and there is a continuous embedding Lj , , < L _,, the sequence ||,z 1
is bounded independent of n and therefore ||a, — adoo|lg41,,—1 — 0. Since the spaces
M(Aso, ) and M(As, i1)g+1 have the same convergent sequences, the inclusion is a
homeomorphism.

[]

Note the weighted Sobolev embedding theorem ensures the spaces M( A, )i consists
of smooth connections. This yields the following important corollary; the moduli space
near [A] is modelled on a neighbourhood of 0 in the zero set of the non-linear elliptic

operator D4 in any Sobolev extension.

Corollary 4.3.2. Let A be an AC Gs-instanton, asymptotic to A, with rate p where
—5 < 11 < 0. The zero set of the operator Da: Ly , 1 ($(M) @ AdP) — Li ,_,(H(M)®
AdP) is independent of k > 3 and a neighbourhood of A in M(Ax, i) is homeomorphic
to a neighbourhood of 0 in (D 4)~1(0).
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4.4 Fredholm and Index Theory of the Twisted Dirac Operator

4.4 Fredholm and Index Theory of the Twisted Dirac
Operator

Recall that the operator Da: Li,,, — Lj, , is Fredholm when there are no non-zero
solutions to
Dy (rfse) =0

where r*s., denotes a homogeneous order p — 1 spinor on the cone. We will find an
expression for the Dirac operator on the cone in terms of the operator on the link X to
determine the solutions to this equation.

We begin by comparing the Dirac operators on the link 3 and the cone C. Let X
a nearly Kéhler 6-manifold and (C, gc) = (X X Rsg,dr? + r2g) be the cone on . We

consider first the case of the ordinary Dirac operators

DY:T($(%) = T(5())
DY T($(C)) = T(H(C))

arising from the Levi-Civita connection acting on the spin bundle.

Let €' be a local orthonormal frame for 7*Y, then E° = dr, E* = re* forms a local
orthonormal frame for 7*C. We use the convention that an index of p or v runs from 0
to 6 whilst an index of 7, j or k£ runs from 1 to 6. Denote by 0; differentiation with respect
to the vector field dual to e’ using the metric g and denote by D; differentiation with
respect to the vector field dual to E? with respect to the metric go. We write V¢ for the
Levi-Civita connection on the cone and V for the Levi-Civita connection on 3, similarly
we write d¢o, d for the exterior derivatives on the cone and ¥ respectively.

The connection one form of the Levi-Civita connection on the cone should be metric
compatible and torsion free, which here means that do = Vo A. Let wj- be the connection
one form of the Levi-Civita connection on 7%, so that Ve' = —we’ in this frame. Then

i

_ J
wj = —w; and

de’ + w§ ANel =0 (4.16)

(this is equivalent to d = VA).
On the cone we let 2 = —QF be the Levi-Civita form, then testing that (4.16) holds we
first note that dE® = d?r = 0 so that Q9 A E* = 0, and testing when i > 0 we find

deE' = —QZ N EH
= —Q;'-/\rej — Qb Adr

and also

deE' = dr A et + rdeé

:dr/\el—rw;/\e].
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4.4 Fredholm and Index Theory of the Twisted Dirac Operator

Since we know (4.16) holds we conclude that

The connection acts on one forms as
Vevuet = (dcvu U,,QZ) ® et
Let I'%, be the Christoffel symbols of the Levi-Civita connection on the cone, so that
BTh, = 9
and %ij be the Christoffel symbols on the Levi-Civita connection on X so that
eky,ij = w;

Note that T, = 0 and I'y; = 16"*. We take the natural Clifford algebra embedding of
Cl,, into CI& given by e’ — E'E. The action of the Dirac operator on ¥ is

, 1
D’s = E'E° (8 s+ 4% E°EIE°E*s ) (4.17)
The operator on the cone acts as

4 1
D(s) = E°Vs + E' (Dis + —Fl’-’uE“E”s)

4
—~ EO% +E <Dis + i (THE°E7s + T, EVE®s + FijjEks)>
_EO%+E’< 8s+ (%EOE s —9; EJEOS—l-%JEJEk ))
= EO% — %EiEiEos + %E (ais + ivijOEonEks) .

Thus we have that

D¢ Eog + 3E° + 1EZ (@s—l— i%JEOEJEOEk )

and comparing to (4.17) one finds

DY =E°. (%+%(3+D0)). (4.18)

Remark 4.4.1. The above calculation generalises easily to the case of (X™,g) an n-
dimensional Riemanninan manifold and (C(X),dr? +r?g) the (n + 1)-dimensional cone

of X.

52



4.4 Fredholm and Index Theory of the Twisted Dirac Operator

We would like to generalise this to the case of twisted spinors and twisted Dirac

operators. Recall the notation A¢c = 7* A, and consider the operators

Dy : T(3(%) ® AdQ) — I'((%) ® AdQ)
Da,.: T($(C) ® Adn*Q) = T($(C) ® Adr*Q).

These operators factor as follows:

DYy =cso(VRl+1@Va=)=D'®1+clo(l® V™)
DACIcl7o(Vc®1+1®VAC):DC®1+017O<1®VA0)

it suffices consider the terms clg(1 ® VA=) and cl;(1 ® VA¢). We choose a local frame
{v,} of AdQ and let @ = €3] the the connection 1-form of V4 and let Q¥ = E'T?, be
the connection 1-form of VA, Then 7*@ = Q and we can apply a similar analysis to

before. Let s4 be a local frame for the spin bundle. One finds
DY (faa54 ® ) = D°(faa54) ® v + E'E° faa54 @ Foyvp

whilst

0 1 , -
DAC(anSA ® Ua) - EO ' (510’4“8‘4 + ;(3 + DO)(anSA)> ® Vot (EZanSA> & F?avb

a 1 1 ; ~
= FE°. (EanSA + ;(3 + DO)(anSA)> & Vg + ;(ElanSA) ® Fou Vs

0 1
= E°. (EJF . (3+Df2100)) (faaSa @ g).

So the twisted Dirac operators satisfy the same relation as in the case of the ordinary

spin bundle
o 1
Dy, = E°- (a_+?(3+D9*°°)>' (4.19)

-
A simple calculation shows that the volume form Volg anti-commutes with the family of
Dirac operators DY, so the spectrum of this operator is symmetric about 0. Furthermore
the spectrum of a Dirac operator is unbounded and discrete [10] and these facts combine
with (4.19) to describe the set of critical weights Wit (Da,. ),

Proposition 4.4.2. The set of critical weights for the twisted Dirac operator
Da: Ly ($(M) @ AdP) — Li ,_,(3(M) ® AdP)

is Werit(Da) = {1 € R: p+3 € SpecDY_} where DY is the Dirac operator on the link
twisted by the asymptotic connection As. Furthermore this set is discrete, unbounded and

symmetric about —3. This operator is therefore Fredholm whenever 43 € R\SpecD%w.
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4.4 Fredholm and Index Theory of the Twisted Dirac Operator

Recall that in studying the deformation theory of M(A., u) we are lead to work
with the operator Da: Li,,, , — Lj, , acting on a u — 1 weighted Sobolev space,
since the kernel of this operator consists solutions to the linearised Gs-instanton equation

converging with rate p. Therefore let us set
W ={u€R; pu+2 e Spec(DY_)}, (4.20)

so that Da: Ly, , ; — Lj, 5 is Fredholm whenever 4 € R\ W and W is symmetric
about —2.

Remark 4.4.3. In [18] Charbonneau and Harland show that the linearised nearly Kahler
instanton equation on the link X is solved by one forms a satisfying Da_(a - s) = 2a - s.
Therefore we may think of rate 0 deformations on cone C(X) as being deformations of

the nearly Kéhler instanton A..

Recall the index of a Fredholm operator P is the quantity indP = dim(kerP) —
dim(cokerP). The Lockhart McOwen theory provides an index change formula that de-

scribes how the index varies as we vary the weight of the Sobolev space.

Definition 4.4.4. Let i € R and define

K(p) = {770 € KerDy, ; ne(r,o) = Z(log r)'n;(o) each n;is a section of $(X) ® AdQ} .

=0

That is, K(u) consists of sections in the kernel of D, which are polynomials in logr

whose coefficients are homogeneous order p spinors.

The importance of these spaces is that they describe the change in index as the
weight varies. We let k(p) be the dimension of the dimension of the space K(u) in
Definition 4.4.4.

Theorem 4.4.5. Letind, denote the index of Da: L, , ($(M)@AdP) — L} , ,($(M)®
AdP). If p, i/ € R\ W are such that pn < 1/, then

ind, Dy —ind, Dy = Z k(v).

veWN(u,u')

Remark 4.4.6. Note the operator Da: L, _5 — Lj _, has index zero, this follows from
the fact it is self adjoint since the dual of the target space has the same weight as the
domain— in other words the kernel and cokernel are isomorphic. It follows that when
DY has non-trivial kernel we have ind(Ds)_oye = 1(dim KerDY ) for € sufficiently
small that [-2,—2 4 €) contains no other critical weights. Observe that in this situation
the expected dimension is negative for all rates p < —2. If =2 & W then the same

observation shows that ind_o, D4 = 0.
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4.5 Structure of the Moduli Space

In analogy with the results of |72] we show that being self adjoint ensures that elements

of K(u) have no polynomial terms.
Proposition 4.4.7. Suppose

Dy, (r“l Z(log r)jvj(a)> = 0.

j=0
Then m = 0.

Proof. Let ve € K(u), then we may write

m

ve(r,o) = rit Z(log ) v;(o).

5=0
Suppose for a contradiction that m > 0. Thinking of D4,v¢c as a polynomial in logr we
first compare coefficients of (log )™ to find

DY v = — (i + 2)vp.
Now comparing coefficients of (log7)™! we find
(4 2)vm—1 + Moy, + DY _vp1 =0
and we us the self-adjointness of DOAOOU to compute
m<Um7Um>L2(E) = _<D%wvmflyvm>L2(Z) - (,u + 2><Umflavm>L2(E)

= —(Unm—1, DY _Um) 12y — (1t + 2) (U1, Um) £2(3)

= —(Up—1, — (1 + 2) V) 22(s) — (1t + 2) V-1, V) £2(s2) = 0.
Thus v, = 0 which yields our contradiction. O]

This proposition shows that K(u) is simply the —(u + 2) eigenspace for the operator
DY__. The dimension of these spaces therefore determines how ind, D 4 varies as we change

the weight p.

4.5 Structure of the Moduli Space

Suppose we work in a small enough neighbourhood of A in the space of Li .1 connections
so that we may solve the Coulomb gauge condition. Then we have seen that the the zero

set of (D 4),—1 consists of smooth sections and that its linearisation is Fredholm whenever
(11 +2) & SpecDY _.

Definition 4.5.1. For a given weight i < 0 we define the rate p infinitesimal deformation

space to be
I(A, 1) = {(f, @) € Qyy 1 (M, AdP) & Qp iy, (M, AdP); Da(f,a) = 0}.

By AC uniform elliptic reqularity this is independent of k and is finite dimensional.
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4.5 Structure of the Moduli Space

When Dy: L3, — Li , , is Fredholm it has closed range and finite dimensional
kernel, furthermore we can choose a finite dimensional subspace O(A, p) of ), (M, AdP)®
Q4.,,_o(M, AdP), called the obstruction space, such that

ng_Q(M, AdP)@Q,lw_z(M, AdP) = Dy (Qg+1,u—1(M> AdP) ® Q,lﬁw_l(M, AdP))@O(A, 1).

Again by elliptic regularity we have that O(A, i) is isomorphic to the kernel of the adjoint
map (D4)41,-5—, forany I € N . If —g < i < 0 then the kernel of the adjoint is contained
in the target space and we may choose O(A, u) = ker(Da)y,.

Remark 4.5.2. One can also describe the framework for study deformations of Gs-
instantons in the form of an elliptic complex. In this weighted setting, the complex takes
the form

da Y Ada da
QO (M, AdP) —s 0t (o, AdP) S8 (, adP) — Q7 (M, AdP).

Denote the cohomology groups of this complex by wa. We have already noted that the
zeroth cohomology group is trivial Hy , = {0}, whilst H}y , = (A, 1) and
H3, = O(A, p) provided —5 < pu < 0.

With this in hand we can apply the implicit function theorem to integrate our in-

finitesimal deformation theory.

Theorem 4.5.3. Let Ay, be a nearly Kdhler instanton and let A be an AC Gs-instanton
converging to As. Suppose that € (R\ W) N (=5,0). There exists a smooth manifold
M(A, 1), which is an open neighbourhood of 0 in I(A, ), and a smooth map M(A, p) —
O(A, ), with 7(0) = 0, such that an open neighbourhood of 0 in w=1(0) is homeomorphic
to a neighbourhood of A in M(Ax, 1t). Thus, the virtual dimension of the moduli space is
dimJ(A, u) — dimO(A, p) and M(Aw, ) is smooth if O(A, u) = {0}.

Proof. For k > 5 let
X = (Qg—l—l,u—l(Mv AdP) & Q,{;+17M_1(M, AdP)) x O(A, p)

and let
Y= H,(M,AdP) & Q} ,_,(M,AdP).

Pick a sufficiently small neighbourhood of A so that we may solve the Coulomb gauge
condition. This in turn gives an open neighbourhood U of (0,0) in Q7 , (M, AdP) @
Q}W_I(M, AdP).

We define a map of Banach spaces F: X — Y by

F(v,w) = Dy(v) +w
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and note F(0,0) = 0. The differential of F at 0 acts as

dﬁtl(mo)l X — H

(v,w) = Dav + w.

By the definition of the obstruction space dJ| o is surjective and dF | o) (v,w) = 0 if and
only if (Dav,w) = (0,0). Thus kerdF |0y = K = I(A, ) x {0} is finite dimensional and
splits X. That is, there exists a closed Z C X such that K & Z = X and we can moreover
write Z = Z; x O(A, p) for some closed 2, C Q) , (M, AdP)® Q. , (M, AdP). We
are now in a position to apply the implicit function theorem Theorem 2.5.8 — we deduce

that there are open sets

V CI(A )
Wi C 2,
W, C O(Aa :u)

and smooth maps G,;: V — W, for j = 1,2 such that
FH0) N ((V x Wi) x Wa) = {((v, G1(v)), G2(v)) : v € V}

in X = (J(A, ) & Z1) x O(A, ). Therefore the kernel of F near (0,0) is diffeomorphic to
an open subset of J(A, 1) containing 0.

Define M(A, ) =V and 7: M(A, 1) = O(A, 1) by 7(v) = G5(v). Then an open neigh-
bourhood of 0 in (D4)~!(0) is homeomorphic to an open neighbourhood of 0 in 7=1(0).
Finally, Theorem 4.5.3 says a neighbourhood of 0 in the zero set of D 4 is homeomorphic

to a neighbourhood of A in the moduli space.
O

Remark 4.5.4. When p € W or when O(A,u) # {0} the moduli space may not be

smooth, or may have larger than expected dimension.

4.6 A Word On Obstructions

From Theorem 4.5.3 we learn that the moduli space M(Ay, i) is a smooth manifold
provided the operator D ,: LZH,;H — Lz#h2 is surjective. A typical method for proving
surjectivity is to apply Lichnerowicz-Bochner type formulae to prove the vanishing of the
kernel of the adjoint operator. In the weighted setting if the weight p is not too negative,
then one has Ker((Dy4),—1)* C KerDy: L} — L* and so one might hope to prove and
L?-vanishing theorem for twisted harmonic spinors. Whilst this is not difficult when the
connection A is flat, the presence of a curvature term in the Lichnerowicz formula is

problematic in the case of a non-flat Ga-instanton.
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The gauged Lichnerowicz formula for Ricci flat manifolds says that
Dis = (VA)'VAs + Fy - s. (4.21)

Suppose first that A is flat. In this case one easily obtains a suitable vanishing theorem

in the manner of [61, Lemma 4.68|:

Proposition 4.6.1. Let M be an AC Gs-manifold, let P — M be an asymptotically
framed bundle and let A be an AC flat connection. If v < —% then the kernel of
Dy: L (8 ® AdP) — L, (8 ® AdP) vanishes.

Proof. Suppose v < —% and let
(f,v) € KerDa: Ly, (N @ AY) @ AdP) — L, (A° & A') @ AdP).

Since v < 0 we have from Corollary 4.2.7 that f = 0. Thus by the Lichnerowicz formula
we have

0= (Vv (4.22)

and we would like to take the L?-inner product and integrate by parts to conclude. Note
that

(VA VA,0) = —g7{((V{V70r), Um) g
= —g"Vi((V 0k, vm)eg™™) + 97 9" (Vi vk, Viom)g
_ _d*Y + |VA/U‘2

where Y € Q'(M) is the 1-form Y = (V4v,v),, which is of order O(p*~') as p — oo.
Let M<y = {x € M ; p(x) < s} so that for s sufficiently large we have OM<, = {s} x %.

Stokes’ theorem gives

/ (d°Y ) Vol
Mo,

= '/ (YJVOIM)‘ < Cs?1 / VOI{S}XZ
{s}xZ {R}xX

as s — oo. Note that v — 1 < —I and thus VA4v € L}, C L? so we can integrate both
sides of (4.22) to obtain

VA7 = 0.
Finally, the Kato inequality gives |V|v|| < |V4v|, so |v] is a harmonic function which by

Lemma 4.2.5 vanishes. L]

Corollary 4.6.2. Let A be an AC' flat connection. If —g <pu<0andpg W then A is

unobstructed and M(Awo, pt) is a smooth manifold.

Proof. This follows immediately from Proposition 4.6.1 after recalling that the obstruc-
tion space of Da: Li,,, , — L§ , 5 is isomorphic to the cokernel of this operator which
is identified with KerDa: L, 5, — L 4, O
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If A is not flat, then one must try to deal with the term (F4-s,s). If f € Q°(M, AdP)
then Fiy - f - s; = 0 whenever A is a Go-instanton and for v € Q'(M,AdP) on has
Fa-v-s7 = —=2(FaLv)-s7, where the differential form parts of v and F4 act by contraction,
whilst the Lie algebra parts act adjointly. Arguing along the lines of [50, Lemma 3.5] we

show that we can at least control this term when d4v = 0.

Lemma 4.6.3. Let P — M be a principal bundle and let A be a Ga-instanton on P. Let
v € QY(M, AdP) be such that dqv = 0, then the pointwise identity (Fa - v,v) = 0 holds.

Proof. Since d v = 0 we certainly have d4v = [F4,v] = 0 and we can calculate

= (x([Fa,v] A ), v)g
—(x([Fa A g, v]),0)g
<*([2*FA_*F/1147 ])7 >B

= —2(F%, [v,0])g + (F}*, [v,0])q

where F§ and F}* are the projections of F4 to Q%(M, AdP) and Q3,(M, AdP) respectively.
Since A is a Go-instanton we have F; = 0 and therefore the above equation says that
(Fit, [v,v]) = =(Fa - v,v) =0. O

Therefore an L2-vanishing theorem will follow if one can prove that v € Q'(M, AdP)
and v-s; € KerDy: L? — L? implies d4v = 0. Let us set dyy = m;ods where 7;: A2 — A?is
a projection. A priori such a 1-form v satisfies d%v = dyv = 0, but from Proposition 4.6.1
we see that when A is flat it follows that d}'v = 0 also (this is also proved in |51, Lemma
4.9]). In the general case one has to deal with curvature terms and the task is far more

complex.
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Chapter 5

The Lichnerowicz Formula and

Eigenvalue Bounds

The results of the previous chapter inform us that the virtual dimension of the Gs-
instanton moduli space is determined by the spectrum of a twisted Dirac operator on a
nearly Kéhler 6-manifold in an interval determined by the rate of converge of the example
being considered. This chapter develops methods for determining the relevant eigenval-
ues. Since for all known examples the nearly Kéhler link in question is a homogeneous
space and the limiting connection is the canonical connection we are able to develop a
representation theoretic approach.

The problem of computing the spectrum of the Dirac operator on symmetric and ho-
mogeneous spaces has received much attention since the advent of spin geometry. To the
author’s knowledge the first complete computation of the spectrum of a Dirac operator
was done in the thesis of Sulanke [82| in 1979, where the Dirac spectrum of spheres was
calculated. Shortly after this the spectrum of the Dirac operator on the Grassmannian
manifolds Gry(R?*™) was calculated in [81]. The idea is to use Frobenius reciprocity to
provide a representation theoretic formula for the square of the Dirac operator then pro-
vide a so called branching rule for the homogeneous space GG/ H, which means determining
how each irreducible representation of G decomposes when the action is restricted to the
subgroup H. Bér (3, 4| gave a formula for the Dirac operator on a homogeneous manifold
and used this to calculate the matrix (and hence eigenvalues) of the Dirac operator on
finite dimensional subspaces of the space of spinor fields. By calculating the branching
rules of various group-subgroup pairs the Dirac spectra of a variety of homogeneous space
has been calculated and an excellent reference is [10, Section 15.5] where a list of known
examples is provided. The difficulty of determining the spectrum in this way is the cal-
culation of the relevant branching rule; this is a classic problem in representation theory
and is only known for a few group-subgroup pairs. It is worth noting that other methods
for calculating Dirac spectra exist. For example Béar [6] uses knowledge of the spectrum

of the Laplacian to calculate spectrum of Dirac operator on spheres and their quotients
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5.1 Frobenius Reciprocity

and Camporesi-Higuchi [16] use a separation of variables technique to calculate the Dirac
spectrum on spheres and hyperbolic spaces.

The methods we shall develop are not designed to calculate the entire twisted Dirac
spectrum- since we consider moduli spaces M( A, i) for p in some given interval (which
is determined by the rates for which the example in question is AC) we need only consider
the eigenvalues in this interval (shifted by 2). In most examples it will suffice to calculate
eigenvalues in the region [0, 2). For this reason we need not work with general branching
rules; knowledge of how the low dimensional irreducible representations branch for each
pair (G, H) is sufficient. In later chapters, when the Lichnerowicz formula is insufficient
for calculating eigenvalues, we calculate eigenvalues of the Dirac operator explicitly by
working on finite dimensional subspaces of the space of sections and calculating the matrix
of the induced endomorphism.

In this chapter the link ¥ of the AC Gy-manifold M is assumed to be a compact
homogeneous nearly Kéhler 6-manifold ¥ = G/H. We shall denote by G the set of
isomorphism classes of irreducible, complex unitary representations of G' and for v € G
we write (V,,py,) to denote any class representative. Similarly H denotes the set of
isomorphism classes of irreducible, complex unitary representations of H and for v € H

a class representative is denoted (W, pw., ).

5.1 Frobenius Reciprocity

To calculate eigenvalues explicitly we utilise results from harmonic analysis. The main
tool we shall require is the Frobenius reciprocity theorem which generalises the classical
Peter-Weyl theorem to the space of sections of an associated vector bundle.

Let us first briefly review the Peter-Weyl Theorem. For a compact Lie group this works
as follows: The left-regular representation py, acts on L?(G,C) and one can ask how this
decomposes as a representation of G. Let (V,, p,) be any irreducible representation of
G and note that any non-zero vector & € V* = Hom(V,,C) defines a G equivariant
homomorphism V,, — L*(G, C), defined by

v (g @(pv(g’l)v)).

The statement of the Peter-Weyl theorem is that L?(G, C) decomposes into an orthogonal
Hilbert sum of all the irreducible unitary representations, in which the multiplicity of each

irreducible representation is equal the dimension of the representation. More precisely
L}(G,C) = PVyaV,
veG

The Frobenius reciprocity theorem generalises this construction to decompose (pr,, L*(G, V) g)

as a representation of GG. The left action of GG on this space gives a representation which
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5.2 The Family of Dirac Operators

is said to be induced by the representation py and which is denoted Ind% (V). Suppose we
have an irreducible representation V, of G and a non-trivial element ® of Hom(V,, V).

Here Hom(V;, V) denotes the space of H-equivariant maps V, — V
Hom(V,,V)y = {® € Hom(V,,V); ® o py. (h) = py(h) o ® for all h € H}.
Then for any v € V, we have a map
Vy, = LG Vg, v (g @(py, (g 1)) (5.1)

Frobenius reciprocity uses this construction to show that an irreducible representation
V,, is contained in the induced representation if and only if Hom(V,,V)y # {0} and the
multiplicity of V, in the induced representation is dim(Hom(V,, V') ). Thus if we denote
by Res% (V) the restriction of (p,, V) to the subgroup H, we have

mult(V,, Ind%(V)) = mult(Res%(V;), V).

This construction enables one to decompose the space of sections of £ := G Xy V into

an orthogonal Hilbert sum

L*(BE) = L*(G.V)y = @ Hom(V,, V)i @ V. (5.2)
veG
The element of L*(G, V') that one obtains via (5.1) from an element ®@v € Hom(V,,V)y®
V., will be denoted

F3,(9) = ®(pv, (97" v) (5.3)

Since G is assumed to be compact any irreducible representation must be finite di-

mensional. Furthermore, each summand in the above Hilbert space sum in fact lies

in COO(G,E>H

5.2 The Family of Dirac Operators

Let ¥ = G/H be a compact, homogeneous nearly Kahler 6-manifold. We choose to work

with complex spinor bundle $(X) which is the associated bundle
$C<E) — G X(H,p) S

Here S, which we refer to as spinor space, is a complex eight dimensional vector space

which as an H-module is
S=ComraC (5.4)

where m¢ carries the adjoint action of H and p is the representation defined by this action.
The splitting (5.4) of S as an H-module comes from the splitting $¢ (%) = A2 @ AL @ AL
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5.2 The Family of Dirac Operators

of the spinor bundle. We shall consider a twisting of the spinor bundle by an associated
bundle
E=G X (H,py) %4

constructed from some representation V' of H. Thus the twisted spinor bundle is given
by
$(C(E) QE=G X (H,ps®pv) SV

and so the one can hope to apply tools from Harmonic Analysis to study the family of
twisted Dirac operators. When the operator is twisted by the canonical connection, that
is Ao = Acan in the notation of Chapter 4.1, the covariant derivative can be understood
using the Frobenius reciprocity theorem. Recall that D}lcan = cl o VhAen ig constructed
from the canonical connection acting both on the spinor bundle A and the associated
bundle E. We can therefore understand this operator using this formalism since (3.1)
says that

Videans = pp(X)s (5.5)

for s € L*(G, S®V )y and where we think of a vector field X as an element of L*(G, m)y.
Recall g is given the nearly Kéhler metric (2.15) and that {4} denotes a basis for g such
that I, for 1 < a < 6 forms a basis for m and [; for 7 < ¢ < dim(G) forms a basis of b.
The basis {I,} defines a local frame {e*} of T*X| as described in Section 2.3 and we can
think of these local 1-forms as equivariant maps from 7~ 'U to m*. By (5.5) the operator
D}, takes the form

D}, = cl(e")pale") (5.6)

when acting on elements of L*(G,S ® V)y. Furthermore we know from [18] that the
family of Dirac operators differ by the action of the 3-form ReQon the spin bundle
( o 30=1)

DAcan — DAcan + —4 ReQ

By combining these facts with the Frobenius reciprocity theorem we can understand
how each of these operators act with respect to the splitting of the space of sections given
in (5.3). First we collect some facts about induced actions on the homomorphisms spaces
contained in the space of sections.

Since the spinor space is a Clifford module one can act on a spinor with a tangent
vector (or equivalently covector) and for an irreducible representation V., this in turn
endows Hom(V,,, S®V') with an action cl( - ) of the Clifford algebra (note the equivariance
property may not be preserved). Vector fields (thought of as equivariant maps) act on
Hom(V,, S ® V) g, preserving the equivariance condition, since the spinor bundle carries
an action of the Clifford bundle. By identifying 77}(X) with m* the 3-form Re{ defines
an element of A*(m*) and this acts on the spinor space and hence on Hom(V,, S ® V)y

preserving the equivariant condition.
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5.2 The Family of Dirac Operators

The next result is essentially the same result as |4, Proposition 1] but generalised
to the case of a twisted spinor. The proof goes through identically, but is given here
since the difference between the Dirac operators defined by the Levi-Civita and canonical

connections is in our case more explicit; it is determined by the 3-forms Ref).

Proposition 5.2.1. Let E be a vector bundle associated via a representation V of H and

split the space of sections

L*($c(2) @ E) = LG, 5@ V)y = @ Hom(V,, S @ V)y @ V.

~e@G

For any v € G and for every t € R, the operator DYy leaves invariant the space
Hom(V,,S ® V)g ® V, and

Dyl Hom(v, sev)pev, = (Dj,,,), ®1d (5.7)
where (D% ), Hom(V,, S ® V)i — Hom(V,, S ® V) is the operator

3(t—1)
4

(DY, )@ = —cl(L,) - (P opy, (1)) + ReQ - &. (5.8)

Proof. This is a consequence of the Frobenius reciprocity theorem, which enables us to

determine how the Lie algebra representation pr acts under the decomposition

L*(G,S®V)y = @ Hom(V,, S@ V) @ V.

veG

We use Frobenius reciprocity to understand the action of the canonical connection on
the map Fg ,(g) given in (5.3). To understand covariant differentiation by the connection
VAen we use (5.5) to identify this with the right regular action. Let ®®v € Hom(V,, S®
V) g ®V,,. Thinking of vector fields as H equivariant maps G — m, we let X € L*(G,m)y

be a vector field and calculate

(pr(X)F ) (9) = — | Fg,(9e™)

t=0

== P(pr, (g )
t=0

= —|  ®(py, (D)o py (7))
t=0

= —(® o pr, (X(9)) © (pv, (g7 o).

Comparing to (5.6) we see that the Dirac operator D}, which yields a globally well
defined section D}y Fg , = cl(e*)pr(e®)Fy ,, acts on Hom(V,, S®V)y ®@V; algebraically

asS
Dy JHom(v, sev)mev, (2 ®@v) = — (cl(Ly) - (P o py, (1)) @ v.
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5.3 Eigenvalue Bounds

By (2.33) the action of D',  differs from that of D}y by the 3-form Re{. In this way
the operator DY acts on Hom(V,,S® V)y ® V, as

3(t—1
DY |Hom(v;,s0v) eV, (P @v) = (—Cl(fa) (P opy, (1) + %RGQ : ‘D) ®v

as required. O

Note that under the isomorphism Hom(V,,S® V) = VX ® S ® V an H-equivariant
homomorphism corresponds to a vector fixed by the H action and the formula for (DY _ ),

takes the form

3(t—1)

(Do) = cllIa)pvz (1) + Ref2. (5.9)

This point of view will be the one we adopt when calculating eigenvalues explicitly.

5.3 Eigenvalue Bounds

Throughout this chapter A is assumed to be an AC Ga-instanton with fastest rate of
convergence g < 0 and the limiting connection Ay, = Acan Will be assumed to be the
canonical connection living on some bundle associated via a representation of H. We shall
consider the family of moduli spaces M(Acan, t) with p ranging from the fastest rate of
convergence of the example we are studying, to 0. We have seen the virtual dimension of
these moduli spaces jumps as we pass through eigenvalues in this interval shifted by 2.
Our method is to develop a representation theoretic Lichnerowicz formula to determine
the eigenvalues of a related Dirac operator.

The relevant Lichnerowicz type formula is calculated in [18] and we shall build on this
work. The formula gives the square of the Dirac operator as a sum of Casimir operators,
so we first remind the reader how these operators are constructed. Any representation
(V, p) of a Lie algebra g, equipped with an invariant inner product B, yields a quadratic
Casimir operator p(Casy) defined as p(Casg)v = p(14)p(La)v for any v € V and where 14
is an orthonormal basis for g. In the case at hand the metric on g is the nearly Kéhler
metric B(X,Y) = —5Try(ad(X)ad(Y)) and the metrics on m and b are the restrictions
of B. Since the Casimir operators commute with the group action they act as multiples

of the identity on irreducible representations and so we can write

py(Casy) = cI1d
p(Casy) = )1d.

These eigenvalues are calculated, for G and H such that G/H is a nearly Kéhler 6-

manifold and using the above metric, in [18].
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5.3 Eigenvalue Bounds

To obtain a suitable Lichnerowicz formula we combine [18, Proposition 8] with the
results of [75] to obtain a formula for (Dian)Q. The operator we would like to calculate
eigenvalues for is D%m, however we are unable to calculate these eigenvalues directly
using our Lichnerowicz formula, we shall see that we are however able to calculate useful

eigenvalue bounds.

Lemma 5.3.1. Let G/H be a homogeneous nearly Kdihler manifold. Let E be the vector
bundle obtained from G — G/H through some representation V of H. Let Acan be the
canonical connection on E, then (Diw)2 preserves the decomposition I'($¢(X) ® E) =
NAL® F)@T(AL ®@ E) T (AL ® E) and

1

(D3...)*n = (—pr(Casg)n + py(Casy)n + 4n) (5.10)
for any n e T($c(X) @ E).

Proof. The formula is calculated for sections of A& ® E in [18, Proposition 8| so we need
only consider the case where n € (A2 & A%) ® E. It is also shown in [18] that

1
(D}, ) = (VhAem) hemn s 4

for k € T((A2® AL)® F) and so we aim to show this admits the required Casimir expres-
sion. It is a standard fact, see [75] for example, that the rough Laplacian (V1Acan)*§71Acan

is identified with the action of a Casimir operator
(vlvAcan>*v1:Acan — _,OR<Ca'Sm)

on L*(G, (A°(R%)* & A(R%)*) @ V). Note if k € L*(G, (AL(R®)* & AL(R®)*) @ V) iy then
we have pr(X)k + py(X)x = 0 for any X € h and therefore pr(Casy) = py(Casy).
Combining this with the fact that p;(Casy) = pr(Casy) yields the result. O

1
The operator <chan>2 preserves the decomposition 5.3, so as in Proposition 5.2.1 we

can define an operator (D3_ )2 on Hom(V,, S ® V) g such that

1 1
(D) @1d = (D} ) [Hom(vs.501) m@v, - (5.11)

Since we are considering unitary representations the space Hom(V,,S ® V) carries a

natural inner product given by
(X,Y) =Tr(X"Y)

where X™* is the hermitian adjoint with respect to the hermitian inner products on V., and
S ® V. The self-adjointness of (Dican)2 ensures that the restriction to any of the subspaces
Hom(V,,S ® V)g ® V,, defines a hermitian opertor, hence it is diagonalisable with real
eigenvalues. Furthermore the spectrum satisfies

1 1

veG
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1
It follows from Frobenius reciprocity and Lemma 5.3.1 that (D jflm)g acts as the en-

domorphism
1
(D3...)5 = —pvz(Casg) + py(Casy) + 4 (5.12)

and it is not difficult to find a basis of Hom(V,,, S ® V) that diagonalises this operator

For this suppose that V, is an irreducible representation of G and let V,, = @ ., W,
be the decomposition of V, into irreducible representations of H, where I is a ﬁnlte
sequence in H (note I may have repeated entries) and W) is any class representative
of 0. Similarly let us split S = ®,c;,W, and V = ®,cxW, where J and K are finite
sequences in H.

Suppose o, i, v are such that one obtains an H-equivariant mapping via the composition

V= WI—=W, W, =SV

qNV

where the first map is a projection, the second is an equivariant embedding and the third
is an inclusion. The set of distinct tripples (o, , ) for which such maps exist lead to
a basis {q7,} of Hom(V,,S ® V)p. The maps ¢, are readily seen to be eigenvectors of
(5.12) and the equation

1
(Di.)3a) = (= + ) +4) g, (5.13)

is satisfied, since the eigenvalues of py. (Casy) and pvz (Casy) are equal. Furthermore, since
we are considering only orthogonal decomposition into irreducible H-representations,
these map ¢j,, are mutually orthogonal. When calculating eigenvalues of twisted Dirac
operators explicitly we shall choose to work with this basis; as a consistency check for the
accuracy of our calculations we will show that this basis does indeed diagonalise (Dim)%
with the correct eigenvalues. We summarise some of the above discussion as a Corollary

to Lemma 5.3.1:

Corollary 5.3.2. Let V., be an irreducible representation of G, and let V = @, W, be
the decomposition of V' into irreducible representations of H, where K is a finite sequence
1

in H. The ergenvalues and multiplicities of the operator (Dﬁlwn)g are

Eigenvalue Multiplicity

—cf 4 ¢) +4 | dimHom(V,, S ®@ W) g

where cf is the eigenvalue of the Casimir operator on the irreducible representation V., with
respect to the inner product B from (2.15) and ¢ is the eigenvalue of the Casimir operator

on the irreducible representation WY with respect to this metric. The eigenvalues of

4 are £/ =7 + 44 and the \/ =& + ¢ +4 and —\/—c& + ¢ + 4 ei enspaces
D3j.. Y 2 Y g

are Zsomorphzc.
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5.3 Eigenvalue Bounds

Proof. We have a splitting

Hom(V,,S® V)g = @ Hom(V,, S @ W,) i

veK

1 1
which is respected by the operator (D3 )2. Inspection of (5.10) reveals that (D} )2
acts as a constant with the advertised value on each of these summands.

1
It follows that the eigenvalues of (D} ), are given by £1/—c + ) + 4 (verification

1
of this fact is given in [6] for example). Furthermore one can check that (D} ), anti-

commutes with the action of the volume form Vol on the spin bundle and since Vol? = —1

one sees that the volume form provides an isomorphism between the \/ —c + ) +4 and

—1/—c& + ) + 4 eigenspaces. O

Remark 5.3.3. We see from Corollary 5.3.2 why the task of calculating branching rules
1s necessary to calculate the entire spectrum of a Dirac operator. One must find out which
of the spaces Hom(V,, S @ W, ) are non-zero and therefore contribute eigenvalues to the

spectrum.

It may be the case that v # +/ but the operators (Dican)% and (Dian)g/ have an
eigenvalue in common, so one must take this into account in order to calculate the multi-
plicity of a given eigenvalue of (Dimﬂ Suppose for simplicity that a given eigenvalue of
(Dim)g does not occur for any other 7/ # -, then inspection of (5.11) reveals that one
must multiply the multiplicity of this eigenvalue by the dimension of the representation
V, to get the multiplicity of that eigenvalue in the space of sections.

Note that the eigenvalues of —py. (Casy) change as « varies, whereas the eigenvalue of
pv(Casy)+4 are fixed. Furthermore, large dimensional irreducible representations V., lead
to the Casimir operator —py. (Casy) having a large positive eigenvalue. Intuitively this

should mean that, if V, is a large dimensional irreducible representation, the eigenvalues

2
Y

of operators in this way.

1
of the operator (D} ) are large. The following lemma allows us to compare eigenvalues

Lemma 5.3.4. Let X and Y be n xn Hermitian matrices with eigenvalues {\, ... \X}
and {\Y, ..., AV} respectively. Let {1, ... \XTYY} be the set of eigenvalues of X +Y.
Then

min{[AF ] ST} 2> min A AT = max{ AL AT

Proof. First recall min{|\¥ |}, = miny,j=1 (X v, v) and max{|\] |}~ = max,=1(Yv,v).
Note ; > 0 is a lower bound on {|\X+Y[}, if and only if [{(X + Y)v,v)| > p for all
v e C" with [jv] = 1.
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Now
(X +Y)v,0)| = [{(Xv,0) + (Yv,0)]
> [[{(Xv,0)] = [{Yv,v)]|
> [min{| AT}, — max{[A; [}y
for all v € C" with [|v[| = 1. Hence [min{|]AX|}7; — max{|A}[}’_,] is a lower bound on
(X 0

1
Recall the operators (DY ), from (5.7), as was the case for (D} ), these anti-

commute with the volume form Vol so have spectra symmetric about 0 and satisfy

Spec(D',,) = | Spec(Di,, ).

~ve@G

Recall that our task is to determine the eigenvalues of DY in the region (uo + 2,2)
where 1 is the fastest rate of convergence of A, therefore we would like to know which
representations V, have eigenvalues in this region.

1
Suppose that the operator (D jm)i has eigenvalues A} --- /A2, then the eigenvalues

1
of (Dj_ )y are precisely £y, --- + A, Now since

1 1
(Dgcan)’y = (chan)ry - ZReQ

and the eigenvalues of —iReQ are contained in the set {1, 0}, we can apply Lemma 5.3.4

to obtain lower bound on the smallest positive eigenvalue of (DY )..

Theorem 5.3.5. Let V, be an irreducible representation of G. If the quantity

L, = \/myin{—cg7 +)+4)—1

is positive, then it is a lower bound on the smallest positive eigenvalue of (DY ).

Proof. Inspection of Corollary 5.3.2 reveals that the smallest eigenvalue of (Dflm)v is

\/ =& + ¢ + 4. Since the eigenvalues of —1ReQ are contained in the set {+1,0} we can
apply Lemma 5.3.4 to yield the result. O

With this in hand we can outline our strategy for calculating the eigenvalues of D%m

in (po +2,2) is as follows:

1. Use Theorem 5.3.5 to rule out the irreducible representations V; such that (D%_ ),
has no eigenvalues in the interval (m,2) where m = min{—2, yio + 2} and pyg is the
fastest rate of converge of the example we are studying (usually we will just need

to consider eigenvalues in the region [0, 2)).

69



5.3 Eigenvalue Bounds

2. For the remaining representations, if all maps in Hom(V,, S ® V') factor through
1
AL ®V C S®V then (DY ), = (Dj_), on this space (this is thanks to

Lemma 2.3.3) and Corollary 5.3.2 informs us of the eigenvalues.

3. If there are maps factoring through (A2 ® A%) ® F C S ® E then Re{) acts non-

trivially and one must work harder to calculate the relevant eigenvalues.

In the last case here, when Re{2 acts non-trivially, we shall attack the known examples
using two different methods. When the nearly Kahler 6-manifold is CP? we adapt the
work of Béar [4] and develop a representation theoretic framework to calculate directly the
matrix (and hence the eigenvalues) of the Dirac operator on one of the homomorphism
spaces from via the formula (5.9). When the manifold is S® we instead write the Dirac
operator as a sum of Casimir operators this again allows us to calculate the matrix and

eigenvalues of the Dirac operator on the relevant homomorphism spaces.
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Chapter 6

Deformations of Clarke’s Instantons

In this chapter we study Gs-instantons on the Bryant-Salamon manifold R* x S3. We first
review the work of Lotay-Oliveira [71] where the moduli space of instantons which are
invariant under the action of SU(2)? was studied (this being the symmetry group of the
Bryant-Salamon metric). In doing so we present the family of Go-instantons first found
by Clarke in [20] and then show that this instanton family admits a limiting connection
which can be interpreted as a removeable singularity phenomenon, essentially because
bubbling occurs. The original contributions of this thesis are given in Section 6.5. We
study the full moduli space of AC Gs-instantons in which these examples live. We show
that the Lichnerowicz formula developed in the Chapter 5 is sufficient for determining

the virtual dimension of this moduli space.

6.1 Evolution Equations

In this section we show how to view the Go-instanton equation as an evolution equation,
based on the presentation given in [71, 70]. Until now the only SU(3)-structures con-
sidered have been nearly Kéhler structures, so we first consider SU(3)-structures in full
generality. An SU(3)-structure on a manifold X is defined as a triple (J, w, y2) where J is
an almost complex structure, w is a (1, 1)-form with respect to J and 75 is a real 3-form

such that the relations

WAy =0 (6.1)
3
Wi = 571 A Y2 (6.2)

are satisfied, where 71 = J72. Suppose now that (J;,w(t),V2(f)) is a 1-parameter family

of SU(3) structures where ¢ is the parameter in some interval I, then we may define a G
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6.1 Evolution Equations

structure on X x I with

p=dt Aw(t) +n(t) (6.3)
TS @ — dt Ay (t). (6.4)

Let us denote differentiation of a time dependent form a with respect to t by ¢, then the

above Gy-structure will be torsion free (i.e dp = di) = 0) precisely when the equations
dw =7, wAw=—dy (6.5)

subject to the constraint dy; = dw? = 0 for all ¢, are satisfied. These equations are known
as the Hitchin flow (although it is important to note that the system is not parabolic, so
does not define a geometric flow) and the constraint dy; = dw? = 0 is known as the “half
flat” condition for the SU(3)-structure, since it implies half of the terms of the torsion
tensor must vanish. Furthermore it suffices to impose the half flat condition for initial
time since this property is preserved by the flow.

The metric on ¥ x I determined by this construction is
g=dt’ + g,

where g;(-,-) = wi(-, Ji-) is the metric determined by the SU(3)-structure. We have of
course already seen a solution to the Hitchin flow; when the SU(3)-structure (J, w, Ref?)
on X is nearly Kihler the Go-cone (C'(X), pc) = (X x RT, #*w A dt + t3Im(2) solves the
Hitchin flow equations.

It is natural to consider the Ga-instanton equation in the same framework. As in
Chapter 4 we shall assume that our principal bundle P — ¥ x [ is framed by @ — ¥,
in other words we have P = 7*() for the natural projection map 7: ¥ x I — ¥ and also
that the connection A on P is in temporal gauge, that is diJA = 0. When this is the
case we shall write A = a(t) where a(t) is a path in the space of connections on Q. No
generality is lost here— P will always have such a framing and a temporal gauge may
always be chosen. One finds

Fy=dt Na+ Fyp

where F,q is the curvature of the connection a(t) on Q. Inserting this into the Gs-
instanton equation F'4 A 1) = 0 yields the evolution equation
w2
QN = Fa A, F,Anw?=0. (6.6)

Applying the Hodge star operator of the metric g; to this system yields the following

result:
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6.2 The Bryant-Salamon R* x S3

Lemma 6.1.1 ([71, Lemma 1|). Let ¥ be an SU(3) structure 6-manifold and give ¥ x I
the Go structure (6.3). Then Go instantons A on P — X X I are in bijection with

1-parameter families of connections {a(t)}ier+ on Q — X satisfying the equation
T = — %, (Fy A ) (6.7)

subject to the constraint w,aF, = 0. Furthermore this constraint is compatible with the
evolution in the sense that if it holds for some ty € R™ then it holds for allt € I.

6.2 The Bryant-Salamon R* x S?

We begin by briefly introducing the construction of this metric, again based on the
presentation given in [71]. We consider an SU(3) structure on S® x S = SU(2)2. Let
I; for i = 1,2,3 be a basis of su(2) with [I;, [;] = 2€;];, then we may split su(2)? =
su(2)" @ su(2)” where I" = ([;,I;) and I; = (I;,—1I;) provide bases for su(2)* and
su(2)” respectively. We define n;" and n; to be dual to I, and I, respectively. The

Maurer-Cartan relations take the form

dn = —eiu(n At + 07 A, (6.8)
dn; = —2e56m; Ay (6.9)

The group SU(2)? acts on SU(2)? as follows:

(91,92, 93) - (G1,G2) = (915195 "+ 920295 ")

and under this action we can impose SU(2)? symmetry on our SU(3) structure; this yields

the following expressions:

w=4XYn Anf (6.10)
m = 8Y Ay Any —4AXY et Anf Ay (6.11)
Yo = 8X°nf A Ay =AY X e Ay At (6.12)

where X and Y are real valued functions of ¢+ € R*. One finds that the Hitchin flow
equation (6.5) reduces to the coupled ODE

o1 X? o X
X==-(1—— Y =—. 1
. ( W), X (6.13)
Set Y = s and X = sF(s), then (6.13) becomes
d 1—F?

Solutions are given by

Fs) =/ 1_%38_3 (6.15)
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6.3 Clarke’s Instantons from Evolution Equations

where ¢ > 0 and s > ¢.This yields

X(s) = %\/1 — 3573 and Y(s) =s.

Let us choose ¢ = 1 and define a coordinate r € [1,+00) as follows: recall ¢ is the

arclength parameter along the geodesic parameterised by s, so we may set

then our functions take the form

r r
X==-V1-—r3 and Y =—.
3 \/g

This is the form of the solution that appears in Bryant-Salamon’s original construction.

This defines an asymptotically conical GGy-manifold where the fastest rate of conver-
gence is 4t = —3 [61]. Furthermore the limit as ¢ — 0, where ¢ is the parameter ¢ from
(6.15), yields the conical Gy-structure C'(S® x S%). If we view R* x S3 as $(S?), then
(R* x S3) \ 83 =2 RT x SU(2)? where S? C R* x 53 denotes the zero section of the
spinor bundle. This is the unique singular orbit for the action of SU(2)* on R* x S3.
This singular orbit is modelled as S® = SU(2)3/SU(2)? where SU(2)? C SU(2)? is the
group {(g1,91,92); g; € SU(2)}. Furthermore this singular orbit is the unique compact

associative submanifold for the G»-structure.

6.3 Clarke’s Instantons from Evolution Equations

Clarke’s family of instantons have structure group SU(2) and live over the Bryant-
Salamon manifold R* x S3. Much like the Gy-structure itself, this family of instantons is
SU(2)3-invariant. In [71] the moduli space of SU(2)3-invariant solutions was studied and
we begin by summarising this part of their work (the reader should note that their work
also considers invariant instantons for the asymptotically locally conical Ga-structure on
R* x $3).

The bundle P that we work with is topologically the trivial SU(2)-bundle over R* x
S3. Away from the singular orbit P is given the homogeneous structure P|gaxss)gs =
7@ where @ is the homogeneous bundle @ = SU(2)® X(asu(2)a) SU(2). We delay for
the moment explaining the extension of the group action over the singular orbit. Note
topologically both P and @ are trivial SU(2)-bundles.

We first consider the ODEs that arise as the SU(2)3-invariant Gs-instanton equations
for the Bryant-Salamon Gs-structure in this setting. After presenting this result we shall

consider the boundary conditions required to extend solutions over the zero section.
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6.3 Clarke’s Instantons from Evolution Equations

Proposition 6.3.1 (|71, Proposition 5|). Let A be an SU(2)3-invariant Go-instanton on
RT x SU(2)3/SU(2), with gauge group SU(2). Up to an invariant gauge transformation

3 3

=1 i=1

we have

where z,y: RT — R satisfy

I :§x+y2—x2 :%<1—)§—§>x+y2—m2

Y 22)§(—_3y+2xy =—% <2+§—§)y+2xy.

To determine initial conditions for the above ODEs one first must extend the group
action over the singular orbit S® = SU(2)3/SU(2). Extensions are determined by iso-
morphism classes of homogeneous SU(2)-bundles over SU(2)?/SU(2) which are in turn
determined by isotropy homomorphisms A: SU(2) — SU(2). There are two possibilities,
A is either the trivial homomorphism, which we denote 1, or the identity id. We denote

by Py the corresponding bundle over R* x S* whose extension is determined by \.

Remark 6.3.2. A word of caution is advised here. The homomorphism denotes the
choice of extension of the group action over the singular orbit, it is not the isotropy

homomorphism of the homogeneous bundle at infinity.

In this section we consider the bundle P;, where the extension of the group action

over the singular orbit is the trivial one. The case of P,q will be considered in 6.4.

Lemma 6.3.3 (|71, Lemma 4|). The connection A in Proposition 6.3.1 extends smoothly
over the singular orbit S® if x(t) is odd, y(t) is even, and their Taylor expansions around

t=0 are
[ ] $(t)=$1t+l‘3t3+
o y(t) =yot* + yat* + - -

The solution to these equations was first found by Clarke in [20]. The theorem we
state is from [71], as it gives not just the existence of a solution, but also uniqueness in
this SU(2)3-invariant setting.

Theorem 6.3.4 ([71, Theorem 4]). Let A be an SU(2)3-invariant Go-instanton with gauge
group SU(2) on the Bryant-Salamon R* x S3, extending smoothly over the singular orbit
Py. Then A is one Clarke’s ezamples and in the notation of Proposition 6.3.1 there is an
ro € R such that

2x0 X (t)

o) =17 10(Y2(t) - 1)

and  y(t) =0.

The resulting connection, which we denote by A,,, is globally defined if and only if xo > 0.

Furthermore Ag is the trivial flat connection.
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6.4 The Limiting Connection of Lotay-Oliveira

These instantons are, in the notation of Definition 4.1.3, AC with asymptotic connec-
tion A, and with fastest rate of convergence pg = —2. This is stated in |71, Proposition

7]. The parameter o describes the concentration of the instanton around the associative
S,

6.4 The Limiting Connection of Lotay-Oliveira

Consider now the bundle P4 which extends the action over the singular orbit via the
identity homomorphism id: SU(2) — SU(2). The next theorem gives a local existence

theorem for Gs-instantons defined near the singular orbit.

Theorem 6.4.1 (|71, Proposition 6|). Let S® be the singular orbit in the Bryant-Salamon
manifold R* x S3. There is a one-parameter family of SU(2)3-invariant Gy-instantons,
defined in a neighbourhood os S® and smoothly extending over S on Piy. The instantons

are parameterised by yo € R and, using the notation of Proposition 6.3.1, satisfy

2 2_1 2
o(t) =+ y04 tHOM),  ylt) =yo + % (%0 —3) 24+ 0(th).

Lotay-Oliveria note that, except for the case yg = 0, numerics suggest that the con-
nections do not extend to define Go-instantons with decaying curvature. The special case

of yo = 0 however does extend and we state this as a proposition.

Proposition 6.4.2 (|71, Theorem 5|). The Gy-instanton Ay, arising from the case yo = 0

has
X (1)

) = T - 1)

and  y(t)=0
and defines a Go-instanton on the Bryant-Salamon Go-manifold R* x S3.

One can check that Ay, is, in the notation of Definition 4.1.3, AC with asymptotic
connection A.,, and fastest rate of converge o = —3. Note that this connection converges
faster than Clarke’s instantons.

This instanton allows one to compactify the invariant moduli space. Recall Clarke’s
instantons are parameterised by xg > 0, so to define a compactification one needs to
glue in a connection at xy = co. This can be understood more precisely by studying the
bubbling behaviour of Clarke’s instantons. This is the content of the next theorem, to
state this we first need to define suitable rescalings: For p € S% and 6§ > 0 define a map
st from the unit ball B; C R* by

sh: By — Bs x {p} CR* x S%, x— (dz,p).

Theorem 6.4.3 (|71, Theorem 6]). Let {A,,} be a sequence of Clarke’s Go-instantons

with ©; — oo.
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6.5 Calculation of the Virtual Dimension

a Given any A > 0, there is a sequence of positive real number 6; = 0(x;, \) — 0 as
x; — 0o such that: for allp € S3, (sgi)*Axi converges uniformly with all derivatives
to the standard ASD instanton Aasp on By C R

b The connection A,, converge uniformly with all derivatives to Ay, given in Propo-

sition 6.4.2 on every compact subset of (R*\ {0}) x S? as x; — .

In other words, Clarke’s instantons converge outside of the associative S® to Ay
and they “bubble off” an ASD instanton on the normal bundle to this associative. The
fact that Ay, actually extends over the associative can be interpreted as a removable
singularity phenomenon. Moreover, as this bubbling happens curvature concentrates on
the associative S® and Lotay-Oliveira prove a conservation of energy statement. More
precisely |71, Corollary 2] if f is any compactly supported function then, in the sense of

currents, we have

lim f(’FAm |2 — ’FAlim‘z) dVOlg = 871'2/ deOlg|{0}><53.

Tir00 JR4x 53 {0}xS3

Remark 6.4.4. The standard ASD instanton Axsp has Yang-Mills energy 8m2.

6.5 Calculation of the Virtual Dimension

The goal of this section is to calculate the virtual dimension of the moduli space of
instantons asymptotic to A..,. Since Clarke’s instantons form a 1-parameter family we
expect to see this deformation parameter in our calculation. This parameter should
appear at rate —2, in other words the kernel of the Dirac operator at infinity should be
non-trivial. Note that A,, and Ay, live on (topologically) the same bundle and both
converge to the canonical connection on @ but (in the terminology of (4.1)) have fastest
rates of convergence —2 and —3 respectively. To determine the virtual dimension of the
moduli space M(Acan, 1) for 1 € (—3,0) we shall determine the eigenvalues of DY in the
interval (—1,2). Since the eigenvalues of this operator are symmetric about 0, it suffices
to determine the eigenvalues in the interval [0, 2).

An asymptotic framing for the bundle P; is provided by the homogeneous bundle
Q = SU(2)* X (asu(),a) SU(2). Since away from the associative S*, we have P, = 7*Q)
where 7: C(S® x S?) — 5% x S? is the projection map. For any x¢ > 0 the connection A,
is, in the sense of Definition 4.1.3, asymptotically conical with asymptotic limit A, = Acan
and with fastest rate of convergence —2. Thus to calculate the virtual dimension of the

moduli space we must calculate the eigenvalues of DY which lie in the interval [0, 2).

Remark 6.5.1. The canonical connection on the bundle Q) is shown in [18, Theorem 3]

to be a rigid nearly Kdahler instanton.
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6.5 Calculation of the Virtual Dimension

We will calculate the relevant eigenvalues using the representation theoretic methods
developed in Chapter 5. The bundle AdQ is associated to the canonical bundle via the
adjoint representation of SU(2) on its Lie algebra. As a complexified representation the
vector space is (su(2))c = sl(2,C). Let us denote by W, the unique irreducible represen-
tation of SU(2) with dimension (i + 1). Irreducible representations of SU(2)? are then
given by Vi; jx = W; ® W; @ Wj.. As a representation of SU(2) we have m§ = Wy & W,
so the complexified spinor space is S = Wy @ Wy @ Wy & W, and an application of the

Clebsch-Gordan rule shows that the twisted spinor space is
S® 511(2)((: = 2W4 D 4W2 D 2W0 (616)
The Frobenius reciprocity theorem says that the space of sections splits as

L*($c(S? x §%) @ AdQ) = L*(SU(2)%, S @ su(2)c)sue)
P Hom(V;, S @ su(2)c)sue @ V; (6.17)

~eSU(2)3

I

—

where SU(2)? denotes the set of isomorphism classes of irreducible representations of
SU(2)? and V, is a class representative for 7. The action of the Casimir operators on

irreducible representations is given by

2 3
pv(i,j,k) (Casﬁu(g)s) = C?;(j%)ld

g

PW; (Cassu(Z))

where these eigenvalues of the Casimir operators are with respect to the nearly Kéahler

metric. The eigenvalues are calculated in [18] to be

5U 3 3 s RV

o = =5 (i +2) + 5 +2) + k(k +2))
1

" = —Zili+2).

Since the adjoint representation of SU(2) is the 3-dimensional irreducible representa-

1
tion we see from Lemma 5.3.1 the relevant Lichnerowicz formula for (D3 )? is

1
(Djlm)2 = —pr(Casgy2)2) + pw, (Casey(a)) + 4 = —pr(Casgy2)s). (6.18)

1
Under the splitting (6.17) we have endomorphisms (D} _ )2 of Hom(V,, S®@su(2)c)su(2)
such that
(Dgcan)z ® Id = (Dgcan)Q|Hom(V’YvS®5u(2)C)SU(2)®V’Y ' (619)

This operator takes the form

1

<D/§‘can>"27 = _pV,Y* (CaSSU(Q)g) (620)

1 1
and furthermore Spec(Dj )* = U%Sﬁ@\)g Spec(Dj )2 This tells us precisely the eigen-

values of (D} )*:
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6.5 Calculation of the Virtual Dimension

1
Proposition 6.5.2. The spectrum of (D} )? is

1 u(2)3 .
Spec(Djicar‘)2 = {—cz(f])c) ; dim Hom(V; j k), S ® su(2)c)su(z) # O} )

We can use this to rule out representations that do not lead to eigenvalues of the
twisted Levi-Civita Dirac operator in the interval [0,2). First let us recall the relation
between the various operators that we need:

The operator D}  is constructed from the canonical connection acting on both

the spinor space and the adjoint bundle. We can define endomorphisms (DY} ), of
Hom(V,, S ® su(2)c)su(z) such that

(D}élcan%' ®Id = (Dzl‘lcan>|Hom(V%S®5u(2)C)SU(2)®VW

and thus a family of endomorphisms (D% ), of Hom(V,, S ® su(2)c) via the formula

3(t—1
(DY, )y = (D4 )y + ( 1 )ReQ.

Then one has
Spec(DYy ) = U Spec(DY ),
¥

and we use this to obtain eigenvalue estimates for the Levi-Civita Dirac operators (D% ),.
Lemma 6.5.3. If V,, # C then Spec(DY_ ), N[0,2) = 0.

Proof. Let V, be an irreducible representation of SU(2)? and suppose that dim Hom(V,, S®
sl(2,C))suey # 0. Application of Theorem 5.3.5 shows that the smallest non-negative
eigenvalue of (DY _ ), is bounded below by

_ s5u(2)3
L —Clik) — 1
where V,, = V/; ;). The quantity L. does not yield a lower bound when V, = C and since
dim Hom(V{1,0,0), S ®51(2,C))su(2) = 0 the representation V{; ) need not be considered.
The next representation to consider is V{y 1), this yields the bound L, = V9—-1=
2, so this bound is sufficient for the statement of the theorem. Any other irreducible

representation V,, leads to a large lower bound, which completes the proof. O

To calculate the relevant eigenvalues we therefore only need consider those coming
from the trivial representation. Let V, = C and let us write S = Wo(l) S W2(1) @ W2(2) S
Wég) where I/Vl-(a) are distinct copies of the irreducible representation W;. A basis of
Hom(C, S ® su(2)c)suey = Hom(C, S ® Wy)su(2) is given by the SU(2)-equivariant maps

¢ and §;* which factor as maps

@ Co W oW, > S @ W,
P C WP oWy — S® Wa.
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6.5 Calculation of the Virtual Dimension

Notice that all maps in this homomorphism space factor through A' € S. On this space
(6.20) says that (Dim)z = 0. Furthermore Ker(Dican)g = Ker(Dim)7 so we see that
(Dim)7 also vanishes on this space. Finally, since all basis vectors factor through A* C S
Lemma 2.3.3 ensures that Re() acts trivially on this space. Therefore (D% ), = 0 for

all ¢, when V, is the trivial representation. We have proved:

Proposition 6.5.4. The only eigenvalue of D%m in the interval [0,2) is 0 and has
multiplicity 2.

This result tells, by the observation in Remark 4.4.6 that ind_o, D4 = %dim KeerZ1cam

for e sufficiently small, the virtual dimension of the moduli space:

Theorem 6.5.5. Let P be the trivial SU(2)-bundle over R* x S3, framed at infinity by the
homogeneous SU(2)-bundle over the nearly Kdihler S® x S whose isotropy homomorphism
is the identity. Let Ac., be the canonical connection on @, then the virtual dimension of

the moduli space of Go-instantons asymptotic to Acan with rate p s

1 ifpe(=2,0)

virtdimM(Acan, [1,) =
1 ifpe(-3,-2).

Thus the virtual dimension of our moduli space coincides with that dimension of the
SU(2)3-invariant moduli space when p € (—2,0). Observe that the virtual dimension is
negative for the weights p € (—3, —2) and thus the deformation theory is obstructed for
these weights.
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Chapter 7

Deformations of Oliveira’s Instantons

In this chapter we study moduli spaces of known instantons on the Bryant-Salamon man-
ifolds A% (CP?) and A? (S?). Firstly we consider Oliveira’s Go-instanton [77] on A% (CP?)
with structure group SO(3). We use the methods developed in the previous two chapters
to determine the virtual dimension of the moduli space in question. Next we consider
Oliveira’s Gy-instanton with structure group SU(2) over A% (S*). Here we show that the
Lichnerowicz formula and eigenvalue bounds are insufficient for determining the virtual
dimension and to compensate for this we develop a method for calculating the matrix of
a twisted Dirac operator on a finite dimensional subspace of the space of sections. As a
consequence we explicitly determine some of the eigenvalues of the operator and hence
the virtual dimension. Finally we consider deformations of the spin connection on S*,

which was observed by Oliveira to pull back to a Ga-instanton over A? (S%).

7.1 The Bryant-Salamon A? (CP?)

We begin this chapter with a brief overview of the Bryant-Salamon manifolds, based on
the material covered in [70] and [77]. Let (NN, gn) be an even dimensional Riemannian
manifold. The twistor fibration 7: T(N,gy) — N is the fibre bundle whose fibre at a

point is the space of orthogonal almost complex structures of 7, N. In other words
T,N = {J € SO(T,N); J* = —Idg,n}.

When N has dimension 4 there is an identification of the twistor space with the unit
sphere bundle in A% (N), so the twistor fibration is an S?-bundle over N. The case of
interest to this thesis is when N* is a self-dual quaternion K#hler manifold with positive
Ricci curvature. In this case it turns out [30] that the total space of the twistor fibration

carries a canonical nearly Kéhler structure whose metric is

1

g6 = 5952 + 7N
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7.1 The Bryant-Salamon A% (CP?)

where gg2 is the round metric on the fibres of J. There are exactly two possibilities for
such a manifold, either N = S* with the round metric or N = CP? with the Fubini-Study
metric.

We consider first the case when N = CP?, then the twistor space is the space of flags
in C? i.e the space of complex lines contained in planes in C* and will be denoted F 5 3.
The standard action of SU(3) on C? gives rise to a transitive action of SU(3) on the space
of flags with isotropy subgroup 7?. At a suitable point of F; 5 3 the T? isotropy subgroup
of SU(3) that one obtains is the standard one [77]

e’ 0 0
T = 0 e il0+e) g
0 0 et

and we will work with this fixed subgroup throughout this section.

The Bryant-Salamon metric on the total space of A% (CP?) takes the form
9= 1*(s)grs + [2(s)7" gee
where s is the Euclidean distance to the zero section given by the fiber metric and
f(s)=(1+s%)71. (7.1)

The geodesic distance to the zero section then takes the form t(s) = [ f(u)du and this

allows us to rewrite the metric as

g = dt* + s*(t)f*(s(t))gsz + [ (s(t)) 7" gep

where gg2 is the round metric on the unit sphere of a fibre in A? (CP?). One can also
describe the Ga-structure explicitly. To gain a suitable local expression we first study
homogeneous structure of SU(3)/T2.

Under the adjoint action the real representation m splits into three irreducible sub-
spaces m = m; & my @ my and we choose orthonormal bases {I1, Ir}, {5, I4} and {I5, I}
respectively (if the reader is interested this decomposition is covered more explicitly in
[77]). As explained in 2.3 this induces a local frame for T*F; 5 3 which we denote €', . . . €°.
Away from the zero section of A% (CP?) we can think of the geodesic distance t as a co-
ordinate. Let us define 2-forms

Q=2 — ¥ Q,=—eld B2y —eld_ 2
Dy=e24e3 y=eB el (=4 e® (7.2)

then the 3-form ¢ of the Bryant-Salamon Ga-structure takes the form
o =dt A (a®(t)e'® — a®(t)e* + A2(1)e™®) + a®(t)c(t) (A e® — Q3 A eP) (7.3)

where a(t) = 2f71(t) and c(t) = 2s(t)f(t). From this viewpoint one sees that the Gs-
structure is AC with |g — gcl, = O(t™%).
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7.2 Instantons on A? (CP?)

7.2 Instantons on A? (CP?)

Let us fix the standard basis I; of s0(3) with [I;, ;] = 2¢;;1;. We choose the maximal
torus in SO(3) to be the one generated by $1;. Recall that SU(3)-homogeneous SO(3)-
bundles over F; 53 are determined by isotropy homomorphisms from 77 to SO(3). It is
shown in [77] that there is a unique isotropy homomorphism A which yields a bundle
@ = SU(3) x, SO(3) with non-trivial invariant connections and for which the pullback
7@ extends over the zero section CP? of A2 (CP?).

To describe this bundle we first note that the singular orbit of A2 (CP?) is SU(3)/U(2) =
CP? and so SU(3)-homogeneous SO(3)-bundles over the singular orbit are determined by
isotropy homomorphisms A: U(2) — SO(3). The adjoint action of U(2) on su(2) defines

a homomorphism
A U(2) = SO(3)

(7.4)
g— Ad,

where we view SO(3) as a subgroup of GL(s1(2)). By viewing T2 as the subgroup of U(2)

i0
2 (€ 0
T = (0 e“b) c U(2)
we obtain a homomorphism 7% — SO(3) by restriction of (7.4), this is
A: T? — SO(3)

(7.5)
g — Ad,.

From now on A denotes the homomorphism (7.5) and @ denotes the fixed homogeneous
bundle
@ = SU(3) x, SO(3) (7.6)

Let us denote by P the extension of 7*Q to A% (CP?), here the group action over the
singular orbit is determined by the isotropy homomorphism (7.4). We denote by Acay,
the pullback of the canonical connection on @, this lives on P2 (cp2j\cp2- An invariant

connection on P then takes the form
A= Aen +h(t) (@ + € @ I3)

and one finds [77, Section 4.3.2| that the G-instanton equation for such a connection

becomes dh
f_4h2 =1, f_4$+sh:0 (7.7)

with boundary data ;—S ‘5:0 f72h = 0,lim,_ h = 0. The first equation here, which is alge-
braic, implies h = 4 f? and one can check that the second equation is then automatically
satisfied. Note that the paired equations have a 0-dimensional space of solutions, whilst
the linearisation of the system has a 1-dimensional space of solutions. We summarise this

result in the following theorem.
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7.3 Eigenvalues of the Twisted Dirac Operator on F; 53

Theorem 7.2.1 ([77] Theorem 8). The connection A given by
A=A £ f2(5)(® @ L+ ® I3)

defines a Gy-instanton on P. Moreover A is AC with limiting connection the canonical

connection living on the bundle Q).

The conenction A satisfies |A — Acan|, = O(t73), so in the notation of (4.1) defines an

AC Go-instanton with fastest rate of convergence —2.

7.3 Eigenvalues of the Twisted Dirac Operator on [, 3

Again we denote by @ the bundle defined in (7.6). The basis of su(3)c = sl(3, C) that we
choose is {Elg, E13, E23, Egl, E31, E32, ng, H23}, where Eij is the elementary matrix with

a 1 in the (7,7)"™® entry and zeros elsewhere, and where
Hio :dlag(l,—l,()), H23:diag(0717_1)'

The matrices Hio and Hy3 form a basis of a Cartan subalgebra given by the Lie algebra
of the group of diagonal matrices in SU(3), we denote this t* = (Hyy, Ha3). Irreducible

representation are then determined by elements of the lattice
()5 ={N € ()" ; M(X) € 2miZ for all X € Ker exp}.

Let us define linear functionals on t by

aq 0 0
L;10 a 0| =gq
0 0 as

for i = 1,2,3. Then L; € (t*); and these functionals form a spanning set for (t*)*. Note

they are subject to the relation L + Ly 4+ L3 = 0. We choose to represent the lattice and

the functionals L; in the plane as !

LAll images in this chapter are credited to Jonny Evans https://github.com/jde27/lie-grp/
blob/master/notizen.pdf
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7.3 Eigenvalues of the Twisted Dirac Operator on F; 53

The fundamental Weyl chamber is the set {aL; — 8Ls; «, 5 € R} and so irreducible
representations of SU(3), which are determined by their highest weight, are in bijection
with (N'U {0})2. This is because a highest weight lies in the intersection of the Weyl
chamber with the lattice, and such a weight is precisely aL; —bLs for (a,b) € (NU{0})2
For a pair of natural numbers (a, b) let us denote by V{4 the unique complex irreducible
representation of SU(3) with highest weight aL; — bLs. The branching rule for the 7%-
subgroup is easily determined by the weight diagram of given representation. Let us
consider as an example the adjoint representation (su(3)c, paq). Let H = diag(ay, as, as),
then one can calculate that paq(H)E;; = (a; — a;)E;; and it follows that the weight

diagram for the adjoint representation is

where 0 has multiplicity 2 (since SU(3) is rank 2) and all other weights have multiplicity
one. Let (Wap), pap)) be the irreducible complex representation of t with pe ) (Hi2) = a
and p(ap) (H23) = b, then one uses the relation Ly 4+ Ly + L3 = 0 to calculate that

sl(3,C) = 2Wo,0) @ Wia,-1y © Wit1,2) @ Wi1,21) @ Wi_a1) @ W, —0) © Wia,)-

The representation mg carries the adjoint action of 7% and, as in [18], one can calculate

the weight space decomposition to be
me = We, 1y ©® W12 @ W1, 1) ® Wia1) © Wi,y ® W)

Notice that as a representation of 77 the spinor space is S = (1)¢ @ m¢ @ (Vol)¢, with

T? acting trivially on the complement of mc, and that this decomposes identically to
s((3,C).
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7.3 Eigenvalues of the Twisted Dirac Operator on F; 53

The eigenvalues of the Casimir operator one obtains from the nearly Kéahler metric

are calculated in [18]. We may write

PV (Casas) = cap)Id
2
pw.., (Case) = (. pld

and the eigenvalues are

w@) _ 4
Cay = -3 (a® + b* + ab+ 3a + 3b) (7.8)
4
2
Cloy = -3 (4 cd+d). (7.9)

Let us now examine the relevant Lichnerowicz formula. In the case at hand this takes
the form
1
(chan>2 = _pL(CaSSLL(S)) + pAdo)\(CaSt2> —|— 4

where paqon acts on 50(3)c. We split the space of sections using the Frobenius reciprocity

theorem
L*($c(Fr2s3) © AdQ) = D Hom(V;, S ® s0(3)c)r= @ V, (7.10)

—

~€SU(3)

1
and define an operator (Dflcan)i by requiring that

i i
<D2Can)'2y ® Id = (chan)2’H0m(VW,S®5U(3))C®Vf\/‘ (711)

2

1
To calculate the eigenvalues of (D} )* we must first determine the decomposition of

(50(3)c, Ad o A). One finds that, in a suitable basis of s0(3)c, we have

etf 0 0 ete=9 o 0
AdoN| 0 e 0+ o | = 0 1 0
0 0 ei® 0 0 ¢i0-9

and it follows that
(50(3)([:, Ado )\) = W(,L,l) D W(070) () W(l,l)-

Remark 7.3.1. The reader is warned that we have chosen different generators of the

mazximal torus of SU(3) to those in [77], so our labelling conventions are not the same.

With this in hand we can use Corollary 5.3.2 and (7.9) to state the eigenvalues of

(DA...)°:

Lemma 7.3.2. Let V,, = V(o3 be an irreducible representation of SU(3) such that
dim Hom(V,, S ® s0(3)c) # 0 and let (D3 )2 be the operator defined by (7.11). The

eigenvalues and multiplicities of this operator are
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7.3 Eigenvalues of the Twisted Dirac Operator on F; 53

FEigenvalue Multiplicity

_C?Z,(l?)) +4 dim Hom(V/,, S)r2

_c?fof dim Hom(V,, S @ (W(—1,-1) & Wi,1)))72.

Again this allows us to bound the eigenvalues of (D% ), :

can

Corollary 7.3.3. Let V, be an irreducible representation of SU(3). If V., is not one of
the representations listed below then Spec(DY ), N[0,2] = 0:

e The trivial representation V(oo = C
e The standard representation V(1 g = C?
o The dual of the standard representation Vig1y = (C*)*

Proof. Let V,, be an irreducible representation of SU(3), then the lower bound on smallest
positive eigenvalue of (DY ), that is given by Theorem 5.3.5 is

L,= —ciu(?’) — 1.

Using (7.8) we see that when V, = V() the lower bound that one obtains is L, =
V12 —1 > 2. For any other irreducible representation (excluding those stated above) the
bound is strictly larger and this completes the proof. O]

Let us therefore begin to examine the representations left on our list. The first case
to consider is when V., = Vg is the trivial representation of SU(3). We should expect to
see a 2-dimensional kernel for (DY_ ), since invariant solutions appear from the trivial
representation and we know that the linearisation of the invariant Gs-instanton equations
(7.7) has a 1-dimensional space of solutions.

To begin with, note that an application of Schur’s lemma shows Hom(C, S ®s0(3)c )2
is four dimensional. Let m(7) be a fixed weight vector for the weight aL, — bL3 of the
representation me C S and let w®9) be a fixed weight vector for the weight aL; — bLs of

the representation so0(3)c. We set

gO000) _ 1 g 4,00

G000 _ vl @ (00
gEDELD (1) g gy (-1-D)

gD (1) g g, (LD)
then {q(®0)(00) §00)0.0) (AD(1=1)4(=1L=DLDY forms a basis of

(S ®50(3)(C)T2 = HOIIl(C7 S ®50(3)C)T2
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7.3 Eigenvalues of the Twisted Dirac Operator on F; 53

where (S ® s0(3)¢)r2 is the space of T?-invariant vectors in S ® s0(3)c. Let {I,} be an

orthonormal basis for m and recall from (5.9) that

3
(D%m)7 = cl(l)pc(l,) — ZRGQ

on this space. Since the action involved here is the trivial one we see that (D% ), =
—3Ref) and the vectors ¢(®? and ¢** are, by Lemma 2.3.3, thus eigenvectors with
eigenvalues —3 and 3 respectively. In contrast the vectors ¢(M)(=1=1 ¢(=1=DL1D) define
equivariant maps that factor through A' ® s0(3)c C S ® s0(3)c and it follows from
Lemma 2.3.3 that Re(2 acts trivially on these vectors. These observation yield the next

proposition:

Proposition 7.3.4. Let V., = C and let (DY )., be the operator on Hom(V,, S®s0(3)c)r>

given in (5.7). The eigenvalues of this operator are

Eigenvalue \ | Multiplicity

0 2
3 1
-3 1

According to Corollary 7.3.3 the next case to consider is when the representation in
question is V; o) = C?, the standard representation of SU(3). Since the spinor space S is

the same as V{; 1) = sl(3,C) as a representation of 7?2, we find
Hom(V(1,0), S ® 50(3)c)r> = Hom(Vi1,1) @ Vi1,0), Wi—1,-1) © Wio0) @ Wa1))r2.

The weight diagram of V{; 1) ® V(1,9 is
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7.3 Eigenvalues of the Twisted Dirac Operator on F; 53

and we observe that this does not contain any of the weights of (so0(3)c, Ado\) which are
{—Ly+Ls,0, Ly — Ls}. The only T*-equivariant map from V{; gy to S ®s0(3)c is thus the
zero map and we can therefore omit the standard representation from our calculation. An
almost identical argument shows that V(o1) = (C*)* does not contribute any eigenvalues
to the spectrum of the twisted Dirac operator.

Observe we have shown 2 is not an eigenvalue of (DY _ ), when V, is either the trivial
representation, the standard representation C? or the dual of the standard representation
(C3)*. Furthermore 2 cannot occur as an eigenvalue coming from any other representation
by Corollary 7.3.3. According to [18] perturbations of a nearly Kéhler instanton A., on
a 6-manifold are given by 1-forms a € Q'(X, AdQ) such that Da__(a-ss) = 2a - sg, so this

observation yields the following corollary:

Corollary 7.3.5. The canonical connection living on the homogeneous bundle Q) defined

in (7.6) is a rigid nearly Kdhler instanton.

We conclude this section by giving the virtual dimension of the moduli space M(Acan, 1)
of which Oliveira’s instanton is an element. This follows from Remark 4.4.6 since 0 is the

only eigenvalue of DY _in [0,2) and has multiplicity 2.

Theorem 7.3.6. Let A be Oliveria’s Go-instanton with gauge group SO(3) on A? (CP?)

gwen in Theorem 7.2.1. The virtual dimension of the moduli space is
virtdimM(Acan, ) = 1
for all € (—2,0).

Remark 7.3.7. Observe that inspection of the invariant Go-instanton equations revealed
that the linearised equation has a one-dimensional space of solutions whilst space of solu-
tions to the non-linear equation is zero-dimensional. It follows that the invariant moduli
space is obstructed. On the other hand if the AC moduli space is unobstructed then it must
be that connections in the moduli space (excluding Oliveira’s examples) are not invariant
under the given group action. This is because if we assume unobstructedness then the

moduli space is a smooth one-dimensional manifold.

Remark 7.3.8. Oliveira [77] also constructs a 2-parameter family of Ga-instantons with
structure group SU(3) over A* (CP?). These connections also decay to the canonical con-
nection (although this is the canonical connection for a bundle with a different action to
that on the bundle over the end of A%2(CP?)).The calculations involved are likely to be
lengthy and these examples are therefore not considered in this thesis. The methods used
above are however still applicable to this example. To the author’s knowledge, these are

the only known non-abelian examples that we do not consider.
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7.4 The Bryant-Salamon A? (S%).

7.4 The Bryant-Salamon A” (S%).

Under the isomorphism Sp(2) = Spin(5) we see that Sp(2) acts transitively on S* with
isotropy Spin(4) = Sp(1) x Sp(1). We can lift this to an isometric action on the total space
of A? (S*) by asking that Sp(2) acts on an ASD 2-form via pull back. One can understand
the action of the isotropy group Sp(1) x Sp(1) on a fiber of A% (S*) by modelling a fibre as
the imaginary quaternions [77], the action is then (p, ¢) -z = ¢ for (p, q) € Sp(1) x Sp(1)
and x € ImH. The stabiliser of a non-zero imaginary quaternion under this action is

Sp(1) x U(1), so away form the zero section the principal orbits are
Sp(2)/Sp(1) x U(1) = CP?.

Moreover since the action is isometric the principal orbits are diffeomorphic to level sets of
the norm function s = |-|? on the fibers. The metric |-| on the fibers is Euclidean and will
be denoted ggs. The unit sphere bundle of A% (S%) is the twistor fibration 7: CP? — S*
and carries a nearly Kahler structure.

As was the case for A% (CP?) the Bryant-Salamon metric takes the form

9= f3(s)grs + [ 2(s)7" g1

where f(s) = (1 + s2)~1. The geodesic distance to the zero section then takes the form

t(s) = / f(u)du
0
and this allows us to rewrite the metric as
g =dt® + () f2(s(t)gs2 + f 2 (s())7" gsa

where gg» is the round metric on the unit sphere of a fibre in A% (S1). Again we can
also describe the Ga-structure explicitly in local coordinates. To gain a suitable local
expression we first study the homogeneous structure of Sp(2)/Sp(1) x U(1).

Recall the Lie algebra sp(2) is defined as

sp(2) = {X € Maty(H); X + X' =0}

where X1 is the quaternionic conjugate transpose of X. Let t = Lie(U(1)) and let ¢, j
and k denote the unit imaginary quaternions. We embed the subalgebra sp(1) & t as

(b )

for a € R. Under the reductive decomposition sp(2) = (sp(1) @ t) @ m a suitable model

(0 h
“\=ht bj+ck

for m is
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7.5 Instantons on A2 (S%)

where h is a quaternion, b,c € R and Al is the quaternionic conjugate of h. Thus we
have a splitting of vector spaces m = H & (7, k)g. As described in Section 2.3 a choice
of orthonormal basis for m determines a local frame for T*CP3, we label the 1-forms
arising from the standard basis of H as e!,...e* and the one-forms corresponding to j
and k respectively are labelled ¢ and €. Let us define local Sp(2)-invariant 2-forms €2;

identically to (7.2), then the 3-form ¢ of the Bryant-Salamon structure takes the form
o =dt A (a®(t)e®® + b? (1)) + a(t)b?(t)(e® A Qy — €® A Q3) (7.12)

where a(s) = 2sf(s%) and b(s) = v/2f7!(s?). This viewpoint allows us to see that the
metric and indeed the Ga-structure are again AC with |g — gc|, = O(t™%).

7.5 Instantons on A% (S?)

In [77] examples of Sp(2)-invariant Gs-instantons with gauge group SU(2) were con-
structed. Here we give an overview of this construction. Again the framework for this is
provided by the framework of homogeneous bundles and Wang’s theorem.

Homogeneous SU(2)-bundles over CP? = Sp(2)/Sp(1) x U(1) are determined by
isotropy homomorphisms A: Sp(1) x U(1) — SU(2). By |77, Proposition 5| such a ho-
momorphism is either trivial, A(g, ) = diag(e?,e~%) for | € Z or A(g,e") = g where
we use the standard isomorphism Sp(1) = SU(2). We consider first the homomorphisms
M(g,e?) = diag(e?,e ") and delay consideration of the homomorphism A(g,e?) = ¢
until Section 7.8 By [77, Lemma 1] the only one of the bundles

Q1= Sp(2) x5, SU(2)

to admit a non-trivial family of invariant connections is (). Let us therefore fix () = Q.

In the standard basis I, I5, I3 of su(2) an invariant connection on ) is of the form
A=An+c(® @+ @ L)

for ¢ € R. Let p: (A%2(S*)\ S*) — CP? denote the projection to the unit sphere bundle
of A% (S?), then the bundle p*@Q admits an extension to the total space of A% (S%) which

we denote P. Thus an invariant connection on P is of the form
A=A +h( @ L+ L)

with h a function of the geodesic distance coordinate ¢ (or alternatively the Euclidean
distance s). The Gy-instanton equation for A then becomes the system |77, Proposition
6]

dh
fﬁ4h2:17 f74$+8h:0
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7.6 Eigenvalues of the Twisted Dirac Operator on CP3

together with boundary data %‘3:0 f72h = 0,lim,_,o h = 0. Note these equations are
identical to (7.7)— for more on the origins of this duality see [77, Remark 13|. Again the
first equation here, which is algebraic, implies the differential equation is automatically
satisfied. Thus:

Theorem 7.5.1 ([77, Theorem 5|). The connection
A=A £ F2(5)(® @ L+ @ I3)

is a Go-instanton on the principal SU(2)-bundle P — A% (S*). Moreover A is AC with

limiting connection the canonical connection living on the bundle Q — CIP3.

This connection satisfies |A — Acan|, = O(t72) so in the notation of (4.1) defines an

AC Gs-instanton with fastest rate of convergence —2.

7.6 Eigenvalues of the Twisted Dirac Operator on CP?

Let us again denote by @ — Sp(2)/Sp(1) x U(1) the homogeneous SU(2)-bundle associ-
ated via the homomorphism A;(g,e?) = diag(e”, e~%). Using the framework developed
in Chapter 5 we aim here to determine which representations of Sp(2) could lead to
eigenvalues of DY in the interval [0,2). We look for eigenvalues in this range since the
connection A from Theorem 7.5.1 has fastest rate of convergence —2.

To achieve this we must first review the representation theory of the groups Sp(2) and
Sp(1) x U(1). Following [18] we choose the Cartan subalgebra of sp(2)c to be the space
of 2 X 2 quaternionic matrices of the form diag(zi, wi) with z,w € C. Let us call a weight
positive if it evaluates to a positive real number on the matrix idiag(2i,i). The matrices
H, = idiag(0,i) and H, = idiag(i, —i) are dual to the fundamental weights A\; and \s.
The irreducible complex representations of Sp(2) are thus determined by their highest
weight aA; + bAg for a,b € N and we write (V(4), pv,,,) for such a representation. The

first few representations are as follows

e V(0 = C the trivial representation

o Vo = H?* = C* the standard representation. The group Sp(2) acts on H? by
matrix multiplication and hence on C* via the isomorphism H? = C* of complex

vector spaces.

e V10 is a 5 dimensional representation which under the isomorphism Sp(2) =
Spin(5) corresponds to the vector representation of Spin(5). This means that Spin(5)
acts adjointly on R® ® C C CI(R®) ® C. As noted in [18] the real 5 dimensional

representation

with the action being matrix commutation, satisfies V(ﬂf 0) Or C = V0.

92



7.6 Eigenvalues of the Twisted Dirac Operator on CP3

It is worth noting that each irreducible representation of Sp(2) is isomorphic to its dual
representation. The final fact we need is that the Lie algebra sp(2) is 3-symmetric since

the map

S 5p(2) — sp(2) (7.13)
s00=(p )% (o ) an

satisfies 5% = Id (here we view an element X of sp(2) as a 2 x 2 skew quaterionic hermitian
matrix). This provides a reductive decomposition the Lie algebra sp(2) = (sp(1) ©t) Gm.

The representation theory of Sp(1) x U(1) is straightforward since irreducible represen-
tations are precisely those of the form W ® W’ where W is an irreducible representation of
Sp(1) and W’ is an irreducible representation of U(1). For a € N and b € Z let us therefore
denote by (Wap), pw,,,,) the unique (a + 1)-dimensional representation of Sp(1) x U(1)
on which U(1) acts with weight b. We realise the Lie algebra as

sp(l) &t = (p O) (7.15)

0 zi

for p € sp(1) = ImH and x € R so that sp(1) @ t naturally forms a subalgebra of sp(2).
The spinor space S = C @& m¢ & C is the following representation of Sp(1) x U(1) [18]

S == <1>(C D W(l,—l) D W(l,l) D W(O’_Q) D W(o’g) D <v01>(c

Next we consider the Casimir operators on the irreducible representations V(3 and
Wie,ay of Sp(2) and Sp(1) x U(1) respectively. We know that the Casimir operators act

as multiples on the identity on these representations so

and these constants are found in [18] to be

C?Z%) = — (2a® + 2ab + b* + 6a + 4b) (7.16)
C?x;(j))@t — —(cle+2) +d?). (7.17)

Let us begin to apply these facts to study the spectrum of Dim. By Corollary 5.3.2
we need to decompose (su(2)c, Ad o A1) as a representation of Sp(1) x U(1). The action
is simply the adjoint action of the maximal torus of SU(2) on su(2)c = s((2,C) so the
decomposition is

(5u(2)(c, Ado )\1) = W(()’_Q) D W((),()) @ W(072)

and pAdo,\l(Cassp(l)@t) acts as —4 on the W_y0) @ W(o2) subspace and acts trivially

2
7

of Hom(V,, S ® su(2)c)spa)xu(n) for each irreducible representation V., of Sp(2). Let

1 1
on Wpe). As in (5.11) we split the operator (D3 )? into endomorphisms (D} )

1
V., = V{ap) then using Corollary 5.3.2 we see that the eigenvalues of (D} ), are

93



7.6 Eigenvalues of the Twisted Dirac Operator on CP3

FEigenvalue Multiplicity

_C?ZE}?)) + 4 dimH0m<‘/(a,b)7 S)Sp(l)XU(l)

—C:EZ%) dimHom(V(a,b), S® (W((),,Q) % W(O,2)))Sp(1)><U(1)

Again this will prove a useful consistency check when we come to calculate the matrices
of the twisted Dirac operators (D%_ ).
Recall that we are looking for eigenvalues of DY in the interval [0,2). We can use

Theorem 5.3.5 to eliminate most of the representation V, 3 under consideration.

Lemma 7.6.1. Let V., be an irreducible representation of Sp(2). If V, is not one of the

following representations then (DY )., has no eigenvalues in the interval [0,2]:

an

e Vio) the trivial representation
e Vi) the standard representation
o Vi10) the vector representation of Spin(5).

Proof. This is a simple application of Theorem 5.3.5. When V, = Vg2, we find that
L, =12 —1 > 2 whilst other irreducible representations which are not on the above
list yield a greater bound. O

Thus we need only consider the 3 representations stated in Lemma 7.6.1. For nota-
tional convenience let us set [[W(a7b)]] = Wip) ® Wi,,—p) and recall the twisted spinor
space splits

S®@su2)c =5 (S [[Woo)l) -

As representations of Sp(1) x U(1) these spaces are

S = QW((),O) &) W(l,l) &) W(l,—l) &) W((LQ) &) W((),_Q) (7.18)
S [Woall = [Wasll @ [Wanll @ [Wewll @ 2 (Wl © W) - (7.19)

The space of sections admits a splitting

L(S®AdQ) = | @ Hom(V,, S)spayxua @ Vs | ®

v€SP(2)

P Hom(V,, S @ [WioaDspmyxum @V,

v€ESP(2)

and this is preserved by the operators (DY _ ),. For each irreducible representation V, of
Sp(2) we will therefore consider the operators defined by the restriction of (D% ), to
the spaces Hom(V5, S)sp1yxuay and Hom(V,, .S @ [[Wio2)]])spa)xu()-
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7.7 Eigenvalues from the Vector Representation of Spin(5)

The first case to consider is when V, = V(o) = C is the trivial representation. The
space Hom(C, S)sp(1)xu(1) has dimension 2 and a basis is given by the maps ¢(*?: C —
AOY c Sand ¢ : C — AB3) C S defined in the obvious way. On this space (D} ), =

cl(£a)pv(1a) = 0 since the action is trivial. Now

(D) = (Dh ), = R
and so Lemma 2.3.3 tells us that ¢(®% and ¢®% are eigenvectors of (DY ), with eigen-
values —3 and 3 respectively. Note that the sections these maps define correspond to the
Killing spinor sg and Vol - sg.

Consider now the space Hom(V,, S ® [[W0,2)]])sp1)xua) when V; is the trivial repre-
sentation so that once again (D} _ ), acts trivially. This space has dimension 2 since S®
[[Wi0,2)]] contains two trivial components coming from the subspaces W 2) ® Wio,—2) and
Wio,—2)®@W0,2). Since the spaces in question are actually subspaces of m&® [[Wo2)]] C S®
[[W(0,2)]] we find from Lemma 2.3.3 that ReQ acts trivially on Hom(C, S®&[[W (g 2)]])spa)xuq)-
Therefore (DY ), = 0 on this space for all t. We conclude that

Proposition 7.6.2. Let V., = C be the trivial representation of Sp(2). The eigenvalues

and multiplicities of (DY ) are

Figenvalue | Multiplicity

0 2
-3 1
3 1

The next case to be considered is when V, = V(o) is the standard representation of
Sp(2). Restricting to the action of the subgroup Sp(1) x U(1) one finds that Vig1) =
Wa,0) @ [[Wio,1y]] but inspection of (7.18) and (7.19) then reveals that there are no non-
trivial Sp(1) x U(1) equivariant maps from V(o 1) — S ® su(2)c, so this case need not be
considered.

The last case to consider is when the representation in question is V, = V(¢ the
vector representation of Spin(5). We present this in the next section as the calculations

involved here are more complicated.

7.7 Eigenvalues from the Vector Representation of Spin(5)

Throughout this section the representation of Sp(2) under consideration is V, = V{y g

the vector representation of Spin(5). Consider first the restriction of (D% ), to the
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space Hom(V(1,0),S ® [[W(0,2)]])sp)xua). The branching of V() as a representation of
Sp(1) x U(1) is [18] Vi1,0y = [[Wa,1)]] ® W00y and one therefore finds that Hom(V{; ), S®
[[Wi0.2)]])spa1)xu(1) has dimension four and a basis is given by the Sp(1) x U(1) equivariant

maps which factor
G oy Vino) = Wiy = Wiey ® Wiy = S @ [Wio)]]

where the first map is a projection and the second map is an embedding of W; ;) in
Wiy @ Winny C S @ [[Wio,z2)]]- The basis one obtains is

(1,1) (1,-1) (0,0) (0,0)
{9(1,—1)(0,2)7 9(1,1)0,—2)7 (0,~2)(0,2) q(o,z)(o,—z)} ;

observe that all of these maps factor through A' C S so that ReQ acts trivially on this
space. Using Corollary 5.3.2 and (7.16) we find that (Djm)?Y acts as multiplication by 8
on this space. The eigenvalues of (Dim)y are therefore +4/8, each with multiplicity 2.
Since Ref) acts trivially on this space the spectrum is identical for each (DY ), for each
teR.

Let us now consider the action of the operators (D' )+ |Hom(v;, o).5) The space

Sp(1)xU(1)*
Hom(V(l,O), S)Sp(l)xu(l) four dimensional. A basis is provided by linearly independent
maps which factor

q(i’j)I Vv(l’g) — W(i,j) 5

with the first map being projection and the second being inclusion. This yields the basis

{q(l’l), gD g0 5(0’0)} (7.20)

where ¢(®% maps into A®9 ¢ S and G(® maps into A®3) C S. The situation here is more
complicated than those previously considered since an Sp(1) x U(1)-equivariant map takes
values in the entire spinor space S, not just one of the subspaces (A0 @ A®3)) or AL We
know from Corollary 5.3.2 that (Dim)7 = 12 on this space and the eigenvalues of (Dim)7
are thus £1/12. The complication arises because the 3-form Re{2 acts non-trivially on this
space. To calculate the eigenvalues of (DY _ ), on this space we work with formula (5.9).
We will seek to calculate the action py,, (I,)q"") where I, is an orthonormal basis of m
and ¢ is one of the basis vectors from (7.20), as well as understanding the action of
Clifford multiplication and the almost complex structure in this basis.

The first job is to find an orthonormal basis with respect to the metric (2.15). We
choose to view the Lie algebra sp(2) as a subspace of Mat4(C) by viewing the quaternionic
algebra as an algebra of 2 x 2 complex matrices in the standard way. From this point of

view the Killing form is [39]
Tr(ady cady) = 6TrXY

for X,Y € sp(2) C Maty(C).
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7.7 Eigenvalues from the Vector Representation of Spin(5)

One finds that

0 i 00 0 -100
(i 0y _|i o000 (i 0y _|1 0 00
Hl_(o o)_ 0000 HQ_(O 0) 0 0 00
0000 0 0 00
. 0000
i 0 00
k 0 . 00 0000
H?’—(o 0)_ 8‘0288 H4_<0 i>_ 000 i
00 i 0
000 0 000 0
0 0 000 0 0 0 000 0
Ml_(o j)_ 000 —1 MQ_(O k)_ 00 i O
001 0 000 —i
0 0 10 000 i
0 1 0 0 01 0 i 00 i 0
=L = L =L =L
M3_\/§<_1 0) il-1 0 00| M ﬁ(i o) VZ{o i 00
0 -100 i 000
00 0 —1 00 i 0
0 j 00 1 0 0 k 0 0 0 —i
=L =L =L =L
M5—ﬁ(j 0) slo —10 o M ﬁ(k 0) i
1 0 0 0 0 —i 0 0

is an orthonormal set of generators with the matrices H; generating the subalgebra sp(1)®
t in (7.15). The complex structure in defined by restricting the map (7.13) to m =
(M, ..., Mg)r. A simple calculation yields

J(My) = =My J(Ms) = M,

J(M3) =My J(My) =—Ms

J(M5) == _MG J(M(;) - M5
and by calculating the structure constants of the algebra and appealing to the formula

(2.21) one finds that
Re() — 135 1 o146 | 236 254 (7.21)

in the local frame {e®} of T*CP? determined by the basis {M,} of m = m*. With almost
complex structure and the 3-form Ref2 determined we can determine Clifford multiplica-
tion. This follows from the fact that (u A v)iw = uiJv for any pair of 1-forms u and v,

since applying this to the formula for Clifford multiplication (2.32) yields an equivalent

formula
cl(u)(f + v+ hVol) - s¢ = (—uv + fu— hJu — (u A v)aReQ2 — (usJv)Vol) - sg.  (7.22)

To calculate the matrix of (D} ), using (5.9) we must understand the action of PV (M,)

on Hom(V(1,0y, 5)sp(1)xu@). For this we note that

Hom(V{1,0), S)spyxu(1) = (S ® ‘/(ﬁ,O))sp(1)xU(1) = (S ® V(1,0)>sp(1)xU(1)
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7.7 Eigenvalues from the Vector Representation of Spin(5)

and this last space is the subspace of S ® V(4 o) consisting of vectors fixed by the action of

the Sp(1) x U(1) subgroup of Sp(2). For the representation V{; o) we choose basis vectors

10 0 O 0010 0 0 0 ¢
01 0 0 0001 0 0 ¢ 0
= 00 -1 0|’ X = 1 00 0} Y= 0 —2 00
00 0 -1 0100 - 0 00
0 0 0 1 0 0 2 O
0 0 —-10 0 00 —2
2= 0 -1 0 0 , W= - 0 0 O
1 0 0 0 0 2 0 O

and the action is matrix commutation.

To determine what the maps ¢/ from (7.20) look like in the space (V(1,o) ® S) Sp(1)xU(1)
we note first that W, ;)@ Wy contains a copy of the trivial representation of Sp(1) x U(1)
if and only if © = k and 7 = —I. We will therefore determine explicit decompositions
of the representation V{; ) and the spinor space S into irreducible representations of
Sp(1) x U(1).

By calculating the action PV(LO)(Hz‘) on the basis matrices of V{; ¢y we can determine

explicitly the decomposition Vi10y = [[W1,1)]] ® Wio,0). Let us set

01::X+7:Y7 HQZW—ZZ
0, =X —1iY, 0y =W +iZ

then one finds that Wig o) = (I)c whilst W3 1) = (01, 02)c and W5 _1) = (01,05)c.

A similar analysis works for the representation m. If we define

o1 = Ms + 1My, ¢2 = Mg + M5
51 = Mz — 1My, 52 = Mg — 1 M5

then one finds that W1 1) = (¢1, ¢2)c and Wiy _1) = (¢,, dy)c. With this in hand we can
look for invariant vectors in W(; ;) ® W _j) C S ® V(19). Abusing notation slightly let
us use the same notation as in (7.20) after identifying Hom(V{1,0), S)sp()xu) = (S ®

Vi1,0))sp(1)xu(1), then the basis becomes

q(o,o) =11

¢ =vVolo I

g = ¢ ®0; + ¢ ® 0,
¢ =6, @60, + by @ b5

We can now proceed to calculate the matrix of the Dirac operator in this basis using the

formula

(D )y = M Ma)py, o) (M) (7.23)
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7.7 Eigenvalues from the Vector Representation of Spin(5)

Inspection of (7.22) reveals that cl(M,)(1 ® v) = M, ® v for v € V{3 o) and we find that
pV(l,o) (Ml)] = pV(l,O)(M2)I = 0 whilst

pv(lvo)(Mg)I - _ﬁX’ /0V(1,0)(M4)[ = _\/§Y
Po Ms)T = V22, py,, (Me)T = —V2W.

Applying these facts to (7.23) one finds

(Dzlﬁlcan)'yq(o’o) = ﬂ(_MJB QX -—MyRY +M; @7 — Mg @ W)

=L o g guoy,

V2
Again by (7.22) we have that cl(M,)(Vol® v) = —J(M,) ® v for v € V{10 and thus
(D )G = —V2(-Mi@ X + M3®Y = Mg ® Z — M; @ W)

= (g gaeny,

V2

To calculate the action of the operator on ¢(") we note that

'OV(l»O)(‘]Wl)g1 - w?? pV(I,O)(MZ)gl = i92; PV 0 (M?))@l = \/§]

'OV(I»O)(M4)§1 - —i\/é], pv(l,o)(M5>91 = O’ pV(l,o)(MG)él =0

and

2 = —ibh, pV(LO)(JWQ)H2 =01, pV(l,O)(M?»)gz =0
pW1,O)<M4) 9 = 0, pV(l’O)(M5)§2 = —”L‘\/§[,pv(l’0)(M6)§2 — \/5[

Since we know the action of the almost complex structure and have a local expression for
ReQ) we can again use (7.22) to calculate cl(M;)M; and we find

cl(My)pr = —1627 cl(My)pa = 7;51
(My)py = — s, cl(Ma)dy =
Cl(Mg)le =—-1+ iVOl, CI(M5>¢2 = —i1 — Vol

cl(My)¢p1 = —il — Vol, cl(Mg)¢pa = —1 + i Vol.

Thus we find

(DY )2 (61 @By + 69 ® B2) = cl(M,)pyy, o) (Mo) (61 © By + o @ B)
= 2() @01 + ¢y ©05) + V2 (—41 + 4iVol) @ [
= —4v2¢"0 + 4v/2i§ 0 4 2" + 2071,
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7.7 Eigenvalues from the Vector Representation of Spin(5)

In an identical manner we calculate (D} ), (¢ ® 61 + ¢, ® 65) and we find

(D)2 (61 ® 01 + 63 @ 0) = —4v/2¢0% — 4v/2ig 0 + 291D + 2470,

can

Thus we have found the matrix of (D}L‘m)7 in the basis ¢(*9, §(%0 ¢0D ¢(1=D and given
that Lemma 2.3.3 informs of the action of Ref2 in this basis we can appeal to (5.8) and
find the matrix of (DY_ ), to be

3(t—1) 0 —4V2  —42
0 —3(t—1) 4ivV2 —4iV2
( lecam)’y = _L _L 0 2 (724)
V2 V2
_% i 2 0
2 V2

1
We perform a consistency check by noting that (chan)g = diag(12, 12,12, 12) as predicted
by (5.13). By calculating the eigenvalues of (DY_ ), we obtain the following proposition:

Proposition 7.7.1. Let V,, = V{1 9) be the vector representation of Spin(5) = Sp(2) and
let (DY ), denote the twisted Dirac operator on Hom(V(1,0), S ® su(2)c)spa)xu(1) as in
(5.9). The eigenvalues are symmetric about zero, the £\ eigenspaces are isomorphic and

the positive eigenvalues and multiplicities are:

Figenvalue | Multiplicity

V8 2

N =
+
B

3
[a—

N =
+
B

b}
[a—

Observe now that 2 is not an eigenvalue of (DY ), when V, is either the trivial
representation, the standard representation or the vector representation and Lemma 7.6.1
ensures it is not an eigenvalue for any other representation. Therefore 2 is not in the
spectrum of D%m. Since deformations of a nearly Kéhler instanton correspond to 1-forms

in the +2 eigenspace of the operator DY _ [18] we obtain a corollary:
Corollary 7.7.2. Let Q — CP? be the homogeneous SU(2)-bundle

where \y: Sp(1) x U(1) — SU(2) is the homomorphism \i(g,e") = diag(e®, e=*). Then

the canonical connection A, on Q is a rigid nearly Kdhler instanton.

We conclude this section by stating the virtual dimension of the moduli space we have

been studying. This follows from the observation in Remark 4.4.6:
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Theorem 7.7.3. Let Acan be the canonical connection on the homogeneous SU(2)-bundle
Q = Sp(2) xy, SU(2). Let p: A% (S*) — CP? denote the natural projection and let P be
the extension of the bundle p*Q as described in [77]. The virtual dimension of the moduli
space M(Acan, 1t) of Ga-instantons on P asymptotic to A, with rate p is

virtdimM (Acan, 1) = 1

for all i € (—2,0).

7.8 Pullback of the Spin Connection on S*

In |77] Oliveira showed that the Levi-Civita connection on the spinor bundle of S* can
be pulled back to A% (S*) to define a Gy-instanton for the Bryant-Salamon Gy-structure.
More generally, any ASD instanton over S* or CP? can be pulled back to the Bryant-
Salamon manifolds to define a GGo-instanton.

We can interpret the spin connection and its pullback homogeneous bundle language.
Using the isomorphism Sp(1) = SU(2) the isotropy homomorphism A: Sp(1) x Sp(1) —
SU(2) given by A(g,¢') = g defines an Sp(2)-homogeneous SU(2)-bundle over S* =
Sp(2)/Sp(1) x Sp(1). This is the frame bundle of the spinor bundle of S* and the canonical
connection coincides with the Levi-Civita connection as S* is a symmetric space. The
twistor projection enables one to lift the bundle and connection to an SU(2) bundle and

connection over CIP3. The bundle here is the homogeneous bundle

Q = Sp(2) x; SU(2)

where 5\(9, ¢??) = g and the connection A, is the canonical connection. We pullback
Q and Ae., to A%2(S%); both the bundle and the connection automatically extend over
the zero section and it is verified in |77, Proposition 3| that this yields a Ga-instanton.
We label this bundle P and still denote the canonical connection by A..,. The situation
here is somewhat different to those previously considered since the Ga-instanton is AC
with any rate p < 0 and so to determine the virtual dimension of the moduli space of

Gs-instantons asymptotic to A, for all rates one would need to calculate the entire
0

can’

spectrum of DZ, . Doing so would require calculating the branching rule from Sp(2) to
Sp(1) x U(1), however we will not attempt this. We can however quite easily determine
the virtual dimension for a small interval of weights using the methods developed in
Chapter 5.

As is now familiar, we wish to determine the eigenvalues of DY in the interval
[0,2) (or possibly a bigger interval containing this one). This operator acts on section
of $(CP?) ® AdQ where the bundle AdQ is associated via the representation Ad o A of

Sp(1) x U(1), and it is clear that the isomorphism class of this representation is Wy ).
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7.8 Pullback of the Spin Connection on S*

Recalling the decomposition of the spinor space as an Sp(1) x U(1) representation from

(7.18) we find that the isomorphism class of twisted spinor space to be
S®su)e = 2Weo @ [Wepll & [Wanll @ [Weall (7.25)

Observe that Hom(C, S ® su(2)c¢)sp1yxua) = {0} by Schur’s lemma, so this homomor-
phism space does not contribute any eigenvalues. The next case to consider is Vg )
which is the standard representation of Sp(2). The branching of this representation is
Vio) = Wa,0) @ [[Wio,1y]] so this representation also contributes no eigenvalues.

The first irreducible representation of Sp(2) that contributes eigenvalues is V(1 ),
the vector representation of Spin(5). Recall the branching is V(1,0) = W0 @ [[Wa 1]
so Hom(V(1,0),.S ® su(2)c)spayxu(1) has dimension 2 and a basis is given by the maps

(1,1) (1,—1) (i,5) )
411y 2,00 901 —1)2,0) where q(kfl)(m’n) which factor

Vo = Wig) = Wiy @ Winmy < S @ su(2)c

with the first map being an equivariant projection and the second being an equivariant
embedding. Let V,, = V{y o), from (5.12) and (7.16) we have that

1
(Dgcan)i = 8Id.

Now all maps in Hom(V10y, S ® su(2)c)sp)xu(r) actually map into mg ® su(2)c and it
follows that Re(2 acts trivially on this space. We conclude that (D% ), = (Dim)v for
all ¢ and therefore the eigenvalues of (DY _ ), are the same as those of (Dim)7 which are
+/8.

We do not consider calculating eigenvalues from any more representations but instead
provide bounds sufficient for us to state the virtual dimension of the moduli space under
consideration. Let V, = V|g2), then the lower bound on the positive eigenvalues of
(DY.. ), that one obtains from Theorem 5.3.5 is L, = v/12 — 1. For any other irreducible
representation of Sp(2) we get a larger lower bound on the smallest positive eigenvalue

of the induced operator. Thus we have shown

Proposition 7.8.1. Let Ac.n be the canonical connection on the bundle @ = Sp(2) X5
SU(2). Then the operator DY  has no eigenvalues in the region (—v12+1,v/12 —1).

As a result we are able to determine the virtual dimension of the moduli space for

certain rates:

Theorem 7.8.2. Let M(Acan, 1t) be the moduli space of Ga-instantons on P — A* (S%),

asymptotic to Acan with rate . Then the virtual dimension of the moduli space is
virtdimM(Acan, ) =0 for all p e (—v12—1,0).

Since both the invariant instanton equations and the virtual dimension of the AC
moduli space are identical in both cases considered in this chapter, the observations of

Remark 7.3.7 are equally applicable to the case considered above.
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Chapter 8

The Standard Instanton

In this chapter we consider the moduli space of AC Gy-instantons on R” with structure
group G5 and which decay to the canonical connection of S° at infinity. We repeat the
process of calculating the virtual dimension of the moduli space but we use a different
method to that of the previous chapter for determining eigenvalues of the twisted Dirac
operator. We write the operator in question as a sum of Casimir operators and find two
bases that diagonalise the different terms in this expression. We again find the matrix of
the operator in a suitable basis of the relevant homomorphism space and by calculating
its eigenvalues we find the virtual dimension of the moduli space. As an application of the
deformation theory, we explore uniqueness properties of the Gs-instanton of Giinaydin
and Nicolai. This culminates with the main result of this chapter, Theorem 8.11.3, that a

G>-instanton on this bundle is either obstructed or is the instanton of Giinaydin-Nicolai.

8.1 The Standard Instanton

Throughout this section we work with the AC Gy-manifold M = R” whose asymptotic
link is the homogeneous nearly Kihler manifold 3 = S%. There is a well known example
of a Go-instanton on R constructed by Giinaydin and Nicolai [41]. This example was
recovered by Harland et al [42] via a different construction method, namely they con-
sidered the instanton equation on the cylinder over the nearly Kéahler 6-sphere (which
is conformally equivalent to the Euclidean R” \ {0}). This viewpoint makes it easier to
understand the asymptotics of the connection, in particular one easily observes that it
asymptotes to the canonical connection. We give here a very brief overview of the con-
struction before revisiting it in more detail in 8.9. The important fact we shall need here
is the rate at which the instanton converges.

Form a bundle Q over S° via

Q = G2 X(su@),) G2
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8.1 The Standard Instanton

where ¢: SU(3) < Gy is the inclusion homomorphism. Topologically Q = G5 x S — §°
is the trivial G5 bundle over S° but it helps to keep in mind the homogeneous structure.
Since the bundle () is associated from the canonical bundle Gy — G5/SU(3) the canonical
connection lives on (). Essentially () extends the canonical bundle to a G5 bundle and the
canonical connection is the connection whose horizontal spaces are defined by the inclusion
of left translates of m. In particular, the canonical connection on @) has holonomy SU(3).

Other than the canonical connection A.,, there is another Gs-invariant connection
which is in fact flat. We denote this A, = Acan + a. Consider P = R” x G5 so that
Plgn oy = 7@, the pullback of @ to the cone. Let (r,0) € (0,00) x S® and make the G,
invariant ansatz

A(r,o) = Acan(0) + f(r)a(o)

where f is a function on R” depending only on the radial coordinate r. It is shown in [42,

Section 5.3] that
1

0 =griT

with C' > 0 a constant yields a G5 instanton which extends over the origin in R”.

(8.1)

Remark 8.1.1. Harland et al [42] work on the cylinder over S®, with coordinates (o,t)
foro € S% andt € R, so to change to the conical viewpoint considered here one makes the
change of variables r = e'. Even after this change of variables the function given (8.1)
differs from the one found in [/2] but this is simply a consequence of the normalisations
we have chosen. Namely the metric on go s —%th of the Killing form and our SU(3)
structure satisfies dw = 3Im¢).

For any such f we define
Astd = Acan + fa

and call this the standard G5 instanton. It is clear from (8.1) that Agq aymptotes to the
canonical connection with fastest rate of convergence —2.

In the notation of Chapter 3 we set A = Agq and therefore Ao, = Acan. Since the
fastest rate of convergence is —2 we will consider the family of moduli spaces M(Acan, )
for p € (—2,0). Recall we denote by W the set of critical weights for the operator
Da: Liyy, 1 — Lj, o In the case at hand we expect that {-2, -1} C W for the
following reason: The deformation defined by the dilation (the R, action on the end
of M) is ¢, 2 Fy,,, and this is added with rate —2. The deformations determined by
translation in R” are ¢ 2 F4_,, and these are added with rate —1, therefore we expect the

+1 eigenspace of DY has dimension at least 7.
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8.2 The Dirac Operator on G5/SU(3)

8.2 The Dirac Operator on G5/SU(3)

This section aims to understand the action of the Dirac operator on spinor fields from a
representation theoretic viewpoint. To calculate eigenvalues of the twisted Dirac operator
on S% we use a different method to the one presented in previous chapters. Instead of
working directly with the definition of the Dirac operator we write the operator as a
sum of Casimir operators. In doing so we are able to calculate the matrix and hence the
eigenvalues of the Dirac operator.

Throughout this section the notation of Fulton and Harris in [39] is used, thus we
denote a complex irreducible representation of Gy by (V(; ), pV(i,j))7 so that V(o) is the
trivial representation, V{1 9) = C7 is the standard representation and V(o 1) = (g2)c is the
adjoint representation. Similarly we denote complex irreducible representations of SU(3)
by (W), pw,,,) (note that in Chapter 7 the same representation was denoted V{; ) so
that W19 = C* and W1y = (C*)*

All representations under consideration are complex representations for simplicity. It
follows from Lemma 8.2.1 that the complexified tangent bundle is associated via the
representation (mc, Ad) = W ) @ W) of SU(3) and it is worth noting that m¢ = mg

as representations. The spinor space S = C @ mg @ C is
S = W0 © W) @ Wiy @ W) (8.2)

as an isomorphism class of SU(3) representations.

It will prove useful to have an explicit description of the embedding go — s0(7) =
A?(R7)* in term of the subalgebra su(3). Recall s0(7) = A%(R7)* splits as into irreducible
representations of Gy as A*(R7)* = A2, & A2 where the subscript denotes the dimension
of the irreducible component. We pick an orthonormal basis e!,... €5 dt of (R7)* =
(R%)*®R* so that the summand R* is identified with (d¢). Under the splitting R” = RC@R
the action of SU(3) is the obvious one. The image of the embedding g, < A%(R")* is the
space of 2-forms « satisfying a A ¢y = 0. We decompose the space of 2-forms on R” as

SU(3) modules:
A2<R7)* ~ AQ(RG)* D ((RG)* A dt)
= A0 AF D (wr @ ((RY)* Adt).

Recall the Lie algebra g, is reductive with respect to the subalgebra su(3). This means
there is a splitting go = su(3) ®m and the component m is closed under the adjoint action
of su(3). Furthermore, m is the orthogonal complement of su(3) with respect to the Killing

form on go. We see that

m C Re (A*°(R%)*) @ (w) @ ((R®)* Adt).
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8.2 The Dirac Operator on G5/SU(3)

The space m is a 6-dimensional space such that g An = 0 for all n € m . A direct

calculation shows
1/}0 Nw = 3V016

) 1 .
(RAY (e’ Adt + §€Z_|RGQ) =0.
This yields the following lemma:

Lemma 8.2.1. Consider the Lie algebra gy as a subspace of A*(R7)* wvia the standard
embedding. Then there is a splitting g = su(3) @ m where su(3) is the space of w anti-
self-dual 2-forms on R® and

1
m:span{ea/\dt+§eaJReQ;izl,...,G}.

The space m is closed under the adjoint action of SU(3) and this splitting is orthogonal

with respect to the Killing form on gs. Furthermore the map
F: A'RY)* - m (8.3)
1
Fv)=vAdt+ §U_|Re§2 (8.4)

is an isomorphism of SU(3) representations and an isometry with respect to the Euclidean

inner product on R® and Bly, on m.

The map F thus allows us to think of m, as an SU(3) module, as either (R®)* or as a
subspace of go and it will prove convenient to switch between these two viewpoints. The
importance of the above lemma is that it allows one to understand Clifford multiplication
on the space of sections of the spinor bundle on G2/SU(3) as we now explain.

We seek to extend the spinor space S to a representation of G5, this will allow elements
of m C go (which we may view as tangent vectors at a point) to act on the spinor bundle
and we can compare this action with that of Clifford multiplication. Extending S to a
representation of G5 means seeking an action that yields the splitting (8.2) when the
action is restricted to SU(3) C Gs. Note that the standard representation V; 9 = C” of
G2 becomes the representation V(i ) = W0y © W10y © W(o,1) when one restricts to the
subgroup SU(3) C G (this is the branching rule for V(1 y). Thus V{1,0) ® V{o,0) branches
to the correct representation of SU(3). To view S as the representation V{y0) ® V(o) of

G5 we use the isomorphism

ComreC=(C)YoC

(z,v,w) — (zdt + v, w).
The action pg of go on S that yields the above decomposition is

ps(n)(zdt + v, w) = (n7(z dt +v),0),
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8.2 The Dirac Operator on G5/SU(3)

where 7 € g C A?(R")* and L; denotes the contraction from the Euclidean inner product
on (R7)* extended complex linearly to (C7)*. This action is then extended to sections of
the spin bundle $c = A2 & AL & AL

To compare this action to Clifford multiplication we calculate

ps(F(u))(f,v,gVol) = (—uw, fu— %(u A v)JRef2, O) . (8.5)

Here . denotes the contraction map induced by the round metric, extended complex
linearly. This does not agree with the formula for Clifford multiplication given by (2.32),
so to fix this disparity we consider another representation on the spin bundle. There is
another natural representation of g, on given by ps(X) = Vol ™'+ pg(X) - Vol and we shall
see that the two representations pg and pg together recover Clifford multiplication. To

see this we first need a simple lemma:

Lemma 8.2.2. Let (3,Q,w,J) be a nearly Kdhler 6-manifold. Then the following iden-
tities hold

J ((u A Jv)ReQ) = (u A v)iRef) (8.6)
usJv = (u Av)w (8.7)

for all u,v € AY(T*Y).

Corollary 8.2.3. After associating spinor fields with elements of L*(Ga, S)su(s) and vec-
tor fields with elements of L*(G2, m)suys), Clifford multiplication of a spinor s by a tangent

vector u takes the form

cl(u)s = (ps(F(u)) — pg(F(u))) s (8.8)
where pg is the representation (8.5) of g2 on S and pg = Vol™! - p - Vol.

Proof. Recall that the action of the volume form on the spin bundle is Vol(f, v, hVol) =
(—h, Ju, fVol), one thus calculates that

(ps(F(u)) = pg(F()))(f, v, hVol) =

1 1
(—uw, fu— §(u Av)iReQd — hJu — §J((u A Ju)JRe), —(UJJU)V01)

and an application of Lemma 8.2.2 shows that this exactly matches the formula for
Clifford multiplication given by (2.32). O

Having found formulae for both covariant differentiation and Clifford multiplication
we can now consider the Dirac operators relevant to this setting. Recall the operators

Dt are built from the modified connections V* and that V! is the canonical connection
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8.2 The Dirac Operator on G5/SU(3)

arising from the reductive homogeneous structure. We fix bases {I,}°_, for m and {I;} 1.
for h which are orthonormal with respect to the nearly Kahler metric on go,. We know
from (5.6) that D' = cl(Z,)pr(I,) and we can rewrite the form of this operator using
Corollary 8.2.3.

Corollary 8.2.4. After associating spinor fields with elements of L*(Gs, S)su(s) and vec-

tor fields with elements of L*(Gs, m)su(s), the Dirac operator of the canonical connection
D': T($c(X)) — I'($c()) is

D' = (ps(la) = ps(La))pr(la)s.

Let us therefore define operators

DP: T (3c(%)) = T($c(2)) Dr: T($c(2)) = ($c(%))
D = pS([a)pR(Ia) Dr = pS‘(Lz)ﬂR(Ia)

so that D! = D? — Dr. We now explain how to view these operators as Casimir operators:
For i # j we set [[W ;] = W j) ® W(,,). Recall that isomorphism class of the SU(3)
representation S is
S = Wi @ [[Waoll © Wi

Since the actions pg and pp commute we can rewrite D? as:

1

Df = B (pser(Casy) — ps(Casy) — pr(Casy))

where a representation of GG defines a representation of SU(3) by restriction and p(Casy,) :

p(Casg,) — p(Casgy(z)). Similarly the expression for Dr is

~ 1
Dr = 5 (p§®R(CaSm) - pg(casm) - pR(CaSm)>

and in fact D? = Vol ™' D?Vol. Combining this with (2.33) yields a representation theoretic

formula for the Levi-Civita Dirac operator:

3
D" = D — (Vol ' D*Vol) — ZReQ. (8.9)

The discussions transfers easily to the homomorphism space decomposition of the space
of spinor fields provided by Frobenius reciprocity. If V, is an irreducible representation of
G, then Hom(V;, S)su(s) ® V;, embeds into the space of sections and we define operators
D! on Hom(V5, S)su(s) such that

D,ty ®Id = Dt|Hom(V—y,S)SU(3)®V’Y‘

For each such homomorphism space the operator D? also defines an endomorphism

D§ via the formula

Dp|Hom(V7,S)SU(3)®VV — D/ﬁ; ® Id
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and we find Df: Hom(V,, S)su(s) — Hom(V,, S)suy(s) is the operator

D5 = 5 (psev; (Casn) — ps(Casw) — py:(Casy)) - (8.10)

DN —

In the same way D* defines an endomorphism D§ and one has that
- ~1
D? = Vol™" DfVol

where Vol is the action of the volume form on m (induced by the Riemannian volume
form on S®) on spinor space. It then follows from the previous discussion and from (5.9)
that
1_ -1
D = D! — (Vol ™" DFVol)

and thus that
3(t—1)

-1
D! = D — (Vol ™' D?Vol) + Ref. (8.11)

If we can therefore understand the operator Df as well as the action of Vol and Ref2 in
a suitable basis then we can calculate the matrices of the family of Dirac operators on
the relevant homomorphism space. For this we need the eigenvalues of the g, and su(3)
Casimir operators with respect to the nearly Kéhler metric.

Let V{;;) be an irreducible representation of g, and let W, ;) be an irreducible repre-

sentation of su(3), then we have

pG.j)(Casg,) = C?f,j)ld
3
p(i,j)(Cassu(g)) = sz(j))ld

and the eigenvalues are calculated in [18] to be

ety = —(1* + 35 + 3ij + 5i + 97) (8.12)
Y = — (i + 52 +ij + 3i + 3j). (8.13)

8.3 Some Warm Up Calculations

At this point we pause to outline how to use this formulation of the Dirac operator
to calculate some eigenvalues of the Levi-Civita-Dirac operator on S°. This is a useful
exercise, as the method we use is identical to the one we shall for the twisted Dirac
operator, but the calculations involved are less cumbersome.

Recall that the nearly Kéhler S® carries the standard round metric, so our method
should recover the well known eigenvalues of the Dirac operator on the round sphere.
The spectrum is [6]

SpecD’ = {£(3 + k); k € N}
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8.3 Some Warm Up Calculations

so the eigenvalues we calculate should lie in this set. Furthermore, the multiplicity of an

eigenvalue +(3 + k) is

mult(£(3 + k) = 8 (’“ ’ 5) .
If we can understand how the operator Df from (8.10) and the volume form Vol act
on the given homomorphism space then we can calculate the matrix of the operator D%.
Then if we know the action of the 3-form Ref2 in this basis, we can calculate the matrix

and eigenvalues of the operator Dg via (8.11).

Example 8.3.1. Let V,, = C be the trivial representation of g,. Then the space Hom(C, S)suy(s)
is two dimensional with basis ¢(®% and ¢®?%, which map into the subspaces A% and
AB3) of S. We have

1

Df = 2 (psec(Casn) — pc(Casn) — ps(Casn))

and pc(Casy) = 0 and psec(Casn) = ps(Casy) so we see that Df = 0 and thus D# = 0.
The basis ¢(®9 and ¢ correspond to the Killing spinor s and Vol-sg, which are parallel
sections with respect to V! and hence harmonic spinors for D!. By Lemma 2.3.3 we see
that

3
_ZRQQ = diag(—3, 3)

in this basis. So the matrix of D; in this basis is
0 __ 7:
D7 = diag(—3, 3)

which corresponds to sg and Vol - s¢ being eigenspinors of D° with eigenvalues —3 and

+3 respectively.
Next we carry out the same procedure for the standard representation of Gy :

Example 8.3.2. Let V,, = V|4 ) be the standard representation of G3. The space Hom(V, S)su(s)
has dimension four since V., = W(; o) ® W g,1) ® W(0,0). It proves helpful to split this space

into two components
Hom(V(1,0), S)su(zy = Hom(V{1,0), Vi1,0))su(3) © Hom(V(1,0), C)sus)-

Let g9 be the projection maps ¢ : V(y o) = W j), then the maps ¢*?, g%V, ¢ form
a basis of Hom(V(1,0y, V1,0))sus) and we can extend this to a basis of Hom(V{y g), C)su(s)
by adding the map Vol - ¢(®% . Under this splitting the operator D? splits into a 3 x 3 and
1 x 1 block diagonal matrix and arguing identically to the previous calculation we see that
D# acts trivially on Hom(V{1 ), C)sy(s). Furthermore D? acts on Hom(V(1,0), V(1,0))su(3) as

1

3 (Pv(q,o@vu,m (Casm) = pviy ) (Casm) — pvy (CaSm)>
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8.3 Some Warm Up Calculations

(1,0)

and the basis maps ¢ ¢®V ¢(©9 are eigenvectors of PVi10 (Casm) — PV 0)(Casm), the

eigenvalue of ¢(*7) being —2(cto) — c?r(f;))
Consider the operator py,, , o/, o (Casn), we can use the isomorphism Hom (V{1 0), V(1,0))su(3) =

Hom(V(1,0) ® V(1,0), C)su(s) to see that the SU(3) equivariant maps that factor
p): Vivo) @ Vo) = Vi) = C
form a basis of eigenvectors of this operator. Now

Vo) ®@ Vo) = Az(V(l,O)) S Symz(V(m))
= Vi) @ Vo) ® Vizo) @ Vioo)

and since, except for the adjoint representation V(g 1), each summand contains a copy
of the trivial representation when restricted to a representation of SU(3), the basis we

(0,0)

obtain is p©®0, p(1L9) pO1) The eigenvalues are

p‘/(1,0>®"(1,o>(casm)p(i7j) = c%ij)

so to calculate the matrix of Df in either of the bases presented above, it remains to
calculate the change of basis matrix.

From the above decomposition of V(19 ® V(1,9 it is clear that p®? = Id = ¢(®9 +
g9 +4¢®D. The trivial SU(3) component contained in s0(7) lies in V{1 o) which is modelled
as the space {virp : v € (R7)*}. If we model (R7)* as (R®)* & (dt), then the only SU(3)
invariant unit vector in (R7)* is d¢, and dt_;p9 = w. This is identified with the complex
structure J on the space Wi o) @ W1y and thus p? = g9 — g, Finally write
P20 = qq00 4pg(19) 4O Since p(>) defines a traceless map we find a+3b+3¢ = 0 and
since p9 (7) = p0)(v), p10)(T) = p(19(v) it must be that a = @, ¢ = b. Self-adjointness

of p>%) gives a + 6b = 0 and so we have calculated the change of basis relations:

(0,0) (0,0) +q(l,0) +q(0,1)

(170) —

P =q
P =1q q
p(2,0) _ —6q(0’0) + q(l,O) + q(o,l)'

(1,0) (0,1)

Using this together with the eigenvalues given in (8.12) and (8.13) we find that the matrix
of Df in the basis g7 is

03 320
1 010
1100
0000

It remains to understand the action of the volume form Vol and the 3-form Re{) on
Hom(V{1,0), S)su(s)- Recall that the volume form satisfies Vol? = —Id and that its left
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8.4 The Twisted Dirac Operator

action on A' C S is precisely the action of the almost complex structure J. It follows

that, in the basis ¢(*?), the volume form acts as the matrix

00 0 -1
0+ 0 O
00 — 0
1 0 O
One therefore finds that
0 3 0
1 2 7
1 1
szDg—Vol D§V01: L o 0 —i
0 -3¢ =37 0

From Lemma 2.3.3 the action of Re(2 in this basis is given by the matrix diag(4, 0,0, —4)

and so DY is given by the matrix

-3 3 3 0
3 0 2 i

DY = D! — —ReQ) =
o7 4 1 2 0 —i

which has eigenvalues {3, £4}.

Note in this second example, when V. had dimension 7, the eigenvalues that we
calculated (which each had multiplicity 1 for Dg) must have multiplicity at least 7 in the
space of sections. Note that £3 is also an eigenvalue for the operator Dg when V,, = C.
We know from [6] that the multiplicity of the eigenvalues +3 in 8, therefore we have

found all of the eigenspinors of this eigenspace.

8.4 The Twisted Dirac Operator

This discussion generalises easily to the case of twisted spin bundles. To study the
standard (G5 instanton we would like to form a similar representation-theoretic formula
for the twisted Dirac operator DY : I'($¢(3) @ (g2)c) = T'($c(X) ® (g2)c). Let us fix
(V,pv) = (S ® (g2)c, ps ® Ad). As a representation of G5 this twisted spinor space is
V= V0 @ Vo) @ Voo
=V & Vizo) © Vo) & Vi)

The adjoint representation splits (g2)c = W 1y @ [[W(1,0)]] as a representation of SU(3),
so as a representation of SU(3) the twisted spinor space is

V= ([Waol®2We0) @ Wan @ [Waol)

= [Wenll & 2[Weol] ® 4W1) @ 4[Wa 0] © 2W(0,0)-
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8.5 Application of The Lichnerowicz Formula

In terms of the Lie algebra action the space of sections of the twisted spin bundle is

L*(G2,V)sue) = {f € L*(G2,V); pr(X)f + pv(X)f =0 for all X € su(3)}. (8.14)
Consider the operator D} acting on sections of E, this takes the form
D} =cloVhian,

Recall the connection V4<an is simply the canonical connection acting on sections of G'x g
E, associated via the representation E. Thus VY™ f = pr(X)f for f € L*(Gs, E)sys)
and X € C°°(G, m). An analysis identical to the (untwisted) case of D! yields a repre-

sentation theoretic formula for the twisted operator D}y  via (5.6) and Corollary 8.2.3.

Proposition 8.4.1. Let D : L*(Gs, E)su@s) — L*(G2, E)su() be the operator

1

Dgcan = 5 (pS®R(CaSm> - pS(CaSm) — pR(Casm)) .

Under the association T'($(X) ® AdP) = L*(Gs, E)su) the twisted Levi-Civita Dirac

operator DYy s

3(t—1
DY = DY — Vol_lDZmVOI + ( 1 )ReQ. (8.15)

As in the case of the ordinary spin bundle this can be easily transferred to the homo-
morphism space decomposition of the space of section. For an irreducible representation

V. of Gy we define an endomorphism (D ), of Hom(V,, S ® (g2)c)sus) via
1

(Dheu)y = 5 (Psev: (Casw) — ps(Casn) = p; (Casw)) (8.16)
and it follows that the operators (D%_ ), given in (5.9) take the form
t P —1rpp 3(t—1)
(Dly.o)y = (D4,,)y — Vol (D4 ), Vol + Ref). (8.17)

8.5 Application of The Lichnerowicz Formula

Recall that the standard G5 instanton Agq has rate —2 and so we shall consider a family
of moduli spaces M(Acan, pt) for p € (—2,0). We have seen that the expected dimension of
these moduli spaces varies as we pass through values \; which are in Spec(DY_ ) N[0,2)
so we are lead to study the spectrum of this twisted Dirac operator in this interval. Let
us first determine the eigenvalues of (Dim)2 using Corollary 5.3.2, as this will again
provide a useful consistency check. We can also use Theorem 5.3.5 to show that most
representation give rise to eigenvalues that do not fall into the interval [0,2) that we are
interested in.

Let V, be an irreducible representation of G, then the eigenvalues and multiplicities

1
of the operator (D} )2 are
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Eigenvalue Multiplicity

—ng dim HOHI(VW S & (W(I,O) S5 W(O,l)))SU(B)

—c2 -5 dim Hom(V,, S ® W1.1))sue)

where c£? is the eigenvalue of the Casimir operator on the irreducible representation V,
with respect to the inner product B from (2.15).

To see this we simply apply Corollary 5.3.2 to the case at hand. We have (ga)c =
W0y @ Wio,1) @ Wii,1) and this yields the splitting

Hom (V{3 5), S®(g2)c)su) = Hom (Vs j), S&(Wi1,0)DW(o,1)))su@) @Hom(V(; 5y, S@W1.1))su(s)-

1
The operator (D j‘m)i respects this splitting and inspection of (5.10), together with the

fact that CZL(]?;) = c?;(s), reveals that

3 2 _ su(3)
(Djlcan)’Y’Hom(v’y7S®(W(1,O)@W(O,l)))SU(3) - _ngQ + €(1,0) + 4.
We know from (8.13) that cizlll(g)) = —4, so the Dirac operator acts as the constant —c%?

2

5 acts as the

1
on this space equivariant maps. A similar observation shows that (D} )
constant —cf? — 5 on Hom(V,, S ® W 1))su(s)-

Lemma 8.5.1. If V, is not one of the following irreducible representations of Ga, then
the operator (DY )., acting on Hom(V,, S® (g2)c)su), has no eigenvalues in the range
[0,2):

1. Vi), the trivial representation
2. Vi1,0), the standard representation

3. Vio,1), the adjoint representation.

2 4s —¢92 — 5 and

1
Proof. By Corollary 5.3.2 the smallest possible eigenvalue of (D} )2 g
1

it follows that the smallest possible non-negative eigenvalue of (D3 ), is (—cf* — 5)z.
Applying Theorem 5.3.5 to the case when V., = V(3 one finds that the lower one the
smallest positive eigenvalue one obtains is L., = V14 — 5—1 = 2 so this bound is sufficient
for the statement of the lemma. When V. is an irreducible representation of higher
dimension one obtains a greater lower bound and the only irreducible representations of

lower dimension are those given in the statement of the lemma. O]

For the three representations in the above list we now compute the matrix of the
Dirac operator and the set of eigenvalues explicitly. We briefly outline a few conventions

used throughout the calculations:
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8.6 Eigenvalues from the Trivial Representation

Firstly Hom(V,,S ® (g2)c)su@) = Hom(S ® V,, (g2)c)su(s) and it will prove more
convenient to view the homomorphism space from the latter viewpoint when constructing
basis vectors. Furthermore since S = V(;9) @ V|o0) as a representation of G5 it will prove

convenient to decompose

Hom(S ® V5, (g2)c)su(s) = Hom(V(1,0) ® V5, (92)c)sucs) @ Hom(Vig0) ® V5, (82)c)sus)

as (G modules. Recall we have the following models for irreducible representations of

Gy :

* Vig =0

o Vioy) = (g2)c = {a € CR A*(R")"; @ Aty = 0}

o Viooy={n€C@ AR ; nAwy=nAh =0}
For irreducible representations of SU(3) we model

e Wi = ALO(RE)*

e Wi = ACH(RY)*

o Wiy =su(3) ={aeA*C"*; x(a Aw) =0}

where w is the standard Kéihler form on R®. Note that W(1,1) embeds into Vg 1) by inclusion
and the embedding of W(; ¢y into V(g 1) is given by the restriction of the embedding F' of
(R%)* @ C into (ga)c

Fv)=vAdt+ %UJRGQ.

8.6 Eigenvalues from the Trivial Representation

Let V, = V(o) be the trivial representation of G5. Then Schur’s lemma tells us that
Hom(C, S ® (g.)c)su) = Hom(S, (9.)c)su(s) is two-dimensional. A basis for this space
is given by the maps that factor through projections

When V, is the trivial representation the operators (,05@‘/; (Casy) — pS(Casm)) and
pv(Casy) both vanish. We know that (DY ), is built from precisely these operators
and hence vanishes. Note also that Lemma 2.3.3 ensures that Re{) acts as 0 on this space
since q((;:(?; and q((gji; factor through A' C S. Overall then (DY _ ), vanishes identically

on this space.

Proposition 8.6.1. Let V., = Vio ), then the unique eigenvalue of (DY ), is 0 and has
multiplicity 2.
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8.7 Eigenvalues from the Standard Representation

8.7 Eigenvalues from the Standard Representation

Now let V,, = V4 o) be the standard representation of Gy. The space Hom(S®V{1,0), (g2)c)su(3)

is ten dimensional. It is convenient to split this space as

Hom(S ® V(1,0), (82)c)suz) = Hom(V(1,0) ® Vi1,0), (82)c)suz) @ Hom(C ® V{10), (82)c)su()

where V{y ) is modelled as A” @ A' C S. The matrix of (Dy,,, ), will be block diagonal
with respect to this splitting, and the part acting on Hom(C ® V{1,0), (g2)c)su() is 0 by
the previous calculation.

It remains to calculate (Da.,, ), on Hom(V(1,0) ® Vi1,0), (82)c)su(s)- Notice that

psav; o, (Cassu(a)) = Pga)e(Casa(z)  on Hom(S @ Viyg), (82)c)su)

so we can write the operator (Dican)v as

1
(Dﬁlcan)v = §(p5®\/<*1,0) (Ca’SQQ) ~ Plo2)c (Cassu(S)) - pS(CaSm) - ’Ov(*l,o) (Casm))' (818)
Our strategy for calculating the eigenvalues of this operator is:

e Find a basis diagonalising p(g,).(Caseu(s)) + ps(Casm) + py=  (Casy)

(1,0)

e Find a basis diagonalising PSQV o,

e Calculate the change of basis matrix and hence find the matrix of (DY _ ),.

e Calculate the eigenvalues of (DY _ ),.

To begin this task we construct a basis of Hom(V{1,0) ® V(1,0), (82)c)sus) by finding

non-zero SU(3)-equivariant maps

o Vo) ® Vi) = Wiy @ Wikg) = Wenmy = (82)c

and observe that on this space:

° q((znjé)k D are eigenvectors of pg(Casy,) with eigenvalue c%f 0) ~ CZL(;?
° q((:rle()k D are eigenvectors of PV ,o)(CaSm) with eigenvalue c?io) — C?Z(l?’))

q((;fzf)k D are eigenvectors of P(g2)e (Casgy(s)) with eigenvalue c?zg).

These maps are constructed from the following projection maps:
o Viioy = Wi, (u+adt) — adt
e Vo) = W), (u+ adt) — (1 +iJ)u

o Vo) — Wi, (u+ adt) —

N

(1 —iJ)u
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o AM(RS) = Wiy, a— a—Ha,ww.

3

The basis of Hom(V{1,0) ® V(1,0 (8.)c)su(s) that we get is

Map Factorisation and Formula
Q= qE‘ijﬁ“’O’ V0 ® Viro) = Wio0) ® W) = W) = (g2)c
N (u+ adt) ® (v+ bdt) — adt @ 5(1 +iJ)v — 2a(l +iJ)v — F(Za(l +iJ)v)
q2 = q((():l;( R Vo) ® Vi) = W0 ® Wiy = Wiony) — (92)
— (u+ adt) ® (v+bdt) — adt ® 3(1 —iJ)v — sa(l —iJ)v — F(3a(1 —iJ)v)
43 = CJ((L’O;( & Vi ® Vo) = Wi @ Wio) = Wae) — (82)c
_ (u+ adt) @ (v+ bdt) — (1 +iJ)u @ bdt — 1b(1 +iJ)u — F(5b(1 4 i.J)u)
qa = q(((]:l;( D1 Vo ® Vig = Wi ® Wiee — W — (82)c
— (u+ adt) ® (v+bdt) — (1 —iJ)u® bdt — 3b(1 —iJ)u — F(5b(1 —iJ)u)
s =don " | Vo ® Viwo = Wao © W = Woa) — (g2)c B
(u+adt)®(v+bdt) — %(1+iJ)u_®%(1+iJ)v = A+ )u) A (140 )v)]2Q
- FGI(+iJ)u) A (14 iJ)v)] )
G = q((lfog( b Vo) @ Vieo) = Wiy @ Wiy — W1,o) — (g2)c
(u—ll—adt)@)(v—l—bdt) T(1—iJ)u@3(1—iJ)v — F[(1—=iS)u) A((1—iJ)v)]Q —
— FGIA = iJ)u) A (1 = i])v)]€2)
q7 = q((ljlg( ) Vi) @ Vo) = W) @ Wiy = Wiy — (82)c
(1 u+adt) ® (v+ bdt) — T+ u@i(l—iJ)v = s [(L+i)u) A (1 —iJ)v) —
S (A +iS)u) A((1 = id)v), w)w]
qs = q((ljlg( 0 Vi) @ Vo) = W) @ W) = Wiy — (82)c

(u+adt) @ (v+bdt) — 5(1—iJ)u@z(1+iJ)v — 3 [(1—iJ)u) A((1+iJ)v) —
é<((1—iJ)u>A((1+zJ) ), w)w]

Furthermore we can extend this to a basis of Hom(S ® V{1,0), (g2)c)su(s) by adding the

maps g9 =

Vol - q

?8)(1 9 and q10 = Vol - q(oo 1)

The only term of the decomposition (8.18) of (D% )y that this basis does not diag-

onalise is PSEV

(Casg,). We choose a basis diagonalising this operator by considering

projections through the splitting of V(; 9y ® V{1 0) into irreducible representations of Gs:

these maps are eigenvectors of pggy =

p&]l)) Vo) @ Vi) = Vi) = Wayy — 92,

“ O)(Casgz) with eigenvalue c( i)~ To relate the two

bases it is necessary to understand each of the projection maps involved in the above

construction, then by composition we will be able to understand how they are on an
element of ‘/(170) X WLO).
Recall V{1 g) is the +2 eigenspace and Vg 1) the —1 eigenspace of the operator %7 (oA -)

on A?(R")*

. We have equivariant maps:

o Vo) ® Vi) = Vi, u®@v = (uAv)ad

e Vo) ® Vo) = Vo), u®v = 2(uAv) — 5 %7 (g AuAv)
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e Vi) ® Vi) = Vizo)

The last map arises as follows: The space A3(V)* decomposes as A3(V*)
{vap: v e AY(
[80] for example. Let u,v € V, the map u®v — #7((uip) A

where A3 =

v, so its image lies in A3, @ (). For the correct value p therefore, *7((uip) A
plu,vyp € A3.. The condition to be checked is [*7((uip) A
Using that ||o]|? = 7 and *7((uap) A

finds that u =

u® v ((uag) A (vag)) — 5{u, v)¢.

= Ay ®A2D{p),
M) and A3, = V(5). It is well known that A3, = SymZ(V), see
(vag)) is symmetric in u and
(vap)) —
(vap)) = pfu, v)e] A = 0.
(vap) A ¢ = 6(u,v)Vol; one

(vap)) A = (uap) A

%’. We also use the following projections

o A2(R")* = W), vAdt+a— 2(1+iJ)v

Visoy = Wy, a Adt+ 6+ ta—1

A2(R7)* — W(le), vAdt+ o — %(1 — ZJ)U
Vioy = Wany, vAdt+a %a — % k6 (WA Q)
Vieo) = W), a Adt + (1"‘”) [(+63) L]

Vieo) = Wion), aAdt+ 3= 5(1—iJ) [(x6f3)Lw]

x6 (WA ) + 2

5 *6 (WA *6(w A @)).

1
2

The overall maps are then

Map Factorisation and Formula
P= szgg Vo) @ Vinoy = Vine) = W) — (82)c
u+ adt) @ (v 4 bdt) — F (3(14+iJ) [(uAv)2ImQ + bJu — aJv
2
P2 = PE(I):(B Viio) ® Vieo) = Vo) = W) — (82)c
(u+adt) ® (v+bdt) — F (5(1 —iJ) [(uAv)ImQ + bJu — aJv])
p3 = p((l)(l)g Vivo @ Vo) = Vo) — W(1 0 — (82)c
: (u+ adt) ® (v+bdt) — F (5(1+iJ) [2(bu — av) — & [(u A v)aReQ)]])
Pa= ngzlg Vi @ Vi) = Vi) = Wiy — (82)c
- (u+adt) @ (v+bdt) — F(3(1 —iJ) [2(bu — av) — & [(u A v) ReQ]])
D5 = pgﬁ; Vivo) ® Vo) = Viony — Wy — (82)c
(u+adt) ® (V+bdt) = FuAv— 3 %6 (WAUNAD) + £ %6 (WA *g(w AuAD))
Pe = Pg:g; Vo) @ Vi) = Viz) = W) — (82)c
u+adt) @ (v+bdt) — F (3(1+4iJ) [Ju A bw + aw A Jv] Lw
2
pr=rGy | Vi © Vi = Voo = W = (82)c
u+adt) @ (v 4 bdt) — F (3(1 —iJ) [JuAbw + aw A Jv] Lw
2
Ps = pg?g Vo) @ Vinoy = Vigo) = Wy — (82)c
(u+adt) ® (v+bdt) — *g((uImQ) A (v2Im€Q)) — 5 (k6(usImQ) A (v2ImQ), w)w
Each map p(i’j ) is an eigenvector of PseV; 0>(Casgz) with eigenvalue c?;j).

(k,1)

118




8.7 Eigenvalues from the Standard Representation

Lemma 8.7.1. Let u,v € AY(RS)*. The following identities hold:

i1+ i) [(u A v) STme) = % (1= iT)u) A (1 — iT)0)] 9 (8.19)
i1 — i) [(w A v) ImQ] = i (1 +iJ)u) A (1 +))] 0 (8.20)
(14 iJ) [(u A v)sReq)] = % (1= iT)u) A (1 — iT)0)] 9 (8.21)
(1= i) [(uA v)s ReQ] = % (14 i) A (1 + i) (8.22)
u N Jv— JuAv=x((uslmQ) A (v2ImQ?)) (8.23)

(u A w)w = 2u. (8.24)

(0.3 )n( D are related as

Combining all of these facts one finds that the bases p(k l ) and U

follows:

P1 =191 — 143 — (46

2 .
. . (4
P2 = —1q2 + 194 + 5%
B 2 . 2 1
p3 = 3611 3% 6%
B 2 L 2 1
Pa = 3(12 3Q4 6%
B 1 n 1
Ps = 2(]7 2(]8

D = 2iq1 + 2iq3

pr = —2iqy — 2iqy
1. 1.

pPs = 52(17 - 52%-

Recall the maps pgzjl)) are eigenvectors of Psev (Casg,) with eigenvalue c( 7) SO that

in the basis py,--- , ps we have
(Casy,) = diag(—6, —6, —12, —12, —12, —14, —14, —14).

PS@V(O 1

We have seen that the maps qé )()k’l) are eigenvectors of —p(g,).(Casey(s)) — ps(Casm) —

su(3) | su(3) _ su3) _ oo

pv*(CaSm) with eigenvalue c( 3 T Chn — Cmn (1,0)° In the basis ¢, ...qs we find

—Pg> (Casay(s)) — ps(Casn) — pyx(Casy) = diag(12,12,12,12,8,8,13,13)

and (8.18) says that (D’ ), is the sum of these two operators.
Furthermore Re(2 acts in the basis ¢i, . . ., 10 as the matrix diag(4, 4,0, 0,0,0,0,0, —4, —4).
Since we know the action of each term in (8.18) in the different bases and the change of

basis matrix between the bases we can calculate the matrix of the twisted Levi-Civita
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8.8 Eigenvalues from the Adjoint Representation

Dirac operator in the basis ¢ ..., g to be
3(t—1) 0 -1 0 0 —4 00 0 0
0 3t—-1) 0 -1 —4 0 00 0 0
-1 0 0O 0 0 8 00 —1 0
0 —1 0O 0 8 0 00 0 1
. 0 —1 0o L o 0 00 0 —1i
Dawh=| 1 ¢* 1 G 0 0 00 i 0
0 0 0O 0 0 0 01 0 0
0 0 0O 0 0 0 10 0 0
0 0 i 0 0 —4i 0 0 =3(t—1) 0
0 0 0O — 4 0 00 0 —3(t—1)

(8.25)
A consistency check is obtained by observing that Corollary 5.3.2 ensures the basis
1, - - quo diagonalises (D3 )2. We find
(D3..)? = diag(6,6,6,6,6,6,1,1,6,6)

as expected. By calculating the eigenvalues of (8.25) we obtain the following proposition:

Proposition 8.7.2. Let V,, = V(1 0), the eigenvalues of (DY ), are symmetric about 0,
the =\ eigenspaces are isomorphic and the non-negative eigenvalues and multiplicities
are:

Figenvalue \ | Multiplicity
1 1
1 33
—3t % 2
i

8.8 Eigenvalues from the Adjoint Representation

We now consider the case when V., = Vg ) is the adjoint representation. We work on the
Space HOIH(S X ‘/(071), (92)C)SU(3)- We have ‘/(170) X ‘/(071) = ‘/(1,1) D Vv@,o) D VY(LU) and the
summands split as reps of SU(3) as follows:

Vi = [Wenll @ [Weoll @ 2Wa 1 © [Waol]

Viz0) = [[Wiz0)l] @ W) @ [Wa0)l] © W,
Vo = [Waoll ® W)

We therefore see that Hom(S ® V(o 1), (g2)c)su(s) has dimension 12. As before we split
Hom(S & V(o,1), (82)c)su) = Hom(V(1,0) ® Vio,1), (92)c)su(s) @ Hom(C ® Vig 1y, g2)su(s) S0
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8.8 Eigenvalues from the Adjoint Representation

that the operator (D) ), is block diagonal and its action on Hom(C ® V(g 1), (82)c)su(3)
is 0.

To calculate the action of the operator on Hom(V(1,0) ® Vi 1), (82)c)su) We again
pick two bases for this space which diagonalise the various Casimir operators from which
(8.18) tells us (D’ ), is constructed. As before we first pick a basis consisting of maps

that factor as follows:
@) kD) . \V/ Wi v @ W, W,
Uy + V(1,0) @ Vo) = Wiij) @ Wiy = Wimm) — (92)c-

This time these maps are eigenvectors of the operator —pg, (Cassy(z)) —ps(Casn) —py (Casn)

with eigenvalue
su(3) u(3) _ su(3) g g
ig) T Cwn ~ Cmmy ~ o) ~ oy
These maps are constructed from the projection maps from V' to its subspaces as before

and, writing an element of Vi) as a + F(v) for a € A} and v € A', the maps
e Vo) = Waopa+vAdt+ Lo ReQ — (1 +iJ)
o Vio)y = Wiy, a+vAdt+ 3 1 Re) > L (1 —iJ)v

o Vo) = Wa,a+vAdt+ %UJRGQ — Q.

Map Factorisation and Formula

¢ = qg?:g;(l’o) Vo) @ Vioy = Wi @ W) = W) — (82)c
(u+adt) @ (a +vAdt+ v ReQ) = F (ai(1+1iJ)v)

e =qp1) " | Vieo @ Vion = Wieo) @ Wior) = Wior) = (g2)c
(u+adt) ® (a+v Adt+ tviReQ) = F (ai(1 —iJ)v)

g3 = q(((l):?;(l’l) Vo) @ Vo) — Wi @ Wiy — Wy — (82)c

(u+adt) @ (a + v Adt + v ReQ) — aa

Qs = qg:gi(l’” Vo) @ Vioy = Wao @ Way — W) — (82)c
(u+ adt) ® (a+v Adt + FviReQ) = F (((1 +iJ)u)oa)

qs = qESjB“’” Viio @ Vioy = Wiy @ Wiy = W) — (82)c
(u+adt) @ (a +vAdt+ zv.ReQ) = F ((5(1 — iJ)u) o)

(1,0)(0,1)

%6 =4q11) Vi) @ Vo) = W) @ Wiy = Wy — (82)c
(u+ adt) ® (o +v Adt + 2v2ReQ) — F[((1+iJ)u) A (1 —iJ)v) — 5(((1 +
iJ)u) A (1 —iJ)v),w)w)

qr = q((%é;(o’l) Vo) @ Viony = Wiy @ Wiy = W) — (82)c
(u+adt) ® (a+v Adt+ 2viReQ) = F (1[((1 = iJ)u) A ((1 — iJ)v)] Q)

gg = q((é:?;(l’o) Vo) ®@ Vo) = Wi ® I/If(l,o) — Wi, —i (g2)c B

S (u+adt) @ (a +vAdt+ zvReQ) = F (3[((1+iJ)u) A ((1+iJ)v)]2Q)
99 =401 1) Viio) @ Vo) = W) @ W) = Wiy — (82)c

iJ)u) A ((1+iJ)v), w)wl.

(u+ adt) ® (o +v Adt + 2v.ReQ) — $[((1 —iJ)u) A ((1+iJ)v) — 5(((1 -
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8.8 Eigenvalues from the Adjoint Representation

We extend this set to a basis of Hom(S ® V(o 1), (g2)c)su(s) by adding the three maps

1o = Vol - q(o 0))(1 0
¢ = Vol - (0 0))(0 1)
12 = Vol - (o 0))(1 1)

To diagonalise the operator pggv: (Casg,) we choose maps that factor as follows:
P Vino © Vi = Viag) = Wiy = (82)c.

These maps are eigenvectors of pg®v*(Casgg) with eigenvalue c( )
Let w € V and 3 € V|o,1), applying Schur’s lemma where necessary gives the required

projection maps to be:
° V(1,o) ® V(O,l) — ‘/(270), wRa— NS — i(uuﬁ)_l@/)

e Vo) ®@ Vo) = Vi), w® B — waf

‘/(20 — W()l), dt/\/€+77 — (1+ZJ)(/€JR€Q)

Vigoy = Wy, dEAK+1 - 55— 5 %6 (WA K) + § %6 (w A *6(w A K))

Vivo) = W), u+adt — 5(1+iJ)u

The difficulty in working with this basis is that the space V(; 1) cannot be modelled as
a subspace of A*(R7)*. Instead we work with maps that factor through V(1,1) by noticing
that they must be orthogonal with respect to the natural inner product on the space
given by (X,Y) = Tr(X*Y), since they factor through orthogonal subspaces. We can
therefore find expressions for the maps p( by ensuring the basis vectors are mutually

orthogonal. The basis vectors can be descrlbed as follows:
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8.8 Eigenvalues from the Adjoint Representation

Map Factorisation and Formula
P = pﬁjgg Vo) @ Vioy = Vine) = W) — (82)c
(u+ adt) ® (a +v Adt + 3v3ReQ) — (1 4 iJ)[use — 5(u A v) JReQ — av]
P2 = 1{1y) Vo) @ Vioy = Vieo) = Wao) = (82)c
(u+adt) @ (o +v Adt+ 5v3ReQ) — (1 +iJ)[uAv+ ao — 3 (—(use) ReQ +
av_ReQ)]
Ps =11y Vo) @ Viony = Ve = W) = (82)c
orthogonal to p; and ps
Py = pg(l):(l); Vo) ® Vioy = Vi) — W(o 1y — (g2)c
(u+ adt) ® (a+v Adt + FviReQ) = (1 — i) [usa — 3 (u A v) ReQ — av]
D5 = PE%:(B Vii,o) @ Vo) = Vi) = W) — (82)c
(u+adt) @ (a+vAdt+ SviReQ) — (1 —iJ)[uAv+ ao — 3(—(use) ReQ +
av_ReQ)]
po=p41 | Voo ® Vi = Vi) = W — (82)c
orthogonal to py and ps
b7 = pg:(l); Vo) © Viory = Vizo) = Wy — (g2)c
(u+ adt) @ (o +v Adt + 30 1ReQ) — ac+ 5 (WA v) — 3 %6 (W AuAV) + § *
(WA *x¢(wAuAv))
ps =) Vieo) @ Ve = Viey = Wy = (82)c
orthogonal to p; and pg
Py = ]583 Vo) @ Viony = Vo = Waay — (82)c
orthogonal to p; and pg

Here p§1 1 and p(1 1 ) factor through two different copies of W(; 1y contained in V{yy).

For the maps pgk l% with (7,7) # (1,1) we can determine their expression in terms of ¢; as

before. The result is the following:
® D= —611+Q4—711(I7
® Py = %QI + %CM + 3¢z
® Py = _Q2+Q5_}lQS
® ps =302+ 505+ 2qs
® p7r=q3+ge + qo-

By explicitly computing the matrices of the maps q(( )() ) we are able to calculate the

norm of each map. They are as follows:

Lemma 8.8.1. Let ||q||> :== Trace(q'q), then the basis qq J)() " is orthogonal and

00 10
o gy 2 =
0,1)(0,1) 1,0)(1,0
o o V112 = llglg) I = 48
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8.8 Eigenvalues from the Adjoint Representation

)(1,1) 0,1)(1,1
o llaig N2 = Nl P = 12
00 11
o g2 =
01 01 1,0
o g OV = gl = 1

By ensuring the maps p&’;)) are orthogonal to the other basis maps, we obtain the

following :
® p3=—8¢1—qs+qr
® ps = —8G2 — G5 + g8
® D8 = g6 — g9
® Py = —§1Q3 + g6 + Q-

We calculate the matrix of (D}y_ ), in the basis ¢i,- - - , 12 in the same way as we have

done for the standard representation and find

0o 00 -4 0 0 8 0 0 0 0 0
0o 00 0 -4 0 0 8 0 0 0 0

o 00 0 0 1 0 0 1 0 0 0

-1 0 00 0 0 -4 0 0 —i 0 0

0 -10 0 0 0 0 -4 0 0 i 0

(DY ). — o 0 3 0 0 0 0 0 2 0 0 F
Auan /Y 10 0-1 0 0 0 0 0-={0 0
0o 400 -1 0 0 0 0 0 i 0

o 0 30 0 2 0 0 0 0 0 -¥%

0 0 0 4 0 0 & 0 0 0 0 O

0 0 0 0 -4 0 0 -8 0 0 0 0

0o 00 0 0 — 0 0 4« 0 0 0

The action of Ref? in this basis is ReQ2 = diag(4,4,4,0,0,0,0,0,0, —4, —4, —4) and this
allows us to calculate the matrix of (D% ), via (2.33). Again it is a useful consistency

1
check to calculate the matrix of (D3 )2, we find that

1

(Df‘m)g = diag(12,12,7,12,12,7,12,12,7,12,12,7)
as expected.

Proposition 8.8.2. Let V,, = V(o 1, the eigenvalues of (DY ), are symmetric about 0,
the £\ eigenspaces are isomorphic and the non-negative eigenvalues and multiplicities

are:
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8.9 Applications of the Deformation Theory

FEigenvalue \ | Multiplicity
Ly T 2
14 47 2
144 1
144 1

Note we have shown that 1 occurs only as an eigenvalue of (DY), when V, = V[ o
is the standard representation. Since this representation has dimension 7, we deduce that
the eigenvalue 1 of D%m has multiplicity 7 in the space of sections. Similarly the only
representation for which (DY ), has non-trivial kernel is when V, = C is the trivial
representation and the nullity is 2, so the dimension of the kernel of DY in the space of
sections is 2. Furthermore there are no other eigenvalues of D% in the interval [0,2).

With this in hand our next theorem follows immediately:

Theorem 8.8.3. The virtual dimension of the moduli space M(Acan, it) of AC Gy-instantons
on P, decaying to Acan with rate p € (—2,0)\ {1} is

1 ifpe(-2,-1)

VirtdimM(Acan, ,u) =
8 if pe(-1,0).

Establishing the virtual dimension of the moduli space is an important step towards
proving a uniqueness theorem for the standard instanton. If we assume this instanton
to be unobstructed then the above result provides a local uniqueness theorem for this
instanton. In other words, there are no other genuinely different instantons nearby in the
moduli space since the only deformations are those defined by the obvious scaling and
translation maps. Proving the unobstructedness of connections in the moduli space is a
difficult task since curvature terms complicate the usual method of applying Lichnerowicz
type formulae to L? twisted harmonic spinors. We are however still able to apply the
deformation theory to study the class of unobstructed instantons, in the next section we

aim to build on Theorem 8.8.3 to attain a uniqueness result in this setting.

8.9 Applications of the Deformation Theory

This section proves that, under the assumption of unobstructedness, the standard instan-

ton is the unique G instanton on P = G x R” — R” which is asymptotic to Agan.
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8.10 Invariance of AC Instantons

Let A be an AC G instanton on P = Gy x R” — R”, converging to Ac.,. Throughout this
section we shall assume that A is unobstructed. Recall we may study the deformations

of A in terms an elliptic complex. The cohomology group

g Ker (Y Ada: QL (M,AdP) — QS_,(M,AdP))
A da(Q%(M,AdP))

>~

satisfies H}W = J(A, p). Since we assume A to be unobstructed we know from Theo-

rem 8.8.3 that the dimension of these vector spaces are

gt [T TE (=221
" 8 if pe (—1,0).

Furthermore we know by [18, Proposition 9| that these deformations are given by the

cohomology classes

5] - [oa
dx; dx;
b - [o.0]
or or
where a%i, for i = 1,...,7, are coordinate vector fields and r? = z;2;. In fact any Killing
field determines a deformation of A and one can ask which Killing fields actually preserve

the connection. Here we think of Killing fields X as elements of Lie(Gy x R”) and define

a map

L: Lie(Gy x RY) — Hj _
L(X) = [LxA].

[N

Before investigating the properties of this map we pause to collect some facts about
the Lie group G5 x R7, the group generated by translations and rotation by a G5 matrix.
More precisely an element of G5 x R” consists of a pair (g,v) where g is an element of
G5 and v € R”. Denote by R the standard representation of Gy, then the action of (g,v)
on a point p € R7 is

(9,v) -p= R(g)p +v.

Acting with two elements gives the composition formula
(¢, v") - (g.v) = (g'g, R(g')v +").

Denote by (G3), the elements of G5 x R” that fix a point p € R”. Then (Gs), = {(g,p —
R(g)p); g € Gy} is a subgroup of Gy X R” isomorphic to Go. Other connected subgroups
are of the form H x U for H a proper subgroup of G5 and U C R” a vector subspace,
or H, the isotropy subgroup of H fixing p. If a subgroup H x U C G5 x R” does not
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8.10 Invariance of AC Instantons

fix a point in R” then U is a vector space of positive dimension and it follows that the
subgroups of Gy X R” that are isomorphic to G are precisely the groups (Gy), for some
peR.

The set of connected proper Lie subgroups of G is
{SU(3),80(4), U(2),8U(2) x U(1),8U(2),80(3), U(1)*, U(1)} (8.26)
and we can use this to understand the kernel of the map L.

Proposition 8.10.1. The kernel of the map L is a Lie subalgebra of Lie(Gy x R”) iso-

morphic to gs.

Proof. First we show that KerL is a Lie subalgebra of Lie(Gy x R7). To avoid notational
clutter we shall write elements of Hi‘,_ 1 without square brackets indicating that they are
equivalence classes. Suppose that X,Y € KerL, then there are fy, fy € Q°(M,AdP)
with L(X) = dafx and L(Y) = dafy. Observe that

Lx(dafy) = {ex,dHdfy +[A, fv])
= [{ex,d}A, fy] +d{ex,d} fy + [A, {ex, d} fy]
= [LxA, fy] +da(Lx fy).

Therefore we find

L(X,Y]) = LxLyA—LyLxA
= dA(foy — Lyfx) + [[JXA7 fY] - [LYAan]
=da((Lxfy — Ly fx + [fx, fr])

so L([X,Y]) is in the trivial cohomology class. Suppose now that A is unobstructed,
then L maps from a 21 dimensional vector space to an 8 dimensional vector space KerL
must have dimension at least 13. Looking through the list (8.26) of subgroups of Gy we

observe that the only possibilities are
1. KerL = Lie(SU(3) x R®) where SU(3) acts in the obvious way

2. KerL = Lie(SU(3) x (R® @ R)) where SU(3) acts on R® in the obvious way and
trivially on R

3. KerL = Lie(Gy x R™) for 1 < n < 7 where G5 acts trivially

4. KerL = Lie(SO(4) x R”) where SO(4) acts on R” either trivially or by restriction
of the standard G5 action

5. KerL = Lie(Gs), for some p € R'.
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8.10 Invariance of AC Instantons

If any of the cases 1 — 4 were to hold then A would have translational symmetries, so we
must rule this out. Suppose then for a contradiction that A has translational symmetries,
then A is a (globally defined) 1-form such that £LxA = 0, where X is the vector field
generating the translations under which A is invariant, thus X = Ciaixi where ¢; are
constants and % are the coordinate vector fields on R”. Note that £LxA = 0 implies
LxF = 0 and one can check that if F' = F}; dz® Ada’ is any 2-form on R” then Lx F = 0
if and only if X (F;;) = 0 for all 4, j. It follows that

X(|FP?) = X(F;Fy;) = 2F;X(F;) =0

so | F'| is constant in the direction X. Pick p € S% such that {tp; t € R} is the line through
the origin generated by X, then

|[Fal(tp) = c(A)

where ¢(A) > 0 is a constant depending only on A.
Since A is asymptotically conical (up to gauge) there is a gauge transformation g such
that g- A = gAg~! — dgg~! satisfies

lg- A= Ag| = |a| = O(r" 1)
where Ac = 7" Acan and a is defined as the difference of g - A and Ac. Observe that
|Fya — Fag| = |daa+aAal =O(r"?),

in other words r? #|F, 4 — F4.] is a bounded function of r for some R > 0 and where
r € [R,00). Recall that Fu, = 7*(Fa.,) and therefore r?|F4,|(rp) = c¢(Ac) where
c(Ac) = |Fa., > 0 is a constant independent of both r and p. We calculate

can

Ground

P2 Fya — Fagl(rp) = r* || Fyal = |Facl|(rp)
= 17 P Fa| = 1| Facl]) (rp)
= r_"|r20(A) —c(Ag)].

However —p > 0 and ¢(A¢) > 0 ensures r#|r?c(A) — ¢(A¢)| is an unbounded function

of r, which yields our contradiction. O
This proves the Gs-invariance of unobstructed connections in the moduli space:

Proposition 8.10.2. Let A be an unobstructed AC Gy-instanton on P, converging to

Acan- Then A is invariant under the action of (Gs), for some p € R".

Remark 8.10.3. Instead of the above symmetry argument one might hope to prove in-
variance of connections in the moduli space by showing that sufficiently fast decay ensures
this property holds. The author has not investigated this suggestion but it could prove in-

teresting and useful to do so.
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8.11 A Uniqueness Theorem

The constructions covered in this section come from [42|. Here we review their work
using the framework of Wang’s theorem, as has been done to study the moduli space of
invariant monopoles on the Bryant-Salamon manifolds A% (S*) and A2 (CP?) in [77].

If @ — G2/SU(3) is a homogeneous bundle we shall use Wang’s theorem to study
Minv(G2/SU(3)7 Q)

the space of Ga-invariant nearly Kéhler instantons modulo invariant gauge transfor-
mations. Principal Gy-homogeneous Gs-bundles are determined by homomorphisms
A: SU(3) — Gs. There are exactly two conjugacy classes of such a homomorphism; the
class of the trivial homomorphism and the class of the inclusion homomorphism. Hence
there are exactly two equivalence classes of principal homogeneous G-bundles over S°.
In the first case, when A\(h) = 1 for all h € SU(3), Wang’s theorem says to look for

morphisms of SU(3) representations
®: (m,Ad) — R

where R denotes 14 copies on the trivial representation. Since there are no such non-
zero maps the only invariant connection corresponds to ® = 0 and this yields the trivial
flat connection.

The other case to be considered is when A is the inclusion map ¢: SU(3) — G5 and

we denote the associated bundle

Q = G2 X(su@), Ga- (8.27)

In this case, Wang’s theorem instructs us to look for morphism of SU(3) representations
O: (m, Ad) — (g2, Ad).

Working with complexified representations we see that a basis for Hom(mc, (g2)c)su(s) is
given by the set {Id, J}, the identity map and the complex structure. If we identify such
a map a = xld + yJ, where z,y € R, with the complex number z = x + iy, then the G,
invariant connection with

A([1)) = Acan([1]) + @ (8.28)

is a nearly Kéhler instanton precisely when z? — z = 0 [42]. Other than the canonical
connection z = 0 the solutions to this equation are precisely the cube roots of unity.
Let us write Ag, A1, Ay for the connections obtained from the solutions exp(@) for
n = 0,1,2. These connections are in fact flat and and since S° is simply connected these
connections must be gauge equivalent. To see that the connections are in fact equivalent

through Gs-invariant gauge transformations we construct them explicitly. Let P denote
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8.11 A Uniqueness Theorem

the canonical bundle Py = Gy — G3/SU(3) so that SU(3) acts on the right of Py. Let
wy, = exp(22)Id; € SU(3), then {w,}n—012 is the centre of SU(3) so the group of
invariant gauge transformations on () is isomorphic to Zs. To understand the action of
this group on the space of invariant connections, note that the adjoint bundle of @, as
defined in (8.27), is associated to Py via the adjoint action of SU(3) on go and therefore
Aut(Fy) acts on this bundle. This induces a linear action of Aut(Py) on Q'(S°% AdQ) and
so forms a subgroup of the gauge group of (). Write A,, for the Gs-invariant connection
with A, ([1]) = Acan([1]) + a@,, where the a,, are linear maps a,: m — go. Then Zj acts
on the gy part of m* ® go. Since this action is a restriction of the adjoint action of SU(3)
on go = su(3) @ m we observe that the Zz subgroup acts trivially on su(3) C go and non-
trivially on m C go. Indeed, this action is precisely the action inducing the 3-symmetry
map (2.14) since for the coset space in question S: m — m is the map
V3

1
S(X)=wXuw ' = 5t 5

The action of S™ maps ag which is the inclusion m — go, to the maps a,, for n = 1, 2 so the
connections Ay, A, Ay are gauge equivalent (through invariant gauge transformations).
Now let m: C'(¥) — X denote projection from the cone to ¥. The action of Gy on
Q = G2 X(m,) Go lifts to an action on P = R” x G, — R” since the usual action of G5 on
R” preserves length. Recall A is said to be invariant if its connection 1-form A € Q(P, g,)
is left invariant under this action. It suffices to consider only connections A on P which
are in radial gauge, i.e druoA = 0, since such a gauge may always be chosen. Then an
invariant connection is determined as before in (8.28) but now we identify f;(r)Id+ fa(r)J
with the complex valued function f(r) = fi(r) 4+ ifa(r). As demonstrated in [42] such a

connection is a GGy instanton if and only if f satisfies the differential equation

rf'(r) =2(f(r) = f(r)). (8.29)

Again we must remark that the coefficient of 2 is different from that found in [42, Section
5.3| due to our normalisation of the metric and the constraint dw = 3Im{2. In [42, Section
5.3] it is shown that this is in fact the gradient flow equation for a real superpotential
“superpotential” W: C — R where W (z) = 5(2* + 2%) — |z]%. Clearly (8.29) is equivalent

to

rd ow

2dr’ a_f
If we view W as a function of two real variables then a quick calculation shows its has
exactly four critical points which are (viewed as complex numbers) 0 and the three cube
roots of unity. The unique local maximum is 0 whilst the other critical points are all
saddle points. To see the advantage of interpreting (8.29) as a gradient flow equation we

must first determine the relevant boundary data.
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Note that this construction only yields a connection A on 7*(Q) = (R" \ {0}) x Gs.
To get a connection on P we require A to extend over the origin. For this to happen it
is necessary and sufficient that the curvature be bounded at » = 0. The curvature of the

connection satisfies
[Eal’(0,0) = S = fP+ 1 F = 1) + 217

with constants ¢i,co > 0. Thus f is required to satisfy

o |[f2—fl=0(r)asr =0

o |ff—1=0(r)asr —0

o [f'|=0(r)asr—0.
As in the previous section we ask that the connection we obtain decays to the canonical
connection, in other words we also impose the boundary condition

lim f(r) = 0.

r—00

Thus our boundary data requires that f(r) tends to a cube root of unity as r — 0 and that
f(r) — 0 as r — oo. The space of invariant connections can therefore be identified with
the space of solutions to (8.29) satisfying the above boundary conditions. The solution

to this system .

fol) = Gy
is the unique one (up to the scaling parameter C' € R,) with f(r) - 1 asr — 0
whilst other solutions are obtain by applying the 3-symmetry: fi(r) = exp(%*) fo(r) and
fo(r) = exp(*F) fo(r). Uniqueness follows from observing that the solutions are subject
to gradient flow away from a critical point and towards the unique local maximum of W.
Note that fy is precisely the solution we have seen in (8.1) and that this solution yields

the standard instanton
Astd(r[l]) = Acan([l]) + fO(T)Id'

Let the Gy instantons defined by the functions f; be denoted A;, then the invariant gauge
transformations that related the connections A; lift to the cone to relate the connections
A;. Thus we have uniqueness of solutions for the given boundary data together with the
fact that the 3 families of solutions are gauge equivalent. Therefore, the invariant moduli

space is determined precisely by the paramater C:

Proposition 8.11.1. Let A be a Gao-instanton on the homogeneous principal bundle P
which decays to the canonical connection of the nearly-Kihler S® at infinity. If A is

wmvariant under the action of Gy on P, then A = Agyq is the standard Ga-instanton.
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Remark 8.11.2. The constant C can be interpreted as the “size” of the instanton, in
other words how concentrated it is around the origin, and is related to the conformal
invariance of the Gy-instanton equation [18]. It is worth noting that this parameter also
arises from the dilation map, so the invariant moduli space coincides with the moduli

space (4.3) for rates in the range —2 < p < —1.

The importance of this result is that it can be combined with the results of the
previous section to prove a global uniqueness result for unobstructed instantons. Namely,
Proposition 8.10.2 says that any unobstructed instanton on P, AC to Aca,, must be
invariant under the action of G5 on R” which fixes some point, so uniqueness follows from

the above result.

Theorem 8.11.3. Let A be an AC Gay-instanton on P, converging to Aca,. Then either

A is obstructed or A is the standard Gy-instanton.
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Chapter 9

Appendices

9.1 A Quaternionic Model of Spinor Space

We present here a model for the spinor space of RS as H & H which, to the author’s
knowledge, has not appeared in the literature before. The basic idea is to model the
space as an SU(2)3-module.

Let us collect some facts about the group SU(2)? and give a description of the spinor
space compatible with the action of this group. Recall that SU(2) = Sp(1) where Sp(1) is
the group of unit quaternions which has Lie algebra sp(1) = ImH = (¢, 7, k). A natural
action of Sp(1) on H? is

ps(91, 92, 93)(h1, ha) = (g1h1gs ", gahags ).

We label irreducible representations of Sp(1) = SU(2) by V; for i € NU {0}. Here V; is
the unique i 4 1 dimensional irreducible representation which is isomorphic to Sym’(C?).
Irreducible representations of Sp(1)? are then given by the representations V; ;5 = Vi(l) ®
Vj(z) ® Vk(g) and the branching rule for the diagonal subgroup ASp(1) is easily calculated
using the standard Clebsch-Gordan rule for tensor products.

As a representation of Sp(1)* we have that (H?, ps) = Vi1,0,1) ® V{o,1,1) and the branch-
ing rule says that, as a representation of ASp(1), we have (H?|asp(1), ps) = Vo@Va®12®V.
This corresponds to the splitting H? = ReH ®ImH® ImH® ReH and also to the splitting
$(X) = A°@A'@ AS. Moreover, this is precisely the (isomorphism class of ) representation
of Sp(1) that the spinor space should be. If ¢!, ... e® denotes the standard orthonormal
basis of R® then, under this splitting, the two copies of the adjoint representation V5 are
Vo = ImHygq =< e',e3,e® > and Vo = ImHeyen =< €2,e*,¢e% > . To relate S to H?

=4 e3 =3, =kand e = i,e* = j,e® = k as well as

we make the associations e
ReH = A° and ReH = AS. Given that we know from Corollary 2.3.5 how to multiply a
spinor by a 1-form, we can understand Clifford multiplication in this setting. A spinor

s € AP A @ A° can be written (hy, hy) where hy = 7o(5) + Toda(s), he = T6(8) + Teven(S)
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9.1 A Quaternionic Model of Spinor Space

where 7y and 7 are projections to AY and A° respectively and moqq and Teyen are projec-

tions to ImH,qq and ImH,,., respectively. Using this association one finds that

e (1) = (o 1) (i) 0.1

()= (0 5 G ) () 0
)G %) ()
w600 e
wer ()= (1 ) () s
a6 0N e
Note the matrix (1) _0 corresponds to the action of the volume form on the spin
bundle. Clearly cl(e’)? = —1 and a quick calculation shows that the Clifford relations

{cl(e"), cl(e?)} = —26;; are satisfied.
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