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Abstract

The thermal nature of black hole horizons has engendered a revolution in physics since
its discovery in the 1970s. The first result of this thesis is to extend the analysis of black
hole thermodynamics from horizons to arbitrary ordinary surfaces for static spacetimes.
It is proved that ordinary surfaces do not obey the same first law as black hole horizons,
even for static spacetimes. This result undermines the thermodynamic assumptions of the
emergent gravity program.

The second result of this thesis is to rigorously generalize black hole thermodynamics
to dynamical spacetimes. To achieve this, we firstly transform the physical ADM mass
into a suitable covariant form for applying Stokes’ theorem. Then we analyze the energy
changes under metric perturbations for dynamical non-rotating spacetimes. It is proved
that dynamical horizons still have a perfect analogue to the first law and a Hawking
temperature, hence still behave thermodynamically. Analytic calculations for binary in-
teracting black holes show that the temperature along horizons of dynamical black holes
is generally non-uniform, with equilibrium replaced by local-equilibrium behavior. The
local nature of black hole thermodynamics supports long-held intuitive claims on how
information is encoded on a black hole’s surface.

Finally, the generally non-uniform temperature of interacting black holes induces a
non-equilibrium entropic force between interacting black holes, which cannot be encoded
in general relativity. Extrapolating this force to coalescing black holes provides a proposal
for the first direct test for the thermodynamic nature of black hole entropy from future

precision measurements of gravitational waveforms.
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Chapter 1

Introduction

1.1 Introduction of the thesis

The major theme of this thesis is to rigorously generalize black hole thermodynamics to
dynamical non-rotating spacetimes and give a framework for testing this theory. This
thesis is based on three research papers and all of them are joint work with Professor
Samuel L. Braunstein. By dynamical spacetime, we follow the conventional definition,
i.e., the absence of a timelike Killing vector in the exterior of any horizons [36].

In 1973, Bardeen, Carter and Hawking summarized some of the interesting discoveries
of stationary black holes found in the early 1970s as “The four laws of black hole mechanics”
which are in analogy with the four laws of classical thermodynamics [11]. Despite the
perfect analogy between these two mechanics, many physicists were skeptical about the
thermal nature of black hole horizons. In brief, in 1975, through studying the evolution of
quantum fields in a spacetime with a black hole, Hawking proved that black holes would
radiate particles and hence have a temperature [31]. This discovery caused physicists to
widely accept the claim that stationary black holes are real thermodynamic systems and
obey the four laws of thermodynamics.

Since the 1970s, the thermodynamic properties proved for stationary black hole hori-
zons have been taken and used in several more general scenarios without rigorous proof.
For example, in 1995 Jacobson came up with a beautiful argument to derive the equations
of general relativity [37]. He assumed that the horizon associated with an arbitrary accel-
erated observer (the Rindler horizon) has well-defined local thermodynamic behavior at
each point of its surface [37]. He then expressed the boosted flux of matter across a small

patch of the horizon in terms of the energy-momentum tensor and used the Raychaudhuri
1



Chapter 1: Introduction

equation to express the change of the local horizon area (i.e., entropy) in terms of the
curvature tensor of spacetime. In the end, he used the first law of thermodynamics to
quantitatively link the change of the local horizon entropy and the energy flux, finally

yielding the Einstein field equations [37].

If Jacobson’s thermodynamic assumptions for Rindler horizons is a small step, then
Verlinde must have taken a big step by assuming even ordinary surfaces also behave ther-
modynamically. In 2011, Verlinde heuristically derived Einstein’s equations by assuming
that ordinary surfaces with equal Newtonian potential have the same thermodynamic be-
havior as black hole horizons [59]. He called this the emergent gravity program. He used
a list of famous results in his arguments, e.g., the Unruh temperature [55]. Although
these results are individually proven and accepted, whether they can be connected to each
other by his heuristic arguments is unclear. Instead of discussing whether every step in
his argument is valid, I will directly tackle the questions of whether the thermodynamic

assumptions in his program are consistent with general relativity.

Based on general relativity, the first result of this thesis is to generalize the analysis
of black hole thermodynamics from horizons to ordinary surfaces [64]. To do this, we
closely followed in Bardeen, Carter and Hawking’s footsteps and extended their original
analysis from black hole horizons to ordinary surfaces. We prove that, for static space-
times, ordinary surfaces generally do not obey the same first law as the black hole horizon.
This means general relativity is not consistent with the thermodynamic assumptions in
Verlinde’s emergent gravity program and hence undermines the foundations of this pro-

gram [64]. These results are summarized in chapter 2 of this thesis.

Despite the disruptive effects of black hole thermodynamics on fundamental physics,
Bardeen, Carter, and Hawking’s analysis relied on the assumption that both the initial and
perturbed spacetimes were stationary. In 1994, Iyer and Wald rigorously generalized this
result to allow for arbitrary, though infinitesimal, perturbations from initially stationary
spacetimes [36]. Since the initial spacetime in these two analyses is stationary, important
quantities such as surface gravity are only determined for stationary black holes. As the
surface gravity plays the role of temperature, this means that these rigorous analyses are
limited to scenarios at equilibrium and cannot exhibit out-of-equilibrium behavior that

might be expected for truly dynamical black holes.

Distinct from Bardeen et al. and Iyer and Wald, Ashtekar proposed the so-called

isolated horizon based on a geometric analysis to extend black hole thermodynamics to
2



1.1 Introduction of the thesis

more general scenarios. The key goal of an isolated horizon is to model the state of a
post-collapse black hole ‘after’ ring down [4-8]. In particular, such a horizon is specifically
defined to be at equilibrium with its exterior and hence has a well-defined and provably
uniform surface gravity (temperature) [4-8]. Although the uniform temperature makes
the isolated horizon naturally support the zeroth law of black hole thermodynamics, it
also limits its applicability. For example, the Brill-Lindquist initial conditions describe
interacting black holes, however, it has been found that the horizons for these initial
conditions do not correspond to isolated horizons, except as an approximation for large
inter-black hole distance [39]. Therefore, the concept of an isolated horizon is insufficient

to describe the thermodynamic behaviors of truly dynamical or interacting black holes.

After completing my first paper, I aimed at trying to generalize black hole thermody-
namics to truly dynamical spacetimes [66]. Again following in Bardeen et al’s footsteps
and the study in chapter 2, I firstly transform the physical ADM energy into a covariant
form suitable for applying Stokes’ theorem. By applying Stokes’ theorem, the resulting
ADM quantities then provide a candidate expression for the surface gravity (correspond-
ing to the temperature) in dynamical spacetimes — a quantity for which there is currently
no consensus [42]. I then study how this energy changes under perturbations to the met-
ric and matter. My analysis shows that the surface of vanishing expansion of outgoing
null-normal congruences obeys a first-law analogue for dynamical non-rotating spacetimes

and hence might be the relevant thermodynamic surface [66].

For this analogue to become an actual law of thermodynamics, I must first confirm that
the surface gravity — the analogue to temperature — actually corresponds to the Hawking
temperature for the dynamical black holes and horizons under study. This was Hawking’s
key realization for stationary black holes upon the discovery of his eponymous radiation
[31]. Repeating Hawking’s original analysis remains daunting, so instead I compute the
tunneling temperature [66] in this dynamical non-rotating setting and find that it agrees
with the temperature conjectured from my candidate surface gravity. This confirms that
horizons of non-rotating dynamical black holes do behave thermodynamically. 1 then
analytically calculate the temperature of a pair of interacting binary black holes and find
their temperatures are generally non-uniform. All these results are summarized in chapter

3.

In chapter 4, I further analyze the interacting binary black hole system and find that

the non-uniform temperatures of interacting black holes should induce a novel entropic
3



Chapter 1: Introduction

Figure 1.1: Examples of a system experiencing: (a) a conventional equilibrium entropic
force: A flaccid negligible-weight long-chain molecule with end-to-end separation ¢ sits in
a bath at temperature T'. One end of the molecule is fixed so that the force is experienced
at the free end; (b) a non-equilibrium entropic force: Here our long-chain molecule is

threaded across a nanopore between two chambers held at respective temperatures T;.

force [65]. This new kind of entropic effect may be illustrated by considering a molecular
chain model. When one places such a molecule in a heat bath and fixes one end of
the chain, we feel an entropic force at the free end [69], see Fig. 1.1 (a). Since the
molecular chain is in an equilibrium thermal bath, we call such a force an equilibrium
entropic force. Now consider two thermal baths of different temperatures connected by
a nanoscale channel with a long-chain molecule passing through the channel, see Fig. 1.1
(b). As long as both of the lengths of the chain into each chamber are not too short,
the different temperatures of the two chambers will induce an entropic force dragging the
molecular chain toward the higher temperature chamber, this effect disappearing when
the two chambers have the same temperature. Since this new entropic effect is induced by
the non-uniform temperature of the thermal system, we call it a non-equilibrium entropic
force. We note that the concept of an entropic force which vanishes at equilibrium and
which only exists for out-of-equilibrium scenarios is novel and does not appear in the
literature. We then repeat this analysis for the interacting black holes we studied in
chapter 3. We find that the non-uniform temperature of these black holes can also induce
such a non-equilibrium entropic force among interacting black holes [65]. Applying this
non-equilibrium entropic force to coalescing binary black holes would change the waveform
of the gravitational waves generated [65]. Although this effect is very weak, it should still
be observable in the future precision measurements. More details of this effect are given

in chapter 4.

After having introduced the structure of my thesis, I would like to talk about some of
4



1.2 Some tools and theorems

the tools and theorems that will be used in my analysis.

1.2 Some tools and theorems

1.2.1 Curvature tensor

Since most of our analysis is based on Einstein’s general relativity, I would first like to
introduce some basic concepts. In general relativity, the distribution of matter determines
the curvature of spacetime and the curvature of the spacetime conversely instructs the
motion of matter. So how one may describe curvature is a very fundamental thing for

general relativity and I will now give a short introduction.

(a) (b)

Figure 1.2: Parallel transporting an arbitrary vector field from point A to point D along
two different routes ABD and ACD: (a) In a two-dimensional flat plane. (b) In a two-
dimensional spherical surface. The vectors arriving at D along the two different routes are

identical in (a) but pointing in different directions in (b).

In Euclidean space (flat space), a vector is just a magnitude along a direction and it is
not tied to a point. So if we parallel transport a vector from point A to point D along two
different routes ABD and ACD in the Euclidean plane, as in Fig. 1.2 (a), it is obvious that
the vectors arriving at D along these two different routes are identical. However, if we
parallel transport a vector from point A to point D along two different routes ABD and
ACD on a spherical surface, as in Fig. 1.2 (b), generally the vectors arriving D are different.
This effect may be used to describe the curvature of a manifold and is characterized by
the following equation

Ausaﬁ - Au;ﬂa = _R#uaﬁAV y (1.1)

where A* is an arbitrary vector field and R*,,g is the Riemann curvature tensor which
5



Chapter 1: Introduction

is commonly used to describe the curvature of spacetime in general relativity. In d + 1
dimensions, Greek indices go from 0 to d, lower-case Latin indices go from 1 to d (unless
otherwise stated). I will be working throughout in 3 + 1 spacetime dimensions.

From Eq. (1.1), we can see that the Riemann tensor is anti-symmetric about the second

pair of indices. In fact, the Riemann tensor obeys further symmetry conditions [21]:

R,u,uaﬁ = Raﬁ;w = _Ryuaﬂ = _R/u/ﬁon (12)

R,u,auﬁ + R,u,l/ﬂa + Ruﬁau =0. (13)

Contracting the first and third (or second and forth) indices of the Riemann tensor yields
the Ricci curvature tensor R, 3 = R¥,,3, and further contracting the indices of the Ricci
tensor yields the Ricci scalar R = R*,. Einstein’s field equations in fact only involve the

Ricci tensor and Ricci scalar:
1
R,uy — iRguy = 87TTMV, (14)

where I have taken the cosmological constant to be zero, T}, is the energy-momentum
tensor, and g, is the metric tensor of the spacetime which describes the physical length of
intervals (ds? = gy datdz”). T will typically use natural units where h=c=kp =G =1
throughout the thesis unless otherwise stated.

Further contracting the indices p and « of Eq. (1.1) yields

APy — Al = —RygA” . (1.5)

1.2.2 Hypersurfaces and the 3+1 split formalism

Einstein’s general relativity is described on a four-dimensional manifold combining space
and time, but, when we come to an analysis, we usually want to know what is happening at
any particular time. So it is naturally to foliate the four-dimensional spacetime M into a
series of three-dimensional (spacelike) surfaces of fixed time which are called hypersurfaces
¥ [30,70]. Without loss of generality, we may label every hypersurface by a function
t = 20 (the time coordinate) and introduce a coordinate system (z¢) = (2!, 22 2%) on

each hypersurface. The coordinate functions x¢(P) are chosen as smooth functions on the

manifold, P € M, within their respective chart. With such a construction, we have [30,70]

Ty =-Noa’=-Nv,2°, (1.6)
6



1.2 Some tools and theorems

with THT“ = —1 and N is the lapse function [70]. Here T* is the unit timelike vector
normal to X. ! Although we now label each hypersurface ¥ by the coordinate 2, this does
not require the trajectory at fixed spatial coordinates z* to be normal to ¥. Therefore,
generally the tangent vector (Jp)* along any curve of constant x! is not parallel to the
unit normal vector T* of ¥. To ensure that 7), 7" = —1 and (v,2°)(90)* = 1 hold both,
we must have

TM = _NVM‘TO ) (80);“ = NT'LL =+ B'LL7 (17)

where * is orthogonal to Tu (and by convention 8% = 0). Since 3* characterizes how the
curves of constant ! shift between neighbouring hypersurfaces, it is called the shift vector
and it is tangent to the hypersurface [70].

From Eq. (1.7), we have [30,70]

R R 1 _51 _/82 —ﬁ3
T,=(-N,0,0,0), TH=(-—, , , . 1.8
b= ) v 7 ) (L8)
The projector onto ¥ from M may be expressed as
Vav = G + TTy ;A =g + TV (1.9)

In such a manner, the corresponding induced metric of 3 embedded in M may be written

as Yap = ‘gf; ‘g—zz 9w and the determinant of the metric g,,, obeys the relation

V= NVA (1.10)

where v = det(v4). For clarity sometimes the determinant of the induced metric 7,5 on

hypersurface ¥ is written ),

1.2.3 Penrose diagram

Since the Penrose diagram is a popular tool to describe some infinite universes in a finite
two dimensional diagram, here I give a short introduction to it and use it to illustrate
some physical scenarios in this thesis.

For a spacetime with a black hole, we may consider the Schwarzschild metric

1

_ 2m
T

2m
2 _ (1 _ 2 2 2 7)2
ds® = (1 " )dt + 1 dr® + r=dQ°, (1.11)

'Note for a general family of hypersurfaces defined by f(x) = C, 8, f(x)dz* = 0 for tangent vectors

dz* within a given hypersurface, hence 9, f is normal to the hypersurface. The hypersurfaces, £, we study

consist of the family given by f(z) =" = C.
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where dQ? = df? + sin? §d¢?.

When we consider coordinate transformations, there are two different situations 0 <
r < 2m and r > 2m. For 0 < r < 2m, the time coordinate is r; while for 7 > 2m, the time
coordinate is t.

For both these cases, the metric may be written

1

ds® = —(1 - 27m)dt2 o g dr? + 12d0?
- —(1- QTm) (ar* — u_dfm)Q) +r2d02. (1.12)

Then we make the coordinate transformation dr’ = lﬁgﬂ, the integral of this transfor-

mation yields v’ = r + 2mIn(|r — 2m|). When 0 < r < 2m, 7’ changes from some finite
value to negative infinity; and when r > 2m, r’ changes from negative infinity to positive

infinity. The exact range relations between ' and r are (see Fig. 1.3)

r’ € (2m1n(2m), —o00), when r € (0,2m)
. (1.13)
r’ € (—o0,00), when r € (2m, 00)

2mIn(2
mn(m)\zm

IV

Figure 1.3: The range of " with respect to the original Schwarzschild coordinate r.

With this coordinate transformation, Eq. (1.12) becomes

2
ds? = —(1 — Tm)(dtQ — dr'?) + P02, (1.14)

We then make another coordinate transformation to radial light-cone coordinates u = t+7/,

v =t —r’ and obtain

2
ds? = —(1 — Y du dv + r2d02, (1.15)
T
8



1.2 Some tools and theorems

where r is a function of u, v, and u,v € (—o0, 00).

Next we make a further coordinate transformation u = tany,v = tany in order to fit

the light-cone coordinates into a finite range, yielding

du = d%
cos™y (1.16)
dv = -9X
cos2y
With this coordinate transformation, Eq. (1.15) becomes
2m dydyx
ds® = —(1 — =) ———Lo— +r2dQ? 1.1
s ( r )cos2¢coszx tr ’ (1.17)

where r is a function of v, y. Here ¢, x € (%ﬂ', 2i;17r) and ¢ € Z is the set of integers.

Without loss of generality, we choose i = 0.

We then replace 1 and x by ¢ = (T + R) and x = (T — R). Hence Eq. (1.17)

becomes

+ r2d0?, (1.18)

2m dT? — dR?
ds* = —(1 - ==
) e (o (1)

where r is now expressed as a function of 7', R.

If we ignore the closed spherically-symmetric part of the metric (r2d2?), the spacetime
outside the black hole may now be represented by a finite two-dimensional diagram with

the following boundaries (see Fig. 1.4)

T+R = =«
T+R = -7
. (1.19)
T—-R = =
T'-R = -—m
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T=-R+m
T
T T=R-m
2m o)
2m <
T=R+n —TT
T=-R-—-nm

Figure 1.4: The whole spacetime outside a black hole is now represented by the shadow, and
every point in the shadow is a two-dimensional spherical surface. The timelike coordinate

is T in this figure.

For the spacetime inside the horizon, 0 < r < 2m, all the above steps follow except
that we have one more constraint that » > 0. This constraint limits the scope of T" and

R, and the spacetime illustrated by T and R finally looks like Fig. 1.5

T=-R+nm

T=R+4+m

Figure 1.5: The whole spacetime inside a black hole is now represented by the shadow,
and every point in the shadow is again a two-dimensional spherical surface. Note that the

timelike coordinate is R in this figure.

If we reverse the time in both Fig. 1.4 and Fig. 1.5, we will obtain two new figures
with time reflection symmetry to the old figures. Merging all these four figures together

yields the familiar Penrose diagram, see Fig 1.6. Since two the external parts are obtained

10



1.2 Some tools and theorems

in this time-reverse procedure, in fact, only one half of the diagram in Fig 1.6 is sufficient

to describe the spacetime of the Schwarzschild metric.

Figure 1.6: The whole spacetime with its time reversed parts is now represented by a
finite region, and every point in the figure is a two-dimensional surface. Here i* is future
timelike infinity, i~ is past timelike infinity, i° is spatial infinity, J* is future null infinity
and J~ is past null infinity. The time orientation is upward, and lines having a forty five

degree angle with the time orientation are null trajectories.

Let us now consider the Penrose diagram that describes a shell of matter collapsing
to form a black hole. Before the appearance of any black hole, the diagram looks like
the Penrose diagram for Minkowski spacetime. After the formation of a black hole, the

spacetime connects with the spacetime inside a black hole, see Fig. 1.7.

r=20

Figure 1.7: The gray line represents a spherical shell of matter that finally collapses into
a black hole, and every point in the diagram is a two-dimensional spherical surface. The
time orientation is upward. (Only the right-hand side of the diagram is shown.)

11



Chapter 1: Introduction

1.2.4 Different hypersurfaces appearing in this thesis

I will now use the Penrose diagram to illustrate different hypersurfaces that appear in
this thesis. It is also worth noting that three-dimensional hypersurfaces in spacetime
are divided into three different classes by the characteristics of their normal vectors. A
hypersurface is said to be timelike if its normal vector is spacelike, and conversely, a
hypersurface is spacelike if its normal vector is timelike. When the normal vector of a
hypersurface is null, the hypersurface is called a null hypersurface.

Since the stretched horizon is a ‘boundary’ between a real physical horizon and ordinary
surfaces, I first give a short introduction to the stretched horizon. Stretched horizons
were proposed by Thorne and colleagues as a surrogate for the real black hole horizon
to facilitate their research. In the 341 formalism, a stretched horizon is a 2-dimensional
membrane that resides in 3-dimensional space, and it may be chosen to be arbitrarily
close to the real physical horizon depending on the requirements of the calculations at
hand [49,54].

If we allow a stretched horizon to evolve in a spacetime, then it forms a timelike
hypersurface, which is also a claim of found in Ref. [54]. Suppose a stretched horizon is
n Planck length outside the black hole horizon, then, for a Schwarzschild black hole, the
physical distance between black hole horizon and the stretched horizon may be calculated

by

2m—+-e¢
nip = / (1.20)
2m

T'

where Ip is the Planck length, n € RT is the number of lp, and m is the mass of the black

hole. Replacing r with 2m + &', so that dr = de’, Eq. (1.20) may be written as

1S5 2 /
an — / mi/—i_gdgl
0 \/ €
3 1 5, ,
= v [ L 121
0 € 2m

Then we expand 1/1+ 5~ and find that e ~ (nlp) . Therefore, the trajectory of a point

on the stretched horizon in the Penrose diagram is described by z# = (¢,2m + nlp ,0,0).

After going through all the coordinate transformations, » = 2m —+ (%l;) in the original
coordinate finally yields
Ip)? Ip)? )4
sinR = 2m + (i) + 2m(cosT" + cosR)In (nlp) + O(%), (1.22)
m 8m m

12



1.2 Some tools and theorems

which is represented by the dotted line in Fig. 1.8. From the diagram, it is also easy to
see that the stretched horizon is timelike.

In contrast, ordinary surfaces need not have any relation to black hole horizons. For the
spacetime we discussed above, ordinary surfaces may, for example, be seen as a stretched

horizon for ¢ finite and large.

Stretched
Horizon \_

XBH —

Ordinary
surface

Figure 1.8: The dotted grey line represents the stretched horizon and the solid grey
line represents an ordinary surface. Here Y.py(green) represents the hypersurface which
stops at the black hole horizon, gy (red) represents the hypersurface which stops at the
stretched horizon, and Ygg(blue) represents the hypersurface in the emergent gravity
program that stops at an ordinary two-dimensional inner boundary which generally does
not have any relation with the black hole horizon. Every point in the diagram is a two-

dimensional spherical surface. The time orientation is upward.

Finally, we may use the Penrose diagram to describe some different scenarios we are
interested in. When Bardeen, Carter and Hawking originally proved black hole thermo-
dynamics, they considered a 3-dimensional spacelike hypersurface that stops at the black
hole horizon [11] (we ignore rotation here since this thesis does not consider the rotat-
ing case), this hypersurface could now be described by a line (green) that stops at the
horizon, see Fig. 1.8. Similarly, a spacelike hypersurface that stops at the stretched hori-
zon is represented by the red line in this diagram. Verlinde’s emergent gravity program

conjectures that an ordinary inner surface external to the black hole will also behave ther-
13



Chapter 1: Introduction

modynamically [59], and relevant spacelike hypersurface stops at such an ordinary surface
here represented by the blue line in Fig. 1.8. This Penrose diagram, Fig. 1.8, illustrates

examples of the different types of hypersurfaces that will appear in this thesis.

1.2.5 Stokes’ theorem

My work in this thesis primarily focuses on extending the first law of black hole thermody-
namics originally derived by Bardeen, Carter and Hawking [11]. Originally, they analyzed
a hypersurface external to a stationary black hole hence avoiding the physics of the black
hole interior. In this manner, any hypersurface in their analysis has two boundaries: the
black hole horizon and spatial infinity. The behavior of spatial infinity of a spacetime is
related to the global physical energy which is one of the most important quantities in ther-
modynamics. By using Stokes’ theorem, Bardeen et al. transformed the integral at spatial
infinity into an integral on the black hole horizon plus an integral over the hypersurface
between these two boundaries. Let us now briefly summarize Stokes’s theorem.

In a four-dimensional spacetime M with boundary 0M, Stokes’ theorem may be writ-

ten
At /=g dat = / AFengn/ |yl d 3, 1.23
/,/\/l ' oM |’Y| Y ( )

where the unit tangent vector n* is outward pointing from M and € = n#n,. Since the
boundary of a boundary is the empty set, applying Stokes’ theorem on a boundary yields
zZero.

Similarly, for a three-dimensional spacelike hypersurface > in M with boundary 9%,

Stokes’ theorem for an anti-symmetric tensor F'*¥ may be written as [21]
/ T FH o\ d3y :/ T, FH N\ [+ O2) @2, (1.24)
s o%

where T* is the future directed timelike unit vector normal to ¥ and N* is the outgoing

spacelike unit vector normal to 9% and tangent to X itself.

1.3 The definition of mass (energy)

Since thermodynamics is a theory about the transformation of energy and there are mul-
tiple definitions of energy in general relativity, I now give a short discussion about what
is the suitable definition of energy. Since some definitions of energy are based on Killing
vectors (and indeed the original analysis of Bardeen et al. is also based on spacetimes with

Killing vectors), we first give a short introduction to the Killing vector.
14



1.3 The definition of mass (energy)

1.3.1 Killing vector

A Killing vector describes a global symmetry of the spacetime. If A* is a Killing vector,
then the Lie derivative of the metric along this vector vanishes everywhere, £4(g,,) = 0,
which means that the metric is independent of the direction tangent to the vector A*.
Using the definition of the Lie derivative [47], the Killing condition £4(g,,) = 0 may be

written
£A(9ul/) = gW;,\A’\ + AA;MQ/\V + A)\;VQM = A+ App = 2A(uw) = 0. (1.25)

Therefore, the covariant derivative of a Killing vector field is naturally anti-symmetric
Ay = A

In fact, Bardeen et al’s original analysis of black hole thermodynamics for stationary
spacetimes relies on the existence of Killing vectors. With the help of a Killing vector K*,

Eq. (1.5) reduces to a much simpler form:
Kt = RygK" . (1.26)

Further, when Eq. (1.26) appears within an integral over a hypersurface, the anti-symmetry
of the covariant derivative of the Killing vector in Eq. (1.26) allows one easily apply Stokes’
theorem Eq. (1.24) to this integral. This trick was used to good effect by Bardeen, Carter
and Hawking for their stationary spacetime analysis [11].

However, generally, dynamical spacetimes do not have any global symmetry and hence
no Killing vectors. So generalizing black hole thermodynamics to dynamical spacetimes
means losing all the convent tricks discussed above. This is in fact one of the main chal-
lenges we have to overcome in Chapter 3 when we generalize black hole thermodynamics

to dynamical spacetimes.

1.3.2 The Komar and ADM masses

There are two primary definitions of energy on asymptotically-flat spacetimes: the Komar
mass (energy) MX°™@ and the ADM mass (energy) MAPM (though other definitions
exist). The ADM mass is based on the Hamiltonian formulation of general relativity
and is widely accepted as the physical energy on a hypersurface for both stationary and

dynamical spacetimes. In asymptotically rectilinear coordinates, it may be written [2, 3]

1 . A PN
MADM _ o /82 (QU,JNZ _ gjj’ZN,)dA, (1.27)

15



Chapter 1: Introduction

where dA = /|y(0%)| d?2.

In fact, Bardeen, Carter and Hawking used a different definition of energy in their

analysis, the Komar mass [11, 38]:

MKomar — i
41 Jos..

K, T"N*dA, (1.28)
where K* is a timelike Killing vector which satisfies the asymptotic normalization con-
dition K*K,, = —1 at spatial infinity. As discussed in Section 1.3.1, since K, is anti-
symmetric, it is easy to apply Stokes’ theorem to Eq. (1.28) and hence relate this global
energy to the sum of an integral on the black hole horizon and an integral over the hy-
persurface. Interestingly, the proof of the equivalence between the Komar mass and the
physical ADM mass was achieved by Beig only in 1978 [12] five years after Bardeen et al’s
original analysis of black hole thermodynamics.

Since the ADM mass is not in a covariant form, it is not straightforward to apply
Stokes’ theorem to it in order to relate an integral on the boundary of a hypersurface
to an integral over the remaining hypersurface. The lack of a suitable covariant form
for the physical energy for dynamical spacetimes is a further obstruction we will need to
overcome when we try to generalize black hole thermodynamics to dynamical spacetimes.
In Chapter 3, we will show for dynamical asymptotically-flat spacetimes, that the ADM
mass may be transformed into a covariant form similar to the expression for the Komar
mass. This covariant expression does not require the presence of a Killing vector and

allows us to apply Stokes’ theorem to our analysis without undue difficulty.

16



Chapter 2

Horizons are hot, ordinary

surfaces are not

Since the 1970’s it has been known that black hole (and other) horizons are truly thermo-
dynamic. More generally, surfaces which are not horizons have also been conjectured to
behave thermodynamically. Initially, for surfaces microscopically expanded from a hori-
zon to so-called stretched horizons, and more recently, for more general ordinary surfaces
in Verlinde’s emergent gravity program. To test these conjectures we ask whether such
surfaces satisfy an analogue to the first law of thermodynamics as do horizons. For static
asymptotically-flat spacetimes we find that such a first law holds on horizons. We prove
that this law remains an excellent approximation for stretched horizons. Note that this
result explicitly illustrates the insufficiency of the laws of black hole mechanics alone from
implying truly thermodynamic behavior. For surfaces away from horizons in Verlinde’s
emergent gravity program the first law fails (except for spherically-symmetric scenarios)

thus undermining the key thermodynamic assumption of this program. *

1 Zhi-Wei Wang & Samuel L. Braunstein. These results have been published in Nature Communications
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Chapter 2: Horizons are hot, ordinary surfaces are not

2.1 Introduction

In 1973, Bardeen et al. [11] derived the laws of black-hole mechanics which are in direct
analogy with the laws of thermodynamics. Together with the discovery of Hawking radia-
tion [31], the truly thermodynamic behavior of black-hole horizons became well established.
Indeed such thermodynamic behavior is now well accepted for all spacetime horizons, in-
cluding those due to accelerated observers [37,55] and cosmological horizons [29)].

Later, other surfaces were also attributed with thermodynamic properties. Firstly,
stretched horizons were claimed to be thermodynamic, effectively acting as radiating black
bodies [54] with a temperature 7' = x/(27) determined by their local surface gravity 2
k and an entropy (a ‘state variable’) associated with a presumed statistical mechanical
interpretation of black hole entropy [54,72]. An explicit re-derivation of the laws of black
hole mechanics has not been previously carried out for stretched horizons. More recently,
a class of ordinary surfaces has been conjectured to behave thermodynamically, forming
the key assumption in Verlinde’s emergent gravity program [59]. This thermodynamic
attribution was justified in part by using it in a heuristic derivation of the full Einstein
field equations in static asymptotically-flat spacetime [59].

In this chapter, we ask whether canonical General Relativity is consistent with the as-
sumption that such ordinary surfaces can be rigorously seen to behave thermodynamically.
We attack this question by focusing on the analogue to the first law of thermodynamics.
Originally this law was derived in an analysis that was specialized to the behavior of hori-
zons [11]. We remove this specialization to reveal the behavior of ordinary surfaces in an
analysis of the first law. In this chapter, we report that the first law holds to an excellent
approximation for stretched horizons. Finally, with the exception of fully spherically-
symmetric scenarios, we find that the first law fails to hold for the ordinary surfaces in
Verlinde’s emergent gravity program.

In order to attempt to derive a first law for ordinary surfaces we closely follow in
the footsteps of Bardeen, Carter and Hawking’s 1973 classic paper [11]. The first step
is to obtain an integral equation for the net energy in a static system, where instead of
an inner boundary located at a black hole horizon, this boundary is a generic ordinary

surface. Next, we consider small ‘changes’ in the net energy corresponding to shifting to a

2In stationary spacetimes the surface gravity corresponds to the force per unit mass needed to hold an

object ‘stationary’ at the horizon as measured by an observer at spatial infinity.
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2.2 Energy and possible temperature

parametrically nearby solution of the Einstein field equations. This ‘differential’ version is
determined by studying the behavior of the net energy under spacetime diffeomorphisms
of the initial metric [11]. As in Bardeen et al., “gauge” freedom in the choice of coordinates
is used to ensure that the hypersurfaces before and after the diffeomorphism are covered
by identical sets of coordinates.

Our analysis is limited to static (and hence non-rotating and with zero shift vector
B* = 0 in coordinates in which the metric components are time-independent) spacetimes.
For simplicity, we assume that there is no matter exterior to the holographic screen (T*" =

0).

2.2 Energy and possible temperature

Since the Komar mass (energy) equals the ADM mass in stationary spacetimes [12], in this
chapter we will use the Komar energy as the global physical energy of the hypersurfaces

we are studying.

2.2.1 Integral expression for net energy

Komar form Theorem: For a static asymptotically-flat spacetime with timelike Killing
vector K* = (Jp)* one may derive the total gravitating Komar energy E as an integral
over a spacelike hypersurface ¥ that is truncated (or bounded) internally by an ordinary
2-surface O¥inner (see Fig. 2.1) [38] by

1 N 1
E=— JKPTY )] 3 7/ A 2.1
47T/ER# VI d+ K dA, 2.1)

8Einner

where k = K, WJTV N* is the generalized surface gravity on the inner boundary provided
KHMK, = —1 at spatial infinity. Note that this result is generally true without requiring
Ty =0 on X.

Proof:

Consider a static spacetime with a Killing vector K# = (9p)* = (1,0,0,0), with
KHFK, = —1 at spatial infinity. As discussed in Section 1.3, the Killing condition implies
that

Kuw = K| Ky — Kuyp) - (2.2)
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Figure 2.1: Schematic of the spacelike three-dimensional hypersurface of interest, 3, with
an inner boundary 9¥inner and a boundary at infinity 0¥ .. Here NH is the spacelike
4-vector normal to the boundaries of ¥ (note the direction convention on the inner bound-
ary). We assume a general mass distribution within the inner boundary and no matter
outside it. Here E is the Komar energy which equals the ADM energy in stationary

spacetimes [12].

Now recall that permuting the order of a pair of covariant derivatives acting on a 4-vector

A¥ provides a defining feature of the Riemann curvature tensor as [21]
Aap — Ao = —RyapA” .
Contracting the indices p and « reduces this to an expression in terms of the Ricci tensor
At g — Alg, = —R,gAY . (2.3)

Since the Killing vector is anti-symmetric, we must have K*,, = 0 and we immediately
find that
KFg, = R,sK". (2.4)

Integrating this over a spacelike hypersurface 3, yields
/ Ktg, T8 \[|y®)| dPe = / RusK" 79 \/|I7®)| Pz (2.5)
p) p)

here T* is the timelike unit 4-vector normal to ¥ with T“TM =—1.
The hypersurface is assumed to have an outer boundary at spatial infinity 03, and
an inner boundary 0Xinner (see Fig. 2.1). In the original work of Bardeen et al. [11], this

inner boundary corresponded to the black hole’s horizon d¥.gy. Here we generalize this by
20



2.2 Energy and possible temperature

taking it to be an arbitrary closed 2-surface 9%inner- The boundary of the hypersurface is
assumed to be oriented, with unit normal N# (see Fig. 2.1), so N,N# =1 and N“TM =0.

Then applying Stokes’s theorem for an anti-symmetric tensor Eq. (1.24) to the left-
hand-side of Eq. (2.5) we find

s Kt Tﬁj(f# |y(0Zc))| dQZ_/az- K“;Bf“ﬂ]\?u |y (@inner) | g2

/ RysK" T8 \/|I7®)| . (2.6)
b

At this stage, we wish to generalize the concept of surface gravity as a quantity defined
anywhere. Assuming that the surface 0% is non-rotating (corresponding to zero angular
velocity of the spacetime itself) , we may interpret the integrand of the integral on the

boundary in Eq. (2.6) to be the surface gravity, so

k=K, TVN". (2.7)

It is worth noting that x/(2m) is precisely the formula Verlinde gives (his Eq. (5.3) of [59])
for what he calls the local temperature of the holographic screen (what he calls ordinary
surfaces of constant Newtonian potential ¢ = $In(—K*K,,) = In V' [59]) as measured with
respect to a reference point at spatial infinity.

This definition of surface gravity allows us to naturally extend the original 1973 analysis
away from black hole horizons. In particular, the left-hand-side of Eq. (2.6) reduces to

/ / 8200 |d2 / azmncr |d2 (28)
BZOO

According to the definition of Komar mass Eq. (1.28), the integral over 0¥, equals 47 FE
leading to

1 . 1
- rgv ()] @3 7/ .
7T/ZRWK T\ /|y®)| d SRy N dA , (2.9)

This completes the proof of the Komar form Theorem.

Were we to consider the spherically symmetric case, Eq. (2.1) would reduce to

1 ~ K
E=— | R, ,K*T" O dBz + ——A. 2.10
= [ RuwEr T\ p O (2.10)

Just to emphasize what this represents, here the hypersurface 3 extends from an arbitrary
inner boundary, 0Yinner, out to spatial infinity. Thus, the generalized surface gravity, k,
and the area, A, are those associated with the inner boundary itself (rather than any

horizon).
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Chapter 2: Horizons are hot, ordinary surfaces are not

Eq. (2.1) has exactly the same form as the conventional formula for the total mass of
the system [11] but extended to an arbitrary 2-dimensional surface (the inner boundary
instead of a horizon). Finally, note that the matter inside the inner boundary need not be
associated with a black hole, it may be ordinary matter, with no horizon present at all.
Thus, were inner boundaries found to have thermodynamic properties (i.e., a well-defined
entropy and temperature), it would not be because such properties were inherited from a

real horizon behind the screen.

2.2.2 Possible local Temperature

Following the results for horizons [11], it is tempting to seek to interpret x/(27) from
Eq. (2.1) as the local temperature at any point along an arbitrary 2-surface 0Xinner. How-
ever, this would be unsatisfactory if true for arbitrary surfaces, since this local temperature
would not be in thermal equilibrium with an actual physical screen held fixed at the same
location; the temperature now coming from the Unruh effect [55] and the local proper
acceleration required to keep each portion of the screen stationary. Only for surfaces of
constant Newtonian gravitational potential ¢, where the proper acceleration of a station-
ary observer and the local normal to the surface are parallel, is such thermal equilibrium
possible (see section 2.4.2). Thus the temptation of such a thermodynamic interpretation

should be restricted to the family of ordinary surfaces satisfying ¢ = constant.

Indeed, this restricted temptation appears to have been satisfied in the emergent grav-
ity program, where for static asymptotically-flat spacetimes, ordinary surfaces of constant
¢ are dubbed holographic screens and are claimed to have a local temperature [59] given
by T = k/(27) and even claimed to possess a ‘state variable’ quantifying the number of
‘bits’ on the screen. These putative thermodynamic properties are then used in a heuristic
derivation of the full Einstein field equations [59]. If correct, such a claim would mean
that Verlinde’s emergent gravity program would already subsume many decades of results

associated with full General Relativity.
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2.3 Differential “first law” of thermodynamics for stationary spacetimes

2.3 Differential “first law” of thermodynamics for station-

ary spacetimes

2.3.1 The first law we expect

As discussed above, the straightforward generalization, especially in the spherically sym-
metric case, for net energy on a hypersurface might appear to suggest that a temperature
and entropy can actually be defined for any surface by

K A
T —.
4

==, g = (2.11)

However, such quantities need to behave thermodynamically. In particular, for our static

system, the net energy F, should admit changes which behave as
OF =T4§8, (2.12)

(ignoring work terms) so that the temperature would be acting as an integrating factor
relating changes in the (state function) entropy to changes in the energy. In other words, we
must show that such changes lead to the expected form of the first-law of thermodynamics.

In the simplest case, where the hypersurface ¥ is empty of matter, this law should read

1
0E = — 0(dA). 2.1
87T '/azinne,:'/ ( ) ( 3)

2.3.2 Diffeomorphic conditions

Again here we follow in the footsteps of the original analysis of Bardeen, Carter, and Hawk-
ing and consider changes corresponding to parametric differences between diffeomorphicly
nearby solutions. In particular, we will consider two nearby configurations corresponding
to the metrics

Gy 9w = G + P, (2.14)
where hy, =09, = —9uc9u-09°7, ie., 0g°T = —h77.

Without loss of generality and as with the original analysis of Bardeen, Carter, and
Hawking, we may assume that for the two diffeomorphicly related configurations, the
hypersurfaces ¥ and Y/ are described by identical sets of coordinates; this is always possible
due to “gauge” freedom in the choice of coordinate systems [11]. Henceforth we label both

by X. Similarly, for their boundaries 0¥. Further, as in Ref. [11] we likewise assume that

both configurations have the same Killing vector, so

SK" =0, 5K, = h, K. (2.15)
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Chapter 2: Horizons are hot, ordinary surfaces are not

Since the sets of coordinates of ¥ and 0% are unchanged by the diffeomorphism, without

loss of generality we may take [11]

d(dxt) € X. (2.16)

Because K, dzt = /\/’Tud:ﬁ“ =0 for all dz* in ¥, we have 6K, || K, so
5K, = koK, (2.17)

for some function ky. Comparing Eq. (2.17) with Eq. (2.15), one finds
huwK” = kK, (2.18)

everywhere. Then contracting T* on both sides of this equation yields
ko = —hu,/ THT". (2.19)

(In other words, ko = —h..4 in the tetrad basis.)

Similarly, since T pdxt = 0 for all dz# in X, we have cﬁ’u I T/u SO
= Lo (2.20)

for some function k; (the factor of % is for later convenience). To get an expression for kj,

we calculate the variation of g"” TMT y=—1.
(6g")T, T, + 29" T,,(6T,) = 0
PN ~ k1o~
= (=h")T,T, + 2g‘“’Tu(51Ty) - 0, (2.21)
hence
ki = —h, TFTY = k. (2.22)

Recall K* = 9, and T* is normal to X, so K* = N'T* + B* where 8 is the shift vector
and N = 1/T" is the lapse function [30]. Since we only consider non-rotating spacetimes in

this chapter, without loss of generality, we assume S* = 0 from now on, then T =1TtKH
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and Tu =T'K u- Then for T+, we find

o = 6(g"T)
= —h“”Ty+%k1T”
= T 4 kT
— _gﬂAhAl,K”TAtJr%le“
= PR 4 T
= —kzlf“+%klf”’

1.
= —gkl*, (2.23)

where we have used Eq. (2.18) in the fourth line.
Again since, dz#N,, = 0 for all dz* in %, combined with T“J\Afu =0, we find (5NM I Nm
and so we may write

A~ 1 o\
SN, = ~kolN,, 2.24
12 9 Iz

for some function ky (the factor % is introduced for later convenience). In the same way

as for Eq. (2.19) we find
ke = h, NFNY, haTANY = 0. (2.25)

We now extend our use of the “gauge” freedom to extend this equality of coordinates
for our nearby solutions slightly away from the inner boundary 03inpner, though still within
the hypersurface ¥. Indeed, Bardeen et al. [11] used such freedom on the (future) null
horizon for stationary black holes. Here, we make an analogous construction for the
outgoing spacelike tangent vectors along N* from each point on the boundary 0Xinper- In
particular, for an infinitesimal ‘distance’ along the tangent vectors dz* o N* from the
inner boundary, we use gauge freedom to ensure that these vectors satisfy d(dz#) = 0.
In other words, gauge freedom allows us to choose the covariant vectors N* normal to
the inner boundary 90X ner to remain parallel to themselves under the diffeomorphism.
Consequently

SNH = —%kgﬁ*‘, (2.26)

a condition similar to those given by Bardeen et al. [11]. Combining Eqs.(2.24) and (2.26)
we find
SN, = —gu ONY, (2.27)
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Chapter 2: Horizons are hot, ordinary surfaces are not

at the inner boundary 0Yiner-
Let us now introduce the whole tetrad basis {T w Nk O, V“}; recall T* is normal to
>, N* is in ¥ but normal to 0%, and (7“, V# lie in Y. The projector onto the tangent

space on 0% is defined
P =(UQU+Va V)W =Ur"+VHVY. (2.28)

Similarly
g = —PUPY 4 NHRY - piv (2.29)

Now tangent vectors in 9% are contained in the span{f] " V“} and since the coordinates
of % are preserved under the diffeomorphism, JU* and §V* must also be contained in
span{U“, V“} By the same reasoning, § P*¥ € span{U QU,UeV.VeU, Ve V}

Further, since 6U*,0VH € span{U " V“}, we may explicitly write them as
N 1. - 1. 4 N 1. - 1. 4
60" = —ksU" = Sha V¥, 6V = —ZksU¥ — ke V", (2.30)

for some functions ks, k4, k5 and kg. By considering 6(gm,f]“(7”) =0, 5(9“1,(7“‘7”) =0
and 6(9,“,17“17”) =0, it is easy to show that

ks = h,, UPU"
ke = hy, VIV

ky + ks = 2h,,, UV". (2.31)

A A

Then by considering §(U,U*) = 0, §(U,V*) = 0, §(V,,V*) = 0 and §(V,,U*) = 0, one finds

A 1 N 1
(5U,u §k3U,u + k5VM, 5VM = k4UM + ikGVM
(2.32)
Hence, § P* may be explicitly computed to be
PN . A 1 A A PN
oPY = —ksUPUY — kgVHVY — 5(/{4 + ks)(UFVY + UYVH)

1 A A AL A 1 AL A A A
= 5 (ks T ko) (UMDY + VIVY) = S (ks — ko) (U*T = VFV)
1 A A A A
=5 (ks + k) (0107 4 0%

1 1 A A A A A A A A
= 5 (ks + ko) PP — S (ks — ko) (UMDY = VFVY) = 2 (ka + hs) UMV + UV VH).

1
T2

(2.33)
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2.3 Differential “first law” of thermodynamics for stationary spacetimes

Similarly,

5P = k:gU 0+ ko0 + 5 (ks + k) (0o + 0,7
5 (ks — ko) (0,0, — ViVh)
+§(k4 + ks) (U Vi, + U, V,). (2.34)

= (k3+k6) w +

So the key diffeomorphic conditions may be summarized as
OK* =0, 0K, =huK"=kK,
5T = Sk, 6T, = Sk,
I N N
5T = kT, Ty, K =0
dP" =Eq.(2.33), 0P, =Eq.(2.34). (2.35)

where k1 = —hWT“T” and k9 = hWN”]\Af”.
From Egs. (2.19), (2.25) and (2.31), we know that in the tetrad basis

—~ki 0 0 0
0 k0 0
hio = o | (2.36)
0 0 kg Hfm
0 0 Hafks kg

ie., hjpp = —ki,hgx = k2 etc., and where generally ko, k3, ..., k¢ are independent func-

tions from each other.

2.3.3 Diffeomorphic variation of energy

Now we begin to analyse how energy transforms under metric perturbations. We start
by following Bardeen et al’s original analysis [11], generalizing it where necessary to deal
with a boundary 0Xinner Which is an arbitrary ordinary surface instead of a horizon. It
will be sufficient for our purposes to consider only the case where there is no matter on X
itself, so T* = 0 there. Geometrically, this corresponds to all the matter lying behind or
within the inner boundary 0%iyner (see Fig. 2.1).

In order to consider diffeomorphisms which need not respect spherical symmetry, we
return to Eq. (2.1). Using the Einstein field equations we start by rewriting this integral
formula as

fo /2TW+8 R gy " T ]7(2\d3x+—/ (2.37)

lnner
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Chapter 2: Horizons are hot, ordinary surfaces are not

recall that R = —87T" where T' =T}, g"".
Since N'y/|y*)| = /=g on the hypersurface [30], the variation of the Ricci scalar term

may be computed as
1 .
o ORI K Ty) d*a
81 Jxn
1 PN
- —/5(RN ®)| 8 1) P
87 Jx

1 I
= — | §(RV—9) TP Tsd?
87T/E ( 9) 1" Tgd’x

1 1 v 8N Rle a STA 7
- _8777/2((R;w B §gm,R)h“ — (g"”er py gheor A#)ﬂ) K” T Y, |V(Z)‘ &P .
(2.38)
where in the last step we have used the well-known result that [16]
1 v 14 « 67
5(R\/ _g) = _((Ruu - iguuR)h'u - (g“ or uv — g” (5F/\)\#);a> v —g. (239)

Lemma 2.1: —(g" 1'%, — gH*0T*\,).0 = 2h# , a result quoted in Ref. [11], there

[I#V];V

without proof.

Proof:
Since [44]
1
6Fij = §gap(hup;u + hl/p;p, - hp,u;p) 5 (240)
we have

—(g" 0T — g" 0T )

1 1
= (gmig)\p(hup;k + oo — hynip) — 9 59 (Rpupy + By — hw;p)>.

2 ‘a
1 nay p Ly «a a
= 5(9 Be g — 9" (W i + B — By’ ))
1 ) .
-2 (hﬂp’a — (R, + A, — hu#’a))-a
1 .
- 5(2 hoP* =20, ):a

= 2hM," (2.41)

This completes the proof of Lemma 2.1.

Using Lemma 2.1, the variation of the Ricci scalar term Eq. (2.38) becomes

1 1 174 v A
_5/2((]%“”_ S BRI + 20y ) KD Ty o[y

1 .
= R IR (242)
28



2.3 Differential “first law” of thermodynamics for stationary spacetimes

since the first term is zero if we assume TH” = 0 on X outside the holographic screen.

Lemma 2.2: h“[m,,}”’fﬁ = (&Pn, V] — gvp, 101, 4 2o (h, 0] hﬂ[u;[ﬂgv;y.
Proof: Expanding out the right-hand-side (rhs) of the claim in Lemma 2.2, we get
rths = hu[uﬂ/]wgﬂ + hﬂ[uﬂgﬁ;y — hﬂ[u;ﬁ]ng _ hu[u;ﬁ]wgv + Le(h,10) + h#[u;ﬁ}gv;y
= hu[u;y]wgﬁ + hu[u;'/}gﬁ;y _ h“[u;ﬁ]wgv + gg(hu[u;ﬂ])
— humw]wgﬁ — £§(hu[’“ﬁ]) + gg(hu[u;ﬁl)
= Ihs, (2.43)

where we used hu[“%”],ygﬁ = h”[u;y];”ﬁﬁ in the first line and Eg(hu[’“m) = h“[“?ﬂ],ygV —
hu[’“”]fﬁ;u in the second line.

This completes the proof of Lemma 2.2.

When & is the Killing vector K#, Lemma 2.2 reduces to a result quoted in Ref. [11],

there without proof:
h”[ml,]”’KB = (Kﬂhu[‘“”} — K”hu[lﬁﬁ]);y‘ (2.44)

Applying Eq. (2.44) to Eq. (2.42), the variation of the term involving the Ricci scalar

reduces to
1 w y ‘ A
“in /E<Kﬁhu[“’ V= KR W), T \ [l dPe. (2.45)
Thus, the variation in the total mass may be written
1 . 1
E = —— [ (KBp, _ gvp 6y f )] g3 7/ A
s = Lutn, D) Ty @ e+ [ o da)
1 w y . A
- T /E(K/Bhu[u’ I-K hu[u’ﬁ]);v T3 )| dPa
1 1
+— / 5k dA + — / k 5(dA). (2.46)
47'(_ azinner 47T azinner

Since the term inside the bracket is an anti-symmetric tensor, we may use Stokes’s theorem,

Eq. (1.24), to obtain

SE — _1/ (Kﬂh“[“”’]—K”hu[‘“m)NyTAﬁ |7(0%) | d22
4T Jox ..
1

+ﬂ /82. (Kﬁhu[uw} — KVhM[IMB])NV TB |y(OSimner) | 422

1 1
- /a L emdA g /8 L (2.47)
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Chapter 2: Horizons are hot, ordinary surfaces are not

where the boundary has been split into the inner boundary 0Xinner and the boundary
at infinity 0¥ . The contribution for the term at infinity may be evaluated using the

notation of tensorial volume elements [60] as

1 ) N e
T JOY oo

1 . ay
= = Kﬁhu[“’ ](TB N, — T, Np) |’)/(8Eoo)|d22

0o

1 .
= —E s Kﬁhu[,uﬂ/] EBV 60&},6
1 v vip B
= 8 . (""" = b)) K" eguap
= —F, (2.48)
where the orientation of £g,4, is chosen so that eg,q, = —6 EBrEay] and e, is the ‘vol-

ume’ element of the boundary at infinity, and we have applied the result S%r Jos (A" —

h, ") KP 4,0, = —0E in the final step [60].

Eq. (2.48) allows us to transform Eq. (2.47) into

1 A A
5E — 76E . Kﬁh [#;V] _ Kllh [#;ﬁ] Nl/ T (6Einncr) d2
+ 47 \/azinncr( : g ) ’ |ry | :
1 1
+—/ 5ie dA + —/ K 5(dA). (2.49)
47T 8Einner 47T azinner

Or equivalently,

1 1 A 1 1
5E:—/ L (h Y — b VRV T K dA 7/ 5k dA 7/ 5(dA)
87T 8Zinner 2( : g ) IB + 87T 62inner " + 87T 8Einner " ( )
(2.50)

where we have used K¥N, = NT'N, = 0, which follows since T# is normal to ¥ and
N* lies in ¥. For the first law to be true, we need the first two boundary integrals of

Eq. (2.50) to exactly cancel each other.

Since K“NM =0 and (K“NM);V =0, then K“;VN = —K“NW,. Therefore, the surface

gravity may be written as
k=K', T"N, = —K"N,., T". (2.51)

We next consider the expansion of null normal congruences on the inner boundary which
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2.3 Differential “first law” of thermodynamics for stationary spacetimes

may be written as

o) — P,
= Puy(Tu+NM);V
= P#V(TtKu);V + PWNM;V
= T'P"K,, + P"K, (T, + P"N,.,
= PWN#;V
— (g T - RN,
S T W
= N o kT

- \/7_79(\/—79]\7”)# — kT (2.52)

where [, = Tu +N, 1 is the outgoing null normal vector of the inner boundary, and we have
used Eq. (2.29) in the fifth line and Eq. (2.51) in the sixth line. Using this relation we

may express the variation of k1" as

STt T = O(—) (V=GN0 + ﬁ(a@ﬁu),u + \/1_79(@51\7#),“ _ 5o,

(2.53)

W

Since the left hand of Eq. (2.53) equals — 3k Tk + T'0k, we further have

—%klf% + Tk
1 .
_ 1 S Xru I wy_ sp)
29 5,97’1/\/7( N ) F(2 g9 597'1/ )7 + (6N )a/—L 59
1 1
= *gTydgﬂ/ (\/ N“) + gTV(SgTV (V N“)
92 ‘/ 1/
1
+§(g”5gw),yN “ (ONHY),, — 600
1 . .
= S (h") WV + (IN"), — 500 (2.54)

where §,/—g = %\/—gg“’ﬂguy. Hence, the first term in Eq. (2.50) may be written as

1(h/);,kz\?# = —%klzﬁ% + Ttk — (ONM)., + 660 (2.55)

2
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Chapter 2: Horizons are hot, ordinary surfaces are not

The second term h,”* N, in Eq. (2.50) may then be expressed as

1 . 1 o~ 1 o 1 o1 .
“hEN, = (NP — ShyY N = (69, NY)YH 4+ 269" Ny
2 2 2 2 2
1 g A N 1 A A A A A
- 5(5(9WNV) — guON")" + 55(—T”T” + N¥NY + PPN,
1, . . I I
— 5(51\7 — NV gu)* + §(k:1T“T” ko NENY + GP*)N,.,
1.1 1 1 .
== ( kTQN ) 5(5]\7“);“ + ileuTVN;UGV + §5PMVN v
11 . 1o L i o L
= 2(2k2N ) 5(5N )m — fleT N, K", + 55P N
= —(6NM),, — §k1T% + 6P‘“’NW, (2.56)

where we have used Eq. (2.51) in the fifth line, and Egs. (2.7) and (2.35) in the last step.
Next, consider the final term %(5P‘“’NW, in Eq. (2.56), using Eq. (2.33) we have

1 ) 1 o
0P N = _Z(Ugg + ke)P* + (ks — k¢)(UFUY — VHVY)
+(k4 + k‘5)(U‘uVV + ﬁ”V“))NW
1 A A ~ A~
= (ks + B) PP o (ks — k) (0107 = V177)
(ks + k) (TMV” + T7VH)) (1 = Ty).o
1 PN ~ A
_ _1((1@3 + k)P + (ks — k) (UPTY — VHVY)
(ks + k) (OP0Y + 070H)) (= T K )

| | 1
= — (ks + k)0 — - (ks — ke)o'l) — S (ke + kol (2.57)

where USZ), J(Xl) are the shears of [* defined by [33]

oV = (T -V oV = (O TV, (2.58)
Therefore,
1 N ~ 1 . 1 1 1
g Ny = (8= Sha T — 2 (ks - ke)0") — 2 (ks — ko)) — 2 (ka+ks)ol . (2.59)

Finally, substituting Eq. (2.55) and Eq. (2.59) into Eq. (2.50), we find

1 1 no1 l
5B =~ /azm@ﬂ o (860 4+ (ks + E6)60 + (ks — k)l + (ks + k5)a§>)) dA

1
+7/ Sk dA + 7/ K 6(dA) (2.60)
871— 8Einncr 821nncr

Or in summary,
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2.3 Differential “first law” of thermodynamics for stationary spacetimes

1 1 1
= —— @ D 4 = (ks — W 1t 1)
OF o /azmner(w + - (kg +k6)0 + (ks — koo’ + L (ka+ ks)o, )J\/ dA
1
. d(dA). 9 61
+87T /82irmef: ( ) ( )

It is worth noting that

500 = —@0@ + - (k3 + kg),p N (2.62)

which separately depends only on ks, k3, kg which we now prove.
Since P’“’Tu;,, = P’“’(Kuft);,, = P“”K#;,,Tt + P’“’Ku(ft);,, =0, 0¥ can be simplified

as
00 = P, = P" (T, + Nyy) = PPNy (2.63)
Thus the variation of 0 is

50" = §PMN,., + P"§(N,.,)

= 6P" Nyy + P* (N, — 6T, Ny —T),0N,)

= GPM Ny, + PP ((6N,), — 0T}, Ny
. ko ~ 1 &
= 5P‘“’NW, + P#V((?zNu);u - §9Ap(hup;v + hupp — hu'/;p)NA)

A

1
= 6PMN,., + P"( )V—P“V§(hup;v+hvp‘u_h/W‘p)Np

k2

2

ko
= OP" Ny + P (Z R0 = P b N7 + PWhW,p , (2.64)
where we have used Eq. (2.40) in the fourth line. Further, using P’“’;prhW = 0, we can

now simplify Eq. (2.64) as

G
)

1

56" = 5PWN#;V + P NM);V - (Nphup);va + Np;vahup + §(Pwhw);p]\7p

1 ~
_iplw;prhW

>

= 6P“”]\7W, + PP °N, v — (k2N,) P + NP;V(‘S(PWQMP) — 6P g,,)

9
1
+5 (ks + k6) ;o N

k
— 6PN, — P" (22 W — 0PN, + = (k:3+k:6)
ky
= ——P”N f(k3+k6). NP
k
= 29<”+ 5 (ks + ko) NV (2.65)

This completes the proof of Eq. (2.62).
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Chapter 2: Horizons are hot, ordinary surfaces are not

As the expansion and shear vanish identically in the special case of the event horizon
of a black hole [33], we see that Eq. (2.61) trivially reduces to the first law on the horizon,
Eq. (2.13), thus reproducing the famous 1973 result [11]. Similarly, it follows straightfor-
wardly that for surfaces sufficiently close to the horizon (so-called stretched horizons), the

corrections to the first law can be made negligible.

2.4 Surfaces away from horizons.

2.4.1 Emergent gravity program

Since 2010, Verlinde’s emergent gravity program has attracted huge attention because it
claims that gravity may not be a fundamental effect but instead has a thermodynamic
origin [59]. With some plucky assumptions this program even gives a heuristic derivation

of the laws of Newton and the Einstein field equations.

One of the key assumptions in this argument is that ordinary surfaces away from
horizons also behave thermodynamically. It is claimed that ordinary surfaces (which are
called holographic screens) also have an entropy proportional to their surface area and
a temperature proportional to their surface gravity. Since the Unruh effect shows that
an accelerating observer would record a temperature proportional to its acceleration, to
make their thermal assumption consistent with the Unruh effect, the holographic screens
used in their analysis are taken to have a constant Newtonian potential ¢. In this way,
an observer that is stationary at a holographic screen will see the same temperature as is

assigned to the holographic screen.

Then, Verlinde provides a heuristic derivation of the Einstein field equations using
these thermodynamic assumptions. The derivation is heuristic in that it starts with an
assumption of thermal behavior of holographic screens and proceeds with a sequence of
true statements ending with the Einstein field equations. The problem lies in the reasoning
connecting each statement in the sequence. One could test the rigour of the argument by
focusing on the reasoning behind each step. However this would be ultimately unsatisfying
since it would not rule out a different logically correct route. To rule out the existence
of any such route we chose to test whether the thermodynamic properties of holographic

screens were actually consistent with general relativity.
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2.4 Surfaces away from horizons.

2.4.2 Local temperature in emergent gravity

We focus here on the temperature defined in the original paper on emergent gravity [59]
which is used there in its heuristic derivation of the Einstein field equations. In Fig. 2.2
we show a schematic of the hypersurface considered there. 0%yg denotes the holographic
screen (ordinary surfaces of constant Newtonian potential ¢) which now is the outer bound-
ary of the spacelike hypersurface Ygg under study, and N* is the unit normal vector to

the holographic screen.

P

1 2eG - \/N"'y

\ \

[ ad
6ZHS\ 4

Figure 2.2: Schematic of the spacelike three-dimensional hypersurface Y used in Ref. [59]
which has the mass under study embedded within it. As can be seen, the 2-surface corre-
sponding to the holographic screen 0¥yg is now the outer boundary to Xgg (compare to
Fig. 2.1); and Ref. [59] defines 0¥ g as ordinary surfaces of constant Newtonian potential
¢. (For context, we show spatial infinity as 0¥ in grey, though it plays no role in this

section.)

The ‘local’ temperature of the holographic screen (as measured at spatial infinity) used

in Ref. [59] is defined as

1 .
T = %@? ¢, N*, (2.66)

where ¢ is the generalized Newtonian potential, given by ¢ = %ln(—K FK,) = InN,

recalling that KK, = —N 2. It is now an easy matter to check that

1 . 1 . 1 1 .
T = —e®¢, Nt = —N, Nt = ———(N?),, NV
on ¢ Pin o Vi om o N
1 1 . 1 1 )
= ——K,,—K'Nt= —K,,— K'NH"
2T HA o PUN
1 ~ A
= —K,,T'N" 2.67
27T qu ( )
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Chapter 2: Horizons are hot, ordinary surfaces are not

In summary, recall the definition of x in Eq. (2.7), yielding

T

(2.68)

K
o

For reference, the Unruh temperature associated with a stationary observer is just the
magnitude of the observer’s proper acceleration a* over 2w. As the observer’s 4-velocity
is given by T* we easily find

at = Tr, TV = ¢, (2.69)

since TH = TtKH = K JN = e ?KH. Thus a* is perpendicular to surfaces of constant ¢.
When Verlinde’s temperature is measured locally (instead of referenced to spatial infinity)
it is Tocal = %QWNM. For this to equal the Unruh temperature at the same point,
the local unit normal N* to the screen must be aligned with the proper acceleration a*
of our stationary observer there. Therefore, it trivially follows that only for surfaces of
constant Newtonian potential ¢ would the holographic screens be in thermal equilibrium

with stationary physical surfaces of the same shape, size and location. Hence,

Thermodynamic equilibrium = N* || ¢* (2.70)

Finally, we show that for surfaces of constant ¢, we have d¢ = k1/2. Indeed, since

Tt =1/N = e~?, we have

1 ., 1
0 =——0T" =~k 2.71
¢ e 5k, (2.71)

where in the last step we have used Egs. (2.22) and (2.23).

2.4.3 Surfaces away from horizons generally do not satisfy the first law.

So far we have assumed that the inner boundaries before and after the diffeomorphic
perturbation are arbitrary. But could the perturbed boundary be chosen in a specific
manner so as to cause the unwanted terms in Eq. (2.61) to vanish? As already noted,
holographic screens correspond to surfaces of constant Newtonian potential ¢ = constant.
Thus, the perturbed screen relies on a specification of the constant d¢. In section 2.4.2,
we showed that d¢ = %kl, where kq is a metric perturbation of which the unwanted terms
in Eq. (2.61) are wholly independent. Thus, the ordinary surfaces used within Verlinde’s
emergent gravity program cannot generally satisfy the first law, Eq. (2.13).

One caveat to this claim comes when we consider a fully spherically symmetric scenario;
where both the initial spacetime and screen are spherically symmetric, so the initial shears

o vanish, and also the final spacetime and screen are spherically symmetric, placing

J
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2.4 Surfaces away from horizons.

further constraints on the k;. In this case, Birkhoff’s theorem [17] for spherically symmetric
metrics imposes extra constraints between the metric components so that a perturbed
screen may always be chosen so as to satisfy the form of the first law [22]. However, as

noted above, this form will not be preserved under arbitrary metric perturbations.

2.4.4 Vanishing extrinsic curvature tensor

Our analysis has been predicated on static screens. However, there is another way to
define screens, so their normal direction remains parallel to the proper acceleration of a
family of locally coincident timelike observers [46]. These observers are constrained to
have constant 4-acceleration along with a number of other technical assumptions [46]. A
first law is then obtained for these surfaces provided they additionally have a vanishing
extrinsic curvature tensor K,, = 0 [46]. The first law obtained is of a form with energy
and temperature measured locally instead of at spatial infinity, which for asymptotically-
flat spacetimes are unambiguous. Finally, we note that there is no easy way in this other
formalism [46] to investigate stretched horizons.

In our setting with zero shift vector g#* = 0, so Tr = TtKH, and with our hypersurfaces
3. orthogonal to T #, we find that K, = 0 implies a vanishing expansion 6 = (. Thus,
for our setting, the formalism of Ref. [46] only yields a first law on horizons.

To see that this is the case, observe that the extrinsic curvature tensor of our inner
boundary equals [21]

Ky = Ny PPy (2.72)

Taking the trace of this yields the extrinsic curvature scalar as K = P* N v = 00, where
in the final step we use Eq. (2.63). Thus, for our setting, the first law of Ref. [46] appears
to occur at the horizon; a result which is naively consistent with the classic 1973 result.
Let us now consider a construction for a screen surrounding a gravitating body as
proposed by Ref. [46]: Construct a screen using a family of stationary timelike observers
at fixed radius around a Schwarzschild black hole. It is easy to calculate the extrinsic
curvature tensor for the screen and see, as noted above, that this curvature vanishes only
on the horizon. Hence the screen is on the horizon and the observers are null instead of
timelike observers. Next drop in a spherical shell of matter. As the shell passes the screen
of observers, the horizon (where o) = 0) discontinuously jumps, the surface gravity of
the new horizon changes and the original screen of observers fall into the black hole. We

must then conclude either that the construction using the methods of Ref. [46] of a screen
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Chapter 2: Horizons are hot, ordinary surfaces are not

surrounding the black hole is simply impossible (because the observers are not timelike),
or it fails to continue to hold under perturbation.

Thus, although Ref. [46] purports to describe a dynamical first law for ordinary surfaces
its conditions are either in general impossible to satisfy or are generally not preserved under

perturbation.

2.5 Discussion

The implications of our results are now described for (i) stretched horizons, and (ii) ordi-
nary surfaces.

(i) Stretched horizons have long been considered to act as black bodies [54], effectively
radiating with a temperature x/(27). Thus, our demonstration that they also satisfy the
first law to an excellent approximation hardly seems surprising. Nevertheless, we do not
believe that our result here should be interpreted as implying that the surfaces corre-
sponding to stretched horizons themselves should be imbued with actual thermodynamic
properties.

In particular, we may consider an alternative spacetime, identical from the stretched
horizon outward, but instead of a horizon, we consider an infinitesimal shell of matter
just outside what would correspond to its Schwarzschild radius were the shell to collapse
further, yet still within the ‘stretched horizon’. In this latter spacetime, there is no hori-
zon and hence no Hawking radiation. Notwithstanding this, our work proves that the
‘stretched horizon’ still closely satisfies the first law.

We conclude from this that the laws of black hole mechanics are not sufficient in
themselves to guarantee whether any particular surface is truly thermodynamic in nature.
For stretched horizons, we interpret this reasoning to imply that their full thermodynamic
behavior is only inherited from the presence of an underlying horizon, but is not intrinsic to
stretched horizons themselves. This conclusion appears to mimic the initial reluctance of
general relativists [11] from accepting black hole horizons as truly thermodynamic despite
the deep analogy to thermodynamics uncovered in the laws of black hole mechanics. By
contrast, these laws should still be considered a necessary condition.

(ii) Our analysis further rigorously shows that the family of ordinary surfaces called
holographic screens will generally not obey a first law of thermodynamics, in contrast to
the long-standing result for horizons [11]. (Other families would not even be in thermal

equilibrium with a physical surface at the same location.) Recall that the first law is more
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general than thermodynamics: the ‘temperature’ is merely an integrating factor relating
changes in energy to changes in some state variable (entropy in the case of thermodynam-
ics). Failure of the first law means that the putative state variable is not a variable of state
at all. Therefore, even in static asymptotically-flat spacetimes, where Verlinde’s emergent
gravity program claims to derive the full Einstein field equations, our results show that

the key assumption of this program is actually inconsistent with General Relativity.
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Chapter 3

Thermodynamics of dynamical

black holes

The thermodynamic theory of black holes posits that stationary black holes satisfy the
laws of equilibrium thermodynamics such that they have a uniform temperature given
by their surface gravity and a net entropy given by the area law. However, the validity
of thermodynamics beyond stationary black holes remains a wide open question. Here
we study asymptotically-flat dynamical spacetimes without global symmetries. We prove
that the physical energy reduces to a simpler form in such spacetimes and show how
this energy changes during physical processes. That is, we generalize the first law of
thermodynamics for dynamical black holes. We find that spacetime horizons necessarily
behave thermodynamically even in a dynamical setting. In general, the temperature along
the horizons of dynamical black holes is found to be non-uniform, with equilibrium replaced
by local equilibrium behavior. The local nature of the temperature and entropy on a black
hole’s horizon makes rigorous long-held intuitive claims on how information is encoded on
a black hole’s surface and may open the door for a reappraisal of well-known entropic
bounds and paradoxes associated with black holes. Finally, our results demonstrate the
logical equivalence between classical general relativity and the thermodynamic nature of

spacetime horizons, suggesting new insights into a quantum theory of gravity .

1Zhi-Wei Wang & Samuel L. Braunstein. Submitted.
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Chapter 3: Thermodynamics of dynamical black holes

3.1 Introduction

Despite the elegance of the theory of black hole thermodynamics, the discovery of the
thermal nature of stationary, i.e., eternal, black holes has led to a number of paradoxes
relating to information retrieval, the nature of black hole entropy, black hole complemen-
tarity and the equivalence principle versus the fire wall [1,18,31,32,52]. The apparent clash
between information loss in a thermal theory and information preservation in quantum
mechanics [32] has been widely considered to hold the key for an eventual theory of quan-
tum gravity [48]. However, while unitary evolution should presumably hold for arbitrary
dynamics, black hole thermodynamics has only been rigorously proven for infinitesimal
perturbations from the eternal (stationary) setting. Therefore, rigorously generalizing
black hole thermodynamics to dynamical spacetimes may give us more hints for a the-
ory of quantum gravity. I will achieve just such a rigorous generalisation in this chapter
though for uncharged non-rotating spacetimes.

The first law describes how energy, F/, changes under perturbation for a thermodynamic
system at a given temperature and quantitatively defines this temperature. As such, it
is the fundamental law which determines if a system is thermodynamic. For stationary

uncharged non-rotating black holes, this law has the form [11]

1
0F = e dA + volume terms. (3.1)
™

Here k is the conventional surface gravity, A is the horizon area, and the volume terms
depend on the matter content. Equation 3.1 is analogous to the conventional first law of
thermodynamics, 0 = T §5 + volume terms, where in the analogy, the temperature is
T = k/(27) and the net entropy, S = A/4, is given by the area law. Hawking’s discovery
that stationary black holes radiate at a temperature x/(27) cemented this result as more
than mere analogy to thermodynamics [31].

Traditional approaches to proving the first law involve perturbations of a stationary
spacetime, typically following changes in the physical, globally defined energy [11,36]. In
1973, Bardeen, Carter and Hawking proved that stationary black holes satisfy an analogue
to the first law of thermodynamics [11]. Their analysis was based on the assumption that
both the initial and perturbed spacetimes must be stationary [11]. Two decades later,
this result was rigorously extended to include arbitrary infinitesimal perturbations by
Iyer and Wald but still from initially stationary spacetimes [36]. Crucially, important

quantities such as surface gravity as defined in these approaches are only determined in
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3.1 Introduction

the stationary case (corresponding to the initial spacetime). Since surface gravity plays
the role of temperature, these rigorous analyses are limited to thermal equilibrium and
cannot exhibit out-of-equilibrium behaviour that might be expected for astrophysical black
holes. Such approaches cannot probe dynamical surface gravities and the perturbations are
generally not considered to describe physical processes [61]. Nevertheless, this stationary
behavior has been used on an ad hoc basis to model dynamical scenarios by assuming an

evolution through a succession of equilibrium states [28].

Unlike the above approaches for obtaining a first law by considering energy perturba-
tions, Ashtekar et al. obtained a first law (and a zeroth law) of black hole thermodynamics
by studying the geometric structures of equilibrium horizons which they called (weakly)
isolated horizons [4-8]. The key idea of an isolated horizon is to be able to model the state
of a post-collapse black hole ‘after’ ring down. In particular, such a horizon is specifically
defined to be at equilibrium with its exterior and hence has a well-defined and provably
uniform surface gravity. Although such horizons satisfy an analogue to the first law of
black hole mechanics in terms of changes in the “individual horizon masses” [7], the equilib-
rium requirements limit the applicability of this method. Indeed, it was shown that even
the Brill-Lindquist initial conditions do not correspond to a scenario involving isolated
horizons, except as an approximation for large inter-black hole distance [39]. By contrast,
I will show that our method may be applied to interacting black holes (corresponding

exactly to the Brill-Lindquist initial conditions) at the end of this chapter.

Other approaches to obtaining a first law explicitly consider physical processes asso-
ciated with a local flux of energy across the horizon [27]. Such local-flux approaches do
reproduce the results for stationary black holes, but remain unproven in the dynamical
setting. A further difficulty with these approaches is that one cannot unambiguously define

energy locally in general relativity [40].

Despite this large body of work extending the first law, the dynamical case remains
an open problem: Different approaches lead to different definitions of dynamical surface
gravity [42]. Indeed, for over a decade it has been recognized that there is no consensus
for how to define a horizon’s dynamical surface gravity even for spherically symmetric

scenarios [42].

Here we return to first principles and the original perturbative approach [11] to derive
the first law of thermodynamics for dynamical spacetimes. Because we are now working

in a fully dynamical setting, our perturbatively connected pair of spacetimes implicitly
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Chapter 3: Thermodynamics of dynamical black holes

includes scenarios where they correspond to ‘nearby’ time slices of a single evolving dy-
namical system. Thus, our approach allows for the description of physical processes while
still maintaining mathematical rigor.

The first step is to obtain an integral equation for the net energy in this dynamical
system. Then we must convert this into a description of how small “changes” in the net
energy may be accounted for via a differential version of energy balance. The changes here
actually refer to the differences between nearby solutions of the Einstein field equations
related by a small diffeomorphism of the initial configuration.

We focus specifically on generalizing the first law of black hole mechanics from a one-
black hole stationary spacetime to potentially multi-horizon dynamical spacetimes (where
there is no timelike Killing vector). Generalizing the integral version of the first law into a
multi-horizon spacetime is relatively straightforward. To construct a differential first law,
we study diffeomorphisms of this integral formulation. For simplicity we only consider
uncharged, non-rotating horizons. We suppose that the spacetime is asymptotically-flat

from Theorem 3.1 onwards.

3.2 Covariant energy expression for dynamical spacetimes

Since the first law studies how energy is transformed, we start with a rigorous formulation
of physical energy in dynamical spacetimes. For asymptotically-flat spacetimes this is
provided within the Hamiltonian formulation by the ADM mass [2]. Unfortunately, the
ADM mass is non-covariant in form and difficult to deal with. Our following analysis
shows, for a broad class of dynamical asymptotically-flat spacetimes, that the ADM mass

equals a convenient covariant expression.

3.2.1 Covariant conserved energy-momentum flux tensor

We start by reviewing Komar’s generalized energy formalism [38]. For an arbitrary vector

field &#, we define an energy-momentum flux tensor S*¥ ()

(gk — erv) = g[l/;u}. (3.2)

DN

SH(E) =

Like the anti-symmetric electromagnetic field tensor, this tensor has a corresponding ‘en-

ergy’ density flux vector J#(§) given by [38]

JH(E) = SM(€), = gl (3.3)
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3.2 Covariant energy expression for dynamical spacetimes

The covariant divergence of J#(&) vanishes since

» 1, 1
JM;,U« = 5[ 7'u};z/u = 5(5 ”u);l/u - 5(5“7 );1//1,

1, . 1, .
= §(€V7u);vu - i(gljyu);/w
_ _ERV gt ERM gre
= 9 avy 2 avy

1 ) 1 )

- _§Ryauu§a’u + §RHO¢NV§V7Q

1 . 1 .
= iRaufma - ERauga#

1 . .,
= SR (€ — ) =0. (34)

Thus J* is a locally covariantly conserved quantity for arbitrary vector fields &¥. Integrat-

ing Eq. (3.4) over a 4-volume, a subvolume, ¥V C M of the entire manifold, yields

/ Jt i/ —gdiz =0, (3.5)
v
and applying stokes’ theorem Eq. (1.23) we find

/ Jren /v &z = / errl e\ /4O &z =0, (3.6)
v v ’

where 9V is the boundary of V and #* is the outward pointing unit vector normal to 0V,

(9V) is the determinant of the induced metric on V. This means that

see Fig. 3.1, and vy
the current flux into the 4-volume equals the current flux out. This is a local conservation
law for an arbitrary vector field in an arbitrary dynamical spacetime.

nk

oV

Arl

Figure 3.1: This 4-volume V is a subset of the entire spacetime manifold M. Here 0V is

the boundary of V, and ni* is the outgoing unit vector normal to the boundary 0V.

Next, consider a family of non-intersecting spacelike hypersurfaces with vanishing net

flux J“NM out through spatial infinity (]\7“ is the spacelike unit vector normal to the
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Chapter 3: Thermodynamics of dynamical black holes

boundary at spatial infinity). Consider a volume V consisting of the region between a pair

of such hypersurfaces ¥, Y9 (see Fig. 3.2) then from Eq. (3.6) we find
[ € B0 d = [ e 15 da, (3.7)
¥ 7 P '

where Tu is the future directed timelike unit normal to the hypersurfaces.

Figure 3.2: This 4-volume V is a region between two infinity large three dimensional
hypersurfaces 1, 39; and X1, X9 and spatial infinity >, together make up of its boundary.
Here T* is the timelike unit normal vector pointing to the future, and N* is the spacelike

outgoing unit vector normal to the spatial infinity.

Therefore, the integral of J*T. u is a conserved quantity independent of which of the

hypersurfaces is chosen and is the generalized Komar energy FE(&) [36,38,43,63],

1

B = 4 [T d, (3.8)

where here Y only has a boundary at spatial infinity 9%, see Fig 3.3.
Now applying stokes’ theorem for an anti-symmetric tensor on X, Eq. (1.24) to Eq. (3.8)
yields

B&) == [ e T y0m a2 (3.9)

A7 Jas.,

Note, E(§) reduces to the Komar mass when & is the appropriately chosen Killing vector
for a stationary spacetime. We also require that the net outward flux J“NM vanish at
spatial infinity to ensure that the integral of J “T# is preserved on every hypersurface. We
prove below that this condition generally holds for the conventional spacelike hypersurfaces
on asymptotically-flat spacetime.

Next we review the asymptotically-flat conditions and, based on these conditions,

discuss the connection between the generalized Komar energy and ADM mass.

3.2.2 Conventional asymptotically-flat criteria

We first review the asymptotically-flat conditions used by York in the ADM mass definition

[71]. Based on the Euclidean distance in asymptotically rectilinear coordinates, the metric
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3.2 Covariant energy expression for dynamical spacetimes

null infinity

Figure 3.3: The Penrose diagram shows that gravitational and light radiation created at
any finite epoch does not reach spatial infinity, Y. Thus E(§) of Eq. (3.8) is conserved
independent of the presence or absence of null (e.g., gravitational) radiation produced at

any finite epoch.

and the extrinsic curvature of the hypersurface ¥ at spatial infinity are assumed to take

the asymptotic form

Gy = M + O(%), Gijk = O(%), Gijkl = O(%)v (3-10)

Kij:o(rl?), Kij,k:o(%), (3.11)

where we use asymptotically rectilinear coordinates with 72 = (z')2 4 (22)? + (23)? and
N = diag(—1,1,1,1), and the big-O notation f = O(r~") implies that lim, . r" f equals
some non-vanishing constant. Here K;; is the extrinsic curvature of ¥ in M and as usual
Greek indices run from 0 to 3, and lower-case Latin indices run from 1 to 3.

Since

1 1 A
KMV = _§£T7u1/ = _§7uu,ozTa -

1
2

1

2 Ta,UfYMOM

o
T ,ILL’.YOéV -

and TH = (1,0,0,0) + O(1/r), the extrinsic curvature asymptotically-flat conditions of
Eq. (3.11) reduce to

gij,0 = O(%» goi,j = O(T%), 9ij,0k = 0(%3)7 90i,jk = O(%) e (3.12)

Therefore, only the asymptotically-flat conditions for gooi, gou,0 and gu.,00 are not speci-
fied. Parallel with Eq. (3.10), it is conventional to assume goo; = O(r2), gou0 = O(r2)

and gu,00 = O(r™3), largely by making an analogy between temporal and spatial deriva-
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Chapter 3: Thermodynamics of dynamical black holes

tives, hence the asymptotically-flat conditions are usually summarized as

1

v :?7;W+O(%), G :O(ﬁ), Guvs :O(%), (3.13)

This is an alternate form to those of York, Egs. (3.10) and (3.11) [71] for the asymptotically-
flat conditions used by some authors [67]. Consequently, I'jj, satisfies

1 1
9 (Gupw + Gup — Guvp) = O( ) ) (3.14)

P =3 2

and Ry, = O(r=3).

3.2.3 Covariant expression of ADM energy for dynamical spacetimes

Our covariant expression of ADM energy in dynamical spacetimes is based on some prior
results obtained by Ashtekar and Hansen, so we start by introducing a representation of
the ADM mass proved by them [9]. It is worth noting that Chrusciel gave a straightforward

proof and statement of this result in his work [23,24].

The Ashtekar-Hansen ADM Theorem: For asymptotically matter free (T, = o(r3))

spacetimes, the ADM 4-momentum vector pﬁDM may be written as [9,23,24]

1 3} o
PN = o | Raa oA (3.15)

Here the components of ¢4 are constant in the asymptotically rectilinear coordinate sys-
tem, &4 = €4 + O(1/r™), for n > 0 (we will determine n below), dA = 1/7(@%«) ¢%2, and
x” is an asymptotically rectilinear coordinate (and hence the expression Eq. (3.15) is not
covariant).

Note, the normalization used in Ref. [9] is different from that shown here since they
use a different area measure. Ashtekar and Hansen prove this in a context where they
are only interested in stationary spacetimes with a Killing vector, so it is perhaps unclear
how general Eq. (3.15) is supposed to be. We therefore give a detailed proof with clearly

stated assumptions. In particular, we will not assume the existence of any Killing vectors.

Proof:
It is sufficient for our purposes to use Eq. (3.15) for the ADM mass. Therefore we
limit our proof to piPM, i.e., we take &* = (9;)* + O(r~™) throughout this proof. Note

that rather than directly saying that the ADM mass is labeled by a vector field at spatial
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3.2 Covariant energy expression for dynamical spacetimes

infinity equaling (¢ = 9;), one may assume [9, 23, 24]

5#:8#0(%), gﬂyzo(r%), gﬂ,yﬁzo(ﬂ%), . (3.16)

for some n > 0 to be determined.

Lemma 3.1:
pﬁDMégo =3 Jos (5&/3(52‘53]§”n)‘pn“”gm,pNQTBdA equals the ADM mass.

s
Proof:

pMek = % /,9200 850 N 9oy y NaTd A
= ;7? /8200 (5?5253]77”’77“"9@,,)& +O(ﬂ%)>dA
= ;—;’ /8 . é(a&%ﬁagg + 867169 + 5&]’52153)77Ap77uo Gy Nid A
= 16% /8200 (77”77“’ - nipnjg>gaj,pNidA
= 16% /8Zoo (gij’jNi - gjj7iNi)dA

MADPM, (3.17)

where in the first line we use £# = & + O(r~™) and Tu = (-N,0,0,0).

This completes the proof of Lemma 3.1.

Since —31616267 = e8¢\, [60], Nio ThdA = dSup = Seapnnda™ Adz™ [9,23,24],

ADM

and gov,p = I'oyp + I'yop, the new ADM mass expression Py

&Y in Lemma 3.1 can then

be further simplified as

3 -1 1
ADM T A o T
Y ggo = g /8200 55 BM&TAWF'U p77“ ga'y,p(Qeaﬁnfrgdljl Ndx 2)

1 1 N -
= g /azoo TeT)\uygl’T/ PT/# ga’y,p(e 504’)’5@67_17_2)dl. LA dr™

_ % /a . _Tlgwyngnwgaw(2!2!)5[;1 57 \da™ A do™
- ;771 /8200 ernuw €1 g pda” A dz?

= ;7; /8200 ETAWan)\pnw(raw + Daop)da™ A da?

- %71 /azoc erru & 1T, daT A da?, (3.18)
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Chapter 3: Thermodynamics of dynamical black holes

where I',5, in the fifth line vanishes because the symmetric indices o and p are mapping
to an anti-symmetric tensor.

To further simplify Eq. (3.18), we first introduce some differential tricks we will use.

Since dv/—g = 3v/—¢ 9% gs5.0dz® and e, = /—g [TAuv], we have

1

dET)\/LZ/ = 557')\,uugéﬁgz5ﬂ,ad$a

1
- 557)\pllgéﬂ(réﬁa + Fﬁ§a)dxa

= 5T>\ngadma. (319)

Using Leibnitz’s rule for the exterior derivative, Eq. (3.18) may be simplified as

-1

8w

-1

= 8—/ d(sT,\Wﬁyn’\pFﬁpa:Td:ﬂ) - wTd(sT,\Wé’”nAng‘p) A dx”
T JOYo0

1

— T VoA
= 87T/82°o$ d(erpuw€"nTh,) A dx”
1

T A
= = /8 Lo (€Tt dernn A da? + payu TV dEY A da

e dl, A\ da)

1 1
= /a LT (€Tt e T suda® A da™ + ernu 5,0 Jada® A da?

T

]
e dl, A da)
1 T, A
= 871'/8200 x'n psﬂwf’jf‘fjmad:ca A dz”
1

1
_ T _Ap VT M o 0% -
= 5 /6200 2" 9 erawé Fp[%a]da: Adz? + O<r)’ (3.20)

where stokes’ theorem and the fact that the boundary of a boundary is an empty set are
used in the second step, and Eq. (3.19) and the asymptotically-flat conditions are used in
the fifth step.

Then since Fg —3R" 0 + O(Zr) and dz® A da¥ = —3e*772dS,, ., Eq. (3.20)

[v.a] =
may be simplified as

1
8

1
= /8 § €&’ 2T RM o dx® A da”

1 1
pﬁDMé-go = /62 eTAuyl'Té-Vg)\p(*QRup'ya + O(ﬁ))dl’a A dﬂffy

167

1 T A 1 1T

= 167 /azoo T R oo (=5 dSn )
—1 T1T: T A

- 327 /8200 ENA"Tecw T R a’YdSTsz

-1
= — /8 (A OB T R S, (3.21)
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Next as 6%

[,/5}571 072 may be expanded as

v 7']

« T T 1 o T T (0% T T (o T T
R (5[;/51}5[3 07 — (0,007 + SR 0R 0

a Y ST T a Y ST T a SV ST T
F0030100u O + 0070 0y + 5[r5u15[§5u7)

% (5}75}] slror) — sleglalor!  sleslol 72!

+oalolner) 4 sl alslnor) + sleg)lsl 5;2}> , (3.22)

Eq. (3.21) may be transformed into

1 T T v_ T
STF/BZOO 3!( ﬁié;\yéuléﬂz)g x RNAO"YdSTlﬁ

1 [e] T1 ST [} T1 ST a T1 ST
= & /8 . (5L sslrar — sleglolom) 4 sles)lsl o)

+oalolner) 4 ol alslnor) + sleg))eln 5;2}) €2 R o dS

1
= 877[' /(92 €V$T (R'LL)\#)\dSVT — R#)\ILVdS)\T + RHAMTdS)\V + RHA)\I/dS'uT

+RM,dSy, + wadsm)

1
- VT _ H o HA
= = /8 R (RdS,r — 2R%,dS,,; + 2R, S, + R*+,dS),,)
1 1 N
_ VT DU d — / VT DU NLT dA
{7 /82005 'R TV S)\,u oy 82005 'R TviVAdp
1 NN
= o /8 | & RN TPdA, (3.23)

where we use the asymptotically matter-free condition 7},, = o(r~3) in the fourth step
and dS), = N[)\TM]dA in the fifth step. Here the little-o notation f = o(r~") implies that

lim, o 7" f = 0.

This completes the proof of the Ashtekar and Hansen ADM Theorem (for the case of
the ADM mass).

To continue our discussion, instead of directly using Ashtekar and Hansen’s ADM

formula, we prefer to use a more general formula for the ADM mass prior to assuming

o1



Chapter 3: Thermodynamics of dynamical black holes

T, = o(r—3). From the sixth line of Eq. (3.23), we find

1

ADM _ v, ( DA T v T Vo T
pMek, = = /a L & (RN Ty — 2R, Ny, Ty + 2R, N, T, ) dA

1 -
+o /a § 7" RuapN“TPdA
1 A A A A A A
= /a ¢'a" (~RT, N, + 2R, T, N, + 2R*, N, T, )dA
Yoo
1
8T
1

= T /8 . (RN-2™ + 2R, "¢ Noa™ — 2R, N¥37 ) dA

/ €2 Ryap NOTPdA
000

1

+or /6 § €12 Ryas NOTPdA, (3.24)

where in the first step we use £#N,, = O(r~—") and 27Ts = —t at spatial infinity with ¢
finite on the hypersurface.

Since the ADM mass is the accepted definition of physical energy as seen at spatial
infinity even in dynamical spacetimes, to continue our discussion with the generalized

Komar energy, we prove:

Theorem 3.1: For asymptotically-flat asymptotically matter-free spacetimes, the ADM

mass equals the generalized Komar energy [38]

1 IR
B =~ /a - ¢WIN,T, dA, (3.25)

on hypersurfaces labeled by fixed time t provided asymptotically (in rectilinear coordi-

nates): i) &* = 9 + o(r~1), and ii) goijo = o(r=3) and g;j00 = o(r=3).

Proof:

In order to prove the ADM mass equals the generalized Komar energy, we first prove

three lemmas.

Lemma 3.2: §;,,, = {|,;,) + %Eg(gw) for any vector field &+.

Proof:

Since

1
Sy = §(§u;v+§vm)

1 1 1
ig;u/;’réq— + §§T;M97V + §§T;yglt7'

1
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we can then simplify £,., as
1
Euyy = f[u;u} + g(u;u) = g[,u;u] + §£§g,ul/- (3.27)

This completes the proof of Lemma 3.2.
Lemma 3.3: R,,088" = §[ga) + 3(L¢gva);p — 3(Legpy)ia for any vector field &1

Proof:

Since &.08 — &v:a = Ruvapét [47), the right-hand-side (rhs) of Lemma 3.3 may be

simplified as

ths = {galw + ey — EBw)a

= %(ﬁﬁ;au —&aspr T Eusap + Eawp — Epa — §u;ﬁa)

= %(éﬂ;au — &pwa) + %(éu;a,@ —&ui8a) + %(Sa;uﬁ — Eaip)
Ryov€" + Ryuvos€" + Ryoust”)

R,uyaﬂg'u - R,Lwﬁagu)
= Ruas" = lhs, (3.28)

|
NN =
T

where we have used Rja.3 + Ruvga + Rusar = 0 [47] in the fourth line to obtain the fifth

line.

This completes the proof of Lemma 3.3.

Then by contracting v and 3, we have
. 1 | VB
€] = Bual” = 5 (Legua)” + 5 (Legp)iag™ (3.29)

Lemma 3.4: 2618 = —3(¢lBegr]y 4 5[&0‘];”33” + 5[1’;5];1,330‘ + 5[0‘3”};#85 for any vector
field &€* and coordinates x*.

Proof:

Recalling that the coordinates # are scalar functions on the manifold we have 6 =
53



Chapter 3: Thermodynamics of dynamical black holes

xﬁ;y and trivially 3¢lFieg?l = glBelyy 4 glowlgh 4 eliflze | we may now write

gloosl = glownlgh = glowlyd, — (glowlyBy, _ glow) o8

= (3¢lBogy) — ¢lBalyy _ ciblge) B

)

_ g[a;v}

WV

)

= 3By, — 5[5;al;yxl/ _ g[ﬂ;a]xl/;y _ S[V;B];an _ g[l/;ﬁ}xaw _ f[a;y];,,xﬂ

= 3(elBagrly,, — ¢lBiel g gelBied _ ¢iBl o glosBl _ clav] o8

)

- 3(5[/3;%3”});” _ 5[/3;041;qu + 3¢lashl _ g[V;ﬂ];onc _ g[aw};yxﬁ :
or equivalently,
2¢lhl = _3(5[5;0351/]);” + é[ﬁ;a]wa + g[V;ﬁ];an + g[aw]wxﬁ ’
This completes the proof of Lemma 3.4.

Consequently:

é[ﬁ;a];yxl/ — 25[04;5] + 3(5[5;04%”]);” _ 5[1/;5};”%0& _ §[a;l/];y$ﬁ )

Further, from Eq. (3.16), we have

LeGu = g,w,r§T + gT,ug‘ru + 57,1/9/”

1
= o+ gTHugTV + gT,ngT + O(r2+n>

= Gu,o+ O(%)

(3.30)

(3.31)

(3.32)

(3.33)

Consequently, we have (£¢g,1).8 = g0 + O(r~1) + O(r=27") and recall that n > 0 and

conventionally g,,,.05 = O(r—3).
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Applying Lemma 3.3 to the last term of Eq. (3.24) yields

1
8
1

NN 1 o
= e LT, VNOLTBdA 7\/ v S va )3 — 2 ) NaTﬁdA
o /8200 §[Bia] 0 + Tom azgio(( ¢9va)ip — (Legpv)ia)

/ "2 Ryyas N“TPdA
000

1 A A
— [0 8] Bia. ]\ ¢viBl o elap] B
- 8 /azog% +3(67%2")y — €77, 2% = € )NaTﬂdA
1 L
e v B . arfyB
16n Agw((ﬂsgua);a (Legpn)sa) NOTPdA
1 : o oy A A
- E(g) + 8 ,/82 <_£[V7B}§V$ - 5[ ’ ];Vxﬁ) NaTﬂdA

+— /Bg”((ﬂsgua);ﬁ — (Leg0)ia) N*TPdA

oo

1 A A A A
= E — 2(Rya P NTgaP — PP Nya®
(&) + 16~ /8200< (Ru 3 pr” — Ryup x )
+((Leg09)" = (Leors)pg™ )a” No 7
((Sggm)”’ - (ﬁngu);ag”A)fvﬁ NeTy + ((Sggm);g - (Egg,g,,);a)x”NaW) dA

A A

1 PPN
_ g 1 _9 'U“TBNO[ @ L5)Y — ). VA aNaTB
)+ 16 /a Em( R,5¢ % + ((Sgg 8)" = (Legan)ipy )f'?

+((Legua)s — (Legp)ia ) NOTP ) dA.
(3.34)

Here, in moving from the second to the third step of Eq. (3.34) we use Eq. (3.32). Next, the
second term in the third line of Eq. (3.34) vanishes because the boundary of a boundary
is empty, and we have also used Eq. (3.29) twice in the fifth line. Finally, we have applied
:Bﬁfg = —t 4+ O(r7!) in the last step of Eq. (3.34) and hence the terms containing xﬁfg

vanish for any n > 0 and finite ¢.

Inserting Eq. (3.34) back into Eq. (3.24) and after cancellation of the R,, term in
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Eq. (3.24) we find

piaPMer
1 A A
= FE — N;z" —2R,,NFz")dA
(©)+ 165 [, (RNea” = 2R, Nra)
1

_ A g 2N T8 o) — ' VNQT5> A
t16n /agoo (((/Q«gg,,g) (Legrw):9 )90 oI + ((259 a)iB (2595V>,a)x d
1

1 ~
= S S HaT
EB©) - /a . (Rur = 5 Rgur) NV d
1

ﬁ@/ «&MW—@%MWﬁWJM«&%m—@%MVWWOM

axr A8 B v RrardB
1% (&M (£e0r):59" )2 NaT? + ((Legva) 5 &%@ﬁNT)M
= E(ﬁ)
axy B B b rarhg
167T ( nguﬁ Sgg/\u) ,6’9 )33 NT" + ((ngua);ﬁ (SSQ,BV);a)x N®T )dA,

(3.35)

where in the last step we assume T;; = o(r~3) which is weaker than Ashtekar and Hansen’s
assumption T}, = o(r~3). (As an aside, we note that trivially p;}DMggo = E(&) when &
is a timelike Killing vector, due to the known equality between the ADM and Komar
masses [12]. .)

Since dA ~ O(r?) and 2' ~ O(r) at infinity, we have 2'dA ~ O(r®). Applying
the asymptotically-flat conditions Eqs.(3.13-3.14) and Eq. (3.33) to the final integral in
Eq. (3.35) then yields

1

ﬁ/ <<(2§guﬂ)’y — (Le0a0),59" )2 NaT? + ((Legva) p — (Legsv) o) NT7

+O( 1) +0( 2+n)>dA

1 A N

_ 7 v B N 5
167 /3200 ((9”5’0 & 98 € s — 9089 =& 5 =& gt O( 3+n))T %Ny,

+(gya,0,3 + gT,yﬁgaT + gT,aﬁgur — 98v,0a — ET,ﬁagzz-r - gT,yagBT + O(W))xVNaTB) dA

= 16%/ ((91/5,071} - gAu,OBgV)\)TﬁajaNa + (gya’oﬂ — ggm()a)x”]\AfaTﬁ + O<rll+n>)dA

- 167r/

(¢
- 167r/ (91003 93,0000 2 No + (935,00 — 9010])$N]+O( ))dA
(

- 167r/

Ny 1
9v0.0x — 92,00)9" 2 Na + (937,00 — goi0;) N7 + 0(7))&1

1
gioj = 9ij00) (72" Ny — ' N7) + O( ) )dA, (3.36)
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Note, since TMN“ =0 and from Eq. (1.8), we have Nt = (0, Nl) at spatial infinity.

To ensure that Eq. (3.36) vanishes and hence the generalized Komar energy equals
the ADM mass, we require n > 1 and the stronger asymptotically-flat conditions g;;00 =
o(r=3) and go;.i = o(r—3) (condition ii of the theorem).

This completes the proof of Theorem 3.1.

3.2.4 Conservation of generalized Komar energy

In fulfilment of a promise made after Eq. (3.9), I now prove that the net flux of J“NM
vanishes at spatial infinity under the traditional asymptotically-flat conditions. Therefore
such conditions ensure that JAT, p is preserved on every hypersurface and that the gener-
alized Komar energy is preserved on every spacelike hypersurface labeled by a finite ¢ (see
Fig. 3.2). Indeed, using Eq. (3.29) and the conventional asymptotically-flat conditions
Eqgs. (3.13) and (3.14) the net flux J“NM out through spatial infinity may be written as

/ dt / JHN 7 O8e) @22 = / dt / gl NLdA
[5) 2 0% '

. 107 1 )\I/ 1 ;A AM
= /dt/8200 (Rau§ + 5(2‘591/)\)#9 - 5(259;0\) )N dA

| 1
_ /dt ; /8200 0(=5)da =0, (3.37)

between any pair of hypersurfaces Y9 and ¥, separated by a finite At.

3.2.5 Discussion about Theorem 3.1

We emphasize that the vector field £ has enormous freedom: it is arbitrary on the hy-
persurface except asymptotically at spatial infinity. In particular, there is no requirement
that £ be a Killing vector. In fact, other than for illustrative examples, none of the results
in this chapter rely on any Killing vectors.

The little-o notation f = o(r~") implies that lim, ., ™ f = 0, so condition ii places
a bound on temporal derivatives in the metric at spatial infinity. Indeed, this condition
only modestly strengthens the conventional characterization of asymptotic flatness where
instead it is generically assumed that g, .5 = O(r=3), though this latter behavior of the
temporal derivatives of the metric is partly based on an analogy with that of the spatial
derivatives for stationary spacetimes [71].

When £ = 9, happens to be a timelike Killing vector E(£) recovers the conventional

Komar mass and for such stationary spacetimes the Komar and ADM mass are known
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Chapter 3: Thermodynamics of dynamical black holes

to be equal [12]. Indeed, many textbooks only consider the Komar mass to be a satisfac-
tory notion of mass for stationary asymptotically-flat spacetimes (e.g., Ref. [60]). Thus,
Theorem 3.1 significantly generalizes the simple covariant form for physical energy from
stationary to dynamical (Killing vector free) spacetimes. Hence, under the conditions of
Theorem 3.1, we may freely exchange the notions of ADM mass and generalized Komar

energy.

3.3 Differential “first law” for dynamical spacetimes

3.3.1 Integral expression for net generalized energy

Let us now see how far we can replicate Bardeen at el’s analysis of the first law of black hole
mechanics in terms of our covariant expression for physical energy in an asymptotically-
flat dynamical spacetime instead of merely for a stationary spacetime as originally studied.
Some of the arguments will bare initial similarities to those of Chapter 2, where a stationary

spacetime is required.

az:inner

Figure 3.4: Schematic of the spacelike three-dimensional hypersurface of interest, . There
is an outer boundary 9%, at spatial infinity and an inner boundary 0Xinpner, consisting of
the sum of n individual boundaries of regions which are excised from Y. Here N* is the
spacelike 4-vector in ¥ normal to the boundaries 9% (note the direction convention on the

inner boundary).

Consider a manifold with multiple regions whose interiors are excised from the hyper-

surface ¥ (see Fig. 3.4). Recall that permuting the order of a pair of covariant derivatives
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3.3 Differential “first law” for dynamical spacetimes

acting on an arbitrary 4-vector £# may be expressed in terms of the Riemann curvature

tensor as [47]
gﬂ;aﬁ - §N;Ba = _Ruuaﬁglj . (338)

Contracting the indices p and o« reduces this to an expression in terms of the Ricci tensor
&g — € = —Rupl” (3.39)

Consequently, for an arbitrary &¥, we may write

J5(€) = Eusp” = Rup€” + & s — Euupy ™ (3.40)

Integrating Eq. (3.40) over a three-dimensional spacelike hypersurface ¥ whose outer

boundary is at spatial infinity 0%, and inner boundary at 0Xinner, yields

/( Ry + &5 — Eup)™ Tﬂrdg
— /5[ ﬂyuTﬁ\/id?,
_ /62005[ A==y z_/ €y NPT @) 2

621]11161'

= 4AnE(£) —/82‘ 5[#;/3}NMT5\/’MCZ2,Z

(3.41)

where we have used Theorem 3.1 in the last step. Therefore, we have

T / Ry + €5 = &™) T\ 71> dg‘”*/g. Eua VM T7dA
(3.42)

where dA = \/m d?z. Next, we define the integrand of the boundary terms in

Eq. (3.42) to be a generalized surface gravity

K(€) = g NHTP. (3.43)

This definition reduces to the traditional surface gravity definition Eq. (2.7) when & is a

suitable Killing vector. Then Eq. (3.42) becomes

E(¢) = 41/0 R(E)dA+ — / Rug€ + €5 — upy ™) TP\ D) dPa. (3.44)

Zmner

Recall that Theorem 3.1 relates the ADM mass to this generalized Komar energy E(£),

provided that £ is suitably constrained at spatial infinity; otherwise this vector field &
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Chapter 3: Thermodynamics of dynamical black holes

is arbitrary. Bardeen, Carter and Hawking find a similar expression except there £ is
required to be a Killing vector [11].

We emphasize that, at this stage, Eq. (3.44) is very general. The inner boundaries are
arbitrary closed surfaces in dynamical spacetimes and & remains an arbitrary vector field
(subject to the conditions of Theorem 3.1). As one changes £ (subject to its asymptotic
constraint), the generalized surface gravity x(§) will also change, only the sum of the
terms on the right-hand-side of Eq. (3.44) have any physical meaning at this point. Next,
I investigate changes in the physical energy dFE(£) in order to seek an expression which
will be analogous to the first law of thermodynamics. I will prove that, for a suitable
choice of &, an inner boundary with special properties will allow changes in the energy to
mimic the first law of thermodynamics. The choice of £ will then be further authenticated
by showing its generalized surface gravity x(£) agrees with a calculation of the tunneling

temperature [45,66].

3.3.2 Energy changes under diffeomorphic perturbations

The above generalization, in a generic spacetime, for net energy within a hypersurface

might appear to suggest that a temperature and entropy may take the form

T = ’(“"2(3 S = % (3.45)

However, such surface quantities need to behave thermodynamically. As in our discussion

in Chapter 2, the net energy E(&) should admit changes which behave analogously to
VE(&) =TS, (3.46)

(ignoring work or volume terms) so that the temperature would be acting as an integrating
factor relating changes in the (state function) energy to changes in the entropy. In other
words, we must show that such changes lead to the expected form of the first-law of
thermodynamics. Here we follow in the footsteps of Bardeen et al’s original analysis and
consider changes corresponding to parametric differences between diffeomorphicly nearby
solutions. In particular, we will consider two nearby configurations corresponding to the

metrics
Gy G = G + s (3.47)
where hy, =09, = —9uo9u-09°7, ie., 0g°T = —h77.
As in Chapter 2 and without loss of generality, we may assume that for the two dif-

feomorphicly related configurations, the hypersurfaces ¥ and Y’ are described by identical
60



3.3 Differential “first law” for dynamical spacetimes

sets of coordinates; this is always possible due to “gauge” freedom in the choice of coor-
dinate systems [11]. Henceforth we label both by X; similarly, for their boundaries 0%.
Further, from Eq. (1.8) we also have

5(}1‘;) =0. (3.48)

Using the Einstein field equations we start by rewriting Eq. (3.44) as

EE) =
/Z 27,56 %\ [y d3z (3.49a)
+/2(8177R9ﬂ5)5“fﬁ V1P db (3.49b)
i /2(5”;w — Eup)) TP\ 1O (349¢)
e / L s dA. (3.49d)

We will successively investigate diffeomorphisms of each of the subterms Eq. (3.49a)
through Eq. (3.49d).

i J® = /=g Tuy — iati ;

Since Ny/~v g on the hypersurface and §(3) = 0, the variation of the energy

momentum term Eq. (3.49a) may be computed as
A T,
/ 5(2 TuﬁgﬂTﬂ\/ﬁ) By = / 5(2 & —BT#B/\/’ /,y(z)) B
s 2 N
7 : )
= /2((2\/?95@5 + 2Tuf86\/—g)£’“”ﬁ +21,7T 5@/@) &3z
1 Av T,B Zal 3

= /E((Q\/TNTuﬁ +2T,° (V=99 59Au))€”ﬁ 2T, w\@) P
— / ((2 8T,.° + T,ﬁh,,”)g“ +27,° 5§ﬂ> T\ /7 d3x (3.50)

by

where we have used d,/—g = %\/—g 9" g, in the second line.

Next, we consider the variation of the Ricci scalar term Eq. (3.49b)

;T/Eé(R\/ﬁgﬂfﬁ)d%: ;T/Zé(RN\/ﬁgﬁiﬁ) B

_ ;T/2(5(R\/jg)§ﬁi’?+RT55§’B\/ﬁ) &

1 1 A
T /E<(R‘W B 59‘“’R)hw — (g"oT % - 9”a5FA,\u);a>fﬂTﬁ\/ﬁd3x
1 R
oo /E RT506° /4 dPx (3.51)

where in the last step we use Eq. (2.39).
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Chapter 3: Thermodynamics of dynamical black holes

Now recalling Lemma 2.1 in Chapter 2 —(g"/6I'%,, — g"6T*),).0 = 2 h*(,.)"" . Since
no Killing vector is involved in this result, it is generally true and can be directly applied

to Eq. (3.51). Using Lemma 2.1, the variation of the Ricci scalar term Eq. (3.49b) becomes

1

1 . A 1 .
_ _ = Hv H v\ B (2) 43 B %) 43
3 /E<(R/w 2guuR)h 2h [5v] )f Te\/ ¥ d°z + 3 /ZRTﬁ(sf \/’Td x .

(3.52)

Lemma 2.2 in Chapter 2 is also a general result, applying it to Eq. (3.52), the variation
of Eq. (3.49b) reduces to

_/ lehl“/ 5/3 T,B »Y(E) dS.’I) _ 4i / (é‘ﬁhu[ﬂ;l/] _ th#[M§/B]);V TB ,-y(E) dSLL‘
b ™J3

1 , By \ 1 R
_E/E(Sﬁ(hu[u’ﬁ])+hu[“’mf w) Tg \/+® d3w+§/ERT55§5 [ @3z .

(3.53)

Then applying stokes’ theorem Eq. (1.24) to Eq. (3.53) yields

A 1 . Al A
/ (R 5¢8 — Twh“”@B)Tg [4® @Bz — ; / (ﬁﬁhu[""’] — &h, ) N, T\ [40) d22
) T Jox
1 . Sew Vi ,
0 /E(gg(hu[uﬁ]) + hﬂ[uﬂ]g ;V)T,B’ [~ @By .

(3.54)

Splitting the boundary into the inner boundary and the outer boundary and replacing

70%) @2z by dA, Eq. (3.54) becomes

1 o 1 .
- By (vl _ vy (8] _ By vl _ evp (8]
= /a . G € h ) N, TdA — /a . G £h, 58 N, Fsd A
. 1 . . .
+ /Z (R 5¢P — Twhﬂ“,gﬂ)TB 1) de — /E (Eg(h“[“’m) + hﬂ[ﬂﬁ]g”;y) Ty (/7 dPx .

(3.55)

Note, the direction convention of N* on the inner boundaries and outer boundary (see
Fig 3.4).
In order to further simplify these terms we next consider the diffeomorphic changes in

more detail.

3.3.3 Diffeomorphic conditions

Bardeen et al’s surface gravity measures the acceleration of a freely falling particle with

respect to the time at spatial infinity (or the coordinate time) [11]. We choose &* as N'T*
62



3.3 Differential “first law” for dynamical spacetimes

(including their first derivatives) at the inner boundary, so our surface gravity has the
same physical meaning and agrees with their surface gravity definition for non-dynamical
spacetimes [11]. Since we are only interested in the non-rotating case, to ensure that the
mass definition E(&) has the same meaning before and after the diffeomorphic variation
we impose the constraint J&* = 0.

Recall that by “gauge” freedom the sets of coordinates of ¥ and 9% are chosen to be
unchanged by the diffeomorphism. As a consequence the relevant tangent spaces at any
coordinate point will be unchanged under the diffeomorphism [11]. Thus, as T#dac“ =0
for all tangent vectors dz* at any point in 3, we must have 5Tu I Tuv or equivalently
5T[#Tl,} =0, so

A

0T, = 6(InN) T}, = kT (3.56)

Since & = N'T* and 6¢# = 0 on the inner boundary, 67" may be simplified there as
s 5N A A
oTH = —mgﬂ = —(5(111N’)T'u == —le'u, (357)

which also ensures 6(7" “Tu) =0.
Similarly, since Nuda:“ = 0 for all tangent vectors dz* in 90X at any point in 9%,

combined with 7#N,, = 0, we find 6N,, || N,,, and so must have
6N, = kaN,,. (3.58)

We now extend our use of the “gauge” freedom to extend this equality of coordinates
for our nearby solutions slightly away from the inner boundary 03inper, though still within
the hypersurface ¥. Indeed, Bardeen et al. [11] used such freedom on the (future) null
horizon for stationary black holes. Here, we make an analogous construction for the
outgoing spacelike tangent vectors along N* from each point on the boundary 0Yinper. In
particular, for an infinitesimal ‘distance’ along the tangent vectors dx* o N* from the
inner boundary, we use gauge freedom to ensure that these vectors satisfy o(dz#) = 0.
In other words, gauge freedom allows us to choose the covariant vectors N* normal to
the inner boundary 9Xinner to remain parallel to themselves under the diffeomorphism.
Consequently

SNF = —kyNH, (3.59)

a condition similar to that given by Bardeen et al. [11]. Combining Eqs.(3.58) and (3.59)
we find
SN, = —gu ONY, (3.60)
63



Chapter 3: Thermodynamics of dynamical black holes

at the inner boundary 0Yiner-

Next, we introduce a full tetrad basis which we will use at the inner boundary 9¥inner-
Along with the unit normals Tr and N* to O inmer we add two orthogonal unit spacelike
tangent vectors fully within 0y labeled as Ut and VH. The ‘projector’ onto 9¥inner 18
thus given by

P =(UU+ VeV =0T+ VIV, (3.61)

Hence
g = —TrT" + NFNY + P, (3.62)
Further, since the 2-dimensional spacelike tangent space at each point in 0Yinpner is pre-

served under the diffeomorphism (as already noted), we may immediately write
SUH = ksUF + kgVF,  OVH = ksUH + kgVH. (3.63)

Up until now, we have only used the “gauge” freedom to make the inner boundaries
OYinner and hypersurface ¥ have identical coordinates for these nearby solutions. In this
way, the diffeomorphism effectively “commutes” through the integral sign in our calculation
of changes in the total energy.

Next, the direction of the covariant vector Uu is uniquely determined by
U, =U,N* =0, V" =0. (3.64)

However, as 7" and N* are parallel to their diffeomorphism we may also write

U,6T" = U,6N* =0 (3.65)
From which it then follows that
oU, T" = 50U, N* = 0. (3.66)

Since a similar constraint applies to 5‘7“ we see that both 5(7“ and 5‘7“ remain in the
span{U,,V,,}. Then by considering §(U,U*) = 0, §(U,V*) = 0, §(V,V*) = 0 and
5(17MU“) = 0, one may write

0U, = —ksU, — ksV,,, 0V, = —kaU, — eV (3.67)

Hence, § P*” may be explicitly computed to be
SPH = 2es UFRUY + 2k VIV (kg + ks ) (UHVY + UVVH)
= (k3 + ke)(UFUY + VHVY) + (ks — ke)(UFUY — VFVY)
+ (kg + ks)(UHVY + UYVH)

= (k3 + ke) P + (ks — ke ) (UMUY —=VFVY)+ (kg + ks) (U*VV+UYVH), (3.68)
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Similarly,

A

5P, = —2k3 U, U, — 2k V.V, — (kg + ks)(U,V,, + U, V,)

So the key diffeomorphic conditions become

0TH = k1", 0T}, = kT,
SN = —kyNF, 6N, = ko N,

§P" = Eq.(3.68), 6P, = Eq.(3.69) (3.70)

with k1 = 6(InN).

3.3.3.1 Reduction to the first law

We firstly simplify the inner boundary term of Eq. (3.55).

From Eqgs. (3.27) and (3.43), the surface gravity may be written as

PN PN 1 PN
HE&[#MTVN“ = gu;yTVNu_i»SgguyTVN“-

(3.71)

Given the outgoing null normal of the inner boundary (see Fig. 3.4) [,, = T# + NM and
extending N as a vector field inside ¥ away from 0X, consistent with T MN # =0 and
N “]\Af# = 1. The expansion of outgoing null normal congruences on the inner boundary

may be written as

00 = P, = P(T, + N,).,
= PWT#;V + (g + T — NMNV)NMV

= P+ N¥, + Ny THT"
1 N N N A A
- ( _gN'u) o + PNVTM'V + Nu-yT“TV
—3 \% ) ; ;
(3.72)

where we have used Eq. (3.62) in moving from the first to the second line.
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From Eq. (3.72), the variation of 0" may be simplified as

500 = 5(\/1_7><¢—*9N“>,H+j_fg<6¢fgzv“>,u+j_fg<¢fgmﬂ>,u
+O(P* Ty) + 6(Ny THTY)
- ‘%9 r<FN“> f( L G Sgm N MYt (ONH),,

+5(PWTW) + 5((N T“). T — T NPT

1 V V
+5(PWTW) _ 5(@,,]\7#?%)

o = (VTN 4 (), + (6,

1 ~ ~ ~ A A
= (") WV (ONM) o+ 6(P* Ti) — Rr), (3.73)

K 1
S+ awteom

where we have used §,/—g = %\/—g g"” 69, in the first step, g™0g-, = h,” in the second

step, and Eq. (3.71) in the third step. Or equivalently,

1 .« N .
_§hVV7MNM = (5NM);# + 5(PWT#;V) - 5(':/' 2N££g/ﬂ/T N ) - 59(1)
N 1 ok  kik
— U - ppv _ o AN ()
= (6N );“+5(2NP ) vt 5(2nggWT N#) — 560

(3.74)

where we have used 7}, = £, /N and k; = 6N

The other terms in the inner boundary integral in Eq. (3.55) involve hu'j;“]\Afl,, which

may be simplified as

1 oy 1 N 1 o 1 N 1 N
ih'uVJLNl/ — §<h'uVNV)yN _ §h#VNV7“ = 5(hl“/]\fy)vl"/ _ 5h/ujj\[y;'u

1 RSN B
- 5(59WNV)7N T §5QWNM;V
1 IeS A B 1 A A A A A

— 5(5(9WNV) — guON")" + FO(=THTY + NUNY + P*) Ny,

~ ~ PN 1 ~
= —(OR")yu+ kN THTY 4 6P N

PN ~ ~ PRI 1 ~

= —(ON")p+ ke (1), T = T NPT + S0P N

~ N 1 1 S
= —(0N") — ki (& NPT N) + S0P Ny

k‘lli ]{71

= —(mﬂ)m—W 2}\/s:5ngwzvmr 5P“"N,“, (3.75)

where we used Eq. (3.60) in the third line and Eq. (3.71) in the last step.

Using ¢“N, = NTYN,, = 0 on 9ipner and Egs. (3.74) and (3.75) the first integral of
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Eq. (3.55) may now be simplified as

1 - 1 .
il By (] _ evp (WPl - _p ]
g /8 . (g hy, & h ) N, TpdA = - / h, N, NdA

62inncr
1 1 N
- = ~(h,# — b A7\ N,NdA
= i/ {—5#@—}- (5(1]3‘“’259 ) — 5<L£§g T”N“) — 560
At Jos,, 2N m 2N T
k A 1 .
5 X/SlggWN“T” + 25P’“’NMV>J\/} dA.
(3.76)
Next, we define the shears of I* as [33]
oV = (0" — VMV, oD = @V TV, (3.77)
Thus we have for the final term in Eq. (3.76)
1 N 1 N A 1 1 1 1
—0P"'N,, = —6P"(N,+T,).,— =0P"(=¢&,)., ==-0P"Il,, — ——0P"¢,.,
2 5 9 ( 14 + ;u)7 9 (Né-ﬂ)y 9 M3 2/\/’ glu’v

1 e

= (ks + ko) P + (ks — ko) (TP = VHV)

n

4N
1 1 1 1

= §(k3_%k%)9”)+—§(k3-_k%)a$)+—§(k4—%k5)ag)—-iﬁfdP“”£§guw

(ks + k) (0D + TV )y — 0P Legu

(3.78)

We need both the generalized Komar mass and the regular ADM mass definitions to
simplify the boundary term at infinity of Eq. (3.55) [60]. With the asymptotically-flat

conditions discussed above, the boundary term at infinity of Eq. (3.55) may be simplified

as
L — )R NA = — / (B g™ — hyapg®)NY NdA
8 Jox., 8T JoSeo
= é /8 . (Ppaw = Thubra = Dol = hwa + Dhyhisa + T ) g NV dA
= é /8 . (P = hua + O(%)) g NN dA
= 5 L[ s ()
- % /8 . (s — o )" K7 dA + 0(%) s (3.79)

where we have applied h,, ~ O(1/r) and I‘l);yhm ~ O(1/r3) to the second line and used
dA ~ O(r?) in the last step.
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Next, we discuss the variation of the area element at infinity dA = 1/7(9%«<) d?z =
O(r?). Since 'Y(azw) = |6§Z ng Guv| = |5§Z SZBQWI and d|g| = |g| g""0g,. [47], 6(dA) at

spatial infinity may be simplified as

§yO%oe) a2

24/7(0%c0)

= ol
(z)or

5(dA) = (i) ozt dz”
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Thus §(n**N"dA) = O(r), and since Pua,w ~ O(1/r?), we may pull out the diffeomorphic
variation and simplify Eq. (3.79) as

- 8i7r /8200 5((9u047’/ o gya#)n#aNVdA)

1
= —6 JNVdA + — 5 i ”NdA .81
. /az — 900, +8 / (ii,j — 9jisi) (3.81)

where we have used the asymptotically-flat condition g;00 = o(r~2) in the second line and
split the metric into a temporal part and a spatial part in the third line. Then applying
00 = —N?+ BpBF = ~N?2+0(r~2) and the ADM mass definition [60] to Eq. (3.81) yields

1
(el v ADM
8775/8200( (&"€,) N +o( 5))dA = 26M
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8T - ’
1 1 o
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— _ ADM _ T T T o NTV
= 5E(£) 26M 87 1) . (g,u,u,T{ + § w9 + § ,ng)T NYdA
= 6B(¢) —26MAPM

= —6E. (3.82)

Where we have again applied the asymptotically-flat condition g0 = o(r~?2) to the fifth
line, and the last line holds because Theorem 3.1 proves the two mass definitions equal

each other under the conditions assumed. Since the equation is covariant, the conclusion
68



3.3 Differential “first law” for dynamical spacetimes

will be generally correct although we only prove it in York’s asymptotically rectilinear

coordinates [70].

Next substituting Eqgs. (3.76), (3.78) and (3.82) into Eq. (3.55), we find that the vari-
ation of Eq. (3.49b) becomes

_SE - 1/ Sk dA
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(3.83)
Then Eq. (3.49c) may be transformed into
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where N\/ﬁ = /—g. Since Eq. (3.48) and 0/—¢ = 3v/—99""6g = 1h,"\/=g, the
variation of Eq. (3.49c¢) is
1
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Further, the variation of Eq. (3.49d) is trivially

1 1
7/ SkdA + — / k6(dA) . (3.86)
471— O inner 47r O%inner

Based on Egs. (3.50), (3.83), and (3.86), we find the variation of the total gravitational
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energy Eq. (3.49) may be written
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3.3.4 First law for dynamical spacetimes

Now we begin to discuss when Eq. (3.88) will reduce to an analogue of the first law of

thermodynamics.

Firstly, note that the ‘volume terms’ (integrated over X) in Eq. (3.88) are exactly those
one would find in the absence of an inner boundary; though in that case the domain of inte-
gration would be larger. They represent the change in global energy due to perturbations
in the volume exterior to the inner boundary. Therefore their presence is independent of

any thermodynamic behavior of the inner boundary. So we may write Eq. (3.88) as
70



3.3 Differential “first law” for dynamical spacetimes

SE©) = - [ #(€)3(d)
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We have expressed Eq. (3.89) in terms of three surface integrals on the inner boundaries
O%inner and volume terms integrated over the remaining hypersurface .. Were only the
first of these surface integrals present in Eq. (3.89) then this equation would reduce to a

form of the first law of thermodynamics

SE() = 817T/a k(&) 0(dA) + volume terms. (3.90)

Zinner

Note, in the conventional first law, the extra work terms involve the energy required
to change some conserved charges (charge or angular momentum). For us, we explicitly
study uncharged and non-rotating spacetimes, i.e., our inner boundaries have no conserved
charges upon which work can be done. In other words the additional terms in the inner
boundary must certainly vanish if we wish to recover thermodynamic behavior there.

Therefore, if the first law holds, we expect it looks like Eq. (3.90).

For the second of the surface integrals in Eq. (3.89) to vanish, the inner boundaries
must correspond to surfaces with vanishing expansion ), which also implies that the
shears, a](-l), vanish [33]. This by itself is a weaker condition than is ordinarily used in
defining, for example, an apparent or trapping horizon. [27] We call such surfaces weak

future horizons.

The third of the surface integrals in Eq. (3.89) vanishes whenever the metric is “quasi-
static” on the inner boundary in the sense that £¢g,, = 2 f(w,) = 0 at 0Xinner- Recall that
on the horizon we have £ = N T+ and due to the inclusion of the lapse function NV, the time
scales involved are those of an observer at spatial infinity. Indeed, one signature feature
of a black hole is that dynamics in close proximity to the horizon appears frozen to such
observers. Therefore this is a rather weak constraint on the dynamics of the horizon and we
call such horizons weakly quasi-static. Formally, this condition corresponds to & locally

satisfying the Killing equation on the horizon. The existence of such an ‘approximate’
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Chapter 3: Thermodynamics of dynamical black holes

(local) Killing vector is one of the fundamental assumptions in Jacobson’s derivation of
general relativity from the thermodynamic behavior of generic horizons [37].

For weakly quasi-static horizons the generalized surface gravity x(£) reduces to the
form

’%(6) = ‘S/J;VTVNM = NT;L;VTVN'M- (391)

This may be interpreted as the force-per-unit-mass applied at spatial infinity to hold an
observer ‘stationary’ at the inner boundary, corresponding to an accelerated observer with
4-velocity T, Equivalently, this is just the magnitude of the proper acceleration of such an
observer, or more precisely, the limit of a family of such observers as their proper distance
to the inner boundary is taken to zero, when rescaled by the lapse function A in order
to account for measurements referenced to spatial infinity. Thus, up to the rescaling, we
see that the generalized surface gravity is precisely the Unruh temperature considered by
Jacobson [37].

We interpret Eq. (3.90) as analogous to the first law of thermodynamics with surfaces
having: i) a local temperature T' = k(§)/(27). and ii) an entropy given by a local version
of the conventional area law. To fully cement the thermodynamic nature of this analogy
we need to prove that weakly quasi-static horizons do have a temperature 7' = x(&)/(27).

I will do this in next section.

3.4 Horizon temperature and local entropy in dynamical

spacetimes

3.4.1 Hawking temperature from quantum tunneling

Theorem 3.2: For non-rotating quasi-static weak future horizons the Parikh-Wilczek

tunneling temperature [45] is given by

1 AL A K
T'tunneling = % gu;uNMTV = 2(76[_) (392)

Proof:

We now consider the Hawking temperature calculated directly using the quantum
tunneling formalism developed by Parikh and Wilczek [45]. We adapt this method to a
scenario where the horizon is without general spherical symmetry. Indeed, there can be

multiple horizons. For the purposes of illustration, we shall consider a spacetime with n
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3.4 Horizon temperature and local entropy in dynamical spacetimes

black holes whose j* horizon is located at r = R;(0,¢). The lack of spherical symmetry
allows for the possibility that the local tunneling temperature need not be uniform across

the horizon.

Consider a massless field mode whose amplitude is slowly varying
M
U, (x#) o exp(iw 4, daz”), (3.93)

where, following Parikh and Wilczek, the Hamilton-Jacobi equation reduces to g"/,,¢, =
0. In other words, ¢* is just a null vector. Being null, we can normalize this vector
arbitrarily. We choose a normalization where £y = —1 so that the parameter w in Eq. (3.93)

is the mode’s frequency.

In the Parikh-Wilczek approach, the temperature comes from the integral inside the
exponent of Eq. (3.93) across a pole that occurs at the horizon. The integration is per-
formed (non-radially) along a spacelike path orthogonal to the ;" black hole’s horizon, so

that the Boltzmann factor for the 5™ black hole reduces to

2
: (3.94)

exp [—mu Res; ( xzy dx”)}

— hw
() =

where Res;(f(2)) denotes the residue, here evaluated at the j*® horizonm, i.e., at r =
R;(0,¢). (For clarity, we include h and kp in this section, but set them again to unity in

our final step below.)

Denoting the direction of the path as it crosses normally to the horizon by the unit
spacelike vector N*, where with our coordinates for the 4 horizon Nu o O,r, then
l, = 1, /N = (T, + N,)/N, since the normalization is given by Tp = —A and Ny = 0.
Assuming that the integral [ xuﬁydx” along this path has a simple Laurent expansion we
may extract the reciprocal of the Residue by taking the directional derivative along the
path of the reciprocal of EMN # = 1/N. This recipe uniquely pulls out the contribution
from the pole, yielding

NY =N, NV, (3.95)
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and hence the temperature will be given by

h 1 1
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recall that on the horizon £/, = —NZ, ¢t = N'T*, and Eupp = —&uyu since € is a local-
Killing vector (what we call weakly quasi-static) there. The final identification here of the

local tunneling temperature as the local surface gravity comes from Eq. (3.91).

This completes the proof of Theorem 3.2.

In summary so far, we have obtained a first law of black hole mechanics generalized
to dynamical spacetimes. The above calculation of the Hawking temperature as given by
k/(27) shows that our result is not merely an analogy, but a proof of an exact thermody-

namic relation. We summary these results as Theorem 3:

Theorem 3.3: Under the assumptions of Theorem 3.1, Eq. (3.90) is a statement
of the first law of thermodynamics in an extended dynamical setting: It describes

real thermodynamic behavior, not mere analogy, for non-rotating weakly quasi-static

weak future horizons.

We should emphasise, that at least in the non-rotating case, the relevant horizon is
determined solely by the vanishing of the expansion; in other words it is the ‘weak future
horizon’ which possesses the thermodynamic properties, without the further conditions

required to define, for example, a trapping horizon or an apparent horizon.

Another point we should emphasise is that we never assume the temperature is a
constant during all the above calculations in this chapter. In fact, we will show below that

the temperature of dynamical black holes generally is not uniform.
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3.4 Horizon temperature and local entropy in dynamical spacetimes

3.4.2 Non-uniform temperature

Here we consider an exact calculation, to explicitly show that our surface gravity (and
hence equivalently the Hawking temperature) will be in general non-uniform along the
horizon even in the quasi-static case.

The specific scenario that we consider will involve interacting black holes on a spacelike
hypersurface ¥ where all black holes are assumed to be instantaneously stationary (and
hence the quasi-static condition will be globally satisfied on the entire hypersurface).

Within the 3 + 1 split formalism [25] it is sufficient to construct a metric of the form
ds? = —NZdt* + v (da’ + Bidt)(da? + pdt), (3.97)

where 7;; is the spatial metric on the hypersurface of interest.

The simplest such ‘initial conditions’ [25] are time-symmetric, thus all first-order time
derivatives vanish and we have a conformally-flat spatial metric v;; = 1/147717‘ (where 1,
is the Minkowski metric) and define x = ¢ N/. Under these conditions [25], the vacuum

Einstein field equations on the initial hypersurface ¥ reduce to ' = 0 and
vy =0, OV =0, (3.98)

where 3V is the flat-spatial Laplacian. Assuming an asymptotically-flat spacetime with

n singularities one finds the Brill-Lindquist initial conditions [19,25]

n n
i i
=1 E 3T :I—E . 3.99

=2l =

For a single black hole (i.e., n = 1) Egs. (3.97) and (3.99) would correspond to a Schwarzschild
black hole in isotropic coordinates, and p; would be its mass. For n > 1 black holes, the
total gravitating mass at spatial infinity for this metric is easily calculated to be >~1 ; ;.

Consider the j* horizon. The location of the weak future horizon may be determined
by computing the expansion of outgoing null 4-vectors normal to the horizon. (This is
done explicitly for the case n = 2, of a binary pair of black holes, in Ref. [39].)

Following the results of the previous section, the Hawking temperature on the horizon

is given by the expression

2N, — RoNg— CSCQ(Q)RW N,

T, =
27 r1)? \/(R79)2 + csc?(0)(R )% + r?

(3.100)
r=R;(0,9)
An explicit calculation for a binary pair of black holes, n = 2, yields the Hawking

temperature of the j = 1 black hole as (see Chapter 4 for details):
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1 3 — 1 cos @ 1
T, = 1 Mz Sualuz = cosh) +O(3)}, (3.101)
87T,LL1 T12 4T12 7”12

where 719 is the inter-black hole ‘distance’ (measured in isotropic coordinates), and with
a similar result for T taking uy <> ueo.

Equation (3.101) shows that the temperature varies along the black hole horizons (see
Fig 3.5). Such a failure of the zeroth law, while maintaining the first law, implies that

thermal equilibrium of the horizons is replaced by local equilibrium.

—

Figure 3.5: Failure of the zeroth law of black hole mechanics, illustrated through an
example of a pair of interacting black holes. We plot an exaggerated profile of the temper-
atures from Eq. (3.101) (the transition from red to blue denotes increasing temperatures).
Generically, interacting black holes are non-equilibrium objects; though they do satisfy

local equilibrium.

3.4.3 Local equilibrium and the elemental area law

Since the temperatures on the horizon may be non-uniform, each element of area must
correspond to a true entropy, or more precisely dS = dA/4, for Eq. (3.90) to be a true first
law. We therefore conclude that the conventional area law applies to each element of area.
We call this extension the elemental area law. This extension gives rigorous meaning to
Bekenstein’s [13] long-standing conjecture of how information is encoded on a black hole
horizon (see Fig. 3.6).

Integrating the elemental area law yields the conventional stationary form of the area
law, S = A/4, but now rigorously obtained for dynamical (Killing vector free) black holes.
As noted by Wald [62] the area corresponds to a Noether invariant. He proposed a natural
extension of this invariant for arbitrary diffeomorphically invariant theories. He then
conjectured that this would correspond to the entropy of dynamical (i.e., non-stationary)
black holes in such theories. Therefore, at least for the case of general relativity, our result

proves Wald’s conjecture about the nature of dynamical black hole entropy. Note, that
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3.5 Cosmological constant

Figure 3.6: Bekenstein’s heuristic picture for information encoding on a black hole’s hori-
zon: each (Planck area)/(41n2) is shown encoding a single bit. This picture is given

rigorous meaning by the elemental area law.

the Noether charge formalism is silent about the entropic content of each element of area.

3.5 Cosmological constant

Our assumption of an asymptotically-flat spacetime excludes a cosmological constant.
However, such a constant provides a potentially simple way to explain the phenomenon of
dark energy. Recent observations [50], suggest that the dark energy density increases with
time, which would be inconsistent with a cosmological constant model. Nevertheless, we
may ask whether cosmological effects may undermine our results. In this section, we use
the stationary theory to show that a cosmological contribution grows with the size of the
black hole, but remains negligible except for black holes roughly 10! times more massive
than the largest observed black hole in our universe.

Now consider the Schwarzschild metric for a stationary black hole in a spacetime with

a cosmological constant:

2M A’l”2 2 1 2 2 2
g =— (1= == = =)t TTm o A (3102)

-
where dQ? = df?+sin? § d¢?, M is the black hole mass and A is the cosmological constant.
The location of the horizon is given by the vanishing of the expansion of the outgoing

null normal congruences, which yields the condition that
1—-———=0. (3.103)

To lowest non-trivial order the location of the black hole horizon is therefore given by

AAM?

Thorizon = 2M (1 + ) + O(A2M4) (3104)
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From the area law, we may obtain the black hole entropy as

SAM?

S = ? = 4rM?(1+ ) +0(A2M*Y). (3.105)

The tunneling temperature of the horizon satisfies

1 1
T 4”Res(1_m_w)
r 3

16AM?2

:87rM(1+

T=Thorizon

) +O0(A2M*).  (3.106)

Using the above results, we verify the form of the stationary first law as
T dS = dM + O(A*M*?). (3.107)

In summary, the cosmologically perturbed temperature and entropy of our black hole

are given by

2
T _ (1_ 16/\3M )T(A:O)+O(A2M4),
AM?
g _ (HST) S(A=0) | O(A2M14). (3.108)

Now taking the observational value of the cosmological constant as

1

A°PS = 1.1056102m 2~ —
m (10101y)2’

(3.109)

where ly denotes a light year. We find that a cosmological effect on black hole thermody-
namics is utterly negligible provided the black hole’s Schwarzschild radius is much smaller
than around 10'°1ly. Equivalently, a cosmological effect only begins to become non-trivial
for black holes which are roughly 10'! times more massive than the largest observed black

hole in the universe.

3.6 Discussion

Based on classical general relativity, we have extended the first law of black hole mechanics
from stationary to dynamical spacetimes. We used global methods based on a rigorous
and well-defined physical energy. This allowed us to overcome ambiguities which have
previously been found in attempted generalizations of black hole mechanics to dynamical
scenarios [42]. In this classical setting, for horizons defined by vanishing expansion, we
may apply Hawking’s original theorem [33] for the second law of black hole mechanics
which additionally assumes the null energy condition. In the quantum setting, where this

condition is violated due to quantum effects (leading to Hawking radiation), to regain
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the second law one must presumably include both the entropic contribution from the
horizon’s area and from the radiation [14]. Such an analysis is beyond the methods of
classical general relativity, which has been our prime focus here.

For a universe with multiple well-separated black holes and hence with negligible in-

teractions our result becomes
0F = Z T; 6S; + volume terms. (3.110)
i

One might worry that: i) this is not really a thermodynamic relation, when there are
differing temperatures, and ii) this relation is actually a weaker statement than could
be obtained from local-flux arguments, which would yield a distinct relation for each
black hole. However, we should recall that the flexibility in choosing the diffeomorphisms
means that Eq. (3.110) is actually an infinity of relations. In particular, consider a series
of diffeomorphisms which largely affect only each black hole in turn. In this way, we
would obtain 0FE = T;05; 4+ volume terms, for each black hole. This illustrates that
our monolithic formulation of the first law represents a valid thermodynamic relation for a
multi-component system, and that it certainly embodies no less information than obtained
from (less rigorous) local methods.

In the usual equilibrium setting, one quarter of a black hole’s area is interpreted as
the entropy of the entire black hole, i.e., the area law Spjack hole = A/4. By contrast,
our derivation of the elemental area law, dS = dA/4, clearly shows that this entropy is
a local property of the horizon. Therefore, the entropy associated with the horizon may
not necessarily be that of the entire black hole. Indeed, since no signal from the black
hole interior can escape, one might assign it a temperature, Tinterior = 0, With respect to
an observer at spatial infinity (the interior is unobservable to any external observer, so
such an assignment is not inconsistent). Such an assignment, however, means the first law
would be unchanged by the addition of the vanishing term Tipterior 0.Sinterior- In that case,

the entropy of the entire black hole becomes

A
Sblack hole = Z + Sinterior~ (3111)

Our analysis does not prove this relation, but it does show its consistency with black
hole thermodynamics. Of course, the presence of such an additional term would require a
wholesale reappraisal of black hole information bounds and paradoxes.

Finally, in 1995, Jacobson derived the equations of general relativity by assuming that

generic horizons satisfy local thermodynamic equilibrium [37]. Here, we have proved that
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Jacobson’s assumptions themselves follow from classical general relativity. Combined,
these converse results demonstrate the one-to-one logical equivalence between classical
general relativity and the thermodynamic nature of spacetime horizons. While the two
formulations yield the same classical theory of gravity, their vastly different sets of un-
derlying variables likely yield very distinct quantizations. Working on the premise that
thermodynamics is fundamental, Jacobson conjectured that general relativity is an emer-
gent theory and inferred that the canonical route to the quantization of gravity may be
incorrect. The one-to-one equivalence between a metric and thermodynamic formulation
of gravity casts doubt on Jacobson’s paradigm of gravity as an emergent phenomenon,
and hence the question remains open as to the appropriate quantization of gravity. Re-
gardless, the nature of quantum gravity is likely to be further informed by the richer class

of behaviors accessible to dynamical spacetimes as we shall now see in Chapter 4.
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Chapter 4

Non-equilibrium entropic forces:
From molecular chains to black

holes

The tendency of systems to become more disordered, leading to higher entropy, is a uni-
versal phenomenon in nature. Often, a system’s physical drive to increase its entropy can
be recast in terms of an ‘entropic force! The power of entropic force formulations arises
from the ability to characterize the behavior of thermodynamic systems in terms of num-
bers of possible states or configurations, rather than requiring a detailed calculation of
the underlying, complex and sometimes unknown physical laws. We extend the concept of
entropic forces from equilibrium scenarios to the non-equilibrium thermodynamic regime.
We illustrate non-equilibrium entropic forces for two scenarios: a microscopic, molecular
system, and a macroscopic, black hole system. In both cases, the entropic force vanishes
at equilibrium. In the latter scenario, extrapolating the force to coalescing black holes pro-
vides the first direct test for the thermodynamic nature of black hole entropy from future
precision measurements of gravitational waveforms. We further show that this entropic
force cannot be encoded in the Einstein field equations defining classical general relativity.
Thus, its observation would constitute the first unequivocal signature of quantum gravity.
By contrast, its absence would compel us to reject the statistical nature of black hole

entropy initiating a major reassessment of the theoretical foundations of physics.
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4.1 Non-equilibrium entropic forces for molecule chains

The prototypical example of an entropic force involves a flaccid negligible-weight long-
chain molecule. In isolation, there is no energetic preference to any configuration, nor
to the distance ¢ separating the two ends of the molecule. However, when placed in a
bath at a temperature 7', an entropic force T'dS/dl is experienced at the molecule’s free
end [26], see Fig. 4.1(a). Calculating the entropic force in this way requires only a count
of all possible configurations of the molecular chain and the corresponding configurational
entropy S as a function of the end-to-end separation. Because this force persists even for

systems in equilibrium, we call it an equilibrium entropic force.

(b) T, T,

Figure 4.1: Examples of a system experiencing: (a) an equilibrium entropic force: A
flaccid negligible-weight long-chain molecule with end-to-end separation ¢ sits in a bath
at temperature 7. One end of the molecule is fixed so that the force is experienced at the
free end; (b) a non-equilibrium entropic force: Here our long-chain molecule is threaded

across a nanopore between two chambers held at respective temperatures T;.

Consider now the entropic force on the same molecule if it is threaded through a
frictionless nanopore between two chambers, with bath temperatures 77 and T», see
Fig. 4.1(b). Provided both ends dangling into their respective chambers are not too short,
then the net configurational entropy of the molecule is nearly independent of the propor-
tion in each chamber [69]. Under these circumstances, a small shift of the molecule through
the nanopore in the direction of chamber 2 leads to an increase dSs in the corresponding
configurational entropy Sz, with a nearly equal [69] decrease dS; ~ —dS3 in chamber 1.
The almost zero net change in entropy (dS; +dS2) means that no net entropic force will be
observed on the molecule when 77 = T [69]. In contrast, in the non-equilibrium scenario,
when the chambers are held at different temperatures, we find a non-equilibrium entropic

force proportional to Zle T;dS; ~ (To — T1)dSs, driving the molecule towards the cham-
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ber with the higher temperature at an approximately constant rate proportional to the
temperature difference. A potential application of this setup is considered in the Discus-
sion. In summary, non-equilibrium entropic forces can arise purely due to non-equilibrium

environments, even when the overall entropy of a system is conserved.

4.2 Temperature and entropy of dynamical black holes

4.2.1 An entropic force is absent for equilibrium black holes

For entropic forces to apply, the system concerned must be thermodynamic, possessing
both a temperature and an entropy. That stationary black holes meet this condition is
a standard result [11] and is explained in chapter 2. By the second law of black hole
mechanics and the area law, any physical change on a black hole will lead to %514 =
AS > 0. Therefore, simply shifting the location of a black hole with regard to any other
gravitating body (an in principle physically reversible operation), implies 65 = 0. If this
black hole were at equilibrium at temperature T', we observe rather straightforwardly that
T0S = 0. This black hole will therefore not experience an equilibrium entropic force,
despite contrary claims in the literature [41,57] (we point out the technical error in these
studies below).

This is the scenario for equilibrium black holes. As we have seen in chapter 3, a black
hole interacting with any other gravitating body is in fact not an equilibrium system. So
we now briefly review the key results of chapter 3 and then go on to consider the entropic

force for interacting (non-equilibrium) black holes.

4.2.2 Dynamical black hole thermodynamics

The non-equilibrium entropic force among black holes I will discuss is based on our re-
cent rigorous extension of black hole thermodynamics from stationary spacetimes [11] to
dynamical spacetimes (Chapter 3 of this thesis) [66]. In that extension a fully dynami-
cal spacetime was analyzed and a thermodynamic horizon, the weak future horizon, was
identified as the thermodynamic surfaces when these surfaces are weakly quasi-static in
the non-rotating case. We briefly summarize the results of Chapter 3 here.

Consider a spacelike three-dimensional hypersurface ¥ (corresponding to a constant
time slice). We may define a future-directed timelike unit vector 7% normal to ¥ at each
point with T, = —1.
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Next, consider a generic closed compact 2-surface residing in 3. At each point on this
surface we may define an outward pointing spacelike unit vector N* normal to the surface
and tangent to ¥, so THN . = 0. Such a surface corresponds to a weak future horizon [66]
if the expansion of outgoing null normal congruences of geodesics vanishes on the surface.
Let us decompose the outgoing and incoming null geodesics as

b O NTES e O (4

Trivially ¢#¢,, = n*n, = 0 and satisfy the conventional normalization ¢#n, = —1.

s

From the projector onto the tangent space of this 2-surface
Pu = g + T, Ty — NuN, = g + £uny, + 1l (4.2)
we have the conventional definition of the expansion as
0 = prv, . (4.3)

As already noted, weakly quasi-static non-rotating surfaces with vanishing expansion,
carry a local temperature given by

T hli’
2rkp

(4.4)

where kp and h are the Boltzmann and Planck constants respectively, and the surface
gravity k is given by Eq. (3.91) [66]. Further, each element of area d.A of this horizon

carries thermodynamic entropy
kpdA
dsS =
4hG

where G is the gravitational constant (setting ¢ = 1). A result we called the elemental

(4.5)

area law [66].

This local temperature was further found to equal the local Parikh-Wilczek tunneling
temperature of the Hawking radiation [66]. Therefore the theoretical results strongly sup-
port the notion that the entropy and temperature of Eqs. (4.4) and (4.5) correspond to
actual thermodynamic quantities and hence that black hole horizons are true thermody-

namic entities.

4.2.3 n instantaneously stationary black holes

To date, no direct test exists for either entropy or temperature for black holes. Hawking
radiation could provide evidence for temperature but is too weak to measure for astro-

physical black holes [31,56]. That said, experiments on laboratory analogues of black hole
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horizons provide support for the underlying radiation mechanism [10]. Unlike temperature,
we know of no proposal for testing the thermodynamic nature of entropy, either in real
black holes or their laboratory analogues. In what follows, we show that non-equilibrium
entropic forces between black holes can provide just such a test.

To extend the concept of non-equilibrium entropic forces to black holes, we begin with
an example of dynamic, interacting black holes. We will first show that the equilibrium
entropic force vanishes, before deriving the non-equilibrium force, which will, as in the
molecular case, arise from a non-uniform temperature distribution.

Because the effect we are examining is both small and exotic, it is vital here to use exact
analytic calculations over those from numerical relativity; at least for the purposes of proof
of its existence. Consider the analytically describable Brill-Lindquist initial conditions [19]
consisting of n instantaneously stationary black holes in an asymptotically-flat spacetime.
The time symmetry around these initial conditions ensures a solution satisfying both the
quasi-static and non-rotating conditions needed [66] in the dynamical expression of the
first law for black holes. We therefore have a hypersurface with a rigorous non-equilibrium
thermodynamic behavior [19, 66].

These initial conditions studied by Brill and Lindquist corresponds to the ¢t = 0 hy-

persurface of the otherwise static metric
ds? = —N2dt* 4+ p*n; datda?, (4.6)

where 4, j € {1,2,3}, and the lapse function is given by N' = x /¢ with

n n
G Gui
;ﬁa 7 ;2\?—?,-\ (4.7)
Here 7; label the ‘location’ of the black holes in isotropic coordinates and the parameters
u; are related to the black hole masses. The relationship between the mass parameters p;
and the physical masses involve the gravitational interaction energy. The difficult problem
of disentangling the mass parameters u; from the physical masses was solved by Brill and

Lindquist utilizing Einstein-Rosen bridges [19] yielding
m; =m<1+ZM7>, (4.8)

where 7;; = \71 — 7]| In fact, beyond the analytic tractability of the Brill-Lindquist
system, it is this ability to express the results in terms of the physical masses which is

crucial for correctly computing the entropic forces as we shall see below.
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4.2.4 Location of the black hole horizons for binary black holes

Next, we seek to locate the horizons. From the results of chapter 3 (discussions after
Eq. (3.90)), we know that the horizons with thermodynamic behaviors are defined by
6") = 0. For simplicity, we limit our analysis here to the case of n = 2 black holes, which
we take to be aligned along the z-axis. Without loss of generality, we take 71 =0 and
write

G G
loy=¢—1=2H 4 12 . (4.9)

2r
24/12 = 2rrigcosf +ri,

By azimuthal symmetry, the horizon for the first black hole (labeled by 7 = 0)
will correspond to a 2-surface r = A1(f) for some function A;(¢). A pair of (generally)
independent tangent vectors within this surface are given by

dxt dxt
(05 89 1,4, O)a d¢

=(0,0,0,1). 4.10
- (0,0,0,1) (410)
We may now construct a future-directed null normal geodesic ¢,, to this 2-surface. The

null-geodesic condition requires

d52——£§+1<£2+1€2+1£2) =0 (4.11)
TN T AT T 20 T 262970 T '
Normality to the 2-surface requires
Ly = —(0pA1)Ly, Ly =0. (4.12)
Combining Eqs. (4.11) and (4.12) implies
b, = +p%c f\tf (4.13)
where we define
A 2
224 21) > 1. (4.14)

Therefore the outgoing and ingoing future-directed null normal geodesic tangent vec-

tors may be written as

(_N7 1/]20-7 —77[)20'69A1, 0)

Sl

n, = 12(—/\/, —20, 02001, 0), (4.15)

Sl

respectively.

The expansion may now be explicitly computed as
3
0__Jo

- \/§T4¢3 ’
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where f = f(r,0) is given by
f=[r + (09A1)?] (4720, 1) — 409 g A1 — 1Dy Ay cot ) +11[2r% +3(DpA1)? —1d3 A1].(4.17)

Solving 6) = 0 order-by-order gives the location of the weak future horizon of the

first black hole as » = A;(#), where

G GPups | GPuapa(pe — pacos)  Guaps (5p3(1 — 3cos®6)
A(8) = - + 5 + —5
2 4r19 8119 79 224
~ p2(p2 — 3 cos 9)) N G® oo <u%(u2 — 61 cos)  pfpg(9 —41cos® )
16 iy 32 224
T3 cos (3 — 5cos? 0
+A (832 )> +0(GY) (4.18)

with a similar result for Ay(6) from pg <> po. We note that this result has previously been

obtained to lower order in Ref. [39].

4.2.5 Black hole entropy for binary black holes

Now that we have the locus of the i horizon in Eq. (4.18) we may compute its area and
consequently its entropy. In order to do this we must first compute the induced metric on
this surface; the area then reduces to the 2-volume of the corresponding compact manifold.

The key step in obtaining the induced metric on the inner boundary is simply a co-
ordinate transformation. For simplicity we work in spherical coordinates. We wish to
transform from z* = (7,6, ¢) to z4 = (6, $) restricted to the surface r = A1(#). We then

use the standard rule for coordinate transformations applied to the metric as

oxt dxI

Py = W@?%j’ (4-19)

where 7;; = ¢4mj and P4p is the induced metric, for A, B € {2,3} (in comparison with
the projector P, for which p,v € {0,1,2,3}).

The area on the 2-D manifold is A = [\/|(Pag))| d0d¢. For the i = 1 black hole we
find

dA, = (P

G?mymocosf  G3mymo
2 3
217y 16775

= 4G2m% sin {1 + [ml — 4(mq + 3my) cos 6 + 3m; cos 20}

G*mymy 9 2 2 2
i [—Zml — 11myma + 5m7j cos 30 + (11m7 + 56mima + 48m3) cos
T12
— mq(6m + 33mg) cos 29} } + O(G7), (4.20)
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where we have replaced the mass parameters u; by their physical counterparts m; using

Eq. (4.8). Integration yields the area of the i*" horizon as
A; = 167 G*m? + O(G"). (4.21)

Finally, from the (elemental) area law Eq. (4.5) [66] the entropy of the i'" black hole is

given by
 AmkpGm?

Si N

+ O(GY). (4.22)

This result proves that the entropy of each black hole is indeed independent of the sep-
aration 712 between the black holes, at least to the high-order expansion we explicitly
computed. This result is consistent with our intuition about the statistical mechanical
basis of black hole entropy, which depends only on the black hole’s internal state and
is independent of the external environment, including the presence and location of any
external matter. Were these black holes at equilibrium, the constancy of the entropy in
Eq. (4.22) would imply a vanishing equilibrium entropic force.

There have been previous attempts [41,57] at computing an entropic force due to
the mutual tidal disturbance between black holes, but they have invariably expressed the
entropy in terms of the mass parameters u;; which as already noted include the interaction
energy. These attempts have incorrectly found a non-zero equilibrium entropic force which
roughly mimics the Newtonian force law. However, as shown above such an equilibrium

force does not exist.

4.2.6 Hawking temperature for binary black holes

Since the surface gravity x and the temperature along the horizon satisfy the relation [66]

_ h(6,9)

T(6,0) =5 (4.23)

we may obtain the temperature by calculating the surface gravity of each black hole. From
Eq. (3.91), we know that the surface gravity for a quasi-static non-rotating spacetime is
given by

K(0,0) = 3TN, (4.24)

where ¢# = N'TH.

Then the resulting temperature, 77, for the first black hole is [66]
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T1(0) =
B hme RG(—3mimg cos 6 + myma + m3)
87TGm1/€B B 167Tm17"12/€B + 327Tm17‘%2k‘3
hG?
64mmyriokp
hG?3
10247‘(‘77117“%2]{3
+16m3my — 216m3ma cos § + 178m3m3 cos(26) + 134m3m3 — 240myms cos 0

(Bm%mg cos —3m2my cos(260) —2m3ma+12mym3 cos 0 —3mym3 —m%)

<—39mi”m2 cos 0 4 24m3ma cos(260) — 25m3ms cos(36)

+48mym3 + 8m3 — 16mim3 sin2(0))

N hG*
57344mmyriykp

—735mima cos(40) — 637Tmims + 16512m3m3 cos § — 11088m3m3 cos(26)

(1092m‘11m2 cos § — 1092mimg cos(26) + 700mims cos(36)

+8096m3m3 cos(30) — 6832m3m3 4 26208m3m3 cos O — 22344mim3 cos(26)

—15064m3m3 + 13440m ms cos 6 — 2240mym3 — 224mg> + O(GY). (4.25)

with a similar result for 75 under the replacement mq <> mo.

4.3 Non-equilibrium entropic force for black holes

4.3.1 Non-equilibrium entropic force due to non-uniform temperature

The non-uniform temperature of Eq. (4.25) suggests the possibility for a non-equilibrium
entropic force. To test whether the non-uniform temperature of Eq. (4.25) gives rise to

a non-equilibrium entropic force in the quasi-static setting of this example, we explicitly

calculate this force on the i*! black hole using a continuum version of >, TydS;/dr; PhYS yig
? phys o Z T ¢ kB ClAj(Qj, ¢])
L -1 a7 phys 4hG
d7; 9 (kpdA;(6;,¢;)
= Z/T j,¢] 7phys 87 ( 4hG )7 (426)

where dA;(6;,¢;) is the area element of the weak future horizon for the j*® black hole
given explicitly in Eq. (4.20), and riphys is the physical distance which is generally different
from the parameter r; in the metric.

As the effect is strongest on the side of the black hole horizons nearest each other, the

most relevant physical distance between two black holes should be the physical distance
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between the near points of the two horizons, see Fig. 4.2. This shows the transformation
between physical distance and parametric distance is independent of the angle, hence can
be pulled out of the integral. Further, since Eq. (4.26) only depends on 7 ; via the quantity
r12, the entropic force simplifies to

?iphys _ drio Z/T ]7% (k:BdAj(%a@f)j))

phys 4hG

d’rlz ? parametric

dr phys 1 ) (4 27)

?parametrlc . . A A . .
where is a ‘parametric’ entropic force, with regard to changes in coordinate r;.

Here we first calculate the parametric entropic force. Inserting the area element and
the non-uniform temperature, the lowest orders of the parametric entropic force for the

first black hole are

—; perametric _ GA(m3m3 +m2m3) . n G (—bmim2 — 34m3m3 — 5m3m3) .

8%, 2 32,5, 2
3G6(27m1m2 + 343mim3 + 343m3m3 + 27m3m3) .
7"12
44877,
+G (—175m8m3 — 4294m3m3 — 7875mim3 — 4294mim3 — 175m3mS$) . ;
112075, 2
+0(G®), (4.28)

? parametric

by replacing my < mo.

with a similar result for

Figure 4.2: Here we take the ‘location’ variable 7 of black hole 1 as 0 and 5" represents
the physical distance between the near points of horizons for binary black holes. Note
that » = Ay is the horizon radius of black hole 1 and Aj is the analogous horizon radius

of black hole 2

Next we calculate the transformation parameter dris /d’rp Y®. To do this, we first

express the physical distance rll’th in terms of r12. The physical distance between the
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near points of the binary black hole horizons may be calculated by

ri2—As
phys 2
T2 —/ Yodr
Ay

ri2—Ag G G 2
= (1 + 1 + e ) dr
Aq 2r 24/72 — 2rrig cos O + 12,
r12—As2 G G 2
_ (1 LG 2 ) dr
A 2r o r2 oppg 4 2,

r12—A2 G,Ul G,UQ 2
1 d
/ < + 2r + 2(r12 — r)) "

ri2—As 23 § 113
:/ ( 1+ Gus Gy G*pipe + Gy )dr
T2 — T 4r2 2r(rig—r)  4(rig —r)?
G} G2uape Gy \[
= (r+Gu Inr—Gpuzn(rig—7) - tor=in(re =m0+ g
( +Guy Inr—GusIn(rig—r) Ar + 2119 (In7—In(ri T))+4(T12 —7”)) Aq
( ri2 — Az — Ay)+Gpuy (In(r12 — Ag) — In A1) =Guo InAg + Gpoln(riz—Aq)
GQ,ul G2Iu,% G2,Uzl/~02
B 1 —Ag)—InA
4(ri2 — D) 44 2112 (Inr1: 2)=in )
GQUIMQ GQ,LL% Gz:u’%
— L (In A -1 —-A -
T (In Ay —In(riz — Ay)) + 4Dy A(ris — Al))’
(4.29)

where we have used # = 0 in the third line. As we discussed before, here Ay, Ag, 1 and
uo are also functions of r1s.

From the result of Eq. (4.29), the variation of 7°1p2hys with r12 may be calculated by

dr DS dAy  dA din
=1-— G | —A In A
d’r’lg d’l“12 d’l“12 + d7‘12 ( . (T12 2) n 1>
1 dAs 1 dA;
1— _
+G'ul(ﬁz - Az( drig”  Ajdrpp
dug 1 dAQ 1 dAl
— InAy —1 A 1-—
Gdru (InAz = In(riz=41)) - GM(A2 dria 7“12—A1( dTlQ))
G duy G2 dAy . GPpuydpr GPui dAy

— 1— —
2(7“12 — AQ) d’l“12 4(7“12 — AQ)Q( d7“12 2A1 d’l“12 4A% d7‘12

G? pg dpn o dps pape
e el W W o In(ris — Ag)—In A
2 12 d’l”lg 12 d?”lg 7“%2 )(n(’l“u 2) . 2)
LGmpy L dBy 1 dA,
2ri2 r12—Ag dri2”  Agdria

G?  po dp 1 dpg 1142
_7 %WMH %WMH — MT%/: )(lnAl—ln(ng - A1>)
_GQIU,LU,Q 1 dAl 1 1— dAl ))
2riy Ardriz riz—A dria
GZ,LLQ d,ug B G2 125 dAQ . GZ/.LQ d,ug i Gz,u% (1_ dAl) (4 30)
2A2 d?"12 4A% d?“lg 2(7"12—A1) d?"12 4(7‘12—A1)2 d’r'12 ’ '
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Since p1 and po are the mass parameters and the dependence of p; and us on rio

comes from the gravitational potential between these two black holes, one has jqf‘llz = gﬁé.

Therefore, Eq. (4.30) may be further simplified to

dT1p2hyS -1 dAy  dAy G dpiy n (ri2 — A1)(riz — Ag)

- - 1
drio drio  drio drio ( JASPAY
1 dAs 1 dA 1 dA, 1 dAq
G 1-— - ) - — — 1—
* Ml(ﬁz — Ay dria” Ay 657“12> MQ(AQ drig  rio—24A ( drya
G2M1 d,u1 T12 — AQ - Al GZM% 1— dAQ . GQIU,% dAl
2 d’r‘12 Al(Tlg — Ag) 4(’1“12 — AZ)Q d’l“12 4A% d?”lg
G? 14 p2 dpn papo, , (rio — Ap)(rig — Ag)
- -5 )(n )

)

)

+

2 192 d’l“12 7“%2 AlAQ

G2 o 1 _dAg 1 dAy G*uapn , 1 dA 1 1 dA, )
2ri2 "r12—Ag dri2” Agdris 2ri2 "Aqdriz riz—4Aq driz

GZ[,LQ d,u1 12 — Al - AQ B G2,u% dAQ G2/L% 1 dAl) (4 31)

2 drlg AQ(Tlg—Al) 4A% dT‘lg 4(7’12—A1)2 _dng '

Or equivalently,

driy™ _ddy dA n ( duy Gj(ul + p2 dpy Mluz))(ln (r12 — Ay)(ri2 — Az))
dria dria  dris dris 2 r19  drig 7“%2 A1Aq
1 dA, 1 dAy 1 dAs 1 dAq
G 1— — ey e 1—
* Ml(rm — Ay dri2”  Aq d7“12) M2(A2 dria  ri2—Ag ( dria ))

G?uy dpy 112 — Ay — Ay G?u? 1 dAy B G?u? dAy

2 d’l”12 Al(Tlg — Ag) 4(’/”12 — AQ)Q d’l”lg 4A% dT12
G2 pio 1 CdAy 1 dAy GPuape 1 dA; 1 A )

2ri2 “ri2—An dri2”  Agdris 2rig “Ardriz rig—4Aq dria
G?us d — A1 — Ay G2 dA G212 dA

2 d’l"lg AQ(T’lg—Al) 4A2 d’l“12 4(7"12—A1) d’l"12

Inserting all the relevant expressions into Eq. (4.32), we find
dr1p2hys 14 (m1+m2)G  (m? — 8mamy + m3) G* N 3 (mam? + m3my) G*
dria T12 4r3, 4rf,
_ (37mgm? + 42mim? + 3Tm3m,) G*
567"112
N (401mgm{ + 2210m3m3 + 22510m§m% + 401m3m,) G° s
145677,
B
+AIn—, (4.33)

C
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where A, B and C are each functions of my, mo, 712, and G. Here

mima G7

A=——
2048713

2
<1lm1m2 (m‘l1 + 10mam3 + 20m3m?3 + 10m3m; + m%) G®
40mimy (mI + 16mam$ 4 86m2m3 + 191m3mi + 191mam? + 86m5m?
+16mSmy + mg) r12G* + 36mima (Sm(]j + 38mam} + 150m3m] + 234mim?
+150mam? + 38mjmy + SmS)erG?’ — 128mimae (2m‘;’ + 20mam] + 55m3m’
+55m3m3 + 20mamy + 2m§)ri’2G2 + 560m1ma (miL + 8mam$ + 15m3m7

+8mimy + m%)T%QG — 192 (m? + 15mam{ + 50m3m3 + 50m3m3 + 15mamy

+m§)ri’2> : (4.34)

B= <m1m2 (107ms + 975moms + 455m3ma + 455m3 ) G° — 26mims (12m3
+21momq + 28m%)r12G4 + 364myma(my + 3m2)T%2G3 — 1456m1m2r§2G2
+1456m1ri,G — 29127«{’2) <m1m2 (455m3 + 455mam? + 975m3m: +107m3 ) G°
—26mmsy (28m% + 21maomy + 12m§> r19G* + 364myma(3m; + mz)T%QGS
—1456m1moriyG? 4+ 1456mariyG — 29127«{’2), (4.35)

and

C= <G2m1m2 (ma (455m8 + 455mam? + 975m3my +107m3) G* — 26m, (28m?

+21momy + 12m%)r12G3 + 364m1 (3my + mao)ri,G? — 1456my75,G + 14567“112)

(mg (107m‘;’ + 975m2m% + 455m§m1 + 455m§’> G* = 26ma (12m% + 21mom

+28m§)r12G3 + 364ma(my + 3ma)riyG? — 1456mari,G + 14567«%2)). (4.36)
Since 75 and ryy are in one-to-one correspondence, we have
d?"12 1
TP T g (4.37)
12 o
For simplicity, we will write a = dfgh"’ys to represent this distance transformation
12

connection from now on. Numerical calculations show that « is always positive out-
side the black hole horizon and approaches 1 as r15 approaches co. To explicitly show
how « depends on 712, we plot a versus rj2 when m; = mg = m in Fig.4.3. In this

case, 12 ~ 1.0775 G m is the ‘kissing distance’, which is the closest the black holes can
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M2

Figure 4.3: This figure shows how a changes with 12, where o = df’;fys, for mqy = mg =1,
12
G=1.

approach in isotropic coordinates while remaining separate, so the figure begins from
rio = 1.07T75 G m.

Based on the above analysis and Eq. (4.28), the entropic force may be written as

?phys <G4(m:{’m% +m2m3) N GO (—5mim3 — 34m3m3 — 5m3m3)
=«

o 819, 3219,
3G5(2Tm3m3 + 343mim3 + 343m3m3 + 27Tm3m3)
448r7,
+G7 (—=175m$m3 — 4294mim3 — 7875mim3 — 4294m3Im3 — 175m3mS) > .
;
11205, 2
+0(G®), (4.38)

We first focus on the leading term of the entropic force to do some qualitative analysis.
From Eq. (4.38), the leading term is

hys G4 (m3m2 2,,3
i o2 (mlgg*mlm L0 +0(G%), (4.39)
12

Since a > 0, the entropic force in Eq. (4.39) is repulsive. This is due to the distribution
of temperatures, with the higher temperatures on the far sides of the neighboring black
holes, and is consistent with the intuition gained from the behavior of the molecular chain
in Fig. 4.1(b).

The form of Eq. (4.39) is intriguing, especially if we reparameterize it in terms of the
mass ratio p = mg/m; and define the approximate ‘Kissing distance’ rgiss = G(mi+ma)/2.
Now the magnitude of the entropic force of Eq. (4.39) reduces to

da P 2 TKiss >
Fphys — 4 = ( ) ( ) O(G?), 4.40
+ G (1 + p)2 12 + ( ) ( )
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) (b)

Figure 4.4: Non-equilibrium entropic force between: (a) A pair of black holes. (b) An

(a b

identical black hole (m;) and a shell of matter with the same mass as black hole mg in (a).
Both scenarios give rise to repulsive non-equilibrium entropic forces. The temperature
profiles are identical for the left black hole in both the (a) and (b) scenarios, but give rise
to different forces. (The color provides a highly exaggerated rendition of the temperature
profile along the black holes’ horizons: from red to blue denotes a transition from lower

to higher temperatures.)

revealing that the acceleration due to the entropic force:
i) vanishes in the test-particle limit, where p — 0;
ii) vanishes in the Rindler limit, where p — oo; and

. phys
iii) conserves total momentum, since _, ?l =0.

If we use the same parameterization for the form of the Newtonian force law

G 1 iss )
FNewton — _w — _pQ(TKISS> , (4.41)
rZ, G(1+p)2\ ro2

we see that the entropic force is remarkably short range and relatively weak. For the case
that mi = my, the magnitude of the entropic force is at most about 2.03% of the Newtonian
form at the ‘Kissing point’, decaying rapidly at larger separations. Note that this value is
obtained by a continued fraction approximation of the power series in Eq. (4.38), where
continued fraction approximations are a special case of Padé approximations [15].

The remote contribution (from black hole 2) to the force described by Eq. (4.26)
suggests that this force cannot be encoded in the Einstein field equations. To pin down
this conjecture we construct a modified scenario in section 4.3.2, in which the entropic
force results from contributions of a single black hole. In this modified scenario, the
second black hole is replaced with a shell of matter, designed so that the spacetime metric
everywhere outside the shell is identical to that of the original scenario, and consequently
the temperature profile along the surface of the black hole will also be identical (see
Fig. 4.4(b)). Second, by construction this shell is assumed to be in a pure quantum state.

This ensures that it carries no entropy which may contribute to an entropic force. It
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has been shown in chapter 2 of this thesis that the only spacetime surfaces which carry
thermodynamic properties are those associated with spacetime horizons [64]. The entropic

force between a black hole of mass m; and this matter shell of mass mo then becomes

b GAmB3m2
PP oA M G L 0GR, (4.42)
817y

Despite the fact that, outside the shell, the spacetime metric is identical in both sce-
narios, the magnitude of the entropic force on the black hole, and hence its acceleration,
is different. This comparison therefore proves that the spacetime metric is insufficient to
predict motion due to entropic effects. We conclude that this entropic force cannot be

encoded in the conventional Einstein field equations of general relativity.

4.3.2 Replacing black holes by ordinary matter

In this section we consider more carefully the claim that the entropic force is not already
implicitly present in the solutions to the Einstein field equations. Our strategy will be to
show that we can obtain the same solutions to the field equations, but in a scenario where
there are no horizons and hence no entropic forces. We shall achieve this by replacing our
black holes by shells of ordinary matter, which will be assumed to have zero or negligible
regular thermodynamic entropy.

To obtain such solutions, we must write down the full Einstein field equations, including

the presence of matter. In the 3 + 1 formalism [30], assuming 3; = 0, we obtain

GOV = —2rGEY®

BIV2y = 427G(E +2F))'y, (4.43)

on the initial hypersurface, where the energy-momentum variables are defined F = Ty
and F = ~+9T;;.

For a single black hole spacetime with mass M, the black hole and its entropy carrying
horizon may be replaced with a thin shell of ordinary matter. Solutions to Eqgs. (4.43) are

readily obtained as

GM
_— r>R
2r
l—x=9y-1 = (4.44)
GM
! TSR,
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where R is the shell radius and substituting these expressions into Eqs. (4.43) yields

Mé(r—R)

E = -
ATR2(1+ G

P YoXpo GMGM E. (4.45)
2Xx 2R (1 - %)

These are both positive (and finite) when the shell lies outside the original Schwarzschild
horizon, R > GM/2.

Now consider the solutions involving n black holes replaced by shells of ordinary matter.
Based on the result above for a single black hole this is straightforward to generalize to

this case yielding

) Vi, 7_?i>Ri
22@—;ﬂ | | (4.46)

iy Y [B-Tis<R,
2R J¢12|? |

These describe n shells centered at 7 = 71 with respective radii R;. For the ith shell

pid(| 7 — 7| — Ry)

B W RE ()
F(7) = %@&(7). (4.47)

Again, these are finite and non-negative provided the shells lie outside the location of the
future horizon for the black holes they are respectively replacing. (We note, that one can
trivially generalize these solutions to involve b black holes and n — b shells of ordinary
matter.)

Thus replacing ¢ and x in Eq. (4.7) by the corresponding terms of Eqgs. (4.46) and
(4.47) yields the exact same solutions to the Einstein field equations in the entire region
of the initial hypersurface outside the radii corresponding to the solutions with the shells.
The former solutions have black holes and their horizon entropy, the latter have only the
entropy associated with the ordinary matter of the shells, which without loss of generality
we may take to be zero or negligible. Consequently, the entropic forces present in the
former solutions are absent in the latter. We conclude from this that any entropic forces

are not encoded in the conventional Einstein field equations.
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4.3.3 Influence on the gravitational wave form

Our calculations of this non-equilibrium entropic force are exact to the order computed
and cannot be canceled by higher-order contributions. Although the entropic force is
short range and comparatively weak, it would still have an in-principle observable effect
on black hole collision processes. For two merging black holes with similar mass, our
following rough calculations show that the effect of this force on gravitational waves is a
roughly 1.02% frequency shift in the peak chirp frequency before final coalescence. Finally,
it would not be surprising if the underlying phenomenon might be enhanced or diminished
in more general scenarios than those considered here.

The gravitational wave emission by a nearly Newtonian binary star system may be
roughly approximated by the Newtonian force law [40]. Label the two gravitating bodies
by m1 and meo, their total mass and reduced mass are

mims
M

M =mi+my, m= (4.48)

If we assume their orbit is circular with distance between the star’s centers rio, then the

orbital angular velocity w is given by Kepler’s law [53]

M
r
12
Note that the gravitational wave’s angular frequency is 2w.
To estimate the effect of our non-equilibrium entropic force FP on the wave’s angular
frequency, we use Newton’s second law ? =md to roughly calculate its effect on the

angular velocity of the gravitating body:
Mm

5 — FPYS — 20 m, (4.50)
T12
which may be simplified as
, M Fphys
w = —_— - —
ri9m

hys
_ 7’12pr
\/7”12

For simplicity, we consider two black holes with equal mass at the ‘Kissing distance’ (rj2 ~

LOTISMY) - From the discussion following Eq. (4.41), we know FPMs ~ 0.0203 FNevton —

0.0203 ]:f[?m for this case. Then w’ reduces to
12

M
W = /5 v1-0.0203.

12
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For this case, the non-equilibrium entropic force would cause the frequency of the gravita-
tional waves to shift by roughly 1.02%. Since this effect decreases rapidly as r15 increases,

it may only have an observable effect on the very final stage of black hole coalescence.

4.4 Discussion

Entropic forces are generically studied in equilibrium settings. Here we have described
for the first time an interesting variant exists for non-equilibrium environments and which
vanishes at equilibrium. We called such variants non-equilibrium entropic forces.

Our canonical example consisted of a non-equilibrium entropic force driving a long-
chain molecule through a nanopore from a cooler to a warmer thermal bath. The tem-
perature difference between the baths allows one to sensitively control the rate at which
the molecule is driven through the nanopore. The non-equilibrium entropic force in this
scenario could be generalized to achieve the simultaneous controlled passage of many
molecular strands through parallel nanopores in a similar two-chamber setup, with a va-
riety of plausible applications. For example, such a highly parallel architecture might be
combined with electrically sensing an amino acid’s identity [58] at each nanopore exit for
high-throughput label-free amplification-free sequencing of biological macromolecules. A
key advantage of this approach is its power to overcome the bottleneck associated with
attaining sufficiently slow motion of a molecule through the nanopore for accurate sens-
ing [58].

In the interacting black hole setting, we found that the potential for observation of a
non-equilibrium entropic force would allow for confirmation of the long-standing conjecture
about the thermodynamic nature of spacetime horizons; not just in a laboratory setting
with analogue black holes, but with the actual astrophysical objects themselves.

In string theories of gravity, one convincingly finds that black hole horizons are truly
thermodynamic. One can pass from a thermal state to a black hole by smoothly changing
the string coupling [34]. Indeed, for supersymmetric and near-extremal string-theory
black holes one can even obtain the exact conventional area law [20,35,51]. Thus, by
construction, string theories of gravity imply the existence of the entropic force which we
have demonstrated here between black holes and any other gravitating body. Observation
of this entropic force would not only provide further support for string theories, but
would also constitute the first signature of quantum gravity — beyond conventional general

relativity. Conversely, convincing evidence for an absence of such a force would not only
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imply a failure for the full thermodynamic analogy of black holes and spacetime horizons,

but would also convincingly refute one of string theories’ few emphatic predictions.
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Chapter 5

Conclusions

5.1 Summary of contributions

In Chapter 2, to test the thermal assumptions in Verlinde’s emergent gravity program [59],
we extended the analysis of the first law of black hole mechanics beyond the horizon to

generic surfaces for static spacetimes [59,64]:

1. We achieved this by generalizing the tools from Ref. [11] beyond horizons to

arbitrary surfaces.

2. These new tools allowed us to obtain an integral Komar mass expression for
stationary spacetimes with an arbitrary inner boundary. This integral formula

naturally defines a ‘surface gravity’ for ordinary surfaces for static spacetimes.

3. The stretched horizons proposed by Kip Thorne are surfaces microscopically out-
side a horizon [54]. Our analysis shows that such stretched horizons do satisfy

the first law of black hole thermodynamics to high precision.

4. Since there is no fundamental mechanics to support a physical temperature for
the stretched horizon, it can only inherit the thermodynamic phenomenon from
an underlying black hole horizon. Thus, that the first law still holds on the
stretched horizon, in fact implies that the laws of black hole thermodynamics
should only be considered as a necessary condition but not a sufficient condition

for true thermodynamic behavior.

5. For surfaces further away from a horizon (so-called holographic screens) in Ver-
linde’s emergent gravity program, we find the first law fails. Thus eroding the

basis of this program.
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In Chapter 3, we extended the analysis of the black hole thermodynamics, especially

the first law of black hole mechanics, from stationary to dynamical spacetimes [66]:

1. Theorem 3.1 provides a simple, covariant expression to compute the physical
energy (the ADM mass) in a broad class of dynamical asymptotically-flat space-
times. By dynamical spacetime, we follow the conventional definition, i.e., the
absence of a timelike Killing vector (indeed, we do not assume any kind of Killing

vector).

2. Theorem 3.3 rigorously extends the first law of black hole thermodynamics to
the dynamical setting (with no other requirements beyond the black holes having
non-rotating horizons that appear quasi-static to an observer at spatial infinity

— what we dub weakly quasi-static).

3. We emphasize that this first law allows for the description of physical processes
and requires no Killing vectors. In particular, the behavior of the matter outside
the horizon is totally unconstrained. Therefore the thermodynamic behavior we
find for horizons is truly ubiquitous. That the thermodynamic behavior of horizons
is not swamped by the potentially wildly “dirty” and dynamical environments we

study is perhaps the biggest surprise of our work.

4. The extended first law implies an unambiguous definition for a surface gravity for
the horizons of dynamical spacetimes, which reduces to the conventional definition

for stationary spacetimes.

5. We derive a general formula for the Parikh-Wilczek tunneling temperature of the
Hawking radiation for non-rotating weakly quasi-static weak future horizons (our
Theorem 3.2). We find that it is identical to the temperature obtained from our
dynamical surface gravity. This proves that our dynamical first law is not mere

analogy, but a real thermodynamic relation.

6. Using our rigorous formalism and an analytic calculation of an explicit example,
we show that the temperatures associated with interacting black holes are, in
general, non-uniform. Therefore the zeroth law of black hole thermodynamics

generally fails in the dynamical setting.

7. We show that, in order to allow for non-uniform temperatures, the conventional

area law must generalize to a local or elemental form. This provides a rigorous
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meaning to Bekenstein’s early intuition that every element of area of a horizon

represents a fundamental unit of information [13].

8. In 1993, Wald conjectured a “dynamical entropy” for dynamical black holes
within any diffeomorphically invariant theory — which includes general relativ-
ity (Ref. [62]). Our work proves that this conjecture holds true within general

relativity.

9. We show that the thermodynamic surface for dynamic horizons is not the long-
studied trapping horizon, but a much simpler structural element which we dub

the weak future horizon.

10. We prove that the underlying assumptions made by Jacobson in his deriva-
tion of general relativity from a presumed thermodynamic behavior of horizons
(Ref. [37]) are themselves derivable from general relativity itself. Our work shows
that the thermodynamic nature of horizons and general relativity are logically
equivalent (i.e., if A = B and B = A then A = B). Therefore either approach
leads to identical classical theories of gravity. The same may not be true when
these approaches are used to obtain a quantum theory of gravity. In particular,
the canonical quantization of the vastly differing underlying variables in these

two theories may lead to very distinct theories of quantum gravity.

In Chapter 4, we characterized an entirely new class of entropic forces which vanish
at equilibrium, but are non-vanishing only out of equilibrium. We called such variants
non-equilibrium entropic forces. This effect is discussed for both molecular chains and

black holes. We found [65]:

1. For a long-chain molecule threaded through a frictionless nanopore between two
chambers with different bath temperatures, a non-equilibrium entropic force ex-

ists and will drive the molecule to the chamber with a higher temperature.

2. For binary black holes in a quasi-static spacetime, the entropy of each black hole
is independent of the distance between the two black holes. This result supports
the intuition that black hole entropy should be independent of the exterior en-
vironments and implies that any equilibrium entropic force between black holes

generally vanishes.
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3.

We also calculate an expansion of the non-uniform temperature for such black
holes and we find that this non-equilibrium temperature induces a non-equilibrium
entropic force between dynamical black holes. Our calculations of this non-
equilibrium entropic force are exact to the order computed and cannot be canceled

by higher-order contributions.

Replacing one of the black holes in a binary black hole scenario by a shell of
ordinary matter, we find that despite the spacetime metric outside the shell being
unchanged, the magnitude of the entropic force in this new scenario is different
from that in the binary black holes case. This comparison therefore proves that
the spacetime metric is insufficient to predict motion due to entropic effects. We
conclude that this entropic force cannot be encoded in the conventional Einstein
field equations of general relativity. So if it exists, it would be the first signature

of quantum gravity — beyond conventional general relativity.

Although the non-equilibrium entropic force is short range and comparatively
weak, we show that it should still have an in-principle observable effect on black
hole collision processes. For binary black holes that are twice the ‘Kissing radius’
away from each other, this effect would be roughly 1.03% shift in the peak chirp

frequency of gravitational radiation during the very final stage of coalescence.

String theory is the only theory that is consistent with both quantum mechanics
and gravity [68] but with no current experimental support. It fundamentally
supports the entropy-area law of black holes [20, 35, 51] and thus implies the
existence of the entropic force between black holes and any other gravitating
body. Therefore, the non-equilibrium entropic force proposed in this chapter also

provides a fresh way to test the string theory.

5.2 Critical analysis

In Chapter 2 we proved that the thermodynamic assumptions in Verlinde’s emergent

gravity program are inconsistent with Einstein’s general relativity. One implication of

this result is that Verlinde’s emergent gravity program must reassess its thermodynamic

assumptions. Because there is no one-to-one correspondence between Verlinde’s emergent

gravity program and general relativity, this program cannot directly inherit the achieve-

ments obtained by general relativity. However, the possibility of considering gravity as
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having an entropic origin is still very inspiring.

Our results in Chapter 3 also suggest that entropy should be a local property of the
horizon instead of the originally believed global property of a black hole, and thus the inte-
rior of a black hole may also have an independent entropy. Since no signal from the black
hole interior can escape, a temperature Tinterior = 0 with respect to an observer at spatial
infinity could be assigned to the interior of the black hole. Such an assignment means that
the first law would be unchanged by the addition of the vanishing term Tinterior 0 Sinterior-

In that case, the entropy of the entire black hole becomes

A
Sblack hole = Z + Sinterior- (51)

Our analysis does not prove this relation, but it does show its consistency with black
hole thermodynamics. Of course, the presence of such an additional term would require a
wholesale reappraisal of black hole information bounds and paradoxes.

In Chapter 4, our canonical example of non-equilibrium entropic force consisted of a
long-chain molecule passing through a nanopore between a cooler and a warmer thermal
bath. The temperature difference between the baths allows one to sensitively control the
rate at which the molecule is driven through the nanopore. The non-equilibrium entropic
force in this scenario could be generalized to achieve the simultaneous controlled passage of
many molecular strands through parallel nanopores in a similar two-chamber setup, with
a variety of plausible applications. For example, such a highly parallel architecture might
be combined with electrically sensing an amino acid’s identity [58] at each nanopore exit
for high-throughput label-free amplification-free sequencing of biological macromolecules.
A key advantage of this approach is its power to overcome the bottleneck associated
with attaining sufficiently slow motion of a molecule through the nanopore for accurate
sensing [58].

In string theories of gravity, one convincingly finds that black hole horizons are truly
thermodynamic. One can pass from a thermal state to a black hole by smoothly changing
the string coupling [34]. Indeed, for supersymmetric and near-extremal string-theory black
holes one can even obtain the exact conventional area law [20,35,51]. Thus, by construc-
tion, string theories of gravity imply the existence of the entropic force which we have
demonstrated in Chapter 4 between black holes and any other gravitating body. Observa-
tion of this entropic force would not only provide further support for string theories, but
would also constitute the first signature of quantum gravity — beyond conventional general

relativity. Conversely, convincing evidence for an absence of such a force would not only
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imply a failure for the full thermodynamic analogy of black holes and spacetime horizons,

but would also convincingly refute one of string theories’ few emphatic predictions.

5.3 Future work

In the analysis of thermodynamics for dynamical black holes, we choose & = N TH =
(1,8%) on the horizons and require that the diffeomorphic variation §¢* vanishes there.
This requirement implies that 63" = 0 which only holds for black holes with zero angular
momentum. Therefore this condition limits our analysis to non-rotating black holes. Since
astrophysical black holes have non-zero angular momentum, extending our analysis to
conditions where §§# # 0 should be of keen future interest.

Except for this issue related to &, to extend our analysis to dynamical spacetimes
with rotation, a covariant form for the ADM momentum and ADM angular momentum are
presumably also needed. Our preliminary calculations show that instead of transforming
the ADM momentum into a covariant expression, we may need to derive a covariant
energy-momentum expression from first principles. This will be one of our main future

research efforts.
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