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Abstract 

Friction and wear are experienced both in terms of machine operation and finance. They 
impact, amongst other things, energy consumption and material loss, product 
manufacture and component maintenance. Liquid lubrication is widely used on 
machinery interfaces to separate the loaded surfaces, with the ultimate aim of reducing 
friction and wear from direct metallic contacts. However, in most engineering 
applications, the lubricant film thickness is not thick enough to fully separate matching 
surfaces because of too high loads or low speeds. Therefore, the interface contains 
isolated asperity contacts with the surrounding gaps filled by liquid, which is known as 
mixed lubrication. The aim of this project is to investigate engineering interfaces using 
both theoretical and experimental approaches. 

A statistical mixed lubrication model has been built in this study. The friction force, load 
sharing proportions, film formation and normal contact stiffness can be simulated for 
engineering interfaces under varying operating conditions. The model was applied to a 
greased contact of a landing gear articulating pin joint and an oil lubricated contact of a 
ball-on-disc. Friction forces, load sharing ratios, contact stiffness, and mean film 
thickness from asperity contact and lubricant layer have been predicted and compared 
with experimental measurements.  

The ultrasonic method was applied to the greased pin joint contact and the oil lubricated 
ball-on-disc contact. Reflection measurements have been linked to the interface 
characteristics, including contact pressure, lubricating film thickness and contact stiffness. 
A start-up process of a ball sliding on disc was studied to extract contributions from 
asperity interaction and trapped lubricant on the interface. Finally, a shear study on a dry 
Perspex contact was carried out using the ultrasonic technique. The shear stiffness in the 
stationary and stick-slip process was studied which presents the shear performance of 
contacting asperities under normal pressure.  

Results of these investigations show that the mixed lubrication model and the ultrasonic 
technique could be used to accurately determine the interfacial characteristics for real 
engineering contacts. Agreement between analytical model and ultrasonic measurement 
is found to be good, indicating the applicability of the technique for analysis of contact 
size, contact pressure and interfacial stiffness.  
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Chapter 1 Introduction 

1.1 Statement of the Problem 

Friction waste has been reported to cause as much as one third of the global energy 

consumption. In addition, extra cost is needed for the manufacture and replacement of 

failed components (Williams, 2005). Other than a few exceptions where friction is 

needed such as clutches and brakes, engineering designers have always tried to make use 

of mechanical power with lowest friction loss. For example, the articulating pin joint on 

the aircraft landing gear: lower friction force between the pin and bush allows smaller 

actuators, therefore saving weight. In order to improve lubrication and reduce friction, 

each pin joint is regularly maintained with a hand-delivered fill of grease. This is not only 

a costly maintenance, but also could be hazardous if not performed correctly.  

Lubrication plays an important role in reducing friction and wear. It is widely used on 

machinery interfaces in order to separate the loaded surfaces, with the ultimate aim of 

removing directly metallic contact. For the full film lubricated interface, energy loss is 

associated with the shear in viscous lubricant, rather than solid sliding which is deemed to 

be much higher. However, due to low sliding speed or high supporting load, frequently 

the hydrodynamic action is insufficient to generate a thick enough fluid film to separate 

surface asperities. The interface then contains isolated asperity contacts with the 

surrounding gaps filled by liquid. This is known as mixed lubrication. In the last three 

decades, mixed lubrication has drawn a considerable amount of attention from 

tribologists. Unlike hydrodynamic lubrication, the contact mechanics on mixed 

lubricated interface has not been well understood. How the lubrication film is breaking 
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down, what the proportions of load sharing by liquid and asperities, how the contact 

pressure distributes on the interface, how the physical interaction is taking place, how 

much the real contact area becomes, as well as what is the deformation state of 

interacting asperities, are still challenges for mixed lubrication.  

In-situ investigation of contact parameters have been carried out using electrical, optical 

or neutro-graphic techniques. Recently, the ultrasound method has received more 

attention. The contact pressure distribution and contact size depends on the number, as 

well as the size, of individual contact spots (asperity contact junction). Hence, the 

interfacial properties are well suited to be investigated by an ultrasonic reflection which 

depends on the interfacial characteristics. A useful parameter, contact stiffness, can also 

be easily obtained through ultrasonic reflection measurement using a simple spring model. 

This method can also be potentially considered as means of validating theoretical 

investigations as well as a helpful tool for the engineer to design machinery component. 

Most of the current analyses of the contact mechanism are based on static contacts, where 

there is no relative movement of mating surfaces. However, most of engineering contacts 

fall in dynamic cases. The real contact area, contact stress distribution and contact 

stiffness are of importance for disclosing characteristic features of the contact, which are 

critical for understanding the mechanism of friction and wear. The investigation of a 

sliding contact between solids is a major objective in this research.  

Therefore, in this study, there are three problems which will be dealt with. The first is the 

development of a mixed lubrication model and its application to a greased landing gear 

pin joint and a sliding ball-on-disc. The friction force, film formation and normal contact 

stiffness are simulated and verified by experimental measurements. The second part is the 

investigation of the pressure distribution, contact size and friction for a landing gear pin 

and bush contact. Theoretical results were compared to experimental measurements. The 

final piece of work is the investigation of a stick-slip using the ultrasonic method: shear 

stiffness, friction and real contact area evolution have been studied.  
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1.2 Aims and Objectives 

The aim of this thesis is the development of a combined modelling and ultrasonic 

experimental method for sliding mixed lubrication regime contacts, and to apply this 

approach to study the performance of aircraft landing gear pin joints. Specific objectives 

are summarized as: 

1. Develop a statistical mixed lubrication model which can predict: load sharing 

proportions between asperity contact and liquid action, mean lubricant film thickness, 

and friction coefficient at an interface. 

2. Apply the model to a sliding ball-on-disc configuration (circular point contact). 

Investigate mean film thickness, load sharing proportions and normal contact stiffness. 

Compare model predictions with ultrasonic measurements. 

3. Apply the mixed lubrication model to the landing gear pin joint (line contact). Carry 

out friction experiments and compare with simulations. 

4. Investigate the contact pressure distribution, contact size and normal contact stiffness 

by using ultrasonic measurements for the pin and bush contact. Compare with theoretical 

predictions.  

5. Investigate the onset of sliding by carrying out ultrasonic shear and friction 

measurements during the stick-slip process. Analyse interfacial parameters, such as static 

friction, shear stiffness and real contact area. Investigate the onset of sliding, and the 

mechanism of stick-slip. 

1.3 Layout of the Thesis 

In Chapter 2, the background of the rough surface contact was presented, along with 

mixed lubrication regimes and interfacial parameters. The ultrasonic method was 

reported, and the simple spring model was explained. 

Chapter 3 presents the development process of a mixed lubrication model. In the mixed 
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lubrication regime, the shear force generated at the interface is contributed by asperity 

shear stress, and lubricant shear force. The model contains friction force/coefficient, 

frictional torque for line contact, contact stiffness, and mean film thickness. In Chapter 4, 

the model was used to analyse a sliding point contact taking place between a sliding ball 

and a stationary disc. The model simulations results were compared to the ultrasonic 

measurements (a journal paper has been published on this work). Later, the model was 

applied to a greased articulating landing gear pin joint in Chapter 5, where friction 

coefficient and torque were predicted and compared with experimental records (a journal 

paper has been published on this investigation). 

Chapter 6 deals with the contact pressure, normal interfacial stiffness and contact size for 

the pin and bush contact by analysing the ultrasonic measurement (a journal paper has 

been published based on these results). Meanwhile, the contact pressure and size were 

also studied by elastic Hertzian theory and Persson’s model, which is specified for 

conformal contact. The nominal and real friction torque/coefficient was analysed. 

In previous chapters, normal contact mechanics was addressed by studying the pin joint 

contact and the ball sliding on the disc contact. The normal interfacial properties due to 

asperity interaction have been studied. How the micro-contact junctions deform along 

the tangential direction was investigated in Chapter 7. An ultrasonic shear study for a 

Perspex-Perspex contact was performed. The ultrasonic reflection was recorded during 

the stick-slip process, while the friction evolution was measured as well. The interfacial 

shear stiffness and real contact area were analysed from reflection measurements under 

varying loads and speeds. Static reflection measurements were also carried out which 

were used to investigate the hysteresis phenomenon at the interface. 

Chapter 8 is a brief discussion of the study with comments of application and limitation of 

both theoretical and experimental methods. Chapter 9 contains general conclusions and 

recommendations for the further study arising from this work. 
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Chapter 2 Background 

In this chapter, features of a mixed regime lubricated interface were described. Firstly, the 

rough surface contact model used in this study was addressed. Secondly, characteristics 

of mixed lubrication regime were presented. The main principle of load sharing for 

establishing the mixed lubrication model was explained. The interface stiffness, which 

plays an important role in disclosing the nature of interface, was then presented, including 

the normal stiffness and the shear stiffness. Finally, the ultrasonic technique, which has 

been proven to be a helpful tool in analysing engineering interfaces, was introduced in 

this study. 

2.1 Rough Surface Contact 

When two solids come into contact, the initial touch takes place at a point or along a line. 

While the load is increased and transmitted gradually through the contact zone, the 

contact area will be enlarged due to the deformation of the surface material. Due to the 

size of acting force or relative movement, interface phenomenon known as contact 

mechanics takes place and draws considerable interest of researchers. Central aspects in 

contact mechanics are: pressure distribution, contact area, contact stiffness, and the 

frictional stresses acting tangentially between the surfaces if relative movement exists.  

Figure 2.1 shows an elastic ball compressed under a certain load P on a plane. Elastic 

deformation is expected to take place first on the interface. The nominal contact area 

should be a circle with a radius of a, given by Hertz (Hertz, 1885), who originally 

analysed the elastic contact problem: 

1/33
2
PRa
E

⎛ ⎞= ⎜ ⎟′⎝ ⎠
 (2.1) 
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Where P is the applied normal load, R is the radius of elastic ball, E΄ is the reduced 

elastic modulus which depends on Young’s modulus and Poisson’s ratio of two contacting 

materials. It is defined in Hertzian theory as: 

2 2
1 2

1 2

1 11 1
2E E E

υ υ⎛ ⎞− −
= +⎜ ⎟′ ⎝ ⎠

 (2.2) 

Subscript number 1 and 2 refer to two contacting bodies respectively. 

 
Figure 2.1. Elastic contact between a sphere of radius R and a plane under a load of P. 

However, there are no ideally “smooth” engineering surfaces at the microscopic level. 

Figure 2.2 shows the property of a typical machined surface. When two rough surfaces 

are compressed against each other under a gentle load, the initial contact takes place on a 

few rough spots. Increasing load brings more contact points and greater contact size due 

to the elastic deformation of rough asperities. The real contact area is the sum of these 

microscopic spots. It is usually a small fraction of the nominal or apparent contact size 

(McCool, 1986).  

 
Figure 2.2. Rough surface profile of an engineering surface. 

Many models have been developed for theoretical analysis of a rough surface interface 

since 1970s. They can be classified into two types based on how the roughness parameter 
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is generated; stochastic models and deterministic models. Some typical stochastic models 

were built by Christensen (1969), Elrod (1973), Patir and Cheng (1978), Zhu and Cheng 

(1988). Statistical parameters of rough surfaces are used to represent the characteristics in 

stochastic models. The deterministic models are based on the geometric topography and 

surface profile of the real surface. The relevant research has been done by Kweh et al. 

(1989), Ai and Cheng (1996), Venner and Lubrecht (1996), Zhu and Ai (1997), Wang 

and Zhu (2005). However, the real engineering surface structure is very complicated. The 

consideration of real texture brings challenges in profile measuring and difficulty in 

computing work, especially for problems of large geometric contact. Conversely 

stochastic models use selected statistical parameters to represent the characteristics. It 

provides a simplified mathematical tool to deal with rough surface contact. It is therefore 

widely adopted even in the research nowadays. 

One of the first statistical theories based on the stochastic model of roughness for the 

rough surface contact was presented in the Greenwood and Williamson model (GW 

model) (1966). Rough surfaces were assumed to be composed of asperities with a simple 

shape and a fixed curvature. This model has been widely used to estimate the number of 

contact asperities, real contact area fraction and nominal contact pressure (McCool, 

1986), which are given by the following equations： 

Number of contact spots: 

0 0 ( )sN D A F t=  (2.3) 

Total real contact area: 

0 1( )s s sA D A R F tπ σ=  (2.4) 

Nominal contact pressure: 

 ( )1/2 3/2
3/2

4
3a s s sp D E R F tσ′=  (2.5) 

Where Ds is the asperity density per unit area, A0 is the nominal contact area, Rs is the 

average radius of the asperity tips, σs is the standard deviation of the height distribution of 
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the summits, t is the normalized separation (equal to h/σs), h is the gap between two 

contacting surfaces, which is defined as the distance from two mean levels of the surfaces, 

and Fn ( t ) is integral of summit height distribution. For Gaussian distribution of asperity 

heights the expression of Fn( t ) becomes: 

 ( ) ( ) 2 /21
2

n
s

n t
F t s t e ds

π
∞ −= −∫  (2.6) 

The GW model is based on elastic deformation of rough surfaces. However, if the load 

reaches a certain level, some high rough peaks tend to undergo plastic deformation. In 

1987, Chang et al. (1987) developed an elasto-plastic contact model (CEB model) for 

circular asperity contact. Horng (1998) expanded this model for an elliptic elasto-plastic 

asperity contact more recently. Further research relating to elasto-plasticity of asperities 

has been carried out by Horng (1998), Zhao et al. (2000), Liu (2001), Kogut and Etsion 

(2002), and Pei et al. (2005).  

2.2 Mixed Lubrication 

Lubrication is widely used in engineering components in order to control friction and 

wear, and prolong the lifetime of the machinery. Ideally these lubricated contacts should 

be operating in the regime referred to as hydrodynamic lubrication, for example, the 

contacts between gear teeth in the gear transmissions, between journal bearing and shaft, 

between rolling elements and the inner or outer raceway in rolling bearings, between 

rolling balls and screw or between a cam and follower. The ideal operation is that the 

solid surfaces are completely separated by intervening fluid film, shown by Figure 2.3.  

 
Figure 2.3. Hydrodynamic lubrication between two surfaces. 

However, due to operating conditions, e.g. applied load, relative movement speed and 

P

h

u
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lubricant properties, the hydrodynamic action is insufficient to generate a fluid film thick 

enough to completely separate the contacting surfaces. As a consequence, the pressed 

liquid film thickness is of the similar order to the micro surface roughness. Solid contact 

may occur on the failure of the lubricant film, in which case the asperities interact and 

support part of the load. The interface then consists of isolated asperity contacts with the 

surrounding gaps filled by liquid, shown by Figure 2.4. The load is shared between direct 

solid to solid contact and a liquid film. This is known as the mixed lubrication, which has 

been recognized as a common regime in engineering lubrication applications.  

“If the lubricating film separating the surfaces is such that it allows some contact 

between the deformed asperities, then this type of lubrication is considered in the 

literature as 'mixed' or 'partial lubrication' (Stachowiak and Batchelor, 2005).” 

 
Figure 2.4. Asperity interaction in the mixed lubrication. 

Three following methods are usually used to determine the lubrication regime for an 

engineering contact (Dowson, 2001).  

a) Friction coefficient (μ). As shown in Table 2.1, each lubrication regime is associated 

with ranges of the friction coefficient. 

b) The Stribeck cuve. Stribeck (1901; 1902) first systematically carried out 

experimental studies and found a clear view of the characteristic curve of friction 

coefficient against speed. The x-axis was later extended to an integrated parameter 

containing information of lubricant, speed and load, shown in Figure 2.5. It has been 

proven to be very useful for determining the lubrication regime of a contact. Barring 

solid contacts, lubrication regimes fall into four different types; from severe to mild, 

boundary lubrication, mixed lubrication, elastohydrodynamic lubrication (EHL), and 

hydrodynamic lubrication.  

c) Film thickness parameter. Film thickness parameter, h/Rq is shown as well for each 

u
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lubrication regimes, where Rq is known as the root mean square roughness. h/Rq has 

been considered to be a useful parameter in characterisation of lubrication layer, 

shown in Figure 2.5.  

Table 2.1. Representative friction coefficient for various lubrication regimes (Dowson, 2001). 

Lubrication regimes Friction coefficient

Dry  0.1-2 

Boundary  0.07-0.15 

Mixed  0.01-0.1 

Fluid film  0.001-0.02 

 
Figure 2.5. Stribeck curve and lubrication regimes, η refers to viscosity of lubricant, u refers to 

speed, and P is the load at the interface. 

A number of numerical models have been developed for studying the mixed-EHL contact 

based on the deterministic models (Jiang et al., 1999; Hu and Zhu, 2000; Zhao et al., 

2001; Redlich et al., 2003; Wang et al., 2004; Holmes et al., 2005; Ichimaru, 2005). 

These analyses are all based on deterministic models with a common feature of using the 

coupled approach to simultaneously solve both fluid film lubrication in the hydrodynamic 

lubricated area, and direct asperity contacts when the lubricating film thickness was 

reduced to a similar height of asperities. In solving the Reynolds equation, elastic 

deformation equation, asperity contact pressure, and operation conditions, the numerical 

method has been found to be much more complex and demanding higher ability of the 

computational server.  
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A simple concept for load sharing has been chosen for the study of the mixed lubrication 

in this thesis. It is assumed that the separation between two surfaces is governed by the 

deformation of asperities, as both compressed lubricant and interacting asperities support 

normal load. If the total load on the contact is Pt, the load supported by asperities is Pa, 

and the load lifted by liquid is Pl, the following expression arises: 

 t l aP P P= +  (2.7) 

Figure 2.6 shows the total contact pressure is shared between direct solid to solid contact 

and a liquid film. 

 
Figure 2.6. Pressure sharing in the mixed lubrication regime. 

Johnson et al. (1972) introduced the scaling factor γ to define these two parts: 

 
1 2

1 1 1
γ γ
+ =  (2.8) 

Where, 1/γ1 and 1/γ2 refer to the sharing proportions for lubricant action and asperity 

interaction respectively. In this model, it is assumed that hydrodynamic film formation 

and solid contact are mutually independent, so that the film formation is not affected by 

the presence of roughness.  

The concept of load sharing is widely used for modelling mixed lubrication problems 

(Tsao, 1975; Soda, 1985; Yamaguchi and Matsuoka, 1992). Combining the classical 

contact theory from Greenwood and Williamson (1966) and the Moes’s film thickness 

function (Moes, 1992), a similar approach was adopted by Gelinck and Schipper and used 

to predicted film thickness and friction for line contact problems (Gelinck and Schipper, 

1999; 2000).  

x

pt(x)

pa(x)

pl(x)
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Later, Lu carried out experimental study on a mixed lubrication line contact (Lu et al., 

2006; Lu and Khonsari, 2007). The Stribeck curve was presented and compared with the 

simulation results using Gelinck and Schipper’s model (1999; 2000), which shows good 

agreement. Figure 2.7 shows part of Lu’s work; friction coefficient and film thickness 

parameter varying with Sommerfeld number (explained in Chapter 5). 

 
Figure 2.7. The film thickness parameter and friction coefficient as a function of the Sommerfeld 

number (Lu et al., 2006). 

2.3 Ultrasonic Method 

Ultrasonic waves have a wide variety of applications over an extended range of intensity, 

including cutting, cleaning and medical applications. The application of ultrasound to 

non-destructive testing was first made possible with the discovery of the piezoelectric 

effect by the brothers Pierre and Jacques Curie in 1880. It is currently most widely used as 

a testing method. Furthermore, due to the reducing cost and increasing capabilities of 

pulsing and digitizing equipment, the use of ultrasonic testing method is becoming 

increasingly widespread. 

The ultrasonic method used to study a contact was first proposed by Kendall and Tabor 

(1971) and Manolov (1970). They found the reflection/transmission of ultrasonic waves 

from/through a contact interface was influenced by the contact stiffness. Tattersall (1973) 

gave the following relationship between ultrasonic reflection coefficient and the stiffness 

per unit area, K: 
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Where, z1 and z2 are the acoustic impedances of two host mediums, 1 and 2 denotes the 

materials above and below the interface respectively, and ω is the angular frequency of 

the ultrasound wave (ω=2πf ), f is the frequency of ultrasound waves. 

Kendall and Tabor’s work was later followed by some theoretical work (Schoenberg, 

1980; Baik, 1984; Temple, 1985). Haines (1980) combined the Kendall-Tabor model 

(1971) with the Tsukizoe-Hisakado model of contact of rough surfaces (Tsukizoe and 

Hisakado, 1965; 1968). Their results showed a theoretical dependence of the 

reflection/transmission coefficient of ultrasonic waves on the nominal contact pressure 

and the surface parameters. This provides a method to calculate contacting pressure 

distribution at an interface by studying ultrasonic reflection form the interface. 

Figure 2.8 shows four contact cases studied by ultrasonic method in this work. For static 

dry contact, nominal normal pressure, pnom, is supported by contacting asperities. When 

ultrasound is projected onto the interface, some of it, T, is transmitted through to the 

second material and some of it, R, is reflected back at air gaps, shown by Figure 2.8 (a). If 

the interface is wetted but still static, some ultrasound is reflected back from the wet layer, 

shown by Figure 2.8 (b). Figure 2.8 (c) shows the mixed lubrication case, where the 

nominal pressure is shared by asperity interaction and lubricant action. Some ultrasound 

is transmitted through asperity contact but some is reflected from liquid layer. If a full 

lubricant layer is formed to separate two contacting surfaces; all reflected ultrasound is 

from the liquid layer, shown by Figure 2.8 (d). This provides a method for determining 

the lubricating film thickness through the ultrasonic measurement. 

As the reflection/transmission coefficient of ultrasonic waves from/through a contact 

interface refers to the nominal contact pressure and other surface parameters, it is widely 

used to characterise different contacts (Manolov, 1970; Kendall and Tabor, 1971; 

Arakawa, 1983; Minakuchi et al., 1985; Królikowski and Szczepek, 1991; Berthoud and 

Baumberger, 1998; Dwyer-Joyce et al., 2001).  
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(a)   (b)  

(c)   (d)  
Figure 2.8. Ultrasonic reflection for four contact cases, (a) dry static contact, (b) wet static contact, 

(c) mixed lubrication contact, and (d) hydrodynamic lubrication. 

 
Figure 2.9. EHL lubricant film thickness variation with ball‐sliding speed (a is contact radii), 

Ultrasonic refection measurements are compared with a theoretical solution (Dwyer‐Joyce et al., 
2003).   

The ultrasonic technique has been used for the measurement of thin oil films in machine 

components (Dwyer-Joyce et al., 2003; Harper et al., 2005; Reddyhoff et al., 2008; 

Zhang and Drinkwater, 2008; Dwyer-Joyce et al., 2011). When ultrasonic pulses are 

incident at a rough surface contact or a thin liquid layer, they are partially reflected and 

partially transmitted, shown in Figure 2.8 (c) and (d). The more contact that exists so the 

thinner the oil film, the less the reflection. Figure 2.9 shows lubrication film thickness 
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from ultrasonic measurement for an EHL contact (Dwyer-Joyce et al., 2003). 

2.4 Interface Stiffness 

2.4.1 Contact Stiffness 

Normal contact between elastic bodies has always been a hot topic among researchers. 

Much theoretical work has been carried out in order to calculate elastic and plastic 

deformation of contacting surfaces with the characteristics of surface asperities, to show 

the factors affecting the deformation (Tsukizoe and Hisakado, 1965; Greenwood and 

Williamson, 1966; Tsukizoe and Hisakado, 1968; Hisakado, 1969, 1970; Pullen and 

Williamson, 1972; Tsukada et al., 1972; Tsukada and Anno, 1972; Uppal and Probert, 

1972; Nuri and Halling, 1975). A term that determines the relationship between applied 

pressure and approach of contacting surfaces is called contact stiffness. It is therefore 

related to the deformation of asperity/surface and the friction at the interface, and 

considered to be one of the key parameters in studying contact dynamics and modelling 

interfaces. 

The earlier exploration of contact stiffness was carried out by Kendall and Tabor (1971), 

Tattersall (1973), and Thomas and Sayles (1977). In order to represent the compliance or 

stiffness at the interface, which will be used to define the usual boundary conditions that 

displacement and stress are continuous, Tattersall (1973) introduced a ‘spring’ concept 

for modelling the contact between two isotropic elastic mediums. The following sketch 

was used to model the contact between two isotropic elastic mediums, body 1 and 2, 

shown in Figure 2.10 (a). 

A density of springs was used to express the interfacial forces between two mediums. 

When external pressure is applied on the interface, the properties of these springs will 

give the displacement of the coupling surfaces of two host bodies. The strength of these 

springs is called interfacial contact stiffness (normal to the contact) and is defined by: 

ܭ ൌ
ݏ݂݁ܿܽݎݑݏ ݐ݆݊݁ܿܽ݀ܽ ݄݁ݐ ݊݋ ݏݏ݁ݎݐݏ ݊݅ ݁ݏܽ݁ݎܿ݊݅

 ݏ݂݁ܿܽݎݑݏ ݐ݆݊݁ܿܽ݀ܽ ݊݁݁ݓݐܾ݁ ݊݋݅ݐܽݎܽ݌݁ݏ ݊݅ ݁ݏܽ݁ݎܿ݊݅
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Namely,  

 nomdpK
dh

= −  (2.10) 

Where, h is the separation of the mean lines of the two contacting surfaces, and pnom is the 

nominal contact pressure given by the applied load divided by the nominal contact area. It 

should be noted that the interfacial stiffness is not like spring stiffness (a constant in 

Hooke’s law) but a non-linear parameter. When the contact area is low, the separation will 

be easily decreased under little applied load. Conversely, if the contact area is high, a 

larger load is needed to get the surfaces to approach by the same amount. 

 

Figure 2.10. (a)Sketch of contact between two bodies, (b) perfectly smooth surfaces contact, and (c) 
rough surfaces contact. 

The springs transmit stress instantaneously across the boundary, so that the stress at the 

boundary of medium 1 is always equal to the stress at the boundary of medium 2. 

Obviously, if two materials are perfectly smooth, shown by Figure 2.10 (b), the contact 

tends to infinitely rigid (K→∞). Whereas, if the coupling bodies have rough surfaces, the 

springs are finitely, shown by Figure 2.10 (c). The top medium (body 1) has a completely 

free boundary; there is no energy transmitted into the second medium (body 2). 

For a loaded interface under the nominal pressure, p, McCool (1986) deduced the 

following expression for asperity contact stiffness based on the GW model (1966).  

 
1/2

1 2 3 22.05 1.24log
0.57e

s s s s

p p EK
D Rσ σ

⎡ ⎤⎛ ⎞′
= −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
 (2.11) 
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Where p is expressed by Equation (2.5). 

For Gaussian of summit height distribution, McCool tabulated, with a good 

approximation, the following expression in analytical form as: 

 2
3 2 ( ) 0.43exp( 0.31 1.43 )F t t t= − −  (2.12) 

2.4.2 Contact Stiffness of a Fluid Film 

An ultrasonic wave will also be reflected back from a thin oil film between two solid 

surfaces, shown by Figure 2.8 (d). Both the interfaces at the front and back of the oil film 

will act to reflect the wave. In most lubricated machinery the oil film is thin, so these two 

reflections cannot be spatially separated. In this case, when the wavelength is large 

compared to the thickness of the interface, it behaves as a single reflector. 

The same spring model approach, as used for rough surface contacts, can be applied to the 

measurement of lubricant films. A lubricant film acts as a compliant layer between the 

two mating surfaces. Rokhlin and Wang (2002) addressed the ultrasonic interaction and 

spring stiffness for thin viscoelastic fluid films. Dwyer-Joyce et al. (2004) showed that 

the oil films formed in conventional elastohydrodynamic and hydrodynamic regimes are 

also governed by the spring model. It is the stiffness of the liquid layer that controls the 

ultrasonic reflection and the spring model, Equation (2.9), applies.  

The oil film is considered as a fluid of bulk modulus, B, between two infinite flat half 

spaces. The ultrasonic wave is again assumed to be large compared with the gap thickness, 

h. This means that the film is constrained to deformation in the through thickness 

direction only. The stiffness of a liquid film is related to its thickness. Hosten (1991) gave 

the following expression for the stiffness of the liquid layer: 

l
BK
h

=  (2.13) 

2.4.3 Contact Stiffness in the Mixed Regime 

At values of the film thickness greater than the surface roughness the interacting surfaces 
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are fully separated by the lubricant and the fluid supports the total load, shown 

schematically in Figure 2.8 (d). As the film thickness reduces due to high loads or slow 

speeds, the contacting asperities become more significant, shown in Figure 2.8 (c). In a 

mixed regime contact the interface consists of both liquid and solid bridges. The spring 

concept is introduced for this interface, the total interfacial contact stiffness (total normal 

stiffness), Kt is contributed from both asperity contact, Ka, and compressed lubricant, Kl, 

shown by Figure 2.11(b) (Dwyer-Joyce et al., 2011): 

 t l aK K K= +  (2.14) 

So combining equations (2.10), (2.13) and (2.14) gives: 

 t
B dpK
h dh

= −  (2.15) 

In this way the mixed regime interface is represented by two springs in parallel, shown in 

Figure 2.11. At greater surface separation, the asperity contact is negligible and, the dp/dh 

term falls to zero, the load is entirely carried by the liquid spring. For this reason the 

asperity spring is drawn not in contact with the lower surface. As the film thickness 

reduces, a limiting value similar to the height of asperities is reached, and solid asperities 

come to contact, giving the spring a finite stiffness, shown in Figure 2.11 (b). Conversely, 

at low separation both the stiffness of the thin liquid film and the asperity spring 

contribute to the solid stiffness.  

(a)   (b)  

Figure 2.11. (a) Sketch of the mixed lubrication, and (b) concept of ‘spring’ for the mixed lubrication 
contact. 
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2.4.4 Shear Stiffness 

Shear stiffness is defined as the ratio of applied shear stress to shear deformation. It has 

been known that the interface consists of independent micro-contacts. This configuration 

is referred to as a multi-contact interface (Berthoud and Baumberger, 1998). Under 

applied normal load, these multi-contact spots will undergo the shear stress caused by a 

sliding movement. The friction behavior is found to be governed by the material 

properties of load-bearing asperities. The statistical parameters, e.g. micro-contact size 

and multi-contact number, provide a method to study the shear property of the sliding 

interface. The shear stiffness shows the ability of the interface to resist the shear 

deformation. It is not an inherent property, but one determined by the strength of the 

multi-contact junctions which are undergoing interlock, elasto-plastic deformation, and 

friction dissipation for a sliding contact.  

 
Figure 2.12. Multi‐contact interface and micro‐contact size, ai is the radii of the ith contact spot. 

Figure 2.12 shows an interface characterised by a distribution ｛ai｝of the spot radii of the 

N micro-contacts for a given nominal pressure. For a single contact, the local shear stress, 

σi, induces a strain, εi = σi /G, within a volume of order of ai
3 (Timoshenko and Goodier, 

1982). G is the shear modulus of material. If the relative displacement is set as x between 

the slider and the track, and the bulk deformation is neglected, the strain is: 

 /i ix aε ≅  (2.16) 

The symbol ≅ stands for equality within a multiplicative geometry-dependent constant. 

Assuming all the contacts are independent with an average size of 〈a〉, then the friction 

force, F, is the integration of all micro-contacts: 

pnom

2ai



 

20 

 

 2

1 1
i i i

i N i N

F a Gx aσ
≤ ≤ ≤ ≤

= ≅∑ ∑  (2.17) 

According to the stiffness definition, the interfacial shear stiffness is given as (Johnson, 

1985): 

 sK NG a≅  (2.18) 

With, the shear modulus of material, G, and the number of contacts, N, are given as: 

 
( )2 1

EG
υ

=
+

 (2.19) 

 ( )
h

N n z dzφ
+∞

= ∫  (2.20) 

E and υ are the elastic modulus and Poisson ratio of the material respectively, n is the total 

number of asperities, h is separation of contacting surfaces, and ( )zφ  is a function of 

asperity height distribution. 

2.5 Summary 

The multi-contact interface between nominally smooth engineering surfaces has been 

presented. Due to the asperity interaction on a given interface, the real area of contact is 

significantly less than the apparent area of contact. The statistical asperity contact model 

presented by Greenwood and Williamson has been introduced. It represents an analytical 

solution for calculation of interface parameters, e.g. asperity interacting force, real 

contact area and interfacial stiffness. 

For lubricated interfaces, hydrodynamic lubrication is not always possible due to severe 

operating conditions. Asperities contact takes place where the lubricant film breaks down. 

A mixed lubrication regime is formed at the interface. It is characterised for the presence 

of solid contact, with a proportion of the pressure remaining supported by a partial 

hydrodynamic film. Based on this concept, the Greenwood and Williamson will be 

adopted for developing a mixed lubrication model for a ball sliding on disc and a pin 

rotating inside bush contacting configurations. Load sharing proportions will obtained, 
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which presents contributions from the solid contact and the liquid layer for supporting the 

nominal pressure. 

The concept and definition of normal and shear contact stiffness have been presented. 

Macroscopically, contact stiffness refers to the ability of interface to resist deformation 

and can currently be obtained through the ultrasonic method. While microscopically the 

multi-contact stiffness relates to the interface characteristics, e.g. contact stress 

distribution, multi-contact size and number, which can be analysed using a theoretical 

model. This provides a way to validate theoretical modelling for the investigation of an 

engineering interface. 
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Chapter 3 Mixed Lubrication Model 

In this chapter, a mixed lubrication model for a lubricated interface was developed based 

on a load sharing concept. Analysis of sharing factors and shear stress from asperity 

contact and liquid layer has been presented in the first part of this chapter. The 

formulation and solution of the model was introduced in the second part. Finally, some 

simulation results were presented for a ball-on-disc contact using this model. Scaling 

factors, film thickness, friction force and friction coefficient are presented. 

3.1 Introduction 

Figure 3.1 shows the hydraulic lubrication between two mating surfaces under a load of P 

and a moving speed u. In most cases, lower load and higher speed are wanted for thicker 

film layer, h, and hence lower friction on the interface. If a full film is formed, the 

lubrication regime is known as the hydrodynamic lubrication. However in many 

engineering applications, due to high load or low speed, film thickness has the similar 

order with surface roughness. Both the rough asperities and hydraulic lubricant support 

the applied load. This is called mixed lubrication. If operating conditions are too severe, 

asperity interaction support most of the load, and the lubrication regime falls to boundary 

lubrication. They are shown on the “Stribeck curve”, presented by Figure 2.5.  

 
Figure 3.1. Sketch of a full film lubricated contact. 
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Mixed lubrication is a transition stage between boundary and hydrodynamic lubrication. 

It is a type of lubrication in which bearing surfaces support the load partially with asperity 

interaction and partially with the lubricant film. The modelling of mixed lubrication was 

carried out by Parir and Cheng (1978) to calculate pressure distribution and film 

thickness of rough surfaces contact. The modelling of load sharing between lubricant film 

and interacting asperities was first studied by Johnson et al. (1972) and Tallian (1972).  

Much experimental and theoretical work has been done on mixed lubrication regime 

(Tsao and Tong, 1975; Soda, 1978, 1985; Yamaguchi and Matsuoka, 1992). Combing 

the classical contact theory from Greenwood and Williamson (1966) and the Moes’s film 

thickness function , the Stribeck curve for line contact was predicted by Gelinck and 

Schipper (2000) and verified by Lu (2006, 2007) through experiments. In this section, 

mixed lubrication modelling for a point contact was developed and discussed. Load 

sharing proportions were predicted which give the contribution of lubricant layer and 

asperity interaction. Film thickness and friction coefficient in the contact were simulated 

against speed, load or integrated value, Stribeck parameter, ηu/P. More theoretical results 

can be found in Chapter 4, 5 and 6. Experiments were carried out to verify modelling 

predictions for line and point contact respectively, which were presented in the later 

chapters. 

3.2 Mixed Lubrication Contact 

In mixed lubrication regime, the pressure in the lubricant is not high enough to support 

the applied load. The separation between two contacting surfaces is of a similar height to 

the surface asperities. As a result, the breakdown of a lubricating film must be taking 

place and is associated, in some way, with contact between the asperities on the two solid 

surfaces when relative movement exits. The approach used here is based on the work of 

Johnson et al. (1972), which introduced the concept of load sharing between pressed 

lubrication liquid and interacting asperities. 
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3.2.1 Load Sharing Concept 

In mixed lubrication regime, both asperity contact and lubricant support exist. The total 

load P is assumed to be shared by contacting asperities and compressed lubricant. This 

concept of load sharing relationship, Pt=Pl+Pa, is widely used for modelling mixed 

lubrication problems (Tsao and Tong, 1975; Soda, 1978; Yamaguchi and Matsuoka, 

1992). It was assumed that hydrodynamic film formation and solid contact are mutually 

independent, so that the film formation is not affected by the presence of roughness 

(Johnson et al., 1972). A statistical model of rough surface contact was combined with a 

solution for smooth surface elastohydrodynamic film thickness. A similar approach was 

adopted by Gelinck and Schipper (2000) who combined the solid contact equations and 

lubrication theory to predicted film thickness and friction for line contact problems.  

Figure 3.2 illustrates a rough surface contact (Johnson et al., 1972). The two surfaces 

have a random distribution of asperity heights. A large number of asperity contacts might 

be expected within the nominal contact area so that, although the pressure on single 

contact spots vary, it can be assumed that a constant average pressure distribution occurs, 

this is called the apparent asperity pressure, Pa. This pressure, together with the pressure 

in the lubricant film, Pl, makes up the total pressure, Pt, which gives rise to the bulk 

elastic deformation of the two surfaces. So, the pressure is contributed by part from 

compressed liquid and metallic contact, shown by the following expression: 

 t l ap p p= +  (3.1) 

 
Figure 3.2. An EHL contact with rough surfaces: the total pressure pt is made up of the fluid 

pressure ph and the asperity contact pressure pa (Johnson et al., 1972). 
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It has been discussed that the nominal contact pressure of asperities is expressed as 

Equation 2.5. Meanwhile, the pressure in lubricating liquid cannot be calculated directly 

but can be related to the film thickness from a fitting equation developed by Hamrock and 

Dowson (1976, 1977). When the film thickness is obtained through theoretical or 

experimental method, the pressure in compressed lubricant can be computed by the 

following equation: 

 ( )0.67 0.53 0.067 0.732.69 1 0.61H U G W e− −= −  (3.2) 

Where H, W, U, and G are a set of dimensionless parameters defined by: 

hH
R

=
′ ,

22
lPW

E R
=

′ ′ ,
0

2
uU

E R
η

=
′ ′ , 2G Eα′ ′= . 

The explanations of parameters in the above expressions were detailed in Section 3.3.2. 

3.2.2 Scaling Factors  

Figure 3.3 shows the concept of pressure sharing in a contact between two elastic bodies. 

The exertion of the load P causes the bulk deformation of the two solids and gives rise to 

the nominal contact area. The spring Kh represents the bulk Hertz deformation of both 

bodies. For a lubricated contact, both oil film and asperities exist, the total contact 

pressure pt, are shared by oil and asperities which are represented by the parallel springs 

Kl, and Ka respectively. The proportion of the load carried by each spring depends upon 

the relative uncompressed length and the stiffness. Thus for an ideal smooth surface 

operating with lubricant, the whole load is taken by the oil film as the “asperity spring” 

whose uncompressed length does not fill the gap whereupon. Conversely rough surfaces 

operating in conditions of inadequate or starved lubrication would be represented by an 

“asperity spring” which carries the entire load and a “fluid spring” which hardly fills the 

gap. Therefore, the condition of mixed lubrication could be represented by two 

compressed springs, referring to asperities and lubricant film respectively. 
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Figure 3.3. A diagrammatic representation of the flexible elements in an EHL contact (Johnson et al., 
1972). 

γ1 and γ2 were introduced in Johnson’s model (Johnson et al., 1972) to represent the 

proportions of hydrodynamic lifting force and the force from surface asperities 

interaction. They are written as: 

 1 l tP Pγ =  (3.3) 

 2 a tP Pγ =  (3.4) 

As the total normal load, Pt, is shared by the hydrodynamic lifting force, Pl, and the 

asperity contact force, Pa, namely: 

 t l aP P P= +  (3.5) 

So, combining equations (3.3)-(3.5), the following expression is obtained, 

 
1 2

1 1 1
γ γ
+ =  (3.6) 

Where 1/γ1 represents the proportion of load supported by compressed lubricant, and 1/γ2 

represents the proportion of load supported by compressed asperities. 

3.2.3 Shear Force on a Mixed Lubrication Contact 

The friction force at asperity contacts is due to the tangential interaction of asperity 

summits. Similarly, a viscous friction is generated in lubricant liquid if tangential 

movement taking place between mating surfaces. Figure 3.4 shows how shear forces 
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from asperity contact and liquid layer contribute to the entire friction force, Qt.  

 
Figure 3.4. A sketch of shear forces taking place on a mixed lubrication interface.   

 t l aQ Q Q= +  (3.7) 

Entire shear force, Qt , is the integration of asperity interacting force, Qa, expressed by 

dry friction coefficient, µ, multiplying normal force, pa , and liquid shear force, Ql. 

3.2.3.1 Shear Force of a Lubricant Film 

The hydrodynamic shear force, Ql , is given by the following expression, 

 
l

l l l
A

Q dAτ= ∫∫  (3.8) 

Where τl represents the shear stress and Al is the contact area of the fluid. 

The Bair-Winer model (1979) is used to deduce the lubricant shear force, Ql. In their 

model, the shear rate, γ , is expressed as: 

 ln(1 )lL

L

ττγ
η τ

= − −  (3.9) 

Where η represents the lubricant viscosity and τL is the limiting shear stress and is 

expressed as (Bair and Winer, 1979, 1990; Jacobson and Kalker, 2000; Ståhl and 

Jacobson, 2003; Hamrock et al., 2004): 

 0 0L L mpτ τ β= +  (3.10) 

Where τL0 is the limiting shear stress at ambient pressure, β0 is the slope of the limiting 

shear stress-pressure relation; both are constants unique to specified oil. And pm 

represents the mean contact pressure from Hertzian theory. 

pt

Qt

Aa
u

pl

Qa

pa
µpaQl
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A dimensionless shear rate parameter, λ΄, was introduced by Khonsari and Hua (1993) 

which has the following form: 

 
L

γ
λ η

τ
′ =  (3.11) 

By combing equations (3.9)-(3.11), the expression for shear stress in lubricant can be 

obtained as: 

 ( )1l L e λτ τ ′−= −  (3.12) 

The traction force per unit length of contact QL is determined by integrating the shear 

stress along the movement direction: 

 ( )1L l LQ dx e dxλτ τ ′−= = −∫ ∫  (3.13) 

A laminar Newtonian fluid is assumed in this model and there is no slip at either contact 

surface. The relative motion between two contacting surfaces can be shown by Figure 

3.5.  

 
Figure 3.5. Sketch of the flow of lubricant at the interface. 

So the shear rate is written as: 

 
u u
y h

γ ∂
= =
∂

 (3.14) 

Where u is the speed of the lower surface, and h represents the separation of two rough 

surfaces, which is assumed to be constant and equal to the central film thickness hc. 

Substituting equations (3.11), and (3.14) into (3.13), and taking the positive traction force, 

y

u(y)

x
u

h
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the total hydrodynamic friction force is expressed as: 

 ( )/
01 c Lu h

l LQ e Aη ττ −= − ⋅  (3.15) 

Where A0 is the nominal contact area.  

The lubricant viscosity η is assumed to obey the Roelands’s formula (Roelands, 1966), 

 
1 1

0
0

Z
m

p

p
cηη η

η

⎡ ⎤⎛ ⎞⎢ ⎥− +⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦∞⎛ ⎞

= ⎜ ⎟
⎝ ⎠

 (3.16) 

Where η0 is the lubricant dynamic viscosity at zero pressure and inlet temperature, for 

most of oil lubricants, its value can be found in (Raimondi and Szeri, 1984). η∞ and cp are 

two constants in the function with the values of 6.315×10-5 Pa·s and 1.962×108 Pa 

respectively (Hamrock et al., 2004). The Roelands’s pressure-viscosity index Z can be 

estimated from the lubricant’s viscosity (dynamic viscosity, in centipoises) at 40°C and 

100°C through the following equation (Fein, 1997), 

 ( ) ( )1.5
40 100 407.81Z H H F= −⎡ ⎤⎣ ⎦  (3.17) 

Where 

( )40 40log log 1.2H μ= +⎡ ⎤⎣ ⎦  

( )100 100log log 1.2H μ= +⎡ ⎤⎣ ⎦  

40 400.885 0.864F H= −  

3.2.3.2 Shear Force for Metallic Contact 

The friction force is the integration of all single asperity contacts, shown in Figure 3.4. So 

the entire friction force for metallic contact, Qa, is the integration of each shear force 

element (Gelinck and Schipper, 2000): 

 
1

N

ai aia ai
i

Q p dAμ
=

= ∑∬  (3.18) 

Where N, μ, Pa, and Aa are the number of asperity contacts, friction coefficient, mean 

contact pressure, and contact area respectively, and i refers to the ith asperity contact. 
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The friction coefficient, μa, is assumed to be constant, over all asperity contacts: 

 
1

N

i ia a
i

a aQ p dAμ
=

= ∑∬  (3.19) 

The pressure from each contacting spot contributes to the total load, Pa supported by the 

interacting asperities: 

 
1

a ai ai

N

i

P p dA
=

= ∑∬  (3.20) 

Therefore, the total tangential force from metallic contact is written as: 

 a a aQ Pμ=  (3.21) 

3.2.3.3 Friction Coefficient 

It has been shown in Figure 3.4 that the total friction force, Qt, produced at the interface is 

composed of two parts: one is the hydrodynamic friction force, Ql, which mostly relies on 

lubricant viscosity, and the other is asperity interacting shear stress, Qa, which is 

influenced mostly by the morphology of the mating surfaces. The whole friction force is 

the sum of these two parts: 

 t l aQ Q Q= +  (3.22) 

Friction coefficient is defined as friction force divided by external normal load. So the 

apparent friction coefficient of mixed lubrication contact is expressed as: 

 t l a

t t

Q Q Q
P P

μ +
= =  (3.23) 

3.3 Mixed Lubrication Model 

3.3.1 Asperity Contact Component 

The rough surface contact the GW model (1966) has been adopted in this study. In this 

model, the load supported by asperities is: 
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 0a aP p A=  (3.24) 

Where pa is the nominal contact pressure, and A0 is the nominal contact area. Greenwood 

and Williamson gave the contact pressure in a rough surface interface as: 

 ( )1/2 3/2
3/2

2
3a s s sp D E R F tσ′=  (3.25) 

Combining equations (3.24) and (3.25), the load supported by asperities becomes: 

 ( )1/2 3/2
0 3/2

2
3a s s sP A D E R F tπ σ′=  (3.26) 

As it is known that the load sharing proportion of metallic contact part is set as 1/γ2. In 

Equation (3.26), replacing Pa by Pt /γ2, E΄ by E΄/γ2, and Ds by Ds /γ2 (Gelinck and Schipper, 

2000) gives: 

 ( )
2/3

1/2 3/2
3/2

2

32
3 4

t t
s s s

P PRD E R F t
E

π σ
γ

′⎛ ⎞′= ⎜ ⎟′⎝ ⎠
 (3.27) 

3.3.2 Elastohydrodynamic Lubrication Component 

The load lifted by lubricant can be related to film thickness by using the film thickness 

equation for an EHL point contact developed by Hamrock and Dowson (1976, 1977): 

 ( )0.67 0.53 0.067 0.732.69 1 0.61H U G W e− −= −  (3.28) 

Where H, W, U, and G are a set of dimensionless parameters are defined as follows: 

hH
R

=
′ ,

22
lPW

E R
=

′ ′ ,
0

2
uU

E R
η

=
′ ′ , 2G Eα′ ′=

. 

where η0 is the inlet viscosity at ambient pressure, u is sliding speed, and α΄ is the 

pressure-viscosity coefficient, which can be obtained by plotting the natural logarithm of 

dynamic viscosity versus pressure. The slope of the graph is the pressure-viscosity 

coefficient. 
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Similarly, the scaling factor, γ1 is used to express the load supported by the hydrodynamic 

film. Substituting E΄/γ1 for E΄ and Pt /γ1 for P, again following the method of Gelinck and 

Schipper (2000), the film thickness equation for mixed lubrication can be rewritten as: 

 
0.530.67 0.067

0 1
2

1

21.899
2 2

tu Ph E
R E R E R

η γ α
γ

−⎛ ⎞′ ′⎛ ⎞ ⎛ ⎞= ⎜ ⎟⎜ ⎟ ⎜ ⎟′ ′ ′ ′ ′⎝ ⎠ ⎝ ⎠⎝ ⎠
 (3.29) 

3.3.3 Formulation and MathCAD Solution 

Equation (3.6) defines the load sharing proportions 1/γ1 and 1/γ2. Equation (3.27) relates 

1/γ2 to the surface separation, h. The third Equation, (3.29) relates the lubricant layer 

thickness to 1/γ1. Hence, a set of equations containing three un-known reads: 

 ( )
2/3

1/2 3/2
3/2

2
0.530.67

1 2

0.067
0 1

2
1

32
3 4

21.899

1

2

1

2

1

t t
s s s

t

P PRD E R F t
E

u Ph E
R E R E R

π σ
γ

η γ

γ γ

α
γ

−

⎧
⎪
⎪
⎪ ′⎪ ⎛ ⎞′=⎨ ⎜ ⎟′⎝ ⎠⎪
⎪ ⎛ ⎞′ ′⎛ ⎞ ⎛ ⎞⎪ = ⎜ ⎟⎜ ⎟ ⎜ ⎟⎪ ′ ′ ′ ′ ′⎝ ⎠ ⎝⎝⎩

=

⎠⎠

+

 (3.30) 

A MathCAD program was written to solve this set of simultaneous equations for given 

input conditions. Once scaling factors 1/γ1, 1/γ2 and film thickness h are solved, then load 

sharing, shear forces, and friction coefficient can be calculated using equations (3.3), 

(3.4), (3.15), (3.21) and (3.23). More details about calculation process can be found in 

Appendix A-1. 

3.5 Conclusions 

In this chapter, a mixed lubrication model has been developed to determine load sharing 

factors and lubrication film thickness. Programs have been written using MathCAD for 

solving the mixed lubrication model. 
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In Chapter 4, a ball-on-disc contact has been simulated using the mixed lubrication model. 

The load sharing parameters and liquid layer thickness, friction force from asperity and 

liquid were obtained as well as the apparent friction coefficient at the interface. The 

model was further used for the determination of the interfacial stiffness. And the 

predictions were compared to ultrasonic measurements. In Chapter 5, the model was 

revised for predicting friction coefficient (frictional torque) for a landing gear pin joint 

contact.  
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Chapter 4 Mixed Lubrication in an EHL 
Contact 

In this chapter an EHL contact (Elastohydrodynamic lubrication) between a lubricated 

sliding ball and a disc was investigated. First, the contact stiffness for static dry/wet 

contact was studied using different statistical models. Then, for the dynamic contact, the 

mixed lubrication model discussed in Chapter 3 was applied to predict the stiffness of 

asperity contact and liquid layer. Simulations were compared to ultrasonic measurements. 

Finally, the oil film thickness was analysed by studying the contact stiffness calculated 

from ultrasonic reflection. 

4.1 Introduction 

EHL is a common lubrication case taking place on counter-formal surfaces. Ideally, when 

two deformable mediums come into contact, it is theoretically possible to capture a 

hydrodynamic film between two faces thus there is no metallic contact occurring. This 

requires the surfaces to be extremely smooth and carefully aligned. However, frequently 

the hydrodynamic action is insufficient to generate a fluid film thick enough to separate 

rough asperities distributed on mating surfaces.  

Figure 4.1 shows four contact cases between a steel ball and disc: (a) static dry contact 

under the normal load of Pt, which is supported by interacting asperities randomly 

distributed on the rough surface of contact bodies; (b) static contact wetted by lubricating 

oil; (c) mixed lubrication contact, where normal load is shared by interacting asperity 

summits and the compressed oil film; (d) hydrodynamic lubrication, where a full oil film 

is formed, which lifts the entire normal load. 



 

35 

 

 
Figure 4.1. Sketch of a ball and disc contact, (a) static dry contact, (b) static wet contact, (c) 

mixed lubrication contact, (d) full film separation. 

Ultrasonic experiment of the steel ball sliding on disc was carried out to study the contact 

stiffness for above contact cases by Reddyhoff (2006). However, ultrasonic reflection 

yields only a combined stiffness from the interface, which is composed of both liquid 

stiffness and asperity contact stiffness. It is impossible to extract the individual stiffness 

using experimental method. In this work, the mixed lubrication model was used to 

predict individual stiffness. A good agreement between theoretical simulations and 

ultrasonic measurements were observed for dynamic contacts. Then, load sharing 

proportions, predicted in the model, was used to separate liquid layer stiffness from total 

interfacial stiffness, and hence determine the oil film thickness. This demonstrates an 

approach by which this model can be used to extract useful information from the 

ultrasonically measured data. Details were presented in the later sections.  

4.2 Experimental Benchmark 

Ultrasonic measurements on the ball-on-disc contact were carried out under varying 

mean Hertzian pressures (Reddyhoff, 2006). Figure 4.2 (a) shows the configuration of the 

contact, where ultrasound is reflected and measured to determine contact stiffness. A 

water bath was used to enable focusing of the ultrasonic pulse. The ball was half 

submerged in the lubricant oil and rotating, hence a film layer was formed between the 

ball and the disc. The contact between ball and disc was pure sliding and the sliding speed 

of the ball was recorded. Surface speed was set from zero to 0.5 m/s during all tests. The 

load, in the range of 20 to 80 N, was applied on the sliding ball by a hydraulic jacking 

(c) (a) 

Pt Pt 

oil 
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Pt 

oil 
u
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system below the ball. According to an elastic calculation, this corresponded to contact 

radii from 0.11 to 0.174 mm, and mean contact pressures in the range of 0.53 to 0.84 GPa. 

(a)  

(b)  
Figure 4.2. (a) Photo of the ultrasonic test rig, and (b) schematic diagram of elastohydrodynamic 

test apparatus. 

Figure 4.2 (b) shows the schematic diagram of ultrasonic test apparatus. A bespoke 50 

MHz piezoelectric transducer was commissioned (from NDT Systems Ltd) for this test 

case. The test lubricant was a VG68 mineral oil (Shell Turbo T68). Both the ball (19mm 

in diameter) and disk were ground and lapped to give surface finishes of RMS roughness 

Rq = 0.256 μm, and Rq = 0.339 μm respectively. 
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 (a)  

(b)  
Figure 4.3. Ultrasonic reflection measurement for a start‐up sequence of ball‐on‐disc contact under 
the mean contact pressure of 0.76 GPa, (a) reflection coefficient and ball sliding speed varying with 

time, (b) contact stiffness calculated from measured reflection coefficient. 

Figure 4.3 (a) shows the reflection coefficient measured in a start-up sequence for the ball 

and disc contact. The first stage in the test was shown as ‘static dry’ on the figure, which 

corresponds to Figure 4.1 (a). The ultrasound was reflected from the interface composed 

of interacting asperities. The lubricating oil was then added to the contact and the ball was 

turned a few cycles before kept stationary to wet the interface, which corresponds to 

Figure 4.1 (b). This time ultrasonic waves were reflected both from metallic contact spots 

and the thin oil film. Reflection coefficient was found to decrease to around 0.07 from 0.2 

for the static dry case. After that the sliding speed of ball increased gradually to 0.46 m/s. 

The reflection coefficient was increased with speed to 0.33. Figure 4.3 (b) is the 

interfacial stiffness calculated from reflection coefficient using ultrasonic spring model, 
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Equation (2.10) in Chapter 2. Contact stiffness was found to be around 40 GPa/μm at the 

dry stationary stage. After lubricant oil was added to the interface, it increased 

significantly to 110 GPa/μm. It can be seen that the lubricant oil trapped in the asperity 

gaps contributed greatly to the ultrasonic reflection and hence the interfacial stiffness. In 

the dynamic stage, the stiffness was found to decrease with increasing sliding speed. At 

the highest speed, the interfacial stiffness reached the lowest value of around 25 

GPa/μm. 

 
Figure 4.4. Interfacial stiffness of ball‐on‐disc contact against sliding speed under varying nominal 

pressures. 

Figure 4.4 shows how oil lubricated contact stiffness calculated from measured reflection 

coefficient vary with sliding speed for a range of contact pressures. Higher pressure leads 

to better bonded interface and less ultrasound wave reflection. Therefore greater stiffness 

was obtained using the spring model. In the later section, the interfacial stiffness was 

analysed using the mixed lubrication model. Comparison between simulations and 

experimental results were presented. 

4.3 Mixed Lubrication Model for Contact Stiffness 

4.3.1 Stiffness of Static Dry Contact 

The contact between rough surfaces has been investigated by many researchers. Three 

typical models of rough surface contact are: (i) the Greenwood-Williamson model (1966); 
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(ii) the Whitehouse-Archard-Onions model (Whitehouse and Archard, 1970; Onions and 

Archard,1973); (iii) the Bush-Gibson-Thomas model (1975), which are referred as GW, 

WAO and BGT model respectively. 

4.3.1.1 GW Model  

The GW model is based on purely elastic deformation of contacting asperities. Under all 

the contacting conditions, the deformation of asperities on the rough surfaces is assumed 

not to exceed the elastic regime. All the asperities are uniformly distributed on the 

contacting surfaces with the density per unit area, Ds. They are presumed to follow a 

normal probability law with a standard deviation, σs, and their summits are of spherical 

shape with the same radius of curvature, Rs. 

In this model, the contacting parameters are obtained as: 

The real contact area (total contact area of asperities): ( )0 1s s sA D A R F tπ σ= ; 

The nominal contact pressure: ( )1 2 3 2
3 2

2
3 s s sp D E R F tσ′= ; 

Number of contact spots: ( )0 0sN D A F t= . 

Where N is the number of asperity contacting pairs, Ds is the asperity distribution density 

per unit area, A0 is the nominal contact area, A is the total contact area of the summits, Rs 

is the mean radius of the summits, σs is the variance of the summit height distribution, p is 

the nominal contact pressure, E΄ is the reduced elastic modulus of Hertzian contact, t is 

the standardized separation of surfaces, t = h/σs, h is the separation of the mean lines of 

two rough surfaces, and Fn(t) is integral of summit height distribution, for Gaussian 

distribution of asperity heights it is expressed as Equation (2.6). 

 
According to the definition of contact stiffness: 

 
dpK
dh

= −  (4.1) 

McCool (1986) deduced the following expression for asperity contact stiffness: 
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1/2

1 2 3 22.05 1.24log
0.57a e

s s s s

p p EK
D Rσ σ

⎡ ⎤⎛ ⎞′
= −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
 (4.2) 

It is clear that the contact stiffness is a function of contact pressure, and the asperity 

contact pressure is related to the integral parameter F3/2(t). For Gaussian distribution of 

summit height, McCool tabulated, with a good approximation, the following expression 

in analytical form, as: 

 2
3 2 ( ) 0.43exp( 0.31 1.43 )F t t t= − −  (4.3) 

4.3.1.2 WAO Model  

In this model, similar to the GW model, the contacting asperity summits are assumed to 

be hemispherical. Therefore the total real contact area is composed of many of circular 

spots. There are two main differences in the WAO model compared to GW model: firstly, 

the asperity height distribution in WAO model is not Gaussian but is a distribution 

function derived from the assumed Gaussian distribution; secondly, the radius of asperity 

summit is not assumed to be constant, but following the higher asperities have sharper 

peaks (smaller radius). The WAO model gives the following expressions for the real 

contact area and the relationship between the nominal contact pressure and the approach 

of the two surface mean lines: 

The real contact area (total contact area of asperities): ( ) ( )2
0 2.3s s AA D A R F tπ= ; 

The nominal contact pressure:
 

( ) ( )1/ 24 5
15 s s pp D E F tσ′= ;

 

Number of contact spots: ( )0s nN D A F t= . 

Fn(t), FA(t) and Fp(t) are functions of the dimensionless separation between contacting 

surfaces. Whitehouse and Archard (1970) tabulated the following expressions for them 

with a quite good approximation in analytical form: 

 2( ) 0.3885exp( 0.4 1.3 )AF t t t= − −  (4.4) 
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 2( ) 0.612exp( 0.4 1.3 )pF t t t= − −  (4.5) 

 2( ) 2.6 exp( 0.53 0.24 )nF t t t= − −  (4.6) 

Correspondingly, the real contact area, the nominal contact pressure and the contacting 

spot number are as follows: 

The real contact area (total contact area of asperities): 
2 2

06.46 exp( 0.4 1.3 )s sA D A R t t= − − ; 

The nominal contact pressure: 21.877 exp( 0.4 1.3 )s s sp D E R t tσ′= − − ;
  

Number of contact spots: 2
02.6 exp( 0.53 0.24 )sN D A t t= − − . 

According to the definition of contact stiffness, Królikowski and Szczepek (1991) used 

the WAO model to predict the interface stiffness. They gave an analytical curve fit to the 

data: 

 
1/2

1/2

2.71.7 1.6 loga e
s s s

p pK
E Dσ σ

⎡ ⎤⎛ ⎞
= −⎢ ⎥⎜ ⎟′⎝ ⎠⎣ ⎦

 (4.7) 

4.3.1.3 BGT Model  

Bush, Gibson and Thomas (BGT) developed an elastic contact model for isotropic 

surfaces by adopting the Nayak (1973) micro-geometry assumptions. Different from 

above two models, the contacting tips on the rough surface are considered to be elliptical, 

so three parameters are needed to define the tip shape: the height of the summit and two 

principal radius of curvature. Figure 4.5 shows the random distribution of elliptical 

contacts. In the calculation of real contact area and nominal contact pressure for GW 

model, only the distribution of the summit height is required. However, the corresponding 

calculation under BGT model requires multidimensional integration of the joint 

distribution of summit height. The following asymptotic solutions were given for BGT 

model (McCool, 1986): 
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and (c). Among three models, the GW model predicts the lowest contact area, shown in 

Figure 4.6 (b). The interface stiffness should therefore be the lowest. This is confirmed 

by the Figure 4.6 (a), in which the GW model presents the smallest contact stiffness. 

Detailed calculation process for these three models can be found in Appendix A-3. 

(a)  (b)  

(c)  
Figure 4.6. Comparison among GW, WAO and BGT model, (a) Contact stiffness, (b) real contact area, 

and (c) contact spots number. 

4.3.2 Stiffness of a Fluid Film 

The stiffness of a lubricant layer was derived as Equation 2.13 (Hosten, 1991). It is the 

bulk modulus, at the appropriate contact pressure, divided by the oil film thickness. The 

bulk modulus can be determined from its acoustic properties according to (Yarwood, 

1953): 
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Where c is the speed of sound through the liquid, and ρ is its density. The speed of sound 

in a sample of oil can readily be measured (using a time of flight method) and the bulk 

modulus deduced. This is quite satisfactory for application in low pressure hydrodynamic 

cases (Dwyer-Joyce et al., 2003). However, in EHL the oil is subject to high pressure and 

so its bulk modulus changes significantly. 

Measuring the bulk modulus under such conditions is difficult. Normally this would 

require a high pressure chamber (Jacobson and Pascal, 1987; Jacobson, 2006). An 

ultrasonic approach has been used on an EHL contact where an optical interference 

method was used to determine the film thickness independently (Kondo et al., 2006). 

This can then be used in Equation (4.11) to determine the bulk modulus. 

In this study, the analysis from Bair (2007) is used to calculate the bulk modulus of the 

compressed lubricant, it is expressed as: 

 ( ) ( )0 0 0
00

11 log 1 1 1
1

e
pB B B p B

BB

⎧ ⎫⎡ ⎤⎪ ⎪⎡ ⎤′ ′= − + + + +⎨ ⎬⎢ ⎥ ⎢ ⎥⎣ ⎦′+ ⎣ ⎦⎪ ⎪⎩ ⎭
 (4.12) 

Where p is the pressure in liquid, B0 is the bulk modulus at ambient pressure ( p = 0 ); B0΄ 
is the pressure rate of change of B at ambient pressure, which is approximately 11. B0 is 

described as (Fakhreddine and Zoller, 1990): 

 0 00 exp( )kB B Tβ= −  (4.13) 

Where B00 is approximately 9 GPa, βk is approximately 6.5 × 10-3 K-1, and T is the 

absolute temperature. This equation is considered to be the most accurate (Hirschfelder et 

al., 1954) and even accurate for extrapolation to very high pressures (Millat et al., 1996). 

It has been used successfully in a free volume pressure-viscosity correlation (Cook et al., 

1994). The nominal pressures of ball and disc contact were used in Equation (4.12) for 

lubricant bulk modulus. The ultrasonic vibration is very low amplitude and high speed. It 

is therefore an isentropic process and so it is the adiabatic bulk modulus that is the 

relevant fluid property. Table 4.1 shows the bulk modulus calculated in this study. 
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Table 4.1. Lubricant bulk modulus with varying test pressures. 

Load, N Nominal contact 
pressure, GPa 

Bulk modulus, 
GPa 

0 0 1.339 
10 0.420 5.546 
20 0.529 6.565 
30 0.605 7.269 
40 0.666 7.823 
50 0.718 8.287 
60 0.763 8.691 
70 0.803 9.049 
80 0.839 9.374 

4.3.3 Stiffness of Static Wet Contact 

If the interface is submerged in oil, surface tension, or a small relative movement between 

the contacting surfaces, will draw in liquid to fill the pockets between the asperity 

contacts. If the load increases, the two interfaces approach and extrude a finite but very 

small volume of lubricant (Figure 4.1 (b)). When ultrasonic waves strike this interface 

some will pass through the asperity contact and others are reflected back from the 

lubricant pockets. Therefore, for a wet interface the total interfacial stiffness has two 

components: the solid stiffness arising from the mechanical asperity interaction, and the 

lubricant stiffness attributable to the lubricant pockets. 

The surface roughness has a random distribution, and the real area of contact is relatively 

small compared to the apparent area. It is therefore reasonable to assume that the 

lubricant can freely flow between the valleys (i.e. there are no trapped and isolated 

pockets of lubricant). This means that the oil is under ambient atmospheric pressure, even 

though asperities contacts are under a very much greater pressure. The stiffness of the 

asperity contacts can be determined from GW model using Equation (4.2). 

The total stiffness is the sum of liquid stiffness and asperity contact stiffness: 
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 t a lK K K= +  (4.14) 

So the interfacial ：stiffness for static wet case should be written as  

 
1/2

0
1/2

2.71.7 1.6 logt a l e
s s s

Bp pK K K
E D hσ σ

⎡ ⎤⎛ ⎞
= + = − +⎢ ⎥⎜ ⎟′⎝ ⎠⎣ ⎦

 (4.15) 

Where the bulk modulus for the oil at ambient pressure, Bo is used, Equation (4.13) is 

used to calculate B0 as 1.339 GPa (see Table 4.1). 

4.3.4 Stiffness of Mixed Lubrication Contact 

In the case of a sliding contact, oil is entrained between the surfaces and a hydrodynamic 

pressure is generated. If the sliding speed is sufficiently high then a full film occurs and 

there is no asperity contact. Equation (2.13) can then be used to determine the stiffness of 

the contact which is now entirely supported by liquid.  

If however the lubricant film thickness is less than the surface roughness then both the 

hydrodynamic film and the asperity contacts contribute to the total stiffness according to 

Equation (4.14). In this section, an equation set was built to predict the load sharing 

proportions and surface separation. From these predictions, Ka and Kl can be calculated 

from equations (4.2) and (2.13). The method follows the approach of Gelinck and 

Schipper (2000), in which the film formation was modelled independently of asperity 

contact. 

From Equation (3.30), three unknown variables, γ1, γ2 and h can be obtained and used to 

calculate asperity contact stiffness and lubricant stiffness using equations (4.2) and (2.13) 

separately. Then the total interfacial contact stiffness can be determined by using 

Equation (4.14). 
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4.4 Model Inputs and Simulation Results 

4.4.1 Input Parameters of Ball and Disc Contact 

The steel ball and disc were machined with high-quality finish surfaces. Characteristics 

and working conditions of the contact between the ball and disc are shown in Table 4.2. 

Table 4.2. Characteristics and operating conditions of ball and disc contact. 

Parameter Symbol Value 

Elastic modulus of steel ball and disc E 200 GPa 

Poisson’s ratio of steel ball and disc υ 0.31 

Radius of ball Rba 19 mm 

Normal load Pt 30,40…80 kN 

Sliding speed u up to 2 m/s 

Table 4.3. Surface parameters of ball and disc. 

Parameter Symbol Value 

Asperity density Ds 1.97×1010 m-2 

Mean radius of asperity summits Rs 2.7 µm 

Standard deviation of asperity summit heights σs 0.3 µm 

Surface roughness of ball Rab 0.218 µm 

Surface roughness of disc Rad 0.291 µm 

Root mean square roughness of ball Rqb 0.256 µm 

Root mean square roughness of disc Rqd 0.339 µm 

The asperity parameters shown in Table 4.3 were obtained from profiles of the ball and 

disk surfaces measured by a Mitutoyo stylus profilometer. The recorded surface profile 

was put in MathCAD. By counting the number of asperity summits for the studied 

profile, a scanning step was set as length of measured profile divided by summit number. 

A MathCAD program was written for scanning along the profile until three points on 

one asperity arc can be used for calculation of mean summit radius, Rs. Meanwhile, the 
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number of asperity per unit length, Dp, was recorded. The asperity distribution density 

per unit area, Ds , is then determined through Ds=1.8 Dp
2 (Williams, 2005). For Ds, Rs, 

and σs, the average value of two surfaces were used for further analysis. 

In this study, Shell Turbo Oil T 68 was used to lubricate the ball and disc contact. 

Lubricant properties are shown in Table 4.4.  

Table 4.4. Properties of lubricant oil used in this study. 

Parameter Symbol Value 

Lubricant dynamic viscosity at zero 
pressure and 40°C temperature η0 0.095 Pa·s 

Pressure-viscosity coefficient α΄ 25.1 GPa-1 

Density of the oil at 15°C ρ 0.876 kg/L 

4.4.2 Simulation Results 

All the parameters in the above section were inputted into a MathCAD program for 

solving the equation set (Equation (3.30)). Scaling factors and film thickness were 

predicted from the program under varying operating conditions. Processing details in 

MachCAD have been described in Chapter 3. More details can be found in Appendix 

A-1. 

Figure 4-7 shows the predicted scaling factors varying with contact pressure. For the 

speed range of 0.01-4m/s, the lubricant layer was found to bear more than 50% of the 

normal load. It can be concluded that substantial hydrodynamic action of lubrication layer 

is taking place on the contacting interface, especially under higher speeds. Even though 

higher loads lead to more severe metallic contact, the load sharing ratio of lubricant, 1/γ1 

was found greater than that of the asperities, 1/γ2 for all simulated pressures. 
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Figure 4‐7. Scaling factors γ1 and γ2 varying with mean Hertzian pressure for four speed cases. 

 
Figure 4‐8. Shear forces of liquid and asperity varying with sliding speed. 

Figure 4-8 shows the friction force on the interface. Shear forces for asperity contact, Qa 

and shear force from the liquid film, Ql are simulated and presented in the figure. It was 

found that the asperity shear force was much higher than the lubricant shear force. The 

shear force of liquid layer has an opposite varying trend compared to metallic contact. It 

decreased dramatically with increasing speeds. No full separation between contacting 

surfaces was observed during the whole speed range. 

Figure 4-9 shows predicted Stribeck curves for varying pressures. In order to show the 

results clearly, Stribeck parameter ηu/Pt was made logarithmic. As expected, mixed 
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lubrication regime were observed for all pressures. It shows the consistency to the load 

sharing concept of the model. It can be seen that Stribeck curves didn’t show a flat under 

lower Stribeck parameter, log (ηu/Pt) < 0.1. This is due to the shear force of asperity 

contact that increases with sliding speed much quicker than initially compared with the 

decrease of lubricant shear force, shown in Figure 4-8. The calculation process for 

Figure 4-8 and Figure 4-9 can be found in Appendix A-2. 

 
Figure 4‐9. Simulation Stribeck curves for varying loads. 

 
Figure 4.10. Scaling factors and film thickness for two surface finishes under a pressure of 0.76 GPa. 

Figure 4.10 shows the prediction of a standard rough surface (Rq = 0.34 μm) compared 
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with a polished surface (Rq = 0.03 μm), both under a pressure of 0.76 GPa (60 kN). The 

scaling factors show significant difference but the film thicknesses are almost the same 

for both surfaces. For smooth surface, asperity interaction contributes little to load 

supporting. More than 60% of the load was supported by the liquid layer. Above sliding 

speed of 0.3m/s, film thickness was found to be in the range of 0.2-0.31μm, which was 

the typical EHL film thickness range (0.2-0.4 μm) and similar to those findings for 

ground surfaces (Stachowiak and Batchelor, 2005). However, in the whole speed range, 

1/γ1 was found to be less than 100%, which means the load was not wholly supported by 

the lubricant, asperity interaction existed. Therefore, in evaluating EHL contact, the 

asperity interaction should be considered as the film thickness is usually in a similar 

order of surface roughness. Even so, smoother surfaces produce better tribological 

properties as more conformable surfaces are essential for lubrication formation. 

A parameter known as lambda ratio is usually used to express the comparison between 

the film thickness and the surface roughness. It shows the ratio between film thickness 

and the composite roughness from two surfaces in contact. The definition is given as 

(Tallian, 1967): 

 
2 2
qb qd

h
R R

λ =
+

 (4.16) 

Where h is the film thickness, and Rqb and Rqd are the root mean square roughness of two 

contacting bodies, here they refer to the ball and disc respectively. It has been found that 

if the lambda ratio is lower than 1, asperity interaction is quite severe (Stachowiak and 

Batchelor, 2005), and the contacting surfaces are operating in the mixed lubrication 

regime. When λ is greater than 4, full separation film is formed between contacting 

surfaces.  
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Figure 4.11. Scaling factors and lambda ratio against sliding speed under varying pressures. 

Figure 4.11 shows scaling factors and lambda ratio varying with sliding speed for three 

pressures, 0.61 GPa, 0.72 GPa and 0.84 GPa. The proportions of hydrodynamic action 

(expressed as 1/γ1) and the lubricant film thickness were found to increase with velocity. 

This confirms that speed plays an important part in film formation. At the speed of 0.5 

m/s, more than 90% of the total load is supported by liquid layer. However, when the 

sliding speed was below 0.1 m/s, Appreciable solid contact was still observed as 1/γ2 

was found to be between 20% and 50%. In the whole speed range, the lambda ratio, λ, 

was shown to be lower than 0.8. It means there was no full separation between ball and 

disc surfaces within the simulated speed, up to 0.5 m/s. Interacting asperities and 

lubricating film share the total applied load.  

4.4.3 Contact Stiffness 

When scaling factors were obtained from the MathCAD program, pressures shared by the 

lubricating film and asperities can be separated from each other. They were later used in 

Equation (4.2) for solving asperity contact stiffness, and Equation (4.12) for solving 

lubricant bulk modulus respectively. Liquid stiffness can be determined from equation 

(2.13) using the bulk modulus divided by the film thickness. Therefore, the total contact 

stiffness is the sum of asperity stiffness and liquid stiffness through Equation (4.14). A 

MathCAD program has been written for solving the asperity contact stiffness, details 
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can be found in Appendix A-3. 

(a)  (b)  
Figure 4.12. Static contact stiffness against nominal contact pressure, (a) asperity contact stiffness, 

Ka and liquid layer stiffness, Kl, and (b) integration stiffness, Kt. 

Figure 4.12 shows theoretical simulations of contact stiffness varying with nominal 

pressure up to 0.2 GPa. The liquid layer stiffness, Kl, was found to be much higher than 

that of asperity contact, Ka. In order to show both on one plot, logarithmic coordinate 

was used for y-axis. From Figure 4.12 (a), it can be seen that the GW model predicts the 

lowest Ka, with the BGT model predicting the highest. This agrees with Figure 4.6 (a). 

But for liquid layer, the GW model predicts the greatest among three models. This is 

because the GW model predicts the lowest surface separation, h. But the bulk modulus 

was the same among three models as the trapped lubricant was assumed to be under 

ambient pressure. At a certain pressure, Kl was found to be almost twenty times higher 

than asperity stiffness. The total interfacial stiffness mostly relies on the lubricant 

component, which can be seen in Figure 4.12 (b). Among these three models, the GW 

model has been widely used in contact modelling due to its simplification. In this work, 

it was adopted for further study. 

Figure 4.13 shows predicted interfacial stiffness varying with sliding speed using the 

mixed lubrication model. Higher nominal contact pressure produced greater interfacial 

stiffness between the ball and the disc. For each pressure, the contact stiffness was found 

to drop greatly with sliding speed and tend to be a constant: 10 GPa/μm. Lower speeds 

lead to a thin film so the mixed lubrication dominates on the interface. With increasing 
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speed, contact stiffness decreases. Thus, hydrodynamic lubrication was expected as a 

thicker film was formed. 

 
Figure 4.13. Total contact stiffness varying with sliding speed for different pressures. 

Figure 4.14 demonstrates how the stiffness varies using the mixed lubrication model. It 

was evident that the liquid component of stiffness was very much higher than the solid 

part. Essentially this is because whilst the modulus of a liquid is lower, the layer thickness 

is very much thinner, and so it is inherently stiffer. Therefore the thin layer has a lower 

ability to move or deform. 

The effect of pressure on the total and asperity stiffness is shown in Figure 4.14 (a). The 

locations of lambda ratio 0.5, 1 and 1.5 were also plotted in this figure to show the 

increasing contribution of lubricant to the load sharing. In all cases as the sliding speed 

reached 1.5m/s, lambda was greater than 1.5 and the asperity stiffness fell closely to zero. 

Comparison between the lubricant stiffness, Kl, and asperity contact stiffness, Ka, are 

shown in Figure 4.14 (b), (c) and (d). The ratio of Kl / Ka varying with sliding speed and 

nominal pressure were simulated and shown in Figure 4.14 (c) and (d) individually. The 

inversion in Figure 4.14 (c) is caused by the faster rate of reduction in stiffness as the film 

tends to zero. Liquid stiffness was inversely proportional to thickness and therefore Kl 

tends rapidly to infinity. The reduction in solid stiffness as the surfaces approach was 

gentler. It is clear that in all cases compressed liquid played the main part in supporting 

the applied load. 
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(a)  (b)  

(c)  (d)  
Figure 4.14. Comparison of stiffness, Kl , Ka and Kt (a) total and asperity stiffness variation with load 
and speed, (b) liquid and asperity stiffness variation with speed under 0.61GPa, (c) ratio of liquid to 
asperity stiffness variation with speed, (d) ratio of liquid to asperity stiffness variation with load. 

4.5 Comparison between Experiment and Simulation 

4.5.1 Stiffness Varying with Sliding Speed 

Figure 4.15 shows the predicted stiffness from the mixed lubrication model compared 

with experimental data for six load cases. Simulations of dynamic stiffness for different 

pressures showed a good agreement with experimental measurements, especially for 

higher pressures. As the sliding speed increases, the separation increased, the proportion 

of load shared by asperity contacts decreased, thus asperity stiffness decreased based on 

Equation (4.2). At higher speeds the total interfacial stiffness was mostly contributed by 

compressed liquid.  
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Figure 4.15. Comparison of measured stiffness and simulation stiffness varying with sliding speed 

for a series of different contact loads. 

The mixed lubrication model was used to determine the ratio of liquid stiffness to asperity 

stiffness at each speed data point for the contact pressures of 0.61, 0.72 and 0.84 GPa 

(loads of 30, 50 and 80 N). This ratio was then used with the experimental data to separate 

stiffness contributions from compressed liquid and asperity contact respectively 

(Dwyer-Joyce et al., 2011). Figure 4.16 shows the calculation results. Again, it can be 

seen that the lubricant stiffness is massively greater the asperity contact stiffness.  
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(a)   

(b)  
Figure 4.16. Experimental stiffness of mixed regime contact, (a) the stiffness of lubricant film, and 
(b) stiffness of asperity contact, from the measured combined stiffness (data from Figure 4.15).   

4.5.2 Stiffness in the Start-up Sequence 

Figure 4.17 shows the mixed regime model, and the static dry and wet stiffness models 

compared with experiment results during a start-up process. The prediction of the full 

film model, Hamrock and Dowson model (1976, 1977) was shown as well (the stiffness 

becomes infinite when the speed and film thickness tend to zero). As expected, the 

dynamic lubrication part agrees well. It was apparent that in the 40 < t < 100 seconds 

region on the graph, a continuous film was formed; and the fluid film stiffness shows 
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close agreement with the mixed lubrication prediction. At around 40 seconds, as the 

speed tends to be zero, the predicted oil film stiffness rises to infinity as h →0. The 

measured value tends to a finite stiffness of ~120 GPa/μm as the contact consists of rough 

asperity interactions and a thin layer. 

 
Figure 4.17. Comparison of interface contacting stiffness for a start‐up sequence of ball and disc 

contact under the mean contact pressure of 0.76 GPa. 

The simulation gives the dry contact stiffness of 5.6 GPa/μm, which was some eight times 

lower than the measured value. A similar large discrepancy was observed for the wet 

static contact. The agreement between models of dry asperity contact and ultrasonic data 

was difficult to achieve. Poor agreement has also been observed in earlier work in this 

area (Królikowski and Szczepek, 1991; Drinkwater et al., 1996).  

Perhaps the source of error was the difficulty in measuring surface roughness. Roughness 

parameters are dependent on the measurement scale used (Thomas, 1998) and it was 

likely that the measurement scale imposed by a stylus profilometer differs significantly 

from that of an ultrasonic wave striking the asperity. This is an issue that remains to be 

resolved. In previous study, ultrasonic results were complemented with theoretical 

contact model to deduce roughness parameters (Baltazar et al., 2002; Pecorari and 

Poznic, 2006). These parameters were then used for further simulation. Therefore, 
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closer agreement with experimental data for this dry contact was only observed using the 

modelling approach where roughness data was obtained by fitting ultrasonic data to 

model predictions. 

4.5.3 Lubricating Film Thickness 

Once the stiffness components have been separated out (as shown in Figure 4.16 (a) and 

(b)), the oil film thickness were determined using Equation (2.13), shown in Figure 4.18. 

The non-dimensional speed and load axes, U0.67W-0.067, corresponding to the Hamrock 

and Dowson (Equation (3.28)) were used so that the data should all collapse onto one 

curve if that model holds. In order to make a comparison to a theoretical simulation, the 

mixed lubrication model was used to predict the lubricating film thickness. Also plotted 

in Figure 4.18 is the oil film thickness prediction using the standard full film Hamrock 

and Dowson model. The experimental data at the highest load closely fits the model. At 

the two lower loads, whilst the slope was similar, the agreement was not so good. 

 

Figure 4.18. Comparison of film thickness against dimensionless parameter for several sets of 
experimental data. 

The film thickness given by the Hamrock and Dowson model was zero when the speed 

and load parameter approached zero as the surface roughness was not considered in the 

model. However, from the ultrasonic measurement, the lowest film thickness was higher 

than zero. This was because the real surface consists of rough asperities. On the static 
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interface lubricant trapped in asperity valleys reflects ultrasonic pulses that were further 

used for calculation of film thickness.  

4.6 Conclusions 

In this chapter, the contact between a steel and disc has been investigated. The normal 

interfacial stiffness for un-lubricated rough contact has been analysed using three 

statistical models, GW model, WAO model and BGT model under a certain nominal 

contact pressure. For lubricating oil, the liquid layer stiffness on the interface was 

determined by liquid bulk modulus divided by surface separation. 

A mixed lubrication model for the contact ball-on-disc has been built to predict contact 

load sharing parameters and surface separation which were later used for calculation of 

asperity contact stiffness and lubricant stiffness. A MathCAD program has been written 

for solving the whole process for contact stiffness. For sliding contact between the steel 

ball and disc, liquid stiffness was found to be very much greater than asperity contact 

stiffness. The lubricating film was considered to support most of the applied load. 

In the speed range of 0-2 m/s, scaling factors of liquid was found always lower than 1, 

which mean asperity interaction existed all the time. The contact between the ball and 

disc was in the mixed lubrication regime. But at higher speeds, most of the load was 

supported by lubricating film. 

Simulation results have been compared to experimental stiffness determined from 

ultrasonic reflection coefficient. It showed good agreement for dynamic cases for all 

loads. But for static contact, theoretical prediction gave much lower stiffness compared to 

test results. Using the predicted scaling factors, asperity stiffness and liquid stiffness were 

separated from the total measured stiffness. Film thickness was calculated from test data 

and compared with Hamrock and Dowson’s model, which showed acceptable agreement. 
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Chapter 5 Mixed Lubrication in a Pin 
Joint 

In this chapter, the contact of an articulating pin joint on the landing gear was studied. The 

first section describes the test rig and experimental instrumentation. A series of 

experiments have been carried out on a pin and bush assembly under a range of loads and 

speeds. Later, the development of a mixed lubrication model for pin joint contact is 

presented, which predicts load sharing proportions, film thickness and friction at the 

interface. In the final section a comparison of simulation results and experimental 

measurements was carried out. From the comparison, the model has been proven to be an 

acceptable method for predicting frictional performance of low speed and high load 

cylindrical contacts. 

5.1 Background of Landing Gear Pin Joints 

Figure 5.1 shows an aircraft landing gear on which the articulation system is achieved by 

the use of a whole system of varied pin type joints. These help complete the extending 

and retracting movement. The joints consist of a hollow steel pin that is free to reciprocate 

inside aluminium bronze bushes. The bushes are press fitted into the landing gear 

members. The joints are lubricated by grease which is replenished manually at regular 

maintenance intervals. The lubricant film formed separates the surfaces of the pin and 

bush and reduces metallic contact and wear. There are several aerospace greases used on 

landing gear, e.g. Aeroshell 7, Aeroshell 22, Aeroshell 33, and NYCO GN 22. The joint in 

this study was lubricated by Aeroshell 33, which was replenished at regular maintenance 

intervals. A grease film is formed to separate the surfaces of the pin and bush and reduces 

metallic contact and wear.  
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Ideally, the grease lubricant film should be as thick as possible to minimize solid contact 

and therefore friction. The landing gear joints oscillate, however, under low-speed and 

heavy-load conditions which are not conducive to lubricant film formation. The grease 

also has high viscosity and poor flowing ability. It is therefore difficult for full film 

lubrication to be generated. The pin joints are usually considered to operate in boundary 

or mixed lubrication regimes. This means that the operating torque depends on the 

respective proportions of liquid and solid contact between the joint mating faces.  

Weight is one of the key factors in aircraft design. Lower friction or less grease leads to 

significant weight saving advantages as smaller actuators are needed. In this chapter, the 

main focus concerns aspects of friction and lubrication of pin joint contact. The aim is to 

offer theoretical support for the joint design and actuator sizing. 

   
Figure 5.1. Photo and sketch of landing gear from the Airbus A320. 

Much experimental work on this kind of joints was conducted by Glaeser and Dufrane 

(1977). But there are still no theories available to accurately predict friction coefficient 

for low-velocity, high-load and articulating bearings. In the mixed lubrication regime, 

both hydrodynamic lubrication and asperity contact exist to support the total load.  

In this study, the mixed lubrication model established in Chapter 3 was used for the grease 

lubricated landing gear joint. The theoretical Stribeck curve, frictional torque and 
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lubricant film thickness under varying operating conditions were investigated. A series of 

experiments have been carried out on a sample pin joint with full instrumentation. The 

friction torque required during articulations were recorded and used for calculation of 

friction coefficient. Both of them were then compared with theoretical predictions.  

5.2 Experimental Apparatus and Method 

5.2.1 Pin Joint Function Tester 

A test rig, shown in Figure 5.2, was built by the University of Sheffield for a series of 

projects. In this study, this test rig has been used for testing the landing gear pin joint. 

Friction torque produced on the interface during articulation was recorded to determine 

the frictional performance of pin joint.  

(a)  (b)  

(c)  (d)  
Figure 5.2. Illustration and photos of pin joint test rig, (a) sketch, (b) pin joint assembling housing, 

(c) photo, and (d) control system. 

On this test rig, a double fork arrangement was used to load and support the pin within the 

test bushes (Figure 5.2 (a) and (b)). The inner fork has four bushes press fitted. The outer 
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fork has two rolling bearings as shown. A low height hydraulic cylinder was used to load 

the two forks apart. This double arrangement was geometrically similar to the pin joint 

arrangement found on the landing gear upper to lower side-stay pin (the joint shown in 

Figure 5.1). This housing (Figure 5.2 (b)) was then mounted on a torsional 

servo-hydraulic actuator (Figure 5.2 (c)). Four slots, shown by an illustration in Figure 

5.2 (a) and the photo in Figure 5.3, were wire cut at one end, which enabled a direct line 

axial coupling, via a splined interface, to the torsion drive shaft. The control system 

(Figure 5.2 (d)) was used to set the pin articulating speed and record displacement, speed 

and torque. 

5.2.2 Specimens and Operating Conditions 

A pin and four bushes were obtained from an actual upper to lower side-stay pin joint and 

were used as the test specimens, shown in Figure 5.3. The single pin, OD 56mm, ID 

42±0.2mm, length 200.5±0.1mm was mated with four bushes with the radial clearance of 

25µm. The four aluminium bronze bushes have an inner diameter of 56mm. A grease 

lubricant was applied with two axial lubrication grooves in each bush.  

   
Figure 5.3. Photo of slots and the pin and bush system. 

The tests were conducted with a range of radial loads, (from 5 to 60 kN). The torsional 

actuator of the test rig has a maximum capacity of 200 Nm. The maximum radial load 

achievable on the pin was therefore a function of the friction coefficient between the pin 

and bush. The typical rotational speed of pin joint was 0.033 Hz, (12 deg/s, actual main 

lock stay articulation speed). In this research, experiments at different frequencies of 0.03 

Hz, 0.3 Hz and 1 Hz were carried out with pin angular displacement of ±40°.  

Spline
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5.2.3 Instrumentation 

The servo-hydraulic torsional actuator was fitted with both an angular position sensor and 

a strain gauge based internal torque sensor. The tension hydraulic actuator could be 

driven in both torque and angular displacement controls. In this study the displacement 

control was used via angular control from a function generator. The reacted torque was 

then recorded during the cycle.  

The torque transducer also measured the torque in the two support ball bearings. However, 

this torque was low compared with the torque from the pin joints. The torque in the ball 

bearings was measured when unloaded (i.e. the pin not in place) and found to be within 

the noise range of the transducer. 

The overall monitoring, recording and control of the rig was via a PC using a software 

program written in Labtech Notebook. During testing the duration of each test, the 

angular position of the pin relative to the start position and the frictional torque were 

recorded. Figure 5.4 (a) shows the response of the angular displacement sensor for one 

complete cycle. The rotation was a smooth and continuous sine wave. Recorded position 

data were then inputted in MathCAD to deduce the velocity characteristic curve, which 

was an important parameter in determining friction coefficient. This is shown in Figure 

5.4 (b).  

(a)   (b)  
Figure 5.4. Typical cycles of displacement and angular speed on pin joint, (a) angular displacement 

against time, and (b) angular speed against time. 

The frictional torque was also recorded throughout the cycle. Figure 5.5 (a) and (b) show 
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the torque plotted against time and articulation angle respectively. There were two peaks 

on the recorded torque cycle as the speed at these points was zero. The high static friction 

was due to the lack of lubrication as the grease has been squeezed out of the contact. The 

torque then drops during the articulation. It reaches a minimum at around zero degrees, 

and then rises towards the next peak. This demonstrates that as the pin joint speed 

increases, the torque reduces. The sliding motion between pin and bush entrains some 

grease and generates a thin lubrication film, which leads to the torque reduction. 

Thermocouples were imbedded in the housing close to the location of the bushes. 

Temperature was monitored throughout testing. The tests presented here, however, were 

of a short duration (a few cycles) and therefore significant heating above room 

temperature did not occur. 

(a) (b)  
Figure 5.5. Torque cycles against time and angular position on pin joint, (a) torque cycle against 

time, and (b) torque cycle against rotational angle. 

Figure 5.6 shows the recorded data plotted out as torque against time and friction 

coefficient calculated from torque data against displacement for articulating pin joint. The 

pin joint was lubricated by Aeroshell 33. Frictional torque increases with radial load. As 

the movement of the pin was following a sinusoid, rotational speed was varying during 

articulations. The speed reaches the climax at zero displacement in each articulation 

(Figure 5.4). Therefore, the frictional torque was not constant with time and had a 

minimum value at the highest speed point. Friction coefficient against angular 

displacement obtained from recorded torque is plotted in Figure 5.6 (b). Higher loads lead 

to a closer approach of mating surfaces. More asperities on the surfaces come to contact 
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that increases the shear force on the interface. Therefore, the friction coefficient for 

greater loads was higher compared to lower cases. 

(a) (b)  

Figure 5.6. Torque and corresponding friction coefficient cycles at f=0.033Hz, (a) torque cycles 
against time, and (b) friction coefficient from torque data against angular displacement. 

5.3 Mixed Lubrication Model for Pin Joint 

As discussed in Chapter 2 and 3, in the mixed lubrication regime, the normal contact 

pressure was shared by both asperity contact and lubricant action. In this section, the 

mixed lubrication model was modified for pin and bush contact. Load sharing proportions 

and individual shear force for asperity interaction and liquid layer were analysed. 

5.3.1 Pin Joint Friction 

Figure 5.7 shows a sketch of the contact between the pin and the bush. In order to 

simplify the contact, a bush with the length of L was used instead of 4 separate bushes 

with the same total length. In this study, the edge of each bush was not considered. The 

pin was rotating inside under a normal load, Pt, which produces a torque, T. The contact 

size is expressed as 2a, shown by a dashed ellipse. From the right enlarged view of the 

contact, a mixed lubrication regime is sketched. The total load, Pt, is equalised by both 

asperity contact force, Pa, and the lubricant action force, Pl. Similarly, the total shear 

force at the interface contains two components, one is the shear force from asperity 

interaction, Qa, and the other is the shear in the liquid, Ql.  

-250
-200
-150
-100

-50
0

50
100
150
200
250

0 10 20 30 40To
rq

ue
, N

m

Time, seconds

60 kN

40 kN

20 kN

5 kN

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

-60 -40 -20 0 20 40 60

Fr
ic

tio
n 

co
ef

fic
ie

nt

Displacement, degrees

60 kN
40 kN
20 kN
5 kN



 

68 

 

 
Figure 5.7. Schematic diagram of pin joint and load distribution in the mixed lubrication contact. 

Friction coefficient is defined as shear force divided by total normal load. As the shear 

force is composed of asperity contact, Qa and compressed lubricant layer, Ql, so:  

 t l a

t t

Q Q Q
P P

μ +
= =  (5.1) 

Where Pt is the normal load applied at the interface. 

When the coefficient is obtained, the frictional torque can be calculated through the linear 

relationship to normal load: 

 p tT R Pμ=  (5.2) 

The friction force of asperity interaction for pin and bush contact is expressed as: 

 a a aQ Pμ=  (5.3) 

Where μa is friction coefficient of single asperity contact, which is assumed to be the 

same for all asperity contacting spots. 

The shear force from the hydrodynamic lubricant film is expressed as (detailed in 

Chapter 3): 

 ( )/
01 c Lu h

l LQ e Aη ττ −= − ⋅  (5.4) 

In the shear force expressions, τL is the limiting shear stress, η is the lubricant viscosity, 

which is assumed to obey Roelands’ equation (Roelands, 1966; Hamrock et al., 2004), u 

T
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is the effective velocity of contacting surfaces, hc is the central film thickness, A0 is the 

nominal contact area which can be determined from Hertzian contact theory, A0 = 2aL, a 

is the half width of Hertzian contact, and L is the total length of the four bushes. Both the 

parameters τL and η are functions of the pressure in the contact, pm, according to equations 

(3.10) and (3.16). 

To simplify this model, the contact between the pin and bush was assumed to follow 

Hertzian elastic contact analysis. Strictly this kind of contact violates the Hertz principle 

because the contact area is not small compared with the radius of the contacting bodies. 

However, an experimental analysis (see Chapter 6) shows that the approximation is not 

too severe. The mean and peak contact pressures and half contact width are then given by: 

 
' '

0
8, ,

2 2 ' '
t t t

m
P PE PRp p a
aL LR E Lπ π

= = =  (5.5) 

Where R΄ is the reduced radius: 

 '

1 1 1

P bR R R
= −  (5.6) 

Where Rp and Rb are the outer radius of pin and inner radius of bush respectively, 

and E΄ is the effective modulus: 

22

'

111 1
2
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b pE E E
νν⎛ ⎞−−
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⎝ ⎠

 

In order to get the whole friction coefficient from equations (5.1), (5.3) and (5.4), the 

individual load sharing loads, Pl, Pa, and film thickness, h, should be determined first. 

The following section presents the mixed lubrication model developed for pin joint 

contact and used for solving the above three unknowns. 

5.3.2 Pin Joint Mixed Lubrication Model 

5.3.2.1 Load Sharing 

Scaling factors, γ1 and γ2 (Johnson et al., 1972), were used to represent the proportions of 
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hydrodynamic lifting force, Pl, and surface asperities contacting force, Pa, detailed in 

Chapter 3 . The relationship between them is expressed as:  

 
1 2

1 1 1
γ γ
+ =  (5.7) 

5.3.2.2 Asperity Contact 

The pressure generated by the deformation of the asperities (Greenwood and Williamson, 

1966), pa is used to analyse the asperity contact, which is expressed as, 

 ( )3
2

2 '
3

s
a s s s

s

p D R E F t
R
σσ=  (5.8) 

Where t is dimensionless surface separation, t = h/σs, h is the separation between the two 

surfaces. It is should be noted that in the calculation of hydrodynamic film thickness, h, 

refer to the distance between the two mean levels of surfaces rather than the mean plane 

through the summit. The difference between the mean plane through the surface heights 

and the mean plane through the summit heights, dd is shown in Figure 5.8. According to 

the model of Whitehouse and Archard (1970), dd is approximately 1.15σs, Ds is the 

density of the asperities, Rs, is the average radius of the asperities, and σs is the standard 

deviation of the height distribution of the summits. These parameters will be addressed in 

the following section. Finally, F3/2(t) follows: 

 ( ) ( ) 2 /21
2

n
s

n t
F t s t e ds

π
∞ −= −∫  (5.9) 

 
Figure 5.8. The different planes through a rough surface. 

Thus, the central contact pressure of asperity contact, pa, is a function of the central 

surface separation, hc: 

mean height of summits mean level of surface
dd
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 (5.10) 

The expression for the statistical function F3/2 depends on the distribution of asperity 

heights, ( )zφ , where z is the height of asperity. In this study, a Gaussian height 

distribution of the summits was adopted. Hence the expression of ( )zφ  is written as, 

 ( )
2

21
2

s
z eφ

π
−=  (5.11) 

In the rough line contact, the maximum pressure is equal to the central contact pressure. It 

was reported that the central pressure is a useful parameter to characterise the pressure 

distribution of a rough line contact (Gelinck and Schipper, 2000). The function fit for the 

central pressure is in the following expression: 
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 (5.12) 

With 1 1.558a = , 2 0.0337a = , 3 0.442a = − , 4 1.7a = − , and ph is the maximum 

Hertzian pressure of line contact, 
2

t
h

PE
L

p
Rπ
′

=
′

. 

The two expressions of central contact pressure should be the same, so combining 

Equation (5.10) from the GW model, and Equation (5.12) from the Gelinck and Schipper 

(2000) fitted function, it becomes: 
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 (5.13) 

This equation describes the relationship between the surface roughness parameters, the 

geometry of the pin joint contact, the applied load and the separating film thickness. 

It has been proven that E΄ should be replaced by E΄/γ2, Pt by Pt /γ2 and Ds by Dsγ2 in 

Equation (5.13) when considering the asperity contact component (Gelinck and Schipper, 
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2000). So the above equation becomes: 
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 (5.14) 

5.3.2.3 Fluid Film Formation 

In this section, the liquid film formation on the interface is examined by using the Moes’s 

model (1992). The assumption here is that the formation of the oil film is unaffected by 

the presence of the roughness. Then a conventional smooth surface EHL solution was 

used to determine the load supported by the hydrodynamic film. 

The Moes equation is used to predict the central film thickness, 
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3 2
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3 3 2 2
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With s is defined as: ( )( )2 /1 7 8
5
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Where the dimensionless parameters are defined as follows: 
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Where hc is the separation in the center of the contact, hc΄ and Hc are dimensionless film 

thicknesses, U∑ is the dimensionless viscosity, M and W are dimensionless load 

parameters, F and G are material parameters, and α΄ is the pressure-viscosity coefficient. 

Again, in Equation (5.15), by replacing E΄ with E΄/γ1 and Pt with Pt /γ1, the film thickness 
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equation can be rewritten by: 

( ) ( )( ) ( ) ( ) ( )
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With s is expressed as: 
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 (5.17) 

The numerical solution of equations (5.7), (5.14) and (5.16) give the mean separation of 

contacting surfaces and scaling factors. Hence the hydrodynamic lifting force and 

asperity interaction force can then be calculated respectively. This information allows 

prediction of the coefficient of friction in the mixed lubrication regime. 

5.3.3 Input Parameters 

A MathCAD program was written to solve this set of equations for a given set of input 

conditions, detailed in Appendix B. Once the film thickness and load is solved, the 

friction coefficient can be determined from equations (5.1), (5.3) and (5.4). Frictional 

toque can then be calculated by Equation (5.2). 

The pin being modeled in this study was a high strength corrosive resistant steel (300M) 

while the four bushes were made of aluminum bronze. All were machined with 

high-quality finish surfaces. Characteristics and working conditions of the pin joint are 

shown in Table 5.1. 

Surface roughness of pin and bush was measured using a stylus profilometer. Figure 5.9 

shows recorded surfaces profiles of pin and bush. A MathCAD program was written for 

analyzing the asperity distribution density, Ds, mean summit radius, Rs, and standard 

deviation of asperity distribution, σs. Details of each parameter are shown in Table 5.2. 

For the simulation in this study, average values from the pin and the bush were used for 

Ds, Rs and σs.  
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Table 5.1. Characteristics and operating conditions of pin joint. 

Parameter Symbol Value 

Elastic modulus of pin Ep 205 GPa 

Elastic modulus of bush Eb 117 GPa 

Poisson’s ratio of pin υp 0.28 

Poisson’s ratio of bush υb 0.34 

Radius of pin Rp 28 mm 

Radius of bush Rb 28.025 mm 

Length of bush L 59.4 mm 

Total normal load Pt 5,10,20,40,60 kN 

Angular frequency ω Varying, in radians/s 

Effective velocity of contacting surfaces u Varying, in m/s 

Radial clearance ΔR 25 µm 

Rotation frequency of pin f 0.03, 0.3 or 1 Hz 

 (a)  

(b)  
Figure 5.9. Surface profile of pin and bush: (a) bush, and (b) pin. 

 

-4
-3
-2
-1
0
1
2
3
4

0 0.5 1 1.5 2 2.5 3 3.5

Pe
ak

 h
ei

gh
t, 
μm

Measurement length, mm 

-3

-2

-1

0

1

2

3

0 1 2 3 4 5 6 7 8 9 10

Pe
ak

 h
ei

gh
t, 

µm

Measurement  length, mm



 

75 

 

Table 5.2. Surface parameters of the pin joint used in this study. 

Parameter Symbol Value 

Density of asperities Ds 7.15×109 m-2 

Average asperity radius Rs 3.4 μm 

Standard deviation of asperity height σs 1.09 μm 

Root mean square roughness of pin Rqp 0.83 μm 

Root mean square roughness of bush Rqbu 1.35 μm 

Distance between the mean plane through the summits 
and the mean plane through the surface heights 

(Figure 5.8)  
dd

 1.25 μm 

In this paper Aeroshell 33 was used to lubricate pin joint. The properties shown in Table 

5.3 were used for the analysis in this study. 

Table 5.3. Parameters of lubricant used in this study. 

Parameter Symbol Value 

Slope of the limiting shear stress-pressure relation β0 0.047 

Limiting shear stress at ambient pressure  
(khonsari and hua, 1993) τL0 2.28×106 Pa 

Lubricant viscosity at inlet temperature η0 12.45×10-3 Pa·s

Constant in Roelands’ formula  
(hamrock et al., 2004) η∞ 6.31×10-5 Pa·s

Constant in Roelands’ formula  
(hamrock et al., 2004) cp 1.96×108 Pa 

Roelands’ pressure-viscosity index  
(hamrock et al., 2004) Z 0.63 

Pressure-viscosity coefficient α΄ 16.9 GPa-1 

A critical unknown in this model is the “dry” friction coefficient, μa, that exists between 

the two solid surfaces at the asperity contact points. In the absence of any data for this 

parameter, a value of 0.12 was used in this study. This value has been proven reasonable 

in the study of Lunn (1957), Gelinck and Schipper (2000) and Lu et al. (2006, 2007).  
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5.4 Numerical Simulation Results 

Under varying pin joint operating conditions, numerical solutions for friction coefficient, 

film thickness, lambda ratio and the scaling factors were solved by using the MathCAD 

friction model, detailed in Appendix B.  

 
Figure 5.10. Scaling factors and friction coefficient against Sommerfeld number under 20kN. 

Figure 5.10 shows the predicted scaling factors and friction coefficient variation with the 

pin joint operating conditions. The x-axis on the plot is expressed in terms of the 

Sommerfeld number defined by (Cameron, 1971): 
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 (5.18) 

Where η is the oil viscosity, ω is the rotation speed of pin, PL is the projected load and ΔR 

is the radial clearance. As the Sommerfeld number increases (by the joint articulation 

velocity increasing), more lubricant is dragged into pin joint contact to maintain the 

pressure field. This causes an increase in film thickness, and can be seen in Figure 5.10 as 

1/γ1 becomes greater. This process agrees with the theory that pressure magnitudes are 

proportional to the square of the reciprocal of film thickness (Stachowiak and Batchelor, 

2005). When the lubricant film supports most of the load, contact between asperities 

declines. The composite result was that friction coefficient of pin/bush contact decreased 
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with the Sommerfeld number.  

 
Figure 5.11. Fiction coefficient and Lambda ratio against Sommerfeld number under 20kN. 

Figure 5.11 shows the friction coefficient varies with the Sommerfeld number determined, 

from Equation (5.1). Also shown is the lambda ratio, λ, where: 

 2 2/ qp qbRh Rλ = +  (5.19) 

In the simulation work of this study, the pin joint rotated in the speed range from 1 to 800 

rpm under pressure in the range 7 to 23 MPa. This resulted in the Sommerfeld number in 

the range of 0 - 0.15. For the load of 20 kN (13MPa), this range is marked in Figure 5.10 

and Figure 5.11. It shows clearly that the dominant mechanism was of solid contact and 

hydrodynamic film formation plays little part in friction.  

Figure 5.12 shows the relation between lubricant film thickness and friction coefficient 

for the pin joint contact. Lower friction was obtained when a thicker film was formed, 

which meant little asperity interaction on the interface. 
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Figure 5.12. Film thickness against friction coefficient under 60 kN. 

 (a)  

(b)  
Figure 5.13. (a) Lambda ratio map, and (b) friction coefficient map simulated by the mixed 

lubrication model. 
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Figure 5.13 shows maps of the friction coefficient and lambda ratio determined from the 

model for various pin joint loads and speeds. Again, the operating region for the pin joint 

was indicated. The data indicated that friction coefficients did not fall below 0.11 as 

lambda ratios stayed below 2. In this region of operation the prediction friction 

coefficient was highly dependent on the value selected for the dry friction coefficient, μa. 

This was in common with many other models of mixed lubrication, and was a limitation 

of the model. 

 
Figure 5.14. Frictional torque against angular displacement for different frequencies under 20N. 

Figure 5.14 shows predicted frictional torque on the pin joint varying with rotational 

speed for different frequencies. The simulated torque was found to decrease with 

frequency (speed). This was because higher speed leads more hydrodynamic action and 

so less shear at the interface. As the displacement of pin followed a sinusoidal trace, the 

rotation speed varied during each cycle. The climax speed took place at the zero angular 

displacement, where the lowest torque was produced on the interface.  

5.5 Comparison between Simulation and Experiment 

The average torque during each complete articulation was used for calculating the friction 

coefficient using Equation (5.2). The friction coefficient was then plotted against 

Sommerfeld number, rotation speed and load shown in Figure 5.15 to 5.17 respectively.  

Figure 5.15 shows friction coefficient against Sommerfield number for varying loads. 

Comparing simulation with experiment results, it is apparent that pin joint was working 
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in boundary lubrication regime on most occasions. The higher load cases showed a close 

agreement between the model simulations and experimental results. The friction 

coefficient for low speeds when there was negligible hydrodynamic lift was 0.117. This 

was close to the value of μa that was assumed in the modelling. However, at lower loads, 

the agreement was somewhat imperfect. The onset of fluid film formation appeared to be 

occurring at lower speed. It was possible that at these lower loads the grease was not 

being squeezed out of the contact as effectively as at the higher loads. Also, grease 

thickeners could improve the friction property of pin joint because of the formation of 

films on the surface of the metal. This resulted in an improved film formation. 

 
Figure 5.15. Fiction coefficient against Sommerfeld number with varying load. 

The influence of pressure and velocity on friction is shown in Figure 5.16 and Figure 5.17. 

Model predictions and experimental results showed acceptable agreement. However, the 

comparison indicated by Figure 5.16 demonstrated that the effect of load was more 

pronounced than would be expressed by the theory. The simulation assumed the contact 

was fully flooded. In reality the joint articulating and the high load squeezes grease out of 

the contact. The greater the load and reciprocation frequency, the harder it was for the 

grease to flow back. This may be the reason why the higher loads show a higher friction 

coefficient. 
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(a) (b)  
Figure 5.16. Friction coefficient against sliding speed, (a) simulation, and (b) experiment results. 

(a) (b)  
Figure 5.17. Friction coefficient against load, (a) simulation results, and (b) experiment results. 

Figure 5.18 (a), Figure 5.19 (a) and Figure 5.20 (a) show the predicted torque cycle from 

the model for a full articulation of the pin joint. At lower speeds, the torque during 

rotation remained virtually constant (another indication that hydrodynamic was 

negligible). At higher speeds, there was a reduction in torque as the joint articulates at its 

maximum velocity. Figure 5.18 (b), Figure 5.19 (b) and Figure 5.20 (b) show the 

experiment measurement of the same cycle. The cycles have similar form and magnitude. 

At higher speeds there was some oscillation in the recorded torque (Figure 5.20 (b)). This 

was believed to be an effect of the hydraulic contact, as it could not respond quickly 

enough to the command signal. 
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(a)  (b)  

Figure 5.18. Frictional torque varying with time at f =0.03Hz (1.8rpm), (a) simulation result, and (b) 
experimental result. 

(a)  (b)  

Figure 5.19. Frictional torque varying with time at f =0.3Hz (18rpm), (a) simulation result, and (b) 
experimental result. 

(a)   (b)  

Figure 5.20. Frictional torque variation with time at f =1Hz (60rpm), (a) simulation result, and (b) 
experimental result. 

5.6 Conclusions 
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speed. These conditions were not conducive to the formation of a separating lubricant 

film and the joint operates with significant metallic contact. Experiments were performed 

on a purpose built apparatus to measure the torque during articulations of a pin and bush 

assembly under a range of load and speed condition. 

A mixed lubrication model of the pin and bush contact was built to determine the friction 

coefficient and torque during articulation which can be used to assist in the joint design 

and actuator sizing. In this model, the proportions of asperity contact force and lubricant 

lifting action were predicted.  

Under the operating conditions of pin joint, both the model and experiments 

demonstrated that, for all predicted purposes, the pin joint operated in a boundary regime. 

There was, however, little hydrodynamic effect on the overall friction. Most of the normal 

load was found to be supported by asperity interaction. On the interface full film 

lubrication did not form to any great extent.  
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Chapter 6 Contact Pressure and 
Friction in a Landing Gear Pin Joint 

This chapter is aimed at investigating the contact pressure distribution within a pin joint 

contact in a landing gear. Ultrasonic measurement has been used to determine contact 

pressure, contact size and friction torque. Simultaneously, two theoretical models, 

Hertzian model and Persson’s model (Persson, 1964), were adopted for simulation of the 

pin joint contact. The findings were compared to experimental results. In addition, the 

real frictional torque taking place on the interface was analysed and compared to the 

nominal torque which was obtained through a traditional way (T = μRP). The deviation 

between real friction torque/coefficient and nominal ones was quantified. 

6.1 Introduction 

Figure 6.1 (a) shows a pin contacting with bush, which is a typical example of a 

cylindrical conformal contact. Both the pin and bush have similar radii, the initial contact 

is similar to a non-conformal case as a line. However, the contact area increases 

dramatically with an increase in load, and may become comparable with the dimensions 

of the contacting bodies themselves (Johnson, 1985). From the cross section, the contact 

area is actually a segment which is strongly dependent on the applied load and radius 

difference between the contacting pin and bush (Persson, 1964). Half of the segment 

angle, α, is known as the half contact angle (or wrap angle) for pin and bush contact. The 

contact pressure on the interface is a function of position, expressed as ( )p φ , shown in 

Figure 6.1 (b). 
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(a)  (b)  
Figure 6.1. (a) Cylindrical contact between pin and bush, and (b) pressure distribution. 

Contact pressure and friction at the interface are key factors affecting pin joint 

performance, material removal, failure and operating life. In this chapter, the contact 

pressure, friction torque and friction coefficient of a pin and four bushes from an actual 

upper to lower side-stay pin joint was investigated by using the ultrasonic method and 

theoretical models.  

Ultrasound has previously been used as a technique to measure the contact stress between 

two surfaces (Marshall et al., 2004, 2006, 2011; Lewis et al., 2005). The concept is that 

an ultrasonic pulse is reflected back from an interface, and the proportion of the wave 

reflected is captured. This proportion of reflected signal is related to the contact stiffness 

and in turn to the contact stress. In this study, the ultrasonic reflection measurement was 

carried out by the Leonardo Centre for Tribology for a pin joint contact. Contact pressure 

was analysed using the ultrasonic measurements. 

For theoretical modelling, the classic Hertzian theory of cylindrical contact and Persson’s 

conformal contact model were adopted. Pressure distribution, contact size and friction on 

the pin and bush contact was simulated. The predictions were compared to experimental 

measurements. 
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 (a)  

(b)  
Figure 6.2. (a) Illustration of pin and bushing geometry, and (b) simplified contact model. 

Figure 6.2 (a) shows the pin-bush contacting geometry, which is made up from one 

chromed 300M steel pin wrapped with four aluminum bronze bushes. All four bushes are 

of length L , with each bush of equal length, L1=L2= L3= L4. For simplicity, the total length 

of bush, L = L1+ L2+ L3+ L4, was used in this study. Figure 6.2 (b) shows the dimensional 

relationship and application of load P . Radius s of pin and bush are expressed as Rp and 

Rb respectively. T is torque required to rotate the pin.  

6.2 Experimental Measurement 

In this section the ultrasonic reflection measurement carried out by the Leonardo Centre 

for Tribology for a pin joint contact was analysed. First, the ultrasonic reflection 

coefficient was used to determine contact stiffness by using the spring model. Then the 

contact pressure of pin and bush contacting interface was calculated from the obtained 

stiffness. 

6.2.1 Ultrasonic Reflection and Contact Stiffness 

A pin and four bushes were obtained from an actual upper to lower side-stay pin joint and 
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were used as the test specimens. Specimen details have been described in Chapter 5 and 

the picture of pin/bush contact was shown in Figure 5.3. The radial load was applied 

through a hydraulic cylinder which had a simple load cell read out. 

Figure 6.3 shows a schematic layout of the instrumentation. A bespoke 25 MHz 

transducer was commissioned (from NDT Systems Ltd) for use with this test case. The 

transducer incorporates a focusing lens, a long stem and a mirror. In this way a focused 

beam can be made to strike the interface at a normal contact angle. The pin was filled with 

water and the transducer immersed in the water bath. The ultrasonic transducer was 

installed in the pin bore (submerged in a water bath) which scanned both vertically and 

radially to record reflection from the pin-bush interface. The ultrasonic reflection was 

recorded at each transducer position. This was then related to the interface stiffness and 

contact pressure. Full details of the experimental approach were given in (Dwyer-Joyce et 

al., 2003). 

 
Figure 6.3. Schematic representation of ultrasonic measurement. 

Figure 6.4 shows the reflection coefficient distributions with increasing load from 5 to 60 

kN. The zero on the angular position axis corresponds to a position diametrically 

opposite to the joint loading direction. Reflection coefficients were measured in 10° 

increments, from -60° to 60°. 
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Figure 6.4. Ultrasonic reflection coefficient distributions under varying loads. 

The plot shows the reflection coefficient was close to 1 for φ   < -60o and φ   > -60o. In 

this region the surface area was out of contact and the ultrasonic wave was fully reflected 

at the pin steel to air contact. In the region of -60o < φ   < 60o the reflection fell below 1. 

At this point, there was contact between the pin and bush surfaces and part of the wave 

was transmitted.  

From the spring model, Equation (2.9), the stiffness, K can be determined through: 

 
( ) ( )
( ) ( )

2 2
1 2

2 22
1 2 1 2

1z z R
K

R z z z z

ω −
=

+ − −
 (6.1) 

Figure 6.5 shows the contact stiffness varying with angular position on the pin joint. The 

peak stiffness was found in the middle of the pin and bush contact under a certain load. 

Under all load cases, the trend lines of contact stiffness gave approximate inverse funnel 

shapes. In the next section, the contact stiffness was used for the calculation of pressure 

distribution. 
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Figure 6.5. Contact stiffness distributions against angular position under varying loads. 

6.2.2 Calculation of Contact Pressure 

The interface stiffness K (expressed per unit area) is the change in nominal contact 

pressure, pnom required to cause unit approach of the mean lines of the surfaces (Thomas 

and Sayles, 1977) (Equation (2.10)): 

 nomdpK
dh

= −  (6.2) 

Where h is the separation of the mean lines of the roughness of the two surfaces.  

From Figure 4.6 (a) it can be seen that the stiffness of an interface is approximately 

proportional to the contact pressure. As the surfaces are pressed together, more asperity 

contact occurs as the surfaces are in closer conformity. It then requires a greater pressure 

increase to push them closer together. It has been found that at mean pressure below bulk 

yield the relationship between contact pressure and interfacial stiffness may be 

approximated as linear with a constant m (Ito et al., 1979; Arakawa, 1983; Hodson et al., 

2000). Experiments have been conducted and shown the same conclusion (Dwyer-Joyce 

and Drinkwater, 2003), which is expressed as:  

 p mK=  (6.3) 
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Equation (6.3) expresses the proportionality behavior between contact stiffness and 

contact pressure. As p varying across the interface, it is assumed at each point the 

following equation holds. 

 i ip mK=  (6.4) 

Where pi and Ki are the contact pressure and stiffness respectively at the ith data point, 

using n as the number of data points. The contact pressure across the section of the 

interface, ( )p φ , is a function of the radial position shown in Figure 6.1 (b). It is assumed 

to be independent with axial position. Therefore, from Equation (6.4), the total normal 

load on the pin joint can be expressed as: 

 
1

cos( )
90

n
p

i i
i

R L
P p

n
π α

φ
=

= ∑  (6.5) 

Where iφ  is the angle at the ith data point from the line of the normal load shown in 

Figure 6.1. Therefore, combine equations (6.4) and (6.5), and get: 

 
1

cos( )
90

n
p

i i
i

mR L
P K

n
π α

φ
=

= ∑  (6.6) 

If the total load, dimensions of the pin and bush, and the contact stiffness are known it is 

then possible to deduce the constant of proportionality, and therefore the contact pressure 

distribution in a system.  

In this study, the total length of the bushes, L, was 59.4 mm and the radius of the pin, Rp, 

was 28 mm. The loads in the tests were set to be 5, 20, 40 and 60 kN. For each of these 

load cases the constant m was obtained and shown in Table 6.1. 

Table 6.1. Calculation of constant m. 

Load, kN 5 20 40 60

m, ×10-9 3 10 18 26

The different load cases showed different contacts of proportionality between P and K. 
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These loads were applied to the same surface pair and therefore it was expected that 

linearity was retained across the whole loading range. However, this is restricted under 

the lower loads (Figure Figure 4.6 (a)). At higher loads, the linear relationship between 

contact stiffness and load doesn’t hold. Therefore, the ratio, m, varies with loads. 

Figure 6.6 shows the contact pressure distribution using Equation (6.6), calculated from 

the interference stiffness data of Figure 6.5 and the data from Table 6.1. It can be seen that 

an increase in load was accommodated by an increase in contact pressure, but not by an 

increase in the contact area. The pressure distribution was close to cosinusoidal. The 

‘bump’ at -50o was anomalous, but occurs on each load cycle. It is a possibility that this 

was due to a slight machining inaccuracy in the bush or pin. In the later section, the 

Hertzian model and Persson’s model will be used to simulate the pin and bush contact. 

The prediction of pressure distribution was compared to the results calculated from 

ultrasonic measurement for varying loads  

 
Figure 6.6. Radial pressure against angular position under varying loads. 

6.3 Theoretical Modelling 

6.3.1 Contact Pressure Distribution 

When two cylinders coming to contact, the initial contact region is a line as there is no 
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bulk deformation taking place. If a slight normal load is applied, the two bodies deform 

along this line. The contact region spreads to form a long and narrow rectangle, which is 

known as the nominal contact area and increases with normal load. In this section, the 

Hertzian contact model and Persson’s model were presented for determining the contact 

pressure for the contact between a pin and bush. 

According to Hertizian theory, the contact pressure distribution is expressed as:   

 2 21 8( )
4

P R Ep x E x
R π

′ ′ ′
′= −

′
 (6.7) 

Where, E΄ is reduced elastic modulus, υ1 and υ2 are the Poisson’s ratios of the contacting 

bodies 1 and 2 respectively, E1 and E2 are the elastic modulus of the contacting materials 

respectively, R΄ is reduced radius, 
1 2

1 1 1
R R R

= +
′

, R1 and R2 are the radius of the 

contacting bodies respectively, P΄ is the load per unit length (N/m), and x is the 

x-coordinate in meters, showing the direction of movement, expressed by ( )sinR φ . 

Hertzian contact theory is based on the assumption that the dimensions of the footprint 

area are small compared to the radii of curvature of the contacting surfaces. However, in 

this case, the contact surfaces are curved and closely conforming, having footprint 

dimensions nearly equal to their radii. Small radial clearance and a heavy application load 

result a conformal non-Hertzian type contact (Persson, 1964; Chen and Marshek, 1988).  

Persson studied the elastic contact between two parallel cylinders which is a conformal 

case shown as Figure 6.1. (a). The following expression was deduced for conformal 

contact pressure distribution, ( )p φ , when E1 = E2 = E and υ1 = υ2 =υ. 

 ( )
2 2 2 2 2

2 2 22 2 2 2
1

12 1( ln )
1 2 (1 )1 1

b y b b yPp
R y b bb b b y

φ
ππ

′ − + + −
= +

+ ++ + − −
 (6.8) 

Where -b≤ y ≤b, -α≤φ≤α, tan
2

y φ
= , tan

2
b α
= , φ  and α are shown in Figure 6.1. 

The contact semi-width, the maximum contact pressure and the mean contact pressure 
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were obtained as: 

Half contact width: 

 
( )
( )

2

1
2 1

18 P
b R

E R R
υ

π

′ −
≈

−
 (6.9) 

Maximum contact pressure:  

 
( )

( )
2 1

0 2 2
1

1
12

EP R R
p

Rυπ

′ −
=

−
 (6.10) 

Mean contact pressure: 

 
2m
Pp
b
′

=  (6.11) 

Based on Persson’s theory, a closed form formula for pressure distribution and the 

relation between load and contact size for non-identical contacting materials, E1≠E2 and 

υ1≠υ2 was deduced (Ciavarella and Decuzzi, 2001): 

 ( )
2 2 2 2 2

22 2 2 2
1

12 1( (1 ) ln )
1 21 1

pBb y b b yPp
R yb b b y

φ
ππ

′ − + + −
= + −

++ + − −
 (6.12) 

with 
4 2

2 2

2 2 1
( 1)p

b bB
b b
+ −

=
+

, 
2

b tg α= . 

A solution of two-dimensional contact for the contact pressure distribution and contacting 

dimensions was given. The relationship between load, the radial clearance and half 

contact angle was also determined. Figure 6.7 shows the dimensionless load varying with 

tangent of half-contact angle, which is compared with both Hertzian results. 
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Figure 6.7. Dimensionless load varying with half contact angle. 

Equations (6.7) and (6.12) were used to calculate the contact pressure distribution of pin 

joint for the Hertzian and Persson’s model respectively. Figure 6.8 compares the contact 

pressure between these two models for varying loads. It is clear that the profiles of 

pressure from two models were approximately the same at 5kN. But with the increasing 

load, the difference also increased. Apparently, the shapes of pressure from Hertzian 

model seem to be wider and lower. It means that under the identical conditions, material 

deformation from Hertzian theory was greater than Persson’s prediction.  
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Figure 6.8. Comparison of pressure distribution between Persson’s model and Hertzian model for 

varying normal loads 5 kN, 20 kN, 30 kN, 40 kN, 50 kN and 60 kN. 
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6.3.2 Contact Size 

For cylindrical contact, the contact size is usually expressed by wrap angle, α, shown in 

Figure 6.1. The amplitude of this angle depends on the radial clearance, normal applied 

load and material mechanical characteristics, which is known as load parameter, 
*
1E R
P
Δ
′

. 

The relationship between load parameter and contact angle is expressed as (Persson, 1964; 

Ciavarella and Decuzzi, 2001): 

 
* 2 4
1

2 2

( 1)(ln( 1) 2 ) 2
(1 )( 1)

E R b b
P b b

γ
π γ

Δ − + + +
=

′ + +
 (6.13) 

Where 
*
1
*
2

En
E

∗ = ,
1
1

n
n

γ
∗

∗

−
=

+
, 2

*

1 i

i
i

EE
υ−

=  ( 2,1=i , refer to contacting bodies respectively, 

in this study they refer to the pin and bush respectively). 

Table 6.2 compares the half contact angle. It is evident that with lower load (higher load 

parameter 
P

RE
′
Δ*1 ), the angle difference from Hertz and Persson was as low as 0.1% for 

the same materials (
*
1
*
2

1En
E

∗ = = ). At lower loads, the contacting size was small and there 

was no significant conformal contact, which could be treated as the case of Hertzian 

contact.  

For pin joint studied here, the bronze bush and hard chromed steel pin give the material 

parameter, n∗ , as 1.68. When the load range was 5-60kN, the load parameter 
P

RE
′
Δ*1  

ranged from 66.1 to 5.5. Figure 6.9 compares the half contact angle for pin joint. It is clear 

that the difference of contact angle between two models was not significant at lower 

loads, but increases with load. The highest deviation of half wrap angle found in this 

study was within 15%. 
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Table 6.2. Half contact angle against load parameter 
P

RE
′
Δ*1   for varying materials. 

Half contact angle, α, degrees 

P
RE
′
Δ*1  1 5 10 20 50 100 200 500 

*
1
*
2

En
E

∗ =  

3 
Hertz 129.3 57.8 40.9 28.9 18.3 12.9 9.1 5.8 

Persson 66.0 45.9 35.9 26.9 17.8 12.7 9.1 5.8 

2 
Hertz 112.0 50.1 35.4 25.0 15.8 11.2 7.9 5.0 

Persson 64.2 41.9 32.1 23.8 15.5 11.1 7.9 5.0 

1 
Hertz 91.4 40.9 28.9 20.4 12.9 9.1 6.5 4.1 

Persson 60.9 36.3 27.1 19.8 12.8 9.1 6.4 4.1 

1/2 
Hertz 79.2 35.4 25.0 17.7 11.2 7.9 5.6 3.5 

Persson 58.1 32.5 23.9 17.3 11.1 7.9 5.6 3.5 

1/3 
Hertz 74.7 33.4 23.6 16.7 10.6 7.5 5.3 3.3 

Persson 56.9 31.0 22.7 16.4 10.5 7.4 5.3 3.3 

 
Figure 6.9. Comparison of half contact angle between Hertzian and Persson’s model for the pin joint 

contact. 
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6.3.3 Nominal and True Frictional Torque in Pin Joint  

Figure 6.10 (a) shows contact pressure distribution, ( )p φ , on a pin and bush contact 

under an applied load, P, over a half wrap angle, α. The pressure, ( )p φ , acts normally to 

the surface at co-ordinate position, φ . Thus, the infinitesimal force along the contact arc, 

dφ , is expressed as: 

 ( )pdP LR p dφ φ=  (6.14) 

 (a) (b)  
Figure 6.10. Pressure distribution on the pin, (a) illustration of pressure distribution, and (b) 

vertical component of pressure. 

The application of a torque results in a traction distribution that is equal to the product of 

the pressure distribution and friction coefficient. Similarly, the infinitesimal torque is 

therefore given by: 

 2 ( )pdT LR p dμ φ φ=  (6.15) 

If the pressure distribution is assumed to be constant along the axial direction, i.e. there 

are no edge effects caused by the bush, then: 

 2( ) pT p LR d
α

α

μ φ φ
−

= ∫  (6.16) 

Where μ is the friction coefficient between pin and bush. Thus the friction torque can be 

calculated if the pressure distribution and friction coefficient are obtained. Or if the 

P 

p(φ )cos(φ ) 

φ

α 

P 

dT
dP

φ

p(φ ) 

α
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torque can also be measured, the friction coefficient can be gained through: 

 
2( ) p

T

p LR d
α

α

μ
φ φ

−

=

∫
 (6.17) 

The component of the pressure that supports the applied load P is expressed as 

( )cos( )p φ φ  is shown in Figure 6.10 (b). Hence the formula for calculation of total 

normal load, P , is: 

 ( ) cos( ) pP p LR d
α

α

φ φ φ
−

= ∫  (6.18) 

Traditionally, the simple method for calculating the torque on a body, called here the 

nominal torque T΄, is to multiply the normal load by the friction coefficient with the half 

diameter.   

 '
pT PRμ=  (6.19) 

Substituting Equation (6.18) into Equation (6.19) gives, 

 2' ( ) cos pT p LR d
α

α

μ φ φ φ
−

= ∫  (6.20) 

Defining a ratio of true torque, T, to nominal torque T΄ as T* = T / T΄. It can be seen from 

Figure 6.10 that there are antagonistic force components of the pressure distribution that 

do not support the normal force, hence, thus, T must always be greater than T΄. The 

magnitude of the ratio, T*, depends on the distribution of pressure wrap angle (Colbert et 

al., 2010). Expressions of T and T΄ are given by equations (6.16) and (6.20). Thus T* is as 

follows, 

 

2

2

2 ( ) ( )

2 ( )cos ( ) cos

p

p

p LR d p d
T

p LR d p d

α α

α α
α α

α α

μ φ φ φ φ

μ φ φ φ φ φ φ

∗ − −

− −

= =
∫ ∫

∫ ∫
 (6.21) 

Figure 6.11 shows how the torque ratio, T*, varies with the half wrap angle with the 
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assumption that the pressure over the interface, varies in a uniform and cosinusoidal way. 

Real torque on cylindrical contact interface was always higher than the nominal one. Its 

magnitude depended on the distribution of pressure, and therefore, the material properties 

and contact geometry (Colbert et al., 2010). It became 1.57 times of nominal torque at α 

= 90° for uniform distribution at half wrap angle 90° and around 1.25 times for a 

cosinusoidal function of the pressure distribution. 

 
Figure 6.11. Torque ratios for different pressure distributions. 

6.4 Comparison between Simulation and Experiment 

6.4.1 Contact Pressure and Size 

Table 6.3 shows the characteristics, dimensions of pin and bush contact. They were used 

in equations (6.7) and (6.12) for the determination of pressure distribution for pin joint by 

employing the Hertzian and Persson’s model respectively. Figure 6.12 compares the 

theoretical simulation of pressure distribution with experiment results calculated from 

ultrasonic measurement.  
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Table 6.3. Characteristics and operating conditions of pin joint. 

Parameter Symbol Value 

Elastic modulus of pin Ep 205 GPa 

Elastic modulus of bush Eb 117 GPa 

Poisson’s ratio of pin υp 0.28 

Poisson’s ratio of bush υb 0.34 

Radius of pin Rp 28 mm 

Radius of bush Rb 28.025 mm 

Length of bush L 59.4 mm 

Total normal load Pt 5,10,20,40 kN 

Radial clearance ΔR 25 µm 

From Figure 6.12 (a), it can be seen that Persson’s model predicts a ‘narrow’ and ‘high’ 

pressure distribution compared to experimental results. For all loads, the peak pressures 

from Persson’s model were higher than experimental values, especially under lower loads. 

Figure 6.12 (b) is the comparison between Hertzian model and experiment. Compared to 

Figure 6.12 (a), the Hertzian theory shows a better agreement to experimental 

measurements, especially under 40 N and 60 N. 

However, even though the predicted contact size increased with normal load, both models 

predicted smaller half wrap angles than the experiment for all load cases. This may be 

because the predictions were based on a perfect smooth surface and standard surface 

geometry. The effect from the real rough engineering surface of pin and bush on contact 

parameters, such as pressure distribution and contact size, was ignored even though in the 

microscopic view the actual contact took place on these rough asperities distributed 

randomly on the surfaces. In addition, the constant contact angle from experiment 

implied some errors must exist during measurement as it was well known that contact size 

is mainly dependent on applied load. Despite this inaccuracy, it can be concluded that 

Hertzian theory was better in predicting contact pressure distribution and contact size, 

especially for heavier loads. 
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(a)  

(b)  
Figure 6.12. Comparison of experimental contact pressure distribution with, (a) Persson’s model, 

and (b) Hertzian model. 

In both cases the rapid reduction in pressure at the contact edges was observed for 

simulation results. This is because the models are for smooth surfaces. The experimental 

surfaces are rough and this would have tendency for spread of the load out slightly 

beyond the nominal contact area (Johnson, 1985), shown in Figure 6.13. This 

phenomenon is also shown in Figure 3.3. 
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Figure 6.13. Contact pressure of a smooth elastic sphere with a nominally flat randomly rough 

surface. 

Figure 6.14 shows the peak pressure under varying loads by these two models compared 

to experiment. From the theoretical simulations, it is clear that the deviation between 

them increased with the load. Persson’s model gave a sharper incremental curve. At the 

highest simulated load, 200N, peak pressure from Persson’s model was almost twice as 

high as Hertzian. The peak pressures from experiment, represented by data markers show 

good agreement to the prediction. Both models could be used for predicting peak pressure 

for practical application of pin joint design. 

 
Figure 6.14. Peak pressure comparison among Hertzian model, Persson’s model and experiment. 
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lubrication regime. The friction coefficient has been found in the range of 0.1-0.13 

(Figure 5.16). The value of 0.12 was used for calculation of the friction torque from 

obtained pressure distribution shown by Figure 6.6 by applying Equation (6.16). 

Compare with Figure 5.18 (b), a good agreement of torque can be found. The 

consistency shows that in choosing the ‘dry’ friction coefficient for theoretical 

modelling, the value of 0.12 is reasonable. Figure 6.15 shows the calculated friction 

torques against normal applied load for Hertzian model, Persson’s model and the 

experiment data. The experimental torque showed a good agreement with theoretical 

simulations.  

 
Figure 6.15. Friction torque varying with normal applied load. 

Traditionally the friction torque was calculated from (Equation (6.19)): 

 '
pT PRμ=  (6.22) 

Therefore for the pin and bush contact, if the friction coefficient μ is treated as 0.12, and 
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 ' 3.36T P=  (6.23) 
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torque was neglected, which is shown in Figure 6.10. Normally, the torque obtained from 

Equation (6.23) is known as nominal friction torque.  

The differences between nominal and true friction torque is now considered for the 

experiment data. From the pressure distribution calculated from ultrasonic reflection 

presented in section 6.2.2 and shown by Figure 6.6, the integration of ∫
−

α

α

φφ dp )(  and 

∫
−

α

α

φφφ dp cos)(  can then be obtained from calculated pressure separately. Table 6.4 

shows the integration values for each load case and the ratio of true torque to nominal 

torque (Equation (6.21)). 

Table 6.4. Ratio of true torque to nominal torque. 

Load, kN 5 20 40 60 

∫
−

α

α

φφ dp )(
 

1.92×107 7.57×107 1.52×108 2.29×108 

∫
−

α

α

φφφ dp cos)(
 

1.72×107 6.88×107 1.38×108 2.07×108 

T ∗  1.11 1.10 1.10 1.11 

 
Figure 6.16. Torque ratios for uniform, cosinusoidal and Hertzian pressure distributions. 
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cosinusoidal pressure distribution, as indicated in Figure 6.16. The experimental pressure 

was proven to be close to the consinusoidal distribution. 

6.4.3 Estimation of Friction Coefficient 

The torque measurement obtained in Chapter 5 was used for the estimation of the real 

friction coefficient by dividing the measured torque by the ratio T*: 

 *' p
TT PR
T

μ= =  (6.24) 

Thus the difference, σT, between the nominal torque, T΄, and the real torque, T, is: 

 1(1 )T T
T

σ ∗= −  (6.25) 

The real friction coefficient in the contact is expressed as: 

 *
p

T
T PR

μ =  (6.26) 

Similarly, the difference for friction coefficient is: 

 1(1 )
p

T
PR Tμσ ∗= −  (6.27) 

From the previous section, the torque ratio of 0.11 is used for the calculation of friction 

coefficient, torque difference and coefficient difference. The results for friction 

coefficient are given in Table 6.5 and Figure 6.17. The bar chart shows the friction 

coefficient, μ, to the normal applied load, P. Friction coefficients varied from 0.1 to 0.114 

on the pin joint as the load was increased. This indicated that the joint operates in a 

boundary lubrication regime . Both friction coefficient and torque were found to slightly 

increase with the load, but the friction coefficient deviation was shown to be independent 

of the load, shown in Figure 6.17.  
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Table 6.5. Measured torque, friction coefficient and deviation. 

Load, kN 5 10 15 20 25 30 35 40 

T, Nm 15.4 32.1 48.4 65.4 84 100.2 120.8 141.3 

σT,  Nm 1.5 3.2 4.8 6.5 8.3 9.9 12.0 14.0 

μ 0.099 0.103 0.104 0.105 0.108 0.107 0.111 0.114 

σµ 0.011 0.011 0.011 0.012 0.012 0.012 0.012 0.013 

 

Figure 6.17. Friction coefficient and deviation varying with load. 

6.5 Conclusions 

Ultrasonic reflection coefficient data for a pin and bush contact has been analysed. The 

contact stiffness of the interface was calculated and then used for the determination of 
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were predicted using Hertzian theory and Persson’s conformal contact model. Both 

models predict higher peak pressure and smaller contact size compared to the 

experimental results. The simulation torque was found to agree well with the experiment. 

By comparing the two models with the ultrasonic measurements, Hertzian theory was 

shown to be more accurate in determining the real contact pressure.  

The torque used to rotate a pin is commonly calculated from μPD/2. This, however, 

underestimates the actual torque requirement because it neglects the tangential 

components of pressure that do not support normal load, but contribute to friction. The 

true torque can only be determined if the pressure distribution is known. In this study, the 

required torque during pin joint articulation was recorded, from which the ratio of true to 

nominal torque was found to be 1.1±0.01. 

The friction coefficient of pin joint contact was obtained from this torque data 

incorporating the ratio T* determined from the measured pressure distribution. It was 

found to vary from 0.1 to 0.114 on the pin joint as the load increased. This indicates that 

the joint operates in a boundary lubrication regime. 

From Chapter 3-6, the normal contact mechanics of engineering interfaces haven been 

investigated. Both theoretical model and experiments were carried out for the interfacial 

properties, including the normal pressure distribution, the contact size and the normal 

contact stiffness. In the next Chapter, how the micro-contact junctions deform along the 

tangential direction will be studied using the ultrasonic technique based on 

Perspex-Perspex and steel-steel contacts. 
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Chapter 7 Shear Study on a Sliding 
Contact 

In this chapter, the ultrasonic reflection coefficient of a shear wave from Perspex-Perspex 

and steel-steel interfaces has been measured under a range of nominal pressures, from 

which the interfacial shear stiffness was calculated by the spring model presented in 

Chapter 4. Firstly, the frequency-dependent reflection coefficient and hysteresis 

phenomenon of the interface were analysed. The second part was an ultrasonic and 

frictional study on the stick-slip process. The variation of reflection coefficient for a 

range of nominal pressures and sliding speeds has been recorded to study the evolution of 

interfacial shear stiffness. Finally, based on the elasto-plastic deformation theory of rough 

surface asperities, a formula relating shear stiffness and real contact area has been 

developed and used for prediction of real contact area. The real contact area variation in 

hysteresis cycles and the area evolution during the stick-slip process were investigated. 

7.1 Introduction 

Mechanical contact between solids generally consists of ‘rough’ surfaces, even though 

the surfaces are macroscopically considered to be ideally flat. The contact is taking place 

on these randomly distributed rough asperities. Interaction of asperities determines 

characteristics of the interface, such as the real contact area, shear property and material 

deformability. The deformability of a material is usually expressed as stiffness. 

Depending on the direction of the load, normal or tangential to the contact, the stiffness is 

characterised into normal stiffness and shear stiffness.  

Shear stiffness is defined as the amount of shear stress per unit displacement required to 

deflect an elastic contact in tangential direction, with the unit of Pa/m.  
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 /sK dq dx=  (7.1) 

Where q is shear stress, and x is the elastic tangential deformation. 

As the characteristics of an interface are determined by properties of rough asperities on 

mating surfaces. The interfacial properties can be determined through studying the 

asperity interaction. This provides a method to analyse interfacial stiffness from 

microscopic interaction. Savkoor (1987) and Baumberger (1997) have studied 

microscopic interactions between asperities for plastic creep and adhesive friction 

individually. Therefore, based on the GW model, the interfacial shear stiffness can be 

calculated using the number of contact spots, N, and mean junction size, < a >. The 

following expression for the interfacial shear stiffness was given as (Johnson, 1985): 

 sK GN a′ ≅  (7.2) 

Where G is the shear strength, the sign ≅  stands for equality within a multiplicative 

geometry-dependent constant, Ks' has a unit of N/m, and the nominal contact area should 

be introduced if the stiffness is expressed per unit area (units of Pa/m).  

The spring model described in Chapter 4 holds for the shear waves as well as longitudinal 

waves. So, the relation between the reflection coefficient, R and the stiffness of interface, 

K is: 

 ( )
( )

1 2 1 2

1 2 1 2

/
/

s

s

z z i z z K
R

z z i z z K
ω
ω

− +
=

+ +
 (7.3) 

where z1 and z2 refer to the acoustic impedance of the materials either side of the interface 

and ω is the angular frequency (ω =2πf ). For identical materials in contact (z1=z2=z' ) this 

equation reduces to: 

 
( )2

1

1 /s

R
K fzπ

=
′+

 (7.4) 

In the above two equations, the shear stiffness Ks denotes the amount of nominal shear 

stress per unit displacement, has the unit of Pa/m. 
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Take Perspex for example, acoustic impedance is 1629580 kg/(s×m2) (1.63 MRayls). 

Figure 7.1 shows how reflection coefficient varies with frequency for certain shear 

stiffness, Ks. It was indicated that higher stiffness gives lower reflection coefficient, 

which means more ultrasound waves have transmitted through the bonded material.  

 
Figure 7.1. Reflection coefficient against frequency with varying shear stiffness. 

Figure 7.2 shows a plot of shear wave reflection coefficient amplitude verses frequency 

for a sample pulse reflected from a dry sliding Perspex-Perspex contact under a pressure 

of 1.94 MPa (at a load of 98 N). Also shown was the amplitude spectrum fast Fourier 

transform (FFT) of the reflected signal and reference signal. Inspection of the amplitude 

spectrum shows the extent of the attenuation which has effectively reduced the centre 

frequency of the transducer from 5 MHz to 3.5 MHz. The reflection coefficient spectrum 

has been converted into the predicted shear stiffness using the spring model Equation 

(7.3). The shear stiffness calculated from ultrasonic reflection is also shown in Figure 7.2. 

Due to the fact that the interfacial shear stiffness is not varying with the measurement 

frequency for a certain interface, and only data in the 3 to 4 MHz region was independent 

of frequency, the data in this region known as measurable region will be chosen for 

further analysis in this study. In this region the reflection coefficient was close to being 

constant regardless of the measurement frequency selected. Interfacial shear stiffness can 

then be calculated from the measured reflection coefficient by the spring model 

Equation (7.3).  
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Figure 7.2. Reflection coefficient and shear stiffness plotted against ultrasonic frequency (in order 

to be shown on the same plot, the transducer output spectrum is plotted in arbitrary units). 

In this chapter, the shear stiffness of steel-steel and Perspex-Perspex contacts were 

studied using the ultrasonic method. A 5 MHz shear transducer was mounted above the 

contact to record the reflection of ultrasound waves through the sliding process, including 

the threshold from static contact to kinetic sliding. Then the reflection coefficient, R, was 

obtained by comparing the reflection signal to the reference reflection signal. Applying 

the spring model, equation (7.3), the interfacial shear stiffness can then be calculated. A 

further analysis of the real contact area for both stationary contact and stick-slip process 

was processed using the shear stiffness. Simultaneously, during the sliding process, a load 

cell was used to record the friction force on the interface. Together with ultrasonic results, 

these friction measurements were then used to discern the point of transformation from 

static contact to kinetic movement.  

7.2 Experimental Details 

7.2.1 Specimen Preparation 

The sliding contact interface in this study was composed of two nominally flat specimens, 
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shown in Figure 7.3. The top specimen was made of a cylindrical bar with a smaller 

cylindrical section extrusion machined at the end, which acted as one of the contacting 

surfaces. Its end surface was in contact with the plate made from the same material, which 

acted as the lower specimen. The lower plate was mounted to a guide track driven by a 

motor. The upper specimen, together with the ultrasonic transducer, was held in a housing, 

shown as the dashed square. The housing was mounted onto a two-arm cantilever, which 

enabled a weight application. The housing was stationary while the lower specimen was 

moving with the guide. This configuration made the sliding contact in the study. A photo 

with more details was shown in next section. 

 
Figure 7.3. A sketch of the configuration of contact. 

Perspex and steel were chosen as specimens, which represent two wide classes of 

materials, very different in their properties. Four sized Perspex specimens were prepared 

with end cylinder diameters of 5mm, 8mm, 12mm and 25mm. The contact surfaces were 

all ground except the lower plate, which remains in the original polished surface 

condition. Three EN24 steel specimens, 5mm, 8mm and 12mm diameter, were prepared 

for comparison with Perspex as they also have an excellent shear transmission property. 

However, as the steel has greater elastic modulus, much higher load was needed to get the 

same amount of surface approach as Perspex. In this test, due to the limitation of the 

loading condition, a dead weight load was applied. This restricts higher loads to be 

applied onto the interface. Furthermore, the steel specimens are more sensitive to 

alignment due to their high modulus. As a consequence, most of the ultrasonic reflection 

measurements for metal interface were much higher compared to Perspex specimens. 

Figure 7.4 shows the photo of specimens used in this study.  

Lower specimen

Upper specimen

Guide track

Interface

Shear transducer

u
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Figure 7.4. Photo of specimens used in the ultrasonic study. 

Table 7.1 shows surfaces roughness, Ra, for tested specimens. Roughness measurements 

were carried out three times with different locations using a stylus profilometer (Model 

SV-602). Mean values of each measurement was used for further analysis.  

Table 7.1. Surface roughness of specimens used in this study. 

Surface roughness, aR , mμ  

 Upper specimen Lower specimen 

 5mmφ  8mmφ 12mmφ 25mmφ  

Perspex 1.01 0.57 0.44 0.63 0.05 

Steel 3.85 2.54 2.06 -- 0.69 

Table 7.2. Mechanical and ultrasonic properties of specimens. 

Property Perspex EN24 Steel 

Young’s modulus, E, GPa 3.3 210 

Hardness, H, GPa 0.4 2 

Yield stress, σY, MPa 84 472 

Poisson’s ratio, υ 0.39 0.29 

Shear modulus, G, GPa 1.19 81.4 

Density, ρ, kg/m3 1180 7850 

Shear wave speed, c, m/s 1381 3240 

EN24

Perspex
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Table 7.2 shows mechanical properties of specimens. The material properties can vary 

with the manufacturing process, as well as test methods. Material properties quoted were 

based on common knowledge. Values in Table 7.2 were used in this study. The shear 

wave speeds in Perspex and steel were measured from ultrasonic reflection. According to 

the ultrasound travelling time and distance (thickness of specimen), so the wave speed 

equals to the distance divided by the travelling time. 

7.2.2 Sliding Test Rig 

Figure 7.5 (a) and (b) show a sketch and photo of the sliding test rig. Basically, the test rig 

was composed of a two-arm cantilever, a load cell holder, and a sliding track driven by a 

motor. The free rotating lever was used for holding the upper specimen and applying a 

dead load at the end. A lower specimen was fixed onto the track and be driven with a 

certain speed. When the sliding was taking place between two specimen surfaces, the 

lever was dragged to touch the load cell. Therefore, the shear force on the interface was 

recorded.  

In this test, a housing was designed to fix the shear sensor and hold the upper specimen, 

shown by Figure 7.5 (c). In the middle of the housing, a steel bar was mounted to two 

shafts using two small linear bearings. Two springs were used to balance the bar within 

the housing. At the early stage of sliding, they deformed and absorbed the interfacial 

shear force. So the upper specimen sticks on the lower one for a short while until the 

deformation limit of the spring was reached. Then the resilience energy releases and the 

interface undergo a slip movement. This process repeats so the stick-slip process was 

obtained for this study. A hole in the bar was machined for holding the ultrasonic sensor 

and the upper specimen. In this hole, the upper specimen was sitting on the sensor. In 

order to make a full face contact between the sensor and the end of the specimen, a small 

spring was added underneath of the sensor, shown in Figure 7.5 (c).  

The housing was turned upside down and mounted to a two-arm cantilever through a pin. 

The cantilever was free to rotate along a vertical bar fixed on the foundation base. Next to 

it, a load cell was located on a fixed steel holder for recording the force from the rotating 

cantilever. The two-arm cantilever has freedom in the vertical and horizontal planes, 
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which makes possible to adjust the position of the specimen and measure the friction 

force from the interface. At the right end of the lever, dead weights were applied manually. 

The normal load applied on the interface in this study was up to 410 N, which makes a 

maximum nominal contact pressure of 104.5 MPa. The lower specimen (plate) was fixed 

to a guide track connected to a belt drive via a ball screw. The speed of the guide was in 

the range of 0-4.5 mm/s.  

(a)  

(b)  (c)  
Figure 7.5. (a) sketch of test rig, (b)photo of sliding test rig, and (c) the housing for holding upper 

specimen and transducer. 

7.2.3 Ultrasonic Apparatus and Data Processing 

An ultrasonic unit consists of an ultrasonic-pulse receiver (UPR), a digital oscilloscope, a 

PC and ultrasound transducers. Figure 7.6 shows a sketch of the layout. The UPR 

generates a series of short duration voltage pulses that excite the piezoelectric transducer 

Applied load
Counter weight Load cell Motor

Housing(shear 
transducer inside)

Upper specimen

Sliding base

Worm drive

Lower specimen

Dead weight

Housing Ultrasonic 
transducer

Small spring 
underneath

Move direction

Big spring

Bearing inside
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causing it to resonate, thus sending the required ultrasonic pulse through the medium. A 

bespoke centre frequency 5 MHz piezoelectric shear transducer was commissioned (from 

NDT Systems Ltd) for this test case. The transducer was actuated by the UPR, which was 

controlled by a PC. The transducer operates in pulse-echo mode and so receives 

reflections back from the interface. Reflected pulses were stored on a digital oscilloscope 

and passed to a PC for data processing and analysis.  

 
Figure 7.6. Sketch of ultrasonic unit used in this study. 

The driver software was written in the software program LabView, which controls the 

sending and receiving of pulses, downloads reflected pulse waveforms, and performs the 

required signal processing. The ultrasonic reflection was recorded during sliding contact. 

This was then used for further analysis for the interface stiffness, contact pressure and the 

real contact area. 

7.3 Ultrasonic Measurement 

Ultrasonic measurements were carried out for both static and dynamic contacts. The 

spring model, equation (7.3), was then used for calculation of the shear contact stiffness. 

During the process of stick and slip, friction force was recorded. This allows real contact 

area, reflection coefficient, and shear stiffness variation to be analysed over the entire 

movement. 

7.3.1 Reflection Dependence on Frequency 

In early studies (Królikowski and Szczepek, 1993; Berthoud and Baumberger, 1998; 

Kim et al., 2004), it has been proven to be difficult to measure the frequency dependence 

Ultrasonic
transducer

Control signal

Digital oscilloscope

P C

U P R
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of reflections as the studies were carried out using single frequency transducers. Aligning 

the contacting surfaces has also proved to be difficult (Drinkwater et al., 1996). In this 

study, a 5MHz wide band shear transducer has been used which makes measuring 

frequency dependence possible. 

(a)   

(b)  
Figure 7.7. Ultrasonic reflection and shear stiffness varying with frequency for a range of nominal 
pressures for static Perspex‐Perspex contact, (a) measured reflection coefficient, and (b) calculated 

shear stiffness from ultrasonic reflection. 

Figure 7.7 (a) shows ultrasonic reflection coefficient varying with frequency over a range 

of nominal pressures for static Perspex-Perspex contact. The dependence of reflection 

coefficient on frequency can be seen clearly from the plot, especially for higher pressures 

(5-10MPa), where the reflection coefficient increases with frequency. Higher pressures 

causes well bonded interfaces, so more ultrasound waves transmitted through the material 
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into the second contacting body. The resulted reflection coefficient was therefore smaller 

compared to lower loads. Under pressure of 9.72 MPa, the reflection coefficient was 

found in the range of 0.05-0.14. With increasing pressure, it decreases to 0.05, rather than 

zero, which would be expected for the complete conformity. 

The measured frequency dependence was then used for calculation of interfacial shear 

stiffness by using the spring model, Equation (7.3). Figure 7.7 (b) shows the obtained 

shear stiffness varying with frequency for a number of normal pressures. From Figure 7.7 

(b), it can be seen that the shear stiffness shows independent from the frequency in the 

range of 3-4 MHz under lower loads. This agrees with Figure 7.2. Therefore, the stiffness 

in this region was used in this study. It should be noted that the stiffness was found to 

decrease with frequency under higher loads, 7.78 MPa and 9.72 MPa where the reflection 

coefficient varied from 0.07-0.25. Under higher loads, the interface is well bonded, 

reflected signals are too weak to characterise properties of the interface. In the 

application of ultrasonic film thickness measurement, a measurement zone was 

suggested by Gasni et al., (2011) considering the measurement accuracy. 

Figure 7.8 (a) shows the measured steel-steel reflection coefficient variation with 

frequency under a range of nominal pressures. Interfacial shear stiffness calculated from 

the reflection measurement is shown by Figure 7.8 (b). It is apparent that higher pressures 

resulted in greater shear stiffness. It can also be seen that in the frequency range of 3.5-5.5 

MHz, the shear stiffness shows independence to frequency under all pressure cases. 

Therefore in the study, this frequency range was used for steel specimens. It has been 

suggested that a proper frequency range should be chosen in order to obtain useful 

information about a given contact (Drinkwater et al., 1996). In studying a given contact 

using the ultrasonic method, attention must be drawn to the fact that if the frequency is 

too high, the reflected coefficient will be unity. This will result in the invalidation of the 

spring model. No information can be measured through ultrasonic method for the contact. 

The interface could be considered “too loose” to allow any ultrasound to transmit to the 

second body. Conversely, if the stiffness is too high as the interface is perfectly bonded 

together, all the ultrasound waves will pass through the interface and no reflection is 

obtained.  



 

120 

 

 (a)  

(b)  
Figure 7.8. Ultrasonic reflection and shear stiffness varying with frequency for a range of nominal 
pressures for static steel‐steel contact, (a) measured reflection coefficient, and (b) shear stiffness 

calculated from ultrasonic reflection. 

7.3.2 Loading/Unloading Cycles 

The shear ultrasonic response from a loading/unloading interface has been studied. 

Figure 7.9 (a) shows reflection coefficient measurement for two cycles of 

loading/unloading. Reflection coefficient decreases from unity as the pressure increased. 

It was found to increase and recover to the initial value as the pressure was gradually 

removed. The interfacial shear stiffness calculated from reflection measurement, Figure 

7.9 (a), using spring model, Equation (7.3), was plotted against nominal normal pressure, 

shown by Figure 7.9 (b).  

Looking at the single loading/unloading process, either 1st or 2nd cycle in Figure 7.9, 
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hysteresis behavior was exhibited as the reflection coefficient was lower in the unloading 

process than the loading at the same contact pressure. The different paths of loading and 

unloading cycle were caused by elasto-plastic deformation of asperities on the interface. 

From Figure 7.9 (a) it can be seen that the unloading lines show a similar path, but lower 

reflection coefficient, than loading ones. Hysteresis evolution presented by reflection 

coefficient was then displayed on the shear stiffness plot, shown by Figure 7.9 (b). 

Hysteresis loop was also studied by Konowalski (2009) through recording displacement 

of interface with varying pressure. 

 (a)  

(b)  

Figure 7.9. (a) Measured reflection coefficient varying with mean contact pressure for two load 
cycles for Perspex 5mm diameter specimen, and (b) shear stiffness calculated from measured 

reflection coefficient. 
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If we compare both reflection and shear stiffness curves in Figure 7.9 (a) and (b), it can be 

seen that the first loading path was different to the second. This indicates plastic 

deformation and partial elastic recovery of rough surface asperities took place during 

weight-loading, unloading and reloading. The real contact area in the subsequent loading 

cycle was greater. This leads to more ultrasound passing through the interface and less 

reflected back. As a result, the reflection coefficient in the second loading cycle is lower, 

which can be seen clearly from Figure 7.9 (a). It should be noted that the highest pressure 

in the test was 12.96 MPa, much lower than the bulk yield stress (84 MPa), shown in 

Table 7.2. Even though the bulk material was expected to be in elastic deformation state, 

asperities on the surfaces may have exceeded elastic deformation limit and undergo 

plastic deformation. Some confirmation has been made that, even for very light loads or 

nominal pressure applied onto a hard material, the asperities of a multi-contact interface 

must be treated as elasto-plastic (Baumberger, 1997; Berthoud and Baumberger, 1998). 

Therefore, the study of shear stiffness can be considered to be a probe for understanding 

the nature of an interface. 

Figure 7.10 (a) shows ultrasonic reflection measurement for different nominal contact 

sizes, 5 mm, 8 mm and 12 mm. The interface of greatest nominal contact area shows most 

sensitivity to pressure. This can be seen from the sharp decrease of reflection coefficient 

with nominal contact pressure for 12mm diameter specimen. From Table 7.1, this 

specimen has the lowest surface roughness, 0.44 μm. Lower reflection means more 

transmission of ultrasound and therefore higher shear stiffness. It can be concluded 

among these three interfaces, the stiffness and the real contact area this most ‘smooth’ 

surface increases most considerably with nominal pressure. This shows good agreement 

with the previous experimental result (Gonzalez-Valadez, 2006). Tattersal (1973) also 

found that the amount and size of roughness peaks mostly affect the contact parameters. 

Figure 7.10 (b) shows the calculated interfacial shear stiffness from reflection 

measurement. It confirms that the shear stiffness for 12 mm specimen shows highest 

shear stiffness at the same pressure. For all contacting sizes, hysteresis was clearly 

presented. 
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 (a)  

(b)  

Figure 7.10. (a) Measured reflection coefficient varying with mean contact pressure for different 
contact size of Perspex, and (b) shear stiffness calculated from measured reflection coefficient. 

Figure 7.11 shows measured reflection coefficient and calculated shear stiffness varying 

with nominal contact pressure for the steel specimen. From 10.8 MPa to 21.6 MPa, the 

ultrasonic reflection decreases slightly in the loading process. The lowest reflection 

coefficient was found to be around 0.4. Królikowski and Szczepek (1993) found that 

under heavy pressure, reflection coefficient tended to be zero and consequently the 

interfacial shear stiffness becomes independent with pressure. In this test, due to the 

limitation of the load application, higher pressure tests were not performed. 
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(a)  

(b)  
Figure 7.11. (a) Measured reflection coefficient varying with mean contact pressure for steel 12 mm 

diameter contact, and (b) shear stiffness calculated from measured reflection coefficient. 

7.3.3 Reflection Measurement during Stick-slip 

Figure 7.12 shows an example of measured friction force variation against time during a 

stick-slip process. Initially, the lower specimen starts moving with the guide together with 

the upper specimen due to static friction force under a certain normal load. The static 

friction increase in the stick stage and approaches a maximum value where the upper 

specimen escapes from contact and a slip takes place. The stick-slip process was 

replicated with a lattice spacing later on. 
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Figure 7.12. A typical experimental friction force varying with time during stick‐slip process. 

The ultrasonic reflection was recorded during this stick-slip process. By comparison with 

the reference reflection, the variation of reflection coefficient has been obtained and 

plotted against time. The interfacial shear stiffness, Ks, was calculated through the 

ultrasonic spring model, Equation (7.3). Figure 7.14 to Figure 7.16 show the reflection 

coefficient, interface friction force and obtained shear stiffness for 12mm diameter 

Perspex-Perspex contact at nominal contact pressure, 2.59 MPa (293 N), 3.46 MPa (391 

N) and 4.32 MPa (489 N), all at the same sliding speed of 0.26m/s. It can be seen that 

with increasing friction force, the reflection coefficient was found to decreases slightly 

during the first stick-slip process. Therefore, the interfacial shear stiffness calculated 

from ultrasonic reflection measurement increases slightly before the first slip. Under the 

constant normal pressure, the increasing of static friction force brings a greater real 

contact area. According to the GW model, the mean separation of the rough contacting 

surfaces was determined by the normal load. Therefore the number of asperity contacts 

was expected to be constant during this sliding movement. Hence, the conclusion can be 

made that the increasing of the real contact area was from the growth of contacting 

junctions due to the shear deformation, shown in Figure 7.13. This could also be 

confirmed by looking at the shear stiffness property against the friction force, which was 

addressed in the section 7.3.4. Afterwards, the stick-slip repeats, the reflection coefficient 

was decreasing firstly and followed by a short increase before slip, this can be clearly 

seen from Figure 7.14.  
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Figure 7.13. Sketch of junction growth from static contact to sliding. 

 
Figure 7.14. Measured friction force, reflection coefficient and calculated shear stiffness using the 
spring model (Equation  (7.3)) at the nominal contact pressure of 2.59 MPa (293N) at sliding speed 

of 0.26m/s for Perspex 12mm diameter specimen. 

 
Figure 7.15. Measured friction force, reflection coefficient and calculated shear stiffness using the 
spring model (Equation  (7.3)) at the nominal contact pressure of 3.46 MPa (391 N) at sliding speed 

of 0.26 m/s for Perspex 12mm diameter specimen. 
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Figure 7.16. Measured friction force, reflection coefficient and calculated shear stiffness using the 
spring model (Equation  (7.3)) at the nominal contact pressure of 4.32 MPa (489 N) at sliding speed 

of 0.26 m/s for Perspex 12mm diameter specimen. 

From Figure 7.14 to Figure 7.16, the friction force was found to increases with the normal 

pressure. During the stick-slip process, it was found to be in the range of 63-133 N under 

2.59 MPa and 112-194 N under 4.32 MPa. Lower reflection was recorded for higher 

normal pressures because of the greater real contact area. Accordingly, the interface under 

higher pressure was stiffer in shear direction, which was shown by the higher shear 

stiffness. More details can be seen from Figure 7.17 and Figure 7.18. 

Figure 7.17 and Figure 7.18 show the friction force, reflection coefficient and interfacial 

shear stiffness varying during stick-slip process for the 8 mm and 5mm diameter Perspex 

specimens. For each specimen, the same dead weight range was applied, but, due to 

different apparent contact areas, the nominal pressure varies. The same conclusion can be 

obtained as: higher pressure produces higher friction force, more real contact area, lower 

reflection coefficient, and therefore more stiffer interface therefore (higher shear 

stiffness). A significant drop on shear stiffness was observed for both specimens under 

7.78 MPa and 14.93 MPa respectively, shown in Figure 7.17 (c) and Figure 7.18 (c). It 

took place in the stationary stage before each sliding. This may be due to the bulk 

deformation of the top Perspex (low elastic modulus and shear modulus), which lead to 

a misalignment at the interface. 
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(a)  

(b)   

(c)  
Figure 7.17. (a) Friction force, (b) measured reflection coefficient, and (c) interfacial shear stiffness 
calculated through spring model (Equation  (7.3)) from measured reflection coefficient varying with 
time during stick‐slip process at sliding speed of 0.26 m/s for Perspex 8 mm diameter specimen. 
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(a)  

(b)  

(c)  
Figure 7.18. (a) Friction force, (b) measured reflection coefficient, and (c) interfacial shear stiffness 
calculated through spring model (Equation  (7.3)) from measured reflection coefficient varying with 
time during stick‐slip process at sliding speed of 0.26 m/s for Perspex 5 mm diameter specimen. 
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7.3.4 Interfacial Shear Stiffness Varying with Traction Force 

The interfacial stiffness calculated from ultrasonic reflection was plotted against the 

traction force, shown in Figure 7.19-Figure 7.21.  

(a)  

(b)  

Figure 7.19. (a) Reflection coefficient, and (b) interfacial shear stiffness calculated through spring 
model (Equation  (7.3)) varying with friction force during stick‐slip process at the nominal contact 

pressure of 2.59 MPa (293 N) for Perspex 12 mm diameter specimen. 

Figure 7.19 (a) shows the ultrasonic reflection against friction force during stick-slip 

process for a 12 mm Perspex specimen. It can be seen that the reflection coefficient 

decreases slightly and then increases significantly with friction force in the first stick 

phase. The friction force varying with time can be referred to Figure 7.14. The maximum 
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reflection was reached at the threshold of the first slip. The sliding then takes place, which 

was over a short period. The friction force restores to a low level and a new stick was built 

up, highlighted in Figure 7.19 (a). Afterwards, the reflection repeats along a same route.  

The shear stiffness was calculated using measured reflection, shown in Figure 7.19 (b). In 

the stationary state, it increases from 0.087 GP/μm, which was the static shear stiffness 

tested at the same normal pressure (refer to Figure 7.10 (b)), to the maximum of 0.116 

GP/μm. This shows the growth of real contact due to increasing traction force. In the first 

stick-slip process, the shear stiffness shows a slightly higher trace than the following 

repeats. Little difference can be observed for the later cycles. The following cycles 

overlap the second stiffness trace, as shown in Figure 7.19 (b). This indicates less 

conformity between the two surfaces in the following stick-slip process than the initial 

one. For each trace, with increasing shear force, the shear stiffness increased first due to 

the growth of asperity junctions and decreased as the slip released the junction growth. 

At the beginning of each stick and slip, a few irregular data points have been recorded. 

This was caused by the un-steady new start due to the alternation between stick and slip.  

 
Figure 7.20. Interfacial shear stiffness calculated through spring model (Equation  (7.3)) from 
measured reflection varying with friction force during stick‐slip process under varying nominal 

contact pressures for Perspex 12 mm diameter specimen. 

Figure 7.20 presents the effect of the normal pressure on the interfacial shear stiffness. 

Higher pressures produce greater shear stiffness as more asperities begin to interact. The 

real contact area increases and, therefore, the interface was stiffer. After the initial 
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stationary phase, a similar repeating route of the shear stiffness has been found for all 

three pressures. Shear force starts accumulating from the beginning of stick, approaches 

the climax at the slip and releases during the slip. This process repeats and forms traction 

cycles at the interface. Under 4.32 MPa, three shear stiffness cycles were observed, 

among which the latter show lower amplitude than the previous traction cycles. This 

indicates that the contact between two surfaces becomes less stiff afterwards. This 

observation was opposite to the hysteresis study in 7.3.2, where the tests focused on the 

shear stiffness in loading/unloading cycles, shown in Figure 7.9. The second normal 

loading leads to a higher shear stiffness due to plastic deformation of asperities. This is 

because in the loading/unloading test, the contact takes place at the same area. Asperities 

in this area were compressed into contact in the loading and released from interaction in 

the unloading. Plastic deformed peaks cannot get recovered and leads to higher stiffness. 

However, in the sliding test, the contact area changes with time. During the stick-slip 

process, asperity contact pairs were different from previous ones. 

Figure 7.21 shows details occurring during the slip, which was found to be 0.05 seconds 

in this test. As the process was too short, only a few data points have been recorded and 

detailed in Figure 7.21 (b). A significant drop in friction force from 133 N to 72 N can be 

seen from the plot of friction force against time. However, little change was observed on 

the reflection coefficient and the shear stiffness. Both show an approximate constant 

trend and behave independently with the shear force. Even though, the slip process was 

very short, the sliding displacement of upper specimen against the lower plate was 

significant. During this sweeping process, the shear stiffness and the real contact area 

remains the same: 

 , ,s stick s slipK K=  (7.5) 

The interfacial shear stiffness at the sliding phase was found to be around 0.33 GPa/μm, 

which was clearly not zero that was expected at a sliding interface, at least on a 

micro-scale. 
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 (a)  

(b)  

Figure 7.21. (a) Reflection coefficient, shear stiffness and friction force varying with time during 
stick‐slip process at the nominal contact pressure of 2.59 MPa (293 N) for Perspex 12mm diameter 

specimen, and, (b) detailed information at slip phase. 

7.3.5 Effect of the Sliding Speed  

The start-up process of the sliding contact has been analysed in previous section. How the 

apparent reflection coefficient and friction force were influenced by the sliding speed and 

normal load during stick-slip stage was studied in this and the later section.  

Table 7.3 shows the effect of sliding speed on ultrasonic reflection, shear stiffness, 

friction force and lattice spacing (expressed in seconds), under a nominal pressure of 4.98 

MPa (98 N) for 5mm diameter Perspex specimens. It can be seen that the shear stiffness 
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slightly decreases with speed. It implies that under varying sliding speeds, the asperity 

interaction varies. Lower speed leads to stiffer interface due to higher real contact area 

caused by asperity interaction. Therefore, a conclusion might be obtained that under 

certain normal load, shorter interaction time of asperity spots causes less micro-spot 

junction growth (Figure 7.13).  

For all speed cases, there is no significant effect of speed on friction force was observed 

from the recorded friction force curves, shown in the fourth row of Table 7.3. The same 

experiment has been carried out on 8mm diameter Perspex specimen as well, shown in 

Table 7.4. The maximum shear stiffness during the stick and slip process was found to be 

76.1 MPa/μm at 0.639 m/s and 65.7 MPa/μm at 3.209 m/s. It shows that the shear 

stiffness decreases slightly with the sliding speed. When looking at the amplitude and 

span of the friction force, there was little effect of sliding speed on the friction force. 

More results on other Perspex specimens are shown in Appendix C.
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7.3.6 Effect of the Normal Load 

Tables 7.5 and 7.6 show the effect of normal load on the ultrasound reflection, shear 

stiffness and friction force for 8mm and 12 mm diameter Perspex specimens at a sliding 

speed of 0.639m/s. It is clear that the normal load had a greater influence on the interfacial 

properties. The higher normal pressure leads to stiffer interface. Because more 

approaching of contacting surfaces is produced under higher loads. More asperities 

come into interact that consequently causes severe asperity interaction for existing 

contact spots, larger contact area and stiffer interface. In Figure 7.22, R and T in the figure 

refer to the ultrasonic reflection and transmission, respectively. A better bond was built 

under higher normal loads. This helps the transmission of ultrasound through to the 

second body (Figure 7.22). Thus less ultrasound was reflected back under higher loads, 

but the opposite trend for shear stiffness due to the spring model.  

The total shear stress occurring on the interface is the integration of each interacting 

spot. Therefore more asperity interaction produces higher shear stress/friction force. The 

recorded friction force increases significantly with normal load. More ultrasonic 

measurements and friction forces recording for the other specimens are given in 

Appendix D. 

 

Figure 7.22. Sketch of approach of two contacting rough surfaces under a normal pressure. 
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7.4 Real Contact Area from Ultrasonic Measurement 

7.4.1 Formula Derivation 

In order to fully understand the property of the interface it is necessary to study the real 

contact area. For the real engineering contact, the load is supported by random distributed 

asperities over the contact zone. The real contact area is significantly low compared to the 

nominal contact area and the stresses at the asperities are considerably higher than the 

average contact pressure (McCool, 1986; Drinkwater et al., 1996). Kim et al. (2004) and 

Baltazar et al. (2006) calculated the real contact area using the statistical asperity 

micromechanical contact model for elasto-plastic materials. The real contact area found 

was mostly, less than 20% of the nominal area. As the real contact area is a very small 

proportion of the nominal contact area, plastic deformations of the load bearing asperities 

are considered to take place. This is recognised as an essential feature for sliding friction 

(Baumberger, 1997; Berthoud and Baumberger, 1998).  

In this section a relationship between real contact area and interfacial shear stiffness was 

developed to disclose the real contact area for engineering interface. Under a certain 

normal load for an engineering interface, a number of asperities, N, interact. Assuming 

independent contacts, the distance from each contact spot is much greater than their 

average size. If the mean contact size of all contacting spots is assumed to be < a >, the 

total real contact area becomes, 

 2A N aπ=  (7.6) 

Considering most of the load bearing asperities are in a plastic prestrained state, the mean 

contact size, and the number of micro-contacts, are expressed as (Berthoud and 

Baumberger, 1998): 

 s sa Rσ≅  (7.7) 

 
s s

PN
H Rσ

≅  (7.8) 
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Where P is the normal applied load and H is the bulk hardness, and σs and Rs are the 

standard deviation of asperity height distribution and the mean radius of asperity 

curvature based on GW model. 

Combining equations (7.2) and (7.6)-(7.8), the interfacial shear stiffness becomes: 

 
0

s
s s

pAK G
HA Rπ σ

=  (7.9) 

Where p is the normal pressure. This expression shows the relationship between the 

interfacial shear stiffness, Ks, and the real contact area, A. It can be used to investigate the 

evolution of A during stick-slip process by using ultrasonic measurement of shear 

stiffness. Considering the simplicity of data, the real contact area is normalised with the 

apparent contact area A0 and given as, 

 
2

2
0

s s sK H RA
A pG

π σ
=  (7.10) 

Where Rs is the diameter of asperities, and σs is the standard deviation of the summit 

height distribution. Rs
-1 was shown to behave as the RMS curvature of the profile 

(Berthoud and Baumberger, 1998; Williams, 2005). Therefore they are calculated 

through the following expression: 

 2 2
1 2s s sσ σ σ= +  (7.11) 

 2 2 2
1 2

1 1 1

s s sR R R
= +  (7.12) 

Subscripts 1 and 2 refer to two contacting bodies, in this case they are upper Perspex pin 

and lower Perspex plate. The parameter Rs is obtained through the same principle by 

using surface profile measurements. For example, for the 12 mm diameter Perspex 

specimen, σs (σs = Rq) and Rs were found to be 0.55 and 0.04 μm, respectively. 

7.4.2 Real Contact Area Evolution in Hysteresis Cycles 

The shear stiffness, Ks, was calculated from the spring model, Equation (7.4). It was used 
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to determine the real contact area from Equation (7.10). Figure 7.23 shows the real 

contact area normalised with the apparent contact area versus nominal contact pressure 

for two loading/unloading cycles for the 5 mm diameter Perspex specimen. It can be seen 

that the normalised real contact area was within 22%, which was comparable to the 

observation of Kim et al. (2004), who reported a range of 0-0.23 for an aluminum contact. 

The real contact area for the second loading was higher that the first one, which again 

showed hysteresis lag.  

 
Figure 7.23. Normalised real contact area varying with nominal pressure for Perspex 5 mm 

diameter. 

Analysis for loading/unloading cycle of the 8 mm diameter Perspex is shown in Figure 

7.24, including shear stiffness, normalised real contact area and ultrasonic reflection 

coefficient. During the loading, a certain amount of asperities have undergone plastic 

deformation. This causes higher real contact area and less ultrasonic reflection in 

unloading. Therefore, higher shear stiffness in the unloading phase than in the loading 

process. At the normal pressure 5.83 MPa, the nomilised real contact area was 5.4% 

during loading and 9.2% during unloading. If the real contact area increase was assumed 

to be caused by the plastic deformation of asperities, and all asperities have the same 

dimension, then it can be concluded that at 5.83MPa in unloading at least 3.8% of the 

asperities on the nominal area were undergoing plastic deformation. 
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Figure 7.24. Normalised real contact area, ultrasonic reflection measurement and calculated shear 

stiffness varying with nominal pressure for Perspex 8 mm diameter. 

7.4.3 Real Contact Area in Stick-slip Process 

The properties of shear force and reflection coefficient have been discussed in the 

previous sections. Figure 7.25 shows the comparison of real contact area during stick-slip 

process for the 12 mm diameter Perspex contact under three normal pressures, 2.59 MPa, 

3.46 MPa and 4.32 MPa.  

A dimensionless real contact area was used for describing the variation of the real area 

during the stick-slip process. Comparing Figure 7.25 to Figure 7.14, it can be seen that 

under each pressure, the shear stiffness and the real contact area follow a similar wave 

profile, but the latter behaves with larger amplitude. This is because the nomilised real 

contact area is linear with a square of the shear stiffness, shown by Equation (7.10). 

The real contact area increases with the normal load. The climax ratio between the real 

contact area and the nominal area was found to be 0.1 at the normal pressure of 2.59 MPa 

(Figure 7.25 (a)) and 0.3 under 4.32 MPa (Figure 7.25 (c)). The real contact area increases 

much quicker than the normal pressure. Therefore, plastic deformation of the random 

distributed asperities was expected to take place without considering the effect from the 

traction action.  
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(a)  

(b)  

(c)  
Figure 7.25. Normalised real contact area, ultrasonic reflection measurement and recorded friction 
force against time for Perspex 12 mm diameter at (a)2.59 MPa (293 N), (b)3.46 MPa (391 N), and 

(c)4.32 MPa (489 N). 
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Figure 7.26. Friction force evolution during stick‐slip process in a sliding contact. 

From Figure 7.26, it can be seen that the shear force (friction force) increases in the stick 

phase. Assume Amonton’s law of friction with a constant coefficient μ, holds, the traction 

force on the interface, Q, is therefore lower than the product of the friction coefficient and 

the normal load, P: 

 Q Pμ<  (7.13) 

The traction force on the interface increases with time in the stick phase and approaches 

the threshold where sliding takes place, which is marked by a dashed circle in Figure 7.26. 

Within the stick phase, the shear stress is lower the limiting value. While at slip, it reaches 

the limiting shear stress and the sliding takes place. Thus, the traction force on a single 

asperity is: 

 i yi iQ Aτ=  (7.14) 

Where A is the real contact area, i denotes the ith contact spot. It is assumed that the 

limiting shear stress is the same for all contacting asperities. Limiting shear stress is 

denoted by τy. Therefore, the total traction force becomes: 

 y iQ Aτ= ∑  (7.15) 
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As the real contact area is the integration of each single interacting asperity, the following 

equation is then used to express the relationship between the traction force and the real 

contact area: 

 yQ Aτ=  (7.16) 

Under a certain pressure, the real contact area can be obtained from the measured shear 

stiffness by using Equation (7.10). Thus the limiting shear stress, τy, can be determined 

through above equation as the shear force, Q, has been recorded. 

Simultaneously, Amonton’s law of friction is applied to the sliding, therefore, Equation 

(7.13) becomes: 

 Q Pμ=  (7.17) 

Figure 7.26 shows an example of the friction force varying with time in a stick and slip 

process. The threshold from stick to slip was high-lighted by a dashed circle. It can be 

seen that the highest shear force occurs just at the start of each ‘slip’. Typically the sliding 

lasts less than one tenth of a second. This can be seen from Figure 7.21. It was dependent 

on the stiffness of the spring used in the housing for holding the specimen.  

From Equation (7.16), it can be concluded that for a certain contact, a linear relationship 

between the traction force and the real contact area is expected. The traction force has 

been recorded during the stick and slip process. The real contact area can be determined 

from Equation (7.10), while the shear stiffness of the interface was obtained from the 

ultrasonic reflection measurement. Thus, the relationship between the shear force and the 

real contact area can be investigated. Figure 7.27 shows the nomilised real contact area 

against the friction force from experimental measurement with the normal pressure from 

0.87 MPa to 4.32 MPa. The ratio between the traction force and the real contact area and 

the normal pressures were shown next to the data markers. Under all pressure cases, the 

limiting shear force was found below 8 MPa, which was much lower than the bulk shear 

modulus, G = 1.19 GPa (shown in Table 7.2). The distribution of the normalised real 

contact area along the trend line shows an approximate linear relationship between the 

real contact area and the shear force. Therefore, according to the experimental results in 
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this study, the shear force at the slip is expected to be proportional to the real contact 

area. 

 

Figure 7.27. Normalised real contact area varying with friction force at slip for 12 mm Perspex 
specimen. 

7.5 Conclusions 

The aim of this study is to investigate characteristics for a sliding contact using the 

ultrasonic technique. Here are a few conclusions arisen from this work: 

Firstly, the ultrasonic reflection was recorded with varying nominal load. Hysteresis 

phenomenon of the interface was investigated through loading/unloading cycles. This 

showed the occurrence of plastic deformation of asperities. For engineering rough surface 

contact, the elasto-plastic deformation of asperities should be taken into consideration. 

The stick-slip of a Perspex-Perspex interface was studied by recording the shear 

ultrasonic reflection and the shear force, which were used for calculation of shear 

stiffness and real contact area. The reflection coefficient was found to decrease in the 

stationary stage before slip, and later fluctuating periodically with stick-slip cycles. The 

asperity interaction nature has not been understood completely, but the study of 

interfacial shear stiffness provides a new experimental method. The real contact area was 

estimated from the shear stiffness. For a stationary interface, the real contact area 

normalised by apparent contact area was found to be up to 30%, which shows good 
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agreement with other researchers’ work. It confirms again that the feasibility of ultrasonic 

method in studying the interface in the microscopic scale. At slip where the limiting 

shear stress was reached, the relationship between the real contact area and the shear 

force was investigated. It was found that the shear force at the interface was linear to the 

real contact area. 
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Chapter 8 General Discussion 

8.1 Characterisation of an Engineering Interface 

Engineering contacts can be divided into two categories: conformal or non-conformal 

contact. The Hertzian contact model is a classic theory for non-conformal contact based 

on a few key assumptions: smooth and frictionless bodies, semi-infinite elastic half 

spaces, non-conforming radii of curvature and so on. According to these rules, contact 

between the pin and bush on the landing gear is typically a conformal contact. Therefore, 

Persson’s model, which was especially deduced for a conformal contact problem was 

adopted to analyse the pin joint contact. The contact pressure distribution and contact 

size were studied for the articulating pin joint. Hertzian model was also applied in order 

to compare with Persson’s model (Chapter 6). Under lower pressures, little difference 

was observed between two models. However, with increasing pressure, the Persson’s 

model predicted a ‘high’ and ‘narrow’ pressure distribution compared to Hertzian model. 

Greater deviation between the Persson’s model and experimental results were found. 

Hertzian model gave a better simulation for this pin joint contact, even though the 

assumption of small footprint area was broken. Hence, in the modelling of articulating 

pin joint, the Hertzian contact analysis should be selected. 

Parameters used for characterising engineering interface include contact stress, contact 

size, mean separation and so on. There is another useful parameter which can be used, 

known as contact stiffness. The normal interfacial stiffness describes the resistance to 

deformation in the vertical direction at the interface. Similarly, the shear interfacial 

stiffness indicates the resistance in the tangential direction.  

The ultrasonic reflection technique is sensitive to the stiffness of the interface and 
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therefore in this study it was chosen for analysing static/dynamic engineering interface, 

with or without lubrication. 

Firstly, static dry contact for a steel ball-on-disc configuration (Chapter 4) was analysed 

by means of normal contact stiffness. The simulation gave a dry contact stiffness of 5.6 

GPa/μm, which was eight times lower than the ultrasonic measured value. The agreement 

between models of dry asperity contact and ultrasonic data was difficult to achieve. Poor 

agreement has also been observed in earlier work in this area (Królikowski and Szczepek, 

1991; Drinkwater et al., 1996). This might be caused by the input parameters of the 

simulation model, e.g., it is difficult to accurately measure surface roughness. Roughness 

parameters are dependent on the measurement scale used (Thomas, 1998) and it is likely 

that the measurement scale imposed by a stylus profilometer differs significantly from 

that of an ultrasonic wave striking the asperity. Meanwhile, the transmission of 

ultrasound waves relies on the elastic movement of material particles. Whether the 

microscopic deformation is elastic or plastic it is regulated by contact pressure and needs 

to be understood. The disagreement is an issue that remains to be resolved. Closer 

agreement with experimental data for this dry contact is observed using the modelling 

approach where roughness data is obtained by fitting ultrasonic data to model predictions 

(Baltazar et al., 2002; Pecorari and Poznic, 2006). For static wet contact, a similar 

discrepancy between simulation and experiment was observed as well. 

Secondly, the analysis of normal contact stiffness was applied to dynamic lubricated 

sliding contact between a steel ball and disc up to the speed of 2 m/s (Chapter 4). The 

interface composed of three media: two rough surfaces and a lubricant. In the mixed 

lubrication regime, the normal contact stiffness measured by ultrasonic method shows an 

integral value, contributed by both asperity interaction and lubricant layer. The concept of 

abstracting them from each other was firstly given by Dwyer-Joyce et al. (2011). By 

combining with the mixed lubrication model, the contribution from asperity contact and 

liquid layer were obtained for the mixed lubricated EHL problem. This method was also 

validated against Hamrock and Dowson theory (1976; 1977).  

Finally, shear stiffness was used for representing the deformability in tangential direction 
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of the engineering interface. Ultrasonic study of shear stiffness on static and stick-slip 

contact was carried out. For the static contact, a clear hysteresis was found which was 

recently studied by many researchers (Drinkwater et al., 1996; Kim et al., 2004; 

Konowalski, 2009). The hysteresis was observed even when the applied pressure was 

12.96 MPa for the Perspex contact, which was much lower than the bulk yield stress 84 

MPa. This indicated that asperities on the rough surfaces might have plastically 

deformation, even though the bulk material was expected to be in elastic deformation 

state. This observation has been confirmed by other studies (Drinkwater et al., 1996; 

Baumberger, 1997; Berthoud and Baumberger, 1998). Also, the shear stiffness was found 

to be effected by the relative movement speed between mating surfaces. It implies that 

the real contact area might depend on the interaction time of asperity junctions. Quicker 

movement reduces the interlock of asperities and brings a fast deflection of asperity tips. 

This is a thinking arisen from the study and more verification is needed. However, it 

does not prevent the use of shear stiffness becoming a tool for understanding the nature of 

a sliding interface.  

8.2 Statistical Contact Model 

Hertzian elastic contact theory is based on the smooth and frictionless surfaces. However, 

for real engineering surfaces, contacting surfaces are rough with random distributed 

asperities with unknown height distribution which is usually considered as a Gaussian 

function. The nominal contact area is not always a small scale like plane contact. The 

actual characteristics of the interface are determined by the properties of these peaks. The 

approach of two matching surfaces is accompanied with deformation of micro-contact 

spots. In order to study the local contact stress or deformation state of asperities, a 

microscopic contact model should be adopted.  

Theoretical models for interface analysis can be divided into two types based on how the 

roughness parameter is generated: stochastic models and deterministic models. The 

deterministic models are based on the geometric topography and surface profile of the 

real surface. But, due to the complex surface structure and limitations in duplicating 

topography of the real engineering surface, for large geometric contact problems it is 
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impossible to involve the full scale of texture in the computation, necessary simplification 

has to be made. Stochastic models use selected statistical parameters to represent the 

characteristics of rough surfaces. This provides a simplified mathematical tool to deal 

with rough surface contact, thus it has been widely adopted nowadays. One classic 

statistical rough contact model was developed by Greenwood and Williamson (1966) 

based on the stochastic theory. In this model, statistical parameters of rough surfaces are 

used to represent surface characteristics. Some improvement has been made to enlarge 

the application area (Whitehouse and Archard, 1970; Onions, 1973; Bush et al., 1975; 

Chang et al., 1987), such as compliance with elasto-plastic or plastic model deformation 

of asperities. This simple rough contact model still cannot provide detailed information 

about the distribution of local pressure at interaction junctions, film thickness fluctuations 

along the rough interface because of the local texture, and asperity deformation, which 

are usually considered to be critical for the study of lubrication breakdown and surface 

failure mechanisms. Since the rough surface lubrication is very complicated, it is difficult 

to capture the influence of surface topography satisfactorily with only a simple 

mathematical expression and a small number of stochastic parameters. Even though the 

statistical method has inevitable shortcomings, it has been successfully applied to a 

greased journal bearing and shows good agreement to experiments (Lu and Khonsari, 

2007). The contact for a journal bearing is a typical conformal contact problem which has 

relatively large scale interface on which statistical model shows better applicability than 

deterministic theory. In this study, based on the statistical theory of surface parameters, 

the GW model has been adopted to develop a mixed lubrication model for engineering 

contact problems. 

8.3 Ultrasonic Measurement 

In the past, for rough surfaces contact, the real contact area, along with contact size and 

pressure distribution, and how they vary with load, have been studied using techniques, 

such as optical, thermal and electrical conduction, none of which have proved satisfactory 

(Woo and Thomas, 1980). Ultrasonic technique has been proven to be a useful method 

in investigating engineering interfaces. In this study, the ultrasound technique has been 
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used to measure the contact parameters based on the measurement of the coefficient of 

reflection/transmission of ultrasonic waves from/through a contact interface. For a steel 

ball sliding on disc configuration, ultrasonic method provides an approach to study a 

mixed EHL problem. In studying the contact between the pin and bush on landing gear, it 

has been used to analyse the pressure distribution and real contact size. Finally, the 

method was applied to sliding contacts, Perspex-Perspex and steel-steel. The ultrasonic 

reflection and friction force were recorded to investigate the evolution of shear stiffness, 

real contact, and friction coefficient in the stick-slip process. 

For the sliding contact between a steel ball and disc, the ultrasonic method was used for 

measuring the normal contact stiffness for static/dynamic and dry/lubricated cases. The 

ultrasonic reflection coefficient was found to be around 0.2 under a mean Hertzian 

pressure of 0.72 GPa, when the ball was stationary without lubricant on the interface. The 

normal contact stiffness was found to be of 40 GP/μm by using a simple ultrasonic spring 

model. In order to get a relative low ultrasonic reflection, the normal pressure was around 

four times than the study of Drinkwater et al. (1996) and two times higher than that of 

Królikowski and Szczepek’s work (1991). Compared to theoretical stiffness, the 

experimental results showed much higher values. The error was believed to arise from 

the elastic micro-contact model, which underestimated the real contact area. The greater 

contact area in the tests was believed to be due to the deformation of asperities, which 

must undergo an elasto-plastic phase. A similar phenomenon was also observed for the 

static wet case, where the ball slide for a few cycles initially to wet the interface and then 

kept stationary for measurement. The ultrasound waves were reflected back from the 

filled lubricant in the asperity gaps and asperity junctions. The combined reflection 

coefficient presents a much lower value of around 0.07 while 0.2 for static dry contact.  

For the problem of Perspex contact, the ultrasonic method shows a unique advantage in 

determining real contact area through the relationship between shear stiffness and contact 

area. It has been found that the real contact area is significantly low compared to the 

nominal contact area and the stresses at the asperities are considerably higher than the 

average contact pressure. The real contact area using the statistical asperity 

micromechanical contact model for elasto-plastic material has been theoretically 
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calculated by Kim et al. (2004) and Baltazar et al. (2006). In this study, the normalized 

real contact area (ratio of real contact area to nominal contact area) was found to be 

within 22%, which was comparable to the observation of Kim et al. (2004), who reported 

a range of 0-0.23 for aluminium contact.  

Even though, the ultrasonic method has shown significant benefits in measuring interface 

parameters. There are still some limitations in applying this technique. For focusing 

transducer, the method is limited by the size of the focused spot. The obtained reflection 

measurement represents an average over the spot diameter. So, for the calculation of 

contact pressure, it is an average value also. It is therefore incapable of studying the 

pressure distribution for a relative small contact spot, such as those in a ball bearing. 

Besides, a couplant is required in application. It is not a problem for contact transducers, 

but is inconvenient when using focusing transducers as water bath is needed between the 

transducer and the component. The structure of the specimen or configuration of the 

interface does not always allow the installation of a water bath.  

8.4 Mixed Solid­liquid Contact 

Two mixed solid-liquid contacts have been studied to investigate the effect from the 

liquid film and asperity interaction on interface properties, including contact stiffness, 

shear force, contact size, pressure distribution and so on. A mixed lubrication model was 

developed and used to predict interface characteristics and then compared with 

experimental measurements. 

The load sharing proportions and film thickness were predicted for the ball-on-disc 

configuration in the speed range of 0-0.5 m/s under a nominal pressure up to 0.84 GPa (80 

N), shown in Figure 4.11, Chapter 4. Over the whole speed range, full separation of 

mating surfaces did not occur as the load sharing proportion was found to be in the range 

of 80% - 93% when the sliding speed varied from 0.2 m/s to 0.5 m/s. Furthermore, the 

film thickness parameter was found below 1, which confirmed that solid contact existed 

and the asperity interaction could not be neglected. However, full film separation was not 

observed under any operating conditions in this study. Even though both liquid action 



 

155 

 

and asperity interaction shared the total load, it should be noted that most of the load was 

supported by the liquid layer. 

The simulated film thickness at 0.5 m/s was about 0.3 μm, which agrees well with the 

widely accepted EHL film thickness, 0.1-1μm. It is interesting to see that the lower loads 

lead to thicker film thickness but lower hydraulic load sharing percentage (expressed as 

1/γ1) from Figure 4.6. This is because the formation of elastohydrodynamic film is highly 

dependent on the pressure-viscosity of oil. It has been shown theoretically that under 

specific conditions of intense local contact pressure an EHL film can be formed. So the 

load needs to be high enough to compress the liquid layer and get improved viscosity.  

Stiffness of both liquid layer and asperity contact for the ball and disc interface were 

predicted. The stiffness of the lubricant layer was found to be much higher than the 

asperity contact part for all loads and speeds. For example, at a pressure of 0.76 GPa and 

a speed of 0.3 m/s, the ratio between liquid stiffness to solid contact stiffness was found to 

be 58. This is because the liquid stiffness is more sensitive to film thickness according to 

Equation (2.13). Little change of thickness due to speed or load would make significant 

difference to stiffness. As a result, the total interface stiffness was mostly contributed by 

the liquid layer. Ultrasonic measurement for interface stiffness was carried out by 

Reddyhoff (2006) with the ball sliding speed varying from zero to 5 m/s. The comparison 

between experiment and simulation shows good agreement (Figures 4.15 and 4.17). The 

experiment method can only record the apparent properties of the interface; it cannot 

differentiate the lubricant layer component and asperity contact component. By using the 

theoretical scaling factors, the lubricant stiffness was extracted from the experimental 

stiffness. Therefore, the oil film thickness could be determined using Equation 2.13. It 

provides a method to separate the contribution from the lubricant layer and the asperity 

interaction at the interface. 

The second mixed solid-liquid contact in this study was between a pin and bush on the 

landing gear (Chapter 5). This type of pin joint oscillates under low-speed and heavy-load. 

It is therefore considered to be operating in a boundary or mixed lubrication regime. A 

mixed lubrication model was developed and used for simulating the contact properties 
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for the pin joint. Parameters of working conditions, geometry, lubricant properties and 

pin/bush surface texture were used as inputs in the mixed lubrication model. Different 

from the ball-on-disc case, the load sharing proportion of asperity interaction was found 

to be around 99%, which was massively greater than hydraulic action, shown in Figures 

5.10 and 5.11. The hydraulic effect tended to appear when the Sommerfeld number was 

above 0.001, which was beyond the typical operating condition of the joint. The 

lubricant thickness was assumed to be the mean separation of two mating rough faces. It 

was then used for the calculation of the film thickness parameter. In the pin joint 

operating regime, the film thickness parameter was found to be around 2, which 

indicated the severe lubrication condition on the pin joint interface. 

In predicting friction coefficient, one critical parameter in this model is the “dry” friction 

coefficient, μa, that represents the asperity contact points on the lubricated contact. From 

Figure 5.13 (b), it is clearly in the pin joint operation region the prediction of friction 

coefficient highly depended on the value selected for the dry friction coefficient, μa. The 

data indicated that friction coefficients did not fall below 0.11 when μa was 0.12. Actually, 

this parameter, and indeed the concept behind what actually is dry contact between 

asperities in a lubricated contact, are difficult to determine. It is difficult to know exactly 

the nature of the conditions are at the asperity-asperity contact. A surface coated with 

anti-wear or extreme pressure additive would have a friction coefficient in this area 

(Greenwood and Williamson, 1966). A similar value was used in the study of Gelinck 

and Schipper (2000) and Lu et al. (2006). As a further check the pin was rotated in the 

bush without any lubrication for a few cycles. The torque was measured for a range of 

applied loads and used to deduce the friction coefficient. Values in the range of 0.12 to 

0.14 were recorded as the load varied from 5 to 35 kN. The lower bound of this range is in 

line with the value selected for the model. This is reasonable given that the dry case 

would not have any surface film that might be present in the boundary lubrication case. 

Experiments were also performed on a purpose built apparatus to measure the torque 

during articulations of the pin and bush assembly under a range of load and speed. Under 

typical operating conditions, both the model and experiments showed that the pin joint 

operated in a boundary regime with hydrodynamic action having little effect on the 
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overall friction and load supporting. For practical purposes the agreement between model 

and experiment was good. The method shows validity of this model used for boundary 

lubrication problems.  
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Chapter 9 Conclusions and 
Recommendation 

9.1 Mixed Lubrication Model 

A mixed lubrication model based on a concept that the total load on a lubricated contact is 

shared by asperity contact and liquid action has been established for a mixed EHL contact 

(a steel ball sliding on disc) and a conformal cylindrical contact (a pin sliding in a bush on 

the landing gear) in order to analyse load sharing factors, film thickness, friction force 

and friction coefficient at the interface. 

Three equations were involved in the model. Input parameters include mating materials’ 

mechanical properties, rough surfaces parameters, operating conditions and lubricant 

properties. A MathCAD program has been written for solving scaling factors (relating to 

load sharing proportions) and mean surfaces separation (relating to lubricant film 

thickness). Based on these simulations, friction force/friction coefficient/frictional torque 

(for pin joint) and lubricant layer stiffness/asperity contact stiffness were obtained for 

further analysis. 

9.2 Mixed EHL Contact 

By applying the mixed lubrication model, the contact between a sliding steel ball and disc 

was found operating in the mixed EHL regime under nominal load of 0.76 GPa and 

sliding speed 0-0.5 m/s. More than 50% of the normal load was found to be supported by 

the lubricating oil for all speeds. At the same sliding speed, the load sharing proportion 

was found to be greater at higher loads due to pressure-viscosity property of lubricant. 
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The GW model was applied to analyse stiffness for static dry and wet contacts. For 

dynamic lubrication, the predicted lubricant layer stiffness was found more than thirty 

times greater than asperity contact stiffness. The total interfacial normal stiffness was 

mostly contributed by lubricant layer. Simulation results were then compared to 

experimental stiffness determined from ultrasonic reflection coefficient. It shows good 

agreement for dynamic cases for all loads. But for static contact, theoretical prediction 

presented much lower stiffness compared to test results. It is therefore believed that the 

real contact area on the interface is greater that the prediction from the elastic-contact 

model. 

Applying the scaling factors to experimental data, asperity stiffness and liquid stiffness 

were separated from the total interfacial stiffness. Film thickness was then calculated 

from the liquid stiffness. Under the nominal pressure of 0.72 GPa, the film thickness was 

found in the range of 0.08-0.45 μm. It was then compared with Hamrock and Dowson’s 

model, which showed a good agreement.  

9.3 Pin Joint Contact 

An articulating pin joint on the landing gear has been chosen as a specimen for theoretical 

simulation and experimental study. A series of experiments have been carried out on the 

pin and bush assembly under a range of loads and speeds. Frictional torque was recorded 

for analysing the friction coefficient on the greased interface. Then the mixed lubrication 

model was built and a MathCAD program was written for solving the model. The load 

sharing proportions, mean surface separation and friction coefficient were determined. 

Under the typical operating region of the pin joint (very high load and slow speed), the 

lubrication was found to be in the boundary regime where asperity interaction is severe, 

the hydraulic action plays little effect on load sharing. Comparison between simulation 

results and experimental measurements has been made. The model has been shown to be 

an acceptable method for predicting friction performance of low speed and high load 

articulating contact. 

The contact pressure distribution and contact size were also studied for a pin joint using 
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theoretical models and ultrasonic measurements. By using an experiential linear 

relationship between ultrasonic stiffness and contact pressure, the contact stress and 

friction torque on the interface were obtained through analysing ultrasonic measurements. 

Under all load cases, the pressure was found distributed over the wrap angle from -60° to 

60°. The peak pressure under 40 kN was found to be 23 MPa. Classic Hertzian theory and 

Persson’s conformal contact model were adopted for analysing the pressure distribution 

and contact size as well. Both models predicted a higher peak pressure and a smaller 

contact size compared to experimental results. But, Hertzian predictions were shown to 

be more close to the ultrasonic measurements. The simulation torque was found to agree 

very well with the experiment recording. It was also found that the traditional way for 

calculating frictional toque underestimates the real torque occurring on the interface as 

the tangential components of pressure that do not support normal load but contributes to 

friction. The ratio between the true torque and the nominal torque was found to be 

1.1±0.01. Therefore, it is suggested that 110% of the nominal torque should be 

considered in the pin joint design. 

9.4 Ultrasonic Investigation for Static/Dynamic Interfaces 

Ultrasonic measurements have been used for studying the properties of interfaces in both 

normal and tangential directions. For the mixed EHL contact, the normal stiffness was 

calculated from the ultrasonic measurements for a start-up process. The comparison 

between theoretical simulations and experimental results were made. A good agreement 

between predictions and experimental observations was found for the dynamic contact. 

But for static contacts, the models underestimated the contact stiffness. A large 

deviation was found between simulations and experimental results.  

The ultrasonic reflections were also used for analysing the pin joint contact. The contact 

size was found from -60° to 60° for all load cases. The normal contact stiffness was 

determined from the ultrasonic reflection using the spring model. Based on the linear 

relationship between the contact pressure and the stiffness, the contact pressure 

distribution was then presented against the wrap angle. The pressure distribution was 

found to be close to a cosinusoidal distribution. 
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A shear study on Perspex-Perspex and steel-steel contacts has been carried out using an 

ultrasonic 5 MHz shear transducer. For static contact cases, the hysteresis phenomenon at 

the interface was studied through loading/unloading cycles. A clear hysteresis lag was 

observed, which indicated the plastic deformation of asperities. Therefore in the 

characterisation of the interface, the deformation state of rough asperities should be 

considered. 

In the stick-slip process of the Perspex-Perspex sliding contact, the ultrasonic reflection 

was recorded to investigate the shear stiffness evolution at the interface. The interfacial 

shear stiffness was found to increase in the stick phase and fluctuate periodically with 

stick-slip repeats. The relationship between the shear stiffness and the real contact area 

was deduced. Based on the shear stiffness calculated from ultrasonic reflection, the real 

contact area at the interface was then determined and found to show a similar varying 

trend to the shear stiffness. The normalised contact area was found to be up to 30% of the 

apparent area, which showed a good agreement with other researchers’ work. It shows the 

feasibility of the ultrasonic method in determining the interfacial stiffness and the real 

contact area. In the slip phase, the relationship between the real contact area and the 

shear force was analysed. The real contact area was found to increase with the sear force. 

An approximate linear relation was observed between them. 

9.5 Future Work 

The work in this thesis contained three parts, the first part stressed how the mixed 

lubrication mode was established and applied to engineering interfaces. The second is the 

investigation of the pressure distribution, contact size, and the real friction 

torque/coefficient. The third piece of the work is the study of the shear properties of a 

stick-slip interface. From the work undertaken, a series of recommendations can be 

summarized for further investigation. 

One of the areas for further study is the determination of input parameters for the mixed 

lubrication model. The density of asperity distribution, the average radius and the 

standard deviation of asperity height were calculated as an average value from 
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two-dimensional measurement data of the mating surfaces using MathCAD. This could 

only give an approximate value. A three-dimensional reproduction of the real rough 

surfaces should be carried out, which represents the real properties of the interface. 

More accurate simulations can therefore be obtained for the analysis of the interface. 

The second work that should be further considered is the ‘dry’ friction coefficient. It is the 

friction coefficient of a single junction of a pair asperity. In the current model it is 

assumed to be the same for all asperity junctions, known as the dry friction coefficient in 

the mixed lubrication regime. This parameter can only be obtained from experiment, but 

it is very difficult to measure, especially in the presence of a lubricant, where all the 

asperity peaks have been ‘wetted’. More theoretical understanding and experimental 

work represent the further study. 

Another recommendation arises from the prediction of the static interfacial stiffness. In 

the present study, it has been found that there is little agreement between ultrasonic 

measurements and model predictions. Further investigation of the numerical model for 

static contact stiffness is required.  

The final recommended for further work comes from the interface nature of engineering 

contacts. The first method has been addressed in this study by using ultrasonic method to 

analyse the friction and real contact area evolution during the static and dynamic process. 

Shear stiffness and normal stiffness are two important parameters in disclosing the 

interface properties. If they can be obtained through the ultrasonic method at the same 

time, it will be helpful in understanding the local stress distribution, real contact area, and 

friction and wear on the interfaces. So the work recommended is to build a test rig by 

applying both the normal and shear transducers. This rig can also be used for studying the 

lubricated interface. This also provides a method to separate liquid layer stiffness from 

asperity contact stiffness. 
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9.6 Publications Arising from this Work 

Journal papers: 

Zhu, J., Pugh, S., and Dwyer-Joyce, R.S., 2011, "Model and Experiments to Determine 

Lubricant Film Formation and Frictional Torque in Aircraft Landing Gear Pin Joints", 

Proceedings of the Institution of Mechanical Engineers, Part J: Journal of Engineering 

Tribology, Vol.226(4), pp 315-327. 

Dwyer-Joyce, R.S., Reddyhoff, T., and Zhu, J., 2011, "Ultrasonic Measurement for Film 

Thickness and Solid Contact in Elastohydrodynamic Lubrication", ASME, Journal of 

Tribology, Vol.133(3), (doi:10.1115/1.4004105). 

Zhu, J., Pugh, S., Dwyer-Joyce, R.S., Beke, A., Cumner, G., and Ellaway, T., 2010, 

"Experiments on the Pressure Distribution and Frictional Torque in Articulating Pin 

Joints", Proceedings of the Institution of Mechanical Engineers, Part J: Journal of 

Engineering Tribology, Vol.224(10), pp 1153-1162. 

Conference papers: 

Zhu, J., Pugh, S., and Dwyer-Joyce, R.S., 2010, "Model and Experiments to Predict 

Lubricant Film Formation and Frictional Torque in Articulating Pin Joints", Proceedings 

of the STLE/ASME 2010 International Joint Tribology Conference (IJTC 2010), San 

Francisco, California, USA, Paper no. IJTC2010-41061. 

Dwyer-Joyce, R. S., Zhu, J., and Reddyhoff, T., 2010, "Ultrasonic Measurement for Film 

Thickness and Solid Contact in Elastohydrodynamic Lubrication", Proceedings of the 

STLE/ASME 2010 International Joint Tribology Conference (IJTC 2010), San Francisco, 

California, USA, Paper no. IJTC2010-41080. 

Pugh, S., Zhu, J., and Dwyer-Joyce, R.S., 2010, "Experiments on Grease Performance in 

Aircraft Landing Gear Pin Joints", Proceedings of the STLE/ASME 2010 International 

Joint Tribology Conference (IJTC 2010), San Francisco, California, USA, Paper no. 
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Appendix 

Appendix A: MathCAD Program for Ball on Disc Contact 

A.1 Formulation and Solution 
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A.2 Stribeck Parameter and Friction Coefficient 
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A.3 Calculation of Static Contact Stiffness 
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Appendix B: MathCAD Program for Pin Joint 
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