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Abstract

The human brain hosts a colossal number of water molecules which are con-
stantly moving due to Brownian motion. Their movement, random by nature,
is restricted by the brain tissue walls. Magnetic Resonance Imaging (MRI)
provides macroscopic measurements of the di[udion process in a non-invasive
manner, i.e. diludion MRI. Hidden in these measurements lies information
about the underlying architecture. The ability to unravel tissue microstruc-
ture from the coarse-grained di [udion measurements is extremely valuable since
this information is 2-3 orders of magnitude below typical MRI resolution. This
makes di [udion MRI sensitive to pathological and developmental processes oc-
curring at the mesoscopic scale, in the order of microns. Accessing this level
of detail can lead to clinical biomarkers specific to early stages of neurodegen-
erative diseases or brain development.

Computational models of biophysical tissue properties have been widely
used in di[udion MRI research to elucidate the link between microstructural
properties and MR signal formation. The potential increase in sensitivity and
specificity in detecting brain microstructural changes is their major driving
force. However, these models establish complex relationships between biophys-
ical properties and the MR signal, making the inverse problem of recovering
model parameters from noisy measurements ill-conditioned with conventional
di [udion MRI acquisitions.

This thesis explores ways to make diludion MRI biophysical modelling
more robust while maintaining time and hardware requirements that are feas-
ible in clinical conditions. Firstly, we explore theoretically the benefits of
incorporating functionally independent measurements, such as double dilud
sion encoding. Secondly, we propose an optimal experiment design framework
that gives us, after exploring the whole multidimensional di [udion MRI meas-
urement space, the acquisition that maximises accuracy and precision in the
parameter estimation. Finally, we extract relevant information from histology
images that can be used to feed or benchmark di[udion MRI models.

Vii



viii



Contents

1

Introduction 1

1.1 Motivation . . . . . . 1
1.1.1 Whydiusion MRI? . .. ... ... ... .. .. .. .. .. .. ... 2
1.1.2 Future clinical applications for diusion MRI . . . . . ... ... .. 2
1.1.3 MRIroleinhealthsystems ... .................... 3

1.2 Thesisaims . . . . . . . . 4

Di usion MRI 5

2.1 Magnetic Resonance Imaging (MRI) . . . . ... .. ... ... ....... 5

2.2 Measuring diusionwithMRI . . . . .. ... ... ... .. ... ...... 7
221 SpinEcho . ... ... . . . .. e 7
2.2.2 Thediusion phenomenon. . . .. ... ... .. ... .. ... 8
2.2.3 Single Diusion Encoding (SDE) . . . . .. .. ... ... ...... 8

2.3 Analysing Diusion WeightedImages . . . . . .. .. ... ... ....... 10
2.3.1 Signal representations . . . . . . . . ... .. e 11
2.3.2 Biophysical tissue models: The Standard Model . . . . . . ... ... 14

2.4 Beyond Single Diusion Encoding . . .. ... ... ... .. ...... 17
2.4.1 Double Diusion Encoding (DDE) . . . . ... ... ... ...... 17
2.4.2 Multidimensional dMRI . . . . . .. oL oo 20

Resolving the Watson Standard Model degeneracy 23

3.1 Degeneracy in SM parameter estimation . . . . ... ... .. ........ 24

3.2 SDE cumulant expansion and solutions to NODDIDA . . .. ... ... .. 25

3.3 Solving the degeneracy with orthogonal information . . . .. .. ... ... 28
3.3.1 Modelextensionto DDE . . ... ... ... ... ... ....... 28
3.3.2 DDE information gain and unique solution . . . ... ... ... .. 29
3.3.3 Insilico experiments . . . . . ... ... 32



CONTENTS

3.4 Results. . . . . .. e 35
3.5 DISCUSSION . . . . . . e e e e 37
Optimal experiment design in Multidimensional dMRI 43
4.1 Optimal experiment design literature indMRI . . . . . .. ... ... ... 44
4.2 Rationale of ourapproach . . . .. .. ... ... ... ... ... ... ... 45
421 Problem statement . . . . .. ... ..o o 45
422 Craner-RaoBounds . . . ... ... .. .. ... 46
4.2.3 Metricdenition . . . ... ... 46
4.2.4 Optimisation strategy and constraints . . . . .. ... ... ..... 48
4.3 Experiments. . . . . . . .. e 50
4.3.1 MRIldataacquisition. . . . . . .. .. ... .. .. e 51
4.3.2 Dataprocessing . . . . . . v v i i i i e e 51
44 Results. . . . . . . e 52
4.4.1 Insilico experiments . . . . . . . .. 52
4.4.2 Human brain experiments . . . . ... ... ... ... 0. 54
45 DISCUSSION . . . . . vt e 54
Tissue statistics from histological images 61
5.1 Histology to inform diusion MRI . . . . . .. ... .. .. ......... 61
5.1.1 Methodological overview . . . . . .. .. .. ... ... ... ... 64
5.2 Image acquisition . . . . . . . . ... 64
5.2.1 Tissue sample selection . . . ... ... ... ... ... .. ..., 64
5.2.2 Histology acquisition . . . . . .. .. .. ... .. .. .. .. ... 65
5.3 Image analysis framework . . . . . .. .. ... .. .. ... 66
5.3.1 Histology segmentation . .. ... ... ... ............. 66
5.3.2 Scale dependency of the area fraction . . . ... ... ........ 67
5.3.3 Volume fraction from histology images . . . . . .. ... ... .. .. 70
54 Results. . . . . . e 73
5.4.1 Validation of automated segmentation . . . .. ... ... ... ... 73
5.4.2 Optimal scale selection. . . .. .. .. ... ... ... ........ 74
5.4.3 Volume fraction distributions . . . . . . . ... ... ... oL 75
5.5 DISCUSSION . . . . . . . . 76
Conclusions 81
6.1 Achievements . . . . . . . . . . . e 81
6.2 Futurework . . . . . . . e 83



CONTENTS

Co-authored published work not included in the thesis 85

A Appendix 87
A.1 Invariant decomposition of an axially symmetric 4th order tensor . . . . . . 87
A.2 Single solution for NODDIDAwithDDE . . ... ... ........... 89
A.3 Tensorial formulation of the SM for a general ODF . . . . . ... ... ... 90
A.4 Degeneracy in the SM with LTE and LTE+STE . . . . ... .. ... ... 91
A.5 Correction factor for cylinders' size dispersion . . . . . ... ... ... ... 93
A.6 Match between projected and true size statistics for spheres . . . . ... .. 94
A.7 In silico validation of volume fraction computation . . . ... ... .. ... 95
A.8 Experiments oncorpus callosumdata . ... ... .............. 98

References 101

Xi



Xii



List of Figures

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8

3.1
3.2
3.3
3.4
3.5

4.1
4.2
4.3
4.4
4.5

5.1
5.2
5.3
5.4
5.5
5.6

K-space and image of MRI T1l-weighted scan in a healthy brain . . . . . . . 7
Spin Echo sequence developed by Hahn . . . . .. . ... ... ....... 8
PGSE sequence developed by Stejskal and Tanner . . . . ... ... .. .. 9
FA map and whole brain tractography derived from DTI. . . . ... .. .. 12
Representation of the two-compartment Standard Model . . . . . . ... .. 15
Double Di usion Encoding sequence based on PGSE . . . . . ... ... .. 17
Di erent microscopic environments and their global di usion tensors . . . . 19
B-tensor shapes available from multidimensional dMRI . . . . . . . ... .. 21
Diagram with SDE and DDE directions used in both experiments. . . . . . 33
Histograms of the estimated NODDIDA parameters for SDE and DDE . . . 36
1-dimensional cuts of 5-dimensional NODDIDA objective function . . . .. 37
Violin plots of RMSE for di erent SDE and DDE combinations . . . . . . . 37
3-dimensional plots showing the projected RMSE fof andD, . . ... .. 38
Multi-modal likelihoods, Fisher information and Cramer-Rao Bounds . . . . 47
Representation of the optimisation constraints . . . . . ... ... ... ... 50
Optimisation results for all constraints . . . . ... ... ... ........ 53
Standard Model parametric maps for a healthy brain from four B-sets . . . 55
Standard Model error maps for analysed B-sets . . . ... ... ....... 56
Diagram showing the cuts of the tissue blocks and their coronal slices 66
Histology: RGB, grayscale, and segmented images . . . . ... .. .. ... 68
Window patch arrangement for the scale dependence analysis . . . .. ... 69
Synthetic 3D volume of straight cylinders and its 2D projection . . . . . .. 71
Microscopy image of an astrocyte with our volume model . . ... ... .. 71
Segmentation validation - agreement scores . . . . . . . ... ... ... .. 73

Xiii



LIST OF FIGURES

5.7
5.8
59

Al
A2
A3
A4
A5
A.6
A7

Volume fraction scale dependency analysis . . . . ... ... ... ...... 74
Volume fraction estimated distributions . . . . . ... ... ... ... .. 75
Group di erences in mean volume fraction . . . . .. ... ... ....... 77
In silico blocks of cylinders and spheres with their 2D projections . . . . . . 95
Relative error in Vi, estimates for randomly placed spheres . . .. ... .. 96
Relative error in Vi, estimates for randomly placed cylinders. . . . . .. .. 96
Scatter plot of Aasph VS W ;sph in @ simulated block of spheres . . . . . .. 97
Scatter plot of Aa:sph VS W:sph in @ simulated block of cylinders. . . . . .. 97
Histological image of axons in thecorpus callosum . . . . .. .. ... ... 98
Scatter plot of Aacyi VS Wiyl for randomly placed parallel cylinders . . . . 99

Xiv



List of Tables

3.1
3.2
3.3

4.1

4.2

5.1
5.2

NODDIDA parameter sets with equal di usion{kurtosis parameters . . .. 28
Ground truth NODDIDA parameters used in experiment 1. . . .. ... .. 34
RMSE over the full grid for all acquisition protocols . . . . ... ... ... 39

RMSE for the in silico experiment comparing optimal B-set vs standard

combinations of LTE, PTEand STE. . . . . . . . . .. . . ... ... .... 53
RMSE for the in vivo experiment comparing optimal B-set vs standard

combinations of LTE, PTEand STE . . . . . . . . . . . .. ... ... ... 54
Patient cohort details for histology analysis . . . . ... ... ........ 65
Volume fraction distributions: mean and variance . . . . . .. ... ... .. 76

XV



An
ADC
CFAS
CRB
DDE
DKI
dMRI
DSCL
DTI
DWI
GM
LTE
MGCs
MRI
NAWM
NODDI(DA)
ODF
PGSE
PLIC
PTE
(R)MSE
SDE
SM
SNR
STE
TE

W
WM

Abbreviations

area fraction

apparent di usion coe cient
cognitive function and ageing study
Craner-Rao Bound

double di usion encoding

di usion kurtosis imaging

di usion magnetic resonance imaging
deep subcortical lesion

di usion tensor imaging

di usion weighted image

grey matter

linear tensor encoding

multiple Gaussian compartments
magnetic resonance imaging
normal appearing white matter

neurite orientation dispersion and density imaging (with di usivity assessment)

orientation distribution function
pulsed gradient spin echo
posterior limb of the internal capsule
planar tensor encoding

(root) mean squared error
single di usion encoding
standard model
signal-to-noise ratio

spherical tensor encoding
echo time

volume fraction

white matter

XVi



Chapter 1

Introduction

1.1 Motivation

Neurons are the units through which the nervous system is built. About 100 billion of them
conform the human brain [1]. Normally neurons do not reproduce or replace themselves,
making di cult to undo the damage that our nervous system has su ered. Neurode-
generative diseasesd.g. amyotrophic lateral sclerosis, Parkinson's disease, Alzheimer's
disease) a ect neurons, thus, the life quality of millions of people [2]. These conditions
produce progressive degeneration or death of nerve cells, leading to alterations in the brain
microstructure. Moreover, when they evolve, the delity of the information transfer un-
derlying normal and cognitive brain function is a ected [3]. Although many treatments
have been and are currently being developed to counter these e ects at di erent stages,
early diagnose has shown to be a key factor to pursue in everyday clinic [2]. To achieve it,
we must develop devices that enable early detection of structural tissue changes. Recent
years have seen a shift in the MRI research community towards developing tools aimed
at quantifying tissue microstructure. An MRI modality dubbed di usion MRI has gained
attention due to its high sensitivity to microstructural changes. A promising approach to
analyse these images involves modelling the biophysics relating the main tissue compon-
ents and the di usion signal formation. However, these models are complex, hindering the
inverse problem of recovering model parameters from the images. This thesis focuses on
advancing biophysical models of di usion MRI proposing new ways to acquire.
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1.1.1  Why diusion MRI?

Since its invention in the 1970s [4, 5], Magnetic Resonance Imaging (MRI) has been estab-
lished as an invaluable tool for diagnosing brain diseaseis vivo and non-invasively. This
technique produces images by measuring a signal that arises from the water molecules
inside the tissue. This signal, related to the evolution of the magnetisation density of the
hydrogen nucleus spins, generates the contrast between tissues with di erent characterist-
ics in an MR image. For example, it allows us to discriminate di erent regions of the brain
like white and grey matter (WM, GM), and to detect abnormal areas such as tumours
or lesions. There is a general interest in the MRI community in increasing the level of
detail accessible by an MRI scan, since detecting small tissue structural changes is linked
to early diagnosis. This can be seen in the number of papers mentioning both "MRI' and
“microstructure' which has doubled almost every three years in the last 25 years [6].
Current clinical scanners can generate images with voxel sizes in the order of the milli-
metre. Thus, any qualitative diagnosis is practically not sensitive to alterations below this
scale. Increasing the resolutionj.e. reducing the voxel size, in an MRI scanner has some
inherent hardware limitations due to the high magnetic eld needed to achieve su cient
signal-to-noise ratio (SNR) in a reduced volume. This, together with the con rmation
that the di usion of water molecules in brain WM is anisotropic [7], encouraged the devel-
opment of a modality within MRI termed “Di usion MRI' (dMRI). The peculiarity of this
technique is that it sensitises the signal measured from a voxel to the random displace-
ment of water molecules within it. These displacements are in the order of the tens om
for clinical experimental settings. Hence, these signals hold encoded information about
the tissue architecture restricting the di usion of water molecules at the mesoscopic scale
where many disease processes occur. Thus, dMRI is able to probe tissue on a scale that
is much smaller than the image resolution. Moreover, it has the potential to extract more
speci c information than other MRI modalities. In the brain, the main clinical applications
that current dMRI methods have encountered are acute ischemic stroke, characterised by
a decrease in the Apparent Di usion Coe cient (ADC) [8] values [9], something poorly
assessed with structural MRI. Another technique with signi cant clinical translation is
tractography [10], which has been shown valuable for pre-surgical planning [11].

1.1.2 Future clinical applications for di usion MRI

The diusion times that we can probe with MRI range from a few to tens of ms. This,
added to the di usivity of free water (3 m 2=ms at body temperature), make experimental
di usion lengths lie between 1 50m [6], i.e. at the mesoscopic scale. It is at this
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particular scale, orders of magnitude above molecular level and orders of magnitude below
MR resolution, not only where cells arrange themselves forming di erent tissues but also
where pathology produces structural alterations. This makes dMRI sensitive to tissue
changes at scales that are undetectable by othein vivo imaging modalities.

These factors are the main reason behind the intense growth of this research area.
Although signal representations,e.g. Di usion Tensor Imaging, have proven to be sensitive
to micro-anatomical changes in tissue, they lack speci city [12]. In the quest for speci city
to developmental and pathological changes, many biophysical models have been proposed,
with the Standard Model (SM) being the most prominent for brain white matter [13, 14].
This model captures the most relevant microstructural tissue properties present in the
dMRI signal, to develop disease-speci ¢ biomarkers. Some disease processes that may be
accessible with biophysical modelling are demyelination [15], beading [16], and oedema
[17]. However, robust estimation of SM parameters is a challenging task that may require
advanced imaging hardware as well as long acquisitions, something di cult to have even
in pre-clinical settings.

1.1.3 MRI role in health systems

After its early developments in the 1970s [4, 5], MRI has rapidly become a fundamental
part of any health system. For example, around 3.46 million MRI scans were performed
by the National Health Service (NHS) in England during 2017/2018 [18]. This number
has shown a steady rise of roughly 8% annually over the last six years. This is due to
an increase in the availability of facilities that perform these tests, and their potential for
early diagnosis of conditions such as brain diseases or cancer. Furthermore, Alzheimer's
disease and other dementias are projected to show a 66% increase from 2015 to 2030
[19]. This growth means that research focusing on developing new MRI techniques or
enhancing current ones has the potential to cause a high impact on society. Optimising
the extraction of information from an MRI scan can lead to a reduction in the time
needed for the acquisition or reduce hardware requirements and thus, decrease its cost.
Furthermore, increasing the speci city and accuracy of these techniques can lead to earlier
diagnosis of many diseases. These two factors can mean huge savings for the health system
by avoiding costly treatments, and also help to improve the life quality of people with a
neurological condition.
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1.2 Thesis aims

The aim of this thesis is to improve biophysical modelling by extending it outside conven-
tional dMRI acquisition sequences to foster their clinical translation. First, | will explore
non-standard di usion encodings such as double di usion encoding. The objective is to
analyse the complementary information that these encodings provide and see if it is suf-
cient to solve the degeneracy in parameter estimation of the Standard Model. Secondly,
I will develop the criteria to optimise the data acquisition process in this new extended
acquisition space. Although there are many papers discussing optimal experiment designs
for single diusion encoding, currently there is no criteria for e cient data acquisition
when we consider generalised encodings. Finally, 1 will extract relevant tissue proper-
ties from histological images that have the potential to be incorporated into the di usion
modelling as prior information. These goals and ongoing model validations add to the
current e orts in the dMRI community to bridge the gap between research and clinic in
biophysical modelling. Robust methods to acquire data and solve the inverse problem of
tting models to noisy measurements will enable accuratein vivo mapping of brain tissue
microstructure. Thus, our main objective, has the potential to provide early diagnosis
in multiple brain conditions [20] as well as increase our understanding of white matter
microstructure.
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Di usion MRI

2.1 Magnetic Resonance Imaging (MRI)

Magnetic Resonance Imaging is based on the interaction between the intrinsic magnetic
moments (i.e. spins) of the hydrogen nuclei and spatially varying magnetic elds. Spins
belonging to a speci c tissue region produce a net magnetisatioM (t), that can be ma-
nipulated to produce an MR signal. Every MR scanner applies a strong and constant
magnetic eld dubbed By or main eld . If no perturbations are performed, the net mag-
netisation will have an equilibrium value of M which will be aligned with Bg. Generally,
this direction is termed longitudinal or z direction, and the plane perpendicular to it is
called transverse plane(xy), usually the imaging plane. When a patient is located inside
the bore of the scanner, its hydrogen spins start to align with the main eld favouring
the con guration with the lowest energy (where the majority of spins are aligned with the
main eld). This occurs with a precession motion around the z direction at the Larmor fre-
quency ! o = B o, where is the gyromagnetic ratio of the water molecules' spins. When
the system is in equilibrium (long after the relaxation time has passed), spins are still
precessing but most are practically parallel toBg. The macroscopic temporal evolution of
M (t) at each spatial location is described by Bloch equations [21]

o - M B T T : (2.1)
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whereT; T; K are unit vectors de ning the coordinate system, T; is the spin-lattice relaxation
time governing the evolution of longitudinal component of the magnetisationM, and T
is the spin-spin relaxation time governing the evolution of the transverse component of
the magnetisation Myy .

To acquire an MR image with contrast from di erent tissues, this equilibrium needs to
be broken. This is done by ipping the net magnetisation into the transverse plane. The
toss of the magnetization is done by the application of a radio frequency (RF) pulse in
resonance with the precession velocity of the sping.e. the Larmor frequency). After this
perturbation, the spins will try to realign with B with a precession movement. During
this realignment, their precession generates a variable magnetic eld that induces a voltage
in the receiver coils of the scanner. This voltage is the signal we measure that will later
be converted into an image.

To image a 3D volume,e.qg. a full brain, the image acquisition is divided into slices. To
image a speci ¢ slice, only the spins within that slice must be excited. This is achieved by
applying a magnetic eld gradient perpendicular to the plane of the slices. This generates
a range of precession frequencies for each of the slices, and thus, it is dublbsite selection
gradient. In this way, when a certain slice needs to be imaged, the applied RF pulse has a
frequency that matches the angular velocity of the spins in the desired sliceB§i°® (z) =
Bo+ Gss 2z, where Bg"ce is the actual main eld at the slice in the position z, and G g
is the slice selection magnetic gradient. Then, to recover the spatial positions of each
voxel across the excited slice, the frequency and phase of the magnetisation across the
whole slice is manipulated. For this, frequency and phase encoding magnetic gradients
are applied along thex and y directions. These modi cations of the frequency and phase
of the spins enable measuring the spatial frequency components of the slice image in
these two dimensions. The acquired complex signals contain the spatial frequencies of the
image. Thus, these can be accommodated in a 2D array (k-space), and by applying a
2D inverse Fourier transform to this array the slice image is obtained with the original
spatial locations preserved (see Fig. 2.1). Depending on the MRI modality, the sequence
of magnetic elds and gradients may change, generating contrasts that emphasize di erent
tissue properties.

Bloch equations describe the evolution of the net magnetisationM , of a continuum
of spins in a eld B. However, it assumes that spins are stationary. Torrey [22] included
an additional di usion term, generating the well-known Bloch-Torrey equations

dm M,T+ Myj (M; Mg)K

—= M B
dt Ty T

(Dr M); (2.2)

where D is a constant, the medium's di usivity. This equation considers the e ects of
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Figure 2.1: K-space magnitude data and the corresponding MRI image (T1-weighted) for
a transverse slice of a healthy brain.

di usive motion on spin magnetisation and sets the foundations for di usion MRI methods.

2.2 Measuring di usion with MRI

2.2.1 Spin Echo

One of the most relevant discoveries in Nuclear Magnetic Resonance (NMR) was the spin
echo (SE) e ect, rstobserved by Hahn [23]. He realised that while a single radio-frequency
(RF) pulse generates a free induction decay (FID), the application of two successive RF
pulses may produce an echad,e. spin echo (SE) (see Fig. 2.2).

In SE, a 90 degrees RF pulse is rst applied to ip the net magnetisation to the
plane transverse to the main eld. Due to T, processes, individual spins lose their phase
coherence and the overall signal gets attenuated generating a FID. This disorganisation
of spin phases is mostly symmetrically reversible. Thus, by applying a 180 degrees RF
pulse after atime = TE =2 the phases of the spins take the same time to realign and get
mostly refocused, forming an echo after a time 2 = TE.
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Figure 2.2: The Spin Echo sequence developed by Hahn [23]. Black rectangles denote RF
pulses (90 and 180 degrees from left to right) and time is represented in the horizontal
axis. TE is the echo time, the time between the 90 degrees RF pulse and the formation
of the echo signal.

2.2.2 The diusion phenomenon

Di usion refers to the physical process that involves the random movement of molecules
due to thermal collisions, sometimes called Brownian motion. This process is described
by the di usion propagator (t; r;rg), which is the probability density of a molecule that
started at a location rg to nish at position r after a time t. In a uid, if we consider
times much longer than Ips we can think of net displacements as a sum of multiple smaller
independent displacements [24]. This implies that the net displacement of every molecule
follows a Gaussian distribution. Here, the variance becomes proportional to the time
hr ro)% =2NDt, whereN is the number of dimensions andD is the uid's di usivity.
Note that in the absence of ow, the expected displacement due to di usion is zero.

In the case of free water, the resulting probability of any molecule moving in any dir-
ection is the same,i.e. isotropic di usion. Biological tissues contain barriers that restrict
and hinder the mobility of water molecules. In this more general case, the propagator will
deviate from the Gaussian isotropic behaviour of free uids and will contain information
about tissue barriers. Thus, any di usion measurement we perform on a certain tissue
will have the signature of the underlying architecture restricting the mobility of water
molecules. The aim of di usion MRI research is to develop techniques that enable the
extraction of information about tissue from the di usion-weighted images (DWIs).

2.2.3 Single Di usion Encoding (SDE)

Di usion weighted images are sensitive to the random displacement of water molecules
within a voxel [25], probing tissue at scales considerably lower than the image resolution
[24]. The signal obtained from a dMRI experiment depends not only on the di usion
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process but also on the applied pulse sequence. The simplest dMRI experiments use the
Pulsed Gradient Spin Echo (PGSE) sequence [26] (Fig.2.3), which is based on the spin
echo (SE) phenomenon. The PGSE sequence has two main modules, the excitation and
refocusing of the spins, and the acquisition of the echo signal.

Figure 2.3: The PGSE sequence developed by Stejskal and Tanner [26]. Gradient pulses,
shown in blue, are added to a SE sequencés is the gradient amplitude, the gradients'
duration, the gradients' separation, and TE the total experimental time after which the
echo signal is measured.

In the PGSE sequence a pair of magnetic gradients is added in the refocusing part of
a SE. The magnetic gradient eld points into the direction of the main static eld, but
varies linearly in three orthogonal directions. This generates a dephasing for all the spins
that move along this direction between the application of the two gradients (i.e. during
the di usion time ). As the magnetic eld varies linearly through space, each spin will
end up with a phase gain that depends on their Larmor frequency and the projection of
their random displacement into the di usion gradient's direction. The phase gain for a
spin when a certain gradient waveformg(t) is applied during an Echo Time (TE) is

Z g
(TE) = , g(ty rYdt® (2.3)

where r(t) is the random trajectory of the spin. The measured signal is proportional to
the net transverse magnetisation in each voxel. The total magnetisation can be computed
by summing the contribution of all spins, which is analogue to the phase average over the
whole voxel. Since each of them contain huge amounts of spins, we can express it as the
expectation (Ef g) over the ensemble of spins that exist in the sample [27]:

S(TE)= S Efe (TB)g; (2.4)
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where Sy is the measurement without di usion weighting. The signal is attenuated due to
the loss of coherence in the phase of the ensemble of spins. This happens in the regions in
which spins were able to di use along the direction of the gradients. Since this sequence
contains only one di usion encoding period it is dubbed a single di usion encoding (SDE)
scheme [28].

If the gradient pulses in the PGSE sequence are su ciently narrow,i.e. , for us
to neglect spin motion during their duration, i.e. narrow pulse approximation, the area
under a single pulse is dubbed g and is referred aswave vector[24]. This vector points
in the same direction of the di usion gradient and is given by:

Zt
q(t) g t9 dt® (2.5)
0
In this regime, we can writeq = g and the di usion signal S as
z z z
S( :q)= (1) & :r%ne 9’ Ngr%r = G(tR)e 9RdR; (2.6)

from which it can be seen that the signal is the equivalent to the Fourier transform of the
voxel-averaged di usion propagator G(t; R) [29]. The latter contains information about
the medium's architecture but unlike the propagator, it does not depend on starting or
ending positions but on the net displacementR = r® r. We may think of conventional
SDE measurements as a point-sampling of this g-space pro le.

A typical way of reporting experimental di usion weightings is done with the well-
known b-value b ¢?. In the case of Gaussian di usion within the voxel's compart-
ments, the signal is fully determined by b which has Sl units ofms=m 2. However, in
more complex environments like those with restricted di usion, there will be a dependence
on both and aq.

Performing measurements with di erent di usion weightings while pointing the di u-
sion gradients along di erent orientations let us hold in the set of acquired dMRI signals
information about the tissue architecture restricting the di usion process.

2.3 Analysing Diusion Weighted Images

We can classify existing techniques that deal with the extraction of information from the
DWiIs in two main groups, signal representations and tissue models [6]. Signal representa-
tions, i.e. phenomenological approaches, describe the dMRI signal in a mathematical basis
of interest that allows us to compress the information in the measurements to a reduced
number of parameters. This is done without speci ¢ assumptions about tissue structure.
On the other hand, tissue models describe the dMRI signal based on various assumptions
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on tissue structure, e.g. geometry and di usivities, with the aim of capturing the most
relevant physical properties a ecting the signal. Signal representations and tissue models
coexist in the dMRI literature and although this thesis focuses on the latter, this section
provides a brief introduction to both groups.

2.3.1 Signal representations
Apparent Di usion Coe cient

Le Bihan et al. [8] proposed one of the rst clinical applications of dMRI as we know
it. They applied a PGSE sequence and tted the free isotropic di usion expression to
the measurements. They dubbed the tted di usivity as Apparent Di usion Coe cient
(ADC) to account for restricted di usion (Eq. 2.7). They also suggested to group all the
terms related to the sequence in the signal expression under a factor termed “b-value',
which for wide pulses is given byb=2G? ( =3). Then, the signal expression is

S(h)= Spe ©°°( =IADC = gy PADC, 2.7)

where Sp = S(b = 0) is the unweighted di usion signal. In that work, the estimation of
the ADC was done on every voxel of the tissue by performing two measurements at two
di erent b-values. Then, the ADCs from each voxel were used to create an image in which
the contrast purely depended on di usion.

This method provided a new source of contrast forin vivo imaging, which proved to
have many clinical applications such as detecting ischemic stroke [9]. Although the ADC is
currently used for diagnosis of multiple conditions, the information it provides is limited by
the main assumptions: considering the di usion process to be free and isotropic, implying
that the di usion should be independent of the direction of the applied gradients.

Di usion Tensor Imaging

Di usion tensor imaging (DTI) is a natural extension of the ADC approach, it accounts
for anisotropic di usion. Knowing that the scalar di usion obtained from the measure-
ments would depend on the direction of the applied magnetic gradient, Basser et al.[30]
proposed to replace the ADC with an apparent di usion tensor (Eq. 2.8) that contains
the directional dependence of the medium:

log S(bit) =1In(Sp) bnnjDj = b Dj; (2.8)

where Djj is the rank-2 apparent di usion tensor, # the di usion gradient direction, and
bj the rank-2 b-matrix. From now on, we will use the Einstein summation convention,
i.e. summation over repeated indices is implied.

11
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This extension considered the contribution from the cross terms of the di usion gradi-
ents and Dj o -diagonal elements. As the diusion tensor is symmetric, it only has 6
independent components that need to be tted to the measurements. In addition,Sy needs
to be computed as well, leaving 7 unknown parameters to be tted from the acquired data.
Therefore, to perform DTI the dataset should consist of at least one non-DWI and at least
six noncollinear DWIs. However, due to the low SNR of the DWIs, most DTI protocols
use around 30 di erent directions [31].

Figure 2.4: Whole brain FA map and deterministic tractography derived from a di usion
tensor analysis.

From the diusion tensor, eigenvalues and eigenvectors are computed because they
hold meaningful information about tissue. Scalar metrics such as the fractional anisotropy
(FA) or the mean di usivity (MD) can be computed from the eigenvalues (Eq. 2.9). These
provide a quantitative way to represent tissue and create scalar maps of tissue anisotropy
(Fig. 2.4) and di usivity. These are de ned as

r=° BY BY BY
_ + o+ 3 + +
Mp= = 1t 2t s o 3 (1 ) 222)2(3 )°. 2.9)
3 2 it 5+ 3
where ;i =1;2;3, are the di usion tensor eigenvalues. The principal eigenvector can be

associated with the main orientation of the bre bundles inside each voxel. Combined with
FA, such information can then be used to track bres within brain WM and perform the so
called bre tractography [10, 32], (see Fig. 2.4). There exist many papers addressing this
tracking problem, however, its main objective is not to characterise tissue microstructural
properties but to reproduce the connections between brain regions.

12
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For optimal precision, DTI acquisitions sample uniformly distributed gradient direc-
tions with only one di usion weighting [33], i.e. a shell of measurements, of around 1
ms=m 2 since typical values for MD in the brain WM are around 1 m 2=mes.

Di usion Kurtosis Imaging and the Cumulant Expansion

A popular series representation for the dMRI signal is the cumulant expansion [34]. This
is a Taylor expansion of the logarithm of the signal attenuation in powers of the di usion-

weighting factor, i.e. b-value. If we consider the apparent di usion and apparent kurtosis

as scalars, this expansion up to second order can be written in the following way [35]:

log S(b) =log(Sy) bD+ észzK + O(b’): (2.10)

With this equation, the measured di usional kurtosis will depend on the direction of
the applied di usion gradients. Similar to the case of the di usion tensor, this dependence
can be described by:

log S(b#) = In(Sp) bnn;Dj + %szzninjnkn‘Wijk* + O(b°); (2.11)

where Wj is the aparent kurtosis as de ned in [36], a rank-4 fully-symmetric tensor that
has 15 independent components, an® is the mean di usivity.

From Eq. (2.11), it is clear that DKI consists in adding to DTI another term in the
cumulant expansion. This increases the complexity of the signal expression, and also raises
the number of free parameters from 7 to 22 (includingSp in the parameter count since it is
tted from the data). Thus, increasing the demands in the data acquisition which in this
case usually has two non-zero shells. The kurtosis tensor provides new information about
tissue that is not available through DTI. It captures information from restricted di usion
across tissue ie. non-Gaussian di usion). Some scalar metrics can be computed from
the kurtosis tensor to generate maps of the brain highlighting di erent sources of contrast.
These include the Mean Kurtosis (MK), Radial Kurtosis (RK), Axial Kurtosis (AK), and
Kurtosis Anisotropy (KA).

Di usion coe cient/tensor distributions

Yablonskiy et al. [37] proposed to use a distribution of di usion coe cients to represent
the dMRI signal. Considering the dMRI sighal as coming from a large number of non-

exchanging Gaussian isotropic compartments we can write
Z,
S= Sy (D)e PPdD; (2.12)
0
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where (D) is the distribution of di usion coe cients in the voxel. Following this same
concept, it was later proposed that the signal from a voxel can be represented through a
distribution of di usion tensors [38]. Note that we consider these approaches to be rep-
resentations rather than models.

A comprehensive discussion about signal representations and models is not the scope
of this thesis, for that the reader can refer to [39]. Signal representations are very sensitive
to microstructure, and have proven their potential in some clinical applications. However,
their main limitation is the lack of speci city [12], because di erent alterations in tissue
architecture can produce the same variations in, for example, DTI derived metrics.

2.3.2 Biophysical tissue models: The Standard Model

As signal representations have limited speci city, modelling the dMRI signal has become
more and more popular since the seminal papers by Van Geldereet al. and Stanisz et
al. in the 1990s [40, 41]. The microstructural information models aim to extract may lead
to biomarkers that are able to detect small tissue alterations corresponding to the early
presence of neurodegenerative diseases. This group of approaches is complementary to
signal representations since it uses information about what is expected to be measured to
unravel dMRI data. These assume brain tissue can be described by a biophysical model
containing the most relevant microstructural features. There are plenty of models in the
literature, for a detailed discussion see [39]. Most models share common aspectsg.
voxels contain several compartments with negligible water exchange for typical experi-
mental times. Therefore, the total signal is then computed as the sum of the contributions
from each pool. Generally, the intracellular compartment is considered to be composed of
axons and neurites, while the extracellular space encloses the rest of the structures. Most
tissue models focus on WM but there are some that try to describe GM.

In the early 2000s, Behrenset al. [42] proposed to model the dMRI signal with two
compartments, one isotropic (ball) and one anisotropic (stick). Extending this concept, the
composite hindered and restricted water di usion model(CHARMED) [43, 44] aimed to
represent the intracellular compartment as impermeable parallel cylinders and the extra-
cellular compartment with a di usion tensor. Later on, an extension of the CHARMED
model dubbed AxCaliber [45] was proposed to estimate axonal diameter distributions.
Jespersenet al. [13] proposed to add orientational dispersion to these models, by incor-
porating a spherical harmonics decomposition of the bre ODF. Zhanget al. proposed
the neurite orientation dispersion and density imaging (NODDI) model to consider axonal
orientation dispersion but proposed a Watson distribution to reduce the complexity of the

14
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ODF and enable clinical application [46, 47]. Panagiotakiet al. [48] studied the minimum
requirements, in terms of modelling compartments, for a precise model of diusion in
white matter.

For brain white matter (WM), the overarching multiple Gaussian compartment frame-
work, unifying a multitude of previous models, is the so-calledStandard Model (SM) of
di usion in neural tissue. In this thesis, we focus on this model since it is the most general
version of WM models (many others are constrained versions of the SM, see recent review
by [39]).

Figure 2.5: Representation of the two compartments present in the Standard Model with
their corresponding di usivities. Here the ODF is given by a Watson distribution.

The stick compartment (sometimes referred as intra-neurite) represents axons, which
are expected to be the main contributors to the restricted di usion signal, and, possibly,
dendrites and glial processes [49]. The inclusion of dendrites and glial processes is open
to discussion [39] and implies the assumption that in certain regimes (depending og.g.

di usion time) they have similar di usivity and T, relaxation properties and directional
distribution, a question which still has not been fully addressed (see discussion in [50]).
Sticks are zero-radius cylinders that model bres, where di usion occurs only along the
bre's main direction, as it was rst proposed for for NAA by [51] and for water in neurites
by [13, 42]. Later, Nilssonet al. [52] showed theoretically that typical axonal diameters
cannot be resolved with SDE and gradient amplitudes available on clinical scanners and
thus, are indistinguishable from sticks. This was also con rmed experimentally in [53].
The second compartment represents the extra-neurite space where di usion is hindered
and is modelled as Gaussian anisotropic [49] (zeppelin compartment). Abre segment
is de ned as the local bundle of aligned sticks with the extra-neurite space surrounding
them. Voxels are composed of a large number of bre segments. The SM consists of the
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bre segment signal model (.e. kernel) with the di usivities and water fraction as free
parameters, together with a general bre orientation distribution function (ODF), which
can be represented by its spherical harmonics decomposition

1 I)an XI
P(n) —+ Pim Yim (R): (2.13)

1=2;4;::m= |

Some other works consider a third compartment that represents the contribution from
stationary water in xed tissue [41, 54]. However, recent works [55] have concluded that the
signal arising from this compartment can be neglected in most structures for the di usion
times used in the clinic and should only be considered in the cerebellum [56]. Additionally,
some versions of the SM include an isotropic di usion compartment to account for the
presence of cerebrospinal uid (CSF) [39].

Considering a general bre ODF involves a large set of parameters, which can hinder
their unambiguous estimation from the dMRI signal. The NODDI model proposed to use
the Watson distribution to model orientation dispersion [47]. However, it added constraints
between model parameters to simplify parameter estimation. These were removed in
the neurite orientation dispersion and density imaging with di usivity assessment (NOD-
DIDA) model [57], which is essentially the SM with the only constraint that the bre
ODF must be a Watson spherical distribution P(a) = f(& j 4 ), with concentration
parameter and main direction * (see Fig. 2.5). This cylindrically symmetric ODF is
usually considered a su ciently good and parsimonious model for white matter regions
without crossing bres [46].

For the general SM, the signal from a SDE experiment, where the di usion weighting

b is applied in the direction n, is given by the convolution over the unit sphere [14]
Z
Sspe(b;n) = So < P(0)K (bt 1) dSy; (2.14)

where
K(b;h 0)=fexp bDy(h )% +(1 f)exp bD: b ¢n 0)? (2.15)

is the response signal (kernel) from a bre segment oriented along directiont. Here,
f is the To-weighted stick volume fraction, D, the intra-neurite axial di usivity, and

e = D§ D2, with D& D2 the extra-neurite di usivities parallel and perpendicular
to the bre-segment axis [39]. These kernel parametersf(, D, D'é, and D?) provide
important tissue microstructural information, and have shown potential clinical relevance
as they are sensitive to speci ¢ disease processes such as demyelination, axonal loss or
in ammation [15, 16, 58]. Recent works have tried to extend this modelling approach to
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grey matter, considering the contribution from cell bodies [59, 60]. One limitation of this
model is that within a voxel each fascicle is assumed to have identical di usion properties,
leading to identical microstructural parameters.

2.4 Beyond Single Di usion Encoding

2.4.1 Double Diusion Encoding (DDE)

Most of the dMRI post-processing techniques have been developed for an acquisition per-
formed within an SDE framework. This means that whichever the sequence is, there is
only one di usion encoding period. Since Stejskal and Tanner created the PGSE sequence,
there have been many works aimed to maximise the information that can be obtained from
a dMRI experiment. Not only from the post-processing perspective, but also, from the
data acquisition viewpoint. One of the many modi cations that have been proposed to the
gradient waveforms involves the addition of multiple pairs of gradients. Cory [61] was the
rst to propose this, while Mitra [62] generalised this concept for multiple wavevectors.
Particularly, a scheme that has recently gained popularity is one termed Double Di usion
Encoding (DDE). Similarly to SDE, this terminology is used for all the experiments that
aim to produce two consecutive di usion encodings [28], irrespective if they are based on
a SE, stimulated echo (STE) or PGSE.

This methodology employs two di usion sensitizing gradient pairs, G1 and G2, with
durations ; and », and separations ; and » respectively (Fig. 2.6). These di usion
encodings are separated by a mixing time,, and can even have di erent directions. Since

Figure 2.6: A general DDE sequence within a framework of a PGSE sequence [28]. Finite
mixing time (top) and zero mizing time (bottom)
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two di usion encodings are being used, this sequence o ers more degrees of freedom. Even
in its simplest (and most common) version, where we choose both wave-vectors with equal
amplitude and di usion times, we can still vary their orientations and mixing time. In
DDE the resulting signal loss is also related to the correlation between the displacements
during the two di usion times rather than only the net displacements themselves [28]. The
resulting Spin-Echo measured appears at an Echo Time that is usually higher than one
of a SDE experiment, what leaves us with a more attenuated signal by thél, relaxation.
Thus, the SNR in DDE is slightly lower than the one we can achieve in SDE experiments.

Mitra [62] predicted that at long mixing times the signal arising from spherical pores
would not present any dependence on the angle between the applied gradients. However,
he stated that ellipsoidal pores would present an angular dependence in the fourth term
of the signal Taylor expansion irrespective of their packing. This suggested that DDE is
able to distinguish spherical pores from randomly oriented cylinders, something that SDE
DTI is not able to do. Thus, in the long ., regime, microscopic anisotropy ( FA) can
be revealed. The FA is a scalar parameter that provides information on the anisotropy
of the individual structures that are present in the voxel. Unlike the FA, the FA is not
a ected by the relative orientation of the individual pores. Fig. 2.7 shows schematic
examples of the complementary information provided by the FA and FA. The latter is
not sensitive to the macroscopic arrangement of the pores while the former is. Lawrenz
and Finterbusch [63] were the rst to measure microscopic diusion anisotropy in the
living human brain. Furthermore, Jespersenet al. [64] developed a model-independent
framework to extract the FA in an orientationally invariant way using only parallel and
perpendicular gradients.

Another fact Mitra found was that, for ! 0, the angular dependence of the signal
decay would hold for any pore shape (including spheres), thus giving us a measure of the
size of the restricted compartment in the second order of q. In addition,Ozarslan [65]
extended the Multiple Correlation Function (MCF) formalism [66] to be applied in DDE
sequences where the two gradient directions are di erent. This approach let us compute
analytically the dMRI signal arising from certain geometries. With these results he derived
the full angular form of the signal prole for ! 0, in randomly oriented spheroids and
capped cylinders [67].

Although there are no popular tissue models considering a DDE acquisition, many
groups have used the extended MCF approach combined with some assumptions about
tissue to to extract the axon diameter in coherent WM tracts. Komlosh et al. [68] were
able to estimate the average axon diameter and volume fraction on a pig spinal cord. In
a recent work [69], Benjamini et al. tried to estimate a non-parametric axon diameter
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Figure 2.7: Tissue con gurations with di erent FA and FA values. The top row shows
the individual domain structures and the bottom row shows their corresponding voxel-
level tensors. In voxels A and B, the domain pores are the same but they di er in their
arrangement and thus, have di erent FA and equal FA values. The FA cannot distinguish
between randomly oriented anisotropic pores (B) and isotropic pores (C).
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distribution in a ferret's spinal cord.

These results are quite impressive, due to the impact this information could have on
clinical diagnosis. However, these methods' main limitation is the need of an extremely
coherent bundle of axons. These approaches assume that the substrate is made of parallel
cylinders, and that the di usion gradients are applied in the plane perpendicular to the
main orientation. This makes the signal very sensitive to the axon diameter but, restricts
its application to highly coherent structures such as the spinal cord or the corpus callosum.

Jespersen [70] demonstrated that for the low q regime one could extract the same
information using single-PGSE with a varying di usion time than with multiple-PGSE.
Nonetheless, he made emphasis that for intermediate b-values, DDE contains information
which is not immediately accessible using SDE experiments. DDE sequences have the
potential to extract novel microstructural information such as the FA, not reachable
through SDE. Nonetheless, it has not been fully addressed if modelling tissue considering
single or multiple encodings can provide us with more precise parameter estimations. In
Chapter 3, we investigate the advantages of combining biophysical modelling with DDE.

2.4.2 Multidimensional dMRI

Unlike conventional dMRI acquisitions, i.e. SDE, a single multidimensional dMRI meas-
urement does not probe a point but a trajectory in g-space [38, 71, 72]. This generalises
the concept of diusion weighting along a direction (b-vector), to more complex scen-
arios, viz. simultaneously sensitising the MR signal to di usion along multiple directions
(multidimensional dMRI). If we consider each voxel as composed of multiple Gaussian
compartments (MGCs), then the signal from any given g-space trajectory is fully speci ed

by a rank-2 symmetric b-tensor de ned by
Z TE Z t
B = a9 q@t%dt® with b=Tr(B)= Bji; q(t)=  g(t9dt® (2.16)
0 0

where b is the conventional b-value or di usion weighting, g(t) is the di usion gradient
waveform and q(t) the g-space trajectory.

The number of non-zero eigenvalues irB re ects how many dimensions are being
probed simultaneously. In SDE,B = bR 1, there is one non-zero eigenvalueyiz. linear
tensor encoding (LTE). The b-tensor of a DDE acquisition isB = byf; A1+ bphy
n,, de ned from the pair of gradient directions, iy, fi,, and their individual di usion
weightings, by, by. It has two non-zero eigenvalues ifft; and n, are not parallel, viz.
planar tensor encoding (PTE). For multiple Gaussian compartments a SDE acquisition is
a subset of the DDE acquisitions (SDE = DDE,  DDE), for which iy = f, (parallel
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direction pair). When B has 3 equal non-zero eigenvalues it is dubbed spherical tensor
encoding (STE) or isotropic encoding, since the signal is attenuated by displacements in
any direction. Figure 2.8 shows di erent b-tensors arranged in a triangular diagram with
the standard ones (linear, planar, and spherical) at the vertices [73]. The tensor eigenvalues
de ne the shape and di usion weighting (i.e. size) and eigenvectors the orientation.

Figure 2.8: Superquadric tensor glyphs representing b-tensor shapes available with mul-
tidimensional dMRI. These are arranged in a barycentric ternary diagram [73] according
to their linear, planar, and spherical components (LTE, PTE, and STE). Two degrees
of freedom de ne the tensor shape, and an extra one is needed for its size. Three extra
degrees of freedom de ne the tensor orientation.

So far, the scope of multidimensional dMRI has been to disentangle orientation dis-
persion and microstructural anisotropy by assuming voxels are made of multiple Gaus-
sian compartments represented by an underlying di usion tensor distribution. Thus, by
measuring the di usion tensor distribution isotropic and anisotropic variance like in [74],
information about the microscopic anisotropy can be accessed,e. FA, which may be
a biomarker of microstructural degeneration. In Chapter 4, we focus on exploiting the
combination of a multidimensional dMRI acquisition with biophysical modelling.
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Chapter 3

Resolving the Watson Standard Model
degeneracy

Biophysical tissue models are increasingly used in the interpretation of di usion MRI
data, with the potential to provide speci ¢ biomarkers of brain microstructural changes.
However, it has been shown recently that, in the general Standard Model, parameter es-
timation from dMRI data is ill-conditioned even when high b-values are applied.

In this chapter, we analyse this issue for the Neurite Orientation Dispersion and Density
Imaging with Di usivity Assessment (NODDIDA) model and demonstrate that its exten-
sion from SDE to DDE resolves the ill-posedness for intermediate di usion weightings€.g.

b < 2:5ms=m 2), producing an increase in accuracy and precision of the parameter estim-
ation. We analyse theoretically the cumulant expansion up to fourth order in b of SDE
and DDE signals. Additionally, we perform in silico experiments to compare SDE and
DDE capabilities under similar noise conditions. We prove analytically that DDE provides
invariant information non-accessible from SDE, which makes the NODDIDA parameter
estimation injective. In silico experiments show that DDE reduces the bias and mean
square error of the estimation along the whole feasible region of 5D model parameter
space. DDE adds additional information for estimating the model parameters, unexplored
by SDE. We show, as an example, that this is su cient to solve the previously-reported
degeneracies in the NODDIDA model parameter estimation.
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3.1 Degeneracy in SM parameter estimation

This thesis focuses on the Standard Model of di usion in neural tissue. The widely used
Neurite Orientation Dispersion and Density Imaging (NODDI) [47] model is a constrained
version of the SM that xes the di usivity values of the compartments present in the
voxel to specic values. This was done to relax the data acquisition requirements and
make parameter estimation more stable. However, some of NODDI's assumptions have
been shown to be incompatible with data from spherical tensor encoding (STE) in [75].
It has also been argued that xing di usivities introduces bias in the estimation of the
remaining model parameters [76]. Jelescet al. [57] extended NODDI by adding the
di usivities to the estimation routine and dubbed it NODDIDA (NODDI with Di usivity
Assessment). This approach eliminated some awed assumptions made in the original
version but led to multiple possible solutions that describe the signal equally well. This
made the parameter estimation problem ill-posed or, at least, ill-conditioned, and is usually
stated as the existence of degenerated model parameter sets. Recent work by Noviketval.
showed that this degeneracy is intrinsic to the SM [14], of which NODDIDA is a special
case, independently of the bre ODF. They show that choosing the correct solution is
challenging even with the use of high b-value data, although Jespersest al. [49] obtained
stable estimations in ex-vivo brain tissue using extremely high b-values (1fis=m 2).
Kaden et al. [77] proposed to use averages in each shell to remove one of the constraints in
NODDI. Reisert et al. [78] proposed a supervised machine learning approach trained with
the expected value of the Bayesian posterior, which, by de nition, disregards the possible
multimodality of the distribution. Furthermore, it was trained on simulated data with the
prior assumption of similar traces for the intra- and extra-axonal di usivities.

Recently, Lampinen et al. [75] have analysed the advantages of a multidimensional
encoding over SDE NODDI. They proved that extending the acquisition to incorporate
STE data increases the accuracy in quantifying microscopic anisotropy. However, it has
not been fully explored, from the point of view of tting a biophysical model to noisy
measurements, if multiple encodings can provide us with more precise model parameter
estimates than a single encoding ¢f. [79, 80]). The advantages of combining linear with
planar or spherical tensor encoding to address the degeneracy and increase the precision
of parameter estimation have been investigated [81{83] in bothin silico and/or in vivo
experiments. Their results show that the estimation precision is increased by the addition
of these orthogonal measurements. However, a theoretical background of why this happens
is still missing. This chapter extends NODDIDA to a DDE scheme and assesses the
accuracy of estimators based on SDE and DDE measurements. We investigate analytically
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3.2 SDE cumulant expansion and solutions to NODDIDA

the information provided by SDE and DDE through their 4th order cumulant expansions.

3.2 SDE cumulant expansion and solutions to NODDIDA

It has been recently shown that NODDIDA parameter estimation is challenging in normal
experimental conditions [57]. There are two issues here. The rst one is that tting these
models to noisy measurements is generally a non-convex optimisation problem, potentially
having several local minima of the objective function, requiring appropriate optimisation
algorithms. However, the existence of multiple local minima opens the door to a second,
more serious, issue: the objective function can present multiple minima with equal or very
similar values. In the presence of noise, these minima are perturbed, changing which of the
minima is the global minimum [84]. Jelescuet al. [57] evidenced this ill-posedness issue
for clinically feasible dMRI acquisitions in two particular cases. They showed that the
estimated parameters from a collection of independently simulated dMRI measurements
follow a bi-modal distribution, despite being simulated from a single ground truth, and
the presence of practically indistinguishable spurious minima in the objective function.
A recent work by Novikov et al. [14] analysed in detail this inverse problem for the
unconstrained SM by reparametrising it into its rotational invariants. They concluded
that without any constraints on the ODF shape, it was not possible to estimate the kernel
parameters with an acquisition sensitive up to orderO(k?).

For intermediate di usion weightings (i.e. b < 2:5ms=m ?) the dMRI signal is ac-
curately represented by its fourth-order cumulant expansion [85] (sensitive up toO(k?)
contributions). For SDE, this expansion is shown in Eq. 2.11:

log S(b#) = In(Sp) bnn;Dj + %szzninjnkn\Wijk‘ + O(b°): (3.1)

Let us consider a voxel with bres oriented according toP(ft) = ¢( )exp (* R)?, a
Watson ODF with concentration parameter . Following an analogous procedure as in
[14], we can expand the signaB(b;n) in Eq. 2.14 up to order O(k?). This gives a mapping
between the biophysical (BP) parameter space and the diusion kurtosis (DK) space,
removing the dependence with the acquisition settings and simplifying the analysis of
whether di erent sets of model parameters produce the same signal pro le.

Due to the axial symmetry of the Watson distribution, the corresponding di usion and
kurtosis tensors can be expressed in terms of the projection, = n #, of the gradient
direction to the main direction "~ [86]:

D()= fDa+(l f) ehy(; )+ f)D; (32)
W()D2= D2+ f) Zhy(; )+2(1 f) DZhy(; )+ f)DZ? D()%
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3. RESOLVING THE WATSON STANDARD MODEL DEGENERACY

whereha(; )= 2+ 2pPo( ) and ha(; )= L+ 3poPo( )+ EpsPa( ) are de ned as in
[86]. P2( ) and P4( ) are the second and fourth order Legendre polynomials, angb,, ps
the non-zero second and fourth order coe cients of the spherical harmonics expansion of
the Watson distribution:

1.3 , 3
P2 49?(% ;

1 -2 21 (3-3)
=1 o525+ )+ 2 Gy 2D
Pa= 3572 FCy

where F denotes the Dawson function [87]. Using these equations, we can derive the
relations between BP and DK parameters that fully describe this axially symmetric en-
vironment, like in [88] for fully aligned bres, but here for an arbitrary value of

D= fDa+(1 f) o ho(l; )+(1 f)DZ;
Do= fDa+(1 f) & ho(0; )+(1 f)DZ;
W D2+ DZ= fD2+(1 f) 2 ha(1; )
+2(1 f) DZha(1; )+ f)DZZ
IW,D2+ D3= fD2+(1 f) 2 ha0; )
+2(1 f) «DZhp(0; )+(1 f)DZ%
iD?SW  Wr  gWy + 2(Dr + D)?= fDZ+(L f) Z ha B
+21 ) DZhy ek +(1 f)DZZ

(3.4)

whereD = (2D, + Dy)=3. Taking the limitfor !1 we recover the system of equations
for parallel bres presented in [88] (Eq. 12).

In Jespersenet al. [86], the equivalent to the system in Eq. 3.4 is solved reaching two
alternative equations for , F ( ) = 0, each giving possible solutions. This suggested
that, in general, there should be two solutions, one for each branch. However, this is not
always the case, as illustrated in Table 3.1. We derive here an alternative expression of
the solution in one equation only. First, we can reparametrize the kernel parameters as:

=fDa+(1 f) o =(1 f)Dg;

35
=fD2+@1 f) 2, =@ f) DI; =1 f)DI% 5

After this substitution, Eq. 3.4 can be expressed as a linear system of ve equations for
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3.2 SDE cumulant expansion and solutions to NODDIDA

the 5 unknowns , , , and , decoupled into two independent smaller systems:
S " #
Dy _ ho(1; )1 :
D> h(0; )1 ’
iW,D2+ D2 h4(1 ) 2hy(1; ) 1 (3.6)
g iw, D2+ D3 é §h4(0 ) 2h2(0; ) 12%2 Mgz
2 2
5W8D2 W?4D2 W;E + (D?‘;Dk) h4(pj;§, )2h2(pl—§, )1

Observe that the coe cients of matrices L and M depend on . We will ignore for the
moment that the 5 unknowns are not independent. The solution is unique as long as
matrices L and M are invertible. This is the case when 6 0, since detL = p, and
detM = %p2p4. In the limit of a fully isotropic medium ( = 0) the system has only
two independent equations, not allowing the recovering of the kernel parameters without
additional information. By solving the two systems in Eq. 3.6 we nd expressions for

, , , and that only depend on and the DK parameters. Those variables are actually
de ned from only 4 kernel parameters (Eq. 3.5), resulting in the coupling equation

( %= 2+ 2 2. (3.7)
By plugging the expressions for , , , and as functions of into Eq. 3.7, we obtain a
nonlinear equation for with potentially multiple solutions. Each solution for  gives a
single solution for , , , and , which in turn, gives a single solution for the kernel
parameters:
2 ?
f=1 —; D,= > e= —; De = —: (3.8)

Thus, the number of solutions to Eq. 3.7 corresponds to the number of BP sets that have
the same DK parameters. Table 3.1 presents cases with up to 4 solutions. We computed
the number of solutions for 10k random points in the BP space. Most present 2 solutions
(70:2%), some only 1 (293%), and only a small proportion have 4 solutions (05%). This
gives rise to the previously discussed degeneracy in model parameter estimation from noisy
measurements [57]. In contrast to the claim in Hanseret al. [88], even in the extreme case
of parallel bres leaving only four unknowns, the ve equations in Eq. 3.4 are independent.
This is possible due to the nonlinear nature of the system. If is known and not zero
(including the limiting case !1  of parallel bres), the full-system is invertible as long
asf is not 0 or 1, and D? is not null. In that case, each point in the DK parameter
space (signal pro le) corresponds to a single BP set. However, this is not the case for an
arbitrary unknown . Here, the full-system has 5 independent equations with 5 unknowns,
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3. RESOLVING THE WATSON STANDARD MODEL DEGENERACY

but, depending on the parameter values, it can have only one or multiple solutions. This
latter case makes the inverse mapping an ill-posed problem.

Using very high b-values might be considered an option to solve this problem, as it will
add higher order terms in Eq. 3.1. However, it is still challenging due to very low associated
signal-to-noise ratio and is also not feasible in most clinical scanners, although bespoke
systems with ultra-strong gradients may provide leverage in this regard [89]. Another
solution that does not require powerful gradients is to seek for functionally independent
measurements providing new information.

Table 3.1: lllustration of sets of biophysical (BP) parameter values resulting in the same
di usion{kurtosis (DK) parameters. Each plus or minus branch can correspond to a
single, multiple, or none BP parameters. Some sets of BP parameters fall outside the
region of plausible parameters. The invariants of the not fully symmetric part of C,
incorporated by DDE, discriminate between the BP parameter sets having the same exact
DK representation. All di usivities are in  m ?=ms and C invariants in m *=ms?,

DK parameters Branch BP parameters C new invariants

[Dy, D> , Wy, Ws , W] [f,Da, D&, D2, ] 1 2

[1:50; 0:20; 1:46; 0:29; 0:93] + [0:73; 2:00; 1:00; 0:30; 8:00] | -0:01 0:21
[0:61; 1:29; 2:19; 0:32; 11:5] | 0:023 0:053
[1:56; 1:05; 0:40; 0:71; 0:33] + [0:25; 2:37; 1:30; 1:39; 50:0] | 0:35 0:62
[0:46; 0:41; 2:90; 2:70; 2:77] + [0:88; 1:32 1:40;-0:23; 0:27] | -0:19 0:02
[0:87; 0:95; 2:00; 0:72; 0:36] | -0.02 0:.01
[0:55; 0:18; 1:.07; 0:77; 1:41] | 0:15 0:00
[0:51; 0:08; 0:93; 0:79; 3:19] | 0:16 -0:01
[1:56; 1:26; 0:42; 0:54; 0:51] + - - -

[0:24; 1:45; 2:10; 1:40; 2:33] | 0:24 0:13
[0:19; 0:67; 1:89; 1:49; 5:44] | 0:33 0:06

3.3 Solving the degeneracy with orthogonal information

3.3.1 Model extension to DDE

DDE adds an extra dimension to the dMRI acquisition, unexplored by SDE experiments.
For a general multidimensional acquisition [38, 90], due to the assumption of impermeable
compartments, within each of which the di usion displacement pro le is assumed to be
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3.3 Solving the degeneracy with orthogonal information

Gaussian, the signal can be written as:
Z

Snobopipa (B) = So o P(0)K(B;0)dSy; (3.9)
with the kernel
K(B;0)=fexp DaBjuu; +( f)exp bD] eBij Uiy (3.10)

As discussed in Section 2.4.2, LTE, PTE and STE b-tensors di er in the amount of non-
zero eigenvalues, thus, the information we can get from each type of measurement di ers.

3.3.2 DDE information gain and unique solution

We show that complementary information from DDE is su cient to uniquely recover SM
parameters from O(b?) measurements. Incorporating DDE measurements transforms the
inverse mapping of recovering BP parameters from di usion-weighted measurements into
a well-posed problem. The fourth order cumulant expansion for the dMRI signal arising
from a DDE experiment is

1
log(S=%) = Bjj Dj + 5B Bk Cij

DZ
= (bingny + bpnying )Dyj + ?(lﬁnlinljnlknl‘ + Bn2ing naknz ) Wi
+ by nging NNy Cije -
(3.11)
Here, C is the second cumulant tensor of the dMRI signal expansion in terms of the
b-tensor and satis es minor and major symmetries:

Cik = Gjik = Cjkx = Ckij ; (3.12)

but it is not totally symmetric. Its totally symmetric part is proportional to the kurtosis
tensor:

D?Wie =3Cj ) = Ciw + Cijk + Cij : (3.13)
For multiple Gaussian compartments or DDE with long mixing times[70], D and C can

be written as

X 50
Dij = Dij = f Dij X

D _ E X T (3.14)
Cijk‘ = Dij hDijI Dk‘ th‘I = f Dij Dk‘ DijDk‘;

wheref and Di(j ) denote the fraction and di usion tensor of compartment , including
in this summation the integral over the unit sphere with the ODF (cf. Eq. 2.14). This
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3. RESOLVING THE WATSON STANDARD MODEL DEGENERACY

motivated naming C as the diusion tensor covariance [38, 70]. Our de nition of C
coincides with the one in [38], and for long mixing times it is also proportional to theZ
tensor (C = Z=(4 2)), earlier introduced in [70]. The Z tensor is de ned more generally,
i.e. not restricted to multiple Gaussian compartments, as a cumulant of the DDE signal.

In the case of a Watson ODF,W and C are transversely isotropic 4th order tensors,
i.e. they have cylindrical symmetry. Hence, instead of having 15 and 21 independent
components they only have 3 and 5, respectively. We can write both tensors as a function
of coordinate independent tensor forms (for full derivation see Appendix A.1), like it is
done for W in [88] (EgQ. 6):

1
W=1P+1,Q+!31 and C=§D2W+ 1R+ 5J; (3.15)

where C was written separating its fully symmetric part from the remaining part [91], and

Pik = ij k
_1 0
Qijk‘—é ikt kit ikt kit ikt ik s
1
Lijk =3 i K+t kT i jk s (3.16)
1 1
Rijk‘zé i)kt ok Zikj“"jki“"i‘jk"’j‘ik;
1
Jik = i « §|k1+|1k,

where j is the Kronecker delta and ”* the Watson distribution main direction. Eq. 3.15
shows explicitly that C contains two extra degrees of freedom independent &/ . Observe
that the fully symmetric part of R and J vanishes, so that the information encoded in 1
and ; is not accessible from a SDE experiment [64]. We can isolate the new non-symmetric
components by the antisymmetrization

Cik  Ci = 1(Rjk Rig )+ 20k Jig ): (3.17)

Considering a coordinate frame with thez-axis parallel to the bers main direction *, we
can identify

w

3

Z- 1- (318)

Cuxyy  Cuyxy = 52 and Cuxzz  Cxzxz  Cxxyy + Cxyxy =

Similarly to Eqg. 3.4 we can relate the elements ofC to the biophysical parameters like it
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3.3 Solving the degeneracy with orthogonal information

was done forW . For the SM, including NODDIDA, D and C are given by

Dj = fDa+(l f) eHpy +@ f)DZ j;
Ciw = fDEZ+(1 ) ZHupe +(@ f)DI e jHer *+ wHej (3.19)
+(1 f)DZ?§ « DjDy;
where
A VA
He)j = SZP(O) uitj dSy and  Hpyje = SZP(()) Uj Uj UcU- dSy: (3.20)

These later tensors have the same information as the spherical harmonics of the reciprocal
order and contain the corresponding ODF averages. Previous works have worked with the
same tensors but named them di erently, H); = inji and H e = ijn;ngn-i [14].
Note that H ik = H()j and Hey; = 1. For NODDIDA we get ha(; ) = Heyj nin;
and hg(; ) = Hgjje ninjngns, with = ~ N, The cross-terms of C present new
information not accessible from SDE. This makes the DDE signal able to resolve the
degeneracy. To make this explicit, we can write the components isolated in Eq. 3.18 in
the adapted coordinate frame in terms of BP parameters:

3 2
=(1 ) 2D2 ¢hp(0; )+ D2? D52
3
4 1= Cuzz Cyxzxz  Cxxyy *+ Cxyxy =(1 f)Dg e H(2)zz H(2)yy Dyx (D2 Dyy)

=(1 f)DZ eha(l; ) hp(0; ) D>(Dkx D»)
(3.21)

Those 2 equations are independent to the ones in Eq. 3.4, adding complementary inform-
ation to the mapping between DK and BP spaces (see last column in Table 3.1). Using
the same variables de ned in Eqg. 3.5 we get

3 3
2h2(0; ) + = é 2+ D?z and hz(l; ) hz(o; ) = Z 1+ D?(Dk D?) (322)
These two equations enlarge the system in Eq. 3.6. Following the derivation in Appendix
A.2, we demonstrate that they determine a single solution for :

ha(l; ) _ AW D2 3( 1+ 2)+(Dyx D»)?

= 3.23
ha(0; ) iw,D2 3, (3:23)

since the left-hand side is a strictly monotone increasing function on . This agrees with
recent work by Cotaar et al. [92], who showed that combining di erent b-tensor shapes
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3. RESOLVING THE WATSON STANDARD MODEL DEGENERACY

can determine robustly bre dispersion. Observe that the cases =0 or f =1 re ect only

an apparent degeneracy, as di erent parameter sets represent the same physical model.
In contrast, the case of = 0 presents a proper degeneracy of the model due to lack of
information, where di erent model instances have identical D and C tensors.

3.3.3 In silico experiments

We have shown theoretically that complementary information from DDE available in O(?)
acquisitions is su cient for unique estimation of Watson SM parameters. Furthermore,
we performedin silico experiments in a wide variety of model parameter combinations to
show that in the presence of noise DDE estimates are more robust.

Signal generation

All synthetic measurements were generated from substrates composed ofnl diameter
cylinders to simultaneously assess our stick approximation. We found this di erence was
below the noise level. We computed the signal attenuation in the cylinder's perpendicular
plane with the Gaussian Phase Approximation (GPA) for both SDE [93] and DDE [80].
Since there is no closed analytical solution for the integral on the sphere in Eqg. 3.9, we
computed the spherical convolution using Lebedev's quadrature [94]:
z X
< f (0)dS, wif (0); (3.24)
|
where w; are the quadrature weights of each grid pointt; across the unit sphere. For
all con gurations of SDE and DDE we used 1,202 quadrature points, which guarantee
an exact result up to a 59" order spherical harmonics decomposition of the ODF. No
practical di erences were found between the results from our SDE implementation and
the analytic summation for SDE in [46].
Finally, Rician noise was added to the synthetic signals, normalising it to obtain a
SNR =50 for the Iy measurements, like in [57].

Parameter estimation algorithm

Parameter estimation was based on a nonlinear least squares estimator. This was justi ed
due to the relatively high SNR considered for the experiments, where Rician noise can
be approximated as Gaussian [95]. We used the Trust Region Re ective algorithm imple-
mented in the MATLAB (R2016a, MathWorks, Natick, MA, USA) optimisation toolbox.
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3.3 Solving the degeneracy with orthogonal information

The objective cost function was

F()= X S(Bi; ) Swoooia (Bi; ) % (3.25)
|

where N is the total number of measurementsB ; indicates the b-tensor used in thei-th
measurement and = ff;D g; D'é; Dg; g are the model parameters. The main direction
of the bres, », and Sy were tted independently in a rst stage through a DTI tting
like in [57]. For all con gurations, this optimisation procedure was repeated using 30
independent random initialisations for the model parameters to avoid local minima of the
ve-dimensional cost function. The local solution with the lowest residue was the global
optimum.

SDE and DDE tested con gurations

Five encoding con gurations were considered: DDlgg+o, DDE 40+20, DDE 30+30, DDE 20+40,

and DDE.60, With progressively increasing proportions of perpendicular direction pairs,
b, with respect to parallel direction pairs, a, denoted as DDE:,. Observe that DDEgg+o

is equivalent to SDE if multiple Gaussian compartments are assumed.

Figure 3.1: Diagram of di erent measurement protocols (SDE, DDEgg+30, and DDEg+gp).
Only SDE and DDE3p+30 Were used in experiment 1, while they all were used in exper-
iment 2. Blue colours denote the SDE directions or DDE parallel direction pairs. DDE
perpendicular direction pairs are in red.

We compared the SDE protocol used in [57] against di erent DDE acquisitions with
the same number of measurements that can be measured in a similar experimental time.
The SDE measurement protocol had two shells with b-values of 1 and 2ns=m 2 with
30 directions each [57]. These directions were generated using the Sparse and Optimal
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Acquisition (SOA) scheme [96]. DDE con gurations were also divided in 2 shells with the
same b-values as above and both directions in each pair had equal individual di usion
weightings, by = b, = %b. Thus, perpendicular direction pairs de ne axially symmetric
planar b-tensors, uniquely de ned by their normal vector. We generated homogeneously
distributed normal vectors using the same algorithm used for the SDE directions. The
DDE 3p+30 acquisition had 30 parallel direction pairs and 30 perpendicular direction pairs
with normal vectors coinciding with the parallel pairs [81] (see middle diagram in Fig. 3.1).
The DDEg+g0 protocol had only perpendicular directions pairs (right diagram in Fig.
3.1). Conguration DDE 40+20 had two parallel per each perpendicular directions pair,
and DDEp+40 two perpendicular per each parallel directions pair. All acquisitions had 5
non di usion-weighted measurements (.e. by measurements).

Experimental settings

We performed two in silico experiments to assess whether the addition of DDE meas-
urements can enhance the parameter estimation in the presence of typical noise in the
measurements.

In the rst experiment, we considered two possible instances of NODDIDA parameter
values for a voxel in the posterior limb of the internal capsule (PLIC) taken from [57]
(see Table 3.2), for which SDE estimates showed a bimodal distribution. We explored in
detail whether DDE solves the degeneracy between these particular cases. Only SDE and
DDE30+30 acquisition con gurations were considered for this experiment. 2500 independ-
ent realisations of Rician noise were added to the synthetic SDE and DDE signals. The
SNR was set to 50 in thely measurementents to compare our results with [57].

Table 3.2: Ground truth NODDIDA parameters used in experiment 1.

Model parameter SETA SETB

f 0.38 0.77
Da[m ?=mg] 0.50 2.23
DK[m 2=ms] 2.10 0.16
D2 [ m 2=ms] 0.74 1.48
c () 0.98 (64) 0.70 (4)

The second experiment aims to compare the accuracy and precision provided by SDE
and the di erent DDE con gurations extensively along the feasible region of the full ve-
dimensional (5D) space of parameters (di usivities between 0 and 3n ?=ms, fraction
between 0 and 1, and positive). This allows exploring whether there are subregions
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presenting di erent behaviours. A 5D grid was generated by all the combinations of
f =[0:1;0:3;0:5;0:7;0:9], Do = [0:3; 0:8; 1:3; 1:8; 2:3] m 2=ms, D'é =[0:8;1:3; 1:8] m ?=ms,
D? =[0:5;1,1:5]m 2=ms, and = [0:84;2:58;4:75;9:27,15:53;33:70]. The fraction and
the di usivities were selected from a uniform discretisation of the expected range, and

values were chosen such that the mean-squared-cosine corresponding andiens’ ' i =
o = HO0 M3 = P (p*) ' @)% was' =[50 :40;30:20;15:10] (c; =
[0:41; 0:59; 0:75; 0:88; 0:93; 0:97]). We generated 50 independent Rician noise realisations
(SNR=50 to enable a direct comparison with experiment 1) for the measurements of each
combination of the parameters for the ve con gurations.

3.4 Results

Histograms of the estimated model parameters from the rst experiment (Fig. 3.2) show
an increase in the accuracy and precision of the estimates with the DDE scheme. The
bimodal distribution of the estimated parameters is evident with the SDE acquisition,
con rming that it is not possible to di erentiate true and spurious minima. This e ect is
removed when using the DDE sequence.

We analysed the shapes of the SDE and DDE objective functions from the synthetic
measurements of SET A (sum of squared dierences: k( )). To facilitate the visu-
alisation of these 5D functions, we performed a 1D cut through a straight line join-
ing the true and spurious minima of SDE. This was parametrised with the scalar vari-
able t: =t spr T (1 1) guest 2 [0;1], where e = [0:38,0:5;2:1;0:74;64] and

spur = [0:78,2:67,0:32, 0:85; 3:65], with di usivities expressed in m2=ms. Figure 3.3
shows the behaviour of A ( ) along this cut as a function of t. It can be observed
that although the DDE objective function is still bimodal, the spurious and true minima
have signi cantly di erent absolute values (due to the contribution of the tensor C to the
DDE signal). This enables to distinguish both peaks in conditions where SDE cannot
(i.e. bmax = 2ms=m 2). Adding more directions to the SDE acquisition would not help
to di erentiate the peaks. Only by increasing the SDE di usion weighting the spurious
minimum could be di erentiated from the true one.

For each point in the 5D grid of parameters, the Root Mean Square Error (RMSE, for
de nition see for instance [97]) of each parameter has been computed from 50 independent
noise realisations. The distributions of RMSE of the parameter estimates from this second
experiment are displayed in Fig. 3.4 with violin plots (similar to box plots but showing also
estimated probability density [98]). The summary statistics of the RMSE distributions
are shown in Table 3.3. On average, DDRgg+p9 and DDE3zp.30 are the most accurate
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Figure 3.2: Histograms of the estimated model parameters for SDE (top row) and
DDE 3p+30 (bottom row) schemes in the rst experiment for 2,500 independent noise real-
isations (SNR=50). The ground truth represents two possible solutions of the NODDIDA
model applied to a voxel in the PLIC (Table 3.2). These values are shown in blue lines
and correspond to set A (upper two rows), and set B (lower two rows).
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Figure 3.3: Plots of Fa( (t)) for di erent values of t 2 [ 0:05;1:05], with (t) =t spur +
(1 t) tue. Black curves show F values for noise-free SDE and DDEg+39 acquisitions.
The coloured curves show 30 independent realisations of~for SNR=50.

con gurations for estimating all parameters. This suggests that the incorporation of even a
small proportion of DDE measurements can remove the degeneracy, leading to an increase
in accuracy and precision. To compare the performance of SDE and DDE in di erent

Figure 3.4: Violin plots of the RMSE for all model parameters for all voxels in the 5D
grid (atotalof 5 5 3 3 6). Black dots denote the mean and red lines the median.

regions of the parameter space, we projected the 5D RMSE map onto di erent 3D sub-
spaces. Projections were made by computing the so&Jarl’re root of the quadratic mean of
the errors in the remaining 2 dimensions, Bgjijk = S Efiem =(N'Nm). Figure
3.5 shows two di erent 3D projections, over (D('j; D?;c( )) and over (f; Dg; c2( )), of the
RMSE of f and D4, respectively. The highest improvement of DDE with respect to SDE

is associated with lowc, values, while for highly aligned voxels the performances of both

schemes is similar.

3.5 Discussion

In this chapter, we show that modifying the di usion MRI pulse sequence can mitigate
the degeneracy on the Watson-SM (NODDIDA) parameter estimation. Our proposal cir-
cumvents the need of presetting di usivities to a priori values as in NODDI. We showed
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Figure 3.5: The RMSE of f and D,, for SDE and DDEg4gp+20 acquisition protocols, is
shown in top and bottom rows, respectively. These 3D plots show the projection oveD'é,
Dg , and ¢, for f and overf, D4, and ¢, for D4 of all the points in the 5D grid. Black dots
denote actual grid points, linear interpolation was used to generate the colour gures.
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Table 3.3: Mean and standard deviation of the RMSE over the whole grid for each acquis-

ition protocol and each of the estimated parameters.

RMSE ( ; ) f D m2=ms] D& m2=ms] DZ[m 2=ms] c,=f()
SDE 014 ;012 Q74 ;043 051 ;033 033 ; 027 013 ; 008
DDE 40+20 0:10; 010 039;030 041 ;031 029 ; 025 008 ; 007
DDE 30+30 0:11;010 Q39;0G29 042 ; 030 030 ; 025 008 ; 07
DDE 20+40 0:11 ;G310 Q40; 030 043 ;031 031 ;025 008 ; 607
DDE g+60 0:20;013 072;038 065 ; 028 046 ; 027 018 ; 011

that estimating the NODDIDA model through SDE is generally an ill-posed problem.
Depending on the speci ¢ combination of model parameters, multiple parameter sets may
produce the same signal pro le. We show analytically that DDE makes parameter estim-
ation well-posed, and illustrate for a particular model instance the better behaved cost
function obtained with DDE. In silico experiments over a wide range of model parameter
combinations con rmed that extending the acquisition to DDE makes the inverse prob-
lem well-posed and solves the degeneracy in the parameter estimation. Combining DDE
parallel (i.e. LTE) and perpendicular (i.e. PTE) direction pairs not only provides more
stable parameter estimates but also increases their accuracy and precision.

In Section 3.3.2, we showed that considering a noise-free scenario, in the case of bres
following a Watson ODF with known (nonzero) concentration parameter (including the
case of parallel bres), the inverse problem of recovering biophysical parameters from SDE
measurements is well-posed. This is not the case for arbitrary unknown concentration,
where Jelescu [57] rst showed experimentally that the parameter estimation from SDE
with intermediate b-values was degenerated. This was analysed in [86] showing that there
were two nonlinear equations providing possible solutions. We demonstrated that in the
absence of noise the number of BP parameter sets that describe the signal equally well up to
O(I?) can be either 1, 2, or 4. In contrast, we showed analytically that theC tensor includes
non-symmetric independent components that are accessible by DDE, but not by SDE,
allowing the complete inverse mapping between the cumulant signal representation and
BP parameter space. Consistently, the rst experiment showed that in both of the PLIC
synthetic voxels, DDE leads to more accurate and precise parameter estimations. This is
clearly seen when analysing the optimisation cost-function which shows that although DDE
also presents multiple local minima, the global minimum is substantially deeper, unlike
SDE, thus it can be picked in typical noise levels. However, two points in the 5D model
parameter space are insu cient to draw more general conclusions. Therefore, the second
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experiment swept the parameter space extensively using a regular grid. Mean results (see
Table 3.3) showed the minimum RMSE for an acquisition consisting of both linear and
planar b-tensors, suggesting that the optimal combination for the scenario considered is
between DDE4g+20 and DDE3p+39 COn gurations.

Increasing the total number of measurements and SNR will have a larger impact in
enhancing DDE parameter estimation than with SDE, since the bimodality present in
SDE implies a non-zero lower bound for the achievable MSE even without noise. Results
from [82] show that the addition of STE data also leads to an increase in the precision
of Dy and f in in vivo experiments. In our synthetic experiments the addition of PTE
data reduces the RMSE in all the parameter estimates (to a lesser extent ii and D?).
Recently, Dhital et al. [83] showed throughin silico experiments that incorporating PTE
data to LTE data enabled us to discriminate spurious solutions in the cost-function. This
latter result is explained by our theoretical analysis in Section 3.3.2 where we derive the
independent equations provided by DDE that make the inverse problem well-posed. A
recent paper by Reisertet al. [99] reached similar conclusions for the general SM.

Biophysical models are promising for extracting microstructure-speci ¢ information
but care must be taken when applying them in dMRI. Some assumptions are more mean-
ingful than others and hence their impact on parameter estimation must be assessed [6].
Invalid assumptions in the model will likely produce bias in the resulting microstructural
information, which is epistemic and thus such biases cannot be removed simply by re-
moving the degeneracy. Releasing the di usivities in the typical two-compartment model
eliminates an invalid assumption, reduces possible biases in the estimated parameters,
and provides extra information amenable to be used as a biomarker of microstructural
integrity and sensitive to speci ¢ disease processes [15, 58, 100]. In this chapter, we have
focused on analysing the estimability of the model under di erent acquisition settings.
The validation against complementary real data is an independent problem. Limitations
in both fronts should be understood further to bring biophysical models to the clinic.

Jespersenet al. [49] showed the estimation of the SM was stable and without degen-
eracy when using extremely high b-values (1s=m 2) on ex vivo data. Recent work by
Novikov et al. [14] studied the unconstrained SM and concluded that if high b-values
are unfeasible then orthogonal measurements might be an alternative to uniquely relate
the kernel parameters to the signal. Veraartet al. extended the SM to acquisitions with
varying echo time (TE) [101]. This latter work goes in a similar direction to our work here,
i.e. adding extra dimensions to the experiment and changing the objective function to
avoid ill-posedness. However, measuring multiple directions while varying the TE implies
increasing the acquisition time and TE, a ecting the SNR. This approach can be combined
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with DDE leading to a DDE acquisition with multiple TEs. Recently, Lampinen et al.
[75] showed that by acquiring data with linear and spherical tensor encodings the accur-
acy in estimating the microstructural anisotropy was increased compared to that derived
from NODDI's parameters. Additionally, Dhital et al. [102] measured the intracellular
di usivity using isotropic encoding. These two works point in a similar direction than
ours, i.e. extending the acquisition to combine di erent shapes of b-tensors to maxim-
ise accuracy and precision. The next chapter studies the generalisation of the model to
a multidimensional di usion acquisition, since the C tensor can be fully sampled using
di erent combinations of b-tensor shapes, not only by LTE + PTE.

This chapter's aim was to demonstrate that it is possible to solve the intrinsic degen-
eracy of the SM with a Watson ODF by using DDE. Although a cylindrically symmetric
ODF might be insu cient to model crossing bres, it may provide a reasonable approx-
imation in the spinal cord and certain other white matter bre bundles [103], or in highly
dispersed tissues like gray matter. Work by Tariget al. has extended the initial NODDI
model to a Bingham ODF [104]. Additionally, Novikov et al. [14] proposed the uncon-
strained SM with ODF to be described by a series of spherical harmonics. The next
chapter will extend this analysis to general ODFs and will explore biophysical models in
general multidimensional dMRI acquisitions [38]. The comparisons made in this chapter
between SDE and DDE protocols do not consider the optimisation of the di usion dir-
ections in DDE, just taking four arbitrary chosen DDE protocols extrapolated from an
optimised SDE. We expect that further optimisation of the DDE acquisition protocol may
also lead to larger improvements. Finally, the largest errors in the parameter estimates
occur for ! 0. This might mean that for highly dispersed tissue (.e. grey matter) many
measurements might be needed to accurately estimate model parameters.
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Chapter 4

Optimal experiment design in
Multidimensional dMRI

Biophysical tissue models have been proposed in dMRI research to elucidate the link
between microstructural properties and the MR signal. For brain white matter, the re-
search community has developed the SM which has been widely used. However, in clin-
ically applicable acquisition protocols, the inverse problem of recovering SM parameters
from a set of di usion MRI measurements using pairs of short pulsed eld gradients was
shown to be ill-posed. As it was discussed in Chapter 3, combining linear and planar
tensor encoding data allows us to resolve the degeneracy in SM parameter estimation.
Given su cient measurements, multiple combinations of b-tensor shapes may provide
enough information to estimate all SM parameters. However, in the presence of noise,
some b-tensor sets will provide better results. In this chapter, we focus on combining
multidimensional dMRI and biophysical modelling. We develop a framework for optimal
experimental design of multidimensional dMRI sequences and apply to the SM although
it can be applied to any model. We analyse di erent metrics that assess the goodness of
the protocols and compute their optimal protocols. Finally, we compare their perform-
ance against non-optimised acquisitions with noise propagationn silico experiments and
analysing in vivo human data.
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4.1 Optimal experiment design literature in dMRI

Optimal experimental designs are of key importance in dMRI. Due to the lengthy acquisi-
tions and hardware requirements for most dMRI techniques, especially those going beyond
DTI, it is crucial that we squeeze our resources. Limited availability of both acquisition
time and advanced hardware,e.g. powerful di usion gradients, hinder clinical translation

of dMRI methods. Optimal acquisition strategies provide leverage in these regards by
reducing scan times and/or improve the quality of computed di usion parametric images.

Joneset al. [33] were among the rst to study the impact of the di usion directions
and b-value for precise di usion tensor imaging (DTI). With numerical simulations they
concluded that the optimal di usion weighting should be approximately 1:1 3=Tr(D),
and that di usion directions should be isotropically distributed for maximum precision.
Alexander et al. used Monte Carlo simulations to obtain optimal imaging parameters for
bre orientation estimation [105]. They considered one and two bres per voxel, which
they modelled with di usion tensors. Brihuega-Moreno et al. [106] used the well-known
Craner-Rao bounds (CRB) [107, 108] to derive an optimal protocol for apparent di usion
coe cient estimation considering Gaussian noise. The use of such bounds for analysing
experimental designs is widespread in estimation theory [97]. CRB were also used by
Beltrachini et al. to analyse errors in DTI derived metrics when multiple coil acquisition
systems are used [109]. Poott al. [110] also used CRB but to propose an optimal
acquisition for Diusion Kurtosis Imaging (DKI) considering Rician distributed noise.
Moving away from signal representations, Alexander [111] was one of the rst to optimise
the di usion sequence parameters for a biophysical model. He considered the composite
hindered and restricted model of diusion (CHARMED) model [44], and selected the
sequence parameters ( , jgj and n) that minimised the CRB of the model parameters
(axon radius, water fraction, parallel and perpendicular di usivities) considering a Rician
noise distribution. Furthermore, CRB have also been used in a DDE scheme to optimise
the acquisition parameters in Iter exchange imaging [112]. The use real valued data as
proposed in [113] has the advantage of making the noise distribution become Gaussian.
This simplies CRB computation, although for high SNR one might approximate the
Rician distribution with a Gaussian [95].

Most approaches targeted at optimising the data acquisition have been developed for
SDE. Recently, multidimensional dMRI has gained attention in this regard as well. From
the acquisition perspective, there are works focusing on the generation of e cient g-space
trajectories, i.e. gradient waveforms. Dronbjak et al. [114, 115] developed a matrix
formalism to design optimal gradient waveforms for maximising microstructural. Other
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works have focused on minimising the echo time of g-space trajectories while hardware
constraints are satis ed [116], and also on generating waveforms that reduce image artifacts
[117]. Our goal comes from the modelling viewpoint, which is to optimally select the
combination of b-tensor encodings that best inform the SM. Afzaliet al. [118] used
numerical simulations to compare the estimation errors of the SM for various combinations
of LTE, PTE and STE encodings. This points in a similar direction to our work here but it
was limited to a few discrete combinations of b-tensors and only to WM regions where the
ODF can be modelled with a Watson distribution. Additionally, Bates et al. [119] proposed
to use a quadrature design to recover the underlying di usion tensor distribution. They
explored the full space of axially symmetric b-tensors but only considered the DIAMOND
signal representation [120]. Our work in [121] is the most aligned with this chapter.
There, we explored the full space of isotropically distributed b-tensors and selected the
combination that maximised the precision in the elements of the cumulant expansion,
assuming this may be a good enough suboptimal for the full SM.

4.2 Rationale of our approach

4.2.1 Problem statement

B-tensors are rank-2 and symmetric. Thus, a set of b-tensors (B-set) witlk measurements
fB kdi-, , has & independent parameters. We consider that the total number of measure-
ments is xed. This means that our goal is to nd in this 6 K -dimensional space the B-set
that minimises the estimation error. Thus, our problem factorises into two sub-problems.
Firstly, we must de ne a metric that assesses the estimation error that a certain B-set
will have. We propose a loss-function based on the Craner-Rao Bounds of the SM kernel
parameters ;D g; D'é; and DZ). These bounds were computed using an approximation
based on the cumulant expansion, which let us discard acquisitions leading to degenerate
parameter estimates. Secondly, we have to nd the B-set that minimises such metric in
the high-dimensional acquisition space, for which we use stochastic optimisation.

Our goal is to maximise accuracy and precision of the SM kernel parameters. A stand-
ard loss function that considers both is the mean squared error (MSE() = bias(")2 +
var(")), where " is our parameter estimator. We could use the MSE to choose the optimal
B-set but, due to the nonlinearity of the problem, we would have to compute it with nu-
merical simulations of noise propagation like it was done in Section 3.4. Our optimisation
demands a large number of loss-function evaluations making MSE minimisation unfeasible.
Since a faster metric is needed, we propose to construct our loss-function using CRB.
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4.2.2 Craner-Rao Bounds

A widespread approach for optimal experiment design is the minimisation of a loss func-
tion based on the CRB of the parameters of interest. If some mild regularity conditions
are satis ed (see [97]), these bounds provide a theoretical limit to the variance that any
unbiased estimator of the model parameters =[ i1::: n] can have and are de ned as:
" #
@

- 1 - i R N
cov CRB =[I()] 5 1()j E @@ logf (xj ) ; i;) =1::N; (4.2)

wheref (xj ) is the likelihood, | ( ) is the Fisher information (a matrix in the multivariate
case), and cov is the covariance matrix. If we are not interested in but in a vector
function (), we may linearly propagate these bounds such that

@()".

@ @ ’ ( )
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where T) is the Jacobian matrix and covn  CRB means that cov CRB is positive
semide nite [97]. CRB are fast to compute when analytical formulations are available.
Thus, they are frequently employed to explore the “goodness' of di erent experimental
designs across the acquisition parameter space.

cov CRB 2@()

4.2.3 Metric de nition

We have seen that CRB has several desirable properties that makes it a very good can-
didate to de ne our metric. However, Figure 3.3 shows that even acquisitions where the
solution to the inverse problem is unique present a multi-modal likelihood. The problem
with multi-modal likelihoods is that the existence of local minima far away from the true
solution is not penalised by CRB. This is because Fisher information is de ned as the
expected local curvature,cf. Eg. 4.1. For our purpose, this insensitivity is undesired
because if these minima have similar values to the global solution, maximum likelihood
estimators become degenerateg.g. when using only LTE. Multimodality does not a ect
the validity of CRB since CRB are still smaller than any achievable variance by unbiased
estimators. The problem is that in such cases the actual variance of maximum likelihood
estimators is far bigger than the CRB. Thus, is it possible that a B-set with a smaller
CRB gives degenerate parameter estimates, which we want to avoid. As shown in Fig.
4.1, a higher local curvature,i.e. a smaller CRB value, may not be preferred in scenarios
involving multi-modal likelihoods. Thus, computing the CRB directly will not provide
sensitivity to the existence of degenerate SM parameter estimates in multidimensional
dMRI acquisitions.
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