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Abstract

Understanding the physics of the neoclassical tearing mode (NTM) onset and its
stabilisation is one of the key issues in providing successful operation of future power
plants. The latter, in turn, requires a well developed predictive theory of the tearing mode

threshold in order to specify and optimise control schemes.

A new drift kinetic theory is presented to calculate the plasma response to the NTM
magnetic island. Small magnetic islands compared to the tokamak minor radius are
assumed but island widths, w, comparable to the ion banana orbit width, ;, are treated
accurately, retaining finite orbit width eledts. To provide dimensionality reduction,
streamlines, S, are derived that can be interpreted as a generalised radial coordinate.
Adopting a low collisionality plasma, the distribution function is found to be constant
on contours of constant S when collisions are neglected. Proceeding to next order, and
introducing collisions, the dependence of the particle distribution on S and pitch angle,

, I1s determined. S contours reproduce the magnetic island geometry but have a radial
shift of a few poloidal gyro-radii, x. This radial shift is found only for passing particles
and is in opposite directions for Vi, ? 0, Vi is the parallel component of velocity. The
distribution function being flattened across these S islands rather than the magnetic
island restores the pressure gradient across a magnetic island of width w - 4, which
provides a physics basis for the NTM threshold by suppressing the NTM drive. Collisions
cannot be treated perturbatively near the trapped-passing boundary in pitch angle, and
thus here a thin collisional boundary layer is identified. This layer matches the passing
and trapped solutions outside the layer and being the dominant source of dissipation

provides the island propagation frequency.

The solution provides a threshold island width, w, (below which magnetic islands are
healed), which arises from the passing particle dynamics, and the relevant parameter is

the ion poloidal gyro-radius, #i: W, = 3 4.
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Chapter |

1 Introduction

1.1 World energy problem

The world population and its growth rate determine energy consumption. According to
the recent United Nations (UN) estimates (as of May 2019), the current world population
is over 7.7 billion people]] and is still growing (see Fig.1.1). In the best case scenario,
it will start decreasing by 2075. The "high" UN scenario predicts that the population
of 10 billion people will be exceeded by 2050 and will continue growing. This, in turn,
results in a rapid increase in the demand of energy and the necessity of its production.
Currently, fossil fuels solve the problem

of the energy demand. Petroleum,

coal and natural gas (up t0o85% in

total) form the primary world sources

of energy. However, they are limited

and products of their burning have a

signi cant impact on the atmosphere

leading to climate changes. In Fig.1.2

we show the global average long-term

concentration ofCO, in the atmosphere

Figure 1.1: Time evolution of the total world
population [1] (left) and the corresponding energy
emissions according to the Carbonconsumption in Mtoe, million tonnes of oil equivalent
L. i i [2] (right). The probabilistic population up to
Dioxide Information Analysis Center 5140 pased on "high" (upper95 and upper80) and
(CDIAC) [4]. The CO, emissions have'low" (lower95 and lower80) UN projections is
indicated by thin/thick dashed and dotted blue
increased rapidly over the past century.curves, respectively. The "medium" projection is
indicated by blue circle markers. Inset: zoom in a
region from 1971 to 2015.

[3] and global annual fossil fuelCO,

The global emission of carbon dioxide
had been reported to be saturated from
2014 to 2017. However, the recent report provided by the Global Carbon Project stated a

2:7% emission growth in 20184]. The amount of carbon dioxide in the atmosphere has
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grown signi cantly since 1700s, which correlates directly with its emission and explained
by the global industrialisation that began in 17th-18th centuries. The atmospheric
carbon residence time is around ve years but is much greater in the ocean. Carbon
Capture and Storage (CCS) might be able to reduce the future emitted carbon dioxide
but cannot decrease its current amount, which is 411 ppm as of 2019 according to the

latest measurement §] (300 ppm level has never been exceeded till the last century).

On the other hand, taking into

account the current production rates,
we have known resources of coal, oil
and natural gas for 114, 51 and 53
years, respectively. Although these
numbers are provisional and depend on
the economical situation and on the
consumption rate, they still provide

the perspective picture. An energy

transition is unavoidable. There is a

Figure 1.2: Time evolution of the atmospheric
concentration of carbon dioxide,CO», in parts per
million, ppm [3] (left) and its emission in billion energy sources that potentially can
tonnes (Gt) per year [4] (right). A time interval from
1751 to 2015 is covered.

small number of alternative, non-fossil

provide long-term energy production:
energy generated from renewable
resources, nuclear ssion and nuclear fusion. The main concern about renewable energy
is its strong time dependence, which requires energy to be stored and thus results in
additional costs and technical challenges. Fission waste is highly radioactive with long
life-times but its amount is relatively low. Leaving the safety problem beyond the scope
of this discussion, we have to highlight that the lifetime of the uranium isotope reserves
with the current types of reactors is around 70-80 years, i.e. comparable to that of fossil
fuels. The latter, fusion energy, is less understood and developed and represents the focus

of this study.
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1.2 Nuclear Fusion

The Sun is the main energy source in our solar system. It releas®46 yotta watts

or around 4.26 million metric tons each second according to mass-energy equivalence
Einstein's formula. There are two main concepts to bring fusion to Earth: magnetic
con nement fusion (MCF) in tokamaks and stellarators (or reversed eld pinches) and laser
or beam induced inertial con nement fusion (ICF). Here we focus on MCF in tokamak

devices. The current goal is to achieve controlled fusion through the DT fusion reaction:
D+ T! 3He(3:5MeV) + n°(14:1MeV) + 17:6MeV:

The corresponding mass defect can
be calculated as m = mp + my
Mape + My and gives3:1 10 *°kg
of mass loss per reaction, or the energy
release of E = mc? = 17:6MeV,
i.e. 3:5MeV per nucleon is released in
this reaction. In contrast, at the high
atomic mass end of the curve of binding

energy

25U + n°! Figure 1.3: Cross section of main MCF fusion

reactions. E is energy inkeV.
I 8 Kr +i2*Ba+3n°+210MeV

produces0:9MeV per nucleon. Other popular fusion reactions are

D+ D! T(1.01MeV)+ p' (3:02MeV)
I 3He(0:82MeV) + n°(2:45MeV) ;
D +3He! 5 He(3:6MeV)+ p* (147MeV):
In Fig.1.3 we compare their cross sections. The DD and®Be cross sections are relatively

lower than that of DT. The reaction reactivity plotted as a function of temperature is 1-2

orders of magnitude larger for the DT reaction than DD and BHe in an interval from 1
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to 10&kkeV and has a maximum. This, in turn, provides an optimum temperature. The
reaction cross section is one of the reasons why the DT fusion reaction is considered as
the most preferable nowadays. Fusion in this form has potentially inexhaustible resources.
Deuterium produced by nature is abundant in the ocean. Tritium is radioactive with a
half-life of around 12.3 years. Thus, tritium is rare and has to be producedLi + n°,

ILi + n% 9B + nO have tritium in their products. The following reaction is to be tested

on ITER

SLi + n°! 4 He(2:05MeV) + T(2:75MeV)

in a breeder blanket for testing tritium production (lithium-6 is 7:5% of natural lithium,

the rest 925% is lithium-7). We have to note here that while ITER will be valuable for
testing tritium breeding blankets, its operation will not rely on tritium production. The
alpha particle generated by the DT reaction carries about=5 of total fusion energy. It

is charged and therefore is able to interact with fuel ions. Neutrons carry abodt5 of

the produced fusion energy and being uncharged tend to escape the fuel. To collect the
neutrons, capture their energy and breed tritium, the blanket modules are placed around
the plasma in front of the vacuum vessel inner wall. They therefore provide a shield for
the wall from the fusion generated highly energetic neutrons and in-vessel heat loads.
Inside the blanket modules, the neutrons are to be slowed down and their energy is to
be gathered by a coolant (e.g. water or helium coolants) in the form of heaf][ The
blankets contain§Li to breed tritium that is then to be used in the DT reaction providing

the self-sustaining mechanism. This breeding blanket concept is to be tested on ITER
and is then to be applied to DEMO.

1.3 Ignition criteria

The power balance can be written aP, = P, + dW=dt Here P, is the heating power,
P. is the power that leaks out of the plasma andV is the thermal energy of the plasma.
Pin has two components: external heating?,, and the heating provided by the fusion
produced alpha particlesP . External heating sources such as neutral beam injection

(NBI), ion and electron cyclotron heating (ICRH and ECRH) are required to achieve
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plasma temperatures necessary to start fusion. De ning the energy con nement time;,
asW=P_, we write in steady state:Py = [3nT=¢ n?hV iE =4]V, wheren and T are
the plasma density and temperatureE is energy of alpha particleshV i is the reaction
reactivity and V is the characteristic volume of the systemP, > 0 de nes a burning

plasma, whilePy < 0 provides the ignition condition:

(1.1)

also known as the Lawson criteriag]. One can also introduce the fusion gain factoQ, as
the ratio of the fusion power output to the power necessary to keep the plasma in steady
state, i.e. external heating powerQ = 1 corresponds to ignition. The burning plasma
regime starts atQ = 5. The ITER goal in its inductive regime isQ & 10. We have to stress
here that for future power plants, the actual "engineering'Q factor is much lower as it takes
into account the fact that fusion energy extracted from the reactor has to be converted into
electricity and the heating systems are no100%e cient. Eq.1.1 implies a pure plasma in
the absence of any impurities. Considering the Lawson parameter .z, as a function of
temperature, we nd that it has a minimum around 25eV and thus ignition is easier to
achieve at this temperature. This is to be used in ICF. In MCF including the temperature
dependence, we obtain a good t fodOkeV < T < 20keV: hV i = 1:1 10 ?*T?m?3s 1.
Thus, for the hydrogen (DT) plasma, Eq.1.1 give§ 10?'!m 3keVs. The left hand side of
Eq.1.1 is called the fusion triple product. The Lawson criteria of the form Eq.1.1 is usually
applied to magnetically con ned plasmas. ICF usually operates with ¢ or r ,, where

is the mass density and, is the radius of fuel pellet. Estimating the energy con nement
time asr,=Vr; with V¢; being the ion thermal velocity, we write r , > 0:6kgm 2 for the
ignition requirement. So the aim of ICF is to achieve the maximum density within a nite,
very short period of time, while MCF tends to reach the maximum energy con nement
time keeping the density low. In ICF the inertia plays a key role keeping the fuel together.

In MCF the plasma is held by the magnetic elds. The latter is the subject of this study.
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1.4 Physics of plasmas

Not every ionised gas can be treated as a plasma. A plasma is quasi-neutral, i.e. ion and
electron densities are nearly equal. However, the charge imbalance is still su cient for
the electromagnetic e ects to play a role. To estimate the charge di erence, we write
Poisson's equation

= %(Zini ne); (1.2)

where is the electrostatic potential, ni-. is the ion/electron density andez; is the ion
charge. Estimating the electrostatic potential as Te=e (T, is the electron temperature)
and the left hand side of Eqg.1.2 through =L? with L being the characteristic

length of the considered system, we obtain:

with rp = P "o Te=nc€? being the Debye radius.Z; = 1 has been assumed heré. can
be understood agr  Innj *, the density gradient length scale. Quasi-neutrality holds
only outside the Debye sphere, i.e. a sphere of radius. Hence, to behave as a plasma,
an ionised gas must satisfy the requirement.  rp. The second characteristic feature
of plasma is its collective behaviour. The number of particles in the Debye sphere is
Np = (4 =3)ner3 1. Np is also called the plasma parameter. In plasma, collisions
between charged and neutral particles must not be dominant and can be considered as
being infrequent. Charged particles can be neutralised colliding with neutrals due to
the charge exchange process. Charged particles have to remain charged within a period
! for a gas to be de ned as a plasma in addition to the conditions described above
( here is a characteristic frequency of plasma oscillations). This requirement reads as
1 with  being the time between charged particle and neutral collisions. Therefore,
the plasma should be dense enough and its temperature is high enough so that only a

relatively few numbers of neutrals could exist.

Let us start with a brief discussion of motions of each individual particle and then consider

the e ects of collective motion. Each charged patrticle in the magnetic eld experiences
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the Lorentz force in accordance with

m; % = ez [V; B]+ezE; (1.3)
whereeZ; and m; are the particle charge and mass, respectivelig is the electric eld,

B is the magnetic eld andV; is the velocity of the particle. ] is used to label particle
species. In the absence of the electric eld, the particle experiences a magnetic force
that is orthogonal to B and thus it gyrates around the magnetic eld line. The particle
trajectory becomes helical provided the component of velocity parallel to the magnetic
eld, V, is non-zero. The radius of this circular motion is called the Larmor radius and
isdenedas ¢ = V,=!. ! = eZB=m; is the corresponding cyclotron frequency of

a specie§g. The component of velocity perpendicular to the magnetic eld linesy,,
being estimated through the thermal velocity of a species, provides —m;Vyj=eZB.

De ning the guiding centre as the point or line around which a charged particle gyrates,
we note that this line follows theB eld line provided the magnetic eld is homogeneous
and its eld lines are straight. The particle drift e ects force the guiding centre to drift
away from a certain eld line. Replacingez E in Eq.1.3 with F, whereF is a constant
homogeneous force, allows one to de ne individual particle drifts. The parallel component
of F simply accelerates the charge along the eld line, while its perpendicular components,

F -, provide a constant drift velocity,

_F» B,

If the force is associated with the electric eld, then Eqg.1.4 gives the expression for the
E B drift, Vg = [E B]=B?, that is independent of particle properties and thus does
not generate a current. Taking into account the fact that the magnetic eld lines are not
straight, we have to introduce the centrifugal force in Eq.1.4. Therefore, we deriVg,,, =
(m;V2=eZ;B?)[R. B]=RZ for the so called curvature drift. R, is the radius of curvature

of the particle trajectory along the eld lines. The magnetic eld has a spatial dependence,
i.e. is not homogeneous, in most cases, and then the gyrating particle has to experience a
varying magnetic eld. This provides ther B drift with V, g =( V-=2)[B rr B]=B2.

In a tokamak, r B=B = rr R=R and hence the above expressions for the curvature
andr B drifts can be combined to giveV, = (m;=eZ B)(V,? + V/=2)[B rr B]=B? for
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the total magnetic drift. It has no mass dependenéebut being charge dependent it
provides a current. The electric eld can vary in time, which results in the polarisation
drift. Its velocity is given by Vo, = (m;=eZ B?)@E=@t1 It is charge dependent, and the

corresponding current is known as the polarisation current.

All the above drifts are associated with motion of each individual charged patrticle in the
electro-magnetic eld. However, charges also move relative to each other. According to
Poisson's equation, this can modify the applied electric eld due to changes in charge
density. In addition, this can modify the magnetic eld in accordance with - Ampeére's
law as moving charged particles generate a current. Treating plasma as a uid (more
detailed information can be found in the following section), we can derive drifts related to

the particle collective motion. The force balance equation reads

njmjdﬁ n; m; @‘F(Uj r)uj =rrporr j+njer [E+Uj B] (1.5)
dt @t

(to be derived in Sec.1.5). The left hand side is the ion/electron inertia (the latter is
usually neglected asne m;). The rst term on the right hand side of Eqg.1.5 is the
ion/electron pressure gradient, the second term represents the divergence of the viscosity
tensor. u; is the ion/electron ow velocity. Crossing both sides of Eq.1.5 witlB, we
obtain
E B+ m g di+Brrpj+Brr i

U = :
71T B2 ez;B2 dt  njez;B2 nezB2

The rst term on the right is the E B drift introduced above. The second term
corresponds to the inertial drift. We note that if acceleration results from a change in the
electric eld, the inertial drift is called the polarisation drift. The third term provides
the diamagnetic drift, while the fourth term gives the viscosity drift. Both of them are
in opposite directions for electrons and ions and thus provide a current perpendicular to
the magnetic eld. The diamagnetic and viscosity drifts cannot be introduced from the
picture of each individual particle. They result from the plasma collective behaviour being

associated with the ion/electron density/temperature gradient or the viscosity gradient.

Having de ned plasma and its main drifts, we have to introduce two main approaches

Sif Vo Vi Vq; provided the electron and ion temperatures are comparable.
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used for its description. This is the subject of the forthcoming section.

1.5 Plasma description

In the previous section, we have considered the dynamics of a single charged particle in the
electro-magnetic eld. However, to describe a multi-particle system such as plasma or gas,
we have to take into account that the particle motions and the electric and magnetic elds
are coupled. Hence, the problem becomes self-consistent: the particle trajectories must be
calculated self-consistently with the elds and vice versa. One would need to solve a set of
coupled equations of motion to determine the interaction between charged particles and
add Maxwell's equations to keep the solution consistent with the electro-magnetic eld.
These calculations might be possible but computationally are very expensive. Moreover,
the convergence of such a solution is not guaranteed. In a typical tokamak plasma, the
number of particles is aroundl0® 10%° per cubic meter. The inertial plasma is even

more dense. To simplify the problem, a statistical approach is implemented.

In a gas or plasma, particles are determined by position and velocity at a certain moment
of time, i.e. ft;r; ¥ g. We de ne the particle distribution function as the density in 6D
phase space:

dnj = f; (nV)dv: (1.6)

The total density is then to be introduced as the particle distribution function integrated
R

over velocity spacep; (t;r) = f;(t;r;¥)dV, and represents its Oth momentj here can
be used not only to label electrons and ions, but also di erent quantum states of atoms
and molecules (the latter is usually applied to a gas). The particle distribution function,
f;, satis es the following 6D continuity equation:

@ X @ X @

—+ — (V) + — iV, = C 1.7
@t - @|r( ) I) - @V j\lf' ] ( )
(dot here denotes the derivative with respect to time). The right hand side represents the
collision operator for specie§. \; is the acceleration connected with external forces. In a

plasma this is associated with the Lorentz force in accordance with Eq.1.3. Therefore,
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Eqg.1.7 reduces to

§ @ ez,
il @ftJrv r,fj+m—jJ[E+V B] rvf, =C: (1.8)

Herer —yf; denotes the gradient of the distribution function inr=V space. Eq.1.8 is a
kinetic equation (or the Boltzmann equation) in its general form. If its right hand side
is zero, then it is known as the Vlasov equation. It can be written for any generalised
coordinate, g, and momentum,p;, in accordance with the Hamiltonian formalism. When
collisions are taken into account, the particle distribution function is no longer constant

along the phase space trajectory. The collision operator is to be understood as

X
C = Cik (fj;fx);
K

wherej and k denote the colliding particle species. The Boltzmann collision integral is

given by 7 7

d . .
Cjk (fj;fk): fJOfS fjfk d—jVJ ijd de; (19)
Vi

wheref %= f; V) andf?= f, (V}). Vix and Vjok denote velocities before and after the
collision, respectively.d is the di erential size of the corresponding cross section,

is the solid angle element9, 10]. Thus, the Boltzmann equation becomes an integro-
di erential equation that includes all colliding particle distribution functions. To solve

it in its general form is much of the challenge. The great complication comes from the
collision integral. However, in a number of problems it can be simpli ed or replaced with
a model form. Indeed, the Boltzmann collision integral is not convenient to describe the
Coulomb collisions that are governed by small angle scattering even® 11]. Instead, the

Landau collision integral is employed:

Z H
ey 2In(Z7@)’ @ fi @ @ .
Cjk (fj ,fk) - mJ @V U m—k@ m—J@/ dV y (110)
where the tensolU isdenedasU = =u  u" u =) with u" = Vi Vi, u =juj.

In is the Coulomb logarithm and  denotes the Kronecker delta. The Landau collision
integral can be further simpli ed. For example, assuming a small fraction of heavy particles

in a plasma,n;  ny, we write @f=@V=(m=Ty)V%?, where the background has
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been assumed to be Maxwellian. Therefore, Eq.1.8 with Eq.1.10 reduces to

@ T« @f

=~k @ Vi + @ (1.11)

a4
dt
with

4p 2_m &:2 In ( Zj Zkez)znk_

3m; T

Tk =

Eqg.1.11 is called the Fokker-Planck equatior®] 12, 13]. Generally, the Fokker-Planck
operator can be applied when changes in the electron velocity or energy are snisd]. [
Despite being linear, even in this form the equation is written in 6D phase space and
thus is still computationally expensive. Further simpli cations are required to reduce the
dimension of the problem. One of the examples is called tlaeift kinetic equation, i.e.

a kinetic equation averaged over the gyro-scale (its detailed derivation can be found in
[15, 16, 17]). Indeed, in the electro-magnetic eld we split the charged particle motion into
the fast gyro-motion and the motion of the guiding centre. Takind. as a characteristic size
of the system, we imposeP* = =L land!=! pK 1, where! o = Vqj=L

is a characteristic frequency of the system we consider. Each term in the drift kinetic
equation is assumed to be of orderjDK . This approximation does not allow any fast
variations and requires relatively slonE B motion (compared to gyration). It reads
@B+ eZ; @f _

V; @t m—J Vib+Vy, E @V_ Cj (fj) (1.12)

1
@+Vkr kfj+VE r fj+be fj+—

@t

This drift kinetic approach’ and the kinetic equation of the form Eq.1.12 are to be applied

"Schematically, the initial kinetic equation can be written as ! @f=@j,. k. t Fj =0 with  being
the gyro-angle,K = V2=2and = V?=2B forf; = f;(tr;¥) = fj(t K K;; ),wherer=r+V B=B! .
~ represents the rest of the di erential/integral operators that act on ;. The collision gnerator, Cj,in"is
assumed to be of order P 1 ;; or smaller. Expanding the particle distribution, f; = = | fj(”)( pK )", we

write ! @fo) =@ = 0 for the leading order equation and hence we learn thafj(o) is -independent.
rK;

Proceeding to next order, we have! g @fl):@ ot 5 j(o) = 0. To annihilate the rst term, we
rK;

integrate this equation over the gyro-angle to obtaini" ¥ f©@ =0. Here h:ii" X' denotes the gyro-
phase averaging operator at xedr; K; . The latter provides Eq.1.12 in the absence of plasma drifts
across the eld lines. To capture the guiding centre drift, we solve theO( J-DK ) equation for fj(l) written

as a function offj(o) . Either perturbative or recursive techniques are allowed. TheO( J-DK ) equation is
equivalent to | 5 @f=@ = (» h A" )19 integrating the latter over  provides " as a
rK;

©
f;

function of . Substituting this distribution function into the solvability condition, hf ; i" =0, ie.
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to the neoclassical tearing mode in this work and thus this notation is to be maintained
throughout the study.® Herek denotes a vector component along the magnetic eld lines,
r«=br,b=B=B. Ve = [E B]=B2with E = rr @@t whereA is the
magnetic vector potential, andV,= Vi rr V=l aretheE B and magnetic drift
contributions, respectively. Vy, includesr B and curvature drifts. A low beta plasma
approximation is employed. All spatial derivatives are taken at xed magnetic moment,
= V2=2B, and kinetic energy,K = V2=2, ? denotes a vector component perpendicular
to the magnetic eld lines. The explicit representation of the collision integral in Eq.1.12 is
to be derived by gyro-averaging the Fokker-Planck collision operator but is usually replaced
with a model for a particular problem. In this study, C; is the momentum-conserving

collision operator introduced below.

Although the drift kinetic approach is widely used to describe plasma instabilities, plasma
equilibrium and transport, it can also be important to include the electro-magnetic eld

spatial variations on the scale of Larmor radius. This is the subject of the gyro-kinetic
theory. As the gyro-kinetics is not to be applied below, we leave its description beyond

the scope of this work. A more detailed information can be found in [17, 18].

Before we move further, let us brie y discuss the plasma magnetohydrodynamic (MHD)
description. A set of equations for moments of the particle distribution function can be
obtained by multiplying the initial kinetic equation, Eq.1.8, by powers of the velocity.
The plasma uid theory typically focuses on the rst three moments of the particle
distribution and consists of ve scalar equations. Multiplying both sides of Eq.1.8 by °

and integrating over velocity space yields

@n
—+r =0 1.13
@t : (1.13)
in the absence of any particle sinks and sources; is the particle ux de ned as ; = nju;

R
with u; = (1=n;) Vf;dV being the ow velocity of specieg. n; and ; represent the
Oth and 1st moment of the distribution function, respectively. We note that the right

hand side of Eg.1.13 is non-zero if inelastic collisions such as ionisation and recombination

the initial drift kinetic equation in the absence of plasma drifts to leading order, we obtain Eq.1.12 for
fl-(o). fj(o) here is to be replaced withf; for simplicity unless otherwise stated.
8(d =dt )@f=@ is omitted as a higher order correction sincal =dt = O( ° ), i.e. terms proportional

to @=@n d =dt do not contribute in the island rest frame, and b r b jDK
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are considered. Eq.1.13 represents conservation of a total number of particles and is to be
solved forn;. However, the particle ow is unknown at this stage and is to be determined
from the next moment equation. Multiplying both sides of Eq.1.8 byn;V and integrating

overV, after some algebra we obtain

n; m; %+(uj rjuy =rrp rr ;+nez[E+uy B]+R;: (1.14)
Eq.1.14 is a generalisation of the equation of motion, Eqg.1.3, introduced above to consider
plasma drifts. The plasma pressurey;, is de ned as

_ njm;

=5V u)?, =0T

wheref::i,, denotes integration oveV with weight f; (t;r; ¥). The viscosity tensor, ;,

is given by

o= Enm (Vo) ) (v u;)?
\"
The last term on the right hand side of Eqg.1.14 is the friction force of specig¢s It

originates from the collision integral being de ned as

Z
Rj = mjVCj (f,)dV

Like the collision operator, the friction force is also additive, i.eR; = i « Rk (j and

k denote particle species)p;, ; and R; are unknown in Eq.1.14. Thus, higher order
moments of the particle distribution are required to provide the equations to determine
them. However, every following moment will generate additional unknowns. So the
starting kinetic equation, Eq.1.8, is equivalent to the in nite system of equations for the
moments of the distribution function. Therefore, at some stage we have to introduce a
closurerelation to loop the system. For example, if we started with the Vlasov equation
and worked in the absence of plasma viscosity, then the plasma pressure only would be
left unknown in Eq.1.14. Imposing the adiabatic plasma behavioupV = const( here
denotes Poisson's constant), we close the system. Keeping the plasma viscosity and the

friction force, we introduce the second moment. Integrating Eqg.1.8 with weigim; V?=2,
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we nd the energy balance equation:

@ n; m; 3

@ 2 YTt
n; m;
+@_@r szuj“ganj Uy + o U tg =nmeZEu ARy +Q
(1.15)
Here

n; m;
g = % VAR (AN
represents the heat ux and
1Z
Q=5 m(V u;)°G; () av

P
is the energy gain of specigsdue to collisions with speciek, i.e. Q; = |, Qi . Eq.1.15

can be combined with Eqs.1.13,1.14 to give the heat balance equation:

3 @ @

SN @t+(uj r) I, +mTir u+ @Pr +r ¢ =Q;: (1.16)
Egs.1.15,1.16 includgy, ; andR; but introduce additional unknowns,q and Q;. To
close a system of Eqs.1.13,1.14,1.15/1.16,, R;, g and Q; have to be written in terms of
nj, u;, T; and their spatial derivatives. This procedure is provided by the hydrodynamic
approximation with the su ciently large characteristic spatial and time scales and when

collisions are frequent. The criteria is as follows:
mfp;j |—; cj |—;

wherelL is the characteristic size of the system,nq,; is the mean free path of specigs
L is usually understood as the density/temperature gradient length scale, i.e,.1] =
jr - Inn;Tj *. The characteristic time, , is assumed to be greater than the time between

collisions =}k (j and k denote the colliding particle species), or the inverse cyclotron

|
frequency, ! le. In a fully ionised plasma, the electric eld is assumed to be weak

compared to  4e3In n;=T,(4" ()?, the Dreicer eld [9]. In the non-homogeneous
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magnetic eld the criteria has to include drifts of the Larmor orbits P]. In regions
of plasma with low density, the collisionality is low and thus the kinetic approach is
required. In the hydrodynamic approach, ;, Rj, g, Q; andr T;, T; Ty, u; Uy,
W, = @p=@x+ @u=@x (2=3) r u; (introduced to denote shifts of temperature
and ow velocity from the equilibrium) are linearly connected. The latter, in turn, can be
linearly expressed through the perturbed part of the particle distribution function (its
equilibrium contribution is assumed to be Maxwellian),fjl. Thus, the problem reduces to
the determination offjl. Once, it is known, the transport coe cients can be calculated. A
set of Eqs.1.13,1.14,1.15/1.16 with known transport coe cients is called the Braginskii uid
equations P, 19]. One of the approaches to ndfj1 is considered in the Chapman-Enskog
theory [9, 20].

Egs.1.13,1.14 written for the ion and electron plasma components form the so called
plasma two- uid MHD equations. The electron inertia is usually neglected asi. m;.
The ion/electron pressure and temperature are connected via the adiabatic law. Summing

the ion and electron continuity equations, we obtain

%t+r (UJJ‘)ZO;

where the mass density  n;m;. Similarly, we obtain the force balance equation,

du;
nmi— = rr p+J B;
C dt P
from Eq.1.14 written for ions and electronsJ is the plasma current density de ned as
J = eZinju; enU.. pis the total plasma pressure. According to Ohm's law, the current
and the electric eld are related viaE + u B =D (" is the plasma resistivity tensor).

The MHD theory is then called resistive MHD. If* =0, it reduces to the ideal MHD.

The two uid MHD can be rewritten in the form that excludes the explicit representation

of the electric eld and currents in it [9]:

@s 1 1

— =T u B] —r Ntr B

6" Wb oBl = r B
du B? 1

njmia: rr p+2—0 +—0(B r)B,
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et mu=o; (1.17)

p=p(n):
This is referred to as a single uid MHD. Hereu = u;, n; = ne  n;, * is the conductivity
tensor, » = ~ 1. The last equation implies the adiabatic law. B?=2  is called the
magnetic eld pressure. The rst term on the right hand side of the rst equation in
Eq.1.17 is called thefrozen in contribution. If this term is dominant, the rst equation of
Eq.1.17 provides thefrozen in condition. Plasma and elds evolve together to conserve
the magnetic ux, i.e. the ux is frozen into the plasma, provided™ =0 [9, 12]. The
second term describes the magnetic eld di usion through the plasma. The ratio of these

two terms,

r [u BJ r [u BJ oLca
o't (M i[r B o'r 2B ,

is known as the Lundquist number.cy = P B2=( on;m;) is the Alfvén velocity (note: it

can be estimated from the second equation in Eq.1.17l). is the characteristic length
scale. ® has been replaced with a scalar for simplicity. When S . 1, the resistivity
plays a signi cant role’. When the current di usion term dominates (or comparable to

the frozen in term), the magnetic eld topology can be reformed. This is the subject to
the magnetic eld line reconnection theory 25]. The event when the magnetic eld lines
approach and reconnect might be accompanied by the formation of magnetic islands. The
magnetic reconnection can be forced in experiments and can occur spontaneously, being
triggered by plasma instabilities. Such a plasma instability is called gearing modeand is

to be considered in the current work.

Although the kinetic plasma theory is used throughout this study, it was important to
provide a brief introduction to the plasma uid theory. Firstly, it justi es the choice of
the kinetic approach to consider tearing modes in low collisionality plasmas. Secondly,
it introduces the main terminology applied below. The tokamak plasma equilibrium is
determined by the Grad-Shafranov equation (e.g9] 12]). As this is not the subject of

the current study, we do not discuss it here. A pioneering work by Grad and Shafranov

%In some cases, even for very larg8, resistivity can be important.
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can be found in [21, 22, 23, 24].

1.6 Tokamak concept

In MCF a magnetic eld is applied to hold the plasma. Let us consider a cylinder
of plasma. To avoid end-losses (e.g. they occur in magnetic mirror systen2§],
pinches f]), it is bent around on itself. This creates a closed loop system (see
Fig.1.4) and can be achieved by placing a set of toroidal magnetic eld coils around
the plasma or by passing a current carrying rod through the centre of the torus.
The rst technique is implemented in

the conventionaltokamak con guration

(e.q. T10, DIII-D, JET, the

ITER tokamak that is now under

construction). It is shown in Fig.1.4.

The second technique is applied in

sphericaltokamaks (STs, e.g. MAST,

NSTX, Globus-M). STs are compact

Figure 1.4: Sketch of a conventional tokamak

(source: R7]). A set of the toroidal eld coils, the

between conventional and sphericalinner/outer set of the poloidal eld coils, the vacuum
vessel region are indicated. The toroidal and poloidal

devices. Using a single large conductofagnetic eld components form the total, helical

magnetic eld.

but topologically there is no di erence

inside the torus to generate the toroidal
magnetic eld, B. , around it allows the
aspect ratio, A, to be reduced (note: the tokamak aspect ratio is de ned aRy=a, where

Ry is the major radius of the torus anda is its minor radius), A 1. This reduces the
total cost of the fusion reactor. Therefore, STs can in principle allow one to achieve the
same triple product factor as conventional devices but with only 1=10 of the total
magnetic eld. Furthermore, a di erent plasma shaping allows one to avoid certain types
of plasma instabilities improving the plasma stability. Indeed, the plasma is more stable
on the inner section of the tokamak9q]. In a large aspect ratio tokamak with circular
poloidal cross section, the plasma particles spend approximately the same amount of time
on the inboard and outboard sides of the torus (slightly less in the inner region due to

shorter radius). In contrast, in STs plasma spends more time on the inside of the torus.
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This results in a great stability improvement. However, in modern conventional tokamak
devices the circular cross section has been replaced with a D-shaped poloidal cross section
where the inside surface of the torus is expanded. This shaping is typically more extreme
in an ST. The ST experimental results including operational limits are discussed i2f

and the features of the ST plasma inZ9]. In our current work, we impose conventional
tokamak geometry with circular cross section. The e ects of elongation, triangularity
and the Shafranov shift can be introduced in our model. However, as we shall see in the
forthcoming sections, corrections of ordel? and higher (" = A 1 is the inverse aspect
ratio) would contribute only to the curvature term in the modi ed Rutherford equation

that is negligible in any conventional tokamaks and thus would not provide any signi cant

changes to the nal results.

The toroidal magnetic eld component
only is not su cient to maintain the
pressure in the plasma due to the
consequencies of the B and curvature
drifts. In a tokamak, the magnetic
eld is not homogeneous,B: / 1=R,
whereR is a varying major radius of a

tokamak (R is its value at the magnetic
Figure 1.5: Sketch of a conventional tokamak

axis, see Fig.1.6), and thus there iS(source: BQ). The origin of the E B drift in
a gradient of the magnetic eld that tokamak plasmas is demonstrated.

points inwards (in the direction of the

high magnetic eld side, see Fig.1.5). This, in turn, generates the B plasma drift
orthogonal to the main magnetic eld (i.e. vertically). Being charge dependent, this drift

is in opposite directions for the ions and electrons. The charge separation then forms a
vertical electric eld. The toroidal magnetic eld and the vertical electric eld generate

an E B drift that points outwards resulting in a loss of con nement. Therefore, the
additional, poloidal magnetic eld component,By, is required to provide a zero average
of the r B and curvature drifts, and thus to con ne charged particles in the toroidal
magnetic eld con guration. The total magnetic eld is helical (see Fig.1.4). Roughly,

B :By:By =100:10: lin the conventional device (note:By is the vertical magnetic

eld component provided by the vertical coils to shape the plasma and control its position;
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a total poloidal eld includes the poloidal component itself as well as the vertical magnetic
eld contribution), while the toroidal and poloidal components are almost comparable in
STs. There are two main concepts to generate the poloidal magnetic eld. In the rst
concept, the poloidal eld component is produced by the toroidal current through the
plasma (see Fig.1.4). This is aokamakconcept. To summarise, in a tokamak the plasma
is con ned by the magnetic eld generated by external coils around the torus/by passing
a current through the rod at the centre of the torus (toroidal magnetic eld) and the
magnetic eld resulted from the current in the plasma itself (poloidal magnetic eld). The
tokamak was invented by I. Tamm and A. Sakharov in the 1950s in the Soviet Union.
The second stellarator concept is to hold the plasma by an external single coil set. There
is no (or very little) current in the plasma itself and thus stellarators are more suitable
for steady state operation, while tokamaks require auxiliary facilities to achieve steady
state. The magnetic coils and hence the plasma shape are complicated in stellarators and
they are not easy to build. The stellarator was invented by L. Spitzer in 195B]]. The

tokamak and stellarator plasma are compared in [32].

Figure 1.6: A schematic representation of the conventional tokamak circular poloidal cross
section. r and R are the minor and major radii of the tokamak (r = a at the plasma edge and

R = Ry at the magnetic axis). = ( r) denotes the Shafranov shift of the magnetic ux

surfaces in the direction of the low magnetic eld side.# is the poloidal angle.

Focusing on a tokamak plasma, let us brie y discuss the heating and current drive
techniques. A toroidal current used to generate the poloidal eld component is induced

by varying the magnetic ux through the plasma centre. This is known asnductive
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current drive and signi cantly limits the plasma performance by a pulsed mode. To
achieve continuous operation of a tokamak, alternativenon-inductive current drive
schemes33, 34] are required. Furthermore, the non-inductive methods allow the plasma
current density pro le to be shaped to control the plasma MHD instabilities. One of the
possibilities is to drive waves at the ion/electron cyclotron frequency (i.e. ion/electron
cyclotron current drive, I/ECCD) or lower hybrid resonance frequency (i.e. lower hybrid
current drive, LHCD). Another option is to inject highly energetic neutral particle beams
(energies severall0keV 1MeV required to penetrate the plasma of 10?° particles

per cubic meter are estimated for ITER) 33]. This method is known as neutral beam
injection (NBI). The bootstrap current [35] that occurs in a low collisionality regime
generates itself in the plasma and hence is considered to be a crucial part of the steady
state additional current drive. The wave resonances (ion cyclotron, lower hybrid and
Alfvén wave heating) as well as NBI are also to be applied to heat the plasma towards
fusion conditions. Indeed, the Ohmic heating (OH) is not su cient to reach plasma
temperatures required for ignition according to Lawson's criteria. Firstly, the OH power
being proportional to plasma resistivity decreases with the electron temperature s >

(as the plasma conductivity is inversely proportional to the collision frequency and hence
the parallel component of the conductivity tensor, | / TS, in the fully ionised plasma).
Secondly, MHD instabilities (such as neoclassical tearing modes to be addressed in the
following chapters) set the current and pressure limits and can terminate the tokamak

discharge in a disruption.

1.7 Overview

In this chapter we have brie y discussed the fundamental principles required to develop
the novel neoclassical tearing mode theory that is discussed in the forthcoming sections.
Chapter Il introduces a neoclassical tearing mode (NTM) in tokamak plasmas and
describes the existing approaches used for its understanding. Here we also derive the NTM
drift kinetic (DK) equation for the small inverse aspect ratio tokamak low collisionality
plasma that is then used to determine the NTM marginal magnetic island width (a
detailed derivation is presented in Appendix D). This is already su cient for an accurate

calculation of the bootstrap current drive to the NTM magnetic island growth. However,
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the polarisation current contribution also requires the knowledge of the island propagation
frequency that is determined by plasma dissipation processes. Leaving the e ects of
error elds and plasma sheared ows beyond the scope of this study, we note that the
only source of dissipation is the collisional dissipation from a thin boundary layer in the
vicinity of the trapped-passing boundary in pitch angle space. Here collisions become
comparable to the parallel streaming and thus we solve a 2D boundary layer problem
employing the momentum-conserving collision operator. This is addressed in Chapter
[1l. The full solution of the NTM DK problem derived in Chapter Il is presented in
Chapters Il and IV and includes the regions inside and outside the magnetic island
as well as a narrow layer in the vicinity of the island separatrix. This is crucial for an
accurate determination of the polarisation current contribution. The solution technique
implemented in the "RDK-NTM" (reduced drift kinetic NTM solver) code is discussed in
Chapter IV (a numerical scheme is derived in Appendices D and E). The results follow. In
Chapter V we use a similar approach and adopt RDK-NTM to solve a di erent problem -
we analyse stability of secondary modes driven by an island in phase space. A summary

and conclusions are given in Chapter VI.
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Chapter Il

2 Neoclassical tearing modes

Tokamak con nement is provided by the fact that to Oth order plasma electrons and ions
follow the eld lines that are located on the toroidally symmetric ux surfaces. Certain
kinds of instabilities in a tokamak plasma though change their geometry, and this can
signi cantly limit the plasma performance. The tearing mode is one of such instabilities
[36].

Neoclassical tearing modes are classi ed as large scale resistive magnetohydrodynamic
plasma instabilities B7]. They arise due to a lamentation of the plasma current density
parallel to the magnetic eld lines. This lamentation changes the topology of the
magnetic ux surfaces, forming magnetic islands (their schematic representation is shown
in Fig.2.1 and Figs.2.2,2.3, and their formation mechanism is discussed in Appendix A).
They occur when a poloidal bet¥

threshold is exceeded (e.g. Fig.2.4),

and are usually triggered by another

MHD perturbation (e.g. sawtooth

oscillations, shbone modes, edge

localised modes etc.) that creates a
Figure 2.1. Formation of magnetic islands in large

seed island for NTMs. According to aspect ratio circular cross section tokamak geometry.
Poloidal cross section in the absence of NTM activity
(left); in the presence of NTM magnetic islands

absence of heat/particle sources, thdright). O and X denote the magnetic island O-

and X-points, respectively. Green arrow is in the

poloidal direction ( gure courtesy of H. Wilson).

the conventional theory B8], in the

plasma pressure gradient in a region
inside the island and hence the total
plasma pressure in the core are reduced due to the enhanced particle and heat transport
across the island (see Fig.2.5). This attening of the pressure pro le, in turn, leads to a
hole in the bootstrap current near the island O-point. As the bootstrap current density
rises with beta, the island width also grows with beta, resulting in a degradation of

con nement [39, 40, 41]. Along with the fact that NTMs de ne operational limits of a

0plasma beta is plasma pressure divided by the magnetic eld pressure and hence the toroidal/poloidal
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Figure 2.3: Same as Fig.2.2 but in the

, . _ . presence of NTM magnetic islands. The O-
Figure 2.2 A ring of toroidal plasma in  nsint at the centre of the island and the X-
slab geometry in the absence of NTM activity. it at the separatrix are indicated. The red

fx;y;zg correspond tofr;#" g with r being ¢ e indicates the magnetic island separatrix,

the radial coordinate, # the poloidal angle e the last closed magnetic ux surface of the

and ' the toroidal angle, respectively (gure sjand (note: a similar structure can be seen

courtesy of H. Wilson). in the poloidal cross section of a takamak with
double-null divertor). Here poloidal/toroidal
mode numbers arem = 2=n =1, respectively
(‘gure courtesy of H. Wilson).

magnetically con ned plasma system, they can also lead to plasma disruptions through
mode locking, threatening the structural integrity of the rst wall of a tokamak-reactor.
NTMs occur in the standard ELMy H-mode as well as in advanced scenarios. Hence,
understanding the physics of the NTM onset and its suppression is a key problem in
achieving controlled fusion. One of the most promising NTM control techniques is to
generate microwaves at the electron cyclotron frequency to drive current inside the island
to replace the missing bootstrap current. This O-point electron cyclotron current drive
(ECCD) has demonstrated complete NTM stabilisation on a number of machine4l] and

is to be applied to drive the island width down to mitigate the con nement degradation
and/or suppress the NTM in fusion devices such as ITER. However, an issue here is to
determine how much of the ECCD current is required for the NTM stabilisation and how
localised it must be, which leads to a necessity for a more detailed understanding of the
threshold physics. Experimentally, this threshold is related to a critical beta and a critical

island width. The latter is the subject of this study.

The NTM magnetic islands can either grow or shrink, depending on the current density

perturbation parallel to the magnetic eld, J¢. According to the modi ed Rutherford

beta is 2 op=B2, .
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Figure 2.4: The Globus-M shot
26148 (saturated plasma current, Figyre 2.5: Con nement loss due to the tearing mode

I = 200kA, B = 0:4T). occurrence. Dashed curve indicates the radial plasma
Time traces of the plasma current, nyressure pro le in the absence of the magnetic island.
chord-averaged density, nl, magnetic gojig curve corresponds to the pressure pro le in the
eld perturbation obtained by the  presence of the NTM. The pressure attening inside

Mirnov coil system and poloidal  he island results in its reduction in a core. If plasma

beta reconstructed by EFIT. Arrows  temperature is constant, the bootstrap current density

indicate the beginning of the NTM 5/ »1=2g_1r p and hence has a hole inside the island
activity (at plasma beta »  0:25). (gure courtesy of H. Wilson).

theory [41, 42, 43], the island time evolution is described by

z

e AR 1)
where g 0a’= is the resistive di usion time, is local plasma resistivity,w is the island
half-width and rs is the radius of the rational surface, i.e. denotes position of the magnetic
island. %is the classical tearing mode stability parameterf, 45, 46]. It arises due to
a discontinuity in the perturbed magnetic ux gradient near the rational surfacé* and
measures the free magnetic energy in the equilibrium current density to drive instabili;
In Rutherford's original work [52], only the induced current associated with the island

growth contributes to Ji. Adding tokamak neoclassical e ects, denoted by the second term

1The reconnection event occurs when resistivity is non-zero in the rst equation of Eq.1.17, otherwise
the eld line structure is conserved. Around the rational surface, there is a narrow boundary layer where
the ideal MHD theory can no longer be applied and should be replaced with resistive MHD. Outside

the layer, ideal MHD is valid. Solving Ampére's law for the poloidal ux function, , we have to match
solutions from inside/outside the layer. Hence, we nd thatr ; has a jump across the island, which is
characterised by % 0= Iier Yre =y r v g2, 181> 0.

rt

2see Appendix A. Eq.A.7/A.8 multiplied by r and integrated overr provides the magnetic energy
related to the destabilising e ect due to the equilibrium current density gradient. See also 12] for a more
detailed derivation.
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on the right hand side of Eq.2.1q here is a tuple of generalised coordinates), leads to the
modi ed Rutherford equation (MRE). MRE's main contributions come from the bootstrap
[47, 48], curvature [49] and polarisation B0, 51] currents and are denoted by ps, cur
and o, respectively. The perturbed bootstrap current exists in thdananaregime in a
tokamak (i.e. trapped particles execute complete orbits before experiencing a collision)
and is written through a linear combination of the electron/ion density and temperature
gradients B4]. In the island region, the plasma pressure (i.e. density/temperature) can
be considered as a ux surface function due to the rapid parallel transport. Hence, the
pressure gradient and the bootstrap current perturbation tend to be excluded from the
inside of the island in the absence of any sinks and sources there. Outside the island, the
bootstrap current still exists [36]. For largerw'®, s "2 (L4=L,)( #=w) [43 53 and
hence is destabilising, except for reversed magnetic shear dischargesis poloidal beta;
the safety factor and pressure length scales akg; = r Ing;p > 0. The saturated
island width, obtained by balancing s with 2 is then found to be proportional to

+ that sets asoft beta limit in a tokamak. When w becomes comparable ta (which
can occur for modes with lower poloidal numbers), the plasma discharge terminates in a
disruption. However, there is much additional physics must be included for smaller.
According to experimental observations34, 55|, small magnetic islands heal themselves.
This fact suggests the existence of the tearing mode threshold mechanism that, as we shall
see later in this study, restores the density/temperature gradient in the island, weakening
the bootstrap drive, or introduces a new current density perturbation that opposes the
bootstrap current. This originates from the e ects of nite radial di usion [38, 56] and
nite orbit widths [ 50, 53, 57, 58, 59, 60, 61, 62, 63, 64]. The heat transport model
provides the threshold island width,w , when the radial di usion can compete with the
transport along the magnetic eld (or with free streaming in a hot plasma in the absence
of collisions). This threshold can be estimated through the ratio of heat conductivities
perpendicular and parallel to the magnetic eld lines to the quarter power3g and thus

has a strong dependence on the model used for the perpendicular conductivity.

Another source of concern comes from the nite orbit width e ects. For small magnetic
islands of width comparable to the ion banana orbit width, ;, the polarisation current

plays a key role. Whenw bi, the electrons and ions respond in a di erent way to

BBJslands much bigger than the ion poloidal Larmor radius.
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the magnetic perturbation: the ion response is determined by tie B drift, while the
electron response comes from free streaming along the eld lines. Hence, an electrostatic
potential needs to be generated to maintain plasma quasi-neutrality. It is localised to the
island vicinity as the electrons and ions stay una ected by the tearing mode perturbation
far from the island. In toroidal geometry, trapped ions experience the potential averaged
over their banana orbits. In contrast, electrons experience the local potential as their
banana orbitis  (me=m;)*= narrower than those of the ions36]. This causes a di erence

in their E B drifts and hence generates the neoclassical polarisation current across the
magnetic eld lines. This current is not divergence-free. Thus, an electric eld is required
to drive a current along the eld lines that contributes to the island time evolution.
This contribution is denoted by ,, and tends to zero forw bi, because then the
orbit-averaged and local electric elds are comparable. According to previous works
[64, 56], the polarisation current consists of an external contribution that comes from
the region outside the island and the layer part from the island separatrix vicinity. They
have been found to be comparable for small;=w but acting in opposite directions.
For larger =w, the layer part exceeds that from outside the boundary laye6f]. In

the current work, both the inside and outside island contributions are considered.
previously derived from the drift kinetic theory has been found to bé 1=w?, provided

w bi [43, 53]. In [65] a heuristic model was proposed to provide threshold behaviour

at small island widths.

We de ne . to be the stabilising curvature contribution introduced by Glasser, Greene
and Johnson 49|, which describes the tokamak curvature e ects on the evolution of the
island width [66]. In large aspect ratio tokamaks, the curvature contribution is much less
than the bootstrap drive and hence is usually omitted. In spherical tokamaks though,

these two contributions can be comparable [67].

With all these e ects taken into account, the MRE reads as

= nwl=2 #~=49 " ", RN | —4 —I
rg dt (W)+ Aps WLpW2+W2 + apolg( v i ) # ) W4 + gi
. 2.2)
+ acurDr i T Eccp:
w2 + 0:65w?2

14This makes the calculation of o challenging. To address the layer contribution, the accurate
treatment of the boundary layer around the island separatrix is required.
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The terms in aps, 8,0 and ag,, correspond to the bootstrap ( ps), polarisation () and
curvature ( ) neoclassical contributions, respectively. gccp is the impact of the
ECCD current drive required for the NTM stabisation. Hereays, a,, and ac,, are order
one numerical constantsays and a,, are assumed to be positive, whilag,, < 0, making
b/ cur destabilising/stabilising, respectively.Dg is the resistive interchange parameter
that is estimated as("? 4=9) (Lq4=Lp) (1 q ?) [66], wheres is the magnetic shear andj
is the safety factor. This"? dependence makes ¢, negligible in conventional tokamaks.
Whether | has stabilising/destabilising e ect on the island evolution depends on the
sign ofg. g, in turn, depends on the island propagation frequency, [53, 68|, the ion
collision frequency,  [60, 69, and". The existing theory of NTMs requires the island
width to be much larger than the ion banana orbit width. There is no theory developed
for the polarisation contribution for w . 4 ( s IS the electron/ion poloidal Larmor
radius)!®. The MRE form we use in Eq.2.2 is continued heuristically to a region where
w < . However, there is no rigorous theoretical justi cation for it. In [71] it has been
shown that the marginal island width below which the NTM is removed, i.edw=dt < 0,
is about 2 y,; in both ECCD and beta rampdown discharges, and is abol& y; in [72).
This is exactly the region where the existing theory breaks down. Thus, a new theory is
required to determine all the MRE neoclassical contributions allowing the limit ofv #i
(in this study, we nd thatitis 4 =" ™2 y; that is responsible for the magnetic island
threshold), which is crucial in providing the NTM threshold island width scaling for ITER

and other future conventional tokamak devices.

The rst and the main focus of this study is on the role of nite orbit width e ects on the
neoclassicdP contributions to the island growth and determination of the NTM threshold
width. Here we take b3 as a starting point and extend our previous results7B, 74,
obtained in the island rest frame { = 0), by treating the electrons in a way similar to
ions, i.e. resolving length scales of 4, and by adding the polarisation term. One can

say that removing the assumptionw #e IS not crucial since the NTM islands below

15 Although some of the previous works, e.g. 70, allow w . 4 and propose the form ofg numerically,
they impose a model potential. At w . 4, there is no complete theory for the MRE neoclassical
contributions.

16The main focus is on the bootstrap contribution. The polarisation contribution is also to be addressed
in the forthcoming chapters. However, its determination was not the purpose of this work. Regarding
the curvature contribution, we have to note that concentrating on a large aspect ratio tokamak we do
not keep all the terms of order"?. An accurate ¢, calculation requires these higher order corrections.
However, ., being "2 does not provide any signi cant contribution to our nal results.
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the marginal width self-heal and shrink away; and the marginal island width as stated
above is expected to be . However, such a treatment ensures we capture physics
associated with narrow boundary layers even for islands of width ; #e. INnclusion

of the polarisation contribution is signi cant in the NTM threshold calculation since all
the tokamak neoclassical e ects that we keep in Eq.2.2 play a role in experiments and
have to be taken into consideration. Earlier works have achieved a limit of 4 N
solving the drift kinetic equation through a particle-in-cell computational modelling 75|
and by addressing the problem analyticallyq6]. They both con rmed that the ion density
gradient is not removed from the region inside the island. However, they focused on the ion
plasma response only, omitting the electron component and hence neglecting the e ects of
the plasma quasi-neutrality condition. ¥6] omitted the e ects of trapped particles as well.
Our analytic approach explains the physical origin of the density gradient across the island
and provides a new NTM threshold physics that arises from both, ion and electron plasma
components, and the self-consistent potential required for quasi-neutrality. Whem bis
the electron and ion distribution functions reproduce the results of the original paper
[53. However, when ,, W y, the electron and ion solutions localised to the island
vicinity di er signi cantly, which results in a di erence in the electron and ion densities,

if the electrostatic potential, , is neglected. Therefore, we should stress the importance
of deriving self-consistently from plasma quasi-neutrality, which is implemented in our
model. Once the plasma responses are found, we proceed to the NTM threshold width
calculation determining the total perturbed current density along the eld lines. In this
study, we include contributions to the localised current density that come from the inner

and outer island regions, while the original paper [53] kept the outer contribution only.

The second focus of this study is on the polarisation contribution to the island time
evolution and hence on the island propagation frequency. Sinceg, is expected to have a
strong! dependence, its e ect on the NTM island cannot be found until is calculated.
The earlier theory [77] approached the problem in the two- uid MHD limit keeping
plasma rotation and the parallel component of the ion viscosity tensor. 15§ the low
collision frequency limit of ; <"l (j labels particle species) has been considered using
the drift-kinetic model. The NTM mode frequency in that model was found to be in the
direction of the electron diamagnetic frequency, gia.e, @and the corresponding polarisation

current contribution stabilising. However, p3] provides the analysis valid only outside
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the NTM magnetic island and requires island widths greater that'=? 4. In this study,

we allow the magnetic islands being around the threshold and include the inner island
region as well as the island seperatrix layer, which is crucial in determiningp,. The
island mode frequency comes from the dissipation processes in a tokamak plasrgh [
and/or can be de ned by error elds, i.e. non-axisymmetric component of the vacuum
magnetic eld. Once the mode frequency is su ciently low, the NTM (usually with lower
m=n, i.e. poloidal/toroidal mode number) can be locked, i.e. stop rotating. The Mirnov
magnetic signal becomes zero, but the island still exists and grows to a large saturated
level, terminating the discharge in a disruption. Here we followsB] and neglect the e ects

of error elds as well as plasma sheared ows, focusing on collisional dissipation that

arises in a narrow layer in pitch angle in the vicinity of the trapped-passing boundary.

The remainder of this chapter is organised as follows. Section 2.1 introduces the magnetic
geometry and the mode dispersion relation. In Sections 2.2 and 2.3 we calculate the
plasma response to the NTM magnetic perturbation. The drift magnetic island concept is
described in Section 2.4. The self-consistent electrostatic potential is found in Section
2.5. We calculate the neoclassical contributions to the modi ed Rutherford equation
and determine the threshold magnetic island width in the next chapters. The island

propagation frequency is the subject of the following chapters as well.

2.1 Magnetic topology and NTM dispersion relation

A small inverse aspect ratio tokamak with circular poloidal cross section is considered. A
3-tuple of spatial variablesf ;';# g provides an orthogonal set of coordinates according

r' rr = rBar #, where isthe poloidal ux function, ' and # are the toroidal and

poloidal angles, respectively. The equilibrium magnetic eld is given by
Bo=1()r"+r"' rr ; (2.3)

wherel = RB. is the poloidal current. As" l1andBy=By ", Bo= B + O("?),

where By = jBoj. The safety factot’ and By are approximated asqy rB: =RBy and

1A number of times the magnetic eld line travels around the tokamak in the toroidal direction to
wrap it around once in the poloidal direction.
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Bo(;#) Bo( )(1 "cos#), respectively. We employ a low beta approximation and to
keep zero divergence of the total magnetic eld, a magnetic eld perturbation associated

with the tearing mode is taken to be of the form

Bi=r Ab (2.4)

with b = B =By being a unit vector in the direction of the equilibrium magnetic eld.

Ay is the parallel component of the vector potential connected to the NTM poloidal ux

function perturbation, , via
RA = (2.5)
with = 7t (). hereis a helical angle in the island rest frame de ned as
="' G (2.6)
where g = m=n is the safety factor evaluated at the rational surface, = ¢, around

which the magnetic island is centered.f describes a form of the perturbation in
space and is taken a§ = cosn provided a single isolated NTM island is considered.
€= w?=4 (c?=q) is the NTM perturbation amplitude with w being the island half-
width in  space related tow in r space viaw = w =(RBy) (note: in  space we work
in terms of w , and hence the index is to be omitted for simplicity in the forthcoming
sections, unless otherwise stated)Jg denotes@ g=@evaluated at the resonant surface,
= 4. For further analysis, it is convenient to switch from the coordinate system
f ;" # g introduced above tof ; ;# g. To describe the magnetic island geometry, we

introduce a perturbed ux surface function thatsatisesB r =0 :
= ———>~ cosnh: (2.7)

The tearing mode introduces the radial component of the magnetic eld that is required
to generate the island. Hence, Eq.2.7 can be obtained by integrating a eld line trajectory
with  being a constant of the integration andg Taylor expanded about the rational
surface. Here 2 [ ; ]. The surfaces of constant describe the topology of the
magnetic island. =1 describes the separatrix and = 1 is at the island O-point.

Eq.2.7 implies a constant approximation and also requires the island to be su ciently
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small that a Taylor expansion of equilibrium quantities is valid in its vicinity. Introducing
~as a function ofr [79] and keeping a more realistic radiad) pro le provide non-symmetric

islands in the radial direction [80, 81].

To derive the dispersion relation for the NTM, we address the Gauss-Ampere law that
reads as@F = oJ , whereF is the electromagnetic tensor) is the four-current and
@represents the four-gradient. It is equivalent to nding the extremum of the functional
L= (14 )F F A J with respect to A, the four-potential. As the magnetic
perturbation is given by the parallel component of the vector potential according to Eq.2.4

with Eq.2.5, the Lagrangian density reduces to

1 2

L=> "i@ j° =@ I 18. (2.8)

NI

here is the charge densityq is to be understood ag ; ;# g, which is equivalent to
f ;. #; gwith being a sign of s- Seeking the extremum of this functional for
any givenA,/ , we obtain the parallel component of Ampére's law/Poisson's equation.
Restricting the analysis to a single harmonic in, i.e. / e ™ , in accordance with the
cosn form of and taking the cos and sin components in the parallel component of

Ampére's law, we provide integration through the island aréd to obtain

1 Z Z

— Oe d d Jecos =0; (2.9)

oR R

Z z
d d Jgsin =0; (2.10)

R
and Poisson's equation reads

@ = (2.11)

The electrostatic potential is to be found to keep plasma quasi-neutral, i.e.

X
ezjn; =0:

8In Chapter V we will use L = % "ojEj2 inBj2 +J A integrated through the phase space

island. Now we concentrate on the collisional dissipation, omitting any external dissipative contributions
(e.g. [78]) and take the perturbation of the form, Eq.2.5, and hence a complex conjugated pair(A ; ),
is to be replaced with (A; ) .

19Below we restrict the analysis to the 2=1 NTM for simplicity, and hence n is to be replaced with
n=1.
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Here summing overj represents a sum over all the speciesZ; and n; are charge

R R

and density of a species. Jx is the #-average ofJy, dq = d d =
P H R

5"?6—5 +11 H(m;’ﬁ which results from Eqg.2.7 withn = 1. At xed , outside

R

the magnetic island 1, we simply integrate over a period in,i.e. [ ; ]. Inside the
island, i.e. 1 < 1, we have to integrate over between bounce points, given by
p = arccos( ) , and sum over the two streams, = 1, to provide continuity at

each bounce point.

Egs.2.9-2.11 represent a system for the threshold magnetic island half-widih,, the island
propagation frequency and the electrostatic potential. °results from the integration
through the island, as@ is not smooth across the island, and represents the classical
tearing mode stability parameter. Deriving Eq.2.10, we neglected any external dissipation
forces (the island interaction with a resistive wall is considered in/f, 82 83, 79]).
EQgs.2.9,2.10 reproduce the nonlinear tearing mode dispersion relati@d, [53, 59. This
system providesw, and! , once the perturbed current localised about the islandl, is
obtained. This is to be calculated from the ion and electron distribution functions, which

we nd in the following sections.

2.2 lon response

The ion/electron response to the NTM magnetic perturbation is described by the drift
kinetic equation that is given by Eq.1.12 for each particle specigs?® The @=@érm
vanishes in the island rest frame. A system of two particle species is addressed: plasma
electrons and ion&. s the electrostatic potential localised about the island vicinity
and is associated with a di erence in the electron and ion responses to the magnetic
perturbation. It is to be determined below from plasma quasi-neutrality. All spatial
derivatives are calculated at xed magnetic moment, = V.2=2B, and kinetic energy,

K = V2=2. In velocity space, following $3, it is convenient to introduce a triple of velocity
variables asf ;V ; g, where =2 =V ? is the pitch angle,V is the absolute value of

velocity and = V= V, is the sign of the parallel component of velocity. Hence, the

20h= B=B. In Eqg.2.4 the unit vector is introduced in the direction of the equilibrium eld lines.
21The energetic particle/ impurity contribution will be introduced as the third particle species in the
secondary mode stability analysis, Chapter V.
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velocity space integral andvi, become

dv = B Vadv d

o . m, (212)

V= V(@1 B)¥ (2.13)

Thus, the trapped-passing boundary in pitch angle space is at the inverse of the maximum
value of the magnetic eld, i.e. (= 1=By(1+ ") for the equilibrium given in Sec.2.1.

2 [0; (] for passing and 2 ( ¢ fin ] With ¢, =1=Bo(1 ") for trapped particles.

Assuming a Maxwell-Boltzmann equilibrium plasma, we writd; = fM® + g with

ijB( )= Negm () V2=V2 () (2.14)

- e
=3 ()

denoting the Maxwell-Boltzmann distribution of a specieg. neqm is the equilibrium
Boltzmann density, i.e. Neggm = No (1 €Z; =T;) provided eZ, T,. Vg = (2Tj=m;)"?

is the thermal velocity of a species. The rst term inf; is the classical Maxwell-Boltzmann
contribution, while the second term describes the perturbation in the particle distribution
due to the tearing mode occurrence. Seeking the solution localised to the magnetic island,

we Taylor expand the Maxwellian around the rational surface, = g, i.e.

er

fj= 1 ——
: Tj(s)

M)+ g; (2.15)
where fM = no( ) FAV°( oe VE=VAi (s) and the electrostatic potential being
expanded around the rational surface, i.e.= 2qm i} S( o)+ (prime denotes
the derivative with respectto ), andthus ( s)= . eqm IS the equilibrium potential
in the absence of the island, and is the perturbation associated with the tearing mode.
The perturbed distribution, g, then must be linear in far from the island to match to

the Maxwellian equilibrium, @QF@j ,, = @fj'\" (s)-

To solve Eq.1.12 forg, we de ne a small parameter = w=a 1. The following
orderings are assumedez; =T , g =fM , = . Then B1=B, " 2,
whereB; = jB;j (see Appendix B for more detail). Considering Eq.27 for electrons
and EQq.39 for ions from the original paperd3], we notice that the dimension of the

problem can be reduced by switching from ; ;#; ;V ; gtofp; ;# ;V ; g, where



34 2.2 lon response

p = s V=l is the toroidal component of the canonical angular momentum (a
more detailed explanation can be found in Appendix C)LV\=! is the excursion of a
particle orbit from the reference ux surface. Asw a, plasma is toroidally symmetric
to leading order and thus the toroidal component op is constant on a particle orbit.
Thus, to O( 1) Eq.1.12 forg becomes

( )
Ml ,@ v Be  ag
?Oqu @ # !CJ' ) qu@ # @#p-;;;V
Vi @ @g
+ —Byirp))+ — —
B @ @
(VO" | ’ p;‘D”V y N m (2.16)
k l 0 k 2 k 2 k
Ce Rt P e, 1 e T,
@ o Z V1@ @1 ..
@ # @ p# sV quVBORZ @#p-; @Vp' # e

Herem nq has been Taylor expanded about the rational surfacé® denotes@#=@=
R 2B#Z(r r #). The derivatives ofg; in the Vlasov part of Eq.2.16 are taken at xed

. At this stage, the form of the collision operator has not been specied(B; r #)
and (B; r ) have been neglected as higher order terms in the limit of small magnetic
islands. We note that@=@ ;p R 1B#l@:@m equilibrium quantities and @=@ ;p
R !B, l@=@uwn perturbed quantities @p=@ = 1 to leading order in 4 =a). To solve

Eq.2.16 forg, we employ an expansion in :

X ()
g= g’ (2.17)
The O( °) equation is
AV @ﬁ) L
RB. @F 0: (2.18)
P

TheVy, r g andVe r g parts of the rst term of Eq.2.16 are and hence do not

contribute?2. Working in the banana collisionality regime, we assume that the collision
operator on the right hand side of Eq.2.16 is order smaller than the free streaming.
Hence we learn that the leading order distribution functiongj(o), is #-independent at xed

p.ie.g”(@;:iV)=g2G# V).

22 step by step derivation of the nal NTM drift kinetic equation is presented in Appendix D.
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Proceeding to next order in and multiplying both sides of Eq.2.16 byR?B =1V, we

obtain an equation forg®”:

104 .
q u@# piiiVog #
2 R2B, @ @f
+ Xy rpys S208 B2 +
., I IVk @ # @p #V
AV} 2R 2 V, 2R 2 V,
+ G_é) p o+ Tk R Bo—@ kg —R B##O—@) S (2.19)
q ! Cj | @ # ! cj | @# ! cj
R?Bo @ @ﬁ) e @ @_ﬁ) +
Ivk @ i @ p#V o mj qV @#p- ; @V p o
ez @ af - @Cj g
mavz@#,, @ ... IV }

To employ the collision operator from $3], we have switched fronf ;V gto f ;V ; gin
the Vlasov part of Eq.2.16.

To solve Eq.2.19 forgj(o), we have to eliminate a term ingj(l), integrating the equation over
#. This is equivalent to an orbit-averaging procedure at xedp (see Fig.2.6). For passing
particles, g is periodic in# and thus we simply integrate over a period i assuming
g ( )=g (). Trapped particles oscillate between bounce points,#,, de ned from

B o(#p) = 1, whereV, tends to zero. The requirement on their distribution function is
that

g#H= #, =+1)= g#H= #y = 1)

Thus, we integrate between #, and sum over . As continuity is required at each bounce

point, this annihilates the @ﬁ):@# term. Thus, an orbit-averaged form of EQ.2.19 is
b

ef R? P @p
0—80 (¢ J)tlo !g @ﬁ * g Birp) Hle @—ﬁ
9 po# Vo # p#;;;V;
R2B P
= WG9 (2:20)
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where
* +p * +p
_Gglvkp 1 22@ Vi 1 220@ k .
Ilp= =2 — + - RB°"—= — + - RBit'— — :(2.21
Tt o, @, s , 1 gy i, @2
* +p-
2
!E;ZE E@ (2.22)
I Kk @
! #
and * +
1 RB @ P
g, = — —_— 2.23
E;r | Vk @ 4 ( )

are the magnetic andE B drift frequencies in and radial directions, respectively.
denotes the Heaviside step function. The last term ihp provides "2 correction for the
small inverse aspect ratio, circular cross section tokamak approximation. THeaveraging

operator at xed p is de ned as

8
< 1 R d#
hoi? = 2 B ¢ 2.24
-- P R (2.24)
# . 1 H#p d# .
_4 #b... y (o)

In Eq.2.20 has been assumed to be periodic
in #. Using Eq.2.4, we nd RR2(B; r p )i, =
R2BodA=d , + O( ?). Due to EQ.2.5,
dAc=d = (&R)df=d. For a single isolated
magnetic island, this simply readsdA,=d =
(&R )nsinn . EQ.2.20 is the nal #-averaged non-
normalised equation for the ion/electron plasma

component toO( Y infp;;;V ; gspace.

Following [53, we close our system by takingrigure 2.6: Projections of passing

a collision operator that conserves particles and®"d trapped particle trajectories
shown in a tokamak poloidal cross

momentum, C;, of the form: section (gure courtesy of K. Imada).
! ! #
1 B)* - ViU (04
c@=c@= v -2 q g8 %Zi(g)fi’\"
(2.25)
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with i (V)= 5 (Vri) (Vri=V)® and

(2.26)

1
Ug = — dv g ; (2.27)

] = e;i. lon-electron collisions are small and hence to be neglected.

2.3 Electron response

The procedure described in Sec.2.2 is also to be applied to the electrons. We arrive

)

at Eqg.2.20 for the leading order electron distribution functionge™”, with the following

collision integral:

Ce(Ge) = Cee(Ge) + Cei () (2.28)
with
' ! #
_ (1 B )1:2 @ 1= @9 VicUke(Ge) .
Cee(ge) - ee(V) ZT@ (1 B ) @ + Tfe (2-29)
and
" 5 ! #
1 B @ L@ 2
Cei (%) = & (V) Z%@ @ B) Z@Q + erVkUki (g)f
(2.30)

For electrons, collisions with ions and like-particle collisions must be retained. Here
e (V)= ¢ (VTe)(VTe=V)3,j = e;l. Uy and uy; are introduced according to Egs.2.26,2.27.
Eq.2.20 with EQgs.2.25/2.28 for ions/electrons is to be further reduced, which is discussed

in the following section.

2.4 Drift magnetic islands

To modify Eq.2.20 further, we introduce the following dimensionless system:

Fgw w

#H o=
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Ve Vv
VA Vi

1:0_8 . CIZ_S@B- W:ﬂ- Ne 2.31
g T B@ ST w (231
_ : =x Y

Tj(s) p # Vk

(note: is kept non-normalised,w normalised to ¢/rgs denotes the magnetic island

half-width in  /r space, respectively). Then Eq.2.20 becomes

14y (2.32)

0
)
= (Mt Ag) 2 @@ @ B)1=25@5 A 4 (2.33)

for electrons (with V/ V; being normalised toVre/ Vri). Here i = i=V4 and 7 =
¢j=Vre, j = €;i. Dimensionless drift frequencies are

* " #+
N \,\VD\?Ep-+ B2w o, ¥
- D — Cq k u BIZCB k ZOk

o
B ;



2.4 Drift magnetic islands 39

1 1
Ne, = 2 ; S, : 2.34
5 T2 B2Y, @ . 2 B2Y), @ ) (2.34)

Employing the conventional large aspect ratio, circular cross section tokamak

approximation, we write B. Bo B as stated in Sec.2. As@\:@\ =
#

@ =@ =@ .+ and using the fact that the orbit-averaging at xedp and @=®
are commutative, vvé have

* + * +

p p
A#i @\ _ @ A#j A

WS, @ . %

# ’ #

Here we have assumed that the fastegt variation is in  and hence we noteg :@\ =1
to leading order in 4 =a Similarly, we obtain®®

* + o * + b
Y @ C) Mo
Ok @ 4 @ - H# ‘Ok

# p

This allows Eq.2.32/EQ.2.33 to be rewritten in the form:

" . o # )
ﬁp ( ¢ ) # 1D —@ 1- Aij/\ @ +
Cq J @' # 2 k # @ PtV
; . v " ol Y (2.35)
@ 1 %a :
O . v . =F - €
+ @.,.2 3, # at, sin  ( ) @ . J

where €; represents the right hand side of Eq.2.32/Eq.2.33 for ions/electrons, respectively
(note: to simplify the analysis below we taken = 1, unless otherwise stated). Eq.2.35 is

equivalent to

" * tp # @5)
W @ 1 "4a
AP (Cc ) Mo — 5 # — = G (2.36)
Cq @ .2 N # @ Si#V
with
2 C | 2 3 * + p
w "o % 1 % a
S= — 42 ' R Bk coS 5 Ny AL - A
4Cq p W ( c ) D # p ( c) 2 Ok .
(2.37)

»p is -independent at any xed and hence@=@, = @=@, -
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We note that S is #-independent and is to be treated as a newadial coordinate.

(@ w 4, W=0:02rg, % =1:0 10 3rg (b) W& 4,w=0:02rs, % =8:0 10 3rs

Figure 2.7: Contours of constant S in the (x; ) plane in the absence of the electrostatic
potential, " =0, for w 4 (leftyand w & 4 (right). =0:84,"=0:1,V = Vg, =+1,
Cq = 1. White dashed line indicates the position of the magnetic island separatrix,=1 . The
S island separatrix is at w=4Cq (black dashed line).

Egs.2.36,2.37 complete the transition fronip ; ; ;V ; gto fS;;;V ; g, and the
particle distribution function is to be found asg-(o) = gj(o) (S; ;;V ;). According to its
de nition, S is a function ofp , , andV for each , and depends on the form of the
electrostatic potential, which is, in turn, a function of , and#. For passing particles in
the absence of the electrostatic potential, i.e. when tHé B drift e ects are ignored, the
contours of constantS reproduce the magnetic island structure given by Eq.2.7 but have
a radial shift by the amount ' % Co=W + 2 X424, proportional to the poloidal Larmor
radius (see Figs.2.7a,2.7b). This shift arises due to tlieB and curvature tokamak drifts,
and as"p is -dependent in the passing branch, the shift is in opposite directions for
Vi ? 0. TheseS island structures in the contours of constant are to be referred to as
drift islands. A similar drift island structure in view of plasma tokamak transport has
been identi ed by Kadomtsev in B5|, where the chains of islands much smaller thany

but larger than 4 are considered.

In Figs.2.7a,2.7b we plotS contours in the (x; ) plane for passing ions at di erent 4 =w.
We also note thatp being a function of provides the ;; dependence of the radial
shift as we approach the trapped-passing bound&fy For trapped particles, S is simply
proportional to p when =0 , and is -independent due to the summation over in

the orbit-averaging operator, Eq.2.24. Inclusion of , in principle, might modify the

24Here p has been written in terms of " in Eq.2.37.
25This is to be explained in the next chapter.
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S structure signi cantly. However, as we will see in the forthcoming sections, the self-
consistent electrostatic potential obtained from plasma quasi-neutrality does not add any
signi cant quantitative modi cations to the form of S, keeping the surfaces of constant
S closed for passing and open for trapped particles. Moving froph to S as the radial
coordinate leads to the perturbed passing particle distribution function being found as
a superposition of two solutions: localised in the vicinity of = +1 and = 1 drift
islands rather than the actual magnetic island. As we shall see later, this creates new

physics for islands of width 4.

To solve Eq.2.36 forg® as a function ofS, we employ weak collisional dissipation. In the
reference frame in which the equilibrium radial electric eld is zero, this is equivalent to
imposing i =" 1 for ions and . G=1 1 for electrons. Treating the system

perturbatively, similar to Eq.2.17, and applying an expansion in;, we come to

@ﬁio)
@

=0 (2.38)
S#V

(0;0)

9 is independent at xed S, i.e. g =

to leading order. Here we learn thaty

g% (s; ;v )=d"(p;;:V ;). Proceeding to next order in j and introducing

collisions, we derive an equation fog®®:

)
@ﬁ;l)

A
@

=g ¢ ; (2.39)

Si# Vo

whereA denotes the coe cient in front of @ﬁ):@ oy on the left hand side of Eq.2.36.

O we divide both sides of Eq.2.39 b and introduce the

To eliminate the term in g
annihilation operator similar to Eq.2.24 to provide -averaging at xed S. As the particle
distribution is periodic in , we integrate Eq.2.39 over a period in outside the S island for
passing particles. Inside the drift island, i.eS < S (S, denotes theS island separatrix),
we integrate between the -bounce points given by 12 = w2(S;po; ;V; ), where
p o is the stationary point of S= S(p ) foreach , ,V and . In the absence of the
electrostatic potential, p o = Mp quw and ., = arccos S 4['_\q:W but generally
there is no analytic form for them. S as a function ofp has two branches for each, V and

. Hence, inside the drift island we also sum over the two streams, = 1, where . is
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