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Abstract

We consider the classes of finite coloured partial orders, i.e., par-
tial orders together with unary relations determining the colour of
their points. These classes are the ages of the countable homogeneous
coloured partial orders, classified by Torrezao de Souza and Truss in
2008. We prove that certain classes can be expanded with an order
to become Ramsey classes with the ordering property. The motiva-
tion for finding such classes is the 2005 paper of Kechris, Pestov and
Todorcevi¢, showing that these concepts are important in topologi-
cal dynamics for calculating universal minimal flow of automorphism
groups of homogeneous structures and finding new examples of ex-

tremely amenable groups.

We introduce the elementary skeletons to enumerate the classes of
ordered shaped partial orders and show that classes are Ramsey using
three main approaches. With the Blowup Lemma we use the known
results about the Ramsey classes of ordered partial orders, to prove
results about shaped classes. We use the Structural Product Ramsey
Lemma to show that a class K is Ramsey when structures in classes
known to be Ramsey determine each structure in /C uniquely. Finally,
we use the Two Pass Lemma when each structure in the considered
class has two dimensions that can be built separately and the classes
corresponding to both dimensions of the structure are known to be
Ramsey. We then show that the classes of unordered reducts of the
structures in the classes enumerated by elementary skeletons are the

Fraissé limits of the countable homogeneous coloured partial orders.
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Chapter 1

Introduction

Stemming from the Classical Ramsey Theorem (Theorem 2.2.2), Structural Ram-
sey Theory considers classes of structures and is mainly concerned with the ques-
tion Does a certain class of structures have a Ramsey property?

We need to introduce some notation to define the Ramsey property. Given
structures A and B, denote the set of all substructures of B, isomorphic to A,
as (E). Further, given a positive integer k, we denote the set {1,2,...,k} by
[k]. Then a class IC of structures has a Ramsey property if given any structures

A, B € K there exists a structure C € IKC such that given any finite colouring

C
B

property is also referred to as a Ramsey class.

there exists a B’ € ( ) such that (]i) is monochromatic. A class with the Ramsey

It is particularly intriguing to consider the Structural Ramsey Theory of a
classes of structures corresponding to homogeneous structures, as these have been
classified in many cases. In this introduction, we will explore why the aim of this
thesis was to find the classes of ordered shaped partial orders, that have the
Ramsey property, but are also Fraissé and have the ordering property, and how
that is connected to the known classification of all Fraissé classes of shaped partial
orders. We will also provide a summary of the proof of the main result of the
thesis, Theorem 2.5.31.



1.1 Motivation

1.1 Motivation

A shaped partial order P is a partial order (P, <), together with a set & of
shapes and a map s : P — &, assigning each point in the set P a shape. In
the literature, they are referred to as coloured partial orders, for example in the
Countable homogeneous coloured partial orders by Torrezao de Sousa & Truss
(2008). The paper contains the classification of all countable homogeneous shaped
partial orders, and thus, by the Fraissé correspondence, the classification of all
Fraissé classes of shaped partial orders. The reason we refer to the partial orders
as shaped rather than coloured is to avoid the confusion when we consider the
colourings in proving the Ramsey property of the classes. We summarise the
classification in Section 2.4.

It is perhaps tempting to classify the Fraissé classes of shaped partial orders
with the Ramsey Property, but most of the classes turn out not to have the

Ramsey Property for the reason best illustrated by the following example.

Example 1.1.1. Consider class IC(AC') of shaped antichains of chains and
the structures A and B in IC(AC).

NP ¢

Let C be any shaped antichain of chains. Order its chains.

C: 1 2 .. n

Colour (g) as follows. Colour A red if its circle lies in a chain before its

diamond, and blue otherwise.
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Then regardless of where the substructure of C, isomorphic to B, lies, it

will contain a red and a blue copy of A, as we can see in the picture below.

"o ed

This is not a phenomenon unique to shaped partial orders. The problem is
that unless all the structures in the class IC concerned are either highly symmetric
(for example, an antichain, or a complete graph) or rigid (these are the structures
with only the trivial automorphism; for example, a chain), the class KC fails to
have the Ramsey property. For example, considering the antichains of chains A
and B below, a proof like the one in Example 1.1.1 shows that the class K(ACy,)

of all finiter antichains of chains, a Fralssé class of partial orders, is not a Ramsey

Tee ee

On the other hand, considering the classes of rigid structures often leads to

class.

discovering new Ramsey classes. For example, Bottcher & Foniok (2011) consid-
ers the Fraissé classes of permutations, based on their classification in Cameron
(2002), and shows that they all have the Ramsey property. Thinking of a per-
mutation as a set together with two total orders, it is clear that all structures in
those classes are rigid.

It is often interesting to consider classes of structures that are closed under

substructures and have the joint embedding property (defined in 2.1.3). The
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early scholars of Structural Ramsey Theory showed in Nesetril & Rodl (1977)
that amongst such classes, the ones that have the Ramsey property also have the
amalgamation property (also defined in 2.1.3), thus making them Fraissé classes.
This indicates that perhaps we should consider classifying Fralssé classes of rigid
structures with the Ramsey property that are somehow related to the Fraissé
classes of shaped partial orders.

An easy way to create a class IC of rigid structures from a class ICy of structures
is to consider an order class. That is, we expand the language Ly of Ky by a
binary relation symbol < to get L = Lo U {<}. Then the class IC is an order
class in the language L with respect to ICy, if each structure A € K is of the form
(Ag, <), where Ay € IKCy and < defines a total order relation. Due to the total
order <, such structure A is rigid. The class IC is reasonable with respect to Ky,
if given any A = (A, <) € IC and any Bg € ICy, then if Ag is a substructure of
By, there exists a B = (By, <) € IC, such that A is a substructure of B. This, of
course, implies that it contains at least one ordered structure A of each structure
Ap in ICy. We can find multiple examples of Ramsey classes arising from this
construction in Nesetril (2005).

Proposition 2.3.3, proven in Kechris et al. (2005), spells out the connection
between K and ICy in a specific setting. In short, if IC is a Fraissé class, then
IC is a reasonable class with respect to ICq if and only if ICy is a Fraissé class as
well. Thus the classification of Fraissé classes of shaped partial orders provides
the basis of classification of the Fraissé classes of their ordered expansions.

But given a Fraissé class ICy, there are often several order classes IC that we
might want to consider. If we consider the class IC(ACY,) of antichains of chains
as the class ICy, the class IC could be formed in at least three ways. We know
already that for each (A, <, <) € IC, the structure (A, <) will be an antichain of
chains. But additionally, there is

(i) K =IK(ACy,,0), where (A, <) is any total order;

(i) IC = IC(ACY,, €), where (A, <) is any total order extending the partial order
(A, <); and



1.1 Motivation

(iii) IC = IC(ACy,, ce), where (A, <) is obtained by starting with any ordering
of the chains of (A, <), say calling the chains A;, Ay,...A,, and then
extending the partial order (A, <) by placing all the points of the chain
A; before all the points of the chain A; in the total order (A, <) whenever
1<7.

The classes IC(ACy,,0), KK(ACy,,e) and IC(ACy,, ce) are all reasonable classes
with respect to IC(ACy,).

Thus an additional property, the ordering property, is worth considering. The
class IC has the ordering property with respect to ICq, if for each Ay € ICy there
exists a By € IC, such that for each ordered A, B € IC, there exists a substructure
of B isomorphic to A. In Nesetril & Rodl (1978), the authors show that the classes
of ordered sparse graphs (graphs containing no cycles shorter than a specified size)
have the ordering property and remark that it is related to the Ramsey property
of the class and that the connection provided the original motivation for writing
the paper. The property is also considered in Nesettil & Rodl (1990).

To see how the Ramsey property, the ordering property, Fraissé classes and
their corresponding homogeneous structures fit together consider the following
setup. Suppose that H is a homogeneous structure that is a totally ordered
structure for < in language L O {<}. Let Hy be a reduct of H to L\ {<}. If
H, is also homogeneous, we have the following correspondence.

Fraissé
homogeneous H, class ICy

+ /- a total order + /- total orders

Fraissé
ordered homogeneous H

order class IC

The horizontal arrows represent Fraissé correspondence and the vertical ar-
rows represent adding total orders to get an order class from a Fraissé class of
structures or, as in the setup, taking a reduct of an ordered homogeneous struc-
ture to get a homogeneous structure without the total order.

We have already mentioned the Proposition 2.3.3, which shows that in this
setup the class IC is a reasonable class with respect to ICy. But Kechris et al.
(2005) shows that there are further connections. We include the definitions of

the topological dynamics concepts mentioned here in Section 2.3.
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(i)

(i)

(i)

If IC is a Ramsey class then the automorphism group Aut(#H) is extremely
amenable. This result was significant, as it meant that the authors used
the known results about Ramsey classes to find new extremely amenable

groups.

If IC is Ramsey and has the ordering property, then IC provides a way to
calculate the universal minimal flow of Aut(#H). The authors also used the
known results about Ramsey classes to calculate the universal minimal flow

of various groups.
If K is Ramsey, then there exists a class IC', such that

e /IC' is a sub class of IC, and
e /C' is reasonable, Ramsey and has the ordering property w.r.t. ICy.
Suppose K’ and K" are both reasonable Ramsey order classes and have the

ordering property with respect to class ICo. Then the classes IC' and K" are
simply bi-definable.

Result (i) provides additional motivation for finding Ramsey classes, while

result (ii) ties the classes with the Ramsey and ordering properties to a result

about the homogeneous structure, for example the homogeneous shaped partial

orders mentioned in the beginning of this section. Further, result (iii) tells us

that if we can find an ordered class that is Ramsey, we can also find one that

also has the ordering property, while result (iv) tells us that such a class will be

unique up to simple bidefinability:.

Thus the aim of this thesis was to consider the classes IC of ordered shaped

partial orders, and find, up to simple bidefinability, all of them that satisfy the

following.

(i)
(i)
(iii)

The class IC is Ramsey.
The class IC is Fraissé .

The class IKC has the ordering property.



1.2 Summary of the proof

In the thesis we use different skeletons ¥ to enumerate different classes of
shaped partial orders. We denote a class of ordered shaped partial orders by
IKC(X,0) and the class of its reducts without the total orders by K(X) and vice
versa.

We use the good skeletons, defined in Torrezao de Sousa & Truss (2008), to
enumerate Fraissé classes of shaped partial orders IC(X). In Lemma 2.5.6 we find
a criterion that specifies that in some cases there is no order class IC(3, 0) that
is Ramsey. In the main theorem in this thesis, Theorem 2.5.31, we show that
for the rest of the classes IC(X), there exists a class (X', 0) of ordered shaped

partial orders, such that
(i) IC(X) and KC(X') are simply bi-definable,

(ii) IC(X',0) is a Ramsey class and is a reasonable class with respect to IC(¥),

and
(iii) in many cases, IC(X', 0) has the ordering property.

The theorem is weaker than the result this thesis aimed for. To achieve the
aim and complete the classification, a proof that specific classes of ordered shaped

partial orders have the ordering property is needed.

1.2 Summary of the proof

Following this introduction, the thesis contains five chapters.

e Chapter 2 Preliminaries formally introduces the concepts and definitions

mentioned in the previous section.

e Chapter 3 Key Technical Lemmas contains techniques used to show

classes of shaped partial orders are Ramsey.

e Chapter 4 Ramsey Results proves that some of the classes of shaped

partial orders are Ramsey.
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e Chapter 5 Correspondence is a translation between the language in the
classification of homogeneous shaped partial orders and language in the
thesis, and contains various simple bi-definability results and results about

the ordering property

e Chapter 6 Conclusion remarks on the gap between the aim of this thesis

and the main result, as well as considers future topics to research.

We have included 'Links’ throughout the thesis that look as follows.

Link. Definition 2.1.2

These signpost the reader to related concepts in the thesis, drawing parallels
between related concepts and results that couldn’t appear near each other in the
text. The reader may want to read various chapters in parallel, in which case the
links may be helpful. The reader may prefer to read the work linearly and ignore
the links.

Before discussing the structure of the proof further, consider a similar pursuit
of Fraissé Ramsey classes with the ordering property in the case of ordered partial
orders. Schmerl (1979), as stated in 2.1.10, classified homogeneous partial orders,

which are
(i) an antichain A, of any countable size n,
(ii) a countable chain C' (isomorphic to Q with the natural order),

(iii) an antichain of chains AC, containing any countable number n > 1 of

countable chains,
(iv) a countable chain of antichains C'A,, of any countable size n > 1, or
(v) a generic homogeneous partial order.

Schmerl’s classification forms a basis for Soki¢ (2012a) and Soki¢ (2012b),
which consider various order classes, that are reasonable with respect to Fraissé
classes of partial orders, and determines whether they are Fraissé , Ramsey or

have the ordering property. The subsection starting on page 31 lists all the classes
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of ordered partial orders considered. In summary, the Fraissé classes of ordered

partial orders that are Ramsey and have the ordering property, up to simple

bidefinability, are the following.

(i)

(vi)

The class KC(Ay,0) containing only the antichain with one point and the

empty order, reasonable with respect to the class IC(A;).

The class IC(Ay,, 0) of all finite ordered antichains, reasonable with respect
to the class IC(Ay,)-

The class IC(C, e) of all ordered chains, where (P, <) and (P, <) define the
same total order for each (P, <, <) € K(C,e), reasonable with respect to
the class IC(C) .

The class IC(ACYy,, ce) of all ordered antichains of chains with total orders
convex on the chains of each structure and extending the partial order,

reasonable with respect to the class IC(ACY, ).

The class IC(C Ay,, e) of all chains of antichains with total order extensions,

reasonable with respect to the class IC(C'Ay,).

The class IC(G, e) of all partial orders with total order extensions, reasonable
with respect to the class KC(G).

As described in the previous section, the aim of this thesis was to obtain an

analogous result about Fraissé classes of shaped partial orders.

The classification of homogeneous shaped partial orders in Torrezao de Sousa

& Truss (2008) is much lengthier than the classification of homogeneous partial

orders. It introduces a skeleton, which is a partial order, together with the labels
for points (G, AC or CA) and the labels for each partial order relation (<., <,,

<sh, <pm O <cpm). The authors then define a good skeleton, with conditions

about the labels of the points and relations between them. They show that any

homogeneous shaped partial order corresponds to a unique good skeleton, and

that any good skeleton, together with a set of shapes and multiplicities for each

point in the skeleton, defines a homogeneous shaped partial order. Thus the good
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skeletons enumerate the shaped homogeneous partial orders. More details about
the classification are considered in Section 2.4.

The labels G, AC and CA refer to interdensely shaped components of a ho-
mogeneous shaped partial order. They are essentially shaped versions of the
structures in the Schmerl classification, but the AC refers to both, antichains of
chains and antichains, while CA encompasses chains of antichains as well as a
chain. However, to facilitate the Ramsey property proofs, we use a different set
of skeletons, introduced in the last part of Section 2.5. Chapter 3 contains the
proofs of the lemmas used to show the Ramsey property of classes of ordered
shaped partial orders in Chapter 4. And finally, in Chapter 5 we show that the
classes discussed so far correspond to the Fraissé classes precisely to the ordered
classes of shaped partial orders, enumerated by the good skeletons. Section 5.2
also contains the ordering property proofs.

We finish this section by introducing the core ideas of the Chapter 3, as these
are the methods used in this thesis to show that classes of ordered shaped partial

orders are Ramsey.

Bi-definability

If the homogeneous stuctures H and H’' are simply bi-definable, they are essen-
tially the same structure in different languages. Similarly, simply bi-definable
classes IC and IC' represent essentially the same class of structures. More pre-
cisely, if IC is a class in language L and K’ is a class in language L', the relations
in I/ can be defined by simple formulas in language L (and the the ones in L by
simple formulas in L'). Formally, this is defined in 3.1.2.

Simple bi-definability is important because it preserves the Ramsey property.
Namely, if the classes IC and K’ are simply bi-definable, then IC has the Ramsey
property if and only if IC’ does, which we show in Lemma 3.1.6.

We consider an informal example, showing that the class of ordered antichains

of chains and the class of ordered chains of antichains are simply bi-definable.

Example 1.2.1. Let K in the language L = {<,<} be the class
IC(ACy,, ce) of ordered antichains of chains, let ' in the language L =

10
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{<’, <} be the class IC(C Ay,, ce) of ordered chains of antichains, and let
ICy in the language L = {<} be the class IC(C') of chains.

(i) Let P = (P, <) be an ordered antichain of chains with the total order
Py. Consider the structure P = (P, <'), where p; <’ py if and only
if

® p1 < p2, and

e we don’t have p; < ps.
Then P’ is a chain of antichains; denote it by ®(P).

(ii) Conversely, let P' = (P, <’) be an ordered chain of antichains with
the total order P,. Consider the structure P = (Fp, <), where p; < py
if and only if

e p1 < po, and

e we don’t have p; <’ ps.
Then P is an antichain of chains; denote it by ®'(P’).

Clearly, ®'(®(P)) = P, and ® creates a bijections between the expansions
of Py in IC and those in KC', and similarly for ¢’.
The formula

90(]?1,1?2) = (p1 < p2) A —(p1 < p2)

then defines <’; and similarly

90,(1917192) = (p1 < p2) A=(p1 <" p2)

defines < .

A different way of reasoning about the situation could be to consider any
chain Fy. If we partition it into convex pieces, then we can define < and
obtain an ordered antichain of chains P by forgetting the relations between
different convex pieces. To define <’, forget the relations within each convex
piece, and obtain a chain of antichains P’. Since the total order is still

present in P and P’, it is really the partition into convex pieces that defines

11
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the obtained structure, so P and P’, in a sense, represent the same structure
in different languages.

This shows that the classes IC(ACy,,ce) and KC(CAy,, ce) are simply bi-
definable, so the list of the Fraissé Ramsey classes of ordered partial orders

with the ordering property could be even shorter.

Structural Product Ramsey Lemma

Consider a class IC of shaped antichains, where each point is shaped as either a
circle or a diamond. If class Ky contains all circle-shaped antichains and ICy all

diamond-shaped ones, the structures in IC are precisely
(i) circle-shaped antichains Ky,
(ii) diamond-shaped antichains ICy, and
(ili) antichains containing circle-shaped and diamond-shaped points.

To form the class of structures in (iii), we take a structure in ICq, one in ICy,
and combine their points to get a unique structure. So by understanding the
structures in XC; and /Cy; we can understand the structures in /C. In Section 3.2
we consider the cases when that happens even when the classes Ky and ICo are
more complicated, or when class IC is defined by more than two classes.

We define a product of classes in 3.2.3 - in the example above, that would be
a subclass of IC, containing precisely the structures in (iii), but a class can be
a product of many classes. The product of classes, however, is not closed under
substructures. Thus we introduce a full product of classes, defined in 3.2.7. It
formalises the notion of a class IC being defined by classes IC;, i € [n].

Lemma 3.2.6 shows that if the classes IKCq, KCo, ... IC,, are Ramsey classes, the
product IC is a Ramsey class as well. But, as in the example above, a product of
classes is not necessarily closed under the substructures. For that reason Lemma
3.2.9 shows that if the classes IKCq, ICo, . .. IC,, are Ramsey classes, the full product
K' is a Ramsey class as well.

The languages we use in definitions 3.2.3 and 3.2.7 are useful for the formal

definitions of the concepts. Lemma 3.2.10 and its corollaries translate the Ramsey

12
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property results about full products to the results about merge classes, which are
classes in the language of the ordered shaped partial orders used throughout the
thesis. The main difference between a full product of classes and specific merge
classes is that the languages L; of classes IC; are disjoint and all classes of ordered

shaped partial orders contain relation symbols < and <.

Blowup Lemma

The Blowup Lemma links the results about Ramsey classes of shaped ordered
partial orders to the results about the Ramsey properties of their reducts. A
blowup P of a partial order P (or a shaped partial order P) is a structure, obtained
by replacing each point of a partial order P by a partial order, a block, containing
one point of each shape at least. We denote its unshaped reduct by P. Given
structures A and B, we consider the unshaped A and B. When they lie in the
class with Ramsey property, we can find a C, such that C' — (B);. The hard
part of the Blowup Lemma is to show that C — (B)2. We use the colouring of
(E) to define a colouring of (g) We focus on the set ((f)), of substructures of C
with at most one point in each block of C. Finding a monochromatic (E) then

translates to finding a monochromatic (B) under specific conditions.

A

Two Pass Lemma

Start with an antichain (Figure 2.2). If we replace each point of the antichain
with a chain, we get an antichain of chains (Figure 2.4).

So to build an antichain of chains, we could first decide on the size of the
antichain and then on the size of each of the chains. The Two Pass Lemma is
useful in the cases that generalise this situation. If, in class IC, each structure
A can be viewed as a quotient structure A, (for example, an antichain) together
with levels (for example, chains), we can build a structure in the class KC by first
choosing the quotient structure and then the levels. In the cases considered, the
quotient structure contains an index set Z®, and for each i € Z* there is one
level A; of the structure.

Given structures A and B, we first find a quotient structure C, such that

C, — (Bq)‘,:‘q. The C, will be the quotient structure of our C. So next we use

13



1.2 Summary of the proof

the Ramsey properties of various less complex classes with the same levels as
the structures in IC (e.g. the class of chains, or the class of antichains of a fixed
number of chains in our example) to build the levels of C.

We fix a colouring

and consider nested substructures C, ..., C®; one per each Al € (Cq). We use

. Aq
the colours of some A’ € (C:)) for i € [t] to define a colouring

d (SZ) — [k].

We finally show that the monochromatic (ig) under ¢ yields a monochromatic
q

(]i) under c.

14



Chapter 2

Preliminaries

In this chapter we present the definitions, concepts and results from the literature
that are relevant to the Ramsey classes of shaped partial orders. We present the
results using notation compatible with the rest of this thesis. We also introduce

classes of ordered shaped partial orders that will be considered in the thesis.

2.1 Homogeneous structures

Basic model theory definitions

We start with the relevant formal model theoretic definitions.

A language is a collection L = {R; }ier U{f;}jes U{ck}rer of distinct relation,
function and constant symbols. Each function and relation symbol has an asso-
ciated number, called its arity. The arity n(i) of each relation symbol R; and the
arity m(j) of each function symbol f; are positive integers. A structure for L is

an object of the form

A= <A7 {R;‘A}iED {fJA}j€J7 {C?}kEK%
where A is a non-empty set, called the universe of A, R® is a n(i)-ary relation

; A n(% A ; : ; A . Am(J
on A, ie, R* ¢ A0, fi* is an m(j)-ary function on A, i.e, f* 1 A W) - A,
and ci € A.

15



2.1 Homogeneous structures

Given two structures A and B in the same language L, an isomorphism of A

to B is a bijective map 0 : A — B, such that
Rf‘(al, C. 7an(i)) < R?(é’(al), . ,8((1,1(2)))

and

and
0 (ckA) =
foralli e I,j € Jand k € K. We write 6 : A — B if that is the case.

A substructure B of A has as a universe a non-empty subset B C A closed un-
der each f#, containing all the cf* and satisfying RE = RANB"Y, B = fA|Bm0),
We write B < A to denote that B is a substructure of A. Note that this is not
standard notation.

Suppose that B' < A and 6 : B — A, §(B) = B’ is a map, that defines an
isomorphism when its range is restricted to its image. Then we say that 6 is an
embedding of B into A and we write 6 : B — A.

Example 2.1.1. A partial order is a structure in a language L = {<},
with a relation < of arity 2. We will denote a partial order with a universe
P as P = (P, <), abbreviating the formal notation P = (P, <P). The
language only contains one relation symbol and no function or constant
symbols. A structure P is a partial order if < is irreflexive, antisymmetric
and transitive.

Given any subset R of P, the partial order on R induced from the partial
order on P defines a partial order; a substructure of P on R.

Note. Let (P, <) be a partial order. If p € P, and neither p < g nor ¢ < p
holds, we write ||.

Let P;, P, be disjoint subsets of P. We write P, < P if for all p; € Py, ps €
P, we have p; < ps.

In the thesis we will consider structures in different languages. Of particular

16



2.1 Homogeneous structures

interest are the structures related in the following way.

' D

Definition 2.1.2. Let L be a language and A a structure in language L.
Let L’ be a subset of L and A’ = A|y/, that is, a structure in language L’
with universe A that agrees with A on all relations, functions and constants
in L. Then we call A’ a reduct of A. Conversely, we say that A is an

expansion of A

\. J

Fraissé correspondence

The focus of this thesis is on the classes of finite structures. But there is a corre-
spondence between specific classes of structures and specific countable structures.

In this section we present how the two are related.

' )

Definition 2.1.3. A class IC of finite structures:

e is hereditary if it is closed under substructures (i.e., for any A € IC
and B < A we have B € ),

e satisfies the joint embedding property if for any A, B € IC there is a
C e K with A < (C and B < C, and

e satisfies the amalgamation property if for any embeddings f; : A —
B, and f5 : A — B,, where A;B{,B; € IC, there is a C € K and
embeddings ¢g; : By — C and g, : By — C, such that g; 0 f; = go0 f5.

A class IC is a Fraissé class if it is hereditary and satisfies the joint embed-

ding and amalgamation properties.

\. J

Note that since K contains only finite structures, it contains only countably
many structures up to isomorphism.

On the side of the structures, we consider the following.

Definition 2.1.4. A countable structure H is homogeneous if every iso-
morphism between finite substructures of H extends to an automorphism

of H.

17



2.1 Homogeneous structures

Figure 2.1: Fraissé correspondence

Flim(m

countable
[Fmi'ssé class IC] homogeneous
structure H

Age(H)

Homogeneous structures have been studied extensively, and an overview of
the results can be found in the survey MacPherson (2011).
To link homogeneous structures to classes of finite structures we introduce the

following.

Definition 2.1.5. The age of a structure H is the class IC of all finitely
generated structures that can be embedded in ‘H. We write KK = Age(H).

It can be shown that the age of any countably infinite homogeneous structure
is a Fraissé class, giving the correspondence. This was proved in Fraissé (1954).

It can commonly be found in model theory books, including Hodges (1997).

Theorem 2.1.6 (Fraissé’s Theorem). A class IC is an age of a homogeneous
structure H if and only if the class IC is a Fraissé class. Furthermore,
any two countably infinite homogeneous structures with the same age are

1somorphic.

This theorem provides another link between the Fraissé classes of finite struc-

tures and homogeneous structures.

Definition 2.1.7. Given a Fraissé class IC, a countable homogeneous struc-
ture H, such that IC is the age of H, is called a Fraissé limit of K.

By Theorem 2.1.6 the structure H exists and is unique up to isomorphism.

18



2.1 Homogeneous structures

Figure 2.2: Antichain of size n

Homogeneous partial orders

(Classification of homogeneous structures presents an intriguing challenge for math-
ematicians. An example, particularly relevant to this thesis, is Schmerl’s classi-
fication of the homogeneous partial orders in Schmerl (1979). It is, perhaps,
more intuitive to start by considering their ages, that is, Fraissé classes of partial
orders.

While we usually use the bold letters IC and H to denote a class and a
homogeneous structure, we will use the light letters ' and H when referring to
partial orders in particular. This will help us distinguish between partial orders
and shaped partial orders, the focus of this thesis.

Throughout this thesis, we will be using the following notation for a disjoint

union of sets.

e \

Definition 2.1.8. Given a set X and a collection of sets {Y, : x € X}, the
disjoint union X XY of sets {Y, : ©x € X} is the set

XxY =|J{z} xY,.

zeX

\ J

Defined below are certain kinds of partial orders (P, <), Fraissé classes of

partial orders and the corresponding Fraissé limits.

' D

Definition 2.1.9. Denote by [n] the set {1,2,...,n} of the first n positive

integers.

(i) (a) An antichain of size n is a partial order on n points, in which

all the pairs of distinct points are incomparable. That is,

P={p;:icn]}
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2.1 Homogeneous structures

Figure 2.3: Chain of size n

Figure 2.4: Antichain of n chains

of
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2.1 Homogeneous structures

(iii)

and p;||py for all distinct 4,4" € [n]. See Figure 2.2.
(b) For 1 < n < Ry, let K(A,) denote the class of all antichains

of size at most n, and IC(Ay,) denote the class of all finite an-

tichains.

(c¢) The corresponding Fraissé limits H(A,), for all 1 < n < Ny, are

antichains of cardinality n.

(a) A chain of size n is a total or linear order of n points. That is,
we can label its points as P = {p; : i € [n]} such that p; < ps
if and only if ¢ < i'. So P is isomorphic to [n] with its natural

order. See Figure 2.3.
(b) The class K(C') consists of all finite chains.
(¢) The Fraissé limit of I(C) is denoted by H(C), a countably infi-

nite homogeneous chain, isomorphic to (Q, <) with the natural

order.

(a) An antichain of n chains consists of n disjoint incomparable
chains. That is, there is a partition {P; : i € [n]} of the set of
points P, such that each P, = {p;; : j € [m;]} is a chain. We
have p; ; < py ;o if and only if i = ¢ and j < j'.

Let M = {[m;] : i € [n]}. We write

P={pi;:(i,7) €[n]xM}.

See Figure 2.4.
(b) The class K(AC,,) is the class of all finite structures which are

antichains of at most n chains, and the class IC(ACy,) is the

class of all finite antichains of chains.
(c) The Fraissé limit of K(AC,,) is denoted by H(AC,,). It consists
of an antichain of n chains, for 2 < n < Nj, with each chain

isomorphic to (Q, <).

(a) A chain of antichains of size at most m consists of a linearly

ordered set of disjoint antichains, each of size at most m. That
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2.1 Homogeneous structures

is, there is a partition {P; : ¢ € [n]|} of the set of points P, such
that each P, = {p;; : j € [m;]} is an antichain and 1 < m; < m.
We have p; ; < py; if and only if i < i'. An infinite chain of
antichains is defined similarly, but we might have {P; : i € Xy}

or P, ={p;;:j € Ny} for some 7. Again we write

P ={pi;: (i,4) € [n] x [m]}.

See Figure 2.5.
(b) The class IC(C'A,,) is the class of all finite structures which are

chains of antichains of size at most m, and the class K(C'Ay,) is

the class of all finite chains of antichains.

(c) The Fraissé limit of K(C'A,,) is H(C'A,), the chain of antichains,

with each antichain of size m, for 2 < m < N,.

(v) (a) We denote by K(G) the class of all finite partial orders.

(b) Its Fraissé limit is H(G), the generic partial order.

Note. (i) By definition of an antichain of chains, a structure containing
only one chain is an antichain of chains. However, we did not list
KC(ACY) as a class of antichains of chains to avoid the clash with IC(C).

The same applies to a chain of antichains of size 1 and K(C'4,).

(i) We can build the structure K(C'A,,) by replacing each point of Q

with an antichain of size m.

Schmerl, by classifying countable homogeneous partial orders, shows that
the classes IC(A,), K(Ay, ), K(C), K(AC,,), K(ACY, ), K(CA,), L(CAy,) and £(G)
above are indeed Fraissé classes. He classified them by considering the following

structures.

(i) An incomparable pair, z||y.

® @
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2.1 Homogeneous structures

(ii) A comparable pair, x < y.

5

(iii) An L-shape, namely a triplet of points with x < y, z||z and y||z.

de

(iv) A A-shape, namely a triplet of points with z||y, z < z and y < z.

ot

He then considers the following classes.

(i) Partial orders that do not contain a comparable pair as a substructure.
(ii) Partial orders that do not contain an incomparable pair as a substructure.
(iii) Partial orders that contain an L-shape but do not contain a A-shape.

(iv) Partial orders that contain a A-shape but do not contain an L-shape.

(v) Partial orders that contain both, an L-shape and a A-shape.

He shows that if H is a homogeneous partial order, then it satisfies one of
the conditions (i)-(v), and that the list of conditions is exhaustive. It is clear
that any partial order satisfying the condition (i) is an antichain, and Schmerl
shows that any countable antichain is homogeneous. Similarly, a partial order
satisfying (ii) must be a chain, and the only countable homogeneous chains are
either the trivial chain with one element or a linear order isomorphic to (Q, <).
Schmerl then shows that a homogeneous structure not satisfying conditions (i)

and (ii) must contain an L-shape or a A-shape as a substructure, and thus satisfy
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2.2 Introduction to structural Ramsey theory

one of the conditions (iii)-(v). The case (iii) yields the homogeneous antichains
of chains, case (iv) chains of antichains, and case (v) the generic homogeneous

partial order. He proves the following.

Theorem 2.1.10. The homogeneous partial orders are:
(1) an antichain H(A,) of cardinality n, for all 1 < n < Ry,
(it) a countably infinite chain H(C'),
(i1i) an antichain of n chains H(AC,), for all 2 < n < N,
(iv) a chain of antichains of size n H(C'A,,), for all 2 < n <Ny,

(v) and a generic partial order H(G).

Note. The structure H(C') could be viewed as both, H(AC:) and H(C A,).
In different contexts, it might be classed as one or the other rather than

considered separately.

2.2 Introduction to structural Ramsey theory

Structural Ramsey theory stems from the classical Ramsey theorem and extends
the concept to whole classes of structures. We will introduce the necessary nota-
tion first.

We denote by Ci the set of all substructures of B isomorphic to A.

Ramsey arguments focus on finding, for structures A and B and an integer

k > 1, a structure C, such that given any colouring

c: (i) — (k]

C B
there is a substructure B’ € (B)’ such that < A

/
> is monochromatic; that is,
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2.2 Introduction to structural Ramsey theory

there is an [ € [k], such that

c: (i) — {l},

. . . /
or in other words, the colouring c is constant on (BA).

e D

Definition 2.2.1 (Erdgs-Rado notation). We write
C— (B)y

if for any k-colouring of substructures of C isomorphic to A there is a
substructure B’ of C isomorphic to B, such that all substructures of B’

isomorphic to A are of the same colour.

Classical Ramsey Theorem

Ramsey theory stems from the Classical Ramsey Theorem, a theorem proven by

Frank Plumpton Ramsey in Ramsey (1930).

Theorem 2.2.2 (Classical Ramsey Theorem). For any three positive inte-
gers q, v and k, there is a number p, such that for sets A, B and C' of sizes

q, v, and p respectively and any colouring

c: (Z) — [k]

B/
there is a subset B' C C' of size r, such that (A) s monochromatic.

In terms of sizes we write
q

p = (1)

In other words, Theorem 2.2.2 states that the class of all finite sets is Ramsey.

As well as mentioning the Classical Ramsey Theorem due to its historical
importance, we will see in the next section that it can be used to show that

certain classes of partial orders are Ramsey.
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2.2 Introduction to structural Ramsey theory

Definition of a Ramsey class

Structural Ramsey theory focuses on whole classes of structures, rather than
randomly picking A and B and looking for a C such that C — (B)#. It is a
study of classes KC, in which a C exists for any choice of A and B.

Definition 2.2.3. Given a class KC and a structure A € K, we say that
a class IC is A-Ramsey, if given any B € K there is a C € IC such that
C — (B)2.

We say that a class IC is Ramsey, if it is A-Ramsey for all A € IC.

\. J

Structural Ramsey theory and Fraissé classes

Structural Ramsey theory was initially studied by Nesetiil and Rodl. In the paper
Nesettil & Rodl (1977) they prove that there is a link between Ramsey classes
and Fraissé classes. In particular, there is a link between Ramsey classes of rigid
structures, 7.e., ones that have no non-trivial automorphisms, and Fraissé classes.
The following result was first proved in Lemma 1 on page 294 of Nesettil & Rodl
(1977), but is also mentioned on page 20 of Kechris et al. (2005) in a language

more compatible with this thesis.

Theorem 2.2.4. Let K be a class of finite rigid structures. If IC is a
Ramsey class, hereditary, and has the joint embedding property, then K

has the amalgamation property.

So any Ramsey class of finite rigid structures, which is hereditary, has the
joint embedding property and contains only countably many structures up to
isomorphism, is a Fraissé class.

We have seen a classification of homogeneous partial orders in the first section
of this introduction and will see an overview of other classified homogeneous
structures in the third section. Suppose now that we are given a classification of
specific homogeneous structures and that the corresponding Fraissé classes consist
of rigid structures. Then one can classify the corresponding Ramsey classes by

checking whether the Fraissé classes are Ramsey or not.
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2.2 Introduction to structural Ramsey theory

However, often, the corresponding Fraissé classes contain structures that are
not rigid. For example, even the antichain (P, <) of size 2 is not rigid. If it
consists of points p; and py, then aside from the trivial automorphism, the map
sending p; to ps and vice versa is an automorphism as well, so (P, <) is indeed
not rigid. We will consider what happens when a class contains structures that
are not rigid and how one can expand a class to a class of rigid structures by

adding a total order relation to the language.

Only some classes of partial orders are Ramsey

What about classes of partial orders encountered in Definition 2.1.97 Consider
first the classes IC(A,,). First, any element of C(A;) is the partial order with only

one element, unique up to isomorphism. So K(A;) is trivially Ramsey.

Let (P, <) be an antichain of size p and (R, <) an antichain of size r. Since
the partial order relation on any antichain is empty, the substructures of (P, <)
isomorphic to (R, <) correspond precisely to subsets of P of size r. So to consider

the rest of IC(A,), we will turn to the Classical Ramsey Theorem.

Lemma 2.2.5. In the Classical Ramsey Theorem, we have:

(i) ¢ — (9.

(i) If p — (r)}, k> 1 and r > ¢ > 1, thenp > r.

Proof. First, given sets A and B of sizes ¢ and r respectively, if there exists a
set C' of size p such that C' — (B)}, we must have that p > r for the set C' to

even contain a subset B’ of size r.

If we have ¢ = r, we can see that a set C of size p = q = r satisfies C — (B)1,

and hence that we have ¢ — (¢){. Indeed, if A, B and C' are of the same size,

then (i), (g) and (ﬁ) are each of size 1 and hence trivially monochromatic,

which concludes the proof of (i).
However, as soon as we have r > ¢ > 1, we have |(§)| > 1, so taking a C of

size r would not work. Indeed, given a C' of size r, we have |(i)| > 1, so we

C

A) with colour 1, and the rest with colour

can colour one of the structures in (
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2.2 Introduction to structural Ramsey theory

2. Then the unique subset B’ of C' of size r, namely C' itself, has substructures
of two different colours and hence we have C' - (B)il. Since we have p > r
and p # r, we have p > r. This yields (ii).

O

Example 2.2.6. To show that K(A,) is not a Ramsey class for any
1 <n <Ny, take (R, <) to be an antichain of size n and (@, <) one of
size ¢ with n > ¢ > 1. Clearly (R,<),(Q,<) € K(A,). Then by the
Classical Ramsey Theorem and Lemma 2.2.5, if p — (n){ and k > 1, then
p > n. So for any (P, <) € K(A,), we must have P - (R)%, as P is an

antichain of size at most n.

On the other hand, the Classical Ramsey Theorem shows that K(Ay,) is a

Ramsey class.

Example 2.2.7. Given antichains (@, <) and (R, <) of sizes ¢ and r re-
spectively, find p such that p — (r){ using Classical Ramsey Theorem.
Let (P, <) be an antichain of size p. Then for any subset @' of P of size ¢,
the substructure of P on the set @)’ is isomorphic to @), and similarly for
any subset R’ of P of size r.

The fact that P — (R) follows trivially.

So far we have shown that K(A,) is a Ramsey class if and only if n = 1 or
n = Vg. What about the class K(G) of all finite partial orders? We will show
that IC(G) is not a Ramsey class.

Example 2.2.8. Let () be a partial order with three points, g1, ¢2, g3, where
g2 < q3, and R be a partial on four points rq, 79,73, 74, where r; < r9 and
r3 < ry4, and there are no non-specified comparable pairs. That is, Q looks
like . | and R like | |. Let P be any finite partial order, with points
{pi:ieI}. Then P,Q,R € K(G).

We will find a colouring of (g) that yields no monochromatic (
there is no P such that

R

Q) , showing

P — (R)%.

29



2.2 Introduction to structural Ramsey theory

Indeed, pick a total order on the points of P, for example, p; < p; if i < j.
Let e : @ — P be an embedding. Colour e(Q):

(i) red, if e(q1) < e(g2), and
(i) blue, if e(g2) < e(q1).

Then given any R’ € (2), let ¢/(R) = R’ for some embedding ¢’. Suppose,
without loss of generality, that €'(r1) < €'(r3). We have

i) e1:Q =P, qi—€(r1),q— €(rs),qs — € (ra)
(i) e2: Q@ = P, q1+—€(rs),qa— €' (r1),qs — €'(r2)

So e1(Q),e2(Q) € (g), but e1(Q) is red, and es(Q) is blue.
As this is true for any P € K(G), the class K(G) is not Q-Ramsey, and

hence not Ramsey.

Order classes

Suppose that ICq is a class of structures in a language Ly. We can extend the
language Ly to a new language L and consider expansions of members of ICy to
L to obtain a new class IC. We have ICq = IC| Ly, i.e., ICy consists of reducts of
the structures in /K. Consider in particular the case where we extend Lg to L
by adding a binary relation symbol <. We will consider classes in which < is a

linear order on each of the structures in the class.

' D

Definition 2.2.9. Suppose that L is a language containing a binary rela-
tion symbol <. An order structure A for < is a structure A in language L
for which < is a linear ordering. An order class IC for < is one for which

all A € IC are order structures for <.

\. J

Suppose I is an order class of finite structures. As < is a linear ordering on
any A € IC, the structure A is rigid, as any automorphism of A has to respect
the linear order on A and thus must be trivial.

When expanding a class to an order class, we will also insist that it contain

enough ordered structures to preserve information about the substructures. We
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2.2 Introduction to structural Ramsey theory

define that notion precisely.

' D

Definition 2.2.10. Let L be a language containing relation < and let
Lo=L\{<}. Let KK be an order class for < in language L and let
ICo = K|Lg be a class of reducts of structures in the class IC in lan-
guage Lg. The class K is reasonable with respect to Ky if for every
Ay, By € Ky, every embedding e : Ay — By, and linear ordering
< on Ay with A = (A, <) € IC, there is a linear ordering <’ on By,
so that B = (By,<') € K and ¢ : A — B is also an embedding (i.e.,
a<b <= e(a) < e(D)).

Note. Given a class ICy, we can obtain a reasonable class IC with respect
to ICp. Indeed, given Ay € Ky with universe A, add (Ag, <) to K for
each total order (A, <). Then given an embedding e : Ay — By and
A = (Ay, <) € K, extend the total order on a part of B, induced from the
total order on A and the embedding e, to a total order on B. The structure
obtained lies in K by its definition. Further, e : A — B is an embedding
by the definition of the total order on B. So K is a reasonable class with

respect to ICy.

We will outline how the results about order classes relate to the results about
the classes of their reducts and corresponding homogeneous structures in Section

1.4. We first state the results about Ramsey classes of ordered partial orders.

Classes of ordered partial orders

In Soki¢ (2012a) and Soki¢ (2012b), Soki¢ considers classes of finite partial orders
with arbitrary linear orderings, linear orderings that are linear extensions of the
partial ordering, and linear orderings of antichains of chains that are convex on
each of the chains. In his papers, K" corresponds to our K(A,), KB to K(C)
and K(AC,), K to K(CA,) and KP to K(G). The classes of partial orders are
classes of structures in the language Ly = {<}, but we extend them to classes in

language L = {<, <}.
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2.2 Introduction to structural Ramsey theory

Definition 2.2.11. Given a set P, denote the collection of all linear order-
ings on the set P by lo(P). Then define the classes of partial orders with

arbitrary linear orderings as follows.
K(o,0) ={(P,<,=<): (P,<) € K(c),<€ lo(P)},
for

0 € {An}i<n<ry U{CHU{AC, }cncny U{C AL F1cncn, U{GH-

J

While the classes in Definition 2.2.11 are clearly reasonable order classes, they

do not take into account the partial order structure. The classes in the following

definition do.

Definition 2.2.12. Given a partial order (P, <), a linear order < is an

extension of < if for all p,q € P we have
p<q=p=qg.

Denote the collection of all linear orderings on the set P that are extensions
of the partial order (P, <) by le(P,<). Then define the classes of partial

orders with linear extensions as follows.
K(o,e) ={(P,<,<): (P, <) € K(0), <€ le(P,<)},
for

o € {An}ticn<r, U{CHU{AC, }icnano U{C A 1cn<y, U{GY

Note. K(A,,e) = K(A,,o0) for all 1 <n < N,.

Besides, recall that the points of a chain of antichains P € K(C'A,) can
be labelled P = {p;; : (i,7) € [n] x [m]}, as in Definition 2.1.9. Then one
can easily show that picking a linear extension (P, <) of the partial order

(P, <) corresponds precisely to picking a total order on each of the maximal
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2.2 Introduction to structural Ramsey theory

antichains P; of P.

The classes of chains of antichains in Definition 2.2.12 are also convex on the
maximal antichains. Namely, if p,q € P lie in one of the maximal antichains P;

of P, and there is a point ¢ € P, such that
pP=q=T,

then the point ¢ also lies in P;. In fact, given any two maximal antichains in a
chain of antichains, one of them is completely below the other in the partial order,
and thus in the total order as well. So to ensure the same for maximal chains in

the classes of antichains of chains, the following total order is considered.

' D

Definition 2.2.13. Define the classes of partial orders with convex linear

extensions as follows.

(i) K(AC,, co) is the class of structures (P, <, <) € K(AC,,0) such that
for all p,q,r € P we have

(p<qorp>q),p<r<qg=(p<r<qorp>r>q)

(il) K(AC,, ce) is the class of structures (P, <, <) € K(AC,, e) such that
for all p,q,r € P we have

p<qg,p=r<g=p<r<gq

\. J

The convex extensions induce a total order on the set of maximal chains of
an antichain of chains. That is, given any two maximal chains of an antichain of

chains, one of them is completely below the other in the total order <.

Note. We have
(i) K(o,0)|Lo = K(o, €)| Lo = K(o) for
o € {Ant1<n<iy U{CHU{AC, }icnar, U{CAn i<n<y, U {G}, and
(i) K(o, co)|Lo = K(o, ce)| Lo = K(0) for & € {ACy}1ncre.
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2.2 Introduction to structural Ramsey theory

Besides, recall that the points of an antichain of chains P € IC(AC,,) can
be labelled P = {p;; : (i,j) € [n] x M}, as in Definition 2.1.9. Then one
can easily show that picking a convex linear extension (P, <) of the partial
order (P, <) corresponds precisely to picking a total order of the set of

maximal chains P; of P.

We introduce the lexicographic order, as it will be mentioned in various places

in the thesis.

7

Definition 2.2.14. Suppose that X is a total order and for each z € X
there is a total order Y,. The lexicographic order on X x Y is a total order
on X x Y, with

(z,y) < («',9)

ifx<a/,orx=a"andy <y

In general, if X, Xy, ..., X} are total orders and
Y C X7 x Xo X ... x Xy,

then the lexicographic order on Y is defined as

/ / /
(X1, 29, .., x) < (2],25,...,2))
if »y < ), or 1 = 2] and x2 < 2} and so on, until we get to
/ / / /
(X1, 29, . .., xk—1) = (2], 2h,...,2}_;) and zy < x}.

Note. In case of K(CA,,e) (or K(AC,,ce)) above, if the indices i € [n]
reflect the total order on the set of maximal antichains (or chains) of a
structure P and for each i € [n] the total order [m;] reflects the total order
of the points in a maximal antichain (or chain) P; of P, then the total order

on P is precisely the lexicographic order.
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2.2 Introduction to structural Ramsey theory

Example 2.2.15. Consider, for example, the partial order () from example
2.2.8, with three points ¢1, g2, g3 and g3 < ¢g3. Then @ is an antichain of
two chains, one of size 1 and one of size 2, so @ € K(AC;). Consider three

linear orders on Q:
(1) <1:g3 <192 <1 @1, let Q1 = (Q, <, <1),
(i) <2:q2 <2 @1 <2 g3, let Q2 = (@, <, <2), and
(i) <3: 1 <3 g2 < g3, let Q3 = (@, <, <3).

Then all three ordered partial orders Q); are elements of the class IC(AC5, 0).
The total order )y is not an extension of the partial order on (), but
Q2, Q3 € K(ACy, e). Now both @; and @3 are convex on the chains of @,
whilst ()5 is not, with ¢; between the points ¢; and g3 of the other chain of
Q. So Q1,Q3 € K(AC,, co). Requiring that the total order be an extension
as well as convex, we get that only Q3 € IC(ACs, ce).

Sokié classifies which of these classes are Fraissé. We combine Lemma 2 in
Soki¢ (2012a) and Lemma 1 and Lemma 3 in Sokié¢ (2012b).

Theorem 2.2.16. The following classes are Fraissé:
(i) K(A1,0) =K(A1,e) and K(Ax,,0) = K(Ay,,€),
(11) K(C,o0) and K(C,e),

(i1i) K(AC,,0) and K(AC,,e) for all 1 <n < Ny,
(iv) K(ACy,,co) and K(ACy,, ce),

(v) K(CAyg,,0) and K(CAy,,€), and
(vi) K(G,o0) and K(G,e).
The following classes are not Fraissé:

(1) K(Ap,0) =K(Ap,e), for all1 <n <N,
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2.2 Introduction to structural Ramsey theory

(i) K(AC,, co) and KC(AC,, ce) for 1 <n <Ny, and

(i1i) K(CAp,o0) and K(CA,,e) for all 1 <n < Ro.

Definition 2.2.17. Homogeneous ordered partial orders corresponding to

the classes in Theorem 2.2.16 are:
(1) H(A1,e) = Flim(K(Ay,e)) and H(Ay,,€) = Flim(K(Ay,,€));
(il) H(C,0) = Flim(K(C,0)) and H(C,e) = Flim(K(C,e));

(i) H(AC,,0) = Flim(KC(AC,,0)) and H(AC,,e) = Flim(I(AC,,e))
for all 1 < n < Ng;

(iv) H(ACy,,co) = Flim(K(ACy,, co)) and
H(ACy,, ce) = Flim(KC(ACy,, ce));

(v) H(CAy,,0) = Flim(K(C Ay,,0)) and
H(C Ay,, ) = Flim(K(CAy,, €)); and

(vi) H(G,0) = Flim(K(G,0)) and H(G,e) = Flim(K(G,e)).

Soki¢ proves which classes are Ramsey as well. We combine Theorem 7 in
Soki¢ (2012a) and Lemma 1 and Lemma 3 in Soki¢ (2012b).

Theorem 2.2.18. The following classes are Ramsey:
(1) K(A1,0), K(Ay,,0), K(A1,e) and K(Ay,,€),
(i) K(C,0) and K(C,e),

(i1i) K(ACy,,co) and K(ACy,, ce),

(iv) K(CAy,,0) and K(CAy,,e), and
(v) K(G,e).

The following classes are not Ramsey:
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(i) K(An,0) = K(An,e) for all 1 < n < Xy,
(ii) K(ACy,0) and K(ACy,e) for all 1 <n < Xy,
(iii) K(AC,, o) and K(AC,,ce) for 1 < n < Ry,
(iv) K(CApn,0) and K(CAp,e) for all 1 <n < Ry, and

(v) K(G,o).

Ordering Property

As above, let L = {<,<}, Ly = {<}, let IC be a class in language L and
’CO - K’LO

Definition 2.2.19. A class IC satisfies the ordering property with respect
to ICq if for every Ay € ICy there is a By € ICq, such that for every linear

ordering <* on A, and every linear ordering <B on B, with

A = (Ay,<*) € K and B = (By, <®) € K,

there is an embedding e : A — B.

Sokié proves the following. We combine Lemma 3 in Soki¢ (2012a) and Lemma
2 in Sokié (2012b).

Theorem 2.2.20. The following classes satisfy OP:
(1) K(An,0) = K(A,,e) with respect to K(A,,) for all 1 <n <N,
(ii) K(C,e) with respect to K(C),
(iii) K(AC,, ce) with respect to IC(AC,,) for all 1 < n < Ry,
(iv) K(CA,,e) with respect to K(C'A,,) for all 1 <n <Ny, and
(v) K(G,e) with respect to K(G).

The following classes do not satisfy OP:
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2.3 Links to topological dynamics

(1) K(C,o0) with respect to K(C),

(ii) K(AC,,0) and IC(AC,, e) with respect to IK(AC,,) for all 1 <n <N,
(111) K(AC,, co) with respect to K(AC,,) for all 1 < n < Ry,
(iv) K(CA,,o) with respect to K(CA,,) for all 1 <n <Ny, and

(v) K(G,o0) with respect to K(G).

2.3 Links to topological dynamics

Kechris, Pestov, Todorcevié

The paper Kechris et al. (2005) explores the connections between structural Ram-
sey theory, Fraissé theory and topological dynamics. In particular, it provides
a new way of finding extremely amenable groups and calculating the universal
minimal flow.

A T-flow is a continuous action of a topological group 7" on a compact space
X. A T-flow is minimal if all of its orbits are dense. The wuniversal minimal
flow M(T) is a minimal T-flow that can be homomorphically mapped onto any
other minimal T-flow. A general topological dynamics result states that every
topological group 7" has a universal minimal flow M(T'). If M(T) is a singleton,
the group T'is extremely amenable. Equivalently, T" is extremely amenable if and
only if every T-flow has a fixed point.

Consider S, the group of all permutations of N, with the pointwise conver-
gence topology. That is, the elements of S, are bijections N — N, so S, is a
subgroup of the group of all functions N — N, namely NN. Taking the discrete
topology on N (with all subsets of N being open), and product topology on NN
(with a basis made of preimages of any collection of subsets of N in the product
under projection maps), we get precisely the pointwise convergence topology on
NY. The subspace topology on S, is precisely the pointwise convergence topology
as well.

The group S is an interesting group to be considered because any countable

group is a subgroup of S,,. The paper Kechris et al. (2005) in Theorem 4.7 shows
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2.3 Links to topological dynamics

that there is a link between extremely amenable subgroups of S, and Fraissé

order classes with the Ramsey property.

Theorem 2.3.1. Let T' < S, be a closed subgroup. Then the following are

equivalent:
(i) T is extremely amenable.

(1) T = Aut(H), where H is the Fraissé limit of a Fraissé order class
with the Ramsey property.

A standard result states that the closed subgroups of S, under the pointwise
convergence topology are precisely the automorphism groups of the homogeneous
first order structures. It is proven in Cameron (1990), for example. This leads to
the next theorem, Theorem 4.8 from Kechris et al. (2005), stating more explicitly

the connection between Ramsey classes and extremely amenable groups.

Theorem 2.3.2. Let IC be a Fraissé order class and H = Flim(IC). Then

the following are equivalent:
(1) the automorphism group Aut(H) is extremely amenable, and

(i1) IC satisfies the Ramsey property.

Thus finding a new Ramsey class might lead to finding a new extremely
amenable group if the automorphism group Aut(#H) is not known to be extremely

amenable.

A common way to find new order classes to be studied is by expanding a
Fraissé class ICy in language Lg to a new Fraissé class IC in language L = LoU{<},
such that the new class K is an order class with respect to < and a reasonable
class with respect to ICy, as discussed on page 30.

The paper Kechris et al. (2005) specifies and proves that in certain circum-
stances considering IC provides a way to calculate a universal minimal flow of the
automorphism group of Flim(ICy), providing a way to calculate universal min-

imal flows of a wider range of automorphism groups of homogeneous structures
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2.3 Links to topological dynamics

that are not extremely amenable.
Instead of starting with the class ICy, we will start by considering the class IC
and work our way back to results related to KCy. The paper Kechris et al. (2005)

in Proposition 5.2 shows the following.

Proposition 2.3.3. Let L D {<} be a language and IC a Fraissé order
class for < in L. Let Ly = L\ {<}, K|L,, H = Flim(K) and Ho = H|L,.

Then the following are equivalent:
(1) Ko is a Fraissé class and Ho = Flim(ICy), and

(i1) IC is reasonable with respect to K.

In the rest of this section we will consider the case with IC, ICy, H and H, as
in Proposition 2.3.3, with IC a Fraissé order class for < in L, that is reasonable
with respect to KCo.

The homogeneous structures ‘H and H, are both structures with a countable
universe H = {h; : i € N}.

We could view the total order < on H as an element of 2¥°: that is, a map
1. :N?— {0,1}

with
1<(’i,i/) =1 <= h; < hy.

Let LO be a subset of 2¥ of all maps corresponding to total orders of H. It is
clear that any 1~ € 2% lies in LO precisely when it satisfies the following four

conditions:
(i) Vi e N, 12(4,4) =0,
(i) Vi, e Nyi £ = (1<(i,7") =1V 1x(d,4) = 1),
(iii) Vi,7 € N, (1 (i,4") = 1A 1x(i,1) = 1), and

(iv) Vi, " € N, (1o (i, i) = 1A Lo (i,i") = 1) = 12(i,i") = 1.

40



2.3 Links to topological dynamics

Taking a discrete topology on {0, 1} and a product topology on 2N we get
a compact space 2% by Tychonoff’s theorem. A quick check shows that LO is a
closed subspace of 2N and thus compact itself.

Then taking any permutation g € S, of N, g acts on LO as follows:
Vi,i' €N,g-12(i,i") = 1,2(i,i) =1 <= 1u(g(i),g (i) =1

Let T be the automorphism group of Hy. Then we can view Tj as isomorphic

to a subgroup of S, in a natural way, identifying ¢ € T with g € S, if
\V/i,i/ S N,t(hz) = hy <— g(l) =7,
Thus we can consider the action of Ty on LO,

Ty - LO — LO.

Definition 2.3.4. Let K be a Fraissé class, that is a reasonable order class
with respect to ICo, let Ho = Flim(Ky) and H = (Ho, <) = Flim(H,).
Denote by X the closure of the orbit < under the action of the group
To = Aut(Hy) on the space of all linear orders of the universe H of H and
Ho;

X =Ty <.

We call any ordering in Xy a KC-admissible ordering.

J

Aside from the connection between Xy and the automorphism group of H =
Flim(KC), the paper Kechris et al. (2005) in Proposition 7.1 shows that there is

a more explicit connection between X and IC.

Proposition 2.3.5. A linear ordering <’ is in X if and only if for every

finite substructure Ay of Ho, the structure
A= <A0’ = |-<’>

lies in the class IC.
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It is perhaps more intuitive to think about the total orderings on the finite
structures in ICy that yield the order class K. Similarly to orderings of H in Xy
being KC-admissible, we will also say that an ordering <, where for some A, € K
we have (Ag, <) € K, is IC-admissible. However, we will be careful to clarify
whether we are referring to a K-admissible ordering of a homogeneous structure
or a KC-admissible ordering of a finite structure in a Fraissé class.

More importantly, the paper Kechris et al. (2005) in Theorem 10.8 shows
how to calculate the universal minimal flow of Tj, where T} is the automorphism
group of a homogeneous structure, in case that there exists a reasonable Fraissé

expansion of its age with specific properties.

Theorem 2.3.6. Let L D {<} be a language, Ly = L\ {<}, and K a
Fraissé order class in L, reasonable with respect to the class ICy = IC|Ly.
Let then H = Flim(KC) and Ho = Flim(ICy) = H|Lo.

Let further Ty = Aut(Ho), T = Aut(H) and let Xxc be the set of linear

orderings on H which are IC-admissible. Then the following are equivalent:
(1) IC has the Ramsey and ordering properties.
(i1) Xxc is the universal minimal flow of Tp.

Further, combining part (i) of Theorem 7.5 with the Theorem 10.8 from
Kechris et al. (2005), we get the following result.

Theorem 2.3.7. The universal minimal flow Xy in Theorem 2.3.6 is

metrizable.

Existence and uniqueness

Given a Fraissé class ICj that does not have Ramsey property, finding a reasonable
Fraissé order class IC with respect to ICy that has Ramsey property may be
difficult or even impossible at times. So one might predict that finding a class IC
with the Ramsey and ordering properties, and thus yielding interesting topological
results discussed in the previous section, would be even more difficult. While that

might be the case, Theorem 10.7 from Kechris et al. (2005) assures us that the
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search is not in vain.

Theorem 2.3.8. Let Ky be a Fraissé class in the language Ly, and as-
sume that IC is a reasonable Fraissé order class with respect to ICy in the
language L = Lo U {<} which satisfies the Ramsey property. Then there is
a reasonable Fraissé order class IC" C IC with respect to ICq, such that IC'

satisfies both the Ramsey and ordering properties.

However, once the class with the ordering and Ramsey properties is found, it

is essentially unique in a specific sense. That is, the class is unique up to simple
bi-definability.

Definition 2.3.9. A first order simple formula is a quantifier-free finite
formula in the first order language.

Let IC and K" both be reasonable order classes in language L = Lo U {<}
with respect to KCp in language Lg. The classes IC and K’ are simply bi-
definable if there are simple formulas ¢(z,y) and ¢'(z,y) in L, such that
for each Ay € Ky, the formulas ¢ and ¢’ define (uniformly) a bijection

between the expansions of Ay in L that are in /C with those that are in KC'.

J

The general definition of bi-definability is not restricted only to reasonable
order classes. We will explore it further in Section 3.1. Now we consider the
definition of simple bi-definability in this specific context.

The paper Kechris et al. (2005) in Theorem 9.1 first shows that bi-definability

preserves Ramsey and ordering properties.

Theorem 2.3.10. Suppose that the classes IC and K" are reasonable Fraissé
order classes in L with respect to ICo. If IC and IC' are simply bi-definable,
then the following hold.

(i) The class IKC satisfies the Ramsey property if and only if the class K'
does.

(ii) The class IC satisfies the ordering property if and only if the class K'
does.
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The following theorem, Theorem 9.2 in Kechris et al. (2005), is the uniqueness

result for classes with Ramsey and ordering properties.

Theorem 2.3.11. Suppose that the classes IC and IC' are reasonable Fraissé
order classes in L with respect to ICy. If IC and IC' satisfy the ordering and
Ramsey properties, then they are simply bi-definable.

Thus, up to simple bi-definability, given a class ICq, if there exists a class

IC, that is a reasonable Fraissé order class in L with respect to ICy and satisfies

the ordering and Ramsey properties, then the class IC is unique up to simple

bi-definability.

Further, by Theorem 9.5 in Kechris et al. (2005), if IC satisfies the ordering

and Ramsey properties

Theorem 2.3.12. Suppose that the classes IC and IC' are reasonable Fraissé
order classes in L with respect to ICq. If class IC has the Ramsey property
and class IC' has the Ramsey and ordering properties, then K" C IC up to
simple bidefinability.

Topological dynamics of partial orders

Combining the results from Theorem 2.2.18 and Theorem 2.3.2 Soki¢ proves the
following. We combine Theorem 11 in Soki¢ (2012a) and Theorem 3 in Soki¢
(2012b).

Theorem 2.3.13. The following groups are extremely amenable.
(1) Aut(H(Ax,,e)),

(ii) Aut(H(C,e)) and Aut(H(C,0)) ,

(111) Aut(H(ACy,,co0)) and Aut(H(ACy,,ce)),

(iv) Aut(H(C Ay,,0)) and Aut(H(CAy,,e)),

(v) Aut(H(G,0)) and Aut(H(G,e)).
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Similarly, combining Theorems 2.2.16, 2.2.18, 2.3.6, and 2.2.20 Soki¢ proves
the following. We combine Theorem 13 and 14 in Soki¢ (2012a) and Theorem 3
in Soki¢ (2012b).

Theorem 2.3.14. Xy is a universal minimal Ty-flow for the following.
(1) K =K(Ay,,€) and Ty = Aut(H(Ay,))
(i) K =IK(C,e) and Ty = Aut(H(C))
(111) K = K(ACy,,ce) and Ty = Aut(H(ACy,))
(iv) K =K(CAy,,e) and Ty = Aut(H(CAy,))

(v) K =K(G,e) and Ty = Aut(H(G))

2.4 Shaped homogeneous partial orders

Countable homogeneous shaped partial orders (or, as referred to in the pa-
per, countable homogeneous coloured partial orders) have been classified in Tor-
rezao de Sousa & Truss (2008). The paper shows that there is an equivalence
relation ~, partitioning H into interdensely shaped components. The structure
of a homogeneous structure in terms of the equivalence classes of ~ and the con-
nections between them can be described by a labelled partial order Y, in which
the labels of vertices carry information about the equivalence classes of ~ and
the labels of comparable pairs carry information about the connections between
them. It states and proves a classification theorem for countable homogeneous
shaped partial orders in terms of the associated labelled partial orders . This
section revisits the results from the paper Torrezao de Sousa & Truss (2008),

adapting notation to one that will be used throughout this thesis.

Model theory of shaped partial orders and notation

We begin this section with a formal definition.
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2.4 Shaped homogeneous partial orders

Definition 2.4.1. Let < be binary relation and let s* for a € A be unary
relations. Let & = {s®: a € A} and let P be a set. An &-shaped partial

order P is a structure

P = <P7 < {Sa}a€A>7
satisfying the following conditions.
(i) Relation < is a partial order relations.

(ii) For all p € P the following holds:

s'(p) vsi(p) V... vsH(p).

(iii) For all pairs of distinct a,a’ € A and for all p € P, the we have:

=(s*(p) As” (p))-

Note. Part (iii) of the definition requires that each point of P has a shape

and part (iv) ensures that each point has exactly one shape.

However, informally, we replace the unary relations and the related axioms

with a map s, sending the set of points of P to the set of shapes. That is,
s:P— &, s(p)=s"if s*(p) in the model P.

Throughout the rest of the thesis we will be using the following notation.

Definition 2.4.2. Let < be a binary relation and let & = {s* : a € A} be
a finite set. A &-shaped partial order P is a structure

(P, <,s)

satisfying the following conditions.

(i) (P, <) is a partial order, and
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(ii) s : P — & is a map.

For each p € P, the element s(p) € & is the shape of P.
The class IC of all finite S-shaped partial orders IC(G, &) is the class of all
finite G-shaped partial orders.

Note. The formal definition of a substructure or an isomorphism then trans-
lates to the shape maps agreeing on the shape of points. Namely, if P, R
are shaped partial orders with P = (P, <P s¥) R = (R, <® s®) and

e:P—R

is an embedding, then for all p € P we have

¥ (p) = s™(e(p)).

Suppose that & is an countably infinite set of shapes. Then for each finite
subset &’ of & there is a class IC(G, &) of all finite ordered &’-shaped partial
orders. Torrezao de Sousa & Truss (2008) shows that each of these classes is a
Fraissé class, as it shows that a generic countable homogeneous shaped partial
order H(G,&’) exists. But then by compactness, the structure H(G,S) exists
as well. Thus the class IC(G, ) is a Fraissé class.

In this section we consider the countable homogeneous shaped partial orders.

' )

Definition 2.4.3. A countable homogeneous shaped partial order H is a
countable partial order, together with an expansion by unary predicates,
that is homogeneous. We will say that H is an &-shaped partial order, if
H = (H,<,s), where (H, <) is a partial order and s : H — & is a map
from the set H of points of H to the set & of shapes of H.

The Interdense Relation

The formal definition of the ~ relation is as follows.
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Definition 2.4.4. Let H = (H, <,s) be a countable homogeneous shaped

partial order. Let ~ be the transitive closure of the following relation:

x~ Yy =

e © < y and s(x),s(y) occur interdensely between z and y (that is,
for any ',y such that z < 2’ < 3y’ < y there are z, 2’ such that
¥ <z<y and 2’ <2 <y and s(z) = s(x),s(z') = s(y)), or

e analogous condition for y < z.

\. J

According to Torrezao de Sousa & Truss (2008), the relation ~ tells us a lot
about the homogeneous shaped partial order H. Remark 2.4.5 part (ii) refers to
the equivalence relation on the shapes, denoted by =2, that ~ induces (considered
in Section 2 of the paper). In Section 3, the paper states the results summarised

in parts (iii)-(v).

Remark 2.4.5. (i) The relation ~ is an equivalence relation, and hence
partitions H into equivalence classes H,, where o € ¥ for some set >.
We refer to the substructure of H restricted to an equivalence class
H, of ~ as the component H, of H.

(ii) The relation ~ induces a partition of & into sets &, for o € 3, such
that s(H,) = &, for 0 € ¥. So each H, is an &,-shaped partial
order.

(iii) The next section of this thesis considers the components of a shaped
homogeneous partial order. It summarises that for each o € X, the
substructure of ‘H on the points H, is one of the following:

e an G&,-shaped antichain of chains AC,
e an &, -shaped chain of antichains CA, or

e an G, -shaped generic partial order G.
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(iv) The partial order (H, <) induces a partial order on . For o,0” € ¥,
set 0 < ¢’ if there are © € H, and y € H,s such that = <y in (H, <).

Then < is a partial order on X.

In particular, if o < ¢’, then for all p € H,,q € H,:, either p < ¢ or
pl|g, but never ¢ < p.

(v) Further, given any distinct o,0’, the restriction of < on the pairs
(z,y) with z € H,,y € H, is one of the six types of relations we will
denote by ||, <¢, <g, <pms <epm O <g,. These are considered in the

section starting on page 52.

(vi) The set ¥ together with a partial order (3, <) mentioned in (iv), a
map [; on points of ¥ and a map ls on comparable points of (X, <)
will be discussed informally in the following two sections and defined
formally in 2.4.14.

Countable homogeneous interdensely shaped partial orders

An interdensely shaped homogeneous partial order is one for which the relation
~ has only one equivalence class. That is, ‘H is a one component homogeneous
shaped partial order.

Recall that the set Q with the natural order is, up to isomorphism, the unique
countably infinite homogeneous linear order. Similarly, given a set of shapes &,
there is, up to isomorphism, a unique countably infinite interdensely &-shaped
homogeneous linear order, that we will denote by Qg.

The interdensely shaped homogeneous partial orders are classified in Theorem
8.1 of Torrezao de Sousa & Truss (2008). It later combines the shaped partial
orders with the underlying partial order an antichain of size n (A,,) or an antichain
of n chains (AC,) under the label AC, and similarly the shaped partial orders
with the underlying partial order a chain (C') or a chain of antichains of size at
most n (C'A,) under the label C'A, so

49



2.4 Shaped homogeneous partial orders

Definition 2.4.6. Suppose that H = (H, <) is a countable homogeneous

interdensely shaped partial order.
(i) H is an antichain of chains, denoted by H(AC), if
(a) either (H, <) is an antichain of size n, where 1 < n < X and
S = {s'},
(b) or (H,<) is an antichain of n chains, where 2 < n < ¥, and
each chain H; of H is isomorphic to Qg.
(ii) H is a chain of antichains, denoted by H(C'A), where
(a) there are sets Z and A and amap 51 : Z — A, such that (Z, <, s)
is isomorphic to Q4

(b) there is a partition {H; : ¢ € Z} of the set H into maximal
antichains of (H, <), with x < y in (H, <) for all z € H;,y € Hy
and ¢ < i in (Z, <),

(c) the set of shapes & partitions as {&, : a € A}, and
(d) for i € Z with s,(i) = a, H; is an antichain with n,; points of
shape s for each s** € &,, where 1 < Nap < No.

(iii) H is a generic G-shaped partial order, denoted by H(G), if

(a) (H,<) is a generic countable homogeneous partial order, and

(b) H is interdensely &-shaped.

Note. (i) We view an antichain as an antichain of chains of length 1.
Also, a shaped interdense linear order could be viewed as an antichain
of one chain. But in this classification it is viewed as a chain of

antichains, each of size 1.

(ii)) We will see that for a ¥ with more than one point, each component
H. is isomorphic to an interdensely-shaped homogeneous shaped par-

tial order.
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2.4 Shaped homogeneous partial orders

(iii) We introduce the map
L:X— {AC,CA, G},

with the label [; (0) denoting whether the structure is isomorphic to an
H(AC), H(CA) or H(G). In light of remark (ii), /; can be defined
on Y with more than one component as well and will be formally
introduced in Definition 2.4.14.

(iv) The notation H(AC) introduced in this definition is a shorthand for
%(2)7 X= {0}7 ll(g) = AC

and similarly for H(CA) and H(G). Whilst H(AC), H(CA) or
H(G) is shorter, the notation H(X) is consistent with Definition
2.4.14.

The paper Torrezao de Sousa & Truss (2008) shows the following in Theorem
8.1 on page 29.

Lemma 2.4.7. Any countable homogeneous interdensely shaped partial or-
der H is either an H(AC), an H(CA) or an H(G).

While it is easy to define countable homogeneous interdensely shaped partial
orders, the countable homogeneous shaped partial orders with more than one
component have a more complex structure. Thus considering their ages, or even
viewing a countable homogeneous shaped partial order primarily as a Fraissé
limit of a particular Fraissé class of shaped partial orders, is essential. Since the

structures H are one-component structures, so are the corresponding classes.

Definition 2.4.8. (i) The homogeneous structure H(AC) is a Fralssé
limit of the class IC(AC) of antichains of chains. That is, either,

(i:a) for some 1 < n < Ny, IC(AC) is a class of finite G-shaped

antichains of size at most n, where & = {s'}, or
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2.4 Shaped homogeneous partial orders

(i:b) for some 2 < n < Nj, IK(AC) is a class of finite G-shaped

antichains of at most n chains.

ii) The homogeneous structure H(CA) is a Fraissé limit of the class
&
IC(CA) of finite G-shaped antichains of chains. That is,
(a) the set of shapes & partitions as {&, : a € A},
(b) for each s** € &,, there is an n,yp, with 1 < n,; < Ny, and
(c) each antichain of a P € KC(C'A) is &,-shaped for some a € A,

and has at most n,; points of shape s*® for each s** € &,.

(iii) The homogeneous structure H(G) is a Fralssé limit of the class IC(G)
of all finite G-shaped partial orders.

Remark 2.4.9. Notation IC(AC') omits information about the set of shapes
G, whether the class is a class of antichains or proper antichains of chain,
and how many chains there could be in any structure. To include that
information in the notation we write IC(AC, &, {ny,ns2}), where ny corre-
sponds to n in parts (i:a) and (i:b) of the definition above, and the classes
in (i:a) have ny = 1, while the classes in (i:b) have ny = Nq.

Similarly, notation IC(C'A) omits information about the set of shapes &
and the related ng;,. We let 6, = {s“’b : b € B,} for some set B, and
denote by N the set {nq; : (a,b) € A x B}. We then write KC(C'A, &, N)
to denote the class.

Finally, we write IC(G,S) to label the class defined in part (iii) of the

definition above.

Relations between interdense components

Consider now homogeneous shaped partial orders with two equivalence classes of
relation ~, namely H, and H,. These homogeneous shaped partial orders are
two-component homogeneous shaped partial orders.

We consider the following relations:

(i) incomparable label ||,
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2.4 Shaped homogeneous partial orders

(ii) complete label <.,

(iii) perfect matching label <,

(iv) complement of the perfect matching label <.,
(v) generic label <, and

(vi) shuffle label <.

Despite the symbol <, these labels are not partial order relations, but merely

labels of relation pairs of a partial order.

Definition 2.4.10. Suppose that H = (H, <, s) is a homogeneous shaped
partial order, where H is a disjoint union of sets H, and H,.. We have the

following notation and the corresponding conditions.
(i) Ho||Ho, if for all z € H, and y € H,» we have z||y.
(ii) Hy <. Mo, if for all x € H, and y € H, we have z < y.
(ill) Mo <pm Ho, if for some 2 < n < Ry,

(a) H, is an AC with n chains H,;, and H, is an AC with n chains
H, i, for 1 <7 < n, where

(b) for all x € H,; and y € H, ; we have x < y if and only if i = ¢".
(iv) Ho <cpm Hor, if, for some 2 < n < N,

(a) H, is an AC with n chains H,;, and H, is an AC with n chains
H, 4, for 1 < i <n, where

(b) for all z € H,; and y € H, we have x < y if and only if 7 # 7.
(v) Hy <g Ho, if
(a) H, and H, are each either an AC with Ny chains or a G,

(b) it is not the case that H, <pm Ho orf Ho <epm Hor, and

(c) there are x,2" € H, and y,y’ € H, such that z||y and 2’ < y/.

23



2.4 Shaped homogeneous partial orders

(Vi) H, < HO/, if

(a) H, and H, are both CA, and
(b) there are z,2" € H, and y,y € H, such that z||y and 2’ < ¥/

Note. We will refer to conditions (ii)-(vi) as the <;-condition for the corre-
sponding <;€ {<., <4, <sh, <pm, <epm}, %€., condition (ii) is the <. condi-
tion.

The paper Torrezao de Sousa & Truss (2008) classifies two-component homo-

geneous shaped partial orders in Theorem 8.2.

Lemma 2.4.11. If the countable homogeneous shaped partial order H has
two equivalence classes H, and H, under the relation ~, the substructure
of H on each of the classes is a countable homogeneous interdensely shaped
partial order. The pair of equivalence classes satisfies one of the conditions
in Definition 2.4.10 above. Further, given a pair of countable homogeneous
interdensely shaped partial orders H,, Ho with disjoint sets of shapes and
a compatible condition from the Definition 2.4.10, there is, up to an iso-
morphism, a unique countable homogeneous shaped partial order H with

H,, Hy as substructures and (H, U H,, <,8) satisfying the condition.

Note. (i) Label the unique homogeneous structure on H = H, U H,

satisfying a <; condition as the structure H,«,,.

(ii) Further, for structures satisfying conditions (ii)-(vi), let

l2 : {(O’, 0/)} — {<C7 <pm> <cpm7 <g7 <sh}

be a map with ly(o,0') =<; if ¢ <; ¢’ in ¥. Then each <; can be
thought of as a binary relation on ¥. But the relation is not a partial

order relation - not all of the relations are transitive.

(iii) The equivalence relation ~ on S-shaped H,<,,» partitions the set of

o4



2.4 Shaped homogeneous partial orders

shapes © into sets &, and &/, such that H, is &,-shaped and H,-
is &,/-shaped.

(iv) Again, in line with Definition 2.4.14, label ‘H, <, as H(2), where ¥
has points ¢ and ¢ and either o||o’ or ¢ < ¢’ and l3(0,0’) =<;. The
skeleton ¥ is associated with the structure H, H, and H, are its
components, and [, will be the map assigning labels to the comparable

pairs of components.

(v) The structure H, is isomorphic to one of the structures H(AC),
H(CA) or H(G), similarly for o’. Denote the age of H, by IC(0),

and similarly for o’.

Rather than Definition 2.4.10 and Lemma 2.4.11, the paper Torrezao de Sousa
& Truss (2008) defines the two-component homogeneous shaped partial orders as
a Fraissé limit of certain Fraissé classes of partial orders and then shows the list
is exhaustive.

Suppose we are given disjoint sets of shapes &,, and &,,, and one-component
Fraissé classes of &,,-shaped partial orders for ¢ = 1,2. Let H be a two-
component homogeneous G-shaped partial order, with & = &,, U G, and with
IC as its age. Namely, H has two components, the G, ,-shaped component of ‘H
being H,, with age IC(o;). Then the shaping s of any P € IC induces a partition
on the universe P of P, namely if P, = s7'(&,,), then P = P, U P,. Let then P;
be the substructure of P on the points P;, and refer to P; as the components of
P. Then we have

K={P:P,cK(0),Py e K(09)},

with the shapes and the partial order structure on the sets P;, described already
in the one-component case. To understand what K, and consequently H, looks
like, we will specify the partial order on the pairs (pi, po) with p; € P,,.

Further, if P; is an antichain of chains, then P; partitions into maximal chains
on the sets {P; ; : j € Z;} for some set Z;, and if P; is a chain of antichains, then

P, partitions into maximal antichains on the sets {P,, : j € Z;} for some set Z,.
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2.4 Shaped homogeneous partial orders

(i)

(i)

(iii)

(iv)

(v)

The structure Ho, s, is a Fraissé limit of the class KC(o1||o2), where
VP ¢ K(01||0'2),Vp1 c Pl,‘v’pg cP, p1||p2.

So the two components P; of any shaped partial order P in KC(o4||os) are

incomparable, and so are the components H,, of H,,||o,-

The structure H,, <, is a Fraissé limit of the class IC(01 <. 03), where
VP e K(O’l <c O'Q),V]?l € Pl,Vpg c P, p1 < pa.

In this case then, the component P; of any shaped partial order P in
K(oy <. o3) is completely below the other component P,. Hence in

H, <.y, the component H,, is completely below the component H,,,.

The structure H,, <0, is a Fraissé limit of the class KC(0y <pp 02), if for

each P € KC(01 <pm 02), each chain of P; is below at most one chain in P5.

There is also an n, with 2 < n < Ny, such that H,, consists of n incom-
parable chains on the sets of points H; ;, each isomorphic to an &,,-shaped
copy of Q. Then for any j, 5" € [n] the chain H; ; is completely below the
chain H, ; and incomparable with all other chains Hy j;. So there is a perfect

matching between the chains of H,, and H,,.

The structure H,, <0, is a Fraissé limit of the class KC(o <cpm 02), if for
each P € IC(01 <cpm 02), each chain of Py is incomparable with at most

one chain in P», and below all the others.

There is also an n, with 2 < n < Xy, such that H,, consists of n incom-
parable chains on the sets of points H; ;, each isomorphic to an &,,-shaped
copy of Q. Then the chain H; ; is incomparable with the chain H,; and
completely below all other chains Hy ;. So the relationship between the

chains of ‘H, and H, is a complement of a perfect matching.
The structure Hy, <0, is a Fraissé limit of the class IC(oy <, 03), if

(a) the classes IC(0;) are each a IC(AC) or a IC(G),
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2.4 Shaped homogeneous partial orders

(b) if P; € KC(01) and K(oy) is a class IC(AC), then P; partitions into

maximal chains on the sets {P;; : ¢ € T}, and we have
Vi e Z,Vp,p' € PLi,Vqe Py, (p<q) < (p <q),

and similarly if KC(o3) is a class IC(AC),

(c) the partial order on P is any partial order extending the partial orders

on P; and satisfying the condition (b).

Condition (b) considers the case when Py (or Py) is in the class of antichains
of chains. It says that for any point ¢ € Py (or ¢ € Py), any maximal chain
Py, of Py (or Py; of Py) is either all incomparable with ¢ or completely
below ¢ (completely above ¢). Thus in case that Py (or Py) is an antichain,

the condition (b) is trivially true.

Consider the case where for i € {1,2} either l1(0;) = G or l1(0;) = AC
and KC(o;) is the class of antichains. The class KC(o1 <, 02) consists of all
shaped partial orders P with P; € IC(o;). So the homogeneous structure
Ho, < 0., the Fraissé limit of IC(0y <4 02), consists of H,, generically below
Ho,.

Consider now the case where either [;(0;,) = AC and H(o) is a homoge-
neous shaped antichain of chains, and either /;(02) = G or l;(02) = AC and
H(o2) is a homogeneous shaped antichain. Let o} be such that Hq < o,
and #(0}) is an antichain. To construct H,, <,o,, replace each point of
H (o) by an &,,-shaped copy of Q. Construct Hg, <, similarly if H(o?)

or both H(o;) are homogeneous shaped antichains of chains.
(vi) The structure H,, <, 0, is a Fraissé limit of the class IC(oy <y, 02), if

(a) the classes IC(o;) are both of form IC(CA),

(b) if P; € KC(0;), then P; partitions into maximal antichains on the sets

{P,; : j € L;}, such that

Vpe P,V ePyy (p<p) <= j<j,
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2.4 Shaped homogeneous partial orders

and

(c) either the structure P € IKC(0; <, 02) satisfies the following: given
any a; € Ay, as € Ay,

i. if Py; and Py are both &, -shaped maximal antichains and
j < 7', then there exists a &,,-shaped maximal antichain Py ;~,
such that

Pi; <Pyj» and Py |Py,n

ii. and if Py ; and Py ; are both &,,-shaped maximal antichains and
J < J', then there exists a &,,-shaped maximal antichain Py ;»,
such that

P, ;/||Py; and Py <Py,

(d) or the structure P € IKC(01 <, 02) is a substructure of some structure

satisfying (c).

According to the paper Torrezao de Sousa & Truss (2008), each point p
of H,, splits the points of ‘H,, into sets H,; and H,,, the lower and the
upper part of H,, such that p is incomparable with H,; and p is completely
below H,, .

More precisely, suppose that {H, ; : j € Z;} is the partition of the set H,,
into maximal antichains of H,,. Then for each j € Z; there is a j' € I,

such that for any p € H; ; and g € H; j» we have p < ¢ precisely if j' < j”.

Since H,, are both chains of antichains, there are sets Z; and A; and maps
S,.1 1 Li = A;, such that (Z;, <,s,, 1) is isomorphic to Q4,. Suppose that
A; and A, are disjoint and consider the structure Q 4,,4,, which is unique
up to isomorphism. Then its substructure on the points of shapes in A; is
isomorphic to Q4,. We obtain H,,~_,, by replacing each a-shaped point
of Qu,u4, with the appropriate &,-shaped antichain of H,, or H,,. The
total order on Q4,u4, defines the partial order on H,, <, »,. Suppose that
i, € Qa,u4, and @ < 7'. If the antichain replacing 7 is an antichain of H,,
and the antichain replacing i’ is an antichain of H,,, the two antichains are
incomparable. Otherwise, the antichain replacing i lies completely below

antichain replacing 7’.
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2.4 Shaped homogeneous partial orders

We say that the maximal antichains of H,, shuffle between the maximal

antichains of H,,.

Note. The only difference between conditions (iii) and (iv) in Definition
2.4.10 is that in (iii) the components are either an AC or a G, and in (iv)
the components are both a C'A. The different notation will, however, be

useful later.

Skeleton

The concept of a skeleton codes how a homogeneous shaped partial order is built

from its components.

7

Definition 2.4.12. A skeleton ¥ = (X, <,l,15) is a partial order (X, <)
together with maps

o [;: ¥ — {AC,CA,G} and
o lr:{(o,7)eX?:io <7} = {<y <e, <cpmyr <pm> <sh -

For each o, 7 € ¥, with ¢ < 7 we call [;(0) and ly(o, 7) the label of a point

and the label of a relation between two points respectively.

Note. Throughout the thesis we will abuse notation and write
bt {<} = {<g <er <epms <pms <sn}-
Only <. and <, are partial order relations; the rest need not be transitive.

We will restrict our attention to a class of skeletons that additionally satisfy

certain conditions. The following correspond to the abstract skeletons defined in
the paper Torrezao de Sousa & Truss (2008).

Definition 2.4.13. A good skeleton is a skeleton that obeys the rules de-
scribed below. For any two components o1, oo we have:

2-chain lemmas: For two components with o; < g9 we have the following
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options for two components and the relation between them.

li(o1) | li(o9) | ls(01,09)
1.) | CA CA <c, <sh
2.) | CA AC <c
3.) | CA G <c
4.) | AC AC Loy Lam Loy S
5.) | AC G Lo L
6.) | G G <e, <g

Moreover, in cases of two components with different labels, the analogous
option applies for oy > o5.
V-shape lemmas For any three components o, 09, 03, with o7 < 09,

01 < 03 and o03||os we have:

l1(o1) l1(02) l1(o3) lo(01,09) | la(01,03)
1.) | any any any <c any allowed
2.,) | CA CA CA <sh <sh
3)|ACor G | ACor G | ACor G | <, <y

A-shape lemmas
Conditions analogous to conditions in V-shape lemmas, but with o; > 09,
o1 > o3 and 09l|os.
3-chain lemmas: For three components with o; < 0o < 03 we have the

following options for the components and relations between them.

li(o1) | li(og) | li(o3) | la(01,09) lo(0g, 03) lo(01,03)
1.) | any any any <c any allowed | <.
1.)* | any any any any allowed | <, <c
2) | CA CA CA <sh <sh <sh
3.) | AC AC AC <pm <pm <o
4) | AC AC AC S o L
4)% | AC AC AC <epm <pm < o
5.) | AC AC AC/G | <pm <y <g
5.)* | AC/G | AC AC <y <pm <g
6.) | AC AC/G | AC <y <y <epm
7) | AC/G | AC/G | AC/G | <4 <4 <er <g
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2.4 Shaped homogeneous partial orders

Note that the Case 1 and Case 1* are dual, and similarly for the other

paired cases.

To define a shaped homogeneous partial order, we need a good skeleton and

additional information.

' D

Definition 2.4.14. Fix a good skeleton ¥, a set of shapes &, together with
a partition {S, : 0 € ¥} of &, and

e for each o € ¥ with [;(0) = AC, numbers n,; and n, s, with

— 2<n,1 <R and ny,9 € {1,Np}, or ny1 =n,2 =1, and
— |6, =1if nyo =1,

e for cach 0 € ¥ with [,(0) = CA,

— a partition {S,,:a € A,} of S,, and

— for each s’ € &, ,, a number 1y, with 1 < ng 4, < V.

Then the shaped partial order H(X) is a structure H(X) = (H, <, s) satis-
fying the following. The set H partitions as {H, : 0 € 3}, such that

(i) (a) if l1(oc) = AC, H, is a homogeneous interdensely &,-shaped

antichain of n,; chains of size n, ,

(b) if l1(c) = CA, H, is a homogeneous interdensely &, -shaped
chain of antichains, where for each maximal antichain H, ; there
is an a € A, such that the substructure of H on H,; consists of

Neqp points of shape sg’b for each sﬁ,"b € 6,4, and

(c) if l1(0) = G, H, is a homogeneous interdensely &,-shaped

generic partial order;

(ii) (a) if lz(0,0") =<, for some <€ {<., <y, <sh, <pm, <cpm}, then the
substructure of H on the set of points H, U H,. is isomorphic
to Ho<,or, and

(b) if, for distinct o, 0’, we do not have 0 < ¢’ or ¢/ < ¢ in X, then

we have z||y for all z € H,,y € Hy;
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[ (iii) (H,<) is a partial order. J

Remarks 2.4.15. (i) We refer to integers ny1,n,2 and n,qp as multi-
plicities. The notation (%) emphasises the role of ¥ in constructing
a homogeneous structure, but hides the fact that one has to specify
the set of shapes & and the multiplicities to define a structure H(X).

(ii) The 2-chain lemmas correspond exactly to the <;-conditions in Defini-
tion 2.4.10. Thus by Lemma 2.4.11, the condition (ii) (a) in Definition
2.4.14 is compatible with the conditions in (i).

(iii) The 3-chain, V-shape and A-shape lemmas ensure that a partial or-
der, with pairs of components isomorphic to H,<,,, exists and is
homogeneous. For example, if we have H,, <. H,, and H,, <. H,,,
then by transitivity we must have H,, <. H,,. This is confirmed by

the 3-chain lemma 1.) or 1.)*.
The main result in Torrezao de Sousa & Truss (2008) is the following.

Theorem 2.4.16. Any structure H(X) defined in Definition 2.4.1/ is a
countable homogeneous shaped partial order. Further, any countable homo-
geneous shaped partial order is isomorphic to an H(X) for some choice of

>, with corresponding data as in Definition 2.4.1}.

Note. If H(X) has only one component, i.e., ¥ = {0}, we know that 1 (o) €

{AC,CA,G}. Depending on the label of o, we will refer to one component
homogeneous shaped partial orders as H(AC), H(CA) or H(G).
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2.5 Ramsey classes of ordered shaped partial orders

2.5 Ramsey classes of ordered shaped partial or-

ders

Model theory of shaped ordered partial orders

In 2.4.1 we defined a shaped partial order. We add a total order.

Definition 2.5.1. Let < and < be binary relations and let s* for a € A
be unary relations. Let & = {s* : a € A} and let P be a set. An ordered

G-shaped partial order P is a structure
P= <P7 <=, {Sa}a€A>7
where

(i) P = (P, <,{s}aca) is a shaped partial order, and

(i) the structure (P, <) is a chain.

Similar to 2.4.2, we use notation P = (P, <,<,s) to denote an ordered &-
shaped partial order P.

Further, we introduced the interdense relation on the points of any homo-
geneous shaped partial order #(X) in Definition 2.4.4. We observed that it
partitions the set & of shapes into subsets &, and the similarly the universe H
of H into components H,, for some skeleton ¥ and for ¢ € ¥. So when &, is
finite, &, = {sl(p),s2(p),...,s"(p)}, we could introduce unary relations F, to

'~ o

denote membership in the &,-shaped component H, (%) of H(X). We have
Vp, (Fo(p) <= p€ H,(X) <= s(p) € &,).

Then if IC(X) is the age of H(X) and P € K(X), the relations F, denote

membership in &,-shaped component of P as well.

We will regularly use shapes to partition a class being studied. For example,

we might study a class with a skeleton consisting of two points, o1, g9, and thus of
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structures that are &,-shaped, or &,/-shaped, or have two parts, one &,-shaped
and one G,,-shaped. At a later point, we might focus on a &,-shaped part of a
structure in a class IC(X) for some ¥ and combine the other shape relations to get
a part that is not &,-shaped. Formally, we will consider classes of the following

form.

' )

Definition 2.5.2. Let L be a relational language. Let K; and Ky be
classes in language L, closed under substructures. A class K is a merge of
classes K1 and IC,, if KC is a class in language L, that contains relations
Fy, F; of arity 1, such that the following hold.

(i) For any A € IC and a € A, the following statement is true:

(Fi(a) V Fa(a)) A =(Fi(a) A Fy(a)).

(ii) For each A € IC the relations F}, F, partition the universe of A into
A= AU A,,

such that for all @ € A; we have Fj(a) and for all a € Ay we have
Fy(a). If Ay is non-empty, the substructure A; of A with universe

Aj lies in the class ICq; analogous for A,.
If Ay and A, are both non-empty, the structure A is a merge of

structures Ay and As.

(iii) For each A; € IC;, Ay € Ko, the class IC contains A, A, and at

least one structure A, that is a merge of structures A; and As.

The Definition 2.5.2 extends naturally to more than two classes.

Definition 2.5.3. Let L be a relational language. Let KC;, for i € [n], be
classes in language L, closed under substructures. A class IC is a merge of
classes IC;, for i € [n], if IC is a class in language L, that contains relations
F F,, ... F, of arity 1, such that the following hold.
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(i) For any A € KK and a € A, the following statements are true:
Fl(a) V FQ(CL) V...V Fn, and
for all i # jii,j € [n] : ~(Fi(a) A Fy(a).

(ii) For each A € IC the relations F; partition the universe of A into

A= ] 4

1€[n]

such that for all @ € A; we have Fj(a). If A; is non-empty, the

substructure A; of A with universe A; lies in the class IC;.

If A; are all non-empty, the structure A is a merge of structures A;,
for i € [n].

(iii) For each non-empty subset N of [n] and a selection of structures
A; € IC;, for i € N, the class K contains A; for each ¢ € N, and at

least one structure A, that is a merge of structures A,;.

Link. Theorem 4.3.5, Theorem 4.2.4
While the Definition 2.5.3 is technical, it formalises a very common notion.

Lemma 2.5.4. Let ¥ be a good skeleton, and let & be a set of shapes,
partitioning into disjoint sets & = {&, : 0 € X}. For each 0 € 3, let IC,
be a class of &,-shaped partial orders ( IC(G),IC(AC) or IC(GA)), based
on the label l;(0). Then the class K is a merge of classes IC, for o € X.

The proof of this lemma consists only of unravelling of definitions. The labels
of relations between points in ¥ further specify which structures the merge IC

contains.
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2.5 Ramsey classes of ordered shaped partial orders

Finite restriction

Suppose that & = {s} and that K is a class of all ordered &-shaped partial
orders. Take any two ordered G-shaped partial orders P, R € K, with

P = (P, <P <F s") and R = (R, <®, <R s%).
Then for each p € P,r € R we have
st (p) = s%(r) =s.

So P and R are isomorphic precisely when their unshaped reducts, the structures

(P, <P, <P) and (R, <®, <R), are isomorphic.

Lemma 2.5.5. Let IC be a Fraissé class of ordered &-shaped partial orders
that is a Ramsey class and let s € G. Let ICs of all s-shaped structures in
IC. The following hold.

(1) If the class IC is Ramsey, then so is ICs.
(i1) The class Ks is Fraissé.

(i1i) For some Fraissé class Ks of ordered partial orders, the class ICg con-
sists precisely of structures P = (P, <¥ <P s¥) such that

(P, <P, <P) e K.

(iv) Let K. be the class of all reducts (P, <¥) of structures (P, <¥, <) in

Ks. Then K is a Fraissé class.

Proof. To prove part (i), take any Q,R € K. Since Q,R € IC, there exists
P ¢ K such that P — (R)2. Let P be the s-shaped substructure of P. Then

for any Q' € (g) and R’ /E (g), Q' and R’ are both substructures of Ps. Thus
given any colouring of (g), we can define the corresponding colouring of (g)

The R’ € (15:) yielding the monochromatic (lg

then corresponds to the monochromatic R € (FI:), showing that ICq is Ramsey

), that exists as K is Ramsey,

as well.
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2.5 Ramsey classes of ordered shaped partial orders

The arguments needed to prove part (ii) are similar. Recall the definition of a
Fraissé class, Definition 2.1.3. The class ICg trivially has hereditary property,
as any substructure of an s-shaped structure is s-shaped. To show that Kg
has joint embedding property and amalgamation property proceed similarly.
Given a structure P € IC, let Pg be the s-shaped substructure of P.

(i) Given Q,R € K, there exists P € IC showing that IC has joint embed-
ding property. Then Py shows that Kg has joint embedding property.

(ii) Given Q,R;,Ry € K and embeddings e; : Q — Ry,es : Q — Ry,
there exists P € IKC showing that IC has amalgamation property. Then
Py shows that ICg has amalgamation property.

To prove part (iii), observe that for any P € ICg and any p € P, we have
s¥(p) =s. So class K of unshaped reducts of structures in &C, has hereditary
property, joint embedding property and amalgamation property because the
class ICg does.

First notice that K plays the role of IC in Proposition 2.3.3 and K. plays the
role of ICy. By definition of K}, the class Ks is reasonable with respect to K.
Thus the class K} is Fraissé. O

Consider again the Theorem 2.2.18, the summary of results showing that

certain classes of ordered partial orders are Ramsey and that others are not, from
Soki¢ (2012a) and Soki¢ (2012b). The index n in the notation of A,,, AC,, and

C'A,, in each case denotes the width of a maximal antichain contained in a class

of ordered partial orders. We can see that if 1 < n < N, a class with index n is

never Ramsey. In this section we show that a similar result is true for classes of

ordered shaped partial orders. The following is the result.

Lemma 2.5.6. Let IC be a Fraissé class of ordered shaped partial orders
that is a Ramsey class. Suppose that for some shape s, the class IC contains
an s-shaped antichain with two points, As. Then the class IC contains an

s-shaped antichain of any finite size.

Proof. Let ICg be the class of all s-shaped structures in IC. Then by Lemma

2.5.5, the class KCs is Fraissé and so are the class Ky of unshaped reducts of
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2.5 Ramsey classes of ordered shaped partial orders

structures in /Cs and the class K of unordered reducts of structures in KCs. So
the class K, is a Fralssé class of partial orders. Namely, the class K is one of
the following:

(i) K(A,) for 1 <n < R,

(i) K(C),

(iii) K(AC,) for 1 < n <Ny,
(iv) K(CA,) for 1 <n < Ry, or
(v) K(G).

These classes are defined in Definition 2.1.9.

Additionally, since IC is a Ramsey class, by Lemma 2.5.5, the class IKCg is a
Ramsey class as well.

Now, since IC is a Fralssé class, it also contains an s-shaped antichain with one
point, A1, as A; is a substructure of A,.

Suppose first that A,, is the largest s-shaped antichain in the class IC and that
A, is of size n. Since A; € IC, we know that n > 2. Then the class K, must
be one of the following three: K(A,), K(AC,) or K(CA,). We consider two

different cases.

(i) The class KL is KL(AC,,).
Take any P € ICs. Take any chain P; of P and define a colouring of (;)

as follows:

(a) If A) € (ii), colour A} with colour 1.

(b) If A} ¢ (i), colour A} with colour 2.
Since P is an antichain of at most n chains, any antichain of P of size n
will contain a point in the chain P;. So none of them are monochromatic

under the colouring above, and thus

P - (An)kAl.
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2.5 Ramsey classes of ordered shaped partial orders

(ii) The class K. is K(A,,) or KL(CA,). Take any P € KCs. Then P consists
of disjoint maximal antichains of size at most n. Colouring one point in
each antichain with colour 1 and the rest with colour 2 again shows that
P+ (A,

In both cases we get a contradiction, as Ks is a Ramsey class. Thus the
largest s-shaped antichain in the class IC does not exist and K contains s-
shaped antichains of arbitrarily large size. It contains an s-shaped antichain
of any finite size because it has the hereditary property. n
This tells us that many classes of shaped partial orders do not have an or-
dered expansion that is Ramsey. We can further narrow down the classes to be

considered.

Lemma 2.5.7. Let & be a countably infinite set of shapes and let IC be
any class of &-shaped partial orders. If, for each finite subset &' of & the
subclass K'(S) of all &'-shaped partial orders in IC is Ramsey, then the

class IC is Ramsey.

Proof. Take any Q,R € IC. Since they are finite, there must be a finite subset
Y C X, such that Q and R are ¥'-shaped - namely

5 = {s%(q) : g € Q} U {sR(r) : 7 € R},
Then as IC'(&) is Ramsey, there exists a P € IC'(&), such that
P — (R)2.
But P € IC, so IC is Ramsey. n

Classification

As stated in Theorem 2.4.16, the homogeneous shaped partial orders are defined
by a good skeleton ¥ (defined in 2.4.13), and for each o € ¥ a set &, of shapes
and, if necessary, multiplicities n,; and n, 2, or n, 4, (defined in 2.4.14). By the
Fraissé correspondence, this gives a classification of all Fraissé classes of shaped

partial orders.
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2.5 Ramsey classes of ordered shaped partial orders

Suppose that IC(X) is a Fraissé class of shaped partial orders. On one hand,
we will use a good skeleton with a total order to define a class (X, 0), a Fraissé

order class of shaped partial orders that is reasonable with respect to k().

e D

Definition 2.5.8. A good skeleton with a total order is a structure
Y= (27 <=, ll; l2)7

such that
(i) (2, <,l,1s) is a good skeleton, and

(ii) (X, <) is a total order.

By Lemma 2.5.6, if any of the multiplicities n,1 or 1,4 is not equal to 1 or
N, the class IC(X, 0) is not Ramsey. We will show that if all of the multiplicities
Ne1 and N, qp are equal to 1 or Ny, there exists some Fraissé order class of shaped
partial orders IC(X, 0) that is reasonable with respect to IC(X), and is a Ramsey
class. We introduce elementary skeletons to enumerate classes of shaped ordered
partial orders in a way that works better for Ramsey proofs.

We will start by considering an ordered skeleton, with more labels /; than a
skeleton (defined in 2.4.12), but with fewer [5 labels.

Definition 2.5.9. An ordered skeleton ¥ = (3, <, <,l;,13) is structure as

follows.
(i) (3, <) is a partial order.
(i) (3, <) is a total order.
(i) l; : ¥ — {A;,GA,GC, AC,CA,GAC, G}

(iv) lo: {<} = {<y, <.}

We consider specific ordered skeletons and the classes of ordered shaped partial

orders they are enumerating in the following subsections.
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2.5 Ramsey classes of ordered shaped partial orders

Trivial antichain

The simplest class of ordered shaped partial orders is the class containing a sin-
gle structure on a set of size 1. The corresponding homogeneous ordered shaped
partial orders is also a structure on a set of size 1. In the classification of homoge-
neous shaped partial orders, its unordered reduct corresponds to a good skeleton
containing one point labelled AC, as in Definition 2.4.14.

While the label AC is used for all antichains, it is used for for antichains of
at least two chains. The ’antichain of one chain’, i.e., a chain, is labelled CA.

Since we are only considering classes of all finite antichains and all finite
antichains of chains, we introduce a new label, Ay, for the class of ordered shaped
partial orders containing a single structure on a set of size 1 instead of considering

it as a special case of a structure labelled AC.

' '

Definition 2.5.10. Let X be a skeleton with one point labelled A7, and let
S = {s} be a set with one shape. Then IC(A;, &) is the class containing
the s-shaped stucture P with a universe of size 1 with an empty partial

order. The class IC(A;, &, 0) additionally contains an empty total order on
P.

Link. Lemma 5.2.5

Generic

We first consider a generic homogeneous structure H(G) and the corresponding
Fraissé class of all shaped partial orders, IC(G). We defined the class of partial
orders in 2.1.9. We defined linear extensions in 2.2.12. Finally H(G) is defined in
2.4.6 and IC(G) in 2.4.8. We pull the definitions together with the aim to define
a class of ordered shaped partial orders. We also include the set & of shapes in

the definitions, as different sets of shapes define different classes of structures.

Definition 2.5.11. Let X be a skeleton with one point labelled G, and let
G be a set of shapes. For any structure P € IC(G, S, 0), there exist

(i) a structure (P, <,s) € IK(G,S) and
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2.5 Ramsey classes of ordered shaped partial orders

(ii) a chain Z,
such that the following hold.
(iii) P = (P, <, <, 5)
(iv) P={p;:1 €1}
(v) If p; < py then i < ¢ in 7.
(vi) p; < ps precisely when ¢ < i’ in Z.

Further, given any (P, <’,s') € K(G,6) and a chain 7’ satisfying the
conditions (iv), (v) and (vi), the structure P’ = (P',</,<'/s’) from

condition (iii) is also a structure in (G, &, 0).

The class K(G,S,0) of ordered shaped partial orders is the class of &-

shaped partial orders together with linear extensions of the partial orders.

Link. Lemma 5.2.1

Remark 2.5.12. At times we omit the set & of shapes and consider the
classes IC(G) and K(G,o0) of shaped partial orders and ordered shaped

partial orders respectively.

Chains of antichains

We can see that in the case of the class of all shaped partial orders, for any
P € K(G), we can add any map s : P — & to P to get a shaped partial order
P € K(G,6). But the structure of homogeneous shaped chains of antichains
induces the structure on the set of shapes as well, and restricts the shapings to
the ones that respect the structure of the set of shapes. We defined the class of
chains of antichains in 2.1.9. We defined linear extensions in 2.2.12, but we will
define total orders on chains of antichains that also respect the structure of the
set of shapes. Finally H(CA) is defined in 2.4.6 and IC(C'A) in 2.4.8, and we will

combine all to define a class of ordered shaped chains of antichains. But we first
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2.5 Ramsey classes of ordered shaped partial orders

introduce a class of ordered glorified antichains. A picture of an ordered glorified

antichain is in Figure 2.6.

Figure 2.6: Glorified antichain P

by b b b b5 b
by Py I . Py )y n. 0o n Bl
Peg o ol.. .p;’.f e ]JA AT Al ... 11" zj it
s -shaped st-shaped s"5l-shaped

Definition 2.5.13. Let X be a skeleton with one point labelled GA and

consider the following.
(i) A total order B.
(ii) For each b € B a number n;, € {1,Rg}, and N = {n;, : b € B}.
(iii) A set & of shapes, such that & = {s’: b € B}.
An ordered glorified antichain P € IC(GA, S, N, o) satisfies the following.
(iv) P=(P,<,<,s) and (P, <,s) € K(G, ).

(v) For some chain J, the universe of P is
P={p;:j €T, s(p)) =5}

(vi) The shapes in & induce a partition {J° : b € B} of J and a partition
{P%: b e B} of P, such that

Pb:{pg e T
(vii) If ny = 1 then |P?| < 1.

(viii) pb||p% for all j # 5"

(ix) p} < p?; when j < 7' in J.
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2.5 Ramsey classes of ordered shaped partial orders

(x) For all pairs pé’-,p;’-i € P,if j <j then b <.

Further, given any (P’,<’,s') € K(G,6) and a chain J’ that define a
structure P’ = (P', <’, <, ') satisfying conditions (iv)-(x), the structure
P’ lies in KK(GA, S, N, o).

If P’ is non-empty, we denote the substructure of P on P’ by P?.
The class IC(GA, S, N, o) is a class of ordered shaped glorified antichains.

Remark 2.5.14. By this definition, all the points of the glorified antichain
P in Figure 2.6 are incomparable in the partial order <. The points shown
in the picture are the points of s’*-shaped antichain P%, s’-shaped antichain
P? and s¥8l-shaped antichain P”8/, with the shapes inducing this partition
as in part (vi) of this definition.

A point in P has the label

b
pja

where b tells us that the point is s’-shaped and the label j tells defines the

total order <. Namely, in the total order < we have
b b b b
PRy =<y < =P == =l <=l <
b5 b5 b5
S AR S SIS
By part (ix), this arises from J being a chain in which

l<...<ji<...<j<..<j+p<..<j<ji+l<...<j+jps.

By part (x) we have by < ...b < ... < by in the chain B. Thus < is convex
on each of the s’-shaped parts P® of P and we have

P <. .. <Pl< .. . PUm.

Also, by part (vii) we have j; < nq, j, < ny and jjg) < ng|, as 11, My, NiB| €

{1,%o} by part (iii). This means that in general the part P is finite and
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2.5 Ramsey classes of ordered shaped partial orders

has at most one point in the case when n;, = 1.

By part (viii) of the definition above, any structure in the class IC(GA, &, N, 0)
is an antichain. We swiftly move on to chains of antichains. See Figure 2.7 for a

sketch of a chain of antichains.

Figure 2.7: Chain of antichains P

T
H e o o © o ©° ¢ o o * & o

A-shaped Z P
a’,2

Pz, j 4

a,b i

i 1

TpE — 1 g% ghaped P
a-shaped i =

j\ v v v e v ‘ S N e ’ ’--. >
a.b a.,b
p’J ah

pi.j+k

S,-shaped P, Piji1
a’-shaped p;‘f_:i'l
2 * o l ° ¢ ¢ ¢ o o P P,
1% X X XX < + ++ + ++ + + 0O 0 oo0o0

Definition 2.5.15. We define a class IC(C'A, S, N, o) of ordered chains of

antichains using the following.
(i) A total order A and, for each a € A, a total order B,.

(ii) A set & of shapes, such that
S = {s*: (a,b) € A x B}.

Let also
G, = {sa’b :beB,}.

(iii) For each (a,b) € Ax B anumber n,, € {1,R0}, N, = {ngp : b € B, },
and N = {ngy : (a,b) € A x B}.

75



2.5 Ramsey classes of ordered shaped partial orders

(iv) For each a € A, a class IC(GA, S,, N,, o) of glorified chains.
(v) A class KK(C, .A) of A-shaped chains.
For each structure P € IC(CA, S, N, 0) there is an A-shaped chain
I=(Z,<,s")ecK(CA),
and for each i € Z, with a = s%(i), a glorified antichain
P, e K(GA,&,, N,,o),
such that the following hold
(vi) P = (P, <, <,5).
(vii) P, = {py : j € Tirs(pfy) = s**}.
(vill) P ={p{: (i,7) € T x J,s(p{}) = s**}.
(ix) pfy <pf if i <.
() Py <P if
(a) ifi <4, or
(b) i =1 and j < j.

Further, given any Z' € IK(C,A) and for each i € 7' a structure
P, € K(GA,8,, N,,0), where a = 57 (i), the structure P’ = (P', <’, <',5")
satisfying conditions (vii)-(x) lies in IC(C'A, &, N, 0).

Link. Lemma 5.2.3

Remarks 2.5.16. (i) Take any P € IC(CA, &, N,o0). Essentially, the
partial and total order on P are reflected in the total orders Z and,

for each i € Z, J;, and thus in indices ¢ and j of the points pZ’;’ of P.
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2.5 Ramsey classes of ordered shaped partial orders

The shaping of P is reflected in the indices a and b of the points p?j

ab a' b

of P. Thus for any p;7,p; / € P we in fact have a = a.

(ii) Take any P € IC(CA, S, N,0) and pZ’f,pEﬁi’ﬁ/ € P. Then the condi-
tions (ix) and (x) show that the total order < extends the partial

order <.

(iii) In Figure 2.7 we can see that to construct a chain of antichains, we
start with an A-shaped chain Z and replace each of its a-shaped points
1 with an &,-shaped glorified antichain P;. This induces the partial

order < on the glorified antichains, so we have
Pi<Py<...<P;<...<Pyp.

The total order < is convex on the glorified antichains P; and extends
the total orders on them, as well as extending <, and inducing the
total order

P <Py<...<P;<...<Ppy.

Finally, we consider a particular ordered shaped chain of antichains, a chain.

' D

Definition 2.5.17. Let Y be a skeleton with one point labelled CA, of G-
shaped chains of antichains with |B,| = 1 and n,p, = 1 for all a € A. Then
IC(X) is the set of all G-shaped chains, and KC(X, 0) the class of all ordered
G-shaped chains. We denote the class KC(X) in this case by IC(C, &). The
structures in IC(C, &, 0) are chains with the partial order < and the total
order < agreeing on any structure in IC(C, &), as < extends the order <,
as in any class IC(CA, S, N, o).

\. J

Glorified antichains of chains

This section will be longer than the previous two on generic partial orders and
chains of antichains. Instead of establishing notation for the class of shaped
partial orders corresponding to a homogeneous shaped antichain of chains we will

introduce a different building block of a shaped partial order, glorified antichains
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2.5 Ramsey classes of ordered shaped partial orders

of chains, built of glorified chains. A picture of an ordered glorified chain is in

Figure 2.8.
Figure 2.8: Glorified chain P

&, -shaped P
Ay o

Definition 2.5.18. Let ¥ be a skeleton with one point labelled GC and

consider the following.

(i) A total order A, with a partition {A;, A5}, where A, is possibly an

empty set, and for all a; € A; and ay € Ay we have a; < as.
(ii) For each a € A a number n, € {1,Ro}, and N = {n, : a € A}.

(iii) A set & of shapes with a partition {&, : a € A}, where |§,] =1
when n, = 1 and for each a € A there exists a total order B,, such
that &, = {s** : b € B,}.

An ordered glorified chain P € IC(GC, &, N, o) satisfies the following.
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2.5 Ramsey classes of ordered shaped partial orders

(iv) P=(P,<,<,s) and (P, <,s) € K(G, 6).

(v) For some chain J, the universe of P is

P={p’:je T s’ =s",ae A}
(vi) The partition of shapes from part (iii) induces a partition
{TJ*:a€ A} of J and {P®:a € A} of P, so that
P = {p;"":j € J}.
(vii) If n, =1 then |P?| = 1.

(viii) p?’“’b < p?,/’a/’b/ when h =1’ and j < j'.

(ix) p;»”a’b < p?, “Y when j < j'.

(x) For all pairs p?’“’b,p?,/’“/’b/ € P,if j < j thena <d.

Further, given any (P’,<’,s') € K(G,6) and a chain J’ that define a
structure P’ = (P, <’, <, ') satisfying conditions (iv)-(x), the structure
P’ lies in K(GA, S, N, o).

If P* is non-empty, we denote by P? the substructure of P on P°.
For h € 2], let P" = J,c4, P* If P" is non-empty, we denote by P" the

substructure of P on P".

Remarks 2.5.19. (i) Essentially, the part (x) says the total order on P

induces the total order on the set of substructures P*, with

/

P’ <P’ = a<d.

The part (viii) then says that P! and P? are both chains for <,
incomparable with each other. The part (ix) says that the total order
< extends the partial order < and places P! below P2.
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(ii) In the notation for a point in P,

h,a,b
pj )

the label h tells us whether the point lies in Py or Py. The label j
tells us where in < the point lies by (ix). Finally, by (v), the labels a

and b denote the shape s®® of the point. For each a the substructure
P¢ of P is G,-shaped.

We can see that the class IC(GC, &, N, o) is almost a class of chains. Similarly,
IC(GAC, 6, N, 0) will resemble a class of antichains of chains. See Figure 2.9 for

a sketch of a glorified antichain of chains.

Figure 2.9: Glorified antichain of chains P
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Definition 2.5.20. We define a class IKK(GAC, S, N, o) of ordered glorified

antichains of chains using the following.

(i) A total order A, with a partition {A;, A5}, where A, is possibly an

empty set, and for all a; € A; and ay € Ay we have a; < as.
(ii) For each a € A a number n, € {1,R¢}, and N = {n, : a € A}.

(iii) A set & of shapes with a partition {&, : a € A}, where |&,| =1
when n, = 1 and for each a € A there exists a total order B,, such
that &, = {s* : b € B,}.

(iv) A class K(GC, S, N, o) of glorified chains.

For each structure P € IC(GAC, S, N, o) there is a chain Z, and for each
1 € Z, a glorified chain

P, € K(GC, &, N, o),

such that the following hold.
(v) P=(P,<,<,5).
(vi) P, = {pZ’ja’b 17 € T}
(vil) P ={p[""": (i,5) € T x T,s(p]"") = s**,a € Ay}
(viii) pfs < plo " if
(a) if h="n,i=14and j < j', or
(b) h=1,h =2 and i #7.

. h,a,b h',a' b .
(ix) pij™ < pgy” if

(a) ifi <4', or
(b) i =4 and j < j'.
Further, given any chain Z' and for each i € Z' a structure

P, € K(GC,6, N, o), the structure P’ = (P', <’, <, s') satisfying condi-
tions (vii)-(x) lies in IC(GAC, &, N, 0).
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Link. Subsection of 5.2 (Matching skeletons), Definition 5.2.9, Definition
5.2.11, Lemma 5.2.12

Remark 2.5.21. We defined a glorified antichain of chains by taking a
total order Z and for each i € Z a glorified chain P;, consisting of chains
P} and P? for <.

The label pZ’ja’b introduces the label 7 in addition to labels of points in a
glorified chain, denoting that the point lies in the glorified chain P;.

Take any 4,7’ € Z and h € {1,2}. The chains P! and P/ are incomparable
in <. But for any i € Z, if P! and P? are non-empty, P} is incomparable
with P?, but is below all the other chains in P2, which creates a complement
of a perfect matchin between chains in P! and P2.

The total order < extends the total order on the glorified chains, but does
not extend the partial order <. Instead it is convex on the glorified chains,
setting

Pi<Py<...<P;<... <Py

Finally, we define particular cases of IC(GAC, S, N, o).

Definition 2.5.22. When A is of size 1, A = {a}, we consider two cases.

(i) If n, = Ro, the classes IC(AC, &) and IC(AC, &, 0), of shaped an-

tichains of chains and ordered shaped antichains of chains.

(ii) If n, = 1, then |S| = 1. The classes KC(A, {s*}) and IC(A, {s*},0)

are the classes of shaped antichains and ordered shaped antichains

respectively.

Link. Lemma 5.2.5

Note. Let K be a class of unshaped reducts of structures in IC(AC, &, 0).
Then K is precisely the class K(ACy,, ce), as defined in 2.2.11.
The class IC(AC, S, 0) is precisely the class of shaped antichains of chains
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2.5 Ramsey classes of ordered shaped partial orders

with convex extensions, defined in 2.2.13 for the class of antichains of chains,
and IC(A, {s},0) is a class of antichains with arbitrary linear orders, as

defined for the class of antichains

Simple skeleton

Simple skeletons are needed when proving the Ramsey property of classes of

ordered shaped partial orders.

~

Definition 2.5.23. Consider an ordered skeleton ¥ = (X, <, <,ly,3). The
Y is a sumple skeleton, labelled X, if

(i) (X)) c {G,GAC, A},

(ii) l2(<) C {<gs <c},
(iii) (X, <) extends the partial order (¥, <),
(iv) X satisfies the c-condition, and

(v) for each distinct o,0” € ¥ there exist o; for ¢ € [n] such that

!
0=00—901 —g--+—"9g0n —g0On+1 =0 .

Suppose that ¥ is a simple skeleton.
a) If [;(X) C {G,GACY, then X is a glorified skeleton.
b) If [1(X) C {G, A}, then ¥ is a antichained skeleton.

¢) If 1;(X) € {G}, then ¥ is a generic skeleton.

J

In Definition 2.5.22 we introduced labels AC' and A and classes IKC(AC, G, 0)
and IC(A, {s}, 0) as specific cases of the class I(GAC, S, N, 0), namely when

A={a}, 6=6,,

and either n, = Ny or n, = 1. So different simple skeletons will define the same
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2.5 Ramsey classes of ordered shaped partial orders

class. Indeed, a skeleton ¥ with a point o labelled A and a set {s} of shapes
defines the class IC(A, {s},0). A nearly identical skeleton ¥’, but with o labelled
GAC, 6 = {s} and N = {1} defines the class KK(GAC, S, N,0). While they
appear different, both classes define a class of s-shaped antichains.

Thus we only need to consider glorified skeletons when focusing on the clas-
sification, but use simple skeletons and antichained skeletons to emphasise that
some of their points denote classes of antichains rather than any other glorified

antichains of chains.

Definition 2.5.24. Suppose that ¥ = (X, <, <, [1, l3) is a glorified skeleton.
The skeleton
Y = (E, <, <, lll, lg)

is the antichained skeleton of ¥ if
li(c) = GAC <= li(0)=Aand l1(0) =G <= li(0) =G.

Conversely, the skeleton Y is the glorified skeleton of .

We first define a class of structures corresponding to an antichained skeleton.
See Figure 2.10 for a sketch of a structure in the class defined by an antichained

skeletons.

Definition 2.5.25. Let > be an antichained skeleton or a generic skeleton,
and for each o € X,

(i) if [1(0) = A, let &, = {s,} be a set of shapes, and
(ii) if l;(0) = G, let &, be a set of shapes.

Let & = U, 65. A structure P € IC(X,6,0) is an ordered S-shaped
partial order, such that

(i) there is a partition {P, : 0 € 3} of P,

(ii) if P, is non-empty, the substructure P, of P on the subset P, is
S,-shaped and P, € K(0,6,,0)
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2.5 Ramsey classes of ordered shaped partial orders

Figure 2.10: A structure P in a class defined by an antichained skeleton X

&,,-shaped P,,

X ' 4 q
02\/ g3
(o)
Gsy-shaped P,
e ©® © o 0o ® o 0°

&,,-shaped P,
li(o3) = A

<g <y

&,,-shaped P,

(iii) if P, is non-empty and l;(0) = A, then P, is an antichain,

(iv) if 0 <. o', then for each p € P, and p’ € P,/, we have p < p/,

(v) if o < o', then for each p € P, and p’ € P,/, we have p < p'.

J

The definition of a class of structures corresponding to a glorified skeleton
is more complicated. Recall that IC(GAC, &, N, o) is defined in 2.5.20. Figure
2.11 explains visually how to build a GAC component of a structure from an A

component.

7

Definition 2.5.26. Let X be a glorified skeleton. Consider any o € 3.
(i) If l;(0) = G, let &, be a set of shapes.

(i) If {1(0) = GAC, consider the following.
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2.5 Ramsey classes of ordered shaped partial orders

(a) A total order A,, with a partition {A, 1, A,2}, where A, is
possibly an empty set, and for all a; € A,; and as € A, we

have a; < as.
(b) For each a € A,1 an ny,, € {1,80} and N, = {ny,, : a € A, }.
(c) A set & of shapes with a partition {&,, : a € A,}, where

|&,| = 1 when n, = 1 and for each a € A, there exists a total
order B, ,, such that &,, = {s*’ : b € B,.}.

(d) If there exists a o’ € 3, such that o’ <, o, then A, is empty.

Let 6 =, .5 Gs-
We define the class KC(X, &) of ordered shaped partial orders with a glorified

skeleton as follows.

Consider an antichained skeleton ¥’ of X.
(iii) If l1(0) = GAC, let &/ = {s,}.

Let 6 = <U062,l’1(0):G 60) U (Uaez,l;(a):A 63)-

A structure P € IC(X, &) is an G-shaped partial order, such that the
following hold.

(iv) There is a partition {P, : 0 € ¥} of P.

(v) If P, is non-empty, the substructure P, of P on the subset P, is
S,-shaped.

(vi) If P, is non-empty and l,(0) = GAC, then P, is a glorified antichain
of chains, P, € IC(3,,S,, N,,0), with universe

Py = {pli? : (i,§) € T, x Ty, s(pi)) = 2 € Asp}-

(vii) There is a structure P’ € IC(X/, &’) with partition {P. : ¢ € X} of P’
and the following.

(a) If l{(0) = G and P, is non-empty, then P, = P,,.

86



2.5 Ramsey classes of ordered shaped partial orders

(b) If I{(0) = A and P, is non-empty, then P/ in an antichain with
Pg = {pa,i 29 € Io‘}-

Let f: P — P’ be a map, such that for p € P,
(viil) if {1(0) = G, then f(p) = p, and
(ix) if I(0) = GAC, then p = p"** and f(p) = po.:.

0’717.]

Suppose that o #¢, p € P,, ¢ € P, and that
p<q.
Then one of the following is true.
(x) 0 <.¢

(xi) 0 <45, f(p) < f(¢) in P" and either /;(c) = G or [;(0) = GAC and

_ lad
P =Dy, O

(xii) ¢ <40, f(p)||f(q) in P’, l1(s) = GAC and q = qifjb
Finally, the structure P still satisfies this condition for total order <.

(xiii) If o < o', then for each p € P, and p’ € P,/, we have p < p'.

Link. Lemma 4.3.6, Theorem 4.3.7, Lemma 5.2.18

Remark 2.5.27. We saw an example of a structure P in a class of ordered
shaped partial orders defined by an antichained skeleton in Figure 2.10. In
Remark 2.5.21 we also discussed that we form a glorified antichain of chains
from a total order Z and for each i € Z a glorified chain P;. Take a glorified
skeleton ¥ and its antichained skeleton ¥'. We will build a P € IC(X, 6)
from a P’ € IC(X', &) by similarly building a glorified antichain of chains
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2.5 Ramsey classes of ordered shaped partial orders

P, from each of the antichains P/ for any o € ¥ with [1(0) = GAC.

So given a P’, to build P keep all the components with label G and in
each component labelled GAC replace each point in the antichain with a
glorified chain to form a glorified antichain of chains. We need to specify
the partial order between different components of P. Namely, for any o € X
with [;(0) = GAC and any ¢’ € ¥, we need to define < between the points

in P, and P,/, whenever the two sets are not empty.

e When o <. ¢’ we simply place the component P, completely below

the component P, in the partial order < or vice versa when o’ <. 0.

e When o' <, o, by part (ii)(d) of the definition, the A, defining
the glorified antichain of chains P, must then be empty, so P, only
consists of incomparable chains in P, ;. Take any p € P,, ¢ € P,.

Then there are only two options:

flg) < f(p) or  f(@If(p)

When f(q) < f(p), we place the entire chain P! ; above ¢, and oth-

o,

erwise the entire chain P}, is incomparable with q.

e The final case, 0 <, o', behaves similarly, but with an additional
twist. When f(q) < f(p), we place the entire chain P/ ; below ¢, and
the chain P?m- is incomparable with q. The opposite happens when

f(@)||f(p), we place the entire chain P?m- above ¢, and the chain P}m-
is incomparable with q.

With the complement of a perfect matching between the chains of P in P!
and those in P? where necessary, the obtained structure is indeed a partial
order.

The total order <, however, is much easier to describe. It places the entire
P, either completely above or completely below the other components of
P and thus extends the total order on X but not the partial order <.
Representing an example of what might happen in P is Figure 2.11. In
the picture the chains of P! and P? are represented by turqouise rectan-

gles. The reason that not all red edges from the complement of the perfect
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2.5 Ramsey classes of ordered shaped partial orders

matching appear in the final combined picture is that there is already a <

relationship between some pairs of chains arising from the blue edges.

Elementary skeleton

Finally, consider an elementary skeleton.

7

Definition 2.5.28. An elementary skeleton ¥ = (X, <, <, 3, 13) is a struc-

ture defined as follows.
(i) ¥ =(%,<,<,l,l) is an ordered skeleton,
(i) ;(X) c {A,CA,GAC, G},
(iii) for any distinct o,0’ € ¥ with [1(0) € {A;, CA} we have ol|o’, and

(iv) any two distinct 0,0’ € ¥ with o <. ¢’ satisfy the c-condition, defined

as follows.

(a) If there is 7 € X, such that 7 < o, then 7 <. o’

(b) If there is 7 € X, such that ¢’ < 7, then o <, 7.

Remark 2.5.29. So the subset of ¥ of the points labelled A; or CA is an

antichain, incomparable with the rest of the points in the skeleton.

While the definition of an elementary skeleton is short compared to the defini-
tion of the good skeleton (2.4.13), it will be accompanied by a longer counterpart

to Definition 2.4.14. We aimed to prove the following.

Conjecture 2.5.30. Suppose that IC is a class of ordered shaped partial
orders, that is Ramsey and has ordering property. Then IC is simply bi-
definable with IC(X, 0), where X is an elementary skeleton.

This aim was not achieved, and we proved a weaker result.
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2.5 Ramsey classes of ordered shaped partial orders

Theorem 2.5.31. Suppose that 3 is a good skeleton. Suppose that S is a
set of shapes, that there is a partition {S, : 0 € X} of &, and

o for each o € ¥ with l,(c) = AC, numbers n,1 and nga, with
— Ng1 =Ny and nyo € {1,Ng}, orny1 =ny,2 =1, and
—|8s| =1 if ngo=1;

o for each o € ¥ with l1(0) = CA,

— a partition {S,, :a € Ay} of &,, and
— for each s®* € &,,, a number nyqp € {1,No}.

Let IC(X) be the class of shaped partial orders as defined in 2.4.14. Then
there exists an elementary skeleton ¥’ and a class IC(X, 0) of ordered shaped

partial orders, such that
(i) the classes KC(X) and IC(X') are simply bi-definable, and

(i1) the class IC(X',0) is a reasonable class with respect to IC(X) and is a

Ramsey class.

Further, when the elementary skeleton X' does not contain edges labelled

<y, the class KK(X', 0) has the ordering property.

Note. The author was planning on proving a stronger result, by additionally
proving that KC(X', 0) has the ordering property. The author discovered a

flaw in the proof and had to amend the statement of the main theorem.
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2.5 Ramsey classes of ordered shaped partial orders

Figure 2.11: Building a structure in a class defined by a glorified skeleton from a
structure in a class defined by an antichained skeleton
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of chains

Edges
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(xi) and (xii)
of the
definition Adding edges
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Chapter 3

Key technical lemmas

In this chapter we introduce technical lemmas that will be used in proving that
classes of ordered shaped partial orders are Ramsey. This chapter is heavy on
notation, so the results in Chapter 4 should be viewed as examples of structures
satisfying the definitions in this chapter. Thus the definitions are often followed
by Links, signposting the reader to relevant lemmas in Chapter 4. The reader is

advised to read the two chapters in parallel.

3.1 Bi-definability

Recall again the Classical Ramsey Theorem (2.2.2) and related Example 2.2.7.
While the Classical Ramsey Theorem is about finite sets, it is clear that it also
shows that the class of all finite antichains is Ramsey as well. In both cases, any
two structures or substructures of the same size are isomorphic. The same is true
in the case of the class of chains, the classes of ordered chains and antichains, and
also in the classes of ordered shaped antichains, IC(A, 0). In these cases it is easy
to see that all classes are Ramsey for essentially the same reason - the size of a
structure determines its isomorphism class, so it’s not really important what the

structures in the class look like. Consider, for example, the following proof.

Example 3.1.1. Given ordered shaped antichains Q = (Q, <, <,s) and

R = (R, <, <,s) of sizes ¢ and r respectively, find p such that p — (r)]
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3.1 Bi-definability

using Classical Ramsey Theorem.

Let P = (P, <, <,s) be an ordered shaped antichain of size p. Then for any
subset ' of P of size ¢, the substructure of P on the set )’ is isomorphic
to Q, and similarly for any subset R’ of P of size r.

The fact that P — (R)2 follows trivially.

This shows that the class IC(A, 0) , defined in 2.5.22, is a Ramsey class.

The proof in Example 3.1.1 is essentially identical to the proof in Example
2.2.7. That happens because all the mentioned classes of structures are simply bi-
definable. We mentioned the simple bi-definability for the specific case of classes
of structures with different total orderings in Definition 2.3.9 already. We revisit
the definition here, for classes of relational structures. We also show that any
two simply bi-definable classes are either both Ramsey, or neither is. That will
be one of the techniques of showing that a class of ordered shaped partial orders
is Ramsey. This result is mentioned in paper Kechris et al. (2005) for the specific
case of simply bi-definable classes of two extensions of Fraissé classes by a total
order relation.

We start with a formal definition.

Definition 3.1.2. Let ICy be a class of structures in a relational language
Ly. Let Ly = LoyU{Ry;}jes, and Ly = LoyU{ Ry ;};es, be languages of rela-
tions of arities n(1, j) and n(2, j) respectively, and let IC; be a reasonable
class of structures in language L; and Ky in Ly. The classes IC; and ICo

are simply bi-definable over Ky if the following are true.

(i) There are quantifier-free formulas {1 ;}jes with n(1,7) variables
in language L;, and given any A, € Ky and A; € K; with
A, = <A0,{Rfj}j€h), there exists a structure A, € Ky with
A, = (A, {Ré;}je]2>, with RQJQ» on Ay defined by ¢, i.e.,

Ry3(a1,an,- -, ane ) < A1l pylanaz,. . aneg)

We define ®; by setting ®1(A;) = (Ay, {jo}je‘]2>.

(ii) Similarly, there are simple formulas {9 ;};ecs, in Lo, defining for each
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3.1 Bi-definability

Ag € o and A; € IC, with Ay = (Ag, {R3?}jes,), a structure

(I)2(A2) = <A07 {Rﬁjl }j€J1>'

(iii) For each Ag € ICy, the map ®; is a bijection between the expansions

of Ag in IC; and expansions of Ay in /Cy, with inverse ®.

Remarks 3.1.3. (i) Technically, we define a ®; and a ®, for each
A, € Ky, so they could be referred to as ®° and a ®2°. But since
IC1 and ICy are both reasonable expansions of the class ICy, if IC; and
IC, were sets, we could patch together different ®£9’s and ®2’s to

get a bijection ®; between IC; and Ky with an inverse ®s.

So, informally, we will say that IC; and ICy are simply bi-definable if

there exists a unifom bijection @ : Ky — ICo, with inverse ®.
We sometimes omit reference to ICq.

(ii)) When proving that two classes of structures are simply bi-definable,
we will omit formally defining the languages and writing explicit sim-

ple formulas ¢. Instead, we will explain how the relations in class ICy

can be defined by the relations in /C; and vice versa.

The link between simple bi-definability and Ramsey classes is the fact that

®, and P, 'preserve’ substructures as well.

Lemma 3.1.4. Suppose that IC; and ICo are simply bi-definable over ICq.
Then for any structures A1, By € IC1, Ag, By € Ky with ®1(A1) = Ay and
®,(B1) = By, there is a bijection

B B
A,1,B; . 1 2
d . (Al) - (A2>’

with inverse fA2B2. Moreover, fAvB1 sends a substructure of By with

universe A’ to a substructure of By with universe A’.
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Proof. Take any A/, € (ii) Then we must have
Al Al
Ay = (AL (R Yen), Ao = (A6, {Ro] Yie)
with

A’ B m(1,5) / BO
RM — RBin A ,Ae( ).
1,j 1,5 0 0 AO

Besides, there is a map 0 : Ay — Aj, such that
A/
Rﬁ}(al, az, .., anay)) <= Ryj(0(a1),0(az),...,0(anay)))

for all relations R, ;, with j € J;.

Consider the structure Afj, with
A/
Ay = (Ao (R en)

and
Ry: =R A,

We will show that
R (a1, as, - .., an(ay) == Rp2(0(a1),0(as),. .., 0(ane))

for all relations R, ;, with j € Js.

Take any (ay,ah, ... a5 ;) € A9 Then we have,

A
2 7j

/ / ! Bay 1 / /
R (al,aQ,...an@’j)) — RQ,j(al,aQ,...an@j))

by definition of a substructure.

Now recall that R?j is defined as

jo(blab27"'7bn(2,j)) — Bl |: ¢17j[bl’b2"”7bn(2’j)]‘

So we have

Rgi(aﬁ,algw-'%(z,j)) < Bi [ gilal,dy, a0 )
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But since (ay,dj, ... a4 ;) € A’E(Q’j) and A} is a substructure of By, we must

also have

/! /

B, ): 1,5 [a/b a,2> . '&n(Q,j)] — All ): $1,5 [a/17 al2? s an(?,j)]'

The map € defines an isomorphism between A; and A}, so we have

Al pjlay,dy, . ann ] = AL E o150 (a)), 07 (ay), . --971(%(2,]'))]-

Ao

But, again, by definition of Ry, we have

A (07 (a)), 07 (dh), . 07 (ano )]

— jo(efl(a’l)ﬁ’l(a’z), 07N Al ).
Which means that we’ve just shown

Al _ _ _
Ryj(ay,ay, .. anpp) <= Ry (07 (a1), 07" (ay), ... 07 (@),

n

which finishes the proof.

Corollary 3.1.5. Suppose that IC; and Ky are simply bi-definable over
ICo. Then for any structures A;,B.,C; € IC1, Ay, By, Cy € Ko with
CI)l(Al) = Ag, CI)l(Bl) = B2 and <I>1(Cl) = Cg, Zf

Cl 5 1 1
Bl e (), with /< (B) = B}

then the maps f2vB1 and fA0Ct agree on the subset (szli) of (gi) and we

write

fA17B/1 - fAl,C1| By
(a1)

Proof. Take any A € (Ei), and let A, = fAUBI(AY).
Suppose that the universe of C is C, of B} is B C C and of A is A. Then
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the universe of BY, is B C C as well, by Lemma 3.1.4. Similarly, the universe
of A, = fAUBI(A") is precisely A € B € C. So fAB1 and fA1Ct both send
A’} precisely to the substructure of B, < C, with the universe A, i.e.,

FAUBIAY) = fAVCI(AY).

O
Now we are ready to show that simply bi-definable classes are either both

Ramsey, or neither is.

Lemma 3.1.6 (Simply Bi-definable Ramsey Lemma). Suppose that KC; and
ICy are simply bi-definable classes and that IC, is a Ramsey class. Then ICq

1s a Ramsey class as well.

Proof. Take any A,B € IC;. Let A; = ®1(A) and B; = ®;(B). Then there
exists C; € IC; such that
C— (Bl)kAl

Let C = ®5(Cy). We will show that

Let

be any colouring.

Then, using fA1Ct from Lemma 3.1.4, there is a colouring

co fAC. (21) — [k].

Since C; — (B;)2", there exists B) € (gi), such that (Ei) is monochromatic.

Now consider B’ = fB1:€1(B}). By Lemma 3.1.5, we have

)=
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3.2 Structural Product Ramsey Lemma

So for any A’ € (]i), we have A’ = fA1C1(Al) for some A) € (i) and

o(A') = o (PO (AY)) = o RO (AY),

B\ - .
SO (A) is monochromatic. O

3.2 Structural Product Ramsey Lemma

Aside from the Classical Ramsey theorem, a very useful result is the Product

Ramsey Theorem.

Theorem 3.2.1 (Product Ramsey Theorem). Let B = By X ... x By be
a product of non-empty sets of sizes |B;| = b; for 1 < i < t. Let also
A= A; x...x Ay be a product of sets of sizes |A;| = a; < b; for1 <i<t,
and let k be a non-negative integer. Then there is a number N such that
for any set C'= Cy x ... x Cy, where |C;| > N for 1 <i <t, we have

C — (B)i.
Again, in terms of sizes, we can write
N = (by, ..., b))%,

The proof of this theorem is commonly known, and was also an inspiration
for the proof of Theorem 3.2.6.

The proof of the Product Ramsey Theorem can be applied to a result about
the class of chains of antichains, although proving that the class is Ramsey re-

quires an argument that inspired the Two Pass Lemma (see 3.6.15).

Example 3.2.2. Take any two structures @, R € K(C'Ay, ), each consisting
of |Z| maximal antichains, an antichain Q); of size ¢; and an antichain R; of
size r; for each ¢ € Z. Then (g) is non-empty precisely when each antichain

R; is at least as long the antichain Q;, 1 < ¢; < r;.
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By Product Ramsey Theorem, there is a number p, such that
(Q17~~'»Qt)
p—= (11, ..., 1)y .

Let P be a structure with maximal antichains P; of size p for each ¢ € 7.
Now, importantly, given a subset @, of P; of size ¢; for each i € Z, the
substructure of P on the set | J;.; @; is isomorphic to @, and similarly for
subsets R; of P; of size r;. Thus by the Product Ramsey Theorem, we have
P — (R)Y.

The underlying reasons making the Product Ramsey Theorem work, that will
allow us to state a similar result for a much wider selection of classes of structures,

are the following.

(i) There is a set [¢] and each structure considered consists of substructures A;

for each 7 € [t].

(i) If the set () is non-empty, then for any A’ € (), the substructure A} of

A’ is a substructure of the substructure B; of B for each i € [¢].

(iii) Picking a set of substructures A, < B; for each i € [t] yields precisely one
substructure A’ of B.

We will define a product of classes of structures and use it on the way to
proving a Structural Product Ramsey Lemma, analogous to the Product Ramsey

Theorem, but extending it formally to classes of structures.

Definition 3.2.3. Let {L;};cq be disjoint relational languages. For each
i € [t] let Ly = {Ri;}jes;, and let KC; be a class of structures in language
L;, closed under substructures. A product K of classes IC;, IC = Hie[t] K;
in language L = (J;c(y L: is defined as follows.

(i) Given, for each i € [t], a structure A; € IC;, there is a structure
[Ticiy A € ITicjg Ki such that the following hold.

(a) The universe of [,y A; is [t] x A.
(b) For any i € I and j € J;, the relation R; ; is defined for [T, A;

99
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as follows:

Rﬁj((ila a1), (12, a2), - - ., (ingij)s An(ij))) =
il = iQ =...= in(i,j) = and Rfji((ll, as, . .. ,an(i,j))

(i) The product [],c(, KCi consists precisely of the structures in (i).

Remarks 3.2.4. (i) Take any B € K. For any set of non-empty sub-
sets {A;}icy with A; C B;, the subset [t] x A; of [t] x B;, with the
induced relations in L defines a substructure A of B. Further, any
substructure A’ of B in IC is defined precisely by a set of non-empty
subsets {A;};cpy with A} C B;.

(ii) Structures A =]J[;c;yA; and B =[],y
when, for all ¢ € [t], A; is isomorphic to B;. This follows straightfor-

B; are isomorphic precisely

ward from part (i)(b) of the definition above and the definition of an

isomorphism.

(iii) Essentially, for any i € I and j € J;, we have
Ai n ’L’, j
and by part (i)(b) of the definition above we have
A . n(i,j
R C ({i} x Ay) @) and

(a1,a9,...,an3,)) € Rﬁ‘j = ((i,a1), (3,a2), ..., (1, anuy)) € Rf‘j.

Lemma 3.2.5. Suppose that IKC is a product of classes IC; fori € [t|. Then
for any A, B € IC there is a bijection

()~ TR

1€t
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3.2 Structural Product Ramsey Lemma

Proof. Follows from Remarks 3.2.4. [

Lemma 3.2.6. Suppose that IC is a product of classes, K = Hie[t] IC;.
Suppose that for each i € [t], IC; is a Ramsey class. Then IC is a Ramsey

class.

Proof. Take any A,B € K. For i € [t], define C; € IC; and a number ;

recursively as follows.

. C
G (B ‘(BI)'
1

and C
A; . i
C — (Bi)kH;;ll I, li= '(Bz) ‘ :
The C; exist because the classes IKC; are Ramsey.
Now let C =[], C;. We will show that C — (B)&.
To start, set fi = f&4B, fo = f4C and f3 = fBC.
C C;
Colour ¢ : (A) — [k]. Then ¢ =co fy': [Ticy (

Ai) — [k] is a colouring
B’
as well, and finding a monochromatic Hie[t] (AZ) will yield a monochromatic

()= (1)

i€]t]

C C
Start with ¢ = 2. Enumerate (Bl) ={Bi1,...,By;, }and fixan A} € (AZ)'
1 2

Then ¢ induces a colouring

s () > I AL (AL A

B, .
Since C; — (By)2, there is a j € [I;] such that (Alj) is monochromatic of
1

colour k; € [k]. So let
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3.2 Structural Product Ramsey Lemma

Note that |[k] x [l;]| = k - l;. So since Cy — (BQ)QT, the colouring ¢, gives us
/ /

B B
a monochromatic ). That is, for each A} € 2,
A2 A2

so for each A € B;; we must have

(A1, A3)) = ki

B, B!
So we must have ( Al’] ) X ( Az) monochromatic under ¢ of colour k; and
1 2

fi! gives us the monochromatic as explained above.

A
Now proceed by induction. Suppose the statement is true for t < T. Set

L =T[;_,1;. Then
/ Cz CT—H
c H ( > X ( ) — [k]
€T AZ AT—H

Cra

and picking an A7, € ( ) induces a colouring

At

b ] (i) = [k], (AL...,A%) = (AL, ..., A%)).

ier) N

&

Bi) . By induction

&
We have that ’Hiem (B )

= L, so enumerate [[;cp (

i), the 7" such in the enumeration, of

there is a monochromatic HiE[T] ( A

colour k;, so define

) (iz) — [k] x [L], AL (ki ).

Note that |[k] x [L]| = k- L and we have

Cry1— (BT+1)£?1
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3.2 Structural Product Ramsey Lemma

Cra

Hence the monochromatic B, € ( ) under the colouring ¢, together

Br

G\ . .
with the j element of HiG[T] (B give us the monochromatic element of

C; I
[icri (Bz) of colour k;, finishing the proof.
O

Now, by definition of the product IC = [] ]Kli, given any A € K, each

i€t

of the A; is a structure, and thus A; is non-empty. But taking any non-empty

subset A’ of [t] x A;, there exists a relational structure A’, a substructure of A

with universe A’. So unless t = 1, the class IC is not closed under substructures.

To get a class closed under substructures, we introduce a full product of classes.

7

2N

Definition 3.2.7. Let {L;};c[y be disjoint relational languages. For each
i € [t] let Li = {Ri;}jes, and let IKC; be a class of structures in language
L;. Let S be the set of non-empty subsets of [t]. Let L = (J,cy Li be a
union of languages L;. The class IC in L is a full product of classes IC; if

oy (H;g).

TeS \ieT

Remarks 3.2.8. (i) Take A = [[,.;,, A; € K. Then in particular, for
each i € T4, the substructure of A on the set of points {i} x A; lies
in IC. We abuse notation and denote it by A;, despite the fact A; is

technically a structure in 1C;.

(ii) Technically, again, if IC; are proper classes, we can’t take a union of
them. But we abuse the notation to mean that A € K if and only if
A €]],er K, for some T € S.

Lemma 3.2.9 (Full Structural Product Ramsey Lemma). Suppose that K
is a full product of classes. Suppose that for each i € [t], KC; is a Ramsey

class. Then IC is a Ramsey class.
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3.2 Structural Product Ramsey Lemma

Proof. First note that by Lemma 3.2.6 the class ][, /C; is Ramsey for each
TeS.

Take any A = HieTA A, B = HieTB B, € K. Unless T4y C T, the set (i) is
empty, and trivially B — (B)2. So consider the case when Ty C Tp.

Clearly, if Ty = Tp, A,B € HieTA IC;, and thus there exists a C € HieTA K;
(and thus C € ), such that C — (B)2.

Otherwise consider the substructure [[;c;,, B; of B. Again there exists
[Lier, Di € [1icr, ICi, such that

[[ D~ (H Bi>A.

1€T'y i€T'A k

Define C as []

ity Ci, where

(1) Cz = Dl if 4 S TA, and

Then C — (B)2.
Indeed. Suppose that B’ € (g) Then for ¢ € T \ T4, we must have B, = C,;.
For i € Ty, B} is a substructure of C; = D;, isomorphic to B;. Thus finding a

monochromatic substructure of [];.,,, D; isomorphic to [[;.,, Bi corresponds

to finding a a monochromatic substructure of C isomorphilsj’;/:) B.
O
Recall that we can build new classes by merging them, as in Definition 2.5.2.
In the case where the merge of any two structures is unique, we can apply the

Full Structural Product Ramsey Lemma.

Lemma 3.2.10. Let L = {R;}ic; be a relational language and let K, 1C
and ICy be classes in language L. Suppose that IC is a merge of classes Ky
and ICs.

Let Ly = { Ry, }ier and Ly = {Ry,;}ier be disjoint copies of language L, and
let IC| be a copy of the class IC, in language Ly, and let IC,, be a copy of
the class ICo in language Lo.

If, for each Ay € K1 and Ay € Iy the merge A of structures Ay and A,
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3.2 Structural Product Ramsey Lemma

is unique up to isomorphism, then the class IC is simply bi-definable with
the full product of classes IC| and IC).

Note. By ’a copy of the language’ and ’a copy of the class’ we mean that IC,
and IC| are essentially the same class, up to slightly different notation. We
could say that they are trivially simply bi-definable. We introduce L; and
Ly because we define a product of classes for classes in disjoint languages
in 3.2.3.

Proof. Trivially, for any A; € IC; there exists a structure A} € K| such that

for all 7 € I we have

A
Ry} (a1, az, ... an0) = Ay = Rfl(al,aQ, oy On(i))-

Similarly, there exists a structure A}, € IC), for any A, € ICs.
Conversely, for h € [2] and any A}, € IC}, there is a Aj, € ICp, such that

A/
RhA,?<a1a Az, . .. 7an(i)) < A;l ): Rz h((ll, as, ... ,an(i)).
This formalises the assertion that IC) is a copy of KCy, for h € [2].

Take any A € IC. If As is empty, then A = A; € KCq, so

/7

A
Rl,g(al,ag,...,an(i)) <~— A }:R;A(al,ag,...,an(i)).

Similarly if A; is empty. In an analogous way, we can define R* using Rf,;l

for any A/ € K/, and using R‘; ;2 for any A, € IC,,.
Otherwise A is a merge of A; and A,. Then we have
RllA,zl (al, . ,an(i)) — A ): R;A(Cll, c.. ,an(i)) N Fl(al) VANPERAN Fl(an(i))

and

Ri;(al, . ,an(i)) — A }: R?(al, ... ,an(i)) A\ FQ(CL1> VANAN FQ(CLH(Z))
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3.2 Structural Product Ramsey Lemma

So using the definition of relations on the product A’ = [],, ] A, that defines
the relations R,ﬁ;.
Conversely, a relation RhA;i defines the relation R;-A ". Since given any two struc-
tures A; € ICq, Ay € Ky there is a unique merge A € IKC of A; and A, that
means that the relations Rf‘; and R%; define the relation R#. This concludes
the proof.

O

Corollary 3.2.11. Let L = {R;}ic; be a relational language and let K and
IC;, for i € [n], be classes in language L. Suppose that IC is a merge of
classes IC;.

Let, for h € [n|, Ly = {Rhn,i}icr be copies of language L, and let KC) be a
copy of the class IC; in language L;.

If, for each selection of A; € IC;, the merge A of structures A; is unique up
to isomorphism, then the class IC is simply bi-definable with the full product

/
of classes K.

Proof. The proof follows from 3.2.10, by induction on the number n of the

classes involved. O

Corollary 3.2.12. Let L = {R; }ies be a relational language and let K and
ICi, for i € [n], be classes in language L. Suppose that IC is a merge of
classes IC; and suppose that each class IC; is a Ramsey class.

If, for each selection of A; € IC; the merge A of structures A; is unique up

to 1somorphism, then the class K is a Ramsey class.

Link. Theorem 4.3.5, Theorem 4.2.4

Proof. By Lemma 3.2.11, the class IC is simply bidefinable with the full product
of classes KC}, defined in the lemma. Now by Lemma 3.1.6, each class K} is
a Ramsey class, as it is simply bi-definable with the Ramsey class IC;. The
full product of classes IC} is Ramsey by Lemma 3.2.9, so K is indeed also a

Ramsey class. N
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3.3 Substructures

3.3 Substructures

Throughout this section, let IC be a class of ordered G-shaped partial orders
closed under substructures and isomorphisms, and let I be a Fraissé class of
ordered partial orders containing the unshaped reducts of the structures in IC,
1.€.,

if (P,<,=<,s) € K, then (P, <, <) € K.

Note. Given a shaped partial order P = (P, <, <,s), refer to the reduct
(P,<,<) as P. This is a slight abuse of notation, as P also refers to the
universe of P (and of (P, <, <)). It makes the heavy notation in this section

somewhat lighter.

Definition 3.3.1. Given a P € K, define the set [GP} of shapings of P
to be the set
[GP} ={s: (P, <,<,5 € K}.

Lemma 3.3.2. Let P € KK, P = (P, <P, <P s¥) and let
ip: (P, <, <) = (P, <, <)
be an isomorphism with the underlying bijection
ip: P — P.
Then s¥ oip € [G].
Proof. We will show that ¢p, defines an isomorphism
ip/: (P, <,=<,57) = (P, <, <,sF 0ip)).
For each p € P,

P

sP(p) = 5% o (ip} 0 ip)(p) = 8¥ 0 ip (i (p)).
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3.3 Substructures

So since ip/ is an isomorphism and K is closed under isomorphisms,
(P',<,=,8% 0ip) € K and hence s¥ o i}, € [G7]. O

Lemma 3.3.3. Let P € K, (P, <P, <P sP) and R’ € (Z). If IC is closed

under substructures and isomorphisms, then for
5P|R/ZR/%6, 7"—>5P(7’)
and the isomorphism i : R — R’ of partial orders with the underlying
bijection
i:R— R

we have s|p oi € [GF].

Proof. Since IC is a class of ordered G-shaped partial orders closed under
substructures, for any subset () on P, the structure of P induces a structure

on (), namely
(Q,<R,<,59), where <Q=<P |5, <%==<F |0,52=5"|,.
So the isomorphism i is a map
i: (R, < <% = (R, <P g, <" |r).

Then (R, <!, <% s|p 01) is isomorphic to (R, <¥ |, <¥ |r/, 5 |r/), as for any
r € R we have

slp 0i(r) = sl (i(r)).

So, indeed, s|p 0 € [GE]. O

Corollary 3.3.4. If IC is closed under substructures and isomorphisms,
P, R € K and for each R' € (;), ig 1s the isomorphism

iR/ ‘R— R.
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3.3 Substructures

Then there is a map

s (;) < [67] = [67], (R.s)w slw oin.

Note. Since ig: is an isomorphism between two rigid structures, it is unique.

Proof. Straightforward from Lemma 3.3.3. ]

Definition 3.3.5. A class IC has a neat shapings property if for any R’ €

(Z) we have

o({r} = [67]) = [67].

Lemma 3.3.6. Suppose that K is a class of ordered partial orders and
P,P' R € K. Then an isomorphism

i:(P,<,<)— (P,<,<), withi: P — P’

yields a bijection

bR (Z) — (g), R —i(R).

Proof. Since i is an isomorphism, the map i is a bijection. Clearly i(R’) is a
subset of P’ by definition of i. Also, if R’ € (g) then for any r,r" € R’ we have

r<r < i(r)<i(r) and r<r" <= i(r) <i(r).

So the map
ilg : R — (R, r~—ir)

defines an isomorphism i’ : R" — ¢(R') and thus i(R’) is isomorphic to R and
lies in (I;/). So gbR((Z)) C (I;/) and ¢p is well defined.
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3.4 Blowup Lemma

Similarly we could use i~* to show that (];’) c (&

Pr (g) — (g), R — i (R).

Finally, given R’ € (Z), we have

) , considering

Or (Or(R)) = ¢35 (((R)) =i (i(R)) = R’
and similarly ¢r(¢5' (R')) = R, so ¢ is indeed a bijection. O

3.4 Blowup Lemma

Definition 3.4.1. Let IC be a class of ordered G-shaped partial orders, and
let IC be a Fraissé class of ordered partial orders containing the unshaped
reducts of the structures in IC. Let X be a set of size at least |S| and
let « : & — X be an injective map and g : X — & a map such that
Bla(s)) =s.

A weak (X, , 5)-blowup P of an ordered partial order P € K is any ordered

partial order in K on the set of points
P=PxX.

Given a p € P, a p-block of P is the substructure of P on the set of points
{p} x X.

Link. Lemma 4.1.1, Lemma 5.2.2

Given a set X, the maps «, § and a partial order P € K we can define a map

s:P—6, (px)— pz).

Since P € K and we did not require K to have any properties, it could
happen that [(‘Sﬁ] is empty. So in general, the map s need not be a shaping of

P. But we will consider the cases where it is, and where additionally the blowup
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3.4 Blowup Lemma

P = (P, <, <,s) contains (P, <, <,s) as a substructure for any s € [GP}.

Note. Given a shaping s € [GP}, there is a shaped partial order (P, <, <, s)
in the class IC by definition. But given a partial order P € K, we might
want to denote the specific shaping on P by sF, reverting to the more

formal notation when many shapings are involved.

There is a natural way to find such a substructure of P. Indeed, take any
shaped partial order P = (P, <, <,s) € IC and let

s:P—>6, p—s(p).

Then for a subset P(s) of P defined as

P(s) ={(p,x) :p € P,z =a(s(p))}
we have:
s((p,z)) = B(x) = Bla(s(p))) = s(p).

Denote by P(s) also the substructure of P on the set P(s). Suppose that we have
P(s) € (1) and that P = (P, <,<,s) € K. Let P(s) be the substructure of P
on the points P(s). Then we have

P(s) € (E)

We will additionally require that the blowup and substructures are related in

a natural way.

Definition 3.4.2. Let K be a class of ordered G-shaped partial orders
closed under substructures and isomorphisms, and let C be a Fraissé class
of ordered partial orders containing the unshaped reducts of the structures
in IC. Let X be a set of size at least |S| and let o : & — X be an injective
map and J: X — & a map such that 5(«a(s)) =s.

The class KK admits (X, «, 5)-blowups if it satisfies the following two con-
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3.4 Blowup Lemma

ditions.

(i) For any reduct P € K of a structure P € IC, there is a unique weak
(X, a, B)-blowup P, which, together with a map

s:P—=6, (pz) B(),
forms an ordered shaped partial order in IC, denoted by
P=(P <, <,s).

(ii) Given any P, R € IC and their reducts P, R € K, the following maps

are well-defined:

(a) the map B
e - )
(R',s") = R(s) = (R(s), <, <),
where R/(s') = {(r,x) : v € R',x = a(s'(i5 (r)))}, and
(b) the map
P P
7 (e) + (w)
R = R =(R(®),<, < sRo0ig),
where R/(s®) = {(r,z) : r € R,z = a(s®(in (r)))}.

Link. Lemma 4.1.3, Lemma 5.2.2

Note. We defined gg as a map sending a substructure of P, together with a
shaping of the substructure R’ of P, to substructure on a specific subset of
P. Since P is a partial order, a subset of its universe defines a unique sub-
structure of P. But insisting that the map gg be well-defined requires that
the substructure of P on the specific subset is isomorphic to the structure
R. Similarly with the map ff.

Besides, we should actually write gg™® and fff®, since the maps exist for
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3.4 Blowup Lemma

each pair P, R of structures in K and their reducts P, R € K. But we will
drop the labels of the maps unless they’re needed.

Definition 3.4.3. For the maps gg and f f defined in 3.4.2, define the set

of partial transversals of P isomorphic to R as the set

ol (5) 1)~ ()< )

Let the set of shaped partial transversals be the set

()= (&) < ()

Lemma 3.4.4. For any partial transversal R" of P and any p € P we have

|R'NP,| <1

Proof. If R" € ;), then R” = (R/(s'), <, <) for some R’ € (;) and

s’ € [6f] and R'(s') = {(r,z) : r € R,z = a(s'(ip/(r)))}. We also have
]_Dp:{p} x X. So for p € P we have

(i) RnP,={(p,z):z=0a(s(im(p))}if p € R and

(ii) R"N P, = otherwise.

Lemma 3.4.5. The following maps are bijections.

() g: (Z > x [6F] - <<Z>) o(R,5) = gg(R',5), and

w1 (p) - (&) s =
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Note. The maps f amd g are restrictions of the maps ff and gg to their
codomains respectively.

Similar to the labels of maps gg and ff, we should actually write ¢g*# and
fPR since the maps exist for each pair P, R of structures in /C and their
reducts P, R € K. But we will drop the labels of the maps again unless
they’re needed.

P P
Proof. The maps f and ¢ are surjective by definition of (( R)) and ((R))
Suppose that gg(R',s') = gg(R",s"), i.e., R'(s') = R"(s") and thus

{(r,x):re Rz = a(s'(i}_z,l(r)))} ={(r,z):re Rz = a(ﬁ"(ié,l,(r)))}.

Now, for r € R/, (r,z) € R'(s') = R"(s"), so r € R"” and thus R' C R".
Analogously we can show R” C R’ and thus R = R". Also ip = ip.
Now take any r € R’ = R”. We have iy (r) € R and iy (R') = R. Also

(r,z) € R'(s') = R"(s") and so

a(s™ (ig! (1)) = = a(s™ (i (1))).

By definition, a is an injective map, so we have s® (i (r)) = s® (im (r)). The

shapings s and s®" agree on all 1;2,1 (r) € R and are thus the same shaping.

So in fact we have (R, &’) = (R”,&") and gg is an injection.

We omit the proof that ff is a bijection. n
Lemma 3.4.6. Suppose that P,R,Q € K, R' € (;) and Q' € (g). Then
g% = g"9

(@)

Proof. Since Q' € (g) and R € (;), we have Q' € (g) Pick any ¢’ € [&9].

By definition we have

e (o) <121 = (o)

(@) = Q) =(Qs) <, <),
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where Q'(s) = {(¢,z) : g € Q"2 = a(s'(ig (¢)))}, and
, R R
s (o) <199 = ((5)
(QI’B/) = Ql(gl) = (Ql<5/)> < <)’

where Q'(s') = {(¢,2) : ¢ € @',z = a(s'(iy (4))) }-

Then indeed ¢9(Q',s') = Q'(s') = g9 (Q',5'), so g™@ = g9 [

’ (G)xtser

Lemma 3.4.7. Suppose that

e () o= (5)
Then the following are true.

(i) Let R' = gPR((R",s)), where R" € (1;) and s € [&F]. Then

(a) for each Q" € (g/) there is a s’ € [G69] such that
@ e ()

(b) and
Q' =¢"%(Q",5))

for some Q" € (}g) and s' from part (i)(a).

wae()

P P
Proof. For R' € (( R))’ there are R” € ( R) and s € [6%] such that

)
(R",5) — R =R'(s) = (R"(s), <, <),
where R"(s) = {(r,z) : 7 € R",z = a(s(ip(r))}.
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i) a)
Take any Q" € (Ig). Then let

iR/ R — R/7 iR// T R— R// and iQ// . Q — Q//

be isomorphisms, and

g =50 7,;2/1, o ¢} iQ"

Start by showing that s’ € [GQ}. Since s : R — & and igr : R — R" is an
isomorphism, we have s o z']},l, € [GR”} by Lemma 3.3.2.

Further, as

500 o Q"= 6 and ig:Q— Q"

with ig» an isomorphism, we have s’ = soz’;i,l, o olgn € [GQ] by Lemma 3.3.3.

Now since Q" € (g/) and R" € (;), we have Q" € (g) So by definition,

o (f) e - (0)

@"¢) = Q') =(Q"(s), <, <),

where Q"(s) = {(¢,;2) : ¢ € Q",x = (' (igu(q))}-
Since ¢ € Q" C R”, we have

50 dpu| g 0 iqr(ign(q)) =

o liar(igh(@) =

z=a(s(ign(q) = af
=a(soip
a(
o

Therefore

Q"(s) ={(¢.2) 1 ¢ € Q" C R",x = als(ip(q)} C R"(s).

Since "(s’) is isomorphic to @, we indeed have

@) =" (@ e ()
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3.4 Blowup Lemma

Consider now

W= {(Q”,soz';ﬁ

‘ . R"
e (5))

(5)-

We have already shown that for (Q”,s') € W, ¢P?(Q",s)) € (g), SO

gPe (W) c (g). But the size of W is the size of (RQ”), and g7 is a bijection.

Since the sets are finite that means that indeed
R’) o

=g~ (W).

(Q W)

Q' =g"(Q"))

for some Q)" € (]g/) and ¢’ € [&9].

We claim that

Hence for any Q' € (g)>

ii) Follows immediately from part i).

Corollary 3.4.8. The following is true.

(E) - - G ()

Suppose that o
, P , R’
e ((R>> Qe (Q)

Then the following are also true.

(i) For R’ = fPR(R"), we have
Q/ — fP,Q(Q//)

for some Q" € (}g/).
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wae ()

P
Proof. Take any R' = (R, <,<,s) € <(R)) By definition of f we have
R/ — fP’R<R”) _ (R//<5R), <, <’5R o Z}T?/l’)

for some R" € (1;). We know by definition of ¢ that the substructure of P
on the points R”(s®) is exactly the structure g"%((R”, s?)).

P P
We already know that ((R)) C (R)’ by definition. We have also shown
that R = R"(s®) = gPE((R",s%)) for some R” € (1). Then by definition of

P
g"® we indeed have R’ € (( R))
(i) Since Q' € (g), we have

with Q" = (@', <, <) isomorphic to (@, <, <) as Q' is isomorphic to Q.
Also we must have Q) C R’ since Q' is a substructure of R/.
But then Q' € (g) So by part i) of Lemma 3.4.7 we have
Q' =¢g"?((Q",5))
for some Q" € (RH) and §' € [GQ}. So

Q

Q ={(q.2):q€ Q"2 =0a(s(ign(q))} -
By definition of the shaping s on P we have

s((g,7)) = B(x) = Bla(s'(ign(q)))) = &'(ign(q)).
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But as Q' is isomorphic to Q we also have

s((q,2)) = s%ig) ((¢,2))).
So for ¢’ € Q with ¢ =i, (q) = igy ((q,x)) we have
5'(q') = ' (ign(a) = s((q,2)) = s%ig (0, 2))) = 5%
so 5’ = sQ, and thus

Q = (Q"(sY), <, <,5%0ig) = [FUQ").

(ii) Follows immediately from ii).

Definition 3.4.9. A class IC, which admits (X, «, §)-blowups, has the two

ways partial transversal property, if for any R e (%) we have

G ()

That is, any substructure of P isomorphic to an X-blowup of a structure R
has a partial transversal isomorphic to R that is also a partial transversal
of P.

Link. Lemma 4.1.4

Theorem 3.4.10. Let IKC be a class of ordered &-shaped partial orders
closed under substructures and isomorphisms, and let K be a Fraissé class
of ordered partial orders containing the unshaped reducts of the structures
in IC. Let X be a set of size at least |S| and let o : & — X be an injective
map and B : X — & a map such that f(a(s)) = s.

If the class IC admits (X, «, 5)-blowups and has the two way partial
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3.4 Blowup Lemma

transversal property, IC is Ramsey and for P,Q, R € IC we have

then IC is Ramsey.

Link. Theorem 4.1.5

Proof. Take Q,R € K. Then Q, R € K. Since K is a Ramsey class, there is a
P € K such that

We will show that

Let

c: (Z) — [k].

We will show that there is a shaped partial transversal R’ of P, isomorphic
to R, such that (P(g) is monochromatic. In that case, by Corollary 3.4.8, we
know that all of Q' € (g) are partial transversals as well. We will thus focus

on the restriction

@ ((g) =1 (@@=

By Lemma 3.4.5, we have the bijection

r(o)- ()
Combining it with ((¢)), we get the colouring
d=((c)of: <z> — [k].

Extend this colouring to all of (g), by defining ¢’ that is constant on the partial
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3.4 Blowup Lemma

transversals of each block substructure @, of P. That is, let

such that for ' € (S)
(i) if Q" = g(Q",s") for some (Q",s) € (g) x [69],
Q) = "(9(Q", ") = (Q"),

(ii) and ¢"(Q') = 1 otherwise.

Since P — (R)? implies P — (R), we can find a R e (g) such that ¢” is
constant on (g) Then as IC has the two way partial transversal property, we

can find an R* such that

NGORG]

_ — i}
Since R* € ((R )) and (g) is monochromatic, (J;) is monochromatic as

R
well. Let

AQ)=1 forall Q € (g)

Since R* € ((Z)), for some R** € (;) and s € [GR}
R* — gP’R((R**,s))

We will show that for R = f2f(R**) the set (g) is monochromatic.
So take any Q' € (g). Due to Corollary 3.4.8 we have

Q/ _ fP,Q(Q//)

for some Q" € (R**).

Q
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3.4 Blowup Lemma

Also by Lemma 3.4.7 part i) a), there is a 8’ € & such that

g( //75/) — Q/ c (}22*)

But then

(N(Q) = (NUFHUQ) = Q") = "(9(Q",5)) = "(Q) = .

So (g) is monochromatic with respect to ((c)). But then (g) is also monochro-
matic with respect to ¢ as R’ is a shaped partial transversal. Thus indeed
P— R

O

Corollary 3.4.11. Let K,K,, X, «, 3 satisfy the conditions in Theorem
3.4.10. Suppose that the class IC contains a class IC' of structures that is
closed under (X, a, B)-blowups and that the class KC!, of unshaped reducts of
K' is Ramsey. Then the class IC' is Ramsey.

Proof. Since K admits (X, a, 8)-blowups and K’ is closed under (X, «, f)-
blowups, the class IC" admits (X, «, 5)-blowups.

The class K’ also has the twofold partial transversal property, as for any R, P €
K" we have R, P € K by definition, so for any R € (g) we have

(G~ () o

since IKC has the twofold partial transversal property.

Similarly,
P — (R)Y =P — (R)Y

is true in K], since it is true in K.
So K" and K, satisfy all the conditions in Theorem 3.4.10 and K’ is Ramsey.
0
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3.5 Order classes

3.5 Order classes

Consider first the class K(C') of all finite chains, or all finite total orders. It is
well-known and easy to verify that any structure P € K(C) is isomorphic to the
total order [n] with the natural order inherited from N and where n = |P|.

Let L be a language containing a binary relation symbol < and let IC be
an order class for <. Suppose further that K only contains finite structures.
Take a structure A € K. Then A is a finite structure and < is a total order
by definition, so the reduct of A to language {<} is a finite total order. It is

therefore tempting to account for the total order <# by writing
A={a;:i€[n],n=1A]}, where a; <ay = i<,

using [n] as an index structure of the points of A.
But then, taking B’ € (g), we would have

B ={b;:j€[m],m=|Bl}, where V=<V, <= j<j

and
B = {b; cj€[m]l,m=|B} C{a;:i€n],n=]|A|},

which does not clearly denote which substructure of A the structure B’ is. We
could denote the points of B’ as the points a;, for j € [m]. However, we will avoid
the double indices wherever possible.

When defining classes of partial orders in Chapter 2, we wrote
P={p :ieT}
or
P=Apij:(i,j) €eTxT}

and used the total order on Z and the total orders on J; for ¢« € Z to define the
total order of a structure P (see Definition 2.5.11, Definition 2.5.15 and Definition
2.5.20). We will introduce notation in which the substructures of index structures

will define the total order of the substructures as well.
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3.5 Order classes

Denote by DA a finite total order in /C(C) isomorphic to (A, <#) and write
A={ag:decD*}

to denote
ag < ag < d<d in D,

encoding the total order < in the notation for the points of the universe A of
A.

Example 3.5.1. Let A be a partial order on the set of points {a,b, ¢, d}
and B a partial order on the set of points {k,{, m}, such that

a<bocdc<d and k<l m.

Suppose further that A and B are ordered partial orders, with the total

orders extending the partial order, namely such that
a<b<c<d and k<Il<m.
Then we can set
a=ay,b=ay,c=a3,d=ays and k=0by,l=0by,m = bs.

In this case, we set DA = [4] and DB = [3]. Then (g) contains two

structures, namely the structures on the points
By ={a;:1€{1,2,3}} and B;={a;:1€{1,2,4}}.
Then for any B’ € (‘S), we write
B ={as:d € D?}

where
e:B— A

is an embedding with ¢(B) = B’. Since any embedding has to preserve a total
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3.6 Two Pass Lemma

order <B (and the rest of structure on B), e induces a map
e, : DB - DA, with e (DB) = D¥

and
d<d inDB < e,(d) <e(d)in D

In this case we then get DB ¢ (gg), with e; : DB — DA an embedding of total
orders.

Instead of requiring that the index structures be total orders, we will require
they have a total relation in the class, but permit additional structure. Formally,

we capture that in the following definition.

' )

Definition 3.5.2. Suppose that the language L contains the relation sym-
bol < and Lp contains a relation <p. Let K be a class of structures in
language L and KCp in language Lp.

A class IC is an order class with respect to Kp if
(i) IC is an order class with respect to <,
(ii) KCp is an order class with respect to <p,

(iii) for each A € K there exists a structure ®(A) € Kp and such that

for the map
d:A— PA)

we have
a<d << @) <p ?d).

We denote ®(A) by DA, ®(a) = d and write A = {aq : d € DA}.

Link. Lemma 4.2.1

3.6 Two Pass Lemma

In this section, we will use letters A, B and C to refer to shaped partial orders

most of the time, and P, Q and R when we consider structures in a specific class
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3.6 Two Pass Lemma

of shaped partial orders.

The idea that lies behind the Two Pass Lemma can be illustrated by the proof
that the class of chains of antichains, IC(C'Ay, ), is a Ramsey class. A similar proof
is also used in Soki¢ (2012a) to prove that the classes K(ACy,, ce) and K(C Ay,, €)

are Ramsey, but we adapt notation to be consistent with the rest of the thesis.

Example 3.6.1. This is a continuation of Example 3.2.2.
Take any two structures @, R € K(CAy,), @ with |Z¢| maximal antichains
and R with |Z"| maximal antichains. As we mentioned in the beginning
of Section 3.1, the class K(C) of all chains is Ramsey. Thus there exists a
chain Z7 such that

TP — (T?I°.

Let
<§Q) = {(IQ)(1)7 (IQ)(2)7 e (IQ)(w)} '

Let the maximal length of the maximal antichain of R be r. Let the struc-
ture M© be a chain of [Z9| maximal antichains of size r-.
We will alternate between constructing structures M ™ and structures

M®=1_ each with |Z9| maximal antichains, for n € [w].
(i) Given M™=V let M™ be a structure satisfying
M® 5 (1)@,
The structure M ™ exists by Example 3.2.2.

(ii) Then let m(™ be the maximal length of the maximal antichain of

M®™ and let M be a chain of |Z?| maximal antichains of size m™.

Now since M™ — (M®=D)? the structure M™ Y is isomorphic to a
substructure of M™. Further, the antichains of M are all at least as

long as the antichains of M. Thus we have

MO <9 MO apmD <. <MD g pm@ gy
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3.6 Two Pass Lemma

Let P be a chain of |Z”| maximal antichains of size m®). We will show
that P — (R)<.

Let ¢ : (g) — [k] be a colouring.

Set PO = P and consider the substructure of P© on the subset

U P,

ie(ZQ)M

a union of antichains of P labelled as (P|(Z9)™).

This substructure is a chain of |[Z¢| maximal antichains of size m(), thus
isomorphic to M®). Thus there exists a substructure N of (P@[(ZQ)M),
such that

ND
(i) ( 0 ) is monochromatic of colour [y,

(ii) N® is isomorphic to M®=1 and

(iif) NO = UiG(ZQ)(l) Ni(1)> such that Ni(l) C Pi(o).
Define P as follows.

(i) Ifi € (IQ)(l)’ let Pi(l) _ Ni(l)-

(ii) Ifi ¢ (Z9W, let PV = P,

Then PW is a chain of |Z”| maximal antichains of size at least m(“=1),

We define N, P and [; recursively for n € [w], in an analogous fashion.

We obtain a sequence of structures P, with
PW c p-b c < pdcpO

and with
N® — (p(n)|(IQ)(n)),

such that (Ng)) is monochromatic of colour {,,.
But then, for each n € [w] and for N’ = (P®)|(Z2)(™), the set (N;;)) is
monochromatic of colour ,. In addition, the structure P®") is a chain of

|ZF| maximal antichains of size at least r.

127



3.6 Two Pass Lemma

Define the colouring ¢’ on (%g) as ¢((Z9)™) = 1,,. Since Z¥ — (IR)%Q,

1R
there exists a Z'" € (g) such that @Q) is monochromatic.

Then (P™|(Z'") is a chain of |Z%| maximal antichains of size at least r,

(")

is monochromatic. Since r is the maximal length of the maximal antichain

and

of R, (P™|T’ R) contains a substructure isomorphic to R, ending the proof
that P — (R)“.

Consider the class IC(C') of chains and the class IC(A) of antichains. In Exam-
ple 3.6.1 we used the fact that any structure P € IC(C'Ay,) can be built from a
structure Z € KC(C') and for each i € Z a structure P, € IC(A). We will refer to Z
as the index of P and to P; as the levels of P. In the configuration for Two Pass
Lemma (3.6.2), the class IC; will play the role of the class K(C) in the example
above and IC,, for each z € 3 will play the role of the class KC(A). The shapes
3 are added since, unlike in the example above, we will be considering shaped
partial orders with differently shaped levels.

We will formalise "building structures from an index structure and levels’ in
Definition 3.6.4 of a strongly levelled class. We will build a strongly levelled class
IC, from KC; and classes IC,.

Now consider a class IC with a glorified skeleton o <, o', where [;(0) = G
and [;(0’) = GAC. As we have seen in Definition 2.5.26, we built the class IC
using the class IC, with an antichained skeleton o <, o', where l1(0) = G and
li(c") = A. Given a structure P’ € IC,, we build a structure P € IC by picking a
glorified chain for each of the Gs-shaped antichain of P’. So rather than building
a ICs from K; and ICy, we could build I from K, and IC,. This process of
building structures is formalised in Definition 3.6.9.

We formalise this setup in Definition 3.6.2. In addition to the classes already
mentioned, we add the classes IC; and ICp to provide indices for other classes, as
in Definition 3.5.2.

The idea in the proof of Two Pass Lemma (3.6.15) is the same as idea in

Example 3.6.1, but the structures involved are more complicated. The reader
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3.6 Two Pass Lemma

may wish to return to the example above when reading through the proof of the

Two Pass Lemma.

Definitions

The notation in this section is heavy. The reader may wish to flip between this
section and the lemmas mentioned in the Link boxes below the definitions.
Since the definitions in this section involve a selection of classes, we define the
two pass configuration, so we can refer to it in the following definitions.
Recall Definition 3.5.2.

Definition 3.6.2. Let 3 be a set of shapes and let &; and {6,},c3
be disjoint sets of shapes, with & = UZ63 G,. Consider the languages
Li={<y...}, Ly = {<y,...}, Lp = {<p,...}, L = {<,<,...},
Lys={z:z€ 3}, Ls, ={s:s€ &} and Lg = {s:s € &}. Consider also
the following classes.

e A class IC; of all 3-shaped chains in language L; U Ls.
e (Classes K; and Kp of all chains in languages L; and Lp respectively.

o A class IC; of G;-shaped partial orders in language L U Lg,, that is

an order class with respect to KCp.

o A class IC; of ordered 3-shaped partial orders in language LU L3, that
is bi-definable with IC;, with the relations on any Ay € ICy defining
the structure ®(A,) = I4, so that

(i) A

(i) T

(iii) a; < ay precisely when i <; 7', and
)

(iv) s(a:) = 3(9)-

As the classes are bidefinable, the relations on any Z® define a struc-
ture ®'(ZB) = A, € K.

(AQ, <, =, 5) with Ay = {ai = IA},
(IA <I;3)7
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3.6 Two Pass Lemma

e For each z € 3, let K, be a class of ordered &,-shaped partial or-
ders in language L U Lg, that is an order class with respect to K,

closed under substructures and with the joint embedding property.

Let K3 ={K,:z € 3}.

The classes Kr, K;,Kp, K1, Ko and K3 are in a two pass configuration.

The classes Ky, K; and K3 are in a strongly levelled configuration

Link. Lemma 4.2.2, Lemma 4.3.3

Remark 3.6.3. The classes K; and Kp are essentially the class C(C) of
finite chains, but in languages L; and Lp respectively, instead of in the
language containing only the partial order relation <. The distinction is

important for the clarity throughout this section.

Definition 3.6.4. Let classes IC;, K, and K3 be in a strongly levelled
configuration. A strongly levelled class ICq defined by Kr, K; and Ks is a
class in language L U Lg where the following hold.

(i) ForeachZ = (Z,<y,3) € KC; and a selection {A,; : i € T} of structures
with A; € IC;), there exists a unique structure A € KC,, where the

following is true.

(a) For each i € Z, the universe of A; is A; = {a;; : j € J;} for
some J; € K.

(b) The universe of A is A ={a;;:(:,7) € T x J}.

(c) The substructure of A on the set A; is isomorphic to A,;.

(d) The total order on A is defined as

Qij = it 5

ifi<yiori=1dandj<;j.
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The shaped total order Z and the total orders J; for ¢« € Z are also

index sets of A. When multiple structures are discussed, we write
A= {ai,j : ('L,j) EZA X jA} .

We denote the structure A by (J,.za A, to denote that the isomor-
phism type of A is defined by the isomorphism types of Z#4 and
{Az 11 € IA}

(ii) Any structure A € KC, is one arising in part (i).

iii) For all A,B € K, and A’ € (®), with an embedding ¢ : A — B,
(ii) A 8
e(A) = A, there is an embedding

ep : I® - I8,

such that
G(Al) C Bel(i)-

Link. Lemma 4.2.3, Lemma 4.3.4

In the Two Pass Lemma proof we will use the properties of structures in
strongly levelled classes. In particular, we will build a structure with an index
set Z of a sufficient size, and then build a large enough selection of structures
{A; :i € Z}. We proceed by formally defining how to build new structures from

existing ones in a strongly levelled class.

Definition 3.6.5. Let I, be a strongly levelled class and let
A = ;cza A € K, with the map 3™ defining the shapes on A. The set

A= {Az HEAS 5A(IA>}

is a joint embedding set of A if for each z € 32(Z#) C 3 there is a structure
A, € IC,, such that

A, <A, Vie (%) ().
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That is, if the structure A, contains a substructure isomorphic to A; for
all i that are z-shaped in Z4.
We denote the index set of A, by J=.

Remark 3.6.6. This is why we required that, for all z € 3, the class IC,
have the joint embedding property. By the joint embedding property of the
class IC,, the structure A, exists, and thus a joint embedding set exists for
any A € IC,.

Definition 3.6.7. Suppose that IC; is a strongly levelled class.
Given structures A, B € KC with 34(Z4) C 3B(ZB), the structure

(A,B) = | Bag

i€TA

is the level product of A and B.

Remark 3.6.8. (i) We know that (A, B) € K, because 74 € K; and
for each i € Z% we have B;’A(i) € IC;a()- The levels BﬁA(Z’) for i € A
exist because 34(ZA) C 3B(ZB).

(ii) For each i € I# with 3*(i) = z € 38(Z®), (A, B) has a level (A, B),

on the set of points
(A, B)i = {@iz - € T},

with jiB; isomorphic to the index set j{z of B, and (A, B); isomor-
phic to the structure B,.

(iii) The structure (A, B) € IC has the universe

(A, B) = {x;; : (i,j) € T* x JB}.
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Definition 3.6.9. Let classes IC;, K, Kp, IKC1, Ky and K3 be in a two pass
configuration.

Let IC, be a merge of classes K; and ICy in language L U Lg, U L3.

Let IC; be a strongly levelled class defined by KC;, IC; and K.

The class K in language LU Lg, U Lg is a class with a strongly levelled part
IKCs and a quotient IC, if the following hold.

(i) The class K is a merge of classes IC; and KCy.

ii) Given any A; € IC; and A, € K,, there are Ay € IC; and A, € IC
q q

satisfying

(a) Ay ={aq:d € DA},

(b AQ = {ai 11 E IA2},

(c

(d AS = {CLZ'J 5 (Z,j) € IA2 X jAS}.

A, = A1 UAy, and A; and A, are substructures of A,, and

)
)
)
)

For each pair of structures A, and K; satisfying conditions (a) to (d),

there is a unique structure A, labelled [A,, A], in IC. Its universe is

A={ag:deD*}U{a;;: (i,5) € I x J*},
and it contains A; and A, as substructures.

For convenience, we denote its points by
A={ag:deD*U{ai;: (i,5) € T* x J*}.

(iii) For any A; € ICy, the class ¢K contains the structure Ay, denoted
by [A17 @]

For any structure A, € IC; with Ay = {a;; : (4,7) € I x J#+}, the
class cK contains the structure A, denoted by [®'(Z4+), A,].

(iv) Any A € K is of the form described in (ii) or (iii).
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(v) Take A = [A,, A,] € K and any subset 4} of A, a subset " of Z#,
and for each i € TA" a subset A} of A;. If the set

A=Au| | 4
ieTA’

is non-empty, the substructure of A on the subset A’ is isomorphic
to the structure [A}, Al], where

(a) Aj is a substructure of A, on the subset A} U{a; :i € 74}, and

(b) A is a substructure of A, on the subset (J;.zas 4]

Link. Lemma 4.3.6

Remarks 3.6.10. (i) In part (iii), note that by Definition 3.6.2, we have
P'(I4) € Ky and thus &'(Z4) € K.

(ii) We denote the substructure of A on the set of points A; as A;; this

is the same as the substructure of A, on the set of points A;.

(iii) We denote the substructure of A on the set of points
Ai ={ai;: (1,7) € {i} x J™} as A;; this is the same as the substruc-
ture of A, on the set of points A;.

Definition 3.6.11. Suppose that the class IC is a class with a strongly
levelled part ICs and a quotient IC,. Take any A = [A,, A;] € K and
a substructure A} of A,. Then a restriction (A|A}) of A to Aj is the

substructure of A on the subset

A U {aq, - (i,7) € T 3 JAY.
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Lemma 3.6.12. Suppose that the class IKC is a class with a strongly levelled
part ICgs and a quotient IC,. Take any structures Ay, B, € IC; and any
structures A = [A,, A, B = [By,B,] € IC. Then there is a bijection

. B Bq (B’AQ)S / (B‘A/)s
fA,B . (A) — (Aq) A ( As = U {Aq} X Asq )
Age(xl)
where A’ = [A], A[] — (A}, A)).
Proof. The proof of this is just unravelling of the part (v) of Definition 3.6.9

of a class K is a class with a strongly levelled part KCg and a quotient IC,, and
Definition 3.6.11 of a restriction (BJA;) of B to Af. O

The two pass lemma will show that under certain conditions a class IC with

a strongly levelled part IC; and a quotient IC; is Ramsey. But we first show that

under certain conditions a part of a strongly levelled class IC is Ramsey. We

define that part first.

-

Definition 3.6.13. Suppose that IC is a strongly levelled class.

Given a structure Z € Ky, a structure A € K is Z-levelled if A = J,.7a A;
and Z# is isomorphic to Z.

The class IC is Z-level-Ramsey if given any Z-levelled structures A and B
in IC, there exists an Z-levelled structure C € K such that C — (B)2.
We label the class of all Z-levelled structures in IC by IC7.

A class IC is level-Ramsey if IC is Z-level-Ramsey for all Z € IC;.

Lemma 3.6.14. Suppose that IC is a strongly levelled class, defined by
K, K; and K5 and that for each z € 3 the class KK, is a Ramsey class.
Then IC is level-Ramsey.

Proof. Take any Z € K;. We will show that the class ICz of all Z-levelled
structures in IC is Ramsey.
Take any selection of structures A; € IC,(;) for ¢ € Z. Then, up to isomorphism,

there is a unique structure A = (J;,.; A; in the class K.
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We will show that for any A, B € IC7 there is a bijection

P (a) -G

By definition, if A’ € (E), then for each i € 7 there is a subset A’ of B; such
that the substructure A’ of B on the subset A is isomorphic to A;. So for

each i € 7 we must have A] € (E?), so we can set

fA’B t A" (Ay)ier

Conversely, taking, for each i € Z, a structure A, € (E{), the structure

A =[JA]
i€l

is isomorphic to A and is a substructure of B.
This shows that a bijection fAB like one in Lemma 3.2.5 exists for any struc-
tures A, B € IC7.
Thus the proof that the class K7 is Ramsey is the same as proof of Lemma
3.2.6.
Note that alternatively, we could show that the class K7 is simply bi-definable
with a product class.

Since Z was any structure Z € Kz, this shows that KC is level-Ramsey. n

Statement and proof of Two Pass Ramsey Lemma

Lemma 3.6.15 (Two Pass Ramsey Lemma). Suppose that IC, is a strongly
levelled class defined by ICr, IC; and K3, and that for each z € 3 the class
IC, is Ramsey. Suppose that IC is a class with a strongly levelled part ICq
and a quotient IC,, and that IC, is Ramsey. Then IKC is Ramsey.

Link. Theorem 4.3.7

Proof. First note that by Lemma 3.6.14, the class IC, is level-Ramsey.
Take A,B € KC, such that |(})] > 0.
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If A =[A,0] and B = [B,, B,], then as IC; is Ramsey, there exists C, € K,
such that C, — (B,)2. Then it is easy to check that

[Cy, By] = ([B,, By

Otherwise there exists a structure A, € IC,, such that A = [A,, A,]. But since
‘(2)‘ > 0, there must exist B, € IC;, such that B = [B,, By].
Since KC has a strongly levelled part IC, and quotient /C,, the bijection

faB: (i) — (ii) X <(B|AA:‘1)S) = U (A} x ((qu)s)

ALe(R1)

> 0.

exists by Lemma 3.6.12. Thus also

(31)] > 0 and | ()

Defining a C, such that C — (B)# involves quite a few steps.
Let T = A, and U = B,. Since K, is a Ramsey class, there exists a V € I,
such that V — (U)¥. Enumerate the substructures of V isomorphic to T as

(\TZ> = {TW, T® . T®}

By Definition 3.6.5, the structure

(Ag,Bg) = U B;a
i€eIA
is ZA-levelled. Let M = (A, B,).
Since K, is level-Ramsey, it is, in particular Z4-level-Ramsey. So we can define
an Z?-levelled structure M recursively for n € [w] as

As

M™ — ((A;, My

For each i € T#, the level (A,, M™); is isomorphic to M;K)(i) by definition
(3.6.7). The structures MZ(»”) and (A,,M®™), are both 3*(i)-shaped. So by

definition of 1\7[3(2)(@.), we must have ME") g M;Z)(,-)-
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3.6 Two Pass Lemma

Thus M™ is isomorphic to a substructure of (A,, M), implying that

As

(A, M™) — ((A, MI"D)) ™~

Also, since M(™ contains a substructure M’, isomorphic to (A, M=V} such
that (IXI;) is monochromatic, (A,, M"Y} is isomorphic to a substructure of
M and hence of (A,,M®). Thus we have, for each z € 3,

MO aMWP g oM. (3.1)

Let C =V, U (V,M®). We will show that indeed C — (B)2.
Let c: (g) — k be a colouring. Since IC is a class with a strongly levelled part

KCs and a quotient KC,;, we have a bijection

(€ Cq (ClAy)s
e () = (o) = ()
Given a T®) ¢ (}r[) let

C|T™), e :
e+ (T, ") = Bl chren (&) = i (/31T A) = .

We will construct C™ such that it satisfies construction conditions for C™:

(i) for each i € Z©, CE") contains a substructure isomorphic to 1\7[;21:; "), and

(ii) the structure (C™|T™+V), contains a substructure N7+ jsomor-
N(n+1,n+1)

phic to (A,, M®="=D) such that ( N ) is monochromatic under
¢|pm+1) of colour l,,41.
Note that by definition of restriction (3.6.11), for any w’ € [w] we have
(Tt = J e
ezt
Thus the construction condition (i) for C™ implies the following.

(i)* For each T™"") ¢ (}rf) the structure (C™|T®"), contains a substructure
N®"") isomorphic to (Ay, M®=),

138



3.6 Two Pass Lemma

First let C(¥) = C. Supposing that C™"~Y exists for a n € [w] and satisfies the

construction conditions, we let Cg") = Cy, and
1. (C®[T™), = N®» and
2. CY) =cCy Vit i ¢ 77

This ensures that <(C(n)£(n>)s) is monochromatic under c¢|pm) of colour [, by
construction condition (ii). The statements 1. and 2. are parts of definition
of C™,

We first check the construction conditions for C©),

(i) We have CO = C = V; U (M™) V,), so CEO) is isomorphic to M;Z;,

satisfying construction condition (i).

(ii) Following the check of construction condition (i), we know that
(CO|TW), is isomorphic to (M™) A,). Since we have

A,

<1\/I(“’),AS> N ((M(w_l),As>)k ’

the colouring c|pa) yields a substructure of (C@|TW), isomorphic to
(M®=D_A,) with all substructures isomorphic to A, of colour Iy, so let
that be the structure N,

Suppose that C™~1) satisfies the construction conditions for C~1). We check

the construction conditions for C™,

(i) If i € IT(H), then CZ(-n) is isomorphic to M;E‘;)_n) by part 1. of definition
of C™. Indeed, N(™" is isomorphic to (A,, M®~™) by construction

4 5 (n—1) (w—n)\ . _ ngw—n)
condition (ii) for C and (A, M )i =M

If i ¢ 7% then C = C"™ by part 2. of definition of C™. Tt
contains a structure isomorphic to M;Z)_ i) by construction condition

(i) for C™=Y and hence one isomorphic to M;Z; ™ by (3.1) above.

So C™ satisfies construction condition (i).

(ii) The structure (C™|T™+), contains a substructure N+1) isomorphic

to (M= A,) by a corollary (i)* of the construction condition (i) just
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3.6 Two Pass Lemma

shown. Since
A

<M(w—n)7AS> N ((M(w_n_l),As>)k

let N(t1Ln+1) he the substructure of N +t1.7) guch that (N(ninﬂ)) is

monochromatic under ¢|pm+1) of colour [,1; and N®+11) is isomorphic
to (M=~ A,). Thus C™ satisfies construction condition (ii).

By induction, we can indeed construct C™ for n € [w] U {0} satisfying the
construction conditions.

Clearly we have
C=COpCWp.. .pC.

This implies, for any w’ € [w],
(C(w) ]T(“"))s 4 (C(w’) ]T(“"))s.
Combining that with part 1. of definition of C*") we have

(C@ T, o (C)|T™)), = N,

N W) pa)y \ . . .
( Al )S) is monochromatic of colour [, from construction con-
S

Since (
dition (ii) of C™'~1 we see that ((C(w>f(w))5) is monochromatic of colour

Ly .

Set B c
00w (Y
T'e(7) T'e(Y)
where
BT’ Cc|T’ , ,
o= (P0) b= () s =2y uNe
Then let

\Y% :
& — T 5 1.
c (T) [k], L

Since we have V — (U)T, there exists a U’ € ({)) such that (I%,) is monochro-
matic of colour /.

Consider (C™)|U’). By construction condition (i), for all i € ZC, ng) contains
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3.6 Two Pass Lemma

a substructure isomorphic to M9 But M© = (A, By), so MY = B;u).

3(4) 3() T
Thus (C™)|U’), contains a substructure isomorphic to B, call it B’
Since IC has a strongly levelled part IC; and a quotient IC,, there exists the
substructure B’ = [U’, B]] of C, with B’ = f5'o(U’,B)).

Then if A’ = [A], Al] € (]i) we have a bijection
(B U’ (B'|'T)s
o 5 ()

AL < (BT,

Then

for some T’ € (I{,’) Also, we have B’ € (C](;)). Besides, U’ € (E), SO

(Irf_,/) C G_f) and thus TV = T®™) for some T™) e (¥) Combined with a result

above we thus get
Al < (B|T®)), < (C™| T, a (C™)T®)), = N®),

Now, by definition of U’, we have ¢/(T™ ) = [ and thus [, = [ by definition
of ¢’. By construction condition (ii) (N wh ) is monochromatic under ¢|pw

of colour [. So ¢|pw(Al) =1 and therefore

(fac(TM) Ay)) =1.

But f,'c(T™),A,) = A’ so ¢(A’) = I. That is true for any A’ € e (% ) which
finishes the proof. m

Corollary 3.6.16. Suppose that IC, is a strongly levelled class defined by
K1, Iy and Ks. Suppose that the class K is Ramsey, and that for each
z € 3 the class IC, is Ramsey. Then IC, is Ramsey.

Link. Theorem 4.2.5, Definition 3.6.2, Definition 3.6.9, Definition 3.6.4,
Lemma 3.1.6, Lemma 3.6.15

Proof. Suppose that IC; is a class of ordered G-shaped partial orders and that

s is a shape disjoint from & and 3.
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3.6 Two Pass Lemma

Suppose that IC; is a the class containing only the ordered s-shaped antichain
A with one point and let Kp be a class of chains in language Lp, so that the
classes IC;, K, Kp, K1,y and K35 are in a two pass configuration.

Then since K; is Ramsey and KC; and ICy are simply bi-definable by Definiton
3.6.2 of a two pass configuration, the class ICs is also Ramsey by Lemma 3.1.6.

Let IC,; be a merge of classes K; and ICy, containing
(i) Ay, and

(i) for each Ay € ICy, the structure Ay and the unique merge of A; and A,
labelled (Ag)*.

Then as ICy is Ramsey, so is K.

Similarly let IC be a merge of classes IC; and IC,, with each structure A € IC,
defining a unique merge of A; and A; in K.

Then given A, € KK, and A, € KC; as in parts (ii)(a) and (ii)(b) of 3.6.9, the
structure A, is either the structure ®(Z4) € IC, or the unique merge (®(Z4))*
of A; and ®(Z#), and the structure A defined in part (ii) exists in IC and is
either the structure A or the unique merge of A; and A, respectively.

The part (iv) follows by definition of IC, and the part (iv) is a consequence of
definition of /C and Definition 3.6.4.

So the class K has a strongly levelled part Ky and a quotient 1C,.

Thus IC is a Ramsey class by Lemma 3.6.15.

Now, IC contains precisely the structures
(i) [Ay,0], and
(ii) for each structure A, € K, the structure [®(Z#), A,], and
(iii) for each structure A, € IC,, the structure [(®(Z4))*, A,].

Then given A, B, € IC,, construct C € IC to satisfy
O(T4),A,
C = ([2(Z%), B

as in the proof of Lemma 3.6.15. But when defining V € IC; such that

Vi (0(2P));
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3.6 Two Pass Lemma

we know there exists V € ICy satisfying the condition, as ®(Z4), ®(ZB) € IC,
and IC, is Ramsey.
But then C € K, which completes the proof. O
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Chapter 4

Ramsey Results

The building blocks of skeletons enumerating the classes of ordered shaped partial
orders, A, G,C'A and GAC', are presented in Figure 4.1.

To define chains of antichains and glorified antichains of chains we introduce
glorified antichains (GA, in 2.5.13) and glorified chains (GC, in 2.5.18). Es-
sentially, to construct a chain of antichains, we start with a chain and replace
all of its points by glorified antichains, and to construct a glorified antichain of
chains, we start with an antichain and replace all of its points by glorified chains.

Additionally, we use labels C'; AC and A to denote specific classes.

(i) When the class IC(C'A, S, N, o) consists of shaped ordered chains, we denote
it by IC(C, &, 0), in Definition 2.5.17.

(ii)) When the class KK(GAC, S, N, o) consists of shaped ordered antichains of
chains, we denote it by KC(AC, &, 0), in Definition 2.5.22.

Figure 4.1: Building blocks of ordered shaped partial orders

( A h CA
Singleton Chains of antichains
\Definition 2.5.10) Definition 2.5.15
( G h GAC
Partial orders | | Glorified antichains of chains
(Definition 2.5.11) Definition 2.5.20
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Figure 4.2: Elementary skeleton and its subskeleton

Elementary skeleton
Points: A,CA,GAC,G
Relations: <., <,
Definition 2.5.28

Glorified skeleton
Points: GAC, G
Relations: <., <,
Definition 2.5.23

(iii) When the class IC(GAC, &, N, 0) consists of shaped ordered antichains, we
denote it by IC(A4, {s*}, 0), in Definition 2.5.22.

To enumerate classes of ordered shaped partial orders, we build new skeletons
from the building blocks. We define the c-condition in the part (iv) of 2.5.28.
Take any partial order, label its points G or GAC, and its relations <., or <j.
If the obtained structure satisfies the c-condition and is <,-connected, it is a
glorified skeleton. We can build any elementary skeleton from a selection of
glorified skeletons, incomparable with points labelled A; and points labelled C'A.

We mentioned that the label A denotes a special case of the label GAC. We
also mentioned that we build a glorified antichain of chains by replacing points of
an antichain with glorified chains. We build the structures in the classes defined
by a glorified skeleton in the same way. Let X be a glorified skeleton. Replacing
each label 'GAC” with the label 'A’, we obtain an antichained skeleton Y. The
skeleton ¥ with any number of the labels ‘G AC” replaced with labels ’A’ forms a
simple skeleton, and any simple skeleton arises from some glorified skeleton. This
is defined formally in 2.5.23 and 2.5.24 . The class of structures enumerated by
an antichained skeleton is defined in 2.5.25, and one enumerated by a glorified
skeleton in 2.5.26.

In this chapter, we apply the tools from Chapter 3 to prove that the classes
enumerated by the skeletons discussed are Ramsey.

The list of Ramsey results in this chapter and the methods used to prove them
is in Table 4.1.
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Table 4.1
Skeleton Proof Method

Generic 4.1.5 Blowup Lemma
G 4.1.6 Corollary of blowup
C 4.1.7 Corollary of blowup
Antichained 4.1.8 Corollary of blowup
GA 4.2.4 Structural Product Ramsey
CA 4.2.5 Two Pass Lemma
GC 4.3.5 Structural Product Ramsey

Glorified 4.3.7 Two Pass Lemma

Structural Product Ramsey Lemma

In Section we proved the Full Structural Product Ramsey Lemma (3.2.9) and
link it to the classes of shaped ordered partial orders in Corollary 3.2.12. This
formulation of the result makes it very convenient for proving that certain classes

of ordered shaped partial orders are Ramsey.

Blowup Lemma

We apply the Blowup Lemma to a class IC of ordered shaped partial orders
enumerated by a generic skeleton. We first define maps a and 3, and a specific
weak blowup of each structure in the class in Definition 3.4.1. We then show that
IC admits weak blowups (3.4.2) in Lemma 4.1.3. In 4.1.4 we show that the class
IC has the two way partial transversal property, defined in 3.4.9. This allows us
to apply Theorem 3.4.10 to show that IC is Ramsey in 4.1.5. Results that other

classes of ordered shaped partial orders are Ramsey as well follow easily.

Two Pass Lemma

We apply Two Pass Lemma (3.6.15) in two cases. We apply it directly to a class
of shaped ordered partial orders enumerated by a glorified skeleton. Its corollary
3.6.16 allows us to apply the lemma in a simpler context, for example to show
that the class of shaped ordered chains of antichains is strongly levelled.

We first show that the classes of glorified antichains and glorified chains are

order classes with respect to a class of chains, closed under substructures and
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satisfy the joint embedding property in lemmas 4.2.1 and 4.3.2. This is needed
in order for these classes to play the role of the class IC, in the definition of the
two pass configuration (3.6.2).

Lemma 4.2.2 links the class of chains and classes of glorified antichains to
the classes mentioned in Definition 3.6.2 and shows that they are in a two pass
configuration. The classes needed for the two pass configuration for the glorified
skeleton class are lengthier to define, thus there is Definition 4.3.1, followed by
Lemma 4.3.3.

Further, we show that a class of chains of antichains and a class of glorified
antichains of chains are strongly levelled (3.6.4) in lemmas 4.2.3 and 4.3.4.

The proof for the case of chains of antichains needs a result that the class of
glorified antichains is Ramsey (4.2.4), and combining results in section 4.2 yields
Theorem 4.2.5.

The case of a glorified skeleton needs slightly more work. In Lemma 4.3.6 we
show that the classes defined so far satisfy Definition 3.6.9. Let ¥ be a glorified
skeleton. Then we focus on a point o € X labelled GAC. We then consider a
class of structures defined by a skeleton > , differing from > only in o having a
label A. We show that the class defined by K, plays the role of a quotient class,
and that we can build any structure in the class defined by ¥ by starting with
a quotient structure and adding the levels from a class of glorified chains. We
show that formally in Lemma 4.3.6. We finish this chapter with Theorem 4.3.7.
In the proof, we start with an antichained skeleton of the glorified skeleton given,
as a class defined by an antichained skeleton is Ramsey (4.1.8). We proceed by
adding GAC labels to the antichained skeleton. Since a class of glorified chains is
Ramsey (4.3.5), we obtain Ramsey classes with more and more GAC labels using

Lemma 4.3.6, until we get a glorified skeleton.

147



4.1 Antichained skeleton

4.1 Antichained skeleton

Let ¥ = (¥,<,<,l1,l3) be a generic skeleton, as defined in Definition 2.5.23.
Then IC(3, &, 0), defined in 2.5.25, is a class of G-shaped partial orders, where

6=[J6, 6,={st:acA,}

geY

is a disjoint union, and for each P € IC(3, &, 0), the component P, is &,-shaped,
and A, = [n] for some positive integer n. The aim of this section is to show in
Theorem 4.1.5 that the class IC(X, G, 0) is Ramsey.

Recall the class (G, e) of ordered (unshaped) partial orders from Definition
2.2.12. Given P = (P, <, <) € K(G,e), the set [&”] of all shapings s of P, such
that (P, <,=<,s) € K(X,8,0), consists precisely of maps

se 6], s:P 6,
that satisfy, for all p,q € P,
(0 <0 ANs(p) €6, ANs(q) €6,,) = p=<gq.

In other words, if 0 < ¢’, then in the total order <, the &,-shaped component

of P is completely below the &,,-shaped component of P under the shaping s.

Definition 4.1.1. Let (X, S, 0) be a class of ordered &-shaped partial
orders corresponding to a generic skeleton 3.

Let A, playing the role of s in Definition 3.4.1, be the number defined as
A = max |G, |
cEX

and let X be the set
X =X x [4].

For the class K(G,e), define a weak X-blowup P of a partial order
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4.1 Antichained skeleton

P € (G, e) as an ordered partial order on the set
P=PxX={(po;s,a):(0,i,5,a) € (ExI") x T x [A]}
with a partial order defined as
(PoirS,a) < (poriv,s',a'), if
(i) ¢ <c¢'in X,
(i) ¢ <4< in ¥ and p,; < pyr v in P,
(ili) ¢ =<' and py; < p,ri in P, or
(iv) ¢ =<', poi = por# and a < @’ in [A].
and the total order defined as
(Do S5 @) = (porir, s’y d), if
(v) s <¢in X,
(vi) ¢ =¢" and py; < porir in P, or
(vil) ¢ =¢', poi = por,v and a < @’ in [A].
Let further o and 5 be maps as follows
a:6 =X x[A],st— (0,a);

B:Y x[A] = &, ifa < |G,]|,(0,a) — s%; otherwise (0, a) +— s,

where for each o € %3, s! is the least element of &,.
Define, for each ¢ € ¥ a substructure P, of P on the set of points

Pe = {(po;,a) : (0,4,5,a) € (ExI") x [A]}.
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4.1 Antichained skeleton

Remark 4.1.2. (i) We know that (G, e) is a Fralssé class of all generic
partial orders with total orders that extend the partial orders. It
contains all the unshaped reducts of structures in IC(3, &, 0), since a
total order on any P € IC(X, &, 0) extends the partial order on it (the
check that this is true is trivial). Similarly, it is easy to see that the
total order on P indeed extends the partial order on P, as defined in
Definition 4.1.1.

So the weak X-blowup P is well-defined.

(ii) In terms of the partial and total order on P, it would be more intuitive

to denote the points of P as

(gv pa,i? CL)

as then the total order < on P is the lexicographic order on ¥ x P x[A].

Lemma 4.1.3. Let ¥ be a generic skeleton. The class K(X, S, 0) admits
(2 x [A], a, B)-blowups defined in 4.1.1.

Proof. By Remark 4.1.2; the class K = K(X,8,0) is a class of ordered
G-shaped partial orders closed under substructures and isomorphisms, and
K = K(G,e) is a Fraissé class (see Theorem 2.2.16) of ordered partial orders
containing the unshaped reducts of the structures in IC. We verify that these
satisfy the assumptions of Definition 3.4.2.

The set ¥ x [A] is clearly of size at least |G|, the map « is injective, and for

each s2 we have
Bla(s;)) = Blo, a) = s;.

Now we check the remaining two conditions of Definition 3.4.2.

(i) Take any P € K(%,&,0) and a weak ¥ x [A]-blowup P = (P, <, <) of
its reduct P € (G, 0). Then consider the map

S:P—>6, (pa,hgva)'_)B(g?a’)'

150



4.1 Antichained skeleton

To show that (P, <, <,s) € K(X,8,0), take any p,q € P with
s(p) € 6,,5(q) € 6, and 0 < 0’ in X.

So if p = (p/,s,a) for some p' € P, then s(p) = B(s,a) € &,. By
definition of 3 that means that in fact ¢ = 0. We can reason similarly

for ¢. That means that, for some p’, ¢’ € P and a,d’ € [A] we have

p=(p,0,a) and ¢ = (¢', o', d’).

But then by definition of the weak ¥ x [A]-blowup P = (P, <, <), we
must have p < ¢. So s is indeed a shaping of P and

P=(P,<,= 35 €cK(%6,0).

(ii) Now take any P, R € IC(3, &, 0) and their reducts P, R € K(G, o).

(a) Now consider the map B
2B )
(R, s — R'(s) = (R'(¢),<, <),
where R/(¢') = {(r,x) : v € R,z = a(s'(im (1))}

To check that the map is well-defined, take any R € (g) and

s € [(‘BR}. We need to show that the substructure of P on the set

of points R'(s") is isomorphic to R. So fix R’ € (;) and ¢’ € [&F].

Consider the map
i:R— R(s%), r~ (¢ a), where

r" =ip(r), and

(¢,a) =« (5’ (21}/1(7"/))) =« (5/ (ig}(iR,(r)))) =a(s (r)).
So we have §'(r) € &, by definition of a. Now consider any r,q € R
and let i(q) = (¢,<',d’), with §'(¢) € &, as above.

e Suppose that r < ¢ in R. Then as ig is an isomorphism, we
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4.1 Antichained skeleton

have
iR/(T) < ZR/(q>

By definition of ¥, we must then either have ¢ = ¢’ or ¢ < ¢’ in
D3N
If ¢ = ¢/, then i(r) < i(q) by part (iii) of the definition of the
partial order on P in Definition 4.1.1. If ¢ < ¢’ in ¥, then
i(r) < i(q) by part (i) or (ii) of the definition of the partial
order on P in Definition 4.1.1.

e Suppose now that r < ¢ in R. Then as i is an isomorphism,
we have

ir(r) <ir/(q)-

If we had ¢’ < ¢ in ¥, then as s is a shaping, §'(r) € &, and
s'(q) € &y, we must have ¢ < r. That is a contradiction, so
we should again have ¢ = ¢’ or ¢ < ¢’ in X. So we must indeed
have i(p) < i(q) by part (i) or (ii) of the definition of the total
order < on P in Definition 4.1.1.

Thus ¢ is an isomorphism and the map gg is well-defined.

Finally, consider the map

P P
1 () > ()
R = R =(R(R),< < s%0iy),
where R/(s®) = {(r,z) : r € R,z = a(s® (i (r)))}.
Since s® : R — & is a shaping we know by part (a) that
R'(s®) € (g). So we only need to check that R’ is isomorphic to R.

Consider the map
i:R— RN, re— (' 2)=(ip(r),a(s¥(r))
again. Then for any r € R, we have

s(r',x) = Blx) = B (a (s (r))) =s™ (r),

so i defines an isomorphism R — R’ and the map f f is well-defined.
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4.1 Antichained skeleton

Lemma 4.1.4. Let X be a generic skeleton. The class IC(X, S, 0) with
(X x [A], a, B)-blowups has the two way partial transversal property.

Proof. The two way partial transversal property makes sense, as we’ve just
shown that IC(3, &, 0) admits (3 x [A], «, §)-blowups, as in the Definition
3.4.9. So take any R € (%). We aim to show that there exists a partial order

e (@)

Zﬁ'ﬁﬁﬁ/cﬁ

First let

be the isomorphism (which is unique, since IC(X, S, 0) is a class of ordered
shaped partial orders).
Recall that by part (v) of Definition 4.1.1, the total order on ¥ induces total

orders

(
)

-/ -/ -/
Ry <R,y <... <R,
and

Py <Py < ... < Py

The total order < is also convex on each of the }_%;i, F(,j, and as & is a

substructure of P, the total order on P induces a total order on .

For each i € [|X]], let r; be the least point in Efw and let rx41 be the greatest
. = . . -

point of RU‘E‘ in the total order <. By Pigeonhole Principle, two of the r; must

lie in the same ?Uj, say r; and ry, where ¢ < ¢/. But as < is convex on each

}_%;i, the r; 11 must lie in Faj as well. But then for any r € F;i, we have r < 7y,

or r = ry precisely when ¢ = |X|. Thus, in fact r € Faj.

To summarise, there must be 0,0’ € ¥ such that

By definition, there is an isomorphism

ZE/E_}E/CF
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4.1 Antichained skeleton

We will show that the sought R” is the substructure of P on the set of points
R" = {ig(r,0,1) : r € R}.

Define the map
s:R—>G6, r— s},.

Since s(r) € &, for all r € R, the map s is a shaping of R, i.e., , s € [&7].
Also ig : R — R is the trivial isomorphism, so

(5t ().

(R,8) — R(s) ={(r,z) : 7 € R,z = a(s(r))}.

But by definition of «, we have a(s(r)) = (0, 1), so in fact
R// = {Z'E/(T, g, 1) re R} = ZE/ (R(s)) y

and R" is isomorphic to R(s) and thus R.

—/

This shows that in fact R” € ((2)), as R(s) € ((g)) Since R is a

substructure of P, this further shows that R” € (g).

P P
It remains to show that R’ € (( R))’ that is, finding an R* € ( R) and a
shaping &' : R — &, such that ¢"®(R* s') = R".
For any r € R there are p € P and a € [A], such that the isomorphism iz
maps

(r,o,1) = (p,d’,a).

So consider the map
s :R—> 6, r—si.

Since §'(r) € S, for all r € R, the map &' is a shaping of R, i.e., , s € [GR}.
Consider also the map
e:R— P,r—p.

We will show that e is an embedding.

154



4.1 Antichained skeleton

Take any 7,q € R with 7 < ¢. Then for any a € [A] \ {1} we have in R
(r,0,1) < (r,0,a) < (¢,0,1)

But in the total order < on P, there are at most A — 1 points above (p,o’, a)

of the form
(p,0’,d)

for some a’ € [A]. That means that
iw(q,0,1) = (0,0",d")

for some a' € [A] and o € P, such that p < o.
So if we have r,q € R with r < ¢, we must also have r < ¢ by definition of
K(G,e), as the total order < must be an extension of the partial order <. So

as above
g (r,o,1) = (p,o’,a), (q,0,1)— (0,0',d")
with p # o. Further, since R" € (E), we have

r<q <= (r,o,1)<(q,0,1) < (p,o',a) < (o,0',d).

We also know that p # o and ¢’ = ¢’, so the fact that (p,o’,a) < (0,0’,d’)

must follow from part (ii) of Definition 4.1.1. Thus we must have p < o.

This shows that e : R — P is an embedding and hence e(R) € (;). So we
have .
P P
ghR (R) — (R)’ (e(R),s") — R",
. P .
showing that R” € ( R>’ which concludes the proof. ]

Theorem 4.1.5. Let ¥ be a generic skeleton. Then the class K(X, S, 0)

15 Ramsey.

Proof. This follows trivially from Theorem 3.4.10, Lemma 4.1.3 and Lemma
4.1.4. O
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4.1 Antichained skeleton

Corollary 4.1.6. The class IC(G,0) is Ramsey.
Proof. This follows from Theorem 4.1.5, when ¥ only has one point. O
Corollary 4.1.7. The class IC(C,0) is Ramsey.

Proof. Recall Definition 2.5.17. Given a set of shapes &, let IC(C,0) be the
class of ordered &-shaped chains, and IC(G, 0) be the class of ordered G-shaped
partial orders. Then KC(C, o) is closed under (X x [A], , 8)-blowups. The class
K(C,e) is a Ramsey class and is also a class of unshaped reducts of structures
in IC(C, 0). Then by Corollary 3.4.11 the class KC(C, 0) is Ramsey.

]

Corollary 4.1.8. Let ¥’ be an antichained skeleton. Then the class
KXY, 6,0) is Ramsey.

Proof. Recall that the antichained skeleton is a simple skeleton with all points
labelled either G or A (Definition 2.5.23). For ¥ = (¥,<,<,l,l), let
Y =(%,<,<,l,lz) be a skeleton with [;(0) = G for all ¢ € ¥. Then by
Theorem 4.1.5, the class IC(3, 0) is Ramsey.

Take any Q,R € IKC(X,0). Then Q,R € K(X,0), so there exists a
P’ € K(%,0), such that P’ — (R).

So for P’ = (P, <', <, s), define the structure P as follows.

i) P=(P,<,=<,s).
(i) po.is < Porir if poi <' por v and either o # o', or 0 = ¢’ and (o) # A.

Then for each o € ¥ with [(0) = A, the substructure P, of P is an antichain.
So P € KC(3',0). We claim that P — (R)2.

First notice that if Q' € (g) is a substructure of P’ on the subset @', then
the substructure of P on the subset )’ is isomorphic to Q as well. This is
true because for each o € ¥ with I(0) = A, the substructure Q, of Q is an
antichain, and thus removing any pairs p,; <' p, in P/ to get P, doesn’t

affect the substructures of P’ that were already antichains in the component
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4.2 Chain of antichains

o. The same reasoning applies to any R’ € (1;’), yielding injective maps

(o) o) (1) (w)

sending any structure of P’ to a structure of P on the same subset of P.

Consider any colouring ¢ : (g) — [k]. Then co fQ: (g) — [k]. So there exists
R € (1;) such that (lg) is monochromatic. But then for R” = f®(R’), the
set (Pg) is monochromatic. So indeed P — (R)2.

0
4.2 Chain of antichains

In this section, we will show that a class IC(C'A, &, N, o) of ordered shaped chains
of antichains is a Ramsey class. We will do that using a corollary of the Two Pass
Lemma (3.6.16).

Let KK(CA,&,N,0) be a class of chains of antichains, as defined in 2.5.15,

with a set of shapes
& ={s"":(a,h) e AxB} =] &,
acA
and for each (a,b) € A x B a number n,; € {1,R¢}. By Definition 2.5.15, for
each a € A there is a class IC(GA, &,, N,, 0) of glorified chains.

Lemma 4.2.1. Let K; be a class of all chains in language Lj. The class
KK(GA,S,, Ny, 0) of glorified antichains is an order class with respect to

Ky, closed under substructures and has the joint embedding property.

Proof. Recall Definition 3.5.2 of a class IC being an order class with respect to
Kp. When IC(GA, &,, N,, 0) plays the role of IC and K, plays the role of ICp,
they clearly satisfy Definition 3.5.2, as for each P € IC(GA, &,, N,, 0) there is
a chain 7, so that

P={p":je T s}") ="},

and by part (ix) of Definition 2.5.15 we have p?’b =< p?;b/ when j < j' in J%.
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4.2 Chain of antichains

This shows that KK(GA, S,, Ny, 0) is an order class for < and also an order
class with respect to K.

Given a structure P € IC(GA, S,, N,,0), it is easy to check that for any
non-empty subset P’ of P, the substructure of P on the set P’ also lies in
K(GA,S,, Ng,o).

Finally, given P, R € IC(GA, &,, N,, 0), for each b € B,, let

m® = max{| P*"|,|R*"[}.

Then if n, = 1, [P < 1,|R**| < 1,50 m* < 1. If m® > 0, let Q** be an
s»’-shaped antichain of size m®, and let Q be an antichain with substructures
Q®® for b € B, and a total order < so that

Q' < Q" <« b<¥VinB,.

Then both, P and R are substructures of Q and Q € IC(GA, S,, N,,0), so
K(GA, S,, N,,0) has joint embedding property. O

We define classes ICr, K; and K 4 of the two pass configuration (3.6.2).

Lemma 4.2.2. Let A be a set of shapes and let {S,}aea be disjoint sets
of shapes, with & = J,c 4 ©a. Define the languages:

e L; containing a partial order relation <j,
e L; containing a partial order relation <,
e L containing a partial order relation < and total order relation <,
e L4 containing all the shapes a € A, and
o Lg containing all the shapes s € 6.
Consider the following classes:
o Class K; = IC(C, A) of all A-shaped chains in language Ly U L 4.

e Class IC; of all chains in language L.
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4.2 Chain of antichains

o Class IC, = IC(GA,S,, Ny, 0) of S,-shaped glorified antichains, for
all a € A, in language LU Lg and K4 = {K, : a € A}.

The classes IC;, Kj and K 4 are in a two pass configuration.

Proof. This follows straightforward from definition 3.6.2 of a two pass config-
uration, with the set 3 of shapes replaced by a set A of shapes and the classes
Kp, IC; and ICy omitted. The class IC, is an order class with respect to K,
closed under substructures and has the joint embedding property by Lemma
4.2.1. [

Lemma 4.2.3. The class KK(CA, &, N,0) of ordered shaped chains is a
strongly levelled class defined by K, Kj and K 4.

Proof. We have already shown that the classes IC;, KC; and K 4 are in a strongly
levelled configuration in Lemma 4.2.2.

Parts (i) and (ii) of the definition of a strongly levelled class are trivially true
in the class IC(C'A, S, N, 0). Indeed, any P € IC(C'A, S, N, 0) is defined by an
A-shaped antichain Z and for each i € Z, with a = s%(i), a glorified antichain
P, € K(GA,&,, N,,0), and the conditions they satisfy in Definition 2.5.15
imply parts (i) and (ii) of Definition 3.6.4.

To show part (iii) of the definition, take any P,R € KK(CA, &, N,0). Let
R’ € (g), with an embedding e : R — P, ¢(R) = R’. Then e must send
any distinct maximal antichains R}, R}, to substructures of distinct maximal

antichains P, (;), P,y of P, with e(R}) C P. ¢, e(R),) C P,y and
R; <R < P, <P,

since the partial order on any chain of antichains is defined by the total order
on the set of maximal antichains of a chain of antichains. Besides, R} is &,-
shaped precisely when P, ;) is. This defines the embedding e; : Z® — Z% that
satisfies condition (iii) of the Definition 3.6.4 and finishes the proof. O

Theorem 4.2.4. The class IK(GA, S,, N, 0) of glorified chains is Ramsey.
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4.3 Glorified skeleton

Proof. For each b € B, let IC;, be
(i) the class IC(Ay, {s®*},0) if n,p = 1, and
(ii) the class KC(A, {s®*}, 0) if n,, = Ny.

Each class IC(Ay, {s**}, 0) is trivially Ramsey, as it only contains one structure.
Each class IC(A, {s*’}, 0) is Ramsey, as shown in Example 3.1.1.

The class IC(GA, S,, N,,0) is clearly a merge of classes K, for b € B, (see
Definition 2.5.3 - the relations s** play the role of F;). Further, any a non-
empty set of antichains P*?, at most one for each b € B,, yields precisely one
merge structure P € IC(GA, &,, N,, o).

Thus, by Corollary 3.2.12, the class KK(GA, &,, N, 0) is Ramsey. m

Theorem 4.2.5. The class KK(C'A, &, N, o) of chains of antichains is Ram-

sey.

Proof. We have shown in Lemma 4.2.3 that IC(C' A, S, N, 0) is a strongly lev-
elled class defined by IC;, K; and K 4.

The class IC; is a class KC(C, 0), with the set A of shapes. Thus by Corollary
4.1.7, the class IC; is Ramsey.

For each a € A, the class IK(GA, &,, N,,0) is Ramsey by Theorem 4.2.4.
Then by Corollary 3.6.16, the class IC(C'A, &, N, 0) of ordered shaped chains

is a Ramsey. O

4.3 Glorified skeleton

We now aim to show that a class IC(X;,, 0) of ordered shaped partial orders with
a glorified skeleton is a Ramsey class. We will do so by using the results about
antichained skeletons, constructing the glorified antichains of chains from the
antichains using the Two Pass Lemma.

In the first subsection, One glorified chain of antichains, we will consider a
glorified skeleton and focus on one point of it, labelled GAC. We finish the proof

in the following section, Induction.
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4.3 Glorified skeleton

One glorified antichain of chains

We start with defining skeletons and related classes of structures that will be in

use throughout this section.

Definition 4.3.1. Skeletons:

(i) Let X = (3, <, <,l1,15) be a simple skeleton, and let p € 3, such that

(ii) Let ¥, = (3, <, <,1{,13) and

(a) L(p) = 4,

(b) li(0) = li(o) for o # p.
(iii) Let X; be a substructure of ¥ on the subset ¥; = X\ {p}.
(iv) Let X5 be an ordered skeleton with a single point labelled A.

(v) Let X4 be an ordered skeleton with a single point labelled GAC.

Sets of shapes:
(i) Let & be a set of shapes with a partition {S, : o € ¥}.
(ii) For the p as in part (i) of Skeletons, consider the following.

(a) A total order A,, with a partition {A,;, A,2}, where A, is
possibly an empty set, and for all a; € A,; and a; € A, we

have a; < as.
(b) For each a € A, a number n,, € {1,N}, and
N,={n,q:a € A}.
(c) A set &, of shapes with a partition {&,, : a € A}, where

|6,.4| =1 when n,, =1 and for each a € A there exists a total
order B, 4, such that &,, = {s’: b € B, .}

(iii) Let 61 =6\ S,

(iv) Let &), = {s,}.
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4.3 Glorified skeleton

Languages:
(i) L containing a partial order relation <y,
(ii) L, containing a partial order relation <,
(iii) Lp containing a partial order relation <p,
(iv) L containing a partial order relation < and total order relation <,
(v) L, containing the shape s,
(vi) Lg, containing all the shapes s € &1, and
(vii) Le, containing all the shapes s € &,,.
Classes:
(i) KC;r is a class of all s,-shaped chains in language L; U L.

(ii) Ky and Kp are classes of all chains in languages L; and Lp respec-

tively.

(iii) ICy is a class KC(X1, &1, 0) in language L U Lg, of ordered &;-shaped
partial orders.

(iv) ICy is a class KC(Xa, {s,},0), in language L U L, of ordered s,-shaped

antichains.

(v) K, is the class IC(X,,6,, Ny, 0). Let K, = {ICs, }.

Lemma 4.3.2. Let K; be a class of all chains in language Ly. The class
IK(GC, S, N,0) of glorified chains is an order class with respect to K,

closed under substructures and has the joint embedding property.

Proof. Recall Definition 3.5.2 of a class K being an order class with respect to
Kp. When K(GC, &, N, o) plays the role of IC and K; plays the role of ICp,
they clearly satisfy Definition 3.5.2, as for each P € IC(GC, &, N, 0) there is a
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4.3 Glorified skeleton

chain 7, so that

P = {p?’“’b 1] E j,s(p?’“’b) = s a € A},

and by part (ix) of Definition 2.5.18 we have p?’a’b < p;-l,/’al’b/

when j < j'. This
shows that IC(GC, &, N, 0) is an order class for < and also an order class with
respect to K.

Given a structure P € K(GC,&,N,o0), it is easy to check that for any
non-empty subset P’ of P, the substructure of P on the set P’ also lies in
K(GC,S, N, o).

Finally, given P, R € IC(GC, &, N, 0), for each a € A define Q* as follows.

(i) If ng =1, let Q% be an antichain of size 1.

(i) If n, = Ny, and either P* or R* is non-empty, let Q* be an &, -shaped
chain, built from P* on the bottom and R on top if both structures

exist, or from one of the structures if the other is non-empty.

Let Q be a glorified chain with substructures Q® for each a € A.
Then both, P and R are substructures of Q and Q € KK(GC, &, N,0), so
KK(GC, S, N, o) has joint embedding property. H

Lemma 4.3.3. Classes K;, K;,Kp, K1,ICo and K, are in a two pass con-

frguration.

Proof. The language L, plays the role of the language L3 in Definition 3.6.2,
and Lg, plays the role of L.

The class Ky is an order class with respect to <, so we can encode the total
order on the structures in /C; using the chains in KCp to satisfy Definition 3.5.2.
IC, is bidefinable with IC; via a bijection @ : KC; — Ky that sends each s,-
shaped chain to an ordered s,-shaped antichain of the same size, and the partial
order on the chain defines the total order on the antichain. That is, for any
T4 € Ky, with ®(Z4) = A, we have:

(1) A, = (AQ, <, —<,5>, with Ay = {CLi NS IA},

(H) IA = (IA7 <173)7
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4.3 Glorified skeleton

(i) a; < ay precisely when i <; ¢, and
(iv) s(a;) = 3(i) = s,ho.

Finally, the class KCs, = KK(GC, &, N,, 0) of glorified chains is an order class
with respect to KCj, closed under substructures and has the joint embedding
property by Lemma 4.3.2.

Thus IC;, K7, Kp, K1, Ky and K, are in a two pass configuration. n

Lemma 4.3.4. The class IC(GAC, &,, N,0) of ordered shaped glorified an-
tichains of chains is a strongly levelled class defined by ICr, Ky and K,,.

Proof. We have shown that KC;, K; and K, are in a two pass configuration
in Lemma 3.6.2. Parts (i) and (ii) of Definition 3.6.4 follow straightforward
from the definition of glorified antichains of chains (2.5.20). Indeed, a glorified
antichain of chains P € K(GAC, &,, N,0) consists of an s,-shaped total order
ZA, and for each i € I# a glorified chain P; € K(GC,&,, N,o) by parts
(vi) and (vii) of Definition 2.5.20, showing that parts (i)(a), (b) and (c) of
Definition 3.6.4 hold. Part (ix) of Definition 2.5.20 shows that part (i)(d) of
Definition 3.6.4 holds.

To show part (iii) of the definition, take any P,R € IC(GAC,&,, N,o). Let
R’ € (}), with an embedding e : R — P, ¢(R) = R’. Then e must send any
distinct maximal glorified chains R}, R/, to substructures of distinct maximal
glorified chains P, (), Pe, i1y of P, with e(R;) C P, ), e(R},) C P. () and

R; <Rj <= P, <P,

since the partial order on any glorified antichain of chains is defined by the
total order on the maximal glorified chains of a glorified antichain of chains.

This defines the embedding e; : Z®R — ZF that satisfies condition (iii) of the
Definition 3.6.4 and finishes the proof. O
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Glorified chains

Theorem 4.3.5. The class IK(GC, &, N, o) of glorified chains is Ramsey.

Proof. For a € A, let IC, be

(i) The class KC(A;,S,,0) containing the ordered s™!-shaped antichain of

size 1 if n, = 1.
(ii) The class IC(C, &,, 0) of &,-shaped chains otherwise.

Then considering relations F, for a € A, where for any P € IC(GC, &, N, o)
and p € P we have
F.(p) < s(p) € &,

shows that IC(GC, &, N, o0) is a merge of classes IC, for a € A, as defined in
Definition 2.5.3.

In fact, given a non-empty subset A of A and a structure P, € IC, for each
a € A, the merge of structures P, is the unique glorified chain with P, below
P, in the total order for each pair a,a’ € A with a < a'.

The class (A1, S,,0) is trivially Ramsey for each a € A with n, = 1. By
Lemma 4.1.7 the remaining classes IC(C, &,, 0) are Ramsey.

Thus, by Corollary 3.2.12, the class IC(GC, &, N, o) is Ramsey. ]

Ramsey result for glorified antichain of chains

Lemma 4.3.6. The class K = K(X, 6, 0) is a class with a strongly levelled
part IC; = KK(GAC, S,,0) and a quotient IC, = K(2,,S1 U {s,},0).

Proof. Recall Definition 3.6.9.

First notice that I, = K(X,,61 U {s,},0) is a merge of classes
Ki=K(X1,61,0) and IC; = K(39, {ss},0), since X1 = ¥\ {p}, X2 is an
ordered skeleton with a single point labelled A, and X, contains 3; as well
as the point p labelled A. We’ve shown in Lemma 4.3.4 that the class KC; is
strongly levelled. Clearly also the class IC is a merge of classes IC; and IC,.
Parts (ii)-(iv) of Definition 3.6.9 hold by the definition of the simple skeleton.
Indeed, by parts (vi) and (vii) of Definition 2.5.26, the &,-shaped part P, of
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4.3 Glorified skeleton

a structure P € IC, corresponding to the structure A, in Definition 3.6.9, has
the corresponding structure P’ € IC,, corresponding to the structure A, in
Definition 3.6.9. Any structure P € IC is constructed in this manner, and IC
contains all structures constructed from structures in IC; and KCy.

Finally, take any structure P € IC, consisting of a G;-shaped substructure
P, and an &,-shaped glorified antichain of chains P, consisiting of a glorified
chain P; for each 7 € Z for some s,-shaped total order Z. Its quotient structure
P, consists of Py and an s,-shaped antichain Py with points P, = {p; : i € Z}.
The classes IC; and KCg are both closed under substructures, and taking a
subset P| of P;, a subset Z' of Z, and for each i € 7’ a subset P of P;, with at

least one of the P| or P; non-empty, indeed defines
(i) a substructure P} of P, on the set P; U{p; :i € '}, with P, € IC,, and
(ii) a substructure P, of P, on the set P{ U (U,cp P), with P/, € KC,.

This finishes the proof. O

Induction argument

Theorem 4.3.7. Let X be a glorified skeleton. Then the class K(X, S, 0)

15 Ramsey.

Proof. Let ¥ = (X, <, <,11,1s) and let IC(X, S, 0) be the class defined in 2.5.26.
We have the following for any o € ..

(i) If l;(0) = G, let &, be a set of shapes.
(i) If {1(0) = GAC, we have.

(a) A total order A,, with a partition {A,1,A,2}, where A, 5 is pos-
sibly an empty set, and for all a; € A,; and ay € A, we have
a; < asg.

(b) For each a € A,1 an ny, € {1,No} and N, = {n,, : a € A,}.
(c) A set & of shapes with a partition {S,, : a € A,}, where |G,| =1

when n, = 1 and for each a € A, there exists a total order B,,,
such that &,, = {s2’: b€ B,,}.
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4.3 Glorified skeleton

(d) If there exists a o’ € X, such that ¢’ <, o, then A, is empty.

We also have & = |, 5, G,.
Let Ygac be the subset of ¥ of all points in ¥ labelled GAC. Enumerate the

points in Yo a0 as follows.
ZGAC = {01,0'2, e ,Uw}.

Then for all v € [w], let &) = {s,}. Let &y = (Uaez,z/l(a)zc 60> U(Uve[w] 6;)
Let Xy = (3, <, <,19,15) be the antichained skeleton of the skeleton Y. Then
Yo plays the role of the skeleton ¥ in Definition 2.5.26.

Let, for v € [w], the skeleton X, = (3, <, <,1¥,l3) be a skeleton with points
o, for u € [v] labelled GAC, the points o, for u € [w] \ [v] labelled A, and
agreeing with ¥ otherwise. Then ¥, is precisely the skeleton . Consider

also, for v € [w], the set of shapes

Sy = U s |JullUs.|ul U e,
]

oexli(o)=G u€fv we[w]\[v]

The class IC(3g, &, 0) is a Ramsey class by Corollary 4.1.8. Given that the
class K(X,_1,6,_1,0) is Ramsey, we will show that the class IC(X,, S,,0) is
Ramsey, implying that the class IC(X,, 6,,0) = IK(X, S, 0) is Ramsey and
completing the proof.

For v € [w], the class IKK(X,-1,8,-1,0) plays the role of the class K, in
the Definiton 4.3.1 and KC(X,,S,,0) plays the role of the class IC. The
class K(GAC,6,,, N, ,0) plays the role of the class IC; and the class
IKK(GC,&,,, Ng,,0) the role of ICs , with K, = {Ks, }.

We have shown that the class IK(GAC, &,,, N,,,0) is a strongly levelled class
defined by K;,K; and K,. in Lemma 4.3.4. We’ve shown that the class
K(GC,6, N, o) is Ramsey in Lemma 4.3.5. We've also shown that IC(2,, S, 0)
is a class with a strongly levelled part IC(GAC, S,,, N,,,0) and a quotient
K(X,-1,6,-1,0) in Lemma 4.3.4. Then since K(X2,_1,S,_1,0) is Ramsey, so
is K(GAC,S,,, N,,,0) by Two Pass Lemma 3.6.15. ]
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Chapter 5

Correspondence

This chapter contains a translation between skeletons from the classification of
the shaped homogeneous partial orders in Torrezao de Sousa & Truss (2008)
and the skeletons of the ordered shaped partial orders introduced in this thesis,
by considering which classes are simply bi-definable and which order classes are
reasonable. It also shows that specific classes of ordered shaped partial orders
have the ordering property.

In Definition 2.4.8 we introduced classes IC(AC') of shaped antichains of chains,
IC(C'A) of shaped chains of antichains and IC(G) of shaped partial orders, which
are the building blocks of classes IC(X), defined by a good skeleton ¥; namely the
ages of the structures in Definition 2.4.14. In section 5.1 we unravel the conditions
in the definition of a good skeleton and introduce some of its subskeletons and
the core information about them in Figure 5.1. Breaking down the good skeleton
into simpler skeletons provides a way to interpret the long list of conditions in
the definition of a good skeleton.

To show this is the case, we consider various equivalence relations, defined
in 5.1.2. Denote by Figure 5.2 the statement that an equivalence class of the
skeleton A under the equivalence relation ~ is either a skeleton B or a skeleton
C. Then Figure 5.3 summarises the results proved in Section 5.1. The skeletons
denoted by AC', CA and G in the picture are precisely the skeletons containing
one point labelled AC, C A and G. We summarise the results in Table 5.1.
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Table 5.1

Skeleton ‘ Partition Proof

Good Shuffle, Chunk Lemma 5.1.11
Chunk | G, Pm, Cpm Lemma 5.1.15
Cpm Pm Lemma 5.1.15

Figure 5.1: Good skeleton and its subskeletons

Good skeleton
Points: AC,CA,G
Relations: <., <4, <sh, <pm, <cpm
Definition 2.4.13

Chunk skeleton Shuffle skeleton
Points: AC, G Points: C'A
Relations: <., <4, <pm; <cpm Relations: <., <,
Definition 5.1.8 Definition 5.1.5

Cpm-skeleton
Points: AC'

Relations: <pm, <cpm
Definition 5.1.12

N

Pm-skeleton
Points: AC
Relations: <y,
Definition 5.1.12
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Figure 5.2: Equivalence classes notation

AN 8

C

Figure 5.3: Equivalence classes of skeletons

Good
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Let IC(X) be a class of shaped partial orders enumerated by a good skeleton
Y and let KC'(X', 0) be a class of ordered shaped partial orders enumerated by an
elementary skeleton /. We summarise the results from Section 5.2 that state that
K'(X, 0) is an order class with respect to K(X) and has the ordering property in
the tables 5.2 and 5.3. In all cases Chapter 4 contains the proof that K'(3, 0) is
a Ramsey class.

Specific cases of a chunk skeleton are a simple chunk skeleton (Definition
5.2.17), a chunk skeleton (Definition 5.1.18) and a trivial chunk skeleton (Defini-
tion 5.2.21).
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Table 5.2
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K(X) K'(¥,0) Reasonable opP
K(G,6) K(G,6,0) Lemma 5.2.1 Lemma 5.2.2
K(CA,&,N) K(CA,&,N,0) Lemma 5.2.3 Lemma 5.2.4
K(AC,6,{Ny,Xo}) K(AC,6,0) Lemma 5.2.5 (i)  Lemma 5.2.14
KK(AC, {s"},{No, 1}) K(A,{s},0) Lemma 5.2.5 (ii)) Lemma 5.2.14
K(AC, {s},{1,1}) K(Ay, {s},o) Lemma 5.2.5 (iii) trivial
K(Xpm: 6, N) K(GAC,6,N,0) Corollary 5.2.13  Lemma 5.2.14
K(Zpm, S, N) K(GAC,6,N,0) Corollary 5.2.13  Lemma 5.2.14
K(Epm, S, N) K(GAC,6,N,0) Corollary 5.2.13  Lemma 5.2.14
Table 5.3
)Y > Reasonable OoP
(C)pm GAC Corollary 5.2.13 Lemma 5.2.14
Simplified chunk Antichained Lemma 5.2.16
Simple chunk Glorified Lemma 5.2.18
Table 5.4
by 3 Reasonable
Simplified chunk  Antichained Lemma 5.2.16
Simple chunk Glorified Lemma 5.2.18
Non-trivial chunk Glorified Lemma 5.2.22
Shuffle CA Lemma 5.2.24
Good Elementary Lemma 5.2.26



5.1 Substructures of a good skeleton

Definition 5.2.6 defines classes of ordered shaped partial orders enumerated
by good skeletons and lemmas 5.2.7 and 5.2.8 provide tools for proving that some
classes are simply bi-definable. Using them, the final part of Section 5.2 contains
proofs of results of the following kind. Let IC(X) be a class of shaped partial
orders enumerated by the good skeleton Y. Then there exists an elementary
skeleton ¥* and a class KC(3*, 0), such that

(i) the classes IC(X) and IC(X*) are simply bi-definable, and

(ii) the class IC(X*,0) is a reasonable class with respect to IC(X*) and is a

Ramsey class.

Table 5.4 summarises the results.

5.1 Substructures of a good skeleton

In this section we analyse the structure of a good skeleton. We divide the good
skeleton in smaller components to unravel the extensive list of conditions from
Definition 2.4.13.

Relations

Let > be an ordered skeleton. To simplify the notation, we will adopt the fol-
lowing. As well as viewing {<y, <¢, <epm, <pm, <sn} as labels, define relations
<gr <er <epms <pm and <g, on X by 0 <; 7 if 0 < 7 and ly(0,7) =<;, where
[ € {g,c,cpm,pm,sh}. Then by writing ¢ >; 7 we mean that in the skeleton
T <o and ly(1,0) =1L.

Let 3 be a skeleton. We will build up to defining an equivalence relation ~ on
Y as a transitive and symmetric closure of the union of <g, <g, <cpm and <pn,
defining weaker relations on the way.

Recall first that a relation ~ is a reflexive, transitive and symmetric closure

of a relation ~/' if it satisfies the following:
e if 0, ~' 0; then o; ~ o; (closure),

e 0, ~ o; for all o; (reflexivity),
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5.1 Substructures of a good skeleton

o if 0; ~ 0, then 0; ~ 0; (symmetry), and
o if 0; ~ 0; and 0; ~ 0}, then 0; ~ o}, (transitivity).

Remark 5.1.1. Suppose that <; is any relation of arity 2 on a finite struc-
ture X. Let — be a symmetric closure of <; and ~ be a transitive, sym-
metric and reflexive closure of <;. Then ~ is an equivalence relation. We
can view (X, —) as a graph, with — being the edge relation. Then the
equivalence classes of ~ correspond exactly to connected components of
(X, —). That is, for each 2’ in the equivalence class [z]. of z, there exist

x1,T9,...,T, € P such that we have
/
T=Tyg—TL1— ... Ty —Tpt1 =T .

That, of course, means that for each ¢ € [n + 1] we have z;,_1 <; z; or

T <y Ti—1.

Based on this observation we will define the relevant relations and meta com-

ponents of a skeleton as follows.

7

Definition 5.1.2. Define

e —,, as a symmetric closure of <,
e —,n as a symmetric closure of <,
e —,m as a symmetric closure of <y,

e —, as a symmetric closure of <4,

~gp, as a reflexive, symmetric and transitive closure of <,
e ~,, as a reflexive, symmetric and transitive closure of <,
® ~.nm as a reflexive, symmetric and transitive closure of <.,
;.
o 0 < 1if o <7 andly(o,7) € {<y, <cpms <pm}s
: /
e — as a symmetric closure of <’; and

e ~ as a reflexive, symmetric and transitive closure of <’.
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5.1 Substructures of a good skeleton

Note. The relations ~gp,, ~pm, ~cpm and ~ are equivalence relations. Let X
be a skeleton and o € ¥. Then denote by [0]sh, [0]pm, [0]epm and [o] the

equivalence classes of o with respect to ~gp,, ~pm, ~epm and ~ respectively.

Skeletons

We have already seen the c-condition in the definition of an elementary skeleton

(2.5.28). It will apply to good skeletons, alongside the sh-condition.

g )

Definition 5.1.3. A skeleton X satisfies the c-condition if given any
01,09,03 € X with 07 < 09 < 03, then o1 <. 09 implies 07 <. o3 and
09 <. 03 implies 01 <. 03.

A skeleton Y satisfies the sh-condition if given any oy,09,03 € X with

01 <gp 02 <gp 03, We have o1 <y, 03.

Remark 5.1.4. Consider the c-condition. In the 3-chain lemmas part of
Definition 2.4.13, we can see that <. appears in the l3(07, 02) and l3(09, 03)
columns precisely in parts 1.) and 1.)*. In both cases ly(01,03) =<.. So
conditions 1.) and 1.)* are equivalent to the c-condition.

Similarly, sh-condition is the part 2.) of the 3-chain lemmas. The sh-

condition that shows that <, is a transitive relation.

Shuffle skeleton

We first define a skeleton with all points being chains of antichains.

' )

Definition 5.1.5. Consider a skeleton ¥ = (X, <, [y, l3). The skeleton ¥ is
a shuffle skeleton, labelled X, if

(i) L(Z) c{CA},
(il) lo(<) C {<sh, <c}s

(iii) ¥ satisfies the c- and sh-conditions, and
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5.1 Substructures of a good skeleton

(iv) for each distinct 0,0’ € ¥ there exist o; for i € [n] such that

/
0 =00—"sh01 —sh--- "shOn —shOnt+1 =0

Lemma 5.1.6. Any shuffle skeleton X, is a good skeleton.

Proof. Since all points of ¥ are labelled C'A, the relations in ¥ are labelled
<sh OF <., and X satisfies the c- and sh-conditions, we can easily check that X

satisfies the conditions in definition 2.4.13 of a good skeleton. m

Lemma 5.1.7. Let ¥ be a good skeleton. Then any equivalence class of

~gn on 2 is one of the following.
(i) A single point labelled AC or G.

(i) A shuffle skeleton.

Proof. Take any o € ¥.. First note that by the Remark 5.1.1, for any ¢’ € [o]s,

there exist oy, ...,0, € [0]s such that
/
0O =00 —"sh01 —sh--+ "shOn —shOnpt1 = 0.

So the condition (iv) of the definition of a shuffle skeleton is satisfied by any
equivalence class of relation ~y,.

Recall the definition of good skeleton, 2.4.13. By 2-chain lemmas, we see that if
0 <g, o', we must have [y (o) = [1(0) = C'A. So for any 0 € ¥ with [;(0) = AC
or [1(0) = G, we must have

[o]sn = {o}-

This covers case (i) in the lemma 5.1.7.

So consider the case l;(0) = CA. As mentioned above, by 2-chain lemmas all
points in [o]s, are labelled CA. Also by 2-chain lemmas, a relation between
any two points labelled CA is either <y, or <.. So [o]s, satisfies conditions
(i) and (ii) of the definition of a shuffle skeleton. The parts 1.) and 1.)* of
the 3-chain lemmas imply that a good skeleton (and thus [o]s,) satisfies the

c-condition, and the part 2.) implies it satisfies the sh-condition. Thus [o]sp
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5.1 Substructures of a good skeleton

is indeed a shuffle skeleton. This completes the proof. O

Chunk skeleton

Definition 5.1.8. Consider a skeleton ¥ = (X, <,l,l). The X is a chunk
skeleton, labelled X, if

(1) L(%) C{G,AC}
(ii) X is a good skeleton, and

(iii) for each distinct o, 0’ € X there exist o; for i € [n] such that

/
0=0)—01—...—0p —0Opy1 =0 .

Remark 5.1.9. Suppose that X is a chunk skeleton, and Y’ is a substruc-
ture of . Then ¥’ satisfies parts (i) and (ii) of Definition 5.1.8 - trivially

for (i) and since any substructure of a good skeleton is a good skeleton.

Lemma 5.1.10. Let X be a good skeleton. Then any equivalence class of

~ on Y 1s one of the following.
e A single point labelled CA.
o A chunk skeleton.

Proof. Since ¥ is a good skeleton, any substructure of ¥ is a good skeleton,
satisfying condition (ii) of Definition 5.1.8.

Take any o € ¥. Again, by Remark 5.1.1, the equivalence class [o] satisfies
part (iii) of Definition 5.1.8.

Now by definition of —, if 0 < ¢’ and ¢ — ¢, then the label ly(0,0”) is <4, <pm
or <cpm. By 2-chain lemmas in Definition 2.4.13 that means that neither of
the 0,0 is a CA.

So if o is a CA, [o] is a single point. Otherwise [o] satisfies condition (i) of
Definition 5.1.8. It also satisfies the other two conditions, and is thus a chunk
skeleton. O]
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5.1 Substructures of a good skeleton

Corollary 5.1.11. Let X be a good skeleton. Then there is a partition of

E’ o (=)o)

such that the following hold.
(i) For each t € Sh, ¥; is a shuffle skeleton.
(i1) For each z € Ch, ¥, is a chunk skeleton.

(1it) For any distinct x,y € ShUCh and o € ¥,, o' € 8, ifo <o’ in X,

then o <. o’.

We refer to the partition above as the good partition.

Proof. This is a direct consequence of lemmas 5.1.7 and 5.1.10.

To get {¥; : t € Sh}, take the equivalence classes [o],, of all 0 € ¥ with
li(c) = CA. To get {¥, : u € Ch}, take the equivalence classes [o] of all
o € ¥ with [1(0) = AC or l;(0) = G.

Using 2-chain conditions of a good skeleton (2.4.13), for any o < ¢’, we have

(i) if 0 <4, 0/, then l1(0) = 1(0") = CA and o’ € [0]sp, so for some t € Sh

we have 0,0’ € ¥;, and

(ii) if 0 <pm 0, 0 <epm 0 0or 0 <, o', then li(0),l;(0') € {AC,G} and

o' € o], so for some z € Ch we have 0,0’ € X..

Soif 0 € ¥,, 0’ € 3, for some distinct z,y € Sh U Ch, we must have o <. o',

proving condition (iii). ]
Matching skeletons

We will consider the equivalence classes of relations ~,,, and ~,,. We start by
defining skeletons, and then showing that the structures in the equivalence classes

correspond to the skeletons.
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5.1 Substructures of a good skeleton

Definition 5.1.12. Consider a skeleton ¥ = (3, <, 1y, [3).
The skeleton X is a pm-skeleton, labelled X,,,, if

(i) L(¥) c {AC},
(ii) la(<) C {<pm}, and
(iii) (X, <) is a chain.
The skeleton X is a cpm-skeleton, labelled ¥,,,, if
(i) there are disjoint sets II; and Ily, and IT = IT; U Iy,
(i) ¥ ={o,: 7 eI},

(iii) the substructures of ¥ on the subsets X1 = {ox : 7 € II;} and
Yepm2 = {0 : ™ € Iy} are both pm-skeletons, and

(iv) for all m € II;, my € Mo, 0y <epm Or, (and thus o, < op,).

The skeleton ¥ is a (¢)pm-skeleton if it is a pm-skeleton or a cpm-skeleton.

Lemma 5.1.13. Any (c)pm-skeleton is a good skeleton.

Proof. By definition, a (c)pm skeleton is a chain, so A- and V-shape lemmas
are irrelevant. A (c)pm-skeleton clearly satisfies part 4.) of the 2-chain lemmas,
and parts 3.), 4.) and 4.)* of the 3-chain lemmas. Since l5(<) C {<pm, <cpm }
for any (c)pm skeleton, those are the only parts of the Definition 2.4.13 that
apply. So any (c)pm skeleton is indeed a good skeleton. O

Lemma 5.1.14. Let X be a chunk skeleton. Then any equivalence class of

~pm 0N X 18 one of the following.
e A single point labelled G.

e A pm-skeleton.
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5.1 Substructures of a good skeleton

Proof. By part 4.) of the 2-chain lemmas in 2.4.13, if 0 <, o’ for some
0,0 € ¥, then (o) = l1(0") = AC, showing that part (i) of the definition of
a pm-skeleton (5.1.12). By Remark 5.1.1, if o’ € [0],m and ¢’ # o, then there

exist o; for ¢ € [n] such that
. . /
0 =00—pm 01 —pm -+ —pm On —pm Ont1 =0 .

We will show that o —,,, 0’. That means that either o <, ¢’ or ¢’ <, 0o,
showing that indeed parts (ii) and (iii) of the definition of a pm-skeleton hold.

Suppose that for some o,, 0y, 0. in ¥ we have

Oa —pm Ob —pm Oc-

Since no two relations in any part of the V- and A-shape lemmas are labelled
<pm, the 3-chain lemmas apply to o,,0p,0.. Two labels <, only appear in
part 3.), so the structure on {o,, 0y, 0.} must be a chain, with all relations
labelled <. Thus we must have o, —p, 0.

That, of course, means that for the chain g —pm 01 —pm - -« —pm On —pm Tnt1
above we have oy —pn, 02, and thus oy —p,, 03 and eventually oy —pm, Opy1-
So, if l;(0) = AC, the substructure of ¥ on the equivalence class [0],, is a pm-

skeleton. Otherwise [o],, is a singleton labelled G, concluding the proof. [

Lemma 5.1.15. Let X be a chunk skeleton. Then any equivalence class of

~epm ON 2 15 one of the following.
e A single point labelled G or AC.
e A cpm-skeleton.

Further, if [0]cpm s a cpm-skeleton and o' € [0] cpm, then [0 ]pm C [0]cpm.-
Proof. Suppose that there are o,, 0y, 0. € X such that

Oa —epm Ob —cpm Oc-

Suppose further that o, <cpm 0p. Then the V- and A-shape lemmas again do
not apply, and only parts 4.) and 4.)* of 3-chain lemmas apply, showing that
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5.1 Substructures of a good skeleton

Oc <epm Op a0d 04 —pp, 0.

Otherwise we have o4 >¢pm 03, Which leads to o, <cpm 0. and again o, —pm, 0.

By Remark 5.1.1, if ¢’ € [o]cpm and o’ # o, then there exist o; for i € [n] such
that

0 =00 —cpm 01 —cpm --- —cpm On —cpm On4+1 = o'
Now by part 4.) of the 2-chain lemmas in 2.4.13, if o, <cm 03 for some
Oa,0p € 2, then l1(0,) = l1(0p) = AC, so
ll(O') = ll(O'l) = ... = ll(an) = ll(O'/) = AC,

showing that part (i) of the definition of a cpm-skeleton (5.1.12) is true for any
equivalence class [0]cpm With |[o]cpm| > 1.

Suppose that o <., 01. Then by the comments in the beginning of this proof,
we must have oy <¢pp, 01 and o —p,,, 02. Considering oy, 09 and o3, we see that
0y <epm 03 and o1 —py, 03. But then considering 0,0, and o3, we see that

0 <epm 03. Applying the argument repeatedly we show
g <cpm O2k—1 and 0 —pm 02k

for all & > 0. So if n is even we have 0 <., ¢’ and if n is odd, we have

/
0 —pm 0. Further

0o <cpm O2k—1; 02 —pm O2  and 01 —pm O2p41

for all k,1 > 0. Further, if 0 —,, 07, then by considering o, oy and o} we have

0 <epm 01 and oy —,,, 07, So in fact for any o” € [0]cpm We must have

" "
0 <cpm O or 0 —pnod .

Let
I, ={0o": 0" € [0]epm: 0" —pm 0 Or ¢’ = o} and
Uy ={0": 0" € [0]lepm, T <epm 7'}

Then by the reasoning above, we have II; = [o],,, and for any ¢’ € Il we
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5.1 Substructures of a good skeleton

have IIy = [0] ym, and for any ¢” € II; and o’ € Il we have 0” <., ¢’. This
shows part (iii) of definition of a cpm-skeleton in Definition 5.1.12 (that the
substructures of [o].,m on the subsets II; and I, are both pm-skeletons) and
part (iv) of definition of a cpm-skeleton.

We proceed analogously if 01 <, o, but in that case we set
I, ={0o": 0’ € [0]epm, 0" <epm 0} and

Iy ={0": 0" € [0]epm, 0 —pm 0 O 0’ =0}

So if [o]epm With |[o]epm| > 1, [0]epm is a cpm skeleton.  Otherwise
[[o]epml| = 1.

Further, if [o]cpm is a cpm-skeleton and o’ € [o]cpm, then [o']pm C [o]epm, as
[o']pm is either the set IT; or the set Il,. O

Corollary 5.1.16. Let X, be a chunk skeleton. Then there is a partition

Of Ech7
Sep = ( U zv> u( U zw> U (Uaﬂy),
vEPmM weCpm ver

such that the following hold.
(i) For each v € Pm, %, is a pm-skeleton.
(i1) For each w € Cpm, %, is a cpm-skeleton.
(iit) For each v € T, o, is labelled G.

(iv) For any distinct x,y € PmUCpm UT and
ocEX, or0 =0, 0 €X,0rc=oy,

ifo <o’ in X, theno <, 0" oro <.o0'.

We refer to the partition above as the chunk partition.
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5.1 Substructures of a good skeleton

Remark 5.1.17. Let (C)pm = Pm U Cpm. Then
Sew= | =Zu|U (U 07> :
ue(C)pm vyer

where for each u € (C)pm, ¥, is a (c)pm-skeleton.

Proof. To get {3, : u € (C)pm}, take the equivalence classes [0]pm with
\[o]lepm| > 1, which are cpm-skeletons by the proof of Lemma 5.1.15.

Now consider the equivalence classes [0 ], for o € . By Lemma 5.1.14, [0]pm
is either a pm-skeleton or a single point labelled G. We've already shown in
Lemma 5.1.15 that if o’ € [0]cpm and [[0]epm| > 1, then [0']pm C [0]cpm- Let

=2\ U [lom
lolepm|>1

To get {X, : w € Cpm}, take [o],m for o € ¥ with l;(oc) = AC. Then
the remaining points in ¥ are labelled G, proving parts (i), (ii) and (iii) of
Corollary 5.1.16.

Now if 0,0’ € X, then if o < ¢/, we have one of the following.

(i) If o0 <,m o', then o’ € [o]pm, so 0,0’ € ¥, for some u € (C')pm.
(ii) If o <cpm 0, then o’ € [0]cpm, s0 0,0’ € X, for some w € Cpm.
iii) Otherwise o0 <, ¢’ or o <. ¢’.
(iii) g

This shows part (iv) of Corollary 5.1.16 and concludes the proof. O

Definition 5.1.18. Let X, be a chunk skeleton with a chunk partition
e ={2,:ue (C)pm}U{o,:y€T}

For each u € (C)pm let o, be the least point in the (c)pm-skeleton 3.
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5.2 Good skeleton with a total order

The substructure ¥ of ¥, on the set
Y={o,:ue (C)pm}U{o,:y€T}

is a simplified skeleton of ..

Lemma 5.1.19. Let ¥ = (X, <,13,l3) be a simplified skeleton of a chunk
skeleton e, Then lo(<) C {<., <4}

Proof. This is true because of the part (iv) of Corollary 5.1.16. O]

5.2 Good skeleton with a total order

In the introduction we defined a good skeleton (2.4.13) and the related good
skeleton with a total order (2.5.8). But then we defined specific ordered skeletons
(2.5.9) and considered them in Chapter 3. We started this chapter by considering
substructures of a good skeleton, so now we have the vocabulary necessary to

link the ordered skeletons to good skeletons with total orders and prove Theorem
2.5.31.

One component

First, recall the following classes, with the numbers of their definitions in brackets
in the table below.

label class (2.2.10) order class
G K(G,6) K(G,6,0) (2.5.11)
CA KK(CA,6,N) K(CA,&,N,0) (2.5.15)
AC  K(AC,;6,{XN;,Re}) K(AC,6,0) (2.5.22)
IC(AC, {s}, {Ro,1})  K(A,{s}, o) (2.5.22)
IC(AC, {s},{1,1})  K(Ay,{s},0) (2.5.10)

Recall Definition 2.2.10, of a reasonable class IC with respect to a class ICy.
We will show that the order classes in the third column of the table above are
reasonable with respect to the corresponding class in the second column of the

table above.
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5.2 Good skeleton with a total order

We also show that the classes KK(G, S, 0) and IKC(C'A, &, 0) have the ordering
property. The proof that the classes of antichains of chains have ordering property
will be included in the Matching Skeletons sections, in Lemma 5.2.14.

If ¥ is a good skeleton of size 1, with ¥ = {o}, we will define the class IC(o, 0)
to be one of the order classes above. When omitting information about the shapes

and multiplicities, we will abbreviate the classes as follows.
(i) IC(G, S, 0) abbreviates as IC(G, 0).
(ii) KK(CA, S, N, o) abbreviates as IC(C'A, o)

(iii) IC(AC, &,0), K(A, {s},0) and K(A;, {s},0) all abbreviate as IC(AC, o).

Generic

The class IC(G, &) is defined in Definition 2.4.8 and the class K(G, G, 0) in 2.5.11.

Lemma 5.2.1. The class IKK(G,S,0) is a reasonable class with respect to
the class IK(G,S).

Proof. By parts (i) and (ii) of the definition of IC = IC(G, &, 0), we obtain any
(P, <,=<,s) € K from a structure (P, <,s) in the class Ky = IC(G,S) and a
chain Z. By parts (iv) and (vi), the relation < is a total order on P, since Z
is a chain. So IC is an order class for <.

Further, the class IKCq is indeed the class of reducts of K. Indeed, taking any
(P, <,s), let < be any total order extending the partial order (P, <). Then

(P, <) is a finite total order. Thus if n is the size of P, there is an isomorphism
t: P — [n], such that p < ¢ <= «(p) < 1(q).
So label any point g € P as p,(,). Then
P={pi:icn]}

and the structure (P, <,s) and the chain [n] with a natural order satisfy con-
ditions (iv)-(vi) of Definition 2.5.11. Thus (P, <,<,s) € K and thus any

structure in &Cy is a reduct of a structure in IC.
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5.2 Good skeleton with a total order

Now take any Py, Ry € ICy, such that Py = (P, <Po sP0) Ry = (R, <Ro sR0)

and there exists an embedding
e: RO — PQ.

Further, take any R = (R, <®o < sR0) € IC.
For each p,q € R, set
e(p) <1elq) <= p<q

This defines a total order on a substructure e(Ry) of Py. Since e is an em-
bedding, <; extends the partial order <¥° on the substructure e(Ry) of Py as
well. Define <" on P so that for p,q € P

(i) if p <P° ¢ then p <’ ¢, and
(ii) if p <1 g then p <’ gq.

The partial order exists, as we can start with the relation <P° U <; and for
an incomparable pair in that relation adding the pair and all the comparisons
implied by transitivity to the relation, until we’'ve constructed a total order.
Then let P = (P, <Po </ s%0). Clearly, the map e defines an embedding

e:R—P
as well. This finishes the proof. m
Lemma 5.2.2. The class IC(G, &, 0) has the ordering property.

Proof. We have shown in Lemma 5.2.1 that the class IC(G, &, 0) is a reasonable
class with respect to the class IC(G, S). Also, by part (v) of Definition 2.5.11,
for any (P, <, <,5) € K(G, S, 0), the total order (P, <) is an extension of the
partial order (P, <).

Recall Definition 4.1.1. When the skeleton > in the definition only has one
point, we can simplify the notation to the following.

Let A = |G| and let X = [A]. For the class K(G,e), define a weak A-blowup
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5.2 Good skeleton with a total order

as an ordered partial order on the set

P = {(p,a) : (i,0) € T x [A]}
with a partial order defined as

(pi;a) < (pi,a’),
if
(i) p; < pw in P, or
(ii) i =14 and a < d’;

and the total order defined as

(pisa) < (pr,a'),
if
(i) p; < pi in P, or
(i) i =17 and a < a'.

The maps « and [ are just the maps « : s* — a and (8 : a — s®.

We have shown in Lemma 4.1.3 that IC(G, &, 0) admits ([A], a, §)-blowups. In
this proof we abbreviate this to A-blowup.

Recall the definition of that concept, Definition 3.4.2.

Now, let & be any set of shapes of size 24 — 1. Similarly, IC(G, &', 0) admits
(2A — 1)-blowups.

Take any Py = (P, <,s) € K(G, S).

Then for any P = (P, <, <,s) € K(G,8,0), let P = (P, <, <) be the (2A—1)-
blowup of P = (P, <, <,s). Then P € K(G,e).

Let Py = (P, <). Since the class K(G, e) has the ordering property (see The-
orem 2.2.20), there exists a structure (R, <) € K(G), such that for any

(P,<,<") € K(G,e),(R,<,<) € K(G,e)
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5.2 Good skeleton with a total order

there exists an embedding
e: (P,<,<')— (R,<,=<).

Take s € G and consider the any ordered s-shaped partial order R with the
universe R and reduct (R, <) - to get it just pick any extension (R, <') of
(R,<) that is a total order. Then by part (i) of Definition 3.4.2, the weak
A-blowup R, together with a map

s:R— &, (p,a)—s”
is an ordered shaped partial order R = (R,<,<'s) € K(G,&,0).
We will show that for
any P = (P, <,<,5) € K(G,6,0) and any R = (R, <, <, s) € K(G, &, 0),
there is an embedding
e:P=(P<,<5 —R=(R <, =,s).
Consider first the substructure Ry of R on the set of points
{(r;,1) 11 € IR},

By definition, it is isomorphic to (R, <). Thus for any

(P,<,<') € K(G,e), (R, <,<") € K(G,e)
there exists an embedding

e: (P,<,<) = (R,<,<").

So take

any P = (P, <,<,5) € K(G,6,0) and any R = (R, <, <,s) € K(G, &, 0).
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5.2 Good skeleton with a total order

Let (P, <, <) be the weak A-blowup of P. Then there exists an embedding
e: (P,<,<)— (R, <,<).
Consider the substructure P4 of P on the set of points
{(p;,A) :i € I®}.

Suppose that for each ¢ € ZI® we have e(p;)) = (rpu,a) for some
f(i) € IR, a € [A]. Consider any pair 7,7’ € Z¥, where i < i’. Clearly

e(pi, A) = (rpay, a) < e(pi, A) = (ryw), ')
since e is an embedding. We will show that
(rs6i), A) < (T, 1)
By definition of a weak blowup and an embedding we must have
e(pi, A) < e(pi, A+1) < ... <e(p;,24-1), e(pr,1) <e(py,2)<...<e(ps,A)
We must also have
e(pi, A) < e(pi, A+1) < ... <e(pi,2A-1) < e(py,1) < e(pi,2) < ... <e(pr, A).

We also know that by definition of the weak blowup, while the total order <
on R can be any total order extending the partial order on it, the partial order
on R tells us that

(rray,a) < (rpeypa+1) <... < (rpap),A4)

and
(rpan, 1) < (1), 2) < ..o < (T5ary, @)

It also tells us that if 7/ € R, then if

(rray,a) <1 < (rsa), A)
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5.2 Good skeleton with a total order

we must have 7’ = (rs;),a”) for some a < a” < A, and if

(77, 1) < 1" < (rpan, d),
7" = (rsaury,a”) for some 1 < a” < a’. Thus we must have

(71, A) 2e(pi,2A = 1), e(pr, 1) 2 (rpary, 1)

Thus, indeed (7, A) < (7@, 1). Suppose that

s: P&, p; st
Then an easy check shows that the substructure of R on the subset

{(rs, (i) 11 € IV}
is indeed isomorphic to P and
e:P—>R, p+— (7 4), (7))

is an embedding. O

Chain of antichains

The class IC(C'A, S, N) is defined in Definition 2.4.8 and the class IC(C'A, &, N, o)
in 2.5.15.

Lemma 5.2.3. The class IC(CA, &, N, o) is a reasonable class with respect
to the class IC(CA, S, N).

Proof. Considering the class IC = IC(C'A, &, N, 0) we have the following.
(i) A total order A and, for each a € A, a total order B,.

(ii) A set & of shapes, such that

S = {s": (a,b) € Ax B}.
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5.2 Good skeleton with a total order

Let also
G, = {S“’b :b e B,}.

(iii) For each (a,b) € A x B a number n,, € {1,80}, N, = {nap: b € B},
and N = {ngy : (a,b) € A x B}.

(iv) For each a € A, a class IK(GA, S,, N,, o) of glorified chains.
(v) A class KK(C,.A) of A-shaped chains.

Pick an a € A. The class K(GA, S,, Ny, 0) is defined in 2.5.13. Consider a
structure P = (P, <, <,s) € K(GA, S,, N,,0). By part (viii) of the definition,
(P, <) is an antichain. It is &,-shaped, and has at most n,; points of shape
s®® for each s** € &, by part (vii) of the definition. That is, it satisfies part
(ii)(c) of Definition 2.4.8.

Now consider any P = (P, <, <,s) € K. By Definition 2.5.15, P is defined by
an A-shaped chain Z and, for each i € Z, a structure P; € IK(GA, &,, N,, 0),
where a = s%(i). Part (ix) of the definition then tells us that P is a chain
of antichains P;, with P; < P; precisely when ¢ < j in Z. Thus the
reduct (P, <,s) satisfies the conditions in part (ii) of Definition 2.4.8, and
(P,<,s) € Ky =K(CA,S,N).

Consider any chain of antichains P = (P, <,s) in the class ICy. We will show
that there is a total order <, so that (P, <, <,s) € K.

The structure P has a finite number of maximal antichains, say n. Since it is
a chain of antichains, we can label the maximal antichains as P; such that for

any p € P, g € P; we have
p<q <= 1<}

By part (ii)(c) of Definition 2.4.8, each maximal antichain P; is &,-shaped for
some a € A. So let
s in] - A i —oa.

Then ([n], <,s!™), where < is the natural order on [n], is an A-shaped chain.

For any i € [n], the antichain P; has m; points and is &,-shaped, with at most
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5.2 Good skeleton with a total order

nap points shaped s, Label the points of P; as
Py ={pij:Jj € mi},

so that
if 5(p; ;) = s, 5(piy) = s and b < ' then j < j'

and set p;; < p; ;o if 7 < j'. Then [m,;] with the natural order and the sub-
structure P; of P define a structure P, = (P;, <, <, s) which satisfies condition
(iv)-(x) of Definition 2.5.13. So for any i € [n], P, € IK(GA, S,, N,, o).

An easy check shows that ([n], <,s™) and, for each i € [n], the structure P}
define a structure P’ = (P, <, <, &) by setting

pij < puyifi<i ori=iandj<j

The structure P’ satisfies conditions (vii)-(x) of Definition 2.5.15 and therefore
lies in IC, as claimed. So Ky is indeed the class of all reducts of structures in
K.

Further, for any (P,<,s) € Iy and a total order (P, <), the structure
(P, <,=<,s) lies in the class KC precisely when < is an extension of the par-
tial order (P, <) (and thus convex on the maximal antichains of (P, <,s)) and
orders each &,-shaped maximal antichain so that for any b < ¢ in B,, the
s®_shaped points are below the s*”-shaped points in the total order <.
Take any P = (P, <,s5) € Ky. Then if R = (R, <,s) is a substructure of
P and (R, <,<,s) € K, the total order on the substructure of P, which is
induced by the total order (R, <) can be extended to a total order <, so that
(P, <,=<',s) € K, concluding the proof. O

Lemma 5.2.4. The class IC(CA, &, N, 0) has the ordering property.

Proof. Consider a structure Py = (P, <,s) € IC(CA, S, N).
Take any structure P = (P, <, <,s) € IC(CA, S, N,0). Then

P={pll:(i,5) €T x T,s(p})) = s>},

and from part (x) of Definition 2.5.15 pfj’ < pf,/’;’,/ if it <i ori=1and j <j.
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5.2 Good skeleton with a total order

We know that if ¢ = ¢ then a = o’. Further, from part (x) of Definition 2.5.13,
if i =4 and j < j', then b < ¥'. This condition induces the total order on the

s®’-shaped substructures P?’b of P; for b € B,, where for some total order Jia’b
ab ab | . a,b
P; _{pi,j ARV g
Then the conditions of Definition 2.5.15 impose the ordering
P <Py

ifi<iori=d¢andb<?.

Suppose that for some other total order <’, the P’ = (P, </, <,s) lies in
K(CA, S, N,o) also.

The substructures P; of P are determined by the partial order (P, <) of Py.
The substructures P?’b of P, for b € B, are determined by the shaping s of P,,.
Thus P’ also consists of maximal antichains P;, each containing s**-shaped

substructures P’ for b € B,. Again, we must have
Pa,b _</ Pa’,b’
1 4
ifi<iori=1iandb<V.
Thus the total order (P, <') permutes the points within each P**. That means
that there must be a total order J ’?’b and a bijection
fia,b . ‘Za,b N j/?,b
such that for j € J*
,b ,b by NYSIE b

vy <'ply = S0 < fU0) i T

For each i € Z, let J/ be a total order, such that

‘71‘/ _ U j/?’b

beB,
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5.2 Good skeleton with a total order

with the total order defined for pairs j, j/ with j € J'", j' € J’?’b/, as

/ayb
i -

j<jifb<tinB,orb=band j<j inJ
So consider the map
[iTxT TxT, [(6.0) = (i.J0)) for j € T,

The map f allows us to define the map

' ’ a,b a,b
P =P D = Dy

Since ¢ maps each antichain P; as well as each substructure P®" to itself,
and by definition of J'*” and f*" also maps the chain (P™", <) to the chain

(P** <"}, v is an isomorphism.
Now recall the Definition 2.2.19. We have just shown that for any
Py=(P,<,s5) € K(CA,&,N) and any total orders <, <" with

P=(P<,<,5),P = (P,<,< 5 € K(CA S, N,o)

there is an isomorphism ¢ : P — P’. Thus Py can play the role of Ay and
By in Definition 2.2.19 and show that the class IC(C'A, &, N, 0) has ordering
property. ]

Antichain of chains

The class IC(AC, &, {ny,ny}) is defined in Definition 2.4.8.

Lemma 5.2.5. The following are reasonable classes with respect to

’C(AC, 6, {nth}).
(1) K(AC, S, 0) with respect to IC(AC, &, {Xy, Ro}),
(i1) IC(A, {s*},0) with respect to IC(AC, {s*}, {Ro, 1}), and

(i1i) IC(Aq,{s},0) with respect to IC(AC,{s}, {1,1}).
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Proof. By Definition 2.5.22, we label a class IKK(GAC, &, N,o0) (defined in
2.5.20) with the total order A only consisting of a total order A; = {a} of

size 1 and an empty set A, as
(i) K(AC,6,0) when N = {n,} = {Ro}, and
(ii) KC(A,{s"},0) when N = {n,} = {1}.

Then considering Definition 2.5.18, any P = (P, <, <,8) € K(GC, &, N, 0) is
(i) an G-shaped chain, with identical (P, <) and (P, <) when N = {Xy},
(ii) and an s®-shaped antichain of size 1 when N = {1}.

Then Definition 2.5.20 tells us that given a chain Z, a structure P in
IC(AC, G, 0) consists of |Z| &-shaped chains P; for each i € Z, with the total
order on P inducing a total order on the chains P; and extending the partial
order on P. The total order on the chains is determined by the total order on
T, with

P,<P; <+ 1<jinlZ.

The situation is analogous in the case of P in KC(A, {s}, 0), with each P; being
an 'chain’ of size 1.
Thus any reduct of a structure P in IC(AC, &, 0) lies in IC(AC, S, {Rg, No}),
and any reduct of a structure P in IC(A, {s®}, 0) lies in IC(AC, S, {Xy,1}).
Conversely, given any P = (P, <,s) in IC(AC, &, {X(,Ng}) or P = (P, <,s) in
IC(AC, &, {Xy, 1}), each consisting on n ’chains’ P;, taking a chain [n] with the
natural order and extending the partial order (P, <) to a total order (P, <)
by letting p < ¢ if p € P;, ¢ € P; and ¢ < j, yields an ordered structure
= (P, <,=,s) that lies in IC(AC, &, 0) or IC(A, {s*},0), and checking that (i)
and (i) hold is easy. The full proof is omitted.
Finally, the class IC(A1, {s}, 0) is defined in 2.5.10. Clearly IC(AC, {s},{1,1})
contains only an s-shaped antichain of size 1, and KC(A;, {s}, 0) contains only
an ordered s-shaped antichain of size 1, so part (iii) of the lemma holds trivially.
[
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Results about simply bi-definable classes

Definition 5.2.6. Let ¥ = (X, <, <,l3,l3) be a good skeleton with a total
order. The class IC(X, 0) consists precisely of all structures P satisfying the

following.
i) P= (P, <P <P &P).

(ii) For any o € %, if the subset P, of P is non-empty, the substructure
P, of P on the subset P, lies in the class IC(o, 0).

(iii) If o < ¢’ and p € P, p' € P/, then p < p'.

Lemma 5.2.7. Let ¥ = (X,<,=<,l1,l3) be a good skeleton with a total
order, and let ¥ = (3, <,<',l1,l3) be a good skeleton with a total order,
differing from ¥ only in the total order (3,<"). Then the classes IKC(X,0)
and IC(X',0) are simply bi-definable.

Proof. Recall Definition 3.1.2.

Let, for each o € ¥ the formula u, be a simple formula
s(p) € 6, ANs(q) € G, Ap<q.
Further, let for each o,¢ € ¥ with ¢ <’ ¢, the formula y, ¢ be a simple formula
s(p) € 6, As(q) € G..

Finally, let ¢ be the simple formula

() ()
oeX o,6€8,0</s

Fix a structure Py = (P, <Po sP0) € KK().
Take a structure P = (P, <Po, <P sP0) € KC(X, 0) and define <"¥ on P as

p=<""q <= P} ¢lpql
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5.2 Good skeleton with a total order

The formulae ji, tell us that the total orders <¥ and <’ P! agree on each
substructure P, of P and P’. The formulae y, . state that p-<’P/q if o <,
sPo(p) € &,, and sP°(q) € &.. Thus the structure P’ = (P, <Fo, <P sP0) is
indeed the structure in the class IC(3, 0). Set ®&1(P) = P".

Symmetrically, we can define formulae y;, and p, . and ¢’ that define <Pon P
from < on P’ € KC(X',0), and the map P, between total order expansions
of Py in IC(X', 0) and total order expansions of Py in IC(3, 0).

We've shown that part (i) and (ii) of Definition 3.1.2 are true. By definition,
the structures P and P’ agree on the total order on each subset P, of P, and
only differ on the total order for pairs p,q with p € P,,q € P, and ¢ # ¢. For
those pairs the total order is uniquely determined by ¥ for P and ¥’ for P’
Thus @, is a bijection, which concludes the proof. n

Lemma 5.2.8. Let ¥ = (X,<,l1,ls) be a good skeleton and
¥ =(2,< 11,15 be a good skeleton, differing from ¥ in the partial or-
der (3,<') and label map 1. Let R be a subset of X2, with a partition
{R1, Ry, R3} such that

(1) If (0,5) € Ry, then 0 <. and o||’s.
(11) If (0,<) € Ry, then ol|ls and o <. <.

(iit) If (0,5) € Rs, then for some <€ {<y, <c, <sh; <pm; <cpm} We have
o<;sando <.

Suppose further that
(iv) o < ¢ precisely when (0,5) € Ry U R3, and
(v) o <" precisely when (0,¢) € Ry U Rs.
Then the classes IC(X) and K(X') are simply bi-definable.

Proof. Recall Definition 3.1.2 again.

Let, for each o € ¥ the formula u, be a simple formula

s(p) € 6, Ns(q) € 6, Ap<q.
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5.2 Good skeleton with a total order

Further, let for each (o,¢) € Ry the formula p, . be a simple formula
s(p) € 6, As(q) € 6.
Let also, for each (o,¢) € Rs, the formula y, . be a simple formula
s(p) € 6, ANs(q) € S NAp<q.

Finally, let ¢ be the simple formula

(\/ Ma) \% \/ Mo
€AY

oeY €R2UR3

Fix a structure Py = (P,s%°).
Take a structure P = (P, <?,s%9) € K(X, 0) and define <’ on P as

P/
p<"q <= P E=¢p.q.

The formulae y, tell us that the partial orders <¥ and <’ P’ agree on each
substructure P, of P and P’. The formulae s, define the partial order <’ P!
for points p, ¢ in different components, P, and P. respectively, of P’. The
partial orders <P and <’*" again agree on pairs (0,<) € Rs. For (0,¢) € R,
we have p||'®'q, as there is no formula 1, .. For (0,¢) € Ry we have p<""'q,
because the formula p, . applies. Thus the structure P’ = (P, <Po sP0) is
indeed the structure in the class IC(3, 0). Set ®1(P) = P".

Symmetrically, we can define formulae p;, and p, . and ¢’ that define <P on P
from < on P’ € KK(3',0), and the map ®, between total order expansions
of Py in IC(X', 0) and total order expansions of Py in IC(3, 0).

We've shown that part (i) and (ii) of Definition 3.1.2 are true. By definition,
the structures P and P’ agree on the partial order on each subset P, of P,
and only differ on the total order for pairs p,q with p € P,,q € P. and
(0,6) € Ry U Ry. For those pairs the partial order is uniquely determined by
Y] for P and Y for P’. Thus ®; is a bijection, which concludes the proof. [J
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Matching skeletons

We defined the class (GAC, &, N, o) of ordered glorified antichains of chains in
Definition 2.5.20. We defined a (c¢)pm-skeleton in Definition 5.1.12. In this section
we explore how the two are related.

Consider the structures Ho<,,.or and Hy< o0, satisfying <,,- and <cpm-
condition respectively (defined in 2.4.10).

We know that in H,<,,., for any chain H,; in H,, there is precisely one
chain ‘H, ; in ‘H,/, such that

Ha,i <c HU’,Z”
and vice versa. For any j # i’ we have
Hoil | Ho ;-

In H,< .0 the two cases are swapped. For any chain #,; in H,, there is

precisely one chain H, » in ‘H,, such that
Ha,i | |H0/,i/
and vice versa. For any j # i’ we have
Hmi <c %0/7]-.

In both cases, of course, H, and H,  need to have the same number of chains.

In both cases there is also a bijection, or a matching, between the chains in
the bottom and the chains on the top; in Hs< o/, each pair forms a chain, and
in Ho<,,,.0, €ach pair is incomparable, and the non-pairs form chains.

Thinking of the chains in the two components as points in the respective
components of a bipartite graph and drawing an edge between two points if they
represent a pair of chains that form a chain, the graph representing a Ho< o’
would then be a perfect matching and the one representing Ho<,,.o its comple-

ment.
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A different way to describe the similarities between H,<,,.o.» and Hoc,,,,0f
would be to say that they are simply bi-definable. Indeed, suppose that < is the
partial order on H, ... We can define the partial order <’ on the universe of

Hocopnor as p < qif
(i) p<qandp,qg€Hyorp,qe My, or
(i) p € Ho, ¢ € Hor and pllg.

So stacking two (or more) H(AC') components with the same number of chains
on top of each other, with all relations between them being labelled <,,, leads to a
shaped homogeneous partial order, with an unshaped reduct that is an antichain
of chains. Call the skeleton of structure described ¥; - it is a chain of points
labelled AC, and with relations labelled <,,,,. Suppose ¥, is also such a skeleton.
If they have the same number of chains, we could 'match’ the chains of ¥; and
Y9, by placing the chains of 5 on top of the chains of »; and making precisely
the matched pairs of chains incomparable. Then for any o € X; and ¢’ € X1 we
have H, <cpm Ho. A glorified chain then consists of a matched pair of chains,
and the constructed structure is a glorified antichain of chains. See Figure 5.4
for a sketch of a glorified antichain of chains, as defined here, and compare it to

Figure 2.9.

' )

Definition 5.2.9. Let X, be a (c)pm-skeleton, with

e a set of shapes & with a partition | | S,,

T€X (c)pm

e for each o € X(;),m a number n, € {1,Ny}, and
o if n, =1 then |&,| = 1.

Let N ={ny : 0 € opm}-

The homogeneous shaped partial order H(3(c)pm, S, N) is a glorified &-
shaped antichain of Ry chains. For any 0 € X(c)pm, Ho(X(e)pm, S, N) is a
S,-shaped antichain of ¥y chains of size n,.

The age K(X(¢)pm: S, N) of H(X(eypm, S, N) is a class of finite shaped glo-
rified antichains of chains. The universe of any P € IC(X0)pm, S, N), is of
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5.2 Good skeleton with a total order

Figure 5.4: Glorified antichain of chains P

E(c)pm,iz P1,2 T
<epm
<pm
S,-shaped P,
Pn’.l D2, Pcr.i
pcr.i.j
E(c)pm,l
<pm Py,
<&
P, o
the form

P = {pa,i,j : (0-77:7.1) € (E(c)pm X I) X \7}7

where 7 is a total order of size at most n, for each (0,7) € Xoypm X Z, T
is a total order of size at most n,s or J,, is an empty set. The partial

order on P is defined as

Dojij < Poitj'
if
(i) o € Bpm,1, 0" € E(e)pm,2 and i # ', or
(ii) o,0" € B(eypma or 0,0" € Ee)pm,2 and o < ¢’ in E()pm and @ = ', or

(i) e =o', i=1"and j < 5/ in Jy;.

200



5.2 Good skeleton with a total order

An &,-shaped component P, of P for each o € Xc)pm, is the substructure
of P on the subset

By = {poij : (0:4,5) € {0} x I) x T}

of P. The shaping s : P — & sends P, to &,,.
For each i € Z, the glorified chain P; is the substructure of P on the subset

Pi = {pa,i,j : (J,i,j) € (E(c)pm X {Z}) X \7}
For each (o,i) € ¥ x Z, if the set J,; is non-empty, the part P,; of P on

Pri={0sij:J € Toi}-

Remarks 5.2.10. (i) For & € [2], we define

G, = U S,, N = {ng 10 € Z(c)pm,l}

TE€X ()pm,1

and the substructure P}, ; of P on the set of points

Ph,i = {pcr,i,j : (Uai7j> € (E(c)pm,h X {Z}) X «7}~

Then P; consists of a shaped chain P ; and/or a shaped chain Py;.

If it consists of two chains, then P;; and P, ; are incomparable.

(ii) One might expect that the universe of a P € IC(E0)pm, G, N) is

P = {pa,i,j : (O-aimj) € (Z(C)pm X I) X \7}7

with each component P, of P having a distinct index set Z,,.

But any P € K(Xpm 6,N) is a finite substructure of
H(X()pm: S, N). As discused in the beginning of this subsection,
the partial order reducts of the substructures (3 cypm.n, Sn, Np) for
h € 2] of H(3(e)pm, S, N) are antichains of N, chains, due to the
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matching between the chains of &,-shaped antichains of N, chains.
For any maximal chain H; in H(X()pm,1,S1, V1), there is pre-
cisely one maximal chain Hy; in H(X(o)pm,2, ©2, N2), such that H,;
and H,; are incomparable. The substructure of H(X)pm, S, N) on
Ho i Uy, is a glorified chain of H(X()pm, S, N).

So each glorified chain P; of P is a finite substructure of a glorified
chain of H(X()pm, S, N). Thus there exists the index set Z, which

enumerates the glorified chains of P overall.

Finally, define a class of finite ordered shaped glorified antichains of chains.

Definition 5.2.11. Suppose that IC(3¢)pm, &, N) is a class of finite shaped
glorified antichains of chains. The class KC(X(¢)pm, &, N, 0) of ordered shaped
glorified antichains of chains is an expansion of the class KC(3c)pm, S, V)
with glorified convex total orders of the partial orders. A glorified convex

total order < of a glorified antichain of chains P is a total order in which

(i) < extends the partial order on each glorified chain, placing the part
of the glorified chain defined by X(cpm,1 below the part defined by

X(c)pm,2, and
(ii) < is convex on each glorified chain.

Take any P = (P, <, <,5) € K(3(c)pm, S, N,0). There exists a total order
T and for each (o,7) € Y(cypm X T a total order J5; , defining the total order
on P, as well as defining the partial order on it. The partial order on P is
defined in 5.2.9. But we have

Dojij = Do’ j'
if
(i) i < inZ,

(ii) ¢ =4" and 0 < 0’ in ()pm, or

(ii) 1 =4,0=0"and j < 5/ in Jy;.
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5.2 Good skeleton with a total order

Note. The total order Z and for each (0,7) € X(¢)pm X Z a total order 7,
exist because the glorified convex total orders essentially define a total order
of the glorified chains of a glorified antichain of chains, and then define a
total order on a glorified chain as an extension of the partial order, and
placing one of the two chains in it below the other based on the skeleton
Y(epm- The total order Z reflects the total order of glorified chains, and
the total orders J,; together with the chain Y.y, reflect the total orders
within the glorified chains.

Lemma 5.2.12. Let IK(GAC, &, N,0) be a class of glorified antichains of
chains defined by the following.

(i) A total order A, with a partition { Ay, As}, where As is possibly an
empty set, and for all a; € Ay and as € Ay we have a; < as.

(ii) For each a € A a number n, € {1,Ro}, and N = {n, : a € A}.

(111) A set & of shapes with a partition {&, : a € A}, where |S,| = 1
when ng, = 1 and for each a € A there exists a total order B,, such
that G, = {s** : b € B,}.

(iv) A class IC(GC, S, N, o) of glorified chains.

Let also X be a (c)pm-skeleton with A playing the role of I1 in the definition
of the (c)pm-skeleton,
Y ={o,:a€ A}

Then the classes KK(3, 6, N, 0) and IC(GAC, S, N, 0) define the same class

of structures.

Proof. Recall that IC(GAC, &, N, 0) is defined in 2.5.20.
Take any P € KK(GAC, S, N, 0). Then

P={pl": (i,) €T % T,s(p}") = s a € Ay},

For each i € Z, the substructure P; of P on the subset P; = {pZ’ja’b cj e Ji}is
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5.2 Good skeleton with a total order

a glorified chain, defined in 2.5.18. For each i € 7 and a € A, there is a subset

Pt = {p;““’b cj € JMa € Ay} of P If P is non-empty, J is a chain and a

substructure of J;. So we could write

P ={p/": (a,i,j) € (AxT) x T, s(p{") = s, a € A},

i.j
Consider a structure P’ with the universe
P’ =A{po,ij (0a,,7) € (X xI) x T},
where J,, ; is isomorphic to J;* and
bt Jowq = T 5 1)

is an isomorphism.

Define the shaping

5/ . Pl — 6, sl(po'a’i’j) =5 <p?:2£) ,

and we can check that s' indeed satisfes s'(P,,) C &, for

Foy = {Pouij : (0a,1,)) € ({0a} X T) X T}

The partial order <’ and the total order <’ are defined in 5.2.9 and 5.2.11
using the total orders Z and 7, ;.

Let P' = (P, </, </,&"). Then P’ € K(X,6, N, 0).

An easy check shows that the map

/ h,a,b
P — ].37 Poa,ij — pi,j

defines an isomorphism.
Similarly, given a P’ € K(X,8,N,0), we can find an isomorphic
P e K(GAC, &, N,o0). Thus K(3,6,N,0) and IKK(GAC, S, N, 0) both define

the same class. O
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5.2 Good skeleton with a total order

Corollary 5.2.13. Consider IC(GAC, S, N,0) and K(X,S, N) defined in
Theorem 5.2.12. The class K(GAC,&,N,0) is a reasonable class with
respect to the class IK(X, &, N).

We turn our eyes back to the class IK(GAC, S, N, o).
Lemma 5.2.14. The class K(GAC,&, N, 0) has the ordering property.

Proof. Consider a structure (P, <,8) € K(GAC, &, N).
Take any P = (P, <,<,6) € K(GAC, S, N,0). The total order < is convex

on the maximal glorified chains of P and for a chain Z we have
P,<P;, <+<— i<jinl

Thus < for each of the glorified chains is determined already, and any different
total order <" with P’ = (P, <,<',6) € K(GAC, S, N, 0) just permutes the
maximal glorified chains P; of P.

Recall that by Lemma 4.3.2, the class IC(GC, &, N, 0) has the joint embedding
property. Let P’ be a glorified chain with P; as a substructure for all ¢ € Z.
Then let P* = (P*, <*,&") be an antichain of chains P} for all i € Z, and
each P! isomorphic to P’. Then P* = (P*, <*,6*) € K(GAC,&,N) and
(P*, <*, <*,6%) € K(GAC, S, N, 0) for any total order of the glorified chains
P;. Since the glorified chains are isomorphic, the structure (P*, <*, <*, &%) is
unique up to isomorphism.

Thus for any P = (P, <, <,8) € K(GAC, &, N, 0), there is a substructure of
(P*, <*, <*, &%) isomorphic to P, as, by definition P; is a substructure of P’
for all « € Z. This concludes the proof. O

Chunk skeleton

Recall Definition 2.5.23 of a simple skeleton, Definition 5.1.8 of a chunk skeleton
and Definition 5.1.18 of a simplified skeleton of a chunk skeleton.
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5.2 Good skeleton with a total order

Lemma 5.2.15. Suppose that ¥ = (X, <,ly,13) is a simplified skeleton of
some chunk skeleton X.p,.
Let (X, <) be a total order extending the partial order (X, <) and let I} be
a map with

llo)=A << Ii(0) = AC.

Then X' = (X, <, <,l1,12) is an antichained skeleton.

We omit the trivial proof.
Lemma 5.2.15 provides another connection between classes corresponding to

good skeletons and classes corresponding to ordered skeletons.

Lemma 5.2.16. Let ¥ and X' be a pair of skeletons, as in Lemma 5.2.15.
Further, for each o € ¥,

(1) if (o) = AC, let &, = {s,} be a set of shapes, n,1 = Ny, Ny =1,

(i1) and if l,(0) = G, let S, be a set of shapes, such that the sets &, are
disjoint for all o € X.

Let 6 = | |,c5 6o
Then the class IKK(X/, &, 0) is a reasonable class with respect to IC(X, S).

Proof. This holds since for each o € X,

(i) if (o) = AC, by part (ii) of Lemma 5.2.5, the class IC(A, {s,},0) is a
reasonable class with respect to KC(AC, {s,}, {Ro, 1}), and

(i) if l;(0) = G, by Lemma 5.2.1, the class KK(G, &,,0) is a reasonable class
with respect to the class KK(G, S,).

The total order on any structure is determined by the total order on each

substructure P,, and P, < P,, whenever o < ¢’. O

Definition 5.2.17. Let ¥, be a chunk skeleton with a chunk partition
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5.2 Good skeleton with a total order

U Yo | U UJ,Y

ue(C)pm ~yel

For each u € (C)pm let o, be the least point in the (c)pm-skeleton ¥,,.
The skeleton X, is a simple chunk skeleton if for each u € (C)pm, o € 3,
and o’ ¢ ¥, we have

(i) o, <. o’ if and only if 0 <. 0/, and

(i) o’ <. 0, if and only if 0’ <. 0.

Lemma 5.2.18. Let X, be a simple chunk skeleton with a simplified skele-
ton 3. Let X' be an antichained skeleton defined in Lemma 5.2.15 and let
3* be a glorified skeleton of ¥/, defined in 2.5.2/.

(1) Foru € (C)pm, with ¥, = {0y : a € A,} we have the following.

(a) A total order A,, with a partition {A,1, Au2}, where Ao is
possibly an empty set, and for all a; € A,1 and ay € A, we

have a1 < as.
(b)) Lu1={0us:a€ Ay1} and Xy o = {040 :a € A2}
(c) For each a € Ay, nyq € {1,N0}, and N, = {nyq.:a € A,}.
(d) A set S, of shapes with a partition {S,, : a € A,}, where

|Guul = 1 when n,, = 1 and for each a € A, there exists a
total order By ., such that G, , = {s® : b € By,.}.

(e) A class K(GC,&,, N,,o0) of glorified chains.
(i1) For v €T, a set &, of shapes.
Let & = (Uuecppm &) U (Lbyer 65)

Then the class IC(X*, &, N, 0) is a reasonable class with respect to the class
KX, 6).
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5.2 Good skeleton with a total order

Proof. By Lemma 5.2.12, for each u € (C)pm, the classes IC(X,, &, Ny, 0)
and IC(GAC,S,, Ny, o0) define the same class of structures, so the class
K(Xy, 64, Ny, 0) is reasonable with respect to IC(GAC, &, N,).

For v € T', by Lemma 5.2.1, the class K(G, &,,0) is a reasonable class with
respect to the class IC(G, &,).

Take any P = (P, <, <,6) € K(X*,&, N,0). Then

P={P,:ue (C)pm}U{P,:yeT},

and for non-empty P, with 2 € (C)pm U T, the substructure of P on P, is
S,-shaped.
We know that in the simple chunk skeleton, for each u € (C)pm, o € ¥, and

o' ¢ %, we have
(i) o4 <. o’ if and only if 0 <. 0/, and
(i) o’ <. oy if and only if 0’ <. 0.

The partial order (P, <) satisfies those conditions due to the part (x) of Defi-
nition 2.5.26. Thus (P, <, 6) € K(Xu, 6).

For z,y € (C)pm UT, the total order on any structure is determined by the
total order on each substructure P, or P, and P, < P, whenever z < y in
the antichained skeleton Y, which finishes the proof. O

Lemma 5.2.19. Suppose that X, = (X, <,l1,13) is a chunk skeleton. Then
there exists a simple chunk skeleton ¥/ = (X, <', 11, 1}), differing from 3 in
the partial order (3, <') and label map 1y, so that there is a subset R of 32,
with a partition { Ry, Ry, R3} such that

(i) If (0,5) € Ry, then o <. and ol|’s.
(ii) If (0,5) € Ry, then olls and o <. <.

(iit) If (0,5) € Rs, then for some <€ {<y, <c, <sh; <pm; <cpm} We have
o<;sando <.

(iv) o < precisely when (0,5) € Ry U Rs.
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5.2 Good skeleton with a total order

(v) o << precisely when (0,<) € Ry U Rj.

Proof. This is true by the definition of a good skeleton, 2.4.13. For any
ue€ (C)pm, ¢ € ¥, and ¢’ ¢ ¥,, we can obtain a simple chunk skeleton
from a chunk skeleton by adding a relation ¢ <. ¢’ or ¢’ <. o, or deleting a
relation o, <. o’ or 0’ <. o to obtain a skeleton satisfying conditions (i) and
(ii) in Definition 5.2.17, that is also a good skeleton. O

Corollary 5.2.20. Suppose that ¥, is a chunk skeleton. Then there exists
a simple chunk skeleton Yg.p, such that the classes IC(Xe) and IC(Xgen) are
simply bi-definable.

Proof. This follows from Lemma 5.2.8 and Lemma 5.2.19. [

Lemma 5.2.21. Suppose that ¥, ts a chunk skeleton. Suppose that & s
a set of shapes, that there is a partition {S, : 0 € X} of &, and for each

o € ¥ with ly(0) = AC, numbers n,1 and nys, with
(1) ng1 = Vg and nyo € {1, N}, orne1 =n,o =1, and
(i) 16 =1 if ngs = 1.

Let IC(X) be the class of shaped partial orders as defined in 2.4.14. Then
if, for some o € X we have n,; = ny2 = 1, the skeleton X consists only of
the point o labelled AC, &, = {s} for some shape s, and IC(3) contains
precisely the s-shaped antichain of size 1.

In this case we call the skeleton X, a trivial chunk skeleton.

Proof. If ny1 = ny2 = 1, the homogeneous structure H, is an an s-shaped
antichain of size 1 for the shape s with &, = {s}. Then for any other ¢,
H, can either be incomparable with, completely below, or completely above
the structure ‘H,., as ‘H, only contains one point. Thus, by part (iii) of the
definition of a chunk skeleton (5.1.8), ¥ does not contain any point other than

o, which completes the proof. O
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5.2 Good skeleton with a total order

Theorem 5.2.22. Let ¥, be a chunk skeleton and IC(Xq, ©) the class of
G-shaped partial orders, as defined in 2.4.14. If X, is not a trivial chunk

skeleton, then there exists a simple skeleton 3, such that
(1) the classes IC(3cn, S) and IC(3, &) are simply bi-definable, and

(11) the class IC(X, S, 0) is a reasonable class with respect to IC(X, &) and
has the Ramsey property.

Remark 5.2.23. We refer to the skeleton ¥ as the simple skeleton of the
chunk skeleton X,.

Proof. We have shown in Corollary 5.2.20 that there exists a simple chunk
skeleton Y., such that the classes IC(X.,, G) and (X, &) are simply bi-
definable. Further, in Lemma 5.2.18, we have shown that there exists a simple
skeleton ¥, such that the class IC(X, G, 0) is reasonable with respect to the

class IC(Xsen, ©).

Let @ : IC(Xgen, ©) — IC(Xen, ©) be a 'map’, defined in Remark 3.1.3 after the
definition of simple bi-definability.

Define the class IC(X., S, 0) as follows. Any P = (P, <, <,6) € K(3, S, 0)

satisfies the following.
(1) (Pv < 6) S K(Zcha 6)

(ii) There is a structure P’ = (P, <’, <, S) € K(X, S, 0), such that
(P,<,6) = @((P, <, 6))

and p < ¢ precisely when p <’ ¢ for all p,q € P.

Thus the classes K(2, &, 0) and K(X., S, 0) are simply bi-definable as well
and IC(X.,, G, 0) is a reasonable class with respect to IC(X.1, ).
By Theorem 4.3.7, the class IKC(X, S, 0) is Ramsey, which finishes the proof. [
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5.2 Good skeleton with a total order

Shuffle skeleton

Let 3 be a shuffle skeleton, defined in 5.1.5. In Torrezao de Sousa & Truss (2008),
the structures H(X), where X is a shuffle skeleton, correspond precisely to the
S H*-classes. In the proof of Theorem 5.2, starting on page 20, they show the

equivalent of the following.

Lemma 5.2.24. Suppose that 3. is a shuffle skeleton with the set of shapes

=16, 6, =|] 6.

oEY a€EAs

Then H(3,8) is simply bi-definable with the homogeneous structure
H(CA,S), where & is viewed as

&= || G

(o,0)EXxA

This, of course, implies that given any shufflie skeleton ¥ and any compatible
set & of shapes, the classes IC(X,S) and KK(C'A, &) are simply bi-definable.

Good skeleton

Let X be a good skeleton. Then by Lemma 5.1.11 there is a partition of X,

(U)oU)

such that the following hold.
(i) For each t € Sh, ¥, is a shuffle skeleton.
(ii) For each z € Ch, ¥, is a chunk skeleton.

(ili) For any distinct z,y € ShUCh and 0 € ¥, 0’ € ¥, if 0 < ¢’ in X, then

o <.0.
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5.2 Good skeleton with a total order

Lemma 5.2.25. Let Y be a good skeleton with a good partition

(U)oU)

Then there exists a good skeleton X' with the same good partition such that
the following hold for >'.

(i) For each t € Sh, ¥ is a shuffle skeleton.

(ii) For each z € Ch, ¥, is a chunk skeleton.
(111) For any distinct x,y € ShUCh and o0 € ¥, o' € ¥, we have o||o’.
(iv) The classes IC(X) and IC(X') are simply bi-definable.
We refer to X' as a better skeleton.

Proof. This is true by Lemma 5.2.8. O]

Theorem 5.2.26. Suppose that 3 is a good skeleton. Suppose that S is a
set of shapes, that there is a partition {S, : 0 € X} of &, and

o for each o € ¥ with l,(c) = AC, numbers n,1 and ne,s, with
— Np1 =Ny and nyo € {1,No}, 0rny1 =ny2 =1, and
— |Gy =1 if npo = 1;
o for each o € ¥ with l,(c) = CA,
— a partition {&,,:a € A,} of &,, and
— for each sg’b € 6,4, a number ngqp € {1,No}.

Let IC(X) be the class of shaped partial orders as defined in 2.4.14. Then
there exists an elementary skeleton ¥* and a class K(X*,0) of ordered

shaped partial orders, such that

(i) the classes KK(X) and IC(X*) are simply bi-definable, and
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5.2 Good skeleton with a total order

(11) the class IC(X*,0) is a reasonable class with respect to IC(X*) and is

a Ramsey class.

Further, when the elementary skeleton ¥* does not contain edges labelled

<y, the class IC(X*,0) has the ordering property.

Proof. Let ¥’ be the better skeleton defined in 5.2.25. Then K(X, &) and
K(X', &) are simply bi-definable.

For each » € ShUCh, let &, =, ey, G,

Then by Lemma 5.2.24, for each t € Sh, the class IC(X;, &;) is simply bi-
definable with the class IC(o}, &, N;), where o} is labelled CA and

Ny =A{ngap: (0,a,b) € (5 x Ap) x B}

By Theorem 4.2.5, the class IC(o}, &, Ny, 0) is Ramsey and by Lemma 5.2.3
the class IC(o}, S;, Ny, 0) is a reasonable class with respect to KC(o}, Sy, Ny).
For z € Ch, where ¥, is a trivial chunk skeleton, defined in 5.2.21, the class
K(X.,S.) is simply bi-definable with the class IC(c?%, &), where o7 is labelled
Ay. The class K(0},S,,0) is trivially Ramsey and the class IC(07,6.,,0) is
reasonable with respect to the class KC(o},S,). Let the set of all such z be
Chy.

Otherwise, for z € Ch\ Chy, by Theorem 5.2.22 there exists a simple skeleton
2%, such that

(i) the classes IC(X,,6,) and (X%, S,) are simply bi-definable, and

(ii) the class KC(X%,&,,0) is a reasonable class with respect to IC(3%, &,)
and has the Ramsey property.

Let
(00 .7)
teSh z€Chy 2€Ch\Chy

such that for any distinct z,y € ShUCh and 0 € 3} or 0 = 0, 0’ € ¥} or
o' = o;, we have ol|o”.

The fact that for distinct z,y we have o||o’ implies all of the following.
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5.2 Good skeleton with a total order

(i) The classes (X', &) and K(X*, &) and thus IC(X, &) and K(X*, &) are
simply bi-definable.

(ii) Define IC(X*, &, 0) as consisting of P = (P, <, <, s), where

(a) there is a partition {P, : x € Sh U Ch} of P,
(b) the substructure P, of P for each non-empty P, lies in the class
K(o:,S,,0) for x € ShUChy or K(X,6,,0) for x € Ch\ Chy,

and

(c) there is a total order on Sh U Ch inducing a total order on P,.

Then the class K(X*,S,0) is reasonable with respect to the class
KX, 6).

(iii) The class IC(X*, S, 0) is Ramsey by Corollary 3.2.12. It is a merge of
classes IC(0, &,,0) and IC(X%, S, 0) for x € ShUCh, and taking a selec-
tion of structures, at most one P, from K(c}, S,,0) per z € ShUChy
or IC(X%,6,,0) per x € Ch \ Chy, defines precisely one structure in
IC(X*, S, 0); the structure with the total order defined by the total order
on ShuU Ch.

Now >* consists of an antichain of points o} for x € Sh U Chy, labelled CA
or Ay, as well as the union (J, .y cp, 22 of simple skeletons. Since each of the
simple skeletons consists of points labelled GAC or G, relations labelled <,
or <., and satisfies the c-condition, the skeleton >* is indeed an elementary
skeleton, as defined in 2.5.28.

Finally, by condition (v) of the simple skeleton (2.5.23), if ¥* contains no edges

labelled <, all the simple skeletons consist of a single point, so
¥ ={o,: 2 € ShUCh}.

(i) By Lemma 5.2.4, any K(o,,S,,0) with l;(c,) = C'A has the ordering
property.

(ii) The class IKC(0,, &,,0) with [1(0,) = A; trivially has the ordering prop-
erty.
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5.2 Good skeleton with a total order

(iii) By Lemma 5.2.2, any K(0,,S,,0) with [;(0,) = G has the ordering
property.

(iv) By Lemma 5.2.14, any K(0,, &, 0) with [;(0,) = GAC has the ordering
property.

So take any structure P = (P, <,s) € K(X*,6). Then, for each
x € ShUCh, since K(o,,&,,0) has ordering property, there exists a struc-
ture R, = (R,, <,s) € K(0,,8,), such that for any

P=(P< <5 eKZXE,6,0)
and the corresponding
P, = (P, <,<,5) € K(0,,8,,0)

as well as any
R, = (R;, <, <,s) € K(0,,6,,0)

there exists an embedding
er Pr= (P, <,<,5) > R, = (R, <, <,5).
Let R € IC(X*, &) be the unique merge in of structures
R, = (R.;,<,s5) € K(0,,6,,0)

for x € Sh U Ch. Then any total order < on R induces the total orders <
on R, = (R, <,<,5) € K(0,,8,,0). Since the total order between points in
different P, (and R,) is uniquely determined by a total order on Sh U Ch, we

can combine the embeddings e, to get an embedding
e:P=(P<,<,5) - R=(R,<,<,5).

Thus the class K(X*, &, 0) has the ordering property. O
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Chapter 6

Conclusion

Consider, again, Definition 2.4.14. Tt defines a homogeneous shaped partial H ()
for any good skeleton X, and a set of shapes and multiplicities as follows. Let &

be a set of shapes, together with a partition {&, : 0 € ¥} of &, and
e for each o € ¥ with [4(0) = AC, numbers n,; and n,», with

— 2<n,; <Rpand nys € {1,N}, or ny1 =ny2 =1, and

— |G| =1 if gy = 1
e for each o € ¥ with [1(0) = CA,

— a partition {S,,:a € A,} of &,, and

— for each s’ € &,,, a number 1y, with 1 < n, 45 < V.

Suppose that KC(X,0) is a reasonable order class with respect to IC(X) and
either 1 < n,; < Ny for some o € ¥ with [;(0) = AC (or 1 < ngqp < Ny for
some o € ¥ with [;(0) = CA), the class KC(X, 0) contains an s!-shaped A, for
any s. € &, (or an s*’-shaped A,). By Lemma 2.5.6, IC(, 0) does not have the
Ramsey property. Thus the pair (n,1,n,2) is restricted to values (1,1), (Ng,1)
and (R, Ng), and n, 4, can only take values 1 and Ry in Theorem 5.2.26.

The last sentence of Theorem 5.2.26 states that when the elementary skeleton
¥’ does not contain edges labelled <, the class (3, 0) has the ordering property.

So to achieve the aim of the thesis, the outstanding result needed is that when
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the elementary skeleton ¥’ does contain edges labelled <, the class IC(X', 0) has
the ordering property. The following is needed to complete the aim of the thesis.

Conjecture 6.0.1. Let ¥ be a chunk skeleton and ¥* a glorified skele-
ton, such that KC(X) and K(X*,S,N) are simply bi-definable. Then
IC(X*, S, N, o0) has the ordering property.

The skeleton ¥* exists by Corollary 5.2.20. In the proof of Theorem 5.2.26
we prove that when all glorified skeleton substructures of an elementary skeleton
are singletons, the class of ordered shaped partial orders defined by it has the
ordering property. The proof works because we also show in the thesis that the
classes of structures defined by a singleton elementary skeleton have the ordering
property. So with a proven conjecture, we can similarly show that a class defined
by any elementary skeleton has the ordering property. Proving this conjecture is
the next step for the author of this thesis.

Next, the Ramsey and ordering properties results lead to topological dynamics
results. The classes mentioned in Theorem 5.2.26 can easily be seen to be closed
under substructures, so checking that they have the joint embedding property
would show that they are Fraissé by Theorem 2.2.4. This would thus yield the
results about the automorphism groups of the corresponding ordered homoge-
neous shaped partial orders being extremely amenable, and allow us to calculate
the universal minimal flow of the automorphism groups of the corresponding ho-
mogeneous shaped partial orders.

We have seen in 1.2.1 that the classes IC(ACYy,, ce) and IC(C Ay,, ce) are simply
bi-definable. Similarly, there might be classes of ordered shaped partial orders
that are simply bi-definable. It might be interesting to find a classification of
Ramsey Fraissé classes of ordered shaped partial orders with the ordering prop-
erty that contains no simply bi-definable classes.

Another set of questions to consider regards other shaped structures. For
example, one might want to classify all shaped homogeneous graphs or shaped
homogeneous tournaments. Given the classification, versions of the Two Pass
Lemma, the Structural Product Ramsey Lemma or the Blowup Lemma could be

relevant to showing that classes of ordered shaped graphs are Ramsey.
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