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ABSTRACT

In this thesis, we study the arithmeticity of critical values of degree-8
tensor product L-functions attached to Siegel modular forms of genus
1 and 2. We show that the congruence between the Hecke eigenvalues
of two cuspidal Siegel Hecke eigenforms of genus 2 implies a similar
congruence between certain suitably normalised critical values of the
associated degree-8 L-functions. This phenomenon is predicted by
the Bloch-Kato conjecture, for which we therefore provide further
evidence in this particular setting.

We prove this by employing integral representation formulae, due to
Saha, and Bocherer and Heim, linking critical L-values to iterated Pe-
tersson inner products against diagonally restricted non-holomorphic
Fisenstein series.
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Chapter 1

Introduction

§1.1 Why L-functions

Some of the most fascinating results in mathematics involve connecting seemingly
unrelated objects in a surprising way. This is even more striking when one can
apply techniques from different fields to study a common object: L-functions are
an example of this phenomenon. If {a,}, is a sequence of numbers encoding
information about some object X, then one can consider the Dirichlet series
Lx(s) = >, a,n~®. If {a,}, has nice properties (heavily dependent on the
context), the function Lx(s) is nice as well (for instance, meromorphic on C,
admits functional equation or an Euler product); hence one may use methods
from analysis to study it, and maybe get new insights on X via the associated

{an}n-

This approach is quite common in number theory, where sometimes the object
we wish to study is the sequence of numbers itself. For instance, let £ be an
elliptic curve over Q: we know its rational points form a group (with the induced
chord/tangent sum) whose structure is well understood, as the Mordell-Weil the-
orem states being isomorphic to a finite group plus rg copies of Z. The number
rg is called the rank of E, and (a version of) the Birch and Swinnerton-Dyer
conjecture says that rz equals the order of vanishing of the L-function Lg(s) at
s = 1, where Lg(s) is constructed in terms of the number of points of the mod
p reduction of F for all primes p. Therefore, Lg(s) links analytic and algebraic
aspects of E and one can obtain results about one from information about the
other.

Surprisingly, there is a third point of view on Lg(s): Galois representation. One
can consider what happens to the Q-points on E when applying the Galois group
G = Gal(Q/Q), since the group operation on E acts in an algebraic way on the
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coordinates. It turns out that there exists a suitable Galois representation asso-
ciated to a modular form f which connects it to E, namely via Lg(s) = L¢(s),
where Ly(s) is constructed in terms of the Fourier coefficients of f (or, equiva-
lently, in terms of the image of the Frobenius element via the Galois representation
attached to f - see section ) Once again, one can see modular forms as an-
alytic, algebraic or arithmetic objects and attack related problems with radically
different tools.

In this thesis, we study arithmetic properties of a degree 8 L-function associated
to a pair of Siegel modular forms. The Bloch-Kato conjecture (a generalisation
of Birch and Swinnerton-Dyer) predicts that a particular value of this L-function
should be divisible by a congruence prime because of Galois representation rea-
sons (namely because it divides the order of some Selmer group), and we prove
this by applying a combination of algebraic and analytic tools within the context
of Siegel modular forms. The next sections first introduce the objects at hand and
a naive explanation for the expected result, and then explain why the Bloch-Kato
conjecture actually predicts it.

§1.2 Goal and motivations

Our goal

Let h € 83, be an elliptic normalised Hecke cuspidal eigenform of weight 2/ and
genus 1, with [ odd; its completed L-function A, (s) := (2m) *I'(s)Ly(s) satisfies
the functional equation

An(s) = (—1)1Ah(2l —3)
hence L;, has a zero at the central critical value s = [.

Let I' € Sgk be the Saito-Kurokawa lift of an elliptic Hecke cuspidal eigenform
f €8}, o, with 2k > 21; further, its spinor L-function satisfies

Zp(s) =C((s =2k +1)((s — 2k + 2)L(s)

(see proposition (2.5.1))). Because of this, the degree 8 tensor product L-function
Zpen defined in (2.23)) factorises as

Zp®h(5> = Lh(s — 2k + 1)Lh(8 — 2k —+ 2)Lf®h(8)

and in particular Zpgy, has a zero at s = [ + 2k — 1, the first critical value to the
right of the centre, because of the vanishing of L;(1).
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Let Q(f) be the smallest algebraic extension of Q containing all the Fourier
coefficients of f. One can fix periods wjf € C so that

.
L) = <15 e @
f

for any integer 1 < j <4k — 3.

Fix a large prime ideal p of Q(f) dividing L‘}lg (2k), for a suitable choice of periods
wjf; see theorems 1' and 1' for details. Then a theorem of Katsurada

[Kaf0g, theorem 6.1] ensures that there exists a Hecke eigenform G e (S2,)*

whose Hecke eigenvalues Ap(G) are congruent mod p to those of F' for every
Hecke operator T' € H,.

The coefficients of the Dirichlet series of Zggp, are defined in terms of the Hecke
eigenvalues of G and h. Since A\p(G) = Ar(F) mod p by construction, we roughly
expect to see a similar congruence between critical values of Zgg, and Zpgy: in
particular we would like to observe whether

ZG®h(2k +1— 1) = ZF®h(2k7 + 11— 1) =0 mod p

This is quite imprecise, since Zggn(2k + 1 — 1) is a complex number so the con-
gruence does not make sense as is. Nonetheless, one can fix periods w§®h so that
Zash /w§®h takes values in Q up to a power of 7, and so what we really expect
to see is that p divides ZG®h/w§®h.

To avoid having to make a particular choice for the periods cug@h, we can instead
study the ratio
Zaon(2k+1—-1)

mQ 1.1
Tom@h1—T72m) <" @ (1.1)

As there is no particular reason for p to appear in the critical values Zgen(2k +
Il —1+42m) for m > 1, we expect to detect a factor of p in this ratio for all
values of m > 1 such that 2k + [ — 1 + 2m is critical; observe that Zge;, does not
vanish at these points, as the value there is defined by a convergent Euler product
(see section for a more detailed discussion on the analytic and functional
properties of Z functions).

The congruence mod p between F' and G is indeed a naive explanation for the
expected divisibility of Zgen(2k + 1 — 1) by p. However, we explain in the next
section how this fact is actually predicted by a deep conjecture in modern number
theory, namely the Bloch-Kato conjecture.



Similar results in literature

As explained, L’}lg take values in Q(f) at its critical points: it is therefore natural
to investigate on the nature of the prime factors of this values; in particular,
whether congruences between modular forms correspond to congruences between
L-values.

A century ago, Ramanujan noted that the Fourier coefficients of the weight 12
A cusp form and of the Eisenstein series Fp5 are congruent modulo the large
prime 691, which divides the numerator of ¢(12)/7'2. But 691 also divides the
denominator of the rightmost critical value LZI*" (11). In terms of the Bloch-Kato
conjecture, the 691 in the numerator is the order of an element of some Selmer
group, whilst the one in the denominator is the order of an element in a global
torsion group.

Similar phenomena of congruences of critical L-values have been observed mul-
tiple times in literature, both experimentally and theoretically. For instance,
Dummigan |[Dum0O1, theorem 14.2] proved that, if g is a normalised cuspidal
Hecke eigenform of weight k& with coefficients congruent to those of Ey modulo a
large prime p, then the degree-4 tensor product L-value

Zyog (K'[2+k —1)
(q,9"

is divisible by (a suitable prime ideal above) p, where ¢’ is any cusp form of weight
K > k.

Leaving the domain of elliptic modular forms, one can study spinor L-functions
attached to Siegel modular forms: in this thesis we focus only on scalar valued
ones, but there are analogous conjectures about vector valued forms. For instance,
as explained in [BDFK19, section 3.2], we have numerically observed congruences
between the Dirichlet coefficients of degree-8 tensor product L-functions, and
Bloch-Kato does indeed predict a congruence between particular certain L-values.

Using the method presented in this thesis, we have proved in a recent paper
[DHR19| that the large prime q appears in the rightmost critical value of the
tensor product L function Zygp(s), where q divides the rightmost critical value
of the symmetric square L-function of f € S} and F € 8 is congruent modulo g
to the Klingen-Eisenstein series E;"'(f) associated to f.

The goal of this thesis is to prove this kind of expectation, at least in the simplest
case of scalar valued Siegel modular forms.
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§1.3 Bloch-Kato conjecture

Statement of Bloch-Kato

Let X be a non-singular projective variety of dimension d, defined over Q. For
0 <1 < 2d, define the [-adic cohomology V; by
T = lim Hy,(Xq, 2/I"2)  Vi=H(Xg) = Ti ®z, Q

where Hg denotes the étale cohomology. Finally, put A, := V;/T; and A := &, A,
and let A(m) be the m-th Tate twist of A.

For a prime p, define the polynomial P,(t) := det(I — Frob, '¢ H( X@)Ip)7 where [,

is the p-inertia subgroup, and let

Li(s) =] R(r™)" (1.2)

for R(s) > £ 4 1. Conjecturally, this admits meromorphic continuation to C and
a functional equation L% (s) ~ L% (i + 1 — s), where ~ denotes equality up to
some explicit factors.

Conjecture 1.3.1 (Bloch-Kato, [BK07]). For critical j # %%, or j = “5* with
Ly (4) # 0,

(1.3)

L) #HNQAG+ 1) »
L) = Z(Gy, AGY) #(Ga, AG 1 1= 7)) L1 @0

p<oo

where Q(j) is the Deligne period, H;(Q, A(i+1—j)) a Bloch-Kato Selmer group
and ¢,(j) the j-th Tamagawa factor (which equals 1 for almost all p).

When X is an elliptic curve, (1.3 reduces to the Birch and Swinnerton-Dyer
conjecture.

Galois representations of modular forms

Conjecturally, to a Siegel Hecke eigenform ¢ € M} one can attach a degree 2n
Galois representation p, so that properties of the Frobenius element are linked
to arithmetic information of ¢.

For n = 1, this is well known: by a theorem of Deligne [Del71], for any normalised
eigenform p € M}(T1(N), x), one can construct a semisimple continuous Galois
representation p, : Gg — GL2(Q,) which is unramified at all primes [ f pN and

ch(p,(Frob;)) = X? — a(l)X + x()IF*



where ch(-) denotes the characteristic polynomial and a(l) is the [-th Fourier
coefficient of ¢.

For n = 2 we have some results. Let ¢ € S? be a simultaneous cuspidal eigenform
for all Hecke operators T'(n), n € N, with eigenvalue \,,. Let E denote the smallest
algebraic extension containing all the eigenvalues \,, and let p be any extension
of a prime p to E. Then, by a theorem of Weissauer [Det01 proposition 3.2],
there exists a continuous representation p,, : Gg — GL4(E,), unramified outside
p, such that for every prime [ # p

ch(py.p(Frobr)) = QY (X) (1.4)

where Qg) is the Euler factor |D of the spinor L-function Z,.

In what follows, we will assume the existence of a suitable representation p,
whenever needed.

Critical values of modular forms

This section roughly follows [BDFK19, section 5]. Recall f, F,G,h and p from
section , and let p,, be the associated Galois representations. In [BDFK19,
section 5.1] it is explained how to make suitable choices for the objects appearing
in conjecture so that the Tamagawa factors are integral at p. Now, we
follow the argument of [BDFK19, section 5.3].

Because of the congruence between F' and G, the mod p reduction pg, has com-
position factors pr,, Fy(1 — 2k) and Fy(2 — 2k). Assuming the irreducibility of
pa.p, one can choose a Op-invariant lattice so that F,(2 — 2k) is a submodule of
PGy, hence Fy embeds into pg,(2k — 2).

Since the vanishing of Lj(l) is due to the sign of its functional equation, one
has from [Nek13, theorem B] that H;(Q, Vj,(1)) is non-empty, and hence there
exists a non-zero element ¢ € H}(Q, prp(1)). After tensoring the embedding F, —
PGp(2k—2) by prp(1), one can see pp (1) as a submodule of py,, ® pa, (1 +2k —2),
hence ¢ maps to a non-zero ¢ € H{(Q, Dry ® pay(l + 2k — 2)).

In fact, this produces a non-zero element of p-torsion in a Selmer group whose
order appears in the right-hand side of (1.3)), while the left-hand side equals

Zagn(l + 2k — 2) because of (1.2)) and (1.4).

It follows that we should expect p to divide Zgen(l + 2k — 2), after suitable
normalisation which essentially corresponds to a choice of Deligne period Q(I +
2k — 2). By the functional equation of Zggp, the same should hold for the paired
critical point s = [ 4+ 2k — 1, and hence we expect to detect a factor of p in the

ratio (1.1)).
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§1.4 Overview of this thesis

The method

For forms ¢, 9 of weight [ and genus n define the Petersson inner product as
(o) = | o(2)0Z)den(3(2)) iz

whenever convergent, where F,, is a particular subset of the Siegel upper-half
space H,,, namely its Klingen fundamental domain ([KIi90, definition 3.1]). Recall
f,h, F,G from section (1.2)): we employ Saha’s integral representation formula
[Sah10l theorem 6.9]

(E3.(Z x 7,2 — k+2m),%x(Z)h(1))) = &, <1 +64m> Zion(3k —1+2m) (1.5)

where x = F,G and E3,(Z x 7,-) is a Hermitian Eisenstein series of genus 3
diagonally restricted into Ho X H1, and &,(z) is an explicit factor depending only
on % and m. This formula requires the weights of F,G and h be equal, so we
have to make this assumption even though the claimed result should be true for
unequal weights as well.

Using a combination of analytic tools (namely Shimura-Maass differential op-
erator, diagonal restriction and holomorphic projection, see chapter 3) we can
replace the complicated Eisenstein series in the integral with the holomorphic
function ¥, (Z,7) = B}m)h(T)F(Z) + B(Gm)h(T)G(Z) for some constants B™ so
that yields

£, (1 +64m) Zyon(3k — 1+ 2m) = B (x, x)(h, h) (1.6)

since F and G are orthogonal, hence the arithmetic information we are looking
for is encoded in Bém).

These constants are obtained via the aforementioned process from the Fourier
coefficients of the Hermitian Eisenstein series £;,,,,. For m > 1, the defining
series converges absolutely and we know the Fourier coefficients to be rational
numbers whose denominator can be divided only by a finite set of primes (namely
the prime factors of some Dirichlet L-values [NTI8| theorem 3.1]). For m =
0, we can regardless define £ by analytic continuation of the non-holomorphic
Hermitian Eisenstein series [Nag96, theorem 2.2] and then employ a generalisation
of the Siegel-Weil formula proven by Ichino [Ich07), theorem 1.1] which expresses
it as a rational linear combination of Hermitian theta series, so that the Fourier



coefficients of £ are again rational and non-integral only at some explicit finite
set of primes. Assuming that our prime p does not divide all of these Fourier
coefficients, then the final function ¥,, has (double) Fourier expansion whose
coefficients are integral at p and not all divisible by p. Additionally, we assume
that the same property holds for F, G, h.

We use this arithmeticity to compare the constants B}m) and Bgn) in the equality
U,, = BMhF + BUhG (1.7)

Recall that Zpgn(3k — 1) = 0 because of the assumption on the weight of [
and its functional equation: then shows Bg)) = 0, hence Bg)) is integral
at p since so are the Fourier coefficients of ¥y. From we also compute
B = Er(F™) Zpen(3k —14-2m)(F, F)~'(h,h)~", and use the fact that (F, F)
can be expressed in terms of (f, f) and L;(2k) (since F' is the Saito-Kurokawa
lift of f, [Bro07, theorem 1]) to deduce that p actually divides the denominator
of B%m); again implies that p must divide the denominator of Bém) as well.
Now thanks to formula we have

=

om (b)) ZganBk—1)  BY

s =
5G(1+6 ) ZG®h<3k -1+ Qm) Bg”')

N

and, since the right-hand side is divisible by p, the whole ratio is a multiple of p
for any suitable choice of m > 0 which does not introduce some unrelated factor

p via Lo (™).

Guided content

In chapter 2 we recall some basic definitions about Siegel modular forms, the
Siegel upper-half space and modular group, Hecke operators, L-functions associ-
ated to modular forms (via the Satake parameters and related Euler products)
and a brief overview of the Saito-Kurokawa lift.

In chapter 3 we define nearly holomorphic modular forms as a generalisation of
Siegel modular forms, where we allow the Fourier coefficients to be polynomials
rather than constants. We extend some known facts about Siegel forms to this
generalisation, such as finite dimensionality of the space of forms of fixed weight
and diagonal restriction, and introduce the Shimura-Maass and holomorphic pro-
jection operators. The former acts on nearly holomorphic forms by raising the
weight at the expense of the complexity of the Fourier coefficients (namely, by
raising the degree of the polynomials), notably in the case of Siegel modular forms
(where the coefficients are constant); in particular, the Shimura-Maass operator
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acts on Eisenstein series roughly as Ei(Z,s) — Egyo(Z,s — 1). This allows to
study the arithmeticity of the non-holomorphic Ey(Z,—v) as it is obtained by
applying this differential operator to the holomorphic Ejy_s,(Z,0), whose Fourier
coefficients are rational with bounded denominator by a classic result of Siegel.
Finally, the holomorphic projection maps nearly holomorphic forms to Siegel
cusp forms in such a way that (¢, G) = (Holy, G) for any cusp form G of suitable
weight; again, this operator respects the arithmeticity of Fourier coefficients.

In chapter 4 we employ the integral representation by Bocherer and Heim

(E5p(TXZ x W, 5), 0151 h(1)G(Z)F(W)) =
= O>(8)<CI)F, (I)G>Lf(28 + 4k — 4)ZG®h(S + 3k + [ — 3)

and, by employing the tools introduced in chapter 3, we replace E3, (7 x Z x W, )
with a suitable linear combination of cusp forms without changing the overall
value of the inner product. As explained in the previous section, this linear
combination encodes the arithmetic properties of the critical values of Z,g,, which
upon further examination reveals that Z,p(s) is holomorphic at s = 2k+1—14+2m
for m > 0, and at least integral at p at s = 2k + 1 — 1. This is close to what
we want, but not quite enough: the reason why we cannot prove the claimed
divisibility by p is that the integral formula employed involves both F and G
at the same time, and applying a certain family of Hecke operators to obtain
the mentioned linear combination of cusp forms seems to introduce an unwanted
factor of p, due to the congruence between F' and GG. We conjecture this to be
balanced by the effect of these Hecke operators on the Fourier expansions, but
we could not prove it.

As this appears to be an issue with the integral formula rather than the method,
we have to use a different representation for the critical values: formula
works indeed, even though we have to restrict F,G,h to have the same weight.
As &3, is a Hermitian modular form, we need to obtain arithmetic information
about its Fourier coefficients: we do this in chapter 5, where we employ Ichino’s
unitary version of the Siegel-Weil formula expressing €7, ,,,(Z,0) as a linear com-
bination of Hermitian theta series (whose coefficients are rational with bounded
denominators), which then gets mapped to £3,(Z, —v) by applying the Hermi-
tian version of the Shimura-Maass differential operator. While there are results
about the arithmeticity of Hermitian Eisenstein series of high weight (for instance
[INTI8| theorem 3.1]), to our knowledge this was not known for low weight (i.e.
when the series does not converge absolutely); hence corollary is a new
result, interesting in its own right. We want to thank Nagaoka who, in a personal
communication, highlighted the connection between some low weight Eisenstein
series and theta series, and pointed us to Ichino’s version of the Siegel-Weil for-
mula.
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At this point, restriction of £5,.(Z, —v) to the Siegel upper-half space yields a
nearly holomorphic Siegel modular form, and the theory developed in chapter
3 applies. Hence, we detail in chapter 6 the method explained in the previous
section, explaining how the wanted divisibility by p essentially comes from p
dividing Lf(2k), in line with what Bloch-Kato predicts.



Chapter 2

Siegel modular forms

In this chapter we present some classical background material about Siegel mod-
ular forms. We introduce the Siegel fundamental domain, the vector space of
modular and cuspidal forms and the Petersson inner product. Further, we recall
the definition of Hecke operators, spinor L-functions associated to Siegel modular
forms and some basic facts about the Saito-Kurokawa lift.

§2.1 Symplectic group and Siegel half space

Let n € NT be a positive integer and H,, be the Siegel upper half space of genus

n
H, ={ZeC":2'=2iZ—-Z)>0} (2.1)

where M > 0 for a symmetric matrix M means positive semi-definite (or definite,
according to the inequality strictness); we systematically write H,, > Z = X +iY
by decomposing into real and imaginary part, and put §(Z2) := det(Y).

Let
0, I,
o= (% 1) -

and define the Siegel modular group of genus n

T, := Sp, (Z) = { (é g) € GLon(Z) : 'Sy = Sn} (2.3)

where A, B,C, D € Z™" are the matrix blocks of ~.

Proposition 2.1.1 ([K1i90, proposition 1.1]). The action of T',, on H,, given by
fractional linear transformations

v(Z) = (AZ + B)(CZ + D)™* (2.4)

11
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1s well defined. Further, we have
§(v(2)) = |det(CZ + D)|26(Z) (2.5)
for every vy € Ty, and Z € H,,.

By defining the automorphy factor
Jj(v,Z) :==det(CZ + D) (2.6)

we can rewrite (2.5) as 6(v(Z2)) = |j(v, 2)|726(2).
Following Klingen [KIi90, defin. 3.1], we define the Siegel fundamental domain

Fn ={Z € H, : Z satisfies (i)-(iii) } (2.7)

(i) 7(7,2)| > 1 for every v € T'y;
(i) Y is reduced in the sense of Minkowski [KIi90, defin. 2.1];

(iil) |Xu| <!/, for every entry of X.

Then F, is a standard representative for I',\H,,, in the sense that every Z € H,,
is a I',,-translate of points of F,, and every identification inside J,, happens on
its boundary. As a special case, when n = 1 we recover the classic fundamental
domain for I'y = SLy(Z) since condition (ii) is vacuous and (i) demands |z| > 1
by taking v = Sj.

§ 2.2 Holomorphic modular forms

A Siegel modular form of genus n and weight k € Z is a function
F : H, — C satistying (i)-(iii) (2.8)
(i) F' is holomorphic (in each entry of Z);
(ii) F(v(2)) = j(v,2)*F(Z) for every Z € H,, and v € T;
(iii) F' is bounded on vertical strips {Z € H,, : Y > el,,} for every € > 0.
Hence a Siegel modular form of genus 1 is an elliptic modular form. More gen-

erally, we call weakly modular any function transforming like (2.84i); by taking
v = —1I, we see F(Z) = F(y(Z)) = (=1)"*F(Z), hence nk must be even.
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Since F(Z + B) = F(Z) for any symmetric B € Z™", F admits absolutely
convergent Fourier series of the form

F(Z) — Z FA€27riTr(AZ) (29)
A

on H,, for complex Fourier coefficients Fa € C and symmetric half-integral ma-
trices A € Q"", i.e. 24;; € Z and A;; € Z; as is standard, we will often write
2T (AZ) —. (A

The Fourier coefficients satisfy the relation Fyeay = Fa for any U € GL,(Z)
[K1i90, formula 4.2], and using this one can show that F4 = 0 whenever A is
not positive semi-definite [K1i90, proof 4.1]. For n > 2, this implies that F is
bounded on every vertical strip {Z € H,, : Y > el,,} [KIi90, theorem 4.1], showing
that condition (2.8}ii) is implied by (2.8) and (2.8}i). This does not happen for
n = 1, so we require condition (2.8Hii) anyway to include elliptic modular forms
as a special case of Siegel modular forms.

We also observe the following fact about the Fourier indices.

Lemma 2.2.1. Let A be a symmetric half-integral positive semi-definite matriz.
If any of the diagonal entries vanishes, then so does that entire row and column.

Proof. Assume A,,,, = 0. Fix any [ # m and consider the vector z € Q" with
x; =0 for i # m,l and 2; = 1; hence ' Az = Ay + 2A;,7,,.

If Ay, = A, were non-zero, then we could find some z,,, € Q such that 2 Az < 0,
against the assumption of A > 0. O

As in the classical case, cusp forms play an important role. We say that a Siegel
modular form F' is cuspidal if

lim F ((ZO 2)) —0 (2.10)

for any Z* € H,,_;. Looking at the Fourier expansion, by lemma (2.2.1)) this is
equivalent to saying that F'4 = 0 whenever A is non-definite; from this follows

|F(Z)| e €™ D) (2.11)

on every vertical strip {Z € H,, : Y > el,,} [KIi90, proposition 5.3] for €,¢ > 0.
We remark that the fundamental domain F,, is contained in every large enough
vertical strip, i.e. for e small enough [KIi90, lemma 3.2]; hence every cusp form
decreases exponentially fast on F,, going up i.e. for Tr(Y) — oo.
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We denote

M3 :={F : H, — C modular form of weight k}

' (2.12)
Sy ={F : H, — C cusp form of weight k}

These are obviously complex vector spaces, and S € M} It is well known they
are finite dimensional: this will follow from a more general result in the next
chapter - proposition (3.1.2)).

Finally, put

dxXdy
WO Sz

where dX = Higk dX;; and dY := Higk dY;;; then du is a T, left-invariant

R
measure on H,. The Petersson inner product of modular forms F, G of weight k

and genus n is defined as

(2.13)

#.6)= [ | FTD ) ) @2.14)

whenever convergent. Observe that the integrand is I',, left-invariant thanks
to , hence the integration domain is well defined: we will often read F,, for
[, \'H.,, but any other set of representatives can be used as well. Due to , the
integral does converge if any of the forms is cuspidal; in particular the Petersson
inner product gives S} the structure of Hilbert space.

§2.3 Hecke operators

Following the normalisation of [ASO1], define the slash operator [x]; by
F[]i(Z) = det(7)*2(v, 2) " F((2)) (2.15)
where F' is any function F': H,, — C and v € Sp,,(R), so that j(v,Z) # 0 - see
proof of [KIi90, proposition 1.1]; in particular, we can rewrite (2.8}ii) as
Fhlgy=F Vyerl,

i.e. weakly modular forms are slash-invariant functions on #H,. Further, we
observe

Fimyalk = (Flvlk) halk (2.16)

Fix a prime p and let M € GSp,,, (Z[p~'])", i.e. M!S, M = u,(M)S, for some
pn(M) € Q% and M € GLy,(Z[p~']) with positive determinant. Decompose the
double coset

r,MT, = |_| T, M,
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and define the weight k& Hecke operator Tﬁf) by

T\ F = F[0,MT,], =Y FIM; (2.17)

If F'is weakly modular for weight k, then TJE/I;) F' is well defined, i.e. it does not
depend on the choice of representatives for the double coset decomposition: if
{N,}; is another such choice, then N; = ~;M; for some ~; € I',, and

ZF[Nz]k = ZF[’YzMz]k = ZF[’Yz]k[Mz]k = ZF[MZ]k

where in the last step we have used F[y|, = F for every v € I',,. Further, Tﬁf)F
is weakly modular itself:

S FIMe =Y FIMle = F[My)k
since right-multiplication by v € I, induces a permutation of representatives
{M;};, and hence (T F)[y)e = TWF. If F € M2, then THF € M7,
The local Hecke algebra is the set
Hi(p) = {Tyy + M € GSpy,, (Z[p™']) "} (2.18)

which is indeed a Q-algebra since the slash operator ([2.15)) is Q-linear and satisfies
(2.16). Define a particular set of (local) Hecke operators by
T® ~T, diag(l,...,1,p,...,p)T,
—— ——
n n

k .
TIEQ)Z.NFn diag(1,...,1,p,...,p, 0% ..., p% 0, ..., p)[
’ —— —— —— Y——

n—i 7 n—i i

(2.19)

for i =0,...,n; then H}'(p) is generated by these operators.
More generally, if M € GSp,,(Q)* then we can write

M =[] M,
p

where M, = I, for almost all primes p and M, € GSp,, (Z[p~'])*, and put
T]Ef) =11, T]EZ Define the Hecke algebra by

Hy = {Ty : M € GSp,,(Q)"} (2:20)

then H} = ®,H}(p).
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§2.4 [L-functions

A modular form F' € M7} is called Hecke eigenform if

TF = \p(T)F
for every T' € H}!, where A\p(T) € C is the T-th eigenvalue of F. For the rest of
this section, F' is assumed to be an eigenform.

Every local Hecke algebra H}'(p) is isomorphic via the Satake isomorphism to
Q[zg, ...,z where W,, is the Weyl group of Sp,,,: see [Gro98] for an expos-

rn

itory treatment. Then, for every prime p,

Ar o Hi(p) 2 Qlag, ..., 25" — C

’rn
is an algebra homomorphism, completely determined by a tuple
(O‘I%O’ s >ap,n> € (Cx)nJrl
unique up to the action of the Weyl group. We call these numbers Satake param-
eters of F.
Put

ng)(X) = (1 — apoX) H H (1 — a0 - i X) (2.21)

r=11<i1 < <ir<n

and define the spinor L-function associated to F' by

ze(s) = [[{@P )} (222)

p

If h € M is a normalised Hecke eigenform (i.e. the first Fourier coefficient is 1),
define the tensor product L-function associated to F' and h by

Zran(s) = [T{ Q2 Goor QL BpoBpar™)} (22

p

where (8,0, Bp008p1) are the GLy-Satake parameters of h. Finally, the spinor
L-function associated to h is exactly the classical (elliptic) L-function

Zn(s) = La(s) = [ [ {1 = hpp > + 9" 1p >} (2.24)

where h), is the p-th Fourier coefficient of h. This is because £, + 8,1 = h, and
By0Bp1 = p"~1 for any choice of Satake parameters (up to the action of the Weil
group), so the two definitions coincide.
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All the object that we have defined as Euler products converge for R(s) large
enough, and the abscissa of convergence varies greatly depending on the nature
of the forms in question. Further, these L-functions are conjectured to have
a functional equation, but we currently know this only for a small subset of all
Siegel modular forms. In our particular case, we only deal with spinor L-functions
associated to forms of genus 1 and 2, of which we know more than the general
case: we summarise this in the next propositions.

Proposition 2.4.1. [Bum97, proposition 1.3.6] Let h € S}' be a normalised Hecke
eigenform, with | > 2 even. Then the Euler product converges absolutely
for R(s) > 1/2. Further, the completed function

Ap(s) == (2m)°T'(s) Lp(s)
extends to an entire function on C and satisfies the functional equation
An(s) = (=1)'PA(l = 5)

Proposition 2.4.2. [And7], theorem 3.1.1] Let F € S be a Hecke eigenform.
Then the Fuler product converges absolutely for R(s) large enough, and
the completed function

Ap(s) := (27) " *T(s)I'(s — k + 2)Zp(s)

extends to a meromorphic function on C, with at most simple poles at k — 2 and
k, and satisfies the functional equation

Ap(s) = (=1)FAL(2k — 2 — s)

Proposition 2.4.3. [BHO0, theorem 3.8] Let h € S}' (normalised) and F € S}
be Hecke eigenforms, with k > 1 > 2 even, and assume that the first Fourier-
Jacobi coefficient of F' does not vanish. Then the Fuler product converges
absolutely at least for R(s) > 3 — k/2. Further, the completed function

Apen(s) == (2m) *Ta(s) Zpen(s)

(where T'a is defined in [BHOO, formula 24]) extends to a meromorphic function
on C and satisfies the functional equation

AF@h(S) = AF@h(Zk -+ l — 3 — S)

Although we do not use it in this thesis, we report for completeness that a similar
result holds in the case k < [ by [BH00, theorem 6.1].
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§2.5 Saito-Kurokawa lift

Let F' € M2 with Fourier expansion

a,b,c] __ 2miaz 2mwibw 2mwicT
F(Z) = E F[a,b,c]q[ | = E Fﬁ[a,b,c]6 € € (225)
a,b,c€Z a,b,c€EZ
a,c>0 a,c>0
b2<dac b2<dac

where

vi(in ") 2= (37

Define the c-th Fourier-Jacobi coefficient @;5) associated to F' by

F(Z) —. Z (I)EUC‘) (Z, w)€27ri07' _ Z Z F[a,b,c] 627r7laz627ribw 6271'2'01' (226)
c>0 c>0 a,be’Z
a>0
b2§_4ac

which is a special case of Jacobi forms, functions on H; x C transforming in a

particular way under the action of the semi-direct product SLy(Z) x Z%. We will
only need the first Fourier-Jacobi coefficient 5 = @2) in the following chapters;
see [Bro05) section 2.4] for more details about Jacobi forms.

Similarly, we refer to [Bro05, section 2.3] for an overview on half-integral weight
modular forms; all we need to know now is that these function (like the elliptic
forms in M) admit Fourier expansion

9(2) = gnd"

n>0

where g, is the n-th Fourier coefficient of the half-integral weight form g.

Finally, let 5’,3 be the Maass subspace of 82, consisting of cusp forms F whose
Fourier coefficients as in (2.25]) satisfy the relation

Flapeg = Z A" Flac/a2 p/a) (2.27)
dlged(a,b,c)

Proposition 2.5.1 (Saito-Kurokawa lift). For every k € N, there exists a Hecke-
equivariant isomorphism of vector spaces

1 2
Sip_o = Sap
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The isomorphism is the map
fr=rg9r—= Ppr—= F (2.28)

where gy is a half-integral weight modular form (associated to f via the Shintani
lift [Bro05l section 3.1]), @ is a Jacobi form ([Bro05, section 3.2]) which turns out
to be exactly the first Fourier-Jacobi coefficient of F' € 82, [Bro05, section 3.3):
we call F the Saito-Kurokawa lift of f € Sj,_,. This lift is Hecke-equivariant,
in the sense that it maps Hecke eigenforms to Hecke eigenforms; further we have
the following relation for the eigenvalues:

)\F(T(%)) _ p2k71 +p2k72 + )\f(Tfk*z))

B B (2.29)
— Pl

assuming that f is normalised, so that the T),-th eigenvalue of f is exactly its
p-th Fourier coefficient f,. Because of this relation between eigenvalues, the L-
functions of f and its Saito-Kurokawa lift F' are connected by

Zp(s) =((s — 2k +1)((s — 2k — 2) Ly(s) (2.30)
where ( is the Riemann zeta function.

Remark 2.5.2. While f € S}, , is assumed normalised so that its first Fourier
coefficient is 1, there is no standard scaling for Siegel forms of higher genus (since
the spinor L-function depends only on the eigenvalues), and in particular for the
Saito-Kurokawa lift F' of f. However, if the coefficients of f are in some ring O C
C, then there is a suitable scaling of such that also F' has Fourier coefficients
in O ([Bro05, theorem III.2], [Bro05, theorem II1.3] and [Bro05, theorem III.7]).



Chapter 3

Non-holomorphic Siegel
Eisenstein series

In this chapter, we introduce nearly holomorphic modular forms, together with
some operators that we will need to use in the following chapters, namely diagonal
restriction, Shimura-Maass differential operator and holomorphic projection. We
also prove some technical lemmas and propositions regarding the arithmeticity of
the Fourier coefficients of certain Eisenstein series, which turn out to be examples
of nearly holomorphic modular forms. Further, we show how the arithmetic
information of the Fourier coefficients is preserved when applying the operators
above.

§ 3.1 Nearly holomorphic forms

Nearly holomorphic modular forms were introducted in the 70’s to prove alge-
braicity results for special L-values [Shi78]. Here we follow Mizumoto [Miz97]
and give a more restrictive set of conditions that will simplify working with these
forms.

A nearly holomorphic modular form of genus n, weight k and degree d is a function
F : H, — C satisfying (i)-(v) (3.1)
(i) F € C*(H,) in each entry of Z;
(ii) F(y(Z2)) = j(y, Z)¥F(Z) for every Z € H,, and v € T;

(iii) §(Z)4F(Z) is a polynomial in the entries of ¥ with bounded holomorphic
functions in Z as coefficients.

20
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For ease of notation, we write C[Y] := C[{Y;}, ,]. Any function F satisfying
(B-1}H)-(B-1Hii) admits an absolutely convergent Fourier expansion on H,, of the

form
F(Z)=6(2)"Y  FaY)q" (3-2)
A>0
where Fy(Y') € C[Y] is a polynomial in the entries of Y. By the same argument
of [KIi90, formula 4.2] we have
Fueau(Y) = Fa(UYUY) (3.3)

for any U € GL,(Z). Similarly to the holomorphic case, F' is bounded on vertical
strips [Miz97, theorem 1.4(i)]. In addition we require

(iv) 8(Z2)1F4(Y 1) is also in C[Y] for every A > 0;

(v) if A= (A7 0) for ar x r matrix A" and r =0,...,n— 1 then F4(Y) is a
polynomial in det(Y’) and the entries of the upper left r x r block of Y.

Shimura’s original definition requires only (i), (ii) and (iv). The latter in partic-
ular, demanding the coefficients of F' to be polynomials in the inverse of Y, is
quite unwieldy; condition (iii) and hence formula are instead more practical
for what we will discuss later in this chapter.

We now introduce the multi-index notation to simplify working with the Fourier
expansion (3.2)). For any matrices a € Q™" and Y € C™", let

= H YV eC (3.4)
ij=1
and also put |af := 3, ;a;;. Then Y is a (rational) monomial in the entries of

Y of total degree |a; conversely every such monomial can be written as Y for
a suitable multi-index «. If Y is symmetric then « is not uniquely determined:
we stipulate to always take the unique multi-index « which is symmetric and

half-integral so that

H Ya“ H Y?ij‘i’a]’i

=1 1<J
is a monomial in C[Y]. We will write any polynomial p(Y) € C[Y] as p(Y) =
Y o DY@ for suitable constants p, € C.

Lemma 3.1.1. Let F4(Y) be as in (3.9). Then the total degree of F4(Y') is < nd,
and the degree of each of its monomials satisfies G + 2> | Qi < d for any
m < n.

Viceversa, any polynomial p(Y') € C[Y] with these properties satisfies (3. 1-iv).
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Proof. Recall that Y~ = det(Y)™"(g;(Y))s; for polynomials ¢;;(Y) € C[Y]
(namely its cofactors) so that the degree of Y,,; in ¢;;(Y) is

1 i#mandj#I

0 otherwise

degy,,,(9:5(Y)) = {

hence the degree of Y,y in [, ; ¢i5(Y)* equals

i£m,j#£l

al —_
E dngmz<qZ] J E Oéz] ’Oé‘ - E QG — § amj + 87°%}
i,J i J

Now, by (3.1Hv)
6( dFA ZFA det d ‘a|Hq a”

is in C[Y], and since the degree of Y,,; in det(Y") is exactly 1,

0 < degy. (5(Z)'Fa(Y ™) <d— Z i — Z Uy + Qg
i J

By letting m = [ we deduce (by the symmetry of «)

0<d—2) Cim — Qo (3.5)
i#m
which proves the second statement. Summing over [ = 1,...,n instead we see

Ognd—|a|—Zamj+Zaml:nd—|a|
j I

as claimed.

For the additional statement, write p(Y) = >_, <,4PaY . Then

det(V)'p(Y ™) = Y padet(y)* I Hqij(Y)aij

|ar| <nd

and the degree of Y,,; in each of its summands is

degy (det(Y)'p(Y ™)) =d =Y =Y Qumj+
i J

which is non-negative by (3.5). O
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Let

Ni'q == {F : H, — C nearly holomorphic of weight & and degree <d} (3.6)

Clearly N}*, is a complex vector space and N,gfd - N£d+1 for every d > 0. By
lemma we see that Ny = M}, since the Fourier coefficients of F' € N’y
must be polynomials of degree 0 hence constant, making F' holomorphic and
modular. Finally, it is known that every N,Zd is finite dimensional:

Proposition 3.1.2 ([Miz97, proposition 3.2(1)]). There ezist a positive constant
¢, depending only on n and a positive constant b, 4 depending only on n and d
such that

n(n+1)

dim(NRy) < cald + 1)(k 4 b,a)

for every k > 0.

§ 3.2 Diagonal restriction

For Z € H, and W € H,,, let

ZxW = (g vov) (3.7)

where 0 represents zero matrices of suitable dimension; then Z x W € H,1.
Similarly define ®;Z; € H(yn,) as the block diagonal matrix with Z; € H,, as
blocks.

Vice versa, for Z € H,1m, let Z* be the top left n x n block of Z and Z, the
bottom right m x m block of Z, so that

7 = <Z* Z*) (3.8)

Then Z* € H, and Z, € H,,. More generally, every n; x n; block Z; on the
diagonal of Z is in H,,; we refer to the map Hs,,, — [ [, Hn, given by Z — (Z;);
as diagonal restriction, and suppress the dimensions n; from the notation when
clear from the context.

Define
A, 0 B, 0
A, B, A, B, _ 0 A, 0 B, (3.9)
g, D, C, D, ¢, 0 D, 0 '
o ¢, 0 D,
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Then v xn € I'yyqy, for v € I'), and n € ['y,. It is immediate to show that the
action of the symplectic group on the Siegel space commutes with the diagonal
restriction, i.e.

(v xn)(Z x W) =~(2) x n(W)

JOyxn, Zx W) =j(v, Z2)j(n,W) (3.10)

NZ xW)=6(2)5(W)
hence, if F' is weakly modular of weight &, then
F(y(Z) xn(W)) = (v, 2)*j(n, W)" F(Z x W)

This suggests that diagonally restricting a nearly holomorphic modular form
should produce something of the same kind.

Lemma 3.2.1. Let F € N|';™ and
Gw(Z):=F(Z x W) =: Hz(W)
for Z € H, and W € H,,. Then Gy € N,gfd and Hz € Ny for every fized Z,W.

Proof. We show that Gy € N, r.q; the proof for the other statement is analogous.
Write Z = X 4+4Y and W = U + 4V by decomposing in real and imaginary part,

so that by (3.2)
Gw(Z) — 5(2)_d5(W)_d Z Z FA@(Y > V)aGQwiTr(A(ZxW))

A>0 |a|<(n+m)d
Observe that Tr(A(Z x W)) = Tr(A*Z) + Tr(AW) where A* and A, are the

top left n x n and bottom right m x m blocks of A. With similar notation
(Y x V)* =Y Ve hence

A*=B a*=p
Gw<Z) _ 6<Z)—d Z Z 5(W)_d Z Z FA’ava*ewriTr(A*)W YBqB

Biy20 B A0 Jo|<(ntm)d

The expression in brackets is constant for fixed W; further the multi-indices
have degree < nd and follow ({3.5]), hence the polynomials in the Fourier expansion

of Gy satisfy (3.1}+)-(3.1}iv) by lemma (3.1.1)).

To complete the proof, we need to show that Gy satisfies (3.1}v). Take B,y > 0
and assume that B = B’ x0,,_, for its top left r x r block B’. Fix any A, 1m) > 0
with A* = B as above, and take the permutation matrix U € GL,,,(Z) such
that U'AU has a zero bottom right r x r block. By we have

FA(Y X V) = Fyoag(U (Y x V)U™)
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which by (3.1}v) is a polynomial in det(Y") det(V') and the top left n +m —r
entries of U~H(Y x V)U™', which are exactly the entries of V' and Y’. Since
the B-th Fourier coefficient of GGy is obtained as a sum of such polynomials, we
deduce that (3.1}v) holds for Gy as wanted. O

Proposition 3.2.2. The diagonal restriction induces a map
Ng:{m — Nila ®c Ny

Proof. This proof is taken from [Fre83, pag. 147], but we present it here as we
are going to generalise it in the following section. Let F' € ,?:{m and observe

that Z +— F(Z x W) is an element of N}’, for every choice of W € H,, by lemma

(3.2.1]). This vector space is finite dimensional by proposition ([3.1.2)), say spanned
by a basis (¢1,...,pr), hence

R
FZx W) =3 e(W)a(2)
i=1
for some complex coefficients ¢;(W). Fix some Zi,...,Zgr € H, and write the
system
F(Zy x W) pi1(Z1) ... er(Z1)\ [a(W)
: = P : (3.11)
F(Zr x W) ¢1(Zr) .. ¢r(Zr) cr(W)

If the central matrix is invertible, we can multiple by its inverse and read (say
from the g-th line)

R
cgW) =Y di(Zy,.... Zr)F(Zi x W)
i=1
where the d;(Z1, ..., Zr) are complex coefficients depending on the choice of Z;.

But the map W F(Z; x W) is in N} = span(¢y, . .., ¥s) hence

RS
P(Zx W)= ol Z)iy(W) (3.12)
ij=1
i.e. an element of NV}, ®c N}y

To complete the proof we need to show that there exist Zi,..., Zg such that
the central matrix in (3.11)) is invertible. We proceed by induction: the matrix
(p1(Z1)) is invertible if Z; is not a zero of ¢ (which is not vanishing everywhere,
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hence such a Z; exists). Assume now we found Zy,..., 72, (with 1 <p < R —1)

such that
e1(Z1) - wp(Z1)
e1(Zp) - ep(Zp)
is invertible, hence its columns form a basis for C? and
wp+1(21) p i(Z1)
: =2 4|
Pp+1(Zp) 7=l 0;(Zp)
But ¢, ..., ¢p+1 are linearly independent, so we can find a Z,;; € H,, such that
p+1(Zps1) # D5 aj9i(Zpt1), constructing the wanted p + 1-squared invertible
matrix. O

Remark 3.2.3. For fixed Z, € H,, and Wy € H,,, we call sections of F' the maps
Z— F(Z xWy) and W — F(Zy x W) defined respectively on H,, and H,,.

In (3.12), the nearly holomorphic forms ¢; and 1; are themselves (linear combi-
nations of) sections of F. In fact, by choosing suitable points W1, ..., W, € H,,
we can write the system

F(Z x W) W) o pr(W)\ [ ei(2)

F(Z x W) MR(W1) ,UR(WR) 90sz>

where p; = Zle cijU; € ./\f,gbd, with the notation of (3.12)). By the same argument
of the proof, the square matrix is invertible and (after multiplying by its inverse)
we read

s
vi(Z) = Zm(Wj)F(Z x Wj)

i.e p(Z) is a linear combination of F'(Z x ). The same argument applies in the
variable .

§ 3.3 Shimura-Maass differential operator

For n, k,r € N* define the Shimura-Maass operator 0}, , by

On g i=(2mi) "8(2) % 7 det(A)d(2)" "

r (3.13)
an,k ::@n,k—i—Qr—Q O+ 00Upk+20° ank
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where A is the n x n matrix of differential operators

1+6 0
se(535,2) »
ij

and &/ is Kronecker’s delta.

Proposition 3.3.1 ([Miz97, proposition 2.1]). The operator 9y, , acts on nearly
holomorphic modular forms as

n
ka d = - k+2r d+r

In particular we can construct examples of nearly holomorphic modular forms by
applying J ;. to elements of Mj:

Proposition 3.3.2 (JCP91l proposition 3.11}). Let F' € M} with Fourier expan-
sion > . Faq®. Then, for anyr >0,

8T F=64rZ)" R, 47rAYr —k—rF

where R, (T;r,[3) is the polynomial in C[T| defined by [CP91, formula 3.7]: its
total degree is nr and its term of highest degree is det(T)".

The elliptic case

In the special case n = 1, we introduce the adjoint of 97, with respect to the
Petersson inner product given by

. B
Oy 1 1= — (2mi) 1P =—
Lk (2mi)"y 52 (3.15)

aik = 81,k72r+2 O... 31,1472 © al,k

which can be directly computed to satisfy

<f’ a;,kg> - <aAqlﬂ,k+2rf7 g> (316>

for any f € N s, 4 and g € N}, for which the inner products converge.

In the elliptic case it is easy (e.g. [Hid93|, pp. 311-312]) to explicitly compute the
effect of the Shimura-Maass operator and its adjoint on the Fourier expansion.
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Proposition 3.3.3. If f =Y, faq® € M. then

. 1V (k+r—1)! A" "
Owf = Z<Z() R r——— )!(47rAy)j>qu

Proof. We begin by computing

d s+ k
s A N—1 —k stk A s A
iply*e”] = (2mi) "y 1z [y q"] ( Ay + )y q
for any s € C. Hence by linearity

Ot = Z (—m + A) q
A=0
proving the claim for » = 1. We now proceed by induction on r > 1:
O f = Ok 0 1 f]
- (r - (k4+r=1)! A"
Y ( ) (-1 Orprarly ]
==\ (k+r—1—j) (4nA)I

_ Af:ﬂ LZ:; (;)(—Uj (k(_]ijizi)]) (47:Xy) (A - %k;%)

Rearranging the content of the square brackets as a polynomial in (47yA)~! yields
the wanted expression. O

Jaq

Proposition 3.3.4. Let f € N}, with expansion

A=0 j=0
Then .
T —2r . j_+71__1 jAJ A
o &f = (4m) Z Z =1 47ry)j—7“q (3.17)

where we mean 0{kf =0ifr>d.
Proof. We begin by computing

S s+1 A

~ ) d
drly’a] = —(2mi) 1y =l A = —vta
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for any s € C hence

Ovf = (4m)~7 Z ZJ%QA

proving the claim for » = 1. Now by induction on r > 1

O f = O 0] 1 f]

—2(r+1 - +r—1)! faj A
U 2 {(‘7‘”(]@—1)!)} (amyy 11

which we see immediately to be of the claimed form. n

Arithmeticy of the Shimura-Maass operator

From proposition ([3.3.2)) we see that it is more convenient to write the Fourier

expansion (3.2) of F € N}, as

F(Z)=06(4nZ)™" ) Fa(4nY)q" (3.18)

A>0

for polynomials F4(T) € C[T]. More generally, let R be any ring and assume
Fu(T) € R[T] for every A > 0: denote N}';(R) the R-module of all nearly
holomorphic modular forms with this property.

Proposition 3.3.5. For any ring Z['/,) C R C C,
ik Nia(B)] € Niiop i, (R)

Proof. A direct computation shows that, for any s € Z['/,], half-integral A and
p(T) € R[T]

7 [6(4n2)°*p(4nY)q?] = (2mi) - §(4nZ)* P/ (4nY)g?

for some p/(T") € R[T] hence
det(A) [6(4nZ)*p(4nY)q?] = (2mi)" - §(4n Z)*"p" (47Y ) g™

for some p"(T') € R[T].
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Let F' € Nj'y(R) with Fourier coefficients F4(T) € R[T] as in (3.18): by (3.13)
we then have

Ot [0(ATZ) Fu(4nY )q?] = 0(4nZ) 7" Fly(4nY ) g™

with F(T) € R[T] for every A > 0, which together with proposition ((3.3.1])
finishes the proof. O

Proposition 3.3.6. For any ring Z['/,) C R C C,
N aNLa(R)] € 7 N (R)
1,k Vi,d =T k—2rd—r

Proof. This follows immediately from the explicit Fourier expansion given in
proposition (3.3.4]). ]

The following proposition shows how arithmetic information is preserved by di-
agonal restriction. To keep the same notation as proposition (3.2.2), we write
X ®gr Y for the set of R-linear combinations of products zy with x € X and
y € Y: if X and Y are R-modules, then X ®p Y is indeed (isomorphic to) the
standard tensor product. Nonetheless, in the rest of this thesis we will use this
notation simply as a shorthand for linear combinations of products, even when
this would not make sense algebraically.

Proposition 3.3.7. For any ring Z['/,] € R C C, the diagonal restriction in-
duces a map

e (R) = Niy(R) ®p- NiTy(R)
where R* is the field of fractions of R.

Proof. Take F € Ni/7™(R), X +iY = Z € H, and U +iV = W € H,. By
proposition (3.2.2]) we have

SsSm
F(Z xW) Z cijpi(Z); (W)

2,j=1

for some constants c;; € C and bases {p1,...,¢s,} and {¢1,...,¢s, } of N,
and N} rq respectively. We write explicitly

0i(2) = 6(4nZ2)" "3 oY) (4xy)°

A>0 «

(W) = 6(4xW)= "N 9, (4nV)?

B>0 B
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with gp(j?a, g?ﬁ € C. By comparing these with

F(ZxW)=06(4rnZ)%5(4xW)" Y~ > Fo,(4nY)" (4aV)"qF qfy
Cltntm)20 ¥
we see that

C*=A,Cyx=B y*=a,y«=

faﬁ = Zcij@?wg,)g = Z Z ch €ER
.3

Cc>0

for every choice of A, B, o, 3, since so are all the F,; we write this as

1
C1,1 e C1,8m 77Z)( )
1 Sh, . . . _ ¢BpB
(90(A)a 90(Aa)> : i : : — SAo
cs,1 --- CS, S, w Sm)

Define Hy(1W) = S25% iyt (W) = 6(4nIV) 52, 5, Hiy(4mV )P q for HEY, €
C, hence

1
HY),
Sn ) B,
) N B R (3.19)
Sn
Hyw
Now, since ¢, ..., s, are linearly independent, we can find S,, choices of A, «
such that
1) (Sn) 1
PAren T SOAl a1 H(B,)ﬁ §A1 o1
: : = € R (3.20)
(1) (S) Sn
gOASTUO‘Sn U s0"457; asy, H(B75) SAS‘IL sy,

where the matrix on the left is invertible (otherwise reduction by rows would
show a linear dependency between ¢y, ..., vs, ).

Put

U (W) = 6(4n W) dZZ§A o, (4rV)?
3(4mW) —dZZmB’B (47V)?
B B

then (3.20) says that O := spanc(¥y,..., Vs, ) = spanc(Hy,..., Hs,) € Ny,
which shows at once that V; € Nj7(R). Eventually relabelling, assume that
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Uy, ..., ¥, form a basis for O (with v < S,,), so we can find some constants

c;; € C such that (3.19) reads

(1)
i - O, Uis
1 Sh, . . . . _ ¢BB
<SDE47)Q te 9054706)> : T : : - A,CM
/ / (v)
Csn’l ... CSnyV \IJB7H

Repeating the same process for the variable Z, we find ®,...,®, € N,?’d(R)
which are linearly independent and whose coefficients satisfy

IRR AN A S
(a0, ey [ || | —een
dn,l dn,u \II(BK)/B

with constants d; ; € C and

FZx W)= dya(2)8,0W)

ij=1

Notice that the row/column matrices have entries in R: completing them to R*-
invertible square matrices (it is possible since {®;(Z)}; and {¥;(W)}; are linearly
independent) and multiplying by their inverse shows that the matrix (d; ;); ; is in
R* as claimed. O

§ 3.4 Holomorphic projection

We give a brief review of the holomorphic projection operator as introduced by
Sturm in [Stu81]. Let

n—1 .

n(n—1) j
I(s):= 1 I'is—= 21
= (s-1) (321)

be the generalised T' function, which admits the integral representation [KIi90,

lemma 6.2]
(k) = det(M)* / e T Y) det(V)E— "2 dY (3.22)
Y>0
for any integer £ > (n — 1)/2 and complex symmetric matrix M with positive
definite real part: notice the independence of the left-hand side of M, which plays

an important role in the following facts, especially (3.26]).
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Let p(Z) = > 450 0a(Y)q”* be weakly modular of weight k& and genus n, where
every Fourier coefficient ¢4 is a C* function on ¥(H,,). Define numbers

n(k—2tL)
Ga = W—nﬂ det(4A) / ea(Y)e 7 EAY) det (V)R lgy (3.23)
Fn(k - ) Y>0
for every symmetric half-integral A > 0, and let formally
Hol, xp := Z aq” (3.24)
A>0

Proposition 3.4.1 ([Stu81l theorem 1]). Assume that the integral in is
convergent for every A > 0. If ¢ is of bounded growth, i.e. for everye >0

/ o(Z)|e"M6(2 ) dpy < o (3.25)
Fn O\Hn

then Hol, 1 is a well defined element of Si} and
for every G € S.

Bounded growth

We present in this section some sufficient conditions for . These results are
a generalisation of [Stu81l corollary 1(C)]: Sturm proves there that a particular
bound holds for non-holomorphic Eisenstein series, and we show how the same is
true for nearly holomorphic modular forms (of which some Eisenstein series are
an example). We begin with a technical lemma, namely a generalisation of the
min-max theorem.

Lemma 3.4.2. Let Y be a symmetric positive definite matriz in R™™ with eigen-
values 0 < Ay < --- < \,. Then

det QtYQ
Q det( Qt H)\

and max

det QtYQ ~
by
det(Q'Q) H ]

j -r

where Q) ranges over the set of matrices in R™" of rank r < n.

Proof. We prove the first equality, as the second one is analogous. Since @) is of
maximal rank, we can apply the thin QR decomposition and write it as ) = P (?),
where P € O,(R) and R is an upper triangular matrix in GL,(R). Then

det(Q'YQ)  det(R'(P'YP)*R)

det(Q'Q)  det(R'R) = det((PY P)’)
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where A* denotes the top left r x r block of a matrix A. If P is the orthogonal
matrix that diagonalises Y as diag(\,...,A,) then

det(Q'Y Q) -

in ——~ 2 < det((P'Y P)*) = Aj
mél’l det(QtQ) = de (( ) ) H J
For the opposite inequality, denote {ey,...,e,} the standard orthonormal basis

of R" endowed with the inner product (e;, e;) = 517 and extended by linearity.
The space /" R" inherits the standard basis and inner product

T
r r I Ji
(N=1€iy Ni—r€5) = H 0,
=1

for iy < --- <4, and j; < --- < j,. Now the bilinear form on \"R" given by
(AN_yup, Aj_qvp) = det(U'V)

(where U and V' are the n X r matrices with (v;); and (v;); as columns) is well
defined and coincides with the inner product on the basis {A]_;e;, }, so they are
actually equal.

Let wy, ..., w, be the eigenvectors of Y corresponding to A{,..., \,, and since Y’
is symmetric and positive definite they form an orthonormal basis for R", and
they induce an orthonormal basis on A" R" with respect to the standard inner
product too. We construct the square root of Y as follows: if

Y = P diag(\1,. .., ) P!
for P € O,(R), then

VY = P diag(v/ A1, ..., /) P!

is a positive definite symmetric matrix and indeed VY VY =Y. A n x n matrix
defines a linear map on A" R"™ by component-wise multiplication; if we let v =

> Gin,.ip Ni=1 Wy, then
VYOI = 13 Goeie (VY Ay ) P
= 1) Vi A @iy Ny wi) |1

T
> [ll* T ™
=1
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We observed that (A]_ju;, Al_v;) = det(U'V). In particular, if vy, ..., v, are the
columns of the matrix @), we let v = Aj_;v; and

de(@YQ) VYl i
(@) B R >mmHAl [~

]

We immediately use this result to obtain a bound for weakly modular forms. We
use from now on the notation

|F(Z)]| <p 9(Z) onQ
to mean
\F(Z2)| < cpd(Z) VZ €Q

where 9 has image in RT,  is a subset of H,, and ¢ € R* is a suitable constant
(which we do not need explicitly) depending only on F'.

Lemma 3.4.3. Let F' : H,, — C be weakly modular of weight k and assume that
|F(Z)| <r 6(Z)~* on the fundamental domain F, for some o € R.

If0 < a<k/2, then
IF(Z2)| <r [T+ A7)
j=1
on H,, where {\;}; are the eigenvalues of Y.

Proof. Let Z € H,, and take v € I',, such that y(Z) € F,,. Then

|F(Z)| = i(v, 2) " F(vZ)]
<r lj(v, 2)[ Mo (v2) (3.27)
= |j(v, Z2)| 7 *5(2)
Let C' denote the bottom left block of v and let r be its rank. From the compu-
tation in [MaaT7ll, pg. 167], and using the same notation,

T

(7, 2)PF = det(C1)* det( QY Q) [ [ (h2 +1) > det(Q'Y Q)?
v=1
where ) € Z™" is a matrix that can be completed to an element of GL,(Z) and
Y = J(Z). Since the entries of ) are integers, we see

det QtYQ H N

50,2 2 aet(@v Q) = T
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by lemma (3.4.2)); hence, if —k + 2a < 0, (3.27) becomes

| ( | <pd H k2
— H AT H —k+2a
J=1 J=1
H()\ + )\ k+a)
j=1
uniformly on H,,, provided that 0 < a < k/2. O

Lemma 3.4.4. Let F € M}. Then

0 F(2) <r JTOG" + A7)

j=1

uniformly on H,.

Proof. By proposition (3.3.2), we know that

~1
O o F = 0(47Z)" > " Ru( (ArAY;r, — — k —r)Fuq®

A>0

where », RsT? := R,(T;r,%) € C[T] and the term of highest degree is det(T)".
Notice that 7" is not assumed symmetric, so we have to consider a generic multi-
index # € N™"; on the other hand J}, , F' € N}, hence

On o F =0(47Z)™" > Y " Fao(4nY)”

A>0 «
By comparing the I-th Fourier coefficient we see Y, F7oY* = F1 Y-, RgY "’ hence
by lemma (3.1.1])

i#Em

for every m < n.
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Fix now any § appearing in R, (T;r,*). Write explicitly

Bij
AY)’ = 1] (Z AdY,J>

.3

n
:H E Ailgmyl&mj E AlunY(m
ij

l(llj)zl Z(Z]) 1

= H Z <Ail§ij) A Bza)) (Y(m ngj )

U, 169
)

Let Z € F,, so that [KIi90, proposition 2.1] applies and |Y;;| < Yj; for every
© # j, hence
8 gy
AV’ < Y. A+ Ay | Yy

i)
(¥
5(ij)

_ ij o N
= H Y Z Az‘l§”> Aizg;?)

.. .. .. (%]
wJ 091G (3.29)

{l(lij) . l(l])}KZ e

=: O(4,B)Y”

Ay - A
1

ig,;

where C(A,B) € C[4] is a polynomial in the entries of A whose coefficients

depend on [, and the last sum is over the mute indices 1 < l% < n, one for

each choice of 1 < 4,7 <mnand 1 < v < By,

If A, = 0 for some m < n, then A,,, = A,,, = 0 for every v < n by lemma

(2.2.1)). In this case
Bij
vy — [ (Z AzlY}j> o

2

unless (,,, = 0 for every v < n; also no Y,,,, appears in (AY)E for any v < n. This
means that the variables Y,,, = Y,,, do not appear in (AY)? whenever A,,,, = 0,
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hence we can majorise in (3.29) as
(AY)’ | <C(A H Yt < C(A H (3.30)

77L7V7/¢O 7TL7IL¢O
where the last inequality follows from (3.28]).

We can finally finish the proof. By [K1i90, lemma 2.2] we have §(Z) >, [[,V:, so
we can write (3.2)) as

Z)\<<ZZC(A,5) H Yo | |Fylem2rTrAY)

A>0 B

mm*o

We split the sum over the A whose diagonal entries never vanish, and the remain-
ing ones: we shall show that the first sum decays exponentially in each Y; while
the second one decays as 0(Z)~" on the fundamental domain F,,, so that lemma
(3.4.3) applies.

For the sum over non diagonally vanishing indices, we have
Z Z C(A, B)lFA|6—27rTr(AY)
A B

Since Z € F,, then Y > €l for some ¢ > 0, and also by [KIi90, lemma 2.2]
Tr(AY) > >, AyYy > Tr(Y) hence we majorise by

(Z Z C(A, ﬂ)|FA|€—e7rTr(A)> €—7rTr(Y)
A B

and the series in brackets converges since C'(A, ) has polynomial behaviour in
the entries of A. The whole expression is then < e™ () < §(Z)~"

For the remaining sum, without loss of generality we assume we are only summing
over the matrices A whose only diagonal zero is A;; (the general case follows the
same idea, but with a more cumbersome notation). Then Tr(AY) > Yoo + -+ - +
Y,n, so that we are dealing with

3
A11 0

Again the series in brackets converges, and we have something decaying polyno-
mially of degree —r in Y; and exponentially in the other Y,,,,, hence by [KIi90,
lemma 2.2] the whole expression is < 6(Z)™". O
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Remark 3.4.5. In the proof of lemma ([3.4.4]) we highlighted how it is the sin-
gular part (i.e. indexed by diagonally vanishing A) of the Fourier expansion that
dictates how fast 0], , F| decays. If n = 1, the singular part is just the constant

term, and by proposition ([3.3.3)) this equals y~".

More generally, if ¢ € N, kld, then the asymptotic behaviour for y — oo is given by
its constant term. Proposition (3.3.3) and (3.3.4) tell us explicitly what happens
when applying the operator 9 and its adjoint 0; ;: in particular, if ¢ =y~ +
O(y~%), then éfkgo =y~ + O(y=4™) if v < d < k/2, hence

’éikgd <<<p yfdJrv + yfk:+d+'u
uniformly on H;.

Proposition 3.4.6. If F': H,, = C is weakly modular of weight k and satisfies

|F(2)| <F f[(xja + A7)

J=1

on H, for some a, B € R such that max{a, B} < k — n, then F is of bounded

growth i.e. satisfies .

Proof. We follow the argument of [Stu81l corollary 2]. Let Q be the vertical strip
{Z e H,, 1 |X;j] <1/2,Y > 0}: we need to prove that

/ F(2)|e="M§(Z) dpy < o0
Q

and, because of the hypothesis, we are left with showing

/ IO+ A7) | e det(Y)F"1dY < oo
Y >0

Jj=1

The set of matrices Y > 0 with distinct eigenvalues is of full measure in the
space of all positive definite symmetric matrices, so we can integrate over it
instead. Every Y with distinct eigenvalues can be diagonalised as UAU?, where A
is diagonal and A;; = \;, and U € O,,(R); further U is unique up to multiplication
by diag(+1,...,£1), and the Jacobian determinant of the change of variables
Y — (A,U) is a polynomial J(A) in the eigenvalues of A independent of U.
Therefore we need to show that

/ / (H(Aja + Aﬁ)) e~ det (AL J(A)dUdN, - - - dh, < 00
{hi<A;} JOn(R) j=1
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The space O,(R) is of finite dU-measure, and we can majorize the remaining
integral as the n-th power of

/ (A7 + A‘ﬁ)e‘EAA’“‘”d—;\ < I(—a+k—n)+T(=F+k—n)
0

which is indeed convergent provided that max{«a, f} < k — n. O

Arithmeticity of the holomorphic projection

Lemma 3.4.7. Let F € ./\/’,Zd with Fourier expansion
F(Z)=6(4xZ)" ) >  Fao(dnY)*q*
A>0 «o

and define

)

Mag = =g det(4A)F 5 / (4nY )% I AY) qet (V)4 1qy
Lok —"57) Y0

2
Then, under the conditions of proposition ,

HOlmkF = Z <Z MA,aFA,a> qA

A>0 «

and My o € Q s integral at all primes > 2k —n — 4.

Proof. Let

A = (_1)%] o

d\" —Tr(AY) _ vra,—Tr(AY)
< dA) e =Y%

so that

hence by ((3.22)

/ YaefTr(AY) det(y)kfnfdfl —
Y>0

d\*" —Tr(AY) k—n—d—1
= —— ] e det(Y)*™"
L, ( dA) ¥)
_ ntl d\* k—n—d—1+2%L

1
:Fn<k—n—d—1+n+ )CA,Q

2
(3.31)
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with cg 4 € Z[%], since so are the entries of A and «. Making a change of variables
Y — 47y we get

n+1

Mg = 47 lolmn0=d=255) qet(44)F "2 Ln(k —d—(n+1)/2)

Ih(k—(n+1)/2)

CA,a

]

Corollary 3.4.8. Let B} = {p~ : p < m prime} C Q and Z[*/,] C R C C any

ring. Then
Holk,n

NIZd(R)bounded — SZ<R[q32_kl—n—4]>
where Nﬁd(R)bounded is the subset Of/\/',gd(R) whose elements satisfy .
Corollary 3.4.9. Let Z['/,] € R C C be any ring, and

for constants c;, . ;. € C. Then

HOISD(Zlﬂ trty Zm) = Z le ----- ijO]-k‘l,?’h EH(ZI) e HOlkm7an}m(Zm>

obtained by term-wise application of the holomorphic projection operator, is a well
defined linear combination of cusp forms and satisfies

(21, Zn), Gi(Z1) -+ Giu(Zm)) = (Holp(Zy, ..., Z), G1(Z1) - - - Gu(Zim))

for every G; € S

In addition, if the multivariate Fourier coefficients of ¢ are in R, then the ones
of Holy are in R[Pyp_n_4], where K := max{k;} and N := max{n;}.

Proof. The first statement follows immediately from corollary (3.4.8]) and propo-
sition (3.4.1)).

Write the Fourier expansion of F}, as

Fj(Z) =6(4nZ) ™% Yy Y Fy , (4nY) gt

A >0 oy
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and fix any indices Ay,..., A, and monomials «;,...,a,,. The corresponding
(monomial term of) Fourier coefficient of ¢ equals therefore

ALy Qm § X . Jm
£A1,..‘,Am T C]1r~~:]mFA1 a1 F A am,
ila---yim

which is in R by hypothesis. By lemma ({3.4.7)), the term-wise application of
holomorphic projection to ¢ acts on its Fourier transform so that the Ay, ..., A,,-
th Fourier coefficient of ® equals

ALy Oy
z MAlyal. MAm,amfAl, LA

AL yee0yQm

which is in R[B5x 4] since My, o, is integral at primes > 2k; — n; — 4. O

8 3.5 Eisenstein series and arithmetic properties

Eisenstein series are the main example of (nearly) holomorphic modular forms due
to their straightforward definition. For s € C and Z € H,,, define the Eisenstein
series of weight k and genus n as

Ei(Zs)= Y i(v,2)*6(2)
vyel'y O\Fn
’ | | (3.32)
=52 Y. i(2) ity 2)
’YEFnyo\Fn
where
Lho={yel,:C, =0} (3.33)

is the Siegel parabolic subgroup of T',, of matrices with vanishing bottom left block.
The series converges absolutely and locally uniformly for Z € H, and
2R(s) > n+1—k, and it admits meromorphic continuation to the whole complex
plane in s [Miz93|, introduction]. Formally E}(Z,s) is weakly modular: at least
when absolutely convergent, E}'(Z,0) defines a Siegel modular form. Other values
of s give rise to nearly holomorphic modular forms:

Proposition 3.5.1 ([BHO6L proposition 3.1]). Assume k > n+1 and let 0 < v <

k—n—1 :
“—=5— be an integer. Then
v n—1 l -1
B2 o) = an T (K=o =i = 3) Oheabin(20)
j=11=0
and hence Ep(Z,—v) € N,,. If neither ”—*2 nor ”T” s congruent to 2 mod 4,

then the statement is valid for 0<v<2t 4"+1.
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Arithmeticity of Siegel Eisenstein series

For any mod N character y, the generalised Bernoulli numbers are defined by

eNt — 1

N 0
x(a)te™ tF
=) Biag (3.34)
k=0 '

a=1
and we put By := By i.e. associated to the character mod 1.

Proposition 3.5.2 (von Staudt-Clausen). For k € N odd, By = 0. If k > 0 is
even, then

By + Z p_l ez
(p—1)Ik
In particular the denominator of By, is the product of the primes p such that p—1
divides k.

Proposition 3.5.3. Let x be a primitive quadratic character of order N, and p
a prime divisor of the denominator of By, /k for a fixed k > 1.

Then k = (p—1)/2 mod p, and in particular p < 2k — 1.

Proof. Fix a prime p. It is well known [Gui, proposition 3.12] that

Bk 1 / k—1
== X(2)z" " dEy g(x)
ko 1=x(9)g" Ju !
where the equality takes place in the p-completion Q, of Q, g is a primitive root
mod p, and dE) 4 is a certain p-adic measure. The integral is a p-adic integer,

hence By, /k can have a factor of p~! if and only if 1 — x(g)¢g* =0 (mod p).

Since x is quadratic, x(g) = £1. If x(g) = 1, then x(m) = x(¢") = x(¢9)" =1
for every m € Z/pZ* = (g), and x would be imprimitive against the assumption:
hence x(g) = —1. Therefore a factor of p~! can appear in By, /k if and only if

¢*=—-1 modp

Since g generates Z/pZ*, the smallest value of such £ is (p — 1)/2 and any other
value differs from it by a multiple of p. m

In the next chapter we will make use of Eisenstein series of low weight, i.e.
k < n+ 1. For fixed Z € H,, the function s — E}(Z,s) admits meromor-
phic continuation to the whole of C, so we try to define a Siegel modular form as
Z — lim,_y0 E(Z, s): the results of [Shi83, theorem 7.1] and [Har97, theorems
4.4 and 4.9] explain under which conditions this is possible; for our purposes, we
only need the following.
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Proposition 3.5.4 ([Har97, theorem 4.9(i)]). Let4 < k=" Ifk =0 (mod 4)
then limg_,o E}(Z, s) is a well defined element of M3 with Fourier expansion given

by
>3 (g™ (3.35)

A=0 0<heAy r

where T ranges over Z;Z;Q/GL,\(Z), ZI(:;;;\,E is the set of matrices in Z™* which
can be completed to unimodular matrices, Ay is the set of symmetric half-integral

matrices (i.e. integral quadratic forms) of size A and

( oo+ a1, kldet(2h) —A
(nee (k= 21)1B, "
2 )7k
At (A odd)
1
X P(k,h
(h) ]Hl By (3.36)
a = 1 .
k (—1)z2* k! (det(Qh))sz’ Bk*%’xx
e B
A (A even)
2 1
X Pk, h

\ j.I:[lB%zj (k,h)

where d(h) = (—1)l2]20 med D=1 qe4(2p) f is the conductor of the quadratic

d(h)
*

character ( ) and x 1is the associated primitive character mod f. The factor

P(k,h) is a polynomial in primes which divide d(h), and By, are the generalised
Bernoulli numbers.

For high weight, the series E}(Z,0) converges as is, and we also have formulae
for its Fourier coefficients:

Proposition 3.5.5 ([Har97, theorem 4.14]). If 2k > n + 4, then E}(Z,0) has
Fourier expansion as , with coefficients ax(h) given by (3.36).

In the next chapter we will deal with the Eisenstein series
Ei)+4m(Z) = lli;% EZ—&—ZLm(Z? O)
which is well defined by proposition (3.5.4]) for m = 0, and by proposition ({3.5.5])

for m > 1. In particular, by looking at the explicit formulae given by (3.36)) we
see:
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Corollary 3.5.6. Let

Pl = {p": prime p < m}

3.37
%,;1 = {p~' : prime p | numerator of By, Bor_o or Bog_4} ( )

Then
B}t am € M3 (Z[Bssm U Biiam])

for every m € N.

Proof. By examining (3.36), we see that the only factors in the denominator of
A4y4m(h) arise from the Bernoulli numbers or from (4 + 4m — A)!, for 0 < A <5.
By proposition (3.5.3)), only primes < 8 +8m — 2 can divide the denominator of
By a+4m-x: hence the only inverse prime factors of aj(h) are in PBgls,,, or in the
numerator of the remaining Bernoulli numbers. O]



Chapter 4

Integral representation I

In this chapter, we prove a weaker version of the announced result. We employ
an integral formula of Bocherer and Heim, expressing L-values as integral against
diagonally restricted non-holomorphic Eisenstein series. For the critical values
we are interested in, these turn out to be nearly holomorphic modular forms and
we can therefore apply the theory developed in the previous chapter to study the
arithmetic information of the L-values. At the end of the proof, we remark why
we are able to obtain only a partial result.

8§4.1 Main theorem

An integral formula of Bocherer and Heim

The main tool we use in this chapter is the following result providing an integral
representation for the L-functions. Note the change of notation for the weight of
modular forms, which is now explicitly doubled as 2k as we will often have to use
the half weight k.

Proposition 4.1.1 ([BHOQ, theorem 3.6)). Let h € Si, and F,G € 83, be Hecke
eigenform, with F being the Saito-Kurokawa lift of f € S}, and k > 1 € N.
Then

(B (TxZ x W, 5),0{ 5 h(T)G(Z)F(W)) =

(4.1)
= C>(5)<(I)F, (I)G>Lf(28 + 4k — 4)ZG®h(S +3k+1— 3)

46
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for R(s) + k > 3, where ®, denotes the first Jacobi-Fourier coefficient and

Cr(s) = ap(5)(x ()T (s)
CZD(S) — 2765712k+137r67574k
Co(s) i= (25 +2k) " *C(4s + 4k — 2) 7' ¢(4s + 4k — 4)7!
I (o). D+ s = 3/90(2k +5 —2)D(s + 5 — 1) (4.2)
~(8) = R T T @k s = 1/2) s
IF(s+k+1—-1DI'(s+3k+1—-3)'(s+3k—1—-2)
8 (25 + 4k — 3)
Our goal

Let h € 8, be a normalised Hecke eigenform, with [ odd; its completed L-function
satisfies the functional equation

Ap(s) = (—l)lAh(Zl —5)
hence L; has a zero at the central critical value s = [.

Let F € 82 be the Saito-Kurokawa lift of a normalised cuspidal Hecke eigenform
[ € Siy_s, with 2k > 2[. Because of (2.29)), the tensor product L-function Zgg,
factorises as

ZF®h(S> = Lh(S — 2k + 1)Lh<5 — 2k + 2)Lf®h(8) (43)

and in particular Zpgy, has a zero at s = [ + 2k — 1, the first critical value to the
right of the centre.

Let Q(f) be the smallest algebraic extension of Q containing all the Fourier coef-
ficients of f: it is well known that Q(f) is a number field, i.e. a finite extension.
As a consequence of the Eichler-Shimura isomorphism [Koh85| corollary p. 202],
we can fix two constants w? € C such that w;{w; = (f, f) and

L) = Y e qup) (44)

ﬂﬂwf

for any integer 1 < j < 4k — 3. The numbers w}t

rescale them by an algebraic factor; the quantity

are not unique, since we can

L)L) = SHE) e Qi) )

is instead independent of such choice, for any j #Z j° mod 2. We say that a prime
ideal p of Q(f) is a congruence prime of f if there exist another Hecke eigenform
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[ € S}, such that A\, (f) = A\,(f) mod p for every integer prime g, where
Aq denotes the ¢-th Hecke eigenvalue and the congruence takes place in a large
enough extension of Q.

In what follows, rather than fixing a particular choice of periods, we will consider
ratios of critical L-values. While there are some canonical choices we can make,
dealing with ratios is easier and will suffice for our goal.

Proposition 4.1.2 ([Kat08, theorem 6.1]). Let p be a prime ideal of Q(f, /D)
not dividing (4k — 1)! such that

(i) po divides tD'L;(2k)/L;(xp;2k — 1) for some fundamental discriminant
D < 0, where xp 1s the Kronecker character corresponding to the quadratic

extension Q(v/D);

(i) po is not a congruence prime of f;

(11i) po does not divide (1 — 2m)Ls(2m + 2k — 2)Ls(2m + 2k — 1)/(f, f) for
some integer 2 < m < k — 2.

Then, there exists a Hecke eigenform G € (S2,)* such that Ap(F) = Ap(G) mod p
for every Hecke operator T € Hz,, for any prime ideal p of Q(f, G, \/5) above
Po.

Note that po needs not to exist in general. In fact, the first example (by weight)
of this phenomenon is with 2k = 20 [Sko92, tables 1-6].

As noted in remark , it is possible to scale the Fourier coefficients of ¢ (the
Shintani lift of f) and F' (the Saito-Kurokawa lift of f) so that they lie in Q(f).
Let po be as in proposition (4.1.2); if the |D|-th Fourier coefficient ¢,(|D|) of g
is non-zero in addition to (i), then the conditions of [DIK11, lemma 6.2(2)] are
satisfied: hence there is a scaling of F' and G so that their Fourier coefficients
are integral at p and not all divisible by p for any prime ideal p of Q(f, G, VD)
above py.

Theorem 4.1.3. Let py as in proposition , and assume it does not divide
¢o(|D]) # 0.

Let {hy,}, and {F;}; be orthogonal Hecke eigenforms bases for Sy, and Say. re-
spectively with hy = h, Fy = F and F» = G. Assume that no F; with t > 3
1s congruent to either F or G mod p, and that there exists a rational prime {
such that \y(F) #Z M\(G) mod p%. Similarly, assume h not congruent mod p
to any h,, for v > 2. Again, p denotes any prime ideal of K above po, where K
s any large enough number field containing all the fields in this chapter: namely

Q(VD), Q(f), Q(E) and Q(hy) for all i < dim(S3,) and v < dim(S}).
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Let1 <m < % — 2 be any integer such that
(i) p divides ™ L;(2k)/L;(2k + 4m);
(i) p is coprime with Byyam, Beism and Byigm;
(iii) p is above a rational prime > max{3k + 1 — 2 + 2m, 4k — 9};
(iv) p does not divide w2 =41 L, (1 4+ 2m) Ly (I +2m + 1)/{h, h);
(v) p does not divide 7= *F=4mH1 7o (2k +1— 14 2m)/{f, f).

Then
WstG®h(l + 2k — 1)

ZG®h(l + 2k —1 + 2m)
15 algebraic, and integral at p.

(4.6)

The rest of the chapter is devoted to the proof.

Remark 4.1.4. We have used the expression p is coprime with or divides an
algebraic quantity z: we need to explain precisely what we mean. Since we know
a priori where all these quantities lie, we can work in fixed large enough number
field K containing everything we need: namely Q(v/D), Q(f), Q(F;) and Q(h,)
for all i < dim(S%,) and v < dim(S;,). Then, for any x € K, the ideal Ok

factorises uniquely as
g

:L‘OK = H ,sz

i=1
for some ¢; € Z, g € N and prime ideals £; C Og. If p is a prime ideal of K, put

d, (z) e; ifany £, =p
ord,(z) =
P 0 otherwise

and say that z is divisible by p if ord,(x) > 0, or coprime with p if ord,(x) = 0.

§4.2 L-values as inner products

Diagonal restriction

By proposition (4.1.1)), we express Zgen as the inner product of a diagonally
restricted Eisenstein series against h, F' and G: put s,, :== 2 — k + 2m and (4.1))
becomes

(Ep(TXZ X W, 1), 01 5 h(7) % (Z)F(W)) =

4.7
= O (5m)(®p, B,) Ly (2k + 4m) Zgn (2k + L — 1 + 2m) .7
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where x is either F' or G.

By proposition (3 ,if 2k > 6 and —1 < 2m < k — 2 then

k—2—2m
1

4
e AR
BiCsm) = (amp>2 T TT (k2 2m == ) bt B0
=0

j:
With the notation of (3.37)), put
Ry = 2B s Y Bsrsm Y Pri1vom)

so that
B3 (+, sm) € wohm272m) 25k,k7272m(Rm)

by corollary (3.5.6) and proposition ((3.3.5)).

After diagonally restricting E3, (-, s;) to Hy x Ha X Ha, we see by proposition
(3.3.7) that E5. (1 x Z x W, s,,) is an element of

775(k7272m) ’ 21k,k7272m(Rm> ®Q N22k,k7272m(Rm) ®Q N22k,k7272m(Rm) (4‘8)

ie.
B3 X Z X W) = 207222 % S oM™ (29 (W) (49)
70,5

for constants c%) € Q, and bases {o!™}, and {¥{™}, of Ny k—o—om(Rm) and
N3i k—9—om(Bm) respectively.
Plugging (4.9) into the left-hand side of (4.7) we get

(Eop(TXZ X W, 1), 01 5 h(7) % (Z)F(W)) =

=y T el o) (0™ ) (W™ F)

r,1,]

_ 7T5(k7272m)72(k7l)zc£7;;) 2(k— l)ak2 % 7 ><¢§m)7*><w§m)’F>

T7Z7‘7

(4.10)

where we have used 1-} in the last equality, and highlighted the factor =2~

of proposition (|3 so that
2001, Qk% Ve 21220 (Bom)
By a similar argument as the proof of corollary (3.4.9)), the function
Gm(Ta Z7 W) = Z Cv("zj)( 20 l)al 2k<pr ( ))d}z(m) (Z)’ll)](m) (W)
ri] (41].)
€ 211 9—om(Bm) g 22k,k—2—2m(Rm) ®qQ 22k,k—2—2m(Rm)
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still has multivariate Fourier coefficients in R,,: the application of éfg,i acts on

the monomials of the Fourier coefficients of gp&m by multiplication by a factor
depending only on the degree of the monomial itself, as explicitly computed in

(3.17)). Hence (4.10]) yields

(Esp(TXZ X W, 5m), 0y 5 h(7) x (Z)F(W)) =

RS E=22m) 2060 (@ (2 7 W), (7 % (Z)F(W)) (4.12)

Holomorphic projection

If the conditions of proposition (|3.4.1)) are satisfied, then we can apply holomor-
phic projection to each nearly holomorphic modular form appearing in (4.10))
without changing the value of the inner products. With the notation of theorem
(@.1.3), let {h,}, and {F;}; be orthogonal cuspidal Hecke eigenform bases of S},
and Sz, respectively, with hy = h, F; = F and Fy = G} then yields

(E5p(TXZ X W, 3), 05 h(7) % (Z)F(W)) =

5(’“*2*2’”’*2(’“*”«’3 (7, Z, W), h(1) x (Z)F(W))
= pPh=222m) =20 (ol @, (1, Z, W), h(T) * (Z)F(W))
_ o 5(k—2-2m)— klzdrsz i, 1) (s, ), F) (4.13)
— pdk2-2m)=2k=D) By Ry (A(m)<F,*> +B(m)<G,*))

where we have apphed term wise holomorphic projection to &, as explained in
corollary ([3.4.9)), the d ; are sultable constants in C, and the last equality is due

to orthogonality after puttmg A = CZLL1 and B(™ = d§7271. Again, x denotes
either F' or G.

Comparing (4.13)) and (4.7) we finally obtain

po(k=2=2m)=2(k=D) A(m) (p B)(F, F)(F, F) =

4.14

pok=2=2m)=2(k=) pm) (p pV(F, F){(G, G) =

4.15
= CD(Sm)<CI)F, (I)G>Lf(2]€ + 4m)ZG®h(2k + [—1 + 2m) ( )

Hence, the arithmetic information we are looking for is encoded in B, which
we study in the next section; now we Verlfy that the conditions of proposition

are indeed satisfied by o™ and ¢(m
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By remark (3.2.3), ¥\™ is a section of EZ, (-, s), and in particular

[N 2)| <o |ES(T % Z X W, 5,,)]

uniformly on Z € Ha, for any fixed 7 and W. Since E3, (-, s,,) is obtained by

applying 8§ 2a2m t0 an element of M3, ,,., lemma 1) applies and

5
|Egk(7 Sm)’ < H()\;k+2+2m + )\;k7272m>
j=1

uniformly on Hs, and in particular (with natural labelling)

3
|¢z(m)<Z)| Ly H(A;k+2+2m + )\j—k—2—2m>

j=2

If k+2+2m < 2k — 2 (or equivalently 2m < k — 4) then, by proposition (3.4.6),
w§’”’ is of bounded growth as claimed. By the same argument

‘907(~m)(7')| <<Z,W )\;k+2+2m+>\17k7272m
and then, by remark m

|61 2k90r ( )| <Lzw )\1_l+2+2m + )\l—l—2—2m

so that 81 %gpr ) is of bounded growth by proposition (3.4.6|), provided that [+2+
2m < 20 — 1, i.e. 2m <1 — 3. Finally, we need to check that (3.23) is convergent
for every A > 0: in the case of nearly holomorphic modular forms, this integral
was computed in , and is indeed convergent if

k—2—-2m <2k -2
[—2-2m <2l -1

which is surely satisfied for any m > 0.

§4.3 Arithmeticity of L-values

Isolating A™) and B™

With the notation of (4.11)) and (4.13), put
Em(7'7 Z, W) = HOIQSm(T, Z, W)
=S dTh () E(2)E(W) (4.16)

T?Z)]
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for suitable constants d( € C, with d1 1= = A and d( 121 = = B™. We ob-
served that &,, has Fourler coefficients in Rm, and therefore = =, has coefficients

in R, [&nglfg] by corollary l) Then 1} states that
<E§’k(7><Z X W, 8), 0 i W) % (Z)F(W)) =
a2 =2 (=, (7, Z, W), h(r) % (Z)F(W))

and the functions appearing on the right-hand side are holomorphic, hence with
numeric Fourier coefficients. We now derive A and B from the coefficients
of =,, by applying a certain family of Hecke operators to it.

Recall the basis of orthogonal Hecke eigenforms {h,}, € S;;, where hy = h. By
hypothesis of theorem (4.1.3)), we can find primes {q.}, such that

Ag.(hr) # Ag.(h)  mod p (4.17)

for every r > 2. Put
dim(83))

T, = T3 = Mg, ()

Mg (h) = Aq, (hr)

r=2
where the subscript , denotes which variable the operator applies to. Since each
Hecke operator T, Tz Y acts as an endomorphism on the space of modular forms with
algebraic integral coefficients [DS05, proposition 5.3.1], and the Hecke eigenvalues
Mg, (h,) are algebraic integers themselves, the function 7=, has algebraic Fourier
coefficients which are still integral at p by . On the other hand, observe

hence from (4.16]) we get

T2 (1, Z,W) de Z)F;(W)

and

(Em(7, Z, W), (1) x (Z)F(W)) = (T:Em(7, Z, W), h(7) % (Z)F (W)

Similarly, we get rid of the redundant forms F; in the variable Z. By hypothesis,
there exist primes {q.}; such that

Agi(£) # Aq (F)  mod p (4.18)
A (F) % Ay (G) mod p
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for i > 3, where {F}}; is a basis of orthogonal Hecke eigenforms for S3,. Put

dim(82,) T(Qk) Ay (E)

H py A (F)

dim(82,)
Y=

and
M(G) = A(F)

=3 G
so that

Ty En(r, Z,W) =Y dyY W) F(Z)F;(W) + 9 d h(r)G(Z)Fy(W)
J J

and

{
{

Again, the Hecke operators T,

(T, Z, W), h(T)F(Z)F(W)) = (T7 T, =2,,(1, Z, W), h(T)F(Z)F(W))
(T, Z, W), WT)G(Z)F(W)) = 9 YT, T, 2, (1, Z, W), h(T)G(Z)F(W))
(2k)

[I] [1]

act as endomorphisms on the space of Siegel

modular forms with algebralc integral coefficients [Sko92, theorem section 2.
Also, ¢ is coprime with p, so T;T,=Z,, still has algebraic Fourier coefficients,
integral at p.

Finally, we kill the redundant forms F} in the variable W. Put
dim(S2,) T;;k) _ )\q}( F, )
Ag (F) _'A%(l?)

j=2 95
where ¢, = ¢ as in the statement of theorem so that
M(F) = X(G) mod p
M(F) # A(G)  mod p?

Then
U, (7, Z,W) = Tw Ty T2 (1, Z, W)
= d"V h(T)F(Z)F(W) + 03, h(T)G(Z)F (W) (4.21)
= A™n(T)F(Z)F(W) + 9B™h(1)G(Z)F(W)
and

(Em(7, Z, W), h(T)F(Z)F(W)) = (Y (7, Z, W), h(T) F(Z)F(W))
(En(T, Z, W), W(T)G(Z)F(W)) = 0~ (u(7, Z, W), M(1)G(Z)F(W))
Due to the congruence between F' and G, by applying T, we introduce a factor

of p in the denominator of ¥,,; nonetheless, by the assumption on ¢, the Fourier
coefficients of ¥,,, have ord, > —1.

(4.22)
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Arithmetic properties of A and B

We begin by observing that A(®) = 0: this follows immediately from (4.14)), since
Zrgn(2k +1—1) = 0 by assumption. Then (4.21)) says

Uo(r, Z,W) = 9BOW(r)G(Z)F(W)

Fix a Fourier term for each variable such that the corresponding Fourier coeffi-
cients on the right-hand side are coprime with p, hence by comparing the order
at p in each side we deduce ord,(B®) > —1.

Let now m > 1: to study A we rewrite (4.14) as

(m) _
A = mok—2-2m)=2(h=))  (F, F) (F, F) D) (4.23)
From ({.2)), C.(2 — k + 2m) is the product of
e (2 — k + 2m) = 2 OkH1-12m 4-2m—3k
(4 +4m)!(8m + 6)!(8m + 4)!
2—k+2m)=238
ol ) (27)20m 14 By | 4 By 8m Baysm
k—1—1 .
oy 242m—k+
[o(2—Fk+2m) = o | J) X
(k+2m+1/2)(k+2m)(k +2m +1)
y Cm+0)!(2m+3k+1—2)!(2m + 2k — [ —1)!
(4m + 2k)!
hence
Co(2—k+2m) —12m—6k—21
Sh—2—2m)—20—) < Q (4.24)

which, under the conditions of theorem (4.1.3), is coprime with p (i.e. p is not

above any of its prime divisors).

Next, recall the formulae [Bro07, theorem 4.1 and corollary 6.3]

(2k — 1)L ;(2k)

<F’ F> - 3. 24k+1

(Pp, )

2k =1 |eg(IDDILy(2F)

F F) =
< ) > 24 .32 7T|D|2k—3/2Lf(XD;2]€—1>

(£, 1)

where ¢ is the half-integral modular form associated to f via the Saito-Kurokawa
correspondence and D is as in proposition (4.1.2)). Hence the remaining part of
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the right-hand side of (4.23)) equals

(B F) (EF) (h, )
_ B 2WOmDPRR L2k +dm) LGpi 2k = 1) ) o
(2k = D12k =Dl (IDN]* Ly(2K) Ly(2k) '

(£, 1) (b, )

where we have factorised Zpg), as in (4.3): we proceed to study each ratio indi-
vidually.

The first ratio on the right-hand side of (4.25) is in 7Q(f)(y/|D]) and coprime
with p by the assumptions of proposition (4.1.2). By corollary [Koh85, p. 202],

Lu(l+2m)Ly(l+2m+1) ﬂlemHLh(l +2m) Ly(Il+2m + 1)
<h’7 h> - 7rl+2mw; 7rl+2m+1w;l‘ (426)
c 7T2l+4m+1@(h)

and we have assumed p coprime with this quantity.

By [Shi78, theorem 3],
Tt (2k +1— 1+ 2m)

T T LQ(h, f) (4.27)
which is coprime with p by hypothesis.
The ratio
L2k +4m) . Li(2k + 4m) m*wy
L2k gl L(2k) (4.28)
e m"Q(f)
has ord, < —1 by the very definition of p.
Lastly
Lok 2 1) ¢ wg(p)(/ID) (4.2
£(2k)

by [Shi77, theorem 1], and we assumed ord, < —1 for this quantity in proposition
@12).

Combining (4.24), (4.26), (4.27), (4.28) and ([4.29) in (1.23), we see that A™ e
Q with ord, < —2. Again comparing Fourier expansions in (4.21)), we deduce
ord,(B™) < —2 as well.
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Taking the ratio

By (4.15), we can finally take the ratio

_om Cs(2—-k) Ls(2K) Zasn(2k+1-1) B G
Co(2+2m — k) Ly(2k + 4m) Zgen(2k +1—1+2m)  Bm

We have established in the previous section that B® /B has ord, > 1. For

m > 1 as in theorem (4.1.3)),
Co(242m — k) € g~ 1073k—22mQy

is coprime with p. Since 74" L(2k)/L;(2k + 4m) € Q has ord, > 1, we deduce

that
T Zaen(2k +1— 1)

Zoon(2k +1—1+2m)

is an algebraic number with ord, > 0, completing the proof.

Remark 4.3.1. While ord,(B™) < —2 for m > 1 is due to the presence of
L¢(2k) twice in , there really is no reason to expect ord,(B(®) > —1: in
fact, numerical data support ordp(B(O)) > 0 instead. If this is indeed the case,
then the ratio B(Y) /B(™ has ord, > 2 and therefore

ord 7T8mZG®h(2k’ + [ — 1) >1
"\ Zaen(2k +1—14+2m) ) ~

which is what the Bloch-Kato conjecture actually predicts. We will prove this
stronger result in the following chapters by using a different integral represen-
tation formula for Zggy,, but with the additional restriction that the weights of
F, G, h must be equal: this restriction is due to the integral formula itself, as the
result is expected to hold regardless of the weights.

The reason we get ord,(B (©) > —1 is that, when applying the Hecke operator
(4.20]), we are introducing a factor of p~! due to the congruence between A\, (F) and
Aq(G). We conjecture that this additional factor is balanced by the action of T; —
Aq(G), which should act on F' by introducing a factor of p in its Fourier expansion:
we could not prove this, but this would explain the inaccurate inequality for B(©).
Again, this issue is due to the nature of integral formula we employ: in proposition
(4.1.1), we take the inner product of the Eisenstein series against h, G and F' to
yield Ly and Zggp, hence F' should have no effect on Zggy, but the presence of
F apparently forces p~! into B(Y), when it really should not.



Chapter 5

Non-holomorphic Hermitian
Eisenstein series

In this chapter, we study the arithmetic properties of the Fourier coefficients
of some Hermitian Eisenstein series. We are particularly interested in those of
low weight, i.e. when the defining series does not converge absolutely and we
need to consider the meromorphic continuation. For the low weight Eisenstein
series we need, we show that the process of meromorphic continuation does indeed
produce a holomorphic Hermitian modular form; further, we show that it equals a
particular linear combination of theta series, and therefore its Fourier coefficients
are rational numbers with bounded denominators. We are grateful to Nagaoka,
who pointed out this connection to us in a private communication: this entire
chapter is devoted to showing that the different definitions used by Nagaoka,
Saha and Ichino describe essentially the same Hermitian Eisenstein series, and
Ichino’s version of the Siegel-Weil formula equate it with a linear combination of
theta series.

8§5.1 Unitary groups

Let L be an imaginary quadratic extension of Q with class number 1 and define
the general unitary group

GU(n,n)(L) := {7 € GLan(L) : 7'Suy = 1tn(7) S, itn(7) € Q*} (5.1)

where 1 denotes the transpose conjugate, i.e. 47 = 7! It is immediate to show
that, if v € GU(n,n)(L), then so are v~* and ~'. Further define the unitary

group
U(n,n)(L) := {7 € GLau(L) : 'S,y = S, } (5.2)

58
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which is a subgroup of GU(n,n)(L). If v € U(n,n)(L), from 7S, 4" = S, we
deduce

AB'=BA" COD'=DC'  AD' - BC'=1, (5.3)
where A, B, C, D are the blocks of 7, thence
_ Dt —pBf
7= (—C’T At ) (5.4)

Finally, we have the Hermitian modular group
T,.(L):= {’y € GLy,(0Oy) : VS, = Sn} (5.5)

consisting of the elements of U(n,n)(L) with integral entries, where O, denotes
the ring of integers of L. Indeed, from (5.4 we see that y~! belongs to GLa,(Op)
and hence to Y, (L).

If G is any of the groups (5.1)), (5.2) or (5.5)), then

P(G) = {(é g) cG.C— o} (5.6)

denotes its standard parabolic subgroup. We shall show that P(G)\G defines
essentially the same object for any of the groups above. As we are fixing n and
L, we often drop them from the notation.

We begin with a characterisation of Y,,; this is essentially the content of [Maa71l,
chapter 11] generalised to the Hermitian case. We say that (C|D) € OP*" is a
symmetric pair it CDT = DC, and coprime if (MC|MD) € O}*" implies that
M is integral for any M € L™".

Lemma 5.1.1. The matriz (C|D) € OF*" is the second row of a v € Ty, if and
only if it is a symmetric coprime pair.

Proof. Let v € T,,; then by (5.3) its second row (C|D) is a symmetric pair. Now
let M be such that (MC|M D) is integral: then by (5.4)

(MC|MD)y™" = (MC|MD) (_D(} f) = (0,/M)

hence M is integral since so are both factors on the left.

Let now (C|D) be any symmetric coprime pair. We first observe that (C|D) is
coprime if and only if so is U1 (C|D)U, for any U; € GL,(Op) and Uy € GLy,(Oy).
Since Op, is a PID (as we assume L to have class number 1), by elementary
divisor reduction theory we can find unimodular matrices U; and U, such that
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U, (C|D)Uy = (A|0,,) where A is a diagonal matrix. Since (A|0,) is coprime, we
deduce that every diagonal entry of A must be in OF, hence A € GL,(Or). By
renaming Uy, we can therefore assume that

(C|D)Uz = (Uy *]0,)

hence (C|D) is of maximal rank. We let

()=o)

and by left-multiplying by (C|D) we see that C X+ DY = I,,. Also by assumption
CD' = DCT; we let

_ (YT XTYC =XT+ XTYDY _ onon
o C D L

and an immediate computation shows that (5.3) hold for v i.e. 77S,y = S,.
Thence, from (5.4) we observe that v~' € O7™*", which proves that v is in
GL2,(Op) and therefore in T,,. O

Proposition 5.1.2. The embedding map
P(U)\U — P(GU)\GU
18 a group isomorphism.

Proof. The embedding U — P(GU)\GU sending v to P(GU)~ is an obvious
group morphism with kernel P(U).

The proof is over once we show it is surjective. Fix any v € GU with multiplier
1= pu(y) € Q*. Put p:= ((I): M?{}ﬂ) € P(GU) and « := py. Tt is immediate
to see that afS,a = S,, i.e. a € U, and its image under the embedding is
P(GU)~y. O
Proposition 5.1.3. The embedding map

P(M\T — P(U)\U

18 a group isomorphism.

Proof. Let V := L™ @ L™ and (-,-) be the standard alternating Hermitian form
on V, so that if x,y € V then (z,y) = 27S,y. In this setting, U(n,n) is exactly
the group of endomorphisms of V' fixing this alternating Hermitian form.
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A n-dimensional isotropic subspace €2 of V' is called a Lagrangian of V, where
isotropic means that (z,y) = 0 for any z,y € Q. We shall show that both p)\Y
and P(T)\T are in bijection with the set of Lagrangians on V.

We say that a matrix w € L™?" represents a Lagrangian € if its rows form a
basis for €2, and write Q = [w]. We define a right action of U(n,n) (hence of T)
on the set of Lagrangians by [w]y := [w7]; we observe in fact that w~ is of full
rank (since v is invertible) and (w7y)S,(viw') = wS,w' = 0z, hence [wy] is again
isotropic.

We show that this action is transitive. If w represents a Lagrangian, we write
w = (C|D) and observe that (C|D) is a symmetric pair by isotropy of [w]|. Even-
tually rescaling the rows of w, we may assume that (C|D) € O}*". As in the
proof of lemma (5.1.1)), by elementary divisors theory we can find unimodular
matrices Uy, Us such that U;(C|D)Uy = (0,]A) for a diagonal matrix A € OF",
which is non-singular as w has full rank. By letting A’ := U; 'A~'U;, we have
(0,]1,) = Uy NwUs,. Since A’ is invertible, A’w represents the same Lagrangian as
w; furthermore, (C’|D') := A'w is integral since it equals U; '(0,|1,)U; !, and is
a coprime pair since so is (0,]/,). Since (C'|D’) represents a Lagrangian, it is a
symmetric pair by isotropy, hence by lemma (5.1.1)) (C’|D’) is the second row of
a matrix v € T,,. We have just shown that every Lagrangian [w] is realised as
[(0,]7,)]7, for a suitable 7, € T, i.e. T (hence U(n,n)) acts transitively on the
set of Lagrangians of V.

Denote wy := (0,|1,,). The stabiliser of [wy] in U(n, n) is the set of v € U(n, n) such
that wyy represents the same Lagrangian, i.e. wyy = Pwy for some P € GL,(L):
if (C|D) is the second row of v, this means (C|D) = (0,|P) i.e. v must lie in
the parabolic subgroup P(U). Analogously, P(Y) is the stabiliser of [wo] in Y.
Therefore the map

P(G)\G — {Lagrangians of V}
given by P(G)7y — [wpl7y is a bijection for both G = U(n,n) and G = T,,. O
Corollary 5.1.4. The embedding maps
P(T\YT — P(U)\U — P(GU)\GU

are group isomorphisms, and each quotient admits representatives in Y.

§5.2 Hermitian modular forms

Let $,, be the Hermitian upper half space of genus n

9, ={ZeC":i(Z' - Z)> 0} (5.7)
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which contains the Siegel upper half space H,, of (2.1) as a submanifold. We
systematically write Z = X 4 1Y where

Z+ 7t A
2 21 (58)
so that X and Y are Hermitian matrices, and Y > 0 by definition of $,. If

Z € H,, then X and Y are the standard real and imaginary parts of Z. We put
0(Z) := det(Y), which extends the previous definition given in ([2.1)).

X :

The Hermitian modular group T, (after choosing an embedding of L into C,
hence of T,, into CQ”’Q") acts on $),, by fractional linear transformations

(é g) (Z) = (AZ + B)(CZ + D) (5.9)

and j(v,Z) := CZ + D is the automorphy factor. Again, the Siegel modular
group I',, of (2.3) is a subgroup of T,, and these definitions extend the ones given

in and .

We call Hermitian modular forms of genus n and weight k € Z a function
F : 9, — C satisfying (i)-(iii) (5.10)

(i) F(Z) is holomorphic (in each entry of Z);
(ii) F(y(2)) = j(v, Z)¥F(Z) for every Z € §,, and v € T,,;

(iii)) when n = 1, F' is bounded on vertical strips {z € H; : y > €} for every
e > 0.

We see from (ii) that the restriction of F' to H, gives rise to a Siegel (weakly)
modular form, since H,, € $,, and I',, C T,,.

Similarly to , Hermitian modular forms admit Fourier expansions; let Z, be
the different ideal of L: the Fourier coefficients are indexed by positive semi-
definite Hermitian matrices A € L™" satisfying A;; € Z,A;; € IL_l and the
Fourier expansion is given by

Z Fag”

where the sum is over such matrices A.

We will not be using the theory of Hermitian modular forms in what follows, as
in the next chapter we will immediately pullback a Hermitian Eisenstein series to
the space of Siegel modular forms, for which the results of the previous chapters
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apply. Nonetheless, one can find a recollection of the main results and properties
of Hermitian forms in [HK09, section 1.2].

The main example of Hermitian modular forms is given by Eisenstein series
(at least, if we relax the holomorphy condition (5.10H) to smoothness): let
T,0 = P(Y,) be the parabolic subgroup of T,, consisting of matrices
whose bottom-left block vanishes, and define the Hermitian Eisenstein series
EF . 9, — C of genus n and weight k by

ENZ,s) =Y. (v, 2)"(v2)

'YETn,O\Tn

=52 > i) Mt 2

YEYn,0\Tn

(5.11)

which converges absolutely and locally uniformly if 2R(s) + & > 2n [Shi83| p.
417]: under these conditions, the series £(Z,0) is indeed a Hermitian modular
form. Further, for each fixed Z € §,, the function s — &(Z, s) admits mero-
morphic continuation to the whole complex plane, so it is sometimes possible to
get holomorphic Eisenstein series of low weight outside of the original domain of
convergence ([Shi83, theorem 7.1], [Shi83| theorem 7.2]).

§ 5.3 Shimura-Maass differential operator

For n, k,r € N* define the Hermitian Shimura-Maass operator 0y, , by

On i =(2m8)"6(Z)" 1 F det(V)§(Z)FH

5.12
a;,k ::an,k+2r—2 O:++-00nk+20° 8n,k ( )

where V is the n x n matrix of differential operators

V= (a;)” (5.13)

Notice the similarities with the Siegel Shimura-Maass operator of : in par-
ticular the factor of 1/2 in the matrix A due to the symmetry of Z € H,,, which
does not appear in V as it applies to Z € $,,. We use the same symbol 9, , for
both versions of the operator as it will be clear from the context (i.e. from its
operand).
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Effect on Eisenstein series

Lemma 5.3.1. For anyr € ZT and v € T,

hi [00V(2))%(y, 2)7F] = (—4m)™™ (H ok +Jj—n+ S)) S(V(Z)) (v, Z2)

Jj=1

where, for a € C,

n—1

cn(a) == H(a +1)

=0

Proof. Assume r = 1. The operator defined in [Shi94], formula 4.2b] is exactly
(270)"Op . because of our different normalization, hence [Shi94l formula 4.6b]
states

One(f[]e) = Onef) [V kr2 (5.14)

for any function f : $§ — C. In particular we take f(Z) := §(Z)*, so that the
left-hand side of (5.14) becomes 0,,x [5(v, Z)™*6(~(Z))*]. For the right-hand side,

we compute

Oni[6(2)°] = (2mi)™0(2Z)" 7+ det (V)6 (Z)F s+
= (—4m)"en(k + s —n+1)8(Z)

by [Shi83, lemma 9.1(ii)]. Therefore the right-hand side of ((5.14)) equals
(—Am)"en(k+ 1 —n+8)d(4(2)) (v, 2) 7"

as claimed. A repeated application of J,,, proves the result for » > 1. O

Hence, at least formally, 0, maps Eisenstein series to Eisenstein series. In the
next chapter we are going to use £5,.(Z, s), so we state the following proposition
for this particular case.

Proposition 5.3.2. For m,k € N such that k —2 —2m > 0,

Ey(Z,2 =k +2m) = 6127171 : ag,ﬁﬁzm [543+4m(Za 0)]

where
k—2—2m 2
Chm = (—4m)3k=2-2m) ( H H(4m +1+4+j5+ l))
j=1 1=0

Further, £}, 4,,(Z,0) is a well defined Hermitian modular form.
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Proof. Let f(Z,s) be any holomorphic function in s € Q (with some open Q2 C C)
for every fixed Z € §),,, and smooth in the entries of Z for every fixed s. Then

0
%aZab Z S d aZab ff Z S aZabo 0

for any closed curve C C 2. Since the operator 0, is constructed in terms of
V, we deduce that 0, x[f(Z, s)] is again holomorphic in s € Q for each fixed Z.
In particular we take f to be & extended beyond its domain of convergence by
meromorphlc continuation, so d;, &' is still meromorphic (in s for each fixed Z).

Lemma shows that, for 2§R( )+ k> 2n,
:L,k[gl?(z7 S)] = Cnk,rs g}?+2r(Z, S — 7’)

where ¢, s s a constant not depending on Z, by term-wise application of 9y, ;. to
(5.11)), since the series converge absolutely. But by the principle of meromorphic
continuation both terms must coincide (for every fixed Z) everywhere they are
extended to.

In particular, we turn to &7, 4,,(Z,0). For m > 1, the series is convergent as is;
E(Z,0) is defined instead by analytic continuation of £2(Z, s) beyond its domain
of convergence, but [Nag96, theorem 2.2(2)] ensures that £(Z, 0) is a holomorphic
function on 3. O

Effect on Fourier expansions

We observe that the work of |[CP91, sections 3.3.1-3.3.4] remains valid when
replacing H,, with §,, and A with V in the definitions and of Oy 1
both cases are accounted for by [Shi83|, lemma 9.1], from which [CP91], formulae
3.10-3.14] follow in the Hermitian case as well and the proofs of [CP91, lemma 3.9]
and [CP91) lemma 3.10] remain unchanged. We summarize this in the following:

Proposition 5.3.3. Let F' be a Hermitian modular form with Fourier expansion
oA Faq?, with respect to some imaginary quadratic extension L of Q. Then

O p b= (20)"0(4nZ)~ Z FAR,(A4TAY ;r,n— 1 —k — r)qA (5.15)
A>0

where R,(Z;r, B) is defined in [CP91, formula 3.7] by
Ro(Z;r,B) i= (—1)" ™ det(2)" det (V)" (e7 @ det(2) )

and is a polynomial of degree nr in the entries of Z whose highest degree term is
det(Z)".

Additionally, let Op be the ring of mtegers of L and R D Oli,*/,] any ring: if
F is R-integral in the sense of , then so is ), | F
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Proof. [CP91l lemma 3.10] states
ok [¢"] = (20)"6(4nZ) "R, (4mAY ;o — 1 — k — r)g?
Notice the additional factor (2:)™ in the previous formula due to our different

normalization for 0, , from [CP91l formula 3.21]; this proves the first statement.

Similarly to proposition (3.3.5), when 5 € Z the polynomial R,(Z;r,3) has
coefficients in Z[1/2] since it is a repeated application of partial derivatives to
det(Z)Pe~T(2) . This observation, combined with (5.15), readily implies R-

integrality of J; ; F' whenever F' has Fourier coefficients in R. O

8§ 5.4 Unitary Siegel-Weil formula and theta series

Adeles

A valuation on a field F'is a map |- | : ' — R>q such that

(a) |z| =0if and only if x =0

(b) |xy| = |=||y| for every x,y € F
and at least one of

(c) |z +y| <|z|+ |y| for every z,y € F

() |z +y| < max{|z|,|y|} for every x,y € F

Observe that (¢’) implies (c¢): the valuation is archimedean if it satisfies only (c),
and non-archimedean otherwise.

Two valuations | - |; and | - |y are equivalent if they induce the same metric on
F, i.e. there exist constants a < b € RT such that a|z|; < |z]y < blx|; for every
x € F. A place v is a class of equivalent valuations on F', and we denote the
associated valuation | - |,; further, F, denotes the completion of F' with respect
to |« o

The (classes of) archimedean valuations are called infinite places, while the non-
archimedean ones are finite places. On Q, there is exactly one infinite place,
corresponding to the usual Euclidian absolute value | - |, and the finite places
correspond to the primes p € Z via

|z, = p (@) (5.16)
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For a finite algebraic extension F' of Q, the infinite places are indexed by field
embeddings 7 : F' — C up to conjugation, and

if 7(F)CR
T(z)r(z) f7(F)ZR

For each rational prime p, the ideal (p) in the ring of integers Op of F' decomposes

as the product of prime ideals of Op: to each of these corresponds a place v of

F, and we write v|p.

Proposition 5.4.1 (Product formula). For each place v of F, one can fiz a
valuation | - |, such that
H 2|y =1

<00

for every x € F*.

For any place v of F', O, denotes the ring of integers of the v-completion F,.
Explicitly
Op, ={zx€F,:|z], <1} (5.18)

The adeles ring Ar of F is the restricted product

/
Ap = HF” = {(%)v € HF’“ : 2, € Op, for almost all v} (5.19)

and F embeds into A diagonally, i.e. via z — (x),: this makes Ap an F-algebra.
If FF=Q, we simply write A := Ag.

Let G be an affine algebraic group over F', thus in particular an affine algebraic
variety over F, i.e. the elements of G are described as the zeroes of polynomials
with coefficients in F'. For any F-algebra A, let G(A) be the set of solutions over
A of the polynomials defining G. This applies in particular to G(Ar) and G(F,),
for a place v of F.

We now turn the attention to automorphic forms arising from Hermitian modular
forms. Let L := Q(v/—d) be a quadratic imaginary number field, and put G =
U(n,n) as defined in (5.2). The entries of 7 € G are in L, and can be written as
z; + yiv/—d for z;,y; € Q: the condition v1S,y =8, for v € G turns into a set
of polynomial equations over QQ in these components x;,y;, and we can therefore
view GG as an affine variety over Q.
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From [Ich04], p. 244] we have

_ {(OC; fﬁ) € GLn(L)} < G(Q)
_ {(éz ]‘1) M—be L"’"} < G(Q) (5.20)

P ={(y 1) 6@} - m@N@ - N@M©
and the Iwasawa decomposition
G(A) = P(A)Kg (5.21)
where K = KooK i =[]0 K, C G(A) with

p<oo = G(Zp>

G(R) A Ugn (R) (5.22)

In particular we observe Ko, = {g € G(R) : g(il,,) = il, }, and by [Ich07, p. 724]
any matrix k., € K, can be written as

o = (_AB i) (5.23)

with A+iB € U,(R) and det(A —iB) = det(A +iB).

By the strong approximation theorem (which holds in this instance because we
assumed L of class number 1), any # € G(A) can be written (not uniquely) as
Yook € G(Q)G(R)K . Let ¢ @ G(A) — C be any G(Q)-left and Kjy;,-right
invariant function; put Z = x,(il,,) € 9,, then the function

F(Z) := det(200) ™2 (200, i1,) (700 (5.24)
is weakly modular of weight [. Viceversa, given such an F', the function
o(x) := det(200)%j (200, i1,) " F (200 (il,,)) (5.25)

on G(A) satifies p(7Zok) = ¢(2o). A function transforming like this is a par-
ticular example of automorphic form, together with technical conditions we do
not need to worry about here. We call and the standard correspon-
dence between modular and automorphic forms. In we will often make the
following choice: for Z = X +1iY € §,,, put

(L X\ (VY 0.\ (VY xvY !
()T e
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with Y := Pldiag(v/ A, ..., vVA,)P, for a suitable P € U,(R) such that ¥ =
Pidiag(\y, ..., \,) P, since Y is a positive definite Hermitian matrix (hence its

eigenvalues are real and positive). Then ¢z(il,) = Z and gz € P(R); any other
Too € G(R) such that z(il,,) = Z belongs to gz K.

Theta series

Let V := L™. For a Hermitian matrix @ € L™, let (-,-)g : V x V' — L be the
Hermitian alternating form

(2, 9)q = 2'Qy (5.27)

Write L = Q(v/—d) for square-free integer d € N; since we assume that L has
class number 1,
de{1,2,3,7,11,19,43,67,163} (5.28)

A rank m lattice A is a subset of V' which is a O-module and satisfies AQ L = V.
Because of our assumption on L, every lattice A of rank m is a free Op-module
and there exists a basis {b1,...,bn} of V such that A = spany, (b1,...,0pn).
Define the m x m Gram matriz T'5(Q) of the lattice A with respect to the form

<'7 '>Q by
Pa(@)ij = (bi bj)g (5.29)
Proposition 5.4.2 ([HK09, theorem 1.19]). Let A be a rank m lattice and (-,)q
a Hermitian form on 'V such that (z,x)q € 2Z% for all x € A and det(T'A(Q)) =
2md="/2. Then
0n(Z;A,Q) = Y e TET@62) (5.30)
Geom™

15 a Hermitian modular form of weight m and genus n with Fourier expansion

Y #{Ge O] GTAQ)G =24} ¢*

A>0

In particular the Fourier coefficients are in Z.

Because of (5.29)), we can rewrite (5.30) as
On(Z;A,Q) = ) emiome?) (5.31)

TEA™

It is useful to approach theta series from a representation theory perspective. Fix
once and for all a Hermitian form @ on V', and let H be the unitary group of
(V,Q), i.e. the set of automorphisms of V' such that (hz, hy)g = (z,y)q for all
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x,y € V. H is an algebraic group over QQ, so we can consider its adelisation
H(A): for a place v < oo of L, the v-th local component of H(A) is the set of
endomorphisms of V,, := V ®, L, fixing the given Hermitian form. Then H(A)
acts on the set of lattices A on V by (hA) @1 O, = hyA,, where A\, :=A®. O,
and we denote O, (A) the stabiliser of .

The H(A)-orbit of A consists of all lattices A" on V' such that \, is Q-isometric to
Ay for every v < oo: this is an equivalence relation on lattices on V', with a finite
number of classes. If A is a fixed lattice on V, call genus its H(Ay;,)-equivalence
class: there are finitely many H(Q)-orbits (classes) in its genus, which we denote

{h;A};. Hence we have

H(4) = J H(@hiOn(4) (5.32)

Notice that H(Q)h;Ox(A) does not admit a unique factorisation: put
On,a := H(Q) N h;Opn(A)h; ! (5.33)

and then H(Q)h;Ox(A) = H(Q)Op,ahiOp(A). Observe that Oy, is exactly the
set of automorphisms of h; A with respect to the form (-, -)q.

We fix once and for all the character ¢ of A/Q given by

¢m(xm) — e7r7lz

Yp(Tp) = e~ 2milep/2)

(5.34)

where ’ denotes the polar part embedding Q,/Z, — R, i.e.
00 / -1
(Z oszj) = ZoszjG]R
j=—N j=—N

For ease of notation put G := U(n,n)(L), and let w = wy, be the Weil represen-
tation of G(A) x H(A) on the space S(V(A)") of Schwartz-Bruhat functions on
V(A)™. Its action is completely determined by [Ich04] p. 246] i.e.

(o ) 1) ) = det(a2 o

ot
(o7 1) 1a) 50) = w{Tx(n gt )

w (<_O;n (I)Z) =1H) f(x) = /V(An) FY(Trr o Tr(y, z)q)dy
w(la, h)f(x) = f(h~'x)

(5.35)
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for any @ € GL,(Ar), b € Her,(Ay) and h € H(A), where dy is the self-dual
measure associated to the character 1.

For any f € S(V(A)"), define the theta lift 6 : G(A) — C by

Os(g.h) = ) Wl Mflw)= Y [wlg.1m)fI(h"z)

zeV(Q)" zeV(Q)"

O50)= [ Oslg.hd
H(Q\H(A)

(5.36)

for g € G(A) and h € H(A), where dh is the Haar measure on H(A) normalised
so that the volume of H(Q)\H(A) is 1.

Proposition 5.4.3. Let A be a fized latticed on V' of rank m. Let f(z) €
S(V(A)"™) be given by
fooloo) := eI ((Too,To0) Q)
fo() = 1pn(2)
where 1zn is the indicator function of Aj.

Then its theta lift 05 is the automorphic form associated via the correspondence

to the Q-linear combination of classical theta series

N (P
0n(Z) = mAZ: 50, m(Zi i Q) (5.37)

where the sum is over all classes in the genus of A, Op,a is the set of

automorphisms of h; A and

1
my = Z o (5.38)

1s the mass of the lattice A.
Proof. Fix Z € $,, and gz € G(R) as in (5.26)). Let g = (9z,1,1,...) € G(A)
and compute in (|5.36])

v

@f(g> h) = Z {[w(gom 1H)f00](h<;01$00) H[w(gm 1H)fv](hlev)}

zeV(Qn

= Z {[w(goo’ lH)fOO](hr:oleO) H 1A3(h;1x1’)}

zeV (Q)™

= > [w(goo Lar) foo (7o)

xe(hA)™
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for any h € H(A). The theta lift 6;(g) is then

a Z # hid o <v1<_£ /OA o) ) /OA(R)[w(gOO’ La) foo) (Too ) dtiog

:< / du) pre o 2 bl )

e(h;A)™

where in the first step we have used the double coset decomposition (5.32)) and
the observation in (5.33). To compute the factor fOA( A) du, we recall that dh is

normalised so that H( dh = 1, hence

I\H (A)

1—/ dh
()\H()

- Z #OM /OA(A du

= (/ du) mp
OA(A)

Now goo = g7z € P(G(R)), for which we have an explicit description via the Weil
representation by [Ich04, p. 246], hence

Qf(g Z Z det )m/? i Tr((z, CC>QX) —nTr((z,z)QY)
A # halk z€(h; A)

_ m/2_ miTr({(z,2)oZ)
= det(Y) . Z #Ohv/\ Z e Q

z€(h; A)™
1
A T

20,20 Q)

By (5.24) and proposition (5.4.2), the modular form associated to 6y is then
Z) of (5.37)) as claimed.

]
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Siegel-Weil formula

Recall V.= L™, ) and A from proposition . In addition to the condition
(A, A)g € 2Z7 for all A € A, we require @ be positive, i.e. (x,x)g > 0 for every
non-zero x € V. Hence, the Witt index (i.e. the dimension of a maximal totally
isotropic subspace) of (V@) is 0; we will use this information in proposition
(5.4.4), when specialising [Ich(7, theorem 1.1] in our setting.

By the Iwasawa decomposition (5.21)), write g = pk € G(A) with

p= (O“n a:) € P(A) (5.39)

for some a € GL,,(A) and k € K¢: with this notation, put a( ) := Np g det(a).
For any f € S(V(A)"), define a holomorphic section of Ind (|det| a,) by

29(g) = la(g)[5,*lwo(g, 1) £1(0) (5.40)

where so := (m —n)/2. As described in [Ich04, section 3], this gives rise to the
adelic Eisenstein series

Ey(g.s):= Y 0 (yg) (5.41)
YEP(Q\G(Q)

which converges absolutely for R(s) > n/2 and has meromorphic continuation to
the whole s-plane if f is Kg-finite.

Proposition 5.4.4. [Ich07, theorem 1.1] If n < m < 2n, then

lim E¢(g,s) = 05(9)

S$—S0

where O is the theta lift of f defined in .

If m > 2n, then both the theta series and the Eisenstein series converge abso-
lutely, and in particular lim, s, E(g, s) = E¢(g, so). Weil proved that again they
coincide [Wei65]: we summarise this in the following.

Corollary 5.4.5 (Siegel-Weil formula). Let A and f € S(V(A)™) as in proposi-
tion (5.4.8). If n < m, the modular form associated to lim,,s, Er(g,s) via the
standard correspondence is 07, (Z) of (5.37).
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8 5.5 Eisenstein series and arithmetic properties

We show that &£}, ,,,(Z,0) equals 63, ,,.(Z) by virtue of the Siegel-Weil formula
, and has therefore rational Fourier coefficients with bounded denomina-
tors. We first prove that & ,,,(Z,0) corresponds to the adelic Eisenstein series
defined in [Sah10, section 1D], and then relate the latter to the one appearing in
proposition ([5.4.4)) and ((5.4.5]).

Lemma 5.5.1. Put G = GU(n,n). Define a holomorphic section =(-,s) of
G(A s
Ind(5) (|det]3, ) by

Zoo koo, 8) 1= det(koo)™ %) (koo i1,) ™™

5.42
Eo(ky,s) =1 (5-42)

for all k € K¢, and put
E=(g,s) = Z(v9, 5) (5.43)

YeP(Q\G(Q)
Then E= is associated via the standard correspondence to &, and in par-
ticular
-m/2 ST \m = __on n—m

det(gz) J(gz,il,)"E=(gz,8) = E' (Z,ns + ) (5.44)

where gz is defined in .

Proof. By [Sahl10, corollary 6.7], the left hand side of depends only on Z,
in the sense that replacing g, by any other g € G(A) such that g(il,,) = Z yields
the same value. Further, by corollary , we can take representatives v of
P(Q\G(Q) in T, C 02",

We compute the local components of Z(vgz, s) to finish the proof. As gz € P(R),
(792)v = 7o for every finite place v hence

Ev Z)vy,S) = Ey vyS) = NL det Ay n(s+1/2) = | det n(s+1/2) =1
((v92)v; ) (705 8) = |NLj v oOll4

because of = € Indggﬁg(]det\&) and (5.42)), where n,m,(a,)k, = 7, is the Iwasawa
decomposition. At the infinite place, by [Sah10, lemma 6.6] we have

Zac((192): 8) = det(792)™/ (v, i) "S(x(2))" /72
= det(g2)"j(9z. 1) " (v, 2) "6 (y(Z))" A

from which ([5.44) follows immediately. O
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Lemma 5.5.2. Let Ef(g,s) as in corollary and E=(g,s) as in lemma
5.5.1). Then

Ei(gz,ns + 80 —m/2) = E=(gz,5 — 1/2)

for any H € $,, and gz as in .

Proof. Recall from (5.41)) and ((5.40) that E;(g, s) is defined in terms of

(9) = la(g)l3, " [walg, 1u) f1(0)

We will explicitly compute the action of the Weil representation, and compare it
with the series defining E=.

First, let ¢ = k € K¢ so that @;S)(k) = [wq(k,1x)f](0), and we proceed to
compute the local components. At each place v, k, € K, is a product of matrices
of the form m(a,), n(b,) and S as in (5.35)).

If v is a finite place, every generator is in GLg,(OL,). Let A denote any lattice
on V', then

[we (n(by), L) 1xg](2) = ¢o(Tr((2, 2)@b)) - Lag (2) = Ly ()
[wo(m(aw), 1) ig)(x) = | det(a,)[]"? - 1y (zay) = 1y (2)

[wo (S, 1) lx](x) = . Uo(Trp g Tr(y, 2)q)dy = Loy (7)

since Tr({x, z)gb,) € O, ; right multiplication by a, € GL,(L,) is a change of
basis for A} and det(a,) € OF  hence of valuation 1; for the last integral we have
studied separately the cases x € A\ and x ¢ A, the latter yielding zero as it
amounts integrating a non-trivial character over a period. Putting all together,
we deduce

otk L) £(0) = Lag(0) = 1 (5.45)
where A’ is either A or At according to the number of generators S for k,,.

At the infinite place, we introduce the function

'LUh<ZL') — 6—7rTr(<x,a:>Qh)

for x € C" and h € C™" whose eigenvalues have positive real part; observe
that foo(z) = wy(xz). We preliminary compute the Fourier transform 1w, of wp:
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diagonalise h = UDU" with U € U,(R) and D = diag(dy, ...,d,), so that

inly) = / (@l Trr o ez, o) =

—7nTr((z, x>Qh) 2miRTr(z,y) 0 dr =

(&

{v=yU}

DlacTQac—HacTqul +’L’UZQ$> dx

{z:xfinlvl}

/ —ﬂ'Dl 2,2) Qe —mD, (vl,vl>QdZ
)"

—7rTr ((y.y)oh™1)

I
Q‘ Q‘ ||::||::sﬁ\

et(h

et(h)™" w1 (y)

where v; denotes the [-th column of v = yU, and the last integral exists because
D, has positive real part. Now

[wo (n(boo), L )wi] () = Voo (Tr((x, ) gbso)) - wh(x) = wh—sp. ()
[we (m(aso), 1rr)wn) () = [ det(aoe)[2/? - wi(ase) = | det(ase)|™w, .1 (1)
[wo (S, 1p)ws](x) = det(h) " wpy-1(z)

and observe that the eigenvalues of h — ibs, and h~? still have positive real part.

As observed in (5.23)),
b D —-C
* \C D

for suitable C, D. Find Uy, U; € U, (R) such that

C, 0 D, 0
U,C =: (ol OM) Ul UD = (01 Lﬂ) Ul

where 7 = rank(C) and det(C;) # 0. Then one can easily check that C;'D; is
Hermitian and

o (DiCTr 0 oo
k;oo—m(Ul)n< 0 0, ml I X

3 -1
0, 0 o', 0 ;
X {n <O [nr> S} n ( 0 Onr) m(U3j)

and use this factorisation to compute

(5.46)

[wo (Kso; 1) foc](0) = det( — iCy " Dy) ™™ det(Cy)| ™™ (5.47)
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Now that we have an explicit description of @;S)Uf) for k € K¢ by (5.45) and
(5.47), we compare it with =Z(k, s) of (5.42). As the finite components are identi-
cally one, we focus on the infinite place only:

Zoo koo, §) = det (ko) ™2 (Koo, il,) ™™
= det(K.)™?j (k. il,)™™
= det(Cl)m/2 det(Cl + chlel)m/Z det(D1 + Z'Cl)im

where m(Uy)koem(Us) =: k!, x I,,_,. Dividing this quantity by the right-hand
side of ([5.47)) yields 1, showing that

(k) = Z(k, 8)
for any s,s' € C and k € Kg.

For a general g € G, write the Iwasawa decomposition g = pk € P(A)Kg as in
(5.39) and observe

0 (g) = |Np g det(a)]5 0% (k)
(g, ') = [Npjg det(a)[} M/ P=(k, 8')

achieving equality for s = ns’ 4+ n/2 4 sq as claimed. O
Corollary 5.5.3. Under the conditions of corollary ,
Enl,0) =0y,
In particular, with the notation of , put
Sm;n}n ={p':pmu} U U {p_l : p|#On,A pr’ime} (5.48)

if the genus of A is not trivial, or () otherwise: then E(-,0) has Fourier coeffi-
cients in Z[MM 1 ].

Proof. Observe

En(Z.0) = det(g2)™""j(9z.iL,) " E=(gz, 3% — 3)
= det(g2)"""j(9z,11.) " E4(92, 50)
= 0,(%2)
where the first equality is by lemma ([5.5.1]), the second by lemma ([5.5.2)) and the
last by corollary ((5.4.5)). O

Corollary 5.5.4. The Eisenstein series £}, 4,,(+,0) is a well defined holomorphic
Hermitian modular form with Fourier coefficients in Z[mt;jélmﬁ].
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Integral representation 11

In this chapter, we prove the announced result in full. We employ an integral
formula of Saha, linking L-values with an integral against a diagonally restricted
Hermitian Eisenstein series. After diagonal restriction and Siegel pullback, the
theory of chapter 3 applies and we can study the arithmetic properties of the
critical L-values, which follow from the arithmeticity of the Fourier coefficients
of the Hermitian Eisenstein series, as described in the previous chapter. The
method we use in this proof is essentially the same as the one in chapter 4, only
applied to a different integral formula.

§6.1 Main theorem

An integral formula of Saha

To refine the result of theorem (4.1.3]), we appeal to a different integral formula
for tensor product L-functions.

Proposition 6.1.1 ([Sahl0, theorem 6.9]). Let h € S}, and F € S, be Hecke
eigenforms with 2k > 6. Assume that the A-th Fourier coefficient Fy of F is
non-zero, for some index A of determinant 4d such that L := Q(v/—d) has class
number 1. Then

2k -3 —2v

(E4(2 % 7,—0) FIN) = & (2

) Zren(dk —3—v)  (6.1)

for v € N, where

(—1)k2_65‘17r2(47r)‘35_3k+3/2d_35‘kf(35 + 3k — 3/2)_
(65 + 2k — 1)2C(65 + 1)C(65 + 3)L(x_a;65 +2) "

Er(s) =

78
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d 0
01

n= 4d41 1

> 4d =0 mod 4
i) 4d=3 mod 4

W~

1
2

Observe that £, (-, s) is the Hermitian Eisenstein series defined in ((5.11]), which
corresponds via the usual correspondence to the adelic series of [Sah10, section
1D] by lemma ((5.5.1]); nonetheless, as observed in (5.27)), the restriction of £3, (-, s)

to the Siegel space H3 induces a (non-holomorphic) Siegel modular form, so that
the left-hand side of (6.1]) only involves objects in the Siegel world.

Remark 6.1.2. As explained after (5.11]), the Eisenstein series £5,(Z,s) con-
verges absolutely in Z for R(s) 4+ 2k > 2n, and for each fixed Z it admits mero-
morphic continuation as a function of s to the complex plane. Formula (6.1
holds unconditionally for v < k — 3, but since both £3,.(Z, s) and Zpg(s) can be
continued to C, by meromorphic continuation we see that the equality remains
true for any value of v € N.

Our goal

Let h, F', G be as in proposition (4.1.2]), with the additional restriction that [ = k,
i.e. all these forms have equal weight 2k > 6: this is due to the conditions of
proposition (6.1.1). By putting v := k — 2 — 2m, (6.1)) becomes

(E3.(Z x 7,2 — k +2m),%(Z)h(T)) = &, (1 +64m> Zwon(3k —142m)  (6.2)

where x is either F' or G and

1+4m\  —279m=2p2(4q) = SkHl=2mg=k=2m=121(3) — 1 + 2m)__ 63
S ( 6 ) T T2k +4m)2C(2 1 4m)C(A + 4m)L(x_g: dm 1+ 3) " (6:3)
Observe that, as explained in remark , formula holds as is for m >
1, and for m < 0 by the principle of meromorphic continuation. This very
same phenomenon happened with the Siegel Eisenstein series of theorem (4.1.3)):
the near-central critical value (which contains the information conjectured by
(1.3.1))) corresponds to a non-convergent series, while the other critical values are
associated with unproblematic objects.

Theorem 6.1.3. Let py as in proposition , and assume it does not divide
cy(|D]) # 0.
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Let {h;}; and {F;}; be orthogonal Hecke eigenforms bases for Sy, and Sa,. re-
spectively with hy = h, Fy = F and Fy, = G. Assume that no F; with j > 3 is
congruent to either F' or G mod p, and that there exists a rational prime { such
that M\e(F) # X\(G) mod p?. Similarly, assume h not congruent mod p to any
h;, fori > 2. Again, p denotes any prime ideal of K above pg, where K is any

large enough number field containing all the fields in this chapter: namely L(F,),
Q(VD), Q(f), Q(E) and Q(hy) for all i < dim(S3,) and v < dim(S},).

Assume p s not above a prime in 93?;:1,), with the notation of . Further,

assume that p does not divide E
Let1 <m < g — 2 be any integer such that
(i) p divides ™ L;(2k)/L;(2k 4+ 4m);
(it) p is coprime with Biyam, Bsyamy_, and not in My Ly, s
(i1i) p is above a rational prime > max{3k — 2 + 2m, 2k + 4m, 4k — 5};
(iv) p does not divide 7=2*=4m=1L, (k + 2m) Ly, (k + 2m + 1)/{h, h);

(v) p does not divide 7= =4m 1 70 (3k — 1+ 2m)/{f, f).
Then
7" Zgen(3k — 1)
Z(;@h(?)k —1 + 2m)

15 algebraic, and divisible by p.

(6.4)

The rest of the chapter is devoted to the proof.

Remark 6.1.4. The condition m < g — 2 arises from studying which nearly

holomorphic forms can be holomorphicly projected: see section (6.2)).

Assume k even. We cannot say anything about m = 5—2, since our method stops
when applying holomorphic projection (as the conditions are not satisfied there).
Instead, when m = g — 1 there is no need to emply holomorphic projection as the
Eisenstein series £3, (-, 0) appearing in is absolutely convergent hence a well
defined holomorphic Hermitian modular forms, and therefore its Siegel-diagonal
restriction & (7 x Z,0) is an element of M3, ®c M2,. Since we are taking its
inner product against h(7)F(Z) or h(7)G(Z) in (6.2]), we can decompose every
modular form into a sum of Eisenstein series and cusp forms, where only the
latters matter. To make sure the remaining cuspidal components are integral at
p we would need to include additional conditions about the order at p of the
Eisenstein eigenvalues; on the other hand, we did not want to complicate further

the list of conditions in theorem (|6.1.3]) for this one case only.
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Remark 6.1.5. We recall remark for what we mean by divisibility and
coprimality with p: here the large Galois extension K also contains L(E) Also,
note that theorem ([ is an improvement of theorem (4.1.3)): we had previously
showed (6.4) to have ord > 0, while now we actually deduce that has
ord, > 1.

Remark 6.1.6. We are not aware of a way of bounding the primes in Sﬁ;jmg
in general; on the other hand, given a fixed lattice A, most CAS applications
can compute this data, which is therefore a mild condition for theorem (|6.1.3|)
that can be checked on a case-by-case basis. Further, as we are free to (suitably)
choose the field L and the lattice A for every m, it could be the case that we can
pick a A so that its genus has a single class: in this case aﬁgjm,?, = () and the
condition is therefore vacuous.

§6.2 [L-values as inner products

Siegel-diagonal restriction

By proposition (5.3.2)) and (5.3.3), for 0 <m < k/2 -1
= Ci m 8§ 43—43nm (€3 am OV, 0)]

= om0 (2TW)2REm N " SO Ry (2 AV | — 2 — 2m, 4 — 2k + 2m) g

A>0

where W = U + iV € $3 and S;m) is the A-th Fourier coefficient of & 4,,(W,0).
When restricting to W € Hs, observe

W) - Z AijWﬂ Z Aan + Z g + "4]1 iJ

2,J=1 1<j

and A; € Z and A;; + A, € %Z. For a symmetric half-integral positive semidef-
inite n X n matrix A we say that A ~ Aif A; = A; and A;; = A;; + Aji, so
that Tr(AW) = Tr(AW) whenever A ~ A (and we observe that for each A there
exist finitely many A with A ~ A). Hence the Siegel pullback H,, — C given
by W — &3 (W,2 — k + 2m) is a Siegel (non-holomorphic) form with Fourier
expansion

§(2my)2hram (Z EM Ry (2 AV k — 2 — 2m, 4 — 2k + 2m)> @ (6.5)

A>0 \A~A
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i.e. an element of w3(k—2-2m) . S ko o

Now, by lemma (3.2.2)) the diagonal restriction &,,(Z, ) of €3, (W,2 — k +2m) to
Hg X 7‘[1 18
EZ, 1) = E5(Z x 7,2 — k + 2m)
_ 3(k—2-2m (m) g (m) (m)
= 7 ) Cij P, (Z)%' (7)
1,]

3(k—2—2m) A2 1
2k,k—2—2m ®c NZk,kf272m

(6.6)
cm

for constants cg?) e C.

Holomorphic projection

By corollary (3.4.9)), we can rewrite the left-hand side of (6.2)) as
(E3.(Z x 17,2 — k + 2m), (Z)h(T)> =
3(k—2—2m) ZC q) m)  * m) h>

(2 ()
— (Hol&, (2, ), (Z)h(7)) (6.7)

— p3(k—2-2m) Zdw)<Fl’* h,h)

= p3k=2-2m) (h h) (A J(F,%) + B™(G, *>>

where {F;}; and {h;},; are orthogonal Hecke eigenforms bases of 83, and Sj,
respectively, with hy = h, F; = F and F, = G, the dg?) are suitable constants in C
with A = dgf'f) and B = dgﬁ), and the last equality follows by orthogonality.
Again, recall that x is either F' or G.

Combining (6.7)) into (6.2)) we get

T6=22) (1 1y () FY A = € (1 - dm

6

) Zpen(3k — 1+ 2m) (6.8)

14+4m

m B2 (1 n) (G, GYB™ = &g ( ) Zaon(3k — 1+ 2m) (6.9)

so that again the arithmetic information we want is encoded in B(™.

To justify the holomorphic projection, we need to check the conditions of propo-
sition (3.4.1)). From (6.5)), every A-th Fourier coefficient of &3, (W,2 — k + 2m)
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is a finite sum of polynomials in the entries of V' with the same structure but
different coefficients: therefore the proof of lemma (3.4.4) applies unchanged to
deduce

3
[E3: (W2 — i+ 2m)| < [T (A2 25272 h)
=1
Since ®™ and goém) are sections of &3, (W, 2 — k 4+ 2m) by remark (3.2.3), they

satisfy the same bound and hence are of bounded growth by proposition (|3.4.6])
provided that 2m < k — 4.

§6.3 Arithmeticity of L-values

Isolating A™) and B™

Under the assumptions of theorem @, the Eisenstein series &£,,,,(-,0) is
holomorphic for any m > 0. By corollary @D we have a complete description
of the arithmeticity of its Fourier coefficients: with the notation of , the
coefficients of &3, ,,,(-,0) are in Z[M, !, J].

By proposition -, E3(-,2 + 2m — k) is obtained by applying Qif 4i4im to
& am(+,0), and in partlcular the Fourier coefficients of &, (+,2 + 2m — k) are
(polynomials with coefficients) in 73(-:=2-2m) . R/

", Where
R;n = Z[i, mﬁzim,g U sBI;—fl—l-i-Qm]
with the notation of (3.37). Hence by proposition (3.3.7) the function &,,(Z, 1)
of is an element of

3(k—2-2 1
( ™. Zkk 9 om(R,) ®g okk—2—om(B)
and has Fourier coefficients in R/,.

With the notation of (6.7)), put
En(Z,7) :=Holé,,(Z,T)

=Y A" F(Z)hy(r) (6.10)
1]
Since Z,, is obtained from holomorphic projection of &,,,(Z, ), it is an element of
Sor (B[ Ba—o]) ©g San (R [Fis))
with Fourier coefficients in R/, [, 5] by corollary 1) and satisfies
(Eu(Z X 1,2 =k +2m),%(Z)D(r)) = P F 722 (E,(Z,7), 5(Z)h(7))
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for x = F or x = Q.

By the assumptions of theorem (6.1.3), find rational primes {¢;}; and {g}}; such
that

)‘qz(h) 7_é )\Ch(hl) mod P, Vi > 2
Ay (F) # Agy(Fj) modp, Vj=>3
A (G) # A (Fj) modp, Vj=>3
Define operators
Ty = Mgy () T, — Mg, (hi)
Ty : T =
>‘q;~ (F) — /\q;(FJ) i—9 Agi(h) = Ag, (i)

where the subscript denotes which variable it applies to. Then
U (Z, 1) :=T;T,Z,(Z,7T) (6.11)
= A™n(r)F(Z) +9B"™h(1)G(Z) '

has Fourier coefficients integral at p, since

j=3 )‘qg-(F) —\q

is coprime with p.

Arithmetic properties of A and B

By (6.8), A® = 0 since so is Zpgy(3k — 1). Then from (6.11)
Uo(Z,7) = 9BOh(1)G(Z)

Fixing on both sides a choice of Fourier coefficients integral at p but not divisible
by it, we see that ord,(BY) = 0.

For m > 1, employ to get

TS 6 ) w22y (p h)(F,F)

¢ (1 + 4m) 24 . 323k THOm D 12k=3/2 [, (ks + 2m) Ly, (k 4 2m + 1)
= QF

6 (2k = Dl (| D2 (., )
Zf@h(?)/{? -1+ 2m) Lf(XD; 2k — 1)
(£, f) Ly (2k)

(6.12)
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where we have used [Bro07, corollary 6.3] for (F, F').
We proceed to study each ratio individually. We have

2k+4m+10)( 1
) e Q(h) (6.13)
and we have assumed p coprime with this quantity.
Also
Zpof(Bk —142m)  4yiam
QA f 6.14
7 (h:7) o1
is coprime with p by hypothesis.
Furthermore
L (XD> 2k — 1) _
’ e QNP (6.15)
L;(2Fk)

by [Shi77, theorem 1|, and we assumed ord, < —1 for this quantity in proposition
(1.2).

Lastly, from (6.3), & F(#) equals

o oy 27 EmAOk k=M L/2(3) 9 4 2m)1(2 4 4m)!(4 + 4m)!—
7r

F
(2]€ + 4m)2B2+4mB4+4mL(X_d; 3+ 4m) "
and, by [Neu99, p. 443, corollary]
T(X-a) (27 sham Bs i amy_,
L 4dm) = — - oA X—d
a3 +dm) = —i=5 (d) 3 1 4m)!
where
d-1
+vd d=1 mod4
_ = _ ] 67'] —
0] ;X ) {:I:z'\/a d=3 mod4
hence
gr(Hgm) € nm T STHmQ(Va) (6.16)

is coprime with p.

Combining (6.13), (6.14), (6.15) and (6.16) into (6.12) we deduce A € Q and
ordp(A(m)) < —1. Comparing Fourier coefficients on both sides in (6.11)), we see
that B™ € Q with ord, < —1.
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Taking the ratio

Using write the ratio

om 56(5)  Zaen(3k—1) B -
€a(FAm) Zgon(3k — 1+ 2m) — B

™

and the right-hand side has ord, > 1, for every m > 1 as in theorem ((6.1.3).
Since £ (™) € 7~3+=671mQ js coprime with p, we deduce that

7T8mZG®h(3k’ — 1)
ZG®h(3k’ -1+ 2m)

€Q
with ord, > 1 as claimed.

§6.4 Remarks on some conditions

As highlighted in remark , the result of theorem improves theorem
at the expense of generality: we managed to prove that the congruence
suggested by conjecture holds for Zggn(2k + 1 — 1) when the weights 2k
and 2[ of (respectively) G’ and h are equal. As this is due to the very nature of
Saha’s integral formula (6.1]), we do not see any immediate way of generalising
the result to unequal weights.

On the other hand, under the assumption of equal weights, Saha’s work [Sah10]
can be employed in the case of modular forms of higher level (whereas we only
focused on full level). This is by no means a trivial task, as the Eisenstein series
appearing in (6.1)) would be a non-converging series with level, whose coefficients’
arithmeticity to our knowledge is not clear.

Finally, we could lift the condition that the quadratic extension L be of class
number 1. While Saha’s result covers any class number, [Sahl0, theorem 6.9]
expresses the wanted critical values as sum (over the classes) of inner products
against various Eisenstein series: again, the main obstacle here is getting arith-
metic information about their Fourier coefficients.
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