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Abstract 

Vibration is naturally present in the environment including engineering systems 

and structures. The presence of vibration can be beneficial or destructive, depending 

on the nature of the affected system and also the level of vibration. Vibrations at 

dangerously high levels can be reduced by the addition of some energy dissipation 

elements (dampers) or/and energy storage elements (springs). Energy dissipation 

elements, such as dampers, dissipate some of these destructive mechanical vibrations 

as heat. However, mechanical spring systems absorb and store this mechanical 

vibration energy as potential energy. 

Nonlinear analysis is primarily applied in system analysis and design of 

engineering systems. Many methods are available to perform this purpose including 

averaging method, perturbation method, harmonic balance and the recently developed 

Output frequency response function (OFRF).  

The studies presented in this thesis focus on the application of nonlinear system 

frequency domain analysis and design to vibration isolation and energy harvesting 

systems. The OFRF method is the analytical and design tool adopted for all studies 

presented in this thesis. This method is chosen due to its advantage over other methods. 

This is because the OFRF reveals a significant relationship between the system output 

spectrum and the parameters that define the system nonlinearities. Therefore, it can 

facilitate a systematic analysis, design and optimisation process which other 

approaches are unable to realize.  

The first study considered in this thesis is a frequency domain analysis, design 

and optimisation of a vehicle suspension system which is illustrative of a vibration 

isolation system. In this study, the suspension system is analysed and designed based 

on a performance criterion. The main aim of the study is to minimise the transmitted 

vibration force to a tolerable level.  At the specified level, some of the vibration energy 

is dissipated as heat by the damping system. However, this energy can be harvested 

into electricity, a process known as energy harvesting. This leads to subsequent studies 

in this thesis. 
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The next study considers a vibration energy harvester system with nonlinear 

cubic damping characteristic. In this study, a concept is investigated, using the OFRF 

method, which increases the average power harvested by the harvesting device 

compared to an equivalent linear harvester. An extension of this study is further 

considered with the addition of a nonlinear hardening stiffness element to primarily 

broaden the operational bandwidth of the harvesting device. 

A final study is then considered where a dual-function system is investigated. 

The primary function of the system is vibration isolation while its secondary function 

is energy harvesting. The system is therefore called a dual-function vibration isolation 

and energy harvester system. This system is optimised for the best dual-function 

performance subject to existing constraints. 

For all the systems considered in this thesis, nonlinearities have been integrated 

into the existing systems to improve their performance, correspondingly, based on a 

selected criterion. In addition, the OFRF method has been employed in the analysis, 

design and optimisation of all the systems considered.  
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Chapter 1: Introduction 1 

Chapter 1: Introduction  

This chapter outlines the background in Section 1.1, the context of the research 

in Section 1.2 and the research objectives in Section 1.3. Section 1.4 describes the 

significance and scope of this research and provides definitions of terms used. Finally, 

Section 1.6 includes an outline of the remaining chapters of the thesis. 

1.1 INTRODUCTION  

1.1.1 Background 

Vibration can be described as the repetitive motion of a body relative to a nominal 

position of equilibrium [1]. It is a natural phenomenon occurring in different aspects 

of life. For example, the human body naturally vibrate at varying frequencies. The 

heart and lung undergo low frequency vibrations while the ear undergoes high 

frequency vibration. Inanimate objects like machines with rotating parts can vibrate 

due to an unbalanced dynamic system structure during normal operations [2]. Such 

vibrations are undesirable as they can cause harmful effects to the machines or the 

user. Examples of machines that exhibit vibrations include washing machines, 

ventilators, turbines etc.  

Structures such as buildings and bridges also experience vibrations for different 

reasons which could include; presence of operational machinery in the environment, 

movements of vehicles and people, earthquakes and wind. These stress oscillations 

due to vibrations can lead to fatigue failure of the structural assembly. Structures such 

as buildings and bridges, can suffer a collapse under severe vibrations caused by 

earthquakes and wind. Similarly, machines such as automobiles and washing machines 

can experience a fault due to vibration effects over a period of time. 

Micro-vibrations are low amplitude vibrations generated in structures such as 

Space systems. These vibrations need to be isolated as they can severely degrade the 

performance of sensitive machines on Space stations and shuttles. Such effects can 

happen while taking high precision space measurements using precision instruments 

like an electron microscope, special sensors etc.  Such vibrations could result to poor 

measurement readings and eventually poor results from data analysis [1], [2]. 
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1.1.2 Vibration Isolation  

Vibration isolation involves the reduction in the levels of unwanted and 

undesirable vibrations transmitted within engineering structures and machineries. For 

several decades, this has been a challenging task for engineers. A vibration isolation 

system (VIS) consists of the body being isolated, the supporting foundation and the 

vibration isolators positioned between the body and the foundation [3].  

To quantify the effectiveness or performance of a VIS, a key performance index 

called ótransmissibilityô is used. Under harmonic excitation, for a force-excited VIS, 

force transmissibility is the ratio of the magnitudes of the force transmitted to the base 

structure, ( )of t , to the excitation force, ( )inf t , i.e. f o inT f f= . Similarly, for a base-

excited VIS,  the absolute displacement transmissibility is the ratio of the magnitudes 

of the mass-displacement,( )x t , to the base-structure displacement, ( )y t , i.e. 

dT x y= , at a specific frequency of interest [4]. Figure 1.1 illustrates both excitation 

types. 

m

( )x t

( )y t

k c

(b)

( )of t

( )inf t

( )x t

m

k c

(a)

 

Figure 1.1: Schematic diagram of a (a) force-excited (b) base-excited vibration isolation 

system 

 

Many vibration isolation methods have been proposed and designed; however, 

three major methods have been widely studied. These methods include; Passive, semi-

active isolation and fully active. These methods are now discussed in turn. 

Passive vibration isolation  

This vibration isolation method refers to the mitigation of vibration disturbances 

using passive techniques such as rubber pads, elastomers, mechanical springs, fluids 
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or negative-stiffness components. Implementation of a passive isolation system 

requires no external power source for its functionality. A conventional passive 

vibration isolator also includes a high performance damper such as visco-elastic 

composite dampers or viscous fluid dampers [5] which dissipates the vibration energy 

as heat. Though this method of isolation performs well at high frequencies as it 

prevents the transmission of high frequency disturbances, its performance at low 

frequency range is quite poor [3][6]. The amplification at resonance can be reduced by 

increasing the damping of the system, however, high frequency isolation is degraded 

[7]. This inherent limitation of the passive isolation method motivated the investigation 

of controlled suspension systems like the active and semi-active methods. A schematic 

diagram of a typical passive vibration isolation system is shown in Figure 1.2(a). 

Active vibration isolation 

This method aims at improving vibration isolation performance with the 

application of an actuator in the isolation interface and sensors at the end of the 

transmission route with a feedback control law guiding the actuator. The actuators and 

sensors are used to provide control force and feedback signals respectively thereby 

ensuring a good isolation performance at both low and high frequency regions. In this 

isolation method, the isolator stiffness and damping are made adjustable to improve 

the isolation performance through active feedback control [8]ï[11]. However, this 

method has some limitations such as complexity, cost (due to the need for conditioning 

electronics for the sensors and power electronics for the actuator) and external power 

source for the actuators. A schematic of a typical fully active vibration isolation system 

is shown in Figure 1.2(b). 

Semi-active isolation  

In this isolation method, the benefits of both passive and active isolation methods 

are combined while avoiding their drawbacks. Semi-active isolation elements provide 

the adaptability of active isolation elements with no external power requirement. In a 

semi-active vibration isolator, for example, the damper is typically replaced by a 

controllable, electromechanical, adjustable-orifice valve with dissipative characteristic 

[12]ï[16]. As a result of its high reliability, minimal cost and comparable performance 

to the active isolators, they are more widely accepted in the automotive industry. A 

schematic of a typical semi-active vibration isolation system is shown in Figure 1.2(c). 
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m

( )x t

( )y t

1c1k

(a)

Feedback 

gain

Command

inputs
m

1k

( )x t

( )y t

af

(b)

Controller

Command

inputs

( )x t

( )y t

m

1k nc

(c)  

Figure 1.2: Schematics of vibration isolation methods (a) passive (b) fully active and (c) 

semi-active. 

 

Vibration isolation elements generally comprise a spring and damper and are 

both assumed to be massless. The vibration energy generated by the seismic 

disturbance is absorbed by the spring as potential energy but dissipated by the damper 

as heat energy. However, the vibration energy can also be converted from its 

mechanical form to a useful form such as electrical energy. This conversion process, 

known as vibration energy harvesting, is a subset of energy harvesting which is the 

process of garnering electrical energy from ambient energy. Vibration energy 

harvesting employs one or more of three main transduction mechanisms as discussed 

in Section 1.1.2. 

1.1.3 Vibration Energy Harvesting 

Energy harvesting is the conversion of ambient energy from the environment to 

electrical energy. Some ambient energy sources include heat, radio wave, light energy, 

vibration etc. In recent years, energy harvesting has received considerable attention 

due to advances in power electronics and low-powered wireless sensors [17]. The 

interest in energy harvesting is growing since the era of the Internet of Things (IoT) 

which targets microelectronics and wearable technologies. Although there are many 

different ambient sources of energy, this study focuses on ambient vibration as a source 

of energy. 

Vibration sources such as human motion, ocean waves, seismic activities are 

capable of delivering harvestable mechanical energy that can be used for powering 

miniature electronics [18]. This energy can be extracted by utilizing one or an 

integration of different transduction mechanisms. There are three basic transduction 
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mechanisms namely; electrostatic, piezoelectric, and electromagnetic energy 

harvesting. 

Electrostatic energy harvesting 

The Electrostatic transduction technology employs a variable capacitive device 

and exploits the relative movement between the electrically isolated capacitor plates 

to produce energy. The distance between the plates of the variable capacitor vary (or 

the area of the plates are adjusted) in response to external motions inducing an 

application of mechanical energy [19], [20]. The effect of the variation in distance 

between the plates causes a change in capacitance thus causing an increase in voltage 

in a constrained charge system  or an increase in charge in a constrained voltage system 

[20]. This enables the conversion of mechanical energy, generated from the relative 

motion, to electrical energy according to the principle of electrostatics. A schematic of 

a typical Electrostatic energy harvester is shown in Figure 1.3(a). 

Piezoelectric energy harvesting 

Piezoelectricity is a coupling method between the mechanical and electrical 

behaviours of a specific class of ceramics and crystals (known as active materials). A 

piezoelectric material generates an electric field when under mechanical stress/strain 

[21]. This transduction mechanism as shown in Figure 1.3(b) has recently received the 

greatest attention compared to the other two. This is largely due to their large power 

densities and ease of application compared to the other transduction mechanisms [22]. 

Another benefit of the piezoelectric transduction mechanism over the other two is the 

possibility of producing piezoelectric devices in macro- as well as micro-scale due to 

its well-established thick and thin-film production techniques. 

Electromagnetic energy harvesting 

Most electromagnetic generators operate on the basic principle of Faradayôs Law 

of electromagnetic induction. Electromagnetic induction is the generation of electric 

current within a conductor placed across a magnetic field. Faradayôs law states that the 

rate of change of the magnetic flux linkage of the circuit is proportional to the 

electromotive force (EMF) or voltage induced in a circuit [23]. This is typically 

realised using a device as described in Figure 1.3(c). The concept of realisation enables 

a permanent magnet to be excited by the ambient vibration thus causing a relative 

motion between the magnet and the coil wound around the outer block of the device. 
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The relative motion causes a time-varying magnetic flux which results to an EMF 

being generated across the coil terminals. 

In this thesis, the discourse on energy harvesters will focus on electromagnetic energy 

harvesters and accordingly a significant part of the literature review will concern this 

transduction mechanism. 

 

Piezoelectric material

Stress/Strain

R

i

(b)

+

-
electrode

R

i

electrodeMotion

(a)

+

-

(c)

Energy 
harvesting 

circuit

N

S

Motion

( )x t

( )y t

R+
-

i
r

k c

emv

Wound 
Coil

i

m

 

Figure 1.3: Schematic diagram of (a) electrostatic (b) piezoelectric (c) electromagnetic 

transducers 

 

1.2 CONTEXT  

Vibration isolation and energy harvesting involve two processes. The first 

encompasses the isolation of an object from the adverse effect of ambient vibration 

using several configurations of isolation elements. The second (energy harvesting) 

entails the conversion of vibration energy to electrical energy. Vibration isolation 

systems are usually designed for frequencies within the isolation range ( 2n ) 
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whereas vibration energy harvester (VEH) systems are typically designed to operate 

within the resonant region where maximum power is harvested.  

The focus of this thesis is concerned with three studies which are:  

(a) Analytical study, design and optimisation of a Vibration Isolation System 

(VIS) e.g. a vehicle suspension system. In this study, a VIS is designed in the form of 

a vehicle suspension system whereby the main objective is to minimise the 

transmission of vibration force from the source of vibration to the object to be 

protected. 

(b) Analysis, design and optimisation of a Vibration Energy Harvester (VEH) 

system with nonlinear damping characteristic. This study comprises the investigation 

of an approach to increase the average power harvested by a VEH system by 

integrating a cubic damping characteristic. A further extension to this study was 

considered by including a nonlinear stiffness characteristic to broaden the operational 

frequency range. 

(c) The final study considered a dual-function system - a Vibration Isolation and 

Energy Harvester (VI-EH) system. The proposed system has a primary function of 

isolating vibration and a secondary function of harvesting any available energy. The 

need for dual-function systems capable of isolating vibrations and simultaneously 

harvesting available energy has received significant interest lately. This is majorly due 

to advancement in micro-electro-mechanical systems (MEMS) application.  

For all three studies, the effect of deliberately integrating nonlinearities in the 

dynamic characteristics of each corresponding system of interest is explored. This is 

conducted to improve the performance of the system of concern based on selected 

performance metrics. Therefore, the studies considered in this work can be classified 

into; Vibration isolation systems, Vibration energy harvesting systems and Dual-

purpose vibration isolation and energy harvesting systems. These are explored 

comprehensively in Chapters 3-6, respectively. 

The generic models of these systems are of the Nonlinear Differential Equation 

(NDE) form. Analytical tools employed for the study of such systems include the 

methods of averaging [24], perturbation [25], multiple scales [26], [27] and Harmonic 

Balance [28], [29]. For the studies proposed in this thesis, a frequency domain analysis, 

design and optimisation will be conducted using the recently developed Output 
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Frequency Response Function (OFRF) method [30], [31]. The use of the OFRF 

approach is more beneficial as it defines, analytically, a relationship between the 

output spectrum of the system and the system parameters. Therefore, it facilitates a 

systematic analysis, design and optimisation process. 

1.3 RESEARCH AIMS AND  OBJECTIVES 

The adverse effects of environmental vibration on engineering structures has 

been established and several techniques have been developed to efficiently isolate 

these vibrations. However, recently, there has been more focus on developing efficient 

methods of converting the vibration energy into useful electrical energy.  The studies 

investigated in this thesis focus on both isolation of environmental vibration energy 

from engineering structures and also the conversion of this energy into electricity. 

Therefore, the research goals of this work are to investigate approaches to improve the 

performances of a vibration isolation system, vibration energy harvesting system and 

a dual-purpose vibration isolation and energy harvesting system. Each chapter 

investigates a different system. However, while Chapter 3 considers a vehicle 

suspension system, Chapters 4 and 5 considers primarily vibration energy harvesters 

and, finally, a dual-function device is considered in Chapter 6. The objectives required 

to realise these goals are highlighted as follows. 

¶ Vibration isolation system: This study examines a vehicle suspension system 

which is representative of a vibration isolation system. Although previous studies 

have investigated a similar system, little attention has been given to the energy 

dissipation process of such a system. Therefore, the main objective of this study 

is to investigate the energy dissipation process of the proposed suspension system 

based on the derived OFRF model. It is demonstrated that, using the OFRF model 

of the suspension system, an estimate of the energy dissipation level, of the 

designed suspension system, can be obtained. The tasks involved for this study 

are outlined as follows:  

- Derive an OFRF representation of the output spectra of the system of interest. 

- Demonstrate the accuracy of the OFRF representation in describing the actual 

system. 
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- Analyse, design and optimise the vibration suppression performance with 

respect to the design parameters (using the OFRF representation).  

- Ensure the design criteria is met under existing constraints. 

- Compare and demonstrate that the designed system outperforms the 

corresponding linear suspension system. 

- Derive an OFRF representation of the energy dissipation level of the 

suspension system.  

- Analyse the energy dissipation level of the proposed suspension system using 

the OFRF representation. 

- Demonstrate the effects of the design parameters on the energy dissipation 

level of the suspension system. 

The vibration energy that is dissipated as heat, by the suspension system, can be 

harvested into electricity. This is known as vibration energy harvesting and it is 

examined in Chapter 4. 

¶ Vibration energy harvesting system: This study investigates, firstly, an 

approach to increase the average power harvested within a constrained bandwidth. 

The objective of this study is to employ the OFRF method, for the first time, in 

the analysis, design and optimisation of a VEH system with nonlinear damping 

characteristics. In addition, a systematic design procedure will be demonstrated, 

from analysis to implementation stage, for the design of the VEH system. The 

following tasks are proposed to achieve the objective of this study. 

- Derive an OFRF representation of the VEH system of interest. Demonstrate 

that the derived OFRF representation precisely describes the output 

characteristics of the real system. 

- Analyse, design and optimise the VEH system with respect to a nonlinear 

damping characteristic parameter integrated into the system. This is to be 

conducted for two cases; without constraint and with constraint. 

- Compare and demonstrate that the nonlinear design outperforms an equivalent 

linear device by harvesting more power at several excitation levels. 
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- Further develop an electromechanical representation of the actual VEH 

system. Show the electrical characteristics of the VEH design. 

An extension of this study is also presented with the integration of a nonlinear 

hardening stiffness characteristic parameter. This is required to extend the 

operational bandwidth of the VEH system. This is the first effort, to the best of 

the authorôs knowledge, to investigate a VEH system simultaneously integrated 

with both nonlinear cubic damping and stiffness characteristics. The following 

tasks are proposed for this study. 

-  Derive an OFRF representation of the output spectra of the actual system 

using the Associated Linear Equation (ALE) decomposition method. 

- Demonstrate the effectiveness of the derived ALE generated OFRF (ALE-

OFRF) representation. Show it accurately describes the system output 

characteristics. 

- Analyse, design and optimise the system using the design parameters and 

performance metrics of interest. 

- Show the effect of the integrated hardening stiffness parameter on the 

operational bandwidth of the VEH device with respect to the average power 

harvested.    

¶ Dual-purpose vibration isolation and energy harvesting system: This study 

proposes a dual-function device capable of isolating vibration (primary function) 

and also harvesting available energy (secondary function). This study is motivated 

by the increasing interest in self-powering devices. The objective here is to 

analytically investigate the dual-function VI-EH device, which is, to the best of 

the authorôs knowledge, the first effort to consider this. The required tasks for the 

proposed study are outlined below. 

- Determine the OFRF representation of the output spectra of the actual system 

for each excitation level. Demonstrate that the OFRF representation correctly 

defines the actual system characteristics. 

- Validate that the analytical model (OFRF) matches the experimental model. 

- Analyse, design and optimise the system using the design parameters and 

considering each excitation level. 
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- Investigate a comprehensive optimisation process while considering all 

excitation levels simultaneously. 

- Show the effects of the resistive load on the desired performance metrics of 

the VEH system. 

It should be noted that the systems considered in this thesis are analysed, designed and 

optimised for the chosen parameter(s) of interest to achieve an improved performance 

based on the chosen performance metrics. In addition, only odd order stiffness and 

damping nonlinearities are considered due to their established effectiveness in 

nonlinear system design.  

 

1.4 SIGNIFICANCE  AND SCOPE 

Several sources of vibration such as wind, human motion, machines etc. can 

generate pulsations that are capable of either adversely affecting the performance of a 

device or causing destructive effects on engineering structures. These unwanted 

vibrations can cause problems like measurement errors in sensitive measuring devices, 

rotation imbalance in rotating machinery, dynamic instability or fatigue cracking in 

engineering structures. The need to develop efficient methods for the isolation of these 

unwanted vibrations cannot be emphasized enough. While different isolation 

techniques have been developed to mitigate the effects of these unwanted vibrations, 

methods have been established to capture and utilise the vibration energy. The 

significance of the research studies reported in this thesis is that it investigates ways to 

enhance the performances of vibration isolation systems and vibration energy 

harvesting systems. These systems are represented in diverse configurations 

depending on its key function. For example, the study reported in Chapter 3, which is 

a vehicle suspension system is representative of a vibration isolation system. The 

suspension system considered is analysed, designed and optimised based on desired 

design criteria to improve its isolation performance.  In addition to this, an energy 

dissipation analysis is also performed which can be employed as a performance metric 

as well. The systems considered in Chapters 4 and 5 are representative of a vibration 

energy harvesting system. However, based on the specific model formulation which is 

dependent on the enhancements needed, certain nonlinear components are introduced 

to realize the desired performance. In Chapter 4, a nonlinear damping parameter is 
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introduced to increase the dynamic range of the device. However, in Chapter 5, a 

nonlinear hardening stiffness was introduced to a model similar to that formulated in 

Chapter 4, to extend the operating bandwidth of the device. In Chapter 6, a dual-

purpose device is formulated to concurrently perform the functions of a vibration 

isolation system (primary) and a vibration energy harvesting system (secondary). The 

system is designed and optimised to provide the best performance possible. 

 

1.5 SUMMARY OF CONTRIBUTIONS  

A brief summary of contributions in this thesis are outlined as follows: 

× Chapter 3 

The major contribution of the study presented in this chapter is the novel 

investigation of the Energy dissipation level of a designed vehicle suspension 

system using the OFRF method. This also involved a Hysteresis analysis of the 

vehicle suspension system based on the OFRF design. Using the OFRF method, it 

was demonstrated that the energy dissipation level, for a designed vehicle 

suspension system, can be estimated. The effect of each nonlinear design parameter 

was also demonstrated. 

× Chapter 4 

The major contribution of the research work presented in this chapter, is the novel 

application of the OFRF method in the analysis, design and optimisation of a 

nonlinear VEH system. In this study, a cubic damping characteristic was considered 

and a systematic way of proceeding from the design stage to implementation stage, 

is demonstrated. 

× Chapter 5 

In this chapter, and for the first time, a VEH device is investigated with the 

integration of both damping and stiffness nonlinearities. Furthermore, a novel 

application of the OFRF method was employed. However, in this study, the OFRF 

model was derived using the ALE decompositions of the actual system model.  

× Chapter 6 

This chapter considered a dual-function vibration isolation and energy harvesting 

system. The novel OFRF method was employed in the analysis, design and 

optimisation of the dual-function VI-EH system. The system was optimised for the 
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nonlinear stiffness parameter. This work is the first effort to tackle the issue of 

simultaneous vibration isolation and energy harvesting system using an analytical 

approach (the OFRF method). 

 

1.6 THESIS OUTLINE  

The rest of this thesis is structured as follows: 

Chapter 2 gives a comprehensive discussion of previous studies of related 

systems considered in this thesis. These include; vibration isolation systems, vibration 

energy harvesting systems and dual-purpose vibration isolation and energy harvesting 

systems. Early works on the major vibration isolation schemes comprising passive, 

semi-active and fully active isolation schemes, are considered. The incorporation of 

nonlinear components to the dynamic models of several configurations of vibration 

isolation system are surveyed. Integration of nonlinear characteristics due to inherent 

design and geometric formation are equally explored. Moreover, for vibration energy 

harvesting systems, a significant part of the work discussed are that of the 

electromagnetic transduction method. The improvements in the energy harvesting 

capability of the devices using nonlinear dynamic components, are also covered in this 

chapter.  

In Chapter 3, a frequency domain analysis, design and optimisation of a vehicle 

suspension system descriptive of a vibration isolation system is presented. The OFRF 

method is employed for this study as it facilitates the analysis and design of nonlinear 

systems. This is because it explicitly expresses the output spectrum of the system of 

interest in terms of the design parameters. Furthermore, a novel application of the 

OFRF method in the analysis of the energy dissipation level of the designed suspension 

system is also provided. The effect of the design parameters on this performance metric 

is also examined. The conclusions in this chapter lead to the study in Chapter 4. 

Chapter 4 provides a novel application of the OFRF method in the analysis, 

design and optimisation of a vibration energy harvester. For the system considered in 

this study, a nonlinear cubic damping characteristic is introduced as a result of the 

resistive load characteristics in the energy harvesting circuit. It is also demonstrated 

that the nonlinear vibration energy harvester performs better than an equivalent linear 

device.  The Chapter also shows an electromechanical system representative of the 
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actual energy harvester which can be used to simulate the dynamic characteristic of 

the real system. 

Chapter 5 presents an extension of the study reported in Chapter 4. In this 

chapter, a second nonlinear component i.e. hardening stiffness, is integrated into a 

VEH system with cubic damping characteristic. This is expected to broaden the 

bandwidth of the VEH system. In this study, the Associated Linear Equations (ALE) 

method is briefly introduced and subsequently, the ALE decomposition of the VEH 

dynamic model is used to determine the OFRF of the model. The ALE-generated-

OFRF representation is further used for analysis and design of the system of interest. 

The effect of the nonlinear hardening stiffness is also presented. 

In Chapter 6, a dual-purpose vibration isolation and energy harvesting system is 

studied. This system is capable of isolating unwanted vibration as well as harvesting 

available energy. The dual-purpose vibration isolation and energy harvesting system 

provides a primary function of isolating vibration while the energy harvesting 

capability is secondary. The system is analysed, designed and optimised with respect 

to a hardening stiffness parameter. In addition to optimising the system based on 

specific excitation levels, a broad optimisation process is conducted while 

concurrently assessing all available excitation levels. 

Chapter 7 finally delivers concluding remarks as well as highlights of the studies 

covered in this thesis. Also discussed in this chapter is a nearly completed ongoing 

fabrication work on a vibration energy harvesting test rig. Schematic diagrams of an 

integrated model of the test-rig developed using SolidWorks and a physical assembly 

of the test rig are also shown. The Chapter ends with recommendations of how to 

extend the research outcomes presented in this thesis.  

 

1.7 ASSUMPTIONS CONSIDERED I N THIS THESIS 

The following assumptions have been considered in the studies presented in this 

thesis: 

¶ All systems considered, belong to the class of nonlinear systems stable 

at zero equilibrium and which can be defined by a Volterra series. The 

OFRF method is only applicable for stable nonlinear systems. 
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¶ Only single degree of freedom (SDOF) systems, have been considered 

here. This is mainly to demonstrate a proof of concept especially using 

the OFRF method. 
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Chapter 2: Literature Review 

This chapter begins with a brief historical background on vibration isolation 

systems and vibration energy harvesting systems (Section 2.1). A review of the 

literature on the following is then presented accordingly; vibration isolation systems 

(Section 2.2) wherein past studies on key isolation techniques are discussed; vibration 

energy harvesting systems (Section 2.3) comprising, mostly, previous works on 

electromagnetic energy harvesters and efforts made to solve important limitations to 

existing techniques with regards to performance and output power. Furthermore, the 

Output Frequency Response Function (Section 2.4) is described, which is the adopted 

tool used herein for the analytical study, design and optimisation of the different 

vibration isolation and energy harvesting models considered in this work. Finally, 

Section 2.5 highlights a summary and some implications of the literature reviewed. 

2.1 BACKGROUND  

Many vibration isolation methods have been developed over the years as a result 

of the desire for better vibration isolation performance for engineering machines and 

structures. One of the earliest approaches for suppressing vibrations due to, for 

example, seismic waves and wind, is to design structures with enough strength and 

deformation capacity in a malleable mode [2]. A combination of these structural 

characteristics (strength and deformation capacity) ensured ancient structures 

withstood fierce wind and seismic actions, though with some degree of degradation. 

Modifications of these structural systems towards vibration mitigation led to the 

concept of Structural Control. With this concept, the structure is seen as a dynamic 

system with time-dependent state variables, (e.g. displacement, velocity and 

acceleration) and having mechanical properties, such as stiffness, damping, that can 

be made adjustable to reduce, to acceptable limits, the dynamic effects on a payload 

[2], [32]. Besides, rather than suppressing or isolating this vibration energy using 

isolation elements, part of the vibration is converted to a useful form such as electrical 

energy. This concept is called energy harvesting. 

The emergence of smart wireless systems (e.g. sensors) in the last decade and its 

essentiality in our daily life, improving comfort, security and efficiency in various 
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applications such as the automotive, electronics and oil and gas industry etc., triggered 

an interest in energy harvesting [33].  This was motivated by the quest for complete 

autonomy of power supply for these devices which is possible due to the ubiquitous 

presence of ambient vibration. This was a good way to put the high, unacceptable 

levels of vibration energy into good use by converting it into useful electrical energy. 

A number of brilliant review articles have been published on Energy harvesting 

covering an extensive range of mechanisms and techniques [22], [34]ï[41]. Three 

main transduction mechanisms exist; electrostatic, piezoelectric and electromagnetic 

which has been concisely discussed in Subsection 1.1.2 of Chapter 1. However, this 

work only considers the electromagnetic transduction mechanism therefore previous 

works on this transduction mechanism will be mainly reviewed herein. 

2.2 REVIEW ON VIBRATION ISOLATION SYSTEMS  

A vibration isolation system is a device inserted between a source of undesired 

vibration and the object to be protected from vibration, to minimise the amount of 

vibration energy transmitted [2][42].  Several vibration isolation schemes have been 

investigated and implemented but they all generally fall into three categories; passive, 

semi-active and fully active [43]. Conventional passive isolation schemes have been 

employed in aerospace engineering, where a linear spring and damper system was 

successfully deployed on an aircraft, with good stability performance and no external 

power needed [44]. However, there are two trade-offs with respect to the stiffness and 

damping design [45]. To ensure low transmissibility is achieved over the entire 

spectrum, the elastic stiffness of the isolation system needs to be very small. However, 

this will cause the static and quasi-static displacements to be large which is harmful to 

supported objects. Secondly, with a high elastic stiffness, a high damping element is 

used to reduce the transmissibility at resonance i.e. region of greatest displacement. 

This may increase the transmissibility over high frequencies i.e. beyond resonance 

[46]. To mitigate the limitations of conventional passive isolation systems, efficient 

techniques, based on semi/adaptive passive (involves tuning of a passive isolation 

system), semi active and fully active approaches have been widely deployed. It should 

be noted however, due to high complexity, cost and power requirements, the fully 

active approach has not been as extensively deployed in practice as the semi passive 

and semi-active techniques. 
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An extension of the passive isolation method is the Adaptive Passive Vibration 

Control which was investigated in [47]. This method involves the combination of a 

tuneable Shape Memory Alloy (SMA) device, with their variable material properties, 

governed by a robust tuning strategy. The SMA device offers an adaptive mechanism 

through its ability to modify its elastic modulus on the application of heat. When 

applied to a system, the tuned isolation system is able to attenuate the vibration well 

across a wide band of frequency compared to a manually tuned vibration absorber. 

However, this method achieves control using a human-operator-in-the-loop which is a 

manual tuning approach. The same authors, in [48], proposed an improved version of 

the adaptive passive vibration control method with an SMA device which uses a 

nonlinear Proportional-Integral (PI) control strategy for its tuning. 

The semi-active isolation method has been extensively studied by Liu et al. [49], 

as it delivers the same versatility, adaptability and performance as the fully active 

technique but requiring a significantly lesser amount of power. The vibration isolation 

characteristics of four semi-active damping control strategies were studied in [49] 

based on the skyhook technique and compared to that of a passive isolation system. 

The results confirmed the superior performance of the semi-active system over the 

conventional passive system at frequencies beyond resonance. Several studies have 

been reported on improved semi-active control strategies [39]ï[48].  

Karnopp, in [15], discussed the benefits of the active isolation scheme. In their 

study, the active isolation method was described as a complex system comprising, 

basically, a sensor, feedback actuator, and a control unit with the last two devices 

requiring an external power source and an amplifier. The external power requirement, 

coupled with its complexity, physical actuator limitations and high cost, unfortunately, 

makes the active vibration isolation scheme unattractive. 

There have been studies to improve the performance of passive isolation systems 

by integrating nonlinearities in the dynamic characteristics of the isolation elements 

[49]ï[61].  

The concept of nonlinear vibration isolation has enjoyed significant 

development due to the need to protect engineering machines and structures from 

vibration disturbances [61].  Several innovative isolation methods, for example, 

nonlinear damping and nonlinear quasi-zero stiffness, have been developed based on 

nonlinear dynamics concept. These methods show good isolation performance and 
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stability over a desired frequency range. Earlier examples include  [61], [62] and 

recently [63]ï[69], where a systematic frequency-domain approach for nonlinear 

analysis and design is established using the Output Frequency Response Function 

(OFRF). More studies on the OFRF concept can be found in [70]ï[77] and are further 

discussed in Section 2.4.   

Many techniques employing nonlinear viscous damping techniques have been 

proposed and developed. Jing et al. [63] proposed a novel method for the analysis and 

design of a pure cubic nonlinear damping controller for the suppression of periodic 

disturbance using nonlinear feedback. In this work specifically, the authors proffered 

a systematic frequency domain method which can exploit the benefits of system 

nonlinearities to realize a desired frequency domain performance of an isolation 

system. Indeed, the results showed that the proposed isolation system outperforms that 

of an equivalent linear damping system. A similar study was done by Jing and Lang 

[64] using a dimensionless mass-spring damping system and the results reinforced 

those of  [63]. A theoretical study was done by Lang et al. in [78] to investigate the 

use of the OFRF in analysing the effects of nonlinear viscous damping on vibration 

isolation of a SDOF system and the results conformed with that obtained in [63]. In a 

more relatively recent study, Carmen et al. [32] [65], investigated the gains of 

nonlinear viscous cubic damping on the transmissibility of a Duffing-type vibration 

isolation system. In these studies, it was observed that the system exhibited undesired 

jumps and super-harmonics due to light damping levels but the jumps can be 

suppressed by heavy linear damping. However, the drawbacks of substantial linear 

damping make its use unpopular. The authors therefore confirmed the application of a 

nonlinear cubic viscous damping as a better alternative in the suppression of the 

resonant peak while reducing the hostile characteristics of nonlinear stiffness. This was 

done without any compromise on the force transmissibility over the desired isolation 

region.  

Peng et al. [79] investigated the effect of cubic nonlinear damping on a typical 

SDOF vibration isolation system using the harmonic balance method (HBM). The 

effect of the cubic damping was observed to be dependent on the type of disturbance 

force causing the vibration. It was also shown to be negligible at high frequency range 

for both force and displacement transmissibility if the system is force-excited. It was 

similarly shown that if the disturbance force is base-excited, an increase in the cubic 
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nonlinear damping slightly reduced the relative displacement transmissibility but 

increased the absolute displacement transmissibility and significantly increased the 

force transmissibility. This revealed the effectiveness of the pure cubic viscous damper 

for force-excited systems.  In another study, a nonlinear vehicle suspension system 

was investigated by Chen et al. [80] using the frequency domain analysis and 

optimisation method. Optimal values of the nonlinear damping parameters were 

designed for a desired isolation performance of the suspension system. An 

investigative comparison was carried out for the force transmissibility and results 

showed a better performance was obtained compared to an equivalent linear damping 

over all frequency range. A similar system was considered by Xiao et al. in [81] where 

it was theoretically shown that the cubic order nonlinear damping provides better 

isolation performance under both force and base displacement excitation. Figure 2.1 

shows a schematic diagram of a SDOF vibration isolation system with different 

integrations of damping nonlinearities recently employed in literature [31], [63], [80]ï

[86]. These nonlinear viscous damping characteristics have been implemented using a 

Magnetorheological damper (MR damper) which provides a controllable damping 

characteristic for vibration isolation [87]ï[90]. 
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Figure 2.1: Schematic of a base-excited vibration isolation system 

 

Furthermore, the effects of nonlinear stiffness characteristics in vibration 

isolation performance have also been extensively studied [84]ï[95]. The duffing 
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equation has been broadly used to model a wide range of systems. Some examples 

include beams with stiffness nonlinearity and nonlinear vibrations in cables. More 

examples can be found in the book by Kovacic and Brennan [101]. The performance 

of a vibration isolation system is strictly limited by the degree of the system stiffness 

but should be capable of providing a high-static load mount. A common method of 

achieving low frequency vibration isolation is by employing a near-zero stiffness 

isolator. Such isolators are known as quasi-zero-stiffness (QZS) vibration isolators. 

Such isolators employ linear springs geometrically configured in such a way as to 

create a nonlinear stiffness behaviour. The QZS structure composes of a suspension 

mass connected to the foundation by two horizontal springs and a vertical spring. This 

geometric configuration enables the system to achieve a high-static-low-dynamic 

stiffness (HSLDS) isolation so as to realise a good isolation performance. Magnetic 

springs have been widely employed in realizing the QZS structure [94], [102]ï[105]. 

A schematic diagram of a quasi-zero-stiffness vibration isolation system is shown in 

Figure 2.2. Kovacic et al. [60] studied the characteristics of a nonlinear vibration 

isolator with a quasi-zero stiffness. The isolation system comprise a vertical linear 

stiffness and two nonlinear pre-stressed oblique springs which integrate the auxiliary 

spring design idea of Alabudzev et al. [106]. Two kinds of nonlinearities are inherent 

in the system design, viz. geometric and physical nonlinearities. The geometric 

nonlinear stiffness introduces a softening parameter resulting to a quasi-zero dynamic 

stiffness at the equilibrium position. A similar study was carried out by Carrella et al. 

[107]ï[109], where the QZS mechanism was shown to facilitate the design of 

nonlinear vibration isolation systems possessing a high-static-low-dynamic stiffness. 

This was accomplished by a combination of both positive and negative stiffness 

elements.  

According to [108], a high-static stiffness characteristic is desired in a vibration 

isolation system to enable the isolators to withstand static loads without experiencing 

a large displacement. However, a low-dynamic stiffness characteristic is desired in a 

vibration isolation system to enable the reduction in the value of the natural frequency 

of the system. The natural frequency of the system is desired to be as low as it can get 

which results in an increase in the isolation region. This design earlier proposed by 

[106] was  reinforced in [108] where Carrella et al. revealed how the application of a 

nonlinear isolation system with a stiffness element configured in a certain way can 
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improve isolation performance where the static stiffness far exceeds the dynamic 

stiffness. In this study, analysis showed that the dynamic stiffness increases 

monotonically with displacement on any side of the equilibrium position. However, a 

better performance was obtained when the inclined angles of the oblique springs were 

around 48-57 degrees. It was also revealed that the force-displacement characteristics 

of the system can be approximated by a cubic stiffness. Brennan et al. [110] presented 

non-dimensional estimated expressions and their equivalent displacement amplitudes 

at the jump-up and jump-down frequencies of a lightly damped duffing oscillator. Two 

methods, the harmonic balance method and the perturbation method were employed 

in the analytical derivations and their results were then compared. It was discovered 

that while the jump-down frequency depended on both the degrees of stiffness 

nonlinearity and the damping present in the system, the jump-up frequency was 

majorly dependent on the stiffness nonlinearity and weakly dependent on the system 

damping. 
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Figure 2.2: Schematic diagram of a quasi-zero-stiffness vibration isolation system. 

 

In summary, this section has explored the previous studies on vibration isolation 

systems, especially methods incorporating nonlinearities contributed by damper or/and 

spring elements. Some of the attenuated vibration energy can be harvested and used to 

operate low-power electronics. This concept is termed vibration energy harvesting. In 

the next section, some past works on vibration energy harvesting will be reviewed. 
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2.3 REVIEW ON VIBRATION ENERGY HARVESTING SY STEMS 

As mentioned in Chapter 1, vibration energy harvesting is classified into three 

basic transduction mechanisms namely; piezoelectric, electrostatic and 

electromagnetic. However, the review in this section will almost entirely focus on the 

electromagnetic transduction methodology which is the main subject of the studies 

performed in this thesis. 

Energy harvesting involves the conversion of ambient energy generated from 

ambient sources such as solar energy, temperature, radio frequency, kinetic energy 

etc., to electrical energy. Vibration energy harvesters (VEHs), which are energized by 

ambient mechanical vibrations, are a subclass of the broader class of kinetic energy 

harvesters. VEHs convert vibration energy to electrical energy [111]. Energy 

harvesting approaches have recently become an active area of research because of the 

emergence of low-power electronic devices. This has contributed immensely to the 

recent comprehensive study of energy harvesters. Popular applications of VEHs 

include wireless sensors used in structural health monitoring procedures to ascertain 

the health status of engineering structures and provision of energy to low-powered 

autonomous systems [112] such as Unmanned Aerial Vehicles and MEMS. Human-

related motions have also been harvested for electrical power [113] such as in the case 

of pacemakers which require small quantities of power to function. In [18], large-scale 

energy harvesters were employed for harvesting large-scale vibration energy ranging 

from 1W to 100kW. Applications ranging from human motion, vehicular and machine 

motion, civil and mechanical structures were also discussed therein. 

Electromagnetic vibration energy harvesters (emVEHs) employ the 

electromagnetic transduction technique and therefore converts mechanical energy 

inherent in vibratory motions to electrical energy. The electromagnetic transduction 

method operates based on Faradayôs law of induction and a simple design consists of 

a permanent magnet and a coil. One is made to move relative to the other causing the 

coil to cut across the magnetic field generated by the magnet. This results in a voltage 

induced across the coil terminals [23] as illustrated in Figure 2.3. Current flows 

through the wire once an electrical load is connected across the wire thus leading to 

the generation of electrical power. This transduction method is implemented in an 

electromagnetic damper (EMD or EM damper) and employed in emVEHs. Many 

studies involving design and fabrication, have been done to improve the performance 
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of emVEHs [115]ï[120]. A typical emVEH, as represented in Figure 2.4, consists of 

a coil, magnet, mechanical spring and an enclosing frame. The magnet or coil is usually 

supported by the spring to enable the relative motion of one about the other. As a result 

of this motion, a mechanical damping characteristic is created because of the air 

resistance and surface friction within the enclosure while an electrical damping is 

formed on account of the flow of current in the coil [121]. 
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Figure 2.3: Principles of Electromagnetic induction. 
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Figure 2.4: A representation of a typical emVEH with a load resistance, LR . 

 

Comparing the output voltage of emVEHs with that of electrostatic and 

piezoelectric energy harvesters, the voltage order ranges from a few µV to some mV. 

Nevertheless, their low output impedance enables them to produce high current levels 
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[122]. Most previous studies on linear resonant energy harvesters have established 

some major facts. These are presented in Table 2.1. 

 

Table 2.1: Established facts of earlier studies for linear SDOF emVEHs 

S/N Facts established Reference 

1 When excited at resonance, maximum power is generated. [112] , [113], [123], 

[124]  

2 Increase in damping (associated with electromechanical 

coupling) results to an increase in operational bandwidth of 

an emVEH. 

[33], [112], [124] 

3 A large mass (of magnet) fitted in the containing frame is 

required. 

[112] , [123], [124], 

[125] 

4 The maximum output power is dependent on the maximum 

permissible mass displacement due to device size and 

geometry. 

[112] , [113], [123], 

[124] 

 

Most publications in literature have literally identified two major design limitations of 

energy harvesting systems. The first established fact on Table 2.1 is the foremost 

limitation of linear VEHs which implies that energy harvesters are designed to function 

at a selected band of frequencies, usually the region of resonance. Therefore, 

excitations having frequencies outside this band are untapped which affects the 

efficiency of the harvester system. However several nonlinear design concepts have 

been reported in literature to increase the excitation frequency range over which the 

harvester system is operational [126]. 

Investigations in [127] revealed various strategies on how the excitation frequency 

range, over which the vibration energy harvester functions, can be increased. The first 

strategy which was studied in [128] proposed adjusting or tuning the resonant 

frequency of a generator to always match the frequency of the ambient vibration hence 

maximizing power harvested. It was shown that this could be achieved by either 

adjusting the mechanical properties of the structure (i.e. mechanical tuning) as 

examined in [129] or adjusting the electrical load (i.e. electrical tuning) as investigated 

and reported in [130]. The second strategy employed in [131] involved expanding the 

bandwidth of the generator. This was also revealed to be achieved by employing either 

of the following; an array of structures with different resonant frequencies, coupled 

oscillators, bi-stable structures, an amplitude limiter, nonlinear springs or a large 

inertial mass. The application of a nonlinear softening spring proposed in [132] was 
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employed to effect the adjustment of the resonant frequency as it was also shown that 

this improved the bandwidth of the energy harvester over which power can be 

harvested. A similar study was carried out in [133] using a bi-stable nonlinear spring 

termed a snap-through mechanism which quickly moved the sprung mass between two 

stable states in order to steepen the displacement-time response curve resulting in an 

increase in the velocity for a specific excitation hence improving the harvested power. 

A second mechanism was also employed in this study using a hardening-type stiffness 

to widen the operational bandwidth of the harvester hence increasing the frequency 

range over which power can be harvested. 

Besides increasing the operational bandwidth of emVEHs, it has been recently 

revealed in [134], using the harmonic balance method (HBM), that the dynamic range 

of an emVEH can be improved as well. This was achieved by introducing a cubic 

damping nonlinearity which is purely velocity-dependent. Its performance was 

compared to an emVEH with an equivalent linear damper which causes the same mass 

displacement response, at resonance, as the cubic nonlinear damped emVEH. It was 

demonstrated that when the system is excited at the resonant frequency, both systems 

harvested the same amount of energy. However, when excited below the maximum 

acceptable excitation level, the nonlinear harvester performed better compared to its 

linear counterpart i.e. harvested more power. Nevertheless, mechanical viscous 

damping was not considered by the authors. The authors of [135] investigated the 

effect of the coil resistance on the energy harvester with a cubic resistance using the 

same concept as in [134]. It was established that the internal resistance provided an 

upper limit for the electrical damping of a VEH with cubic load resistance. The same 

authors also demonstrated in [136] how the dynamic range of an emVEH can also be 

extended using a variable load resistance. This technique was proposed to have a 

successful application in locations with varying excitation levels. In [137], it was 

demonstrated that when the energy harvester includes a parasitic damping 

characteristic, due to inherent damping, the output power is depleted. Nonetheless, the 

cubic damping system still outperforms the equivalent linear damping system.  It 

should be noted that for an emVEH, the characteristic of its electrical damping is 

dependent on the characteristic of the load resistance connected across it. This implies 

that a linear load resistance generates a linear electrical damping force while a 

nonlinear load resistance generates a nonlinear electrical damping force. 
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The vibration isolation and energy harvesting system described in Figure 2.5 

show the EM damper with its electrical elements. These include the back emf, (v)emv  

, the coil resistance, ( )cR W , and inductance, (H)L . The coil inductance is often 

negligible because of their very small values due to low vibration frequencies of 

engineering structures  [35], [130], [138], [139]. Though the energy harvesting circuit 

can be represented with a constant resistor as observed in Figure 2.4, it can also be 

represented with different interface circuits such as the form shown in Figure 2.5 as 

long as it can be modelled as a resistive load. Typically, a DC-DC charging circuit can 

be modelled as a resistive load [135], [139]ï[142].  
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Figure 2.5: A typical dual-function vibration isolation and energy harvesting system with 

load resistance, LR . 

 

Nonlinear vibration isolation and nonlinear energy harvesting systems, whose 

equation of motion can be represented using a nonlinear differential equation (NDE), 

have been studied using several analytical methods. These include the method of 

multiple scales [143], direct numerical integration [144], nonlinear normal forms [145] 

and the harmonic balance method [146], [147]. Although the recently developed 

Output Frequency Response Function (OFRF)  [30], [31],  has been previously used 

for the analysis and design of several nonlinear vibration isolation systems, it has never 

been employed for the analysis nor design of an energy harvester. In this work, the 

OFRF method is the preferred method for the analysis and design of the nonlinear 

systems investigated herein. The OFRF method is beneficial compared to other 

methods as it provides an explicit analytical relationship between the design objectives 
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and system parameters. This can significantly facilitate system design and 

optimisation. The OFRF concept will be comprehensively discussed in the next 

section. 

 

2.4 OUTPUT FREQUENCY RESPONSE FUNCTION (OFRF)  

2.4.1 Introduction  

Lang and Billings [30] derived an expression for the output frequency response 

of nonlinear systems in a way that explains how the fundamental nonlinear 

mechanisms operate on the input spectra resulting in system output frequency effects. 

The findings in [30] led to the derivation of an expression for the output frequency 

response that defines, analytically, a relationship between the output spectrum and the 

system parameters. This expression, established in [31], is known as the output 

frequency response function (OFRF) of the system. Jing et al. in [148] investigated the 

parametric characteristics of the frequency response functions of nonlinear systems. 

The OFRF concept, according to [31] shows that for a wide set of nonlinear 

systems, there exists a basic polynomial relationship between the output response and 

the system nonlinear parameters. To determine the structure (monomials) of the OFRF, 

a symbolic operation method was proposed by Peng and Lang in [149]. This method 

is an efficient algorithm that can be used to determine the monomials in the OFRF 

representation of the output frequency response of a nonlinear system. The efficiency 

of the algorithm was demonstrated as it was used in the analysis of the output 

frequency response of a passive engine mount. In [85], a new systematic approach was 

proposed for the analysis and design of the output response of a Volterra system using 

the OFRF method. The study in [149] was extended by the same authors in [150] to 

the multiple degrees of freedom (MDOF) case. Using the OFRF method, the force 

transmissibility of a vibration isolation system, with a nonlinear anti-symmetric 

viscous damping, was theoretically investigated. The conclusions show that the anti-

symmetric nonlinear viscous damping can significantly suppress the force 

transmissibility over the regions of resonance. Similarly, as in [149], Peng et al. [151], 

[152] used the OFRF, estimated from numerical simulation responses, to obtain an 

explicit analytical relationship between the transmissibility and nonlinear 

characteristic parameters. A broad pattern of how the nonlinear parameters affect the 
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force and displacement transmissibility was investigated for the vibration isolation 

system. 

It was established in [65], [79] that the OFRF is only effective for the analysis 

and design of systems that belong to a class of nonlinear systems stable at zero 

equilibrium and can be described in the neighbourhood of the equilibrium by a 

convergent Volterra series. However, the OFRF cannot be used to represent strongly 

nonlinear/unstable systems with characteristics such as chaos, limit cycles, 

bifurcations, and jump phenomenon. For the cases where strong nonlinear behaviours, 

such as jump phenomena, can be observed, the OFRF concept cannot be applied [65] 

and other analytical methods should be employed. 

2.4.2 Volterra series representation of nonlinear systems in the time and 

frequency domain 

The OFRF concept and its parametric characteristics is described here. 

Consider the class of nonlinear systems stable at zero equilibrium and can be 

defined in the neighbourhood of the equilibrium by the Volterra series 
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where ( )y t  and ( )u t  are the respective output and input of the system, ( ,..., )n nh t t1  is 

the nth-order Volterra kernel and N  represents the maximum order of the system 

nonlinearity. An expression for the output frequency response of this class of nonlinear 

system to a general input has been derived by Lang and Billings [30] and given as 

 

1

1

11
1

( j ) ( j )

1
( j ) ( j , , j ) ( j )

(2 ) n

n

N

n

n

n

n n n in
i

Y Y

Y H U d
n

s

  (2.2) 

where  ( j )nY  denotes the nth-order output frequency response, ( j )Y  is the output 

spectra, ( j )U  is the input excitation with a continuous spectrum, 
n

ds  is the area of 

a minute element on the hyperplane 1 n  and 1( j , , j )n nH , is the nth

-order generalised frequency response function (GFRF) given as 
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The Volterra series can approximate the input-output relationship of nonlinear 

systems up to any high order N [153]. 

2.4.3 Determination of the OFRF 

Consider the Volterra systems which can also be described by the following 

differential equation 
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where L  is the order of the derivative and M  is the maximum degree of nonlinearity 

in terms of the system input and output, ( )u t  and ( )y t  respectively. According to the 

OFRF method [31], [85], [148], the output frequency response of system (2.4) can be 

represented by a polynomial function in terms of the system nonlinear characteristic 

parameters as 
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where im  are the maximum order of i , 1, , Ni S=  in the polynomial expression of 

the output spectrum, ( j )Y  of system (2.5). The notations 1 SN( , , )( j )j j  are complex-

valued frequency functions (also called OFRF coefficients) dependent on the system 

input and linear characteristic parameters, where 0, ,i ij m=  and 1, , Ni S= . 

Furthermore, 1 SN

N1 S

j j
 is a set of monomials (i.e. the OFRF structure) in terms of the 

system nonlinear characteristic parameters. It should be noted that 1 SN( , , )( j )j j  

represents the coefficients of 1 SN

N1 S

j j
 with the same dimension and needs to be 

evaluated in order to obtain the OFRF representation of system (2.4). However, firstly 

the monomials need to be determined using a recursive algorithm discussed in Jing et 

al. [148] and Peng et al. [149]. For a Single-Input-Multiple-Output (SIMO) system, an 

elaborate procedure has been described by Zhu and Lang in [68].  
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A. Determination of the OFRF structure 

Let the set of monomials in the OFRF representation of the nth-order output 

spectrum be denoted as M  and the frequency function vector be denoted as ( j ) , 

then the OFRF can be described as 

 
T( j ) ( j )Y M   (2.6) 

where  
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Here, the monomials, nM  can be determined using  [149] 
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The character óÃô is the Kronecker product. 

 

Then the set of monomials can be obtained as 
N

1

M n

n

M  

 

B. Determination of the OFRF coefficients 

To determine the set of OFRF coefficients ( j ) , the next steps are taken as 

described in Section 3.2 of [85] and also in Refs [148], [31]. This is done assuming no 

measurement error or data noise [85]. 

A1. Select Ŭ series of different values of the system nonlinear parameters of interest 

to form a series of vectors 1 Ŭ. 
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A2. Using the same input to excite the system under different values of nonlinear 

parameters 1 Ŭ and record the corresponding time domain output responses 

1 Ŭ( ) ( )y t y t  for each case. 

A3. Lastly, using the FFT method, obtain a series of corresponding output frequency 

response 1 Ŭ( j ) ( j )Y Y  of the time domain responses. 

Following steps (A2-A3) it can be deduced from (2.6) that 
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The least square method can then be employed to obtain j T( )as 

 
1

T Tj ( j )YT( ) M M M   (2.11) 

so as to determine the OFRF (2.6). The OFRF thus obtained can be used in the design 

of the parameter(s) of interest in M  given a desired output response, 
* ( j )Y . To do 

this, at a frequency of interest, , the OFRF representation derived is solved for the 

nonlinear parameter(s) and optimized such that *( j ) ( j )Y Y  can be minimised to 

the lowest possible value. This analytical method will be employed for most of the 

nonlinear models considered in this study. 

2.4.4 Limitations of the OFRF method 

The OFRF method has also got some limitations and these are outlined as 

follows; 

¶ It only works for the class of nonlinear systems stable at zero equilibrium. 

¶ It performs poorly for nonlinear systems that experience the jump phenomenon.  

¶ It performs poorly for strongly nonlinear systems that shows nonlinear 

characteristics such as chaos, bifurcation, limit cycles etc. 

For such strongly nonlinear systems, alternative methods such as multiple scales 

[143], direct numerical integration [144], the nonlinear normal forms [145], harmonic 

balance method [146], and power flow analysis [147] etc., can be employed. 
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2.5 SUMMARY  

In this chapter, a brief background on vibration isolation systems and also 

vibration energy harvesting systems were discussed. Major vibration isolation 

methods which have been proposed in the literature were reviewed and their strengths 

as well as weaknesses highlighted. The limitations of the conventional passive 

isolation method led to the development of more efficient techniques.  However, 

improvements were made to the passive method enabling the tuning of the isolation 

elements. The fully active method, although can provide excellent performance in 

theory, it is unpopular due to its complexity, cost and power requirement. In contrast 

to the fully active approach, the semi-active technique has been widely accepted and 

deployed in many engineering vibration systems.  The semi-active technique has been 

widely implemented using the MR damper which enables the controllability of its 

damping characteristic. 

Several studies have been done to improve the linear vibration isolation method 

by incorporating some forms of nonlinearities in the system dynamic model. This has 

led to a strong interest in the design of nonlinear vibration isolation systems. This 

remains an interesting and active research area due to the need to isolate engineering 

machines and structures from destructive vibration disturbances. The incorporation of 

nonlinear components in the dynamic models of vibration isolation systems have 

shown to improve, immensely, its isolation performance. Some studies have been 

concerned with integrating nonlinear stiffness components while some have 

concentrated on nonlinear damping. Others have combined both damping and stiffness 

nonlinearities as such designs have shown to perform much better than using only 

either one of the nonlinear component [32], [67], [149], [154], [155]. However, most 

of the vibration energy injected into a system is dissipated away as heat by the vibration 

isolation elements. Recently, little attention has been given to the estimation of the 

energy dissipation level of the designed vibration isolation elements. This has been 

considered in Chapter 3, using the OFRF method. It has been demonstrated that the 

energy dissipation level for a designed suspension system can be estimated for a set of 

design parameters. Furthermore, the need for self-powered devices has led to the 

research area comprising the conversion of these vibration energies to electrical 

energy, a concept known as vibration energy harvesting. 
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Vibration energy harvesting is a concept involving the conversion of kinetic 

energy (from mechanical vibration) to electrical energy. It involves three transduction 

approaches namely piezoelectric, electrostatic and electromagnetic. The 

electromagnetic transduction method is based on the Faradaysô law of electromagnetic 

induction and basically consists of a coil and a permanent magnet. This transduction 

method is implemented using an electromagnetic damper which can be integrated in 

an oscillating system primarily for either vibration isolation, energy harvesting or a 

hybrid of both. An oscillating motion causes one of either the coil or magnet to move 

relative to the other thereby inducing a voltage across the terminals of the coil. The 

induced voltage can be stored as electrical energy using an energy harvesting circuit 

which can be modelled as a resistive load.  

Nonlinear design of vibration energy harvesters has recently become an 

interesting research area because of the need to increase the power output efficiency. 

Two design limitations have been acknowledged in literature and several solutions 

have been explored. The first limitation, which concerns bandwidth limitation of the 

VEH, led to many works focused on expanding the bandwidth of VEHs. The second 

limitation relates to extending the dynamic range of a VEH and, until recently barely 

enjoyed any attention.  Both limitations have been explored by considering integration 

of nonlinearities in the system dynamic characteristics. Several nonlinear analytical 

methods exist for the analysis and design of nonlinear systems however for most of 

the studies in this thesis, the recently developed Output Frequency Response Function 

(OFRF) method is considered. This is because it offers a clear analytical association 

between the design objectives and system parameters. It should be noted that this is 

the first effort in the application of the OFRF method for the analysis, design, and 

optimisation of an energy harvester. 

In Chapter 4, the current gap in literature, where no clear design-to- 

implementation procedure has been demonstrated, is exploited in this study. The use 

of the OFRF method is also the first effort in investigating energy harvesters. An 

extension of Chapter 4 is also presented in Chapter 5 whereby, in addition to the 

nonlinear damping characteristics present in the VEH system, a nonlinear stiffness 

element is incorporated into the system. This additional integration is intended to 

expand the bandwidth of the VEH system. To the best of the authorôs knowledge, this 

is the first attempt in considering both nonlinear damping and stiffness characteristics, 
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simultaneously, in an energy harvesting system. Finally, Chapter 6 considers the 

analytical investigation of a dual-function vibration isolation and energy harvesting 

system. To the best of the authorôs knowledge, this has not been considered in a 

previous study, which implies this work is the first effort to do this. The study proposes 

a dual-function device whereby vibration isolation is the primary function and energy 

harvesting is the secondary function. 

In the next chapter, a vehicle suspension system is investigated. An analysis, 

design, and optimisation of the isolation elements with nonlinear characteristics is 

explored. The nonlinear damping and stiffness parameters are designed for a desired 

system output response and the energy dissipation level, of the designed suspension 

system, is estimated using the derived OFRF model.     
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Chapter 3: Analysis and design of a 

nonlinear vibration isolation 

system 

3.1 INTRODUCTION  

A vibration isolation system (VIS) is a device fixed between an equipment that 

requires protection from vibration and the source of vibration. A vehicle suspension 

system is an application of such a system comprising a spring, damper and 

frames/linkages [156]ï[159]. A major significance of isolation springs is its ability to 

absorb and store energy from motion bumps and acceleration with ease. However, 

isolation springs such as rubber, coil and leaf springs are not capable of dissipating the 

absorbed energy easily. This can result in unacceptable spring performances before 

eventual failure which makes the need for an adequately designed damping system 

paramount [160]. The damper plays a vital role in vehicle vibration isolation as it 

damps out vertical motions and ensures the life cycle of the spring is extended. The 

design of a good isolation system is important in vehicle suspension systems to ensure 

a decent ride comfort [160]. In [158], the transmissibility of linear isolation systems 

were analytically associated with the mass, spring and damping ratios and thereafter 

the optimised parameters were linked to the resonant characteristics of the system. 

Linear isolation designs of engine mounts have been widely reported in literature 

[151]ï[155]. In [159], the damping and stiffness parameters of an isolation system 

were optimised using the root-mean-square method which was done by minimising 

objective functions representative of relative displacement and absolute acceleration. 

In [157], the force transmitted from the engine to the base was minimised using the 

method of sequential quadratic programming used to choose the stiffness value as well 

as the positioning of the engine mount. Due to the inherent nonlinearity present in all 

shock and vibration isolation systems, more interests have been shown in nonlinear 

vibration isolation systems [58], [149], [161]. Several analytical methods exist for the 

study of nonlinear suspension systems such as the harmonic balance methods [162], 

[163], averaging methods [164], [165] and describing function methods [166], [167]. 

However, these methods do not evidently reveal the relationship between the vehicle 
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suspension performance metrics and system parameters. The recently developed 

output frequency response function (OFRF) method is a systematic frequency domain 

approach that enables the derivation of the system output spectrum in terms of the 

nonlinear parameters of interest. This method will be employed in the present study as 

it facilitates system analysis and design.  

A model for a single degree of freedom (SDOF) passive vibration isolation 

system with cubic nonlinearities in stiffness and damping was studied in [168] where 

the consequence of the system nonlinear parameters on the relative and absolute 

displacement transmissibility were explored. A similar system was investigated in 

[161] which employed related damping and stiffness nonlinearities. The method of 

averaging perturbation was used to observe the effects of nonlinearities on the dynamic 

behaviour of the system. The same nonlinear passive mount, employed in [161], was 

considered by Peng and Lang in [149]. However, the OFRF method was applied in the 

study, to theoretically analyse the output frequency response behaviour with respect to 

the system nonlinearities and subsequently verified by simulation studies.  

In this chapter, a vehicle suspension system, as shown in Figure 3.1 and similar 

to that in [149], [161] and [168] is described. It should be noted that the nonlinear 

cubic damping characteristics of the suspension systems, employed in these studies, 

are a function of both the displacement and velocity of the corresponding suspension 

system. Such a nonlinear damping structure has been chosen because it has proved to 

perform better than pure velocity-dependent cubic damping, for base-excited systems 

[82]. However, in the present study, an analysis and design of the suspension system 

was conducted using the OFRF method. Optimal values of the design parameters were 

obtained for a desired design specification and the designed parameters were validated 

using numerical simulation. Furthermore, for the first time, the energy dissipation 

performance of the designed suspension system was investigated using the OFRF 

method. The effects of the suspension system nonlinearities on the energy dissipated 

by the isolation elements were explored. An investigation was then performed using 

the OFRF method where nonlinear system parameters were designed for a desired 

energy dissipation level for the suspension system. A summary of the major objectives 

in this chapter is highlighted below: 

¶ Design and optimisation of system parameters for a design specification 

required for ride comfort. 
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¶ Investigation of the energy dissipation level for the designed suspension 

system. 

The rest of the chapter is organised as follows: Section 3.2 provides the model 

formulation of the suspension system to be investigated; Section 3.3 describes the 

determination of the OFRF representation of the system output spectra; Section 3.4 

presents the system design and optimisation process for a desired design specification; 

Section 3.5 demonstrates, with numerical simulation studies, the effects of the system 

parameters; Section 3.6 analyses the energy dissipation level of the designed 

suspension system as well as the effects of system nonlinearities on the dissipation 

level; Section 3.7 summarises the chapter with some concluding remarks.   

 

3.2 MODEL FORMULATION  

A schematic diagram of the nonlinear SDOF suspension system considered in 

this study, is shown in Figure 3.1 [161]. This includes a suspended oscillating mass, 

m  representing e.g. the quarter mass of a vehicle body, with an absolute displacement 

of ( )x t  due to a base motion of ( )y t . The suspension system has two nonlinear isolation 

components comprising nonlinear damping 1 2( , )c c  and nonlinear stiffness 1 2( , )k k  

elements. 
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Figure 3.1: Schematic of the nonlinear suspension system under a base excitation. 
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The equation of motion for the suspension system is given by 

 mz cz kz my  (3.1) 

where z x y is the relative displacement between the base and the sprung mass, c  

is the damping function and k  is the stiffness function. The damping and stiffness 

functions are described as 

 

2

1 2

2

1 2

k k k z

c c c z
  (3.2) 

  

Assuming the base excitation is harmonic that is 

 sin( )y Y t   (3.3) 

then system (3.1) becomes 

 

2 2 2

1 2 1 2

2 2

trans 1 2 1 2

( ) ( ) sin( )

( ) ( )

mz c c z z k k z z m Y t

f c c z z k k z z
  (3.4) 

where  and Y  are the excitation frequency and amplitude of the base displacement 

respectively and transf  is the force transmitted through the vibration isolators (parallel 

combination of spring and damper). 

To ensure ride comfort, the minimisation of the transmitted force is required. The 

transmitted force output spectrum is maximum at the resonant frequency, r . 

Consequently, r  becomes the frequency of interest and the objective will be to 

minimise transf . The procedure outlined by Zhu and Lang in [68] for the analysis and 

design of a SIMO system using the OFRF, will be employed here.  

 In Section 3.3, the OFRF method will be used to derive an analytical 

relationship between the output spectra of system (3.4) and its nonlinear parameters of 

interest. Thereafter, a system analysis and design will be performed in order to obtain 

the nonlinear parameters for the desired performance metrics based on design 

specifications. The effects of the nonlinear parameters, 2c  and 2k on the system output 

spectra are also explored using numerical simulations.  
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3.3 DETERMINATION OF THE OFRF REPRESENTATION  

In this section, the OFRF representation of the output spectra of system (3.4) is 

obtained in terms of the nonlinear parameters of interest 2c  and 2k . As indicated in 

Eq. (2.5) of subsection 2.4.3 in Chapter 2, the OFRF of nonlinear system (2.4) is a 

polynomial function of the nonlinear characteristic parameters of the system. The 

coefficients of the OFRF are the functions of the output frequency of the system, 

determined by the specific structure of Eq. (2.4), the system input spectrum and the 

linear characteristic parameters of the system. To enable the use of the OFRF 

representation of system (3.4) for system analysis and design, its coefficients and 

monomials have to be determined first. 

The following analysis has been performed using these system parameters which 

have been carefully chosen so as not to drive the system output response to an unstable 

condition; 0.2kgm , 
-1

1 1.5 N.s.mc , 
-1

1 500 N.mk , 0.05mY . It should be 

noted that these practical values have been prudently selected for this study as a future 

work (not reported in this thesis) will involve some experimental studies to validate 

the results established in this study. It can be inferred that the system in Eq. (3.4) is the 

instance of system (2.4) with 
2

0,1(0)c m Y, 1,0(2)c m, 1,0 1(0)c k , 1,0 1(1)c c , 

3,0 2(0,0,1)c c , 3,0 2(0,0,0)c k , else , ( ) 0p qc .  

3.3.1 Determination of the OFRF monomials 

To determine the OFRF representation, the algorithm described in A of 

subsection 2.4.3 in Chapter 2  as well as in [68], for SIMO systems, is employed. The 

recursive algorithm therein is applied to system (3.4) to determine the set of 

monomials, M  up to the 
thN=7  order which yields 

 
7

2 2 3 2 2 3

n 2 2 2 2 2 2 2 2 2 2 2 2

n 1

M 1 c k c c k k c c k c k kM =   (3.5) 

It should be noted, that the same set of monomials is obtained for both outputs of 

system (3.4). This implies the OFRF of the outputs of system (3.4) can be expressed 

as 

 
trans

( j ) ( j )

( j ) ( j )

Z

F

M

M
  (3.6) 
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where j( )and j( )are the OFRF coefficients of the output spectra of system 

(3.4), ( j )Z  and trans( j )F  respectively. Next, the OFRF coefficients are determined. 

3.3.2 Determination of the OFRF coefficients            

To determine the coefficients of the OFRFs for the system outputs, jZ( ) and 

trans jF ( ), the steps outlined in B of subsection 2.4.3 in Chapter 2 are followed. The 

least square approach is used to determine j( ) and ( j )  as 

 

1
T T

1
T T

trans

j ( j )

j j

Z

F

T

T

( )

( ) ( )

  (3.7) 

  where 

0,00,0

1,01,0

0,3 0,3

(1) trans (1)

(2) trans (2)

trans

( ) tra

( j )( j )

( j )( j )
j , j ,

( j ) ( j )

( j ) j

( j ) j
( j ) , j

( j ) P

Z F

Z F
Z F

Z F

T T( ) ( )

( )

( )
( )=

ns ( )

2 2 3 2 2 3

2(1) 2(1) 2(1) 2(1) 2(1) 2(1) 2(1) 2(1) 2(1) 2(1)2(1) 2(1)

2 2 2 2 2 3

2( ) 2( ) 2( ) 2( ) 2( ) 2( ) 2( ) 2( ) 2( ) 2( ) 2( ) 2( )

j

and

1

1

P

P P P P P P P P P P P P

c k c c k k c c k c k k

c k c c k k k c k c k k

( )

  (3.8) 

 

( )( j ) iZ  and trans ( )( j ) iF  represents the output spectra of system (3.4) when 

2( ) 2( )ic c i  and 2( ) 2( )ik k i   for 1,2, ,i P  where 25P=  for a varied set of 

-3

2 [0, 28]N.s.mc  and 
2 -3

2 [0, 2] 10 N.mk  . The varied sets of nonlinear 

parameters, 2c  and 2k  have been selected to ensure the system remains stable for all 
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combinations of the parameters, as the OFRF method is only applicable for stable 

nonlinear systems. Therefore, considering N=7, the OFRF representations of the 

output spectra of system (3.4) can be expressed as 

3

, 2 2

0 0

2

0,0 1,0 2 0,1 2 2,0 2

2 3 2

1,1 2 2 0,2 2 3,0 2 2,1 2 2

2 3

1,2 2 2 0,3 2

3

trans , 2 2

0 0

( j ) ( j )

( j ) ( j ) ( j ) ( j )

( j ) ( j ) ( j ) ( j )

( j ) ( j )

and

( j ) ( j )

n
m n m

m n m

n m

n
m n m

m n m

n m

Z c k

c k c

c k k c c k

c k k

F c k

2

0,0 1,0 2 0,1 2 2,0 2

2 3 2

1,1 2 2 0,2 2 3,0 2 2,1 2 2

2 3

1,2 2 2 0,3 2

( j ) ( j ) ( j ) ( j )

( j ) ( j ) ( j ) ( j )

( j ) ( j )

c k c

c k k c c k

c k k

  (3.9) 

Given the output spectra in terms of the nonlinear parameters of interest, as in Eq. 

(3.9), parameter optimisation can be easily conducted. For example, the resonant 

frequency, which is the frequency where the maximum displacement of the suspension 

system occurs (frequency of interest), and measured as 
-150rad.sr , the OFRF 

representations of the system output spectra are determined as 

2

4 4 5 4 2

2 2

5 6 8 7 2

2 2 2

7 6 3

2

( j ) ( 0.1585 0.2344 ) (0.0022 0.0040 )

(2.6195 10 1.6383 10 ) ( 3.7058 10 1.2109 10 )

( 1.2745 10 5.3623 10 ) (7.1624 10 2.6437 10 )

(1.1426 10 1.6910 10 ) (2.3

rZ i i c

i k i c

i c k i k

i c 7 8 2

2 2

10 9 2 10 11 3

2 2 2

307 10 4.9742 10 )

(3.8650 10 9.5687 10 ) ( 1.9915 10 1.2264 10 )

i c k

i c k i k

     (3.10) 

and 

1 2

trans 2

2

2 2 2 2

5 4 2 5 4 3

2 2

4

( j ) ( 6.1703 10 1.2908 10 ) (1.1198 2.0110 )

(0.1309 0.0820 ) ( 0.0186 0.0606 ) ( 0.0064 0.0027 )

(3.5977 10 1.3211 10 ) (5.7607 10 8.4602 10 )

(1.1653 10 2.4955 1

rF i i c

i k i c i c k

i k i c

5 2 7 6 2

2 2 2 2

8 9 3

2

0 ) (1.9106 10 4.7826 10 )

( 9.9691 10 6.3415 10 )

i c k i c k

i k

  (3.11) 

respectively.  
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In this case, the output spectra, ( j )rZ  and trans( j )rF  of system (3.4) are plotted for 

a varied set of 
-3

2 [0, 35]N.s.mc  while keeping 
-3

2 240N.mk  fixed and presented 

in Figure 3.2. 

The results, as presented in Figure 3.2, are obtained using the OFRFs of the output 

spectra as given in Eqs. (3.10) and (3.11) respectively and compared with results 

obtained from numerical simulations. Note that some of these results have been 

achieved for parameters beyond those used to determine the OFRFs. The outcome 

shows a good match between the OFRF-based results and results obtained from 

numerical simulations.  

This indicates the usefulness of the OFRF method and, as revealed, it also shows it 

provides a good representation of the actual system output spectra. The implication of 

this is that the OFRF representations of the output spectra of system (3.4) can be used 

for the analysis and design of the system output spectra. This is because, using the 

OFRF, an explicit association of the system performance metrics with the system 

design parameters can be established. 

It should be noted that a poor OFRF representation of the actual system output spectra 

will provide poor analytical results. Such poor representations can be as a result of 

large numerical errors generated during the determination of the OFRF coefficients. 

This typically occurs when the parameters are chosen to be large values with large 

numerical difference among them and also when the set of parameters selected cover 

a wide range. This will cause the values of the elements in the matrix M  to be 

extremely large. Computational errors may result when the inverse of matrix M is 

computed in MATLAB. Such a problem can be solved by following the directives 

described in [85] and [68].  
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Figure 3.2: Comparison between OFRF and numerical simulation for (a) ( j )rZ  and (b) 

trans( j )rF , output spectra of system (3.4) respectively.   
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3.4 SYSTEM OPTIMISATION   

The objective now is to minimise the unwanted force transmitted at the resonant 

frequency, trans( j )rF  through the isolation elements (damper and spring) to 

acceptable limits. Let trans( j )r  be the specified force that is transmitted through the 

vibration isolator, then the optimisation problem can be formulated as 

 

2 2
trans trans

,

2

2

2

min ( j ) ( j )

35 0
s.t.

2.4 10 0

r r
c k

F

c

k

 (3.12) 

Using the OFRF of Eq. (3.11), the relationship between the design parameters, 2c  and 

2k  and the output spectrum, trans( j )rF  is established and provided in Figure 3.3 and 

Figure 3.4. Looking at Figure 3.4, it is apparent that the contour map can be used as a 

design guide. The results of two design specifications are presented in Table 3.1. To 

determine the actual output response, trans( j )rF , the designed parameters are 

substituted into the system model (3.4) and simulated numerically using the Runge-

Kutta 4 algorithm. 

Table 3.1: Results from the optimisation problem 

Desired 

output 

response, 

trans( j ) (N)r  

Selected 
-3

2(N.m )k  

Corresponding 

-3

2(N.s.m )c  

Actual 

output 

response, 

trans( j ) (N)rF  

Percentage error (%) 

trans trans

trans

( j ) ( j )
100

( j )

r r

r

F

F
  

135 150 23.9 134.8924 27.9767 10-³   

130 220 31 130.1583 11.2162 10-- ³  

 

It should be noted that the second design specification was achieved for parameter 

values beyond the OFRF-determined range of parameters, i.e. 
-3

2 [0, 28]N.s.mc  and 

2 -3

2 [0, 2] 10 N.mk . In Table 3.1, it is observed that the actual output responses 

obtained using the designed parameters, 2c  and 2k  clearly matches the specified 

output responses with insignificant percentage errors. This reaffirms the effectiveness 

of the OFRF-based optimal design. 
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Figure 3.3: Output spectrum of the transmitted force, trans( j )rF .  
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Figure 3.4: Contour map of the Output spectrum of the transmitted force, trans( j )rF . 
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Looking at the time histories of the force transmitted at the resonant frequency in 

Figure 3.5, it is obvious that the designed nonlinear vibration isolation system performs 

better compared to the corresponding linear counterpart (where the nonlinear 

characteristic parameters, 2 2 0c k ).  Moreover, a close observation of the time 

history of the transmitted force due to the designed nonlinear isolation system reveals 

that the desired transmitted force, at the resonant frequency, is achieved. It should be 

noted that minimising the force transmitted along the isolation elements, trans( j )rF  

results in a decrease in the system output spectrum, ( j )rZ .    

tr
a
n

s(
N

)
f

(s)time
 

Figure 3.5: Comparison of the system output response, at resonance, under linear and 

nonlinear conditions. 

 

Furthermore, though the system design has been performed at the resonant frequency, 

it is imperative to verify that the designed nonlinear optimal parameters maintain the 

same performance on the system output spectrum across the entire frequency range. 

This is verified in Figure 3.6 which compares the performance of the nonlinear design 

to its corresponding linear counterpart (i.e. when 2 2 0c k  ) on the system output 

spectrum. It is apparent that not only do the designed optimal parameters achieve a 

specified output spectrum at the resonant frequency, they are also adequate at 

suppressing the vibration levels over other frequencies.  
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Figure 3.6: Comparison of the system output spectrum under linear and nonlinear conditions 

across the entire frequency range. 

 

The above system analysis and design have been performed using the OFRF method. 

It is evident that this method facilitates a systematic analysis and design of nonlinear 

Volterra systems unlike other methods.  

The next section shows the individual effect of the system parameters on the output 

spectra of the system considered in this study. Each parameter is varied while fixing 

others. These have been performed using numerical simulations. 

3.5 NUMERICAL STUDIES  

To demonstrate the effects of 1c , 2c , and 2k  on the output spectra of system (3.4), 

numerical studies were performed and the results presented in Figure 3.7, Figure 3.8 

and Figure 3.9. Figure 3.7 shows the well-known influence of linear damping 

characteristic parameter on the output spectra of system (3.4) where a good isolation 

performance is witnessed over the resonant region. However, its detrimental effect 

over the region where isolation is required ( 1)  when high damping level is 

employed suggests the need for the integration of nonlinear damping. In Figure 3.8, 

the effect of 2k is evident around the resonant region. It is apparent that as 2k  increases, 

the resonant frequency, r is increased beyond the natural frequency however, its 

harmful effect (instability) is controlled by an increased damping characteristic. 

Besides, the effect of increasing the nonlinear viscous damping characteristic 
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parameter, 2c  is observed, in Figure 3.9, to suppress the vibration at the resonant 

region. However, the vibration at the non-resonant regions (i.e. at low and high 

frequency ranges) remain unaffected.  
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Figure 3.7: Effect of linear damping characteristic parameter on the system output spectra 

across the entire frequency range with 
-3

2 0.1N.s.mc =  and 
-3

2 100N.mk = . 
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Figure 3.8: Effect of nonlinear stiffness characteristic parameter on the system output 

spectra across the entire frequency range with 
-1

1 0.5N.s.mc =  and 
-3

2 10N.s.mc = . 
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Figure 3.9: Effect of nonlinear damping characteristic parameter on the system output 

spectra across the entire frequency range with 
-1

1 0.5N.s.mc =  and 
-3

2 100N.mk = . 
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3.6 ENERGY DISSIPATION ANALYSI S 

For the SDOF system described in Figure 3.1, the vibration isolation elements (spring 

and damper) experience energy loss due to their dissipative characteristics. The power 

dissipated at any instant is transf z , and the energy lost over one complete cycle, dE , is 

given as    

 

2

d trans
0

2

2 3

1 2 1 2
0

( )

E f zdt

c z c z z k z k z z dt

  (3.13) 

Let the relative displacement, sin( )z Z t , then cos( )z Z t . Equation (3.13) 

becomes 

 

3 22

1 2

d 3 30
1 2

cos( ) sin ( )cos( )
cos( )

sin( ) sin ( )

c Z t c Z t t
E Z t dt

k Z t k Z t
  (3.14) 

which yields 

 

2 4

d 1 2

2 2

1 2

2

1

2

1

4

1
( )

4

( )e

eq

E c Z c Z

Z c c Z

Z c c

c Z

  (3.15) 

where 1eq ec c c  and 
2

2

1

4
ec c Z  

It is observed from Eq. (3.15) that the energy dissipation of the vibration isolation 

elements is due to the damping characteristics only. The OFRF of the energy lost by 

the suspension system over one complete cycle can be derived by substituting Eq. 

(3.9a) into Eq. (3.15) which yields 

 
2 4

d 2 2 1 2

1
( , , )

4
E c k c Z c Z   (3.16) 

Equation (3.16) indicates dE  is a function of 1c , , Z  and the design parameters, 2c  

and 2k  (since Z  is also a function of the design parameters). This indicates that the 

OFRF of the energy dissipated can be derived in terms of the design parameters. 
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Just as the OFRF representation of the output spectrum, Z  of system (3.4) was 

determined and presented in Eq. (3.9a), the OFRFs of the squared and quartic 

magnitudes of Z  are also derived as 

 

( 1) 2
2

, 2 2

0 0

( 1) 2
4

, 2 2

0 0

( )

( )

N n
m n m

m n m

n m

N n
m n m

m n m

n m

Z P c k

Z Q c k

 and (3.17) 

where 7N=  while ,m n mP  and ,m n mQ  are functions of frequency and represent the 

OFRF coefficients of 
2

Z  and 
4

Z  respectively. Substituting Eq. (3.17) into Eq. (3.16) 

yields 

 

( 1) 2

d 2 2 1 , 2 2

0 0

( 1) 2

1

, 2 2

0 0

( , , ) ( )

1
( )

4

N n
m n m

m n m

n m

N n
m n m

m n m

n m

E c k c P c k

Q c k

  (3.18) 

Equation (3.18) indicates that an estimate of the energy dissipated per cycle by 

the vibration isolation elements can be determined for a set of design parameters. The 

relationship between the energy dissipation and the design parameters at the resonant 

frequency, 1 is provided in Figure 3.10. It is seen in Figure 3.11 that a large 

amount of energy is dissipated when a linear vibration isolator is used (when

2 20, 0c k= =) however, the energy dissipated reduces with the integration of nonlinear 

damping and stiffness characteristics. This is due to the impact of the nonlinear 

components on the relative displacement of the suspension system. The relative 

displacement decreases as the nonlinearities increase which, consequently, reduces the 

force transmitted and energy dissipated by the vibration isolation elements. It is also 

evident that the energy dissipation level is very sensitive to the nonlinear damping 

characteristic and less sensitive to the nonlinear hardening stiffness characteristic. 

Surface plots between the energy dissipation and the design parameters beyond the 

resonant region, that is, at 0.4 and 2 are presented in Figure 3.12 and Figure 

3.13 respectively.  

Besides, Eq. (3.18), which is the OFRF of the energy dissipation of the isolation 

system, can be used to estimate the energy dissipated by a set of optimal design 
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parameters, 2c  and 2k . An estimation guide can be developed using an OFRF-

generated contour map which can facilitate the selection of design parameters for a 

specified energy dissipation level as illustrated in Figure 3.14.   
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Figure 3.10: Relationship between the Energy dissipation and design parameters at 1 .  

 

Figure 3.11: Energy dissipation plot for sets of design parameters at 1 .  
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Figure 3.12: Energy dissipation levels for different combinations of design parameters at 

0.4. 
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Figure 3.13: Energy dissipation levels for different combinations of design parameters at 

2. 
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Figure 3.14: Contours of energy dissipation levels for sets of design parameters. 

 

Choosing 
-3

2 200 N.mk  along the contour line of 20J gives a corresponding 

nonlinear damping value of 
-3

2 27.5 N.s.mc . Substituting 2c  and 2k  into system 

(3.4) and solving for the energy dissipation level, numerically, yields a value of 21.08J 

which matches the design requirement well with a percentage error of -5.1%.  

The results from numerical studies to show the individual effects of system parameters 

on the energy dissipation level of the suspension system, over the entire spectrum, are 

presented in Figure 3.15, Figure 3.16 and Figure 3.17. This was done by varying either 

one of the parameters, 1c , 2c  or 2k   while keeping the other two fixed. In Figure 3.15, 

the unwanted impact of linear damping over the high frequency region, experienced 

by the output spectra of system (3.4), is also apparent for the energy dissipation 

spectra. It is seen that while an increase in linear damping reduces the energy 

dissipation over the resonant region, it increases the energy dissipation significantly 

across the non-resonant regions. Likewise, increasing the nonlinear damping 

minimises the energy dissipation at the resonant region. However, unlike linear 

damping, the corresponding increase in the energy dissipation in the non-resonant 

regions is far less significant as illustrated in Figure 3.16.  
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The influence of hardening stiffness, as shown in Figure 3.17 is similar to the effect it 

has on the output spectra of system (3.4). In this case, as nonlinear stiffness is 

increased, the resonant peak of the energy dissipation level is reduced at 1. This 

is due to a resonant-shift effect of  2k  on the resonant energy beyond the natural 

frequency.  
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Figure 3.15: Effect of linear damping characteristic parameter on the energy dissipation 

level across all frequency range with 
-3

2 1N.s.mc =  and 
-3

2 100N.mk = . 
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Figure 3.16: Effect of nonlinear damping characteristic parameter on the energy dissipation 

level across all frequency range with 
-1

1 0.5N.s.mc =  and 
-3

2 100N.mk = . 
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Figure 3.17: Effect of nonlinear stiffness characteristic parameter on the energy dissipation 

level across all frequency range with 
-1

1 0.5N.s.mc =  and 
-3

2 10N.s.mc = . 

 

Using the OFRF representations derived, the variations of both the energy dissipated 

and force transmitted by the suspension system as a function of the nonlinear stiffness 

parameter, 2k  are shown in Figure 3.18. It is observed that while the force transmitted 

by the suspension system is less sensitive to 2k , the sensitivity of the energy dissipated 

to 2k  is insignificant. This reaffirms the deduction made from Figure 3.11. This 

deduction is largely because the spring element stores potential energy when 

compressed/stretched and dissipates insignificant amounts of energy. It is also seen 

that for a fixed 2c , increasing 2k  causes an insignificant decrease in the energy 

dissipated per cycle however the vibration force transmitted is increased.  Similarly, 

the results illustrated in Figure 3.19 are the variations of both the energy dissipated 

and force transmitted by the suspension system as a function of the nonlinear damping 

parameter, 2c . In this case, it is apparent that both performance metrics are 

significantly sensitive to 2c . Both performance metrics also progressively decrease as 

2c  increases. This is because the relative displacement of the vehicle suspension 

system decreases as 2c  increases and this causes a decrease in both the force 

transmitted and energy dissipated by the suspension system. 



 

Chapter 3: Analysis and design of a nonlinear vibration isolation system 58 

0 50 100 150 200 250
20.25

20.30

20.35

20.40

20.45

20.50

20.55

20.60

133.0

133.5

134.0

134.5

135.0

135.5

136.0

dE

transF

tra
n
s

F
o
rc

e
tra

n
s
m

itte
d

,
(N

)
F

d
E

n
e
rg

y
 d

is
s
ip

a
te

d
,

(J
)

E

-3

2 (N.m )k
 

Figure 3.18: Variation of energy dissipated and force transmitted by the suspension system 

with respect to 2k  at 
-1

1 1.5N.s.mc =  and 
-3

2 23.9N.s.mc = . 
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Figure 3.19: Variation of energy dissipated and force transmitted by the suspension system 

with respect to 2c  at 
-1

1 1.5N.s.mc =  and 
-3

2 164.2N.mk = . 
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Figure 3.20: Variation of suspension damper force and energy dissipated by the suspension 

system with frequency at 
-1

1 0.5N.s.mc =  and 
-3

2 10N.s.mc = . 

 

Illustrated in Figure 3.20 are the variations of the suspension damper force, d (N)F  

and the energy dissipated by the suspension system, d (J)E  with excitation frequency. 

It is observed that both quantities attain maximum values at the resonant frequency, 

( 1). This is expected as a high damping force is desired at resonance (i.e. region 

of maximum displacement) which corresponds to a high energy dissipation level by 

the suspension system. However, the amount of energy dissipated at the high 

frequency region, (i.e.  1) is large and not proportionate to the low level of 

damping force applied in this region, unlike the proportionality observed in the low 

frequency region (i.e.  1). This is due to the suppressed relative displacement 

experienced at the high frequency region due to the high damping level. 

3.6.1 Hysteresis Curves for a nonlinear viscous-elastic model 

Four hysteresis curves (A, B, C, and D) are presented in Figure 3.21 from different 

combinations of the designed nonlinear parameters of system (3.4). For a vibration 

isolation system, the area of the Force-displacement curve (transF Z ) gives an 

indication of the energy dissipated per cycle by the isolation system, at any frequency 
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of interest (typically the resonant frequency). It is observed that the hysteresis curves 

C and D produced, due to the contribution of a nonlinear damping characteristic by the 

suspension system, shows a smaller displacement span compared to those with only 

linear damping (i.e. hysteresis curves A and B). This is due to the superior vibration 

isolation performance of the nonlinear damping characteristics compared to the 

corresponding linear case (when 2 0c = ). This is because the magnitude of the relative 

displacement, Z  is reduced considerably for the suspension system with nonlinear 

damping characteristics.  

It should be noted that compared to linear dampers, nonlinear dampers dissipate, 

significantly, more amount of energy for equal excitation and relative displacement 

[169]. However, such a comparison has not been considered here. Furthermore, while 

for a linear suspension system configuration, the hysteresis curve assumes an elliptic 

shape, this is not the case for a nonlinear suspension system. 

 

Figure 3.21: Comparison of the Hysteresis curves for the vibration isolation system having 

different combinations of nonlinear parameters at resonance. (b) is shown in Figure 3.22. 
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The effect of 2c  on curves C and D, with intercept 1 , 18.75 NC D rc Z on the vertical 

axis, is apparent compared to the curves A and B (with intercept, 1 , 24.96NA B rc Z ) 

without the effect of 2c  as shown in Figure 3.22. This is seen to be as a result of the 

influence of 2c  on the system output response, Z , which is a function of the nonlinear 

damping characteristics, 2c .  

 

Figure 3.22: Enlarged origin of the hysteresis curves in Figure 3.21. 

 

3.7 CONCLUSIONS 

In this chapter, the vibration isolation performance of a vehicle suspension 

system modelled as a SDOF vibration isolation system has been studied. The Output 

Frequency Response Function (OFRF) method was the analytical tool employed for 

the analysis and design of the suspension system based on the design criteria. This 

method was used because of its ability to explicitly express the system performance 

metrics in terms of the design parameters of interest. The results obtained from the 

analytical and simulation studies demonstrate the effectiveness of this method in the 

analysis and design of vibration isolation systems. To demonstrate the extensive 

effects of the designed nonlinear system parameters, a comparative study was 
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conducted between the nonlinear system model and the corresponding linear system 

(where the nonlinear components are fixed to zero). The outcome reveals the influence 

of the system nonlinearities especially at the resonant region as the resonant peak is 

largely reduced without a detrimental effect on the higher range of frequencies. This 

demonstrates the vibration isolation capability of nonlinear VIS compared to the linear 

case. 

Furthermore, the energy dissipated per cycle by the designed suspension system 

was investigated also using the OFRF method. Using the OFRF method, a relationship 

between the Energy dissipation level of the nonlinear suspension system and the design 

parameters was derived. This polynomial relationship has facilitated the estimation of 

an energy dissipation level for a set of system nonlinear parameters. The results 

obtained demonstrated the advantage of employing a nonlinear suspension system 

compared to the corresponding linear counterpart. Numerical studies were conducted 

to demonstrate the effects of system parameters on the energy dissipation level of the 

suspension system. A brief study was also conducted on the energy dissipation level 

of the suspension system using hysteresis curves as the effects of the system nonlinear 

parameters on the shape of the loop was investigated. The sensitivity of the energy 

dissipation level to the nonlinear damping characteristic compared to nonlinear 

stiffness characteristics was evident. The results in this chapter reveal the vibration 

suppression advantage of nonlinear suspension systems over the corresponding linear 

counterpart.  

The key contribution of this study is the novel investigation of the Energy 

dissipation level of a designed vehicle suspension system using the OFRF method. 

This also involved a Hysteresis analysis of the vehicle suspension system based on the 

OFRF design. By employing the OFRF method, it was revealed that the energy 

dissipation level, for a designed vehicle suspension system, can be estimated. The 

effect of each nonlinear design parameter was also demonstrated. In addition, the 

energy dissipated as heat by the suspension system can be converted to a beneficial 

form of energy such as electricity. A suspension system, comprising a viscous damper 

and spring converts vibration energy to heat energy. However, employing an 

electromagnetic generator/damper in place of or alongside a mechanical viscous 

damper enables the conversion of some of the vibration energy to electrical energy. 
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This is known as vibration energy harvesting and this will be studied in following 

chapters.  
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Chapter 4: Analysis, design and 

optimisation of a vibration 

energy harvester with damping 

nonlinearity  

4.1 INTRODUCTION  

In the previous chapter, a vibration isolation system was designed as a vehicle 

suspension system. The mechanical energy injected into the system by the base-

excitation force is majorly dissipated as heat energy by the vibration isolation 

elements. However, this mechanical energy can be converted to a beneficial form, 

which is electrical energy. The conversion of ambient vibration energy to electrical 

energy is known as vibration energy harvesting [114]. 

Energy harvesting from environmental vibration has recently received 

substantial consideration due to the rapid developments in technologies such as low-

power wireless sensors, microelectromechanical systems (MEMS) etc. [33], [170]. It 

has been established that two major limitations exist for most of the vibration energy 

harvesters studied in the literature. The first and more considered limitation in 

literature is the operational bandwidth of a vibration energy harvester. Vibration 

energy harvesters are typically designed to operate at their natural frequencies. This 

implies excitation frequencies beyond the natural frequency reduces the efficiency of 

the harvester [124], [171]. The second limitation concerns the constrained physical 

enclosure of the vibration energy harvester which causes the suspended mass to 

oscillate within a specified span [172], [173]. Therefore, for best performance, the 

maximum excitation level is considered at the design stage.  However, excitations 

below the maximum value reduces the effectiveness of the harvester. It has been shown 

recently in [134], that a nonlinear cubic electrical damping can be employed to extend 

the harvestable power of an energy harvester. It was established that such a nonlinear 

harvester outperformed one with an equivalent linear electrical damping. The results 

of the [134] indicates that at maximum excitation, the same relative displacement of 

the VEH system and hence average power, are provided by both linear and nonlinear 

VEH system. Nevertheless, at excitations below maximum level, the nonlinear VEH 
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system provided more energy compared to its linear counterpart. This assertion was 

corroborated in [135] which also demonstrated the effect of the harvester coil 

resistance on its harvestable power level. These studies have been conducted using the 

harmonic balance method. 

In this chapter, the study focuses on the analysis and design of a vibration energy 

harvester (VEH) with nonlinear electrical damping. A mathematical model of the 

nonlinear VEH (VEH) system is developed and analysed for the first time, with the 

Output Frequency Response Function (OFRF) method recently proposed for 

frequency analysis of nonlinear systems.  Performance metrics of the VEH system 

such as average power, are expressed in terms of the parameter of interest using the 

OFRF method. An optimisation process is then conducted to maximize the energy 

harvested by the VEH system. Results indicated an excellent match between numerical 

and analytical results. Finally, an electromechanical system is simulated, based on the 

design, to emulate a practical implementation of the VEH system. 

A summary of the main contributions in this chapter is highlighted below: 

¶ Analysis and design of a nonlinear vibration energy harvester using the 

OFRF method. 

¶ Formulation of an electromechanical system based on the designed 

mechanical analogy and estimation of coil and nonlinear load resistances 

from the mechanical analogy. 

¶ Investigation of the effect of nonlinear electrical cubic damping on the 

average power harvested by the VEH system. 

Subsequent sections of the chapter are organized as follows: Section 4.2 

describes the model formulation of the system to be considered; Section 4.3 

demonstrates the analysis, design and optimisation of the system model; Section 4.4 

presents the electromechanical implementation of the mechanical analogy of the 

system considered; Section 4.5 provides an estimation of the electrical parameters of 

the system; Section 4.6 summarises the chapter with some concluding remarks. 
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4.2 MODEL FORMULATION  

In this work, a base excited single degree-of-freedom (SDOF) vibration energy 

harvester is considered as illustrated in Figure 4.1. The SDOF system is seen to have 

an oscillating mass,m , base-displacement ( )y t , spring stiffness 1k , the relative 

displacement between the oscillating mass and the support-base of the harvester 

( ) ( ) ( )z t x t y t , equivalent linear viscous damping coefficient 1c  and nonlinear 

cubic damping coefficient 3c . 

( )y t

( )x t

1k 1c 3c

m

 

Figure 4.1: SDOF base-excited vibration energy harvester with a nonlinear damper. 

 

The dynamic equation is therefore given as 

 
3

1 3 1mz c z c z k z my+ + + =-  (4.1) 

Supposing a harmonic base excitation ( )y t  is assumed with magnitude, Y , frequency, 

 and zero phase shift 

 ( ) sin( )y t Y t   (4.2) 

Then the dynamic equation of the SDOF VEH can be expressed as 

 
3 2

1 3 1 sin( )mz c z c z k z m Y t  (4.3) 

The damping force due to the electromagnetic damper (EMD) is given as
3

3emdf c z . 

The instantaneous power absorbed by the damping system, in watts, is the product of 

the instantaneous damping force exerted by the damping system and the relative 

velocity of the harvester system. Nonetheless, the average power of the damping 

system is then given by 
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3

1 3

0 0

1 1
( ) ( )

T T

avP c z zdt c z zdt
T T
= Ö + Öñ ñ   (4.4) 

Considering a general mono-frequency oscillation, Eq. (4.4) becomes 

 
1 3

| |

2 2 4 4

1 3

1 3

2 8

c cav av avP P P

c Z c Z
  (4.5) 

It should be noted that the first term of Eq. (4.5) is regarded as a loss based on the 

dissipative power of parasitic damping [137]. This form of damping arises due to the 

various mechanical losses present. Examples of such losses include, inherent structural 

damping heat dissipation, friction loss, iron loss etc. For such losses, 1c  is the 

equivalent viscous damping coefficient for the parasitic damping [139]. The second 

term of Eq. (4.5) provides harvestable power. Moreover, the cubic damping 

characteristics of Eq. (4.4) arises due to the nonlinear resistive load characteristics of 

the practical VEH system. 

Furthermore, in practical VEH systems, the relative displacement of the oscillating 

mass is restricted by the physical enclosure of the system. This, subsequently, implies 

that the magnitude of the relative displacement is constrained to a certain maximum 

value, maxZ . This physical constraint however limits the maximum harvestable power 

as it is seen in Eq. (4.5) that the power harvested is a function of Z , and also, Z  is a 

function of the excitation frequency, [112]. Therefore, it is important that the 

damping parameter, 3c , to be designed, should be able to restrain the oscillations of 

the suspended mass within a tolerable span as constrained by the enclosing case. 

However, it should also be able to maximise the energy harvested. 

To facilitate the optimal design process, the average maximum excitation level of the 

environment where the VEH system is to be installed, should be known. The span limit  

of the suspended mass should also be known. The maximum excitation level of an 

environment is measured by computing the mean of past vibration measurements 

collected over time. In this study, the design objective is to maximise the harvestable 

power 

 
3

4 4

| 3

3

8cavP c Z   (4.6) 
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 The OFRF based approach will be utilised, in this work, for the analysis of the 

dynamic model of the VEH system (4.3). The parameter of interest, 3c , will also be 

designed and optimised to ensure the realization of the maximum harvestable power, 

subject to existing constraints. The benefit of the OFRF is that the method can provide 

an explicit analytical relationship between the design objective, 
3|av cP  and system 

parameter of interest, 3c . This can significantly simplify the system design and 

optimisation. The performance metrics sought in this work are the relative 

displacement, Z  and harvestable power, 
3|av cP . 

In section 4.3, the OFRF representations of the output response, Z  and average 

harvestable power, 
3|av cP of the VEH system, will be derived in terms of the parameter 

of interest, 3c .  

4.3 SYSTEM ANALYSIS, DESIGN AND OPTIMISATION  

This section deals with the analytical study of the VEH system described by Eq. (4.3) 

using the OFRF method. The design of an optimum nonlinear cubic damping 

parameter that enables the VEH system to harvest the maximum energy available, 

subject to existing constraints, is also described. Firstly, the OFRF representations of 

the output response of system (4.3), ( j )Z  and harvestable power of Eq. (4.5), 
3|av cP  

are determined in terms of the design parameter, 3c . The subsequent analysis and 

simulations have been performed using the following model parameters, 

-1 2 -1

1 1 max1kg, 0.35 N.s.m , 4 N.m , 0.4mm c k Y  [134]. It is observed that 

system (4.3) belongs to the class of the Volterra system of Eq. (2.4) in subsection 2.4.3 

of Chapter 2, with 3M  and 2L . The system parameters are identified as 

1,0(2) ,c m 1,0 1(1) ,c c   3,0 3(111) ,c c 1,0(0)c k , and 2

0,1(0)c m Ywhile other 

parameters are zero. To derive the OFRF representation of system (4.3), the OFRF 

structure M  and frequency function vector ( j )  are derived first. 

4.3.1 Determination of the OFRF 

To determine the OFRF representation, the systematic procedure outlined in 

subsection 2.4.3 of Chapter 2, is applied. Applying the algorithm for obtaining the 
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OFRF structure (monomials), M  (see subsection 2.4.3 of Chapter 2) to system (4.3) 

up to the 11th-order i.e. 23N , yields the following monomials; 

 
23

2 3 9 10 11

3 3 3 3 3 3

1

1, , , , , , ,c c c c c cM n

n

M   (4.7) 

Twenty-one different values of 3c  are chosen for training dataset. The range of 3c  

values used as the training dataset is 3 [0, 0.01]c Í . While exciting the system using 

the same input, each value of 3c  is used to compute a time domain output response 

( )z t  of system (4.3). The corresponding Fast Fourier Transform for each time domain 

response is obtained at the frequency of interest (the resonant frequency, r ). The 

OFRF coefficient ( j ) is then obtained using the least squaresô algorithm, as in [31], 

thus; 

 

3

3

3

3

(1)
0

(2)1
1

T T

10 (20)

11
(21)

( j )
( j )

( j )( j )

( j )

( j ) ( j )

( j ) ( j )

c

c

c

c

Z

Z

Z

Z

  (4.8) 

where  

 

11

3 3

11

3 3

11

3 3

1 (1) (1)

1 (2) (2)

1 (21) (21)

c c

c c

c c

  (4.9) 

 

and  
3 ( )

( j )
c i

Z  represents the output spectrum of the system when 3 3( )c c i .  

Therefore, the OFRF of system (4.3) derived is given as  

 
2 10 11

0 1 3 1 3 10 3 11 3( j ) ( j ) ( j ) ( j ) ( j ) ( j )Z c c c c   (4.10) 

The OFRF representation of system (4.3) at resonance ( r ), since the maximum 

response of the VEH is reached at this frequency, is given as 
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3 3

3

6 6 2 9 9 3

3 3

12 12 4 14 15 5

3 3

17 17 6

3

( j | ) ( 5.1797 2.8125 ) (5.6215 10 4.3256 10 )

( 3.668 10 7.162 10 ) (3.138 10 6.151 10 )

( 1.691 10 3.327 10 ) (5.965 10 1.176 10 )

( 1.408 10 2.781 10 ) (2.241 1

r
Z i i c

i c i c

i c i c

i c 19 19 7

3

21 21 8 23 23 9

3 3

24 25 10 26 26 11

3 3

0 4.428 10 )

( 2.369 10 4.684 10 ) (1.594 10 3.152 10 )

( 6.173 10 1.221 10 ) (1.047 10 2.073 10 )

i c

i c i c

i c i c

  (4.11) 

The output frequency response, Z  is a function of  and 3c  as seen in Eq. (4.10) 

therefore can be written as 3( j ; )Z c . It should be noted that the objective here is to 

design 3c  that provides the maximum power harvested by the VEH with respect to 

existing constraint. It is observed in Eq. (4.6) that the average power harvested is also 

a function of the output response, Z . However, a further expression can be derived to 

obtain the squared and fourth powered magnitudes of the OFRF of the system output 

response i.e. 
2

3( j ; )Z c  and 
4

3( j ; )Z c . This is computed using the algorithm derived 

in [85] thus 

 

11
2 *

3 0 0 3 1

1 0

22

3

0

( j ; )

:

ii

ii

ii

ii

ii

Z c c

c

  (4.12) 

where ii  are coefficients of the OFRF representation of 
2

3( j ; )Z c  

 

The same algorithm in (4.12) is employed further to obtain 

 
44

4

3 3

0

( j ; ) ii

ii

ii

Z c c   (4.13) 

where ii  are coefficients of the OFRF representation of 
4

3( j ; )Z c  

Substituting Eq. (4.13) into Eq. (4.6), the OFRF of the average harvestable power 

becomes 

 
3

44

| 3 3

3
( j ; )

8
av cP c Z c   (4.14) 
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The OFRF is a polynomial representation of the system performance. A comparison 

of the OFRF results with that obtained using the Runge-Kutta 4 algorithm (ODE45 in 

MATLAB) over the system parameter value outside the OFRF training set (in this 

case, 
3 -3

3 0.0101N.s .mc = ) is shown in Figure 4.2. This indicates that the OFRF 

provides a very good representation for the actual system performance. 
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Figure 4.2: Comparison between OFRF analytical and Runge-Kutta numerical solution: a) 

relative mass displacement, b) Average power. 
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4.3.2 Optimisation of an unconstrained VEH system 

It should be noted that in the absence of a mass displacement constraint in the VEH 

system, the optimal value of 3c  required to maximise the energy harvested, 
3|av cP  can 

be obtained by evaluating the zero of the derivative of (4.14). This gives 

 3|

3

0
av cdP

dc
  (4.15) 

Though there are several solutions to Eq. (4.15), the minimum, non-negative real 

solution is selected which is evaluated as 
opt1 3 -3

3 0.0015 N.s .mc . This value can be 

substituted into Eqs. (4.11) and (4.14) to obtain the corresponding mass displacement 

3( j ; ) 3.035mrZ c  and average harvestable power 
3| max1 76.68Wav cP  of the 

VEH system considering no constraints. However, practical VEH systems are 

constrained in their relative displacement, Z  hence posing a constrained optimisation 

problem. 

4.3.3 Optimisation of a constrained VEH system 

From the OFRF representations for the average harvestable power and the output 

frequency response obtained in subsection 4.3.1, the optimisation problem for the 

nonlinear parameter, 3c , subject to a constraint, can be formulated as;   

 

3
3

| 3

3 max

2

3

max ( , )

( j ; ) 0
s.t.

1 10 0

av c r
c

r

P c

Z c Z

c

  (4.16) 

where 
-16.3rad.sr , max 2.5 mZ  is the maximum relative displacement of the 

VEH system and the design parameter, 3 [0, 0.01]c Í . The optimisation problem in Eq. 

(4.16) is solved using the MATLAB fmincon function. The optimal cubic damping is 

obtained as 
opt2 3 -3

3 0.0032 N.s .mc = . Substituting this value into Eqs. (4.11) and (4.14) 

yields ( j ) 2.500mrZ  and 75.07 WavP . To demonstrate the effectiveness of the 

OFRF method, the optimal damping solution, 
opt2

3c  is substituted into system (4.3) and 

Eq. (4.6) which yields an output spectrum and corresponding average power as 

( j ) 2.501mrZ  and  74.98WavP  respectively.  
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Table 4.1: Maximum average harvestable power attainable at 
-16.3rad s   ( 1)  

subject to the system constraint, 
max 2.5mZ  

 

Table 4.1 shows the maximum average power harvestable by the VEH system, while 

considering both the absence and presence of the VEH mass displacement constraint. 

It is observed that the maximum average harvestable power of the VEH system, 

considering the relative mass displacement constraint of the VEH system, 

2.500mZ , is determined as 
3| max 2 75.07Wav cP =  for 

opt2 3 -3

3 0.0032 N.s .mc = . This 

implies, the optimal damping force of the EMD, 
*

emdf   required to extract the maximum 

average power, 
3| max 2av cP  is given as 

 
* opt2 3

3emdf c z   (4.17) 

Figure 4.3 and Figure 4.4 show the effects of a nonlinear cubic damping characteristics 

on the relative displacement, Z  and average power, 
3|av cP  of the VEH system 

respectively. These graphs were obtained with respect to a variation of nonlinear cubic 

damping, 3 [0, 0.01]c Í -3 3N.m .s  at the resonant frequency, r . In Figure 4.3, 

it is observed that Z  decreases monotonically as 3c  increases. There exists an inverse 

relationship between both parameters. That is, Z  decreases as 3c  increases and vice 

versa. However, in Eq. (4.6), it is observed that the average harvestable power is a 

function of both parameters ( 3andZ c ). Therefore, since 
3|av cP  is a function of Z  and 

3c  , it is obvious that 
3|av cP  becomes zero if either of these parameters is zero. This 

implies 

If 3c ­¤, then 0Z­  , hence, 
3| 0av cP ­   

If 3 0c ­  , then Z­¤ , hence,  
3| 0av cP ­       

Constraint 

present?  

Mass displacement of 

VEH system, Z (m) 

Max. average 

harvestable Power, 

3| maxav cP (W) 

Nonlinear damping, 
opt 3 -3 3

3 (Ns m ) 10c   

No 3.035 76.68 1.5 

Yes 2.500 75.07 3.2 
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Therefore, as revealed in Figure 4.4, an optimal value of the nonlinear damping 

parameter needs to be designed in order to determine the maximum average 

harvestable power subject to any existing constraint.  
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Figure 4.3: Comparison of the output frequency response of system (4.3) determined using 

analytical (OFRF) method and numerical simulations. 
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Figure 4.4: Comparison of the average power of the VEH system of Eq. (4.6) determined 

using analytical (OFRF) method and numerical simulations.  
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Figure 4.5 represents the (a) time history and (b) output frequency response curves of 

the relative mass displacement of the VEH obtained for the designed 3c  subject to 

unconstrained and constrained conditions. Similarly, in Figure 4.6, the corresponding 

average harvestable power obtained for the designed 3c  under the same conditions, as 

in Figure 4.5, is shown.  
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Figure 4.5: Comparison of the system performances under the non-optimised and optimised 

cases.  (a) time history and (b) Output response curves for the relative displacement of the 

VEH system. 
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Figure 4.6: Comparison of the average harvestable power obtained under the non-optimised 

and optimised cases.  

 

In Figure 4.7 and its corresponding top view in  Figure 4.8, it is observed that there is 

an optimal nonlinear damping parameter, 
opt1

3c  and normalised excitation frequency, 

, at which the maximum average power, 
3| max1av cP  is attained, considering no 

constraint. The global maximum average power, 
3| max1 76.68Wav cP  when 

opt1 3 -3

3 0.0015 N.s .mc  at 1. It is also apparent that the average power, 
3|av cP  

decreases rapidly with the decrease in 3c  when the actual damping coefficient is lesser 

than 
opt1

3c . Additionally, 
3|av cP  decreases steadily with the increase in 3c  when the actual 

damping coefficient is greater than 
opt1

3c . This implies that the average power is more 

sensitive to 3c  when it is less than 
opt1

3c , and less sensitive to 3c  when it is greater than 

opt1

3c . Considering these observations, it is recommended that a damping parameter 

greater than the optimal damping parameter is preferable if the optimal damping 

parameter is difficult to implement practically.   
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Figure 4.7: Average harvestable power obtained at different excitation frequencies, 

r  and nonlinear damping parameter values, 3c . 

 

 

Figure 4.8: Contour plot for the average harvestable power obtained at different excitation 

frequencies, r  and nonlinear damping parameter values, 3c . 
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In the next section, the electromechanical coupling of the VEH system based on the 

designed optimal nonlinear damping parameter, 
opt2

3c  and the desired nonlinear 

damping force, 
*

emdf , will be discussed.  

 

4.4 ELECTROMECHANICAL COUPLING  OF THE NONLINEAR 

VIBRATION ENERGY HAR VESTER 

In the implementation process, the VEH uses an electromagnetic transducer i.e. EM 

damper (EMD), with an internal coil resistance cR  to couple the electrical subsystem 

to the mechanical subsystem. A schematic representation of the electromechanically 

coupled system is shown in Figure 4.9. 

  

+
-

m

1k 1c emf
emfv

i

cR

( )y t

L nlinR R=

( )x t

 

Figure 4.9: Schematic representation of a vibration-based energy harvester with a nonlinear 

resistive load. 

 

Under base input excitation, a voltage known as the back emf emfv  is generated across 

the coil in the EMD which is, according to Faradayôs law of induction, proportional to 

the velocity of the EMD. The induced voltage (or open circuit voltage) is given by 

 emfv z  (4.18) 
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where  is the coupling coefficient which is dependent on the geometric and magnetic 

properties of the EMD [112]. Connecting a shunt load resistance LR  across the circuit 

causes the back emf to drive a current i  along the circuit. The flow of current causes 

a force emf , known as electromotive force, which is proportional to the current, to be 

redirected back into the mechanical subsystem. This force opposes the direction of 

motion of the subsystem and can be expressed as 

 emf i   (4.19) 

If the shunt load resistance of the VEH system is linear, i.e. L linR R , this implies 

 emf c lin c linv v v iR iR   (4.20) 

and the current flowing in the electrical subsystem is given by 

 

emf

c lin c lin

v z
i

R R R R   (4.21) 

Therefore, the linear electromotive force is expressed as 

 

2

em

c lin

f i z
R R

  (4.22) 

However, in this study, a nonlinear damping parameter, 
opt2

3c  is designed and which 

yields the desired nonlinear damping force, 
*

emdf . This suggests that a nonlinear shunt 

load resistance is required, i.e. L nlinR R . This is because the characteristics of the 

load resistance, LR , determines the characteristics of the electrical damping force.  

To implement the nonlinear cubic damping force characteristics, the current flowing 

through the nonlinear load should be proportional to the cube of the voltage across it 

[135]. This implies, 3v i , then applying Kirchhoffôs voltage law, the total induced 

voltage becomes   

 

1

3( )emf c nlin c nlinv v v iR iR   (4.23) 

 

Then the current in the electrical circuit becomes 
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  (4.24) 

Substituting (4.24) into (4.19), the electromotive force, emf  becomes 

 

1/3
2

1/3 2

2
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2

2

2
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R
f

R

R

R R z
R R R z

R

z

R

  (4.25) 

 The objective here is to estimate the coil and nonlinear load resistances, cR  and nlinR  

required by the VEH system to generate an electrical damping force, emf  with the 

same nonlinear characteristics as the desired damping force (
*

emdf ) in Eq. (4.17). This 

is achieved with the nonlinear characteristics of the force-velocity profile of the desired 

damping force at the frequency of interest and using the same system input. This poses 

an optimisation problem as the values of cR  and nlinR  that minimizes the error 

2
* opt2

3( , , ) ( , , , , )emd r em r c nlinf z c f z R R  is required to be estimated. These 

estimates can be obtained using the genetic algorithm optimisation method and for the 

parameters, -13.2V.s.m  and 
-16.3 rad.sr . In the next section, the optimisation 

problem is solved and discussed. 
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4.5 PARAMETER ESTIMATION  OF COIL AND LOAD RE SISTANCES OF 

THE NONLINEAR VEH  SYSTEM 

To determine the estimates of the coil and nonlinear load resistances of the VEH, the 

genetic algorithm (GA) optimisation method is employed. The GA optimisation 

algorithm, which is based on natural selection, is chosen due to its ability to solve 

optimisation problems in which the objective function is strongly nonlinear and 

nondifferentiable which applies in this case. The optimisation problem can be 

formulated as 

 
2

* opt2

3
,

arg min ( , , ) ( , , , , )
c nlin

emd r em r c nlin
R R

f z c f z R R   (4.26) 

Equation (4.26) is evaluated using the genetic algorithm (ga) MATLAB function 

available in the MATLAB Global Optimisation toolbox. The estimates determined for 

the coil and nonlinear load resistances are 0.434cR  and 
42.995 10nlinR  with 

-13.2Vsm and 
-16.3 rad.sr . Figure 4.10 presents a comparison between the 

force-velocity characteristics of the desired and the estimated damping force. 
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Figure 4.10: Comparison between the force-velocity characteristics for the desired damping 

force and estimated electrical damping force, respectively. 
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The estimated values of the coil and nonlinear load resistances are substituted in Eq. 

(4.25) to determine the electrical damping force, emf . The same values of the 

mechanical parameters, used during the design process, are also used here.  A Simulink 

electromechanical implementation of the practical VEH system is presented in Figure 

4.11 using the estimated coil and nonlinear load resistances. 

EM Damper
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subsystem of 

nVEH

Nonlinear resistive circuit
EM Damper 

force, 

Current, i

emf

Damper 

velocity, z

Induced 

voltage, 

Coupling 
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cR

nlinR

EMD force
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Figure 4.11: Simulink implementation of the VEH system. 

 

The actual electrical damping force was measured out through the óEMD forceô scope 

as seen in the óEM Damperô section of Figure 4.11. A comparison is provided in Figure 

4.12, between the time histories of the desired EM damping force, 
*

emdf  and the actual 

electrical damping force, emf  at the resonant frequency. It is observed that there is a 

good match between the desired and the actual EM damping force. 

To determine the equivalent linear load resistance (i.e. when L linR R=  in Figure 4.9) 

which causes the same mass displacement of the VEH as the nonlinear load resistance, 

nlinR  at maximum excitation, the equivalent linear damping coefficient, eqc is first 

determined. This is accomplished using the relationship 
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 2 2

3 max

3

4
eq rc c Z   (4.27) 

where max 2.5mZ , 
3 -3

3 0.0032 N.s .mc  and 
-12 rad.sr     

The equivalent linear damping coefficient obtained from Eq. (4.27) can be employed 

as the electrical damping coefficient in the mechanical domain of the VEH system. 

This implies that it can be used to determine the corresponding linear load resistance, 

linR  which causes the same mass displacement of the VEH system as the nonlinear 

load resistance, nlinR  thus 

 

2

eq

c lin

c
R R

  (4.28) 

where 
-13.2V.s.m  and 0.434ɋcR .  

 

With Eq. (4.28), the linear load resistance is determined as 16.01ɋlinR . The 

electromechanical model presented in Figure 4.11 is subsequently used to obtain the 

output spectrum, Z  and corresponding average power, avP  of the VEH system. This is 

initially performed at maximum excitation, maxY  for both linear (where L linR R ) and 

nonlinear (where L nlinR R ) load resistances. Then the same process is performed at 

an excitation level below the maximum e.g. max0.1Y . 

It is observed that both the linear and nonlinear load resistances produce the same 

relative displacement span, Z  and average power, avP  at maximum excitation, maxY  as 

shown in Figure 4.13 and Figure 4.14 respectively. Nonetheless, at excitations below 

the maximum level such as max0.1Y , the nonlinear load resistance delivers a 

significantly greater relative displacement span, and therefore produce more 

harvestable power compared to its linear equivalent. These are demonstrated in Figure 

4.15 and Figure 4.16 respectively. 
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Figure 4.12: Comparison between the time histories of the desired damping force (blue 

solid) and the actual electrical damping force (red dash). 
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Figure 4.13: Relative displacement for the linear and nonlinear VEH systems at maximum 

excitation, 
maxY . 
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Figure 4.14: Average power for the linear and nonlinear VEH systems at maximum 

excitation, 
maxY . 
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Figure 4.15: Relative displacement for the linear and nonlinear VEH systems at an 

excitation of 
max0.1Y . 
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Figure 4.16: Average power for the linear and nonlinear VEH systems at an excitation of 

max0.1Y . 

The electrical damping force, emf  is a function of the current, i  flowing through the 

energy harvesting circuit and it is also proportional to it, as expressed in Eq. (4.22). 

This also implies that the characteristics of the electrical damping force is influenced 

by that of the current. Similarly, the characteristics of the current is dependent on the 

characteristics of the load resistance, LR as indicated in Eq. (4.21). This, therefore, 

indicates the influence of LR  on emf  as deduced from Eq. (4.22). This explains the 

nonlinear characteristics observed, while employing a nonlinear load resistance, in the 

VEH circuit current and consequently electrical damping force as seen in Figure 4.17 

and Figure 4.18 respectively. However, both linear and nonlinear load resistances 

provide the same level and characteristic of induced open circuit voltage, emfv  at 

maximum excitation levels as shown in Figure 4.19. This causes both linear and 

nonlinear VEH systems to attain the same relative displacement span and 

consequently, to provide the same level of power.  In Figure 4.20, the load voltage 

across both linear and nonlinear load resistances are presented. It should be noted that 

the sum of the voltages across the coil resistance and load resistance (load voltage) 
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yields the induced open circuit voltage when the load resistance is connected across it, 

as given in Eq. (4.20). This is independent of the characteristics of the load resistance. 
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Figure 4.17: Time histories of the VEH circuit currents for the linear (blue dash) and 

nonlinear (red solid) VEH systems. 
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Figure 4.18: Time histories of the actual damping forces for the linear (blue dot) and 

nonlinear (red solid) VEH systems. 
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Figure 4.19: Time histories of the induced open circuit voltages for the linear (blue dash) 

and nonlinear (red solid) VEH systems. 
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Figure 4.20: Time histories of the voltages across the load resistance for the linear (blue 

dash) and nonlinear (red solid) VEH system. 
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Furthermore, while the currents across the nonlinear load resistance and its equivalent 

linear load resistance are in phase, as shown in Figure 4.17, the voltages across them 

are out of phase by 180o, as seen in Figure 4.20. This is due to the nonlinear 

characteristics of the nonlinear load, which is usually an active device such as diodes 

and transistors. Such devices are used in switching applications thus providing a 

nonlinear behaviour in power electronics. For a linear load, the voltage and current are 

proportional hence obeys Ohmôs law. However, for a nonlinear load, this is not the 

case as harmonics are induced into the current flowing in the circuit.  

 

4.6 CONCLUSIONS 

Motivated by the desire to improve the performance of vibration energy harvesters, 

this work has focused on the analysis, design and Simulink implementation of a 

nonlinear vibration energy harvesting system.  The nonlinear VEH system proposed 

here introduces a nonlinear cubic damping characteristic into the mechanical 

subsystem and its energy harvesting performance was compared with an equivalent 

linear VEH. It was established that at maximum excitation level, a nonlinear VEH 

system, and its linear equivalent, harvest the same amount of power. However, at 

excitations below the maximum excitation level, the nonlinear VEH outperforms its 

linear counterpart.  That is, it harvests significantly more power at the resonant 

frequency compared to its linear equivalent. A design of the mechanical subsystem of 

the VEH system was conducted and subsequently a Simulink model of the 

electromechanical system was developed. However, prior to the Simulink 

implementation of the nonlinear VEH system, an analytical study, design and 

optimisation of the system was initially conducted.   

A mathematical model of the nonlinear VEH system was formulated and analysed 

using a nonlinear system frequency analysis approach known as Output Frequency 

Response Function (OFRF). Subject to existing system constraint,maxZ , a nonlinear 

damping parameter, 
opt2

3c  was designed to enable the nonlinear VEH harvest the 

maximum average power, 
3| max 2av cP  possible. With the designed damping parameter, 

the corresponding (desired) damping force, 
*

emdf  was determined at the resonant 

frequency. The desired damping force characteristics was used to estimate the resistive 
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elements required to implement an electromechanical VEH system with the desired 

damping characteristics. With the estimated coil and load resistances, an 

electromechanical system of the nonlinear VEH system was simulated using the 

MATLAB Simulink program. The simulated electromechanical system provides 

clarity of the electrical domain characteristics of the nonlinear VEH system. This study 

provides an insight into the electromechanical design and implementation of a 

nonlinear VEH system. Future works will focus on the electrical load design and 

practical implementation, using DC-DC converters. It is expected that the proposed 

implementation will provide the same electrical characteristics as the nonlinear load 

resistance discussed in this work. It is noteworthy that the characteristics of the 

electrical damping force of a VEH system depends on the characteristics of the load 

resistance of the VEH system. This implies that a linear resistive load will generate a 

linear damping characteristic while a nonlinear resistive load will generate a nonlinear 

damping characteristic. 

In this chapter, the design and implementation of a nonlinear VEH system with 

damping nonlinearity was considered. It was demonstrated that integrating cubic 

damping nonlinearity to the dynamic model of the VEH system improved its 

effectiveness by increasing the available power. The system model here incorporated 

only damping nonlinearity, however, in the next chapter, both damping and stiffness 

nonlinearities will be considered.  

The key contribution of this research work is the novel application of the OFRF 

method in the analysis, design and optimisation of a nonlinear VEH system. In this 

study, a cubic damping characteristic was considered and a systematic way of 

proceeding from the design stage to implementation stage, was demonstrated. 
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Chapter 5: Analysis and design of a 

vibration energy harvester with 

damping and stiffness 

nonlinearities 

5.1 INTRODUCTION    

In the previous chapter, the study focused on the optimisation of a nonlinear vibration 

energy harvester with damping nonlinearity. An optimisation process was carried out 

to maximize the energy harvested by the VEH system. However, in this study, both 

damping and stiffness nonlinearities will be considered.  

Several works have been done towards broadening the operational frequency range of 

a VEH system beyond the resonant region [128], [133], [174]ï[178]. To broaden the 

operational bandwidth of a VEH system, [121] proposed the use of active tuning 

actuators to tune the frequency at resonance to the excitation frequency as long as the 

actuator does not require an external power source. Ramlan et al. in [126], 

demonstrated the possible benefits of nonlinear stiffness in energy harvesters. Two 

types of nonlinear stiffness were considered in the study. Using a bi-stable snap-

through mechanism, it was shown that more power was harvested compared to a tuned 

linear device for a given input excitation. However, with the second type, using a 

hardening spring, it was demonstrated that the bandwidth was extended further 

compared to an equivalent linear device. Su et al. showed in [168] that though a 

nonlinear Duffing energy harvester provides a wider bandwidth that it can also be 

optimised to maximise the available power. The authors in [175] suggested tuning the 

resonant frequency of a VEH system to align with that of the excitation frequency and 

the electrical damping set equal to the parasitic damping. Power electronics were 

employed here capable of adjusting the damping and resonant frequency thus 

improving its efficiency. Studies in [176] and [177] have focused on the comparison 

of the bandwidth for a Duffing-type energy harvester and a linear harvester. The results 

also confirmed the nonlinear harvester provided a larger bandwidth than the linear 

type. Most of the published works have compared the Duffing-type VEH and the linear 
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type. Moreover, several parameter optimisations have been suggested to achieve the 

desired results such as mechanical damping [176], electrical load [168], [177].  

Based on the findings in [134], as discussed in the last chapter, an analysis, design and 

optimisation of a nonlinear VEH system was conducted in [179] and [180]. While no 

mass-displacement constraint was considered in [179], this was considered in [180]. 

In these studies, an optimum cubic damping parameter was designed for a desired 

harvester energy, using the OFRF method. The OFRF of a nonlinear system is 

determined based on the nonlinear differential equation (NDE) of the system and it 

shows the relationship between the output spectrum of the system and its nonlinear 

parameters. It, thus, describes the system characteristics. The OFRF representation of 

the system studied in the previous chapter, was determined using the Least-Squares 

(LS) approach. However, this method requires several numerical simulations using a 

training set of values of the system design parameters, to obtain the respective system 

output responses [85]. 

Vazquez et al. in [181], based on the characteristic of the nth-order Volterra operator 

being a multi-linear function of a combination of input signals, modelled the behaviour 

of the Volterra operators by Associated Linear Equations (ALEs). These ALEs, as 

discussed in [181], [182], can be used as an analytical tool for the Volterra class of 

nonlinear systems. Based on this, it was further revealed in [183] that the ALEs for a 

Volterra class of nonlinear systems can be used to determine a more accurate OFRF 

representation of the system using a significantly lesser number of numerical 

simulations compared to the LS approach. 

 In this study, an analysis and design of a nonlinear VEH system is explored using 

OFRF representations of the system output spectra which are determined from the 

ALE decompositions of the nonlinear VEH model. In addition to using a nonlinear 

damping component to extend the average power of the VEH, a stiffness nonlinearity 

is also integrated to extend the frequency range of the harvester. 

A summary of key contributions in this chapter is highlighted below: 

¶ Investigation of a VEH system with both cubic and stiffness nonlinearities 

using the OFRF method. 

¶ Determination of an OFRF representation using ALE decompositions for the 

output spectrum and average power of a nonlinear VEH system. 
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¶ Demonstration of the effect of a nonlinear stiffness term on a nonlinear VEH 

system with cubic damping. 

Subsequent sections of this chapter are organised as follows: Section 5.2 presents the 

model formulation of the device; Section 5.3 shows the determination of the OFRF 

structure; Section 5.2 discusses the evaluation of the ALEs; Section 5.5 shows the 

determination of the OFRF using the ALEs; Section 5.6 provides results of the study 

and discussion and finally Section 5.7 concludes the chapter. 

5.2 DEVICE MODELING  

Given a single degree-of-freedom (SDOF) vibration-based energy harvester, as 

illustrated in Figure 5.1, having a suspended mass,m and an oscillating support-base 

with displacement ( )y t . The mass is isolated from the base by an isolation system 

modelled as a nonlinear damping system connected parallel to a nonlinear spring. The 

damping system comprises a mechanical viscous damping, 1c  and an electrical 

damping, 3c . The electrical damping arises from the electromagnetic force generated 

by virtue of the cubic load resistance connected across the EM damper. The linear and 

cubic stiffness coefficients are 1k  and 3k  respectively. 

m

( )x t

( )y t

3

1 3k z k z+ 1c z 3

3c z

Nonlinear

Load

 

Figure 5.1: SDOF of a vibration energy harvester with nonlinear stiffness and damping. 

 

The model of the SDOF VEH is an NDE and the equation of motion of the mass with 

respect to the relative displacement z x y  is given as 

 
3 3

1 3 1 3mz c z c z k z k z my  (5.1) 
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For a harmonic base displacement with amplitude,Y , frequency, and zero phase 

shift, the base displacement is given as sin( )y Y t . Therefore Equation (5.1) 

becomes 

 
3 3 2

1 3 1 3 sin( )mz c z c z k z k z m Y t  (5.2) 

The nonlinear damping device absorbs an instantaneous power equal to the product of 

the instantaneous damper force and relative velocity of the VEH [112]. Nonetheless, 

it yields an average power given as 

 ( )33

0

1
T

avP c z zdt
T
= Öñ   (5.3) 

For a single-frequency harmonic oscillation, where sin( )z Z t , this yield 

 4 4

3

3

8
avP c Z   (5.4) 

In addition, it can be deduced that since the output frequency response, Z of 

system (5.2) is a function of  and the nonlinear parameters,3c  and 3k , therefore, avP  

given in Eq. (5.4) is also a function of 3c , 3k  and .  The resonant frequency is the 

frequency of focus here as it is the frequency where maximum power absorption 

occurs. 

5.2.1 Effect of Nonlinear Stiffness on the harvester power 

It has been established in literature [128], [130], [133], [174] that a nonlinear hardening 

spring 3( 0)k  increases the  bandwidth of a vibration isolation system as depicted in 

Figure 5.2 as well as the available energy [184]. 

 

Figure 5.2: Effect of nonlinear stiffness on the resonant frequency  
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It is observed in Eq. (5.4), that an increase in the resonant frequency (frequency of 

interest) will result to an increase in the average power of the VEH system. 

5.3 DETERMINATION OF THE  OFRF STRUCTURE 

Firstly, the OFRF representations of the output spectrum of system (5.2), ( j )Z  and 

the harvestable power of Eq. (5.4), avP  are obtained in terms of the design parameters, 

3c  and 3k . It is observed that system (5.2) belongs to the class of Volterra system of 

Eq. (2.4) in subsection 2.4.3 of Chapter 2, with 3M  and 2L . The system 

parameters are obtained as 10(2)c m= , 10 1(1)c c= , 10 1(0)c k= , 30 3(000)c k= , 

30 3(111)c c= , and 
2

01(0)c m Y.  

If the set of monomials in the OFRF representation of the nth-order output 

spectrum of system (5.2) is denoted by M  and the complex-valued OFRF coefficients 

denoted by ( j ) , the OFRF representation can therefore be written as 

 ( j ) ( j )Z M   (5.5) 

Applying the algorithm, as presented in subsection 2.4.3 of Chapter 2, to obtain 

the OFRF monomials, M  up to the 7th-order, yields 

 

1

3 3 3

2 2

5 3 3 3 3

3 2 2 3

7 3 3 3 3 3 3

[1]

[ ]

[ ]

[ ]

c k

c c k k

c c k c k k

  (5.6) 

Therefore, 2 2 3 2 2 3
3 3 3 3 3 3 3 3 3 3 3 3

1

[1, , , , , , , , , ]
Ns

n

n

c k c c k k c c k c k kM   

It should be noted that for improved accuracy, higher orders can be considered. 

Furthermore, the OFRF representation, as stated in Eq. (5.5), which comprises the 

monomials obtained, as presented in Eq. (5.6), and its respective OFRF coefficients, 

| ( j )n r  (yet to be determined), can be represented in the form 

 OFRF | |

1

( j ) ( j )
NS

n r n r

n

Z   (5.7) 
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where 0,2, ,r h=  and h  is the maximum number of elements in n . Rewriting Eq. 

(5.7) yields 

 

OFRF 1|0 3 3|1 3 3|2

2 2 3

3 5|1 3 3 5|2 3 5|3 3 7|1

2 2 3

3 3 7|2 3 3 7|3 3 7|4

( j ) ( j ) ( j ) ( j )

( j ) ( j ) ( j ) ( j )

( j ) ( j ) ( j )

Z c k

c c k k c

c k c k k

  (5.8) 

Therefore, to determine the OFRF coefficients, | ( j )n r , the ALEs of system (5.2) is 

first computed up to the 7th-order. In the next section, the evaluation of the ALEs for 

an NDE system is shown. 

5.4 EVALUATION OF THE AS SOCIATED LINEAR EQUA TIONS 

For a nonlinear system of the Volterra class given by system (5.2), the following 

substitutions can be made 

 
1

( ) ( )n

n

z t z t
¤

=

=ä   (5.9) 

Rewriting system (5.2) in a general form by leaving all the linear elements on 

the LHS and substituting Eq. (5.9) yields 

 

1 1

1 1 1

2

3 1 3 1

sin( )

n n n

n n n

j jLL

j n j n

j n j n

m z c z k z

m Y t c z k z

  (5.10) 

The ALEs of system (5.10) can be obtained for the nth-order, for 1,2, , Nn S=

, where NS is the maximum order of the system nonlinearity considered, as 

demonstrated in [181], thus 

 1 1 1 1

1

1

1 1

1

1

1 1

1 1 1

2

13

1 3 1 1 0

13

1 3 1 1 0

sin( )

N N N

i i lN

i l

i l

iN

i l

i l

S S S

n n n

n n n

n j n l i j j n j j jS n

j j j j

n j j j j

n j n j i j j nS n

j j j j

n j j j j

m z c z k z

m Y t

c z z z

k z z z
1 1i ij j j

  (5.11) 
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where the summation of all  the sub-indices of jz and jz on the RHS has to equal n  

i.e. ( )1 lj j n+ + = and ( )1 lj j n+ + =. In computing the ALEs, the low-order 

output responses contribute to the immediate higher-order responses up to the 

maximum order considered.  

For an estimation of the total output responses up to the th-orderNS  and its 

corresponding output spectrums, 

 
1

1

( ) ( )

( j ) ( j )

N

N

S

n

n

S

n

n

z t z t

Z Z

  (5.12) 

For 7NS = , the following ALEs are obtained 

 

2

1 1 1

3 3

3 3 3 3 1 3 1

2 2

5 5 5 3 1 3 3 1 3

2 2 2 2

7 7 7 3 1 3 1 5 3 1 3 1 5

sin( )

3 3

3 ( ) 3 ( )

mz cz kz m Y t

mz cz kz k z c z

mz cz kz k z z c z z

mz cz kz k z z z z c z z z z

  (5.13) 

The continuous-time output response of system (5.2) and its corresponding output 

spectrum, where ( ) ( ( ))n nZ z tj fft  , are respectively expressed as 

 
1 3 5 7

1 3 5 7

( ) ( ) ( ) ( ) ( )

( j ) ( j ) ( j ) ( j ) ( j )

z t z t z t z t z t

Z Z Z Z Z
  (5.14) 

The cumulative structure of the individual nth-order ALE contributions up to the 7th -

order is presented in Figure 5.3. Similarly, Figure 5.4 shows the output spectrum for 

each nth-order contribution of the ALE decompositions up to the 7th-order. It is 

observed that at resonance there is a significant contribution by the various 

decompositions. 
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Figure 5.3: A representation of the individual ALE contributions to the general output 

response of system (5.2). 

 

 

0 0.5 1 1.5 2
10

-10

10
-8

10
-6

10
-4

10
-2

10
0

1st - Order

3rd - Order

5th - Order

7th - Order

O
u

tp
u

t 
re

s
p

o
n

s
e
, 

in
 l
o

g
 s

c
a
le

 (
m

)
Z

Normalisedfreq, ( )n  

Figure 5.4: Graph of individual nth-order ALE contributions to the output response of 

system (5.2) at the fundamental frequency. 
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5.5 DETERMINATION OF THE  OFRF USING THE ALES 

Equation (5.14) shows the output spectrum of system (5.2) determined from the 

fft of the ALE contributions obtained. The nth-order output spectrum of each ALE 

contribution is equal to the corresponding nth-order component of the OFRF 

representation thus 

 

ALEs OFRF

| |

1 1

( j ) ( j )

( j ) ( j )
N NS S

n n r n r

n n

Z Z

Z
  (5.15) 

From Eq. (5.15), it can be deduced that  

 

1 1|0

3 3 3|1 3 3|2

2 2

5 3 5|1 3 3 5|2 3 5|3

3 2 2

7 3 7|1 3 3 7|2 3 3 7|3

3

3 7|4

( j ) ( j )

( j ) ( j ) ( j )

( j ) ( j ) ( j ) ( j )

( j ) ( j ) ( j ) ( j )

( j )

Z

Z c k

Z c c k k

Z c c k c k

k

  (5.16) 

Subsequent analysis in this study has been done using the following system 

parameter values; 1kgm= , 
-1

1 25 Nmk =  , 
-1

1 2 Nsmc = , 0.05mY= , 
-15radsn ,

/ n .  

To obtain the OFRF coefficients up to the 7th-order, five simulations are required using 

five different values of 3 3( )rc c and 3 3( )rk k  { where 1,2,3,4,5.r }  as given in Table 

5.1. 

Table 5.1: Simulation (Training) values of model design parameters 

Model 

nonlinear 

parameter 

Sim1 

value 

Sim2 

value 

Sim3 

value 

Sim4 

value 

Sim5 

value 

3 -3

3 (N.s .m )c  0.300 0.325 0.350 0.375 0.400 

-3

3 (N.m )k  0 55 110 165 220 

The OFRF coefficients can be determined for any frequency of interest using Eq. 

(5.17) given as 



  

Chapter 5: Analysis and design of a vibration energy harvester with damping and stiffness nonlinearities 102 

 

1|0 1

1

3|1 31 31 31

3|2 32 32 32

1
2 2

515|1 31 31 31 31

2 2

525|2 32 32 32 32

2 2

5|3 33 33 33 33 53

( j ) ( j )

( j ) ( j )

( j ) ( j )

( j )( j )

( j )( j )

( j ) ( j

Z

c k Z

c k Z

Zc c k k

Zc c k k

c c k k Z

1
3 2 2 3

7|1 7131 31 31 31 31 31

3 2 2 3
7|2 7232 32 32 32 32 32

3 2 2 3
7|3 7333 33 33 33 33 33

3 2 2 3
7|4 7434 34 34 34 34 34

)

( j ) ( j )

( j ) ( j )

( j ) ( j )

( j ) ( j

Zc c k c k k

Zc c k c k k

Zc c k c k k

Zc c k c k k )

  (5.17) 

Therefore, the ALE-generated OFRF representation of the output spectrum of system 

(5.2) can be expressed as 

 

2

3 3 1|0 3 3|1 3 3|2 3 5|1

2 3 2

3 3 5|2 3 5|3 3 7|1 3 3 7|2

2 3

3 3 7|3 3 7|4

( j ; , ) ( j ) ( j ) ( j ) ( j )

( j ) ( j ) ( j ) ( j )

( j ) ( j )

Z c k c k c

c k k c c k

c k k

  (5.18) 

The OFRF coefficients of Eq. (5.18) have been determined using the ALEs approach. 

The benefit of using the ALEs approach is that the number of numerical simulations 

required to determine the OFRF of the system is significantly reduced. To obtain the 

respective OFRF representation of the average power harvestable by the VEH system 

via the nonlinear damping system, the OFRF representation of the output spectrum in 

Eq. (5.18) is substituted in Eq. (5.4) to yield 

 
44

3 3 3 3 3

3
( , , ) ( j ; , )

8
avP c k c Z c k   (5.19) 

The OFRF representation of the quartic magnitude of the output spectrum, 

4

3 3( j ; , )Z c k can also be derived and represented in a polynomial form as 

 
7

4

3 3 , 3 3

0 0

( j ; , ) ( )
n

m n m

m n m

n m

Z c k c k   (5.20) 

where 7N=  is the maximum nth order nonlinearity while ,m n m are functions of 

frequency and represent the OFRF coefficients of 
4

3 3( j ; , )Z c k . 
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Therefore, the average power can be represented as 

 
7

4 1

3 3 , 3 3

0 0

3
( , , ) ( )

8

n
m n m

av m n m

n m

P c k c k   (5.21) 

The OFRF-based results are obtained and compared with that determined using the 

Runge-Kutta 4 algorithm (ODE45 in MATLAB) for the output spectrum of system 

(5.2) and the average power harvestable by the VEH system. The comparisons were 

conducted for different combinations of parameter values beyond the training set for 

3c  and 3k . The results are presented in Figure 5.5 and Figure 5.6 for the pair of 

parameters,
3 -3 -3

3 30.45 N.s .m , 250 N.mc k and 
3 -3 -3

3 30.25 N.s .m , 270 N.mc k

,  respectively.  

5.6 RESULTS AND DISCUSSION 

The OFRF representation of the output spectrum, Z  of system (5.2) was derived using 

the ALE decompositions evaluated from the same system. The OFRF representation 

of the output spectrum was subsequently used to estimate the average power absorbed 

by the electromagnetic damper. This was performed for a pair of nonlinear parameter 

values, 3c  and 3,k beyond the range over which the OFRF representation was 

determined i.e. 
3 -3

3 [0.3, 0.4] N.s .mc  and 
-3

3 [0, 220] N.mk . As observed in Figure 

5.5 and Figure 5.6, the OFRF representation accurately represents the actual output 

spectrum and average power of the VEH respectively. These results clearly 

demonstrate a good match between the OFRF representation and the more accurate 

numerical simulation result. This demonstrates the benefits of the OFRF methodology 

as it evidently describes the system dynamics over the entire spectrum. Note that the 

wobbles observed around the resonant regions in Figures 5.5 and 5.6 are due to the use 

of parameters beyond the design (training) range. Using parameters further beyond the 

design range (marginally) will cause the system to approach instability. 

In the implementation of such a nonlinear VEH system, the cubic damping 

nonlinearity can be contributed by an electromagnetic damper whose characteristics is 

dependent on that of the load resistance in the energy harvesting circuit. The hardening 

stiffness nonlinearity can be incorporated by the application of magnetic springs 

whereby a mass of permanent magnet is levitated between two stationary magnets 
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[185]. However, such magnetic springs can also contribute a damping component 

typically referred to as magnetic damping [186].  
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Figure 5.5: ALE-OFRF vs numerical simulation results for the output spectra and average 

power respectively at 
3 0.45c and 

3 250k .  
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Figure 5.6: ALE-OFRF vs numerical simulation results for the output spectra and average 

power respectively at 
3 0.25c and 

3 270k . 
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5.6.1 Effects of hardening spring on VEH systems with cubic damping  

Hardening spring nonlinearities have been integrated into standard linear harvester 

devices to expand the bandwidth over which power is harvested which is due to a shift 

in the resonant frequency to higher frequencies [133], [145], [174], [176]. To 

demonstrate the effect of integrating a hardening-type stiffness characteristic to the 

dynamics of a VEH system with cubic damping nonlinearity, numerical studies are 

conducted. The integration of a hardening spring effect can be implemented by 

employing magnetic springs [186], [185]. Using the OFRF representations expressed 

in Eqns. (5.8) and (5.19), the effect of the stiffness parameter, 3k  can be observed in 

Figure 5.7. It is clearly seen to extend the operational bandwidth of the nonlinear VEH 

system due to the shift in the resonant frequency of the output spectra. The operational 

bandwidth of the VEH system with and without stiffness characteristic are given as 

2  and 1  respectively. In addition to this, an apparent increase in the dynamic 

range of the nonlinear VEH system can also be observed. This is logical as the average 

power of the nonlinear VEH system, given in Eqn. (5.19), is a function of the excitation 

frequency, . Much of the current literature focused on increasing the bandwidth of 

linear devices with the integration of a hardening stiffness and compared the duffing-

type harvesters with standard linear harvesters.  

This study incorporates a hardening stiffness to a VEH system with cubic damping 

nonlinearity. Nonetheless, a comparison of the VEH with damping and stiffness 

nonlinearities against a linear system has not been considered here. This is due to the 

unavailability of a basis for such comparison to be made. Such a comparison has never 

been reported for VEH devices with damping and stiffness nonlinearities to the best of 

my knowledge.   

Furthermore, most studies in literature considered the Duffing-type harvesters that 

exhibit the jump phenomenon and they were majorly designed to operate within the 

larger stable branch. Nevertheless, it is imperative to note that if the VEH model 

experiences a jump phenomenon, the sum of the ALE decompositions will not 

converge to the actual output spectrum around the jump region. Therefore, the OFRF 

representations will poorly describe the actual output spectra of the system and, 

consequently, will be inappropriate for system analysis and design. However, this 
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problem is solved here due to the presence of both linear and nonlinear damping 

characteristics. 
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Figure 5.7: Effect of hardening stiffness on the output spectrum and average power of the 

nonlinear VEH system. 
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5.6.2 Optimisation of an unconstrained nonlinear VEH system 

Using the OFRF representation of the average power as determined in Eq. (5.21), an 

optimisation problem can be formulated as; 

 
3 3

3 3
,

3

3

max ( , , )

0.3 0.4
s.t.

0 220

av r
c k

P c k

c

k

  (5.22) 

The solution to the unconstrained optimisation problem is simple and can be 

determined using the MATLAB fminsearch or fmincon function. Moreover, using the 

OFRF representations of Eqns. (5.18) and (5.21), the relationships between the design 

parameters, 3c , 3k  and the output spectrum and average power can be established. 

These are presented in Figure 5.8 and Figure 5.9. It can be deduced from Figure 5.10 

that the average power is significantly sensitive to the nonlinear stiffness characteristic, 

3k  and less sensitive to the nonlinear damping characteristic, 3c .  
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Figure 5.8: Output spectrum of system (5.2) versus a variation of 
3c and 

3k  at 1. 
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Figure 5.9: Average power of VEH versus a variation of 
3c and 

3k  at 1. 

 

 

Figure 5.10: Y-X view of the Average power of VEH for a variation of 
3c and 

3k  at 1. 

 














































































