APPLICATION OF NONLIN EAR SYSTEM
FREQUENCY ANALYSIS AND DESIGN TO
VIBRATION ISOLATION AND ENERGY

HARVESTING

Diala. H. Uchenna

Primary sipervisor: Professor ZDiang Lang

Submitted in fulfilment of the requirements for the degree of
Doctor of Philosphy

Department of Automatic Control and Systems Engineering (ACSE)
Faculty of Ehgineering
University of Sheffield
2019






Keywords

Vibration Isolation System, Vibration Energy Harvester, Output Frequency Response
Function (OFRF), Associated Linear EquatiofALE), Electromagnetic vibration
energy harvesters, Electromagnetic Damper




Abstract

Vibrationis naturally present in the environment including engineering systems
and structures. The presence of vibration can be beneficial or destructive, depending
on the nature of theaffected system andiso the level olvibration. Vibrations at
dangerously high levels can be redutgdthe addition of some energy dissipation
elements (dampers) or/and energy storage elements (spiitrger)gy dissipation
elements, sth as damperslissipate some of these destructiwechanicalibrations
as heat However, mechanical spring systems absorb and store this mechanical

vibration energy as potential energy.

Nonlinear analysis is primarily applied in system analysis and desif
engineering systems. Many methods are available to perform this purpose including
averaging method, perturbation method, harmonic balance and the recently developed
Output frequency response functi@FRF)

The studies presented in this tlsefgsicuson the application of nonlinear system
frequency domain analysend design to vibration isolation and energy harvesting
systemsThe OFRF method is the analytical and design tool adopted for all studies
presented in this thesis. This method is chosenaiteadvantage over other methods.
This is because the OFRF reveals a significalationshipbetween the system output
spectrum and the parameters that define the system nonlinearities. Therefore, it can
facilitate a systematic analysis, design andineigation process which other

approaches are unablertalize

Thefirst study considered in this thesis iraquency domain analysis, design
and optimisation of aehicle suspension systewhich isillustrative of a vibration
isolation systemin this study, the suspension system is analysed and designed based
on a performanceriterion The main aim of the study is to minimise the transmitted
vibration force to a tolerable level. At the specified level, some of the vibration energy
is dissipated abeat by the damping system. However, this energy can be harvested
into electricity a process known as energy harvesfligs leads to subsequent studies

in this thesis.




The next study considers a vibration energy harvester system with nonlinear
cubic danping characteristic. In this study, a coptes investigated, using the OFRF
method, which increases the average power harvested by the harvesting device
compared to an equivalent linear harvesfar. extension of this study is further
considered with theddition of a nonlinear hardening stiffness element to primarily
broaden the operational bandwidth of the harvesting device.

A final study is then considered where a diuaiction system is investigated.
The primary function of the system is vibrationl&mmn while its secondary function
is energy harvesting.-hesystem is therefore calledduatfunction vibration isolation
and energy harvester system. This system is optimised for the begurlttain

performance subject to existing constraints.

For dl the systems considered in this thesis, nonlinearities have been integrated
into the existing systems to improve their performance, correspondingly, based on a
selected criterionin addition, the OFRF method has been employed in the analysis,

design andaptimisation of all the systems considered.
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Chapter 1: Introduction

This chapter outlines the backgroundSactionl.1, thecontextof the research
in Section1.2 and he research objectives Section 1.3, Sectionl.4 describs the
significance and scope of this research and providesti@ismof terms used. Finally,
Sectionl.6includes an outline of the remaining chapters of the thesis.

1.1 INTRODUCTION

1.1.1 Background

Vibration can be dgcribed as the repetitive motion of a body relative to a hominal
position of equilibrium[1]. It is a natural phenomenarmcurring in different aspects

of life. For example, the human body naturally vibrate at varying frequencies. The
heart and lung undergo low frequency vibrations while the ear undergoes high
frequency vibration. Inanimate objects like machines with rajgparts can vibrate

due to an unbalanced dynamic system structure during normal opeiaiio8sich
vibrations are und@sble as they can cause harmful effects to the machines or the
user. Examplesof machines that exhibit vibrationmiclude washing machines,

ventilators, turbines etc.

Structures such abuildings and bridgesalso experience vibration®r different
reasms which could include; presence of operational machinery in the environment,
movements of vehicles amkople, earthquakes and winthese stress oscillations
due to vibrations can lead to fatigue failure of the structural assembly. Stristtanes

as buidings andbridges, can suffer a collapse under sevebeations caused by
earthquakes anslind. Similarly, machinesuch as automobiles anéshing machines

can experience a fault due to vibration effects over a period of time.

Micro-vibrations are low @plitude vibratons generated in structures such as
Space systems.hEse vibrations need to be isolated as they can severely degrade the
performance of sensitive machineis Space stations and shuttl&sch effects can
happen while taking high precisiopace measurements using precision instruments
like an electron microscope, special sensors etc. Such vibrations could result to poor

measurement readings and eventually pesults frondata analysi§l], [2].

Chapter 1introduction 1



1.1.2Vibration Isolation

Vibration isolation involves the reduction in the levels of unwanted and
undesirable vibrations transmitted within engineering structures and machiReries
several decaded)is hasbeen a challenging task for engineers. A vibration isolation
system(VIS) consiss of the body being isolated, the supporting foundation and the

vibration isolators positioned between the body and the found&iion

To quantify the effectiveness or performance ¥1%, a key performancedex
call ed oO6transmissibil ity oforaferceexsteddvlS, Under har

force transmissibility is the ratio of the magnitudes of the foreesinited to the base
structure f,(t) , to the excitation forcef., (t) , i.e. T =‘ fom fin‘ . Similarly, for a base

excited MS, the absolute displacement transmissibility is the ratio of the retps

of the masslisplacementx(t), to the basestructure displacementy(t), i.e.
Ty =M/ ‘ )4 , at a specific frequency ofteres4]. Figurel.l illustrates both excitation

types.
1:in (t)

(@) (b)

N N

fo (1)

T 1 o

Figure 1.1: Schematic diagram of a (a) foregcited (b) basexcited vibration isolation
system

Many vibration isolation methods have been proposed and desigoegver
threemajormethodshave been widely studied. These methods include; Passive, semi

active isolatiorand fully active These methods are now discussed in turn.

Passive vibration isolation
Thisvibrationisolation method refers to timaitigationof vibration disturbanes

using passive techniques such as rubber pads, elastomers, mechanical springs, fluids
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or negativestiffness components. Implementation of a passive isolation system
requires no external power source for its functionality.cénventional passive
vibration isolator also includes a high performance damper such as-elestic
composite dampers or viscous fluid damgbtswvhich dissipates the vibration energy

as heat. Though this method of isolation performs well at high frequencies as it
prevents the transmission of high frequency disturbantegqerformance at low
frequency range is quite po@j[6]. The amplification at resonance can be reduced by
increasing the damping of the systelnmwever high frequency isolatiors degraded

[7]. This inheent limitation of the passive isolation method motivated the investigation
of controlled suspension systems like the active and-aetivie methodsA schematic

diagram of aypical passive vibratiorsolation system is shown Kigurel.2(a).

Active vibration isolation

This method aims at improving vibration isolation performance with the
application of an actuator in the isolation interface and sensors at the end of the
transmission route with a feedback conteollguiding the actuator. The actuators and
sensors are used to provide control force and feedback signals respectively thereby
ensuring a good isolation performance at both low and high frequency regions. In this
isolation method, the isolator stiffnessdasiamping are made adjustable to improve
the isolation performance through active feedback cof@j®[11]. However, this
method has some limitations suclcamplexity,cost (due to the need for conditioning
electronics for the sensors and power electronics for the actuator) and external power
source for the actuators.schematic of a typical fully active vibration isolation system
is shown inFigure1.2(b).

Semtactive isolation

In this isolation method, the benefits of both passive and active isolation methods
are combined while avoiding their drawbacks. Saagtive isolation elements provide
the adaptability of active isolatioelements with no external power requirement. In a
semtactive vibration isolatorfor example,the damper is typically replaced by a
controllable, electromechanical, adjustabtéice valve with dissipative characteristic
[12]i[16]. As a result of its high reliability, minimal sband comparable performance
to the active isolators, they are more widely accepted in ut@retive industryA

schematic of &ypical semiactive vibrationsolation system is shown kigurel.2(c).
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Figure 1.2: Schematics ofibration isolation methods (a) passive (b) fully active and (c)
semiactive.

Vibration isolation elements generallpmprise a spring and damper and are
both assumed to be massless. The vibration energy generated by the seismic
disturbance is absorbed the sping as potential energy bdissipated by the damper
as heat energyHowever, tle vibration energy caralso be converd from its
mechanical form to asefulform such as electrica&nergy This conversion process,
known as vibration energy harvees, is a subset of energy harvesting which is the
process of garnering electrical energy from ambient eneviyration energy
harvesing employsoneor moreof three main transduoh mechanisms as discussed
in Sectionl1.1.2

1.1.3Vibration Energy Harvesting

Energy harvesting is the conversion of ambient energy from the environment to
electrical energy. Some ambient energy sources include heat, radio wave, light energy,
vibration etc. In recent years, energy harngshas received considerable attention
due to advances in power electronics and-pmwered wireless sensofs7]. The
interest in enggy harvesting is growingince the era of the Internet of Things (loT)
which targets microelectronics and wearable technologies. Although there are many
different ambient sources of energy, this study focuses on ambient vibration as a source

of energy.

Vibration sources such dsiman motion, ocean waves, seismic activities are
capableof delivering harvestable mechanical energy that can be used for powering
miniature electronic418]. This energy can be extracted by utilizing one or an

integration of different transduoth mechanisms. There are three basic transduction
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mechanisms namely; electrostatipiezoelectric, and electromagneticenergy
harvesting

Electrostatic energy harvesting

The Electrostatic transduction technology employs a variable capacitive device
and exjhoits the relative movement between the electrically isolated capacitor plates
to produce energy. The distance between the plates of the variable capacitor vary (or
the area of the plates are adjusted) in response to external motliesng an
application of mechanical energfl9], [20]. The effect of the variation in distance
between the plates causes a changmpacitance thusausing an increase in voltage
in a constrained @rge system or an increase in charge in a constrained voltage system
[20]. This enables the conversi of mechanical energy, generated from the relative
motion, to electrical energy according to the principle of electrostatisehematic of

atypical Electrostatic energy harvester is shawFigure1.3(a).

Piezoelectric energy harvesting

Piezoelectricity is acoupling methodbetween the mechanical and electrical
behaviours of a specific class of ceramics and crydtatsan as ative materials). A
piezoelectric material generates an electric field when under mechanical stress/strain
[21]. Thistransduction mechanisas shown ifFigurel1.3(b) has recently received the
greatest attention compared to the other two. This is largely due to their large power
densities and ease of application compared tottiex transduction mechanisfj2?].
Another benefit of the piezoelectric transduction mechanism over the other two is the
possbility of producing piezoelectric devices in maces well as micrescale due to

its well-established thick and thiiilm production techniques.

Electromagnetic energy harvesting

Most el ectromagnetic generator damoper at
of electromagnetic induction. Electromagnetic induction is the generation of electric
current within a conductor placed across
rate of change of the magnetic flux Kage of the circuit is proportionab the
electromotive force (EMFor voltage induced in a circuj23]. This is typically
realisedusinga deviceasdescribed irFigurel.3(c). The concept of realisati@nables
a permanent magnet to be excited by the ambient vibration thus causing a relative
motion between the magnet and the coil wound around the outer block of the device.
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The relative motion causes a timarying magngc flux which results to an EMF
being generated across the coil terminals.

In this thesis, thdiscourse on energy harvesters Waltus onelectromagnetic energy
harvesters and accordinglysignificant parof the literature review will concern this

transduction mechanism

+
Piezoelectric materidte=—

Motion] electrod

electrod
Stress/StraifF—————
(b)
Peeeseccccccccccacoan. .
LI, VAV, '
' r '
] ]
] ]
] ]
] ]
Energy |! '
harvesting ! . :
circuit || .
b [Vem :
] ]
] ]
] ]
] []
(] (]
teccccccccccccccccnnns :

(c)

Figure 1.3: Schematic diagram of (a) electrostatic (b) piezoelectric (c) electromagnetic
transducers

1.2 CONTEXT

Vibration isolation and energy harvesting involwe/o processes. The first
encompasses the isolation of an object from the adverse effect of ambient vibration
using several configuratignof isolation elements. The secofehergy harvesting

entais the caoversion ofvibration energy to electrical energy. Vibration isolation

systems are usually designed for frequencies within the isolation rangez,(ﬁ)
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whereas vibration energy harvester (VEdystems are typically designed to operate

within the resonant regiomheremaximum power is harvested.
The focus of this thesis concerned with threstudieswhich are:

(a) Analytical study, design and optimisation of &éMtion Isolation System
(VIS) e.g. a vehicle suspension systémthis study, a VIS iglesigned in the form of
a vehicle suspension system whereby the main objedtived minimise the
transmission of vibration force from the source of aituam to the object to be

protected.

(b) Analysis, design and optimisation oV&bration Energy HarvesteNMEH)
system with nonlinear damping characteristicis studycomprises the investigation
of an approach to increase the average power harvested by a VEH system by
integrating a cubic dampingharacteristic. A further extension to thstudy was
considered by including a nonlinear stiffness characteristic to broadepérational
frequency range.

(c) Thefinal study considered a dufilnction system a Vibration Isolation and
Energy Harvester (VEH) system. The proposed system hgwsimary function of
isolating vibration and a secondary function of harvesting any available efiéeyy.
need forduakfunction systems capable of isolating vibrations and simultaneously
harvesting available energy hageived significant interest latelhis is majorly due

to advancement in micrelectremechanical systems (MEMS) application.

For all threestudies, he effect of deliberately integratingnlinearities in the
dynamic characteristics of each corresponding system of inteeegbl@ed.This is
conducted to improve the performance of the system of concern based on selected
performance metricS herefore, the studies considered in this work can be classified
into; Vibration isolation systems, Vibration energy harvesting systems and Dual
purpose vilation isolation andenergy harvesig systems.These are explored
comprehensively in Chaptersg3respectively

The generic models of these systems are of the Nonlinear Differential Equation
(NDE) form. Analytical tools employed for the study @ich systems include the
methods of averagin@4], perturbatiorj25], multiple scale$26], [27] and Harmonic
Balancg28], [29]. For the studies proposed in this thesis, a frequency domain analysis,

design and optimisation will be conducted using the recently developed Output
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FrequencyResponse Function (OFRF) meth{®0D], [31]. The use of the OFRF
approach is more beneficial #sdefines, analytically, a relationship between the
output spectrum of the system and the system paramétersefore, it facilitates

systematic analysis, design and optimisation process

1.3 RESEARCH AIMS AND OBJECTIVES

The adverse effects of environmental vilma on engineering structures has
been established arskveraltechniques have been developed to efficiently isolate
these vibrations. However, recently, there has been more fodevelopingefficient
methods of converting thebration energy into ugel electrical energy. The studies
investigated in this thesis foces bothisolationof environmental vibration energy
from engineering structureand also the conversionof this energyinto electricity
Therefore, the research goafghis work ardo investigateapproachet improve the
performancs of avibration isolation system, vibration energy harvesting system and
a duatpurpose vibration isolation and energy harvesting systéath chapter
investigates a different systerilowever, while Chapter 3 considers wehicle
suspension system, Chapterantl5 considergorimarily vibration energy hansters
and finally, aduatfunction device is considered in ChapteTBe objectivesequired

to realise these goals are highlighteda®ws.

1 Vibration isolation system This stidy examinesa vehicle suspension system
which is representative of a vibration isolation systatlthough previous studies
have investigated a similar systelittle attentionhasbeen given to the energy
dissipaion process of such a ¢gm. Therefore, the main objective of thstudy
is to investigatehe energy dissipation process of the proposed suspension system
based on the derived OFRF madeis demonstrated that, using the OFRF model
of the suspensionystem, an estimate of the energy dissipation level, of the
designed suspension system, can be obtaiftegltasks involved for this study

are outlined as follows
- Derive an OFRF representation of the output spectra afytemof interest.

- Demonstratelte accuracy of the OFRF representation in describing the actual

system.
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- Analyse, design and optimise thération suppression performance with
respect to the design paramet@rsing the OFRF representation)

- Ensure thalesign criterias met undeexising constraints

- Compare and e@monstrate that the designed system outperfothes

correspondindinear suspension sysh

- Derive an OFRF representation of the energy dissipation level of the

suspension system.

- Analyse the energy dissipation level of thegmsed suspension systesing

the OFRF representation

- Demonstrate the effecof the design parameters on the energy dissipation

level of thesuspensiolsystem.

Thevibration energythat isdissipatedas heatby the suspension systenan be
harvestednto electricity. This is known as vibration energy harvesting arl it
examinedn Chapter 4.

1 Vibration energy harvesting system This study investigatesfirstly, an
approach to increase the average power harvested within a constrained bandwidth
The objective of this study is to employ tH@FRF method, for the first time, in
the analysis, design and optimisation oflaH system with nonlinear damping
characteristicsln addition, a systematic design procedwik be demonstrated
from analysis to impl@entationstage for the design of th& EH system.The

following tasksareproposed to achieve the objectiwkthis study.

- Derive an OFRF representation of the VEH system of intebeshonstrate
that the derived OFRF representation precisely descrthes output
characteristicef the real system.

- Analyse, design and optimise the VEkstem with respect to a nonlinear
damping characteristic parameter integrated into the sydtbis.is to be

conducted for two cases; without constraint and with constraint.

- Compare andanonstrate that the nonline@esign outperfons an equivalent

linear device by harvesting more power at several excitation levels.
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- Further develop an electromechanical representation of the actual VEH
system.Show the electrical characteiist of the VEH design.

An extensbn of this study is also presented wilte integration of a nonlinear

hardening stiffness characteristmarameter This is required to extend the

operational bandwidth of the VEH systeifthis is the first effort, to thedst of

the authorods knowl ed g e simuttaoeouslynteggated i gat e a
with both nonlinear cubic damping and stiffness characteriskios.following

tasksare proposed for this study.

Derive an OFRF representation of the output spectraefattual system
using the Associated Linear Equation (ALE) decomposition method.

- Demonstrate the effectiveness of the derived ALE generated OFRF (ALE
OFRF) representationShow it accurately dscribes the system output

characteristics

- Analyse, desigrand optimise the system usirtpe design parameters and

performance metricsf interest

- Show the effect of the integrated hardening stiffness parameter on the
operational bandwidth of the VEH device with respect to the average power

harvested.

71 Dual-purpose vibration isolation and energy harvesting systemThis study
proposes a dudlnction device capable of isolating vibration (primary function)
and also harvesting available energy (secondary funciibig study is motivated
by the increasing intereshiselfpowering devices. The objectivgere is to
analytically investigate the duéiinction VI-EH device, which is, to the best of
the authorés knowledge, the first effort t

proposed study am@utlined lelow.

- Determine the OFRF representation of the output spectra of the actual system
for each excitation leveDemonstrate that the OFRF representation correctly
defines the actual systematacteristics.

- Validatethat the analytical model (OFRF) matches the expsrtal model.

- Analyse, desigrand optimise the system usitige design parameteand

consideringeach excitation level
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- Investigate a comprehensive optimisation process while considering all

excitation levels simultaneously.

- Show the effects fothe resistve loadon the desired performance metrics of
the VEH system.

It should be noted thaté systera considereth this thesisareanalysed, designed and
optimised for the chosen parameter(s) of interest to achieve an improved performance
based on the chosgrerformance metricdn addition, only dd orderstiffness and
damping nonlinearitiesare considered due to their established effectiveness in

nonlinear system design

1.4 SIGNIFICANCE AND SCOPE

Several sources of vibration such wsd, human motion, machés etc. can
generate pulsations that are capable of either adversely affecting the performance of a
device or causing destructive effects on engineering structures. These unwanted
vibrations can cause problems like measurement errors in sensitive medsuviteg,
rotation imbalance in rotating machinery, dynamic instability or fatigue cracking in
engineering structures. The ndedlevelop efficient methods for the isolation of these
unwanted vibrations cannot bemphasizedenough While different isolabn
techniques have been developed to mitigate the effects ofthesmtedvibrations,
methods have beeastablishedto capture and iise the vibration energy. The
significance of theesearclstudies reported in thteesisis that itinvestigates way®
enhancethe peformance of vibration isolation systes and vibration energy
harvesting systems These systems are represented in diverse configurations
depending on its key function. For example, the study reported in Chapter 3, which is
a vehicle sysension system is representative of a vibration isolation system. The
suspension system considered is analysed, designed and optimised based on desired
design criteria to improve its isolation performanda. addition to this, an energy
dissipation analys is also performed which can be employed as a performance metric
as well. The systems considered in Chapters 4 and 5 are represaftatwibration
energy harvesting system. However, based on the specific model formulation which is
dependent on therhancementseededcertain nonlinear components are introduced

to realizethe desired performancen Chapter 4, a nonlinear damping parameter is
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introduced to increase the dynamic range of the detlogever in Chapter 5, a
nonlinear hardening stiffnesgas introduced to a model similar to that formulated in
Chapter 4, to extend thaperatingbandwidth of the devicdn Chapter 6, a dual
purpose device is formulated to concurrently perform the functions of a vibration
isolation system (primary) and a vation energy harvesting system (secondary). The
system is designed and optimised to provide the best performance possible.

1.5 SUMMARY OF CONTRIBUTIONS

A brief summary otcontributians in this thesis are outlined follows:

x Chapter 3
The major contributionof the study presented in this chapter is the novel
investigationof the Energy dissipation el of a designed vehicle suspension
systemusing the OFRF method his also involveda Hysteresisanalysis of the
vehiclesuspension system based on the OFRigdessing the OFRF method, it
was demonstrated that the energy dissipation level, for a designed vehicle
suspension system, can be estimalée. effect of each nonlinear design parameter
was also demonstrated.

x Chapter 4
The major contribution of the remeh work presenteid this chapteris the novel
application of the OFRF method ithe analysis, design and optimisatiarf a
nonlinea®vVEH systemin this study a cubic damping characteristic was considered
and a systematic way of proceeding from theiglestage to implementation stage,
is demonstrated.

x Chapter 5
In this chapter, and for the first tim@, VEH deviceis investigatedwith the
integration ofboth dampingand stiffness nomearities Furthermore,a novel
application of the OFRmethodwasemployed However, in this studyhe OFRF
modelwas derivedisingthe ALE decomposition®f the actual system model

x Chapter 6
This chapter considered duatfunction vibration isolation and energy harvesting
system. The novel OFRF method was employedhm analysis, design and

optimisation of thelualfunctionVI-EH systemThe system was optimised for the
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nonlinear stiffness parametdrhis work is the first effort to tackle the issue of
simultaneous vibration isolation and energy harvesting systerg asi analytical
approachthe OFRF method)

1.6 THESIS OUTLINE

The rest of thishesisis structured as follows:

Chapter 2 gives a comprehensive discussiomrefious studiesof related
systems considered in this thesis. These include; vibration isolgitanss, vibration
energy harvesting systems and dpatpose vibration isolation and energy harvesting
systemsEarly works on the major vibration isolation schemes comprising passive,
semtactive and fully activasolation schemesare considered. The ioiporation of
nonlinear component® the dynamic models of severabnfigurations ofvibration
isolationsystemare surveyed. Integration of nonlinear characteristics due to inherent
design and geometriormationareequallyexplored.Moreover, for vibréion energy
harvesting systems, a significant part of the work discussed are that of the
electromagnetic transduction methdche improvements in the energy harvesting
capability of the devices using nonlinear dynamic components, are also covered in this
chapter.

In Chapter 3, a frequency domain analysis, design and optimisation of a vehicle
suspension system descriptive of a vibration isolation system is presented. The OFRF
method is employed for this study as it facilitates the analysis and designlioeaon
systems. This is because it explicitly expresses the output spectrum of the system of
interest in terms of the design parameters. Furthermore, a nupletation of the
OFRF method ithe analysis of the energy dissipation level of the designgessi®on
system islso providedThe effect of the design parameters on this performance metric

is also examinedlhe conalisions in this chapter lead the study inChapter 4.

Chapter4 provides a novel application of the OFRF method in the amsalysi
desgn and optimisation of gibration energy harvestdfor the system considered in
this study, a anlinear cubic damping characteristgcintroduced as a result of the
resistive load characteristics in the energy harvesting circuitalsesdemonstrate
that the nonlinear vibration energy harvester performs better than an equivalent linear

device. The Chapter also shows an electromechanical system representative of the

Chapter 1introduction 13



actual energyarvester which ecabe used to simulathe dynamic characteristic of
the real system

Chapter 5 presents an extension of shedy reportedn Chapter 4.In this
chapter, a second nonlinear componenthadening stiffness, is integrated into a
VEH system with cubic dampingharacteristic This is expected to broaden the
bandwidth of the VEH systenm this study, théAssociated Linear Equational(E)
method isbriefly introduced and subsequently, the ALE decomposition of the VEH
dynamic model is used to determine the OFRF of the model. Theg&hErated
OFRF representatiois further used for analysis and design of the system of interest.
The effect of the nonlinear hardening stiffness is also presented.

In Chapter 6, a duglurposevibration isolation and energy harvestsystem is
studied This system is capable of iatihg unwanted vibration as well as harvesting
available energy. The duplrpose vibration isolation and energy harvesting system
provides a primary function of isolating vibration while the energy harvesting
capability is secondary. The system is analyskesigned and optimised with respect
to a hardening stiffness parametkr.addition to optimising the system based on
specific excitation levels, a broad optimisation process is conducted while
concurrentlyassessingll available excitation levels.

Chapter 7 finally delivergoncluding remarkas well aighlights of the studies
covered in this thesiflso discussd in this chapters a nearly completedngoing
fabrication work on a vibration energy harvesting test3ahematic diagrasiof an
integratedmodelof the testrig developed usingolidWorks and a physical assembly
of the test rig are also shownhe Chapter endwith recommendations of how to

extend the research outconpessented in this thesis.

1.7 ASSUMPTIONS CONSIDERED IN THIS THESIS

The following assumptions have been considered in the studies presented in this

thesis

1 All systems consideredbelong to the class of nonlinear systems stable
at zero equilibrium and which can be defined by a Volterra sdares.

OFRF method is only applicable for stable nonlinear systems.
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1 Only single degree of freedom (SDOF) systehe/ebeen considered
here. This is mainly to demonstrate a proof of concept especially using
the OFRF method.
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Chapter 2: Literature Review

This chapter begins with larief historical background o vibration isolation
systems andibration energy harvesting systemSedion 2.1). A review of the
literature on the followings then presentedccordingly vibration isolation systems
(Section2.2) wherein past studies on key isolatiechniquesre discussedibration
energy harvesting systen{Section 2.3) comprising, mostly, previous works on
electomagnetic energy harvesters aftbrts made to solve important limitatiotes
existing tebniques with regals toperformanceandoutput power Furthermore,he
OutputFrequency Response Functi@ection2.4) is describedwhich is the adopted
tool usedhereinfor the analtical study design and dpnisation of the different
vibration isolation and energy harvesting models considarethis work Finally,

Section2.5 highlights a summary and some implications of the literature reviewed.
2.1 BACKGROUND

Manyvibration isolation methods have been developed over the years as a result
of the desire for better vibration isolation performafareengineeringnachinesand
structures One of the earliesapproacks for suppressing vibrationdue to, for
example seismc waves andvind, is to design structures with enough strength and
deformation capacity in a malleable mof#. A combnation of these structural
characteristics(strength and deformation capacitgnsured ancient structures
withstood fierce wind and seismic actions, though with sdegree of degradation.
Modifications of these structural systems towards vibration mitigaked to the
concept of Structural Control. With this concegbie structures seen as a dynamic
system with timedependentstate variables (e.g. displacement, velocity and
acceleratn) andhavingmechanical properties, such as stiffness, dampiragcan
be made adjustable to reduce, to acceptable limits, the dynamic effects on a payload
[2], [32]. Besides, ather than supprasg or isolatingthis vibration energywsing
isolation elementgart of the vibration isonverted to aseful form such as electrical

energy This concept is called energy harvesting.

The emergence of smart wireless systems (e.g. sensors) in the last decade and its

essentiality in our daily life, improving comfort, security and efficiency in various
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applicdions such as the automotive, electronics and oil and gas industry etc., triggered
an interest in energy harvestif88]. This was motivated by the quest for complete
autonomy of power supply for these devices which is possible due to thetoisq
presence of ambient vibration. This was a good way to put the high, unacceptable
levels of vibration energy into good use by converting it into useful electrical energy.
A number of brilliant review articles have been published on Energy harvesting
covering an extensive range of mechanisms and technjg@gs[34]i [41]. Three

main transduction mechanisms exist; electrostaigzoelectriaand electromagnetic
which has beewgonciselydiscussed irsubsectiorl.1.2of Chapter 1Howe\er, this

work only considers the electromagnetic transduction mechahismforeprevious

works on this transduction mechanism willrbainly reviewed herein.
2.2 REVIEW ON VIBRATION ISOLATION SYSTEMS

A vibration isolation system is a devigesertedbetweera source ofindesired
vibration and the object to be protected freibration, to minimise the amount of
vibration energy transmittel@][42]. Severalvibration isolation schemes have been
investigated and implementédt they all generally falhto threecategoriespassive,
semtactiveand fully active[43]. Conventional pssive isolation schemes have been
empdoyed n aerospace engineering, wherdinear spring and dampsystemwas
successfully deployed on an aircrafith good stability performance and no external
power needef4]. However, there are two traadfs with respect to the stiffness and
damping desigr{45]. To ensurelow transmissibilityis achieved over the entire
spectrum, the elastic stiffness of the isolation system needs to be very small. However,
this will cause the static and quasatic displacements telbarge which is harmful to
supported objest Secondly with a high elastistiffness, a high damping element is
used to reduce the transmissibility at resonarecaegon of greatest displacement.

This mayincreasethe transmissibility ovehigh frequencies i.e. beyond resonance
[46]. To mitigate the limitations of conventional passive isolation systems, efficien
techniguespased on semi/adaptive passive (involves tuning of a passive isolation
system), semi active and fully active apgcbes have been widely deployédhould

be noted however, due to high complexity, cost and power requirements, the fully
active approach has not been as extensively deployed in practice as the semi passive

and senmyactive techniques.
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An extension of the passive isolation method is the Adaptive Passive Vibration
Control whichwas investigated if{47]. This methodinvolves the combination of a
tuneableShape Memory Alloy (SMA) device, with their variable material properties,
governed by a robust tuning strate@iite SMA device offers an adaptive mechanism
through its ability to modify its elastic modulus dmetapplication of heatWhen
applied to a systemhe tunedisolation systems able to attenuatide vibrationwell
across a wide band of frequencympared to a manually tuned vibration absarber
However, his methodachievesontrol usinga humanoperaor-in-the-loop which is a
manual tuningapproachThe same authors) [48], proposed ammproved version of
the adaptive passvvibrationcontrol method with an SMA devicehich usesa

nonlinearProportionatintegral (PI) control stratedyr its tuning

The semiactive isolation method has been extensively stubleLiu et al]49],
as it delivers thesameverstility, adaptability andoerformance ashe fully adive
technique butequiringa signficantly lesseramount of powerThevibration isolation
characteristics of four seractive damping control strategies were studied49]
based on the skyhook technigaied compared to that of a passive isolation system
The results confirmethe superior performance of tisemtactive systenover the
conventional passe systemat frequencies beyond resonan8everal studiebave

been reported oimprovedsemiactive control sategieqd39]i [48].

Karnopp in [15], discussed thbenefits of theactive isolation schemdén their
study, the active isolation method was described asmplex system comprising
basically, a sensor, feedback actuator, and a control unit with theviastevices
requiring an external power source ardamplifier. The external power requirement,
coupled with its complexity, physical actuator limitations and high cost, unfortunately,

makes the active vibration isolation scheme unattractive.

There havéeen studiet improvethe performance of passiismlationsystems
by integrating nonhearities in the dynamic characteristafsthe isolation elements
[49]i [61].

The concept of nonlinear vibration isolation has enjoyed significant
development due to the need to protect engineariaghines andstructures from
vibration disturbance$61]. Several innovative isolain methods, for example,
nonlinear damping and nonlinear quasro stiffness, have been developed based on
nonlinear dynamics concepthese methods show good isolation performance and
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stability overa desired frequency range. Earlier examples inclyéé], [62] and
recently [63]i [69], where a systematic frequendgmain approach for nonlinear
analysis and desigis established using th®utput Frequency Response Function
(OFRF) More studien theOFRF conceptan ke found in[70]i [77] andare further

discussed irsection2.4.

Many technigues employing nonlinear viscous damping techniques have been
proposed and developeling et al[63] proposed a novehethod for theanalysis and
design of goure cubicnonlinear dampingontrollerfor the suppression of periodic
disturbance using nonlinear feedbalkkthis workspecifically, the authorgroffered
a systemat frequency domain method which camploit the benefits of system
nonlinearities to realize a desired frequency domain performance of an isolation
systemIndeedthe results showdthat the proposed isolation systemperformsthat
of an equivéent linear damping system similar study was done by Jing and Lang
[64] using a dimensionless masgsring damping systerand the results reinforced
thoseof [63]. A theoretical study was done by Lang et al[78] to investigate the
use of theOFRFin analysng the effecs of nonlinearviscous damimg on vibration
isolation of aSDOFsystemand the results conformed with that obtaine{bBi. In a
more relatively recent studyCarmen et al[32] [65], investigated the gains of
nonlinear viscougubic damping on the transmissibility of a Duffitgpe vibration
isolation system. In tlsestudes it was observed that tlsystemexhibitedundesired
jumps and supenarmonics due to light damping levelsit the jumpscan be
suppressd by heavy linear damping. However, tieawbacks olsubstantialinear
damping make its uampopular. The authsthereforeconfirmedthe applicatiorof a
nonlinearcubic viscous damping as leetter alternative in the suppression of the
resonant peak wia reducing the hostile characteristics of nonlinear stiffness. This was
done without any compromise on the force transmissibility over the desired isolation

region.

Peng et al[79] investigated the efféof cubic nonlinear damping on a typical
SDOF vibration isolation system using the harmonic balance metH&M). The
effect of the cubic damping was observed to be dependent on the type of disturbance
force causing the vibration.Wasalsoshown to baegligibleat high frequency range
for both force ad displacement transmissibilifiythe system is forceexcited It was
similarly shownthatif the disturbance forces baseexcited an increase in the cubic
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nonlinear daming slightly reducedthe relatve displacement transmissibility but
increased the absolute displacement transmissibility and significanteasd the
force transmissibility. This revealed the effectiveness of the pure cubic viscous damper
for force-excited systems In another studya nonlinear vehicle suspension system
was investigatedoy Chen et al[80] using the frequency domain analysis and
optimisation methal. Optimal value of the nonlineardamping parametes were
designed for a desired isolation performangke the suspension systenfn
investigative comparison was carried out fbe forcetransmissibilityand results
showed a bettgyerformancewvas obtainedompared t@n equivalenlineardamping
over all frequency range. A similaystemwasconsideredy Xiao et al. if81] where

it was theoreticdy shown that the cubic oed nonlinear damping providdsetter
isolation performancender both force andase displacemenexcitation Figure2.1
shows a schematidiagramof a SDOF vibration isolation system with different
integratiors of dampingionlinearitiegecentlyemployed in literaturg81], [63], [80]i
[86]. Thesenonlinear viscoudampingcharactesticshave beeimplemented using a
Magnetorheological damper (MR dampevhich provides a controllable damping

characteristidor vibration isolatior[87]i [90].

X(t)

Ac@@ ¢0)°Q 0
o@MOB cFOT

y(t) = Ysin(wt)
Figure 2.1: Schematic of a basexcited vibration isolation system

Furthermore, the feects of nonlinear stiffness characteristics in vibration

isolation performance have also been extensively stu@4fi[95]. The duffing
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equation has been broadly used to m@deide range of system&ome examples
include beams with stiffness nonlinearity and nonlinear vibrations in cables. More
examplescan befound in the book by Kovacic and Brenngt01]. The performance

of a vibration isolation system is strictly limited by the degrethebystem stiffness

but should be capable of prioing a highstatic load mountA common method of
achieving low frequency vibration isolation is lBynploying a nearero stiffness
isolator. Such isolators are known as qusostiffness (QZS) vibration isolators.
Such isolators emplo¥inear spring geometricallyconfigured in such a way as to
create anonlinearstiffness behaviourThe QZSstructue composes of a suspension
mass connected to the foundation by two horizontal springs and a vertical spring. This
geometric configuration enables the syst@machievea high-staticlow-dynamic
stiffness(HSLDS) isolationso asto realise a goodsolation performanceMagnetic
springs havdeenwidely employed in realizing the QZS structygel], [102]i [105].

A schematiadiagramof a quasizerostiffness vibration isolation system is shown in
Figure 2.2. Kovacic et al.[60] studied the characteristics of a nonlinear vibration
isolator with a quaszero stiffness. The isolation system comprise a vertical linear
stiffness and two nonlinear pigressed oblique springs igh integratethe auxiliary
spring design idea of Alabudzev et[dl06]. Two kinds of nonlinearities anaherent

in the system desigrviz. geometricand physicalnonlinearities The geometric
nonlinear stiffnesgtroduces a softening parameter resulting to a egexsi dynamic
stiffness at the equilibrium position. A similar study was carried out by Carrella et al.
[107]i[109], where the QZSmechanism was shown tacilitate the design of
nonlinearvibration isolation systems possessing a fsgtticlow-dynamicstiffness.

This was accomplished by a combination of botlsifpee and negative stiffness

elements.

According to[108], a highstatic stiffness characteristic is desired in a vibration
isolation system to enable the isolattrsvithstand static loads without experiencing
a laige displacement. However, a lalynamic stiffness characteristic is dediia a
vibration isolation system to enable the reduction in the value of the natural frequency
of the system. The natural frequency of the system is desired to be as low as it can get
which resultsin an increasén the isolation region. This design earlproposed by
[106] was reinforced ihn108] where Carrella et al. revealed how the application of a

nonlinear istation system with a stiffness element configunedaicertain way can
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improve isolation performance where the static stiffness far excaezlslynamic
stiffness. In this studyanalysis showed that the dynamic stiffness increases
monotonically with displeement on any side of the equilibrium positiblowever, a
better performance wadbtained when the inclinedhgles of the oblique springs were
around48-57 degrees. It was also revealed that the fdisplacement characteristics
of the system can be appimated by a cubic stiffness. Brennan efHL0] presented
nontdimensional estimated expressions and their equivalent displacement amplitudes
at the jumpup and jumpdown frequencies of a lightly dampedfting oscillator. Two
methods, the harmonlzalance method aritie perturbation method were employed
in the analytical derivations and their resuwitsre thencompared. It wasliscovered
that while the jumglown frequency demeled on both the degreeof stiffness
nonlinearity and the damping presentthe system, the jumjoip frequency wa
majorly dependent on the stiffness nonlinearity aeakly dependent on the system
damping.

. '
a s
S h ' kh S

Figure 2.2: Schematidiagramof a quasizero-stiffness vibration isolation system.

In summarythis sectiorhas explored the previosgudies on vibration isolation
systemsespeciallynethods incorporatingonlinearities contributed by damper or/and
springelementsSome of thattenuatedibration energy can bearvested and used to
operate lowpower electronics. This concdpttermed vibration energy harvesgi In

the next section, some pagbrks on vibration energy harvesting will teviewed.
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2.3 REVIEW ON VIBRATION ENERGY HARVESTING SY STEMS

As mentioned in Chapter, Vibration energy harvesting is classified into three
basic tansduction mechanisms namely; iegpelectric, electrostatic and
electromagneticHowever, the review in this section will almost entirely focus on the
electromagnetic traaduction methodology which is the main subject of the studies
performed in this thesis.

Energy harvesting involvethe conversion of ambient energy generated from
ambient sources such as solar energy, temperature, radio frequency, kinetic energy
etc., to éectrical energy. Vibration energy harvesters (\&;khich are energized by
ambient mechanical vibrationare a subclass of the broader class of kinetic energy
harvesters VEHs convert vibration energy to electrical enerfyl1]. Energy
harvesting approaches have mtebecome an active area of research because of the
emergence of lovpower electronic deviceghis has contributed immensely to the
recentcomprehensivestudy of energy harvesterBopular applications of VEHs
include wireless sensotsed in structurahealth monitoring procedures to ascertain
the health ftus of engineering structures amabvision of energy to loypowered
autonomous systenj$12] such adJnmanned Aerial Vehicles and MEM$&luman
related motions have also been harvested for electrical pp®&rsuch asn the case
of pacemakers which require small quaesitof power to functiorin [18], largescale
energy harvesters were employed for harvesting iacgée vibration energy ranging
from 1W to 100kW Applications ranging from human motiarehicular and machine

motion, civil and mechanical structures watsodiscussedherein

Electromagnetic vibration energy harvesters (emVEHsnploy the
electromagnetic transduction techniqaed therefore convertsiechanical energy
inherent in vibratorymotions to electrical energyhe electromagnetic transduction
methodo per at es based on Faradayodos | aw of induct
a permanent magnet and a c@heis made to move relative to tla¢her causing the
coil to cut across thmagnetidield generated by the magn@&his results iravoltage
induced across the coil termindl23] as illustrated inFigure 2.3. Current flows
through the wire once an electrical load is connected across the wire thus leading to
the generation of electrical powerhis transduction method is implemented in an
electromagnetic damper (EMD or EM damper) and employed in emVEHEBY
studiesinvolving design and fabricatiorhave been dor® improve the performance
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of emVEHS[115]i [120]. A typical emVEH, as represented Figure2.4, consists of
a coil, magnet, mechanical spring and an enclosing frahemagnet or coil is usually
supported by the spring to enable the relative motion of one about theAatharesult
of this motion, a mechanical damping characteristic is crelateduse othe air
resistance and surface friction within the enclosundenan eletrical damping is

formed on account dghe flow of current in the co[lL21].

Direction T
of P Solenoid

movement’

Voltmeter

Figure 2.3: Principles ofElectromagnetic induction.
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Figure 2.4: A representationf a typicalemVEH with a load resistanc® .

Comparing theoutput voltage ofemVEHs with tlat of electrostatic and
piezoelectric energy harvestettse voltage order ranges from a few pV to some mV.

Nevertheless, their low output impedance enables them to produce high current levels
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[122]. Most previousstudies on linear resonant energy harvedterse established
some majofacts. These are presentediable2.1.

Table 2.1; Established facts of earlier studies for linear SDOF emVEHs
SIN Facts established Reference

1 When excited at resonance, maximum power is generate [112],[113], [123],

[124]
2 Increase in damping (associated with electromechanical [33], [112], [124]
coupling) results to an increase in operational bandwidth
anemVEH
3 A large mass (of magnet) fitted in the containing frame is [112], [123], [124],
required. [125

4 The maximum output power is dependent on the maximu [112
permissible mass displacement due to device size and [124
geometry.

, [113], [123],

[ i i I el

Mostpublications in literature have literally identified two major design limitations of
energy harvesting systemshe first established fact ohable 2.1 is the foremost
limitation of linear VEHswhich implies that energy harvesters are designed to function
at a selected band of frequenciesually the region of resonance. Therefore,
excitations having frequencies outside this band are untapped which affects the
efficiency of the harvester system. Howesgereralnonlinear design concepts have
been reported in literature to increase the excitatiequiency range over which the

harvester system is operatiofib26].

Investigations iM127] revealed various strategies on how the excitation frequency
range, over which the vibration energy harvester functions, can be increased. The first
strategy which was studied if128] proposed adjusting or tuning the resonant
frequency of a generator to always match the frequency of the ambient vibration hence
maximizing power harvested. It was shown that this could be achieved by either
adjusting the mechanical propies of the structurei.é. mechanical tuning) as
examined irf129] or adjusting the electricalal {.e.electrical tuning) as investigated

and reported ifil30]. The secondtrategyemployed i131] involved expanding the
bandwidth of the generator. This was also revealed to be achieved by employing either
of the following; an awy of structures with different resonant frequencies, coupled
oscillators, bistable structures, an amplitude limiter, nonlinear springs or a large

inertial mass. The application of a nonlinear softening spring propog&84hwas
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employed to effect the adjustment of the resonant frequency as it was also shown tha
this improved thebandwidth of the energy harvestever which power can be
harvestedA similar study wagarried out if133] using a bistable nonlinear spring
termed a snaghrough mechanism which quickly moved the sprung mass between two
stable states in order to steepen the displacetimeatresponse curve resulgimn an
increase in the velocity for a specific excitation hence improving the harvested power.
A second mechanism was also employed in this study using a hartigmerggiffness

to widen the operational bandwidth of the harvester hence increasifrggbhency

range over which power can bharvested.

Besides increasinghe operational bandwidtlof emVEHs it has been recently
revealed iff134], using the harmonic balance method (HBM#t the dynamic range

of an emVEH can be improveés well. This was achievdaly introducinga cubic
damping nonlineaity which is purely velocitydependent Its perbrmance was
compared t@n emVEH withan equivalent linear damper which causestme mass
displacement responsat resonancgeas the cubic nonlinear damped em\/HHvas
demonstratethat when the system is excited at the resonant frequency, botmsyste
harvestedhe same amount of energy. However, when excited below the maximum
acceptable excitation level, the nonlinear harvester performed better compgsed to
linear counterparti.e. harvested more powelNevertheless mechanical visous
dampingwas not consideredy the authorsThe authorsof [135] investigated the
effect of the coil resistance on the energy harvester with a cubic resistance using the
same concept as [d34]. It wasestablished that the internal resistance provided an
upper limit for the electrical damping of a VEH with cubic load resistafoe.same
authors also demonstrated[i86] how the dynamic range of an emVEidn also be
extended usin@ variable load réstance. Thisdchnique wa proposed to have a
successful applicatiom locations wih varying excitation levelsin [137], it was
demonstratedthat when the energy harvester includes aagitc damping
characteristicdue to inherent dampinthe output power is depletddonethelessthe
cubic damping systerstill outperforms the equivalent linearmdging system It
should be noted that for amVEH, the characteristic of ielectrical dammg is
dependent on the characteristic of the load resistance connected acrossntplidss
that a linear load resistance generates a linear electrical danfipiog while a
nonlinear load resistangenerates a nonlinear electrical damgmge
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The vibration isolation and energy harvesting system describétigimre 2.5

showthe EM damper with its electrical elements. Thestdethe back emfy, . (V)

, the coil resistanceR, (W), and inductancelL (H) . The coil inductance is often

negligible because otheir very small values due to low vibration frequencies of
engineering structuref35], [130], [138], [139] Though the energy harvesting circuit
can be represented withconstant resistor as observedrigure 2.4, it can also be
representedavith different interface circuits such #se form shown irFigure2.5 as
long as it can be moded as a resistive loadlypically,a DGDC charging circuit can
be modelled as a resistive |0d®5], [139] [142].

Energy harvesting circuit
EM Damper, EMLC
1

.
(] (]
:LI ]IJ: — Electric
' '

Ky Cn A B Convertel _ siorage

5
:
H
5
DC-DC | ||oad and '
5
:
'
:

Figure 2.5: A typical duatfunction vibration isolation and energy harvesting system with
load resistanceR .

Nonlinearvibration isolation andonlinear energy harvesting systemsiose
equation of motiortan be represented ngianonlinear differential guation (NDE)
have beerstudiedusing several analytical methodsheBeinclude the method of
multiple scale$143], direct numerical integratidqia44], nonlinear normal formd.45]
and theharmonic balance methdd46], [147]. Although the recently developed
Output Frequency Response Function (OFR¥)], [31], hasbeen previously used
for the analysis and designs®verahonlinear vibration isolation systems, it has never
beenemployed for the analysis nor design of an energy harvedstéis work, the
OFRF methodis the preferred method for thanalysis and design dhe nonlinear
systens investigated hereinThe OFRF methodis beneficial compared to other

methods as providesan explicit analytical relationship between the design objextive
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and system parameters. $hican significantly facilitatesystem design and
optimisation The OFRF concept will beomprehensivelydiscussed in the next

section.

2.4 OUTPUT FREQUENCY RESPONSE FUNCTION (OFRF)

2.4.1 Introduction

Lang and Billingd30] derived an expression for the output frequency response
of nonlinear systems in a way that explains how the fundamental nonlinear
mechanisms opembn thenput spectra resulting isystem output frequency effects.
The findings in[30] led to the derivation of an expression for the output frequency
response that defingsnalytically,arelationship between the output spectrum and the
system parameters. iBhexpression established irf31], is known as the output
frequency response function (OFRF}loé systemling et al. if148] investigated the
parametric characteristics of theduency response functions of nonlinear systems.

The OFRF conceptaccording to[31] showsthat for a wide set ofonlinear
systems, therexists a basic pghomial relationship between the output response and
the system nonlinear parametdrg.determine the structumonomials)pf the OFRE
a symbolic operatiomethod wagproposedy Peng and Lang ifiL49]. This method
is anefficient algorithmthat can be usetb determine the monomiais the OFRF
representation of theutput frequency responsé anonlinear system. The efficiency
of the algorithm was demonstrated as it was used in the analysis of the output
frequency response opassive enige mountin [85], a new systematic approach was
proposed for the analysis and design of the output response of a Volterra system using
the OFRF methodThe study inf149] was extended bthe same authors ifiL50] to
the multiple degrees ofdedom (MDOF) case. Using the OFRF methib@ force
transmissibility of a vibration isolation system, with a nonlinear s&aywmmetric
viscous damping, was theoretically investigat€de conclusonsshowthat the anti
symmetric nonlinear viscous damping can significantly suppress the force
transmissibility over the regions of resonance. Simija$yin[149], Peng et a[151],

[152] used theOFRF, estimated from numerical simulation responses, to obtain an
explicit analytical relationship between the transmisgibiliand nonlinear

characteristic paramete A broad pattern of how the nonlimgaarametersiffect the
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force and displacementansmissibility was investigatefdr the vibration isolation

system

It was established if65], [79] that the OFRF is only effective for tlamalysis
and designof systens that belongo a class of nonlinear systems stable at zero
equilibrium and can be described in the neighbourhood of the equilibrium by a
convergent Voltea seriesHowever, the OFRF cannot be used to represteongly
nonlinear/unstablesystems with characteristicssuch as chaos, limit cycles,
bifurcations and jumpphenomenorfor thecass wherestrong nonlinear behaviours,
such agump phenomenaan beobservedihe OFRF conceptannot be appliefb5]
andother analytical methodshouldbe employed.

2.4.2 Volterra series representation of nonlinear systems in the time and
frequency domain

The OFRF concept and its pardnecharacteristics is describédre.

Consider the class of nonlinear systems stable at zero equilibrium and can be

defined in the neighbourhood of the equilibrium by the Volterra series

y(t):zfz...f:rh(fl,..., ,()f[ ut— )d, (2.1)

where y(t) and u(t) are therespectiveoutput and input of the system, (¢, ..., f)is

the nth-order Volterra kernel andN represents the maximum order of the system
nonlinearity. An expression for the output frequency responesaflass of nonlinear
systemto a general input has beearided by Lang and Bilhgs[30] and given as

Y() =D oY) Ve
" . (2.2)
W) = o [ Alie e [[Wie) as.,

Awp=w
where Y, (jw) denotes thenth-order output frequency responsé(jw) is the output

spectraU (jw) isthe input excitationvith a continuous spectrynds , is the area of

a minute element on the hyperplane= w, +---+w, andH,(jw,, ..., jw,) , isthe nth

-ordergeneralised frequency response tiort (GFRF)given as
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Holjwy o jwon) = [ [Nty pelent=0d 1d | 12, (23)

The Volterra series can approxireahe inputoutput relationship of nonlinear
systems up to grhigh orderN [153].

2.4.3 Determination of the OFRF

Consider the Volterra systemghich can also belescribed by théollowing
differential equation

S Gl rrbl_[ddill(t) 74 ”(t) ~0 2.4)

m=1 p=0},.1=0 i=1 i=p+1

where L is the order of the derivative arMd is the maximum degree of nonlinearity

in terms of the system input andtput, u(t) and y(t) respectively. According to the

OFRF method31], [85], [148] the output frequency responsesgétem(2.4) can be
represented by a polynomial function in ternish@ system nonlinear characteristic

parameters as

V() =30 S () 6 (25)

=0  jw=0

wherem are the maximum order & , i =1,...,S in the polynomial expression of

the output spectrun¥ (jw) of system (2.5 The notationsy,, .j,)(jw) are complex
valuel frequency functions (also called OFRF coefficients) dependent on the system

input and linear characteristicparameters, wherej, =0,....m and i=1...,S,.
Furthermore &*...£ is a set of monomials (i.né OFRF structure) in terms of the
system nonlinear characteristic parametérsshould be noted thaty;,. .« )(Jw)

represents the coefficients qf&..s;’;w with the same dimension and needs to be

evaluated in order to obtaihe OFRF representation of system (2.4). doev, firstly
the monomials need to lketermined using a recursive algorithm discusselhia et
al.[148] andPeng et al[149]. For a Singlenput-Multiple-Output(SIMO) system, an
elaborate proceduteas been described by Zhu and Lanf$].
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A. Determination of the OFRF structure

Let the set of monomials in the OFRF representation ofntheorder output

spectrum be denoted & and the frequency function vectbe denoteds ¢(jw) ,

then theOFRF can be described

Y(jw) =M -3(ju) ' (2.6)
where
M = LNJMn (2.7)

L n-1on-(mop) L
Mo=| U [eonllodd] YU U U Comaloda]2M o s
Ik p=0 L m-p=1 p=1 I,.),=0 (28)
ulU U [l |m)]®'\/|n,p}
p=2l,..1,=0
where
n—p+1
anp - U Mi@'\/I n—ip-171 M nl =M nM 1 =1 (2.9)

i=1

Th e c¢ h akda cie$artedier product.

N
Then the set of monomials can be obtaineilas- U M,
n=1

B. Determination of the OFRF coefficients
To determinghe set of OFRF coefficient®(jw) , the next steps are takes

described irBection3.2 of [85] and also in RefEl48], [31]. This is done assuming no

measurementreor or data noisg85].

Al. SelectU series of dfferent values of thesystemnonlinear parameters of interest

to form a series of vectong, ---1;.
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A2. Using the same inpub excite the systeminderdifferent values of nonlinear

parametersy, ---1, and record the corresponding time domain output respense

y(t),--- y(1), for each case.

A3. Lastly,using the FFT method, obtaznseries of corresponding output frequency

responseY (jw),--- Y(jw) y of the time domaimesponsg

Following stepgA2-A3) it can be deduced from (2.6) that

wl Y(jw)l
Y (i .
M@(jwf:‘fz B )= “f")z i) (210
'QZ)U Y(jw)a

The least square meaiti can then bemployedo obtain®(jw Nas
B(jwNH= MM M T-Y(jw) (2.11)

so as to determine the OFRF (2:B)e OFRRhus obtainedan be used in the design
of the parametg(s) of interest inM given a desired output responde(jw) . To do
this, at a frequency of interesty , the OFRFRepresentatioudlerived is solved for the
nonlinearparametg(s) andoptimized such thqw(jw) —Y(jw)‘ can be minimised to

the lowest possible value. Thamalytical methodwill be employed formost of the

nonlinearmodels considereih this study

2.4.4 Limitations of the OFRF method

The OFRF method has also got some limitations and these are outlined as

follows;
1 It only works forthe class of nonlinear systems stable at zero equilibrium
1 It performs poorly for nonlinearystems that experience the jump phenomenon.

1 It performs poorly for strongly nonlinear systems that shows nonlinear

characteristics such as chaos, bifurcation, limit cycles etc.

For such strongly nonlinear systems, alternative methods suntuléiple sca¢s
[143], direct numerical integration [144henonlinear normal forms [145harmonic

balance methofll46], and pwer flow analysi§147] etc., can be employed
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2.5 SUMMARY

In this chapter, a brief background on vibration isolation systems and also
vibration energy harvesting systems werdiscussed Major vibration isolation
methodswhich have been proposed in the literature were reviewed and their strengths
as well as weaknesses highlightéthe limitations of lhe conventional passive
isolation method ledot the development of more efficient techniquddowever,
improvementsvere made tahe passive method enablitige tuning of the isolation
elements The fully active methodalthoughcan provide excellent performance in
theory, it isunpopulardue to itscomplexity, cost and power requiremelmt.contrast
to the fully active approach, the seattive technique has been widely accepted and
deployed in many engineering vibration systeffise semiactive techniquéas been
widely implemented using the MR daer which enables the controllability of its

damping characteristic.

Several studiebave beemlone to improve thknear vibrationisolation method
by incorporating some forsof nonlinearities in theystemdynamicmodel. This has
led to a strong interesn the design of nonlinear vibration isolation systeriifis
remains an interesting and active research dueao the need to isolate engineering
machnes and structures from destructiwieration disturbance3.he incorporation of
nonlinear components the dynamic models of vibration isolation systems have
shown toimprove immensely its isolation performanceSome studies have been
concerned with integrating nonlinear stiffness components while some have
concentrated on nonlinear damping. Othexgel@mbined both dammy and stiffness
nonlinearities as such designs have shown to perform much better than using only
either one of the nonlinear compon3], [67], [149], [154], [155] However, nost
of the vibration energy injected into a system is dissipated away as heat by the vibration
isolation elementsRecently, little attention has been given to the estimation of the
energy dissipation level of the designed vibration isolation elements.héki been
considered irChapter 3using the OFRF method. It has been demonstrated that the
energy dissipation level for a designed suspension system can be estimated for a set of
design parameters. Furthermoriee heed for seHpowered devices has led the
research are@omprisingthe conversion of these vibration energies to electrical

energy, a concept known as vibration energy harvesting.
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Vibration energy harvesting i@ conceptinvolving the conversion okinetic
energy (from mechanical vibratioty electrical energyt involves three transduction
approaches namely piezoelectric, electrostatic and electromagnétie.
electromagnetit r ansducti on method is based on th
induction and basically consists of a coil angermanent magnethis transluction
method is implemented usiran electromagnetic dampehich can be integrated in
an oscillating system primarily for either vibration isolation, energy harvesting or a
hybrid of both An oscillatingmotion causes onaf either the coil or magnet to move
relative to the other thereby inducing a voltage across the terminals of th&hepil.
induced voltage can be stored as electrical energy using an energstihgreecuit

which can benodelledas a resistive load

Nonlinear design of vibration energy harvestdras recently become an
interesting research area becausthefneed to increase the power output efficiency.
Two design limitations have been acknowledged in literature and several solutions
have been explored he firstlimitation, which concerns bandwidth limitation of the
VEH, led to many works focused on expanding the bandwidth of VEHs. The second
limitation relates to extending the dynamic range of a VEH and, until recently barely
enjoyed any attention. dgh limitations have been explored by considenggration
of nonlinearitiesin the system dynamic characteristi€gveral nolinear analytical
methods existor the analysis andesign of nonlinear systesthowever for most of
the studiesn this thess, the recently developed Output Frequency Response Function
(OFRF)methodis considered. This is because it offers a clear analytical association
between the design objectives and system paramétstsould be noted that this is
the first effort in theapplication of the OFRF method for the analysis, design, and

optimisation of an energy harvester.

In Chapter 4, the current gap in literature, where no clear d&sign
implementation procedure has been demonstrated, is exploited in this study. The use
of the OFRF method is also the first effort in investigating energy harvesters. An
extension of Chapter 4 is also presented in Chapter 5 wharelgdition to the
nonlinear damping characteristipsesentin the VEH systema nonlinear stiffness
elementis incorporated into the system. Thaslditional integrations intended to
expand the bandwidth of the VEH system.
is the firstattemptin considering both nonlinear damping and stiffrgssracteristics
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simultan®usly, in an energy harvesting systeRmally, Chapter 6considers the

analytical investigation of a duéiinction vibration isolation and energy harvesting

system. To the best of the authordés knowl ed
previous study, Wich implies this work is the first effort to do thighe study proposes

a duaffunctiondevicewhereby vibration isolation is the primary functiandenergy

harvesting is the secondary function.

In the next chaptera vehicle suspension system is invigstted An analysis,
design and optimisatiorof the isolation elements with nonlinear characteristics is
explored.The nonlinear damping and stiffness parameters are designed foreal des
system output response and the energy dissipation level, of slymeld suspension

system, is estimated using the derived OFRF model
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Chapter 3: Analysis and design of a
nonlinear vibration isolation
system

3.1 INTRODUCTION

A vibrationisolation systenfVIS) is a device fixed between an equipment that
requires protection from vibration and the source of vibratforehicle suspension
system is an apigltion of such a system comprising a spring, damper and
frames/linkage$156]i [159]. A major significance of isolation springs is its ability to
absorb and store energy from motion bumps and acceleration with ease. However,
isolation spnngs such as rubber, coil and leaf springs are not capable of dissipating the
absorbed energy easily. This acasult inunacceptablspring performances before
eventual failure which makes theetefor an adequately designed damping system
paramoun160]. The damper plays a vital role wrehicle vibration isolationas it
damps out vertical motions and ensures the life cycle of the spring is ext&héed.
design of a good isolation system is impotta vehicle suspension systems to ensure
a decent ride comfoffL60]. In [158], the transmissibility of lineasolation systems
were analyticallyassociated with the mass, spring and damping ratidsthereafter
the optimised parameters wdneked to the resonant characteristics of the system.
Linear isolation designs of engine mounts have been widely repaortirature
[151]i [155]. In [159], the damping and stiffness parameters of an isolation system
were optimised sing the rootmeansquare method which was done by minimising
objective functions representative of relative displacement and absolute acceleration.
In [157], the force transmitted from the engine to the base was minimised using the
method of sequential @dratic programming used to choose the stiffness value as well
as the positioning of the engine mount. Due to the inherent nonlinearity present in all
shock and vibration isolation systems, more interests have been shown in nonlinear
vibration isolation sgtemg58], [149], [161]. Several analytical methods exist for the
study of nonlineasuspensiorsystems such as the harmonic balance meti@ds,

[163], averaging method464], [165] and describing function methofl66], [167].
However,these methods do not evidently reveal the relationship between the vehicle
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suspension grformance metrics and system parameters. The recently developed
output frequency response function (OFRféthodis asystematic frequency domain
approachthat enables the derivation of the system output spectrum in terms of the
nonlinear parameters oftarest This method will be employed in the present study as

it facilitatessystem analysis and design.

A model for asingle degree of freedonSDOR passive vibration isolation
systemwith cubic nonlinearities in stiffness and dampings studied ij168] where
the consequencef the system nonlinear parameters on the relative and absolute
displacementransmissibilitywere explored A similar system was investigated in
[161] which employedelateddamping and stiffness nonlinearities. The method of
averaging perturbationag used to observe the effects of nonlinearities on the dynamic
behaviour of the system. The sanmnlinear passive mount, employed161], was
consideredy Peng and Lang ii149]. Howeverthe OFRF method was applied in the
study, totheoreticallyanalyse the outg frequency response behavietith respect to

the system nonlinearitiesd subsequently verified by simulation studies

In thischaptera vehicle suspension systeas shown in Figure 3.1 astnilar
to that in[149], [161] and[168] is describedIt should be noted that theonlinear
cubicdamping characteristias the suspension systepemployed in these studies
are a function of ki the displacemerandvelocity of the corresponding suspension
systemSuch a nonlinear damping structure has been chosen bechaseirbvedo
perform bettethan pure velocitdependent cubic damping, for baesecited systems
[82]. However,in the pesent studyananalysis and design of the suspension system
wasconductedising the OFRF metho@ptimal values of the design parameters were
obtained for a desired design specification and the designed parameters were validated
using numerical simulatim Furthermorefor the first time,the energy dissipation
performance of the designed suspension system was investigatedthe OFRF
method The effects of theuspensiorsystem nonlinedies on the energy dissipated
by the isolation elements weexpored. An investigationwasthenperformed using
the OFRFmethodwhere nonlinear system parameters were designed for a desired
energy dissipation level for the suspension sysfesummary of the majarbjectives
in this chapters highlighted below:

1 Desigh and optimisation of system parameters for a design specification

required for ride comfort
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1 Investigation of tk energy dissipation level for the desigisedpensn
system

Therest of the chapter is organised as follows: Se@i@rprovides the model
formulation of the suspension system to be investigated; SeBodescribes the
determination of the OFRF representation of the system output spectra; Settion
presents the system design and optimisation process for a desired design specification;
Section3.5demonstrates, with numerical simulation studies, the effecte aystem
parameters; Sectio.6 analyses the energy dissipation level of the designed
suspension system as well as the effects of system nonlinearities on the dissipation

level; Sectior8.7 summarises the chapter with some concluding remarks.

3.2 MODEL FORMULATION

A schematiadiagramof the nonlinear SDOBuspension systegonsidered in
this studyis shown inFigure3.1 [161]. This includes a suspended oscillating mass,
m representing.g.the quarter mass of a vehicle body, withadsolutedisplacement

of x(t) due toabasemotionof y(t) . Thesuspension systehas two nonlinear isolation

components comprising nonlinear dampifg, ¢,) and nonlinear tfness (k;, k,)

elemens.

3

x(t)}! |

Z

k, + k(X -y)?
C+G(x -y’

y(t)
NF

f

Figure 3.1: Schemat of the nonlinear suspension systemder a base excitation
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Theequation of motion for the suspension systemgiven by

mz+ Cz+ kz=— m (3.

where z= X— VYis the relative displacement between the base and the spassgm

is the damping function andl is the stiffness function. The damping and stiffness

functions are described as

k=k+k 7 (32)
c=g+¢7Z
Assuming the base excitationiiarmonic thats
y=Ysin(wt) (3.3
then system (3.1) becomes
Mz+(¢+ ¢ 2) 'z ( k+ k2 =z wf sihw) (3.4

foans = (C1+C,Z) 7+ (k+ k 2) z

wherew andY are the excitation frequency and amplitude oflthse displacement

respectively andf, . . is the force transmitted thugh thevibrationisolators(parallel

trans

combination of spring and damper)

To ensure ride amfort, the minimisation of the transmittédrce isrequired.The

transmitted forceoutput spectrumis maxmum at the resonant frequency;, .
Consequently,w, becomesthe frequency of interesind the objectivewill be to

minimisef The procedure outlinebdy Zhu and Lang in68] for the analgis and

trans *

design of a SIMO systemsing the OFRFRyill be employed here.

In Section 3.3, the OFRF method will be used to derive an analytical
relationship between treutput spectraf system (3.%and its nonlinear parameters of
interest. Thereafteg system malysis and desigwill be performed in order tobtain
the nonlinear parameters for the desired performance mddased on design

specificationsThe effects of the nonlinear parametexsand k, on the system output

spectraarealsoexplored using nunmal simulations
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3.3 DETERMINATION OF THE OFRF REPRESENTATION

In this section, the OFRF repsggation of the output spectoasystem (3) is
obtained in terms of the nonlinear parameters of intergsind k, . As indicated in

Eq. (2.5) of subsectiod.4.3in Chapter 2, the OFRF of nonlinear system (2.4) is a
polynomial function of the nonlinear characteristic parameters of the system. The
coefficients of the OFRF arthe functions of the output frequency of the system,
determined by the specific structure of Eq. (2.4),sy&teminput spectrum and the
linear characteristic parameters of the system. To enable the use of Rfe OF
representation of system (3.fbr system analysiand design, its coefficients and
monomials have to be determined first.

Thefollowing analysis has been performed using these system parawmieisrs

have been carefully chosen so as not to drive the system output response to an unstable
condition m=0.2kg, ¢, =1.5 N.s.nt, k, =500N.nm"*, Y =0.05m. It should be

noted that these practical values have lgadentlyselected for this study as a future
work (not reported in this thesis) will invohsoame experimental studies to validate
the results established in this studlyan banferredthatthe sysemin Eq.(3.4) is the

instanceof system(2.4) with coyl(O):—mqu, Co(2)=m, ¢ ((0)=k, ¢ ,(1)=c,

C,0(0,0,1)=c,, ¢;,(0,0,0)= k,, elsec, ,(+) =0.

3.3.1 Determination of the OFRF monomials

To determine the OFRF representation, #igorithm describedn A of
subsedbn 2.4.3in Chapter 2 as well as [68], for SIMO systens, isemployed The
recursive algorithm therein is apgd to system (3¥4to determine the set of

monomials,M up to theN=7" order which yields

7

M= UMn:[l c, k Cé Gk ié é ‘-szz Q% % (3.5

n=1

It should be notedthat thesameset of monomials i®btainedfor both outputs of
system (3.4)This implies the OFRIef the outputs of system (3.4) can &eressed

as

{Z(J’w) =M -2(ju) (36)

Frans(jw) =M - &(jw)

trans
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where (jw and ¢(jw are the OFRF coefficients dhe output spectra &fystem

(3.4), Z(jw) and F,,(jw) respectivelyNext, the OFRF coefficients are determined.

rans

3.3.2 Determination of the OFRF coefficients

To determinethe coefficients of th@OFRFs for the systenmoutpus, Z(jw and
F....(jw ,the steps outlined iB of subsection2.4.3in Chapter 2 are followed'he

least square approachuised to determin@(jw and ®(jw) as

O(jw N= ¢y PT-Z(jw)

» ) (3.7)
O(jw = ¥ YT Fpg ju(
where
Bo0(jw) Po0(jw)
B(jw )= ?1,05]”) ’ O juf T_ (?1,09“1) ,
Po5(jw) $o.5(jw)
Z(jw)(l) Ftrans(jw ().)
20y =000 gy |2 b
Z(jw)(P) Ftrans(jw (Q)
(3.8
and

1 6y kg Go Soky Ko Go Gokw Coky Ky
= :
1 CZ(P) k2(P) (é(P) c‘Q(F’) kZ(P) lé(F’) lé(F’) é(P) lE(P) Q(P) I%(F’) %(P

Z(jw); and F

trans

(jw)(, represents the output spectra of system (3.4) when
Ci = G(i) and k,;, =k,(i) for i=1,2,--,P where P=25 for a varied set of
c, €[0, 28]N.s.n® and k, €[0, 2]x10° N.m® . The varied sets of nonlinear

parametersg, and k, have been selected to ensure the system remains stable for all
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combinations of the parameters, as the OFRF methodlysapplicable for stable
nonlinear systemsTherefore, considering N=7the CFRF representation®f the

output spectraf system (3.4) can be expressed as

ZG) =33 b o) KT

n=0 m=0

:g_bo,o(jw) "‘4_51,0(]@) Cz“"?o,(] W kz""? 2,()] B sz
+g_b1’l(jw)02k2—|— ?o,&j‘*’) kzz"‘? 36] W) ('sz“f’q_5 2(1] B) szkz

+ §_b1,2(jw) Czkg + ?o,ij W) kgé

and
(3.9

3. n
Ftrans(jw) - Z Z ibm n m(] w) C?k’r;ﬁw

n=0 Mm=0

= ?o,o(jw) +§?1,0(jw) C,+ ?0,(] B) kz“’? 2,()] ) C22
+g~b1’1(jw)czk2+q~50]£jw) k22+q~536] w) éz‘f‘ﬂb A9 CK,
+9~b1,2(jw)czkg +§?0,:(j W) K;

Given the output spectia terms of the nonlires parameters of interest, msEQ.
(3.9), parameter optimisation can leasily conductedFor examplethe resonant

frequency, which is thigequencywhere the maximum displacement of the suspension
system occurs (frequency of interesthd measureds w, =50rad.8, the OFRF

representations ahe system output spectra are determamed

Z(jw,) =(—0.1585- 0.234# ¥ (0.0022 0.0046,)
+(2.6195¢ 10" — 1.6388 10i k) + - 3.7058 1T0- 1.2:09 i®x;)
+(—1.2745« 10° + 5.3628 106i c)k,+ (7.1624 Tor 2.6437 fik?) (3.10)
+(1.1426< 10" + 1.691Q 10i cj+ (28B7x10'— 4.974% 1CTi cfk,
+(3.8650x 10" — 9.568% 1Gi c)k/+ — 1.99%5 10+ 1.2264 1Dk,

and

F.(jw)=(-6.1703x 16— 1.2908 10 ) (1.1198 2.0110,)
+(0.1309- 0.0820K, +  0.0186 0.0606 )1 —( 0.0084 0.002K,
+(3.5977 10° + 1.321% 10i kf+ (5.7667 10+ 8.4602 ix)) (3.11)
+(1.1653« 10* — 2.4955 @ °i)c’k,+ (1.9106< 10" — 4.7828 1Gi c)k?
+(—9.9691x 10° + 6.3415 10i ky

respectively.
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In this case fte output spectrdZ (jw,)| and|F,,.(jw,)| of system (3.4) are plottedr

a varied set ot, €[0, 35]N.s.m® while keepingk, = 240N.n* fixed and presented

in Figure3.2.

The results, as presentedhigure 3.2, are obtainé using the OFRFs of the output
spectra as givein Egs. (3.10) and (3.11pspectivelyand compared with results
obtained from numerical simulationblote that some ofhese results have been
achieved for parameters beyond those used to determine thesOHRRFoutcome
shows a good match between tl@FRFbased results and resulbbtained from

numerical simulations.

This indicates thaisefulnesof the OFRF method and, as revealé@dalsoshows it
provides a good representation of the actual systemtoggipatraThe implication of

this is that the OFRF representations of the output spectra of system (3.4) can be used
for the analysis and desigof the system output spectra. Tlésbecause, using the
OFRF, anexplicit association of the system perforrmammetrics with the system

design parameters can éstablished

It should be noted that a poor OFRF representation of the actual system oetjnat sp
will provide poor analytical results. Sugwoor representations can be as a restl
large numerical eors generated during the determinatiohthe OFRF coefficients.
This typically occurs when thparameters are chosen to be large values with large
numerical difference among them and aldtenthe set of parameters selected cover
a wide range. This wilcausethe values of the elements in the mathk to be
extremely large. Computational errors may result when the inverse of nhatisx
computed in MATLAB. Such a problem can be solved by following the tinesc
described irf85] and[68].
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Figure 3.2: Comparison between OFRF and numerical simulation foEZ(gy,) and (b)
Frans(jw,) , Output spectra of system (3.4) respectively.
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3.4 SYSTEM OPTIMISATION

The objectivenow is to minimise the unwanted force trantied at the resonant

frequency |Ft (jwr)| through the isolation element&lamper and spring) to

rans

acceptable limits. Le|1[FtranS(jw,)| be the specified force that is transmitted through the

vibration isolatoy thenthe optimisaton problem can be formulated as

rglk? |Ftrans(jwr)_Ftran£jwr)|
c,—35<0 (3.12)
k,-2.4x16G< 0

Using the OFRF of Eq. (3.11))¢ relationship between the design parametgrand
k, and the output spectrunk, .(jw,) is established and provided kigure3.3 and

Figure3.4. Looking atFigure3.4, it is apparent that the contour mzgn be used as a

design guideThe results ofwo designspecificationsare presented imable3.1. To
determinethe actualoutput responseF, .. (jw,), the designedparametersare

substituted into the systemodel (3.4)and simulatedchumerically usinghe Runge

Kutta 4 algorithm

Table 3.1: Results from the optimisation problem

Desired Selected Corresponding Actual Percentage error (%)
r:su;;[gﬁ;e, L c(Ns.m) reosuptgztse, |Frans(iw0)| = |Fuanfi )| e
B (N) Pl [ [Pl
135 150 23.9 134.8924 7.9767 10
130 220 31 1301583 -1.2162310

It should be noted that the second design specification was achieved for parameter
values beyond the OFRifetermired rangef parameters,e. ¢, €[0, 28]N.s.nt® and

k, €[0, 2]x10° N.m®. In Table3.1, it is observed thate actual output response
obtained using the designed parametersand k, clearly matches thepecified

output responses with insignificant percentage erfidns. reaffirms theeffectiveness

of the OFRFbased optimal design
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Looking at thetime histores of the force transmittedat the resonant frequenag
Figure3.5, it isobviousthat thedesigned nonlinear vibration isolation systeenforms

better compared tothe correspondinglinear counterpar (where the nonlinear
characteristic parameters, = k,=0). Moreover, a close observation of the time

history of the transmitted force due to the designenlinear isolation systemveals

that the desired transmitted for@e the resnant frequencyis achievedIt should be

noted that minimising the force transmitted along the isolation elem|&pts(jw,)|

results ina decrease in the system output spectler(rjw,)|.

250 T \
=s=n= [ inear transmitted force
200 Nonlinear transmitted force a
sofs i b Ficiitiaiiificcoiiiii
1°°MMMMMMMMMM it
~~ 50 H i
zZ
~ ol
c
o
G4—_ -50
ST
a0f ZFFFIIci§§ii i i FEE
-200 .
-250 '
0 500 1000 1500
time(s)

Figure 3.5: Comparison of theystemoutput responseat resonanceaynder linear and
nonlinear conditions

Furthermore, though the system design has been performed at the resonant frequency,
it is imperatie to verify that the elsigned nonlinear optimal parametaraintain the

same performance on the system output spectrum across the entire frequency range.
This is verified inFigure3.6 which compares the performanof the nonlinear design

to its corresponding linear counterpart (i.e. whep=k, =0 ) on the system output

spectrum. It is apparent that not only do the designed optimal paraaehieve a
specified output spectrumat the resonant fagiency they are also adequate at
suppressing the vibration levedser other frequencies.
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Figure 3.6: Comparison of the system output spectrum under linear and nonlinearaanditi
across the entire frequency range.

The above system analysis and design have been performed using the OFRF method.
It is evident that this method facilitates a systematic analysis and design of nonlinear

Volterra systems unlike other methods

The nex sectionshowsthe individual effect of the system parameters on the output
spectra of the system considered in this sté@eh parameter is varied while fixing

others. These have been performed using numerical simulations.

3.5 NUMERICAL STUDIES

To demonstree the effects oft,, c,, and k, on the output spectra afystem(3.4),

numerical studies were performed and the results presenkegure 3.7, Figure3.8
and Figure 3.9. Figure 3.7 shows the welknown influence of linear damping
characteristic parameten the outpuspectra of system (3.4) where a good isolation
performance isvitnessed ovethe resonant region. However, detrimental effect
over the region where isolation is requirgél >1) when high damping level is
employedsuggestghe need br theintegration of nonlinear dampingn Figure 3.8,

the effect ofk, is evidentaround the resonant regidhis apparent that ds, increases,
the resonant freauncy, w, is increasedeyond the natural frequentywwever, its

harmful effect (instability) is controlled by an increasethmping characteristic

Besides the effect ofincreasingthe nonlinear viscous dampingharacteristic
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paramegr, C, is observedin Figure 3.9, to suppress theibration at the resonant

region However, thevibration at the nomesonant regian(i.e. at low and high

frequency rangesgmainunaffeced.
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Figure 3.7: Effect of linear damping characteristic parametethe system output spectra
across the entire frequency rangiéh ¢, =0.1N.s.n? and k, =100N.n*.
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Figure 3.8: Effect of nonlinear stiffness characteristic parameter on the system output
spectra across the entire frequency range ®ith0.5N.s.nt" and ¢, =10N.s.n?.
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Figure 3.9: Effect of nonlinear damping characteristic parameter on the system output
spectra across the entire frequency ramigie ¢, =0.5N.s.n" and k, =100 N.n*.
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3.6 ENERGY DISSIPATION ANALYSI S

Forthe SDOFsystem described irigure3.1, thevibration isolation elements (spring
and damper) experieneaergy loss due to thalissipaive characteristicsThe power
dissipated at any instant i, .z, and the energy lost over one complete cyElg,is
given as
2
By = [ fuam2dt

trans'

- o (3.13)
= ezt oz ka kY- Jz

Let the relative displacemen= Zsin(wt), then z=wZcos(t). Equation (3.13)

becomes

Ed:fo

which yields

2r
w

cwZcos(ut H cw Z sirf (t)cos(t
+k Zsinwt)+ k, Z° sin’ (wt)

])-chos@t% dt  (3.149)

E, =7TC1LUZZ+%7T(‘Q(UZ4

1
=mwZ(G +7 6 Z) (3.15)

=mwZ*(G+¢)

= chqwzz
1.
wherec,, = ¢ + ¢, andc, :ZC?Z

It is observed fronEg. (3.15) that the energy dissipatiohthe vibratia isolation
elements iglue to the damping characteristics arflfjne OFRFof the energy lost by
the suspensiorsystem over one complete cycle can be derived by subsjitiq.
(3.9a) into Eq. (3.15) which yields

Ed(w,cz,kz)zwqw|2|2+%7r%| 4 (3.16)

Equation (3.16)ndicatesE, is a functiorof ¢, w, Z andthe desigrparametersc,

and k, (since Z is also a function of the design parameters$)s indicates that the

OFRF of the pergy disipated can be derived in terms of the design parameters.
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Just as the OFRFepresentation of the output spectruh of system (3.4)was
determined andpresentedin Eq. (3.9a) the OFRE of the squared anduartic

magnitudes oZ arealsoderived as

|(N-2)/2] n

2= Y SR KT

N2 and (3.17)

n

z|* = Z Z Qun m(@) K™

where N =7 while B, and Q, , . are functions of frequency amedpresent the

OFRF coefficients oFZ|2 and|Z|4 respectivelySubstituting Eg. (3.17) into Eq. (3)16

yields
((N-1)/2] n o
Ey(w.C k)= 7mcw - > > Ry wER™
n=0 m=0
. - o (3.18)
+ _7“‘}]' ZQm,*frn(w)C;nJrleim
4 0 mo

Equation (3.18) indicatetkat an estimate of the eggrdissipateger cycleby
the vibration isolation elementsin be dermined for aset of desigmparametersThe
relaionship between the energy dissipatéord the design parametextsthe resonant
frequency,{)=1 is providedin Figure 3.10. It is seen inFigure 3.11 that a large
amount of energy is dissipated whanlinear vibration isolator isised (when

c, =0,k, =0) however, thenery dissipated reducesith theintegration ohonlinear

damping and stiffness characteristidhis is due to the impact of the nonlinear
components on the relative displacement of the suspension syBtenrelative
displacement decreases as the nonlitiearincrease whigltonsequently, reduces the
force transmittedand energy dissipatduy the vibration isolation elements is also
evidentthat the energy dissipation levisl very sensitive to the nonlinear damping
characteristic and less sensitiveth® nonlinearhardeningstiffness characteristic.
Surface plotdbetween the energy dissipation and the design paranbetgosd the
resonant region, that iat 2= 0.4 and ) = 2 are presented iRigure3.12 andFigure

3.13respectively.

Besides, Eq. (3.18yvhich is the OFRF of the energy dissipatafithe isolation
system,can be usedo estimate thesnergy dissip&id by aset of optimal design
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parameters,c, and k,. An estimation guidecan bedevelopedusing an OFRF

generateccontour mapwhich canfacilitate the selection adesignparameters for a

specifiedenergy dissipatiotevel as illustrated irfFigure3.14.

Figure 3.10: Relationslip between the Energy dissipation afebign parameteet (2 =1 .
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Figure 3.11: Energy dissipatio plot for sets ofdesign parameteet (2=1 .
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Figure 3.14: Contburs ofenergy dissipation levefor setsof design parameters

Choosing k, =200N.n® along the contour lineof 20J gives a correspomdj

nonlinear damping value af, = 27.5 N.s.n?. Substitutingc, and k, into system

(3.4)and solving for the energy dissipation level, numericgildsavalue 0f21.08

which matches the design requirement well with a percentage erfi%i

The esultsfrom numericalstudies to showheindividual effects of system parameters
on theenergy dissipation level of tteeiIspensiogystem over the entire spectrurare
presented irFigure3.15, Figure3.16 andFigure3.17. This was dondy varyingeither

oneof theparametersc,, c, or k, while keeping the other twiixed. In Figure3.15,

the unwanted impact of linear damping over the high frequency regixperienced

by the output spéxa of system (3.4)is also apparent for the energy siEtion
spectra. It is seethat while an increase in linear damping reduces the energy
dissipation over the resonant region, it increases the energy dissipation significantly
across the noresonantregiors. Likewise increasing the nonlinear damping
minimises the energy dissipation at the resonant reditmwever, unlike linear
damping, thecorrespondingncrease in the energy dissijma in the norresonant

regiorsis far less significams illustated inFigure3.16.
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The influenceof hardeningstiffness, as shown iRigure3.17 is similar to the effeat

has on the output spectra of system (3.#) this caseas nonlinear stiffness is
increasedthe resonanpeak of the energy dissipatitevel is reducedat {2 =1. This

is due to a resonashift effectof k, on the resonant energy beyond the natural

frequency

10—10 I I I
0 0.5 1 15 2

Figure 3.15: Effect of linear damping characteristic parameter orettergy dissipation
level across alrequency range witle, =1N.s.m® and k, =100 N.nt’.
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Figure 3.16: Effect of nonlinear damping characteristic parameter on the energy dissipation
level across all frequency range with=0.5N.s.n" and k, =100 N.m".
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Figure 3.17: Effect of nonlinear stiffness characteristic parametethe energy dissipation
level across alirequency range witl, =0.5N.s.m" and ¢, =10N.s.n?’.

Using the OFRF representations derivibe, variatios of boththe energy dissipated
and force transmitted by the suspension system as a function of the nonlinear stiffness

parameterk, are shown irFigure3.18 It is observed thathile theforce transmitted
by the suspension systenidsssensitiveto Kk, , the sensivity of the energy dissipated
to k, is insignifican. This reaffirms the deductiomade fromFigure 3.11. This

deduction islargely because thepring element stores potential energy when

compressed/stretchehd dissipates insignificant amowdf energy.lt is also seen

that for a fixedc,, increasingk, causes an insignificant decrease in the energy

dissipated per cycle however thidration force transmitted is increase&imilarly,
the resultgllustrated inFigure 3.19are thevariations ofboth the errgy dissipated
and force transmitted by the suspension system astduf the nonlinear damping

parameter,c,. In this case,it is apparentthat both performance metricsare
significantlysensitive toc,. Both performance metrics algwogressivelydecrease as
C, increasesThis is because the relative displacement of the vehicle suspension

system decreases ag increases and this causesdecrease in blotthe force

transmitted anénergy dissipated by the suspension system.
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Figure 3.18: Variation ofenergy dissipated and force transmitted by the suspension system

with respect tok, at ¢, =1.5N.s.n" andc, =23.9N.s.n7.

26 T T T T T T 175
—— E,
oo 1170
25 © Ftrans
1165
j g-l
24
- 160 &
"y ®
O =
o a3} 155 @
o ?
)
3 150 g
S = 2
= 145 o
= g
(D) 5
C ol 140®
LIJ ~
>
135
201
130
19 : : 125
0 5 10 15 20 25 30 35
3
C,(N.s.m”)

Figure 3.19: Variation of energy dissipated and force transmitted by the suspension system

with respect tec, at ¢, =1.5N.s.n" and k, =164.2N.n?.

Chapter 3Analysis and design of a nonlinear vibration isolation system

58



25 w w w 30

N
(6)]

20
N
)
° QO
Ig 20 3
L o
E 15 C—E
=2 o)
[7)]
& ©35
©
> 100 EEF'
o
Q 10 ~
c pd
LL

Figure 3.20: Variationof suspensiomlamper force and energy dissipabgthe suspension
systemwith frequency atc, =0.5N.s.nT and ¢, =10N.s.n?.

lllustrated inFigure 3.20arethe variatios of the suspension damper forde, (N)

and the energy dissipated by the suspension sy$ig(d) with excitation frequency.
It is observed that both quantities attain maximum values at the resonant frequency
(Q2=1). This is expectedsaa high damping force is desit at resonance (i.e. region

of maximum displacement) which corresponds to a high enersgigiition level by
the suspensiorsystem. However, thamount of enegy dissipatedat the high
frequency region(i.e. 2>1) is large andnot proportionateto the low level of
dampng forceappliedin this region,unlike the proportionalitypbservedn the low
frequency regior(i.e. €2<1). This is due to theuppressedelative displacement

experienced ahehigh frequency regiondue to the high damping level

3.6.1 Hysteresis Curvesfor a nonlinear viscouselastic model

Four hysteresicurves(A, B, C, and D)are presenteth Figure 3.21from different

combinations bthe designedonlinear parameterst system (3.4)For a vibration
isolation system,he areaof the Forcedisplacement curve K, .—Z) gives an

indication of the energy dissipated per cymjethe isolation systenatany frequency
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of interest(typically the resonant frequency) is observedhat the hysteresisurves
C and Dproduced due to the contribution of a nonlinear damping charestieby the
suspensiorsystem shows a smalledisplacement spacompared to thsewith only
linear damping(i.e. hysteresigsurves A and B)This is due to the superigibration

isolation peformanceof the nonlinear damimg characteristicccompared to the

correspondinginearcase(when ¢, =0). This is becausthe magnitude of the relative

displacement,Z is reduced considerably fohe suspensiosystem with nonlinear

damping characteristics

It should be noted thatompared to linear damgernonlinear dampers dissipate,
significantly, moreamount of energy for equakcitationand relative displacement
[169]. However, such a comparison has not been considered here. Furthermore, while
for a linear suspension systaronfiguration, thenysteresicurve assumes an elliptic

shape, this is not the case Bnonlinear suspension system
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Figure 3.21: Comparison of thélysteresisurvesfor the vibration isolation systehaving
different combinations of nonlinear parametatrsesonancegb) is shown irFigure3.22
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The effect ofc, on curves C and Dwith interceptc Z. ,w, =18.75Nonthe vertical
axis, is apparentompared to the curves A and B (wittterceptg,Z, .w, = 24.96N)
without the effect ofc, as showrin Figure3.22. This isseen to bas a result of the
influenceof ¢, on the systeroutputresponseZ , which is a function othenonlinear
damping characteristicss, .
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Figure 3.22: Enlargedorigin of thehysteresis curves iRigure3.21.

3.7 CONCLUSIONS

In this chapter, thevibration isolation performance of a vehicle suspension
system modelled as a SDOF vibration isolation system has been studied. The Output
Frequency Response Function (OFRF) method was the analytical tool employed for
the analysis and desigof the suspension systebased orthe design criteria This
method was used because of its abilitytplieitly express thesystem performance
metrics in terms of the desigrarameters of interesthe results obtained from the
analytical and simulation studies demonstthteeffectiveness of this method in the
analysis and design ofibration isolationsystems.To demonstrate thextensive

effects of the designed nonlinear system parametersomparative study was
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conducted between the nonlinear systandeland the correspaling linearsystem

(where the nonlinear components are fixed to z&re@outcome reveals the influence

of the system nonlinearities especially at the resonant region as the resonant peak is
largely reducedvithout a detrimental effect on the higher rangdrequenciesThis
demonstrates the vibration isolation capability of nonlinvd&rcompared to the linear

case

Furthermorethe energy dissipated per cycle by the designed suspension system
was investigatedlsousing the OFRF method. Using the OFR&tinod arelationship
between the Energy dissipat level of the nonlineausgnsion system and the design
parameters was derivethis polynomial relationshighasfacilitated the estimation of
an energy dissipation level for a set syfstem nonlineapaameters. The results
obtained demonstrated the advantage of employing a nonlinear suspessem sy
compared to the corresponding linear counterpéumerical studies were conducted
to demonstrate the effects of system parameters on the energy disdpatimf the
suspension system. A brief study was also condumetie energy dissipation level
of thesuspension systensinghysteresisurves as the effects of tegstermonlinear
parameters on the shape of the loop was investigaterisensitivityof the energy
dissipation level tothe nonlinear damping characteristic compared to nonlinear
stiffness characteristics was evidefhe results in this chapter reveal Wibration
suppressiomdvantage of nonlinear suspemsgystems ovehe corresporidg linear

counterpart

The keycontribution of thisstudy is the novel investigation of the Energy
dissipation level of a designed vehicle suspension system using the OFRF method.
This also involved a Hysteresis analysis of the vehicle suspension $atechon the
OFRF designBy employingthe OFRF method, it was revealed that the energy
dissipation level, for a designed vehicle suspension system, can be estimated. The
effect of each nonlinear design parameter was also demonstrataddition, the
enegy dissipated as heat Ilye suspension systecan be converted to a beneficial
form of energysuch alectricity. A suspension system, comprising a viscous damper
and spring converts vibration energy to heat enekdgwever, employing an
electromagneticgeneratodamper in place obr alongsidea mechanicalviscous

damper enables the conversionsofme ofthe vibration energy to electrical energy.
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This is known as vibration engy harvesting andhis will be studiedin following
chapters.
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Chapter 4: Analysis, design and
optimisation of a vibration
energy harvesterwith damping
nonlinearity

4.1 INTRODUCTION

In the previous chaptea vibration isolatiorsystem waslesigned aa vehicle
suspension systenThe mechanical energy injected into the system by the- base
excitation force is majorly dissipated as heat energy by the vibration isolation
elemeits. However, this mechanical energy cancbevered to a beneficialform,
which iselectrical energyThe conversion of ambient vibration energy to electrical
energy is known as vibration energy harvestirig].

Energy harvesting from environmental vibration has recently received
substantial consideration due to the rapid developments in technologies such as low
power wireless sensors, microelectromechanical systems (MEM$33td170]. It
has been established that two majarthtions exist for most of the vibration energy
harvesters studied in the literature. The first and more considered limitation
literature is the operational bandwidth of a vibration energy harvester. Vibration
energy harvesters are typically designedperate at their natural frequencies. This
implies excitation frequencies beyotite natural frequency reduces the efficiency of
the harvestefl124], [171] The second limitation concerns the constrained physical
enclosureof the vibration energy harvester which causes the suspended mass to
oscillate within a specified spda72], [173]. Therefore for best performancehe
maxmum excitation level is considered at the design stagewever, excitations
below the maxnum value reduces the effectivenetthe harvesteit has been shown
recentlyin [134], thata nonlinearcubicelectrical damping can be employed to extend
the harvestable power of an energy harvetiteras establishethat such aonlinear
harvesteoutperformedone with an equivaledinear electrical dampingrheresults
of the[134] indicatesthat at maximum excitation, the same relative displacement of
the VEH systenand hence average power, are provided by both linear and nonlinear

VEH system Neverthelessat excitations below maximum level, the nonling&H
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systemprovided more energy cquared to its linear counterpaithis assertiorwas
corrdboratedin [135] which also demonstrated the effect of the harvester coil
resistance on its harvestable power leVhkse studies have been conducted using the

harmonic balance method.

In this chapter, thetudyfocusesn theanalysis and desigsf avibration energy
harvester(VEH) with nonlinear electrical dampingA mathematical model of the
nonlinear VEH(VEH) systemis developed and analysed for the first time, tfité
Output Frequency Response Function (OFRRghod recently proposed for
frequency analysis of nonlinear systems. Performance metrics dBHesystem
such asaverage powelareexpressed in terms of the parameter of interest using the
OFRF methodAn optimisationprocess ighen conductedo maximiz the energy
harvested by theEH systemResults indicated an excellent match between numerical
and analytical result&inally, an electromechanical system is simulabeged on the

designto emulate a practicahplementation of th& EH system
A summary of the main contributions in this chapter is highlighted below:

1 Analysisand design of a nonlinear vibration energy harvasterg the
OFRF method.

1 Formulation of an electromechanical system based on the designed
mechanical analoggnd estimation ofail and nonlinear load resistances

from the mechanical analogy.

1 Investigation of the effect of nonlinear electrical cubic damping on the

average power harvested tne VEH system.

Subsequent sections of the chapter are organized as fol®eetion 4.2
describes the model formulation of the system to be considered; Séc8on
demonstrates the analysis, design aptimisationof the system model; Sectiagh4
presents the electromechanical implementation of the mechanical analogy of the
system considered; Section 4.5 provides an estimation of the electrical parameters of
the systemSection4.6 summarises the chapter with some concluding remarks.
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4.2 MODEL FORMULATION

In this work, a base excited single deg@efreedom EDOR vibration energy

harvester is considered #lustrated inFigure4.1. The SDOFsystem is seen to have
an oscillatingmassm, basedisplacementy(t), spring stiffnessk;, the relative
displacement between the oscillating mass andstimportbase of te harvester

z(t) = X — YD, equivalentlinear viscous damping coefficiert and nonlinear

cubic damping coefficient,.

Figure 4.1: SDOFbaseexcitedvibration energy harvester with a nonlinear damper.
The dynamic equation is therefore given as

mz+ ¢z+¢'2 4z =i¥ 4.1
Supposing a harmonic base excitatig) is assumed with magnitud¥ , frequency

w and zero phase shift
y(t) = Ysin(wt) (4.2)
Then the dynamic equation of tB®OFVEH can be expressed as
mz+ ¢z+ ¢z+ kz wrf shw) (4.3)
The damping force due to tietectromagnetic damper D) is given ad,, ,=c,Z.

The instantaneous power absorbed by the damping syistevatts,is the product of
the instantaneous damping force exertedth®y damping system and the relative
velocity of the harvester system. Nonetheless, the average power of thengamp

system is then given by
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T

Pavz_ll_ﬁcl'z) @dt %+ (§2 "z (4.4

Considering a general motfiequencyoscillation,Eq. (4.4)becomes

F?’:IV:Pa\]cl_I_Pa\l%
1 252 3 454
=—CwZ°+—-cw'”Z
2(:l 8%

(4.5)

It should be noted that the firkerm of Eq. (4.5) is regarded as a loss based on the
dissipativepower ofparasiticdamping[137]. This fam of damping arises due to the

various mechanical losses presé&xamples of such losses inclugiderent structural
damping heat dissipatioririction loss, iron loss etcFor such lossesg, is the

equivalent viscous damping efficient for the parasitic dampind39]. The second
term of Eq. (4.5) provides harvestable powétoreover, the cubic damping
characteristics of Eq. (4.4) arises due to the nonliresastiveload characteristicef

the practicaVEH system.

Furthermore in practicalVEH systems, the relative displacement of the oscillating
mass is restricted by the physical enclosure ofyidem. This subsequentlyimplies

that the magnitude of the relative displacement is constrained to a certain maximum

valug Z_ .. This physical constraint however limits the maximum harvestable power

as it is seen in Eg4(5) that tte ppwer harvested is a functiaf Z, and also,z is a

function of the excitation frequencyy [112]. Therefore it is important that the
damping parametex,, to be designed, should ladle torestrainthe oscillationsof

the suspended massithin a tolerablespanas constrained by the enclosing case.

However, it should also be able to maximise the energy harvested.

To facilitate the optimal design proces$ise averagenaximum excitation levedf the
environment where the VEH system is tarstalled,should be known. fie sparimit

of the suspended mass shoaldobe known. The maximum excitation leval an
environment is measured by computing the meapast vibration measurements
collected over timeln this studythe design objective is to maximise tharvestable

power

3
PaVIC3 == g C3w4 Z4 (46)
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The OFRFbased approachill be utilised,in this work,for the analysi®f the
dynamic model of th& EH system 4.3). The parametepof interest,c,, will alsobe

designedand optimised to ensure the realization of the maxinmanvestablg@ower,

subject to existing constraintBhebenefitof the OFRF is that the method can provide

an explicit analytical relationship between the design objectg and system

parameterof interest, C;. This can significantly simplify the system design and
optimisation The performance metrics sought in this work are the relative

displa@ment Z and harvestable poweR,,, .

In section4.3, the OFRF representatios of the output response Z and average

harvestable powef,,, of theVEH systemwill be derived in terms of the pameter

of interest,c,.

4.3 SYSTEM ANALYSIS, DESIGN AND OPTIMISATION

This section deals with the antaital studyof the VEH system described by Hg.3)
using the OFRFmethod. Te design of an optiom nonlinear cubic damping
paramegr that enables the VEH systdmharvest the maximum energy availgble

subject to existing constraints also describedrirstly, the OFRFepresentationof

the outputresponse of system.8), Z(jw) andharvestable powesf Eq. (45), Puiq

are determinedn terms of thedesignparameter c,. The subsequeranalysis and
simulations have been performed using the following model parameters,
m=1kg, = 0.35N.s.m k= #° NmY_= 0.4 [134] It is observed that
system 4.3) belongs to the class of thi®lterra systenof Eq.(2.4) in subsectior2.4.3

of Chapter 2with M =3 and L=2. The system parameters are identified as
Co(2=mc,D)=c, Cy1ll)=c,,c,(0)=k, and c,,(0)=—mw*Ywhile other
parameters are zero. To derive the OFBpresentatiof system 4.3), the OFRF

structureM and frequency function vect@(jw) are derived first.

4.3.1 Determination of the OFRF

To determine the OFRFKepresentationthe systematic procedureutlined in

subsectior?.4.3 of Chapter 2js applied.Applying the algorithm for obtaining the
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OFREF structure (monomialsM (seesulsection2.4.30f Chapter 2to system (4.3)

up to the 14 -order i.e.N = 23, yields the following monomials;
23

M=UM,=Lc.¢.¢ . ¢ ¢ ¢ (4.7)

n_1
Twenty-onedifferent values ofc, arechosenfor training dataset. The range of
values used as the trainingtaset isc,i [0, 0.01]. While exciting the system using
the same input,a&h value ofc, is used to compute a time domain output response
z(t) of system (4.3)The corresponding Fast Fourier Trasf for each time domain
response is obtained at the frequency of interest (the resonant fregqygndyhe

OFRF coefficientO(jw) isthenobtainedusingt he | east sqgagia3psod6 al gor i

thus;
0y(j) 201l
6,(jw) Z(j9) o
O(uw) =| : |=ATA AT (4.8)
Oo(jw) Z(jw)|03(20)
O,(jw) (<),
where
1 6@ - <@
Ao 1 %:(2) G :(2) 4.9)

1 g(2) - ci(21

and Z(jw)|c3(i) represents the output spectrum of the system wehenc,(i).
Therefore, theOFRFof system (4.3) derived is given as

Z(jw) =0y(jo) +0(10) C+0(j) G+ +0,(j o) ¢ +0fj ) c; (410

The OFRF representation of syste#8] at resonancew(= w, ), sincethe maximum

response of the VEK reached at this frequenady,given as
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Z(jwl,, )= (-5.1797+ 2.812b} (5.6216 10 4.3286 °l6, )
(—3.668x 10— 7.162 10cf+ (3.138 10 6.161 1@.)
(—1.691x 1 — 3.32% 16i o'+ (5.965 1B+ 1.1¥6 X’
(—1.408x 16" — 2.78% 10i o+ (2.244 0f + 4.428< 16°i ¢,
(—2.369x 16" — 4.684 18i cf+ (1.594 O+ 3.152 %’
(—6.173x 16*— 1.22% 16i cf°+ (1.047 O+ 2.0¢3 Hoc,

(4.11)

The output frequency responsé is a function ofw and c, as seen irEq. (4.10)
therefore can be written a(jw; ¢,) . It should be noted thahe objective here is to

design c, that providesthe maximumpowerharvested byhe VEH with respect to

existing constraintt is observed in Eq. (4.6) that the average power harvesatsb
a function of the output respons€. However, a further expression can be derived to

obtain the quaredandfourth ppweredmagnitudes of the OFRF of tlsgstemoutput
response i.§Z(jw; g)|2 and|Z(juw; g)|4 . This is computed using tlaégorithmderived

in [85] thus

11 14
1Z(jw; c)|* = 65 +Z[cé29n9(1]
(=1

i=0
- (4.12)
:ZZC; i
ii=0
where p; arecoefficients of the OFRFepresentationf |Z (jw; Cs)|2
The same algorithm i (12) is employed further to obtain
. 4 A
|Z(JW; Q3)| :Z@% (4.13

ii=0
where ), arecoefficients of the OFRFepresentationf |Z(jw; g)|4

Substituting Eqg. 4.13) into Eq (4.6), the OFRF of theaverage harvestablgower

becomes

3 .
Pare :écgwﬂzqw; ol (4.14)
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The OFRF is a polynomial representation of the system performance. A comparison
of the OFRF results with that obtained using the Rifgga 4 algorithm (ODEA45 in

MATLAB) over the system parameter value outside the OFRF training set (in this
case, ¢, =0.0101N.8 .rii?) is shown inFigure 4.2. This indicakes that the OFRF

provides a very good representation for the actual system performance.
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Figure 4.2: Comparison beteen OFRF analytical and Runij@ttanumerical solution: a)
relative mass displacement, b) Average power.

Chapter 4:Analysis, design and optimisation of a vibration energy harvester with damping nonlinearity 72



4.3.2 Optimisation of an unconstrainedVEH system
It should be noted that in the absence of a rdeggacement constraint in the VEH

system, theptimalvalue of c, required to maximise the energy harvestgg, can

beobtained by evaluating the zero of the derivativeddf4). This gives

dP,
2 -0 (4.15)
dc,

Though there are severablutions toEq. (4.15), the minimum, nofmegative rela
solution is selected which is evaluatedcg8' = 0.0015 N.$ .n?. This value can be
substituted into Ex (4.11) and (4.14) to obtain the corresponding mass displacement

|Z(jw,; c,)| =3.035m and averageharvestable powerp, =76.68W of the

VG maxl ™
VEH system considering no constraints. However, practical VEH systems are
constained in their relativeisplacementZ hence posing a constrained optimisation

problem

4.3.3 Optimisation of a constrainedVEH system

From the OFRF representations for the average harvestable power and the output
frequency response obtained in subsectidhl, the optimisationproblem for the

nonlinear parametec;, subject to a constraircan be formulated as;

mc?'x F?’:Mcs @r ’C?,)

o [12Gwi &)= 2 <0 (4.16)
S.L
c,—1x10%<0

where w, =6.3rad.§, Z__ =2.5m is the maximum relativelisplacement of the
VEH systemand the desigparameterg, i [0, 0.01]. The optimisation problem in Eq.
(4.19 is solvedusing the MATLABfminconfunction The optimal cubic damping is

obtained a?®” =0.0032 N.$ .n?. Substituting this valuito Egs. (4.11) and (4.14)

yields|Z(jw,)| = 2.500mand P,, = 75.07 W. To demonstratée effectivenessf the

opt2

OFRFmethod the optimal damping solutior,” is substitutedhto system (4.3) and
Eq. (4.6) which yields an output spectrunand corresponding average powas

|Z(jw,)|=2.501mand P,, = 74.98W respectively.
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Table 4.1: Maximum aveage harvestable power attainablesat 6.3rad 8 (Q=1)
subject to the system constraiét, = 2.5m

Constraint  Mass displacement of Max. average Nonlinear damping,
present? VEH system, Z (m) harvegable Power, P (NS’m®)x 10 3
F)avlc‘6 max (W)
No 3.035 76.68 15
Yes 2.500 7507 3.2

Table4.1 shows the maximum average power harvestable by the VEH system, while
considering both the absence and presentBedfEH mass displacement constraint.
It is observedthat he maximum averageharvestable power of theEH system

considering the relative mass displacement constraoft the VEH system

Z =2.500m, is determinedas P =75.07W for ¢**=0.0032N.S .n?. This

avig max 2

implies the optimal damping forcef theEMD, f__, requiredo extract thenaximum

average pwer, P, ..., IS given as

foma =G 2 (4.17)

Figure4.3 andFigure4.4 show the effects of a nonlinear cubic dampihgracteristics

on the relativedisplacement Z and aerage power, P

e Of the VEH systen

respectivelyThese graphaereobtanedwith respect to &ariation ofnonlinear cubic

damping,c,i [0, 0.01] N.m?®.¢ at the resonant frequency,= w, . In Figure4.3,
it is obseved thatZ decreases monotonically asincreases. There exists an inverse

relationship between both parameters. ThaZigjecreases a8, increases and vice
versa. However, ifEq. (4.6), it is observed that the average harvestable power is a

function of both parameterg(and c,). Thereforesince P, is a function ofZ and

avig

C, , it is obviousthat P,

e, becomes zero if either of these parameters is Zdvis.

implies

If c,- o ,thenZ- O, henceP. 0

avg -

If ¢;- O,thenZ- o  hence, P, - O
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Therefore, as revealed figure 4.4, an optinal value of the nonlinear damping
parameterneeds to be designed in order determine the maximum average

harvestal# powersubject to any existing constraint
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analyticd (OFRF) methodind numericasimulaions

Constrained

<
QF
(O]
3
o 4071 ]
(O]
o
]
P -
g
<

Unconstrained

a1
o
T
I

w
o
T
I

N
o
T
I

'_\
o
I

| — Numerical O OFRF|
0 e | | | | | | | | |
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

Nonlinear damping coefficieng; (NS°m*)

Figure 4.4: Comparison of the average power of the VEH system of Eqg. (4.6) determined
using analytical (OFRF) method and numerical simulations

Chapter 4Analysis, design and optimisation of a vibration energy harvester with damping nonlinearity 75



Figure4.5 represents the (a) tinfestoryand (b) outpufrequencyresponseurvesof

the relative mass displacement of MEH obtained for the designed subject to
unconstrained and constrained conditi@isilarly, in Figure4.6, the corresponding
averageharvestable poweabtained for the designer] underthe sameonditions as

in Figure4.5, is shown

T T T T
e NON-Optimised e e e« Optimised

0.5 1 15 2 2.5 3
time (s) x10¢
(a)
35
Non-optimise
3.0f = === Optimisec ||
__25f 1
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0 2.5 3 3.t
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Figure 4.5: Comparison of the system performances under theoptimised and optimised
cases. (a) time history and (b) Output resgocurvesdr the relativadisplacement of the
VEH system
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Figure 4.6: Comparison of the average harvestable power obtained under thptimised
and optimised cases.

In Figure4.7 andits corresponding top view ifrigure4.8, it is observed that there is

an optimal nonlinear dampingarameter ¢** and normalised excitation frequsn

(), at which the maximum average POWER,,. a1 IS attained consideringno

constraint The global maximum average powerP,,. ..,= 76.68W when

(o]

c™ =0.0015N.8 .n? at =1. It is also apparent that treverage powerP,

e,
decreases rapidly withhedecrease ir¢, when the actual damping coefficientasser

thanc™. Additionally, Py, decreases steadily with the increase;ivhen the actual

damping coefficient is greater tha$"*. This implies that the average power is more

sensitive toc, when it is less thaed™, and less sensitive & when it is greater than

c™. Considering these observations, it is recommended that a damping parameter

greater than the optimal damping parameter is abferif the optimal damping
parameters difficult to implementpractically
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Figure 4.8: Contour plot forthe average harvestable power obtained at different excitation
frequenciesf) = w/w, and nonlinear dampgnparameter values, .
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In the next sectignthe electromechanical coupliod the VEH system based on the

designed optimal nonlinear damping paramef;> and the desired nonlinear

*

damping force,f__,, will be discussed.

emd?

4.4 ELECTROMECHANICAL COUPLING OF THE NONLINEAR
VIBRATION ENERGY HAR VESTER

In the implementatioprocessthe VEH uses an electromagnetransducer.e. EM
damper(EMD), with an internal coil resistancB, to couple the electrical subsystem

to the mechanical subsystem. A schematic representation of the electromelghanical

coupledsystem is shown iRigure4.9.

Figure 4.9: Schematic representation of a vibratimesed energy harvester with a nonlinear
resistiveload

Underbaseanputexcitation, a voltage known as the back emyf; is generated across

the col in the EMD which is, according to

the velocity of the EMD. The induced voltage (or open circuit voltage) is given by

V., =KZ (4.18)
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wherek is the coupling coefficient which is dependent on the geometric and magnetic

properties of the EM[P112]. Connecting a shunt load resistart¢eacross the circuit

causes the back emf to drive a currerationg the circuitThe flow of current causes
a force f_,,, known as electromotive forcehich isproportional to the current, to be

redirected back into the mechanical subsystThis forceoppo®sthe direction of

motion of the subsysteandcan beexpressed as

f_=—ki (4.19)

em

If the shunt load resistance of the VEH systefmear, i.e.R = R, , this implies
Vemf = Vc+ Vlin = IRC+ iI%in (420)
and thecurrent flowing in the electrical subsystem is given by

Vemt KZ

“R+R R+R (4.21)

Therefaoe, thelinearelectromotive force is expressed as

. l<&2 .
fo,=H=——"7—12 (4.22
R+ R,
However, inthis study,a nonlinear damping parametef’” is designed and which
yields the desired nonlinear damping fordg,,. This suggests thatnonlinear shunt

load resistancés required,i.e. R = R,,,. This is becauséhe characteristics of the

load resistangd? , determines the characteristics of the electrical damping force.

To implement the nonlinear cubic damping force characteristiessurrentflowing
throughthe ronlinear loadshould beproportional to the cube of the voltage across it
[135]. This implies vV’ xi,t hen applying Kirchhoffodés voltag

voltagebecomes

Vemf = Vc-l_ anin = IRc-I_( iRnIin)é (423)

Then thecurrent in theelectricalcircuit becomes
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lzlls[Rﬂn Rz - 9\émf + \/E)’\/4Rn|in - 27R \émf ]]
_1 R,
i = 5 =
_% 122/3 Rnlin — (424)
R [ Rﬂin g -9 ¥mf+\/§\/4Rnlin +F§7R \me ]]
Vemf
R
Substituting (44) into (4.19), the electromotive forcef,,, becomes
121/3”[&"1 Rz[— 9k 2+ \/73\/4Rﬂin + ;C?R (= 2f ]]
fem = 6&2
_ 12°kRy;, _ (425
6R. [ Rin B [—9(&7 '3+\/§\/4Rnlin + Iin (2 ]]
K’Z
+ _
R

The objective here is to estimate the coil andlinearoad resistanceR. and R,
required by theVEH system togenerate an electrical damping forck,, with the

same nonlinear characteristics as the desired damping féreg in Eq. (4.17) This

is achievedvith thenonlinearcharacteristics of the foreeelocity profileof the desired

damping forceat the frequency of interest angingthe same system input. islposes
an optimisation problem as the values ofR. and R, that minimzes the error
Z[ foa(zw, )~ f (zw .k, R, Fgmn)]2 is required to be estimad. These
estimates can be obtained using the genetic algoggtmmisationmethodandfor the
parametersi = 3.2V.s.m' andw, = 6.3 rad.$. In the next sectigrthe optimisation

problem is solved and discussed.
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4.5 PARAMETER ESTIMATION OF COIL AND LOAD RE SISTANCES OF
THE NONLINEAR VEH SYSTEM

To determine thestimats of the coil andhonlinearload resistances of théEH, the
genetic algorithm (GA)optimisation methodis employed. The GAoptimisation
algorithm, which isbased on natural selection, is chosen due to its ability to solve
optimisation problems in which the objective function is strongly nonlinear and
nondifferentiable which applies in this case. Togtimisation problem can be
formulated as

arg min [, € w, & ) f,.(Zw, k& R, Ry (4.26)

Re: Riin€R

Equation 4.26 is evaluatd using the genetic algorithifyga) MATLAB function
available inthe MATLAB Global Optimisationdolbox. Theestimate determinedor
the coil anchonlinearoad resistances af® =0.4342 and R, = 2.995« 109 with
r=3.2Vsnitand w, = 6.3 rad.$. Figure 4.10 presentsa comparison between the

force-velocity characteristicef the desired and the estimated damping force.

15 T T T T T T T

10 .
s
~
3 sl -
-
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Y
50| -
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S | ]
)]
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@® Estimated
m——— Desired
_15 1 1 1 1 1 1 1
-20 -15 -10 -5 0 5 10 15 20

Damper velocityz (m5

Figure 4.10: Comparison bsveen the forcerelocity characteristickr the desired damping
force and estimated electrical damping force, respectively.
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The estimated values of the coil amohlinearload resistances are suhgied in Eq.
(4.295 to determinethe electrical damping force f,,. The samevalues of the

mechanical parameterssedduringthe design procesarealso used hereA Simulink
electromechanicamplementation of the practic®lEH systemis presented ifrigure
4.11 using the estimated coil and nonlinear load resistances.

Discrete
0.002 s.

=

Nonlinear resistive load_Rnlin
voltage

Current Measurement

| |
| |
| Mechanical I
| subsystem of | pamper, |
AVEH velocity, Z
| |
I EMf(I)Drgglpegmu EM Damper ouping ::- onlinear resistive circuit I
I > D coefficientfu Nlin_resistor Current D I
I Coupling EMD force I _amps I
coefficient & v [ 1
| Sl |
I Current | - Induced I
| |

Figure 4.11: Simulink implementation of th& EH system.

The actual electrical damping force was I

as seen in the OFfMedDIaAcpnepariSonspidedn Bigureo f
4.12, betweenhetime histories of thelesiredEM damping force,f., and theactual
electrical damping forcef,,, at the resonant frequendy is observed that there is a

good matclbetween the desid and the actual EM damping force

To determine theequivalentlinear lcad resistance.¢. whenR = R, in Figure4.9)
which causethe same mass displacemefithe VEHas the nonlinear loa@sistance

R.in at maximum excitationthe eqivalent linear damping coefficient,,is first

determined. Thiss accomplishedsing the relationship
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3 2
Ceq =—Guw;

2 Zo (4.27)

whereZ, . =2.5m, ¢, =0.0032N.§ . andw, = 2w rad.s

The equivalent linear dampingpefficientobtained from Eq. (4.27) can be employed
as the electrical dampingpefficientin the mechanical domaiof the VEH system

This implies that itanbe usedto determire the corresponding linear load resistance,

R, which causes the same mass displacement of the VEH system as the nonlinear

load resistanceR . thus

2
K

Cog=———
R+ R,

wherex =3.2V.s.m" and R, =0.434q .

(4.29)

With Eg. (4.28), thelinear load resistance is determined Bs =16.01q . The
electromechanical model presented-igure4.11 is subsequently used tbtain the

output spectrumZ andcorrespondingverage powerf

Tav

of the VEH systemThis is
initially performed at maximum excitain, Y, ., for both linear (wherdR = R,,) and
nonlinear (whereR_ = R,;,) load resistances. Then the same process is performed at

anexcitation levebelow the maximum e.d).1v, _ .

It is observedhat boththe linear and nonlinear load sistances producthe same

relativedisplacement sparZ, and average powgP,, at maximum excitationY,, ., as

max

shown inFigure4.13 andFigure4.14 respectively. Nonetheless, at excibats below
the maximum level such a®.1Y ., the nonlinear load resistanaelivers a

significantly greater relative displacement spanand therefore produce more
harvestable powearompared to its linear equivaleiitiese arelemonstrated ifigure

4.15andFigure4.16 respectively.
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Figure 4.16: Average power for the linear and nonlinear VEH systems at an excitation of
0.1V,

The electrical damping forgef,, is a function of the current flowing through the
energy harvesting circuéndit is also proportional to it, as expressed in Eq. (4.22)
This also implieshat the characteristics of the electrical damping force is influenced
by that of the currenSimilarly, the characteristics of the current is dependent on the

characteristics of the load resistané®,as indicated in Eq. (4.21This, therefore,

indicates the influence oR on f,, as deduced from Eq. (4.22)his explains the

nonlinear characteristics obseryadhile employing a nonlinear load resistapirethe
VEH circuit currentandconsequently electrical damping forge seeiin Figure4.17
and Figure 4.18 respectively. However, both linear and nonlinear load resistances

provide the saméevel andcharacteristic of inducedpen circuitvoltage, v, at

maximum excitation levelsis shown inFigure 4.19. This causes bothnear and

nonlinear VEH systems to attain the same relative dispfam® span and
consequently, to provide the same level of powerFigure4.20, the load voltage
across both linear and nonlinear load resistances are predestexnlild be noted that

the sum of the voltages ass the coil resistance and load resistance (load voltage)

Chapter 4Analysis, design and optimisation of a vibration energy harvester with damping nonlinearity 87



yields theinduced open circuit voltage whémeload resistance is connected aclioss
as given in Eq. (4.20Yhis is independent of the characteristics of the load resistance.

5+t ; NonI{near load ; —_ Linexar load -
< 4 ]
= A
c
&) 27 \ ’ ] ‘ 1
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Figure 4.17: Time histories of th& EH circuit currens for thelinear (blue dashand
nonlinear (red solldVEH systems

15r e NONlinear load eeeeeccece-. Linear load

=
o )] o

Dampingforce (N

&

-10

_15 1 1 1 1 1 1 1 1
2.28 2.3 2.32 234 2.36 2.38 24 242

time(s) x 10"

Figure 4.18: Time histories of the actudbamping forcefor thelinear (blue dgtand
nonlinear (red solidVEH systems
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Furthermorewhile the currents across the nonlinear load resistance and its equivalent

linear load resistance are in phaage shown irFigure4.17, the voltage across them

are out of phaseby 180, as seen irFigure 4.20. This is due to the nonlinear

characteristics of the nonlinear lgachich is usually an active device such as diodes

and transistors. Such devices are used in swigchpplications thus providing a

nonlinear behaviour in power electroniEsr a linear load, the voltage and current are
proportional hence obeys Ohmbés | aw. However,

case as harmonics are induced into the currenirftpim the circuit.

4.6 CONCLUSIONS

Motivated by the desire to improve the performance of vibration energy harvesters,
this wak has focused on the analys@gsignand Simulink implementation of a
nonlinear vibration energy harvesting systeihe nonlineaVVEH system proposed
here introduces a nonlineaubic damping characteristic into the mechanical
subsystenmand its energy harvestingerformance wsa compared with an equivalent
linear VEH. Itwas established thatt maximum excitation level, a nonlineaEM
system, and its linear equivalent, harvest the same amount of power. However, at
excitations below the maximum excitation level, the nonlinear VEH outperforms its
linear counterpart. That is, it harvests significantly more power at the resonant
frequerty compared to its linear equivaleAtdesign of the mechanicslibsystem of

the VEH system was conductednd subsequentlya Simulink model of the
electromechanical system was developddoweve, prior to the Simulink
implementation of the nonlinea?EH system) an analytical study, design and

optimisation of the system wasitially conducted
A mathematical model of theonlinearVEH system wadormulatedand analysed
using a nonlinear system frequency analysis approach known as Output Frequency

Respons Function (OFRF). Subjetd existing system constraidt,, , a nonlinear

opt2

damping parameterg,” was designed to enable the nonlin&H harvest the

maximum average powek,,. ..., possible With the designed damping parameter,

the corresponding (desired) damping fordg,, was determined at the resonant

frequency. The desired damping force characteristics was used to estimate the resistive
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elements required tonplementan electromechanicMEH system with the desired
damping characteristicsWith the estimated coil and load resistances, an
electromechanical system of the nonlinear VEH system was simulated using the
MATLAB Simulink program. The simulated electromechahisgstem provides
clarity of the electrical domain characteristics of the nonlinear VEH sy3i@sstudy
provides an insight into the electromechanical design and implementation of a
nonlinear VEH systemkuture works will focus 1 the electrical loadiesign and
practical implementation, using DBC converters. It is gected that the proposed
implementatiorwill provide the same electrical characteristics as the nonlinear load
resistance discussed in this woik.is noteworthy that the characteristict the
electrical damping force of a VEH system depends on the characteristics of the load
resistance of the VEH system. This implies that a linear resistive load will generate a
linear damping characteristic while a nonlinear resistive load will genenateliaear
damping characteristic.

In this chapter,the design and implementation afnonlinearVEH systemwith
damping nonlinearitywas ®nsidered It was demonstratethat integrating cubic
damping nonlinearity to thelynamic model of the VEHsystemimproved its
effectiveness by increasing theailable powerThe system model here incorporated
only damping nonlinearityhowever, in the next chaptdsoth dampmg ard stiffness

nonlinearitieswill be considered.

The keycontribution of thisresearch works the novel application of the OFRF
method in the analysis, design and optimisation of a nonlinear VEH system. In this
study, a cubic damping characteristic was considered and a systematic way of

proceeding from the design stage to implementation stagedemonstrated.
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Chapter 5: Analysis and design of a
vibration energy harvester with
damping and stiffness
nonlinearities

5.1 INTRODUCTION

In the previous chaptethe study focused on the optimisation of a nonlinear vibration
energy harvester with damping nonlinearity. éptimisationprocess was carried out
to maximize the energy harvested bg YEH system.However, in this studyboth

damping and stiffness nonlinearities will be considere

Severalworks have been done towards broadening the operational ficguaege of

a VEH systenbeyond the resonant regit28], [133], [174} [178]. To broaden the
operational Bndwidth of a VEH systen{121] proposedhe use ofactive tuning
actuators to tune the frequency at resonameke excitation frequen@s long as the
actuator does not require an external power souRzerlan et al. in [126],
demonstrated the possible benefits of nonlinear stiffness in energy harvesters. Two
types of nonlinear stiffneswere consideredn the study. Using a kstable snap
through mechanism, it was shown that more power was harvested cdntpartened

linear device for a given input excitation. However, with the second type, using a
hardening spring, it was demonstrated that the bandwidth was extended further
compared to an equivalent linear devi&ai et al. showed in [168] that though a
nonlinear Duffing energy harvester provides a wider bandwidth that it can also be
optimised to maximise the available power. The authok7b] suggested tuning the
resonant frequency of a VEH system to align with that of the excitation freqaedcy

the electrical damping set equal to the parasiimping.Power electronics were
employed here capable of adjusting the damping and resonant freqtmrscy
improving its efficiencyStudies in176] and[177] have focused on the comparison

of the bandwidth for a Duffingype energy harvester and a linear harvester. The results
also confirmed the nonlinear harvester provided a larger bandwidth than the linear
type.Most of the published wks have comparetie Duffingtype VEH and the linear
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type Moreover, several parameter optimisations have been suggested to achieve the
desired results such as mechanical damdiig], electrical load [168][177].

Based on the findings {i34], as discussed in the last chapgar analysis, design and
optimisation of a nonlinear VERystemwasconductedn [179] and[180]. While no
massdisplacement constraint was considerelliro], this was considered {180].

In these studies,naoptimum cubicdamping parameter was desigrfed a desired
harvester energy, using the OFRF noethThe OFRF of a nonlinear system is
determined based ahe nonlinear differential equation (NDEf the systenmand it
shows the relationship between the output spectrum of the system and its nonlinear
parameters. It, thus, describes the system characteriste ©HRF representation of

the systenstudied in the previous chaptevasdetermined using the LeaStjuares

(LS) aproach. However, this method requires several numerical simulations using a
training set of values of the system design parameters, to obtain the respgstiam
output responsgs5].

Vazquez et al. ifil81], based on the characteristic of the-attler Volterra operator

being a multilinear function of a combination of input signatspdellecthe behaviour

of the Volterra opmators by Associated Linear Equations (ALES). Ehéd Es, as
discussed i181], [182], can be used as an analytical tool for the Volterra class of
nonlinear systems. Based on thisyas further revealed if183] that the ALEs for a
Volterra class of nonlinear systems can be used to determine a more accurate OFRF
representton of the system using a significantly lessaumber of numedal
simulations compared to the LS approach.

In this study an analysis and design of a nonlinear VEH system is explored using
OFRF representatisnof the system output spectra which determined from the
ALE decomposition®f the nonlinear VEH modelnladdtion to using a nonlinear
damping componertb extend the average power of the VEHstiffness nonlinearity

is alsointegratedo extend the frequency range of the harvester.

A summary of key contributions in this chapter is highlighted below:

1 Invedigation of a VEH system with both cubic and stiffness naalrities
using the OFRF method.
1 Determination of an OFRF representati@ingALE decompositions for the

output spectrum and average power of a nonlinear VEH system
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T Demonstration of the effecf @ nonlinear stiffness term on a nonlinear VEH

system with cubic damping.

Subsequent sections of tlulsapter are organised as follows: Secbdhpresents the
model formulation of the device; Sectiéi3 shows the determination of the OFRF
structure; Sectio.2 discusses the evaluation of the ALEs; SecBdhishows the
deternination of the OFRF using the ALEs; Sect®® provides results of the study
and discussion and finally Sectiétv concludes the chapter.

5.2 DEVICE MODELING

Given a angle degreef-freedom SDOR vibrationbased energy harvestes
illustratedin Figure5.1, having a suspendedassm and an oscillatingsupportbase

with displacemeny(t). The mass is isolated from the base by an isolation system
modelledas a nonlinear damping systemnnected parallel to a nonlinear sprifge

damping system comprises a mechanical viscous damgingnd an electrical
damphg, C,. The electrical damping arises from the electromagnetic force generated

by virtue of the cubic load resistance connected across the EM ddrhedinear and

cubic stiffness coefficients alg and k; respectively.

X(t)
Nonlineal
Load
kiz+ kg
y(®

v

Figure 5.1: SDOFof a vibration energy harvester with nonlinear stiffness and damping.

The model of th&DOFVEH is an NDE and the equatioof motion of the mass with

respect to the relative displacemei= X— Y is given as

mz+ ¢z+ ¢2+ k# Kz=-— (5.2)
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For a harmonic base displacement with amplitfdefrequency,w and zero phase

shift, the base displacement is given gs- Ysin(wt). ThereforeEquation (5.1)

becomes

mz+ ¢z+ ¢2+ k# K’z of sinw) (5.2)

The nonlinear damping device absorbs an instaatenpower equal to the product of
the instantaneous damgderce and relative velocity of the VEHA12]. Nonetheless

it yields an average powengin as

17 )
P ==fc?Z| @d 5.3
W=7 A7) (53
For a singlefrequency harmonic oscillatiopwhere z= Zsin(wt), this yield
p—3cutzt 5.4
av 8 Qw ( . )

In addition, it can be deducebat since the output frequency responéef
system (5.Ris a function ofw and the nonlinear parametezsand K, , therefore P,,
givenin Eq. (5.4) is alsoa function ofc,, k; andw. Theresonanfrequencyis the

frequency of focus here asif the frequency where maximum power absorption

OCcCurs.

5.2.1 Effect of Nonlinear Stiffness on the harvestepower
It hasbeenestablished in literatuif@28], [130], [133], [174}hat a nonlinear hardening
spring (k; > 0) increases thévandwidthof a vibration isolation system as depicted in

Figure5.2 as well as the available enerdg4].

Linear

Aw

\
Nonlinear

(Softening)

Aw

Nonlinear
(Hardening)

Harvester response

Ambient vibration frequency

Figure 5.2: Effect of nonlinear stiffneson the resonant frequency
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It is observed irEq. (5.4), that an increase in the resonant frequency (frequency of
interest)will result to an increase in the average power of the VEH system.

5.3 DETERMINATION OF THE OFRF STRUCTURE

Firstly, the OFRF represtations of the output spectrwhsystem (5.2)Z(jw) and
the harvestable power &f. (5.9, P,, are obtained in terms of the design parameters,
Cc, and K, . It is observed that syster.?) belongs to the class dlterra system of
Eq. (2.4) in subsectioR.4.3 of Chapter 2, withM =3 and L=2. The system
parameters are obtained a%,(2)=m, c,1)=c, c,(0)=k, c,(000)=k,,
C,,(111)=c,, andc,,(0) = —mu?Y.

If the set of monomials in the OFRF representation ofntheorder output
spectrum of system (5.2) is denotedMy and the complexaluedOFRFcoefficients
denotedby O(jw) , the OFRF representati@anthereforebe written as

Z(jw) =M -6(jw) (5.5

Applying thealgorithm as presented in subsectdd.3o0f Chapter 2, to obtain

the OFRF monomiaJsM up to the ¥-order,yields

E, =[]

E,=[c; ki

E5:[C§ CKy ké]

E, =[c; ¢k GG K

(5.6)

ThereforeM = JE, —[L.c,le, &, ks, K, & & k, G &, K

n=1

It should be noted that for improved accuracy, brgbrders can be considered.
Furthermore, he OFRF repreentation as stated in Eq. (5.5which comprises the

monanials obtainedaspresentedn Eq. (5.6), and its respective OFRF coefficients

O, (jw) (yet to be determined), can be represented in the form

Sy
Zore(jw) = ZEnr '@nf(j“f) (5.7
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wherer =0,2,... h and h is the maximum number of elementsk, . Rewriting Eq.

(5.7) yields

Zoere(jw) = @1|c(jw) +C50 3&] W) + k30 3(zi W
+C§'@5|1(jw) +Cky O 5|£jw) + k23'@ 5&1- W + éé@ m W (5.8)
+C§k3'@7|2(jw) + C3k23~@ 7|£jW) + k33'@ 7&] w)

Therefae, © determine the OFRF difieients, © . (jw) , the ALEs of system (5)4s

njr
first computed up to the™order. Inthe next sectiorthe evaluation of the ALEs for

an NDE system is shown.
5.4 EVALUATION OF THE AS SOCIATED LINEAR EQUA TIONS

For a nonlinear systent the Volterra class given by system (5 e following

substitutiors can be made

2H=4 79 59)

n=1

Rewriting system(5.2) in a general form bieaving all the linear elements on
the LHS and substitutingg. (5.9) yields

miz—F @i %+ ki =
mw?Ysin(w t)— L q[i 'Z]—ZL: Iﬁ[i: rz]~

j=3 n=1 n=1

(5.10)

The ALEs of system5(10 can be obtained for thith-order,for n=1,2,... .S
, Where S,is the maximum order of the d4gsn nonlinearity cosidered, as

demonstrated ifiL81], thus

S kY R
m z+6y F+ K 7=
n=1 n=1 n=1

mw?Ysin(w t)

R e e =N (5.11)
D) ICDIEIED DEEETED DR S

n—1 j-3 p-1 ji—1 i=0

S nsg ML - pHhdia noheheia

n=1 j=3 =1 ji=1 =0

Chapter 5Analysis and design of a vibration energy harvester with damping and stiffrdseadties 98



where the summation afl the subindices of zj and z on the RHS has to equal

e. (1'1+... ul rr-) and (jﬁ--- ol n:). In computing the ALEs, the lowrder

output responses contrileutto the immediate high@rder responses up to the
maximum order considered.

For an estimation of the total output responses up toStib-order and its

corresponding output spectrums,

Sy
29=>_ ()

s, (5.12)
Z(jo) =) Z,(jw)
n=1
For Sy =7, the following ALEs are obtained
(mz + cz+ kz= m® ¥inw )t
e . k — , .3
|mz+ cz+ kg=— kz- £ 2 (5.13)
m% + CZ+ kg: -3 k(? Z3 £12,7
mz + Cz+ kz=-3 W 727+ 2J-3 £.%4% 73

The continuoudime output responsef system (5.2)and its corresponding output

spectrum, whereZ,, (jw) = fft(z,(1)) , arerespectivelyexpresseds

2()=3z(9+ 200+ 2(3+ A X (5.14)
Z(jw)=Z(jw) + Z(ju) + Z(j9) + Zj 9
The cumulative struate of the individual ntforder ALE contributions up to thé"z

order is presented iRigure5.3. Similarly, Figure5.4 shows theoutput spectrum for
each nthorder contrbution of theALE decompositios up to the Y-order. Itis
observed that at resonance there is a significant contribution by the various

decompositions.
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Figure 5.3 A representabn of the individualALE contributions to the generalitput

response of system (5.2).
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Figure 5.4: Graph of individual nthorder ALE contributions to the output response of

sygem (5.2) at théundamentafrequency.
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5.5 DETERMINATION OF THE OFRF USING THE ALES

Equation (5.1%showsthe output spectrum of system (bd&termined from the
fft of the ALE contributions obtained. The ntinder output spectrum afach ALE
contribution is equal to the corresponding ntorder component othe OFRF

representatiothus

Zyes(Jw) = Zoerdjw)

502, =3y 0,10 o1

FromEqg.(5.15), it can be deduced that

Z,(jw) = @1|o(j w)
Zy(jw) = Cs’@su(jw) + ks © 3|£j W
Z5(jw) = C§'@5|1(jw) + Caks'@ 5|§j W) + k23'@ 5(31' W (5.16)
Z7(jw) = (g'@m(jw) + Czsks'@ 7|£j W + C3k23’@ 7(:1 3]
+k3-0,(jw)

Subsguent analysis in this study has been done using the follosyisggm
parameter valuesmn=1kg, k =25Nm* , ¢ =2Nsmi*, Y =0.05m, w, = 5rads',
O=wlw,.

To obtain the OFRF coefficients up to th&atder, fivesimulations are required using

five different values ofc,(C,, ) and Ky (K, ) {wherer =1,2,3,4,5} as given irTable
5.1.

Table 5.1: Simulation (Training) values of model design parameters

Model
nonlinear
parameter

Sim1l Sim2 Sim3 Sim4 Sim5
value value value value value

¢, (N.s.m*) 0.300 0.325 0.350 0.375  0.400
k, (N.m?®) 0 55 110 165 220

The OFRF coefficients can be determirfed any frequency of interesitsing Eq.

(5.17 given as
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Oyoliw) =Z(jw)

@3|1(j u)) C31 kﬂl l Z31(j W)

@3I2(j w) Gy, k32 Zsz(j w)
. -1 .

@5|1(JW) Cgl Cslk31 k23 251(1“1)

@5|2(jw) = C:Zaz C5Ksp k23 Z,(jw)

@5|3(jw) ng Csskss k23 Zsa(jw)

(5.17)

@7|1(jw) Cgl C§1k31 C31k231 k1'3 - Z71(jw)
®7I2(jw) _ C:?z C§2k32 032k232 k'; Z,,(jw)
@7I3(jw) B C§3 C§3k33 C33k233 Iés Z73(jw)
@7I4(jw) C334 C§4k34 C34k234 k33 Z,,(jw)

Therefore, theALE-generatedFRFrepresentation of theutput spectrunof system
(5.2) can be expressed

Z(jw; ¢, k) = @1|o(jw) + C3'@3|(j W + k; © 3&] W + 63‘@ gﬂ W
—}-C3|<3-@5|2(jw) + k§~@ 5|£jw) + ('33'@ 7§j W) + ('Zské@ ﬂ » (5.19
+Csk32'@7|3(jw) + k§~@ 7|z(jw)

The OFRF coefficients of Eq. ) have beenletermined using the ALEs approach.
The benefit of ging the ALEs appro#ds thatthe number of numerical simulations
required to determine the OFRF of the system is significantly redliceobtain the
respectivdDFRFrepresentation of the average power harvestaptee VEH system
via the nonlinear damping systethe OFRFRepresetation of the output spectrum in
Eq. (5.18 is substituted ifEq. (5.4) to yield

P60 ) = 2 6| Ziwi G, W (519

The OFRF representation of the quartic magnitude of the output spectrum,

|Z(jw; C, k3)|4 canalso be derived amépresented in a polynomial form as

122G k) =35 v (@) SR (5.20)

n=0 m=0

where N =7 is the maximum nth order nonlinearity whilg,, . are functions of

frequency andepresent the OFRF coefficients|&jw; G, k3)|4.
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Therefore, the average power can be represented as

D D) DI AL 521

n=0 m=0

The OFRFbasedresults are obtained amdmpared withthat determinedising the
RungeKutta 4 algorithm (ODE45 in MATLAB) forthe output spectrurof system
(5.2) and the average power harvestaiyethe VEH system. The comparisenvere

conductedor different combinatiogs of parameter valuelseyondthe training sefor

¢, and k;. Theresultsare presentedn Figure 5.5 and Figure 5.6 for the pair of

parameters, = 0.45N.S .n? k,= 250N.mand ¢,=0.25N.$ .n? k,= 270N.r

, respectively.
5.6 RESULTS AND DISCUSSION

The OFRF representatiarf the outpuspectrum Z of system (5.2) was derived using
the ALE decompositionsvaluated from the same systeirhe OFRF representation
of the output spectrum was subsequeunsigd to estimatine average power absorbed

by the electroragneticdamper This was performetbr a pair of nonlinear parameter

values, ¢; and K;, beyond the rangever which theOFRF representationwas

determined i.ec, €[0.3, 0.4] N.§ .n? andk, €[0, 220] N.m". As observeéh Figure

5.5 andFigure 5.6, the OFRF representatiomccuratelyrepresentshe actualoutpu
spectum and average paer of the VEH respectively These results clearly
demonstree a good matchetween théOFRF representation and the more accurate
numerical simulation result. This demonstrates the benefits of the OFRF methodology
as it evidently describes the system dynamics over the entire speliotarthat the
wobbles observed around tresamant regions in Figures 5.5 and aré due to thase

of parameterbeyondthe design (training) ranggsing parameters further beyond the

design range (marginally) will cautige system to approach instability

In the implemenaton of such anonlinear VEH system, the cubic damping
nonlinearitycan becontributed byanelectromagnetic damper whose characteristics is
dependent on that of the load resistandbeenergyharvesting circuitThe hardening
stiffness nonlinearity can be incorporated by thpphkcation of magnetic springs

whereby a mass of permanent magisetevitated between two stationary magnets
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[185]. However, such magnetipings can also contribute damping component
typically referred ® as magnetic dampirj@86].
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Figure 5.5: ALE-OFRF vs numericadimulationresults for the output spectaad average
powerrespectively at, = 0.45and k, = 250.
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Figure 5.6: ALE-OFRF vs numerical simulation results for theputspectraand average
powerrespectivelyat c, = 0.25and k, = 270.
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5.6.1 Effects of hardening springon VEH systemswith cubic damping

Hardening sprig nonlinearities have been integrated into standard linear harvester
devices to expand the bandwidth over which power is harvested which is due to a shift
in the resonant frequency to higher frequendi&33], [145], [174], [176] To
demonstrate the effect of integrating a hardettypg stiffness characteristito the
dynamicsof a VEH systemwith cubic damping nonlinearitynumerical studiesre
conducted. The integration of lzardening springeffect can be implemented by

employing magnetic spring486], [185]. Using theOFRFrepresentations expressed
in Egns. (5.8) and (5.19), the effecttbé stiffnessparameterk, can be observed in

Figure5.7. It is clearly seen to extend the operational bandwidth ofahknear VEH
system due tthe shift in the resonant frequenafythe output spectra. The operational

bandwidth of the VEH stem with and withoustiffnesscharacteristiare given as
AQ, and A€}, respectivelyln addition to this, an apparent increase in the dynamic

range of the nonlinear VEH system can also be obsefveslis logical as the average
power of the nonlinear VEH system, given in Eqn. (5.19), is a function of the excitation
frequency w. Much of the curreniiteraturefocusedon increasing the bandwidth of
linear devicesvith the integration of &ardening stihess and compared tdeffing-

type harvesters with standard linear harvesters.

This studyincorporates a harderg stiffness to a VEKystemwith cubic damping
nonlinearity. Nonetheless, a comparison of th&H with damping andstiffness
nonlinearities against linearsystemhas not been considered hefais is due tdhe
unavailabilityof abasis for such compaon to be mad&uch a comparison hasver
been reported foYEH devices with dampingnd stiffness nonlinearitiés the best of

my knowledge.

Furthermoremost studies in literatureonsideredthe Duffing-type harvesters that
exhibit the jumpphenomeann and they were majoriyesigned to operate within the
larger stable branch. Nevertheledsisi imperative tonote that if the VEHmodel
experiences a jump phenomenon, the sum of the ALE decompositions will not
converge to the actual output spectrum atbthe jump region. Therefore, the OFRF
representation will poorly desribe the actual output spectod the system and,

consequently, will be inappropriate for system analysis and design. However, this
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problemis solvedhere due to the presence of bétear and nonlineadamping

characteristics

0.14 r x T

0.12

0.04

0.02

Q (w/w,)

Figure 5.7: Effect of hardening stiffness on the output spectrum and average power of the
nonlinear VEH gstem.
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5.6.2 Optimisation of an unconstrainednonlinear VEH system

Using the OFRF representatiof the average power as determimedq. (5.2}, an
optimisation problem can be formulated as;

max B, (.G .k)
G K3
. [083<e <04 (522
S.
0<k, <220

The solution to theunconstrainedoptimisation problem is simple and can be
determinedusing the MATLABfminsearchor fmincon function. Moreove, using the
OFRF representations of Eqns.1H.and(5.21), therelationhipsbetween thelesign

parametersc,, K, and the output spectrum and average power can be establish

These are prested inFigure5.8 andFigure5.9. It can be deduced froiigure5.10

that the average powerdgnificantlysensitive tolie nofinear stiffness characteristic

k, and less sensitivi® the nonlinear damping characteristig.

3
) 0 03 Cy

Figure 5.8: Output spectrum adystem (5.2) versus a variation@fand k, at 2 =1.
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Figure 5.9: Average power of VEHersus a variationfoc,and k, at Q=1.

Figure 5.10: Y-X view of the Average power of VEFfr a variation ofc,and k, at 2=1.
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