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Abstract

Changes in the magnetic �eld generated within Earth's core that occur over years to centuries

are known as geomagnetic secular variation (SV). These temporal variations arise from motions

of the electrically conducting outer core �uid, and magnetic diffusion. Diffusive �eld changes

are often considered much slower than those associated with �uid �ow. For yearly to decadal

SV, diffusion is therefore neglected in the widely adopted frozen-�ux approximation.

However, several studies have stressed the incompatibility of frozen �ux with the SV ob-

served over the 20th century. In particular, the approximation con�icts with the emergence of

reversed-�ux patches (RFPs) on the core-mantle boundary (CMB), which are regions where

the sign of radial magnetic �eld differs from the otherwise prevalent dipole �eld aligned with

Earth's rotation axis (i.e. the axial dipole �eld). In this thesis, we �rst introduce a method

to characterise RFPs and their evolution. Subsequently, we show how these features have

proliferated, strengthened, and migrated towards the geographic poles, matching the observed

weakening of the axial dipole.

We introduce a formalism allowing the inversion of the observed SV for an initial magnetic

�eld throughout the core, assuming purely diffusive SV. With this method we demonstrate that

pure diffusion is consistent with the SV over several decades, and can reproduce fundamen-

tal SV characteristics such as westward drift, recent North Magnetic Pole acceleration, and

reversed-�ux emergence.

We also use our inverse formalism to augment frozen-�ux models for core �uid motion by

including magnetic diffusion. This hybrid scheme is shown to more accurately predict yearly

SV than steady core �ow, in particular that of South Atlantic RFPs. Finally, we use this hybrid

forecasting method to compute a candidate model for the 2020.0 International Geomagnetic

Reference Field. Our predictions also show how future axial dipole decay is no longer due to

poleward migration of RFPs.

v





Contents

List of Figures xi

List of Tables xvii

Nomenclature xix

1 Introduction 1

1.1 A historical perspective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Earth's core . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Magnetohydrodynamic considerations . . . . . . . . . . . . . . . . . . . . . . 5

1.3.1 Maxwell's equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3.2 The induction equation . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3.3 Magnetic energy conservation . . . . . . . . . . . . . . . . . . . . . . 8

1.3.4 The frozen-�ux approximation . . . . . . . . . . . . . . . . . . . . . . 8

1.3.5 Backus' conditions for frozen-�ux . . . . . . . . . . . . . . . . . . . . 9

1.4 Geomagnetic measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4.1 Geomagnetic observatories . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4.2 Satellite missions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4.3 Historical logs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.4.4 Palaeomagnetism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.5 Core �eld modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.5.1 Mathematical representation . . . . . . . . . . . . . . . . . . . . . . . 15

1.5.2 General inverse strategy . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.5.3 Core �ow models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.5.4 Characteristics of secular �eld evolution . . . . . . . . . . . . . . . . . 20

1.5.5 Appraising frozen �ux . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.5.6 Forecasting core �eld evolution . . . . . . . . . . . . . . . . . . . . . 23

1.6 Outline of thesis and motivation . . . . . . . . . . . . . . . . . . . . . . . . . 24

2 The reversed and normal �ux contributions to axial dipole decay 35

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

vii



viii Contents

2.2 Field models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.3 Identi�cation of RFPs using a magnetic equator . . . . . . . . . . . . . . . . . 39

2.3.1 Choice of magnetic equator . . . . . . . . . . . . . . . . . . . . . . . 39

2.3.2 Construction of a discrete magnetic equator . . . . . . . . . . . . . . . 39

2.3.3 Quantifying reversed �ux . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.4 Contributions to the axial dipole . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.5 Characterisation of reversed �ux patch evolution . . . . . . . . . . . . . . . . . 47

2.6 Discussion and conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

Addendum: Chapter 2 — The reversed and normal �ux contributions to axial dipole

decay for 1880-2015 55

3 Modelling decadal secular variation with only magnetic diffusion 61

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.2.1 Decay modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.2.2 A Galerkin discretisation . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.2.3 Unregularized inverse strategy . . . . . . . . . . . . . . . . . . . . . . 69

3.2.4 Regularised inverse strategy . . . . . . . . . . . . . . . . . . . . . . . 72

3.3 Optimised purely diffusive models . . . . . . . . . . . . . . . . . . . . . . . . 74

3.3.1 Regularised models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.3.2 Comparison with core �eld characteristics and evolution . . . . . . . . 80

3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

Addendum: Chapter 3 — Modelling decadal secular variation with only magnetic

diffusion 95

4 Forecasting secular variation with core �ow and diffusion 99

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.2.1 Field forecasts driven by core �uid �ow only . . . . . . . . . . . . . . 102

4.2.2 Hybrid forecasts for �eld advection and diffusion . . . . . . . . . . . . 103

4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.3.1 Purely �ow-driven forecasts for 2010.0-2015.0 . . . . . . . . . . . . . 105

4.3.2 Hybrid forecasts for 2010.0-2015.0 . . . . . . . . . . . . . . . . . . . 107



Contents ix

4.3.3 Hybrid forecasts for 2018.0-2025.0 and IGRF-13 main �eld candidate . 112

4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

Addendum: Chapter 4 — Forecasting secular variation through sequential estimation

of core �uid �ow and magnetic diffusion 121

5 Discussion and conclusions 127

5.1 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.2 Recommendations for future work . . . . . . . . . . . . . . . . . . . . . . . . 129

A Supplemental material for Chapter 3 135

A.1 Depth sensitivity of SV observations . . . . . . . . . . . . . . . . . . . . . . . 135

A.2 Derivation of the diffusive least-squares residual . . . . . . . . . . . . . . . . . 138

A.3 Numerical convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

A.4 Derivation of the magnetic energy regularisation term . . . . . . . . . . . . . . 142

A.5 Orthogonality of spherical Bessel functions of the second kind . . . . . . . . . 144

A.5.1 Alternative orthogonality . . . . . . . . . . . . . . . . . . . . . . . . . 144

A.5.2 Application to the energy norm . . . . . . . . . . . . . . . . . . . . . 145

A.6 Numerical integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

A.6.1 Lagrange interpolating polynomials . . . . . . . . . . . . . . . . . . . 147

A.6.2 Rectangle rule (M = 0 ) . . . . . . . . . . . . . . . . . . . . . . . . . 147

A.6.3 Trapezium rule (M = 1 ) . . . . . . . . . . . . . . . . . . . . . . . . . 148

A.6.4 Simpson's rule (M = 2 ) . . . . . . . . . . . . . . . . . . . . . . . . . 148

A.6.5 Application to least squares minimisation . . . . . . . . . . . . . . . . 149

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151





List of Figures

1.1 The one-dimensional global-scale structure of the Earth in terms of density�

(in g cm� 3) and seismic shear and pressure wave velocitiesVS andVP (both

in km s� 1), respectively (Dziewonski and Anderson, 1981). Notable interfaces

within this structure include the core-mantle boundary (CMB) at a radius of

3480 km, and the inner-core boundary (ICB) at a radius of 1220 km (image

adapted fromOlson(2007)). . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 A schematic representation of the motions in the outer core. The dashed line

marks Earth's rotation axis, and the cylinder aligned with this axis that encloses

the inner core (the tangent cylinder) is shown by dotted lines. Thin arrows

indicate the direction of core �uid motion outside the tangent cylinder, typically

arranged in columnar vortices. The tangent cylinder dynamically separates the

core �uid. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 The local components of the magnetic �eld and their respective angles (image

from Hulot et al.(2015)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4 The steady part of a model for core �uid motion just below the CMB over

2001.0-2010.0 (image fromWhaler and Beggan(2015)). . . . . . . . . . . . . 19

1.5 The radial �eld at the CMB and in 1840.0 (a) and 2015.0 (b) according to the

COV-OBS.x1 �eld model (Gillet et al., 2015). Null-�ux curves are denoted in

green. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.6 The �eld intensityF at the Earth's surface in 2010.0, according to the CHAOS-

4 �eld model (Olsen et al., 2014) (image fromHulot et al.(2015)). . . . . . . . 21

2.1 The magnitude of the axial dipole coef�cientg0
1 for the period 1840.0 to 2015.0

(left), and the spatial distribution ofB r cos (� ) on the CMB for the COV-

OBS.x1 mean model at epochs 1840.0 (top right) and 2015.0 (bottom right). . . 37

xi



xii List of Figures

2.2 A visual representation in longitude-latitude space of the quantities involved

in the magnetic equator construction algorithm. Locations already classi�ed

as part of the discrete equator at some iterationk arer k� 1 andr k . For this

iteration, we �nd the candidate locationsci , each with an associated distance

si and tangential angle� i with respect to the current candidate locationr k . The

next candidate locationr k+1 is then chosen such that it minimises the norm� i

among all candidates. Therefore for this iterationr k+1 = c1, as this candidate

has a smaller tangential angle compared toc2 but an equal distance tor k . . . . 40

2.3 The radial �eldB r on the CMB (left) and the associated distribution of RFPs

(right) for epoch 1900.0 and several con�gurations of the magnetic equator

(solid black line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.4 The combined reversed to CMB surface area ratioAR=S as a function of time

for all COV-OBS.x1 ensemble members, using a magnetic equator withleq
max =

14 (a) andleq
max = 3 (b). Shown are the results for gufm1 (black curve), the

COV-OBS.x1 mean model (dark red curve), and all COV-OBS.x1 ensemble

members (thin red curves). The thick light red curve is the average among the

results for the ensemble members, and the dark and light gray areas correspond

to con�dence intervals of one and two times the standard deviation, respectively. 43

2.5 The combined reversed to CMB surface area ratioAR=S as a function of time

and for variousleq
max. Solid and dashed curves represent even and unevenleq

max

respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.6 The distribution of reversed �ux for epochs 1946.0 (a) and 1947.0 (b). . . . . . 44

2.7 The ratio of the combined RFP area relative to the CMB surface areaAR=S

as a function of time and degree of truncationlmax for the COV-OBS.x1 mean

model, using either a magnetic equator obtained withleq
max = 3 (a) orleq

max = 14

(b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.8 The ratio of the combined reversed �ux area relative to the CMB surface area

AR=S averaged over the investigated periods withleq
max = 3 and as a function

of lmax. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

2.9 The reversed (a) and normal contributions (b) to the axial dipole �eld over the

investigated periods (the same colouring as in Fig. 2.4 applies). . . . . . . . . . 48

2.10 The average over the combined RFP area ofj cos� j (a) andjB r j (b) as a func-

tion of time (the same colouring as in Fig. 2.4 applies). . . . . . . . . . . . . . 49

2.11 The average over the combined normal area ofj cos� j (a) andjB r j (b) as a

function of time (the same colouring as in Fig. 2.4 applies). . . . . . . . . . . . 49

3.1 Time series of the Gauss coef�cientsg0
1 (a), g0

8 (b), andg0
14 (c) obtained from

the mean COV-OBS.x1 �eld model for the period 1840.0-2015.0 (Gillet et al.,

2015b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63



List of Figures xiii

3.2 Time dependence of the �rst �ve decay modesdn
l � for (a) l � = 1 and (b)

l � = 14, normalised to have initial positive unit amplitude. While a single

mode always decays monotonically, a linear combination of these functions

may exhibit transient strengthening (solid curve). . . . . . . . . . . . . . . . . 67

3.3 The Jacobi polynomials� n
l � as a function of radius, forl � = 1 (a) andl � = 14

(b), here normalised such that their extremum is of positive unit amplitude. . . 69

3.4 The condition number of the weighted Gramian block matrices, forl � = 1

(red) andl � = 14 (blue), as a function ofN , the number of basis functions

used, and using either decay modes (dashed) or the Galerkin polynomials (solid). 71

3.5 The RMS residual ofB r as a function of the initial magnetic energy of the

solution, for several time windows (fromt0 to 2015.0). Every datum represents

a choice for the damping parameter� . Diamonds indicate our preferred trade-

off between the residual and regularisation term. . . . . . . . . . . . . . . . . . 74

3.6 Comparison between time series of selected Gauss coef�cients from the regu-

larised diffusion model for 1990.0-2015.0 (black dashed), and the mean COV-

OBS.x1 model (solid red). Gray shaded areas represent the mean COV-OBS.x1

model� one standard deviation. . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.7 Time-averaged spectra of the residualB r at the CMB for the regularised dif-

fusion models (dashed), and the time-dependent standard deviation of COV-

OBS.x1 (solid). Line colours and symbols represent different time windows

spanning fromt0 to 2015.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.8 The time average of the RMSB r residual over the CMB as a function of time

window length, for the regularised diffusion models (solid blue). Also shown

are two time-average global uncertainties for COV-OBS.x1, one computed with

one standard deviation among Gauss coef�cients (dashed red), and the other

from maximum differences between the 100 published ensemble members and

the ensemble mean (dot-dashed yellow). . . . . . . . . . . . . . . . . . . . . . 77

3.9 The radial �eld at the CMB and at selected epochs, as described by COV-

OBS.x1 (a,d,g) and the regularised 1990.0-2015.0 diffusion model (b,e,h); �g-

ures c, f, and i show the corresponding unsigned difference between the two

models. Null-�ux curves are represented in green. . . . . . . . . . . . . . . . . 78

3.10 As Fig. 3.9, but for the time derivative of the radial �eld. . . . . . . . . . . . . 79

3.11 The radial �eldB r from the regularised 1990.0-2015.0 diffusion model att =

t0 and selected depths inside the core. Null-�ux curves are represented in green. 81

3.12 Time-longitude plots of the radial �eld at the equator according to COV-OBS.x1

(a and c), and the regularised 1913.0-2015.0 and 1990.0-2015.0 diffusion mod-

els (b and d, respectively). The black line corresponds to a drift rate of 0.2�

yr� 1 towards the west. Null-�ux longitudes are represented in green. . . . . . . 83



xiv List of Figures

3.13 The position of the North Magnetic Pole on the Earth's surface as a function of

time, according to COV-OBS.x1 (crosses; a and b) and the regularised diffusion

models for 1913.0-2015.0 and 1990.0-2015.0 (circles; a and b, respectively).

The colour of the crosses and circles denotes time. . . . . . . . . . . . . . . . . 83

3.14 Polar projection ofB r at the CMB and selected epochs, for COV-OBS.x1 (a,

c, and e) and the 1990.0-2015.0 diffusion model (b, d, and f). Null-�ux curves

are represented in green. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.15 Time series of the eastward magnetic componentY (a) and its time derivative

(b) at the Chambon La Forêt (CLF) observatory, according to COV-OBS.x1

(red), the regularised 1990.0-2015.0 diffusion model (blue), and �rst differ-

ences of observatory monthly means (black). The dashed line denotes the ap-

proximate timing of a geomagnetic jerk. . . . . . . . . . . . . . . . . . . . . . 85

4.1 The RMS forecast error at the Earth's surface (a and b) and the CMB (c and

d), for �ow-only forecasts withL u = 8 (a and c), withL u = 14 (b and d), or

with the SV prescribed by IGRF-11 (a-d). The line styles denote the choice of

modelling time window. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.2 Power spectra of the RMS �ow-only forecast error at Earth's surface, com-

puted with the 2001.0-2010.0 and 2009.0-2010.0 modelling periods (a and b,

respectively) and severalL u . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.3 As Fig. 4.1, but for the hybrid forecasts based on �uid �ow and diffusion with

N = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.4 As Fig. 4.2, but for the hybrid forecasts based on �uid �ow and diffusion with

L u = 14 andN 2 f 0; 1; 2g. . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.5 Time series of selected Gauss coef�cients from CHAOS-6-x7 (solid red) and

those predicted withL u = 14 andN = 0 (dashed black), withL u = 14 and

N = 2 (dotted blue), and with the SV prescribed by IGRF-11 (dot-dashed

green). The 2009.0-2010.0 modelling period was used for the �ow and hybrid

forecasts. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.6 The unsigned residualB r at the CMB and at selected epochs, for the forecasts

obtained with the 2009.0-2010.0 modelling window,L u = 14, and with either

N = 0 (a-b) orN = 2 (c-d). . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.7 As Fig. 4.6, but at the Earth's surface. Note the change in colourbar scale. . . . 111

4.8 Predicted evolution of selected Gauss coef�cients from the hybrid forecasts

(obtained withL u = 14, N = 2 , and several modelling windows), and with

the SV prescribed by WMM2015-v2. . . . . . . . . . . . . . . . . . . . . . . 112

4.9 Predicted evolution of the relative reversed surface area withACMB the CMB

surface area (a), the average magnetic �ux through reversed �ux patches (b),

and the averaged unsigned latitudinal weighting factor over reversed �ux (c). . 113



List of Figures xv

4.10 Predicted movement of the North Magnetic Pole (circles), obtained withL u =

14, N = 2 , and the 2009-2010 time window. Squares indicate the trajectory

described by CHAOS-6-x7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

A.1 Amplitude of the degree 1, 8, and 14 magnetic anomalies, centred at three

different depths:(c=4; c=2; 0:95c) after 175 years of diffusion. . . . . . . . . . 136

A.2 The diffusive response at the CMB of the magnetic impulse anomaly as a func-

tion of the radius at which the anomaly is centred, after 10 years (a) and 175

years (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

A.3 Dependence of the unregularised objective functionRunreg , normalised to rep-

resent an RMS residual in space and time, on the number of basis functions

used for the inversion. Purple crosses and green circles correspond to the use

of 103 or 203 time points, respectively. . . . . . . . . . . . . . . . . . . . . . . 141

A.4 Dependence of the unregularised objective functionRunreg , normalised to rep-

resent an RMS residual in space and time, on the number of time points used

for the inversion. Purple crossed and green circles correspond to the use of 2

or 30 basis functions, respectively. . . . . . . . . . . . . . . . . . . . . . . . . 141





List of Tables

2.1 The approximate impact of changes in the integral quantitiesA, � and� over

the 20th century on the axial dipole contributionsg0
1;R=N in units of103 nT. . . 50

4.1 The RMS forecast error with respect to CHAOS-6-x7 (in nT) at the Earth's

surface and at 2015.0, obtained with several modelling periods, withL u 2

f 8; 14g, and withN 2 f 0; 2g. . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.2 As Table 4.1, but with the error evaluated at the CMB (in104 nT). . . . . . . . 106

xvii





Nomenclature

List of acronyms

CMB Core-mantle boundary

GAD Geocentric axial dipole

ICB Inner-core boundary

IGRF International Geomagnetic Reference Field

MHD Magnetohydrodynamics

NMP North Magnetic Pole

RFP Reversed-�ux patches

RMS Root-mean-square

SAA South Atlantic Anomaly

SV Secular variation

WMM World Magnetic Model

xix





Chapter 1

Introduction

1.1 A historical perspective

`Extraordinary claims require

extraordinary evidence.'

Carl Sagan

It wasGilbert (1600) who was �rst to consider our planet Earth as one (giant) magnet — an

extraordinary claim indeed, considering the lack of knowledge of Earth's interior at the time.

His idea was supported by experiments involving the use of a spherical magnet (aterella), and

his work therefore remains one of the earliest examples of experiment-based science in general.

However, the discovery and study of naturally occuring magnets, historically referred to

aslodestones, predatesGilbert's (1600) seminal work by several centuries. For instance, the

Ancient Greek philosopher Thales of Miletus reported the ability of these rocks to remotely

attract or repel other physical bodies, which was then attributed to the soul that resides inside

them (Mitchell, 1946). In addition, the Ancient Greeks are accredited with the etymology of

the word `magnet', a reference to the region of Magnesia where such lodestones were found.

The magnetic properties of lodestones have also independently been documented by the

Chinese of the 1st century, who were �rst to note that these rocks tend to align themselves

(roughly) along the north-south direction (Needham, 1962). Almost a millennium later, that is

in the 11th century, it is again in China where the use of this aligning property is introduced for

the purpose of navigation, and also where the �rst magnetic compass is manufactured (Wang,

1948). The use of these compasses subsequently led to the observation that their needle does

not strictly point towards the geographic north, marking the �rst notion ofmagnetic declination,

i.e. the angular distance between the compass needle and geographic north (Needham, 1962).

By the 17th century, the concept of magnetic declination had reached Western Europe. At

this time, it was understood that this quantity can vary signi�cantly around the globe and in

time, and it was widely acknowledged that these spatial variations in declination are useful

for the purposes of naval navigation, as these allow an estimation of geographic longitude.

1
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Motivated by this practical use, the end of the 17th century saw the �rst large-scale mapping of

magnetic declination, focused in particular at the Atlantic Ocean. This expedition was ordered

and captained by Sir Edmund Halley, who also was �rst to interpret the temporal variation

among declination measurements in terms of awestward drift. He hypothesised that this drift

resulted from the rotation of concentric shells of magnetised material inside the Earth (Halley,

1692), a suggestion consistent with the proposition byGilbert (1600). Despite the fact that

this theory has since been disproven, in part because the Earth's interior is generally too hot to

sustain such remnant magnetism (the ambient temperature at these depths are above the Curie

temperature, see e.g.Tauxe(2010)), the westward drift remains a widely studied property of

the Earth's magnetic �eld to this day (e.g.Bullard et al., 1950,Finlay and Jackson, 2003).

1.2 Earth's core

At present,Halley's hypothesis can be considered at least partially true. Namely, it is now

widely accepted that our approximately spherical Earth (with a mean radius of 6371 km) is

indeed layered. Speci�cally, it has a predominantly metalliccore (which will be the main

region of interest for this thesis), surrounded by a rockymantle, which is subsequently overlain

by a thin crust (� 5-50 km thick). The interface between the core and mantle, residing at

a depth of approximately 2,886 km, is thecore-mantle boundary(CMB). This separation is

clearly manifest in seismological observations (Oldham, 1906,Gutenberg, 1912), which are

consistent with marked discontinuities in the properties of Earth's constituents at this boundary.

For example, when crossing from the mantle to the core the density increases from 5.6 to 10

g cm� 3, and the velocity of seismic P-waves (i.e. longitudinal pressure waves discharged by

earthquakes) decreases from 13.7 to 8.1 km s� 1 (Dziewonski and Anderson, 1981) (Fig. 1.1).

Compositional differences between the two regions explain these differences: the mantle is

predominantly rich in silicates, whereas the core consists mostly of liquid iron (e.g.Fowler,

2005). In addition, the core itself is partitioned into aninner andouter core. Their separation

at a radius of roughly 1220 km is known as theinner-core boundary(ICB), and has originally

been observed from re�ections of seismic P-waves (Lehmann, 1936) (Fig. 1.1). While the

CMB also re�ects a material change, the ICB predominantly marks the phase difference of a

solid inner and liquid outer core.

Ultimately, this large-scale layered structure results from the differentiation of the initial

bulk composition Earth acquired during its formation approximately 4.5 Gyr ago (e.g.Wood

et al., 2006). This formation event, driven by gravitational accretion, has allowed large amounts

of potential energy to be converted to thermal energy (heat). This heat is still continuously

radiated into space, and the current total heat transfer at Earth's surface is estimated at 43-49

TW (Pollack et al., 1993,Lay et al., 2008).

To constrain the dynamics of the �uid that comprises the outer core, it is crucial to know

what portion of this global heat budget is transferred through the CMB. Unfortunately, the

total CMB heat �ux remains poorly constrained, and typical estimates range between 3 to 15
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Figure 1.1: The one-dimensional global-scale structure of the Earth in terms of density� (in g cm� 3)
and seismic shear and pressure wave velocitiesVS andVP (both in km s� 1), respectively (Dziewonski
and Anderson, 1981). Notable interfaces within this structure include the core-mantle boundary (CMB)
at a radius of 3480 km, and the inner-core boundary (ICB) at a radius of 1220 km (image adapted from
Olson(2007)).

TW (Sleep, 1990,Lay et al., 2008). Nevertheless, it is thought to exceed the conductive heat

transport inside the outer core due to adiabatic decompression, which is roughly 0.3 and 6 TW

near the ICB and CMB respectively (Roberts et al., 2003,Stacey and Loper, 2007). Thermal

convectionmust therefore take place within the core, through which thermally buoyant core

�uid rises upward and subsequently cools, thereby contributing to the overall transport of heat

towards the CMB.

As the core has cooled over time, the ambient pressures at large depth have caused it to

freeze radially outward, and this process is widely believed to have formed the solid inner core

(e.g.Sumita and Bergman, 2015). However, the inner core age remains a subject for debate,

and based on energetic, chemical, and magnetic considerations, estimates of the inner core age

exist of 0.5-2.5 Ga (Labrosse et al., 2001,Lassiter, 2006,Aubert et al., 2009,Biggin et al.,

2015,Davies et al., 2015). Because the core continues to cool, inner core freezing is ongoing,

and these inner core ages imply an average growth rate of the ICB radius of roughly 0.5-2.5

mm yr� 1. The outer core �uid is an iron alloy, a property consistent with the observation that

the outer core density is roughly 10% lighter than that of pure iron (Birch, 1964). As a result,

freezing of the inner core is associated with the release of light (non-iron) elements into the

outer core. However, it remains dif�cult to establish the exact composition of the outer core;

candidate light elements include silicon, oxygen, sulphur, hydrogen, carbon, magnesium, or

some mixture of these (Poirier, 1994,O'Rourke and Stevenson, 2016). Nevertheless, it is ac-

knowledged that the presence of these light elements increases the buoyancy of the lowermost

outer core, and that these compositional differences therefore contribute signi�cantly to the
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Figure 1.2: A schematic representation of the motions in the outer core. The dashed line marks Earth's
rotation axis, and the cylinder aligned with this axis that encloses the inner core (the tangent cylinder)
is shown by dotted lines. Thin arrows indicate the direction of core �uid motion outside the tangent
cylinder, typically arranged in columnar vortices. The tangent cylinder dynamically separates the core
�uid.

convective motion within the outer core (e.g.Jones, 2015).

Earth's rotation strongly affects the nature of convection within the outer core. A well-

known example of such rotation-dominated �uid motion follows from the Taylor-Proudman

theorem (Proudman, 1916,Taylor, 1917), which applies to some extent to the outer core. This

scenario considers a steady and inviscid �ow for which the Coriolis force (associated with

the rotation) balances pressure (i.e.geostrophicbalance). Then, there can exist no �uid �ow

variation along the direction parallel to the axis of rotation. As the inner core is impermeable,

the application of this constraint to the outer core implies that the �uid outside an (imaginary)

cylinder, that is one aligned with the rotation axis and containing the inner core (thetangent

cylinder), is entirely separated from the rest of the outer core (Fig. 1.2). While such rotational

effects are thought to take place in the outer core, the Taylor-Proudman scenario remains a

much too simpli�ed view of the true outer core dynamics. This theorem relies on ignoring for

example thermal, viscous, and electrodynamic processes, which are frequently accounted for in

(computationally demanding) numerical simulations of core convection. Still, these numerical

models con�rm the highly cylindrical nature of core convection, and typically render vortices

within columns aligned with the rotation axis, which transport core �uid from and towards the

equatorial plane (e.g.Christensen and Wicht, 2015) (Fig. 1.2). For example, by considering a

non-magnetic and steady linearised force balance comprising thermal, rotational, and viscous

effects within numerical simulations of core convection, workers have demonstrated that the
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thickness of these columns generally decreases with rotation rate — extrapolation of these

simulated results to Earth-like conditions yields a column thickness of no more than 300 m

(e.g.Jones, 2015), further demonstrating that core convection is strongly rotation-controlled.

However, for the real Earth non-linear and magnetic effects are expected, which are capable of

signi�cantly widening these convective rolls (e.g.Jones, 2015).

It is currently debated whether the core convects in its entirety. Speci�cally, several authors

have argued for a thermally or chemically strati�ed layer at the top of the core, in which radial

�uid motion is strongly suppressed. Constraints on the existence of this layer come from

seismic waves, particularly from travel time differences between SnKS phases travelling within

a thin region beneath the CMB (Lay and Young, 1990,Garnero et al., 1993,Helffrich and

Kaneshima, 2010,Kaneshima, 2018), but also from magnetic considerations (Whaler, 1980,

Gubbins, 2007,Buffett, 2014). In addition, data from mineral physics are consistent with high

thermal conductivity below the CMB, that is in excess of 90 W m� 1 K � 1 (Pozzo et al., 2012,

Gomi et al., 2013). Such values imply that most of the CMB heat �ow may be accounted for

with only thermal conduction within a layer below the CMB, and barring any heat transport

associated with dynamical instabilities arising from shearing between the strati�ed layer and

the rest of the outer core (e.g. barotropic and baroclinic instabilities), this would circumvent the

need for radial convective motion. However, the existence of this layer remains controversial,

and estimates for its depth extent range considerably, from about 50 km (Garnero et al., 1993)

to possibly up to 450 km (Kaneshima, 2018).

1.3 Magnetohydrodynamic considerations

It is now widely accepted that these turbulent, convective motions of the (electrically conduct-

ing) �uid comprising the outer core generate a magnetic �eld that we observe at Earth's surface

(the so-calledcore or main �eld). Essentially, the outer core is a dynamo, converting kinetic

energy to magnetic energy — this process is therefore suitably referred to as thegeodynamo.

Such a mechanism was originally proposed byLarmor (1919) a century ago in an attempt to

explain the Sun's magnetic �eld, but was considered applicable also to the Earth following

further developments in the 20th century (an overview of these is given byOlson(2007)). The

physical processes that govern the geodynamo are ultimately placed within the broader �eld of

magnetohydrodynamics (MHD), and in this section we shall touch upon some of its aspects,

allowing observations of the core �eld to be linked to processes operating inside the core. Ac-

cordingly, these theoretical considerations will provide the necessary physical context for the

discussion on the temporal evolution of Earth's magnetic �eld that is given later.

In what follows, bold characters shall denote real 3-vectors (unless state otherwise). Fur-

thermore, we assume a spherical, concentric Earth and core, with radiia andc, respectively.

Accordingly, we adopt a spherical coordinate system, with the origin in Earth's centre and the

position vectorr = ( r; �; ' )T , wherer , � , and ' denote radius, colatitude, and longitude,

respectively.
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1.3.1 Maxwell's equations

The basis for the theory of the geodynamo (or classical electrodynamics in general) is formed

by Maxwell's equations, which in differential form read

r � E =
&
"0

; (1.1)

r � B = 0 ; (1.2)

r � E = �
@B
@t

; (1.3)

r � B = � 0

�
J + "0

@E
@t

�
; (1.4)

whereE is the electric �eld,&the electric charge density,B is the magnetic �eld (in place of

the commonly used �eldH = B =� 0), t is time,J is electric current density, and the constants

"0 and � 0 are respectively the permittivity and permeability of free space. These equations

represent respectively Gauss's law, Gauss's law for magnetism (corresponding to the absence

of magnetic monopoles), Faraday's law of induction, and Ampere's circuital law (e.g.Fleisch,

2008).

MHD is generally a classical (non-relativistic) subject, and therefore it is suf�cient to con-

sider Ampere's law (eq. 1.4) without the displacement current term, i.e. the second term on

the r.h.s. To illustrate this, consider �rst eq. (1.3), which has the order-of-magnitude relation

E=L � B =T , with E; L ; B, andT characteristic scales for the electric �eld, length, the mag-

netic �eld and time. Combining this scaling with the ratio of the displacement current to the

l.h.s. term in (1.4) then yields

j� 0"0(@E=@t)j
jr � B j

�
1
c2

EL
BT

=
�

U
c

� 2

; (1.5)

where the velocity scaleU = L=T andc = ( � 0"0) � 1
2 is the speed of light in vacuum. A

typical estimate for the velocity of core �uid motion is5 � 10� 4 m s� 1 (e.g.Holme, 2015),

whereasc � 3 � 108 m s� 1. Neglect of the displacement current is therefore justi�ed for the

Earth's core and is known as theMHD approximation.

1.3.2 The induction equation

This approximation has considerable advantages, and we now use it to link magnetic �eld

variations to the Earth's core dynamically. Doing so requires another equation, that is Ohm's

law for a moving conductor:

J = � (E + u � B ) (1.6)
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with � the electric conductivity andu the �uid velocity. While we shall not further specify

u, we note that the ICB and CMB are impermeable boundaries, thereforeur = 0 at these

interfaces. In addition, the mantle is widely considered electrically insulating, therefore it is

common to assume that� = jJj = 0 for r > c . Equation 1.4 implies therefore that outside the

core, the magnetic �eld is curl-free, a property that we will be used later. Nevertheless,B can

be shown to be continuous across the CMB (Gubbins and Roberts, 1987).

Combining eq. (1.3), (1.4), and (1.6) together with the MHD approximation yields

@B
@t

= r � (u � B � � r � B ); (1.7)

with � = ( � 0� ) � 1 the magnetic diffusivity. For the case of uniform diffusivity this equation

simpli�es to

@B
@t

= r � (u � B ) + � r 2B ; (1.8)

where we have used eq. (1.2) and the identity

r � r � v � r (r � v ) � r 2v ; (1.9)

with v is any 3-vector. Equation (1.8) is known as theinduction equation(for uniform diffu-

sivity), which explicitly gives time changes in the magetic �eld as the sum of two (r.h.s.) terms:

the �rst is the induction term representing the interaction between the �uid �ow and the mag-

netic �eld, which may allow �uid motion to generate a magnetic �eld; the second is a diffusive

term which results in an overall decay of the magnetic �eld. It is of note that eq. (1.1)-(1.4)

and (1.6) considered both the electric and magnetic �eld, whereas the induction equation is

entirely independent ofE (due to the MHD approximation). This shows that for our purposes,

the electric �eld is only of secondary importance. Still, if need be,E can readily be determined

from eq. (1.4) and (1.6) whenu andB are known.

An expanded representation of the induction term in eq. (1.8) is

r � (u � B ) = ( B � r )u � (u � r )B � (r � u)B ; (1.10)

which results from the application of eq. (1.2) and the vector identity

r � (v � w) � (w � r )v � (v � r )w + ( r � w)v � (r � v )w : (1.11)

The terms of eq. (1.10) represent different mechanisms for temporal �eld change due to �uid

�ow. The �rst r.h.s. term describes how �uid �ow changes along magnetic �eld lines, and

therefore represents dynamical stretching of the magnetic �eld; the second characterises the

converse, that is how the magnetic �eld changes along �eld lines of �uid �ow, i.e. advection

of the magnetic �eld; the �nal term denotes �eld strengthening or weakening due to �ow

convergence or divergence, respectively.
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1.3.3 Magnetic energy conservation

Although the temporal variabilty of the magnetic �eld is already given by eq. (1.8), the dynamo

mechanism can also be viewed from an energetic perspective. First of all, magnetic energy is

de�ned asB 2=(2� 0), and the temporal evolution of this quantity may be described with eq.

(1.3), giving

1
2� 0

@B 2

@t
=

1
� 0

B �
@B
@t

= �
1
� 0

B � (r � E): (1.12)

Using the vector identity

r � (v � w) � w � (r � v ) � v � (r � w) (1.13)

for any 3-vectorsv andw, and combining it with eq. (1.12), (1.4) (under the MHD approxi-

mation), and (1.6) results in

1
2� 0

@B 2

@t
= �

1
� 0

r � (E � B ) �
J2

�
� u � (J � B ): (1.14)

Finally, we integrate this equation over some (stationary) volume� , and by application of the

divergence theorem the total magnetic energy balance becomes

1
2� 0

Z

�

@B 2

@t
d� = �

1
� 0

Z

@�
(E � B ) � n̂ dS �

Z

�

J2

�
d� �

Z

�
u � (J � B ) d� ; (1.15)

where n̂ is the outward normal vector orthogonal to the boundary surface@� , and dS an

in�nitesimal surface element. The �rst term on the r.h.s. corresponds to the �ux of electro-

magnetic energy through@� , characterised by the vector(E � B )=� 0 (known as the Poynting

vector). The second term represents Ohmic dissipiation or Joule heating due to the core �uid's

�nite conductivity. Note that this term is always negative, and without sources external to� ,

dynamo action must therefore take place to sustain the �eld against Ohmic dissipation. Such a

source of magnetic energy is given by the third term, which is the energy from the electromag-

netic force on the core �uid (i.e. the Lorentz force).

1.3.4 The frozen-�ux approximation

We have established that the temporal evolution of the magnetic �eld is produced by the two

r.h.s. terms in the induction equation (eq. 1.8), but how important are they relative to each

other? To shed light on this issue, consider their following ratio

jjr � (u � B )jj
jj � r 2B jj

�
UL
�

=
� d

� u
= Rm; (1.16)

where� d = L 2=� and� u = L=U are characteristic time scales for �eld changes due to dif-

fusion and �uid �ow respectively, andRm denotes the magnetic Reynolds number (compare
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for example with the more common hydrodynamic Reynolds numberRe, de�ned instead by

the kinematic diffusivity). In other words, the magnitude ofRm characterises the disparity

between the diffusive and �uid �ow time scales. If we use conventional estimates for the above

quantities (L = 106 m, U = 5 � 10� 4 m s� 1, and� = 2 m2 s� 1), we �nd Rm � 102, and

the time scales� d = 16 kyr and� u = 65 yr. Therefore, it appears that temporal changes in

B due to diffusion are much slower than those produced by the �uid �ow. When considering

�eld evolution over short time scales (yearly to decadal �eld changes, say), it seems reasonable

then to ignore the diffusive contribution in the induction equation entirely, or equivalently to

treat the core �uid as an electrical superconductor (� ! 1 ) (Roberts and Scott, 1965). Such a

treatment gives the induction equation in reduced form

@B
@t

� r � (u � B ); (1.17)

� (B � r )u � (u � r )B : (1.18)

This is thefrozen-�ux approximation.

The equation above relies on the assumption that the core �uid is incompressible, i.e. it is

assumed thatr � u = 0 . Such a simpli�cation is also widely made in for example geodynamo

simulations to reduce the complexity of the associated governing equations, which are already

dif�cult to solve numerically. It is of note, however, that the outer core mass density is believed

to vary by about 20% from the ICB to the CMB, and these variations may be particularly

important for the core's thermal evolution (Anufriev et al., 2005).

There is an intuitive reason for the name of frozen �ux: under this approximation the

magnetic �eld evolves by moving with the �ow as though it were `frozen' into the core �uid.

Let us brie�y illustrate this by considering some material line elementdl . Its change due to

some background �owu is then described with a material derivative

�
@
@t

+ u � r
�

dl = u(r + d l) � u(r ) = (d l � r )u; (1.19)

where the r.h.s. follows from a �rst-order Taylor series. It may readily be seen that this equation

has the same form as eq. (1.18). As such, the magnetic �eld lines will subsequently evolve

as though they are material lines and therefore move along with the �ow. This is known as

Alfv én's theorem (Alfvén, 1942).

1.3.5 Backus' conditions for frozen-�ux

Along with the frozen-�ux approximation (eq. 1.18) comes a set of constraints on the evolution

of the radial magnetic �eldB r , derived byBackus(1968). Just below the CMB core �uid �ow

is horizontal (recall that it is a material boundary), in which case this component of the �eld

varies in time according to
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@Br
@t

= r̂ � r � (u � B ); (1.20)

= �r H � (B r uH ); (1.21)

wherer H := r � r̂ @=@ris the horizontal divergence, anduH � ur r̂ . If we integrate this

equation over a spherical surfaceP bounded by a null-�ux curve (i.e.8r 2 @P; Br = 0 ), we

�nd

Z

P

@Br
@t

dS = �
Z

P
r H � (B r uH ) dS; (1.22)

= �
Z

@P
(B r uH ) � n̂ dP; (1.23)

= 0 ; (1.24)

wheren̂ is normal to@Pand we have applied the divergence theorem. This result implies

that for a perfect conductor the magnetic �ux within a null-�ux bounded curve is conserved.

We may extend this result by considering all such curves on the CMB, which either bound a

surface over whichB r < 0 (P � ) or B r > 0 (P+ ). The total �ux change through all these

patches is then

0 =
X

i

Z

P +
i

@Br
@t

dS �
X

j

Z

P �
i

@Br
@t

dS; (1.25)

=
X

i

Z

P +
i

@jB r j
@t

dS +
X

j

Z

P �
i

@jB r j
@t

dS; (1.26)

=
d
dt

Z

CMB
jB r j dS; (1.27)

as the union of allP+
i andP �

j is the CMB. Therefore, for a perfectly conducting �uid, the

total unsigned �ux over the CMB is conserved. Equations (1.24) and (1.27) areBackus' (1968)

conditions for CMB �eld evolution under the frozen-�ux approximation, and will appear fre-

quently throughout this work.
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1.4 Geomagnetic measurements

Although the core �eld is generated thousands of kilometers below our feet, it permeates

throughout the overlying mantle and crust, allowing us to measure the �eld at Earth's surface

and above. Ultimately, these observations allows us to constrain the dynamics inside the core,

using theoretical considerations such as those given in the previous section. In this section,

different types of measurements are discussed, as well as how these are used to build space and

time-dependent models of the core �eld.

First of all, it is important to note that thegeomagnetic �eld, i.e. Earth's magnetic �eld

measurable at its surface, is a superposition of several magnetic sources. We already discussed

the core or main �eld, and based on its magnitude it forms the largest contribution to the total

geomagnetic �eld. However, there exist other magnetic �elds of internal origin, e.g. those from

the permanently and inductively magnetised rocks within the lithosphere, and from electrical

currents in the oceans. While these contributions are not as strong as the core �eld (around 1%

of the core �eld strength (e.g.Maus et al., 2002,Maus, 2010)), they can exhibit considerable

spatial variation and need to be accounted for. Temporal variation of the internal magnetic

�eld originates predominantly from the core. These changes typically take place over decades

to centuries, hence the time derivative of the internal �eld is termed thegeomagnetic secular

variation (SV). It is these timescales and the associated secular variation that will be the focus

of this thesis. Lastly, sources of external origin include those due to electrical current systems in

the ionosphere and magnetosphere, known jointly as theexternal �eld. At Earth's surface, this

contribution is much weaker than the internal �eld (around 2-5% of the internal �eld strength

(e.g.Hulot et al., 2015)), and operates on shorter (second to daily) time scales. Again, in order

to be able to study the core �eld exclusively, geomagnetic measurements need to correct for

this additional source.

Let us now brie�y introduce the geomagnetic quantities that are typically measured. As

noted earlier, magnetic �elds are vector quantities, and have a direction and magnitude. The

local �eld direction measured in terms of its components that point to the north, to the east, and

downward, are typically denoted as theX , Y , andZ -components (Fig. 1.3). The horizontal

componentsX andY are associated with the horizontal intensityH , whereas the full length of

the magnetic �eld vector is denoted byF . As mentioned in section 1.1, historical geomagnetic

observations are often declination measurements, de�ned by the non-linear relationshipD =

tan� 1(Y=X). Similarly, the vertical angle between the horizontal and full magnetic �eld is

referred to as inclinationI = tan � 1(Z=H ). The inclination de�nes the North Magnetic Pole

(NMP), that is the location on the Northern Hemisphere whereI = 90 � (and similarly for the

South Magnetic Pole), a commonly studied property of the �eld. It is of note that in contrast to

declination measurements, which have been documented systematically from the 16th century

onward, measuring �eld intensity became possible only after 1832 thanks to the work ofGauss

(1837).

In what follows, we shall discuss several sources of geomagnetic observations, and their
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Figure 1.3: The local components of the magnetic �eld and their respective angles (image fromHulot
et al. (2015))

strengths and weaknesses.

1.4.1 Geomagnetic observatories

A continuous source of geomagnetic data is those provided atgeomagnetic observatories,

where measurements of Earth's magnetic �eld are made at �xed time intervals. Several ob-

servatories had been set up by the early 19th century, and currently there are approximately

150 observatories spread around the globe (that is within the INTERMAGNET consortium,

seehttp://www.intermagnet.org/ ). While observatory data has historically been

provided as annual or hourly means, 1-minute means are also becoming available at an in-

creasing rate. There is a major advantage to observatory measurements, which is that they have

continuously monitored �eld evolution over decadal to centennial time scales with high tem-

poral resolution. However, they are rather unevenly distributed across the Earth's surface, with

most observatories situated in Western Europe, and relatively few in the Southern Hemisphere

and across the oceans.

1.4.2 Satellite missions

For two decades (1999 — ) the observatory data have been complemented by continuous mea-

surements made by satellites in low-orbit (typically at altitudes of several hundreds of km).

These circumnavigate the entire Earth approximately every 90 minutes, and therefore pro-

vide geomagnetic measurements with unprecedented spatial coverage. However, because they
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move continuously, differences among satellite measurements require additional data treatment

to separate spatial and temporal �eld variability. Moreover, these measurements are relatively

new, and can therefore not be used to investigate the �eld on historical time scales, in con-

trast to observatory data. The �rst global (intensity only) measurements were made by the

POGO satellite series, speci�cally the OGO-2, OGO-4, and OGO-6 missions operating from

1965 to 1971 (Cain, 2007). These missions were succeeded by the MAGSAT satellite, oper-

ating from 1979 to 1980, which was the �rst to also provide global directional observations

of the �eld (Purucker, 2007). The most recent mission is titled SWARM (Friis-Christensen

et al., 2006), a constellation mission launched in 2013 and led by the European Space Agency

(ESA) which comprises three identical satellites, which together provide directional and in-

tensity measurements at a sampling frequency of 1 Hz with measurement errors less than 0.5

nT. Other continuous satellite measurements have been made by CHAMP (which operated be-

tween 2000-2010, see alsoReigber et al.(2002)) and the Danish mission Ørsted (which has

operated since 1999 onward, see alsoNeubert et al.(2001)). Satellite measurements have been

employed by for exampleFinlay et al. (2016a) (in addition to observatory data) to build the

CHAOS-6 �eld model, which describes the space and time variability of the core �eld over

approximately the past two decades.

1.4.3 Historical logs

A third source for geomagnetic observations are historical logs made primarily for navigational

purposes, as mentioned in section 1.1. A monumental effort of cataloging these measurements,

some of which date back to the 16th century, was made byJackson et al.(2000) andJonkers

et al. (2003) to which the reader is referred for further details. However, we note here that

these observations have relatively poor spatial coverage, as these were made predominantly

along former trade routes in the Atlantic and Indian oceans. Additionally, most observations

in these logs are declination measurements which, in absence of intensity measurements, con-

strain only the morphology of the magnetic �eld and not its strength. Nevertheless, this source

of geomagnetic data has proven invaluable, and in the landmark study byJackson et al.(2000)

these observations have been combined to build the gufm1 �eld model, describing the his-

torical secular variation of the core �eld from 1590 to 1990. In addition,Gillet et al. (2013,

2015) employed historical measurements in addition to observatory and satellite data to build

the COV-OBS and COV-OBS.x1 ensemble �eld models for the periods 1840-2010 and 1840-

2015 respectively, which comprise multiple model realisations from an optimised probability

distribution (of which 100 are published).

1.4.4 Palaeomagnetism

Further constraints on the history of Earth's magnetic �eld come frompalaeomagnetism, which

may easily be regarded as a separate �eld of research by itself. Nevertheless, because of its

valuable contributions to our understanding of Earth's magnetic �eld and the geodynamo, some



14 Chapter 1: Introduction

of its characteristics are touched upon here.

In essence, palaeomagnetism concerns the ancient magnetic �eld recorded by igneous or

sedimentary rocks, or arti�cially baked materials. During their formation, and while their

temperature is below the Curie temperature, magnetic minerals comprising the rock tend to

align themselves along the ambient magnetic �eld, i.e. that of Earth (e.g.Tauxe, 2010). As

a result, these rocks record the geomagnetic �eld state at the time of solidi�cation (much like

a cassette tape). Together with the absolute dating of the rocks, this magnetisation property

provides us with a powerful tool, for investigating the �eld of up to billions of years in the past,

which allows us to constrain the behaviour of the ancient geodynamo. In fact, palaeomagnetic

�eld intensities indicate that the Earth's magnetic �eld (and hence the geodynamo) is at least as

old as 3.5 Gyr, and that the ancient �eld was approximately 50% weaker than its present-day

con�guration (Tarduno et al., 2007, 2010).

Unfortunately, palaeomagnetic data are incredibly sparsely distributed over the globe and

through time. Therefore, at a single point in time they often constrain only the largest wave-

length of the �eld, which is typically assumed to be that of a dipole �eld tilted with respect to

Earth's rotation axis (this is known as the geocentric axial dipole (GAD) hypothesis). With the

use of this approximation, which is con�rmed a valid representation for the time-averaged �eld

over at least several tens of thousands of years (Acton et al., 1996,Driscoll and Wilson, 2018),

it is evident that the dipole component has reversed polarity numerous times over the lifetime

of the �eld (e.g. Cox et al., 1963). Such polarity transitions are referred to asgeomagnetic

reversals. Despite this reversing behaviour, long-term magnetic �eld variation is generally

characterised by stable, non-reversing periods (with a typical time scale of 100 kyr), inter-

rupted by relatively fast reversal events (often these transitions take less than 10 kyr (Clement,

2004)). In any case, it is clear that the frequency at which reversals occur is far from steady:

palaeomagnetic data are replete with long periods such as the Cretaceous normal superchron

(84-121 Ma) during which no reversals occurred (Cande and Kent, 1995), but also unstable

periods (e.g. 150-170 Ma) characterised by high reversal rates, possibly in excess of 12 Myr� 1

(Tominaga et al., 2008); estimates for the present-day reversal frequency are around 4 Myr� 1

(Biggin et al., 2012).

It remains unclear what exactly triggers a geomagnetic reversal. However, they are ob-

served within numerical simulations of the geodynamo (Kageyama and Sato, 1995,Glatzmaier

and Roberts, 1995), indicating that these are characteristic features of the geomagnetic �eld.

With the use of such simulations, several authors have additionally found that reversals are

more frequent when either the total CMB heat �ow or its heterogeneity are increased (Glatz-

maier et al., 1999,Driscoll and Olson, 2009,Olson et al., 2010,Olson and Amit, 2014). These

variations in CMB heat �ow, and therefore the reversal frequency, may re�ect the thermal

control of mantle convection on the geodynamo (Biggin et al., 2012).
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1.5 Core �eld modelling

Geomagnetic data are certainly useful to investigate the core �eld at a speci�c location or at a

single point in time. However, can we use such observations to obtain better understanding of

the �eld morphology on a global scale, including regions which are not sampled? Similarly, if

we were to know the �eld morphology exactly at two epochs, how well can we constrain the

�eld between those dates? Models of the core �eld, often simply referred to as�eld models,

aid in resolving such issues. In this section, we will summarise how such observation-based

models of the core �eld can be constructed, and comment on several characteristic features of

the �eld manifest in these models.

1.5.1 Mathematical representation

To construct core �eld models it is necessary to choose a suitable mathematical representation

of the �eld. Earlier we considered the magnetic �eld as a vector �eld; such a representation

corresponds to three unknowns (in three-dimensional space). Computational considerations

require the �eld to be discretised (a computer can only represent a �nite numerical resolution).

We therefore introduce here another representation widely used within the geomagnetism com-

munity, which reduces the number of free parameters and allows for a discrete parameterisa-

tion.

We assume that the region outside the core is an electrical insulator, in which case no

electrical currents can exist there, and thereforer � B = 0 for r > c (eq. 1.4). Then, the �eld

may be represented by a scalar potentialV such that

B = �r V: (1.28)

This representation must satisfy the absence of magnetic monopoles (eq. 1.2), therefore the

scalar potential is a potential �eld:

r 2V = 0 : (1.29)

Solutions to the above exist in the form of spherical harmonics, and if we exclude external

sources (atr > a ), these have the canonical form (e.g.Hulot et al., 2015)

V (r ; t) = a
1X

l=1

lX

m=0

�
a
r

� l+1 �
gm

l (t)Y m
l;0(�; � ) + hm

l (t)Y m
l;1(�; � )

�
; (1.30)

= a
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a
r
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gm

l (t) cos(m' ) + hm
l (t) sin(m' )

�
Pm

l (cos� ); (1.31)

wherel andm respectively denote spherical harmonic degree and order,Y m
l;n are the so-called
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spherical harmonics, which have either azimuthal cosine or sine dependence (withn a binary

index used here to distinguish between the two types), thePm
l (x) are the associated Legendre

functions, and thegm
l and hm

l are the time-dependentGauss coef�cients. Within geomag-

netism, it is common practice to adopt Schmidt quasi-normalisedPm
l (x), so that the spherical

harmonics obey the orthogonality condition

Z


(1)
Y m

l;n Y j
i;k dS =

4�
2l + 1

� li � mj � nk ; (1.32)

with 
( r ) a spherial surface of radiusr (e.g.Winch et al., 2005). Therefore, projectingV (if

known) on any of the spherical harmonics with the above norm, one may solve for the Gauss

coef�cient associated with that harmonic. Conversely, if the Gauss coef�cients are known,

then the spherical harmonic representation and eq. (1.28) allowV and all vector components

of the �eld to be straightforwardly computed at any location or time. The orthogonality of the

harmonics may also be utilised to compute power spectra of the �eld orLowes-Mauerberger

spectra (Lowes, 1974), de�ned as

1
4�

Z


( r )
B 2(r ) dS =

1X

l=1

Wl (r ); (1.33)

:=
1X

l=1

(l + 1)
�

a
r

� 2l+4 lX

m=0

(gm
l )2 + ( hm

l )2: (1.34)

Due to practical limitations, it is necessary to truncate eq. (1.31) and (1.34) at some degree

l � L , which is variable among types of models. For observation-based models it is generally

necessary to setL � 14, as higher-degree core �eld contributions are dif�cult to separate from

those of crustal �eld (Langel and Estes, 1982). Therefore, the horizontal resolution of such

models is inherently limited. For forward numerical simulations however, truncation of the

spherical harmonic series is constrained only by computational limitations, and it is typical

for such models thatL > 100 — a recent state-of-the-art geodynamo model has even been

reported withL = 1000 (Schaeffer et al., 2017).

It is important to note that the radial solution in eq. (1.31) depends onl. As a consequence,

high degree features become much more attenuated with increasing altitude compared to low

degree contributions. As we will see later, the modelled core �eld at the CMB (r = c) is

therefore characterised by relatively short wavelengths compared to their corresponding repre-

sentation of the �eld at Earth's surface (r = a).

Lastly, time-dependent models require also an expansion onto a time-dependent basis,

which usually takes the form

gm
l (t) =

X

k

kgm
l � k (t); (1.35)
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where thekgm
l are coef�cients associated with the temporal basis functions� k (t). Various

choices for� k (t) exist, although a currently popular choice is that of B-splines (e.g.de Boor,

1978), motivated by the reduced computational requirements associated with these functions,

and the fact that they are relatively smooth functions (conforming to the idea that a simple

solution is preferred over a complex one).

1.5.2 General inverse strategy

Models of the core �eld derived from geomagnetic observations (section 1.4) are generally

a solution to anill-posed inverse problem. Within geomagnetism, these are generally of the

overdetermined type, in which case the inconsistency among data prohibits the existence of

a single solution that �ts all data exactly. The associated forward problem, derived using the

mathematical representation given in the previous section for instance, has the discretised form

d = G(m) (1.36)

whered is a data vector containing all observations (e.g. �eld measurements at various loca-

tions and at a single point in time),m some model vector (e.g. the Gauss coef�cients at a single

point in time), andG the relation between the two. It should be clear that while we previously

considered only 3-vectors, the data and model vectors can have any dimension. If we consider

the case thatG is linear (G(m) = Gm ), a solution form could in principle be computed by

multiplying the system of equations byG � 1. However, for an ill-posed problem such a matrix

is singular — in fact,G need not even be square!

A more feasible approach is therefore not to �t all data exactly, but instead �nd some model

m̂ that minimises the overall mis�t to the data, which is de�ned by acostor objective function.

A typical choice for this norm is the damped weightedL 2 or Euclidean norm, in which case

�( m) :=
�
d � G(m)

� T C � 1
d

�
d � G(m)

�
+ � m T C � 1

m m: (1.37)

where the associated weights are provided by the data and model covariance matricesCd and

Cm , respectively. The �rst term on the r.h.s. represents a weighted least-squares residual be-

tween the model and the data, in other words the overall �t to the data provided by the model

— ideally the data is matched optimally, and this term is therefore as low as possible. How-

ever, such a small residual may be associated with large magnetic �eld amplitudes or gradients

within the model, which may be harder to justify (for example from physical considerations).

Therefore, a secondregularisationterm is often included to penalise the overall model com-

plexity (second term on the r.h.s.). Different choices of regularisation exist, all of which result

in a different weighting matrixC � 1
m . The non-negativedamping parameter� is then a measure

for the trade-off between a good �t to the data and model complexity; choosing an appropriate

value for this parameter is generally not trivial, and may require additional constraints. In any

case, minimising an objective function of the form of eq. (1.37) will provide a model that �ts

the data, while also penalising model complexity.
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A typical method of minimising the cost function is by �ndinĝm for which the objective

function is stationary, i.e. when

r m̂ �( m̂ ) = 0: (1.38)

WhenG is linear inm (i.e. whenG(m) = Gm ), the Euclidean cost function is quadratic in

m, and the expression above yields an explicit solution for the optimal model that minimises

� :

m̂ = ( G T C � 1
d G + � C � 1

m ) � 1G T C � 1
d d: (1.39)

As mentioned earlier, whilêm is uniquely determined in this case, it may return unrealisti-

cally large amplitudes or gradients. These may be reduced by choosing a suf�ciently large� ,

although increased regularisation is often associated with compromising on the �t to the data.

Additional complications may arise whenG is nonlinear inm (for example whend contains

declination data), in which case the explicit solution above cannot be used. Then, the objective

function needs to be minimised iteratively, for example through the use of Newton's method

(see e.g.Menke, 2018).

1.5.3 Core �ow models

The methods described above may be used to compute some model of the core �eld that best

�ts geomagnetic measurements, which for instance comprises a set of Gauss coef�cients (eq.

1.31). A related class of models exists, which are the result of an inversion of geomagnetic

observations for the motion of core �uid just below the CMB, sometimes modelled jointly with

the Gauss coef�cients. Such core �ow models take advantage of the frozen-�ux approximation,

in which diffusion is negligible, and therefore a direct relation exists between the �eld and �uid

�ow (eq. 1.18). The associated discretised problem then has the form of eq. (1.36), where the

data vector may contain time derivatives of Gauss coef�cients, and the model coef�cients could

for example be spectral coef�cients describing �uid �ow (e.g.Whaler, 1986).

The solution to this problem is, however, always non-unique. This may readily be seen

from equation (eq. 1.18): only one equation is employed to obtain two (horizontal) �ow com-

ponents. As such, the problem is strongly underdetermined, which implies that additional

information or constraints on the �ow should be introduced to compute a meaningful solution.

Since there are several ways of doing so, there exists a variety of core �ow models each with

different underlying assumptions (seeHolme(2015) for an overview). A most common method

to mitigate this ill-posedness is to adopt some form of regularisation (e.g. as in eq. 1.37), for

example by penalising the kinetic energy of the obtained �ow (Madden and Le Moüel, 1982)

or the �ow heterogeneity (Bloxham, 1988). The latter method is often referred to as the use

of the `strong norm', as it penalises the small-wavelength �ow more strongly compared to the

former. However, for either type of regularisation the downside is that the �ow is restricted

to be mostly of large scale, depending on the magnitude of the damping parameter. Another
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Figure 1.4: The steady part of a model for core �uid motion just below the CMB over 2001.0-2010.0
(image fromWhaler and Beggan(2015)).

way of improving the conditioning of the core �ow inversion is to assume the �ow is purely

toroidal, reducing the degrees of freedom of the solution. This type of �ow is motivated by

the potentially strati�ed layer in the outermost core, which would inhibit radial �ow (Whaler,

1980). While the toroidal constraint improves the conditioning of the problem, the associated

�ows have been shown to imperfectly match the observed SV (Lesur et al., 2015). A reduction

in the number of free parameters of the �ow model may also be accomplished by considering

steady �ows. Still, time-dependent �ows are particularly valuable as these can be linked to

length-of-day variations (Jault et al., 1988), therefore providing some physical justi�cation for

core �ow modelling. Finally, we comment on tangentially geostrophic �ows, which are built

on the assumption that the forces associated with rotation, buoyancy, and pressure gradients are

in balance. Such a constraint can be shown to provide better conditioning than that of toroidal-

only �ows, although the assumed force balance is expected to fail near the equator (the Coriolis

force is zero there) (Backus and Le Moüel, 1986).

As an example, Fig. 1.4 shows the steady part of a model for core �ow below the CMB for

the period 2001.0-2010.0, computed byWhaler and Beggan(2015). A characteristic feature of

this �ow pattern is the westward motion in the equatorial Atlantic, which is commonly used to

explain the westward drift in magnetic features discussed earlier. Additionally, these models

often render gyre-like circulation beneath the Southern Indian Ocean, and small-amplitude

�ow in the Paci�c Hemisphere. These features are shared among various core �ow models,

even though each may be subject to other assumptions on the nature of the �ow (a comparison

of �ow models is given byBloxham and Jackson, 1991). Nonetheless, differences in such

assumptions may still result in signi�cant local variation among �ow patterns.
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Figure 1.5: The radial �eld at the CMB and in 1840.0 (a) and 2015.0 (b) according to the COV-OBS.x1
�eld model (Gillet et al., 2015). Null-�ux curves are denoted in green.

1.5.4 Characteristics of secular �eld evolution

There exists a variety of time-dependent models of the core �eld, each derived with different

methods, assumptions, and/or data (e.g.Jackson et al., 2000,Lesur et al., 2008,Gillet et al.,

2015,Finlay et al., 2016a). Here, we will discuss some of the commonly found features of the

�eld in these models.

Maps of the radial �eld at the CMB (Fig. 1.5) con�rm that the �eld is well approximated

by a dipole aligned with the axis of rotation, as the magnetic �eld is mainly orientated radi-

ally inwards/outwards in the Northern/Southern Hemisphere. Although this axial dipole �eld,

de�ned by theg0
1 coef�cient (eq. 1.31), is dominant over all other multipole contributions,

it has been weakening for several centuries (Barraclough, 1974,Gubbins et al., 2006). The

axial dipole decay may be expressed as a weighted integral of the radial CMB �eld. Then,

patches ofB r with a sign different to the prevalent axial dipole, often referred to asreversed-

�ux patches(RFPs), can be shown to contribute destructively to the magnitude of the axial
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Figure 1.6: The �eld intensity F at the Earth's surface in 2010.0, according to the CHAOS-4 �eld
model (Olsen et al., 2014) (image fromHulot et al.(2015)).

dipole �eld. Within the present-day �eld, several of such patches reside in the South Atlantic

(Fig. 1.5). Therefore, several authors have linked the temporal evolution of these patches to

the decaying axial dipole, and have proposed this as a potential mechanism for geomagnetic

polarity reversals (Gubbins and Roberts, 1987,Olson and Amit, 2006,Gubbins et al., 2006,

Terra-Nova et al., 2015). Speci�cally, it has been shown that over the 20th century RFPs have

weakened the axial dipole by migrating towards the geographic poles (where the associated av-

eraging kernel is of higher amplitude) (Olson and Amit, 2006,Terra-Nova et al., 2015,Finlay

et al., 2016b), for example due to the gyre-like motion beneath the Indian Ocean (Fig. 1.4).

However, such studies do not usually consider the evolution of non-reversed �eld, which too

may be weakening and/or migrating, and could therefore play an important role in the observed

axial dipole decay.

The reversed-�ux patches have a clear signature on the magnetic �eld at the Earth's sur-

face. These features cause a local cancellation of the radial �eld, resulting in reduced overall

�eld intensity (Terra-Nova et al., 2017). This is demonstrated in (Fig. 1.6), a map of the

surface intensity at 2010.0. The surface �eld is characterised by high-intensity lobes at inter-



22 Chapter 1: Introduction

mediate to high-latitude (near North America, Siberia and south of Australia), corresponding

to the predominantly axially dipolar nature of the �eld, which are classically attributed to �uid

downwelling motion near the tangent cylinder (Christensen et al., 1998). However, there is a

distinct region covering most of South America where the �eld is anomalously weak, typically

less than 30,000 nT. This weak-�eld region is known as the South-Atlantic Anomaly (SAA),

and is potentially a persistent feature of the �eld. For example, there is evidence that this fea-

ture has existed for several centuries, and may have emerged even before 950 AD (Hartmann

and Pacca, 2009,Tarduno et al., 2015,Hartmann et al., 2019). Because the non-dipole �eld

is generally thought to change over shorter time scales (Lhuillier et al., 2011), the SAA may

be the result of the thermal interaction between the core and mantle (Tarduno et al., 2015,

Terra-Nova et al., 2019), as the latter evolves comparatively slowly. Additional interest in the

SAA comes from the increased radiation damage to aircraft and satellites travelling within this

region, as the locally reduced intensity of the core �eld results in increased susceptibility to

incoming charged particles (e.g. those expelled due to solar activity) (Heirtzler, 2002).

1.5.5 Appraising frozen �ux

As the frozen �ux approximation allows us to render core �uid motion below the CMB, it is

certainly tempting to neglect diffusion in the induction equation (eq. 1.8). Still, is it actually

appropriate to do so for Earth's core?

By consideration of the argument thatRm is rather large for Earth's core, we may indeed

be convinced that such neglect is allowed (section 1.3.4). However, the parameters used to

compute this number are not necessarily well-constrained. For example, the magnetic length

scaleL � 103 km is generally based on the horizontal morphology of the �eld, as described

by observation-based �eld models. As such, the high-Rm argument falls short of considering

also the radial length of the magnetic �eld, which is poorly constrained. In addition, several

authors have argued for much reduced radial magnetic length scales below the CMB (Olson

et al., 2010,Finlay and Amit, 2011,Terra-Nova et al., 2016), which would subsequently lead to

smallerRm. Furthermore, earlier we usedU � 5 � 10� 4 km s� 1, but this values is classically

derived by attributing the westward drift rate to �uid �ow, which therefore supports frozen-�ux

only in a circular manner. It seems therefore that the value ofRm, and its implications for the

evolution of the core �eld, should be considered with caution.

We have already seen that for negligible diffusion, the total magnetic �ux change over

patches bounded by a null-�ux curve is invariant with time (eq. 1.24). Therefore, this con-

dition provides a means to test the validity of frozen �ux quantitatively. Accordingly, several

authors have constructed �eld models at different epochs and found that the frozen-�ux con-

straint was not satis�ed. For example,Bloxham and Gubbins(1985) andBloxham and Gubbins

(1986) found that the overall �ux through reversed-�ux patches in the South Atlantic, which are

inherently bounded byB r = 0 contours, increased signi�cantly over the 20th century. Later

the violation of Backus' frozen-�ux constraints was con�rmed also byChulliat and Olsen
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(2010) andAsari et al.(2010). However, such observation-based studies may incorporate the

frozen-�ux constraint (eq. 1.24) as an additional penalisation term in the minimised objective

function (e.g. of the form of eq. 1.37), and considering the problem of choosing an appropriate

scaling factor to this term objectively, it remains dif�cult to unambiguously detect violation of

frozen �ux with these methods. Moreover, several workers have succesfully constructed �eld

models that are consistent with frozen �ux (Gubbins, 1984,Constable et al., 1993,Wardinski

and Lesur, 2012).

Magnetic diffusion was �rst modelled together with (steady) core �ow byVoorhies(1993),

which allowed for an improved �t to geomagnetic �eld models compared to steady �ow only.

Later,Gubbins(1996) provided a more general method to co-estimate the �uid �ow and diffu-

sive contributions to secular variation and found that diffusion is indeed required to explain the

overall intensi�cation of an RFP below South Africa.Bloxham(1986) proposed a mechanism

explaining the temporal evolution of RFPs physically, that of a local �uid upwelling concen-

trating the �eld below the CMB followed by radial magnetic diffusion, a process known as

�ux expulsion. Such an interaction has also been observed in numerical geodynamo simula-

tions (Aubert et al., 2008), which are often characterised by values ofRm that are considered

Earth-like (Christensen et al., 2010). Therefore, even ifRm is large, diffusion could still be

capable of contributing signi�cantly to the short-term evolution of the core �eld. However,

such simulations have also demonstrated that the �uid �ow just below the CMB can reliably

be inverted for with frozen �ux, although the necessary truncation of the spherical harmonic

representation (e.g. by settingL = 14) can lead to increased uncertainty of inverted �ow struc-

tures, in particular that of low-latitude motions commonly used to explain the westward drift

(Rau et al., 2000).

1.5.6 Forecasting core �eld evolution

Every �ve years sees a new release of the �eld models within the International Geomagnetic

Reference Field (IGRF) series and the World Magnetic Model (WMM) series. These pragmatic

models, used for a variety of purposes such as exploration geophysics and navigation (Meyers

and Davis, 1990), come in the form of a set of Gauss coef�cients which describe the �eld at a

single epoch. In addition, these models also provide the estimated secular variation coef�cients

f _gm
l ; _hm

l g over the next �ve years. If these are assumed steady, they can be used to forecast

�eld evolution over the next �ve years (until the release of a newer IGRF or WMM iteration).

Note that an out-of-cycle update to the 2015 WMM model has recently been released (Chulliat

et al., 2019).

The last decade or so has seen the introduction of more advanced methods aimed at fore-

casting core �eld evolution. Often, these forecasts rely ondata assimilationtechniques, which

are designed to correct the observed temporal core �eld evolution with some numerical model

describing its forward evolution. Not only does such an updated trajectory provide a better �t

to the data, it also allows for more accurate predictions of �eld evolution than the IGRF/WMM
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steady SV forecasts. Data assimilation has already been applied widely over the past decades,

e.g. for weather forecasting, however it is relatively recent that these techniques have been ap-

plied within the context of geomagnetism (for an overview of developments see e.g.Fournier

et al.(2010)). Following the proof-of-concept studies byFournier et al.(2007) andKuang et al.

(2008), a �rst application to geomagnetic forecasting was made byBeggan and Whaler(2009),

in which the forward �eld evolution was described by the relatively simple case of steady core

�uid motion. Indeed, this method provides forecasts with improved global accuracy compared

to the Gauss coef�cient extrapolation provided by the IGRF and WMM models: over a period

of 5 years (that is the period between releases of the IGRF and WMM models) their global

forecast error is less than 30 nT, while at the end of such a period the linear extrapolation of

Gauss coef�cients is accurate only within approximately 80 nT.

However, in reality core �uid motion is not steady. Furthermore, magnetic diffusion could

also be important for short-term �eld change (as discussed in the previous section). The per-

formance of these forecasts was also limited by the occurrence ofgeomagnetic jerks, i.e. jump

changes in the second time derivative of the �eld. More elaborate (and computationally ex-

pensive) forecasts are those byAubert(2015), who utilised full-sphere geodynamo simulations

in a data assimilation scheme, and reported a much improved predictability with respect to

the IGRF forecasts when a prediction window of several decades is considered. Additionally,

Barrois et al. (2017) andBarrois et al. (2018) have constructed a data assimilation scheme

that relies on the statistics derived from the same geodynamo simulation as employed by

Aubert (2015). However, as a result their analysis appears too strongly biased towards the

time-average geodynamo reference state (in which the SV approximately vanishes) to match

observed trends. Morever, it is of note that as with any modern geodynamo model, their con-

trol parameters are separated from Earth-like values by several orders of magnitude, and may

therefore not truly re�ect the dynamics inside the core. Recently,Bärenzung et al.(2018)

have proposed a simulation-independent frozen-�ux data assimilation scheme. They report

forecasts with higher accuracy than those based the IGRF SV prediction, in particular when

predictions over several decades to centuries are considered. Their limit of predictability can

exceed several centuries (depending on the spherical harmonic degree), consistent with the

geodynamo predictability horizon of several centuries reported byHulot et al. (2010). How-

ever, this approach still relies on the frozen-�ux hypothesis, and if diffusion is indeed relevant

for short-term SV, accounting for diffusion may improve core �eld predictions and possibly

extend the predictability limit of purely �ow-based forecasts.

1.6 Outline of thesis and motivation

This thesis concerns the role of magnetic diffusion in the overall geomagnetic secular variation.

This diffusive contribution is often assumed to operate on time scales of tens of thousands of

years, and has therefore widely been neglected when considering the yearly-to-decadal evo-

lution of the core �eld. However, both observation-based and numerical studies indicate that
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it may provide an important contribution to secular variation, in particular for the growth and

intensi�cation of reversed-�ux patches observed over the 20th century. Therefore, our main

research aim is to explore to what extent diffusion can explain the short-term SV. Such infor-

mation may be valuable, for example as a means to improve forecasts of short-term core �eld

evolution, which frequently rely on a frozen-�ux description of SV. These issues are addressed

in the following chapters:

� Chapter 2 concerns a characterisation of the reversed and normal-�ux evolution over the

past century or so using time-dependent �eld models, in which we describe their growth,

intensi�cation, and migration over this period.

� In Chapter 3 we introduce the purely diffusive end-member model to secular varia-

tion, and test how well it �ts secular variation and several of its characteristics, such

as reversed-�ux emergence.

� Chapter 4 is an application to forecasting the short-term core �eld evolution, in which

we employ purely �ow-based predictions, and consider a extension based on magnetic

diffusion to improve these forecasts.

� In Chapter 5 we present �nal concluding remarks and outline several implications asso-

ciated with this work.
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Chapter 2

The reversed and normal �ux

contributions to axial dipole decay for

1880-2015

M. C. Metman1, P. W. Livermore1, and J. E. Mound1

1School of Earth and Environment, University of Leeds, Leeds LS2 9JT, United Kingdom

`Gotta have opposites, light and dark, dark and light,

continually in a painting. If you have light on light,

you have nothing. If you have dark on dark, you

basically have nothing. It's like in life.'

Bob Ross

Abstract

The axial dipole component of Earths internal magnetic �eld has been weakening since at least

1840, an effect widely believed to be attributed to the evolution of reversed �ux patches (RFPs).

These are regions on the core-mantle boundary (CMB) where the sign of radial �ux deviates

from that of the dominant sign of hemispheric radial �ux. We study dipole change over the

past 135 years using the �eld models gufm1, COV-OBS.x1 and CHAOS-6; we examine the

impact of the choice of magnetic equator on the identi�cation of reversed �ux, the contribution

of reversed and normal �ux to axial dipole decay, and how reversed and normal �eld evolution

has in�uenced the axial dipole. We show that a magnetic equator de�ned as a null-�ux curve

of the magnetic �eld truncated at spherical harmonic degree 3 allows us to robustly identify

reversed �ux, which we demonstrate is a feature of at least degree 4 or 5. Additionally, our

results indicate that the evolution of reversed �ux accounts for approximately two-thirds of
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36 Chapter 2: The reversed and normal �ux contributions to axial dipole decay

the decay of the axial dipole, while one third of the decay is attributed to the evolution of the

normal �eld. We �nd that the decay of the axial dipole over the 20th century is associated

with both the expansion and poleward migration of reversed �ux patches. In contrast to this

centennial evolution, changes in the structure of secular variation since epoch 2000 indicate

that poleward migration currently plays a much reduced role in the ongoing dipole decay.

2.1 Introduction

Observations of Earth's internal magnetic �eld reveal that its largest component is that of the

axial dipole, which has been in decline since at least 1840 at a rate of approximately 15 nT yr� 1

(Barraclough, 1974,Gubbins, 1987,Gubbins et al., 2006) (see also Fig. 2.1). The strength

of this component is measured by the degree one, order zero spherical harmonic or Gauss

coef�cient g0
1 (e.g.Backus et al., 1996). A determination of this component has been possible

since Gauss' work in the 1830's and estimates have been re�ned by modern observatory and

satellite data (e.g.Finlay et al., 2016a).

The coef�cientg0
1 can be computed with knowledge of the radial magnetic �eldB r on the

core-mantle boundary (CMB) through evaluation of the integral:

g0
1(t) =

3c
8�a 3

Z

S
B r (r ; t) cos� dS (2.1)

wheret is time, r is the position vector,a andc are the radii of the Earth and its outer core

respectively,� is colatitude andS is the area of the CMB (Gubbins, 1987). Figure 2.1 shows

the integrand of Eq. (2.1) evaluated at the CMB at epochs 1840.0 and 2015.0. The integral is

negative and therefore so isg0
1. However, there are regions on the CMB where the integrand is

positive, which therefore contribute destructively towardsjg0
1j. These regions may be referred

to as reversed �ux patches (RFPs).

Temporal variation inB r , and therefore injg0
1j, ultimately results from the convection of

the electrically conducting iron-alloy that comprises the outer core. However, Eq. (2.1) illus-

trates that the secular variation ofjg0
1j may be expressed mathematically in terms ofB r at the

CMB only. With this in mind, the observed decay ofjg0
1j has most often been attributed to the

secular evolution of RFPs (Gubbins, 1987,Gubbins et al., 2006). In particular, various authors

have stressed the importance of the evolution of the Southern Hemisphere RFPs underneath

the southern tips of South America and Africa (Bloxham and Gubbins, 1985,Gubbins, 1987,

Bloxham et al., 1989,Olson and Amit, 2006,Terra-Nova et al., 2016). For example,Olson

and Amit(2006) andFinlay et al.(2016b) employed geomagnetic secular variation models to

determine core �ow at the CMB, and combined these �ow and �eld models to map the associ-

ated contributions to axial dipole decay.Olson and Amit(2006) show that as much as roughly

80% of the instantaneous change in the axial dipole for 1980 may be the result of meridional

advection of the �eld. Over archeomagnetic timescales (in particular the past 3 ka)Terra-Nova

et al. (2015) found that RFPs have existed and that they contribute to axial dipole decay, this
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Figure 2.1: The magnitude of the axial dipole coef�cientg0
1 for the period 1840.0 to 2015.0 (left), and

the spatial distribution ofB r cos (� ) on the CMB for the COV-OBS.x1 mean model at epochs 1840.0
(top right) and 2015.0 (bottom right).

signal being clearer especially over the past several centuries when resolution of �eld models is

greater. In particular, by using a null-�ux line (whereB r = 0 ) as a magnetic equator in place of

the geographic equator, they showed that spherical harmonic �eld components of degree 4 and

higher are important in describing RFP evolution. They were able to partition the �ux patches

into a variety of types and quanti�ed the contribution of each to the decay ofjg0
1j.

Models of Earth's internal �eld can generally be divided in two types: those that adopt the

frozen-�ux approximation (Roberts and Scott, 1965), that is they neglect diffusive contributions

to secular variation (e.g.Bloxham and Gubbins, 1986,Constable et al., 1993,Lesur et al., 2010,

Wardinski and Lesur, 2012); and those that do not (e.g.Jackson et al., 2000,Gillet et al., 2013,

2015,Finlay et al., 2016a). In frozen-�ux models �eld evolution is rather restricted, there can

be no net change in magnetic �ux through a given RFP and RFPs are not allowed to merge or

divide (Backus, 1968). This may be a problem as the intensi�cation of reversed �ux may well

be the result of �ux expulsion (Bloxham, 1986), a diffusive process that is absent from frozen-

�ux �eld models. Some models additionally conserve radial vorticity (e.g.Jackson et al.,

2007,Asari and Lesur, 2011), so that poleward migration of RFPs is allowed only if there is

an associated change in the morphology of that patch (Jackson, 1996). With such constraints,

RFPs are then expected to contribute to axial dipole decay only by growing in surface area or

by migrating towards the geographic poles. In what follows, we will therefore refrain from

using frozen-�ux models.

In this study, we build upon this previous work to address three objectives. Firstly, we

evaluate the impact of the choice of the magnetic equator on RFP characteristics. As we will

show later, the use of a magnetic equator with a relatively complex morphology can hamper the

robust characterisation of reversed �ux evolution, and a spatially smooth equator is therefore

more appropriate for our analysis. The second objective is to quantify the importance of the

reversed portion of the �eld for axial dipole decay, relative to the unreversed or normal part of
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