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Abstract

In this thesis we study partial cluster-tilted algebras. These algebras are
opposite endomorphism rings of rigid objects in cluster categories, and they are
a generalisation of cluster-tilted algebras. The key motivation for the work we
present here is to understand the representation theory of a partial cluster-tilted
algebra. In our study of how the Auslander-Reiten theory of a partial cluster-tilted
algebra is induced by the Auslander-Reiten theory of the corresponding cluster
category, we use twin cotorsion pairs on triangulated categories to extract quasi-
abelian categories from cluster categories, and develop Auslander-Reiten theory in

quasi-abelian and Krull-Schmidt categories.

We prove that, under a mild assumption, the heart 7{ of a twin cotorsion pair
((S,T),(U,V)) on a triangulated category C is a quasi-abelian category. If C is
also Krull-Schmidt and 7" = U, we show that the heart of the cotorsion pair (S, 7)
is equivalent to the Gabriel-Zisman localisation of H at the class of its regular
morphisms. In particular, suppose C is a cluster category with a rigid object R and
let [X'r] denote the ideal of morphisms factoring through X = Ker(Hom¢ (R, —)).
Then applications of our results show that C/[Xg] is a quasi-abelian category. We
also obtain a new proof of an equivalence between the localisation of this category

at its class of regular morphisms and a certain subfactor category of C.

We generalise some of the theory developed for abelian categories in papers of
Auslander and Reiten to semi-abelian and quasi-abelian categories. In addition,

we generalise some Auslander-Reiten theory results of S. Liu for Hom-finite,
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Krull-Schmidt categories by removing the Hom-finite and indecomposability
restrictions. As a main result, we give equivalent characterisations of Auslander-

Reiten sequences in a skeletally small, quasi-abelian, Krull-Schmidt category.

Lastly, we construct partial cluster-tilted algebras of arbitrarily large finite global
dimension coming from cluster categories associated to Dynkin-type A quivers. In
particular, this shows that there is an infinite family of partial cluster-tilted algebras
that are not cluster-tilted. Then we consider how the Auslander-Reiten theory of the
algebra (End¢ R)°P, where R is a basic rigid object of a Hom-finite, Krull-Schmidt,
triangulated k-category C with Serre duality, is induced by the Auslander-Reiten
theory of C via the functor Hom¢ (R, —). Let C(R) denote the subcategory of C
consisting of objects X for which there is a triangle Ry — R; — X — YRy with
R; € add R. We show that if f: X — Y is an irreducible morphism in C with
X € C(R), then Home(R, f) is irreducible if Y also lies in C(R), or Hom¢ (R, f)
is split otherwise. If X does not lie in C(R), we provide partial results dependent

on properties of the morphism f + [Xg|(X,Y) in the quotient C/[XR].
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Chapter I

Introduction

Representation theory is the study of algebras (i.e. rings having a module structure
over a central ground ring) via the modules they admit. In particular, if S is a
k-algebra and the ground ring k is a field, then the S-modules in which we are
interested are also k-vector spaces and .S acts on these vector spaces by k-linear
transformations. Therefore, trying to understand the more general algebra S in
this way allows us to use techniques from linear algebra, which is a relatively well

understood area.

On the other hand, the category of modules over a given ring is an example of
an abelian category (see Definition and so one might also use category
theory to help understand this category. For instance, if S is an artin algebra,
then it was shown in [[AR735] that the category S—mod of finitely generated
left S-modules has almost split sequences or Auslander-Reiten sequences (see
Definition [L.4.T1). To study the Auslander-Reiten theory of an additive category
A is to study these sequences and morphisms such as almost split or irreducible

morphisms (see Definitions [[[.3.11]and [[1.3.3). Irreducible morphisms are non-split

morphisms admitting no non-trivial factorisation, and knowing these allows one to
build the Auslander-Reiten quiver of A (see Definition [II.3.14)), which is a directed

graph with the indecomposable objects (up to isomorphism) of 4 as vertices and
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irreducible morphisms (up to a scalar) as arrows. In sufficiently nice cases, the

Auslander-Reiten quiver of A completely determines A.

Let k£ be a field. A finite-dimensional k-algebra is called hereditary if it has
global dimension (see Theorem [[I.4.3) at most 1. Hereditary algebras are of
great significance because any basic finite-dimensional algebra is isomorphic to a
quotient of a hereditary algebra (see [ASS06, Thm. 11.3.7]). Therefore, one can use
the representation theory of an appropriate hereditary k-algebra in order to study
the module category of a given k-algebra A. Another approach to understanding the
representation theory of A is to use tilting theory. Broadly, this involves comparing
the representation theory of an algebra to the representation theory of the (opposite)

endomorphism ring of a tilting module.

Let us make this more precise. Let A be a finite-dimensional k-algebra and denote
by A—mod the category of finitely generated (equivalently, finite-dimensional) left
A-modules. A torsion theory in A—mod is a pair (7, F) of full subcategories of
A—mod, such that Hom 4 moq(7, F) = 0, Hom g moq(X, F) = 0 implies X € T,
and Hom 4 moq(7,Y) = 0 implies Y € F (see [ASS06, Def. VL.1.1]). If (T, F) is
a torsion theory in A —mod, then for any object X € A—mod there exists an exact
sequence 0 = Ty — X — Fx — 0in A—mod with Ty € T and Fx € F. Thus,
it can be seen that torsion theories of A—mod can be used to better understand
A—mod itself. A tilting module M over A induces torsion theories relating the
category A—mod to the module category of I' := (End4  meq M)°P. Recall that
a basic module M € A-mod is called a tilting module if M has projective
dimension p.dim, M at most 1, Ext!y(M, M) = 0 and there exists an exact
sequence 0 - A — M; — M, — 0, where My, M, lie in add M (see Definition
[V2.7). There is a torsion theory (Fac M, F) in A—mod, where an object in Fac M
is a quotient of a finite direct sum of copies of M, and a torsion theory (X',)) in
I'—mod such that there are equivalences Hom 4 noq(M, —): Fac M =5 ¥ and

Ext! (M, —): F — X (see [BBSO]). See, for example, [Rei07] for more details.



If A = H is a hereditary algebra, then I' = (Endy moq M)P is called a tilted
algebra (see Definition [V.2.8). Furthermore, the equivalences above induce a

triangle equivalence
RHomp med(M, —): D’(H —mod) % D’(T - mod)

between bounded derived categories; see [Hap88, §III.2]. Thus, we see that
tilted algebras are closely related to hereditary algebras, so one can use the better

understood representation theory of hereditary algebras in studying tilted algebras.

A connection between tilting theory and cluster algebras was found in [MRZO03].
Cluster algebras are defined by an iterative process and are commutative subrings
of rational function fields over Q. They were introduced in [FZ02] to aid the search
for an explicit description of the dual canonical basis associated to a quantised
enveloping algebra of a symmetrisable Kac-Moody Lie algebra. However, only in
a few cases is a complete description known; see, for example, [CMOO], [HY Y03,
[Lus90], [Lus93]], [Mar98]], [X199a], [X199b]]. They have since seen links to various
fields, such as Poisson geometry, integrable systems and even particle physics; see
e.g. [BZ05], [EGO9b], [FGO9al], [FG09c], [FZ03]], [GLS13], [Kim12], [Kim17],
[Gl111], [GM19]. See, for example, [Marl3], [Re1l10] and the references therein for

more comprehensive surveys.

The motivation for the work in this thesis comes from the strong representation-
theoretic link to cluster algebras; see, for example, [CCO06], [CCS06], [BMRRT],
[BMROS]], [PalO8], [CKOS]], [BMRTO7]. In order to better understand the decorated
quiver representations defined in [MRZO3]], cluster categories were introduced
in [BMRRT] for finite-dimensional hereditary algebras, and have been shown to
give a natural model for the combinatorics of the corresponding cluster algebra.
(Independently, for Dynkin-type A quivers, an equivalent category defined via
geometric means was given in [CCS06]].) Indeed, for a finite, acyclic quiver () there

is a bijection between the set of cluster variables in the cluster algebra associated to
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() and the set of isoclasses of indecomposables without self-extensions in the cluster
category associated to () (see [BMRRT], [CKO06], [BMRTO07]). A generalised
cluster category for algebras of global dimension at most 2 is given in [Ami09].

See, for example, the surveys [BMO6], [Kel10] for more details.

For a finite-dimensional hereditary k-algebra H, the cluster category Cy of H (as
defined in [BMRRT)) is the orbit category D*(H)/(7~! o [1]), where D°(H) =
D®(H — mod) is the bounded derived category of finitely generated left H-modules,

77! is a quasi-inverse to the Auslander-Reiten translate 7 and [1] is the standard

suspension (or shift) functor on D*(H) (see Definitions |[1.8.1| and [I.8.4). Then,

the k-category Cy is Hom-finite, Krull-Schmidt, triangulated, has Serre duality
and has Auslander-Reiten triangles (see [BMRRT], [Kel05]], or Theorem and

Proposition [II.8.8§).

Let T be an object of Cyy. Then T is said to be: rigid if Extp, (T,T) = 0 (see
[BMRRT, §3]); maximal rigid if T is rigid and has a maximal number of non-
isomorphic indecomposable direct summands with respect to this property; and
cluster-tilting if add T is functorially finite and *'(add T') = add T = (add T)
(see Definitions [[I.2.1] and [[I.5.1] and [ZZ11, Def. 2.1]). Moreover, in a cluster

category Cy, an object 7' is maximal rigid if and only if it is cluster-tilting (see
[BIRS09, Thm. II.1.8]). If T is cluster-tilting, then the ring Az = (End¢,, T)°P is
called a cluster-tilted algebra (see [BMRO7]) and in cluster theory is the analogue of
a tilted algebra. We remark here that for arbitrary triangulated categories maximal
rigid objects are not necessarily cluster-tilting. Indeed, each cluster-tilting object is
maximal rigid, but the converse is not true in general; see, for example, [BIKROS]

or [BMV10].

One phenomenon that arises in classical tilting theory is that the opposite
endomorphism ring of a partial tilting module is again a tilted algebra (see [Hap88,
Cor. I11.6.5]). Recall that a module M’ € H —mod is called a partial tilting module
if (p.dimy M’ < 1 and) Exty, (M’, M) = 0 (see [Hap88| §I11.6]). This motivates



the following definition.

Definition. [Definition [V.1.1]] If 7" is a rigid object of a cluster category Cy, then

we call Ay = (End¢,, T77)°P a partial cluster-tilted algebra.

This terminology is further justified by the fact that any rigid object can be extended

to a cluster-tilting object in a cluster category; see [BMRRT, Prop. 3.2].

It was observed in [BMROS] that, in contrast to the classical setting, the class
of partial cluster-tilted algebras does not coincide with the class of cluster-tilted
algebras (see Remark [V.2.6). We reinforce this further by providing a family of
partial cluster-tilted algebras with arbitrarily large finite global dimension that are
not cluster-tilted in Chapter[V] Recall that a cluster-tilted algebra must have global
dimension 0, 1 or oo (see [KRO7]]).

Theorem. [Theorem [V.2.4]| For each n € Zx, there exists a partial cluster-tilted

algebra A with gl.dim A = n.

This demonstrates that not all of the results from classical tilting theory will
translate over to the cluster-tilting setting. Moreover, unlike the cluster-tilting case,
extracting the Auslander-Reiten quiver of a partial cluster-tilted algebra directly
from the Auslander-Reiten quiver of the corresponding cluster category is much

less clear.

Let us recall how this works for the cluster-tilting case. Suppose 1’ is a cluster-
tilting (equivalently, maximal rigid) object in a cluster category Cy. For an additive
category A with a subcategory B that is closed under finite direct sums, we will
denote by [B] the ideal of A (see Definition consisting of morphisms that
factor through objects of B, and by A/[B] the corresponding additive quotient

category. It was shown in [BMROQ7] that the functor

HomCH/[XT](Tv _> : CH/P(T] — A7 —mod
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is an equivalence, where X1 := Ker(Home,, (7, —)) is the full subcategory of Cy
consisting of objects that are annihilated by the functor Home,, (7, —). Hence, the
Auslander-Reiten quiver of A can be obtained directly from the Auslander-Reiten
quiver of Cy, which is well-understood, by simply deleting the vertices [X| where
X € Xr and any arrows incident to such vertices; see [BMRO7]] and [KZ08]], and
also [ILiulQ].

If 7" is rigid but not necessarily cluster-tilting, then Cy; /[X] may not be equivalent
to A7 —mod. A desire to understand whether the Auslander-Reiten quiver of the
cluster category determines the Auslander-Reiten quiver of the partial cluster-tilted

algebra has motivated the results in this thesis.

Assume still that £ is a field, and suppose that C is a skeletally small, Hom-
finite, Krull-Schmidt, triangulated k-category (with suspension functor ¥) that has
Serre duality. Fix a rigid object R € C (ie. Hom¢(R,XR) = 0), and set
Ar = (Endc R)°? and Xr = Ker(Hom¢(R, —)). In we determine what
happens to certain arrows in the Auslander-Reiten quiver of C under the functor
Hom¢ (R, —): C — Ag—mod. In our direct approach, the subcategory C(R) of
C consisting of objects Z admitting a triangle Ry — Ry — Z — YRy in C with
R; € add R has been useful. For example, if the domain of an irreducible morphism

f: X — Y lies in C(R) we know precisely what happens.

Theorem. [Propositions|V.3.22|and [V.3.23]] Let X, Y be objects of C with add X N
Xr=0=addY N&Xgand X € C(R). Suppose f: X — Y is an irreducible

morphism in C.

(i) If Y € C(R), then Hom¢ (R, f) is irreducible in A —mod.

(i) If Y ¢ C(R), then Hom¢ (R, f) is a section (so not irreducible) in A —mod.

On the other hand, if X is not in C(R), then it has been more difficult to understand

how f behaves under Hom¢ (R, —). In this case, we have been inspired by work of



Buan and Marsh. It was shown in [BM12] (see also Proposition [V.3.7) that there is,

up to natural isomorphism, a commutative diagram

(1.0.1)

C/[Xr) — = (C/[XR])x

where () is the canonical quotient functor, and Lz : C/[Xg] — (C/[Xr])r is the
localisation functor associated to the Gabriel-Zisman localisation (see §IL3) of
C/[XR] at the class R of its regular (i.e. simultaneously monic and epic) morphisms.

See also [BM13]] and [Bell3]].

Therefore, in determining the irreducibility of Hom¢(R, f), we can pass to the
quotient C/[Xg] first and use properties of Q(f) to tell us more. An example of

the results of this kind we obtain is the following.

Proposition. [Proposition [V.3.30] Ler X ¢ C(R), Y € C(R) with add X N Xr =
0=addY NAXg. Let f: X — Y be an irreducible morphism in C. If Q(f) is right

almost split and monic, then Home (R, f) is irreducible.

That conditions on the image of f in C/[XRg] can be imposed to determine if
Home (R, f) is irreducible suggests that a better comprehension of the Auslander-
Reiten theory of C/[Xg] will be useful. As an application of one of the main results
from Chapter we show that C/[XR] arises as a quasi-abelian heart of a twin
cotorsion pair (in the sense of [NakI3]]) on C, and hence C/[Xg] has sufficient

structure in which to study Auslander-Reiten theory (see Chapter [[V)).

We now give some more details on how we show C/[Xy| is a quasi-abelian
category in Chapter A cotorsion pair on C is a pair (U4, V) of full additive
subcategories of C that are closed under isomorphisms and direct summands,

satisfying Ext; (U, V) = 0 and C = U * XV (see Definitions[11.2.2| and [I11.2.3). An
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example of a cotorsion pair is (XCS°, 371C>?) whenever (C<°,C>?) is a t-structure
(in the sense of [BBDS82]) on C (see [Nakl1, Exam. 2.5]). The heart of a ¢-structure
is an abelian category and, analogously, Nakaoka extracted an abelian category from

a triangulated category with a cotorsion pair, which is also known as the heart (see

Definition [[IT.2.21T)).

A twin cotorsion pair on C consists of two cotorsion pairs (S,7) and (U, V) on C
satisfying S C U (see Definition [[I.2.8)). As for cotorsion pairs, Nakaoka defined

the heart of a twin cotorsion pair as follows. First, we need the subcategories:
W=TnU, C =%X'SxW, Cr=WxxV

of C. Then the heart of the twin cotorsion pair ((S,7T),(U,V)) on C is H =
(C~ N C*)/[W)] (see Definition [II1.2.18). In general, 7 is not abelian but semi-
abelian (see [Nak13, Thm. 5.4]).

A semi-abelian category is a preabelian category (i.e. every morphism has a kernel
and a cokernel) in which the canonical morphism ]7: Coim f — Im f is regular for

every morphism f (see Definitions [[1.9.1 and [I1.9.12)). A semi-abelian category is

called integral if monomorphisms and epimorphisms are stable under both pullback
and pushout (see Definition [[1.9.19). Nakaoka showed that the heart of a twin
cotorsion pair is always semi-abelian (see [Nakl13, Thm. 5.4]) and, under certain
assumptions, is integral (see [Nak13, Thm. 6.3]). With C and R as above, the pair
P = ((add ¥R, XR), (Xr, Xr')), where Xr'' = Ker(Exts(Xg, —)), is a twin
cotorsion pair on C with % = C/[Xx] (see Lemma . In particular, P satisfies
the hypotheses of [Nak13, Thm. 6.3], so C/[XF] is integral and [BM12, Cor. 3.10]
is recovered (see [[Nak13, Exam. 6.10 (2)]).

In §II1.3} we prove that the heart of a twin cotorsion pair ((S, T), (U, V)), satisfying
a mild assumption, is quasi-abelian. A quasi-abelian category is a semi-abelian

category in which kernels and cokernels are stable under both pullback and pushout



(see Definition [[1.9.18). Classical examples of such a category include: any
abelian category; the category of filtered modules over a filtered ring; the category
of topological abelian groups; the category of A-lattices for an order A over a
noetherian integral domain; and the torsion class and the torsion-free class of any
torsion theory in an abelian category (see Example [[1.9.26)); see [RumO1, §2] for

more details. We show the following.

Theorem. [Theorem |II1.3.5]] Suppose ((S,T),(U,V)) is a twin cotorsion pair on
C.IfC~ CC*torCt C C, then H is quasi-abelian.

The condition of this Theorem is satisfied if &/ C T or 7 C U (see Corollary
, and hence the heart C/[Xg] of P = ((add SR, Xr), (Xr, Xr")) is quasi-
abelian (see Theorem [[IL.5.7). As seen above in (LO.I)), one can localise C/[Xx] to
get to (a category equivalent to) the module category Ar —mod, so knowing that
C/[XR]| is quasi-abelian is potentially of great value since quasi-abelian categories

have enough structure in which to study Auslander-Reiten theory.

In Chapter we focus on Auslander-Reiten theory in categories more general
than abelian ones and in Krull-Schmidt categories. For example, we show that any
irreducible morphism in a semi-abelian category must be a proper monomorphism
or a proper epimorphism or both (see Proposition [V.2.2)). (Note that in an abelian
category, this latter phenomenon cannot happen.) But in general it is not known how
much Auslander-Reiten theory can be developed in semi-abelian, or even integral
categories, because a lot of the arguments needed involve the pullback or pushout
of kernels and cokernels. We show in that many of the general results proved
in [AR77a] and [AR77bl] by Auslander and Reiten for abelian categories still hold
in quasi-abelian categories. Thus, these generalisations can be used to more fully
understand C/[Xg] and may have implications in comprehending the representation

theory of partial cluster-tilted algebras.

Furthermore, since C, and hence C/[X}R], is a Hom-finite, Krull-Schmidt category,

one can utilise techniques from a different perspective. Liu initiated the study
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of Auslander-Reiten theory in Krull-Schmidt categories that are Hom-finite over
commutative artinian rings in [LiulO]. In particular, Liu introduced the notion
of an admissible ideal (see Definition [IV.3.10), an example of which is the
ideal [Xp] (see Example [V.3.11). It was shown in [Liul0, §1] that if A is
a Hom-finite, Krull-Schmidt category and Z is an admissible ideal of A, then,
under suitable assumptions, irreducible morphisms (between indecomposables) and
minimal left/right almost split morphisms behave well under the quotient functor
A — A/Z. We extend these results of Liu by establishing a body of Auslander-
Reiten theory results for Krull-Schmidt categories that are not necessarily Hom-
finite (see §IV.3). We also prove new observations in this setting, inspired by work
of Auslander and Reiten. Moreover, in case A is quasi-abelian and Krull-Schmidt,
we can also draw upon our work on Auslander-Reiten theory for quasi-abelian
categories and are able to provide a characterisation result for Auslander-Reiten

sequences (in the sense of Definition [IV.3.6) in A.

Theorem. [Theorem IV.3.19]] Let A be a skeletally small, quasi-abelian, Krull-
Schmidt category. Let &: X LY 5% 7 be a short exact sequence in A. Then

statements (1)—(vi) are equivalent.

(i) & is an Auslander-Reiten sequence.

(1) End 4 X is local and g is right almost split.
(i) Endy Z is local and f is left almost split.
(iv) f is minimal left almost split.

(v) g is minimal right almost split.

(vi) f and g are irreducible.

In particular, this characterisation applies to the category C/[Xg].
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Outline

In Chapter |lI] we provide much of the background material needed to understand
later parts of this thesis. At the beginning of Chapter [[I] we state some assumptions
we make throughout the whole thesis. In the rest of the chapter, we: set up our
category-theoretic language and notation; recall notions from the theory of quivers;
recall the Auslander-Reiten theory of a finite-dimensional algebra, and in particular
recall the definition of the Auslander-Reiten translate; recall how one localises
a category; provide the basics of triangulated categories that we use throughout;
define the derived category, showing how its Auslander-Reiten theory is induced
from the corresponding abelian category in case of a finite-dimensional hereditary
algebra; and recall the definition of the cluster category and how its Auslander-
Reiten theory is induced from the derived category. Lastly in Chapter LI, we recall
types of additive categories that have less structure than abelian categories in §I1.9]

and how one may define a first extension group for such categories in §II.10]

In Chapter our main result provides a criterion for the heart 7 of a twin cotorsion
pair ((S,7), (U, V)) on a triangulated category C to be a quasi-abelian category. If
C is also Krull-Schmidt and 7 = U, we relate H to the heart of the cotorsion pair
(S,T) by localising # at the class of its regular morphisms. Lastly in this chapter,

we apply our results to a cluster category C with a rigid object R.

In Chapter [V] we focus on Auslander-Reiten theory for quasi-abelian and (not
necessarily Hom-finite) Krull-Schmidt categories. For a skeletally small, quasi-
abelian, Krull-Schmidt category, we provide equivalent criteria for a short exact

sequence to be an Auslander-Reiten sequence.

In Chapter [V| we first give a recipe to produce a partial cluster-tilted algebra of
global dimension n for each n € N. We then consider what happens to an
irreducible morphism f: X — Y in a Hom-finite, Krull-Schmidt, triangulated

k-category C with Serre duality under the functor Hom¢ (R, —) for a rigid object
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Rin C. If X € C(R), then the irreducibility of Hom¢ (R, f) is determined by
the membership of Y in C(R). If X ¢ C(R), then we know the irreducibility of

Home (R, f) in some situations.

The results in Chapters and|V|are new, except where otherwise indicated. The
results of Chapter [[[] have been published in [Shal9], and the results of Chapter[[V]
have been published in [Sha20].



13

Chapter 11

Preliminaries

We use this first chapter to recall the background material we will need in the rest
of this thesis. It is also used to set up notation and define terminology that we will
then use in Chapters The general assumptions and conventions we make are

as follows.

(i) The set of natural numbers for us is N = {0,1,2,3,...}.
(i1)) We assume the Axiom of Choice.

(i11) Rings are assumed to be associative and with multiplicative identity (not

necessarily non-zero).

(iv) Any module considered is unital, and typically we work with finitely

generated left modules.

(v) For simplicity, we assume that any field is algebraically closed.

II.1 Category theory

We need the language of category theory throughout this thesis, so in this section

we recall the fundamental notions. Our choice of notation and conventions usually
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follow that of [Alu09], which gives a great introduction to some of the theory

presented. We also use [MLO98]], [Bor94al], [ASS06] and [Kral3]].

II.1.1 The fundamentals

In this section, we recall what we mean by a category and some properties categories
may have. We also recall the definition of a functor and some properties they may

have.

Definition IL.1.1. [Alu09, Def. 1.3.1] A category A consists of: a class obj(.A),
elements of which are called objects; for any X, Y € obj(.A) a class Hom 4(X,Y),
elements of which are called morphisms; and for any X,Y,Z € obj(A) a binary
operation o = o(x,y) (v,z): Homu(X,Y) x Homu(Y, Z) — Hom4(X, Z) called

composition mapping a pair (f, g) to g o f, such that:

(i) (associativity) for all W, XY, Z € obj(.A) and for all f € Homyu(W, X),
g € Hom4(X,Y), h € Homu(Y, Z), wehave ho (go f) = (hog) o f;and

(ii) (identity) for each X € obj(.A) there exists a distinguished morphism 1x €
Hom 4(X, X) such that for all f € Hom4(W, X), g € Homy4(X,Y) we have
lxof=fandgolx =g.

For the remainder of this section, .4 will denote an arbitrary category. The
distinguished morphism 1y for an object X of A is called the identity morphism.
To simplify notation, we will often denote g o f by gf, usually use g: X — Y
and ¢ € Homy(X,Y') interchangeably, and just write X € A to really mean X
is an object in the category A. Furthermore, we denote by End 4 X the collection

Hom 4(X, X) of morphisms X — X.

Knowing when objects in a given category are essentially the same is often helpful,

which gives us the following definition.
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Definition I1.1.2. [Alu09, Def. 1.4.1] A morphism f: X — Y in A is an
isomorphism if there exists g: Y — X in A such that gf = 1y and fg = 1y.
Thatis, f: X — Y is an isomorphism if it has a two-sided inverse, and in this case

we say that X and Y are isomorphic and denote this by X = Y.

We call the subclass of obj(.A) consisting of all objects isomorphic to an object
X € Atheisoclass of X. And we denote by Aut 4 X the class of all automorphisms

of X, i.e. the subclass of End 4 X consisting of all isomorphisms.

From a category, other categories can immediately be considered. The opposite
category gives us the language to formulate definitions and results in a concise way

(as we will see later), hence we introduce it here.

Definition II.1.3. [Alu09, Exer. 1.3.1] The opposite category A°° of A is the

category with the same objects as A and, for all X,Y € A°P, we set

Hom 4o (X,Y) == {f? | f € Hom(Y, X)}.

The composition o°? in A°? of morphisms f°P: X — Y and ¢°P: Y — Z is given
by g°P 0% fP = (fog)P: X — Z.
We may also start to consider categories contained in A.

Definition II.1.4. [Alu09, Exer. 1.3.8] A subcategory B of a category A consists
of:

(i) a subcollection obj(B) of obj(.A); and

(ii) for all X,Y € obj(B), a subcollection Homz(X,Y') of Hom4(X,Y), such
that 1x € Hompg(X, X) for all X, and for any pair of composable morphisms
f € Homp(X,Y) and g € Homg(Y, Z) we have gf € Homp(X, 7).

Subcategories come equipped with canonical inclusion functors. Let us recall first

the definition of a covariant and a contravariant functor.
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Definition II.1.5. [Alu09, Def. VIII.1.1] Let A, B be categories. A covariant
functor .7 : A — B is an assignment of an object .#(X) € obj(B) for each
X € obj(A), and for each pair of objects X,Y € obj(.A) an assignment of a
morphism Zx y(f) € Homg(F#(X), #(Y)) for each f € Homu(X,Y), such
that Fx x(1x) = lzx) for any X € obj(A) and that for any morphisms
f € Homyu(X,Y),g € Homa(Y, Z) we have Zx z(g9f) = Fv.2(9)Fxv(f).

Notation. When .7 is a functor, we will often write just .% ( f) instead of .Zx y ()

in order to avoid multiple subscripts.

Definition I1.1.6. [Alu09, Def. VIII.1.1] By a contravariant functor % : A — B

we mean a covariant functor .% : A® — B.
Now let us recall some properties that a functor may have, followed by some
important examples.
Definition I1.1.7. [Alu09, Def. VIII.1.6, Def. VIII.1.7] Let .#: A — B be a
covariant functor. We say .7 is:
(i) full if the assignment Hom 4(X,Y) — Hompg(#(X),.#(Y)) is surjective
for all objects X,Y € obj(A);

(ii) faithful if the assignment Hom 4(X,Y") — Hompg(# (X),.Z (Y)) is injective
for all objects X, Y € obj(A);

(iii) fully faithful if F is full and faithful; and

(iv) essentially surjective, or dense, if for each Y € obj(B) there exists some

X € obj(A) such that #(X) =2 Y in B.

Example II.1.8. [Alu09, Exer. 1.3.8] Let 3 be a subcategory of 4. Consider the
canonical inclusion functor .# : B — A given by .# (X ) = X for all X € obj(B)
and .7 (f) = f for any morphism f in B. Note that .# is always faithful. We call
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B a full subcategory precisely when .# is full, i.e. when we have Homp(X,Y') =
Homy(X,Y) forall X,Y € B.

Definition I1.1.9. [MLO8| p. 131], [Bor94a, Def. 1.2.3] We call A locally small if
for all X,Y € A we have that Hom4(X,Y") is a set. Furthermore, if A is locally

small and obj(.A) is also a set, then A is said to be small.

Example I1.1.10. [AIu09, pp. 486—487] Fix an object X of A. Assume for
simplicity that A is locally small, and let Set denote the category of sets. For each
A € obj(A) consider the ser Hom 4(X, A). This assignment of objects extends
to a covariant functor as follows. Let f: A — B be a morphism in A. Then
Hom4 (X, f): Hom(X, A) — Homy (X, B) is given by Hom 4(X, f)(g) = fog
for each ¢ € Homy (X, A). Checking that identity morphisms are preserved and
that this assignment respects composition is routine. Therefore, for each X € A we

have a covariant functor Hom 4(X, —) from A to Set.

Dually, for each X € A, there is a contravariant functor Hom 4(—, X): A —
Set that sends an object A € A to Homu(A,X), and sends a morphism
f: A — B to the function Hom4(f, X): Homu(B,X) — Homyu(A, X) given
by Hom4(f, X)(g) = g o f for each g € Homy(B, X).

Example IL.1.11. [Bor94a, p. 6] For any category .4 we will denote the identity
functor on A by 1 4. This functor acts, as its name suggests, as the identity on
objects and morphisms. That is, 1 4(X) = X foreach X € A and 1 4(f) = f for

each morphism f in A. It is easy to see that this is a covariant functor A — A.

Lastly in this section we recall how functors may be composed and compared.

Definition I1.1.12. [MLO9S| p. 14] Let A, B, C be categories and suppose we have
covariant functors .% : A — Band ¥ : B — C. The composite functor Yo0.% : A —
C is the covariant functor that has (¢ o %#)(A) = ¥ (# (A)) for each object A of A,
and (4 o Z)(f) = 9(Z(f)) for each morphism f in A.
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It turns out that considering categories A, B to be the same only if they are
isomorphic, i.e. there are covariant functors .%: A — Band ¥: B — A such
that ¢ o .# = 14 and ¥ o ¥ = 1, is too strong a requirement. To define what we

mean by an equivalence of categories, we need the following definition.

Definition II.1.13. [Alu09, Def. VIII.1.15] Let .4, B be categories and suppose we
have covariant functors .%,%: A — B. A natural transformation v: % ~» 9 is
a collection of morphisms v = {vx: .F#(X) — 9(X)} xea in B, such that for all

X,Y € A and every morphism f: X — Y in A the diagram

commutes in B. If vy : % (X) — ¢4(X) is an isomorphism in B for each X € A,

then v is called a natural isomorphism.

Definition I1.1.14. [Alu09, Def. VIII. 1.7] Let A, B be categories and suppose
7 . A — Bisacovariant functor. Then .% is said to be an equivalence of categories
if there exists a covariant functor ¢4 : B — A and natural isomorphisms v: ¥ o0.% ~»

T4and p: # o9 ~» 1. In this case, we say that A and B are equivalent and denote

this by A ~ B.

The following result gives a useful criterion for a functor to be an equivalence.

Theorem I1.1.15. [ML98| Thm. 1V.4.1] Let A, B be categories and .7 : A — B a
covariant functor. The functor .F is an equivalence of categories if and only if it is

fully faithful and essentially surjective.

II.1.2 Additive categories

For much of this thesis we deal with triangulated categories, which are additive

categories with some more structure. In this section, we recall what is meant by
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an additive category, a k-category and an ideal. A basic example of an additive
category is the category Ab of all abelian groups. We will see that this motivates

many definitions in this section.
Throughout, let .4 be a category.

Definition II.1.16. [Alu09, Exer. I1X.1.3] We call A preadditive if Hom 4(X,Y)
has the structure of an abelian group for all X, Y in A, such that the composition
function Hom 4(X, YY) x Homy(Y, Z) — Hom4(X, Z) is Z-bilinear for all objects
X,Y,Zin A.

Remark 11.1.17. We observe here that whenever we impose that Hom 4 (X, Y) is an
abelian group for each XY in A, we are implicitly saying that 4 is locally small
(see Definition |II.1.9). Indeed, (for us) a group must be a set.

An example of a preadditive category is Ab. In this category, a/the trivial group {e}
has a distinguished property. Namely, for each abelian group G there is a unique
group homomorphism {e} — G and a unique group homomorphism G — {e}.

These properties have names in the literature.

Definition IL.1.18. [Alu09, Def. 1.5.1, p. 561] Let X be an object in A. Then X is
called initial if Hom4(X,Y) is a singleton for all Y € A. That is, foreach Y € A

there is one and only one morphism X — Y in A.

Dually, X is said to be final if X is initial in the opposite category A°P. If X is both

initial and final, then we call X a zero object.

Proposition I1.1.19. [AluQ9, Prop. 1.5.4] Zero objects, where they exist, are unique
up to unique isomorphism.

Thus, we usually speak of the zero object when such an object exists in a category.

Zero objects are also known as null objects; see, for example [MLIg].

We may form the product of abelian groups, which satisfies the universal property

in the next definition.



20 II. PRELIMINARIES

Definition I1.1.20. [Alu09, §1.5.4] For X, Y € A, aproduct of X and Y is an object
X IT'Y in A endowed with morphisms 7x: X I[IY — X and7ny: XIIY — Y
satisfying the following universal property: given Z € A and morphisms fx: Z —
X, fy: Z — Y, there exists a unique morphism o: Z — X Il Y such that the

diagram
Ix

commutes in A.

Definition I1.1.21. [Alu09, §1.5.5] For X, Y € A, a coproduct of X and Y is an
object X ITY in A endowed with morphisms iy : X — XY andiy: Y — XIIY,

such that X ITY with ¢°” and i,,°" is a product in A°P.

As with all objects defined by universal properties of this kind, products and
coproducts (where they exist) are unique up to unique isomorphism. We are now in

a position to define an additive category.

Definition II.1.22. [AIu09, Def. IX.1.1] We call A an additive category if A:

(i) is preadditive;
(i1) has a zero object; and

(ii1) has finite products and finite coproducts.

Remark 11.1.23. Let A be an additive category. For objects X, Y of A, we have that
Hom 4(X,Y') is an abelian group and we will denote the group operation by +, and

the identity element by O if no confusion may arise or by Ox y if it adds clarity.

We denote the zero object in .4 by 0. Then for X € A, the set Hom 4(X,0) is a

singleton, and hence the trivial group with element 0. Similarly, Hom4(0, X') =
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{0}. Furthermore, it is easy to show that X is isomorphic to the zero object if and

only if 1x = 0 € End 4 X (see [ML98, §VIIL.2, Prop. 1]).

In an additive category, we have the following phenomenon.

Proposition 11.1.24. [MLO8, Exer. VIIL.2.1] Let X,Y be objects in an additive
category A. Then the product X 11'Y and coproduct X 11'Y are isomorphic.

This tells us that finite products and coproducts coincide (really, are isomorphic)
in an additive category. Therefore, we denote this object by X ¢ Y and call it the
direct sum. This is also known as the biproduct in the literature; see, for example,

[BGHI0].

We will often deal with additive categories that have additional structure on their

Hom-sets. The following notion captures this.

Definition II.1.25. [ASS06, Def. A.1.4] Let S be a commutative ring. An additive
category A is an S-category if Hom 4(X,Y) is an S-module for all objects X, Y in

A, and composition of morphisms is S-bilinear.

Example II1.1.26. Let S be a commutative ring. The category S —Mod of all S-

modules is an S-category. See [Alu09, §III] for more details.

Notice then that a category which is additive in the sense of Definition |II.1.22]is just

a Z-category in the sense of Definition |II.1.

Definition I1.1.27. [Gre85, §0] A covariant functor .% : A — B between two S-
categories is called S-additive if #xy: Hom4(X,Y) — Homg(# (X), Z(Y)) is

an S-module homomorphism for all XY € A.

An S-category is also known as an S-linear category and an S-additive functor as
an S-linear functor in the literature; see, for example, [KelO8]. As for categories, a

Z-additive functor is just what is normally known as an additive functor.



22 II. PRELIMINARIES
The following property of an S-additive functor will be used without reference in
the remainder of this thesis. It follows from [HS97, Prop. 11.9.5].

Proposition I1.1.28. An S-additive functor between S-categories preserves the zero
object and finite direct sums.

Quotient categories will play an important role later and for this we first need the
notion of an ideal of a category.

Definition IL1.1.29. [[ASS06, Def. A.3.1] Suppose that A is an S-category for some
commutative ring S. A (two-sided) ideal T of A is sub-bifunctor

Z(—,—) € Homy(—,—): A®* x A — S—Mod

of the bifunctor Hom 4(—, —), which assigns to each pair (X, Y") of objects of A an
S-submodule Z(X,Y') of Hom4(X,Y), such that:

(i) forall f € Z(X,Y) and for all g € Homu(Y, Z), we have gf € Z(X, Z);
and
(i) forall f € Z(X,Y') and for all g € Hom4 (W, X), we have fg € Z(W,Y).

Definition I1.1.30. [ASS06, §A.3] If A is an S-category and Z an ideal of A, then
we define the quotient category A/Z to be the category with objects obj(A/Z) =

obj(.A) and morphism sets

Hom 4,7(X,Y) == Hom4(X,Y)/Z(X,Y)

foreach X,Y € obj(A/Z).

It can be easily shown that if A is an S-category and Z an ideal of A, then
the quotient A/Z is also an S-category. The quotient category .A/Z comes

equipped with a canonical quotient functor Q7: A — A/Z, which is S-additive,
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is the identity on objects and takes a morphism f € Homy(X,Y) to its coset
[+ Z(X,Y) € Homy,z(X,Y). Furthermore, ()7 satisfies the following universal
property: for any S-additive functor .%: A — B such that .#(i) = 0 for all
X,Y € obj(A) and for all i € Z(X,Y), there exists a unique S-additive functor
7. AJT — Bwith.Z =9 o Qr.

Example II.1.31. Let A be an S-category. Suppose B is a subcategory of A that
is closed under finite direct sums. For objects X, Y of A, let [B](X,Y") denote the
subset of Hom 4 (X, Y’) consisting of morphisms that factor through an object of /5.
Thatis, f € [B](X,Y) if and only if there exists B € B and morphisms g: X — B
and h: B — Y with f = hg. Then [B] is an ideal of .A. See, for example, [Pre09,
p. 401].

Furthermore, if B is a full additive subcategory of A that is closed under
isomorphisms and direct summands, then [5] coincides with the ideal generated

by the collection of all identity morphisms 15 such that B € B.

II.1.3 Abelian categories

As we saw above, Ab is an example of an additive category, but it is also the
prototypical example of an abelian category. Furthermore, module categories are

also examples of abelian categories. We recall some basics here.

Definition I1.1.32. [Alu09, Def. 1X.1.2] Let A be an additive category and let
f: X — Y be amorphism in A. A kernel of f is a morphismi: K — X in A such
that fi = 0, satisfying the following universal property: for any g: W — X with

fg = 0, there exists a unique morphism g: W — K such that g = ig.

Dually, a cokernel of f is a morphism ¢: Y — C' such that ¢°?: C' — Y is a kernel
of f°P in A°P.

If a kernel of f exists, then we will sometimes say f admits or has a kernel.

Similarly, if a cokernel of f exists, then f is said to admit or have a cokernel.
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If A is a category in which every morphism has a kernel in A, then we will say A
has kernels. Similarly, if every morphism in A has a cokernel in A, then we say .4

has cokernels.

Remark 11.1.33. Again, a kernel, if it exists, is unique up to a unique isomorphism,

and so we will typically talk of the kernel. Similarly for cokernels.

Notation. If f: X — Y admits a kernel, then we will denote such a morphism
by ker f: Ker f — X. Similarly, the cokernel of f, if it exists, will be denoted
by coker f: Y — Coker f. Kernels and cokernels have key properties which can

deduced from the uniqueness condition in their definition.

Definition I1.1.34. [Alu09, Def. 1.4.7, Def. 1.4.8] Let f: X — Y be a morphism in
A. Then f is said to be monic or a monomorphism if, for any g, h € Hom4(W, X),

we have f o g = f o h implies g = h.

Dually, we call f epic or an epimorphism if f°P is a monomorphism in A°P.

It is then easy to show the following.

Proposition 11.1.35. [MLO8| p. 191] If A is an additive category, then any kernel

1: K — X is a monomorphism and any cokernel q: Y — C'is an epimorphism.

Notation. We will often use the arrow — to indicate that a morphism is a

monomorphism, and the arrow —» to indicate an epimorphism.

Note that in general it is not true that every monomorphism is a kernel or that every
epimorphism if a cokernel. It is true in the category Ab, however, which motivates

the main definition of this section.

Definition I1.1.36. [Alu09, Def. IX.1.6] A category A is said to be abelian if:

(i) A is additive;
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(ii) A has kernels and cokernels; and

(iii) in A every monomorphism is the kernel of some morphism, and every

epimorphism is the cokernel of some morphism.

Example I1.1.37. Let S be a (not necessarily commutative) ring. Then the category
S —Mod of all left S-modules is abelian. Moreover, if S is left noetherian, then
the full subcategory S —mod of S —Mod consisting of all finitely generated left S-

modules is also an abelian category. See [Alu09, §IX.1] for more details.

We note also that if .S is a finite-dimensional k-algebra for a field k, then a left S-
module is finitely generated (as an S-module) if and only if it is finite-dimensional
over k. Thus, S—mod is, equivalently, the category of all finite-dimensional left

S-modules.

There is a canonical exact structure (see [Biih10]]) that one can put on an abelian
category. We will only need the definition of a short exact sequence in an abelian

category. For this we need the following.

Definition I1.1.38. [Pop73, p. 23] Given a morphism f: X — Y in an
additive category, the coimage coim f: X — Coim f, if it exists, is the cokernel
coker(ker f) of the kernel of f. Dually, the image im f: Im f — Y is the kernel
ker(coker f) of the cokernel of f.

Definition I1.1.39. [Alu09, §I11.7.1] Let A be an abelian category. A sequence

i .
Ty xitt

i—1
AN
7

) i1 X

of composable morphisms in A is said to be exact at X* if im f=! = ker f*. The
sequence is exact if it is exact at X" for all 4.

An exact sequence of the form 0 —+ X — Y — Z — 0 is known as a short exact

sequence.



26 II. PRELIMINARIES

Definition I1.1.40. [Alu09, Exam. VIII.1.18] Let .%: A — B be a covariant
additive functor between two abelian categories. We call . left exact if

f>Y  » Z in A, we have that

for each exact sequence 0 » X

Z(f) Z(9)

0 — F(X) F(Y) —— F(Z) isexactinB.

Similarly, % is said to be right exact if for each exact
X

! Y —2 5 7 s 0 in A, we  have  that
Z(9)
—

sequence

F(X) AN F(Y) F(Z) —— 0 isexactin B.

Lastly, .Z is called exact if it is both left exact and right exact.

Example I1.1.41. Suppose A is an abelian category and fix an object X € A. The
functors Hom 4(X, —): A — Ab and Hom4(—, X): A°® — Ab are both left exact.

II.1.4 Krull-Schmidt categories

In Chapter we will develop some theory for Krull-Schmidt categories (see
Definition [[I.1.45)). In such a category, every object is isomorphic to a finite direct

sum of objects with local endomorphism rings.

Definition I1.1.42. [AF92, p. 144] A ring S is said to be local if the sum of any two
non-units is again a non-unit.

There are some useful criteria for a ring to be local. For this we need to recall the

following definition.

Definition 11.1.43. [Jac45, Def. 2, Cor. 2 to Thm. 18] Let S be a ring. The
Jacobson radical J(S) of S is defined to be the (two-sided) ideal that is the

intersection of all the maximal right ideals of S.

From [AF92, Prop. 15.15], we obtain the following characterisation.

Proposition I1.1.44. Let S be a ring. Then the following are equivalent.
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(1) Sisalocal ring.
(ii) The Jacobson radical J(S) is the unique maximal ideal of S.
(iii) For any element x € S, either x is a unit or 1 — x is a unit in S.

(iv) The set J' of all elements in S that do not have a left inverse is closed under

addition in S.

In this case, J(S) = J'.

Let us now give the main definition of this section.

Definition II.1.45. [Kral5| p. 544] An additive category A is called Krull-Schmidt
if for each object X of A there exists a finite direct sum decomposition X = X; &

-+ @ X, where End 4(X;) is a local ring for all 1 < i < n.

Remark 11.1.46. As noted in [Kral3], in a Krull-Schmidt category, the uniqueness
(up to permutation and isomorphism) of a decomposition X = X; & --- & X, of
an object X, where End 4(X;) is a local ring for all 1 < ¢ < n, follows from the
existence and uniqueness of projective covers over semi-perfect rings. See [KralJd,

Thm. 4.2].

Definition I1.1.47. [Kral5l p. 537] An object X in an additive category A is called
indecomposable if X # 0,and X = X; & X, implies X; = 0 or Xy, = 0.

It is well-known that an object in an additive category with local endomorphism
ring is indecomposable; see, for example, [Har74, §1.4]. We end this section by
noting that the converse holds in a Krull-Schmidt category, and this readily follows

from the definition.

Proposition I1.1.48. In a Krull-Schmidt category A, an object X € A is
indecomposable if and only if End 4 X is local.
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II.2 Quivers, path algebras and translations

Any finite-dimensional algebra is the quotient of a path algebra by some ideal, so
the theory of quivers has become a core part of the study of finite-dimensional
algebras. In this section, we recall the definitions of a quiver, a representation of a
quiver, a path algebra and a translation quiver. For more detailed introductions to
these concepts, we direct the reader to §1, §2 and §3.4 of [Sch14], and §II.1, §11.2,
§III.1 and §1V.4 of [ASSO06]. See also [Ben98], [R1e80] and [Hap8§].

For this section (including its subsections), let & be a field.

I1.2.1 Quivers

A quiver is nothing other than a directed graph, but its use in representation theory
is of great value. Quivers allow us to more easily imagine how modules of the
corresponding path algebra look. Indeed, the more detailed examples we give in
this thesis will be given through the language of quivers and paths algebras. We
also need this theory in order to define the Auslander-Reiten quiver of a category,

which gives a pictorial description of the category.

Definition I1.2.1. [Sch14] Def. 1.1] A quiver @ = (Qo, @1, s,t) consists of a set
Qo of vertices, a set ()1 of arrows, a source mapping s: ()1 — (o that maps an
arrow to its start vertex, and a target mapping ¢t: (); — )y that maps an arrow to

its end vertex.

Suppose for the remainder of this section that Q) = (Qo, @1, s,t) is a quiver. An

arrow o in @ will sometimes be denoted by s(a) —— t(a).

Definition I1.2.2. [Sch14] Def. 2.1] For n € N, a path of length n is a sequence p =
Q-+ - agay of narrows in )y, such that ¢(a;) = s(;4q) foreachi =1,...,n — 1.

(Note that we read paths from right to left.) We will also abuse notation by defining
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the source of a path p = «, - - - ; to be s(p) := s(aq) and the target to be ¢(p) =

t(ay,). A path of length O is just a constant path at a given vertex.

We will often consider quivers satisfying nice properties. We recall them here.

Definition I1.2.3. [Sch14, Exam. 2.2], [ASS06, p. 43] An (oriented) n-cycle in Q)
is a path «, - - - a1 of length n > 1 with ¢(a,,) = s(ay). A 1-cycle is simply called

a loop. We call Q) acyclic if it contains no n-cycles for all n > 1.
Definition I1.2.4. [Sch14l p. 4] We call @ finite if both (), and (), are finite sets.

Definition IL.2.5. [ASS06, p. 42] We call () connected if its underlying undirected

graph @ is connected, i.e. there is an unoriented path between any two vertices in

0.

Example I1.2.6. [ASS06, p. 252] Below is a collection of (undirected) graphs
known as the Dynkin graphs. Note that any orientation of these graphs gives a

finite, connected and acyclic quiver. That is, any Dynkin-type quiver, i.e. a quiver
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that has underlying graph one of Dynkin graphs, is finite, connected and acyclic.

An (TL Z ]-) o o o o
n vertices
o
D, (n > 4) o > 0 0 0
n vertices
o
Ee o o o ) o
o
E, o o o o o o
o
Eg : o o o o o o o

We recall what is meant by a morphism of quivers as we will need this notion later

in order to say how one Auslander-Reiten quiver is induced from another.

Definition IL.2.7. [Ben98, Def. 4.15.1] Let @ = (Qo,Q1,s,t) and Q' =
(Q6, Q, s, t') be quivers. A morphism of quivers f = (fo, f1): @ — Q' from
Q to Q' is a pair of assignments fy: Qo — () and f;: @1 — @, such that for any
arrow o € Q1 we have 5'(f1() = fo(s(a)) and #(f1(0)) = fo(t(a)).

We call f = (fo, f1): @ — Q' an isomorphism of quivers if there exists a morphism
of quivers g = (go, g1): @ — @ such that f o g is the identity morphism of quivers
on () and g o f is the identity on Q).

Definition I1.2.8. [Ben98| Def. 4.15.1] Suppose @ = (Qo, @1, s, t) is a quiver. For
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a vertex v € )y, we define two subsets of (J:

v*::{wer

. «
there exists an arrow v — w }

and

v o= { u € Qo ‘ there exists an arrow u — v } .

That is, v is the collection of all immediate successors of v and v~ is the collection

of all immediate predecessors of v.

If v and v~ are both finite for all v € Qy, then Q) is called locally finite.

Now suppose Q = (Qo,Q1,s,t) is a locally finite quiver and ¢: Q — Q is
an automorphism of quivers of (). We describe how ¢ induces an equivalence
relation on Qo and a quotient quiver )/ of (). We were unable to find a reference

containing this well-known construction, so we include the details here.

We will say that vertices u,v € @)y are equivalent, denoted u ~, v, if v = ¢"(u)
for some n € Z. This is an equivalence relation on )y as ¢ is an automorphism.
The quiver /¢ will have as its vertex set the collection (Q)/¢)o of ~-equivalence

classes [u].,.
Fix a vertex X € (Q/¢)o and suppose v € Qg is a representative of the equivalence
class X. As @ is locally finite, we have that v™ is finite, so

vt ={w!, ... Wl }

) my,

for some m, € N. For w! € v™, suppose there are n! € N arrows v — w} labelled
byaj,,..., a7, . LetY beavertex in (Q/¢)o. The number ny y of arrows X — Y
is given by

v
nxy = n;,
wy €Y
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and they are canonically labelled by elements in the set

U {aiy, ... ,aznly}.

wyeY

One can check that this is independent of the choice of representative v of the
equivalence class X since ¢ is an automorphism. Therefore, for each ~ -

equivalence class X € (Q/¢)o we fix a representative vx € X.

The quotient quiver QQ/¢ of Q by ¢ is then the graph with vertex set (Q)/¢)o, and
arrows X — Y as determined and labelled above using the set {vyx | X € (Q/¢)o}

of fixed representatives.

I1.2.2 Path algebras

In this section we recall how one can get to a k-algebra from a quiver.

Definition I1.2.9. [ASS06, Def. II.1.2] Let () be a quiver. The path algebra k() of
(@ is the k-algebra whose underlying k-vector space has basis all the possible paths
of length n > 0 in ), with the following multiplication on basis elements extended

k-linearly. Given paths p = o, - - -y and ¢ = (3, - - - 1 in (), we set

B Bra - 0q if t(o) = s(61)

0 otherwise.

q-p=

Now we will see why we isolated certain properties of quivers in

Proposition I1.2.10. [ASS06, Lem. I1.1.4] Let () be a quiver. Then

(1) kQ is an associative algebra;
(ii) kQ has a multiplicative identity if and only if Q) is finite; and

(iii) kQ is finite-dimensional if and only if ) is finite and acyclic.
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Certain quotients of path algebras are important in the theory (see [ASS06, Thm.

I1.3.7]) and to define these we need some more definitions first.

Definition IL.2.11. [ASS06, Def. I1.1.9] Let ) be a finite quiver. We denote by
k@, the two-sided ideal of k(), which is called the arrow ideal, generated by all

paths of length at least 1 in ().

Definition I1.2.12. [ASS06, Def. 11.2.1] Let () be a finite quiver with corresponding
arrow ideal k@, < kQ. A two-sided ideal I < k() is called admissible if there

exists an integer n > 2 such that (kQ, )" C I C (kQ, )%

If ] is admissible in k@), then we call the pair (), I) a bound quiver and the quotient

k-algebra k@ /1 is known as a bound quiver algebra.

If @ is a finite quiver and / an admissible ideal of k(), then [ASS06, Cor. I1.2.9]
tells us that / is generated by a finite set of elements of a particular form—these are

known as relations.

Definition I1.2.13. [ASS06, Def. 11.2.3] Let () be a quiver. A relation in () is a
k-linear combination p = >\, \;p; € kQ of paths p; in ), such that each p; has
length at least 2, and py, ..., p, all have the common start vertex s(p;) = -+ =

s(p,) and the common end vertex t(p1) = - -- = t(p,.).

I1.2.3 Quiver representations

Let () denote a finite quiver in this section. In §lII.2.2| we saw how one defines
an algebra k() from (). It is then natural to study the category of (finite-
dimensional) left k£()-modules. In this section, we will see how the category of

(finite-dimensional) quiver representations of () can be utilised in this study.

Definition I1.2.14. [Schi4, Def. 1.2] A (quiver) representation M =
(M;, Ya)ico.acq, of @ is a collection { M, },cq, of k-vector spaces, together with a

collection {¢q : Myo) = My(a)}aco, of linear maps.
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A quiver representation M = (M, ¢, )icqy.acq, 1S said to be finite-dimensional if

M, is a finite-dimensional k-vector space for each i € Q).

Notation. We will often denote a quiver representation M = (M;, ¢4 )icqq.ac:
of @ by (M;, ,), or even just M, and assume it is understood that the index i,

respectively, «, runs over the vertex set (), respectively, the arrow set ().

Definition I1.2.15. [Schi4, Def. 1.3] Suppose M = (M;, ¢,) and N = (N;,1,)
are representations of Q). A morphism (fi)icq, of quiver representations is a

collection { f;: M; — N, }icq, of k-linear maps, such that the “arrow-square”

Ms(a) L Mt(a

)
fs(a)l ° lft(a)

Ny(a) o Nia)

commutes for each arrow o € ().

An isomorphism of quiver representations is a morphism ( f;);cq, in which each f;

is an isomorphism of k-vector spaces.

For a quiver representation M = (M;, p,) of Q, it is clear that we have an identity
morphism (1,,)icq,, Which is the collection {1,;,: M; — M,}icq, of identity

linear maps. Composition of morphisms of quiver representations is also clear.

We denote by Rep,, @ the category that has obj(Rep,, Q) equal to the class of all
quiver representations of (), and for any two quiver representations M, N of @)
the morphism set Homge,, o(M, IV) is the collection of all morphisms of quiver
representations M/ — N. The full subcategory of Rep,, () consisting of all finite-

dimensional representations of () is denoted by rep,, (.

One may also define representations for quivers with relations and we recall the

definition here.
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Definition I1.2.16. [ASS06, Def. III.1.4] Let Q be a finite quiver and suppose
p = - - -« is a non-constant path in Q). Let M = (M;, ¢,) be a representation
of Q). The evaluation of M on p is the composition y, = @,,, © - @, of k-linear

maps.

Definition I1.2.17. [ASS06, §III.1] Let ) be a finite quiver and let M = (M;, ¢,,)
be a quiver representation of (). Suppose [ is an admissible ideal of k(). We say M
is bound by I if, for each relation p = »'_, A;p; in I, we have that M evaluated on

p is the zero map, i.e. ¢, = > ., Nipp, = 0.

Suppose ( is a finite quiver and / an admissible ideal of k(). In the terminology
above, we denote by Rep, (Q, I) the full subcategory of Rep, ) consisting of all
quiver representations of () that are bound by /. Similarly, rep,(Q, I) denotes
the full subcategory of Rep,(Q,I) consisting of all finite-dimensional quiver

representations of () that are bound by /. See [ASS06, §I11.1] for more details.

The following makes precise the relationship between the category k(@) /I —Mod

(respectively, k(Q)/I —mod) and the category Rep, (@, I) (respectively, rep, (Q, I)).

Theorem I1.2.18. [ASS06, Thm. III.1.6] Let k be a field. Let () be a finite,
connected quiver and let I be an admissible ideal of k(). There is a k-additive
equivalence kQ/I—Mod =~ Rep,(Q,I) of categories, which restricts to a k-
additive equivalence kQ /I —mod ~ rep, (Q, I).

With I = 0 in the above, we get the following immediate corollary.

Corollary I1.2.19. [ASS06, Cor. III.1.7] Let k be a field and let () be a finite,
connected, acyclic quiver. There is a k-additive equivalence k() —Mod ~ Rep,, )

of categories, which restricts to a k-additive equivalence k() —mod ~ rep, ().

Therefore, it follows from the above result that the categories Rep,(Q, /) and
rep, (@, I) are abelian k-categories, since both kQ)/I —Mod and kQ)/I —mod are
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abelian k-categories themselves as k(Q)/I is a noetherian ring (see also [ASS06,
Lem. III.1.3]). In fact, rep, @) has more structure. The next result follows from

Theorem [[.4.4] which is a more general result; see also [Sch14, Thm. 1.2].

Theorem 11.2.20. For a finite acyclic quiver () the category rep;, () is a Krull-
Schmidt category.

Hence, using Corollary [I[1.2.19] we see that the category k() —mod is also Krull-

Schmidt for a finite, connected, acyclic quiver ().

Many examples in this thesis come from path algebras, and we choose to describe
their modules by the corresponding quiver representations. Given a finite, acyclic
quiver (), there are three particular quiver representations one has at each vertex

1 € )y, which we recall now.

Definition II.2.21. [Sch14, Def. 2.2] Let () be a finite, acyclic quiver. Fix a vertex
1 of Q).

(i) The simple representation S; = ((S;);,%a)ijcqoacq, at i is the quiver
representation of () with (5;); = kif i = j and (S5;); = 0if ¢ # j, and

with ¢, = 0 for each arrow o € ;.

(ii) For each j € (o, define (P;); to be the k-vector space with basis all the
possible paths from ¢ to j. For an arrow « in () and a basis element 3, - - - 51
of (P)s(a) (Where 5y € @ forall 1 < I < n), ie. a path from i to s(«),
we set o (Bn - f1) = afp- -1 € (P)ya). Extending k-linearly gives
us a well-defined linear map v : (P)sa) — (F)ya)- The representation

P, = ((P;);,%a) is called the projective representation at i.

(iii) For each j € @, define (I;); to be the k-vector space with basis all the
possible paths from j to . For an arrow « in () and a basis element ,, - - - 11

of (I;)s(a) (Where v, € @ forall 1 < I < m),i.e. apath from s(a) to 7, we
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set

Ymy2 iy =a
Pa(Ym M) =
0 else.

Extending k-linearly gives us a well-defined linear map p,: (Ii)s(a) —
(I;)i)-  The representation I; = ((I;)j,pa) is called the injective

representation at i.

We will use details from the following example without reference in the rest of the

thesis.

Example 11.2.22. Let k be a field. Consider the Dynkin-type A3 quiver Q: 1 —

2 3, By Corollary [[1.2.19] we know the module category k() — mod of the path

algebra k(@) is equivalent to the category rep,, () of quiver representations of (). Up
to isomorphism, there are six indecomposable left k£()-modules, which we describe
below using their quiver representation counterparts. See [Schl4, p. 58, Exam.

2.8].

P=1;: k > k s k
P 025k 1ok
Py=5: 0—250—25%
I, =5: EF—"50—250
L: k——k—250
Sy 05k —2590

The projective kQ)-modules in the list above are Py, P», P3, the injectives are

Iy, I5, I3 and the simples are S, S5, S3.

There is shorthand notation for describing the quiver representations above that is

common in literature. Consider the representation P, : 0 0 sk —— k. We
will denote this representation by 3. This notation means that the representation has
one copy of £ at vertices 2 and 3, and no copies of k at vertex 1. Furthermore,
the stacking of the numbers indicates to us the linear maps between the vector

spaces at each vertex. As 2 is stacked on top of 3 in the notation 2, this means
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there is a non-zero linear map (the identity in this case) from the vector space at

vertex 2 to the vector space at vertex 3. As another example, the representation

0 —"+ k —25 k is denoted by 2 & 3, because a copy of k appears at vertices

2 and 3, but there is a zero map between those copies of k. That is, the representation

0 "5k -2k is decomposable and it is the direct sum Sy & Sj.

One can also ask which morphisms exist between the six indecomposables listed
above. For example, there is a monomorphism a: 3 — % and an epimorphism

b:3— 2

3 0 o 0 Sk
a 0 a-square 0  B-square 1
b 0 «-square 1 B-square 0
5 6 0 )Z? 0 )6

That is, a = (0,0, 1) and b = (0, 1,0). It is easy to see that each a-square and each

[-square commutes as each one either starts at 0 or ends at 0.

In Example [[1.2.22] above, we see that the projective representation and the
simple representation coincide at certain vertices, and similarly for the injective

representation and simple representation.

Remark 11.2.23. [Sch14, Rem. 2.2] Let () be a quiver finite, acyclic quiver.

(i) A vertex i is called a source if for every arrow « in (Q we have ¢(«) # i. Then

we have ¢ is a source if and only if [; = 5.

(ii) A vertex ¢ is a called a sink if for every arrow « in () we have s(«) # i. Then

we have ¢ is a sink if and only if P, = S;.
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I1.2.4 Translation quivers

For this section, we use [ASS06] and [Hap88] as our main references. See also

[R1e80] from where these concepts originate.

As we will see later, the Auslander-Reiten quiver of the category of finitely
generated left modules over a finite-dimensional algebra is a translation quiver. In
addition, the Auslander-Reiten quiver of the bounded derived category of k() — mod,
where () is Dynkin-type, is a stable translation quiver. In this section, we recall the
definitions of a translation quiver, a stable translation quiver, and the mesh category

associated to a translation quiver.

Definition I1.2.24. [ASS06, p. 131] Suppose I' is a locally finite quiver with no
loops. Suppose 7: Dy — 7(Dy) is a bijection, where Dy, 7(Dy) are both subsets
of ['g. The pair (I', 7) is called a translation quiver if, for every vertex w € D, and
each v € w™, the number of arrows of the form v — w is equal to the number of

arrows of the form 7w — v.

In this case, 7 is called the translation. Furthermore, a vertex v in I'g \ Dy is called

projective, and a vertex w in I'g \ 7(Dy) is called injective.

In the Auslander-Reiten quiver of a path algebra of a quiver of Dynkin-type, we
will see that the projective vertices correspond to the indecomposable projective
modules (or indecomposable projective representations as defined in Definition

I.2.21)), and that the injective vertices correspond to the indecomposable injective

modules. See Example

Definition I1.2.25. [Hap88|, p. 41] Let (I', 7) be a translation quiver. Denote by D,
the subset of I'; consisting of all arrows « with ¢(«) € Dy a non-projective vertex.

A polarisation of 1" is an injection o: Dy — I'y such that for all @« € D; we have
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Remark 11.2.26. Note that an arbitrary translation quiver (I, 7) may have many
polarisations. However, if I' has no multiple arrows, then there is a unique

polarisation on I'. See [Hap88, p. 41].

Definition I1.2.27. [Hap88| p. 41] Suppose (I, 7) is a translation quiver. If I" has no

multiple arrows and the domain Dy of 7 is equal to 'y, then (I, 7) is called stable.

As mentioned above, we will see that the Auslander-Reiten quiver of the bounded
derived category of k() - mod where () is Dynkin-type is an example of a stable
translation quiver; see Example In order to arrive at this we need the notion
of a path category and the corresponding mesh category. We conclude this section

by recalling these definitions here.

Definition I1.2.28. [ASSO06, p. 131] Suppose (I', 7) is a translation quiver and let
w € I'y be a non-projective vertex. The full subquiver of I' consisting of w, 7w and

the vertices in w™ = (7w)™" is called the mesh starting at Tw and ending at w.

Definition 11.2.29. [Hap88|, p. 54] Let (I',7) be a translation quiver. The path
category k(I',7) of (I',7) is defined to have obj(k(I',7)) = I'o, and for each
pair v, w of vertices in I'y we define Homy,r - (v, w) to be the k-vector space with
basis all possible paths from v to w. Composition in this category is induced from

concatenation of paths in I'.

Definition I1.2.30. [Hap88, pp. 54-55] Let k(I',7) be the path category of a
translation quiver (I, 7) where I" has no multiple arrows. Let o be the unique

polarisation of I' (see Remark [.2.26). Let w € I'y be a non-projective vertex.
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The mesh relation at w is

Pw = Z o) oaq; = Z o),

QG Vi— W oG Vi—Ww

where a;0(«;) denotes the path o(«;) then «;. The mesh ideal is the ideal Z g, of
k(T', T) generated by the mesh relations p,, at w as w varies over all non-projective

vertices of I'.

Definition I1.2.31. [Hap88|, p. 55] Let &£(I", 7) be the path category of a translation
quiver (I', 7) where I' has no multiple arrows. The mesh category of (I', 7) is the

quotient category k(I', 7) = k(I", 7) /Zinesh-

The mesh category associated to a translation quiver (I, 7) (where I" is without
multiple arrows) is denoted by k(I') in [Hap88]. However, we denote the path

algebra of I" by kI, so we prefer to make a larger distinction in our notation.

I1.3 Auslander-Reiten theory in additive categories

Auslander-Reiten theory is the study of irreducible morphisms, almost split
morphisms and Auslander-Reiten sequences. Some of these concepts were
introduced for very general categories in [AR73] and [AR77al], but others were

given only for categories with more structure, e.g. abelian categories.

In this section, we briefly recall what irreducible, almost split and minimal
morphisms are so that we can keep our treatment quite general here. We will
specialise to the abelian, triangulated and Krull-Schmidt settings later. Our eventual
goal is to show, for a finite-dimensional hereditary algebra /7, how the Auslander-
Reiten theory of the module category H — mod induces the Auslander-Reiten theory
of the bounded derived category D°(H —mod), and how this in turn induces the

Auslander-Reiten theory of the cluster category Cy.
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I1.3.1 The basics
For this section, suppose A is an arbitrary category. We will impose conditions on

A as they are needed.

Definition IL.3.1. [ML98, p. 19] Let f: X — Y be a morphism in 4. We say

that f is a section, or a split monomorphism, if there exists g: Y — X such that

9f =1x.
We call f a retraction, or a split epimorphism, if there exists g: Y — X such that

fg=1y.

Thus, a section is a morphism with a left inverse, and a retraction is a morphism

with a right inverse. Immediately from this observation, we have the following.

Lemma I1.3.2. Let f: X — Y be a morphism in an arbitrary category. Then f is

an isomorphism if and only if f is both a section and a retraction.

We study morphisms of the following kind in later chapters and they are a central

point of focus in Chapter [V]

Definition I1.3.3. [AR774, §2] A morphism f: X — Y of A is irreducible if the

following conditions are satisfied:

(i) f is not a section;
(i1) f is not a retraction; and

(iii) if f = hg, for some g: X — Z and h: Z — Y/, then either h is a retraction

or g is a section.

The following lemma is easily verifiable.

Lemma Il.34. Let f: X — Y, g: Y — Z be morphisms in A.
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(1) If f is an isomorphism and q is irreducible, then g f is irreducible.
(i) If f is irreducible and g is an isomorphism, then g f is irreducible.

Proposition 11.3.5. Suppose A is an additive category and let X,Y be arbitrary
objectsin A. If f: X — Y is an irreducible morphism, then f # 0.

Proof. Suppose f: X — Y is irreducible but that f = 0. We can then write
f = 00y o 0x0, where Oxo: X — 0and Ogy: 0 — Y are the zero morphisms.
If Oxo were a section, then there would exist 7: 0 — X (necessarily the zero
morphism also), such that 1x = r o 0x, = 0 whence X = 0. However, this
would mean that f is section, which is not true as f is irreducible. Therefore, Ox o

is not a section. Similarly, Oyy cannot be a retraction. But then f = 0py o Ox

contradicts of Definition[[.3.3] Hence, f # 0. [

The following corollary of Proposition is known, e.g. see [AR77a, p. 458].

We include a short proof for completeness.

Corollary I1.3.6. Suppose A is an additive category and let X,Y be arbitrary
objectsin A. If f: X — Y is an irreducible morphism, then XY # 0.

Proof. If X or Y were zero, then f would be the zero morphism, contradicting

Proposition I1.3. [ |

Let S be a commutative ring.

Definition I1.3.7. [Kel64] Let .4 be an S-category. The radical rad 4(—, —) of A is
the ideal of A given by

rad4(X,Y) ={ f € Homu(X,Y) | 1x — gf is invertible forall g: Y — X }

for any two objects X,Y € A.
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By a radical morphism f: X — Y, we mean an element of rad4(X,Y). For
n € Zso, rad;(X,Y’) denotes the S-submodule of Hom 4(X,Y') generated by
morphisms that are a composition of n radical morphisms. We also have that

rad4(X,Y) is equal to
{f € Homy(X,Y) |1y — fgisinvertible forall g: Y — X }

for any two objects X, Y € A by [Kral5, Cor. 2.10]. Furthermore, rad 4(X, X) C
End 4 X coincides with the Jacobson radical J(End 4 X)) of the ring End 4 X. See
[Kralsl §2] for more details.

Lemma I1.3.8. [Kel64, Lem. 1] Let A be an S-category. Let
Xq,..., X, Y1,...,Y,, be objects of A. A morphism

fir o fin n m
f=: DX — DY
Jmi = fmn i=1 j=1

in Ais inrad 4(@;-, Xi, Dj_, Y;), ifand only if fj;i: X; — Y} lies inrad 4(X;, Y)

foreachi=1,... nandj=1,...,m.

The following result characterises irreducible morphisms between
indecomposables. Although this is stated in [Bau82] as Proposition 2.4, it is
not proved. However, this is entirely similar to the module case presented as, for

example, [ASS06, Lem. IV.1.6].

Proposition I1.3.9. [Bau82, Prop. 2.4] If X, Y are indecomposable objects in a
Krull-Schmidt S-category A, then a morphism f: X — Y is irreducible if and only
if f € rada(X,Y) \ rad% (X, Y).

The next two types of morphism are key in the study of a category’s Auslander-
Reiten theory.

Definition I1.3.10. [AR774, §2] Let f: X — Y be a morphism in .A. We say that

f is right minimal (respectively, left minimal) if, for any endomorphism g: X —
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X (respectively, g: Y — Y), fg = f (respectively, gf = f) implies g is an

automorphism.

Note that any monomorphism is right minimal and that any epimorphism is left

minimal.

Definition I1.3.11. [AR77a §2] Let f: X — Y be a morphism in .A. We call f

right almost split if

(i) f is not a retraction; and

(ii) for any non-retraction u: U — Y there exists u: U — X such that fu = u.
And f is said to be left almost split if

(i) f is not a section; and

(ii) for any non-section v: X — V there exists v: Y — V such that v f = v.

If f is both right (respectively, left) minimal and right (respectively, left) almost

split, then f is called minimal right (respectively, minimal left) almost split.

It is worth commenting here that any two minimal right almost split morphisms
f: X =Y, f: X" — Y with common codomain are isomorphic in the following
sense: there exists an isomorphism ¢g: X — X’ with f = f’¢. Dually for minimal

left almost split morphisms. See [AR77a, Prop. 2.2].
The following lemma is also useful.

Lemma I1.3.12. [AR77al Lem. 2.3] Suppose A is an additive category.

1. If f: X = Y is left almost split in A, then End 4 X is local.

2. If f: X = Y is right almost split in A, then End Y is local.

Remark 11.3.13. It is easy to show that morphisms such as irreducible, almost split

and minimal morphisms are preserved under equivalence of categories.
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I1.3.2 The Auslander-Reiten quiver of a Krull-Schmidt #-

category

In order to understand a category, we need to understand two things: the objects
and the morphisms. In a Krull-Schmidt category A, an object X admits a
finite direct sum decomposition X = X; & --- @& X,,, where End4(X;) is a
local ring (equivalently, X, is indecomposable) for all 1 < ¢ < n, so the
morphisms between arbitrary objects are built up from the morphisms between
indecomposables. Hence, it is enough to determine the indecomposable objects
of A and the morphisms between them. As we will see, the associated Auslander-

Reiten quiver (see Definition [II.3.14) keeps track of this information.

Let k be a field and suppose A is a Krull-Schmidt k-category. Define a quiver
I'ar(A) associated to A in the following way. The vertices of ['zr(A) are the
isoclasses [X] of indecomposable objects in .A. For two vertices [ X], [Y], the arrows
[X] — [Y] are in bijection with and labelled by the elements of a basis of the k-
vector space

Irr4(X,Y) = rad4(X,Y)/rad (X, Y).
Definition I1.3.14. The quiver I'sg(.A) is called the Auslander-Reiten quiver of A.

Remark 11.3.15. In the above we did not assume that Hom4(X,Y") is finite-
dimensional over k for X, Y € A, so it may be the case that the Auslander-Reiten

quiver I'yg(\A) is not finite or even locally finite.

Remark 11.3.16. We also remark here that Liu has defined an Auslander-Reiten

quiver for a Krull-Schmidt category that is Hom-finite over a commutative artinian

ring; see [Liul0O, §2].

Notation. In practice we will label vertices of Auslander-Reiten quivers by a
chosen representative of an equivalence class [X], rather than by the equivalence

class [X] itself.
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I1.4 Module categories

The cluster category as introduced in [BMRRT], to which we apply many of our
results, is defined only for a finite-dimensional hereditary algebra. (A generalised
cluster category was introduced in [Ami09] for finite-dimensional algebras of global

dimension at most 2 and quivers with potential.)

In this section, we first recall the global dimension of a ring so that we may
recall the definition of a finite-dimensional hereditary algebra. Our aim is to recall
the Auslander-Reiten theory of such an algebra and describe its Auslander-Reiten
quiver, which we do in For this we will need to know what the Auslander-
Reiten translation for the category of finitely generated left modules of a finite-

dimensional algebra is, so we recall this in

I1.4.1 Dimensions of rings

The left global dimension of a ring S keeps track of how long projective resolutions
of left S-modules may be, and the right global dimension is defined similarly. If
S is noetherian then these dimensions agree and this common number is called the

global dimension. We give more details below, using [AusS5] as our main reference.

Definition I1.4.1. [ML98| p. 118] In a category .4, an object P € A is said to be
projective if for every epimorphism f: X —» Y and every morphism g: P — Y,

there exists g: P — X such that g = f73.

An object I € A is called injective if for every monomorphism f: X — Y and

every morphism g: X — [, there exists g: Y — [ such that g = gf.

Note that in an abelian category .4, an object P is projective if and only if
Hom 4(P, —) is an exact functor (see Definition [II.1.40). Dually, I € A is injective
if and only if Hom 4(—, I) is exact. See [Alu09, § VIIL.6.1].
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Definition I1.4.2. [Aus55, p. 67] Let S be a ring and let M be a left S-module.
The projective dimension p.dimg M of M is the least n € N for which there exists
a projective resolution (by left projective S-modules) of length n of M, and oo if
no such n exists. The left global dimension 1.gl.dim S of S is the supremum of
projective dimensions p.dimg M over all left S-modules M, and oo if p.dimg M =
oo for some M. We similarly define projective dimension for right S-modules and

the right global dimension of S, which is denoted r.gl.dim S.

Theorem I1.4.3. [AusS5, Cor. 5] If S is a noetherian ring, then

l.gl.dim S =r.gl.dim S.

In this case, we define these equal values to be the global dimension gl.dim S of S.

I1.4.2 The Auslander-Reiten translation for a finite-dimensional

algebra

In this section we recall how the Auslander-Reiten translation is defined for a finite-
dimensional algebra. We use [[ASS06, §IV] as our main reference, but see also

[AR75].

Let k be an algebraically closed field, and suppose A is a finite-dimensional k-
algebra. Notice that these conditions on A imply that A is both left noetherian and
right noetherian, hence noetherian. (Similarly, A is also an artinian ring.) Moreover,
the category A—mod of finitely generated left A-modules is an abelian category.
Recall that A—mod is also the category of all finite-dimensional left A-modules
(see Example [[.1.37). Furthermore, we observe here that A—mod (and indeed
A—Mod) is a k-category. In fact, A—mod is a Krull-Schmidt k-category, which

follows from the next result.

Theorem I1.4.4. [ASS06, Thm. 1.4.10] Let A be a finite-dimensional k-algebra
and X a finitely generated left A-module. Then X = X; @ --- & X, where
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Endg mod(X;) is local for each i = 1,...,n. Moreover, this decomposition is

unique up to isomorphism of the summands and a permutation of the summands.

Let (—)" denote the contravariant left exact functor Homy  moq(—, A) on A —mod.
Given a finite-dimensional left A-module X, we can take a minimal projective
presentation P~' 5 P9 - X — 0 of X (which is unique up to isomorphism)
and apply (—)' to get an exact sequence 0 — X' — (P°)" R (P~1)!. Then we can
take the cokernel of f! and get an exact sequence 0 — X' — (P°)" Eit (P~Ht —
Tr(X) — 0, where Tr(X) := Coker(f*), of right A-modules or left A°°-modules.

Definition I1.4.5. [ASS06, p. 107], [AR75, §2] We call the module Tr(X),

obtained in the way just described, the transpose, or transposition, of X.

Remark 11.4.6. Tt is important to note here that Tr(—) does not necessarily define
a functor A—mod — A°°—mod. We must instead pass to appropriate quotient
categories to get a functor, and in doing so we get that Tr is actually a duality
between the projectively stable module categories A—mod and A°® —mod. See

[ASSO06, §IV.2] for more details.

Definition I1.4.7. [ASS06, Def. I11.2.8] We let D(—) := Homy,_ mod(—, k) denote
the standard duality on A—mod, which is an exact contravariant functor, and define

the Nakayama functor to be

v(=) = D(-=") = D(Homy med(—,A)).

Consider the exact sequence 0 — X! — (PY) 1y (P71 — Tr(X) — 0 (as
acquired above) for an object X € A—mod. Applying the exact functor D(—) to
this sequence, we obtain the exact sequence

D(f")
—

0 —— D(TrX) —— D((P~)Y) D((P°)!) —— D(X*) —— 0,
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which is

in terms of the Nakayama functor v and where 7.X = D(Tr X).

Definition I11.4.8. [ASS06, Def. 1V.2.3], [AR75, §3] The Auslander-Reiten
translation (on the module category) is defined to be 7 = D(Tr(—)). The
inverse Auslander-Reiten translation (on the module category) is defined to be
7 1="Tr(D(-)).

The object 7.X is then called the Auslander-Reiten translate of X.

Proposition I1.4.9. [ASS06, Prop. IV.2.10] Let X, Y be indecomposable objects in
A—mod.

(1) 7X =0 <= X is projective.

(i) If X is not projective, then T7X is indecomposable non-injective and

TirX =2 X.
(iii) If X, Y are non-projective, then X =Y <= 17X = 71Y.
(v) 771X =0 <= X is injective.

(v) If X is not injective, then 7='X is indecomposable non-projective and

TrIX 2 X,

(vi) If X, Y are non-injective, then X =Y <<= 771X =771y,

Therefore, we see that 7 yields a bijection between isoclasses of indecomposable
non-projective left A-modules and isoclasses of indecomposable non-injective left
A-modules. Furthermore, it can be shown that the Nakayama functor takes care

of the missing indecomposables. For a ring S, we denote by S — Proj the full



II.4. MODULE CATEGORIES 51

subcategory of S — Mod whose objects are projective left S-modules, and by S — proj
the full subcategory of .S — mod consisting of all finitely generated projective left S-
modules. Similarly, Inj S and S —inj denote the full subcategories of S —Mod and

S —mod, respectively, consisting of all injective objects.

Proposition 11.4.10. [ASS06, Prop. II1.2.10] The Nakayama functor v = D(-")
induces an equivalence of categories A—proj —» A—inj with quasi-inverse v=! =

Homy mod(DA4, —).

Almost split sequences were introduced by Auslander and Reiten in [[AR75] for
module categories. Since then this notion has been transported to a variety of
other contexts. For example, these sequences appear in [Rin84)] for Krull-Schmidt
categories with short exact sequences, in [GR97]] for exact categories and in [KROS5]
for Hom-finite abelian categories. We adopt the same definition for an arbitrary

abelian category.

Definition I1.4.11. Suppose A is an abelian category. A short exact sequence
0 — X i> Y % Z — 0 is called an Auslander-Reiten sequence, Or an
almost split sequence, if f is minimal left almost split and ¢ is minimal right almost

split.

The following result establishes the existence of an Auslander-Reiten sequence
starting at any indecomposable non-injective and one ending at any indecomposable

non-projective.

Theorem I1.4.12. [ASS06, Thm. IV.3.1]

(1) Let Z € A—mod be an indecomposable non-projective module. Then there

exists an Auslander-Reiten sequence 0 — 77 — Y — Z — 0in A—mod.

(i) Let X € A—mod be an indecomposable non-injective module. Then there
exists an Auslander-Reiten sequence 0 — X — Y' — 77X — 0in

A—mod.
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The following gives a characterisation of Auslander-Reiten sequences in the module

category of a finite-dimensional algebra. We show this result is valid in more

general settings later (see Theorem [IV.3.19).

Theorem IL4.13. [ASS06, Thm. IV.1.13] Let&: 0 — X 55V % 72 — 0

be a short exact sequence in A—mod. Then the following are equivalent.
(1) & is an Auslander-Reiten sequence.

(i1) X is indecomposable and g is right almost split.

(iii) Z is indecomposable and f is left almost split.

(iv) f is minimal left almost split.

(v) g is minimal right almost split.

(vi) X and Z are indecomposable, and f and g are irreducible.
We conclude this section by stating a result that, along with its dual, demonstrates
how irreducible morphisms and Auslander-Reiten sequences are related; see

[ASS06] for the full statement. Recall that Irr4(X,Y) is the k-vector space
rad4(X,Y)/rad%(X,Y) for indecomposable objects X, Y in a Krull-Schmidt k-

category A (see §I1.3.2).

Theorem 11.4.14. [ASS06, Cor. IV.4.4] Let
&0 — X RN D._, Y™ — Z — 0 be a short exact sequence in A—mod,
where X, Z and Y; (V1 < i@ < r) are indecomposable, and Y; 2 Y} for all i # j.
Write f = (fi -+ f.)Y where f; = (fa -+ fim,)T: X — Y/™. Then the

following are equivalent.

(i) & is an Auslander-Reiten sequence.
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(i) For each 1 < i < r, the morphism f; lies in rad_mod(X,Y,™),
the set {fn + rad’ , 4(X,Y)), ..., fim, + rady ,.4(X,Yi)} forms a
basis of Irra_mod(X,Y:), and if Y' is an indecomposable such that
Irr A4~ mod (X, Y') # O, then we must have Y' =2Y; for some i € {1,... r}.

Therefore, for an indecomposable non-injective left A-module X, there is an
Auslander-Reiten sequence starting at X by Theorem [[[.4.12] and, moreover,
this sequence keeps track of all the irreducible morphisms from X to any other

indecomposable left A-module. And dually for an indecomposable non-projective.

I1.4.3 Auslander-Reiten theory of a finite-dimensional

hereditary algebra

We are now in a position to specialise to the hereditary case. We remark here
again that any finite-dimensional algebra can be studied via an appropriate finite-

dimensional hereditary algebra (see [ASS06, Thm. I1.3.7]).

Definition I1.4.15. [ARS9S5, p. 17] Aring H is called left hereditary if all left ideals

of H are projective left //-modules.

Let k = k be an algebraically closed field. It can be shown that a finite-dimensional
k-algebra is left hereditary if and only if its global dimension is at most 1 (see

[ASS06, Thm. VIIL.1.4]).

Definition 11.4.16. [ASS06, p. 246] A finite-dimensional k-algebra H is called
hereditary if gl.dim H < 1.

For the remainder of this section, let H denote a finite-dimensional hereditary k-
algebra. The aim of this section is to recall the description of the Auslander-Reiten
quiver of H —mod. In order to reduce to simpler cases, we need a few more

definitions.
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Let S be a ring. Recall that an element e of S is called an idempotent if ¢* = e (see
[ASS06, §1.4]). Two idempotents e, f € S are called orthogonal if ef = 0 = fe.
An idempotent e € S is called primitive if e = f + g implies f = 0 or g = 0 for all

pairs of orthogonal idempotents f,g € S.

A set E = {e;}, of idempotents of S is called complete if e; + --- + ¢, = 1
is the multiplicative identity in S. A set F of idempotents of a ring S is called a
complete set of primitive orthogonal idempotents if each element of £ is primitive,
elements of £ are pairwise orthogonal, and E is complete. See [ASS06, p. 18] for

more details.

Definition I1.4.17. [[ASS06, Def. 1.6.1] Let A be a k-algebra with a complete set

{e1,...,e,} of primitive orthogonal idempotents. We call A basic if Ae; 2 Ae; for
all i # j.

Theorem I1.4.18. Let A be a finite-dimensional k-algebra. Then there is a basic
k-algebra A® such that there is a k-additive equivalence A—mod ~ A’ —mod of

modules categories.

Proof. See [ASS06, Def. 1.6.3] for how to define A°, and [ASS06, Cor. 1.6.10] for

the equivalence. [ |

Therefore, in studying the category H —mod, we may assume [ is basic.
Furthermore, if H = H; x H, is a direct product of two other k-algebras, then it
is enough to study H; and H; individually in order to understand the representation

theory of H. This leads us to the following definition.

Definition I1.4.19. [ASS06, p. 18] An algebra A is called connected if it is not the

direct product of two non-zero algebras.

Hence, we may make one more reduction and, in summary, suppose that H is a
finite-dimensional, basic, connected, hereditary k-algebra. The following result

then says that H arises (up to isomorphism) as a path algebra.
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Theorem I1.4.20. [ASS06, Thm. VIIL.1.7] If H is a finite-dimensional, basic,
connected, hereditary k-algebra, then there is a finite, connected, acyclic quiver

Qy such that H is isomorphic to the path algebra kQ) i as k-algebras.

If A is a finite-dimensional k-algebra, then we have seen that A—mod is a Krull-
Schmidt k-category (see Theorem [I1.4.4), so we may define its Auslander-Reiten
quiver (see §11.3.2). See also [ASS06, §1V.4].

Definition I1.4.21. Let A be a basic, connected, finite-dimensional k-algebra. The
Auslander-Reiten quiver of A is the quiver I'ygr (A—mod) as defined in Definition

11.3.14

Proposition 11.4.22. [ASS06, pp. 129-131] Let A be a basic, connected, finite-

dimensional k-algebra. Let I'sg(A—mod) be its Auslander-Reiten quiver.

(i) The quiver I sgr(A—mod) has no loops and is locally finite.

(ii)) Let Tar(A—proj)o (respectively, T ar(A—inj)o) be the subset of
Lar(A—mod)y consisting of vertices, each of which corresponds to a

projective (respectively, an injective) module. Then the Auslander-Reiten

translation T (as defined in Definition [I1.4.8]) on A—mod induces a bijection

T: FAR(A* mod)o \ PAR(A* proj)o — FAR<A* mod)o \ FAR(A* Inj)o

(iii) The pair (I'ar(A—mod), T) is a translation quiver, where the translation is
given by T7[X| = [7X] for all vertices [X] such that X is not a projective
A-module.

(iv) If M is an indecomposable non-projective A-module, then by Theorem|[1.4.12
there is an almost split sequence 0 — ™™ — @._ E™ — M — 0,

where the E; are pairwise non-isomorphic. Then in T'ar(A—mod) there is
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a corresponding mesh

[E1]
fi1 g11
% 5 N
e (M)
fr‘l : /
N %
2
where, for each 1 < i@ < r, the set {fa,..., fim;} is a basis of the
space Itt 4 mod(TM, E;) and the set {gi1, ..., gim,} is a basis of the space

IrrA—mod (El, M)

When H — mod has only finitely many isoclasses of indecomposable objects we can

say more.

Definition 11.4.23. [ASS06, Def. 1.4.11] Let A be a finite-dimensional k-algebra.
Then A is said to be of finite representation type, or simply representation-finite, if
the number of isoclasses of indecomposable left A-modules is finite. Otherwise, A

is said to be of infinite representation type, or simply representation-infinite.

Theorem I1.4.24 (Gabriel’s Theorem). [Gab72]], [ASS06, Thm. VIL.5.10] Let () be
a finite, connected, acyclic quiver. Then k() is representation-finite if and only if the

underlying graph of () is a Dynkin graph.

Thus, if ) is a Dynkin-type quiver, then the Auslander-Reiten quiver I' =
['Ar(kQ —mod) completely describes the category k() —mod. That is, the mesh
category m of (I', 7) (see Definition , where 7 is the Auslander-Reiten
translation for k@), is equivalent to any full subcategory of k() — mod whose object
set contains precisely one representative of each isoclass. See [SS07, §X] for more

details.
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Example 11.4.25. Let £ be a field. Consider again the quiver ): 1 — 2 — 3.
The Auslander-Reiten quiver I' := ['ag (k@) — mod) of k@) is then:

P, = é — I
e \d
Py=3 - I =}
a € f
N 27N
JL N JE—— I R L =1
where the morphisms of quiver representations above are: a = (0,0,1), b =

(0,1,0), ¢ = (0,1,1), d = (1,1,0), e = (0,1,0) and f = (1,0,0). The dashed
lines indicate the mesh relations (see Definition [I1.2.30): ba = 0, dc + eb = 0 and

fe = 0. Thus, there are 3 almost split sequences:

0 y3 —4 52 49 > 0,
0 y 2 (b)>é@2 ey > 0,
0 yo—<c 11 4 > 0

In particular, we can read off the Auslander-Reiten translate for each non-projective:

7(2) =3,7(3) =%and 7(1) = 2.

Moreover, as () is a Dynkin-type quiver, we have that any object in k() —mod
is isomorphic to a finite direct sum of the indecomposables appearing in the
Auslander-Reiten quiver I', and if X,Y are in k@ —mod then any morphism
X — Y is (up to isomorphism) a sum of compositions of the irreducible morphisms

appearing in I'.
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IL.5 Localisation of categories

The process of localising a category allows the formal inversion of a collection of
morphisms, producing a new category but with the same objects as the original. We
need localisation to define the cluster category associated to a hereditary algebra H,
which is an orbit category of the derived category of H — mod. The bounded derived
category itself is a certain localisation of the homotopy category of H, so this is the

first instance where we will need the theory of localisation of categories.

In addition, in Chapters [[II] and [V| we need localisation to go from an integral
category to an abelian one. In these situations, localisation allows us to invert

morphisms that “should be” isomorphisms.

We follow the development in [[GZ67, §1] to recall the category of fractions and a

calculus of fractions. See also [KralO].

I1.5.1 Gabriel-Zisman localisation: the category of fractions

Let A be a category and suppose M is a class of morphisms in .A. Informally, the
Gabriel-Zisman localisation Ay, of A at M is the category A with a formal inverse
s~ for each morphism s € M thrown in. The category A, was originally called
the category of fractions of A for M in [GZ67] and denoted by A[M~!]. However,
in order to distinguish between the various localisations of triangulated categories,

we follow the terminology used in, for example, [S1mO6l], [BM13]] and [BM12].

Definition I1.5.1. [GZ67, §1.1] Suppose .# : A — B is functor and s is a morphism
in A. We say .7 makes s invertible if .7 (s) is invertible in B. In this case, we will

also sometimes say that .7 inverts s.

Definition IL.5.2. [[GZ67, §1.1] A category of fractions of A for M, if it exists, is a

category Ay = A[M~!] together with a functor L,: A — A such that:
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(i) L inverts all morphisms in M; and

(ii) for any functor .# : A — B that makes all morphisms in M invertible, there

exists a unique functor % : Ay — B such that F# = .7 o L.

In this setting, we also call the category An, a Gabriel-Zisman localisation of A at
(or with respect to) M, and we call L a localisation functor. Note also that if A v,

exists, then it is unique up to unique isomorphism.

We now recall how one may construct 4,,. The objects of A, are the same as
those of A, but the morphisms are more complicated to describe. We follow [Kral0),

§2.2]; see also [[GZ67, §1.1] and [PP79, §1.13].

First, set obj(Ax() = obj(A). For the morphisms, first consider
MUY, X)={s" X =Y |s:Y > Xandse M}

for each pair of objects X, Y in obj(A). Define a quiver @)’y with vertices obj(.A),
and for vertices X, Y the arrows X — Y are in bijection and labelled by elements
of the coproduct Hom 4(X,Y) IT M~!(Y, X). By abuse of notation, the same
symbol for an element of Hom4(X,Y) or M~}(Y, X) will be used to denote
the corresponding element in Hom 4(X,Y) I M~1(Y, X). Let Q4 be the quiver
just like (', but with the loops corresponding to identity morphisms and arrows

corresponding to composite morphisms removed (see [ML98, p. 48]).

Let P = P(Q4) be the path category of Q) 4, i.e. the objects of P are the vertices
of () 4 (denoted by the same symbols), and the morphisms between two vertices are
all the possible paths in () 4 between them such that composition of morphisms is
induced by path concatenation. Note that for X € P the identity morphism 1y on
X 1in the category P is the constant path at X. We will denote composition in P by

*.

There is a canonical functor Z: A — P which is the identity on objects, and sends
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a non-identity morphism f: X — Y of A to the path Z(f) = f of length 1 in
Homp(X,Y), orif f = 1x then Z(f) is the constant path at X in P. Let £ be
the smallest (composition respecting) equivalence relation on P generated by the
relations s™! x Z(s) = 1y in E(Y,Y) and Z(s) x s7! = 1x in £(X, X) for every
s:Y — X in M. Then we define Hom 4,,(X,Y) = Homp(X,Y)/E(X,Y).
This defines the category A, in which composition of morphisms is induced by

the composition * in P.

Lastly, we recall how the localisation functor L. : A — A, is defined. For each
object X € A, we set L(X) = X. For any objects X,Y € obj(.4), the mapping

(Lm)x,y: Homu(X,Y) = Homy,, (X,Y) is defined to be the composition

LEED, Hom,, (X, ),

HomA(X,Y) — Homp(X,Y)
With this construction above, there are set-theoretic issues that may arise. The
existence of A, can be ensured in some cases. Recall that a category A is called
small if obj(A) is a set and Hom4(X,Y) is a set for all objects X,Y € obj(.A);
see Definition

Theorem I1.5.3. [PP79, Thm. 1.13.3] If A is a small category and M is a collection

of morphisms in A, then the Gabriel-Zisman localisation Ay, exists.

I1.5.2 Calculus of fractions

Let A be a category. Although the Gabriel-Zisman localisation .4, of A at a class
M of morphisms may exist, the morphisms may not have a particularly nice or
explicit description. We will often be in a situation in which we can give a relatively
simple description of the morphisms in the localisation under consideration because

the morphisms in M satisfy some conditions.

The following notion was introduced in [GZ67, §1.2], but we follow the labelling as
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in [KralO, §3.1].

Definition I1.5.4. [KralO, §3.1] A class M of morphisms in A is said to admit a
calculus of left fractions if the conditions below are satisfied.

(LF1) The identity morphism 1x is in M for all X € A, and M is closed under

composition of morphisms.

(LF2) Any diagram

x 1y

|

X/

in A in which s € M may be completed to a commutative square

X —Y
Sl o t
X s > Y’

where t € M.

(LF3) For any pair of morphisms f,g: X — Y in A, if thereis s: W — X in M
such that fs = gs, then there exists ¢: Y — Z in M such that ¢ f = tg.

There is a dual notion.

Definition IL.5.5. [BMI12, §4] A class of morphisms M in A is said to admit a
calculus of right fractions if the conditions [(RF1)H(RF3) below are satisfied.

(RF1) The identity morphism 1x is in M for all X € A, and M is closed under

composition of morphisms.

(RF2) Any diagram

X/T>Y/
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in A in which ¢t € M may be completed to a commutative square

where s € M.

(RF3) For any pair of morphisms f,g: X — Y in A, if thereist: Y — Z in M
such that t f = tg, then there exists s: W — X in M such that fs = gs.

Note that a class M of morphisms admitting a calculus of left fractions
(respectively, right fractions) was called a left calculable system (respectively, right
calculable system) in [PP79]]. If M admits a calculus of left fractions and a calculus
of right fractions, then M is said to be a multiplicative system; see [KralQ, §3.1]
and [[Ver96, §11.2].

Suppose M is a class of morphisms in .4 such that M admits a calculus of left
fractions in .A. We will now recall the construction of the category M~' A of left
fractions of A with respect to M; see [GZ67, §1.2], [Kral0, §3.1] and [PP79, §1.14].
We set obj(M ™1 A) = obj(A). The collection Homp-14(X,Y) of morphisms
X =Y, for X, Y € obj(M~1A), will be given by equivalence classes of a certain

relation on the collection of all diagrams in .4 of the form
Y
X Y

where s € M. We call such a diagram (f, A, s) a (left) triple from X to Y; see
[Zim14] §3.5.3]. We say that two triples (f, A, s) and (g, B,t) from X to Y are
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equivalent, denoted (f, A, s) ~rr (g, B, t), if there is a commutative diagram

where u € M.

Proposition IL.5.6. [GZ67, p. 13] For X,Y € obj(M™!A), the relation ~r is an

equivalence relation on the triples from X to'Y .

For a triple (f, A, s) from X to Y, we denote its ~r-equivalence class by [f, s|Lr

which we call a left fraction (from X to Y).

For X,Y € obj(M™tA), we define Hom -14(X,Y) to be the collection of all
left fractions from X to Y. Given [f,s]or € Hompy-14(X,Y) and [g,t]Lr €
Hom-14(Y, Z), we define the composition [g,t|r © [f, s|Lr as follows. Let

X f

y A«*— Y and Y —» B «'1— Z be representatives of [f, s|pr

and [g, t]Lr, respectively. Then using [(LF2)|we obtain a commutative diagram

L

NN

where u € M. Note that ut lies in M by (LF1), Thus, we set [g, t|Lr o [f, s|LF =
[hf, ut] r. Checking that this is well-defined and associative is routine. The identity
morphism for an object X € obj(M™'A) is the left fraction [1x,1x|Lr, and

therefore we have constructed the category M ' A of left fractions.

Finally, we recall that there is a canonical functor Fi: A — M1 A given by
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Fm(X) = Xfor X € A, and Fup(f) = [f, 1y|ur for amorphism f: X — Y in A.
Moreover, for any morphism s: Y — A in M, the left fraction F((s) = [s, 1a]Lr

is invertible with inverse [14, s r in M1 A.

Hence, if a class M of morphisms admits a calculus of left fractions, we have seen
that we are able to construct two other categories A, and M~!A, by formally

inverting the morphisms in M. The next result tells us these constructions agree.

Proposition I1.5.7. [GZ67, 1.2.4] Suppose M admits a calculus of left fractions in
a category A. Consider the functor m: M~ A — Ay, defined by ©(X) = X for
X e MY A and 7([f, slur) = (Lag(s)) ™t o Lag(f). Then 7 is an isomorphism of

categories.

Furthermore, if .4 was additive to begin with then the localisations inherit this

structure.

Proposition I1.5.8. [GZ67, 1.3.3], [PP79, Thm. 4.7.5] Suppose M admits a
calculus of left fractions in an additive category A. Then the Gabriel-Zisman

localisation Ang = M~ A is also additive. Furthermore, the localisation functors

Ly A— Apand Fy: A — MY A are both additive.

In order to give another situation in which the existence of the localisation is

guaranteed, we need the following notion.

Definition I1.5.9. [MLI8] A skeleton of A is a full subcategory B such that the
(fully faithful) canonical inclusion .% : B < A is essentially surjective and, for all

X,Y € obj(B), if X # Y then X is not isomorphic to Y in B.

Note that A will in general have many skeletons, but they are all isomorphic (see
[MLOS8, Exer. 1V.4.1]). Therefore, if we need to make use of a skeleton of A,
then we will choose one A% with a fixed collection {px: X — X}yeq of

isomorphisms, where X € A% and o3 = 1g for each X € A%, Following



II.6. TRIANGULATED CATEGORIES 65

[Pre09], we say that a category A is skeletally small if A% is small, i.e. obj(A%*e!)
and Hom e (X, Y) are sets for all X,V € Askel,

Suppose A% (with {px: X — X }xea as the fixed collection of isomorphisms)
is our chosen skeleton for A. Then the inclusion .% : A%l — A is an equivalence
of categories by Theorem A quasi-inverse ¢4: A — A for .7 is given
as follows. For each X € A set 9(X) := X, and for any f € Hom(X,Y) put
G(f) = oy fox . See [MLIS, p. 93].

Furthermore, if A is additive then it is straightforward to show that the skeleton

Akl is also an additive category and that .%, ¥ are additive functors.

The following observation is well-known (see, for example, [BM12, §4]) and

follows immediately from [KralO, Lem. 3.3.1].

Corollary IL.5.10. Suppose M admits a calculus of left fractions in a skeletally

small category A. Then the Gabriel-Zisman localisation Ayg = M™1A exists.

Dually, if M admits a calculus of right fractions in .4, we can construct the

category of right fractions of A with respect to M. Furthermore, there are duals

of Propositions [[I.5.6] [[1.5.7] and [[1.5.8] and Corollary [I1.5.10 Hence, if M is a

multiplicative system, i.e. admits a calculus of left fractions and a calculus of right

fractions, then the Gabriel-Zisman localisation Ay, of A at M, the category of
left fractions of .A with respect to M and the category of right fractions of .4 with
respect to M are all isomorphic. In particular, in this case a morphism in .4, can
be viewed in two ways: as a left fraction [f, s|pr or as a right fraction [¢, g|rF, and

we have [f, s|Lr = [t, g]rr if and only if ft = sg.

I1.6 Triangulated categories

Many of the categories we will come across in this thesis will have more structure

than an additive category but will not be abelian. The categories we often consider
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are triangulated categories, and examples include the derived category and the

cluster category.

In this section we recall the definition and some basic properties of a triangulated

category. We use [Hap88|| and [HJ10] as the main references for this section.

Throughout this section we assume that C is an additive category endowed with an

additive automorphism ..

Definition 11.6.1. [HJ10, p. 11] A triangle in C is a sequence of composable

morphisms in C of the form
X 5Y 5 75 32X,

Definition I1.6.2. [HJ10, p. 11] A morphism of triangles from a triangle
X %Y % Z%YX toatiangle X' 5 Y 2 27 2 X’ inCis a
triple (f, g, h) of morphisms f: X — X', g: Y — Y"and h: Z — Z’, such that

the following diagram commutes in C:

“s Y —— 7 —— ¥X

R

g
g

/ / /

s Y A 7 XX

g
~
~

Further, if f, g, h are all isomorphisms then we say (f, g, h) is an isomorphism of

triangles.

For the formal definition of a triangulated category, we follow the labelling of
axioms as in [HJ10, §3], except that our axiom [(TR3)|is slightly weaker than the

one given in [HJ10]. This is because the converse of the axiom may be deduced

from axioms [(TRO)| as labelled below; see Lemma

Definition I1.6.3. [HJ10, Def. 3.1], [Hap88| pp. 2-3] A collection 7 of triangles
in C is called a triangulation (for C), and the elements of 7 are then called

distinguished triangles, if the following conditions are satisfied.
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(TRO) Any triangle that is isomorphic to a distinguished triangle is also a

distinguished triangle.

(TR1) Foreach X € C, the triangle X Xyox % 0% vX s distinguished.

(TR2) For any morphism f: X — Y in C, there exists a distinguished triangle
XLy — 7Z— $X forsome Z €C.

(TR3) If X —— Y —— Z —— XX is a distinguished triangle, then the

triangle Y —Y— Z —% 5 ©X —=% %Y is also distinguished.

~

(TR4) Given distinguished triangles X —— Y —— 7 —— ¥ X and
X sy Yy 775 %X’ and morphisms f: X — X’ and

g: Y — Y’ such that gu = u'f, there exists morphism h: Z — Z' such

that
X ——Y "7 —">3¥X
bl s
Xy, g ey
commutes.
(TR5) (Octahedral Axiom) Given distinguished triangles
X =Y — 7 — ¥X, Y 5 7 — X' — XYY and

X > Z —Y — XX, there exists a distinguished triangle

7' — Y — X’ — 37" such that the diagram

X ——Y A > BX
I l l lox
X 4= 7 > Y’ > BX
N
Yy —— 7 y X/ y DY
I
A4 > Y’ > X/ y N7

commutes.
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Definition I1.6.4. [Hap88| p. 3] A triangulated category is a triple (C, X, T') where

C is an additive category, . is an automorphism of C and 7 is a triangulation for C.

If (C, %, T) is a triangulated category, then we typically refer to C as the triangulated
category and assume the existence of > and 7 is understood. Furthermore, in this
setting the functor X is called the suspension (or shift) functor, and we refer to

elements of T as just triangles rather than distinguished triangles each time.

For the rest of this section, let (C, ¥, 7') be a triangulated category.

Definition I1.6.5. [Hap88, p. 4] Suppose A is an abelian category. A covariant

additive functor .#: C — A is called cohomological if for each distinguished

triangle X —— Y —— Z —— XX inC, there is a long exact sequence

F(2tw . F (S
7 ( ) 7 (3'u)

U it <g‘(zz)() 7 (Siv) F(Stw) Si+ly) N

Z(y) 28, gizy TEY, gpimx) T

in A.

A contravariant additive functor .% : C — A is called cohomological if for each

w

distinguished triangle X —— Y —— Z » ©X 1in C, there is a long exact

sequence
Z(Ditly . Z(Siw . Z (S . F (St . Z(Di— 1y
L IE gy 28 gmiz) LB, gmiy) ZEY, gmix) 25
in A.

We now present some easy results that will be used often when dealing with
triangulated categories. For a more extensive list of properties of a triangulated

category, see [Hap88, §1]. Recall that Ab denotes the category of all abelian groups.

Lemma I1.6.6. [Hap88, Prop. 1.1.2 (b)] Let X € C be an arbitrary object. Then the
covariant functor Home(X, —): C — Ab is cohomological and the contravariant

functor Home(—, X): C — Ab is cohomological.
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—Xu

Lemma IL1.6.7. [Hap88, Lem. 1.1.3] Suppose ¥ —— 7 —— ¥ X )

is a triangle. Then X ——Y —— Z =5 Y X isalso a triangle.

Proposition 11.6.8. [HJ10, Prop. 4.3] Suppose we have a morphism

Xty s 7Y y¥vX
lf lg lh lzf
X Yoy Y g v vy

of triangles in C. If [ and g are isomorphisms, then h is an isomorphism.

Lemma I1.6.9. [BM12, Lem. 3.2] Suppose

X —2>Y 725 %¥X
lf g lh lZf
X Yoy Mg v vy

is a morphism of triangles in C.

(1) If gu = 0, then there exist morphisms ¢1: Z — Y' and po: XX — Z' such
that h = v' 1 + pauw.

(ii) If w'h = 0, then there exist morphisms 1. Y — X' and 1py: Z — Y such
that g = u'11 + av.

Later we will be considering the action of a triangle autoequivalence on a
triangulated category. A triangle functor is an additive functor between triangulated
categories that is compatible with the triangulated structures, and a triangle
equivalence is an equivalence of categories that is also a triangle functor. We give

precise definitions below.

Definition I1.6.10. [Kel07, §5.4] Let C = (C,%,7) and C' = (C',X',T’) be
triangulated categories. An additive covariant functor .%: C — (' is called a

triangle functor, or a triangulated functor, if the following conditions are satisfied.
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(i) There exists a natural isomorphism o = {ax}xec: F 0 X~ ¥ 0 Z.

G) If X —— Y —— Z —— ¥X isadistinguished triangle in C, then

zx) -2 ziv) 29 22

axoZ (w)

Y(FX)

is distinguished in C’.

Definition I1.6.11. [Kel07, §5.4] A triangle functor .% : C — (' is called a triangle
equivalence if .# is an equivalence of categories (in the sense of Definition[II.1.14)).

In this case C and C’ are said to be triangle equivalent.

Notation. We will sometimes denote a triangle functor (respectively, triangle
equivalence) .#: C — C' by % : C — C’ (respectively, . : C % C’) in order

to emphasise the kind of functor it is.

The following is standard notation. See, for example, [BMRRT, p. 576].

Definition I1.6.12. For X, Y € C and 7 € Z, we define

Ext’(X,Y) := Home (X, XY).

We remark here that Ext’(X,Y) = Home(X7°X,Y) as ¥ is an automorphism of
C.

We will see later that the cluster category has some Ext-symmetry. To formalise
this we will need the definitions of a Serre functor and a Calabi-Yau category. See

[KelO8,, §2.6] for more details.

Definition I1.6.13. [Kral5l p. 547] An additive category A is called Hom-finite if A
is an S-category, for some commutative ring .S, and Hom 4 (X, Y) is a finite length
S-module for every X, Y € A. In this case, we will also say that .4 is a Hom-finite

S-category in order to emphasise that the Hom-sets are finite length over S.
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Definition I1.6.14. [KelO8, §2.6] Let £ be a field and let C be a triangulated, Hom-
finite k-category with suspension functor X.. A right Serre functor for C is a triangle

functor S: C - C such that for any X, Y € C we have
Home(X,Y) = D Home(Y,SX),

which is functorial in both arguments and where D(—) := Homy mod(—, k). If S
is also a triangle autoequivalence, then S: C % C is called a Serre functor and we

say C has Serre duality.

Definition I1.6.15. [KelO8, §2.6] Let £ be a field and let C be a triangulated, Hom-
finite k-category with suspension functor ¥. For n € N, we say C is weakly n-
Calabi-Yau if C admits a Serre functor S such that there is a natural isomorphism
S = X" (as k-additive functors). Furthermore, if this isomorphism is as k-additive

triangle functors, then we say C is n-Calabi-Yau.

I1.7 Derived categories

One of the most well-known examples of a triangulated category is the derived
category of an abelian category. The derived category is a localisation of the
homotopy category at the class of quasi-isomorphisms, so we will see the work

of our previous sections coming together here.

In we swiftly get to the definition of the derived category D(.A) of an abelian
category .4 and recall how one may give D(.A) a triangulated structure. In
we specialise to the case where .4 = H —mod for a finite-dimensional hereditary
algebra H and recall how the Auslander-Reiten theory of the bounded derived

category D°(A) is induced by the Auslander-Reiten theory of A.
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I1.7.1 The definition

First, we recall how the homotopy category associated to an additive category is
defined. After this, we will be able to consider a special type of morphism—namely,
a quasi-isomorphism—in the category of complexes of an abelian category. We
will need an abelian category as we will make use of the existence of kernels and
cokernels, and we will use the sufficiently nice structure an abelian category has
in order to do some homological algebra. We use [[Alu09, §§IX.3-1X.5], [[Yekl1S,

§4.2] and [Z1m14, §3.5] as our main references for this section.

Let A be an additive category.

Definition IL.7.1. [Alu09, §1X.3.1] A (cochain) complex (X°® d%) in A is a

sequence

di72 di71 dl diJrl
X ] — X ] X 1 X
PN y X! s Xt X

of composable morphisms in A such that d’; odggl = (forall? € Z. The morphisms
d’ are known as the differentials of (X*®,d% ). Typically we will denote (X*®, d%)

just by X*® if no confusion may arise.
Given complexes (X, d%) and (Y, d$, ), a morphism of complexes o®: (X*®, d%) —

(Y*,d$ ) is a collection {a’: X* — Y"},c7 of morphisms in A, such that the square

Xi dx s Xi+l

A e

Yi - Yi-i-l
dy

commutes in A for each i € Z.

Definition IL.7.2. [Alu09, §1X.3.2] The category of complexes in A is the category
C(.,A) whose objects are the complexes in .4, and for complexes X°® Y* we set

Homc(4)(X*®, Y*®) to be the collection of all morphisms of complexes X* — Y*.
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It is easy to show that the category C(.A) is additive. We will need the following
subcategories of C(.A) in order to obtain an autoequivalence on the bounded derived

category later.

Definition I1.7.3. [Kra07, §1.7] We make the following definitions.

(i) We put C°(A) := C(A). (This notation will allow us to simplify some

statements later.)

(ii)) C*(A) is the full subcategory of C(.A) whose objects are bounded below
complexes, i.e. complexes X*® for which there exists N € Z such that for

all i € Z withi < N we have X* = 0.

(iii) C~(A) is the full subcategory of C(.4) whose objects are bounded above
complexes, i.e. complexes X* for which there exists N &€ Z such that for

all i € Z withi > N we have X¢ = 0.

(iv) C°(A) = C(A) N CH(A) is the full subcategory of C(.A) whose objects are
bounded complexes, i.e. complexes X*® for which there exists NV € N such

that for all ¢ € Z with |i| > N we have X* = (.

The homotopy category K(.A) is a quotient of the category C(.A) of complexes by a

certain ideal.

Definition I1.7.4. [Alu09, Def. 1X.4.8] Let o®, 3*: X* — Y* be morphisms of
complexes in C(A). A homotopy between o and [3* is a collection h = {h* : X" —
Y~1},cz of morphisms in A such that 8° — o' = h*'dy + di- 'R for all i € Z. If
a homotopy between «® and (3* exists, we say that o® is homotopic to 3°® and denote

this by a® ~ [°.

Definition I1.7.5. [Yek15, Def. 4.2.1] If a morphism of complexes o® in C(.A) is

homotopic to the zero morphism 0, then we say a® is null-homotopic.
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For objects X* Y* in C(A), let N(X®Y®) be the subcollection of
Homc(4)(X*,Y"*) consisting of all null-homotopic morphisms. Then A forms an

ideal of C(.A) (see [Yek15), Prop. 4.2.3]).

Definition I1.7.6. [Yek15| Def. 4.2.4] The homotopy category K(.A) of complexes
in A is the quotient category C(.A)/N. That is, obj(K(.A)) = obj(C(.A)), and for
X® Y* € obj(K(A)) we have

Homy () (X®,Y*) = Home( ) (X°, V) /N (X®, V).

For z € {0,+, —,b}, we define K*(.A) to be the full subcategory of K(.4) whose

objects are the same as those of C*(\A).

In order to show that the homotopy category is triangulated, we need an

automorphism of K(.A).

Definition IL.7.7. [Alu09, p. 596] For n € Z, the shift by n functor
(=)[n]: C(A) — C(A) is defined by X* — X|[n]*, where X[n]’ = X" and

dy = (=1)"d¥", and a[n]' = o’*" for a morphism a® of complexes.

Example I1.7.8. Let X* be the complex:

—2 —1 0
s x2 I x x0 Ly ;
Then X [1]® is the complex:
—dx' —d% dx
> X1 »y X0 ———— X! >y X2 ;

degree — 2 degree — 1 degree 0 degree 1

That is, if n > 0 then X [n]® is the complex X* shifted left by n and with the same
differentials up to a sign change of (—1)". And if n < 0 then we shift right by n

instead, but still have a sign change of (—1)" = (—1)~" on the differential maps.
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It is clear that (—)[1]: C(A) — C(.A) is an automorphism of C(.A), with inverse
(—)[—1]. Moreover, for x € {{),+, —,b}, these mutually inverse automorphisms
induce automorphisms on K*(.A), which we also denote by (—)[1] and (—)[—1],

respectively.

We need the following definition in order to describe the triangulations we will put

on the homotopy category and on the derived category.

Definition I1.7.9. [AIu09, p. 606] Let a®: X* — Y be a morphism in C(.A). The
mapping cone MC(a)® of o® is the complex with MC(a)" :== X[1]" & Y and with

differentials
—dt 0

i+l i
a dy

%V[C(Oé) -
Proposition 11.7.10. [Ziml14, p. 313] Suppose a®*: X®* — Y* is a morphism in
C(.A). Then there is a morphism of complexes 12,: Y* — MC(«)®, where

oY = X[1) e Y = MC(a)

is the canonical inclusion; and there is also a morphism of complexes

7 MC(a)® — X[1]°, where
T MC(a)' = X[1] @ Y* — X[1]

is the canonical projection.

Theorem I1.7.11. [Zim14, Prop. 3.5.25] Let A be an additive category. For x €
{0, +, —, b}, the category K*(A) is a triangulated category with suspension functor
(—)[1]: K*(A) — K*(.A) and triangulation consisting of every triangle isomorphic

to one of the form

Aw: X* —2 5y o MC(a) —s XTI,

in K*(A), for some o® € Homge=(4)(X®, Y*).
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For the remainder of this section, suppose further that 4 is an abelian category.

Suppose (X*®,d®) is a complex in C(A), and fix ¢ € Z. Then the condition d’ o
d=' = 0 implies that the domain Im d*~! of the image morphism of d~! can be
considered as a subobject of the domain Ker d’ of the kernel of d’, via a morphism
s': Imd~! — Ker d’, say. We define the i'" cohomology of X*® to be the object

' Ker d*
H'(X®) = &

~ Imdi!

.= Coker(s")

of A. It can also be shown that, for any morphism o®: X®* — Y* of complexes,
there is an induced morphism H'(«): HY(X*®) — H'(Y"*) in A on cohomology.
See [Alu09, §IX.3] for more details.

Definition I1.7.12. [AIu09, Def. IX.4.3] A morphism of complexes a®: X* — Y*
is called a quasi-isomorphism if the induced morphism H*(«): H'(X*®) — H'(Y*®)

on cohomology is an isomorphism for all : € Z.

Since homotopic morphisms of complexes induce the same morphism in
cohomology (see [Alu09, Prop. IX.4.10]), it makes sense to speak of quasi-
isomorphisms in the homotopy category K(A) as well. Let Qis denote the class
of all quasi-isomorphisms in K(A). The next three results show that Qis satisfies

the conditions[(LFI)|=[(RF1)} [[RF2)| and [[RF3) and [(LF3)|from See [Ver96,
§1IL.1], [Zim14), or [Kra07, §3.1].

Proposition 11.7.13. The identity morphisms in K(A) are quasi-isomorphisms, and

the composition of any two quasi-isomorphisms is again a quasi-isomorphism.

Proposition I1.7.14. [Zim14, Lem. 3.5.33], [Kra07, §3.1] Suppose o*: X* — Z®is
a morphism of complexes and v*: Y* — Z* is a quasi-isomorphism both in K(A).

Then there exist an object Z'* € K(A), a morphism of complexes o/*: Z'* — Y*



I1.7. DERIVED CATEGORIES 77

and a quasi-isomorphism v'*: Z'* — X* such that

commutes in K(A).

Proposition I1.7.15. [Kra07, §3.1] Let f*: X*® — Y be a morphism in K(A). Then
there exists a quasi-isomorphism v*: Y*® — Z° such that v°f* = 0 if and only if

there exists a quasi-isomorphism p*: W*® — X*® such that f*u® = 0.
One can also show that the dual of Proposition [II.7.14] holds, and hence QQis admits
both a calculus of left fractions and a calculus of right fractions in K(.A).

Definition I1.7.16. [Ver96, Def. I11.1.2.2] Let A be an abelian category. Let Qis
denote the collection of quasi-isomorphisms in the homotopy category K(.A) of A.
The derived category D(A) of A is the Gabriel-Zisman localisation K(.A)[Qis™!] of
K(A) at Qis.

We will denote the localisation functor K(A) — D(A) by Lq;s.

Definition I1.7.17. [Kra07, §1.7] For x € {0, +, —, b}, we define D*(A) to be the
full subcategory of D(.A) with obj(D”(A)) = obj(K*(A)) = obj(C"(A)).

The category D°(.A) is known as the bounded derived category of A, and this will

have a large role to play in our studies.

Example I1.7.18. For a ring S, its associated derived category
D(S—Mod) = K(S—Mod)[Qis™"]
is locally small. Furthermore, if .S is noetherian, then

D(S - mod) = K(S —mod)[Qis ]
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is also defined and is again locally small. See [KralO, §4.14] or [We194, §§10.3—
10.4] for details.

Note that, for x € {0, +,—,b}, the automorphism (—)[1]: K*(A4) — KZ%(A)

induces an automorphism of D*(A), which is also denoted by (—)[1].

Theorem I1.7.19. [Zim14, Prop. 3.5.40] Let A be an abelian category. For x €
{0, +, —, b}, the category D*(A) is a triangulated category with suspension functor
(—)[1]: D*(A) — D*(.A) and triangulation consisting of every triangle isomorphic

to one of the form

Lqis (5 Lqis(m,)
—

Ly MC(a)® X[,

in D*(A), for some o € Homge(4)(X®,Y?®).

A complex X* is said to have bounded cohomology if there exists N € N such that
H'(X*) = 0 forall ¢ € Z with |[i| > N. For an additive subcategory B of A and
r € {+,—}, we let K®"() denote the full subcategory of K*(13) whose objects

are the complexes that have bounded cohomology.

Theorem I1.7.20. [Ziml14, Prop. 3.5.43] If S is a noetherian ring, then we
have triangle equivalences D~ (S —mod) = K= (S —proj) and D°(S—mod)
K=< (S — proj).

N

From this, we obtain the following well-known result.

Corollary I1.7.21. If S is a noetherian ring with finite global dimension, then we

have a triangle equivalence D*(S —mod) = K®(S - proj).

One also has duals to Theorem and Corollary (see [Zim14, Rem.
3.5.45]):
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Corollary I1.7.22. Let S be a noetherian ring. Then there are triangle equivalences
D*(S - mod) =~ K*(S—inj) and D°(S —mod) =~ K+t (S —inj). Furthermore, if
S has finite global dimension, then we have a triangle equivalence D°(S—mod) =

Kb(S —inj).

The next lemma is often useful and follows from [Zim14, Lem. 3.5.49]. Recall that
a complex X is said to be a stalk complex concentrated in degree n if X' = 0 for

all 7 # n and the stalk X" is non-zero.

Lemma I1.7.23. If S is a noetherian ring, then S —mod is a full subcategory of
D®(S —mod). More precisely, each X € S —mod is identified with the stalk complex

concentrated in degree 0 with stalk X.

By abuse of notation, in the situation of Lemma(ll.7.23| for X € S — mod we denote
by X the stalk complex --- — 0 —+ X — 0 — --- concentrated in degree O as

well.

I1.7.2 Auslander-Reiten theory of the derived category of a

finite-dimensional hereditary algebra

For this section, let & = & be an algebraically closed field and suppose H is a finite-
dimensional, basic, connected, hereditary k-algebra. Our aim is to describe the
Auslander-Reiten quiver of the bounded derived category D*(H) := D’(H — mod)
of the abelian category H —mod of finitely generated left H-modules. Recall that
DY(H) is a triangulated category with suspension functor (—)[1], which shifts a

complex by 1 degree to the left; see Theorem [[1.7.19]

The analogue for an Auslander-Reiten sequence in a Krull-Schmidt, triangulated

category is the following.
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Definition 11.7.24. [Hap88, 1.4.1] A triangle X = Y 5 Z 5 YX in a
Krull-Schmidt, triangulated category C (with suspension functor ¥) is called an

Auslander-Reiten triangle, or an almost split triangle, if

(1) X, Z are indecomposable;
(i) w # 0; and

(iii) If f: W — Z is a non-retraction, then there exists fA': W — Y such that
Uf: f.

Definition I1.7.25. [RVdB02, §1.2] Let C be a Krull-Schmidt, triangulated category
with suspension functor Y. If, for every indecomposable Z € C, there exists an
Auslander-Reiten triangle X — Y — Z — XX, then we say that C has right
Auslander-Reiten triangles. Similarly, C has left Auslander-Reiten triangles if, for
every indecomposable X € C, there exists an Auslander-Reiten triangle X — Y —
Z — XX. And, we say C has Auslander-Reiten triangles if C has left and right

Auslander-Reiten triangles.

The following lemma connects condition (ii) in Definition [II.7.24] to split

morphisms.

Lemma I1.7.26. [Hap88, Lem. 1.1.4] Let C be a triangulated category with
suspension functor ¥. Suppose X — Y = Z 5 YX is a triangle in C. Then

the following are equivalent.

(1) The morphism w is zero.
(i) The morphism u is a section.

(i11)) The morphism v is a retraction.

There is also a corresponding relationship between irreducible morphisms and

Auslander-Reiten triangles in a triangulated category.
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Theorem I1.7.27. [Hap88, Lem. 1.4.8] Suppose C is a Krull-Schmidt, triangulated,
Hom-finite k-category that has Auslander-Reiten triangles. Let Y denote the
suspension functor of C. Suppose X — @._ Y™ — Z — XX s an

Auslander-Reiten triangle in C, where X,7Z and Y; V1 < i < r) are

indecomposable, and Y; 22 Y for all i # j. Then for any indecomposable object Y’
of C, we have that Irre(X,Y') # 0 if and only if Y 2 Y, for some 1 € {1,...,1}.

Thus, for a Krull-Schmidt, triangulated, Hom-finite k-category with Auslander-
Reiten triangles, the Auslander-Reiten quiver (in the sense of Definition [[I.3.14)
will again record information about all the indecomposable objects and all the
irreducible morphisms between them. We now recall the results needed to see that
D®(H) is a category of this kind. Firstly, since D°(H) is (triangle) equivalent to
K®(H — proj) (see Corollary , it follows that D®(H) is a k-category.

The following is well-known.

Theorem I1.7.28. The category D°(H) is Krull-Schmidt.
Proof. This is an application of [LCO7, Cor. B]. [ |

Hence, the Auslander-Reiten quiver T'xr(D’(H)) of D°(H) can be defined as in
Definition [[1.3.14, Furthermore, indecomposable objects in D?(H) have a simple

description.

Lemma I1.7.29. [Hap88, Lem. 1.5.2] An indecomposable object in D*(H) is

isomorphic to a stalk complex with indecomposable stalk.

Since H is a finite-dimensional, basic, connected, hereditary k-algebra, we may
assume that H = k(@ for some finite, acyclic, connected quiver () by Theorem

11.4.20

Theorem I1.7.30. [Hap88, Thm. 1.4.6, §1.5.4] The category D*(H) = D°(H — mod)
has Auslander-Reiten triangles. Moreover, any Auslander-Reiten triangle in D*(H)

is isomorphic to a triangle of the form:
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i) X =Y = Z — X[1], where 0 - X — Y — Z — 0 is an Auslander-

Reiten sequence in H—mod; or

(i) L[—1] — (1;/S;)[-1] @ rad P, — P, — I; for some i € Qo, where I, is the
injective, P; is the projective and S; is the simple at vertex i (see Definition

:

Let us now see how we can extract an endofunctor of D’(H), in such a way
that it acts as an analogue of the Auslander-Reiten translation 7 on H —mod, by

considering the Auslander-Reiten triangles of the two forms in Theorem [[I.7.30

First, let us note that the Nakayama functor v: H — proj — H — inj (see Definition
[[.4.7) induces an equivalence between certain subcategories of the bounded

homotopy category.

Proposition I1.7.31. [Hap88| p. 37] The Nakayama functor v on H —mod induces

a triangle equivalence K°( H — proj) %) K®(H —inj), which we also denote by v.

Since DY(H) is triangle equivalent to both K°(H —proj) and K°(H —inj) by
Corollaries [II.7.21] and [[1.7.22] respectively, we have that v induces a triangle
autoequivalence on D°(H) from Proposition [[1.7.31l By abuse of notation, we

denote this induced functor by v as well. That is, we have a triangle autoequivalence

v: DY(H) % D(H).

Consider an Auslander-Reiten triangle of the form X — Y — Z — X[1]in D*(H),
where 0 - X — Y — Z — 0 is an Auslander-Reiten sequence in H —mod.
Notice that 7Z = X where 7 is the Auslander-Reiten translation on H —mod (as
in Definition [.4.8). The module Z is an indecomposable non-projective left H-

module and can be identified in D*( H) with the stalk complex

[e)
~
[a)

> Z

~
o
~
o
~
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concentrated in degree 0. Recall from that there is an exact sequence

0 s 77 s ypt Yy po s vZ — 0,
where P11 po > 7 »0 is a minimal projective
presentation of Z. In fact, since H is hereditary, the complex
0 . pt L, po > 7 > 0 will be a minimal projective

resolution of Z. Thus, in D’(H) we can replace Z with the truncated minimal

projective resolution

P ... s 0 y p-t Ly po s 0

~
]
~

with P? in degree 0. This is just the equivalence D*(H) ~ K°(H — proj).

Now we can apply the Nakayama functor v: K°(H — proj) — K®(H —inj) and shift

by one to the right, i.e. apply the composite functor [—1] o v, yielding the complex

vf

(vP*)[-1]: --- 0 0 vpP~! vP° 0

with vP~! in degree 0. This is now a minimal injective resolution of the
cohomology in degree 0 (see [Rin84, p. 73]), which is the object we denoted by
77, the Auslander-Reiten translate of Z, in Thus, in D°(H) the complex
(vP*®)[—1] is isomorphic to the stalk complex --- — 0 — 72 — 0 — ---

concentrated in degree 0 using Corollary

Now suppose we have an Auslander-Reiten triangle I,[—1] — ([;/S;)[-1] &
rad P, — P; — I; of the second kind, where 7 is some vertex of (). Then v P, = I;

by [Sch14, Prop. 2.29], and so [;[—1] = (vP;)[—1].
These considerations lead to the following.

Definition I1.7.32. [Hap88, pp. 37, 42] The Auslander-Reiten translation on D°(H)

is defined to be the endofunctor [—1] o v, denoted also by 7.
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The Auslander-Reiten translation 7: D°(H) — D°(H) is a triangle autoequivalence
as [—1] is an automorphism of D?(H) and v is a triangle autoequivalence of D*(H).
Let v~! denote a quasi-inverse to the autoequivalence v: D°(H) — Db(H). A
quasi-inverse for 7 is then 771 := v~ o [1], which we call the inverse Auslander-

Reiten translation on D°(H ).

Proposition 11.7.33. [Hap88, Cor. 1.4.9] The Auslander-Reiten quiver T sg (D°(H))
of D*(H) equipped with the Auslander-Reiten translation T is a stable translation

quiver.

We now recall how one may “stitch” together copies of the Auslander-Reiten quiver

of H—mod to get an explicit description of the Auslander-Reiten quiver of D(H ).

Let 'y := I'ar (H —mod) be the Auslander-Reiten quiver of H. For each i € Z, we
set I'; to be the quiver ['ar (H — mod) but where a vertex has label X [i| where it was
X before. We define a quiver ' to be the disjoint union I1;;I";, such that for each

1 € Z there is an additional ‘connecting’ arrow
LJi] — P,li+1]

connecting I'; to I'; ;| whenever there is an arrow x — y in Q).

Proposition 11.7.34. [Hap88, Prop. 1.5.5] The Auslander-Reiten quiver
TCar(D°(H)) of D°(H) is the quiver I" constructed above.

Definition I1.7.35. Suppose A is an additive category with skeleton A%, We
denote by ind A the full subcategory of A%°! with obj(ind A) consisting of only

indecomposable objects.

Corollary I1.7.36. [Hap88|, pp. 54-55] Let k(Q) be the path algebra of a Dynkin-type

quiver Q).

(i) The Auslander-Reiten quiver of D*(kQ) is isomorphic to 7.Q.
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(ii) The mesh category k(ZQ,T) is equivalent to ind D*(kQ).

Recall that Theorem gave us a characterisation of almost split sequences in
A—mod, where A is a finite-dimensional algebra. In particular, it says that in any
Auslander-Reiten sequence 0 — X' Loy 2y 7 0, the morphisms f’, ¢’
must be irreducible. An analogous statement is made in [Hap88|| for an Auslander-
Reiten triangle in a triangulated category, but incorrectly. More precisely, part (ii)
of [Hap88|, Prop. 1.4.3] states that if X - Y - Z -5 ¥ X is an Auslander-
Reiten triangle, then u, v are irreducible. However, this is incorrect as stated because
the middle term Y may be 0, but irreducible morphisms must be non-zero (see
Proposition [[I.3.5). Auslander-Reiten triangles of the form X — 0 — Z — £X
appear, for example, in the bounded derived category of the category of finitely
generated modules over the path algebra of a quiver with one vertex and no arrows

(see §IV.3|also). We provide a criterion below to detect when the morphisms w, v

are irreducible in an Auslander-Reiten triangles.

Lemma 11.7.37. Let

X 25y 57 23X (IL.7.1)

be an Auslander-Reiten triangle in a triangulated category C with suspension

functor Y. The morphisms u, v are irreducible if and only if Y is non-zero.

Proof. (=) Suppose u, v are irreducible. Then Y is non-zero by Corollary |I1.3.6

(<) Suppose Y is non-zero. We only show that u is irreducible, as the proof
that v is irreducible is similar. Since (II.7.1) is an Auslander-Reiten triangle,
w # 0 by definition (see Definition [[I.7.24). Thus, u is not a section by Lemma
Assume, for contradiction, that u is a retraction. By Lemma
nolg =,
a retraction, and so v = 0 (using Lemma [[I.7.26). But v is minimal right almost

X Y “— Z is a triangle, which is split since u is
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split (see [Hap88, §1.4.5]), and in particular right minimal, so v = 0 = v0 implies
that 0 € End¢ Y is an automorphism. This, in turn, yields Y = 0 but this is a

contradiction with our assumption on Y. So u is not a retraction.

We refer the reader to [Hap88|, p. 34] in order to show that u = hyh; implies h; is

a section or hs 1S a retraction. [ |

The following proposition is useful when calculating triangles in D°(H ), and we

will use it without reference in examples.

Proposition I1.7.38. [RSO7, §5] Suppose X,Y € H —mod are indecomposable
and that f: X — Y is morphism in H—mod. Considering f as a morphism in

D°(H), we have that

MC(f) = (Ker f)[1] ® Coker f.

We conclude this section with an example of how one “stitches” together copies of
the Auslander-Reiten quiver of a specific representation-finite path algebra to get

the Auslander-Reiten quiver of the corresponding bounded derived category.

Example 11.7.39. In Example [I1.4.25| we saw that the Auslander-Reiten quiver of

k() —mod, where ): 1 — 2 — 3, is:

S

Since () is a Dynkin-type quiver, Proposition tells us that the Auslander-
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Reiten quiver of D?(kQ) has the form:

NN N TN N S
SN N
(1] [0] (1]

where the dotted arrows are the ‘connecting’ arrows described just above the

statement of Proposition lI.7.34] See also Corollary [[1.7.36

IL.8 Cluster categories

The cluster category was introduced in [BMRRT] and it was shown that it models
the combinatorics of the corresponding cluster algebra in certain cases. In Chapter
[Vlwe will be studying the Auslander-Reiten theory of opposite endomorphism rings
of certain objects in the cluster category. Furthermore, our work in Chapters [[1Ijand
has applications to the cluster category and a quotient of the cluster category,

respectively.

The cluster category is a specific orbit category. In we recall the definitions
and some basic properties of these categories. In §II.8.2| we show how the
Auslander-Reiten theory of the bounded derived category induces the Auslander-

Reiten theory of the cluster category.

I1.8.1 The definition

Given a category A with an automorphism G: A — A, one may want to consider
the “quotient” of A by the action of G—that is, a category with GG-orbits as objects.

The formal construction is as follows.
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Definition IL1.8.1. [Kel05! §1], [CMO06, Def. 2.3] Let A be an additive category and
suppose G is an automorphism of .A. The orbit category A/G is the category which
has the same objects as A, and for X, Y € obj(A/G) = obj(.A) we set

Hom 4/¢(X,Y) = [ [ Homa(G'X,Y).
i€z
The composition of morphisms in A/G is as follows. Given homogeneous
morphisms f; € Hom(G'X,Y) and g; € Homy(G’Y,Z), the composition
gj o fi € Homa(G"™ X, Z) is defined to be ¢;G7(f;): G'™7 X — Z. Thus, given
arbitrary morphisms f = (f;) € Hom4/¢(X,Y) and g = (g;) € Homy,c(Y, Z),

we define g o f to be the morphism i = (h,,), where
b = Z gjofi= Z 9;iG™(fi).
m=i+j m=i+j

Note that this sum makes sense since f;, g; are non-zero for only finitely many 1, j.

Suppose G: A — A is an automorphism of an additive category A. It is easy
to check that A/G is an additive category. There is a canonical additive functor

m: A — A/G that is the identity on objects, and for any X, Y in A the mapping
mx,y: Homyu(X,Y) — Homy/q(X,Y)
is the canonical embedding
Hom 4(G°X,Y) — [ [ Homa(G'X,Y).
i€Z

Theorem I1.8.2. [Kel03, Thm. 1] Let k be a field. Suppose D = D°(H —mod) is
the bounded derived category of a finite-dimensional hereditary k-algebra H. Let

(—)[1] denote the suspension functor of D. Suppose G is a standard automorphism

of D satisfying:
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(i) for any object X € ind(H —mod), the set {G'X € obj(D) | G'X €
H —mod} is finite; and

(i1) there exists N € N such that the set
{ X[n] € obj(D) | X € ind(H -~ mod),0 <n < N}
meets the G-orbit {G'Y | i € Z} of any object Y € ind D non-trivially.

Then the orbit category D/G is triangulated with suspension functor induced by
the suspension functor (—)[1] of D, and the canonical functor w: D — D/Gisa

triangle functor.

We observe here that, in the situation of Theorem [[I.8.2] one may obtain an orbit
category D/G that is triangulated with only an autoequivalence G of D (but still
satisfying the conditions in the Theorem). Thus, let D be as in Theorem
and suppose G: D — D is an autoequivalence satisfying conditions (i) and (ii)
above. By considering the skeleton D! of D, one obtains a triangulated category
D' = D! (via “transport of structure”), a triangle equivalence ¢ : D % D', and
an automorphism G': D" — D’ induced by G (see [Kel05, §1]). In this situation
we define the category D /G to be the orbit category D’ /G’. Note that there is still
a canonical triangle functor 7: D — D/ in this case. Indeed, if 7': D' — D' /G’

is the canonical triangle functor of Theorem then
Ti=n0%9:D — D'/G'=D/G

is a triangle functor.

Remark 11.8.3. Suppose A is an additive category and G is an automorphism of .A.

We collect a few basic observations about .4/G here.

(i) Let X be an object of A/G. The identity morphism in Hom 4, (X, X) is the
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(ii)

(i)

II. PRELIMINARIES

morphism (f;) with fo = 1x € Hom(X, X) and f; = 0 for all i # 0. We

will denote this identity morphism also by 1x.

If X is an object in an orbit category A/G, then X = GX.
Indeed, consider the morphism G(lx) = lgx € Homyu(G'X,GX)
as a morphism in ][ Hom4(G'X,GX) = Homu/e(X,GX), and the
morphism 1x € HOZIZZA(X,X) = Hom4(G'(GX), X) as a morphism in
[T Hom4(G'(GX), X) = Hom4,(GX, X). Then in A/G we have

1€Z

Ixolgx =1lx oG '(lgx) =1x oG HG(1x)) =1x o lx = 1x,
and similarly we have
lgxoly =1gx 0o G'(1x) = lgx o lax = lax.

This shows that X and GX are isomorphic in .A/G. This, of course, implies
X 2 G'X forany i € Z.

The automorphism G induces an endofunctor G of A/G as follows. For an
object X € A/G we put G(X) = GX, and G(f) = (GJ;) for a morphism
f = (f)). This functor G: A/G — A/G is naturally isomorphic to the

identity functor 1 4,¢.

With all this terminology, we are now able to define the categories that play a major

role in the motivation of this thesis.

Definition 11.8.4. [BMRRT, p. 576] Let k be a field. Suppose H is a finite-

dimensional hereditary k-algebra. The cluster category of H is the orbit category

Cy = D(H —~mod)/F,

where F :=7"1o[1] v 1o|[2].
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We now recall some key properties of the cluster category; see [BMRRT] for more

details.

Theorem I1.8.5. Let Cy be the cluster category of a finite-dimensional hereditary
k-algebra H. Then Cy is a Hom-finite, Krull-Schmidt, triangulated k-category that
is also 2-Calabi-Yau.

Proof. Checking that Cy is a k-category is an easy exercise. The Hom-finiteness
of Cy is noted in [BMRRT, p. 576] and Cp is Krull-Schmidt by [BMRRT, Prop.
1.2]. The autoequivalence F' (really the induced automorphism of a skeleton of
DY(H —mod)) satisfies the conditions of Theorem (see [Kel03, §7.2]), so
Cy is a triangulated category with suspension induced from D(H — mod) and also

denoted by (—)[1].

It follows from [BMRRT, Prop. 1.4] that the functor 72 is a right Serre functor for
Cy. Ast7![1] = F = 1¢,, onCy, we have T = [1] so 7 is a triangle autoequivalence
of Cy. Thus, 72 is also a triangle autoequivalence on Cy and hence 72 is a Serre
functor (see Definition . Lastly, note that 72 = [1]? on Cp, and thus Cp is
2-Calabi-Yau (see Definition [[I.6.13)). See also [Kel05, §7.2]. [ |

I1.8.2 Auslander-Reiten theory of a cluster category

Let C; = DP(H)/F be the cluster category of a finite-dimensional hereditary k-
algebra H, where D°(H) denotes the bounded derived category D°( H — mod) and
F = 77!1]. In this section we will first recall the description of a fundamental
domain for the action of F' on ind D®(H). For this, we need the following standard

notation.

Definition II.8.6. Let C be a triangulated category with suspension functor ¥.
Suppose B is a full subcategory of C and n € Z. We denote by >"B the full
subcategory of C with obj(¥"B) := {¥"B | B € B}.
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Consider the subcategory (H — proj)[1] of Cyy. Each object in (H — proj)[1] is of the
form P[1] for a projective left H-module P € obj(H —mod), where we are viewing

H —mod as a full subcategory of D(H). Set
& = obj(ind(H — mod)) U obj(ind((H — proj)[1])) C obj(Cx).

Proposition I1.8.7. [BMRRT), Prop. 1.6] Consider the set obj(indCy) consisting
of isoclass representatives, one for each isoclass of indecomposable objects in Cy.

Then obj(ind Cy) is in bijection with E.

Consider the Auslander-Reiten quiver I'yg (D’(H)) of D?( H). The autoequivalence
F: D°(H) — D°(H) induces a quiver automorphism op of T'ag(D°(H)), which
takes a vertex [X] to the vertex [F'X]. Recall that from a quiver with a quiver
automorphism we can define a quotient quiver (see §IL.2.1). See also [BMRRT, p.
5T7].

Proposition I1.8.8. [BMRRT, Prop. 1.3] The cluster category Cy has Auslander-
Reiten triangles and these are induced by those in D°(H). Furthermore, the
Auslander-Reiten quiver T zr(Cyr) of Cy is the quotient quiver T'zr(D(H))/oF,
where o is the quiver automorphism of Uar(D°(H)) induced by F.

Example I1.8.9. Let ) be the quiver | — 2 — 3. In Example [I1.7.39] we
saw that the Auslander-Reiten quiver of D’(kQ) = Db(kQ—mod) is a disjoint
union (indexed by Z) of copies of the Auslander-Reiten quiver I'ygr (k@) —mod) of
k@, with some additional arrows connecting one copy of ['ygr(kQ) —mod) to the

next. Using Proposition|II.8.8] the Auslander-Reiten quiver 'y (Cig) of the cluster
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category Cy is:

Pl[l] ---------- P1 —% ---------- Pg[l]
SN N SN
2 ) E— Py=32 oo ) A Py[1]
O N N O VI Y
N — N R — [ J— I — Pi[1]

where the lefthand copy of F;[1] is identified with the corresponding righthand copy
fori=1,2,3.

I1.9 Preabelian categories

Later in this thesis, we bring together aspects of Auslander-Reiten theory, which we
have been recalling in the previous sections, and categories that are in general not
abelian. The main result of Chapter [[II| shows how one can obtain a quasi-abelian
category (see Definition from a triangulated category. In addition, we also
study semi-abelian categories (see Definition[I1.9.12)) in §IV.2] A category of either

kind is a preabelian category (see Definition with some additional structure.

In this section, we recall the notion of a preabelian category, and provide some basic
results that will be helpful later. For more details, we direct the reader to [RumO1],

[Bor94al] and [Pop73]].

Definition I1.9.1. [BD68, §5.4] A preabelian category is an additive category in

which every morphism has a kernel and a cokernel.
Example I1.9.2. Any abelian category (see Definition [II.1.36) is preabelian.

Example I1.9.3. [GMO3, §II.5.17] The category of filtered abelian groups is

preabelian and not abelian.
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Recall that in a Krull-Schmidt category an object is indecomposable if and only if
it has a local endomorphism ring. In a Hom-finite category, the same is true if and

only if all idempotents split. Let us recall what this means now.

Definition 11.9.4. [Aus74, p. 188], [Biih10, Def. 6.1] Let A be a category. We
will say e is an idempotent in A if there exists an object X of 4 for which e is an
idempotent of the ring End 4 X. An idempotent e in A with e € End 4 X splits if
there exist morphisms 7: X — Y and¢: Y — X in A with e = v and 70 = 1y.
The category A has split idempotents (or is idempotent complete) if all idempotents

in A split.

With the notation as in Definition we see that if e = ¢ is a split idempotent
then 7 is a retraction and ¢ is a section.

Proposition I1.9.5. [Biih10, Rmk. 6.2] Let A be an additive category. Then the

following are equivalent.

(1) A has split idempotents.
(ii) Each idempotent in A admits a kernel in A.

(iii) Each idempotent in A admits a cokernel in A.

Remark 11.9.6. By Proposition any preabelian category .4 has split
idempotents because every morphism in A admits a kernel, so in particular every

idempotent does. See also [Bor94a, Prop. 6.5.4] and [Aus7/4} p. 188].

The following lemma is a standard result and often useful; see, for example,

[ASS06, pp. 106-107]

Lemma I1.9.7. Suppose A is an additive category with split idempotents. Let

f: X — Y be a morphism in A.

(1) Suppose X is indecomposable and Y # 0. If f is a retraction, then f is an

isomorphism.
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(i1) Suppose Y is indecomposable and X # 0. If f is a section, then f is an

isomorphism.

The next lemma may be found as an exercise in [Osb00]. For a proof, see the proof
of [Alu09, Lem. IX.1.8], which is the corresponding result in an abelian category;

the proof in [[Alu09] is sufficient since only the existence of (co)kernels is needed.

Lemma I1.9.8. [Osb00, Exer. 7.13] In a preabelian category:

(i) every kernel is the kernel of its cokernel; and

(i1) every cokernel is the cokernel of its kernel.

Recall that for a morphism f: X — Y in an additive category, we denote the
kernel (respectively, cokernel) of f, if it exists, by ker f: Ker f — X (respectively,
coker f: Y — Coker f).

The following result provides helpful criteria for detecting isomorphisms in a

category.

Proposition 11.9.9. Let A be a category and suppose f: X — Y is a morphism in

A. Consider the following statements.

(1) f is an isomorphism.
(ii) f is a section and a retraction.
(iii) f is an epimorphism and a section.
(iv) f is a monomorphism and a retraction.
(v) f is an epimorphism and a kernel.

(vi) fis a monomorphism and a cokernel.
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Then statements are equivalent. If A is a preabelian category, then all
statements are equivalent.

Proof. The equivalence of [()] and follows from the definitions; see Lemma
I1.3.2l The equivalence of [(i)] and follows from [Bor94a, Prop. 1.9.3], and
the equivalence of [(i)] and [(iv)| follows from [Bor94al Exer. 1.11.9]. Hence, (1)

are equivalent in any category.

Now suppose A is a preabelian category. If f is an isomorphism, then it is easy to
see that f is epic and thus its cokernel is Y — 0 by [AIu09, Lem. IX.1.5]. Then it
quickly follows that f = ker(coker f). Thus, [(i)]implies The converse follows
from [Bor94a, Prop. 2.4.5].

Similarly, ()] and are equivalent, which establishes the equivalence of

in case A is preabelian. [ |

In a preabelian category one can factorise a morphism f in a canonical way. Recall
that the coimage of f is the cokernel of the kernel of f, and the image of f is the

kernel of the cokernel of f; see Definition [[I.1.38

Proposition I1.9.10. [Pop73| p. 24] Let A be a preabelian categoryand f: X — Y

a morphism in A. Then f decomposes as

x—71 Ly

coim fl o ]im I

Coim f T> Im f

Definition I11.9.11. [Pop73, p. 24] The morphism fin Proposition [I1.9.10 above is
called the parallel of f. Furthermore, if fis an isomorphism then f is said to be

strict.

A preabelian category is abelian if and only if every morphism is strict; see [RumO1,

p. 167]. However, in an arbitrary preabelian category, there is no reason the parallel
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fof a morphism f would be a monomorphism or an epimorphism. This yields the

following definitions.

Definition I1.9.12. [RumO1}, p. 167] Let A be a preabelian category. We call A
left semi-abelian if each morphism f: X — Y factorises as f = ip for some
monomorphism i and cokernel p. We call A right semi-abelian if instead each
morphism f decomposes as f = ip with i a kernel and p some epimorphism. If A

is both left and right semi-abelian, then it is simply called semi-abelian.

Definition I11.9.13. A morphism in a category is called regular if it is both a

monomorphism and an epimorphism.

Remark 11.9.14. Note that a preabelian category is semi-abelian if and only if, for

every morphism f, the parallel fof f is regular (see [RumO1}, pp. 167-168]).

One can show that pullbacks and pushouts exist in a preabelian category from the
existence of kernels and cokernels, respectively; see [Pop73, Prop. 2.2]. We recall

how these are defined now as they are used throughout this thesis.

Definition I1.9.15. [AIu09, p. 567], [RumO1, p. 172] Let f: X — Zandg: Y —
Z be two morphisms in a category .A with a common codomain. The pullback (or
fibered product) of f and g is an object X Il Y equipped with two morphisms
g: XY - Xand f': XIIzY — Y in Asuchthat gf' = f¢', and satisfying
the following universal property: given any px: A — X, ¢y : A — Y with gpy =

fpx, there exists a unique morphism o: A — X IIz Y such that

Py

""‘~._»_E|!a

-
X1I

N

y Ly
O

! g

Q

XﬁZ

commutes. We use the symbol ‘L) in the corner of the pullback object to denote

that the square above commutes and that it is a pullback square.
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Let f: Z7 — X and g: Z — Y be two morphisms in .4 with a common domain.
The pushout (or cofibered product) of f and g is an object X 11, Y equipped with
two morphisms ¢': X — X Iz Y and f': Y — X Iz Y in A, such that (X 11,
Y, g"°P, f/°P) is a pullback of f°P and ¢°P in A°P. The corresponding commutative
diagram is
Z7 —2 Y
1 lr
;O

X 25 X1,V

Vx

and similarly we use a ‘[J’ in the corner of the pushout object.

In addition, a square
A——

e

is called exact if it simultaneously a pullback square and a pushout square, in which

case the ‘L1’ is placed in the middle of the square.

Definition I1.9.16. Suppose
A—— B

Ik

(=p

is a commutative diagram in a category .A. Let P be a class of morphisms in A (e.g.
the class of all kernels in .A). We say that P is stable under pullback (respectively,
stable under pushout) if, in any diagram above that is a pullback (respectively,
pushout) square, d is in P implies a is in P (respectively, a is in P implies d is

in P).

Remark 11.9.17. Note that the class of monomorphisms is stable under pullback
in any category, and the class of kernels is stable under pullback in any additive

category. Dually, the class of epimorphisms is always stable under pushout, and the
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class of cokernels is stable under pushout in an additive setting. See [Kel69, Prop.

5.2].

This motivates the next two definitions.

Definition I1.9.18. [RumO1, p. 168] Let A be a preabelian category. We call A
left quasi-abelian if cokernels are stable under pullback in A. If kernels are stable
under pushout in .4, then we call A right quasi-abelian. If A is left and right quasi-

abelian, then A is called quasi-abelian.

Recall that the class of monomorphisms does not necessarily coincide with the class

of kernels in general. Similarly for epimorphisms and cokernels.

Definition I1.9.19. [RumO1, p. 168] Let A be a preabelian category. We call A
left integral if epimorphisms are stable under pullback in .A. If monomorphisms are
stable under pushout in A, then we call A right integral. If A is both left and right

integral, then A is called integral.

Remark 11.9.20. The history of the term ‘quasi-abelian’ category is not
straightforward. We use the terminology as in [RumOS8|], but note that such
categories were called ‘almost abelian’ in [RumO1]. We refer the reader to the

‘Historical remark’ in [RumOS&|] for more details.

We recall an observation from [RumO1]].
Proposition 11.9.21. [RumO1}, p. 169, Cor. 1]
(1) Every left (respectively, right) quasi-abelian category is left (respectively,
right) semi-abelian.

(i1) Every left (respectively, right) integral category is left (respectively, right)

semi-abelian.
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We finish this section with some examples. The first example (due to Rump) is of a
semi-abelian category that is not quasi-abelian. The second example is of a quasi-
abelian and integral category with a quasi-abelian (proper) subcategory. The third
and fourth examples are of quasi-abelian categories that are not abelian. The last
example explores how one shows the existence of kernels and cokernels in a torsion

class, which is a quasi-abelian category, in an abelian category.

Example I1.9.22. [Rum08, Exam. 1] Let & be a field. Let () be the quiver

1 —2 5 2« 3
bl
4 4>5<77 6

and consider the bound quiver algebra A := kQ/(dcv — (7,65 — ne). Then the full
subcategory A —proj of A—mod is semi-abelian, but neither left nor right quasi-

abelian.

Example I11.9.23. [RumOI1, §2.2] Let TAb denote the category of topological
abelian groups which has continuous group homomorphisms as the morphisms.
Then TAb is both quasi-abelian and integral. The full subcategory HAb consisting

of Hausdorff topological abelian groups is quasi-abelian.

Example I11.9.24. [RumO1}, §2.3] Let ¥ € {R,C}. The category of all Banach
spaces over k, i.e. complete normed k-vector spaces, is quasi-abelian but not

abelian.

Example I1.9.25. [Pro00] The category of locally convex topological C-vector

spaces with continuous linear maps as morphisms is quasi-abelian but not abelian.

Example 11.9.26. [RumO1, §4] Let A be an abelian category. Let (7,F) be a
torsion theory in A. Recall that a torsion theory in A is a pair (7,F) of full
subcategories of A, such that Hom 4(7, ) = 0, Hom4 (X, F) = O implies X € T,
and Homy(7,Y) = 0 implies Y € F. Furthermore, for any object X € A there
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exists an exact sequence 0 — Tx — X — Fy — 0in A with Tx € T and

Fxy e F.

It is straightforward to check that 7 is additive. Let us show how kernels and
cokernels are obtained in 7. (The existence of kernels and cokernels in F is dual.)
To this end, suppose t: T — U is an arbitrary morphism in 7. Let k: K — T
(respectively, c: U — () be the kernel (respectively, cokernel) of ¢ in A. As (T, F)
is a torsion theory, there exists a short exact sequence 0 — T — K LA Frx — 0in
A with Tx € T and Fx € F. We claim that the monomorphism ka: Ty — T is a
kernel for ¢ in 7. First, t(ka) = 0 as tk = 0. Now suppose that we have a morphism
v: V — T, with V € T, such that tv = 0. Then there exists w: V' — K such that
v = kwas k: K — T is a kernel of . The morphism bw: V' — F vanishes as
Homy(7, F) = 0, and hence there is a morphism z: V' — Tk such that w = ax.
We see that (ka)x = kw = v, and so ka is a kernel of ¢ in 7 as the uniqueness of

follows from ka being monic.

Lastly, we claim that the cokernel morphism c: U — (' is already a morphism
in the torsion class 7; that is, we claim C' € 7. Note that is is enough to show
Hom(C, F) = 0as (7, F) is a torsion theory. Thus, let f: C' — F' be a morphism
in A with F' € F. Then the morphism fc € Hom4 (U, F') is the zeromap as U € T
and ' € F. But c is an epimorphism as it is a cokernel, so fc = 0 yields f = 0.

Therefore, C' € T and c¢: U — C'is a cokernel of ¢ in 7.

II.10 Ext in a preabelian category

In order to avoid some Hom-finiteness restrictions in later arguments, we recall in
this section how a first extension group (see Definition may be defined in
a preabelian category in such a way that it is a bimodule (see Theorem [II.10.16)).
Although we follow the development in [RW777], there is an error in their Theorem

4 ([RWT7, p. 523]) that is corrected in [Coo80]. However, we also believe there
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should be more (set-theoretic) assumptions in place to ensure that the first extension

group is indeed a group (see Remark [[.10.12]).

Let A denote an additive category. Recall that a sequence

& X T,y 24 7 of morphisms in A is called a complex if gf = 0. We

note that what we call a complex is called a ‘sequence’ in [RW77].

Definition I1.10.1. [RW77, p. 523] A complex : X LY 5 Zin Ais called:

(i) left exact if f = ker g;
(i1) right exact if g = coker f; and
(i11) short exact if it is both left exact and right exact.

Definition I1.10.2. Suppose v: A % B % C and & X Ly % 7 are complexes

in A. A morphism (u,v,w): v — £ of complexes is a commutative diagram

A2y p_t,(Co

. l lw

x -1,y _ 9.7

~
~

~
~

in A. An isomorphism of complexes is a morphism (u, v, w) of complexes for which

the morphisms u, v, w are all isomorphisms themselves in \A.

We state a version of the well-known Splitting Lemma for an additive category,
which is normally stated for an abelian category (see, for example, [ML95, Prop.
1.4.3] or [Bor94b, Prop. 1.8.7]). In addition, we do not assume initially that the
sequence of morphisms is short exact, since this is a consequence of the equivalent
conditions. We omit the proof because the one in [Bor94b] works essentially

unchanged.

Proposition I1.10.3 (Splitting Lemma). Let A be an additive category with a

sequence &: X Ly %z of morphisms. Then the following are equivalent.
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(i) There is an isomorphismY = X & Z, where [ corresponds to the canonical

inclusion X — X & Z and g to the canonical projection X & Z —» Z.
(i) The morphism f is a section and & is right exact.

(iii)) The morphism g is a retraction and & is left exact.

In this case, X i> Y % Zis short exact.

Definition I1.10.4. A short exact sequence X Ly % Zin Ais called split if
it satisfies any of the equivalent conditions of Proposition [I1.10.3| Otherwise, the

sequence is said to be non-split.

In a non-split short exact sequence X Ly % 7 , we have that f is not a section
and g is not a retraction by Proposition However, more can be said as we

SE€C NOw.

Lemma I1.10.5. Let A be an additive category, and suppose X Ly % Zisa
non-split short exact sequence in A. Then both f and g are neither sections nor

retractions.

Proof. As noted above, we need only show that f is not a retraction and that g
is not a section. Assume, for contradiction, that f is a retraction. Then f is an
epimorphism and so Z = Coker f = 0 by [Alu09, Lem. IX.1.5]. However, this
implies that ¢ is a retraction which is a contradiction. Therefore, f cannot be a

retraction. Showing that ¢ is not a section is dual. [ |

Throughout the remainder of this section, .A is assumed to be a preabelian category

and we suppose X, Z are objects of A.

Definition I1.10.6. [RW77, p. 523] Let {: X Ly % Zbea complex in A. Let
a: X — X' be any morphism in .A. We define a new complex a¢ as follows. First,

we form the pushout X' ITx Y of a along f with morphisms f': X' — X' Iy YV
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and «’: Y — X' IIyx Y. Then we obtain a unique morphism ¢': X' IIx Y — Z
using the universal property of the pushout with the morphisms 0: X’ — Z and

g: Y — Z as in the following commutative diagram.

The complex a€ is then defined to be X’ I x My Y % 7.

Dually, we define £b for a morphism b: Z’ — Z. The commutative diagram

summarises the process and &b is the complex X Sy A Ny

Proposition I1.10.7. [RW77, Thm. 4] Suppose £: X LY % Zisa complex
inA. Letay: X — Xq,a0: X1 — Xo,b1: 2y — Z,by: Zy — Zy be arbitrary
morphisms in A. Then (aza1)& = as(a1§) and (€b1)by = &(bybs).

Thus, for a complex £ we may write asa;& and 010, without ambiguity.

Suppose v: A % B % C and & X Ly % 7 are short exact sequences in A.
A morphism v — £ of short exact sequences is a just a morphism of complexes

(u,v,w): v — & as defined in Definition [[1.10.2

If A = X and C = Z, then a morphism of short exact sequences of the form

(1x,v,1z) in which v: B — Y is an isomorphism is called an isomorphism of
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short exact sequences with the same end-terms, and we denote this by v =, £.
This is clearly an equivalence relation on the class of short exact sequences of the

form X — — — 7.

Recall that in a preabelian category, kernels are stable under pullback but may not be
stable under pushout, and dually for cokernels (see Remark[[.9.17). Thus, Richman

and Walker make the following definitions.

Definition I1.10.8. [RW77, p. 524] Let £: X i> Y % Z be a short exact sequence
in A. We say that £ is stable if a& and £b are short exact foralla: X — X' b: 7/ —
Z. In this case, we call f = ker g a stable kernel and g = coker f a stable cokernel.

We will sometimes also call £ stable exact in this case to emphasise the exactness

of &.

Theorem I1.10.9. [Coo80, Thm. 2] Suppose &: X LY % Zis a stable exact
sequence in A. Then there is an isomorphism a(£b) =, (a&)b forall a: X —

X' b: 7' = Zin A

Remark 11.10.10. Recall that we are trying to define a first extension group that
is also a bimodule. It can readily be seen that a statement like Theorem
is needed to give a definition of an extension group ExtY(Z, X) that is also
an (Endy X, End4 Z)-bimodule. Theorem was claimed to hold for all
sequences in [RW77] (see [RW77, Thm. 4]), but a counterexample was given in
[Coo80]. Cooper presents the corrected statement as Theorem presenting
one half of the argument and suggesting a diagram to use for the dual argument.

However, the suggested dual diagram is not the right one to consider.

First, let us recall the set-up in [Coo80, Thm. 2]. Let £: A i) B % (C be a stable

exact sequence, and suppose we have morphisms a.: A — A’ and g: C' — C.
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Then, as obtained in [Co080, p. 266], there is a commutative diagram

a(EB): Ay p, =, o
S
(aE)j: A Bs —Z£ '

It is shown in detail that g3 = coker f3 and (, is an epimorphism. It is then

suggested that the diagram
a(EB) = (aE)f — aF — fsaF

with a dual proof strategy will yield fo = kerg, and ¢, is a monomorphism.

However, this diagram should be replaced by

a(Ep) = (aE)f — aF — fraF.

Furthermore, we note that it is straightforward to find a morphism a(E3) — (o E)f
of the form (14, 2, 1¢), but to then show that ¢, is an isomorphism requires the
stability of £ (see [RW77, Cor. 7]). In an abelian category, the fact that ¢, 1s an

isomorphism would follow quickly from, for example, the Five Lemma.

Therefore, if £ is stable exact, then we may write a&b without ambiguity.

Following [ML935]], we introduce some notation to help the reading of the sequel.
Let A, B,C, D be objects in .A. We denote by V4 the codiagonal morphism
(14 14): A® A — A, and denote by A4 the diagonal morphism (ﬁ) A —
A & A. For two morphisms a: A — C' and b: B — D, we let a & b denote the
morphism (¢ 9): A® B — C@® D. We are now in a position to define ExtY (7, X).

Definition I1.10.11. [RW77, §4] Let A be a preabelian category. Define
Ext}(Z, X) to be the class of equivalence classes under 2, of stable exact

sequences of the form X — — — Zin A.
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By abuse of terminology/notation, by an element ¢ of Ext!,(Z, X) we will really
mean the equivalence class [¢] ~ of & in Ext}(Z, X). If & X Ly % 7
& X L v" % 7 are elements of Ext!(Z, X), then we define the Baer sum of &

and &’ to be (the equivalence class of)

§+&=Vx(a)Az

Note that by [RW77, Thm. 8] and Theorem [I1.10.9, £ + £’ is stable exact and the

Baer sum + is a closed binary operation on Ext(Z, X).

Remark 11.10.12. Itis observed in [RW77] that one may then follow [ML93, pp. 70—
71] in order to show that ExtY(Z, X) is an abelian group. However, ExtY(Z, X)

may not form a set and hence may not be a group. A similar issue arises in [Co080].

Note, however, that if A is skeletally small, then Exth(Z , X)) will be a set. Indeed,
for objects Y, Y in A, the sets {: X — Y — Z | € is short exact} and {¢': X —
Y’ — Z | £ is short exact} are in bijection whenever Y is isomorphic to Y. So, up
to equivalence with respect to =, the collection of all short exact sequences of
the form X 5 Y % Z is determined only by the isomorphism class of Y and the
morphisms f, g since the end-terms X and Z are fixed. Therefore, the collection of
all = ,-equivalence classes will form a set, and hence restricting our attention to

the classes of stable exact sequences will also yield a set.

These set-theoretic considerations lead us to the next theorem.

Theorem 11.10.13. [RW77, §4] Suppose A is a preabelian category with objects
X, Z, and suppose ExtYy(Z, X) is a set. Then Ext!,(Z, X) is an abelian group with
the group operation given by the Baer sum defined in Definition[[I.10.T1} The class
of the split extension £y: X — X & Z — Z is the identity element, and the inverse
of € € ExtY(Z, X) is (—1x)&.

Therefore, if A is preabelian, ExtY (Z, X) is known as a first extension group.
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Example 11.10.14. For a commutative ring S and M, N € S — Mod, one normally
defines extension groups Ext% (M, N) homologically for i > 0 (see, for example,
[Alu09, Thm. I1X.8.14]). Fori = 1, Extg(M, N) is isomorphic to Extg_yoq(M, N)
(in the sense of Definition |II.10.11] above) as abelian groups by, for example,
[Wei94,, Cor. 3.4.5] (see also [[Yon54]]). Therefore, we will choose to denote this

abelian group by Ext ys.q(M, N) throughout the remainder of this thesis.

We state without proof one corresponding result from [ML935]] that is needed for the

next theorem of this section.

Lemma I1.10.15. [MLO3| p. 71] Let &, denote the split short exact sequence X —
X®Z — Zandlet&: X LY 5 7 be an arbitrary stable exact sequence. Let

Ox (respectively, 0z) denote the zero morphism in End 4 X (respectively, End 4 Z).
Then 0x§ =, & and 1xE =&, and {0z =, {opand {1, = €.

Theorem I1.10.16. Let A be a preabelian category with objects X, Z, and suppose
ExtYy(Z, X) is a set. Then Ext!(Z, X) is an (End4 X, End 4 Z)-bimodule.

Proof. This follows from Theorem Proposition Lemma
and Theorem |

In [AR774a] in the context of abelian categories, Auslander and Reiten use that
Ext4(Z, X) is an (End 4 X, End 4 Z)-bimodule in order to avoid some Hom-finite
(see Definition|II.6.13)) restrictions. We do the same in Chapter|IV|in a more general

context.

The last result of this section tells us that ExtY(—, —) is also an additive bifunctor

(see [RW77, §4]).

Theorem I1.10.17. [RW77, §4], [Coo80, p. 267] Let A be a preabelian category
with objects X,Z. Assume that ExtY(Z,Y) and Ext) (Y, X) are sets for all
objects Y of A. Then Ext'(Z,—): A — Ab is a covariant additive functor and
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Extl(—, X): A — Ab is a contravariant additive functor, where Ab denotes the

category of all abelian groups.
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Chapter 111

Quasi-abelian hearts of twin
cotorsion pairs on triangulated

categories

III.1 Introduction

Cotorsion pairs were first defined specifically for the category of abelian groups in
[Sal/9]] as an analogue of the torsion theories introduced in [Dic66], which were
themselves used to generalise the notion of torsion in abelian groups. Torsion
theories for triangulated categories were introduced in [[Y08] and used in the study
of rigid Cohen-Macaulay modules over specific Veronese subrings. Analogously,
Nakaoka [Nak1 1] defined cotorsion pairs for triangulated categories as follows. Let
C be a triangulated category with suspension functor Y. A cotorsion pair on C is a
pair (U, V) of full additive subcategories of C that are closed under isomorphisms
and direct summands, satisfying Ext;(U,V) = 0 and C = U * XV (see Definitions
MI.2.2] and [II1.2.3). This allowed Nakaoka to extract an abelian category, known as

the heart of the cotorsion pair [Nakl11, Def. 3.7], from the triangulated category.

The key motivating examples for Nakaoka were the following.
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(i) A t-structure (CS°,C*Y) on a triangulated category C, in the sense of
[BBD82]], can be interpreted as a cotorsion pair (XCS?, X71C>0). In this case
the heart C<0 N C>° of the ¢-structure coincides with the heart of the cotorsion

pair.

(ii) Suppose C is a triangulated category, with a tilting subcategory 7 (see [Lya07,
Def. 2.2]). It was shown in [KZO0S|] (see also [BMRO7]] and [KRO7]) that
C/[T] is an abelian category. The corresponding cotorsion pair in this setting

is (7,7T) and has C/[T] as its heart.

In [BM12], Buan and Marsh generalised the results of [KZ08|] and [BMRO7] in
the following way. Assume £ is a field, and suppose C is a skeletally small, Hom-
finite, Krull-Schmidt, triangulated k-category that has Serre duality (see Definition
[IL.6.14). Fix an object R of C that is rigid (see Definition[[IL.5.1)). Let Xz denote the
full additive subcategory of C that consists of objects X such that Hom¢ (R, X) = 0,
and consider the (Gabriel-Zisman) localisation (C/[XR])%r (see of C/[XR] at
the class R of regular morphisms (see Definition [[1.9.13)). Then the following was
shown in [BM12]].

Theorem III.1.1. [BM12, Thm. 5.7] There is an equivalence

(C/[Xr])r ~ (End¢ R)°® —mod.

Beligiannis further developed these ideas in [Bell3].

Nakaoka was then able to put this into a more general context by introducing the
following concept in [Nak13]]. A twin cotorsion pair on C consists of two cotorsion
pairs (S, 7) and (U, V) on C which satisfy S C U. As for cotorsion pairs, Nakaoka
defined the heart of a twin cotorsion pair as a certain subfactor category of C (see
Definition [[IL.2.18). By setting S = U and 7 = V), one recovers the original
cotorsion pair theory: the heart of the twin cotorsion pair ((U, V), (U, V)) coincides

with the heart of the cotorsion pair (I, V) (see [Nak13, Exam. 2.10]).
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For a twin cotorsion pair, the associated heart H is shown [NakI3, Thm. 5.4] to
be semi-abelian (see Definition [[.9.12). Furthermore, Nakaoka showed [Nak13|
Thm. 6.3] thatif &/ € S+ 7T or T C U x V), then H is integral (see Definition
L.9.19), so that localising at the class of regular morphisms produces an abelian
category (see [RumOIl]). With C and R as above, and setting ((S,7), (U,V)) =
((add R, XR), (Xg, Xg™')), where Xr'' = Ker(Exti(Xr, —)), one recovers

Theorem (see Lemmal([lIL.5.6).

The main result of this chapter concerns quasi-abelian categories. Recall that a
quasi-abelian category is an additive category that has kernels and cokernels, and
in which kernels are stable under pushout and cokernels are stable under pullback
(see Definition[[1.9.16). Important examples of such categories include: any abelian
category; the category of topological abelian groups; and the torsion class and
torsion-free class in any torsion theory of an abelian category (see Example[I1.9.26));
see [RumO1, §2] for more details. In this chapter, we prove that the heart of a twin
cotorsion pair, satisfying a different mild assumption, is quasi-abelian (see Theorem
111.3.5). This assumption is satisfied if / C T or 7 C U, and hence is met in the
setting of [BM12] discussed above (see Corollary where 7 =U.

Let ((S,7T),(U,V)) be a twin cotorsion pair with heart H on a Krull-Schmidt,
triangulated category. We show in that if 7 coincides with /, then the heart
H (s of (S,T) (see Definition and also [Nak11] Def. 3.7]) is equivalent
to the localisation Hr of H at the class R of its regular morphisms (see Theorem
[I1.4.8). Since 7 = U when ((S,T), (U, V)) = ((add R, Xg), (X, Xr'')), the
results of §III.4] also apply in the setting of [BM12] as we explain in §IIL.5] Our
methods are also related to work of Marsh and Palu: in [MP17], equivalences
are found from subfactor categories of a Krull-Schmidt, Hom-finite, triangulated
category to localisations of module (and hence abelian) categories, whereas we
localise not necessarily abelian categories. We also note that Theorem may
be obtained from results of [Bell3] in a different way (see Remark [[I.4.10).
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The motivation for our results comes from cluster theory (see Example [I1I.5.11)).
The cluster category C = Cy (see of a finite-dimensional hereditary k-algebra
H is an example of a Hom-finite, Krull-Schmidt, triangulated k-category that has
Serre duality. It is especially interesting that C/[Xr] is quasi-abelian in this case,
as many aspects of Auslander-Reiten theory for abelian categories (developed in

[AR77a], [AR77b]) remain valid in the case of quasi-abelian categories (see Chapter
V).

This chapter is organised in the following way. We first recall the definition and
some properties of twin cotorsion pairs, and prove some new observations in
In we prove our main result: the case when the heart of a twin cotorsion
pair becomes quasi-abelian. In we relate the heart of a twin cotorsion pair
((S,T), (U,V)) to the heart of the cotorsion pair (S, T ) whenever 7 = U. Lastly,

we explore our main motivating example in namely the setting of [BM12].

III.2 Twin cotorsion pairs on triangulated categories

Throughout this section, let C denote a fixed triangulated category with suspension
functor >2. We follow [Nak11]] and [Nak13]] in order to recall some of the definitions
and theory concerning twin cotorsion pairs on triangulated categories, but first we

need some notation.

Definition IIL.2.1. Let &/ C C be a full additive subcategory of C that is closed
under isomorphisms and direct summands. By Ext’ (U, X) = 0 (respectively,
Ext4(X,U) = 0) we mean Ext’ (U, X) = 0 (respectively, Ext’ (X, U) = 0) for

all U € U. We define the following full additive subcategories of C where © € N:
U ={X eC|Ext,(U,X)=0},
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Definition IIL.2.2. [IYO0S8, p. 122] Let i/, V C C be full additive subcategories of C
that are closed under isomorphisms and direct summands. By U/ * V we denote the

full subcategory of C consisting of objects X & C for which there exists a triangle

U—=X—=>V=>Y¥UinCwithU eld,V € V.

Definition I11.2.3. [Nakl11l Def. 2.1] Let &4,V C C be full additive subcategories
of C that are closed under isomorphisms and direct summands. We call (the ordered

pair) (U, V) a cotorsion pair (on C) if Ext;(U,V) = 0and C = U * V.

As pointed out in [Nakl1, Rem. 2.2], a pair (i, V) is a cotorsion pair on a Krull-
Schmidt, Hom-finite, triangulated k-category C’ (with suspension Y’) if and only if
(X71U, V) is a torsion theory in C’ as defined in [TYOS]]. Recall that a torsion theory
in C' (in the sense of [IYO0S8| Def. 2.2]) is a pair (X, )) of full additive subcategories
X,Y of C’ that are closed under isomorphisms and direct summands, such that
Home (X,Y) = 0 and C' = X % ). We note that in [[YOS8] all categories are
assumed to be Krull-Schmidt and all triangulated categories are also assumed to be
Hom-finite k-categories (see [[YOS), pp. 121-122]). Therefore, some of the results
from [[YO8] may not translate directly over to the more general setting considered

in [Nak13].

Definition I11.2.4. [AR91, pp. 113-114] Let X C C be a full subcategory, closed

under isomorphisms and direct summands.

(1) A right X-approximation of A in C is a morphism X — A inC with X € X,

such that for any object X’ € X we have an exact sequence
Hom4 (X', X)) — Homu (X', A) — 0.

A right X'-approximation is called a minimal right X'-approximation if it is

also right minimal.

(i1) A left X-approximation of A in C is a morphism A — X in C with X € X,
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such that for any object X’ € X we have an exact sequence
Hom 4(X, X') — Homy(A, X') — 0.

A left X-approximation is called a minimal left X'-approximation if it is also

left minimal.

The terminology of approximations was introduced in [AR91]], but the same
notions were established independently by Enochs [Eno81] specifically for the
subcategories of injective objects and projective objects in a module category. The
term ‘preenvelope’ (respectively, ‘precover’) in [Eno81] corresponds to the notion

of left (respectively, right) approximation.

We say that an object A € C has a right (respectively, left) X' -approximation if there
exists a right (respectively, left) X'-approximation X — A (respectively, A — X)
of AinC for some X € X.

Lemma IIL.2.5 (Triangulated Wakamatsu’s Lemma). [JgrO9, Lem. 2.1] Let X be
an extension-closed full subcategory of C that is closed under isomorphisms and

direct summands.

() Suppose X - A is a minimal right X-approximation of A in C, which
completes to a triangle XA -5 Y — X =5 A Thenw: ¥ 'A = Y is

a left X+ -approximation of X~ A.

(i1) Suppose A s X' is a minimal left X-approximation of A in C, which
completes to a triangle A X! 5 Z s NA Thenz: Z — NAisa

right 11X -approximation of Y A.

Although the notion of a contravariantly (respectively, covariantly) finite
subcategory (see below) is related to the idea of right (respectively, left)
approximations, it dates back to [AS80, p. 81] in which these concepts were defined

in the context of module categories.
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Definition IIL1.2.6. [AROI, pp. 114, 142] Let X C C be a full subcategory,
closed under isomorphisms and direct summands. We say X is contravariantly
(respectively, covariantly) finite if A has a right (respectively, left) X'-approximation
for each A € C. If X is both contravariantly finite and covariantly finite, then X is

called functorially finite.

The next proposition collects some elementary properties about cotorsion pairs that

will be very useful in the sequel; see for example [IYOS] or [Nak11].

Proposition I11.2.7. Let (U, V) be a cotorsion pair on C.

(i) [IYO0S8, p. 123], [Nak11, Rem. 2.3] We have U = +1V and V = U+,

(ii) [TYO08, p. 123], [Nak13l Lem. 2.14] Let X be an object in C. Since (U, V) is a
cotorsion pair, there is a triangle U —— X —» XV - XU, where U € U
andV € V. Then the morphism w: U — X is a right U-approximation of X
and the morphism v: X — XV is a left XV-approximation of X.

(iii) The subcategory U is contravariantly finite and the subcategory V is

covariantly finite.
(iv) [Nakll, Rem. 2.4] The subcategories U and V are extension-closed.

Definition I11.2.8. [Nak13| Def. 2.7] Let (S,7) and (U, V) be two cotorsion pairs
on C. The ordered pair ((S,7T), (U,V)) is called a twin cotorsion pair (on C) if
Ext:(S,V) = 0.

The following easily verifiable result is often useful.

Proposition II1.2.9. [Nak13| p. 198] Let (S,T) and (U, V) be cotorsion pairs on

C. Then the following are equivalent.

i) ((S,7T),U,V)) is a twin cotorsion pair.
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(i) S CU.

(i) VCT.

Throughout the remainder of this section, let ((S,7), (4,V)) be a twin cotorsion

pair on C.

Definition II1.2.10. [Nak13] Def. 2.8] We define full subcategories of C as follows:

W=TnU, C=X"1S«W, Ct=W=xXV, H=C NnC.

From this definition, we immediately see that }V is contained in the subcategories
C—, C* and H; and that WV is extension-closed as 7 and I/ are extension-closed. It
is also clear that all four subcategories YW, C~, C* and H are additive and closed

under isomorphisms.

Proposition II1.2.11. The subcategories VW, C~, C* and H are closed under direct

summands.

Proof. Since T and U are assumed to be closed under direct summands (see
Definition [[II.2.3), we immediately see that ¥V is also closed under direct
summands. That # is closed under direct summands will follow from C~ and C*

having this property. We will give the proof just for C~ as the proof for C* is similar.

Suppose X = X; ® X, € C~, then there is a distinguished triangle 'S —*
X 2w - SwithS € Sand W € W. Since C = S * YT, there exists
atriangle ©715; % X; 5 77 - S, where S; € Sand Ty € T. Thus, it
suffices to show that 77 € U as then we will have T} € T NU = WV, and hence
X, eX1Sxw=_C".

First, we claim that z: X — W is a left 7-approximation of X. Indeed,
if T € T then we get an exact sequence Home(W,T) — Home(X,T) —
Home (X715, T') since Home (—, T') is a cohomological functor (see LemmalIL.6.6),
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where Home (X715, T) = Home(S,¥T) = Exty(S,T) = 0 since (S, 7T) is a
cotorsion pair. Thus, Hom¢(W,T) — Home (X, T) is surjective for 7' € T and

x: X — W is aleft T-approximation of X.

In order to show 7} € U, it is enough to show that any v: 77 — XV is in fact the
zero map asU = 11V (see Proposition . Letv: T7 — XV be arbitrary. Since
bry: X = X7 ® Xy — T} is a morphism with codomain in 7, where 7w : X — X,
is the canonical projection, it must factor through the left 7 -approximation z: X —
W. That is, there exists d: W — T} such that dz = bmr;. We then have (vb)m; =
vdx = 0, because vd: W — XV vanishes as W € W C U = 11V, This in turn
implies vb = 0 as 7 is an epimorphism. Since X715, % X, LI LI S

is a triangle, we see that v: 77 — X3V must factor through c¢: 77 — S;. Thus,
v = fc for some f € Home(S1,XV) = Extg(S;, V). But Exti(S;,V) = 0 as

((S,T),(U,V)) is a twin cotorsion pair, so v = fc = 0 and we are done. |

We now recall some notions from [Nak13]] needed for the remainder of this section.

Definition IIL.2.12. [Nakl3, Def. 3.1] For X € C, we define Kx € C and
a morphism kyx: Ky — X as follows. Since S * XT = C = U x XV,
we have two triangles ©7'S — X T — S (S € § T € T) and
U—T -2 %W —3U (Ue€U V e V). Then we may complete the

composition ba: X — XV to a triangle

V — s Ky X, x 2y sy

Definition II1.2.13. [Nakl3, Def. 3.4] For X € C(C, we define Zx ¢
C and zx: X — Zx as follows. Since & * X7 = C = U *x XV,
we have two triangles V — U - X — XV (U € U, V € V) and
ST — 218 LU —T (SeS, T eT) Then we may complete the
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composition cd: X718 — X to a triangle

ylg 9y x X g

n

Definition II1.2.14. [Nakl13l Def. 4.1] Let f: X — Y be a morphism in C with
X € C~. We define My € C and my: Y — M; as follows. Since X € C,
there is a triangle ©71S = X — W — S (S €S, W € W). Then we may

complete fs: X715 — Y to a triangle

sig Ly > My > S.

Definition IT1.2.15. [Nak13, Rem. 4.3] Let f: X — Y be a morphism in C with
Y € C*. Wedefine Ly € Cand l¢: Ly — X as follows. Since Y € C*, there is a
triangle W — Y - XV — SW (W € W,V € V). Then we may complete
vf: X — XV to atriangle

V—— L — x L wy

We now present strengthened versions of [Nakl3, Claim 3.2] and [Nak13, Claim
3.5].

Proposition II1.2.16. Suppose C' is an arbitrary object of C. Then
(i) Kc el
(i) C e Ct < KcelCt < KceH;
(iii) Zc € C*; and
v) CelC «— ZoelC <«— Z-eH.

Proof. The proofs for (i) and (iii) are [Nakl13, Claim 3.2 (1)] and [Nak13, Claim

3.5 (1)], respectively. Since Ko € C~, we immediately see that K € C* if and



II1.2. TWIN COTORSION PAIRS ON TRIANGULATED CATEGORIES 121

only if K¢ € H. For (ii), the proof that C' € C* implies K- € H is [Nak13, Claim
3.2 (2)]. Thus, we show the converse. There is a triangle V' — Ko — C' — XV
where V € V, so if K¢ € C* then C' € C* using [NakI3, Lem. 2.13 (2)]. The

proof of statement (iv) is similar. [ |

The next proposition follows from [Nak13, Prop. 3.6] and [Nakl13, Prop. 3.7], but

we state it in the language of approximations.

Proposition II1.2.17. Suppose C' is an arbitrary object of C.

(1) The morphism k¢ : Ko — C'is a right C™-approximation of C.

(ii) The morphism z¢: C — Z¢ is a left CT-approximation of C.

Recall that for a subcategory A C C that is closed under finite direct sums, we
denote by [A] the two-sided ideal of C such that [A](X, Y') consists of all morphisms
X — Y that factor through an object in A (see Example [[I.1.3T)). Recall also that
if A is a full additive subcategory that is closed under isomorphisms and direct
summands, then [A] coincides with the ideal generated by all identity morphisms
14 such that A € A. With this notation we are in position to recall the definition of

the heart associated to a twin cotorsion pair.

Definition IT1.2.18. [Naki3] Recall that W is a subcategory of C*, C~ and H.
We define the following additive quotients C* := C*/[W], C~ = C~/[W] and
H = H/[W)]. We call the category H the heart of (S, T), (U, V)) by analogy with
[Nak11].

Suppose Z an ideal of C. We will denote by f the coset f + Z(X,Y) in
Home/z(X,Y) of f € Home(X,Y'). The next result is a combination of [Nak13|
Cor. 4.5] and [Nak13, Cor. 4.6], and most of the proof can be found there. We

provide the missing link.
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Proposition I11.2.19. Let f € Homy (A, B) be a morphism in the subcategory H,
which completes to a triangle A Iy B % C — SA inC. Then the following

are equivalent:

Q) fe Homgz;(A, B) is an epimorphism,
(i) Zu, €W, ice. Zyy, = 0inH;
(1) My € U; and
(iv) g: B — C factors through U.
Proof. The equivalence of (i)—(iii) is [Nakl13, Cor. 4.5], and (iv) implies (i) is

[Nak13, Cor. 4.6]. We prove (iii) implies (iv). To this end, suppose M; € U.
From Definition[[I1.2.14} there are triangles X715, A A ES Wy — S4 and

1S, 24 B My — Su, where Sy € S, W4 € W. Then g(fs4) =0
as gf = 0, so g factors through m;: B — M; where M; € U by assumption.

Hence, g admits a factorisation through U/ as desired. [ |

To be explicit, we state the dual in full.

Proposition I11.2.20. Let f € Homy (A, B) be a morphism in the subcategory H,
which completes to a triangle X~1C h ALy B O inC. Then the following

are equivalent:

(i) f € Homz;(A, B) is a monomorphism;
(i) Kp, € W, ie Kp, =0inH;
(i) L; € T; and

(iv) h: X71C — A factors through T.
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The last result of this section is an application of these previous two propositions
to the case of a degenerate twin cotorsion pair; that is, a twin cotorsion pair
((S,T),(U,V)) where (S, T) = (U,V). One may recover results from [Nak11]
about cotorsion pairs on triangulated categories through the theory of twin cotorsion
pairs developed in [Nak13]] using such degenerate twin cotorsion pairs (see [Nak13,
Exam. 2.10 (1)]). We recall some definitions, which we will also need later, from

[Nak11]] for convenience.

Definition III.2.21. [NakII] Given a cotorsion pair (i/,V) on a triangulated
category C (with suspension functor X)), define # =UNV, ¢ = XU *# and
€ =W % XV. The heart of the (individual) cotorsion pair (U, V) is defined to be
Ay = (€~ NET) /W)

It is easy to see that # = W, ¢~ = C~ and ¢ = C™* for a degenerate twin
cotorsion pair ((U, V), (U,V)), and that 7 ) coincides with the heart H of the
twin cotorsion pair ((U, V), (U, V)).

Corollary 1II1.2.22. Suppose we have a degenerate twin cotorsion pair
(U, V), (U, V)) on C and objects X,Y € H. Assume 7 — X 5V — Y7

is a triangle in C.

() If f is epicin H, then Z € C~.

(i) If f is monic in H, then ©Z € C*.

Proof. We only prove (i) as (ii) is similar. Since f is epic in H, by Proposition

we have that My € U/ = S. Recall from Definition that My is
obtained by taking a triangle 'S 3 X — W — S (S € S, W € W), which

exists as X € H C C~, and then completing the composition fs to a triangle

$1s Ly M v ¢+ — 5. Then applying the octahedral axiom [(TRS), we get a
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commutative diagram

¥ —— X > W > S
| L

g Ly M , S
Lol
X > Y > 27 » UX
I
W ——— My > L4 > LW

where the rows are triangles. Therefore, there is a triangle ¥~ 'M; — Z — W —
M; by Lemmalll.6.7, where S 'M; € X' and W € W,s0 Z € S U x W =

Y18« W = C~ asU = S for a degenerate twin cotorsion pair. [ |

III.3 Main result: the case when 7 is quasi-abelian

Let C be a fixed triangulated category with suspension functor X, and suppose
((S,7),(U,V)) is a twin cotorsion pair on C. No other assumptions are made
on C in this section. We recall two key results from [Nak13] concerning the factor
category H = H/[W]. First, it is shown that H is semi-abelian [Nak13, Thm. 5.4],
and that, if / C S+ T or T C U =V, then H is also integral [Nak13, Thm. 6.3].

In this section we prove our main result: if # is equal to C~ or C*, then H = H /W)

is quasi-abelian. In order to prove this, we need the following lemma.

Lemma IIL.3.1. Let A be a left semi-abelian category. Suppose

Q<
O
ARealey

-

is a pullback diagram in A. Suppose we also have morphisms xg: X — B and
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zo: X — C such that x5 is a cokernel and

X 4B
‘Tcl o lc

commutes. Then a: A — B is also a cokernel in A.

Proof. From the assumptions, we obtain the following commutative diagram

using the universal property for the pullback because cxp = dx¢. Thus, ae = xg is
a cokernel, and hence a is cokernel in the left semi-abelian category .4 by [RumO1}

Prop. 2]. [ |

Dually, we also have the following.

Lemma II1.3.2. Let A be a right semi-abelian category. Suppose

Sy

<—
(¢}

Q<
[, |
o

is a pushout diagram in A. Suppose we also have morphisms xg: B — X and

ro: C — X such that x¢ is a kernel and

_a
[}
—

Q<
=
[sv]

e



126 ITI. QUASI-ABELIAN HEARTS OF TWIN COTORSION PAIRS

commutes. Then d: C — D is also a kernel in A.

We will also need the following notion and easy lemma in the proof of our main

theorem.

Definition IIL1.3.3. [Fre66, p. 99] Suppose f: X — Y is a morphism in an additive
category A. A weak kernel of f is a morphism w: W — X such that fw = 0, with
the following property: for every morphism g: V' — X with fg = 0, there exists
g: V — W such that wg = g. A weak cokernel is defined dually.

Lemma I11.3.4. [BM12, Lem. 2.5] In any additive category, we have the following.

(i) A monomorphism that is a weak kernel is a kernel.

(i) An epimorphism that is a weak cokernel is a cokernel.

We now show that, under the right conditions, # is quasi-abelian. We note that
H=C <<= C CC" <= YX§xW C W% XV, and dually that
H=C" < C"CC < WXV CX!'SxW.

Theorem IIL.3.5. Let C be a triangulated category with a twin cotorsion pair
(S, T),UV)). If H =C orH = C*, then H = H/|W)] is quasi-abelian.

Proof. Since H is semi-abelian [Nak13, Thm. 5.4], we have that 7 is left quasi-
abelian if and only if A is right quasi-abelian [RumO1, Prop. 3]. Therefore, we will
show that if { = C~ then H is left quasi-abelian. Showing H is right quasi-abelian

whenever H = C™ is similar.

Suppose H = C~ and that we have a pullback diagram

Q—
O W

_a,

O

E—
d
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in 7, where d is a cokernel. We need to show that @ is also a cokernel.

By [NakI3, Lem. 5.1], we may assume that d € Homy(C, D) is a morphism

for which there is a distinguished triangle 1S — C 4y D % S in C with

S € §. An application of |(TR3)|yields a triangle C 4D %S5 — 3.

We can complete ¢ to a trangle X 7!'F — B -5 D Ny
and complete the composition fd: C — E  to another
triangle c 2 E y TX 2 R We obtain a triangle
Dt E » ¥B —2% YD using [(TR3), Then by the octahedral

axiom [(TRS)] there is a commutative diagram

C ¢ 5D <~ S > O
| [ =l |
c—11 E » DX 2, O
dl H _%l lm (I1L.3.1)
p—!1 F » XB — 4 $D
| | | [=
S P X S ¥B e PN
in C where the rows are triangles. There is a triangle

v 24 X 25 B %4 S using Lemma [I1.6.7, Since S € S and
B eH =C",wehave X € C~ = H by [Nakl3, Lem. 2.12 (2)].

Since B € H C C* = W x XV, there is a triangle W B LY s SW
with W € W and V € V. Consider the composition (ec) o h: W — S and apply



128 ITI. QUASI-ABELIAN HEARTS OF TWIN COTORSION PAIRS

the octahedral axiom [[TRS)|to get the following commutative diagram

Ww—t sB—*t ¥V >y SW

| [ =

| CE LN Rt AN 5) N 3, g

hl H lzy lgh (IIL.3.2)
B—« 85 " ,ynx 2, 5p

l lej H l&'

XV — Y T v X T Y2V

in C with rows as triangles. Then we see that Y’ vy x EEy vy L vy

is also a triangle using Lemma [[.6.7] on the bottom triangle of ([I1.3.2)). Moreover,

T

this implies that ¥V —— X 22 BV L, %Y isa triangle in C, using the

triangle isomorphism (—1y, 1 x, Isy).
We claim that 7z: X — B is a cokernel for 7j: Y — X in H. The morphism

rp € Homy (X, B) embeds in the triangle X —2+ B —<+ § =N 55
where S € S C U, and hence T3 is epic in H by Proposition [[I1.2.19]as ec factors

through U. Thus, by Lemma [lII.3.4]it suffices to show that 5 is a weak cokernel
for y. First, from (III.3.2)) we see that xgy = hk factors through W as W € W.
Thus, in the factor category H we have 77 = 0. Now suppose that there is some
m: X — M such that my = 0 in H. Then my factors through W, so there is a

commutative diagram
vy —— X

W()T>M

in C, where W, € W. Thus, we have a morphism of triangles

h<
<
2\

X 2y vy sy

ol s e

Wy ——» M sy N —2— S,

2\
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where p exists using From the commutativity of (II[.3.2), we have another

morphism
IRECHNEN (G
I
y —L 5 x 22, vy E, vy
of triangles, where (—Xl) oi = (—Xj) o ec and (Xy) o (—Xj) = —Xg yield

(Xl) oi = (Xj) oec and yj = g, respectively. Therefore, composing these two

morphisms of triangles we get a commutative diagram

ylg 9, x B, p__« g

b Jse

Wy —2— M sy N —— 2,

~

where the two rows are triangles. Notice that > (nj) € Home(S,XW,) =
Exts(S,Wy) = 0as Wy € W C T = S*i. This implies r o pi vanishes, so
there exists 1 : X — Wy and ¢o: B — M such that m = gy + poxp by Lemma
Finally, in H we have 1 = qp1 + P2 = Paxp, as Wy € W and so

qp1 = 0. This says that T3 is indeed a weak cokernel, and hence a cokernel, of ¥.

In (OL3.1)) we see (—Xc)(—Xzp) = (Xd)(Zx¢), so cxp = dzc in H and cTg =
dzc in the (left) semi-abelian category H. Therefore, since T is a cokernel, it

follows from Lemmal[IL3.1lthat a: A — B must also be a cokernel.

Hence, H is left quasi-abelian, and thus quasi-abelian by [RumO1}, Prop. 3]. [ |

Corollary IIL.3.6. Let C be a triangulated category with a twin cotorsion pair
(S, T),UV)). IfU C T or T CU, then H = H /W] is quasi-abelian.

Proof. fU C T then H = C, orif T C U then H = CT. Therefore, in either
case we may apply Theorem [[11.3.5|to get that  is quasi-abelian. [ |

Note that if i/ € T or T C U, then H is also integral: this follows from [Nak13,

Thm. 6.3] since, for example, &/ C 7 implies i/ C S x T. We also remark that in
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[Liul3] there is the corresponding result for exact categories.

III.4 Localisation of an integral heart of a twin

cotorsion pair

For this section, we fix a skeletally small, Krull-Schmidt, triangulated category C
and a twin cotorsion pair ((S,7), (U,V)) on C with 7 = U. In this setting, we
have that the heart of (S, 7)) is # = #s1) = (X7'S * S)/[S] and the heart of
(S, T), U, V))is H = C/[W], where W = T = U (see Definitions and
respectively). We will show that there is an equivalence /7 ~ Hp (see
Theorem [IIL4.8), where Hy, is the (Gabriel-Zisman) localisation of 7 at the class

R of regular morphisms in .

Our line of proof will be as follows: first, we obtain a canonical functor F': T —
. then, composing with the localisation functor Ly : H — Hr, we get a functor
A — Hp that we show is fully faithful and dense. The proofs in this section are

inspired by methods used in [BM13], [BM12] and [MP17].

For the convenience of the reader, we recall some details of the description of the
localisation of an integral category at its regular morphisms (see for more
details). To this end, suppose A is an integral category and let R 4 be the class of
regular morphisms in A. In this case, R 4 admits a calculus of left fractions (see
or [GZ67, §1.2]) by [RumO1l, Prop. 6]. The objects of the localisation Az ,

are the objects of A. A morphism in Az , from X to Y is a left fraction of the form

X%A\Y

denoted [f, r|Lr, up to a certain equivalence (see §11.5.2|for more details), where f

is any morphism in 4 and r is in R 4. The localisation functor Lz ,: A — Ag,
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is the identity on objects and takes a morphism f: X — A to the left fraction
\f] = Lz, (f) = [f, 1alur. If r: Y — Ais in R 4, then the morphism [r| in Ag ,
is invertible with inverse [r]~! equal to the left fraction [1 4, r]Lr. An exposition of

the morphisms as right fractions may be found in [BM12, §4].

Proposition IIL4.1. There is an additive functor F': 7 — H that is the identity on
objects and, for a morphism f: X — Y in X718 xS, maps the coset f +[S](X,Y)
to the coset f + W](X,Y).

Proof. The full subcategory 77 = %7 'S« S C C = H comes equipped with an
inclusion functor ¢: J# — H, which may be composed with the additive quotient
functor Qpy;: H — H/[W] to get a functor Q) o ¢: H# — H. Note that this
functor maps any morphism in the ideal [S] to 0 as S C U = W, and therefore we

get the following commutative diagram

H =Y18x8S —— 3 C=H

Q[SJl o lQ[WJ

K= (5718 % 8)/[S] -y C/W =H

of additive categories using the universal property of the additive quotient /7.

Furthermore, we see that F/(X) = F(Q[s)(X)) = Qv (1(X)) = X and

F(f+[SI(X,Y)) = F(Qus(f)) = Qu(t(f)) = Qu(f) = [ + WI(X,Y).

The next result below is a characterisation of the regular morphisms in H = C/[W],
and is a special case of [Bell3|, Lem. 4.1]. Note that ¥ 'S is a contravariantly finite
and rigid (i.e. Ext;(X71S,271S) = 0) subcategory of C, because S C U = T =
St and that (X718)te =S =T =U = W.
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Proposition IIL.4.2. Suppose Y17 Ix Ly % Zisa triangle in C.
Denote by f the morphism f + [W](X,Y) € Homz(X,Y) in H.

(i) The morphism f is monic if and only if h factors through W .
(ii) The morphism f is epic if and only if ¢ factors through W.

(iii) The morphism f is regular if and only if h and g factor through W.

The following lemma is a generalisation of [BM13, Lem. 3.3]. The proof of Buan
and Marsh easily generalises, so we omit the proof of our statement. One is able
to recover the result of Buan and Marsh by putting the appropriate restrictions on C
and by setting ((S,7T), (U, V)) = ((add 2T, Xr), (X, Xpt?)), where T is a rigid

object in C.

Lemma II1.4.3. Let Y be an arbitrary object of C. Then there exists X € Y718 x

S = A and a morphism7: X — Y in the class R of regular morphisms in H.

By Proposition [IIL.4.1, we have an additive functor F': 7 — H. Define G =
Li o F, where Li: H — Hgx is the additive localisation functor (see Proposition

[IL.5.8)), to obtain the following commutative diagram of additive functors

X

7N
N

Note that G(X) = X and G(f + [S|(X,Y)) = [f] = [f + WI(X,Y), ly]ip.

Lr

—

Y

R

The remainder of this section is dedicated to showing that GG is an equivalence of

categories.

Proposition I11.4.4. The functor G: A — Hy is dense.

Proof. Recall that the objects of Hy are the objects of H = C. Let Y € Hp be
arbitrary. Then by Lemma [[II.4.3] there exists a morphism 7: X — Y in C with
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X € '8 xS = J#, such that 7 is regular in 7. Hence, in Hz we have that
Lz (7): X — Y is anisomorphism so that Y = X = Lz F(X) = G(X), and G is

a dense functor. [ |

To show G is faithful we need the following observation due to Beligiannis.

Lemma I11.4.5. [Bell3, Rem. 4.3 (iii)] Suppose X € ¥ 'S*xSand f: X — Y is
a morphism in C. If f factors through W, then [ factors through S.

Proposition I11.4.6. The functor G: 5 — Hy, is faithful.

Proof. Suppose f = f 4 [S](X,Y): X — Y is a morphism in 27 = (X£7'S *
S)/[8S] such that G(f) = Lr(F(f)) = 0in Hg = (C/W])r. Then f +
W|(X,Y) = F(f) = 0in H = C/[W) because Lr: H — Hg is faithful by
[BM12, Lem. 4.4]. Hence, f factors through W in C. Note that X € X7!S xS, so
f factors through S by Lemma and f is the zero morphism in 7. Therefore,

the functor G is faithful. [ ]

Proposition I11.4.7. The functor G: 7 — Hg is full.
Proof. Let X,Y be objects in .7 and consider the mapping
Hom7(X,Y) — Homy (G(X),G(Y)) = Homg (X, Y).

Let X —5 A <" Y be an arbitrary morphism in Homz (G (X),G(Y)).
Since 7: Y — A is a morphism in C such that 7 is regular in #, there is a
triangle ¥7'Z Y 5 A % Z such that s, ¢ factor through W by Proposition
As X € obj# = objH# = obj(X7'S x S), there exists a triangle

Y1g % vlg, % X 55 S inC with Sy, S; € S. Suppose t: A — Z
factors as ed forsome d: A — T,e: T'— Z withT € W = T. Then the morphism
dfb € Home (%71, T) = Extg (S, T') = 0 vanishes, and hence ¢ fb = edfb is the



134 ITI. QUASI-ABELIAN HEARTS OF TWIN COTORSION PAIRS

zero map too. Thus, there exists g: X715y — Y such that rg = fb. Applying
we obtain a morphism

2_151 2 2_150 b y X - Sl
h lg lf Zh
ylz —% sy s Aty 7

of triangles in C, in which ga = sh vanishes as S; € & and s factors through
W = T. Hence, by Lemma there are morphisms v € Hom¢(X,Y) =
Hom »(X,Y) and v € Home (S, A) such that f = ru + ve in C. Therefore, in
H = C/[W] we have f = 7u + v¢ = 7, as ¥ = 0 because S; € S C U = W. This

implies that [f] = [Fu] = [F][u], and hence [u + [W](X,Y)] = [u] = [F]"}[f] =

[f,7]Lr in Hr. Finally, we see that

[firlee = [u+ V(XY
= [Flu+[SI(X,Y))]
= (Lro F)(u+[S](X,Y))
= Gu+I[SI(X,Y)),

and the map Hom(X,Y) — Homyg_(G(X),G(Y)) is surjective, i.e. G is a full

functor. u

Theorem I11.4.8. Suppose C is a skeletally small, Krull-Schmidt, triangulated
category, and assume ((S,T),(U,V)) is a twin cotorsion pair on C that satisfies
T = U. Let R denote the class of regular morphisms in the heart H of
((S,T), (U, V)). Then the Gabriel-Zisman localisation Hr, is equivalent to the
heart 7 (s ) of the cotorsion pair (S, T).

Proof. By Theorem[[I.1.13] a fully faithful, dense functor is an equivalence. Hence,
the functor G = Ly o F gives an equivalence %(S,T) —+ Hx using Propositions

11.4.4] [[11.4.6| and [II1.4.7] above. [ |
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Remark 111.4.9. Notice that although Theorem [[IT.4.§]looks somewhat independent
of the cotorsion pair (U,)), we have that the pair (S,7) determines (U4, V), and

vice versa, using Proposition [[II.2.7|and that 7 = U.

Remark 111.4.10. We show now that the conclusion of Theorem [[IL.4.8] also follows
from results of Beligiannis. Let C be a category as in the statement of Theorem
above. Let X’ be a contravariantly finite and rigid subcategory of C. Suppose
further that X1° is contravariantly finite. Beligiannis shows (see Remark 4.3,

Lemma 4.4 and Theorem 4.6 in [Bell3]) that there are equivalences
(X *LX)/[2X] = (X * 2X)/[X ] = mod X «— (C/[X1))x,

where mod X is the category of coherent functors over X (see [Aus66l]) and R
is the class of regular morphisms in the category C/[X°]. In the situation of
Theorem we have that ¥~'S is a contravariantly finite, rigid subcategory,
and that (X71S)*0 = W = U is also contravariantly finite; see the discussion

above Proposition [[11.4.2 for more details. Therefore, with X = 71§ one obtains
(X *2X)/[SX] = (X718 = 8)/[S] = H s

and

(C/[X )= = (C/W])r = Hr.

Hence, one may deduce that %(s,’r) and Hp are equivalent from the results in
[Bell3]. However, the proof method is different: Beligiannis makes use of adjoint
functors and obtains a functor (C/[X*°])r — (X * ZX)/[X 0], which is stated to
be an equivalence, using the universal property of the localisation (C/[X10])%; on

the other hand, we construct an explicit equivalence in the other direction.
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III.S An application to the cluster category

In this section, we assume k is a field and that, unless otherwise stated, C is a Hom-
finite, Krull-Schmidt, triangulated k-category with a Serre functor v. As usual, we

will denote the suspension functor of C by ..

For an object X € C, we denote by add X the full additive subcategory of C
consisting of objects that are isomorphic to direct summands of finite direct sums of

copies of X. We observe that the subcategories ¥(add X) (in the sense of Definition
11.8.6) and add XX coincide.

We recall some terminology. See, for example, [BMRRT, p. 583], [XO15, Def.
2.2], [ZZ11] Def. 2.1], [KRO7, §2], [Tya07, Def. 2.2].

Definition IIL.5.1. An object R of C is called rigid if Ext;(R, R) = 0. An object
T € C is maximal rigid if T is rigid and has a maximal number of non-isomorphic

indecomposable direct summands or, equivalently, if T"is rigid and Ext, (T® X, T®
X) =0ifand only if X € add T for X € C.

For the remainder of this section, we assume that R is a fixed rigid object of C.

Definition II1.5.2. We denote by Xy := (add R)*¢ the full additive subcategory of
C that consists of objects X such that Hom¢ (R, X)) = 0.

Lemma I11.5.3. [BM13|, §2] For any object R € C, Xy is equal to (add X R)*1.

Proof. Note that Home(R,X) = Home(XR,XX) = Ext (3R, X), so
Home(R, X) = 0 if and only if Ext}(SR, X) = 0. Thatis, X € Xp if and
only if X € (add L R)*. ]

The next proposition collects some easily verifiable observations, some of which

may be found in [BM13]].
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Proposition 111.5.4. For any rigid object R' € C, the subcategories add R’
and Xg are closed under isomorphisms and direct summands. Moreover, these

subcategories are also extension-closed.

Proof. Suppose R’ is rigid. That add R’ is closed under isomorphisms and
direct summands follows immediately from its definition. Thus, assume
R, — X — R, > YR} is a triangle in C with R}, R, € add R’. Then
Home (RS, X R)) = Extj(R,, RY) = 0 as R’ is rigid, so h is the zero morphism.
Hence, by Lemma [[1.7.26] this triangle splits and X = R} & R}, € add R

If X,Y € C are isomorphic then Hom¢(R', X) =0 <= Hom¢(R',Y) = 0, since
Home(R', X) and Hom¢ (R, Y) are in bijection.

Let X € X be arbitrary and X; some direct summand of X. Since Hom¢(R', —)
is an additive functor, we have that Hom¢(R', X;) is a direct summand of
Home¢ (R, X). Moreover, Hom¢(R', X) = 0 as X € Xg, so Home(R', X1) =0
and hence X; € Xp.

Lastly, suppose we have a triangle X oy Sz My ovx with X 2 € Xpr.
We wish to show that this implies Y € Xg.. Applying Hom¢(R', —) we get the

exact sequence
0 = Home(R', X) L% Home(R,Y) % Home(R', Z) =0,

where f, = Hom¢(R', f) and g. = Home(R', g). Hence, Home(R',Y) = ker g, =
imf, =0and Y € Xp. [ ]

Remark 111.5.5. Since C is a Krull-Schmidt category, if an object X of C has a right
X -approximation, for some subcategory X C C, then X has a minimal right X’-
approximation (see Definition [[I.3.10) by [KS98, Cor. 1.4]. Dually, the existence
of a left X'-approximation implies the existence of a minimal such one under our

assumptions.
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The next result is stated in [Nak13l], but we include the details to illustrate where

the various assumptions on C are needed. See also [BM12].

Lemma II1.5.6. [Naki3, Exam. 2.10 (2)] The pair ((add =R, Xg), (X, Xz™)) is

a twin cotorsion pair with heart H = C /[Xg].

Proof. First, we show that (add ¥R, X’r) is a cotorsion pair on C. Since C is
assumed to be Hom-finite, we have that add > R is contravariantly finite, so for any
X € C there exists a triangle >Ry i> X — Y — ¥X2Ry, where f: YRy —
X is a minimal right add ¥ R-approximation of X because C is also Krull-Schmidkt.
Since add X R is extension-closed (Proposition [[IL.5.4), by Lemma we have
that Y € (addXR)'® = Y Xp. Therefore, C = add LR * YXz. We also have
Exti (LR, Xr) = Home(ZR,¥Xg) = Home(R,Xz) = 0. Comparing with
Definition we see that (S, T) := (add X R, X) is indeed a cotorsion pair.

To see that (U,V) = (Xg, Xgr™') is a cotorsion pair, take a minimal left

add v R-approximation r: X — vR; of X and complete it to a triangle

Z > X 5 vRy — XZ. Then by Lemma [[I.2.5| again, we have Z € Xy
and so C = X x X(X 7 add vR). In addition,

Exts(Xg, ¥t add vR) = Home (X, add vR) = Home(add R, Xz) = 0,

so (Xg,add X"'vR) is a cotorsion pair. Therefore, by Proposition [IIL.2.7, we see
that (U, V) = (Xg, Xr™') = (Xg,add X~ 'vR) is a cotorsion pair.

Furthermore, we have Hom¢(R, X R) = Ext;(R,R) = 0 as R is rigid, so S =
add ¥R C Xr = U. Hence, ((S,T),U,V)) = ((add 2R, Xr), (Xr, Xg")) is a
twin cotorsion pair on C (see Definition . In particular, 7 = Xr = U, so
W=T=U = Xp, and

CT=Y1S«W=x"'8SxT =C=UxXYV=WxXV=C".
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Therefore, H = C~ N C* = C and the heart associated to ((S,T), U, V)) is H =
H/W] = C/[XR]. u

Theorem IIL5.7. Suppose C is a Hom-finite, Krull-Schmidt, triangulated k-
category that has Serre duality, and assume R is a rigid object of C. Then C/[XR|

is quasi-abelian.

Proof. Consider the twin  cotorsion pair  ((S,7),U,V)) =
((add BR, XR), (Xr, Xr'')). As T = U in this case, by Corollary [II.3.6,
H = C/[XR] is quasi-abelian. ]

Assume also that C is skeletally small. Let R be the class of regular morphisms
in C/[Xg], and denote by C(R) the subcategory add R * add ¥R considered in
[KRO7, §5.1]; see also [[YOS, Prop. 6.2], [BM13] and [BM12]. An equivalence
between C(R)/[add X R] and (C/[Xr|)r exists by combining [TYO0S], Prop. 6.2] with
Theorem [[I.1.1] (or results of [Bell3] as discussed in Remark [[IL.4.10)) as follows

C(R)/[add R] — Ag—mod <— (C/[X&])x.

where Ar = (Endc R)°°. We now give a new proof that C(R)/[add X R| and
(C/[Xr])r are equivalent, which avoids going via the module category Ag—mod

altogether.

Theorem IIL5.8. Let C be a skeletally small, Hom-finite, Krull-Schmidt,
triangulated k-category, and assume R is a rigid object of C. Let R be the class of
regular morphisms in C /[Xg| and let Ly : C/[Xg] — (C/|XR])r be the localisation
functor. Then there is an additive functor F': C(R)/[add ¥R] — C/[Xr] such that
the composition

Lg o F: C(R)/Jadd ©R] =+ (C/[Xg])x

is an equivalence.
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Proof. Let ((S,T),(U,V)) = ((add¥R,XR),(Xr, Xr™")). The heart (see
Definition of the cotorsion pair (S,7) = (addZR, Xg) is (s =
C(R)/[add X R], and the heart of the twin cotorsion pair ((S,7T), U, V)) is H =
C/[XR]. By Proposition there is an additive functor F': C(R)/[add 2 R] —
C/[XR] that is the identity on objects and maps a morphism f + [add X R](X,Y) to
[+ [Xr](X,Y), which is well-defined as add ¥R C X since R is a rigid. Then an
application of Theorem [[IT.4.8] yields an equivalence

C(R)/[add SR = 7 (5.7 = Fr = (C/[Xa] ).

We make two last observations before giving an example to demonstrate this theory.

Proposition I11.5.9. Let C be a Hom-finite, triangulated k-category which is 2-
Calabi-Yau. Suppose (S,T) and (U, V) are cotorsion pairs on C. Then T = U if
and only if S = V.

Proof. Assume T = U. Then we have the following chain of equalities
S=tT=4by=yt=vy
using Proposition [III.2.7 and that C is 2-Calabi-Yau. The converse is proved

similarly. [ |

Corollary IIL5.10. Let C be a Hom-finite, Krull-Schmidt, 2-Calabi-Yau,
triangulated k-category, and assume R is a rigid object of C. Then the subcategory
add TR coincides with Xg™.

Proof. Since ((S,T),(U,V)) = ((add £ R, XR), (Xr, Xr™)) is a pair of cotorsion
pairs on C with 7 = U, we must have add R = S = V = Xz™' by Proposition
ML5.9) u
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It can also be shown that Corollary follows from [BM13| Lem. 2.2] using
T = YR and the 2-Calabi-Yau property.

Example II1.5.11. Let £ be a field. Consider the cluster category C = Cig
associated to the linearly oriented Dynkin-type quiver ) : 1 — 2 — 3 — 4.

Its Auslander-Reiten quiver, with the mesh relations omitted, is

P P=? Py[1]
/ AN e N~ S \
Py[1] Py =3 I=3 Py[1]
SN S NS N N
P3[1] Py=3 M =3 I =1 P[]
PO VN ~ N 7N
P4[1] P4:4 53:3 52:2 51:1 Pl[l]

where the lefthand copy of F;[1] is identified with the corresponding righthand
copy (for ¢ = 1,2, 3,4); see, for example, [Sch14, §3.1]. Recall that an object
X of a Krull-Schmidt category is called basic if, when X = X; & --- & X,
is a direct sum decomposition of X into indecomposables, we have X; % X;
forall © # j. Weset R = P, & P, & S,, which is a basic, rigid object
of C. Note that since R has just 3 non-isomorphic indecomposable direct
summands, it is not maximal rigid (see [BMRO7, Cor. 2.3]) and hence not cluster-
tilting. Denote by Ag the ring (Ende R)°P. We describe the twin cotorsion
pair ((S,7T), (U,V)) = ((add R[1], Xr), (X, Xr™")) pictorially below, where “o”
denotes that the corresponding object does not belong to the subcategory. Since

the cluster category is 2-Calabi-Yau (see Theorem [I1.8.5)), that S coincides with V
below is not unexpected (see Corollary [[II.5.10).
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By [Liul0, Prop. 2.9], the quasi-abelian heart H = H /[W] = C/[XR] for this twin
cotorsion pair then has the following Auslander-Reiten quiver (ignoring the objects

denoted by a “o” that lie in X'g, and again with the mesh relations omitted).

o Py

Pz/Pl\Iz Ps[l]/
NSNS
NN

We have denoted by X the image of the object X of C in C/[X], monomorphisms

by “—” and epimorphisms by “—”. The extra righthand copy of P, is included to
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illustrate that this quiver really is connected and similar in shape to the Auslander-
Reiten quiver of Az —mod (see below). In this example there are precisely three
irreducible morphisms between indecomposables that are also regular morphisms—
namely the morphisms P, — I3, P, — M and m — P,. As noted in one
may show that various aspects of Auslander-Reiten theory are still applicable in
quasi-abelian categories; see Chapter [[V]|for more details. However, one noticeable
difference is that in a quasi-abelian category there exist irreducible morphisms that
are regular. On the other hand, in an abelian category an irreducible morphism
cannot be regular, since a morphism is regular if and only if it is an isomorphism in

such a category, and irreducible morphisms cannot be isomorphisms by definition.

In addition, one may obtain the Auslander-Reiten quiver of Az —mod by localising
H at the regular morphisms as shown in [BM12]]. In this case, one obtains the

Auslander-Reiten quiver

Y 3
9/ \.-- _________ 12/3
3 / \ ¥

where Ay is isomorphic to the path algebra of the quiver 1’ — 2/ < 3.
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Chapter IV

Auslander-Reiten theory in
quasi-abelian and Krull-Schmidt

categories

IV.1 Introduction

As is well-known, the work of Auslander and Reiten on almost split sequences
(which later also became known as Auslander-Reiten sequences), introduced in
[AR75], has played a large role in comprehending the representation theory of
artin algebras. In trying to understand these sequences, it became apparent that two
types of morphisms would also play a fundamental role (see [AR77a]). Irreducible
morphisms and minimal left/right almost split morphisms (see Definitions and
were defined in [AR77al], and the relationship between these morphisms
and Auslander-Reiten sequences was studied. In fact, many of the abstract results
of Auslander and Reiten were proven for an arbitrary abelian category, not just a
module category, and in this chapter we show that much of this Auslander-Reiten

theory also holds in a more general context—namely in that of a quasi-abelian

category (see §IV.2).
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Auslander-Reiten theory has also been studied in other contexts, including in
triangulated, exact and extriangulated categories (see, for example, [RVdBO02],
[Hap88], [GR97], [INP18]]). In another context, Liu developed Auslander-Reiten
theory in Krull-Schmidt categories that are Hom-finite over a commutative artinian
ring in [LiulO]. However, there are interesting examples of categories that are
Krull-Schmidt yet not necessarily Hom-finite; see Example We extend
the theory developed by Liu by removing the Hom-finite assumption for all the
results in [LiulQ, §1]; see Our main result in this context provides a list of
equivalent criteria for a short exact sequence to be an Auslander-Reiten sequence

(see Definition [IV.3.6)) in a skeletally small, Krull-Schmidt, quasi-abelian category
(see Theorem [TV.3.19).

Although not every quasi-abelian category is Krull-Schmidt (e.g. the category of
Banach spaces over R), the quotient category C/[Xr] is an example of a category
that is both quasi-abelian and Krull-Schmidt, where C is a cluster category, R €
C is a rigid object and Xz = Ker(Hom¢(R, —)) (see Theorem Example
[1.5.11]and Remark[TV.3.5]). The nature of the results in §[V.2]and §IV.3]are in some
ways quite different. For quasi-abelian categories we study more the properties
that irreducible morphisms possess, whereas for Krull-Schmidt categories we say
more about how these morphisms behave under categorical quotients. Therefore,
in a Krull-Schmidt quasi-abelian category we can apply both types of results and
the strongest conclusions can be drawn (see Theorem [V.3.19| for example). In

particular, these conclusions apply to C/[XR].

This chapter is structured as follows. In we develop Auslander-Reiten theory
for semi-abelian and quasi-abelian categories. At the beginning of §IV.3] we switch
focus to Auslander-Reiten theory in Krull-Schmidt categories, and then present a
characterisation theorem for Auslander-Reiten sequences in a Krull-Schmidt quasi-
abelian category. Lastly, in §IV.4] we explore an example coming from the cluster

category, which demonstrates the theory we develop in the earlier sections.
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IV.2 Auslander-Reiten theory in quasi-abelian

categories

In this section, we explore some Auslander-Reiten theory in connection with semi-
abelian and quasi-abelian categories. We remark here that quasi-abelian categories
carry a canonical exact structure: a quasi-abelian category endowed with the class of
all its short exact sequences forms an exact category in the sense of Quillen [[Qui7/3|]
(see [Sch99, Rem. 1.1.11]). Some Auslander-Reiten theory for exact categories was
developed in [GR97], but our results are different in nature: we explore properties
of the morphisms involved in Auslander-Reiten sequences, whereas [[GR97]] focuses

more on the existence and construction of such sequences. See [INP18] also.

Remark IV.2.1. Recall that every left (respectively, right) quasi-abelian category is
left (respectively, right) semi-abelian (see Proposition [1.9.21)). Furthermore, in a
left (respectively, right) semi-abelian category, if a morphism f factorises as f = ip
with ¢ monic and p a cokernel (respectively, ¢ a kernel and p epic), then p = coim f

(respectively, ¢ = im f) up to unique isomorphism.

For the results presented here that are analogues of those in known work, we omit
the proofs that carry over or that are easy generalisations. Instead, we focus on those
arguments that need significant modification or that have been omitted in previous
work. Furthermore, many of the results in the remainder of the chapter have duals,

which we state but do not prove.

The next proposition is a version of [[AR77a, Prop. 2.6 (a)] for the semi-abelian
setting. Recall that a monomorphism (respectively, epimorphism) that is not an

isomorphism is called a proper monomorphism (respectively, proper epimorphism).

Proposition IV.2.2. Suppose a category A is left or right semi-abelian. If f: X —

Y is irreducible in A, then it is a proper monomorphism or a proper epimorphism.
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Proof. Suppose f: X — Y is an irreducible morphism with coimage
coim f: X —» Coim f. Note that f cannot be an isomorphism since it is not, for

example, a section.

Suppose now that A is left semi-abelian. Then we have a factorisation f = jocoim f
where 7 is monic (see Remark [[V.2.1)). If f is a proper monomorphism then we are
done, so suppose not. Then f = 7 o coim f is irreducible implies ¢ is a retraction or
coim f is a section. The latter implies coim f is monic and this in turn yields that f
is monic, which is contrary to our assumption that f is not a proper monomorphism.
Thus, ¢ must be a retraction and hence an epimorphism. Then f is the composition

of two epimorphisms and is thus epic itself, i.e. f is a proper epimorphism.

The case when A is right semi-abelian is proved similarly. [ |

In an abelian category, we have that a morphism f is an isomorphism if and only
if it is regular. Therefore, in an abelian setting an irreducible morphism is either
a proper monomorphism or a proper epimorphism, but never both simultaneously.
However, this need not hold in an arbitrary category. In particular, we will see in

Example irreducible morphisms (so non-isomorphisms) that are regular.

The following two results give a version of [AR77al Prop. 2.7] in a more general
setting. For Proposition we assume the category A is quasi-abelian, but
we only really need that A is right semi-abelian and left quasi-abelian. However,
these are equivalent. Recall that by Proposition a left (respectively, right)
quasi-abelian category is left (respectively, right) semi-abelian. Thus, a quasi-
abelian category is immediately seen to be right semi-abelian and left quasi-abelian.
Conversely, if A is right semi-abelian and left quasi-abelian, then A is left semi-
abelian and hence semi-abelian. Then, by [RumO1l Prop. 3], if A is semi-abelian,
then it is left quasi-abelian if and only if it is right quasi-abelian if and only if it
is quasi-abelian. Dually, for the second result we only require that A is left semi-

abelian and right quasi-abelian. The proof we give is inspired by that of Auslander
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and Reiten; however, since regular morphisms may not be isomorphisms or, for
example, monomorphisms may not be kernels in the categories we are dealing with,

we must consider some different short exact sequences in the proof.

Proposition IV.2.3. Suppose A is a quasi-abelian category andthat f: X — Y isa
morphism in A with cokernel c¢:'Y — C. If f is irreducible, then forallv: V — C
either there exists vi: V — Y such that cv; = v or there exists vo: Y — V such
that ¢ = vvy. Furthermore, if X Ly & Cisa non-split short exact sequence,

then the converse also holds.

Proof. First, suppose that f: X — Y isirreducible and that v: V' — (' is arbitrary.
As A is quasi-abelian and thus semi-abelian, we may decompose (im f) o p, where
im f: L — Y is the image of f and p: X — L is an epimorphism. Since A is

quasi-abelian we may consider the following commutative diagram

K
%W
L » 7

g
=
&
S
L
——
S
O
——
<

where F is the pullback of c along v, a is a cokernel since cokernels are stable under
pullback in (left) quasi-abelian categories and the induced morphism w: K — L is
an isomorphism by [RumOT, Lem. 1]. Then f = (im f) o p = w o ((kera)w™'p),

so either (ker a)w™'p is a section or u is a retraction as f is irreducible.

If (ker a)w™!p is a section then there exists v} : E — X such that v} (ker a)w™1p =
1x. Then pvi(kera)w™'p = p = 1rp implies pv|(kera)w™ = 1 as p is epic.
Thus (ker a)w™ is a section, and hence ker a is a section as w ™! is an isomorphism.

Since a is a cokernel, we have a = coker(ker a) by Lemmal|ll.9.8] Therefore, ker a
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is a section implies «a is a retraction by the Splitting Lemma (Proposition [II.10.3)).
That is, there exists v{: V' — E such that av] = 1. Define v; = wv] and note
that cv; = cuv! = wvav! = v. Otherwise, u is a retraction and so there exists
vh: Y — E with uv), = 1y. Setting vy := av) we see that vvy = vavh = cuvh = c.

This concludes the proof of the first statement.

For the converse, we assume that X Ly & Cisa non-split short exact sequence
and, further, that for all v: V' — C either there exists v;: V — Y such that cv; = v

or there exists vo: Y — V such that ¢ = vv,. Then f is not a section or a retraction,

by Lemma [I1.10.5, as X Ly & Cis non-split. It remains to show part (iii)
of Definition |II.3.3] To this end, suppose f = hg for some g: X — U and

h: U — Y. Since hg = f = kerc is a kernel, g is also a kernel by [RumO1}

Prop. 2] as A is quasi-abelian and so, in particular, right semi-abelian. Thus,

coker g,

g = ker(coker g) (by Lemmal1.9.8) and X —2— U : is short exact.

Consider the commutative diagram

X 4 L,y o,y
H b
X I Ly c 5 C

where v exists since (ch)g = cf = 0. Since 1y is an isomorphism, coker g and c are
cokernels, and A is quasi-abelian, by [RumO1, Prop. 5] we have that the right square
is exact (see Definition[[1.9.15)). By assumption, either there exists v;: V' — Y such
that cv; = v or there exists vo: Y — V such that ¢ = vv,. In the first case, we have

the following situation

v

coker g

<

<—
<

—
O
C

Q
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since cv; = v = vly, and hence there exists a (unique) morphism a: V' — U such
that (coker g) o a = 1y (and v; = ha). Thus, coker g is a retraction and by the
Splitting Lemma (Proposition [[I.10.3) we have that g is a section. Otherwise, in the
case where v, exists, we have that there is a (unique) morphism b: Y — U such
that hb = 1y (and (coker g) o b = wvs), in which case & is seen to be a retraction.

The following diagram summarises this case.

v2

coker g

<

v

‘—

Q

E—
i
—<
Therefore, f is irreducible and the proof is complete. [ |

The dual statement is as follows.

Proposition I1V.2.4. Suppose A is a quasi-abelian category. Suppose f: X — Y
is a morphism in A with kernel ker f: Ker f — X. If f is irreducible, then for all
u: Ker f — U either there exists uy: X — U such that u; ker f = w or there exists

ker
ef>X f>Yis

ug: U — X such that ker f = usu. Furthermore, if Ker f

a non-split short exact sequence, then the converse also holds.

The next two propositions together give a combined version of [AS80, Lem. 3.8]
and [ASS06, Lem. IV.1.9] valid for any S-category. We provide a full proof as the
proof of the corresponding result for module categories is omitted in [AS80]. We
also note that the equivalence of |(1)| and in each statement below has already
appeared in the proof of [AR77a, Thm. 2.4] in the setting of an additive category

with split idempotents.

Proposition IV.2.5. Let f: X — Y be a morphism in an S-category A, where

End 4 X is a local ring. Then the following are equivalent:
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(1) f is not a section;
(i) ferada(X,Y),;
(iii) Im(Hom(f, X)) C J(End4 X) = rad(X, X); and

(v) for all Z € A the image Im(Homu(f,Z)) of the map
Hom(f, Z): Homyu(Y, Z) — Homy (X, Z) is contained in rad 4( X, Z).

Proof. First, assume f = 0. If f were a section then we would have 1y = gf =
0 for some g: Y — X, but this is impossible as End4 X is local so X # 0.
Thus, f is not a section and (i) holds true. Furthermore, for any Z € A, we have
Im(Homyu(f, Z)) = 0if f = 0, and so is contained in rad 4(X, Z). That is, (iii)
and (iv) are satisfied. Since rad 4 is an ideal of A, f = 0 € rad4(X,Y) and (ii)

also holds in this case.
Therefore, we may now assume f # 0. It is clear that (iv) implies (iii).

(iii) = (i). If f is a section, then there exists g: Y — X with Hom4(f, X)(g) =
gf =1x € Im(Hom4(f, X))\ J(End 4 X), so Im(Hom(f, X)) € J(End 4 X).

(i) = (ii). Suppose f is not a section. Since End 4 X is local, rad 4(X, X) =
J(End 4 X) is the set of all non-left invertible elements of End 4 X by Proposition
Let g: Y — X be arbitrary and consider gf: X — X. Notice that gf
cannot have a left inverse because we are assuming f is not a section. Therefore,
gf € rady(X, X) and 1x — gf is invertible. This is precisely the requirement for

f to be radical.

(ii) = (iv). Suppose f € rad4(X,Y),andlet Z € Aand g: Y — Z be arbitrary.
Since rad 4 is an ideal of A, we immediately see that Homu(f, Z)(g9) = gf €
rad4(X, Z) and so Im(Hom(f, Z)) C rad4(X, Z). |

Proposition I1V.2.6. Let f: X — Y be a morphism in an S-category A, where

End 4 Y is a local ring. Then the following are equivalent:
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(1) f is not a retraction;
Gi) f € rada(X,Y);
(i) Im(Homu(Y, f)) C J(End4Y) = rad4(Y,Y); and
(v) for all Z € A the image Im(Homu(Z, f)) of the map

Hom(Z, f): Homa(Z, X) — Homu(Z,Y) is contained in rad o(Z,Y).

Immediately from the above two results, we have the following.

Corollary IV.2.7. Let A be an S-category and f: X — Y a morphism in A,
and suppose End 4 X is local or End 4 Y is local. If f is neither a section nor a

retraction, then f € rad 4(X,Y).

So far we have only studied irreducible morphisms and, as mentioned earlier, we

will also be concerned with (minimal) left/right almost split morphisms.

Proposition IV.2.8. Let A be an additive category with split idempotents.

(1) If f: X — Y is minimal left almost split and Y # 0, then f is irreducible.

(i) If f: X — Y is minimal right almost split and X # 0, then f is irreducible.

Proof. For (i), notice that f satisfies the criterion in [AR77a, Thm. 2.4 (b)].

Statement (ii) is dual. [ |

The next proposition is an observation that we may generalise [BSS11, Prop. 2.18]
to a category with split idempotents that is not necessarily Krull-Schmidt, e.g. the
category of all left R-modules for a ring R, or the category of all Banach spaces
(over R, for example). This result generalises [AR77a, Cor. 2.5] since an irreducible
morphism with a domain or codomain that has local endomorphism ring is radical
by Corollary We omit the proof as the one given in [BSS11]] holds in our
generality using [Biih10, Rem. 7.4]. See [Bau82, Prop. 3.2] also.
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Proposition IV.2.9. Let A be an additive category with split idempotents. Suppose

f: X — Y isaradical irreducible morphism in A.

(1) If 0 # g: W — X is a section, then fg: W — Y is irreducible.

(i) If 0 # h: Y — Z is a retraction, then hf : X — Z is irreducible.

The following is a version of [[AR77a, Prop. 2.10] for the quasi-abelian setting.
We will see that the idea behind the proof is the same, but we have to negotiate
around the fact that the class of kernels (respectively, cokernels) does not necessarily
coincide with the class of monomorphisms (respectively, epimorphisms) in the

category.

Proposition IV.2.10. Suppose A is a quasi-abelian category.

) If f: X — Y is an irreducible monomorphism, Y is indecomposable and

v: V — Coker f is any irreducible morphism, then v is epic.

() If f: X — Y is an irreducible epimorphism, X is indecomposable and

u: Ker f — X is any irreducible morphism, then u is monic.

Proof. We only prove (i) as (ii) is dual. Suppose f: X — Y is an irreducible
monomorphism, and that Y is an indecomposable object. First, if C' :== Coker f =
0 then any morphism v: V' — ('is trivially epic as A is additive, so we may suppose
C #0.

/

c:=coker ji\

s Y » C.

Consider the (not necessarily short exact) sequence X
Letv: V' — C be an irreducible morphism in .A. By Proposition[TV.2.3]either there
exists v1: V' — Y such that cv; = v or there exists v5: Y — V such that ¢ = vv,.
In the latter case, as c is epic, v would also be epic and we would be done. Thus,
suppose no such v, exists. Then there exists v;: V' — Y with cv; = v. But v
is irreducible, and so either c is a retraction or vy is a section. If ¢: Y — C'is

a retraction, then by Lemma we have that ¢ is an isomorphism since Y is
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indecomposable and C' # 0. However, this implies f = ¢ 'cf = 0 and in turn
yields 1x = 0, since f o 1x = f = 0 and f is monic. Thus, we would have X = 0
and f is in fact a section, which contradicts that f is irreducible. Hence, ¢ cannot

be a retraction and so v;: V' — Y must be a section.

IfV =0thenv: 0 =V — ('is a section, which is impossible as v is assumed to
be irreducible. Therefore, V' # 0 and hence, by Lemma [[1.9.7| again, v;: V — Y
must be an isomorphism and, in particular, an epimorphism. Finally, we observe
that v = cv; is the composition of two epimorphisms and hence an epimorphism

itself. u

Definition IV.2.11. [RW77, p. 522] Let A be an additive category. A
kernel (respectively, cokernel) is called semi-stable if every pushout (respectively,

pullback) of it is again a kernel (respectively, a cokernel).

Example IV.2.12. Consider a stable exact sequence &: X Ly % z (see

Definition [I[1.10.8). Let a: X — X’ be a morphism, and form the sequence a&
as in Definition [II.10.6 Since ¢ is stable, the sequence a¢ is short exact and hence
the pushout of f along a is again a kernel. Thus, f is a semi-stable kernel. Dually,

g is a semi-stable cokernel.

Remark 1V.2.13. All kernels are semi-stable in a right quasi-abelian category and
all cokernels are semi-stable in a left quasi-abelian category. In particular, all short

exact sequences are stable in a quasi-abelian category.

Theorem IV.2.14. Suppose £: X LY % 7 and & X By % 7 are wo

complexes in a preabelian category A.
(i) If & is short exact with g semi-stable, &' is left exact and (1x,v,17): & — &
is a morphism of complexes, then v is an isomorphism.

(i) If & is short exact with f' semi-stable, & is right exact and (1x,v,17): & = &

is a morphism of complexes, then v is an isomorphism.
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Proof. Statement (i) is just [RW77, Thm. 6], and (ii) is a dual version. [ |

Lemma IV.2.15. Let A be a preabelian category. Suppose &: X Ly % Zisa
short exact sequence and that f or g is semi-stable. Suppose there is a morphism
(u,v,w): & — & of short exact sequences for whichu € Auty X and w € Auty Z.

Thenv € Aut, Y.

Proof. Since u and w are automorphisms, and (u,v,w): & — & is a morphism of

short exact sequences, we obtain a commutative diagram

wg

x Iy g
| N
¥

x 1 N

with exact rows. If f is semi-stable, then v is an automorphism using Theorem
IV.2.14|(ii). If g is semi-stable, then it follows that wg is also semi-stable as w is an
isomorphism. Thus, by Theorem [[V.2.14] (i), we have that v is an automorphism of

Y. |

Our main theorem in generalises Theorem and part of the proof uses
tools to detect when an endomorphism (u, v, w) of a short exact sequence is in fact
an isomorphism, i.e. u,v,w are all isomorphisms. We present generalisations of
these tools now, and we will see the work of used below. We will assume
for simplicity that a preabelian category A is skeletally small whenever our proofs
require the use of an extension group. However, we only really need that the first

extension group is a set in the relevant arguments (see Remark [[I.10.12)).

Recall that an additive category A is called Hom-finite if A is an S-category, for
some commutative ring S, and Hom 4(X,Y") is a finite length S-module for any

X,Y € A; see Definition [[1.6.13
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Proposition 1V.2.16. Let A be a Hom-finite category. Suppose we have a

commutative diagram

Xty 92,7
Xf>Yg>Z

in A with non-split short exact rows. If Endg X (respectively, Endy Z) is
local and w (respectively, ) is an automorphism, then u (respectively, w) is an

automorphism.

Further, if A is also preabelian and if f or g is semi-stable, then v is also an
automorphism in this case.

Proof. Suppose that End 4 X is local and w is an automorphism of Z. Showing that

u 1s an automorphism in this case is the same as in [ASS06, Lem. IV.1.12].

Now assume A is also preabelian, and that f is a semi-stable kernel or g is a semi-

stable cokernel. Consider the commutative diagram

-1
x Ity M,z
[
X 7 Y —— 7
that has short exact rows. Then v is an automorphism by Lemma [ |

The following corollary is a generalisation of [ASS06, Lem. IV.1.12] to a quasi-
abelian Hom-finite setting, and it follows quickly from Proposition [[V.2.16|in light

of Remark

Corollary IV.2.17. Let A be a Hom-finite category, which is left or right quasi-
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abelian. Suppose we have a commutative diagram

Xty 2,7
Xf>Yg>Z

in A with non-split short exact rows. If Endg X (respectively, Endy Z) is
local and w (respectively, ) is an automorphism, then u (respectively, w) is an

automorphism. Furthermore, v is also an automorphism.

The next proposition is a generalisation of [AR77a, Lem. 2.13] for preabelian
categories. However, note that we need to assume the short exact sequence in

question is stable.

Proposition IV.2.18. Let A be a skeletally small, preabelian category. Suppose we

have a commutative diagram

x -ty _ 2,7
Xf>Yg>Z

in A, where &: X Ly % Zisa non-split stable exact sequence. If End 4 X
(respectively, End 4 Z) is local and w (respectively, u) is an automorphism, then u

(respectively, w) and hence v are automorphisms.

Proof. Suppose End 4 X is local and w lies in Aut 4 Z. The proof is that of [AR77all
with the following adjustments. In order to show w is an automorphism, one needs
that u¢ = €1, = ¢ and that Ext!,(Z, X) is a left End 4 X-module, which follow
from [RW77, Cor. 7] and Theorem I.10.16] respectively. Lastly, an application of
Lemma[[V.2.15]yields that v is also an automorphism. |

Since all short exact sequences are stable in a quasi-abelian category (see Remark
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[V.2.13), we obtain a direct generalisation of [AR77a, Lem. 2.13] as follows.

Corollary IV.2.19. Let A be a skeletally small, quasi-abelian category. Suppose

we have a commutative diagram

X Jtsy 2,7
Xf>Yg>Z

in A, where X Ly % Zisa non-split short exact sequence. If Endy4 X
(respectively, End 4 Z) is local and w (respectively, w) is an automorphism, then

u (respectively, w) and hence v are automorphisms.

The following definition has been given by Auslander for abelian categories (see
[Aus74, p. 292]), but we may adopt the same definition for additive categories and

we are able to derive some of the same consequences.

Definition I1V.2.20. [Aus74, p. 292] Let A be an additive category with an object
X. Suppose .#: A — Ab is a covariant additive functor to the category Ab of all
abelian groups. An element z € % (X)) is said to be minimal if x # 0 (where 0 is
the identity element of the abelian group .# (X)), and if for all proper epimorphisms
f: X — Yin A, we have that 7 (f): .7 (X) — Z(Y) satisfies .Z(f)(z) = 0.

A definition of minimal can be made for a contravariant functor ¢4: A — Ab by

considering ¢ as a covariant functor 4°° — Ab.

An immediate result is a version of [Aus/74, p. 292, Lem. 3.2 (a)] for additive

categories.

Proposition 1V.2.21. Let A be an additive category with an object X. Suppose
F: A — Abis a covariant additive functor. If % (X) has a minimal element, then

X is indecomposable in A.
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Proof. Assume z € .%(X) is minimal, and that X = X; @& X, with X3, X,
both non-zero. Let ¢;: X; — X and m;: X —» X, be the canonical inclusion
and projection morphisms, respectively, for = 1,2. Note that 7; is a proper
epimorphism for i = 1,2 since X; and X, are non-zero. Therefore, % (m;)(z) = 0

for s = 1,2 as x is minimal. However, this implies

r = lgx)(r)=F(1x)(x) as .# is a functor
= J(L17T1+L27T2)<I') asX:Xl@Xg
= Z(ym)(x) + .ZF(1am2)(x) as .# is additive

(
= F(1)(F(m)(z)) + F(12)(F(m3)(x)) as.Z is covariant
0

since .7 (m;)(z) = 0.

This is a contradiction because = # 0 since it is minimal. Hence, X must be

indecomposable. [ |

The next proposition generalises [AR77a, Prop. 2.6 (b)] to a semi-abelian setting.
The strategy in the proof is the same, but we need a technical result from [RumO1]

in order to work in a category with less structure. Recall that if A is skeletally small,

then Ext!,(—, —) is an additive bifunctor (see Theorem |[1.10.17).

Proposition 1V.2.22. Let A be a skeletally small, semi-abelian category with
objects X, Z. Consider the covariant additive functor ExtY(Z,—): A — Ab and
the contravariant additive functor Exth(—, X): A — Ab. Suppose £: X Ly 4%
Z is an element of Ext!(Z, X).

(i) If f is irreducible, then ¢ € ExtYy(—, X)(Z) is minimal, and hence Z is
indecomposable.
(ii) If g is irreducible, then ¢ € Ext'(Z,—)(X) is minimal, and hence X is

indecomposable.

Proof. We prove (ii); the proof for (i) is similar. Suppose g is irreducible in the
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stable exact sequence &: X Ly 4% 7. Since g is not a retraction, by the Splitting
Lemma (Proposition we know ¢ is not split and hence £ # 0 in Ext;(Z , X).
Suppose a: X — X is a proper epimorphism. We will show that Ext!,(Z, a)(¢) =
a& = 0, i.e. the short exact sequence af is split. By definition, a£ comes with some

commutative diagram

¢ x 1y 9,7
flD g1
a: X > Y] A

where the left square is a pushout square. Thus, g = g;b and so g is a retraction or

b is a section as ¢ is assumed to be irreducible.

Assume, for contradiction, that b is a section. Then there exists r: Y; — Y such
that b = 1y. This yields (rf1)a = rbf = f = ker g. As A is (right) semi-abelian,
we have that a is also a kernel by [RumO1,, Prop. 2]. Therefore, a is an epic kernel
and hence an isomorphism by Proposition[[1.9.9] which contradicts that  is a proper

epimorphism. Hence, b cannot be a section.

Thus, g, must be a retraction, whence a: X, A Yi Iy Zis split (Proposition
11.10.3|again) and a¢ = 0 in ExtY(Z, —)(X}). Since a: X — X, was an arbitrary

proper epimorphism, we see that £ is a minimal element of Ext;(Z, —)(X) and that

X is indecomposable by Proposition u

We also observe that [AR77al Prop. 2.11] remains valid in a more general situation.

Proposition 1V.2.23. Let A be a skeletally small, preabelian category. Suppose
f: X — Y is an irreducible morphism in A and let Z be an object of A.

() If Homa(Y, Z) = 0, then 0 — Ext}(Z, X) —4@0 gt (7,v)

s exact.
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Extl (f,2)

(ii) If Homy(Z, X) = 0, then 0 ——— Ext', (Y, 2) Exty (X, Z)
is exact.
Proof. This is an arrow-theoretic translation of the proof from [AR77al. [ |

The next result is an analogue of [AR77a, Prop. 2.8] for which we need the theory
of subobjects in an abelian category. Recall that two monomorphisms 7;: X; —
X and 79: X2 — X in an abelian category are said to be equivalent if there is
an isomorphism f: X3 =, X5 such that ;7 = 75 o f. Then a subobject of an
object X in an abelian category is an equivalence class of monomorphisms into X .
Furthermore, if :: V' — X and j: W — X are representatives of subobjects of X,
then we write V' C W if there exists a morphism g: V' — W such thati = j o g.
See [Kral3l] or [Fre03]] for more details.

Proposition 1V.2.24. Let A be a skeletally small, quasi-abelian category and

suppose X Ly 4 Zisa non-split short exact sequence in A.

(1) The morphism f is irreducible if and only if, for any subobject
F of Homu(—,Z), we have either F contains or is contained
in Im(Homy(—,g)), the image of the natural transformation

Hom(—, g): Homy(—,Y) — Homu(—, 2).

(i1) The morphism g is irreducible if and only if, for any subobject
ZF of Homyu(X,—), we have either ¥ contains or is contained
in Im(Homu(f,—)), the image of the natural transformation

Hom(f, —): Hom(Y,—) — Hom4 (X, —).

Proof. Note that the category of functors A — Ab is abelian as A is skeletally small
(see [Pre09, Thm. 10.1.3]). The proof is identical to that for [AR77a, Prop. 2.8],
noting that we may use [Pre09, Prop. 10.1.13], and Propositions [TV.2.3|and [V.2.4]
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Proposition [V.2.25| and its dual, Proposition below give analogues of one
direction of parts (a) and (b) of [AR77a, Cor. 2.9] for quasi-abelian categories.
There is an obvious method to prove (ii) in light of Proposition but the details

are omitted in [AR77a] so we include them here for completeness.

Proposition IV.2.25. Let A be a quasi-abelian category and suppose £ : X Ly 4
Z is a non-split short exact sequence in A. Suppose [ is irreducible. Then the

following statements hold.

(i) For any proper subobject v:Y' — Y such that Im f C Y’ given by a

monomorphism s: Im f — Y, we have that s is a section.

(ii) For any short exact sequence £': A % B LN Z, either there exists j: A — X

such that j&' = £ or there exists i: X — A such that £&1 = &

Proof. Suppose f is irreducible. To show (i) holds, we assume ¢: Y/ — Y is a
proper monomorphism and s: Im f — Y’ is a monomorphism such that im f = ¢s.
Since A is preabelian and ¢ is short exact, we have that f = ker g = ker(coker f) =
im f by Lemma Therefore, f/ = s and hence either ¢ is a retraction or s is
a section. If ¢ is a retraction then it would be a monic retraction, and hence an
isomorphism by Proposition But this contradicts our assumption on ¢, SO we

must have that s is a section.

For (ii), if A > B Y 7 is a short exact sequence, then by Proposition [[V.2.3|either
there exists v;: B — Y with gv; = b or there exists vy: Y — B with g = bv,.
This will yield one of the two morphisms of short exact sequences indicated in the

following diagram.
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Therefore, we need only show that the left square I is a pushout in either case.
However, this follows immediately from the dual of [RumO1, Prop. 5] since a, f

are kernels and 1 is an isomorphism. [ |

Proposition IV.2.26. Let A be a quasi-abelian category and suppose £ : X Ly 4
Z is a non-split short exact sequence in A. Suppose g is irreducible. Then the

following statements hold.

(i) For any non-zero subobject X' < X, the induced morphism 1 Y/X' =

Coker(ft) — Z is a retraction.

(ii) For any short exact sequence &' : X LN JRN C, either there exists j: Z — C

such that £'j = £ or there exists i: C — Z such that 1§ = £

IV.3 Auslander-Reiten theory in Krull-Schmidt

categories

Let A denote an S-category, for some commutative ring S, and let Z denote an
ideal of A. For a morphism f: X — Y in A, we will denote by f the morphism
f + Z(X,Y) in the additive quotient S-category .A/Z. For most of this section
we will study Krull-Schmidt categories that are not necessarily Hom-finite. There
are very interesting examples of Hom-infinite generalised cluster categories (see
[Am109]], [Plalla], [KY11]) coming from quivers with potential. In these examples,
a certain Krull-Schmidt category has been used in [Plal1b]] to show the existence
of cluster characters for Hom-infinite cluster categories. We provide an example of

this kind at the end of this section (see Example [TV.3.20).

Before we begin our study of Auslander-Reiten theory in Krull-Schmidt categories,
we present a series of lemmas inspired by [AR77b, Lem. 1.1]. The proofs are

omitted since they are easy generalisations of those in [AR77b].
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Lemma IV.3.1. Suppose XY € Aand f € T(X,Y). If 1x ¢ Z(X, X) or 1y ¢
Z(Y,Y), then f: X — Y is not an isomorphism.

Lemma IV.3.2. Suppose X = @, | X; in A, with Ends X; local and 1x, ¢
Z(X;, X;) foreachi = 1,... n. Foranendomorphism f: X — X, if f € Z(X, X)
then f € rad4(X, X).

Lemma IV.3.3. Suppose X = @;_, X;andY = @], Yj in A, with End 4 X; and
End4 Y] local for all i, j. Let f: X — Y be a morphism in A.

() If 1x, ¢ Z(X;, X;) V1 < i < n, then f is a section in A <= f is a section
in A/T.

(i) If 1y, ¢ I(Y;,Y;) V1 < j < m, then f is a retraction in A <= 7 is a

retraction in A/T.

(ii) If 1x, ¢ Z(X;, X;) and 1y, ¢ Z(Y;,Y;) for all i, j, then [ is an isomorphism

in A <= f is an isomorphism in A/L.

The forward direction of the next lemma can be found in [Liul0] just above [Liul0,

Def. 1.6], but it is a short argument so we include it here for completeness.

Lemma IV.34. Suppose X = @) | X, in A, with Enda X; local and 1x, ¢
I(X;, X;) foreach i = 1,...,n. Then End 4 X is local if and only if End 47 X is

local.

Proof. (=) If End4 X is local, then Z(X, X) is contained in the Jacobson radical
J(End 4 X), which is the unique maximal ideal of End 4 X, since 1x ¢ Z(X, X).
Then End 4,7 X has unique maximal ideal J(End 4 X)/Z(X, X).

(<) Conversely, assume End 4,7 X is local and let u: X — X be a non-unit in
End 4 X. We will show that 1x — « is a unit in End 4 X (and thus conclude that
End4 X is local by Proposition [II.1.44). If % is a unit in End 4,7 X then 1y = wo
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for some v: X — X. Then 1x —wv € Z(X, X)), so 1 x — uwv is radical by Lemma
Then uv = 1x — (1x — ww) is a unit, so that u has a right inverse. A
similar argument also shows u has a left inverse and so « is a unit, contrary to our
assumption on u. Thus, % is not invertible and, as End 4,7 X is local, # must be
radical. Therefore, 1x — % is a unit in End 4 sz X. So for some w: X — X we have
w(1lx —u) = 1x. This shows that 1x — w(1x — u) € Z(X, X) must be radical
using Lemma([V.3.2]as before, so w(ly —u) = 1x — (1x —w(lx —u)) is invertible
and 1x — u has a left inverse. Again, a similar argument shows 1x — wu has a right

inverse, and hence a two-sided inverse. [ ]

Remark 1V.3.5. Asnoted in [Liul0, p. 431], this implies that if A is a Krull-Schmidt
S-category then A /7 is also a Krull-Schmidt S-category.

Recall that a weak (co)kernel is just like a (co)kernel but without the uniqueness
condition in the universal property (see Definition [[I.3.3). It is easy to show that a
morphism is a pseudo-(co)kernel, in the sense of [Liul0], if and only if it is a weak
(co)kernel. We call a sequence X i> Y 2 Z short weak exact if f is a weak kernel

of g and ¢ is a weak cokernel of f.

Definition IV.3.6. We call a sequence X LY % Zin A an Auslander-Reiten

sequence (in an additive category) if the following conditions are satisfied.

(i) The sequence is short weak exact.
(i) The morphism f is minimal left almost split.
(i11)) The morphism ¢ is minimal right almost split.
In an almost identical way, Liu defines an Auslander-Reiten sequence for a Hom-
finite, Krull-Schmidt category in [Liul0]. However, we do not impose the condition

that the middle term be non-zero, because Auslander-Reiten sequences of the

form X — 0 — Z do appear, for example, in the bounded derived category
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D’(kA; —mod) of the path algebra kA, where k is an algebraically closed field,
and A; is the quiver with one vertex and no arrows. As we will see now, the results
of [Liul0, §1] can be generalised to the not necessarily Hom-finite setting. First,

we note that [Liul0, Lem. 1.1] is still valid for an arbitrary additive category.

Next, we state a more general version of [Liul0, Prop. 1.5]; the proof from [LiulO]

carries over to our setting.

Proposition I1V.3.7. Suppose A is a preabelian category, and let £: X Ly %z

be an Auslander-Reiten sequence in A with'Y # 0. Then & is short exact.

Recall that an additive category A is Krull-Schmidt if, for any object X of A, there
exists a finite direct sum decomposition X = X; & --- @ X,, where End 4(X;) is a

local ring for i = 1, ..., n (see Definition [II.1.45]).

Throughout the remainder of this section, we further assume that A is a Krull-
Schmidt category unless otherwise stated. In particular, A has split idempotents (see
Definition [[1.9.4)), and an object X € A is indecomposable if and only if End 4 X

is local. We still assume 7 is an ideal of A.

The following lemma is a generalisation of [Liul0, Lem. 1.2] that will be needed to
prove a uniqueness result about Auslander-Reiten sequences in a Krull-Schmidt
category (see Theorem [[V.3.9). Part of the proof in [Liul0O] uses heavily that
the category is Hom-finite, so the corresponding part of the proof below is quite

different in nature.

Lemma IV.3.8. Suppose
y 1z
Y Z

is a commutative diagram in A, with f, g both non-zero.

g
—

(1) If f, g are minimal right almost split, then u € Aut, Y <= v € Autq Z.
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(i) If f, g are minimal left almost split, then u € Aut, Y <= v € Auty Z.

Proof. We prove only (i) as the proof for (ii) is dual. Assume f, g are non-zero,
minimal right almost split morphisms with vf = gu. Note that the argument in
[Liu10O] that v is an automorphism of Y whenever v is an automorphism of Z works
here as well, so we only show the converse. We observe for later use that Y, 7 are

both non-zero since there exists a non-zero morphism between them.

Therefore, suppose u € Auty Y with inverse u L.

Since f is right almost split,
we have that End 4 Z is local, so Z is indecomposable. Assume, for contradiction,
that v is not a retraction. Then v factors through the right almost split morphism

g as, say, v = ga for some a: Z — Y. In particular, we see that ¢ = guu~! =

vfu~t = gafu~! and hence afu~! is an automorphism of Y as g is right minimal.
This means that a is a retraction. Then, by Lemma [[I.9.7} we have that a is an
isomorphism because Z is indecomposable and Y # 0. However, this yields that
f=at (af u‘l)u is an isomorphism, and hence a retraction, which contradicts that

f is right almost split. Hence, v must be a retraction, and thus also an isomorphism

by Lemma|lI.9.7 [ |

Now we generalise [LiulO, Thm. 1.4] to a not necessarily Hom-finite (but still

Krull-Schmidt) setting.

Theorem I1V.3.9. Let A be a Krull-Schmidt category, and suppose X Ty Sz

is an Auslander-Reiten sequence in A with' Y # 0.

(1) Up to isomorphism, X Ty Ly Z s the unique Auslander-Reiten

sequence starting at X and the unique one ending at Z.

(i) Any irreducible morphism f,: X — Yj or g,: Y1 — Z fits into an Auslander-

S
Reiten sequence X _<f2) ' Y18 Y, (91 92)

Z.
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Proof. Follow the proof in [LiulO], replacing the use of [Liul(, Lem. 1.2] with
Lemma[V.3.8l [ |

For a Hom-finite, Krull-Schmidt category, Liu identifies a nice class of ideals—
admissible ideals. It is observed in [Liul0] that, for such an ideal Z of a Hom-finite,
Krull-Schmidt category A, irreducible morphisms (between indecomposables)
and minimal left/right almost split morphisms remain, respectively, so under the
quotient functor 4 — A/Z. We adopt the same definition but without the Hom-

finite restriction.

Definition IV.3.10. [LiulQ, Def. 1.6] Suppose A is a Krull-Schmidt S-category.

An ideal Z of A is called admissible if it satisfies the following.

(i) Whenever X,Y € A are indecomposable such that 1x ¢ Z(X, X) and 1y ¢
Z(Y,Y), then Z(X,Y) C rad%(X,Y).

(ii) If f: X — Y is minimal left almost split, where 1y ¢ Z(X,X), and g €
Z(X, M), then we can express g = hf for some h € Z(Y, M).

(iii) If f: X — Y is minimal right almost split, where 1y ¢ Z(Y,Y), and g €
Z(M,Y), then we can express g = fh for some h € Z(M, X).

Example IV.3.11. Suppose B C A is a full subcategory closed under direct sums
and direct summands. Then the ideal [B] of morphisms factoring through objects of

B is admissible. See [Liul0, Prop. 1.9].

The next result follows quickly from the definition of an admissible ideal.

Lemma IV.3.12. Suppose T is an admissible ideal of A. Suppose X = @, X,
and Y = @;’;1 Y; are decompositions into indecomposables in A with 1x, ¢

I(X, Xi), 1y, ¢ Z(Y;,Y;) forall i, j. Then Z(X,Y) C rad% (X, Y).
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Proof. Let f € Z(X,Y') be arbitrary and write
Jiu o fin

fml fmn

where f;;: X; — Y. Then for each i, j we have f;; = 7, fi;, € Z(X;,Y;), where
i1 Y — Y is the natural projection and ¢;: X; — X is the natural inclusion.
Since 7 is admissible and 1x, ¢ Z(X;, X;), 1y, ¢ Z(Y},Y;), we have that fj; €
Z(X;,Y;) C rad%(X;,Y;) for each i,j. Therefore, f is a sum of morphisms in

rad%(X,Y) and hence f € rad%(X,Y) as desired. |

The next lemma generalises [LiulO, Lem. 1.7 (1)]. The proof in [LiulO] makes use
of a specific characterisation of irreducible morphisms between indecomposables
(see [Bau82, Prop. 2.4]), which we cannot use since we make no indecomposability
assumptions on the domain and codomain of the morphism. See also [AR77b| Prop.

1.2].

Proposition 1V.3.13. Suppose T is an admissible ideal of A. Suppose X =
D, X;andY = @;”:1 Y; are decompositions into indecomposables in A with
Ix, ¢ Z(Xy, Xi), 1y, ¢ Z(Y},Y;) for all i, j. Then f: X — Y is irreducible in A if
and only if f = f + Z(X,Y) is irreducible in A/T.

Proof. (=) Assume f: X — Y is an irreducible morphism in \A. By Lemma
f is neither a section nor a retraction in A/Z. Now suppose f = hg
in A/Z for some morphisms g: X — Z, h: Z — Y of A. Then f — hg €
Z(X,Y) C rad4(X,Y) by Lemmal[lV.3.12] Therefore, there is an object W € A
and morphisms a € rad (X, W),b € rad4(W,Y) such that f — hg = ba. This
yields f = hg +ba = (h b)(J), so that either (h b) is a retraction or (J) is a
section because f is irreducible. First, assume (i b) is a retraction. Then there

is a morphism (): Y — Z @ W such that 1y = (h b)({) = hs + bt. Now



IV.3. AUSLANDER-REITEN THEORY IN KRULL-SCHMIDT CATEGORIES 171

b erady(W,Y), so bt € rady(Y,Y) as rad 4 is an ideal of A. Then hs = 1y — bt
is invertible, so A is a retraction and hence £ is also a retraction. In the other case,

we find that g is a section in a similar fashion. Thus, f is an irreducible morphism.

(<=) Conversely, suppose f: X — Y is irreducible in A/Z. By Lemma f
cannot be a section or a retraction. Assume f = hgforsome g: X — Z,h: Z —Y
of A. Then in A/Z we have f = hg and so either h is a retraction or g is a section,
since f is irreducible. Therefore, & is a retraction or g is a section, respectively, by

Lemma|[V.3.3|again. Hence, f is irreducible. [ ]

In a not necessarily Hom-finite, Krull-Schmidt category, the results [LiulO, Lem.
1.7 (2), (3)], [LiulO, Prop. 1.8] and [Liul0, Lem. 1.9 (2)] all hold using the same
proofs that Liu provides. This concludes our work on generalisations of results from
[Liul0O, §1]. We now recall some last definitions from [Liul0O] and prove some new

results.

Definition 1V.3.14. [LiulQ, Def. 2.2] An object X € A is called pseudo-
projective (respectively, pseudo-injective) if there exists a minimal right almost
split monomorphism W' — X (respectively, minimal left almost split epimorphism

X —=Y)

Definition IV.3.15. [Liul0, Def. 2.6] Suppose A is a Krull-Schmidt S-category.
We call A a left Auslander-Reiten category if, for every indecomposable Z € A,
either Z is pseudo-projective or it is the last term of an Auslander-Reiten sequence
in A. Dually, A is a right Auslander-Reiten category if, for every indecomposable
X € A, either X is pseudo-injective or it is the first term of an Auslander-Reiten
sequence. If A is both a left and right Auslander-Reiten category, then we simply

call A an Auslander-Reiten category.

Remark 1V.3.16. Let C be a Krull-Schmidt triangulated category with suspension
functor . Then C is said to have right Auslander-Reiten triangles if for every

indecomposable Z there is an Auslander-Reiten triangle ending at Z (see Definition
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I1.7.25). That is, for each indecomposable Z there is a triangle X Ly &gz n

¥ X with f minimal left almost split and ¢ minimal right almost split. Therefore, a
Krull-Schmidt, Hom-finite, triangulated S-category that has right Auslander-Reiten
triangles is immediately seen to be a left Auslander-Reiten category in light of a
result of Liu: [LiulQ, Lem. 6.1] shows that X i> Y % 7 5 %X is an Auslander-
Reiten triangle if and only if X % ¥ % Zis an Auslander-Reiten sequence as in
Definition The Hom-finite assumption may be removed by noting that one
can use Theorem in the proof of [Liul0, Lem. 6.1]. (There is, unfortunately,
a clash in the usage of ‘left’ and ‘right’ between [Liul0O] and [RVdBO02].)

The following two propositions generalise [AR77b, Prop. 1.2], and the last theorem
of this section is an analogue of Theorem[[[.4.13|(see also [AR77a, Thm. 2.14]). For
the most part, the proofs are straightforward generalisations of those for the abelian
case, using the more general results from this chapter and [LiulO] as appropriate.
Thus, we only outline the proofs indicating the required generalised results where

it is clear what needs to be done, and provide more details otherwise.

Proposition I1V.3.17. Suppose A is a left Auslander-Reiten category. Let f: X —
Y be a morphism in A and let T be an admissible ideal of A. Suppose X =
D, X, and Y = @;n:l Y; are decompositions into indecomposables in A with
lx, ¢ Z(X;, Xi), 1y, ¢ Z(Y;,Y;) forall i, j. Then f = f + Z(X,Y): X = Y is
irreducible and right almost split in AJZ, if and only if there exists g: X' — Y in
Awith 1x, € Z(X', X") such that (f g): X ® X' — Y is minimal right almost
split in A.

Proof. (=) Use: Proposition [[V.3.13]instead of [AR77b, Prop. 1.2 (a)] to show f
is irreducible; Lemma and Lemma to show End 4 Y is local; and
[AR77a, Thm. 2.4] and that A is a left Auslander-Reiten category to obtain a
minimal right almost split morphism (f ¢): X ® X' — Y.

By [Liul0, Lem. 1.7], the morphism ( f §): X @& X’ — Y is minimal right almost
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split, and hence a non-retraction, in A/Z. Since f: X — Y is right almost split,
there exists (@ b): X ® X' — X suchthat (fa fb) = fo(ab)=(f g). We

now deviate from the proof given in [AR77b]. This implies

I
s
IS
—
S
SN~—
Il
il
Qf

so (@}) is an automorphism of X & X' in A/Z as ( f ) is right minimal. Hence,

o

0
there is (7 2) € End/z(X & X’) such that

ar + bt as+ bu
0 0

S|
vy
Qf
o (|
”
>
o
Q|
o (=l
S|
Wl

I
S|
(@)
I
S|

Therefore, 1y = 0 and hence 1x € Z(X', X').

(<) Use [Liul0, Lem. 1.7] to get that ( f §) is minimal right almost split in
A/Z, and that 7x: X — X @ X’ is an isomorphism in the factor category as
Iy € Z(X', X'). ]

Dually, the following is also true.

Proposition IV.3.18. Suppose A is a right Auslander-Reiten category. Let f: X —
Y be a morphism in A and let T be an admissible ideal of A. Suppose X =
@i, Xi and Y = D], Y; are decompositions into indecomposables in A with
lx, ¢ Z(X;, Xi), 1y, ¢ Z(Y;,Y;) for all i,j. Then [+ Z(X,Y): X — Y is
irreducible and left almost split in A/Z, if and only if there exists g: X — Y in A
with 1y, € Z(Y',Y") such that () : X — Y @Y is minimal left almost split in A.

Our main result of this section is the following characterisation of Auslander-
Reiten sequences, which is a more general version of [ASS06, Thm. IV.1.13].
Furthermore, statement (f) in [ASS06] has stronger assumptions than the
corresponding statement (vi) below: more precisely, in (vi) we do not assume any

indecomposability assumptions on the first and last term of the short exact sequence.
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Theorem 1V.3.19. Let A be a skeletally small, preabelian category. Let £: X EN
Y % Z be a stable exact sequence in A, i.e. ¢ € Ext'(Z,X). Then statements

(1)—(ii1) are equivalent.

(i) & is an Auslander-Reiten sequence.
(i) End4 X is local and g is right almost split.

(iii) End 4 Z is local and f is left almost split.

Suppose further that A is quasi-abelian and Krull-Schmidt. Then (i)—(vi) are

equivalent.

(iv) f is minimal left almost split.
(v) g is minimal right almost split.

(vi) f and g are irreducible.

Proof. From Definition and Lemma (ii) and (iii) follow from (i). To
show (ii) = (iii) and (iii) = (i), use Proposition instead of [ASS06, Lem.
IV.1.12]. And (ii1) = (i1) is dual to (ii) = (iii), so this establishes the equivalence
of (1)—(iii).

Now suppose further that 4 is quasi-abelian and Krull-Schmidt. Statements (iv)

and (v) follow from (i) by definition, and (iv) = (iii) is dual to (v) = (ii).

First, we claim that if g is right almost split then Y is non-zero. Indeed, if Y = 0
then 1, o g = g = 0, which implies 1; = 0 as g = coker f is an epimorphism
(since ¢ is short exact). However, if g is right almost split, then End 4 Z is local by

Lemmalll.3.12{and hence 1, cannot be the zero morphism.

(v) = (i1). Since g is right almost split, we may use our claim above to conclude

that g is irreducible by Proposition [[V.2.8|(i1) (as g is also right minimal). Then X is
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indecomposable by Proposition|I'V.2.22] which is equivalent to End 4 X being local
as A is Krull-Schmidt.

For (i) implies (vi), use Proposition (noting again that Y is non-zero if g is

right almost split).

(vi) = (ii). Suppose that f, g are irreducible. First we show that ¢ is right almost
split. Note that g is not a retraction as it is irreducible by assumption. Thus, let
h: M — Z be a non-retraction. Since 4 is Krull-Schmidt we may write M =
;. M;, for some indecomposable objects M;, and h = (hy --- h,) where
h;: M; — Z. Since h is not a retraction, it follows that no h; may be a retraction
either. Fix i € {1,...,n}. As f is irreducible, the criterion from Proposition
tells us that either there exists v; ;: M; — Y such that gv;; = h; or there
exists v;o: Y — M, such that g = h;v; 2. Suppose we are in the latter case and
that g = h;v; 2 for some v;9: Y — M,;. Then, as g is irreducible and h; is not a
retraction, we have that v, » is section. But }; is indecomposable and Y # 0 (as,
for example, g is irreducible), so v; 2 is in fact an isomorphism by Lemma In
this case, we then get h; = g o vw’l. Therefore, for all 1 < 7 < n we have that
h; = g o w; for some w;: M; —Y.Hence,h=(hy -+ h,)=go(w; -+ wy,)
and g is seen to be right almost split. Dually, we have that f is left almost split and
hence End 4 X is local by Lemmal[[1.3.12]

This shows (i)—(vi) are equivalent and finishes the proof. |

We conclude this section with an example of a Hom-infinite, Krull-Schmidt
category. The author is grateful to P.-G. Plamondon for communicating the

following example and answering several questions.

Example IV.3.20. Let £ be a field. Consider the quiver with potential (), W) where
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(@ is the quiver
|
RGNS

S NN
e —

and W = cba + cb'd’ is the potential. Following [KY11, §2.6], we recall the
construction of the complete Ginzburg dg algebra G = f(Q, W) associated to Q).

From (), consider the quiver @ :

ty

Q
// N

N
%63\“’;% tz

The quiver @ is given the following grading: arrows x, x’ have degree 0 and arrows

2’* have degree —1 for x € {a, b, c}, and the loop ¢; has degree —2 for 1 < i < 3.
Then G has underlying graded algebra given by the completion of the graded path
algebra k@ with respect to the ideal generated by the arrows of @ in the category of
graded k-vector spaces. Furthermore, G is a dg algebra, equipped with a differential

of degree +1.

Let mod—-G, K(G) and D(G) denote the category of right dg G-modules, the
homotopy category of right dg G-modules and the corresponding derived category,
respectively. The perfect derived category per G is the smallest full subcategory of
D(G) that contains G, and is closed under shifts, extensions and direct summands.

Let J(Q, W) denote the Jacobian algebra associated to (@, ). Then J(Q, W) is
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the complete path algebra lg@ modulo the closure of the ideal generated by 0, (V)
and 0, (W) for z € {a, b, c}, where

2,(W):= Y zy,
W=yxz

where the sum is over all decompositions of W with y, z (possibly constant) paths.
The sum 0, (W) is defined similarly. It is easy to check that J(Q, W) is infinite-

dimensional over k.

The category per GG is Krull-Schmidt by [KY 11, Lem. 2.17]. Furthermore, we have

Endper¢ G = Endpig G since per G is a full subcategory

12

Homg ) (G, G) since G is cofibrant
(see [KY11, pp. 2126-2127])
= H°(Hommed (G, Q))
= H(G)
= J(Q,W) by [KY11, Lem. 2.8].

It follows that per GG is a Hom-infinite k-category and is also Krull-Schmidt. We
remark that, by [Plal1b, Lem. 2.9], the corresponding cluster category is also a

Home-infinite k-category in this case.

IV.4 An example from cluster theory

Let £ be a field. In this section, we will present an example coming from cluster

theory that encapsulates some of the theory we have explored.

Recall that the Auslander-Reiten quiver I'yg(A) of a Krull-Schmidt k-category A
has isoclasses of indecomposable objects as its vertices and irreducible morphisms
(up to a scalar) as the arrows. See also Remark This gives a complete

pictorial description of A in sufficiently nice cases, eg. A = A-mod
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for a representation-finite, finite-dimensional algebra A, and a nearly complete
description in some other cases, e.g. A = A—mod for a tame finite-dimensional

algebra A.
Example IV.4.1. Let k be a field. Consider the cluster category C := Cy associated
to the linearly oriented Dynkin-type quiver

Q: 1—2—3.

Recall that C is a Krull-Schmidt, triangulated k-category (see Theorem [I1.8.5). Let
(—)[1] denote the suspension functor of C. Its Auslander-Reiten quiver, with the

mesh relations omitted, is

Pi[1] Pr=3 By[1]
A VSN
P[] Py =% I, =1 Py1]
N S s L N N
P3[1] P;=3 Sy =2 S =1 Pi[1]

where the lefthand copy of P;[1] is identified with the corresponding righthand copy
(forz = 1,2, 3); see Example We set R .= P, & P5, which is a basic, rigid
object of C. By add R[1] we denote the full subcategory of C consisting of objects
that are isomorphic to direct summands of finite direct sums of copies of R[1]. The
full subcategory X' consists of objects X for which Hom¢(R, X) = 0. Then the
pair ((S,T), (U,V)) = ((add R[1], Xr), (X, add R[1])) is a twin cotorsion pair on
C with heart # = C/[X] (see Lemma and Corollary or [Nak13}
Exam. 2.10], for more details), where [X| is the ideal of morphisms factoring
through objects of Xr. Note that [Xz| is an admissible ideal by Example as

X is closed under direct summands (see Proposition [[11.5.4]).

The subcategory Xp is described pictorially below, where “o” denotes that the
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corresponding object does not belong to the subcategory.

T = Xp=U
Pi[1]

/\/O\/

Py[1]

o o Py[1]
Vs \P/ NSNS \P

Ps[1]

P3[1] [1]

The heart H = C/[X] for this twin cotorsion pair is quasi-abelian by Theorem

I11.5.7, and is Krull-Schmidt (see Remark [IV.3.5). By [Liul0Q, Prop. 2.9], C/[XR]

has the following Auslander-Reiten quiver (ignoring the objects denoted by a “o”

that lie in X'g).

H =C/[Xz]
o P o
7N
o Py I B o
SN
o o So S o

Again we have omitted the mesh relations. Furthermore, we have denoted by X the
image in C/[X’r] of the object X of C, monomorphisms by “—” and epimorphisms
by “—”. In this example, we notice that there are precisely two irreducible
morphisms (up to a scalar) that are regular (monic and epic simultaneously)—

namely, band C.

Consider the Auslander-Reiten triangle P & P 3 S, (o d)> I, > Pa[l]

in C, and note that the minimal left almost split morphism (¢ ) is irreducible by

Proposition [IV.2.8l Therefore, by Proposition [[V.3.13, (2): P, — P, @ S, is also
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irreducible. Similarly, (b d): P, @ S, — I, is irreducible in C/[X]. We remark
that one cannot use [LiulO, Lem. 1.7 (1)] since the morphisms are not between

indecomposable objects.

One can check that (2) = ker(b d) and (b d) = coker(2) by, for example, using
the construction of (co)kernels as in [BM12, Lem. 3.4]. So, we have that

B (2) Pog 0 %
is a short exact sequence in the quasi-abelian, Krull-Schmidt category C/[Xg].
Hence, by Theorem[IV.3.19] the sequence is an Auslander-Reiten sequence because

it satisfies statement (vi) in the Theorem. Note that we could also have established

this fact using [Liul0, Prop. 1.8] and Proposition|[[V.3.7

Furthermore, this example also shows that the indecomposability conditions in
Proposition cannot be removed. The morphism (2) is an irreducible
monomorphism, but has decomposable codomain, and the morphism d is an
irreducible morphism with codomain the cokernel of (2) that is not epic. Indeed,

ed = 0 but € # 0 so d cannot be an epimorphism.
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Chapter V

Partial cluster-tilted algebras

V.1 Introduction

Let k£ be a field. The cluster category of a finite-dimensional hereditary k-
algebra (see Definition was defined in [BMRRT], and shown to model the
combinatorics of the corresponding cluster algebra in case the algebra is the path
algebra of a Dynkin-type quiver. Inspired by the close connection between the
representation theory of a hereditary k-algebra H and the representation theory of
its tilted algebras, which are algebras of the form (Endy o4 M)P for a tilting
module M (see Definitions[V.2.7]and[V.2.8]), Buan, Marsh and Reiten introduced the

class of cluster-tilted algebras in [BMRO7]. By definition, a cluster-tilted algebra
is an algebra of the form (Ench T)°P, where T is a cluster-tilting (or, equivalently,
maximal rigid) object in some cluster category Cy. Recall that a basic object 7" in
a triangulated category C is maximal rigid if T' is rigid (i.e. Exty(T',T') = 0) and
has a maximal number of non-isomorphic indecomposable direct summands with

respect to this property (see Definition [IL.5.1]).

In classical tilting theory, every algebra of the form (Endy 04 M')°P for some
partial tilting module M’ (i.e. Exty; . (M’ M') = 0) arises as a tilted algebra
(see [Hap88, Cor. II1.6.5]). The focus of this chapter is on the analogue of the
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opposite endomorphism ring of a partial tilting module in cluster-tilting theory.

Definition V.1.1. A partial cluster-tilted algebra is an algebra of the form
(Ende,, 7")°P, for some rigid object 7" in a cluster category Cy of a finite-

dimensional hereditary k-algebra H.

Unlike the classical setting, there exist partial cluster-tilted algebras that are not
cluster-tilted (see [BMROS, p. 158] and Remark [V.2.6). Therefore, it is of interest
to understand this more general class of algebras. As shown in [KRO7], each cluster-
tilted algebra must have global dimension 0, 1 or co. In §V.2] we construct a partial

cluster-tilted algebra of global dimension n for each non-negative integer n (see

Theorem [V.2.4).

Suppose 1" is a cluster-tilting object in a cluster category Cy, and Ap =
(Endc, T)° is the corresponding cluster-tilted algebra. It was shown in
[BMRO7] that the functor Home,, (7, —): Cx — Ar—mod induces an equivalence
Cp/ladd 7T —5 Ay-mod (see [BMRO7, Thm. 2.2]). (Note that for T
cluster-tilting, the subcategory add 77T coincides with Xy = (addT)t° =
Ker(Home,, (T, —)); see Definition [[I.5.2]) Consequently, the Auslander-Reiten
quiver of A7 can be obtained directly from the Auslander-Reiten quiver of Cy,
by deleting the vertices [X| where X € add 77 and any arrows incident to such

vertices; see [BMRO7]] and [[KZ08]], and also [Liul0].

One can then ask if the Auslander-Reiten quiver of a partial cluster-tilted algebra
can also be easily obtained from the Auslander-Reiten quiver of the corresponding
cluster category. However, if R is rigid and not cluster-tilting in a cluster category
C = Cp, then C/[XR] is not necessarily equivalent to Az —mod, where Ap =
(Ende R)°P. In we consider how irreducible morphisms in C behave under
the functor Hom¢ (R, —): C — Agr—mod. That is, given an irreducible morphism
f: X — Y in C, we investigate the irreducibility of Hom¢(R, f) in Az —mod. In
doing so, we make use of the subcategory C(R) consisting of objects Z which admit

a triangle Ry — Ry — Z — Ry[l] with R; € add R (see Definition |V.3.5). If X
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lies in C(R), the irreducibility of Home (R, f) is determined by whether Y also lies
in C(R). On the other hand, if X is not in C(R), then we know the irreducibility of
Home¢(R, f) in some cases. See §V.3.3|for more details.

This chapter is organised as follows. In for any n € N, we construct a partial
cluster-tilted algebra of global dimension n. In §V.3| we give results that can be
used to obtain information on the Auslander-Reiten quiver of a partial cluster-tilted
algebra using the Auslander-Reiten quiver of the corresponding cluster category.
We conclude this chapter with some examples, illustrating the theory we develop in

earlier sections.

V.2 Partial cluster-tilted algebras of arbitrary global

dimension

It was proven in [KRO7, §2.1] that any cluster-tilted algebra Ay is Gorenstein
of dimension at most 1, that is every finitely presented projective has injective
dimension at most 1 and every finitely presented injective has projective dimension
at most 1. A corollary of this is that A is then either a hereditary algebra or has
infinite global dimension. In contrast, our main result in this section is that there
are partial cluster-tilted algebras of arbitrarily large finite global dimension (see

Theorem [V.2.4). For this we need some preliminary results, which we give now.

Throughout this section, let £ = & be an algebraically closed field. The following

proposition was observed in [BMRRT]] as part of the proof for their Proposition 4.2.

Proposition V.2.1. [BMRRT, p. 591] Let H be a finite-dimensional hereditary k-
algebra, and let Cy be the cluster category of H. For all objects X = P,Y = P'in
C, where P, P' € H —proj, we have Extg, (X,Y) = 0.



184 V. PARTIAL CLUSTER-TILTED ALGEBRAS
Proof. From [BMRRT, Prop. 1.7], we have

Exts, (X,Y) 2 Exty (P, P') = Exty_pnoq(P, P') ® Exty_oq(P', P) =0
as P, P’ are projective. |

The following is well-known, but we provide a simple proof for convenience. Recall
that for a quiver () we denote by S; (respectively, F;) the simple representation

(respectively, projective representation) at vertex ¢ (see Definition [[I.2.21)).

Proposition V.2.2. Let A be the bound quiver algebra associated to the following

quiver with the indicated relations:

— - —
That is, A = kA, 1/J(kA,1)? where A, is the Dynkin-type A quiver with

n + 1 vertices and is linearly oriented. Then A has global dimension precisely n.

Proof. Note that the global dimension of a finite-dimensional k-algebra is the
supremum of the projective dimensions of all simple modules (see [Rin84, p. 67]).

Let .S; denote the simple representation at vertex . Therefore, we have

gldimA = sup {p.dim M}
MeA—mod

= sup {p.dimS} using the observation above

S€A-mod
S simple

= sup{p.dim Sy, p.dim Sy, ..., p.dim S, 41}

= sup{n,n—1,...,0}
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One last ingredient that we need for our main result is the following.

Lemma V.2.3. [ASS06, §VII, Cor. 5.14] Let M be an indecomposable module
over a finite-dimensional, representation-finite, hereditary k-algebra H. Then

Endy mod M =2 k and Exty; . 4(M, M) = 0.

Theorem V.2.4. There exist partial cluster-tilted algebras of arbitrarily large finite
global dimension. Moreover, for all n € N with n > 1 there is a partial cluster-
tilted algebra A r coming from a cluster category of type Ay, such that gl.dim A =

n.

Proof. We will treat the cases n = 0, 1 separately first. If n = 0 then take () = A,
and let R = P; € Cpp. Note that R is rigid by Proposition V2.1, As R is an
object induced from a projective kQ-module, we have that Az = (Ende,, R) =
(Ende,, P1)® = (Endrg mod P1)°® by [BMRRT, Prop. 1.7 (d)]. Furthermore,
since R is indecomposable and k() is a representation-finite hereditary algebra

(Theorems [11.4.20] and [I1.4.24) we have that A = £k°® = k (by Lemma |V.2.3),

which has global dimension n = 0.

—>
Ifn =1 wesetQ = Ay:1 = 2and R = R, © Ry € Cyo With Ry = P,
and R, = P;. Again, R is rigid by Proposition [V.2.1] but this time we have A is

isomorphic to the path algebra of
1 +—— 2.

The isomorphism is given by mapping the idempotent vaiop = (g, © TR,)°P to
constant path at vertex i’, where (g, : R; — R, respectively, mg,: R — R;, is the
natural inclusion, respectively, projection; and mapping the opposite endomorphism
©°P to the unique path of length 1, where ¢ = vp p7p, and ¢: P, — P is the
inclusion. Since Ay, is the path algebra of a finite, acyclic quiver without relations,

it is hereditary by Theorem [[1.4.20] so gl.dim Az < 1. Note that the simple Ag-
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module Sy, which has quiver representation
0 «— k,

has projective dimension 1 and so in fact gl.dim A = 1.

Finally, we show how to produce a partial cluster-tilted algebra of global dimension

%
n for each n > 2. For this, we let () = A ,,, be the quiver

1 > 2 > 2n — 1 —— 2n,

_>
and consider its path algebra k() = k A, and its bounded derived category D =
D®(kQ —mod). Set R to be the basic object

PQnEBpl@Sl@53@"'@52n75@52n73

of the cluster category C := Cyq of k(). Notice that R has n + 1 non-isomorphic
indecomposable direct summands, consisting of n — 1 non-projective simples Sy, _1
forr =1,...,n— 1, one non-simple projective P; and one simple projective S, =
Py,. In order to show that R is rigid, we must show that Ext;(R, R) = 0, but
as Extg (X, —) is an additive functor and it suffices to show Extg(R', R") = 0 for
all indecomposable direct summands R’, R” of R. By [BMRRT, Prop. 1.7], for

indecomposable k(Q)-modules X, Y, we have
EXt(IZ (X’ Y) = Ethlchmod (X> Y) ¥ Ethlch mod (Y> X)v

so it is enough to show that Ext, ..q(R,R") = 0. Since Py, and P| are
projective £Q-modules, we have that Exty, 0q(P, R”) = 0 for I = 1,2n. Thus,
it remains to show Exty, 104(S:,S;) = 0 and Exty, 04(Si, P) = 0 for all
i,7€{1,3,...,2n—3}and [ € {1,2n}.

For 7,5 € {1,3,...,2n — 3} and [ € {1,2n}, using Corollary [I1.7.36| and the
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_>
Auslander-Reiten quiver of kQ) = k A5, (see for example [Sch14, §3.1]), we see

that )
E ifl=i+1
HOHID(Sz', Pl[ﬂ) -
0 else
and )
E ifj=1+1
Homp (S;, S;[1]) =
0 else.

From this and [Hap88| p. 30], we deduce that

koifl=i+1
Ext,lchmod(SZ-,Pl) >~ Exty(S;, P) = Homp(S;, P[1]) =
0 else
and, similarly,
koifj=i+1
Extro mod(Si S5) = Extp(S;, S;) = Homp(S;, S;[1]) =
0 else.

Since R = Py, 8P, BS1BS5B- - - B S2,—5P Sa,,—3, We can see that we have no pairs
(1,1) (respectively, (i, 7)) of subscripts with [ = i + 1 (respectively, j =i + 1), and
hence Extyg moq(Si S7) = 0 = Ext moa(Si, P1) foralli,j € {1,3,...,2n—3}
and [ € {1,2n}. Therefore, R is a rigid object of C as claimed.

We also claim that Ende R is isomorphic to the bound quiver algebra A =

— —
kA, 1/J(kA, 1)? given by the following quiver

modulo the indicated relations. By [BMRRT, Prop. 1.5], for indecomposable kQ)-
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modules X, Y, we have
Home(X,Y) = Homp(X,Y) @ Homp(X, 7 'Y[1]),
and [BMRRT, Prop. 1.7(d)] states that if X is a projective k()-module then
Home(X,Y) = Homyg - mod (X, Y).

Using results from [Bon84] to compute dimensions of Hom-spaces (see also

[Schl14l §3.1]), we then have

HomC<P2n7P1) = Hokafmod(PQnypl) =k,

0 ifi#2n
Home(Pap, S;) = Hompg-mod(Pon, Si) =

k ifi = 2n.
HomC(PhPZn) = Hokafmod<P17P2n) == 07

0 ifi#1
Home(Py,S;)) = Hompg-med(P1,5:) =

k if1=1.

Suppose 7,5 € {1,3,...,2n—3}. Next, we determine Hom¢(S;, S;) foreach i # j.
Observe that

Home(S;,S;) = Homp(S;, S;) @ Homp(S;, 7715;(1])
= 0® Homp(S;, 7715;[1]) asi #j
~ Homp(S;, 7719;[1]),
and that there are two cases: (a) j < 7, or (b) 7 < j.

(a) If ) <i,thenweclaimthat 3 <2n—i+ 5 —1 < 2n—2. Ast < 2n — 3, we

<
have 3—2n < —iandso3+j < 2n—1i+7. Thus,3 < 2+5 < 2n—i+75—1.
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Also, the assumption 7 < ¢ implies —i +j < 0,s02n —i+ 75— 1 < 2n — 1.
Hence,3 <2n—i1+4+ 57 —1<2n — 2.
Therefore, 7"~ 1(S;) = Say—i4;—1 is a simple module in kQ —mod. Note

then that

Homp(S;, 7715;[1]) = Homp(7"7%S;, 72"~~1S;[1])
= Homp (P, Son—i+j—1[1])

as the only indecomposable objects of D to which P, has a non-zero

morphism are of the form P,, for some m € {1,...,2n}.

(b) On the other hand, if © < j then we have 1 < 7 < j < 2n — 3, and note
I1<j—lasl<i<jandje€ {1,3,...,2n — 3}. Then
Home(S;,S;) = Homp(S;, 715;[1])

= Homp(S5;, S;-1[1])

koifj—1=i+1

0 else
kE ifj=1+4+2
0 else.

Finally we wish to show that Hom¢(Ss,_1, P)) = 0for1 <r <n—1landl = 1,2n.
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Using a similar method to the above, we have

Home (S2r—1, P,) = Homp(Sa,_1, B) & Homp(Sa, 1, 7 B[1])

= 0 Homp(Sy—1, 7 ' P[1]) as2r — 1 # 2n

12

Homp (So,—1, 77 B[1])

12

HOIHD (TSQT_l, -Pl [1])

= Homp(Sy, B[1]) asl1l<2r—1<2n—-3
k ifl=2r+1
0 else.

Therefore, for 1 <r <n— land! € {1,2n} we have Hom¢(S,_1, F;) = 0.

Hence, we may choose non-zero morphisms (i.e. basis elements of the

corresponding Hom-space) po,: Po, — P, 10 PL — Sy and ¥,.: So. 1 — Sopiq

for each r = 1,...,n — 2. Given these we can consider the following non-zero
morphisms of End¢ R:
(1) 1’VRI ‘= Lp o TR, for each indecomposable direct summand R’ of R, where

tr: R — R, respectively, mr: R — R/, is the canonical inclusion,

respectively, projection; and

(i) Yon = LpPonTP,,, 1 = L5, P17p,, and ¢, = tg, . .7, , for each r =

1,...,n—2.

It is easy to see these generate Ende R and an easy calculation shows they are
k-linearly independent. Using the computations above we see that Sa = 0
for composable o, 8 € Ende R amongst the endomorphisms of R detailed in
(ii). Noting that a basis for A = k;KnH/J(kKnH)Q is given by the set

{e1,...,€nt1,01,...,a,}, where e; is the constant path at vertex ¢ and a; is the
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i*® arrow in (V.2.1)), we obtain a well-defined, surjective k-algebra homomorphism
®: Ende R — Adefined by ®(1p, ) = e1, ®(1p,) = 2, ®(02) = a1, ®(51) = as
and q)(l/g;_/l) = €19, (ID(@TT) = a,4o foreachr = 1,... n — 2, and extended k-
linearly. For injectivity, we note that if 0 # a = S Mlp + > @i + 30 Vi,
then (A1, ..., Ay, fon, 1, V1, -« Vn—2) # (0,...,0), and so we have ®(a) =
S Neitponar+pias+y ] via; o # 0. Therefore, ® yields a k-algebra isomorphism
Ende R to A. Moreover, gl.dimAr = gldimEnd¢ R = gl.dimA = n by
Proposition [V.2.2] finishing the proof. [ |

Corollary V.2.5. There exist partial cluster-tilted algebras that are not cluster-

tilted.

Proof. In Theorem [V.2.4] we obtain partial cluster-tilted algebras of finite global
dimension n > 2 > 1, and so these algebras are not Gorenstein of dimension
1. Therefore, they cannot arise as cluster-tilted algebras, since by [KRO7, §2.1]
we know that cluster-tilted algebras must be hereditary if they have finite global

dimension. ]

Remark V.2.6. The opposite endomorphism ring of a partial tilting module is always
a tilted algebra (see [Hap88, Cor. I11.6.5]). In [BMROS] it was observed that the

analogous result in cluster-tilting theory does not hold.

We explain our interpretation of their observation. It is noted that the path algebra
A7 = (End¢ T')°P of an oriented 4-cycle modulo its radical cubed arises as a cluster-
tilted algebra of Dynkin-type D, (see [BMROS|, p. 158]). Recall that if A is a cluster-
tilted algebra coming from a cluster category Ci, where () is a Dynkin-type quiver,
then we say A is of Dynkin-type (). We may assume 7" is basic. By [BMRO07, Cor.
2.3], T' must have 4 non-isomorphic indecomposable direct summands. Then one
can obtain a partial cluster-tilted algebra A = (End¢ R)°P by taking R to be the
direct sum of any 3 distinct direct summands of 7. Thus, by the symmetry of

the quiver of A, the algebra Ag is isomorphic to the bound quiver algebra of the
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following quiver with the indicated relations

By [BIRS11, Thm. 2.3] (see also [BMRO06, Cor. 4.3]), a cluster-tilted algebra is
determined by its ordinary quiver (in the sense of [ASS06, Def. 11.3.1]). So if Ay
were cluster-tilted, then it would be of Dynkin-type A3. However, this cannot be
the case by [BVO0S|, Prop. 3.1], an application of which implies that a cluster-tilted
algebra of Dynkin-type Aj is isomorphic to the path algebra of an oriented 3-cycle
modulo the square of its radical or to the path algebra of a quiver of Dynkin-type
As.

Note that Ai above has global dimension 3, so Corollary also follows from
this observation in [BMRO§|]. Our Theorem [V.2.4] on the other hand, provides
a systematic way to construct partial cluster-tilted algebras of any finite global

dimension.

We finish this section by showing that Theorem[V.2.4]implies that the class of partial

cluster-tilted algebras does not coincide with the class of tilted algebras.

Definition V.2.7. [Hap88, §111.4] Let A be a finite-dimensional k-algebra and T" a
finitely generated left A-module. We call T tilting if:

(i) the projective dimension of 7" is at most 1;
(i) Extl (T, T)=0,ie. T is rigid; and
(iii) there is an exact sequence 0 — A — 177 — Ty — O with T} € add T..

Definition V.2.8. [Hap88| §II1.5] If an algebra B is of the form B = Endy _ noq T’
for some finite-dimensional hereditary k-algebra I, where 7' is a tilting left /-

module, then we call B a tilted algebra.
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Lemma V.2.9. [ASS06, Lem. VIII.3.2 (e)] Let H be a finite-dimensional hereditary

k-algebra (k = k), T a tilting module over H and B = Endg_moa T. Then
gl.dim B < 2.

Corollary V.2.10. There exist partial cluster-tilted algebras that are not tilted

algebras.

Proof. In Theorem partial cluster-tilted algebras of finite global dimension
n = 3 > 2 were constructed, and so these cannot be tilted algebras in view of

Lemmal[V.2.9 [ |

Remark V.2.11. We remark here that Corollary [V.2.10| also follows from the
observation in [BMROS| p. 158] (see Remark [V.2.6).

V.3 The Auslander-Reiten quiver of Az — mod

Throughout this section (and its subsections), we let k be a field and C a skeletally
small, Hom-finite, Krull-Schmidt, triangulated k-category (with suspension functor
) that has Serre duality. Suppose also that R is a basic rigid object of C, and set
AR = (End¢ R)°P. In this section, we investigate how the Auslander-Reiten quiver
of Az —mod can be extracted from the Auslander-Reiten quiver of C via the functor
Home(R, —): C — Ar—mod. We begin by recalling known results in and,
in particular, recalling some categories to which Az —mod is equivalent. In
we provide some results that will be useful to us in §V.3.3] where we then look at

how irreducible morphisms behave under Home (R, —).

V.3.1 Apr—mod as localisations

In [BM13] Buan and Marsh showed that one can localise C at a certain class of

morphisms to obtain a category equivalent to Az —mod, and in [BM12] the same
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authors showed that a localisation of C/[Xg] is also equivalent to Ar —mod, where
Xr = (add R)** is the full subcategory of C consisting of objects X such that
Home (R, X) = 0 (see Definition|II1.5.2). Recall that for a full additive subcategory

U C C that is closed under isomorphisms and direct summands, we set
U = {X € C|Home(U,X'X) =0},

where 7 € N (see Definition [[11.2.1]).

Let us recall some of the definitions and results from [BM13]] and [BM12]]. The

following is often helpful.

Lemma V.3.1. [BM13, Lem. 2.3] Let f: X — Y be an arbitrary morphism in C.
Then Home (R, f) = 0 if and only if f factors through Xr.

We now recall two important classes of morphisms considered by Buan and Marsh.

Definition V.3.2. [BM13] We denote by S the class of morphisms f: X — Y inC
such that when ¥'Z % X L v % Z s the completion of f to a triangle,

both A and g factor through X'.

Let S denote the subclass of S consisting of those f in C for which, when completed

to a triangle as in the notation above, g factors through Xz and X717 € Xx.

Remark V.3.3. We remark here that the class S (as defined in Definition and
in [BM13]]) was denoted by & in [BM12] (see [BM12} §7]).

We recall two characterisations of morphisms in S observed by Buan and Marsh.

Lemma V.3.4. Let f: X — Y be a morphism in C.

(i) [BMI3, Lem. 2.5] The morphism f lies in S if and only if Home (R, f) is an

isomorphism in Az —mod.



V.3. THE AUSLANDER-REITEN QUIVER OF Ar —mod 195

(i) [BM12, p. 167] The morphism f lies in S if and only if Q(f) is regular in
C/[XRr|, where Q: C — C/|XR| is the quotient functor.

From this, it is then natural to compare the (Gabriel-Zisman) localisation Cgz,
respectively, Cs, of C at the class S. , respectively, S, with the category A —mod.
Let Ls: C — Cs and Lg: C — Cg be the corresponding localisation functors (see
Definition . It was shown in [BM13]] that the induced functor G: Cg =
Agr—mod with Hom¢(R, —) = GLg (see Lemma (1)) is an equivalence.
Furthermore, using that § C S. , there is a canonical functor J: Cs =C 3 with
Lz = JLs, which was proven to be an isomorphism of categories in [BM13]. See

[BM13] p. 2855] for more details.

Definition V.3.5. By C(R) we denote the full subcategory of C whose objects are
those X € C for which there exists a triangle Ry — R — X — X Ry in C with
Ry, R, € add R.

As mentioned in the subcategory C(R) will play a large role in our
considerations later, but it has already appeared in the literature; see, for example,
[KRO7], [TYO08] and [BM13]. Note that C(R) is equal to the extension subcategory
add R * add ¥R (see Definition [[I1.2.2] and also §IIL.5). We recall here a summary
result from [BM13]].

Theorem V.3.6. [BM13, Thm. 5.4] There are equivalences of categories
C(R)/[add~R] — C(R)/[(add X R)*'] — Ag—mod — Cjg,

where the equivalence C(R)/[(addXR)*'] — Agr-mod is induced by the

restriction of the functor Home (R, —) to C(R).

Note that (add X R)1 is equal to (add R)10 = Xp.

Another perspective that will be useful for us is the one taken in [BM12]]. The

quotient category C/[Xg] is an integral category (see [BMI12, Cor. 3.10] and



196 V. PARTIAL CLUSTER-TILTED ALGEBRAS

[Nak13, Thm. 6.3]), so by [RumO1, Prop. 6] the class R of regular morphisms
in C/[XR| admits a calculus of left fractions and a calculus of right fractions
(see §I1.5.2). In particular, the localisation (C/[Xg]|)r of C/[Xg| at the class R
is an abelian category (see [RumOIl, p. 173]). We summarise the functors and

equivalences we need in the following statement.

Proposition V.3.7. There is commutative diagram of functors

Lr

C/[Xr] ——— (C/[Xr])r

/ H’
Home (Rv_)
x - G

Cs

<R

where H' is naturally isomorphic to Homcx,)), (R, —) and is an equivalence, J

is an isomorphism of categories and G is an equivalence.

Proof. This follows from [BM13, p. 2855], [BM13, Thm. 4.4], [BMI12, p. 167]
and [BM12, Lem. 7.3]. |

We conclude this section with one last observation that will be needed later and

follows from Proposition [V.3.7|and [BM13| Lem. 3.5 (b)].

Lemma V.3.8. Let X, Y be objects in C. Suppose Y € Xg and consider the direct
sum X ®Y. Let 1x: X — XY be the canonical inclusion and let mx: X DY —»
X be the canonical projection. Then Hompy ,, — mod (R, tx) and Homy ,, ~ mod (R, Tx)

are mutually inverse in A —mod.

V.3.2 The subcategory C(R)

Let k, C and R be as before. In this section, we give some preliminary results all

involving the subcategory C(R). Recall that for a functor . : A — B and objects
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X,Y € A, we denote by .Zx y the map Homy(X,Y) — Homp(F#(X),.Z(Y))
(see Definition [[I.1.5)). Although a localisation functor is not full in general, Buan

and Marsh establish the following.

Proposition V.3.9. [BM13| Prop. 3.7] Let X,Y be objects in C with X € C(R).
Then (Ls)xy: Home(X,Y) — Home, (X,Y) is surjective.

The following corollary is a special case of [HJ15, Lem. 1.11], but we include a

short proof using the theory developed in [BM13] and [BM12].

Corollary V.3.10. Let X,Y be objects in C. If X € C(R), then
Hom¢(R, —)xy: Home(X,Y) — Homy,, - mod(Home (R, X)), Home (R, Y))
Is surjective.

Proof. By Proposition |V.3.7] there is an equivalence G: Cg — Ar—mod and an
isomorphism J: Cs — Cgz such that Hom¢(R, —) = GLg = GJLs. If X € C(R),
then the mapping Hom¢ (R, —)xy = Gxy o Jxy o (Ls)xy is surjective because

(Ls)x,y is surjective by Proposition|V.3.9, and G'xy and Jx y are bijective. [ |

Let @Q: C — C/[Xg] be the quotient functor as in Proposition For f: X —
Y in C, we will denote by f the image Q(f) = f + [Xz](X,Y) in the quotient
Home /jx, (X, Y) = Home (X, Y) /[XR](X,Y). In addition, for many of the results
in the sequel, we consider objects that do not have indecomposable direct summands
lying in Xz. Given an object X = @@, X; in the Krull-Schmidt category C with
X; indecomposable, we have X; ¢ Xy forall 1 < ¢ < n, if and only if 1x, ¢ [X5]
forall 1 <7 < n,if and only if add X N Xr = 0.

The next three results give a way to detect if a morphism with codomain in C(R)

splits under Home (R, —).
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Lemma V.3.11. Let XY be objects inC withY € C(R) and add X N X = 0, and
let f € Home(X,Y) be arbitrary. Then the following are equivalent.

(1) The morphism f: X — Y is a section in C.
(ii) The morphism f: X — Y is a section in C/[Xp).
(iii) The morphism Home(R, f): Home(R, X) — Home(R,Y') is a section in

Ar—mod.

Proof. The equivalence of (i) and (ii) follows from Lemma [[V.3.3] and does not
require Y € C(R).

(i) = (iii). This is immediate as Hom¢ (R, —) is a covariant functor.

(iii)) = (i). Suppose now that Hom¢(R, f) is a section, so that there is some
B: Home(R,Y) — Home(R,X) with lpome(rx) = [ Home(R, f). Since
Y € C(R), we know that

Hom¢ (R, —)y,x: Home(Y, X) — Homy,, - mod(Home (R, YY), Home (R, X))

is surjective by Corollary [V.3.10] Therefore, there exists g: ¥ — X in C such
that Home(R, g) = 8. Hence, Home (R, 1x) = luome(r,x) = BHome(R, f) =
Home¢ (R, g) Home(R, f) = Home(R,gf). So Home(R,1x — gf) = 0 and so
l1x — gf € End¢ X factors through Xz by Lemma[V.3.1] Asadd X N Xz = 0, by
Lemma([V.3.2] we have that 1y — g f is radical. Consequently, gf = 1x—(1x —gf)

is an isomorphism and so f is a section as claimed. [ |

Similarly, we have the following.

Lemma V.3.12. Let XY be objects in C withY € C(R) and addY N Xg = 0, and
let f € Home(X,Y) be arbitrary. Then the following are equivalent.

(1) The morphism f: X — Y is a retraction in C.
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(ii) The morphism f: X — Y is a retraction in C /[ Xp].

(iii) The morphism Home(R, f): Home(R, X) — Home(R,Y') is a retraction

in A —mod.

Proof. The equivalence of (i) and (i1) follows from Lemma [[V.3.3 and does not

require Y € C(R).
(i) = (iii). This is immediate as Hom¢ (R, —) is a covariant functor.

(iii)) = (i). Now assume Hom¢(R, f): Home(R,X) — Home(R,Y) is a
retraction, so that there is some section a: Hom¢(R,Y) — Home(R, X) with
Home (R, f)oo = lhome(ry) = Home(R,1y). Since Y € C(R), by Corollary
[V.3.10| there exists g: Y — X such that Hom¢(R, g) = . Thus, Home(R, 1y) =
Home (R, f) Home (R, g) = Home (R, fg) and 1y — fg € Endc Y factors through
Xg. AsaddY N Xg = 0, by Lemma[[V.3.2] we know 1y — fg is radical and so fg

is an isomorphism, which shows f is a retraction as desired. [ |

This yields the following immediate corollary.

Corollary V.3.13. Let XY be objects in C with Y € C(R) and add X N Xr =
0 = addY N Xy, and let f € Home(X,Y) be arbitrary. Then the following are
equivalent.
(i) The morphism f: X — 'Y is an isomorphism in C.
(ii) The morphism f: X — Y is an isomorphism in C /[X).
(iii) The morphism Home (R, f): Home(R,X) — Home(R,Y) is an

isomorphism in Az —mod.

Proof. This follows quickly from Proposition [[.9.9] and Lemmas and
[ |
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Remark V.3.14. Lemma [V.3.T1] and Lemma [V.3.12] appear to be dual results in
some sense, but we give a warning: in both results we need the codomain Y of the
morphism f to be in the C(R). As seen in the proofs, this is because we are required

to lift a morphism that has domain Hom¢ (R, Y') and for that we need Y € C(R) in
order to use Corollary

We recall a useful characterisation of objects in C(R).

Lemma V.3.15. [BM13| Lem. 3.2] For an object X in C, the following are

equivalent.
(i) X isinC(R).

(ii) If f is a right add R-approximation in the triangle U — R, EN Qi YU,
then U is also in add R.

(iii) If f is a minimal right add R-approximation in the triangle U — R, Lx o
YU, then U is also in add R.

It is worth noting here that given an object X in C(R) with corresponding triangle

Ry y Ry —— X » 2Ry (as in Definition [V.3.5)), the morphism

r: Ry — X is aright add R-approximation of X.

The following lemma was proved in [MP17] (see also [IYOS8, Prop. 2.1]), but
we give an alternative proof. Note that add R is functorially finite (see Definition

I1.2.6) as C is both Hom-finite and Krull-Schmidt.

Lemma V.3.16. [MP17, Lem. 3.17] The subcategory C(R) is closed under direct

summands and isomorphisms.

Proof. Suppose A @& B € C(R). We will prove that A € C(R). Let U — R4 EN
A — XU, respectively, V — Rz 2 B — XV, be the completion to a triangle of

an arbitrary right add R-approximation of A, respectively, B, and

W — 5 Ra®Rp 2% Ao B —— SW
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the completion of the morphism f & ¢ to a triangle. Since add R-approximations
are additive, we have that f & g is a right add R-approximation of A & B. Thus,
by Lemma we know W € add R. Consider the following commutative
diagram, in which g, h exist by use of the axiom for triangulated categories
and ¢ x, respectively, 7y, is the canonical inclusion, respectively, projection for X &

{RAaA}‘

U > RA
g LRA\[ o [LA %g

W —— Ri®Rp 2% A®@B —— SW

B WRAl o im ‘Sh
< <

U > R4 ! > A > YU

Notice, however, that 7z, o tp, = 1g, and m4 0 14 = 14 are isomorphisms so hg
is also an isomorphism by Proposition [II.6.8] and hence U is a direct summand of

W. Therefore, U € add R and A € C(R) by Lemma|V.3.15|again.

Suppose now that we have an isomorphism x: X =, Y, and that X € C(R) with
triangle Ry — R, 5 X = YRy (R; € add R) witnessing this. Then we have a

morphism of triangles

R() > Ry "5 X > ERO
Yy 1R1 o Elét :Zy
T » Ry —— Y » YT,

where the bottom row is the triangle completion of zr, and y exists by an application
of axiom |(TR4)l Since 1z, and z are isomorphisms, we have that y is also an
isomorphism by Proposition |[1.6.8| Thus, 7" € add Rand Y € C(R). [ |

Corollary V.3.17. The subcategory C(R) is Krull-Schmidt.

Proof. Note that as C(R) is a full subcategory of C, it is preadditive. Clearly, the
zero object of C lies in C(R) = add R * add ¥R as 0 € add R. Given objects

X,Y € C(R), taking the direct sum of the triangles witnessing that X and Y belong
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to C(R) gives a triangle showing X @ Y also belongs to C(R). Thus, C(R) is an

additive category.

Let X be an object of C(R). By Lemma|V.3.16| a Krull-Schmidt decomposition of
X in C gives a Krull-Schmidt decomposition of X in C(R). [ |

‘We now recall two useful results from [[BM13]].

Lemma V.3.18. [BM13, Lem. 3.3] Let X be an object in C. Then there exists a
morphism s: W — X in S with W € C(R).

Lemma V.3.19. [BM13| Lem. 3.6] Let s: W — X be a morphism in S. Then,
for any morphism f:Y — X with Y € C(R) there exists f:Y — W such that

f=sf.

Notice that these two lemmas above say that any object X in C admits a right
C(R)-approximation s: W — X with the additional property that s € S C S.
In particular, Hom¢(R, s) is an isomorphism (see Lemma . We present a
modified version of Lemma [V.3.18

Lemma V.3.20. If X € C, then there exists a morphism s: W — X in S with
W € C(R) and add W N X = 0.

Proof. Let U — W % X — XU be the completion of a morphism s: W — X,
where W € C(R) and s € S as obtained using Lemma[V.3.18] Then we can express
W=Wa Wy, where add W N Xr =0and Wy € Xg, and s = (S s¢) where
5: W — X and so: Wy — X. The morphism Hom¢ (R, s) is an isomorphism since
s is amorphismin & C S (see Lernma and Hom¢ (R, t557) is an isomorphism
by Lemma where (35 W= Wea Wy = W is the canonical inclusion
morphism. Thus, Hom¢(R,s) = Home(R, sii;) = Home(R, s) o Home (R, i557)
is also an isomorphism (as the composition of isomorphisms). Then, by Lemma
we have that §: W — X is a morphism in § where W € C(R) by Lemma
V.3.16 ]
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Remark V.3.21. Let X be an object of C. Let s: W — X bea morphism in
S, where W € C(R) and add W N Xz = 0. Then Ende )y W is local if and
only if Hom¢ (R, X) is indecomposable. Indeed, Ende/(x, W is local, if and only
if W is indecomposable in C /[XR] (see e.g. Proposition , if and only if
Home (R, W) is indecomposable (using Theorem . Since s is a morphism in
the class S, the morphism Home (R, 5) is an isomorphism and hence Home (R, W)

is indecomposable if and only if Hom¢ (R, X) is indecomposable.

This gives us a way to use the Auslander-Reiten quiver of C to detect when an object

X € C will become decomposable under the functor Home (R, —).

V.3.3 Irreducible morphisms and the functor Hom¢(R, —)

Let k, C and R be as before. Although the results in of Buan and Marsh
yield the category Ar —mod as different localisations, they do not tell us explicitly
how the irreducible morphisms and indecomposable objects of C behave under the
localisation functors. In [BMRO7]] it was shown how to obtain the Auslander-Reiten
quiver of A — mod from the Auslander-Reiten quiver of C when R = T is maximal
rigid. In this section, we investigate how much can be said about the irreducibility
of a morphism Home (R, f) when f: X — Y is irreducible in C in the case where

R 1s rigid and not necessarily maximal rigid. We approach this via two cases:

(a) when X € C(R); and

(b) when X ¢ C(R).

The case when X € C(R)

For an irreducible morphism f: X — Y in C with X € C(R), we show below
that Home (R, f) is irreducible if Y € C(R), and that Hom¢(R, f) is a section if

Y ¢ C(R).
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Proposition V.3.22. Ler X, Y be objects in C with X, Y € C(R) and add X N Xy =
0=addY NAXg. If f: X — Y isirreducible, then Hom¢ (R, f): Hom¢(R, X) —
Home(R,Y) is irreducible. Furthermore, if f factors only through C(R), then f is

irreducible whenever Home (R, f) is irreducible.

Proof. Suppose X, Y satisfy the conditions in the statement and that f: X — Y is
an irreducible morphism in C. Note that this implies f is an irreducible morphism of
C(R)as X,Y € C(R). Recall that the ideal [Xg] is an admissible ideal (see Example
. Therefore, f € Home(p) /1, (X, Y) is irreducible by Proposition ,
since C(R) is Krull-Schmidt (see Corollary[V.3.17), add X N Xz = 0 = add Y N Xx
and f is irreducible. By Theorem we then see that Home (R, f) is irreducible
in Ar —mod (see also Remark [I[.3.13).

Now assume that f only factors through C(R) and that Hom¢ (R, f) is irreducible.
We wish to show that f: X — Y is irreducible. Using Lemmas and
'V.3.12] we have that f is neither a section nor a retraction. Thus, suppose we
have a factorisation f = hg for some g: X — Z and h: Z — Y. Since f only
factors through C(R), we know that Z € C(R). Applying Hom¢(R, —) we see
that Home (R, f) = Home (R, h) o Home(R, g), and so Home (R, h) is a retraction
or Hom¢ (R, g) is a section as Home(R, f) is irreducible. In the first case, h is
a retraction by Lemma as Y € C(R) and addY N Xr = 0, and in the
second case we have that g is a section by Lemma since Z € C(R) and
add X N Xr = 0. Hence, f is irreducible and the proof is complete. |

Note that for the next result we cannot appeal to the equivalence of C(R)/[Xr] ~
Ag—mod as we did in Proposition|V.3.22|above.

Proposition V.3.23. If X € C(R) and Y ¢ C(R), then for any irreducible

morphism f: X — Y we have that Hom¢(R, f) is a section.

Proof. By Lemma [V.3.18] there exists W € C(R) and s: W — Y in S. Since
X € C(R), by Lemma|V.3.19| we have that f factors through s so that there exists
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g: X — W with f = sg. As f isirreducible, we must have that s is a retraction or g
is a section. If s were a retraction then Y € add W C C(R)andso Y € C(R), which
is contrary to our assumptions. Thus, it must be the case that g is a section, and
consequently Home (R, g) is also a section since Hom¢ (R, —) is a covariant functor.
Since s is a morphism in S, we know Hom¢ (R, s) is an isomorphism (by Lemma
[V.3.4), and hence Home(R, f) = Home(R, sg) = Home(R, s) Home(R, g) is a

section, as claimed. [ ]

Note that it is not clear in general whether Hom¢ (R, f) must be either irreducible
or split for an arrow f: X — Y in the Auslander-Reiten quiver of C. The previous

two results tell us this is the case if X belongs to C(R).

Corollary V.3.24. If f: X — Y is an arrow in the Auslander-Reiten quiver of C
with X € C(R), then Hom¢ (R, f) is either irreducible or is split.

Proof. Suppose f: X — Y is an arrow in the Auslander-Reiten quiver of C. Then
X and Y are indecomposable and f is an irreducible morphism. If X lies in Xp,
then Home (R, f): 0 — Home(R,Y') is a section. Dually, if Y belongs to X then

Home(R, f) is a retraction.

Thus, we may suppose X,Y ¢ Xg. If Y € C(R), then Hom¢(R, f) is irreducible
by Proposition [V.3.22; and if Y ¢ C(R), then Hom¢ (R, f) splits by Proposition
[ |

The case when X ¢ C(R)

For an irreducible morphism f: X — Y where X ¢ C(R), we are able to determine
the irreducibility of Home (R, f) in some special cases when Y € C(R) (see
Propositions [V.3.29, [V.3.30] and [V.3.31)). Our strategy is to use Lemma [V.3.20] to

produce a morphism s, such that fs is irreducible in the subcategory C(R), and
then use the equivalence C(R)/[Xr] ~ Ar—mod. For this we need the following

lemma.
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Lemma V.3.25. Suppose X € CandY € C(R) withadd XNXg = 0 = add YNX.
Let 5: W — X be a morphism in the class S, where W € C(R) and add W N
Xr=0. If f: X — Y isirreducible in C and fs: W — Y is irreducible in the
subcategory C(R), then Home (R, f): Home (R, X) — Home(R,Y) is irreducible

in Ap—mod.

Proof. Since f3: W — Y is an irreducible morphism in C (R) with add W N
Xp = 0 and addY N Xr = 0, we may apply Proposition to conclude
that fs € HomC(R)/[XR](W,Y) is irreducible. By Theorem we see
that Home (R, fs) = Home(R, f) Home(R,s) is irreducible in Ag—mod. As
Home(R,3) is an isomorphism (by Lemma [V.3.4), we have that Home (R, f) is

irreducible by Lemma |

The following example shows it is, unfortunately, not possible to prove in general
that fs is irreducible in C(R) if X ¢ C(R),Y € C(R), f: X — Y is irreducible
in C, s: W — X is a morphism in § and W € C(R) (even with X,Y

indecomposable).

Example V.3.26. Let () be the quiver 1 -+ 2 — 3 — 4andset R := P, ® I, & Ss.

Consider the following portion of the Auslander-Reiten quiver of C := Cjq

Py

/\%

\
/

in which fj +nm = 0. Setting X = I3 and Y = [, we see that we have
an irreducible morphism f: X — Y. Furthermore, Y € add R C C(R), but
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X ¢ C(R) since there is a triangle

P4 >P1 NS ¢ >P4[]_],

where r is a right add R-approximation but P, ¢ add R (see Lemma|V.3.15).

Now consider the morphism s: W = P, @2 — X given by s := (g j). The

completion of s to a triangle is then

P, » W —— X — Py[1].

We have that W € C(R) as P, € add R and 2 € add R[1]. Furthermore, P, € Xg
whilst the morphism h: X — P»[1] factors through Py[1] € Xy, and so s is a

morphism in the class S C S.

Finally, we claim that the composition fs: W — Y is not an irreducible morphism

in the full subcategory C(R). We have

fs = f(g7)
(fg fi)
= (fg —nm)
(fg =n)('§ )
and this is a genuine factorisation in C(R) as fg: P, = Y,—n: Sy =Y, m: % —
Sy and Py,Y, 52,3 € C(R). Since C(R) is Krull-Schmidt, we see that ( fg —n)
cannot be a retraction as Y = I, is not a direct summand of P; & S5, and ( Ly T?L)
cannot be a section as P; & 2 is not a summand of P; @ Ss. Therefore, although fs

itself is neither a section nor a retraction, fs fails (iii) of Definition [II.3.3|and so is

not irreducible in C(R).

Notice, however, that f5 is irreducible in C(R), where s = g: W = P — Xisa
morphism in S and W € C(R) \ Xg; see Remark[V.3.32
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In the series of technical propositions below that describe the irreducibility of

Home (R, f) in certain cases, we make use of the following lemma.

Lemma V.3.27. Let f: X — Y be an irreducible morphism in C with add XNXr =
OandY € C(R). For any morphism s: W — Xisa morphism in the class S, the

composition fs is neither a section nor a retraction.

Proof. If fs were a retraction then this would imply f is a retraction, but this
is not the case as f is irreducible. If fs were a section, then Home (R, f5) =
Home (R, f) o Home (R, s) would be a section. But this would imply Home (R, f)
is a section as Hom¢ (R, s) is an isomorphism (see Lemma . However, by
Lemma[V.3.11] we would then have that f is a section, which again cannot happen.

|

For our first case, we need the following.

Lemma V.3.28. [Kra00, Lem. 2.4] Let f: X — Y be a morphism in a preadditive
category C such that f # 0. If Ende X (respectively, End¢ Y') is local, then f is

right (respectively, left) minimal.

Proposition V.3.29. Let X ¢ C(R) andY € C(R) withadd XNAXr =0 =addY N
Xg. Let s W — X bea morphism in S (with W e C(R) and add W N Xr =0)
as obtained in Lemma [V.3.20] Suppose f: X — Y is an irreducible morphism in
C. If [ is right almost split in C /[Xg] and Endc)(xy) W is local, then Home (R, f)

is irreducible in Ap — mod.

Proof. We will show fs is irreducible in C(R) and apply Lemma [V.3.25| First, fs
is neither a section nor a retraction by Lemma[V.3.27] Thus, it remains to show that

fs admits no non-trivial factorisation in C(R).

Assume f5 = ba for some a: W — A,b: A — Y where A € C(R). Assume that

b is not a retraction, then we must show a is a section. From Lemma|V.3.12] we see
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that b: A — Y is not a retraction in C/[Xg] as Y € C(R) and add Y N X = 0.
Therefore, there exists ¢: A — X such that b = fc in C/[X] because f is right

almost split by assumption.

We recall for convenience how we obtain the morphism s € S asin Lemma
By Lemma [V.3.18] there is a morphism s: W — X in S with W € C(R), and we
may write W = W@ Wy where add WﬂXR = 0 and W, € Xx. Thus, we may also
express s = (S so ) where 5: W — X and s0: Wy — X. In particular, 5; = 0 and

5=(5355) = (5 0). The morphism ¢ has domain A which lies in C(R), so ¢ must

factor through s by Lemma [V.3.19, That is, there exists d = ( d% ) AW =

Wa W, such that sd = c. Note that in C/[X] we have ¢ = sd = '§_£Zv+ sody = 5

as 5o = 0. So we see that

75 = ba = fea = f3da = (F3)(da)

in C/[XR]

We claim that % is an automorphism of W. The morphism 5 is regular by Lemma
since s € S, 50 5 is also regular as 5 = (5 0). Note that X is a non-zero
object of C as X ¢ C(R). In addition, f is right almost split so Ende/jx, Y is
local and it follows that End¢ Y is local by Lemma Thus, Y is also non-zero
object of C.

Assume for contradiction that f_E = 0, then we would have 7 = 0 as 5 is an
epimorphism. This implies that f factors through X'z by Lemma[V.3.1] say, f = hg
for some g: X — Z h: Z — Y with Z € Xgi. But then h is retraction or g is
section as f is irreducible, which would then imply that 0 # Y € add Z C Xy
or 0 # X € add Z C AXp, respectively. However, this gives us a contradiction as

add X N Xz = 0 = add Y N X. Hence, f35 # 0.

Thus, f_§: W — Y is a non-zero morphism where Endc/(x,, W is local. So, by

Lemma [V.3.28] we have that f3 is right minimal and f’sﬁa = f5 implies da is an
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automorphism of w. Therefore, @ is a section, and hence a is a section by Lemma
V.3.11las A € C(R) and add W N X = 0. This shows that /5 is irreducible in
C(R).

Finally, Hom¢ (R, f): Home(R, X) — Home(R,Y) is irreducible in Ar —mod by
Lemma[V.3.25and this concludes the proof. |

Proposition V.3.30. Let X ¢ C(R)andY € C(R) withadd XNXr =0 =addY N
Xp. Let 5: W — X be a morphism in S (with W € C(R) and add W N X = 0)
as obtained in Lemma [V.3.20] Suppose f: X — Y is an irreducible morphism in
C. If f is right almost split and monic in C/|Xg), then Home (R, f) is irreducible in

Ar—mod.

Proof. As before, fs is neither a section nor a retraction by Lemma So,
assume fs = ba for some a: W — A,b: A — Y where A € C(R). Suppose b is
not a retraction. Then, arguing the same way as in Proposition we obtain
morphisms ¢: A — X, d = (;’;): A— W = W@Wo such that b = fc and
sd = ¢, where s = (5 sp): W o Wy — X isin S and W, € Xr. Moreover, we
again have f5 = ba = fSda in C/[Xg).

Since f is monic, f5 = ?(567@) implies 5 = Sda, which in turn yields da = 15 as 5
is regular (and so monic). Thus, @ and hence a are again sections, and Hom¢ (R, f)

is irreducible. [ |

Note that in the next result we replace the condition that f is right almost split with

a restriction on s.

Proposition V.3.31. Let X ¢ C(R) andY € C(R) withadd XNXr =0=add¥ N
Xg. Let s: W — X bea morphism in S (with W e C(R) and add W N Xr =0)
as obtained in Lemma [V.3.20] Suppose f: X — Y is an irreducible morphism in
C. If 5 is left almost split in C /[ Xg), then Home (R, f) is irreducible in Ap —mod.
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Proof. Again we will use Lemma [V.3.25| By Lemma [V.3.27, the morphism [ is

neither a section nor a retraction. It remains to show that fs admits no non-trivial
factorisation in C(R). Thus, assume we have a factorisation fs = ba for some
a: W — Ab: A — Y where A € C(R). Suppose that a is not a section, so that

we may show b must be a retraction.

Consider a: W — A'in C /[Xr], which cannot be a section by Lemma as
add W N Xz =0and A € C(R). Asa: W — Ais a non-section and 5: W — X
is left almost split, there exists ¢: X — A such that @ = ¢s. Consequently, we
have that f5 = ba = (E)? By Lemma 5 is regular (so epic), and hence
f = bc. Thus, f — be: X — Y factors through Xy, say f — bc = hg for some
g: X — Z,h: Z — Y with Z € Xg. Then f = bc+ hg = (b h)(g) is a
factorisation of the irreducible morphism f in C. Thus, we must have that either

(g)isasectionor (b h) is aretraction.

If (5): X - A® Zisasection, then (£): X — A® Z is asection. Butg = 0, so
(§) is a section yields € is a section. By Lemma this implies c: X — Aisa
section as A € C(R) and add X N Xz = 0. Thus, X € add A C C(R) contradicting
our assumption on X that it does not belong to C(R). Therefore, (¢): X — A® Z

cannot be a section.

Hence, (b h) must be a retraction. Then (b h) = (b 0) is a retraction implies
b: A — Y is a retraction. From the assumptions Y € C(R) and addY N X =
0, we conclude b is a retraction by Lemma Therefore, we have shown
that f5: W — Y is an irreducible morphism in C(R) and so, by Lemma
Home(R, f): Home(R, X) — Home(R,Y) is irreducible in Ag — mod. [ |

Remark V.3.32. These previous three results determine that Home(R, f) is
irreducible in certain situations by showing that fs is irreducible in the subcategory
C(R) for an appropriate 5. In Example we gave an example of an irreducible
morphism f: X — Y with X ¢ C(R) and Y € C(R), and such a morphism s with

/s is irreducible in C(R). Thus, we see this phenomenon does occur. Although we
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can always find a morphism s € S with codomain X (see Lemma [V.3.20), it is not
clear in general if there will be a morphism s with the property that fsis irreducible

inC(R).

Our last result of this section shows that an irreducible morphism f: X — Y splits

under Hom¢ (R, —) in a particular case when neither X nor Y are in C(R).

Proposition V.3.33. Let X,Y be objects in C with XY ¢ C(R). Suppose
f: X — Y is an irreducible morphism in C, which fits into a triangle
z 45 x Ly o .7, where g is also irreducible. If Z € addR, then

Home (R, f) is a retraction.

Proof. Note that we have an exact sequence

Home¢ (R,g Home (R, f

Home (R, Z) ), Home (R, X) s Home(R,Y) — 0

since Hom¢ (R, —) is cohomological and X7 € addXR C Xi. However,
g: Z — X is irreducible with Z € C(R) and X ¢ C(R), so Hom¢(R,g)
is a section by Proposition Therefore, the exact sequence above
is actually split by the Splitting Lemma (Proposition [[[.10.3). In particular,
Home¢ (R, f): Home(R, X) — Home(R,Y) is a retraction. |

V.4 Examples

In this section we work through some examples (coming from cluster categories) in
detail to illustrate applications of our results. For an object X and a morphism f
in a cluster category C, we will denote the corresponding object and morphism in a

quotient C/Z by X and f, respectively.

Example V4.1. Let () be the quiver 1 — 2 — 3 — 4 and let R be the rigid object
P, @ P, @ S, of the cluster category C := Cjg. Recall that the Auslander-Reiten
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quiver for C (with the mesh relations omitted) is

P[] P =3 Pyl
SN NN
Py[1] P, = § Iy = é Ps[1]
SN N D N TN
Py1] Py =3 M =2 L=} P[]
SN N N N N
Pyl Py =4 Sy = 3 Sy =2 S =1 P[]

where the lefthand copy of P;[1] is identified with the corresponding righthand copy
(fori = 1,2, 3,4); see Example [IL.5.

In this case, md(C(R)) = {Pl, PQ, 52, ]2, Sl, Pg[l], Pl[]_], Pg[l], 83} and ind XR =
{Pi[1], P»[1], S5, P53, P4[1]}. Recall from Example [III.5.11] that the Auslander-
Reiten quiver of the quasi-abelian category C/[X’r], which arises as the heart of

the twin cotorsion pair ((add R[1], Xr), (Xr,add R[1])), is

/7

/
\

/\/

where we have denoted monomorphisms by “—" and epimorphisms by “—”, and
again we have omitted the mesh relations. We describe how our results from §V.3.3]

can be used to tell what happens to an irreducible morphism X — Y in C with X, Y

indecomposable and not in X'z. We use the labelling of morphisms as given above.

First, a quick application of Proposition tells us that
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Home(R, e), Home (R, n), Home (R, p) and Home(R,q) are all irreducible as

the domain and codomain both lie in C(R) for e, n, p, q.

Second, we have that Hom¢ (R, g), Home (R, h) and Home (R, ) are sections by
Proposition since the domain lies in C(R) but the codomain does not for
g, h,r. In fact, we can say more about these morphisms by looking at the morphism
Sy: Wx — X inS with Wy € C(R) and add Wy N X = 0 (as in Lemma|V.3.20)
for X € {I3, M, P,}. Indeed, we have Sx is the morphism g, h, r, respectively, for
X = I3, M, Py, respectively. Thus, g, h,r € S and Hom¢(R, g), Home(R, h) and
Home(R, r) are in fact isomorphisms by Lemma [V.3.4]

Since jh = —ge in C and Home¢ (R, g), Home (R, h) are isomorphisms, we see that
Home(R, j) = — Home(R, g) Home (R, €) Home (R, h) ™

is irreducible by Lemma II.3.4|using that Hom¢ (R, e) is irreducible.

Now we will explain how m: M — S, meets the hypotheses of Proposition [V.3.30
but [: I3 — I does not. Note that the morphism s : WX — X for X = M,

(respectively, X = I3)is h: P, — M (respectively, g: Py — I3).

The short exact sequence 0 — S3 — M 2 S, — 0 is an Auslander-Reiten
sequence in k@ — mod so, by Theorem and Proposition the triangle
S3 — M 5% S, — S3[1] is an Auslander-Reiten triangle in C. In particular, m is
minimal right almost split in C and hence 7 is also minimal right almost split in
C/[Xg] by [Liul0, Lem. 1.7] as [Xz] is an admissible ideal (see Definition[[V.3.10).
Furthermore, 7 is a monomorphism by [BM12, Lem. 3.3] as S3 € Xi. Hence, we
may apply Proposition to m and conclude that Hom¢ (R, m) is irreducible in

Ar—mod.

We claim that [ is not right almost split. Indeed, the morphism 7: S, — I, in
C/[XRr| cannot be a retraction, because it is not an epimorphism (the triangle to

check is Py[1] — Sy = I, 5 S, where the morphism 7: I, — S is non-zero in
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C/[XR)), and it does not factor through I. Thus, we cannot use Proposition
here. However, we can use Proposition as the morphism 5 = g is left almost
split in C/[X]. This can be seen by observing that P, % I3 — Py[1] — Py[1] is
an Auslander-Reiten triangle in C, so ¢ must be minimal left almost split and hence
g is minimal left almost split by [Liul0, Lem. 1.7]. Therefore, Hom¢ (R, () is also

irreducible in Ap — mod.

Recall that in the proofs of Propositions [V.3.30| and [V.3.31] we actually proved if

f: X — Y isirreducible (among some other conditions), then s is irreducible in
C(R) for an appropriate morphism s. Thus, we see that the Auslander-Reiten quiver

of the subfactor category C(R)/[Xg] is

/\
m/

by results of Chapter and [Liul0O], using that C(R) is Krull-Schmidt (see

Corollary [V.3.17) and that [Xg] is admissible (see Example [[V.3.11). Therefore,
the equivalence C(R)/[Xr] ~ Ar—mod (see Theorem|V.3.6) gives us that

Home (R, Py) Home (R, Ps[1])
Home (R,e) Home (R,lg)
Home (R,q)
Home (R, P») Home (R, I5)
Home (R,n) Home (R,p)
Home (R,mh)
Home (R, S2) Home (R, S1)

is the Auslander-Reiten quiver of Ag —mod.
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We can see this is the correct Auslander-Reiten quiver in a different way as follows.
There are precisely three irreducible morphisms in the Auslander-Reiten quiver of
C that become regular morphisms (and stay irreducible by Proposition in
C/[Xg]. In particular, when we localise C/[XR] at its class of regular morphisms,
these morphisms will become isomorphisms and the corresponding arrows in the

Auslander-Reiten quiver will “collapse”. (This is how we deduced the Auslander-

Reiten quiver of Az —mod in Example[[I[.5.11])

Lastly, we show with this example that the converse to Proposition does not
hold in general. Consider the morphisms g: P, — I3 and [: I3 — I, in C. We
have seen above that Hom¢ (R, ¢) is an isomorphism and Hom¢ (R, ) is irreducible.
Thus, we have that Home (R, lg): Home(R, P1) — Home(R, ) is irreducible in
Ar—mod by Lemma However, lg: P, — I, is certainly not irreducible in
C by Proposition because it is the composition of two irreducible morphisms

between indecomposables (and so belongs to rad3( Py, I5)).

The next example looks at the behaviour of a morphism f: X — Y under

Hom¢ (R, —) when X, Y ¢ C(R).

Example V.4.2. Again we let C = Cj be the cluster category of the path algebra
of the quiver @Q: 1 — 2 — 3 — 4. However, now we fix R’ .= P, & P, & S3
as our rigid object. One can check that the objects Sy, I, M do not lie in C(R') by

taking minimal right add R’-approximations and noting that P ¢ add R'.

It is easy to see that Ag/ is isomorphic to the path algebra of the (non-connected)
quiver

1" — 2 3
with HomC(R’,SQ) = SQ/, Homc(R',Ig) = %; and HOIIlc(R/,M) = SQ/ D 53/,
where S; is the simple representation at vertex '

Consider the morphisms n: So — I, and m: M — S5 (as in the Auslander-Reiten

quiver of C in Example [V.4.1). The morphism Hom¢(R,n) corresponds to the
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irreducible inclusion morphism ¢y : Sor — 1, whereas Home (R, m) corresponds
to the canonical projection morphism Sy & Sy —» S and is thus a retraction (so
split). Hence, we see that for a morphism f: X — Y of a cluster category C, it is
entirely possible that Home (R, f) remains irreducible or that it splits when X and

Y are both not in the subcategory C(R).

In this same example, we may also observe that the morphism
Home(X,Y) — Homp ,,  mod(Home(R', X), Home(R',Y))

is not necessarily surjective if X does not lie in C(R') (even if Y € C(R)). For
example, since Hom¢(R', Py) = Sy = Home (R, S2), where the isomorphism is
induced by the composition P SN VLN S, there is an inverse isomorphism
a: Home(R', S3) — Home(R', P>) in Ap—mod. However, there is no non-zero

morphism Sy — P, inC, so thereisno f € Home (S, P) such that Home (R, f) =

a # 0.

Remark V.4.3. Example [V.4.2]above is also interesting for another reason. Consider
the induced morphism Hom¢(R', j) = (%’ 133/ ) : Home(R', M) = Sy & Sy —
1 ® Sy = Home(R', I3), where 1y : Sy < L, = Py is the inclusion morphism
and 1g,,: Sy — Sy is the identity. This induced morphism is an example of an
irreducible morphism which is not radical. Indeed, Hom¢ (R, j) is neither a section
nor a retraction as A g —mod is Krull-Schmidt (see Theorem [[1.4.4). Now suppose
that Home (R, j) = (Z;>(91 g2 ) for some (g1 go): So @B Sy — Z, (Z;) /AR
Py & Sy where Z € Ag—mod. Then

ty 0 hy higi higa
= (g1 g2) = )
0 1g, Do hagi  hago

80 h1g1 = tar, haga = 1s,,, and h1gs = 0 = hag,. Since vy = hyg; is irreducible, it

must be the case that either h; is a retraction or ¢, is a section. If h1: Z — Py isa
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retraction then there is a section s: P;; — Z such that hys = 1 p,,- Moreover,

hy his  higs 1p, 0
(S g2> = = = 1P1/@53/7
hg hQS hggg 0 133,

using that hps € Homy,, mea(Pr,Sy) = 0. That is, (hl

) 1S a retraction.
ha

Similarly, if g; is a section then this would imply ( g; ¢ ) is a section also. Hence,
Home (R, j) is irreducible. However, by noting that 15, is not radical (as the simple
Ag-module Sy is non-zero) and using Lemma [I1.3.8) we see that Hom¢ (R, j)

cannot be radical.
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