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Abstract

Array signal processing is a technique linked closely to radar and sonar systems. In
communication, the antenna array in these systems is applied to cancel the interference,
suppress the background noise and track the target sources based on signals’parameters.
Most of existing work ignores the polarisation status of the impinging signals and is mainly
focused on their direction parameters. To have a better performance in array processing,
polarized signals can be considered in array signal processing and their property can be
exploited by employing various electromagnetic vector sensor arrays.

In this thesis, firstly, a full quaternion-valued model for polarized array processing
is proposed based on the Capon beamformer. This new beamformer uses crossed-dipole
array and considers the desired signal as quaternion-valued. Two scenarios are dealt with,
where the beamformer works at a normal environment without data model errors or with
model errors under the worst-case constraint. After that, an algorithm to solve the joint
DOA and polarisation estimation problem is proposed. The algorithm applies the rank
reduction method to use two 2-D searches instead of a 4-D search to estimate the joint
parameters. Moreover, an analysis is given to introduce the difference using crossed-dipole
sensor array and tripole sensor array, which indicates that linear crossed-dipole sensor
array has an ambiguity problem in the estimation work and the linear tripole sensor
array avoid this problem effectively. At last, we study the problem of DOA estimation
for a mixture of single signal transmission (SST) signals and duel signal transmission
(DST) signals. Two solutions are proposed: the first is a two-step method to estimate
the parameters of SST and DST signals separately; the second one is a unified one-step
method to estimate SST and DST signals together, without treating them separately in

the estimation process.
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Chapter 1

Introduction

1.1 Research Background

Array signal processing techniques have been widely used in many applications. In mod-
ern radar and sonar, antenna and hydrophone array is an essential component in the
system to detect and locate the targets. Many communication systems use microphones
or loudspeakers or multiple beam antennas to achieve their performance objectives. Seis-
mic arrays are designed for oil exploration, underground nuclear tests detection and even
earthquake prediction [1]. Various medical diagnosis and treatment techniques exploit
ultrasound arrays [2, 3]. Large antenna arrays can help to achieve high resolution goals

in radio astronomy [4].

Specifically, array signal processing can be divided into three different sub-areas: signal
detection, beamforming and direction of arrival (DOA) estimation. Detection theory or
signal detection theory is a means to quantify the ability to distinguish between signals
and noise with information of the received array signals [5]. Beamforming is a widely
used technique in tracking and receiving signals from a selected direction or directions [6].
Sometimes we consider beamforming as spatial filtering [7]. It can be applied to both the
transmitting and receiving ends to achieve spatial selectivity. This is realised by combining

elements in a sensor array in such a way that signals at particular angles experience



constructive combination, while others are added together destructively. Generally, there
are three different types of array structures for array signal processing: the linear array,
where all the sensors are placed along a straight line; the planar array, where the sensors
are spaced over a two-dimensional (2D) surface [8, 9]; the volumetric arrays, where the
sensors are placed spatially in a three-dimensional (3D) space [10]. DOA estimation in
array signal processing is used to estimate the direction of incoming signals by an array
of sensors, which is widely used in radar detection, seismology, wireless communications

and radio astronomy [11, 12]. In the following, some application areas are introduced.

Radar is probably the first application area of array processing. Although the primary
concept of phased antenna array was known during World War I, the first application was
during World War II. Most kinds of radar work in the defense sector. Examples can
be given as the fire control radars in Navy ships, high resolution bombing radars and
height-finding radars. Non-military radars are used for navigation, meteorologic, velocity

measurement and air traffic control.

Array signal processing also plays a very important role in seismology. One important
area is to detect and locate underground nuclear explosions. In the 1960s and 1970s many
useful developments were achieved in this area. One of the most famous beamformer,
Capon’s minimum variance distortionless response (MVDR) beamformer was developed
in that period [13], which will be discussed in the following chapter. Another topic related
to seismology is of great significance to us, that is the exploration seismology [14], where
the objective process is to construct an image of the subsurface in which the structure

and physical properties are described.

In many modern communication systems, antenna arrays, or sensor arrays are widely
used. Signals in a communication system are normally point sources. Due to the channel
characteristics, we can consider the signals arriving at a sensor array as a single plane
wave, multiple plane waves or as spatially spread signals [15]. In addition to receiver
noise, the interference may include other communication signals or intentional jamming

signals. Moreover, phased antenna array is an important component in satellite systems.



For example, the Defense Satellite Communication System (DSCS III) has a 61-beam
receive MBA (multiple beam antennas) and 19-beam transmit MBA. Many of the low

earth orbit (LEO) satellite systems utilize phased arrays.

1.2 Original Contributions

In our research, the sources are considered to emit polarized signals, and we employ vector
sensor (crossed-dipole or tripole sensor) arrays to process the received signals. There are
two main focuses about the work in this thesis: beamforming and DOA estimation. The

original contributions include:

1. The first contribution is to improve the quaternion-valued capon beamformer. With
crossed-dipole antenna arrays, quaternion-valued data models have been developed
for beamforming for a long time. The quaternion-valued Capon beamformer is de-
signed to eliminate the interference signals which are close to the signal of interest.
The Q-capon beamformer tracks the aimed signals not only based on their direc-
tions, but also their polarisation information. However, for almost all quaternion-
valued array models, especially for adaptive beamforming, the desired signal is still
complex-valued. It leads to a problem that although the output signal of our de-
signed beamformer is quaternion-valued, only two components of the quaternion
result is fully made use of and the remaining two are simply discarded. As a result,
significant redundancy exists in its implementation. To deal with the disadvantage
of the original quaternion-valued beamformer, we consider a quaternion-valued de-
sired signal and develop a fully quaternion-valued Capon beamformer, which has a
better performance and a much lower complexity. Furthermore, based on this full
quaternion model, the robust beamforming problem is also studied in the presence
of steering vector errors and a worst-case based robust beamformer is developed.
However, as shown in our later work, there are some interferences from some specific

DOAs and polarisations cannot be suppressed effectively by the proposed method,
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which is an inherent ambiguity issue associated with the array structure.

. In the second contribution, the ambiguity problem for DOA estimation associated
with vector sensor arrays is analysed. Electromagnetic (EM) vector sensor arrays
are employed to track both the polarisation and direction of arrival (DOA) param-
eters of the impinging signals. However, the linear crossed-dipole arrays, due to
inherent limitation of the structure, can only track one DOA parameter and two
polarisation parameters. For full 4-D (2 DOA and 2 polarisation) estimation, we
could extend the linear crossed-dipole array to the planar case. In our work, in-
stead of extending the array geometry, we replace the crossed-dipoles by tripoles
and construct a linear tripole array. A detailed derivation is given to show how a
crossed-dipole array produces the ambiguity problem and why tripole arrays can
avoid the problem. It is shown that the tripole sensor structure can estimate the
2-D DOA and 2-D polarisation information effectively. Besides, a MUSIC-based
dimension-reduction algorithm is developed so that the 4-D estimation problem can
be simplified to two separate 2-D estimation problems, significantly reducing the
computational complexity of the solution. The Cramér-Rao Bound (CRB) is also

deduced as a reference to evaluate the performance of the developed algorithm.

. In the third and also the final contribution, we consider an emerging scenario for
DOA estimation. Currently, most estimation work focuses on single signal trans-
mission (SST) signals. However, to make full use of the degree of freedom in the
spatial domain, dual signal transmission (DST) model signal can be employed in
wireless communications. But there is rarely any work on DST signal estimation.
Motivated to solve the problem, a new two-step estimator is proposed for DST sig-
nals, where an SST estimator and an DST estimator are constructed separately to
estimate the SST signals and the DST signals. To extend the two-step solution to
a more general case, a unified general estimator is derived to estimate the DOAs
of all mixed signals. An analysis is provided to explain why this general estimator

works for both kinds of signals.



1.3 Outline

The outline of the thesis is as follows:

In Chapter 2, basic concepts of polarisation, beamforming and DOA estimation are
reviewed. A crossed-dipole sensor array is introduced to describe how polarised signals
are received. For beamforming, a well-known Capon beamformer and its application
with worst-case constraints are reviewed and some simulation results are provided to
demonstrate its performance. For DOA estimation, the well-known MUSIC algorithm is
reviewed and the algorithm is extended to 1-D, 2-D and 4-D estimation cases.

In Chapter 3, with polarised signals, a uniform crossed-dipole linear array is applied to
beamforming and a fully quaternion-valued Capon beamformer is proposed. The proposed
beamformer considers the desired signal as quaternion-valued and a detailed derivation of
the weighting vector is presented. Moreover, the new proposed beamformer is extended
to the worst-case based robust beamforming. Simulation results including beam patterns
and output SINR are provided to verify the effectiveness of the proposed algorithms.

In Chapter 4, the ambiguity problem for DOA estimation associated with vector sensor
arrays is analysed. By comparing the difference between linear crossed-dipole and tripole
sensor array, it can be found that generally the linear crossed-dipole sensor array has the
ambiguity problem while linear tripole sensor array can avoid the problem. Detailed proof
is given as a explanation to the problem. After that, based on the tripole senor array, a
complexity-reduction MUSIC algorithm is proposed, which reduce the orginal 4-D search
to 2-D searches. The CRB (Cramér-Rao Bound) is derived to evaluate the performance
of the new algorithm.

In Chapter 5, an emerging scenario for DOA estimation is considered, where the
incoming signals include both the single-signal transmission (SST) and the dual-signal
transmission (DST) signals. Traditional 4-D MUSIC algorithm fails to find the direction
and polarisation of the DST signals. To solve the problem, by exploiting the additional
information provided by DST signals, a two-step algorithm is firstly proposed. In the

solution, a rank-reduction SST estimator is applied to find the DOA and polarisation of



the SST signals and then a specifically designed DST estimator is derived to estimate
the DOA of DST signals. Furthermore, a general MST estimator is proposed to obtain
the DOA parameters of the SST and the DST signals in one step. After that, the CRB
(Cramér-Rao Bound) is derived to evaluate the performance of the proposed algorithms.

In Chapter 6, conclusions are drawn and some ideas for future work are introduced.



Chapter 2

Literature Review

2.1 Introduction to Polarization

Polarisation is used to describe the phenomenon that transverse waves are able to oscillate
in different directions simultaneously. For transverse waves, the oscillating directions are
always orthogonal to the wave propagating direction, which is the reason of polarisation
in transverse waves transmission. While for longitudinal waves, the oscillating directions
are identical with the wave propagating direction. As a result, there is no polarisation
in longitudinal wave propagation. Typical longitudinal waves, for example, the sound
waves propagating in liquid or gas, do not exhibit polarisation. Those transverse waves,
such as the sound waves propagating in solid media, and transverse electromagnetic waves,
exhibit polarisation with waves propagating. In this section, the discussion of polarisation

is mainly focus on transverse electromagnetic waves.

Consider a transverse electromagnetic (TEM) wave propagating to an array with po-
larisation sensitive sensors, for example, crossed-dipole sensor array, which is shown in
Fig. 2.1. The electric field E and the magnetic field B are both orthogonal to the wave
propagating direction, which can be denoted as an incoming unit vector 7. As the strength
of electric field and magnetic field can not be measured directly, the sensors use the in-

duced voltage gradient caused by these two fields to describe the strength instead. In the

7
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Figure 2.1: A linear crossed-dipole array.

following, the discussion will be based on a crossed-dipole sensor array. In crossed-dipole
array, the information of magnetic field will be ignored and only the strength of electric
field will be recorded in the array.

With the varying of time, the direction of electric field keeps changing. As the direction
of electric field at any time-instant is always orthogonal to the wave propagating direction
r, the directions of electric field lie in a planar. Here we use two polarized vectors q?) and
6 as two basic vectors to describe the electric field planar, where the two vectors must be
both unit vectors and orthogonal to each other. Then, the electric field of the TEM wave

can be expressed in terms of these vectors
E = FEyp+ Ey0 + 07
= By + Fy (2.1)

Notice that the component in the 7 direction is zero in (2.1), and the electric field of the
wave is determined by the other two components. There are more than one choices in

choosing (,ZAS and 6. Generally we use the following equations in our analysis,
¢ = [—sing,cosep,0]” (2.2)
6 = [cos¢cosb,cospsinb, —sinb)7 (2.3)

8



Figure 2.2: Polarization ellipse.

As time progresses, the amplitude of these two components varies periodically sharing
a same frequency of the TEM wave. As a result, the electric field varies in a polarisation
ellipse which is shown in Fig. 2.2. In the ellipse, we define [ as the angle between the
major axis of the ellipse and (ﬁ To eliminate ambiguities we also set § in the range
0 < B < m. Another angle « is defined to describe the ellipticity, which is given by

_, minor axis

a = tan (2.4)

major axis
« is defined positive when the electric ellipse rotates clockwise and negative when rotates
counter-clockwise in the range of —7/4 < o < /4 [16]. For a given polarized signal, the

electric field components are denoted by

E, = Acosy (2.5)

Ey = Asinvyel” (2.6)
A is the amplitude of the signal and the relationship among «, 8,y and 7 is

cos2y = cos2acos2f (2.7)

tann = tan2acsc2f (2.8)

where 0 <y <7/4and —7 <n<m.



Generally, the electric field is an ellipse from the view of wave propagating direction and
we call it elliptical polarisation. However, the ‘ellipse’ may degenerate to a straight line or
a circle. The two special cases are noted as linear polarisation and circular polarisation.
When a = 0, the electric field E will be clustered in a line. While if o = +7, in the
ellipse, the length of minor axis will be equal to the length of major axis. As a result, the
ellipse will appear as a circle.

When an elliptically polarised signal impinges on the crossed-dipole array (linearly
polarised and circularly polarised signals can be considered as the special case of elliptically

polarised signals), as we mentioned before, the strength of electric field is recorded in the

form of induced voltage gradient and projected onto x, y and z axes in space, where

E =FE;p+ Ey0
= (Epcosbcosp — E,sin )T
+(EpcosBsin ¢ + E, cos ¢)y

—(Egsinf)z (2.9)
With more details to express Ey and Ey in (2.5), the electric field becomes

E = A[(siny cos 6 cos e’ — cos ysin ¢)
+(sin y cos 0 sin ¢pe?” + cos 7y cos @)
—(siny sin #e’") 2]

= A(p.z + pyy + p.2) (2.10)

where p,, py, p. are the polarisation coefficients in the Cartesian coordinate system.

In practical work, polarisation is an important design consideration. Although ellipti-
cal polarisation is the general case, the linear polarisation and circular polarisation are ap-
plied in communication systems more widely. For example, usually the linear polarisation
are applied as vertical linear polarisation and vertical linear polarisation. Vertical linear
polarisation is widely used in radiating the radio signals such as the mobile equipments.

Horizontal linear polarisation is used to broadcast television signals, which can reduce the

10



interferences with mobile signals. Another consideration is that manmade noise usually
appears as vertical linear polarisation, the horizontal linearly polarised signals suffer less
interferences from noise.

Circular polarisation is mostly applied to satellite communications. One reason is
that circular polarisation is more resistant to signal degradation due to the atmosphere
conditions. For example, when signals travel through heavy clouds or rain, the rotation
of the signals may change, which affects the linear polarisation more than the circular

polarisation.

2.2 Introduction to Narrowband Beamforming

Beamforming is a technique in array signal processing to extract the signal of interest
among interferences and background noise. In beamforming, the information of the signal
envelope is collected in the array as a vector. Applying a weight vector to the received
array signals, the final output includes the desired signal from a certain DOA, while the
interferences with different DOAs and background noise are efficiently suppressed [17].
The main task of beamforming is to find a suitable weight vector. In the following, we
will give a introduction about the low pass equivalent model for bandpass signals. Then,
a narrowband model for the signal transmission will be presented. Finally, we will provide
some concepts of Capon beamformer and robust Capon beamformer based on narrowband

model.

2.2.1 Low pass equivalent model

In communication systems, the transmission signals are always real-valued. A typical

real-valued band-pass signal s(t) can be denoted as
s(t) = Re{s;(t)e’"} (2.11)

where s;(t) is a signal with zero center frequency and e/*<! can be viewed as a complex-

valued carrier signal. Thus, after Fourier transform, the frequency domain of s(t) is given

11



Figure 2.3: Frequency domain of a band-pass signal s(t).

A F(jo)

—w ﬂ\
— .
\/ PR

Figure 2.4: Frequency domain of signal j5(t).

in Fig. 2.3.

Due to the symmetry of the spectrum, the components with negative frequency can
be discarded without any loss of the original signal information. Based on the idea, a new
signal j5(t) can be added to the original signal to eliminate the components with negative
frequency and double the components with positive frequency. The frequency domain of
the new signal 75(¢) is given in Fig. 2.4.

From Fig. 2.3 and Fig. 2.4, the relationship between s(t) and j5(t) in frequency

domain can be concluded as

Flw), w>0
jF(W) = 0, w=~0
—F(w), w<0

= sgn(w)F(w) (2.12)
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Figure 2.5: Frequency domain of analytic signal s,(t).

where the sgn(w) is the sign function of w. Apply the inverse Fourier transform, the

relationship of the two signals in time domain is given by

js(t) = F H{sgn(w)F(w)} = F Hsgn(w)} = FH{F(w)}

1
= j— t 2.13
R (2.13)
where * is the convolution operator. The signal §(f) = =& * s(t) is called as the Hilbert

transform of the original signal s(¢). By adding the Hilbert transform to the original
signal, the output signal s,(t) is a signal with only positive frequency. This signal is

known as the analytic signal and

F,(w) = F(w) 4+ jF(w) = 2F (w)u(w) (2.14)

where u(w) is the Heaviside step function. Since there is no components with negative
frequency, the analytic signal is always complex-valued in time domain. In signal process-
ing, as long as the functions applied to signals have no components of negative frequency,
or the function is analytic, the original response can be obtained by simply discarding
the imaginary part of analytic response. The frequency domain of the analytic signal is
shown in Fig. 2.5.

In communication work, the output signal is the convolution of input signal and system
response function. When the input signal s(¢) and the system impulse response h(t) are

bandpass functions, it requires high computation complexity to work out the output signal

13
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Figure 2.6: Frequency domain of low-pass equivalent signal s;(t).

y(t). To reduce the work of computation, it’s considerable to move the center frequency
of the input signal and the system impulse response to 0. This is known as the low-pass
equivalent model. The frequency domain of the low-pass equivalent signal s;(¢) is given

in Fig. 2.6. The Fourier transform of s;(¢) can be denoted as

A

Fiw)=F(w+w)+ jF(w+w) =2F(w + we)u(w + we) (2.15)

Similarly, the Fourier transform of the low-pass equivalent system impulse response hy(t)

is
Hy(w) = H(w + w) + jH(w + we) = 2H (w + we)u(w + w,) (2.16)
The output of low-pass equivalent model will be
Yi(w) = Fi(w) Hi(w) = 4F (@ + we) H(w + wo)u(w + w,) (2.17)

If only keep the real-valued components of y;(t) with a e/*! phase shift in time domain,

the Fourier transform is

Yi(w—we) +Yi(—w—w)
2
AR (w)H(w)u(w) + 4F (w) H (w)u(—w)
2
=2F(w)H(w) < 2y(t) (2.18)

Re{y(t)e’'}

The equation illustrates that to avoid the high computation of y(t), it’s more convenient

to compute y,(t) with the low-pass equivalent model. This low-pass equivalent model is

14



widely used to evaluate the performance of bandpass signals and bandpass systems. To
recover the real-valued output y(t), we only need to add a phase shift e/“<! to the low-pass
equivalent output y;(¢), discard the imaginary-valued components and halve the result.
Compared to real-valued signals, complex-valued signal (low-pass equivalent signals)
simplifies the calculation and makes attributes of functions more accessible. Besides, it
also makes some developments on the derivation of modulation and demodulation tech-
niques, such as single-sideband modulation. This explains a fact that in real communi-
cation systems the transmission signals are real-valued, however, when analysing signals,

the complex-valued analytic signal is a better alternative.

2.2.2 Narrowband model

Consider an array of L omnidirectional sensors receive M uncorrelated source signals of
frequency fy from the far field. For signal s;, each sensor records a result and the received
results differ by the arriving time at the array sensors. The time delay taken by a plane

wave of s; from the direction 6; in two adjacent sensors is given by

_ dsinb;

7(6;) (2.19)

C

In a uniform linear array (ULA), every two adjacent sensors have the same distance
d, the time delay for source signal s; between adjacent sensors shares the same value 7.
Assuming that s; arrives at the first sensor at time 0. Then the delay for the signal arrives

at the [th sensor can be given as
7(0;) = (I = 1)7(6;) (2.20)

The signal received at the first sensor due to the i-th source can be normally expressed

in complex notation as

s;(t) = my(t)e?? ot (2.21)
with m;(t) denoting the complex baseband signal.
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For the i-th source signal, the signal received at the [th sensor can be expressed as
si(t —7(6:)) = mi(t — 7(6;))e?*m o= (2.22)

The narrowband assumption for array signal processing states that if the bandwidth of
the signal is narrow enough and the array dimensions are small enough, the modulating
function will roughly stay constant after the time delay in all sensors. That is to say,
mi(t + 11(6;)) = m;(t).

The received signal at the [-th sensor can be expressed as [13]
Si(t _ Tl(ez’)) ~ mi<t)€j27rf0(t—ﬂ(9i)) — mi(t)eﬂﬂfote—j?ﬂfoﬂ(@i) — 3i<t)ail (2.23)

where a; = e=927fon(%) representing the phase shift at the I-th sensor of the i-th signal.
Also, these phase shifts can be considered as a vector a; varying with 6;, which is known

as the steering vector and can be denoted as
a; = [ailv @2, .- ain] (224)

Let x,(t) denote the total received signal due to all M sources and background noise
at the [-th sensor. It is given by
M
mi(t) = si(t)aq + n(t) (2.25)

=1
2

n*

where n;(t) is a Gaussian white noise at the [-th sensor with zero mean and variance o
A narrowband beamformer is shown in Fig. 2.7. The received array signals are
multiplied by a corresponding weight coefficient w;. After that, all the weighted signals

are summed to form a new array output. The output can be denoted as

y(t) = Z wia(t) (2.26)

If we denote the weights and signals received by all array sensors as vector w and x(t),

then

w = ['LUl,U)Q,...,U)L]T

2(t) = [21(t), 22(t), oo wp(t)]T (2.27)
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Figure 2.7: A general narrowband beamforming structure.

The output is given by
y(t) = wx(t) (2.28)

where H denotes the Hermitian transpose of a matrix. w and x(t) are referred as array
weight vector and array signal vector, respectively.

The mean output power of the beamformer is given by
P =E[y(t) - yt)*] = w” Rw (2.29)
where F denotes the expectation operator and R is the covariance matrix defined as

R = Elz(t) - z(t)"] (2.30)

2.2.3 Capon beamformer

There are many schemes to determine the weights of a beamformer. One well-known
algorithm is the Capon beamformer, or the minimum variance distortionless response
beamformer (MVDR) [18, 19]. The main idea of Capon beamformer is to maximize the
output SINR through maintaining a unity response to the desired signal and eliminating

the interferences and noise as much as possible.
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Given an L-element ULA, a desired signal and M-1 interferences impinge on the array.
(We assume the M signals are uncorrelated with each other.) After beamforming, the

output corresponding to the desired signal s; is w a;s;, where

a) = [1, e 32 fom00) | emi2mfon(0v)] (2.31)
To have a unity response to the desired signal, it should be satisfied that
wa, =1 (2.32)

M
Similarly, the output corresponding to the other M-1 interferences and noise is > w” a;s;+

=2
w'n. To suppress the interferences and noise effectively, we minimize the power of the

final output. The power of interferences and noise at the output is given by the following

expression:

M M
P, = (Z w a;s; + w'n) * (Z w a;s; + wn)?
=2 1=2

M
= wH(Z a;E[s;s{'al" + nn™)w
=2
= w’ R, w (2.33)
R, ., is the array covariance matrix for interferences plus noise, and
M
Ri+n = Z (IZ‘E[SZ'SZ'}HG{I + O'ZIL (234)
i=2
where I, is the L x L identity matrix. The aim of the beamformer comes to
min w'? R, ,w
subject to wa; =1 (2.35)

In practice, the estimate of interferences and noise correlation matrix is usually not avail-
able. Instead, the covariance matrix R for the whole received array signals is used in
determine the weights. Thus, the Capon beamformer turns to solve the following prob-

lem:

min w’ Rw

subject to w'a; = 1 (2.36)
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Thus, the beamformer weights are determined to minimize the output power while
maintaining unity response to the desired signal. The constraint ensures that the desired
signal passes through the beamformer undistorted. In such a case, the desired signal’s
power remains the same at the output. Keeping the desired signal and minimizing the
total output power ensure the maximum output SINR.

The Lagrange multipliers method can be applied to find the optimum value of weight

vector w, and the problem in (2.36) can be transformed into
Vo [w Rw— Nwa, —1)] =0 (2.37)

where ‘V’ is the gradient symbol. The gradient of a function [(w) with respect to a row

vector w is defined as

Ol(w) Ol(w) Ol(w)

Y

Vul(w) = |

] (2.38)

ow; " 0wy ' Qwyn

wy, we, ...wy is the elements in vector w. Notice that the result will have the same vector
structure as w. i.e, if w is a row or column vector, the gradient result will be a row or
column vector with the same dimension as w.

Here we divide the left side of (2.37) into two components V - w'? Rw and V  A(w a, —

1). The first component can be computed as

Vew?’Rw = V[w'R]-w+w’RV,w

= Rw+w’R-0=Rw (2.39)
The second component is
Ve Mw'a; —1) = \a; (2.40)
Then we have
Rw—)a;, =0
= w=\R'q (2.41)

Substituting (2.41) into wa; = 1, X is then give by
N =a'R 'at (2.42)
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Note that A is real-valued, then
A=\ (2.43)
We then obtain the final optimum weight vector w as
w=(a’R'a) 'R 'a, (2.44)
The beam response of the array for a signal from an arbitrary direction 6 is defined as
p(0) = |w" a(0)| (2.45)

Next we give an analysis on the output SINR after Capon beamforming. The covari-
ance matrix R includes two components, the part R for the signal of interest (SOI) and

the part for interferences plus noise R;,, which can be denoted as
R=R,+ R, (2.46)

Assume there is only one desired signal s; and M — 1 interference signals arriving at the

array with N sensors (M < N). The output SINR is

w R w

SINR =
wHRi+nw

(2.47)
R, is calculated by the covariance of the steering vector of the desired signal, which is

RS = alE[slst]a{{
=o?a;al (2.48)
Since the weight vector contains the part R™', it is necessary to find out the inversion

of the covariance matrix. The Matrix Inversion Lemma for an invertible matrix A and a

vector x states that

Al AT
A gy l=a"1 """ — 2.49
(4 +2z7) l+afA 'z (2.49)
Since
R=oc%a,a! + R;,, (2.50)
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then it can be deduced that

R} aa’ R}
Rfl — R;rln 71 l+27l I; 171 1+n (251)

Substituting R™" into (2.47), the output SINR is transformed into
SINR = o3ai' R}, a, (2.52)

A special scenario is that there is no other interference signals in the processing, and the

output SNR becomes

SNR = o?d’'R;'a,

_ N (2.53)

After the beamforming process, the SNR increases by N times, which is the total number

of elements of the array. With this situation, the inversion of covariance matrix is

I ZGaaf
—5 a1 04
R'=- - 2" (2.54)
02 024 No}
The weight vector becomes
w= % (2.55)

Here we provide some simulation results to present how capon beamformer works
and investigate the factors that affecting the beamforming performance. In the following
simulation, the desired signal comes from 0° and the array sensor number is 6. The
SNR is set to 0 dB. The distance between adjacent sensors equals half wavelength of our
narrowband signals.

Firstly, we draw the beampattern of the Capon beamformer with no interfering signals.
Fig. 2.8 gives the theoretical beam response for the range 6 € [—90°, 90°] with the snapshot
number approaching infinity.

Then we consider the cases with finite number of snapshots. We give four cases with

100, 500, 1000 and 5000 snapshots, respectively.
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Beam Pattern (dB)

0 (degree)

Figure 2.8: Beampattern with infinite number of snapshots, no interferences.

Beam Pattern (dB)

0 (degree)

Figure 2.9: Beampattern with 100 snapshots, no interferences.
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Beam Pattern (dB)

0 (degree)

Figure 2.10: Beampattern with 500 snapshots, no interferences.

Beam Pattern (dB)

0 (degree)

Figure 2.11: Beampattern with 1000 snapshots, no interferences.
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Beam Pattern (dB)

0 (degree)

Figure 2.12: Beampattern with 5000 snapshots, no interferences.

8 1 1 1

100 500 1000 5000 inf
Snapshot Number

Figure 2.13: The output SNR versus snapshot numbers.
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With the increase of snapshot numbers, the beampattern in Fig. 2.9-Fig. 2.12 be-
comes more and more close to the theoretical one. Fig. 2.13 also gives the output SNR

comparison of the above cases.

2.2.4 Robust Capon beamformer

Although the Capon beamformer can recover the desired signal with improved SINR
at its output. In practice, the assumed steering vector a; may differ from the actual
value for various reasons such as imprecise knowledge of the signal’s direction and the
sensor position errors. Many techniques for minimizing the beamforming errors have
been proposed already, and one popular method is the robust capon beamformer, with
worst-case constraints [20-25]. In the following we give a review of this technique.

In the robust Capon beamformer, we first replace the original constraint by the fol-

lowing one

min w” Rw

subject to min |w” (a; + €)| > 1 (2.56)

where e is the steering vector distortion caused by possible deviation from the actual
direction, sensor position errors or other unknown factors. We consider the error has an

upper norm bound ¢ so that |e| < e. The constraint can be further changed to
|w (a, + €)| = |[w’a, + we| > |wa,| — |w e (2.57)
Since |e| < ¢, then
lw” (a, + e)| > |w a,| — ¢|w| (2.58)
With the constraints in (2.56), it can be deduced that

min  |w”(a, + )| = |[w a)| — c|w| > 1

|lw ay| > 1+ ¢|w| (2.59)
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With the rotation of w, we can always find another w; = we /¢ which keeps w!’ Rw,
unchanged and ensures w! (a; + €) real-valued.

Hence, the whole formulation changes to

min w” Rw
subject to |w"a;| > 1+ ¢|w| (2.60)

To find a solution for (2.60), we apply the CVX tool in MATLAB. Here, we give some
simulation results for the above robust capon beamformer.

Firstly, consider a scenario where the desired signal comes from 6§ = 1° with SNR =0
dB. However, we have an imprecise knowledge of the direction as we assume that the
direction of the signal is from ¢ = 0°. In the simulation, the results are obtained by 200
Monte-Carlo trials and we take 100 snapshots for each trial, and the error upper bound
€ is set to 0.1. Fig. 2.14 is the beampattern of the robust Capon beamformer, where the
response for the rough DOA range [—3°, 3°] is beyond 0 dB. Moreover, Fig. 2.15 gives the
output SINR comparison between the traditional Capon beamformer and robust Capon

beamformer versus the input SINR.

2.3 Introduction of DOA Estimation

To estimate the direction of signal emitter by a sensor array is of great interest in many
application areas such as radar, sonar, tomography and earthquake prediction. Many
methods has been developed to solve the estimation problem. A classical method is to
apply FFT (fast Fourier transform) to estimate DOA. However, when estimating multi-
ple targets, the algorithm performs with low resolution that the estimation results may
be not as accurate as required. To overcome the resolution problem, subspace method
such as the multiple signal classification (MUSIC) [26] and estimating signal parameters
via rotational invariance techniques (ESPRIT) [27] is developed. One well-known DOA
estimation method, the MUSIC algorithm, will be introduced in detail in this section

and the algorithm is the main tool exploited for DOA estimation in our research work.
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Figure 2.14: Beampattern of the robust Capon beamformer.
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Figure 2.15: Output SINR performance comparison.
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The MUSIC algorithm is an efficient method to estimate DOAs based on eigenstructure
analysis. It provides the parameters of multiple signals arriving at a sensor array from
the measurements at array elements. By analysing the received signals, parameters of
the signals, including the direction, frequency and polarisation can be estimated. Based
on different manifolds of the array and the model of the signals, the algorithm achieves
different estimation dimensions. In the following, we will give a brief introduction about
the classical FFT method. Then, MUSIC algorithm will be discussed as an example of
subspace method. Simulation results are given to show the different resolution of the two

methods. Finally, we extend the MUSIC algorithm in specific scenarios.

2.3.1 FFT method

Figure 2.16: The structure of a uniform linear array.

Consider a ULA (Fig. 2.16) with M elements receiving N signals from different direc-
tions. Similar to the model in beamforming, the sensor array collects received signals at

each sensor to form a data vector «(t). The data model can be described as [26, 28]

z(t) = [ay, ag, ..., ay][s1(t), s2(t), .., sN(t)]T +n=As(t)+n (2.61)
with
@ =[le 3, e R (2.62)
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where A is the wavelength of the incoming signals and a; (i € [1, N]) is the steering vector
associated with the 1-D direction parameter ;. The received array signal vector x €
CM>1 The incoming signals are represented with their amplitude and phase information
by complex values s; (i € [1,N]). Noise in each sensor element, whether generated by
the internal instrumentation circuits or induced along with signals, appears in the vector
n € CM*1 If we ignore the noise, after a weighted vector w' € CM in Fig. 2.7, the

received signal y(t) can be denoted as

y(t) = wx(t) = w’ As(t) (2.63)

H

where w" is a searching vector that

wl (9) = [1,e5°, ., 5 (2.64)

When the searching angle § meets the impinging DOA 0;, w" a; will be maximized and
then y(t) will reach a local maximum. Hence, we can define a spectrum function to obtain

target directions by
F(0) = |y(t,0)| = [w" (0)x(t)] (2.65)

Notice that

M

y(t,0) = w @)a(t) = > ()T (2.66)

i=1
This means y(t,0) is the fast Fourier transform (FFT) of a(¢) and the spectrum function
F(0) can be also obtained by applying FFT. We give some estimation results by FET
method in Fig. 2.17 - 2.20. It can be obtained that with the increase of sensor numbers
and SNR, the estimation performances also increase. However, FFT method shows low
resolution in distinguishing different angles. Besides, since the math model considers the
received signal without background noise, the results are very sensitive with SNR. With

low SNR, the FFT method may get very bad estimating results.
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Figure 2.17: FFT method with 2 sources from —40° and 60°, 100 snapshots, 6 sensors,
and SNR = 0 dB.
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Figure 2.18: FFT method with 2 sources from —40° and 60°, 100 snapshots, 10 sensors,
and SNR = 0 dB.
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Figure 2.19: FFT method with 2 sources from —40° and 60°, 100 snapshots, 6 sensors,
and SNR = 10 dB.
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Figure 2.20: FFT method with 2 sources from —40° and 60°, 100 snapshots, 10 sensors,
and SNR = 10 dB.



2.3.2 1-D MUSIC with ULA

Similar with the signal model in FFT method, the signal received at the array can be

denoted as
z(t) = As(t) + n (2.67)

Instead of the weighted vector, we construct the covariance matrix R, of @, which can

be denoted as

R, = Elzz] = AFE[s(t)s"(1)]A" + E[nn"]

= R, +R, (2.68)
where Ry is the covariance matrix of signals, expressed by
R, = AE[s(t)s" (1)) A" (2.69)
R, is the covariance matrix of noise, expressed by
R, = E[lnn"] = 0’1y (2.70)

Applying eigenvalue decomposition (EVD), the signal covariance matrix R, can be de-

composed into
M
R, = ZakukukH (2.71)
k=1

where wy, is the k-th eigenvector and «y is the corresponding eigenvalues (in descending

HM*M will not be

order). When the number of source signals N is less than M, R, €
a full rank matrix with rank(Rs) = N, and it only has N non-zero eigenvalues, which
means ay > Qg > - QN > Qngq = = app = 0.

Since R,, = 02I,;, we can write R,, in terms of
M
R, =) oluuy (2.72)
k=1
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Then
M
R,=R,+R, = Z Aoyl (2.73)
k=1
where ), is the k-th eigenvalue of the covariance matrix R, satisfying \y = ay, + 02. As
R, is the function of steering matrix A, any steering vector a; in A should be the linear
combination of the eigenvectors with non-zero eigenvalues in R, which are the also the
first N eigenvectors in R,. These eigenvectors construct an N-dimension matrix, which
is referred as the signal subspace.

The remaining M — N eigenvectors of R, have the same eigenvalue 2. Since R, is
Hermitian, the eigenvectors with different eigenvalues are orthogonal to each other, which
means the the arbitrary steering vector a; is orthogonal to the last M — N eigenvectors in
R,. Denoting the matrix including the last M — N eigenvectors by Uy, which is referred

as the noise subspace, then
Ula; =0 (2.74)

The minimum repeated eigenvalues can be found by computing all the eigenvalues of
R, the noise subspace is constructed by eigenvectors related to these eigenvalues. Once
the noise subspace is estimated, the work next is to search for the DOA of the M incoming
signals. Foe convenience, we ignore the label i of a; and let a(f) denote the steering vector
corresponding to direction § and then search through 8 from —90° to 90° with a step size,
for example 0.5°. This can be accomplished by searching for the peaks of the function

1
a(0)2 Uy Una(6)

Py (0) = (2.75)

The M peaks in the function above provide the information of DOA of M incoming signals.

Now we give a DOA spatial spectrum with the 1-D MUSIC in Fig. 2.21.

2.3.3 2-D MUSIC with URA

The 1-D MUSIC estimates the angle between the signal direction and the sensor array.

Actually the method only detects the possible cone range of the source signals, which is
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Figure 2.21: 1-D MUSIC with 2 sources from —40° and 60°, 100 snapshots, and SNR
= 0 dB.
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shown in Fig. 2.22. However, in some situations, the azimuth-elevation angle information
need to be estimated. To achieve a 2-D DOA estimation, one solution is to extend the
linear array into a planar array. One of the basic planar array structures is the uniform
rectangular array (URA) [29-32], which is shown in Fig. 2.23. In this model, the steering
vector a, is associated with two direction parameters: the azimuth angle 6#,, and the

elevation angle ¢,,, which is denoted by

a(b;, ¢;) = a.(0;, ;) ® ay(0;, ¢;) (2.76)

A
|

Figure 2.22: Cone range of source signals for linear arrays.

The symbol ‘®’ is the Kronecker product. a,(6;,¢;) and a,(6;, ¢;) describe the phase

shift along the x-axis direction and y-axis direction, respectively. The expression is given

by
am(ei, sz) _ [1’ e—j 2’;‘“ sin 6; sin¢>¢’ - e—jizﬁw;l)d'r sin 6; sinq&i]
I R e 1

Similar to the 1-D MUSIC algorithm, the 2-D DOA estimation can be achieved by

searching for the peaks in the following cost function

1
a’<07 ¢)H UN U% a’(07 Qb)

Pyy (8, ¢) = (2.78)

An example for 2-D MUSIC search result is provided in Fig. 2.24 and Fig. 2.25.
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Figure 2.23: Structure of a uniform rectangular array.
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Figure 2.24: DOA spectrum of 2-D MUSIC, with two sources from (6y, ¢1) = (60°,40°)
and (0q, o) = (—40°,—20°), SNR = 0 dB, and 100 snapshots.
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Figure 2.25: Vertical view of the 2-D MUSIC spectrum.

2.3.4 4-D MUSIC for polarized signals

The previous applications of MUSIC algorithm focus on the signals without polarisation.
In this part, we also give a review for the MUSIC algorithm applied to the polarized signal
scenario. With the two extra polarisation parameters, the traditional MUSIC algorithm
can be extended to 4-D parameter estimation. In this thesis, we replace the original om-
nidirectional sensor by electromagnetic-sensitive sensors [33-35]. A full electromagnetic-
sensitive sensor receives the signal in both electric field and magnetic field from x-axis, y-
axis and z-axis directions, respectively. In other words, each full electromagnetic-sensitive
sensor receives six components of the incoming signals. To simplify the array model, we
only keeps two electrical components in x-axis and y-axis direction, and this is called the
crossed-dipole sensor array. In the following, most work is based on the crossed-dipole
Sensor array.

The main problem for 4-D estimation is to estimate the joint steering vector of incom-
ing sources. Generally the model considers the received x-axis and y-axis components in

each crossed-dipole sensor as a 2-D vector, and the length of the whole steering vector
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becomes 2M (M is the length of the sensor array). This is referred to the long-vector
model [36-38].
In the long-vector model, with the incoming signal s, the received signals at the m —th

senor can be represented as

Tam = AmPzS

Tym = AmPyS (2.79)

where a,, is the phase shift of the source signal at the m — th sensor, and p, and p,
are the polarisation parameters along the x-axis and y-axis directions, respectively. By

combining the two results into 2-D vector, the new result becomes

rxm p$
Tm = = Qp, S
Tym Dy
= Un-P-S$ (2.80)
where p is the polarisation vector with
D sin v cos 6 cos el — cos y sin ¢
Dy sin 7y cos 6 sin ge?" 4 cos y cos ¢

The results for the whole array are denoted by a long vector

T a1ps
T2 a2ps
T = —=
M aymps
= a®ps (2.82)

where a is the steering vector of the incoming signal and the symbol ‘®’ means the

Kronecker product. Given two matrices A, m x n and B, p X ¢, the Kronecker product is
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given as

anB alnB

A®B=| . . . (2.83)

amiB ...  an.B

Here we use g to denote the joint steering vector, given by
g=a®p (2.84)

The joint steering vector q is associated with four parameters 6, ¢,v,n. Then the cost

function of the 4-D MUSIC estimator can be expressed as

1

Pou(0,6,7,1) = ———— 2.85
ot ) ¢ Uy Uy q (2.85)

2.4 Summary

In this chapter a review of polarisation, narrowband beamforming and DOA estimation
has been presented. The crossed-dipole sensor array structure is introduced for receiv-
ing polarized signals. Capon beamformer and its worst-case constraint application are
reviewed for narrowband beamforming. The beampattern and the output SINR curve
are given to demonstrate the performance of the algorithm. The MUSIC algorithm is re-
viewed for DOA estimation, and the algorithm can be extended into multiple-dimensional

search. The search spectrum is given for both 1-D and 2-D cases.
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Chapter 3

Fully Quaternion-Valued Adaptive
Beamforming Based on

Crossed-Dipole Arrays

3.1 Introduction

Electromagnetic (EM) vector sensor arrays can track the DOA of impinging signals as
well as their polarisation. A crossed-dipole sensor array, firstly introduced in [16] for
adaptive beamforming, works by processing the received signals with a long polarisation
vector. Based on such a model, the beamforming problem was studied in detail in terms
of output signal-to-interference-plus-noise ratio (SINR) [39]. In [13, 40], further detailed
analysis was performed showing that the output SINR is affected by DOA and polarisation
differences.

Since there are four components for each vector sensor output in a crossed-dipole array;,
a quaternion model instead of long vectors has been adopted in the past for both adaptive
beamforming and direction of arrival estimation [41-48]. In [49], the well-known Capon
beamformer was extended to the quaternion domain and a quaternion-valued Capon (Q-

Capon) beamformer was proposed with the corresponding optimum solution derived.
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However, in most of the beamforming studies, the signal of interest (SOI) is still
complex-valued, i.e. with only two components: in-phase (I) and quadrature (Q). Since
the output of a quaternion-valued beamformer is also quaternion-valued, only two com-
ponents of the quaternion are used to recover the SOI, which leads to redundancy in both
calculation and data storage. However, with the development of quaternion-valued com-
munications [50, 51], it is very likely that in the future we will have quaternion-valued sig-
nals as the SOI, where two traditional complex-valued signals with different polarisations
arrive at the antenna array with the same DOA. In such a case, a full quaternion-valued
array model is needed to compactly represent the four-component desired signal and also
make sure the four components of the quaternion-valued output of the beamformer are
fully utilised. In this thesis, we develop such a model and propose a new quaternion-valued
Capon beamformer, where both its input and output are quaternion-valued.

Based on the proposed full quaternion model, we further study the robust adaptive
beamforming problem in the presence of steering vector errors. In the past, many methods
have been proposed to improve the robustness of an adaptive beamformer, such as diagonal
loading [6, 52] and those based on the optimization of worst-case performance [53, 54]. In
[47], the worst-case based method is extended to the quaternion-valued case for crossed-
dipole arrays; however, it is not a full quaternion model since the desired signal is still
complex-valued. In this thesis, we extend the worst-case optimisation approach to the full
quaternion model and a worst-case based full-quaternion robust adaptive beamforming

method is proposed.

3.2 Quaternions

3.2.1 Basics of Quaternion

Quaternion was introduced by W. R. Hamilton [55]. A quaternion is constructed by four

components, with one real part and three imaginary parts, defined as

q¢=qa+iq+ jqe + kqu (3.1)
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where i, j, k are three basic imaginary units. The multiplication principle among such
units is

it =% =k* = ijk = —1, (3.2)

and
1] =—ji =k, ki=—ik=j,jk=—kj=1 (3.3)
The conjugate ¢* of q is ¢* = q, — iqy — jq. — kqa-
Note that generally the multiplication of quaternions is non-commutative: for ¢, ¢ €

H, q1qg2 # q2q1, where H represents the quaternion domain. However, if one of the factors,

say qo, is real, then we have qyq1 = q1¢o.

3.2.2 Quaternion vector and matrix

Quaternion vectors and matrices are quite different from real and complex ones. For
quaternion vectors, the space can be denoted by two different bases, left-spanned and

right-spanned, which are given by

spanp{uy,ug, .. upr},  spang{ui,ug, .. up} (3.4)

Here we use q; to denote the left linear combination case and g to denote the right

linear combination case. Note that ¢ = q; = gy,

M

qr, = Z TmWm
m];l
m=1

where 7,,,7,€ H, for m =1,2,..., M.

Similarly, the eigendecomposition operation for quaternion matrices also differs from
real and complex ones. We can also define the left eigendecomposition @; and right
eigendecomposition @ for a Hermitian matrix @ € HV*V, (Q = Q" where {}” is the

Hermitian transpose, a combination of the quaternion-valued conjugate and transpose
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operations)

N

H

Q= § QU U,
n=1

N
Qr=> u,ul B, (3.6)
n=1

where « and [ are the left and right eigenvalues [41, 56, 57]. In this thesis, only right-

spanned spaces and left eigendecomposition are employed.

3.2.3 The gradient for a quaternion function

The gradient describes the changing rate of a function at the given point with a certain
direction. Unlike the ordinary derivative of a single variable, the gradient of a function
contains several multiple variables and appears in a vector. Let [(w) be a scalar function

of a variable vector w, where
w = [wy, W, ..., Wy] (3.7)

The gradient vector with respect to w is defined by [58]
ol 0ol ol

0w1’ 8w2’ o (9wN

Vol = |

] (3.8)

where ‘0’ means the partial derivative. When w is real-valued, the elements in the gradient
vector, for example aa—ufl, can be calculated easily. However, when w is complex-valued and
even quaternion-valued, it’s not straightforward to obtain the results. In the following,
firstly a derivation of the partial derivative with respect to a complex-valued variable is
given. After that, the results are extended to quaternion field as well.
Consider all variables in w are complex-valued. The first variable w; and its conjugate
wj are given as
wy =2+ iy, w; =T — 1y (3.9)
where x, y are the real and imaginary parts of w; respectively. Notice that  and y are
both real-valued variables and
_wptwy o wp —wy

_ ity Wi 3.10
T 5 Y 5; (3.10)
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For convenience, we ignore the variable ws, ws, ..., wx because they have no influence on

computing the partial derivative 6.%. Then the function {(w) can be viewed as a function
of x and y, which is denoted by f(z,y). As shown in (3.10), the function can be also

viewed as a function of w; and wj, which can be denoted by g(w,w}). Then we have

l(w) = f(z,y) = g(w, wy) (3.11)

According to the chain rule, the partial derivative with respect to z and y can be obtained
by

af _ 8g dw dg Owy
oz owy Oz owy Ox (3 12)

of __ 9g dw dg Owi
dy ~ Owi Oy owy 0Oy

By (3.9), it’s clear to know that

or (3.13)

\

Substitute (3.13) into (3.12), we have

B _ 100 _ 0y

owy 2\ 0z dy (314)
dg __ 1/0f of

auwr = 2(5: T3,

Since I(w) = g(wq,wy), the partial derivative with respect to a complex-valued variable

can be denoted as the linear combination of two real-valued variables, where

oL _ 1¢98f _ -of
oL _ 1¢9f | ;O0f
ur = 2(5; T g,
Specially, when [(w) = wy, we have
o _ 1 —
o —2(1 1) =1 (3.16)
s =3(1-1)=0



If w is quaternion-valued, similarly, the first variable w; can be extended into four

components

W1 = Wiq + iwlb + jwlc + k:wld (317)

where wi,, Wiy, wi. and wig denote the real, 7, j and k component of w; respectively.
These components are all real-valued. Unlike complex-valued variable, these real-valued
components cannot be simply denoted as the linear combination of w; and its conjugate.

However, these components can be connected in another way. Notice that

iwli = —W1iq — z'wu, -+ jwlc + kwld
Jwi] = —Wie + Wy — JWie + kwig (3.18)
kwlkz = —W1iq + iwlb + jwlc — k:wld

Then it can be found that

wy — 1wl — Jwyj — kwk

1
1
f wy — fwyt + jwj + kwik

7\
<.

(3.19)

<.

( )
( )
wie = 3 (w1 + fwii — jwij + kwi k)
( )

1

Wig = 1k

wy + 1wt + Jwyj — kwk

Similarly, we ignore other quaternion-valued variables ws, w3, ..., wy. The function I(w)
with respect to quaternion-valued variable w; can be viewed as a function f (w1, wip, Wie, Wig)
with respect to real-valued variables w.,, wyp, wi. and wyy. Also, it can be viewed as a
function g(ws, iwyi, jwyj, kw k) with respect to wq, iwqi, jwyj and kw;k.

By chain rule, the partial derivatives with respect to w,, wip, wi. and wyg can be

denoted as

df __ 0g Owi Jg  Oiwii dg Ojwij Jdg Okwik
Owig  Owi Owig Oiw1i Owig Ojw1j Owig Okwik Owig
8f _ 8g 8’11)1 + 3g Biwli Bg ijlj Bg Bkwlk
) Owyp  Owi Owyy diwri Owyy djwirj Owry Okwik Owiy (3 20)
of __ 9dg Ow; + dg  Oiwqi + dg Ojwij + dg Okwik
Owie.  Owi Owie Oiw1i Owie djwij Owic Okwik Owic
Jf __ 0g Owy + Jg  Oiwii + dg Ojwij + J0g Okwik
\ Owig  Owi Owig Oiwii Owig djw1j Owiq Okwik Owig
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Some partial derivatives can be obtained from (3.18), which can be denoted in a matrix

8’11}1 8iw1i 8j’LU1j Bkwlk o . .

Owig Owig Owiq Owig 1 1 1 1

owq Oiwys  Ojwij  Okwik i — i i

811.711, 8w1b 811.)1]3 811.)11, — (321)
w1 Oiwii  Ojwij  Okwirk . . o .

811)16 811)15 8w1c 8wlc ] j j j

Owq Oiwyi  Ojwij  Okwik k k k —k

Bwld Bwld 8w1d a’w]_d

After solving (3.20), the partial derivative with respect to the quaternion-valued vari-
able w; can be denoted as

oL 1. 9f of  of  of
6w1 N 4 8w1a awlbi é?wlcj awldkz

(3.22)

In addition, the function [(w) can be also viewed as a function of wj, iwji, jwjj and
kwik. Follow the same derivation, we can also find out the partial derivative with respect
to wy, where

ol 1 9f of of of

B 3.23
owy 4 0wy, + Owyi  Owie] + 8w1dk) ( )
Specially, when [(w) = wy, we have
O _l141414+1)=1
ur = il ) (3.24)
al 1 1

3.3 Model for Crossed-Dipole Arrays

A quaternion number ¢ = q,+iq,+7jq.+kqq can be conveniently expressed as a combination

of two complex numbers ¢; = q, + jq. and cs = q, + jqq as follows

q=c14icy = (qo+ jqe) +i(q + jqa) = qa +iqy + jge + kqu (3.25)

We will use this form later to represent our quaternion-valued signal of interest.
Consider a uniform linear array with N crossed-dipole sensors, as shown in Fig. 5.1,
where the adjacent vector sensor spacing d equals half wavelength, and the two compo-
nents of each crossed-dipole are parallel to x— and y—axes, respectively. A quaternion-
valued narrowband signal so(¢) impinges upon the vector sensor array among other M un-

correlated quaternion-valued interfering signals {s,,(t)}*_,, with background noise n(t).
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So(t) can be decomposed into
S()(t) = Sol(t) + ’iSOQ(t) (326)

where sg1(t) and spa(t) are two complex-valued sub-signals with the same DOA but dif-
ferent polarisations.

Assume that all signals are ellipse-polarized. Here we use 6 to denote the azimuth
angle, ¢ to denote the elevation angle, and v and 7 the polarisation parameters of the
signal. The parameters, including DOA and polarisation of the m-th signal are denoted by
Oy Gy Y1, Mm1) for the first sub-signal and (0,,, @, Ym2, Mme) for the second sub-signal.

Each crossed-dipole sensor receives signals both in the x and y sub-arrays.

A7 e (1)

Figure 3.1: A crossed-dipole linear array with N vector sensors.

For signal s,,(t), the corresponding received signals in the z and y sub-arrays are

respectively given by [47]:

$<t) = Gn1Prm1Sm1 (t) + Gm2Pem2Sme (t)

y(t) = @n1Pym1Sm1 (t) + aﬂnprmZSmZ(t) (327)
where x(t) represents the received part in the x-sub-array and y(t¢) represents the part in
the y-sub-array, and (pym1, Pym1) and (Pem2, Pyme) are the polarisations of the two complex
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sub-signals in x and y directions, respectively, given by,

Pzm1 = — COSYm1
Pym1 = COS ¢m sin Tmi1 elm1
Pzm2 = — COSYm2
. - T
Pym2 = COS py SINYy0e’™2, when 0, = ) (3.28)

Note that a,,; and a,,s are the steering vectors for both sub-signals, which are the same

since the two sub-signals share the same DOA (0,,, ¢ ).

— 327 sin Oy, sin pm —j(N—1)27 sin Om, sind)m]T

an1 = [1,e x ey € Y

— 727 sin O, sin pm —Jj(N—1)27 sin Oy, sin ¢m T
2 ]

Am2 = [176 A y ey € (329)

A quaternion model can be constructed by combining the two parts as below:

(1) = =(t) +iy(t) (3.30)
= @1 (Pam1 + iPym1) S (t)
+@m2(Pema + 1Pyma2) Sma (t)
= bySm1 (1) + basma(t) (3.31)

where {b,1, b} € HY*! can be considered as the composite quaternion-valued steering

vector. Combining all source signals and the noise together, the result is given by:
M

q(t) = > (Bm1sm1(t) + brasma(t)) + mg(t) (3.32)

m=0

where m,(t) = n,(t) + in,(t) is the quaternion-valued noise vector consisting of the two

sub-array noise vectors n,(t) and n,(t).

3.4 The Full Quaternion-Valued Capon Beamformer

3.4.1 General algorithm

To recover the SOI among interfering signals and noise, the basic idea is to keep a unity

response to the SOI at the beamformer output and then reduce the power variance of the

48



output as much as possible [18, 59]. The key to construct such a Capon beamformer in the
quaternion domain is to design an appropriate constraint to make sure the quaternion-
valued SOI can pass through the beamformer with the desired unity response.

Again note that the quaternion-valued SOI can be expressed as a combination of two
complex sub-signals. To construct such a constraint, one choice is to make sure the first
complex sub-signal of the SOI passes through the beamformer and appear in the real
and j components of the beamformer output, while the second complex sub-signal appear
in the ¢ and k& components of the beamformer output. Then, with a quaternion-valued

weight vector w, the constraint can be formulated as
wlC=f (3.33)
where C = [b(n bog], f: [1 ’l]

With this constraint, the beamformer output z(t) is given by

2(t) = w'q(t)

= So1 (t) + 72802 (t) +'lUan(t)
—————

so(t)

+ Z W Byt S (1) 4 DnaSma ()] (3.34)

Clearly, the quaternion-valued SOI has been preserved at the output with the desired
unity response.

Now, the full-quaternion Capon (full Q-Capon) beamformer can be formulated as

min  w” Rw

st. wlC=f (3.35)

where
R =E{q(t)q" (1)} (3.36)
Applying the Lagrange multipliers method, we have
I(w,A\) = w Rw+ (w? C— PN + X\(C"w — f7) (3.37)
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where A is a quaternion-valued vector of the Lagrange multipliers.
The minimum can be obtained by setting the gradient of (3.37) with respect to w*

equal to a zero vector [58]. It is given by
1 1 . n

Considering all the constraints above, we obtain the optimum weight vector w,, as

follows

wo = RTC(CYR'C)~' 7 (3.39)

A detailed derivation for the quaternion-valued optimum weight vector can be found
at later subsection.

In the next, we give a brief analysis to show that by this optimum weight vector, the
interference part at the beamformer output z(¢) in (3.34) has been suppressed effectively.

Expanding the covariance matrix, we have

where 0%, 02 are the power of the two sub-signals of SOI and R;,,, denotes the covariance

matrix of interferences plus noise. Using (3.39), we have
won = R, CB (3.41)

where 3 = (C”" R;,,,C)~'f € H?*! is a quaternion vector.

Applying left eigendecomposition for quaternion matrices,

N
R, ., = Z AT T (3.42)
n=1
with a; > ... > apr9>ap 1 = ... = ay = 202 € R, where 202 denotes the noise power.

With sufficiently high interference to noise ratio (INR), the inverse of R;,, can be

approximated by

1
R ~ Z —u,u) (3.43)



Then we have

N N
1 H
Wopt = Z r‘%%un CB = Z U Pn (3.44)
n=M+1 n=M+1

where p, = ﬁuf CB. Since uf € H>*VN, C € HY*? and B € H?*!, p, is a quaternion-

valued scalar. Clearly, w,, is the right linear combination of {u+1, upr42, ..., un}, and
w € spanp{upr i1, Unr42y ooy UN }-

For those M interfering signals, their quaternion steering vectors belong to the space
right-spanned by the related M eigenvectors, i.e. b1, bya € spang{ui,us,...,up}. As a

result,

wi b ~0, wlb,~0 m=12 ..M (3.45)

opt opt

which shows that the beamformer has eliminated the interferences effectively.

3.4.2 Derivation for the quaternion-valued optimum weight vec-

tor

The gradient of a quaternion vector u = w” CA¥ with respect to w* can be calculated

as follows:

Veu =[Vyu Vuu V,ul” (3.46)
where w,, n = 1,2,--- , N is the n-th quaternion-valued coefficient of the beamformer.
Then,

1 ) .
Vyu = Z(leau + Vy,ui+ Vy, uj+ V,, uk) (3.47)
where
Wy = wWyg — Wiyl — wyej — wigk (3.48)

Since wy, is real-valued, with the chain rule [58], we have
Vit = Vi, (w") CAT + 0V, (CAT)
=[1 0 0 .. 0CA\¥ (3.49)
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Similarly,

Ve, =[—i 0 0 .. 0JC\*
Ve, =[—j 0 0 ... 0]CA\"
Vo, =[-k 0 0 .. 0JCA" (3.50)
Hence,
1
Vst :1(4Re{CAH}1):Re{CAH}1 (3.51)

where the subscript {}; in the last item means taking the first entry of the vector.
Finally,
Vuu = Re{CA\"} (3.52)

The gradient of the quaternion vector v = XA C” w with respect to w* can be calculated

in the same way:

Vi,V = AC'V w+ V,, (ACHw

=AC?l1 0 0 .. 0" (3.53)
Similarly,
Ve,V =AC"[i 0 0 ... 0
VooV =XC7; 0 0 ... 0
Vu,v =AC'k 0 0 ... 0 (3.54)

Thus, the gradient can be expressed as

1
Vv = —§{C’>\H}’{ (3.55)

i
Finally,
VoV = —%(CAH)* (3.56)
The gradient of ¢, = w' Rw can be calculated as follows.

Virtw = [Vurew Vigtw o Vo] (3.57)
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1 .
VurCw = Z(leacw + Vo, ewl + Vi Cwi + Vi, cwk) (3.58)
Now we calculate the gradient of ¢, with respect to the four components of w;.
ViCw = V(W R)w+ w”RV,, w

=[1 0 0 .. OJRw

+w™R[1 0 0 .. 0 (3.59)
The other three components are,
Vuyew =[—t 0 0 ... O0JRw
+w”Rli 0 0 .. 0"
Vu.cw =[—j 0 0 .. 0Rw
+w”R[j 0 0 .. 0"
Vigsew =[-k 0 0 .. OJRw
+uwR[k 0 0 ... 0
Hence,
Vo :Re{Rw}l—%{Rw}’{:%{Rw}l (3.60)
Finally,
Vo Cow = %Rw (3.61)

Combining (3.52), (3.56) and (3.61), with (3.37), we have
1
Vul(w,A) = §(Rw+ CA\)y =0 (3.62)

Further,
w=—-R'C\" (3.63)

Subsituting (3.63) into (3.33),
A=-f(C'R'C)™! (3.64)

Finally,
w=R'C(C"R'C)'f! (3.65)
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3.4.3 Complexity analysis

In this section, we make a comparison of the computation complexity between the Q-
Capon beamformer in [49] and our proposed full Q-Capon beamformer. To deal with
a quaternion-valued signal, the Q-Capon beamformer has to process the two complex
sub-signals separately to recover the desired signal completely, which means we need to
apply the beamformer twice for a quaternion-valued SOI. However, for the full Q-Capon
beamformer, it is not needed and the SOI is recovered directly by applying the beamformer
once.

For the Q-Capon beamformer, the weight vector is calculated by
w=R " ay(a} R ay)"! (3.66)

where ag is the steering vector for the complex-valued SOI. To calculate the weight vector,
firstly we need to evaluate the computation complexity of the matrix inversion. In the
following, we use Gaussian elimination to calculate the matrix inversion. The Gaussian

elimination can be concluded as several steps:

1. Expand the original matrix with a identity matrix of the same dimension.

2. Transform the original matrix to a upper triangular matrix by elementary row

operations.

3. By dividing the right coefficients to make every diagonal entry to be 1.

4. Continue to transform the upper triangular matrix to a diagonal matrix.

e 5. The identity matrix follows the same row operations in steps 2,3 and 4. The

resultant matrix is the inverse of the original matrix.

Here we have assumed that the covariance matrix is acquired in advance and the array
have N crossed-dipole sensors. To calculate the inversion of the given matrix R, we can
follow the steps 1, 2 and 3 first. To transform the matrix to a triangular matrix and make

every diagonal entry to be 1, we need to transform the lower elements to zeros of each
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column. For the first column, the zero entries can be approached by N — 1 multiplications,
N — 1 additions and N divisions. As the operation is the row operation, the number of
multiplications and additions should be multiplied by the length of the row vector N.
However there is no increase of the divisions since the division operation is calculated based
on row vectors. In total, the first column needs N (N — 1) multiplication-additions and N
divisions. In the second column, since there are N — 1 zero entries in the first column, the
operations will be reduced to N — 2 multiplication-additions and N — 1 divisions. As the
new row vectors have a zero entry, the length is also reduced to N — 1. As a result, the
operations to calculate the second column include (N —1)(N —2) multiplication-additions
and N —1 divisions. Similarly, in the third column, (N —2)(/N —3) multiplication-additions
and N — 2 divisions are needed. Finally, the multiplication-additions needed to transform

an upper triangular matrix is

N N N
N3 — N
nn—1)= n? — n=-—— 3.67
2 m sy o0
And the number of division operations is
N
N(N +1
> n= % (3.68)
n=1

Next we transform the matrix to a diagonal matrix. The N — th column needs N — 1
multiplication-additions to ensure zero entries. However, there is no need for division
operations because the last element of this column is 1. Similarly, the (N — 1) — th
column needs N — 2 multiplication-additions, and the first column needs 0 operations.

Hence, the total number of multiplication-addition operations needed for the diagonal

matrix is
N
N(N -1
Y (n-1)= % (3.69)
n=1

The total number of multiplication-addition operations for the whole matrix inversion
is
N3—N+N(N—1) B 2N3 +3N? — 5N
3 2 6
2N343N2-5N
6

(3.70)

2N343N2-5N

multiplications, S

The total operations for matrix inversion include

.. N(N+1 P
additions and % divisions.
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Since R™! is a quaternion-valued matrix, all the operations are based on quaternion-
valued. To calculate the product R™*ay, N? multiplication and N (N — 1) addition oper-
ations are needed. There are extra N multiplications and N — 1 additions in the whole
product al’ R"'ay. As the product is a scalar, the inversion only needs 1 division op-
eration. Based on the operations, calculating the result of (af R 'ag)~* needs N2 + N
multiplications, N2 —1 additions and 1 division. Finally, the weight vector w is calculated
by the product of R *ag and (afl R"'ay)~', which needs N multiplications. In conclusion,
the number of quaternion-valued operations to calculate a weight vector is

2N3 +3N? —5N  N(N +1)
: -
6 2
2 7 )

= gN3 + 5N+ N (3.71)

2 4+ N°+ N+N?>—1+1+N

For a quaternion-valued signal, the Q-Capon beamformer needs two beamforming opera-

tions to reconstruct the signal. Then the total number of operations needed is

2 7 5
2. (EN3+ N2+ =N
(3 * 2 + 6 )

4 5
= §N3 + 7TN? + Tl (3.72)

For the proposed full Q-Capon beamformer, the weight vector is acquired by the
product of R C(C* R™'C)~'f". The operation for matrix inversion has been discussed
in the Q-Capon beamformer part, and here we first focus on the product R™'C. Tt
can be obtained that this product needs 2N? multiplications and 2N (N — 1) additions.
Calculating C” R™ C needs extra 4N multiplications and 4(N — 1) additions. The total
operation number of C”' R™! C'is 2N?+4N multiplications and (2N +4)(N —1) additions.
To calculate the inverse of the 2 x 2 matrix, 3 multiplications, 3 additions and 3 divisions
are needed. There are 2N multiplications and N additions with the product of . The

total operations needed for the full Q-Capon beamformer

2N3 4+ 3N2—5N N(N +1)

2 5 +— +2N? +4N + (2N +4)(N — 1) + 9+ 3N
2 11 47
— gN3 + 7N2 + g N+5 (3.73)
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Ignoring the lower order of the results, the Q-Capon beamformer approximately re-
quires %N 3 operations and the full Q-Capon beamformer requires %N 3 quaternion-valued
operations, which indicates the full Q-Capon beamformer has less computational com-
plexity than the original Q-Capon beamformer. When the sensor number N approaches
a large number, the full Q-Capon beamformer takes half the complexity of a Q-Capon

beamformer.

3.5 Worst-case Based Robust Adaptive Beamform-
ing
3.5.1 Worst-case constrained algorithm

The proposed full quaternion beamformer is based on accurate steering vectors of incident
array signals. However, steering vector mismatch usually exists in array processing as a
result of DOA or polarisation mismatch and various model errors. With such a mismatch,
there will be an error vector e (|e|] < e, where ¢ is the upper bound of its norm) between the
assumed quaternion-valued steering vector b,, and the actual quaternion-valued steering

vector b,,, which can be expressed as [47]

by, = b, + e (3.74)

According to (3.74), the actual quaternion-valued steering vector could be any vector
within the multi-dimensional sphere, centered at b,, with a radius €.

In order to achieve a robust response, the beamformer can be constrained to have a
response greater than unity for all steering vectors within such a sphere. For the proposed

quaternion-valued beamformer in the last section, the constraint can be formulated as

min w” Rw
st.  min|w?by| > 1, min|w’by| > 1 (3.75)
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According to (3.74), for the first constraint (corresponding to bg;), we have
|w b1 | = |w by, + w e| > |w by | — |w e .

Since |e| < e, we further have
[wboi| > [wbor| — [w' €] > [wboi| — ¢||w]]

From (3.77), it can be derived that

min|'wH501| = |'wa01| —eljw|] > 1

|’U)Hb01| Z 1 + €||’UJH
Now the constraint becomes

min w” Rw

st. |wby| > 1+ ¢ |w|

(3.76)

(3.77)

(3.78)

(3.79)

We should ensure that the response for the first sub-signal so; (¢) is constrained in the real

and j domain and the response for sgp(t) in the ¢ and & domain. For a given quaternion-

valued vector w, the final output power w' Rw keeps unchanged if w undergoes any

phase shift. That is to say, we can always find a quaternion-valued vector w to make the

product w' by; real-valued. Then, the constraint can be changed to

min w” Rw

st.  Re{w"by} >1+¢||w
Im{w by} =0
Im(j){wam} =0

(3.80)

We can transform the constraint of the by part in the same way. Then, the overall
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formulation for the worst-case based method can be described as

min w” Rw

st.  Re{w" by} > 1+ ¢||w|
Im®{w by} =0
I {w by} = 0
Im®™{wfby,} =0
Re{w" by} =0
Im@D{w" by} > 1+ ¢l|w|
I {w by} = 0

Im®™{wby,} =0 (3.81)

This is a convex optimization problem. A convex optimization problem is a problem
where all of the constraints are convex functions, and the objective is a convex function
if minimizing, or a concave function if maximizing. We refer the convex optimization

implementation as the full quaternion worst-case constraint beamformer (FQWCCB).

3.5.2 Optimization implementation of FQWCCB

The first constraint in (3.81) is to minimize w" Rw. To further simplify the constraint,
it’s reasonable to apply Cholesky decomposition on R. The Cholesky decomposition
is a decomposition of a Hermitian, positive-definite matrix into the product of a lower
triangular matrix and its conjugate transpose. As discussed in former sections, R is a
Hermitian matrix with all positive eigenvalues. The Cholesky decomposition of R is in

the form [60]
R=QQ" (3.82)

where Q is a lower triangular matrix with real and positive diagonal entries. As Q7

is the conjugate transpose of @, it’s a upper triangular matrix with the same diagonal
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entries as . For every Hermitian and positive-definite matrix, there is a unique Cholesky

decomposition.

After the decomposition, the output power w' Rw can be rewritten as w” Q Q" w,

which is the [-2 norm of the vector w” Q. To simplify the computation, the constraint

can be transformed into

min |[w" Q||

st.  Re{w’by} > 1+ ¢||wl|
Im®{w by} =0
Im(j){wam} =0
Im®™{wby,} =0
Re{w" by} =0
ImD{wbe} > 1+ ¢ |w|
Im9{w by} =0

[m(k){’waog} =0

(3.83)

Note that @, w, by; and by, are quaternion-valued. As we cannot use quaternion-

valued variables directly with CVX tools in matlab. As a result, it is necessary to convert

the quaternion-valued matrices or vectors into real-valued ones.

We can rewrite @, w, by; and by, as follows

Q = Q + Qyi+ Q)+ Quk
w = w + wyl + wyj + wuk
bor = b1+ boi2t + by zj + boiak

bo2 = bo21 + bo22i + bya3j + booak

where @, wy, by and bye (1 <1 < 4) are all real-valued.
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We can also define a new form for the quaternion-valued matrices

Ql QQ QS Q4
- Q2 Ql - Q4 Q3

Q = (3.85)
- Q Q -Q
-2 -9 @ Q|
The quaternion-valued vectors can be denoted as
w' £ (wl —wy, —wy —w]
by = [boT1,1 _boTLz _boT1,3 _boT1,4]T
by = [bon boTl,l boTl,4 _boTl,s]T
by = [boT1,3 —boT1,4 bg1,1 bg1,2]T
by = [boT1,4 boT1,3 _boT1,2 boT1,1]T
by, = [b(:)rm _boTQ,z _boTz,:s _boTzA]T
by, = [boTz,2 boTz,1 bgu _boTz,s]T
by, = [boT2,3 —boT2,4 boT2,1 bg2,2]T
by, = [boT2,4 boTz,s _boTz,z boTz,1]T (3.86)
It can be verified that
v’ Q|| = o Q]
Re{w'by} = w'by, , Re{wby} = wb,
ImD{w by} = "6y, , ImD{w by} = w" b3,
ImW{w by} = w6}, | ImP{wby} = wbl,
Im™{wby } = @by, , Im®™{wby} = w' by, (3.87)
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Based on the above real-valued matrices and vectors, the formulation changes to

min || @' Q"
st. wlby, > 14¢||w|| , w'bly =0
by =0, @by, > 1+ ¢f|w]]
w’by, =0 , w'b), =0
wby, =0 , w'by, =0 (3.88)

Solving the above convex optimization problem, we can obtain a real-valued weight
vector w! € RPN The quaternion-valued weight vector can be recovered from the four

corresponding elements of w! by (3.84) and (3.86).

3.6 Simulations Results

In this section, simulations results are provided in terms of the resultant beam pattern,
output SINR and robustness against steering vector mismatch. In the beam pattern part,
both 2-D and 3-D beam patterns are presented for the proposed full Q-Capon beamformer
to show the unity response to the desired signal and effective suppression to interferences.
The beam pattern of the FQWCCB is also provided to show its tolerance around the
desired DOA and polarisation region. In the output SINR performance part, the full
Q-Capon beamformer, FQWCCB, and the Q-Capon beamformer are compared in two
scenarios: one without steering vector mismatch, and one with steering vector mismatch.
A solid-line is also displayed as the optimal (ideal) beamforming result. The error constant
e for FQWCCB is set to 1.3. In the robustness part, the beamformers are compared in
terms of output SINR versus the snapshots number with 1° and 5° DOA and polarisation

mismatch errors, respectively.
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Figure 3.2: Beam pattern obtained from the full Q-Capon beamformer with 6 = 90°
and v = 60°.

3.6.1 Beam pattern

In this part, result based on the algorithm is given to show interferences are suppressed
in 3-D beampattern. In our simulations, we consider 10 pairs of cross-dipoles with half
wavelength spacing. All signals are assumed to arrive from the same plane of # = 90°
and all interferences have the same polarisation parameter v = 60°. For the SOI, the two
sub-signals are set to (90°,1.5°,90°,45°) and (90°,1.5°,0°,0°), with interferences coming
from (90°,30°,60°, —80°), (90°, —70°,60°,30°), (90°, —20°,60°,70°), (90°,50°,60°, —50°),
respectively. The background noise is zero-mean quaternion-valued Gaussian. The power

of SOI and all interfering signals are set equal and SNR (INR) is 20dB.

Fig. 3.2 shows the resultant 3-D beam pattern by the proposed full Q-Capon beam-
former, where the interfering signals from (¢, 7)=(30°, —80°), (—70°,30°), (—20°,70°) and
(50°, —50°) have all been effectively suppressed, while the gain of SOI from ¢ = 1.5° stays

almost a constant.

Figs. 3.3 and 3.4 show the 2-D beam patterns for n = —80°, 30°, 70°, —50°, respectively,
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Figure 3.3: The resultant beam pattern for 1) 6 = 90°,v = 60°,n7 = —80°; 2) 0 =
90°,v = 60°,n = 30°.

The 3-D beam pattern for the proposed FQWCCB is provided in Fig. 3.5. We can still
see that the interferences from (¢, n)=(30°, —80°), (—70°,30°), (—20°, 70°) and (50°, —50°)
are suppressed but the suppression is not as deep as in the case of the full Q-Capon
beamformer; moreover, a large magnitude response are formed around the direction of

the desired signal.

3.6.2 Output SINR performance

In the following, the output SINR performance of the two Capon beamformers (full Q-
Capon and Q-Capon) is studied with the DOA and polarisation (90°,1.5°,90°,45°) and
(90°,1.5°,0°,0°) for SOI and (90°, 30°, 60°, —80°), (90°, —70°,60°, 30°), (90°, —20°, 60°, 70°),
(90°,50°,60°, —50°) for interferences, respectively. Again, we have set SNR=INR=20dB.
All results are obtained by averaging 1000 Monte-Carlo trials.

Firstly, we consider a scenario without steering vector mismatch. Fig. 3.6 shows the

output SINR performance versus SNR with 100 snapshots, where the solid-line is for the
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Figure 3.4: The resultant beam pattern for 1) 6 = 90°,v = 60°,n = 70°; 2) 6 =

90°, v = 60°, 7 = —50°.
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Figure 3.5: The resultant FQWCCB beam pattern with § = 90° and v = 60°.
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Figure 3.6: Output SINR versus input SNR, for snapshots number 100, without steering

vector mismatch.

optimal beamformer, i.e. with infinite number of snapshots. Note that with only 100
snapshots, there will be non-negligible data model errors. It can be seen that for most
of the input SNR range, the FQWCCB has the best output SINR performance versus
the input SNR, while the full Q-Capon has a worse performance, but it still outperforms
the Q-Capon beamformer. In the lower SNR range, FQWCCB and the full Q-Capon
beamformer have a similar result, but the gap becomes greater from input SNR=10dB
onwards. Also in the lower range, the proposed full Q-Capon beamformer has a better
performance than the Q-Capon beamformer; for very high input SNR values, these two
beamformers have a very similar performance. The long vector beamformer has a similar
performance with Q-Capon beamformer. With the increase of SNR, when SNR reaches 0
to 10 dB, the long vector beamformer outperforms the Q-Capon beamformer. However,
when SNR continues to increase to above 15 dB, the long vector beamformer loses its

advantage against Q-Capon beamformer.

Next, another set of simulations is performed in a similar setting, which is shown

in Fig. 3.7. The only difference is that there is 5° DOA and polarisation mismatch
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Figure 3.7: Output SINR versus input SNR, for snapshots number 100, with 5° mis-

match.

for the SOI: the actual parameters of the two desired sub-signals are (95°,6.5°,95°,50°)
and (95°,6.5°,5° 5°). For lower input SNR values (from -20 dB to -10 dB), the four
beamformers have a similar output SINR, all worse than the example without steering
vector mismatch. As the input SNR increases, difference among the three beamformers
appears. From SNR=0dB onwards, the output SINR of FQWCCB and the full Q-Capon
beamformer continue to increase while the output SINR of the Q-Capon beamformer
and long vector beamformer start to drop slowly. Compared with the full Q-Capon
beamformer, the FQWCCB has achieved a higher output SINR than the full Q-Capon
beamformer with high SNR, which means the FQWCCB has a better performance than

the full Q-Capon beamformer in this situation.

3.6.3 Performance with DOA and polarisation mismatch

Next, we investigate their performance in the presence of both DOA and polarisation
errors with SNR=SIR=15dB. The output SINR with respect to the number of snapshots

is shown in Fig. 3.8 in the presence of 1° error for the SOI, where the actual DOA and
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Figure 3.8: Output SINR versus snapshot number with SNR=SIR=15dB and 1° error.

polarisation parameters are (91°,2.5°,91°,46°) and (91°,2.5°,1°,1°).

We can see that the FQWCCB has the best performance in the presence of DOA and
polarisation mismatch, with output SINR above 20dB for a varied number of snapshots.
Both the full Q-Capon beamformer and the Q-Capon beamformer experience a loss of
SINR (below 5dB at the beginning and increases with the snapshots number). However,
the full Q-Capon beamformer still has achieved a much higher output SINR than the
Q-Capon beamformer, and this gap increases with the increase of snapshots number. Fig.
3.9 shows a similar trend in the presence of a 5° error. For the Q-Capon beamformer, the
output SINR stays below 5dB with little fluctuation, while the full Q-Capon beamformer
and its worst-case constraint version can achieve a relatively high output SINR level of
above 15dB with 500 snapshots. Overall, we can see that the proposed full Q-Capon
beamformer (both with worst-case constraint and without worst-case constraint) is more

robust against array steering vector errors than the original Q-Capon beamformer.
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Figure 3.9: Output SINR versus snapshot number with SNR=SIR=15dB and 5° error.

3.7 Summary

In this chapter, a full quaternion model has been developed for adaptive beamforming
based on crossed-dipole vector sensor arrays, with a new full quaternion Capon beam-
former derived. Different from previous studies in quaternion-valued adaptive beamform-
ing, we have considered a quaternion-valued desired signal, given the recent research
development in quaternion-valued communications. The proposed beamformer has a bet-
ter performance and a much lower computational complexity than a previously proposed
Q-Capon beamformer and is also shown to be more robust against array pointing er-
rors. Furthermore, based on this full quaternion model, the robust beamforming problem
has also been studied in the presence of steering vector errors and a worst-case based
robust beamformer was developed. The effectiveness of the full Q-Capon beamformer
and the robustness of the further developed worst-case based beamformer was verified by

simulations.
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Chapter 4

Joint 4-D DOA and Polarization
Estimation with Crossed-dipole and

Tripole Sensor Arrays

4.1 Introduction

The joint estimation of direction of arrival and polarisation for signals based on electro-
magnetic (EM) vector sensor arrays has been widely studied in the past [34, 61-66]. In
[34], the EM vector sensor was first used to collect both electric and magnetic informa-
tion of the impinging signals, where all six electromagnetic components are measured to
identify the signals. So far most of the studies are focused on the linear array structure
employing crossed-dipoles, where the general two-dimensional (2-D) DOA model is sim-
plified into a one-dimensional (1-D) one by assuming that all the signals arrive from the
same known azimuth angle ¢. In [43], a quaternion MUSIC algorithm was proposed to
deal with the joint DOA (6) and polarisation (p, ¢) estimation problem by considering the
two complex-valued signals received by each crossed-dipole sensor as the four elements of
a quaternion, where a three-dimensional (3-D) peak search is required with a very high

computational complexity. In [44], a quaternion ESPRIT algorithm was developed for
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direction finding with a reduced complexity. Furthermore, a dimension-reduction MU-
SIC algorithm based on uniform linear arrays with crossed-dipole sensors was introduced
in [67], where the 3-D joint peak search is replaced by a 1-D DOA search and a 2-D

polarisation search.

In practice, the azimuth angle 6 and the elevation angle ¢ of the signals are unknown
and they are usually different for different signals and need to be estimated together.
However, as rigorously proved for the first time in this chapter, linear crossed-dipole
array cannot achieve this because such an array will produce an ambiguity problem,
where the azimuth angle and the elevation angle of the impinging signals can not be
uniquely identified and there could also be false peaks in the resultant spatial spectrum.
To tackle this ambiguity problem, one solution is to extend the linear geometry to a two-
dimensional (2-D) rectangular planar array, such as the uniform rectangular array (URA),
at significant space cost, and one good example for this solution is the work presented in
[68], where based on a URA, a pencil-MUSIC algorithm is proposed to solve the full 4-D
DOA and polarisation estimation problem. However, it is not always feasible to use the
rectangular array as a solution due to space limit. On the other hand, it is possible to
add one dipole to the crossed-dipole structure to form a tripole sensor and tripole sensor
array has been proposed in the past for DOA estimation [69-71]. Therefore, as another
solution, motivated by simultaneously simplifying the array structure and reducing the
computational complexity, instead of extending the linear crossed-dipole array to a higher
spatial dimension, we replaced the crossed-dipoles by tripoles and constructed a linear
tripole array in our earlier conference publication for joint 4-D DOA and polarisation
estimation for the first time [72] . Moreover, for the first time, we give a clear proof about
why a linear tripole array can avoid the ambiguity problem except for some special cases

and can be used for four-dimensional joint DOA and polarisation estimation.

At the algorithm level, two MUSIC-like algorithms for the 4-D estimation problem are
proposed. The first is a direct search in the 4-D space to locate the DOA and polarisation

parameters simultaneously (4-D MUSIC), which has an extremely high computational
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complexity. The other algorithm is to transform the 4-D search into two separate 2-D
searches (2-D MUSIC), significantly reducing the computational complexity. To evaluate
the performance of the proposed algorithms, the Cramér-Rao Bound (CRB) of the linear
tripole array for 4-D estimation is derived. In the past, CRBs have been derived under
different circumstances, such as the results for arrays with arbitrary geometries in [73].
Obviously, the types of signals and noise will affect the derived CRB result. Normally,
noise is assumed to be temporally and spatially white and the source signal can have two
different types: one is to assume the source signal is deterministic [74-76], while the other
assumes that the signal is random and a common choice is being Gaussion distributed
[77-82]. In this thesis, we assume the source signal is of the second type.

This chapter is structured as follows. The linear tripole array is introduced in Sec-
tion II with a detailed proof for the 4-D ambiguity problem associated with the linear
crossed-dipole array and why the linear tripole array can solve the problem. The two
4-D estimation algorithms are proposed in Section III with the CRB derived in detail.

Simulation results are presented in Section IV, followed by a summary in Section V.

4.2 Tripole Sensor Array Model

4.2.1 'Tripole sensor array

Suppose there are M uncorrelated narrowband signals impinging upon a uniform linear
array with IV tripoles, where each tripole consists of three co-located mutually perpen-
dicular dipoles, as shown in Fig. 4.1. Assume that all signals are ellipse-polarized.
The parameters, including DOA and polarisation of the m-th signal are denoted by
Oy Py Yoy M), m = 1,2, ..., M. The inter-element spacing d of the array is A/2, where A
is the wavelength of the incoming signals. For each tripole sensor, the three components
are parallel to x, y and z axes, respectively. The background noise is Gaussian white
noise with zero mean and variance o2, which is uncorrelated with the impinging signals.

Due to the phase shift among the sensors, the steering vector for the m-th signal can be
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denoted as

a,, = [17€—j7rsin9msin<j>m7 s e—j(N—l)TrsiHGmsin¢m] (41)

and the polarisation vector p,, is determined by the product of DOA component €2, and

the polarization component g,,, where

The DOA component is a matrix consisting of two vectors that are orthogonal to the
signal direction. There are infinite number of choices for these two vectors and generally

the following two are used [83]

cos 6, cos ¢, —sin ¢,
Q= |cosb,sing,, cosoyn, (4.3)
—siné,, 0

The corresponding polarization component is given by

Sin 7y, €7
9 = (4.4)
COS Vm
where 7, is the auxiliary polarization angle and 7, the polarization phase difference. By

expanding (4.2), the polarisation vector p,, can be divided into three different components

in x, y and z axes

c0s 0,,, COS @y, SIN Y€l — Sin ¢y, COS Yo
Dy = | cos 0, sin ¢y, in Y,,€7™ 4 oS ¢y, COS Yo (4.5)
— sin 6, sin 7,7
For convenience, we replace the three elements in p,, by ppz, Pmy and pp,., which is given

by:

Pme = €O8 0, COS ¢y, SIN Y, €7™ — 8in @y, COS YV
DPmy = €OS Oy, SIN @y, SIN Y, €77 - €OS Py, COS Yy

P = — sin 0, sin y,,el"™ (4.6)
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The received signal at the tripole sensor array can be denoted as a function of steering
vector a,,, polarisation vector p,,, source signals s,, and background noise n. At the k-th

time instant, the received signal vector x[k] can be expressed as

alk] = [@m @ Pp]sm K] + nk]

M=

3
1§

[
NE

Omsmlk] + 1K] (4.7)

3
Il

where ‘®’ stands for the Kronecker product, v, is the Kronecker product of a,, and p,,,
and n[k] is a 3N x 1 Gaussian white noise vector. The covariance matrix R of the received

signal vector is given by
R = E{x[k]|z[k]"}
M
= ) vnslk]sk]" vl + o2 Ly (4.8)
m=1

In practice, R is not available and can be estimated by averaging a finite number of

snapshots. In such case, an estimated covariance matrix R is used to replace R

1 <& "
R~ ; |k x| k] (4.9)

where K is the number of snapshots.

4.2.2 Comparison between crossed-dipole array and tripole ar-
ray

This section will mainly show why the ULA with crossed-dipoles cannot uniquely deter-
mine the four parameters associated with each impinging signal, leading to the spatial
aliasing problem, and why the ULA with tripoles can provide a unique solution for the
joint 4-D estimation problem.

To show the ambiguity problem, we consider one source signal impinging upon the

array so that the subscript m can be dropped for convenience. The joint DOA and
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Figure 4.1: Geometry of a uniform linear tripole array, where a signal arrives from

elevation angle # and azimuth angle ¢.

polarisation estimation problem can be considered as estimation of the steering vector of
this source signal.

For crossed-dipole sensor array, its joint steering vector w is given by

w=a®q (4.10)
where
g= " (4.11)
Dy

Here, wis a 2N x 1 vector with a 2 x 1 polarisation vector q. For the tripole sensor array,

the joint steering vector vis a 3N x 1 vector with a 3 x 1 polarisation vector p, i.e.

v=a®p (4.12)
where
Dz
P= |p, (4.13)
D

The ambiguity problem associated with the cross-dipole array can be stated as follows:

for a given steering vector w;, by varying parameters (0, ¢, v, n), there exists at least one
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vector w, which is in parallel with w,. By parallel we mean

wy =k - w (4.14)

where k is an arbitrary complex-valued scalar.

When we say that the tripole array can avoid the ambiguity problem, we mean that
for a given tripole array steering vector v, no matter how we change the parameters
(0, ¢,7v,n) change, it is impossible to find another steering vector v, which is in parallel

with V.

To prove these two statements, firstly we give the following lemma.

Lemma 1 Given two complez-valued vectors w1 = a; @ q; and wg = a3 @ qy, W1//Wo
is necessary and sufficient for ai//as and q,//dy, where // means the two vectors are in

parallel.

Proof 4.2.1 Necessity: If a;//ay and q,//q,, then

agzkl-al

Ay = k2 - qu (4.15)

where ki and ko are arbitrary complez-valued constants. Then,

Wy = as ® qs
= (k1-a1) ® (k2-qy)
= (kik2) - (a1 ® qy)

= (kik2) - wy (4.16)

Hence, wy//ws.
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Sufficiency: By (4.10), w can be expanded as

1Py
aiq 1Dy
weasa=|  |=| (117)
| AN] | aNPz
| ANDy |
The Hermitian transpose wil is given by
wi =a’ @ g (4.18)

The norm of w is

lw| = vwliw

= (@i + ...+ avay) (p.p; + p,p;)

= la| - |q] (4.19)
Then, we have

(w1l = lai] - |a

[Wa| = [a] - |qy] (4.20)
Generally, by (4.18), the modulus of the inner product of w1 and wo can be expanded as
lwi'wa| = |(ar’ @ ar') - (a2 ® g (4.21)

According to the mized-product property of Kronecker product, the lemma 4.2.10 in [84],
(4.21) can be deduced to

’Wf[W2| = |af ‘| ® ‘Q{{ - Q|

< lauf - |ag| - || - g (4.22)
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On the other hand, since wy//ws, we know we = kwy and |wq| = |k||w1|, which leads to

(wi'wa| = |wil - kwi| = |k|[wi] - |wi]

= [wal - [wa| = au] - [aa] - [ay] - |as] (4.23)

The equality in (4.22) holds only when a;//as and q,//qy. Combined with (4.23), the

sufficiency proof is completed.

Although we used the joint steering vector of the crossed-dipole array in the above
proof, it is straightforward to show that Lemma 1 is also applicable to the joint steering
vector of tripole sensor arrays.

Now we first consider the ambiguity problem in crossed-dipole sensor arrays. Given
w; = a1 ® gy, our aim is to find a vector wy = a; ® g, with a;//a, and q,//q,.

First Equation (4.1) indicates that a; is only determined by the value of sin 6 sin ¢;.

To ensure a;//ay, given an arbitrary value from 0° to 90° for s, ¢ can be worked out by
sin 67 sin ¢; = sin 6, sin ¢ (4.24)

Based on (4.24), we need further choose values for v, and 7, to satisfy q,//¢q,. From (4.6)
and (4.11), the polarisation vector g, is determined by all four parameters 6, ¢, v, and

cosf cosp; —singy | |sinyelm

cosfsing,  cos ¢y CoS Y1

=g (4.25)
Hence, the other polarisation vector q, = ¥5g, need to satisty

V,g, = \Wsg,

A is a constant and without loss of generality we assume its value is 1. Here g, isa 2 x 1

vector with gy[1] = sinyee’™ and g,[2] = cosvs, where “[1]” and “[2]” denote the first
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and the second elements of the vector.

_ g, (1]
g2
tan 772 —_ Im{g2[1]/g2[2]} (427)

Re{g,[1]/g-[2]}

Using the values of (4.24) and (4.27), the new joint steering vector g, will be in parallel
with the original g,. As a result, we can not uniquely determine the four DOA and
polarisation parameters of a source using the crossed-dipole array.

Next, we consider the tripole sensor array case. Given a joint steering vector v; =
a; ® p;, we want to prove that a parallel v2 = a; ® p, does not exist and we prove it
by contradiction. Similar to the crossed-dipole case, an arbitrary value from 0° to 90° is
chosen for 6,, and then (4.24) is applied to calculate ¢o, so that the new elevation and
azimuth angles ensure a;//ay. For the polarisation vector p,, assume that there exists a

vector p, which is in parallel with p;, i.e.

where A is an unknown complex-valued constant. Expanding €2, and €25 by the column
vector, where €217 and €215 are the first and second column vectors of €2;, and €25; and

Qoo are the first and second column vectors of €29, respectively. (4.28) is transformed to

2 2 [P e |2
a12] 92
(i
Q119,[1] + 2129, [2] = Qa1 g5[1]N + Q2295 [2] A (4.29)

The left side of (4.29) can be viewed as a vector which is a linear combination of €24, and
215. The right is a linear combination of £25; and 295. Here we define a two-dimensional
space A, spanned by €2;; and €215, also A, spanned by (25, and €255. Since €241, 215, 2o
and €295 are all 3 x 1 vectors, the equation holds only in the following two cases:

Case 1: A; and A, are the same two-dimensional span.
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It can be noticed that A intersects z —y plane at vector £215. And A, intersects x —y

plane at vector 299. If A; and A, are the same two-dimensional span, it must satisfy

that €215//99, then we have

— sin ¢ — sin ¢g
sin ¢ sin ¢o
cosgy | // | cosd ~ cos 01 " cos 0
0 0
& tan ¢; = tan ¢ (4.30)

However, ¢1 # ¢9, (4.30) conflicts with the basic assumption, which means with tripole
sensor array, there is no other joint steering vector v, in parallel with the given v; in such
a case.

Case 2: A; and A, are two different two-dimensional spans. Then p; and p, must be
in parallel with the intersecting vector of A; and A,.

Firstly we denote the intersecting vector as €2,. Since €211, 12, Qo1, 9o are all real-
valued vectors, all the elements in the intersection vector €2, must be also real-valued.

From eq.(4.5), p; can be transformed to

cos 8 cos ¢ siny — sin ¢ cos ye ="
P = €’ | cos O sin ¢ siny + cos ¢ cos ye "

—sinfsiny

=l p (4.31)

It can be seen that p,//p,. In most situations, with v # 90°, v # 0 and n # 0,
the first two elements in p; are complex-valued and the last element in p, is real-valued,
which indicates that with such a situation, it is impossible for p; to be in parallel with
the intersecting vector €2,. Hence, with v # 90°, v # 0 and 7 # 0, there is no ambiguity
in DOA and polarisation estimation with tripole sensors.

However, when v = 90° or v = 0 or = 0, p; or p; becomes a vector with all elements
being real-valued, and it may be possible for p; to be in parallel with the intersecting

vector €2,. Now with the assumption p,//p,//S2, p; and p, must all real-valued, which
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means y; = 90° or 73, = 0 or n; = 0, and at the same time 7, = 90° or 5 = 0 or 17, = 0.

With the constraint sin 6; sin ¢; = sin 65 sin ¢, we consider all of the nine different cases:

Case 2.1: v1 = 90° and ~, = 90°.

In this case

P = e

Py = eln2

cos ; cos ¢,
cos 61 sin ¢y

—sin 91

cos 05 sin ¢

—sin 92

cos By cos ¢y

(4.32)

With 6, = 0 and ¢ = ¢o, we have p,//p, for arbitrary n; and 7,. An example is

(30°,60°,90°,20°) and (30°, 60°, 90°, 50°).

Case 2.2: 7 = 90° and ~, = 0°. (same for 4, = 0° and 7, = 90°)

cos 61 cos ¢,

P = ¢’ | cos b, sin ¢y
—sin 01
— sin ¢y
Py = | cos (o
0

(4.33)

In this case, with 6; = 0° and tan ¢; = — cot ¢9, we have p,//p, for arbitrary s, 1, and

72. An example is (0°,90°,90°,20°) and (50°,0°,0°,50°).
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Case 2.3: 7 = 90° and 7 = 0°. (same for 7; = 0° and 5 = 90°)

cos 61 cos ¢
p; =€ | cosf, sin g,
—sin 6,
oS 5 cOs ¢y Sin 5 — Sin ¢g €OS Yo
P2 = | cos by sin ¢g Sin v, + €OS g COS Yo

— sin 6y sin v

(4.34)

For arbitrary given 6y, ¢1, 02, ¢o which satisfy the constraint (4.24), if p,//p,, then

sin 6, cos 61 cos ¢

sinfysinyy  cos By coS ¢y Sin Yo — sin ¢g COS Yo
sin 6, cos 61 sin ¢

sinfysinyy  cos fs sin ¢s sin 5 + €OS Py COS Yo

leading to

Sin g9 = cos ¢

Sin g = — €os P9

which causes the contradiction. In this case, there is no ambiguity.

Case 2.4: v1 = 0° and v, = 0°.

P2 = | cos ¢

In this case, with ¢; = ¢, we have p,//p, for arbitrary n; and n.

(30°,60°,0°,20°) and (30°,60°,0°,50°).
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(4.35)

(4.36)

(4.37)

An example is



Case 2.5: vy = 0° and 7, = 0°. (same for 7; = 0° and v, = 0°)

— sin ¢y
P1 = | cos¢
0

€OS 5 cOs (g sin Yo — Sin ¢ COS Yo

P2 = | cos by 8in ¢g 8in yo + €OS P2 COS Yo (4.38)

— sin 6y sin v,

In this case, to satisfy the parallel condition, firstly 6y should be 0° and n; can be an

arbitrary value. Further we have

OS¢ Sin ¢y — Sin @y COS o
tan vy = : : (4.39)
COS ()1 COS (9 + Sin Py sin ¢o

An example is (30°,0°,0°,30°) and (0°,30°,30°,0°).
Case 2.6: n; = 0° and 7y = 0°.

cos 61 cos ¢ siny; — sin ¢ cos ¥,

P1 = |cos b sin ¢y siny; + cos ¢ cos v,

— sin 6y sin vy,

oS 5 cOs (o sin Yo — Sin @9 COS Yo

D2 = | cos By sin ¢y Sin 5 + €OS g COS Yo (4.40)

— sin 5 sin 7y,

In this case, due to the parallel condition, we know

sin f sin v,

cos 0 cos ¢y siny; — sin ¢ cos v,

sin @, sin ¥

sin 67 sin y;

cos 5 cos ¢y sin 7y, — sin ¢g cos Yo

cos 61 sin ¢ siny; + cos ¢1 cos 1

sin fs sin v,

c0s B sin ¢4 sin 5 + CoS ¢ COS Yo

(4.41)

Each equations in (4.41) will produce a unique solution to tan-~,. Except that all the

parameters (01, ¢1,71) = (02, ¢2,72), there is no other solutions for v, and therefore there

is no ambiguity in this case.
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4.3 Cramér-Rao Bound for Tripole Sensor Arrays

The Cramér-Rao bound (CRB) provides a lower bound on the variance of unbiased esti-
mators. The estimator is said to be unbiased if the mean of the sampling distribution of
a given parameter is equal to the parameter to be estimated. In paper [74], it has been
proved that the MUSIC estimation errors are asymptotically joint Gaussian distributed
with zero mean when the snapshot number is large, which means the MUSIC estimator
is an unbiased estimator for the given parameters and CRB is suitable to evaluate the
estimation performance. In the joint estimation problem, (6, ¢,~,n) are four unknown
parameters. For convenience, we use a = (6, ¢,v,n) to denote the unknown parameters.
With the N-element linear tripole sensor array, the probability density function for single
received snapshot is given by [73]

1 Hp—1
_ L rem@) Ry @)m@)]) 449
Pel(@) det[r Ro(c)] (4.42)

where R,(c) is the covariance matrix and m(a) is the mean value of received vector
data.
With K independent snapshots, the likelihood function can be denoted as the product

of K single functions

Dy ,xo,.. 7$K| H det 7TR

% el lmn—m(a)]" Ry (o) [z —m()]} (4.43)
The log-likelihood function is given by

Lo(at) =Dy, oy, ape ()
= — Klndet[Ry(a)] — KNInw

— Z x; — TR (a)[zy, — m(a)] (4.44)

Considering the unconditional model, which means the source signals are random in
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all realizations [85], , for one source the mean value and covariance matrix is given by

m(a) =0

R, = o?vv + 021 (4.45)

where 02 is the power of source signal and o2 is the noise power.

The fisher information matrix can be denoted as:

Foo Fyy Forn Fyy
Foo Foo Fon Fony

Fla) = ’ ’ (4.46)
Fvﬁ F%qﬁ F%v F%n
Fn,e FW, F, F

Y mn

Each element in the matrix can be expressed as the product of derivatives of (5.70) with

respect to the corresponding parameter [73]:
R,
R—l ( a) 8 <a> }

OR, ()
(67 z Q;
amH(a) R—l

+ 2Re{ YR, () 2

(67 Q;

Foa, :tr{R;I(a)

} (4.47)

where the symbol tr{} means the trace of a matrix, Re{} means the real part, and «;, o
denote two arbitrary parameters among (6, ¢,~, 7).
With (5.74), (4.47) can be simplified to
OR,
) e

Q; Q;

Foio; = tr{R;l(a)

} (4.48)
The CRB matrix C(e) is the inverse of fisher information matrix, i.e.

Cla) = F !(a) (4.49)
Finally, the Cramér-Rao bounds for each estimated parameter are given by:

CRB(0) = Cyo = [F ' (a)]1 1
CRB(¢) = Cy s = [F ()22
CRB(y) =C,, = [F_1<a)]373

CRB(n) = Cyy = [F~ ()]s (4.50)
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4.4 The Proposed Algorithm

In the following, the proposed low-complexity joint 4-D DOA and polarisation estimation
algorithm for tripole sensor arrays is introduced based on a subspace approach.

Firstly, by applying eigenvalue decomposition (EVD), the covariance matrix R can be
decomposed into

3N

k=1
where uy is the k-th eigenvector and Ay is the corresponding eigenvalue (in descending

order). Furthermore, we can rewrite (4.51) into
R=UAU" + UA,U! (4.52)

where U = [ug, up, -+, uy| and U, = [upr41, Upsio,- -+, Usn| are the eigenvectors of
the signal subspace and noise subspace, respectively. Ag and A, are diagonal matrices
holding the corresponding eigenvalues \,. As the rank of the noise subspace cannot be
less than 1, the DOF (degree of freedom) of the algorithm is 3NV — 1.

Clearly, the joint steering vector v, is orthogonal to the noise subspace U,, i.e.
Uv, =0 (4.53)
or
v U, UM, =0 (4.54)

As a result, to find the DOA and polarisation parameters (6, ¢, Y, Mm) of the m-th

signal, we construction the following function

1

- 4.55
v U, U v (4.55)

F(0,0,v,n) =

The peaks in (4.55) indicate the DOA and polarisation information (6, ¢,~,n) for

impinging signals.
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The above MUSIC-type algorithm is based on direct 4-D peak search with an extremely
large computational complexity. In the following, we transform the 4-D search process
into two 2-D searches, significantly reducing the complexity of the solution.

First, we separate v, into two components: one with DOA information (6, ¢) only,
while the other only contains the polarisation information (vy,7n). In this way, (4.53) can

be changed to

0 = Ug[a’m ® (ngm)]
= U;?Kam ® ) Gy

= [U"b.)g,, (4.56)

where b,, is the Kronecker product of a,, and €2,,.

Note that UMb, is a (3N — M) x 2 vector and g,, is a 2 x 1 vector. (4.56) shows a
linear relationship between the columns in U b,,, which means the vector has a column
rank less than 2. Multiplied by its Hermitian transpose on the right, the new 2 x 2 product
matrix cannot have a full rank, with its determinant equal to zero. Here we use det{} to

denote the determinant of a matrix. Then, we have
det{b U, U"b,,} =0 (4.57)

We can see that b, is dependent on the parameters (0, ¢) only. As a result, a new

estimator can be established corresponding to 6 and ¢ as [86]

1

16.9) = det{b” U, U" b}

(4.58)

The new estimator first performs a 2-D peak search over # and ¢. After locating 6
and ¢, the polarisation parameters v and 7 can be obtained by another 2-D search in the

following

1
g'b U, U" bg

flv,m) = (4.59)

The following is a summary of the proposed algorithm:
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Calculate the estimated covariance matrix R from the received signals.

Calculate the noise space U, by applying the eigenvalue decomposition on R. The

last 3N — M eigenvalues and the corresponding eigenvectors form the noise space.

Use the 2-D estimator (4.58) to locate the DOA parameters 6 and ¢.

Use the 2-D estimator (4.59) to locate the corresponding polarisation parameters

and 7).

4.5 Simulation Results

In this section, simulation results are presented to demonstrate the ambiguity issues we

discussed earlier and the performance of the proposed algorithm.

4.5.1 Ambiguity phenomenon

Assuming one source signal from (0, ¢,v,n) = (30°,80°,20°,50°) impinges on a uniform
linear crossed-dipole array and a uniform linear tripole array respectively. Both arrays
have the same senor number N = 5 and the inter-element space is set to d = \/2.

Fig. 4.2 and Fig. 4.3 present the DOA estimation results for these two arrays, re-
spectively. Apparently, the tripole sensor array gives a unique peak point at the source
direction while the crossed-dipole senor array shows a peak line due to the ambiguity

problem and there is no way to identify the real direction of the signal.

4.5.2 RMSE results

Now we study the performance of the proposed algorithm based on tripole sensor ar-
rays. There are two source signals from (0, ¢,~v,n) = (10°,20°,15°,30°) and (6, ¢,7,n) =
(60°,70°,60°,80°). The tripole sensor number is set to N = 4 and the number of snap-
shots for each simulation is K = 1000. The root mean square error (RMSE) results of the

estimated parameters by 200 Monte-Carlo trials are shown in Fig. 4.4-4.7, where we can
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Figure 4.2: DOA estimation result using the linear crossed-dipole sensor array.
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Figure 4.3: DOA estimation result using the linear tripole sensor array.
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Figure 4.4: RMSE of 6.

see that with the increase of SNR, the RMSE level decreases consistently. The accuracy
of the 4-D MUSIC using (4.55) is always better than the proposed 2-D MUSIC algorithm
for any parameters at the cost of a much higher level of computation complexity. The

performance of both algorithms are close to the CRB.

4.5.3 Linear tripole and planar crossed-dipole array

Since a planar crossed-dipole array can also be used to estimate the four parameters of an
impinging signal, it would be interesting to know that given the same number of dipoles,
which one is more effective for 4-D parameter estimation, the linear tripole array or the
planar crossed-dipole array. To find out, in this part, we consider a 4 x 1 linear tripole
array and a 2 x 3 planar crossed-dipole array both of which have the same number of
dipoles or DOFs. We compare their estimation accuracy using the proposed 2-D MUSIC

algorithm. All the other conditions are the same as in 4.5.2.

Fig. 5.10 shows the RMSE results for the first signal’s azimuth angle. It can be seen
that the planar array has given a higher estimating accuracy and its CRB is much lower
than the linear tripole array, which means that the compact structure of the linear tripole

sensor array is achieved at the cost of estimation accuracy. However, it’s hard to say
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Figure 4.8: RMSE of crossed-dipole and tripole sensor array.
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that the planar crossed-dipole array outperforms the linear triple array totally. In some
special scenarios, if the sensor array has to be placed in a narrow area, for example, on
the surface of an airplane. The planar array will result in the short inter-space in one
direction, which may cause other problems like mutual coupling between sensors. While

linear array can avoid this and ensure enough distance between sensors.

4.6 Summary

With a detailed analysis and proof, it has been shown that due to inherent limitation of
the linear crossed-dipole structure, it cannot uniquely identify the four parameters associ-
ated with impinging signals. In order to simultaneously estimate both the 2-D DOA and
2-D polarisation parameters of the impinging signals, we could increase the dimension of
the array and construct a planar crossed-dipole array. To avoid this and have a compact
structure, a linear tripole array has been employed instead. It has been proved and also
shown that such a structure can estimate the 2-D DOA and 2-D polarisation information
effectively except for some very special cases. Moreover, a dimension-reduction based
MUSIC algorithm was developed so that the 4-D estimation problem can be simplified
to two separate 2-D estimation problems, significantly reducing the computational com-
plexity of the solution. However, the dimension-reduction also brings the problem of less
accuracy. Since both the planar crossed-dipole array and the linear tripole array can be
used to effectively estimate the four parameters of an impinging signal, a brief compari-
son between them was also carried out and it was shown that given the same number of
dipoles, the planar structure has a better performance, although this is achieved at the

cost of increased physical size.
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Chapter 5

Direction Finding for Signals with

Mixed Signal Transmission Models

5.1 Introduction

Direction of arrival estimation has been widely studied in recent years [63, 64, 87, 88|,
and many algorithms have been introduced to solve the DOA estimation problem, such
as MUSIC [26], estimation of signal parameters via rotational invariance techniques (ES-
PRIT) [27] and those based on sparsity or compressive sensing (CS) [89, 90]. In its
early time, most research on DOA estimation was based on omnidirectional antennas,
ignoring the polarisation information of impinging signals. To consider the polarisation
information, electromagnetic vector sensor arrays were proposed to jointly estimate the
DOA and polarisation information [16, 34, 43, 91]. The MUSIC, ESPRIT and CS-based
algorithms can be extended to solve the joint DOA and polarisation estimation problem
61, 62, 67, 72, 92-95]. However, in their models, for each direction, it is assumed either
explicitly or implicitly that there is only one signal impinging upon the array; in other
words, each source only emits one single signal with specific direction and polarisation

and we refer to such system as a single signal transmission (SST') system.

To make full use of the degree of freedom provided by a vector sensor array, two
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separate signals could be transmitted simultaneously from each source, and this is refer
to the dual signal transmission (DST) model [96]. For a DST signal, the two sub-signals
have the same DOA but different polarisations. One DST example is to use two orthogonal
linearly polarized signals with amplitude or phase modulation [97, 98]. However, there has
rarely been any research reported on estimating the DOAs of DST signals. Instinctively,
we could consider a DST signal as two independent SST signals and estimate their DOAs
one by one. However, as we will see later, a direct application of the traditional DOA
estimation methods such as the subspace-based ones may not work expected for DST

signals and a new approach is needed.

In this thesis, based on a uniform linear tripole sensor array, we first try to extend
the classic MUSIC algorithm straightforwardly to the 4-D case to find the parameters
of a mixture of impinging SST and DST signals. As analysed later, due to inherent
physical property of signal polarisation and array structure, we can only find the DOA
and polarisation parameters of SST signals and for the DST signals, it fails due to an
ambiguity problem with their estimation. The ambiguity problem associated with the
polarisation parameters of DST signals cannot be solved by any estimator due to limitation
of the degrees of freedom available in the polarisation domain. However, it is possible
to obtain the DOA information of DST signals. As a solution and also to reduce the
complexity of the 4-D search process of the extended MUSIC algorithm and also exploit
the additional information provided by DST signals, i.e. the two sub-signals of each DST
signal share the same DOA, a two-step algorithm is proposed. In this solution, the DOA
and polarisation information of SST signals are found first by a rank-reduction algorithm
(referred to as the SST estimator) and then the DOA information of the DST signals
is estimated by a specifically designed estimator (referred to as the DST estimator).
Furthermore, a general estimator (referred to as the MST estimator) is proposed which
can obtain the DOA parameters of the SST and DST signals in one single step, while the
polarisation information of SST signals can be obtained by a separate 2-D search if needed.

Moreover, the CRB (Cramér-Rao Bound) is derived to evaluate the performance of the
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proposed estimation algorithms. As demonstrated by simulation results, for SST signals,
the two proposed estimators (the two-step estimator and the general estimator) have a
similar performance, while the general estimator has a higher accuracy in estimating the

direction of DST signals.

5.2 Signal Models

In our mixed signal transmission model, there are M; SST and M, DST narrowband
polarized sources impinging on a uniform linear array with N tripole sensors from the far
field as shown in Fig. 5.1. Each SST source emits only one signal s,,(t),m = 1,2,--- | M,
and each DST source emits two sub-signals sy, 1om—1(t) and sy, 1om(t),m = 1,2, My,
with the same elevation-azimuth angle (6, ¢) but different polarisation (v, 7), where =, n
denote the polarisation auxiliary angle and the polarisation phase difference, respectively.
For convenience, the parameters of the DST signal sy, yom—1 and spy, o, are denoted
by <9M1+2m—1a ¢Ml+2m—1,7M1+2m—1,77M1+2m—1) and (9M1+2m, ¢M1+2m77Ml+2m,77M1+2m), re-

spectively. Note that

9M1 +2m—1 - 9M1+2m

(5.1)

¢M1+2m71 = ¢M1+2m

In discrete form, the received SST signals of a single tripole sensor at the k-th time

instant is denoted by a 3 x 1 vector x;[k] (noise-free)

2K = > psulH] (5.2)

where p,, is the SST angular-polarisation vector given by

cos 6, cos ¢, —sin o,

Sin 7y, e/
P, = |cosb,sing,, cosop,
COS Y
—siné,, 0
= Qn-9, (5.3)
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In the above equation, €2, denotes the angular matrix associated with DOA parameters 6

and ¢, and g, is the polarisation vector including polarisation parameters v and 7, given

by

cos 6, cos ¢, —sin ¢,

Q= |cosb,sing,, cosdy, (5.4)
—siné,, 0
Sin 7y, €7
G = (5.5)
COS Yim,

The DST signals collected by a single tripole sensor can be considered as the sum of all
2M, sub-signals, where each sub-signal can be viewed as a SST signal. Hence, the received

DST signals are in the form

Mi+2M>

Tk = > Pusmlk] (5.6)

m=NM;
Considering a pair of sub-signals as a single composite DST signal, we can use a 2 x 1
vector s, to denote the m-th DST signal corresponding to the pair of sub-signals sy, y2m—1

and Spz, +om, which is defined by

Sy +om—1|k
Sm[k] = ) (5.7)

SMi+2m {k]

Then, (5.6) can be transformed to

<L Sny+2m—1[K]
zlk] = Z[pM1+2m—1 Pty +2m—1]
m=1 5M1+2m|:k]
Mo
= ) Pysp[k] (5.8)
m=1

where P,, is the angular-polarisation matrix for DST signals, with

p, = [leJerfl pM1+2m71]
= [QM1+2m—1gM1+2m71 QMl-‘erngJer] (5.9)
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Figure 5.1: Geometry of a uniform linear tripole array, where a signal arrives from

elevation angle 6 and azimuth angle ¢.

Note that the two sub-signals of the same DST signal share the same angular matrix, and

here we use E,, represent the common angular matrix of the m-th DST signal, i.e.

B = Qnrom-1 = L 1om (5.10)
We use G,, to denote the polarisation matrix of the m-th DST signal, defined as

G, = [gM1+2m71 gM1+2m] (5.11)
Then P,, is the product of E,, and G,,,

P, =

[11

m Gm (5.12)

The total received signal x[k] is the sum of SST and DST signals, which is given by

zlk] = z,[k] + z4[k]
= Y Pusalk]+ D Pusalk] (5.13)

Now we consider the whole array system. The phase delay of source signals collected

by different tripole sensors is defined as the steering vector, a,,, given by

a,, = [1’ 6—j7’sin9m sin ¢m ’e—j(N—l)Tsinem sinqu]T (514)

g oo
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where 7 is the phase shift between two adjacent sensors in the array
T=— (5.15)

with A being the wavelength of the narrowband signals and d is the spacing between
adjacent tripole sensors.

Firstly, consider the each-sub signal as a separate SST signal. With the Gaussian
white noise n[k| of variance o2, the array output snapshot at the k-th time instant y[k]
is given by [72]

M1+42M>

yk = S @@ p,, - swlk] + i (5.16)

Consider every pair of sub-signals as a DST signal, (5.16) will be transformed to

My
yk] = Y an®p,, sk
m=1
Mo
+ Y som1 ® Py - sp[k] + nlk] (5.17)
m=1

In the DST signal part, as each pair of sub-signals come from the same direction, the two

steering vectors are equal to each other, i.e.

AN, +2m—1 = QM +2m (5.18)

Therefore, in (5.17), @, 1om—1 can be replaced by aps, 4om, too.
To further simplify (5.17), g,, is used to denote the direction-polarisation joint steering

vector for SST signals, defined as

q,, = an @ D, (5.19)
and @,, is the DST joint steering matrix, given by
Qm = ay4o2m-1® P,
= ay,i1om-1® [pM1+2m71 pM1+2m71]

= [qu +om—1 9y +2m] (5.20)
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With the above notation, (5.17) is further changed to

bk = > g s+ @ salk] + k] (5.21)

5.3 Proposed Estimators

As mentioned in Introduction, the traditional subspace-based DOA estimation algorithms
could be used to find the DOA of both SST and DST signals. Therefore we will try to
extend the classic MUSIC algorithm to the 4-D case to show its limitations for a mixture
of impinging SST and DST signals. To reduce the complexity of the 4-D search process
and also exploit the additional information carried by DST signals, a two-step algorithm
is proposed, consisting of two estimators, one for SST signals and one for DST signals.
The one-step general MST estimator is proposed after that with a detailed proof for its
working.

Before introducing the proposed estimators in detail, we first provide some basic con-
cepts for subspace based DOA estimation method as the starting point. The covariance

matrix of the received signals is given by
R = E{ylk]yk]"} (5.22)

which can be estimated by a finite number of snapshots as follows

I P (5.23)

where K is the number of snapshots.
For the general MST model, assume M; + 2M, < 3N. After eigendecomposition, the
covariance matrix can be expressed by
R=) Nuul (5.24)
n=1
where )\, is the n-th eigenvalue and w, is the associated eigenvector. After sorting the

3N eigenvalues in descending order, the eigenvectors u;, us, ..., Ups, 421, form the signal
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subspace, while was, 120541, Ung, 120542, ---, Usn form the noise subspace. We use U and

U, to denote these two subspaces

Us - [u171L27"' auMl-i-QMz]
U, = [unt20p41, Uni+2Mat2,* 5 UsN] (5.25)

Clearly, both the SST joint steering vector g,, and the DST joint steering matrix @,, are

orthogonal to the noise subspace U,,.

5.3.1 Extension of the traditional MUSIC estimator to 4-D

A traditional DOA estimator considers all incoming signals as seperate SST signals, i.e.
the given M; SST signals and My DST signals will be considered as M; + 2M, SST
signals in the algorithm. The joint steering vector g, is already introduced in (5.19).
After applying eigenvalue decomposition, the signal subspace and noise subspace can be
calculated by (5.24), (5.25). Since the joint steering vectors g, are orthogonal to the

noise subspace, then
Ulq, =0 (5.26)
By (5.3) and (5.19), it can be deduced that

Q4 = @y @ P, = @y @ (2 g,,) (5.27)

Then (5.26) can be further transformed to
U,/ an @ (Qng,,) = 0 (5.28)

The DOA and polarisation parameters will be estimated by finding the peaks of the

following cost function through a 4-D search.

1

- 5.29
q1U,Uq, (5:29)

F(97 ¢377n) =

However, as shown in the following analysis, there is an ambiguity problem with both

DOA and polarisation of DST signals. As a result, their DOA and polarisation information
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can not be obtained by the subspace based method. In the following, we give a detailed
explanation to the ambiguity problem.

Firstly, we give the explanation to the ambiguity problem associated with the polar-
isation parameters. When the estimator is applied to a DST signal, the noise subspace
will be orthogonal to the joint steering vectors of both sub-signals. Using g, and g, to

denote the two different joint steering vectors, we have

Uﬁl‘h =0
(5.30)
Uf(b =0
This can be further derived that
Ufa,l ®p, =0
Ufa,z ®py, =0

Ufa,l ® (1g,) =0
= (5.31)

Ua, ® (R9,) =0

Note a; is an N x 1 vectors, and aq1, a2, ..., a1y denote the elements in a;. Then we have

a1 ® (1g) = [a11Q1gy, 0129, ..., a1n 9]
= [aQ,a15Q, ..., a1n2] g
= (a1 ®@M)g (5.32)
Similar to ay, we have
a ® (£20,) = (a2 ® 22) gy (5.33)
Then, (5.31) can be changed to
U, (a;®Q1)g, =0
(5.34)
U (ay ® Q3)g, = 0
Since the two sub-signals come from the same direction, we have
a @ = a,® Ny (5.35)
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On the other hand, as the two sub-signals have different polarisation, the vector g, is not

in parallel with g,. Hence, it must satisfy that
Uf(a; ®9,)=0 (5.36)
Then, given a third arbitrary polarisation vector g, different from g, and g,, we have
Ul (a1 @) -g5=0 (5.37)

As a result, F(0y, ¢1,73,13) will be recognised as a peak in the spectrum and wrongly
identified as the parameters of a non-existing source. This means the algorithm fails
when trying to estimate the polarisation of DST signals.

Next, we give an analysis to the ambiguity problem associated with the DOA of DST
signals.

Given g, and g, as the joint steering vectors of the two sub-signals. By (5.32), (5.33)
and (5.35), we have

g = (a1 ®N)g
(5.38)
g = (a1 @)g,

which can be further derived to

q = (a1 ® L) g
(5.39)
g = (a1 ® I;)Q g,
where I3 is a 3 X 3 identity matrix. Consider a non-existing source sz with its DOA angles

satisfying

sin 03 sin ¢3 = sin 6y sin ¢y

sin 93 7& sin 01 (540)
sin ¢3 # sin ¢y
Then, it can be obtained that
a; = ag (541)
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To ensure gy is the linear combination of g, and g,, which can be denoted by

q; = k1q, + kaq, (5.42)

where ki, ko are scalars (not all zero). Since the three steering vectors have the same

component a; ® I3, (5.42) can be transformed to
Q395 = k11 g, + k219, (5.43)

The problem to find k; and ks is transformed into finding if there is at least one suitable
g; satisfying (5.43), so that gy will be the linear combination of ¢, and g,. Consider

2, Q23 by their column vectors, it can be obtained

Mg = [911 Q12] 91[1]
91[2]
= q[1Qu + g1[2]Q12 (5.44)

where €1, Q15 are the first and second column vector of €. g1[1], g1[2] are the first and
second elements of g,. Then the right side of (5.43) is the arbitrary linear combination of
2y, and €29, representing a 2-D planar space L; supported by €2;; and €25. Similarly,
the left side of (5.43) can be considered as a vector in the 2-D space Lz constructed by Q3;
and (235. Since sin f3 # sin 64, sin ¢3 # sin ¢y, it can be verified L; is not in parallel with
L;. The only possibility is that both sides in (5.43) are in parallel with the intersection

vector of these 2-D spaces. So it must satisfy that
(QH X 9{2)9393 =0 (545)

where ‘X’ means cross product of two vectors. By solving (5.45), the polarisation of s3 can
also be obtained. Notice that €21, €29, 231, 235 are real-valued vectors, the intersection
vector must be a real-valued vector as well. As mentioned above, €23g; is in parallel with
the intersection vector. As the second element of 23g; is real-valued, it can be deduced
that the first element must also be real-valued, which means 73 = 0°. Then g5 can be

expressed as

sin 3
93 = (5.46)

COS 73
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Due to the orthogonality in (5.45), we have

— COS 73
(1 x Q) =hs | (5.47)
SI11 Y3

Using H to denote the left side of the above equation for convenience, then
H=(Q; x Q,)Q3 (5.48)

The polarisation parameter 3 of the ambiguity source can be found at

V3 = arctan(—%) (5.49)

Since the DOA and polarisation parameters (63, ¢3,73,73) can be obtained by above
equations, , whose joint steering vector is also orthogonal to the noise subspace, the
ambiguity problem appears. As an example, if a DST signal comes from (30°,80°), one
ambiguous source can come from (40°,50°) with polarisation parameters (19.2°,0°). For
each DST signal, there will be an infinite number of ambiguous SST signal directions.

For the mixed signals scenario, although the 4-D search algorithm cannot identify the
DST signals, it works for SST signals. However, an obvious problem with the algorithm
is the significantly high computational complexity of the 4-D peak search process. In the
next subsection, we propose a two-step algorithm, which estimates the DOAs of SST and

DST signals separately with a much lower complexity.

5.3.2 The proposed two-step method

As can be seen from the name, there are two steps for the proposed method. The first
step is to apply a newly proposed SST estimator to obtain the DOA and polarisation of
SST signals, while the second step is to apply a specifically designed DST estimator to
find the DOA of DST signals.

In the first step, we only focus on the SST signals. By exploiting the orthogonality

between the joint steering vector g, and the noise subspace U,,, we have
Ulq, =0 (5.50)
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In order to avoid the computationally expensive 4-D search, (5.50) can be transformed to

0 = Uf[am ® (ngm)]
= Uf[(a"m ® Q) Gp]

= (U bnlg,, (5.51)
where b, is the kronecker product between a,, and €2,,,
b, =a, ®Q, (5.52)

For SST signals, there is only one polarisation vector g,, from a specific direction (6,,, ¢,,)
satisfing (U b,,]g,, = 0 and (5.51) indicates that the column rank of U%b,, equals to
1. Notice that U7b,, is a (3N — M, — 2M,) x 2 matrix. By multiplying its Hermitian
transpose on the right side, the product matrix is a 2 x 2 matrix with rank 1, which can

be denoted as
rank{b” U, U7b,} = 1 (5.53)

where the symbol rank{} is used to denote the rank of the target matrix. As the matrix

is not of full rank, we have
det{b! U, U"b,,} =0 (5.54)

where det{} represents the determinant of the matrix. By taking the inverse of (5.54), a

DOA estimator for SST signals is given by

1
~ det{b? U, U"b,,}

Fy(Om, dm) (5.55)

where the peaks of the above function give the desired DOA angles of SST signals.
With the DOA information obtained, the polarisation parameters can then be estimated
through another 2-D search using (5.51).

However, as analysed earlier in Section 5.3.1 and further in the following, the above

SST estimator does not work when source signals are DST ones.
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Firstly, the kronecker product b,, can be extended to DST signals, for the m-th DST

signal, we have
bm = Qp+2m—1 (%9 Em (556)
According to (5.36), for the DST signal direction

U (anr, 12m—1 @ Qs 1om-1) =0

= Ullay,1om 1 ® L)E, =0 (5.57)

E,, is a 3 X 2 matrix and can be divided into two column vectors as

m [Eml

[11
[11

m2] (5.58)

(5.57) indicates that all the row vectors in U (@, 1om—1 ® I3) are orthogonal to the two
column vectors E,,; and E,,» simultaneously. As E,,; and E,,5 are 3 x 1 vectors and they
are not in parallel, all the row vectors in U (@, y2m—1 ® I3) should be parallel with each
other, which means the row rank of Uﬁl (@pr, +om—1 @ I;) equals 1. Given the pair of angles
(0., ¢e) where there is no actually signal coming but it satisfies sin 0, sin ¢, = sin 6, sin ¢,,,
it can be obtained that the direction has the same angular steering vector as the DST

signal, i.e. a. = aps, +2m—1. It can be further deduced that
det{b" U, U"b,} =0 (5.59)

As a result, this new direction will also be recognised as a peak in the spectrum even if
there is no signal coming from that direction. It’s easy to verify that there are infinite
number of directions satisfying sin 6, sin ¢, = sin 6, sin ¢,, and these directions provide
ambiguity in the estimation results. To solve the ambiguity problem of the SST estimator,
in the following we propose a new estimator to deal with the DST signals, which is the
second step of the proposed two-step method.

As mentioned, a DST signal s, includes two sub-signals sys,+om—1 and sy, 1o, with
different polarisations, which means g, 15, 1 and gy, 1o, are not in parallel with each

other. Since gy, 19,1 and gy, o, are both 2 x 1 column vectors and each row vector in
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U by, 4om-1 is of 1 x 2 orthogonal to 9ty v2m—1 and gy o, it can be deduced that all
the row vectors must be zero-vectors and U b,, is a zero-matrix as indicated by (5.57).
Comparing to SST signals, the rank of b, U, Uf b,, for DST signals equals to 0 instead

of 1. Hence, the following cost function can be used to estimate directions of DST signals

1

5.60
U, U760 (5.60)

F2<0n7 (bn) =

where ||x||o denotes the ls-norm of vector .
This estimator solves the DOA estimation problem of DST signals. However, when
the DST estimator is applied to a mixture of SST and DST signals, the estimator (5.60)

only selects the directions with
rank{b" U, U"b,,} =0 (5.61)

However, for SST signals, (5.53) indicates that the rank of b" U, U?b,, equals 1, which
results in the loss of SST directions in the DST estimator.

The following is a summary to the proposed two-step method:

Calculate the noise subspace U, by applying eigenvalue decomposition to the esti-

mated covariance matrix R.

Apply the SST estimator (5.55). Based on the DOA results obtained from the SST

estimator, find the DOAs of SST signals by 2-D search.

Find the polarisation parameters of SST signals using (5.51) by 2-D search.

Apply (5.60) to estimate the DOAs of DST signals.

5.3.3 The proposed general MST estimator

Instead of employing separate estimators for SST and DST signals, in this section we
propose a single general estimator for MST signals, which has an better performance in

terms of estimation accuracy.
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Before introducing the general estimator, we first investigate the rank and determinant
of the two matrices (a,, ® I3)" U, U" (a,, ® L) and b” U, U?b,,. In the following, for

convenience we drop the subscript m and denote the two matrices as
A = (a2 L)U, U (a® L)
= b"U,U"b (5.62)
In the scenario with a mixture of SST and DST signals, we can divide the direction range
into four regions: the SST signal direction region, the DST signal direction region, the

DST ambiguity direction region and the remaining uninterested direction region. Table

5.1 gives a summary of the ranks of A and B and the their associated direction regions.

Table 5.1: rank A and B for different direction regions

Rank(A) Rank(B)

SST Signal 2 1
DST Signal 1 0
DST Ambiguity 1 1
Uninterested 3 2

As discussed before, the SST estimator selects the direction with the condition rank{B} <
2 and the DST estimator selects the direction with rank{B} = 0. From Table 5.1, we can
see that the SST estimator can find the SST signal directions, DST signal directions and
the DST ambiguity directions while the DST estimator only estimates the DST signal
directions. As a solution to the problem, we propose a general MST estimator which can

work in all cases of signals and its cost function is given by

i:ilé:l det{A4,,}
det{ B}

F5(0,9) = (5.63)

where A, ; is the cofactor matrix of matrix A by removing its ¢ —th row and j —th column.

The estimator is able to estimate DOA information for all signals without determining its
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type, i.e. SST or DST. After obtaining all the DOAs, we can then use (5.51) to find the
polarisation parameters of SST signals through 2-D search if needed. For DST signals,
we can distinguish them from the SST ones by checking whether there is polarisation

ambiguity problem or not when doing the search using (5.51).

The reason why the above cost function works can be explained roughly as follows.
First, note that matrix A is a 3 x 3 matrix and its cofactor matrix is of 2 x 2. For
the SST signal direction region, the rank of matrix A is 2 and then one of its cofactor
matrices must have a rank of 2 so that its determinant is nonzero and the summation in
the numerator is nonzero, while matrix B has a rank of 1 and its determinant is zero; as
a result, the cost function at the directions of SST signals will have a peak (an infinitely
large value in theory). For the DST direction region, the rank of matrix A is 1 and then
one of its cofactor matrices must have a rank of 1 and non-zero-valued, so that although
its determinant is zero and the summation in the numerator is also zero, it approaches
zero at those directions at the first order, while the 2 x 2 matrix B has a rank of 0 and
its determinant is zero and approaches zero at those directions at the second order (a
2 X 2 zero matrix); as a result, the cost function at the directions of DST signals will
have a peak too (an infinitely large value in theory). For the DST ambiguity region, the
rank of matrix A is 1 and similar to the case of DST direction region, the summation in
the numerator of (5.63) is zero, but it approaches zero at those ambiguity directions at
the first order, while the 2 x 2 matrix B has a rank of 1 and its determinant is zero and
approaches zero at those directions at the first order (a 2 X 2 nonzero matrix); as a result,
the cost function at the DST ambiguity region will be a nonzero finite value, but not a
peak representing an infinitely large value. For the uninterested region, both matrices A
and B have full rank and neither of the numerator and denominator of the cost function
is zero-valued; as a result, the cost function at the uninterested direction region will be a

nonzero finite value, but not a peak representing an infinitely large value.
A detailed proof can be found in the Appendix.

A summary for the unified general MST estimator is give below:
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e (Calculate the noise space U, by applying eigenvalue decomposition to the estimated

covariance matrix R.
e Apply the MST estimator (5.55) to obtain the DOA of all signals by 2-D search.

e Find the polarisation parameters of SST signals by (5.51).

5.4 Cramér-Rao Bound for MST Signals

In this section, we derive the CRB for DOA estimation of a mixture of one SST signal
and one DST signal to evaluate the performance of the proposed algorithms. A basic
assumption is that all source signals are unconditional [85], which means the source signals

are random in all realizations. The SST signal and the two DST sub-signals have the same

power 2.
Here we use the symbol a to denote the parameters to be estimated, which can be

denoted as

a = (61,02, 01, 2) (5.64)

where (01, ¢1) is the DOA parameters for the SST signal and (65, ¢) is the parameters for
the DST signal. Note that in the proposed estimators, the DOA parameters are obtained
separately from the polarisation parameters. This means in the DOA estimation process,
the polarisation parameters can be considered as kind of irrelevant parameters. From

(5.16), the received signals can be changed to

Mi1+2M>
Ykl = > an @ Qmg,, - smlk] + nlk]
m=1
Mi+2M>
= () b sulkl+nlklgl)g, (5.65)
m=1
The equation holds because
glg, =1 (5.66)



Define a matrix of the received signals Z[k|, where

My+-2Mo2

> b swlk] + nlklgl (5.67)

In the proposed two methods, we estimate DOA parameters (6, ¢) by Z[k] instead of y[k].

For each snapshot, the probability density function is given by [73]

1 Hy—1
_ 1 AZm@)T v, (@) Z-m(a)]) 568

where Vz(a) is variance of Z and m(«) is the mean value.

The joint probability density function with K snapshots can be denoted as

K
P22 25| (X H [ Vz
. el 1Zi=m(a)]" V! (@)[Z—m()]} (5.69)

which leads to the following log-likelihood function

Ly(a) =Inpz, z, . z.|(c)

= — Klndet[VZ(a)] — KNInw
- Z (2, — m(a))" V' () [ 2, — m() (5.70)

The elements in the fisher information matrix (FIM) can be found as

8041- ' aOéj ]
- E[—aajgoz)]

Fyoo; =E]
(5.71)

where i, j are integers and 4, j € [1, §].

According to (8.32) in [73], (5.71) can be simplified to

amH(a)R;(a)am(a)

a; Q;

Foia, =tr{R,' ()

}

+ 2Re{ } (5.72)
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Since the source signals are unconditional, we have
m(a) =0 (5.73)
and

Vz =02b b + 62b,b + 02bsbl + 021

=02b b’ + 202by bl 4 021 (5.74)

The FIM elements are transformed to

Fopa; = tr{ vV, (a) o »
i j

) (5.75)

The fisher information matrix is a 4 x 4 matrix. The CRB for DOA information can be

obtained as

¢2) = [F ()]s (5.76)

The CRB for only SST signals and only DST signals can be obtained by simply
removing the DST or SST signal part in (5.67), and the fisher information matrix will be

reduced to a 2 x 2 matrix.

5.5 Simulation Results

In this section, simulations are performed based on a scenario with one SST signal and

one DST signal impinging on the array from the far field.

5.5.1 DOA spectrum

Consider a uniform linear tripole sensor array with M = 5 sensors and the inter-element

distance d is set to half wavelength A\/2. The SST signal and each sub-signal of a
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Figure 5.2: DOA spectrum of SST estimator.

DST signal have the same power o2 with SNR = 10 dB. The SST signal comes from
(01, d1,71,m) = (20°,20°,50°,10°) and DST signal comes from (6s, P2, Y2, M2, V3, M3) =
(30°,80°,20°,50°, 70°, —40°). The total number of snapshots is set to 1000 and the search-
ing stepsize is set to 0.5°. The spatial spectrum results obtained by applying our proposed

two-step method and the one-step general method are shown in Fig. 5.2, Fig. 5.3 and
Fig. 5.4.

Fig. 5.2 and Fig. 5.3 are for the results by two-step method. IThe SST estimator result
is shown in Fig. 5.2, where the peak corresponding to the SST signal appears around the
aimed direction (0, ¢) = (20°,20°); however, the DST signal direction is shown among
a band of peak points instead of single peak as discussed in the former section. On the
other hand, the second step focuses on locating DST signals and as shown in Fig.5.3, only
peak appears around the aimed DST signal direction (6, ¢) = (30°,80°) while the SST

signal direction is lost in the spectrum.

For the one-step general estimator or the so-called MST estimator, the spectrum have
two peaks at around (6,¢) = (20°,20°) and (30°,80°), indicating the directions of the

SST signal and DST signals have been identified successfully.
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Figure 5.4: DOA spectrum of MST estimator.

115



107t t

CRB

— — — Two-Step Method
One-Step Method

RMSE of 6 (rad)

[N
S
N

0 5 10 15 20
SNR(dB)

Figure 5.5: RMSE of elevation angle 6 versus SNR, SST signal only.

5.5.2 RMSE result

In this part, we compare the estimation accuracy for the two proposed solutions. Three
scenarios are considered: only one SST signal is present; only one DST signal is present;
a mixture of one SST signal and one DST signal. In these scenarios, the directions of
SST and DST signals are the same as in Section V-A, and the power of SST signal is
equal to that of one DST sub-signal. We calculate the RMSE (root mean square error)
of the azimuth-elevation angle 6, ¢ by 200 Monte-Carlo trials. The number of snapshots

is K = 100 and the searching step size 0.05°. The RMSE of 0, ¢ is defined as follows,

200
1

MSEy = \| — 0; — 0,,)? .
R S Om 200 t:1( t m) (5 77)
and
1 200
MSE, = ,|— — 2 :
R S ¢m 200 — (¢t qu) (5 78)

where ¢, is the estimated value in the t — th trial and 6,,, ¢,, is the actual value.
In the first scenario, only one SST signal impinges on the array. As shown in Fig. 5.5
and Fig. 5.6, the two methods have almost the same estimating accuracy and the RMSE

of both estimator decrease gradually with the increasing SNR.
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Figure 5.6: RMSE of azimuth angle ¢ versus SNR, SST signal only.

In the second scenario with DST signals, the results are presented in Fig. 5.7 and Fig.
5.8. Compared to the SST signal case, the DST case has lower average estimation errors,
and the general one-step method has a higher accuracy than the two-step method.

In the last scenario, it has one SST signal s; from (20°,20°) and one DST signal s,
from (30°,80°), and the RMSE results are shown in Fig. 5.9 and Fig. 5.10. Compared to
Fig. 5.5 and Fig. 5.6, the estimation error increases a little due to the additional DST
signal. Fig. 5.11 and Fig. 5.12 also indicates the same difference versus Fig. 5.7 and
Fig. 5.8. In this scenario, the two proposed methods still have a very similar performance
in estimating the SST signal direction. However, the general one-step method has lower

RMSE than the two-step method with the DST signals.

5.6 Summary

In this Chapter, the DOA estimation problem for a mixture of SST and DST signals
has been studied based on a tripole linear array. Two subspace based DOA estimation
methods were proposed and the CRB was derived to evaluate their performance. The
two-step method estimates the SST and DST signals’ directions separately with two

corresponding estimators, one for the SST signals and one for the DST signals. The
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second method is a general one-step method which estimates the signal directions together
without distinguishing the different types of signals. Simulation results showed that the
proposed two methods have a very similar performance for SST signals, but the one-step

method has some advantages in dealing with DST signals.
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Chapter 6

Conclusions and Future Plan

6.1 Conclusions

In this thesis, we first gave a review of some basic concepts and related techniques in
array signal processing in Chapter 2 and then focused on three main contributions in the

following three chapters, respectively.

In Chapter 3, a fully quaternion-valued adaptive beamformer was first proposed. The
existing quaternion-capon beamformer only changes the steering vector into the quater-
nion field with the polarisation parameters. A problem is that the signal itself is still
complex-valued so that the beamformer is not a full quaternion model in maths, lead-
ing to unnecessarily high computational complexity. To solve the problem, two separate
signals s; and sy from the same direction but different polarisations are considered as a
quaternion signal ¢ = s; 4+ is,. Based on this, a full quaternion capon beamformer is pro-
posed, with the received signals constrained to the form of s; 4+is5. The main contribution
is to make full use of the storage, avoiding wasting the 7, k parts as in quaternion beam-
former. Analysis on computation complexity shows the full quaternion beamformer has
lower complexity than the existing quaternion beamformer. Moreover, the full quaternion
Capon beamformer was further developed into a robust one to tackle various array model

erTrors.
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As studied in Chapter 4, for the joint DOA and polarisation estimation problem,
the ambiguity phenomenon cannot be avoided when linear crossed-dipole sensor array is
employed and a proof was given to explain why this ambiguity occurs in this case. To
solve the problem, a tripole senor array can be used as supported by detailed analysis.
With tripole sensor array, the joint estimation problem can be solved by a 4-D MUSIC
algorithm. Unfortunately, the 4-D peak search has an extremely high computational
complexity. In order to reduce the complexity and avoid 4-D search, the complexity
reduction MUSIC algorithm was proposed, where the 4-D search is replaced by two 2-D
searches. However, simulation shows that complexity reduction is achieved at the cost of

estimation accuracy, and the 4-D search algorithm has a higher accuracy.

In Chapter 5, the DOA estimation problem for a mixture of SST and DST signals
was studied for the first time. An analysis was first given to show that for SST signals,
both DOA and polarisation parameters can be estimated. However, for DST signals, only
their DOA can be estimated while the polarisation parameters cannot due to inherent
property of the DST signal model. To estimate the DOAs of both SST and DST signals,
two solutions were proposed. One is a two-step method to separately estimate the DOAs
of SST and DST signals. The other is a unified one-step method to estimate the DOAs of
all signals together. Simulations were provided to compare the performance between the
two solutions versus CRB. As shown, the two methods had a similar performance for SST

signals while for DST signals, the one-step method outperformed the two-step method.

6.2 Future Work

In our past research, most estimation work is based on the long-vector maths model. As
introduced in literature review and the quaternion beamformer chapter, the received signal
model can also be constructed by a quaternion model. In the future, the quaternion model
can be applied to the DOA estimation work. The difference between these two models can

be analyzed and it will be a nice work to find out the reason which leads to the difference.
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Another idea for the future work is to investigate a rotating sensor array. For example,
in a tripole sensor array, each sensor rotates with a constant angle compared to the last
sensor. When applied for DOA estimation, by analysing the CRB between the new sensor
array and the traditional one, it can be obtained which structure has a higher estimation
accuracy.

After that, another interesting topic is the DOA estimation and the related analysis
of dual-transmission signals. We have proposed a MUSIC like algorithm in the paper
to solve the problem, however, our algorithm is based on an assumption that the two
sub-signals are uncorrelated. If the signals are correlated, the MUSIC like algorithm
may fail to estimate the DOA. To solve the problem, it’s reasonable to consider apply-
ing other algorithms, for example, the compressive sensing (CS) algorithm for correlated
DOA estimation. However, since our estimation is based on polarised signals, the DOA
and polarisation parameters appear in 4-D vectors. The existing CS algorithm only con-
siders 1-D direction parameter. If 4-D parameters are applied in the algorithm, it’s very
important to find a way to reduce size of the searching matrix.

The DOA estimation problem for DST signals is still not widely studied. There may
exist many problems when apply DST signals directly in current communication system.
Our current research has found out the ambiguity problem due to the same DOA of the
two sub-signals. It’s believed that there are still many unknown problems in this area
and it’s worth to taking efforts to study in this field. I hope one day, DST signals could
be widely used in our communication system, which may be a great revolution for our

modern life.
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Appendix

Proof of the MST Estimator

The appendix is to explain how MST estimator works in sec 5.3.3. For convenience, in
the next we use x to denote sinf and y to denote sin ¢. Then, the steering vector a can

be expressed by
a = [1’ e—jTacy7 '.‘7€—j(N—1)7'acy]T

= [L,Cm, P, oD (1)

where C' = ¢777 is a constant. The angular matrix £ becomes
V1I—22 /1 —y? —y
Q= V1—a2.y 1—y? (2)
- 0

Adding an infinitely small value Ax — 0 and Ay — 0 to x and y, respectively, the new

steering vector a becomes

a = [1702(:vy+xAy+yAx+A:vAy)’

. C(Nfl)(a:y+xAy+yAx+Aa:Ay)]T (3)

We use a to denote the difference between the two vectors
a=a—a (4)
Its n-th element a,,n € [1, N] is expressed as

a, = C(n—l)a:y[C(n—l)(acAy—i-yAw—l—AxAy) o 1] (5)
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Similarly, the difference between the original and the new angular matrix € can be also

calculated by
Q=0-9Q (6)

where

Q= V1—(z+A2)2-\/1-(y+ Ay)?
— V1—22 \/1—y2
Qi = —Ay
Qo = V1—(@+02)2-(y+Ay)—vV1—a2-y
O = V1-(y+Ay)?—/1—y?

le = —Ax

Qs = 0 (7)

The differences @ and Q lead to changes of matrices A and B. The changed matrices

are
A = [(at+a) @ L"U, U (a+a) @ L
B = Q7AQ
= Q+Q7AQ+Q) (8)

Replacing A, Bby A, B in (5.63), we have

3 3 .
> > det{A;;}
i=1j=1
det{ B}
3
(det{A;;} + vi;)

- det{B} + w )

Fs(x+ Az,y + Ay) =

=
—_
e

where v;; and w are the determinant differences between the original and the changed
matrices. When Az, Ay — 0, v; ; and w also approach 0.

Now we consider the four cases listed in Table 5.1.
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Case 1: For SST signal directions, rank{A} = 2 and rank{B} = 1. The sum of
the determinant for each cofactor 23: 23: det{ A, ;} must be non-zero. As v;; — 0, the
numerator of the estimator approaczlrzsj Zlnon—zero constant. Since rank{B} = 1, we have
det{B} = 0. As w — 0, the denominator of the estimator approaches 0. Hence for SST
signal directions, the estimator will have an infinitely large value and the directions will

be detected by the estimator as peaks.

Case 2: Expanding equation (8), we have

A= (a9 L) T,(a® L)+ (a® L) T,(a® I)

+ (a2 L)"T,(a® L)+ (a® L) T,(a® L) (10)
where
T, = U, U" (11)

For DST signals, the direction parameters are already known. In (10), @ and T are vector

and matrix with constant value elements. We have the difference matrix A as

A = (a2 L)"T,(a® L)+ (a® L) T,(a® L)

+ (a@ L)' T,(a® L) (12)

Define D = CvAs+tzlytazdy — Ag Ax, Ay — 0, we have D — 1. By (5), the elements

Aji,7 € [1,3] can be expressed in the following form (ignoring the constant factor

determined by i, j)

=z

“1N-1

n=1

=23
=

-1
+ (D™ - DT+ (D" —1)
n=1

— :(E) + O(E?) (13)

—_

3

The symbol ‘O’ denotes the infinitesimal order. Ignoring the high order infinitesimal, we

have

A;; =0(F) (14)



Assume the original matrix A is in the form

A A A
A= Ay Ay Ao (15>
As; Azy Asg

Here we take the first cofactor of A as an example, i.e.,
Agy Az
A= (16)
Azp Asg

By adding the cofactor of difference matrix A, ;, we have

N Agg + Ay Aoz + Agg
A171 - _ _ (17)
Asg + Az Asz + Asg

The determinant is given by
det{leu} = ApAss — AgAsy + Ay Ass
+As3Asg — AgzAsy — Asp Aoy
= O(E) (18)
Similar with other cofactor matrices, the infinitesimal order of the cofactor matrix
det{A;;} will be
det{4;;} = O(E) (19)

From (8), the relationship between the practical A and B can be denoted as

A

B = Q7AQ

= Q7AQ+Q7AQ + Q7 AQ + QT AQ

+ QTAQ+ Q7P AQ + QTAQ + Q7 AQ

- B+ B (20)
where

QIAQ+ Q7TAQ+ QTAQ + Q7 AQ

el
|

+ Q7AQ+Q7AQ + Q7 AQ (21)
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It can be obtained that the elements in B consist of the linear combination of infinitesimals
0l 0

ij) Qg@z], AU QgAZJ, AijQij and QZAZ]QU As discussed above, Ai]‘ = O(E) It

can be verified that, for all infinitesimals Qij, we have

(22)

which means €;; has higher infinitesimal order than O(E). Keeping the lowest order of
infinitesimal in B, the elements has the order

As DST signals have rank{B} = 0, then B is in the form
0
B= (24)
0 0
The determinant of B is denoted by
det{B} = By1Byy — Bi2By
The infinitesimal order is

(25)

det{ B} = O(E?)
The estimator is calculated as

(26)

3 3 R
Z:l ;det{Aw}
F3<$+A$,y+Ay) —

det{B}

O(E)
= — 27
The infinity value indicates the peaks in the DOA spectrum and the estimator could also

find the DST signal directions successfully.

Case 3: For DST ambiguity directions, rank{A} = 1 and rank{B} = 1. The numer-

ator of the estimator is the same with the DST signal direction case, which is denoted
by

Z Z det{A,;} = O(E) (28)
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However, the rank of theoretical matrix B equals 1 instead of 0, which means B is not a

zero matrix and can’t be ignored. Then we have

~

B = B+ B

BH Bm Bll BIZ
na

Bgl BQQ B21 B22

By + Biy Bia+ By
= | _ . (29)
_321 + Ba1 Bay + B

where Biy, Bia, Ba1, Bos are constants which cannot equal to zero simultaneously. The

denominator of the estimator can be calculated as

det{B} = B11Byy — B13By; + By By
+B11Byy — By Bia — B13 By

= O(E) (30)
In this case, the estimator is in the form of
Fi(x + Az, y + Ay) = ——= (31)

The final results will approach an undetermined constants instead of infinity. In the DOA
spectrum, the DST ambiguity directions will not appear as a peak.
Case 4: For the uninterested directions, rank{A} = 3 and rank{ B} = 2, which means

3 3 .

these two matrices are full-rank matrices. The numerator of the estimator ) | > det{A4,}
i=1j=1

will be a non-zero constant, and so is the denominator det{ B}. The results of the estima-

tor are finite values and these directions will not appear as peaks in the DOA spectrum.
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