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Abstract

In this thesis, we demonstrate some connections between the coefficients of
a Taylor series f(z) = >~ a,2" and singularities of the function. There
are many known results of this type; for example, counting the number of
poles on the circle of convergence and doing convergence or overconvergence
for f on any arc of holomorphy. Here, a new approach is proposed in which
these kinds of results are extended by relaxing the classical conditions for
singularities and convergence theorems. This is done by allowing the co-
efficients to be sufficiently small instead of being zero. The well-known
theta function is an important example. Every point on the boundary of
its domain of holomorphy is singular. This function is delivered from the
covariant transform associated with the Heisenberg group representations.
Therefore, we devote the rest of our present work to deal primarily with the
covariant transform. We introduce three different forms of the Heisenberg
group representations. The covariant transform allows us to construct in-
tertwining operators related to L,-type spaces between the representations
of the Heisenberg group. The systematic usage of the covariant transform
between different spaces on which the Heisenberg group representations act

is another new contribution in this thesis.
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Chapter 1

Introduction

An analytic function and its expansion of the power series in the circle of convergence
are at some points not identical. If Taylor series has a finite radius of convergence,

the function that is represented by this series may be analytic in a larger domain. An

1
1—z

example of this f(z) = = > 2, 2" Although the function f is analytic at every
point in C except z = 1, its Taylor expansion at z = 0 converges only for |z| < 1. If a
power series f(z) = >~ a,z", has a finite radius of convergence, it is possible that a
sub-series f(2) = Y _an, 2™ can converge uniformly in a larger domain [41, §11.2].
Many of the results that have been obtained to study the convergence on a larger
domain of analyticity are formulated to be based on conditions imposing coefficients to
vanish [41, §11.2]. Although these results are interesting in the theoretical sense, they
are not generally applicable for practical problems because, in applied science, values
do not need to be strictly zero. Our generalisations of classical results represented in
Chapter 2 show a certain stability in this transportation: a small variation in the Taylor
coefficients preserves the function’s property under consideration. In other words, a
new approach is presented here that relies on estimating some coefficients of a Taylor
series to be sufficiently small. This topic is a part of a broader discussion. An intriguing
connection with spectral theory was discovered in [10].

The analytic theta function is an interesting and important example of a function
with a natural boundary (i.e., every point on the boundary of the circle of convergence
of theta function is singular). The expansion of the theta function has gaps through its
Taylor coefficients. Initially, this function was introduced in the 19th century. Later,
it was discovered in many different areas from number theory to quantum mechanics.

A connection to the Heisenberg group representations and the group SLy(R) was later
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identified by Cartier and Mumford [10,34]. Here, we treat the theta function through
the covariant transform. It has been extensively studied by Grossmann, Daubechies,
Perelomov and others [3,22,23,37]. We will be focused on the covariant transform for
the Schrodinger group, which is a semi-direct product of the Heisenberg group Hzl) and
the group SLy(R).

1.1 Outline of this Thesis

The structure of this thesis is as follows.

e In Chapter 2, we discuss some connections between the coefficients of a Taylor
series f(z) = >~ ,a,z" of an analytic function f and singularities of this func-
tion. We provide some classical results [39, § 5.3, Prob.244; 41, § 11.1], which
discuss the behaviour of the function f on the boundary of its domain of holo-
morphy. The hypotheses of these classical theorems impose that some of the
Taylor coefficients vanish. We then provide our modifications of these results by
eliminating the restriction of having these lacunas (gaps) through the coefficients

of the Taylor expansion.

e In Chapter 3, we provide various standard notations, definitions and results from

group theory and representation theory that are considered in this thesis.

e In Chapter 4, we recall fundamentals of the Heisenberg group H; and its asso-
ciated Lie algebra h;. Next, we describe H;,—homogeneous spaces and actions of
]HlllJ on these spaces. Further, we describe important concepts of this thesis: the

Schrodinger group and the Jacobi theta function.

e In Chapter 5, we discuss the construction of induced representations of a group.
In particular, we describe three forms of the Heisenberg group representations:
the left quasi-regular representation, the Schrodinger representation and the lat-
tice representation. Further, we define operators produced by derived represen-
tations of the Lie algebra b, of the Heisenberg group. Among these operators,
the most important are called ladder operators: creation and annihilation. We
discuss some properties of these operators. This leads to vacuum vectors, which
are null solutions to the annihilation operator. In particular, we find the vacuum

vectors of the three representations of the Heisenberg group.



Chapter 1. Introduction 3

e In Chapter 6, we discuss the covariant transform and its inverse—the contravari-
ant transform. We find unitary intertwining operators between all three above
Heisenberg group representations through the covariant transform and its inverse.

That is, we calculate the following intertwining operators:

i. the (pre-) Fock—Segal-Bargamann (FSB) transform and its inverse between
the Schrodinger representation on L,(R) and the (pre-) FSB representation
on L,(R?);

ii. the Zak transform and its inverse between the Schrodinger representation

on Ly(R) and the lattice representation on L,(T?); and

iii. the (pre-) theta transform and its inverse between the (pre-) FSB represen-

tation on Ly(R?) and the lattice representation on L., (T?).

Figure 1.1 represents the connection of these intertwining operators.

Our contribution is the systematic usage of the covariant transform. In partic-
ular, the Zak transform and its inverse are expressed as the covariant transform
between the Schrodinger and lattice representations, with the theta function be-
ing the vacuum of the latter. Similarly, expressing the pre-theta transform and

its inverse throughout the same technique is also new.

It is often preferable to deal with some spaces of analytic functions, for example,
the FSB space, which appears in quantum mechanics. This allows us to use all
theorems from complex analysis to study induced representations of ]I-]I}?. Such
spaces can be obtained by an operation, which we refer to as peeling. We discuss

the peeling of the above three representation spaces of H}D.

e In Chapter 7 we conclude and discuss further work.
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(Pre-) FSB Representation
on Fy,, (R)/ F(C)

Inverse of Zak Transform

Schrodinger representation
on L,(R)

Lattice Representation
on L,(T?)

Zak Transform

Figure 1.1: Intertwining Operators between Representations of E@




Chapter 2

Numerically stable conditions on

rational and essential singularities

It is a classical problem to analyse the boundary behaviour of an analytic function
in terms of its Taylor expansion. For example, for a function f which is analytic on
E = {z € C:|z| < 1}, either f can be extended beyond the circle of convergence JE,
or OE is the natural boundary (i.e., every z € JE is a singular point of f).

Many of the results that have been obtained so far (see discussion below) have
hypothesises which force some of the Taylor coefficients to vanish. Although these
results are interesting in the theoretical sense, they are not really applicable for practical
problems because, in applied science, values may not be strictly zero. For example, in
numerical methods, there is no test that can confirm that such a coefficient is exactly
zero; they may only conclude that it is sufficiently close to zero.

In this chapter, we will address the following two questions for a Taylor series

f(z) =307, a,z" that does not necessarily have gaps.

(i) How many poles of f are on the circle of convergence?

(ii) If f is defined analytically on E, when is OE the natural boundary for f?

We now discuss some classical results along with our generalizations, and the first

example is the following.

Theorem 2.1. [39, § 5.3, Prob.244]. Let v, be the number of non-zero coefficients
among the n coefficients ag, ay, ..., a,—1. If there are only poles (and no other singular-
ities) on the circle of convergence of the power series: Y~ a,z", the number of such

poles is not smaller than limsup,, . --.
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Our first object is to replace the number v, in this theorem by the number of
coefficients that shall exceed some small values. This will constitute Theorem 2.11,
which has the same conclusion as in Theorem 2.1 but in a more general setting.

We next consider the classical theorem of Ostrowski convergence for lacunary series.

The definition of lacunary series used in the initial theorem is as follows.

Definition 2.2. [41, § 11.1]. An infinite power series Y - a,z" is called a lacunary
series if there exists an increasing sequence (m,) of non-negative integers for v =

0,1,2,... such that lim,_,o (M1 —m,) = 00, and
a; =0, m, <j<my,v=0,1,2,....
Ostrowski proved the following important property for lacunary series.

Theorem 2.3 (Ostrowski’s convergence). [41, § 11.1, Thm 3]. If f(z) = > 7 @, 2™
1$ a lacunary series with a bounded sequence of coefficients, its sequence of partial sums

Sm,, converges uniformly on every arc of holomorphy L of f.

Our treatment of this theorem is to relax the restrictive condition of consecutive zero
coefficients by instead requiring some coefficients of the Taylor series to be sufficiently
small (see Definition 2.12). More precisely, in Theorem 2.14 we relax the lacunas,
whilst at the same time the conclusion of Theorem 2.3 is preserved.

Another interesting theorem is that of Ostrowski overconvergence for Ostrowski

series, which is defined as follows.

Definition 2.4. [41, § 11.2]. A power series ) - a,z" is called an Ostrowski series
if there exists a § > 0 and two sequences (m,) and (n,) of non-negative integers for
v=20,1,2,... such that:

(i) 0<mog<mng<my <ng <..<my <ny <Mmyyq...; and n, —m, > omy, v =
0,1,2,...; and

(i) a;j =01if m, <j<mn,, v=0,1,2,....

Let us denote by B(r,0) a disc centred at the origin with radius r > 0. The classical

theorem of Ostrowski’s overconvergence is stated as follows.

Theorem 2.5 (Ostrowski’s overconvergence). [41, § 11.2, Thm 1]. Let f(z) = > ooy apz’
be an Ostrowski series with radius of convergence r > 0, and let A C 0B(r,0) denote
the set of all the boundary points of f that are not singular. Then the sequence of

SeCtions sy, (z) = > ¥, a2’ converges uniformly in a neighbourhood of B(r,0) U A.
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We again relax the requirement for the gaps of the power series in Theorem 2.5.
In Definition 2.15, we replace the consecutive zeros by adequately small coefficients
instead, which allows us to prove Theorem 2.16—a generalization of Theorem 2.5.

Finally, the last classical result that interests us is Hadamard’s theorem for Hadamard

lacunary series that is defined as follows.

Definition 2.6. [41, § 11.2, Def 3]. An infinite power series ) > ja,2" is called a
Hadamard lacunary series if there exists a § > 0 and an increasing sequence (m,) of

non-negative integers for v =0,1,2,... such that
Myg1 — My > 0My, v =0,1,2,...; a; =0, if my, <j < myt1, ap, #0.

Every Hadamard lacunary series is a lacunary series in the sense of Definition 2.2,
and also an Ostrowski series (with n, = m,y1). The converse, however, is not true:
for a lacunary series as in Definition 2.2, only lim, (7,41 — m,) = 00 is required,
whereas for an Ostrowski series gaps need to appear only “here and there”. However,
the Hadamard lacunary condition requires that a gap lies between any two successive
terms that actually appear.

The classical Hadamard’s gap theorem is stated as follows.

Theorem 2.7 (Hadamard’s gap theorem). [41, § 11.2, Thm 3.] Ewvery Hadamard
lacunary series y ., a,z” with radius of convergence r > 0 has the disc B(r,0) as a

domain of holomorphy.

Remark 2.8. The condition a,,, # 0 in Definition 2.6 of a Hadamard lacunary series
is necessary, otherwise we would obtain the series with zero coefficients that has trivial

convergence everywhere.

Our modification of Theorem 2.7 is to once more replace the lacunas of the power

series by suitably small values (see Definition 2.17 and Theorem 2.18).

2.1 Poles on the Circle of Convergence

In this section, we prove Theorem 2.11, which is a generalization of Theorem 2.1
presented in the introduction of this chapter. These results are a presentation of the
relationship between coefficients of a power series and singularities of the function they

present. The key to proving Theorem 2.11 will be Lemma 2.9.
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Lemma 2.9. [39, § 5.3, Prob.243] Let >~ a,z" be the expansion into a power series

of a rational function whose denominator ( relative prime to the numerator) has degree

q. If A, = max{|a,|, |an—1], ..., |@n—qt1|}, then the radius of convergence r satisfies
) 1
lim {/A, = —-. (2.1)
n—00 r

Remark 2.10. An easy corollary of Lemma 2.9 is that for all [ € Z, for all ¢ > 0,
there exists N = N(l,¢) € N such that ¥Yn > N, we have that

A, > (1 - e) nH. (2.2)

p
To present our modification of Theorem 2.11, we consider the number of coefficients
that shall exceed some small values instead of being non-zero in Theorem 2.1, and we

obtain our new theorem as follows.

Theorem 2.11. [2] Let Y 7 a,2" be a power series that has only poles (and no other
singularities) on the circle of convergence |z| = p, as well as no other singularities
inside the circle |z| = p1 > p. Set ap = £ <1. Let e >0, 0 < a < ag such that

,o% <a (% - (%)e) If v, is the number of coefficients |a;| > (1 — ozj)(/—lj — €)J among

n coefficients ag, ay, ..., a,_1, the number of poles on the circle of convergence is not

smaller than limsup,, ., .

Proof. Let k be the number of poles counted with multiplicity on the circle of conver-

gence. The power series in the hypotheses can be written in the form:

o c ¢ % ) S
a, 2" = + + ..+ —— |+ b,2", 2.3
Yot (et e e ) TR @9

such that m; + --- +m, = k, where m; > 1 are non-negative integers for j = 1,---p.

The sum in the bracket contains all singularities, which are on the boundary. We

denote the expansion of the rational part

((z —Cil)ml e —Cig)m Tt ﬁ) (2.4)

of the Taylor series Y a,z" by >~ a,z", which has the radius of convergence p.

Thus, the infinite series > -, b,2" has a bigger radius of convergence p; defined on

1 1 1
limsup,_, . V/|bn| = — < « (— — ( il a) e) : (2.5)
P1

p o

the hypothesis, i.e.
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Then, for € > 0 given in the hypothesis, there exists N; € N such that for all n > Ny,
b, < (pi1 +e)" <a” (% — e)n. As the series )7 a,2" is the expansion into a power
series of the rational part of >~ ja,z", by Lemma 2.9 and Remark 2.10 (when [ =0
and [ = 1 — k), we have for ¢, there exists Ny € N such that for all n > N, we have

that . .
max (||, |an_1], - |n_gr1|) > max ((; —e)", (; — 6)"_k+1> )
Set N = max(Ny, Ny). Then, for all n > N there exists at least one 7i, n > i > n—k+1

among each k consecutive elements such that
1 _ 1 _
lan] > (= —€)" > a"(= —€)" > |bx. (2.6)
p p
Thus, by (2.6), when n > N, there is some n — k+ 1 < n < n with

ol
|an| = |an + ba| > |ag| = [ba] > (1 -« )(; —e)".

3

(2.7)

n—N
k

among n coefficients ag, a1, ..., a,—1. Then, ¥ — ¢ < v,, where ¢ = % Thus,

Consequently, < v,,, where v, is the number of coefficients |a;| > (1 — o’ )(% — )

k > lim sup ﬁ, (2.8)

n—o0 UTL

which proves the statement. O

2.2 Expansion of Analytic Functions and its con-

vergence on the boundary

In this section, we shall generalise a result on the boundary behaviour of a power
series (see Theorem 2.3), which links the extension problem for a power series with
the convergence of its sequence of partial sums. This is by replacing the consecutive
zero coefficients in a lacunary series (see Definition 2.2) with small values at the same

places to create a quasi-lacunary series as follows.

Definition 2.12. An infinite power series >~ a,z" is called a quasi-lacunary series
if there exists an increasing sequence (m,) of non-negative integers for v = 0,1,2,...
such that

lim (my41 —my) =00, and |a;| <|¢j|, my, <j<myp,v=0,1,2,...,
V—>00
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where (¢;), j =0,1,2,...,is a p— summable sequences for some p > 1, i.e. Z;io ;P <

Q.

Let E = {z € C: |z] < 1}. To give the proof of Theorem 2.14, we need the following

lemma.

Lemma 2.13 (M.Riesz). [41, § 11, Leml]. For every arc of holomorphy L C OE of
a power series f(z) = > oo a,z" with radius of convergence 1, there exists a compact
circular sector S with vertez at 0 such that L lies in the interior S of S and f has a
holomorphic extension f to S. Let z1, 20 # 0 be the corners of S, and let wy and wy be
the points of intersection of OE with [0, z1] and [0, 2o, respectively. Then |w,| = |wq| =1

and s = |z1| = |z2| > 1.

To prove the next result, we consider the functions

~

gn(2) = w& —wy)(z —we), where s,(2)= Z apz®, meN.  (2.9)

So, every function g, is holomorphic in S. In the proof of the next theorem, S and
f can be chosen as in Lemma 2.13 and g, as in (2.9). Denote by (||f — sa||)| and
lgnll)|s be the maxima of the absolute values of the functions (f— sn)(z) and g,(2)

for all z in L and S, respectively. Since |z| =1 for z € L, the inequality

(1f = sulllz < a7)(

lgnlD|s,  where azrii?{|(z—w1)(z—w2)|}>0, (2.10)

holds for all n € N.

Now, we can prove our convergence theorem for a quasi-lacunary series.

Theorem 2.14 (Convergence for a quasi-lacunary series). [2] Let f(z) =D a, 2" be
a quasi-lacunary series such that (a,,), where the coefficients a,, satisfy the property
i Definition 2.12, is a bounded sequence of coefficients. Then the sequence of partial

sums Sm, converges uniformly on every arc of holomorphy L of f.

Proof. 1t must be shown that liquoo(Hf— Sm,|)|z = 0. By (2.10), it suffices to show
that the sequence g,,, tends locally uniformly to zero in S. Let t € (0,1). By Vitali’s
theorem [41, § 7.3, Thm.2|, it suffices to show that lim, . gm,(z) = 0 for |z| = t.
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Setting A = sup |a,, |, we have

(1f(z) -

smy (2)])]s

According to (2.9), we have that

(Igm. (2)])]s

Subsequently;,

(lgm. (2)D]s <

IN

IN

2.

11
Z akzk—i— Z amjzmj
keuse, (mp,mn+1) j=v+1 S
ST Jaltt Y Jam,
keuse , (mp,mpt1) j=v+1
(1(2) = 5m(2)])]s
|2+ |z —wil[z —ws
(1(2) = 5m, (2)])]s )
tmqul ’ (1 + t) :
(141)? m; (1 +1)°
]ak‘t’f ps +1 + Z |, |7 P (2.11)

keuse , (mn,mp41)

j=v+1

The first term of the right hand side in (2.11) tends to zero. In fact, by Holder’s
inequality for 1 < p,q < oo and ]lj + % =1, we have

[t

2.

keuge , (mp,mpy1)

tmv+1

Indeed, by the hypothesis, we have Zkeuw
m, — 00 as n — oo, it follows that } 2,

(1+1t)?

IN

IN

D

keuse , (mn,mp41)

>

k}EU,?Lo:,U (mn 7mn+1)

2.

k‘EU%o:,U (m’ﬂ 7mn+1)

2.

keuse , (mn,mp41)

|ag|”

|ag|”

|ag|”

|ag|”

v (mn ,anrl

|ak|p — 0.

—u\Mn 7mn+1

1 1
p q
tmv+1
keU%ozv(mnvaLJrl)
1
P 1
tme N (14 ¢)?
1 —14 tmotl
1
p
tm (1+1)
(1 . tq>% tmoe+1
1
P
1+1)?
L% — 0 as v — oo.
#(1— ta)a

ylakP < oo. Therefore, when
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On the other hand, the second term of the right hand side in (2.11) also tends to

zero. Indeed, since lim, o (My11—m,) = 0o and 0 < ¢t < 1, then lim,_,o, t™ 1™ = (),

)Ll M L Gl

R R
N L
TED.

where, A = sup |ay,,|. Therefore, lim, o (||gm,[|)|s = 0. Then, limvﬁoo(H]?— Smo Dz =
0. Thus, the sequence of partial sums (s, (z)) converges uniformly on every arc of
holomorphy L of f. O

2.3 Expansion of Analytic Functions and Overcon-

vergence theorems

This section is dedicated to proving two results (namely, Theorems 2.16 and 2.18),
which are further developments of Theorems 2.5 and 2.7 stated in the Introduction.
These classical theorems demonstrate close relationships between overconvergence and
the gaps of the power series, and once our modifications— the removal of the restrictive
gap conditions— are applied we are still able to derive the same conclusion.

To show Theorem 2.16, we first need the definition of a quasi-Ostrowski series.

v

Definition 2.15. [2] An infinite power series Y .- a,z" is called a quasi-Ostrowski

series if there exists a § > 0, a positive decreasing sequence (¢,), r =0,1,2,..., ¢, \, 0,
and two sequences (my,) and (ny) of non-negative integers for k = 0, 1,2, ..., such that:
(i) ng —myg > omg, k=0,1,2,...,and 0 <mg <ng <mg <ny <...<my <ng <

Mpt1...; and
(ii) |a | < mchj, my<j<ng k=0,1,2....

Recall that B(r,0) denotes the open disc centred at zero and radius r > 0. Then,

we have our generalization of Theorem 2.5 as follows.

Theorem 2.16 (Overconvergence theorem for a quasi-Ostrowski series). [2] Let f(z) =
Yo ganz™ be a quasi-Ostrowski series with radius of convergence r > 0, and let A C
0B(r,0) denote the set of all the boundary points of f that are not singular. Then the
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sequence of sections Sy, (z) = Y ¥ a,z" converges uniformly in a neighbourhood of
B(r,0) U A.

For every domain D C C, let O(D) denote the set of all functions that are holo-
morphic in an open neighbourhood of D = D U dD.

Proof Theorem 2.16 . Without loss of generality, let » = 1 and let ¢ € JE, where
E ={z € C:|z| < 1}. We introduce the polynomial

q(w) = g(wp +wP™), peN and p>d,

(where the smaller value of p such that p > 6! gives the larger domain of overcon-
vergence). Consider the function f(g(w)) = > 7 a,q(w)™, which is holomorphic in
¢ '(E) ={w e C: |g(w)] < 1}. We denote by > > b,w™ the Taylor series of f(g(w))
about 0 € ¢ '(E) and by s,(z) and ¢,(z) the vth partial sums of > a,z" and
Yoo o bnw™, respectively. We claim that

It 1ymy (W) — S (q(w))| =0 as k— oo where w€E. (2.12)

We have ¢4 1ym, (w) = Z(pﬂ "k hw™, and

mg mp
T c r
sm(a(w) = D ang(w)” =D ar(5 (" +w?t)
r=0 r=0
mg
= 3w e G
r=0
mg c T
= 2wl L Gt
r=0 1=0

Each polynomial (CTw?" + ... + Cjw®+Y7) has a range of powers pr <n < (p+ 1)r. If
0 <r < my, then 0 <n < (p+ 1)my. Subsequently, s,,, (¢(w)) has a degree no greater
than (p 4+ 1)my. Thus, by setting n = r(p+ 1) — [, we obtain that

smy(q(w)) = ar (3 ) Crps1)—nW
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k (3] -
where d% = er[pn ] ar (5)" Cr (p+1)—n -

theorem [40, Ch.8, §4.2, p.250], > b,w™ and > d® " come from the series > arq(w)”

T

This means that by Weierstrass’ double series

by multiplying out the polynomials ¢(w)" and grouping the resulting series > a,(...)
according to powers of w. Therefore, in order to prove (2.12), we need to compute
the difference between t,11)m, (w) and s, (¢(w)), and then show that it tends to zero

uniformly. In fact, we have

(p+1)my
p

tp+1ymy (W) = 8, (q(w)) + (some contribution from Z arq(w)"),

r=mp+1

because when n is from 0 to pmy, the coefficients b,, and d%k) of the partial sums ()1 1ym,
and s,,, (¢(w)) are equal, respectively, i.e. b, = dq(zk), for 0 < n < pmy. In addition, in
the partial sum of arq(w)” when my1 > r > ny, by (i), each polynomial a,q(w)",
r > ny, contains monomial AW with n > pn. Since pny > pmy+pdmy, > (p+1)my,
p > 6!, no such monomial contributes to ¢(,+1)m, (w), which is a polynomial of degree
no greater than (p + 1)my. However, the contribution exists from each a,q(w)" where

< (P+117)mk’ i

la,| < #cr, ¢, is the notation of quasi-Ostrowski series, my < r e., it exists
k

from the monomial d™w” where pmy < n < (p+1)my, < png. Since t(p11)m, has degree
no greater than (p 4+ 1)myg, and b, = dﬁf), for 0 < n < pmy, the total contributions to
the partial sum #(,11)m, is computed in the range of powers pm; < n < (p+ 1)my, as
follows.

|bn_d7(zk)| = ar( ) Crp—‘rl

—Clpr1y—n, where pmy <n < (p+1)my,

Since C”’ (p+1)— < 2" then for pmy, < n < (p+ 1)my and by using ¢, the notation of
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quasi-Ostrowski series, we have

1
b—dP] < Y al<— D o
r=lz%1 R =[]
1 (3]
< — max ¢
oo [Z} pl<rsis)
P
1 n n
S _2(|:_:|_|: :|+1)C[n]
my p p+1 P+l
< . ( n + 2)
— .
mi \p(p+1) [7]
Therefore,
po-a<{ o <n <pm
my (p(p+1) ™ 2) 5] if  pmy <n < (p+1)my.
Consequently,
[t prtyme (W) = S (@) = | D by —dPyuw| = > (by—dP )"
n=0 n=pmj+1
< —— t 2> C[_n_
my ngn;-‘rl (p(p +1) e
(p+1)my,
1 1
S — Z ((p +—>mk + 2) Clem)
L — p(p+1) pH1
<

because by hypothesis given in Definition 2.15 of a quasi-Ostrowski series, Clms ) de-
P

1 2
— (%—’—ka) cpme) =0 as k — oo,
mk p p+1

creases to zero as k — oo. Thus, (2.12) was confirmed.
We have ¢ }(E) D E\{1}, since |1 + w| < 2, when w € E\{1}. Hence |q(w)| < 1
for all w € E\{1}. Set g(w) = f(q(w)) — sm,(q(w)). The function g(w) € O(¢ ' (E))

is thus holomorphic at every point of E\{1} for each m; € N. Now, if ¢ € A, then

15

g is also holomorphic at 1 since ¢(1) = c¢. Thus, the sequence of sections (g(p+1)m,)

converges to zero in an open disk B D E. Then, by (2.12), the sequence (s,,, (2)) now

converges uniformly in ¢(B). Since ¢(B) is a domain containing ¢ = ¢(1), then (s,,,(2))

converges uniformly in a neighbourhood of any point ¢ € A.

]
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In the following, we provide our proof of Theorem 2.18, which is a modification of
Hadamard’s gap theorem (Theorem 2.7) given in the Introduction. First, however, we

need to present the definition of a quasi-Hadamard lacunary series.

Definition 2.17. [2] An infinite power series > .-, a,z" is called a quasi-Hadamard
lacunary series if there exists a 6 > 0, a summable positive decreasing sequence
(¢r),r =0,1,2,..., ¢, (0, and an increasing sequence (m,) of non-negative inte-
gers for v =20,1,2,..., such that:

(i) mypr —my > 0my,, v=0,1,2...;
(ii) |a,| < m%%cj, if m, <j <myy41; and
(iii) the series Y > |am,| is divergent.
Now, we present our new theorem as follows.

Theorem 2.18 (On a quasi-Hadamard lacunary series). Every quasi-Hadamard la-
cunary series y a2 with radius of convergence r > 0 has the disc B(r,0) as a

domain of holomorphy.

Remark 2.19.  i. In Definition 2.17, condition (77i) that the series >~ ;|am,| is
divergent is necessary, otherwise the previous theorem would not hold. For ex-
ample, let > a,2" = > o7, 52%". Notice that conditions (i) and (ii) are
satisfied, but we have > |am,| < co. On the other hand, denote by s,,, ., the
my41 partial sums of > 7 a,z". Then,

My+1 moy41

1
;anz” S;’ﬁ

Since, lim, o0 |Sm,,,| = L < 00, the conclusion of Theorem 2.18 does not hold.

|Sm1)+1 | =

ii. The series of quasi-Hadamard lacunary series is a subclass of quasi-Ostrowski

series.

Proof Theorem 2.18. Let s,(2) = Y. a;2’ be the nth partial sums of the series f(z) =
Yoo ganz™. Consider the partial sums s, (z), where the sequence of (my) is defined as
in Definition 2.17 of a quasi-Hadamard lacunary series. For the partial sums of s,(2)

we have that

5u(2) = { Smy, (2) it n=my,

n oJ
Smp (2) + D i 1 @7 i My <n<mygg
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where |a;| < #Cj, c; is the notation used in the quasi-Hadamard lacunary series, and
k

my < J < mgyq. Therefore,

n mg
[sn(2) = sm, (2)] = | ) a;2" = ) a;?’
7=0 7=0
n
=| 2 @? (2.13)
j=mp+1
mk+171
< Z la;] >0 as k— oo,
j:mk+1

since for my < j < mgy1, we have Y la;| < e >.;¢ < oo. Thus, in (2.13)
k
Zﬁ;ﬁll la;| — 0 when k£ — oo.
Then, by (2.13), the sequence of partial sums (s,(z)) converges in the same domain
as (Sm,(2)). Thus, the sequence (s,,, (2)) diverges at every point ¢ ¢ B(r,0). Hence,
by Theorem 2.16 of overconvergence, all the points of dB(r,0) are singular points of

f. 0
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Chapter 3

Preliminaries on Groups and

Representation theory

In this introductory chapter, we review the elementary notions of group theory and
representation theory that we will use in the remaining chapters. We mainly use the

references [24,25].

3.1 The Concept of Groups and Transformations

It is common to introduce groups in an abstract axiomatic way. To indicate the com-
mon source of this concept, we provide the definition of the complementing object—

transformation groups.

Definition 3.1. [24, §2.1] A transformation group G is a non-void set of one-to-one

mappings of a certain set X into itself with the following properties:
i. The identity map is included in G.
ii. If gy € G and ¢ € G, then ¢g195 € G.
iii. If g € G, then ¢! exists and belongs to G.

Any abstract group can be viewed as a transformation group in several different

ways.

Example 3.2. [24, §2.1] Let G be a group. The actions on X = G can be defined as

follows:

19
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(i) The left shift

Ag):g' v+ g~'¢’s and (3.1)

(ii) the right shift

R(g): g+ dyg. (3.2)
Note that the left action commutes with the right one; that is, for all g, ¢ € G, we

have:

A(g) o R(¢") = R(¢') o Alg)- (3.3)
For a commutative group, the left and right actions are the inverse of one-another; that
is,

R(g)™ = R(g™") = Ag). (3.4)

Let V' be a vector space of functions on G. The left (right) action of G into itself (3.1)

can be extended naturally into a linear transformation A and R on V as follows:

Ag): flg)— flg7'd), feV; (3.5)

and
R(g): f(d)— f(dg), feV. (3.6)

3.1.1 Subgroups and Homogeneous Spaces

In this section, we describe the construction of homogeneous spaces. We also express
actions of a group on the homogeneous spaces through some respective parameters. To
begin, let X be a set. Let G be a group acting on X by some transformations. We say
that a subset S C X is G-invariant if g-s € S for all g € G and s € S [24, §2.1].

Now, let H be a subgroup of the group G. Let us define the space of cosets X = G/H
by the equivalence relation: gy ~ g if there exists h € H such that g, = g2h [24, §2.1].
The space X = G/H is a homogeneous space under the left G-action:

g:g1H — (gg1)H. (3.7)

It is often convenient to have parameterisations of X = G/H and express the
above G-action through those parameters, as is shown below [24, §2.1]. Suppose that

we have chosen a representative in each equivalence class. In other words, we have a
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function (section) s : X — G such that it is a right inverse to the natural projection
p: G — G/H; that is, p(s(x)) =z for all z € X.

The set G can be identified with the direct product G ~ G/H x H; that is, for
any g € G, we have g = s(p(g))h, for some h € H depending on g. Indeed, from the
definition of s and p, the point s(p(g)) belongs to the same class of the point as g; that
is, s(p(g)) ~ g. Then, any ¢g € G has a unique decomposition of the form

g = s(x)h, (3.8)

where x = p(g) € X and h € H. We define a map r associated to s through the

following identities:
z=p(g), h=r(g):=s(x)"'yg. (3.9)

The G-action on z in terms of these parameterisations (the maps s and p) is as follows:

g:x— g-x=p(g*s(x)), (3.10)
where * is the multiplication on G. This is illustrated by the following commutative
diagram:

G2L5G (3.11)
T
XTI X

3.1.2 Lie Groups

Groups can have some additional analytical structures. For example, they can be a
topological space with a corresponding notion of limit and respective continuity. To

perform some analysis on the groups, we need Lie groups, defined as follows.

Definition 3.3. [25, App.III, §1.1] A Lie group is a smooth manifold G endowed with
a multiplication law that is a smooth map G x G — G satisfying the usual group

axioms.

Consider the particular case in which G is a smooth manifold and at the same time
a subgroup of GL(n,R) of n x n invertible matrices whose entries are in R. Such a
group is usually called a matriz Lie group [25, App.III, §1.1]. A matrix Lie group is
locally compact [8, Ch.3,83.1] in the natural topology; that is, there exists a compact
neighbourhood of every point. Henceforth, a group G will mean a locally compact

matrix group.
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Example 3.4. The following are non-commutative matrix Lie groups:

(i)

b
The group SLo(R) [29] is a set of 2 X 2 matrices A = ¢ q with real entries
c

a,b,c,d € R, and the determinant det A = ad — bc is equal to 1. The group law

coincides with the matrix multiplication:

a b\ (a V) [ad +bc ab +bd
c d)\¢ d&) \ecd+d¢ &/ +dd ]’
. o : . Lo i :
The identity is the unit matrix I = (O 1) , and the inverse of A is:
—1
a b [ d =D
c d = a ]’

Let SL3(R) be the 3 x 3 matrices with the unit determinant [19, Ch.1,§2]. We
define a matrix SLs(s,z,y) € SL3(R), for (s,z,y) € R®, by

1 z s
SLs(s,z,y) =0 1 y|. (3.12)
0 01
It is easy to verify that
SLs(s,z,y) SLs(s', 2", y) = SLa(s+ s +zy',z+ 2",y + ). (3.13)
Thus, the set
{SLs(s,x,y) € SL3(R) : (s,7,9) € R} (3.14)

with the group law (3.13) forms a subgroup of GL(3,R). The matrix multiplica-
tion (3.13) in the coordinates (s, z,y) € R? can be reduced to the following group

law:

(s,x,y) (s, 2, y) = (s+ s +ay, e+ 2",y + ). (3.15)

The triple real numbers (s, z,y) with the group multiplication (3.15) are called
the polarised Heisenberg group and denoted by H [18]. The identity is (0,0,0),
and the inverse of (s, z,y) is (s,z,y)"! = (=s + zy, —z, —y).
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The group SLo(R) and the polarised Heisenberg group are two examples of ma-
trix Lie groups, which will be the main objects in the reminder of this thesis. Note
that every closed subgroup H of a Lie group G is itself a Lie group. Moreover, the
respective homogeneous space G/H is a smooth manifold on which G acts by smooth
transformations (see [25, App.III, §1.3,Thm.4]).

3.1.3 Lie Algebras

The theory of Lie groups is closely related to the respective infinitesimal object—a Lie

algebra—given as follows.

Definition 3.5. [25, App.III, §1.2] Let g be a vector space over some field F' (in our
thesis, we shall use only fields of real and complex numbers) endowed with a bilinear

map [-,-] : g X g — g satisfying the following axioms: for all X, Y, and Z in g, we have
i. bilinearity: [aX + bY, Z] = a[X, Z] + b[Y, Z], for all scalars a,b in F;
ii. alternating on g: [X, X] = 0; and
iii. Jacobi identity: [X,[Y, Z]] + Y, [X, Z]] + [Z,[X,Y]] = 0.
The map [, -] is called the commutator.
An important class of Lie algebras is formed by matriz Lie algebras [25, App.III,
§1.2], which are subspaces of M, (F') (a Lie algebra of n x n matrices over the field

F of real or complex numbers) and are closed with respect to the ordinary matrix

commutator

[X,Y]=XY - YX. (3.16)

This class is universal because of Ado’s Theorem (any Lie algebra is isomorphic to a
matrix Lie algebra [25, App.III, §1.2]).
For every matrix Lie group G there is an associated matrix Lie algebra g. An

important relation between them is the exponential map [25, App.III, §1.2]:
exp:g— G:
X (3.17)
X—expX =e".
The expansion map for a matrix Lie group is defined by the following Taylor series:

exp(X) =) ()];) . (3.18)

k>0
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The Lie algebra g can be realised in several different ways (see [25, App.I11, §1.2]).

We we will mention two of them in Subsections 3.1.4 and 3.1.5.

3.1.4 One-parameter Subgroups and Lie Algebras

Let G be a matrix Lie group and g be its associated matrix Lie algebra. For the first
realisation of the matrix Lie algebra, we consider a one-dimensional continuous sub-
group z(t) of G as a group homomorphism of z : (R, +) — G [25, App.III, §1.2,Thm.2].
It follows from the well-known property of the exponent that for any element X € g,

the curve z(t) = exptX, t € R is a one parameter subgroup of G that satisfies:
x(t)x(s)=x(t+s), z(0)=1, 2'(t))i=o=X, forallt,seR, (3.19)

where [ is the identity matrix in G. An example of this will be considered for the

polarised Heisenberg group in Subsection 4.3.

3.1.5 Invariant Vector Fields and Lie Algebras

The second realisation of the matrix Lie algebra g [25, App.III, §1.2] is identified
through the left (right) invariant vector fields on a group G; that is, first-order dif-
ferential operators X defined at every point of G and invariant under the left (right)
shifts:

XA=AX (XR=RX).

The Lie bracket of two left (right) invariant vector fields is also a left (right) invariant
vector field. We will give an example of this for the Lie algebra of the polarised

Heisenberg group in Subsection 4.3.

3.2 Representations of Groups

Groups act on other sets by means of transformations. Among various group actions

there is an important subclass called linear representations.

Definition 3.6. [24, §7.1] A representation in the wide sense means a homomorphism

of a group G-
p(g9192) = p(g1)p(g2), forall g1, 92 € G, (3.20)
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into the group of one-to-one mappings of a certain set H onto itself. The representation
p is called linear if H is a linear space and the mappings p(g) are linear operators.

The space H is called the representation space.

If e is the identity of G and g € G, we have p(¢g~') = p(g)~! and p(e) = I, where [
is the identity operator. Let p be a representation of a Lie group G on a Hilbert space
H. A strong continuity of p means that for any vector v € H and for any convergent

sequence (g,) — g € G, we have [25, App.V, §1.1]

1o(gn)u — p(g)ul| — 0.

More details on other types of continuous representation can be found in [24, §7.1;
25, App.V, §1.1]. In this thesis, we agree that the term ‘representation’ of Lie groups
always means a ‘linear strongly continuous representation’. Furthermore, the majority
of representations will be from the following important class, which has many additional

properties:

Definition 3.7. [24, §7.3] A representation p of a Lie group G in a Hilbert space H is

called a unitary representation if p(g) is a unitary operator for all g € G.

The representation theory is much simpler if p is unitary [24, §7.3]. If the dimen-
sionality of J is infinite, then p is an infinite-dimensional representation. There is a
natural equivalent relation on the set of all representations of a group, which is defined

by an intertwining property.

Definition 3.8. [24, §7.2] Let p, and p, be two representations of a Lie group G in
spaces H; and H,, respectively. An operator U : H; — Hy is called an intertwining

operator between p; and p, if for every g € GG

Upy(9) = pa(9)U, (3.21)

that is, the following diagram commutes

H, — K, (3.22)

Jpl (9) lpz(g)

:H:l L)U'CQ

Furthermore, unitary representations p; and p, are unitary equivalent representations
if and only if there is a unitary operator U : H{; — I, intertwining p, and p,. In this

case, we write p; ~ ps.
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3.3 Decomposition of Representations

It is a standard mathematical approach to study representations through their decom-
position into smaller blocks. To be able to do this, we have to clarify some relevant

notions.

Definition 3.9. [24, §7] Let p be a linear representation of a Lie group G in a Hilbert
space . A linear subspace L C H is an invariant subspace for p if for any = € L and

g € G the vector p(g)z again belongs to L.

There are always two trivial invariant subspaces: the null space and the entire H.
All others are non-trivial invariant subspaces.

Let p be a linear representation of a Lie group G in a Hilbert space . If there
are only two trivial invariant subspaces, then p is an irreducible representation. Oth-
erwise for any non-trivial invariant and irreducible subspace L C JH, we can define the
restriction of the representation p on L and obtain a subrepresentation of p acting on
L (see [24, §7]). If there is a non-trivial subrepresentation, then the representation is
called reducible (see [24, §7]).

The following type of representations is easier to study.

Definition 3.10. [24, §7] A linear representation p of a Lie group G on a space H is
called decomposable if there are two non-trivial invariant subspaces H; and Hy of H
such that H = H; & H,.

An important property of the unitary representation is that any representation
is either irreducible or decomposable. The irreducibility of a representation is often

established by Schur’s lemma.

Lemma 3.11. (Classical Schur’s lemma)[4, Lem. 4.3.1] Let p be a strongly continuous
unitary irreducible representation of a Lie group G on a Hilbert space H. IfU : H — H
is a linear bounded operator and U commutes with p(g), for all g € G, then U = ¢,

for some c € C.

A character x of a commutative locally compact group G is a continuous function
X : G — C [8, Ch.5,85.1], which satisfies

’X(Q)‘ =1, X(9192) = X(gl) X(QQ)a for all g1, 92 € G, (3-23)

that is, a character is a (one-dimensional) continuous irreducible unitary representation
of G.
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Example 3.12. [8, Ch.5,85.1] For G = R", every character x has the form:

X(x) = exp (2mi(y121 + Yoxa + -+ - + Ypxy)) = exp (27i(y, z)), with y, x € R™.

27

(3.24)
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Chapter 4

Preliminaries on the Heisenberg

Group

In this chapter we provide some basic definitions of and results on the Heisenberg
group and its Lie algebra. Next, we give an account of continuous and non-commutative
subgroups H of H;. We also describe the respective homogeneous spaces X = H}) /H of
Hzl, and actions of the Heisenberg group on X. Then, we briefly discuss the Schrodinger
group. In the last section, we give an introduction of the Jacobi theta function. We

mainly use the references [19,32] (see also [17,18,25]).

4.1 The Heisenberg Group

Let n > 1 be an integer. For two real n-vectors z, y € R", we write zy for their inner
product [19, Ch.1,§2]:

TY = 1Y +Toyo+ -+ TpYn,  Where x = (21,29, ..., Tn), Y= (Y1,Y2, -, Yn). (4.1)
Similarly for complex vectors z, w € C", we define:

20 = )Wy + 29Wq + -+ + + 2,Wy,,  where 2 = (21,29,...,2,), W= (w1, Wa,...,w,).
(4.2)

Definition 4.1. [19, Ch1.,§2] The symplectic form w on R*" is a function of two vectors
given by
w(a,y;a',y) =xy —a'y,  where (z,y), (2,y) € R*". (4.3)

29
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The symplectic form w possesses the following properties:
i. w is anti-symmetric: w(z,y;2',y") = —w(2,y';x,y).
ii. w is bilinear:
w(z,y;ar’,ay) = aw(z,y;2',y) forall a € R",

wz,y;2’' +2"y +2") = w2 y) +w(y; 2", y").

iii. Let 2z =2 + iy and w = 2’ +1y’. Then, w can be expressed through the complex
inner product (4.2) as w(z,y;2',y") = —(zw), where & is the imaginary part of

a complex number.

Definition 4.2. [19, Ch1.,§2] An element of the n-dimensional Heisenberg group H™ is
(s,2,y) € R* where s € R and z, y € R". The group law on H" is given as follows:

(s,2,y) - (s, 2 y) = (s + 8"+ qw(z,y:2"y), v + 2’y +9/), (4.4)
where w is the symplectic form.

The identity is (0,0,0), and (s,z,y)"! = (=s, —z, —y).

Let us introduce complexified coordinates (s, z) on H' with z = z + iy. As
wlz,y;a',y) = =S(22) = 3('2),
the group law can be written as:
(s,2) (s, 2) = (s + '+ 3S(¢'2), 2 + 7).

For the sake of simplicity, in this thesis we will work with the one-dimensional Heisen-
berg group H!'. The group law on H! can be expressed in an equivalent form of the
polarised Heisenberg group law H) (3.15) [19, § 1.2]:

(s,2,9)- (52", ¢) = (s + 5 + o, w + ',y +f). (4.5)

The map

o H' — H}
1 (4.6)
(s,2,y) — (s + 1Y T y)
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is an isomorphism of the Heisenberg group H! to its polarised form H},. We observe
that [19, Chl.,§2]
Z ={(s,0,0) e H): s R} (4.7)

is the centre of ]I-]Ill,, that is (s,0,0), which commutes with any other element of H}). In
this thesis, we only consider the polarised Heisenberg group ]HI;, and we simply call it

the Heisenberg group.

4.2 Automorphisms of the Heisenberg Group

A group automorphism is its homomorphism to itself. Among all of the automorphisms

of the Heisenberg group we are interested in those connected to symplectic transfor-
mations. Let A = (CCL Z) be an element of the symplectic group Sp(2) ~ SLy(R) with

real entries a, b, c,d € R, where the determinant det A = ad — bc is equal to 1.

i. The following transformation ¢4 [19, Ch.1] is an automorphism of H*:
b H' —H!
(s,2,y) = (s, Alz,y)) (4.8)
= (S7 'j}7 g)
T\ _ f(ar+by\ (a b\ (z
(6)- (i) - (D) 0) “

The map A : (x,y) — (Z,7) is called a symplectic map.

where

ii. An automorphism ¢ : H — HJ in polarised form is calculated as follows. Recall
the homorphism ¢ : H' — H (4.6)

v (s,z,y) = (s+ %xy,:v,y). (4.10)

The inverse map ¢~ ' : H — H' is:

1
@D_l : (S,l’,y) = (S - §:lty,:17,y) (411)

To define the automorphism of H}D, we use the following commutative diagram:

i L 5 (4.12)

w—ﬂ lw
%4

1 1
HP HP
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where ¢4 is the automorphism of H' (4.8). Then:

¢Z(svx7y) =1 opao ¢_1(87$7y)

1
= ¢ © ¢A($ - §xy,a:,y)

1
= (s+ 5(@0902 + 2bczy + bdy?), 7, 7),

()= ()= (0 () "

4.3 The Lie Algebra of the Heisenberg Group

where

The Lie algebra of the Heisenberg group is denoted by h; and is also called the Weyl
algebra. The Lie algebra h; is a three-dimensional real vector space R® with basis

vectors

S=1(1,0,0), X =1(0,1,0), Y =(0,0,1), (4.15)
satisfying the following commutation relations:
X,V] =5, [X,8]=[¥,8] =0. (4.16)

In order to identify the Lie algebra corresponding to by, it is convenient to use a matrix
representation. Given (s, z,y) € by, we define the m(s, z,y) € M3(R) by [19, Ch.1,52]

0 = s—%xy
ms,ey)=(0 0y |, (4.17)
0 0 0

which forms the 3 x 3 matrix Lie algebra. In fact, the matrix SL;(s, z,y) from (3.12)
is created by the exponential map SLs(s,x,y) = exp(m(s,z,y)):

1 x s 0 z s— %xy
01 y|l=exp|0 O Y : (4.18)
0 01 0 0 0
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Thus, we link h; with the one-parameter subgroups of the Heisenberg group H}D (see
Subsection 3.1.3):

s(t) = (£,0,0), a(t)=(0,£,0), and y(t) = (0,0,%). (4.19)

Also, there is a realisation of h; as the collection of invariant vector fields. Let f be a
differentiable function on H;,. The left and the right shifts on f are

Mg): flg") = flg7'g) and R(9): f(¢)— f(g'9) 9.9 €H,. (4.20)

We calculate the invariant vector fields on the Heisenberg group H}, through a con-
nection to the above one-parameter subgroups. The left invariant vector fields corre-
sponding to the subgroups (4.19) are obtained through the differentiation of the right

actions of these subgroups:
St=9,, X'=0,, Y'=z0,+0, (4.21)

Similarly, the right-invariant vector fields are obtained by the derivation of the left
actions of the subgroups (4.19):

ST =—-08,, X'=-yd,—0, Y =-0, (4.22)

The left (right) invariant vector fields form a bases of the Lie algebra by (see [25,
App.III, §1.3]). As expected, they satisfy the Heisenberg commutator relation

(X! Y] = g, (4.23)

4.4 Continuous Subgroups of ]I-]I}j and Homogeneous

Spaces

In this section, we describe H;fhomogeneous spaces X and actions of Hzl) on each space.

The main references of this section are [19, Ch.1; 32].

4.4.1 1D Continuous Subgroups and 2D Homogeneous Spaces

Let us consider a one-dimensional continuous subgroup of H}D:

Z ={(s,0,0) e H) : s €R}, (4.24)
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which is the centre (4.7) of H.

By (3.8), the space H}/Z can be identified with R* through the decomposition
(s,z,y) = (0,2,y)(s,0,0) for each (s,z,y) € ]I-]I}?.

Next, we describe the actions of ]I-]I}D on the homogeneous space ]HI;)/Z . See Sec-
tion 3.1.1 for the background theory and definitions of maps p : Hzl) — X ands: X —
Hzl,, where X = H}, /H is the respective homogeneous space for a subgroup H C ]H[}D.

We use the following parametrisations:
p: (s, y) = (2 y),
(4.25)
s: (2',y) — (0,2',9).

Let g = (s,z,y) € H). By (3.10), the action of g on & = (2/,y/) € X = H}/Z is

calculated as follows.

p(g" *s(7))
p((s,2,y) " (O,x’,y’))
p((—

(o

(4.26)

((=s+xy, —z,—y) * (0,2, %))
-,y —y)

4.4.2 A 2D Continuous Subgroup and a 1D Homogeneous
Space

In this subsection, we consider a two-dimensional continuous subgroup [32] of IHIJ}2 given

as follows:

H, ={(s,0,y) €H,: s,y € R}. (4.27)

The homogeneous space X = H/H, is parametrised by R because, by (3.8), X can be
identified through the decomposition (s, x,y) = (0,z,0)(s —xy, 0,y) for each (s,z,y) €
H. Using the maps p : (s',2',y) — 2’ and s : 2’ — (0,2’,0), by (3.10), the action of
g=(s,z,y) €eHyonz’ € H/H, =R is

g -2’ =plg ! xs(a))

/
=T —X

(4.28)
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4.5 A Non-commutative Discontinuous Subgroup

and a Homogeneous Space

In this section, we consider a non-commutative discontinuous subgroup H, of ]HI}O and
the respective homogenous space X = H}J /Hg. The main references for this section are
(10, §11, §12; 34, §3, p.§|.

Definition 4.3. [12, §1] Let v = (v1,v2), w = (wy,ws) be two non-zero linearly

independent vectors in R%. The set of vectors

I' =Zv+ Zw

(4.29)
= {miv +mow € R*: my,my € Z}

forms a lattice in R2.

The lattice I can be represented by parallelograms formed by two vectors v and w

as in Figure 4.1.

Figure 4.1: Parallelogram Lattice in R? generated by v and w.

This I' can be transformed to the lattice of squares (see Figure 4.2) as follows.
Suppose that I' is defined by two complex vectors v = v; + ivy and w = wy + iwsy,

which spans a parallelogram of the unit area, that is, v;ws — vowy = 1. Then, the

Y1 wl) € SLy(C). The inverse of it is A™! = W2 W) The linear
Vo2 W2 —V3 U1

transformation of R? defined by the latter matrix maps points of the lattice spanned
by v and w to the standard lattice Z? (see [36, Ch.7]).

matrix A =
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[ ] [ ] [ ] ,7_ [ ] [ ] [ ]
14
[ ] [ ] 1 [ ] [ ] [ ]

Figure 4.2: Square Lattice in R? generated by 1 and i

Denote by C_ the upper half-plane. A non-commutative discontinuous subgroup
H,, 7 € C_, of the Heisenberg group Hll, (see [10, §11, §12; 34, §3, p.8)]) is defined by:

H, ={(s,n, k), == (s,n+7k): (n,k) € Z*,s e R}, (4.30)

where I' = {n + 7k : n,k € Z} is the lattice of parallelograms generated by 1 and 7.
As the parallelogram lattice I' can be mapped into a square lattice I, we consider I

to define the following non-commutative discontinuous subgroup Hy:
Hy=A{(s,n,k) = (s,n+ik) : (n,k) e I',s € R}. (4.31)

That is, H, for 7 = i. The subgroup H, has a discrete subgroup H} (see [10, §1.1;
34, §3, p.8)):
H; ={(t,n, k) = (m,n+ik) : (n,k) e ", t € Z}. (4.32)

We have H; C Hy C Hll). In this thesis, for the sake of simplicity, we only consider the
subgroup H,. We consider a topology on H; by embedding into ]HI;.
By (3.8), the homogeneous space X = H/H, can be identified with the torus

T? = {(u,v) : u,v €[0,1)} (4.33)
through the following decomposition

(s,2,y) = (0,{x}, {y})(s — {=}y], 2], [v)), (4.34)

where [z] € Z and {z} € [0, 1) denote the integer and fractional parts of z, respectively,
that is, [z] + {z} = 2 € R. Let (s,z,y) € H} and Z = (u,v) € H}/Hy. By (3.10), we

calculate the H-action on H}/Hy = T as follows. For

p:(s,z,y) = ({z},{y}),

4.35
s: (u,v) = (0,u,v), (4:35)
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we have

gtz =plg " xs(x))
p((s,2,y) " * (0, u,v))
p

(—s+zy —av,u—zx,v—7Yy)

(4.36)

= ({u—a},{v—-y}).

This action is called a ‘periodic shift’.

4.6 Schrodinger Group

Since the group law on the Heisenberg group is defined using the symplectic form w,
any transformation of H! that preserves w can be used to define a group automorphism.
In general, whenever we have a group acting by automorphisms on another group, we

can consider their semi-direct product.

Definition 4.4. [42, §7] Let N and K be groups, and let ¢ : K — Aut(N) (we
write ¢ := ¢(k), which is an automorphism corresponding to K acting on N). The
semi-direct product of N by K denoted by N x K is the set of ordered pairs {(n, k) :
n € N, k€ K} together with the binary operation defined by

(n1, k1) * (n2, ko) = (n1¢k, (n2), k1ka). (4.37)

If N =H' and K = Sp(2), we can build the semi-direct product G' = H' x Sp(2)
[17,32], where Sp(2) is the symplectic group. Since the symplectic group Sp(2) is

isomorphic to SLy(R) [32], the semi-direct product can be written as:
G = H' x SLy(R). (4.38)

This group is called the Schrodinger group or Jacobi group. Consider two matrices

/ /
= (Z Z) and A" = (Ccl’ 2,) of the group SLy(R) (see Example 3.4 (i)). Let
)9

g=(s,z,y),qd = (s,2',y') € H'. By (4.37), the group law of G’ = H" x SLy(R) is
(9,4)* (¢', A) = (9 - ¢alg), AA))
= ((S7$7y) ) (S/vj/ag/)’AA,) (439)

1
=(s+s+ 5(@]’ —y), e+ 7 ,y+7),AA),
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where the action ¢4(¢’) is defined in (4.8) and

)= (-0 (440
Now, we give the construction of the Schrédinger group in polarised form.
i. The semi-direct product of Hgl) by the group SLy(R) is
G =H, x SLy(R). (4.41)
Similar to (4.39), the group law of G' = H, x SL,(R) is given by:
(9. 4) = (¢",A") = (g - ¢u(g'), AA"), (4.42)

where, the action ¢ (¢’) is defined in (4.13) by:

1
o) = (' + Hlaca™ + 2’y (ad + be) + bdy? — y), 7.7, (443
nd (&) = (00 L iy) = (¢ ) (7)) we & he potared s

ii. The Heisenberg group is a subgroup of the polarised Schrodinger group because

H, = H,, x {I} C Hj, » SLy(R). (4.44)

In this thesis, we only consider the polarised Schrodinger group and call it the

Schrodinger group.

4.7 Introduction of the Jacobi Theta Functions

The object connecting two parts of this thesis is the analytic function ©(z,7) in two
variables called the Jacobi theta function or simply the theta function. We mainly use

[34] as a reference for this section. Other additional sources are [8,10,14,19,43].

Definition 4.5. [34] Let z € C and 7 € C_, where C_ is the upper half-plane. The

Jacobi theta function is defined by:

O(z,7) = Z einT g2minz, (4.45)
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Let Z be the centre of the Heisenberg group Hj. If H = Z x SLy(Z) is a subgroup
of the Schrodinger group Hll) X SLy(R) (4.41), the domain X = C x C_, on which © is

defined, is a homogeneous space obtained as follows [34]:
X =H, x SLy(R)/Z x SLy(Z). (4.46)

We now take a closer look at © as a function of z, with 7 fixed, by recording its

basic structural properties.

Proposition 4.6. [34] Let z € C and 7 € C,. The theta function © satisfies the

following properties:
(1) ©(z+1,7) = O(z,7) (periodic).
(ii) O(z + 7,7) = e ™Te ?™20(z, ) (quasi-periodic).
The above two periodicities together imply the following:
Oz +ar + b,7) = e "CT2MEQ (L 1) where a,b € Z. (4.47)

By Proposition 4.6, the theta function © has double quasi-periodic behaviour with
respect to the lattice I' (4.29) generated by 1 and 7. That is, it is periodic with respect
to z+— z+ b, b € Z and quasi-periodic with respect to z — z + at, a € Z. Therefore,
for a fixed 7 € C_, there are two possibilities to study the theta function (see [34]):

i. © is a double quasi-periodic function on R2.
ii. © is a function on the square TZ.

Taking into account both variables of ©, we consider it as function on the homogeneous

space

(z,7) € X =H}, x SLy(R)/Hy x SLy(Z) =T* x C_, (4.48)

where Hy is the non-commutative discontinuous subgroup defined in (4.32) of H.
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Chapter 5

Representations of the Heisenberg

Group and Ladder Operators

The main purpose of this chapter is to describe the construction of induced represen-

tations of the Heisenberg group Hll, on Hilbert spaces of the following forms:

i. the left quasi-reqular representation induced from a character of the centre Z;
ii. the Schridinger representation induced from a character of H); and

iii. the lattice representation induced from a character of the non-commutative sub-

group Hg.

Furthermore, we discuss ladder operators: creation and annihilation operators pro-

duced by derived representations of the Lie algebra h; of the Heisenberg group.

5.1 Left Regular Representations of I[-I[]lJ

In the present section, we extend the action of Hll) on itself by left shift to a linear
representation
Ag): F(g')— F(g7'd), 9,9 €H, (5.1)
on a certain linear space of functions on ]Hlllj 8, §1.1]. The main references of this section
are [18; 24, §13; 25, App.V,§ 2; 32].
The Lebesgue measure dg = dsdzdy on H}, ~ R3 is invariant under the left
shift (3.1). This measure is also invariant under right shifts. Thus, Hj is unimod-

ular. The action (5.1) on the Hilbert space Ly(H), dg) of square integrable functions

41
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on ]H[Zl7 is unitary [25, App.V, §2] and is called the left reqular representation. Let
X (s,0,0) = €*™" be the character of the centre Z of H, [8, Ch.5,§5.1]. Let L3 (H.) be

the space of functions on ]lel) having the properties [28]:
F(gh) = xn(h)F(g), forallge H), he Z (5.2)

and

. |F(0,z, )| dedy < . (5.3)

We call the property (5.2) the H-covariance property. The space Ly(H]) is invariant
under the left H},—shifts (5.1) because the left and right shifts commute.

5.1.1 Induced Representations of Hzl, on Homogeneous Spaces

In this section, we discuss a particular case of induced representations in the sense
of Mackey, where the induction is performed from a character of a subgroup H of a
group G [24, §13.2]. A detailed consideration of this topic can be found in [24, §13.2;
25, App.V, §2; 32] and Subsection 3.1.1.

Let H be a subgroup of the Heisenberg group H}? and H},/H be the respective
homogeneous space. Consider a continuous section s : ]I-]I}D JH — H[l), which is a right
inverse of the natural projection p : Hi, — H/H. Any element g € H can be uniquely
decomposed as g = s(p(g))r(g), where the map r : G — H is defined by the previous
identity (see Subsection 3.1.1 and [24, §13.2]):

r(9) = s(p(9)) 9. (5-4)

Let x be a character of H. Let LQ(H;7 /H) be a space of square integrable functions
on the homogeneous space ]I-]I}? /H, which will be a subset of Euclidean space with the
Lebesgue measure. We define a lifting £, : Ly(H}/H) — Ly (Hy) [32] as follows:

[£xf1(g) = X(r(9))f(P(9)),  where f € Ly(H,/H)

N 5.5
=: F(g). >

The image space of the lifting £, satisfies the H-covariance property (5.2). Indeed, by
(5.5), if F € Ly(H,), we have

F(gh) = x(r(gh))f(p(gh)). (5.6)



Chapter 5. Representations of the Heisenberg Group and Ladder Operators 43

Now, as g € H}, we have g = s(p(g))r(g); therefore,

gh = s(p(gh))r(gh)
= s(p(g))r(gh)
= g(r(9) 'r(gh).

Hence, h = (r(g))~'r(gh), that is, r(g)h = r(gh). Thus, the identity (5.6) becomes

F(gh) = x(h)x(r(9))f(p(g9))
= X(h)F(g).

=

This shows that any lifting function £, f = F possesses the H-covariance property.

The space Ly (H}) is not invariant under right H)-shifts

R(g): F(g) = F(d'g), ¢,9€H, (5.7)

because the H-covariance property (5.2) is not preserved. Now, we define the pulling
P Ly(H)) — Ly(H)/H) by [PF](x) = F(s(x)) [32]. The induced representation p, on
L,(H,,/H) for the character x on H is generated by the following formula [32]:

Py (g9) =PoA(g)oLy. (5.8)

This can be represented by the following commutative diagram.

Alg)
Ly(H}) —— L} (H})

o][» o][»

px(9)
Ly(Hy,/H) = Ly(H,/H)

Figure 5.1: Induced representation from a character of a subgroup

Thus, the formula of the induced representation on the homogeneous space H]l) /H
(5.8) is

oy (9) fl(@) = X(r(g™" *s(2) flg™" - o). (5.9)
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5.1.2 Induction from Continuous Subgroups

In this section, we use formula (5.9)

oy (9) f1(2) = X(r(g™" *s(2)))f(g7" - @) (5.10)

to construct induced representations from the continuous subgroups Z and H/, obtained
in Subsections 4.4.1 and 4.4.2, respectively. Let A # 0 be a real number, which can be

associated with the Planck constant [9].

i. In the following we construct a representation induced from the character x;(s,0,0) =

e?™hs of the centre Z. Consider the natural projection and section maps defined

n (4.25):

p:(s,a',y) = (2,y),
s:(2',y) — (0,2, y).

Let g = (s,z,y) € H). The map r: H}, — Z is

(5.11)

r(9) = s(plg) 'y
= (0,z,9)7"g
= (vy,—x,~y) (s, 7,y)
= (3,0,0)

For z = (2/,y') € R* = H}/Z, we have

r(g~" *s(2))

I’((—S +zy, =z, _y) (07 ZL’/, y/))
r(—s +xy — i[fy/, v’ — Z, y, - y) (512>
(—s—z(y' —¥),0,0).

Recall the H-action on R* (4.26)

g r=0" -2y —y) (5.13)

For f € L,(R?), substituting the calculations from (5.12) and (5.13) into the

general induced representation formula (5.10) implies

[An(s, 2, y) ), y) = S [0 — 2y — ). (5.14)
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This representation is equivalent to a restriction of the left regular representation
to the space of functions having a Z-covariance property (5.2). We call this
representation the left quasi-regular representation. This is reducible [28], and

we will decompose it into irreducible components (see Subsection 6.4.1).

ii. Let H = H, = {(s,0,y) € H),s € R, y € R'}. We construct an induced
representation from a character (s, 0,0) = > of H! as follows. Consider the
projection and section maps p : (s',2',y) — 2’ and s : 2’ — (0,27,0) defined in
Subsection 4.4.2. The map r : Hj, — H}, (5.4) for g = (s,z,y) € Hj, is

r(g) = s(p(g) g

= (Oa €, )
= (0,— )(8 z,y)
= (S - Y, O y)

For z =t € R = H/H}, we have

r(g™" *s(2))

r((—s+ xy, —z, —y) (0,¢,0))
=r(—s+ay,t—x,—y) (5.15)
= (—s+ty,0,—y).

The H}-action on R defined in (4.28) is
gltt=1t—u. (5.16)

Therefore, for f € Ly(R), if we substitute our calculations from (5.15) and (5.16)

into the general formula (5.9) of the induced representation, we obtain

o (s, 2, y) fI(t) = 2T~ f(t — x). (5.17)

This is a unitary irreducible representation on L,(R) called the Schrédinger rep-
resentation [19, CH.1].

We will see later that all these representations (and many others) with the same
value A are unitarily equivalent by the Stone-—von Neumann theorem given in Section
5.2. In this thesis, for the sake of simplicity, we only consider the positive Planck
constant h > 0.
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5.1.3 Induction from a Non-commutative Subgroup

In this section, we construct an induced representation on L,(T?) from a character
Xm (8", m, k) = 2™ m € Z\{0}, of the subgroup (4.32)

Hy=A{(s,n, k) :=(s,n+1k) : (n,k) € I',s € R}.

Since this subgroup is not commutative, we need to consider only characters with
kernels containing the subgroup’s commutator consisting of elements (m,0,0) € Hll)
with m € Z; therefore, m € Z as above. For the sake of simplicity, we only consider
m € N, which can be associated with a positive Planck constant [9].

For F' € Ly™(H,), the H-covariance property F(gh) = Xm(h)F(g) (5.2) with g =
(s,z,y) and h = (—xk,n, k) € Hy implies

F(s,x+n,y+k) =" F(s 1 y). (5.18)

Thus, the space L3™ (]HI}D) consists of functions F, which are double quasi-periodic
(periodic in x and quasi-periodic in y). Consider the natural projection and section
maps defined in (4.35):

p:(s,z,y) = ({z},{y}),

5.19
s: (u,v) = (0,u,v). (519)
We calculate the map r: H) — Hy (5.4) as follows:
r(9) =s(p(9)) " g
=s({z}, {y}) ™ (s,2,9) (5.20)

= ({zHyh —{z} —{y}) (s, 2,9)
= (s = {=}{yl [=], [y]).

Since m € N, we have

Nom(F(5, 2, ) = e2mmits—{atyl) _ g2emits—(a—le)l) _ 2emi(s—sls)
The H}-action on Hj,/Hy = T? calculated in (4.36) is

g i={u—a}{v-y}). (5.21)
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Thus, for a function f € Ly(T?), the representation induced from the character x,, of
H d is

o (5,2, 9) (1w, v) = X (r(g7" +5(2))) f(g7" - 2)
= Xm(=s—z(v—y) —{u—a}v -yl u—z],[v—y)flg~" - x)
_ 2mmilsta o) =)= £({y — 2, {v — y)).
(5.22)

Remark 5.1. [35, §8.1] We have two possibilities to treat the function f € Ly(T?):
i. f is a double quasi-periodic function on R?; and
ii. fis a function on the torus T? = {(u,v) : u,v € [0,1)} (4.33).

If f is considered as a double quasi-periodic function on R?, by Remark 5.1, the

representation (5.22) becomes

(o (52, y) fl(u, v) = AT fu — 20 — ). (5.23)

The representation p,, is unitary irreducible on L,(T?) and is called the lattice repre-

sentation [10].

5.2 Stone—von Neumann Theorem

So far we have constructed several families of strongly continuous unitary infinite-
dimensional irreducible representations of the Heisenberg group Hll) parametrised by
h € R\{0}. The theorem of Stone-von Neumann holds that any two irreducible unitary

representations of Hzl, with the same h are equivalent.

Theorem 5.2 (Stone—von Neumann). [19, Ch.1,85] Let p be a strongly continuous
unitary representation of H™ on a Hilbert space H, such that p(s,0,0) = e*™s[ for a
non-zero real h. Then H = ®H,, where the H,’s are mutually orthogonal subspaces of
H, each invariant under p, such that that the restriction pl g, s unitarily equivalent
to the Schrodinger representation p, for each a. In particular, if p is irreducible then

p 1s equivalent to p,.
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5.3 Ladder Operators

If p is a representation of a Lie group G acting on a Hilbert space H, it is useful to
pass to its derived representations dp of the Lie algebra g (cf. [25, Ch.2]). For the
Heisenberg group H}J, the important operators produced by derived representations are
called ladder operators. The historic origin of ladder operators is the study of spectrum
of quantum harmonic oscillator (cf. [9, § I1.3]). Thereafter, mathematicians realised
that these operators are also useful for the representations theory of the Heisenberg
group (cf. [25, Ch.2]). Our main references are [9, §I1.3; 25, §2]. Additional useful
sources are [17; 19, Ch.1; 20, § 2.5; 21, § 2.2; 38, § 1.3].
To begin, let p be a representation of Hll) on a Hilbert space H. Let

S =(1,0,0), X =(0,1,0), Y =(0,0,1) (5.24)

be the basis (5.24) of the Lie algebra h; of the Heisenberg group Hzl). Consider the

derived representations of h:

d d d

dp® = —p(e®)limo,  dp™ = =p(e )iz, dp" = ()]0 (5.25)

To simplify the above expressions, we denote S = dp?, X = dp* and Y = dp¥. The

commutation relation between X and Y is

.7 =8
The set {X , 37, S } spans representations of the Lie algebra b, of the Heisenberg group
]HI;. If p is irreducible, Sis a multiple of the identity operator I, that is, S = —ihl,

where i > 0 a positive real number (cf. [9, § IL1.3; 25, §2]). Now, we provide the

definition of the ladder operators.

Definition 5.3. [9, § I1.3] Let x > 0 be some fixed number. In the above notations,

the ladder operators at, a™ are defined as follows:

-_ ! iX)+i(iy at = ! k(iX) —i(iY
a —m(K(XH(Y)% m( (iX) —i(iY)), h>0, (5.26)

with the commutator

la”,at]=aa" —ata =1. (5.27)

The operator a™t (respectively, a™) is known as the creation (respectively, annihilation)

operator. These names are borrowed from quantum mechanics.
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In this thesis, we fix the parameter £ > 0 of the ladder operators a™

[5]. Since p is
unitary, X and Y are skew-adjoint, that is, X*=_—Xand Y* = -Y. Thus, iX and
iY" are self-adjoint. Consequently, the creation and annihilation operators are adjoint

of each other, that is, (a~)* = a™ on K.

5.4 Number Operator and Ladder Operators

Let p be a unitary irreducible representation of the Heisenberg group H}D on a Hilbert
space H. Consider the creation and annihilation operators a® and a™~ (5.26) of p of the
Lie algebra b, of the Heisenberg group, respectively. We define the number operator
N to be N = ata™ [9, § I1.3]. As a consequence of (5.27), there are commutation

relations between N and a* given by:
[Nya™] = —a, (5.28)
[N,a™] = a. (5.29)

Due to these commutators, the spectral decomposition [17] of the operator N is rooted

in the following notion.

Definition 5.4. [25, Ch.2, §2.6] In the above notations, a vector ¢y € H is called a

vacuum vector if it is a null solution of the annihilation operator (i.e., a=¢g = 0).

The main properties of the number operator N and the ladder operators a® follow

from the commutation relations of (5.28) and (5.29).

i. If ¢y is a vacuum of the irreducible representation p, then, for a fixed w, ¢q is

unique up to scalar multiplication (see [25, Ch.2, §2.6]).

ii. For n > 0, the vectors
bn = ——(a™) "y (5.30)

are the eigenvectors of N with the eigenvalues n, that is, N¢, = n¢,. Further-

more, we have
a'+¢n =vn+ 1 ¢n+17 a_¢n = \/ﬁ ¢n—l~ (531)

If p is the Schrodinger representation p,, the vectors in (5.30) are the celebrated
Hermite functions (see [25, Ch.2, §2.6]).
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iii. The vectors {¢y, }n>0 (5.30) form an orthonormal basis. In fact, assume a Hilbert
subspace H; of H spanned by {¢,},>0. By (5.31), the subspace H; is invariant
under both operators a®. Since p is irreducible, H; must coincide with the whole
space (see [25, Ch.2, §2.6]).

+

The name of the ladder operators a™ is explained by the following diagram, which

visualises relations (5.31):

00— ®o
a a a a a

Figure 5.2: Ladder operators

The following subsections are devoted to calculating the vacuums for the left quasi-
regular, the Schrodinger and the lattice representations of ]HI;.

The Gaussian function is a crucial element in the theory of the Heisenberg group,
and we will repeatedly use its properties [17]. The main feature of this function is that
the Gaussian represents vacuums for the representations of H},, which will be discussed
in detail in Subsections 5.4.1, 5.4.2 and 5.4.3.

5.4.1 Vacuum of the Left Quasi-Regular Representation
In this subsection, we look for vacuums of the left quasi-regular representation (5.14):

[An(s . y) [l y) = et W fa! — 2,y —y). (5.32)

To begin, we calculate the following derived representations. Let h = 27h > 0. The

derived representations of Ay of h; are
dAY = 2mihy — 0,, dA)} = -0,
and the annihilation operator ay, is

ay, = dASYTY = 27ifiny — (k0, — i0)). (5.33)

The ladder operators afﬁ act on the Schwartz space 8§(IR?) of smooth rapidly decreasing

functions, which is dense in L,(R?) (see [25, § 2.3]).
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It is useful to write the above differential operators in terms of a complex variable
z [33]. Let us consider z = \/%(ZB +1iky), ,y € R. Then, we have

1 1
0, = 0, —10,), 0s=
\/2hK(H ' y) vV2hk

To calculate the vacuums of A, annihilated by aj, , we solve the partial differential

(KO, +i0)). (5.34)

equation ay, ¢ = 0 (5.33), for a fixed x > 0, using the method of characteristics [1].
The solutions are the Gaussian-type functions

One(2) = eV - e

hk, 2

. (5.35)
= e VM= Y ¢ S(R?),

where 1 is an arbitrary smooth function depends on z. Therefore, we obtain infinitely
many vacuums up to scalars annihilated by ay .

In particular, there is a special vacuum of (5.35) such that it is annihilated by two
operators a, and ag, , where ap is the derived representation from the right regular

action R given by:
[Ri(9) f1(a'y) = e 2T (0l o,y + y). (5.36)
Therefore, the corresponding derived representations of h; are:
dR) = 0,, dR} = —2mihx + 0, (5.37)
and the operator ap =: LRXHY g
LAXHY = onha + (KO, +10,). (5.38)

We call L5XFY the right ladder operator, which acts on §(R?). Now, the partial

differential equation
. 1
LHX—HYQbTm =V 2h/€ (5(2’ + 2) + az) ¢Fm =0

holds if and only if ¥(Z) of the vacuums (5.35) is ¥(2) = £2% + ¢, for a constant ¢ € C.
Let ¢y € C be a non-zero arbitrary constant. The unique vacuum annihilated by both

ay, and LY s as follows:

92507;7,,{(2, 2) = C e_%52+i(z—2)2+6 .
= ¢y ei(z2_52_2z5)+c ( ' )

The special role of this vacuum will be revealed in Subsections 6.4.1 and 6.5.1.



Chapter 5. Representations of the Heisenberg Group and Ladder Operators 52

5.4.2 Vacuum of the Schrodinger Representation

To calculate the vacuum of the Schrodinger representation, we follow a similar method
to the one listed Subsection 5.4.1. The formula of the Schrédinger representation (5.17)
is

(s, 2,9) fI(t) = 2T~ f(t — ). (5.40)

The derived representations of p, of h; are
dpy = —0,, dp} = —2rihz,
and the annihilation operator a, is:
a, = dpf* Y = —2nht — K0, (5.41)

The operators a;tﬁ act on 8(R) C Ly(R) (cf. [25, Ch.2, §2.3]). After simple calculation
for a;ﬁ¢hn = 0, for a fixed k > 0, we conclude that the unique vacuum ¢y, up to scalars

is the Gaussian function [17]

_Lht2
K

dn(t) = e =t € §(R) C Ly(R). (5.42)

5.4.3 Vacuum of the Lattice Representation

An interesting observation is that the vacuum for the lattice representation is to be the
well-known theta function (up to a scalar multiplication) (4.45). To begin, the derived

representations of p,, of h; are

dpX = 2rimy — 0,, dp), = -0,

m

and the annihilation operator a, of the lattice representation (5.23) is

a, =dptX Y = 2rimky — (KO, — id,). (5.43)

Pm

The ladder operators a, act on 8(T?) C L,(T?) [25, Ch.2, §2.3].
Let h = 2wm. For w = y/4-(rky + iz) and w’ = /4-(kv + iu) of C, the formula of

the lattice representation

[ (5,2, y) fl(u,v) = 2t =) f(4y — 3 0 — y) (5.44)



Chapter 5. Representations of the Heisenberg Group and Ladder Operators

in terms of the variables w and w’ after simplification is as follows:

[P (8, W) f(W, ') = e?™mis e%(‘“_@)(“,Jr“;')J“%(@z_wg)f(w’ —w,w —@).
The annihilation operator a, (5.43) in terms of the variables w and ' is
a, = dpiX = = 2rimky — (K0, — i0,)
= Vo i (5w + @)+ 2.

One can directly check that, for a fixed x > 0, up to scalars, the function

M s h
Do, ) = o TG, ([ (w0 + i), )
K

103,02 529,505 .
:e4(3w @*—2ww) ®mn(w7l)

=P (w, )

23

(5.45)

(5.46)

(5.47)

is a null solution of a, (5.46), where ©,,,(w, 1) is the analytic theta function (4.5) in

w = /2 (ky+ir) € C. We will present our calculation of ®,,,(w,®) (5.47) in Remark

6.42 after introducing the covariant transform.
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Chapter 6

Covariant Transform and

Analyticity

In this chapter, we present our constructions based on group representations of:

i. the pre-Fock-Segal-Bargamann (FSB) transform and its inverse;

i. the Zak transform and its inverse;

— e

i. the theta function;

—

i
iv. the pre-theta transform and its inverse; and

v. the Fock-Segal-Bargmann (FSB) space of analytic functions.

To perform these, we use the covariant transform. The original contributions are the
interpretations of the Zak transform and the pre-theta transform with their inversions
through the covariant transform. Thereafter, the theta function is completely defined
in terms of group representations.

Much of the the materials in this chapter are scattered through the literature, but
our presentation is more systematic in the usage of group representations. The main
sources for this chapter are [4, Ch.8; 9; 17; 25; 29; 31; 32].

6.1 Covariant Transform

Consider a representation p of a group G on a Hilbert space . A map W from H ® H

to a space L(G) of functions over G is defined by a matriz coefficient [29] via a pair of

35
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vectors f, ¢ € H as follows:

W(f,8)(9) = (f,p(9)d), g€GC. (6.1)
If p is unitary, we obtain the following identity:
W(f,0)(9) = (p(g™ ") f. &) = (f.p(9)d), g€G. (6.2)

Moreover, if p is a strongly continuous unitary representation of a Lie group G on I, it
is clear from the Schwartz’s inequality that W(u,v) is a continuous bounded function
on G. Providing a more detailed description of the space L(G) is an important and
challenging task of harmonic analysis (see [13,18]). If a non-zero vector ¢ is fixed,
we have a map from H to L(G). In this thesis, the non-zero fixed vector ¢ is called
a fiducial vector (is also known as aka vacuum vector, ground state, mother wavelet,
etc.).

Definition 6.1. [29] Let p be a representation of a group G on a Hilbert space H. If
¢ € H is a fiducial vector, the linear map Wy : H — L(G):

Wy f = W(f, )

6.3
=(f,p(9)0), g€G (63

is called the covariant transform.
The main property of the covariant transform is given in Proposition 6.2.

Proposition 6.2. [29] Let p be a unitary representation of a group G on a Hilbert
space H. The covariant transform Wy intertwines the representation p on H and the

left reqular action A of G on L(G):

Ws(p(9)f) = Mg) o Wy(f) Vg €G, (6.4)
where A(g) : f(g') = f(g7'9'), 9.9 € G (5.1).
Proof. We have that

Ws(p(9)N1(g) = (p(9)f. p ( "))

= (p(g "pl9)f. )

=(p(g7'9) 1f o) (6.5)
=(f,p(g7'9)0)

=[A

(9) e Wo(H)](9):
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To discover some preferable fiducial vectors, we use a particular case of a result
from [29, § 5]. Let G be a Lie group and p be its representation in a Hilbert space
H. Let [Wyfl(g) = (f, p(g)¢) be the covariant transform defined by a fiducial vector
¢ € H. Then, the covariant transform intertwines right shifts on the group G with the

associated action p on fiducial vectors:
R(g) oWy = Wo(g)e- (6.6)
There are many interesting applications of this simple observation [5,6,29, 30, 32].

Proposition 6.3. Let G be a Lie group with a Lie algebra g and p be a representation
of G on a Hilbert space Ly(R™). We denote the derived representation of p by dp*.
Let ¢ be a fiducial vector in the Schwartz space S(R™) such that (3.7, a;dp™i)¢ = 0,

j=1
for some a; € C. Then, the covariant transform Wy obeys the condition:

(Z a—deXf> F=0, f=Wu(f), for any f € Ly(R™), (6.7)
j=1

with AR being the derived form of the right regular representation of G.
Proof. Let f € Ly(R™). Since R(g) o Wy(f) = W,(g)6(f) (6.6), then

(Z ddeXj) oWy (f) = W(Z;Ll ajdp™i (g))¢(f)' (6.8)

As (327, a;jdp™i)¢ = 0, we thus have <Z;‘:1 a_deXj) f = 0, which proves the state-

j=1
ment. OJ

Consider the Heisenberg group G = H},. Let p;; be the Schrodinger representation.
For f,¢ € Ly(R), the corresponding matrix coefficient of p, at (f, ¢) is:

W(f, 0)(x,y) = (f, pu(0,7,9)9)
_ /R 2T () B(t — ) dt.

The map W(f, ¢) (6.9) is called the Fourier-Wigner transform [19, Ch.1, §4].

(6.9)

Proposition 6.4. [19, Ch.1, §4] Let p, be the Schridinger representation of H. The
Fourier-Wigner transform W(f, ¢)(x,y) = (f, p;(0,z,y)¢) is a linear map of the spaces

S(R) x 8(R) — 8(R?),

(6.10)
Ly(R) x Ly(R) — Ly (R?).
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Moreover, W : Ly(R) x Ly(R) — Ly(R?) is ‘sesqui-unitary’; that is, for all f1, g1, f2, go
of Ly(R), we have

<W(f17 ¢1)7 W<f27 ¢2)>L2(R2) = <f15 f2>L2(R) <¢17 ¢2>L2(R)' (611>

The sesqui-unitary property (6.11) of the Fourier-Wigner transform can be gener-

alised for any equivalent representation p of H}D as follows.

Proposition 6.5. Let p be a strongly continuous unitary irreducible representation of
the Heisenberg group ]I-]I}D on a Hilbert space H. Then, the matriz coefficient W(f, ¢)(x,y) =
(f,p(0,2,y)p) (6.2) is a linear map of the spaces

H x H — Ly(R?). (6.12)

Moreover, for all f1,¢1, fa, 92 € H, the matriz coefficient W (6.2) is sesqui-unitary on
H x H — Ly(R?), that is,

(W1, 1), W2, 02)) 1, 2y = (f1 f2)ae (D1, P2)g¢. (6.13)

Proof. By the Stone-von Neumann Theorem 5.2, two unitary irreducible representa-
tions of H}J, for the same Planck constant h, are equivalent. Thus, there is a unitary
operator U : H — Ly(R) such that it intertwines the Schrodinger representation p,
and the representation p, for the same Planck constant A, that is, p = U~!p, U. Then,
for f,¢ € H, we have

W(f, 0)(x,y) = (f, p(0,2,9)¢) = (f,U ' p;(0,2,9) Up)
= (Uf,p3(0,2,4) Ug) (6.14)

- <f7pﬁ(0,x,y) gz~5> =Wi(f, 0)(z,y).

By Proposition 6.4, the Fourier-Wigner transform Wy is a linear map of the spaces of
Ly(R) x Ly(R) — Ly(R?) (6.10) and sesqui-unitary. Thus, according to the identity
(6.14), the matrix coefficient W( f, ¢) of the equivalent representation p is a linear map
of H x H — Ly(R?) and sesqui-unitary. O

The sesqui-unitary property (6.14) for a unitary irreducible representation p of Hzl)

is known as square integrability modulo the centre Z [19, Ch.1,84].
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6.2 Induced Covariant Transform on ]I-]I}J

In this section, we study the covariant transform that produces functions on a homo-

geneous space rather than the entire group.

Definition 6.6. [29] Let p be a representation of Hzl) on a Hilbert space H and H be
a closed subgroup of H},. Let X = H},/H be a homogeneous space. Let ¢y € H be a

fiducial vector such that
p(h)po = x(h)po, forall h e H, (6.15)

for some character y of H. The induced covariant transform Wgo is a map from the
Hilbert space I to a space W (X) of functions on X =H/H given as follows:

Wi« f = f(s(2))
= (fp(s(@)do),  wEX,

where s is a continuous section from X to ]HI;,.

(6.16)

Note that the map f — f(s(z)) (6.16) intertwines p on H with a representation Py
on W(X) induced by the character y of the subgroup H. Indeed,

py(9) o [WE (F)(x) = >Z(r(sf1 *s(x )))[Wio(f))](g’l-x)
(r ( (f,p(s(g ")) ¢o)
x(r(g™ (1’))) 0) (6.17)
p(r(g™" *s(x))) ¢o)
= (/, ((g ) r(g™ *s(x))) ¢o) -

The last action coincides with the induced representation (5.9). Alternatively, this can

= x(r )
= (f,p(s(g7".2))
= (f,p(s(g7".2))

()
93)
)
)

be seen from the fact that any function of the image of the induced covariant transform
(6.16) has the H-covariance property f(gh) = x(h)f(g) [29]. Indeed, for all g € G and
h € H, since p(h)py = x(h)¢o (6.15), we have

h)¢o) (6.18)
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In Section 5.1.1, we described three forms of the representations of H;: the left
quasi-regular, the Schrodinger and the lattice representations. By the Stone—von Neu-
mann Theorem 5.2, these representations for the same Plank constant & shall be inter-
twined by unitary operators. The exact form of intertwining operators can be found by
the induced covariant transform. The following subsections will provide the all three

possible intertwining operators:
i. between the Schrodinger representation and the left quasi-regular representation;
ii. between the Schrédinger representation and the lattice representation; and

iii. between the left quasi-regular representation and the lattice representation.

6.2.1 The (Pre-) Fock-Segal-Bargmann Transform

Let [p,(s,2,y)f](t) = e* M=) f(¢ — z) be the Schrodinger representation (5.17). We
look for the induced covariant transform Wgﬁ : Ly(R) — L,(R?), which intertwines
the Schrodinger representation and the left quasi-regular representation restricted to

an irreducible component of L,(IR?). In fact, for the character y;(s,0,0) = e*™"* of the
centre Z = {(s,0,0) € H} : s € R}, any vector ¢ € L,(R) satisfies (6.15)

0:(8,0,0)0 = xu(s,0,0)p, for all (s,0,0) € Z.

Thus, for all f € L,(R), the induced covariant transform Wgﬁ for any fiducial vector
¢ € Ly(R) is:

W ()] (2, ) = / F(E) & gt — ) dt. (6.19)

The main properties of Wgﬁ follow from the general properties of the covariant trans-

form.

Corollary 6.7. Let ¢ € Ly(R) be a fiducial vector such that ||¢|| = 1. The covari-
ant transform Wgﬁ : Ly(R) — Ly(R?) is a unitary intertwining operator between the
Schrédinger representation p, on Ly(R) and the left quasi-reqular representation Ay

restricted on the image space

Fy(R?) := {Wg'(f) : f € Ly(R)}. (6.20)

In particular, Ay, is an irreducible representation on Fu(R?).
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Since, by Proposition 6.3, there is a special component which is annihilated by the
right ladder £"¥*Y (5.38), we specify ¢ to the corresponding fiducial vector. That
is, we consider the vacuum of the Schrédinger representation (up to normalisation)
Ope(t) = 214" (5.42). The corresponding induced covariant transform (6.3) with

the measure renormalised by the factor (£)¥/2 is given by:
Fl@y) =W (Al(@,y) = (f. pa(0, 2, y) b
1/2
— (") g / F(t) 2ty =" g 021
K R

This is called the pre-F'SB transform [35, §4.2] from L,(R) into

FyR%) = {f : [ = Wi (), | € Ly(R)}. (6.22)

The image space Fy, (R?) is a subspace of square integrable functions on R?, called
the pre-FSB space. The left quasi-regular representation Ay restricted on the pre-FSB
space Fy, (R?) is called the pre-FSB representation. The prefix “pre-” is removed by a
unitary operator—the peeling, which will produce the FSB space of analytic functions
on C in Subsection 6.5.1.

6.2.2 The Zak Transform

In this subsection, we derive the Zak transform as a special case of the covariant
transform. This will allow us to recover results from [8, Ch 9; 10; 19, Ch 4]. To begin,

we give the standard definition of the Zak transform and some related properties.

Definition 6.8. [35, §8.1] Let f € $(R) be a function of the Schwartz space of smooth
rapidly decreasing functions on R. For m € N, the Zak transform on (u,v) € R? is

defined as follows:

[Zf] (u, v) Zf u + n) e2mmny, (6.23)
nez

The function [Z f](u,v) is quasi-periodic in u and periodic in v.

In the most fundamental situation, it is considered m = 1 in (6.23) [35, §8.1]. Since
f € 8(R) is a smooth rapidly decreasing function, the Zak transform of f is well-defined

through a convergent series. For convenience, we define an associated transform.
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Definition 6.9. Let f € S(R) be a function of the Schwartz space of smooth rapidly

decreasing functions on R. For m € N, the co-Zak transform is defined as follows:
[2f)(u, 0) = ™12 f)(u, v), (6.24)
where [Zf](u,v) is the Zak transform defined as above.

We denote the space of functions f (u,v), which are quasi-periodic in u, periodic in

v and square integrable by L,(T?). The factor e*™™"¥ in (6.24) swaps the periodicity

property on the variables (u,v) due to the following useful lemma.

Lemma 6.10. Let f(u,v) € Ly(T?) be a function, which is quasi-periodic in u and
periodic in v. Then, f(u,v) = e¥™™ f(y v) € Ly(T?) is periodic in u and quasi-

periodic in v. Moreover, the map

U: f(u,v) > e2”im““f(u,v)

(6.25)
= f(u,v)
is a unitary intertwining operator between the lattice representation (5.23)
[om (5, 2,9) f](u,v) = =D fy — 2,0 — y) (6.26)
on L,(T?) and the corresponding lattice representation on L,(T?) given by
[ (5,2, y) f] = ) fu — 2,0 — y). (6.27)
Proof. Let n,k € Z. Since f(u, v) is quasi-periodic in u and periodic in v, then
flu+n,v)=e 2™ fy v), and flu,v+k)= f(u,v). (6.28)
Therefore, we have
fu+n,v) = 2™ mEtmv £y 4 o)
- o
= e ™M f(u,v)
= f(u,v).

Thus, f(u,v) is periodic in u. Now,
f(U,U + l{?) _ eQﬂ'imu(v—l-k)f(u?v + k‘)
_ eQﬂ'imquZTrimuvf-(u, ’U) (630)

— eQwimukf(u’ U).
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Hence, f(u,v) is quasi-periodic in v. The map U is obviously a unitary operator:

U Ly(T?, dudv) — Ly(T?, dudv). (6.31)
Furthermore, U intertwines p,, on L,(T?) and the corresponding lattice representation
pm = U op, oU on Ly(T?). The formula of p,, := U op, oU after simplification

is as follows:

6727Timuv s, T, eQﬂ'imuv - u,v) = 27rm1 (s—uy) £ U— 1,0 —
2, s, )2 ) Ji D e
= [Pm(5,2,9) f1(u,v),
which proves the statement. O
Remark 6.11.  i. Since the lattice representation (5.23)
[0 (5,2, 9) f](u, v0) = 20 fy — 2,0 — y) (6.33)

is irreducible on L,(T?), the vacuum

mm M h
q)mfi(uv U) = e_T(U2_2muv)@m/€< \l 2_((’11) + 1“)? 1)
K

of the representation p,, obtained in (5.47) is unique up to scalar multiplication
(see Section 5.4 in (iii)).

—2rmimuv

ii. By Lemma 6.10, if we multiply ®,,.(u,v) by e , we obtain a function

e~ Omn(y/ 2= (kv +iu), i) in the corresponding space L,(T?) that has the same
double quasi-periodic property but in the opposite way. Since U™ : L,(T?) —
L,(T?) of (6.25) is a unitary intertwining operator between p, and the corre-

sponding lattice representation p,, (6.27), the function

=~ mm h
B (u,0) = %40, (1/ o (v + ), 1) (6.34)
K
is the corresponding unique vacuum up to scalar multiplication annihilated by

as,.

= dp* Y = —2rmu — (K0, — 10,). (6.35)

Let [p,(s,2,y)f](t) = e*™ =) f(t — x) be the Schrédinger representation and Xy,
be the character of the non-commutative subgroup Hy = {(s,n,k) : s€ R,n,k € Z}

of Hzlj. To calculate the induced covariant transform

Wi 2 Ly(R) — Ly(T?), (6.36)
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we first need a fiducial vector ¢q satisfying (6.15), that is, for all (s,n,k) € Hy, we

have
e?mhse =2k o (t — ) = ¥ gy (t). (6.37)
The left- and the right-hand sides of (6.37) are equal if and only if
i. h=m; and

ii. the function ¢y is a periodic function and supp(¢y) C Z. This implies that
supp(¢o) =

Thus, the only vector ¢q satisfying (6.37) would be the Dirac comb distribution, that
is, ¢o(t) = >,z 0(t—n), which is is a periodic distribution constructed from the Dirac
delta 6(t) [11].

Remark 6.12. In Definition 6.1, the covariant transform W, is defined for a fiducial
vector being a vector of a Hilbert space. In [15, 16,27, 28], the covariant transform
Wy, was treated in Banach spaces. A further generalisation to Frechet spaces would
allow to use the Dirac comb as a fiducial vector (mother wavelet). However, in this
thesis, we do not consider the covariant transform in such generality. Therefore, we
will only heuristically proceed with the Dirac comb distribution as a regular function.

A posteriori justification of obtained results can be made by direct arguments.

Let s : T — H} : (u,v) ~ (0,u,v) be the continuous section defined in (4.35).
For f € §(R) C Ly(R), we calculate the induced covariant transform [Wg’;(f)](u, v) =
(f, ps(s(Z)) o), T € T?, as follows:

(Wi (F)](w,v) = (f, 4 (0, u,v) o)

/f ) 2R Gt — ) dt

/f NS (E— (utn))dt, h=m

ne”L

- Z/ ) e™m™S(t — (u+n))dt (6.38)

nel

_ Z f(u + TL) e27rimv(u+n)

neL

_ e27rimuv Z f(u + n) eQTrimvn‘

nez
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This is the co-Zak transform (6.24), which possesses the following properties.

Corollary 6.13. For f € L,(R), let

(W) (w,0) = ™ " fu+ n) e = [2f](u,0)

ne’

be the co-Zak transform. Then, we have the following properties:

.

0.

110,

The operator Z : Ly(R) — Ly(T?) is unitary.

The operator Z : Ly(R) — L,(T?) intertwines the Schrodinger representation p;,
and the lattice representation p,,. That s, p,, 0 Z = Z o p;, for h=m.

The image space of [Z.f](u,v) consists of functions f(u,v) that have the double-

quasi-periodic property on R2.

The statements i-iii were proved by direct arguments in many references, such as
[7, Ch.I; 19, Ch.1,§10]. If a theory of the covariant transform for the Dirac comb

distribution were at our disposal, this would imply the following properties of the Zak

transform:

1.

1l

iii.

the first property is parallel to the sesqui-unitarity (6.13) of the covariant trans-
form. That is, for f € L,(R), we have that

IZFIZ, ) = IF 1Lz (6.39)
where || - || denotes the norm and the subscript indicates the Hilbert space in
which the function lies.

Since Wg’; = Z, the second property corresponds exactly to the intertwining

property in (6.17), i.e. for h = m, we have

Py © Wg’; = WIZ&E O Py (6.40)

The image space of the induced covariant transform f = Wgﬁ( f) has the H-
covariance property (6.18) f(gh) = ¥(h)f(g), for all g € G and h € H. For the
subgroup Hy = {(s,n,k) = (s,n+1ik) : (n,k) € I",s € R} (4.32), it is exactly

the double-quasi-periodic property (5.18):

flu+mn, v+ k) =™k fy v). (6.41)
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This indicates that the covariant transform is worth to be extended for singular fiducial

vectors.

Remark 6.14. In Subsection 5.4.3, we showed that ®,,,(w,w) (5.47) is the vacuum of
the lattice representation p,,. The same vacuum can be obtained from scratch by the
following consideration. By Corollary 6.13, the Schrodinger representation p, (5.17)
and the lattice representation p, are intertwined by the co-Zak transform Z = e2mmuwZ,
for the same Planck constant A~ = m. Therefore, Z = MMy intertwines the derived
representations a, = dpf* = and a, = dprX =1,

Zoa, =a, oZ. (6.42)

Pm

mh 42

Since ¢pe(t) = e = is the vacuum annihilated by a, (see Subsection 5.4.2), the
function [Z¢p,] would be annihilated by a, as well. We calculate [Z¢p,] as follows
(cf. [19, Ch 4]):

(1, 0) = [Zpe) (u, v) = e2mmew [,‘Zgzﬁ;m](u, v)

_ eQﬂimuv Z (bhm (u + n)e27rimm)
nel

. _mm 2 .
_ e27r1muv E S (u+n) e?mmnv
neZ
_ e—%(uz—Qi/@uv) E e—%nQ e@n(mv—l—iu) (643)
nez
_ ei(3w27¢3272w’d)) § ef%nz eQﬂ'in,/%w
nez
i(3w2—w2—2ww) s}

=e (W, 1)

=: P, (w, ),

where w = /2 (kv 4 iu) € C, h = 2wm and ©,,,, is the theta function (see Section
4.7).

6.2.3 The (Pre-) Theta Transform

In the present subsection, we look for an intertwining operator

Wgr Ly (T?) — L,y (R?) (6.44)
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between the lattice representation and the left quasi-regular representation restricted
to an irreducible component of L,(R?). Although the formula of the left quasi-regular
representation (5.14)

[An(s, 2 y) fl(a'y) = T f @ —ay —y) (6.45)

is similar to the lattice representation’s formula (5.23)

[pm(S, €, y)f](uv U) = eQﬂmi(s+x(v—y))f(u — LU= y)7 (646)

they are rather different, e.g., they act on different spaces L,(R?) and L,(T?), respec-
tively.

Let x1(s,0,0) = e?™" be the character of the centre Z = {(s,0,0) : s € R}
of Hzl). To calculate the induced covariant transform Wg", we need to find a fiducial
vector ¢ satisfying (6.15). As was already mentioned (see Subsection 6.2.1), any vector
b0 € Lo(T?) satisfies that p,,(s,0,0)dg = xx(s,0,0)pg, for all (s,0,0) € Z and h = m.

As in the case of the pre-FSB transform (see Subsection 6.2.1) and by Proposition
6.3, if we specify ¢g to be the vacuum &,,, obtained in (5.47) of the lattice represen-
tation p,,, the image space of Wg"(f), f € L,(T?) is annihilated by the right ladder
LRXFY(5.38). Thus, we set

™m 2 : h
do(u,v) = Oy (u,v) = e R _21”“”)@7%(\/ %((/{U +iu),i).

Let s : R* — H) : (z,y) — (0,2,y) (4.35) be the continuous section. For h = m, the

induced covariant transform Wg" : Ly(T?) — Ly(R?) is calculated as follows:

(W& (N, y) = ([, pn(s(Z))0) , T €T

= [ flu,v)e ™m0 g (4 — 0 — y) dudo
T2

)ef2ﬂimu(vfy)f%(ufx)2 (647)

X O (\/g(fi(?} —y) +i(u—x), i) dudo.

= | fluv
’]I‘Q
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After simplifications, (6.47) becomes

W ()](rg) = | Fluy) o 20222 22t tin)
’]TZ
X O (\/%(H(U —y) +i(u — z), i) du dv (6.48)

Thus, we obtain the induced covariant transform Wg" from L,(T?) into L,(R?). We

call Wg" the pre-theta transform. The image space of the pre-theta transform

Fo(R*) ={f: f=Wg"(f), f € Ly(T*)} (6.49)

consists of null solutions of £*¥*Y The prefix “pre-” is removed when the operator
LAXHY s translated into the analyticity condition d; by a unitary peeling operator
(see Subsection 6.5.1).

The general properties of the covariant transform Weg" yield corresponding proper-

ties of the pre-theta transform.

Corollary 6.15. The pre-theta transform Wg" : Lo(T?) — L,(R?) given by

— T (2 4 Diguw) — T2 (22 —2u(z+ik
(We (H))(z,y) = Tzf(u,v)e 2 (424 Diuo) — E2 (a% —2u(a-+iny))

. (6.50)

X O ( %(FL(’U —y) +i(u— :C),i) du dv

is a unitary intertwining operator between the lattice representation p,, on L,(T?) and

the left quasi-regular representation Ap on Fo(R?).

6.3 Contravariant Transform on I[-I[}?

The goal of the present section is to introduce the contravariant transform M, with
some basic properties [29]. Examples of My, are also given in Subsections 6.3.1, 6.3.2
and 6.3.3. In Section 6.2, we study the covariant transform W, (6.70), which is a map
from a Hilbert space H to a space W (X) of functions on a homogeneous space X. The
contravariant transform My, is the adjoint of W, and sends a function f on L,(X) to

a vector on K.
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Definition 6.16. [29] Let p be a representation of the Heisenberg group ]HIII, on a Hilbert
space H and H be a closed subgroup of ]HIIl,. Let X = ]HI;, /H be a homogeneous space,
which will be a subset of Euclidean space with the Lebesgue measure. The contravariant

transform My, for a reconstruction vector ¢ € H is a map MZ : Ly (X) — H given by

— /Xﬂ(:c) Y, du(z) (6.51)
= /Xl?(:p) p(s(z)) du(zr) 9,

where ¢, = p(s(x))t and s is a continuous section from X = HJ/H to H, (see Section
3.1.1).

Let p be a strongly continuous unitary irreducible representation of H; on a Hilbert
space H. For non-orthogonal fiducial and reconstruction vectors, the contravariant

transform My, and the covariant transform Wy (6.3) are adjoints

My v, u), = (0, Wy u>L2(R2) ) (6.52)

where u € H (see [4, Ch.8,88.1]). To see this, we note that the contravariant transform
My intertwines the left regular representation A (5.1) on H}, and p on H [29]:
My 0 A(g) = p(g) o My. (6.53)
Combining with Wy 0 p(g) = A(g) oW, (6.4), we see that the composition M, o W,, of
the covariant and contravariant transform intertwines p with itself. That is,
(My; 0 Ws) 0 p(g) = pl(g) o (My 0 Wy). (6.54)
Therefore, Schur’s lemma 3.11 implies that
M¢ OW¢ = C[, (655)
for some constant ¢ € C. Alternatively, the sesqui-unitary property (6.13) implies that
My oW, = (¢, ¢) I. Indeed, if f,g € H, we have
<M1ZJ © W¢f7 g> = <W¢f7 W¢g>
= (f,9) (¢, ¥) (6.56)

= (¢, ) f,9)-
Therefore, for non-orthogonal vectors 1 and ¢, we obtain (¢,¢) = ¢ # 0. Thus,
My o Wy is a scalar multiple of the identity operator I. Thus, ¢~ M, is the inverse
operator of Wy.
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6.3.1 The Inverse of the (Pre-) FSB Transform

Let [p, (s, z,y) f](t) = e*™s~W) f(¢ — x) be the Schrédinger representation (5.17). The
contravariant transform MZf : Ly(R?*) — L,(R) associated with a vector v € L,(R)

provides the reconstruction formula [33]:
M £ [ ) m(009) v dedy. (6.57)
R2

In particular, if the reconstruction vector is the vacuum . (t) = 246~ of the

Schrodinger representation, we obtain that

M f |—>21/4/ Fla,y) e 2ty o= 2= qg dy
o (6.58)

=2t [ flayy) o W) dr dy.
R2

This is known as the inverse of the pre-F'SB transform [35, §4.2].

6.3.2 The Inverse of the Zak Transform

In Subsection 6.2.2, we derived the co-Zak transform Z : L,(R) — Lo(T?) (6.38)
through the induced covariant transform WZZ . Now, we calculate its inverse using the
contravariant transform. To begin, we provide the standard definition of the inverse of

the Zak transform.

Definition 6.17. [35, §8.1] Let L,(T?) be a space of square integrable functions §(z, v)
that are quasi-periodic in x and periodic in v. Let g = Z f be the Zak transform of
f € 8(R) C Ly(R). The function f can be reconstructed using the following formula:

271 Ly(T?) = Ly(R)

5 ; 6.59
{Zilg](l') — /Eg(x7v)62ﬁ1mnv d’l}, n e Z, m e N ( )

The operator 21 is called the inverse of the Zak transform.

Let [p,(s,z,y)f](t) = >~ f(t — 2) be the Schrédinger representation and
xn = €™ be the character of the subgroup H, = {(s,0,y) : s,y € R} (4.27). We

look for the contravariant transform Mz’o : Ly(T?) — L,(R). To calculate it, we need
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to find a reconstruction vector v satisfying the condition in (6.15), that is, for all
he H.,={(s,0,y): s,y € R}, we want

2=t (1) = e2mihs (1), (6.60)

Thus, the left-hand side of (6.60) is equal to the right-hand side if and only if g is
supported at {0}. Further analysis shows that the reconstruction vector vy satisfying
the condition (6.60) is the Dirac delta distribution §(¢) [11]. As discussed in Remark
6.12, we manipulate heuristically using the distribution 6(¢) as a regular function.

Let & = (u,v) € X = T* = H}/H,, where Hy is the non-commutative subgroup
(4.32). Consider the section map s : T? — H, : (u,v) — (0,4, v) defined in (4.35). For
g € Ly(T?) and h = m, we have that

M;’z :gr—>/T/Tg(u,v) pi(s(Z)) Yo (t) dudv

1 1

— [ 9w 50.00) oty du o
o Jo
1 1

:/ / g(u,v) e ™™ §(t — ) dudv (6.61)
0o Jo
1

:/ g(t,v) e—27rimtv d’U
0

- /Olg(t,v) dv.

Since g(t,v) is contained in the space L,(T?) of square integrable functions that are
periodic in ¢ and quasi-periodic in v, by our Lemma 6.10, multiplying g(t, v) by e 2™
produces a function that has the same double quasi-periodicity property of g(t,v) but
in the opposite way. In other words, §(t,v) = g(t,v)-e~?™™ ¢ L,(T?) is quasi-periodic
in ¢ and periodic in v and square integrable. Moreover, since t € R ~ [0, 1] x Z, then

= x + n, for some x € [0,1] and n € Z. Therefore, for t = x + n, (6.61) becomes

/0 g(z+n,v) dv :/0 Gl v) =2y
~ MAg)(0) = DA (o).

(6.62)

Thus, M;’; is the inverse of the induced covariant transform W';’; (6.38) from Ly (T?)
into Ly(R).
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Corollary 6.18. Let g(z,v) = g(z,v) - e 2™ such that g € Ly(T?). The contravari-
ant transform (6.62),

1
[Mif8<e2mm:1:v g)}(l‘) :/0 g(.ﬁlﬁ',?}) ememm) dov

= [2719)(x),

(6.63)

is the inverse of the Zak transform. For g € L,(T?), one can write the inverse of the

co-Zak transform Z 1g = 7-1 e 2mimuv g

6.3.3 The Inverse of the (Pre-) Theta Transform

In Subsection 6.2.3, we found the pre-theta transform from L,(T?) into L,(R?). Now,

we calculate the inverse of the pre-theta transform
MG Ly(R?) — Ly(T?), (6.64)

where [p,, (s, z,y) f](u,v) = 2™mE+20=v) £(y — 2 v — y) is the lattice representation.

Let s : R? = H : (z,) — (0,,y) (4.25) be the continuous section. For i = m and
[ € Ly(R?), the contravariant transform M@m associated with a reconstruction vector
Y € Ly(T?) from Definition 6.16 is

MO f e /R F(2,9) pal0, ) drdy (u,v). (6.65)

In particular, if we set the reconstruction vector ¢ by the lattice representation’s vac-
uum (5.47)
Tm H h
By (11, 0) = € TEIQ, L (4 [ o (v o+ ), ), (6.66)
K

the integral transformation Mzm (6.65) after simplification becomes

— M 0,2 _ikuv — I (2 —2u(z—ik
My (f) = e | fla,y) o5 (el
T

X O < %(m(v —y) +i(u— x),i) dz dy.
(6.67)

Thus, we obtain the inverse operator of Wg" (6.48). We call the transformation Mg"

(6.67) the inverse of the pre-theta transform.
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6.4 Decomposing Representations of ]I-]Izlj into Irre-

ducible Components

It is very common in mathematics to split complex structures into simpler pieces. Thus,
the aim of this section is to separate a strongly continuous unitary reducible representa-
tion of the Heisenberg group ]HITl) into irreducible components. For decomposing general
representations of a Lie group G, readers can look at [24, § 8; 25, App.IV,§2.5].
Consider G' = ]HI;. In Section 6.1, we defined the covariant transform W, (6.3)
by fixing the second variable of the matrix coefficient as a fiducial vector ¢. If we fix
the first vector in the matrix coefficient (6.2) rather than the second one, we call this

operator the co-covariant transform W¢.

Definition 6.19. [29] Let p be a representation of the Heisenberg group H}, on a
Hilbert space H. Let ¢ be a fiducial vector in H. The co-covariant transform \7\7¢ is

given by

W, : H — L(HD)

= Aolg)f, o) (6.68)
= (¢,p(9)f)-

If p is unitary, then we have

W, : 3 — L(H))
f=Af,p(g7")8) (6.69)
= (¢, 0(9)f)-

Let H be a closed subgroup of H}D and X = H;,/H be the respective homogeneous
space, which will be a subset of Euclidean space with the Lebesgue measure. Similarly
to the covariant transform W,, we define \7\7¢ for X =H}/H by

W, H — W(X)
[ (fp(s(@)~)o) (6.70)
= (&, p(s(2))f) = ¢5(x), z€X =Hy/H,

where s is any continuous section from X to H} and W (X) is the space of functions

on the homogeneous space X.
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Since the Schrodinger (5.17) and the lattice (5.23) representations are already irre-
ducible, we only need to decompose the left quasi-regular representation A; (5.14) as

shown in Subsection 6.4.1.

6.4.1 Decomposing the Left Quasi-Regular Representation

In this subsection, we decompose the left quasi-regular representation A; (5.14) into
irreducible components on L,(R?). To begin, we provide the following result, which is

an immediate consequence of Proposition 6.3.

Corollary 6.20. Let G = ]HIII, be the Heisenberg group and

[on(s, 2, y) fI(t) = M=) f(t — ) (6.71)

be the Schrodinger representation. Consider the vacuum ¢p, € Ly(R) of py, as a fiducial

vector of the co-covariant transform W;ZH. Then, the image space

{05 =We, (f) : [ € Ly(R)} (6.72)

of the co-covariant transform W;’;K : Ly(R) - Ly(R?) is a linear subspace of L,(R?)
consisting of all vacuum vectors of the form ¢ of the left quasi-regular representation

Ay (5.14).

Proof. By Proposition 6.4, the co-covariant transform W¢M is a linear map from L, (R)

to Ly(R?). According to Proposition 6.2, we have
An(9) © Won = Wy, gyan.: 9 € Hj, (6.73)

To show that gi~>f is a vacuum for each function f € L,(R), we need to verify that
¢y is annihilated by ay, = dAFXY (5.33). By (6.73), we have that

AAGETY 0 Wy, = Weexivy, (6.74)
Hence,
AAT™ (Dne, pr(s(2))f) = {Dne doy ™ py(s(2)) f)
= (dpi™ dnw, pu(s(x)) f)
and

AA (G, pn(s(2)) ) = (Dnw dply py(s(2)) f)
= (dp" B, pu(s(2)) f)-
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Since ¢y, is the Schrodinger representation’s vacuum obtained in Subsection 5.4.2, it

. s - KX 1Y
is annihilated by a o= dpy . Then,

dATS (o, pi(s(2)) f) = (dop™ ™ due, pu(s(2)).f) = 0, (6.75)

ie., axhgz;f = 0. Therefore, for all f € Ly(R), the image space of the co-covariant

transform is a space of all vacuums <;~5 ¢ of Aj. O]

We now turn to decomposing the space L,(R?) into a direct sum of invariant ir-
reducible subspaces L,(R?) = @®,enH,, under the left quasi-regular representation Aj.
Consider the vacuum @ (2, 2) = eiz 27222+ of A, obtained in (5.39), which is
the unique vector (up to normalisation) in L,(R?) annihilating by both operators aj,
(5.33) and L£5XHY (5.38). Set ¢oo := o, then all vectors ¢g; = (af, )’ doo are vacuum

due to the commutation of the left and right actions:

ay, don = ay, (af )" ¢oo

(6.76)
= (ag,)" ay,do0 = 0.

For each vacuum ¢y, the collection of vectors ¢;; = (aXh)iqboj form an orthonormal basis
of an irreducible component of the left quasi-regular representation with the respective
ladder structure (cf. (5.31))

aXﬁ¢ij =Vvi+l ¢’i+1,j7 athbz’j = \/; (ﬁ@;l’j. (677)

This is complemented by the respective action of the right derived representation

ap, Gi; = I+ 1 Gije, ag, Gij = Vi i (6.78)

Two actions—the left and the right—jointly create the two-dimensional lattice struc-
ture shown in Fig. 6.1. The collection of all vectors ¢;; is an orthonormal basis of
L,(R?) [44]. In greater detail, the first row represents an orthonormal basis of the im-
age space of the co-covariant transform vacuums {¢; = Wy, (f) : f € Ly(R)} (6.72).
This implies that the operator a, annihilates the whole space generated by the first
horizontal ladder in Figure 6.1.

Due to the commutativity of the left and right actions, the first column is an

orthonormal basis of the covariant transform image Wy, (f) (the pre-FSB component
Hy:=F,, ={f:f=W,, (f), f € Ly(R)} (6.22)) annihilated by

LHX—HYQZﬁjo = 0, V, ¢j0 - fv{o7 j € N. (679)



Chapter 6. Covariant Transform and Analyticity 76

0 0 0 0
G/Aﬁ QAh aAﬁ QAh
+ + + +
O (ZRh aRh (th aRh
— Poo do1 bo2 ®o3
L L L~ L L
- + - + - + - +
aAh aAh aAh aAh aAh aAh aAh aAh
+ + + +
aRh CLRh (th CLRh
0 — P10 o1 ®12 ?13
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Figure 6.1: Decomposing the left quasi-regular representation

Since the Wy, (f) is a unitary operator between the invariant irreducible space L,(R)
and the image space Hy, the component H is invariant and irreducible with respect to
Ay, (see Corollary 6.7). The other vertical ladders also generate corresponding invariant
irreducible components H,, (n € N). This is because for each n € N, there is a
covariant transform ngﬂ : H, — Ly(R) such that its fiducial vector is taken to be the
vacuum ¢g, of Aj,. Then, Wf;gn( f) intertwines the left quasi-regular representation Ay
restricted on H,, (n € N) and the Schrodinger representation p, on Ly(R), which is
already invariant and irreducible.
Now, we decompose the space L,(R?) into a direct sum of the invariant irreducible
subspaces
Ly(R?) = @32 Hy, (6.80)

where each H,, is generated by the n-th unique vertical ladder, i.e.,

Hn = Span{¢0na ¢1n7 e } (681)

Each component H,,, for n = 0,1, - -, possesses the following properties for all 7 € N:

(LX) Mg, =0, Vm>n  and (L) g 0. (6.82)
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If n =0, we have the pre-FSB space Hy. If n > 0, the components H,, are called the
n-th true pre-poly-analytic subspace [44]. Fig. 6.1 visualises a decomposition of L,(R?)
into irreducible subspaces of the left quasi-regular representation. The described de-
composition is not unique, but it is distinguished among infinitely many others through

its connections to the poly-analytic functions.

6.5 Peeling Representations of Hzl, and Analyticity

Since the annihilation operator provides a useful characterisation of an irreducible com-
ponent of a representation p we are interested in expressing it in the most transparent
form. The peeling of the representation p is useful because it simplifies the correspond-
ing annihilation operator to be a linear combination of derivatives only. Therefore, it
also simplifies the structure of the eigenvectors ¢,, (5.30) forming an orthonormal basis
of the initial irreducible space H. Sometimes, say for the pre-FSB representation, we
are able to peel an irreducible representation to a space of analytic functions. In this
situation, one can use all complex analysis theorems to study the induced representa-

tions of HL.
Definition 6.21. [33] Let G be a group and p be a representation on a space L, (X, du(z))
of square integrable functions on some set X with an appropriated measure du(z). A
peeling ¢4 is an invertible operator of multiplication defined by a function d(z) on X:
ca: f(x) = @ f(z). (6.83)
The operator ¢4 is unitary for suitably related measures:
gq: Ly(X,du(x)) = Ly(X, dr(x)) (6.84)

such that dv(x) = e~ %@ dy(z).

In this thesis, all considered peelings use smooth d(z) on a domain X in a Euclidean
space. We will discuss the choice of d(z) for the pre-FSB, Schriodinger and lattice

representations in Subsections 6.5.1, 6.5.2 and 6.5.3, respectively.
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6.5.1 Peeling the (Pre-) FSB Representation

Let Ay be the pre-FSB representation (5.14), which acts irreducibly on the pre-FSB
space Fy, (6.22). Consider the variables z,z € C, where z = \/g(x + iky) and
h = 2mh > 0. In this subsection, we peel the representation Ay into the corresponding
one A, that acts on the FSB space of analytic functions. Moreover, we want to simul-
taneously simplify two ‘orthogonal’ sets of ladder operators from Fig. 6.1. To perform

this, we look for a peeling operator satisfying the following conditions:
i. The peeling defined by e%*?) shall intertwine the right annihilation operator
LrXHY = 21hx + (KO, +10,) and the Cauchy-Riemann operators 0; = k0, +10,:
0z 12 f(2, 7) = A LRXHY £ 7)., (6.85)

A simple differential equation for (6.85) implies that d(z, z) = 1(z) +

where 9 is an arbitrary smooth function of z alone.

W=

ii. The same peeling shall intertwine the left annihilation operator a,, = 27ifiky —
(k0 — i0,) with (a multiple of) the complex derivative 0, = (k0, — i9,). This

fixes QZJ(Z) = —%22 — ¢ and the peeling operator becomes

= ho(20 .22 o _
eg- [ = e¥®?) . [ = gac(@+riy*=2kzy)—c 1

— o e g (6.86)
— e%(227z2+222)7c T

The consequence of the above conditions is that the peeling maps the vacuum ¢qg, which
is killed by both the left and right annihilation operators to the function identically
equal to ¢y € C, ¢y # 0, which is killed by both 9, and 0;. To find the corresponding
representation on the space FJ of analytic functions after peeling, we consider its

composition with the covariant transform:

1/2
F(l‘,y) = (E) ez&(&t?—&—n?y?_%nmy)—c/ f(t) e27rihty e—%ﬁ(t—x)Q dt
w R
1/2
= (E) /f(t) o 2 T t(atiny) o~ BE (a? —kPyP 4 2ikey) g4 (6.87)
K R

ﬁ 1/2 h 42 2h 1.2
) (‘) [ syt e 4 ),
Kk R
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where F' is an analytic function. Indeed, the function F(z) = e¥*2) f(2) (6.87) satisfies

the Cauchy-Riemann equation
0:F(2) = (k0 +10,)F(x,y) = 0.

The integral (6.87) is known as the FSB transform. The image FJ of the FSB trans-

forms is called the FSB space. It is a closed subspace of
Ly(R?, e~ 2@ +m°0)+2¢ Q. 4y) = L,(C, e 17" t%d2 d7), (6.88)

and often only values & = 1, kK = 1 and ¢ = 0 are used [44]. Now, we calculate the

corresponding representation Ay:

Ny (g)e MNP () = e 2N (5 2)em 52T pry)

his—1(22-22)— 1 (22—22+222)+ 22/ F(

—e 2 —z)

(5202 gem s s (6.89)
— ehls—l-z(z —22—22%)+ 2z F(Z/ . Z)
=: [As(s, 2)F1("),
for any analytic function F' and g € ]HI}?. The action
[An(s, 2)F(2') = eMsta(F=="-2047 por _ o (6.90)

is called the FSB representation. It agrees with the previously imposed annihilation

operator:

a; = dAXTY = \/2hk 0, (6.91)

Ap,
which annihilates the vacuum qgfm(z) = ¢o € C. Furthermore, the intertwining property

implies:

Corollary 6.22. The action A, = £4 0 Ay(g) 0 g% (6.90) is a unitary irreducible
representation of ]HI; in the FSB space FY}. Two such actions, Ay and Ay, are not
equivalent for h # K.

Similar to the pre-FSB transform, we calculate the composition of the pre-theta
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transform f (6.48) and the pecling ex@*++*v*~2ikzv)—c (6 86, h = 21m, as follows:
F(a,y) = et 2 e (g y)

—rn (w?42ikuv)— o (22 —k2y? +2ikzy)+ 2’:" u(z+iky)—c

X O (\/g(/i(v —y) +i(u —z), i) dudv

/ f(U, U) ef%(u2+2inuv)f%,22+2 Tluz—c émﬁ(—l(,g, . 2)’ 1) du dv
T2

(2),

= (u,v) e
T2

I
gl

(6.92)

where z = (/4-(x + iky) € C. It was considered in Subsection 5.4.3 that the theta
function ©,,.(w,1) is analytic in w = {/2-(ky + iz) = iz. Thus, ®(2) = O,,,(iz,1) is
analytic in z. Therefore, the function F(z) = %= f(z, z) (6.92) satisfies the Cauchy-

Riemann equation

0.F(2) = (K0, +10,) F(z,y) = 0. (6.93)

We call F (x,y) the theta transform. Note that in both cases of peeling the pre-FSB
and pre-theta spaces, we obtained the well-known space of analytic functions, which
can be found in many references, such as [8,19,35]. Similar to the decomposition of
the left quasi-regular representation on L,(R?), we decompose FSB representation into

irreducible components
Ly(C, e R@nn(=2) 0, d7) = @2 " (C),

where F;""(C) are the corresponding invariant irreducible subspaces having the follow-
ing property:
Epte omf =0, Ym>n, O7Uf £0. (6.94)

The spaces Fy' ’ﬁ((C) are called the n-th true poly-analytic space [44]. In particular, if

n = 0, we deliver to the FSB space of analytic functions.

6.5.2 Peeling the Schrodinger Representation

In this subsection, we peel the Schrédinger representation p, (5.17) so that the corre-

sponding annihilation operator in the corresponding space will be only the derivative
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0;. As in the case of peeling the pre-FSB representation, it is a matter of simplifying
the eigenfunction (vacuum) of the initial component.
Let ¢ € C be a non-zero arbitrary constant. In Subsection 5.4.2, we obtained
mh 2

the vacuum ¢y, () = ce”»" € Ly(R) of the annihilation operator a, = dpf X~ =
—2mht — kO, (5.41). We choose a peeling operator ¢, defined by d(t) such that

€d * Ong ed(t)@m

I 6.95
ce wt iy ¢ =c. ( )
Thus,

ea- I =e%? ] (6.96)

Then, ¢4 transforms the Hermite functions Hn(t)e_%hf2 from the initial representation

space of p,, to the corresponding Hermite polynomials H,(t), where the equivalent

d(t) dt) acts. The operator g4 is unitary:

representation e®") o p, oe”

ca: Ly(R,dt) — Ly(R,e 2% d). (6.97)

The system of chains in Figure 6.2 represents the peeling transformation. The cor-

Ho(t)e ™ —2— Hy(t)
a” ||at a||at
Hy(t)e = Hy(t)
a”||at a||at
_mhy2
H2 (t)e K H2 (t)
a” ||at a ||at
Hy(t)e W Hy(t)
a”||at a||at

Figure 6.2: Transforming Hermite functions to Hermite polynomials

responding representation py acting on F' € L, (R, e_2%t2dt) is calculated as follows:
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€90 6 (5. 2.1) 0 D F| (1) = 022Nt~ Py _ )

. _whe2 .
_ e27r1ﬁse —~(z 2mt+2myt)F(t . LU)

(6.98)

_ e27rih,se—%h(zQ—%(m—iny))F(t . ZL‘)
=t [pn(s, z,y) F|(t).
Consequently, the corresponding derived representations of the Lie algebra b, are
dpy = 2nht — 0,, dp) = —2riht (6.99)
and the annihilation operator a; is

ay =dpp¥™" = =0, (6.100)

which annihilates the vacuum ¢(t) = c.

6.5.3 Peeling the Lattice Representation

The purpose of peeling the lattice representation p,, is similar to that of peeling the

Schrodinger representation p,. That means we will simplify the initial vacuum (5.47)

- | h
D(w, @) = ces@ @20 g (, 1) W= 5, (v +iu) € C, (6.101)
K

of p,, calculated in Subsection 5.4.3, for any non-zero ¢ € C. We choose a peeling

operator €4 defined by d(w, @) such that

cq: P(w,@) = @D (w, )

(6.102)
= ¢ Opp(w, ).
Thus,
gq- 1 =el@@ . T
e s o (6.103)
— efZ(Bw —w?—2ww) I
Then, 4 is a unitary operator:
4 Ly(T?, dw dw) — Ly(T? e 2@y, dw) (6100
— Ly(T?, e %" dudv) =: H '
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Furthermore, for all F € H, the corresponding irreducible lattice representation p,

acting on His

[ed(w’,w’)pm(87 w)e_d(w/’@/)ﬂ (w/’ d/) _ eQﬂmis e%(w—w)z—l—w(uj’—w’)F(w/ —w, w — (I))

_ (6.105)
= [ ) FI!, ).
Therefore, the corresponding annihilation operator is simply
a; =dps ™ =iV2hk 05, (6.106)

which annihilates the theta function ® =: ¢ O, (w, 1).
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Chapter 7

Epilogue

7.1 Conclusion and Further Work

Taylor coefficients can be viewed as one of the fundamental examples of the covariant
transform [26, 29] of analytic functions. Many classical results of harmonic analysis
describe how the properties of functions are “transported” by the covariant transform
[28,30]. The results presented in Chapter 2 show a certain stability in this transporta-
tion: a small variation in the Taylor coefficients preserves certain properties of the
function under consideration.

Our work in the remaining chapters provides a detailed construction of equivalent
representations of the (polarised) Heisenberg group Hzl). This is summarised in Ta-
ble 7.1. Furthermore, we have also found the corresponding vacuums and irreducible
components. Using the covariant transform in a systematic way is a new approach to

produce:

i. the Zak transform and its inverse;
ii. the theta function as a vacuum of the Zak transform; and

iii. the pre-theta transform and its inverse.

Furthermore, we used the peeling operator to obtain the FSB space of analytic func-
tions. In Figure 1.1, we have shown how our work on the intertwining operators relates
these representations of Heisenberg group H}).

The main objective of the subsequent research will be a proper extension of the

covariant transform for distributions. This shall be done to cover all aspects of the
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Zak transform and its inverse. Furthermore, our research will make a closer connection
between singularities of a complex analytic function f and the representations theory
of the Schrodinger group G = Hzl, X SLy(R). We shall pay close attention to the theta
function ©, which has the real line as a natural boundary. Some recent research about

the natural boundaries for power series can be found in [10].
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Fourier-Wigner transform W(f, ¢), 57
matrix coefficient W(u, v), 55

vacuum vector (fiducial vector), 57

creation operator a*, 48
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creation operator a™t, 48

decomposable representation, 26
Dirac delta, 64, 71

discrete subgroup H}j, 36
double quasi-periodic, 39

eigenvalues, 49
eigenvectors, 49

exponential map, 23

Fock—Segal-Bargmann
representation, 79
form
symplectic, 29
FSB representation Ay, 79
FSB space F7, 79
FSB transform, 79

Gaussian, 61

group
automorphism, 31
Heisenberg, 29-30
LQ(H;, dg), 41
centre, 31
Fock—Segal-Bargmann representation,
79
induced representation, 42
invariant measure, 41
Lie algebra, see Weyl algebra
polarised, 30
Heisenberg—Weyl, 29
homomorphism, 31
isomorphism, 30
Schrodinger, 37
symplectic, 31
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unimodular, 41

Weyl, see Heisenberg group, 29

group representation, 24

Heisenberg
group, 29-30
centre, 31

Fock—Segal-Bargmann representation,
79

induced representation, 42

invariant measure, 41

polarised, 22, 30
Heisenberg—Weyl

group, see Heisenberg group, 29

Hermite functions, 49
Hermite polynomials, 81

homogeneous space, 20

induced
representation
Heisenberg group,of, 42
induced covariant transform, 59
induced representation, 43
induced representation
Schrodinger representation
irreducible, 45
induced Representations
LQ(H;) JH), 42
induced representations
Ly (]1-]111)), 42
pre-Fock-Segal-Bargamann (FSB), 44
infinite-dimensional representation, 25
intertwining operator, 25, 57
invariant

measure
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Heisenberg group, 41
invariant subspace, 26
invariant vector fields, 24
inverse of the pre-theta transform Mg", 72
inverse of the pre-FSB transform, 70
irreducible representation, 26

isomorphism, 31
Jacobi theta function O(z, 1), 38

ladder operator
commutation relation, 48
ladder operators
adjoint, 49
ladder operators
creation and annihilation operators
ladder operator a*, 48
number operator
N, 49
lattice I', 35
lattice annihilation operator a, , 52
lattice Representation
Planck constant, 52
lattice representation
irreducible, 47
positive Planck constant, 46
vacuum, 53
lattice representation
Ly (]I-]I}D), 46
lattice representation p,,, 47
left G-action, 20
left, H-shifts, 42
left quasi-regular
decomposing, 75
Planck constant, 50
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left quasi-regular annihilation operator ay ,
50
left quasi-regular representation
irreducible, 60
reducible, 45
left quasi-regular representation Ay, 44
left regular representation, 41
left regular representation A, 41
Lie
algebra
Heisenberg group, see Weyl algebra
Lie group, 21
lifting, 42
linear representations of groups, 24

locally compact, 21

matrix coefficient
co-covariant transform, 73
matrix coefficient
sesqui-unitary, 58
matrix commutator, 23
matrix Lie algebras, 23
matrix Lie group, 21
measure
invariant

Heisenberg group, 41

natural projection map p, 21

non-commutative discontinuous subgroup
H,, 36

non-commutative discontinuous subgroup
H., 36

non-commutative discontinuous subgroup
Hy, 36

non-commutative non-discrete subgroup
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integer part [z], 36
non-commutative subgroup
fractional part {x}, 36
number operator, 49
number operator
annihilation operator
a, 49
creation operator
at, 49

one parameter subgroup, 24
operator

intertwining, 57

parallelogram lattice I", 35
peeling, 77
right ladder
left quasi-regular vacuum, 78
peeling operator €4, 77
peeling
FSB representation /NX;Z, 79
theta transform, 80
periodic, 39
Planck constant, 44
Planck constant A > 0, 45
polarised Schrodinger group, 38
pre-Fock—Segal-Bargmann spaces

decomposing

n-th poly-analytic subspaces, 80

pre-Fock—Segal-Bargmann transform

representation, 61
pre-FSB space Fy, , 61
pre-FSB space, 77
pre-theta transform, 68

pulling, 43
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quasi-periodic, 39

reconstruction vector, 69
reducible representation, 26
representation
Fock—Segal-Bargmann, 79
induced
Heisenberg group,of, 42
left regular, 41
pre-Fock—Segal-Bargmann transform,
61
representation space, 25
representations of the Lie algebra, 48
restriction of the representation, 26
right Hzl,—shifts, 43
right derived representations a®p,, 75
right ladder £rX+1Y 51

right regular representation Ry, 51

Schrodinger
group, 37
Schrodinger annihilation operator s 52
Schrodinger group
semi-direct product N x K, 37
Schrodinger representation pj,, 45
Schrodinger’s vacuum, 52
section map s, 21
self-adjoint, 49
sesqui-unitary, 58
skew-adjoint, 49
square integrability modulo the centre Z,
58
square lattice I, 35
Stone—von Neumann Theorem, 47

strongly continuous representation, 25
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subrepresentation, 26
symplectic

form, 29

group, 31

the group SLo(R), 22
the Gaussian, 50
the inverse of the co-Zak transform, 72
the inverse of the Zak transform Z~', 70
the polarised Heisenberg ]I-]Ill), 22
the pre-theta space
Fo(R?), 68
theta function, 1
theta vacuum, 53
torus, 36

transformation groups, 19

unimodular
group, 41

unitary representation, 25

vacuum, 49
vacuums
left quasi-regular

annihilation operator, 51

Weyl
algebra, 32
commutation relation, 32

group, see Heisenberg group, 29

Zak transform
L,(T?) , 62
Ly(T?), 62
lattice representation, 63

Schwartz space, 61

theta vacuum, 66
Zak transform iZ, 61
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