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Abstract

This thesis is concerned with a concept of geometrising time evolution of quantum
systems. This concept is inspired by the fact that the Legendre transform expresses
dynamics of a classical system through first-order Hamiltonian equations. We consider,
in this thesis, coherent state transforms with a similar effect in quantum mechanics:
they reduce certain quantum Hamiltonians to first-order partial differential operators.
Therefore, the respective dynamics can be explicitly solved through a flow of points in
extensions of the phase space. This, in particular, generalises the geometric dynamics
of a harmonic oscillator in the Fock-Segal-Bargmann (FSB) space. We describe all
Hamiltonians which are geometrised (in the above sense) by Gaussian and Airy beams

and exhibit explicit solutions for such systems
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Introduction

Hamilton equations describe classical dynamics through a flow on the phase space.
This geometrical picture inspires numerous works searching for a similar description
of quantum evolution starting from the symplectic structure [42]], a curved space-
time [13,135, 141,75, 186], the differential geometry [14,/16]] and the quantizer—dequantizer
formalism [15, 86]. A common objective of these works is a conceptual similarity
between fundamental geometric objects and their analytical counterparts, for instance,
the symplectic structure on the phase space and the derivations of operator algebras. A
promising direction that may lead to broader developments into classical-like descriptions

of quantum evolution suggests the use of coherent states.

The coherent states were introduced by Schrodinger in 1926 but were not in use until
much later [8} 29, [71} [74]. Further developments of the concept of coherent states have
manifested a remarkable depth and width [3}, 28, 154} 165, [80]].

The canonical coherent states of the harmonic oscillator have a variety of important
properties, for example, semi-classical dynamics, minimal uncertainty, parametrisation
by points of the phase space, resolution of the identity, covariance under a group action,

etc.

In this thesis, we discuss geometrisation of quantum evolution in the coherent states
representation by looking for a simple and effective method to express quantum evolution

through a flow of points of some set. More precisely, let the dynamics of a quantum
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system be defined by a Hamiltonian /1 and the respective Schrodinger equation
iho(t) = Ho(t). (0.0.1)

Geometrisation of (0.0.1)) suggested in [15] uses a collection {¢, }.cx of coherent states
parametrised by points of a set X. Then the solution ¢,(t) of (0.0.1)) for an initial value
¢:(0) = ¢, shall have the form

Ga(t) = Pa(t)s (0.0.2)

where ¢ : x — x(t) is a one-parameter group of transformations X — X. Recall that the

coherent state transform f (x) of a state f in a Hilbert space is defined by

e fz) = (f, 6u) . (0.0.3)

It 1s common that a coherent state transform is a unitary map onto a subspace [, of
L, (X, du) for a suitable measure dp on X. If {¢, }.cx geometrises a Hamiltonian H in

the above sense, then for an arbitrary solution f(t) = e /" £(0) of (0.0.1) we have:

ft,z) = (e7/f(0), ¢,)
= (f(0),e™/"¢,) = f(0,z(t)). (0.0.4)

Thus, if a family of coherent states geometrises a Hamiltonian H, then the dynamics
of any image f of the respective coherent state transform is given by a transformation
of variables. Motivation for such a concept is the following example of the canonical

coherent states of the harmonic oscillator [8}, 28, 29, 71, (74!, |80

Example 0.0.1 Consider the quantum harmonic oscillator of constant mass m and

constant frequency w:
1 mw?
H=_—pP*+ —

5 5 Q?, (0.0.5)

where

Qo(q) = qo(q),  Po(q) = —ih—a¢(q).
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For the pair of ladder operators

1 1
a” = (mw@ +1iP), at =

2hmw vV 2hmw

the above Hamiltonian becomes H = wh(ata™ + %I ). The canonical coherent states,

(mw@ —iP), (0.0.6)

¢, (where, z = q + ip) of the harmonic oscillator are produced by the action of the

“displacement” operator on the vacuum ¢y:
o Zn
- 1 2
¢, = orat—Za P = e 2 Z ﬁﬁbm (0.0.7)
n!
n=0

where ¢q is such that a~ ¢g = 0 and ¢, = ﬁ((ﬁ)”(bo. One can then use the spectral

decomposition of H (i.e. the relation H ¢, = hw(n + 1/2)¢,) to obtain evolution in the

canonical coherent states representation which takes the form

e—itH/h¢Z _ e—iwt/2¢z(t) (0.0.8)

where z(t) = e 'z is a one-parameter group of transformations. These rigid rotations

z e “'z of the phase space are the key ingredients of the dynamics of classical
harmonic oscillators. Therefore, for an arbitrary solution f(t) = e /7 f(0) of (0.0.1)

for the above harmonic oscillator Hamiltonian we have:

f(t,2) = (e[ (0), ) = (f(0),"o.)
= e W2 (f(0), baey) = e F(0, 07 2). (0.0.9)
Thus, the classical behaviour of the dynamics in ¢ is completely reflected in the dynamics

of its coherent state transform. Nevertheless, the image of such a transform gives rise to

the following Hilbert space (a model of the phase space):

Definition 0.0.2 ([3} 8, 25]) Let = = q+ip € C, the Fock-Segal-Bargemann (FSB) space
consists of all functions that are analytic on the whole complex plane C and square-

integrable with respect to the measure e~ ™ “de. Itis e uipped with the inner product
tegrable with tto th mhlz| q

(f,9)p = /c F(2)g(z) e ™ dz, (0.0.10)
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Notably, the ladder operators have the simpler expressions:
a” = 0., at = zI.

Then the harmonic oscillator Hamiltonian on FSB space has the form

H = hw(z0, + %]). (0.0.11)

The respective Schrodinger equation is, therefore, a first-order PDE. Hence, one can use,

for example, the method of characteristics and obtains the dynamics

F(t,z) = e 2 F(0,e “'2). (0.0.12)
This dynamics is exactly the same as (0.0.9). In other words, the geometric dynamics
inherited from that of the corresponding coherent states obeys the Schridinger
equation for the first order Hamiltonian H (0.0.11).

It was already noted in [[15] that even the archetypal canonical coherent states do not
geometrise the harmonic oscillator dynamics in the above strict sense due to the
presence of the overall phase factor in the solution (0.0.8). However, the factor is not a
minor nuisance but rather a fundamental element: it is responsible for a positive energy

of the ground state.

To accommodate such observation with geometrising, we propose the adjusted meaning

of geometrisation

Definition 0.0.3 A collection {¢,}.cx of coherent states parametrised by points of a
manifold X, geometrises quantum dynamics, if the time evolution of the coherent state

transform f is defined by a Schrodinger equation

Ldf -
ih=HF, (0.0.13)

where H is a first-order differential operator on X.
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In light of this definition we say that the above canonical coherent states geometrise the

Hamiltonian of the harmonic oscillator.

Group representations are a rich source of coherent states [3, 28, 65]. More precisely, let
X be the homogeneous space GG/ H for a group G and its closed subgroup H. Then for a
representation p of GG in a space V' and a fiducial vector ¢ € V' the collection of coherent

states is defined by (see Section [2.1))

be = p(s(1))o, (0.0.14)

where © € G/H and s : G/H — G is a section. In this setting, the canonical
coherent states of the harmonic oscillator are produced by G being the Heisenberg
group [25] 44, 146, 53], H—the centre of (G, p—the Schrodinger representation and
Omw(T) = e~™mwr’__the Gaussian. So, the above example can be easily adapted to

this language as will be seen explicitly in Chapter 3.

The main points of the thesis are outlined as follows.

e We offer a group-theoretic approach to the construction of the first-order differential
operator H from Definition A technical advantage of our method is that
it does not require the explicit spectral decomposition of H that is typically
used to solve the respective time-dependent Schrodinger equation. Instead, the
standard method of characteristics for first-order PDEs becomes an important tool
in our investigation. The analytic structure of FSB space is the key source of the
simplification of the harmonic oscillator Hamiltonian. Yet, the role of analyticity
property in obtaining such a Hamiltonian as a first order differential operator was
hidden. Example will be reconsidered in Chapter 3 within a group-theoretic
set-up. As a result of our method, it will be clearer the role of Cauchy—Riemann
operator in reducing the order of the harmonic oscillator Hamiltonian in the FSB
space, see the last paragraph after (3.1.20). This will resolve the sort of ambiguity in
having geometric dynamics for a second—order differential operator (0.0.3)!
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e We apply the method to the harmonic oscillator extending the above example from
the Heisenberg group to the minimal three-step nilpotent Lie group, denoted G.
The group G is being viewed as the minimal nilpotent extension of the Heisenberg
group H, see Section The main advantage is that we are allowed to use

. _ 2
Gaussian e ™"Ez

with arbitrary squeeze parameter F (E > 0) [28] 80, [70] as a
fiducial vector ¢ for a simultaneous geometrisation of all harmonic oscillators
with different values of mw. This is specifically discussed in details in Chapter 3 of

this thesis, see the end of Section|l.4{for a further explanation.

e The group G and its representations provide a wider opportunity of considering
various fiducial vectors. For example, we study the fiducial vector (4.1.2) which
is the Fourier transform of an Airy wave packet [11] that is useful in paraxial
optics [76, [77]. We provide a full classification of all Hamiltonians that can
be geometrised by Gaussian and Airy beams according to Definition For
such Hamiltonians we write explicit generic solutions through well-known integral

transformes.

The thesis is divided into four chapters. The first chapter presents the group G together
with its main unitary representations that are needed for our approach. Important
physical and geometrical aspects related to the group G structure are also highlighted.
Being the simplest three-step nilpotent Lie group, G is a natural test ground for various
constructions in representation theory [17, 44] and harmonic analysis [9, [37]. The group
G was called quartic group in [5, 38| [55] due to its relation to quartic anharmonic

oscillator.

The content of the second and the third chapters is based on our work [6]; in the second
chapter, we introduce the important notion of coherent states and the respective coherent
state transforms from group representation viewpoint. The result which is presented in
Corollary [2.1.15] provides a general and largely accessible way of describing properties

of the respective image space of such transforms. The fundamental example is the FSB



INTRODUCTION 7

space consisting of analytic functions. We revise this property from the perspective of
Corollary [2.1.15] in Example [2.1.16] and deduce the corresponding description of the
image space of coherent state transform of G in Section Besides the analyticity-
type condition, which relays on a suitable choice of the fiducial vector, we find an
additional condition, referred to as structural condition, which is completely determined
by a Casimir operator of G and holds for any coherent state transform. Notably, the
structural condition coincides with the Schrodinger equation of a free particle. Thereafter,
the image space of the coherent state transform of G is obtained from FSB space through

a solution of an initial value problem for a time evolution of a free particle.

The third chapter presents our main technique of reducing the order of a quantum
Hamiltonian applied to the harmonic oscillator from the Heisenberg group and the group
G. In the case of the Heisenberg group, Section[3.1] we confirm that the geometric
dynamics (3.1.20) is the only possibility for the fiducial vector ¢ with the matching
value of £ = mw. In contrast, Section[3.2] reveals the gain from the larger group G:
any minimal uncertainty state can be used as a fiducial vector for a geometrisation of
dynamics. We end this chapter with creation and annihilation operators in Section [3.2.2]
Their action in terms of the group G is still connected to Hermite polynomials (but with
respect to a complex variable). This can be compared with ladder operators related to

squeezed states in [4].

In the final chapter, we provide a complete classification of arbitrary Hamiltonians whose
dynamics can be geometrised in the sense of Definition We give one further
example beyond the harmonic oscillator and explicitly solve the respective Schrodinger

equation.



Chapter 1

Preliminaries

This chapter is intended to review some known results. We stress the relationship between
the group G and the Heisenberg group H. This relationship suggests a further important
relationship between the group G and the Schrodinger group S which we explicitly
illustrate in Proposition The connection between the group G and S reveals
significant geometric and physical phenomena that will also be confirmed from another

standpoint in Chapter 3.

Due to its link to the Schrodinger group via shear transformation, what will be seen soon,

we may call the group G the shear group.

1.1 The Heisenberg group and the shear group G

The Heisenberg-Weyl algebra, denoted 0, is the two-step nilpotent Lie algebra spanned

by elements { X, Y, S} with commutation relations:
(X, Y]=S, [X,S]=][Y,S]=0. (1.1.1)

Here and in the rest of the thesis the commutator is given by [A, B] = AB — BA.
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It can be realised by the matrices:

010 000 00 1
X=10001]; Y=l0011]; S=[000
00 0 000 000

In particular, the element S generates the centre of f.

The corresponding group is the Heisenberg group , denoted H [235} 44, 49, 169]]. In the
polarised coordinates (z,y, s) on H ~ R? the group law is [23] § 1.2]:

(x,y,8)(@,y,s)=(x+ 2",y +v,s+ 5 +xy). (1.1.2)

Let g be the three-step nilpotent Lie algebra whose basic elements are { X7, Xo, X3, X4}

with the following non-vanishing commutators [[17, Ex. 1.3.10] [44, § 3.3]:
[X1, Xo] = X, (X1, X5] = Xy (1.1.3)

In matrix realisation the Lie algebra g has the following non-zero basic elements,

01 00 0O 00O

0010 0 00O
Xl_ ) XQ_ ;

0 00O 0 001

0 00O 0 00O

0 00O 0 0 01

0 0 01 0 00O
X3_ ) X4_

0 00O 0 00O

0 00O 0 00O

Clearly, the basic element corresponding to the centre of such a Lie algebra is X4. The

elements X5, X3 and X, span the above mentioned Heisenberg—Weyl algebra.

Exponentiating the above basic elements in the manner (z7,x9,23,24) =

exp(r4X4) exp(x3X3) exp(zaXs) exp(z1X1) (where z; € R and known as canonical
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coordinates [44] § 3.3]) leads to a matrix description of the corresponding Lie group,

denoted G, being three-step nilpotent Lie group whose elements are of the form

2
X
I x5 oy

0 1 1 I3
('Ila T2, T3, $4) =
0 O 1 )
0 0 0 1
The respective group law is
(w1, 22, T3, 24) (Y1, Y2, Y3, Ya) = (1 + Y1, T2 + Y2, T3 + Y3 + D192, (1.1.4)

Ty + Ys+ 21y3 + %ﬁ?ﬂ)

The identity element is (0,0,0,0) and the inverse of an element (zy,x2,x3,x4) is
(—x1, =9, X109 — X3, T1T3 — %x%xg — x4). Itis clear that the group G is not commutative

and its centre (the set whose elements commute with all elements of the group) is
Z ={(0,0,0,24) € G : x4 € R}. (1.1.5)

This is a one-dimensional subgroup. Another abelian subgroup which has the maximal
dimensionality is

H1 = {(O,$2,I3,LL’4) eG: X S R} (116)

This subgroup is of a particular importance because its irreducible representation (which
is a character, see Remark [I.1.T|below) induces an irreducible representation of the group

G as will be seen in the next section.

Remark 1.1.1 Throughout this thesis, a character x of an abelian subgroup H is a map
X : H — C, such that x(h1h2) = x(h1)x(h2) and for a unitary character we also have
Ix(h)| = 1 and x(h) = x(h™'), where h, hy, hy € H.
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A comparison of group laws (I.1.2)) and (1.1.4) shows that the Heisenberg group H is

isomorphic to the subgroup

H = {(21,0,23,24) € G: z; € R} by (z,y,s) = (2,0,y,s), (z,y,s) € H. (1.1.7)

In most cases we will identify H and H through the above map. All formulae for the
Heisenberg group needed in this thesis will be obtained from this identification. That is,

in any formula of G by setting x5 = 0 we get the group H counterpart.

1.2 Induced representations of the shear group G

The unitary representations of the group G can be constructed using inducing procedure
(in the sense of Mackey) and Kirillov orbit method, a detailed consideration of this topic
is worked out in [44] §3.3.2]. Here, we construct the needed representations of G along

this induction method which is briefly outlined in Appendix

1. For H being the centre Z = {(0,0,0,z4) € G : x4 € R}, we have

p: ($1,ZU2,9337$4) — (ﬂﬁl,lfz,xg),
s: (w1, 79, 73) = (71,72, 73,0),

r: (xla T2,T3, ./L'4) = (07 07 07 fL’4) :
Then,

r((—xy, —xe, T179 — T3, 123 — %x%xg — xq)s(2), o, 24))
=(0,0,0, =4 + 125 — ;104 — sxia0 + SaiTs) .
Thus, for a character x(0, 0,0, z4) = >4 of the centre, formula gives the
following unitary representation of G on L,(R3):
2

~ i — 1 1
(Plar, v, w3, 20) (), 2, ) = QPrituleim ot arinateasi - geieh) (1.2.8)

/ / / /
X f(&) — @1,y — o, Ty — x5 — X7 + T1X9).
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This representation is reducible and we will discuss its irreducible components
below. A restriction of (I.2.8) to the Heisenberg group H is a variation of the

Fock—Segal-Bargmann representation.

2. For the maximal abelian subgroup Hy = {(0, x9,x3,24) € G : x9, 23,24 € R}, we

have
p: (xlax27x37x4) — Ty,
s:x > (2,0,0,0),
. 1.2
r: ([L’l, Zo, 1'37334) — (O,IEQ, T3 — T1To, Ty — T1X3 + 51’11132) .
Then,

r (=1, =2, w120 — 3, T123 — $2300 — 24)(2],0,0,0))

1
_ ’ / 2
= (0, —xo, 2\ @9 — 3, —T4 + T3] — 5 T2 ).

A generic character of the subgroup H; are parametrised by a triple of real constants

(hg, hs, hy) where hy can be identified with the Planck’s constant:
X(0, 22, 3, 14) = eilh2watharsthizs) (1.2.9)

The Kirillov orbit method shows [44, § 3.3.2] that all non-equivalent unitary
irreducible representations are induced by characters indexed by (hs, 0, A4). For

such a character the unitary representation of G on L,(R) is, cf. [44] § 3.3, (19)]:
[Phon, (X1, T2, 3, 24) f1(2]) = eQTri(hQ’”Jrﬁ‘*(364_”3””/1J“%“””?))f(:zs'1 —x1). (1.2.10)

This representation is indeed irreducible since its restriction to the Heisenberg
group H coincides with the irreducible Schrodinger representation [25) § 1.3][53]]

(for irreducibility of the Schrodinger representation see [25, Proposition 1.43]).
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1.2.1 Derived representations

Let p be a representation of a Lie group G, the derived representation denoted dp* and
generated by an element X of the corresponding Lie algebra g is a representation of g in

the space of linear operators of a vector space H and given by

d
dp¥ ¢ = &p(exth)qb , (1.2.11)
t=0

where the domain consists of functions ¢ € H such that the vector-function g — p(g)¢ is
infinitely-differentiable function for any ¢ € GG. Such functions are called smooth vectors
and constitute a vector subspace, denoted D>, of H which can be shown to be dense in
H. It is also easy to show that D> is invariant under p(g), for proofs of these properties,

see for example [44, Appendix V] [[/8, Ch. 5] and [17, Appendex A.1].

In our situation, H is either of Lo(R™)(n = 1,2, 3), in such a case the space D> coincides

with Schwartz space [26,167] S(R™) which is a dense subspace of Ly(R").
Now, for the basis elements X ; spanning the Lie algebra g of the group G (1.1.3)):
X; =(1,0,0,0), X,=(0,1,0,0), Xs3=(0,0,1,0), X,=(0,0,0,1)

we apply the formula (T.2.TT)) to the representation j;,, of G on L,(IR?) and we obtain:

dppt = —01 — 1205 + 2mifigxsl; dpp? = —0s; (1.2.12)
dpp, = —0s; dpie = 2min,l

here and throughout the thesis “/” denotes the identity operator. For the unitary

irreducible representation p,, ;. of G on L,(R) (1.2.10) we have:

d . .
d,off;m = —@; dpff;m = 2mihy + iThay?; (1.2.13)
dpps,, = —2mihyy; dpnty, = 2mifig I.

It is easy to check that the sets of operators (1.2.12)) and (1.2.13)) represent the Lie algebra

g (T.1.3) of the group G. Moreover, the domains of these operators are S(R?) and S(R),

respectively.
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Moreover, in this thesis physical dimensions will be considered, thus we adhere to the

following convention, see [40].

Convention 1.2.1 Only physical quantities of the same dimension can be added or
subtracted. Therefore, mathematical functions such as exp(u) = 1+ u + u?/2! + ...
can be naturally constructed out of a dimensionless number u only. Thus, Fourier dual
variables, say x and q, should posses reciprocal dimensions because they have to form
the expression ¢*1. We assign physical units to coordinates on the Heisenberg group H.
Precisely, let M be a unit of mass, L of length and Tof time. For an element (x,y, s)
of the Heisenberg group H, where x,y,s € R, we adopt the following. To x and v,
we assign physical units T /(LM ) and 1/ L, respectively. These units are reciprocal to
that of momentum p (measured in M L/T) and position q (measured in L) components
of (p,q, h). The latter are points parametrising the elements of the dual space h* to the

Heisenberg-Weyl algebra by of H.

Remark 1.2.2 Based on the Convention we assign the following units to x;; the
components of an element (x1, 3, x3,24) of the group G. Namely, x1 has dimension
T /ML (reciprocal to momentum) and x3 has dimension 1/L (reciprocal to position.)
So, from xo is measured in unit M/T. Also, hs, the dual to x5 (cf- ) has
reciprocal dimension to xs, that is, it has dimension T' /M as well as hy has dimension
ML?/T of action which is reciprocal to the dimension of the product x,x3 or x4. The
dimension of hy coincides with that of Planck’s constant. Note also that the dimensions

of dpXi are, respectively, reciprocal to that of X.

1.3 The group G and the Schrodinger group

An important realisation of the group G is as a subgroup of the so-called Schrodinger

group S. For this purpose we need to recall the notion of the semidirect product.
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Definition 1.3.1 Let G and H be two groups and assume that v : k — ~(k) is a
homomorphism of H into Aut(G), that is, v(k) : G — G is an automorphism of G for
each k in H. We denote by G x., H the semidirect product of G and H which generates

a group with group law given by

(91, hl)(92> h2) = (917(%)92; h1h2), (1.3.14)

where g1, g2 € G and hy,hy € H.

There are important groups arise as a semidirect product. The Schrédinger group S is a
relevant example, which is the group of symmetries of the Schrodinger equation [39, 63]],
the harmonic oscillator [64], other parabolic equations [84] and paraxial beams [76]. It is
the semidirect product of the Heisenberg group and SLy(R)—the group of all 2 x 2 real

matrices with the unit determinant [[20]:
S = H x,(4) SLa(R), (1.3.15)
where (A) is a symplectic automorphism of H:

1 1
v(A) : (z,y,s) — (ax +by,cx +dy, s — 2%y + 5(@1’ + by)(cx + dy)) ;o (1.3.16)

a b
A= € SLy(R) and (z,y,s) € H.
c d

Denote by ((Ly, s),A) elements of the group S, then the corresponding group law

(1.3.14)) reads

((,y,9), A) (@ ¢, 8), B) = ((z,9,9)7(A) (2,9, §'), AB). (1.3.17)

Let

N = ,teR ) C SLy(R)
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0
and let n(t) denote an element of N, that is, n(t) := . Then, for this particular
t 1
case, (1.3.16) becomes
L s
y(n(t)) : (z,y,8) = (z,y + tz,s + Etx ). (1.3.18)

Moreover, we have the following result:

Proposition 1.3.2 The group G is isomorphic to the subgroup H X,y N of S.

Proof

We show that the map J : G — H x,(,) NV given by

1
J(l’1,$2,$3,$4) = ((331,96’3 — X2T1, T4 — 59621’%),”(—902)) )
o | L 10
is an isomorphism, where (71, 23 — 2221, 14 — 52227) € H and n(zy) = € N.
i) 1

First, we show that J is a homomorphism. Indeed, using the group law (1.3.17) we see
that

J(xh T2, T3, $4)J(91> Y2, Y3, y4)
1 1

= ((xb I3 — T221, Ty — 5172%%)7”(_1‘2)) ((?Jhy?) — YY1, Y4 — §y2y%)7n(_y2)>

1 2 1 2
= L1, X3 — L2X1,Tq — 5902% Y(n(—=22)) | Y1, Y3 — Yoy, Ya — Eiyz?h )

(o2 + 1))

1 y?
= ((331 + Y1, T3 — T102 + Y3 — Y1Y2 — T2Y1, Ty — §5U%9€2 + Y4 — El(y2 + 22)

+21(ys — y1y2 — l’z%)),n(—(lﬂz + yz))>- (1.3.19)
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On the other hand, (using the group law of G (1.1.4))

J(($1,5U275133,$4)(yl,yzay3,y4))

1
=J (331 + Y1, T2 + Yo, 3 + Y3 + T1Y2, X4 + Y4 + T 1Y3 + 533@2)

= ((371 + Y1, 73 + Yz + 21y2 — (T2 + y2) (@1 + Y1), Ta + Ya + T1Y3

1

+ §x%y2 — %(562 +y2) (71 + ?/1)2)7n(_(x2 + yz))>

1 Y3
= <($1 T Y1, T3+ Y3 — Tal1 — Y2Y1 — T2Y1, T4 + Ya — §$§$2 - 31(?J2 + 23)

+ 21(ys — 1y2 — 95291))7”(—@2 + y2)))-

Since the last equality is the same as (1.3.19)), the map J is a homomorphism. It remains
to show that J is also a bijection. It is clear that .J is injective because each component of
J contains a linear term of x;, respectively. Such a map is surjective because each element
((z,y,s),n(t)) € H x,0, N is the image of an element (z, —t,y — tz,s — itz?) € G

under J, thus J is bijective. O

The geometrical meaning of the transformation

1 0 I X1
n(xe) (1, x3) := = . (1.3.20)
i) 1 T3 ToT1 + T3
is shear transform with the angle tan=1(1/x,), see Fig.
Note that this also describes a physical picture; it is time-shift Galilean transformation:
for a particle with coordinate (position) z3 and the constant velocity x;: after a period of
time x5 the particle will still have the velocity x; but its new coordinate will be x3 + xox.

We shall refer to both geometric and physical interpretations of the shear transform in

Section [3.2{in connection with the dynamic of the harmonic oscillator.

Another important group of symplectomorphisms—squeezing—are produced by matrices
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DA

[T

Figure 1.1: Shear transforms: dashed (green) vertical lines are transformed to solid (blue)

slanted ones. An interpretation as the dynamic of a free particle: the momentum is
constant, the coordinate is changed by an amount proportional to the momentum (cf.

different arrows on the same picture) and the elapsed time (cf. the left and right pictures).

0

0 at

uncertainty states ¢, such that AyQ - AyP = Z—the minimal value admitted by the

€ SLy(R). These transformations act transitively on the set of minimal

Heisenberg—Kennard uncertainity relation, cf. Section[I.4]

Quantum blob are the smallest phase space units of phase space compatible with the
uncertainty principle of quantum mechanics. They are in a bijective correspondence
with the squeezed coherent states [28] from standard quantum mechanics of which
they are a phase space picture. Quantum blobs have the symplectic group as group
of symmetries. In particular, the actions on quantum blobs by the above squeeze
and shear (symplectic) transformations brings out a close relationship between these

transformations, see Fig.[1.2]

ISee [19] Definition 8.34] and also [21]].
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Figure 1.2: Shear transformations (blue) act on blobs as squeeze (green) plus rotation
(red), although these transformations are different in general as transformations of R? and

their effects on quadratic forms coincide.

1.3.1 The group G and the universal enveloping algebra of §

A related origin of the group G is the universal enveloping algebra H of the Heisenberg—
Weyl algebra h) spanned by elements ), P and I with [P, Q] = I. It is known [84] that
the Lie algebra of Schrodinger group can be identified with the subalgebra spanned by
the elements {Q, P, I, Q% P? (QP + PQ)} C H. This algebra is known as quadratic
algebra in quantum mechanics [28, §2.2.4][83), § 17.1]. From the above discussion of the

Schrodinger group, the identification

Xi— P Xy~ %Q2, X3 — Q, Xy—1 (1.3.21)

embeds the Lie algebra g into . In particular, the identification X5 %QQ was used
in physical literature to treat anharmonic oscillator with quartic potential [3} 38, I55].
Furthermore, the group G is isomorphic to the Galilei group via the identification of

respective Lie algebras

X1 = —-Q, Xo—3iP’ Xy~ P Xy~ 1L (1.3.22)
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We shall note that the consideration of G as a subgroup of the Schrédinger group or the
universal enveloping algebra H has a limited scope since only representations p;, , Wwith
he = 0 appear as restrictions of representations of Schrodinger group, see [19, Ch. 7][20}

Ch. 7] [25, § 4.2].

1.4 Some physical background

Here we briefly review basic elements from quantum mechanics (QM), for more details

see for example [12, 133} 160, [72].

1.4.1 A mathematical model of QM

To begin with, we recall that a physical system is described by a state. In quantum
mechanics a state is meant to be a non-zero vector in a Hilbert space H{ whose norm
is unity. A quantum observable is associated with a self-adjoint operator A on . In the
context of QM, a self-adjoint operator A can be unbounded [33, Ch. 3][68 Ch. 1], thus
A requires a certain domain of definition, denoted Dom(A) such that Dom(A) is dense in
‘H. In this way, we say that the unbounded operator A is densely defined in 7. Density
of the domain is a sufficient and necessary condition for the adjoint operator A* to be

well-defined [56, Ch. 10].

For a state 1), an observable operator A produces a probability distribution with the

expectation value, denoted A and given by
A = (A, ), 1 € Dom(A). (1.4.23)

The dispersion of A in the state 1), denoted A, A is defined as the square root of the

expectation value of (A — A)? and computed as

(ApA)? = (A= A2, 4) = (A= Ay, (A= Ay = [[(A— Ay, (1.4.24)
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Let us consider the Hilbert space L,(R) of complex-valued function which represents
a quantum mechanical model on the real line, also known as the Schrodinger model. In

such a space the position observable, denoted () is represented by the self-adjoint operator

Q=ql, (1.4.25)

on the domain; Dom(Q) = {f € Ls(R) : qf(q) € L2(R)} which can be shown to be
a dense subspace in Lo(R) [33] § 9.8][56, § 10.7][68, § 2.3]. This operator provides
a probability distribution of determining the position of a particle on the line. The

corresponding expectation value is computed through the integral formula

Q¥l(g) = (Qu ) = / (@) P() dg = / Al (@) da.

Another important observable operator in the state space L,(R) is the momentum

observable, denoted P and given by the self-adjoint operator

P= —ihi, (1.4.26)
dg

where £ is the Planck’s constant divided by 27 and has a physical dimension: energy X
time. It is self-adjoint on Dom(P) = {f € Ly(R) : f'(q) € L2(R)} 33, § 9.8][68
§ 2.4].

On the Schwartz space S(R), the operators () and P are stable and essentially self adjoint
operators [33] § 9.7][66, § 8.5] and satisfy “the canonical commutation relation” [[12, 33}
60]

[@Q,P] = QP — PQ =ihl, (1.4.27)

since for # in the Schwartz space S(R), we have
PQUq) =~ (aw(a)) = ~ih(0(a) + 00'(a)) = ~ihvla) + QPU(a).
That is,
[Q, PlY(q) = QPy(q) — PQY(q) = ifip(q).

That is, the operators () and P do not commute.
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1.4.2 The Uncertainty Relation

Theorem 1.4.1 (The Uncertainty Relation [25,33,52]) If A and B are symmetric

operators with domains Dom (A), Dom (B) in a Hilbert space H, then
1
(A= @l (B = byul > 5 1((AB - BAW,v)| (1.428)

for any 1 in H such that ¢ € Dom (AB) N Dom (BA), where a,b € R. Equality holds
when 1) is a solution of

(A—a)+ik(B - b))y =0, (1.4.29)

where k is a real parameter. So, only commuting observables have exact simultaneous

measurements.

In particular, for = A and b = B, we have
1
AyA DB > o [((AB — BAY. V)] (1.4.30)
and when equality holds, v is termed a minimal uncertainty state or coherent state.

An important consequence of the above theorem is the case when A and B are the position
() and the momentum P observables. In such a situation the relation (1.4.30)) is known as

the Heisenberg-Kennard uncertainty relation [52]:
h
AypQ Ay P > > (1.4.31)

for all unit vector ¢ € Ly(R) in Dom(Q P) N Dom(P(Q). Equality in (1.4.31)) holds when

1 is a solution of the equation

((Q — a) + ik(P — b)) 1(q) = 0, (1.4.32)

where a =  and b = P. It can be easily checked that the state 1) needed to satisfy the

above equation (1.4.32)) is

ib
Y(q) = cexp ((% + %) q— ﬁqQ) :
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where c is a constant determined by a normalisation condition.

Let a = b = 0, and consider the normalisation of ¢ in terms of L,-norm so that

1\
o= (7)) e

Then, we have

@.@" = Q- @0l = [ P

1N,
= | — —“w? d
(wﬁk) /Rq e ™ a

_nk
=5
Thus,
[ hk
AyQ = % (1.4.33)
For the momentum P we have
_ d 2
@uPP =[P =Pl = [ fin5vi@)| g
R q
A D
= | — — —md d
() (3) Lo
_h
2k
So,
h
AyP = % (1.4.34)
Hence,

AyQ AP = \/7 \/7

It can be easily seen that for k& # 1, the dispersions (1.4.33) and (1.4.34) are not equal and

one of these is at the expense of the other to maintain the minimum uncertainty relation.

This is the case in which one calls ¢ a squeezed state [[70, 79,80, [81]]. It minimizes the
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uncertainty relation when the dispersions of the respective quantum observables are not

equal.

Squeezed states turn out to be of a prominent role in quantum optics [28, [70]. They first
appeared in connection with applications to quantum optics in the work of Yuen [83]]
under the name two-photons. A systematic way of obtaining a squeezed state involves
the action of a unitary operator, the so-called squeeze operator, introduced in [[73]] while
the name ““squeeze operator” was given by Hollenhorst [36]]. This has provided a way of
generalising squeezed states which falls within a group theoretical framework based on

the representations of the special unitary group SU(1, 1) and its Lie algebra [4, [32] [82].

In this thesis, a certain connection to Gaussian with arbitrary squeeze will be seen in the

next chapter.

1.4.3 Harmonic oscillator and ladder operators

A one-dimensional harmonic oscillator of mass m and frequency w has the classical

Hamiltonian (energy)
1 2

h=—p?+ mw el (1.4.35)

2m 2

where ¢ and p are its position and momentum, respectively. The classical Hamiltonian h

is understood as a function in the phase space R? of points (¢, p). The quantised version

(Weyl quantisation E]) of h is presented by a self-ajoint operator and called the observable

of energy and given by
1 2
H=—p>4+ ™ 2 (1.4.36)
2m 2
where as before
o d
Qolg) =adla).  Pola) = —ihg olq).

The operator H is self-adjoint on Dom (H) = Dom (P?) N Dom (Q*)=Dom (P?) [33]
§9.9] [68, § 2.5].

2 Quantisation is a rule of passing from classical mechanics to quantum mechanics [34, Ch. 13][25,153].
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In quantum mechanics, the eigenvalues of a quantum observable are interpreted as the
measured values of such an observable. For example, the eigenvalues of a Hamiltonian
are the measured energies of the corresponding quantum system. The problem of finding
these eigenvalues in the case of harmonic oscillator is completely solved via algebraic
approach. Precisely, for the specific H of constant mass m and frequency w, one
takes the advantage of the ladder operators, as defined in Appendix[A]where the parameter

A has the specific value: A = /mw and so,

1 1
a = mw@) +iP), at = mw@ —iP). 1.4.37
2ﬁmw( ¢ ) vV thw( ¢ ) ( )

Here, we restrict the operators P and () to the Schwartz space S(R). Then, the relation

[Q, P] = ikl implies that

1 1 1
“at = ——(P? °Q? I H + —whl);
a”a Qmwﬁ( +m?w?Q® + mwhl) = ﬁ( +2wﬁ );
1 1
+o- 2 22 _ Lt !
ata” =5 ﬁ(P +m?w?Q mth)—wﬁ(H 2wﬁ]).

Thus,
hww
H= 7(a_a+ +ata”),

which can be shown to be essentially self-adjoint on S(R) [33, § 9.9]. Moreover, from
[a™,at] = I we arrive at

hw
H = hwa™a™ + 7]. (1.4.38)
Finally, using (A.37)) the spectrum of H (1.4.36)) is determined from

1)cbn- (1.4.39)

Hop, = hw(n + 5

The vacuum vector ¢ is the solution of a~ ¢ = 0. Precisely, ﬁ(qu + h )¢0( ) =

0 which has the solution

mw\ /4 _1me
dola) = (5 ) e HE, (1.4.40)
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mw 2

n mw ) 1/4 " n.—lmw
Then. 6,(0) = J(a)'dnla) = g (5)""* (gg) (mwa — hgpye 0 =

\/Lm ( %) H,(\/™2q)¢o, where H, are the Hermite polynomials of order n:

5]
< (—1)"n!
HA0) = Y g ()" (1441)

note that |- | is the floor function (i.e. for any real x, |z | is the greatest integer n such

that n < x.) The functions ¢,,(¢) constitute the standard basis of Ly(R) [33] Ch. 11].

The non-negative number n is called the quantum number. The value n = 0 corresponds

to the lowest state energy

1
St (1.4.42)

which corresponds to the ground state or the vacuum ¢y.

1.4.4 Canonical coherent states

The canonical coherent states, ¢, (z = ¢ + ip) of the harmonic oscillator are produced by
the the action of the “displacement” operator on the vacuum ¢q (or ¢,,,, in case we want

to emphasize the dependence on the particular value mw):
_ zat—Zza~ _ —l\z|2 . z"
(x) =¢e T)=¢€ 2 E—nx, 1.4.43

where at, a~ are given by and Z is the complex-conjugate of z. Usually, the
canonical coherent states are denoted |z). A list of fundamental properties of these
states is given in [28], see also [54, [70]. Among these is that a|z) = z|z), so one
may even regard this property as a definition of coherent states, i.e. the coherent states
are the eigenstates of the annihilation operator. From this, one can easily deduce the
expectation value of () and P in such coherent states from the real and imaginary parts
of the eigenvalue z, respectively [83, Ch. 23]. Indeed, the expectation values of () and

P in the coherent state |z) are /2R(z) and v2AmwS(z), respectively. Moreover, by
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expressing () and P in terms of ¢~ and a™, one can then simply evaluate the expectation

h
2mw

values of Q? and P? which lead to obtain the respective dispersions being AQ =
and AP = me Thus, AQ AP = g’, that is, the canonical coherent states minimise

the uncertainty relation. Therefore, |z) must be related to a Gaussian; one can show [62,

Ch.3] that (1.4.43)) reduces to
. 1, 1
2) = onla) = enp (332 - G1aF = (T B - 21).

known as Gaussian wave packets.

1.4.5 Dynamics of the harmonic oscillator

The time evolution in quantum mechanics (in Schrédinger picture) is determined via the

time-dependent Schrodinger equation which takes the form

it (q,t) = Hi(g, 1), (1.4.44)
where H is the Hamiltonian observable and v is termed wavefunction.

With regard to the above harmonic oscillator Hamiltonian //, we can use the spectrum of
H:
1
Hou(q) = hw(n + 5)éa(q) (1.4.45)

to obtain the dynamic of the system as follows.

Since {¢,,} is an orthonormal basis of L,(R) one can write

3(g,1) =Y an(t)dn(q)- (1.4.46)

n=0
Then, after substituting into (T4.44) and using (TZ.43) one gets a, (t) = a,,(0)e "« +2)t,

Hence, the dynamic is given by

3(g.t) =Y an(0)e Do, (q). (1.4.47)
n=0
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The process of obtaining such a solution depends on knowing the spectrum of /1. So, in

other complicated systems it may be difficult to proceed this way.

In a similar way, one can also obtain evolution in the canonical coherent states

representation which takes the form
e A/ 5y = e Wt/2| gt 1) (1.4.48)

Or,
efitH/ﬁ(bZ _ efiwt/2¢z(t) (1.4.49)

where 2(t) = e @t

z 1s a one-parameter group of transformations. This shows that the
dynamic in canonical coherent states, or the expectation values of the displacement in
canonical coherent states behave in a manner similar to the displacement of classical

oscillator.

1.4.6 The FSB space

A transition from the configuration space R to the phase space R? in quantum mechanics

is performed by the coherent states transform [[19, 20} 25]:

Weo 0 [ (f,0:) = f(2)

where f € Ly(R) and ¢, is the canonical coherent states (1.4.43)). The image of this map

gives rise to the following Hilbert space:

Definition 1.4.2 ([3,8,25]) Let z = q+ip € C, the Fock-Segal-Bargemann (FSB) space

consists of all functions that are analytic on the whole complex plane C and square-

wh|

integrable with respect to the measure e~ A dz. Iris equipped with the inner product

(f,9)p = /(C F(2)g(z) e ™ dz, (1.4.50)
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This space has several advantages over the state space Lo(R). In particular, the dynamics
of the harmonic oscillator H has a geometrical description that comes in agreement with

the classical counterpart.

Starting from the fact that the ladder operators have the simpler expressions:
a” = 0,, a” = zI,

where the domain of these operators consist of the space of analytic polynomials. It can be

easily verified that [a~,a™| = [ and (a™)* = a™, where “*” is the adjoint of an operator

with respect to the inner product (-, -) .. The vacuum @, (i.e. the solution to a~ P, = 0)

in this space is just a constant ®y(z) = ¢, where ¢ is chosen so that ||®y||z = 1 and the
1

“exited states” ®,, are easily seen to be monomials: ®,,(z) = ﬁ(a+)"®o = 2" The

harmonic oscillator Hamiltonian on FSB space has the form

H = (=0, + %1). (1.4.51)

So, the dynamic calculated through the Schrédinger equation (which is just a first-order
PDE) is
F(t,z) = e 2 F(0,e “'2). (1.4.52)

The coordinate transformation here represents a rotation in the phase space R? ~ C
which reflects the classical picture of the dynamic of a classical harmonic oscillator
calculated via Hamilton’s equations [30]. This nature of such dynamic in this space
is clearly inherited from the dynamic of the corresponding coherent states (1.4.48).
From another standpoint we also observe that such a geometric nature is a result of the
Schrodinger equation being a first-order PDE. These together explain, once again, the

formulation of Definition[0.0.3]

Note also that although ladder operators technique completely solves the spectral problem

for the harmonic oscillator, it should be observed that:
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1. The ladder operators (and subsequently the eigenvectors ¢,,) depend on the
parameter mw. They are not useful for a harmonic oscillator with a different value

of m'w'.

2. The explicit dynamic (1.4.47) of an arbitrary state ¢ is not transparent disregarding
the prior difficulty in finding the decomposition ¢ = > ¢,¢,, over the orthonormal
basis of eigenvectors ¢,. Despite the fact that this dynamic in FSB space is
presented in a geometric fashion (1.4.52), this presentation still relays on the
vacuum ¢,,,, (and, thus, all other coherent states ¢, (1.4.43)) having the given value

of mw as before.

Metaphorically, the traditional usage of the ladder operators and vacuum ¢,,, is like a
key, which can unlock only the matching harmonic oscillator with the same value of mw.
However, the method we use in Chapter 3 makes possible an extension of the traditional
framework, which allows to use any minimal uncertainty state ¢r (E > 0) as a vacuum
(or fiducial) for a harmonic oscillator with a different value of mw to obtain geometric

dynamics similar to (I.4.52), cf. Section[3.2]
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Chapter 2

Coherent state transform

We consider here the coherent state transform which plays an important role in
mathematics and physics. If this transformation is reduced from the group G to the
Heisenberg group it coincides with the Fock—Segal-Bargmann type transform. In this
connection, we highlight a certain technical aspect arises in the case of the group G
regarding square-integrability notion, see Remark The principal result in this
chapter is the physical characterisation of the image space of an induced coherent state

transform of the group G, Section[2.2]

2.1 The induced coherent state transform and its image

Let GG be a Lie group with a left Haar measure dg and p a unitary irreducible representation
of the group G in a Hilbert space . Then, we define the coherent state transform as

follows.

Definition 2.1.1 ([3,49]) For a fixed vector ¢ € H called a fiducial vecto (aka vacuum

IFiducial vector is a general term [54, Ch. 1][7] and is meant to be an arbitrary unit vector; it can be

called vacuum vector or ground state in the context of ladder operators that mentioned earlier.
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vector, ground state, mother wavelet), the coherent state transform, denoted Wy, of a

vector f € H is given by:

Wefllg) = (f,p(9)d), g€G.

We denote the image space of such a transform by L ¢(G).

Definition 2.1.2 The irreducible representation p is called square-integrable if for every

Y, ¢ € H, the function [Wyi)|(g) is in Ly(G, dg). That is,

IWat? = /G | (W, p(g)é) |2 dg < oo. @11

The coherent state transform may not produce a square-integrable function on the entire
group, that is, may not hold. Take for example the case where ( is a nilpotent Lie
group, then it is known that W, is not square-integrable [17, § 4.5]. However, in such a
situation it is still possible to define a coherent state transform on a suitable homogeneous

space that results in square-integrable function in the following manner.

According to [3], § 8.4][65, § 2] let a fiducial vector ¢ € H be a joint eigenvector of p(h)
for all h in a subgroup H of GG. That is,

p(h)p = x(h)¢ forall h e H, (2.1.2)
where Y is a character of H, see Remark[I.1.1] Then, we see that

Wefl(gh) = (f, p(gh)) = (f, p(g)p(h)) = X(h)[Ws f1(9)- (2.1.3)

This indicates that the coherent state transform is entirely defined via its values indexed
by points of X = G//H. This motivates the following definition of the coherent state

transform on the homogeneous space X = G/H :

Definition 2.1.3 (/3, § 8.4][53, § 5.1]) For a group G, a closed subgroup H of G, a

section's : G/H — G, a unitary irreducible representation p of G in a Hilbert space H
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and a fiducial vector ¢ satisfying (2.1.2), we define the induced coherent state transform

W from H to a space of functions (the image space of W) L4(G/H) by the formula

W fl(x) = {f, p(s(x))9),  we€G/H. (2.1.4)

The family of vectors indexed by x:

bx = p(s(z))o (2.1.5)

is called coherent states [3) 165)].

Proposition 2.1.4 ( [3, § 84][49 §5.1] [53, §5.1]) Let G, H, p, ¢ and W, be as in
Definition and x be a character from (2.1.2). Then, the induced coherent state

transform intertwines p and p:

Wep(g) = p(g)Ws, (2.1.6)

where p is a representation induced from the character x of the subgroup H.

In particular, (2.1.6) means that the image space L (G /H) of the induced coherent state

transform is invariant under p.

The case of the Heisenberg group H is the leading example of the application of the

induced coherent state transform see also [[18]]:

Example 2.1.5 Let us consider the the following form of Schrodinger representation as

it will be used in the rest of the thesis:
on(x,y, s)f(x') = 2=V £ (0! — g). (2.1.7)
For the centre of H, Z = {(0,0,s) € H : s € R}, we see that

a1(0,0,8) f(z') = ™" f (), (2.1.8)
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that is, the property 2.1.2) is satisfied for the character of the centre x(0,0, s) = >,
Thus, for the corresponding homogeneous space H/Z ~ R we consider a section s :
H/Z — H;s : (z,y) — (x,y,0). Then, for f,¢ € Ls(R), the respective induced

coherent state transform is

[W¢zﬂ<x’ y) = <f’ O (S($7 y)))

= <f7 O'h(w7 Y, O>>
_ /R F(@)on(z, 5, 0)6(@) da’
_ / f(x/)e%riﬁx/ya(x/ —33') dﬂf/. (2.1.9)

From the last integral, one may notice that this is just a composition of an version formula
of Fourier transform and measure preserving a change of variables and hence Wy defines

an Ly-function on H/Z ~ R?, more details are found in [25] § 1.4].

In the time-frequency analysis, the above transform is known as the short-time Fourier

transform and ¢, in such context, is called the window function [31, Ch. 3].

2.1.1 The induced coherent state transform of the shear group G

On the same footing as above we explicitly calculate an induced coherent state transform

W¢ of G.

For the subgroup H being the centre Z of G; Z = {(0,0,0,z) € G : z € R},
the representation p, . (L.2.10) and the character x(0,0,0,z) = e** of Z, any
function ¢ € L,(R) satisfies the eigenvector property (2.1.2). Thus, for the respective

homogeneous space G/Z ~ R3 and the section s : G/Z — G; s(z1,72,73) =
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(21, o, z3,0), the induced coherent state transform is:
We fl(x1, 22, 73) = (f, Ppon, (5(21, T2, 73)) )
= <f7 ph2h4 (xla T2, T3, 0)¢>

— /R f(y)ph2ﬁ4 (il?l, T2, T3, O)¢(?/) dy

B / fy)esritarathlmtaeig(y — ) dy
R

= e / fly)e etz gly — g dy.  (2.1.10)
R

The last integral is a composition of the following three unitary operators of L, (R?):

1. The change of variables
T:F(xy,y) — F(y,y —x1), (2.1.11)

where F(x1,y) := (f ® ¢)(x1,y) = f(x1)¢(y), that is, F is defined on the tensor
product L,(R) ® L,(R) which is isomorphic to L,(R?) [66];

2. the operator of multiplication by a unimodular function v, (z1,y) = e mihaaay?

M,, : F(z1,y) — e ™22 Pz, ), 25 € R; (2.1.12)

3. and the partial inverse Fourier transform in the second variable

(FoF|(xq,23) = / F(ygl,y)eQ’Tiﬁ‘“’”‘“3 dy. (2.1.13)
R

Thus, [W, f](x1, 29, x3) = e 2™"2%2[F, o M,, o T|F (1, x3) and we obtain

Proposition 2.1.6 For a fixed x5 € R, the map f @ ¢ — [Wyfl(-,12,") is a unitary
operator from Ly(R) @ Ly(R) onto L,(R?).

Such an induced coherent state transform also respects the Schwartz space, that is, if
f, ¢ € S(R) then W, f](+, x2,-) € S(R?). This is because S(R?) is invariant under each
operator (2.1.11)—(2.1.13)).
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Remark 2.1.7 As already mentioned that the coherent state transform on a nilpotent Lie
group, cf. Definition [2.1.1] does not produce an Ly-function on the entire group but
may rather do on a certain homogeneous space. For the Heisenberg group H and the
homogeneous space H /Z, the respective induced coherent state transform defines an
Lo-function on H/Z, see Example In the context of an induced coherent state
transform of G, two types of modified square-integrability are considered [I7, §4.5]:
modulo the group’s center and modulo the kernel of the representation. The first notion
is not applicable to the group G: the induced coherent state transform (2.1.10) does
not define a square-integrable function on G/Z ~ R3 or a larger space G/ kerpy,. 5,
On the other hand, the representation py, . s square-integrable modulo the subgroup
H = {(0,29,0,24) € G : 23,24 € R}. However, the theory of a-admissibility [3|
§8.4], which is supposed to work for such a case, reduces the consideration to the
Heisenberg group since G/H ~ H/Z. It shall be seen later that the action
of (0,25,0,0) € H will be involved in important physical and geometrical aspects of the
harmonic oscillator and shall not be factored out. Our study provides an example of the

theory of wavelet transform with non-admissible mother wavelets [32] 45| 47, 48, 87]].

In view of the above mentioned insufficiency of square integrability modulo the subgroup

H ={(0,29,0,24) € G : z9,24 € R}, we make the following:

Definition 2.1.8 For a fixed unit vector ¢ € Ly(R), let L (G /Z) denote the image space
of the induced coherent state transform W, (2.1.10) equipped with the family of inner

products parametrised by o € R
(u,v),, = / u(wy, T2, x3) v(x1, T, x3) By dr1ds . (2.1.14)
RQ

The respective norm is denoted by ||ul|,, .

The factor A4 in the measure A4 dz;drs makes it dimensionless, which is a natural

physical requirement, see Remark
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It follows from Proposition that [lul|,, = |lull,, for any z5, 25, € R and u €
Ly(G/Z). In the usual way [25, (1.42)] the isometry from Proposition implies

the following orthogonality relation.

Corollary 2.1.9 Let f1, fo, 41, 2 € Ly(R) then:

W, [1, Wes f2),, = (f1, f2) (D1, 92) forany v € R. (2.1.15)

Corollary 2.1.10 Let ¢ € L,(R) have unit norm, then the induced coherent state

transform Wy is an isometry from (La(R), [|-||) to (Ly(G/Z), [||l,,)-

Proof

It is an immediate consequence of the previous corollary. Alternatively, for f € Ly(R):

1l = 17 © Bl ) = Wl -

as follows from the isometry W, : Ly(R) — L,(R?) in Proposition O

Proposition 2.1.11 The following formula represents the adjoint of W, (in the weak
sense) with respect to the inner product (2.1.14) parametrised by xs:

[M¢(a:2)u](t):/ u(1, 2, 3) ppop, (21, T2, 23,0)(t) hy dzy das. (2.1.16)

R2

Proof
Let f,¢ € S(R) and u(-, 22, -) € S(R?), then
<W¢f, U,>x2 = / [W¢f] (171, T, ZL‘3)U(ZE17 T, 1'3) ﬁ4 de’l d[Eg

RQ

= /2 <f, Ph2ﬁ4(9€1,$2,$3a0)¢> U($1,$27$3) hydxy das
R
= <f;/ U($1,$2>$3)Ph2ﬁ4($1,952,%370)92554(196‘1 d$3>
RZ

- <f7 M¢(x2)u> :
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Corollary 2.1.12 An inverse of the unitary operator W, (in the weak sense) is given by

its adjoint M ,(z2) 2.1.16) for ||¢]| = 1.

Proof
Generally, for an analysing vector ¢ and a reconstructing vector ¢ both in S(R) and for

any f, g € S(R) the orthogonality condition (2.1.13) implies:
(My(22) oWy f, 9) = Wof, Wya),,

= (f,9) (¥, 9)
= ((¥,9) f,9) -

Thus, My (z2) o W, = (¢, ¢) I and if (1, ¢) # 0, then M., () is a left inverse of W,
up to a factor. It is clear that if ¢) = ¢, then M 4(x2) is exactly a left inverse. O

Moreover, we have the following result as a direct consequence of Proposition [2.1.4]

Corollary 2.1.13 The induced coherent state transform Wy @R.1.10) intertwines p,,,;,,
with the restriction of the following representation (see (1.2.8))) on the image space of
W¢.‘

o, (Y1, Y2, v, ya) fl(21, 22, 73) = e2miha (ya—y1ys+uivatuizs —gyiwa) (2.1.17)

X (@1 — y1, 2 — Y2, T3 — Y1Z2 + Y12 — Y3) -

Proof



Chapter 2. Coherent state transform 39

We show this through the following straightforward calculation.

[W¢ph2h4(y17 Y2, Y3, y4)k](9€1, T2, $3)
= (Pron (Y15 Y20 Y3, Ya) o, P, (21, T2, 23, 0) )

= <k7 ph2ﬁ4((y17 Y2, Y3, y4>71)ph2h4<x17 T2,T3, 0)¢>

= <k7 Phohy (951 — Y2, T2 — Y2, T3 — Y3 + Y1Y2 — T2Y1,

1 1
Y1ys — §yfy2 — Y4 — x3Yy1 + §yf$2) <Z5>
— o 2miha(—yatyrys—syiya—yias+3yias)

=e
X <k7 Photy (T1 — Y1, T2 — Y2, T3 — Y122 + Y1Y2 — U3, O)¢>
_ o2mifa(ya—y1ys+5yTv2ty1zs— 5yi2)
X Wek] (1 — y1, 2 — Yo, T3 — 1122 + Y1Y2 — Y3)
= P, (Y1, Y2, Y3, Ya) ek (1, 22, 73).
U

We consider the representation (2.1.17) restricted to the image space L4(G/Z), which is

ﬁh4(ylay27y37y4)fo2 = HmeQ, where f(z1,72,73) €

easily seen to be unitary, that is,

L,(G/2).

We recall, here, the notion of the Lie derivative as this will be essential for our method.

Definition 2.1.14 Let G be a Lie group and g the corresponding Lie algebra. Then,
the Lie derivative (left invariant vector fields) denoted £~, for an element X of the Lie

algebra g is computed through the derived right regular representation:

(£ F(g) = iF(g exptX) (2.1.18)
dt o

for any differentiable function F' on G.
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We want to calculate this for a function in the image space of the coherent sate transform

of the shear group G. However, functions in such a space possess the property
F(x1, 29, 23,24 + 2) = ¢ M2 (11, 19, T3, 74) forall z € R. (2.1.19)

Indeed, for the group G and its unitary irreducible representation (I.2.10), let F' = W, f
for f € L,(R). Then, we can easily see that (follows also from (2.1.3) when H is the

centre of &)

W f(21, 22, 23, 4 + 2) = <f7 Phony (1, T, T3, T4 + Z)¢>
= <f> ph2h4 (07 Oa 07 Z)ph2h4 (33'1, T2, X3, IL’4)¢>
= 6—2W1ﬁ42 <f7 ph2ﬁ4 (Ilv Ta, T3, x4)¢>

_ e*2ﬂﬁ4z[W¢f] (21, T2, T3, T4).

Taking this property into account, we calculate £%7, where X being an element of the

basis of the Lie algebra g of G
X1 = (1?07 070)7 Xy = (07 17050)7 X3 = (ana 170)7 Xy = (070707 1)

The role of the above property is best seen when calculating £X2:

d
£X2F<I'1,$2,[E37.T4) - EF((.’I’l,IQ,fL‘g,[Lﬁ) eXth2)

d
= aF((xla T2, T3, 'T4)(O’ t7 07 O))

t=0

t=0

d 1
= aF(:cl, To+t, 23 + 21t, T4 + 5a:%t)

t=0

d .
= &e’mmm%F(xl, To +t,x3 + 21t, T4)

t=0

- (82 + .73183 — Wih4$%)F($1, To, T3, .734).
Similarly, we calculate £%7 (j = 1, 3,4) and we obtain

£5 = oy £52 = 0y 4 1105 — ithy2?1; (2.1.20)

£X3 == 83 - 27Tih41'1[; £X4 = —27Tlﬁ4] .
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One can readily check that
(e g0] = g% [gh g%s) = gXe

in agreement with the Lie algebra non-vanishing commutator relations (1.1.3)).

2.1.2 Right shifts and coherent state transform

Recall that the right regular representation of a group G, denoted R(g), acts on functions

defined on the group G in the following way:

R(g): f(d)— f(d9), ge€G.

In particular, it is an immediate to see that

R(g)Wu f1(d) = Wsfl(d'9) = (. p(d'9)d) = ([, p(g")p(9)0) = Wag)ef1(9')-
(2.1.21)

That is, the coherent state transform }V, intertwines the right shift with the action of p on
the fiducial vector ¢. This observation leads to the following result that will play a central
role in exploring the nature of the image space of the coherent state transform and will be

a recurrent theme of our investigation.

Corollary 2.1.15 (Analyticity of the coherent state transform, [49, §5]) Let G be a group
and dg be a measure on G. Let p be a unitary representation of G, which can be extended
by integration to a vector space V of functions or distributions on G. Let a fiducial vector

¢ € H satisfy the equation

p(d) = /G d(g) plg)ddg = 0, (2.1.22)

for a fixed distribution d(g) € V. Then, any coherent state transform v(g') = (v, p(¢')$)

obeys the condition:

R(d)v = 0, where R(d) = /G d(g) R(g9)dyg, (2.1.23)
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with R being the right regular representation of G and d(g) is the complex conjugation of
d(g)-

Important and well-known functional spaces whose members enjoy property of
analyticity such as Fock-Segal-Bargmann space and Hardy space, may arise through
applications of this result. Here we shall demonstrate a relevant situation regarding the

Heisenberg group, further examples can be found in [49, § 5][52] [53} §5.3].

Example 2.1.16 (Gaussian and analyticity) Consider again the following form of the

Schrodinger representation:
on(a,y ) fy) = ™M fy — o).
For the basic elements of the Heisenberg—Weyl algebra,
X =(1,0,0), Y =(0,1,0), S =1(0,0,1),

the infinitesimal generators are

d
doy’ = T do)} = —2mihyl, doy = 27ihl.
y

For the purpose of applying the above result in its integral version note that

o oy) = Low(exp tX)oy)

dt t=0
= t,0,06(y)
— dtaﬁ ) Vs y o

= 5(x',y’,5’)—a on(2' Y, s )o(y) do'dy'ds’.
R3 3x’
— —/ —aiﬁ(x’,y’,s')oﬁ(x',y',s’)gb(y) dz'dy/ds’.
R3

= on(=01)0(y),

where 0 is the Dirac delta distribution and ¢ is its partial derivative with respect to first

component and likewise do} = oy,(—85). Similarly, we may view the Lie derivative £~

(2.1.18) but with R in place of o, and Wk in place of ¢.
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Now, the Gaussian

dp(y) =™ E>0 (2.1.24)

is a null solution of the annihilation operator
1 X . 1Y . d .
idoj; —iE(idoy, ) = —i - 2mihEy. (2.1.25)
Y
This matches condition (2.1.22)) for the distribution

d(2',y',s") = —ioy (2, ') — Edy (2, y, 8).

Then, any element f in the respective image space of the induced coherent state transform,

flz,y) = Wepk|(z,y), fork € Ly(R), is annihilated by the operator:

D := R(d) = —i&¥ + EL” (2.1.26)

= —i0, + E0, — 2nihExl.

Yet, from Example for ¢ being ¢pr (2.1.24)), the induced coherent state transform

becomes

mh

[W¢Ek] (l’, y) = eriﬁmy_ 2FE (E212+Z/2)‘/E(x7 y)7 (2127)

where

Vi (IL‘, y) _ / k,(l,/>627rﬁ(Eac+iy):v’—%(Ea:—l—iy)ze—wﬁEac’Q dz'. (2.1.28)
R
This integral represents a Fock—Segal-Bargmann type transform [25, 44, 49, 61]].

Now, since Df(z,y) =0, for f = Wk, thatis

wh

(—i0, + Ed, — 2mihExl)e™ =35 F &)y (1 y) = 0, (2.1.29)
clearly,
(=10, + E0,)VE(x,y) = 0.

This, in turn, shows that Vg(z) is analytic in z = Ex +1y. Precisely, 0:Vg(z) = 0, where

0; = %(%835 +10,) is a Cauchy—Riemann type operator. Moreover, the left-hand side of
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equality (2.1.27) defines a function in L,(R?), according to Example Furthermore,

le™"2Y|2 = 1 and therefore the function Vi (z,vy) is square-integrable with respect to the
measure e_%ﬁ(E%%“yg)dxdy. In short, the induced coherent state transform W,, (when
¢g is a Gaussian) gives rise to a space consisting of functions Vg(z) that are analytic in
the entire complex plane C and square-integrable with respect to the measure e~ Tz

This is exactly the structure of a FSB space, see Section Definition[1.4.2]

2.2 Characterisation of the image space L;(G/Z)

To give a description of the image space L,(G/Z) of the respective induced coherent
state transform (2.1.10)), we employ Corollary This requires a particular choice of
a fiducial vector ¢ such that ¢ lies in L,(R) and ¢ is a null solution of an operator of the

form (2.1.22)). For simplicity, we consider the following linear combination of generators

of the Lie algebra g, cf. (I.2.13):

iX1+iDXo+EX3 - X1 . Xo X3
dph2ﬁ4 - 1dph2ﬁ4 + l'D dthfL4 + Edphzfm

d (2.2.30)
= —ld— — 7Tﬁ4Dy2 — 27T1Eﬁ4y — 27T'hgl)7
Yy
where D and E are some real constants. It is clear that the function
1Dh
br.p(y) = cexp (7” Ly — rEhgy’ + 2mDh2y) , (2.231)

is a generic solution where c is a constant determined via normalisation. Moreover, square
integrability of ¢z p requires that E'7i, is strictly positive. It is sufficient here to use the

simpler fiducial vector corresponding to the valuef] D = 0, cf. Z.1.25):

Op(y) = (2ha B)4e ™Y B >0, E > 0. (2.2.32)

2The case D # 0 will be considered in the last chapter.
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Remark 2.2.1 The factor (2hyE)'/* makes ¢ normalised with respect to the Ly-norm:

HfH2 = |z |f(y)]2 Z—; dy. Following the Convention|1.2.1| the exponent in ¢ (y) shall

be dimensionless. Therefore, E has to be of dimension M /T which follows from the fact

that y has dimension T /(M L) and hy has dimension M L?/T. As a result, we attach the

factor 4/ Z—‘; to the measure so the measure is dimensionless. Note that from Remark|l.2.2

ho has dimension T' /M.

Since the function ¢g(y) (2.2.32) is a null-solution of the operator (2.2.30) with D =
0, the image space L4, (G/Z) can be described through the respective derived right
regular representation (Lie derivatives) (2.1.18). Specifically, Corollary with the

distribution
d(z1, 29, 23, 24) = —10] (21, 22, 23, 24) — E 05(21, T2, 23, 74) ,
matches (2.2.30). Thus, any function f in L, (G/Z) for ¢ (2.2.32) satisfies
Cf(xy,z9,23) =0 (2.2.33)
for the partial differential operator:
C = (—ig™ + BEL™®) = —i0, + E0; — 2mihyBxy (2.2.34)

where Lie derivatives (2.1.20)) are used.

Remark 2.2.2 Due to the explicit similarity to the Heisenberg group case with the
Cauchy—Riemann equation, Example we call (2.2.33) the analyticity condition

for the coherent state transform. Indeed, it can be easily verified that for the fiducial

vector o ([2.2.32)), the induced coherent state transform (2.1.10) becomes

h
W k] (21, 22, T3) = exp (—27rih2x2 + mihyr T3 — %(E%f + xg)) By, (x1, x3)
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where

Jp— 2 —mhy )2 ; _ 2
BI2(ZL’1,J]3) _ / e mifigxoy k:(y)e SE (Exi+izs)?+2nhy(Ezy+ixs)y—mha By dy
R

(Vi o My, )K] (1, 5)

with Vi being the Fock—-Segal-Bargmann type transform (2.1.28) and M,, is a

multiplication operator by e~ T2y Thys, by condition (2.2.34]) we have

[—10; + FE0s
h
— 2mihy B {exp (—27Tih2:c2 + mihyz T3 — %(EQQL% + x%)) By, (1, xg)} =0.
That is,
(—i0y + E03) By, (x1,23) = 0, (2.2.35)
which can be written as
0:B,,(2) =0, (2.2.36)

where z = Ex; + ix3 and 05 = %(%81 + i103)—a Cauchy—Riemann type operator. Thus,
B,,(z) is entire on the complex plane C. As such, the induced coherent state transform
of G gives rise to the space consisting of analytic functions B,,(z) which are square-

. . _mha 2
integrable with respect to the measure e 5 2 dz.

Remark 2.2.3 Note that in the previous remark if o = 0, then we obtain the formula

for the induced coherent state transform of the Heisenberg group, Example [2.1.5] and

Example

A notable difference between the group G and the Heisenberg group is the presence of an
additional condition, which is satisfied by any function f € L,,(G/Z) for any fiducial
vector ¢p. Indeed, another auxiliary condition beside (2.2.34) comes naturally from the
group structure. Recall that the Casimir operators are those in the respective universal

enveloping algebra of g which commute with every element in the Lie algebra g. Thus,
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if C'is a Casimir operator, then dp%ﬁ4 has the form ¢ I where ¢ € C, by Schur’s Lemma

[3,127], since it commutes with the irreducible representation dpfl‘; 5, Where X € g. This

means that (dpf, , — cI)¢p(y) = 0 for any ¢ € L,(R). Therefore, by Corollary 2.1.13]

we can conclude that any function f in L,,(G/Z) vanishes for the operator £¢ — ¢I.
Precisely, in our case C' = X7 — 2X, X} is the only (up to a scalar factor) “non-trivial”
Casimir operator, see [17, Ex. 3.3.9] [44] §3.3.1] [Il 2]. Then, from (I.2.13) it can
be easily checked that the corresponding operator acts as a multiplication operator by

8m2hohy on Ly(R):
X2-2X->X
donin 1 op(y) = ((dpps,)” — 2dpp2, dppk,) d6(y) = 87°halisdp(y).
That is,

((dpr%.,)” = 2dpi2, Aot — 8m°halial) ¢p(y) = 0. (22.37)
From here we can proceed in either of ways:

1. Corollary with the distribution
d(x1, T2, w3, 4) = 083 (w1, 0, T3, 74) — 204(21, Ta, w3, 24) - O4(21, T2, T3, 24)

asserts that the image f € L,,(G/Z) of the coherent state transform W,,, is

annihilated by the respective Lie derivatives operator
Sf(a1, 2, 25) =0, (2.2.38)

where, cf. (2.1.20):

S = (£%3)? —2¢8%28% _ 8n?hohyl (2.2.39)

= 83?3 + 47Tih482 - 87T2h2ﬁ4j.

2. The representation, cf. (1.2.12):

Ay, = (dpn?)? — 2dpn2d it (2.2.40)



Chapter 2. Coherent state transform 48

of the Casimir element C' takes the constant value 87*hofiy on Ly (G /Z). Note
that this produces exactly (2.2.39) because for the Casimir operator the left and the

right actions of the group coincide.

The relation (2.2.38) will be called the structural condition because it is determined by

the structure of the group G and its Casimir operator.

Note that i1s the Schrodinger equation of a free particle with the time-like
parameter x5. Thus, the structural condition is the generator of the quantised version
of the classical dynamics (1.3.20) of a free particle represented by the shear transform,
see the discussion of this after (1.3.20).

Summing up, the physical characterisation of the Ly, (G /Z) is as follows.

1. The restriction of a function f € L,,(G/Z) to the plane x5 = 0 (a model of the

phase space) coincides with the FSB image of the respective state.

2. The function f is a continuation from the plane zo = 0 to R? x R (the product of

phase space and timeline) by free time-evolution of the quantum system.
This physical interpretation once more explains the identity || f|[,, = || f|,, for any 2, 2
in R: the energy of a free state is constant in time.

Now, we specify the ground states and the respective induced coherent state transforms,

which will be used below.

Example 2.2.4 Consider our normalised fiducial vector ¢p(y) = (2hyE)'/ e Py’

with a parameter 2 > 0. Then, we calculate the induced coherent state transform for
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a minimal uncertainty states ¢,(y) (¢ > 0) as follows :

[W¢E ¢q] ($1’ T, 513'3) _ /2ﬁ4(qE)1/4 / efﬂm‘qyz6727ri(h2332+ﬁ4(fx3y+%12y2))
R

w o~ ThiB(y—a1) dy (see Remark [2.2.1)for the measure)

_ 2_o - _ . 2
— 2ﬁ4(qE)1/4e wha Exi—2mihaxo / e wha(ize+E+q)y
R

% eQﬂ’M(Exl +izs)y dy

exp (—Wh4Exf — 2mihoxo — ﬂuM)

izo+E+q
Vizg + E +q

= V2(qB)"!
(2.2.41)

Clearly, the function is dimensionless and satisfies conditions (2.2.33) and
(2.2.38)). It shall be seen in Section [3.2.2] that such a function is an eigenstate (vacuum
state) of the harmonic oscillator Hamiltonian acting on the image space L, (G /Z) of the
respective induced coherent state transform. Moreover, this function represents a minimal

uncertainty state in the space L, (G /Z) for any x5 € R and any E > 0.
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Chapter 3

Harmonic oscillator through reduction

of order of a PDE

In this chapter we devise an approach applied to the harmonic oscillator through reducing
a PDE order for geometrisation of the dynamics in the sense of Definition First, we
use the Heisenberg group and find that geometrisation condition completely determines
which fiducial vector needs to be used. The treatment of the group G provides the
wider opportunity: any minimal uncertainty state can be used for the coherent state
transform with geometric dynamics in the result. At the end we provide eigenfunctions

and respective ladder operators.

3.1 Harmonic oscillator from the Heisenberg group

Here we use a simpler case of the Heisenberg group to illustrate the technique which
will be used later. The fundamental importance of the harmonic oscillator stimulates
exploration of different approaches. Analysis based on the pair of ladder operators

elegantly produces the spectrum and the eigenvectors, see Section However, this
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technique is essentially based on a particular structure of the Hamiltonian of harmonic
oscillator expressed in terms of the Heisenberg—Weyl algebra. Thus, it loses its efficiency
in other cases. In contrast, our method is applicable for a large family of examples since

it has a more general nature as will be seen in Chapter 4.

Before proceeding, we shall briefly adopt our discussion on the harmonic oscillator,
Section to the language of representations of the Heisenberg group H. Indeed,
the Stone-von Neumann theorem [25, § 1.5][33, Ch. 14][44, § 2.2.6] ensures that
CCR provides an irreducible representation of the Heisenberg-Weyl algebra
(I.1.1). The corresponding group is the Heisenberg group H with the group law (1.1.2),

it has the unitary irreducible Schrodinger representation (constructed along the induction

procedure, cf. (1.2.10) for x5 = 0) on Ly(R):

on(x,y, s)f(x) = 2=V £ (0! — 1) (3.1.1)

The corresponding infinitesimal generators are (see Example [2.1.16)

d
doy* = 0 doy” = —2miha'l, doy = 2mihl, (3.1.2)
T

with [do;X,do)] = do3 = 27ihl. These operators are skew-symmetric, thus we need to

(1344
1

multiply each by the complex unit “i” to get a self-adjoint operator in a proper domain of
Ly(R) where these operators are well-defined. It suffices to consider the Schwartz space

S(R) C Ly(R) on which these operators are essentially self-adjoint operators.

With regard to the above form of Schrodinger representation, we recall from Convention
that x is measured in unit 7'/ (M L) while y is measured in unit 1/L, so z’ shall have
physical unit 7'//(M L). Thus, the self-adjoint operators ido;* and ido,Y may be viewed

as momentum and position observables, respectively.

Let

(X — imwY’), Lt =

(=X —imwY).
2hmw 2hm

S
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Then, we have the dimensionless pair of ladder operators

- 1
a” =doy = (—i(ido;’ ) — mw(idoy)); (3.1.3)
2hmw ’
1
at =dol = (i(ido;¥) — mw(ida) ). (3.1.4)

vV 2hmw

In this setting, the harmonic oscillator Hamiltonian corresponds to the following element

of the respective universal enveloping algebra:

hw 1 mw?
Ly=—(L LT+ LT )= ——X?>— —Y?2 1.
H= "9 ( + ) om 2 (3.1.5)

This generates the harmonic oscillator Hamiltonian operator acting on Lo (R)

2
(ida}))?, (3.1.6)

1 . mw
H=dp" = %(1d0§)2 +

which is the Weyl quantised version of the classical Hamiltonian: h = %(]02 /m+mw?q?).

In the context of the group H, the (induced) coherent state transform Wy, for a fixed
¢r as defined in the preceding Chapter, is used to transfer information from the state
space Lo(R) (the Schrodinger model, see (2.1.9)) to a closed subspace of Lo(R?) (a FSB

model—the induced coherent state transform image):

Wep o [+ <f> Uﬁ(mvy70)¢E> = 0(z,y)

It intertwines the Schrodinger representation (3.1.1) with the following FSB

representation of H on Ly(IR?):
[5h(1‘; n S)f] (I/, y/) _ eZWiﬁ(s—xy+my’)f<$/ —z, y/ - y) (3.1'7)
That is,
Woon(2,y,s) = an(x, y, s)Ws. (3.1.8)

The representation (3.1.7)) is a representation of H induced from a character of the centre
of H, cf. (I.2.8) for x5 = 0. The infinitesimal generators of the respective basic elements

of b are

d5;¥ = =0, + 2nikyl, dé) = —0,, d&; = 27kl (3.1.9)

1

with [d67, d6) ] = d&3 = 2mihl.
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Remark 3.1.1 For computations convenience in Subsection [3.2.2] we will

consider as observables the self-adjoint operators: \/#wad&g( and Ed&}{ so that

[ﬁd&;{, ﬁd&gf | = ihl. These observables have physical dimensions M L/T and L,
respectively. Again we restrict these operators on the Schwartz space S(R?) which is a
subspace of the image space Ly, (H/Z) of the induced coherent state transform, see [25)

§ 1.4]. The same is true in case of the group G, see the paragraph after Proposition[2.1.6]

Due to the intertwining property (3.1.8), the quantised harmonic oscillator Hamiltonian
H (3.1.6)) acts on the FSB-like space L, (H/Z) by (we still use the same notation H)

X 2 N
e 1 <1d0£{) +mw2 <1da§> (3.1.10)

o2m \ \2r 2 V2
1 ., mw?, ik Th*
=0 — — —y0y + —uy°I.
47Tmam 47 ayy+ mya + m y

Now, let us consider in the image space L, (H/Z) the time evolution of the harmonic

oscillator which is defined by the time-dependent Schrodinger equation, Section[1.4]

inf(t,x,y) = Hf(t,2,y), (3.1.11)

for f(t,-,-) in Ly, (H/Z) for all t and H (3.1.10). Our aim is to describe the dynamic
f(t,z,y) in geometric terms by lowering the order of the differential operator (3.1.10).

Indeed, the structure of L, (H/Z) enables to make a reduction to the order of the
differential operator (3.1.10) using the analyticity condition. Based on Example 2.1.16]
for the Gaussian ¢z (y) = e ™Y (E > 0), the respective image of the induced coherent

state transform, f = W, k where k € L,(R), is annihilated by the operator (the
analyticity condition (2.1.26))):

D=—-ig¥ + EgY (3.1.12)

— —i0, + Ed, — 2mihExl |
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From the analyticity condition (2.1.26) of the induced coherent state transform, the
operator (A9, + B9, + CI)(—ig* + E£Y) vanishes on any f € Ly, (H/Z) for any
A, B and C'. Thus, we can adjust the Hamiltonian (3.1.10) by adding such an operator:

H, = H + (A9, + Bo, + CI)(—igX + ELY) (3.1.13)

through which the coefficients A, B and C' to be determined to eliminate the second-
order derivatives in H,. Thus, it will be a first-order differential operator equal to H on

Ly, (H/Z). To achieve this, we need to take

i

w
dtm’ Ar’ mw

Note that the value of E is uniquely defined and consequently the corresponding vacuum

vector ¢p(y) = e~™EY’ is fixed. Furthermore, to obtain a geometric action of f, in the

Schrodinger equation we need purely imaginary coefficients of the first-order derivatives

in H,. This implies that C' = —" 7, with the final result:
g (1 <id&;§)2+mw2 (id&}{)Q
" \om \ Vor 2 V2
1 w ithw

L, S ) Wy LYY B v

+(47Tm —|—47Ty 2:1:)( 2% +mweh)
ih 1 h?

= 1—y8$ — ihmw?®z0, + (—ﬁw + 7T—(yQ — m2w2x2)> I. (3.1.14)

m 2 m

Note that operators (3.1.10) and (3.1.14) are not equal in general but have the same

restriction to the kernel of the auxiliary analytic condition (3.1.12). Thus, the Schrodinger
equation (3.1.11]) becomes equivalent to the first-order PDE

inf(t,z,y) — H f(t,z,y) =0 (3.1.15)

on the space of functions that satisfy the analyticity condition (3.1.12)), where H, is given
by B.LI4).

Now, equation (3.1.11)) can be solved easily through the following steps:
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1. Since we want to determine the dynamic in Ly, (H/Z) for all ¢, f(t,z,y) must

satisfy the analyticity condition. That is,
(—10y + mwdy, — 2rikmwxI) f(t, z,y) = 0. (3.1.16)

This is a simple linear first-order PDE and we use the method of characteristics to

obtain the following general solution
F(t,z,y) = e ™ £ (¢t mws + iy) | (3.1.17)

where f; is an arbitrary analytic function. It is analytic in mwx + iy because the
factor e~ ™"m«r” “peels” the operator (—id, + mw0, — 2mifmwaI) to the Cauchy—

Riemann operator, —id,, + mwd, on f.

2. We take the solution (3.1.17) and substitute in the reduced Schrodinger equation

(3.1.15) which becomes even simpler in f:
: mh* , 1
ih0y — hwz0, — (—=z° + 5%)] fi(t,z) =0 (3.1.18)
m

where z = mwx + iy. Again the method of characteristics provides us with the

following general solution

iw wh_ 2

fit,z) =e 2 mma® fo(e ), (3.1.19)
where f5 is an arbitrary analytic function in z = mwx + iy.

3. Finally, we make a substitution of (3.1.19) into (3.1.17) to get the general solution

. B .
f(t,x,y) = exp (—%t + mihxy — zyil—w(mesz + yg)) f2 (e_m(mwaz + 1y))
(3.1.20)

which satisfies (3.1.15)) and certainly satisfies the analyticity condition (3.1.12).

Hence, it is also a general solution of the main equation (3.1.11) with the Hamiltonian

(3.1.10). As known (see the end of Section this solution uses a coordinate
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transformation that geometrically corresponds to a uniform rotation of the phase space,

cf. (I.4.52). This is a classical dynamics of the harmonic oscillator.

We can easily see that the reduction has been achieved due to the analyticity condition.
Specifically, the second-order derivative terms in (3.1.10) represent a Laplacian, thus it
vanishes on analytic functions—a standard result from complex analysis. This clearly
explains the reason behind the simple form of a harmonic oscillator Hamiltonian on FSB

space being a first-order differential operator, cf. Section (1.4

3.2 Harmonic oscillator from the group G

Here we obtain an exact solution of the Schrédinger equation for the harmonic oscillator
in the space L (G/Z). 1t is achieved by the reduction of the order of the corresponding
differential operator in a manner illustrated on the Heisenberg group in the previous

section [3.1] A new feature of this case is that we need to use both operators (2.2.34))
and (2.2.39) simultaneously.

The quantum harmonic oscillator Hamiltonian acting in L, (G/Z) is given by (cf.

(3.1.10) and the previous paragraph to it):

2 2
gt idpp ! L idpp
C2m \ V27 2 V21
1 1 mw?
- _47Tma%1 B 47me§8?2’3 T 33?3 B
ik ih
+ lﬁxgal + %[Ifgl’g@g — %(—lhzll'g — Qﬂhix’g)[ .

1
2mm

19035 (3.2.21)

Note that if o = 0, then we get exactly (3.1.10) the Heisenberg group case. Although,
the Hamiltonian (3.2.21]) seems a bit alienated in comparison with the Heisenberg group
case, we can still adjust it by using conditions (2.2.33)) and (2.2.38) as follows. We write

H, = H + (Ad, + B0y + C0s + KI'C + FS. (3.2.22)
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To eliminate all second order derivatives one has to take A = ﬁ’ B =0 C =

—(SE + xp) and F = —=(iz; + E)* + ’Z—“Tf. A significant difference from the

2mm
Heisenberg group case is that there is no particular restrictions on the parameter £. This

—nhyEy?

allows us to use functions e , with any £/ > 0 as fiducial vectors. Such functions

are known as squeezed states, cf. Section (1.4

To make the action of the first order operator geometric via the reduced Schrodinger
equation, we make coefficients in front of the first-order derivatives 0; and 05 imaginary.

For this we put K = Y3, (—E + 2iz,). The final result is

2m

. . . i
H,=H+ ( 1 81 + 1 (_IE —+ x2)83 + ;_;lxl(_E -+ 21332)) C

4mm 2mm " 2
+ (ﬁ(;@ +iE)* + Z—f) S
= % (w3 + 2122)01 — ((iz2 + E)* — m*w?) o — (E*x1 — 2915)03)
— % (—8i7rh2E:B2 — iz + 47rh2$3 - 27rﬁ4$§
+4mwhom?w? — E — dthyE? — 4i7TEﬁ4CE%$2 + 27rﬁ4E2x%) I (3.2.23)

where C and S are given by (2.2.34)) and (2.2.39). Thus, the Schrédinger equation for the

harmonic oscillator

ihyO, f (t, 21, 29, x3) — H f(t, 21, 22, 23) = 0, (3.2.24)
is equivalent to the first-order linear PDE

ihyOy f(t, 21, X9, x3) — H, f(t, 21,29, x3) = 0, (3.2.25)

for f in the image space L, (G/Z). Following the same scheme as in the case of the

Heisenberg group, we can achieve a generic solution to (3.2.24)) via the following steps:

1. We start from a general formula for f(¢,x1,xo,x3) that satisfies the analyticity

condition (2.2.33) for all ¢. That is, we solve the equation:

(-181 + E83 - 27T1h4E£L‘1)f(t, T1,T9, 133) =0. (3226)
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Since this is a first-order linear PDE, then by the method of characteristics we obtain

the following general solution
f(t, Ty, T2, 33'3) = eiﬂ-MEx%fl(t, E.’L’l + iiL'g, i.fL'Q + E), (3227)

where f; is an arbitrary function, analytic with respect to Fx; + ix3. Similar to the
case of the Heisenberg group, f; is analytic in Ez; + ix3 because the operator of

multiplication
_ 2
g : fl(t7 L1, T2, :ES) =€ ﬂ'ﬁ4E$1f1(t’ €1, T2, $3)
intertwines the operator (2.2.34) with the Cauchy—Riemann type operator:

GoC = (Ed;—id)oG.

2. Upon substitution of (3.2.27)) into the reduced Schrodinger equation (3.2.25)) with
H, (3.2.23)), we obtain a simplified first-order PDE

h
(imat + = (zw&z + (w?* — m*w?)0,, (3.2.28)
m

1
+ (7hy2® + 2mho(w? — m*w?) + 5w)])>f1(t, z,w) =0

where

z=Fx| +irs, w=iry+ FE.

Again, by the method of characteristics, we obtain the following general form of

the function f;

vVE+mw

N T T

: 2
exp (%t — 9hyw — nmz—) (3.2.29)

w + mw

I olwt z 2wt mw —w
w4+ mw’ mw + w

Thus, substituting f; (3.2.29) into (3.2.27) we get, in terms of the original
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coordinates x,

VE+mw
f(t,x1,20,23) = —
Vize + E 4+ mw
(EZEl + ix3)2

X exp <_let — ﬂh4Ex§ — 2mihoxe + Thy-

iy + E + mw
« fy (et Exy +ixg ’e_mwtmw — (mg +E) .
iz + E 4+ mw mw + (izg + E)

(3.2.30)

At this stage, formula ([@.2.30) satisfies (3.2.23) with the reduced
Hamiltonian (3.2.23)), and of course the analyticity condition (3.2.26). Yet, it
is not a solution of (3.2.24) with the original Hamiltonian (3.2.21). We need the

following step.

3. In the final step we request that (3.2.30) satisfy the structural condition (2.2.38).

This results in a heat-like equation in terms of f:

1 2
ol ) = ———— , 3231
Oy fa(u,v) 8ﬂ_ﬁ4mwauuf2<u v) ( )
where
_ Ex+ixg _ mw — (izg + E)
i+ E4mw’ omw+ (i + B

The solution of (3.2.31) is formally given by:

2mwhy

1/2 )
fa(u, v) =< ) / g(g) exmhame 5= g (3.2.32)
R

()

where ¢ is the initial condition g(u) = f2(u,0) and we use analytic extension from

the real variable v to some neighbourhood of the origin in the complex plane—see

the discussion in the next section.

Thus, with f as in (3.2.32), formula (3.2.30) yields a generic solution to (3.2.24) with the

Hamiltonian (3.2.21).
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Remark 3.2.1 Note that the above initial value of f,, related to v = 0, corresponds to
9 = 0 and EE = mw. Thus, it indicates that this general solution is obtained from
the unsqueezed states of Fock—Segal-Bargmann space, that is, the case related to the

Heisenberg group.

3.2.1 Geometrical, analytic and physical meanings of new solution

Analysing the new solution (3.2.30) we immediately note that it reduces by the
substitution z2 = 0 (no shear) and &/ = mw (predefined non-squeezing for the Heisenberg
group) into the solution (3.1.20). Thus, it is interesting to look into the meaning of
formula for other values. This can be deconstructed as follows.

The first factor, shared by any solution, is responsible for

1. adding the value %mw to every integer multiple of h,w eigenvalue;
2. peeling the second factor to analytic function;

3. proper L,-normalisation.

The first variable in the function f; of the second factor produces integer multiples of A w
in eigenvalues. The rotation dynamics of the second variable alternate the shear parameter

as follows. Points izy + E form a vertical line on the complex plane. The Cayley-type

transformation
) mw — (izg + B
iry + E (izs 1 B) (3.2.33)
mw + (g + F)
maps the vertical line izy + E into the circle with the centre m;f 7 and radius "o

(therefore passing —1). Rotations of a point of this circle around the origin creates circles
centred at the origin and a radius between ¢ = ‘%‘ and 1, see Fig.
Let a function f; from (3.2.32)) have an analytic extension from the real values of v into a

(possibly punctured) neighbourhood of the origin of a radius R in the complex plane. An
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example of functions admitting such an extension are the eigenfunctions of the harmonic
oscillator (3.2.42) considered in the next section. In order for the solution (3.2.30) to be

well-defined for all values of ¢ one needs the following inequality to hold

mw — (izg + E)
mw + (izg + E)

‘ <R. (3.2.34)

It implies the allowed range of E around the special value mw:

1-R <E<1+R
mw
1+ R 1-R

mw. (3.2.35)

For every such F, the respective allowed range of x5 around 0 can be similarly deduced

from the required inequality (3.2.34), see the arc drawn by thick pen on Fig.[3.1]

The existence of bounds (3.2.35) for possible squeezing parameter £ shall be expected
from the physical consideration. The integral formula produces for a real
v a solution of the irreversible heat-diffusion equation for the time-like parameter wu.
However, its analytic extension into the complex plane will include also solutions of time-
reversible Schrodinger equation for purely imaginary v. Since the rotation of the second
variable in requires all complex values of v with fixed |v|, only a sufficiently small
neighbourhood (depending on the “niceness” of an initial value f5(u,0)) is allowed. Also
note that a rotation of a squeezed state in the phase space breaks the minimal uncertainty
condition at certain times, however the state periodically “re-focus” back to the initial

minimal uncertainty shape [81].

If a solution fy(u,v), v € R of (3.2.32) does not permit an analytic expansion into a
neighbourhood of the origin, then two analytic extensions f3(u,v), for Sv > 0 and
Sv < 0 respectively, shall exist. Then, the dynamics in (3.2.30) will experience two
distinct jumps for all values of ¢ such that

oMW — (irg + E) o
R <e o T (ims £ E)) =0. (3.2.36)

Analysis of this case and its physical interpretation may require further investigation.
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\J

Figure 3.1: Shear parameter and analytic continuation. The solid circle is the image of the
line izy + F under the Cayley-type transformation (3.2.33)). The shadowed region with
dotted boundary (the annulus with radii ¢ and 1) is obtained from the solid circle under
rotation around the origin. The dashed circle of the radius R bounds the domain of the
analytic continuation of the solution (3.2.32)).

The left picture corresponds to £ = mw (thus ¢ = 0)—there always exists a part of the
shaded region inside the circle of a radius R (even for R = 0).

The middle picture represents a case of some E within the bound (3.2.35)—there is an
arc (drawn by a thick pen) inside of the dashed circle. The arc corresponds to values of
x5 such that the solution (3.2.30)) is meaningful.

The right picture illustrates the squeeze parameter £, which is outside of the
range (3.2.33). For such a state, which is squeezed too much, no values of x, allow

to use the region of the analytic continuation within the dashed circle.
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3.2.2 Harmonic oscillator Hamiltonian and ladder operators in the

space L, (G/Z)

For determining a complete set of eigenvectors of the harmonic oscillator Hamiltonian
(3.2.21)), we consider ladder operators technique as explained in Appendix [A]l To this end,

let

i 1 i 1
Lt = @< ! Xl——Xg) and L~ = @( ! X1+—X3>,

mhy \ 2mw 2 mhy \ 2mw 2
which represent two elements of the Lie algebra g corresponding to the shear group G.
Using the derived representation formulae (I.2.12)) we have the following dimensionless

operators—Ilinear combination of infinitesimal generators of the Lie algebra g:

+ . ~L+ _ mw 1 1 ~X 1 . ~X
a' = dpﬁ4 = 7T_I’:L4 (Qmw (1dph4l) + E(ldphf))

(—81 — (132 + imw)ag + 27Tiﬁ4l’3 I),

i
N 2/ mmwhy

_ - T I x 1, .
a = dpﬁz; - 7T_ﬁ4 (%(ldpﬁz;)_i(ldpﬁf))

| — (29 — imw)0s + 2mihgxs I) .

1
= ————=(—0
2\/7rmwﬁ4(
Since, [(2m)~1/2idp;, %, (2m)"Y/2idp; !] = ihal, which gives a realisation of the canonical
commutation relation in the Hilbert space L, _(G/Z), one can immediately verify the

commutator relation

la=,a")=1T. (3.2.37)

Thus, all properties of the ladder operators included in Appendix |A| are valid for a~,
a™ here. Notably, the Hamiltonian (3.2.21) is expressible in terms of the above ladder

operators:

1
H = hyw(ata™ + 3 I). (3.2.38)
Thus the following commutators hold:

[H,a"] = hywa™, [H,a”] = —hywa .
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Moreover, the creation and the annihilation operators are adjoint of each other:
(a™) =a" (3.2.39)

where “*” indicates the adjoint of an operator in terms of the inner product defined

by (2.1.14). Then, from (3.2.38) and (3.2.39) we see that H* = H.

Corollary 3.2.2 The function (see (2.2.41)) for ¢ = mw)
V2(mwE)Y* (
. exp
Vizg + E 4+ mw

—nhyEx? — 2mihoxs + wh
i it 7T4i;1:2+E+mw

(3.2.40)

E i7)2
Bo(z1, 19, 13) — M) |

represents a vacuum vector in the space Ly (G /Z). That is,

CI,_CI)O =0.

Proof

The vacuum @ in the image space L, (G /Z) must be of the form ®q = W,,, f for some
f € Ly(R) where ¢g(y) = (2ho )"/ ™5%" with a parameter £ > 0. We can simply
find f for which a=®, = 0 as follows. The vacuum &, is defined as the null solution of

the annihilation operator:

mw 1 i
Oy = | — | —— (i) — =(idpiE) ) ®y = 0.
=\ [ () - ) ) 2

That is,
(idppt 4+ mwdpp®) We f = 0.

But, the intertwining property, Corollary 2.1.13] implies that
d

1—

d
Sl e X)W, f 4 mu s

dt

ﬁm (exp tX3)W¢Ef

t=0 t=0

.d d
=1y We P, (exptX1) f + mw o We s Phon, (€xp tX3) f
t=0 =0

= Wep, (idppy, +mwdpp’,) f
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The latter vanishes if
(idpthlfm + dephXQSM) f<y) = 0’

where dpifh4 are given by (1.2.13). Thus, it has the general solution

f(y) = (2hgmuw)VAe™™mev” = ¢ (y).

Thus, the vacuum is
q)O = W¢E ¢mw

which has been explicitly computed, see Example [2.2.4] for ¢ = mw. O

65

(3.2.41)

The vacuum @ is normalised (||®o||,, = 1) and for the higher order normalised states,

we put
1 .
(I)j:—(CLJr)](I)(), j:1,2,

!
Orthogonality of ®; follows from the fact that / is self-adjoint.

Corollary 3.2.3 For

U= ————— and v= :
1$2+E—|—mw mw+(lx2+E)
we have
l : —onh
(w1, 22, 15) = —==(v)/*H, \/@ | @y
\/2j_ﬂ v
where

14 .
- —1)*5! i—2k
i =3 e

are the Hermite polynomials of order j, see (1.4.41).

Proof
We have

(3.2.42)

(3.2.43)
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Again, Corollary 2.1.13]implies that

1 . 1 ma\’ A
- mw| = —— _— —d L _d 3 mw
\/ﬁ(a ) [W¢E¢ ] \/ﬁ ( 7Tﬁ4> | |:W¢E (2mw phzﬁ4 + 2 ph2ﬁ4 (b

1

d J
X <(— : _y +7Tﬁ4y> ¢mw(y>7ph2h4(x17'r2’x370>¢E(y)>

— W <Hj < 2mmwhy y) ¢mw(y),ph2ﬁ4($1,$2>$3a0)¢E(y>>

)7
= W I(x1, 29, 23)Po (71, T2, 73), (3.2.44)

/27741

where
I(x1, 9, 23) = / e_“qQHj (g + Su) dg, (3.2.45)
R

_ \V2rmw _ \/7 _ FExzi+iz [
for oo = Taat b’ B =+2mmwh,; andu = # el Now, we explicitly evaluate

the above integral as follows:

I(x1, 29, 73) = / e_”qzl—_fj (g + Pu) dg
R

s (—1)y! 2k
= [ X g ey 2lea+ )™
k=0
Li/2]) j—2k P '
— Z Z (_1)k2] Qk]' (] - 2k>' (5u)j—2k‘—nan/ e_ﬂ-q2qn dq

In the equality previous to the last, we used the closed form of the expansion of the
binomial (g + Bu)j ~2F Moreover, the last integral vanishes unless n is even, so for
n = 2r with (r =0,1,---), we use the identity

) 27!
/ ot 2 qg = 2T (3.2.46)
R

2rrypl’
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/2] 13/2]—k

_ (—1)r27 ;! j=2(k+r) o 2r 1
]($1,$2,9€3) - Z_: Z k(i — 2(k+7~))[(/3u) @ 22rqrryp]

B — r'k'j—2k+7")) (izg + E + mw)"

Let £ + r = s, the interior sum becomes

Li/2]) 1i/2] k25 k

(24/2mmwhigu ) ~2k4T),

Z Z J! (me)”* (2+/2mmwhyu)
)G — 28)! (ixg + E + mw)sFk *

k=0 s=k
i/

,_
|_

s=

x (2¢/2mmwhgu)’~ 28]

7/2

,_
~
—

128 4
- Yy u)i =2 ( —
:0{ ]—28 mmhy ) < 2 img+
5/2) |
= 2 { = 2 2mmwhy u)JQSvS}

li/2] . j—2s
(N — (/2 JI(=1) [ —2mmwhy
=7 ) / ; sl(j — 2s)! (2 v u)
— ()P, <\/ —rel ) |

Thus,

2 j12¢ s! —1\" mw sk
— sl(j—28)kl(s— k) \ 2 ire + F + mw

st )|

(1, w9, 5) = (1) (v)/* H, (\/ _QWTM u) '

Finally, upon substitution into (3.2.44)), we obtain

1 . [ —2mmwhy
(I)j<xlax27$3) = \/QJ_ﬂ(U)]/2HJ ( T

U) (I)().
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Due to the general algebraic properties of ladder operators, Appendix [Al we still have

a~®; = /5P, 1. (3.2.47)

Therefore,

Hence, for the Hamiltonian H of the harmonic oscillator (3.2.21)) we have

H(I)j = ﬁ4w(j + %) q)j.

Recall that C®y = SP( = 0, see the last paragraph after (2.2.41). Furthermore, it can be
verified that both operators C (2.2.34) and S (2.2.39) commute with the creation operator
a™ and thus

Ch, =8P, =0, j=0,1,2,....

In other words, the higher-order states ®; satisfy the analyticity condition (2.2.33)) and the
structural condition (2.2.38).

Note that the singularity of eigenfunction (3.2.42) at v = 0 is removable due to a
cancellation between the first power factor and the Hermite polynomial given by (3.2.43).
Moreover, the eigenfunction (3.2.42)) has an analytic extension in v to the whole complex

plane, thus does not have any restriction on the squeezing parameter [ from the

inequality (3.2.34)).

The eigenfunction ®;(u, v) (3:2.42) at v = 0 reduces to the power u/ of the variable u, as

can be expected from the connection to the FSB space and the Heisenberg group.
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Chapter 4

Classification of Hamiltonian operators

for geometric dynamics

So far we have considered a specific case of Hamiltonian operator, the harmonic
oscillator’s. The corresponding geometric dynamics have been obtained in the space
Ly, (G/Z) for the fiducial vector ¢ being a squeezed Gaussian, that is, the case of ¢ g
(2.2.31]) where D = 0. However, certain Hamiltonian operators of the form,

3

H =" ap(ids,)idpr), 4.0.1)

J,k=1

where dp*i are as in (I.2.12), can not be reduced to first-order differential operators when

such a Gaussian (i.e. the case D = 0) is taken as a fiducial vector.

In this chapter, we provide the full classification of the Hamiltonians which can be
geometrised by the minimal three-step nilpotent Lie group G and the cubic exponent in
the fiducial vector (2.2.3T)). The latter is the Fourier transform of an Airy wave packet [11]]

which is useful in paraxial optics 76, [77].
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4.1 Geometrisation of Hamiltonians by Airy coherent

states

Without lose of generality, let us consider the above form of a Hamiltonian H acting in

the image space L, (G/Z) where the fiducial vector ¢ p is given by (cf. (2.2.31) and

Figld.T)
D7
P s Ehgy? + 27riDh2y) . 4.1.2)

¢E,D(y) = CeXp (

Note that in order for ¢p p to be in Lo(R), the parameter D must be real and as before

E>0,hy > 0.

Figure 4.1: Fiducial vector ¢ p (2.2.31): solid blue and red graphs are its real and

imaginary parts respectively. The green dashed envelope is the absolute value |¢g p

]

which coincides with a Gaussian.

Recall that any function f in the image space Ly, ,,(G/Z) satisfies
Sf=0, (4.1.3)
where § is given by (2.2.39) which we repeat here:

S = (&%) —2gX28% _ 8rlhyhyl (4.1.4)
= 02, + 4mihy0y — 872 hohyl
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and also f satisfies the analyticity condition
Cf=0, (4.1.5)
where (see (2.2.30) and the discussion afterwards adapted to the case D # 0)

C=—igX —iDgX2 4 EeXs (4.1.6)

Generally, we may say that the image space Ly, ,(G/Z) is annihilated by elements of
the left operator ideal I generated by C and S @.1.4). Precisely, an element of
K has the form AC + BS, where A, 5 are any differential operators. Therefore, any
two operators of K have equal restrictions to the space L, (G/Z). Among many such
operators we can look for a representative with desired properties which geometrises the
dynamic. If the Hamiltonian H admits, in the sense of Definition [0.0.3] geometric
dynamic in Airy-type coherent state p, , (71,22, 23,0)¢p p then there is a first-order

differential operator, H, on L, (G /Z) such that H, — H is in the ideal C generated by
C @1.6) and S @.1.4):

Hrf(Il, Ta, IL‘3) = (H + (A@l + Bag + 083 + K)C + FS) f(l’l, ZL‘Q,ZEg). (417)

The coefficients A, B,C, K and F' are chosen to eliminate all possible second-order
derivatives appear in (4.1.7). Note that the possibility of obtaining H, as a first-order
differential operator depends on the values £ and D in the fiducial vector (4.1.2)) and the

respective form of the operator C.
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From the relation (4.1.7)), a reduction of the order of H is possible when

A= iall;
B = —iDCLH + i(CLgl -+ CL12),
C= a11(2ix2 — lel -+ E) -+ i(a13 —+ &31),

. _ (4.1.8)
F =a11(Dxy — 29 +iE)° — (az1 + a13)(Dx1 — 29 +1F) + ass

D
K= —27rﬁ4(a13 + a31)l’1 + (111( — 27Tiﬁ4Ex1 — E + 57Tﬁ4DQZ%

a
— 471'77,41’15(}2) + %

The last parameter K is used to get imaginary coefficients in front of 0; and 0; in the
Schrédinger equation for H,. In other words, the choice of K as such will allow to
obtain a geometric action in the plane parametrised by points (z1,x3). Furthermore,

the polynomials (4.1.8) amount to the following restriction on the coefficients a;; of the

Hamiltonian (#.0.1)):

a1z = 2Day; — agy,
Qg = D2a11’ (419)
agz = a;3D + Dagy — az;.

while, a1, as1,a13,as1, a3 and asg are free parameters. Thus, we have obtained the

desired classification:

Proposition 4.1.1 The Hamiltonian (4.0.1)) can be geometrised over G /Z by Airy-type

coherent state from the fiducial vector (4.1.2) with D # 0 or by squeezed Gaussian (i.e.

D = 0) if and only if coefficients a;y, satisfy (4.1.9).

A direct consequence of this result is the harmonic oscillator Hamiltonian that we
discussed in the previous chapter, for D = 0 (so, ¢gp (2.2.31) is Gaussian) and

a1z = a3 = 0.
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4.2 Example of a geometrisable Hamiltonian and the

fiducial vector ¢ p

In light of Proposition let us consider the matrix (a;y,) satisfying condition #.1.9):

1 D 0
1
(a;x)=— | D D* 0], (4.2.10)
m
0 0 a?

where m is the mass, see the remark below, and ¢« = mw > 0. Then, the entries of

together with bring the Hamiltonian (4.0.T)) into the following form:
H= 1 ((di) + D (idi))* + a—z(idp;;s)% (4.2.11)
m m
It is the Weyl quantisation of the classical Hamiltonian
h=L(p+Dg?)?+Lg?. (4.2.12)
Explicitly, we have
H= —% (afl + (23 + a*) 035 + 21207, + D?03, + 2D0%, + 2Dx503,
— Amihyx30y — AmihyDx30y — (dmihyzors — D)0 — (47T2ﬁZI§ + 27Tiﬁ4:1:2)1).
Remark 4.2.1 According to Remark [1.2.2] and noting that D is measured in unit

LM?/T?, it can be checked that the Hamiltonian H (@.2.11)) has the physical dimension

2 . . . . .
M % This also justifies our choice of the parameter a,, being %

A reduction of the order of H is achieved by a direct substitution of (4.2.10) into

which results in:

: D )
A=1, B=2, (0= (s +E—iDx),
m m m
1 . ) a2 1 . 2
F=—(Dzx; — a9 +iE)* + —, K = — (=2inhyExq + brhyDay — dnhyz3s) .
m

m m
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Subsequently, the reduced Hamiltonian H, (4.1.7) is

H, = — (4mihyxs — 6mihy Das + dwihyxi2s) O,

1
m

1
+— (47riﬁ4D:c3 — 2wy D23 + 8whyFExg — 4mihy D xy + 4Tikws

— 4mihy E? — 87hyDExy + 47rih4a2) Dy

1
+ — (2mihy Dotz — Amihy Bz — Amihy D’z + 4dmifigzons) O (4.2.13)
m
h
+ % ( — 87Th2(DfE1 — T2 + ZE)2 — 57Th4D2.T11 + 47Tﬁ4$§

+ Sirhy Exiay — dwhy 2% + 2ixy — 2iDxy

— Sinhy EDx + dnhyDaiay + 2F — 87Th2a2) I.

4.2.1 Solving the geometrised Schrodinger equation

For a function f in the image space L, | (G/Z), the Schrédinger equation

1hyO f (t, 21, 29, 23) — Hf(t, 21,29, 23) =0 (4.2.14)
becomes equivalent to the first-order PDE

ihyOi f (t, x1, 29, x3) — H, f(t, 21,29, 23) = 0. (4.2.15)

We proceed to solve (4.2.14) in the same manner as we treated the harmonic oscillator in
the previous chapter . Namely, the first step is to solve the analyticity condition (4.1.5]
for f(t,x1,xq,x3) (using the method of characteristics). Indeed, the following formula

represents a general solution of such an equation:
. o D g
f(t,xy, 29, 23) = exp | wihy | iEx] + 5 (4.2.16)
x ¢ (t, Dat + 2iExy — 223, Dxy — 25 +1E) |

for all ¢.
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Then, the substitution of (4.2.16) into the reduced equation (£.2.15) produces the

following significantly simplified equation

(iﬁ4m8t + drihguiugdy + dmihy (Ul 4 a®)0y

4.2.17)
+(&ﬁmﬁ4u3+f)+2mﬁw2—w%ﬁﬁ)>a@ub@):o
where

u; = Da? + 2iFEx, — 23, Uy = Dxq — 9 +iE. (4.2.18)

Equation (@.2.17)) is a first-order PDE whose generic solution is

1 2ami mihy Ul

t = t + 2mihouy — —t

o) = o (S i = 42.19)

dari U gari, Uy + 1@
X 1) (e m ! em ! ——— .

Uy — ia’ Uy — ia

At this point, @.2.16) with ¢ from @.2.19) solves {#.2.15) for any ¢ in (#.2.19) and
obviously satisfies the analyticity condition (4.1.5). The function f(¢,u1,us) @.2.16)

will also be a generic solution of (4.2.14) if it further satisfies the structural condition

(@.1.3)). This requirement leads to the following equation:

1 2
- 422
anw(éa 77) 2ﬂ_ﬁ4aa§§w(£a 77)7 ( 0)
where
= gt 42.21)
Ug — 1a Uy — 1a

A generic solution of (@.2.20) is given by the integral:

ahy (t—5)?

1/2 .
W’"):(%) Ak<s>e2”ﬁ4“ nds, (4.2.22)

where k is determined by initial conditions. The function f (#.2.16) with ¢ (4.2.19) and
Y (@.2.22)) represents a generic solution of (#.2.14).

Remark 4.2.2 Regarding the above integral convergence, the main point is to control

the behaviour of the exponential factor at infinity. This requires a certain range for the
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parameter E. Indeed,

2 .
_s)2 _1 v ug—la
7lﬂ'ﬁ4aM o e%{ 27rﬁ4a<u2—ia S) u2+ia}

e 2 g

2 .
1 uy _ 2u1 2\ ug—ia
o e%{ 27rﬁ’4a((u2_ia)2 ug—ia sts ) u2+ia}
R —Lrhsa i ug—ia
— o U 2T (ipmia)? ) uptia

E}?{f%ﬂ’fma(f 2up g4 up—ia 52> }

ug+ia ug+ia

X e

The first factor does not contribute to convergence since it is independent of s. While, for

the second let us rewrite it in terms of x; coordinates:

1.3 __2ug ug—ia 9
e?)?{—27rh4a< ugtiaSTuatia® )}

2, .. .
1 —2(Dx]+2iEx —2x3) Dzq{—xz9+i(E—a) 2
e%{iiﬂ'ﬁz"a( Dzq—z9+i(E+a) s+ D11712+1(E+a)s

7%ﬂ_ﬁ4a ( —2(Daq —ag)(Day—223)—4(E+a) Bay ot

(Daq—29)?+E%—a? o
(Dxy—x9)2+(E+a)?

s
(Dz1—29)2+(E+a)?

This is dominated by a Gaussian-like decay at infinity, if
(Dzy — 19)* + E? —a® > 0. (4.2.23)

This inequality is maintained whenever /. > a = mw.

The Hamiltonians (#.2.12)) is similar to a charged particle in a magnetic field. In such
a case projections of classical dynamics to the configuration space coincide with the
dynamics with D = 0 (no field). However, classical trajectories in the phase space for
D ## 0 are significantly different from the rigid rotation of the phase space familiar from

the harmonic oscillator case, see Fig.[d.2]

Quantisation of Hamiltonian (4.2.12) may be relevant for paraxial optics [76, [77]. The
parameter D in the fiducial vector ¢ p (@.1.2)) is dictated by the respective Hamiltonian,
while the squeezing parameter F is not fixed. However, the convergence of the

integral (4.2.22) requires that /' > a = mw as already shown in the remark above.



Chapter 4. Classification of Hamiltonian operators for geometric dynamics 77

<y

=

Figure 4.2: Classical orbits in the phase space of the Hamiltonian #.2.12)) .

4.3 Further extensions

The present work provides a further example of numerous cases [32, 45, 47, 48, [87]
when the coherent state transform is meaningful and useful beyond the traditional setup
of square-integrable representations modulo a subgroup H [3, Ch. 8], see Remark [2.1.7]
Specifically, the coherent states parametrised by points of the homogeneous space G/ H

are not sufficient to accommodate the dynamics (3.2.30) and (4.2.19)).

The method used in this thesis and the construction of coherent states from the group
representations is fully determined by a choice of a group G, its subgroup H, a
representation p and a fiducial vector ¢. Thus, varying some of these components we
obtain different geometrisable Hamiltonians in the sense of Definition Therefore,

our work can be naturally extended as follows.

e In the context of the present group G and the fiducial vector ¢z p (@.1.2) one may
look for Hamiltonians beyond the quadratic forms (4.0.1). Even in this case, the
nature of the ideal algebra of elements AC + BS (see the paragraph after (4.1.6))

still suggests a possibility for order-reduction of the respective Hamiltonians.

e Corollary in such a general version offers a concrete base for a wide

applicability. ~ Still in the context of the group G one may also look for
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another fiducial vectors, which will be null-solutions to more complicated analytic

conditions than (2.2.30).

e Many different groups can be considered instead of G with the Schrodinger
group [[76, [77] to be a very attractive choice. Indeed, a more refined coherent state
transform can be achieved by the Schrodinger group S introduced in Section [I.3]
because it is the largest natural group for describing coherent states for the harmonic
oscillator, see [1]] [25, Ch. 5]. However, as was mentioned at the end of Section[I.3]
the smaller group G has more representations than the larger Schrodinger group.
Thus, advantages of each group for geometric description of quantum dynamics

needs to be carefully investigated.

Finally, our technique may be extended to differential equations in Banach spaces through

the respective adaptation of covariant transforms, see [23, 24, 45]].
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Appendices

A Algebraic properties of ladder operators

Here we briefly discuss the ladder operators technique which is useful for the study of
the eigenvalues and the corresponding eigenvectors of a harmonic oscillator Hamiltonian

based just on * the canonical commutation relation”
Q, P] =inl. (A.24)

Here () and P are the usual position and momentum operators restricted to the Schwartz
space. We only need to use the fact that () and P are essentially self-adjoint in this case.
In fact, all properties we are deriving below neither depend on what a Hilbert space being
considered nor the explicit expressions of () and P. We remark that for general self-
adjoint operators, one can use Weyl relation [33} § 11.2][66, § 8.5] to avoid the questions
about the domain of definition of the relative operators that satisfy (A.24).

We introduce a pair of operators:

1 1 1 1
T =— N t=— ——P A2
Vo S A (A2

where A is a positive real parameter. In particular, for A = /mw we have the harmonic

oscillator Hamiltonian; H = ;- P? + mT“QQQ =L (aTa” +a a").

The operators a~ and a™ are called the annihilation operator and the creation operator,
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respectively (together called ladder operators.) These operators are conjugate,
(a™) =a™, (A.26)

where “*’ denotes the adjoint of an operator on Ly(R). The relation [Q, P] = ih[ implies

that,
la”,at]=a"a® —ata” =1 (A.27)
Let
N=a"a".
Then, the relation (A.26)) results in
- o 2
(N6, 6) = (a"a6,6) = (46,070 = a~o|* 2 0. (A28)

Thus, the operator N is positive and hence its eigenvalues (when exist) are non-negative

(22, § 4.9]. Furthermore, from we can see that
[Nya“]=Na —a N =(ata )a —a (ata”)=(aTa” —a a")a” = —a". (A29)
Similarly,
[N,a"] =a™. (A.30)

A very important consequence of (A.29) is that if ¢ is an eigenvector of N with eigenvalue
k, thatis, N¢ = k¢, then

N(a¢) BB o (N =) = (k- 1)a,

which means that if a~¢ # 0, then this is an eigenvector of /N with the eigenvalue k — 1.

Repeating the above calculation for ¢; := a~ ¢ and so on, we get
N((a™)"¢) = (k —m)dm

where ¢,, = (a~)™¢. This process of applying the operator a~ repeatedly to ¢ has

to terminate since otherwise one must pass on to negative eigenvalues of N which
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contradicts the property of the operator N being positive. Thus, there must exist a certain
non-negative integer mg such that (a=)"™°¢ = 0. That is, k — mq = 0, and hence k = m,,
which implies that the spectrum of N consists of non-negative integers, in other words,

the spectrum of V is discrete.

The vector ¢,,, := ¢y is called vacuum vector which is defined by

a” ¢g = 0. (A.31)
It is an eigenvector of N with the zero eigenvalue.

On the other hand, the relation (A.30) implies that
N(a* o) B2 o (N + Do = a™ o

That is, a™* ¢ is also an eigenvector of NV and the corresponding eigenvalue is 1. Similarly,
(a™)%¢y is another eigenvector of N with eigenvalue 2. Hence, the set of eigenvectors of
N are of the form

1

On = ﬁ(cﬁ)”qbo, n=0,1,2,.... (A.32)

Moreover, it can be shown by induction that

[, (a™)"] = n(a™)". (A.33)

= Vng,-1. (A.34)



Appendices 82

Now,

lonll” =

(Pn,
RN
=7<¢n 1, )
BB (4, 1, bur).-

Hence, once the vacuum vector ¢ is normalised then so are all ¢,,. For orthogonality of
{dn}5°, note that for any eigenvectors ¢,,, ¢, of the operator N with eigenvalues m, n

we have

<N¢m’ ¢n> =m <¢M7 ¢n> .

But, we also have

Thus,

(m - n) <¢m7 ¢n> =0
From this we see that if m # n then (¢,,,, ¢,) = 0

Particularly, for the normalised eigenvectors ¢,, we have

a” n = Vngn_1; (A.35)
= Vit 1duns (A.36)

which explain the name /ladder operators. This implies that
No, == a a ¢, = no,. (A.37)

Since H = hwaTa™ + 1, the relation implies that H¢, = wh(n + 1)¢, from
which one determines the spectrum of H. For explicit expression of the vacuum and all

¢, see Section [[.4] particularly, Subsection 1.4.3.
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B Induced representations of nilpotent Lie groups

B.1 The action of a Lie group on a homogeneous space

Let G be a Lie group and H be a closed subgroup of G, a homogeneous space X is defined
as the space of left (right) cosets of the subgroup H [27,/44]49]. Thatis, X = G/H =
{gH : g € G}, where gH = {gh : h € H}. The respective equivalence relation is given
as ¢ ~ g ifandonlyif ¢ = gh, forh € H.

Definition B.1 Let G and H be as above and let p be the natural projection p : G —
G/H ands : G/H — G be a section, that is, s is a right inverse of p. Then, the left action

of the group G on the homogeneous space X = G /H is given by
g-x=p(gs(x)), g€G, and x € X, (B.38)

where gs(x) is calculated using the respective group law.

Any element g € (G can be uniquely written as [43], § 13]

g= s(x)h7 T = p(g) and h € H. (B.39)

To see this, let + = g¢gH, the natural projection p maps each element ¢ € G to its
equivalence class, p(g) = gH. Since s(x) € G, there must exist ¢ € G such that

s(x) ~ ¢’ which means that
s(z) = g'hy, hy € H. (B.40)

But, ¢ = s(x)h; " implies that ¢ H = p(g') = p(s(z)h; ') = p(s(x)) = x. Thus, ¢’ ~ g
and this means ¢’ = ghs, he € H. Now substituting into gives

g =s(x)h, (B.41)
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where h = (hyhy)~! which is an element of H.

In the following example we compute the action g~ - x as this will be used in connection

with the induced representations of the group G below.
Example B.2 Consider the shear group G :

o for the centre Z = {(0,0,0,z4) € G : x4 € R}, observe that
G 3 (21,29, 23,24) = (21, 22,23,0)(0,0,0,z4), this defines maps, according to

(B.39),

pG%G/Za p: (5171,1'2,333,374) = (331,.172,1'3)-

s:G/Z - G; s:(xy,x9,23) — (71,22, 23,0).
Thus, the action of G on G/Z ~ R3 is

(21, T, T3, 74) " 2 (2, h, %) v (2] — 21, 2 — 20, T — T3 — 11Ty + 1177).

e For the subgroup H; = {(0,22,25,24) € G : x; € R} it can be checked that

(21, T2, w3, 24) = (21,0,0,0)(0, T2, T3 — 122, 14 — T3 + 32227 ) which defines

p:G— G/Hy; p:(w1,2,23,74) — 1.

s:G/H, - G; s:xzw (2,0,0,0).
So, the action of G on G/Hy, ~ Ris

-1 . 7 /
(x1, @0, 23,24) " 2’ = 2" — x1.

B.2 Induced representations

The induced representations (in the sense of Mackey) is one of the pillars of the theory

of representation [27, 40, 43| 144] with strong connections to physics [10, 157,158, 59] and
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further research potential [50, 51} 53]. We briefly outline the method aiming mainly to

build representations of the group G.

Let G be a nilpotent Lie group and H be a closed abelian subgroup of (G. According
to Kirillov [44], unitary representations of G are induced from one-dimensional
representations (characters) of its subgroups. Explicitly, for a unitary character y of
the subgroup H C G, that is, x(h) € C and for h,h' € H; x(hh') = x(h)x(h') and
|x(h)| = 1, we consider the space L} (&) of square-integrable functions F' defined on the

group GG and have the (right) H-covariance property
F(gh) =x(h)F(g), g€G, heH, (B.42)

where the bar sign indicates the complex conjugation. The space L3 (G) is invariant under
the left G-shifts:
AMg): F(g) = Flgd)., 9.9 €G. (B.43)

The restriction of the left G-shifts (B.43) to the space L3(G) is called induced

representation (from the character y).

An equivalent realisation of the above induced representation conveniently defined on
a smaller function space. Consider the natural projection p : G — G/H and a right
inverse (section) s : G/H — (. Different choices of this section lead to equivalent
representations below [3, Ch. 4] . As mentioned above, any ¢ € G has a unique
decomposition of the form g = s(z)h, where © = p(g) € G/H and h € H. Note

that G/ H is a left homogeneous space with the G-action defined as in (B.38).

For a character x of H we can define a lifting L, : L,(G/H) — L}(G) as follows:

(£, f1(g) = x(r(9))f(p(g))  where f(z)€ Ly(G/H) (B.44)

where the map r : G — H is given through p and s:

r(g) = (s(z)) g, where = =p(g) € G/H. (B.45)
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Note that the map r gives the solution of the so-called master equation [44, Appendix V]:

g 's(x) =slg™" - w)h(z,g) (B.46)
in the form h(z, g) = r(g's(x)).

The image space of the lifting £, satisfies and is invariant under left shifts (B.43).
We also define the pulling P : L3(G) — L,(G/H), which is a left inverse of the lifting
and explicitly can be given, for example, by [PF](z) = F(s(z)). Then the induced
representation on L,(G/H) is generated by the formula p, (g) = P o A(g) o £,. This
representation has the realisation p, in the space Ly(G/H) by the formula [43} § 13.2.(7)-
Ol

oy (9) f1(x) = X(r(g~"s(x))) f(g™" - @), (B.47)
where g € G,z € G/H,h € Handr: G — H,s: G/H — G are maps defined above
and “-” denotes the action (B.38) of G on G/H.

Since x is a unimodular multiplier and G/H posses a left invariant Haar measure,
because G is nilpotent, formula defines a unitary representation of the group G
on L,(G/H), where L,(G/H) is the Lebesgue space of square-integrable functions on
G/H ~ R" (n is the dimension of G/ H) with the inner product

(f.9) = f(x)g(x) du,

G/H

where dx is the Lebesgue measure on R".

The map r enjoys the property:

r((g192) " 's(x)) = r(gy 's(gr - 2))r(gy 's(x)). (B.48)

This property of the map r is necessary for the following to hold

Py (91)p, (92) = P, (9192)-
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