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Abstract

If GG is a transitive permutation group on a set X, then G is a Jordan group if there is
a partition of X into non-empty subsets Y and Z with |Z| > 1, such that the pointwise

stabilizer in G of Y acts transitively on Z (plus other non-degeneracy conditions).

There is a classification theorem by Adeleke and Macpherson for the infinite primitive
Jordan permutation groups: such group preserves linear-like structures, or tree-like
structures, or Steiner systems or a ‘limit’ of Steiner systems, or a ‘limit’ of betweenness
relations or D-relations. In this thesis we build a structure M whose automorphism
group is an infinite oligomorphic primitive Jordan permutation group preserving a limit

of D-relations.

In Chapter 2 we build a class of finite structures, each of which is essentially a finite lower
semilinear order with vertices labelled by finite D-sets, with coherence conditions. These
are viewed as structures in a relational language with relations L, L', .S, 5", Q), R. We
describe possible one point extensions, and prove an amalgamation theorem. We obtain

by Fraissé’s Theorem a Fraissé limit M.

In Chapter 3, we describe in detail the structure M and its automorphism group. We show
that there is an associated dense lower semilinear order, again with vertices labelled by

(dense) D-sets, again with coherence conditions.

By a method of building an iterated wreath product described by Cameron which is based
on Hall’s wreath power, we build in Chapter 4 a group K < Aut(M) which is a Jordan
group with a pre-direction as its Jordan set. Then we find, by properties of Jordan sets,
that a pre-D-set is a Jordan set for Aut(M). Finally we prove that the Jordan group

G = Aut(M) preserves a limit of D-relations as a main result of this thesis.
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Chapter 1

Introduction

This chapter consists of an overview of the background from permutation group theory,

model theory, and combinatorics for the thesis. It does not contain original results.

The studies of infinite permutation groups gained momentum from around 1980, as is
mentioned in [14], since before that the bulk of permutation groups literature was on finite
permutation groups. There is an extensive work of classifying the infinite Jordan groups.
In 1985, Neumann classified the primitive Jordan permutation groups with cofinite Jordan

sets in [35].

Before that, Cameron classified all the infinite permutation groups which are highly
homogeneous but not highly transitive in [9]. His work does not explicitly mention
Jordan groups, but his classification helps in classifying Jordan groups since the linear-like

structures and tree-like structures provide rich sources of Jordan groups.

The interest of classifying the infinite primitive Jordan permutation groups emerged
in 1996. On the one hand, Adeleke and Neumann classified the infinite primitive
permutation groups which have proper primitive Jordan sets in their paper [4]. On the
other hand, Adeleke and Macpherson classified the infinite primitive Jordan permutation
groups but without the assumption that the Jordan sets are primitive in [5]. In their

classification a group G acting on a set X is highly transitive or preserves on X one of the



Chapter 1. Introduction

linear-like structures (as classified by Cameron), the tree-like structures (as described by
Adeleke and Neumann), Steiner systems, or a limit of betweenness relations, D-relations

or Steiner systems.

The examples on the first three families that are just mentioned above can be found in
[6]. The hardest families to find examples of are the last three families. However, there
is an example of an infinite Jordan group preserving a limit of Steiner systems given by
Adeleke in [1]. This is developed further by Keith Johnson in [28]. An example of an
infinite Jordan group preserving a limit of betweenness relations is given by Bhattacharjee
and Macpherson in their paper [7]. This example is an w-categorical structure with more
properties. Another example of an infinite Jordan permutation group preserving a limit of
betweenness relations is given by Adeleke in his work [2] (work which was done much
earlier than [7], and inspired [7]). On the limits of D-relations, Adeleke gives an example
of an infinite primitive Jordan permutation group preserving a limit of D-relations, but
it has not been verified whether that example is oligomorphic, that is, arises from an

w-categorical structure.

Adeleke and Macpherson, in the end of their paper [5], referred to an interest of
classifying oligomorphic primitive Jordan permutation groups, and asked whether it is
possible for an infinite primitive oligomorphic Jordan permutation group to preserve a

limit of betweenness relations or D-relations. A positive answer has now been found.

Bhattacharjee and Macpherson give an example of an infinite primitive oligomorphic
Jordan permutation group preserving a limit of betweenness relations. In this work,
we give a constructed example of an infinite primitive Jordan permutation group
preserving a limit of D-relations by Fraissé’s construction, following the procedure
used by Bhattacharjee and Macpherson in [7]. This example again has oligomorphic
automorphism group. In adddition, here, as in [7] and unlike [2], we describe

combinatorial structures on which the groups act.

In this chapter, we introduce the background definitions leading to basic understanding

for Jordan groups. At the end of this chapter, we mention Fraissé ’s Theorem which is
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used to construct our example. The bulk of these definitions are taken from [6], and [8].

For the basics of permutation groups, we refer to [27] and [36].

1.1 Permutation Groups

Infinite permutation groups are connected to many other areas of mathematics, for
example model theory and combinatorics. For the former, this connection appears by the
theorem of Ryll-Nardzewski 1959, Engeler 1959, Svenonius 1959. Part of the importance
of infinite permutation groups comes from the strong relation with model theory and

combinatorics.

Throughout this thesis, we mean by (G, X) a permutation group G acting on a set X

where X is meant to be a countably infinite set.

1.1.1 Generalities

Definition 1.1.1. A permutation of a set X is a bijective map g : X — X. We write 29

for the image of = under g.

The set of all permutations on a set X is a group under the operation of composition of
mappings. This group is called the symmetric group on X and denoted by Sym(X). If X

is finite with | X | = n we write S,, for Sym(X).

Definition 1.1.2. Let G be a group and X be a set. An action of G on X is a map

X x G — X written as (z, g) — 29 such that

(i) forevery g,h € G and = € X, we have (z9)" = x9;

(ii) for every = € X, we have ! = x, where 1 denotes the identity element of the group

G.



Chapter 1. Introduction

We say that X is a G-space if a group G has an action on X.

Example 1.1.3. 1. Let G = S, and X = {1,2,...,n}. Condition (i) holds by the
rule of multiplication in S,,. For condition (ii) the identity permutation maps each

element of X to itself.

2. The action of a group G on itself by conjugation. That is ¢ = h~'gh, g,h € G

satisfies the group action axioms.

These examples are mentioned in many references, for example [27], Chapter 10, and

more examples can be found there.

Definition 1.1.4. Let X be a G-space and Y c X. We define the setwise stabiliser of
Y in G tobe Gy = {g € G : Y9 = Y}, and the pointwise stabiliser of Y in G to be

Gyy={9eG: YyeY(y9=y)}.

Lemma 1.1.5. ([17], Section 1.5) If X is a G-space and Y < X, then the pointwise

stabiliser of Y is a normal subgroup of the setwise stabiliser of Y .

Definition 1.1.6. Suppose that X is a G-space. The orbit of an element x in X is the set

v ={29:ge G}

When 2@ = X then we say that G acts transitively on X, or that X is a transitive G-space.

Hence, if all elements of the set X lie in one orbit then we say that a group G is transitive.
Said in another way, the group G is said to be transitive if and only if for any distinct

x,y € X, there exists g € G satisfying z9 = y.

Definition 1.1.7. (i) For afield F', the group of all invertible n x n matrices with entries
from F is called the n-dimensional general linear group, denoted by GL(n, F'), or

sometimes by GL,,(F).

(i1) Given a vector space V' over a field F', the general linear group over V, denoted by

GL(V) is the group of all automorphisms of V.
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(iii) Let Z(GL(n,F)) be the centre of the group GL(n,F') (the group of scalar
multiples of the identity matrix). The quotient GL(n, F)/Z(GL(n, F")) is called

the n-dimensional projective general linear group, denoted by PGL(n, F').

(iv) The affine general linear group on a vector space V' is the group of all invertible

affine transformations such that
AGL(V) := {TMJ, :MeGL(V),beV}

where Ty (x) = xM + 0.

If V has dimension n then V' is isomorphic to F™, and then GL(V") is isomorphic to
GL(n, F).

Example 1.1.8. (i) Any set X as a Sym(X )-space is transitive.

(ii) The action of GL(2,R) on IR? is not transitive, since the zero element (0,0) is in a

single orbit. However, it is transitive on R? \ {(0,0)}.
(iii) The group GL(V') is transitive on the set of ordered bases of V.

(iv) The group AGL(V') acts transitively on V' via the affine transformations.

The definition of transitivity can be extended as follows.

Definition 1.1.9. For a natural number k, a G-space X is said to be k-transitive if for any
two sets of £ distinct points in X, say x1, ...,z and ¥y, ..., y, there exists g € G such that
zf =y,;, forall i = 1,..., k. The maximal such k is called the degree of transitivity. If G is

k-transitive on an infinite set X for any k € N, then G is said to be highly transitive.

Example 1.1.10. (i) For n > 1 the usual action of S,, on the set {1, ..., n} is k-transitive

for all k < n.

(ii) The group GL(2,R) is not 2-transitive on R? \ {(0,0)}; since a linearly dependent

pair cannot be mapped to a linearly independent pair.
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The following theorem is used inductively in the other chapters. Its importance comes as

it reduces the degree of transitivity.

Theorem 1.1.11 ([8], 3.13). Let G act transitively on X, and x € X. Then for k > 1, X is

a (k + 1)-transitive G-space if and only if G, acts k-transitively on X \ {x}.

Definition 1.1.12. A G-space X is said to be k-homogeneous if for every Y, Z ¢ X with
| X |=| Z |= k there is some g € GG such that Y9 = Z.

Here, Y9 := {x € X : x = y9 forsome y € Y}. We keep the same notation used in [8],

Chapter 3.

Definition 1.1.13. An infinite G-space is said to be highly homogeneous if it is

k-homogeneous for every k € N.

Example 1.1.14. Aut(Q, <) is highly homogeneous but not highly transitive (it is not

2-transitive), see [8], Example 3(j).

Theorem 1.1.15. (/8], 3.19) If m < k and 2k < |X

, then every k-homogeneous group on

X is also m-homogeneous.
Remark 1.1.16. (i) Homogeneity is weaker than transitivity.

(i1) k-transitivity is about ordered k-sets, while k-homogeneity is about unordered

k-sets, and so k-transitive groups are k-homogeneous.

Let G act transitively on a set X, with |X| > 1. A congruence, or G-congruence, on X
is an equivalence relation on X which is preserved by G (that is, if x = y , then 29 = 39
for all g € G). An equivalence class of a congruence is called a block. Note that, if B is a

block, then so is ‘BY for any g € G. There are always two congruences:
equality : x = y if and only if z = y - the classes are singletons;

the universal relation : x = y for all x,y € X where the equivalence class is the whole set

X.
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A G-congruence is said to be non-trivial if there is a class with more than one element,

and it is said to be proper if there is more than one class.

Equivalently, a subset Y € X is called a block if for every g € G either Y nY9 = g or
Y =Y9. A block is said to be non-trivial if |Y| > 1, and proper if Y # X.

Definition 1.1.17. Let X be a transitive G-space. Then X is said to be a primitive G-space
if it has no G-congruence ( i.e. G-invariant equivalence relation) other than the trivial and
the universal ones. Equivalently, the action is said to be primitive if there are no proper
non-trivial blocks, or if there is no partition of X preserved by GG except for the trivial and

improper partitions. Otherwise we say the action is imprimitive.

Following [8] in Section 4.1, if p is a G-congruence on a set X, and x, y € X, then they are
said to be p-equivalent if they lie in the same p-class. The p-class containing an element

z of X is referred to by p(z). Thatis p(z) = {z| x = z (mod p)}.
The following lemma is essential in building examples of primitive permutation groups.

Lemma 1.1.18. (/36], Proposition 3.52) Any 2-transitive permutation group is primitive.

By Theorem 5.3 in [10], all the finite groups that have a 2-transitive action are classified.

The notion of primitivity can be extended to k-primitivity for some k£ € N as in the

following definition:

Definition 1.1.19. Let k£ € N. A group G acting on a set X is said to be k-primitive if it is
k-transitive on X, and for all distinct points 1, zo, ..., 51 € X their pointwise stabiliser

Gy ...z, 18 primitive on the set X \ {z1, 29, ..., X1 }.

Using the fact that any 2-transitive group is primitive, we also get

Corollary 1.1.20. (/8], Lemma 4.10) Let G be a k-transitive group, then G is at least
(k = 1)-primitive.

Theorem 1.1.21. (/8], Theorem 4.7) For a transitive G-space X with |X| > 1, the

following are equivalent:
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(i) X is primitive.
(ii) X has no non-trivial proper blocks.

(iii) For every x € X, the subgroup G, is a maximal subgroup of G.

The following lemma is used in the proof of Proposition 3.2.22(iv).

Lemma 1.1.22. Suppose o and p are both congruences for a transitive group H acting
on a set X, and for some x € X, we have x|o c x/p, that is the o-class containing x is a
proper subset of the p-class containing x. Then o c p, and if o is a maximal congruence,

then p is universal.

Proof. We want to show y/o c y/p. Let z € y/o. By transitivity we pick some h € H
with y» = z. Then y"o 2" holds as h preserves o, so zoz". But /o c x/p so xpz". By

applying the inverse, "' p (2" soy p z. ]

1.1.2 Wreath Product

The concept of the wreath product is needed in Chapter 4. For detailed information we

refer to [27] and [36].

There is a generalization of the idea of the direct product such that given any two groups
H, N and a homomorphism ¢ : H — Aut(/V), the constructed new group N x, H is

called the semidirect product of N by H with respect to ) defined as follows:

* The underlying set is the Cartesian product N x H;
* The multiplication operation is defined as follows:
(nl, hl)(ng, hg) = (n1¢(h1)(n2), hlhg) for ny,No € N , hl, h2 € H.

Example 1.1.23. The symmetric group S acting on the set {1,2,3} is the semidirect
product of N = ((123)) by H = ((12)).
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As a non example, (see [36], Section 2.9), consider a cyclic group of order 4,
H = {1,-1,i,-i}. Then N = {1,-1} is a normal subgroup of H, but a subgroup K
such that / = N x K does not exist. Indeed, N, H and the trivial group are the only

subgroups of H and they do not satisfy the hypothesis of semidirect product.

Example 1.1.24. (/27],19.3) The dihedral group D, is a semidirect product of the cyclic
group (x) of order 4 by the cyclic group (y) of order 2. This group is not a direct product

of these two subgroups, that is because (y) is not a normal subgroup of G.

Proposition 1.1.25. ([27], 19.4) Let G be a semidirect product of N by H. For each
element h of H, the map 0y, : N — N defined by 0,(n) = hnh=' is an automorphism of N.
The map 0 : H - Aut(N) defined by 6(h) = 0y, is a homomorphism.

The reader can see this in details in [27], Proposition 19.5.

Definition 1.1.26. (/27], 19.12) Let GG and H be finite groups with H a subgroup of the
symmetric group .S,,. The permutation wreath product, G wr H, is the semi direct product
of a normal subgroup N by H, where N is the direct product of n copies of GG. Thus the
elements of N are n-tuples (g, ...,g,) with each g; € G. The automorphism 0, of G"

associated with a permutation A in H is then defined by

On(g1,---,9n) = (Gr@1ys - -+ Gh(n))-

Example 1.1.27. The wreath product of Z, by S, is the semidirect product of n copies
of Zs by S,,. That is:

LowtSy, = (Lo x -+ x L) xSy, ={(a1,...,an,0) s a; € Loy, 0 € S, }

We multiply two elements as follows:

(al,. .. ,an,a)(bl,. .. ,bn,ﬂ') = (albg(l),agbg(g),. . ,O'7T)

where the action of S, on Z7 is a place permutation by o.

O'(CL17 oo >an) = (aa(1)7 Ag(2)y - - - 7ao(n))
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If, for example, n = 3 then take a vector (aj,as,a3) = (1,0,1) and o € S; such that

o = (123) then (a1, az,a3) = (ay(1), Ao(2); Go3)) = (a2,a3,a1) = (0,1,1).

Example 1.1.28. Let I" be the disjoint union of 4 copies of the complete graph K5 (this is
the undirected graph such that each pair of the 3 vertices is connected by a unique edge).
We want to see the wreath product of S3 by the permutation group S, as a group acting on
I". Then Aut(T") is the semi-direct product of four copies of S3 by S, where S, acts on S5

by permuting coordinates. For instance, if 7 € Sy, say (1234), and g = (g1, g2, g3, g4) € S3

then g = (gw(l) y I (2)s 9n(3)5 g7r(4)) = (927 g3, g4, gl)

Suppose that C' is any abstract group, and D is a group acting on a set A. Put
K:={flf:A - C}and put W := CWrD = K x D with multiplication defined by
(f1,d1)(f2,d2) = (f1 f2d r ,d1dy). The wreath product W has base group K and top group
D.

To see the wreath product as a permutation group, assume that C' and D are permutation
groups acting on the sets I and A respectively. The wreath product of C' by D acts on the

cartesian product of I" by A. The action of the wreath product on I' x A is given by
(7,0)D = (79, 5%)

where f € K and f(§) € C.
More details can be found in [8], Chapter 8.

The construction of an iterated wreath product indexed by a totally ordered set has been
covered by Hall in his paper [24]. A more general case of that has been studied, which
is the general wreath product indexed by a partially ordered set, by Holland in his paper
[26].

10
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1.2 Linear relational structures

1.2.1 Linear order

The key notion of this thesis is that of Jordan groups, which will be introduced in Section
1.5. In Sections 1.2-1.4 we describe key combinatorial and model-theoretic structures
where automorphism groups provide examples of Jordan groups. For more background

for this section consult [8], Section 11.3.

Definition 1.2.1. (i) a partially ordered set is a set X with a relation < satisfying the

following conditions:

(1) Reflexivity: (Vz e X)(z < x).
(2) Anti-symmetry: (Vo,ye X)(z<yAry<xz=x=y).
(3) Transitivity: (Vz,y,ze X)(x <yAny<z=x<2).
(i1) A linearly ordered set is a partially ordered set with the following condition:

(Vr,ye X)(x<yvy<a).

If z <y or y < x then we say that z, y are comparable elements of X, while otherwise we

say they are incomparable, and we will write | for the incomparablity relation.

Linearly ordered sets are also called fotally ordered sets or chains. The rationals (Q, <) is

an example of a totally ordered set.

1.2.2 Linear betweenness relation

We can derive a ternary relation from the linear order on the set (Q as the following

relation:

B(x;y,2) & (y<w<z)v(z<z<y)

11
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Geometrically, that means « lies in the path between y and z. This relation is called a

linear betweenness relation, and denoted by 5.

Definition 1.2.2. (/8], Definition 11.6) A ternary relation B defined on a set X is said to

be a linear betweennesss relation if the following hold:

—

. (VaVyVz)B(zy, 2) = B(z;2,y);

N

. (VavVyV2)B(z;y,2) A B(y;x,2) < x =y;

(98]

. (VaVyVzVw)B(x;y,2) = B(z;y,w) v B(x; z,w);

N

. (VaVyVz2)B(x;y,2) v (B(y; z,2) v B(z;2,9)).

The automorphism group of this relation Aut(Q, B) is the group preserving or reversing
the linear order. It is 2-transitive, but not 2-primitive as the pointwise stabiliser for 0
has two blocks, the positive rationals and the negative rationals. More details are in [8],

Section 11.3.2.

1.2.3 Circular order

Another way of arranging elements is to order them on a circle. However, in this order we
cannot talk about a binary relation as in the linear order. The order on a circle is a ternary
relation C(a, b, ¢) which intuitively says that after a, the element b is reached to before c;

going anticlockwise.

Definition 1.2.3. A circular order (or cyclic) is a ternary relation I defined on a set X

satisfying the following conditions:

1. (Va,b,ce X)K(a,b,c) = K(b,c,a);
2. (Va,b,ce X)K(a,b,c) AK(b,a,c) <> a=bvc=bvc=a;

3. (Va,b,c,de X) (K(a,b,c) = (K(a,b,d) v K(d,b,c));

12
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4. (Va,b,ce X)K(a,b,c) v IK(b,a,c).

Cc

Figure 1.1: K(a,b, c)

Moreover, the circular order is called dense if for all distinct a, b € X there is ¢ € X such

that KC(a, b, c).

There is a strong connection between the linear order and the circular order. For example,
if we start with a linearly ordered set, say Q, we can twist the line around the two ends to
get a circular order. Hence the circular order on Q can be defined in terms of the linear

order as follows:

K(a,b,c) <= (a<b<c)v(b<c<a)v(c<a<h)

From this, we see that (a,b,¢) < K(b,c,a) < K(c,a,b), and for distinct a,b, c,
K(a,b,c) = -K(b,a,c).

On the other hand, the linear order can be recovered from the circular order if we cut a
single point of the circular order. That is, if (X, K) is a circular ordering and a € X, then
the relation <,, defined on X \ {a} by = <, y if and only if K(a,z,y), is linear. See
Theorem 11.9 of [8].

1.2.4 Separation relation

Another way to arrange elements is to put them on an unoriented circle. A quaternary

relation Sep(a, b; ¢, d) such that a and b separate ¢ from d is called a separation relation.

13
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C

Figure 1.2: Sep(a, b; ¢, d)

Definition 1.2.4 ([8], 11.10). A quaternary relation ‘Sep’ defined on a set X is a

separation relation if it satisfies the following for all a,b,c,d,w € X :

(i) Sep(a,b;c,d) = Sep(b,a;c,d) ASep(c,d;a,b);
(ii) Sep(a,b;c,d) ASep(a,c;b,d) < b=cra=d,
(iii) Sep(a,b;c,d) = Sep(a,b;c,w) v Sep(a,b;d, w);
(iv) Sep(a,b;c,d)v Sep(a,c;d,b) v Sep(a,d;b,c).

On one hand, there is a relationship between the circular order and the separation relation

such that if a circular order is given then the quaternary relation defined by
(Va,b,c,d e X)Sep(a,b;c,d) <= (K(a,b,c) AK(a,d,b)) v (K(a,c,b) AK(a,b,d))

is a separation relation. Conversely, given a separation relation on a set X, there are

exactly two corresponding circular orderings and each one is the reverse of the other.

On the other hand, if B is a linear betweenness relation on a set X, then the quaternary

relation defined for all a, b, ¢,d € X such as
Sep(a, b; ¢,d) = (B(a;b,c)AB(d; a,b) )v(B(b; ¢, a) AB(d; a, b)) v (B(c; a, b)A-B(d; a, b))

is a separation relation. On the reverse, given a separation relation on X and fix a € X.

Then the B-relation defined such as

(Vb,e,de X ~{a})B(b;c,d) <= Sep(a,b;c,d)

14
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on X \ {a} is a linear betweenness relation.
The above two paragraphs are what is mentioned in Theorem 11.11 of [8].

We end this section with Cameron’s classification theorem mentioned, for example in [8],

Theorem 11.12.

Theorem 1.2.5. Let G be a permutation group acting on an infinite set X, and suppose
that G' is highly homogeneous but not highly transitive. Then G preserves either a linear

order or a circular order or a linear betweenness relation or a separation relation.

1.3 Steiner Systems

Definition 1.3.1. Let £ € N with k£ > 2. A Steiner k-system consists of a set X of points
and a set of blocks B (or Steiner lines), where the blocks are subsets of X of the same size
(possibly infinite) greater than £ satisfying that the number of blocks should be greater

than 1, and for £ distinct points of X there is a unique block containing them.

If X is finite then the Steiner system is finite. Otherwise, the Steiner system is infinite.

The number of elements of X is called the order of the Steiner system. An intensively
studied finite case of Steiner systems is Steiner 2-systems which is known as Steiner triple
systems. (Note that every Steiner triple system is a Steiner 2-system, but the converse is

false.) We also will use such systems to explain the notion of Steiner systems.

The following theorem gives the restrictions on n, [ and k for a finite Steiner triple system

to exist.
Theorem 1.3.2. ([13], 8.1.2) A Steiner triple system of order n exists if and only if

n=0,n=1o0rn=3(modb6).

The condition in the theorem is necessary and sufficient for this system to exist. The
proof of the theorem gives us a recipe for these numbers. Namely, with X the set of

points of a Steiner triple system of order n,
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(1) Let w be any point in X. Then it lies in ”T‘l blocks, which are triples in the Steiner

triple system.

(2) The set B has @ triples.

There are two main methods to construct such Steiner systems. The first method is the
direct construction. This method is based on having the condition that n = 3 (mod 6) (see
Proposition 8.2.1, [13]). Then the set of the points will be X = {a;,b;,¢; : i € Z/(m)}
where m is an odd integer such that n = 3m, and the blocks take the following forms as

stated in section 8.2, [13].

1. The blocks are of the form a;a;by, b;b;bi or ¢;cjax, where i, j,k € Z/(m), i + j and

i+j=2k(@{nZ/(m).

2. The blocks are of the form a;b;c;, i € Z/(m)).

The following example is taken from [21], and is also mentioned in [13].

Example 1.3.3. Consider a base set X of nine elements, name them 1,2,3,4,5,
6,7,8,9. Consider the following subsets {1,2,3},{4,5,6},{7,8,9},{1,4,7},{2,5,8},
{3,6,9},{1,5,9},{2,6,7},{3,4,8},{1,6,8},{2,4,9},{3,5,7}.  This is the set of
3-elements subsets of X, call it ®B. Take any two elements of X. They will lie in one
element of ‘5. The elements 1, ...,9 are what we call points, and the 3-elements subsets
are the blocks. This is an example of a Steiner 2-system. Sometimes it is referred to by
S(2,3,9) where k in the above definition is 2 here, and the 3 refers to the cardinality of

each block, and 9 refers to the cardinality of the set X.

The second method is the recursive construction. In this method take a set of points X,
and start with two blocks and build the rest of the blocks using them. See Section 8.3 of

[13] for more details.

From an algebraic point of view we take the projective triple systems as an example.

Consider the field Z/(2), and take a vector space V' with dimension d over the field

16
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Z/(2). Then V is the set of tuples with arity d and |V| = 2¢. Take the set of points of
Steiner system to be the set of all vectors distinct than the zero-vector, and the set of
blocks ‘B to be the set of triples satisfying that their sum in the field is zero. Then we get
a Steiner triple system of order 2¢ — 1. A familiar example of this is the Fano plane. The

blocks are the lines [, ... [7.

Figure 1.3: Fano Plane

Example 1.3.4. Take the field Z/(3) and a vector space V' of dimension d. Take the set
of points to be V itself and the block to be the set of triples which are subsets of X such
that their sum is zero in Z/(3). Then this is a Steiner triple system of order 3¢. It is called

an affine triple system of dimension d over Z/(3).

Recall that the set of all 1-dimensional subspaces of a vector space V' over a field F' is

denoted by PG(V), and called the projective space of V.

Example 1.3.5. Let PG(1) be the set of points and the 2-dimensional sub-spaces of V'

be the set of blocks. This is a Steiner 2-system.

The examples of infinite Steiner systems are more complicated (apart from analogues of
the above algebraic examples) and not obvious. For more about infinite Steiner triple
systems consult [22], and for a general case, i.e. the blocks are ¢-elements subset and the

base set is countable consult [23].
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There is also a notion of ‘limit of Steiner systems’. It occurs in the main theorem of
Adeleke and Macpherson (see Theorem 1.5.22(j) below), with constructions given by

Adeleke in [1] and by Johnson in [28]. I omit details.

1.4 Examples of Tree-like structures

The goal of this section is to describe briefly the notions of treelike relational structures.
For more information about these relations, we refer to [6] since we use this as a main

reference to this section. Here we rehearse as much as is needed for our work.

1.4.1 Semilinear order

Definition 1.4.1. Let (X, <) be a partially ordered set. Then X is said to be a (lower)

semilinearly ordered set if it satisfies:

(1) For any @ in X, the set of points less than a is a totally ordered set, i.e.

(b<anc<a)=(b<cvegh).
(i) (Ya,b)(Fe)(c<anc<b);

(ii1) the set X itself is not totally ordered .

The lower semilinearly ordered sets are sometimes referred to as trees as in [18].
The set (X, <) is said to be without endpoints if it has neither minimal nor maximal

element, and it is said to be dense if it satisfies that

(Va,b)a<b= (Ic)(a<c<b).

If we fix an element p € X, then the semilinearly ordered set X will partition into four

sets:

18
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(i) {z € X: z>p} and we will call this set Y.
(i) {vreX: xz<p}.
(i) {xe X: x¢pAax}pnax+p} (the set of all incomparable elements).

(iv) {p}.

These four sets are each fixed setwise by (Aut(.X, <)), the stabiliser of p in Aut(.X, <).

On the set Y, define an equivalence relation £, such that
rEyy < z(p<z<zAp<z<y).

Then E), is preserved by (Aut(X, <)), .

From now on, when we say a semilinear order we mean a lower semilinear order.

Definition 1.4.2. In the notation above, the cones at p are the equivalence classes of the

equivalence relation £, at the node p.

There are two constructed examples of semilinear order in [8], Section 12.1. Also

described in [18].

Definition 1.4.3. A 2-homogeneous semilinear order in which all pairs of incomparable
elements have no greatest lower bound is said to be of negative type. If the greatest lower

bound exists for every pair of elements we say it is of a positive type.

In our study we work on the positive type.

Let X be a lower semilinearly ordered set. A lower section is a subset Y of X such that

Y is bounded above, i.e. there is x € X such that for all y € Y we have y < z.

Remark 1.4.4. The (upper) semilinearly ordered sets are defined in similar way by

reversing the ordering.
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1.4.2 C-relations

Let (X, <) be a semilinearly ordered set. A maximal chain in (X,<) is a subset [ of X

such that:

(1) (I,<) is totally ordered.

(ii) forany J with I ¢ J € X, (., <) is not totally ordered.

Let Y be a set of maximal totally ordered subsets of (X, <) (possibly the set of all maximal

totally ordered subsets), and define C' on Y by the rule:

C(r;y,z) <= zxny=xnzcynz
The behaviour of maximal chains in a semilinearly ordered set is described by a
(C'-relation, so the name of C'-relation comes from ““ chain”.

Definition 1.4.5. Let X be a non-empty set and C' a ternary relation on X. Then C'is said

to be a C-relation on X if:

(CD) (Vz,y,2)C(z;y,2) = C(z;2,9);

(C2) (Vz,y,2)C(z;y,2) = ~C(y; 2, 2);

(C3) (Va,y,2z,w)C(z;y,2) = (C(zyw,2) v C(w; y, 2));
(C4) (Va,y)(z#y) = C(xy,p);

(C5) (Vy,2)(3z)C(23y, 2);

(C6) (Va,y)(z2y)= (32)(y+ 2 A C(z;y,2).

The relation C is said to be dense if

(C7) (Va,y,2)C(x;y,2) = Iw(C(w;y,2) A C(x;y,w)).
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The ternary relation C' defined above (before Definition 1.4.5) on the collection of
maximal totally ordered subsets of a semilinear order is a C'-relation. This is given by

[8], Theorem 12.5.

Example 1.4.6. For any three maximal chains z, y, z in a semilinearly ordered set, two of

the sets x Ny, z N 2,y N z are equal and contained in the third. (See [6], Lemma 11.1).

On the other hand, a semilinear order can be recovered from a C-relation such that the
universe of the C-relation is a dense set of maximal chains in the semilinear order, with

the natural C'-relation. See [6], Theorem 12.4.

1.4.3 B-relations

Definition 1.4.7. A ternary relation B defined on a set X is said to be a general

betweenness relation if the following hold:

(B (VaVyVz)B(z;y,z) = B(x;2,y);

(B2) (VaVyVz)B(x;y,2) A B(y;x,2) <z =y;

(B3) (VaVyVzVYw)B(x;y,z) = B(z;y,w) v B(x; z,w);

(B4) (VaVyVz)-B(x;y,2) = (Jw # 2)(B(w; z,y) A B(w;z,2)).

The betweenness relation is called unending in all its directions (where direction here is
the literal English word) if for any two points =,y in a set X one can find an element w

such that x is between y and w. That is
(Va,y)(Fw # 2) B(z;y, w)
And it is called dense if for any x, y there is an element which lies between them, i.e.

(Vo,y)(z #y) (32 # 2,y) B(2;7,y).

It is said of positive type if

(Va,y, 2) Qw) (B(w; 2,y) A B(wsy, 2) A B(w; z, 2))
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The closed interval [z, y] can be defined in terms of the betweenness relation such that
[2,y] = {2 ¢ X: B(z2,y)}

If (Vx,y,z€ X)B(z;y,2) v B(y;x,2) v B(z;z,y), we write B{x,y, z}, and then z,y, 2
are called collinear. A linear set of (X, B) is a subset Y of X with the property that any

x,1y,z €Y are collinear.

Definition 1.4.8. The subset Y of a B-set X is saild to be a convex if
(Vy,zeY)(Vax e X)(B(x;y,2) >x€Y).

Definition 1.4.9. Let (X, B) be a B-set. Let = € X and define the following equivalence

relation on X \ {z}:

Ry (y,2) == [z,y]n[z,z]n (X - {2}) ¥ &
We call the equivalence classes of the relation R, branches, and we denote the branch
containing a by a.
Those equivalence classes are called components of X determined by x in [6].

If, at z, there are three or more R, -classes then x is called a ramification point. If a,b, c

are in three distinct R,-classes at x then x is denoted by ram(a, b, ¢).

Definition 1.4.10. Let X be a B-set. A line is a maximal linear subset. By a half-line is
meant a set which is nonempty proper lower section in one of the two linear orderings of

some line in X.

Let Y be a subset of the B-set (X, B), x be a point of X. Then Y is said to lie in one
direction from z if

(Vwy, we € Y)(B(wy;we, x) v B(wy;wy, x))

Lemma 1.4.11 ([6], Lemma 16.5). Let X be a B-set unending in all its directions. A
subset Y of X is a half-line if and only if it is convex and unbounded and lies in one

direction from some point of X.
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Define a binary relation £ on the set of half lines of X by the rule that Y; , Y5 are to be
E-related if Y, nY5 is unbounded. This is an equivalence relation (see [6], Theorem 16.7).
We define a direction of X to be an E'-class of half-lines. In the finite case directions are

called leaves or end points.

Theorem 1.4.12 ([6],Theorem 16.8). Let (X, B) be a B-set, x € X and d be any direction
of X. Then x is contained in a unique half-line which lies in one direction from x and is

contained in the direction d.

Theorem 1.4.13 ([6] ,Theorem 19.4). For a B-set X, let r1,r5 be distinct ramification

points. There are unique branches Y of ry and Y' of ro such that X =Y uY".

A B-relation can be defined on a semilinear order (P, <) such that for any x,y,z € P,

B(x;y, z) holds if one of the following holds:

() y2zr-(222).
(i) ~(y>x)rz>uw.

(iii) x = glb{y, z}, where glb means the greatest lower bound. This means that if the glb

of y and z exists then it lies between them.

On the other side, a semilinear order can be recovered from a B-relation. For example,
fix a B-set (X, B). Fix a point a € X, and define a relation <, such that y<,z if and only
if B(y;x,a). This relation is a partial order and a lower semilinear order on each branch

determined by a.

As a permutation group, Aut(X, B) can be 2-transitive, but not 2-primitive and not

3-transitive. See the end of Section 12.3 of [8], or Section 20 of [6].

1.4.4 D-relations

Following Adeleke and Neumann in [6], the D-relations capture the behaviour of

directions in B-sets. A D-relation is a quaternary relation which can be derived either
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from a B-relation or from a C-relation.

Definition 1.4.14. Let (7', <) be a graph-theoretic tree (connected graph without cycles),
and without leaves. A line is an infinite two-way path of (7, <). A half line is an infinite

one-way path of (7', <).
Note that the above definition does not contradict Definition 1.4.10, but we explain it here
graph theoretically.

Now let X be the set of all half-lines of 7', and define an equivalence relation ~ on X by
x ~y < rny contains infinitely many vertices of 7.
Also note that this is analogous to the definition of the binary relation £ in the previous

section but again here is in a graph theory context.

Define Y := X/ ~ to be the set of equivalence classes (or set of directions or end points of

T, then there is a related ‘D-relation’ on Y, as defined below.

Note. The set Y is usually referred to as the set of ends of (T, <).

Let x,y,z,w € Y be distinct directions. D(x,y;z,w) holds if and only if there are half
lines & € x, § €y, Z € z, w € w such that U is aline, Zuw is a line, (Zuy)n(Zuw) = &

and there is a path between the meeting points of Z, ¢ and 2, w . See Figure 1.4
a
N,

) w

z s

Figure 1.4: D(x,y;z,w)

The internal nodes that are the meeting point for at least 3 half-lines (in the infinite case)

or at least 3 leaves (in the finite case) are called ramification points.
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Hence, a finite set with D-relation is a set of leaves connected by edges with no internal
vertices of degree 2, and no cycles satisfying the quaternary relation D). This finite
graph theoretic tree captures the behaviour of the D-relation, and that is what Cameron

described in his paper [11], Sections 3 and 4.

Lemma 1.4.15. Let T' be a graph theoretic tree with n leaves, where n > 3, and no

internal vertices of degree 2. Then there are at most n — 2 ramification points.

Proof. By induction on the number leaves. If 7" has 3 leaves, then the tree 7" is obtained

by allowing the leaves to meet at only one ramification point.

For the induction hypothesis, assume the statement in the lemma holds for n. Let 7" have
n + 1 leaves with v is a leaf. Let 77 = T\ {v}. Then, by the induction hypothesis, 7" has
< n — 2 ramification points. If v is added on an edge of 7" to create a ramification point,
then 7" has < n — 1 ramification points. If v is added to an existing ramification point of

T" then T  has < n — 2 ramification points. Hence the result follows. [

Definition 1.4.16. A quaternary relation D(x,y;z,w) on X is a D-relation if for all

x,y, 2, w, e X:

(D1) D(z,y;z,w) = D(y,x;z,w) A D(z,y;w,2) A D(z,w; x,y);
(D2) D(x,y;2z,w) = ~D(x, 2y, w);

(D3) D(z,y;z,w) = (Vae X)D(a,y;z,w) Vv D(z,y;z,a);

(D4) (x#zny+2z)=D(z,y;2,2);

(D5) (x,y,z distinct) = (3t)(z # t A D(z,y;2,t)). If the D-relation on X satisfies
D1-Db5, we say that X is a proper D-set.

The D-set is said to be dense if

(D6) D(z,y;2,w) = (Jae X)D(a,y;z,w)AD(x,a; z,w)AD(z,y; a,w)AD(z,y; 2, a).
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The example derived above from a tree, namely (Y, D), is an example of a D-relation

which is not dense.

Remark 1.4.17. (i) The notation D comes from the meaning of D-set which is a set of

abstract directions.
(i) Directions suggest ends or points at infinity.

(ii1)) The elements of any D-relation are directions of an underlying B-relation. See [6],

Section 23.
We can see from D2 that - D(z, y; y,w) holds, hence by D1, if one of z, y coincides with
one of z,w then -D(z,y; z, w).

Lemma 1.4.18. Let (X, D) be a D-relation. Let .y, z,w € X. Then

(Vae X)(D(z,y; 2,w) A D(z,y;w,a) - D(z,y; 2,a)).

This lemma is (D9) in [6], Section 22.

Lemma 1.4.19. (/6], 23.1) If B is a general betweenness relation on X, x,y,z,w are
directions in X and %, Tw, %, Jw are lines, (the notation T3 refers to the unique line
whose two directions are x,vy, similarly for the other lines), then |2 nTwnyz nyw| > 1 if
and only if either there is a branch Y such that x,y €Y and z,w ¢ Y or there is a branch

Y suchthat z,y ¢Y and z,weY.

Given a B-set, there is a natural D-relation on the set of directions, defined as follows:

Theorem 1.4.20 ([6], Theorem 23.2). Fix a B-set X and a set of directions Y of
X. Then there is a D-relation defined on Y as follows: for every x,y,z,w € Y,
D(x,y; z,w) < { there is a branchY such that x,y € Y and z,w ¢ Y or there is a

branch Y such that v,y ¢ Y and z,w € Y'}. Then (X, D) is a D-set.
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On the other hand, a B-relation can be recovered from a D-relation. We do not include
this here as it depends on a number of notions that we do not explain. To see this consult

[6], Section 26.

Note that given a finite D-set, a unique (up to isomorphism) finite rooted tree (in the
graph theoretic sense) without vertices of degree 2 can be recovered. Indeed, by Section
9 of [11], the leaves are the points that cannot be in between any two points, in the sense
of betweenness relation, and the given D-relation determines the tree with no divalent
vertices by Proposition 3.1 in [11]. We bring the reader’s attention that the author in [11]
uses the notation abled and we use D(a, b;c,d) to refer to a D-relation, and he does not

mention the axioms of D-relations that defined in [6], Section 22.

Adeleke and Neumann also commented that a finite combinatorial tree can be recovered

from a D-set in [6], Remark 26.5.

Also, a D-set can be obtained from a C-set in two methods; stated in [6], Theorem 23.4,

and Theorem 23.5. The latter says for a C'-set X
(Vo,y,z,we X)D(z,y;z,w) < (Clz;2,w) AC(y; 2,w)) v (C(z:2,y) A C(w; 2, y))

Conversely, given a D-relation on a set X. A (C-relation can be recovered by fixing a
point xg of the D-set X, and on Xy = X \ {xg} let Cy be a ternary relation such that
Co(z;y, 2) if and only if D(xg,x;y,2). Then (Xo, Cp) is a C-set. See Theorem 22.1 of
[6]. This process can be reversed: given a C-set on X \ {x}, one constructs a D-set on

X.

There are concepts of structural partition, components, convex halves and irreducible
components. We explain here the notion of structural partition. For the other notions we
advise the reader to consult [6], Section 28. These concepts are needed to describe the

Jordan sets of the automorphism group of a D-set.

Definition 1.4.21. Let (X, D) be a D-set. A partition of X as a disjoint union U{Y'|Y € S}
of nonempty subsets is associated with an equivalence relation E. The partition, or the

equivalence relation, will be called a structural partition with sectors Y if
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(1) |S]=>3;
(2) (VY € S)(wth € Y/\w37w4 ¢ Y - D(wlan;w37w4));

(3) wy, wq, w3, wy distinct mod F then —D{w1, ws, w3, w,}, i.e. there is no D-relation on

the elements wq, woy, w3, Wy.

Consider (X, D) as a graph-theoretic tree. Define an equivalence relation F,, on the set of
leaves of X such that the shortest paths from a to s; and from «a to s, both pass through,

at least, another point.

Definition 1.4.22. The branches at a in a D-set are the equivalence classes for the

equivalence relation £, .

Note that this is analogous to Definition 1.4.9.

Definition 1.4.23. Define an equivalence relation on the set of branches of a B-set at
the ramification point r, by aRb < a,b lie in the same branch at r. We denote the

equivalence class of a by a.

This is heavily used in Chapter 2.

1.5 Jordan groups and previous results

The French mathematician, Camille Jordan, introduced the underlying concept of this
thesis in the 1870s, see for example, [33], Theorem 1.1. It later became known as a
Jordan group. These groups have been studied extensively in the last three decades of the
20th century. The finite primitive Jordan groups were classified in 1980s (see [16], [29]
and [35]) based on the classification of finite simple groups, while the infinite primitive
Jordan groups were classified in 1990s after a much earlier classification by Cameron
in 1976 (see [8], Theorem 11.12) for the highly homogeneous but not highly transitive

groups.
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There is a body of work in classifying all the infinite primitive Jordan groups by Adeleke
and Neumann in [6], [3] and [4], and Adeleke and Macpherson in [5] and Adeleke in
[1]. Behind the study of Jordan groups lies important applications to model theory and to

group theory. To see examples on that consult [33].

Now we introduce the notion of Jordan sets. We refer to [8], and for extensive study about

the finite Jordan groups we refer to [35].

Definition 1.5.1. Let Y u Z form a partition of a G-space X with | Z |> 1. If there is
a subgroup H of G that fixes every point of Y and is transitive on Z, then Z is called a

Jordan set for G in X and Y is called a Jordan complement.

Example 1.5.2. Let Z be any set in X such that | Z |> 2 and G = Sym(X) then Z is a

Jordan set with H = G (x. 7).

Example 1.5.3. Let X be the set of rationals and G = Aut(Q,<) and define
Z ={x €Q:x>0}. Then Z is a Jordan set. More generally, any open convex subset of

Q of size greater than 1 is a Jordan set for G.

In the previous definition, 7 is a primitive Jordan set if H can be chosen to be primitive

on Z. Also, it is said to be an imprimitive Jordan set if any such [ is imprimitive.

Definition 1.5.4. If the group G is (k + 1)-transitive and Z is any cofinite subset with
| X \ Z |= k then Z is automatically a Jordan set. Such Jordan sets will be said to be

improper, all others are proper.
Definition 1.5.5. If X is a transitive G-space and there is a proper Jordan set for G in X

then G is said to be a Jordan group.

There are some familiar examples of finite primitive Jordan groups such as the projective
and affine linear groups over finite fields and the Mathieu groups Msy, Mo3, Moy,

Aut(Ms9) which we do not explain here, but can be seen in [17], Chapter 6.

Further information about the classification of finite Jordan groups can be found in [35].

However, we include some examples.
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Example 1.5.6. ([8], 11.2) Take a vector space V' of dimension d > 2 over a field
F. Consider the group GL(V') of non-singular linear transformations from V' to itself.
The group GL(V') is not transitive on V. Let W be a proper subspace of V. The
complement of the subspace I is a Jordan set for GL(V). We want to see that the
complement V' \ W of a subspace is a Jordan set. Take a basis e;,...,e; of W and
let v1, vo € V N\ W. Complete ey, ..., e, vy to a basis B = {ej1,...,ex,v1,u1,...,u.} of
Vand B’ = {ey,...,ep, v, 1), ... ,ul} of V. As GL(V) is transitive on ordered bases of
V (see exercise 7(i) of [8]), there is an element g € GL(V) fixing e, ..., e, mapping v;
to vo and u; to u). This g fixes W pointwise. Similarly, the group AGL(V') is a Jordan
group with the complement of an affine subspace as a Jordan set. A proof, when the field

is Q, can be seen in [30] after Definition 1.10.

In the proof of the following example we follow Macpherson in [32].

Example 1.5.7. Let G = Aut(Q,<). Then G is primitive since it is 2-homogeneous.
Let 2,y € Q with < y and I := (z,y). Choose i,j € I. Since the theory of dense
linear order without endpoints is w-categorical (see Definition 1.6.7 below), there are
isomorphisms ¢ : (z,7) NQ — (z,7)nQand ¥ : (i,y) NQ — (4,y) N Q. Let o be the
permutation of Q extending ¢ and 1, taking ¢ to 7, and fixing the rest of QQ pointwise.
Then o € Aut(Q, <)(g.r) and i = j. It is easily checked that the group induced on I by

G (1) is 2-homogeneous, so [ is a primitive Jordan set.

Example 1.5.8. Let Y| > 1, |Z] > 1. Assuming (H,Y) and (K, Z) are transitive
permutation groups. Then the wreath product HWr K acts transitively but imprimitively
on the set Y x Z. For any z € Z the set {(y,z) : y € Y} is a Jordan set. Actually, the

wreath product is an example of an imprimitive Jordan group.

Example 1.5.9. Let R be the random graph, that is, the unique countable graph with the
property that for any two finite disjoint sets U, W of vertices, there is a vertex adjacent
to every vertex of U and to no vertex of . Then Aut(R) is not a Jordan group. Indeed,
suppose for a contradiction that it is a Jordan group. Then we can partition the vertex set

of R into non-empty sets V7, V5 such that V5 is a Jordan set. Let = € V3. Then as V5 is a
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Jordan set, either R(x) 2 V5, or R(x) nV; = @, and without loss of generality, we assume

the former. Let wy, wy € V5 be distinct and put
Z = {y : y adjacent to w; and y nonadjacent to ws}.

Then if y € Z then there is no g € G, with w{ = w,, so as V5 is a Jordan set we must have
y € Vo. Thus Z € V,. Let u be a vertex adjacent to w; but not to x or wy. Then u € Z, so

u € Vo. However, u ¢ R(x) and R(z) 2 V3, so u € V;. This is a contradiction.

The following lemma is heavily used, since many arguments apply properties of the
family of all Jordan sets.

Lemma 1.5.10. (/5], Lemma 2.2.1) If Y1, Y5 are Jordan sets, and Y, nY; + @, then YUY,
is a Jordan set.

The following definition is taken from [4].

Definition 1.5.11. .

(a) A typical pair is a pair of subsets Y1, Y5 of X suchthatY; ¢ Y, Y5 ¢ Yy, YinYs + @.

(b) A family of sets {Y; : i € I} will be said to be connected if for any ¢,i’ € I there exists

Jo,---,71 € I such that jp =14,7;, =4 and Y

Jr-1

nY; #+@foralll<r<IL.

A special case from Lemma 3.2 in [4] was considered in [7], which is the following

Lemma 1.5.12. Consider a connected system of Jordan sets {Z; : i € I} for a permutation

group G on a set X. Then their union over I is a Jordan set.

In particular, the union of a typical pair of Jordan sets is a Jordan set, as noticed in Lemma

1.5.10.

One of the results about Jordan groups preserving Steiner systems is the following lemma

that we need in Chapter 4, Lemma 4.1.25.
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Lemma 1.5.13. [/5], Theorem 2.2.5] Let G be a Jordan group acting on a set X, and let
2 <n e N. Then for any distinct n + 1 elements of X, if there is a Jordan set in X which
contains the n + 1-th element, and excludes the first n elements, then for any 2 < k < n

there is no G-invariant Steiner k-system on X.

Definition 1.5.14. Given two equivalence relations F; and E; on a set X, we say that F;

refines I if each Es-class can be written as a union of E-classes.

Example 1.5.15 ([6], Theorem 6.9). Let GG be the automorphism group of a semilinear

order; that is G = Aut( P, <). The possible Jordan sets are of the following forms:

* the cones of the semilinear order at a point. (See Definition 1.4.2).
* any union of cones at a ramification point ( i.e. branching point).

* any union of sequence of cones (¢; : i € I) where [ is a totally ordered set and

1< J < ¢Ccj.

Example 1.5.16 ([6], Theorem 14.9). Assume that (X,C) is a C-set. Consider
Aut(X,C) such that it is 2-transitive. Then there are several forms of the Jordan sets

of the group Aut(X, C'). We mention, for example, the following:

Let x € X, and define a binary relation S, on X \{z} by putting yS,z < C(z;y, z). Then
S, 1s an equivalence relation, and each S,-class is a Jordan set. A union of S,-classes can

also be a Jordan set. For more details see [6], page 53.

Example 1.5.17 ([6], Theorem 20.3). Let (X, B) be a B-set, and assume that Aut(X, B)
is 2-transitive. Then every branch (as defined in 1.4.9) is a Jordan set. Unions of
branches at a ramification point as well as unions of chains of branches are Jordan sets of

Aut(X, B).

Example 1.5.18. ([6], Theorem 28.6.) D-sets (X, D) exist such that the group
Aut(X, D) is a Jordan group with a Jordan set Y c X, for example, Y is a union of

two or more branches of a structural partition .
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The achievement of this work is to test that the built Jordan group in Chapter 4 preserves

a limit of D-relations as is defined in the following sense:

Definition 1.5.19. If (G, X) is an infinite Jordan group we say that G preserves a limit of
betweenness relations if there are: a linearly ordered set (.J, <) with no upper bound in .J,
a strictly increasing chain (Y} : i € J) of subsets of X and an increasing chain (H; :i € J)

of subgroups of G such that the following hold:

(i) for each ¢, H; = G(x\v;), and H; is transitive on Y; and has a unique non-trivial

maximal congruence o; on Y;;

(ii) for each i, (H;,Y;/o0;) is a 2-transitive but not 3-transitive Jordan group preserving

a betweenness relation;
(i) U(Y; i€ J) = X;
(iv) (U(H;:i¢€J),X) is a2-primitive but not 3-transitive Jordan group;
(V) 0; 205y, if i < j;
(vi) N(o;:i€J)isequality in Y;
(Vi) (Vg € G)(3ig € J)(¥i> io)(3] € J)(VY = Y; n g~ Hig = Hy):
(viii) for any x € X, G, preserves a C-relation on X \ {z}.

Definition 1.5.20. A limit of D-relations is defined in the same way, but replacing a

betweenness relation by a D-relation in the condition (ii).

In [4], Adeleke and Neumann classified the primitive permutation groups that have
primitive Jordan sets, and Adeleke and Macpherson in [5] classified the infinite primitive
Jordan groups without the assumption that the Jordan sets are primitive. We include these

classifications below.
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Theorem 1.5.21 (Adeleke and Neumann Classification, [4]). Suppose that G is a
primitive permutation group that has primitive proper Jordan sets. If G is not highly

transitive then there is a G-invariant relation R on X which is one of

(a) a linear order (R then is binary);

(b) a linear betweenness relation (R is ternary);
(c) a cyclic order (R is ternary);

(d) a cyclic separation relation (R is quaternary);
(e) a semilinear order (R is binary);

(f) a general betweenness relation (R is ternary);
(g) a C-relation (R is ternary);

(h) a D-relation (R is quaternary).

Theorem 1.5.22. [Classification of Infinite Jordan Groups, [5]] Let (G, X') be an infinite
primitive Jordan group. Then either G is highly transitive on X or G preserves on X one

of the following structures:

(a) a dense linear order;

(b) a dense circular order;

(¢) a dense linear betweenness relation;

(d) a dense separation relation;

(e) a dense semilinear order;

(f) a dense general betweenness relation (induced from semilinear order);

(g) a C-relation;
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(h) a D-relation;
(i) a Steiner system;

(j) a limit of dense general betweenness relations, D-relations or Steiner systems.

We do not define here the notion of limit of Steiner systems, see, for example, [1],

Definition 2.2.5.

Examples of Jordan groups preserving the relations in the parts (a) to (h) can be found in
[4], [3], [6], and [5]. On the family in part (i), Adeleke in his paper [1] gives an example
of an infinite Jordan group which is 3-transitive, not 3-primitive and preserves a limit of
Steiner 2-systems, but does not preserve the relations in parts (a), (b), (d), (¢), (h) in the
above theorem, or non-trivial Steiner system (i.e. the blocks have greater than k elements,
and there is more than one block). Johnson in [28] gives a k-transitive not (k+1)-transitive
example, for any £ > 1. On the last class there are two non-isomorphic examples of
infinite Jordan groups. The first is an Ry-categorical (Definition 1.6.7) structure whose
automorphism group preserves a limit of betweenness relations, given by Bhattacharjee
and Macpherson in their paper [7], and the second is a group with infinitely many orbits
on triples preserving a limit of betweenness relations in [2]. Moreover, Adeleke gives an
example of a group preserving a limit of D-relations, but does not verify whether or not

it is oligomorphic (Definition 1.6.10).

In this thesis we construct a 2-primitive oligomorphic Jordan permutation group

preserving a limit of D-relations but not preserving a structure of types (a) — (7) .

1.6 Some model theory

For this section we use the references [25] (Chapter 1), [32] and [34] (Chapter 1).

Definition 1.6.1. By a language we mean a collection of relation symbols R; with ¢

ranging through some set /, with arities n;, a collection of function symbols f; indexed

35



Chapter 1. Introduction

by a set J such that each f; has m; variables, and a collection of constant symbols ¢y,

indexed by k € K.

As examples of languages we mention the language of rings, Zrings = {+, —, ., 0, 1} where
+ and . are binary function symbols, where — is a unary function symbol, and 0 and 1
are constants, and there are no relation symbols. The language of graphs consists of one
binary relation symbol, Zypns = { R} which is the adjacency between two vertices, i.e.
if there is an edge between the vertex u and the vertex v then they are related by the
relation R. Such a language, i.e. a language consisting of only relation symbols is called

a relational language.

Definition 1.6.2. Let .Z be a language. By an .Z-structure M, we mean a nonempty set
M, called the universe or underlying set of M, and for each i € I a set R;(M) c M),
where n (i) is the arity of the relation R;, for each j € J a function f;(M) : M™) — M,

where m(j) is the arity of f;, and for each k € K an element ¢, (M) € M.

In the previous definition, R;(A/) is called the interpretation of R; in M, f;(M) the

interpretation of f; in M, and ¢, (M) the interpretation of ¢ in M.

For example, consider the language of groups Lyoups = {-,1,7! }, then a group G can be

considered as an .Z-structure M = (G, ., 1,7 ) where ¢(M) is 1, fi(M) is 7! and the . is
fa(M).

Note. In the next chapters, we do not distinguish the notation of the structure from its

domain, and we will use M for both of them.

An Z-embedding of a structure M into a structure A is a function ¢ : M — N
which is injective and preserves the interpretation of all the symbols of the language.
An isomorphism is a surjective embedding. Isomorphisms f : M — M are called

automorphisms of M .

Definition 1.6.3. Let M and N be .Z-structures. We say that M is a substructure of N
if M c N, for each relation R € ., R(M) = R(N) n M™, where n is the arity of R, for
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each function symbol f of &, f(M) is the restriction of f(N) to M™, where m is the
arity of f, and for each constant symbol ¢ € .Z, ¢(M) = ¢(N). We write M < N to mean
M is a substructure of A" and M # N/. We also say N is an extension of M.

For example (Z,+,0) is a substructure of (R,+,0). Also, consider ZLyupns = {R},
M =(M,R(M))and N = (N, R(N)) are .Z-structures, then M < N if it is an “induced
subgraph”.

Definition 1.6.4. (i) Any variable or constant symbol in a language . is called an
ZL-term. If tq,...,1, are terms of . and f is an n-ary function symbol of ., then

f(ty,... t,) is aterm of .Z.

(ii) Ifty,...,t, be Z-terms and R is an n-ary relation symbol of £ then R(t1,...,t,)
is called an atomic £-formula. Likewise, t; = t5 is an atomic formula. If ¢,
are .Z-formulas and x is a variable, then the conjunction (¢ A 1), the disjunction
(¢ v 1), the negation (—¢), the implication (¢ — 1)), the existential (3z¢), and the

universal (Vz¢) are .£-formulas.

The terms and the formulas of a language .# are defined inductively.

Definition 1.6.5. (i) A variable = of a language is called a free variable if it does not

appear in the scope of V or 3. Otherwise z is called a bound variable.

(i1) A formula with no free variables is called a sentence.

In an .Z-structure M, a sentence is either true or false, according to an inductive definition
of truth which we omit. The set of all .Z-sentences ¢ such that ¢ is true in M, written as
M & ¢, is called the theory of M, denoted by T'(M). If T is a set of sentences, we say
M is amodel of T', and write M ET,if M e ¢forall peT.

Example 1.6.6. (i) y =z + 1 is an atomic formula in which y, z,1 and x + 1 are terms.

(il) Va(z >0 — Jy(z = y?)) is a sentence, as all instances of z, y are quantified.
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Definition 1.6.7. A structure M is Rq-categorical or (w-categorical) if

(1) M is countably infinite; and

(i) if | M |=| N |= ®g and T(M) = T(N), i.e. they satisfy the same set of sentences,

then they are isomorphic.

Example 1.6.8. The structure (Q, <) is Rg-categorical, essentially by Cantor’s theorem

that any two countable dense linear order without endpoints are isomorphic.

Example 1.6.9. Let M be a structure with | M| = X, and E be an equivalence relation with

finitely many equivalence classes and no finite classes. Then (M, F) is w-categorical.
Following Cameron in [15], if G acts on X, an element of G acts component-wise on the
set X™ of all n-tuples of points of X.

Definition 1.6.10. A group G acting on a set X is said to be oligomorphic in its action
on X if G has finitely many orbits on X*, the set of all k-tuples of X, for every natural

number k.

For more about oligomorphic groups and permutation groups, the reader can see [12] and

[17].

Lemma 1.6.11 ([8], 9.7). Let X ¥} denote the set of all k-element subsets of X. Then G
is oligomorphic in its action on X if and only if it has finitely many orbits on X%} for

every natural number k.

Example 1.6.12. Aut(Q, <) is oligomorphic on Q.

Examples 1.6.8 and 1.6.12 are analogous. This is what the following theorem will tell us

about. It provides the connection between model theory and permutation groups.

Theorem 1.6.13. [Ryll- Nardzewski 1959, Engeler 1959, Svenonius 1959] Let M be a

countably infinite structure. Then the following are equivalent
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1. M is Rq-categorical;

2. Aut(M) is oligomorphic on M.

In addition to the natural examples of w-categorical structures such as the pure set X
with automorphism group Sym(X), and (Q,<), there are two methods to construct
oligomorphic groups; by building a new structure from an old one, and by the Fraissé

construction. Consult [19] for details.

Definition 1.6.14. A relational structure M is homogeneous if

1. M is countable, and

2. whenever U and V are finite substructures of M and f : U — V is an isomorphism,

there is f € Aut(M) extending f. Equivalently, f|; = f.

Example 1.6.15. Consider a finite undirected graph R of five vertices, say the Pentagon,
such that the vertices are numbered {1,2, 3, 4,5} and the edges {1,2},{2,3},{3,4},{4,5}
and {5,1}. Take two induced subgraphs R; of vertices {1,4,5} and the edges
{1,5},{4,5}, and R, with the vertices {2,3,4} and the edges {2,3},{3,4}. Consider
the isomorphism ¢ : Ry - R, such that ¢(1) = 4, ¢(4) = 2, and ¢(5) = 3. This can be
extended if we add the rest of the domain {2,3} and define an isomorphism from R to
itself, say v such that it keeps the images of {1,4,5} as in ¢ but we add {2, 3} to get the
isomorphism ¢ : R - R such that /(1) = 4,¢(4) = 2,¢(5) = 3,¥(2) =5,¥(3) = 1. Ttis
clear that i|g, = ¢.

Remark 1.6.16. It can be noticed that there are two definitions through the thesis of the
notion of homogeneous; one in the sense of permutation groups and the second is in the

sense of model theory. The context will help to decide which one of them is meant.

Example 1.6.17. The structure (Q, <) is homogeneous in the sense of last definition of

homogeneity and Aut(Q, <) is highly homogeneous in the sense of permutation groups.

Example 1.6.18. (/14], Theorem 2.3) Let R be the random graph. Then R is

homogeneous.
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Due to Fraissé, see [20], there is a flexible technique to build homogeneous structures as

follows:

Definition 1.6.19. The age Age(M) of a relational structure M is the class of all finite

relational structures embeddable (as induced substructures) in M.

Let € be a non empty class of finite . -structures, where . is a relational language,
satisfying the following properties:

(1) ¥ is closed under isomorphism, i.e. if A € ¢ and B is isomorphic to A then B € €.
(2) € is closed under substructures, i.e. if B € ¥ and A < B then A € ¥. (Hereditary
property)

(3) whenever A, B € € there is D € € such that A < D and B < D. (Joint Embedding
Property).

(4) whenever A, By, By € € and f; : A — B;,i = 1,2 are embeddings, there exist D € ¢
and embeddings g; : B; - D,i = 1,2 such that for all a € A we have g;0 f1(a) = g20 fo(a).
(Amalgamation Property).

Then we say that ¢ is a (Fraissé) amalgamation class.

Theorem 1.6.20 (Fraissé ’s Theorem). (i) Let € be a class of finite structures satisfying

the above four conditions. Then

(a) there is a homogeneous Z£-structure (called the Fraissé limit) whose finite

substructures are ( up to isomorphism) exactly the members of € ;

(b) any two homogeneuous £ -structures as in (a) are isomorphic.
(ii) Conversely, if M is a homogeneous £ -structure, then the class of finite £ -structures

which are isomorphic to substructures of M satisfies (1)-(4).

Here is an application of Fraissé’s theorem.

Lemma 1.6.21 ([8], Lemma 14.6). For every k € N, there is a k-transitive but not

(k + 1)-transitive permutation group on a countably infinite set.
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Note that this is not the case for finite permutation groups; any 6-transitive permutation

group on a finite set is 5, or A, in its natural action.

Example 1.6.22. If M is the Fraissé limit of the class of all finite 3-hypergraphs, then

Aut(M) is 2-transitive, but not 3-transitive.

1.7 Summary of The Results

The first interesting primary result that we have got from this work is that there is a nice
amalgamation class of trees of D-sets, denoted by . We obtained that by amalgamating
one-point extensions in & over a substructure A € &, and by a version of Fraissé’s
Theorem we built a structure M, which is the work of Chapter 2. Second, we analyse
the Fraissé limit M of the class Z as the result of Chapter 3. In Chapter 4 we then show
that G’ = Aut(M) is a Jordan group for which the ‘pre-D-sets’ are Jordan sets. As a main

result of the thesis, we prove that G preserves a limit of D-relations.
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Chapter 2

Trees of D-sets

In this chapter, we construct a relational structure M, and prove that it is w-categorical
by showing that Aut(M) is oligomorphic. In subsequent chapters we will prove that
Aut(M), in its action on M, preserves a limit of D-relations. We build M in a language

£ with six relation symbols.

The structure M is built by a variant of Fraissé amalgamation, described for example
in [19], based on a class C of finite .Z-structures (which does not have the hereditary

property) and a class £ of embeddings between members of C, with the amalgamation

property.

A key step (see Section 2.2) is to describe “one-point extensions” of members of C, and

then (Section 2.3) to prove that they can be amalgamated.

Very roughly, each member of C can be viewed as a finite lower semilinear order (7', <),
with each vertex v € T labelled by a finite D-set D(v) equipped with a D-relation D,,.
There are two important families of maps (f,) and (g,, ) which describe how the D-sets
are interconnected. The universe of a member of & can be viewed as the D-set labelling

the root vertex p of (7, <), equipped with extra structure determined by all the (f,) and

(9p) With > p.



Chapter 2. Trees of D-sets

2.1 Construction of M

Notations. Let (7, <) be a finite lower semilinear order with a root p. Label each vertex
v of T by a finite D-set D(v) and a defined D-relation D, on D(v). We view D(v)
as the set of leaves of a finite unrooted tree W (in the graph-theoretic sense) without
dyadic vertices (vertices of degree 2), and with D, defined in the natural way (this fact
can be seen in [6], Remark 26.5). So D, (a,b;c,d) holds if the path from a to b and the
path from c to d are disjoint. Vertices of degree at least 3 of W are called ramification
points. We shall refer to elements of m as nodes. The ramification point with the three
nodes x, y, z will be denoted by ram(z, y, z). By a successor of a vertex v € T' we mean a

vertex that comes immediately above v, and we shall denote the set of successors of v by

succ(v). For each element v € T' which is not maximal, define a bijection f,, from the set

of immediate successors of v to the set of ramification points D(») which we will denote

by Ram(D(v)). For each ramification point r of D(v) there is an equivalence relation F,
on D(v) such that two leaves wy, wo of D(v) are E,-equivalent if the unique paths from
r to w; and from r to wy have at least two common nodes. The E,.-classes will be called
branches at r (this is an analogous to Definition 1.4.9, and also we will denote the branch
at r containing a by a). For each r ¢ W, one of these branches will be distinguished,
and called the special branch at r. For w € T with w € succ(v), define the bijection g,,,
(Definition 2.1.1) such that it maps the leaves in the D-set D(w) to the collection of the
non-special branches at the corresponding ramification point f,(w) of the immediately

lower D-set D(v). The induced tree with the above structure is called a tree of D-sets.

We shall use the Roman letters z, y, z, w, u, v, ... for elements of directions and branches
of a D-set, while the letter .7/, ", ... r1,7ry,... for the ramification points. The Greek

letters o, v, 11, . . . refers to the vertices of the tree while we retain the letter p for the root.

It is worth noting that the notations in the following paragraph are the notations that are
used in [7]. Our construction is based on a lower semilinear order which is called a tree

in Droste’s book [18].
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We start with a lower semilinear order 7" with root p. The labelling unrooted tree W
of the root p contains ramification points of a number equal to the number of successors
in T of the root p. Each ramification point has a special branch identified by the relation
L that we define later. For example, consider the D-set D(p). Focus on a ramification
point, 7 say. So p has a successor f,(r) in the tree and it is labelled by a D-set consisting
of a number of leaves equal to the number of branches around » minus the special one.
In pictures we always refer to the special branch by an arrow entering to the ramification

point, where the branches are as defined above.

The tree m has ramification points whose number depends on the number of
the successors for the vertex f;!(r). For instance, if f;!(r) has two successors then the
leaves in D(f,;(r)) create two ramification points, and this is what the bijection f, in the
following paragraph does. The labelling D-set of a leaf of 7" has no ramification points,

so the endpoints appear in a path.

We define a bijection f, : succ(r) - Ram(D(v)) between the set of successors of the
vertex v in T and the nodes of ramification of the D-set D(v). Each ramification point
in D(v) picks out a special branch, and for € Ram(D(v)) if w = f,;(r) then there is a

bijection g, from D(w) to the set of non-special branches at r (in the D-set D(v)).

Note that we will use 7 to refer to a tree of D-sets, where 1" is used to refer to a semilinear
order; that is 7 refers to the whole structure consisting of (7', <), the labelling D-sets, and

the maps f, and g, .

Definition 2.1.1. (i) Let 1, ...,, be vertices of the semilinear order(7, <) of a tree
of D-sets 7 such that vy < -+ < v,. Then (v, ..., V) is a chain of successors if
each vertex belongs to the set of successors of its predecessor, i.e. v;;1 € succ(v;)

where i € {0,...,m—1}.

(ii) Given the chain (vy,..., V), there is a map g,,,, which we define by induction

such that it maps the directions of the D-set D(v,,) to a union of branches at a fixed

45



Chapter 2. Trees of D-sets

ramification point of D(1g). Let a € D(v,), define

ngVO(a) = {I € D(VO) tdy e ngVm—l(a)(x € gumquo(y))}'

The following diagram is an example of a tree of D-sets. Note that in D(p), as indicated
by the arrows, x lies in the special branch at " and w lies in the special branch at r, and in

D(v), 7 lies in the special branch at 71, and also in the special branch at 7.

D(w)

W= [ w= )

D(v")

Figure 2.1: Tree of D-sets

Definition 2.1.2. Let 7,7’ be two trees of D-sets. An isomorphism between trees
of D-sets 1is an isomorphism between the corresponding two lower semilinear orders
¢:(T,<) - (T",<) and, for any vertex v € T', an isomorphism v, from D(v) to D(4(v)),
which sends the directions and the ramification points in D(v) to the directions and the
ramification points in D(¢(v)) respectively. The maps 1, are required to map special

branches to special branches, and to commute with the maps f, and g,,.
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Suppose 7 and 7’ are trees of D-sets with semilinear orders (7', <), (77, <) with roots p and
p', and bijections f,, g, and f},, g, , for 7 and 7' respectively. Suppose that ¢ : 7 — 7’
is an isomorphism of trees of D-sets. For example, in 7 the root is p, and say that an
immediate successor is v, then the labelling D-set D(v4) has leaves with correspondence
to the branches around the ramification point f,(14) in the root D-set such that if we call
the leaves in D(v;) tobe ay, ..., an-1 thenat f,(v1) we have g, ,(a1), ..., Gv,p(am-1) as

branches.

On the other hand, 7’ has the root ¢(p) and its vertices are the images of the
vertices of 7. As above, take an immediate successor of the root p’ which is
®(v1), then the labelling D-set D(¢(v1)) has leaves with correspondence with the
branches around the ramification point f(;(p)(gb(ul)) in the root D-set D(¢(p)) such
that if we call the leaves in D(¢(11)) as aj,...aj, . then at f7 (¢(v1)) we have

Y m-1°

g<,Z>(V1)¢(p)(a,1)’ . ,g;(yl)(ﬁ(p)(a;nfl), where a} =1, (a;), i€ {1,...,m—-1}.

Since 7 is a map defined between D-sets, then if we take ¢, : D(p) - D(¢(p))

such that it takes nodes to nodes, then under these notations, we can see that

Up(fo(n)) = fé(p)(Qb(Vl)) and 1, (gu,p(a1)) = gé,(yl)d,(p)(ai)-

We say that a D-set D(v) omits the element v € D (1) if there is no direction Z of D(v)
such that u € g,,,(Z) where v is a successor of y.. This means that « is in the special branch

in D (1) at the ramification point corresponding to the vertex v.

Remember that we mean by z an equivalence class of the relation ‘being in the same
branch’ that we defined in Definition 1.4.22, i.e. ¥ is a direction higher up where z is a

representative of all the elements lying in the corresponding branch at a lower D-set.

We now present a first order language . so that any tree of D-sets can be viewed as an
Z-structure. Let 7 be a tree of D-sets. The domain of the structure is the set of directions
of the root Dset of 7. Our language . consists of a ternary relation L, two quaternary
relations L’ and S, a five-ary relation S, a six-ary relation R and a seven-ary relation ().

We define them on the domain of the root D-set of 7 such that:
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(i) L(x;vy,z) holds in 7 if either

(a) x,y,z lie in distinct branches at some node r of the root D-set D(p), and the

branch containing x is special at r, see Figure 2.2, or

Y

Figure 2.2: L(x;y, 2)

(b) there is a D-set D(v) with a ramification point 7, and directions Z, y, z lying
in distinct branches at r with z lying in the special branch at r, such that
T € gup(Z),Y € Gup(7), 2 € gup(2) -
We say in (ia) that D(p) witnesses L(x;y, z), and in (ib) that D(v) witnesses
L(x;y,z). We use the semi-colon to distinguish the special branch in the first

place, while there is symmetry on the other two.

Figure 2.3: L(z;y, z) in D(v)

(ii) Letx,y, z,w € D(p) be distinct. Then S(z,y; z, w) holds, written 7 £ S(x, y; z, w),

if one of the following holds

(a) In the root D-set, with universe denoted D(p), and a D-relation denoted D,

we have D,(z,y; z, w).
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Y w

Figure 2.4: S(z,u;z,w)

(b) x,y,z,w lie in distinct non-special branches at node r of D(p),
and there is some vertex v > f;!(r) such that D(v) contains
distinct Z,y,w,z such that D,(Z,y;w,z) holds in D(v), and

T € Gup(T),Y € gup(7), w € G, (W), z € G,p(Z).

We say in (iia) that D(p) witnesses S(x,y;z,w), and in (iib) that D(v) witnesses

S(z,y;z,w).

Note. The relation .S captures the behaviour of D-relations except that in S we do
not allow equality among its parameters, i.e. axiom (D4) of Definition 1.4.16 does
not hold for S. We use the semi-colon to reflect the symmetry between the first two

parameters and the last two.

We now describe how an instance of S can be witnessed by a D-set other than the

root.

Suppose that x, 3, z, w, v lie in four distinct branches at a ramification point of D(p),
where each branch contains other elements. For example, the branch containing x,
we will say in such situation the branch of x, contains in addition to z itself, a
finite number of leaves say xi,...,x,, the branch of y has, in addition to ¥, the
leaves ¥4, ..., Ym, the branch of w has more [ elements wy, ..., w;, the branch of z
(assumed to be special) has p elements 2, ..., z,, and the branch of v has, of course
v and vy, ..., v, where all of m,n,[, k, p are natural numbers which can be equal
or not. See, as an example, Figure 2.5 below in which there is one more element in
each of the branches of x,y, 2z, w,v. By considering a suitable equivalence relation

‘lying in the same branch’ (see Definition 1.4.23), each of the branches of z, y, w

49



Chapter 2. Trees of D-sets

and v will be shown higher as one endpoint by using a representative of that branch,

and we write Z, i/, w and v respectively.

v T T Yy
U1 Y
w1 21
w z
Figure 2.5
Then consider a chain of successors (vg,...,V,) with vy = p and distinct

j?@?T}?w € D(Vm) and X € gljml/o(:i')a y € gl/ml/o(g)a v € gljml/o(fa)7 w € gllmljo(w)'
Then S(z,y;v,w) can be witnessed in D(v,,) if Z,y are distinct at their meeting

point and v, w are distinct at their meeting point, as in Figure 2.6.

T (%

Figure 2.6

(i) Q(z,y;z,w : p;q,s) holds in 7 if there is some D-set in which the relations
S(x,y; z,w) and L(p;q, s) are both witnessed. We interpret this as S and L happen
in the same D-set. This is an example picture.

z p T

Figure 2.7: Q(x,y;z,w : p;q,s)
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(iv) R(z;y,z:p;q,s) holds in 7 if there is some D-set in which the relations L(x;y, 2)
and L(p; q, s) are both witnessed. We interpret this as two L-relations happen in the

same D-set. This is an example picture.

x z p

NS

) q

Figure 2.8: R(x;y,2:p;q,$)

(v) L'(x;y,z;u) holds in 7 if in the D-set D(v) witnessing L(x;y,z), the branch
containing u is omitted. We then say that the D-set D(v) witnesses the relation
L'(x;y,z;u). We use the first semi-colon as in L above, and the second one
to distinguish the omitted element. For example, in Figure 2.1, L'(z;y, z;u) is

witnessed in D(v).

(vi) S'(x,y; z,w;u) holds if in the D-set D(v) witnessing S(x,y;z,w), the branch
containing v is omitted. We then say that the D-set D () witnesses the relation
S'(x,y; z, w;u). Also, the semi-colon here is as in L’ but replacing L by S. Again,

in Figure 2.1, S'(x, y; z,v;u) is witnessed in D(v).

Note that, by the definition, the relations L/, S’ cannot be witnessed in the root D-set,

because there are no omitted branches.

Remark 2.1.3. For any distinct z,y, z, u, v, w

(i) L(x;y,2) < L(z;2,y).
(i) L(x;y,2) = ~L(y;z,2) A=L(2;2,y).

(i) S(z,y;2z,w) < S(z,w;z,y).
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Note: When we say that one of the above relations hold in the structure A we mean it holds
in some D-set of A. We may thus view a finite tree of D-sets as an .Z-structure whose
universe is the set of directions of the root D-set. We use symbols like A, B,C, F, ...
for such finite .Z-structures. Also we write A < B if A is a substructure of B. We use
symbols such as 7 for a tree of D-sets when we view it as presented at the start of this

section, rather than as an .#-structure.

Let Z be the collection of all finite .#-structures arising from trees of D-sets as described

before.

Lemma 2.14. Let A € & and x,y,z € A be distinct, then L(x;y,z) v L(y;x,z)
vL(z;x,y) holds in A.

Proof. Choose a vertex v of T such that |[D(v)| is minimal subject to there being distinct
z,y,Z € D(v) with x € ¢,,(Z), y € 9,,(7), and z € g,,(Z) (we allow the special case
when v =p,and z = 7,y = y, 2 = 2). We may suppose that x, i, z lie in distinct branches
at some ramification point  of D(v). If none of these branches is special at r, then v
has a successor v/ = f!(r) and there are distinct z*,y*, z* € D(v'") with T € g, (z*),
y € gu(y*) and Z € g, (2*) then = € g, (%), y € g,(y*), and z € g,,(2*), and
D) <[D(v)

, contradicting the minimality of |D(v)|. Thus, one of Z, 7, z, say Z, lies

in a special branch at  of D(v), and then L(z;y, z) holds, as required. ]
From now on, we will denote the disjunctions in Lemma 2.1.4 as L{z,y, z}.

The following lemma says that for distinct z,y,z,w the relations L(x;y,z) and

S(x,y; z,w) are witnessed in at most one D-set.
Lemma 2.1.5. [f A€ P and z,y,z € A, then if A = L(x;y, z) then it is witnessed in one

D-set of A. Also, forp,q,s,t € Aif A S(p,q;s,t) then it is witnessed in one D-set.

Proof. Suppose z,y, z € A are distinct, and that L(z;y, z) is witnessed in the D-set D(v)
with v > p; that is, there are distinct Z, 7, Z € D () meeting at ramification point r, with T

special at 7 and x € ¢,,,(Z),y € G,,(¥), 2 € g,,(Z). (We ignore the degenerate case where
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v = p, which is easier but similar). Now if w > v then L(z;y, z) is not witnessed in D(w),

since there is no z* € D(w) with T € g,,,(xz*) - that is, x is omitted in D(w).

If w < v then there is a ramification point 7’ of D(w) such that ¢, (%), 9w (7), gvw(Z)
lie in distinct non-special branches at 7/, so D(w) does not witness L(x;y, z). Finally,
suppose w is incomparable to v, and v, w have greatest lower bound y in the structure
tree. Then there are distinct ramification points 7/, 7" of D(u) such that v lies above a
successor ' = f1(r') of u, and w lies above a successor w’ = f;(r"). Wherever 7"
lives, at least two of ¢,,,(Z), ¢,,.(¥), 9,,.(Z) lie in the same branch at r”, so D(w) cannot

witness L(z;y, z). Similarly for the relation S. |

Lemma 2.1.6. Let A € 9 have a root p. Then the relation D, on D(p) satisfies the
following:

z,w are all distinct and S(x,y; z,w) A (V) (=S5"(x, y; z,w;t))).

Proof. Suppose D,(z,y,z,w) with z,y,z,w distinct. Then S(z,y;z,w) holds as
it is assumed that there is a D-relation witnessed in the root D-set. As D(p)
contains all elements of A and is the only D-set witnessing S(z,y;z,w), we have

(V)-S' (2, y; 2, w3 t).

Conversely, suppose S(z,y; z,w)A(Vt)(=S'(x,y; z,w; t)) holds. For a contradiction, we
will assume that the D-set witnessing S(x,y; z,w) is not the root. Then there is a lower
D-set in which z,y, z, w lie in distinct branches at a ramification r. As S(x,y,z,w) is
witnessed higher up, none of z, y; 2, w lies in a special branch at r. Since each ramification
point has a special branch, some ¢ lies in the special branch at . Then S'(x,y; z, w;t)

holds, which is a contradiction. [}

Focus on a ramification point in the root D-set of the substructure A of &, say r. Then
the labelling D-set of the successor f,*(r), which is D(f,!(r)), has endpoints (leaves)

of number equal to the number of distinct branches at  in the base minus the special one,

53



Chapter 2. Trees of D-sets

as it is dropped. This successor f,!(r) is considered as a root for a new structure called

A,.

Note that we use the subscript 7 to refer to the ramification point 7 in the root D-set of A,
and the universe of A, is the set of the non-special equivalence classes for the equivalence
relation in Definition 1.4.23 and |A,| < |A| (see Lemma 2.1.10 (iv)). Note that A, is
a quotient of a subset of A by the relation F,. (see Definition 1.4.22). We can continue
doing this by the same method until we reach a leaf and we stop there because the labelling

D-set has no ramification points and the elements just form a path.

Lemma 2.1.7. Suppose A € 9 and v,V are incomparable vertices of the structure tree on

A. Then it can not happen that x,y, z € A have Z,7, z distinct in both D(v) and D(v").

Proof. Let v,V be two incomparable vertices in the structure tree of a structure A € .
For convenience, suppose that v, v’ are distinct successors of p. In the root D-set D(p)
letr = f,(v) and »" = f,(v') be two ramification points. Suppose that Z,y, Z are distinct
in A,, so x,y, 2z lie in distinct non-special branches at r. As r # 1/, it follows that at least

two of z,y, 2 lie in the same branch at 7/, so at least two of z, , Z are equal in A,..
]

Definition 2.1.8. Suppose o = f;'(r). Let a € g,,(@), b € gop(), ¢ € gop(€), d € gop(d),
Y € Gop(Y), W € gop(W), 2 € g5p(Z), then the relations L, L', S,S', R, Q are interpreted in

A, as follows
(i) Ifa,b,c are distinct, then A, & L(a;b,¢) < A& L(a;b,c).
(ii) If a,b,¢,d are distinct, then A, = L'(b;¢,d;a) < A= L'(b;c,d;a).

(iii) If a,b,¢,d are distinct, then A, & S(a,b;¢,d) < A S(a,b;c,d).

(iv) Ifa,b,¢,d are distinct, then A, & S'(a,b;¢,d;w) < A S'(a,b;c,d;w).

(v) If a,b,c are distinct and Y, Z, W are distinct, then

A, = R(a;b,c:y;z,w) < AE R(a;b,c:y; z,w).
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(i) If  a,b,¢,d are distinct and Y, Z, W are distinct, then

Lemma 2.1.9. The relations in Definition 2.1.8 are well defined.

Proof.

(i) It is suffices to show that if @,b,¢ € A, are distinct, and a,a’,b,b,c, ¢’ € A with
aF.a',bF.b  cF.c' (where F, is the equivalence relation in Definition 1.4.22), then

AE L(a;b,c) < A= L(a’;V', "), but this is immediate.

We do the same for (ii), (iii), (iv), (v) and (vi).

Lemma 2.1.10. If A € & and r is a ramification point in the root D-set, then

(i) A, is isomorphic to a substructure of A.
(ii) A, € D.

(iii) Let T be the tree of D-sets corresponding to the £ -structure A, and T, be the tree of
D-sets corresponding to the £ -structure A,. Define h(T), the height of the tree T,

to be the number of the vertices in the longest path from a leaf to the root p. Then

h(7.) < h(T).
(iv) [A] < |A.
Proof.
(i) For each element = € A,, pick x € . Then by Definition 2.1.8 and Lemma 2.1.9,

the map Z — x gives an isomorphism from A, to a substructure of A. (Note that

‘x € ¥’ is a bit of an abuse of notation).
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(ii) First, the structure tree of A, is 7,. The universe of A, is exactly D(p,)
(pr = f;*(r)). For each v/ > p,, the D-set of A, corresponding to v’ is exactly
D(v"). The correspondences between ramification points of D-sets and successors
(given by maps such as ( f,),) in A, are exactly those induced from A, and likewise

the maps (g, ), are those induced from A.

(iii) Let p, be the root of the tree of D-sets 7., suppose h(7.) = k, and let
pr = 0g < 01 < --- < 0 be a path with k£ edges from p, to a leaf of 7,.. Let

pa < pr < 01 < --- < 0f be a path in 7 with k£ + 1 edges from p4 to ox. Then

k>0,s0 h(7) 2 k+1>k,soh(7)>h(r).

(iv) By induction on h(7,) it suffices to observe that if v is a successor of p with
fo(v) = r then |A,| < |A]. This is immediate. Let p, = f;!(r). Let m be the
number of branches of D(p) at r. Then as each such branch contains at least one

element of A, m < |A|, and as A, ‘drops’ the special branch at r, |A,| = m - 1.

Proposition 2.1.11. Suppose that 1,75 are trees of D-sets with corresponding
ZL-structures Ay, Ay with the isomorphism x : Ay — As. Then Y induces a unique

isomorphism ¢ : 7| — Ty.

Proof. As the base case, suppose that A(7;) = 1. Then 7; has just the root p; and D(p;)
has no ramification points, so at most two directions. Thus, as an .Z-structure, no triples,
quadruples of 7y satisfy L, S respectively. Since A is isomorphic to A;, the same holds

for 75, and thus h(72) = 1, |D(p2)| = |D(p1)| < 2, and x induces a unique isomorphism ¢.

For the induction step, suppose m := h(7;) > 2. From Lemma 2.1.6 we know that
D, (z,y;z,w) < ((x=y)v(z =w)a{z,y}n{z,w} = @) v(x,y, z,w are all distinct and
S(z,y;z,w) A (Vt)(=5"(z,y; z,w;t))), and the same hold for D,,. Thus, y induces an

isomorphism D(p;) - D(p2). This extends to a unique isomorphism (which we denote

by ¢) D(p1) = D(p») taking ramification points of D(p;) to those of D(ps).
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For each » € Ram(D(p1)), put ¢(f,'(r)) = f,}(r), to obtain a bijection
succ(py) — succ(pz). By Lemma2.1.10, A, and Ay, lie in & for each r € Ram(D(p,)).
Write p, and pg(,) for the roots of the structure trees of A, and Ay, respectively. We
claim that x induces an isomorphism Y, from the Z-structure on A, to that on Ay).

Indeed, ¢| gives a bijection D(p,) = D(py(r)), and the fact that it is an isomorphism

D(p)
of .Z-structures is immediate from Definition 2.1.8.

Since h(A,) < h(A) (by Lemma 2.1.10, (iv)) it follows by induction that x induces
an isomorphism (denoted ¢) from the tree of D-sets corresponding to A, to that
corresponding to Ag(y. Since this holds for all » € Ram(D(p;)), putting all the data
together we have the required isomorphism ¢ : 71 — 75, which is clearly uniquely

determined. ]

2.2 One point extensions

We are aiming to build a structure M by amalgamating members of & ; it is enough to do

the amalgamation of just one point extensions (see 2.3.1) of .Z-structures in Z.

Fix an .Z-structure A € 2. We want to specify the possible forms of a one point extension

E = Au{e} of Asuchthat Au{e} € Z and A is a substructure of Au {e}.
We now describe some one-point extensions:

Type I (Star-like): To obtain 7, which is the structure tree on the .Z-structure F, from
74, we add a new root pg under the root p 4 of the structure tree 74, such that D(pg) looks
like a star with one ramification point (the centre) and non-special branches corresponding
to the end points in the root D-set D(p4) of A, and a special branch e. See for example

Figure 2.9.

Since there is only one ramification point in D(pg), it will have form f,,(p4), where
pa is the immediate successor of pp. The D-set Dg := D(pg) is a star whose

centre is f,,(pa) where the branches are of the form g,,,,(z), « is a direction in
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D(pa4). The relations on A will also hold in E := A u{e}. Thus, if a,b,c € A and
A e L(a;b,c) then E = L(a;b,c); however this is not witnessed in the root D-set of
E, and indeed, F £ L'(a;b,c;e). Likewise if a,b,¢,d,e A and A = S(a,b;c,d), then
E = S'(a,b;c,d;e).

v'= (")
v="In() D)

D(v")

PA
|
| D(pa)
|
|
PE
) N
Jw e T N
// ! \
! ! \
1 V !
| |
\ I
\ !
\ /
AY /
\\ z ’
D(PE)

Figure 2.9: One point extension:Type I

Type II : In this type, we assume that the two roots for the two structures A and E' are the
same, so we call it p, and we add the new branch to the existing D-set D(p) of the root p

of 74 to obtain the root D-set D(p) of 7. We can do it by two ways:
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(a) Add a new direction to an existing ramification point in D(p). So the D-set higher
up corresponding to that ramification point gets a new end point. If we think of it
as a graph, then e is a leaf adjacent to the ramification point. Actually, this process
iterates through the structure tree such that if we focus on a ramification point r and
call the added direction e, then the successor f,(r) will be a root for the substructure
isomorphic to E, of £ (before adding e the successor f,!(r) of p is a root of A,),
and the labelling D-set for f;!(r) gets a new endpoint, and in this case |,|< |E| and

A, < E, asin 2.1.10(iv). Here E, is the substructure of £ that has f; 1(r) as a root.

D(w)
.'/ e
w
D(v') D(v)
V! y 3
D(pa)
PA = PE

Figure 2.10: One point extension: Type II(a)

(b) Create a new ramification point by adding a vertex on an existing edge in D(p), then
add a leaf e at this vertex. Here we consider two cases:
(1) e is the special branch at this new ramification point.

(ii) e is not the special branch at this ramification point.
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In both cases a new successor is added to the structure tree, but the D-set labelling

the new successor has two endpoints, and hence nothing happens further.
Remark 2.2.1. We have to differentiate between these three notations:

* Dg(A): is the root D-relation of F restricted to A.
* Dy or D(A): is the root D-set of A itself, i.e. for the structure tree on A.

e Dg: is the D-set for the root of E.

D(v")

D(pa)

Figure 2.11: One point extension:Type 1I(b)

Lemma 2.2.2. If A, E € 9 with A< E, and a,b,c,d € A are all distinct elements, then
Dg(a,b;c,d) > Da(a,b;c,d).

Proof. As a,b,c,d are distinct, Dg(a,b;c,d) = S(a,b;c,d)n(Vt € E)-S"(a,b;c,d;t) =
S(a,b;c,d) A (Yt e A)=S"(a,b;c,d;t) = Da(a,b;e,d).
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Lemma 2.2.3. If A € 9 and Au{e} is a Type I extension of A, then Au{e} € 9 and
A< Au{e}.

Proof. First, it is almost immediate that F := Au{e} € 2. The structure tree E is obtained
from that of A by putting a root pg directly below the root p4 of A, and giving the D-set
D(pg) the structure of a star with a single ramification point r and leaves corresponding
to elements of £, with e special at . We have f,, (p4) = r, and the map g, , ,,, is just the

identity map on A.

Second, we must show that for distinct a, b,c € A we have A £ L(a;b,c) < E £ L(a;b,c)
and similarly for the other relation symbols of .Z. This is essentially immediate. Indeed,
no relation among elements of A is witnessed in the root D-set of E, and such relations

hold in E if and only if they are “carried down” from the structure A = E|,, by the map

gPAPE‘ u

Lemma 2.2.4. Suppose A, E € 9 with A < E, and there is no e € E such that Au {e} is
a Type I extension of A. Then the root D-set D 4 of A, and the structure Dg induced on
A by the root D-set D of E, denoted Dg(A), are the same.

Note. We do not here assume that |F' \ A| = 1.

Proof. Let a,b,c,d e Aand Dg(A)(a,b;c,d). Then Dg(a,b;c,d). We may suppose that
a,b,c,d are distinct. By Lemma 2.2.2 D 4(a, b; ¢, d).

Conversely, let a,b,c,d € A are distinct, and suppose that D,(a,b;c,d) but
-Dg(A)(a,b;c,d). We want to show that D (A)(a, b; c,d) by a way of contradiction.

b d

Figure 2.12: D 4(a,b;c,d)
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So the relation S’ holds in E. As A £ S(a,b;c,d) and this is not witnessed in the root
D-set of E, then there is ¢ € £\ A such that E' = S’(a, b; ¢, d; €). Furthermore, we have

the picture in pg, with e special at the shown ramification point in Figure 2.13.

b a
e
d c

Figure 2.13: Dg

But this picture is a star, and we assume that A U {e} is not a Type I extension of A.
This means that there must be a branch z € A (hence in F) stopping the star shape, so
witnessing that A u {e} is not a Type I extension of A. We consider the various possible

positions of x with respect to a, b, c,d, e in Dp.

Case (1): Suppose z lies in the same branch as ¢ in Figure 2.13. We
may suppose (by replacing x by another point if necessary) that one of z,c
or d (we may replace d by a or b) is special at ram(z,c,d) in Dg. Since
S(a,d;c,x) A (YVw € E)-S'(a,d;c,z;w) holds in E and hence in A,  must lie in
the same branch as c at r’ in Dy, with x, c,d meet at ramification point " say. Now
EEQ(a,dic,x:x;e,d) v Q(a,d;c,x : c;x,d) v Q(a,d; ¢,z : d;x,c), so the same holds
in A, that is, one of x, ¢, d is special at " in D 4, say x (the argument is the same in the
other cases), see Figure 2.14. Now A = Q(a,b;c,d : x;¢,d) but E £ -Q(a,b;c,d: x;c,d),

a contradiction.
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a c
T.//

r r
b d

Figure 2.14: Case.1:D 4

Case (2). If x is in the same branch as the special branch e in E, then we will
see S’(a,b;c,d;z) holds in £ and hence in A, and this is impossible, since we have

Da(a,b;c,d) = S(a,b;c,d) A (Vt e A)=S"(a,b; c,d;t).

Case (3). Suppose there exists &’ € A in the same branch as x in Dpg, see Figure 2.15.
We may suppose (by choice of z,z’) that one of x,x’,d is special at the ramification
point r’ of x,z’,d in Dg. For convenience we suppose £ & L(z;x’,d), but the other
two cases are similar. Thus, F £ Q(z,2";u,v : x;x',w) for any distinct u,v € {a,b,c,d}
and any w € {a,b,c,d} so the same holds in A. Furthermore S(z,z’;u,v) (for distinct
u,v € {a,b,c,d}) is witnessed in the root D-set of A, by Lemma 2.2.2. It follows that
in Figure 2.16, z, 2’ lie in the same branch at r, or at r, or at a ramification point added
between r; and 79, or at ramification point within the direction a (between r; and the

endpoint a), or within the directions b, c or d.

In particular, there is a ramification point r3 of D4 which equals ram(x,x’,w) for
each w € {a,b,c,d}. As x is special at r3 in A, then A = Q(a,b;c,d : x;2',a), so

E e Q(a,b;c,d: x;x' a) contradicting that S(a, b; ¢, d) is not witnessed in Dp.
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b x! X a
7,,l
e
7
d C

Figure 2.15: Case.3, Dg

Figure 2.16: Case.3, D4

Lemma 2.2.5. Suppose A,E € & with A < E, and there is no e € E \ A such that
A < Au{e} is of Type L. Suppose a,b,c € A with L(a;b,c). Then L(a;b,c) is witnessed

in D 4 if and only if it is witnessed in Dpg.

Proof. 1f L(a;b,c) is not witnessed in D 4 then there is d € A such that A = L'(a;b,¢;d),

so B L'(a;b,c;d), so L(a; b, c) is not witnessed in Dp.

Conversely, suppose that L(a;b,c) is witnessed in D4, with a,b,c lying in distinct
branches of the ramification point r of D,. By Lemma 2.2.4 we may identify r with
a ramification point of D . We suppose for a contradiction that L(a; b, ¢) is not witnessed
in Dg. Then there is e € E in a special branch at r, distinct from those of a, b, c. Since

E e L'(a;b,c;e), we must have e ¢ A. Furthermore, as A < A u {e} is not of Type I and
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there is no d € A lying in the same branch as e at r, there must be distinct p,q,t,s € A
with S(p, ¢;t,s) witnessed in D 4, so in Dg. Then A £ Q(p, q;t,s : a;b,c) so L(a;b,c)

1s witnessed in Dy, a contradiction. [}

Lemma 2.2.6. In a Type Il extension A < E = Au{e}, if r is a ramification point of the

root D-set of A, then the structure A, is a substructure of E,.

Proof. 1t suffices to check that the relations agree in both A, and F,. Let
a,b,¢,d,z,p,q,5 € Ay, then they are elements of D(f;*(r)). Assume a, b, ¢, d are distinct.
As A < Eis of Type II, by Lemma 2.2.4 r is a ramification point of D, and a, b, ¢ lie in
distinct branches at  in E. Furthermore, none is special at r in A, as @, b,¢,d € A, and
so as it is Type II extension, none is special in F.

Then A, £ L(a;b,¢) < A = L(a;b,c) < E £ L(a;b,c) < E, & L(a;b,¢), and
A, & S(a,bé,d) < Ak S(a,b;c,d) < E & S(a,b;c,d) < E, = S(a,b;¢,d). Also
A eQ(a,be,d:p;q,5) < AeQ(abic,d:p;q,s) < EEQ(a,bic,d:p;q,s) <
E.=Q(a,b;¢,d:p;q,5).

Likewise, A, £ L'(b;¢,d;a) < Ak L'(b;c,d;a) < E & L'(b;c,d;a) < E, = L'(b;¢,
d;a). Letw € A,. Then A, £ S'(a,b;¢,d;w) < Ae S'(a,b;c,d;w) < E £ S'(a,b;c,
d;w) < E, = S'(a,b;¢,d;w). (]

Lemma 2.2.7. If A, E € 9 and FE is a one point extension of A with E = Au {e}, then
(A, E) is of Type I or of Type II.

Proof. Assume that the extension is not of Type I, so there is no new root under p 4 with
a star D-set. By Lemma 2.2.4, Dp(A) = D(A). By Lemma 2.2.4, we know that the root
D-set D4 of A is a substructure of Dg, and hence can identify D 4 with a subset of Dp.
Furthermore, for a,b,c € A, L(a;b,c) is witnessed in D, if and only if it is witnessed
in Dg by Lemma 2.2.5. Thus, either e is added (in Dg) as a new non-special leaf to an
existing ramification point r of D 4, or e is added on a new ramification point 7’ of an edge

of Dy4. To prove it is of Type II, we consider the following cases:
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Case(i). Suppose that e is added as a new non-special leaf to an existing ramification

point r of D 4. Furthermore, using Lemma 2.2.6 we see that A, is a substructure of £,

and so by induction, as |A,| < |A|, A, < E, is of Type I or Type II. As we assumed that the

extension A < E is not of Type I it follows that A < E is a Type II(a) extension.

Case(ii). Suppose that e is added on a new ramification point 7’ of an edge of Dy4. In
this case, for F, p4 obtains a new successor p,» whose D-set has size 2. The structure is

otherwise unchanged, and F£ is an extension of A of Type II(b).

Lemma 2.2.8. Let A < E with A, E € 9. Then there is an element e € E ~ A such that
Aude} e 2.

Proof. We just showed, by Lemma 2.2.7, that extending a substructure A of £ by one

element, so that the result lies in &, can be done by only two ways: Type I or Type II.

Firstly, adding e from F'\ A to A to get Au{e} in & by a Type I extension will do the
required as we showed in Lemma 2.2.3. Thus, we may suppose there is no such e € E, so

Lemma 2.2.4 and Lemma 2.2.5 are applicable.

Suppose there is an edge of A such that F has a ramification point r on the edge and there
isee -\ Aanda,be A such that a, b, e lie in distinct branches at . We may suppose
(by careful choice of e) that one of a, b, e lies in the special branch at r in F. In this case

Au{e} € 7, a one-point extension of A of Type II(b).

Suppose the configuration of the last paragraph does not occur. Since Dg(A) = D 4, there
is a ramification point 7 of A and some e € E \ A lying in a new non-special branch at r

of E. Then Au {e} € Z and is a one-point extension of A of Type Il(a).
]

We will see now that adding one element (n elements) from £ to A keeps the extension

in the class &, and E can be written as a sequence of one point extensions.
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Lemma 2.2.9. Assume A < E with A,E € 2. Then we may enumerate E ~ A
as {e1,es,...,e,} such that for each i = 1,....n, if E; is the £-structure of E on
Audey,...,e;} then E; € .

Proof. Fix n. We prove by induction on m < n that there are distinct e, ... e, € E N A
such that for each i = 0,...,m the Z-structure E; induced on Au {ey,...,e;} lies in

(where Ey = A).

The base case m = 0 is trivial. Assume the result holds for m. Then by Lemma 2.2.8

applied to E,, < E, there is some ¢ € E'\ E,,, such that £, u {e} € Z. Pute,,,; :=ec. ®

2.3 Amalgamation Property

Fraissé’s method is based on taking smaller structures, extending them and then
amalgamating the extensions. The following lemma is a general lemma that holds for

any class of finite structures.

Lemma 2.3.1. Let € be a class of finite structures, and suppose that the following hold:

1. the class € has the amalgamation property for one point extensions.

2. forany A, E € € with A < E, we may write E~ A ={x1,...,x,} sothat if E; is the

induced substructure of E on Au{xy,...,x;} (foreachi=1,... n), then E; € €.
Then the class € has the amalgamation property.

Proof. Suppose that Au {z1,...,2p}, AU{yL,...,yn} lie in €; we will denote them by
X; and Y; respectively. Assume F; is obtained by adding m elements, say 1, ..., T, to
A, and FEj is obtained by adding n elements, say y1, ..., ¥,, to A. Then assume that the
one-point extension of A by adding x; is X1, and the one-point extension of A by adding
yp is Y1. Then amalgamate X; and Y; over A. We get E'1; which is a structure in 4. So

the one-point extension of X; by adding v, is F1;.
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Next step, extend X; by a one-point extension via the element x5, then we get X,
(X2 = X7 U{x9}). Amalgamate X, and Ey; over X to get Fy;. (We do not assume
that one point extensions amalgamate disjointly, so possibly £;; = X;.) Do this process
m times to end with F,,,;. When we look at amalgamating F,,; and E5 we note that the
m steps of the amalgamation put y; in the common subset that we amalgamate over. Also

|F2 N Y1| = n - 1. Hence it finishes inductively.
n

Note: The proof of the previous lemma is due to Bhattacharjee and Macpherson in their
paper (see the proof of Lemma 3.7 of [7]), but it works under the assumptions of this

lemma.

By Lemma 2.2.9 and Lemma 2.3.1 it suffices to prove the amalgamation property for one

point extensions.

Lemma 2.3.2. The class & has the amalgamation property.

Proof. We will prove the amalgamation property for one point extensions,
and using Lemmas 229 and 2.3.1 the amalgamation can be done
for arbitrary finite extensions. Assume A < FE; and A < FE5 with
A E,FEy € 9 suchthat By N A = {e;} and E5 ~ A = {es}. Assume that e; and e, are
distinct. We want to define a structure on F; U E, to obtain an element E € & such that
Ey and Ej are induced by E. Let 7; be the structure tree corresponding to £; with root p;

where ¢ = 1, 2. We will consider three cases.

Case i. Suppose that £/; and E5 are Type I extensions of A. Then place the root p, beneath
the root p; such that e, is special in D(ps) with e; non-special, and in D(p;) the element

e; is special.

Case ii. Suppose that one of the F;, say F is of Type I, and Es is of Type II. Then place

the root p; under p, such that D(p;) is a star in which e; is special and es is not.

Case iii. Suppose that F; and E, are of Type Il over A. Then we will consider the

following four sub-cases.
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(1) If e1,e9 are added to the same old ramification point r of D(p4) to get Ey, Fy
respectively. Keep them distinct. Then neither of ey, e5 is special in the root D-sets
D(p1) and D(p2). The root pr of E will have that e, e; are non-special branches.
Then higher up two new end-points are added to the same D-set D(f,!(r)), and we

finish inductively, since |A,| < |A].

(2) Suppose that e; and e, are added to distinct ramification points r; and ry of
D(pa). Then again an endpoint will be added to the D-sets corresponding to these
ramification points. The structures F,, and (E;),, will be isomorphic, and E,, will

be isomorphic to (Es),,.

(3) Suppose that the branch e; is added to an old ramification point 7 of D(p4), and e
creates a new ramification point. Then a new successor (of p4) has trivial D-set in £,

and D(f;1(r)) gets a new endpoint.

(4) If both e; and e, create new ramification points, then keep them distinct. Hence
D(pg) will have two new endpoints and then two new successors each with labelling

D-sets of just two elements.

The proof of the following lemma is similar to the proof of Lemma 3.6 of [7].

Lemma 2.3.3. The class 9 has the joint embedding property.

Proof. Take two finite structures A, B € & with n, m points respectively. Consider their
structure trees of D-sets 74,7 with roots p4, pp respectively. Build a new tree 7 with
root p such that D(p) contains two ramification points  and 7’ with n + 1 branches at r,
and m + 1 branches at r’, with special branches as shown in the Figure 2.17. The resulting

structure F will have F),. isomorphic to A and E,, isomorphic to B.
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m+1 1 - crn+l

Figure 2.17

Lemma 2.3.4. The class & does not satisfy the hereditary property.

Proof. Take, as an example, a finite structure C' € & with the elements z,y, z, w,p. Let
r =ram(x,y,p, z), r’ =ram(z, w, z) with S(z,y; z,w), L(x;y, z) A L(z;y,w) A L(x;y,p)
holding at r, and L(z;w,x) A L(z;w,y) A L(z;w, p) holding at ', all in the root D-set
D(pc), see Figure 2.18. Assume that v = f,1(r) and in D(v) the relation L(p;y, 2) is
witnessed at the unique ramification point 7 say. Also let v’ = f,1(r') and vy = f;(r").

The two labelling D-sets D(v") and D(v;) have just two elements.

T P z

Figure 2.18: pc

Let A = C \ {z} be a substructure of C'. Assume for a contradiction A € 2. Clearly C'is
not a Type I extension of A, so by Lemma 2.2.4, Do (A) = D 4 (the root D-set of A). Let
ry = ram(y,p, z) and o = ram(z, w,y) with L(p;y, z) and L(p;y,w) holding at r; and
L(z;y,w) and L(z; p, w) holding at r5 as in Figure 2.19. Then D(p,y; z,w) holds in D¢
soin D 4. In the labelling D-sets D(f,1(r1)) and D(f;!(r2)) there are two elements in

each one. Then it can be seen that Q(p,y; z,w : p;y, z) is witnessed in a D-set of A ( the

root) while it is not witnessed in C', which is a contradiction. Hence A ¢ &.
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Figure 2.19: p4

As the class & is not closed under the substructure we use a modified version of Fraissé’s

Theorem, and here we follow Evans [19].
Definition 2.3.5. Let & be the class of .Z-structures that we defined before. Define a
collection &£ of embeddings f : A — D where A, D € & such that

(i) any isomorphism is in &;

(ii) & is closed under composition;

(iii) if f: A > Bisin & and B c D is a substructure in & such that f(A) c B, then the

map obtained by restricting the range of f to B is alsoin £.

Then we call this collection a class of Z-embeddings

Note. This definition is also explained in [25], but the author uses the notion of weakly

homogeneous to explain this.

Consider the following modification for the joint embedding property and the
amalgamation property :

JEP ") If A, B € 2, there exists C' € Z and embeddings f : A - C and g : B - C such
that f,g € &.

(AP ") Suppose A, Dy, D5 € & and f; : A — D; are embeddings in £. Then there exists
D € & and embeddings g; : D; - D in & such that g; f1 = g2 fo.
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Let & be the class of Z-embeddings. For an .Z-structure M, and a finite substructure
A€ 9, we say that A is E-embedded in M if whenever B € & is a finite substructure of

M and contains A, the inclusion map from A to B isin £.

Then we use the following version of Fraissé’s Theorem (Theorem 2.10 of [19] in the

book [31]):

Theorem 2.3.6. Suppose that C is a collection of finite L-structures in which the number
of isomorphism types of any finite size is finite. Suppose & is a class of C-embeddings
which satisfies JEP' and AP'. Then there exists a countable L-structure M with the

following properties:

(a) the class of £-embedded substructures of M is equal to C;
(b) M is a union of a chain of finite £-embedded substructures;

(c) if A< Mand o : A - B is in £ then there exists C' < M containing A and an

isomorphism [3: B — C' such that Ba(a) = a for all a € A.

Let M be the Z-structure built by applying Theorem 2.3.6 to the collection & and the

collection &£ of embeddings defined in Definition 2.3.5.

Lemma 2.3.7. Any isomorphism between finite substructures of M which lie in 9 extends

to an automorphism of M.

Proof. This follows immediately from Theorem 2.3.6(c). [ |
We will call the structure that has the assertion in the above lemma semi-homogeneous.

We have built a unique semi-homogeneous countable structure M whose elements embed
in . Note that for now, we do not have a homogeneous structure. All that we have
is that any isomorphism between substructures of the class & can be extended to an

automorphism.
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Remark 2.3.8. From now on, when we use the phrase ‘by semi-homogeneity’ we mean
that f : A — B is an isomorphism between substructures of ) lying in &, and refer to

the existence of an element of Aut(M/) extending f.

2.4 Oligomorphicity of M

It is known that Fraissé€’s construction is a method to build w-categorical structures. How
that works is Fraissé’s construction is used to build homogeneous structures; it is an easy
consequence of Ryll-Nardzewski Theorem, and it is known (see [32], Proposition 1.5)
that any homogeneous structure over a finite relational language is w-categorical. The

proof of that theorem explains how to get an w-categorical structure.

As we see from the previous section that the structure A/ that we build is not
homogeneous, we will use the Theorem by Ryll-Nardzewski (see Theorem 1.6.13) and
we will show in this section that the automorphism group of M is oligomorphic and hence

M is w-categorical.

We do not yet have a guarantee that Aut()M) is oligomorphic. For example,
suppose that M has finite substructures E; (for ¢ € N) in the class &, and suppose
|E1| < |Es| < |E5] < ... and that F; is a substructure of M of smallest size subject to
lying in Z and containing a;, b;. Then the pairs (a;, b;) all lie in distinct orbits of Aut(M)
in M?2.

Our next lemma eliminates this problem.

Lemma 2.4.1. There is amap [ : N — N such that for every finite A c M there is F' € &
with A< F <M and |F| < f(JA]).

Proof. By Theorem 2.3.6, A lies in a finite substructure £ of M lying in . We aim
to choose F' inside F, of minimal size. Let p be the root of the structure tree of F, Dg
be the corresponding D-set, let D 4 be the induced D-set structure on A, and Dz, D, be

the corresponding tree structures. Let n := |A|. We shall build F' as the union of a finite
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sequence A = Fy € F| € Fy € --- ¢ E. We may suppose that F is chosen minimally, that

is, there is no proper substructure of £ with £’ € Z and A< E' < F.

We have [Ram(D4)| < n -2 (by Lemma 1.4.15). We form F; by adding, for each
ramification point r of D4 such that the special branch of £ at r contains no member
of A, a member of that special branch. Then |F3| < |A| + n — 2, and F} contains a special
branch at each such ramification point r. Observe that if |A| = 3 then A € Z so by
minimality of £, A = E.

Next, for each such ramification point r of D4, let o be the corresponding successor in
the structure tree of /. (We note here that by minimality of £ it cannot happen that the
elements of A all lie in distinct non-special branches at the same ramification point 7 of
Dp, and thus indeed |D,(A)| < |A| = n). There are at most n — 2 such o, and the D-set
D, of E contains at most n — 1 elements with representatives in A, giving a D-set D, (A)
of size at most n — 1, so with at most n — 3 ramification points. We build F5 to ensure that
there is a special branch at each ramification point of D, (A), for each o. This requires

adding at most (n — 2)(n - 3) points to Fy, so |Fy| < |Fi| + (n—2)(n - 3).

We iterate this process. To build F; from Fj, we consider the at most (n — 2)(n — 3)
ramification points of F, (of D-sets of successors of p), and the corresponding
(n—2)(n-3) vertices \ of height 3 in the structure tree of A. The D-set D, (E') contains
at most (n — 2) elements with representatives in A, so the corresponding D-set D) (A)

has at most (n — 4) ramification points.

Continuing this process, we find that for £, each D-set of height 7 (where p has height 1)
has at most n — 1 — 4 ramification points, and that for j < 7, each D-set of F; at height F
has a special branch at each ramification point. Thus, putting F' := F;,_3, we find that F’
has a special branch at each ramification point of each D-set, so F' € &. Finally, we see

inductively that for each 4, |F}| = |F;_1|+ (n—=2)(n-3)...(n - (n+1)).
Thus, we may put f(n) = (n-2)+(n-2)(n-3)+---+(n-2)(n-3...2) = ¥} @
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Since A is finite then the induced substructures of A, which are F;, will be finite, and this

is enough to ensure the oligomorphicity of M.

Lemma 2.4.2. Let M be the Fraissé limit of a class C of finite structures in the sense of
Theorem 2.3.6. Suppose there is a function f : N — N such that for every finite subset A
of M there is F < M with F' € C and |F| < f(|A|). Then M is w-categorical.

Proof. Suppose that A is a finite subset of M with k elements. Every such A lies in a
member F' of C which is a substructure of M as given in the statement. As the language
is finite, and using the bound provided by f, there are finitely many choices of such F
(this fact is Exercise 1.2.6 in [25]). Isomorphic structures F' lie in the same orbit. As the
choices of F' are finite then there are finitely many orbits on such sets F'. Therefore, as
each such F has a finite subset isomorphic to A then the number of orbits on M* is finite

for any k. By 1.6.13, M is w-categorical.

Corollary 2.4.3. Aut(M) is oligomorphic

Proof. This follows from the above lemma (and was part of its proof). [
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Chapter 3

Analysing the Fraissé Limit

Throughout this chapter, let M be the structure built in Chapter 2, and put G = Aut(M).
In the previous chapter, we studied finite trees of D-sets. Here, we want to show that M
can also be viewed as a “tree of D-sets”. We have to construct the structure tree of M -
in the language of model theory, we interpret it in M. The structure tree will be a dense
semilinear order without maximal or minimal elements, so in particular there will be no
notion of ‘root’ or of ‘successor’. The vertices of the tree are labelled by representatives of
some equivalence relation (it will be the relation P (Definition 3.2.1)). Also the elements

of the D-sets are equivalence classes of the equivalence relation £, (see 3.2.9).

3.1 Automorphism of M

As the language .7 consists of six relations, to deal with the automorphism group is hard.

To make it easier we write the relations L', S’, (), R in terms of L, S.
Lemma 3.1.1. Let z,y,z,w e M. Then M & (Vz,y,z,w)L' (z;y, z;w) < [L(z;y,2) A

L(w;y, z) A L(w; 2, 2) A L(w; 2,y) A =5(, w;y, 2)].

Proof. (=) Suppose that L'(x;y, z;w) holds in M. Pick a finite substructure A € & such

that z,y, 2z, w € A < M. Then there is a D-set containing x,y, z, w with w considered
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as a special branch at the ramification point = ram(x,y, z) (so all of z,y, z, w meet at
the same ramification point 7). We may assume that this D-set is the root D-set D(p)
where p is the root of the structure tree on A. So L(w;z,y) A L(w;x,2) A L(w;x,y)
are witnessed in this root D-set. Then the labelling D-set of the vertex f,1(r) witnesses

L(x;y,z) and omits w, and clearly A £ =S(z,w;y,z), so M £ =S (x,w;y, z).

(<) In a finite structure A € & with z,y,z,w € A < M, suppose that
L(x;y,2z) A L(w;y,z) A L(w;x,2) A L(w;z,y) A =S(z,w;y,z). We aim to show
M e L'(x;y,z;w). We may suppose (by choosing A as small as possible) that the root
D-set D(p) of A is the only one containing x,y, z, w as distinct elements, i.e. lying in

distinct directions.

Suppose first that S(x,y; z,w) is witnessed in this D-set. Let r; = ram(z,y,2), and

ro = ram(x, z,w). See Figure 3.1.

Figure 3.1

Since L(w;z,y), we see that = (and y) cannot be special at ;. And since L(z;y, z),
we see that w cannot be special at r;. Thus, some other direction u (as depicted)
must be special at r;. Then since z and w are identified in f;'(r;) we cannot have

L(x;y,2) A L(w;z,y), a contradiction.

Thus, z,y, z,w all lie in different branches at the same ramification point r of D(p). We
may suppose further (by the minimality of the choice of A) that one of z, y, 2, w is special
atr. Since L(w;y,z) A L(w; z,2) A L(w; z,y), this must be w, with L(x;y, z) witnessed

in a higher D-set of A. Thus A & L'(x;y,z;w), so M & L'(x;y, z;w) ]

In the language . there are two relations which describe “happening in the same D-set”,
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namely () and R. In the following lemma we re-write them and the relation S’ in terms

of L and S.

Lemma 3.1.2. Let x,y,z,w,p,q,S,t € M. Then

(i) M = R(x;y,2:p;q,5) < [L(x;y,2) A L(p;q,5) A (V) (L' (239, 2;1) < L'(p; q,
s;t))].

(ii) M e S'(z,y;z,w;t) < A R(t;x,y:t;u,v) A A -R(t;z,y:u;v,s)
u,ve{fﬂ;z,w} u,v,ze({a':,y,i,w}

ANS(x,y;z,w).
(iti) M EQ(x,y;z,w:p;q,8) < [S(x,y;2,w) A L(p;q,5) A (V) (S"(z,y;2,w;t) <
L'(p;q,s:t))].

Proof.

(i) =) Suppose that M = R(x;y,z : p;q,s), and let A € 2 be any finite
substructure of M containing z,y,z,p,q,s. Then A £ R(x;y,z : p;q,s), SO
from the way R was defined in Chapter 2, Section 1, L(x;y,z) and L(p;q,s)
must be witnessed in the same D-set of A. It follows immediately that
A e (VO)(L'(z;y,2;t) < L'(p;q,s;t)). Since this hold for any A, it holds in
M.

<) Suppose that M satisfies L(z;y, 2) A L(p; q,8) A (VE) (L' (z;y, 2;t) < L'(p; q, s;
t)), and let A € 2 be a finite substructure of M containing z, v, z,p, ¢, s. Then as
M e L(p;q,s) A L(x;y, z), these L-relations are witnessed in distinct comparable

D-sets of A, or incomparable D-sets of A, or in the same D-set of A.

If L(z;y,2z) and L(p;q,s) are witnessed in distinct comparable D-sets of A,
say L(p;q,s) below L(x;y,z), then there is some ¢t € A with (namely ¢ = p)
AE L'(z;y,z;t) A=L'(p; q, s;t), a contradiction.

Suppose that L(p;q,s) and L(z;y,z) are witnessed in incomparable D-sets of

A. Then we may suppose (replacing A by a substructure if necessary) that in
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(i)

the root D-set D(p) of A, there are distinct ramification points r; and 7, such
that x,y,z lie in distinct branches at r; and p,q,s lie in distinct branches at
ro. We now see that for all possible choices of special branches at r; and 7o,
A= (3t)-(L'(x;y,2;t) < L'(p;q,s;t)). Thus, L(p;q,s) and L(x;y,z) are

witnessed in the same D-set of A, so A = R(x;y,2: p;q,s), as required.

=) Suppose M E S'(x,y;z,w;t), and let A € & be a substructure of M containing
x,y, 2, w in distinct non-special branches of some ramification point r of the root
D-set, an t € A is in the special branch at . Then as A £ S'(x,y; z,w;t), there
is a D-set of A witnessing S(z,y;z,w) and omitting ¢. Then in the root D-set

N R(t;z,y:t;u,v) holds.
u,ve{z,y,z,w
uFv

It is readily seen that L(t;z,y) and L(u;v,s), where u,v,s € {x,y,z,w} cannot
hold in the same D-set of A, hence A -R(t;z,y : u;v, s) is witnessed in
u,v,s€{z,y,z,w}

) L(u;v,s)
A, and hence also in M.

<) Assume, for a contradiction, that —S’(z,y; z,w;t) holds. Then in a finite
structure A € Z with z,y,z,w,t € A < M, A £ -5(x,y;z,w;t). Then
there is a D-set of A witnessing S(z,y;z,w) and containing ¢. By considering
the possible positions for ¢ in the D-set witnessing S(x,y;z,w), and the
various possibilities of the special branch at ry,79,73,74,75, as in Figure 3.2,

we will find, at least one relation contradicting A R(t;x,y : tyu,v) or
u,ve{x,y,z,w}
UFv

AN Rtz yuw,s).
u7v7se{x7y7z7w}
L(u;v,s)
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Figure 3.2

(iii) =) This is clear, as in (i).

<) Assume M & S(z,y; z,w) A L(p;q,s) A (VE) (S (2, y; 2,w;t) < L'(p; g, s3t)).
Let A € & be any finite substructure of M containing x,y, z,w,p,q,s. Then
S(x,y;z,w) and L(p;q,s) are witnessed in the same D-set of A (as we aim to

show) or distinct comparable D-sets of A, or incomparable D-sets of A.

Suppose S(z,y; z,w) and L(p;q, s) are witnessed in distinct comparable D-sets of
A, say S(z,y; z,w) below L(p;q, s) (the other case being similar). Let D(v) be the
D-set witnessing S(z,y; z,w), let r be a ramification point of D(v), and suppose
that L(p; g, s) is witnessed in or above the D-set of the vertex f,!(r). Let ¢ be in

the special branch at 7. Then A = -S'(x,y; z,w;t) A L'(p; q, s;t), a contradiction.

Likewise, the case when S(x,y;z,w) and L(p;q,s) are witnessed in distinct
incomparable D-sets of A is eliminated as in the proof of (i), the right
to left implication. Thus, they are witnessed in the same D-set of A, so

AEeQ(x,y;z,w:p;q,8), M =Q(x,y;z,w : p;q, s), as required.

It follows from Lemma 3.1.1 and Lemma 3.1.2 that G consists exactly of the permutations

of M which preserve L and S.

Note. Remember that we use the notation L{z,y, z} as an abbreviation for the formula:

L(x;y,z) v L(y; 2, 2) v L(z; 2, y).
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Lemma 3.1.3. The group G has the following properties:

(i) 3-homogeneous.

(ii) 2-transitive.

(iii) primitive.

(v)

2-primitive.

(v) not 3-transitive.

(vi) not 4-homogeneous.

Proof.

@

(i)

(iii)

(iv)

Let A={z,y,z} and A’ = {a',y', 2’} be 3-element subsets of M. Then by Lemma
214, A L{z,y,z} and A’ £ L{z',y', z'}. Observe that the induced structures on
Aand A’ lie in &, since any 3-element substructure of any member of Z lies in 2,
and M is a union of a chain of members of . Then, without loss of generality,
let L(z;y,2) and L(z';y’, 2") hold in the root D-set of A and A’ respectively. It is
easily seen that the map g : A - A’ with (z,y,2)9 = (2',y/, 2’) is an isomorphism.

Hence, by Lemma 2.3.7, g extends to some ¢’ € .

Suppose z,y,z’,y" € M with x # y and 2’ # y’. Let A be the induced structure on
{z,y}, and A’ be that on {x',y'}. Then A, A’ € Z (the structure trees have just the
root, with a 2-element D-set), and the map g : A - A’ given by (z,y)9 = (2/,7') is

an isomorphism. By Lemma 2.3.7 g extends to an element of G, as required.
This follows from (ii), by Lemma 1.1.18.

Since G is 2-transitive, it remains to check that for the point a the group G, is
primitive on M \ {a} (this is by Definition 1.1.19). For that we are going to show
that there is no proper non-trivial G,-congruence on M \ {a}. So for the fixed a it

suffices for us to show the following are not equivalence relations:
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(a)

(b)

(c)

E.(z,y) < L(a;z,y) v x = y. Itis not an equivalence relation because the
transitivity (in the sense of equivalence relation) is violated. Indeed, assume
L(a;x,y) A L(a;y,z). We may choose a,y,x to be distinct at a ramification
point r with a as a special, and z lies in the same branch as x as in the following

picture (in a finite substructure of M).

z

Figure 3.3

Therefore, -L(a;x,z) Ax # z. So E, is not a transitive relation.

F,(xz,y) < L(z;a,y) vz = y. Itis not an equivalence relation because
L(x;a,y) does not imply L(y; a, x), which means that z, y cannot be exchanged
while a is fixed, so E, is not a symmetric relation.

F!(x,y) < L(z;a,y) v L(y;a,x) v x = y. This is not an equivalence relation,

for in Figure 3.4 below we have F!(x,y) A F!(y,2z) A =F!(z, 2).

z

\x
a )

Figure 3.4

(v) This follows by Lemma 2.1.4 because there is a structure in & with the elements
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{x,y,z} such that L(z;y,z) holds, and then there is no g € G such that

(2,y,2)9 = (y,,2).

(vi) Let A = {z,y,z,w} with S(z,y;z,w) and L(x;y,z) A L(x;y,w) A L(z;w,x)
A L(z;w,y), see Figure 3.5 for the root D-set. Consider another
finite structure A’ = {a',y/,z’,w'} such that S(a',y’;z’,w’) holds with
L(z;2" y") A L(25 2" w') A L(2";w',y"), as in Figure 3.6 below. If there is g € G
with {x,y,z,w}9 = {2/,y’, 2", w'}, then because of the relation S we must have
{x,y}? = {a',y'} or {x,y}? = {z/,w'}, and it is easily seen that either way, g does

not preserve all the relations L, @), R.

. z
Y
w
Figure 3.5
x' Z
y/
wl
Figure 3.6

3.2 Construction

Definition 3.2.1. Define an 8-place relation P intended to describe the fact that the

relations S(x,y; z,w) and S(p, ¢; u,v) happen in the same D-set as follows:
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(Va,y, z,w,p,q,u,v)P(z,y; z,w: p,q;u,v) < S(x,y; 2,w)AS (p, ¢; u, v)A(VE) (S (z, y;
z,wit) < S'(p,q;u,v5t)).

Itis easily seen thatif A € & then A = S(z,y; 2, w)AS(p, ¢;u, V)A(VE)(S'(z,y; z,w;l) <
S"(p, q;u,v;t)) if and only if S(z,y;z,w) and S(p,q;u,v) are witnessed in the same
D-set of A.

Lemma 3.2.2. I[f A,C e P with A< Cand x,y,z,w,p,q,s,t € A, then

AE P(z,y;2,w:ip,q;s,t) < CE P(x,y;2,w:p,q;s,t)

Proof. (<) Since the formula defining P is universal, and it holds in the bigger structure,

it necessarily holds in the substructure A, and the result follows.

(=) Let C be a one point extension of A such that C' = A u {e}. We argue that in all

possible cases the relation P is preserved, from A to C'. This suffices by Lemma 2.2.9.

Case (i) If C is a Type I extension of A, then in the D-set of the new root of '
the elements x,y, z,w, p, q, s,t meet at the unique ramification point (the centre) and a
new added special branch, say e, and all of them are in correspondence with the elements
in the root D-set of A. Since P(z,y;z,w : p,q;s,t) holds in A then S(z,y;z,w) and
S(p,q;,s,t) hold in the same D-set of A. As C'is a one point extension of A then by the
argument in the proof of Lemma 2.2.3 those two S-relations hold in the same D-set of

C, as C contains all of A and one added element.

Case (ii) If C' is a Type II extension then, by 2.2.4, Dc(A) = D(A). Since
AEe P(z,y;z,w:p,q;s,t), S(x,y; z,w) and S(p, ¢; s,t) are witnessed in the same D-set
of A. If this is the root D-set of A, then clearly they are witnessed in the same (root) D-set
of C,s0 C = P(x,y;z,w : p,q;t,s). If it is not the root D-set of A, then in D(p,), the
elements x,y, z,w, p, q, s, t all lie in distinct branches of a ramification point r, with none

of these branches special, so there is a further element u € A special at . There are now
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various cases, according to whether e is added in a new branch at r, in the same branch
as u, in the same branch as one of z,y, z,w, p, q, s, t, or in the same branch at r as some
other element of A (and whether it is of Type II(a) or Type II(b)). In each case, we find
CE P(x,y;z,w:p,q;s,t), as required. ]

Note. It follows from Lemma 3.2.2 thatif A < M with A€ &, and z,y, z,w,p,q, s,t € A,

then A = P(z,y;z,w :p,q;t,s) if and only if M & P(x,y;z,w :p,q;s,t).

Lemma 3.2.3. (i) Let S* := {(z,y,z,w) € M*: M & S(x,y;z,w)}. The relation P

defines an equivalence relation on S*.

(ii) Let K := {(x,y,2) €e M3 : M & L(x;y, 2)}. The relation R defines an equivalence

relation on K.

Proof.

(i) That, P is an equivalence relation on S* is obtained directly from the Definition

3.2.1.

(i1) Similar to the proof of (i) using Lemma 3.1.2(1).

Next we recover the tree of D-sets of M using the relation P.

Definition 3.2.4. Let x,y, z,w € M. Given S(x,y; z,w) define I,,.,, to be the set of all
points of M which belong to the D-set of M in which S(x,y; z, w) is witnessed. That is
Loyow ={t: P(z,y;2,w: t,y; 2,w) v P(x,y; z,w: x,t 2, w) v P(x,y; 2,w: z,y; t,w) v

P(x,y;z,w:x,y;z,t)}.

It describes the following picture where the dashed lines are the possible places of ¢:
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Figure 3.7: 1.,

Basically, I,,., consists of all points ¢ such that there is some A € % with

x,y,z,w,t € A< M and S(zx,y;z,w) and some relation such as S(¢,y;z,w) witnessed

in the root D-set of A. We call I,,,,.,, a pre D-set.

Lemma 3.2.5. (i) For any pair of quadruples (x,y,z,w) and (p,q,s,t) such that

M = P(a:,y,z,w :p>q;$>t)’ Ixyzw = [pqst~

(ii) Let (z,y,z,w),(p,q,8,t) € S* If Loy = Ipgst, then M = P(z,y; z,w : p,q; s,t).

Proof.

@)

(ii)

Suppose a € Iy We want to show that a € [,. Then as
M = P(z,y;z,w : p,q;s,t) there is a finite structure A € & containing the points
x,Y,2,w,p,q,S,t,a, and since P is universal A = P(x,y;z,w : p,q;s,t). This
implies that S(z,y; z,w) and S(p, ¢; s,t) happen in the same D-set of A. But we
assume that a € I, so wherever S(x,y; 2, w) holds, one of the disjunctions of
I,y2» holds, without loss of generality P(x,y;z,w : z,a;2,w) say. As P is an
equivalence relation, then P(p,q;s,t : x,a;w, z) is witnessed. Hence a occurs in
the D-set witnessing S(p, ¢; s,t) so a € I,,,; because wherever it lives it will satisfy

one formula of Definition 3.2.4. The result now follows by symmetry.

Suppose Iy = Ipgse but M = -P(z,y;z,w : p,g;s,t). Then
M e S(z,y;z,w) A S(p,q;s,t) and without loss of generality there is u € M
such that M = S'(z,y; z,w;u) A =S"(p,q;s,t;u). Choose a finite A < M with
x,Y,2,w,p,q, S, t,u € A. Then the D-set of A witnessing S(z,y;z,w), say D(u),
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omits u but the D-set D () witnessing S(p, ¢; s,t) contains u, SO v < f Or v, ji are

incomparable. Either way, we find u € I,5¢ \ I3y, @ contradiction.

We refer to the equivalence classes of P on S* as vertices, and denote the P-class
containing (z,y, z,w) as (zyzw). We define a partial order < on S*/P by reverse
inclusion; that is (zyzw) < (pgrs) if and only if I,,., 2 I, It is immediate from
Lemma 3.2.5 that this is well defined. We shall show later (Lemma 3.2.17) that (S*/P, <)
is a dense semilinear order without maximal or minimal elements. Before that, we aim to
associate a D-set with each vertex of S*/P. First, it is useful to show that vertices can be

identified with triples (via L and R) as well as quadruples (via S and P).

Definition 3.2.6. Let p,q,s € M. Given L(p;q,s), define J,, to be
{j:R(piq,s:7:q,5)VR(p;q,5:p;4,8)vVR(p:q,s:p;7,q) vV [R(piq,5: p;7,q) AR(p; q,
s:pij,s)]}

Intuitively, J,4 is the set of all the points of A/ which belong to the (pre)-D-set of M in

which L(p;q, s) is witnessed.

In the following picture, we show all the possible positions that j might be in.

Figure 3.8: J,4s

Lemma 3.2.7. Let x,y,z,w,p,q,s € M. Then

(i) M eQ(z,y;2,w:p;q,s) < Loyzw = Jpgs-

(ii) M &= R(x;y,2:p;q,5) < Jays = Jpgs.
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Proof.

(@)

(ii)

=) Let @ € Iy..,, Wwe want a € Jy,,. There is a finite substructure A < M,
A € 2 containing z,y,z,w,p,q,s,a. Then as A & Q(z,y;z,w : p;q,s),
S(z,y;z,w) and L(p;q,s) are witnessed in the same D-set of A. But a € [,
so without loss of generality, suppose P(x,y;z,w : x,a;z,w) holds. Then we
have A £ P(x,y;z,w : x,a;z,w) A L(p;q,s), so S(z,a;z,w) and L(p;q,s) are
witnessed in the same D-set of A, and wherever the position of a, one of the
disjunctions of Definition 3.2.6 holds, so a € J,4. To show that J,, € Iy, let
b € Jpys, then without loss of generality R(p;q, s : b;q,s) holds. Let A € & contain
x,Y,2,w,D,q,S,b, s0 L(p;q,s) and L(b;q, s) in the same D-set of A. But we are
given that S(x,y; z,w) A L(p;q, s) in the same D-set of A. So whenever b lies we

will have at least one of the disjunctions of the definition of I,,.,, hence b € I,,.,,.

<) Assume, for a contradiction, that .., = Jypes but M = -Q(z,y;z,w : p;q, s).
Pick a finite A < M with x,y,z,w,p,q,s € A € Y. Then by 3.1.2(iii), S(x, y; z, w)
and L(p;q,s) are witnessed in distinct D-sets of A. If L(p;q,s) is witnessed
in a D-set D,, of A below the D-set D, where S(z,y;z, w) is witnessed, then
the D-set D, contains an element ¢ such that A £ S'(z,y;2z,w;t). We find
t € Jpgs N Lpyzw. Likewise, if S(z,y; 2, w) is witnessed in A below L(p;q, s), then

we find ¢ € Iy \ Jpgs-

Now suppose that S(x,y;z,w) and L(p;q,s) hold in M in two incomparable
D-sets. Then for the finite structure A let p, g, s,t; be distinct at a ramification point
r with ¢, the special branch and z,y, z,w, t, are distinct at a ramification point 7’
with ¢, the special branch. At a higher level there will be two incomparable D-sets
that witness S(x,y; z,w) and L(p;q,s) and t; € L. N Jpgs and to € Jpgs N Ly

respectively, a contradiction.

=) To show that J,,, C J,s, let b € J,,., so we want b € J,,,. There is a finite

substructure A < M, A € & containing x,vy, z,p, q, s, b. Since R is in the language,
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A e R(x;y,2z : p;q,8), so L(x;y,z) and L(p;q, s) happen in the same D-set of
A. But b € J,,, so, without loss of generality, let R(z;y, 2 : b;y, z) hold. Then we
have A £ R(x;y,2 : bjy,2) A R(xz;y, 2 : p;q,s), so by the transitivity in the sense
of equivalence relations, this implies R(p; ¢, s : b;q,s), i.e. b € Jys. Similarly we

show that J,qs € Jyye.

<) Assume, for a contradiction .J,,. = J,,s and -R(z;y,2z : p;q,s). Then
there is a finite substructure A € & such that z,y,2,p,q,s € A < M. Since
A = =R(z;y,2 : p;q,s), L(x;y,z) and L(p;q,s) happen in different D-sets of
A. We suppose first they are comparable, so (without loss of generality) there is
t € A such that A = L'(x;y,z;t) and ¢ lies in the D-set of A witnessing L(p;q, s).
We see easily that ¢ € J,45 \ Jy.. On the other hand, if L(p;q,s) and L(z;y,2)
happen in two incomparable D-sets, then a lower D-set contains p, ¢, s in distinct
branches at a ramification point, r say, with ¢; as the special branch and z, y, z are in
distinct branches at another ramification point, r’ say, with ¢, as the special branch.
So higher up in the structure tree we have L'(p;q,s;t1) and L'(x;y,z;ty) hence

t2 (S Jpqs AN nyz'

The importance of the previous lemma is to give us the ability to express any vertex in
(S*/P,<) by a triple, and then any D-set can be referred to by that triple. Indeed, by
3.2.7(ii), R is an equivalence relation on the set of all triples of M satisfying L, and by
3.2.7(1), each R-class can be identified with a P-class, i.e. a vertex. Thus, if I,,.., = Jpgs
then we may refer to the vertex (zyzw) of S*/P as (pgs). Then (pgs) = (p'q’s’) if and
only if M £ R(p;q,s:p';q',s").

Lemma 3.2.8. Let z,y,z,u,v,w € M. Then Jyy, = Jypw < (yz) = (v0W).

Proof. J,,. = Juu, if and only if R(z;y, 2 : u;v,w) (by Lemma 3.2.7(ii)) if and only if

(zyz) = (uvw) (as noted above). |
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Definition 3.2.9. Define a relation F,,.,, on I,,.,, such that
UE v < [(YO)(Ym)(Yn)P(z,y; z,w : [,m;n,u) < P(z,y;z,w:1,m;n,v)))].
Lemma 3.2.10. (i) Suppose [xyzu) = [x’y’z’w’- Then Exyzw = Ex/ylzlwl.

(ii) Eyyzw is an equivalence relation on I,,..,, and is invariant under G Loyew)-

Proof.

(i) By Lemma 3.2.5, we have P(z,y;z,w : o’,y'; 2/, w"). Since P is an equivalence

relation on S*, the result follows immediately.

(ii) Both assertions are immediate from the definition of E,,.,,, noting part (¢) and that

P is G-invariant.

Definition 3.2.11. (i) Given I,,., and FE,.,, define R,,., to be the quotient
Loyow|Evyzw, s0 elements of Ry, .., are E,,.,-classes of elements of A/. We use
the notation [m] to refer to the element of R,,.,, containing the element m e M
(when the underlying equivalence relation F,,.,, is clear). We call the elements of

Ry directions.

(i) Let[u], [v],[t],[s] € Royzw. Write Dy ([u], [0] 5[], [s]) & ([u] = [v] A fu] ¢
{[s1[10) v ([e] = [s] A [t] ¢ {[u], [0]}) v P2, y; 2,0 w058, 5).

(iii) We call the elements of RR,,.,, directions, when viewed as elements of R, .,,, and

pre-directions, when viewed as subsets of M.

We will see that R,,.,, is precisely the D-set associated with the vertex (zyzw) of the

structure tree of M.

Lemma 3.2.12. (i) The relation D,,.,, is well-defined on R,.,.
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(1)

(iii)

The structure ( Ry, Dyyzw) is a dense proper D-set.

The relation Dy, is Gyr,,.,-invariant.

Proof.

®

(ii)

Suppose [u], [v], [t],[s] € Ry are distinct, and v’ € [u],v" € [v],' € [t] and
s’ € [s]. We have

(VmV¥n VI)(P(z,y; z,w:m,n;l,u) < P(x,y; z,w:m,n;l,u"))

(YmV¥n V1) (P(z,y;z,w:m,n;l,v) < P(x,y;z,w:m,n;l,v"))
(VmV¥n VI)(P(z,y;2,w:m,n;l,t) < P(x,y; 2,0 :m,n;1,t'))
(VmVn VI)(P(z,y;z,w:m,n;l,s) < P(z,y;z,w:m,n;l,s"))

Thus, (using  symmetry conditions on the variables in @ P)
P(z,y;z,w:u,v;t,s) < P(x,y;z,w:u,v;t,s) < P(x,y;z,w:u vt s) <

P(x,y;z,w:u' 0"t 8) < P(x,y;z,w:u',v';t', s"), as required.

We want to show that conditions (D1) — (D6) of Definition 1.4.16 hold. Axioms
(D1), (D2), (D3) and (D4) follow immediately from corresponding conditions on
S, inherited via P. For (D5), suppose that [u],[v], [t] € Ryy. are distinct. Pick
finite A € 2 with z,y,z,w,u,v,t € A < M. We may suppose that S(z,y;z, w)
is witnessed in the root D-set of A. By semi-homogeneity, A has a Type II(b)
extension A < A’ = Au {s} such that S(u,v;t,s) is witnessed in the root D-set of

A’ with A’ < M. Then M & P(x,y; z,w : u,v;t,s), and we have D, .., (u, v;t, s).

The argument is similar for (D6). Suppose [u],[v],[t],[s] € Ruy. With
D.yo([u], [v];[t],[s]), and for convenience we suppose them distinct. Pick
A e 9 with z,y,z,w,u,v,t,s € A < M. Then A = P(z,y;z,w : u,v;t,s),
and we may suppose S(z,y;z,w) and S(u,v;t,s) are witnessed in the root D-set
of A. Now, by semi-homogeneity (Remark 2.3.8), A has a Type II(b) extension
A< A= Au{a} < M, as depicted in Figure 3.9.
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Figure 3.9

Then
AE S(a,v;t,s) AS(u,a;t,s) AS(u,v;a,s) A S(u,v;t,a),

so in M we have (putting D = D, ..,)
D([a], [u]; [t], [sDAD([u], [a]; [t], [sDAD([u], [v]; [a], [sDAD([u], [v]; [t], [a])
as required.

(iii) Suppose Dayzo([u], [v];[t],[s]). Then P(z,y;z,w : u,vit,s). Let g € Gy},

and let 2/ = a9,y = 9,2/ = 29w = w9, v = w, v = vt = 19,8 = s9.
Then Iy, = Lyy.w so P(x,y;z,w @ 2’ y'52/,w').  Also as g preserves
P, P(z',y;2',w'" : W 0t s"). So as P is an equivalence relation,

P(z,y;z,w:w' vt s"), hence Dy, ([u/], [v']; [t'],[']) as required.

Definition 3.2.13. Define an equivalence relation £, on J,4s, putting

UEquv had (Hl’,y, va)(Jpqs = Ixyzw A UExysz)-

Observe that if J,s = Jygs then By = Epgrgr.

Lemma 3.2.14. The relation L, is an equivalence relation on Jyg,, and equals Fy,.,,

where Jyqs = Lypyzu.

Proof. This is immediate. For example, to see transitivity, suppose tE,su and uF,qsv.

Then there are x,y, z,w,2’,y’, 2’,w’ such that J,gs = Iy = Lpyoy and tE,.,u and
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UE v, SINC Loy = Lpryrory, by Lemma 3.2.10(7) we have E,y.y = Epryroryy SO

uly,..,v and hence tEyy.,,v, where tF,q50. [

Definition 3.2.15. Given J,,s and the equivalence relation £, on it, we define R, to be
the quotient .J,,,s/ E,;s. Elements of R, are the E,,-classes of points of M. As before,

we use the notation [m] to refer the element of R, containing the element m € M.

We will see that R, is precisely the D-set associated with the vertex (pgs) of the

structure tree of M. We call the elements of R, directions.

The above equivalence relation allows us to refer to the D-set that witnesses [.., by Jpgs

where Q(x,y; z,w : p; q, s) holds.

Lemma 3.2.16. (i) If L(p;q,s) holds in M then there are x,y,z,w € M such that

Q(z,y;z,w: p;q,s).

(ii) If S(x,y; z,w) holds in M then there are p,q, s € M such that Q(x,y;z,w : p;q, s).

Proof.

(i) First observe that the induced L-structure on {p,q,s} lies in 2.  Pick
A < M with A € &, containing distinct elements p’,¢’,s’,x',y’, 2/, w’ such that
L(p';q',s") and S(z’,y’;2',w'") are witnessed in the root D-set of A. Then
A F QELys 2w s phigs) so Mo QY2 w1 pligs'). By
3-homogeneity (Lemma 3.1.3(i)) there is g € G with (p/,¢’,s")9 = (p,q,s). Put

ri=x"9 y:=y"Y z=2"9 w:=w" Then M E Q(x,y;z,w :p;q,s), as required.

(i1) Similar to (i).

It follows from Lemmas 3.2.7 and 3.2.16 that if L(p;q, s) then there are z,y, z,w € M
such that J,;s = I;y.,,. Furthermore, by Lemma 3.2.14 £, then equals F,,.,,. Thus,

we may identify R, with [?;,.,,. As noted in Lemma 3.2.12, R,,.,, carries a D-set
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structure. If Q(z,y; z,w : p;q,s), we say that L(p; ¢, s) is witnessed in the D-set R,

(or equivalently, in the D-set R,s).

Likewise, S(x,y;z,w) is then witnessed in the D-set R, or likewise in R,,. If
L(p;q,s) is witnessed in R,,.,, and the E,,,,-classes of p, ¢, s lie in distinct branches
at the ramification point r, we say that the branch at r containing p/E,,.,, is the
special branch at r. Let Ram(R,,,) denote the set of ramification points of R,,..
If ai,...,a, € Ry, (for n > 3) lie in distinct branches at r € Ram(R,,,), we write

r=ram(ay,...,da,).

Lemma 3.2.17. The partial order (S*|P,<) is a lower semilinear order. Furthermore,
and if (zyzw),(pqts) are incomparable elements there is a vertex (abed) such that
(abed) = inf{(zyzw), (pqts)}, so S*|P is a meet-semilattice. In addition, it has no

maximal or minimal elements, and is dense.

Proof. We show the semilinearity via Claims 1 and 2 below:

Claim 1. Given two sets I,.,, and I, such that no one contains the other then there is

another set /.4 containing both.

Proof. Let A < M with z,y,z,w,p,q,t,s € A € . Then (by putting additional points
into A if necessary) S(x,y;z,w) and S(p,q;t,s) are witnessed in incomparable D-sets
of A, and we may suppose these lie in cones (at the root p of A) corresponding to distinct
ramification points 71,75 of D(p). There are a, b, c,d € A with S(a,b;c,d) witnessed in
D(p), such that z, y, z, w are in distinct branches at the ramification point r; and p, ¢,t, s

are in distinct distinct branches at 5, as depicted.

a Yy q t c

x ‘ p
A i

b pA w S d

Figure 3.10: D,
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We claim 1,,.,, € I4pca- Let v € Iy.,,. We may suppose v € A. Then, without loss
of generality, we have P(x,y;z,w : x,v;z,w). Since v appears in a higher level, that
means it is in a distinct branch at r; = ram(x, y, z, w), and since a, b, ¢, d are in the root
then z, z, w, v will be in distinct branches at ;. This implies that wherever v lives in the
root and since we have S(a,b;c,d) then v € Iypeq SO Lpyzw C Iapeq. Similarly we have

Lgts € Iapea. Moreover, this shows that (abed) is the infimum in S*/P of (zyzw) and

(pqts).

Claim 2. Assume (ryzw) and (pqts) are incomparable. There is no [j,,,, contained in

both 45 and Iy..,.

Proof. Assume there are [,m,n,0 € M with ;50 € Ipyzu N Ipgse. By assumption, there
are a,b € M with a € Iy N Iygs and b € Ly N Ipys. Let A < M be finite with
T, Y, 2w, p,q, S, t,L,m,n,o,pe Ae P. Let S(x,y;z,w) and S(p,q;s,t) be witnessed
in A by D-sets D,, and D,, respectively, and S(l,m;n,0) by D,. Then vy, v, are
incomparable (due to the existence of a,b) but ;v > vy and 1 > V5 (@S Ljno S Lyyzw N Lpgst)-

This is impossible, as the structure tree of A is semilinearly ordered. ]

Claim 3. (S*/ P, <) has no greatest or least element, and it is dense where the density here

is in the sense of semilinear orders.

Proof. Let (xyzw) € S*/P. We may suppose that the structure induced on {x,y, 2z, w}
lies in Z. Choose a structure A € & containing z’,y’, 2’ w’, p, q, s, t as depicted, (in the

root D-set):

wy' s P
AN
z! w' ot q

Figure 3.11: D,

96



Chapter 3. Analysing the Fraissé Limit

so the map (z,y,z,w) — (2/,y',2',w') is an (L, S)-isomorphism, S(z’,y’; 2", w")
is witnessed in the successor D-set D, of the root D, of A corresponding to the
ramification point r, and p,q,s,t are as shown in D,. We may suppose also A, is
isomorphic to the structure induced on {z,y,z,w} via an isomorphism ¢ inducing

(‘/'U,’ y’? Z’? w,) — (:L‘7 y’ Z? w)'

We may suppose A < M. Then by semi-homogeneity, ¢ extends to some g € G. Clearly
(pgst) < (x'y’z'w’), and it follows that (p9q9s9t9) < (ryzw), as required. A similar

argument shows that S* /P has no greatest element under <.

The argument for density is a similar application of semi-homogeneity. Assume
(ryzw) < (pgst). We may find a finite substructure A of M containing x,y, z, w, p, q, s, t,
such that S(z,y; z,w) is witnessed in the root D-set D, of A, which has a ramification
point r at which p,q,s,t lie in distinct non-special branches. We may suppose that
there are [,m,n,o0 € A such that p, q, s,t,l,m,n, o all lie in distinct non-special branches
at r, that S(I,m;n,o0) is witnessed in the successor D,, corresponding to r, and that
D, q, s, t lie in distinct non-special branches at a ramification point of D,,. It follows that

(ryzw) < (Imno) < (pgst), as required.
u

At this point we know that M has an interpretable meet semi-lattice which is dense with
no maximal or minimal elements, that each vertex is coded by a quadruple (xyzw) and a
triple (pgs), and that corresponding to each vertex (pgs) there is a dense D-set D, with

universe Jpgs/ Epgs-
Our next task is to identify analogues for M of the maps f,, and g, for members of 4.

We define a bijection f(,,.) from the set of cones at (xyz) to Ram(R,,.). We first need

the following lemma.

Lemma 3.2.18. Suppose x,y,z,p,q,s € M. Then

(i) Let (pgs) < (xyz). Then Epys refines E,..
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(ii) Suppose (xyz) < (pqs). Let p,q, s lie in distinct branches at the ramification point
T of Ry, and let u,v € J,qs be By y-inequivalent. Then u,v lie in distinct branches

atr.

Proof.

(1) Letu,v € Jyy, with uE,,,v. Then there are p’, ¢’, s’, ¢’ such that J,gs = Ipyge. Pick
2.y, 2w such that Jg,. = Iy, We must show wFy, .0, that is, for every
I,m,neM, P(x',y; 2w :l,m;n,u) < P(z',y';2',w : l,m;n,v). This follows

by considering finite A € & with A < M and A containing all the above elements.

(i) We prove the contrapositive, so suppose we have in 1., a diagram such as the

following.

Figure 3.12

As in (1), pick p’,¢’, s, such that Jp,s = [,y er. We must again show uly g sv,
thatis, if[,m,n e M, P(p',q';s',t" : [,m;n,u) < P(p',q';s',t' : |,m;n,v). Again,

this can be argued in finite substructures of M lying in Z.

Now suppose (zyz) < (pgs). Then by the last lemma p, ¢, s are inequivalent modulo £,
so there is a ramification point r of R, . such that the F,,.-classes of p, ¢, s lie in distinct

branches at r. Put f,,.,({pgs)) =r.

Lemma 3.2.19. (i) In the above notation, the value of f,.({pqs)) depends only on

the cone at (xyz) containing (pqs).
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(i1)

fiay=)y determines a bijection between the set of cones at (xyz) and the set of

ramification points of R,..

Proof.
(i) Claim 1. If a,b € Jp, are inequivalent modulo F,,, then they lie in distinct branches
atr.
Proof. This is immediate from Lemma 3.2.18(ii). [

(ii)

Claim 2. If (xyz) < (pgs) < (p'q’s’) then fi4,-)({Pg5)) = flay=)((P''S")).

Proof. In this situation, p’,¢’, s’ are inequivalent modulo F,,,, and hence modulo

E,.s (Lemma 3.2.18(1)) so lie in distinct branches at r. (by Claim 1). [ |

Claim 3. If (pgs) and (p'q’s’) are incomparable but in the same cone at (xyz), then

f(xyz) ((pq5>) = f(zyZ) ((p,q,‘S’))'

Proof. Pick p”,q¢",s" with (zyz) < (p'q"s") < (pgs),
and  (xyz) < (p"q"s") < (p'q's"). By Claim 2,
Jiayzy ((P48) = flayy({0"0"S")) = flayy({(D'q'S")). ]

Part (i) follows.

To see that f,,.) is surjective, let r € Ram(R,,.) and choose p,q, s € M such that
modulo E,,. they lie in distinct non-special branches at . Then (zyz) < (pgs), by

considering finite substructures of A/. It follows that fi,,.\({(pgs)) = r.

For injectivity, suppose (pgs), (p'q’s’) lie in distinct cones at (xyz). Suppose that
there is a finite A € 2 with z,y,2,p,q,s,p’,¢',s" € A < M such that p,q,s and
P',q', s' meet at the same ramification point in the D-set in which L(x;y, z) holds.
Then (e.g. by considering a sequence of one-point extensions between them) this
holds in any A’ with A < A’ < M. It follows by semi-homogeneity that there are
u,v,w e M with (xyz) < (uvw) and (uvw) < (pgs) and (uvw) < (p'q's’), so (pgqs)

and (p'q’s’) lie in the same cone of S*/P at (xyz).
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Lemma 3.2.20. Ler (xyz) < (pgs), and let [m] be a pre-direction of R, Let
7= floy2y({pgs)) € Ram(Ry,,.). Then there is a unique set t of branches of R,,. at r

such that [m] =uut.

Proof. Consider a finite structure A € & containing x,y, 2, p, ¢, s, m. Consider the vertex
(xyz) < (pgs), and 7 = fi,,.)({pgs)). Let t be the set of branches {ti,...,t,} at r that
corresponds to the direction [m]. Each pre-branch of t;, i € {1,...,n} consists of a

collection of pre-directions, say

t; = {ugl),uél),...,uﬁf},ml eN
lo = {u52)7u§2)7' e 7u£32)}7m2 €N
ty = {ugn),uén), .. ,uﬁ,ﬁ?},mn eN

then

Ut=Uti=tiu---ut, = {ugl),ugl),...,ugf,...,ugn),ugn),...,u%lz}
=1

hence [m]nA = (UU{t1,...,t,}) N A. Since this holds for any A’ € & with A < A’ < M,

the result follows. ]

Define g(pgs)(zyz) ([m]) = t Where [m] = UUt. SO G(pgs)(zy-) is @ map from the directions

of R,,s to the power set of the set of branches at r. From the definition we see that if

[m] # [m’] then g(pqs)(zyz)([m]) n g(pqs)(xyz)([m,]) = 4.

Lemma 3.2.21. The map §pqs)(xy-) is well defined.

Proof. The point essentially is that in the proof of Lemma 3.2.20, if (pgs) = (p'q’s’),

then in any finite structure A € & with z,y,2,p,q,s,p’,q',s",m € A < M, the set ¢t of
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branches depends just on the direction of m in the D-set witnessing L(p; ¢, s), and on the
maps g,,, where . codes in A the D-set witnessing L(p; ¢, s), and v the D-set witnessing

L(x;y,2). [ ]

Proposition 3.2.22. (i) The group G',,.) is transitive on the internal nodes of R,,,.. i.e.

on the set of ramification points in R,,..

(ii) (a) The stabiliser G .y is transitive on J,,..
(b) The group G is transitive on the semilinear order S* | P.

(c) The group G is transitive on the set 2, where 2~ = U,y Rayzw, the union of

all the sets of directions in the structure M.

(iii) The group G, . induces a 2-transitive group on the set of directions of Ry, i.e.

is transitive on the set of pairs of distinct directions.

(iv) The equivalence relation Ey,.,, is the unique maximal G

x

. }-congruence on
Yyzw

[xyzw-

Proof.

(i) Assume r,7’ are two ramification points of R,,. with z,y,z and p, ¢, s as triples
lying in distinct branches around them respectively with L(p;q,s) witnessed in
R,,.. We want to find some g € G (3y)) such that 79 = r’. Then R(z;y, 2 : p;q,s)
holds. By 3-homogeneity there is g € G such that {x,y, 2}9 = {p,q, s}. As L(x;y, 2)
and L(p;q,s) hold, then 29 = p and {y, 2}’ = {q,s}. Since, by Lemma 3.2.7(ii),
Jayz = Jpgs 50 (2y2) = (pgs), s0 g € G4y, and g preserves the D-relation on R,,,.,

sord=r'

(ii) (a) Consider a finite substructure A with the elements z,vy,z,u € A < M and let
L(x;y, z) be witnessed in the root D-set of A with z,y, z in distinct branches at
the ramification point r. To show the transitivity we want g € G ,,.y such that

for u € J,,,, u9 = x. There are 3 cases to be considered:
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(b)

Case 1. If w is in the same branch at r as x, then L(x;y,z) and L(u;y, z) are
witnessed in R,,., hence (zyz) = (uyz). By semi-homogeneity of G there is
g € G such that (u,y, 2)9 = (z,y,2). As Juy. = Jyy. then the D-set is fixed and
hence, by Lemma 3.2.8, (zyz) is fixed 50 g € G yy.).

Case 2. If x,y,z,u are distinct at a ramification point 7, then
L(z;y,2) A L(z;u,y) A L(x;u, 2) hold and by semi-homogeneity there exists
w in the same branch as w at  such that L(u;w, z) is witnessed at r’ in the
same D-set i.e. R(x;y,z : u;w,z) holds as in picture 3.13. This is because
we can find a structure in M with the elements =/, y', 2/, w/, w’ and L(u';w’, 2")
and L(z';y’,z") such that the substructure on z’,y’, 2, u’ is isomorphic to the
one on z,v, z,u, so there is g € G such that (', y’, 2", u')9 = (x,y, z,u). Put
w = w'9. Therefore, L(z;y,z) and L(u;w,z) hold, so by semi-homogeneity,
there is ¢’ € G such that (u,w,z)9 = (2,y,2). AS Ryw, = Ryy., g’ fixes the

D-set and hence fixes (zyz), s0 ¢’ € G (3y2).

Y w
T U
,r.l
x z
Figure 3.13

Case 3. Consider u in the same branch as z (the same if it is in the same
branch as y). If u is a special at ram(u,y, z) such that L(u;y, z) holds, then,
by semi-homogeneity, there is some g € G that fixes y, z and takes u to x, and
as R,y. = Ryy. then the D-set is fixed, hence (zyz) is fixed, so g € G(yy2).
Otherwise, by semi-homogeneity as argued in Case 2, there is some w such that
L(u;w,y) is witnessed in R,,.. Again, thereis g € G with (u, w,y)9 = (z,y, 2),

as required.

Let (zyz), (pgs) € (S*/P,<). Then M & L(z;y,z) A L(p;q,s) so by
semi-homogeneity there is g € G with (p,q, s)9 = (x,y, z). Then (pgs) = (ryz).
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(i)

(iv)

(c) This follows from (a) and (b).

Let [p] # [¢] be distinct directions of R,,. with [p] = p/E,,..[q] = ¢/E.,. and
put [z] = 2/E,y.,[y] = y/E.y.. It suffices to show there is g € Gy, .} with
([=],[y])? = ([p],[¢]).- Choose s € M such that R(z;y,z : p;q,s) holds - this
exists by semi-homogeneity. Using 3-homogeneity (Lemma 3.1.3(i)) there is g € G
with {z,y,2}9 = {p,q, s}, put 29 = p,y9 = q,29 = s with L(z;y, z) and L(p;q, s).
Since R(z;y,z : p;q,s) holds, g fixes J,,. setwise, so g preserves E,,. so fixes

R,,. setwise, and clearly ([«],[y])? = ([p],[¢])-

First, I;y..0 = Jpgs. Thus, maximality of FE,,., follows immediately from

2-transitivity of Gy, .y on Ryys = Jpgs/ Epgs, and this was proved in (iii).

It remains to prove that £, is the unique maximal G ;-congruence. To see
this, suppose £* is a Gy, ;-congruence on Jp,s and E* ¢ E,,,. We may suppose
pE*q. Let p’ € J,us with pE,,p’. Then L(p;q,s) A L(p';q, s), and furthermore the
map (p,q,s) —> (p',q,s) preserves an L-relation witnessed in R,,. It follows
by semi-homogeneity that there is a ¢ € G with (p,q,s)? = (p',q,s). Then
Jogs = Jpgs» and as ¢9 = ¢, g fixes E£*(q) setwise, so as pE*q we have p’E*q. Thus

p/Epgs € E*(q). Hence E,,s ¢ E* and it follows that £* is universal, as required.

Observe that the class & does not have the hereditary property (Lemma 2.3.4).

Corresponding to this, we believe that the structure M is not homogeneous, but have

not proved this.
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Chapter 4

Jordan Group

As our goal is to show that the automorphism group of the structure M that we built is
a Jordan group preserving a limit of D-relations, in this chapter we investigate what our
Jordan sets might be. In fact, we find more Jordan sets than we need (using the properties
of Jordan sets, see Section 1.5). Then we show that G, where G = Aut(M), is a Jordan
group. In Section 4.2 we prove that G satisfies the requirements of Definition 1.5.19 to

get the main result of this work.

4.1 Jordan Sets

Recall that if A is a permutation group on X a Jordan set for H is a set Z such that
whenever X =Y u Z, |Z|>1,Y nZ = @ and Hy) is transitive on Z. A transitive group
with a proper Jordan set is called a Jordan group. In this chapter we find a Jordan set to

show that G is a Jordan group.

Recall that if (X,B) is a B-set and x € X, branches mean the
equivalence classes for the equivalence relation defined on X ~\ {z} such that
R.(y,z) = [x,y] n[z,z] n (X - {z}) # @. There is a similar definition of

branches for D-sets, see 1.4.22. Hence branches are subsets of B-sets and D-sets.
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Also, recall that each pair (R,y., Duysw) 18 @ D-set of M, and an E,y,,-class is a

direction in Ry ...

Definition 4.1.1. (i) A subset U of M is said to be a pre-branch if there
are x,y,z,w € M with S(z,y;z,w) and a branch U in R, such that
U={weM:[w]eU}=U{[w]:[w] €U}, ie. the union of all E,,.,-classes in

one branch at some ramification point.

(i) We say that Uis a pre-branch at a ramification point if the corresponding U is a

branch at that ramification point in some D-set ( Ry, Dayzw )-

Remark 4.1.2. The elements of the labelling D-sets are the directions in the sense of
betweenness relations. So we take a subset U of M and we call it a pre-branch if in a
particular D-set which witnesses S(z, y; z, w) there is a branch U in R,,.., such that Uis
the union of the £,.,,-classes of the elements in that particular branch. Hence the branch
U is a set of L,.,,-classes, while the pre-branch is a subset of M. Given a D-set 2.,

we put ]%myzw = U Ryyzw, the corresponding subset of M.

The relation L is not defined on the set of directions of M. So we will define

L([2]): [y].[2]) as follows:

Suppose there is a D-set R = J,,./E,,. and u,v,w € M such that L(u; v, w) is witnessed
in R. Let [u], [v], [w] be the corresponding directions of R. Then put L([u];[v], [w]).

This relation on R is well-defined, by the following lemma.

Lemma 4.1.3. If [u] = [u'],[v] = [v'] and [w] = [w'] in the D-set R, then L(u;v,w) is

witnessed in R if and only if L(u';v',w") is witnessed in R.

Proof. Assume L(u;v,w) is witnessed in R (in M). Suppose ' Eypti, v Eypv and
w'Eyyew. Then in any finite A € & containing u, u’,v,v’, w,w’, the D-set witnessing
L(u;v,w) witnesses L(u';v",w’). Hence R(u;v,w : u';v',w’) holds in A, and hence in

M. So L(u';v",w") is witnessed in R. |
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Now, the goal is to show that each pre-branch U is a Jordan set for G = Aut(M) in its

action on M. In order to do that we first show that each pre-direction is a Jordan set.

Lemma 4.14. (i) If[n] is a pre-direction, there is a unique vertex j, of T (the structure

tree) such that [n] is a pre-direction of D(j,).

(ii) Let j, be the vertex for which [n] is a pre-direction. Then the stabiliser of the

pre-direction [n] is a subgroup of the stabiliser of the vertex jy, i.e. G,y < Gj,.
Proof.

(i) It suffices to observe that [n] is a pre-direction of only one D-set (namely R;,).
We know that if i < j,, that [n] is a union of a set of pre-branches of R;. So [n]
cannot be a pre-direction of two comparable D-sets. And an easy argument with
finite structures shows directions of two incomparable D-sets cannot give equal

pre-directions.

(ii) This follows immediately from (7).

Fix a direction [n] of M (so n € M). Let j, be the unique vertex of the structure tree
of M, whose D-set R;, has [n] as a pre-direction. Define [ := {i € J : ¢ < j,} where J
is a chain in the structure tree, and for each 7 € I let R; be the D-set indexed by . Let
D; denote the corresponding D-relation D, .,,, where R; = R,,.,,. Then I carries a total

order <, where i < j < R; c R;.

As usual, we may write each R; in the form R,,.,, or R, (and likewise for each f%i).
For each i € I, let r; = f;(j,), the ramification point of R; corresponding to the cone at i

containing j,.

For each ¢ € I, there is, by Lemma 3.2.20, a set S; of branches at r; such that
g5.i([n]) =UUSi.
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We consider the induced structure on the subset [n] of M. First, for each i € I, there is an

equivalence relation F; on [n] defined by
dy Fidy < dy, ds lie in the same pre-branch of I:El- atr;.

Also for each i € I, let E; be the equivalence relation E,,.,, (restricted to [n], where

Ri = Rmyzw)-

Lemma 4.1.5. Ifi,j € [ withi < j, then E; c I; c E; c F).

Proof. Take a particular pre-branch at r; in R; lying in [n], say U;. By the definition of
the relation F; the pre-branch U, is an Fj-class. Since each pre-branch corresponds to a
branch and it is a union of pre-directions then all elements in the same direction lie in
the same branch so F; c F;. Similarly we have £ c I;. To show that F; c £}, we see
that if [m] is a pre-direction for some R; where j € [ with j > 4, then [m] is a union of

pre-branches of R; atr;. That gives us all the pre-directions higher contain F;-classes. ®

The following definition and lemma are rephrasing for Theorem 22.1 in [6] to suit the

context here.

Definition 4.1.6. For each ¢ ¢ I, define a C-relation C; on U.S; (so on the set of
directions of R; lying in the branches of S;) as follows: if [z],[y],[z] € US;, then
Ci([z];[z],[y]) < Di([z],[y];[#], [w]) for any pre-direction [w] of R; lying outside
U.sS;.

See Figure 4.1 below.

Lemma 4.1.7. The relation C; induces a C-relation on each member of S;.

Proof. See [6], Theorem 22.1. [
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LS,

Figure 4.1: R;

For each ¢ € I there is such S; as described before; that is because in each D-set R; the

pre-direction [n] of R, corresponds to a collection of branches of R; at r;.

Lemma 4.1.8. The group G,y preserves the equivalence relations E; and F; on [n].

Proof. Let g € G[n]y,i- As Gy, < Gi, g fixes fii and R; setwise and preserves D;, and

as [n] is a union of pre-branches at r; and g fixes [n] setwise, g preserves the partition of

R; into pre-branches at r;. The result follows. ]
For each i € I, let U; be a pre-branch of R; at r; and GU: be the group induced by G (0}
on UZ /E;. This group is G?U/ f and, again, for ease we write it as GY:.

Lemma 4.1.9. (i) The group GYi has six orbits on ordered pairs of E;-inequivalent

elements of U,

(ii) The group GV is transitive on Ul

Proof.
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(1) We will argue this based on the position of the special branch at ramification points

within U,

Case.l Let [2],[y] € U;, then z,y € U;, and assume that there is [2] € R; \ U,
(so z € R; ~ Uj), such that L(z;z,y) holds at r = ram(z,y,z). Then, by
semi-homogeneity, for any distinct [2],[y'] € U;, then z',y’ € U;, with L(z; 2/, y")
holding at 7’ = ram(z’,y’, z), there is g € G such that (z,y,2)9 = (2/,y’,2). This g
can be chosen to fix U;. Indeed, pick w € R; ~ U; such that L(w;z,x) (so w is in
the special branch at r; = ram(z,w,x)). Then by semi-homogeneity choose g € G
with (z,y, z,w)9 = (2',y', z,w). As S(x,y; z,w) and S(z’,y’; z,w) in R;, g fixes
R;, and because g fixes z,w and x9 € Ui then it fixes U,- as a set. This case gives one

orbit on ordered pairs from U;. See Figure 4.2.

Figure 4.2: Case.1

Case.2 Assume that one of the branches containing z, y is special at r = ram(z, y, 2),
say the one containing x, see Figure 4.3. Again, by semi-homogeneity, for
any distinct [z'],[y'] € U; with, for example, L(z’;y’,z) holding at 7/, (the
dashed lines for z’ mean the possible places for x’) then there is ¢ € G such
that (z,y,2)9 = (a/,y’,z). As above, g can be chosen to fix U;, as for
[w] € R; \ U; with L(w;z,x) there is ¢ € G, by semi-homogeneity, such that
(z,y,2,w)? = (2',y', z,w), and such g fixes U;. Thus there is g € Gy, such that

(z,y,2)9 = («',y', z). Observe that this case gives one orbit on unordered pairs, but

two orbits on ordered pairs.
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(ii)

Figure 4.3: Case.2

Case.3 Suppose the special branch at r = ram(z, y, z, ) within U, is another one, i.c.
neither the branch containing x nor y or z, say u as in Figure 4.4. Let [u'] € U; such
that for some [2'], [y'] € U; the relation L(u';2’,y") holds at r' = ram(z’, y’, z,u’).
Pick [w] € R; ~ U; as in the picture. Assume that L(x;y,z) and L(x';y’,z), or
L(y;x,z) and L(y';2’,2), or L(z;z,y) and L(z;2',y"). In each of these three
cases, by semi-homogeneity there is g € G with (z,y,u,z,w)9 = (', y', v, z,w).

Such g fixes Uj, so this case gives three further GVi-orbits on ordered pairs from U.

Figure 4.4: Case.3

Let x,2' ¢ Ui and z ¢ Ui in a D-set Ri. We want to find g € GY such that
29 = z'. Choose y,z € R;~U; sothaty # 2, r; = ram(z,y, z), and L(y;z, 2)
holds. Then L(y;z’, z) holds too at r;, so by semi-homogeneity there is g € G such

that (x,y,2)9 = (2',y, 2), hence 29 = x'. So ¢ fixes the D-set hence fixes i. As the
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two triples determine r;, g fixes r; and because x, 2’ € Ui then g € GG (0} SO GUi is
transitive on U;.
[

Remark 4.1.10. In the proof of part (i) above, colour the ramification points r into two
colours, red and green depending on the position of the special branch, such that if z lies
in the special branch at r we colour the ramification point by red, otherwise we colour it
by green. We see that GV is transitive on ramification points of each colour, so has two

orbits on ramification points of U.

For the Fj-class U;, the set UZ/EZ carries a ('-relation structure (as is mentioned in
Corollary 4.1.7) with induced relations L and .S, and the binary relations in the following

definition.

Definition 4.1.11. Consider a D-set I%i and a pre-branch UZ- at r; with z,y, z € ]5%- and

T,y € U;,but z ¢ Uy. Let r = ram(x,y, z). We define the following binary relations:

1. Py(x,y) if z is special at r.
2. Py(x,y) if x is special at r (so P(y, x) if y is special at ).

3. P3(x,y) if none of x,y, z is special at r and L(z;z,y) holds in the D-set of the

vertex corresponding to 7 higher up.

4. Py(x,y) if none of z,y, z is special at r and L(z;y, z) holds in a D-set of a vertex

of the cone corresponding to 7 higher up.

For each such U;, the group GV is transitive on U, /E; by Lemma 4.1.9.

Lemma 4.1.12. The binary relations Py, P, P3, P, are preserved by GV, and are orbits

of GYi on pairs of E;-inequivalent elements of U..

Proof. This follows immediately from the argument in Lemma 4.1.9(7) such that Case 1

implies P is an orbit, Case 2 applies to P, and Case 3 applies to P; and F;. ]
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Lemma 4.1.13. The G (U -congruence E; on Ul is maximal.

Proof. We want to show that G (v, 18 primitive on U; = U /E;. Suppose that x,y € U; are
inequivalent modulo E;, and that x /*y for some equivalence relation £*. Let z € Ri\U;
and let r = ram(x,y,z). By considering various configurations for x,y,z, we show

E*(z) = U,, i.e. that E* is universal.

Case 1. Assume z is special at r. Let 2’ € U;. We consider the various possible positions

of 2’ in the following sub-cases:

(a) Suppose that 2’ is in the same branch as = at r. By Lemma 4.1.9(%) there is g € GU:
such that (z,9)9 = (2',y). As g fixes the E*([y]) (since it fixes v, it fixes the E*-class
of y) and z € E*([y]) (by the assumption ) then 2’ € E*(y). Hence 2’ € E*(x), thus

E*(x) contains all the branch at r containing z'.

Figure 4.5: Case 1.(a)

(b) If x’ is in distinct pre-branch at r there is g € GU: taking y to z’ and fixing x, hence
fixing E*([z]). As [z]E*[y] and y9 = z’ then E*([x]) contains the branch at r
containing z’, so 2’/ € E*(x). And again thus E*(x) contains all the branch at r

containing x’.
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T

Figure 4.6: Case 1.(b)

(c) Consider a ramification point 7’ strictly between r; and r such that r’ = ram(z, x, x")
with L(z;x,2") A L(2;y,2"). By Lemma 4.1.9(i) there is g € Gy, with
(z,y)9 = (z,2"). Then g fixes E*(z) as a set, so as y € E*(z), also 2’ € E*(x).

Thus £*(x) contains the branch at 7’ containing ’, and likewise that containing z.

In Case (c), it follows that £*(x) contains all branches at ' other that the special one
containing z. Since such a ramification point 7’ can be chosen coinitially in U, i.e.

arbitrarily close to to ry, it follows that E*(z) = Uj.

Figure 4.7: Case 1.(c)

Case 2. Suppose that the special branch at r is the one containing x or containing v,
say the branch containing x (the argument is similar if the branch containing y is special)
such that L(z; y, z) holds at r and [ ] E*[y]. Let 2’ € U;. We consider various possibilities

regarding the place of z’:

(a) Suppose 2’ lies in the branch containing x at 7. By Lemma 4.1.9(¢) there is g € G (03}

with (z,y)9 = (', y). Since g fixes y it fixes £*(y) = E*(z), so ' E*y. Thus E*(y)
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contains the whole branch at r containing 2. A similar argument applies if 2’ lies in

the branch at r containing y, or in another branch at .

Figure 4.8: Case 2.(a)

(b) For any ramification point r* between r; and r, there is 7’ as depicted in Figure 4.9.
At such 7/, choose a branch 2. Then by Lemma 4.1.9(¢) there is g € G, with
(z,y)9 = (z,z"). This is because we have L(x;y,z) atr and L(x;z',z) atr’. As x
is fixed, £*(x) is fixed. Then the branch containing = at r is mapped to the branch
containing x at r’. Hence the branch containing x at r/ lies in E*([z]). The whole

branch at r; is a union of such branches so lies in £*([z]).

T

Figure 4.9: Case 2.0

Therefore, wherever the arbitrary element lies within Uj; it will be in E*([z]), so E*

is universal.

Case 3. Suppose that the special branch at  contains none of z,y or z. Arguing as

in Cases 1 and 2, and using Lemma 4.1.9(i), we see that F*(y) contains the branch
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containing x, and the branch at r containing y. Furthermore, we can find a ramification
point 7’ in U arbitrarily close to r;, and g € GYi fixing x and taking x’ to y where
r" = ram(z,z,z’). Then E*(x) contains the branch at r’ containing x, and thus contains

the whole of UZ Hence E* is universal.
[

Consider three vertices ¢, 7,7’ € [ such that ¢ < j < j’ and their corresponding D-sets
R;, R;, R respectively. Then focus on an Fj-class (it contains E;-classes). This Fj-class
will be contained in a single I;-class which is contained in an Fj-class, and this F)-class
will be contained in an E)j-class, so this £/;/-class contains the F;-class and each E-class
where k£ > j’ will contain the F}-class. That means the classes are going to be coarser if

we go higher in the structure tree. In particular, we have the following.

Lemma 4.1.14. Given an F;-class ﬁi, the intersection of the F;-classes containing UZ
(for j > 1) is just U,.

Proof. We want to show that F; = N E;. It is clear that F; ¢ N E; and E; (j > 1)
contains F; from the above paragraph?MConversely, suppose ﬂuFiv.P\ZVe want to find j > ¢
such that ~uF;v. Let a € M lie in the special branch at r;. Consider a finite structure
A € 2 containing elements o/, u’, v’ w’, s',t' in distinct branches at a ramification point
r at the root D-set (with a’ special), such that in a higher D-set we have L(w’; s’ t'),
with u/,v’,w’, s’, 1" again in distinct branches at a ramification point. We may suppose
A < M. By semi-homogeneity there is g € G with (a’,u/,v")9 = (a,u,v). The relation

L(w';s'9,t'9) will be witnessed in a D-set R; with j > ¢, and we have ~uE;v.
|

Recall that if 7 < j,, then .S; is the set of branches of RZ— at the ramification point r; which

corresponds to the direction [n].

Lemma 4.1.15. Let u,vy,...v,, be distinct elements of [n]. Then there is a greatest i
such that u is E;-inequivalent to each of vy, ..., v,, and for such i the element u will be

F;-equivalent to at least one of v; where j € {1,...,m}.
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Proof. Find i < j, containing elements w, s,t, u, vy, ..., v, all lying in distinct branches
at the ramification point r;, of the D-set R;,, with w,s,t ¢ [n], and with L(w;s,t)
witnessed in R;, . Consider finite A < M with A € Z and w,s,t,u,vy,...,v, lying

in distinct branches at a ramification point of the root D-set.

By considering the structure of A, we see that there is ¢ with ¢y < ¢ < j,, such that at ;, u
is in the same branch as at least one of the v;, but in a distinct direction to each. (Working
in A, consider the D-sets in the structure tree between the root and the D-set witnessing
L(w; s, t), and the corresponding ramification points; there will be a least D-set such that

u lies in the same branch as some v; at the relevant ramification point).
|

Lemma 4.1.16. Let g be a permutation of M which is the identity on M ~ [n], and for
each i € I preserves the equivalence relation E;, the relations L and S on [n], and the

C-relation induced by C; on each F;-class of [n]. Then g € G.

Proof. By Lemma 4.1.14 and the assumption that g preserves the relations £, then g

preserves each F;| . and hence each Fj. It is enough to show that g preserves L and

[n]
S on M, since we have seen in Lemma 3.1.1 and Lemma 3.1.2 that all the relations in
the language can be written in terms of L and S. Hence, we will divide the proof into
two parts; part A for the proof of preserving the relation L, and part B for the proof of

preserving the relation S.
Part A. To prove that g € GG preserves L, we argue in four cases:

Case 1. If x,y,z € [n], then L(x;y,z) < L(a9;y9,29) follows immediately by the

hypothesis that g preserves L on [n].

Case II. Let x € [n], y,z € M ~[n]. Let R be the D-set in which L{x,y,z} is
witnessed with x, y, z lying in distinct branches at the ramification point r of R. We want
{x,y,z} and {x9,y, z} to satisfy the same L-relation. Since the position of the D-set R

is not known we will consider the possible cases based on where the D-set R witnessing

L{x,y,z} could be.
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Sub-case 1. Assume that the D-set R is R,

In >

and let L{z, y, z} hold, witnessed in R. Now
x, 29 lie in the same element of R, and y, z lie in two other distinct elements of R, fixed

by g. It is therefore immediate that 29, y, z satisfy the same L-relation as x,y, 2.

Sub-case 2. Assume that the D-set R is lower than 12 , and has the corresponding subset
for the pre-direction [n], denoted S;. However, L(z;y,z) cannot be witnessed in this
D-set at r;, because = € [n] so cannot lie in the special branch at r;. But it is possible
to see L(y;x,z) at r;, see Figure 4.10 (the same for L(z;x,y)) and since x9 € S;, as
every thing is fixed outside [n] and only moved within [n], then x9 € [n], and the relation

L(y;x9, z) holds.

T

x9

Figure 4.10

If L(z;y, z) holds in R; such that x is special at another ramification point r not within
S;, again because 29 € S;, see Figure 4.11, and since x and 29 lie in the same branch at 7/
we get L(29;y, z). However if L(y; z, z) holds at 7} (the same for L(z;x,y)), then x and

29 will be in the same branch at 7/ and it is readily seen that L(y; 29, z) holds.

Figure 4.11
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Sub-case 3. Assume that the D-set 12 is higher than I2; . Now the direction containing x
in R contains the whole of [n], so is fixed by g, as are y and z. It follows that x, y, z and

29,9y, z satisfy the same L-relation.

Sub-case 4. Suppose the D-set R corresponds to the vertex k of the structure tree with &
incomparable with j,,. Let ¢ = inf{j,, k}, so i € I. We may suppose that the cone of k at
¢ (in the structure tree) corresponds to the ramification point 7’ of R;; then r’ # r;. Since
L{x,y,z} is witnessed in R, z,y, z lie in distinct non-special branches at 7’. Hence, as
y,z ¢ 9;, it follows that r’ cannot be in a meeting point for the branches in S;, and we

have, for example, the picture below in R;.

Figure 4.12

Now, x, 29 lie in the same branch at 7’ so in the same pre-direction of R, so the same

L-relation holds among x, vy, z and 29, vy, z.
Case II1. If z,y € [n] and z € M ~ [n] we will consider the sub-cases as before.

Sub-case 1. Suppose that the D-set R is R;, . The relations L{z,y, z} is not witnessed

because x and y are in the same direction in 2;, .

Sub-case 2. Suppose that the D-set 2 is lower than R, , say R = R;. If -z [y at r;, then
the relation L(x;y, z) or L(y;x, z) cannot be witnessed at r; because neither = nor y can
be special at r;. If L(z;z,y) holds at r; then L(z;z9,y9) is witnessed in R; (29, y9 are in

distinct branches at r; because F; is preserved on [n]).

If xF;y and L(z;y,z2) is witnessed at r (see Figure 4.13 below) then we want to see

L(x9;y9, z) holds (the same if L(y;x,z) holds). For, we know that g preserves L on [n],
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from the hypothesis, so there is ¢ € [n] such that t F;z A tFyy and L(x;y,t) holds. Since
L is preserved on elements of [n], and g preserves the C-relation on each Fj-class of
[n] we get L(z9;y9,t9), then L(x;y,2) < L(z;y,t) and L(x9;y9,29) < L(29;y9,19)
as g preserves C. Thus, if L(z;y, z) then L(a9;y9,29), so L(x;y,t) < L(z9;y9,19) as

x,y,t€[n], so L(x9;y9,t9) (as 29 = z), as required.

Figure 4.13

Sub-case 3. Suppose that the D-set R higher than R, , say Ry, then L{z,y, 2z} cannot be

witnessed because x, y are in the same direction in Ry.

Sub-case 4. Assume that R is the D-set of the vertex k£ incomparable with j,,, and put
i =inf{k, j,,}. Then the cone of k at i corresponds to a ramification point 7’ of R; distinct
from r;, and as z, y, 2 lie in distinct branches of R; at r/, we must have 7’ € S;, as in the

diagram,

T’L rr’

Figure 4.14

Choose ¢ as depicted, in the same branch as z at v’ and the same branch as = at r;. As g
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preserves L on [n] and the C-relation on Fj-classes, we have
L(z;y,2) < L(z;y,1) < L(2%y%, 1) < L(2%;y7, 2)
and likewise for other permutations of {z, vy, z}.

Case IV. If z,y,z ¢ [n], then as ¢ is the identity on M ~ [n] we have

L(x;y,2) < L(x9;y9, 29), and likewise for the other orderings of {z,y, z}.

Part B. To prove that g preserves S, we argue in four cases. Again, let R be the D-set in

which S is witnessed, with S(z,y; z, w).

Case 1. If x,y,z,w € [n], then by the hypothesis, g preserves S on [n] so
S(z,y;2,w) < 529, y%; 29, wI).

Case I1. Suppose that z: € [n] and y, 2, w € M \ [n].

Sub-case 1. Suppose that the D-set R is R;, . Then let S(x,y; z,w) holds, then as x E; 9

it is easily seen that S(z9,y; z,w) holds.

Sub-case 2. Suppose that the D-set R is lower than R, , say R = R;. If S(z,y;z,w)
holds, then as x,x9 € [n], because g permutes elements of [n], and as [n] is a union of

pre-branches at r; the relation S(xz9,y; z, w) holds.

Sub-case 3. Suppose that the D-set R is higher than R; . If S(x,y;z,w) holds then

S(x9,y; z,w) holds as z, z9 lie in the same direction of R.

Sub-case 4. Suppose that R is the D-set of vertex k£ incomparable with j,,. As before, let
i =inf{jn, k}, and let v’ be the ramification point of R; corresponding to the cone of &,
sor’ #1r;. As x,y,z,w are in distinct directions of R, they are in distinct branches at 7,
so 7’ ¢ .S;. Now as 29 € S;,  and x9 lie in the same branch at 7/, so S(z9,y; z,w) holds,

witnessed in R.
Case 111. Suppose that z,y € [n] and z,w € M ~ [n].

Sub-case 1. Assume that the D-set R is R;, . The relation S(x,y; 2, w) is violated, since

x,y are IJ; -equivalent and so lie in the same direction of R, .
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Sub-case 2. Assume that the D-set R is lower than R; . If -z F;y then as S(z,y; z,w) is
witnessed in R;, z and w must lie in the same branch at r;, and we have S(x9,y9; z, w).

If zFyy, then 29 F;y9, and as z,w ¢ S; we again have S(z9,y9; z, w).

Sub-case 3. Assume that the D-set R is higher than 1?; . Then x,y will be in the same

direction of R, hence S(x,y;z,w) is not witnessed.

Sub-case 4. Suppose that R is the D-set of vertex k incomparable with j,, put
i = inf{j,, k}, and let 7’ be the ramification point of R; corresponding to the cone at i
of k. Then because 1’ # r; and x,y € S; and z,w ¢ .S;, it is not possible that z,y, z, w lie

in distinct branches at 7/, so not possible that S(z, y; z, w) is witnessed in R.

Case IV. Suppose that z, z € [n] and y, w € M \ [n]. Sub-cases 1,3,4 are handled exactly

as in Case /1] above.

For sub-case 2, as .S; is a union of branches at r;, and x, z € S; and y,w ¢ S;, we cannot

have S(x,y; z,w) witnessed in R;.

Case V. Suppose that z,y, z € [n] and w € M \ [n].

n?’

Sub-case 1. Suppose that the D-set R is R; , then S(z,y; 2z, w) is not witnessed in R.

Sub-case 2. Suppose that the D-set R is lower than R, ,say R = R;. If S(z,y; z,w) holds
such that x Fyy and -z F;{x,y} then 29 F;y9 and =29 F;{z9,y9}. So S(z9,y9; 29, w) holds.
If S(z,y; z,w) holds such that z,y, z are F;-equivalent with C'(z;x,y) (as this Fj-class)
then since g preserves C, then C(z9;y9,x9) holds (on the corresponding Fj-class), so

S(x9,y9; 29, w) holds.

Sub-case 3. If the D-set R is higher than R;,, then S(xz,y; 2, w) is not witnessed since

x,1, z are in the same direction of R.

Sub-case 4. Suppose that R is the D-set of the vertex k& incomparable with 7,, let
i = inf{j,,k}, and let r’ be the ramification point of R; corresponding to the cone at i
of k,sor’ +#r;. Since x,y,2z € S; and w ¢ S; and x,y, z, w lie in distinct branches at 1/, we

must have 7’ € S;. Choose ¢ as depicted (so in the same Fj-class as x, y, 2).
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T
ri r’

Figure 4.15

Then x9,y9, 29, t9 will be in the same configuration (possibly in a different Fj-class), as g

preserves C and F;. Also S(x,y;z,t) < S(29,y9;29,19), as g preserves .S on [n]. Thus
Sz, y;z,w) < S(@,y;2,1) < S(a9,y% 29, 19) < S(a%, 9% 2%, w)
as required.

Case V1. If z,y,z,w ¢ [n], then as ¢ is the identity on M ~ [n],
S(,y;2,w) < S(a9,y9; 29, w9).
u

Remark 4.1.17. In [7], there is a similar version of the previous lemma, but there is
a missing assumption. In the proof of claim 6 of Proposition 5.6 there needs to be a

statement saying that g preserves the semilinear order relation on the E;-classes.

The proof of the following lemma is quite similar to the proof of Lemma 5.6 in [7], and

we follow the same procedure.

Lemma 4.1.18. Each pre-direction [n] is a Jordan set of G.

Proof. To show this, we want to define a group K < GG which is transitive on [n] and fixes
the complement M \ [n]. We want to construct K as an iterated wreath product of groups

of automorphisms of C-relations.

Write [n] = {u; : i € w}. Foreach w € [n], i € I, put [u]; = {x € M : 2 F;u}. Also for each

i€l,letV; =[ug];/E; (the branch at r; containing ug). Let ¢; := uo/E; € V;. Define

Q:={f:I->JV;: f(i) €V, forall 7, supp(f) finite}

iel
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where supp(f) ={iel: f(i)+e;}.

For each i € I and u € [n], define A?(u) = [u];/E; (the branch at r; containing ). We aim
to find a system of maps ¢!, : V' — V;, where i € [ and V ranges through branches [u];/E;

for u € [n].

Given such maps, define y : [n] = Q by y(u)(7) = ¢f4i(u)(u/Ei) forallu e [n]andice [.
We need to define the maps ¢!, so that x is a bijection. Define x (uo) so that x (uo)(7) = e;
forallie .

Suppose that x(up), ..., x(ur_1) have been defined. We may suppose that each map

n () has been defined, for all [ < k£, and all 7 € .

Let 75 be the largest ¢ € [ such that u; is F;-inequivalent to u; for each [ < k. Hence, by
Lemma 4.1.15, there is some [ < k such that w; F;, uy, so w; Fiuy, for all ¢ > ¢;,. Now by

assumption ¢f4i has been defined for all 7 € I, so ¢f4i(uk) has been defined for all 7 > 7,

(ur)
but not for i < 7. For i < iy, choose g € GG such that (A%(ux))9 = V; and ([ux]:/E;)9 = e;
(this exists, since G is transitive on the set of branches and induces a transitive group on
each branch). Then put ¢f4i(uk)(u/Ei) = (u/E;)9, for all i < ij and uF;u;. Observe that

the maps ¢',, (uy) Y€ NOW defined forall / < k and all 7 € .

Claim 1. With the maps ¢’ so defined, we have x(uy) € Q2 for each k € w.

“(u)
Proof. This is by induction on k. It is immediate that x(ug) € £2, so assume it holds for all
[ < k. By construction, as ¢’ () is a bijection [uy];/ E; - Vi, we have x(uy) (i) € V;. We
must show supp(x(u)) is finite. There is [ < k such that for ¢ > iy, x(ug)(2) = x(u;)(4),
so supp(x(ur))n{jel:7>1} =supp(x(w;))n{jel:j>ix},sobyinduction is finite.

By construction, x(uy)(7) = e; for all i < i, and the claim follows. |
Claim 2. x : [n] - Q is a bijection.

Proof. We first show that  is injective. So suppose [ < k. We must show x(u;) # x(ug).
Pick ¢ such that uy Fyu; and —uy, E; u;. Then [uy]; = [w];, but [ug];/E; # [w]:/E;, so as
i) = A ), x () (0) = G (0] B # G () = X))
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To see surjectivity, suppose for a contradiction that y is not surjective, and let
f € © ~ Range(y) have minimal support, with supp(f) = {i1,...,%;} where i; < --- < ;.
Define f’ € Q where f'(i1) = e;,, and f'(j) = f(j) for all j # i;.

By minimality of supp(f), there is u € [n] with x(u) = f’. Letv = f(i1) € V;,, and let k

be least such that u, lies in the Fj-class (¢',;, (u))‘l(v).
To obtain a contradiction and thereby to prove surjectivity, it suffices to prove
Sub-claim 1. x(ug) = f.

Proof.  Certainly y(ug)(i1) = ¢2¢l(uk)(uk/Ei1) = v = f(iy). For j > i,
x(ur)(j) = ilj(ulc)(uk/Ej) = i‘j(u)(u/Ej) = f(j). Also, iy > i, for otherwise there
is j <4y and [ < k such that w; Fjuy, and hence w; F; u;, contradicting minimality of k.

Hence x(u)(j) =e; = f(j) forall j < iy, soindeed x(uy)(j) = f(j) forall j. u
m

For each i € I, let H; be the group induced by Gy, on V;. For each triple (4,g,h),
where i € I, g : (i,00) — U V; with g(j) € V; for all j, and h € H;, define the function

3>t

x(i,g,h) : Q - € as follows:

N e B
Fea () = f@@) ifj=iand f‘(im) =g,

f(j) otherwise

Claim 3. Each map (i, g, h) is a permutation of €.
Proof. See [26], Lemma 3.3. [

Now define K, the generalized wreath product, to be the subgroup of Sym({2) generated
by permutations x(i,g,h) where i, g, h are as above. By [24], Lemma 1, the group
K is transitive on €. Thus, K has an induced transitive action on [n], given by
u® = x"1((x(u))®) forall z € K and u € U. (Note that we keep using Cameron’s notation
in [11] for the permutation groups K, which also was used in [7]). We extend this action

to the whole of M by putting v* = v for all v ¢ [n].
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Claim 4. In this action, K is a subgroup of Aut(M).

Proof. 1t suffices to show that elements x(i, g, h) as above are automorphisms of M, and

for this we use Lemma 4.1.16. First, observe
Sub-claim 2. For u,v € [n],and i € I, uE;v < x(u)(j) = x(v)(j) for all j > i.

Proof. If wFup then Al(u) = Al(v) for all j > i, so
x(u)(j) = i‘j(u)(u/Ej) = Qj(v)(v/Ej) = x(v)(y) for all j > i. Conversely, if
-~uFE;v, then there is 7 > ¢ such that uFjv and -uE;v. Then AJ(u) = Ai(v), so
V(W)() = Sy (W Ep) # S0y (0] B3) = X(0) (). as required. .
Since x (7', g, h) acts as a permutation in the single coordinate 7/, in its action on €2, it
is clear that for u,v € [n] and i € I, we have x(u)(j) = x(v)(j) for all j > i if
and only if x(u)*(@9M(5) = x(v)*(@9h)(4) for all j > i. Thus, uEv if and only if
ur(@-9:0) Fiyr(ih9.h) g0 the maps (7', g, h) preserve all the equivalence relations E;. Also,

the relations F; are preserved by these maps as a result of preserving £;, using Lemma

4.1.14.

For u, v, w € [n], put
o(u,v,w) =Max{i: u/E;,v/E;,w/E; are all distinct}.

p(u,v,w) = Max{i : u/E;,v/E;,w/E; are not all equal }.

Then p(u,v,w) > o(u,v,w), and p(u,v,w) = o(u,v,w) if and only if there is 7 (namely

o(u,v,w)) such that u, v, w are Fj-equivalent but not F;-equivalent.

Suppose p(u, v, w) = o(u,v,w) =i. Let C; be as in Definition 4.1.6. Then since the map

i () is induced by an element of GG, we have

Ci(usv,w) < Ci(¢! i(u)(u/Ei); ¢f4¢(v)(U/Ei), ¢’ i(w)(w/Ei))'

It follows that under the assumption pu(u,v,w) = o(u,v,w) = i, the fact that
C(u;v,w) holds depends just on x(u)(7), x(v)(7),x(w)(é). Similarly, the fact that
L(u;v,w) holds depends just on x(u)(7),x(v)(7), x(w)(i). And if u,v,w,z are all
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F;-equivalent but Fj-inequivalent, the fact that S(u,v;w,z) holds depends just on

x(w) (i), x(v) (%), x(w)(i) and x(2)(¢). We call this phenomenon tail-independence.
Sub-claim 3. The group K preserves the C'-relation on the branches at 7;.

Proof. Suppose wu,v,w lie in the same Fj-class but distinct F;-classes, so
plu,v,w) = o(u,v,w) = i, and assume C;(u;v,w) holds in this branch. Let
x = z(i',9,h) € K. TIf ¢/ > i, then x(u)(?) = x(u*)(7), x(v)(Z) = x(v®)(%)
and x(w)(@) = x(w®)(i), so C;(u®;v*, w®) by tail-independence. If i = ', then
Ci(u®;v*,w*) since the action of z in the i!" coordinate is induced by an element
of GVi which preserves the C-relation on V;. If i’ < i then C;(u®;v®, w®) holds by

tail-independence. ]

Sub-claim 4. The group K preserves the L-relation and S-relation on the branches
at r;.  That is, if u(u,v,w) = o(u,v,w) = 4, then for x € K we have

L(u;v,w) < L(u®;v®,w®), and similarly for S.
Proof. This is similar to Sub-claim 3. [
Sub-claim 5. The group K preserves L on [n].

Proof. Let u,v,w € [n] be distinct with L(u;v,w). By Sub-claim 4, we may suppose
i = o(u,v,w) < p(u,v,w). Thus, two of w,v,w are F;-equivalent and the other
F;-inequivalent to these. We suppose uF;v and —uF;w (the other case are similar). Pick

z € A'(u) with C;(z;u,v), as shown in Figure 4.16.

U/ '
w
Figure 4.16

by Sub-claim 4
Then for x € K, L(u;v,w) < L(u;v,z) ———= L(u%;v%,2%) < L(u®;v" w?)

(since x preserves the relations £, I; and C)). |
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Sub-claim 6. The group K preserves S on [n].

Proof. Let u,v,w, z € [n] be distinct. Let i be greatest such that u/E;, v/E;,w/E;, z| E;
are distinct. Then at least two of u, v, w, z are F;-equivalent. If all are Fj-equivalent, then
K preserves any S-relation among these by Sub-claim 4. If just three of u,v,w, z are
Fj-equivalent, then K preserves any S-relation among them by the proof of Sub-claim
5. If say uFjv and -uF;w A —-uF;z, then as K preserves F;, if x ¢ K we have

u® Fv® A=u® Fyw® Aw® Fyz®. We now see S (u, v;w, 2) AS(u®, v*; w?®, 2%) as required. m

By the sub-claims, the conditions of Lemma 4.1.16 are satisfied, completing the proof of

Claim 4.

It follows that [n] is a Jordan set for G.

Proposition 4.1.19. Each pre-branch is a Jordan set for G in its action on M.

Proof. Let R be a D-set of M, and let U be a branch of R at a ramification point r. Pick 2
lying in a branch at r other than U. We may choose a sequence (7; : i € N) of ramification

points which is coinitial in U, that is, for each ramification point 7’ in U there is 7 € N

iy

such that for all j >4, r; lies between r and 7.

Figure 4.17
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We may suppose in addition that r;, lies between r; and 7 for each 7, and that z lies in the
special branch at r; for each 7. For each ¢, there is a union 7} of pre-branches at r; which
is a pre-direction of a higher D-set. We may suppose that for each ¢, r; is a ramification

point of one of the branches of 7; ;.

It follows that T} € T}, for each ¢ and that U T} = U. Since pre-directions are Jordan sets
ieN
by Lemma 4.1.18, each T; is a Jordan set, so U is a Jordan set by Lemma 1.5.12. [ ]

Corollary 4.1.20. G, is primitive on M ~ {s}.

Proof. This is (1v), Lemma 3.1.3. [

For the following lemma we will use Lemma 2.2.2 of [5],which we quote here:

Lemma 4.1.21. Let H be a group acting on a set X. Consider a collection % of subsets
of X, such that

(i) each member R € & has more than one element;
(ii) forge H and R e X, RI € K ;
(iii) if R1,Ro € A, then R CRy0or Ry SRy or R nRy =3 ;
(iv) if u,v € X are distinct, then there is R € X withu,v € Rand R + X;

(v) ifu,v € X are distinct in X then there is R € X containing u but not v.

Define a ternary relation K such that
Vu,o,to e X, K(u;0,0) < (IR e X)(b,i0 e RAugR).
Then K is a C-relation on X.

Lemma 4.1.22. There is a G-invariant C-relation on M ~ {s}.
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Proof. Consider all the pre D-sets that contain s and the pre-branches U in these pre
D-sets that do not contain s, with the property that s lies in the special branch at the
ramification point at which U is a branch. Call this collection .#". The elements of this
collection are all Jordan sets (by Proposition 4.1.19). Now we check (7)- (v) of the above

Lemma, applied to G acting on M ~ {s}.

(i) Forall U e %, |U | > 1. Indeed, as each branch carries a C-structure such that the
pre-directions are the parameters of a C'-relation, then each pre-branch has more

than one element.
(i) If U € # and g € G, then Use by the description of J#".

(iii) # has no typical pair (Definition 1.5.11(a)). First, suppose that U ,V e X are
pre-branches of the same D-set. Since U,V both omit the element s of this D-set,

it is immediate that U .V do not form a typical pair.

Next, suppose UV e X are pre-branches of distinct but comparable D-sets R;
and R; respectively with R; below 1?;. We may suppose that ?; corresponds to the
ramification point 7 of I2;, and that V' is a branch at the ramification point ' of ;.
If = 1/, then U is a union of pre-branches at ' omitting s, so contains V oris
disjoint from V. If r lies in the same branch at 7/ containing s, then again, U either
contains V or U n'V = @. If r is a ramification point lying in V,then U c V. And if

r lies in a branch at r’ other than V' or that containing s, then UnvV =g@.

Finally, suppose that U and V are pre-branches of D-sets Ry, R, labelling
incomparable vertices v, 5 of the structure tree. Let p := inf{ry,15}, and R be
the D-set of p, and suppose I?; corresponds to the ramification points 7; of 12, for
i=1,2. Thus, U and V/ correspond to union of pre-branches at r; and 75 respectively
of R, omitting s. If, say, 75 is a ramification point of U , then r; is not a ramification
point of V, (otherwise s € Uu V), and V' c U. Alternatively, 5 is not a ramification

point of U , and 1 is not a ramification point of V, and in this case U nV = @.

~

(iv) Choose a D-set R such that the pre-D-set R contains wu,v,s in distinct
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pre-directions. There is a ramification point 7 at R such that s lies in the special
pre-branch at r, and u, v lie in the same other pre-branch U atr. Then U € # and

contains u, v.

(v) Choose a D-set R such that R contains u, v, s in distinct pre-directions, meeting at
ramification point r. There is a ramification point 7’ in the branch at r containing
u, such that the branch at 7’ containing s is special. Let U be the pre-branch at r’

containing u. Then U e % and contains u but not v.

Then define a ternary relation C, such that for every z,y,z € M \ {s}, the relation
Cs(z;y, z) holds if and only if (3U € #)(y,z € U Ax ¢ ). Then C, is a C-relation by
Lemma 4.1.21.

Lemma 4.1.23. Each pre-D-set R; is a Jordan set for G.

Proof. Consider two distinct ramification points 71,79 of R. Let U,, be the branch at r;
which includes 73, and U,, be the branch at r, containing ;. We know by Proposition
4.1.19 that the corresponding pre-branches are Jordan sets and they form a typical pair,
hence by Lemma 1.5.10 their union is a Jordan set and is the whole pre-D-set, so it is a

Jordan set. ]

Lemma 4.1.24. There is no G-invariant separation relation on M

Proof. Choose a configuration in M as depicted, in some D-set.

u

Figure 4.18
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By semi-homogeneity there is g € G inducing (z)(y)(z)(uv). An element with such

cycle structure cannot preserve a separation relation.

Lemma 4.1.25. There is no G-invariant Steiner system on M.

Note: We use the idea of the proof of Lemma 1.5.13, which is also used in the proof of
Lemma 6.5 in [7].

Proof. On the contrary, suppose there is a Steiner n-system. Let sy, ..., s, be distinct in
a block *B and s,,; be in B. Since we may choose a D-set in which all s; lie in different
branches at a ramification point, there is a pre-branch V' containing s,.; and omitting
S1,...,8,. Lett € V. Since V is a Jordan set, there is g € G(awv) With s7,, =t. As g
fixes sq,..., Sy, it fixes setwise the unique block 8 containing s1, ..., S,, SO as s,,1 € B,

also t € *B; that is, V ¢ ‘B.

Let s* be an element of M \ B (hence not in V') and B’ be a block containing
S1y- -3 Sn-2,Sn+1,5*. As |B’| >n + 1, there is s** € B’ distinct from s1, ..., Sp_2, Sps1, S
and s** ¢ B, soas V € B then s** ¢ V. But s1,...,5,_9,5% s are all in B’ determine
B’. So as s,41 € V n*B’, by the argument of being V' a Jordan set above, we get V' C B’.

So V B nPB'. But V is infinite and | B N B’ |= n — 1. This is a contradiction. ]

Lemma 4.1.26. There is no G-invariant D-relation on M.

Proof. Suppose, for a contradiction, that there is a G-invariant D-relation D defined on
M. Fix x,y, zo. Find uy € M ~ {z,y, 2o} with D(uq, 20;x,y). Note that in the argument

below, we should not confuse D with the various D-sets in M coded by the structure tree.

Find a D-set R, of M containing w1, 29, x, y in distinct branches at the same ramification
point 7, and pick v; € M lying in the pre-branch at r; containing zy, with L(zo; vy, )

witnessed in this D-set. See Figure 4.19.
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20

Uy

Figure 4.19: The D-set R,

Let z; € M ~ Ry. Choose hy, k € Gy With (z,v1)M = (vy,2) and (ug, v1)* = (vy,uq)-

these exist by semi-homogeneity.

In the D-relation on M, consider the regions P, ), R, S as depicted.

R Q P

S

U

Figure 4.20

Let supp(hi,k;) denote the set of elements of M moved by some element of the
subgroup (hy, k1) of G generated by hy; and ki. If say v; € R, then we see that
Ru S < supp(ky) € supp(hy,ki). If vy € Sthen Ru S < supp(hy) € supp(hy, k). If
v1 € @ then R < supp(hy) € supp(hi, k1), and S € supp(ky) S supp(hi, k1). Finally, if
vy € Pthen R, S ¢ supp(hy) € supp(hi, k1). Thus, wherever v; lies, RuS € supp(hy, k1),
so as hy, ky fix 21,80 21 ¢ RuS. Thus, z; € Pu@. Since D(uq, z0;2,y), y € R, so we

have the following picture.
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Figure 4.21

Now we iterate this argument with (zp,z,z;) in place of (zo,z,y). Pick
ug € M N {x, 29,21} with D(us, 20; %, 21). Find a D-set Ry of M containing us, 2o, , 21
in distinct branches at the same ramification point 75, and pick vy, € M lying in
the pre-branch at 7, containing zg, with L(zg;ve,2) witnessed in this D-set. Let
29 € M N Ry By semi-homogeneity there are ho, ks € G, ., with (x,v9)"2 = (vq,2)
and (ug,v9)*2 = (v9,uz). Let x, 29, us, P',Q', R', S replace x, 29, u1, P,Q, R, S above.

We see that 2o € P’ U ()’, and thus the D-relation on M satisfies the following picture.

Yy 21 )

Figure 4.22

Observe that we have L(z1;2,20) A L(z2;x, 20) A L(29;x,21) A L(22; 20, 21). Thus, by
semi-homogeneity, there is g € G, ., inducing (z, zy). Such g does not preserve the

D-relation, a contradiction. [ ]

4.2 Proof of Main Theorem

In this section, we investigate the requirements to show that G = Aut(M, L, S) is an

infinite primitive Jordan group preserving a limit of D-relations (Definition 1.5.19).

We may view M as an .Z-structure, or as a structure in just the language with symbols L

and S, since the other .Z-symbols are @-definable in terms of L and S.
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Let R be a pre-D-set with D-set R, let H := G (M~ R) and let £ be the equivalence relation

on R corresponding to being in the same direction (the equivalence relation identified in

Definition 3.2.9). Let D be the induced D-relation on I = R/ E.

Lemma 4.2.1. In the above notation,

(i) H preserves E and the relation D;

(ii) H is transitive on R;

(iii) H is 2-transitive but not 3-transitive on R; and

(iv) E is the unique maximal H-congruence on R.

Proof.
(i) H preserves £ by Lemma 3.2.10(i1) as H < G (M~ Also, H preserves D follows
from Lemma 3.2.12(ii1).
(i1) This follows from Lemma 4.1.23.

(iii) Fix o € R. We show that H,, is transitive on R~ {xo}. Let u, v be distinct elements
of R~ {xo}. Choose a ramification point r such that there is a branch U at r
containing u,v and omitting xy. It is known that U is a Jordan set (pre-branches
are Jordan sets) so there is g € G( M) < H with w9 = v. However, H is not
3-transitive; for if u, v, w € R and meet at a ramification point r with L(u;v,w) then
there is no element of H inducing (uv)(w).

(iv) We need to show that F is preserved by elements of /I which is done in (i). To show

the maximality, we show that /1 is 2-transitive on f?/ E' and that is done in part (iii).
For the uniqueness, suppose E* is an H-congruence on R and there are u,v € R
with —uFEv and uE*v. Since pre-directions are Jordan sets, for v’ € R if v’ Ev there
is g € H fixing M ~\ (v/FE) pointwise with v9 = v’. As w9 = u, g fixes E*(u), so

vE*v', sov/E cv/E*, so E* contains F properly, hence is universal.
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Theorem 4.2.2. G preserves a limit of D-relations on M.

Proof. Let G = Aut(M). Then G is an infinite Jordan group acting on M. Indeed, M
is a Fraissé limit of the class &, so it is associated with an infinite structure tree 7. Let
J be a maximal chain from 7. Then J is a linear ordered. Let R; be the D-set indexed
by 7, for 7 € J. Then by the paragraph above Definition 3.2.6, for 7,5 € J we have
1<] < Rj c R;. So we get a strictly increasing chain of subsets of M such that they get
bigger by going down in the structure tree. Let }A%j be the pre-D-set corresponding to 175,
let H;:=G (M R;)? and let &; be the unique maximal H; congruence on Rj as in Lemma
4.2.1(iv). Similarly, { H; : j € J} is an increasing chain of subgroups of G. Then we want

to check the list (i)-(viii) in Definition 1.5.19.

(i) This is (ii) and (iv) in the Lemma 4.2.1 above.

(i1) This is (i) and (iii) in the Lemma 4.2.1 above. Note that since pre-branches are

Jordan sets of GG, branches are Jordan sets of H, so (H, R) is a Jordan group.
(iii) Itis clear that U(R;:i€ J) = M.

(iv) Let H := U H;. Then H is a Jordan group on M, since any pre-branch of 1, is a
jeJ
Jordan set for ;. The group G is not 3-transitive since it preserves the relation L

(and L(u;v,w) - ~L(v;u,w)), hence H is not 3-transitive.

We now show that A is 2-primitive on M . We first observe a point from Lemma
4.1.18. In the proof of that lemma, if [n] is a pre-direction corresponding to vertex
Jn» then for each j < j, there is a D-set R; and ramification point r; such that [n] is
a union S; of branches at r;. It follows from that proof that for each branch U ¢ S}

at r;, the pointwise stabiliser of the complement of [n] induces GV on U.

Now let 2 € M, and let p be a nontrivial H,, -congruence on M \ {z,}. We must

show that p is universal. Pick distinct u, v € M ~ {xo} with u # v. Choose j € J such

136



Chapter 4. Jordan Group

that 2, u, v lie in distinct pre-directions of 1?;. For a contradiction, we may suppose

that if ®B is the p-class containing u, then B is a proper subset of R; \ {z}.

Let  be a ramification point of R; such that u,v lie in the same pre-branch U
at r, and xy in a different pre-branch. Let C' be the C-relation induced on the
corresponding branch U at r. Suppose there are distinct u’,v’, w’ € U such that
C(u'/E;;v'|Ej,w'|E;) and w/pw’. Let V' be the largest branch in U containing
v',w" and omitting u’. Then V" is a Jordan set, so there is g € G ;. < Hy, With
(u',w")9 = (u',v"). Since g fixes u’, it follows that v/pw’. Thus B n Ii’j, is a
pre-branch of 1?;, the union of a nested sequence of pre-branches of I2;, or a union
of more than one pre-branches at some fixed vertex. By choosing j sufficiently low
in the structure tree, we may assume that the last one holds, i.e. B n Z%j 1s the union

of more than one pre-branch at a ramification point r; of R;.

Pick a ramification point 7* of I?; such that elements of B and z, lie in distinct
branches at r* with the one containing elements of 8 non-special. There is a
direction [n] which is a union of pre-branches at r* including the pre-branch V at
r* containing *B, and excluding that containing zy. Now by the observation above,
since G'(a.[n)) € H, H induces the full group GV on V. In particular, there is a
ramification point r between r* and r; such that H,  contains an element & with
u" = wand r? = r. It follows that B" 5 B, contradicting that B is a block of H,,.

See the following picture.

u
o L ° (YA n » .
r* r T B R]

Figure 4.23: R;
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(V) Ej|, € E;ifi> j, by Lemma4.1.5.

(vi) N(E; : i € J) is equality. Let u,v € M be distinct. By 2-transitivity of G, there is
a D-set R such that u, v lie in distinct directions of R. Choose j € J such that the
corresponding D-set I7; labels a vertex of the structure tree below that of 2. Then

u, v lie in distinct directions of R, so ~ul;v.

(vii) Given g € (G, choose a segment [ of J which lies in the common part of J and J9.
Letig € [9" ¢ J-1. Then for any i < iy we have 79 < i and so @9 € I. Thus 49 = j for

some j € J. Hence g"'H;g = H; and R} = R;.

(viii) This is by 4.1.22.

Each pre-D-set R; is a Jordan set of G. There is a natural congruence F; on R; given by
pre-directions. Each D-set I%Z- /E; has a D-relation defined on it by Definition 3.2.11(ii).

It is a Jordan group with branches are Jordan sets. ]

Theorem 4.2.3. There is a ternary relation L and a quaternary relation S on a countably
infinite set M, such that if G := Aut(M), then G is oligomorphic, 3-homogeneous,
2-primitive but not 3-transitive or 4-homogeneous on M, and a Jordan group preserving
a limit of D-relations on M, and not preserving any of the structures of types (a) — (1) in

Theorem 1.5.22.

Proof. This is by Corollary 2.4.3, Lemma 3.1.3, Lemma 4.1.24, Lemma 4.1.25, Lemma
4.1.26 and Theorem 4.2.2. Note that GG cannot preserve a linear or circular order or a linear
betweenness relation since it does not preserve a separation relation, G cannot preserve a
C'-relation since it does not preserve a D-relation, and cannot preserve a semilinear order

or general betweenness relation since it is 2-primitive. ]
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Chapter 5

Extensions and Open Problems

We do not have a full theory of the structure M, because we do not have suitable axioms

for the relations L and S. If some one can do that then a number of questions arise.

Question 1. Can we recover the structure tree from the two relations L and S?

As an attempt to answer that we try to write axioms for the relations L and S.

Definition 5.0.1. Let X be a set. Then define a ternary relation L on X such that:

(L1) (Vx,y,2)L(z;y,2) > (x+yAx+ 2 Ay %2);

(L2) (Va,y,2z)L(z;y,2) < L(z;2,y);

(L3) (Va,y,2)L(wy,2) > ~L(y; 2, 2) A= L(z;2,y);
(L4) (Vx,y,z distinct) L(z;y,2) v L(y;x,2) v L(z; 2, y);

(L5) (Vz,y,z,w)L(x;y,2) > (L{w,y,x} A L{w,y,2}) v (L{w, z,x} A{L(w,z,y}) v
(L{w,z,y} A L{w,z,z}) v (L(x;y,2) A L(z;y,w) A L(x; 2, w)).

Here L{a,b,c} means L(a;b,c) v L(bja,c) v L(c;a,b) for distinct

a,b,ce{zx,y,z,w}.

Then we say (X, L) is an L-set.
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Definition 5.0.2. Let X be a set. Then define a quaternary relation S on X such that for

all z,y,z,we X:

(S1) S(x,y;z,w) > (T +YyAz+WAT+ 2AY FW).
(52) S(x,y;2,w) - S(z,y;w,2) AS(y, x5 2,w) AS(z,w; 2, y).
(Sj)) S(w,y;z,w)—>ﬁS(x,z;y,w)/\ﬁS(:E,w;z,y)A—S(y,z;x,w)/\ﬁS(y,w;x,z).

(54) (Ya,y,z,w,t)(S(x,y; 2,w) A=L(t; 2,y) A=L(t; 2,y) A=L(t;y, 2) A=L(t;z,w) A
_‘L(t>ya w) A _‘L(ta Z,ZU)) - S(taya Z,UJ) v S('T’ Y5z, t)

Then we say that (X, .S) is an S-set.

Are there more axioms we can add to the L-axioms and the S-axioms? However,
if Question.1 has a positive answer then we aim to improve Adeleke-Macpherson
Theorem (Theorem 1.5.22) to replace “preserves a limit of D-relations” by “preserves

an (L, S)-structure.”

Question 2. In Definition 1.5.19 of limits of D-relations, can we consider (J,<) a

semilinearly ordered set rather than linear, and require it to be G-invariant?

As an attempt to tackle this, assume that F = {T"; : i € I} a chain of Jordan sets with I is
a totally ordered set as in the Definition of a limit of D-relations. Let * be the translate
of F,ie. F* ={I'9:T € F,g € G}, where G is an infinite permutation Jordan group. Our

goal is to show that F* is a semilinearly ordered set by inclusion.

In order to show this we try to prove whenever I' € F*, then the set {A € F*: ' c A} is

totally ordered by inclusion.

Question 3. (i) Show that the structure M is not homogeneous, i.e. there is
some isomorphism between finite substructures of M cannot be extended to an

automorphism.
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(i1) Can we homogenise the structure M, that is, find finitely many invariant relations
such that M becomes homogeneous when symbols are added for these relations.

Question 4. Give an algebraic construction of a limit of D-relations, e.g. via valued

fields.

Question 5. Study the model theory of our construction, e.g. investigate whether M

satisfies NIP.

Question 6. If M is the structure constructed in Chapters 2 and 3, and G = Aut(M),
let f(k) be the number of orbits of G on the set of k-subsets of M. How fast does the

sequence (f(k)) grow? Is it bounded above by some exponential function?
Question 7. Is there a relationship between limits of B-relations and limits of Drelations?

Question 8. Could the group G preserve a limit of B-relations, or a limit of Steiner

systems?

Question 9. By the procedure that used to build the structure M, can one construct further

examples?
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