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Abstract

Truemper configurations are four types of graphs that helped us understand the structure of
several well-known hereditary graph classes. The most famous examples are perhaps the class
of perfect graphs and the class of even-hole-free graphs: for both of them, some Truemper
configurations are excluded (as induced subgraphs), and this fact appeared to be useful, and

played some role in the proof of the known decomposition theorems for these classes.

The main goal of this thesis is to contribute to the systematic exploration of hereditary graph
classes defined by forbidding Truemper configurations. We study many of these classes, and we
investigate their structure by applying the decomposition method. We then use our structural
results to analyze the complexity of the maximum clique, maximum stable set and optimal
coloring problems restricted to these classes. Finally, we provide polynomial-time recognition

algorithms for all of these classes, and we obtain y-boundedness results.
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Chapter 1

Introduction

For some basic graph-theoretic definitions, we refer the reader to [49].

All graphs in this thesis are finite and simple. Given two graphs F' and G, we say that F is
an induced subgraph of G if F' can be obtained from G just by deleting vertices. Also, we say
that G contains F if F is isomorphic to an induced subgraph of G, and that G is F-free if G
does not contain F. For a (possibly infinite) family of graphs F, we say that G is F-free if G
is F-free for every F' € F. This thesis is about hereditary graph classes, which are classes of
graphs that are closed under taking induced subgraphs. This means that, given a hereditary
graph class G and a graph G € G, all (isomorphic copies of) induced subgraphs of G belong
to G. It is easy to see that every hereditary graph class admits a characterization in terms of
forbidden induced subgraphs, and a graph class that is defined by a set of forbidden induced
subgraphs is obviously hereditary. So, given any hereditary graph class G, G is equivalent to

the class of graphs that are F-free for some suitable choice of F.

Let G be a graph. A clique (resp. stable set) of G is a set of pairwise adjacent (resp. non-adjacent)
vertices of G. The chromatic number of G, denoted by x(G), is the minimum number of colors

needed to color the vertices of G so that no adjacent vertices receive the same color.

The main goal of this thesis is to develop efficient algorithms for solving optimization problems
on graphs, such as finding a largest clique or stable set, or the value of the chromatic number of
a given input graph. All of these problems have countless practical applications. For instance,
suppose that you want to throw a party, and so you invite a certain number of guests. Now, let
us make things simple and let us assume that, given any two of your guests, they either like each
other or they do not. You want to assign people to tables in such a way that you do not create
conflicts. In other words, if two guests do not like each other, then you do not want them to be
assigned to the same table. Clearly, you may assign each person to a different table, and to do
this you would need as many tables as the number of guests. However, in most cases this is not
the optimal solution. So, what is the minimum number of tables needed? This problem can be
easily mapped into a graph problem, which is solved by computing the chromatic number of a
graph. This is done by considering a graph whose vertices represent guests, and by assuming

that any two vertices are adjacent if and only if the corresponding guests do not like each other.



Unfortunately, for all the optimization problems mentioned above, polynomial-time algorithms
do not appear to exist in general, and hence it is highly unlikely that these problems can be
solved efficiently by a computer. So, one possible approach to deal with this is to find classes of
graphs for which these problems can be solved in polynomial time. This usually happens when
some configurations are excluded (for example as induced subgraphs), and hence some structure
is imposed on the input graph. However, sometimes they remain hard even when considerable
restrictions are applied. This happens, for instance, for the problem of deciding whether a given
triangle-free graph (that is, a graph that does not contain complete graphs on three vertices)
admits a coloring that uses at most three colors, even when the maximum degree of the graph
is four [29]. If a difficult optimization problem can be solved in polynomial time for a given
class, then this class must have some “strong” structure. Understanding structural properties
that allow the design of efficient algorithms is our primary interest. In this thesis, we will
limit our attention to hereditary graph classes, as many interesting graph classes can in fact be

characterized as being F-free for some family of graphs F.

Another algorithmic problem we will be interested in throughout this thesis is the recognition
problem, which is the problem of deciding whether an input graph belongs to a given class.
This problem does not seem to admit a polynomial-time algorithm for many hereditary graph
classes (we will encounter some of them later on in this thesis; see Chapter 3), and hence, again,

it is of interest to identify classes of graphs for which efficient algorithms are available.

A graph whose vertex set is a clique is called a complete graph. Given a graph G, we denote by
w(@G) the cligue number of G, that is, the size of a largest clique of G. Clearly, x(G) > w(G)
for every graph G. What can we say about the graphs G that satisfy x(G) = w(G)? Do they
have an interesting structure? The answer turns out to be negative. Indeed, let G; and G2 be
graphs on disjoint vertex sets; in particular, let G; be any graph and let G5 be complete, and
assume that |V (G1)| = |V(G2)|. Now, consider the graph G such that V(G) = V(G1) UV (G2)
and E(G) = E(G1)U E(Gy). Then w(G) = w(G2), x(G1) < |V(G1)] = w(G2), x(G2) = w(G2),
and hence x(G) = max{x(G1), x(G2)} = w(G), but our graph G does not have any particular
structure! This observation led Berge to define in the 60’s the class of perfect graphs as follows:
a graph G is perfect if, for every induced subgraph F' of G, x(F') = w(F'). Clearly, the class of
perfect graphs is hereditary, and therefore it admits a characterization in terms of (minimal)
forbidden induced subgraphs; finding such a characterization has been a long-standing open
problem, settled in 2006 with the Strong Perfect Graph Theorem [9]. If we define a hole to be
a chordless cycle of length at least four, and an odd hole (resp. even hole) to be a hole of odd
(resp. even) length, then we say that a graph G is Berge if G contains neither an odd hole nor
the complement of an odd hole, and the Strong Perfect Graph Theorem states that a graph is
perfect if and only if it is Berge. Let k > 1 be an integer, and let Cgy1 (resp. Cory1) denote a
chordless cycle (resp. the complement of a chordless cycle) of length 2k+1. Then w(Cori1) = 2
and x(Cay1) = 3, and w(Capy1) = k and x(Caxr1) = k + 1. This proves that every perfect
graph is Berge. Showing that every Berge graph is perfect is instead a much harder task, and

its proof [9] is very long and technical.

Following Gyarfas [21], we now want to generalize the notion of perfection. A graph class G is
said to be x-bounded provided that there exists a function f : N — N such that, for all G € G



and for every induced subgraph F of G, x(F) < f(w(F)). Note that a hereditary graph class
G is x-bounded if and only if there exists a function f : N — N such that every graph G € G
satisfies x(G) < f(w(@G)). Clearly, the class of perfect graphs is the class of graphs y-bounded
by the identity function. Observe that not all graph classes are y-bounded; for instance, it
is well known [33] that triangle-free graphs can have arbitrarily large chromatic number, even
though their clique number is at most two. Therefore, a very natural question to ask is: what
choices of forbidden induced subgraphs guarantee that a graph class is y-bounded? In this
thesis, we will provide tighter bounds on the chromatic number of several hereditary graph

classes that are known already to be x-bounded.

The decomposition method.

The way we investigate hereditary graph classes is based on the use of the decomposition method,
a very powerful technique that has been already successfully applied in the past few decades in
order to obtain some important results [9, 12, 13, 14, 15]. For further references see for example
[48]. The decomposition method is a divide and conquer approach, and allows us to understand
complex structures by breaking them down into simpler ones. Once these simpler structures are
understood, this knowledge is propagated back to the original structure by understanding how

their composition behaves.

Let G be a connected graph. A subset S of vertices and/or edges of G is a cutset if its removal
results in a disconnected graph. The cutset S is called a vertex cutset (resp. edge cutset) if it only
consists of vertices (resp. edges) of G. A general decomposition theorem for a given hereditary

graph class G has the following form.

Decomposition Theorem. If a graph G belongs to class G, then G is either “basic” or admits
a cutset S for some S € S.

Depending on what one wants to prove about the graph class G using a given decomposition
theorem, basic graphs and cutsets in S must have adequate properties. For example, the fact
that every Berge graph is perfect (and hence, the Strong Perfect Graph Theorem [9]) was proved
using a decomposition theorem for Berge graphs, by ensuring that basic graphs were simple
in the sense that the theorem could be easily proved for them, and the cutsets in S had the
property that no minimal imperfect graph could contain them (or if it did it would have to be

an odd hole or the complement of one).

Suppose now that we want to solve a given optimization problem on G, and assume that some
decomposition theorem has already been proved for our class. The general approach will follow

the two steps below.

1. We consider any graph G € G, and, by removing a cutset S € S from G, we disconnect
the graph in two or more components. From these components blocks of decomposition
are then constructed in a suitable way, typically by adding some more vertices and edges

in such a way that the resulting graphs still belong to class G. So, by repeating the same
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procedure, we construct a decomposition tree T, whose root is the input graph G, and,
for every non-leaf vertex H of T, the children of H in T are the blocks of decomposition
of H w.r.t. some cutset in S. Also, the leaves L of T" are such that they do not admit any
of the cutsets in S, and hence, by the decomposition theorem, they are basic graphs.

2. Assuming that, for every leaf L of T', we can solve efficiently our optimization problem,
through a bottom-up approach we now want to construct a polynomial-time algorithm
that solves the same problem on G. Hopefully, this will be made possible by exploiting
the structure of the cutsets involved in the decomposition theorem. In order for such
an algorithm to have polynomial running time, observe that we also need to ensure that
T can be constructed in polynomial time (this means that we must be able to find the

cutsets in polynomial time, and that the decomposition tree must be polynomial in size).

By following a very similar approach, we can also attempt to solve a recognition problem for G,
provided that the decompositions are class-preserving. In other words, we need that G belongs
to G if and only if all the blocks of decomposition of G w.r.t. any of the cutsets in S belong to G.
If this holds, then the problem of deciding whether G belongs to G reduces to checking whether
the leaves of the decomposition tree are basic graphs, which is typically easier. Unfortunately,
decompositions that are class-preserving are not often available. Later on in this thesis we will
give several polynomial-time recognition algorithms; some of them are decomposition-based,

some others are just direct algorithms that detect the obstructions (if any).

The decomposition method can also help us prove y-boundedness results for a given hereditary
graph class G. We will have to show that all graphs in G are either in some well understood
basic class (in the sense that the bound on the chromatic number can be easily proved for them
directly), or can be cut into pieces by some appropriate decomposition that in a sense preserves

the bound that is to be proven.

Clearly, when applying the decomposition method, the key is finding a compromise between
dealing with sufficiently simple basic graphs and sufficiently strong structured cutsets. Also,
note that this is just an ideal scenario, which works very well only for a few graph classes,
for example for chordal graphs, i.e. hole-free graphs. Indeed, in order to keep the basic graphs
simple, we often need to decompose a graph with the help of really exotic cutsets. Unfortunately,

it is not clear how to use some of them to successfully complete the decomposition paradigm.

Given a graph G, a set S C V(G) is a clique cutset of G if S is a clique and a cutset of G.
Clique cutsets will appear several times in this thesis. These cutsets are particularly simple
to deal with, and their strong structure is very useful when trying to design decomposition-
based algorithms [43]; we refer the reader to Chapter 2 for further details. The reason why the
decomposition method is so successful when applied to the class of chordal graphs is basically
due to the fact that a decomposition theorem involving only clique cutsets is available for such
a class. This was first proved in [18], and states that a chordal graph is either a complete graph

or it admits a clique cutset.

However, in many other cases it turns out that clique cutsets do not suffice to decompose a

given graph down to simple basic graphs, and hence a need for more general cutsets emerges.

4



Observe that, with clique cutsets, one can only separate vertices that are not contained in a
hole. When we need to break a hole, we may try to use a vertex that has neighbors in this
hole as a center of a star cutset, where a star cutset of a graph G is cutset of G consisting of
a vertex (called the center) and some of its neighbors. Dealing with star cutsets (and their

generalizations) is usually a very hard task, and how to use them is still mostly unknown.

Truemper configurations.

Special types of graphs that are called Truemper configurations (or TC’s, for short) will play
an important role throughout this thesis, so let us introduce them here. We denote by K,, the

complete graph on n vertices; a K3 is also referred to as a triangle.

A 3PC(z,y) (or a theta) is a graph induced by three internally vertex-disjoint chordless paths
P=x...,y, Pb=x,...,yand P; = x,...,y, of length at least two, and such that no edges

exist between the paths except the three edges incident to z and the three edges incident to y.

A 3PC(z1zox3,y) (or a pyramid) is a graph induced by three chordless paths P, = x1,...,y,
Py = x5,...,y and P3 = x3,...,y, of length at least one, two of which have length at least
two, vertex-disjoint except at y, and such that {z1, 2, z3} induces a triangle and no edges exist

between the paths except those of the triangle and the three edges incident to y.

A 3PC(z1x223,1191y3) (or a prism) is a graph induced by three vertex-disjoint chordless paths
P =x,...,01n, Po = x3,...,y2 and P3s = x3,...,ys, of length at least one, and such that
{x1,22,23} and {y1,y2, y3} both induce a triangle and no edges exist between the paths except

those of the two triangles.
A three-path-configuration (or 8PC, for short) is any theta, pyramid or prism.

Finally, a wheel is a graph that consists of a hole (called the rim) and an additional vertex
(called the center) that has at least three neighbors in the hole.

A TC is any 3PC or wheel. Truemper configurations are depicted in Figure 1.1, where a solid

line denotes an edge and a dashed line denotes a chordless path of length at least one.

They first appeared in a theorem of Truemper [45] that characterizes graphs whose edges can
be assigned a {0, 1}-weight so that the sum of the weights of the edges of every chordless cycle
in the graph has a prescribed parity. This theorem states that this can be done for a given
graph G if an only if it can be done for all induced subgraphs of G that are thetas, pyramids,

prisms, wheels or K,’s.

The configurations that Truemper identified in his theorem ended up playing an important
role in understanding the structure of several different graph classes through the decomposition
method. In fact, many decomposition theorems for well-known hereditary graph classes are
proved by studying how some Truemper configuration contained in the graph attaches to the
rest of the graph, and often, the study relies on the fact that some other Truemper configurations
are excluded from the class. The most famous examples are perhaps the class of perfect graphs

and the class of even-hole-free graphs [9, 12, 15] (see also surveys [44, 48]), but many more exist.
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Figure 1.1: Truemper configurations

Pyramids and wheels that contain an odd number of triangles (i.e. odd wheels) are excluded
structures for perfect graphs, and prisms and wheels that are not odd play a key role in the proof
of the decomposition theorem for perfect graphs in the sense that they appear as structures
around which the actual decomposition takes place. Similarly, thetas, prisms and wheels whose
center has an even number of neighbors in the rim (i.e. even wheels) are excluded structures
for even-hole-free graphs, and pyramids appear as basic graphs in the decomposition theorem
for even-hole-free graphs. Both the decomposition theorems for these classes use star cutsets
and 2-joins (where a 2-join is an edge cutset which we know how to use in algorithms), as well
as different generalizations of these. As we mentioned already, it is not clear how to deal with
star cutsets in algorithms, and therefore many problems still remain unsolved. In particular,
the complexity of the maximum stable set and optimal coloring problems is still not known for
even-hole-free graphs, and also it is not known how to solve these problems (together with the
maximum clique problem) for perfect graphs by a purely graph-theoretic algorithm (it is known
that they can be solved in polynomial time for perfect graphs using the ellipsoid method [20]).

The aim of this thesis is to contribute to the systematic exploration of hereditary graph classes
defined by forbidding Truemper configurations. In light of the examples given above, this study
might provide insight into well-known hereditary graph classes, besides being interesting in
itself. As every Truemper configuration contains a hole, all these classes will be generalizations
of the class of chordal graphs. A class for which a decomposition theorem has been known for
many years is the one of universally signable graphs [14], which is the class where all Truemper
configurations are excluded. These graphs are either complete graphs, or holes, or they admit
a clique cutset. Such a decomposition theorem led to polynomial-time algorithms to solve the
recognition problem, as well as all the optimization problems we are interested in. A few other
classes have been studied very recently [16, 39, 40], and a few other decomposition theorems
established.



Structure of the thesis and main results.

We first need a few more definitions. Consider a wheel. A subpath of its rim, of length at least
one, whose endpoints are adjacent to the center but whose interior vertices are not, is called a
sector. A sector is short if it is of length one, and long otherwise. A twin wheel is a wheel that
has two short sectors and one long sector, and a universal wheel is a wheel that has only short
sectors. Finally, an alternating wheel is a wheel with an even number of sectors, and such that

these sectors alternate between short and long sectors.

A claw is a graph induced by a vertex, say x, and three pairwise non-adjacent neighbors of x.

A diamond is a graph obtained from a K, by removing a single edge.

This thesis consists of two main chapters, Chapter 2 and Chapter 3.

e In Chapter 2 we present [3], written in collaboration with Penev and Vuskovié. In this
chapter, we study the class Gyt of graphs that may contain universal wheels, twin wheels,
and no other Truemper configurations. Also, we consider three proper subclasses of Gyr:
Gu (resp. Gr) is the class of graphs that, out of all Truemper configurations, may only
contain universal wheel (resp. twin wheels), and G2 is the class of all the graphs in
Gyt that are cap-free, where a cap is a graph induced by a hole and a vertex that has
two neighbors in the hole, and these neighbors are consecutive vertices of the hole. Note
that the class of chordal graphs is a subclass of each of our four classes, and the class of

universally signable graphs is a subclass of each of Gy, Gy, Gr.

For all the four classes, we prove decomposition theorems that only use clique cutsets, as
it happens for chordal graphs and universally signable graphs. In order to achieve this,
however, the classes of basic graphs that appear must be larger, and so they do not contain
only complete graphs and holes. We show that our decomposition theorems for classes Gy,
Gt and g%aﬁ})'free allow us to design decomposition-based polynomial-time algorithms that
solve (most of) the optimization problems we are interested in (see Chapter 2 for details).
The same does not hold for class Gur, for which the question of whether (most of) these
problems can be solved efficiently remains open (again, we refer the reader to Chapter 2
for details). We also provide polynomial-time recognition algorithms, and x-boundedness
results, for all the four classes. All of these results (but the one that gives a x-bounding

function for class Gyr) rely on our decomposition theorems for Gy, Gy, Gt and gfﬁf"ﬁee

e In Chapter 3 we present [4], a joint work with Radovanovi¢ and Vuskovié. Here, we study
the class G of graphs that, out of all Truemper configurations, may only contain prisms
and alternating wheels. It is easy to see that all the forbidden Truemper configurations
contain a claw or a diamond, and therefore the class of (claw,diamond)-free graphs is a
subclass of G. Also, (claw, diamond)-free graphs have been studied already in the past,
and some of their properties established. In particular, every (claw,diamond)-free graph
G satisfies x(G) < w(G) + 1 [22] (this is called the Vizing’s bound); observe that this
bound is best possible, as G is not necessarily perfect. We wondered whether the same

result extends to graphs in G, and this was the main motivation for our investigation.
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So, for a decomposition theorem for class G, (claw, diamond)-free graphs represent a very
natural choice for the class of basic graphs. The decomposition theorem we prove for class
G uses clique cutsets and star cutsets, which are needed to decompose any given graph
in G down to (claw, diamond)-free graphs. Although the star cutsets that appear satisfy
additional constraints (we refer the reader to Chapter 3 for details), they do not seem to
be powerful enough to prove the Vizing’s bound for graphs in G, which we leave as an
open problem. By considering only Kj4-free graphs in G, however, these cutsets simplify
even further (they become five-vertex cutsets with a lot of nice properties), and so we are
able to prove that x(G) < w(G) + 1 for every graph G € G that does not contain a Kj.

In addition to this, we provide two polynomial-time algorithms that solve the recognition

problem for G; none of them, though, rely on our decomposition theorem for class G.



Chapter 2

Clique cutsets beyond chordal
graphs

In this chapter we present [3].

Abstract. Truemper configurations (that is, thetas, pyramids, prisms and wheels) have played
an important role in the study of complex hereditary graph classes (e.g. the class of perfect
graphs and the class of even-hole-free graphs), appearing both as excluded configurations, and
as configurations around which graphs can be decomposed. In this chapter, we study the
structure of graphs that contain (as induced subgraphs) no Truemper configurations other than
(possibly) universal wheels and twin wheels. We also study several subclasses of this class. We
use our structural results to analyze the complexity of the recognition, maximum weight clique,
maximum weight stable set and optimal coloring problems for these classes. Furthermore, we

obtain polynomial x-bounding functions for these classes.

2.1 Introduction

All graphs in this chapter are finite, simple and non-null. We say that a graph G contains a
graph F' if F' is isomorphic to an induced subgraph of G, and G is F'-free if G does not contain
F. For a family of graphs F, we say that G is F-free if G is F-free for every F' € F. A class
of graphs is hereditary if, for every graph G in the class, all (isomorphic copies of) induced
subgraphs of G belong to the class. Note that a graph class G is hereditary if and only if there
exists a family F of graphs such that G is precisely the class of F-free graphs (the “if” part
is obvious; for the “only if” part, we can take F to be the collection of all graphs that do not

belong to G, but all of whose proper induced subgraphs do belong to G).

Configurations known as thetas, pyramids, prisms and wheels (defined below) have played an
important role in the study of such diverse (and important) classes as the classes of regular
matroids, balanceable matrices, perfect graphs and even-hole-free graphs (for a survey, see [48]).

These configurations are also called Truemper configurations, as they appear in a theorem due
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to Truemper [45] that characterizes graphs whose edges can be labeled so that all induced cycles
have prescribed parities. In this chapter, we study various classes of graphs that are defined by

excluding certain Truemper configurations.

A hole is an induced cycle on at least four vertices, and an antihole is the complement of a hole.
The length of a hole or antihole is the number of vertices that it contains. A hole or antihole is
long if it is of length at least five. A hole or antihole is odd (resp. even) if its length is odd (resp.
even). For an integer k > 4, a k-hole (resp. k-antihole) is a hole (resp. antihole) of length k.

A theta is any subdivision of the complete bipartite graph Ks3; in particular, Ky 3 is a
theta. A pyramid is any subdivision of the complete graph K, in which one triangle remains
unsubdivided, and, of the remaining three edges, at least two edges are subdivided at least
once. A prism is any subdivision of Cg (where Cg is the complement of C) in which the two
triangles remain unsubdivided; in particular, Cy is a prism. A three-path-configuration (or 3PC,
for short) is any theta, pyramid or prism; the three types of 3PC are represented in Figure 1.1.

A wheel is a graph that consists of a hole and an additional vertex that has at least three
neighbors in the hole. If this additional vertex is adjacent to all the vertices of the hole, then
the wheel is said to be a universal wheel; if the additional vertex is adjacent to three consecutive
vertices of the hole, and to no other vertices of the hole, then the wheel is said to be a twin
wheel. For k > 4, the universal wheel on k + 1 vertices is denoted by Wy, and the twin wheel
on k + 1 vertices is denoted by W}. A proper wheel is a wheel that is neither a universal wheel

nor a twin wheel. Note that every proper wheel has at least six vertices.

A Truemper configuration is any 3PC or wheel. Observe that every Truemper configuration
contains a hole. Note, furthermore, that every theta or prism contains an even hole, and every
pyramid contains an odd hole. Thus, even-hole-free graphs contain no thetas and no prisms,

and odd-hole-free graphs contain no pyramids.

As usual, given a graph G, we denote by x(G) the chromatic number of G, by w(G) the clique
number (i.e. the maximum size of a clique) of G, and by «(G) the stability number (i.e. the
maximum size of a stable set) of G. A graph G is perfect if all its induced subgraphs F' satisfy
X(F) = w(F). A graph is Berge if it contains no odd holes and no odd antiholes. The famous
Strong Perfect Graph Theorem [9] states that a graph is perfect if and only if it is Berge.
The main ingredient of the proof of the Strong Perfect Graph Theorem is a decomposition
theorem for Berge graphs; wheels play a particularly important role (as configurations around
which graphs can be decomposed) in the proof of this decomposition theorem. Since perfect
graphs are odd-hole-free, we see that perfect graphs contain no pyramids; in fact, detection of
pyramids plays an important role in the polynomial-time recognition algorithm for Berge (or,

equivalently, perfect) graphs [7].

A graph is chordal if it contains no holes. Clearly, every Truemper configuration contains a
hole, and consequently, chordal graphs contain no Truemper configurations. A clique cutset of

a graph G is a (possibly empty) clique C such that G \ C is disconnected.

Theorem 1. ([18]) If G is a chordal graph, then either G is a complete graph or it admits a

clique cutset. Furthermore, chordal graphs are perfect.
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A graph G is universally signable if, for every prescription of parities to the holes of G, there
exists an assignment of zero or one weights to the edges of G such that, for each hole, the sum of
the weights of its edges has the prescribed parity, and, for every triangle, the sum of the weights
of its edges is odd. Clearly, every chordal graph is universally signable: we simply assign weight
one to each edge. Note, however, that holes are universally signable, and so not all universally

signable graphs are chordal, and, moreover, not all universally signable graphs are perfect.

Theorem 2. ([14]) A graph is universally signable if and only if it contains no Truemper
configurations. Furthermore, if G is a universally signable graph, then either G is a complete

graph or a hole, or it admits a clique cutset.

In this chapter, we are interested in a superclass of universally signable graphs. In particular,
we study the class of (3PC, proper wheel)-free graphs; we call this class Gyr. Clearly, the only
Truemper configurations that graphs in Gyt may contain are universal wheels and twin wheels.
In view of Theorem 2, we see that the class of universally signable graphs is a proper subclass

of class Gyr.

We also study three subclasses of Gyr. Gy is the class of all (3PC, proper wheel, twin wheel)-free
graphs, and Gr is the class of all (3PC, proper wheel, universal wheel)-free graphs. Clearly, the
only Truemper configurations that graphs in Gy may contain are universal wheels, and the only
Truemper configurations that graphs in Gt may contain are twin wheels. A cap is a graph that

consists of a hole and an additional vertex that is adjacent to two consecutive vertices of the

hole and to no other vertices of the hole. fo%"free is the class of all (3PC, proper wheel, cap)-
free graphs. Clearly, gU,QT,QICﬁF'free are all proper subclasses of Gyr. Furthermore, classes

QU,QT,QICJ?'&% are pairwise incomparable, that is, none of the three classes are included in
either of the remaining two. Since every Truemper configuration and every cap contains a hole,
we see that the class of chordal graphs is a (proper) subclass of each of our four classes (i.e.
classes QUT,QU,QT,QB%{’_MQ). Furthermore, by Theorem 2, the class of universally signable
graphs is a proper subclass of each of Gyr, Gy, Gr. However, the class of universally signable

graphs and class g{’;t}"fm are incomparable, that is, neither is a subclass of the other (indeed,

caps are universally signable, but do not belong to gffo"free; on the other hand, universal wheels

and twin wheels belong to gg‘%ﬁ"free, but they are not universally signable).

In Subsection 2.1.1, we describe our structural results, and, in Subsection 2.1.2, we describe our
results that involve x-boundedness and algorithms. Moreover, in Section 2.2, we introduce some
terminology and notation (mostly standard) that we use throughout the chapter, and we prove
a few simple lemmas. Finally, in Sections 2.3-2.8, we prove the results outlined in Subsections
2.1.1 and 2.1.2.

2.1.1 Results: Decomposition theorems for classes Gy, Gu, G, Q{}a{"free

In this subsection, we state our decomposition theorems for classes Gyr, Gy, G, Qfﬁl?'free. We

first define classes By, Bu, Br, B%a%)'fmc, which we think of as “basic” classes corresponding to
-free . cap-free

Gur, Gu, Gr, GGR ", respectively. For each of the classes Gur, Gu, Gr, Gim , we show that

every graph in the class either belongs to the corresponding basic class or admits a clique cutset.

11



We state these theorems in the present subsection, and we prove them in Sections 2.3-2.6.

The complement of a graph G is denoted by G. As usual, a component of G is a maximal
connected induced subgraph of G. A graph is anticonnected if its complement is connected. An
anticomponent of a graph G is a maximal anticonnected induced subgraph of G. (Thus, C is
an anticomponent of G if and only if C' is a component of G.) Note that anticomponents of a
graph G are pairwise “complete” to each other in G, that is, all possible edges between each
pair of distinct anticomponents of G are present in G. A component or anticomponent is trivial

if it has just one vertex, and it is non-trivial if it has at least two vertices.

Lemma 3. Let G and F be graphs, and assume that F is anticonnected. Then G is F-free if

and only if all anticomponents of G are F-free.
ProoF. This follows immediately from the appropriate definitions. W

For an integer k > 4, a k-hyper-hole (or a hyper-hole of length k) is any graph obtained from a
k-hole by blowing up each vertex to a non-empty clique of arbitrary size. Similarly, a k-hyper-
antihole (or a hyper-antihole of length k) is any graph obtained from a k-antihole by blowing
up each vertex to a non-empty clique of arbitrary size. A hyper-hole or hyper-antihole is long

if it is of length at least five.

A ring is a graph R whose vertex set can be partitioned into k > 4 non-empty sets, say
X1,..., Xk (with subscripts understood to be in Zj), such that, for every i € Zy, X; can be
ordered as X; = {uﬁ,...,u‘ixi‘} so that X; C NR[“fxi\] C--- C Np[ul]=X;,_1 UX; UX;41.
Under these circumstances, we say that the ring R is of length k, as well as that R is a k-ring.
A ring is long if it is of length at least five. Furthermore, we say that (Xi,...,Xy) is a good
partition of the ring R. We observe that every k-hyper-hole is a k-ring.

Given a graph G and distinct vertices z,y € V(G), we say that x dominates y in G, or that y
is dominated by x in G, provided that Ng[y] C Ngx].

Lemma 4. Let G be a graph, and let (X1, ..., Xg), with k > 4 and subscripts understood to be
in Zy, be a partition of V(G). Then G is a k-ring with good partition (X1,...,Xy) if and only
if all the following hold:

(i) Xq,..., Xy are cliques;
(i) for all i € Zy, X; is anticomplete to V(G) \ (X;-1 U X; U Xi41);
(i) for all i € Zy, some vertex of X; is complete to X;—1 U X;41;
() for alli € Zy, and all distinct y;,y; € X;, one of y;,y; dominates the other.
PRrROOF. This readily follows from the definition of a ring. M
Let Byt be the class of all graphs G that satisfy at least one of the following:
e (G has exactly one non-trivial anticomponent, and this anticomponent is a long ring;
e G is (long hole, K5 3, Cp)-free;
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e o(G) = 2, and every anticomponent of G is either a 5-hyper-hole or a (Cj, Cg)-free graph.

Note a(K23) = 3, and that holes of length at least six have stability number at least three.
Thus, graphs of stability number at most two contain no Kj 3 and no holes of length at least
six; consequently, note that (Cj,Cg)-free graphs of stability number at most two are in fact
(long hole, K> 3, Cg)-free.

Let By be the class of all graphs G that satisfy one of the following;:
e (G has exactly one non-trivial anticomponent, and this anticomponent is a long hole;
o all non-trivial anticomponents of G are isomorphic to Ks.

Let Bt be the class of all complete graphs, rings and 7-hyper-antiholes.

As usual, a graph is bipartite if its vertex set can be partitioned into two (possibly empty)
stable sets. A graph is co-bipartite if its complement is bipartite. A chordal co-bipartite graph
is a graph that is both chordal and co-bipartite. Let B[Cjaq?'free be the class of all graphs G that

satisfy one of the following;:

e (G has exactly one non-trivial anticomponent, and this anticomponent is a hyper-hole of

length at least six;
e every anticomponent of G is either a 5-hyper-hole or a chordal co-bipartite graph.

Note that every anticomponent of a complete graph is a chordal co-bipartite graph. Thus,
complete graphs belong to B%ajg_free. Furthermore, if a graph G contains exactly one non-trivial

anticomponent, and this anticomponent is a long hyper-hole, then G € B%arf"free

By Lemma 14(iv) (which will be stated and proved in Section 2.2), rings are (3PC, proper
wheel, universal wheel)-free. Consequently, rings belong to Gr and to Gur. Using this fact, we

easily obtain the following lemma.
Lemma 5. Bur C Gur, Bu C Gu, Br C Gr, and Bie ™ C Giw ™.

PROOF (ASSUMING LEMMA 14). It follows from Lemma 14(iv) that rings belong to Gr and to
Gur. Furthermore, note that the only Truemper configurations that are not anticonnected are
the theta K> 3, the twin wheel W/, and universal wheels. The result now follows from Lemma

3 and routine checking. W

We now state our decomposition theorems for classes Gur, Gu, G, ggﬁ&"ﬁee. We prove these

theorems in Sections 2.3-2.6.

Theorem 6. FEvery graph in Gur either belongs to Byt or admits a clique cutset.
Theorem 7. Every graph in Gy either belongs to By or admits a clique cutset.
Theorem 8. Every graph in Gt either belongs to Bt or admits a clique cutset.

Theorem 9. Ewvery graph in gga{i"free either belongs to BCU%E’_&% or admits a clique cutset.
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A composition theorem for a given class G is a theorem that states that every graph in G either
is “basic” (i.e. it belongs to some well-understood subclass of G) or can be built from smaller
graphs via one of several “class-preserving compositions”, where a class-preserving composition
for G is an operation that, when applied to graphs that belong to G, produces a graph that also
belongs to G.

The clique cutset decomposition has a natural reverse operation, namely the operation of “gluing
along a clique”. Let G; and G2 be graphs, and assume that C = V(G1) NV (G2) is a (possibly
empty) clique. Let G be the graph such that V(G) = V(G1) UV (Gs2) and E(G) = E(G1) U
E(G5). Under these circumstances, we say that G is obtained by gluing G1 and Gs along the
clique C, or simply that G is obtained from G; and Gs by gluing along a clique.

Lemma 10. Let F be a family of graphs, none of which admit a clique cutset, and let G be the
class of F-free graphs. Let B be a subclass of G. Assume that every graph in G either belongs
to B or admits a clique cutset. Then a graph belongs to G if and only if it can be obtained from

graphs in B by repeatedly gluing along cliques.
PRrROOF. This readily follows from appropriate definitions. H

Since no 3PC and no wheel admits a clique cutset, Lemmas 5 and 10 imply that Theorems 6,
7 and 8 can readily be converted into composition theorems. On the other hand, since every

cap admits a clique cutset, the same does not hold for Theorem 9.

2.1.2 Results: y-Boundedness and algorithms

In Section 2.7, we study y-boundedness. A graph class G is said to be y-bounded provided that
there exists a function f : Nt — N7T (called a y-bounding function for G) such that, for all
graphs G € G, all induced subgraphs F' of G satisfy x(F) < f(w(F)). Note that a hereditary
graph class G is y-bounded if and only if there exists a function f : NT — NT such that
every graph G € G satisfies x(G) < f(w(G)). x-Boundedness was introduced by Gydrfas [21]
as a natural generalization of perfection: clearly, the class of perfect graphs is hereditary and
Xx-bounded by the identity function. It follows from [27] that the class of theta-free graphs is
x-bounded; consequently, our four classes (i.e. classes Gur, Gu, Gr, gfﬁ})'ﬁee) are all y-bounded.
Unfortunately, the x-bounding function from [27] is superexponential. Using our structural
results, we obtain polynomial x-bounding functions for our four classes. In fact, we obtain
cap-free.

linear x-bounding functions for Gy, Gr and Gyt ; our y-bounding function for Gyt is a

fourth-degree polynomial function.

Finally, in Section 2.8, we turn to the algorithmic consequences of our structural results. We

consider four algorithmic problems:

e the recognition problem, i.e. the problem of determining whether an input graph belongs

to a given class;

e the maximum weight stable set problem (MWSSP), i.e. the problem of finding a maximum

weight stable set of an input weighted graph (with real weights);
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e the maximum weight clique problem (MWCP), i.e. the problem of finding a maximum

weight clique of an input weighted graph (with real weights);

e the optimal coloring problem (ColP), i.e. the problem of finding an optimal coloring of an

input graph.

We remark that all our algorithms are robust, that is, they either produce a correct solution to
the problem in question for the input (weighted) graph, or they correctly determine that the
graph does not belong to the class under consideration. (If the input graph does not belong
to the class under consideration, a robust algorithm may possibly produce a correct solution
to the problem in question, rather than determine that the input graph does not belong to the

class.)

A summary of our results is given in the table below. As usual, n is the number of vertices and
m the number of edges of the input graph. For the sake of compactness, we write O(nm) and
O(n?*m) instead of O(n? +nm) and O(n® + n?*m), respectively. Question marks indicate open
problems, and not all y-bounding functions given in the table are optimal (this is discussed in

more detail below).

’ H Recognition \ MWSSP \ MWCP \ ColP \ y-Boundedness ‘

Gur O(n") ? NP-hard ? x < 2w?

Gu O(nm) O(mm) | Omm) [1] | O(nm) | x <w+1
Gr O(n?) O(n?m) O(nm) ? X < [3w]
Genprtree O(n°) on?) O(n?) O@®) | x < 3w)

Most of our algorithms rely on Theorems 6, 7, 8 and 9. Since all four theorems involve clique
cutsets, most of our algorithms also rely on techniques developed in [43] for handling clique

cutsets.

At this time, we do not know whether rings can be optimally colored in polynomial time, and,

for this reason, we do not know the complexity of the ColP for class Gr.

As shown in the table, an O(n? +nm)-time algorithm solving the MWCP for class Gy was given
in [1]; that algorithm relies on LexBF'S [41]. In the present chapter, we give a different algorithm
that solves the MWCP for class Gy (our algorithm has the same complexity as the one from [1],
but it relies on our structural results for class Gy). Further, we note that the complexity of the
ColP for class Gy was left open in [1]; here, we give a polynomial-time algorithm that solves this
problem. Finally, we note that it was shown in [1] that every graph G € Gy has a bisimplicial
vertex, i.e. a vertex whose neighborhood can be partitioned into two (possibly empty) cliques;
this result immediately implies that every graph G € Gy satisfies x(G) < 2w(G) — 1. Using our

structural results, we obtain a better y-bounding function for class Gy.

We define the join of graphs G4, . . . , Gy on pairwise disjoint vertex sets to be a graph G such that
V(@) =U'_, V(Gi) and E(G)=U'_, E(G:) U{zja), 1< j <k <lzj € V(G)),zr € V(Gy)}.

Observe that, if G is the join of an odd hole and a complete graph, then we have that G € Gy and
X(G) = w(G)+1. Further, if G is the join of arbitrarily many copies of Cs, then G € G and
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3 cap-free

X(G) = [5w(G)]. This proves that our x-bounding functions for Gy and Gy are optimal.
We do not know whether our y-bounding function for class Gr is optimal. In Section 2.7, we
show that class Gyt is x-bounded by a function of order lo‘g—;w, and thus the corresponding
x-bounding function given in the table above is not optimal. In fact, we do not know the order

of the optimal x-bounding function for class Gyr.

2.2 Preliminaries

In this section, we introduce some (mostly standard) terminology and notation that we use

throughout the chapter. We also prove a few preliminary results.

2.2.1 Terminology and notation

The set of non-negative integers is denoted by N, and the set of positive integers by NT. A

singleton is a one-element set.

The vertex set and edge set of a graph G are denoted by V(G) and E(G), respectively. When
no confusion is possible, we write G instead of V(G).

A graph is trivial if it has just one vertex; a graph is non-trivial if it has at least two vertices.
For a vertex = of a graph G, Ng(z) is the set of all neighbors of x in G, dg(z) = |Ng(z)| is
the degree of x in G, and Ng[z] = Ng(x) U {z}. For a set S C V(G), Ng(S) is the set of all
the vertices in V(G) \ S that have at least one neighbor in S, and Ng[S] = Ng(S)U S. The
maximum degree of G is denoted by A(G), that is, A(G) = max{dg(z) : x € V(G)}.

For a graph G and a non-empty set S C V(G), G[S] denotes the subgraph of G induced by
S. For a graph G and a set S C V(G), we set G\ S = G[V(G) \ S]. (Since we only deal with
non-null graphs, if G is trivial and z is the only vertex of G, then G \ {z} is undefined.)

Given a graph G, a vertex € V(G) and aset Y C V(G) \ {2}, we say that x is complete (resp.
anticomplete) to Y in G provided that x is adjacent (resp. non-adjacent) to every vertex in Y.
Given disjoint sets X, Y C V(G), we say that X is complete (resp. anticomplete) to Y in G

provided that every vertex in X is complete (resp. anticomplete) to Y.

As usual, a clique (resp. stable set) in a graph G is a (possibly empty) set of pairwise adjacent
(resp. non-adjacent) vertices of G. The clique number of G, denoted by w(G), is the size of a
largest clique of G; the stability number of G, denoted by «(G), is the size of a largest stable
set of G. A maximum clique (resp. mazimum stable set) of G is a clique (resp. stable set) of
size w(G) (resp. a(G)). A complete graph is a graph whose vertex set is a clique. The complete

graph on n vertices is denoted by K,,; K3 is also referred to as a triangle.

A weighted graph is an ordered pair (G, w), where G is a graph and w : V(G) — R is a weight
function for G. For a set S C V(G), the weight of S, denoted by w(S), is the sum of the weights
of all the vertices in S, that is, w(S) = >_ . g w(x). The clique number (resp. stability number)
of a weighted graph (G, w), denoted by w(G,w) (resp. a(G,w)), is the maximum weight of a
clique (resp. stable set) of G. A mazimum weight clique (resp. mazimum weight stable set)

of (G,w) is a clique (resp. stable set) of G whose weight is precisely w(G,w) (resp. a(G,w)).
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Clearly, if (G, w) is a weighted graph and F is an induced subgraph of G, then the restriction
of w to V(F), denoted by w | V(F), is a weight function for F', and (F,w [ V(F)) is a weighted
graph; to simplify notation, we usually write (F,w) instead of (F,w [ V(F)).

For a positive integer k, a k-coloring of a graph G is a function ¢ : V(G) — {1,...,k} such that
c(x) # c(y) whenever xy € E(G); elements of {1, ..., k} are called colors. A graph is k-colorable
if it admits a k-coloring. The chromatic number of G, denoted by x(G), is the smallest integer
k such that G is k-colorable.

A path is a graph P with vertex set V(P) = {z1,...,2;} (where k > 1) and edge set E(P) =
{z122, 2273, . .., T_17k }; under these circumstances, we write that “P = 1, ..., 2y is a path”,
and we say that the length of P is k —1 (i.e. the length of a path is the number of edges that it
contains), that the endpoints of P are x; and xy (if k = 1, then the endpoints of P coincide),
that xo,...,z,_1 are the interior vertices of P (note that P has interior vertices if and only if
k > 3), and that P is a path between x1 and xp. A path in a graph G is a subgraph of G that
is a path. An induced path in a graph G is an induced subgraph of G that is a path.

A cycle is a graph C with vertex set V(C) = {x1,...,2x} (where k > 3, and subscripts are
understood to be in Zj) and edge set E(C) = {z1x2,2223,...,Tx_1Tk, T2 }; under these
circumstances, we write that “C' = z1,...,z, 1 is a cycle”, and we say that the length of C' is
k. A cycle in a graph G is a subgraph of GG that is a cycle. An induced cycle in a graph G is an
induced subgraph of G that is a cycle. The girth of a graph G is the length of a shortest cycle

in G, and acyclic graphs are considered to have infinite girth.

A path of length k is denoted by Pyi+1 (note that Py has k + 1 vertices and k edges), and a
cycle of length k is denoted by C} (note that Cj has k vertices and k edges).

A hole in a graph G is an induced cycle of length at least four. An antihole in a graph G is an
induced subgraph of G whose complement is a hole in G. The length of a hole or antihole is
the number of vertices that it contains; a k-hole (resp. k-antihole) is a hole (resp. antihole) of
length k. A hole or antihole is long if it is of length at least five. A hole or antihole is odd (resp.
even) if its length is odd (resp. even). Further, consistent with the notation above, we write
“H =ux1,...,2x,21 is a hole”, or simply “x1,...,2k,z1 is a hole” (with k& > 4, and subscripts
understood to be in Zy), when H = x4, ..., 2,21 is an induced cycle. On the other hand, we
write that “A = z1,..., 2k, 1 is an antihole”, or simply “zi,...,z,x1 is an antihole” (with

k > 4, and subscripts understood to be in Zg), when A = x1,..., 2, 21 is a hole.

Let F be an induced subgraph of a graph G. Two distinct vertices x,y € V(G) are twins w.r.t.
F if Ng[z] N V(F) = Ng[y] N V(F). Given a vertex x € V(G), we denote by X (F) the set
consisting of = and all the twins of « in G w.r.t. F. The set of all the vertices in V(G) \ V(F)
that are complete to V(F) is denoted by Ug. When no confusion is possible, we omit the
superscript G in X$(F) and U§, and instead, we simply write X, (F) and Up, respectively.
Further, we set ¢, = G[U,cv(r) X &(F)]; when no confusion is possible, we omit the subscript
G and simply write F™*.

A hyper-hole is a graph H whose vertex set can be partitioned into k& > 4 non-empty cliques, say

X1,..., X, (with subscripts understood to be in Zj ), such that, for every i € Zj, X; is complete
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to X;-1 U X, 41 and anticomplete to V(H) \ (X;—1 U X; U X;11); under these circumstances,
we say that the hyper-hole H is of length k, and we also write that “H = Xq,..., X, X7 is a
hyper-hole”; furthermore, we say that (X1,..., X) is a good partition of the hyper-hole H. A
k-hyper-hole is a hyper-hole of length k, and a long hyper-hole is a hyper-hole of length at least
five. Note that, if H is a k-hyper-hole with good partition (X1,...,X}), then H is a k-ring
with good partition (X1,...,Xg).

A hyper-antihole is a graph A whose vertex set can be partitioned into k& > 4 non-empty
cliques, say X1i,..., X, (with subscripts understood to be in Zj), such that, for every i € Zy,
X; is anticomplete to X;_1 U X;+1 and complete to V(A) \ (X;—1 U X; U X;41); under these
circumstances, we say that the hyper-antihole A is of length k, and we also write that “A =
X1,..., Xk, X7 is a hyper-antihole”; furthermore, we say that (X1,..., Xx) is a good partition
of the hyper-antihole A. A k-hyper-antihole is a hyper-antihole of length k, and a long hyper-
antihole is a hyper-antihole of length at least five. Note that the complement of a hyper-antihole
does not need to be a hyper-hole.

A graph is bipartite if its vertex set can be partitioned into two (possibly empty) stable sets. A
graph is co-bipartite if its complement is bipartite. A complete bipartite graph is a graph whose
vertex set can be partitioned into two (possibly empty) stable sets that are complete to each
other; for n,m € N*, K,, ,, is a complete bipartite graph whose vertex set can be partitioned

into two stable sets, one of size n and the other one of size m, that are complete to each other.

A cutset of a graph G is a (possibly empty) set C C V(G) such that G\ C is disconnected. A
cut partition of a graph G is a partition (A4, B,C) of V(G) such that A and B are non-empty
and anticomplete to each other (the set C' may possibly be empty). Clearly, if (A, B,C) is a
cut partition of G, then C is a cutset of G; conversely, every cutset of G gives rise to at least
one cut partition of G. A clique cutset of a graph G is a (possibly empty) clique of G that is
also a cutset of G. A clique cut partition of a graph G is a cut partition (A, B,C) of G such
that C' is a clique. Again, if (A, B, C) is a clique cut partition of G, then C is a clique cutset of

G, and conversely, every clique cutset of G gives rise to at least one clique cut partition of G.

Let G be a 3PC. It follows that G contains three paths, say P, = z1,...,y1, Po = x2,...,¥2
and P3 = z3,...,ys, such that V(G) = V(P) UV (P) UV (Ps), {x1, 22,23} N {y1, 2,3} = 9,
{z1,z2, x5} either induces a triangle or is a singleton (i.e. 1 = x2 = x3), {y1,y2,y3} either
induces a triangle or is a singleton (i.e. y1 = y2 = y3), and V(P;) U V(P;) induces a hole
for all distinct i,5 € {1,2,3}. If 21 = 29 = 3 and y; = y2 = y3, then z; is non-adjacent
to y1, and we say that G is a 3PC(z1,y1); in this case, G is a theta. If {x1,29, 23} induces
a triangle and y; = yo = ys, then we say that G is a 3PC(z1x223,¥1); in this case, G is a
pyramid. Finally, if {x1, 22,23} and {y1, y2,y3} both induce a triangle, then we say that G is
a 3PC(x12223,y1y2y3); in this case, G is a prism. When we say that “¥ is a 3PC in G”, we

always assume that ¥ is an induced subgraph of a graph G.

A wheel (H,x) is a graph that consists of a hole H, called the rim, and an additional vertex z,
called the center, such that x has at least three neighbors in H. A universal wheel is a wheel
(H, ) in which z is complete to V(H). A twin wheel is a wheel (H,x) such that x has precisely

three neighbors in H, and those three neighbors are consecutive vertices of H. A wheel that is
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neither a universal wheel nor a twin wheel is called a proper wheel. When we say that “(H,z)

is a wheel in G”, we always assume that (H,x) is an induced subgraph of a graph G.

2.2.2 A few preliminary lemmas

Let W2 be the six-vertex wheel consisting of a C5 and a vertex that has precisely four neighbors
in the C5. We remind the reader that, for k£ > 4, the universal wheel on k+ 1 vertices is denoted
by W, and the twin wheel on k + 1 vertices is denoted by W}.

Lemma 11. No Truemper configuration has a clique cutset. The only Truemper configurations
of stability number two are the prism Cg, the universal wheels Wy and W, the twin wheels W}
and WE, and the proper wheel Wg; all other Truemper configurations have stability number at
least three. The theta K» 3, the prism Cg, the universal wheel Wy, and the twin wheel W} are the
only Truemper configurations that do not contain a long hole. The only Truemper configurations

that are not anticonnected are the theta K3, the twin wheel W, and universal wheels.
ProoF. This follows by routine checking. W

Lemma 12. Let G be a K3 3-free graph that has at least two non-trivial anticomponents. Then
a(G) = 2.

PrOOF. Let G be a graph that has at least two non-trivial anticomponents, and assume that
a(G) = 3. Let {a1,a2,a3} be a stable set of size three of G; clearly, a1, ay and az belong to the
same anticomponent of G, say A. Let B be a non-trivial anticomponent of G that is different
from A, and fix non-adjacent vertices by, by € V(B). Then G[{b1,b2,a1,a2,a3}] is a Ko 3, and

so G is not K> 3-free, a contradiction. M

The (unique) cap on five vertices is called the house. Note that the house is isomorphic to Ps.

Clearly, every cap-free graph is house-free.

Lemma 13. Let G be a graph such that a(G) < 2, and assume that G admits a clique cutset.
Then the following hold:

(i) G is co-bipartite, and consequently, G contains no long holes;

(ii) if G is house-free, then G is chordal.

PROOF. Let (A4, B,C) be a clique cut partition of G. Then A is a clique, since otherwise we fix
non-adjacent vertices aq,as € A, we fix any b € B, and we observe that {aj, as,b} is a stable
set of G of size three, a contradiction. Similarly, B is a clique. Further, every vertex of C' is
complete to at least one of A and B, since otherwise we fix some ¢ € C that has a non-neighbor
a € A and a non-neighbor b € B, and we observe that {a,b, c} is a stable set of G of size three,
a contradiction. Let Cy4 be the set of all the vertices of C that are complete to A, and set
Cp = C\ Cy; then Cp is complete to B. Now AUC,4 and BUCp are (disjoint) cliques whose
union is V(G), and so it follows that G is co-bipartite. Since no co-bipartite graph contains a
long hole, (i) holds.
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It remains to prove (ii). We assume that G is house-free, and we show that G is chordal.
In view of (i), we just need to prove that G contains no 4-holes. Assume otherwise, and let
H = z1,29,23,24, 21 be a 4-hole in G. Since H contains no clique cutset, we see that either
V(H) CAUC or V(H) C BUC,; by symmetry, w.l.o.g. we may assume that V(H) C AUC.
Since A and C are cliques, and since H contains no triangles, we see that each of A and C
contains at most two vertices of H, and furthermore, if A or C contains precisely two vertices,
then those two vertices are adjacent. So, by symmetry, w.l.o.g. we may now assume that
x1,xrs € A and x3, x4 € C. But then neither x3 nor x4 is complete to A, and consequently, z3
and x4 are complete to B. Fix b € B. Now G[{z1, z2,x3,24,b}] is a house, a contradiction.
This proves (ii). W

Lemma 14. For some integer k > 4, let R be a k-ring with good partition (X1,...,Xx). Then
all the following hold:

(i) every hole in R intersects each of Xy,..., Xy in exactly one vertex;

(ii) every hole in R is of length k;
(#ii) for alli € Zy, R\ X; is chordal;
(iv) R is (3PC, proper wheel, universal wheel)-free;

(v) R is cap-free if and only if R is a k-hyper-hole with good partition (X1,..., Xg).

PROOF. Since no vertex in a hole dominates any other vertex of that hole, Lemma 4(iv)
guarantees that a hole in R can intersect each of X1,..., X; in at most one vertex. Statement

(i) now follows from Lemma 4(ii). Statements (ii) and (iii) follow immediately from (i).

Next, we prove (iv). Suppose that ¥ is a 3PC in R. We know that ¥ contains at least three
holes, and, by (i), each of those holes contains exactly one vertex from each of Xi,..., X}.
Thus, some X; (with ¢ € Z) contains at least two distinct vertices of 3. But, by the definition
of a 3PC, we see that every pair of distinct vertices of ¥ belongs to a hole of ¥. Thus, X;

contains at least two vertices of some hole of ¥, contrary to (i). This proves that R is 3PC-free.

Suppose now that (H,x) is a wheel in R; we must show that (H,z) is a twin wheel. Using (i),
for each i € Zi, we let x; be the unique vertex in V(H) N X;. It follows from Lemma 4(ii)
that the hole H is of the form H = z1,...,z, r;. By symmetry, w.l.o.g. we may assume that
x € X,. Since x has at least three neighbors in H (because (H,z) is a wheel), Lemma 4(ii)
implies that the neighbors of « in H are precisely x1,z2,z3. Thus, (H,x) is a twin wheel, and

we deduce that R is (proper wheel, universal wheel)-free. This proves (iv).

It remains to prove (v). The “if” part follows from (i) and routine checking. For the “only
if” part, we assume that R is not a k-hyper-hole with good partition (Xi,...,Xg), and we
show that R is not cap-free. Since R is a k-ring with good partition (X, ..., X%), but not a
k-hyper-hole with good partition (Xi,..., X)), w.l.o.g. we may assume by symmetry that X
is not complete to Xo. Fix non-adjacent vertices y; € X; and y2 € Xo. By the definition of
a ring, for every i € Zj, there exists a vertex x; € X; such that Ng[z;] = X;-1 U X; U X;41.
Since y1y2 ¢ E(R), we see that y; # x1 and yo # x2. But now H = y1,2a,..., Tk, y1 is a hole
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in R, and Ng(y2) NV (H) = {x2,x3}; it follows that R[{y1,y2,x2,...,2x}] is a cap, and so R
is not cap-free. This proves (v). W

2.3 A decomposition theorem for class Gyr

In this section, we prove Theorem 6, which states that every graph in Gyr either belongs to
Byt or admits a clique cutset. We begin with a few preliminary lemmas, which will be of use

to us, not only in this section, but also in subsequent ones.

Lemma 15. Let G € Gur, and let H = x1,...,x5,21, k > 4, be a hole in G. For every
x € V(G)\V(H), one of the following holds:

(i) x is complete to V(H);

(ii) there exists some i € Zy, such that Ng(x) NV (H) = {a;—1,z;, 241} (i.e. x is a twin of
x; wr.t. H);

(iii) there exists some i € Zy, such that Ng(x) NV (H) C {x;,xi41} (i.e. Ng(x) NV (H) is a

clique of size at most two).

PRrOOF. If |Ng(z) NV(H)| < 1, then (iii) trivially holds. If |Ng(z) N V(H)| = 2, then (iii)
holds, since otherwise G[V (H)U{z}] is a theta, a contradiction. If 3 < [Ng(z)NV(H)| < k—1,
then (ii) holds, since otherwise (H,x) is a proper wheel in G, a contradiction. Finally, if
|[Ng(z) N V(H)| = k, then (i) holds. W

Lemma 16. Let G € Gur, and let H = x1,..., x5, 21, k > 4, be a hole in G. For every i € Zy,
set X; = X, (H). Then the following hold:

o X1,..., Xy are pairwise disjoint cliques;
o if k> 5, then H* is a k-ring with good partition (X1,...,Xk).

PROOF. It is clear that X7, ..., X} are pairwise disjoint, and hence (X7,..., Xy) is a partition
of V(H*). Let us show that Xi,..., X} are cliques. By symmetry, it suffices to prove that
X, is a clique. Assume not and fix non-adjacent vertices y;,y; € X;. It follows that the hole

Y1, Ta, ..., 2k, y1 and vertex yj contradict Lemma 15. This proves that X7, ..., X are cliques.

From now on, we assume that k£ > 5. Our goal is to show that H* and (X3,..., Xx) satisfy
(i)-(iv) of Lemma 4. We already proved that Xi,..., X} satisfy (i). Also, it is clear that x; is
complete to X;_1 U X1 for every i € Zy; thus, (iii) holds.

We now prove (ii). Assume that (ii) does not hold. By symmetry, w.l.o.g. we may suppose
that, for some index j € Zy \ {k, 1,2} and some vertices y; € X; and y; € X, we have that
y1y; € E(G). By construction, z; is anticomplete to X; and z; is anticomplete to X;; since
yy; € E(G), it follows that y; # x1 and y; # x;. But now the hole y1, @2, ..., zk, y1 and vertex
y; contradict Lemma 15. Thus, (ii) holds.

It remains to prove (iv); by symmetry, it suffices to prove this for i = 1. Let y1,y) € X1 be

distinct vertices; we claim that one of y;,y; dominates the other in H*. Suppose otherwise.
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Since X, is a clique that is anticomplete to V(H*) \ (X U X7 U X>), it follows that there exist
2,7 € X U Xy such that y12,912" € E(G) and y12',y12 ¢ E(G). By symmetry, w.l.o.g. we
may assume that either z € X} and 2’ € Xs, or that 2,2’ € X5. Suppose first that z € X} and
2/ € Xy. Then H' = y1,y4,2',x3,...,Tk_1, 2,41 is a hole. Furthermore, since xo is complete
to X1, while z'y; ¢ E(G), it follows that xo # z’. Thus, we see that xo ¢ V(H'), and that xo
has precisely four neighbors (namely, y1,y1, 2", 23) in H'. Hence, (H’, z2) is a proper wheel in
G, a contradiction. Assume now that z,z" € Xy. It follows that G[{y1,y1, 2,2, x3,...,x%}] is
a 3PC(zry1y), x322"), a contradiction. Thus, one of y;,y] dominates the other in H*, and (iv)
holds. Therefore, we have shown that H* and (Xy,..., X}) satisfy (i)-(iv) of Lemma 4, and
hence H* is a k-ring with good partition (X1,...,X;). W

Lemma 17. Let G € Gur, and assume that G contains a long hole. It follows that either some

anticomponent of G is a long ring, or G admits a clique cutset.

PROOF. Let H = x1,...,xk, 1 be a hole of maximum length in G (it follows that k£ > 5 and
G contains no holes of length greater than k), and, subject to that, assume that H is chosen so
that |V (H*)| is maximum. For every i € Zy, set X; = X,,(H), and set K = G[V(H*)U Ug~].
By Lemma 16, H* is a k-ring with good partition (X7i,..., Xs); Lemma 4 now implies that
X1, ..., X} are cliques, and that X; is anticomplete to V(H*)\ (X;-1UX;UX; 1) for all i € Zy.
Clearly, H* is anticonnected. Therefore, the long ring H* is an anticomponent of K and hence,
if G = K, then we are done. So, from now on, we assume that V(K) C V(G).

Proof of (1). Clearly, Uy~ C Ug. Suppose that Uy € Upg~, and fix some = € Uy \ Ug+. Fix
1 € Zy, and a vertex y; € X; that is not adjacent to z. Clearly, y; # x;. Now, let H' be the hole
induced in G by the vertex set (V(H)\ {z;})U{y;}. Then H' and vertex x contradict Lemma
15. This proves (1). O

(2) For every vertex x € V(G)\ V(K), Ng(z) N V(H*) C X; U X;41 for some i € Zy. Also,
Neg(z) NV (H*) is a clique.

Proof of (2). Fix x € V(G) \ V(K). By (1), = is not complete to V(H). Since = ¢ V(K),
we know that x is not a twin of a vertex of H w.r.t. H. So, Lemma 15 now implies that

Ng(z) NV(H) is a clique of size at most two.

We first show that there exists some i € Zy such that Ng(z) N V(H*) C X; U X;11. Suppose
otherwise. By symmetry, w.l.o.g. we may assume that there exists some j € Z \ {k, 1,2} such
that = has a neighbor both in X and in X;. For each i € {1, j}, if « is adjacent to z;, then set
y; = x4, and otherwise let y; be any neighbor of z in X;. Since X; is anticomplete to X, we
have that y1y; ¢ E(G), and it follows that Y = y1,x2,...,%;-1,Yj, Tj4+1, ..., Tk, Y1 is a k-hole.
Since = has at most two neighbors in H, and Y is a long hole, we know that x is not complete
to Y. Also, since z is complete to {y1,y;}, Lemma 15 now implies that z is a twin of a vertex
of Y wrt. Y. It follows that either j = 3 and z is a twin of x5 w.r.t. Y (and in particular,
zxe € E(G)), or j =k —1 and z is a twin of zx w.r.t. Y (and in particular zzy, € E(G)); by

symmetry, w.l.o.g. we may assume that the former holds. Since z is not a twin of zo w.r.t. H,
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we know that x is non-adjacent to at least one of x1,z3 (and consequently, either y; # x1 or
ys # x3). Set Y1 = X, (Y), Y3 = X, (Y), and Y; = X, (Y) for every i € Z;\{1,3}. By Lemma
16, Y* is k-ring with good partition (Y7,...,Ys). Our goal is to show that V(H*) C V(Y™),
contrary to the maximality of |V (H*)|. To this end, it suffices to prove that X; C Y; for every
i € Zi \ {2}, and that X5 C Ys.

First of all, in view of Lemma 15, it is easy to see that X; = Y; for all i € Z;\ {k,2,4}. Next, we
claim that X4 C Yy and X C Yj; by symmetry, it suffices to prove that Xy C Y. Fix y4 € Xy;
we must show that y, € Yy. If y4 = x4, then we are done. So, assume that y4 # x4. Clearly, it
suffices to prove that y,ys € E(G). Suppose otherwise. Since z3y, € F(G), we see that ys # zs,
and so, by the choice of ys, it follows that zz3 ¢ E(G). Furthermore, we have that zy, ¢ E(G),
since otherwise the hole y1,x2, 23, Y4, T5,..., Tk, y1 and vertex x contradict Lemma 15. But
then y1, z, ys3, 3, Y4, 5, . . ., Tk, Y1 is a hole of length k41 in GG, which contradicts the fact that
G contains no holes of length greater than k. It follows that X4 C Yy, and similarly, X, C Y.

It remains to show that Xy C Y3. First of all, we know that z € Y5 \ Xa, and so Xy # Ya.
Thus, it suffices to prove that X5 C Y5. Suppose otherwise, and fix zo € X5\ Y. Then 25 # x4
and zs is complete to {x1,x2, x3}, anticomplete to V(H) \ {z1, 2,23} = V(Y)\ {y1, 22, y3} and
non-adjacent to at least one of y1,ys. Suppose now that xze ¢ E(G). For each i € {1,3}, fix
a minimum-length induced path P; between x and zs, all of whose internal vertices are in X
(such a path exists because z is adjacent to y; € X, 2o is adjacent to z; € X;, and either z; = y;
or x;y; € E(Q); clearly, P; is of length two or three). But now G[V (P;) UV (Ps)U{z4,...,z}]
is a 3PC, a contradiction. Therefore, 225 € E(G). Suppose now that y; # 21 and y3 # 3, so
that, by the choice of y; and ys, « is anticomplete to {z1,23}. We know already that zq is non-
adjacent to at least one of y1,ys3; by symmetry, w.l.o.g. we may assume that zoys ¢ E(G). But
now Gl{x1, 3,24, ..., Tk, Y3, 22, }] is a 3PC(x3ys24, 22), & contradiction. Thus, either y; = x;
or y3 = x3; by symmetry, w.l.o.g. we may assume that y3 = x3, so that y; # x1. Note that this
implies that zozq,2y1 € E(G) and zoy1,zz1 ¢ E(G). But now G[{z1, 3,24, ..., Tk, Y1,22,T}]
is a 3PC(xzox3, 12121 ), a contradiction. It follows that Xo C Y3, and hence V(H*) C V(Y™),
which contradicts our choice of H. So, this proves that there exists some i € Zj such that
Neg(z)NV(H*) C X; U X, 4.

By symmetry, w.l.o.g. let Ng(x) N V(H*) C X; U X5, and now assume that Ng(z) NV (H*)
is not a clique. Since X; and Xy are cliques, it follows that there exist non-adjacent vertices
y1 € X1 and yo € Xo such that zy;,zys € E(G). But then y1,x,y2, 23, 24,...,Tk,y1 Is a
(k+1)-hole in G, which contradicts the fact that G' contains no holes of length greater than k.
This proves (2). O

Let C be a component of G\ V(K. Our goal is to show that Ng(C)NV(K) is a clique. Since
K is not a complete graph, this would imply that Ng(C) NV (K) is a clique cutset of G.

(8) Na(C)NV(H*) is a clique.

Proof of (3). Assume otherwise. Let P be a minimal connected induced subgraph of C' such
that Ng(P)NV (H*) is not a clique. Fix a1, as € V(P) such that some vertex in Ng(aq)NV (H*)
is non-adjacent to some vertex of Ng(az) NV (H*). By (2), a1 # as. Furthermore, P is a path
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between a; and ag, since otherwise any induced path in P between a; and as would contradict

the minimality of P. Let P = py,...,p, with p; = a1 and p, = as.

By the minimality of P, we know that Ng(P \ {p1}) N V(H*) and Ng(P \ {p»}) NV (H*) are
both cliques; consequently, Ng(P) NV (H™*) is the union of two cliques. Since, for every clique
X of H*, there exists some i € Zj, such that X C X;U X, 11, we deduce that there exist at most
four indices i € Zj, such that Ng(P) N X; # &; also, since k > 5, there exists an index i € Zj
such that Ng(P) N X; = @. On the other hand, since each X; is a clique and Ng(P)NV(H™)
is not a clique, we see that there exist at least two indices i € Zj, such that Ng(P)NX; # @.

Now, let X;, X;41,...,X, be a sequence of maximum length having the property that N¢(P)
intersects both X; and X, but fails to intersect X;;; U---U X;_;. By what we just showed,
the length of the sequence X;, X;41,...,X; is at least three, and at most £; in particular, ¢ # j.
Furthermore, No(P)NV(H*) C X; UX,; 11 UX,_1 UX,.

Fix non-adjacent vertices y; € Ng(P) N X; and y; € Ng(P)NX;. (If ¢ # j + 1, then any two
vertices y; € Ng(P)NX; and y; € Ng(P)NX; are non-adjacent. On the other hand, if i = j+1,
then we have that Ng(P)NV (H*) C X;UX}, and the existence of y; and y; follows from the fact
that Ng(P) NV (H*) is not a clique, whereas both X; and X are cliques.) By the minimality
of P, all interior vertices of P are anticomplete to {y;,y;}, and either p1y;,pry; € E(G) and
P1Yj Payi & E(G), or p1y;,pays € E(G) and p1ys, pny; ¢ E(G); by symmetry, w.l.o.g. we may
assume that the latter holds, that is, that p1y;,pny; € E(G) and p1yi, pny; ¢ E(G). Then
Yis Titl,- -2 Lj—1,Y5,P1s--->Dn, Yi is @ hole in G, and its length is the sum of n and the length
of the sequence X;,...,X;. Since G contains no holes of length greater than k, we see that
the length of the sequence Xj,..., X; is at most k —n < k — 2, and it follows that the cliques
X, X541, X1, X; are pairwise distinct.

Now, recall that N¢(P)NV(H*) C X;UX,; 11 UX;_1UX;, and that Ng(P\ {p:})NV(H*) and
N (P\{pn})NV(H*) are both cliques. Since p; has a neighbor in X; and p,, has a neighbor in
X, we deduce that Ng(P\{p,})NV(H*) C X;UX;41 and Ne(P\{p: )NV (H*) C X;_1UX;,,
and hence Ng(P \ {p1,pn}) NV(H*) C (X; UX,4+1) N (X;21 UX;) = @&. Thus, the interior
vertices of P are anticomplete to V (H*). We also know that Ng(p:) NV (H*) € X;UX, 41 and
Ne(pn) NV (H*) C X;-1 UX;. But then G[V(P) U{yi, Tit1,- -, Tj—1,Yjs Tjt1,-..,Tic1}] IS &
3PC, a contradiction. This proves (3). O

(4) Na(C)NV(K) is a clique.

Proof of (4). In view of (3), it suffices to show that Ng(C)NUg-~ is a clique. Assume otherwise,
and fix a minimal connected induced subgraph P of C' such that Ng(P) N Upg- is not a clique.
Fix non-adjacent vertices uy,us € Ng(P) N Ug+, and fix (not necessarily distinct) vertices
ay,as € V(P) such that ajuy,asus € E(G). Tt is clear that P is a path between a; and ag (if
a; = ag, then P is a one-vertex path), since otherwise any induced path in P between a; and
as would contradict the minimality of P. Let P = pq,...,p, (with n > 1) so that p; = a; and
Prn = az. By the minimality of P, u; is anticomplete to V(P) \ {p1} and wuz is anticomplete to
V(P)\ {pn}. Thus, P' =uy,p1,...,Pn,us is an induced path in G.

Since Ng(C)NV(H*) is a clique, we know that there exists some @ € Zj, such that Ng(C) N
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V(H*) C X; U X;41; by symmetry, w.l.o.g. we may assume that Ng(C)NV(H*) C X; U Xs.
But then G[V(P) U {u1, us, x3,z5}] is a 3PC(uy, us), a contradiction. This proves (4). O

This completes the argument. W

We remind the reader that Byt is the class of all graphs G that satisfy at least one of the

following:
e (G has exactly one non-trivial anticomponent, and this anticomponent is a long ring;
e G is (long hole, K3 3, Cp)-free;
e a(G) = 2, and every anticomponent of G is either a 5-hyper-hole or a (Cs, Cg)-free graph.

We are now ready to prove the main result of this section, namely Theorem 6.

PROOF OF THEOREM 6. Fix G € Gyr. We assume that G does not admit a clique cutset,
and we show that G € Byr. Clearly, G is (K273,@)—free. If G contains no long holes, then
G € Byr and we are done. So, assume that G contains a long hole. By Lemma 17, some
anticomponent of G is a long ring; if this anticomponent is the only non-trivial anticomponent
of G, then G € Byr. So, assume that G has at least two non-trivial anticomponents. Lemma 12
then implies that «(G) = 2. We claim that every anticomponent of G is either a 5-hyper-hole
or a (Cs,Cg)-free graph (this will imply that G € Byt). Let C' be an anticomponent of G. If
C contains no long holes, then C' is (Cs, Cg)-free, and we are done. Thus, assume that C does
contain a long hole. Since a(C) < a(G) = 2, Lemma 13(i) implies that C' does not admit a
clique cutset, and so, by Lemma 17, C' is a long ring. Since a(C) < a(G) = 2, we deduce that
C' is a 5-hyper-hole (indeed, any long ring other than a 5-hyper-hole contains a stable set of

size three). This proves the theorem. M

2.4 A decomposition theorem for class Gy

Our goal in this section is to prove Theorem 7, which states that every graph in Gy either

belongs to By or admits a clique cutset.

Lemma 18. Let G € Gy, and let H = x1, T2, x3, 24,21 be a 4-hole in G. Then either V(G) =
V(H)UUg or G admits a clique cutset.

PROOF. We may assume that V(H) U Uy C V(G), since otherwise we are done.
(1) For every vertex x € V(G)\ (V(H)UUg), Ng(x) NV (H) C {z;,xi11} for some i € Zy.

Proof of (1). Fix x € V(G) \ (V(H) U Ug). Then there exists some ¢ € Z4 such that either
Na(x)NV(H) C {x;,zit1}, or Na(x)NV(H) = {x;, zita}, or No(x)NV(H) = {x;—1, Ti, Tiy1}
In the first case, we are clearly done. In the second case, G[V (H) U {z}] is a 3PC(z;, z;42), a
contradiction. In the third case, (H,x) is a twin wheel in G, which again gives a contradiction.
This proves (1). O

Let C be a component of G\ (V(H)UUg).
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(2) No:(C)NV(H) is a clique.

Proof of (2). Assume otherwise, and fix a minimal connected induced subgraph P of C such that
Ng(P)NV(H) is not a clique. Then, for some i € Z4, we have that z;, 2,12 € Ng(P)NV(H);
by symmetry, w.l.o.g. we may assume that z1,23 € Ng(P)NV(H). Fix a1,a3 € V(P) such
that ai121,as3x3 € E(G); by (1), we have that ajz3,a3x1 ¢ E(G), and, in particular, a; # as.
Clearly, P is a path between a; and ags, since otherwise any induced path in P between a; and
az would contradict the minimality of P. Further, the minimality of P implies that all interior

vertices of P are anticomplete to {z1,x3}. Let P = p1,...,p, with p; = ay and p, = as.

Assume first that both x5 and x4 have a neighbor in P. Suppose now that some interior vertex
p of P is adjacent to xo, and let p’ be any vertex of P adjacent to x4. Then the subpath of
P between p and p’ contradicts the minimality of P. So, no interior vertex of P is adjacent
to xo, and, similarly, no interior vertex of P is adjacent to 4. Furthermore, by (1), each of
p1,Pn is adjacent to at most one of x5, x4; by symmetry, w.l.o.g. we may now assume that
Na(p1) N V(H) = {x1,22} and Ng(pn,) NV (H) = {x3,24}. But then G[V(H)UV(P)] is a

3PC(p1x122, prraxs), a contradiction.

So, from now on, we assume that at most one of x5, x4 has a neighbor in P; by symmetry,
w.l.o.g. we may assume that x5 is anticomplete to V(P). Now, if x4 has a neighbor in P,
then we observe that H' = x3,x2,z1,p1,...,Dn, T3 is a hole and (H',z4) a proper wheel in G,
a contradiction. On the other hand, if x4 has no neighbors in P, then G[V(H) UV (P)] is a
3PC(x1,x3), again a contradiction. This proves (2). O

(3) Na(C)N(V(H)UUg) is a clique.

Proof of (3). In view of (2), we only need to show that Ng(C) N Uy is a clique. Suppose
otherwise, and let P be a minimal connected induced subgraph of C' such that Ng(P) N Uy
is not a clique. Fix non-adjacent vertices uj,us € Ng(P) N Uy, and fix (not necessarily
distinct) vertices aj,as € V(P) such that ajui,asus € E(G). Clearly, P is a path between
ay and ag (if a1 = ag, then P is a one-vertex path), since otherwise any induced path in P
between a; and as would contradict the minimality of P. Let P = py,...,p, with p; = a; and
Pn = az. By the minimality of P, we have that P’ = uy,p1,...,Pn,us is an induced path in
G. By (2), and by symmetry, w.l.o.g. we may assume that Ng(C) NV (H) C {z3,24}. Then
H' =x1,u1,p1,-..,Dn,u2,21 is a hole in G, and zo € X, (H'). Thus, (H', x2) is a twin wheel
in G, a contradiction. This proves (3). O

Clearly, (3) implies that Ng(C) N (V(H) U Ug) is a clique cutset of G. W

We remind the reader that By is the class of all graphs G that satisfy one of the following:

e (G has exactly one non-trivial anticomponent, and this anticomponent is a long hole;

e all non-trivial anticomponents of G are isomorphic to Ks.

We are now ready to prove Theorem 7.
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PRrROOF OF THEOREM 7. Fix G € Gy, and assume that G does not admit a clique cutset; we
must show that G € By.

(1) If some anticomponent of G contains more than two vertices, then all other anticomponents

of G are trivial.

Proof of (1). Assume otherwise. Then G has at least two non-trivial anticomponents, and
so, by Lemma 12, o(G) = 2. Let C7 be an anticomponent of G that contains at least three
vertices, and let Cy be some other non-trivial anticomponent of G. Since a(G) = 2 and the
anticomponents Cp,Cy are non-trivial, we have that a(Cy) = a(C3) = 2. Since |V (C4)| > 3,
we deduce that C is not edgeless, and so, since C is anticonnected, it follows that there exist
pairwise distinct vertices a,b,c¢ € V(C}) such that ab,bc ¢ E(G) and ac € E(G). Fix non-
adjacent vertices z,y € V(C3). But now H = a,x,b,y,a is a hole and (H, ¢) is a twin wheel in

G, a contradiction. This proves (1). O

Suppose first that G contains a 4-hole H. Then, by Lemma 18, V(G) = V(H) UUy. H has
two anticomponents, both isomorphic to K5, and clearly, these anticomponents of H are also
anticomponents of G. It now follows from (1) that no anticomponent of G has more than two

vertices. Thus, all non-trivial anticomponents of G’ are isomorphic to Ky, and hence G € By.

Suppose next that G contains a long hole. Then, by Lemma 17, some anticomponent C of G is
a long ring. But then C is a long hole, since otherwise the ring C' would contain a twin wheel.
By (1), C is the only non-trivial anticomponent of G. Thus, G € By.

It remains to consider the case when G contains no holes. But then, by definition, G is chordal.
Since G does not admit a clique cutset, Theorem 1 implies that G is a complete graph, and

consequently, G € By. This proves the theorem. W

2.5 A decomposition theorem for class Gr

In this section, we prove Theorem 8, which states that every graph in Gr either belongs to Br

or admits a clique cutset.

Lemma 19. Let G € Gr. Then G contains no antiholes of length six, and no antiholes of
length greater than seven. Furthermore, if G contains a long hole, then either G is a long ring

or it admits a clique cutset.

PROOF. Since Cj is a prism, we see that G' contains no antiholes of length six. Furthermore, we
observe that if A = xq,..., 2z, x1 (with k£ > 8) is an antihole in G, then H = x1, x4, T2, T5, 1 iS

a 4-hole and (H, x7) is a universal wheel in G, a contradiction. This proves the first statement.

It remains to prove the second statement. Suppose that G contains a long hole. Then, by
Lemma 17, either some anticomponent of G is a ring, or G admits a clique cutset. In the latter
case, we are done; so assume that some anticomponent of G, call it R, is a ring. If Ug # @,
then G contains a universal wheel, a contradiction. Thus, Ugr = &, and it follows that G = R.

So, Gisaring. N
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Lemma 20. Let G € Gr, and assume that G contains no long holes but does contain a

7-antihole. Then either G is a 7-hyper-antihole or it admits a clique cutset.

PROOF. Let A = x1,%9,...,27,21 be a 7-antihole in G, and, for all i € Z7, set X; = X, (A).

Thus, A* = G, ¢z, Xil-

(1) A* is a T-hyper-antihole with good partition (X1, Xa,...,X7).

Proof of (1). By symmetry, it suffices to prove that X; is a clique, complete to X3UX,UX5UXg
and anticomplete to Xs U X7.

Suppose that X; is not a clique, and fix non-adjacent y1,y; € X;. By construction, z; is
complete to X \ {z1}, and hence =1 ¢ {y1,v}}. But now H = y1,x3,¥], 24,41 is a 4-hole and
(H,x1) is a universal wheel in G, a contradiction.

Next, suppose that X7 is not anticomplete to X5 U X7; by symmetry, w.l.o.g. we may assume
that there exist some y; € X7 and yo € X5 such that yyo is an edge. It follows that H =

Y2, L5, T3, Te, Y2 18 a 4-hole and (H,y;) is a universal wheel in G, a contradiction.

Further, suppose that X; is not complete to X3 U Xg; by symmetry, w.l.o.g. we may assume
that some y; € X; and y3 € X3 are non-adjacent. Since z; is complete to X3, we have that
y1 # x1. But then H = y1,25,y3,%6,y1 is a 4-hole and (H,z1) a universal wheel in G, a

contradiction.

It remains to show that X is complete to X4 U X5. Suppose otherwise; by symmetry, w.l.o.g.
we may assume that some y; € X; and y4 € X, are non-adjacent. But now y1, x5, 27, y4, 6, Y1

is a 5-hole in G, contrary to the fact that G contains no long holes. This proves (1). O

(2) For allx € V(G)\ V(A*), and all i € Zr, if x has a neighbor both in X; and in X,;11, then
either x is complete to X;_o U X;13 and anticomplete to X;_3, or x is complete to X;_3 and

anticomplete to X;_o U X, 3.

Proof of (2). Fix x € V(G) \ V(A*) and assume that, for some i € Z7, x has a neighbor both
in X; and in X;41; by symmetry, w.l.o.g. we may assume that x is adjacent to some y; € X3
and yo € Xo. We must show that x is complete to one of X4 U Xg and X5, and anticomplete
to the other.

Fix j € {4,5}, and suppose that x is adjacent to some y; € X; and y;j4+1 € Xj41; then, by (1),
H = y1,95,y2,Yj+1, Y1 is a 4-hole and (H, ) is a universal wheel in G, a contradiction. Thus,
z has a neighbor in at most one of X; and X;,;. Suppose now that x has a non-neighbor
y; € X; and a non-neighbor y}; € X; 1. But then, by (1), G{y1,92,v},yj41,7}] is a Ka3, a
contradiction. Thus, = has a non-neighbor in at most one of X; and X;;,. It now follows that

x is complete to one of X; and X;;1, and anticomplete to the other.

We now have that z is complete to one of Xy and X5, and anticomplete to the other, and that
x is complete to one of X5 and Xg, and anticomplete to the other. It follows that = is complete
to one of X4 U Xg and X5, and anticomplete to the other. This proves (2). O

(3) For allx € V(G)\V(A*), and all i € Zr, if x has a neighbor both in X; and in X;11, then

x is complete to at least one of X;_1 and X;is.
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Proof of (3). Suppose otherwise. By symmetry, w.l.o.g. we may assume that some vertex
z € V(G) \ V(A*) has a neighbor both in X; and in X5, and a non-neighbor both in Xj
and in X7. Fix y1 € X1, y2 € Xo, y3 € X3 and y7 € X7 such that xy;,zy. € E(G) and
xys, xyr ¢ E(G). But now, by (1), z,y1,y3, Y7, Y2, 2 is a 5-hole in G, which contradicts the fact
that G contains no long holes. This proves (3). O

(4) For every x € V(G) \ V(A*), Ng(z) NV (A*) is a clique.

Proof of (4). Fix x € V(G) \ V(A*), and suppose that Ng(z) N V(A*) is not a clique. By (1),
and by symmetry, w.l.o.g. we may assume that there exist y; € X; and y» € X, such that
zy1,xy2 € E(G). By (3), with i = 1, and by symmetry, w.l.o.g. we may assume that z is
complete to X3. By (2), with ¢ = 1, we have that x is complete to one of X, U Xg and X5, and

anticomplete to the other.

Suppose first that x is complete to X4 U Xg and anticomplete to X5. By (2), with i = 2, we see
that = is anticomplete to X7. By (2), with ¢ = 3, x is complete to X;. By (3), with ¢ = 3, z is
complete to Xo. Now we have that = is complete to X7 U X5 U X3 U X4 U X4 and anticomplete
to X5 U X7. But then z is a twin of zg w.r.t. A, and so z € Xg, contrary to the fact that
x ¢ V(A®).

Suppose now that z is complete to X5 and anticomplete to X4 U Xg. By (2), with i = 2, we
see that x is complete to X7. By (3), with ¢ = 2, we see that x is complete to X;. By (3), with
1 = 7, we see that = is complete to X5. But now z is complete to X; U Xo U X3 U X5 U X7
and anticomplete to X4 U Xg. It follows that z is a twin of z5 w.r.t. A, and so x € X5, which
contradicts the fact that = ¢ V(A*). This proves (4). O

(5) For every component C of G\ V(A*), Na(C)NV(A*) is a clique.

Proof of (5). Suppose otherwise. Fix a minimal connected induced subgraph P of G\ V(A*)
such that Ng(P) NV (A*) is not a clique. By (1), and by symmetry, w.l.o.g. we may assume
that Ng(P) N X; # @ and Ng(P) N X2 # @. Fix a; € V(P) such that a; has a neighbor
y1 € X1, and fix as € V(P) such that as has a neighbor yo € X5. By (1) and (4), a; is
anticomplete to Xo U X7, and as is anticomplete to X7 U X3; it follows that a; # as. Clearly, P
is a path between a; and as, since otherwise any induced path in P between a; and as would
contradict the minimality of P. Let P = p1,...,p, with p; = a1 and p, = as (thus, n > 2).
By the minimality of P and (1), each interior vertex of P is anticomplete to X7 U X; U Xo U X3.
(Indeed, if some interior vertex p of P had a neighbor in X7 U X; U X5 U X3, then either the
subpath of P between p; and p, or the subpath of P between p,, and p, would contradict the

minimality of P.) We now observe the following:
(a) if p1xs, ppar ¢ E(G), then y1,p1, ..., Pn, Y2, T7, T3, Y1 is an (n + 4)-hole in G;
(b) if pras € E(G) and pyz7 ¢ E(G), then x3,p1,...,Pn, Y2,27, 23 is an (n + 3)-hole in G}
(c) if pras ¢ E(G) and pyz7 € E(G), then y1,p1,...,0n,Z7,23,y1 is an (n + 3)-hole in G;
(d) if pras, prnar € E(QG), then x3,p1,...,pn, 7,23 is an (n + 2)-hole in G.
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Since n > 2 and G contains no long holes, we deduce that (d) holds with n = 2, and hence
P = p1,po.

Now, if some x € {x4, x5, 26} is anticomplete to {p1,p2}, then x, y1,p1, P2, Y2,z is a 5-hole in G,
a contradiction. Therefore, each of x4, x5, 26 has a neighbor in {p1,p2}. By symmetry, w.l.o.g.
we may assume that p1zs € E(G). But then we have that pixs, poxy € E(G), and so, since
x6xs, xex7 ¢ E(G), (4) implies that pixe,pexs ¢ E(G), contrary to the fact that zg has a
neighbor in {p1,p2}. This proves (5). O

Clearly, (1) and (5) together imply that either G is a 7-hyper-antihole, or G admits a clique
cutset. W

Lemma 21. Let G € Gr, and let H = x1,x9,x3, T4, 71 be a 4-hole in G. For every i € Zy, set
X; = X.,(H). Then H* is a 4-ring with good partition (X1, X2, X3, X4).

PROOF. Our goal is to show that H* and (X1, X2, X3, X4) satisfy (i)-(iv) from Lemma 4.
Clearly, for all i € Z4, we have that Ny«[x;] = X;—1 U X; U X, ;1. Therefore, z; is complete to
Xi—1 U X;41, and hence (iii) holds. Further, by Lemma 16, X, X2, X3, X are cliques, and so
(i) holds.

Next, we prove that (ii) holds. By symmetry, it suffices to show that X; is anticomplete to Xs.
Suppose otherwise, and fix y; € X; and y3 € X3 such that y1y3 € E(G). By construction, x;
is anticomplete to X3, and x3 is anticomplete to X7, and so we see that y; # x; and y3 # x3.
But now H' = y1, 22, x3,24,y1 is a hole and (H’,ys) is a universal wheel in G, a contradiction.
Thus, (ii) holds.

It remains to show that (iv) holds; by symmetry, it suffices to prove (iv) for i = 1. Fix distinct
Y1, Y1 € X1; we claim that one of y1,y} dominates the other in H*. Suppose otherwise. By (i),
X is a clique, and, by (ii), both y; and g} are anticomplete to X3. Thus, by symmetry, w.l.o.g.

we may assume that one of the following holds:
(a) there exist ya,y5 € Xo such that y1y2,yiv5 € E(G) and y1y5, viy2 ¢ E(G);
(b) there exist yo € X2 and yj; € X4 such that y1y2,yivys € E(G) and y1y}, yiy2 ¢ E(G).

If (a) holds, then G[{y1, ¥}, y2, ¥4, T3, T4 }] is a BPC(y1y] 24, y2ybx3), a contradiction. Therefore,
suppose that (b) holds. Since 7 is complete to Xo U X4, we have that x1 ¢ {y1,y1}. Using (i)
and (ii), we now deduce that H' = y1,y2, T3, ¥}, ¥}, y1 is a 5-hole in G, and x; has precisely four
neighbors (namely, y1,y1, y2,vy) in V(H'); thus, (H', z1) is a proper wheel in G, a contradiction.
It follows that one of y;,y; dominates the other in H*. This proves (iv).

Lemma 4 now implies that H* is a 4-ring with good partition (X1, X3, X5, X4). W
Lemma 22. Let G € Gy, assume that G contains no long holes and no 7-antiholes, and let

H = xz1,29,23,24 be a 4-hole in G, chosen so that |V(H*)| is maximum. Then, for every
x € V(G)\V(H*), Ng(z) NV (H*) is a clique.

PROOF. For each i € Zy, set X; = X,,(H). By Lemma 21, H* is a 4-ring with good partition
(X1, X2, X3,X4); in particular, X1, X5, X3, X4 are cliques, X; is anticomplete to X3, and X»

is anticomplete to Xj.
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Assume that, for some x € V(G) \ V(H*), Ng(z) NV (H*) is not a clique. First suppose that
Ne(z)NV(H*) C X; U X,41 for some ¢ € Zy4; by symmetry, w.l.o.g. we may assume that
Ng(z) N V(H*) C X; U Xs. Since Ng(x) N V(H*) is not a clique, there exist non-adjacent
vertices y; € X and yo € X such that xy;, zys € E(G). But then x,ys, 23,4, y1,x is a 5-hole
in G, contrary to the fact that G contains no long holes. It follows that, for some i € Z4, x has

a neighbor both in X; and in X, ..

By symmetry, w.l.o.g. we may assume that x has a neighbor both in X; and in X3. For each
1 € {1,3}, if zz; € E(G), then set y; = x;, and otherwise let y; be any neighbor of z in X;. If x is
complete to {za, x4}, then H' = y1, 29, ys, x4,y is a hole and (H', z) is a universal wheel in G,
a contradiction. On the other hand, if = is anticomplete to {x2, 24}, then G[{y1,ys,x, T2, x4}]
is a Ky 3, a contradiction. Thus, x is adjacent to precisely one of x3, x4; by symmetry, w.l.o.g.
we may assume that x is adjacent to xo and non-adjacent to x4. Further, x is adjacent to at
most one of x1, x3, since otherwise x would be a twin of x5 w.r.t. H, and we would have that
x € Xo, a contradiction. Thus, either y; # x1 or ys # z3. Now, Y = y1,29,ys,x4,y1 is a
4-hole in G. Our goal is to show that V(H*) C V(Y™*), which will contradict the maximality
of |[V(H™*)|.

For i € {1,3}, set ¥; = X,,(Y), and, for i € {2,4}, set ¥; = X, (Y). By Lemma 21, Y*
is a 4-ring with good partition (Y7,Ys,Ys,Ys); in particular, Y7,Ys,Ys, Y, are cliques, Y7 is
anticomplete to Y3, and Y3 is anticomplete to Yy. Now, to show that V(H*) C V(Y™*), it
suffices to prove that X; CY; for every i € {1, 3,4}, and that X5 C Ya.

(1) X1 :Y1 anngng.

Proof of (1). By symmetry, it suffices to show that X; = Y;. But this readily follows from the
definition of X; and Y7, from the fact that X; is a clique, anticomplete to X3, and from the
fact that Y7 is a clique, anticomplete to Ys. This proves (1). O

(2) Vertices y1 and y3 are complete to X4, and consequently, X4 C Yy.

Proof of (2). Clearly, the first statement implies the second. Suppose that the first statement
is false, and fix y4 € X4 such that y4 is non-adjacent to at least one of y; and ys3; by symmetry,
w.l.o.g. we may assume that y, is non-adjacent to ys, and consequently (since z3 is complete
to X4, and x4 is complete to X3), we have that y3 # z3 and y4 # x4. By the choice of ys3, it
follows that zx3 ¢ E(G).

Now suppose that zys ¢ F(G). Assume additionally that y1y4 ¢ E(G); it follows that y, # 21,
and, by the choice of y;, we see that zx1 ¢ F(G). But then z1,y1,2,ys, 3, Y4, 1 is a 6-hole
in G, contrary to the fact that G contains no long holes. Thus, y1y4 € E(G). But then
Y1, T, Y3, T3, Y4, Y1 1s a 5-hole in G, again a contradiction. This proves that zys € E(G).

Next, if y1y4 € E(G), then y1,ys, Ya, T2, T4, T, 3, y1 is a 7T-antihole in G, a contradiction. This
proves that y1y4 ¢ F(G). Since x; is complete to Xy, it follows that y; # x1, and hence, by
the choice of y1, zz1 ¢ E(G). But then G[{z2,y4,z,z1,23}] is a Kz 3, a contradiction. This
proves (2). O

(8) Vertex x is complete to Xs.
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Proof of (3). Suppose that = has a non-neighbor y, € X5. Since zxs € E(G), we have that
Y2 # xo. Suppose that yo is anticomplete to {y1,ys}. Then y; # x1 and y3 # x3, and so, by the
choice of y; and ys3, we have that zx1, 223 ¢ E(G). But now ys, 21,41, 2, ys, T3, y2 is a 6-hole
in G, contrary to the fact that G contains no long holes. Thus, y- is adjacent to at least one of
y1,ys; by symmetry, w.l.o.g. we may assume that y1y2 € E(G). If yoys ¢ E(G), then ys # x3,
and hence, by the choice of ys, zx3 ¢ E(G). So, we have that ys,y1,,ys, T3, y2 is a 5-hole in
G, which contradicts the fact that G contains no long holes. Therefore, yoys € F(G). But then
H' = yo,y1,,y3,y2 is a 4-hole and (H’,x2) is a universal wheel in G, a contradiction. This

proves (3). O
(4) X2 C Y.

Proof of (4). First of all, we know that z € Y5 \ X2, and so X5 # Y5. It remains to prove that
X5 C Y5, Clearly, it suffices to show that y; and y3 are complete to X5. Suppose otherwise. By
symmetry, w.l.o.g. we may assume that y; has a non-neighbor y5 € X5. Since x; is complete to
Xo, it follows that y; # x1, and so, by the choice of y1, zx; ¢ E(G). Also, since x5 is complete
to X1, y2 # x2. By (3), we now have that zzs, xys € E(G). But then H' = z1,y1,x,y2, 21 is a

4-hole and (H',z3) is a universal wheel in G, a contradiction. This proves (4). O

By (1), (2) and (4), we have that V(H*) C V(Y*), which contradicts our choice of H. W

Lemma 23. Let G € Gr, assume that G contains no long holes and no 7-antiholes, and let
H = 21,22, 23,24 be a 4-hole in G, chosen so that |V (H*)| is mazimum. Then either G = H*

(and consequently, G is a 4-ring), or G admits a clique cutset.

PROOF. For every i € Zy, set X; = X,,(H). By Lemma 21, H* is a 4-ring with good partition
(X1, X2, X3,X4); in particular, X1, X5, X3, X4 are cliques, X is anticomplete to X3, and X»
is anticomplete to X4. If G = H*, then we are done. So assume that G # H*, and let C' be
a component of G\ V(H*). Our goal is to show that Ng(C) NV (H"*) is a clique; since H* is
not complete, this will immediately imply that Ng(C) NV (H™*) is a clique cutset of G, which

is what we need.

Suppose otherwise, that is, suppose that Ng(C) NV (H*) is not a clique. Let P be a minimal
connected induced subgraph of C such that Ng(P) N V(H*) is not a clique. Fix a,b € V(P)
such that some vertex in Ng(a) NV (H*) is non-adjacent to some vertex of Ng(b) NV (H*); by
Lemma 22, a # b. Note that P is a path between a and b, since otherwise any induced path in
P between a and b would contradict the minimality of P. Let P = py,...,p, with p; = a and
prn = b (thus, n > 2).

Now suppose that, for some i € Zy, {p1,pn} is anticomplete to X; U X, 1; by symmetry, w.l.o.g.
we may assume that {p1,p,} is anticomplete to X3 U Xy, so that Ng({p1,pn}) NV(H*) C
X1UX5. As some vertex in Ng(p1) NV (H*) is non-adjacent to some vertex of Ng(p,) NV (H*),
w.l.0.g. we may assume by symmetry that there exist non-adjacent vertices z; € X; and z5 € X,
such that p121,pn22 € E(G). By Lemma 22, we know that p1z9,pn21 ¢ E(G). Next, we claim
that all interior vertices of P are anticomplete to {z1,22} U X3 U X4. Assume otherwise, and

suppose that some interior vertex p of P has a neighbor in {z1, 22} U X3 U X4. By symmetry,
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w.l.o.g. we may assume that p has a neighbor 2’ € {23} U X3. But then 212’ ¢ E(G), and we
see that the subpath of P between p; and p contradicts the minimality of P. This proves our

claim. But now z1,p1,...,pn, 22,23, 24, 21 is a long hole in G, a contradiction.

By symmetry, w.l.o.g. we may now assume that {p1,p,} is anticomplete neither to X; nor to
X3. We know that X; is anticomplete to X3; by Lemma 22 and by symmetry, w.l.o.g. we
may now assume that p; has a neighbor y; € X, that p, has a neighbor y3 € X3, and that
p1ys, pry1 € E(G). Note that x5 has a neighbor in P, since otherwise y1,p1,. .., Pn, Y3, T2, Y1

is a long hole in G, a contradiction. Similarly, x4 has a neighbor in P.

Now, we claim that interior vertices of P are anticomplete to {z2,24}. Suppose otherwise. By
symmetry, w.l.o.g. we may assume that some interior vertex p of P is adjacent to x5, and
let p’ € V(P) be such that p'zy € E(G). It follows that the subpath of P between p and p’
contradicts the minimality of P, and this proves our claim. Since (by the minimality of P) the
interior vertices of P are anticomplete to {y1, y3}, we deduce that the interior vertices of P are in
fact anticomplete to {y1, x2,ys, x4}. It follows that each of 9, x4 has a neighbor in {p1,p,}. By
Lemma 22, and by symmetry, w.l.o.g. we may assume that pyza, ppxs € E(G) and p124, ppza ¢
E(G). But then G[{y1, z2,y3, x4} UV (P)] is a 3PC(y122p1, X4y3pn), & contradiction. M

We remind the reader that Bt is the class of all complete graphs, rings and 7-hyper-antiholes.

We are now ready to prove Theorem 8.

PrOOF OF THEOREM 8. Fix G € Gr. If G contains a long hole, then we are done by Lemma 19.
So, assume that G contains no long holes. If G contains a 7-antihole, then we are done by Lemma
20. So, assume that G contains no 7-antiholes. If G contains a 4-hole, then we are done by
Lemma 23. So, assume that G contains no 4-holes. We now have that G contains no holes, and
hence, by definition, G is chordal. But then, by Theorem 1, either G is a complete graph or it

admits a clique cutset. This proves the theorem. M

2.6 A decomposition theorem for class Q&a{"free

In this section, we prove Theorem 9, which states that every graph in ggan'ffee either belongs

to B or admits a clique cutset. We remind the reader that the house is the (unique)
cap on five vertices; note that the house is isomorphic to P5. Clearly, every cap-free graph is

house-free.

Lemma 24. Let G € Q[Cf%a'free, and assume that G contains a long hole. Then either some

anticomponent of G is a long hyper-hole, or G admits a clique cutset.

PRrROOF. This follows immediately from Lemmas 17 and 14(v). W

A domino is a six-vertex graph D with vertex set V(D) = {a1,a2,as,b1,bs,b3} and edge
set E(D) = {ajas, asas, biba, babs, a1by, asbs, asbs}; under these circumstances, we write that

“D = (a1, as,as3;b1,be,b3) is a domino”.
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Lemma 25. Let G € Qg&{?'free, and assume that G contains no long holes but does contain a

domino. Then G admits a clique cutset.

PROOF. Let D = (a1, ag, as; b1, ba, b3) be an induced domino in G. Let S be the set of all the
vertices in V(G) \ V(D) that are complete to {agz,bs}. Our goal is to show that {az,b2} US is

a clique cutset of G.
(1) Every vertez in S has a neighbor both in {a1,b1} and in {asz,bs}.

Proof of (1). Fix x € S and i € {1,3}. If x is anticomplete to {a;, b;}, then G[{a;, b;, az, ba, x}]
is a house, contrary to the fact that G is cap-free. This proves (1). O

(2) {az,b2} U S is a clique.

Proof of (2). Since asbs € E(G), and since S is complete to {ag,bs}, it suffices to show that S
is a clique. Assume otherwise, and fix non-adjacent vertices z,y € S. By (1), each of z,y has
a neighbor both in {a1,b;} and in {as3,bs}. Further, z,y have a common neighbor in each of
{a1,b1} and {as, b3}, since otherwise it is easy to see that G[{a1, b1, as, b3, x,y}] contains either
a 5-hole or a 6-hole, which contradicts the fact that G contains no long holes. Now, {x,y} is
not complete to {ai,as}, since otherwise G[{z,y, a1, b2,a3}] would be a K3 3, a contradiction.
Similarly, {x,y} is not complete to {b1,b3}. By symmetry, w.l.o.g. we may now assume that
{z,y} is complete to {a1,b3}, and that y is non-adjacent to az. But then G[{a1,as2,as,bs,y}]
is a house, contrary to the fact that G is cap-free. This proves (2). O

By (2), it remains to show that {as,b2} U S is a cutset of G. Assume otherwise. Since {ay, b1}
is anticomplete to {as,bs}, it follows that there exists an induced path P = pi,...,p, in
G\ (V(D) U S) such that p; has a neighbor in {a1, b1}, and p, has a neighbor in {as,bs}; in
particular, let P be such a path with shortest length. Note that the minimality of P implies

that all interior vertices of P are anticomplete to {a1,b1, a3, b3}
(3) At most one of az,ba has a neighbor in V(P).

Proof of (8). Suppose not. Fix 4,j € {1,...,n} such that p;as,p;be € E(G), and, subject to
that, such that |[¢ — j| is minimum. By symmetry, w.l.o.g. we may assume that ¢ < j. If i = 7,
then p; = p; belongs to S, a contradiction; thus, i < j. If i+1 < j, then p;, pit1,...,pj,b2, a2, s

is a long hole in G, a contradiction; thus, 7 =i + 1.

Next, we claim that by is anticomplete to {p1,...,p;—1}. Suppose otherwise, and fix a maximum
¢ e {1,...,i— 1} such that p;bs € E(G). Then bs,py,...,pi,Pi+1,b2 is a hole in G; since G
contains no long holes, it follows that ¢ = ¢ — 1. Since py ¢ S, we see that pyas ¢ E(G), and

hence G[{pi, b2, pi—1, a2, pi+1}] is a Ko 3, a contradiction. This proves our claim.

Now, if p1by ¢ E(G), then praq € E(G), and p1,...,pit1,b2,b1,a1,p1 is a long hole in G, a
contradiction. Thus, p1b; € E(G), and we have that H = p1,...,pj+1,b2,b1,p1 is a hole in G.
Since G contains no long holes, it follows that H is a 4-hole, and consequently, i = 1. But then

G[{p1,b2,b1,0a2,p2}] is a K3 3, a contradiction. This proves (3). O

By (3), and by symmetry, w.l.o.g. we may assume that ay is anticomplete to V(P). Thenn = 1
(i.e. P is a trivial path) and p; is complete to {a1, a3}, since otherwise G[V (P)U(V(D)\ {b2})]
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contains a long hole, a contradiction. Now, p1, a1, as,as,p; is a 4-hole, and p; is anticomplete
to {b1, b3} since G is house-free. Then p1by € E(G), since otherwise py, a1, by, bo, b3, as, py is a

6-hole in G, a contradiction. But now G[{p1,as, a1, b2, as}] is a Ky 3, a contradiction. W

Lemma 26. Let G € g;%"free. Assume that G contains a 4-hole, contains no long holes, and

does not admit a clique cutset. Then G has at least two non-trivial anticomponents.

PROOF. Let H = z1,x2,23,%4,x1 be a 4-hole in G, and, for all i € Z4, set X; = X, (H). Thus,
(X1, X2, X3, X4) is a partition of V(H™).

(1) For every i € Zys, X; is a clique that is complete to X; 1 U X;41.

Proof of (1). By Lemma 16, X7, X5, X3, X4 are cliques. By symmetry, it now suffices to show
that X is complete to X5. Assume otherwise, and fix non-adjacent vertices y; € X; and
Y2 € Xo; since x; is complete to Xo, we have that y; # x1. But then G[{y1,x1,y2,x3,24}] is a

house, a contradiction. This proves (1). O

(2) For every x € V(G) \ (V(H*)UUg), there exists some i € Zy such that Ng(z) NV (H*) C
X, UXH_Q.

Proof of (2). Suppose otherwise. By symmetry, w.l.o.g. we may assume that there exist some
x e V(G)\ (V(H*)UUg), 11 € X1 and y2 € X3 such that zy;,2y2 € E(G). By (1), we have
that y1y2 € E(G).

Since = ¢ V(H*) UUpy, = has at most two neighbors in V(H). If « has precisely two neighbors
in V(H), then G[V (H) U {z}] is either a house or a K» 3, a contradiction. Thus, = has at most
one neighbor in V(H).

If = is anticomplete to {x3,z4}, then G[{z,y1,y2,3,24}] is a house, a contradiction. By
symmetry, w.l.o.g. we may now assume that za3 € E(G). Since x has at most one neighbor in
V(H), we deduce that x3 is the unique neighbor of z in V(H), and hence y; # z1. But now

G[{z1,y2, T3, x4, 2}] is a house, a contradiction. This proves (2). O

(3) For all components C of G\ (V(H*) U Ug), there exists some i € Zy such that Ng(C) N
V(H") C X;UXjyo.

Proof of (3). Assume otherwise, and let C' be a component of G\ (V(H*)UUpg) that contradicts
(3). Then, for some i € Z4, Ng(C) intersects both X; and X;1. Let P be a minimal connected
induced subgraph of C' such that there exists some i € Z4 such that Ng(P) intersects both X;
and X;;1; by symmetry, w.l.o.g. we may assume that Ng(P) intersects both X; and X5. Let
a1,as € V(P) be such that a; has a neighbor y; € X7, and as has a neighbor y» € X5. By
(1), y1y2 € E(G). By (2), Ng(a1) NV(H*) C X; U X3 and Ng(az) NV(H*) C Xy U Xy; in
particular, a; # as. Clearly, P is a path between a; and as, since otherwise any induced path in
P between a1 and as would contradict the minimality of P. Furthermore, by the minimality of
P, all interior vertices of P are anticomplete to X1UX5. Also, P is of length one, since otherwise
G[V(P) U {y1,y=2}] would be a long hole in G, a contradiction; in particular, ajas € E(G).

Next, we have that a1z3 ¢ E(G), since otherwise the graph G[{y1,x3,a1,y2,z4}] would be a
K>3, a contradiction. Similarly, asxzs ¢ E(G). But then G[{a1, a2, y1,y2, %3, 24}] is a domino,

35



and so, by Lemma 25, G admits a clique cutset, a contradiction. This proves (3). O
(4) For all components C of G\ (V(H*)UUg), Na(C)N(V(H*)UUg) is a clique.

Proof of (4). Assume otherwise, and let C' be a component of G \ (V(H*) U Up) such that
Na(C)N(V(H*)UUg) is not a clique. Let P be a minimal connected induced subgraph of C such
that Ng(P)N(V(H*)UUg) is not a clique. By (3), and by symmetry, w.l.o.g. we may assume
that Ng(P)NV(H*) C X;UXj3. Now, fix non-adjacent y,y’ € Ng(P)N(V(H*)UUp), and fix
(not necessarily distinct) a,a’ € V(P) such that ay,a’y’ € E(G). Clearly, P is a path between a
and @’ (if a = @/, then we simply have that P is a one-vertex path), since otherwise any induced
path in P between a and a’ would contradict the minimality of P. Let P = ps,...,p, with
p1 = a and p, = @, and, by the minimality of P, note that P’ =y, p1,...,pn, ¥ is an induced
path in G. Now, since Ng(P) NV (H*) C X; U X3, we see that xo and x4 are anticomplete
to V(P). Since {xg, x4} is complete to X7 U X35 U Up, we deduce that {za,x4} is complete to
{y,y'}. But then G[V(P)U{y,y',x2,24}] is a 3PC(y,y’), a contradiction. This proves (4). O

(5) V(G) = V(H*) UUg.

Proof of (5). Assume not, and let C be a component of G\ (V(H*)U Ug). It follows from (4)
that No(C) N (V(H*)UUpg) is a clique cutset of G, a contradiction. This proves (5). O

(6) Every vertex in Uy is complete to at least three of the sets X1, Xo, X3, X4.

Proof of (6). Let x € Uy. By symmetry, it suffices to show that, if  has a non-neighbor in
X1, then z is complete to X5 U X3 U X4. So, suppose that x is non-adjacent to some y; € X;.
Suppose also that = has a non-neighbor yo € Xs. By (1), we have that y1y2 € E(G), and hence
G[{z,y1,y2,x3,24}] is a house, a contradiction. Thus, z is complete to Xo, and similarly, «
is complete to X4. Now suppose that = has a non-neighbor y3 € X3. If y1y3 ¢ E(G), then
Gl{x2,24,91,y3,2}] is a Ky 3, a contradiction. Therefore, y1y3 € E(G). Since z € Uy, we
know that zx1,zz3 € E(G); since zy1,zys ¢ E(G), it follows that y1 # z1 and y3 # x3. But
then, by (1), z,z1,y1,ys, 3,z is a 5-hole in G, a contradiction. This proves (6). O

(7) Every non-trivial anticomponent of G[Ug] is complete to V(H*).

Proof of (7). Assume otherwise, and let C be the vertex set of a non-trivial anticomponent of
G[Ug] such that C is not complete to V(H*). Fix # € C such that 2 has a non-neighbor in
V(H*), and let y € C be a non-neighbor of = (y exists because G[C] is anticonnected and has at
least two vertices). By symmetry, w.l.o.g. we may assume that  has a non-neighbor y; € X3
(clearly, y1 # z1). But now, if yy; ¢ E(G), then G[{x2, x4, z,y,y1}] is a Ka 3, a contradiction,
and, if yy1 € E(G), then G[{z,y,y1,21,23}] is a house, which is again a contradiction. This
proves (7). O

Suppose first that Uy is not a clique, and let C' be the vertex set of a non-trivial anticomponent
of G[Ug]. By (5) and (7), we have that C' is the vertex set of a non-trivial anticomponent of
G. Since CNV(H) = @, we see that some other anticomponent of G (for example, the one
containing 7 and x3) is also non-trivial, and it follows that G contains at least two non-trivial

anticomponents, which is what we needed to show.
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So, from now on, we assume that Ug is a clique. Let Y be the set of all the vertices in Uy that
are complete to V(H*), and, for all i € Zy4, let Y; be the set of all the vertices in Uy that have a
non-neighbor in X;. Clearly, Uy = YUY UYoUY3UY,. By (6), we have that Y; is complete to
Xit1 U XipoU X3 for all 4« € Zy, and so we deduce that Y, Y7, Ys, Y3, Y, are pairwise disjoint.
By (5), we know that V(G) = (X3 UX3UY;UY3)U(XoUX,UY,UY,)UY. By (1), X1 UX3 is
complete to Xo U Xy, and hence the sets X1 UX3UY1UY3, XoUX,UYoUY, and Y are pairwise
complete to each other. Since z123 ¢ E(G), the graph G[X;UX3UY; UY3] contains at least one
non-trivial anticomponent, and, since zox4 ¢ F(G), the graph G[X2 U X4 U Y2 UYy] contains
at least one non-trivial anticomponent. It follows that G contains at least two non-trivial

anticomponents, and we are done. W

We remind the reader that B%aTI"free is the class of all graphs G that satisfy one of the following:

e (G has exactly one non-trivial anticomponent, and this anticomponent is a hyper-hole of

length at least six;

e cach anticomponent of G is either a 5-hyper-hole or a chordal co-bipartite graph.

We are now ready to prove Theorem 9.

cap-free

Proor orF THEOREM 9. Let G € Gj7 , and assume that G does not admit a clique cutset;

cap-free

we must show that G € Byt
(1) Every anticomponent of G is either a long hyper-hole or a chordal co-bipartite graph.

Proof of (1). Let C be an anticomponent of G. We want to prove that C is either a long
hyper-hole or a chordal co-bipartite graph.

Suppose first that C' admits a clique cutset S. Clearly, a(C) > 2. If U¢ is a (possibly empty)
clique, then S U Ug is a clique cutset of GG, a contradiction. Thus, Ues is not a clique, and
we deduce that G has at least two non-trivial anticomponents. Lemma 12 now implies that
a(G) = 2; since a(C) > 2, it follows that «(C) = 2, and so, by Lemma 13, C is a chordal
co-bipartite graph, and we are done. So, from now on, we assume that C' does not admit a

clique cutset.

Suppose that C contains a long hole. Then, by Lemma 24, C' is a long hyper-hole, and we are
done. So, from now on, we assume that C' contains no long holes. Since C' is anticonnected,
Lemma 26 implies that C' contains no 4-holes. Thus, C' contains no holes, and so, by definition,
C is chordal. Since C' does not admit a clique cutset, Theorem 1 now implies that C is a
complete graph (in fact, since C' is anticonnected, C' is isomorphic to K7), and, in particular,

C is a chordal co-bipartite graph. This proves (1). O

If G contains at most one non-trivial anticomponent, then (1) implies that G € B%afl{"free, and
we are done. So, assume that G has at least two non-trivial anticomponents; by Lemma 13,
it follows that a(G) = 2. Since every hyper-hole of length greater than five contains a stable
set of size three, (1) now implies that every anticomponent of G is either a 5-hyper-hole or a

cap-free

chordal co-bipartite graph, and so G' € B~ . This proves the theorem. W
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2.7 y-Boundedness

In this section, we obtain polynomial y-bounding functions for the classes Gyr, Gu, G, Q{}%l{"free

In Subsection 2.7.1, we deal with classes QU7QT7QICJ%F_MB. For each of the three classes, we

obtain a linear x-bounding function; the proofs rely on our decomposition theorems for these

classes (i.e. Theorems 7, 8 and 9), as well as on a result from [23].

In Subsection 2.7.2, we obtain a fourth-degree polynomial y-bounding function for class Gyr.
Instead of relying on Theorem 6 (the decomposition theorem for Gyt that we stated in the
Introduction and proved in Section 2.3), we prove a new decomposition theorem for class Gyr,
one that “decomposes” graphs in Gyt into “basic” cap-free induced subgraphs via “double star
cutsets” that are “small” relative to the clique number of the graph. We then rely on Theorem
35 (which states that the class G&2™° is y-bounded by a linear function), as well as on a result

of [37], to obtain a polynomial x-bounding function for class Gyr.

2.7.1 Classes Gy, G, ggaTP-free

We begin with a very easy lemma, which states that clique cutsets “preserve y-boundedness”

(by the same y-bounding function).

Lemma 27. Let G be a hereditary graph class, and let f : NT — NT be a non-decreasing
function. Assume that every graph G € G either satisfies x(G) < f(w(G)) or admits a clique
cutset. Then every graph G € G satisfies x(G) < f(w(Q)).

PRrOOF. Clearly, if (A4, B,C) is a clique cut partition of a graph G, then
X(G) = max {x(G[AUC]),x(G[BUC])} .
The result now follows by an easy induction. W

A function f : NT — NV is superadditive if, for all n,m € NT, we have that f(n) + f(m) <

f(n 4+ m). Note that every superadditive function is non-decreasing.

Lemma 28. Let f : Nt — N7 be a superadditive function, let G be a graph and assume that
all anticomponents C of G satisfy x(C) < f(w(C)). Then x(G) < f(w(G)).

PROOF. Let Gy, ..., G be the anticomponents of G. Clearly, we have that w(G) = 22:1 w(Gy)

and x(GQ) = Zle X(G;). By hypothesis, x(G;) < f(w(G;)) for every i € {1,...,t}. Since f is
superadditive, it follows that
WG) =S n(G) <3 F(w(Ga) < £(Dw(Gn) = F(w(@),

=1 =1 i=1

which proves the lemma. M

A graph G is called a circular-arc graph if there exists a one-to-one correspondence between

the vertices of G and a set of arcs on a circle such that two distinct vertices are adjacent in
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G if and only if the corresponding arcs intersect. The following characterization of circular-arc

graphs is due to Tucker [46].

Theorem 29. ([46]) A graph G on n vertices is a circular-arc graph if and only if there exists
a circular ordering vi,...,v, of its vertices, such that, for i < j, if viv; € E(G) then either

Vit1, .-,V € Ng(v;) or vjq1,...,v; € Ng(vj).
An easy corollary of Theorem 29 is the fact that rings are circular-arc graphs.
Lemma 30. Let R be a ring. Then R is a circular-arc graph.

PROOF. Let (Xy,...,Xx), with k > 4, be a good partition of the ring R. For every i € Z,
let X; = {uﬁ,...,u‘ixil}, and let X; C NR[u‘iXil] C .- C Np[ul] = X;_1 UX; UX;11. Now

consider the circular ordering vy, ..., vy (r) = U Uk x| of the vertices of R defined as follows:
let v1 = ui,...,vx, = ullel’ and, for every j € {1,...,k — 1}, let
) _,J+1 ) _,Jt1
QUi X+ = Y1 o Vgt xg) T Yixgpa)e

Clearly, if i < j and v;v; € E(R), then either v;41,...,v; € Ngr(v;) or vjt1,...,v; € Ng(vj).

The result now follows from Theorem 29. W

Karapetyan [24] showed that every circular-arc graph (and hence, by Lemma 30, every ring)
G satisfies x(G) < |3w(G)], which was first conjectured by Tucker [47]. For completeness, we

now give an independent proof of this bound for rings.

Lemma 31. Every ring R satisfies x(R) < [3w(R)|. In particular, every hyper-hole H satisfies
X(H) < |Jw(H)].

PROOF. Since every hyper-hole is a ring, the second statement follows from the first. To prove
the first statement, we let R be a ring, and we assume inductively that every ring R’ on fewer

than |V (R)| vertices satisfies x(R’) < [3w(R’)]. We must show that x(R) < [3w(R)].

Let (X1,...,Xk), with k > 4, be a good partition of the ring R. By symmetry, w.l.o.g. we may
assume that | Xo| = max{|X;| : ¢ € Zy}. If | X3| = 1, then R is a hole, we deduce that w(R) = 2
and x(R) < 3, and the result follows. So, from now on, we assume that |Xs| > 2. Further, it
follows from Lemma 4(ii) that w(R) < max{|X;| + |X;+1] : ¢ € Z}, and so the maximality of
| X5| implies that [Xs| > fw(R).

Let 22 € X3 be such that, for every x € Xa, Ng[z2] C Nglxh] (the existence of the vertex
xo follows from the definition of a ring). Set Y7 = Npg(z2) N X1 and Y3 = Np(z2) N X3;
then Ng(z2) = Y1 U (X2 \ {z2}) U Y3, and it follows that dg(ze) = |Yi| + |Xa| + V3| — 1.
Now, the choice of x5 guarantees that X5 is complete to Y7 U Y3, which in turn implies that
max{|Y1]| + | Xzl, |Y3| + | X2|} < w(R). It follows that |Y1| + | X2| + |Y3]| < 2w(R) — | X2, and so

dr(ze) = |Y1| 4+ | Xo| + V3] — 1 < 2w(R) — | X2 — 1 <

N o

w(R) — 1.

Since dg(z2) is an integer, it follows that dg(z2) < [Sw(R)]| — 1.
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Now, since |X5| > 2, the choice of x2 guarantees that R\ {z2} is a ring. By the induction
hypothesis, we have that x(R\{z2}) < [3w(R\{z2})] < [3w(R)]. Since dr(z2) < [3w(R)]| -1,
it follows that x(R) < [3w(R)]. W

A graph is weakly chordal (or weakly triangulated) if it contains no long holes and no long
antiholes. It was shown in [23] that weakly chordal graphs are perfect (note that this can also
be deduced from the Strong Perfect Graph Theorem [9]).

Lemma 32. FEvery 7-hyper-antihole G satisfies x(G) < L%w(G)J.

PROOF. Let G = X1, X5, ..., X7, X7 be a 7-hyper-antihole. By symmetry, we may assume that
| X7| = min{|X;| : ¢ € Z7}. Since X7 U X3 U X, is a clique, the minimality of | X7| implies that
| X7| < 3w(G). Now, note that G\ X7 is weakly chordal, and therefore (by [23]) perfect. Thus,
X(G\ X7) = w(G\ X7) < w(G). Since |X7| < 3w(G), it follows that x(G) < $w(G). The result
now follows from the fact that x(G) is an integer. W

We are now ready to prove that each of the classes Gy, Gr, foiﬁ'free is x-bounded by a linear

function.
Theorem 33. Every graph in Gy satisfies x(G) < w(G) + 1.

PrOOF. By Theorem 7 and Lemma 27, it suffices to show that every graph G € By satisfies
X(G) < w(G) + 1. But this easily follows from the definition of By. MW

Theorem 34. Every graph in Gr satisfies x(G) < [3w(G)].

PrOOF. By Theorem 8 and Lemma 27, it suffices to show that every graph G € B satisfies
x(G) < [3w(G)]. But this easily follows from the definition of Br, and from Lemma 31 and

Lemma 32. N

Theorem 35. Every graph in Q%a{f'free satisfies x(G) < [2w(@)].

PROOF. By Theorem 9 and Lemma 27, it suffices to show that every graph G € B%%F'free
satisfies X(G) < |3w(G)]. But this easily follows from the definition of B%aﬁ})'free, from Lemmas

28 and 31, and from the fact that chordal graphs are perfect [18]. MW

2.7.2 Class Gur

It was proved in [2] that every graph of “large” chromatic number contains a “highly connected”
induced subgraph of “large” chromatic number. The bound from [2] was subsequently improved

in [8], and it was further improved in [37]. We state the result from [37] below.

Theorem 36. ([37]) Let k be a positive and ¢ a non-negative integer, and let G be a graph
such that x(G) > max{c+ 2k —2,2k?}. Then G contains a (k + 1)-connected induced subgraph

of chromatic number greater than c.

Our next result is an easy corollary of Theorem 36.
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Theorem 37. Let G and G* be hereditary graph classes, and let f,h : NT — Nt be non-
decreasing functions. Assume that G is x-bounded by f, and assume that every graph G € G*
either belongs to G or admits a cutset of size at most h(w(G)). Then G* is x-bounded by the
function g : NT — Nt given by g(n) = max{f(n) + 2h(n) — 2,2h(n)?} for all n € N*.

PROOF. Assume otherwise. Fix G € G* such that x(G) > g(w(G)). Set k = h(w(G)) and
c= f(w(Q@)); then x(G) > max{c+ 2k — 2, 2k*}, and so, by Theorem 36, G contains a (k + 1)-
connected induced subgraph F' such that x(F) > c¢. Since G* is hereditary, we know that
F € G*. Since f is non-decreasing, we have that x(F) > ¢ = f(w(G)) > f(w(F)); since G is
Xx-bounded by f, it follows that F' ¢ G. Since F € G* and F ¢ G, it follows that F has a cutset
of size at most h(w(F')). But since h is non-decreasing, we have that h(w(F)) < h(w(G)) = k,
and so F' has a cutset of size at most k, which contradicts the fact that F' is (k 4 1)-connected.
This proves that G* is y-bounded by g. W

Given k,¢ € NT, the Ramsey number R(k,f) is the smallest integer such that all graphs on
R(k, ) vertices contain a clique of size k or a stable set of size ¢ (see, for instance, Chapter 8.3
of [49]). A double star cutset of a graph G is a cutset C of G such that there exist two adjacent
vertices x,y € C (called the centers of the double star cutset C') such that C C Ng[x] U Ng[y].

Theorem 38. Every graph G € Gur satisfies at least one of the following:

cap-free

e G is cap-free (and so G € G "°%);

e w(G) =3, and G admits a double star cutset of size at most R(w(G) —1,3) +4w(G) — 7.

PRrOOF. Fix G € Gyr. We may assume that G is not cap-free, since otherwise we are done.
Since every cap contains a triangle, this implies that w(G) > 3. Since G contains a cap,
we know that there exists a hole H = z,y,x1,...,xp, 2 (with A > 2) in G, and a vertex
¢ € V(G)\ V(H) such that Ng(c) N V(H) = {z,y}. (Thus, G[V(H) U {c}] is a cap.) For all
v € V(H), let T, be the set of all the twins of v w.r.t. H, that is, let T, = X,(H) \ {v}. Set
C={z,y}UT,UT,UT, UT,, UUg. Our goal is to show that C'is a double star cutset (with
centers z,y), and |C| < R(w(G) —1,3) + 4w(G) — 7.

(1) |0] < R(w(G) — 1,3) + 4w(G) — 7.

Proof of (1). By Lemma 16, T, is a clique for every v € V(H). Furthermore, for all v € V(H),
both v and its two neighbors in H are complete to T,; consequently, |T,| < w(G) — 2 for all
v € V(H), and it follows that |C'\ Ug| = |{z,y} UT, UT, UT,, UT,,| < 4w(G) — 6.

It remains to show that |[Ug| < R(w(G)—1,3)—1. Since Uy is complete to the clique {z,y}, we
know that w(G[Ug]) < w(G)—2. Next, note that « and z; are non-adjacent and complete to Upy,
and so Lemma 12 applied to G[{z, 21} UUg]| implies that a(G[Ug]) < 2. Thus, G[Ug] contains
neither a clique of size w(G) — 1 nor a stable set of size three, and so |Uy| < R(w(G)—1,3) —1.
This proves (1). O

It remains to prove that C is a double star cutset with centers x and y. First of all, it is clear

that x and y are adjacent, that x is complete to T, UT%, , that y is complete to T}, UT,, and
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that {x,y} is complete to Uy. Thus, it suffices to show that C is a cutset of G separating c
from {z1,...,zp}. Clearly, we may now assume that 7, UT, UT,, UT,, UUyg = &, and we

just need to prove that {z,y} is a cutset of G that separates ¢ from {z1,...,zp}.

Assume otherwise, that is, suppose that {z, y} does not separate ¢ from {z1,...,2,} in G. Fix a

shortest induced path P in G\ {x, y} such that one endpoint of P is ¢, and the other endpoint of

P belongs to {x1,...,xx}. Since ¢ is anticomplete to {1, ..., 2}, we know that P is of length
at least two. Set P = po,p1,...,Pnt1 (With n > 1), so that pg = ¢ and ppy1 € {21,..., 21}
By the minimality of P, we know that c¢ is anticomplete to {pa,...,pnt+1}, and that vertices
Do, - - -y Pn—1 are anticomplete to {z1,...,zp}.

(2) Na(pn) NV (H) is a clique of size at most two.

Proof of (2). Assume not. Since Uy = @, Lemma 15 implies that p,, is a twin of some vertex of
H w.r.t. H. Since T,UT,UT,, UT,, = &, we see that p,, € T,, for some i € {2,...,h—1} (and,
in particular, h > 3). Note that py = ¢ is adjacent to z,y € V(H); let j € {0,...,n — 1} be
maximal with the property that p; has a neighbor in V(H). We know that p; is anticomplete
to {x1,...,2p}, and so Ng(p;) NV (H) C {z,y}, and at least one of z,y is adjacent to p;. If p;
is complete to {x,y}, then G[(V(H) \ {z:}) U{p;,...,pn}] is a 3PC(p;xy, p,), a contradiction.
Thus, p; is adjacent to exactly one of x,y; by symmetry, w.l.o.g. we may assume that p; is
adjacent to z and non-adjacent to y. But now G[(V(H) \ {z:}) U{p;,...,pn}] is a 3PC(x, p,),

a contradiction. This proves (2). O
(3) Vertex p,, is anticomplete to {x,y}.

Proof of (3). Assume otherwise. Since p, has a neighbor (namely, p,11) in {z1,...,2}, (2)
implies that either Ng(p,) NV (H) = {y,z1} or Ng(p,)NV(H) = {z, x}; by symmetry, w.l.o.g.
we may assume that Ng(p,) NV (H) = {y,z1}. Now, we know that = is adjacent to pg = ¢;
let j € {0,...,n — 1} be maximal with the property that p;z € E(G). But now it follows that
Y =a,pj,...,pn,%1,..., %, x is a hole and (Y, y) is a proper wheel in G, a contradiction. This

proves (3). O

We know that p, has a neighbor (namely, p,4+1) in {z1,...,25}. Also, we may assume that
pn has a neighbor in {z1,...,z5_1}, since the case when xj is the only neighbor of p, in
{z1,...,2p} is symmetric to the case when z; is the only neighbor of p,, in {z1,...,2,}. Now,
let i € {1,...,h — 1} be minimal with the property that p,z; € E(G); it follows from (2) and
(3) that x; € Ng(pn) NV(H) C{zs, it1}-

Recall that py = ¢ is adjacent to x,y € V(H); let j € {0,...,n — 1} be maximal with the
property that p; has a neighbor in V(H). We know that p; is anticomplete to {z1,..., x5},
and so we have that Ng(p;) NV (H) C {x,y}, and that p; is adjacent to at least one of z,y. Set
K =G[V(H)U{pj,...,pn}]. It then follows from routine checking that y is the only neighbor
of p; in V(H), and that x; is the only neighbor of p, in V(H), since otherwise K is a 3PC,
a contradiction. Note that we now have that z is anticomplete to {p;,...,p,}. Since z is
adjacent to pg = ¢, we know that j > 1; let £ € {0,...,7 — 1} be maximal with the property
that pex € E(G). But now Y = x,pg, ..., pn, 21, ..., Zh, x is a hole and (Y, y) is a proper wheel
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in G, a contradiction. This completes the argument. M

Theorem 39. The class Gyt is x-bounded by the function g : NT — NT given by g(1) = 1,
g(2) =3 and g(n) = 2(R(n —1,3) + 4n — 7)2 for n > 3.

PROOF. Let f : N* — N* be given by f(n) = [3n], and let h : N* — NT be given by
h(1) = h(2) =1 and h(n) = R(n —1,3) +4n — 7 for n > 3. Define g : NT — NT by setting
g(n) = max{f(n) + 2h(n) — 2,2h(n)?}. By Theorem 35, gfﬁ;"free is x-bounded by f. On
the other hand, Theorem 38 guarantees that every graph G € Gur either belongs to g%‘“i}"fmc
or admits a cutset of size at most h(w(G)). Therefore, by Theorem 37, we have that Gur
is x-bounded by g. Now, to show that Gy is in fact x-bounded by g, we fix G € Gy, we
set w = w(G), and we prove that x(G) < g(w). If w = 1, then the result is immediate. Next,
suppose that w = 2. Since every cap contains a triangle, it follows that G is cap-free. Therefore,
G e G and so x(G) < f(2) = 3 = g(2). From now on, we assume that w > 3. Since Gy
is x-bounded by g, we just need to prove that g(w) = g(w). By the definition of g and g, and

by an easy calculation, we get the following:
J(w) = max{f(w)+2h(w)—2,2h(w)*}

max { |3w] + 2R(w — 1,3) + 8w — 14 — 2,2(R(w — 1,3) + 4w — 7)2}

— 2(R(w—1,3) +4w—7)°

= gw).
This completes the argument. W

Since R(k,3) is of order k%/logk [25], Theorem 39 implies that there exists a constant ¢ > 0

such that every graph G € Gyt that has at least one edge satisfies x(G) < clogz,(i)(z). We also

have the following corollary of Theorem 39.
Theorem 40. Every graph G € Gur satisfies x(G) < 2w(G)*.

PROOF. Let w = w(G). If w < 2, then the result follows immediately from Theorem 39. So,
assume that w > 3. In view of Theorem 39, we only need to show that 2(R(w—1,3)+4w—7)? <
2w*, which is, in turn, equivalent to showing that R(w — 1,3) + 4w — 7 < w?. By the Erdés-
Szekeres upper bound for Ramsey numbers (see [49]), we know that R(k,¢) < (kjff) for all

k, ¢ € N*; thus, R(w —1,3) < (;’), and consequently, R(w —1,3) + 4w — 7 < (‘;) +4w—7. A

simple calculation now shows that (;’) + 4w — 7 < w?, and the result follows. W

2.8 Algorithms

Unless stated otherwise, in all our algorithms n denotes the number of vertices and m denotes

the number of edges of the input graph.
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We remark that our algorithms are robust, that is, they either produce a correct solution to the
problem in question for the input (weighted) graph, or they correctly determine that the graph
does not belong to the class under consideration.

s -1 . .
Our decomposition theorems for classes Gur, Gu, Gr, glcﬁl? ¢ all involve clique cutsets, and for

this reason, the algorithmic tools developed in [43] for handling clique cutsets will be used

extensively in this section. Our next subsection (Subsection 2.8.1) heavily borrows from [43].

2.8.1 Clique cutset decomposition tree

A function f : NP — N is said to be non-decreasing if it satisfies the property that, for all

NiyeeosNp, Ny, ..,y € Nosuch that ny < nf,...,n, < nj, we have that f(ni,...,n,) <
f(ny, ... ny); fis said to be superadditive if, for all ny,...,n,,ny,...,n;, € N, we have that
f(na,..oomp) + f(ny,...,ny) < f(na +nf,...,n, +ny). Clearly, any superadditive function

is non-decreasing. Note also that any polynomial function, all of whose coefficients are non-

negative, and whose free coefficient is zero, is superadditive.

A rooted tree is an ordered pair (T,r), where T is a tree and r is a node of T called the root.
If T has at least two nodes, then the leaves of (T,r) are the nodes in V(T) \ {r} that are of
degree one in T and, if V(T') = {r}, then we consider the root r to be a leaf of T. The set
of all the leaves of (T, r) is denoted by L(T,r). The internal nodes of (T,r) are the nodes in
V(T)\L(T,r). If u,v € V(T), then we say that v is a descendant of u, and that v is an ancestor
of v in (T,r), provided that u # v and u belongs to the unique path between r and v in T.
Given u,v € V(T'), we say that v is a child of u, and that u is the parent of v in (T, r), provided
that v is a descendant of w in (7T, 7), and uv € E(T). Clearly, every node other than the root
has a unique parent in (7', r), leaves have no children in (7, r), and all the internal nodes have
at least one child in (T, r). If uw € V(T'), then the subtree of (T, r) rooted at u is the rooted tree
(T, u), where T, is the subtree of T" induced by w and all the descendants of u in (T, 7).

A clique cut partition (A, B, C) of a graph G is extreme if G[A U C] admits no clique cutset. It
is easy to see that, if G admits a clique cutset, then G admits an extreme clique cut partition.
(To see this, suppose that G admits a clique cutset. Choose a clique cut partition (4, B, C) of
G such that |A U C] is as small as possible. Then (A, B, C) is readily seen to be an extreme
clique cut partition of G.) This implies that, for every graph G, there exists a clique cutset
decomposition tree of G, which is a rooted tree (Tg,r) equipped with an associated family

{V"}uev(re) of subsets of V(G), having the following properties:
e if G admits no clique cutset, then V(Tg) = {r} and V" = V(G);

e if G does admit a clique cutset, then there exists an extreme clique cut partition (A4, B, C)
of G such that V" = C, r has precisely two children in (T, r), one of them (call it x) is
a leaf of (Tz,r) and satisfies V¥ = AU C, and the subtree of (T, ) rooted at the other
child of r is a clique cutset decomposition tree of G[B U C].

If (T, r) is a clique cutset decomposition tree of a graph G, then |V (T¢)| < 2|V(G)| — 1 and
|L(Tq,r)| < |V(G)|. It was shown in [43] that a clique cutset decomposition tree of an arbitrary
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input graph can be computed in O(nm) time. We remark that a clique cutset decomposition

tree of a given graph does not need to be unique.

If G is a graph, (T, ) a clique cutset decomposition tree of G and u a node of T¢;, then we set

G" = G[U {V¥:2 =wuor zis a descendant of u in (Tg,r)}]

Note that the family {G“},ev (1) can be computed in O(n? 4+ nm) time. We also remark that,
for all w € V(Tg), if u is a leaf of (Tg,r), then G* admits no clique cutset, and, if « is an

internal node of (T, r), then V* is a clique cutset of G*.

The following simple lemma will be used repeatedly.

Lemma 41. Let B and G be hereditary graph classes, and assume that every graph in G either
belongs to B or admits a clique cutset. Let G € G, let (Tg,r) be a clique cutset decomposition
tree of G and let {G"},ev(1s) be the associated family of induced subgraphs of G. Then all
graphs in the family {G"}yer(rg,r), and all their induced subgraphs, belong to B.

PRrROOF. Since G is hereditary and G € G, we know that all induced subgraphs of G belong to
G; in particular, each graph in {G"},cr (1, belongs to G. By the definition of a clique cutset
decomposition tree, no graph in {G"},cr (7, admits a clique cutset. Since (by hypothesis)
all graphs in G that do not admit a clique cutset belong to B, we deduce that all graphs in
{G"}uecr(1s,r) belong to B. The result now follows from the fact that B is hereditary. M

Our next lemma can be seen as a partial converse of Lemma 41.

Lemma 42. Let G and F' be graphs, let (T, r) be a clique cutset decomposition tree of G and
let {G"}uev(Ts) be the associated family of induced subgraphs of G. Assume that F' does not
admit a clique cutset, and assume that, for allu € L(Tg,r), G* is F-free. Then G is F-free.

Proor. If (4, B,C) is a clique cut partition of a graph G, then the fact that F' admits no
clique cutset implies that G is F-free if and only if both G[A U C] and G[B U C] are F-free.

The result now easily follows from the definition of a clique cutset decomposition tree. M

We now show how a clique cutset decomposition tree can be used to solve the optimal coloring
problem, as well as the maximum weight clique and maximum weight stable set problems,
in certain classes of graphs. Lemmas 43 and 44 (which deal with the optimal coloring and
maximum weight clique problems, respectively) and their proofs are very similar to the results
and arguments from [43], and we include them here for the sake of completeness. The maximum
weight stable set problem is dealt with in a slightly different way than in [43] (see Lemmas 45
and 46, and the discussion that follows them).

Lemma 43. Let B and G be hereditary graph classes, and assume that every graph in G either
belongs to B or admits a clique cutset. Let f : NxN — N be a non-decreasing function. Assume

that there exists an algorithm A with the following specifications:
e Input: A graph G.
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e Output: Fither an optimal coloring of G, or the true statement that G ¢ B.
e Running time: At most f(n,m).

Then there exists an algorithm B with the following specifications:
e Input: A graph G.
e Output: Fither an optimal coloring of G, or the true statement that G ¢ G.
e Running time: O(nf(n,m)+n? + nm).

PROOF. Let G be an input graph. We first compute a clique cutset decomposition tree (T¢,r)
of G and the associated family {G"},cv (1) of induced subgraphs of G in O(n? 4 nm) time.
By Lemma 41, if G € G, then all graphs in the family {G"},c (7, belong to B.

Suppose first that T has just one node (namely, the root r). In this case, we have that either
G € Bor G ¢ G. We now run the algorithm A with input G; this takes at most f(n,m) time.
If the algorithm A returns the answer that G ¢ B, then our algorithm B returns the answer
that G ¢ G and stops. On the other hand, if the algorithm A returns an optimal coloring of G,

then the algorithm B returns this coloring and stops.

Suppose now that T has more than one node. Let  and y be the children of the root r in
(T, r); by symmetry, w.l.o.g. we may assume that x € £L(Tg,r). We first run the algorithm
A with input G*; this takes at most f(n,m) time. If we obtain the answer that G* ¢ B, then
the algorithm B returns the answer that G ¢ G and stops. Suppose now that the algorithm
A returned an optimal coloring of G*. We now recursively either determine that GY ¢ G or
obtain an optimal coloring of GY. If we obtain the answer that GY ¢ G, then the algorithm B
returns the answer that G ¢ G and stops. Suppose now that we obtained an optimal coloring
of GY. We then permute and rename the colors used by the colorings of G* and GY to ensure
that the two colorings agree on V", and that the set of colors used on one of G*, GY is a subset
of the set of colors used on the other; this takes O(n) time. Finally, we take the union of the
colorings of G* and GY in O(n) time, and we obtain an optimal coloring of G; we return this

coloring of G and stop.

Clearly, the algorithm is correct; it remains to estimate its running time. We run the algorithm
A at most |L(Tg,r)| < n times, and, each time, the input is an induced subgraph of the graph
G; thus, the running time of all the calls to A together take at most nf(n, m) time. Further,
since |V (T)| < 2n—1, it is easy to see that all the other steps of the algorithm take O(n?+nm)
time. It follows that the total running time of the algorithm is O(nf(n,m) +n? +nm). W

Lemma 44. Let B and G be hereditary graph classes, and assume that every graph in G either
belongs to B or admits a clique cutset. Let f : N x N — N be a non-decreasing function, and

assume that there exists an algorithm A with the following specifications:
o Input: A weighted graph (G, w).
e Output: Fither a maximum weight clique C of (G,w), or the true statement that G ¢ B.
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e Running time: At most f(n,m).
Then there exists an algorithm B with the following specifications:
o Input: A weighted graph (G, w).
o Qutput: Fither a mazimum weight clique C of (G, w), or the true statement that G ¢ G.
e Running time: O(nf(n,m) +n? +nm).

PROOF. Let (G, w) be an input weighted graph. We first compute a clique cutset decomposition
tree (Tg,r) of G and the associated family {G"},cv (1) of induced subgraphs of G this can
be done in O(n? + nm) time. Clearly, w(G,w) = max{w(G*, w) : u € L(Tg,r)}. By Lemma
41, we know that, if G € G, then all graphs in the family {G"},c (1, belong to B. For every
u € L(Tg,r), we call the algorithm A with input (G*, w); since |L(T¢,r)| < n, we see that
running the algorithm A for all graphs in the family {G"},c (7, takes at most n f(n,m) time.
If, for some u € L(Tg,r), the algorithm A returns the answer that G* ¢ B, then we return
the answer that G ¢ G and stop. So, suppose now that, for each u € L(T¢,r), the algorithm
A returned a maximum weight clique C* of (G*,w). We now find a node z € L(T¢,r) such
that w(G*,w) = max{w(G", w) : u € L(Tg,r)}; since |L(Tg,r)| < n, this takes O(n?) time.
Clearly, C* is a maximum weight clique of (G, w); we return C* and stop. It is clear that the

algorithm is correct, and that its running time is O(nf(n,m) +n% +nm). W

Lemma 45. Let (G,w) be a weighted graph, and let (A, B,C) be a clique cut partition of G.
Define the weight function wg : BUC — R by setting wg | B = w [ B, and, for all c € C,
setting wp(c) = a(G[AU{c}], w) — a(G[A],w). For every C' C C such that |C'| < 1, let Sauc
be a mazimum weight stable set of (G[AU C'],w). Let Sg be a mazimum weight stable set of
(G[BU C,wp), and assume that wg(z) > 0 for all x € Sp. Let C = SpNC. Then |C| < 1,

and S, ,5U Sp is a mazimum weight stable set of (G,w).

PROOF. Since C'is a clique and Sp a stable set of G, we have that |C| < 1. Set § = S ,,6YSB.

We must show that S is a maximum weight stable set of (G, w).
(1) For all C" C C such that |C’| < 1, we have that wp(C’) = a(G[AU C'],w) — a(G[A], w).

Proof of (1). Fix C' C C such that |C'| < 1. If ' = &, then wp(C’) =0 and AUC’ = A, and
the result is immediate. So assume that |C’| = 1, and let ¢ be the unique vertex of C’. Then,

by construction,
wp(C’) = ws(c)

I
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a(G[AUC',w) — a(G[A],w) ,
which is what we needed. This proves (1). O

(2) S,,eNC= C. Consequently, S is a stable set.
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Proof of (2). By construction, SpNC = C. Thus, since S,z and Sp are stable sets of G, and

since A is anticomplete to B in G, the first statement clearly implies the second.

Now we prove that S, zNC = C. By construction, S, 5 € AUC~'; consequently, S, =NC C C.
It remains to show that C C S,encC. If C = &, then this is immediate. So, assume that
C # @, so that |5| = 1. Let ¢ be the unique vertex of C. Since ¢ € S, we have that wp(c) > 0.
By construction, wp(c) = a(G[AU{c}],w) — a(G[A],w), and so a(G[A], w) < a(G[AU{c}],w).
Thus, every maximum weight stable set of (G[A U {¢}],w) = (G[A U C],w) contains ¢; in
particular, ¢ € S, &, and it follows that CC S e N O This proves (2). O

(3) w(S) = a(G[BUCCl,wg) + a(G[A], w).

Proof of (3). By (2), and by construction, we have that S, sNC = SpNC = C. We know
that |C| < 1, and so, by (1), wp(C) = a(G[AU C], w) — a(G[A],w). But now we have that

w(S) = w(Sye)+wss\0)
= w(S,a) +ws(Sp\0)
= w(Sy,e) +wn(Sp) — wp(C)
= a(GlAUC]w) +a(GBUC),wp) - (a(GlAUC,w) — a(G[A],w))
= a(G[BUC]wp) +a(G[4]w),

which is what we needed. This proves (3). O
(4) Every stable set S” of G satisfies w(S’) < a(G[BU C|,wg) + a(G[A], w).
Proof of (4). Fix a stable set S’ of G; we must show that w(S’) < a(G[BUC], wg)+a(G[4], w).
Set C" = 5" N, since S’ is a stable set and C' a clique of G, we have that |C’| < 1. By (1), we
have that wp(C") = a(G[AU C'],w) — a(G[A],w). So,

w(s) = w(9'N(AUC)) +w(S' NB)

= w((NA)UC") +wp(5NB)

= w(('NAUC) +wp(S'N(BUC)) —ws(C’)

N

a(G[AUC,w) + a(GBUC],wp) — (a(G[AU C'],w) — a(G[A],w))
= o(GBUCl,wgp) + a(G[A],w),

which is what we needed. This proves (4). O

Clearly, (2), (3) and (4) imply that S is a maximum weight stable set of (G,w). W
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Lemma 46. Let B and G be hereditary graph classes, and assume that every graph in G either
belongs to B or admits a clique cutset. Let f : N x N — N be a superadditive polynomial

function. Assume that there exists an algorithm A with the following specifications:
o Input: A weighted graph (G, w).
o Qutput: Fither a mazimum weight stable set of (G,w), or the true statement that G ¢ B.
o Running time: At most f(n,m).

Then there exists an algorithm B with the following specifications:
o Input: A weighted graph (G, w).
e Output: FEither a mazimum weight stable set of (G,w), or the true statement that G ¢ G.
e Running time: O(nf(n,m) +n? +nm).

PROOF. Let (G, w) be an input weighted graph. As usual, we begin by computing a clique cutset
decomposition tree (T, r) of G and the associated family {G"},cv (1) of induced subgraphs
of G in O(n?+nm) time. By Lemma 41, if G € G, then all graphs in the family {G " Yucr(to,r)s
and all their induced subgraphs, belong to B.

Suppose first that T has precisely one node (namely, the root ). In this case, we have that
either G € B or G ¢ G. We call the algorithm A with input (G, w); this takes at most f(n,m)
time. If we obtain the answer that G ¢ B, then we return the answer that G ¢ G and stop.

Else, A returns a maximum weight stable set of (G, w), and we return that stable set and stop.

From now on, we assume that Tg has more than one node; in particular, r ¢ L(T¢g,r). For
every u € L(Tg,r), let p(u) denote the parent of v in (Tg,r). Now, for each u € L(Tg,r), we
compute the sets A* = V¥ \ VP® BY = V(GP(W)\ V* and C* = VP, clearly, (A%, B, C")
is an extreme clique cut partition of GP(*), and, since |£(Tg,r)| < n, computing the families
{A“Ywer(re.m) {B“ Yuer(re,r) and {C"}uer(rg,r) takes O(n?) time. From now on, we will use
the following notation: for each u € L(T¢, 1), we set n, = |A*|, and we let m,, be the number
of edges of G, at least one of whose endpoints belongs to A“. Note that Zueﬁ(Tg,r) Ny <N
and ZueL(TG,r) m, < m.

Let  and y be the children of the root r in Tg; by symmetry, w.l.o.g. we may assume that
x € L(Tg,r). We form the graph G[A*] in O(n + m) time, and then, for each ¢ € C*, we form
the graph G[A” U {c}] in O(ny + my) time. Clearly, forming the family {G[A* U C’] : C' C
C*,|C"] < 1} takes O(n + m + n(ng + my)) time. Now, for each ¢’ C C® with |C’| < 1, we
call the algorithm A with input G[A® U C’]. Clearly, we make O(n) calls to the algorithm A,
and each input graph has at most n, 4+ 1 vertices and m, edges; thus, together, these calls to
the algorithm A take at most nf(n, + 1,m,) time, which is O(nf(nz, m,)) time (we use the
fact that f is superadditive and polynomial). If, for some C’ C C with |C’| < 1, the algorithm
A returns the answer that G[A® U C’] ¢ B, then we return the answer that G ¢ G and stop.
Assume now that, for all C’ C C such that |C’| < 1, the algorithm A returned a maximum
weight stable set Sq=ycr of (G[A*UC'],w). Clearly, for all ¢’ C C* with |C’| < 1, we have that
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a(G[ATUC],w) = w(Sa=ucr), and we see that the family {«(G[A*UC"],w) : C' C C,|C’'| < 1}
can be computed in O(n,n) time. Next, we form the weight function wg for GY = G[B* U C*]
as in Lemma 45; this takes O(n) time. Then, we recursively either determine that GY ¢ G or
obtain a maximum weight stable set Sg of (GY,wg). In the former case, we return the answer
that G ¢ G and stop. Suppose now that we obtained a maximum weight stable set Sp of
(GY,wp). Clearly, wp(v) > 0 for all v € Sp, and furthermore, we may assume that wg(v) > 0
for all v € Sg, since otherwise we simply delete from Sp all the vertices to which wg assigns
weight zero. Set ¢/ = C* N Sp; since C’ is a clique and Sp a stable set, we know that |C’| < 1.
Set S = Sa=ucr U Sp. By Lemma 45, S is a maximum weight stable set of (G,w). We now

return the set S and stop.

It is clear that the algorithm is correct; it remains to estimate its running time. Let u* be the
last leaf of (T, r) that our algorithm B reaches. With the possible exception of the leaf u*,
for every leaf u of (T, r) reached by the algorithm B, we call the algorithm A on at most
n induced subgraphs of G, and, as we see from the description of the algorithm, this takes
O(nf(ny,my)) time. Furthermore, we may possibly call the algorithm A on the graph G ;
this takes at most f(n,m) time. Thus, the total time that all the calls to the algorithm A take
is O((XCues(ry,r nf (nusmu)) + f(n,m)); since 3 cpory e < noand 30 cpor, )M < m,
and since f is superadditive and polynomial, this is O(nf(n,m)). Using the fact that |V (Tq)| <
2n — 1, and the fact that }-, crz, ) nu <nand 30, cpor, ) Mu < m, we readily see that all
the other steps of the algorithm take O(n? + nm) time. It now follows that the total running
time of the algorithm B is O(nf(n,m) +n? +nm). W

Let us now briefly discuss the ways in which Lemmas 45 and 46 differ from their analogs in
[43]. First of all, in Lemma 45 (which is used in the proof of Lemma 46), the weight function
wp is defined in a slightly different way than the corresponding weight function from [43]; the
advantage of our approach is that we never introduce negative weights, that is to say, if the
weight function w assigns only non-negative weights, then so does the weight function wpg.
Second of all, one of the hypotheses of Lemma 46 is that the function f is superadditive and
polynomial (this hypothesis is absent from [43]); this additional hypothesis, together with a
more involved complexity analysis, allows us to obtain a running time that is slightly better
than the one from [43]. We remark that, if in the statement of Lemma 46 we replaced the
hypothesis that f is superadditive and polynomial with the (weaker) hypothesis that f is non-
decreasing, then we would simply obtain a running time of O(n?f(n,m) + n? + nm) for the

algorithm B.

2.8.2 Algorithms for chordal graphs and hyper-holes

A vertex z in a graph G is simplicial if Ng(x) is a (possibly empty) clique of G. A simplicial
elimination ordering of a graph G is an ordering x1,...,x, of the vertices of G such that x;
is a simplicial vertex of G[{z;,...,x,}] for all i € {1,...,n}. It is well-known (and easy to
show) that a graph is chordal if and only if it has a simplicial elimination ordering. There
is an O(n + m)-time algorithm that either produces a simplicial elimination ordering of the

input graph, or determines that the graph is not chordal [41]. Clearly, given a chordal graph G
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and a simplicial elimination ordering x1,...,x, of G, an optimal coloring of G can be found in
O(n+m) time (we simply color greedily using the ordering x,, ..., x1, that is, the reverse of the
input simplicial elimination ordering). Further, there is an O(n+m)-time algorithm that, given
a weighted chordal graph (G, w) and a simplicial elimination ordering z1,...,z, of G, finds a
maximum weight stable set of (G, w) [19]. Finally, given a weighted chordal graph (G, w) and a
simplicial elimination ordering 1, ..., z, of G, a maximum weight clique of G can be found in
O(n+m) time as follows. First, we may assume that w assigns positive weight to all the vertices
of G. (If w assign non-positive weight to every vertex of G, then @ is a maximum weight clique
of G. If w assigns positive weight to some, but not all, vertices of G, then we find and delete
from G and from the sequence 1, ..., z, all the vertices of G to which w assigns negative or
zero weight.) For every i € {1,...,n}, we form the set C; = {z; : j > i,2; € Nglz;]}. We
then find an index ¢ € {1,...,n} such that w(C;) = max{w(C;) : 1 < j < n}. It is easy to see
that C; is a maximum weight clique of G. For the sake of future reference, we summarize these

results in the lemma below.

Lemma 47. Chordal graphs can be recognized and optimally colored in O(n + m) time. A
mazimum weight clique and a maximum weight stable set of a weighted chordal graph can be
found in O(n+m) time.

Given a graph G, two distinct vertices z,y € V(G) are said to be true twins in G if Ng[z] =
Ng¢ly]. Clearly, the relation of being a true twin is an equivalence relation; a true twin class of
G is an equivalence class w.r.t. the true twin relation. Thus, V(G) can be partitioned into true
twin classes of G in a unique way, and clearly, every true twin class of G is a clique of G. An
exercise from [42] states that, given an input graph G, all true twin classes of G can be found
in O(n + m) time; a detailed proof of this result can be found in [5]. Given a graph G and a
partition P of V(G) into true twin classes of G, we define the graph Gp (called the quotient
graph of G w.r.t. P) to be the graph whose vertex set is P, and in which distinct X,Y € P
are adjacent if and only if X and Y are complete to each other in G. Clearly, given G and P,
the graph Gp can be found in O(n + m) time. We summarize these results below for future

reference.

Lemma 48. There exists an algorithm with the following specifications:
e Input: A graph G.
e Qutput: The partition P of V(G) into true twin classes, and the quotient graph Gp.
e Running time: O(n + m).

Clearly, a graph G is a hole (resp. long hole) if and only if G has at least four vertices (resp. at
least five vertices), G is connected (this can be checked in O(n + m) time using, for example,
BFS), and all the vertices of G are of degree two. Thus, holes and long holes can be recognized
in O(n 4+ m) time. The proof of our next lemma (Lemma 49) is an easy exercise, and we leave

it to the reader.
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Lemma 49. Let G be a graph, and let P be a partition of V(G) into true twin classes of G.
Then G is a hyper-hole (resp. long hyper-hole) if and only if Gp is a hole (resp. long hole).
Consequently, there exists an O(n + m)-time recognition algorithm for hyper-holes (resp. long

hyper-holes).

Given a weighted graph (G,w), where w is positive integer valued, a weighted coloring of
(G,w) is a function ¢ that assigns to each vertex z € V(G) a set of precisely w(x) colors, and
furthermore, satisfies the property that c(z1)Nc(z2) = @ for all adjacent vertices x1, z2 € V(G).
An optimal weighted coloring of (G, w) is a weighted coloring that uses as few colors as possible.
An O(n)-time optimal weighted coloring algorithm for holes was given in [35]. Together with
Lemmas 48 and 49, this yields the following result.

Lemma 50. There exists an algorithm with the following specifications:
o Input: A graph G.
o Qutput: Fither an optimal coloring of G, or the true statement that G is not a hyper-hole.
e Running time: O(n+ m).

PROOF. Let G be an input graph. We first find a partition P of V(@) into true twin classes
of G, and we form the quotient graph Gp; by Lemma 48, this can be done in O(n + m) time.
Clearly, all members of P are cliques of G. Next, we check in O(n + m) time whether Gp is a
hole, and, if not, then we return the answer that G is not a hyper-hole (by Lemma 49, this is
correct) and stop. From now on, we assume that Gp is a hole (and consequently, by Lemma
49, G is a hyper-hole). We define wp : P — NT by setting wp(X) = |X]| for all X € P; this
takes O(n) time. Using the algorithm from [35], we then find an optimal weighted coloring ¢ of
(Gp,wp); this takes a further O(n) time. Using the weighted coloring ¢ of (Gp, wp), we easily
obtain an optimal coloring of G: for each X € P, we assign to each vertex of X one of the
colors from the set ¢(X), making sure that each vertex in X gets a different color; this takes

O(n) time. Clearly, the algorithm is correct, and its total running time is O(n +m). R

Lemma 51. There exists an algorithm with the following specifications:
o Input: A weighted graph (G, w).

o Qutput: Either a mazimum weight clique C' and a mazimum weight stable set S of (G, w),

or the true statement that G is not a hyper-hole.
o Running time: O(n+m).

PROOF. Let (G,w) be an input weighted graph. If w assigns zero or negative weight to all
the vertices of G (note that this can be checked in O(n) time), then @ is both a maximum
weight clique and a maximum weight stable set of (G, w), and we are done. Otherwise, we first
update (G, w) by deleting all the vertices of G to which w assigns zero or negative weight; this
takes O(n + m) time. Clearly, any induced subgraph of a hyper-hole is either a hyper-hole or

a chordal graph. Using Lemma 47, we now check whether G is chordal, and, if so, we find
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a maximum weight clique C' and a maximum weight stable set S of (G,w), and we return C
and S and stop; this takes O(n + m) time. Suppose now that the algorithm from Lemma 47
returned the answer that G is not a chordal graph. We then find a partition P of V(G) into
true twin classes of G, and we form the quotient graph Gp; by Lemma 48, this can be done
in O(n + m) time. Clearly, all members of P are cliques of G. We check in O(n + m) time
whether Gp is a hole; if not, then we return the answer that G is not a hyper-hole (by Lemma

49, this is correct) and stop. So, from now on, we assume that Gp is a hole.

We find a maximum weight clique C of (G, w) as follows. We define wp : P — R by setting
wp(X) =3, cx w(z) for all X € P; finding wp takes O(n) time. We then find an edge XY of
the hole Gp for which the sum of weights (w.r.t. wp) of its endpoints is maximum; this takes
O(n) time. Set C = X UY. Clearly, C is a maximum weight clique of (G, w).

We find a maximum weight stable set S of (G, w) as follows. For each X € P, we find a vertex
xx € X such that w(rx) = max{w(z) : € X}; finding the family {zx}xecp takes O(n) time.
We then form the graph H = G[{zx : X € P}] in O(n + m) time. Since G is a hyper-hole,
we see that H is a hole. Clearly, a(G,w) = o(H,w), and furthermore, any maximum weight

stable set of (H,w) is a maximum weight stable set of (G, w).

We find a maximum weight stable set of (H,w) as follows. Let x be any vertex of H, and let y
and z be the two neighbors of x in H. We form induced subgraphs H \ {z} and H \ {z,y, 2} of
H in O(n + m) time and, using the O(n)-time algorithm from [6], we find a maximum weight
stable set S; of the weighted path (H \ {z},w), and a maximum weight stable set Sy of the
weighted path (H \ {z,y,z},w). (Note that we can also find S; and S3 using the algorithm
from Lemma 47.) Clearly, {x} U Sy is a stable set of H. If w(S1) > w({x} U S3), then we set
S = S;, and otherwise we set S = {2} U S;. Clearly, S is a maximum weight stable set of
(H,w), and therefore of (G,w) as well.

The algorithm now returns the clique C and the stable set S and stops. It is clear that the

algorithm is correct, and that its running time is O(n+m). W

2.8.3 Class Gyt

In this subsection, we give a polynomial-time recognition algorithm for class Gy, and we prove
that the maximum clique problem is NP-hard for this class. The complexity of the optimal

coloring and maximum stable set problems is still open.

Theorem 52. The maximum clique problem is NP-hard for (long hole, Kg,g,?ﬁ)—free graphs.

Consequently, the mazimum clique problem is NP-hard for class Gur.

Proor. Since every 3PC other than K33 and Cs contains a long hole, as does every proper
wheel, we see that every (long hole, K5 3, Cg)-free graph belongs to Gur. Therefore, the first

statement implies the second.

Let us now prove the first statement. First of all, it is easy to show that the maximum stable
set problem is NP-hard for the class of graphs of girth at least nine. To see this, consider the

operation of subdividing every edge of a graph G twice (i.e. the operation of replacing each
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edge by an induced three-edge path); this yields a graph G’ of girth at least nine. As observed
n [38], a(G") = a(G) + |E(G)|, and so computing the stability number of a graph of girth at
least nine is as hard as computing it in a general graph. Now, note that if G is a graph of girth
at least nine, then G is (long hole, K s, Cg)-free. Therefore, if we could compute the clique
number of a (long hole,Kg)g,ﬁG)—free graph in polynomial time, then we could also compute
the stability number of a graph of girth at least nine in polynomial time. It follows that the
problem of computing the clique number of a (long hole, Kgyg,?g)—free graph is NP-hard. W

We now turn to the recognition problem for class Gyr. We begin with a corollary of Theorem

6, which is more convenient than Theorem 6 itself for algorithmic purposes.

Lemma 53. Let G be a graph, let (Tg,r) be a clique cutset decomposition tree of G, and let
{G"}uev (1) be the associated family of induced subgraphs of G. Then the following statements

are equivalent:
(Z) G S gUT;

(ii) G is (K23, Cs, W5)-free, and furthermore, for all u € L(Tg,r) and all anticomponents C

of G*, either C is a long ring, or C contains no long holes, or o(C) < 2.

PROOF. It is clear that every graph in Gur is (K23, Cs, Wi )-free. The fact that (i) implies (ii)

now follows immediately from Theorem 6.

Now suppose that the graph G satisfies (ii); we must show that G satisfies (i), that is, that G is
(3PC, proper wheel)-free. Clearly, no 3PC and no proper wheel admits a clique cutset, and so,
by Lemma 42, it suffices to prove that each graph in {G"},c (1) is (3PC, proper wheel)-free.
Fix u € L(Tg,r). Clearly, every 3PC other than K> 3 is anticonnected, as is every proper wheel;
since G (and therefore G* as well) is K g-free, it now suffices to show that every anticomponent
of G* is (3PC, proper wheel)-free. Let C' be an anticomponent of G*; by hypothesis, C is
(Ka.3,Cq, W)-free, and furthermore, either C is a long ring, or C contains no long holes, or
a(C) € 2. If C is a long ring, then Lemma 14 implies that C is (3PC, proper wheel)-free. So,
assume that C' either contains no long holes or satisfies «(C) < 2. Clearly, every 3PC or proper
wheel other than Ks 3 and Cg contains a long hole; furthermore, every 3PC or proper wheel
other than Cs and W2 contains a stable set of size three. Since C' is (K23, Cs, Wi )-free, it

follows that C' is (3PC, proper wheel)-free, and we are done. MW

It can be determined in O(n + m?) time whether a graph contains a long hole [36]. In view
of this, and of Lemma 53, the problem of recognizing graphs in Gyt essentially reduces to the

problem of recognizing long rings.
Lemma 54. There exists an algorithm with the following specifications:
e Input: A graph G.

o Qutput: FEither the true statement that G is a ring, together with the length and good

partition of the ring, or the true statement that G is not a ring.
o Running time: O(n?).
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PrOOF. Consider the following algorithm.

Step 1: We first check in O(n + m) time whether G is connected; if not, then the algorithm
returns the answer that G is not a ring and stops. From now on, we assume that G is
connected. Next, we check in O(n 4+ m) time whether G is chordal (we use Lemma 47);
if so, then the algorithm returns the answer that G is not a ring and stops (this is correct
because every ring contains a hole). From now on, we assume that G is not chordal, and,

in particular, that G is not complete, and we go to Step 2.

Step 2: For every vertex v € V(G), we compute dg(v), and we find a vertex x € V(G)
such that dg(z) = A(G); this takes O(n + m) time. Next, we let X; be the set of all
the vertices y of G such that Ng[y] C Nglz]; computing X; takes O(n 4+ m) time. Set
ny = |X1|. We order X7 as X1 = {uf,...,u} } so that dg(u;,) < --- < dg(uq); this takes
O(n?) time. Next, we check in O(nyn) time whether Ng[u), ] C -+ C Ng[ull; if not,
then the algorithm returns the statement that G is not a ring and stops. So, assume that
the algorithm found that Ng(u), ] C --- € Ng[uj]. (Note that this implies that X is a
clique. Since G is not a complete graph, it follows that X; C V(G). Since G is connected,
and since Nglu;, | C --- € Ng[ui], we see that ui has a neighbor in V(G) \ X;.) Next,
we check in O(n + m) time whether G \ X; is chordal (we use Lemma 47); if not, then
the algorithm returns the statement that G is not a ring and stops (this is correct by
Lemma 14). So, assume that G \ X; is indeed chordal. Let X5 be the vertex set of a
component of G[Ng(ui)\ X1]; clearly, X can be found in O(n+m) time. Set ny = |Xs|.
We order X5 as Xp = {uf,...,u2_} so that dg(u?,) < --- < dg(u?), and then we check
whether Ng[u?)] C -+ C Ng[ui]; this takes O(ngn) time. If it is not the case that
Ngluz,] € -+ € Nguf], then the algorithm returns the answer that G is not a ring and
stops. So, assume that Ng[u2 ] C --- C Ng[ui]. We now set k := 2, and we go to Step 3.

Step 3: Having constructed the ordered sets

X1:{u%,...,urlh},ng{uf,... wl Y, X ={u,..uf ),

) Yng » Ynyg,

we proceed as follows. We first compute the set X1 = Ng(uf) \ (X; U--- U X}); this
takes O(n) time. Set ngy; = [Xp41]. If ngyr = 0, then we go to Step 4. Therefore,

assume that ngyq > 1. In this case, we order Xy41 as Xy = {ulfH, ... ,u,’iﬁl} so that
da(uft!) < -+ < dg(uf™), and then we check whether Ngubt! ] C - € Ngluf™'];
this takes O(ng,1n) time. If it is not the case that NG[quﬁl] C --- C Ng[ufT!], then

the algorithm returns the answer that G is not a ring and stops. Otherwise, we update
k =k + 1, and we go back to Step 3.

Step 4: If k£ < 3, or if X; U---U Xy C V(@) (this can be checked in O(n) time), then the
algorithm returns the answer that G is not a ring and stops. So, assume that £ > 4 and
V(G) = X1 U---UXy. Now we check whether ul,u?,...,u¥ u} is a hole in G (this takes
O(n+m) time), and, if so, the algorithm returns the statement that G is a ring of length
k, together with the good partition (X1, ..., Xx) of the ring G; otherwise, the algorithm

returns the answer that G is not a ring.
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Clearly, the algorithm is correct. The running time of the algorithm is O(n? + Zle n;n); since
Zle ni < n, it follows that the running time of the algorithm is O(n?). H

We are now ready to give a recognition algorithm for class Gyr.

Theorem 55. There exists an algorithm with the following specifications:
o Input: A graph G.
o Qutput: Fither the true statement that G € Gyr, or the true statement that G ¢ Gur.
e Running time: O(n®).

PROOF. We test for (ii) from Lemma 53. In particular, we first check in O(n°) time whether
G is (Ka3,Cs, Wi)-free; if not, then the algorithm returns the answer that G ¢ Gur and
stops. So, assume that G is (Ka3,Cs, Wi )-free. We compute a clique cutset decomposition
tree (T, r) of G, together with the associated family {G"},cv (1) of induced subgraphs of G;
this takes O(n? + nm) time, which is O(n?®) time. Fix u € L£(Tg,r). We first compute the
anticomponents G%, ..., G¥ of G* in O(n?) time (this can be done by first computing G, then,
using BFS, computing the components of G%, and finally computing the complements of those
components). For each i € {1,...,t}, set n¥ = |V(G¥)]; clearly, Y!_, n¥ = |V(G*)| < n. Now,
for each i € {1,...,t}, we determine in O((n*)*) time whether at least one of the following
holds:

(a) G¥ is a long ring (we use the O(n?)-time algorithm from Lemma 54);

(b) G¥ contains no long holes (we use the O(n + m?)-time algorithm from [36]);

Checking this for all the anticomponents of G* takes O(3 !_, (n¥)*) time, which is O(n?) time;

since |£(Tq,r)| < n, performing this computation for all graphs in the family {G"},cz (g ,r)
takes O(n®) time. Now, if every anticomponent of every graph in the family {G%}, ¢ L(Tar)
satisfies (a), (b) or (c¢), then the algorithm returns the answer that G € Gyt and stops; else,
the algorithm returns the answer that G ¢ Gyt and stops. The correctness of the algorithm

follows from Lemma 53, and clearly, its running time is O(n%). H

2.8.4 Class Gy

In this subsection, we give polynomial-time algorithms that solve the recognition, optimal

coloring, maximum weight clique and maximum weight stable set problems for class Gy.

Let B{} be the class of all induced subgraphs of graphs in By. Clearly, By C B{}, and B{‘J is
hereditary. Furthermore, a graph G belongs to BY if and only if one of the following holds:

e every non-trivial anticomponent of G is isomorphic to Ks;

e (G has exactly one non-trivial anticomponent, and this anticomponent is a long hole;
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e (G has exactly one non-trivial anticomponent, and this anticomponent has at least three

vertices and is a disjoint union of paths.

Lemma 56. The class B{} is hereditary, and B{} C Gu. Furthermore, every graph in Gy either

belongs to B{} or admits a clique cutset.

PROOF. The fact that BY is hereditary follows immediately from the definition of BY. Next,
by Lemma 5, we have that By C Gy. By definition, Bl}j is the class of all induced subgraphs of
graphs in By; since Gy is hereditary, it follows that B C Guy.

It remains to show that every graph in Gy either belongs to B or admits a clique cutset. But
this follows immediately from Theorem 7, and from the fact that By C BY. R

Lemma 57. Let G be a graph, let (Tg,r) be a clique cutset decomposition tree of G and let
{G"}uev(ry) be the associated family of induced subgraphs of G. Then G € Gu if and only if
all graphs in the family {G"}yer(rs,r) belong to B

ProOF. The “only if” part follows immediately from Lemma 56 (and in particular, the fact
that every graph in Gy either belongs to BY or admits a clique cutset). The “if” part follows
from Lemma 42, from the fact that (by Lemma 56) BY% C Gy, and from the fact that no 3PC

and no wheel admits a clique cutset. W

Lemma 58. There exists an algorithm with the following specifications:
e Input: A graph G.
e Qutput: Exactly one of the following:

— The true statement that G € B{}, together with the anticomponents G1,...,G¢ of G,
and, for each i € {1,...,t}, the correct information whether
(i) G; is isomorphic to Ky, or
(i) G; is isomorphic to Ka, or
(#ii) G; is an odd long hole, or
(iv) G; is an even long hole, or

(v) G; has at least three vertices and is a disjoint union of paths.

— The true statement that G ¢ BY.
e Running time: O(n + m).

PROOF. We first compute the degree of all the vertices of G; this takes O(n+m) time. Suppose
first that we have dg(z) > n — 2 for all z € V(G); note that this can be checked in O(n) time.
In this case, we have that m > %n(n — 2). We now compute the anticomponents Gy, ...,G; of
G; this takes O(n?) time, which is O(n+m) time (because m > in(n—2)). We now have that,
for each i € {1,...,t}, G; is isomorphic to K; or Ko, that is, G; satisfies (i) or (ii); clearly, we

can determine in O(n) time which G;’s satisfy (i) and which satisfy (ii).
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Suppose now that at least one vertex of G is of degree at most n — 3. We first form the set
U of all the vertices of degree n — 1 in G, and we set V = V(G) \ U; clearly, computing U
and V takes O(n) time, and futhermore, for all u € U, G[{u}] is a trivial anticomponent of G.
Note that the vertex of G that is of degree at most n — 3 must belong to V', and furthermore,
all non-neighbors of this vertex belong to V; thus, |V| > 3, and it follows that G[V] satisfies
neither (i) nor (ii). Now, we form the graph G[V] and check whether G[V] satisfies (iii), (iv) or
(v); this takes O(n + m) time. If G[V] satisfies none of (iii), (iv) and (v), then the algorithm
returns the answer that G ¢ BY and stops. Suppose now that G[V] satisfies (iii), (iv) or (v).
Then G[V] is anticonnected unless it is isomorphic to Ps. But if G[V] is isomorphic to Ps,
then the (unique) interior vertex of the path G[V] is of degree n — 1 in G, and consequently, it
belongs to U, a contradiction. Thus, G[V] is indeed anticonnected. The algorithm now returns
the answer that G € BY, together with the anticomponents G[{u1}], ..., G[{uc}], G[V], where
U ={u,...,us}, and furthermore, the algorithm returns the answer that G[{u1}],..., G[{u¢}]
satisfy (i), and that G[V] satisfies (iii), (iv) or (v), as determined by the algorithm. (If U = &,
then the algorithm simply returns the anticomponent G[V] = G, together with the information
that G[V] = G satisfies (iii), (iv) or (v), as determined by the algorithm.)

Clearly, the algorithm is correct, and its running time is O(n+m). W

Theorem 59. There exists an algorithm with the following specifications:
e Input: A graph G.
o QOutput: FEither the true statement that G € Gy, or the true statement that G ¢ Gy.
o Running time: O(n? + nm).

PRrROOF. First, we compute a clique cutset decomposition tree (Tg,r) of G, together with
the associated family {G"},ev (1) of induced subgraphs of G; this takes O(n® + nm) time.
Then, using the O(n + m)-time algorithm from Lemma 58, we check whether all graphs in the
family {G"},er(rs,r) belong to Bb: since |£(Tg,t)| < n, checking this for the entire family
{G"}Yuer(Ts,r) takes O(n? +nm) time. If all graphs in the family {G"}uer(rs,r) belong to BY,
then the algorithm returns the answer that G € Gy, and otherwise the algorithm returns the
answer that G ¢ Gy. The correctness of the algorithm follows from Lemma 57. Clearly, its

running time is O(n? +nm). W

Theorem 60. There exists an algorithm with the following specifications:
o Input: A graph G.
o Qutput: Fither an optimal coloring of G, or the true statement that G ¢ Gy.
e Running time: O(n? + nm).

PROOF. In view of Lemmas 43 and 56, it suffices to show that there exists an algorithm with

the following specifications:
e Input: A graph G.
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e Output: Either an optimal coloring of G, or the true statement that G ¢ B%-
e Running time: O(n + m).
In view of Lemmas 47, 50 and 58, it is easy to see that such an algorithm exists. W

Theorem 61. There exists an algorithm with the following specifications:
o Input: A weighted graph (G, w).

o Qutput: Either a mazimum weight clique C' and a mazimum weight stable set S of (G,w),
or the true statement that G ¢ Gy.

o Running time: O(n? + nm).

PROOF. In view of Lemmas 44, 46 and 56, it suffices to show that there exists an algorithm

with the following specifications:
e Input: A weighted graph (G, w).

e Output: Either a maximum weight clique C' and a maximum weight stable set S of (G, w),
or the true statement that G ¢ BY.

e Running time: O(n + m).

In view of Lemmas 47, 51 and 58, it is easy to see that such an algorithm exists. W

2.8.5 Class Gt

In this subsection, we give polynomial-time algorithms that solve the recognition, maximum
weight clique and maximum weight stable set problems for class Gr. We remark that we do
not know whether graphs in Gt can be optimally colored in polynomial time; this is because
we do not know whether rings can be optimally colored in polynomial time. We begin with a

corollary of Theorem 8.

Lemma 62. Let G be a graph, let (Tg,r) be a clique cutset decomposition tree of G, and let
{G"}uev (1) be the associated family of induced subgraphs of G. For allu € V(Tg), let Py be

the partition of V(G") into true twin classes of G*. Then the following are equivalent:
(i) G € Gr;

(i) for allu € L(Tg,r), the quotient graph G is a ring, a one-vertex graph or a 7-antihole.

PROOF. Since no 3PC and no wheel admits a clique cutset, Lemma 5 (and in particular, the
fact that Br C Gr), Theorem 8 and Lemma 42 imply that G € Gr if and only if all graphs from
the family {G"},cr(ry,r) belong to Br. On the other hand, it follows from the definition of By
that a graph F belongs to B if and only if the quotient graph Fp (where P is the partition of
V(F) into true twin classes) is either a ring, a one-vertex graph or a 7-antihole. The result is

now immediate. W
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Theorem 63. There exists an algorithm with the following specifications:
o Input: A graph G.
e Output: Fither the true statement that G € Gr, or the true statement that G ¢ Gr.
e Running time: O(n?).

PrOOF. We use Lemma 62. First, we compute a clique cutset decomposition tree (T¢g,r) of
G, together with the associated family {G"},cv(1,) of induced subgraphs of G this takes
O(n? 4+ nm) time. For every node u € L(Tg,r), we compute the partition P, of V(G*) into
true twin classes of G", and we compute the quotient graph G ; Lemma 48 and the fact
that |£(Tg,r)| < n imply that the family {G% }ucr(rs,r) can be computed in O(n® + nm)
time. By Lemma 54, rings can be recognized in O(n?) time, and clearly, one can check in
O(1) time whether a graph is trivial (i.e. whether it has just one vertex) or is a 7-antihole.
Since |L(Tg,r)| < n, it follows that it can be checked in O(n®) time whether the family
{G%, Yuec(re,r satisfies condition (ii) of Lemma 62; if so, then the algorithm returns the
answer that G € Gr, and otherwise it returns the answer that G ¢ Gr. Clearly, the algorithm

is correct, and its running time is O(n®). M

Lemma 64. Let G be a graph. Then the following are equivalent:
(i) G contains no universal wheels;

(it) for all x € V(G), G[Ng|x]] is chordal.

PROOF. First suppose that (i) holds. Fix « € V(G) and note that, if G[Ng(z)] contains a hole
H, then (H,x) is a universal wheel in G, a contradiction. Thus, G[Ng(z)] is chordal. Since x
is complete to Ng(x), we deduce that G[Ng|x]] is also chordal. Thus, (ii) holds.

Now assume that (ii) holds. Suppose that G contains a universal wheel, say (H,z). Then H is
a hole in G[N¢[z]], contrary to the fact that G[Ng[z]] is chordal. W

Theorem 65. There exists an algorithm with the following specifications:
o Input: A weighted graph (G, w).

e QOutput: Fither a mazimum weight cliqgue C of (G,w), or the true statement that G

contains a universal wheel (and therefore G ¢ Gr).
e Running time: O(n? 4+ nm).

PROOF. For every vertex x € V(G), we form the graph G, = G[Ng|z]], we check whether
G, is chordal, and, if so, we compute a maximum weight clique C, of G.; in view of Lemma
47, for each x € V(@) individually, we can perform these computations in O(n + m) time,
and so, for all x € V(G) together, we can perform them in O(n? 4+ nm) time. If, for some
z € V(G), we determined that G, is not chordal, then the algorithm returns the answer that
G contains a universal wheel (this is correct by Lemma 64) and stops. So, assume that the

algorithm computed a maximum weight clique C, for every G,. Among all the cliques in the
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family {C, }sev (@), the algorithm finds one of maximum weight and it returns that clique and

stops. It is clear that the algorithm is correct, and that its running time is O(n? + nm). R

Lemma 66. Let G € Gr. Then at least one of the following holds:
o forallx € V(G), G\ Ng(z) is chordal;

e GG admits a clique cutset.

PROOF. Assume that G does not admit a clique cutset. Fix z € V(G); we must show that
G\ Ng(z) is chordal. By Theorem 8, G is either a ring, a complete graph or a 7-hyper-antihole.
If G is a ring, then the result follows from Lemma 14, and, if G is a complete graph or a

7-hyper-antihole, then the result is immediate. W

Theorem 67. There exists an algorithm with the following specifications:
o Input: A weighted graph (G, w).

e Output: Either a mazimum weight stable set S of (G,w), or the true statement that

G ¢ Gr.
o Running time: O(n® + n?m).

PROOF. Let B be the class of all graphs G such that, for every vertex z € V(G), we have that
G\ Ng(z) is chordal. Clearly, B is a hereditary graph class, and, by Lemma 66, every graph in
G either belongs to B or admits a clique cutset. In view of Lemma 46, it now suffices to show

that there exists an algorithm with the following specifications:
e Input: A weighted graph (G, w).

e Output: Either a maximum weight stable set S of (G,w), or the true statement that

G¢B.
e Running time: O(n? + nm).

Let (G,w) be an input weighted graph. For every « € V(G), we form the graph G, = G\ Ng(z),
we check whether G, is chordal, and, if so, we compute a maximum weight stable set S, of
(Gg,w); by Lemma 47, for each = € V(G) individually, these computations can be performed
in O(n + m) time, and so, for all x € V(G) together, they can be performed in O(n? + nm)
time. If the algorithm determined that, for some x € V(G), G, is not chordal, then we return
the answer that G ¢ B and stop. So, assume that, for every z € V(G), the algorithm found
a maximum weight stable set S, of (G, w). Clearly, a(G,w) = max{w(S;) : x € V(G)}. We
now find a vertex y € V(G) such that w(S,) = max{w(S;) : * € V(G)}; this takes O(n?)
time. We finally return S, and stop. Clearly, the algorithm is correct, and its running time is
O(m?+nm). A
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2.8.6 Class Ggrefree

In this subsection, we show that the recognition, optimal coloring, maximum weight clique and

maximum weight stable set problems can be solved in polynomial time for class Q[C;_{"free

Let Bg be the class of all graphs G such that every anticomponent of G is either a long hyper-
hole or a chordal graph.

Lemma 68. The class BE is hereditary. Furthermore, every graph in Q%%E"free either belongs

to BE or admits a clique cutset.

ProOF. Clearly, the class of chordal graphs is hereditary, and every induced subgraph of a long
hyper-hole is either a long hyper-hole or a chordal graph; this implies that Bg is hereditary.
Also, it is clear that ija%)'free C BE. This, together with Theorem 9, implies that every graph

in g%alf"free either belongs to BE or admits a clique cutset. M

Lemma 69. Let G be a graph, let (Tg,r) be a clique cutset decomposition tree of G, and
let {G"}uev(rs) be the associated family of induced subgraphs of G. Then the following are

equivalent:
(i) G € Gop™ee;
(ii) G is (K23, cap)-free, and all graphs in {G"},cr(rs,r) belong to BE.
cap-free

Proor. Clearly, every graph in G+ is (Kg,3, cap)-free. The fact that (i) implies (ii) now

follows from Lemma 68.

For the converse, we assume (ii) and we prove (i). By (ii), G is cap-free, and so it suffices
to show that G is (3PC,proper wheel)-free. No 3PC and no proper wheel admits a clique
cutset, and so, by Lemma 42, it suffices to prove that all graphs in the family {G"},cz (g ,r)
are (3PC, proper wheel)-free. Fix a node u € £L(T¢,r). Note that every 3PC other than Ko 3 is
anticonnected, as is every proper wheel; since G* is K g-free (because G is), it now suffices to
show that every anticomponent of G* is (3PC, proper wheel)-free. Let C' be an anticomponent
of G¥. By (ii), we have that G* € BE, and so, by the definition of BY, C' is either a chordal
graph or a long hyper-hole. In the former case, it is clear that C is (3PC, proper wheel)-free
(this is because every 3PC and every wheel contains a hole, and, by definition, chordal graphs
contain no holes). So, assume that C' is a hyper-hole. Then C is a ring, and so, by Lemma 14,
C is (3PC, proper wheel)-free. This proves (i). W

Theorem 70. There exists an algorithm with the following specifications:
e Input: A graph G.

e Qutput: FEither the true statement that G € gg‘lﬁ‘ffee, or the true statement that G ¢

gcap—free
uT .

o Running time: O(n®).
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PROOF. We test for (ii) from Lemma 69. We begin by checking in O(n®) time whether G is
(K23, cap)-free (to test whether G is Kj s-free, we simply examine all five-tuples of vertices
of G, and, to check whether G is cap-free, we use the O(n®)-time algorithm from [5]). If G
is not (K3 3, cap)-free, then the algorithm returns the answer that G ¢ gfﬁf“ﬁee and stops.
So, assume that G is (K2 3,cap)-free. We now compute a clique cutset decomposition tree
(T, r) of G, together with the associated family {G"},cv (1) of induced subgraphs of G this
takes O(n? 4+ nm) time. For all u € L(Tg,r), we proceed as follows. First, we compute the
anticomponents GY,...,G¥ of G* in O(n?) time. For each i € {1,...,t}, set n% = |[V(GY)[;
clearly, 1_, n¥ = |V(G")| < n. For every i € {1,...,t}, we test in O((n¥)?) time whether
GY is either a chordal graph or a long hyper-hole (we use Lemmas 47 and 49); testing this
for all anticomponents of G* together takes O(3_/_,(n¥)?) time, which is O(n?) time. Since
|L(Tg,r)| < n, performing this computation for all graphs in the family {G"},cr(r,,r) takes
O(n?) time. If, for each u € L(Tg,r), we determined that every anticomponent of G* is either
a chordal graph or a long hyper-hole, then (by the definition of Bg) we have that every graph

cap-free

in the family {G"}, ez (7, belongs to BE, and so, by Lemma 69, we know that G € G,
and we return this answer and stop. Otherwise, we return the answer that G ¢ gfﬁﬁ'ﬁee and

stop. Clearly, the algorithm is correct, and its running time is O(n°). W

Theorem 71. There exists an algorithm with the following specifications:

e Input: A graph G.

cap-free

o Output: Either an optimal coloring of G, or the true statement that G ¢ Gy
e Running time: O(n3).

PrOOF. In view of Lemmas 43 and 68, it suffices to show that there exists an algorithm with

the following specifications:
e Input: A graph G.
e Output: Either an optimal coloring of G, or the true statement that G ¢ BE.
e Running time: O(n?).

Let G be an input graph. We begin by computing the anticomponents G1, ..., G; of G in O(n?)
time. For each i € {1,...,t}, we set n; = |V(G;)|, and we proceed as follows. We first check
whether G; is chordal, and, if so, we compute an optimal coloring ¢; of G;; by Lemma 47,
this can be done in O(n?) time. If G; is not chordal, then we call the algorithm from Lemma
50, and we obtain either an optimal coloring ¢; of G;, or the true statement that G; is not a
hyper-hole; this takes O(n?) time. If, for some i € {1,...,t}, we determined that G; is neither
a chordal graph nor a hyper-hole, then the algorithm returns the answer that G ¢ Bg and
stops. So, assume that, for every i € {1,...,t}, the algorithm found an optimal coloring ¢;
of G;. We then rename the colors used by the colorings ci, ..., ¢ so that the color sets used
by these colorings are pairwise disjoint (this takes O(n) time), and then we let ¢ be the union
of the resulting ¢ colorings. The algorithm now returns the coloring ¢ and stops. Clearly, the

algorithm is correct, and its running time is O(n? + Zle n?), which is O(n?). H
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Theorem 72. There exists an algorithm with the following specifications:
o Input: A weighted graph (G, w).

e Output: Either a mazimum weight cliqgue C' and a mazimum weight stable set S of (G, w),
or the true statement that G ¢ GEabree,

e Running time: O(n?).

PROOF. In view of Lemmas 44, 46 and 68, it suffices to show that there exists an algorithm

with the following specifications:
e Input: A weighted graph (G, w).

e Output: Either a maximum weight clique C' and a maximum weight stable set S of (G, w),
or the true statement that G ¢ BE.

e Running time: O(n?).

Let (G, w) be an input weighted graph. We begin by computing the anticomponents G, ..., G
of G in O(n?) time. Foreachi € {1,...,t}, weset n; = [V (G;)|. Clearly, >>'_ n; = |[V(G)| = n.
For every ¢ € {1,...,t}, we proceed as follows. We first check whether G; is chordal, and, if
so, we find a maximum weight clique C; and a maximum weight stable set S; of (G;,w); by
Lemma 47, this can be done in O(n?) time. If G; is not chordal, then we call the algorithm
from Lemma 51, and we obtain either a maximum weight clique C; and a maximum weight
stable set S; of (G;,w), or the true statement that G; is not a hyper-hole; this takes O(n?)
time. If, for some i € {1,...,t}, we determined that G; is neither a chordal graph nor a
hyper-hole, then the algorithm returns the answer that G ¢ BE and stops. So, assume that, for
each ¢ € {1,...,t}, the algorithm found a maximum weight clique C; and a maximum weight
stable set S; of (G4, w). We then form the clique C = C; U--- U C}, and we find an index
j € {1,...,¢} such that w(S;) = max{w(S;) : 1 < i < t}; clearly, this can be done in O(n)
time. The algorithm now returns the clique C' and the stable set S; and stops. Clearly, the

algorithm is correct, and its running time is O(n? + Zle n?), which is O(n?). H
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Chapter 3

The structure of (theta, pyramid,
1-wheel, 3-wheel)-free graphs

In this chapter we present [4].

Abstract. In this chapter, we study the class of graphs G defined by excluding the following
structures as induced subgraphs: thetas, pyramids, 1-wheels and 3-wheels. We describe the
structure of graphs in G, and we give a polynomial-time recognition algorithm for this class.
We also prove that K,-free graphs in G are 4-colorable. We remark that G includes the class of

chordal graphs, as well as the class of line graphs of triangle-free graphs.

3.1 Introduction

Throughout this chapter, all graphs are finite and simple. We say that a graph G contains a
graph F' if F is isomorphic to an induced subgraph of G, and it is F'-free if it does not contain
F'. For a (possibly infinite) family of graphs F, we say that G is F-free if G is F-free for every
F € F. A hole in a graph is a chordless cycle of length at least four, and it is even or odd
depending on the parity of its length.

In 1982 Truemper [45] gave a theorem that characterizes graphs whose edges can be labeled so
that all chordless cycles have prescribed parities. The characterization states that this can be
done for a given graph G if and only if it can be done for all induced subgraphs of G that are
either K4’s or of a few specific types (depicted in Figure 1.1 in Chapter 1), which we will call
Truemper configurations and will describe precisely later. Truemper was originally motivated
by the problem of obtaining a co-NP characterization of bipartite graphs that are signable
to be balanced (i.e. bipartite graphs whose vertex-vertex adjacency matrices are balanceable

matrices, a class of matrices that have important polyhedral properties).

The configurations that Truemper identified in his theorem later played an important role in
understanding the structure of several seemingly diverse classes of objects, such as regular

matroids, balanceable matrices, perfect graphs, odd-hole-free and even-hole-free graphs (for
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a survey see [48]). All these classes were studied using the decomposition method. In these
decomposition theorems, Truemper configurations appear both as excluded structures that are

convenient to work with, and as structures around which the actual decomposition takes place.

In this chapter, we study the class G of (theta, pyramid, 1-wheel, 3-wheel)-free graphs, which
we formally define in Section 3.1.2. This class contains all chordal graphs and all line graphs
of triangle-free graphs (or, equivalently, (claw, diamond)-free graphs [22]). It was first studied
in [1], where it was shown that every graph in G has a vertex whose neighborhood is the
disjoint union of two (possibly empty) cliques with no edges between them, and furthermore an
ordering of such vertices can be found by running LexBFS. A consequence of this is a linear-time
algorithm for the maximum clique problem on G, as well as a linear-time coloring algorithm
that colors the vertices of any given graph G € G with at most 2w(G) — 1 colors, where w(G)
denotes the size of a largest clique of G. The optimal coloring problem is NP-hard on line graphs
of triangle-free graphs, and in fact it is also NP-hard on (K4, claw, diamond)-free graphs [26].
The complexity of the maximum stable set problem on G is open, and in fact it is open even
for the subclass of Ky-free graphs in G. On the other hand, the maximum stable set problem is
polynomial-time solvable on claw-free graphs [32, 34], and hence on line graphs of triangle-free

graphs.

In this chapter, we describe the structure of graphs in G, and, as a consequence, we obtain a
series of decomposition theorems that use cutsets that combine star cutsets and 2-joins in the
simplest possible ways. These theorems present a good setting for studying various problems,
and in particular the maximum stable set problem, restricted to class G. Two much studied
hereditary graph classes are even-hole-free graphs and perfect graphs (see for example surveys
[48] and [44]). The complexity of the maximum stable set problem on even-hole-free graphs
is still not known, and also it is not known how to solve the maximum stable set problem in
polynomial time for perfect graphs by a purely graph-theoretic algorithm (it is known that
this problem can be solved in polynomial time for perfect graphs using the ellipsoid method
[20]). The known decomposition theorems for these classes use star cutsets and 2-joins, as
well as different generalizations of these. It is not clear how to make use of star cutsets for the
maximum stable set problem (and other problems), and so it would be of interest to understand

how very structured star cutsets, like the ones that appear in this chapter, behave in algorithms.

The chapter is organized as follows. In Sections 3.1.1 and 3.1.2, we introduce the terminology
and notation that will be used throughout the chapter. In Section 3.1.3, we give an overview
of subclasses of G that were studied in literature. In Section 3.1.4, we recall some well-known
results about the complexity of recognizing different Truemper configurations, and, in Section
3.2, we give two polynomial-time recognition algorithms for G. In Section 3.1.5, we describe
the structure of graphs in G, which we prove in Sections 3.3 and 3.4. Finally, in Section 3.5,

using our decomposition theorem for G, we prove that Ky-free graphs in G are 4-colorable.

3.1.1 Terminology and notation

Let G be a graph. As usual, the vertex set and edge set of G are denoted by V(G) and E(G),

respectively. Sometimes, when clear from context, for notational simplicity we will refer to
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V(G) just as G. Given a vertex x € V(G), Ng(z) denotes the set of all the neighbors of x
in G, and Ng[z] = Ng(x) U{z}. Given a set S C V(G), G[S] is the subgraph of G induced
by S, G\ S = G[V(G) \ S], Ng(S) is the set of all the vertices in V(G) \ S with at least one
neighbor in S, and N¢[S] = Ng(S) U S. Note that, if S is empty, then G[S] is the null graph,
and Ng(S) = Ng[S] = @.

Let F' and G be two graphs. Every time we say that F' is a graph in G we mean that F' is an
induced subgraph of G.

Given a graph G, let A and B be two disjoint subsets of V(G). Then A is complete to B if
every vertex of A is adjacent to every vertex of B, and A is anticomplete to B if no vertex of A
is adjacent to a vertex of B. Given a set A C V(G) and a vertex = € V(G) \ A, we say that z is

complete (resp. anticomplete) to A if = is adjacent (resp. non-adjacent) to every vertex of A.
plete (resp. anti plete) to A if x is adj t (resp dj t) t y vert fA

In a graph G, a clique is a (possibly empty) subset of V(&) consisting of pairwise adjacent
vertices. The size of a largest clique of G is denoted by w(G). A complete graph is a graph
whose vertex set is a clique. A complete graph on n vertices is denoted by K,,, and a K3 is also

referred to as a triangle.

A stable set of a graph G is a set of vertices of G, no two of which are adjacent. A graph is
bipartite if its vertex set can be partitioned into two (possibly empty) stable sets. A complete
bipartite graph is a graph whose vertex set can be partitioned into two (possibly empty) stable

sets that are complete to each other.

A path (resp. chordless path) P = x1,...,xy is a graph with vertex set V(P) = {z1,..., 2}
(where k > 1, and x; # z; for all 1 <i < j < k) and edge set E(P) D {x122, 2223, .., Tp—1Tk}
(resp. E(P) = {x1x2,x2x3,...,xx_12%}). The endpoints of P are x1 and xy, (if k = 1, then the
endpoints of P coincide), and P is said to be an zyxy-path, or a path between x1 and xj. The
vertices in V(P) that are not endpoints of P are called the interior vertices of P; note that P
has interior vertices if and only if k > 3. Also, we set the length of P to be equal to k—1. Let x;
and x; be any two vertices of P such that 1 <7 < j < k. Then the path z;, xi41,...,2-1,2;
is called the z;x;-subpath of P and is denoted by P¥®i. Given an zix,-path P and a subset
S C V(P), we say that a vertex u € S is closest to 1 if V(P™*)N S = {u}.

A cycle (vesp. chordless cycle) C' = x1,. .., 2k, 21 is a graph with vertex set V(C) = {1, ..., zx}
(where k > 3, and z; # x; for all 1 < ¢ < j < k) and edge set E(C) D {z122,...,Z—1Tk, TxT1}
(resp. E(C) = {x122,...,Tk—12k, 2xx1}). We say that the length of the cycle C is k. A hole is
a chordless cycle of length at least four, and a graph is chordal if it is hole-free. A hole is even

if its length is even, and it is odd otherwise.

Given a graph G, a subset S of vertices and/or edges of G is a cutset if its removal results in a
disconnected graph. A cutset S is a clique cutset of G if S is a clique of G. Note that a graph
with no clique cutset is connected. A cutset S is a star cutset of G if, for some vertex = € S,

A wheel (H,z) is a graph that consists of a hole H, called the rim, and a vertex x, called the
center, that has at least three neighbors in H. A sector of a wheel is a subpath of the rim, of

length at least one, whose endpoints are adjacent to the center but whose interior vertices are
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not. A sector is said to be short if it is of length one, and long otherwise.

Throughout the chapter, when we refer to a wheel (H, ), we will use the following associated
terminology and notation. Let z1,...,xz, be the neighbors of x on H, appearing in this order
when traversing H. For every 1 < i < n, the sector of (H,z) with endpoints x; and x;;
(we assume that x,; = x1) will be denoted by S; (and throughout we will also assume that
Spt1 = 51). If S; is a long sector, then we denote by z (resp. ;) the neighbor of x; (resp.
Zi+1) in S;. (We observe that the wheels in the class we will work with in this chapter do not
have consecutive long sectors, and hence xj and zj,, are well defined). Also, for a long sector
S;, the hole induced by V(S;) U {z} will be denoted by H;.

For a positive integer k, a k-coloring of a graph G is a function ¢ : V(G) — {1,...,k} such that
c(x) # ¢(y) whenever xy € E(G); elements of {1,...,k} are called colors. A graph is k-colorable
if it admits a k-coloring. The chromatic number of G, denoted by x(G), is the smallest integer
k such that G is k-colorable.

3.1.2 Truemper configurations

The first three graphs in Figure 1.1 are referred to as three-path-configurations (3PC’s). They
are graphs consisting of three (chordless) paths, say Pi, P, and Ps, such that V(P;) UV (F;)
induces a hole for every 1 <4 < j < 3. More specifically, a 3PC(x,y) is a graph that consists
of three paths that connect two non-adjacent vertices z and y; a 3PC(xix213,y), where
{1,292, 3} induces a triangle, is a graph that consists of three paths having endpoints z1, 25
and x5 respectively and a common endpoint y ¢ {x1,x2,z3}; a 3PC(z12223, y1y2Yy3), where
{1, 22,23} and {y1,y2,ys} induce two vertex-disjoint triangles, is a graph that consists of three
paths Pi, P, and Pj3 such that, for all 1 < i < 3, path P; has endpoints x; and y;. We say that
a graph G contains a 3PC(-,) if it contains a 3PC(z,y) for some z,y € V(G), a 3PC (4, ) if
it contains a 3PC(zxex3,y) for some x1,x9, 23,y € V(G), and a 3PC(A,A) if it contains a
3PC(z1xax3, Yy1y2ys) for some x1, x2, 23, Y1, Y2, y3 € V(G). Observe that all paths of a 3PC(,-)
have length greater than one. Also, the condition that the vertices of P; and P;, for i # j,
induce a hole, implies that at most one path of a 3PC(4,-) has length one. In literature, a
3PC(+, ) is also referred to as a theta, a 3PC(A, ) as a pyramid, and a 3PC(A, A) as a prism.

We refer to three-path-configurations and wheels as Truemper configurations (TC’s).

A wheel is a I-wheel if, for some consecutive vertices x,y, z of the rim, the center is adjacent
to y, and non-adjacent to x and z. A wheel is a 2-wheel if, for some consecutive vertices x,y, z
of the rim, the center is adjacent to x and y, and non-adjacent to z. A wheel is a 3-wheel if,
for some consecutive vertices x,y, z of the rim, the center is adjacent to x, y and z. It is easy
to see that every wheel is a 1-wheel, a 2-wheel or a 3-wheel. Also, observe that a wheel can
simultaneously be a 1-wheel, a 2-wheel and a 3-wheel; all the possibilities are illustrated with

examples in the Venn diagram below (see Figure 3.1).

An alternating wheel is a wheel with an even number of sectors, and whose sectors alternate
between short and long sectors. A line wheelis an alternating wheel with exactly two long sectors

and two short ones. A long alternating wheel is an alternating wheel that is not a line wheel.
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1-WHEELS 2-WHEELS

e

3-WHEELS

Figure 3.1: 1-wheels, 2-wheels and 3-wheels

From now on, we will denote by G the class of (theta, pyramid, 1-wheel, 3-wheel)-free graphs.
Observe that the only Truemper configurations that these graphs may contain are prisms and

alternating wheels.

3.1.3 Some subclasses of G

The class G clearly contains all chordal graphs. We will now describe some other subclasses of

G that were studied in literature.

Let G be a graph, and z and y two non-adjacent vertices of G. The separability of x and y
is the minimum cardinality of a set S C V(G) such that x and y are in different components
of G\ S. The separability of G is the maximum over all separabilities of pairs of non-adjacent
vertices of G (unless G is complete, in which case the graph has separability 0). So, the graphs
of separability at most k are precisely the graphs in which every two non-adjacent vertices
can be separated by removing a set of at most k other vertices. By Menger’s Theorem, the
separability of G is equal to the maximum number of internally vertex-disjoint paths connecting
two non-adjacent vertices. Graphs of separability at most two were studied in [11], where the
following characterization is obtained (together with a number of other properties of this class).

K is the graph obtained from a K5 by removing a single edge.
Theorem 73. ([11]) A graph is of separability at most two if and only if it is (K5 , TC)-free.
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Let v be a {0, 1}-vector whose entries are in one-to-one correspondence with the holes of a given
graph G. Then G is universally signable if, for all choices of vector -, there exists a subset F' of
the edge set of G such that |[FNE(H)| = vy (mod 2) for every hole H in G, and |FNE(T)| =1
(mod 2) for every triangle T in G. By the above mentioned theorem of Truemper [45], it is easy
to obtain the following characterization of universally signable graphs in terms of forbidden

induced subgraphs.
Theorem 74. ([14]) A graph is universally signable if and only if it is TC-free.

This characterization of universally signable graphs can be then used to obtain the following
decomposition theorem, which generalizes the classical decomposition of chordal graphs with

clique cutsets.

Theorem 75. ([14]) A universally signable graph is either a complete graph or a hole, or it

admits a clique cutset.

Clique cutsets have been studied extensively in literature [43], and it is well understood how to
use them in algorithms. So, in particular, Theorem 75 implies efficient algorithms for recognition
of universally signable graphs, and for optimal coloring, maximum clique and maximum stable

set problems on this class.

As already observed, the only Truemper configurations that graphs in G may contain are prisms
and alternating wheels. Graphs that may only contain prisms (and no other TC’s) were studied
in [16], where the following decomposition theorem is obtained. Given a graph G, its line graph
L(G) is a graph such that each vertex of L(G) represents an edge of G and two vertices of L(G)
are adjacent if and only if their corresponding edges share a common endpoint in G. A graph

is chordless if all of its cycles are chordless.

Theorem 76. ([16]) If G is a (theta, pyramid, wheel)-free graph, then G is the line graph of a

triangle-free chordless graph or it admits a clique cutset.

A claw is the complete bipartite graph with three vertices on one side of the bipartition and
one vertex on the other. A diamond is the graph on four vertices that has exactly one pair of

non-adjacent vertices. Note that the class of (claw,diamond)-free graphs is a subclass of G.

Theorem 77. ([22]) A graph G s the line graph of a triangle-free graph if and only if G is

(claw, diamond )-free.

By Theorem 77, the class of line graphs of triangle-free graphs is a subclass of G. The main
result in this chapter is to show that graphs in G that are not line graphs of triangle-free graphs

have a particular structure.

3.1.4 Recognizing Truemper configurations

A natural question to ask is whether Truemper configurations can be recognized in polynomial

time. These questions in fact arose when studying how to recognize even-hole-free graphs and
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perfect graphs in polynomial time. Observe that, if a graph contains a prism or a theta, then it
must contain an even hole, and, if it contains a pyramid, then it must contain an odd hole. In
fact, the class of even-hole-free graphs is included in the class of (theta, prism, even wheel)-free
graphs (where an even wheel is a wheel with an even number of sectors), and the class of odd-
hole-free graphs, and hence of perfect graphs, is included in the class of (pyramid, odd wheel)-
free graphs (where an odd wheel is a wheel with an odd number of short sectors). We now want
to briefly describe different general techniques that were developed when trying to recognize

whether a graph contains a particular Truemper configuration.

In [7] it is shown that detecting whether a graph contains a pyramid can be done in O(n?) time.
This algorithm is based on the shortest-paths detector technique developed by Chudnovsky and
Seymour. The idea of their algorithm is as follows. If a graph G contains a pyramid, then it
contains a pyramid ¥ with fewest number of vertices. The algorithm “guesses” some vertices
of ¥, and then finds shortest paths in G between the guessed vertices that are joined by a path
in 3. If the graph induced by the union of these paths is a pyramid, then clearly G contains a
pyramid. If it is not, then it turns out that G is pyramid-free.

Chudnovsky and Seymour [10] show that detecting whether a graph contains a theta can be
done in O(n'') time. For this detection problem, the shortest-paths detector technique does
not work. The detection of thetas relies on being able to solve a more general problem called
the three-in-a-tree problem, which is defined as follows: given a graph G and three specified
vertices a, b and ¢, the question is whether G contains a tree that passes through a, b and c.
It is shown in [10] that this problem can be solved in O(n*) time. What is interesting is that
the algorithm for the three-in-a-tree problem is based on an explicit construction of the cases
when the desired tree does not exist, and that this construction can be directly converted into
an algorithm. The three-in-a-tree algorithm is quite general, and can be used to solve different
detection problems, including the detection of a theta, and of a pyramid (the latter in O(n'?)

time).

Maffray and Trotignon show that detecting whether a graph contains a prism is NP-complete
[30]. Furthermore, detecting whether a graph contains a wheel is NP-complete too, as shown
by Diot, Tavenas and Trotignon [17]. In fact they prove that the problem remains NP-complete
even when restricted to bipartite graphs. Since all wheels in bipartite graphs are 1-wheels, it
follows that recognizing whether a graph is 1-wheel-free is NP-complete. A number of other
detection problems related to graph classes defined by excluding combinations of Truemper
configurations have been studied in literature. In Section 3.2, we will give a polynomial-time

recognition algorithm for G.

3.1.5 The structure of graphs in G

We say that a connected graph G is structured if there exists a partition
S= ({x}7X1,X2,X3,Yi,}é,}%,(/Yl,CQ,C?,,CX, CY)

of V(@) that satisfies the following;:

71



(i) For 1 <i <2, X;,Y; and C; are all non-empty. There exist z1 € X7, 22 € X3 such that
x1 is complete to X U X3 and x5 is complete to X7 U X3, and y1 € Y7, y2 € Y5 such that
y1 is complete to Y5 U Y3 and y, is complete to Y; U V3.

(ii) Let X = X3 UXoUXzand Y = Y1 UY, UY;. Then z is complete to X UY, X is
anticomplete to Y, and, for all 1 <4, j < 3, every vertex of X; UY; has a neighbor in Cj
if and only if i = j.

(iii) For every 1 <

1 < 3, X; and Y; are both cliques, and X3 (resp. Y3) is complete to X U Xo
(resp. Y1 UY3).

(iv) Cq, O3, C3, Cx and Cy are pairwise anticomplete to each other.

(v) Ng(Cx) C{z}UX and Ng(Cy) C{z}UY.

If G is structured, we also say that S is a structured partition of V(G). We prove the following

theorem.

Theorem 78. If G € G is not a line graph of a triangle-free graph and does not admit a clique

cutset, then G is structured.

The decomposition theorems that follow are immediate corollaries of Theorem 78.

A cutset S of a graph G is a bisimplicial cutset if, for some vertex x € S, S C Ng[z] and S\ {z}

is the disjoint union of two cliques of size at least two that are anticomplete to each other.
A 2-amalgam (K,Vi,Vs) of a connected graph G is a partition of V(G) into subsets Vi, Vs

and K such that, for every 1 < i < 2, W; and Z; are disjoint non-empty subsets of V; and the
following hold:

o Vi\(W;UZ;) # @ for every 1 < i< 2.
o Wy (resp. Z1) is complete to Wo (resp. Zz), and there are no other edges between V7 and V5.

e K is a clique that is complete to W1 U Wy U Z1 U Z,.

Observe that the removal of K, together with the edges with one end in V; and the other in
V5, disconnects G. A 2-amalgam is called special if K consists of a single vertex, W; and Z; are
cliques for every 1 < ¢ < 2, and Wy (resp. Wa) is anticomplete to Z7 (resp. Z3). A 2-amalgam
is small if it is special and |W;| = |Z;| = 1 for every 1 < i < 2. Note that if G admits a special

2-amalgam, then it has a bisimplicial cutset that satisfies additional properties.

Theorem 79. If G € G, then G is the line graph of a triangle-free graph or it admits a clique

cutset or a bisimplicial cutset.

PrOOF. If G is not the line graph of a triangle-free graph and does not admit a clique cutset,
then, by Theorem 78, it is structured. First observe that, for 1 < ¢ < 2, {z} UX;UY; is a
cutset of G separating C; from the rest of the graph. Now suppose that {z} U X; UY] is not a
bisimplicial cutset. Then, w.l.o.g. |X1| = 1. If |[Y1| =1 or |Y3]| = 1, then {z}UX; UX,UY, UY3
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is a bisimplicial cutset. So, we may assume that |Y7| > 2, [Y2| > 2. But then {z}UX; UX,UY];

is a bisimplicial cutset. W

Theorem 80. If G € G is a Ky-free graph, then G is the line graph of a triangle-free graph or

it admits a clique cutset or a small 2-amalgam.

PRrROOF. Assume otherwise. By Theorem 78, G is structured. If G is Ky-free, then it must be
that | X1| = | X3| = |Y1| = |Y2| = 1 and X3UY3 = @. Since Ng(C3) C {z} and G does not admit
a clique cutset, C3 = @. Also, since X U {z} and Y U {z} are both cliques, Cx = Cy = &. So,
if we define K = {a}, W1 = {21}, Z1 = {n1}, Wa = {22}, Zo = {32}, Vi = W1 U Z; Uy and
Vo = Wa U Zy U Cy, then (K, Vi, Va) is a small 2-amalgam of G, a contradiction. MW

Theorem 81. If G € G is a K -free graph, then G is the line graph of a triangle-free graph

or it admits a clique cutset or a special 2-amalgam.

PROOF. Assume otherwise. By Theorem 78, we know that G is structured. When G is Kj -
free, X and Y must both be cliques, and therefore Cx = Cy = @. So, if K = {z}, W1 = X3,
Z1=Y1,Wo=XoUX3,Zo=YUY3, Vi =W UZ; UC; and Vo = Wy U Z3 U Cs U Cs3, then
(K, V1, Va) is a special 2-amalgam of G, a contradiction. W

As intermediate results, we also prove the following three theorems. Let (H, x) be a wheel in a
graph G € G. Then we say that a chordless path P =py,...,pg, k> 2,in G\ (V(H)U{z}) is
an appendiz of (H,x) that attaches to S; if, for some long sector S; of (H, x), the following hold:
No(p) N (V(H)U fh) = {2, 21}, No(pe) O (V (H)U {}) = {1, 21} and Ne(p;) O (V(H)U{a}) €
{z;} for every 1 < j < k.

Theorem 82. If G € G does not contain a wheel with an appendiz or a long alternating wheel,

then G is the line graph of a triangle-free graph or it admits a clique cutset.

Theorem 83. If G € G does not contain a wheel with an appendiz, then G is the line graph of

a triangle-free graph, or it admits a clique cutset or a special 2-amalgam.

Theorem 84. If G € G contains a wheel with an appendix or a long alternating wheel, then G

admits a clique cutset or it is structured.

Theorem 78 follows directly from Theorem 82 and Theorem 84. Theorem 82 is proved in Section

3.3, and Theorems 83 and 84 are proved in Section 3.4.

Finally, the following result is proved in Section 3.5.

Theorem 85. If G € G is a Ky-free graph, then G is 4-colorable.

3.2 Recognizing graphs in G

Throughout this section, for a graph G we let n = |[V(G)| and m = |E(G)|. We now give
two polynomial-time algorithms that decide whether an input graph G belongs to G. The first
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algorithm is obtained by a direct search for certain Truemper configurations, so, although it is
slower than the second one, we believe that it is of independent interest. The second algorithm
has running time O(n®) and is based on the description of the local structure of graphs in G
that is obtained in [1]. Both of these algorithms do not rely on our main decomposition theorem
for G (Theorem 79).

In [31], Maffray, Trotignon and Vuskovié give an O(n”)-time algorithm that decides whether a
graph contains a theta or a pyramid. Recall that deciding whether a graph contains a 1-wheel
is NP-complete [17]. In Lemma 86, we give an O(n5)-time algorithm that decides whether a
graph contains a theta, a pyramid or a 1-wheel. In Lemma 87, we give an O(n%)-time algorithm
that decides whether a graph contains a 3-wheel. These two algorithms together provide our

first recognition algorithm for G.
Lemma 86. There is an algorithm with the following specifications:
e Input: A graph G.
o Qutput: YES if G contains a theta, a pyramid or a 1-wheel, and NO otherwise.

e Running time: O(n*m + n®).
PRrROOF. Consider the following algorithm.

Step 1: Let £ be the set of all 4-element subsets of V(G).
Step 2: If £ = @, then return NO. Otherwise, take S € £ and remove S from L.

Step 3: If S does not induce a claw, go to Step 2. Otherwise, let S = {u, a,b, ¢} be such that

u is complete to {a, b, c}.

Step 4: If there exists a component C' of G\ Ng[u] such that all of a, b and ¢ have a neighbor
in C, then return YES. Otherwise, go to Step 2.

Since £ has O(n*) elements, and Step 4 takes O(n+m) time, the running time of this algorithm
is O(n*m + nb).

Let us now prove its correctness. First suppose that, for some component C of G \ Ng[u] (in
Step 4), all of a, b and ¢ have a neighbor in C, and let C’ be a minimal connected induced
subgraph of C such that all of a, b and ¢ have a neighbor in C’. Let P be a chordless ac-path
in the graph induced by V(C’) U {a, c}. If b has a neighbor in P, then V(P) U {u, b} induces a
theta or a 1-wheel. Otherwise, let @ be a chordless bv-path in G[V(C”) U {b}] such that v has a
neighbor in P\ {a, ¢} and no vertex of @\ {v} has a neighbor in P\ {a, c}. By the minimality of
C’, not both a and ¢ can have a neighbor in @), and v has one or two (adjacent) neighbors in P.
So, w.l.o.g. Ng(c) NV(Q) = &. Let H be the hole contained in G[(V(P) \ {a}) UV (Q) U{u}]
that contains @, u and c. If a has at least three neighbors in H, then (H,a) is a 1-wheel. If
a has exactly two neighbors in H, then V(H) U {a} induces a theta. So, we may assume that
a has no neighbors in H \ {u}. But then the graph induced by V(P) UV (Q) U {u} is either a
theta or a pyramid. It follows that the algorithm correctly returns YES in Step 4.
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Let us now assume that the output is NO, but that G contains a theta, a pyramid or a 1-wheel
D. Let {u,a,b,c} induce a claw contained in D and let u be complete to {a, b, c}. Additionally,
in case D is a 1-wheel, then w.l.0o.g. we may assume that b is its center. Clearly, a component
of G\ Ng[u] has neighbors from all of a, b and ¢, and hence the algorithm returns YES in Step

4, a contradiction. This proves the lemma. M

Lemma 87. There is an algorithm with the following specifications:
o Input: A graph G.
e Qutput: YES if G contains a 3-wheel, and NO otherwise.
e Running time: O(n*m + nb).

PrOOF. Consider the following algorithm.

Step 1: Let £ be the set of all 4-element subsets of V(G).

Step 2: If £ = &, then return NO. Otherwise, take S € £ and remove S from L.

Step 3: If S does not induce a diamond, go to Step 2. Otherwise, let S = {a,b, z,y} be such

that ab is not an edge.

Step 4: Let N, = N¢[z]\{a, b} and N, = Ng[y]\{a, b}. If a and b are in the same component
of G\ N,, or in the same component of G\ N, then return YES. Otherwise, go to Step 2.

Since £ has O(n*) elements, and Step 4 takes O(n+m) time, the running time of this algorithm
is O(n*m + n®).

Let us now prove that the algorithm is correct. First, if the output is YES, then G contains a
3-wheel with center x or y. Indeed, if a and b are in the same component C of G\ N,, for some
z € {x,y}, then a shortest path between a and b in C, together with {z,y}, induces a 3-wheel
with center ¢, where ¢ € {z,y} \ {z}.

Let us now assume that the output is NO, but that G contains a 3-wheel. Let (H,z) be this
3-wheel, and let a,b,y € Ng(x) N V(H) be such that a and b are distinct neighbors of y. Then
the vertex set {a,b, z,y} induces a diamond, and @ and b are in the same component of G\ N,,.

Therefore, the algorithm returns YES in Step 4, a contradiction. This proves the lemma. B

To describe our second algorithm, we first recall some definitions from [1]. Let F be a (possibly
infinite) family of graphs. A graph G is locally F-decomposable if, for every vertex x € V(G)
such that V(G) \ Ng|x] # &, and every component C of G \ Nglz], if a graph F € F is in
G[N¢(x)] then there exists a vertex of F' that has a non-neighbor in F' and no neighbors in
C. A class of graphs is said to be locally F-decomposable if every graph in the class is locally
F-decomposable.

Let S3 be the graph whose vertex set is a stable set of size three, and let P3; be the chordless

path on three vertices. The following theorem is the key for our second algorithm.
Theorem 88. ([1]) The class G is exactly the class of locally (S5, P3)-decomposable graphs.
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Theorem 89. There is an algorithm with the following specifications:
e Input: A graph G.
e Qutput: YES if G € G, and NO otherwise.

e Running time: O(nb).
ProOF. Consider the following algorithm.

Step 1: Let £ =V(G).

Step 2: If £L = &, then return YES. Otherwise, take x € £ and remove = from L. Let £, be
the set of all 3-element subsets of Ng(x), and let C, be the set of all the components of
G\ N¢|z].

Step 3: If L, = @ or C, = &, then go to Step 2. Else, take S € £, and remove S from L.

Step 4: If S does not induce a S3 or a Ps, then go to Step 3. Otherwise, for every C' € C,,
compute the sets Ng(y) NV (C) and Ng(y) NS for all y € S. If the first set is empty and
the second is not equal to S\ {y} for some y € S, then go to Step 3. Else, return NO.

The correctness of the algorithm follows immediately from Theorem 88. Let z € £. The set
L, has O(n?) elements and C, can be found in time O(n +m), so Step 2 takes O(n?) time (for
each x € L). Step 4 takes O(n) time (since | Joee, V(C)| < n and [S| = 3), and so the running
time of the algorithm is O(n-n®-n) = O(n°). N

3.3 Proof of Theorem 82

The following easy observation will be used throughout the chapter.

Lemma 90. Let G € G and let H be a hole in G. If x € V(G) \ V(H) has at least two

non-adjacent neighbors in H, then (H,x) is an alternating wheel.

PRrROOF. If z has exactly two neighbors in H, and they are not adjacent, then G|V (H) U {z}]
is a theta. So, assume that x has at least three neighbors in H. Then (H,z) is a wheel, and

hence an alternating wheel. W

Theorem 82 immediately follows from Theorem 77 and from the two results below, whose proof

is postponed to Section 3.3.1 and Section 3.3.2, respectively.

Theorem 91. Assume that G € G does not contain a wheel with an appendiz. If G contains a

diamond, then it admits a clique cutset.

Theorem 92. Assume that G € G is a diamond-free graph that does not contain a long

alternating wheel. If G contains a claw, then it admits a clique cutset.
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3.3.1 Proof of Theorem 91

In order to prove Theorem 91, it is convenient to work with expanded diamonds. Given a graph
G, let K ={vy,...,vu}, £ = 2, be a clique of G of size £. An expanded diamond D = (K, z,y)
of G is an induced subgraph of G with vertex set V(D) given by the disjoint union of K and
{z,y}, and such that x and y are distinct, non-adjacent and both complete to K. We say that
an expanded diamond D of G is maximum if G does not contain an expanded diamond with
more vertices. The above terminology and notation will be used throughout. Note that D is a

diamond when ¢ = 2.

Lemma 93. Let D = (K, z,y) be a mazimum expanded diamond of a graph G € G. Then, for
every vertex u € V(G)\ V(D), Ng(u) NV (D) is a clique of size at most £ + 1.

PROOF. Assume otherwise. Then z,y € Ng(u) N V(D). Since, for every 1 < 4,57 < ¢, i # j,
{z,y,v;,v;,u} cannot induce a 3-wheel, u is complete to V(D). Let K’ = K U {u}. Then the
expanded diamond induced by K’ U {z,y} contradicts the maximality of D. W

PROOF OF THEOREM 91. Let D = (K, z,y) be a maximum expanded diamond of G. We prove
that K is a clique cutset of G separating = from y. Assume not, and let Q = ¢1,...,¢, be a
shortest path in G \ V(D) such that ¢; (resp. ¢,) is adjacent to = (resp. y). By Lemma 93,
r > 2. By the minimality of @, @ is chordless, no vertex of @ \ {¢1} is adjacent to z, and no
vertex of @ \ {¢,} is adjacent to y, so that Ng(¢;) N V(D) C K for every 1 <i <r.

Since the graph induced by V(Q) U V(D) cannot contain a 3-wheel, v; has a neighbor in @ for
every 1 < i < {. Let g; be the vertex of () with lowest index that has a neighbor in K. W.l.o.g.
let vig; € E(G).

(1) g;j is not complete to K.

Proof of (1). Suppose it is. If j > 1, then V(Q%9%) U {x,v2} induces a hole H and (H,v;) is a

3-wheel, a contradiction. So, j = 1.

We now prove that g2 is complete to K. Assume otherwise, and w.l.o.g. suppose that veqy is
not an edge. Since V(Q) U {y,v1,v2} cannot induce a 3-wheel, both v; and vs have a neighbor
in Q%29 . Let g (resp. gn) be the vertex of Q929 with lowest index that is adjacent to vy (resp.
vg). If k = h, then k > 2, and hence V(Q%%) U {v1, v2} induces a 3-wheel, a contradiction. So
w.lo.g. k < h. Let H be the hole induced by V(Q?9) U {ve}. Then, by Lemma 90, (H,v;)
is an alternating wheel, and hence vy is not adjacent to q,. Let ¢, be the neighbor of v; in
Q%9 with highest index. Observe that k < m < h. Suppose that Ng(v1) N V(Q+19r) = &,
Since, by Lemma 90, V(Q%9) U {y, v1, vz} must induce an alternating wheel with center vy,
we have that h < r — 1 and vy is adjacent to gn41. It follows that the chordless path induced
by V(Q%+19") U {y} is an appendix of (H,v), a contradiction. So, let g5 be the neighbor of v;
in Q+1% with lowest index and let H' be the hole induced by V(Q%%) U {v;}. By Lemma
90, (H',vy) is an alternating wheel. Also, s > h + 2 and ¢4+ and ¢, are both adjacent to vs.

But then Q%+19= is an appendix of (H,vy), a contradiction. So, g2 is complete to K.

Now let K/ = K U{q;}. Since ¢ is complete to K, K’ is a clique. Further, g2 is complete to

7



K’, and hence the expanded diamond induced by K’ U{x, g2} contradicts the maximality of D.
This proves (1). O

By (1), w.lo.g. v2q; ¢ E(G). Let g be the neighbor of vy in Q%+1% with lowest index. Then
V(Q%%) U {x,ve} induces a hole H, and, by Lemma 90, (H,v;) is an alternating wheel. So,
j>1,k>j+1and v; is adjacent to ¢;11 and not adjacent to g;. For some j+1 < h < k, let
qn be the neighbor of v; in @ with highest index.

First suppose that v; has no neighbors in Q%+19". By Lemma 90, V(Q%9) U {y, v, v2} must
induce an alternating wheel with center v, and hence k < r —1 and v9 is adjacent to qx4+1. But
then the chordless path induced by V(Q%+19)U{y} is an appendix of (H,v;), a contradiction.
Therefore, let g, be the neighbor of v; in Q%+19" with lowest index and let H’ be the hole
induced by V(Q%%) U {v;}. By Lemma 90, (H',v3) is an alternating wheel. So, m > k + 2
and gr4+1 and ¢, are both adjacent to vo. But then Q%+19 is an appendix of (H,v;), a
contradiction. This proves the theorem. M

3.3.2 Proof of Theorem 92

In order to prove Theorem 92, we need some preliminary results. Throughout this section, we

assume that G € G is a diamond-free graph that does not contain a long alternating wheel.

Extended triangles.

An extended triangle E = (K, 5S1,S52) of G is an induced subgraph of G defined as follows:
K = {u,v1,v2} is a clique of G of size three, and S1 = x1,...,2, and Sy = y1,...,ym are
vertex-disjoint chordless paths in G\ K such that

o Ng(z1)N(V(S2) UK) = {u}, Ng(z,) N (V(S2) UK) = {v1} and
Ng(x;) N (V(S2) UK) = & for every 1 < i < n.

e Ng(y1) N (V(S1)UK) ={u}, Na(ym) N (V(S1) UK) = {v2} and
Nea(y) N (V(S1)UK) = @ for every 1 <i < m.

Note that, since G is diamond-free, m,n > 2. For 1 < ¢ < 2, let H; be the hole induced by
V(S;) U{u,v;}. We say that an extended triangle E of G is minimum if G does not contain
an extended triangle with a smaller number of vertices. This terminology and notation will be

used in Lemma 94 and Lemma 95.

Lemma 94. Let F = (K,S1,52) be a minimum extended triangle of G. For every vertex
z € V(G)\ V(E), either z has at most one neighbor in K or z is complete to K. Also, one of
the following holds:

(i) Na(2) NV(E) is a clique of size at most three.
(i) Ng(z) NV (E) = {v;,w1,ws}, where 1 < i < 2 and wy,ws are adjacent vertices of Ss—;.
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PROOF. Assume otherwise. Since G is diamond-free, either z has at most a single neighbor in
K or z is complete to K. W.l.o.g. we may assume that z has a neighbor in S;. Suppose that
Na(z) N V(E) C V(Hy). Since (i) does not hold, (Hy,z) is a line wheel by Lemma 90. But
then G[V(E) U {z}] contains an extended triangle with fewer vertices than E, a contradiction.
It follows that z has a neighbor in Hs \ {u}.

Suppose that vy € Ng(2) NV(E) C V(S1) UK. If z has a single neighbor in Hy, then such a
neighbor belongs to S; and V(H;) U {z,v2} induces a pyramid. So, since (ii) does not hold,
(Hi,2) is a line wheel by Lemma 90. Then z is complete to K, since otherwise the graph
induced by V(H;) U {z,v2} contains a 3PC(uvjvs, 2). Let z; be the neighbor of z in S; with
lowest index. Then (K \ {v1}) UV (S7**) UV (S3) U {z} induces an extended triangle that

contradicts our choice of E.

Therefore z has a neighbor in both S; and S;. Let z; (resp. yi) be the neighbor of z in S;
(resp. S2) with highest index. Assume that zu is an edge but z is not complete to K. Then
v1,v2 € Ng(z), and hence, by Lemma 90, 21,1 € Ng(2). So, {u, z,21,y1} induces a diamond,
a contradiction. If z is complete to K, then, by Lemma 90, (H1,z) and (Ha, 2z) are both line
wheels and (K \ {u}) UV (S{"*") UV (S§*¥")U {2} induces an extended triangle with a smaller
number of vertices. It follows that z is not adjacent to u. Let xj (resp. y¢) be the neighbor
of z in Sy (resp. Ss) with lowest index, and let H = V(H;) UV (S¥'Y) U {z}. If V(H;) U{z}
induces a line wheel, then G[H] contains a 3PC(u, z). If z has two neighbors in H; and these
neighbors are adjacent, then H induces a pyramid. So, by Lemma 90, and by symmetry, x;
and y, are the only neighbors of z in E. If h > 1, then H induces a 3PC(u, z). If h =1, then
V(Hy) UV(SY¥¥™)U{z,v2} induces a 1-wheel with center u, a contradiction. M

Lemma 95. If G contains an extended triangle, then it admits a clique cutset.

PrOOF. Let E = (K, S1,52) be a minimum extended triangle of G, and let W be the set of
vertices of G\ V(E) that are complete to K. We prove that K U W is a clique cutset of G

separating S; from S3. First consider the following claim.
(1) KUW s a cliqgue of G.

Proof of (1). Assume not. Then there exist two vertices wy, wy € W, wy # we, such that wjws

is not an edge. It follows that {v1,v2, w1, w2} induces a diamond, a contradiction. [

By (1), we only need to show that K U W is a cutset of G separating S; from Sp. Assume
otherwise, and let Q = ¢1, ..., ¢, be a shortest path in G\ (K UW) such that ¢; (resp. ¢,) has a
neighbor in S; (resp. S2). By Lemma 94, r > 2. By the minimality of @, @ is chordless and no
vertex of @\ {q1} (resp. @\ {¢r}) has a neighbor in S; (resp. S2), and so Ng(¢;) NV (E) C K
for every 1 < i < r. By the definition of @) and Lemma 94, every vertex of () has at most one

neighbor in K.
(2) q1 (resp. q.) has a single neighbor in Sy (resp. Sa).

Proof of (2). Suppose that ¢; has two adjacent neighbors in S; and no other neighbors in Hj.

Let y; be the neighbor of ¢, in Sy with lowest index. If v and v; do not have a neighbor in
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Q\{q1}, then V(H,)UV (S5 )UV(Q) induces a pyramid. So, for some 1 < j < r, let ¢; be the
vertex of @ with lowest index that is adjacent to a vertex of {u,v;}. But then V(H;)UV (Q#%)
induces a pyramid, a contradiction. By Lemma 94, it follows that ¢; has a single neighbor in

S1, and, by symmetry, ¢, has a single neighbor in S,. O

By Lemma 94 and (2), Ng(¢1) N V(E) C V(H;) and Ng(g.) NV (E) C V(Hz) are both cliques
of size at most two. Assume that K is not anticomplete to V(Q), and let ¢; (resp. g;) be the
vertex of @ with lowest (resp. highest) index that has a neighbor in K.

(8) ¢; and g; are adjacent to u.

Proof of (3). Suppose that ¢; is not adjacent to u. If ¢; is adjacent to ve, then ¢ > 1, and, by
(2), V(H;) UV (Q®%) U {vy} induces a pyramid, a contradiction. So, ¢; is adjacent to vy. If
Znq1 is not an edge, then, by (2), V(H;1) U V(Q%%) induces a theta. So, ¢; is adjacent to x,
and has no other neighbors in S;. Let R be a chordless ug;-path contained in the graph induced
by V(S2) UV (Q%%) U {u}. Then V(H;) UV (Q?%)UV(R) induces a 1-wheel with center vy,

a contradiction. It follows that ¢; is adjacent to u, and, by symmetry, so is ¢;. O

Note that Ng(q1) NV (S1) = {1}, since otherwise, by (2) and (3), V(H;) U V(Q%%) induces
a theta. By symmetry, Ng(g-) NV (S2) = {y1}. Moreover, ¢ # j, since otherwise the vertex set
V(E)UV(Q) induces a 1-wheel with center u.

(4) {v1,v2} is anticomplete to V(Q).

Proof of (4). Assume not, w.l.o.g. suppose that v; has a neighbor in the interior of Q%% and,
for some i < k < j, let g be the vertex of ) with lowest index that is adjacent to v;. Then
V(Hy) UV (Q%9%) induces a 1-wheel with center u, a contradiction. [

By (4), V(E)UV(Q) induces a 1-wheel, a 3-wheel or a long alternating wheel with center u. It
follows that K is anticomplete to V(Q). By (2), ¢1 (resp. g¢.) has a single neighbor in E, and
this neighbor belongs to Sy (resp. S2). If Ng(g1) NV (S1) = {z1} and Ng(q,) NV (S2) = {y1},
then V(S1) UV (S2) UV (Q) U {v1,v2} induces a hole H and (H,u) is a 1-wheel. So, w.l.o.g. x;
is not the neighbor of ¢; in S;. But then the graph induced by (V(E) \ {v2}) UV (Q) contains

a theta, a contradiction. W

Unichord cycles.

A unichord cycle U = (u,v,S7,52) of G is an induced subgraph of G defined as follows: u and
v are adjacent vertices of G, and, for some m,n > 2, S1 = x1,...,2, and Sy = y1,..., Yy, are

vertex-disjoint chordless paths in G \ {u,v} such that

o Ng(xz1)N(V(S2) U{u,v}) ={u}, Ng(zn) N (V(S2) U{u,v}) ={v} and
Ng(z:) N (V(S2) U{u,v}) = @ for every 1 < i < n.

o Na(yr) 0 (VI(S1) U{u,0}) = {u}, Na(ym) N (V(S1) U {u,v}) = {v} and
Ne(y:) N (V(S1) U{u,v}) = & for every 1 < i < m.
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For 1 < i < 2, let H; be the hole induced by V(S;) U {u,v}. We say that a unichord cycle U of
G is minimum if G does not contain a unichord cycle with a smaller number of vertices. This

terminology and notation will be used in Lemma 96 and Lemma 97.

Lemma 96. Let U = (u,v,51,S52) be a minimum unichord cycle of G. For every vertex
z € V(G)\V(U), one of the following holds:

(i) Na(2)NV(U) is a cliqgue of size at most two.

(ii) |Na(z) NV (U)| =4, {u,v} C Ng(z) and (H;, z) is a line wheel for some 1 < i < 2.

PROOF. Assume otherwise. W.l.o.g. z has a neighbor in S;. If z has non-adjacent neighbors in
Hy, then, by Lemma 90, (Hi, z) is a line wheel. Suppose that Ng(z) N V(U) C V(H;). Since
(i) and (ii) do not hold, V(H;) U {z} induces a line wheel and z is not complete to {u,v}. But
then G[V (U) U {z}] contains a unichord cycle that contradicts our choice of U.

It follows that z has a neighbor in both S; and Sy. Let z; (resp. y;) be the neighbor of z in
Sy (resp. S3) with highest index. If z is complete to {u,v}, then, by Lemma 90, (Hy,2) and
(Hs, z) are both line wheels and V (S7:*") U V(S5¥™) U {v, 2} induces a unichord cycle with a
smaller number of vertices. Therefore, w.l.o.g. we may assume that z is not adjacent to v. Let
H =V (H;)UV(Sy¥")u{z}. Suppose that (Hy, ) is a line wheel. If j > 1, then G[H] contains
a 3PC(v,z). So j = 1, and hence either G[H]| contains a 3PC(uzy1,v) (if zu is an edge) or
G|V (H1) U {y1,2}] contains a 3PC(u, z) (otherwise). Therefore, (Hy, z) is not a line wheel. If
z has two neighbors in Hy, then, by Lemma 90, these neighbors are adjacent, and hence either
G[H] is a pyramid (if j > 1), or G[V(H1) U{y1,2}] is a pyramid (if j = 1 and z is not adjacent
to u) or GV (U)U{z}] is a 3-wheel with center u (otherwise). So, by symmetry, we may assume
that Ng(2) N V(U) = {z;,y;}. f i =j =1 (resp. i =n and j = m), then V(U) U {z} induces
a 1-wheel with center u (resp. v). So, if i < n, then either G[H] is a 3PC(v,z;) (if j > 1)
or G[V(Hy) U {y1,2}] is a 3PC(u,z;) (otherwise), and, if i = n, then V(H;) UV (S5"¥) U {z}

induces a 3PC(u, z,), a contradiction. W
Lemma 97. If G contains a unichord cycle, then it admits a clique cutset.

PROOF. Assume otherwise and let U = (u,v,S57,52) be a minimum unichord cycle of G. By
Lemma 95, G does not contain an extended triangle. Since {u,v} is not a clique cutset of
G separating S from Sy, let @ = ¢1,...,¢- be a shortest path in G \ {u,v} such that ¢;
(resp. g-) has a neighbor in S; (resp. S3). By Lemma 96, r > 2. By the minimality of @, @
is chordless and no vertex of @ \ {¢1} (resp. @\ {¢,}) has a neighbor in S; (resp. S3), so that
Na(q:) N V(U) C {u,v} for every 1 <i < r.

(1) No vertex of Q is complete to {u,v}.

Proof of (1). Assume otherwise and let ¢; be such a vertex with lowest index. Suppose that a
vertex of Q7% has a neighbor in {u, v}, and let ¢; be such a vertex with highest index. Then
V(H2)UV(Q%9%) induces an extended triangle, a contradiction. So, V/(Q%%-1) is anticomplete
to {u,v}. If i = 1, then, by Lemma 96, G[V (U)U{q }| contains an extended triangle. So i > 1,
and, by symmetry, ¢ < r. Let x; be the neighbor of ¢; in S; with lowest index. If k& = n,

81



then V(H;) UV (Q?%) induces a pyramid. So k < n, and hence V(Hz) UV (S7*"*) UV (Q1%)

induces an extended triangle, a contradiction. [l
(2) {u,v} is anticomplete to V(Q).

Proof of (2). Assume not and let ¢; be the vertex of @ with lowest index that has a neighbor in
{u,v}. W.lo.g. suppose that ¢; is adjacent to u. By (1), vg; is not an edge. If Ng(q1)NV(S1) #
{1}, then, by Lemma 96, V(H;) U V(Q%%) either induces a theta or a pyramid. So, ¢ is
adjacent to x1 and has no other neighbors in S;. Let R be the chordless vg;-path contained in
the graph induced by V(S2) UV (Q%%)U{v}. Then, by (1), V(H;) UV (Q?%) UV (R) induces

a 1-wheel with center u, a contradiction. [
(3) q1 (resp. q,) has a single neighbor in Sy (resp. S2).

Proof of (3). Suppose that g1 has at least two neighbors in S7. Then, by Lemma 96 and (1),
q1 has two adjacent neighbors in S; and no other neighbors in U. Let y; be the neighbor of g,
in Sy with lowest index. By (2), u and v do not have a neighbor in Q. W.l.o.g. we may assume
that ¢ < m. But then V(H;) UV (SY¥'Y")UV(Q) induces a pyramid, a contradiction. So, ¢; has
a single neighbor in S, and, by symmetry, g, has a single neighbor in S,. O

By (2) and (3), Ng(q1) NV (U) = {x;} for some 1 < i < n, Ng(g,) N V(U) = {y;} for some
1 < j < m, and no interior vertex of @ has a neighbor in U. If either i = j =1 or i = n and
j = m, then V(U) U V(Q) induces a 1-wheel with center u or v. So w.lo.g. 1 < i < n and
1 <j <m. But then V(H;) UV (Sy%) UV (Q) induces a 3PC(u,z;), a contradiction. M

Putting things together.

We are now ready to prove Theorem 92.

PROOF OF THEOREM 92. Let C be a claw in G, with vertex set V(C) = {u,v1,v2,v3} and
edge set E(C) = {uvy, uva, uvs}, and assume that G does not admit a clique cutset. Since {u}
is not a clique cutset of G, there exists a path Q = ¢i,...,¢, in G\ {u,v1,v9,v3} such that ¢
is adjacent to v; for some 1 < 7 < 3 and ¢, has a neighbor in {v1,ve,v3} \ {v;}. Assume that
the claw and the path are chosen so that @ is of shortest length, and w.l.o.g. suppose that ¢;
is adjacent to vy and ¢, is adjacent to ve. It follows that @ is chordless, no vertex of @\ {¢1} is
adjacent to vy, no vertex of @\ {¢,} is adjacent to vo, and vs is anticomplete to V(Q)\ {q1, ¢ }-
Also, since G is diamond-free, u has no neighbors in @, and hence V(Q) U {u, v1,v2} induces a
hole H. If vs is adjacent to ¢; or ¢, then V(H) U {vs} either induces a theta or a 1-wheel with

center v3. So, vz has no neighbors in Q.

Since {u} is not a clique cutset of G, there exists a path T' = t1,...,t, in G\ (V(H) U {vs})
such that ¢, is adjacent to vs and ty has a neighbor in V(H) \ {u}. In particular, let T' be such
a path of shortest length. Then T is chordless, no vertex of T\ {t1} is adjacent to vs, and no
vertex of T'\ {¢,} has a neighbor in V(H) \ {u}. If ¢, has non-adjacent neighbors in H, then,
by Lemma 90, (H,t;) is a line wheel.
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First assume that ¢, is not adjacent to u, and let 7" be the chordless ut,-path contained in the
graph induced by V(T') U {u,v3}. Then t; must have a single neighbor in H, and this vertex
must belong to {v1, vz}, since otherwise the graph induced by V(H) U V(T”) contains a theta
or a pyramid. But then V(H) UV (T”) induces a unichord cycle, contradicting Lemma 97.

Therefore, uty is an edge. Then Ng(ty) N {v1,v2} # &, since otherwise V(H) U {t,} either
induces a theta or a 1-wheel with center t,. W.l.o.g. let t;, be adjacent to v;. Since G is
diamond-free, neither voty; nor vsty is an edge, and hence ¢ > 2. If (H,ty) is a line wheel, then
the claw induced by {u, t;, v2,v3} and a proper subpath of @ contradict our choice of C' and Q.
So, Ng(t)) NV (H) = {u,v1}. Since G is diamond-free, u is not adjacent to t¢—1, and hence the
graph induced by V(H) UV (T)U{vs} contains an extended triangle, contradicting Lemma 95.
This proves the theorem. W

3.4 Proof of Theorem 84

Throughout this section, we assume that G € G contains a wheel with an appendix or a long
alternating wheel, but does not admit a clique cutset (and hence G is connected). We want to
show that G is structured. By our assumptions, w.l.o.g. G satisfies exactly one of the properties
below, and we define a graph H* depending on which property is satisfied.

Property 1 : G contains a wheel with an appendix. Let (H,x) be a wheel with an appendix in
G with shortest rim, and let P = p1,...,pr be its appendix with shortest length. Assume that
(H,z) has short odd sectors and P is attached to Sz, and let H* = G[V(H) U V(P) U {x}].

Property 2 : (G does not contain a wheel with an appendix, but it contains a long alternating
wheel. Let (H,z) be a long alternating wheel in G with shortest rim, assume that (H,z) has
short odd sectors and let H* = G|V (H) U {z}].

Suppose that Property 1 holds and let W be the hole induced by (V(S2) \ {z2}) UV (P) U{z}.
Then we say that y € V(G) \ (V(H) UV (P) U {z}) is a special vertex of G if it is complete
to {z,z1,22}, Na(y) N (V(H) \ {r1,22}) = &, and {p1} C Ng(y) N V(P) in such a way that
V(W)U {y} induces an alternating wheel.

We prove Theorem 84 by the following sequence of lemmas.

Lemma 98. For every vertex y € V(G) \ V(H*), either Ng(y) NV (H*) is a clique of size at

most three, or G satisfies Property 1 and y is special.
‘We postpone the proof of Lemma 98 to Section 3.4.2.

Now, let M =V (H) \ (V(S2) U{z1,24}) and

N (V(S2) \ {z2,23}) UV (P) if Property 1 holds,
V(S2) \ {22,235} if Property 2 holds.

Furthermore, we denote by A (resp. B) the set of vertices in V(G) \ V(H*) that are complete
to {x, 21,29} (resp. {x,x3,24}). Note that, by Lemma 98, AN B = &. In particular, if u € A,
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then either u is a special vertex of G (when Property 1 holds) or Ng(u) NV (H*) = {x, x1, z2}.
If uw € B, then Ng(u) NV(H*) = {z,z3,24}.

Lemma 99. AUBU {x,x1,x2,23,24} is a cutset of G that separates N from M.

PROOF. Assume not. Then G\ (V(H*)U AU B) contains a chordless path T' = ¢4, ..., ¢, such
that no vertex in T'\ {¢1,t,,} has a neighbor in H*\ {x, 21, z2, z3,24}, t; has a neighbor in N,
and t,, has a neighbor in M. By Lemma 98, m > 2, Ng(t1) N V(H*) C N U {x,z2,z3} and
Nag(tm)NV(H*) C M U{x, 21,24}

It suffices to consider the following two cases.
Case 1: (H,z) is a line wheel, and hence Property 1 holds.

We have that Ng(t,) N V(H*) C V(S4). Let u (resp. v) be the neighbor of t,, in Sy that is
closest to z1 (resp. z4). By Lemma 98, either v = v (and, if that is the case, u ¢ {x1,24}) or
wv € E(G).

(1) At least one of the sets {x1,x2}, {x3,24} is anticomplete to V(T)\ {t1,tm}-

Proof of (1). Assume otherwise. Then there exists a minimal subpath T of T'\ {1, %,,} such
that w.l.o.g. ¢; is adjacent to a vertex of {x1,z2} and ¢; is adjacent to a vertex of {xs,x4}.
Note that no interior vertex of T%% has a neighbor in H. Also, by Lemma 98, i # j. So, since
V(T*%)UV(H) cannot induce a theta or a pyramid, it follows that Ng(t;) NV (H) = {z1, z2}
and Ng(t;) N V(H) = {z3, 24}, and hence (by the definition of T') neither ¢; nor ¢; is adjacent
to z. But then V(Sy4) U V(T%%) U {x} either induces a theta or a 1-wheel with center x, a

contradiction. [J
(2) x has a neighbor in T \ {t1,tm}.

Proof of (2). Assume not and let R be the chordless z¢;-path contained in the graph induced
by the uxi-subpath of Sy together with V(T'). First suppose that 1 is adjacent to x, so that,
by Lemma 98, Ng(t1) "N = {p1}. If a9ty is not an edge, let R’ be the chordless xotq-path
contained in the graph induced by the uzg-subpath of H \ {z}} together with V(T'). Then
V(R') U {p1} induces a hole H' and (H',z) is a 3-wheel. So, Ng(t1) NV (H*) = {z,z2,p1}
But then V(R) U {z, 22} induces a 3-wheel with center xo. It follows that ¢; is not adjacent
to . Let D be the chordless ¢;p;-path contained in the graph induced by N U {¢1}. Then
V(R)UV(D)U{z} induces a hole H" and (H",z2) is a 3-wheel, a contradiction. [

By (2), let t; be the neighbor of = in T\ {t1,¢,,} with highest index.
(3) Either x1 or x4 is adjacent to t;.

Proof of (3). Assume that (3) does not hold. If x; and x4 have no neighbors in T%*m-1_ then
V(Sy)UV (Tt )U{x} either induces a theta or a pyramid. So, let ¢; be the vertex of Ti+1tm—1
with highest index that has a neighbor in {z1,z4}. W.lo.g. let ¢; be adjacent to 1, and hence,
by Lemma 98, ¢; is not adjacent to x4. Then it must be that either u = 1 or u = v = ¥,

since otherwise V(Sy) UV (T% ') U {x} induces a theta or a pyramid. Furthermore, by (1),
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Ng(zg) NV (Tt+1ti-1) = &, So, let H' be the hole induced by (V(Sy) \ {z1}) UV (Tt )U{z}.

Then (H',x1) is a 1-wheel, a contradiction. O
(4) x1 is adjacent to t;.

Proof of (4). Assume otherwise. Then, by (3), ¢; is adjacent to x4 and hence, since t; ¢ B, not
adjacent to x3. By (1), #1 and x5 have no neighbors in the interior of T. Let R be a chordless
Toti-path contained in the graph induced by N U {xo,t1}. If Ng(zg) NV (T'24-1) £ &, let t;
be the neighbor of x4 in T"2%-1 with lowest index. Then ¢; is adjacent to z, since otherwise
V(S4) UV(R)UV(T"%) U {x} induces a 1-wheel with center z. So, z3t; is not an edge. Now,
let R’ be the chordless zst;-path contained in the graph induced by N UV (T"%) U {x3}. It
follows that V(R') U {z, x4} induces a 3-wheel with center z, a contradiction. So, Ng(z4) N
V(T*t-1) = @. If we denote by D the chordless z3t;-path contained in the graph induced by
NUV(T*"')U{xs}, then the vertex set V(D)U{x4} induces a hole H' and (H’, z) is a 3-wheel,

a contradiction. [
(5) {zs, x4} is anticomplete to V(T) \ {t1,tm}-
Proof of (5). It follows from (1) and (4). O

By (4), x1t; is an edge. Since t; € A, t; is not adjacent to z3. Let R be the chordless z3ti-path
contained in the graph induced by N U {z3,t1}. If Ng(z1) NV (T*2'-1) # @, then let ¢; be
the neighbor of z1 in T"2% -1 with lowest index. Then ¢; is adjacent to x, since otherwise, by
(5), V(S4) UV(R)UV(T"%) U {2} induces a 1-wheel with center z. So, z2t; is not an edge.
Now, let R’ be a chordless zot;-path contained in the graph induced by N UV (T*%) U {xz5}.
It follows that V(R') U{z,z1} induces a 3-wheel with center z, a contradiction. So, x; has no
neighbors in T%2%-1. If we denote by D a chordless xot;-path contained in the graph induced
by N UV (T"%) U {z2}, then the vertex set V(D) U {x1} induces a hole H' and (H',z) is a

3-wheel, a contradiction.
Case 2: (H,x) is a long alternating wheel.

First assume that ¢; has a neighbor in N \ V(P), and let u (resp. v) be the neighbor of ¢; in
Sy that is closest to xo (resp. x3). By Lemma 98, 1 is not adjacent to x.

(6) A vertex of {x2,x3} has a neighbor in T\ {t1,tm}.

Proof of (6). Assume not and let R be a chordless xt;-path contained in the graph induced by
MUV (T)U{z}. Ifu = v, then u ¢ {x3,x3}, and hence V(S2)UV(R) induces a 3PC(z,u). So, by
Lemma 98, uv is an edge. But then V' (S2) UV (R) induces a 3PC(uvty, x), a contradiction. I

By (6), let ¢; be the vertex of T'\ {¢1,t,,} with highest index that has a neighbor in {x2, z3}.
W.lo.g. let ¢; be adjacent to x5. Then, by Lemma 98, ¢; is anticomplete to {3, z4}.

(7) t; is adjacent to x.

Proof of (7). The graph induced by (V(H) \ {z1}) UV (T**) contains a hole H’' that contains
x4, V(S2) and t;. By Lemma 90, (H’,z) is an alternating wheel, and hence (7) holds. O
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By (7), Lemma 98 and the definition of T', Ng(t;) N (V(H) U {z}) = {x,22}. Let R be the
chordless x1t;-path contained in the graph induced by M UV (T**tm) U {x1}. By our choice of
ti, V(R) U {22} induces a hole H' and (H’,z) is a 3-wheel, a contradiction.

So, Ng(t1) "N C V(P). Let p; be the neighbor of ¢; in P with highest index. Instead of T,
consider now the chordless path induced by {pk,...,pj,t1,...,tn}, and the arguments above

still apply. This proves the lemma. W

Attachments.

Let u € AUB and let Q = ¢i,...,¢, be a chordless path in G \ (V(H*) U AU B) such that
Ng(u) NV(Q) = {q1}, no vertex in @ \ {¢,} has a neighbor in H* \ {z, 1,22, z3, 24}, and
¢ has a neighbor in M. Then we say that @ is an attachment of u to M. By Lemma 98,
Na(gr) NV(H*) C MU {x,x1,24}. Also, let X7 C A (resp. Y{ C B) be the set of vertices in
A (resp. B) that have an attachment to M, and let X; = X7 U {z1} (resp. Y1 = Y7 U {x4}).

Lemma 100. Let u € X and let Q = q1,...,q- be an attachment of u to M. Then the
following hold:

(i) x2 and x3 have no neighbors in Q.

(ii) x4 has no neighbors in Q \ {q.}.

PROOF. Let v (resp. w) be the neighbor of ¢, in H \ V(S2) that is closest to z; (resp. x4).
Since Ng(qr) NV (H*) C M U {x, 21,24}, the following holds.

(1) q. is anticomplete to {xa,x3}.
(2) x5 and x4 have no neighbors in Q \ {q,}. In particular, (i) holds.

Proof of (2). Assume not. Let ¢; be the lowest indexed vertex of @ \ {¢.} that has a neighbor
in {z3, x4}, and let R be the chordless x2g;-path contained in the graph induced by V(Q#%)U
{z2,u}. First suppose that ¢; is adjacent to x4. Then the graph induced by (V(H) \ V(S2)) U
V(Q®%) U {u} contains a hole H’ that contains V(H) \ V(S2) and ¢;. Also, by Lemma 90,
(H’,z) is an alternating wheel. So, ¢; is adjacent to . By the definition of Q, ¢; is not adjacent
to 3. But then V(S2) UV(R) U {x,z4} induces a 3-wheel with center z, a contradiction. It
follows that g; is adjacent to x3 and not adjacent to x4. Then g; is adjacent to x, since otherwise
V(S2) UV(R) U {z} either induces a theta or a 1-wheel with center z. Furthermore, the graph
induced by the vertex set (V(H)\ V(S2)) UV (Q%"%)U{xs,u} contains a hole H" that contains
V(H)\V(S2), x3 and ¢;. But then (H",x) is a 3-wheel, a contradiction. O

(3) x2 has no neighbors in Q \ {qr}.

Proof of (3). Assume not and let g; be the highest indexed vertex of @\ {¢.} that is adjacent to
x9. Then ¢; must be adjacent to x, since otherwise, by (1) and (2), the zow-subpath of H\ {z1},
together with V(Q%% )U{x}, induces a 1-wheel with center z. Let R be the chordless x;g;-path
contained in the graph induced by V(Q%?) together with the x;v-subpath of H \ {x2}. Since
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¢ ¢ A, ¢; is not adjacent to x1, and hence V(R) U {z2} induces a hole H' that contains z1, x2

and ¢;, and (H’,z) is a 3-wheel, a contradiction. [

By (1), (2) and (3), (i) holds. W
Analogous arguments prove Lemma 101.

Lemma 101. Let uw € Y{ and let Q = q1,...,q be an attachment of u to M. Then the
following hold:

(i) zo and x3 have no neighbors in Q.

(ii) x1 has no neighbors in Q \ {qg.}.

Now let u € AU B be a vertex that is not special, and let Q = ¢1,..., g, be a chordless path in
G\ (V(H*)UAUB) such that Ng(u)NV(Q) = {q1}, Na(g:) N(V(H*)\{x, 21,22, 23, 24}) = &
for every 1 < i < r, and ¢, has a neighbor in N. Then we say that @ is an attachment of u to
N. By Lemma 98, N¢(g,) N V(H*) C N U{z,z2,23}. Also, let X} C A be the set of vertices
in A that are either special or have an attachment to N, let Y5 C B be the set of vertices in B
that have an attachment to N, and let Xy = X} U {22} and Yo = Y5 U {z3}.

Lemma 102. Let u € X}, be a vertex that is not special and let Q = q1, . .., q- be an attachment
of u to N. Then the following hold:

(i) x1 and x4 have no neighbors in Q.

(i1) x3 has no neighbors in Q \ {g,}.

PROOF. Since Ng(q) NV(H*) C N U{x,x2, 23}, the following holds.
(1) qr is anticomplete to {x1,x4}.
(2) x5 and x4 have no neighbors in Q \ {g.}. In particular, (ii) holds.

Proof of (2). Assume otherwise. Let ¢; be the lowest indexed vertex of @ \ {g-} that has a
neighbor in {3, 24}, and let R be the chordless x1¢;-path contained in the graph induced by
V(Q"%) U {xy,u}. First suppose that g; is not adjacent to x4, so that x3q; € E(G). Then the
graph induced by V(S3) UV (Q%%) U {u} contains a hole H' that contains V(S3) and ¢;. By
Lemma 90, (H',z) is an alternating wheel. Thus, ¢; is adjacent to z and (V(H) \ V(S2)) U
V(R) U{x,z3} induces a 3-wheel with center z, a contradiction. So, z4q; is an edge. Then
¢; is adjacent to x, since otherwise (V(H) \ V(S2)) UV (R) U {z} either induces a theta or a
1-wheel with center x. Since ¢; ¢ B, ¢; is not adjacent to x3. Therefore the graph induced by
V(S2)UV(Q19)U{xy,u} contains a hole H” that contains V(S3), x4 and ¢;. But then (H”, z)

is a 3-wheel, a contradiction. [
(3) x1 has no neighbors in Q\ {qr}.

Proof of (3). Assume not and let g; be the highest indexed vertex of @\ {¢.} that is adjacent to
x1. First suppose that ¢, has a neighbor in the interior of Sy, and let v (resp. w) be the neighbor

87



of ¢, in Sy that is closest to o (resp. x3). Then ¢; must be adjacent to x, since otherwise, by
(1) and (2), the zqw-subpath of H\ {2}, together with V(Q%9)U{x}, induces a 1-wheel with
center x. Let R be the chordless z2¢;-path contained in the graph induced by V(Q% ) together
with the zov-subpath of H\ {x1}. Since ¢; ¢ A, ¢; is not adjacent to x, and hence V(R)U{x1}
induces a hole H' that contains x1, z2 and ¢;, and (H', z) is a 3-wheel, a contradiction. It follows
that g, has no neighbors in the interior of Sy, and therefore Ng(g,) NV (P) # @. Let p; be the
neighbor of ¢, in P with highest index, and, by (1) and (2), let H” be the hole induced by the
xhay-subpath of H\ {x2} together with V(Q% 9 )UV (PPiP+). Then zq; € E(G), since otherwise
(H”,z) is a 1-wheel. Since ¢; cannot be complete to {x, 21,22}, ¢; is not adjacent to z5. Let
R’ be the chordless za¢;-path contained in the graph induced by V(Q%) UV (PPiPr) U {z2}.

Then V(R') U {z,z1} induces a 3-wheel with center z, a contradiction. [

By (1), (2) and (3), (i) holds. W
Analogous arguments prove Lemma 103.

Lemma 103. Letu € Yy and let Q = q1, ..., ¢ be an attachment of u to N. Then the following
hold:

(i) x1 and x4 have no neighbors in Q.

(ii) xo has no neighbors in Q \ {g.}.
Note that, by Lemma 98, X; NY; = @ for every 1 <1,j < 2. We can also show the following.
Lemma 104. X;: N Xy =Y NY, = 2.

PrOOF. Assume that X7 N Xo # @, and let u € A be a vertex that is not special and has
an attachment @ = q1,...,q, to N and an attachment T" = ¢1,...,t,, to M. By Lemma 99,
V(Q)NV(T) = @ and V(Q) is anticomplete to V(T'). Let v be the neighbor of t,,, in H\ V(S2)
that is closest to x4. Suppose that g, has a neighbor in the interior of Sy, and let w be the

neighbor of ¢, in S that is closest to x3.

First assume that z is not adjacent to ¢;. By Lemma 102, x5 (resp. z4) has no neighbors in
Q\ {g-} (resp. Q), and, by Lemma 100, x4 (resp. x3) has no neighbors in T'\ {¢,,} (resp. T).
So, the vw-subpath of H \ V(S7), together with V(Q) U V(T) U {u}, induces a hole H' that
contains z3, x4 and u. By Lemma 90, (H’,z) is an alternating wheel, and hence x is adjacent
to ¢1. By Lemma 102, 27 has no neighbors in @, and therefore the zjw-subpath of H \ {z5},
together with V(Q) U {x, u}, induces a 3-wheel with center x, a contradiction. So, xt; is an
edge. By Lemma 100, 25 has no neighbors in T'. It follows that the xqv-subpath of H \ {z1},

together with V(T') U {x,u}, induces a 3-wheel with center x, a contradiction.

So, g, has no neighbors in the interior of Se but has a neighbor in P. Instead of (), consider now
the chordless g1 pi-path contained in the graph induced by V(Q%9)UV (P), and the arguments
above still apply. The same approach works when u is a special vertex of G. This proves that
X1 N Xy = @. Analogously, it can be shown that Y1 NYo =2. B

Lemma 105. X1, X5, Y7 and Ys are all cliques of G.
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PROOF. Suppose that there exist u,v € X7, u # v, such that uv is not an edge, and let @
(resp. T') be an attachment of u (resp. v) to M. Let R be a chordless uv-path contained in the
graph induced by M UV(Q) UV (T) U {u,v}. By Lemma 100, V(R) U {x2} induces a hole H’,
and hence (H', z) is a 3-wheel, a contradiction. So, X; is a clique. Analogous arguments show
that X5, Y7 and Y5 are cliques too. W

Ears.

Let T =t1,...,tm be a chordless path in G\ (V(H*)U AU B) such that no vertex of T has a
neighbor in H*\ {x, x1, z2, 23,24}, and let uw € A and v € B be such that Ng(u) NV (T) = {t1}
and Ng(v) N V(T) = {tm}. Then we say that T is an ear of H*, while u and v are said to
be the attachments of T. Also, let X3 (resp. Y3) be the set of vertices of A\ (X7 U X3) (resp.
B\ (Y1 UY3)) that are attachments of an ear of H*.

Lemma 106. If T =ty,...,t, is an ear of H*, then Ng(t;) NV (H) =& for all 1 < i< m.

PROOF. By definition, Ng(t;) NV (H) C {1, x2,z3,24} for every 1 < i < m. We now show
that t; is anticomplete to {x1, 2o} for every 1 < ¢ < m. Assume otherwise and let t; be the
vertex of T with highest index that is adjacent to a vertex of {z1,z2}, and let u € A and
v € B be the attachments of 7. By Lemma 98, ¢; is anticomplete to {x3,z4}. Furthermore,
let R (resp. R’) be the chordless t;x4-path (resp. t;xzs-path) contained in the graph induced
by V(T%t) U{zs,v} (vesp. V(T ) U {xs,v}). First suppose that z1t; is an edge, and let
H'’ be the hole induced by the zjz4-subpath of H \ {z2} together with R. Then, by Lemma
90, (H',z) is an alternating wheel, and hence t; is adjacent to z. Since t; ¢ A, it follows that
tj is not adjacent to xo. Now, let H” be the hole induced by V(S2) U V(R’) U {z1}. Then
(H",x) is a 3-wheel, a contradiction. Hence, t; is adjacent to x5 and z1t; is not an edge. Also,
t; is adjacent to z, since otherwise V(S2) U V(R') U {«} either induces a theta or a l-wheel
with center x. Therefore the zaz4-subpath of H \ {3}, together with V(R) U {x}, induces a
3-wheel with center z, a contradiction. So, ¢; is anticomplete to {x1, x5} for every 1 < i < m.

Analogously it can be shown that ¢; is also anticomplete to {x3,z4} for every 1 <i<m. W
Lemma 107. X3 (resp. Y3) is a clique of G that is complete to X7 U Xy (resp. Y1 UY3).

PrOOF. We only prove that X3 is a clique of G and that it is complete to X; U X, since similar
arguments show that Y3 is a clique of G that is complete to Y; U Y5.

(1) X3 is a clique of G.

Proof of (1). Suppose that there exist u,v € X3, u # v, such that uv is not an edge. Let
T =t1,...,ty, (resp. D = dj,...,dp) be an ear of H* with attachments u € A and w € B
(resp. v € A and z € B). Let R be a chordless uv-path contained in the graph induced by
V(T)uU V(D) U {x3,u,v,w,z}. By Lemma 106, V(R) U {1} induces a hole H’, and hence

(H',x) is a 3-wheel, a contradiction. O

(2) X3 is complete to X1 U Xs.
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Proof of (2). Assume that X3 is not complete to X5. Let u € X3 and v € X5 (v not special)
be such that uv ¢ F(G). Let Q be an attachment of v to N, and let T be an ear of H* with
attachments u € A and w € B. Let R be a chordless uv-path contained in the graph induced
by NUV(Q)UV(T)U {x3,u,v,w}. By Lemma 102 and Lemma 106, V(R) U {x;} induces a
hole H' and (H', z) is a 3-wheel, a contradiction. A similar argument applies when v is special.

So, X3 is complete to X5. Analogously it can be shown that X3 is also complete to X;. O

This proves the lemma. W
Let X=X UXoUXsand Y =Y UY, UYs.
Lemma 108. X and Y are disjoint and anticomplete to each other.

PROOF. Sets X and Y are disjoint by Lemma 98. Now suppose that v € X and v € Y are such
that wv is an edge. Then V(S2) U {x,u,v} induces a 3-wheel with center x, a contradiction.

So, X and Y are anticomplete to each other. M

Putting things together.

We are now ready to conclude the proof of Theorem 84. Let S = {z} UX UY.
Lemma 109. S is a cutset of G that separates N from M.

PROOF. Assume that S is not a cutset of G that separates N from M. So, there exists a path
Q=q,...,q in G\ S such that ¢; (resp. ¢,) has a neighbor in N (resp. M). In particular,
let @ be of shortest length. It follows that @ is chordless and no vertex of @ \ {q1, ¢} has
a neighbor in H* \ {z,21, %9, x3,24}. By Lemma 99, V(Q) N (AU B) # &. So, let g; be the
vertex of V(Q) N (AU B) with lowest index, and w.l.o.g. assume that ¢; € A. But then either
i =1 and ¢ is special, or ¢ > 1 and Q9%-1 is an attachment of ¢; to N, and hence ¢; € X3, a

contradiction. This proves the lemma. M

By Lemma 109, let C be the set of all the components of G\ S. The sets Cy,Cs,Cs,Cx,Cy

are defined as follows:
e ( (resp. () is the vertex set of the component from C that contains M (resp. N);

o Cx (resp. Cy) is the union of the vertex sets of all C' € C such that Ng(C) C {z} UX
(xesp. N(C) C {a}UY);

e (U5 is the union of the vertex sets of all C' € C such that V(C) € C; UCy U Cx UCy.

Lemma 110. CX n Cy =d.

PROOF. Assume not. It follows that there exists a component C' € C such that Ng(C) C {z}.

But then G admits a clique cutset, a contradiction. W
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Lemma 111. If a component C € C is such that V(C) € C; UCx UCy, then x1 and x4 have

no neighbors in C.

PrOOF. First consider the following claim.
(1) 1 and x4 have no neighbors in Cs.

Proof of (1). Assume otherwise and let Q = ¢y, ..., ¢, be a shortest path in G[C3\ N] such that
¢1 (resp. g) has a neighbor in {z1,24} (resp. N). Note that (since ¢; ¢ S for every 1 <14 <)
qr is not special, and hence, by Lemma 98, r > 2. By the minimality of @, @ is chordless, no
vertex of @\ {¢1} is adjacent to 1 or x4, and no vertex of @ \ {¢.} has a neighbor in N. Also,

no vertex of @ has a neighbor in M.

W.l.o.g. suppose z1q1 € E(G). Then, by our choice of @ and Lemma 98, x4 is anticomplete to
V(Q). Let R be the chordless x3¢;-path contained in the graph induced by N UV (Q) U {x3}.
Then the zqxz-subpath of H \ {x2}, together with V(R) U {z}, induces a 1-wheel with center
x, unless z is adjacent to ¢;. So, xq; € E(G). If 22¢; is an edge, then Q%7 is an attachment
of ¢1 to N, and hence q; € X, a contradiction. So, x2q; is not an edge. Now, let R’ be a
chordless xogi-path contained in the graph induced by N U V(Q) U {x2}. Then V(R') U {x1}

induces a hole H' and (H’,x) is a 3-wheel, a contradiction. O

Now suppose that the lemma does not hold. By (1), w.l.o.g. x; has a neighbor in a component
C € C such that V(C) € C;UC,UCxUCy. So, C contains a chordless path T' = #1, . .., t,, such
that ¢, is adjacent to z1, t,, is adjacent to a vertex of Y, and N (¢t;)NV (H*) C {x, 21, x2, x5, 24}
for every 1 < i < m. Let T be such a path of minimum length. Then no vertex of T'\ {¢1} is
adjacent to x1, and no vertex of T'\ {t,,} has a neighbor in Y.

(2) t, is anticomplete to {x3,x4}.

Proof of (2). Assume otherwise and note that, by Lemma 98, m > 2. Now let H' be the hole
induced by (V(H) \ V(S2)) UV (T), together with x5 if ¢,, is not adjacent to z4. By Lemma
90, (H',z) is an alternating wheel, and hence ¢; is adjacent to x. Suppose that xzot1 ¢ FE(G),
and let R be the chordless xot1-path contained in the graph induced by V(S2) UV (T), together
with x4 if ¢, is not adjacent to 3. Then V(R) U {z1} induces a hole H” and (H",xz) is a
3-wheel, a contradiction. So, zot; € FE(G). Let R’ be the chordless xst,,-path contained in
G[V(T) U {x2}]. First suppose that t,, is adjacent to x3. Then zt,, is an edge, since otherwise
V(S2) UV(R') U {x} either induces a theta or a 1-wheel with center x. Also, if z4t,, € E(G)
or m = 2, then (H',z) is a 3-wheel. So, t,, is adjacent to z4 and m > 2. But then T*'m-1 ig
an ear of H* with attachments ¢; and ¢,,, implying that ¢; € X and t,, € Y, a contradiction.
It follows that zst,, € E(G) and z4t,, € E(G). Since (H’,x) is an alternating wheel, xt,, is an
edge. But then V(S2) UV (R') U {xz, x4} induces a 3-wheel with center z, a contradiction. [

By (2), t,n, has a neighbor w € Y \ {z3,24}. Observe that zt; is an edge, since otherwise the
vertex set (V(H) \ V(S2)) UV (T) U {z,u} induces a 1-wheel with center x. If m = 1, then
(V(H)\ V(S2)) U {u,t1} induces a hole H" and (H',z) is a 3-wheel. Therefore, m > 2. If 3
is adjacent to xo, then T%' is an ear of H*, and hence t; € X, a contradiction. So, wat;

is not an edge, and, if R denotes the chordless xoti-path contained in the graph induced by
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V(S2) UV (T)U{u}, then V(R) U{z, 1} induces a 3-wheel with center z, a contradiction. M

Analogous arguments prove Lemma 112.

Lemma 112. If a component C € C is such that V(C) € Co UCx U Cy, then xs and x3 have

no neighbors in C.

Lemma 113. X\ X; and Y \'Y; are anticomplete to C; for every 1 < i < 2.

PROOF. Suppose that a vertex u € X \ X7 has a neighbor in C;. By Lemma 112, u # 5. Also,
G[C1 \ M] contains a chordless path @ = ¢, ..., ¢, such that ¢; is adjacent to u and ¢, has a
neighbor in M, and no vertex of ) has a neighbor in N. If we choose @ to be of shortest length,
then no vertex of @\ {¢1} is adjacent to u, and no vertex of @ \ {¢.} has a neighbor in M. So,
since u € X7 and hence @ is not an attachment of u to M, V(Q) N (AU B) # &, contradicting
Lemma 112. Tt follows that X \ X7 is anticomplete to C;. Similar arguments show that Y\ Y}
is anticomplete to C1, and that X \ Xo and Y\ Y5 are both anticomplete to C;. W

Lemma 114. X; and Y; are anticomplete to Cs for every 1 <i < 2.

PROOF. By Lemma 111 and Lemma 112, {21, o, 23,24} is anticomplete to C3. Now suppose
that a vertex u € X7 \ {z1} has a neighbor in Cs. It follows that G[C3] contains a chordless
path T' = ty,...,t,, such that ¢; is adjacent to u, t,, is adjacent to a vertex v € Y \ {z3, x4},
and Ng(t;) N V(H*) C {z} for every 1 < ¢ < m. Let T be such a path of minimum length.
Then no vertex of T \ {t1} is adjacent to u, and no vertex of T \ {t,,} has a neighbor in
Y \ {z3,24}. Note that T is an ear of H*, with attachments u and v. By Lemma 108, uv
is not an edge. Let Q = ¢1,...,¢q, be an attachment of w to M. Since T" and @ belong to
different components of G\ S, V(T) NV (Q) = @ and V(T) is anticomplete to V(Q). Also,
V(Q) N {v} = @. Now, let R be the chordless uv-path contained in the graph induced by
MuUV(Q)U{u,v,z4}. Then V(R) UV (T) induces a hole H’, and, by Lemma 90, (H',x) is
an alternating wheel. If z is adjacent to g1, let R’ be the chordless xzu-path contained in the
graph induced by M UV (Q) U {u,z3,24}. Then, by Lemma 100, V(R’) UV (Ss) induces a hole
H" and (H"”,z) is a 3-wheel, a contradiction. Hence, z is adjacent to t;. It follows that the
vertex set V' (S2) UV (T) U{u,v,x} induces a 3-wheel with center x, a contradiction. Therefore
X is anticomplete to C3, and, similarly, so is Y;. Analogous arguments show that Xy U Y5 is

anticomplete to C3. M

PROOF OF THEOREM 84. By definitions, Lemma 104, Lemma 108, Lemma 109 and Lemma
110, § = ({z}, X1, X2, X3,Y71,Y5,Y3,C,Co, C3,Cx, Cy) is a partition of V(G). Moreover, if
we set y; = x4 and yo = x3, S satisfies (i) by the definition of sets X;, Y; and C; for 1 < i < 2,
and X3, Y3;. By Lemma 108, X is anticomplete to Y, by Lemma 113 and Lemma 114, X; UY;
is anticomplete to C if 4 # j, and, by definitions, x is complete to X UY and every vertex of
X; UY; has a neighbor in C; for 1 <4 < 3. So, S satisfies (ii). By Lemma 105 and Lemma 107,
S satisfies (iii). Finally, properties (iv) and (v) follow from the definition of sets Cy, Cy, C3, Cx
and Cy, and Lemma 109. So, G is structured. This proves the theorem. M
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3.4.1 Proof of Theorem 83

In this section we prove Theorem 83, so we further assume that G € G does not contain a
wheel with an appendix. By Theorem 82, it is enough to consider the case when G contains a
long alternating wheel, that is, we may suppose that G satisfies Property 2. So, we keep the
same notation as before, and we prove that the structured partition S of V(G), obtained in
Theorem 84, has some additional properties (under the assumption that G does not admit a

clique cutset).

Lemma 115. Let u € X} and let Q = q1,...,q, be an attachment of uw to N. Then x is
anticomplete to V(Q). Also, if xo is not adjacent to g, then it is anticomplete to V(Q).

PRrROOF. Consider the following claims.
(1) x is anticomplete to V(Q).

Proof of (1). Assume otherwise. Let ¢; be the highest indexed vertex of @ that is adjacent to
x, and let v be the neighbor of ¢, in Sy that is closest to 3. By Lemma 98, x is not adjacent

to ¢, and hence i < r.

First suppose that zov ¢ E(G). Then, by Lemma 98, x5 is not adjacent to ¢,, and o must have
a neighbor in Q%9 - since otherwise, by Lemma 98 and Lemma 102, V(S2) UV (Q%9) U {z}
either induces a theta or a pyramid. If x5 has a neighbor in Q%+19 -1 then the graph induced
by V(S2) UV (Q%+197) U {z} contains a theta or a pyramid. So, Ng(z2) NV (Q%%) = {q;}. By
Lemma 102, the va;-subpath of H \ {2}, together with V(Q%9) U {z, z2}, induces a 3-wheel
with center z, a contradiction. It follows that xev € E(G). By Lemma 102, the vzsz-subpath
of Sy, together with V(Q%%) U {z}, induces a hole H', and, by Lemma 90, (H’', z2) is an
alternating wheel. So, i < r — 1, and z» is adjacent to ¢; and ¢,.. But then, by Lemma 102,

Q%% is an appendix of (H,x), a contradiction. [
(2) If x2 is not adjacent to q,., then it is anticomplete to V(Q).

Proof of (2). Assume that z2 is not adjacent to g, but it is not anticomplete to V(Q). Let g; be
the highest indexed vertex of @) that is adjacent to x5, and let v be the neighbor of ¢, in S, that
is closest to 3. By Lemma 102 and (1), the vzs-subpath of S3, together with V(Q) U {z,u},
induces a hole H’, and therefore xov is not an edge, since otherwise (H', x2) is a 1-wheel. But
then, by Lemma 98, Lemma 102 and (1), V(S2) UV (Q%%) U {z} either induces a theta or a

pyramid, a contradiction. O

The lemma follows from (1) and (2). W
Lemma 116. X, (resp. Y1) is complete to X5 (resp. Ys).

PROOF. Let u € X; and v € X5, and suppose that uv ¢ E(G). It follows that u # z; and
v # x9. Let Q =qi,...,q, (vesp. T =t1,...,t,) be an attachment of v (resp. u) to N (resp.
M). By Lemma 99, V(Q)NV(T) = @ and V(Q) is anticomplete to V(T).

Denote by w (resp. z) the neighbor of ¢, (resp. t,,) in So (resp. V(H) \ V(S2)) that is closest
to x3 (resp. x4). First suppose that zow € E(G). It follows that » > 1 and ¢, is adjacent
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to 2, since otherwise, by Lemma 102 and Lemma 115, the vertex set V(S2) UV(Q) U {x, v}
induces a 1-wheel or a 3-wheel with center z5. By Lemma 100, the zoz-subpath of H \ {z1},
together with V(T) U {u}, induces a hole H’, and, by Lemma 90, (H’, x) is an alternating
wheel. Also, by Lemma 102 and Lemma 115, the chordless path induced by V(Q) U {v} is an
appendix of (H',z), a contradiction. Therefore zow is not an edge, and hence, by Lemma 98,
Zo is not adjacent to g.. So, by Lemma 100, Lemma 102 and Lemma 115, the wz-subpath of
H\ {1}, together with V(Q) UV (T) U {z2, u,v}, induces a hole H”, and (H", ) is a 3-wheel,

a contradiction. So, X; is complete to X5, and, by symmetry, Y7 is complete to Y. W

PrROOF OF THEOREM 83. Let K = {a}, W1, = X1, Z1 =Y, Wo = Xo U X5, Zo = Yo U Y53,
Vi=W1UZyUC) and Vo = WoU Zo UC5UC3. We now show that, if G does not admit a clique
cutset, then (K, V7, V5) is a special 2-amalgam of G. By Lemma 105, Lemma 107 and Lemma
116, the sets X7 U Xo U X3 and Y7 UY5 UYj3 are cliques, and hence so are the sets Ng(Cx) and
Ng(Cy). So, Cx = Cy = @, and therefore (K, V1, V,) is a special 2-amalgam of G. W

3.4.2 Proof of Lemma 98

We prove Lemma 98 by considering Property 1 and Property 2 separately.

The following simple result will be used throughout.

Lemma 117. Let (H,x) be an alternating wheel in a graph G € G, and consider a vertex
y e V(G)\ (V(H)U{x}) that is adjacent to x. If u and v are consecutive neighbors of y in H,

then they cannot belong to the interior of two different long sectors of (H,x).

PrOOF. Otherwise the uv-subpath of H that does not contain any other neighbor of y in H,

together with {x,y}, induces a 1-wheel with center z. W

Property 1 holds.

We first assume that G satisfies Property 1. The wheel (H, x), its appendix P and the associated
notation are as in the beginning of Section 3.4. Let y be a vertex of G\ (V(H) UV (P) U {x});
we set N =V (S2) \ {2, 23}, M =V(H)\ (V(S2) U{z1,24}) and N' = NUV(P).

Lemma 118. If y is adjacent to x and not adjacent to p1, then Ng(y) NV (P) = @.

PROOF. Assume not and let p; be the neighbor of y in P with lowest index. If y is adjacent to s,
then V(PPPi)U{x, zq,y} induces a 3-wheel with center z3. So, z2y is not an edge. By Lemma
90, (W, y) is an alternating wheel, and so y is adjacent to x3. If i = k, then y is also adjacent to
xh and hence {z, 2, x4, y, pr. } induces a 3-wheel with center pi. So, i < k. Let 3’ be the neighbor
of y in Sy that is closest to x5, and let R be the x9y’-subpath of Sy. First assume that 3’ # x3.
If No(pj) N{ze} = @ for every 1 < j <4, V(R) UV (PPPi) U{z,y} induces a 3PC(zz2p1,y).
Otherwise, let T be the chordless zoy-path contained in the graph induced by V (PP2Pi)U{xs, y}.
But then V(T) U V(R) U {z} induces a 3PC(z2,y), a contradiction. So, y' = x3. If there
exists a chordless xzoy-path T contained in the graph induced by V(PP2Pi) U {x9,y}, then
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V(S2) UV(T) U {a} induces a 3PC(zx3y, x2). So, z2 has no neighbors in PP2Pi. Let y” be the
neighbor of y in H \ {z2} that is closest to 2. Then the y”z;-subpath of H \ {z3}, together
with V/(PPPi) U {xg,y}, induces a hole H', and (H',x) is a 3-wheel, a contradiction. W

Lemma 119. Ify is adjacent to p1, then Ng(y) N (V(H) U {z}) C {x, 21, 22}.

PROOF. Assume that y is adjacent to p; but Ng(y) N (V(H) U {z}) € {z, 21,22}
(1) y is adjacent to xs.

Proof of (1). Assume not and let y’ be the neighbor of y in H \ {z2} that is closest to x;.
If 4 # x, then the y/'zq-subpath of H \ {x2}, together with {x,x2,y,p1}, induces a 3-wheel
with center x. Therefore, y' = x},. By Lemma 90, (W, y) is an alternating wheel, and hence y
is adjacent to px. Let H' be the hole induced by {z2,z},y,p1}. Then (H', py) is a 3-wheel, a

contradiction. [
(2) y is adjacent to x.

Proof of (2). Assume otherwise. By (1), zoy is an edge. It follows that the graph induced by
(V(H) \ {x1,22}) U{x,y} contains a chordless zy-path R, V(R)U {p1} induces a hole H’, and

(H',x5) is a 3-wheel, a contradiction. O
(3) y is adjacent to ;.

Proof of (3). Assume not. By (1) and (2), zy and 3y are both edges. Let 3’ be the neighbor of
y in H \ {2} that is closest to z1. First assume that y’ # x5, and let R be the y'z;-subpath of
H\{z2}. Then V(R)U{x2,y} induces a hole H" and (H', z) is a 3-wheel. So, y’ = z}. Let H"”
be the hole induced by (V(S2)\ {z2})U{z,y}. Then (H”, z2) is a 3-wheel, a contradiction. O

By (1), (2) and (3), {z, 21,22} C Na(y) N (V(H) U {z}).
(4) y is anticomplete to {x3, ..., xp}.

Proof of (4). It must be that y is not adjacent to x3 (resp. xy), since otherwise (Ha,y) (resp.
(H,,y)) is a 3-wheel. Now assume that y is adjacent to x; for some 3 < i < n. In particular, let
x; be the neighbor of y in H with lowest index. By Lemma 90, (H,y) is an alternating wheel.
If i is even, then (H;,y) is a 3-wheel. So, i is odd.

Let R be the zaz;-subpath of H \ {z1}. If y does not have a neighbor in R\ {z2,x;}, then
V(R) U{z,y} induces a 3-wheel with center . So, y has a neighbor in R\ {za,...,2;}. Such
a neighbor cannot belong to the interior of any long sector S; of (H,z) for 2 < j < i —1, since
otherwise y and H; contradict Lemma 90. Also, by Lemma 117, y does not have a neighbor in
the interior of Sy or S;_;. W.l.o.g. assume that y has a neighbor in the interior of S;_;. Then
(H;_1,y) is a wheel, and hence an alternating wheel, with appendix given by the xsx;_o-subpath
of R. Since |V(H;_1)| < |V (H)|, our choice of (H,z) is contradicted. O

(5) y has no neighbors in the interior of any long sector of (H,x) that is not So.

Proof of (5). Assume not. If y has a neighbor in the interior of a long sector S; of (H, x) for some

2 < i <, then, by (4), y and H; contradict Lemma 90. So, y has a neighbor in the interior of S,
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and (H,,y) is a wheel, and hence an alternating wheel, with rim shorter than H. By Lemma 117
and (4), y is anticomplete to V(S2)\ {z2}, and hence Ng(y)NV (H) C (V(S,) \ {zn})U{as}. If
Na(y)NV(P) = {p1}, then (H,,y) has an appendix induced by the x4x,,_1-subpath of H\ {z2}
together with V(P), contradicting our choice of (H,x). So, y has a neighbor in P\ {p;}, and
let p; be such a neighbor with highest index. Let 3’ be the neighbor of y in S,, that is closest
to x,. Then the z4y’-subpath of H \ {x2}, together with V(PPiP+) U {z,y}, induces a 1-wheel

with center z, a contradiction. [

By (4) and (5), Ng(y) NV (H) C (V(S2) \ {z3}) U{x1}, and, by our initial assumption, y has
a neighbor in the interior of Sy. It follows that (Hs,y) is a wheel and hence an alternating
wheel. Let 3’ be the neighbor of y in Sy that is closest to x3, and let R be the 3'z1-subpath of
H\{x2}. Then V(R)U{y} induces a hole H' and (H', x) is an alternating wheel with appendix
induced by (V(H) \ (V(R) U {x2})) UV (P). Since |V(H')| < |V(H)|, our choice of (H,x) is
contradicted. W

Lemma 120. y is anticomplete to at least one of N', M.

PROOF. Suppose that y has a neighbor in both N’ and M. It suffices to consider the following

two cases.

Case 1: y has a neighbor in M and a neighbor in N.

(1) (H,y) is an alternating wheel.

Proof of (1). Tt follows from our assumptions and Lemma 90. [
(2) y is not adjacent to x.

Proof of (2). Assume it is. By Lemmas 118 and 119, Ng(y) N V(P) = &. Let u (resp. v) be
the neighbor of y in H \ {z2} that is closest to x} (resp. x1). By our assumptions, u € N and
v € MU{z1}. Let R be zau-subpath of H \ {z1}. If y is not adjacent to xo, then the vri-
subpath of H\ {z2}, together with V(R)U{y}, induces a hole H'. Also, (H’,z) is a wheel, and
hence an alternating wheel, with appendix P and such that |V (H")| < |V (H)|, a contradiction.
It follows that 2y is an edge. But then V(P) U V(R) U {z,y} induces a 3-wheel with center

T, a contradiction. [
(3) (H,x) is a long alternating wheel.

Proof of (3). Assume not. So, (H,z) is a line wheel. By (2), zy is not an edge. Let R be the
chordless zy-path contained in the graph induced by N’ U {z,y}. If y has a single neighbor
in Sy, then this neighbor belongs to the interior of S, which contradicts (1). If y has two
neighbors in Sy, and these neighbors are adjacent, then V(S4) U V(R) induces a pyramid. It
follows that y has non-adjacent neighbors in Sy. But then the graph induced by V(S4) UV (R)

contains a 3PC(x,y), a contradiction. [

By (2), y is not adjacent to z. By (3), the graph induced by M U {z,y} contains a chordless
xy-path R. If y has non-adjacent neighbors in Sy, then the graph induced by V(S2) U V(R)
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contains a 3PC(z,y). So, by (1), y has two neighbors in Sy and these neighbors are adjacent.
But then V(S2) UV(R) induces a pyramid, a contradiction.

Case 2: y has a neighbor in M, a neighbor in P and no neighbors in V.
(4) y is not adjacent to x.
Proof of (4). Otherwise, by Lemma 118, yp; is an edge, and so Lemma 119 is contradicted. O

By (4), zy is not an edge. Let p; be the neighbor of y in P with lowest index, and let R be the
chordless zy-path induced by V (PPPi) U {z,y}.

(5) y has at least two neighbors in H \ V(Ss).

Proof of (5). Suppose that ¢ is the unique neighbor of y in H\V(S3). Then 3y’ € M, and hence,
by Lemma 90, Ng(y) NV (H) = {y'}. If ¢’ belongs to the interior of a long sector S; of (H,x)
for some 4 < ¢ < n, then V(S;) UV(R) induces a 3PC(z,y’). So, ¥’ = x; for some 4 < j < n.
First assume that j is even. Let R’ be the chordless xop;-path contained in the graph induced
by V(PP*Pi) U{zs}. Then the x;xo-subpath of H \ {z3}, together with V(R’) U {y}, induces a
hole H', and (H',z) is a 1-wheel. So, j is odd. Let p, be the neighbor of y in P with highest
index. Then the z5z;-subpath of H \ {2}, together with V (P?PP¥) U {z,y}, induces a 1-wheel

with center z, a contradiction. [
(6) y does not have non-adjacent neighbors in H \ V(S2).

Proof of (6). Otherwise the graph induced by the vertex set (V(H) \ V(S2)) UV (R) contains
a 3PC(x,y), a contradiction. [

By (5) and (6), y has two neighbors in H \ V(S5), say ¥’ and y”, and y'y” is an edge. If they
both belong to the same long sector S; of (H, x) for some 4 < i < n, then V(S;) UV (R) induces
a 3PC(yy'y”,x). So, wlo.g. ¥y =x; and y"" = x4 for some 4 < j < n, j odd. By Lemma 90,
y is not adjacent to xs. Let R’ be the chordless zop;-path contained in the graph induced by
V(PPPi) U {x2}. Then the z;11xo-subpath of H \ {3}, together with V(R’) U {y}, induces a

hole H', and (H',z) is a 1-wheel, a contradiction. W

PrROOF OF LEMMA 98 (under the assumption that Property 1 holds).

Assume otherwise.
(1) y has no neighbors in M.

Proof of (1). Assume it does. By Lemma 120, y has no neighbors in N’. First suppose that
y has non-adjacent neighbors in H \ N. Let y’ (resp. y”) be the one that is closest to xs
(resp. x3). Then the y'xzo-subpath of H \ N, together with the x3y”-subpath of H \ N and
V(S2) U{y}, induces a hole H'. By Lemma 90, (H’,z) is an alternating wheel with appendix
P. By Lemma 90, (H,y) is an alternating wheel, and hence |V (H')| < |V(H)|. It follows that
(H',z) contradicts our choice of (H,x). So, y does not have non-adjacent neighbors in H \ N.
But then y is adjacent to = and has a neighbor that belongs to the interior of a long sector .S;

of (H,x) for some 4 < i < n, and y and H; contradict Lemma 90. O
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(2) y is not adjacent to x1.

Proof of (2). Assume it is. By (1), y has no neighbors in M. Suppose that y has no neighbors in
V(H)\{x1,z2}. It follows that y has a neighbor in P, and let p; be such a neighbor with highest
index. Then y is adjacent to x, since otherwise (V(H) \ {z2}) U V(PPiPr) U {x,y} induces a
1-wheel with center z. So, by Lemma 118, yp; is an edge. Since {z, z1, 22, y,p1} cannot induce
a 3-wheel with center x, y is adjacent to x5. Therefore, y is complete to {x,x1,x2,p1}. If
Ne(y)NV(P) = {p1}, then (V(H)\ {z2}) UV (P)U{x,y} induces a 3-wheel with center z. So,
{p1} C Ng(y) NV (P). But then, by Lemma 90 applied to W and y, y is a special vertex of G,

a contradiction.

It follows that y has a neighbor in H \ (M U {z1,z2}). Let 3’ be the one that is closest to x4,
and let H' be the hole induced by the y’'zq-subpath of H \ {x2} together with y. By Lemma
90, (H’,x) is an alternating wheel, and hence zy € E(G) and 3 ¢ {z3,24}. By Lemma 90,
(H,y) is an alternating wheel, and so xoy is an edge. By Lemma 90, (W,y) is an alternating
wheel, and hence yp; € F(G), which contradicts Lemma 119. O

(3) y is not adjacent to x4.

Proof of (3). Assume that y is adjacent to z4. By (1) and (2), y has no neighbors in M U {z}.
Suppose that y has a neighbor in P. Then, by Lemmas 118 and 119, y is not adjacent to x.
Let R be a chordless zoy-path contained in the graph induced by V(P) U {x9,y}, and let H'
be the hole induced by (V(H) \ V(S2)) UV (R). But then (since zy is not an edge) (H',z) is
a 1-wheel, a contradiction. So, y has no neighbors in P. Since Ng(y) NV (H) is not a clique,
y must have a neighbor in S3 \ {3}, and let ¢’ be the one that is closest to z5. Also, let H”
be the hole induced by y together with the z4y’-subpath of H \ {3}. By Lemma 90, (H", z)
is an alternating wheel, and hence y is adjacent to = and y' # xo. By Lemma 90, (H,y) is an
alternating wheel, and so |V (H")| < |V(H)|. Note that P is an appendix of (H"”, z), and hence

our choice of (H,x) is contradicted. O
(4) y is not adjacent to xs.

Proof of (4). Assume it is. By (1), (2) and (3), y has no neighbors in H \ V(S3). First suppose
that y has no neighbors in N. Then y is not adjacent to xj3, since otherwise V(S2) U {z,y}
induces a theta or a 3-wheel with center z. Now assume that xy is an edge. By our assumptions,
y has a neighbor in P\ {p1}. So, by Lemma 118, y is adjacent to p;. Let p; be the neighbor of
y in P with highest index. Since V(W) U {y} must induce an alternating wheel by Lemma 90,
i > 2. It follows that the chordless path induced by V(PPiP#) U {y} is an appendix of (H,z)

that is shorter than P, a contradiction.

So, y is not adjacent to x and has a neighbor in P. Let p; (resp. p,) be the neighbor of y in P
with lowest (resp. highest) index. First suppose that j # r and p;p, is not an edge. By Lemma
90, (W,y) is an alternating wheel, and so r > j + 3. Therefore, the chordless path induced by
V(PPPi) U V(PPrPr) U {y} is an appendix of (H,z) that is shorter than P, a contradiction.
Now assume that p;p, € E(G). Since Ng(y) N (V(P) U {x2}) is not a clique of size three, z; is
not adjacent to at least one of p;, p,, and hence the graph induced by V(P) U {z2,y} contains
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a 1-wheel or a 3-wheel with center y. It follows that j = r and x2p; is not an edge. But then

the graph induced by V(P) U {z2,y} contains a theta, a contradiction.

So, y has a neighbor in N, and let 3’ be the one that is closest to x3 on Ss. First assume that
y' = x4. Then y is anticomplete to {z, x5}, since otherwise V(S3) U {z,y} induces a 1-wheel or
a 3-wheel with center y. So, by our assumptions, y has a neighbor in P\ {px}, and let p; be
the one with lowest index. By Lemma 90, (W, y) is an alternating wheel, and so £ < k — 2. By
Lemma 119, ¢ > 1, and hence the chordless path induced by V(PP1P¢) U {y} is an appendix of
(H,x) that is shorter than P, a contradiction.

So, y' # x4, and V(S2) U {z,y} induces an alternating wheel with center y. If y is adjacent to
x, then the y'zo-subpath of H \ {z4}, together with {z,y}, induces a 3-wheel with center x.
So, y is adjacent to x4 and not adjacent to z. Also, (W,y) is an alternating wheel, and hence
y is adjacent to pg. Let ps be the lowest indexed neighbor of y in P. By Lemma 119, s > 1.
In particular, s > 2 and zop, is an edge, since otherwise the y'z3-subpath of Sy, together with
V(PPP<)U{z,z2,y}, induces a 1-wheel or a 3-wheel with center 2. Let H’' be the hole induced
by the y'zo-subpath of H \ {2} together with y. Then (H’,x) is an alternating wheel with
appendix PP'Ps and such that |V (H')| < |V (H)|, which contradicts our choice of (H,z). O

(5) y has no neighbors in V(S2) \ {z2}.

Proof of (5). Assume otherwise and let ¢’ be the neighbor of y in V(S2) \ {z2} that is closest
to z3. By (1), (2), (3) and (4), y is anticomplete to M U {x1,zo,x4}. If y =}, then y is not
adjacent to x (else V(S2) U {x,y} induces a theta), and so, since Ng(y) N (V(H)UV(P)U{z})
is not a clique, y has a neighbor in P\ {p;}. By Lemma 90, V(W)U {y} induces an alternating
wheel with center y, and therefore y is adjacent to pg. Now, let p,. be the neighbor of y in
P\ {pr} with lowest index, and let R be the chordless yzs-path contained in the graph induced
by V(PP1Pr)U{xq,y}. It follows that V(R)U{z,} induces a hole H', and (H', py) is a 3-wheel,

a contradiction.

So, y' # ab. Let R’ be the y'zo-subpath of H \ {«4}. First suppose that Ng(y) NV (P) # 2.
Let p; (resp. pj) be the neighbor of y in P with lowest (resp. highest) index. By Lemma 119,
i > 1. Then, by Lemma 118, zy is not an edge. If i # j and p;p; is not an edge, then the graph
induced by V(R') U V(PPPi) UV (PPiPr) U {y} contains a 3PC(y, z2). Now assume that p;p;
is an edge. If x5 is not complete to {p;,p;}, then the graph induced by V(R') U V(P) U {y}
contains a 3PC(p;p;y, x2). So, x2 is adjacent to both p; and p;. Since (W, z) is an alternating
wheel, i > 2 and p;_; is not adjacent to zo. It follows that the y’xz3-subpath of S,, together
with V(PP1Pi) U {x, zo,y}, induces a 1-wheel with center x5, a contradiction. Therefore, i = j.
By Lemma 90, (W,y) is an alternating wheel. So, Ng(y) N V(P) = {px}, y is adjacent to x,
and 74y’ is not an edge. Then the y'xz3-subpath of Sy, together with {z, zo, 24, y, pr }, induces
a 3-wheel with center py, a contradiction.

It follows that y has no neighbors in P. Now, let 3" be the neighbor of y in V(S2) \ {z2} that
is closest to z4. If y is adjacent to x, then, by Lemma 90, (W, y) is an alternating wheel, and

/!

hence y' = z3, ¥’ # y” and y'y” is not an edge. So, the z5y”-subpath of H \ {x2}, together

with V(R') U {z,y}, induces a 3-wheel with center x. Therefore, y is not adjacent to x. Since
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Ne(y)N(V(H)UV(P)U{z}) is not a clique, ' # y”, y'y” is not an edge and hence, by Lemma
90, (W,y) is an alternating wheel. It follows that the a4y”-subpath of H \ {x2}, together with
V(R') U{y}, induces a hole H' that is shorter than H. Also, (H’',z) is an alternating wheel

with appendix P, a contradiction. O

By (1), (2), (3), (4) and (5), Ng(y) N (V(H)UV(P)U{x}) C V(P)U{z}, and, since Ng(y) N
(V(H) UV(P) U {z}) is not a clique, (W,y) is an alternating wheel by Lemma 90. If y is
not adjacent to z, then the graph induced by V(P) U {y} contains a chordless p;pi-path that
contains y and is an appendix of (H,x) that is shorter than P, a contradiction. Thus, y is
adjacent to x, and hence {p1} C Ng(y) NV (P). Let p; be the neighbor of y in P with highest
index. Then the graph induced by V(P?iPx) U {x, 22, y,p1} contains a 3-wheel with center py,

a contradiction. This proves the lemma. W

Property 2 holds.

We now assume that G satisfies Property 2. The wheel (H, z) and the associated notation are

as in the beginning of Section 3.4.

PROOF OF LEMMA 98 (under the assumption that Property 2 holds).
Let y € V(G)\ (V(H)U{x}) and assume that Ng(y) N (V(H)U{z}) is not a clique. It suffices

to consider the following two cases.
Case 1: y is adjacent to x.

(1) For every long sector S; of (H,x), either Na(y) NV (S;) C {x;} fori <j<i+1 or (H;,y)

is a line wheel.

Proof of (1). Note that y cannot be adjacent to both z; and x;11, since otherwise (H;,y) is a
3-wheel. If y has a neighbor in the interior of S;, then, by Lemma 90, (H;,y) is an alternating
wheel. In particular, by our choice of (H,xz), (H;,y) is a line wheel and hence (1) holds. O

(2) y is complete to a short sector of (H,x).

Proof of (2). Assume not. W.l.o.g. y has a neighbor in a long sector S; of (H,z). Therefore,
by (1), y has a neighbor in {z;,z;11}. By symmetry, w.l.o.g. y is adjacent to z;. Let 3’ be the
neighbor of y in H \ {z;} that is closest to x;_1 (it exists since Ng(y) N (V(H) U {z}) is not
a clique). By (1), ¢’ # z;. But then the y'z;-subpath of H that contains x;_1, together with

{z,y}, induces a 3-wheel with center x, a contradiction. O

By (2), and by symmetry, w.l.o.g. we may assume that y is complete to S;. Moreover, by our

assumptions, y has a neighbor in H \ {z1,z2}.
(3) y has a neighbor in {xs,..., Ty}

Proof of (3). Assume otherwise. It follows that y has a neighbor in the interior of a long sector
of (H,z), say S;. Note that ¢ = 2 or i = n, since otherwise (1) is contradicted. W.lo.g. let
i =2, and let y’ be the neighbor of y in the interior of Sy that is closest to z3 on Ss. By (1),
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y' # x4. By Lemma 117, y has no neighbors in the interior of S,,. But then the y'z;-subpath of
H \ {x2}, together with {z,y}, induces a long alternating wheel with center x and rim shorter

than H, a contradiction. [
(4) y is anticomplete to {xs, T4, Tp_1,Tn}.

Proof of (4). Assume not and, by symmetry, w.l.o.g. suppose that y has a neighbor in {z3,z4}.
By (1), 3y is not an edge. But then the graph induced by V(S2) U{x, z4,y} contains a 3-wheel

with center z, a contradiction. [

By (3) and (4), y is adjacent to x; for some 4 < i < n — 1. W.lo.g. we may assume that y has

no neighbors in {3, x4,...,2;-1}.
(5) i is odd, and xo and x; are not consecutive neighbors of y in H.

Proof of (5). Let R be the xox;-subpath of H \ {z1}, and let ¥ be the neighbor of y in R\ {z;}
that is closest to z; on R. Now, let R’ be the y'z;-subpath of R. If i is even or y' = xo, then
V(R') U{x,y} induces a 3-wheel with center z, a contradiction. [

By (5), y has a neighbor in the interior of a long sector S; of (H,x) for some 1 < j < i. By
(1), j =2 or j =i — 1. Thus, by symmetry, w.l.o.g. let j =2, and, by (1), let ¢’ and y” be the
adjacent neighbors of y in the interior of Sy, where 3’ is closer to x5 on Ss. By Lemma 117, 3"
and z; are consecutive neighbors of y in H. Also, since (Hs,y) is a line wheel, ' is not adjacent
to x3. Let H' be the hole induced by the y”xz;-subpath of H \ {z2} together with y. Then

(H',x) is an alternating wheel with appendix given by the zoy’-subpath of Sy, a contradiction.
Case 2: y is not adjacent to x.
(6) (H,y) is an alternating wheel.

Proof of (6). Since Ng(y) NV (H) is not a clique, y has at least two non-adjacent neighbors in
H, and so, by Lemma 90, (6) holds. [

By symmetry, w.l.o.g. we may assume that y has a neighbor in S5.
(7) Na(y) N\ V(H) C V(S2) U{z1, 74}

Proof of (7). Assume not. Then the graph induced by (V(H) \ (V(S2) U {x1,24})) U {z,y}
contains a chordless zy-path R. If y has non-adjacent neighbors in Ss, then the graph induced
by V(S2) UV(R) contains a 3PC(x,y). If y has exactly two neighbors in Ss, then, by Lemma
90 applied to y and Hs, these two neighbors are adjacent and hence V' (S2) U V(R) induces a
pyramid. Therefore, y has a unique neighbor ¢’ in Sa. If ¥ & {x2, 23}, then V(S3) U V(R)
induces a 3PC(z,y'). So, w.l.o.g. ¥ = z3. Let y” be the neighbor of y in H \ V(S3) that is
closest to z4. Since y” # x1, the zoy”-subpath of H that contains z3, together with {z,y},

induces a 1-wheel with center x, a contradiction. [

Let y' (resp. y”) be the neighbor of y in the path induced by V(Sy) U{x1, x4} that is closest to
x1 (resp. x4). By (6) and (7), the y'y”-subpath of H that contains x5, together with y, induces
a hole H' that is shorter than H. Also, by Lemma 90, (H’, x) is an alternating wheel, and so
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our choice of (H,z) is contradicted. This proves the lemma. W

3.5 Proof of Theorem 85

PROOF OF THEOREM 85. We prove Theorem 85 by induction on |V(G)|. By Theorem 80, G
is the line graph of a triangle-free graph or it admits a clique cutset or a small 2-amalgam. Let

us consider these three cases separately.

Case 1: G is the line graph of a triangle-free graph.

By Vizing’s theorem, x(G) < w(G) + 1 < 4, and so the theorem holds.
Case 2: G admits a clique cutset.

Let K be a clique cutset of G, and let Cy,...,Ck, k > 2, be the components of G \ K. For
1<i<k let Gy = GV(C;) UK]. By the inductive hypothesis, G; is 4-colorable for every
1 <i<k. Forl<i<k,letc bea 4-coloring of G;. Since K is a clique, vertices of K must
have different colors in all of these colorings. So, we can permute the colors of the ¢;’s so that
they all agree on the vertices of K, and by putting them together we get a coloring of G that

uses at most four colors.
Case 3: G admits a small 2-amalgam.

Let K = {a}, Wy = {z1}, Z1 = {x4}, Wa = {22}, Zo = {a3}, W1 UZ; C V; and WoU Zy C Vs,
and let (K, Vi, V3) be a small 2-amalgam of G. Furthermore, let G; = G[V; U {z, z2, 23}] and
G2 = G[Va U{z,z1,24}]. Since G is Ky-free, w(G) = w(G1) = w(G2) = 3. Let ¢; (resp. c2) be
a 4-coloring of G (resp. G2). W.lLo.g. we may assume that ¢; and co agree on {z,x1,x9}. If
they also agree on {x3, x4}, then we are done. So, consider the case where they do not agree.

W .l.o.g. suppose that ¢1(x) = co(z) =1, c1(x1) = co(z1) = 2 and ¢1(x2) = ca(x2) = 3.

If ¢1(z4) # co(x3), then we can obtain a 4-coloring of G by coloring every vertex in V(G1)\ {z3}
with the same color as in ¢, and by coloring every vertex in V(Gz) \ {4} with the same color
as in cs.

So, assume that c1(x4) = ca(x3). First suppose that ci(x4) € {2,3}. Then w.l.o.g. we may
assume that ¢1(z4) = 2. To obtain a 4-coloring ¢ of G we first color every vertex in V(G1)\ {z3}
with the same color as in ¢;. Then, for every vertex v € V5, we define ¢(v) in the following way:
c(v) = c2(v) if ea(v) € {1,3}, c(v) =2 if ca(v) =4, and c(v) =4 if ca(v) = 2.

Finally, let ¢1(x4) = ca(z3) = 4. To obtain a 4-coloring ¢ of G we first color every vertex in
V(G1) \ {z3} with the same color as in ¢;. Then, for every vertex v € Vo, we define ¢(v) in the
following way: c(v) = co(v) if ca(v) € {1,3}, c(v) = 2 if c3(v) = 4, and ¢(v) = 4 if c2(v) = 2.
This completes the proof of the theorem. M
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Chapter 4

Conclusions

In this thesis, we applied the decomposition method to investigate the structure of several
hereditary graph classes, which generalize the well-known class of chordal graphs. All of these

classes were defined by excluding (some) Truemper configurations as induced subgraphs.

In Chapter 2, we studied the class Gyt of all graphs that contain no Truemper configurations
other than (possibly) universal wheels and twin wheels, together with three proper subclasses of
Gur, namely Gy, Gt and ggﬁ}"f‘ee. For each of these classes, we proved a decomposition theorem
that involves only clique cutsets, which we later used to show that the recognition problem can
be solved in polynomial time for all of them. Our decomposition theorem for class Gyt does
not seem to be powerful enough to allow us to design a decomposition-based polynomial-time
algorithm that solves any of the combinatorial optimization problems we are interested in,
which thus appear to be out of our reach. We remark that it would not be surprising if no
such algorithm existed. On the other hand, we provided decomposition-based polynomial-time
algorithms that solve the maximum clique and maximum stable set problems for classes Gy,
Gt and Q[Cﬁf)'free, as well as the optimal coloring problem for classes Gy and gffiﬁ'free. However,
shortly after this thesis was submitted, Maffray, Penev and Vuskovié [28] proved that rings can
be optimally colored in polynomial time, and hence so can all graphs in Gr. This solves one of
the problems we left as open in Chapter 2. Finally, we also obtained y-boundedness results for
all of the four classes; we believe that that the bounds we presented for Gyr and Gt are not

optimal, and hence can be improved.

In Chapter 3, we studied the class G of all graphs that, out of all Truemper configurations, may
only contain prisms and alternating wheels. The decomposition theorem we proved for class
G involves clique cutsets and (very structured) star cutsets, it was used to show that Kj4-free
graphs in G are 4-colorable, but had no algorithmic consequences. As we discussed already, it
appears that many well-known hereditary graph classes require star cutsets when we want to
decompose any given graph in the class down to a sufficiently simple basic graph. However,
how to make use of star cutsets in algorithms is still mostly unclear. This is the main obstacle
that prevents the decomposition method from being successful when applied to any of these
classes. So, in the future, it would be definitely worth trying to develop techniques for handling

star cutsets, at least when they satisfy several additional constraints, as they do in this thesis.
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