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Abstract

This thesis proves that the statement “Every set X is contained in a countable-coded w-
model of TT}-CA + Bar Induction” is equivalent to the statement, “For all sets X, if X is
well-ordered, then the construction OT (&g, . ) is well-ordered.” Here OT(&,_, ) stands
for the Veblen hierarchy up to €2, relativized through the addition of epsilon numbers €5

above ().



Y



To my parents.



vi



vii

“A proofis a proof, and when you have a good proof it’s

because it’s proven”
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Chapter 1

Introduction

1.1 An Overview of Well-Ordering Principles

1.1.1 The Well-Ordering Principels WOP( f)

This thesis is part of an ongoing investigation into well-ordering principles; statements
of the form

WOP(f) : VX[WO(X) — WO(f(%))].

Here, f is a proof-theoretic function which maps ordinals to ordinals, and WO(X) stands
for “X is a well-ordering.” There are now several examples in the literature, proving an
equivalence between certain well-ordering principles and the various theories of reverse
mathematics, modulo a weak base theory such as RCAy. The first such result is due to

Girard [4].
Theorem 1.1.1 The following are equivalent over RCA, :

1. ACA,.

2. WOP(2Y)
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More recently, Marcone and Montalban proved the following two results using the

methods of computability theory: [5]
Theorem 1.1.2 The following are equivalent over RCA, :

1. ACA{ .

2. WOP(ey)

Here, ACA_ is the system ACA, plus the axiom:
VXIY[Yo = X AVR(Y )1 =TJI((Y),)]

where T'J(U) is the Turing jump of U, as laid out in [11].
Theorem 1.1.3 The following are equivalent over RCA :

1. ATR,.

2. WOP(pX0)

This latter result was based off of unpublished work by Friedman.

Based off of preprint drafts of this work, new demonstrations for these two theorems
were found using the techniques of proof theory. Theorem 1.1.2 was proven by Afshari

and Rathjen [1], while Theorem 1.1.3 was proven by Rathjen and Weiermann [10].

1.1.2 w-models

In the development of these proof-theoretical techniques, Rathjen observed a similar

equivalence between well-ordering proofs and statements of the form
Every set X is contained in a countable-coded w-model of 7'

where 7' is one of the systems of reverse mathematics [7].
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Definition 1.1.4 Let T be a theory in the language Lo of second-order arithmetic. A

countable-coded w-model of T is a set W C N which encodes the Lo-model
M = (N787 +7 '707 17 <)

with S = {(W),|n € N} such that M |= T. Here, (W),, = {m|(n,m) € W}.

Note that an w-model can be encoded in RCA [11].

Rathjen reformulated the results of Marcone and Montalbén as follows [7].

Theorem 1.1.5 The following are equivalent over RCA :

2. Every set is contained in a countable-coded w-model of ACA,.

Theorem 1.1.6 The following are equivalent over RCA, :

1. WOP(pX0).

2. Every set is contained in a countable-coded w-model of A1-CA.

In the same paper, he proved the following result.

Theorem 1.1.7 The following are equivalent over RCA :

1. WOP(T'y).

2. Every set is contained in a countable-coded w-model of ATR,,.

In a separate paper, Rathjen and Vizcaino proved a related result [8].
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Theorem 1.1.8 The following are equivalent over RCA, :

1. WOP(¥y).

2. Every set is contained in a countable-coded w-model of RCAy+Bar Induction.

In adopting the w-model approach, there seems to be a sharper parallel between the proof-
theoretic functions found in the well-ordering principles and the systems being modelled.
The case of ACA( and ¢, for example, closely resembles Gentzen’s original ordinal
bound for Peano Arithmetic [3]. In this thesis, we shall extend this parallel by proving the

following result:

Theorem 1.1.9 The following are equivalent over RCAy :

1. WOP(yy(€q,, ).

2. Every set is contained in a countable-coded w-model of 111-CA + BI.

1.1.3 The Theory I1}-CA + BI

We shall now introduce the system IT1-CA + BI. We formulate this system in language
of second-order arithmetic, £,. Second order variables shall be denoted by capital letters,
U, V,W ... while first order variables shall be denote by lower case letters a, b, c. ... The
language also contains the constant symbol 0, a symbol for every primitive recursive
function, and the relations = and € denoting first-sort equality and set membership
respectively. The language also includes the standard logical connectives, A, V, —, —,

as well as first-order quantifiers Vz, 3y and second-order quantifiers V.X, 3Y.
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Definition 1.1.10 The system ACA contains all the axioms of elementary number theory,
defining 0, (successorship), the equations defining primitive recursive functions, the

induction axiom
VX[0e X AVz(z e X —» 2’ € X) = Va(z € X)]
and the arithmetical comprehension schema
FXVyly € X < F(y)]

where F'(a) is an arithmetical formula (i.e. it contains no set quantifiers) and X is free in

F(a).

Definition 1.1.11 I1{-CA is a system which includes all the axioms of ACA, but has the
[1{-comprehension schema

FXVyly € X < F(y)]

where F(a) is Uj-formula (i.e. F(a) is equivalent to some formula V?G(a, ?), where
G(,a, ﬁ) is arithmetic, ? = {Yy, Y1,... Yy} for some finite k, and V? is shorthand for
VYoVY: ... VY;.).

Suppose < is a two-place relation symbol, and F'(a) is an arbitrary Lo-formula. We
define:

Prog(<, F) :=Vz[Vy(y < v — F(y)) — F(x)] (progressiveness)
TI(<,F):= Prog(<,F) — VzF(x) (transfinite induction)
WF(<):=VXTI(<,X) (well-foundedness)

Definition 1.1.12 Bar Induction (denoted BI for short) is the axiom schema consisting

of all formula with the form
WF(<)—=TI(<,F)

where < is an arithmetical relation and F(a) is an arbitrary Lo-formula.

Definition 1.1.13 I1{-CA + BI is the system 11}-CA plus the Bar Induction schema.
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1.1.4 An outline of this thesis

In Chapter 2, we construct the relativized ordinal representation system, OT(¢(€q,, ),
which consists of the Veblen hierarchy up to (2, augmented by a set of epsilon numbers,
€y, above (),. We then carry out a well-ordering proof for that system predicated on
the existence of an w-model of IT}-CA + BI that contains the set X. Chapter 3 lays
preliminary groundwork for proving the existence of an w-model. It introduces the
concept of deduction chains, and the deduction tree D, relative to an arbitrary set (),
and observe that if this tree is ill-founded then there is an infinite branch which yields
an w-model of IT{-CA + BI. The second half of the chapter pertains to majorization
and fundamental functions of ordinal terms in OT(¢o(&q,,.)). This is an essential, if
technical, component of tracking ordinal heights during the next chapter. Chapter 4 is
a proof that the deduction tree D¢ cannot be well-founded and thus an w-model must
exist which contains the set (). We do this by embedding the deduction tree into a
ramified sequent calculus, which yields a proof of the empty sequent. By leveraging
cut-elimination we show that such a proof is impossible, and thus Dg cannot be well-

founded.



Chapter 2

A Well-Ordering Proof for
OT(¢0(€q,  ,))

In this chapter we shall construct our ordinal representation system OT(1o(€q,, )
The first two parts of this chapter take a set-theoretic approach, working within
ZFC. We conclude section 2.2 with an equivalent formal term structure that can be
encoded in RCA. The final part of this chapter then presents a well-ordering proof for

OT(¢0(€q,,,)) from the axiom

“Every set is contained in a countable-coded w-model of T} — CA,.

This chapter closely follows the construction of the Veblen hierarchy as presented in [6].

2.1 The functions ¢,

Due to the complexity of OT(1)o(€q,,.)), we shall construct it over two sections. This
section lays the groundwork, detailing the properties of the ¢, functions. These ¢,

functions are not sufficient to create a primitive recursive representation system on their
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own, however, as there are strongly critical cases where ¢,0 = «. In the next section
we shall circumvent this difficulty by introducing the v/, functions, which will give these

strongly critical cases a normal form representation.

Definition 2.1.1 The additive principle ordinals are those ordinals o« > 0 such that
(Vn < a)n + a = n. They are enumerated by the function o — w®. Note that this
function is strictly increasing (o < B = w® < WP), and that w* = sup{w"|n < A},

where ) is a limit ordinal.

An ordinal « is called an e-number if o = w*.

Definition 2.1.2 The class of critical ordinals of level o, denoted Cr(«), is inductively
defined as follows:

1. Cr(0) is the class of additive principle ordinals.

2. g is the function enumerating Cr(«).

3. Cr(a+1) = {plealp) = p}

4. Cr(\) ={Cr)¢ < a}.
Observe that each Cr(«) is an unbounded class of ordinals, and that ¢, is a strictly

increasing function with o, A = sup{p.n|n < A}. Henceforth, we will write paf to

denote ¢, [3.

Moreover, observe that C'r(1) is the class of e-numbers.

Lemma 2.1.3 (See [6] Lemma 9.3) Suppose o = o0 and 8 = p&n. Then a = B if and
only if one of the following holds:

1. v < &andd = pén.
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2. y=&andd =n.

3.y > &andn = pyo.

Proof

For the first case, suppose v < £&. We know that § € Cr(¢), and hence

ev(p€n) = p&n = B.

Thus o = ¢yd = [ if and only if 6 = (. The second case is trivial, and the third case

follows from the same argument as the first.

O

Lemma 2.1.4 (See [6] Lemma 9.3) Suppose o = pvy0 and = p&n. Then a < B if and
only if one of the following holds:

1. v < &andd < p&n.

2. y=&andd <.

3.y > &and pyd <.

Proof

For the first case, suppose v < &. Since ¢, is strictly increasing, we have

a =70 < y(pen) =
if and only if 6 < p&n.

The second case follows immediately from the face that ., is strictly increasing.
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For the third case, assume { < 7. Then a = ¢vd = p{(pvyd). Since g is strictly

increasing, it follows that

a = @e(p70) < en = B = py0 <.

Lemma 2.1.5 (See [6] Lemma 9.4) pa0 < pf0 <— o < f.

Proof

We know that 0 < 30 since all additive principle ordinals are non-zero. Hence, by (1)

the preceding lemma, if o < (3 then pa0 < @0 and vice versa.

O

Lemma 2.1.6 (See [6] Lemma 9.4) «, 3 < papf.

Proof

We start by proving @ < a0, and by extension o < @a/3 since by lemma 2.1.4 (2)

wal < pafi. We proceed by transfinite induction on a.

In the base case, we know 0 < ¢00. Now suppose o« = v + 1, and we have v < 0.

Then we know that

T+1<(70)+1 < p(y+1)0

since p(3 + 1)0 is an additive principle number and hence cannot be a successor ordinal.
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Now, suppose that &« = )\, a limit ordinal, and for all ¢ < A\ we have

§ < p€0 < p€(pA0) = AO.
It follows that A < ©\0, and hence by transfinite induction we have o < 0.

We now shall prove 8 < a3 using transfinite induction on 5. We have already proven

the base case. Thus, suppose § = v + 1 and that v < pa~y. Then we know that
T+ 1< (pay) +1 <pa(y+1)

since pa(y + 1) is an additive principle number.

Finally, suppose /5 = A, a limit ordinal, and that we have £ < pa~ for all ¢ < A. Then

§ < pag < palpad) = pa.

Consequently, we have A < pa\, and thus by transfinite induction we get 5 < paf. O

Lemma 2.1.7 (See [6] Lemma 9.5) For every p € Cr(0) there exist unique ordinals (3,
such that v < p and p = pf.

Proof

Suppose « € Cr(0). Then 0 < « and there is 7y such that v < a = 0. If 7 < «, then
we are done. Otherwise, there is a least S such that & < ¢fa. In other words, for all
Bo < [ we know that « is a fixed point of ¢ 3y. Hence, there is v such that v # o = ¢,

and by Lemma 2.1.6 we know v < a.

To show uniqueness, suppose &« = ¢y = ¢P17y1 and vy, 71 < a. We shall assume for a

contradiction that 5y # f;.

If By < B1, then vy < a = ¢B171, and thus by 2.1.4 (1) By < ¢P171, contradicting
our hypothesis. Similarly, if 5; < 3y, then v; < o = ¢y, and we find by 2.1.4 (3) that



Chapter 2. A Well-Ordering Proof for OT(1(&q,, . )) 12

w171 < ¢BoYo, which is, again, a contradiction. Thus, 5, = ;. But then, by 2.1.4 (2)

we know that vy = 71, hence uniqueness.

O

Definition 2.1.8 1. a =,; 8y : <= a=pPByand 5,7 < o
2.a=p f+y:<= a=p+y withf e Cr(0),andy = v + ...+ v, with

v € Cr(0) foralli <mnand 8 >y > ... > 7.

These normal forms are unique, due to the preceding lemma. It is important to note that
this definition alone does not account for all critical ordinals. In particular, ordinals of the
form ¢a0 do not yet have an ordinal form representation.

Definition 2.1.9 We define the class of strongly critical ordinals as

SC = {a|pal = a}.

2.2 OT(v(€q,,,)) and the Functions v,

In this section, we shall construct the full ordinal representation system OT(¢o(€q,, ).
At the end of this section, give an equivalent presentation of OT(1/o(&q,_ ., . )) as a primitive

recursive term system, which can be encoded into the system

RCA; +VX3IY (X € Y AY is an w-model of TI;-CA, + BI).

In this chapter, the notations [« 3] and («, 3) will stand for the inclusive and exclusive

intervals from « to (3 respectively. We also establish the following conventions:

A<a:=(WmeAn<a)
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a<A:=(Tned)(a<n.)

The notations A < a and o < A are as above, replacing < with <.

Definition 2.2.1 Let 2y = 0. For 0 < k < w, let ), = Ny. It is worth noting that for
regular cardinals A > w, if B < X, then S\ = \.

Fix a countable-coded set X with a well-ordering <x. For all v € X, {€,}uex
enumerate the first X e-numbers above (). Thus, the following hold for all u,v € X:

1. Q, < €&,

2. If u <x vthen &, < &,

3. ©0€, = €&,.
Definition 2.2.2 For k < w the sets Cy(«) and the ordinals V.« are defined by recursion
on a, with Cy(«) constructed inductively as follows:

1. Q,, € Ci(a) forallm < w.

2. ¢, € Cy(a)forallu € X.

3. 10,92%] C Ck(a).

4. 1f¢,n € Cr(a), then £ + 1 € Cr(a).

5. If n € Ck(a) then w" := 0n € Ck(a).

6. If &, € Cy(a) N Q,, then p&n € C(a).

7. If ¢ < aand € € Cy(), then ¥,,& € Cy(a) forall n < w.

8. Yra = min{n|n & Cr(a)}.
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Note that in (6), the ¢ function is defined purely over ordinals less than €2,. This is
because the ¢ function enumerates epsilon numbers, but epsilon numbers above €2, are

enumerated via ¢, foru € X.

Definition 2.2.3 1. If Q) < a < Qpyq, then Sa = Q. We call Sa the level of «.
Similarly, let a = Q1.
Lemma 2.2.4 (See [6] Lemma 10.3) /. [fa < (3 then Ci(a) C Ci(5).
2. Qp < Ypar < Qpyy.
3. Yra e SC
4. Yra # Qjor €, forany j <woru e X.

5. ’L/}kOé = Ck(a) N Qk+1-

Proof

(1) is proven by transfinite induction on «. The cases where « has the form & + 1 or ¢&n
reduce to the induction hypothesis. The critical case is when o« = ¥y (y). If Yp(y) €
Cr(), then we have v < a < (. So ¥ () € Cr(B).

For (2), observe that since [0, 2] C Ci(«), clearly ) < ¥y

To show Y < 41, we begin by constructing the sets Cri (), as follows:
(@) Cri(a) = [0, %] U{Q;}j<0 U{€u}uex.

(ii) Suppose ¢, € Cri(a). Then & +n € Cri'(a) and pén € Ot ().

(iii) If ¢ € Cri(a) and € < « then € € Cry ().
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Clearly, |J,__ Cri(a) = Ci(a), and || = |Cr(a)].

i<w
Suppose, then, that we have |[Q;| = |Cri(a)|. To generate Crj" (), we take the closure
of Cri(a) under a single iteration of the ¢, + and v, functions. Hence |Cr}!(a)| =

|Cri ()], and thus ||J.__ Cri(a)| = |Cri(a)] < Qky1 Therefore, by definition, o <

<w

Qi

To prove (3), first we observe that v, () is an additive principle number. Otherwise,
Yr (o) would be the sum of two ordinals in Cy(«), and thus we would have i (a) €
Cr(a). Hence a0 = @&y, with £ < ¢ and v < ¢pa. Clearly we cannot have both
£,v < Yra or we would have Y € Ci (). Since v < ¥, we must have £ = ., and

since Yra < ()0, it follows that v = p(¢ra)0. Hence, a € SC.
(4) is immediately obvious from the construction of Cj(«).
(5) follows from (2) and the definition of ¢ («).

O

Lemma 2.2.5 (See [6] Lemma 10.4) Let o € Cy(a) and 8 € Ci(3).

1. Yra=YBifand only if k =1 and o = p.

2. Ypa < YBifandonly if k <lork=1Na < p.

Proof

1. By part (2) of the preceding theorem, obviously ¥, # iy, if k # [. Suppose there
are «, J such that ¢y = 15. Without loss of generality, suppose o < (. Then
by part (1) of the preceding lemma o € Cy (), and thus i, («) € Ci(8). Thus

Yra # i3



Chapter 2. A Well-Ordering Proof for OT(1(&q,, . )) 16

2. This is a direct corollary of the result we just proved, combined with part (5) of the

preceding lemma.

Lemma 2.2.6 (See [2] Lemma 2.7) If o < [ and there is no § € Cy(«) such that o <
d < B, then y € Cy(B) implies v € Ci().

Proof

This is proved by induction on the construction of v € C(/3).

l. Ify =0or €, or &, forany m < w, u € X, then v € Cy(«) by definition.

2. If 7y has the normal form ¢y, or vo+71, then vy, 1 € Cx (/) and thus by induction
hypothesis, 7o, 71 € Ck(). Thus, it follows that v € Ci(a).

3. Suppose v = (7). Then 79 € Cx(5) and 79 < (. By induction hypothesis, it
follows that 79 € Ci(«). By assumption, it is not the case that & < vy < 3, so

7o < a. Therefore, V;(70) € Ci(a).

Lemma 2.2.7 (See [2] Lemma 2.8) If § = min{{|a < £ € Ci(a)} then Cy(a) =
Ci(B), and thus ¢y, (o) = i (B) with B € Ci(B).

Proof
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Since o < (3, clearly Cy(a) € Ci(pB) by part (1) of Lemma 2.2.4. By the preceding

Lemma, it follows that Ci () C Ci(«). We have € Cy(3) by our initial assumption.

O

Definition 2.2.8 a =5 ;0 : <= (a =B A B € Ci(0)).

Definition 2.2.9 The set of ordinal terms OT(vy(€q,, ., )) and the complexity Go < w for
a € OT(1po(€q,, . )) are defined inductively as follows:
1. 0,0, €, € OT(y(€q,, ) and GO = Gy, = GE, = 0 for k < w.

2. If o =5 g + oy A g, aq € OT(Yo(€q,, ) then a € OT(Yo(€q,,,,)) and Ga =
max{GaoGay } + 1.

3. If o =np By A B,y € OT(Yo(€q,,,)) then a € OT()o(&q,,,)) and Ga =
max{Gf, Gy} + 1.

4. If o =5 YN B € OT(Yo(€q,,,,)) then o € OT(Yo(€q,, ) and Ga = G + 1.

Using Lemma 2.1.7 and 2.2.7, we can see that every ordinal term o € OT(¢o(&q_,.))

has a unique normal form, and thus G(«) is well-defined.

Definition 2.2.10 The set of ordinals Kpa for o € OT(¢y(€q, . ,)) are defined
inductively as follows:

1. K,0=0.

2. Ifa=pp 00+ ...+ ay then Koo = | J{ K|l < j <n}.

3. If o =5 @By then Ko = KB U Ko
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4. If o = ¢ Uy 3 then,

0 ifl <k
KkOé:

{BYUKLB ifk <L

Lemma 2.2.11 (See [6] Lemma 10.9) If o € OT(yy(&q,,.)) then a € Ci(B) if and
only if Kra < f3.

Proof
Proved by induction on the construction of « in C,, (). The critical case is when o =,,¢

Ymag and k < m.

First, suppose ¢, € Cr(5). Then oy € Cx () and oy < (. By induction hypothesis,
{Ozg} U KkaO < ﬂ

Now suppose Ky, a9 < 3. Then {ag} U Krap < 8. By induction hypothesis Koy <

implies oy € Cx(5) and since oy < [ we obtain o € Ci(5). O

Definition 2.2.12 We define the e(«) inductively as follows:

4. e(a) = 0 where o =, g + 1.
5. e(a) = {B} where a =5 pS.

6. e(a) = {a} where a =, Y. 0.
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Lemma 2.2.13 (See [6] Lemma 10.10) If o = @B~ then o =,y @B if and only if
e(y) SBA(BESCVy>0)

Proof

Assume that o =,,5 ¢37. Then v, 8 < a by definition. Moreover, if 5 € SC' and v = 0
then 5 =, YrBo = ¢B0 = «, violating normal form. Hence 5 ¢ SC' V v # 0. Proceed
by induction on G.

For the base case, if v = 0, then the assertion is trivial. If v = &,, then 0 < {1} = e(&,,)
so « cannot have the normal form ¢0€&,. Now suppose v = 2 € {Qx} = e(v), for
k > 0. Then € > w. Thus if 5 < e(€), then 3~ = ~, violating the normal form of «.
Hence e(v) < f.

Now suppose the assertion holds for Gyyp = n, and Gy =n + 1.
If v =5 70 + 71, then the assertion follows immediately by induction hypothesis.

If v =5 Y071, then 70,71 < v < @By, and e(y) = {7 }. Suppose, for a contradiction,
that 8 < . Since pvyyy1 < ¢B7v, by Lemma 2.1.4, ¢y971 < 7y, which is a contradiction.

Thus, e(7) = {70} < 6.
If v =5 Yr0, then e(y) = {7} and by Lemma 2.1.5 v = 970 < ¢/30, as needed.

For the opposite direction, we shall just consider the two critical cases of the induction

step. Suppose a = (7, and e(y) < .

If v =5 ¢y071 then e(y) = {0} < B by assumption, and 7y, y; < -y due to normal form.
If 79 < S, then since 7, < v < @7, by Lemma 2.1.4 we have v < ¢f3~. Likewise, if
7o = 3, then since ; < v, we have v < ¢37.

If v =, Yxv0, then e(y) = {7} and v < (3 by assumption. But then py0 < 3, so
v =70 < B0 < By, as needed.

O
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In order to ensure our proof can be carried out in RCAy + VXIY(X € Y A
Y is an w-model of II]CA, + BI), we must present a primitive recursive term structure

with an ordering relation equivalent to OT(¢(€q,, ).

Definition 2.2.14 (Compare [8] Definition 2.9) Let X = (X, <x) be the well-ordering
of the set X C N by the relation <x . We shall recursively define a binary relational

structure

bo(€ay.y) = ([Y0(€a, )] <),

together with a collection of functions
Ky« |vo(€a,, )| = { finite subsets of [vo(€q,,, )]},
for n < w, and an additional function,

e Jgo(€a, )l = [tho(€a,, )]

such that

1 Q€ [Yo(€q, )|, forall m < w, with Qy = 0. For all m,n < wand k € N we
have e*(Q,,) = {Q}, K¥Q,, = 0, and if m < n then Q,,, < Q,,.

2. If a € |tho(€q,, )| and o # 0 then 0 < a.

3. Forallu € X there is €, € |[{hy(€q,, )|, where Q, < €,, e*(&,) = {&,} and for
alln € N, Kff@u =0.Ifu,v e Xandu <x v then ¢, < €,.

4. If B,y € |o(€Cq,, )| withe*(v) < Band (y # 0V 5 does not have the form ¢}, v),
then ¢ By € [Yo(€a,, )| with e¥(¢*Bv) = {8}, and Ky o™ By = K; B U K;\y.

5. Suppose o = ¥ apay € |Uo(€q,, )| and B = *Bob € |Yo(€a,. o )|- Thena <
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10.

11.

12.

13.

if and only if
o < Bo and oy < p*ByBy or
ag = By and oy < By or
By < o and goxozlozo < fi.
©* By € [o(€aq,, )| and o has the form Qy, €, or Yy then o < * By if o < B.

Otherwise 3 < a.

Ifaq,...,ap € |[Yo(€q,, )| withay > ... > oy withk > 2, then w* 4. . . +w™ €

[P0(€ay o)l with e¥(w 4. 4+ w™) = Ui (i), and Ky = Ui, Ko

Ifa =w™ 4+ ... 4+ w € [th(Cq,,,)| and B has the form Q,, €,, Vi, or ¢*ym

then

if B < ajthen f < aor

if oy < [ then a < 5.

Suppose o = o = W™ + ...+ w™ € |Po(€Eq,, )| and B = W 4+ ..+ WPk €
[Y0(€a, ., )|- Then a < f3 if and only if

(m < n)AVi<m(a; = py) or

3 < min{m, n}Vj <i[(a; = B;) A (v < ;)]

o€ (@, ) and Kia < o then gla € [bo(Ca,,.)|, and X(ia) =
{Xa}. If m < n then KXy} = 0. If n < m then KX* = {a} U K*a.

Ifta € |Yo(€q,. )| and m < n then Yo < Q,, and if n < m then Q,, < o
Iy, 03B € [Yo(€a,, . )| and m < n then o < 5.

If o, B € [Wo(€q, )|, and o < B then o0 < 2y .



Chapter 2. A Well-Ordering Proof for OT(1(&q,, . )) 22

Recall that in our standard notation system w® := @0« and thus we are not introducing

any problematic new symbols into the system. The term system |¢)y(Eq | makes

wix)
use of Cantor normal form, rather than the normal form we have established in this
chapter, but this presents no great complications either. The only difference is that we
will occasionally see an instance of w®/, where «; is an epsilon number, in which case we

may recover the standard normal form by noting w® = «;.

Lemma 2.2.15  [. The set |y(€q,, )| together with the binary relation < and

w+x>

functions K* and e* is primitive recursive in X.

2. < s a total linear ordering on |o(€q,, . )|-

Proof

While the proof is not difficult, it would take up a great deal of space without adding any
great insight. Instead, we simply note the parallels between the functions e and K, and
their respective counterparts, e* and KX, with the behaviours shown in Lemmas 2.2.11

and 2.2.13

O

2.3 Distinguished Sets and Well-Ordering

In this section, we shall show OT(1(€q ,,)) is well-ordered using the method of

distinguished sets. We work in the background theory of

RCA; +VX3IY (X € Y AY is an w-model of TTI{-CA, + BI).
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In particular, we shall assume ) is a countable-coded w-model of I1{-CA, + BI, with
X €.

Distinguished sets serve as a benchmark for provable well-ordering, which we shall
ultimately leverage to find well-ordering up to €2,,. From there, we shall use the well-

ordering of X within our model ¥) to prove well-ordering up to &, forall v € X.

Definition 2.3.1 The level k strongly critical subterms of o € OT(Yo(€q,,.)) are
inductively defined as follows:

1. SC(0) = SCk(€,) =D forallu € X.

2. Ifi < k then SCy(Q;) = {Q;}. Otherwise, SC,(€;) = 0.

3. SC(a) ={a}tifa e SCN Q1.

4. SCr(a) = SC(a1) USCi(ae) if @ =5 a1 + .

5. SCi(a) = SCL(B) U SCu(7) if & =ny 957,

6. SCy(a) = SCL(B) if a =5 Y B, and Q41 < o, for any m < w.

Definition 2.3.2 Let U C OT(¢(€q, . ,)) and F(a) be an Ly-formula.

1. Una:={nelln<a}l.

2 UNaCF <= (WpeUna)F(n).

3. Prg(U,F) <= VneU[UnNnCF — F(n).

4. WU] :={n e UVY[Prg(U,Y) - UnNnCY]}

5. MY ={n < Q1|(V5,Q; € UNQ)SC;(n) CU}.

6. W' .=wW|[MY].
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Suppose a € OT(1po(€q,, . )), and Sa = Q and o = Q1. We establish the following

conventions.

Wea = Wi
Mg, = My
Wg+ - WkU+1
Mg+ - MkUJrl

Note that M is a set by arithmetical comprehension, while W [U] (and therefore W) is

a set by IT{-CA,.

Lemma 2.3.3 (See [6] Lemma 11.4) 1. Prg(U,S) — WIU] C S.

2.

3.

Proof

Prg(U, W[U]).
(U CV APrg(U,S)] — Prg(V,{nln € U — n € S}).

Prg(W[U],S) — W[U] C 8.

WIU Na] € WU for any o € OT(Yp(€q,, . ))-
UﬂQk:VﬂQk%(Mlg:M]y/\W]g:W]y)

aeWl < (ae MY AMI NnaCWY)

(1) follows immediately from the definitions.
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(2) Let @« € U, and and suppose U Na € W[U]. By (1) we have W[U| C S for all S
satisfying Prg(U, S). It follows that U N« C S, and thus o € S, by definition of W[U].
Thus, Prg(U, W[U]).

(3) Assume U C V and Prg(U,S),andlet« € V, withV Nna C {nln e U - n € S}.
Since U C V, we have

Una=Un{VnNna) CS,
so by Prg(U, S) we have « € U — « € S, and therefore « € {n|n € U — n € S}.

(4) Assume Prg(W U], S). By (3) we we have Prg(U, {n|n € W[U] — n € S}). By (1)
we get W[U] C {n|n € W[U] — n € S}, and thus W[U] C S.

(5) W[W[U]] € W]U] holds by definition. By (2) we know that Prg(W [U], W[W[U]]),
and thus by (4) we get W[U] C W[W[U]]. So W[U] = W[WU]]

(6) Letn € W[UNa]. Thus, we haven € UNa, and VY [Prg(UNa,Y) — (UNa)nNn C

Y]. Since n < a, it follows that,
VY [Prg(U,Y) = Unn C Y.
So by definition, n € WU].

(M LetUNy, = VN Q. Then M]g = {77 < Qk+1|(VQj € UﬂQk)SCJ(n) € U} = M,y,
and thus by definition W/ = WV.

(8) By definition of ka] , we know that if o € W,g , then:
Prg(MI WYY = MY na C WY

and by (2), we deduce:
MY nacwWy.

We obtain o € MY because W C MY.
Similarly, suppose a € MY and MY Na C WY. Then it is trivial to conclude:

Prg(MY W) — MY na C WY.
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By the definition of W, we may conclude:
VYPrg(M,Y) = M{ Na CY,

and thus o € WY, O

Definition 2.3.4 1. We say that U C OT(vy(&q,, . )) is a distinguished set if

(a) Ya € U)Sa € U and

(b) Vi < w,Qi el — (UﬂQH_l) = VViU.
We shall use Ds(U) to denote that U is a distinguished set,
2. W = {n|3X[Ds(X) Ane X]}.

We observe that 20 is a X} statement, and thus is not provably a set in T} — CA,.
Henceforth, the variables () and P will be used to represent distinguished sets.

Lemma 2.3.5 (See [6] Lemma 11.6) /. Q C W|[Q], and thus QQ = W|[Q)].

2. Prg(Q,V)—QCV.

Proof

(1) Suppose a € (). Since @ is distinguished, we know that S € (), and thus

Qna’ =Wg, =WWg]=WwRna'] c W[Ql.

(2) We know that Prg(Q, V) — W[Q] C V. By part (1), it follows that Q C V. O

Note that if <, is the restriction of < to the distinguished set (), then the preceding lemma
gives WO(<g).
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Lemma 2.3.6 (See [6] Lemma 11.7) 1. (n < m A € SCp(a)) — SC,(B) C
SC, ()

2. 0€Q N €Q — SCa) CQ.

3% <Q—Qeq.

Proof

(1) We proceed by induction on Ga. If o € {0,9Q,, &, } then SC,, (o) = 0 and the
proposition holds vacuously. Now, suppose the proposition holds for Gy < k, and Ga =
k + 1. Suppose n < m and 3 € SC,,(«). The critical case is when o = ;7 for Q2; < 7.
Then SC,,a = {a}, and thus 8 = «a. So SC,,(8) = SC,(«). The other cases follow by

the induction hypothesis.

(2) Suppose o € @ and §2;, € (). We have two cases. First, suppose €2, < Sa. Since ()
is distinguished, we know Sa € Q andthus € Q Na™ = Wga Cc M é?a. Moreover, we
have ) € Q N S, and thus SCi(a) C @, by the definition of Mga.

Now suppose that €2, > Sa. Since ) is distinguished, we know o € @ Ny =
W C M?2. By definition of M7, if j < k then SC;(a) C @, and by part (1), we have
(VB € SCL(a))SC,(B) C Q. Thus, SCx(e) € ({a} U (MZ N «)), and since o € W,
by Lemma 2.3.3 (6) we get:

SCi(a) € ({a} U (M na)) S WY,

(3) Suppose €2, < . Then there is some o € ( such that ; < Sa. Since @) is
distinguished, if 2, = Sa, then € € Q. Now suppose 2, < ). We know that
Qe M 5% since SC; () = () C @Q for any j. Moreover, since o € WSQQ, by Lemma

2.3.3 part 6 we know that Mga Nat C Wb%, and thus ), € WSQa =QNat.O



Chapter 2. A Well-Ordering Proof for OT(1(&q,, . )) 28

Lemma 2.3.7 (See [6] Lemma 11.8) For all k < w, Q Ny C WS,

Proof

Suppose a € @) N Q1. Since Q) is distinguished, o € Wga, and thus by Lemma 2.3.3
Mga Na C WSQQ. By Lemma 2.3.6 (8) we know that for all j < k, SC;(a) C @, and thus
o € MZ Nat. Using Lemma 2.3.3 Prg(M? N a*, U) implies:

Prg(Mg,, {nln € M Nat = neU}),
and thus, by Lemma 2.3.3 (8)
MZNaC Mg, NnaCWg, C{gneMZna* —neU}.

We may therefore conclude that M]? N at N a C U, which proves that
aeWMZna] CWP. O

Theorem 2.3.8 (See [6] Lemma 11.9) M N, C Q — O € W2 A Ds(W2).

Proof
Since SCj(€y,) = 0 for all | < k we know €, € M,? Moreover, we have M,? NQ, C
QN C WQ, and thus by Lemma 2.3.3 we have (), € WkQ

Next, we shall prove that W,? is a distinguished set.

(a) We begin by showing that if o € W2, then Sa € WkQ If a < €, then this is
immediate from the fact that () is distinguished, and W2 =0n Q1. Otherwise ), <

« S Qk—l—l’ so Sa = Qk

Q
(b) Next, we must show that if 2,, € WkQ then W,? NQpy1 = WTIL/V . Let (), € W,?.If
k < n, then clearly €,, & WkQ son < k. Thus, by Lemma 2.3.3 we have

WeNQ, =QNY%a N, =QNQ, =Wo.
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So W,? is distinguished O

The above theorem is significant, because it allows us to find non-empty distinguished

sets. Even more importantly, we gain the following corollary:
Lemma 2.3.9 (See [6] Lemma 11.10) Prg(PUQ,U) - PUQ C U

Proof
Assume Prg(P U @, U). Then for any o, PN v C P U (), we have

(PNaCUANQNaCU)AN(aeP—acl).
Moreover, by Lemma 2.3.3
(x)PNaCU—Prg(PUQ,{nne PNa—nelU})
which simplifies to
(xx)PNaCU — Prg(Q,{nn<a—nelU}).
Since () is distinguished, it follows by Lemma 2.3.5 and () that
PnaCU—-QNaCU

and therefore by (x)
(PNaCU)AN(aeP)—acl,

i.e. Prg(P,U). Again applying Lemma 2.3.5 we find that P C U. A similar argument
yields that ) C U, and thus PUQ C U. O

Lemma 2.3.10 (See [6] Lemma 11.11) Q; € PUQAQ < PAQ, < Q — PNQyyq =
QN Qe
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Proof
Lemma 2.3.9 shows that we may perform induction over P U (). For the base case, we
note thatif 0 € P, and 0 < @ then Q is nonempty and P N0 = Q N0 = (). The argument

then proceeds much the same way as the induction step, below.

Thus, suppose €2, € P and () < . By induction hypothesis P N € = @ N, and
thus by Lemma 2.3.3 Q, € W} = WkQ C MkQ So by Lemma 2.3.6 we find ), € Q,
and since () is distinguished, P N Qy,; = WP = W,? = @ N Q1. The same argument

works for the opposite case, when €2, € ) and 2, < P. O

Theorem 2.3.11 (See [6] Lemma 11.12) a € Q — QNat =WNa™

Proof

Suppose o € (. Obviously, Q N a™ C W N a'. Suppose, then, that n € W N a™.
Then there is some distinguished set P such that n € P Na™. So Sp € P U Q, with
Sn <n € Pand Sy < a € Q. So by the preceding lemma, n € Q Na™. O

We shall now examine the closure properties of distinguished sets, and by extension the

closure of 20.

Theorem 2.3.12 (See [6] Lemma 11.13) /. o, €@ — a+ [ € Q.
2. a,0 €W — a+ € 20.
Proof

Suppose o, 5 € Q. If Sae < SPthen a+ 5 = [ € . So assume that S < Sa. Thus,

we have o, § € Wg‘?&. Now let

U:={¢la+ecwi ).
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By definition M SQQ is closed under addition. Thus,
neEMIANME NnCU—a+neMIAMEN(a+n) CWE,
So, applying Lemma 2.3.3 yields
neMEAMENNCU = a+neWd,

We may therefore conclude Prg(M ?a, U), and thus Wga C U by Lemma 2.3.3, and thus
at+peQnat.

(2) follows immediately from (1). O

Lemma 2.3.13 (See [6] Lemma 11.14) Let §(«, §) be the formula

a,BeQN(VEeQNa)(vneQ)(pén e Q)N (Vne QN B)(pan € Q).

The following statements are true:

1. F(a,B) A6 =max{a, B} Ay € MEGNpa — v € Q.

2. §(a, B) = paB € Q.

Proof
For part (1) we proceed by induction on G~. From §(«, 5) we may deduce o, €
QNot = Wg% The assertion holds trivially, if v € {4 < 0T} Ify =+ ... 7n
then for i < n,y; € Mé%, and by induction hypothesis, v; € @). Hence v € Q. If
v =Ygn, theny € SC,and v < aVy < . Since a, 8 € W;%, we may conclude by
Lemma 2.3.3 that

M3 Ny C MENsCWE,

and thus v € Wé% C Q.
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Finally, we consider when v =,,; ©¢{n. By definition, {,n € M 35 and hence by induction
hypothesis £, € Q, If £ < a we have v € Q by §(a, 8). If @ < £ then we must have

~v < B or else we would have pa3 < ~ contrary to our hypothesis. Once again, we find
Ms%ﬁV C M:%ﬂﬁ < Ws%?
and thus v € WSC% C Q.
(2) Let § = max{a, }. From part (i) we may deduce
S, B) — Mg; N paf C Wg%.

By Lemma 2.3.6 we also find that

S(a, B) — pap € Mgé.
These two statements, combined with Lemma 2.3.3 yield

F(a,B) = MENpa CWE =Qnot.

Hence §(a, 8) — paf € Q. O

Theorem 2.3.14 (See [6] Lemma 11.15) /. o0 € Q — paf € Q.

2. o, €W — paf € 20.

Proof

We shall prove this result in stages. First, let « € @ and V' := {n|pan € Q}. Now,
assume (V€ € QNa)(Vn € Q)(pén € Q) and Q N~y C V. Then by the preceding lemma,
pay € V, and thus we have Prg(Q, V). Since () is distinguished, this means Q C V. In

other words, we have:

(Vee@nNa)(Vne@)(pine) - QCV



Chapter 2. A Well-Ordering Proof for OT(1o(&q,, )) 33

Now, let U = {£](Vn € Q)p&n € Q}. From the statement above, we may then deduce:
QNaClU—aclU

i.e. Prg(Q,U), or Q C U. Thus @, and by extension 2J is closed under the ¢ function. O

Corollary 2.3.15 (See [6] Corollary 11.16) . Sa < QAQ, € QASCi(a) € Q —
a € Q.

2. SaSQk/\QkEQﬂ/\SCk(a)QQ%QEQU.

Proof

This follows immediately from Lemmas 2.3.13 and 2.3.15 above. O

Lemma 2.3.16 (See [6] Lemma 11.17) 1. B€ QAa € Mg, NB—a€Q

2.BEWNaeEMGNB—aeW

Proof
(HDIfBeQthenB e @QNpt = WS% By Lemma 2.3.3 we have MSC?B Nnp C Wgﬁ and

hence o € W;'?B. (2), of course, follows immediately from (1). O

Definition 2.3.17 B := {a|(VQ; € Q N Q) [K;a < a — Y0 € Q)

Lemma 2.3.18 (See [6] Lemma 11.19) Assume o € M? M? Na € B2 Q, € QN
W, Knao < acand v € MP N p,a. Then v € Q.
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Proof
Proceed by induction on Gy. If v < €2, then v € () by Lemma 2.3.17. Suppose, then
that €2, < 7.

If v =55 71 + ... 7m then by the induction hypothesis, for ¢ < m we have v; € (), and

thus v € @ by closure.
If v =5 ¢&n then £, € () by the induction hypothesis, and thus pén € () by closure.

Finally, if v =, 1,7 then we know 1 < «, since v, is a strictly increasing function.

Since n < k and v € M%, by Lemma 2.3.6 we know that
(VQ: € QN Q) (VB € SCL(n))SCH(B) € SC(n) € Q

By the construction of 1),,, we know that SC,,(n) < 1,n < 1,a and thus we find that
SC,(n) € MC N ,a. By induction hypothesis, then, SC,,(n) C Q. In other words, we
have:

(Vt <n)[Q € QN Y — SCi(n) € Q)

From here, we may carry out a secondary induction to show that

Suppose, then, that 2, € @ N (2. We have already proven the result for ¢ < n.
Suppose, then, that n < ¢. By our secondary induction hypothesis, we have
(VQy € QN )SCy(n) C Q. It follows that SCy(n) € M. We have n < ¢
and K,o < a by assumption. Since v =, ¥,7, we know that K,,n < n. Fromn <t we
may therefore deduce that K;n < n and Ko < a. Thus, we have SCy(n) < ¥y < Yo,
and thus SCy() € M N ¢,o. Thus, by our primary induction hypothesis we may
conclude that SC(n) C Q. Thus 7 € M N 4ya, and since i € BT we have ¢y € Q.
O
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Lemma 2.3.19 (See [6] Lemma 11.20) Prg(My,BY).

Proof

Suppose o € M@ and M2 Na C B2. We wish to show o € BY. So assume that
Q, € @NQ, and K,a < . By Lemma 2.3.19 we know that MbQ NY,a € QN Qyys.
For Q; € Q N Q,, we have SC(¢,a) = SCy(«), and since «, ), € @ by Lemma 2.3.6
we have Yo € WS C @, i.e. a € BY, and hence Prg(MY, BY?). O

Lemma 2.3.20 (See [6] Lemma 11.21) 1. o, € QN Kra < a— Yra € Q.
2. a, % e WA Kra < a— Y € 20.
Proof
(1) Let § = max{Sa, S }. Since we know Prg(MZ, B%) we have W C BY. Since Q

is distinguished, we have § € @) and thus Q N §+ = Wg‘? C B°. In particular, this yields
o € B and thus Ypa € Q.

(2) of course, follows immediately from (1). O

Lemma 2.3.21 (See [6] Lemma 11.22) Suppose U C N. Then (Vj € U)Ds(Q;) —
Ds(U{Q]5 € U}).

Proof
Suppose Ds(();) holds for all j € U. Then by arithmetical comprehension

Z = U{Qlj € U}

isaset. If & € Z, then there is some j € U such that o € ();. Since (), is distinguished,
Sa € Qj g Z.
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Now, suppose that €2, € Z. Then ), € ); for some ¢ € U. By Theorem 2.3.12 we have
WAy =QiN Qs € 2NNy SWN Dy

So Z N1 = Q;NQy1. By Lemma 2.3.3 we observe that WkZ = W,f? =ZNQ. 0

Lemma 2.3.22 Foralln < w, 2, there is a distinguished set () such that §,, € (). Thus,
Qn € 0. Moreover, Ds(20 N €),,).

Proof
Suppose Qo = 0 and Q,,;1 = W". We will show that for all n < w,,, € Q. and
Ds(Q,). Hence, 2, € 20.

Further, we claim that M%» = W for all n.

For the base case, observe that Ds((}) holds vacuously. Since SC;(0) = §, and M2 N0 C
0, by Lemma 2.3.8 we have 0 € W% = Q.

To show M = W, suppose a € M{. By induction on Ga we shall prove that M Na C
wy.

If Ga = 0, then @ = 0. Suppose for Gy < Ga, we have M Ny C WY.. If 3 € M? and

£ < « then:

1. if @ =,¢ ap+ oy, we have 8 < o, or B < ay, so by induction hypothesis 3 € WOQ).

2. ifa =, 5 papoy, then by a secondary induction on G3, combined with Lemma 2.1.4

gives 8 € WY,

3. If o =5 Yoo, then o & MY, since SCy(vpa) = {a} # 0.

Hence, we have o € Mg) and Mg) Na C W(?, so by Lemma 2.3.3 (8), we have o € ng =
Q1.
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For the induction step, suppose that 2,, € Q,, 1 and Ds(Q,,11), with M@ = W2 Since

Qni1 = WS is distinguished, we know
Mr?ffl N Qg1 = {0 < Q1| (V5,95 € QN Q1) SCi(n) C Q= ME™

and by induction hypothesis, M@" = W%  Thus, we may apply theorem 2.3.8 to find
Qn € Qn+2 and DS(Qn+2).

To show Mgf; = Wfﬁ; ?. we again proceed by induction on Ga. The proof proceeds
much the same as in the base case, though we must now consider the case where o =, ¢
Yr(ap), with k < n + 2. Then SCii1 (VYr(w)) = {¢r(ap)}, and by definition of M,?jf
this means ¥, (ap) € Qni1 N Qya2. By induction hypothesis, ()11 is distinguished with

Qpio € Qpyi1,and thus Q1 N0 = WT?J:‘; ?. as needed.

To see that 20 N (2, is a distinguished set, we observe that by Lemma 2.3.11, Q1 =
Qn N Q1 =WNQ,11, and hence Ds(W N €,,41) for all n < w. By Lemma 2.3.21,
then, U{20 N Q1|7 < w} = Ds(W N Qyiq), 50 Ds(W N Qypp1).

O

Recall that 9) is a countable-coded w-model of I — CA + BI. We say that U is -
definable if U = {n € N|2) |= Y (n)} for some formula Y (x) of second-order arithmetic
with parameters from 2).
Definition 2.3.23 1. M := {a | Vn < w SC,(a) € W}.

2. a<mpB e a,feEeMANa<p.

3. COLL :={aeM|Vn <w(K,a < a)— p,a €W}

4. Prgm(U) = (Ya e M)[(V6 <ma e U) - a e U]

Lemma 2.3.24 20N, =M NQ,,. (Compare [8] Lemma 3.3)
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Proof
Let o € 20N(),,. By Lemma 2.3.22 there exists a distinguished set () such that (2,,, o € Q.
Then SC,(a) C Q C 20 by Lemma 2.3.6 (2).

Now let & € 9t N €,. Choose n such that & < €2,. Then SC,(«) € 20, so that by
Theorems 2.3.12 and 2.3.14, we get o € 20. O

Lemma 2.3.25 (Compare [8] Lemma 3.4) Let U be definable in our w-model ). Then

we have

VaeWNQ, [(VBeWna fel)—acl]—-WNQ, CU.

Proof
We have

Vae@QNQ[(VBeQnNa fel)—wacll—-QNQY, CU 2.1

for every distinguished set in ), using Bar Induction inside that model. (2.1) yields the

the desired assertion. O

Lemma 2.3.26 (Compare [8] Lemma 3.6) If U is Q)-definable then Prgn(U) —
2, Q, +1eU.

Proof
Suppose Prgs(U). By Lemma 2.3.26 we get 00N Q,, C U. As Q,,Q, +1 € M,
Prgog(U) yields Q,,Q, +1 € U. O

Lemma 2.3.27 Prgoyn(COLL).
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Proof
By induction on G~ we first show that whenever (i) « € I, (ii) V8 <o o f € COLL,
(i) n < w A K,a < a,and (iv) DS(Q) A 2, € Q A v € M@ N,atheny € Q.

So assume (i)-(iv). If v < Q,, or v =, a1 + ... + oy, Or 7 =5 papa; then this follows
from the induction hypothesis using Theorems 2.3.12 and 2.3.14. Also if v = €2,, we
have v € (). Thus it remains to consider the case when v =, 1,1 for some n < .
Since SC,(n) < ¥,n < ¥, and the elements of SC,,(n) are shorter that v with respect
to G and belong to M? N ), the induction hypothesis yields SC,,(n) C Q. To show
that n € 9t we also have to verify that SCy(n) C 2 for n < k < w. To this end we
employ a subsidiary induction on k. The subsidiary induction hypothesis yields that for
alln < k' < k one has SCj,(n) C 20. Thus SCy(n) € M} for any distinguished set P
with (), € P. From K,,n < nand K,,a < o we can also deduce that K;n < n, Ko < «
and SCi(n) < ¥xn < Yra. Therefore we have SCx(n) € M N 1o and consequently,
by applying the main induction hypothesis, SCy(n) € P. This completes the subsidiary
induction proof. As a result, SC;(n) C 20 holds for all 4, whence 1 € 9t so that by means
of (ii) we obtain n € COLL, and hence v = ¢,n € Q.

To verify Prgon(COLL), let & € 9 and suppose that V3 <gn o« f € COLL. Suppose
K,a < «a. Pick a distinguished set ) with €2, € ). Then, by the first part of the proof,
M@ N,a C Q. Since also ,a € M9 we obtain 1,a € Q and hence ¥, € 2 as

desired. O

Definition 2.3.28 Let U C OT(¢y(€q,,, . )). We define the Gentzen Jump U’ as follows:

Ul={yV§ €eMMNSCU —MN (6 +w?) C U]}
Lemma 2.3.29 (Compare [8] Lemma 3.9) Let U be 2))-definable. Then

1. yeUl - MNw’ CU.
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2. Prgm(U) — Prgm(U7).

Proof

(1) follows from the definition, with § = 0.

To show (2), suppose (a) Prgon(U), (b) vy € MAIM N~ C U/, and (c) M N C M. We
must show that 9t N (0 +w?) C U. Letn € MN (6 + w?).

Ifn < d,thenn € U by (c). If n = 6, thenn € U by (a) and (c). If § < n < w?, then we
have n =,y d +w” ... +w, for some v > v, < ... < ,. Since € M, it follows that
v € MN~. Now use (b) and (c) to obtain M N (6 +w?) C U. By iterating this process,
it follows that

n=04+wt+...4wmel

SoM N (§ +w?) C U. It follows that v € U, and thus Prgo(U) — Prgy(U7). O

Corollary 2.3.30 (Compare [8] Lemma 3.10) Let 3(6) be the statement Prgoym(U) — 6 €
IMAMNGS C U for all Y-definable sets U. Assume J(6), and let 5y = & and 5,1 = w°".
Then 3(0,,) holds for all n.

Proof

Proceed by induction on n. For n = 0, this is our starting assumption. Now suppose
J(5,) holds. Assume Prgoy(U). By the preceding lemma, we obtain Prgoy(U7), and
hence 6, € U7 and M N 4, € UY. Clearly, M N0 C U. SoMN (0 +w’) C U, ie.
M N d,y1 C U. Since Prgo(U7) entails § € M, we also have 6,1, € M. Thus, we have
Ops1 € MAIMN 1 C U as desired.

O



Chapter 2. A Well-Ordering Proof for OT(1o(&q,, )) 41

Let wy(a) := a and wy 41 (a) = w*r(@),

Lemma 2.3.31 (Compare [8] Lemma 3.11) 3(€&,) forall u € X.

Since our background theory assumes that X is contained in an w-model, and X is well-

ordered, we can use transfinite induction over < x.

We begin by observing that we have J(9t N Q,, + 1), by Lemma 2.3.26. Let ug be the
<x least element of X. We have &,, € 91, and for all n < &, there exists n such that
n < wn(Qy + 1). By the preceding corollary, then, we have Prgo(U) — M N &, C U,
for all 2)-definable sets U.

Now suppose that u € X is not the < x-least element and for all v <x u we have J(&,).
Since, for every n < &, there exists v <x w and n < w such that n < w, (&, + 1), the

inductive assumption, together with the preceding corollary yields

Prgm(U) = Mne, CU.

¢, € M is trivial.

Theorem 2.3.32 (Compare [8] Lemma 3.12) For all o, I(«).

Proof
Proceed by induction on Ga. Obviously, we have J(0) and J(€2,,) for all n < w. by
Lemma 2.3.26 we also have J(£,,).

By the preceding lemma, we have J(&,,) for all u € X.

Suppose o =, w** + ... 4+ w*. Inductively we have J(«;). Assume Prgo(U). Then
Prgon(U?) by Lemma 2.3.27. Hence o; N9 C UY. Using the definition of U’ repeatedly

we conclude that o« N C U. Moreover, o € 91 since o, ..., a, € NN.



Chapter 2. A Well-Ordering Proof for OT(1(&q,, . )) 42

Suppose o =, @&y with & > 0. Then o < . Inductively, we have J(£) and J(v),
and thus &,y € 20, whence 7 € 20. Since Prgm(U) — 20N, C U holds, we get
Prgm(U) — a € U. Hence J(«).

Suppose a =, 1,,n. Inductively we have J(n), especially n € COLL by Lemma 2.3.27.
Thus « € 20, which entails J(«).

O

Corollary 2.3.33 (Compare [8] Lemma 3.13) OT(vo(€q, ., )) is a well-ordering.

Proof

By the preceding theorem, the proof is complete. O
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Chapter 3

Prelude to w-models: Deduction Chains

and Majorization

3.1 The Deduction Tree D

3.1.1 Deduction Chains

We wish to prove that if WOP(1)(&q,,.)) holds, then X exists in a countable-coded
w-model of TICA, + BI. We will prove this using the method of deduction chains. If
@ C N, then a deduction chain for () is a series of sequents, beginning with the empty
sequent. Each step introduces an axiom of I1{CA, + BI, and decomposes one of the
formulae from the preceding step into subformulae. These deduction chains can then be
collected into a deduction tree Dg. If D¢ is not well-founded, then it provides us with an

w-model P of TI}CA, + BL

In Chapter 4, we shall embed Dy into a sequent calculus and leverage cut elimination to

prove that Dg cannot be well-founded.

Definition 3.1.1 Henceforth, we will use the following conventions:
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1. We enumerate the free set variables of Lo using, Uy, Uy, Us, . ... If t is a closed Lo

term, then t is the numerical value of t.
2. A sequent is a finite set of Ly sentences.

3. A literal is a an atomic sentence or negated atomic sentence, i.e. having the form
R(ty,ta, ..., ty) or “R(ty,ta, ..., t,) where R is a predicate, and t1,1s, .. .1, are

closed terms.
4. A sequent A = T'is axiomatic, if:

(a) T contains a true literal or A contains a false literal.

(b) The formula s € U isin " and the fomula t € U is in A for some set variable
U, and closed terms s,t such that 5 = t. We shall also consider sequents

where either {t € U,—~s € U} CT or {t € U,—~s € U} C A to be axiomatic.

5. A sequent is reducible if it is not axiomatic, and contains a formula which is not a

literal.

Next, we fix a set () C N. Ultimately, our deduction chains will provide an w-model of

I} CA, + BI containing Q.

Definition 3.1.2

Q(n): ﬁEUg lfnGQ

n ¢ Uy otherwise.

Definition 3.1.3 Let Ay, A1, As, . .. enumerate the (universal closures of) all instances of
[} — CA and BI. Further, let us assume that A; is an instance of 11} — C'A when i is

even, and BI when i is odd.
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Definition 3.1.4 Suppose () C N. A Q-deduction chain is a finite string of sequents,
A0:>F0,A1 :>F1,...,Ak:>Fk

constructed as follows:

1. Ay = Ty is the sequent Q(0), Ay =
2. Ifi < k then A; = T'; is not axiomatic.

3. Ifi < kand A; = T; is not reducible, then A; ;1 = 1,1 is the sequent A;, Q(z +
]')a Ai—‘rl = Fiv

4. If A; = T'; is reducible, and i < k, then at least one of A; or I'; contains a formula

E that is not a literal. We call E the redex.

Suppose i < k, A; = T is reducible, and I'; = T, E, 'Y where 1", contains only

literals. We obtain A; 1 = 1';y1 as follows:
(a) If E = —Ey then A; 1 = 1", 1 has the form
Ay By, Qi+ 1), A = T5, TV,
(b) If E = Ey \ Ey then A1 = T'; 1 has the form
ALQU+1), A = 1T B, TY

where j € {1,2, }.

(c) If E = EyV FE, then A;1 = ;11 has the form

Ay, Qi+ 1), Ajyy = T3, Ey, B, T,
(d) If E =VxEy(x) then A; 1 = T';11 has the form

Q(Z + 1) i+1 = F;, E()(E), F;l

for an arbitrary t € N,



Chapter 3. Prelude to w-models: Deduction Chains and Majorization 46

(e) If E = 3z Ey(x) then A;y1 = T'y41 has the form

Q( ) i+1 :>F Eo(j)aEaF;,

where j is the least number such that Fy(j) &€ To,...,T;, and —Fy(j) €
Ao, ... A,
(f) If E =V XEy(X) then A1 = T';11 has the form

Q(l + ]-) i+l = F{m EO(Uj)7 F;/

for an arbitrary 7 € N.

(g) If E = AX Ey(X) then A1 = T';1 has the form

Ay, Qi+ 1), Ay = T, Eo(U;), ETY

where U; is the first set variable such that Ey(U;) ¢ Lo, I'y,...,I; and
—Ey(Uj) € ©9,04,...,0,.

5. Now, suppose i < k, A; = T is reducible, and A; = AL, E, N where Al contains

only literals. We obtain A, = I';1 as follows:
(a) If E = —FEy then A; 1 = ;1 has the form
ALATL QU+ 1), Ay = By, T
(b) If E = EyV E; then A1 = T';1 has the form
AL E; AL QU+ 1), Ay = T

where j € {1,2,}.

(c) If E = Ey \ Ey then A1 = T';.1 has the form

A;7 E07 E17 A;’, Q(Z + 1)a Ai+l = Fz
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(d) If E = 3xEy(z) then A;11 = Uiy has the form
A Eo(t), A7, Qi+ 1), Aipa = T
for an arbitrary t € N.
(e) If E =VxFEy(x) then Ay = 41 has the form
AL Eo(7), AJQ(i+1), Aipy = T

where j is the least number such that Eqy(j) € Ao, ...,A; and —=Ey(j) ¢
To.....Ts

(f) If E = 3X Ey(X) then A1 = T';41 has the form
A; EO(U])7 A{L'/7 Q(Z + 1)7 AiJrl = Fz

forany j € N.

(g) If E =VXEyX) then A;1 = T';11 has the form

Ay, Eo(U), A7Q(i + 1), Aipr = T
where U; is the first set variable such that Ey(U;) does not appear in

Ao, ..., A; and ~Ey(U;) does not appear in Ty, ..., T;.

Definition 3.1.5 Let D¢ be the set of all Q-deduction chains. Then we call Dg the

deduction tree for ().

Claim: If Dy, is ill-founded, then there is a countable-coded w-model M of H% —CAp +
BI, such that () € M. This is provable in RCA,.

If Dy is ill-founded, then it has an infinite path IP. We define the sets, M;, as follows:

M; = {k|(k ¢ U;) € P}.
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Here, we use the following shorthand. Let F' be a formula, and A; = I'; be a sequent

appearing in P. If ' € A;, then ~F € P.If F € ['; then F' € P.

We now create the Ly structure M = (N,{M;|i € N}, €,+,.0,1,<). Under the

assignment U; — M;, we have:
If F € P, then M |= —F,
and thus, M is an w-model of H%CAO + BI. To see this, consider the following lemma.
Lemma 3.1.6 Ler (Q be a subset of the naturals, and suppose that the corresponding
deduction tree, Dy, is ill-founded. Then Dg has an infinite path P with the following
properties:
1. All literals E € P are false.

2. P does not contain both s € U; and t ¢ U,;, where s and t are constant terms such

that 5 = 1.
3. If P contains Ey V E; then P contains Ey and E.
4. If P contains Ey N\ E; then P contains Ey or E.
5. If P contains 3xE(x) then P contains FE(n) for all n € N.
6. If P contains Vx E(x) then P contains E(n) for some n.
7. If P contains 3X E(X) then P contains E(U,,) for all m € N.
8. If P contains Vx E(x) then P contains E(U,,) for some m.

9. P contains —A; for all i.
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Proof

(1) holds because if IP contained a true literal, then it would contain an axiomatic sequent,

and since all deduction chains end at an axiomatic sequent, P would be finite.

Likewise, (2) must also be true in order to prevent the occurrence of an axiomatic sequent.
Note that there is no deduction chain rule which results in the elimination of an atomic
formula. Hence, if Ay = I’y is a sequent appearing in P, and (s € U;) € T, then
(s € U;) € Ty, for sequents Ay, ; = I'y1; appearing in P. Thus, suppose (s € U;) € P
and (¢t € U;) € P with ¢ = 5. Then there must be some A, = T’y appearing in P such
that (s € U;) € 'y and either (t & U;) € [y, or (t € U;) € Ay, which is an axiomatic

sequent, producing a contradiction as before.

Conditions (3) through (8) are shown via induction on i, where A; = T'; are sequents
appearing in P. P, shall denote a finite segment of P, containing the sequents A, =

[o,...,A, = I',. The base case holds vacuously.

Suppose (Ey V Ey) € P,, but Ey ¢ P, or E; ¢ P,. Then (E, V E;) appears in
P, but is never the redex at any point. Hence the last sequent of P,. must be either
(1)A, = L'y, (Eo V Ey), or (it)=(Ey V Ep)A, = T',. Since Dg is the union of all
()-deduction chains, in the case of (i) there is a deduction chain whose next sequent is

Qn+1), A, 1A, =T, Ey, E;. Call this new segment P, 1. Then Ey, £y € P,,.;. The

case of (i4) is similar, but requires an intermediary step to eliminate the — first.

The case of (Ey A Ey) follows a very similar process, but we must choose between two

deduction chains - one containing F, the other containing ;.

If Ve E(x) € P, but for all m, E(m) ¢ P,, then, as before, the final sequent of P,, must
be either (i)A,, = I',,,VzE(x), or (it)-VzE(z),A, = I,. Without loss of generality,
we shall assume (¢) is the case. Then for each m € N, there is a deduction chain in Dy

such that Q(n+1), A, 41, A, = ', E(m) is the next sequent in the deduction chain. We
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may pick any of these chains, and call the new segment IP,, ;, with E(m) € P. The same

processes applies for VX E(X).

If 3zE(x) € P, but E(m) ¢ P, for some m. Without loss of generality, assume this
is the least such m. Then the final sequent of P, is either (i)A, = [, 3zFE(zx), or
(13)-JzE(x), A, = I, since JxE(x) is retained even if it is the redux formula. Again,
without loss of generality we shall assume () is the case. Then there is a deduction chain
in D such that the next sequentis Q(n + 1), A, 41, A, = [, E(im), 3z E(x). We may,
of course, iterate this process to find larger values of m if desired. The case for 3X E(X)

is identical.
Thus, P = UneN P,,, and satisfies all of conditions (3) through (8).

Finally, we know —A; € P for all i € N, since the axioms are introduced on the left at

every step of the deduction chains.

O

It is, of course, clause (9) that guarantees that M is an w-model of T} — CA, + BI, since

M = A, for all i, where A; are the axioms of IT} — CA, + BL.

3.2 Majorization and Fundamental Functions

In order to properly carry out the ordinal analysis of IIJCAy + BI, we require a
majorization relation and fundamental functions. These are necessary for the formulation
of the €yyi-rules in T7), which is our sequent calculus analogue. In particular,
majorization and fundamental functions ensure that we can use 1 («) to indicate proof

heights, while ensuring that « € Cy(«). For more details see section 1.3 of [2].

In what follows, we shall use w” as shorthand for ¢©0v, we shall use w;, as shorthand for
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w®

w iterated n times. We shall also let ooy = v and 417 = o(pny)1.

3.2.1 Majorization

Definition 3.2.1 1. a<; Bifa < pandforall o, k,nwe have:

(o <6 <man{B,n}) A (6,7 € Ci(n)) = a € Ci(n)

2. a < B («ais majorized by 3) if o <o

3. a d Bifeithera < Sora=[
The following basic properties are immediate consequences of the definition.

Lemma 3.2.2 (Basic properties) [See [2], Lemma 4.1]

1. If a < B then a <, p.

2. If a < B then o <, S.

3. Ifa<f <~vyand o <, 7y then o <, .
4. If o < pl0and o < B, then o < 5.

5. If0< B < pl0thena < a+ 0.

6. Ifa < B <y thena < .

7. Ifa < Bthena+1<p6.

8 IfQ; < then §); < Q.

9. If €, < &, then €, 1 &,
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10. Foralli < wandallu € X,Q); < &,.

Proof

(1) This is trivial.
(2) Obviously, when 7 = a we get a € Ci(n) — a € Ci(n), soif @ < § then a <, .

(3) Suppose o < v < 8 and « <, y. Then, we have for all 0,7 (o < & < min{v,n}) A
(0,7 € Cr(n)) = «a € Ck(n). Since v < B, if we assume that (« < § < min{S,n}) A
(0 € Ck(n)), then this is merely a stronger version of the same condition, and hence

a € Ci(n) as desired.

(4) Note that if @ < 8 < 10, then a and S are constructed solely using 0, +, and w”. As

all C(n) are closed under + and w;, it follows that o € Cy(n) for any 7, and thus o < .

(5) Suppose 8 < ¢10. We wish to show that if & € Cy(n) then a + 8 € Ci(n). But,
as noted in the proof for part (4), since 8 < 10 it follows that 5 € Cx(n), and thus by

closure under +, we have a + 3 € Ci(n).

(6) We prove this by induction on the construction of . If &« = 0, then 0 <1 3 follows from
(4). Otherwise, suppose the statement holds up to ¢, and that 5 € Ci(n). If o =,,5 w*® +
a Or @ =, POy + g then by induction hypothesis we get o, a1, ap < 3, and hence
a € Ck(n) by closure. Thus, the critical case is when o = 1)g(ayp), with ag € Co(ay)-
Note that by Lemma 2.2.4 (5), o(ag) = Co(ap) N Q1. So either oy < 1ho(ap) < B (in
which case the argument follows similarly to the previous cases) or €2;1 < « for some

k. Thus, let us consider the latter case.

Then 8 = 1o(Po) with By € Co(5o), and ag < [By. Hence, if 5 € Ci(n), then g < Gy <
n. Thus ¥y () < o(n). By Lemma 2.2.4 (5), we may restate this as o € (Cp(n) Ny ) C
Cr(n). Hence a <1 f.
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(7) Assume @ < 3. Then, o < (3, so either « + 1 = [ in which case we are done, or
a4+ 1 < 3. We then observe that if « € Ci(n), then o + 1 € Ci(n) by closure under

addition.
(8) Observe that §; € Cj(n) for all k and all n. Hence if §2; < €, then §2; < ;.

(9) & (10) Since &, € Cy(n) for all u, k, and 7, these results follow from a similar

argument to (8).

O

Lemma 3.2.3 (See [2], Lemma 4.2) o <, fand § <, 7 = a <, 7Y

Proof
Clearly, we have a < «. Suppose o < § < min{vy,n}, and 6,7 € Cx(n). If § < 3, then
by a <, S we have o € Ci(n). If B < J, then by 5 <, v we have 5 < min{vy,n}, which

means 5 € Ci(n). By a <, f, it again follows that a € Cy(n). Hence, o <1, 7. O

Lemma 3.2.4 (See [2], Lemma 4.3) If o <. S and 3 < w ™, then w” + o <, w? + .

Proof

By assumption, we have w” + o < w” + 3. Suppose w” + @ < § < min{w"” + #,n} and
9,7 € Ck(n). By normal form, we know that § = w? + 0y, where a < 09 < min{f,n}.
By definition of C(n), it follows that 7, 6y € Cx(n), and by @ <, 8 we have o € Ci(n).

It thus follows that w” + « € Ci(n). O

Corollary 3.2.5 (See [2] Corollary 4.3) (w®)-n < (w®) - (n+1)
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This follows easily by induction on n from the previous lemma, with the base case being

0 < w®, using Lemma 3.2.2, part 4.

Lemma 3.2.6 If o <, 3 then w® - n <, w®.

Proof

Clearly, we have w® - n < w”. When n = 0, this follows directly from lemma 3.2.2 (4).
Otherwise, assume w® - n < § < min{wﬁ,n} with §,7 € Cx(n). By normal form, we
know & = w® + &,, where a < 6, < min{3,n}, and 6, € Ci(n). Hence, by o <1, 3, we
know a € Ci(n), and thus w® - n € Ci(n)

O

Lemma 3.2.7 Let us fix an ordinal 1. Then:

L ifa <, Band B < on(y + 1), then (ony) + o <; (¢n7y) + B.

2. forall o we have (pna) - n < (pna) - (n 4+ 1).

3. ifa <, Bthen (pna) -n < enp.

Proof

(1) Suppose o <, fand 8 < ¢n(y + 1). Since o < 8 < pn(v + 1), we know that
(¢pny) + a and (pny) + B are in normal form. Now, suppose we have ¢, k, £ such that
(eny) + a < 0 < min{(¢ny) + B,£} and 0,7 € Ci(§). Using normal form, we know
that 0 = (pny) + do, with (en7),00 € Cir(§) and o < §y < min{s, £}. Thus, we
may apply a <1, [ to obtain @ € C(§). Combined with (pny) € Ci(§) this gives us
(eny) + a € Ck(§) as desired.
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(2) The base case, where 0 <1 ¢na follows from 3.2.2 (2). Otherwise, we know that
(pna) - n < (ena) - n(n + 1). Suppose that we have ¢, k, & such that (gna) -n < 6 <
min{(ena) - n(n 4+ 1),£}. Then § =,¢ pna + § with pna € Ci(§). Thus, by closure
under addition, (pna) - n € Ci(§).

(3) In the case where n = 0, this follows from 3.2.2 (2). Otherwise, suppose a <, [3.
Then obviously (¢na) - n <, ¢nf. Now assume we have d, k,  such that (pna) - n <
d < min{yns, &}, and 6,7 € Cr(€). Then § = (¢ndy) + 61 with 1, g, € Ci(§) and
a < §) <min{s,¢}. Using a <, we have a € Ci(§) and combined with n € Cx () and

closure under addition we get (pna) € Ci(§).

O

Lemma 3.2.8 (See [2] Lemma 4.6) If o <. [, with T € Cy(a) and € Cy(B) then
a € Cx(a) and (o) <r Y(B).

Proof

First, we shall show that a € Cy(«). By Lemma 2.2.7 we know that for v = min{{|a <
¢ € Ci(a)}, we have v € Ci(y) = Ci(). By assumption, we also have 7 € Ci(7).
Since 5 € Ci(S) we have o < v = min{f3,v}. Thus, by definition of o <1, /3, we have
a € Cy(7) = Cr(a).

Since o € C(«) and § € Ci(p), with o < 3, it follows that ¢pv < 3. Now, suppose
Ura < 0 < min{YyB,n} and §, 7 € C,,(n). We shall prove ¢ € C,,(n) by induction
on the construction of §. Since Y < & < i, we know € < 0 < Q1. Thus, we

must consider the following cases:

1. If 6 < £, then Yo < €y, and thus Yra € Cpi (7).
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2. If Q,, < § =,5 @do, b1, then 0,91 € Cp,(n). Recall that Y = pihp(a)0. It
follows, therefore, that either ¥y < g or Y < 4. Either way, owing to the

induction hypothesis, Yra € C,, (7).
3. If Q,, < § =5 0 + 61 for y, 61 € C,(n), then P < dy, and thus Yo € Cp(n).

4. If Q,,, < 0 =pf Yo, then &y € C,(n) and 6y < 7. Now, if & < m then Yo < 2,
and thus ¥y € C,,(n). Otherwise, k = m. Then a < dy < 7. Furthermore, since
Yo < Yy, we have &y < f3. Since a <. f we have o € C,,(n), and since o < 7

we have Yy € Cp(n).

Corollary 3.2.9 (See [2] Corollary 4.6) o = ag + 1 € Cy(«) implies oy € Cy(«v) and
Vr(ap) < Yp(a).

Proof

The proof follows immediately from the preceding lemma with 7 = 0. We need only note

that oy < «, via Lemma 3.2.2 (5), since 1 < ¢10.

O

3.2.2 Fundamental Functions

Definition 3.2.10 A function f : dom(f) — OT (vo(€q,, .
OT (Yo(€q,,, . )) is a fundamental function if the following hold:

)) with the domain dom(f) C
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1. If B € dom(f) and oo < 3, then v € dom(f) and f(a) <o f(5).

2. If B € dom(f) and f(0) < 0 < f(5) then there is an o € dom(f) such that
fla) <o < fla+1)and f(a) < fa+1).

3. If o € dom(f) and f(a) € Cr(n) then a € Ci(n).

Lemma 3.2.11 (See [2] Lemma 5.1) If f is a fundamental function and o € dom(f),
then o < f(a).

Proof

Suppose for a contradiction that « is the least ordinal in dom( f) such that f(«) < «. Then,
by property (1) of fundamental functions, f(a) € dom(f)and f(f(a)) <y f(). Soin
particular, f(f(«)) < f(«), but this contradicts our initial assumption. Thus, o < f(«)
for all a € dom(f).

O
Definition 3.2.12 Let Idg be the identity function with dom(ldg) = {a €
OT (Yo(€q,,,))|la < B} and Idg(a) = o for all a« € dom(Idg).

Lemma 3.2.13 (See [2] Lemma 5.2) Idg is a fundamental function.

Proof

This is obvious from the definition of a fundamental function. O

Definition 3.2.14 Let f be a fundamental function.
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1. WY + [ is the function with dom(w” + f) = {a € dom(f)|f(a) < W'} and
(WY + f)(o) = w + f(a) for all « € dom(wY + f).

2. w! is the function with dom(w’) = dom(f) and (w')(a) = W/ for all a €
dom(w’).

3. o f is the function with dom(pvy f) = dom(f), where (pvf)(a) = ¢y(fa).

4. Let . f be the function with dom(¢rf) = {a € dom(f)la < Qpi1, f(a) €
Ci(f(a))} and (i f) () = ¥i(f (@) for all o € dom(vy. f).

Lemma 3.2.15 (See [2] Lemma 5.3) If f is a fundamental function, then so are

1w+ f
2. wl
3. ovf

4. i f

Proof

We shall briefly sketch the proofs for the first three functions. The proof for v is

considerably more involved, and will be handled in full.

1. Property (1) follows by virtue of Lemma 3.2.4. For property (2), we observe that
ifw + f(0) <0 < w + f(B), then § = W + Jy, with f(0) < 6 < f(B), and
hence « can be found such that f(a) < dp < f(a + 1). To show w” + f(a) <
wY + f(a+ 1), note that if § € Ci(n), then w7,y € Ci(n) by closure, and from
f(a) < f(a+ 1), combined with f(a) < 0y < f(ar+ 1), we get f(a) € Cr(n).
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Hence, by closure, w” + f(«) € Ck(n), as needed. Property (3) is shown by first
noting that if w” + f(a) € Ck(n) then f(a) € Ck(n). a € Ck(n) then follows

because f is fundamental.

2. Property (1) holds due to Lemma 3.2.6, where n = 1. For property (2), we note
that if w/(® < § < w/®) then 6 = w + 6;, with £(0) < &, < f(B). Since f is
fundamental, we can find o such that f(a) < 6y < f(a + 1), and thus w/(®) <
§ < w/@*t) Supposing § € Cy(n), we find that §, € Ci(n) by closure. Since
f(a) < f(a + 1), this gives us f(a) € Cy(n) and, by closure, w/(®) € Cy(n).
Hence, w/(® < w/(@*1), Property (3) is proven by noting that if w/® € Cy(n)

then f(a) € Ck(n). a € Ck(n) then follows because f is fundamental.

3. Property (1) holds due to Lemma 3.2.7, where n = 1. For property (2), we note
that if ovf(0) < 0 < @yf(B) then & = (¢ydy) + d1, with f(0) < 09 < f(5).
Since f is fundamental, we can find « such that f(a) < éy < f(a + 1), and
thus(evf(a)) < 0o < (pyf(a+1)). If g € Ck(n), then since f(a) < f(a + 1),
we get f(a) € Ck(n), and hence, by closure, pyf(a) € Ci(n). Thus pyf(a) <
v f(a + 1). Property (3) follows immediately via the closure of C,,(n), where
ovf(a) € Ch(n), since f is fundamental.

4. We now consider the v/, function.

(a) Suppose B € dom(¢f) and @ < (. We must show o € dom(¢f) and
Vi f(@) <a rf(B)-
Since f is a fundamental function and @ < [ we have o € dom(f) and
fla) <o f(B). We also have f(8) € Ci(f(8)) and B < Q.1 by the
definition of dom(¢)y f).
By Lemma 2.2.7 there is v = min{{|f(a) < £ € Ci(f(a))} such that
Ci(7) = Culf(a)). Since [(8) € Cu(£(B)), it follows that f(a) < » <
f(B).
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(b)

(©

If v = f(B), then f(B) € Ci(f(B)) = Ci(f(e)). By property (3) of
fundamental functions, this implies 5 € Ci(f(«)). Since @ < f < Qpy1,

and 5 € Ci(f(«)) it follows that o € Ci(f()).

If v < f(B), then there exists 7 < S suchthat f(7) <~y < f(r+1),a <7
and f(7) < f(7 + 1). Since v € Cy(7), it follows that f(7) € Ci(7y). By
property (3) of fundamental functions this means 7 € C(7) and since o < 7
we get o € C (1) = Cr(f()).

Thus, we have a € Ci(f(«)). Combining this with the fact that f(a) <,
f(B), it follows that f(«) € Cr(f(«)). Hence o € dom(v),. f) and ¢y f () <
Ui f(B) by Lemma (3.2.8).

Suppose 5 € dom(¢yf) and ¢ f(0) < & < Y f(/5). We shall prove there
exists @« < [ such that f(a) < § < f(a + 1), using induction on the
construction of 4.

For the base case, if § = 0,€2,,, or &, then J cannot be between 1 f(0) and
Ui f(B), so the statement holds vacuously.

If 6 =, s d + d1, then by induction hypothesis, there is « such that 1), f () <
do < Y f(a+ 1), and thus P f () < dp + 61 < Y f(a+1).

If 0 =, ¢0o01. Choose the greater of 0y, d;. We shall assume Jy > 0; in
this case, though the opposite argument proceeds much the same way. By our
induction hypothesis, we find ¢ f(a) < dy < ¥x(a + 1). Then by Lemma
2.1.4 we see that Y. f () < o1 < pdpdo < Yr(a + 1), as required.

Suppose 8 € dom(vyf). If & < m then obviously 5 € C,,(n) since § <

Qi1 If £ = m and ¥ f(B) € Cr(f(n)) then f(B) € Cy(n) by definition,
and since f is fundamental, it follows that 5 € C,,(n).
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The following Lemma is central to the proof of the collapsing theorem in Chapter 4, which

sets an upper bound on the height of proofs.

Lemma 3.2.16 (See [2] Lemma 5.4) If f is a fundamental function with o, €
dom(f), o < B =1(f(a)), and f(a) Q f(Qr1), then f(B) < f(€k1).

Proof

Since = ¥y f(a) < Q41, by property (3) of fundamental functions we obtain f(/5) <z
f(Q%41). Now suppose that f(8) < § < min{Q,1,7n} and 6 € Ci(n), for some . We
will prove that 5 € Cy(n).

Since o < 3, we get f(a) < f(B) < n. Moreover, f(a) < 6 < min{f(Q+1),7n}, so by
f(a) < f(Q%+1), we have f(a) € Ci(n).

Since f(a) € Ci(n) and f(a) < 7, it follows that 5 = ¥ f(a) € Ci(n), as desired.
Applying f(B) <p f(Q%+1), we get f(B) € Cy(n). Thus f(B) < f(Q1)-

O

Readers may note that the above proof is somewhat simpler than that presented in [2].
This is because we are using only a fragment of the full ordinal representation system
presented in that book. In the full system, there is a function €2, : 7 +— (), where 7 is
itself an ordinal term. When dealing with larger 7, one has to be careful, and ensure that

7 € Cy(n) before applying the corresponding 1), function.

Corollary 3.2.17 (See [2] Corollary 5.4) If f is a fundmental function with (.1 €
dom(f) then f(¢y.f(0)) < f(Qps1).

Proof

This is a direct application of the preceding lemma, with &« = 0, observing that
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f(0) < f(s1). B

Lemma 3.2.18 (See [2] Lemma 5.5) Let [ be a fundamental function, where (1 €
dom(f),7 < k, f(Qy1) € Cij(f(Q+1)), and let (5,,) be the sequence where By = 0
and P11 = ¥;(f(By)). Let g be the function with dom(g) = {a|a < w}, where g(n) =
Vi (f(Bn)), and g(w) = V;(f(Q+1)). Then g is a fundamental function.

Proof

To prove the first property of fundamental functions, we begin by noting that if v €

dom(g) = {a]a < w}, then for all « < v, € dom(g).

Next, we shall prove
(1) Bn < Batrand f(B,) < f(Qsa)

using induction on n.

When n = 0 we have 0 < 1;(f(0)) and by part 4 of Lemma 3.2.2 0 <1 f(%+1).

For the induction step, assume 3, < Bn+1 and f(8,) < f(Qk41). Note that f(Qx1q1) €
Cy(F(%11)) € Ch(f(Qs1)). Combining this with £(3,) < f(s1), we apply Lemma
3.2.8 to obtain f(5,) € Cy(f(B,)). Since f is fundamental, and 5, < [,.1 we get

f(Bn) < f(Bns1). Hence ¥;(f(Bn)) = Bus1 € Cj(f(Bn+1)), and thus
Brt1 = ¢](f(5n)) < ¢j(f(ﬁn+1)) = Buta.

Since 5, < fn+1 and f(B,) < f(Qgy1), then by Lemma 3.2.16 we get f(¢vr(f(8n))) =
f(Brnt1) < f(Qu42), which completes the inductive proof of (1).

Next, using f(5,) < f(Qp+1) and f(Q11) € Cj(f(Qk41)) we apply Lemma 3.2.8 to get
f(Bn) € C;(f(5,)). Combined with f(53,) < f(Bn+1), this yields

(2) g(n) = ¥;(f(Bn)) < ¥;(f(Br1)) = g(n +1).
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Applying 3.2.8 once more yields

(3) g(n) = ¢;(f(Bn)) QUi (f(s1)) = g(w).

Hence, if 7 € dom(g) and o < , then g(o) < 9;(f(Q%+1)). By part 3 of Lemma
3.2.2, g(a) < g(7), and thus g(«) <, g(7). Thus, we have proven the first property of

fundamental functions for g.

For the second property, we begin by proving
(4) if v < ¥g(f(2k11)),. then there is n such that 3, < v < S41.

using induction on the construction of ~.
For the base case, if v < Sthen 5y =0 < v < ;.

Otherwise, assume 1 = ¥,(f(0)) < v < ¥r(f(Qs1)). I v =,y W < v, then
the assertion follows immediately from the induction hypothesis. If v =, ¢y then
Y0, 71 < ©YoY1- We take the greater of 7, and ;. We shall assume 7, in this case, but the
proof is similar for ;. Then by induction hypothesis, we can find 3,, < vy < ,+1. Using

lemma 2.1.4, we have 3, < ovv1 < ©Y0% < Bna1-

This leaves the case where v = ¢y (79), with v € Ck(70), with f(0) < v < f(Qx41)-
Since f is fundamental, we may find o < €4 such that f(a) < vy < f(a+ 1) and
fla) < f(a + 1). Applying part 3 of Lemma 3.2.2 yields f(a) < 70 < and since
Y0 € Ck(70), we may apply Lemma 3.2.8 to get f(a) € Cir(f(a)) € Ck(70). Since f
is fundamental, « € Cy(7p) and since o < 47 we know o < (o). Applying our

induction hypothesis, we get 3, < a < o+ 1 < 3,41. Hence
f(Bn) < fla) <o < fla+1) < f(Bntr)

and thus S,11 = Ue(f(Bn)) < Ye() = v < Yk(f(Bnt1)) = Bunt1. This completes the
proof of (4).
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Next, by induction on the construction of § we shall prove

(5) if g(0) < ¢ < g(w), then there is n such that g(n) < 6 < g(n + 1).

If 6 =, wh 46, 0rd =, 7 0001, then this follows from the induction hypothesis, much
like in the proof of (4).

Otherwise, § = ;(d) with &g € C;(d) and f(0) < dy < [f(Qk41). Since f
is fundamental, we may find & < 4 such that f(a) < 09 < f(a + 1), with
f(a) < f(a + 1). Much like the proof of (4), this yields, f(a) € C;(dy) and hence
a € Cj(0o) € C;(f(+1))- This, in turn, gives us o < ¥, (f(2k41)) so we may apply
4),tofind 5, < a<a+1< fB,41. Thus,

J(Bn) < fla) <do < fla+1) < f(Bus1)

which leads to

g(n) = i (f(Bn)) < (d0) < 1;(f(Bns1)) = g(n+1).

And since g(n) < g(n + 1) follows from (3) by use of part 3 of Lemma 3.2.2, this

completes the proof of property 2.

For the third property of fundamental functions note that if v < w, then v € C},(n) for all
h and all n. O
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Chapter 4

Existence of w-models for H% — CAy+BI

4.1 The Infinitary Calculus 7,

The calculus 7™ appears in [9], and was subsequently adapted in [8] to prove a well-
ordering principle result for ACAy+ Bar Induction. By extending the (2-rule, we can
adapt this system for the ordinal analysis of I} — CA,+ BI. We shall also fix a set Q C N.
Hence, for every set () (and thus for every deduction chain D)) there is a corresponding
calculus 7¢). The language Eg is the usual language of second-order arithmetic augmented
by the unary predicate . We shall use 2’ to denote the successor of . As usual, numerical
variables shall be denoted via lowercase letters x, ¥, z, etc. Likewise, set variables shall

be denoted via capital letters, U, V, W, etc.

In the first section, we shall prove some basic properties of 7, ultimately showing that the
axioms of [T} — CA + BI are provable in T, The next section proves the cut elimination
and collapsing theorems for 7¢,. The last section embeds Dy, into 77, and then leverages
cut elimination to show that Dy cannot be well-founded (and hence there is an w-model

of IT} — CA, + BI containing Q.).

Definition 4.1.1 Let A, B be formulas in LQQ. Then
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1. SV (A) is the set of all free set variables that appear within the scope of a set
quantifier. For example, if A is the formula x € U ANVV(y € V. Ny € W), then
SV(A) ={W}.

2. the length I(A) is defined as follows:
(a) If A is atomic then l[(A) = 0.
(b) I(A* B) =max{l(A),l(B)} + 1 where x € {\,V,—}
(c) IVXA(X)) =1(3XA(X)) =1(AU?) + 1.

(d) I(VzA(x)) = 1(3xA(z)) = I(A(0)) + 1.
Definition 4.1.2 Let X2, T be sets of EQQ formulas. Then we call 3> = 1" a sequent.

Definition 4.1.3 (Weak Formulas) The set of weak formulas is inductively defined as

follows:

1. All atomic formulas are weak.

2. If A and B are weak formulas, then AN B, AV B, A — B, =AYVt A, and 3z A are

weak formulas.

3. VXA(X) and X A(X) are weak formulas if A(U) is a weak formula and U ¢
SV(AU)).

It should be noted that the set of IT{-formulas is a subset of the weak formulas. We
shall shall prove that comprehension over weak formulae is in fact equivalent to II}

comprehension. To do so, we require some further definitions.

Definition 4.1.4 (Weak and Strong set quantifiers) We define weak and strong set

quantifiers inductively as follows:
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1. Atomic formulas contain no set quantifiers.

2. A set quantifier in (AN B),(AV B),(A — B), or = A is a weak quantifier if the
corresponding quantifier in A or B is weak. Likewise, the quantifier is strong if the

corresponding quantifier in A or B is strong.

3. A set quantifier in YrA(x) or JxA(x) is weak if the corresponding quantifier in
A(0) is weak. Likewise, the quantifier is strong if the corresponding quantifier in
A(0) is strong. Note that A(0) is merely canonical reference point. The precise
term substituted for x does not affect whether a given set quantifier is strong or

weak.

4. The set quantifier VX in VX A(X) is a weak quantifier if VX A(X) is a weak
formula. Otherwise, it is a strong quantifier. Other set quantifiers appearing in
VX A(X) are weak if the corresponding quantifier in A(U) is weak, and strong if

the corresponding quantifier in A(U) is strong.

Any formula containing a strong quantifier is a strong formula.

Definition 4.1.5 (Formulas in 77)) The formulas of the system T, are generated from £2Q
Sformulas through the following procedure:

1. Every free number variable is replaced by a closed term.

2. Every free set variable U is replaced by U" where n € N.

3. Every strong predicate quantifier VX and 31X is replaced by VX and 3*X

respectively.

The formula obtained by eliminating the superscripts n and w shall be called the

corresponding formula in L’?.

Definition 4.1.6 The grade gr(A) of a T, formula A is defined inductively as follows:
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1. gr(A) = 0if Ais an atomic formula, or has the form VX F(X) or 3X F(X), where

F is a weak formula.
2. gr(=A) = gr(VzA) = (JzA) = gr(A) + 1.

3. gr(Ax B) = max{gr(A),gr(B)} + 1 where x € {\,V,—}
4. gr(WXA(X)) = gr(3*XA(X)) = gr(AU") + 1.

In order to stratify weak formulas, we shall also define the notion of stage. Since we shall

be using a two-sided sequent calculus in 77, we require dual notions of stage.

Definition 4.1.7 The stage right, stR(A), of a formula A is defined inductively as
Jfollows:

1. stR(A) = stR(—A) = 0if A is a atomic formula with no set variables.

2. stR(t e U") = stR(—t € U™) = n.

3. stR(Ax B) = max{stR(A), stR(B)}, if x € {A,V}.

4. stR(—(Ax B)) = stR(—A*—B) if x € {\, V}.

5. stR(A — B) = max{stR(—A), stR(B)}.

6. stR(—(A — B)) = stR(AN—B).

7. stR(VxA(x)) = stR(IxA(x)) = stR(A(0)).

8. stR(—VzA(z)) = stR(—3JxA(x)) = stR(—A(0)).

9. stR(IXA(X)) = stR(-VXA(X)) = stR(A(U?)) + 1.

10. stR(VXA(X)) = stR(~IXA(X)) = stR(A(U?)).
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11. stR(VXA(X)) = stR(-VXA(X)) = stR(F*XA(X)) = stR(-F* X A(X)) =

W.

12. stR(——A) = stR(A).

The stage left, stL(A), of a formula A is defined in the same way, except for

(8)stL(VXA(X)) = stL(-3X A(X)) = stL(A(U")) + 1.

and

(9)stL(3XA(X)) = stL(-VXA(X)) = stR(A(U))

Thus, all weak formulas have finite stages, and all strong formulas have stage w.
We may occasionally say stL(I") < n or stR(I") < m, where " is a set of formulas.
In such a case, we mean that for every formula A € T we have stL(A) < n or

stR(A) < m.

This dual notion of stage is necessary, since A appearing in the antecedent of a sequent
is equivalent to = A appearing in the succedent and vice versa. These notions of stage
track the alternations of quantifiers as we ascend the arithmetical heirarchy, with stR(A)
tracking 3} -formulas, and st L( A) tracking IT} -formulas. From time to time, we may also
use notations such as stL(X) < n, where X is a set of formulas, to denote that for every

formula A € ¥, st L(A) < n. The same notations hold for st R(A).
In what follows, we shall use *; to designate a placeholder for an arbitrary term.

As we shall see, comprehension over weak formulas is equivalent to IT}-comprehension.

To show this, we first require the following lemma:

Lemma 4.1.8 Let F(a) be a weak formula. Then there exists a formula
G(a,Uy,...Uy) € 11} U X} containing at most one second-order quantifier, such that

F(a) = G(a,Ao(a,*1),... Ax(a,*1)) where A;(a,b) are weak formulas of length less
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than F(a), and G(a, Ag(a,*1), ..., Ax(a,*1)) is obtained by replacing every expression
b € Uy with the formula Ay(a,b), then replacing every instance of b € Uy with Ay(a,b),
etc., and SV (G(a, Ag(a, x1), ... Ag(a, x1))) = SV(F(a)).

Proof

Proceed by induction on the length (not the grade) of F'(a).

1. If F(a) is a atomic formula, then F'(a) is I} by definition, and hence F'(a) = G(a).

2. If F(a) has the form VXFpy(a,X) then by induction hypothesis, we have
Fo(a,V) = Gola,Ai(a,*1)...,Ax(a,*1),U) where Go(a,Us,... Uy, U) €
1} U X1 with at most one set quantifier, and SV (G(a, Ag(a, *1), ... Ar(a, *1))) =
SV(F(a,V)). If Go(a,Uy,...Ug,U) does not contain a set quantifier,
then this is trivial. Otherwise, suppose QY By(a,b,Uy,...Ug) is the
largest subformula of Gy(a,Uy,...Us,U) bounded by the quantifier

QY. Then QY By(a,b,Uy,...Uy) is a weak formula. Moreover,
QY By(a,b, Ai(a,*1),...Ar(a,*;)) is weak, since Aj,... A, are weak. Thus,
we define Axii(a,b) = QY By(a,b, Ai(a,*1),... Ax(a,*;1)), and replace

all inbstances of QY By(a,b,Uy,...Us) with the formula b € U to obtain
Gyla, Uy, ..., Uk, Uki1, V). We may iterate this process, replacing the next-largest
subformula at each step, until no second-order quantifiers remain, with each
subformula QY B; being substituted with a formula Ay, ; for all ¢ < m, where m is

the number of iterations needed to remove all second-order quantifiers. Then
VX Fy(a, X) =VXGyla, Ai(a, *1), .. Apa(a, %1), - Agpm(a, %1), X)),
where

VXGy(a, Ai(a,*1), ..., Agyr(a, *1), ..., Agrm(a, %), X) € H% U Z}
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with only a single set quantifier, and

SV (F(a)) = SV(VXGy(a, Ai(a,*1), ..., Agri(a, *1), ..., Apam(a, 1), X)).

3. If F(a) = 3X Fy(X, a) is proven similarly to the universal case.

4. If F(a) = —Fy(a), then by induction hypothesis we have Fy(a) =
G(a, Ai(a,*;) ... Ag(a,*1)) and hence F(a) = —~G(a, A1(a,*1) ... Ax(a, *;)).

5. If F(a) = Fy(a) V Fi(a) then let Ag(a,*,) = Fy(a) and Ay(a,*;) = Fi(a).
G(a,U,Us) = a € Uy Va € U,. Likewise, if F(a) = Ai(a) A Az(a) then
G(a,Uy,Uz) =a € Uy ANa € Uy, and Ag(a, *1) = Fy(a) and A;(a, *;) = Fi(a).

6. If F(a) = Fo(a) — Fi(a) then Ag(a,*;) = Fy(a) and Ai(a, %) = Fi(a).
G(CL, Ul,U2> = (_'CL S U1> Va € U,.

7. If F(a) = VaFy(a,x). Thenlet G(a,U,) = Vzz € Uy and Fy(a, *1) = Ai(a, *1).

8. If F'(a) = JzFy(a, ). Then let G(a,Uy) = Jz,z € Uy and Fy(a, 1) = Ai(a, *1).

Definition 4.1.9 (Axioms of 7{)) Let %, be sets of I() formulas. The following are
axioms of T¢,).

1. If Ais a true atomic formula, then . = T', A is an axiom.

2. If A'is a false atomic formula, then A, Y. = T is an axiom.

3. Ifn € Qandt is a closed term with value n, then ¥ = T', Q(t) is an axiom.

4. Ifn & Q and t is a closed term with value n, then Q(t), % = T is an axiom.
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5. If A(s1, ..., sy) is a weak formula of grade 0 and s; and t; are equivalent terms for

1 <i<mn, then A(s1,...,5,), 2 =L, A(ty,...,t,)

Lemma 4.1.10 Comprehension over weak formulas is equivalent to comprehension over

[0} formulas over RCA,

Proof

Again, let F'(a) be a weak formula and proceed by induction on the length of the formula.

We shall show that {z|F'(z)} is a set.
If F(a) is atomic, then it is arithmetic, and hence {z|F'(z)} is a set by II} comprehension.

Otherwise, by the preceding lemma we know that there is a formula G(a, Uy, ..., Uy) €
I} U X} and weak formulas A;(a,*;) of length less than F(a) such that F(a)
G(a, Ai(a,*1), ..., Ax(a, *1)). Inductively, we have the sets V; = {z|4;(z,*1)}.

Then
{2|F(2)} ={2|G(z, (z,%1) € Vi,...,(z,%1) € Vi)},

where < a,*; > is a coding of the pair (a,*;). And since G € ITI1 U X}, we find that
{2|G(z,(z,%1) € V1,..., (2, %1) € Vi)} is a set, and thus {z[F(2)} is a set.

O

4.1.1 Inference Rules of Tg)

Let ', ©, %, = be sets of 17, formulas, and let ¢ be a closed term.The sequent calculus 7

has the following first-order rules of inference:
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. =64 . A T=0
T —AT=0 - I'=0,-A
o AL A T=0 B, I'=06 . I'=06A Y=2zB
ANBIT=6  AABT=0 MR T S 26,24AB
VL AT =06 BY=E . RF:>®,A I'=0,B
AVB.T,% = 0,2 VRTS8, AVvB 'T=06,4V B
'=06A B,YX == I'A=B,0
. — * R
A—- BT Y=0= '=6,A— B
o VL A(t), =06 e IR ['=0,A(t)
Y VrA(z), I=0 " T=0,32A(x)

A(0), =06 A1), I'=06

wil dxA(x),[' = O

I'=0,A4(0) TI=0,A(1)

R
1 I'= 0,VzA(x)

Additionally, there are the following second-order rules of inference.
Suppose stR(VXA(X)) = stL(3XA(X)) = n < w, and U* does not occur in the

conclusion of the inference for any ¢ < w. Then:

I'=0,A(U")
" I'=0,VXA(X)

* VoR

AU™),I'=06
X A(x), =0

d EI2Ln

Now, suppose U does not occur in the conclusion of the inference. Then:

AU T=06 AU"Y)Y,T=06

° Wl
2 FXAX),T = 6

A(U™),I'=06

for any n < w.
VWXAX),I'=0

* Y.L




Chapter 4. Existence of w-models for I} — CAq + BI 74

I'=0,A4U,) TI'=06AU"

[ J
waR [ = 0, XA(X)

I'=0,AU")

for any n < w.
=0, XAX)

e 4,R

Collectively, we call these first- and second-order rules the principal inferences of 77

We also have the cut rule

'=0A4 AY =E

Cut Y= 0.5

We say that [(A) is the grade of the cut.

Definition 4.1.11 Let 3 = I' be a sequent, v € OT(&q_, )and p < w. We define the

relation T l% Y. = I'inductively as follows:

1. If ¥ = T is an axiom of T¢) then TC’SI%Z = I forall v, p.

2. IfT5 I% Y = L with B <y for every premise of a principal inference, or a cut
of grade py < p, then T} l% Y, = Iy holds for the conclusion > = 1" of that

inference.

3. (Qni1R-rule) Let f be a fundamental function with Q0,1 € dom(f). T¢, I% Y=T
holds if the following are satisfied:

(@) f(Qns1) <y

(0)
> 2 = [\ VXF(X), where stR(VXF(X)) < n.

f
(b) T}
(c) Tp I% = = O,VXF(X), implies T}, l@ =Y = 0, forevery a < Q2,41

and every set of weak formulas =, © where stR(Z) + 1, stR(©) < n.

4. (Qpi1L-rule) Let f be a fundamental function with Q0,1 € dom(f). T5 l% =T
holds if the following are satisfied:
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(a) f(Qm—l) d
(b) T5HSE IXF(X), 5 = T, where stL(3X F(X)) < n.

(c) Ty [ AXF(X),Z = O, implies Tj) "o 2,5 = O.T for every o < Q1
and every set of weak formulas =, © where stL(Z), stL(0) +1 < n.

We call ~ the height, and p the cut rank of the proof.

It should be noted that 77, }% E = O,VXF(X) and Tj }% JdXF(X),Z = O occur
negatively in part (c) of the 2, ,1R- and ,,,1L-rules respectively. If an (24, ,-rule with
n < k was required to derive the this negative occurrence, this would undermine the
inductive definition of derivability in 7,. However, since we know o < Qpirand 2,11 <
f(2,41) < ~, we know that any application of an €j-rule must have & < n. Thus,
derivability has an iterative inductive definition. The primary induction occurs over 7,
and defines the basic derivability predicate, while a secondary induction on k defines

derivability with the use of €2, rules with n < k.

We should also note the stage restrictions on the €2 + n + 1 rules. Since the €, ,1R-
rules have an active formula of the form VX F'(X) we must track the usage of universal
quantifiers, hence we use stR. We require stR(Z) + 1 < n since a formula A on the
left side of a sequent can be moved to the right side via a —R inference, and st R(—A) =

stR(A) + 1. The dual case naturally holds for the 2,,,;L-rules.
Lemma 4.1.12 (Weakening And Inversion) [See [8] Lemma 5.14]

1. Weakening: IfTC’S I% I'=Yand T C AYX C O, witha J fand § < p then
.18
Tyl A= e,

2. fTHl5 T = S, ANBthen Ty [T = S, Aand T5 |5 T = 3, B.

3. UTHE AVBT = Sthen Th | AT = Sand T |5 B,T = 3.
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4. IfT515T = S, AV Bthen Ty 15T = %, A, B.
5 Tl ANBT = Sthen Ty [s A, B,T = 3.
6. Tyl A— BT = SthenTy[s B, = Sand Ty |5 T = A, S
7. Ty T =%, A BthenTH{5 T, A= %, B

8. If s and t are terms and s = t and Tf, I% ['= X, F(s) then T}, I% I'= X, F(t).
Likewise, if Ty 5 F(s),I' =  then Tjy |5 F(t),I' = %

9. I TH15 T = S,VaF(x) then Ty |5 T = 3, F(s) for all terms .
10. If T3 I% 3w F(z), I = ¥ then T}, I% F(s),T' = X for all terms s.
1. I Ty T = S,V X F(X) then T 15T = X, F(U™) for all n.

12. If Ty - 3 X F(X),T = ¥ then Ty |5 F(U™),T" = X for all n.

Proof

(1) is the standard weakening principle, and proceeds via induction on a. When o = 0,
[' = 3l is an axiom and the proof is trivial. Otherwise, suppose 7 }% [' = X and
I CA Y CO,witha J fand d < p. If the last inference was any non-{) rule, then
we have 77 }QTO I, = %, where ay < «, and {I'; = X}, are the premises of the

inference. Applying the induction hypothesis yields
Tyl AT = 0,3,
since oy < «, and reapplying the inference gives
A=y,
Qlp i

Otherwise, if the last inference was an {2, rule, there is a fundamental function f such

that f(Q,11) < a. We note that 2,1 < f(Q,11) < [, so by Lemma 3.2.2 (3), we
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have f(£2,,1) < . Hence, we may apply our induction hypothesis to the premises of the

inference, then reapply the €, ;-rule to get

Tl A =%,

The rest are standard inversion principles used throughout proof theory, also proved by

induction on the length of the formula. O

Lemma 4.1.13 (See [8] Lemma 5.15) 7, = T, A(s1,...,5,) = %, A(tr, ..., 1)

when gr(A(s1,...,8,)) Jaand s; =t; foralli < n.

Proof

We prove this by induction. Note that when gr(A(s1, ..., s,)) = 0 the sequent in question
is an axiom. From there, we observe that in each induction step we require the application
of a left-side rule and a right-side rule, which adds 2 to the height of the proof as needed.

Since the grade is always finite, Lemma 3.2.2 (4) guarantees that gr(A(sy, ..., s,)) < a.

O

Lemma 4.1.14 (See [8] Lemma 5.16) /. T 277764-1

U™) = m e U" forallm,n € N.

0 e UnWVz(x € U" = 2’ €

2. Ty P2 YX[(0 € X AVa(z € X — 2/ € X)) — Va(z € X)),

Proof
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(1) Proceed by induction on m. We have T}, % 0eUrVe(zeUr =2’ €elU")=0¢

U™ as an axiom.

Now, suppose we have 77 }MTHG e U Ve(x e U" — o’ € U") = m € U". Then we

have:
0eUnVe(zelUr 52 eU)=meU" m+leU'=m+1elU"
DeUrVr(zeUr =2 cU,(mecU" -m+1ecU")=>m+1ecU"
OeUrVe(zeUr -2 cUM=m+1cU"

VL
The two inferences get us a height of 2m + 3 as desired.
(2) By the previous result, using the wR-rule we get

15 }%6 eU" Ve(x e U" —» 2/ € U") = Va(x € U").
Two applications of AR yield
TP (0 € UM AVa(z € UM — & € UT)) = Va(z € U™).
Using —R we get
Ty Fe-= (0 € U AVa(z € U — o/ € U™)) — Va(z € U).

Finally, since our formula is arithmetic, we may use V>R to obtain

Ty o= (VX0 € X AVa(z € X — ' € X)) — Va(z € X)).

Definition 4.1.15 Let F'(U™) and A(a) be formulas such that no variable bound in F(U™)
occurs bound in A(a). Then F(A) is the formula obtained by replacing every instance of
t € U™ with A(t). By ensuring F' and A do not share bound variables, the result is, in

fact, a well-formed formula.
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Lemma 4.1.16 (See [8] Lemma 5.18) Suppose o <1 §2,,.1 and let
D(U%) ={G\(U"),...,Gn . (U")}

and
AU ={F(U%,..., E,, (U}

be finite sets of weak formulas such that st L(G;(U°)) < nfori < mr and stR(F;(U°)) <
n fori < ma. For an arbitrary formula A(a),

Qn+1 +a

iF T 1 T(U°) = A(UP) then Tj F5—T(A) = A(A).

Proof

Note that 2,1 € C;(n) for all j and all n. Hence if o < Q,,+1 then a € C;(n). Hence

a < €,41 + «. This satisfies our conditions for the proof height.

We proceed by induction on «. If @ = 0 then T'(U°) = A(U?) is an axiom. Then
either U occurs only in side-formulas, in which case A(A) = T['(A) is still an axiom,
ort € U% s € U° are the active formulas of the axiom. In this case by Lemma 4.1.13
we know T }% ['(A) = A(A). Hence we may simply assign the proof a height of

Q141 + «, with Lemma 3.2.2 (4) ensuring that o < €2,,.1 + a.

If 75 }% L(U% = A(U") is the result of an inference, then most of the cases follow
by induction hypothesis. Since the proof is cut free, the final inference cannot be a cut.
Furthermore, since T'(U?), A(U?) are weak formulas whose respective stages are less than

n + 1 the final inference cannot be an w,-rule, or an €2 ;-rule where n + 1 < h.

The one remaining case is when the inference is an {2, 1-rule where h < n. We shall use

Q1R though the proof is essentially the same for the left-handed rule as well.

By assumption, we have a fundamental function f such that f(€2, 1) < «, and we know
that
7 SV D (U) = A(U°), VX H(X) for stR(YX H(X)) < h
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and

T3 1% = 0, VX H(X) implies T, /o 2, T(U°) = ©, A(U°) where stL(%), stR(©) < h.

Using the induction hypothesis we find:

n+1+f(0)

()75 2 DAY = A(A), VX H(X) for stR(YX H(X)) < h

and

@)T5 o 3 = 0, ¥X H(X) implies T)) |71 5 T(4) = ©, A(A)

where stL(X), stR(©) < h.

Observe that §2,,;1 + f is fundamental with dom(Q,,+1+ f) = {B|8 € dom(f)Nae < Q}.

Moreover, Q2,1 + () < Q41 + «. This allows us to conclude
* Qn+1+0é
TH o —T'(4) = A(A)

via the €2,,,1R-rule as desired.

O

Lemma 4.1.17 (See [8] Lemma 5.19) Suppose we have
StR(A) + 1, stR(T) < stR(VXF(X)) = n,
and let o < 4 1.
Tyl T = AVXF(X) then Ty - T = A, F(U™).
Likewise, suppose stL(I") + 1, stL(A) < stL(3XF (X)) = n.

IFTH 13X F(X),T = Athen T |- F(U),T = A,
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Proof

We shall only concern ourself with the VX F'(X) case. The case for 3.X F'(X) proceeds
in much the same fashion. We proceed by induction on «, observing that if @ = 0 then
I' = A, VXF(X)is an axiom, where V.X F'(X') occurs as a side formula (since we require
stR(A) < stR(VXF(X))) and hence VX F(X) ¢ A. Thus, we may replace VX F'(X)
with F'(U™) without any difficulty.

Now, assume that 77, }% I' = A,VXF(X) follows via an inference rule. If the last
inference was a Vs, R,,-rule, then the proof is trivial. We also observe that the proof is cut
free, and since o < €2, 1, no use of €2, ;-rules may occur. If the final inference is an €25,
rule for k£ < n then crucially n < stR(VXF(X)), so VXF(X) cannot be the primary
formula of the inference, where the removal of a universal quantifier might invalidate the

inference. In all other cases, the proof follows immediately from the induction hypothesis.

O

The following result and its corollaries establish the pivotal role of the {2, ;1-rules in T7.

nt1-2)

Lemma 4.1.18 (See [8] Lemma 5.20) (1) T, @ o F(A) = 3XF(X) for 3IXF(X)
a weak formula with st R(3X F (X)) = n and A(a) an arbitrary formula.

n+1°

2) T P2 yx p(x A ' =
(2) Ty VXF(X) = F(A) for VX F(X) a weak formula with st L(3X F(X)) =

n and A(a) an arbitrary formula.

Proof

By Lemma 3.2.15 (1), f(a) = ©,41 + « is a fundamental function (noting that w'l | =

Qn—l—l-)

Then T3 ' F(A), X F(X) = 3X F(X) by Lemma 4.1.13.
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Suppose 5 < Q,,+1 and X, © are sets of weak formulas, such that st R(X) + 1, st R(©) <
n. If
« | B
Ty b 3XF(X), S = ©

then by Lemmas 4.1.16 and 4.1.17 we obtain
« | F(B)
Ty o= F(A), == 0
and by Lemma 4.1.12

7 L p(4), s = 0, 3X F(X).

Thus, by the €, ,1L-rule, we obtain:

1 K2 pA) = 3XF(X).

The case for (2) follows a similar argument using the €2,,,R-rule.

O

Corollary 4.1.19 (Provability of Weak Comprehension) [See [8] Lemma 5.21]

ng1-2)+1
15 % ) = IXVy(ly € X < B(y)) for all weak formulas B(a) such that
st(B(a)) < n.

Proof

By the previous lemma we obtain

()T F222 vy (B(y) © B(y)) = 3XVy(y € X < B(y)).

By lemma 4.1.13 we get B(t) = B(t) for all terms ¢. From this we may derive =

Vy(B(y) <» B(y)) in a cut free proof of finite height.

(Note: B(t) = B(t) = Yy((B(y) — B(y)) A (B(y) — B(y))), and therefore has
gr(B(0)) +3.)
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Cutting this sequent with (x) yields

" (Qn+1-2)+1
TQ gr(B(0)+3) Q) = EIva(y cX & B(y))

as needed. O

Corollary 4.1.20 (See [8] Lemma 5.22) For all relations < definable via weak formulas

(allowing parameters), and for an arbitrary formula A(a) we have
T 2 9 = WX YT (WF(<) = TI(<, A(a))),

where VXV bind the free variables of (W F (<) — TI1(=, A(a))).

Proof
By lemma 4.1.18 we have T }QT“ (WF(<)) = (TI(<,A)) where ' denotes any
assignment of variables to closed terms. We may then apply —R followed by w;R and

V5R sufficiently many times to close off any free variables, giving us
T g = VXY T (WF(<) = TI(<, Aa))),

as desired. O

4.1.2 The Reduction Procedure for Té

Lemma 4.1.21 If C is a true literal and 'T}} I% [y, C =T, then 1§ I% I'y=1T1;.

Likewise, if C'is a false literal and T} I% Iy =T11,C, then 1] I% Iy=1T4.

Proof
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The is proved inductively on ¢. In the base case, it is obvious [y = I'; must be an axiom.
The inductive step follows immediately from the induction hypothesis, since no inference

rule can introduce a literal to the proof.

O

Lemma 4.1.22 (See [8] Lemma 5.23) Suppose gr(C) = pand 6 < o = w® + ... w

with w™ > ... > w* > ).
1. If C'is atomic, or has the form 3z F(x), 3X F(X),3“F(X), AV B, where
Ty 1 Ay, C = Ay and T2 Ty = Ty, C, then Tj |5 Ay, To = Ay, Ty
2. If C has the form Vo F(x), VX F(X),V*F(X), A\ B, where T}, I% Iy =T14,C

and Tj |2 Ao, C = Ay then Ty 5™ A, Ty = Ay, T

Proof

We shall prove (1) here. The proof for (2) is the dual case of (1). We proceed by induction

on o.

1. Suppose 6 = 0. Then I'y = I'y, C' is an axiom. Then we have three subcases.

(@) T'p = Iy is an axiom. Then by Lemma 4.1.12 T, }QTT(; Ao, T = Ay, T

(b) C'is a true literal. Then by Lemma 4.1.21 we have 15 }% Ay = A; and by
weakening, T }%5 Ay, Ty = Ay, T

(c) C has the form A(sy,...,s,) and A(ty,...,t,) € Iy where s; and ¢; are

equivalents terms. Then from 77 }% Ao, A(S1,...,8m) = A1 we get

THFs Ao, Aty tn) = A
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by Lemma 4.1.12. And since A(ty,...,t,) € T'g, by Lemma 4.1.13 we have
Té }% A(), Iy = Al, Iy.

(d) C = 3XF(X) with C € T. Then by weakening, T} [+ Ag, Ty = Ay, Ty,
with 3X F'(X) being absorbed into I'y.

In what follows, we shall assume that in the proof of 7t }% 'y = I'y, C the final
inference is one where C' is the principle formula or where an €2 ; rule was used.
Otherwise, the proof follows from applying the induction hypothesis to the premises

of the inference, and then carrying out the inference once again.

2. If C = AV B was obtained by a VR-rule, then we have ()7 }670 I'n=T1v,AB
for some dy <1 6, and gr(A), gr(B) < p. By inversion we have (i) T }% Ay, A =
A; and (4ii)Tp, }% Ao, B = A;. Applying our induction hypothesis to (i) and
(i) gives Tp, }ﬂp% To,Ag = T'1,Aq, B, and a applying a cut with (¢ii) gives
T 0 T Ag = Ty, Ay, wi < i

o7 0, Qg = 'y, Ay, with o+ 9 + 1 <+ 9. A weakening concludes the

proof of this case.

3. If C' = JzF(x) was obtained by a J;R-rule then T }670 'y = I'y, F(t) for some
t € N and by inversion 7, }% Ag, F(s) = A; for all s € N. Taking the case where
t = s, we may apply our induction hypothesis to get 77 }%ﬁo Lo, Ay = Ty, Ay

4. If C = X F(X), then C cannot be the principle formula of an inference.

5. If C = F*XF(X) was obtained via a 3oR-rule, then T, }670 Iy = I'1, F(U™) for
alln € N and by inversion T }% Ay, F(U™) = A, for some m € N. Taking the

case where n = m, we may apply our induction hypothesis to get
« |6
TQ }TO Fo, AO = Fh Al.

6. If T, }570 'y = I'1, C'is obtained by a €2, ;1R inference then we have a fundamental

function f such that
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@) f(Qr41) 26
) T 5 Ty = Iy, O, VX F(X), with stR(YX F(X)) < n.

(© T }% = = 0,VXF(X) implies T7 @ =,y = ©,I'}, where stR(=Z) +
1,stR(©) < n,and f < Q1.

Applying the induction hypothesis to (b) and (c) yields:
b5 T 2 1y Ay = Ty, Ay VX F(X)

and
L |atf(B)
T F—5—E,To, Ag = ©,T1, A,

Since f(Qy1) < 0 9 a+ J, we have f(Qy1) < a+ 0, and o + f is
a fundamental function. Hence. we may apply {2;1R once again to find

a+o
T5 }%Fo,AO = Fl,Al.

7. IET5 }670 'y = I'y, C is obtained by a )., L inference, then the proof is similar to

the €2 1R case.

Lemma 4.1.23 (Cut Elimination) /[See [8] Lemma 5.24]

If T4 57 Do = Ty, then T [5- Ty = Ty

Proof

Proceed by induction on . We need only deal with the critical case, where the final

inference of the proof is a cut of grade p.
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Thus, suppose we have T % Iy = I't,C and T, % C,I'y = I'y, where ap < «
gr(C) = p. By our induction hypothesis, we get T, }% Iy = I'1,C and T}, }%
C,Ty=T4.

If C has the form JzF'(z), IX F(X),F*XF(X),a V b then we apply Lemma 4.1.22 (1),
and we are finished. Likewise, if C' has the form VaF(z), VX F(X),V*XF(X),a A b

wa
p

then we apply Lemma 4.1.22 (2). Since oy < «, we may apply weakening to get 77 }7

Iy =1T14.

If C' has the form A — B, then we may apply inversion to 7 }% 'y = I'y, C which

gives us
(i) T4 5= Ty, A = Ty, B.
. . . w0 .
Applying inversion to 77 }T A — B,T'g = I' gives us
(i1) Ty |5 To = T, A and (idi) Tg) F5= To, B = Ty,

We may then apply the cut rule to (i) and (ii), followed by a cut with (éii) to get,
15 }# [y, A = I';. Weakening one again gives us the desired result.

If C has the form — A then we apply inversion to both derivations, followed by a cut, much

like in the previous case.

O

Theorem 4.1.24 (Collapsing Theorem) [See [8] Lemma 5.25]

Suppose I'y,T'y are sets of weak formulas, such that stL(I'y),stR(I'y) < n, and let a €
Cy (). Then:
[T To = Ty then Ty P2 Ty = Ty,

Proof
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We proceed by induction on «. The base case is trivial.

For the induction step, assume the proposition holds up to a. If If 7§ }% 'y = TI;is
derived by any inference other than an €2, rule, then we have some «y <I « such that
If T, }% Iy = T%, where I} = T is the ith premise of the inference. By Corollary

3.2.8 we find oy € C,, () and ¥, () <1 1, (). Hence, by weakening, we are finished.
We shall prove the cases for the {2;1R-rules, but the left-sided cases proceed similarly.

If75 }% 'y = TI'; is the result of an €2, ;R inference, and £ < n. Then we have
a fundamental function f such that (1) < «. Moreover ¢, (f) is a fundamental

function with Q1 € dom(f), and f(Q11) < ¥, f(Qky1). Thus, we may apply ;1R
n Q 1
to get 1t Ty L5 1y = 1y,

Since f(Q41) <, and a € C, (), we have ¥, (f (1)) < ¥, () and once again, by

weakening, we are finished.
Finally, suppose If 77 }% [’y = T’y is the result of an (2R inference, and n < k.
Then we have f(Qx;1) < «, and
« | 10)
(1) T 5= To = T, VX F(X).

and
e L)
(2) T5 Fg = = ©,YX F(X) implies T}, 5~ =, Ty = ©, T,

for all 5 < €41 and all sets of weak formulas =, © such that stR(Z) + 1, st R(O) < n.

2 (£(0
Applying out induction hypothesis to (1), we get 17, v (i;( ) [y = I'1,VXF(X). Hence,
by (2), taking = = I'g and © = I'; we obtain

L 1/ (FO)
Ty =T, =T\,

with Corollary 3.2.17 proving that f (1, (f(0))) < f(Q+1) < . We apply our induction

hypothesis one more time, to get

n n 0
Té i (f(wo(f( ) Ty =T,
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and since f(¢,(£(0))) < o, we have ¢ (f (¢n(f(0)))) < ¢hn(a). O

4.1.3 Embedding D, into 7}

In this section, we shall show that if D is a well-founded tree, then we may embed it
into 77, and thereby obtain a proof of the empty sequent. We may then leverage cut
elimination and the collapsing theorem in order to show that such a proof is impossible,
and therefore Dy, is not well founded, thereby proving our central result. Suppose that X
is the Kleene-Brouwer ordering of Dg. We shall use D }L I'y = I'; to denote that the
sequent ['y = I'; is attached to the node 7. Also, recall that in enumerating the axioms of
I} — CA, + BI we specified that A; is always an instance of II} — CA, when i is even,

and an instance of Bar Induction when odd.

w

Recall that w,,«v as shorthand to indicate w- i , iterated n times.

Definition 4.1.25 A T¢) formula I* is said to be an interpretation of a L?—formula Fif
F™* is the result of replacing every free set variable U in F' with U™ for some m < w and
every strong predicate quantifier VX with YV X. If I is a set of formulas, we shall then

' := {F*|F € '} for some interpretation *.

Theorem 4.1.26 (See [8] Lemma 5.26) D, Il A = T implies Ik < w, 15 IQTTJFIc A* =
.

Proof
We proceed by induction on 7, i.e. the Kleene-Brouwer ordering on Dg. Recall that by

Lemma 3.2.2 (9), that &, < €, for all u < v.

If 7 is an end node, then A = I is axiomatic, and therefore A* = I'* is axiomatic. Hence

T3 5™ A* = T follows by Lemma 4.1.12.
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Now suppose 7 is not an end node.

If 7 is not reducible, then there is a node 7, immediately above 7 such that D }LO
A;, Q(i)A = T. Applying our induction hypothesis, we have
* Ergtho * A\ kA K *
TH 10— Af, Qi) A" =T
We also have 77, }% Q(i) and, using Corollary 4.1.19 (for even i) and Corollary 4.1.20
(for odd @) we have T, }Qwoﬁ A;. Since Q, + w < €, + ko, by applying two cuts, we

obtain
% 67'0 +k0+2 % *
TQ m A" =T,
. . R wn (€r +ko+2)
with n # 0 and by applying cut elimination we find 77 A A* = ™. Recall
that w, (a) is shorthand for w*" . Since w, (&, + ko + 2) < €., we may apply weakening

. 6‘I'_‘_k: .
to obtain T¢) —5— A* = I'* as desired.

Now, suppose that A = T’ is reducible, and of the form A = I, E,T"” where F is the
redex, and I”, contains only literals. Any case where £ € A has a dual case in I" that

proceeds by a similar process.

Suppose E has the form Vz F'(z). Then for each m there is a node 7,, immediately above
7 such that:

Do A;, Q(i),A =T', F(m),I".

Applying our induction hypothesis yields:

Té Gfm(j'km A“Q(Z),A* = F/*, F(m),F"*.

As above, we cut (i) and A(i), yielding

T F— A" = T, F(m),T"

and Cut Elimination yields

wn (Erpp, +om+2
1y [t e p(m), T
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and thus
T b A* = T F(m), T

Finally, we apply w;R to obtain
Ty Fe A = T Vo F(x), T

as desired.

The case for 3xF'(z) € A proceeds by much the same procedure, and indeed the cases
involving the remaining first-order quantifiers and logical connectives in general resemble
finitary versions of the above case. The critical cases revolve around the secondary

quantifiers.

If £ has the form VX F(X), then we know that there is 7, immediately above 7 with
Dg }LO A;, Q(i), A = T", F(U),T"". Applying our induction hypothesis, and making the
usual cuts we get:

for every interpretation * and hence for every n < w. If VX F(X) is weak, then take
n = stR(VX F(X)) and apply V5R,,, to get

o |Eroth+3

Ty S A" = T VX F*(X), T,

Otherwise, apply the w, [R-rule to get

¢y +k+3
Ty A" =T WXF*(X), "™

We may then apply Cut Elmination and Lemma 4.1.12 as usual to get the appropriate cut

rank and proof height. The case for 3X F'(X) € A proceeds similarly.

Finally, if £ has the form 3X F'(X), then we have 7 above 7 such that Dy }l} A =
I AXF(X),I'". Applying the induction hypothesis and requisite cuts, we get:

&g +E+2
Té }OT AF = F'*,F*(Um),F"*.
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If 4X was a strong quantifier, then we apply 35R, followed by cut elimination to get

wn (Er,+k+3
T5 ( 00 ) A* :}F/*,HWXF*(X),FH*~

n+1-2

Q
Otherwise, invoking Lemma 4.1.18 we obtain T — FU™) = JXF*X).
Applying a cut yields
o | Croth+a

T 5 A = I, 3X F*(X), T

We then apply cut elimination as usual, and then raise the ordinal using Lemma 4.1.12 to

complete the proof. This case is analogous to when VX F'(X) € A.

O

"Z) wn (Er, k
Corollary 4.1.27 (See [8] Lemma 5.27) If Dq, is well-founded, then T Iw

0 = 0 for some n, k < w, and 7y the root node of Dg,.

Proof

By the preceding lemma, we have

Té }GTOTHCQ(O%AO = 0.

Using Lemma 4.1.19 We also have

Q

and T}, }% 0 = Q(0) is axiomatic. Applying two cuts yields

€ +k
Ty 0= 0.

We then invoke Cut Elimination and the Collapsing Theorem to get

o (wn €ry+k)
T F—5—0=10.
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Theorem 4.1.28 (See [8] Lemma 5.28) D, is not well-founded.

Proof
o (wn (Erg+Fk))
If D were well-founded then we would have T }f ) = 0 for some

n,k < w, and 7y the root node of D, by the preceding lemma. However, if we carry out
an induction on a < ), we can see that if 77 }% A = T then either I # () or A # () and

hence there can be no proof of the empty sequent. O

It remains only to show that this proof can be carried out in the base theoryRCA, +
WOP(¢y(€q, . ,)), which we shall abbreviate as S in the following argument. Note that
through Theorem 1.1.1 that we may bootstrap up to ACA, in S. Of particular concern is
the notion of derivability in 77, since it appears to be defined through an iterated inductive
definition, introducing new (2;-rules at each step. This is not available in our base theory,
S. However, we will show that derivability can in fact be proven using a fixed-point
argument, which is permissible in ACA . Our argument is adapted from that found at

the end of [8].

Given a set (), we can prove there exists an w-model .4, with () € A and A |= BI thanks

to Theorem 1.1.8.

Now, suppose o € OT (€&, ,p < wand © = I"is a sequent of T{;. We first desire a

ix)
derivability predicate Dy such that Dy(a, p, © = T') if and only if © = I is axiomatic, or
© = I the result of a non-(2; inference in 7, with premises (©; = I'})ier, and §; < a,
such that for all i € I, Do(;, p, ©; = T';). If this inference is a cut, we also require that

the the cut rank is less than p.

We may view this as a fixed-point statement which, when combined with transfinite

induction over OT'(€q,_, . ) implicitly defines derivability in 7¢), minus the €2;-rules.
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Now, ATR, proves 3; — AC, the axiom of choice for 37 formulas (see Theorem V.8.3
in [11]). Moreover, ACA, + X{ — AC proves the Second Recursion Theorem: for
every P-positive arithmetical formula A(u, P) there exists a X} formula F(U) such
that Va[F(x) <> A(z, F)] where A(x, F') is obtained from A(u, P) by replacing every
instance of P(t) with F(t).

Thus, arguing in .4, we may find an w-model B, € A such that X € B, and By = ATR.
By applying the Second Recursion Theorem we may define D, within B, and therefore

Dy is asetin A.

We may now apply Theorem 1.1.7 iteratively, to create a tower of w-models, By € By, €
Bs . ... In each w-model, B; we define a corresponding derivability predicate, D;, and

require that D; € B, forall ¢ € N.

Each predicate D, encapsulates derivability using (2 -rules for £ < i+-1. This is defined
much the same as Dy, but we require that in the instance of an €2;,; inference that the
negative occurrences must satisfy the D; derivability predicate. With this done, we may

apply ATR to collect these derivability predicates into a single predicate D, € A.

Finally, we should note that the notion of derivability involves quantifying over the set of
fundamental functions, which is not permitted in ACA . However, the only fundamental
functions used in our proof are primitive recursive. Hence, by restricting ourselves to

primitive recursive fundamental functions, we may carry out the quantification in ACA,.
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Chapter 5

Conclusion

5.1 Further Avenues of Investigation

This thesis can be regarded as an extension of the methods used in [8], which was the
first paper on well-ordering principles to require the use of a (2-rule, and consequently
a fixed-point argument at the conclusion to ensure the proof could be carried out over
a base theory of RCA,. However, this thesis and [8] still closely follow the example of
existing proof-theoretic research. For example, [2] and [6] present ordinal analyses of
systems up to Al-CA + Bar Rule and Al-CA + BI respectively, with similarly powerful
ordinal representation systems. In [2] this is accomplished by a generalized (2, function,
whereas [6] uses a collection of ®vy« functions, where @, enumerates the class K7(0)
of uncountable cardinals, and ®., enumerates the fixed points of ®,; for all 7y < ~, in
much the same way as the ¢ functions enumerate fixed points of the additive principle
numbers. It would be only natural to seek out similar well-ordering principles for these

more powerful systems.

Of course, there is also the question of finding a well-ordering principle for IT{-CA,. At

the time of this writing, the author’s thesis advisor is working on a paper that will prove:
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Theorem 5.1.1 The following are equivalent over RCA, :

1. WOP(9,, - X).

2. Every set is contained in a countable-coded w-model of T1;1-CA.

Here, OT'(€), - X) is constructed in a manner similar to OT (¢)o(€q,,, . )), except instead
of having epsilon numbers, &, for all v € X, we have the terms (2, - u. Consequently, we
also lose closure under w” above OT'(€,, - X). Removing Bar Induction also removes the
problem of strong formulas appearing in the deduction tree D¢, which accounts for the

reduced height needed to embed Dg, into T7,.

5.2 'The Utility of w-Models

As stated in the introduction of this thesis, there are two ways to present well-ordering
principle results. Compare Theorems 1.1.2 and 1.1.5, referenced from [5] and [7]
respectively. In the case of Theorem 1.1.2, we have an equivalence between WOP (e3)
and ACA . In Theorem 1.1.5, we instead have an equivalence between WOP(cy) and the
statement “Every set is contained in a countable-coded w-model of ACA,.” During the
defence of this thesis, the examiners asked why one might prefer the latter presentation to

the former.

There are several reasons. The first, is that it lines up more easily with established proof-
theoretic results. In this thesis we adapted the ordinal analysis of IT}-CA + BI found
in [2] and [6], using it as a road map for the proof that “Every set is contained in a
countable-coded w-model of TI}-CA + BL.” Likewise, Theorems 1.1.5 and 1.1.7 should
hold a certain ring of familiarity to those versed in proof-theory. Thus, moving forward
we should look to the w-model presentation as a guide for how to adapt existing proof

theoretic research to the investigation of well-ordering principles.
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Nevertheless, one might argue that it is more intuitive to work directly within a system,
as with the presentation of Theorem 1.1.2. Certainly, if WOP(fX) is equivalent over
RCA, to the statement “Every set is contained in a countable-coded w-model of T',” for
some theory 7', then we should be able to find a theory 7" such that WOP( fX) is directly

equivalent to 7”. However, 7" may not necessarily be an intuitive system to work in.

Take Theorem 1.1.2, for example. ACA{ includes an axiom regarding the existence of
Turing jumps. As the result was proved using computability theory, this makes a great deal
of sense. However, non-computability theorists may find it more intuitive to work with
w-models of a the familiar system ACA,. Indeed, the fixed point argument at the end of
Chapter 4 is a scenario where it seems advantageous to work in the w-model presentation,

as we can iteratively generate larger w-models to suit our needs.
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