
 
 

 

 

 

Noise Modeling and Characterization of 
Nonlinear RF/Microwave Components 

 

Richard Paul Hoft 

 

Submitted in accordance with the requirements for the degree of  

Doctor of Philosophy 

 

The University of Leeds 

School of Electronic and Electrical Engineering 

Leeds, United Kingdom 

April 2018 

 

 

  



 i 

 

 

 

Declaration 
 

 

The candidate confirms that the work submitted is his own and that appropriate credit has been 

given where reference has been made to the work of others. This copy has been supplied on the 

understanding that it is copyright material and that no quotation from the thesis may be 

published without proper acknowledgment. 

 

 

  
 

 

 

 

 

 



 ii 

 

 

 

Acknowledgments 
 

 

There are many people who have contributed their support on my behalf during this endeavor. 

First, and most notable is the patience, encouragement, and love of my wife Ernestine. Without 

her backing, this research would not have been possible. Secondly, thanks go to Professor Ian 

Hunter from the University of Leeds for permitting me to work full-time during this activity. His 

guidance and support have been essential throughout the process of this venture. Thanks to my 

colleagues at Keysight Technologies, Inc. for valuable suggestions and technical insight and to the 

management and executives who backed this research financially and through provision of 

essential resources. A deep sense of gratitude goes to my parents for their enduring 

encouragement and support.  Finally, I wish to recognize Louise Redmonds for her contribution 

to this work through her administrative expertise. 

  



 iii 

 

 

 

Abstract 
 

 

A generalized scattered noise behavioral model for time-invariant nonlinear microwave circuits 

is presented. The formalism uses noise waves and large-signal scattering functions known as X-

parameters to extract a multi-port network’s noise correlation matrix. Further processing yields 

figures-of-merit including effective input noise temperature and noise factor. Within the small-

input signal space, it will be shown that the above expressions reduce to a familiar form 

describing noise wave influence governed by the network’s S-parameter functions. Using the 

generalized form, two examples given in context to embedded nonlinear one-port and two-port 

configurations are offered with each presented to matched termination networking. Both cases 

use a passive source and load in the analysis. Numerical versus simulated experimental results 

will be compared. Results in the two-port case yield its noise factor. Lastly, pursuant to this study, 

experimental work involving software simulation and hardware measurement activities will be 

proposed. 
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Chapter 1 

Introduction  

Receiving systems often require the processing of low level signals in the presence of noise. This 

noise is added by the system tending to make the weak signal inconspicuous and preventing it 

from being suitably processed. The ability of a receiving system to process low level signals is 

commonly described in terms of its sensitivity, bit error ratio, or noise figure. Consequently, to 

achieve a given receiving system sensitivity, designers will choose components based on their 

gain and noise figure [1]. 

Reliable methods have been developed which describe the noise behavior of components 

and systems under linear (small signal) conditions. Among these, certain techniques represent 

the network by noise correlation and signal matrices to determine its figures-of-merit including 

noise figure, effective input noise temperature, and noise parameters [2]. 

At low frequency, the capacity of a network to deliver noise power to its connecting 

terminations may be represented by introducing noise voltage and current generators to its 

ports. Their relationship can be summarized with the noise correlation matrix [2], [3]. When 

dimensions of the circuit are greater or comparable to the signal frequencies wavelength of 

operation, a traveling noise wave approach is more suitable [3], [4], [5], [6], [7]. The methods are 

particularly compatible with scattering and transfer scattering signal representations. In 

conjunction with noise waves, suitable noise behavioral models representing a stimulus-
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response or what is commonly referred as a black-box analysis may be used to assess the 

network’s noise correlation matrix (NCM). 

While much attention has been given to predicting noise behavior of networks 

functioning under small-signal conditions, the same is not true for the large-signal case [8]. 

Presently absent in practice are comprehensive solutions that link NL network noise modeling 

with software simulation and hardware measurement capabilities. Despite this, there is 

motivation for a communication systems architect to quantify the noise behavior of large-signal 

drive circuits within both its transmitter and receiver chains. 

First, to maximize output power and efficiency (PAE) of a communication system’s 

transmitter chain, power amplifiers (PA) often operate within their nonlinear region. 

Consequently, this tends to lower the gain of the PA thereby degrading the transmitter’s signal-

to-noise ratio. Thus, having the ability to model the noise behavior of the transmitter chain 

and/or PA and link this to industry accepted figures-of-merit such as noise figure may offer 

benefit to the system architect by minimizing design cycle time and cost. 

Second, it’s not uncommon that due to interfering signals of sufficient strength, receiver 

performance is reduced. In general, this may occur in the receiver chain due to preamplifier 

compression and/or or mixer overload. In both cases, it reduces the signal-to-noise ratio of the 

receiver leading to an increase in noise figure. To have a model that can predict noise behavior 

of a nonlinear network or chain under similar operating conditions as the application has the 

potential to be very useful to the designer. By extraction of the NL network’s noise correlation 

matrix through software simulation or hardware measurement, the system architect may use 

such tools to quantify performance at each stage of the design process. 

In response to these industry needs, the goals of this research are to: 

 Design a generalized scattered noise behavioral model for time-invariant, 

nonlinear microwave circuits. 
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Demonstrate the scattered noise behavioral model’s validity across a network’s

nonlinear and linear regions of operation.

Construct an identification method which extracts a nonlinear circuit’s noise

correlation matrix from its scattered noise behavioral model.

Express a nonlinear network’s noise factor in terms of its extracted noise

properties. Propose a formalism consistent with linear network standards.

Design a proposed hardware measurement setup with supporting algorithms that

employ an identification method for extracting a nonlinear network’s noise

correlation matrix.

The research topics are in chapter five of this thesis. 

1.1 Chronological History of Noise Concepts, Modeling, and 
Measurement 

A time sequential evolution of notable discoveries leading to the technical underpinnings 

governing the field of modern day electronic noise will be offered [3]. Each topic is presented as 

a highlight emphasizing its contribution to the field rather than delving into the depths of its 

technical details. Much of the in-depth studies will ensue in the coming chapters. The historical 

perspective is not all encompassing within the field of electronic noise. Rather, it’s directed 

toward subject matter relevant to the research topic of this thesis. Further, it is subjective in that 

another author may choose topics which have not been treated with the same emphasis or 

perhaps omitted all together. Next, the chronological assessment enters efforts of mathematical 

treatment and modeling of these noise concepts to predict the performance of an associated 

system to which a device of interest is under consideration. In this case, the subject will be 

narrowed to distributed systems in the RF/microwave frequency spectrum. Lastly, selected 

measurement techniques known to exploit the referred to models will be highlighted.  
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In 1828, botanist Robert Brown [4] published his observations on the subject known today 

as Brownian motion. In the preceding year, Brown was evaluating under microscope particles of 

pollen immersed in water. He observed their movement through the water but could not account 

for the cause of their motion. Nearly a century would pass before Albert Einstein in 1905 

presented a mathematical based description explaining the observations made by Brown. 

Einstein’s account described molecular movement in the fluid colliding with the pollen particles 

thereby resulting in their displacement. It had long been held that matter consisted of atoms and 

molecules. Einstein formalized this theory [5]. Shortly thereafter, Jean Perrin reinforced 

Einstein’s conclusions through his experimental findings [6]. 

The first three decades of the twentieth century witnessed significant development in the 

field of electronic noise theory. The first twenty years focused largely on identifying and 

classifying noise generating mechanisms; the last decade emphasized development of 

mathematical frameworks used to describe these experimental observations [3]. 

Walter Schottky published in 1918 a paper describing what eventually came to be known as the 

shot effect [7]. He observed current fluctuations in vacuum tubes ultimately arriving at a 

conclusion that the root-mean-square value of these variations can be described by 

2
s,rms s s n
ˆ ˆi i 2q I f (1.1) 

where q  is the charge of an electron, sI  the average current, and nf  the bandwidth that sî  is 

confined. The current fluctuation sî  is known today as shot noise. 

In 1926 John Johnson of Bell Laboratories first measured what today is known as thermal 

noise. His findings were first reported in 1927 and further elaborated in his 1928 publication [4]. 

Johnson shared his measurement results with Harry Nyquist, also of Bell Labs, who substantiated 

Johnson’s observations. His theoretical derivation [8] determined that the root-mean-square 

value of thermal noise voltage in a conductor exhibiting resistance R  is  
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2
t,rms t nˆ ˆv v 4kTR f  . (1.2) 

k is Boltzmann’s constant, T  the physical temperature ofthe conductor, and nf is the 

bandwidth to which the thermal noise is restricted. It became understood that this noise placed 

a lower limit on receiver performance. 

In conjunction with the study of electronic noise types, progress was underway to define 

a suitable figure-of-merit to specify receiver performance. Fredrick Llewellyn in 1931 [9] 

compared the signal-to-noise ratio at a receiver’s output under different input terminal 

conditions including short circuit and impedance loading. Publications by Williams [10] and Franz 

[11] built on Llewellyn’s innovation by offering analytical treatment of a receiver signal-to-noise

ratio (SNR) figure-of-merit. In their work, it was suggested for the first time that a noisy receiver

could be modeled by an equivalent signal version of the receiver. This and previous studies were

directed to low frequency narrow band applications in telephony.

The advent of World War II brought with it the need for broadband microwave 

communication systems. This ushered contribution from E.W. Herold [3, 12] in his studies of 

second stage noise contributions following a low gain first stage as well as his effort to maximize 

SNR at a receiver output through tuning its input impedance. The demanding requirements for 

improved system sensitivity presented an impetus for comparing receiver performance. In 1942 

Dwight North was the first to define a noise factor [13] as means to describe a systems overall 

noise behavior. Shortly thereafter, Harold Friis introduced originative insight to his own definition 

of system behavior which he termed noise figure leading to the expression [14] 

1

in out

in out

S SF .
N N

(1.3) 

Additionally, Friis was the first to quantify the degradation of receiver noise due to noise 

generated from its following stages. Today this widely used expression is often referred as the 

cascade gain equation and is described by [14] 
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2 3 n
tot 1

1 1 2 1 2 n 1

F 1 F 1 F 1F F
G G G G G G

(1.4) 

where nF and nG  are the noise figure and gain of the n-th  stage respectively. The work of North, 

Friis, and others advanced standardization related to electronic noise modeling and 

measurement techniques within the engineering community. D.K. MacDonald showed in his 

publication of 1944 [15] that North’s noise factor and Friis’s noise figure are in fact equivalent. 

Indeed, the IRE Standards Committee of 1952, 1953, and again in 1957 updated industry 

standards largely formalizing the contributions of North and Friis while aiding the engineering 

community with a practical framework for addressing state-of-art behavioral noise requirements 

[3]. 

To cope with low noise devices, it was believed by some [3, 16] that instead of using noise 

figure, a more appropriate scale of noise appraisal was effective input noise temperature eT  . The 

IRE Standards Committee adopted this concept in 1960 [17] using the relation 

e oT F 1 T (1.5) 

where oT is a reference temperature of 290 Kelvin. In this way, both concepts were preserved, 

depending on system requirements one could choose  or F  . 

For distributed networks operating in the RF/microwave frequency spectrum, the wave 

representation of noise developed by Rothe and Dalke [18], Penfield [19], Bosma [20], and Meyes 

[21, 22] is particularly useful. Its theoretical tenets will be developed in chapters 2-4. The 

methods described are particularly compatible with scattering and transfer scattering signal 

representations.  

Within the past two decades CAD-oriented methods of noise analysis have been 

developed by Dobrowlski [23], Wedge and Rutledge [24, 25], Randa [26], and others [27, 28]. The 

noise behavior is often derived through a variety of methods including a physics-based approach, 

the use of an equivalent circuit, or through describing equations. The common feature with each 

eT



1 Introduction 7 History of Noise 

of these approaches is that the internal workings of the device or network need be known from 

a given perspective. 

Within the context of noise, there are also behavioral models requiring no knowledge of 

the network’s internal workings. Behavioral models represent a stimulus-response or what is 

commonly referred as a black-box approach. S-parameters are perhaps the most well-known 

behavioral model in the RF/microwave industry having been introduced in the 1960s [29].   

Many of the mentioned linear network noise modeling capabilities that were conceived 

and developed in preceding decades are presently being leveraged and advanced to address 

modern communication systems that utilize GaN and GaAs HEMT technology [59, 60, 61, 62]. 

In roughly the past two decades, fueled by an increasing need to balance maximum 

transmit output power and power added efficiency while preserving a sufficient signal-to-noise 

ratio, considerable effort has been devoted to predicting nonlinear performance of large-signal 

driven networks [55, 56, 63, 64]. 

The progression of noise measurements dates to the early 1940s. In 1942 [3, 14] Friis 

describes a CW method for determining the noise figure using a signal source. Though accurate 

in its time, it proved to be somewhat involved in that separate gain and bandwidth 

measurements needed to be performed on the measurement receiver prior to determining the 

devices noise factor F . The development of a high frequency broadband source exhibiting a high 

excess noise ratio is largely credited to Bill Mumford [3, 30] who worked closely with Friis. The 

theoretical to measurement agreement with respect to excess noise was on the order of 0.5dB

to 1.0dB   . From the work of Mumford and others, gradual improvement eventually led to 

agreement of 0.1dB . The accuracies noted were obtained under tightly controlled conditions 

orchestrated through what today would be metrology level efforts. Sard showed [3, 31] that the 

most accurate measurement of eT  in that time was the Y-factor technique. In 1980 the Hewlett-

Packard Co. introduced the H8970A noise figure meter. It implemented the Y-factor method [32]. 

As a commercial based solution, it was widely used by the industry for more than twenty years. 
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Versions of this approach are implemented today by Keysight Technology’s noise figure analyzer 

and even within its family of signal analyzers. It uses a calibrated noise source presented to the 

device of interest. This technique offers reasonable levels of accuracy for a wide variety of 

applications. 

In recent times, there has remained an unrelenting pursuit to improve system noise 

performance. In response, advances in measurement science have been needed to improve 

accuracy. In 2007, Agilent Technologies in collaboration with University of Leeds professor Roger 

Pollard introduced a revolutionary cold source method leveraging Agilent’s PNA-X vector 

network analyzer [33]. Using this commercially based technique, noise figure accuracy of 0.2dB  

was achieved to 26.5GHz. The cold source technique determines the noise correlation matrix of 

the device of interest. Taken with its S-parameters, the noise figure of the device may be precisely 

determined. In 2013 Agilent extended this method to 50 GHz.  

At the same time, there has and continues to be advances in measurement science 

pertaining to NL network noise characterization [65] and modeling [66]. While some progress has 

been made, much work remains. 

1.2 Organization of the Thesis 

Chapter 2 is concerned with developing the concepts of noise theory central to quantifying 

system performance in the RF/microwave spectrum. First, the theory of signal traveling waves is 

developed and within this context how S-parameters are used to quantify their interaction within 

distributed systems. Noise-wave concepts are extended from this theory. Important 

characteristics of noise such as correlation, power spectral density, and noise bandwidth will be 

highlighted. Finally, network analysis will be used to assess the exchange of noise power between 

passive terminations. 
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Chapter 3 focuses on describing the noise behavior of passive and active linear networks 

through the noise correlation matrix (NCM). First regarding passive, various distributed circuit 

topologies will be considered each building from the other and culminating with a generalized 

embedded n-port. The concept of noise temperature will be introduced as an equivalent means 

for quantifying noise level. Second, in context to active networks, the NCM will be derived for 

embedded two-port and generalized n-port configurations. It will be shown that from the NCM, 

figures-of-merit such as noise factor, effective noise temperature, and noise parameters may be 

derived to describe network performance.  

Chapter 4 will derive the NCM of an active network through a series of simulated noise 

power measurements under varying source termination conditions. This is known as the cold 

source technique. Noise properties of the source impedance and active noise power 

measurement receiver will be isolated from the active network of interest using S-parameter 

representation of the cascaded network. Keysight Technology’s Advanced Design System (ADS) 

simulation software will be used as a verification tool to reinforce the theoretical development 

and subsequent numerical analysis. 

Chapter 5 concentrates on extending the cold source measurement technique to 

nonlinear networks by use of a relatively new behavioral model known as X-parameters. The 

chapter opens by describing the familiar S-parameter behavioral model emphasizing its strengths 

and shortcomings. The X-parameter model will be introduced as a superset to S-parameters 

addressing the full operational-space of the network. The mathematical framework capturing 

simultaneous large and small signal responses to input stimuli will be developed. An X-parameter 

measurement extraction technique of the network employed by a Nonlinear Vector Network 

Analyzer (NVNA) will be reviewed. With this background, a generalized noise behavioral model 

for nonlinear (and linear) networks will be derived leveraging X-parameters. Analysis of 

embedded nonlinear one-port and two-port network configurations are chosen examples to 

reinforce use of the generalized formalism. Important features such as its reduction to the S-

parameter behavioral model thus predicting noise performance within the network’s small signal 

operational-space will be shown. Using ADS, numerical versus experimental results will be 
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detailed for NL one-port and two-port examples. In context of the two-port case, figures-of-merit 

including effective noise temperature and noise factor will be determined. Finally, a detailed 

hardware measurement thought experiment employing an extension of the cold source 

technique will be developed. Using Keysight’s NVNA / PNA-X, measurement and calibration 

algorithms will be delineated. Specialized hardware requirements for the measurement setup in 

application of the algorithms will be disclosed. The thought experiments will be offered for both 

the nonlinear one-port and two-port configurations. 

Chapter 6 summarizes the advancements of this work and continues with a suggested 

road-map for further studies and implementation. 



Chapter 2 

Signal and Noise-Wave Concepts 

To characterize and model the noise behavior of a linear RF/microwave network requires an 

understanding of noise properties. While under certain conditions noise may share common 

attributes with deterministic signal types, in general, their properties are quite different. The 

purpose of this chapter is to highlight those characteristics of noise expected to be central to our 

purpose of quantifying distributed network noise behavior. In section 2.1, for purpose of 

developing the concept of traveling waves and scattering parameters, a deterministic signal 

excitation and response of a distributed network is described. Section 2.2 uses this development 

to show under proper conditions how traveling noise-waves can be constructed in similar 

mathematical form to deterministic signal types. In section 2.3 noise characteristics including 

correlation, auto-correlation, and cross-correlation are reviewed to enhance insight through 

analysis not only in time but also the frequency domain. Lastly, noise bandwidth will be defined 

and contrasted to the more common half-power bandwidth. These concepts will be collectively 

applied in section 2.4 to noise analysis of two one-port terminations connected to a lossless 

transmission line. The practical implementation of this analysis will be considered. 

2.1 Signal Waves and Scattering Parameters 

There are two ways microwave energy is transmitted from one location to another [34]. The first 

is by use of directive antenna aimed at one another whereupon a portion of the radiated energy 
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transmitted at one end is coupled and delivered to a load at the other. The second is by use of 

transmission line. A signal source and load typically are matched to their connecting line and 

separated by its length. In both cases, the transmitted energy can be described as a traveling 

wave. Within the context of sinusoidal excitation of uniform transmission lines, the concept of 

traveling waves and their interaction will now be developed. 

Maxwell’s equations can be used in the analysis of transmission lines. By use of 

established boundary conditions usually taken at the transmission lines endpoints, signal 

characteristics can be determined including field pattern and mode of propagation. Alternatively, 

a distributed electric circuit model of a uniform transmission line can be described.  This simpler 

technique while less comprehensive uses AC circuit theory to describe transmission line 

impedance and determination of its supported voltage and current propagation characteristics 

with respect to time and location. 

Using a circuit representation as shown in Fig. 2.1, each transmission line section consists 

of a series resistance R and inductance L, along with shunt conductance G and capacitance C each 

taken per unit length x  [35]. 

AC circuit theory can be employed by choosing x  to be small compared to the operating 

wavelength. By applying KVL and KCL to transmission line section - x , two differential equations 

are constructed in the lim x 0 . The first describes the voltage drop across the transmission 

line due to its series resistance and inductance such that [35] 

x, t x, t
R x, t L

x t
v i

i (2.1) 

The second depicts the lessened output current from input due to its shunt conductance and 

capacitance as shown by [35] 
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x, t x, t
G x, t C

x t
i v

v (2.2) 

For a sinusoidal stimulus, phasor notation can be applied to (2.1) and (2.2) to solve the steady-

state response v x, t  and i x, t . The steady-state voltage and current responses along the 

transmission line will also be sinusoidal and described as a function of position x and time t 
such that 

x, t f x cos t xvv (2.3) 

and 

x, t g x cos t xii (2.4) 

where f x  and g x  are real functions [35]. Applying Euler’s formula and peak-phasor 

notation, (2.3) and (2.4) become 

Figure 2.1: Circuit Representation of a Uniform Transmission Line 
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x t tx, t Re f x Re xvj j jv e e V e (2.5) 

and 

x t tx, t Re g x Re xij j ji e e I e  (2.6) 

where xV  and xI  are phasors describing correspondingly the variation of voltage and 

current with respect to position along the transmission line [35]. Equations (2.1) and (2.2) can 

now be expressed in phasor form through substitution of (2.5) and (2.6) such that [36] 

d x
R L x

dx
V

j I (2.7) 

and 

d x
G C x

dx
I

j V (2.8) 

Evaluating the derivative of (2.7) with respect to x  and substituting (2.8), a second order 

differential equation in xV  results in 

2

2

d x
R L G C x

dx
V

j j V  (2.9) 

Its solution in phasor form is [36] 

x xx V Vj jV e e e e (2.10) 

where V  and V  are real quantities representing peak voltages of the forward and reverse 

traveling waves respectively. The propagation constant  is expressed as [36] 

R L G Cj j (2.11) 
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The propagation constant is typically complex and is written as j  where  is considered 

the attenuation constant in Np/length and  the phase constant in rad/length. 

Referring to Fig. 2.2, a sinusoidal voltage wave xx V jV e e  traveling in the

positive- x direction is scattered by the load resulting in a sinusoidal voltage wave 

xx V jV e e  traveling in the negative- x  direction [37]. The peak-phasor quantity xV  is

the superposition of xV  and  xV  representing the voltage at a specific position x  on the 

transmission line. 

Substituting (2.10) into (2.7), evaluating the derivative of d x / dxV  and solving for the

current along the transmission line provides the solution [36] 

c

1x x x x x
Z

I V V I I (2.12) 

cZ is the complex characteristic impedance of the transmission line and is given as 

c
R L R LZ

G C
j j

j
(2.13) 

Figure 2.2: Transmission Line Connected to  with Traveling Waves 
and  
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cZ is the voltage-to-current ratio of the forward traveling wave (or reverse) and is in units of

ohms. 

In many practical applications, the loss of the transmission line is considered negligible, 

i.e. R G 0  . In this case  becomes zero and the propagation constant becomes j  and

c oZ Z L C . xV  in (2.10) and xI  in (2.12) respectively become 

x xx V Vj j j jV e e e e (2.14) 

and 

x x

o o

V Vx
Z Z

j j
j je eI e e (2.15) 

where xx V j jV e e  and xx V j jV e e  [35].

The time-dependent form of (2.14) and (2.15) are obtained by multiplying phasors xV

and xI  respectively by tje  and evaluating the real component thus resulting in [35] 

x, t V cos t x V cos t xv (2.16) 

and 

o o

V Vx, t cos t x cos t x
Z

i
Z

(2.17) 

The phasor notation described thus far has been in units of peak voltage and current. To 

consider the average power associated with a traveling wave, the root-mean-square (rms) of the 

voltage and current is assessed. For a sinusoidal signal, the peak-phasor can be scaled such that 

[35]
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x
x

2rms
V

V (2.18) 

and 

x
x

2rms
I

I (2.19) 

Derived from AC circuit theory, the net average (real) power flow at location- x  on the 

transmission line is 

P x Re x xrms rmsV I (2.20) 

where the asterisk symbol " "  is the conjugate of phasor xrmsI  [38]. Similar conclusions may 

be drawn for power associated with the forward and reverse traveling waves, P x and P x

respectively. Note, for a lossless line their power is independent of x  . 

The scattering matrix is an analytic model used to describe the linear behavior of a 

microwave network [32]. It represents the networks influence through comparison of its 

incoming and outgoing traveling waves. These waves are typically normalized to the 

characteristic impedance of the network’s connecting transmission lines. The incident 

normalized voltage wave on a lossy line is defined as [35] 

o

x
x

Z
rmsV

a (2.21) 

and the scattered normalized voltage wave as [35] 

o

x
x

Z
rmsV

b (2.22) 

Described by Fig. 2.3, a lossless transmission line of length- x  and characteristic 

impedance oZ is connected on its left by a source and terminated to its right by complex 
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impedance lZ . The source emits incident wave a to its connecting line which then 

propagates in the x  direction. 

Upon reaching lZ , the incident wave scatters forming an outgoing b -wave which travels in the 

minus x  direction. 

For a lossless line, the wave variables amplitudes are independent of position. The load is 

described as a one-port network exhibiting a single scattering coefficient defined by [37] 

Sb a (2.23) 

S is the scattering coefficient describing the mapping of the incident a - wave to the scattered

b - wave. Further, it identifies the relationship of the load impedance normalized to its 

connecting line and given by [37]

l o

l o

Z Z
S

Z Z
(2.24) 

The a  and b - waves represent rms-phasors with units in W . Since they are normalized to oZ ,  

the squared magnitude of their rms values represent their power flow such that 

Figure 2.3: Transmission Line Connected to  with Traveling Waves  and  
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2P aa a (2.25) 

and 

2P bb b (2.26) 

To form a complete model of the one-port, the termination noise needs to be included. In the 

next section, the traveling wave concept will be applied with some modification to analytically 

describe this noise. 

2.2 Traveling Noise-Waves

The one-port model described in Fig. 2.2 does not consider the noise generated by the complex 

impedance lZ  . Using traveling wave concepts previously outlined, adaptation of noise to

the existing one-port model will now be developed. The results will form a comprehensive signal 

and noise behavioral model for the one-port which can readily be extended to the general n-port. 

The real component of lZ is resistive and generates a thermal noise voltage tv̂ t as 

shown in Fig. 2.4. tv̂ t  is a random process. While measurements from one instant in time to 

another will generally not repeat, there are statistical properties of the noise which are invariant 

[35]. First, we observe that its time-average is zero such that 

0 

Figure 2.4: Thermal Noise Voltage versus Time [35] 
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/2

t t/2T

1ˆ ˆv lim v t dt = 0
T

T

T
 (2.27) 

Second, its time-averaged noise voltage squared is [35] 

/22 2 2
t t/2T

1ˆ ˆ ˆv lim v t dt = v
T

T

T
(2.28)

At microwave frequencies, the real component of lZ  will generate thermal noise which may 

be represented as a phasor under the condition that the noise is sufficiently restricted to a small 

bandwidth f relative to its center frequency fc .  A description of noise bandwidth requirements 

is discussed in section 2.4.3. Hence for cf fcfc , the traveling noise voltage depicted in phasor 

form is [37] 

ˆ t x xˆ ˆˆx, t v t V tj j jV e e e (2.29) 

Referring to (2.29) and Fig. 2.5, it can be seen that ˆ x, tV  is a traveling noise-wave propagating

along a lossless transmission line in the x  direction. In general, it is a function of position x  and 

time t  . v̂ t  and ˆ t  are random processes of the noise-wave’s amplitude and phase

envelope respectively.  is the phase constant at cf [37]. By use of (2.28) and (2.29), the rms-

value of the noise-wave along the lossless transmission line is [35] 

Figure 2.5: One-Port Signal and Noise Model 
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2 T/2 2

rms T/2T

1ˆˆ ˆv x, t lim v t dt
T

V (2.30) 

where the time-averaged magnitude squared of ˆ x, tV  is
2ˆ ˆ ˆx, t x, t x, tV V V . 

To determine the power associated with (2.29), a normalized noise-wave envelope is 

defined such that [37, 39] 

o

ˆ x, tˆ x, t
Z

V
b (2.31) 

Multiplying (2.31) on both sides by its complex conjugate yields 

2 2
2

o o

ˆ x, t v̂ tˆ x, t
Z Z

V
b (2.32) 

The time-average of the squared magnitude represents the noise-power associated with ˆ x, tV

such that [35, 37] 

2 2T/2 T/2 2

T/2 T/2T T
o

1 1 1ˆ ˆ ˆx, t lim x, t dt lim v t dt 
T Z T

b b (2.33) 

2ˆ x, tb  is the mean-squared value of the noise-wave envelope associated with the traveling 

noise-wave ˆ x, tV   normalized to oZ . The units for
2ˆ x, tb  is watts. It will be shown in 

section 2.3.4 to be a function of the measurement bandwidth f  and its center frequency cf . 

The model may now be augmented to include the noise contribution of the load 

termination as depicted below in Fig. 2.6. The scattered wave now includes both signal and noise 
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behavior of load termination lZ such that [37, 39] 

gl (2.34) 

Thus, the termination’s signal behavior is described by S and its generated noise by b̂gl [20, 37]. 

      This concept may readily be extended to an n-port network. However, greater appreciation 

for this more complicated multiport description can be realized by first acquiring an 

understanding of noise characteristics including correlation, noise-power spectral density, and 

noise bandwidth as will be outlined in the forthcoming section. 

2.3 Noise-Wave Characteristics 

To quantify the strength of a deterministic signal, its peak, mean-square, or root-mean-square 

value is commonly reported [40]. In a resistive network operating at low frequency, they are 

mathematically described as amplitude signals where the phase of the signal is of no concern. In 

most practical applications capacitors and inductors are present, i.e. complex impedances, and 

phasor notation is used to describe the signals magnitude and phase [40]. This is certainly the 

Figure 2.6: Transmission Line Connected to  and Traveling Waves , , and  

 

 

 

Sb a b̂
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case at higher frequency where the circuits are no longer considered lumped element but treated 

as distributive networks.  

      Non-deterministic signals such as noise do not have a peak value. Noise is a random signal 

and does not possess a mathematically describable function. However, if the signals statistics are 

known, conclusion may be drawn as to its strength. For noise, the mean-square value or root-

mean-square value are commonly used [40]. In the case of distributive networks, it is convenient 

to describe noise-signal behavior in terms of a phasor involving two random processes, 

magnitude and phase. 

In circuit analysis, there is an occasional need to sum two or more signals simultaneously 

present at a node or on a transmission line. For deterministic signals, such as sinusoids, the 

individual functions are summed [40]. That is each signal may be viewed a phasor, i.e. vector, the 

sum of which represents the aggregate signal. For non-deterministic signals, such as noise, the 

square root of the mean-square sum of the noise contributors is required [40]. The value of this 

sum depends on the correlation the noise contributors have with respect to one another. It also 

depends on the noise bandwidth f  to which the noise is confined and its center frequency of 

operation cf . In the upcoming sections, two important concepts will be developed, correlation 

and noise bandwidth. 

2.3.1 Correlation 

Consider two normalized noise voltage-waves X̂  and Ŷ  traveling in the same direction on a given

transmission line. The total noise-wave Ẑ  is [20, 40]

(2.35) Ẑ X̂ Ŷ

The power associated with noise wave Ẑ confined to noise bandwidth f is [20, 40]
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ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆPZ ZZ X Y X Y (2.36) 

If the entirety of the two noise sources is derived by their own physical phenomenon, 

their amplitude distributions are independent. Being that they share nothing in common, their 

inner products are ˆ ˆ ˆ ˆ 0XY YX . X̂ and Ŷ  are orthogonal to one another [20, 40]. Noise-

waves which are orthogonal are said to be uncorrelated. Thus, the power associated with noise-

wave Ẑ  under this condition may be stated as

ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆPZ ZZ XX YY (2.37) 

where ˆP̂Z represents the sum of the noise-powers of the X̂ and Ŷ  noise waves.

If the amplitude distribution of the two noise-waves are dependent, then a similarity 

between them is present. Their power will combine but not as the direct sum of their constituent 

components as in the uncorrelated case. Noise-waves exhibiting dependency are said to cohere. 

Such waves are produced at least in-part from the same physical phenomenon. The magnitude 

and phase of the noisy disturbances are related by a complex number known as the correlation 

factor where [20, 40] 

ˆ ˆ
C

ˆ ˆ ˆ ˆ
XY

XX YY
(2.38) 

The correlation factor is a measure of their similarity. Zero represents no correlation and unity 

full correlation thus the magnitude of C is bounded by the interval 0 C 1 . 

The magnitude of  C describes the portion of noise-power which is common to noise-

waves X̂  and  Ŷ  relative to the square-root of the product of their respective magnitudes. The

argument of C  describes the relative phase of the portion of X̂  and Ŷ  which are in common.
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Since the path two correlated noise-waves take can be different, the relative phase is dependent 

on the difference of their path lengths [20].  

The resultant noise-power of correlated noise-waves X̂ and Ŷ  will generally produce an

interference effect. ˆP̂Z  is [20, 40]

ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆPZ XX XY YX YY

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆC CXX YY XX YY (2.39) 

Depending on their relative phase, constructive or destructive interference will result due 

to their coherence. Destructive interference yields a ˆP̂Z  value less than the noise power sum 

of its constituent components. Constructive interference produces a sum which is greater. 

An interesting special case is when the relative phase between correlated noise-waves is 

2 [20]. The inner product of ˆ ˆXY is zero leading to a total noise-wave power ˆP̂Z  which 

is equal to its constituent components, the same power as in the uncorrelated noise-wave case. 

In general, the presence of interference will result in variation of the noise-power spectral density 

with respect to frequency. 

2.3.2 Auto-Correlation and Power Spectral Density 

So far, attention has been solely directed to the time domain analysis of traveling noise-waves. 

An understanding of noise-wave characteristics can be augmented through their study in the 

frequency domain. For example, determining the noise-behavior of a linear multiport involves 

assessment of the auto- and cross-correlation of its noise-waves. To that end, this involves 

quantifying their associated noise-power spectral density. 
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Consider a single normalized noise-voltage wave 1̂ tb traveling on a lossless

transmission line. Due to its nonfinite signal energy [41] 

1 1
ˆ ˆE t t dt  b b (2.40) 

The squared magnitude of 1̂ tb  evaluated over the time interval ,  cannot be

integrated. Also, its Fourier transform does not exist. An alternative is to determine the noise-

power spectral density of the complex function 1̂ tb  through use of its average auto-correlation

function 
1 1
ˆ ˆb b

 [41, 42]. By definition

1 1

T/2

ˆ ˆ 1 1T/2T

1 ˆ ˆlim t t dt
Tb b

b b (2.41) 

where T  is the averaging time over which the noise-wave is observed [41]. 
1 1
ˆ ˆb b

is the time-

averaged energy of noise wave 1̂ tb . By evaluating the Fourier transform of
1 1
ˆ ˆb b

, (2.41) 

becomes [41] 

1 1

T/2

ˆ ˆ 1 1T/2T

1 ˆ ˆd lim t t dt d  
T

j j
b b

e b b e (2.42) 

Re-ordering the integration yields 

T/2 T/2 tt
1 1T/2 T/2T

1 ˆ ˆlim t dt t d
T

jjb e b e

  
T/2 T/2t x

1 1T/2 T/2T

1 ˆ ˆlim t dt x dx
T

j jb e b e  

where x t   and dx d  . 

Evaluating the Fourier transform of the first and second integrals provides [41] 
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1 1
ˆ ˆ 1 1T

1 ˆ ˆd lim
T

j
b b

e B B

 
2

11T

1 ˆlim
T
B (2.43) 

where 1B̂  is the frequency domain representation of 1̂ tb . Equation (2.43) describes the

time-averaged energy spectral density, i.e. power spectral density of noise-wave 1̂ tb .

Parseval’s Theorm for finite signal energy whose functions are complex values of t is [41] 

2 21E f t dt = F d
2

(2.44) 

For nonfinite energy signals, the energy E  is infinite. In (2.43), as the interval T  , the energy 

density 
2

11B̂  . Hence the quantity 
2

11
ˆ TB  may approach a limit as in the case of 

an assumed ergodic process. As such [41]

2

11T

1 1ˆ ˆP Total Signal Power = lim d  
2 T

B (2.45) 

Limiting the analysis to a finite bandwidth and noting the two-sidedness of the frequency 

spectrum yields [41] 

2

1

2

11 11T

1 1ˆ ˆP 2 lim d
2 T

B

 
2

1

2f

11fT

1 ˆ2 lim f df  
T

B (2.46) 

11P̂  is the power confined to 2 1f f f  . For a sufficiently narrow f , the power spectral 

density may be treated as a constant across its bandwidth such that (2.46) becomes [37, 41] 

2

11 11 c
ˆ ˆP 2 f f  B (2.47) 
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2

11 c
ˆ2 fB is the time-averaged energy spectral density of 1̂ tb  at center frequency cf and 

confined to f . 11P̂ is the noise-power deliverable to a noiseless matched termination due to 

the 1̂ tb noise-wave. The noise-power spectral density associated with 1̂ tb will be represented

in the frequency domain by 1 1
ˆ ˆb b such that [37]

2
11

1 1 11 c
P̂ˆ ˆ ˆ2 f
f

bb B (2.48) 

It’s important to note that the noise bandwidth f  need be narrow enough such that the 

noise-power spectral density is treated as a constant across its interval [37]. There are factors 

which need be considered to ensure this condition. This will be addressed in Section 2.4.3. For 

now, we assume this condition is true and the above expression valid. 

2.3.3 Cross-Correlation and Power Spectral Density 

More than one noise-wave may travel on the same transmission line and in the same direction. 

These noise-waves may or may not be correlated. Subsequently, their dependence will influence 

the noise-power spectral density at a given frequency. Beginning with the definition of the 

averaged cross-correlation function [41, 42] 

1 2

T/2

ˆ ˆ 1 2T/2T

1 ˆ ˆlim t t dt
Tb b

b b (2.49) 

and applying an analogous approach as outlined in Section 2.3.2, it can be shown that the cross 

noise-power spectral density between 1̂ tb  and 2̂ tb  is [37]

12
1 2 1 c 2 c

P̂ˆ ˆ ˆ ˆ2 f f
f

bb B B (2.50) 
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Equations (2.48) and (2.50) may be combined to form a general expression for relating the 

comparison of any two noise-waves. Let i  represent one noise-wave, and j  the second. From this 

ij
c ij c

P̂ˆ ˆ ˆ ˆ ˆ2 f f  = f
fi j i j cbb B B (2.51) 

ij
where ˆ   ˆ is the noise-power spectral density of two processes, iB jand B̂ , each 

centered at frequency   and within f [37]. i jb bˆ ˆ   is the self-power spectral density when  i j.

 The cross-power spectral density is the case for which i j .  Later, we will use (2.51) to 

analytically define the noise behavior of a linear multiport network in the frequency domain. 

In this writing, frequent reference has been made to the noise bandwidth f . As shown, 

the noise-power spectral density is dependent on the bandwidth under which the noise 

is evaluated. Unlike the half power or -3 dB bandwidth commonly specified for discrete signals, 

the noise bandwidth of a filter differs in that it’s defined for white noise signals. Understanding 

this difference and how it applies to noise analysis is the subject of the next section. 

2.3.4 Noise Bandwidth 

It is common that a filters passband be specified in terms of its -3dB bandwidth. The bandwidth 

is regarded as a range in frequency over which the filter’s transfer function is within half-power 

of its maximum gain which will be denoted 
2

oH . The filter may be determined through analytical 

evaluation of its transfer function or in measurement by sweeping a sinusoidal signal frequency 

and determining it half-power (corner frequency) location(s) [40].  

The effective noise bandwidth, heretofore referred to as fn of the filter is different. Its 

transfer function is regarded as having a “brick-wall” shape with constant gain across its 

passband. The noise bandwidth is chosen to pass the equivalent noise-power to that of the actual 

cf

cf cf
cf
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filter. Thus, it can be used in noise analysis to relate the power measured at the output of the 

actual filter to the power spectral density of the incoming noise-signal of interest [40]. While a 

filter’s -3 dB bandwidth is commonly used for deterministic signal types, its noise bandwidth is 

specified for nondeterministic signals such as white noise. 

To clarify the meaning of f  in (2.51), i.e. nf , consider that the noise-power at the 

output of a filter may be determined by [40] 

2
o1 ij0
ˆ ˆP f H 2 f df  j (2.52) 

ij
ˆ f and

2H 2 fj are the filter’s input noise-power spectral density and transfer function

respectively. If the incoming signal’s noise-power spectral density is a constant across df  then 

(2.52) becomes [40] 

2
o1 ij 0
ˆ ˆP H 2 f df  j (2.53) 

Now consider an ideal bandpass filter with constant gain 
2

oH  . The total noise-power assessed 

at its output for the same signal input is [40] 

2
o2 ij o0
ˆ ˆP f H df (2.54) 

Similarly, if the incoming signal’s noise-power spectral density is constant across df then (2.54) 

becomes [40] 

2
o2 ij o n
ˆ ˆP H f (2.55) 

Using (2.53) and (2.55), nf is chosen such that o1 o2
ˆ ˆP P yielding a noise bandwidth [40]

2

n 2 0
o

1f H 2 f df
H

j (2.56) 
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The noise bandwidth depicts an ideal bandpass filter exhibiting bandwidth nf  set such that it 

will pass the same noise-power as the actual bandpass filter. 

Fig. 2.7 compares graphically the transfer function of each. Notice the ideal filter gain is 

set at maximum 
2

oH  of the actual bandpass. Under these conditions, the area under the two 

curves are equal. In this example, a bandpass filter was chosen to define noise bandwidth. The 

same approach can be applied for lowpass filtering [40]. 

Should the input signal’s noise-power spectral density be a constant then (2.53), (2.55), 

and (2.56) apply. In this work, upcoming attention will be given to network analysis through 

judicious use of noise-power measurements. The noise bandwidth may be determined in 

calibration by use of a broadband white noise source. In this way, the measurement receiver’s 

gain and bandwidth may be applied in (2.56) to determine nf  . Following calibration, (2.51) may 

be used to assess the noise behavior ˆ ˆi jb b of a device under test. 

But first, the measurement system’s electrical properties need be considered to ensure 

that noise-power spectral density of the input signal is a constant across a chosen noise 

bandwidth. Such criteria will be outlined in the next section by use of an example.

Figure 2.7: Graphical Description of a Bandpass Filters Noise Bandwidth 
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2.4 Network Analysis of Two Noisy Passive One-Ports 

Using previously developed concepts, noise-wave equations can be formulated to determine the 

flow of noise-power within a distributed network. The validity of its implementation can only be 

justified under restricted conditions. An example of this analysis will be given using two passive 

one-ports connected by a lossless line. The basis of this development will follow by outlining the 

required conditions of the measurement system. 

2.4.1 Noise-Wave Formalism 

Shown in Fig. 2.8 is a lossless transmission line of length L terminated to its left and right by 

resistive loads R1 and R2 respectively [20]. Reference planes for R1 and R2 show the location to 

which the terminations are connected to the line and from it the match that each presents as 

noted by real reflection coefficients  and 2  respectively. Consistent with (2.31),  and 
2

ˆ
glb

are normalized noise-wave sources produced by passive terminations R1 and R2 respectively; 

each are injected into the transmission line. They will be regarded as uncorrelated to one 

another. 

Figure 2.8: Two Passive One-Ports Connected by a Lossless Transmission Line 

   

 

 

 

1 1

ˆ
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Consistent with the one-port model described in (2.34) and by inspection of Fig. 2.8, the 

normalized incident and scattered waves at port 1 are [20] 

L
1 2̂ˆ ja b e (2.57) 

and 

11 1 1
ˆ ˆˆ glb a b (2.58) 

respectively where  is the phase constant taken at cf . Similarly, the normalized and scattered

waves at port 2 are  

L
2 1̂ˆ ja b e (2.59) 

and 

22 2 2
ˆ ˆˆ glb a b  (2.60) 

Manipulation of (2.57) – (2.60) may be used to express incident and scattered transmission noise-

waves at port 1 (or port 2) in terms of noise wave sources  such that [20]

1 2

2 L L
2

1 2 L
1 2

ˆ ˆ
ˆ

1

j j
gl gl

j

e b e b
a

e (2.61) 

and 

21

L
1

1 2 L
1 2

ˆ ˆ
ˆ

1

j
gl gl

j

b e b
b

e (2.62) 

respectively. From (2.61) and (2.62), it’s evident that noise-wave sources  and
2

ˆ
glb  radiating

into the ends of the connecting line each contribute to the construction of transmission noise-

1

ˆ
glb

 and
2

ˆ
glb

1

ˆ
glb
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waves 1â  and 1̂b by their interaction with the composite network. These expressions can be used

to assess the exchange of noise-power between terminations R1 (port 1) and R2 (port 2). 

2.4.2 Exchangeable Noise-Power 

The exchangeable noise-power between the one-ports in Fig. 2.8 can be used to determine the 

portion of noise-power generated by one termination and absorbed in the other. From (2.61), 

the noise-power per Hertz incident to the one-port on the left-side of Fig. 2-8 is obtained by 

evaluating the time-averaged product of    with its complex conjugate. Multiplying factors and 

recognizing the noise-wave sources are uncorrelated, i.e. 
1 2 2 1

ˆ ˆ ˆ ˆ 0gl gl gl glb b b b , yields [20]

1 2

1

2 22
2

ˆ 1 1 2 L 2 L
1 2 1 2

ˆ ˆ
ˆ ˆ ˆ

1 1
gl gl

a jj

b b
a a

e e
(2.63) 

Evaluated in a 1 Hz noise bandwidth, 1 1ˆ ˆa a is equivalent to the noise-power exchanged from right-

to-left.  If 2 L
1 2 1je , the system will resonate. This condition can be avoided by inserting a 

small attenuation to the connecting line. In most practical applications, this is the case and is so 

in our work, therefore in general  2 L
1 2 1je  . 

By similar approach, the power spectral density of scattered wave 1̂b  ascribed at port 1

can be determined using (2.62) resulting in [20] 

21

1

2 22
1

ˆ 1 1 2 L 2 L
1 2 1 2

ˆ ˆ
ˆ ˆˆ

1 1
gl gl

jjb

b b
b b

e e
(2.64) 

Assessed in a 1 Hz noise bandwidth, 1 1
ˆ ˆb b is the noise-power exchanged from left-to-right.

â1 
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The transfer of noise-power generated by one termination and delivered to the second 

can be determined by use of (2.63) and/or (2.64). For example, the noise-power emitted by 

termination R1 into its connecting line is 
1

2ˆ
glb  . 

1

2ˆ
glb   travels left-to-right. At the termination R2

plane a portion of 
1

2ˆ
glb  is reflected. The remainder is absorbed in the R2 one-port such that [20] 

1

2 2
2

21 n2 L 2 L
1 2 1 2

ˆ 1
P̂ f

1 1
gl

j j

b

e e
(2.65) 

21P̂  is the portion of noise-power confined to a noise bandwidth nf  that is generated by R1 

and dissipated in R2. If the one-ports are matched to the connecting line, the full 
1

2ˆ
glb is

dissipated in R2. For an unmatched condition, 21P̂  is magnified due to multiple reflections as 

indicated in the denominator of (2.65). 

The noise-power restricted to nf that is emitted by termination R1 and dissipated in R1 

is [20]

1

2 2
11 n 21 1

ˆˆ ˆP f P 1glb (2.66) 

Similar expressions may be generated for the noise-power emitted by the one-port R2 

and dissipated in R1 as well as that portion emitted by R2 and dissipated in R2. 

Qualifying noise performance of RF/microwave components and systems is central to this 

work. In practice, it will require evaluating noise-power quantities in a measurement bandwidth 

nf 1 Hz1 Hz . The valid use of the noise-wave formalism described in (2.57) – (2.60) requires that 

the noise-power spectral density across the measurement bandwidth be constant. Thus, the

interference effects due to correlated noise-waves are uniform across nf [20]. To preserve 
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noise-wave formalism, the measurement system conditions required for a sufficiently narrow 

nf   will now be described. 

2.4.3 Constraints on Validity of Analysis 

Expression (2.65) describes the portion of noise-power 21P̂  generated by resistor R1 in a 1Hz 

bandwidth that is dissipated in R2. In practical applications, the measurement bandwidth nf  will 

likely be wider than 1Hz. This leads to the question, what constraints need be placed on nf such 

that (2.65) remain true?  

We begin by considering an arbitrary noise-power spectral density ˆ f  over a given 

frequency range such that 

ˆdP ˆ f
df

(2.67) 

As described in Fig. 2.9, ˆ f  in general varies over nf . The total power confined to this 

bandwidth is 

2

1

f

f
ˆ ˆP f df (2.68) 

where ndf fnfn . 

In (2.65), 21P̂  is expressed in terms of phase constant . Rewriting the above relation [20], 

2

1
21
ˆ ˆP d (2.69) 
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where g2 2 v  and gv f . Re-stating the question, what is the constraint for

over which 21
ˆ can be considered a constant, i.e. 21 21

ˆ ˆ , and simple

integration may be performed such that 21 21
ˆ ˆP ?

Re-stating the question, what is the constraint for  over which  can be 

Equation (2.65) describing 21P̂  in accordance with Fig. 2.8 can be written as a function of 

such that [20] 

1

2 2
221

21 2 L 2 L
1 2 1 2

ˆ 1ˆdPˆ
d 1 1

gl

jj

b

e e
(2.70) 

Multiplying denominator factors in (2.70) and noting in this example that 1 and 2 are real 

quantities, the noise-power density may be stated as [20] 

1

2 2
2

21 2 2
1 2 1 2

ˆ 1
ˆ

1 2 cos2 L
glb

(2.71) 

where Euler’s equation is used in its determination. 

Figure 2.9: Input-Noise Power Spectral Density  Across  
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f
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The magnitude of the relative variation of 21
ˆ can be determined by evaluating the 

derivative of (2.71) with respect to  and ratioing it to 21
ˆ such that [20]

21 1 2
2 2

21 1 2 1 2

ˆ 2 sin 2 L 2Lˆ 1 2 cos2 L
(2.72) 

where  is the variation of  over nf . 

The first factor to the right-hand side of (2.72) attains a maximum value when  satisfies 

1 2
2 2

1 2

2cos2 L
1

(2.73) 

Substituting (2.73) into (2.72), an inequality applying to all values of  is algebraically reduced 

to form [20] 

21 1 2
2 2

21 1 2

ˆ 2 2L  ˆ 1
(2.74) 

A relative variation of 21
ˆ better than epsilon is required such that the variation of is 

restricted by [20] 

21 1 2
2 2

21 1 2

ˆ 2 2L  ˆ 1
(2.75) 

  is defined over the interval 0 1 1  Substituting the relation n2 v fg into (2.75) 

and solving the inequality for the effective noise bandwidth yields [20] 

2 2
g1 2

n
1 2

v1
f

2 4 L
(2.76) 
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The boundary condition established in (2.76) is known as the spot noise criterion [20]. The 

measurement system used to judge a device’s noise behavior needs to adhere to the above 

inequality. As 
2 2

1 2 approaches one, nf must be very small. Alternatively, if
2 2

1 2 11

then nf can be broadband and still satisfy the spot noise criterion. This condition for 1 2 is 

known as a quasi-match [20]. 

For example, with respect to Fig. 2.8, consider a measurement system with resistors R1 

and R2 presenting a 20dB return loss relative to their connected 50 ohm teflon-based 

transmission line of length L 2m  .  Assuming an epsilon of 0.1, the spot noise criterion is 

satisfied for an effective noise bandwidth up to 40MHz. Generally, this is easily satisfied in 

practice given that common noise-power measurements conducted by modern instrumentation 

are typically confined to an effective noise bandwidth nf  of 4MHz. 

Let n  denote the number of significant reflections posed by the measurement system 

such that [20] 

1 2
2 2

1 2

4n
1

(2.77) 

Further, the system’s coherence length l  is related to the group velocity set by the 

transmission line and divided into n2 f  [37]. Substituting the expression for l  into (2.76) we 

arrive at a conclusion that [37] 

nL l l (2.78) 

That is, the distance traveled by the noise-waves due to significant subsequent reflections by the 

measurement system need be much smaller than the coherence length of the system. Observing 

this inequality ensures that a fixed phase relationship of correlated noise-waves is maintained 

across  nf  . In fact, adherence to the spot noise criterion permits use of the noise-wave theory 

developed in sections 2.2 and 2.3 [20]. 
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Returning to Fig. 2-8, noise-waves 1â  and 1̂b can be used to determine the overall noise

performance of the network, including exchangeable noise-power densities 1 1ˆ ˆa a and 1 1
ˆ ˆb b , their

correlation 1 1̂â b  , as well as the noise-power per Hertz dissipated in the connecting line’s

terminations. If the measurement system is quasi-matched, then (2.63) and (2.64) reduce to [20] 

1 2

2 22
1 1 2

ˆ ˆˆ ˆ   gl gla a b b (2.79) 

1 2

2 22
1 1 1
ˆ ˆ ˆ ˆ   gl glb b b b (2.80) 

respectively and their correlation is 

1 2

2 22 L
1 1 2 1
ˆ ˆ ˆˆ j

gl gla b e b b (2.81) 

If R1 and R2 terminations are matched to their connecting transmission line, then the noise-

power density 1 1ˆ ˆa a generated by R2 and dissipated in R1 is
2

2ˆ
glb  . Also, the noise-power density 

1 1
ˆ ˆb b generated by R1 and delivered to R2 is 

1

2ˆ
glb . From (2.81), it’s evident that for a matched 

network condition no correlation between noise waves 1â and 1̂b exists.



Chapter 3 

Linear Network Noise Behavioral Modeling 

Within the RF/microwave frequency spectrum, the noise behavior of a distributed network may 

completely be described by use of its scattering wave representation. That is, by expressing the 

network’s scattered noise-waves in terms of a weighted linear combination of its incident noise-

waves and noise-wave sources (that emanate even in absence of a stimulus), a noise behavioral 

model of the network may be formulated. In section 3.1.1, an attribute of this model known as 

the noise correlation matrix (NCM) will be defined within the framework of the network’s S-

parameters. Embedded one-, two-, and n-port cases will be investigated under which generalized 

noise-power flow equations are constructed. The expressions will be applied to passive networks 

in section 3.1.2. Overall system considerations including thermodynamics and the termination 

network behavior are considered in the process of deriving the NCM of the embedded network 

of interest. The subject of noise temperature will be introduced in section 3.1.3 and related to 

the wave description of noise-power spectral density. The generalized noise-power flow 

formulation will then be applied to active networks in section 3.2.1, including two- and n-port 

configurations; in each case the network’s NCM will be extracted. Lastly, section 3.2.2 will use 

the network’s NCM to describe figures-of-merit including noise factor, effective noise 

temperature, and noise parameters. 
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3.1 Passive Components 

3.1.1 Network Representation using S-parameters and Noise-Waves 

3.1.1.1 One-Port Network 

A noisy one-port will inject its energy into a transmission line to which it’s connected [20]. This 

energy may be considered a noise source. The time-average of the energy is power and will be a 

function of the connecting line’s impedance and frequency of operation. As described in the 

previous chapter, a transmission line stimulated by a noise source will introduce a response 

which may be described as a traveling noise-wave [34]. Should the transmission line and its load 

impedance not be matched, a portion or all the traveling wave’s noise-power will be reflected. 

Further, if the one-port is not matched to its connecting line, the reflected noise-power will be 

re-reflected, in this way, multiple reflections may occur. 

From this and earlier development in Chapter 2, the one-port can be modeled as shown 

Figure 3.1: Noisy One-Port Connected to a Lossless Transmission Line 

in Fig. 3.1 [20]. The one-port’s signal and noise properties are represented as the sum of the 

scattered wave Sa and noise-wave source b̂gs such that

(3.1)ˆS gsb a b
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Transmission signal-waves a and b may support simultaneous presence of deterministic 

and non-deterministic signal-types or non-deterministic only. The subscript “ gs ” in noise-wave 

source b̂gs denotes the characteristic noise generated by the one-port.

The reference plane is established at the physical location to which the one-port is 

connected to the transmission line and is distinguished in Fig. 3.1 by a dashed vertical line. Beside 

the one-port itself, the scattering coefficient “S” is dependent on the impedance of its connecting 

line and the location of the reference plane [20]. 

The separation of the one-port’s signal and noise behavior is a significant model attribute. 

It suggests that for linear systems, the signal and noise representation can be evaluated 

separately [20, 37]. 

Referring to Fig. 3.1, the noise-power spectral density associated with noise-wave source 

ˆ
gsb  is ˆ ˆgs gsb b . Assuming this quantity is constant across a chosen effective noise bandwidth of 

fn , the noise-power of b̂gs is satisfied by simple integration such that

ˆ n
ˆ ˆP̂ f

gs gs gsb
b b (3.2) 

Consider Fig. 3.1 to consist of no deterministic signals. For the case of the noisy one-port 

terminated in a matched, passive, noiseless load via its connecting line, (3.2) represents the 

noise-power delivered to this load. We may deduce from it and (3.1) that [24, 37] 

ˆ n
ˆ ˆ ˆ ˆ P̂ f

gsgs gs b
bb b b (3.3) 

where ˆ ˆ 0aa . In practical terms, unless the passive load is at absolute zero temperature, it will 

generate thermal noise forming a traveling noise-wave â  incident to the one-port [24]. Within

context of network noise analysis, these practical considerations will be outlined in section 3.1.2. 

At this juncture, the salient point is that the noise behavior of the one-port is defined by (3.3). 
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3.1.1.2 Multi-Port Network 

Like the one-port, a signal and noise representation for a generalized noisy n-port may be 

constructed. Referring to Fig. 3.2 [20], the noisy multiport is connected at each of its ports to a  

Figure 3.2: Noisy Multiport Connected to Lossless oZ Transmission Lines 

lossless transmission line. The network signal behavior will be defined based on its S-parameters 

and noise-wave sources 
1 2

ˆ ˆ ˆ, ,  , 
ngs gs gsb b b  emitted from its respective ports. The subscript 

denotes the port number to which each noise-wave source is assigned. The vertical dashed line 

is the reference plane marking the physical location to which the multiport is connected to its 

lines. The definition for the incident and scattered transmission waves a  and b  respectively are 

unchanged from the one-port model description. The generalized n-port signal and noise 

behavior can be modeled in matrix form by [20, 39, 43] 

ˆS gsb a+ b (3.4) 

or more explicitly as 
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1

2

11 11 12 1n

22 21 22 2n

n1 n2 nn

ˆS S S
ˆS S S

ˆS S S
n

gs

gs

nn gs

bab
ab b

ab b

(3.5) 

The S-parameters represent the multiport influence on the incident a waves applied to its ports. 

This influence results in the formation of the scattered b waves. That is, the S-parameters 

represent a mapping of the a waves to the b waves. Finally, with respect to the multiport, 

vector b̂gs  comprises n- noise wave sources generated by the network and assigned to each of 

its ports. 

Consistent with (2.48) and (3.2), the noise-power density emitted by the network’s noise-

wave source at its i-th port and confined to nf  is [20, 37] 

nˆ ˆ
ˆ ˆ P̂ f

i i gs gsi i
gs gs b b

b b (3.6) 

Each noise-wave source is generated by one or more physical phenomenon within the multiport. 

Thus, to an extent, each may be common depending on the distribution of noise properties within 

the network. The complex noise-power density describing the correlation of the i-th and j-th 

noise-wave sources is [20, 37] 

nˆ ˆ
ˆ ˆ P̂ f

i j gs gsi j
gs gs b b

b b (3.7) 

Equation (3.6) is the correlation of noise-wave source i with itself; (3.7) is the correlation of 

noise-wave source i with noise-wave source j .
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A NCM    can be formulated collectively to describe the multiport’s self- and cross-port 

noise correlation behavior by multiplying the noise-wave source vector b̂gs by its Hermitian. That 

is [20, 37, 44] 

1 1 1 2 11 1

2 2 2 1 2 2 2

1 2

†

†

ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

n

n

n n
n n n

gs gs gs gs gs gsgs gs

gs gs gs gs gs gs gs gs

gs gs
gs gs gs gs gs gs

b b b b b bb b

b b b b b b b b

b b b b b b b b

sB gs gsb b

n

(3.8) 

The symbol †  refers to Hermitian. The Hermitian involves two mathematical operations, first by 

taking the transpose of a matrix and second by applying the complex conjugate to its elements 

[44]. Thus 
†ˆ
gsb is the Hermitian matrix of  ˆ

gsb  .

S-parameters provide a full signal-state behavior representation of an n-port network.

The NCM offers a complete description of its noise behavior. Consistent with the one-port    

description in (3.2), the diagonal elements of (3.8) are real quantities representing the noise-

power per Hz delivered to a passive, noise-free termination matched to its connecting line. 

However, with a multiport there are off-diagonal elements that are complex and describe the 

correlation of the noise-wave sources to one another.  Recall from (2.51) that the time-averaged 

cross-correlation of noise-waves ˆ
igb to ˆ

jgb may be expressed as 

T/2

n ij cˆ ˆT/2T

1ˆ ˆ ˆ ˆ ˆ ˆlim t t  dt P f f
Ti j i j g gi j

g g g g b b
b b b b (3.9) 

where the approximation becomes equal in the limit for a constant ij c
ˆ f  across the noise 

bandwidth nf  . 

B̂ 
s

B̂ 
s
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Together, S  and B̂ 
s provide a comprehensive description of a generalized n-port’s signal 

and noise representation. In practice, a passive noise-free termination is generally not easily 

realized. Therefore, in section 3.1.2, the NCM of the generalized multiport will be derived as an 

embedded network, that is as one connected to a second multiport acting as its termination 

network.  In this case, the termination network will be treated as passive, reflective, and noisy. 
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3.1.2 Passive Component Network Analysis 

Attention is now directed to deriving the noise correlation matrix of a multiport network 

connected to noisy, reflective, passive load terminations. This represents a set of conditions 

typically encountered in practice. Figure 3.3 shows the noisy multiport of interest to the left with 

S-parameter and noise correlation matrices S  and B̂ 
s respectively. To the right is a passive, noisy, 

reflective load termination network also described by its S-parameter and noise correlation 

matrices L and     L in that order. The matrices are of nxn dimension. In practice, cables used to

 

Figure 3.3: Noisy Multiport Network-S Embedded in a Terminations Network-L [20] 

join the two multi-ports are considered part of the termination network. It’s understood in Fig. 

3.3 that all traveling waves are non-deterministic. 

From the above diagram, the scattered and incident noise-wave vectors are 

correspondingly expressed as 

ˆ ˆˆS gsb a b (3.10) 
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and 

ˆ ˆˆ L gla b b (3.11) 

Substituting (3.11) into (3.10) permits expression of b̂  in terms of ˆgsb and ˆglb  . Applying matrix 

manipulation [20, 26] 

1ˆ ˆ ˆI SL S gl gsb b b (3.12) 

where I  is the identity matrix. 

Similarly, by substituting (3.10) into (3.11) we have â  in terms of ˆgsb and ˆglb  such that 

1 ˆ ˆˆ I LS L gs gla b b (3.13) 

      The noise-power spectral density of the incident and scattered noise-waves with respect to 

network-S is 

1 1†† †ˆ ˆˆ ˆ L SI LS B LB L I LSaa (3.14) 

and 

1 1†† †ˆ ˆ ˆ ˆ
S LI SL B SB S I SLbb (3.15) 

where †ˆ ˆˆ
SB gs gsb b  and †ˆ ˆˆ

LB gl glb b . In the derivation of (3.14) and (3.15) it’s understood that the 

internally generated noise of network’s-S and –L are uncorrelated leading to the conclusion that 

their time-averaged product †ˆ ˆ
gs glb b and †ˆ ˆ

gl gsb b  are both equal to zero. 

For a known nf , the use of (3.14) may be used to determine the power ˆ ˆi ia a of noise-

wave ˆia  at the i-th  port. A similar approach can be taken by (3.15) to determine the power ˆ ˆi ib b
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of noise-wave îb  . The trace of matrix 
†

nˆ ˆ faa represents the total noise-power exchanged from

termination network-L to the multiport network-S. Similar application to matrix †ˆ ˆbb  is the total 

noise-power exchanged from network-S to –L [20].  The off-diagonal elements in matrix †ˆ ˆaa , i.e., 

ˆ ˆi ja a , of the  i-th and j-th  ports describe the cross-port correlation of the two noise-waves. A 

similar description can be made for the off-diagonal elements in matrix †ˆ ˆbb  . 

Regarding (3.15), the first-term to the right of the equal sign is the noise of †ˆ ˆbb  due to 

network-S. This network generates noise described by its correlation matrix ˆ
SB  which undergoes 

a transformation due to its interaction with the overall network. The second-term is the noise of 

†ˆ ˆbb originating from network-L.  Thus, the termination network produces noise defined by ˆ
LB

which undergoes its own transformation. The sum ofthe two transformations form the full-insitu 

scattered noise matrix †ˆ ˆbb  . 

To elaborate on the interpretation of (3.14) and (3.15), consider the special case where 

the terminations of network-L are noise-free. The correlation matrix ˆ 0LB  and matrices †ˆ ˆaa

and  †ˆ ˆbb  reduce to [20, 26] 

11 ††† ˆˆ ˆ SI LS LB L I LSaa (3.16) 

and 

1 1††ˆ ˆ ˆ
SI SL B I SLbb (3.17) 

Additionally, should the terminations be uncoupled and matched to their connecting lines then 

†ˆ ˆ 0aa  and †ˆ ˆ ˆ
SBbb . In practice, the condition of a noise-free termination is not easily attained.

All resistive loads produce thermal noise unless cooled to absolute zero. Further, should a 

measurement system consisting of network-L be used to extract the NCM ˆ
SB , its terminations 

will be quasi-matched at best. Therefore, equations (3.14) and (3.15) apply and to solve for ˆ
SB
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will require a-priori knowledge of 

[20, 26]. 

As a generalized expression, (3.15) can be used to extract the noise performance ˆ
SB

ˆ
LB

 of 

passive and active device-types. The remainder of this section will be devoted to passive

component noise analysis using this expression in contextto one-, two- , and multi-port (n>2) 

modeling examples. 

Shown in Fig. 3.4 is a passive noisy one-port connected to a noisy, matched, termination. 

The passive one-port behavior is represented by single-value parameters assigned to S and . 

The device’s complex reflection coefficient S equals S and its noise spectral density ˆ ˆ
gs gsb b

present at its connecting line is ˆ
SB .  As depicted, the entire system comprising networks-S and 

– L is at uniform temperature T. The goal is to use (3.15) to extract the NCM ˆ
SB  of the embedded

network-S.

From (3.15) and the stated conditions described in Fig. 3.4, the noise-power density of 

the scattered b̂  wave is

s s
ˆ ˆ ˆ ˆ ˆ ˆ

gs gs gl glbb b b b b (3.18) 

where l 0L and ˆ ˆˆ
gl glb bLB  . It should be noted that each Hermitian symbol in (3.15) has 

been replaced with a conjugate character and their replacement is valid only for the one-port 

network configuration.  

and the scattering parameters of networks-S and –L 

ˆ
SB
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Figure 3.4: Embedded Passive One-Port Network-S. System is at Uniform Temperature T 

Given the composite network is at uniform temperature, the second law of 

thermodynamics dictates that ˆ ˆˆ ˆaa bb  [8, 20, 24]. If this were not the case network-S would 

heat or cool relative to network-L and the system would not remain at uniform temperature. 

Since the one-port is matched to its connecting line ˆ ˆˆ ˆ gl glaa b b  . Therefore, solving 

(3.15) for the NCM of network-S results in 

s s
ˆ ˆ ˆ ˆˆ 1gs gsb b bbSB (3.19) 

The NCM of the one-port is a single-value time-averaged real number representing the internally 

generated noise-power density ˆ ˆgs gsb b sited at its connecting line. 

As a second example, consider the two-port case shown in Fig. 3.5. In this scenario, the 

passive terminations presented to network - S from - L are noisy, matched, and uncoupled. 
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Figure 3.5: Embedded Passive Two-Port Network-S. System is at Uniform Temperature T [20] 

Equation (3.15) becomes 

† † † †ˆ ˆ ˆ ˆ ˆ ˆS Sgs gs gl glbb b b b b (3.20) 

where each quantity in (3.20) is a 2x2 matrix. 

For a passive system at thermal equilibrium, † †ˆ ˆˆ ˆaa bb  .  Additionally, since the 

termination network is matched to its connecting lines we conclude that † †ˆ ˆˆ ˆ gl glaa b b . Given that

network-L’s terminations are isolated, the incident-wave matrix †ˆ ˆaa  is diagonal, and hence, so is 

the scattered wave matrix †ˆ ˆbb  and NCM †ˆ ˆ
gl glb b . Therefore, solving for †ˆ ˆ

gs gsb b in (3.20) and 

applying it to the stated conditions leads to [20] 

† † † †ˆ ˆ ˆ ˆ ˆ ˆˆ
SB S Sgs gsb b bb bb

† †ˆ ˆ I SSbb (3.21) 

The noise-power per line emerging and entering the uncoupled passive terminations is 

equal. Thus 
2† ˆˆ ˆ b Ibb  where 

2
b̂  is a scalar quantity multiplied against the identity matrix I  .

Like the one-port, the NCM of network-S is determined by the noise density of its scattered waves 

and S-parameters. Calculating elements of the NCM using (3.21) yields [20, 24, 37] 
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1 1 2

2 1 2

2
2 2

2 11 12 11 21 12 22
2 22

21 11 22 12 21 22

ˆ ˆ ˆ 1 S S S S S Sˆˆ
S S S S 1 S Sˆ ˆ ˆ

gs gs gs

gs gs gs

b b b
b

b b b
SB (3.22) 

Noise-power densities 
1

2ˆ
gsb and 

2

2ˆ
gsb are engendered by network-S at port-1 and port-2 

respectively. Since noise-waves  and  may originate in-part from identical noise-sources 

within network-S, it’s expected that the two will correlate to some extent. However, the 

scattered waves ˆSa  combine with 
1 2

ˆ ˆ
gs gsb b  canceling the effects of correlation, thus 1 2

ˆ ˆ 0b b

[37]. If there was correlation between 1̂b  and 2̂b then the noise-power delivered to the

terminations would be other than 
2

b̂  and the system could not maintain thermal equilibrium 

[37]. 

Per the configuration of network-L in Fig. 3.5, the balance of exchangeable noise-power 

flow is maintained per connecting line, i.e., ˆ ˆ ˆ ˆ 0i i i ibb a a  at the i-th  port. The second law of

thermodynamics under thermal equilibrium does not require this condition. It does require that 

the total net exchange of noise-power be zero [20]. Mathematically this can be written as [20] 

† †ˆ ˆ ˆ ˆtrace 0bb aa (3.23) 

The fact that the net exchange of noise-power flow per connecting line is zero is a consequence 

of network-L reciprocity. The balance of exchangeable power per line cannot be maintained for 

nonreciprocal networks [20]. The configuration of network-L in Fig. 3.5 was chosen because it 

approximates the conditions of a noise measurement system used in commercial practice – a 

subject reserved for Chapter 4. 

The method employed in derivation of a NCM for the passive two-port case in (3.21) can 

readily be used to extend to n-ports by increasing the dimensions of its matrices to nxn. Fig. 3.6 

1

ˆ
gsb

2

ˆ
gsb
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Figure 3.6: Embedded Passive N-port Network-S. System at Temperature Equilibrium T [20] 

shows a diagram of the n-port connected to its terminations. In conclusion, a passive device’s 

NCM can be determined by its S-parameters and the time-averaged noise-power density †ˆ ˆbb  of 

its scattered waves. 

It has been demonstrated that the NCM of a passive device embedded in a system shown 

by Fig. 3.6 can be derived through the noise-power density equation of (3.15) and within context 

of thermodynamic arguments. So far noise-power and noise-power spectral density have been 

described in terms of traveling noise-waves. The upcoming section outlines the use of noise-

temperature as an equivalent means to describe the flow of noise-power. 

3.1.3 Noise Temperature 

Consider in Fig. 3.7 two conductors each joined at the ends of a long dispersive transmission line. 

The line’s length L where  is the wavelength of operation. Conductors R1 and R2 are 
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Figure 3.7: Passive System at Temperature Equilibrium [20] 

matched to the characteristic impedance oZ  of the transmission line, i.e., oZ R1 R2  . 

Accordingly, there is no reflection oftraveling-waves â and b̂ . Consider the passive system to

be at temperature T exhibiting time-averaged noise-power densities ˆ ˆaa  and ˆ ˆbb  of waves â

and b̂  respectively.

The noise-energy 21Ê  transferred from left-to-right and right-to-left is [20] 

21 c
21 c 21 c

n

P̂ fˆ ˆ ˆ ˆf E f
f

bb (3.24) 

and 

12 c
12 c 12 c

n

P̂ fˆ ˆˆ ˆ f E f
f

aa (3.25) 

respectively. Under the stated condition of thermal equilibrium, (3.24) and (3.25) are equal. 

Consequently, they may be expressed in terms of Planck’s Formula producing the relation [8, 20, 

45] 

1ˆhf kT
12 c 21 c

ˆ ˆE f E f hf 1e (3.26) 
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Expressing 
ˆhf kTe  in its power-series form and recognizing for this application that ˆhf kT̂kT , it

follows that 

12 c 21 c
ˆ ˆ ˆE f E f kT (3.27) 

From (3.27), it’s evident that each conductor generates thermal noise-energy ˆkT . Under the

condition that the system is at thermal equilibrium, 

ˆ ˆ ˆˆ ˆ kTaa bb (3.28) 

in accordance with (3.24) and (3.25). The available noise-power generated by each resistor can 

be determined by multiplying its noise-energy against the effective noise bandwidth nf  to which 

it’s confined.  This is the maximum noise-power which may be delivered to a conjugate matched 

load at temperature T as outlined in Fig. 3.7 [20, 24]. 

Returning to (3.22), the NCM of a passive two-port device operating at physical 

temperature T is [20] 

†ˆ ˆkTSB I SS (3.29) 

where the elements in ˆ SB  are in units of W Hz . In accordance with Fig. 3.5, the total available 

noise-power 21P̂  and 12P̂  emerging from network-S and network-L respectively is 

†
21 c n n n

1 0ˆ ˆˆ ˆ ˆP f trace f trace kT f trace kT f
0 1

Ibb   (3.30) 

and 

†
12 c n n n

1 0ˆ ˆ ˆˆ ˆP f trace f trace kT f trace kT f
0 1

Iaa (3.31) 

To maintain thermal equilibrium in context with Fig. 3.5, (3.30) is the noise-power delivered to 

network-L and (3.31) is its equivalent absorbed by network-S. 
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In the next section on active devices, it will become clear that the physical interpretation 

of noise temperature is not always straight-forward. For example, the off-diagonal elements of 

the NCM are complex numbers which can be assigned a noise-temperature [20]. Further, it will 

be shown that the use of noise-temperature need not be dedicated to describing thermal noise 

alone. 

3.2 Active Components 
3.2.1 Network Representation using S-parameters and Noise-Waves 

In section 3.1, an exchangeable noise-power flow equation between a generalized noisy 

multiport and its connected termination network was derived. This relationship, described in 

(3.15), was then applied to the passive component case where it was determined that in 

conjunction with thermodynamic arguments the component’s NCM could be determined. In the 

analysis, both multiport and termination networks were treated as passive; the noise-waves were 

strictly comprised of thermal noise. 

Use of the exchangeable noise-power flow expressions are applicable to passive as well 

as active device-types. The noise-waves need not be solely due to thermal effects. In an active 

network, thermal and shot noise (the physical source of this noise largely originating from 

semiconductors) are typically expected. 

This section makes use of scattered noise-waves emanating from an active device in order 

that its NCM may be determined. The NCM will then be used to determine figures-of-merit 

including noise factor, effective input noise temperature, and noise parameters. 
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3.2.1.1 Two-Port Network 

To illustrate the use of (3.15), we will use it to calculate the output scattered noise density 2 2
ˆ ˆb b

of an active two-port. The system is shown in Fig. 3.8 [20] where network-S is the active two- 

port and network-L the termination network to which it’s connected. Active device port-one is 

the input, port-two the output. The active network noise is modeled by two correlated noise-

wave sources 
1

ˆ
gsb and

2

ˆ
gsb  emerging from its input and output ports respectively.

Figure 3.8: Active Two-Port Network-S Connected to Passive Termination Network-L 

From (3.15) and Fig. 3.8, the full-insitu scattered noise density matrix †ˆ ˆbb  of the active 

two-port can be written in (3.32) as 

1 1†† †ˆ ˆ ˆ ˆ
S LI SL B SB S I SLbb (3.32) 

where 

1 1 1 2†

2 1 2 2

ˆ ˆ ˆ ˆ
ˆ ˆ  ,

ˆ ˆ ˆ ˆ
bb bb

b b b b
bb (3.32a) 

11 12

21 22

S S
 ,

S S
S (3.32b) 
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From (3.15) and Fig. 3.8, the full-insitu scattered noise density matrix †ˆ ˆbb  of the active

two-port can be written in (3.32) as 

1 1†† †ˆ ˆ ˆ ˆ
S LI SL B SB S I SLbb (3.32) 

where 

1 1 1 2†

2 1 2 2

ˆ ˆ ˆ ˆ
ˆ ˆ  ,

ˆ ˆ ˆ ˆ
bb bb

b b b b
bb (3.32a) 

11 12

21 22

S S
 ,

S S
S (3.32b) 



3 Linear Network Noise Behavioral 60 Active Components 
Modeling 

11 12

21 22

L L
 ,

L L
L (3.32c) 

1 1 1 2

2 1 2 2

†
ˆ ˆ ˆ ˆ

ˆ ˆˆ  ,
ˆ ˆ ˆ ˆ
gs gs gs gs

gs gs gs gs

b b b b

b b b b
SB gs gsb b (3.32d) 

and 

1 1 1 2

2 1 2 2

†
ˆ ˆ ˆ ˆ

ˆ ˆˆ
ˆ ˆ ˆ ˆ
gl gl gl gl

gl gl gl gl

b b b b

b b b b
LB gl glb b (3.32e) 

Through matrix multiplication of (3.32), four linear equations describing the relationship of the 

embedded active network’s scattered noise-waves can be produced. Expressions related to the 

diagonal elements 1 1
ˆ ˆb b and 2 2

ˆ ˆb b represent the noise density present at port’s one and two

respectively and those for the off-diagonal entries 1 2
ˆ ˆb b and 2 1

ˆ ˆb b signify the correlation between 

scattered noise-waves 1̂b  at port-one and 2̂b at port-two.

Having performed matrix algebra on (3.32), it’s evident that the output scattered noise 

density 2 2
ˆ ˆb b expression is written in terms of the elements comprising the active network’s

NCM. With the goal in mind of extracting these elements either through simulation or 

measurement we consider the following. First, termination network-L will approximate a typical 

measurement system interface to the active network such that its ports are uncoupled and well 

matched at port-two. Therefore, 12 21L L 0 and 22L 0  . 11L is the source match presented

to the active network from its port-one frame-of-reference. Hence the complex source reflection 

coefficient S is assigned to 11L . Since ports one and two of the termination network are 

uncoupled, their noise-wave sources 
1

ˆ
glb  and

2

ˆ
glb  are uncorrelated yielding 

1 2 2 1

ˆ ˆ ˆ ˆ 0gl gl gl glb b b b . 

As for the active network, it will be represented as an amplifier under the condition that 
2

ˆ
glb
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offers a negligible contribution to the total output noise-power ascribed to noise-wave 2̂b [46].

Further, let the amplifier exhibit high isolation, i.e., 12S 0  , and a moderately matched output 

such that 
2 2 2 222 22

ˆ ˆ ˆ ˆS Sgs gs gl glb b b b22 22
ˆS22 gb22S S22 gb  . With these conditions imposed, (3.32) reduces to 

 
1 1 1 2 1 2 1

2
2 2 2 2 2 22 2S 21 S 21

2 11 21 11 21
S 11 S 11

S Sˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆS S 2 Re S S
1 S 1 Sgs gl gl gs gs gs glb b b b b b b b

(3.33) 

Separating the noise output terms due to the input termination noise 
1

ˆ
glb and that by the active

two-port leads to 

1 1 2 1 2

2 2
2 2 2 22 2S 21 S 11 S 21 S 21

2 11 21
S 11 S 11 S 11 S 11

S S S Sˆ ˆ ˆ ˆ ˆ ˆS 2 Re 1 S 2 Re
1 S 1 S 1 S 1 Sgl gs gs gs gsb b b b b b

(3.34) 

The first-term to the right-side of the equals sign in (3.34) may be simplified by expanding its 

present form, identifying a common denominator, and summing its terms. The result can be 

substituted into (3.34) to form 

1 1 2 1 2

22
2 2 2 2

21 S 21 S 21
2 2

S 11 S 11S 11

S S Sˆ ˆ ˆ ˆ ˆ ˆ2 Re
1 S 1 S1 S gl gs gs gs gsb b b b b b (3.35) 

Equation (3.35) is the amplifier’s scattered noise power density 2̂b at its output port-two.

Multiplying both sides of (3.35) by nf  results in the total noise-power confined to an effective 

noise bandwidth that’s entering its connecting transmission line [26]. 

The second-term to the right-side of the equal sign in (3.35) may be contracted [37] and 

substituted into (3.35) resulting in 
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1 1 2

22
2 2

21 S 21
2 2

S 11S 11

S Sˆ ˆ ˆ ˆ
1 S1 S gl gs gsb b b b (3.36) 

The first-term is the characteristic noise-out due to noise-in. The second-term is the characteristic 

noise-out due to the amplifier. The second-term is a function of the time-averaged noise density 

1

2ˆ
gsb  and 

2

2ˆ
gsb  present at port-one and port-two respectively, as well as the time-averaged noise-

wave products describing their correlation, that is 
1 2

ˆ ˆ
gs gsb b and

2 1

ˆ ˆ
gs gsb b . These four quantities 

comprise the NCM of the amplifier. To determine the elements, the active two-port’s forward S-

parameters and its time-averaged input noise density 
1

2ˆ
glb  need be determined. Lastly, four 

independent equations related to (3.36), each in terms of a distinct S may be produced

whereupon the four elements of the NCM may be extracted. 

If the assumptions outlined in deriving (3.36) do not apply, the complete form of (3.32, 

3.32a-e) may be used. This equation is lengthy but calculations can be expedited through Matlab 

or Keysight’s Advanced Design System (ADS) software. 

From section 3.1.3 and equation (3.36), the noise density 
2

2̂b at port-two of the amplifier 

may be expressed as a noise-temperature 2T̂  such that [26, 35] 

av

2 2
2 2 2 22
ˆ ˆ ˆkT kT 1 Sb (3.37) 

Per (3.37), the available (actual equivalent) noise temperature 
av2T̂  at the output port is related 

to its available noise power density. It can be seen from (3.37) that the noise-power injected into 

its connecting transmission line is related to the port’s available noise-power reduced by the 

quantity 2
221 S  where 22S is the complex match “looking into” the amplifier’s output port-

two with its input port terminated in S . If a complex conjugate match exists between the 
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output and its connected load, the available noise-power will be delivered to the termination. 

Using noise-temperature, a more compact form is realized such that [26] 

av

2
2 2 22

ˆ ˆT T 1 S (3.38) 

Unlike a passive device, the available noise-temperature associated with an active device will 

generally not be represented by its physical temperature.  

Consistent with the noise-temperature concept, one may assign noise-temperatures to 

represent the elements comprising the amplifier’s NCM by letting [21, 46] 

1 1

2

gs
ˆ ˆkT  ,gsb (3.39a) 

2 2

2

gs
ˆ ˆkT  ,gsb (3.39b) 

and 

gs12

1 2 12

ˆ
gs

ˆ ˆ ˆkT j
gs gsb b e (3.39c) 

where gs1

1 1

ˆ
gs

ˆ ˆkT j
gsb e , gs2

2 2

ˆ
gs

ˆ ˆkT j
gsb e , 

12 1 2gs gs gs
ˆ ˆ ˆT T T  , and 

12 1 2gs gs gs
1ˆ ˆ ˆ
2

 . 
1gsT̂  ,

2gsT̂ , 
12gsT̂ , and 

12gsˆ  are real quantities. Thus, noise-wave generators 
1

ˆ
gsb  and

2

ˆ
gsb  of the active

two-port are assigned complex amplitudes which can be related to their spectral densities [28]. 

The total characteristic noise temperature  present at output port-two of the amplifier    

due to its internally generated noise may be determined by direct substitution of (3.39a-c) into 

the second-term of (3.35) forming 

gs12

1 2 12

2
ˆS 21 S 21

2 gs gs gs
S 11 S 11

SSˆ ˆ ˆ ˆT T T 2 Re T
1 S 1 S

je (3.40) 

2T̂
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Meyes [21] and Kanaglekar et al [46] describe an approach that determines
1gsT̂  , 

2gsT̂  , 
12gsT̂  , and 

12gsˆ by setting the reflection coefficient S  to four distinct states, generating four independent 

linear equations and solving for each of the unknowns. 

Referring to Fig. 3.8, the noise-power density of wave generator 
1

ˆ
glb due to the passive

termination connected at port-one of our amplifier may be expressed as [20, 26] 

1 av

2 2
L1 L1 S

ˆ ˆ ˆkT kT 1glb (3.41) 

avL1T̂ is the available noise temperature at port-one of the termination network. Because 

termination L1 is passive, its available noise-temperature 
avL1T̂  is represented by its physical 

temperature. This termination is the amplifier’s source impedance exhibiting a source reflection 

coefficient S presented to its input port. The reduced or characteristic noise temperature

assigned to L1 is T̂L1 .

3.2.1.2 Multi-Port Network 

The two-port network theory may be extended to the generalized n-port. The dimensions 

for matrices (3.32a-e) are expanded to nxn and substituted into (3.32) providing a full-insitu 

noise matrix expression for the multi-port. From (3.32), the total noise-power present at a 

selected output port will account for noise contribution from each of its input ports as 

well as the network’s internally generated noise [26]. 

No single figure-of-merit adequately describes the noise behavior of a device for 

all systems it may be used [36]. In some applications, noise factor is preferred, for others it 

may be noise temperature, or the often-referred noise parameters. Regardless of format, each 

may be 
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derived from knowledge of the device’s S-parameter and noise correlation matrices. The first of 

these to be addressed is noise factor. 

3.2.2 Figures-of-Merit 
3.2.2.1 Noise Factor 

Noise factor F  quantifies the noise appraisal of a network. It’s defined as the ratio of the total 

available noise power at a network’s output to the total available noise power at the output due 

to the input termination’s thermal noise [1]. That is [1, 35] 

av,net av,in av

av,in av

ˆ ˆP P G
F

P̂ G
(3.42) 

where av,netP̂  and av,inP̂ are the available noise power at the output due to the internally generated 

noise added by the network and from the input termination respectively. avG is the network’s

available gain. It may be described as the ratio of available signal-power out, av,sig _ outP , to available 

signal-power in, av,sig _ inP , such that [1, 35] 

av,sig _ out
av

av,sig _ in

P
G

P
(3.43) 

The expression for F  in (3.42) may be written as [1, 35] 

av,out

av,in av

P̂
F

P̂ G
(3.44) 

where av,outP̂  is the total available noise power present at the network’s output port. Substituting 

(3.43) into (3.44), it’s evident that noise factor describes the available signal-to-noise ratio 

degradation from the input to output port of the network. That is [1, 35] 
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av,sig av av,sig avin out
ˆ ˆF P P P P (3.45) 

Figure 3.9 [35] depicts a two-port network having available gain avG  and noise factor F

connected to a passive termination SR  at its input and lZ at its output. The network’s input and 

Figure 3.9: Two-Port Network Connected to Input and Output Terminations 

output available noise-power is av,inP̂  and av,outP̂  respectively. An alternative view of the noise 

factor concept may be offered through inspection of (3.42) and re-writing it in the form of 

av,net

av,in av

P̂
F 1

P̂ G
(3.46) 

Industry standards establish an input termination reference temperature of oT 290K [47]. 

Thus (3.46) may be expressed as 

av,net

o av

P̂
F 1

kT G
(3.47) 

where av,in o n oP̂ kT f kT for an effective noise bandwidth of 1Hz. From (3.47), a conclusion is

drawn that noise factor is a measure of output available noise-power the network adds compared 

to the output available noise power due to the reference input termination at physical 

temperature oT  . Per (3.47), should a device contribute zero noise, its minimum noise factor F
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presents a numerical value of unity. Under such condition, there is no degradation of signal-to-

noise ratio from the input-to-output port as demonstrated by (3.45). 

Industry standards define noise factor [47] for the two-port case. From (3.35), the total 

noise-power emerging from an active two-port was described. Further, it was noted in (3.37) that 

the output match “looking-into” the network’s output port is 22S with a source reflection

coefficient of S connected to its input. From this, the noise-power 
2

2,
ˆ
netb  added by the 

amplifier may be described by [35] 

2 2
2, av,net 22
ˆ P̂ 1 Snetb (3.48) 

The second-term of (3.35) is also the noise-power added by the network. Equating this to (3.48) 

and solving for the available noise-power added by the two-port network results in 

1 2 1 2

2 22

S 21 S 21
av,net 2 2 2

S 11 S 1122 22 22

ˆ ˆ ˆ ˆS SP̂ 2 Re
1 S 1 S1 S 1 S 1 S

gs gs gs gs
b b b b

(3.49) 

Through use of signal flow graphs and application of Mason’s Rule [35], the available gain avG of

the two-port network is 

2 2
21 S

av 2 2
S 11 22

S 1
G

1 S 1 S
(3.50) 

Substituting (3.49) and (3.50) into (3.47), the noise factor of the two-port amplifier may be 

written as [37] 

1 1 2 2

2
2 22 S 11S S 11

S 2
21 21

2
o S

1 S1 Sˆ ˆ ˆ ˆ2 Re
S S

F 1
kT 1

gs gs gs gsb b b b

(3.51) 
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1 2

2

S 11
S

21
2

o S

1 Sˆ ˆ
S

1
kT 1

gs gsb b
(3.52) 

A more compact form of (3.52) can be described in matrix form by [37] 

1 1 2

2 1 2

2
S

S 11
S S 112

21
21

2
o S

ˆ ˆ ˆ
1 S

1 SS ˆ ˆ ˆ S
F 1

kT 1

gs gs gs

gs gs gs

b b b

b b b
(3.53) 

†

2
o S

ˆ
1

kT 1
S (3.54) 

is a 1x2 matrix described by S S 11 211 S S and ˆ
S is the NCM of the two-port

amplifier. Collective knowledge of the two-port’s NCM, forward S-parameters, and input 

termination reflection coefficient permits determination of its noise factor F . 

IEEE standards do not define noise factor for the multiport case [26]. However, an 

assessment is possible by substitution of the terms comprising the scattered noise matrix 

expression of (3.15) into (3.47). Further, by defining the relation 

o
ˆ ˆ ˆ ˆkT

i j i jgl gl gl glb b b b  , (3.55) 

the elements of matrix ˆ LB are introduced as ratios of the noise waves (or their equivalent noise

temperature) incident to the DUT’s ports divided by okT . Thus, o
ˆ ˆkTL LB B . Consideration of 

(3.15) and (3.55) within the context of (3.47) yields [26] 

1 1†

ii
i 1 1††

o
ii

ˆ
F 1

ˆkT

S

L

I SL B I SL

I SL SB S I SL
(3.56) 
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where i represents the i-th output port and ii  is a diagonal element of the matrix within 

brackets. Equation (3.56) evaluates the available noise at the i-th output due to the noise 

generated by the multiport and ratios it to that portion of available noise out due to all incident 

noise.  

Noise matrix  retains the correlation each incident noise wave source exhibits to the

other. Should the connecting network’s ports be isolated and present a noise temperature oT to 

the DUT’s ports,  reduces to the identity matrix and o
ˆ kTLB I . Further, (3.55) supports

assessment of the DUT’s noise factor for the more general scenario where different input 

termination noise temperatures are presented to its ports. 

The above expression is a generalized form. In accordance with (3.52), it reduces to the 

two-port case, i.e. i 2 , with input termination temperature set at oT . 

3.2.2.2 Effective Noise Temperature 

There are applications such as those involving satellite receivers where the noise factor is very 

small. For such cases, to better address the noise appraisal, an effective input noise temperature,

eT̂  , is preferred. If a resistor is heated to temperature eT̂  , the available noise-power av,resP̂  it will 

generate is [1] 

av,res e n
ˆ ˆP kT f (3.57) 

Equation (3.54) may be used to describe an effective noise-temperature of an active 

device as the temperature an input resistor would need be heated to produce the equivalent 

output noise-power of an active noise-free device. This may be expressed as [1] 

e n e

o n o

ˆ ˆkT f kTF 1 1
kT f kT

(3.58) 

ˆ
LB

ˆ
LB
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Equating (3.54) and (3.58) results in the active two-port’s effective noise-temperature being [37] 

†

e 2
S

ˆˆkT
1

S
(3.59) 

Consider a satellite application [36] with an input noise temperature of 20 . From (3.58) 

e oT̂ T F 1 (3.60) 

Let the noise factor of an amplifier used in this application be 1.2. Therefore, eT̂  is 58 . Even 

though the noise factor of the amplifier is very low, it’s immediately apparent that for an input

noise-temperature of 20 , that the noise of the amplifier is the dominant source [36]. For 

applications, such as satellite receivers where the input noise-temperature is low, specifying 

noise appraisal in terms of effective noise-temperature is generally more insightful. 

Perhaps second to noise factor and its equivalent effective input noise temperature, noise 

parameters are the most common means by which the noise behavior of a microwave network 

is assessed. The next section will address this important figure-of-merit. 

3.2.2.3 Noise Parameters 

So far it has been shown that advanced knowledge of a linear network’s NCM and scattering 

parameters can lead to quantifying its noise factor and effective noise-temperature. Each of 

these figures-of-merit are a function of the source impedance to which the network is connected. 

It’s common practice for manufacturers to report a transistor’s minimum achievable noise factor, 

the complex source reflection coefficient corresponding to the minimum, and its effective noise-

resistance. These noise parameters are used by the amplifier designer to optimize noise 

performance or obtain the best tradeoff between low noise-high gain behaviors as a function of 
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source match.  In this section, we will clarify the meaning of noise parameters and determine 

their relationship to the elements comprising the NCM. 

A common form describing the noise factor in terms of a linear two-port’s noise 

parameters is derived by Gonzalez [35] resulting in  

2
S OPT

min n 2 2
OPT S

F F 4r
1 1

(3.61) 

where 

minF the minimum noise factor, 

OPT the optimum source reflection coefficient yielding minF , and 

n
n

o

R̂r̂
Z

the normalized equivalent noise resistance.

Figure 3.10: 3D Representation of Noise Factor versus Source Impedance [48] 
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minF and n̂r  are real numbers and OPT  is complex. Equation (3.61) is graphically presented in Fig. 

3.10 [48]. 

The noise parameters can be determined experimentally. The traditional approach [35] is 

to tune the reflection coefficient S  of the source termination until minF  is achieved. A noise 

figure meter and a vector network analyzer are used to measure minF  and OPT  respectively. The 

normalized equivalent noise-resistance n̂r   dictates the sensitivity of the device’s noise factor as 

a function of source impedance. The larger n̂r is, the more rapidly the noise factor will increase 

for a difference in change of S  from OPT  . To determine n̂r  , the source reflection coefficient 

S is set to zero and noise factor F is measured. From (3.61) [35]

S

2
OPT

n 0 min 2
OPT

1
r̂ F| F

4 (3.62) 

The effective noise-temperature may be described in terms of a two-port’s noise 

parameters by substitution of (3.61) into (3.58) yielding [37] 

2
S OPT

e min o n 2 2
OPT S

ˆ ˆ ˆkT kT 4kT r
1 1

(3.63) 

The elements comprising the NCM of an active two-port network may be expressed in 

terms of its noise and scattering parameters. We begin with the network’s noise-wave model 

described in Fig. 3.11.  

Figure 3.11: Scattered Noise-Wave Model of an Active Noisy Two-Port Amplifier 
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Scattered noise-wave generators 
1

ˆ
gsb and

2

ˆ
gsb of a noisy two-port amplifier are assigned

respectively to input port-one and output port-two of a noise-free, otherwise electrical 

equivalent network exhibiting behavior defined by its S-parameters. As previously discussed and 

repeated here for convenience, the NCM ˆ SB  consists in the two-port case of four elements

1

2ˆ ,gsb 2

2ˆ
gsb , 

1 2

ˆ ˆ
gs gsb b , and 

2 1

ˆ ˆ
gs gsb b  where 

1 1 2

2 1 2

2

2

ˆ ˆ ˆ
ˆ

ˆ ˆ ˆ

gs gs gs

gs gs gs

b b b

b b b
SB (3.64) 

The elements of the amplifier’s NCM can be expressed in terms of its noise parameters 

by equating (3.59) and (3.63) [37]. Multiplying both of its sides by 
2

S1  results in 

1 1 2 2

2 2
2 22 2 S OPTS 11 S 11

S S min S 2
21 21 OPT

1 S 1 Sˆ ˆ ˆ ˆ ˆ2 Re kT 1 kt
S S 1gs gs gs gsb b b b

(3.65) 

where the normalized temperature-energy of the two-port is [37] 

o n

o

ˆ4kT Rkt
Z

(3.66) 

By introducing different values of S at the device’s input, (3.65) can be used to extract

expressions for each of the noise-wave elements comprising ˆ SB  in terms of its noise parameters.

For example, to determine 
2

2ˆ
gsb , S can be set to zero resulting in [27, 37] 

2

2
2 2 OPT

21 min 2
OPT

ˆ ˆS kT kt
1gsb (3.67) 
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A-priori knowledge of noise parameters minT̂  , OPT  , and nR̂ along with forward gain 21S  allows 

calculation of the amplifier’s output noise-power due to scattered wave 
2

ˆ
gsb .

The noise-power of the input-port’s scattered wave 
1

ˆ
gsb can be determined by setting

S
11

1
S

, substituting it into (3.65), and solving for 
1

2ˆ
gsb  . This leads to [27, 37]

1

2
2 2 11 OPT

min 11 2
OPT

1 Sˆ ˆkT S 1 kt
1gsb (3.68) 

The remaining two unknowns, 
1 2

ˆ ˆ
gs gsb b and 

2 1

ˆ ˆ
gs gsb b  , may be solved by constructing two 

equations, one by establishing an open-circuit as viewed from the device input, i.e. S 1  , and 

a second by tuning the input match to a short-circuit such that S 1 . By substitution of

(3.67) and (3.68) into these equations, and solving for the correlation of noise-wave 
2

ˆ
gsb

compared to 
1

ˆ
gsb , we are left with [27, 37]

1 2 2

2
21 OPT 11

2
21OPT

S kt Sˆ ˆ ˆ
S1gs gs gsb b b (3.69) 

where 
2

2ˆ
gsb  is shown in (3.67). Equations (3.67-3.69) are used to convert from the network’s 

noise parameters to its equivalent noise-wave description. In the case of our amplifier example, 

knowledge of the device’s forward S-parameters is also required to complete the translation. 

Next is to address the inverse conversion formulas. This set of expressions relates the 

noise parameters of a linear two-port as a function of its noise-wave description (NCM). 

Continuing with our amplifier example, to obtain its minimum achievable noise factor (or 

effective noise temperature), consider (3.59) relating a network’s effective noise temperature to 

its noise wave quantities and input source match.  Assuming the noise waves are known a-priori, 
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the question to be posed is, what is the optimum source match which yields the network’s 

minimum effective noise temperature? 

We begin by recognizing that the source match is comprised of real and imaginary 

components such that 
r is s sj . Substituting into (3.59), e

ˆkT is written as a function oftwo

independent variables,  and 
is . To locate coordinates in the s - plane that correspond to

the extrema of the circular-paraboloid shown in Fig. 3.10, two first-order partial derivatives of 

e
ˆkT with respectto and 

is are set zero. Their results produce two equations which are solved 

simultaneously yielding expressions for  and 
is .  To locate the absolute minimum effective

noise temperature min
ˆkT , all extrema yielding values of e

ˆkT as a function of 
r is s, are

compared. The optimum ordered pair yielding the absolute minimum is denoted 
pt opt

,
o

 . s

Lastly, the network’s optimum source match 
opts is obtained by combining the optimum real and 

imaginary components forming (3.70) and (3.71) such that [37] 

OPT 2
41 1

2 (3.70) 

where the complex number  is 

1 2 2

2 1 2

2 2

21 11

2

11 21

ˆ ˆ ˆS S

ˆ ˆ ˆS S

gs gs gs

gs gs gs

b b b

b b b
(3.71) 

By direct substitution of (3.70 – 3.71) into (3.51), the minimum achievable noise factor of 

the active two-port amplifier can be stated as 

min
min

o

ˆkTF 1
kT

(3.72) 

where [37] 

rs

rs

rs

irs
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2 1 2

2 2 2
21 11 OPT

min 2 2
21 OPT

ˆ ˆ ˆS S
ˆkT

S 1
gs gs gsb b b

(3.73) 

The fourth and remaining noise parameter to be acquired is the device’s equivalent noise-

resistance nR̂  . Setting its input source match S  to a short-circuit and substituting this into 

(3.65), one may conclude the two-port’s normalized temperature-energy kt  [37] is 

1 2

2
11

21

1 Sˆ ˆkt
Sgs gsb b (3.74) 

From kt  , the equivalent noise-resistance nR̂  can be calculated from (3.66). 

The complexity of the conversion formulas is due to the different definitions associated 

with noise-wave and noise parameters in (3.59) and (3.63) respectively [37]. Equation (3.59) 

shows a simplified relation for the effective noise-temperature of the active two-port when its 

source-match is terminated, i.e., S 0  . That is [37] 

2

2

e 2
21

ˆ
ˆkT

S
gsb

(3.75) 

where only the output scattered noise-wave 
2

ˆ
gsb  contributes to the noise appraisal of the two-

port. By contrast, per (3.63), a simplified expression for the effective noise-temperature is 

attained when the source-match is tuned to OPT  . Under such conditions, the effective noise-

temperature is at its minimum achievable value minT̂  . 

By use of S-parameters and noise-wave theory, noise models for passive- and active-type 

n-ports embedded within a passive termination network have been derived. From these models,

the n-port’s NCM was extracted. It has been shown that use of a network’s S-parameters and
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NCM enables quantification of its noise behavior in accordance with industry standards, including 

noise factor, effective noise-temperature, and noise parameters.  

In practice, it’s often encountered that noise analysis performed on a device be conducted 

in the presence of a measurement receiver. The two networks are typically arranged in cascade, 

the first-stage being the device under test (DUT) followed second by a low-noise active 

measurement receiver. Both networks generate noise. To extract the DUT’s NCM will require 

assessing the cascaded (overall) network noise and that of the measurement receiver. Aided by 

noise-wave theory and use of the cascade network’s S-parameters, the details of the NCM de-

embedding process will be developed in Chapter 4. 



Chapter 4 

Characterization and De-embedding a Linear 
Network’s Noise Matrix 

In practice, to characterize the noise behavior of a network requires the introduction of a second 

network connected to it in cascade. The first-stage is typically the device under test (DUT) 

followed by a second- representing an active noise measurement receiver. Generally, literature 

written on this subject [28, 49] uses scattering transfer parameters (T-parameters) and noise 

wave theory to de-embed, i.e. separate, the noise properties of a two-port DUT from its active 

receiver. The IEEE standards, previously outlined in Chapter 3, define noise figure in context of a 

two-port device. It follows that T-parameters are used because of their convenience in the 

analysis of cascaded connections [35].  However, a truly generalized noise behavioral model shall 

accommodate multi-port DUTs, i.e. n 2, serving a wide range of network topologies and 

applications. Additionally, it’s advantageous that such a model can predict behavior across its 

linear and nonlinear functional regions. For these reasons, Chapter 4 will use the S-parameter 

linear network representation. Later in Chapter 5, to accommodate for a network’s performance 

over its full operating-space (linear and nonlinear), X-parameters will be the representation of 

choice. X-parameters are considered a mathematical superset of S-parameters, thereby reducing 

to a network’s S-parameters within its small-signal (linear) operative space.   

Pertaining to Chapter 4, section 4.1, an innovative derivation uses noise wave theory and 

S-parameters to de-embed the noise properties of a DUT from its overall network. Sections 4.2

and 4.3 build on the use of this novel mathematical framework to extract the DUTs NCM through

a series of practical measurements. To re-enforce the concepts, an example network will be
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analyzed using Keysight Technology’s Advanced Design System (ADS) software. Model validation 

will be attained by comparison of independent numerical versus simulated results.  

4.1 Two-Port Device Noise Measurement Model 

Figure 4.1 shows two linear two-port networks connected in cascade; the first is the DUT and the 

second is an active noise measurement receiver. Both first- and second-stage networks are 

represented by their scattering and noise-wave parameters [28, 49]. From the DUT’s frame of 

reference, its input and output ports are terminated in passive impedance sZ and active noise

receiver respectively. The incident and scattered waves of the DUT are strictly nondeterministic 

(noise). To de-embed the noise properties of the DUT from the overall network, noise-wave 

models for each stage may be devised. From these models, signal-flow equations can be 

constructed and ultimately used to solve for the DUT’s NCM. 

Figure 4.1: Two-Port Network Noise-Wave Model Connected To Passive sZ And Noise Receiver
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To that end, we begin with the scattered noise-wave model of an embedded n-port 

described by (3.12). Applying the two-port-case to (3.12), the DUT’s scattered noise-wave 2̂b  at

its output port is solved whereby in (4.1)  

1 1 221 s 12 21 s 11 22 22 s 21 s 11
2

s 11 r 22 s r 12 21

ˆˆ ˆ ˆS S S S S S S 1 Sˆ
1 S 1 S S S

gs gr gd gdb b b b
b (4.1) 

From (4.1), it’s evident that the noise properties ˆ
gsb of the source,

1

ˆ
grb  of the receiver, and 

1

ˆ
gdb ,

2

ˆ
gdb  of the DUT contribute to b̂2 .  Each noise-generator undergoes a transformation due to its 

interaction with the overall network. This interaction is represented in (4.1) by the noise-

generator’s coefficient. A more intuitive form of (4.1) is realized by considering the DUT’s output 

port-two match 2 as shown in Fig. 4.1 under the condition its input port is terminated in Zs

and presented with reflection coefficient s . Using signal flow analysis, it can be shown that [35] 

s 12 21
2 22

s 11

S SS
1 S (4.2) 

Substituting (4.2) into (4.1), the DUT’s scattered noise-wave evaluated at its output port becomes 

1 1 221 2 s 11 s 21 s 11
2

s 11 r 2

ˆ ˆ ˆ ˆS 1 S S 1 Sˆ
1 S 1

gs gr gd gdb b b b
b (4.3) 

The noise-power density of the scattered wave can be obtained by evaluating the time-

averaged product of b̂2 with its complex conjugate resulting in

1 1 1 2 1 2 2

2 2 2 22 2 2 2 2 2
21 2 s 11 s 21 s 21 s 11 s 21 s 11 s 11

2 2 2 2
s 11 r 2

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆS 1 S S S 1 S S 1 S 1 Sˆ ˆ
1 S 1

gs gr gd gd gd gd gd gdb b b b b b b b
b b

(4.4) 
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where use is made that the noise generated by source, receiver, and DUT are uncorrelated to 

one another. By inspection of (4.4), it’s evident that the four elements comprising the DUT’s NCM 

are present.  

The DUT’s scattered noise-wave present at its output port is also the incident noise-wave 

introduced to the input port of the receiver. As shown in Fig. 4.1, the receiver will influence its 

incident noise-wave 2̂b  by its gain rg  , noise-bandwidth which we will assume to be unity for now, 

and the internally generated noise-wave 
2

ˆ
grb  emerging from its output port. That is, the noise-

wave 2̂b imparted across the receiver’s load lZ can be determined by accounting for the

amplification rg  of the receiver’s incident noise-wave 2̂b  and the always present outgoing noise-

wave 
2

ˆ
grb such that [28, 49, 58]

1 1 2

2

21 2 s 11 s 21 s 11
2 r

s 11 r 2

ˆ ˆ ˆ ˆS 1 S S 1 Sˆ ˆg +
1 S 1

gs gr gd gd
gr

b b b b
b b (4.5)

To make noise-power measurements with the receiver is equivalent to assessing the noise-power 

associated with the instantaneous noise-wave 2̂b  .

4.2 Noise-Power Measurement 

The two-port noise measurement model described in (4.5) is the foundation from which a 

received noise-power measurement expression may be formulated that relates noise-power 

measured in terms of the noise properties and S-parameters of the source, receiver, and DUT. 

We begin by assessing the noise-power density r
ˆ  of the instantaneous noise-wave 2̂b  

presented across the receiver’s load. By taking the product of 2̂b in (4.5) with its complex 

conjugate and evaluating its time-averaged quantity, we are left with the expression 
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1 1 2 1 2 2

2 2 2 2
2 2 2

21 r 2 r 2 r 2 r
r 2 2 2 2 2

r 2s 11 r 2 r 2 r 2

S g g g gˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ
11 S 1 1 1gs gr gr gr gr gr grb b b b b b b b b

1 1 2 1 2 2

2 2 2 2 2 2
2 2

s 21 r s 21 r s 21 r r
2 2 2 2 2

s 11 r 2 s 11 r 2 s 11 r 2 r 2

S g S g S g gˆ ˆ ˆ ˆ ˆ ˆ
1 S 1 1 S 1 1 S 1 1gd gd gd gd gd gdb b b b b b

(4.6) 

The first-term to the right of the second equal sign is the noise-density appearing at the receiver’s 

output due to the source termination sZ . The next four-terms are related to the receiver’s 

internally generated noise. The remaining terms describing the receiver’s output are from the 

internally generated noise of the two-port DUT. Thus, the noise generated by the measurement 

system comprises the first five-terms in (4.6) while the remaining four encompass the noise 

properties of the two-port DUT. 

Practical measurement receivers provide a bandwidth nf  1Hz. The total measured 

        noise-power  P̂m confined to the receiver’s noise-bandw idth that’s delivered to its load lZ can 

be attained by multiplying both sides of (4.6) by nf  . Having performed this operation, all terms 

in (4.6) involving noise-wave generation within the source, DUT, and the reflected version of 

receiver noise-density 
1

2ˆ
grb  include a gain-bandwidth product 

2
r ng f in their coefficients. This

is defined as [58] 

2
r r nG g f  (4.7) 

For this consideration, along with substitution of (3.41) into the source related term 
2ˆ

gsb of (4.6), 

        the noise-power expression  P̂m delivered to the receiver becomes 
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1 1 2 1 2 2

2 2 2 2
2 2 2

21 r 2 r 2 r 2 r
r 2 2 2 2 2
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The first-term to the right of the second equal sign is the noise-density appearing at the receiver’s

output due to the source termination sZ . The next four-terms are related to the receiver’s

internally generated noise. The remaining terms describing the receiver’s output are from the 

internally generated noise of the two-port DUT. Thus, the noise generated by the measurement

system comprises the first five-terms in (4.6) while the remaining four encompass the noise

properties of the two-port DUT.

Practical measurement receivers provide a bandwidth nf  1Hz. The total measured

noise-power mP̂  confined to the receiver’s noise-bandwidth that’s delivered to its load lZ can 

be attained by multiplying both sides of (4.6) by nf  . Having performed this operation, all terms

in (4.6) involving noise-wave generation within the source, DUT, and the reflected version of 

receiver noise-density 
1

2ˆ
grb  include a gain-bandwidth product 

2
r ng f in their coefficients. This

is defined as [58]

2
r r nG g f  (4.7)

For this consideration, along with substitution of (3.41) into the source related term
2ˆ

gsb of (4.6),

the noise-power expression mP̂  delivered to the receiver becomes
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2 221 s s r 2 r 2 r n 2 r n
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(4.8) 

where sT̂  is the available (physical) noise-temperature of the passive source impedance sZ .  

Through a series of noise-power measurements, (4.8) can be used to de-embed, i.e. 

isolate, the noise properties of the two-port DUT from the measurement system’s generated 

noise; this is the subject of Section 4.3. 

4.3 Linear Network Noise Extraction from its Cascaded Network 

To separate the noise generated by the DUT from the noise generated by the measurement 

system, it’s fitting to group the terms of (4.8) in matrix form such that [28, 49, 58] 

1

1 2

1 2

2

r

2

r
2 2 2

s s 21 2 2 2
m r n2 2 2

r 2s 11 r 2 r 2 r 2

r n

2

n

G

ˆG
ˆkT 1 S

ˆ ˆP̂ 1 g f
11 S 1 1 1

ˆ ˆg f

ˆf

gr

gr gr

gr gr

gr

b

b b

b b

b
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1

1 2

2 1

2

2

2 2
s 21 s 21 s 21

r 2 2 2 2 2
s 11 r 2 s 11 r 2 s 11 r 2 r 2

2

ˆ

ˆ ˆS S S 1G
ˆ ˆ1 S 1 1 S 1 1 S 1 1

ˆ

gd

gd gd

gd gd

gd

b

b b

b b

b

(4.9) 

The 5x1 column matrix in (4.9) are calibration coefficients related to the measurement 

receiver. Beside the gain-bandwidth product rG , there are the four elements comprising the 

receiver’s noise correlation matrix ˆ RB  which will be defined as [28, 49, 58] 

1 1 2

1 2 2

2

r r n11 12

2
21 22

r n n

ˆ ˆ ˆG g fˆ ˆr rˆ
ˆ ˆr r ˆ ˆ ˆg f f

gr gr gr

gr gr gr

b b b

b b b
RB (4.10) 

In (4.10), rg is incorporated into the receiver’s noise-wave parameters. This eliminates the need

for determining the phase of rg  and thus simplifies the receiver calibration process. The unit of 

measure for the elements involving  ˆ RB is watts. 

The 4x1 column matrix in (4.9) are the four elements encompassing the two-port DUT’s 

NCM ˆ DB . Consistent in form to that present in (3.53, 3.54), it’s defined to be

1 1 2

1 2 2

2

11 12

2
21 22

ˆ ˆ ˆˆ ˆd dˆ
ˆ ˆd d ˆ ˆ ˆ

gd gd gd

gd gd gd

b b b

b b b
DB (4.11) 

with a unit of measure in W/Hz. 

Substituting (4.10) and (4.11) into (4.9): 
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r

2 2 2 11
s s 21 2 2 2

m 122 2 2
r 2s 11 r 2 r 2 r 2

21

22

G
r̂ˆkT 1 S

ˆ ˆ1P r
11 S 1 1 1 r̂

r̂

11
2 2

12s 21 s 21 s 21
r 2 2 2 2 2

s 11 r 2 s 11 r 2 s 11 r 2 r 2 21

22

d̂

d̂S S S 1G
ˆ1 S 1 1 S 1 1 S 1 1 d

d̂

(4.12) 

The first-term in (4.12) is related to the influence of noise generation due to the source and 

receiver while the second-term is the consequence of noise generation due to the two-port DUT. 

Should sT̂ , rG , and ˆ
RB  be known through calibration, then the linear equation of (4.12)

s

comprises four remaining unknowns each representing the noise-wave parameters of       .

By performing four noise-power measurements, each performed at a distinct source 

match s  , four independent linear equations may be constructed whereby the elements of NCM      

    may be attained. Once      is known, (3.54) and (3.59) may be solved for the noise factor and 

effective noise-temperature respectively of the two-port DUT for any input reflection coefficient 

 which is presented at its input port. 

Equation (4.12) may be composed in a more compact form by introducing column 

matrices [28, 46, 49] 

2
r1 r2

r 2

1
1R (4.13) 

and 

B̂ 
D 

B̂ 
D B̂ 

D 
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s 21
d1 d2

s 11

S 1
1 SD  )41.4( 

such that 

2
2 ††21 r r

m s s 2 2 2
s 11 r 2 r 2

S G G ˆˆˆP̂ = kT 1
1 S 1 1D D D R R R (4.15) 

D translates the devices noise signals appearing at its input and output ports to their output 

equivalent, thus d2 1  . R accomplishes the same purpose for the receiver’s noise signals. By 

inspec on of (4.15), it’s evident that noise generated by the source, DUT, and receiver undergo 

a linear transform  appearing at the composite network’s output. The transforma ons are 

due to the interac  of the embedded component’s noise-waves with its connected network 

including mul ca  by the gain due to subsequent devices in the transmission signal path. 

Consequently, each noise-wave generator in the cascade network contributes to the noise-power 

mP̂ detected a he receiver’s output. 

In our case, we seek to determine the NCM  of the two-port DUT. To solve for   

sT̂  of the 

passive source impedance and the receiver’s character cs including its gain-bandwidth product

rG and NCM . Their values will be determined in calibra on. 

4.3.1 Noise Receiver Calibr  

The purpose for calibra  the noise receiver is to determine its gain-bandwidth product and 

NCM, rG  and ˆ
RB  respec vely. This is a prerequisite to tes g the DUT to dis guish its noise

from the noise contributors of the measurement system. 

ˆ
RB

ˆ
DB ˆ

DB

in (4.15), we will need to know the absolute noise-temperature (physical temperature)
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To calibrate the noise receiver, a noise source will be directly connected to its input. The 

noise source sZ  shown in Fig. 4.2 will introduce various effective noise-temperatures and [58] 

Figure 4.2: Noise Receiver Calibration – Noise Source Connected To Noise Receiver

reflection coefficients sT̂  and s respectively to the receiver’s input in order that rG and ˆ RB be

determined. 

By inspection of Fig. 4.2, two equations related to the network’s transmission noise-waves 

â  and b̂  are evident, that is

s
ˆ ˆˆ gsb a b (4.16)

and 

1r
ˆ ˆˆ gra b b (4.17)

Substituting (4.17) into (4.16) and solving for the scattered noise-wave b̂  incident to the

receiver’s input yields 

1s
s r

1ˆ ˆ ˆ
1 gr gsb b b (4.18)
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Referencing Fig. 4.2, the noise-wave b̂  incident to the receiver’s load lZ is determined

by two observations. First, noise-wave b̂  imposed at the receiver’s input undergoes a linear

transformation rg . Second, the output noise-wave 
2

ˆ
grb of the receiver is directly presented to

lZ . Given the receiver’s output termination is matched, the noise-wave b̂ detected by the

receiver is 

1 2

s r r

s r s r

g gˆ ˆ ˆ ˆ
1 1gr gs grb b b b (4.19)

The noise-power r, calP̂  detected by the receiver (measured) at lZ is obtained by multiplying 

noise-wave b̂  by its complex conjugate and evaluating its time-averaged product. Recognizing

the noise generated by the source is uncorrelated with that produced by the receiver, 

1 1 2 1 2 2

2 2 2
2 2 2

r n s r n s r n s r n
r, cal n n2 2

s r s rs r s r

g f g f g f g fˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆP̂ f f  
1 11 1gs gr gr gr gr gr grb b b b b b b b b

(4.20)

Equation (4.20) can be expressed in matrix form such that 

1

1 2

1 2

2

2
r n

22
r n2

2
s s s

r, cal 2 2 r n
s r s rs r s r

r n

2

n

g f

ˆg f
ˆ

ˆ ˆ ˆP 1 . g f1 11 1
ˆ ˆg f

ˆf

gr

gs

gr gr

gr gr

gr

b
b

b b

b b

b

(4.21)

Use of (4.7) and (4.10) in (4.21) results in (4.22) where 
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r

2
2 11

s s s
r, cal 122 2

s r s rs r s r
21

22

G
r̂ˆ

ˆ ˆP 1 . r
1 11 1 r̂

r̂

gsb
(4.22)

There are three observations worth highlighting in (4.22). First, the five unknowns related to the 

receiver are delineated in the column matrix. Second, determining the phase of transmission 

coefficient rg  is not necessary, only its gain 
2

rg . rg and its conjugate are embedded in the

receiver’s NCM elements 12r̂  and 21r̂  respectively. This is convenient within the context of modern 

noise measurement system hardware architecture. Finally, by choosing a minimum of five 

distinct source settings, i.e. combination of 
2ˆ

gsb  and s , five independent linear equations may

be generated and used to solve for rG and ˆ RB .  

To that end, inspection of (4.22) offers some clues to appropriate source settings 

(standards) used for calibration of the receiver. For example, if s 0 , two terms remain. 

Should a noise source offer two distinct effective noise-temperature values, two unknowns in 

rG and 22r̂ may be solved. Next, a standard with s 1 will distinguish itself from row matrix 

entries one and five. Finally, two additional high refection standards with a suitable phase shift 

will illuminate row matrix entries two through four. The equations formed from these remaining 

three standards will enable a solution for 11r̂  , 12r̂  , and 21r̂  . 

A diode-based noise source may be used as a suitable calibration standard capable of 

offering two distinct effective noise-temperature conditions. The noise source in its “on” state 

produces a calibrated level of noise-power at a specific frequency while thermal noise is 

generated when operating in its “off” state. The noise power, described by its excess noise ratio 

(ENR) is defined as [1] 
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hot cold
10

ˆ ˆT TENR 10log
290

(4.23)

where compensation needs to be applied to coldT̂ in (4.23) if room cold
ˆ ˆT T 290K . The ENR 

describes the effective noise-temperature hotT̂ a resistor would need be heated to generate an 

equivalent noise-power delivered to a connected fifty ohm load. Solving for hotT̂  in (4.23) and 

assuming room cold
ˆ ˆT T 290K , 

ENR
10

hotT̂ 290 10 1  (4.24) 

The effective noise-temperature is related to the source’s available noise-power by [1] 

2
hot n av hot
ˆ ˆkT f P 1  (4.25)

hot represents the reflection coefficient of the noise source in its “on” state. Comparing (4.25) 

with (3.41), it’s evident that 

2 2

hot
ˆ ˆ ˆkT  gs hotb b (4.26)

Substituting (4.26) into (4.22), 

r

2 11
hothot hot hot

hot 122 2
hot r hot rhot r hot r

21

22

G
r̂ˆkTˆ ˆP 1 . r

1 11 1 r̂
r̂

; (4.27)

equation (4.27) is applicable when the noise source is operating in its “on” state. 
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The noise source in its “off” state operates as a passive termination, thus (4.22) takes the 

form 

r

2 2 11
room cold cold cold cold

cold 122 2
cold r cold rcold r cold r

21

22

G
r̂ˆkT 1

ˆ ˆP 1 . r
1 11 1 r̂

r̂

(4.28)

where roomT̂  is the ambient temperature in Kelvin. hotT̂  , hot , and cold  are calibrated values of 

the noise source. 

Three additional calibration standards are required. The standards chosen will be passive 

terminations exhibiting reflection coefficients, s,1 , s,2 , and s,3 . The corresponding noise-

power delivered to the receiver will be r,1P̂  , r,2P̂  , and r,3P̂  . 

To solve for the receiver’s gain-bandwidth product rG and NCM ˆ
RB , a matrix expression

is formed from (4.22), (4.27), and (4.28) such that 
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2 2
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2 2
cold r cold rcold r cold rhot

2
cold room s,1 s

2r,1
s,1 r
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r,3

ˆkT 1
1 11 1

ˆkT 1
1

ˆ 1 11 1P
ˆ ˆP kT 1
P̂ 1
P̂

P̂

2
,1 s,1 s,1

2
s,1 r s,1 rs,1 r

2 2
room s,2 s,2 s,2 s,2

2 2
s,2 r s,2 rs,2 r s,2 r

2 2
room s,3 s,3 s,3 s,3

2 2
s,3 r s,3 rs,3 r s,3 r

1
1 11

ˆkT 1
1

1 11 1

ˆkT 1
1

1 11 1

r

11

12

21

22

G
r̂
r̂
r̂
r̂

. (4.29) 

In (4.29), the detected noise-power column matrix to the left-side of the equal sign will be 

assigned matrix variable ˆR, CalP .  To the right-side of this expression, the 5x5 dimensioned matrix 

will be designated as Cal . As such, equation (4.29) may be summarized in the form,  

r

11

12

21

22

G
r̂

ˆ r̂
r̂
r̂

R, CalP . (4.30) 

Pre-multiplying both sides of (4.30) by the inverse of  , the measurement receiver’s gain-

bandwidth product rG and the elements of its NCM ˆ
RB are solved for by the expression 

r

11
1

12

21

22

G
r̂

ˆr̂
r̂
r̂

Cal R, CalP . (4.31) 
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The receiver noise model described by (4.31) is validated using ADS. Figure 4.3 depicts the 

receiver as an amplifier with assigned signal (S-parameters) and noise parameters. Source 

impedance states defined by noise-temperature sT̂  and complex reflection coefficient s are 

sequentially presented to the receiver’s input at a fixed frequency. 

The noise-power Pdel_W delivered to the receiver’s load at each corresponding source 

impedance state is delineated in Table 4.1.  The power is assessed by simulated measurement of 

the rms noise-voltage v2 presented across the receiver’s output load lZ , squaring this result, and 

dividing it by fifty ohms.
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Figure 4.3: Schematic Representation of the Receiver. 
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Included in Table 4.1 is the receiver’s noise figure nf(2) and effective noise temperature te(2), 

both of which are referred at output port two.  

 

 
Table 4.1: Results of the Receiver’s Noise Figure, Effective Noise Temperature, and Delivered 

Noise Power with respect to Source Temperature and Source Reflection Coefficient 

 

In Fig. 4.3, the receiver’s load impedance is matched to the amplifier and is regarded 

noise-free. This condition emulates the noise receiver hardware architecture of Keysight’s PNA-
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X; the load is realized in digital signal processing following analog-to-digital conversion of the 

detected noise voltage [33]. In this example, the receiver’s bandwidth is set to unity. In practice 

the noise bandwidth is adjustable but typically set at 4 MHz.  

A results comparison summary of the simulated detected noise-power measured at the 

receiver’s load against independent numeric calculation (expected values) is shown in Table 4.2. 

Source Impedance  
Noise Temperature Gamma S Simulated Indep. Calc. % Error < 

9460.6  84.73 85.37 0.8 
290 0 8.222 8.214 0.1 
290  6.807 6.819 0.2 
290 -1 7.789 7.782 0.1 
290 1 7.961 7.949 0.2 

Table 4.2: The Receiver’s Delivered Noise Power Spectral Density - Simulation versus 
Independent Numeric Calculation 

 Using (4.29), Pdel_W is evaluated at each of five source impedance states ( sT̂ , s ) including (

1339460.6K,  0.09 je ), ( 290K, 0 ), ( 70290K, 0.5e j ), ( 290K, -1 ) and ( 290K, 1 ). The two 

approaches leverage identical noise and S-parameters assigned to the receiver as shown in Fig. 

4.3. Results by numeric calculation are obtained as follows; first, the receiver’s noise parameters 

are converted to the elements comprising its NCM [27]. Along with the receiver’s S-parameters 

and use of (4.7) and (4.10), this enables calculation of rG  , 11r̂  , 12r̂ , 21r̂ , and 22r̂  . Second, each 

row of matrix in (4.29) corresponds to a source impedance state defined by its noise-

temperature and reflection coefficient. As such, Pdel_W is calculated for hotP̂  , coldP̂  , r,1P̂  , r,2P̂  , 

and r,3P̂  . Both simulated and calculated results of Pdel_W are presented in Table 4.2. Their 

comparison agrees to less than a one percent error. 
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To validate (4.31), the simulated noise-power values in Table 4.2 are assigned to ˆR, CalP  .

Their coefficients explicitly described in (4.29) are post-processed in ADS to form Calβ  . Shown in 

(4.31), pre-multiplication of matrix inverse Calβ  with ˆR, CalP  produces simulated results for the 

receiver’s gain-bandwidth product rG  and its noise-wave parameters, 11r̂  , 12r̂ , 21r̂ , 22r̂ . Table 

4.3 summarizes simulation and numerically calculated values indicating conformance to less than 

or equal one percent error. 

 

Simulated 619.8 2.192   5.741 
Indep. Calc. 625 2.212   5.711 

% Error < 0.9 1.0 0.1 0.1 0.6 

Table 4.3: The Receiver’s Gain-Bandwidth Product & NCM - Simulation versus Independent 
Numeric Calculation 

4.3.2 Noise Matrix Characterization of a Linear Two-Port Device 

With a calibrated measurement system (receiver and source), the device under test may be 

evaluated to extract its noise properties. The technique is similar in approach to determining the 

receiver’s NCM ˆ RB  . Referring to Fig. 4.1, a reflection coefficient s of source impedance sZ is

presented to the two-port DUT’s input. The corresponding noise-power delivered to lZ of the

receiver is assessed. The relationship between s  and the measured noise-power is governed by 

(4.12). Beside the previously determined calibration coefficients, (4.12) is expressed in terms of 

the elements composing the DUT’s NCM ˆ DB  . It’s clear that unknowns 11d̂  , 12d̂  , 21d̂  , and 22d̂

are present. To solve for these, four distinct noise-power measurements can be made. Each 

measurement is to correspond to a unique s  state. The impedance states presented to the DUT 
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will be passive. Having generated four independent linear equations, matrix mathematics will be 

used in an expanded version of (4.12) to solve the four unknowns. Once ˆ DB  is determined, (3.54)

and (3.59) may respectively be used to acquire the noise factor and effective noise-temperature 

of the two-port DUT for any s  presented to its input port. 

To construct an expanded version of (4.12), the value of mP̂  is replaced with a 4x1 column 

matrix comprising four distinct noise-power measurements m,1P̂ through m,4P̂ ; each 

measurement will correspond to a distinct source impedance state s,1 through s,4  . This matrix 

will be described by 

m,1

m,2

m,3

m,4

P̂

P̂ˆ
P̂

P̂

MP (4.32)

The measured noise-power readings are the result of the combined influence of noise generation 

from the source ˆSP , DUT ˆDP , and receiver ˆRP  .

Consistent with the above description, the source-related entry in (4.12) may be 

expanded to form a 4x1 column vector ˆSP  described as
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2
s,1

2 2
s,1 11 2,1 r

2
s,2

2 2
s,2 11 2,2 r2

room 21 r 2
s,3

2 2
s,3 11 2,3 r

2
s,4

2 2
s,4 11 2,4 r

1

1 S 1

1

1 S 1
ˆ ˆkT S G

1

1 S 1

1

1 S 1

SP (4.33)

Each source impedance state s,x x 1 4| contributes a distinct noise-power to the aggregate 

measured at lZ . In effect, there is a linear transformation from the source noise roomT̂  to lZ

that may be described as room
ˆ ˆkTSP . Here,  is a linear transformation matrix describing 

the relationship between the source noise room
ˆkT  and its contribution to the overall noise-power 

appearing at lZ . Equation (4.33) describes the interaction the source noise experiences as it

propagates through the overall network from input to output for each of the four measurements 

being conducted.  

The receiver-related terms in (4.12) may be extended to account for multiple 

measurements forming a 4x4 matrix multiplied by a column vector comprising the elements of 

ˆ
RB  . This is shown in (4.34) to be 
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2
2,1 2,1 2,1

2
2,1 r 2,1 r2,1 r

2
2,2 2,2 2,2

2
2,2 r 2,2 r2,2 r

2
2,3 2,3 2,3

2
2,3 r 2,3 r2,3 r

2
2,4 2,4 2,4

2
2,4 r 2,4 r2,4 r

1
1 11

1
1 11

ˆ

1
1 11

1
1 11

RP

11

12

21

22

r̂
r̂
r̂
r̂

, (4.34) 

where 

11

12

21

22

r̂
r̂ˆ
r̂
r̂

RP .  is the linear transformation matrix of the receiver’s noise-power 

delivered to its load lZ  .  

The remaining term in (4.12) is related to the DUT. Its expanded version may be accounted 

using a similar approach as outlined above in (4.34). Let the noise-power appearing at the 

receiver’s load due to the DUT for each of four impedance states be accounted for by column 

vector ˆDP  , such that 
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2 2
s,1 21 s,1 21 s,1 21

2 2 2 2 2
s,1 11 2,1 r s,1 11 2,1 r s,1 11 2,1 r 2,1 r

2 2
s,2 21 s,2 21 s,2 21

2 2 2 2 2
s,2 11 2,2 r s,2 11 2,2 r s,2 11 2,2 r 2,2 r

r 2 2
s,3 21

S S S 1
1 S 1 1 S 1 1 S 1 1

S S S 1
1 S 1 1 S 1 1 S 1 1

ˆ G
S

1

DP
s,3 21 s,3 21

2 2 2 2 2
s,3 11 2,3 r s,3 11 2,3 r s,3 11 2,3 r 2,3 r

2 2
s,4 21 s,4 21 s,4 21

2 2 2 2 2
s,4 11 2,4 r s,4 11 2,4 r s,4 11 2,4 r 2,4 r

S S 1
S 1 1 S 1 1 S 1 1

S S S 1
1 S 1 1 S 1 1 S 1 1

11

12

21

22

d̂

d̂
 

d̂

d̂

 (4.35) 

The first matrix on the right-side of (4.35) is the linear transformation matrix describing the 

mapping of the DUT’s noise properties to the measurement receiver’s load lZ  . Equation (4.35) 

written in abbreviated form is  

 

11

12

21

22

d̂

d̂ˆ
d̂

d̂

D DP  (4.36) 

The 4x1 column vectors ˆSP  , ˆDP  , and ˆRP  may be summed in accordance with (4.12) 

yielding the overall noise-power measured for each source impedance state s,x x 1 4 |  . Thus, 

(4.12) becomes 

 ˆ ˆ ˆ ˆ  M S D RP P P P  (4.37) 

Solving for ˆDP  and substituting (4.36) yields 
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11

12

21

22

d̂

d̂ ˆ ˆ ˆ
d̂

d̂

M S RP P P (4.38)

Pre-multiplication of inverse matrix  to (4.38) yields the elements comprising the DUT’s NCM 

ˆ
DB such that

11

12 1

21

22

d̂

d̂ ˆ ˆ ˆ
d̂

d̂

D M S RP P P (4.39) 

To validate the noise model described by (4.39), a cascaded network experiment circuit 

is constructed in ADS consisting of a DUT joined to a passive tunable source termination and noise 

receiver at its input and output ports respectively. The intent is to demonstrate that collective 

knowledge of the source and receiver noise properties along with the S-parameters of the DUT 

and its connected networks enables extraction of the DUT’s NCM.  

The schematic in Fig. 4.4 presents the network (S-parameters) and noise parameters for 

the source, DUT, and noise receiver. The noise receiver is functionally identical to that shown in 

Fig. 4.2. Its pre-determined noise properties and gain-bandwidth product are described in the 

schematic of Fig. 4.3 along with the source termination’s noise-temperature. The key to this 

simulation is to sequentially tune the source reflection coefficient and assess the noise-power 

delivered to the receiver’s load. Four distinct source reflection coefficient s settings and their

corresponding Pdel_W are used in order that a system of four independent linear equations be 

formed from which the elements of the DUT’s NCM ˆ DB may be extracted. 

To establish a baseline, the noise parameters of the DUT are converted to the elements 

comprising its NCM [27].  Substituting into (4.12) the noise properties of the source, DUT, and 
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receiver, along with the DUT and receiver’s S-parameters, the noise-power expected to be 

measured by the receiver is numerically calculated at a prescribed s  . In this experiment a 290K  

source temperature is chosen. The expected Pdel_W is calculated for each of four s settings. 

The source impedance states are selected to be widely distributed across the Smith Chart 

including 
o700 , 0.5  , 1 , je and 1  . 

Having established our reference (expected) data, the simulation is then performed in 

ADS with results shown in Table 4.4. 

Table 4.5 compares the results of Pdel_W obtained through independent numeric 

computation against the simulated results acquired from ADS. Comparison was made at each of 

the four S  settings. Overall agreement is less than 0.3 percent error. 
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Figure 4.4: Schematic Representation of the DUT Embedded in a Cascaded Network
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Table 4.4: Results of the Cascaded Network’s Noise Figure, Effective Noise Temperature and 

Pdel_W versus Source Reflection Coefficient and Noise Temperature. Simulation Performed in 
ADS. 

 
 
 

Source Impedance   
Noise Temperature Gamma S Simulated Indep. Calc. % Error < 

290 0 1.459 1.458 0.1 
290  1.107 1.108 0.1 
290 -1 0.8147 0.8123 0.3 
290 1 0.563 0.7553 0.2 

 
Table 4.5: The Cascade Network’s Delivered Noise Power Spectral Density in Simulation versus 

Independent Numeric Calculation 

 
 

By use of (4.32-4.34), matrices  ˆMP  , ˆSP  , and ˆRP  are post-processed in ADS as well as  

from (4.35). The elements of these matrices are known given collective knowledge of the S-

parameters and noise properties of source and receiver as well as S-parameters of the DUT. 

Substituting these into (4.39), further processing yields the elements comprising the NCM ˆ DB  of 
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the DUT. Table 4.6 summarizes the simulated versus expected results offering a percent error of 

8.2, 1.0, 1.0, and 1.9 for NCM elements 
1 1

ˆ ˆ
gd gdb b  , 

1 2

ˆ ˆ
gd gdb b , 

1 2

ˆ ˆ
gd gdb b  , and 

2 2

ˆ ˆ
gd gdb b  respectively. 

 

  

    

Simulated 0.3188   96.69 
Indep. Calc. 0.3471   94.96 

% Error < 8.2 1.0 1.0 1.9 
 

Table 4.6: The DUT’s Extracted NCM ˆ DB in Simulation versus Independent Numeric Calculation 

 

Lastly, having determined the NCM ˆ DB , (3.59) may be used to assess the effective noise-

temperature of the two-port DUT for any impedance presented to its input terminals. The 

simulated effective noise-temperature was evaluated over a diverse s  range. Contrasted with 

numeric calculations, a two percent worst case error was realized. Table 4.7 summarizes these 

results taken at four distinct s  settings. 

Source Impedance   
Noise 

Temperature 
Gamma S Simulated Indep. Calc. % Error < 

290 0 258.99 254.35 1.9 
290  304.23 299.18 1.7 
290 -1 87781.4 87040.7 0.9 
290 1 207593 205751.4 0.9 

 

Table 4.7: The DUT’s Effective Noise Temperature - Simulation versus Numeric Calculation 

 

From the following simulation exercises, it has been shown that the S-parameter derived 

noise model in (4.39) can be used as a valid technique to de-embed (extract) the DUT’s NCM from 

its cascaded network. 
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While noise-power flow expressions in this chapter have been developed within the 

context of a two-port network, (3.15) may be generalized to accommodate for an n-port DUT. 

Indeed, one purpose for choosing S-parameters as the preferred network representation, unlike 

for example T-parameters, is its applicability to the generalized n-port case. Though industry 

standards define noise factor for the two-port network only, a multiport noise factor assessment 

based on the scattering noise matrix has been theoretically developed and suggested by Randa 

[26]. The evolution of low noise complex integrated system development may facilitate its future 

use. The underpinnings of his derivation use (3.15). For the two-port case, this generalized 

formulism reduces to the more familiar expressions outlined above.  

To develop an expression deriving a nonlinear RF/microwave network’s NCM requires a 

model which can accommodate additional frequency components including harmonics and 

intermodulation products as a function of large signal drive conditions. The X-parameter 

behavioral network representation satisfies this requirement. Further, X-parameters are the 

correct mathematical extension of S-parameters for the time-invariant nonlinear network 

condition. That is, under small signal drive conditions, the X-parameter formulism reduces to the 

familiar S-parameter network representation. Further, X-parameters applicability to existing 

software simulation and hardware measurement methodologies permit a means to noise model 

validation. In consideration to these justifications, focus will now be directed in the upcoming 

chapter to a NCM derivation of the time-invariant nonlinear network scenario.  



Chapter 5 

Nonlinear Network Noise Behavioral Modeling 

This chapter presents a generalized scattered noise behavioral model for time-invariant 

nonlinear microwave circuits. The formalism uses noise waves and large-signal scattering 

functions known as X-parameters to extract a multi-port network’s noise correlation matrix. 

From this, expressions representing the network’s effective input noise temperature and noise 

factor will be established. Within the small-signal space, it will be demonstrated that the 

behavioral model reduces to a familiar form describing noise wave influence governed by the 

network’s S-parameter functions. Using the generalized form, two examples given in context of 

embedded nonlinear one-port and two-port configurations are offered with each presented with 

matched termination networks. Both cases use a passive source and load in the analysis. 

Numerical versus simulated results will be compared. Results in the two-port case yield its noise 

factor. Lastly, hardware noise measurement thought experiments for one- and two-port 

nonlinear network scenarios will be designed to determine their noise properties.  

Given the nonlinear network noise behavioral model is represented as a function of its X-

parameters, and as such, capable of describing performance across its nonlinear (and linear) 

operating-regions, it’s prudent to begin with a review of the X-parameter (and S-parameter) 

formulation in context to deterministic signals.  
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5.1 Linear and Nonlinear (Time-Invariant) Network Behavioral Modeling 
5.1.1 Linear Network Behavioral Modeling using S-parameters 

While a linear system exhibits an output response proportional to its input stimulus, this 

description does not fully embody the concept of linearity. Essentially, linearity implies two 

properties known as superposition and homogeneity. To develop their meaning, we begin by 

stating that if input stimuli [41, 50] 

1 1t ta b (5.1) 

and 

2 2t ta b (5.2) 

then 

1 2 1 2t t t ta a b b (5.3) 

In other words, each stimulus 1 ta  and 2 ta produces a corresponding response 1 tb and 

2 tb ; the sum of their stimuli produce the sum of their responses. The total response due to all

stimuli presented simultaneously can be determined by introducing each stimulus individually, 

with all others zero, evaluating their corresponding responses and summing their total. This 

system property is known as superposition. 

Now let us scale an input stimulus ta  by a constant (real or complex) c .  If 

c t c ta b (5.4) 

then the system is considered homogenous. Thus, linearity implies two properties, superposition 

and homogeneity (scaling). Both properties can be combined to form a single property known as 

generalized superposition [50]. That is, if 
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1 1 1 1c t c ta b (5.5) 

and 

2 2 2 2c t c ta b (5.6) 

then 

1 1 2 2 1 1 2 2c t c t c t c ta a b b (5.7) 

If (5.7) applies, the system exhibits generalized superposition and is regarded linear. As such, 

there is no need to individually confirm superposition and homogeneity, expressions (5.3) and 

(5.4) respectively. 

Described in the time domain, equations (5.1–5.7) exhibit identical properties in the 

frequency domain. Taking the Fourier transform of the incident (cause) and scattered (effect) 

waves yields their complex amplitude (phasor) representation. The application of incident waves 

ka  to a linear n-port network are modified by the network, each contributing to the total 

response forming a scattered wave ib  where subscripts k  and i  represent the network’s 

input and output ports respectively. The modification or translation of the incident to scattered 

waves of a linear network is commonly described by its scattering parameters (S-parameters). 

This relationship or mapping of incident to scattered waves of a linear n-port can be described in 

the form of a weighted linear combination such that [51] 

n

ik
k 1

Si kb a (5.8) 

where the network’s S-parameters ikS are complex coefficients. Equation (5.8) preserves the 

linear network’s properties of superposition and scaling. It’s important to note that the sinusoidal 

description of the incident waves ka  exhibit a complex peak amplitude sufficiently small such

that higher-order (frequency) terms in the scattered waves ib  are considered negligible in
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comparison to the fundamental frequency component. As such, to preserve the condition of 

linearity, the amplitude of the incident waves, while they may be scaled, are restricted to a range 

that ensures linear operation of the network. 

For now, we assume the linear network is noise-free, as such, the set of generalized linear 

equations described in (5.8) may be used to form the S-parameter matrix model of the linear n-

port illustrated in (3.5). 

Equations (3.5) or (5.8) can be used to form an S-parameter model of a mismatch-

embedded linear two-port network. In this case, each of two scattered waves emanating from 

the network’s input and output ports is each written as a sum of its responses to the network’s 

incident waves thus forming two equations in (5.9) and (5.10) such that 

1 11 1 12 2S Sb a a (5.9) 

and 

2 21 1 22 2S Sb a a (5.10) 

Combining (5.9) and (5.10) in matrix form yields 

1 11 12 1

2 21 22 2

S S
S S

b a
b a

(5.11) 

To obtain a solution, four independent linear equations need be constructed. For the linear two-

port, a minimum of two experiments is needed to acquire the full set of S-parameters. In the first 

experiment, a stimulus 1a is applied to port-one whereupon the network’s response to the 

excitation is measured on both its ports. A second experiment can be conducted by re-directing 

the stimulus in the reverse direction to port-two and repeating the measurements of the 

network’s responses. The set of equations comprising (5.9) and (5.10) are valid if the S-

parameters of the network are independent of the assigned stimulus port. Such behavior is 

typically true of linear networks. The measured results from each of the two stimulus/response 
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experiments may be incorporated into the framework of (5.11) by augmenting its incident and 

scattered wave vectors such that [52] 

 11 121 1 1 1

21 222 2 2 2

S S
 

S S

fwd rev fwd rev

fwd rev fwd rev

b b a a
b b a a

 (5.12) 

The two-port network’s S-parameters are attained by post-multiplication on both sides of (5.12) 

by the incident-wave matrix inverse thereby yielding the solution 

 
1

11 12 1 1 1 1

21 22 2 2 2 2

S S
 

S S

fwd rev fwd rev

fwd rev fwd rev

b b a a
b b a a

 (5.13) 

Figure 5.1 shows a typical hardware measurement setup. The PNA-X’s source-one may be 

directed to test port-one, thus stimulating the network under test in the forward direction. The 

reference and test receivers positioned behind test ports-one and –two measure the resulting 

"a"  and "b"  waves of the network. The source-one stimulus is then reversed in direction, now 

being presented to test port-two. Subsequently the receiver’s once again measure the 

corresponding waves. Once the process is complete, the measured waves are used to extract the 

S-parameters of the linear network.  
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Figure 5.1: Modern Vector Network Analyzer Block Diagram (4-Port PNA-X) [53] 

 

Time-invariance is an important property common to a wide variety of linear (and 

nonlinear) devices of passive- and active-type classification. Signifying these devices or any 

arrangement thereof as a network, the property states that if a network acts on input stimulus 

ta  forming a response tb  such that [50, 51] 
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Figure 5.1: Modern Vector Network Analyzer Block Diagram (4-Port PNA-X) [53] 

 

Time-invariance is an important property common to a wide variety of linear (and 

nonlinear) devices of passive- and active-type classification. Signifying these devices or any 

arrangement thereof as a network, the property states that if a network acts on input stimulus 

 ta  forming a response  tb  such that [50, 51] 
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t O tb a , (5.14) 

then the network is time-invariant if the input stimulus is delayed by time  resulting in 

t O t     b a (5.15) 

The operator O describes the network’s transformation from its input stimulus to its output 

response. Equations (5.14) and (5.15) are identical with the exception that they are time delayed 

versions of one another. From (5.15), a time delay  initiated by the stimulus yields the same 

delay in response; a network exhibiting this characteristic is regarded as time-invariant. Resistors, 

inductors, capacitors, diodes, and transistors typically exhibit this property. Oscillators are one 

example of a time-varying network whereupon (5.14) and (5.15) characteristically do not apply. 

The S-parameter model conforms to the property of time-invariance. This can be shown 

by use of the Fourier transform in relation to (5.8) [51]. 

n

ik
k 1

t S tpk
i i kb b a (5.16) 

where the Fourier transform  of response tib  at port i  yields its frequency domain

representation expressed in units of peak (complex amplitude). By delaying all input stimuli in 

(5.16) by time , the time-domain response at port i  becomes [51] 

n n n
1 1 1 ( )

ik ik ik
k 1 k 1 k 1

S t S t Sj pk j
k k ka a e a e

1 ( ) tpk j
i ib e b (5.17) 

Any network modeled by its S-parameters obeys the property of time-invariance. 

To describe a relationship between a network’s incident and scattered waves that’s 

applicable to its linear and nonlinear regions requires a more generalized behavioral model than 

the S-parameter formulation. For example, returning to our two-port network, as the input 
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stimulus amplitude is increased, several behavioral changes may ensue. First, the network’s input 

and output match may not necessarily remain unchanged. Second, comprised within the incident 

and scattered waves there may be the presence of additional spectral components beyond the 

fundamental order. These characteristics are common to large-signal stimulated networks where 

the principles of linearity are no longer strictly adhered. As such, the S-parameter model 

described by (5.8) or (5.9-5.10) is no longer valid. A more comprehensive model is required, one 

which faithfully predicts the network’s properties across its large- (and small-) signal operating-

space while continuing to obey in accordance with (5.15) the property of time-invariance. One 

such model is known as X-parameters. 

 

5.1.2 Nonlinear (and Linear) Network Behavioral Modeling using X-parameters 
 

A network operating in its small-input signal region can be faithfully modeled through a set of 

equations described by (5.8). Within this operating space, the S-parameters remain independent 

of the incident signal’s amplitude. Continued increase in amplitude eventually leads to multiple 

output frequency components due to the network’s nonlinear behavior. Consequently, the 

nonlinear network’s reflection and transmission characteristics now become a function of the 

large-input (drive) signal. Hence, the S-parameter model is no longer valid and a new model that 

embodies both nonlinear and linear network behavior is necessary. Equation (5.18) illustrates 

such a model [51].  

 F S Tj j l j l
ij ij,kl ij,klX LSOP P X LSOP P X LSOP Pij kl klB a a  (5.18) 

where 

i output port index 

j output frequency index 
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k input port index 

l input frequency index 

LSOP = Large-Signal Operating Point mnA  

m large-signal input port index 

n large-signal input frequency index 

and 

P  mnj Ae  

Equation (5.18) uses large-signal scattering coefficients known as X-parameters. The X-parameter 

formulation is founded on the theory of Poly-Harmonic Distortion modeling [55].  

In general, the scattered waves ijB  are composed of the sum of large- and small-signal 

responses. The F
ijX  terms represent the large-signal responses at port i  - harmonic j  for a 

nonlinear network match-terminated at all its ports [51]. S
iX  and T

,klX  are related to the small-

signal responses and describe the nonlinear network’s sensitivity to mismatch at port i -harmonic 

j [51]. Unlike S-parameters, the small-signal responses are proportional to both kla  and kla . The 

total small-signal response is obtained by summing the independent small-signal response 

contributors due to S
,klX kla  and T

ij,klX kla  across all input ports k  - harmonics l  . The X-parameters 

are a function of the network’s LSOP which in this case is defined by 11A  as a single, CW, large-

signal tone incident to port-one at the fundamental frequency of operation. The large-signal 

responses in (5.18) are not ratio terms unlike the small-signal responses which are related to 

small-signal incident stimuli kla  and their conjugates. The small-signal incident waves are 

regarded to have sufficiently small amplitude to not appreciably alter the network’s LSOP. As 

such, the total small-signal responses are superimposed on those of the large- across the 

harmonic-grid for all ij . Through the summation symbol, the formulation indicates that each 
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small-signal incident wave across all kl  contributes to the formation of a small signal (total) 

response at ij . Analogous to S-parameters, the nonlinear network’s gain and match at the 

fundamental frequency can be described through its X-parameters. But, due to the cross-

frequency terms, there are typically more X-parameters than S-parameters needed to provide a 

full behavioral description of the network. For example, the ratio of the nonlinear network’s 

small-signal fundamental response emerging from port-two and the second harmonic incident 

to its port-one is 21,12X  . 

Unlike the S-parameter formulation, a more generalized model embodying nonlinear (and 

linear) behavior does not inherently conform to the property of time-invariance described by 

(5.15). Therefore, to properly represent its incoming and outgoing waves, the time-invariance 

property is deliberately incorporated into the X-parameter formulism. The P  terms present in 

(5.18) for both large- and small-signal responses enforce the property of time-invariance 

consistent with (5.15). Without their inclusion, the model is inherently incorrect and may lead in 

some cases to unacceptable inaccuracies [51]. 

To demonstrate the applicability of equation (5.18) within the network’s linear operating 

space, consider the condition where the large-signal amplitude 11 0A  . First, the large-signal 

responses described by the FX terms approach zero. Second, all harmonic content above the 

fundamental order becomes negligible and therefore the input and output harmonic indices l  

and j  equal one and are dropped from the expression. Third, the small-signal responses related 

to TX  approach zero in the small-signal region of the network. Lastly, the remaining X-

parameter coefficients are no longer a function of a LSOP and as such become independent of 

the small-signal stimuli ka  . As an example, applying the stated conditions to a linear two-port, 

(5.18) becomes 

 
2 2

S
i,k ik

k 1 k 1

X Si k kb a a  (5.19) 
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where 
11

S Sj l
,kl i,k ik0X P | X SA . Equation (5.19) reduces to two expressions describing the linear 

two-port’s scattered waves 1b and 2b consistent with those previously described by (5.9) and

(5.10). 

To illustrate the X-parameter identification process, the use of (5.18) will be exercised 

within context of a quasi-match embedded nonlinear two-port network with a LSOP defined by 

the large-signal amplitude 11A  . In this example, analysis is restricted to the fundamental order 

with no higher-order harmonics applied or emerging from the two-port. Directing these 

restrictions to (5.18), the scattered waves of the two-port become 

2
F S T 2

i 11 i,k 11 i,k 11
k 1

X P X X Pi k kB A A a A a  (5.20) 

where port indices l j 1  have been removed from the expression. The nonlinear network’s 

scattered waves 1B and 2B emanating from its input and output ports respectively form (5.21) 

and (5.22) such that 

F S T S T2 2
1 1 11 1,1 11 1 1,1 11 1 1,2 11 2 1,2 11 2X P X X P X X PB A A a A a A a A a (5.21) 

and 

F S T S T2 2
2 2 11 2,1 11 1 2,1 11 1 2,2 11 2 2,2 11 2X P X X P X X PB A A a A a A a A a (5.22) 

Combining (5.21) and (5.22) in matrix form produces 

1
S T S TF 2 2

1,1 1,1 1,2 1,21 1 1
S T S TF 2 2

2 22,1 2,1 2,2 2,22

2

X X P X X PX P

X X P X X PX P

a
B a
B a

a

(5.23) 
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The two equations comprise ten unknowns. To extract (solve) the network’s X-parameters, a 

series of five experiments will be conducted with defined stimuli and corresponding response 

quantities assessed and incorporated within the framework of (5.23). 

 First, a large-signal with amplitude 11A  is applied to the network’s input port thereby 

establishing a desired LSOP. Large-signal responses 1
LS
mB  and 2

LS
mB  are then measured at its 

input and output ports respectively. The subscript m will be used to denote a measured quantity, 

in this case a measured large-signal response. The measured responses will be used in post-

process to determine the FX  terms reported in (5.23) [51]. Next, while the large-signal stimulus 

remains incident to the network’s input port, a small-signal stimulus a  is introduced to the 

network. To solve for the remaining eight unknowns, a set of four experiments is conducted. 

While the LSOP of the network is maintained, a small-signal stimulus 1a  is first directed to the 

input port and the response on both ports is measured. The phase of the 1a  stimulus is then 

altered by 2  (quadrature) and the responses are once again assessed. The small-signal 

stimulus is then re-directed to the network’s output port, now referred as 2a  , whereupon the 

process is repeated.  The stimuli and response vectors in (5.23) may now be augmented to include 

the measured quantities procured from each of the five experiments thus forming (5.24) [52]. 

2

2 2

2 2

1 1 1 1

S T S T2 2
1,1 1,1 1,2 1,21 1 1 1 1 1 1 1
S T S T2 2

2,1 2,1 2,2 2,22 2 2 2
2 2 2 2

X X P X X P

X X P X X P

fwd rev
fwd rev
m m m m

fwd rev
LS LS LS LSfwd rev

m m m m m m m m
fwd rev LS LS LS LS

fwd rev m m m m
m m m m

a a a a

B B B B B B B B

B B B BB B B B

2

2 2

2 2

2 2

1 1 1 1

2 2 2 2

2 2 2 2

fwd rev
fwd rev
m m m m

fwd rev
fwd rev
m m m m

fwd rev
fwd rev
m m m m

a a a a

a a a a

a a a a

 (5.24) 

The nonlinear two-port’s small-signal responses from each of the four experiments can be 

calculated by subtracting the large-signal responses from the total responses resulting in 
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2 22 2

2 22 2

1 1 1 1 1 1 1 11 1 1 1

2 2 2 2
2 2 2 22 2 2 2

fwd revfwd rev
LS LS LS LSfwd revfwd rev

m m m m m m m m
fwd revfwd rev LS LS LS LS

fwd revfwd rev m m m m
m m m m

B B B B B B B Bb b b b

B B B BB B B Bb b b b
  

 

2 2

2 2

2 2

2 2

1 1 1 1

S T S T2 2
1,1 1,1 1,2 1,2 1 1 1 1
S T S T2 2

2,1 2,1 2,2 2,2
2 2 2 2

2 2 2 2

X X P X X P
 

X X P X X P

fwd rev
fwd rev
m m m m

fwd rev
fwd rev
m m m m

fwd rev
fwd rev
m m m m

fwd rev
fwd rev
m m m m

a a a a

a a a a

a a a a

a a a a

 (5.25) 

The X-parameter matrix summarizing the nonlinear network’s mapping of the small-signal stimuli 

to their corresponding responses is solved by post-multiplying both sides of (5.25) by the small-

signal stimuli matrix inverse thereby producing the desired result 

  

2 2

2 22 2

22 2

1 1 1 1

S T S T2 2
1,1 1,1 1,2 1,2 1 1 1 11 1 1 1
S T S T2 2

2,1 2,1 2,2 2,2
2 2 2 22 2 2 2

X X P X X P

X X P X X P

fwd rev
fwd rev
m m m m

fwd revfwd rev
fwd revfwd rev
m m m m

fwd rfwd rev
fwd revfwd rev
m m m m

a a a a

a a a ab b b b

a a a ab b b b 2

2 2

1

2 2 2 2

 
ev

fwd rev
fwd rev
m m m ma a a a

 (5.26) 

With the SX , and T 2X P  related terms extracted, they can be applied to the large-signal 

response measurements, i.e. 1
LS
mB  and 2

LS
mB  , to extract the match-embedded nonlinear two-

port network’s large-signal responses F
1X P  and F

2X P  thus completing the X-parameter 

extraction (ten unknowns) process for the set of equations described in (5.23) [51]. 

In this example, analysis was restricted to a two-port operating at its fundamental 

frequency. The X-parameter formulism supports the generalized n-port, m-harmonic condition. 

In such a case, the number of measurements can be increased to assess both large- and small-

signal stimulus/response conditions to solve for the X-parameter matrix. As such, the matrix will 
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be larger in dimension to accommodate for an increase to port and harmonic count. Multiple 

harmonics introduces cross-frequency coefficients to the formulism. The X-parameter extraction 

process is like that used in our two-port example with exception that the small-signal stimulus is 

to be sequentially applied at each of the m-harmonics on a given port and then repeated at the 

remaining n-1 ports. 

The Keysight Technologies PNA-X network analyzer may be used to derive X-parameter 

models using nonlinear vector network analyzer (NVNA) software. A measurement sequence 

consistent with that previously described, may be implemented in hardware per Fig. 5.2. During 

the measurement sequence, a large-signal is applied only to the PNA-X’s port-one via source-

one. Simultaneously with the large-signal applied, a small-signal at the fundamental frequency is 

introduced to port-one via source-two and the combiner. The stimulus and response of the 

network, i.e. the “a ” and “b ” waves, are measured using the test and reference receivers 

positioned at the PNA-X’s port-one and port-three signal paths. The phase of the small-signal is 

then rotated, and the measurement process repeated. If specified by the user, the small-signal is 

then sequentially tuned to each harmonic frequency and the stimulus/response measurements 

on the DUT are repeated. Lastly, while the large-signal remains on port-one, the small-signal is 

reversed in direction thus being applied to the network’s output port via the PNA-X’s source-

two/test port-three signal path. The small-signal is exercised at its fundamental and harmonics 

(if specified). At each stimulus frequency/phase setting, stimulus/response measurements are 

performed on the network. Once the measurement sequences have concluded, the measured 

waves are used to extract the X-parameters of the network. 
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Figure 5.2: The Keysight PNA-X Architecture with NVNA Application to Extract X-parameters [53] 
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5.2 Nonlinear Network Noise Modeling Using X-parameters 
 

While much attention has been given to predicting network noise behavior under small-signal 

operation, the same is not true for the large-signal case [54]. It’s not uncommon that interfering 

signals of sufficient amplitude may compromise receiver performance. In current practice, at the 

time of this writing, there are limited reliable methods for characterization, modeling, and 

simulation of noise behavior associated with nonlinear networks [65, 66].  

Presented in this section is a generalized noise behavioral model for embedded nonlinear 

(and linear) time-invariant microwave circuits. Using large-signal scattering functions known as 

X-parameters [51] in conjunction with noise wave theory, the model will be derived in terms of 

the nonlinear network’s noise correlation matrix. Important features will be shown, such as its 

reduction to the S-parameter behavioral model thus predicting noise performance within the 

network’s small-signal operating-space. Lastly, in terms of the nonlinear network’s noise matrix 

(or noise correlation matrix), relationships describing its noise factor and effective noise 

temperature will be developed. Using the generalized form, two examples given in context of 

embedded nonlinear one-port and two-port configurations are offered with each presented with 

matched termination networks. Numerical versus simulated results will be compared. Lastly, a 

hardware-based measurement approach will be developed for deriving the noise correlation 

matrix of a nonlinear two-port network.  

 

5.2.1 General Theory 
 

As described earlier, performing noise characterization on a distributed linear network in the 

RF/microwave frequency spectrum commonly employs its S-parameters to describe mapping of 

the network’s incident to scattered noise waves. Through their collective use, a comprehensive 

noise behavioral model for embedded linear networks can be derived. 
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 Should the network experience an input signal of sufficient amplitude leading to 

operation beyond its linear region, its S-parameters no longer provide a viable predictor of its 

signal behavior, including noise. In practice, large-signal conditions generate higher-order 

harmonic and distortion products within a network’s response which cannot be captured with 

the S-parameter framework. Further, S-parameters are independent of drive signal amplitude, a 

condition not applicable within the nonlinear operating region of the network. 

 In recent years, a behavioral model known as X-parameters was developed principally by 

Verspecht and Root [51, 55, 56] to capture a network’s discrete response not only at the 

fundamental frequency but higher-order spectral components associated with a large-input 

stimulus. The behavior of the device, described by its X-parameters is dependent on the 

network’s large signal operating point (LSOP). X-parameters are a mathematically correct 

extension of S-parameters. That is, should the large-input signal amplitude be reduced such that 

the network operates in its linear-space, the X-parameter formulism relating the incident to 

scattered noise waves reduces to the familiar S-parameter network representation. Thus, the X-

parameter behavioral model may be used to predict behavior across the network’s entire input-

signal space. 

 It’s proposed in this work that X-parameters be utilized to derive a comprehensive noise 

behavioral model to predict a nonlinear network’s noise performance. To be valid, the network’s 

noise will be treated as a small-signal to not alter the LSOP collectively established by application 

of DC and, in this case, a discrete single CW RF input tone. Thus, the small-signal mapping of 

incident to scattered noise waves described by the network’s X-parameters is superimposed on 

its deterministic signal response. 

 

5.2.1.1 Noise Correlation Matrix 
 

Consider Fig. 5.3(a) consisting of a noisy nonlinear n-port network evaluated over m-harmonics 

operating at an LSOP. The network’s signal and noise behavior will be represented by its X-
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parameters and equivalent internal noise wave generator array ˆgdb  respectively. The m n  

elements forming column vector ˆgdb  exist at each of the device’s ports and their respective 

harmonics described in units of square root watts per Hz. The i , j -th element of ˆgdb  is noise wave 

ˆ
ijgdb  where lower subscripts i  and j  are the output port-harmonic index respectively. The power 

spectral densities of the noise waves are designated by their time-averaged magnitude squared 

normalized to a 1Hz bandwidth. This is the characteristic noise power density which would be 

delivered to a matched, noise-free termination. 

 

 

 

 

 

 

 

 

 

 

As depicted in Fig. 5.3(a), each port of the nonlinear network is terminated in a passive, reflective, 

noisy load. The termination network considered will be linear and generalized to account for 

coupling between its ports as described by its S-parameters matrix. In its simplest form, the off-

diagonal elements are zero indicating infinite isolation to its adjacent ports and elements along 

its diagonal are reflection coefficients presented to each of the nonlinear network’s ports. The 

Figure 5.3(a): Two connected noisy multi-ports, the nonlinear (n-port, m-
harmonic) device and its linear termination network 
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amplitudes of the termination network’s noise wave generators are accounted in column vector 

ˆ
gtb . The k , l -th element of ˆgtb  is noise wave ˆ

klgt
b  where lower subscripts k  and l  represent the

input port-harmonic index. 

The nonlinear network’s incident and scattered noise waves are ordered in column 

vectors â  and b̂  respectively; in turn their elements will be stated ˆkla  and îjb  . Fig. 5.3(b) is the

corresponding matrix representation of Fig. 5.3(a). Its inspection yields two expressions related 

to the noise-wave vectors. First, the incident noise vector â  can be expressed as shown in (5.27). 

ˆ ˆˆ t gta b b (5.27) 

where t is a square matrix with dimension m n, m n . From (5.27), incident noise wave ˆkla

may be written in (5.28) as 

n m

i 1 j 1
t
ˆ ˆˆ

klkl ij gta b b (5.28) 

for all l j , else 
klt 0  . 

Consistent with X-parameter theory, a second expression, also from Fig. 5.3(b), describes 

the scattered noise wave vector b̂  of a noisy NL n-port with total response 

 

NONLINEAR 
n-PORT 

LINEAR  
n-PORT 

Figure 5.3(b): Two connected noisy n-ports. 
Noise wave equations in matrix form can 

readily be devised by inspection. 
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11 11
ˆ ˆˆ ˆ= , . , .DC A DC AS S T T *X P X P gdb a a b (5.29) 

The character “ ” indicates the operation-type is multiplication and the “ ” is an element-by-

element matrix multiplication. In (5.29), there are two small-signal responses initiated by incident 

noise vector â  in the formation of b̂ , S- and T-type. The distinct contribution of each incident 

noise wave ˆkla  to this response is described by scattering matrices SX  and TX  each of 

dimension m n, m n . Equation (5.29) shows these contributions have complex values which

are functions of the LSOP defined by bias and the magnitude of the large-signal 11A . The 

significance of SP  and  TP  is that it enforces the property of time-invariance by re-aligning in 

time the response with the stimulus. 

From (5.29), outgoing noise wave îjb  is described by

n m
(s) ( j l) (T) ( j l)
,kl 11 ,kl 11

k 1 l 1

ˆ ˆˆ ˆX , P X , Pij kl kl gdij
b DC A a DC A a b (5.30) 

where elements in matrices SP and TP  are correspondingly depicted by ( j l)P and  ( j l)P  . 

Substituting (5.27) into (5.29) and organizing the scattered noise wave vector b̂ - and b̂

- terms produces

ˆ ˆ ˆ ˆ ˆ. - . . .S S T T S S T TI X P X P X P X Pgt gt gdb b b b b (5.31) 

where I  is the identity matrix. Taking the complex conjugate of (5.31) generates a second 

equation from which scattered noise wave vectors  b̂  and b̂  are organized in an aggregate 

matrix and solved resulting in the expression shown in (5.32). 
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 .

. - . ˆ ˆ ˆˆ . .
ˆ ˆ ˆˆ . .- . .

S S T T S S T T

S S T TT T S S
t

I X P X P X P X P

X P X PX P I X P

gt gt gd

gt gt gd

b b bb
b b bb

(5.32) 

The correlation of the embedded nonlinear network’s scattered waves is defined by noise 

matrix B̂  such that 

†ˆ ˆ
ˆ

ˆ ˆ
B

b b

b b
   (5.33) 

where the symbol “†” implies Hermitian and the bar illustrates the time-average of an assumed 

ergodic process. B̂  is the connected system’s full in-situ noise matrix. The diagonal elements of 

B̂  represent the characteristic noise power spectral density 
2

îjb  of the nonlinear network’s 

scattered waves at each port i - harmonic j  index. Its correspondence to the available noise 

power density is specified by 
2 2 2

ij
ˆ ˆ 1

avij ijb b  . The off-diagonal elements are the cross 

port-harmonic correlation of each scattered wave to the other. 

Noise matrix B̂  can be expressed in terms of the signal and noise properties of the 

nonlinear n-port and its connecting terminations. Use of (5.32, 5.33) yields (5.34) such that 

1

t
†ˆ ˆ . - .

ˆ ˆ - . .

S S T T

T T S S

t

I X P X P

X P I X P

b b

b b

†† †ˆ ˆ ˆ ˆ. . . .
ˆ ˆ ˆ ˆ. . . .

S S T T S S T T

T T S S T T S S

X P X P X P X P

X P X P X P X P

gt gt gd gd

gt gt gd gd

b b b b

b b b b

1†
t. - .

- . .

S S T T

T T S S

t

I X P X P

X P I X P
(5.34) 
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where noise generated by the comprising networks are treated as uncorrelated to one another. 

From (5.34), the NCM summarizing the intrinsic noise properties generated by the NL-device ˆ gdB  

and its connected terminations ˆ gtB  will be defined as 

†ˆ ˆ
ˆ

ˆ ˆgdB gd gd

gd gd

b b

b b
and 

†ˆ ˆ
ˆ

ˆ ˆgtB gt gt

gt gt

b b

b b
(5.35a,b) 

Pertaining to (5.34), the full in-situ NCM of the scattered noise waves is expressed as a 

transformation sum of the noise properties associated with that of the nonlinear network and its 

connecting terminations. This noise transformation leading to its contribution to the scattered 

waves is the result of its interaction with the composing network’s scattering functions (X- and S-

parameters). Thus, knowledge of these scattering functions and the noise correlation matrices in 

(5.35) enables calculation of the full in-situ scattered noise matrix  B̂  .  

While (5.34) can be validated in software simulation the same is not true in hardware. 

Practical limitations in measurement exist due to superposition of large- (discrete) and small-

signal noise responses present across the harmonic grid. Inability to sufficiently separate the 

signals precludes an accurate assessment of the noise. 

Alternatively, a more generalized approach may be taken whereupon the NL network’s 

scattered noise response is measured at a small offset frequency above and/or below the 

harmonic grid while preserving the LSOP. While this technique offers benefit given the 

perturbation frequency of the noise is now distinct from the drive tone frequency, it’s not 

without a potential restriction. The method assumes that the X-parameters evaluated on the 

harmonic grid are unchanged at the established offset frequency. NL network’s exhibiting 

moderate to strong memory effects may not satisfy this criterion [51]. In this work, such effects 

exhibited by the network of interest will be assumed negligible. 

Equation (5.27) may be adapted to accommodate for a finite frequency offset condition 

above and below the harmonic grid forming two expressions in  
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 ˆ ˆˆ tΓ gta = b + b  (5.36) 

and 

 ˆ ˆˆ tΓ gta = b + b  (5.37) 

where “ ‘ “ and “ ‘’ “ correspondingly signify positive and negative frequency offsets. 

Equation (5.29) is modified to describe the NL-network’s scattered noise vectors residing 

above and below the spectral components comprising its large-signal response. The scattered 

noise waves positioned above the spectral locations defining the harmonic grid are 

 11 11
ˆ ˆˆ ˆ= , . , .DC A DC AS S T T *X P X P gdb a a b  (5.38) 

while those below are 

 11 11
ˆ ˆˆ ˆ= , . , .  .DC A DC AS S T T *X P X P gdb a a b  (5.39) 

 Substitution of (5.36) and (5.37) into (5.38) returns in (5.40) 

 ˆ ˆ ˆ ˆ ˆ. - . . .  .S S T T S S T TI X P X P X P X Pgt gt gdb b b b b  (5.40) 

 Taking the complex conjugate of (5.40), a second equation is created from which 

unknowns b̂  and b̂  may be solved. Analogous in procedure to (5.31) - (5.34), a full in-situ noise 

matrix bounded across the harmonic grid may be computed resulting in 
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For purpose of brevity, (5.41) is written as 

1

t. - .

- . .
ˆ

S S T T

T T S S

t

I X P X P

X P I X P
B

†
. . . .

. . . .
ˆ ˆ
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X P X P X P X P

X P X P X P X P
B B

1†
t. - .

- . .

S S T T

T T S S

t

I X P X P

X P I X P
(5.42) 

where the “ ‘’’ “ symbolizes matrix elements comprising noise wave quantities residing at upper 

and lower sidebands, “ ‘ “ and “ ‘’ “ respectively. 

The time-averaged noise matrix B̂  consists of two parts. The first term is the 

characteristic noise power emanating from the NL network’s ports due to incident noise matrix 

ˆ
gtB being modified through its interaction with the composing network [26]. The second term is

the characteristic noise power emerging from the NL network’s ports due to its own intrinsic 

noise matrix ˆ gdB [26]. That is, the noise of the device undergoes its own alteration. Thus, the

scattered noise power at the NL network’s ports is the sum of two transformations. 
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Of interest is that the noise performance of the nonlinear multi-port network is entirely 

described by its scattering parameter X  and noise correlation ˆ gdB  matrices. Collectively, they 

explain as evidence in (5.41) the behavior of the device in relation to its connecting networks. 

The elements of X  and ˆ gdB  need be determined from measurement or numerical calculation 

[20]. 

 To re-enforce its applicability across the network’s entire input signal-space, equation 

(5.41) will be employed for embedded one- and two-port examples in sections 5.2.2 and 5.2.3 

respectively. 

 

5.2.1.2 Noise Factor 
 

Noise factor, and equivalently, noise figure quantifies the noise appraisal of a two-port network. 

It’s defined as the ratio of total available noise power at a network’s output to total available 

noise power at the output due to the input termination’s thermal noise [1, 35]. IEEE industry 

standards establish an input termination reference temperature oT  at 290K [47]. From this, the 

conclusion is drawn that noise factor is a measure of output available noise power the network 

adds compared to the output available noise power due to the reference input termination at 

physical temperature oT  . Accordingly, should the device contribute zero noise, its minimum 

noise factor F  presents a numerical value of unity. 

Industry standards define noise factor [47] for a two-port network case but do not extend 

it to the generalized multi-port, i.e. n>2, network condition. However, an assessment is possible 

by use of the terms comprising the scattering noise wave matrix expression for B̂  given by (5.42) 

and its use within context of the definition for F  . Through their use, the upper sideband spot 

noise factor ijF  can be presented as 
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(5.43) 

where ij  represents the ij-th output port-harmonic at its upper sideband frequency location

and diag ij - ij  is a diagonal element of the matrix within brackets [26]. The above expression

evaluates the upper sideband noise power out due to noise added by the nonlinear network and 

ratios it to the portion of upper sideband noise power out due to the incident noise presented to 

all its input ports. In (5.43), the nonlinear network’s terminations are referenced to available 

noise power density okT . This condition is enforced by defining the expression o
ˆ ˆkTgt gtB B  and 

its use in the denominator of (5.43).  Noise matrix ˆ gtB  retains the correlation each incident noise 

wave source exhibits to the other. Should the DUT’s connecting terminations be passive, 

isolated, and present a noise temperature oT to all its ports, ˆ gtB reduces to the identity matrix. 

Further, use of ˆ gtB supports analysis of the DUT’s noise factor for the more general scenario 

where different input termination noise temperatures are presented to its ports [26]. 

The lower sideband spot noise factor ijF can be assessed using (5.43) by replacing diag

ij - ij with diag ij - ij . As such, the diagonal elements in the numerator and denominator

correspond exclusively to the ij port-harmonic indices. 

Equation (5.43) is a generalized formulism supporting a nonlinear network consisting of 

n-ports across m-harmonics. In section 5.2.3, through use of an example, it will be shown that



5 Nonlinear Network Noise 134 NL Net. Noise Modeling using X-parameters 
Behavioral Modeling 

the expression can be reduced to the two-port fundamental frequency case, with input 

termination reference temperature oT  . 

5.2.2 Noise Analysis of a Nonlinear One-Port Network 

Through the full in-situ scattered noise matrix [26] expression of (5.41), the noise performance 

of a nonlinear multiport is described in relation to its connecting networks. This section is devoted 

to clarifying as well as confirming in-part this generalized formalism through analysis of a match-

terminated nonlinear one-port network. Calculated numerical results for specific levels of noise 

under various large-signal drive tone operating conditions will be examined and compared with 

computer simulation of an example circuit using ADS software. 

The nonlinear one-port is composed in simulation of an npn Si transistor operating within 

a single-stage common-emitter circuit configuration. In this example, the transistor’s load is 

connected to its collector terminal. The one-port’s incoming and outgoing RF signals will be 

accessed at the transistor’s base terminal. Circuit elements are chosen in order that negligible 

memory effects are introduced. The circuit’s response, large-signal or large-signal plus noise are 

separately analyzed in simulation by turning its noise generators off and on respectively. 

The one-port’s connected network delivers a single CW RF drive tone to its input 

contributing to creation of its LSOP. This network also acts as the one-port’s termination through 

its source impedance, in this case being passive, matched, and noisy. 

In the experiment, noise analysis is restricted to the fundamental frequency and its 

bounded offsets. For (5.38) and (5.39) to remain valid, the source impedance, from the one-port’s 

frame of reference, will be noise-free and matched at frequencies corresponding to higher order 

harmonics. To impose this condition, a bandpass filter is inserted in the signal path to eliminate 

incident noise located at frequencies corresponding to the upper harmonic-grid. Hence, the 

filter’s out-of-band characteristics are absorptive, i.e. matched. Figure 5.4 emulates the 
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schematic of the noisy nonlinear one-port circuit and its connected source/termination network 

used to conduct the experiment. The noisy X-parameter model of the nonlinear one-port 

network is represented by the X-parameter representation of its noise-free otherwise electrical 

equivalent circuit summed with its own complex noise values versus time. To construct this 

model, two simulations are performed prior to this experiment; the first is to create an X-

parameter behavioral model from the original albeit noise-free nonlinear one-port circuit, and 

second to acquire a data base of complex noise emanating from the noisy one-port versus time. 

Separation of these experiments is required due to X-parameters not presently supporting noise 

analysis in ADS. Lastly, the combiner’s S-parameters are chosen to preserve the same input match 

as the original noisy nonlinear one-port network. 
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3.2.1.1 Two-Port Network 

To illustrate the use of (3.15), we will use it to calculate the output scattered noise density 2 2
ˆ ˆb b

of an active two-port. The system is shown in Fig. 3.8 [20] where network-S is the active two- 

port and network-L the termination network to which it’s connected. Active device port-one is 

the input, port-two the output. The active network noise is modeled by two correlated noise-

wave sources 
1

ˆ
gsb and 

2

ˆ
gsb  emerging from its input and output ports respectively. 

Figure 3.8: Active Two-Port Network-S Connected to Passive Termination Network-L 

From (3.15) and Fig. 3.8, the full-insitu scattered noise density matrix †ˆ ˆbb  of the active 

two-port can be written in (3.32) as 
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With experiment conditions now defined, the generalized scattered noise matrix expression in 

(5.41) is constituted by  
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 (5.44) 

where 
11S 0  and 11P j Ae . 

Multiplying the time-averaged scattered, incident, and intrinsic noise vectors [26] in (5.44) by 

their respective Hermitian’s returns  

11 11 11 11

11 11 11 11
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 (5.45) 

The intrinsic NCM of the nonlinear one-port device describes the auto- and cross-correlation of 

noise waves 
11

ˆ
gdb  and 

11

ˆ
gdb . The noise power spectral density, i.e., auto-correlation, of the two 

noise waves are described along its diagonal elements while their cross-correlation is described 

at its off-diagonal locations. 

 The passive termination’s noise source’s processes 
11

ˆ
gsb  and 

11

ˆ
gsb  operate at differing 

frequencies and thus are uncorrelated. Consequently, their time-averaged cross-correlation 

noise products, 
11 11

ˆ ˆ
gs gsb b  and 

11 11

* *ˆ ˆ
gs gsb b  are zero. 

 The four in-situ time-averaged scattered noise properties in (5.45) are expressed in (5.46) 

as the sum of the incident noise power, suitably modified by the nonlinear one-port, and its 

unmodified intrinsic noise power under a match-terminated condition. Applying matrix 

multiplication in (5.45) results in 
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The intrinsic NCM of the nonlinear one-port device describes the auto- and cross-correlation of 

noise waves 
11

ˆ
gdb  and 

11

ˆ
gdb . The noise power spectral density, i.e., auto-correlation, of the two 

noise waves are described along its diagonal elements while their cross-correlation is described 

at its off-diagonal locations. 

 The passive termination’s noise source’s processes 
11

ˆ
gsb  and 

11

ˆ
gsb  operate at differing 

frequencies and thus are uncorrelated. Consequently, their time-averaged cross-correlation 

noise products, 
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11 11 11 11 11 11

* (S) * (S)* (T) * (T)* *
11 11 11,11 11,11 11,11 11,11
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆX X X X             ,gs gs gs gs gd gdb b b b b b b b  (5.46a) 

 
11 11 11 11 11 11

(S) * (T) 2 (T) 2 * (S)
11 11 11,11 11,11 11,11 11,11
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆX X X X     ,gs gs gs gs gd gdb b b b P P b b b b ,  (5.46b) 

 
11 11 11 11 11

* * (T)* 2 * (S)* (S)* * (T)* 2 * *
11 11 11,11 11,11 11,11 11,11 11
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆX X X X ,gs gs gs gs gd gdb b P b b b b P b b ,  (5.46c) 

and 

 
11 11 11 11 11 11

* (T)* * (T) (S)* * (S) *
11 11 11,11 11,11 11,11 11,11
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆX X X X             gs gs gs gs gd gdb b b b b b b b  (5.46d) 

where the diagonal and off-diagonal elements are described by (5.46a,d) and (5.46b,c) 

respectively. 

 Slight simplification to (5.46a-d) is made by observing that for a passive source 

termination, 
11 11 11 11

* *
s

ˆ ˆ ˆ ˆ ˆkTgs gs gs gsb b b b  where sT̂  is its physical temperature. 

It’s important to remember that the scattered noise properties of the nonlinear network 

are a function of its LSOP. Should a reduction in amplitude of drive tone 11A  be sufficient that the 

device operates within its small-signal region, this dependency no longer exists. The time-

averaged cross-frequency terms 
11 11

ˆ ˆ
gd gdb b  and 

11

* *
11

ˆ ˆ
gd gdb b  both diminish to zero and X-parameters 

(S)
11,11X  and (T)

11,11X  reduce to 11S  and zero respectively [51]. As the amplitude of 11A  approaches 

zero, the scattered noise properties of the combined network described in (5.46a-d) 

correspondingly becomes 

 * * * *
1 1 11 1 1 11 1 1
ˆ ˆ ˆ ˆ ˆ ˆS S       ,gs gs gd gdbb b b b b  (5.47a) 

 11 11
ˆ ˆ 0,b b  (5.47b) 

 * *
11 11
ˆ ˆ 0,b b  (5.47c) 

and 
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 * * * *
1 1 11 1 1 11 1 1
ˆ ˆ ˆ ˆ ˆ ˆS S       gs gs gd gdb b b b b b  (5.47d) 

where, consistent with S-parameter notation, only port number subscript designators remain in 

the formalism. 

 To determine operation space from which the experiment in Fig. 5.4 is to be performed, 

a harmonic balance power sweep simulation is conducted on the one-port network. The rate in 

harmonic amplitude change versus drive-tone input power 
2

11A  is assessed. From this analysis, 

five operating points are chosen spanning an input-signal space across the network’s linear (-35 

dBm), compression (-25, -20 dBm), and saturation (-15, -10 dBm) behavioral regions. 

 

Large-Signal Incident 
And Scattered Waves 

 

Large-
Signal 

Incident 
Power 

 

One-Port Network  
X-Parameters 

Simulated Scattered 
 

Numerical Calculation 
Scattered 

 
Upper 
Offset 

Lower 
Offset 

Upper 
Offset 

Lower 
Offset 

         

 
-4 0 

 
-4 0        

 
-3 0 

 
-3 0        

 
-3 0 

 
-3 0        

 
-3 0 

 
-3 0        

-3 0 
 

-3 0        

Table 5.1: Conditions - Fundamental Freq. = 1GHz, Source Impedance Temperature = 298.15K,  
Source Impedance Reflection Coefficient  
Lower Offset Frequency = Fundamental Frequency -1MHz, Upper Offset Frequency = 
Fundamental Frequency +1MHz. 

 

To validate expressions (5.46a, d) and (5.47a, d) at prescribed LSOPs, two experiments are 

performed whereupon their resulting scattered noise PSD are compared. Referencing Table 5.1, 

experiment one will be referred as “Simulated Scattered PSD”, experiment two as “Numerical 

Calculation Scattered PSD”. 
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In the first experiment, a circuit envelope (CE) simulation is performed on the noisy NL 

one-port common-emitter network. The simulation samples the instantaneous port noise 

voltage and noise current of the nonlinear network from zero to 10ms is 0.125us steps. Post-

processing within ADS, the sampled port noise voltage and current are expressed as a linear 

combination forming the NL network’s instantaneous incident and scattered traveling noise 

waves [Withington, Hecken, Root et al]. These time dependent complex quantities are expressed 

in units of square root watts. A Z-transform is applied to the incident and scattered noise wave 

data forming their frequency domain representation. In this case, the data is centered at a 

frequency of 1GHz (in accordance with CE it’s reported at a baseband of zero hertz) and 

distributed across a +/- 4MHz frequency span with a 100Hz frequency resolution. The frequency 

span and resolution are controlled respectively by the 0.125us sampling time interval and the 

10ms time duration both invoked during the simulation. As such, the resulting complex frequency 

domain data is represented as the instantaneous noise energy spectral density. Its units are 

square root watts per Hz. Using this, the instantaneous power spectral density of the NL 

network’s incoming and outgoing noise waves is acquired by multiplying each with their 

respective complex conjugate thus forming units in (real) power, watts per Hz. By integration of 

this result across lower (-1MHz +/- 0.5MHz) and upper (+1MHz +/- 0.5MHz) sidebands relative to 

large-signal response 11B  and dividing each by a 1MHz noise bandwidth, we conclude with the NL 

one-port’s simulated scattered PSD 11 11
ˆ ˆb b  and 11 11

ˆ ˆb b  respectively. Within each bandwidth there 

are 10,001 data points; this is a sufficient sample size to ensure the averaging process converges 

to its mean. The limits of the lower and upper sidebands are chosen to avoid anticipated phase 

noise modulation on the large-signal incident 11A  and scattered response 11B . Though not present 

in simulation, it’s expected to exist in practice. Consequently, for hardware measurements, the 

limits chosen are based on phase noise specifications of Keysight’s PNA-X source. Indeed, 

depending on NL-network characteristics and spectral purity of the large-signal stimulus, these 

limits may be subject to change. 
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In the second experiment, we refer to Fig. 5.4 and its mathematical model described by 

expressions (5.46a, d) and (5.47a, d). We first note that the PSD of the NL one-port’s incoming 

noise waves 
11 11

ˆ ˆ
gs gsb b and 

11 11

ˆ ˆ
gs gsb b  are known from experiment one.  Next, at each LSOP, with the 

one-port connected to a matched noise-free termination, a test of its (internally generated) 

outgoing noise waves are assessed. Using a procedure analogous to that described above, 

11 11

ˆ ˆ
gd gdb b and 

11 11

ˆ ˆ
gd gdb b  are obtained. Collectively, these quantities in conjunction with the NL one-

port’s X-parameters define the components comprising Fig. 5.4. Using this information, 

numerical computation of the NL one-port’s scattered noise PSD is implemented using (5.46a, d). 

Within the linear operating space of the network, (5.47a, d) is employed. Computer simulations 

are summarized and compared with independent numerical calculations in Table 5.1. Close 

agreements suggest that within the stipulated conditions, the scattered noise wave expressions 

are in fact valid and may be used to predict the noise behavior of a match-terminated nonlinear 

one-port network across its entire input signal space. 

 Using Fig. 5.4 and (5.42), a scattered noise wave expression under the mismatch-

terminated condition, i.e. within an 
11S0 1  interval, has been derived and is reserved for 

future work. This is shown in Appendix A. 

There is however, much greater applicability in assessing two-port network noise 

behavior, the subject of section 5.2.3. 

 

5.2.3 Noise Analysis of a Nonlinear Two-Port Network 
 

The generalized full in-situ scattered noise matrix [26] expression of (5.42) is applicable to an 

embedded large (or small)-signal stimulated network of interest exhibiting an arbitrary number 

of ports-n with each port described across m-harmonics. Section 5.2.3 concentrates on applying 

the generalized formalism to a match-embedded nonlinear two-port network as means to extract 
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its intrinsic noise matrix. Additionally, the nonlinear two-port’s noise factor will be determined 

from this extraction. Consistent in approach with section 5.2.2, calculated numerical results for 

specific levels of noise under various large-signal drive tone operating conditions will be 

examined and compared to computer simulation of an experiment circuit using ADS software. 

 In simulation, the nonlinear two-port is defined by an npn Si transistor operating within a 

single-stage common-emitter circuit configuration. The network’s incoming and outgoing RF 

signals will be accessed at its input and output ports corresponding to the transistor’s base and 

collector terminals respectively. Circuit elements exhibit negligible memory effects in this 

example. The circuit’s response, large-signal and large-signal plus noise are separately analyzed 

in simulation by turning its noise generators off and on in that order. 

 The two-port’s connected network delivers a single CW RF drive tone to its input 

contributing to creation of its LSOP. Additionally, this network presents isolated passive source 

and load terminations correspondingly to the nonlinear network’s input and output ports. Both 

terminations are treated as matched and noisy.  

 In the experiment, noise analysis is restricted to the fundamental frequency and its 

bounded offsets. For (5.38) and (5.39) to remain valid, the source and load impedance, from the 

two-port’s frame of reference, will be noise-free and matched at frequencies corresponding to 

higher order harmonics. To impose this condition, bandpass filters are inserted along the 

incoming and outgoing signal paths of the nonlinear network. Its incident noise at frequencies 

located on the upper harmonic-grid are eliminated by the filter’s absorptive, i.e., matched, out-

of-band characteristics. Figure 5.5 mimics the schematic of the noisy nonlinear two-port 

experiment circuit and its connected termination network. The noisy nonlinear two-port is 

signified by the X-parameter representation of its noise-free otherwise electrical equivalent 

circuit summed with its own partially correlated time-dependent complex noise values 

emanating from its input and output ports. To create this model, two simulations are performed 

prior to this experiment; the first is to create an X-parameter behavioral model from the original 
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albeit noise-free nonlinear two-port circuit, and second to acquire data bases of complex noise 

versus time emanating from each of its ports. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Under the stated conditions enacted in Fig. 5.5, the generalized scattered noise matrix 
expression in (5.41) becomes 

Simulated Circuit Conditions 
Source-Termination Network Noisy NL One Port Network 

Src 1 BPF1/2 Src 
2 

T1 X3P Src3 Src4 Combiner 
1/2 

Zs=50Ω 
P=polar 
(Ampl, Phase) 
Freq = 1GHz 
Noise = yes 
Temp = 
298.15K 

S11 = S22 = 0 
S12 = S21 = if 
0.5GHz ≤ 
Freq ≤ 
1.5GHz then 
1 else 0 
Z1= Z2 = 50Ω 
Temp = 0K 

5V ZL = 50Ω 
Noise = yes 
Temp = 
298.15K 

X-
Paramet
ers File 
 

Freq = 1GHz 
V1 = polar 
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where 
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21 11 21 21 21 11 21 21

11 11 11 21 11 11 11 21

21

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ

gd gd gd gd gd gd gd gd

gd gd gd gd gd gd gd gd

gd gd gd gd gd gd gd gd

gd
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b b b b b b b b

b b
11 21 21 21 11 21 21  

ˆ ˆ ˆ ˆ ˆ ˆ
gd gd gd gd gd gd gdb b b b b b

 (5.49) 

The intrinsic NCM of the nonlinear two-port device describes auto- and cross-correlation 

of its noise waves 
11

ˆ
gdb , 

11

ˆ
gdb , 

21

ˆ
gdb , and 

21

ˆ
gdb . The auto-correlation, i.e., noise power spectral 

density, of the device’s noise waves are real quantities described along its diagonal elements 

whereas their cross-correlation is complex and portrayed at its off-diagonal locations. 

 The incident noise correlation matrix in (5.49) is diagonal in form for two reasons. First, 

the cross-frequency time-averaged products of the noise waves engendered by a passive 
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termination are uncorrelated to one another. For example, regarding source and load 

impedances, 
11 11

ˆ ˆ
gs gsb b  and 

21 21

ˆ ˆ
gl glb b  correspondingly are zero. Second, in this case, the impedances 

presented by the termination network to the nonlinear two-port device of interest are isolated 

from one another. As such, the cross-port time-averaged product of noise waves generated by 

isolated loads is also uncorrelated. A case in point is 
11 21

ˆ ˆ
gs glb b  .  In fact, any cross-frequency and/or 

cross-port related product time-averaged quantity related to noise waves 
11

ˆ
gsb , 

11

ˆ
gsb , 

21

ˆ
glb , 

21

ˆ
glb  are 

zero. The remaining elements along the diagonal represent the auto-correlation, i.e., noise power 

density, for each of the four incident noise waves. 

 From (5.49), sixteen equations may be computed. Each illustrates a scattered noise 

property of the nonlinear network expressed in terms of the incident noise, appropriately altered 

by the composite network, and the unmodified noise of the match-embedded nonlinear two-

port device. 

 Of practical interest are expressions relating the auto- and cross-correlation terms for 

output port scattered noise waves 21b̂  and 21b̂  . Referring to the scattered noise matrix in (5.49), 

it’s evident there are four expressions relating these output noise waves. Their computation 

yields 

11 11 21 21 11 11 21 21 21 21

(S) (S) (S) (S) (T) 2 (T) 2 (T) 2 (T) 2
21 21 21,11 21,11 21,21 21,21 21,11 21,11 21,21 21,21
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆX X X X X P X P X P X P     ,gs gs gl gl gs gs gl gl gd gdb b b b b b b b b b b b   

 (5.50a) 

11 11 21 21 11 11 21 21 21 21

(S) (T) 2 (S) (T) 2 (T) 2 (S) (T) 2 (S)
21 21 21,11 21,11 21,21 21,21 21,11 21,11 21,21 21,21
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆX X P X X P X P X + X P X   ,gs gs gl gl gs gs gl gl gd gdb b b b b b b b b b b b ,   

(5.50b) 

11 11 21 21 11 11 21 21 21 21

(T) 2 (S) (T) 2 (S) (S) (T) 2 (S) (T) 2
21 21 21,11 21,11 21,21 21,21 21,11 21,11 21,21 21,21
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆX P X X P X X X P + X X P   ,gs gs gl gl gs gs gl gl gd gdb b b b b b b b b b b b ,    

(5.50c) 

and 
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11 11 21 21 11 11 21 21 21 21

(T) 2 (T) 2 (T) 2 (T) 2 (S) (S) (S) (S)
21 21 21,11 21,11 21,21 21,21 21,11 21,11 21,21 21,21
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆX P X P X P X P X X + X X     .gs gs gl gl gs gs gl gl gd gdb b b b b b b b b b b b      

(5.50d) 

The noise power spectral density presented to the input-output ports of the nonlinear network 

by its passive source and load impedances is s
ˆkT  and l

ˆkT  respectively. Assuming the connected 

network is at a uniform physical temperature, 
11 11 11 11 21 21 21 21

* * *
t

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆkTgs gs gs gs gl gl gl glb b b b b b b b  where tT̂  is 

the termination network’s physical temperature. Therefore, a somewhat simplified form of 

(5.50a-d) can be established. 

 As previously stated, the scattered noise properties of the nonlinear network are a 

function of its LSOP. Sufficient reduction in drive tone amplitude 11A  causes device operation 

within its small-signal region thus removing this dependency. Further, the time-averaged cross-

frequency terms ascribed to the device’s intrinsic NCM reduce to zero. As the amplitude of 11A  

approaches zero, the device’s scattered noise properties described in (5.50a-d) correspondingly 

become 

 2 2 21 1 1 21 22 2 2 22 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆS S S S +    ,gs gs gl gl gd gdb b b b b b b b  (5.51a) 

 2 2
ˆ ˆ 0,b b  (5.51b) 

 2 2
ˆ ˆ 0,b b  (5.51c) 

 2 2 21 1 1 21 22 2 2 22 2 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆS S S S +    gs gs gl gl gd gdb b b b b b b b  (5.51d) 

where the frequency index is dropped and only port number designation is retained in the 

formalism. 

Recall, the resulting expressions of (5.51a, d) are derived under the condition that the 

two-port DUT’s input and output ports are connected to match-embedded passive terminations 

(not an active receiver). To re-enforce (5.51a, d), we refer to (4.12) and impose the same 
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embedding network conditions leading to s 0l , and 12 21 22ˆ ˆ ˆr r r 0 .  Their substitution 

into (4.12) leads to the important conclusion that for the same terminating conditions, the linear 

network’s scattered noise power spectral density expression described in (4.12) is identical to 

(5.51a, d). 

 The simulation circuit in Fig. 5.5 is used to validate (5.50a, d) and (5.51a, d). To implement 

the experiment, a-priori knowledge of the network’s cross-over point from linear to nonlinear 

operation is necessary. To satisfy this requirement, a harmonic balance power sweep simulation 

is performed on the network. Assessed at its output port, the rate in change of the network’s 

harmonic amplitude versus drive-tone input power 
2

11A  is evaluated. Five operating points are 

chosen spanning an input-signal space across the network’s linear (-35dBm), compression (-25, -

20dBm), and saturation (-15, -10dBm) behavioral regions. 

To validate expressions (5.50a, d) and (5.51a, d) at prescribed LSOPs, two experiments are 

performed whereupon their resulting scattered noise PSD are compared. Referencing Table 5.2, 

experiment one will be referred as “Simulated Scattered PSD”, experiment two as “Numerical 

Calculation Scattered PSD”. 

In the first experiment, a circuit envelope (CE) simulation is performed on the noisy NL 

two-port common-emitter network. The simulation samples the instantaneous port noise 

voltage and noise current of the nonlinear network from zero to 10ms is 0.125us steps. Post-

processing within ADS, the sampled port noise voltage and current are expressed as a linear 

combination forming the NL network’s instantaneous incident and scattered traveling noise 

waves [Withington, Hecken, Root et al]. These time dependent complex quantities are expressed 

in units of square root watts. A Z-transform is applied to the incident and scattered noise wave 

data forming their frequency domain representation. In this case, the data is centered at a 

frequency of 1GHz (in accordance with CE it’s reported at a baseband of zero hertz) and 

distributed across a +/- 4MHz frequency span with a 100Hz frequency resolution. The frequency 

span and resolution are controlled respectively by the 0.125us sampling time interval and the 
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10ms time duration both invoked during the simulation. As such, the resulting complex frequency 

domain data is represented as the instantaneous noise energy spectral density. Its units are 

square root watts per Hz. Using this, the instantaneous power spectral density of the NL 

network’s incoming and outgoing noise waves is acquired by multiplying each with their 

respective complex conjugate thus forming units in (real) power, watts per Hz. By integration of 

this result across lower (-1MHz +/- 0.5MHz) and upper (+1MHz +/- 0.5MHz) sidebands relative to 

large-signal response 21B  and dividing each by a 1MHz noise bandwidth, we conclude with the 

NL two-port’s simulated scattered PSD 21 21
ˆ ˆb b  and 21 21

ˆ ˆb b  respectively. Within each bandwidth 

there are 10,001 data points; this is a sufficient sample size to ensure the averaging process 

converges to its mean. The limits of the lower and upper sidebands are chosen to avoid 

anticipated phase noise modulation on the large-signal incident 11A  and scattered response 21B

. Though not present in simulation, it’s expected to exist in practice. Consequently, for hardware 

measurements, the limits chosen are based on phase noise specifications of Keysight’s PNA-X 

source. Indeed, depending on NL-network characteristics and spectral purity of the large-signal 

stimulus, these limits may be subject to change. 

In the second experiment, we refer to Fig. 5.5 and its mathematical model described by 

expressions (5.50a, d) and (5.51a, d). We first note that the PSD of the NL two-port’s incoming 

noise waves 
11 11

ˆ ˆ
gs gsb b , 

11 11

ˆ ˆ
gs gsb b  , 

21 21

ˆ ˆ
gl glb b , and 

21 21

ˆ ˆ
gl glb b are known from experiment one.  Next, at 

each LSOP, with the two-port connected to matched noise-free terminations, a test of its 

(internally generated) outgoing noise waves are assessed. Using a procedure analogous to that 

described above, 
21 21

ˆ ˆ
gd gdb b and 

21 21

ˆ ˆ
gd gdb b  are obtained. Collectively, these quantities in conjunction 

with the NL two-port’s X-parameters define the components comprising Fig. 5.5. Using this 

information, numerical computation of the NL two-port’s scattered noise PSD is implemented 

using (5.50a, d). Within the linear operating space of the network, (5.51a, d) is carried-out. 

Computer simulations are summarized and compared with independent numerical calculations 

in Table 5.2. Close agreements suggest that within the stipulated conditions, the scattered noise 
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wave expressions are in fact valid and may be used to predict the noise behavior of a match-

terminated nonlinear two-port network across its entire input signal space. 

Large-Signal Incident 
And Scattered Waves 

 

Large -
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Incident 
Power 

 

Two-Port Network X-Parameters 

Simulated Scattered 
 

Numerical Calculation 
Scattered 
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Offset 
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Offset 
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-3 0 
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-3 0 

 
-2 0          

-3 0 
 

-2 0          

Table 5.2: Conditions - Fundamental Freq. = 1GHz, Source and Load Impedance Temperature = 298.15K,  
       Source Impedance Reflection Coefficient , Load Impedance Coefficient  

Lower Offset Frequency = Fundamental Frequency -1MHz, Upper Offset Frequency = 
Fundamental Frequency +1MHz. 

 

 Recall that (5.42) and the IEEE definition of noise factor [47] were used to derive a 

generalized noise factor expression resulting in (5.43). This expression can be exercised across 

the nonlinear network’s full operating space accounting for m-harmonics residing at each of its 

n-ports.  

 Applying (5.43) enables noise factor appraisal of the match-embedded nonlinear two-port 

network example described in Fig. 5.5. In this case, noise factor 21F  and 21F  are both assessed at 

the network’s port-2 output respectively bounding upper and lower offset locations relative to 

the fundamental frequency of operation. The spot noise factor at the upper offset location is  

 21 21 21 21
21 2 2 2 2 2 2(S) (T) (S) (T) (S) (T)

o 21,11 21,11 21,21 21,21 o 21,11 21,11

ˆ ˆ ˆ ˆ
F 1 1

kT X X X X kT X X
gd gd gd gdb b b b

 (5.52) 

where noise contribution from the network’s output port termination, in this example, can be 

regarded negligible compared to that connected to its input. 
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 The conclusion from (3.59) and (5.52) is that the upper offset effective input noise 

temperature of the match-embedded nonlinear two-port network is 

 21 21

21e 2 2(S) (T)
21,11 21,11  .

ˆ ˆ
kT

X X
gd gdb b

 (5.53) 

 Analogous to (5.52, 5.53), there are complementary expressions at the lower frequency 

offset location corresponding with the network’s port-2 noise factor 21F  and effective input noise 

temperature 
21eT . 

 Expressions (5.52, 5.53) and their complement reduce to the familiar form [57] within the 

network’s small-signal (linear) operating space. 

With respect to (5.53), as the magnitude of the large-signal drive tone 11 0A , it’s 

expected that S
21,11 21X S  and T

21,11X 0  . Their substitution into (5.53) reduces its form to 

(3.59), the effective input noise temperature of a linear two-port. Thus, in the linear functional-

space of a network, (3.59) and (5.53) are equivalent.  

 Recall from Table 4.7, for the match-embedded case, the effective input noise 

temperature of the linear two-port was computed from simulated results using (3.59). This could 

just as well be determined using the linear network reduced form of (5.53).  

 Referring to Fig. 5.5, consider the nonlinear two-port simulated circuit operating at an 

LSOP corresponding to -25dBm. A prior simulation on the nonlinear two-port, operating at this 

established LSOP was conducted to assess its X-parameters. Then, measuring the bounded in-

situ scattered noise power density [26] in simulation and employing (5.50a, d) the nonlinear 

network’s extracted output noise power density 
21 21

ˆ ˆ
gd gdb b  and 

21 21

ˆ ˆ
gd gdb b  are determined. The spot 

noise factor and effective input noise temperature at lower and upper offsets are summarized in 

Table 5.3. 
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 It should be recognized in this case that the NL two-port network amplifier is operating in 

compression. Thus, (3.59) or the reduced for of (5.53) are not applicable. To compute the 

effective input noise temperature 
21eT  of a driven NL network requires the use of its X-parameters 

(not S-parameters) as presented in (5.53) and Table 5.3. 
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Table 5.3: Conditions - Fundamental Freq. = 1GHz, Source and Load Impedance Temperature = 298.15K,  
       Source Impedance Reflection Coefficient , Load Impedance Coefficient  

Lower Offset Frequency = Fundamental Frequency -1MHz, Upper Offset Frequency = 
Fundamental Frequency +1MHz. 

 

Within context of a mismatch-embedded nonlinear two-port, use of (5.42) and the stated 

conditions imposed in Fig. 5.5 have been applied to derive expressions for the output noise power 

spectral density assigned to its scattered waves 21b̂  and 21b̂  . This is shown in Appendix B. 

 

5.2.4 Hardware Measurement Thought Experiment 
 

It is proposed that the generalized nonlinear network noise behavioral model previously 

introduced and validated through computer simulation of an experiment circuit can also be 

realized in the physical realm.  In this section, hardware noise measurement thought experiments 

for one- and two-port nonlinear network scenarios will be designed to determine their respective 

noise properties. Practical considerations will include tailoring of the constituent expressions 

originating from the model to account for the noise generated by the measurement system’s 

active receiver. Having distinguished the noise generated terms of the measurement system’s 
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source and receiver from the nonlinear device under test, calibration methods will be devised to 

quantify the measurement system’s noise properties. Lastly, with the DUT inserted in the 

measurement system’s signal path, its noise output will be measured and NCM extracted. 

5.2.4.1 Nonlinear One-Port Network 
 

By the full in-situ scattered noise matrix [26] expression of (5.41), the noise performance of a 

nonlinear multiport is described in relation to its connecting networks. Through a hardware 

measurement and analysis thought experiment, this generalized formalism will now be applied 

to a mismatch-terminated nonlinear one-port network with purpose to extract its NCM. 

Evaluation will be restricted to the fundamental frequency and its bounded offsets.  

 A proposed hardware measurement setup shown in Fig. 5.6a uses the Keysight PNA-X 

 

 

 

 

 

 

 

 

 

Figure 5.6a: Proposed Measurement Setup for the NL One-Port Network 
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Figure 5.6b: Proposed Block Diagram of a NL One-Port Network 

 

Network Analyzer equipped with a noise measurement receiver. Analogous to the approach 

described in chapter four, the instrument will be used to perform a series of calibrated noise 

power readings of the nonlinear one-port network while it undergoes a source-pull. The gray and 

white components within the diagram distinguish those which are internal and external to the 

PNA-X respectively. In the figure, the 11A  stimulus is generated by the PNA-X, summed with the 

thermal noise produced by source impedance SZ  via an in-line coupler, and then collectively 

introduced as the incident signal (plus noise) to the DUT. The NL network’s incident drive-tone  

11A   is assessed by a reference receiver “R1” coupled to the network analyzer’s test port-one 

signal path. Accompanying 11A  are incident noise waves 11â  and 11â  . The noise power ascribed 

to the DUTs scattered waves 11b̂  and 11b̂  are evaluated by the noise measurement receiver. The 

noise receiver, being active, produces its own noise waves 11
ˆ
grb  and 11

ˆ
grb  emanating from its 

input while 21
ˆ
grb  and 21

ˆ
grb  are dissipated in the receiver’s matched load LZ  .  The noise waves 

emerging from the input port of the receiver are not expected to appreciably influence the overall 

measured noise power due to the “high” two-way loss of the transmission coupling factor 

between the receiver and the NL one-port DUT.  The two vertical dashed lines are separated by 

zero length in the physical setup; they are introduced in the diagram this way to distinguish the 

presence of the DUT’s incident and scattered noise waves from its internally generated noise 

waves 
11

ˆ
gdb , 

11

ˆ
gdb , and the source impedance noise waves 

11

ˆ
gsb , 

11

ˆ
gsb  originating from SZ  of the 
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measurement system. The dashed lines define the measurement plane. Since the DUT will be 

undergoing a source-pull, minimizing signal path loss between it and SZ  is important to maximize 

the useable range which 
11S may be exercised. 

 The proposed NL one-port DUT illustrated in Fig. 5.6b will be comprised of a high 

gain/noise figure amplifier such that the noise waves are of sufficient amplitude to overcome the 

inherent losses between it and the noise measurement receiver. A notch filter is used to remove 

the fundamental 11A  component while the low-pass filter rejects harmonics. The offset noise, 

shown by the x-marks, is intended to pass with minimal attenuation. The isolator attenuates the 

11A  signal mitigating its presence on the coupled arm. The X-parameters of the NL one-port will 

need be of sufficient strength to ensure the noise engendered by SZ  notably influences its 

scattered waves. As such, a proper balancing of noise contributors is necessary in order that all 

terms are exercised in the model. If the coupler between the DUT and noise receiver prevents 

this due to its relatively high loss, the coupler may potentially be replaced by a circulator. Lastly, 

to impose fundamental frequency only analysis, the noise generated by SZ  at the higher-order 

harmonics, i.e., 
12

ˆ
gsb , 

12

ˆ
gsb , 

13

ˆ
gsb , 

13

ˆ
gsb …,  

1

ˆ
mgsb , and 

1

ˆ
mgsb , incident to the NL one-port shall not 

appreciably contribute to its scattered noise waves 11b̂  and 11b̂  . For this to be true, the NL one-

port’s cross-frequency X-parameters (S- and T-type) need be at least an order of magnitude less 

than its self-frequency, fundamental only description. Another way of stating this is that the 

chosen NL one-port DUT will need to exhibit X-parameters which satisfy the inequalities 
S S

11,11 11,1mX X S
11,1mX  and T T

11,11 11,1mX X T
11,1mX  for any positive integer value m 1. Otherwise, the higher-

order X-parameter terms cannot be excluded from the model.  

 Within context of the defined experimental conditions of the measurement setup and the 

connected NL one-port DUT, (5.41) can be used to model the power spectral densities of the 

DUTs scattered noise waves 11b̂  and 11b̂  as well as their correlation to one another. This yields 



5 Nonlinear Network Noise   154 NL Net. Noise Modeling using X-parameters 
Behavioral Modeling                                        
 
 

11 11
11 11

1111 11

1
S T 2†

(S) 0 (T) 2s 11,11 s 11,11
11 11 11,11 11,11

(T)* 2 (S)* 0T S2 11,11 11,1111 11 s 11,11 s 11,11

1 X X P ˆ ˆˆ ˆ X P X P
ˆ ˆˆ ˆ X P X PX P 1 X

gs gs

gs

b bb b
bb b

11 11

11 11 11

† ††(S) 0 (T) 2
11,11 11,11
(T)* 2 (S)* 0
11,11 11,11

ˆ ˆX P X P
 ˆ ˆX P X P

gd gd

gs gd gd

b b

b b b

 
11 11

11 11

1†
S T 2

s 11,11 s 11,11

T S2
s 11,11 s 11,11

1 X X P
 

X P 1 X
                                            (5.54) 

Shown in Fig. 5.6a, with the measurement receiver tuned to the upper fundamental 

frequency offset, the scattered power spectral density of its incident noise wave 11b̂  is multiplied 

by the receiver’s gain 
2

rg  and summed with its internally generated output noise density 

21 21

ˆ ˆ
gr grb b . By calculating the expression of 11 11

ˆ ˆb b  from (5.54), magnifying each of its incident terms 

by 
2

rg , and summing this with the output noise internally generated by the receiver, the total 

noise power density  
11 11

ˆ ˆ
rx rxb b  presented to the receiver’s load is 
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 In the calculation of (5.55), the noise generated by the source, receiver, and DUT are 

treated independent (uncorrelated) from one another.  
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frequency offset, the scattered power spectral density of its incident noise wave 11b̂  is multiplied 
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2
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ˆ ˆ
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 In the calculation of (5.55), the noise generated by the source, receiver, and DUT are 

treated independent (uncorrelated) from one another.  
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Shown in Fig. 5.6a, with the measurement receiver tuned to the upper fundamental 

frequency offset, the scattered power spectral density of its incident noise wave 11b̂  is multiplied 

by the receiver’s gain 
2

rg  and summed with its internally generated output noise density 

21 21

ˆ ˆ
gr grb b . By calculating the expression of 11 11

ˆ ˆb b  from (5.54), magnifying each of its incident terms 
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 In the calculation of (5.55), the noise generated by the source, receiver, and DUT are 

treated independent (uncorrelated) from one another.  
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To extract the noise properties of the DUT, it’s convenient to group the terms in (5.55) 

into two categories, the noise generators of the measurement system and those of the NL one-

port. Re-writing (5.55) in matrix form yields, 
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 (5.56) 

where the passive source impedance sZ  is known to generate a constant broadband thermal 

noise proportional to its physical temperature sT . The characteristic noise density of the source 

is 
11 11 11 11 11

2

s s
ˆ ˆ ˆ ˆ= kT 1gs gs gs gsb b b b  . The terms related to the first and second matrix operations 

in (5.56) are specific to the measurement system and DUT respectively.  

The noise measured by the PNA-X receiver is typically confined to a 4MHz noise 

bandwidth [58]. A variation to the receiver’s bandwidth is considered negligible as the receiver 

is tuned across the lower to upper offset interval bounding a frequency on the harmonic grid, in 

this case the fundamental frequency. Therefore, with the receiver tuned to either the lower or 

upper offset frequency, the receiver’s noise bandwidth will be reported by the variable B  in units 

of Hertz. Under these conditions, the noise power measured by the receiver when tuned to the 

upper offset frequency is 
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5.57) 

With the receiver tuned to the upper offset frequency, we define its gain-bandwidth 

product rG  as 

2
r rG g B  (5.58) 

Lastly, substitution of (5.58) into (5.57) results in the final expression 
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(5.59) 

With the receiver tuned to the lower offset frequency, an expression for the measured noise 

power 
11rxp̂ may be constructed using an approach like that just described. 

5 Nonlinear Network Noise 156 NL Net. Noise Modeling using X-parameters
Behavioral Modeling

11 11 11

11 11 11

21 21
11 11

22 2 2S S T T
211,11 s 11,11 s 11,11 11,11 s s

r
rx 22 2S T

s 11,11 s 11,11

X 1 X X X kT 1 g Bˆ ˆp̂ B 1
ˆ ˆ B1 X X

rx rx

r r

b b
b b

  

11 1111 11 11 11

11 11 11 11 11 11 11

2 22 22 2S TS T S T2 2
r s 11,11 r s 11,11r s 11,11 s 11,11 r s 11,11 s 11,11

2 2 22 2 2 2 2 2 2S T S T S T S
s 11,11 s 11,11 s 11,11 s 11,11 s 11,11 s 11,11 s 11,11

g B 1 X g B Xg B 1 X X P g B 1 X X P

1 X X 1 X X 1 X X 1 X

11 11

11 11

11 11
11

11 11

22T
s 11,11

ˆ ˆ

ˆ ˆ

ˆ ˆX
ˆ ˆ

gd gd

gd gd

gd gd

gd gd

b b

b b

b b

b b

(5.57)

With the receiver tuned to the upper offset frequency, we define its gain-bandwidth

product rG  as 

2
r rG g B (5.58) 

Lastly, substitution of (5.58) into (5.57) results in the final expression 

11 11 11

11 11 11

21 21
11 11

22 2 2S S T T
11,11 s 11,11 s 11,11 11,11 s s

r

rx 22 2S T
s 11,11 s 11,11

X 1 X X X kT 1 G
ˆ ˆp̂ B 1 ˆ ˆ B1 X X
rx rx

r r

b b
b b

11 1111 11 11 11

11 11 11 11 11 11 11 11

2 2S TS T S T2 2
r s 11,11 r s 11,11r s 11,11 s 11,11 r s 11,11 s 11,11

2 2 22 2 2 2 2 2 2S T S T S T S
s 11,11 s 11,11 s 11,11 s 11,11 s 11,11 s 11,11 s 11,11 s 11

G 1 X G XG 1 X X P G 1 X X P

1 X X 1 X X 1 X X 1 X X

11 11

11 11

11 11

11 11

22T
,11

ˆ ˆ

ˆ ˆ

ˆ ˆ

ˆ ˆ

gd gd

gd gd

gd gd

gd gd

b b

b b

b b

b b

(5.59) 

With the receiver tuned to the lower offset frequency, an expression for the measured noise
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power 
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With the receiver tuned to the upper offset frequency, we define its gain-bandwidth

product rG  as 

2
r rG g B (5.58) 

Lastly, substitution of (5.58) into (5.57) results in the final expression 
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With the receiver tuned to the lower offset frequency, an expression for the measured noise

power 
11rxp̂ may be constructed using an approach like that just described. 
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It’s proposed that the receiver’s gain-bandwidth product rG  and output noise power 

21 21

ˆ ˆ Br rb b  in (5.59) will be determined in calibration. Assuming the X-parameters of the NL one-

port have been previously extracted by use of the PNA-X/NVNA, the remaining unknowns are the 

elements of the NL one-port’s noise properties 
11 11

ˆ ˆ
gd gdb b  , 

11 11

ˆ ˆ
gd db b , 

11 11

ˆ ˆ
gd gdb b , and 

11 11

ˆ ˆ
gd gdb b  . These 

noise properties may be solved by performing four noise power measurements, each conducted 

at a distinct source reflection coefficient. The matrices in (5.59) can be expanded to four columns 

to accommodate for each of the four measurements resulting in 
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 (5.60) 

The noise properties of the NL-one port may be solved for by matrix manipulation of (5.60).  

Should the procedure outlined above be applied with the measurement receiver tuned 

to the lower offset frequency, the expressions which follow will yield, as expected, a different set 

of noise properties related to the receiver, i.e. its gain-bandwidth product and output noise 

density, while the noise properties of the NL one-port remain unchanged. 

 

5.2.4.1.1 Calibration Algorithm 
 

It is envisioned that calibration of the measurement system will involve two primary steps, first 

will be characterization of the noise measurement receiver and second the setting of prescribed 

source reflection coefficients which will be sequentially presented to the NL one-port during the 

measurement process. Figure 5.7 shows a calibrated noise source connected to  



5 Nonlinear Network Noise   159 NL Net. Noise Modeling using X-parameters 
Behavioral Modeling                                        
 
 
 

 

 

 

 

 

 

 

Figure 5.7: Noise Measurement Receiver Calibration for the NL One-Port Network 

 

the measurement system at its reference plane. The dashed vertical lines are actually separated 

by zero length but are shown in this fashion to highlight the existence of the noise source’s 

incident and scattered waves 11â  and 11b̂  respectively in presence with the characteristic noise 

out 
11n̂sb of the noise source and that of the measurement system distinguished by 

11

ˆ
msb . The signal 

path leading to the test port will be match terminated by impedance lZ  . The noise source will 

possess two states of operation, an on-state producing a noise level defined by its excess noise 

ratio (ENR) and an off-state which acts as a passive termination. The source reflection coefficient 

of the noise source is expected to change between operating states and will be accounted for in 

the upcoming formulism. The noise receiver will measure the scattered noise 11b̂  incident at its 

input for both on- and off-states of the noise source. During the calibration process, the 11A  drive-

tone signal and its booster amplifier will be off. 
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 By inspection of Fig. 5.7, the scattered and incident noise waves of the noise source may 

be written as 

 
11 1111 ns 11

ˆ ˆˆ nsb a b  (5.61) 

and 

 
1111

ˆˆ msa b  (5.62) 

where the noise source’s reflection coefficient 
11ns  will take on one of two values depending on 

its state of operation. Substitution of (5.62) into (5.61) leads to the scattered noise wave 

expression 

 
11 11 1111 ns

ˆ ˆ ˆ  ms nsb b b  (5.63) 

The measurement receiver’s output noise wave 
11r̂xb  incident to its match terminated load 

is a modified version of the scattered noise wave 11b̂  summed with its internally generated output 

noise wave 
21

ˆ
grb . This may be quantified in (5.64) as 

 
11 21r 11
ˆ ˆ ˆgrx grb b b

21

ˆ ˆ
gr2r 11g b br 11g gr 11g b bbbr 11g bbg  (5.64) 

 where r rg g Lr rg g Lr rgg . Recall that rg  is the linear transmission coefficient of the noise measurement 

receiver. With respect to Fig. 5.7, L  is the transmission coefficient of the signal path from the 

noise source to the receiver’s input. 

 The contribution of energy delivered to the receiver’s load by noise wave 
11

ˆ
grb  emanating 

from the receiver’s input will be considered negligible. Per Fig. 5.7, with the noise source 

connected to the measurement plane, the combined effects of the two-way loss of the coupling 

factor and its reflection from the noise source reduces (5.64) to its present form. If this were not 

the case, (5.64) would need to include the effects of 
11

ˆ
grb at the receiver’s load. This will be 

elaborated in the upcoming NL two-port thought experiment. 

 Substituting (5.63) into (5.64), the noise wave incident on the receiver’s matched load is 
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11 11 11 11 21r r ns
ˆ ˆ ˆ ˆg g  rx ns ms grb b b b

11 11 1111 11 111111
g g

11 11 11r r ns1111
g gr r nsg gr r ns
ˆ ˆb bb bg gggr r nsrb bb bbg gggg  (5.65) 

Multiplying (5.65) by its complex conjugate and evaluating its time-average, the power 

density of noise wave 
11r̂xb  is acquired. Within the noise bandwidth B  of the receiver, the total 

noise power delivered to the receiver’s load is 

 
11 11 11 11 11 11 11 11 21 21Cal

22 2
rx r r ns

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆp̂ B g B g B B  rx rx ns ns ms ms gr grb b b b b b b b
11 11 11 1111 11 11 1111 1111 1111 11 11r r nsr 11 1111 1111 1111r r nsr rr r nsr

22 22 2 ˆ22 2 22 22 2 b2 2g B g B g B g Br r nsr rrg B g BB B2 2  (5.66) 

Expressing the receiver quantities as 2
r rG g BrG gr B2

rg B2
r  and 

21 2122
ˆ ˆr Bgr grb b , substituting them 

into (5.66), and structuring the result in matrix form yields 

 
11 11 11 11 11 11Cal

2
r

rx ns
22

Gˆ ˆ ˆ ˆp̂  1  
r

ns ns ms msb b b b GGrGG  (5.67) 

In (5.67), there are two unknown coefficients related to the measurement receiver. 

Performing two measurements in calibration, one with the noise source in its on-state, and the 

second in its off-, two independent equations may be formed from which the unknown quantities 

can be solved. 

 The noise source in its on-state generates a characteristic noise density ne
ˆkT such that  

 
11 11 11 11 ne
ˆ ˆ ˆ ˆ ˆkTns ns hns hnsb b b b  (5.68) 

 where 
11ĥnsb is the characteristic noise wave of the noise source in its so called on(hot)-state and 

neT̂  is its effective noise temperature [1]. The effective noise temperature can readily be 

determined from the noise source’s reported ENR [1].  The source match of the noise source 
when biased in its hot-state will be given as 

11 11ns hns . As such, the relationship of the noise 

source’s characteristic and available noise power quantities is [1] 

 
11

2

ne av hns
ˆ ˆkT B = P 1    (5.69) 
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In summary, the total noise power delivered to the measurement receiver’s load with the 

noise source biased to its hot-state is 

 
1111 Hot ,Cal

2
r

rx ne hns ms
22

Gˆ ˆp̂ kT  kT 1
r
GrGG  (5.70) 

where the measurement system’s passive test signal path is set at noise temperature msT̂  .   

 With the noise source bias turned off, the noise source operates as a passive termination 

in its so called off(cold)-state [1]. In the cold-state, the source generates noise density 

 
11 11 11 11 11

2

cns cns
ˆ ˆ ˆ ˆ ˆkT 1ns ns cns cnsb b b b  (5.71) 

where cnsT̂   and cns  are regarded as its physical temperature and reflection coefficient 

respectively. The total noise power delivered to the receiver’s load with the noise source 

operating in its cold-state is obtained by substituting (5.71) into (5.67) and recognizing the 

measurement system’s noise incident on the noise source will be reflected by  
11cns  . Taking this 

into account, we conclude that 

 
11 1111 Cold, Cal

2 2
r

rx cns cns cns ms
22

Gˆ ˆp̂ kT 1  kT 1  
r
GGrGG  (5.72) 

Equations (5.70) and (5.72) are two independent linear equations which may be used to 

solve for the unknown calibration coefficients rGrG  and 22r  . Combining them in a matrix form 

returns 

 
11

11

2
rx ne hns ms

r
2 2

rx cns cns cns ms 22

ˆ ˆp̂ kT kT 1 G
ˆ ˆp̂ kT 1 kT 1 r

GrGG  (5.73) 

where 
11rxp̂  and 

11rxp̂  are the noise power measured by the receiver with the noise 

source in its on- and off-state respectively. 
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Solving for rGrG  and 22r  by matrix manipulation of (5.73) produces 

 
11

11

12
rxne hns msr

2 2
rx22 cns cns cns ms

ˆ ˆ p̂kT kT 1G
 ˆ ˆ p̂r kT 1 kT 1

rGrrG
 (5.74a) 

Using an analogous approach to that outlined, an expression may be formed with the 

receiver tuned to the negative offset fundamental frequency. This leads to 

 
11

11

12
rxne hns msr

2 2
rx22 cns cns cns ms

ˆ ˆ p̂kT kT 1G
 ˆ ˆ p̂r kT 1 kT 1

rGrrG
 (5.74b) 

The second primary step in the calibration process is to establish appropriate 

measurement system settings which will present a diverse range of source impedance states 

from the NL one-port DUT’s frame of reference. Pertaining to (5.60), there are four noise 

properties comprising the NL one-port’s NCM. Therefore, a minimum set of four distinct 

impedance states introduced by SZ  will be necessary. Fig. 5.8 illustrates a proposed PNA-X  

 

 

 

 

 

Figure 5.8: Source Match Calibration for the NL One-Port Network 

 

centric measurement system configuration. Source 2 of the PNA-X will be the stimulus directed 

to test port 3 of the network analyzer. Terminating the main-line of the signal path is a tunable 
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passive source impedance SZ   . SZ  may be an electronic calibration module or fixed devices such 

as short, offset short, open, matched load, or arbitrary impedance calibration standards. The 

calibration plane at test port 3 is distinguished by the vertical dashed line shown in Fig. 5.8. The 

four distinct reflection coefficients S11 1 S11 4 , ... ,  used in (5.60) will be measured at this plane. 

The reflection coefficients will be determined by measuring the ratio of the incident and 

scattered waves using the PNA-X’s “R3” and “C” receiver’s respectively such that 

S11 "C"Rx "R3"Rx . Two points should be noted, first, though the noise receiver is not being 

used in this calibration step, the incident signal presented at test port 3 will need to be set low 

enough in amplitude to ensure the measurement receiver is not over-driven leading to possible 

damage. Second, source 1 of the PNA-X will be turned off during this process. It’s expected that 

the match viewed “looking-into” test port 1 will be unchanged between source 1 on/off states 

due to the combined isolation of the in-line booster amplifier and isolator. The calibration 

procedure for the NL one-port measurement is delineated in Appendix C. 

 

5.2.4.1.2 Measurement Algorithm 
 

Assigning a variable to each matrix in the order (5.60) is presented from left-to-right, a more 

compact form of (5.60) is depicted as 

  Meas RX DUTP A R B D  (5.75) 

Matrix manipulation of (5.75) is performed to solve for the noise properties of the NL one-

port DUT resulting in 

 1  DUT Meas RXD B P A R  (5.76a) 

With the NL one-port DUT connected to a calibrated measurement system, a minimum 

of four noise power measurements are made on the DUT; each test is conducted with a 

predetermined source impedance state presented at its RF input. The calibration and 
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measurement data sets are then substituted into the elements comprising matrices A , B , 

,MeasP and RXR ,  whereupon (5.76a) is used to solve for the noise properties of the NL one-port. 

 Applying an approach like the one just described, but with the receiver tuned to the 

negative offset fundamental frequency, the noise properties of the DUT are expressed by 

 1  DUT Meas RXD B P A R  (5.76b) 

As the frequency offset widens, the variation between DUTD  and DUTD  will depend on the 

DUT type. Generally, it’s expected that as the frequency offset narrows, DUTD  will approximate 

DUTD .  

The test procedure for the NL one-port device is presented in Appendix D. 

 

5.2.4.2 Nonlinear Two-Port Network 
 

By the full in-situ scattered noise matrix [26] expression of (5.41), the noise performance of a 

nonlinear multiport is described in relation to its connecting networks. Through a hardware 

measurement and analysis thought experiment, this generalized formalism will now be applied 

to a match-terminated nonlinear two-port network with purpose to extract its NCM. Evaluation 

will be restricted to the fundamental frequency and its bounded offsets.  

 A proposed hardware measurement setup shown in Fig. 5.9 uses the Keysight PNA-X 

Network Analyzer equipped with a noise measurement receiver. Analogous to the approach  
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Figure 5.9a: Proposed Measurement Setup for the NL Two-Port Network 

 

 

 

 

 

 

Figure 5.9b: Proposed Measurement Setup for the NL Two-Port Network 

 

in chapter four, the instrument will be used to perform a series of calibrated noise power readings 

of the nonlinear two-port network while it undergoes a source-pull. The gray and white 

components within the diagram distinguish those which are internal and external to the PNA-X 

respectively. In the figure, the 11A  stimulus is generated by the PNA-X, summed with the thermal 

noise produced by matched source impedance SZ  via an in-line coupler, and then collectively 

introduced as the incident signal (plus noise) to the DUT. The NL network’s incident drive-tone 

11A  is monitored by a reference receiver “R1” coupled to the network analyzer’s test port-one 

 

 

 

 
 

 
 

  

  

 
 

 
  

 

  
 

  



5 Nonlinear Network Noise   167 NL Net. Noise Modeling using X-parameters 
Behavioral Modeling                                        
 
 
signal path. Accompanying 11A  are incident noise waves 11â  and 11â  . The noise power ascribed 

to scattered waves 21b̂  and 21b̂  will be evaluated by the noise measurement receiver at test port-

two. The noise receiver, being active, produces its own noise waves 
11

ˆ
grb  , and 

11

ˆ
grb  emanating 

from its input while 
21

ˆ
grb  and 

21

ˆ
grb  are dissipated in the receiver’s matched load LZ  . The noise 

waves emerging from the receiver’s input port are expected to contribute to the overall 

measured noise power due to their reflection at the DUTs output port combined with a low two-

way signal path loss influence between them. The two vertical dashed lines present at both the 

DUTs input and output ports are separated by zero length in the physical setup. They are 

introduced in the diagram to distinguish the presence of the DUT’s incident and scattered noise 

waves from those internally generated by its noise waves 
11

ˆ
gdb , 

11

ˆ
gdb , 

21

ˆ
gdb , 

21

ˆ
gdb and the source 

and load impedance noise waves 
11

ˆ
gsb , 

11

ˆ
gsb , 

11

ˆ
grb  , and 

11

ˆ
grb  originating from the source impedance 

and receiver of the measurement system. The dashed lines define the measurement plane.  

 Illustrated between the NL two-port’s output and the receiver input is a notch filter used 

to remove the scattered fundamental component 21B  while the low-pass filter rejects 

harmonics. Together, the filters prevent receiver compression thus ensuring proper 

performance. The noise at the fundamental offsets, shown by the x-marks, is intended to pass 

with minimal attenuation.  

For fundamental only analysis to be valid, the source and receiver reflection coefficients 

at
12s , 

13s , … 
1ms , and 

12r , 
13r , … 

1mr , respectively will be quasi-matched and noise-free at 

these higher-order frequencies. With quality hardware, a matched condition may be 

approximated. But, noise-free terminations at room temperature are not possible. However, this 

may be overcome if the X-parameters of the NL two-port corresponding to the translation of 

incident noise at the higher-order harmonics to the fundamental are at least an order of 

magnitude less than those restricted to fundamental frequency only. For example, 
S S

21,11 21,12X X ,S
21,12X ,S
2112

T T
21,11 21,12X X T

21,12X  , S S
21,21 21,22X X S

21,22X  , and T T
21,21 21,22X X T

21,22X  need be satisfied at the second 

harmonic. The same condition is applicable at the higher-order harmonics. Selection of a DUT 
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satisfying such X-parameter conditions will be necessary. Otherwise, the expressions for 
21 21

ˆ ˆ
rx rxb b  

and 
21 21

ˆ ˆ
rx rxb b  will need be modified to include higher order X-parameter terms.  

Within context of the defined experimental conditions of the measurement setup and the 

connected NL two-port DUT, (5.41) can be used to model the power spectral densities of the 

DUTs scattered noise waves 21b̂  and 21b̂  as well as their correlation to one another yielding
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 (5.77) 

where the noise waves 
11

ˆ
grb  and 

11

ˆ
grb emerging from the input port of the noise receiver are in 

corresponding order to the incident noise waves 
21

ˆ
glb  and 

21

ˆ
glb  presented to the DUTs output port-

two. The presence of the identity matrices I  in (5.77) are a consequence of the NL two-port’s 

connected terminations, i.e. from its connected source and receiver, being matched and isolated 

from one another. 

Having tuned the measurement receiver to the upper fundamental frequency offset, it’s 

evident per Fig. 5.9 that the receiver’s incident noise wave 21b̂  is influenced by its transmission 

coefficient rg  . Calculating the incident noise waves power spectral density 21 21
ˆ ˆb b  from (5.57),

scaling each of its incident terms by the transmission properties of the receiver, and taking into 

account the receiver’s output noise contribution 
21

ˆ
grb  , the total noise power density  

21 21

ˆ ˆ
rx rxb b

incident to the receiver’s matched load is 
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satisfying such X-parameter conditions will be necessary. Otherwise, the expressions for 
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and 
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rx rxb b  will need be modified to include higher order X-parameter terms.  

Within context of the defined experimental conditions of the measurement setup and the

connected NL two-port DUT, (5.41) can be used to model the power spectral densities of the
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corresponding order to the incident noise waves 
21

ˆ
glb and

21

ˆ
glb presented to the DUTs output port-

two. The presence of the identity matrices I  in (5.77) are a consequence of the NL two-port’s

connected terminations, i.e. from its connected source and receiver, being matched and isolated

from one another.

Having tuned the measurement receiver to the upper fundamental frequency offset, it’s

evident per Fig. 5.9 that the receiver’s incident noise wave 21b̂  is influenced by its transmission

coefficient rg  . Calculating the incident noise waves power spectral density 21 21
ˆ ˆb b  from (5.57),

scaling each of its incident terms by the transmission properties of the receiver, and taking into

account the receiver’s output noise contribution
21

ˆ
grb  , the total noise power density  

21 21

ˆ ˆ
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incident to the receiver’s matched load is 
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satisfying such X-parameter conditions will be necessary. Otherwise, the expressions for 
21 21

ˆ ˆ
rx rxb b

and 
21 21

ˆ ˆ
rx rxb b  will need be modified to include higher order X-parameter terms.  

Within context of the defined experimental conditions of the measurement setup and the

connected NL two-port DUT, (5.41) can be used to model the power spectral densities of the

DUTs scattered noise waves 21b̂  and 21b̂  as well as their correlation to one another yielding
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two. The presence of the identity matrices I  in (5.77) are a consequence of the NL two-port’s

connected terminations, i.e. from its connected source and receiver, being matched and isolated

from one another.

Having tuned the measurement receiver to the upper fundamental frequency offset, it’s

evident per Fig. 5.9 that the receiver’s incident noise wave 21b̂  is influenced by its transmission

coefficient rg  . Calculating the incident noise waves power spectral density 21 21
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account the receiver’s output noise contribution
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satisfying such X-parameter conditions will be necessary. Otherwise, the expressions for 
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and 
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rx rxb b  will need be modified to include higher order X-parameter terms.  
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two. The presence of the identity matrices I  in (5.77) are a consequence of the NL two-port’s

connected terminations, i.e. from its connected source and receiver, being matched and isolated

from one another.

Having tuned the measurement receiver to the upper fundamental frequency offset, it’s

evident per Fig. 5.9 that the receiver’s incident noise wave 21b̂  is influenced by its transmission

coefficient rg  . Calculating the incident noise waves power spectral density 21 21
ˆ ˆb b  from (5.57),

scaling each of its incident terms by the transmission properties of the receiver, and taking into

account the receiver’s output noise contribution
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21 21 11 11 11 11 21 21

2 2 2(S) (S) (T) 2 (T) 2 (S) (S)
r 21,11 21,11 r 21,11 21,11 r 21,21 21,21

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆg X X g X P X P g X Xrx rx gs gs gs gs gl glb b b b b b b b  

    
21 21 21 21 21 21 21 21 21 21

2 2S S(T) 2 (T) 2
r 21,21 21,21 21,21 r 21,21 r

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆg X P X P X g X g  gl gl gl gr r gr gl gr gr gd gdb b b b g b b b b b b  (5.78) 

Examination of the terms in (5.78) suggests that each component in the measurement 

setup, including those from the source, DUT, and receiver contribute to the noise power 

measured by the receiver. Noise generators 
11

ˆ
gsb and 

11

ˆ
gsb  originating from the source SZ  

contribute an S- and T-type response respectively at the NL DUTs output. Because the NL two-

port is match terminated, the noise power ascribed to 
11

ˆ
gdb  emanating from its input port is fully 

dissipated in SZ  . Thus, the DUT offers only one contribution to the measured result, that being 

due to the noise 
21

ˆ
gdb emerging from its output port. Interestingly, there are five noise 

contributors due to the receiver. First, there is the noise wave 
11

ˆ
grb  emanating from the receiver’s 

input port which is presented unchanged to the DUTs output port-two as 
21

ˆ
glb . Note, from the 

DUTs frame of reference, this wave originates from its connected load, i.e. in this setup, the 

receiver. The incident wave is reflected from the NL DUTs output port as an S-type response, re-

introduced to the receiver and processed accordingly as a noise power related to  
21 21

ˆ ˆ
gl glb b .  The 

second receiver related term is due to noise wave 
11

ˆ
grb also emanating from the receiver’s input 

port. It’s presented unchanged to the DUTs output port-two and denoted by 
21

ˆ
glb  . This incident 

wave is reflected as an T-type response from the DUTs output port. Having been transformed by 

the NL DUT to the upper fundamental frequency offset, the response is processed by the receiver 

as a noise power related to 
21 21

ˆ ˆ
gl glb b  . The third and fourth receiver terms in (5.57) assess the 

correlation of the previously mentioned S-type reflection response to the receiver’s “output” 

noise wave 
21

ˆ
grb  . The noise power reading will be dependent in-part on the degree of correlation 

between the two complex noise quantities. Lastly, the receiver’s “output” generated noise power 

related to 
21 21

ˆ ˆ
gr grb b is delivered to the receiver’s load independent of the source and DUT to which 

it’s connected. 
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 To extract the noise properties of the DUT, it’s convenient to group the terms in (5.78) 

into two categories, the noise generators of the measurement system and those of the NL two-

port. Re-writing (5.78) in matrix form yields, 

11 11

21 21 11 11 11 11 11 11

11 21

21 11

21

2
r

2
r

2
r

2 2 2 2 2S T S T S S
21,11 21,11 21,21 21,21 21,21 21,21 r

r

r

g

ˆ ˆg
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆX X X X X X 1 g

ˆ ˆg
ˆ ˆg
ˆ ˆ

gr gr

rx rx gs gs gs gs gr gr

gr gr

gr gr

gr gr

g

b b

b b b b b b b b

b b

b b

b b
21

  

 
21 21

2
r

ˆ ˆg gd gdb b  (5.79) 

where the terms related to the first and second matrix operations in (5.79) are specific to the 

measurement system and DUT respectively.  

        Concerning the measurement system, two observations are worth highlighting. First, the 

passive source impedance sZ  is known to generate a constant broadband thermal noise related 

to its physical temperature sT . Given the source is match terminated, its available noise density 

is 
11 11 11 11 s
ˆ ˆ ˆ ˆ ˆ= kTgs gs gs gsb b b b  . Second, the noise measured by the PNA-X receiver is typically 

confined to a user selected noise bandwidth, typically 4MHz [58]. Whatever the setting, as the 

receiver is tuned across the lower to upper offset interval bounding a frequency on the harmonic 

grid, in this case the fundamental frequency, the variation to the receiver’s bandwidth is 

considered negligible, at least for the chosen interval. Therefore, with the receiver tuned to either 

the lower or upper offset frequency, the receiver’s noise bandwidth will be reported by the 

variable B  in units of Hertz. Applying these conditions to (5.79), the noise power measured by 

the receiver when tuned to the upper offset frequency is 
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21 21r

ˆ ˆG gd gdb b  (5.80a) 

where by use of (5.58), the receiver’s gain-bandwidth product rG  has been substituted.   

 With the receiver tuned to the lower fundamental frequency offset, and following a 

procedure analogous to that described above, leads to the expression 
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21 21r

ˆ ˆG  gd gdb b  (5.80b) 

It’s proposed that the column matrices of (5.80a, b) comprising the receiver’s gain-

bandwidth and noise properties will be determined in calibration. Assuming the X-parameters of 

the NL two-port have been previously extracted by use of the PNA-X/NVNA, the remaining 

unknown are the elements of the NL two-port’s noise properties 
21 21

ˆ ˆ
gd gdb b  , and 

12 12

ˆ ˆ
gd gdb b  . These 

noise properties may be solved by performing two noise power measurements, one with the 

noise receiver tuned to the lower fundamental frequency offset and second at its upper. 
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5.2.4.2.1 Calibration Algorithm 
 

It is envisioned that calibration of the measurement system will involve characterization of the 

noise measurement receiver. The calibration coefficients to be determined are delineated by the 

elements comprising the 6x1 column vectors in (5.80a) and (5.80b). Figure 5.10 illustrates a 

passive impedance tuner connected to the measurement system’s test-port 1 signal path.  The 

dashed vertical lines marking the measurement reference plane at test-ports 1 and 2 are 

separated by zero length. It’s shown this way to highlight the noise receiver’s incident and 

scattered waves 11â  and 11b̂  respectively in presence of the characteristic noise out 
11

ˆ
gsb of sZ  and 

that of the measurement system’s receiver noise out represented by 
11

ˆ
grb .  

 

 

 

 

 

 

Figure 5.10: Noise Measurement Receiver Calibration for the NL Two-Port Network 

 

By inspection of Fig. 5.10, the scattered and incident noise waves of the measurement 

system’s matched receiver may be written as 

 
11 1111 s 11
ˆ ˆˆ gsa b b  (5.81) 

and 

 
1111

ˆ ˆ
grb b  (5.82) 
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where the source reflection coefficient 

11s  will be tunable across a diverse range of impedance 

states. Substitution of (5.82) into (5.81) produces the receiver’s incident wave expression in 

terms of the measurement system’s source and receiver noise contributions such that 

 
11 11 1111 s
ˆ ˆˆ  gr gsa b b  (5.83) 

As demonstrated in Fig. 5.10, the receiver is tuned to the upper fundamental frequency offset. 

Therefore, the receiver’s incident noise wave 11â  will be scaled by the receiver’s transmission 

coefficient rg  and summed with its “output” noise 
21

ˆ
grb  to form  

21 21r 11
ˆ ˆˆgrx grb a b                                                        (5.84) 

where 
21r̂xb  is the total noise incident to the receiver’s matched load. Substitution of (5.83) into 

(5.84) yields 
21r̂xb  in terms of the noise generators associated with the measurement system’s 

source and receiver. 

 
21 11 11 11 21r r s
ˆ ˆ ˆ ˆg grx gs gr grb b b b  (5.85) 

where each noise generator undergoes interaction with the measurement system thus 

influencing the total noise assessed at the receiver’s load. This transformation is captured by the 

coefficients ascribed to each noise source in (5.85). 

 The noise power density of 
21r̂xb can be determined by multiplying both sides of (5.85) by 

its complex conjugate and evaluating the time-average of their product. The result is 

 
21 21 11 11 11 11 11 11 11 21 11 11 21 21 21

22 2
r r s r s

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆg g g grx rx gs gs gr gr gr gr r s gr gr gr grb b b b b b b b b b b b  (5.86) 

where the noise from the source and receiver are uncorrelated to one another. 

With the receiver set to an effective noise bandwidth B  , the measured noise power 
21rxp̂  

of 
21r̂xb is 
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21 21 21 11 11 11 11 11 11 11 21 11 11 21 21 21

22 2
rx r r s r s

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆp̂ B g B g B g B g B Brx rx gs gs gr gr gr gr r s gr gr gr grb b b b b b b b b b b b

 (5.87) 

To organize the measurement receiver’s calibration coefficients in a column vector, (5.87) 

is structured in matrix form leading to the expression 

 
11 11

21 11 11 11 11 11 11 21

11 21

21 21

2
r

2
r

2

rx s s s r

g B
ˆ ˆg B

ˆ ˆ ˆ ˆp̂ 1  g B
ˆ ˆg B
ˆ ˆ B

gr gr

gs gs gr gr

r gr gr

gr gr

b b

b b b b

b b

b b

 (5.88) 

Given their ease of measure, it is convenient to express the characteristic noise density 

11 11

ˆ ˆ
gs gsb b of the passive source impedance sZ  in terms of its physical temperature sT  and 

reflection coefficient 
11s . Further, to simplify notation in (5.88), we assign a single variable to 

each element in the column vector. Collectively, this generates 

 
21 11 11 11 11

11
2 2

rx s s s s s 12

21

22

G
r

ˆp̂ kT 1 1  r
r
r

r

 (5.89) 

where 
11 11 11

2

s s
ˆ ˆ ˆkT 1gs gsb b  , 

2
r rG g B  , 

11 11

2
11 r

ˆ ˆr g Bgr grb b  , 
11 2112 r
ˆ ˆr g Bgr grb b  , 

11 2121 r
ˆ ˆr g Bgr grb b  ,  and 

21 2122
ˆ ˆr Bgr grb b  . rG  is the gain-bandwidth product of the measurement 

receiver at a positive frequency offset from the fundamental frequency. 11r  , 12r  , 21r  , and 22r  

for our purpose will be referred as the elements comprising the measurement receiver’s noise 

properties. Note, unlike the noise quantities describing the DUT, those of the receiver include the 

presence of rg  such that its complex value need not be known. There are five unknowns in the 
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column vector of (5.89). By sequentially adjusting the source reflection coefficient 

11s and 

measuring the corresponding noise power 
21rxp̂ , the five unknown properties of the receiver may 

be determined. To accomplish this, a minimum of five independent equations are created, each 

by a separate source impedance state. The five linear equations may be organized in a matrix 

row-expansion of (5.89) forming 

 

11 1 11 1 11 1 11 1

21 1

11 2 11 2 11 2 11 2

21 2

21 3 11 3 11 3 11 3 11 3

21 4

11 4 11 4 11 4
21 5

2 2

s s s s s

2 2rx

s s s s s
rx

2 2

rx s s s s s

rx 2 2

s s s s s
rx

ˆkT 1 1

p̂
ˆkT 1 1

p̂

ˆp̂ kT 1 1

p̂
ˆkT 1

p̂ 11 4

11 5 11 5 11 5 11 5

r

11

12

21

22

2 2

s s s s s

G
r
r
r

1 r

ˆkT 1 1

 (5.90) 

where 
11 qs is a set of q-th source reflection coefficients, each corresponding to a distinct noise 

power measurement 
21 qrxp̂ . In this case, q takes on integer values from 1 to 5. A sufficient 

separation of the reflection states is needed to ensure the unknown quantities are accurately 

assessed; there are many choices, one such example being 0 , 1 , 1 , 1 90 , and 1 90 . 

The measurement receiver’s coefficients may be solved by applying a pre-multiplication 

matrix inversion to both sides of (5.90) resulting in 
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       (5.91a) 

 

 Tuning the measurement receiver to the negative offset fundamental frequency and 

employing a procedure analogous to the one outlined above, the receiver’s gain-bandwidth 

product rG  and noise properties 11r  , 12r  , 21r  , and 22r  are acquired by the solution 
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 (5.91b) 

 Post-processing leads to solving for the remaining noise properties 
11 11r
ˆ ˆG gr grb b  and 

11 11r
ˆ ˆG gr grb b  in (5.80a) and (5.80b) respectively. Note, regardless whether the DUT is to be 

measured at the positive or negative fundamental frequency offset, a calibration of the receiver 

at both positive and negative frequency offsets are required to determine these properties. In 
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other words, we require the solution set provided by (5.91a) and (5.91b) to compute these 

remaining noise properties.  

To solve for the calibration coefficients of the measurement receiver, an intermediary 

step is introduced to establish the appropriate source impedance state for each noise power 

measurement to follow.  Per (5.91a), there are five unknown receiver properties. Therefore, a 

minimum set of five impedance states introduced by SZ  to the receiver are necessary. In Figure 

 

 

 

 

 

Figure 5.11: Source Match Calibration for the NL Two-Port Network 

 

5.11 illustrates a proposed PNA-X centric measurement system configuration. Source 2 of the 

PNA-X will be the stimulus directed out test port 3 of the network analyzer. Terminating the main-

line of the signal path via connected test port 1 is a tunable passive source impedance SZ   . SZ  

may be an electronic calibration module or fixed devices such as short, offset short, open, 

matched load, or arbitrary impedance calibration standards. The calibration plane at test port 3 

is distinguished by the vertical dashed line shown in Fig. 5.11. The five reflection coefficients 

11 1 11 5s s , ... ,  used in (5.91a) will be measured at this plane. The reflection coefficients will be 

determined by measuring the ratio of the incident and scattered waves using the PNA-X’s “R3” 

and “C” receiver’s respectively such that 
11s "C"Rx "R3"Rx . One point to note, unlike the 

NL two-port measurement configuration, source 1 out 1 of the PNA-X will be terminated during 

this process. It’s expected that the match viewed from the test port 1 frame of reference will be 
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unchanged between states due to the combined isolation of the in-line booster amplifier and 

isolator. The discussion above applies as well to (5.91b). Described at upper and lower 

fundamental frequency offsets, the calibration procedure for the match-embedded NL two-port 

measurement is delineated in Appendix E. 

 
5.2.4.2.2 Measurement Algorithm 
 

Assigning a variable to each matrix in the order (5.80a) is presented from left-to-right, a more 

compact form of (5.80a) is depicted as 

  Meas RX DUTP A R B D  (5.92) 

Matrix manipulation of (5.92) is performed to solve for the noise properties of the NL two-

port DUT resulting in 

 1  DUT Meas RXD B P A R  (5.93) 

With the NL two-port DUT connected to a calibrated match-embedded measurement 

system, a minimum of one noise power measurement is made on the DUT. The calibration and 

measurement data sets are then substituted into the elements comprising matrices A , B , 

,MeasP  and RXR ,  whereupon (5.93) is used to solve for the noise properties of NL two-port 

assessed at its output port. 

 Tuning the receiver to the negative offset fundamental frequency and applying a similar 

method to the one just described for (5.80b), the noise properties of the DUT are expressed by 

 1  DUT Meas RXD B P A R  (5.94) 
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As the frequency offset widens, the variation between DUTD  and DUTD  will depend on the 

DUT type. Generally, it’s expected that as the frequency offset narrows, DUTD  will approximate 

DUTD . The test procedure for the NL two-port device is presented in Appendix F. 

To summarize, a generalized scattered noise behavioral model for time-invariant 

nonlinear microwave circuits has been presented. The formalism utilizes noise waves and large-

signal scattering functions known as X-parameters to extract a multi-port network’s noise 

correlation matrix. From this, expressions representing the network’s effective input noise 

temperature and noise factor have been established. Within the small-signal space, it was 

demonstrated that the behavioral model reduces to a familiar form describing noise wave 

influence governed by the network’s S-parameter functions. Using the generalized form, two 

examples using ADS software simulation were given in context of mismatch- and match-

embedded nonlinear one-port and two-port configurations respectively.  In simulation, the NL-

network’s source and load terminations were passive.  Numerical versus simulated results were 

compared. The results in the two-port case yielded its noise factor (effective input noise 

temperature). Lastly, hardware noise measurement thought experiments for the one- and two-

port nonlinear network scenarios were designed to determine their noise properties. The 

generalized scattered noise behavioral model was extended to accommodate for an active 

loading of the NL network; the active load was used as a noise measurement receiver to offer a 

practical means by which the noise properties of the NL network DUT may be extracted.  The 

proposed hardware thought experiments were designed using the Keysight PNA-X Vector 

Network Analyzer and its integrated low noise measurement receiver. Detailed calibration and 

measurement procedures have been created and are included in Appendices C - F.   
 
 



 

 
 
 
Chapter 6 
 

Conclusions and Recommendations 
6.1 Conclusions 
 

A generalized noise behavioral model for embedded nonlinear time-invariant microwave 

networks has been presented. Illustrated in the frequency-domain, the driven nonlinear 

network’s scattering noise matrix was expressed as a linear transformation of the composing 

(embedded and embedding) networks noise correlation matrices suitably modified by interaction 

between respective X- and S-type parameters. From this set of equations written in wave vector 

form, the nonlinear network’s (intrinsic) noise correlation matrix across all n-port, m-harmonic 

indices were extracted. Expressions for noise factor and effective input noise temperature of the 

nonlinear network were developed by use of the generalized noise behavioral model in context 

to defined, well established figures-of-merit. Furthermore, it was shown that removal of the 

nonlinear network’s drive-tone reduced the models to the familiar small-signal form, and 

faithfully described the noise behavior of the network in its linear operation-space. Two examples 

were considered to validate the generalized noise model in simulation. In the first case, the 

generalized full-insitu scattered noise matrix expression was applied to a driven nonlinear one-

port example circuit connected to a noisy matched termination. A filter was applied to the 

nonlinear network’s incident and scattered noise waves to reject high-order harmonic content 

and thereby establish a somewhat simplified instance for a bounded fundamental frequency 

restriction. Evaluated over a range of specific large-signal operating points, computer simulations 

of the network’s scattered noise power density bounding the fundamental frequency compared 
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very closely with independent numerical calculations. The second case applied the generalized 

noise model to a driven nonlinear two-port example circuit embedded in a passive, source/load 

match-terminated network exhibiting isolated noisy ports. Filtering was employed at the 

nonlinear network’s input-output ports to enforce a bounded fundamental frequency condition. 

Evaluated at specific large (and small) signal operating points, computer simulations faithfully 

predicted the nonlinear network’s scattered noise power density to that of independent results 

obtained through numerical calculation. From the data results, noise factor and effective input 

noise temperature of the nonlinear two-port were established. 

 

6.2 Recommendations for Further Work  
 

The generalized noise behavioral model introduced in this discourse is a basis for simulation, 

modeling, and measurement of driven nonlinear devices, components, and systems. Suggestions 

for future research endeavors encompass software simulation and measurement activities. In 

simulation, the match-embedded experiments for the nonlinear one- and two-port cases should 

be repeated with the filters removed to assess the influence of higher-order harmonic content 

on the scattered noise power density. Comparison with numerical calculations can be made by 

including in the formulism dominant X-parameter terms corresponding to the m-th harmonic. 

Pertaining to measurement, it’s proposed that a cold-source measurement technique [58] be 

devised to extract the noise correlation matrix of a nonlinear network. Attention to practical 

considerations distinguishing noise of measurement system from the network of interest 

(extraction) through calibration and signal processing techniques will be required. To facilitate 

this suggestion, noise models and test procedures supporting calibration and NL device 

measurement processes have been developed. Finally, perhaps most important, is to extend 

simulation and measurement activities to the mismatch-embedded nonlinear two-port scenario. 

Its execution will build on the foundation laid by the match-embedded exercises and the 

introductory development of mismatch-embedded NL one- and two-port noise models, each 

founded by the generalized noise behavioral model devised in this work. 
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Appendices 

Appendix A 
 

Mismatch-Embedded Nonlinear One-Port Network 

Using the generalized full insitu-noise matrix expression from (5.42), the constituent noise power 

spectral density expressions for the mismatch-embedded nonlinear one-port network are solved. 

Analysis is restricted to the fundamental frequency. The following are personal notes presented 

in hand-written form that can be referred to on the attached CD.
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Appendix B 
 

 

Mismatch-Embedded Nonlinear Two-Port Network 

Using the generalized full insitu-noise matrix expression from (5.42), the constituent noise power 

spectral density expressions for the mismatch-embedded nonlinear two-port network are solved 

with the aid of MatLab. Analysis is restricted to the fundamental frequency. The following are 

early stage personal notes that can be referred to on the attached CD.   
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Appendix C 
 

 

Mismatch-Embedded NL One-Port Calibration Procedure 

1. Determine the measurement receiver’s gain-bandwidth product rGrG  and output noise 

power 22r  . 

A. Connect a calibrated noise source to the measurement system. 

B. Tune the noise measurement receiver to a positive offset frequency from the 

fundamental as denoted by the “/” symbol. 

C. Turn the noise source on and measure the noise power 
11 Hot,Calrxp̂ . 

D. Measure noise source match 
11hns  in the on-state.  

E. Turn the noise source off and measure the noise power 
11 Cold,Calrxp̂ . 

F. Measure noise source match 
11cns  in the off-state. 

G. Record the physical temperature cnsT  of the noise source housing. 

H. Record the physical temperature msT  of measurement system. 

2. Determine the measurement receiver’s gain-bandwidth product rGrG  and output noise 

power 22r  . 

A. Repeat steps 1A through 1H with the noise measurement receiver tuned to a negative 

offset frequency from the fundamental as denoted by the “//” symbol. 

3. Determine the source match states 
11,(1)s , …, and 

11,( 4)s . 
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A. Perform an 11S  one-port calibration at test port 3. 

B. Connect test port 3 to test port 1 via the back-to-back coupler arrangement. 

C. Set 
1sZ . 

D. Measure 
11,(1)s . 

E. Repeat steps 3C and 3D for pairings 
2sZ , 

11 2s , …, and 
4sZ , 

11 4s . 

4. Connect the nonlinear one-port network to the measurement system. 

A. Measure X-parameters (S)
11,11 11X A  and (T)

11,11 11X A  as a function of large-signal drive 

11A . Note, the procedure for ascertaining measurement derived X-parameters is 

documented per Keysight Technologies App. Note 1408-20. 
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Appendix D 
 

Mismatch-Embedded NL One-Port Network Measurement Procedure 

1. Connect the nonlinear one-port network to the measurement system. 

A. Tune the noise measurement receiver to the positive offset frequency from the 

fundamental as denoted by the “/” symbol. 

B. Set 
1sZ . 

C. Establish an appropriated large-signal operating point (LSOP), ie., 11A , for the 

nonlinear one-port network. 

D. Measure 
11 1rxp̂ . 

E. Repeat steps B through D for pairings 
2sZ , 

11 2rxp̂ , … , and 
4sZ , 

11 4rxp̂ . 

F. Calculate the noise properties of the nonlinear one-port network per the expression 
1

DUT meas rxD B P A R . 

G. Repeat steps 1A-1F with the noise measurement receiver tuned to a negative offset 

frequency from the fundamental as denoted by the “//” symbol. The expression 
1

DUT meas rxD B P A R  will be used. 
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Appendix E 
 

Match-Embedded NL Two-Port Calibration Procedure 

1. Determine the measurement receiver’s gain-bandwidth product rG  and its noise 

properties including 11r , 12r , 21r , and 22r . 

A. Determine the source match states 
11 1s , 

11 2s , …, and 
11 5s . 

A1. Perform an 11S  one-port calibration at test port 3. 

A2. Connect test port 3 to test port 1 via the back-to-back coupler arrangement. 

A3. Set source impedance 
1sZ . 

A4. Measure 
11 1s . 

A5. Repeat steps A3 and A4 four additional times at unique settings of sZ . Readings  

 
11 2s , …, and 

11 5s will be recorded. 

B. Tune the measurement receiver to a positive offset frequency from the fundamental 

as denoted by the “/” symbol. 

C. Record the physical temperature sT  of the source impedance sZ . 

D. Set the source impedance to 
1sZ . 

E. Measure noise power 
21 1rxp . 

F. Repeat steps 1D and 1E corresponding to each of the unique sZ  settings established 

in steps 1 through A5. Readings 
21 2rxp , 

21 3rxp , …, and 
21 5rxp will be recorded. 
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G. Calculate rG , 11r , 12r , 21r , and 22r . 

2. Determine the measurement receiver’s gain-bandwidth product rG , and its noise 

properties including 11r , 12r , 21r , and 22r . 

A. With the noise measurement receiver tuned to the negative offset frequency from 

the fundamental as denoted by the “//” symbol, repeat steps 1B through 1F. Readings 

21 1rxp , 
21 2rxp , …, and 

21 5rxp will be recorded. 

B. Calculate rG , 11r , 12r , 21r , and 22r . 

C. Calculate the noise measurement receiver’s gain 
2

rg  and 
2

rg  from rG  and rG   

respectively.  

D. Calculate 
11 11

ˆ ˆ
r rb b  from 

2
rg  and 11r  as well as 

11 11

ˆ ˆ
r rb b  from 

2
rg  and 11r . 

E. Using the results from 2C and 2D, calculate calibration coefficients 
11 11

2
r
ˆ ˆg r rb b  and 

11 11

2
r
ˆ ˆg r rb b . 

3. Connect the NL two-port network to the measurement system. 

A. Determine the network’s X-parameters including S
21,11X , T

21,11X , S
21,21X , and T

21,21X  as 

a function of large-signal drive 11A . Note, the procedure for ascertaining measurement 

derived X-parameters is documented per Keysight Technologies App. Note 1408-20. 
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Appendix F 
 

 

Match-Embedded NL Two-Port Measurement Procedure 

1. Connect the NL two-port network to the measurement system. 

A. Tune the noise measurement receiver to a positive offset frequency from the 

fundamental as denoted by the “/” symbol. 

B. Establish an appropriate large-signal operating point (LSOP), ie. 11A , for the NL two-

port network. 

C. Measure MeasP̂ . 

D. Calculate the noise property of the NL two-port network per the expression 
1

DUT Meas RXD B P A R  where in this scenario matrix MeasP is equal to MeasP̂ . 

E. Repeat steps 1A through 1D with the noise measurement receiver tuned to a negative 

offset frequency from the fundamental as denoted by the “//” symbol. Apply 

expression 1
DUT Meas RXD B P A R  where MeasP  is equal to MeasP̂ . 

F. As previously described, the NL two-port’s effective noise temperature eT , and noise 

factor F , may be determined by use of DUTD  and its X-parameters. Similarly, eT  and 

F may be acquired by the NL two-port’s noise matrix DUTD  and X-parameters. 
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“Noise Characterization and Behavioral Modeling of Nonlinear RF/Microwave Components” 

This paper is in process of submission to The IEEE Transactions on Instrumentation and 
Measurement. 
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