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Abstract

The demand for inspection and repair technologies for the water industries on
their water mains and distribution pipes is increasing. In urban water distribution
systems, due to the fact that water pipes are ageing, pipe leakages and serious
damage may occur. Compared with the cost of pipe replacement in the under-
ground distribution system, regular pipe inspection and repair is more cost effec-
tive to water companies and local communities. However, small-diameter pipes
are not accessible to humans because they are small in size and often buried un-
derground. Therefore, inspection robotic systems are more suited to this task in
terms of underground pipe networks mapping and damage localisation, in order
to target repair from above ground.

There are a number of challenges for robot mapping and localisation in water
pipes, which are: 1) feature sparsity in water pipes – lack of navigation landmarks,
2) in-pipe robot can only detect nearby features, and 3) unlike indoor/outdoor
SLAM problems, in-pipe robot has less movement flexibility. The main aim of this
thesis is to solve these challenges and address the problem of robot mapping and
localisation in small-diameter feature-sparse water pipes.

This thesis presents a number of novel contributions. Firstly, for the front end,
where raw sensor data is transformed into signals useful for mapping and localisa-
tion algorithms, new types of maps are developed here for water pipes: for plastic
pipes, ultrasound data is used to map the ground profile through the plastic pipe
wall, whilst for metal pipes a hydrophone is used to determine a map based on
pipe vibration amplitude over space. Secondly, a new sequential approach to map-
ping and localisation is developed, based on alignment of multiple maps based on
dynamic time warping averaging. Thirdly, a new simultaneous localisation and
mapping algorithm is developed, which overcomes the limitation of the sequential
approach in that the map is not updated. Finally, a new sensor fusion algorithm
is developed that transforms the robot location in the local coordinate frame to
the world coordinate frame, which would be essential for targeting repairs from
above ground.
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Chapter 1

Introduction

1.1 Background

Water is of great importance and is a precious resource for human beings. In de-

veloped countries, almost all cities are equipped with complete and sophisticated

water supply and puri�cation systems that transform and transfer rain, snow and

groundwater to drinking-standard water. In most cases, water supply infrastruc-

ture contains various types of components that are used to pump, divert, store,

purify and deliver drinking water [121]. Raw (untreated) water is collected in wa-

ter collection points, such as lakes, rivers, arti�cial reservoirs and groundwater.

This is transferred to puri�cation facilities via uncovered above-ground aqueducts

or tunnels. After a number of puri�cation processes, the drinking-standard water

is transferred into the underground or above-ground tanks and water towers in

cities. Water is then transmitted to private houses or industrial, commercial or

institution customers by using underground water pipe networks.

In water distribution systems, because pipe materials are ageing, leakages and

damage may happen [121]. These will lead to bacteria in�ltration and waste of

water. To prevent these, one can use an entirely new set of water distribution

system facilities that contains the latest technology, or alternatively, do periodical

inspections and regular maintenance before damage occurs. In terms of expense,

inspections and maintenance are more acceptable and widely used in the water

industry.

The cost of replacing pipes in an underground water distribution system is

relatively high [28]. Fig.1.1a shows an example of digging the ground for pipe

replacement in an urban area. Therefore regular tests and maintenance are usu-

ally preferred from a commercial perspective. In addition, the water distribution

system in a city is mostly viewed as a complete system. Damage in one section

1
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(a) (b)

Figure 1.1: (a) Water pipe replacement in urban area [63]. (b) Internal view of a
plastic pipe demonstrating the lack of features for mapping and localisation [120].

of the network may have a large negative impact in the community or even re-

sult in a wider area being deprived of service. A dramatic example is the famous

New York City breakdown in 1998 where a 48-inch, 128 year old water main pipe

burst on Fifth Avenue. Several streets were �ooded and a 35-foot-wide crater was

created.

A less costly way to maintain water distribution, compared to pipe replace-

ment, is more careful maintenance before pipe damage occurs. Therefore, recently

researchers and institutions have put more effort into this �eld [102]. The water

industry has spent a large amount of money on early failure detection in their un-

derground networks (water, gas, oil and its derivatives) each year. Successful early

failure detection can largely prevent wastage of water, reduce the risk of pollution

and improve the stability of the service.

An important problem in water pipe inspection is that many pipelines are

inaccessible to humans because they are located underground and some are even

placed at the bottom of oceans. This increases the dif�culty and cost of inspection

around the pipe. Therefore, robotic systems have great potential for inspecting

these inaccessible pipelines [102]. Whilst there are many techniques for robot

pipe inspection itself, an as yet unsolved problem is accurately locating damage in
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pipes once found. Further to this, water companies often do not precisely know

the location of their pipes. Therefore repairs are dif�cult to accurately target. This

leads to the speci�cation of a key challenge for water pipe inspection: the mapping

of pipe networks and localisation of damage using robot navigation algorithms.

The focus of this project is therefore the localisation and mapping problem for

water pipes using mobile robotic systems.

There are three major challenges for robot navigation in water pipes. The

�rst is the feature sparsity in water pipes, see Fig.1.1b for an inside vision of

a pipe. Most current robot navigation systems deal with indoor and outdoor

environments, which contain numerous landmark features. However, it is dark

in water pipes and pipe walls are smooth and of the same colour in a section of

pipeline, which makes it dif�cult for camera-based methods to distinguish visual

patterns and for other sensors (e.g. range sensors) to capture features. Secondly,

in pipes the robot can only detect features that are nearby using standard sensors

such as laser range �nders and ultrasound sensors. This makes it even more

dif�cult for sensors to capture landmark features for navigation. Thirdly, unlike

indoor or outdoor navigation, the in-pipe robot has a very restricted route (either

moving forward or backward) in the pipe. By contrast, in an indoor environment,

the navigation robot can move �exibly and detect landmark features from different

positions and angles, reducing uncertainty in the estimate of the map and robot

location. However in water pipes, this �exible movement around landmarks is not

possible. Therefore, robot navigation in water distribution pipes is a dif�cult and

as yet unsolved problem.

1.2 Aim and Objectives

The aim of this thesis is to build a robot mapping and localisation system for the

underground water pipe environment.

The aim is achievable through several objectives:

1. Explore the challenges of water pipe inspection and robot navigation in wa-

ter distribution pipes. Investigate the buried pipe infrastructure; such as pipe

wall materials, pipe surroundings (voids between pipe wall and soil) etc., to

�nd observable features useful for navigation and determine corresponding

types of sensors to observe those features.

2. Investigate existing robot navigation algorithms and determine methods for

testing them against the needs of the problem as de�ned in objective 1.

3. Develop and implement a specialised robot navigation algorithm for water
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pipe networks by modi�cation and improvement of the most promising al-

gorithms determined in objective 2.

4. Verify and validate the robot navigation algorithm with tests undertaken in

controlled laboratory environments using a prototype pipe inspection robot.

1.3 Structure of the Thesis

The thesis is structured as follows.

Chapter 1 gives background and introduction to the water pipe mapping and

localisation problem and outlines published contributions arising from this thesis.

Chapter 2 provides a literature review of key areas of relevance, such as robotic

systems for water pipe inspection and mapping, simultaneous mapping and lo-

calisation (SLAM), and particularly SLAM for water pipes.

Chapter 3 presents the �rst novel contribution, where new types of robot nav-

igation map are developed for both plastic and metal water pipes. For plastic

pipes, the technique is based on using ultrasonic sensing, where the re�ections

off the soil exterior to the pipe wall are used to construct a terrain-pro�le map.

For metal pipes, the technique is based on hydrophone sensing, where the sound

waves excite pipe vibration, which creates a unique pro�le along the length of the

pipe that can be used as a map. Elements of this chapter are published in [96, 98].

Chapter 4 presents a novel sequential approach to mapping and localisation,

where a map is �rst constructed then used for localisation. The map is constructed

by a robot making multiple passes up and down a length of pipe - the map from

each pass is then averaged using dynamic time warping. The localisation is per-

formed using a robust version of the EKF, previously developed in the aerospace

domain for localising off a map of the ground terrain pro�le [65]. Elements of this

chapter are published in [98].

Chapter 5 presents a novel PipeSLAM algorithm, using the Rao-Blackwellised

particle �lter. The PipeSLAM algorithm addresses the limitation of the sequential

approach from chapter 4, which is that the map is not updated in that scheme.

Elements of this chapter are published in [97].

Chapter 6 presents a novel method for localising pipes in the world coordinate

frame by using heading estimates from an inertial measurement unit (IMU), fused

with the PipeSLAM and sequential algorithms from chapters 4 and 5. The limi-

tation of the algorithms from chapters 4 and 5 is that they only estimate distance

travelled along the pipe. The IMU gives an estimate of heading, so along with

distance travelled the robot location, and therefore the pipe location, can be trans-

formed to the world coordinate frame. However, both the heading and distance
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travelled estimates incorporate uncertainty, which must be propagated through

the nonlinear transformation from the local to the world coordinate frame. This is

done using Monte Carlo sampling, which is both simple and effective.

Chapter 7 provides conclusions and directions for future work.

1.4 Contributions Arising from this Thesis

Novelties arising from this thesis are: a novel type of map for navigating in plastic

water pipes, where the terrain pro�le external to the pipe wall is measured by

an ultrasonic sensor (see Chapter 3); a novel type of map for navigating in metal

water pipes, where a hydrophone is used to induce pipe vibration (see Chapter

3); a novel sequential method for mapping and localisation in water pipes, where

map calibration for a set of independent maps is performed using an existing

algorithm based on averaged dynamic time warping [116] (see Chapter 4); a novel

in-pipe SLAM algorithm – PipeSLAM, where a Rao-Blackwellised particle �lter

based SLAM algorithm is developed for water pipes using the novel types of map

described above (see Chapter 5).

During the thesis writing, four papers have been peer reviewed and published

in international publications, and are listed below:

1. Ke Ma, Juanjuan Zhu, Tony J. Dodd, Richard Collins, and Sean R. Anderson.

"Robot mapping and localisation for feature sparse water pipes using voids

as landmarks." In Conference Towards Autonomous Robotic Systems, pp. 161-

166. Springer, 2015.

Winner of the IET Robotics and Mechatronics TPN prize for most promising

industry technology.

2. Ke Ma, Ali Hassan-Zahraee, Juanjuan Zhu, R. Mills, Joby Boxall, Rob Dwyer-

Joyce, Tony Dodd, Richard Collins, and Sean R. Anderson. "Robotic Map-

ping and Localisation in Feature Sparse Water Pipes." In 19th World Con-

ference on Non-Destructive Testing. German Society for Non-Destructive Testing,

2016.

3. Ke Ma, Michele M. Schirru, Ali Hassan Zahraee, Rob Dwyer-Joyce, Joby Box-

all, Tony J. Dodd, Richard Collins, and Sean R. Anderson. "Robot mapping

and localisation in metal water pipes using hydrophone induced vibration

and map alignment by dynamic time warping." In IEEE International Confer-

ence on Robotics and Automation (ICRA), pp. 2548-2553. IEEE, 2017.
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4. Ke Ma, Michele Schirru, Ali Hassan Zahraee, Rob Dwyer-Joyce, Joby Boxall,

Tony J. Dodd, Richard Collins, and Sean R. Anderson. "PipeSLAM: Simul-

taneous localisation and mapping in feature sparse water pipes using the

Rao-Blackwellised particle �lter." In IEEE International Conference on Advanced

Intelligent Mechatronics (AIM), pp. 1459-1464. IEEE, 2017.



Chapter 2

Literature Review

2.1 Introduction

In many countries in Europe including the U.K., a great number of cities are still

equipped with aged water infrastructure. These water pipes buried underground

are often inaccessible for humans and many pipes were buried decades ago. How-

ever, mostly because of the high cost in renewing pipes, water companies are not

willing to replace these out-of-date pipes with new pipes that contain modern ma-

terial technologies. Hence, for these aged facilities, additional care and monitoring

are essential. For instance, these aged water pipes need inspection more often for

leakages and other potential damages using modern inspection technologies such

as robotic systems.

This chapter will �rstly give an introduction to water infrastructure and water

distribution systems, including the latest development of pipe inspection tech-

niques. Secondly, because this research is focused on developing a solution to

pipe inspection by using an in-pipe robot, a brief review of the robot simultane-

ous localisation and mapping (SLAM) techniques and historical development will

be given. Thirdly, the robot navigation or SLAM problem can be viewed as prob-

abilistic state estimation. Therefore, probabilistic state estimation methods will be

described. Fourthly, a review of the recent developments in robot SLAM in water

pipes will be given. Finally, a short summary of this chapter will be given.

2.2 Water Pipes and Inspection

2.2.1 Water Distribution Systems

In a typical water distribution system network, pipes are categorised into two

types by their functionality [146]:

7
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Figure 2.1: Illustration diagram of trunk mains and distribution pipes in water
distribution system

.

Trunk mains are usually of large size (typically greater than 18 inches in di-

ameter) that deliver a large amount of water from one area to another. For in-

stance, clean water is �rstly delivered from puri�cation facilities, through large-

sized trunk mains to water tanks and pumping stations in the cities and towns.

Local citizens normally do not get their tap water from water trunk mains, but

from smaller sized water distribution pipes.

Distribution pipes , also called communication pipes, transfer water from trunk

mains to local communities and business buildings. The diameters of distribution

pipes are normally smaller than water trunk mains (typically about 3 inches), but

are also determined by the usage of the consumers. For instance, business con-

sumers normally require larger sized pipes compared with home users. Also,

�re hydrants on the streets are attached to nearby distribution pipes rather than

trunk mains. Fig.2.1 shows a general layout of trunk mains, distribution pipes and

supply pipes.

Supply pipes are also called service pipes. Normally, it is a short section of

small diameter pipe (about 1 inch), that connects a building to the distribution

pipes. In some exceptional cases, a supply pipe could be connected directly to a

water trunk main.
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Figure 2.2: Schematic functioning of Sahara system [101]. The system sends a
sensor head into a pipe tethered with a cable driven by a motor above the ground.
The human operator above the surface tracks the sensor head with a detector.

It is worthwhile to mention that a pipe normally uses the same material across

its length and it normally has no distinguishable landmarks or features for robot

navigation.

2.2.2 Water Pipe Inspection

In the past decade, much research and development has been put into pipe inspec-

tions, however, pipe robots are still in their infancy, with few implementations that

can freely travel through typical underground water pipe systems.

In 1998, Roth and colleagues [126] provided a short review on the state-of-

art in pipe inspection technology in the late 20th century. That work is focused

on inspection technology that is targeted to waste water pipes. They found that

many in-pipe inspection devices were tethered and tele-operated from a control

station above the ground. Although a fully autonomous pipe inspection robot was

the goal, the main emphasis at that time, and even in recent years [92], was the

inspection and damage detection systems, rather than damage localisation, which

requires robot localisation and mapping.

The Sahara leakage detection system (Fig.2.2) sends a sensor platform into a

pipe tethered with a motor above the ground [102]. The surface human operator

tracks the sensor platform using a detecting device. This inspection technology is

effective in pipelines of diameter larger than 0.3m.

Apart from in-pipe inspection, pipe inspection can also be done from the above

ground level by using ground penetrating radar (GPR) [29]. The principle behind
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GPR is that it transmits electro-magnetic signal pulses to the ground [29]. When

the signal reaches the sub-surface (i.e. the soil-pipe surface), the signal re�ects

back to a receiver within the GPR. Based on the re�ected signal, the location of

the sub-surface can be estimated. Recent research has found that such technology

is not only able to detect the location of buried containers [154] but can also locate

leakages [67, 109].

Safe, reliable water systems are signi�cant to urban communities. There are

over 2 million kilometres of water pipes across Europe, of which more than 50

thousand are distribution pipes feeding water distribution systems [102]. Wa-

ter pipes are very sensitive and expensive components in the water industry as

they cannot be regularly replaced or shut down for maintenance, which may dis-

rupt the entire service in a certain area. However, most underground water pipes

were built decades ago, therefore, there is an increasing need for ef�cient and

non-disruptive inspection techniques. Hence, the water industry needs fully au-

tonomous in-pipe robots to do regular inspection (i.e. early detection of damage

for repair) before signi�cant and disruptive failure can occur.

2.2.3 Inspection Robotics

Since the �rst in-pipe inspection devices were designed in the 1970s, many robot

prototypes of different mechanisms have been proposed. A �rst review on dif-

ferent robot platforms for water pipe locomotion from the application point of

view was given by [130]. Generally, for large-diameter horizontal pipes such as

water trunk mains, wheel based robot platforms are most suitable. In terms of

small-diameter pipes or those pipes where wheel based platform are not applica-

ble, other types might be suitable, such as legged [16, 110], or snake-like robots

[131, 149]. Fig.2.3 shows six different types of in-pipe robot mechanisms that are

commonly used in underground water pipe scenarios.

In 1998, a small-sized water pipe inspection robot tailored for 13mm in-diameter

water pipe was developed [137]. The robot has a micro arm and an onboard CCD

camera for leakage detection using image processing techniques. But this design

lacks �exibility and is not capable of smooth motion through sharply curved pipes,

such as pipe junctions. In the early 2000s, the mobility restriction was overcome by

Muramatsu and Roh [107, 124, 125]. Another image processing based algorithm

was published, which used a CCD camera and laser diode to acquire in-pipe im-

ages [44, 45]. In 2003, a tele-operation system for pipe inspection was developed

[13].

These techniques are capable of robot navigation tasks in the water pipe envi-

ronment. But due to the darkness in the water pipe environment and the feature
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(a) (b) (c)

(d) (e) (f)

Figure 2.3: Different mechanical types of in-pipe robots [102]. These types are: (a)
wheeled, (b) tracks, (c) legged, (d) inchworm, (e) snake, (f) screw.

sparsity of the inner pipe wall (Fig.1.1b), the robustness of such visual based navi-

gation techniques is still in question. Although image processing techniques have

been investigated for a while and become relatively mature, such techniques may

not be the optimal solution of pipe navigation where pipes lack visual landmarks.

Additional sensing technology or navigation methods should be used that can be

fused with visual sensing techniques.

2.3 Robot Simultaneous Localisation and Mapping (SLAM)

Problem Formulation

In many robot applications, GPS location is not available. For those robots that

are used in underground pipes, oceans and other hazardous environments, other

techniques need to be developed to solve the navigation problem. Therefore, in

such cases, the robot itself needs to build a map of the unknown environment and

concurrently localise itself in real-time. A simultaneous localisation and mapping

(SLAM) problem asks if it is possible for a mobile robot to simultaneously track

its location while incrementally building a consistent map of an unknown envi-

ronment at the same time. A solution to the problem has been seen as a milestone

in the �eld of robotics as it is the starting point for robots to be truly autonomous

[46].

2.3.1 Standard Problem Formulation

The current standard SLAM problem formulation mainly consists of two processes

(see Fig.2.4):



12
2.3. Robot Simultaneous Localisation and Mapping (SLAM) Problem

Formulation

Figure 2.4: Front-end and back-end in a typical SLAM problem

1. Front-end process is the sensor data acquisition and �ltering process to pro-

duce readable data for later back-end process.

2. Back-end processes pre-�ltered data and uses a suitable SLAM algorithm to

process those data to simultaneously estimate robot pose and the map of the

environment.

Front-end process: data association and sensor fusion

In real world robotic navigation applications, it is not practical to directly write

sensor observations as a mathematical function of robot pose and map parameters.

For example, in vision-based SLAM applications (such as [49]), the sensor obser-

vations are usually a sequence of image clips captured from a visual camera. Raw

images, as the input data, cannot be directly used to drive the SLAM process. The

same dif�culties are found in other sensors, such as distance measurement-based

SLAM, e.g. using lidar sensing [83]. Therefore, the front-end process is to convert

or extract information from raw data that can be used later in the back-end SLAM

process.

In a typical visual-SLAM system, camera images may contain a large amount

of information (pixels). For navigation purposes, not all pixels are of interest but

a speci�c visual pattern can be important. Therefore, the front-end process will

�rstly extract some distinguishable pixels or patterns in the image. The pattern

locations can thus be easier for the back-end module to process. Similarly, laser

measurement returns the time-of-�ight of a laser beam and it will need to be

converted to distance (to an obstacle) before entering the back-end process.

In addition, a front-end process also needs to perform data association from

multiple sensors – sensor fusion. Many robot platforms are equipped with multi-

ple sensors for navigation purposes and the information gathered from different
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sensor observations need to be fused to give a better understanding of the sur-

roundings. Those different types of data (e.g. distances, visual images) need to be

fused to distinguish a landmark. For instance, imagine a mobile robot exploring

through an indoor environment of multiple obstacles and each obstacle is painted

in different colours on its surface. To build a map, a robot needs to determine

which obstacle it captures by using a visual image and to determine the distance

by using a laser scanner measurement. In such a setting, the front-end module

produces an output from raw data comprising the distance and colour of that

observed obstacle.

Back-end process: robot location and map estimation

The most used problem formulation for SLAM can be traced back to 1997 in a

seminal paper [95]. This de-factostandard formulation has been widely adopted

in many SLAM research papers [36, 51, 61, 76, 113, 138].

In a typical SLAM problem, the state that needs to be estimated is the combi-

nation of robot location and map parameters (where typically map parameters are

condidered time-invariant). We denote the time history of robot locations, sensor

measurements (produced from the front end process) and control inputs as

x0:k = f x0, x1, � � � , xkg (2.1)

y1:k = f y1, y2, � � � , ykg (2.2)

u1:k = f u1, u2, � � � , ukg (2.3)

where xk 2 Rnx is the robot location (or pose) at sample time k, yk 2 Rny is the

corresponding sensor measurements, anduk 2 Rnu is the vector of control inputs.

The key problem in SLAM is to estimate the joint distribution of the robot

location, xk, and the map parameters, qqq, from the history of observed outputs,

control inputs, and initial state x0,

p(xk,qqqjy1:k, u1:k, x0)

The common algorithmic solutions developed for estimating this joint distribution,

based on nonlinear state estimation methods, are described in Section 2.4.

2.3.2 The Evolution of the SLAM Problem

The development and evolution of simultaneous localisation and mapping (SLAM)

can be broadly classi�ed into three main time periods that are the classical age

(1986-2004), thealgorithmic-analysis age(2004-2015), and therobust-perception age
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(2015-now), according to a recent review on robot SLAM [20]. Sections below have

highlighted some key milestones from each of these periods to show an evolution

of SLAM over these time periods.

The classical age (1986-2004)

Modern probabilistic SLAM development can be traced back to the IEEE Robotics

and Automation Conference in 1986, California. Since then, probabilistic ap-

proaches have been widely adopted in robotic research and arti�cial intelligence

[46]. This historical conference came to a consensus that in the area of robot map-

ping and localisation, the most fundamental problem that needed to be addressed

was the consistent probabilistic mapping [20].

Several years later after this conference, several key papers [48, 135] found a

mathematical model that could be used to describe the correlation between land-

mark locations and robot motion uncertainties. Results also showed that the cor-

relation would increase over an accumulated number of successive measurements.

In the meantime, visual based localisation [4] and sonar based localisation

[26, 30] found that there may exist many common characteristics between these

two approaches. This had soon been proved by Smith et al. [134], who found

that the uncertainties of landmark estimations were correlated with each other.

This is because landmark locations are captured and estimated based on the same

robot poses, which contain the same errors. The conclusion was signi�cant – the

estimation of both localisation and mapping requires a joint state vector consisting

of both robot poses and landmark locations.

Gradually, researchers realised that the mapping and localisation problems

could be described as a single state estimation problem. On the other hand, to

address the mapping problem, the most important part was to �nd the correlation

among landmarks. At the 1995 International Symposium on Robotics Research,

the abbreviation SLAM appeared in the robotics community and was presented

in a mobile robot paper [47]. At the time, it was also called concurrent mapping

and localisation, abbreviated as CML, which was equivalent to SLAM. Soon after,

a signi�cant improvement was made by Csorba [31, 32], which used a bounded

region �lter (BRF) that largely reduced the storage requirement to a linear function

of N.

Since then, researchers have been focused on improving computational ef�-

ciency and solving problems in data association. The International Symposium on

Robotics Research in 1999 is another milestone for SLAM in the robotics commu-

nity. In the symposium, the �rst SLAM session was held and Thrun et al. [140]

presented their formulation of probabilistic SLAM. Then, in 2000, the SLAM work-
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shop at the IEEE International Conference on Robotics and Automation (ICRA)

attracted 15 SLAM researchers. Just two years later, the ICRA 2002 workshop

attracted over 150 robotic researchers in the SLAM area.

Algorithmic-analysis age (2004-2015)

The second period in SLAM is the algorithmic-analysis age. In this period, some

problems existed in the fundamental properties of SLAM, such as convergence

and observability, which were solved [37]. The paper [37] gives a review on the

recent state-of-the-art research mainly on feature based SLAM. In the algorithmic-

analysis age, SLAM became a much wider subject which integrated many research

�elds, including computer vision, signal processing, systems identi�cation, sensor

fusion, graph theory, optimisation and probability theory [20].

In the past decade, with the fast development in digital memory technology,

it became possible to allow complex algorithms to solve large scale SLAM prob-

lems while retaining computational ef�ciency in practical robot applications. In

addition, many algorithms based on the extended information �lter (EIF) were

developed to overcome computational complexity by exploiting sparsity in maps

[52, 150, 151]. But the inconsistency issue was not solved (e.g. loop closure –

recognising locations that have already been visited).

Robustness can be one of the most important factors for robots achieving full

autonomy. A SLAM solution can result in failure mainly due to two reasons:

algorithmic failure and hardware-related failure.

The reason for hardware-related failure can be straight forward: no hardware

component can be guaranteed to operate correctly at all times, e.g. large cumula-

tive drift errors may occur such as drift in long-term trajectory estimation from an

inertial measurement unit (IMU) [112].

For algorithmic failures, incorrect data association can be one of the main rea-

sons for failure. For instance, the data association in the front-end module needs

to transform raw sensor measurements to a readable dataset for the back-end

module. For instance, in a visual-based SLAM [133], if the front-end module ex-

tracts wrong pixels (possibly due to unavoidable noise in the image), incorrect

features will be recognised in the image and therefore produce wrong states for

the back-end module, which will result in poor estimation.

Many contributions have been made in feature based SLAM problems in the

Algorithmic-analysis age. To implement high autonomy in mobile robot applica-

tions, one important thing is that a robot itself needs to determine whether it has

travelled back to a known location which it has passed before. This is usually

called loop closure in the �eld [5]. Due to unavoidable drift in robot pose estima-
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Figure 2.5: SLAM as a factor graph. It gives an insightful visualisation of a SLAM
problem. ppp at the very front denotes the initial assumptions and prior knowl-
edge. Blue circles indicate the robot poses (x0, x1, � � � ). The green circles denote
sparse landmarks (l0, l1, � � � ). In addition, ( u1, u2, � � � ) marks the control input or
robot motion constraints and ( y1, y2, � � � ) indicate the actual sensor measurement
of landmarks from each robot pose. Loop closure is abbreviated and marked in
(c1, c2, � � � ), although it usually happens after a long time when robot travels back
to a known position of the map.

tion, the robot needs to move to a known location in the environment in order to

close the loop and correct accumulated drift. Therefore, loop closure in a SLAM

problem is key to achieve robustness. However, it can be dif�cult to achieve in

some scenarios. Since the real world environment is usually dynamic and land-

marks are not static in positions, e.g., moving people, �ashing lights. A common

assumption in most SLAM problem settings is that the environment is unchanged

(static) with no moving objects. Various approaches have been made to correctly

determine a loop closure using different SLAM methods and in different scenarios,

such as visual place recognition [94] and feature extraction in laser-based SLAM

method [144].

Scalability is another important aspect that concerns the size of the environ-

ment that needs to be explored. Many modern SLAM algorithms that have been

developed so far are mainly targeting indoor environments [54, 55], which are

small scaled and bounded. However, real world robot applications include larger

scale environment explorations, such as ocean exploration, large scale terrain scan-

ning, agriculture farming and water pipeline inspection. In such scenarios, Thrun

and Montemerlo [139] used a method called Graph SLAM to solve the problem

by using sparse information by generating a factor graph (see Fig.2.5). All these

applications may lead to unbounded state variables to represent the environment

as more and more map landmarks are discovered. Because robots in such environ-

ments need to continuously travel through new places, observing new landmarks,



Chapter 2. Literature Review 17

computational memory usage will be unbounded. In practice, typical SLAM algo-

rithms have a quadratic growth in memory usage [5]. To tackle this problem, an

iterative linear solver was introduced, which can reduce the quadratic complexity

to linear, which means the memory consumption grows linearly in the number of

variables [35]. Among various optimisation approaches, there are three interesting

methods to reduce the computational cost:

� Node and edge sparsi�cation– this cluster of approaches simply reduces the

number of new nodes and edges adding into the graph in graphSLAM

[139] in order to solve the scalability problem. Typical methods include the

information-theoretic approach [69], inducing new constraints between exist-

ing nodes [73], information based criterion graph optimisation [84], generic

linear constraint [21] and nonlinear graph sparsi�cation [100]. Also, in or-

der to reduce the number of variables, the discrete robot pose can be re-

placed by a continuous trajectory by using B-splines [53]. This technique

has been used and improved in many SLAM algorithms and applications

[1, 10, 12, 43, 79, 105, 145].

� Parallel SLAM – uses multiple processors, such as a graphic processing unit

(GPU) to simultaneously estimate SLAM variables. In factor graph, the idea

is to separate a large graph into several small sub-graphs and each sub-graph

is then stored and processed in a single processor. The �rst attempt was by

Bosse et al. [11] followed by sub-graph optimisation methods [111, 155], and

hierarchy of sub-maps [62]. In addition, some approaches divide mapping

and localisation into two independent computing cores and estimate them

in parallel [81], or separate other parts of the SLAM process and run them

in parallel [132, 136, 152].

� Swarm robots SLAM– another way to reduce computational cost is to use

a multirobot system. Individual robots cooperatively travel through a large

area and share knowledge with each other simultaneously. This leads to

two knowledge sharing structures: 1) a centralised structure – each robot

builds its own map and uploads the environment information to a central

station which merges all sub-maps and distributes integrated information

to individual robots [39, 122]; and 2) a decentralised structure – assume no

central station is available and individual robots have to build a consensus

and draw a common map [2, 34, 82, 87]. Saeedi et al. [127] give a more

detailed review on robot SLAM for multirobot systems.

Metric mapping uses metric map models to represent the environment. Us-

ing a suitable map representation is crucial in solving SLAM problem. Generally
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speaking, metric map models include feature-based maps and occupancy grid-

based maps. In 2-dimensional space, assuming landmarks are distinguishable,

the former models the environment as a set of sparse landmarks with speci�c

features and latter models the environment as a matrix of cells with the probabil-

ity of occupation of individual cells. IEEE RAS Map Data Representation Working

Group has lately released a standard representation of these 2-dimensional maps

in robotic navigation [68]. Many current SLAM methods are using feature-based

approaches, which models the environment as a set of sparse landmarks with

speci�c features (e.g., points, lines, planes) [106].

Semantic mapping is another way of modelling the environment, which asso-

ciates semantic elements to geometric properties in the environment. Due to the

gradually realised limitations of maps that are merely geometric, semantic map-

ping has drawn increased attention recently in order to enhance robot robustness

in complex environment settings and facilitate autonomous tasks, for instance,

SLAM in indoor of�ce environment using semantic objects [15] and human-robot

interaction [7, 19, 128]. Except for a few methods discovered so far, the develop-

ment of semantic mapping is still at its basic level.

Active SLAM contrasts to passive robot SLAM applications where robots per-

form SLAM using sensor measurements that were not deliberately obtained for

the purpose of localisation and mapping. In order to deliver better and more ac-

curate SLAM results, a robot needs to deliberately control its motion to collect the

necessary data that can minimise the uncertainty in the localisation and mapping

process. This type of SLAM is usually called active SLAM. The de�nition �rst

originated from [6] and has further been explored in [142]. Thrun [143] stated that

active SLAM includes the dilemma of whether to explore new locations (extend

the map) in the environment or to revisit explored positions (reduce mapping and

localisation uncertainty). Therefore, the active SLAMproblem can be viewed as a

decision making problem which has several solution frameworks that can be ap-

plied to SLAM. One of the well-known decision making frameworks is the theory

of optimal experimental design [119]. Several research papers [23, 24] have ap-

plied this theory to active SLAM, to guide the robot in selecting its next possible

action based on the uncertainties in map estimation. Model predictive control has

also been applied to active SLAM[89, 90]. One popular framework used in active

SLAM decomposes the problem into three main processes:

� Select vantage points– ideally, a robot performing active SLAM should eval-

uate its motion at every time step but the computational cost grows expo-

nentially and is impractical in real-world applications [17, 99]. In practical

active SLAM algorithms, a small area of the environment is selected, and
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frontier-based methods are used to explore the space [78, 153]. Recent ap-

proaches using a continuous-space domain representation have solved the

convergence and optimisation problem in a local area [70, 147, 148].

� Calculate utility of an action– when planning an action, a robot needs to con-

sider the robot pose and the map along with future possible sensor mea-

surements and future actions as well. Most of the current works use a linear

combination of uncertainties in robot pose and the map [14, 22]. Since the

numerical values indicating robot pose errors are considerably lower than

the errors of the map (due to the increased space exploration), these two

values are not comparable and often need to be tuned manually. But recent

approaches partially address the problem in particle �lter SLAM [22] and

pose graph optimisation [25].

� Execute an action or stop exploration– executing an action is often the simplest

part in the active SLAMalgorithm as motion planing has various techniques

to support this. However, determining whether or not the exploration is

accomplished remains unsolved.

2.4 Probabilistic State Estimation Methods for Robot Navi-

gation

The SLAM problem is usually regarded as state estimation (of the robot pose and

map parameters), therefore, state estimation methods have been extensively used

to solve robot navigation problems [46]. SLAM state estimation is typically viewed

in a probabilistic framework, using recursive Bayesian state estimation methods

based on sensor measurements and the system model.

This section �rst describes probabilistic state estimation algorithms that have

been developed in the literature, including the Kalman �lter [77], which is an opti-

mal state estimator for linear Gaussian systems that has been widely described in

the literature [9, 64, 74]. State estimators for nonlinear systems are also described,

including the extended Kalman �lter (EKF) [64, 123], the ensemble Kalman �lter

[18, 50, 57, 66] and the particle �lter [58].

The section �nishes with a description of two of the most popular state esti-

mation algorithms for SLAM: EKF-SLAM [38] and FastSLAM (which is based on

the particle �lter) [141].
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2.4.1 Kalman Filter

The Kalman �lter [77] is a well-known and well-used algorithm in the �eld of state

estimation, for linear, possibly time-varying, Gaussian systems described by the

state-space model

xk = Fk� 1xk� 1 + Gk� 1uk� 1 + w k� 1 (2.4)

yk = H kxk + vk (2.5)

where xk 2 Rnx is the state vector, uk 2 Rnu is the control input, Fk is the state

transition matrix, Gk is the control matrix, w k � N (0, Qk) is Gaussian noise,yk 2

Rny is the measurement, H k is the measurement matrix and vk � N (0, Rk) is

Gaussian measurement noise.

The Kalman �lter can be used to recursively calculate the posterior distribution

of the state xk at each time step k, given the history of the measurements, y1:k, i.e.

p(xkjy1:k)

Using Bayes theorem, assuming conditional independence of measurements, and

recalling the Markov property of the state-space model, then p(xkjy1:k) can be

expressed as [129],

p(xkjy1:k) = p(xkjyk, y1:k� 1) µ p(ykjxk, y1:k� 1)p(xkjy1:k� 1)

µ p(ykjxk)p(xkjy1:k� 1)
(2.6)

where from (2.5),

p(ykjxk) = N (ykjH kxk, Rk) (2.7)

and p(xkjy1:k� 1) is obtained from the Chapman-Kolmogorov equation [129], which

de�nes the prediction step of the Kalman �lter,

p(xkjy1:k� 1) =
Z

p(xkjxk� 1)p(xk� 1jy1:k� 1)dxk� 1 (2.8)

where from (2.4),

p(xkjxk� 1) = N (xkjFk� 1xk� 1 + Gk� 1uk� 1, Qk� 1) (2.9)

and where the distribution of the state at the previous time step, p(xk� 1jy1:k� 1), is

assumed known, with mean x̂k� 1 and covariance Pk� 1, i.e.

p(xk� 1jy1:k� 1) = N (xk� 1j x̂k� 1, Pk� 1) (2.10)
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Therefore, by substitution of (2.9) and (2.10) in (2.8),

p(xkjy1:k� 1) =
Z

N (xkjFk� 1xk� 1 + Gk� 1uk� 1, Qk� 1)N (xk� 1j x̂k� 1, Pk� 1)dxk� 1

(2.11)

where the result of the marginalisation over xk� 1 is a Gaussian distribution [129],

p(xkjy1:k� 1) = N (xkjFk� 1x̂k� 1 + Gk� 1uk� 1, Fk� 1Pk� 1FT
k� 1 + Qk� 1)

= N (xkjx�
k , P�

k )
(2.12)

To obtain the posterior distribution of the state, p(xkjy1:k), �rst note that the term

on the right hand side of (2.6) can be expressed as the joint distribution

p(xk, ykjy1:k� 1) = p(ykjxk)p(xkjy1:k� 1)

= N (ykjH kxk, Rk)N (xkjx�
k , P�

k )
(2.13)

which using Lemma A.1, can be expressed as

p(xk, ykjy1:k� 1) = N

0

B
@

2

4 xk

yk

3

5
�
�
�
�

2

4 x�
k

Hx �
k

3

5 ,

2

4 P�
k P�

k H T
k

H kP
�
k H kP

�
k H T

k + Rk

3

5

1

C
A (2.14)

Finally, the mean x̂k, and covariance Pk, of the conditional distribution

p(xkjyk, y1:k� 1) = p(xkjy1:k)

= N
�
xkj x̂k, Pk

� (2.15)

can be obtained from (2.14) and Lemma A.2, such that

x̂k = x�
k + P�

k H T
k (H kP

�
k H T

k + Rk) � 1(yk � H kx
�
k ) (2.16)

Pk = P�
k � P�

k H T
k (H kP

�
k H T

k + Rk) � 1H kP
�
k (2.17)

Hence, the well known Kalman �lter recursions for estimating the state vector can

now be stated in their usual form, using (2.12), (2.16) and (2.17) as

1. The prediction step

x�
k = Fk� 1x̂k� 1 + Gk� 1uk� 1 (2.18)

P�
k = Fk� 1Pk� 1FT

k� 1 + Qk� 1 (2.19)
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2. The update step

Sk = H kP
�
k H T

k + Rk (2.20)

K k = P�
k H T

k S� 1
k (2.21)

x̂k = x�
k + K k

�
yk � H kx

�
k

�
(2.22)

Pk = P�
k � K kH kP

�
k (2.23)

Note that the recursion starts from a prior mean x̂0 and covariance P0.

2.4.2 Extended Kalman Filter

The extended Kalman �lter (EKF) is used to estimate the states of nonlinear sys-

tems that are subject to Gaussian process and measurement noise [9, 123]. This is

different to the Kalman �lter, which can only address linear Gaussian problems.

The key difference is that the EKF propagates a Gaussian state estimate by lin-

earising the system for all the updates of the covariance matrices (which preserves

Gaussianity). In other regards, the EKF resembles the Kalman �lter, so they are

closely related.

A nonlinear state-space system with additive Gaussian process and measure-

ment noise can be represented as,

xk = f (xk� 1, uk� 1) + w k� 1 (2.24)

yk = h(xk) + vk (2.25)

where xk 2 Rnx is the state, yk 2 Rny is the measurement, w k � N (0, Qk� 1) is the

Gaussian process noise,vk � N (0, Rk) is the Gaussian measurement noise,f (�) is

the dynamic model function, and h(�) is the measurement model function. The

functions f (�) and h(�) can also depend on the time step k, but for the convenience

of notation, this dependency is omitted.

The idea of the EKF is to assume Gaussian approximations to the �ltering

densities,

p(xkjy1:k) ' N (xkj x̂k, Pk) (2.26)

In the EKF, these approximations are made by using Taylor series approximations

to the non-linearities.

Therefore, the steps for the EKF algorithm can be expressed as
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1. Prediction step

x�
k = f ( x̂k� 1, uk� 1) (2.27)

P�
k = FxPk� 1FT

x + Qk� 1 (2.28)

2. Measurement update step

Sk = H xP�
k H T

x + Rk (2.29)

K k = P�
k H T

x S� 1
k (2.30)

x̂k = x�
k + K k(yk � h(x�

k )) (2.31)

Pk = P�
k � K kH xP�

k (2.32)

where Fx and H x are Jacobian matrices whose elements at rowi and column j are

given by

[Fx]i ,j =
¶f i (x, u)

¶xj

�
�
�
�
�
x= x̂k� 1,u= uk� 1

(2.33)

[H x]i ,j =
¶h i (x)

¶xj

�
�
�
�
�
x= x�

k

(2.34)

2.4.3 Ensemble Kalman Filter

The Ensemble Kalman Filter (EnKF) is similar to the Kalman �lter but where

the state covariance is represented by a sample covariance matrix derived from

an ensemble of state vector samples [18, 50, 57, 66]. The EnKF is particularly

suited to state estimation in high dimensional systems where it is impractical

to work with algebraic operations on the Kalman �lter state covariance matrix.

Therefore, it would appear that the EnKF is suited to the SLAM problem because

of the potential large dimensionality of the state vector in large maps, although

this application has not been studied to date.

Again, we assume the same nonlinear system dynamics shown in (2.24) and

(2.25). To formulate the EnKF, �rstly, at time step k, assume an ensemble ofq state

estimates with stochastic errors, and the ensemble set is written as X̂ �
k 2 Rnx � q,

and

X �
k

D= f x(1)�
k , � � � , x(q)�

k g (2.35)

where x( i)�
k 2 Rnx , i = 1, ...,q is the predicted state estimate of ith ensemble
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member propagated through state equation (shown in (2.24)) as below

x( i)�
k

D= f ( x̂( i)
k� 1, uk� 1) + w ( i)

k� 1 (2.36)

and the estimation mean x�
k of the ensemble set is calculated by

x�
k

D=
1
q

q

å
i= 1

x( i)�
k (2.37)

Since the true state vector xk is unknown, we can approximate state estimates by

using ensemble members. The ensemble error matrix and output error matrix are

de�ned around the mean by

Ex�
k

D= [ x(1)�
k � x�

k , � � � , x(q)�
k � x�

k ] (2.38)

Ey �
k

D= [ y (1)�
k � y �

k , � � � , y (q)�
k � y �

k ] (2.39)

where Ex�
k

2 Rnx � q and Ey �
k

2 Rny � q. Correspondingly, the predicted error statis-

tics P�
xk

, P�
xyk

and P�
yy k

can be approximated as

P�
xk

D=
1

q � 1
Ex�

k
(Ex�

k
)T (2.40)

P�
xyk

D=
1

q � 1
Ex�

k
(Ey �

k
)T (2.41)

P�
yy k

D=
1

q � 1
Ey �

k
(Ey �

k
)T (2.42)

By using (2.31), a posterior estimate of each sample can be calculated by

x̂( i)
k = x( i)�

k + K k(y ( i)
k � h(x( i)�

k )) (2.43)

where we use the classic Kalman gain expression in Kalman �lter to express the

K k and that is

K k = P�
xyk

(P�
yy k

) � 1 (2.44)

and each perturbed observation y ( i)
k is given by

y ( i)
k = yk + v ( i)

k (2.45)

where v ( i)
k is zero-mean Gaussian noise variable that is v ( i)

k � N (0,Rk). Similar to

the predicted error matrix Ex�
k
, a posterior error matrix can be written as

Ex̂k

D= [ x̂(1)
k � x̂k, � � � , x̂(q)

k � x̂k] (2.46)
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and the posterior error covariance matrix is

Pk =
1

q � 1
Ex̂kE

T
x̂k

(2.47)

The evaluation of covariance matrix can be approximated by using discrete en-

semble members.

Hence, the overall EnKF algorithm steps are as follows:

1. Analysis Step:

K k = P�
xyk

(P�
yy k

) � 1 (2.48)

x̂( i)
k = x( i)�

k + K k(yk + v ( i)
k � h(x( i)�

k )) (2.49)

x̂k = 1/ q
q

å
i= 1

x̂( i)
k (2.50)

Pk =
1

q � 1
Ex̂kE

T
x̂k

(2.51)

2. Prediction Step:

x( i)�
k = f ( x̂( i)

k� 1, uk� 1) + w ( i)
k� 1 (2.52)

x�
k = 1/ q

q

å
i= 1

x( i)�
k (2.53)

Ex�
k

= [ x( i)�
k � x�

k , � � � , x(q)�
k � x�

k ] (2.54)

Ey �
k

= [ y ( i)�
k � x�

k , � � � , y (q)�
k � x�

k ] (2.55)

P�
xyk

=
1

q � 1
Ex�

k
(Ey �

k
)T (2.56)

P�
yy k

=
1

q � 1
Ey �

k
(Ey �

k
)T (2.57)

2.4.4 Particle Filter

The particle �lter was �rst developed by Gordon [58], and was initially known as

the Bootstrap �lter. The particle �lter randomly generates samples to propagate

the distribution of the state estimate, which are weighted based on their likelihood

as derived from observed data [27, 40, 59, 60]. The particle �lter can be applied to

nonlinear non-Gaussian systems, which is a key advantage over the EKF. However,

a disadvantage is that the particle �lter tends to be computationally expensive

compared to the EKF because of the need to propagate many samples.

After each time update in estimation, particle weights will vary. Some particles
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may have lower and lower weights, and become less important. These particles

will tend to zero. Since these particles become less important, the entire particle

set becomes less ef�cient. In order to maintain the number of particles at all

time, those particles that produced a 'good estimate' (higher weights) are copied

to reproduce new particles and particles with low weight values will be removed.

This is called particle resampling, which plays a signi�cant role in particle �ltering

[3].

Assuming a nonlinear state-space model with additive Gaussian noise, as de-

scribed above,

xk = f (xk� 1, uk� 1) + w k� 1 (2.58)

yk = h(xk) + vk (2.59)

then the basic particle �lter for state estimation (the bootstrap �lter, which uses

the state equation as the proposal distribution) can be described as follows [58] (at

each time-step):

1. First calculate the prediction of the state, using the state equation, for each

particle x( i)�
k , for i = 1, � � � , ns, where ns is the number of particles,

x( i)�
k = f ( x̂( i)

k� 1, uk� 1) + w ( i)
k� 1 (2.60)

2. Then evaluate the importance weight for each particle sample and multiply

by the previous particle weight (which has been normalised),

w̃( i)
k = w( i)

k� 1p(ykjx
( i)�
k ) (2.61)

where w( i)
k� 1 is the normalised weight, and w̃( i)

k is the un-normalised weight.

3. Then normalise the updated weights

w( i)
k =

w̃( i)
k

å ns
j= 1 w̃( j)

k

(2.62)

After this procedure, each particle comprises a state estimate for the current time

step and a corresponding weight, which indicates the probability that the actual

state is the estimated state.

Over time steps, the particle set will diverge and the majority of particles will

have very small weights that tend to zero, whilst a few particles will have relatively

large weights. To solve this problem of degeneracy, the particles are regularly
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resampled (as discussed above). A popular resampling method is called sequential

importance resampling [129].

In sequential importance resampling, the following procedure is used:

1. The current weights, w( i)
k , are interpreted as the probability of obtaining the

sample index i in the set of current particles f x( i)�
k j i = 1, . . . ,nsg.

2. A total of ns particles are then resampled from the set f x( i)�
k j i = 1, . . . ,nsg.

3. The corresponding weights are then set to a constant value, w( i)
k = 1

ns
.

This resampling step ensures that multiple copies are made of particles with high

weights, and particles with low weights tend to be removed. In practice, at each

time step, the algorithm calculates the effective number of particles,

neff �
1

ns

å
i= 1

(w( i)
k )2

(2.63)

and if neff is lower than a given value, then the resampling step is performed.

2.4.5 Comparison and Discussion

The performance of each �ltering algorithm presented above depends on the type

of problem and to a certain extent the computational device used for implementa-

tion. To demonstrate differences in performance of each state estimation algorithm

a numerical example is presented in this section

The EKF has good performance on low nonlinearity problems with relatively

low computational cost. But when it comes to highly nonlinear problems, the

estimation results will be inaccurate. In addition, as it is originated from the

Kalman �lter, it assumes all uncertainties are Gaussian.

The EnKF is suitable for both linear and nonlinear problems and tends to have

good performance on nonlinear problems with relatively low computational cost

compared to the particle �lter. But if one wants to achieve high accuracy without

any consideration of computational restrictions, the particle �lter is likely to be

the better choice. This is because a particle �lter does not linearise the model and

when the number of particles is signi�cantly large, the estimation will converge

to an optimal estimate. In addition, similar to the EKF, the EnKF assumes all

uncertainties are Gaussian.
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Figure 2.6: Estimation results of a linear model (shown in (2.64) and (2.65)) using
EKF, PF, and EnKF methods. Green line in each plot indicates the unobserved true
state. (a) noisy observations, (b) state estimation using EKF, (c) state estimation
using PF with 100 particles, (d) state estimation using EnKF with a number of
100 ensemble members, (e) state estimation using PF with 1000 particles, (f) state
estimation using EnKF with a number of 1000 ensemble members.

The particle �lter is able to address both linear and nonlinear problems and

has very good performance on problems of very high nonlinearity compared with

the EKF and EnKF. The only problem is that the size of the particle set may need

to be very large when the state dimension is large, which leads to a dramatically

increased computational cost.

To illustrate some of these differences, the algorithms are now compared on

some numerical examples. First a linear model is used, so that the optimal state

estimate can be used as a benchmark from the Kalman �lter. Then a nonlinear

system is studied.
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Figure 2.7: Estimation results of a nonlinear model (shown in (2.67) and (2.68)) us-
ing EKF, PF, and EnKF methods. Green line in each plot indicates the unobserved
true state. (a) noisy observations, (b) state estimation using EKF, (c) state estima-
tion using PF with 100 particles, (d) state estimation using EnKF with a number of
100 ensemble members, (e) state estimation using PF with 1000 particles, (f) state
estimation using EnKF with a number of 1000 ensemble members.



30 2.4. Probabilistic State Estimation Methods for Robot Navigation

Consider the linear system,

xk = 0.9xk� 1 + w k� 1 (2.64)

yk = xk + vk (2.65)

with initial condition x0 = 1, which is simulated over k = 100 time steps. The

signals w k and vk are Gaussian noises wherew k � N (0, 0.1) and vk � N (0, 1).

The estimations using EKF, EnKF and particle �lter are compared to the obser-

vations in Fig.2.6. To measure the error of the state estimate, normalised rooted

mean square error (NRMSE) is used and is

NRMSE =

q
1
N å N

k= 1( x̂k � xk)2

xmax � xmin
(2.66)

where xk is the true state at time k and x̂k is the location estimate. In this lin-

ear case, all state estimation algorithms achieve similar performance in terms of

NRMSE (Fig.2.6).

For a nonlinear system, which has been analysed before in many papers [58],

[80], [3], we have

xk+ 1 =
xk

2
+

25xk

1 + x2
k

+ 8 cos(1.2k) + w k (2.67)

yk =
x2

k

20
+ vk (2.68)

with initial assumption x0 = 1, simulated over 100 time steps, w k and vk are

Gaussian noises that arew k � N (0, 0.1) and vk � N (0, 1). The estimations (black

lines) are shown in Fig.2.7 along with true states (green lines), from which it is

clear in terms of NRMSE and visual inspection that both the EnKF and the particle

�lter outperform the EKF for this highly nonlinear system.

2.4.6 EKF-SLAM

The basic SLAM problem, as discussed above, is to estimate the joint distribution

of the robot location, xk, and the map parameters, qqq, from the history of observed

outputs, control inputs, and initial state x0,

p(xk,qqqjy1:k, u1:k, x0)

which can be done using the state estimation methods described above. Note that

the full state vector here is an augmentation of the robot pose xk with the map



Chapter 2. Literature Review 31

parameters qqq (where the map parameters are assumed to be time-invariant).

The robot motion model is typically described in a state equation,

p(xkjxk� 1, uk� 1) , xk = f (xk� 1, uk� 1) + w k� 1 (2.69)

where f (�) indicates the motion function or the prediction model, and w k is the

noise term, which is assumed to be Gaussian. Note that the motion model is not

a function of the map parameters, qqq.

The measurement model can be described as

p(ykjxk,qqq) , yk = h(xk,qqq) + vk (2.70)

where h(�) indicates the measurement function, and vk is the Gaussian noise term.

Note that the measurement model is a function of both the robot pose, xk, and the

map parameters qqq.

The EKF can be applied directly to this nonlinear state-space model, noting

only that the map parameters are omitted from the time update step because the

map is assumed to be time-invariant. This results in the well-known EKF-SLAM

algorithm [38, 46], which is as follows:

1. Time update

x�
k = f ( x̂k� 1, uk� 1) (2.71)

qqq�
k = q̂qqk� 1 (2.72)

P�
k = FxPk� 1FT

x + Qk� 1 (2.73)

2. Measurement update

K k = P�
k H T

k (H xP�
k H T

x + Rk) � 1 (2.74)

2

4 x̂k

q̂qqk

3

5 =

2

4x�
k

qqq�
k

3

5 + K k

2

6
6
4yk � h

0

B
@

2

4x�
k

qqq�
k

3

5

1

C
A

3

7
7
5 (2.75)

Pk = P�
k � K kH xP�

k (2.76)

2.4.7 FastSLAM

The FastSLAM algorithm [104, 141] is a state estimation method for SLAM that

is based on the particle �lter, with a simpli�cation known as Rao-Blackwellisation

that separates out one set of states (the map parameters, which are high dimen-
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sional) from a distinct set of states (the robot pose, which are low dimensional).

Particles are used to represent all possible state trajectories of the robot, and

each particle has a unique associated map; each map is updated using an EKF,

which lends computational ef�ciency to the procedure [104, 141]. Without the

Rao-Blackwellisation step, the overall state dimension in SLAM, including robot

pose and map parameters, would be too large in realistic scenarios to solve using

the standard form of particle �lter.

The key step in the Rao-Blackwellised particle �lter for FastSLAM, is partition-

ing the joint distribution of robot pose and map parameters, p(xk,qqqjy1:k, u1:k, x0),

using the product rule, so that

p(xk,qqqjy1:k, u1:k, x0) = p(qqqjxk, y1:k)p(xkjy1:k, u1:k, x0) (2.77)

The key point to note is that after application of the product rule, the high-

dimensional map parameters p(qqqjxk, y1:k) can be updated separately to the low-

dimensional robot pose, p(xkjy1:k, u1:k, x0). Therefore, the robot pose can be esti-

mated using a particle �lter with a relatively small number of particles, whilst the

typically large number of map parameters can be updated using EKFs. This tends

to work well in practice because the robot localisation problem tends to be more

severely nonlinear than the map update problem [46, 104, 141].

Localisation using the particle �lter

For the ith particle, the robot pose estimate x( i)
k can be described as

x( i)
k � p(xkjuk, x( i)

k� 1) (2.78)

and the corresponding weight or the so-called importance factor w( i)
k of that par-

ticle is calculated using the same weights assignment as in the particle �lter algo-

rithm, de�ned in (2.61) and (2.62).

Mapping using the EKF

Unlike the localisation part, the mapping part uses the EKF instead of the particle

�lter. Since this map update is conditioned on the robot pose, the EKF step is

repeated for each individual particle. Hence, the overall estimation posterior in

FastSLAM includes the robot pose and landmark locations. The particle set can

be represented as

Xk = f x( i)
k ,mmm( i)

k,1,SSS
( i)
k,1, � � � ,mmm( i)

k,m,SSS( i)
k,mg (2.79)

where mmm( i)
k,m and SSS( i)

k,m are the mean and covariance of matrices indicating the mth

map parameter in particle i at time k, obtained from each EKF. The FastSLAM

algorithm is described in Algorithm 2.1.
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Algorithm 2.1 FastSLAM

1: for i = 1, � � � , ns do . explore all particles

2: Retrieve a robot pose x( i)
k� 1 from the particle set Xk.

3: Update the pose x( i)
k � p(xkjuk, x( i)

k� 1). . sampling

4: Update mmm( i)
k,1:m and SSS( i)

k,1:m with yk using the EKF. . Measurement update

5: Calculate weight w̃( i)
k . using likelihood

6: end for

7: Normalise weights w( i)
k = w̃( i)

k

å ns
j= 1 w̃( j)

k

8: Resample if needed

2.5 Robot Simultaneous Localisation and Mapping in Wa-

ter Pipes

Simultaneous localisation and mapping has been a popular approach to mobile

robot navigation for many years. Recently, various new technologies and appli-

cations have been presented, in the �eld of in-door, out-door and underwater

environments [5, 46]. However, methods for using SLAM in pipes are still quite

new. There have been very few attempts to tackle the problem of robot navigation

in pipes in general, and especially in water distribution pipes. Some researchers

have implemented SLAM on in-pipe robots that employ visual cameras [85], or

inertial measurement units (IMUs) [91].

Many SLAM algorithms employ cameras as they are inexpensive and image

processing techniques are quite mature. However, in the pipe environment, there

are relatively few visual landmarks and it is dark, and in water �lled pipes the

images can be noisy. Thus, it is not easy to use visual cameras for navigation in

water pipes. IMUs and gyros, although subject to drift, are suitable for obtaining

direction in short-length pipes. But the drawbacks are apparent: their estimation

uncertainties will increase as the robots travels further and further. Hence, they

have to be corrected with other sensors in the long term.

This section describes the main research that has been done in SLAM for robots

in water pipes.

Cameras + IMU

An early research paper from Krys and Najjaran [85] used a visual SLAM system

equipped with a set of 4 grey-scale CCD cameras, an IMU and a laser range

�nder (see Fig.2.8). That SLAM system was only tested in a controlled laboratory
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