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Summary 

This thesis describes an investigation into some of the key design issues for high-speed 

permanent magnet brushless DC motors. The investigation encompasses the optimal design of 

motors for operation using a simple sensorless commutation strategy based on the detection of 

the zero-crossing of the back-emf waveforms, the optimal split ratio of the rotor diameter to 

the stator outer diameter, with due account of iron loss, and a systematic investigation into 

rotor resonances and the influence of key design parameters on the rotor resonant frequencies. 

The investigation was initiated by a design study on a high-speed, exterior rotor permanent 

magnet brushless DC motor which was undertaken on behalf of Urenco (Capenhurst) Ltd. 

Comprehensive electromagnetic design and analysis was performed using proprietary CAD 

software developed by the Electrical Machine and Drives Research Group at the University of 

Sheffield. However, due to fairly rigid constraints on the prototype motor, as specified by 

Urenco, the design options were limited, and, consequently, the resultant motor performance 

was not optimal. Nevertheless, despite the occurrence of resonance modes which prevented 

operation of the motor above -16krpm, useful results were obtained from a prototype motor 

and good agreement was obtained with dynamic simulations. This motor also served to 

highlight several key design issues pertaining to high-speed permanent magnet brushless DC 

motors, which are investigated in subsequent chapters. 

Previous work on high-speed permanent magnet brushless DC drives has focus sed 

primarily on the motor with little attention being given to the commutation strategy at the 

design stage. For operation using a simple sensorless commutation scheme based on the 

detection of the zero-crossing of the back-emf waveforms a low freewheel diode conduction 

angle is required if the zero-crossings are not to be obscured due to the current which flows 

through the freewheel diodes. It is shown that by employing a stator core design which differs 

somewhat from conventional designs, in terms of the width of the teeth and the back-iron 

radial thickness, high-speed motors which result in a low diode conduction angle are 

realisable without any significant degradation in machine performance. The design process 

has been validated by measurements on small prototype motors, and sensorless operation has 

been achieved at speeds in excess of 120krpm. 

It had been reported previously for low speed motors, that the optimal ratio of the rotor 

diameter to the stator outer diameter, or split ratio, is important in determining the optimal 

motor design for minimum copper loss and a simple expression had been derived for 
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determining this optimal ratio for a motor equipped with distributed windings. This work has 

been extended to cater for motors with concentrated windings, and comparisons have been 

made with results deduced from a comprehensive CAD package and, neglecting the effects of 

the end-windings, good agreement has been obtained. It has also been shown that as the motor 

speed is increased the optimal ratio of rotor diameter to stator diameter is determined 

increasingly by the iron loss, which significantly reduces the optimal split ratio. The influence 

of key design parameters on this optimal ratio has been investigated, and it has been shown 

that the optimal ratio of rotor to stator diameter is highly dependent on the torque density, the 

stator flux density and the pole number. 

Finally a systematic investigation into the resonant modes of a prototype high-speed rotor 

has been undertaken. Finite element predicted and measured natural frequencies have been 

compared at each step of the rotor assembly process, to enable an accurate model of the 

complete rotor to be constructed. This model has then been validated on another prototype 

high-speed rotor, and good agreement has been obtained. The bearings have also been 

incorporated into the finite element model, and, again, good agreement has been obtained 

with measured resonant frequencies. Utilising this model, the influence of design parameters 

such as the rotor active length, the bearing spacing, the shaft extension and the shaft diameter 

were then investigated. It was found that the shaft extension can significantly affect the rotor 

resonant modes, and this is illustrated by the damage caused by a resonant mode on the shaft 

extension. Thus, careful attention needs to be paid to rotor resonance modes during the design 

of high-speed motors to ensure that resonant frequencies occur outside the operating speed 

range. 
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Chapter 1 General Introduction 

1.1 Introduction 
Up until the mid-1980's the only viable drive option for high-speed motors of any 

significant power was the thyristor commutated synchronous inverter [Ram95]. Recent 

advances in inverter technology [Rei95], in particular developments in power switching 

devices, have meant that brushless motor speeds have been able to be increased accordingly. 

There are numerous applications for high-speed motors, for example, drilling spindles 

[Pic96], compressors [Mek99][SooOO], centrifuges, energy storage systems such as flywheels, 

gyroscopes, turbo-generators [CaI99], etc. For such applications, operation at high-speed is 

highly desirable as it enables the motor to be considerably smaller for a given output power 

and eliminates the need for gearing, which can be noisy, is an extra source of loss and requires 

maintenance [Rei95]. 

A high-speed motor is generally defined as one whose design must be altered mechanically 

or electrically from that of standard motors in order to achieve the desired speed [Jok96]. This 

might range from machines running at, say, 1O-20krpm developing a few lO's of kW to 

machines running at over 100krpm and developing a few watts. The types of problem, which 

are likely to be encountered in the design of such machines, are the choice of bearing 

technology, resonances of the rotor, containment of the rotor, rotor loss, iron/copper loss in 

the stator and cooling of the machine. 

As regards permanent magnet brushless DC motors, there are several significant issues 

relating to their high-speed operation, and this thesis considers some of these in relation to a 

motor which is required to run at 120krpm. Some of the more pertinent issues are listed 

below, the highlighted ones being investigated in this thesis. 

• Mechanical resonances of the rotor. 

• Losses in rotor due to the stator slot openings, winding spatial mmf harmonics and 

current temporal harmonics.[Ng98] 

• Electromagnetic design of motor to minimise the iron and copper losses. 

• Sensorless control, since few sensorless commutation schemes have been proposed 

for high-speed motors, but no work has been reported on the design of high-speed 

motors to utilise existing sensorless drives. 

• Windage loss of rotor, which can be considerable for large high-speed rotors [CalOO]. 

The possible types of motor, which are generally considered for high-speed operation are 

induction machines, brushless permanent magnet machines and both switched and 
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synchronous reluctance machines. The relative advantages and disadvantages of each of these 

technologies are discussed briefly in the following sections. 

1.2 Motor technologies 

1.2.1 Induction machines 

[SooOO] assessed various motor technologies for a high-speed compressor system. From 

this comparison, it was clear that a permanent magnet brushless machine had a higher 

efficiency and could operate at a significantly higher speed. However, the motor investigated 

cost approximately twice as much as an induction machine. Switched reluctance motors had 

nearly the same efficiency, but, again, the motor cost more than the induction machine. 

Consequently, the induction machine was preferred. 

Generally, although induction machines are not as energy efficient as permanent magnet 

brushless machines, they remain significantly cheaper. This, combined with their relatively 

simple construction, means that they are likely to remain a popular choice for many 

applications. 

a) Stator design 

The stator design of induction motors has received considerable attention over the years. 

Comparisons have been made between solid (ferrite) and laminated (silicon steel) stators and 

the influence of parameters such as the width of the slot openings [Hes83a][Hes83b][Pyr94] 

has also been investigated although this is discussed later in section 1.3 as it also applies to 

permanent magnet brushless machines. For example, [Hes83a] constructed 2 small high-speed 

induction motors with conducting sheet rotors with an outer diameter of lcm. One of the 

motors was constructed with a laminated stator and one with a solid ferrite stator. 

Understandably the laminated stator design had a significantly better performance capability, 

as it was able to support a much higher flux density. Consequently, it had a significantly 

higher specific torque capability, even allowing for the forced cooling of the laminated stator. 

Lamination of the stator in another paper [Jok99] also provided the largest decrease in stator 

iron loss observed. However, it was also observed [SooOO] that heat treatment of stator 

laminations also helps to minimise the iron loss. Figure 1.1 shows the reduction in iron loss 

density at 60Hz and 800Hz when compared with untreated laminations and laminations 

treated with conventional heat treatment. 
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Figure 1.1 - Comparison of iron loss densities in non-orientated silicon steel [SooOO] 

b) Rotor design 

There are several possible rotor designs for an induction motor, some of the possible 

permutations being shown in Figure 1.2. 

(a)Solid rotor with slots 
(b)Solid rotor with sheet 

coating 
(c)Solid rotor with cage 

winding 

(d)Laminated rotor with cage 
winding 

e Mild steel 

• Lamination 

IIii Copper / Aluminium 

Figure 1.2 - Alternative induction motor rotor designs 

In terms of construction and structural integrity, the solid rotor induction machine is 

probably the simplest and most robust. There are two main types of solid rotor, viz. the 

unwound rotor, Figure 1.2(a) and (b) and the wound rotor, Figure 1.2(c). However, a solid 
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rotor with a smooth surface has very poor efficiency, a poor power factor and a relatively high 

slip [Jok99], and is, therefore, rarely used. One improvement is the slotted rotor shown in 

Figure 1.2(a), which is normally made from solid mild steel into which the slots are, 

machined a short-circuited end-ring being soldered onto the ends of the teeth. The slots serve 

to reduce skin effect and decrease the rotor resistance. However, they also have the 

undesirable effect of increasing the windage loss, which may be unacceptable at high speed. 

The solid rotor with a sheet coating, as shown in Figure 1.2(b), consists of a solid steel 

rotor with a low resistance, low permeability sheet on its surface, which is normally either 

copper or aluminium. [Pyr94] investigates the effect of both the rotor body and surface 

material on the performance, and shows that the choice of materials can have a significant 

effect on the rotor loss at high speed. With sheet rotors either a thicker section of the sheet 

material or short-circuited end-rings are used to provide a low resistance path for the induced 

currents. [Pyr94] also makes the observation that whilst aluminium end-rings are better for 

high-speed rotors, they can cause problems in relation to soldering reliably to the rotor sheet. 

Hence, copper end-rings are often used. Such rotors have the advantage that the rotor surface 

is smooth, which reduces windage losses. Thus, the efficiency is higher than that of slotted 

rotor motors. One example of a sheet rotor is described in [Hes83a] where comparisons are 

made between a sheet rotor motor and a motor equipped with a cage winding. A cage winding 

of the type shown in Figure 1.2( c) was shown in [Hes83a] to be more efficient than a sheet 

rotor, but not sufficiently superior to justify the more complex manufacture associated with 

the cage winding. The sheet rotor motors in [Hes83a] were successfully tested at high speed, 

although they had a poor power factor and a high slip. Numerous precautions were taken to 

ensure the integrity of the soldering of the end-rings to the conducting sheet on the rotor. 

However, despite the precautions, one of the solder joints failed at 185krpm .. 

The solid cage induction machine consists of a solid mild steel rotor with machined slots 

filled with a low resistance material either copper or aluminium or an alloy of the two and low 

resistance end-rings. There appears to be some debate about the best material to use in the 

cage winding since whilst copper has a better conductivity it is quite a soft metal compared 

with aluminium which is lighter and stronger, and at high speed, where precise balance is 

required, aluminium can have the advantage. The rotor slots depicted in Figure 1.2 are of the 

open slot type, but many rotors exist which employ the closed slot designs. [LahOO] compares 

a solid mild steel rotor with open slots filled with copper with a rotor having a sheet winding 

in the form of a copper sheet. The construction employed permitted a maximum rotor surface 

speed of .... 500mls. However, in [LahOO] poor utilisation of the rotor slots was achieved due to 
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construction problems. The comparison showed that there was little performance difference 

between the two machines. 

The laminated cage rotor shown in Figure 1.2(d) is essentially the same as the solid cage 

rotor except that the rotor is laminated. By careful design of the cage winding the 

electromagnetic performance of a solid rotor motor [Jok99] can be nearly as good as that of a 

laminated rotor machine. [Ike90] compares solid and laminated cage rotors, and shows that 

the laminated core rotor is superior in terms of electromagnetic performance, although the 

motors were only tested up to speeds of 200Hz (12,000 rpm) driven by a thyristor inverter. 

However, as the speed is increased it was predicted that the performance of the laminated 

rotor motors would be even better when compared to that of the solid rotor motor. From 

mechanical considerations, however, and despite inferior electromagnetic performance, solid 

rotors may be the only possibility for use at high speeds [Rei95]. 

Another high-speed motor of 21kW at 57krpm employing a laminated cage rotor is 

described in [SooOO]. The rotor had a cage winding made of a copper and aluminium alloy 

called glidcop2, which was required to withstand the high stress that would result at high 

speed. However, fixing the cage bars both to the rotor and to the end-rings required careful 

brazing. Again, as in the previous papers, load testing at high speed proved problematical, and 

the motor was only tested at high speed under no-load. An extrapolation to the rated load from 

a load-test performed at 2/3 of rated speed and Y2 rated power showed the motor to be 

behaving as predicted, but testing would be required to validate this extrapolation to rated 

speed and power to ensure its validity . 

. c) Mechanical Considerations 

[Rei95] identifies some mechanical considerations, which limit the rotor dimensions and 

speed. The maximum critical speed of a solid rotor under ideal conditions, i.e. a solid 

homogenous rotor, is given by (1.1), where n, D, I are the upper limit of the critical speed, the 

rotor diameter and the length of the rotor between the bearings, respectively. However, this is 

significantly reduced for a laminated rotor, as the stiffness tends to be much lower. 

Nevertheless, it will be seen that since the critical speed is inversely proportional to z2 even a 

small increase in shaft length can dramatically reduce the critical speed. 

(1.1) 

The rotor diameter is also constrained by the maximum mechanical stress that can be 

tolerated as defined by [Rei95] for both solid (1.2) and laminated rotors (1.3), viz. 
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D5: 
80' max 

(1.2) 

D5: (1.3) 

where y, a;nax, f.1, D and n are the density of the rotor material , the material critical stress 

(50% of the ultimate tensile stress), the Poisson ratio, the rotor shaft di ameter and the rotor 

speed, respectively. Obviously, as the power and the speed are increased more restrictions 

will be placed on the rotor by the various mechanical limits, such as resonance modes, which 

the rotor may have to pass through. 

[Jok99] and [Rei95] al so investigated the maximum permissible rotor speed and how it 

varies for both solid and laminated rotors. Although laminating the rotor improves the 

electromagnetic performance, as di scussed previously, the rotor stiffness is reduced as shown 

in Figures 1.3 & 1.4 in which the resultant mechanical speed with a laminated rotor is 

significantly lower than with a solid rotor. In Figure 1.4, the shaded area indicates the usable 

rotor diameter and speed envelope with the upper bounds being limited by the strength of the 

laminated rotor. The lower bounds of this area are defined by achievable output power, with a 

length-to-diameter ratio liD of 3, and the need for dissipation of heat from the rotor surface. 
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In general, although some induction motors, e.g. [Hes83a], have been designed to operate 

at speeds in excess of 100krpm, their output power was -IOW. The efficiencies, typically 

70%-80%, which have been reported for induction machines, are significantly lower than 

those normally expected from permanent magnet excited machines [SooOO]. In its favour, 

however, the induction machine is very simple and relatively cheap to manufacture, a factor 

which may be significant in deciding whether to use this technology for high-speed 

applications. 

1.2.2 Reluctance machines 

There has been some interest in both switched reluctance and synchronous reluctance 

machines for high-speed operation, despite the lack of published literature for these machine 

technologies at high speeds. There are a number of advantages in using reluctance machines 

at high-speeds: viz. [HofOO] 

• Irreversible demagnetisation is not a problem, as there are no permanent magnets in the 

motor. 

• They can be relatively cheap to manufacture, as permanent magnet material is not 

employed. 

• They are suitable for use in relatively harsh environments, again due to the absence of 

magnets. 

Again, however, there are several issues related to the high-speed operation of reluctance 

motors, the nature of which is both electrical and mechanical. Figure 1.5 shows examples of 

switched reluctance and synchronous reluctance motors. Synchronous reluctance machines 

generally have distributed windings spread over several teeth and the current waveform 

approximates to a sinusoid. In contrast, switched reluctance motors generally have a 

concentrated winding round each tooth and there are fewer teeth with the 6-tooth, 4-pole 

machine shown in Figure 1.5 being typical, whilst the teeth tend to be parallel-sided. Both 

switched and synchronous reluctance machines have salient rotors, the same design of rotor 

being suitable for both machine technologies. 
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o 
(a) Switched reluctance machine (b) Synchronous reluctance machine 

Figure 1.5 - Schematics of switched reluctance and synchronous reluctance machines 

a) Synchronous reluctance machines 

In synchronous reluctance machines the maximum achievable power factor is directly 

related to Ld (Direct-axis inductance) and Lq (Quadrature-axis inductance) by equation (l.4) 

[HofOO]. A high LclLq ratio is best for both synchronous reluctance and switched reluctance 

machines, since it results in a higher power factor and it reduces the inverter rating. 

(1.4) 

The LclLq ratio is highly dependent on the airgap length, a large airgap offsetting the 

benefit of a rotor designed for a high LclLq ratio. [CaIOO] recommends the normal airgap 

length for small electrical machines to be in the range of 0.1 to O.3mm, which is considerably 

smaller than that which is normally used in permanent magnet excited machines. Figure 1.6 

illustrates the effect of the airgap length on the Lt/Lq ratio for the motor described in [HofOO]. 

It can be seen that even a relatively small change in the airgap length has a large effect on the 

achievable LclLq ratio. However, although a small airgap is desirable, there are limitations on 

the minimum airgap length. Firstly, from purely manufacturing considerations there is a limit 

to the tolerances to which the stator and rotor can be produced, whilst there will always be 

some radial movement in the bearings. Further, at high-speeds there will be some expansion 

of the rotor due to the centrifugal stress and the stator will be slightly deformed due to the 

electromagnetic forces which are exerted on it, as described in [Lon98]. This deformation 
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although small in itself could with very small nominal airgap lengths significantly change the 

L/Lq ratio, and thereby cause problems for the drive system. 
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Figure 1.6 • Influence of airgap length on LtJlLq [HofOO] 

Another effect of a small airgap is to increase the rotor loss, due to increased field in the 

rotor iron. Consequently, there is a trade-off between reducing the rotor loss and increasing 

the LclLq ratio. 

[HofOO] employed a laminated rotor as shown in Figure 1.7 to reduce the rotor loss whilst 

maximising the LclLq ratio. However, this rotor construction requires extremely careful 

brazing of the materials to ensure the integrity of the rotor. 

~Ma~eSleel 
/ .;- Nonmagnetic 

Sleel 

Figure 1.7· Rotor design utilised in [HofOO] 

Due to the distributed (overlapping) nature of the windings of synchronous reluctance 

machines, the end-windings are longer than for switched reluctance machines. Thus, for a 
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given space envelope, the active volume is less, and the extra distance between the bearings 

may create problems with resonance modes on the rotor. 

As regards the stator design, careful design of the windings and slots can help reduce the 

rotor losses, which are speed dependent. Consequently, their minimisation becomes more 

important as the motor speed is increased. [HofOO] investigated the influence of the winding 

distribution and the slot number, and found that for a synchronous reluctance machine an 

ideal sinusoidal winding distribution results in the lowest rotor loss. Increasing the number of 

slots enables the windings to be more sinusoidally distributed and reduces the rotor loss, and 

it was established that 60 slots resulted in a significant reduction in the rotor loss and that a 

further increase in the slot number only resulted in a marginal improvement. Further, it was 

also found that closed slots reduced the loss even further, and a stator design with a very small 

slot opening was adopted. With this and the rotor design described earlier in [HofOO], the 

power factor and efficiency were 0.76 and 91 %, respectively, albeit at half rated speed. The 

measured rotor loss was only -45W at an output power of -lOkW although finite element 

analysis could not determine the loss distribution. 

b) Switched reluctance machines 

Unfortunately, very few papers have been published on high-speed switched reluctance 

machines. Again, however, as for synchronous reluctance motors, their performance is very 

dependent on the airgap length, which is normally in the range 0.1-0.3mm. 

However, as seen in Figure 1.5 the salient rotor can result in a very windage loss at high 

speed. Reduction of the windage loss by careful aerodynamic design of the rotor was 

discussed in [CalOO] & [CaI99], which considered the ratio of the fillet radius to the rotor 

diameter in a 6-4 SR motor. A large fillet radius to rotor diameter ratio reduces the rotor 

saturation but also reduces the LiLq ratio, and, therefore, the torque capability. However, a 

small fillet radius to rotor diameter ratio compromises the mechanical strength of the rotor, 

which is a prime consideration at high speed. [CaI99] found that for a 6-4 SR machine 

topology. a fillet radius to rotor diameter ratio of 0.1 was the optimum for that particular 

motor. Even then, it was observed that the windage loss was still significant and it was also 

found that the iron losses at rated speed were lkW compared with a rated output power of 

5kW[CalOl]. 
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1.2.3 Permanent magnet machines 

Over recent years permanent magnet brushless machines have become the favoured choice 

for high-speed applications. This has due primarily to the emergence of NdFeB magnets, the 

cost of which has been falling gradually in recent years and looks set to fall even further with 

the expiry of relevant patents. Some of the applications for high-speed permanent magnet 

brushless machines, which have been reported in the literature, are: 

• A rotary atomiser [Coc99] (30W @ 30krpm) 

• Alternator for small CHP plant [Jam95] (lkW @ 150krpm) 

• Small diameter PCB drill [Pic96] (-60W @ 250krpm), Dentists drill [Hes85a][Hes87] 

(lOW @150krpm) 

• Compressors [Pri99](3.5kW @ 140krpm), [Mek99] (21 kW @ 54krpm). 

There are various design issues related to high-speed brushless permanent magnet 

machines, in relation to the design of the stator and rotor, mechanical issues and losses, which 

are all significant and are discussed in the following section. 

a) Stator design 

One of the early debates in high-speed motor design concerned the relative advantages of 

slotted and slotless machine topologies of which typical examples are shown in Figure 1.8. 

[Hes82] investigated a slotless topology for a motor operating at speeds in excess of lOOkrpm. 

It was shown that similar torque density to that of a slotted motor could be developed, but at 

the expense of an increase in the magnet volume. Slotted motors have a significantly lower 

copper packing factor due to the presence of the teeth, whilst slotless motors can have pre

formed coils which make it easier to achieve a high packing factor (53% in this case) and can 

be significantly easier to manufacture. A more recent publication by the same author [Hes84], 

however, concluded that high-speed applications favoured a slotted design due to the large 

eddy current loss which results in windings by the magnetic field in slotless designs, but this 

eddy current loss can be reduced with use of Litz wire. An even more recent study [Che99] 

investigated the influence of design parameters on the performance of slotless motors, and 

although the winding eddy current loss was not considered it was shown that slotless 

machines, when properly designed, have great potential in terms of performance and 

efficiency. 
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Ca) Slotted stator Cb) Slotless stator 
Figure 1.8 - Schematic of slotted and slotless stators 

From the investigations carried out in [Hes82][Hes84][Jac88b][Ark92][Che99] there is 

broadly similar agreement about the suitability of slotless machines for high-speed 

applications, viz.: 

• Slotless machines require a higher magnet volume for the same torque capability as 

slotted machines and consequently are likely to be more expensive. 

• Slotted machines can have a higher torque density due to their smaller airgaps. 

• The eddy current loss in the stator conductors is lower in slotted machine designs. 

[Ark92] reported nearly a thirty-fold reduction in eddy current loss by changing from a 

slotless to a slotted design. 

• Slotless machines have a significantly lower iron loss since the volume of iron is 

reduced together with the flux density in the back-iron [Ark92][Jac88b]. 

• The cogging torque is eliminated in slotless machines, and whilst it can be minimised 

in slotted designs the design features for achieving this reduction compromised the 

performance [Jac88b]. 

Another important issue that has been investigated is the ratio of the rotor diameter to the 

stator diameter, often called the split ratio. [Hes82] briefly investigates this for both slotted 

and slotless motors. Whilst no definite conclusions were drawn, it paved the way for later 

work undertaken by [Cha93] and extended in [ChaOO]. All these works investigate the optimal 

split ratio for a particular magnetisation distribution, but neglect the iron loss. However, 

whilst the iron loss can be safely neglected at low speeds, as will be shown in Chapter 4, at 

high speeds the iron loss is the dominant loss component. [Cha93], despite containing errors 

and ambiguities, still manages to derive an expression for the optimal split ratio for a given 
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stator outer diameter and magnetic loading. Later work by the same author [ChaOO] 

investigated the optimal split ratio in terms of the magnet cost. However, whilst in large 

machines the magnet cost may be many times the cost of the other motor components and its 

reduction may be highly beneficial, small high-speed motors do not require large volumes of 

magnet material and the manufacturing cost may be the dominant cost. In addition, recent 

reductions in the cost of high energy rare-earth magnets are making this less of a 

consideration. 

The stator winding design can also influence the motor performance. There are two main 

types of winding, viz. the concentrated or non-overlapping winding, in which there is only 

one coil per pole-pair per phase, and the distributed or overlapping winding, in which there is 

at least one coil per pole-pair per phase and some slots may contain coils of more than one 

phase, as illustrated in Figure 1.9. Non-overlapping windings have shorter end-windings, 

which, in turn, generally leads to a lower copper loss. Overlapping windings have longer end

windings, so that for a given space envelope the active volume is reduced. If the active 

volume of the machine is fixed then an overlapping winding will increase the distance 

between the bearings, which as will be shown in Chapter 5, causes increased resonance 

problems. 

A c B A c B 

.1~ _____ N ____ ~ ____ s ____ ~1 ~I ____ N ____ ~ ____ S ____ ~ 
(a) Non-overlapping (b) Overlapping 

Figure 1.9 - Schematics of winding dispositions 

The influence of the stator slot openings on the rotor loss, especially if a stainless steel can 

is used for magnet containment, may be significant, and this is discussed briefly in section 

1.3. 

b) Rotor design 

A lot of the attention has been given to the design of the rotors for high-speed machines, 

and various magnet arrangements, including both internal-mounted and surface-mounted have 

been studied extensively over the years. Figure 1.10 shows a selection of 2-pole rotor designs 

that have been employed, whilst Figure 1.11 shows examples of 4-pole rotor designs. In all of 
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these designs, the rotor tends to be constructed from laminations in order to reduce the loss 

due to spatial and temporal mmf harmonics. 

In 1980 [Miy80] developed a hybrid motor called a line-start motor having a rotor similar 

to that shown in Figure 1.1O(a), which combined a squirrel cage and permanent magnets. 

Power MOSFETs and IGBTs were not then generally available and inverters typically 

employed thyristers. Hence, the machine was started direct-on-line as an induction machine 

and the rotor was pulled into synchronisation by the permanent magnets. The synchronous 

speed was 12krpm, which at the time was considered high speed for a line-start PM 

synchronous motor, the output power being -lkW and the efficiency being -89%, which was 

still significantly higher than that of a conventional induction machine. 

(a)Line-start motor [Miy80] 

(d)Buried Halbach magnetised 
magnets [Hon97] 

(b)Buried magnet arcs 

(e)Radia1ly magnetised 
surface-mounted segments 

(c )Segmented buried-magnets 
[J ay95] [Hon97] 

(f)Surface-mounted 
diametrically magnetised 

ring/segments [Tak94] 
[Jam95] [Zhu97] [Coc99] 

[Pri99] 
Figure 1.10 - Examples of 2-pole rotors 
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(a) Buried-magnets (b) Interior-magnets (c) Surface-mounted magnets 
Figure 1.11 - Examples of 4-pole rotors 

Once MOSFETs became readily available such hybrid motors became more or less 

redundant. Considerable attention was then given to the rotor design, in terms of both 

mechanical and electromagnetic considerations. By way of an example, [Jay95] investigated a 

buried-magnet rotor structure similar to that shown in Figure 1.1O(c). This simplified 

construction as the magnets were simply flat segments, which are considerably easier to 

manufacture and magnetise than the arcs shown in Figure 1.1 O(b). In addition the rotor 

laminations provided containment for the magnets, thus avoiding the need for a stainless steel 

'can' or carbon fibre banding for the retention of the magnets. [Miy80] and [Jay95] 

introduced an airgap, as illustrated in Figure 1.12, between the magnets pole segments, and 

increase the airgap flux density, albeit, significantly reducing the mechanical strength of the 

rotor and thus limiting its speed. 

alfgap 

(a) No inter-pole airgap (b) Inter-pole airgap 
Figure 1.12 - Inter-pole airgap as used in [Miy80] 
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Subsequent work on buried-magnet machines, such as [Hon97], investigated the effect of 

the magnetisation pattern, viz. radial, parallel and Halbach. From finite element modelling, it 

was observed that for a radial magnetisation (Figure 1.1O(c» both the torque and the torque 

pulsation were high, whilst for a parallel magnetisation (Figure 1.1O(d» the output torque and 

the torque pulsation were reduced, and for a Halbach magnetisation the output torque was 

similar to that for a radial magnetised rotor, but the torque pulsation was significantly 

reduced. However, for a surface-mounted magnet rotor, the airgap field distribution and the 

electromagnetic performance for 2-pole Halbach and 2-pole parallel magnetised rotor is 

identical. However, close inspection of the field plots in the paper [Hon97] shows that the 

Halbach magnetised machine and the radiallY magnetised machine are almost identical, which 

suggests an error in the finite element calculation. Thus, the conclusions must be treated with 

some caution. 

The simplest, and consequently preferred, form of rotor construction tends to employ 

surface-mounted permanent magnets, as for example in [Tak94][Jam95][Zhu97][Coc99] & 

[Pri99] and in Figure 1.1O(e) & (f). For high-speed applications, a 2-pole diametric 

magnetisation is preferred due to simple manufacture and high torque density. For a 2-pole 

rotor the airgap field distribution for diametric and Halbach magnetisations is sinusoidal in 

nature. The sinusoidal nature of the airgap field results in an essentially sinusoidal flux 

density distribution in the stator, which then results in a low iron loss [Zhu97]. Whilst NdFeB 

magnets are usually the preferred choice for high-speed applications, [Jam95] uses SmCo 

magnets (-300°C) as they have a significantly higher operating temperature range than 

NdFeB magnets «lOO-150°C) before being vulnerable to partial irreversible demagnetisation. 

c) Mechanical issues 

For all high-speed surface-mounted permanent magnet rotors there is a need to provide 

suitable containment on the rotor to retain the magnets. Although sintered NdFeB is a brittle 

material, often the method of attachment to the rotor, which is normally by an adhesive, is 

mechanically the weakest point. [Con92] [Tak94] [Jam95] [Zhu97] & [Pri99] consider 

containment of the rotor magnets using either a non-magnetic stainless steel can or a fibre 

impregnated resin, such as carbon fibre or glass fibre. 

[Con92] develops an equation for the burst speed (~) of the rotor containment assuming 

that the magnet is not a stressed component of the rotor. Equation 1.6, however, is an 

alternative equation given in [Jam95], which is somewhat easier to understand. 
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where Rs, Rm" ~ &, A and OS are the magnet outer radius (m), magnet inner radius (m), 

density of the magnet material (kg/m\ density of the containment material (kg/m\ safety 

factor (normally 0.9) and the tensile strength of the outer shell (N/m2
), respectively. As will 

be seen, the radial thickness of the containment is not included in this calculation. Above this 

bursting speed, the centrifugal force on the magnets and the containment due to its own mass 

will exceed the tensile strength of the material. Figure 1.13 shows the maximum rotor 

dimensions which can be tolerated at 250krpm for both stainless steel and carbon fibre 

containment. As can be seen, carbon fibre containment is necessary for large magnets, where 

the centrifugal force due to its mass is far less than that for steel containment as the carbon 

fibre is considerably less dense (-1613 kg/m3 for carbon fibre c.f. -8000 kg/m3 for mild 

steel), whilst having a high tensile strength. [Pri99] also prefers carbon fibre to stainless due 

to its high strength to weight ratio, zero-conductivity, zero eddy-current loss and the fact that 

it enables larger diameter rotors to be accommodated. In general, the higher the speed the 

more important the method of containment as a higher centrifugal force is exerted by the rotor 

magnets. Generally, therefore, carbon fibre is preferred. 
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Figure 1.13 • Influence of containment on maximum rotor diameter at 250krpm (Jam95] 

However, for some high-speed applications requiring a very small shaft diameter, a solid 

magnet 'slug' enclosed in a non-magnetic shaft may, be the optimum arrangement, since it 

facilitates a very small rotor as the rotor shaft itself acts as the magnet containment shaft 

[Hes85a][Hes87][Pic96]. However, the bearing bore at one end must be at least the diameter 
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of the magnet plus the shaft radial thickness, which encloses it, Figure 1.14. Measurements on 

such motors have been encouraging, although all the losses have not been accounted for. 

Stainless steel shaft 

Bearings 
Magnet slug 

Figure 1.14 - Integrated magnet and shaft arrangement as used in [Hes87] 

d) Motor losses 

The effects of stator slotting, which can be significant if stainless steel rotor containment is 

used, are considered in section 1.3, as the same loss mechanism also applies to other motor 

types, viz. induction motors. 

In large permanent magnet brushless DC machines with a high electrical loading, such as 

traction machines, the magnet eddy current losses can be significant. On a smaller machine, 

[Zhu97], it was shown that the eddy current loss in the rotor magnets of brushless DC 

permanent magnet machines with a steel containment are generally minimal, with the main 

loss occurring in the stainless steel magnet containment. [Ng98][ZhuOla][ZhuOlb] also 

investigated the eddy current loss in the rotor magnets, and it was shown that due to eddy 

current redistribution in the magnets the rotor loss is significantly lower than that predicted 

from a magnetostatic model, and that the ratio of the magnet loss to the containment loss is 

highly dependent on the containment material. However, since [ZhuOla][ZhuOlb] only 

considered the magnet eddy current loss in a 3000rpm 12-pole brushless DC motor further 

work is needed to establish how well this relates to high-speed permanent magnet motors. 

Clearly, however, as the conductivity of the containment sleeve is increased the eddy current 

loss in the magnets decreases and the loss in the sleeve increases. It was concluded that there 

was an optimum value of conductivity for a containment sleeve, which happened to 

correspond to that for brass. It was also shown in [ZhuOl] & [Tak94] that increasing the 

airgap length significantly reduces the rotor loss. 

In permanent magnet brushless AC motors, the rotor loss is due to mmf harmonics that 

result from stator slotting [Pyr94]. However, as conventional AC machines operate on the 

fundamental mmf then the magnet eddy current losses are minimal. However, in modular 
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machines, viz. fault-tolerant machines, where the motor is operating on a higher harmonic 

then the magnet eddy current loss is quite significant due to the presence of lower order 

harmonics of a high magnitude. [AtaOO] developed a method for predicting magnet eddy 

current loss in brushless AC machines in which the interaction of space and time harmonics in 

the mmf can generate significant loss, and lead to the need to segment the magnet pole arcs in 

order to reduce loss to a sensible level [AtaOOHEde02a]. 

Whilst the rotor loss poses problems in terms of dissipating the heat, the stator loss is often 

significantly larger than the rotor loss. The open-circuit stator iron loss, in the form of eddy 

current, excess eddy current and hysteresis loss components in the stator can be significant at 

high speeds. [Zhu97HJac99] compares the loss in laminated stator core with that in a soft 

magnetic composite stator. Further work in [ZhuOlc] accounted for the iron loss under a 

specified load condition. [J ac99] describes several experimental motors that use a soft 

magnetic composite stator and it was shown that by careful design the performance can be 

nearly as good as that for a laminated stator. 

(e) Summary 

The principle advantages of permanent magnet machines are: 

• The excitation field is developed by magnets not by stator coils, the airgap field is 

significantly higher than for induction or reluctance machines, and the airgap length is 

not such a critical dimension. 

• The efficiency is higher, permanent magnet machines frequently having efficiencies 

>95%. 

.• They are quieter acoustically. 

• They have a higher torque density, and consequently a smaller overall motor size. 

• Potentially, they have a lower rotor windage loss, as the rotor can be cylindrical. 

• They have a better power factor than either reluctance or induction machines, and 

therefore require smaller inverter V A rating. 

However, permanent magnet machines do have some potential disadvantages. Hence, they 

may not be suitable for all high-speed applications. Some potential problems are: 

• High temperature applications since rare-earth magnets degrade with temperature, 

although Samarium Cobalt magnets are capable of operating at temperatures of 

-350°C. 
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• Containment of magnets in motors equipped with surface-mounted magnets [Con90] 

[Tak94][Pri99] & [Jam95]. 

• Stator iron loss due to the high fundamental frequency, and rotor eddy current loss due 

to spatial and temporal mmf harmonics [HofOO]. 

Despite these potential drawbacks permanent magnet machines are likely to emerge as the 

favoured choice for high-speed applications. 

1.3 General issues applicable to high-speed motors 
(a) Electromagnetic 

The dominant losses in a high-speed machine are shown in [Jok96] to be determined 

mainly by the iron eddy current component of the stator iron loss and the windage loss, 

although this paper only considered the classical eddy current loss and not the excess eddy 

current loss component. The efficiency depends on the quotient shown in equation 1.7 and is 

proportional to the eddy current loss times the speed and the windage loss multiplied by speed 

squared whilst the copper loss is inversely proportional to speed, viz. 

PH = Pcu +Phn+p;,n
2 
+ p pn

3 
= Pcu.!..+ Ph + Pe n+ Pp n2 

Pout en e nee c 
(1.7) 

where PH. Pout. PCu. Ph. Pe. Pp. n & e are the total loss, the output power, the stator copper 

loss, the hysteresis loss, the eddy current loss, the windage loss, the rotor speed and a constant 

which represents the utilisation factor and the rotor volume. Obviously, this is a very 

simplified view and neglects the effects of winding inductance, which become pronounced at 

high-speed and other forms of inefficiency in the system, viz. winding eddy current loss, 

magnet eddy current loss etc, but is still useful in showing the way in which losses such as the 

iron loss can dominate the machine performance at high speed. 

Mechanical issues that can cause problems include resonances of the rotor due to critical 

speeds and the increased loading on the shaft and bearings due to rotor imbalance and airgap 

eccentricity. The bearings also require careful consideration as ball race bearings require 

special ceramic balls and lubrication at high-speed. Magnetic bearings, which can actively 

damp rotor resonant modes, are becoming more popular [Jok96][Rei95] but can be difficult to 

accurately control at high-speeds. Air journal and other forms of gas bearings have been 
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successfully employed at high speed [Pic96][Lar95]. However, these are susceptible to half 

speed whirl, which can cause bearings to seize. 

Specialised ball race bearings have been used at high speed [Hes83], but these are sensitive 

to shock loads and requires careful lubrication if the lifetime is not to rapidly diminish. Also if 

air-cooling is to be provided then it requires filtering to prevent contamination of the bearing 

lubricant [Hes83]. One recent development has been the bearingless motor [FukOO]in which 

the stator winding also act as active magnetic bearings, thereby eliminating the need for 

physical bearings. Essentially a motor is composed of two stator sections and two rotor 

sections with either the stator or the rotor rotated by 90° electrical between the two sections 

with the currents in the stator windings controlled to produce both torque and levitation 

However, the complexity of the motor control system is greatly increased, and for high-speed 

applications this would require fast, and relatively expensive, digital control. 

(b) Mechanical 

For any rotor rotating at a very high speed its resonant frequencies become of increasing 

imp ortance since they may ultimately limit the rotor speed. [Har56] and [Van88] examine 

the natural frequencies of simple rotating systems, and [Har56] provides some useful 

analytical expressions for predicting the natural frequencies of simple rotor structures, some 

of which are used later in this thesis to compare with predictions from more complex finite 

element analyses. However, the models proposed in both these publications are for relatively 

simple systems, and whilst these might be readily applied to a solid rotor induction motor, for 

example, they become much harder to reliably apply to a permanent magnet rotor or indeed a 

squirrel cage laminated induction rotor motor. Given their relative complexity, the only 

reliable method of predicting their resonant frequencies and modes of vibration is by finite 

element analysis. However, even this method has its difficulties, as will be evident later. 

Whilst some attempts have been made to calculate and take account of the resonant modes 

[Con92] it appears that no systematic work has been performed to investigate this important 

aspect of design. 

For induction machines and permanent magnet brushless machines the stator slot openings 

affect the variation of the field at the rotor surface, and consequently the rotor loss 

[Hes83b][Con92][Tak94][Pyr94][Zhu97][SooOO][ZhuOla]. For a permanent magnet machine 

[Tak94] investigated the effect of stator slot ripple on a metallic containment sleeve. The loss 

mechanism is similar to that for sheet rotors in induction machines. The magnitude of the slot 

ripple field is given by (1.8), and is shown graphically in [Tak94]. 
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(1.8) 

(1.9) 

in which Bg, bo, g and kc represent the airgap flux density, the width of the stator slot 

openings, the airgap length and Carter's coefficient, respectively. For the motor described in 

[Tak94] the slot ripple had a magnitude of up to 1 Tesla for a large slot opening. 

From equations 1.8 and 1.9 it can be seen that either reducing the width of the slot 

openings or increasing the airgap length reduces the magnitude of the slot ripple. Normally , 
the slot openings are quite small, and so the potential for reductions are somewhat limited. 

Consequently, the technique favoured in [Tak94] was to increase the airgap length. However, 

the use of a non-metallic containment for the rotor, such as a carbon fibre or glass fibre 

sleeve, eliminates the problem of eddy current loss in the containment. The efficiency of three 

prototype motors were compared, two employing a stainless steel (SUS) containment sleeve 

and one employing a fibre reinforced plastic (FRP) sleeve. 

1.4 Sensorless motor control 
In permanent magnet brushless motors, both DC and AC, accurate rotor position 

information is needed in order to control the commutation of the three phases, and in the case 

of AC operation the current waveforms. This position feedback is usually provided by sensors 

mounted on the motor, the general layout of a brushless drive system being shown in Figure 

1.15. 
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Figure 1.15 • Typical permanent magnet brushless drive system 
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The rotor position sensor may take several forms, viz. Hall effect sensors, optical encoder, 

incremental or absolute encoders and resolver. However, they all have drawbacks in terms of 

cost, alignment accuracy, robustness, volume, etc. Regardless of the type of sensor which is 

employed precise positioning is required, the normal required tolerance [Orc90] being ±2° 

electrical or less, which leads to: 

Mechanical degrees = Electrical degrees 
No. of pole pairs 

(1.10) 

Whilst this may readily be achievable for a 2-pole motor as the pole number is increased, 

for example to 8-pole the required tolerance reduces to '120 mechanical, which is difficult to 

achieve. Hall effect sensors, Figure 1.16, are widely used in brushless DC motors partly 

because they are relatively cheap and of a relatively small size. Normally, the output is passed 

through a Schmitt trigger to provide a digital output. For normal brushless dc operation, 3 

Hall effect sensors, spaced 120° electrical apart, are required to provide a 'switching event' 

every 60° electrical. 

DIRECTION OF 
CURRENT FLOW 

Figure 1.16 - Operation of Hall effect sensor 

Hall sensors must be sited either close to the rotor magnets or adjacent to. a special 

commutation magnet. However, if the airgap is relatively large, the magnetic field is low and 

the Hall sensors are subject to hysteresis. Also there is the risk that the armature reaction field 

can trigger can cause spurious triggering of the Hall sensors if they are located close to the 

stator winding. Byway of example, Figure 1.17 shows the Hall signals and phase current and 

phase voltage (to neutral) waveforms in one phase of a 2-pole 3-phase brushless motor (AI) 

which is described in chapter 3, in which a 5mm airgap is employed. As can be seen, the 

phase angle between consecutive commutation events is not 60° and the phase current and 

voltage waveforms are retarded by about 30°. By advancing the sensors by 30° mechanical, as 

shown in Figure 1.18, the phase current and voltage waveforms are improved, Figure 1.19, 
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but the spacing of the commutation events is still not even. Further, advancing the Hall 

sensors by 30° in this manner limits the motor to one direction of rotation only, which in 

many applications would not be acceptable. 
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Figure 1.17 - Hall sensor signals with phase current and voltage waveforms with 0° 
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Figure 1.18 - Hall sensor for one phase showing original and advanced location 
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Figure 1.19 - Hall sensor signals with phase voltage and current waveforms with sensors 
advanced by 30° mechanical 

Given the drawbacks of employing discrete commutation sensors, there has been 

considerable interest in sensor less commutation schemes since these offer benefits in terms 

of: 

• Reduced component count. 

• Improved reliability [Iiz85]. 

• Improved space utilisation [Oga90][Bec91][Wu91][Lee92]. 

Whilst there are several methods of realising sensorless commutation, their suitability 

depends on the operating speed range of the motor, high-speed motors demanding very fast 

response times from any commutation strategy. The influence of the design of a permanent 

magnet brushless DC motor specifically for sensorless commutation, using a well established 

scheme based on the detection of the zero-crossing of the back-emf waveforms, is 

investigated in Chapter 3, the principle of the method being as follows: 

(a) Simple zero-crossing of back-emf method 

Figure 1.20 illustrates the principle of the sensorless commutation of a brushless DC motor 

based on the detection of the zero-crossing of the phase back-emfwaveforms [Zhu92]. Figure 

1.20 shows ideal phase voltage, current and back-emf waveforms, together with a typical 

current waveform in order to highlight the diode conduction angle. The simplest method is the 
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zero-crossing detection of the back-emf waveform, and is normally realised either with a 

simple microprocessor [Iiz85] or by simple analogue circuitry. Each motor phase can be 

represented as a back-emf voltage source and an equivalent impedance, E & Z, respectively 

[Iiz85]. If the DC link voltage is Vo, a model of the inverter and motor is as shown in Figure 

1.21. 
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Figure 1.20 - Principle of sensorless back-emf detection 
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Figure 1.22 - Idealised motor phase back 
emf 

Figure 1.23 - Idealised motor phase 
current 

From the idealised phase voltage and current waveforms, shown in Figures 1.23 & 1.24, it 

can be seen that the current flows in phase A from 0° to 120° electrical in the positive 

direction and from 1800 to 3000 electrical in the negative direction. During the period from 
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1200 to 1800 electrical, the terminal voltages, motor currents and star-point voltage are as 

follows: 

VAG=VN+EA, 
V8G=Vo, 

VCG=O 
} 
} 

} 

In general, ZA=Z8=ZC. as the phase windings are identical, and, therefore,: 

(1.11) 

(1.12) 

(1.13) 

This has been implemented as shown in Figure 1.24, with Figure 1.25 providing the timing 

chart. When EA =0, i.e. the back-emf in phase A is zero (point P), then E8=-Ec & 

VAG=VN=VoI2, and this instant is the zero crossing point, which can be easily detected by 

using a simple comparator. After the zero crossing point for phase A, a delay of 900 electrical, 

needs to be introduced in order to use the signals to directly control the inverter switching 

devices (Sa, Sb, Se). The simplest method of introducing such a delay is to use a low pass filter 

to provide the switching signals directly [Iiz85]. However, this method of introducing delays 

of 900 electrical means that during transient conditions, such as when a load is suddenly 

applied, the calculated rotor position signals differ from the actual motor position. Hence, 

under these conditions optimal torque operation cannot be achieved, resulting in poor 

performance. 
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Figure 1.24 - Back-emf detection circuit 
[Iiz85] 

Figure 1.25 - Back-emf detection timing 
chart 

The motor speed is controlled by modulating the gate drive signals in one of the 

conducting switches, and it is normally arranged so that the gate is chopped for Y2 of its on

time so that the switching losses are distributed between all of the switching devices, as 

illustrated in Figure 1.26. 

back 
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Figure 1.26 - Chopper control showing sharing of PWM [Oga90] 

However, this type of drive is normally limited to operating at low speeds and over a 

relatively small speed range, as the low pass filter has to be designed to operate over the entire 

speed range of the motor. The introduction of digital filters has made drives more efficient 

over a wider speed range, but maximum speeds are still generally limited to below lOkrpm. 

This method also has problems at low speeds when the back-emf is very small, and, hence, . 
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cannot be reliably detected, limiting the lower speed of this technique in closed-loop 

operation. Further, the PWM strategy used to control the motor speed can introduce noise 

onto the back-emf signals and thus make the detection of the 'true' zero crossing more 

difficult and unreliable. 

(b) Integrated back-emf method 

In order to address some of the shortcomings of the method described in the previous 

section the technique was enhanced as follows. Rather than commutating at a fixed instant 

after the zero-crossing of the back-emf has been detected, which has inherent drawbacks 

[Juf87][Tak94][Pic96] in relation to the dynamic performance, this method starts integrating 

the back-emf until a pre-set threshold is reached whereupon commutation takes place. 

The integration method works as follows: 

(1.14) 

The unexcited phase is automatically selected using a signal selector, and the neutral 

voltage, required to give the back-emf voltages, can be artificially generated [Juf87]. During 

the unexcited period of each phase the zero-crossing of the back-emf voltage is sensed, and 

the integrated voltage (Vint) can be shown to have the following form [Juf87]: 

e(t) = eot (1.15) 
t e 

V = J~t (1.16) 
ml k 

0 

~nl 
e t 2 

=_0_ (1.17) 
2k 

where k is a constant of integration, t is the time since the zero crossing, and e is the 

amplitude of the back-emf. 

Commutation then occurs at the instant Vint reaches a pre-set threshold, and, as the 

amplitude of the back-emf is proportional to the speed, then as the speed increases the time 

for Vint to reach its threshold decreases accordingly. Another technique uses a comparator to 

produce commutation pulses similar to that produced using Hall sensors [Tak94]. This 

removes the need for a low pass filter associated with the previous method, which requires the 

filter components to be selected for operation at rated speed and results in a reduced 

performance during run up and at lower speeds. Figure 1.27 shows the output waveform from, 

the integrator, and it can be seen that this is relatively free of switching noise. 
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Figure 1.27 - Integrated back-emf waveform. [Juf87] 

The threshold voltage and the integrator constant (k) can be changed to optimise the motor 

performance, i.e. to facilitate phase advance or to force a faster current build up (more torque 

at high speeds). Obviously, the commutation advance is limited to < 30° electrical, and it has 

been suggested [Bec91] that an angle of about 10° electrical would be useful, but this was for 

relatively low speeds, and is highly dependent on the phase inductance of the motor. The need 

for commutation advance increases at high speeds due to the effects of winding inductance as 

mentioned previously. With this scheme, if commutation advance is to be used effectively at 

high speeds, then to ensure the phase current and back-emf are brought into phase careful 

attention needs to be paid to the design of the windings in order to ensure that they have a low 

inductance. 

This scheme has been successfully used at speeds up to 150krpm [Tak94] and provides 

several advantages over the previous back-emf based method, viz.: 

• Greater immunity to switching noise, as the integrator naturally absorbs the switching 

spikes, Figure 1.27. 

• As an integrator is used, the algorithm automatically adjusts, within certain limitations, 

for changes in rotor speed. 

• Operates over a larger speed range. 

• It is the favoured choice for high-speed brushless DC motors [Tak94][Pic96]. 

Consequently a commercial lC employing this scheme (MlA42S) and using a Phase 

Locked Loop to help maintain synchronisation was used as the sensorless motor controller in 

Chapter 3. 
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1.5 Scope and contribution of thesis 

This thesis examines several issues related to the design, construction and operation of 

high-speed permanent magnet brushless DC motors. 

In Chapter 2, an external rotor, brushless DC motor with a slotless winding is designed and 

built as part of an external contract for Urenco (Capenhurst) Ltd. This motor has a 

magnetically loaded composite (MLC) rotor with a Halbach magnetisation, and is designed to 

operate at 120krpm and produce a peak torque of 50mNm. The design and construction of this 

prototype motor reveals several issues, some of which are addressed in later chapters of the 

thesis. 

Chapter 3 investigates simple brushless DC sensorless commutation schemes and the 

design of a high-speed brushless DC motor, which is suitable for reliably utilising such 

sensorless schemes in high-speed applications. It is shown that in order to use a simple 

sensorless scheme a low freewheel diode conduction angle is required so that the zero

crossing of the back emf waveform in an un excited phase can be detected. To date, there have 

been no similar investigations into the design of high-speed motors specifically for use with 

simple sensorless zero-crossing commutation strategies. It will be shown that the stator design 

which is most suitable for sensorless operation differs significantly from that of conventional 

low speed brushless DC machines. 

In Chapter 4, the optimum ratio of the rotor diameter to the stator outer diameter, or the 

split ratio, is investigated. Previous work on this has focussed solely on the influence of the 

stator winding copper loss and relatively low speed operation. The resulting expression for the 

optimal split ratio derived previously in [Cha93] is compared to results derived from a 

comprehensive CAD software package. The influence of the iron loss is then investigated, and 

it is shown that as the motor speed increases the iron loss is an increasingly dominant 

component of the motor loss, and the mechanism for this is discussed. The effec~ of design 

parameters, such as the electric loading, the active length, the airgap length, the pole-number 

and the motor speed, on the iron loss and the optimum split ratio is investigated. 

Rotor resonances, which as mentioned previously, are one of the main considerations for 

high-speed motors, have received some attention. However, this has generally only been in 

relation to the burst speed of a rotor. As shown in Chapter 2, a resonant mode can prevent a 

motor from accelerating up to its rated speed. Generally, this is a problem only applicable for 

low torque, high inertia motors, for which the acceleration is low, and it is not possible to 

accelerate quickly through resonant modes. However, resonant modes can still be destructive, 

as will be shown in Chapter 5. Consequently, they need to be predicted if a high-speed motor 
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is to operate satisfactorily. In Chapter 5, two high-speed rotors are modelled at different 

stages during their manufacture, and predicted resonant modes are compared to those derived 

from finite element analysis. A model of a complete rotor is then used to investigate the 

influence of design parameters such as the shaft extension, the axial spacing between 

bearings, the active length and the shaft diameter on the resonant modes. 

The major contributions of this thesis include: 

Ca) Integrated design of high-speed permanent magnet brushless DC motor for 

sensorless operation based on the back-emf zero-crossing detection technique. 

Cb) Optimal ratio of rotor diameter to stator outer diameter for high-speed permanent 

magnet brushless DC motors, accounting for both the winding copper loss and the 

stator iron loss. 

Cc) Systematic investigation of rotor mechanical resonances of high-speed permanent 

magnet brushless DC motors, and quantification of the influence of key design 

parameters. 

To date, the research has resulted in 2 conference papers [EdeOO][EdeOl] and 2 journal 

papers [Ede02b][ZhuOld]. 
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Chapter 2 Design study of an external rotor, slotless, brushless 
DC motor with Halbach magnetised magnetically loaded 
composite rotor. 

2.1 Introduction 
This chapter describes a design study which was initially undertaken on behalf of Urenco 

Capenhurst Ltd, on a high-speed, slotless, external rotor, permanent magnet brushless dc 

motor with a maximum speed capability of 120krpm. The intended application was to drive 

the centrifuges in Urenco's uranium enrichment plant, described in the following section, 

which currently employ hysteresis motors. The motor design was based around a 

magnetically loaded composite (MLC) tube, with an interior diameter of 124mm. In order to 

maintain mechanical integrity only the inner Imm was impregnated with isotropic NdFeB 

powder, the maximum powder loading being limited to -14%, which equates to a remanence 

of -0.11 T. The design and testing of this motor raised several issues, which are highlighted in 

this chapter, and are investigated further in subsequent chapters. 

2.1.1 Uranium enrichment 

When uranium is mined two isotopes are present in the ore, viz. U235 and U238. U235 is the 

fissile component, which is required for use in the fuel for light water nuclear reactors, but it 

is normally only present in quantities of about 0.7% by weight, with larger amounts of the 

U238 isotope being present. For fabrication into uranium oxide (U02) for the nuclear reactors 

the concentration of U235 needs to be about 3-5% by weight [Ure02]. In order to achieve this 

the fuel needs to be processed or enriched. The process of enriching the uranium requires 

gaseous components. Consequently, the uranium is firstly chemically combined with fluorine 

to form the compound UF6. This compound whilst being a gas at 70° C is a solid at room 

temperature and it is in this state that the uranium is delivered to Urenco' for further 

processing. 

Figure 2.1 illustrates the uranium enrichment process. Once the solid UF6 has been heated 

up to 70° C and become gaseous the pressure is reduced and the gas is passed into the 

centrifuges, as shown in Figure 2.2(a). A rotational motion is conveyed to the UF6 from the 

centrifuge, which is spinning at 120krpm, and this c~uses the heavier U238 isotope to migrate 

towards the outside of the centrifuge whilst the slightly enriched U235 remains towards the 

centre of the centrifuge. The slightly enriched U235 is drawn off the centre of the centrifuge as 

the product stream, whilst the slightly higher concentration of U238 is drawn off from the 

outside of the centrifuge as the tail stream. As the enrichment provided by one centrifuge is 
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insufficient to increase the concentration of U23S to the required 3-5% by weight, a series of 

centrifuges, also known as a cascade, is used to gradually refine the U23S to the required 

concentration. At this point the depleted U238 has been reduced to about 0.7% by weight. 

These cascades can be seen in Figure 2.2(b). Once the required concentration ofU23s has been 

reached, the UF6 gas is then cooled, re-solidified and then shipped for conversion to U02 for 

use in fuel pellets. 

Figure 2.1- The uranium enrichment process as performed by Urenco [Ure02] 

( a) Schematic of a centrifuge (b) Cascade or series of centrifuges 
Figure 2.2 - Centrifuges for separation ofU235 and U238 [Ure02] 

The centrifuges are a thin walled tube made from ultra-light materials. This is coupled to a 

motor at the bottom of the centrifuge (currently a hysteresis motor), which provides the 

rotation and the heat generated by the motor forms a temperature gradient in the centrifuge, 
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which helps in the separation process. Whilst the hysteresis motors which are currently in use 

are satisfactory for driving the centrifuge they operate on an open-loop control strategy. 

Hence, their speed is not easily adjustable, and they have a comparatively poor efficiency. 

Urenco would like to employ a motor with a higher efficiency and one whose speed can be 

easily controlled. Permanent magnet brushless machines are the obvious alternative to the 

hysteresis motor as they have a high efficiency and, due to the closed loop control strategy for 

commutation, their speed is easily detectable and controllable. 

2.1.2 Magnetically loaded composite (MLC) 

Advanced carbon fibre composite technology has been developed by Urenco over the past 

25 years or so, and recently this been extended by impregnating a magnetic powder such as 

NdFeB into a region of the composite. This has facilitated the realisation of technologies such 

as low inertia self-powered rollers for handling sheet materials [Buc96]. This loading of 

magnetic powder into a carbon fibre composite is commonly known as Magnetically Loaded 

Composite or MLC. Neglecting the stiffness from the epoxy, it can be shown that the 

Young's modulus (Ec) of the composite is: 

(2.1) 

The carbon fibre has a modulus of ==400GPa. Thus, with a readily achievable volume 

fraction of 60%-70%, a composite modulus of 240GPa - 280GPa is achievable [Buc96]. This 

is comparable with steel, for which the Young's modulus is of the order of 200GPa. The 

density of the composite is :::1600kglm3
, which compares with :::8000kglm3 for steel. Thus, 

the composite structure makes a very attractive alternative to steel. By varying the winding 

angle (<I> relative to the rotor axis) of the carbon fibre filaments, the properties of the carbon 

fibre can be adjusted. There are 2 winding types, which are generally used: 

• Hoop winding. (<I> _90°) - All the strength is circumferential and the full strength of the 

composite (Ec) is obtained. 

• Helical winding (<I> <90°) - This consists of winding in 2 directions (±<I» and imparts 

strength in both the radial and axial directions. Radially the strength and stiffness are 

proportional to sin\<I» and axially they are proportional to cos4(<I». 

Urenco required the rotor of the motor be an integral part of the carbon fibre composite 

centrifuges and be an integral part of them, and specified that the rotor should be made from a 

magnetically loaded composite tube which consists of a number of layers, as can be seen in 

Figure 2.3. The innermost layer consists of O.4mm of 'helical' winding, in which the fibres 
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are overlaid at 45° angles to provide a high degree of axial rigidity. The second layer consists 

of carbon fibre impregnated with NdFeB powder. Finally, a 2.1mm 'hoop' wound layer of 

fibre is applied to provide circumferential containment for the other two layers. However, the 

magnetic powder loading is limited to -14% so as to ensure the mechanical integrity of the 

rotor. 

Hoop winding (2.1 mm) 

MLC layer (1.0mm) 

Helical winding (O.4mm) 

Figure 2.3 - Structure of MLC tube 

2.1.3 Motor specification 

• 
• 
• 
• 
• 
• 

The motor specification, as supplied originally by Urenco, was as follows: 

Maximum rotational speed 

Rated torque 

Inner diameter of MLC external rotor 

Radial thickness of magnet 

Minimum air-gap length 

Effective remanence of magnet 

: 120,000rpm 

: 50mNm 

: 124mm 

: 1mm 

: 2.5mm (increases by O.4mm at 120,000rpm) 

: 0.11 T 

• Maximum ax ial length : 100mm (inclusive of active length, one 

end-winding and ferrite screen, and 

clearance to rotor) 

• Stator bore diameter 

• DC link voltage 

• Maximum operating speed 

• Motor efficiency 

:70mm 

: 500V 

: 120,00 rpm 

: >90% 

• Target overall efficiency (motor + drive) : >80% 

• Maximum rotor temperature : 70°C (limited by resin) 

In addition, the rotor had to be supported at one end only, by a double bearing. A 

schematic of the proposed motor, showing the limjting dimensions, is shown in Figure 2.4. 

Despite considerable reservations about the mechanical stability of the motor, Urenco insisted 

that it be designed in this way and that their mechanical analyses showed that the design was 

feasible. It was also requested that the design be slotless to eliminate cogging torque. 
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Figure 2.4 - Schematic and limiting dimensions of proposed motor 

2.2 Brushless de motor design 

2.2.1 CAD design software 

Design optimisation was undertaken using proprietary CAD software developed in 'The 

Electrical Machines and Drives Group, University of Sheffield', which employs analytical 

techniques [HaI85][Zhu93][Ata97][Zhu02] to derive the airgap flux distribution, and a non

linear lumped reluctance model [Zhu92] to derive the flux density in the stator and the 

resulting iron loss [Ata92]. The winding copper loss is calculated as described in 

[Ark92][Eng97]. The winding inductances are also predicted analytically [Zhu95], as is the 

motor performance [Ack92][Zhu92]. The various elements of the design process have all been 

validated extensively using finite element analysis. The CAD software incorporates the 

following features: 

• Synthesis of motor designs according to specified dimensions . 

• Variation of design parameters (viz. leading dimensions) over prescribed ranges. 

• Alternative magnetisation distributions, including radial, parallel and Halbach. 

• Graphically-based design optimisation, which enables the design and performance of 

feasible designs to be compared. 

A detailed description of the more important analytical equations will be presented in 

Appendix C, with comparisons of predicted results with finite element and measured results 

being shown in Chapter 3. 
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2.2.2 Design methodology 

The brushless dc motor was designed to have a multi-pole Halbach magnetised external 

rotor, with no back-iron, and a slotless stator winding. The Halbach magnetisation has the 

advantage of being self-shielding, and therefore, has negligible leakage flux external to the 

rotor. Consequently, no rotor back-iron is required to provide a return flux path. Alternative 

winding dispositions, viz. overlapping and non-overlapping were considered, the winding 

thickness being optimised for each design so as to maximise the specific torque. Since the 

winding inductances have a significant effect on the motor dynamic performance at the high 

fundamental operating frequency, these were taken into account. 

In order to ensure that the motor could be accommodated within the specified space 

envelope, the core length was limited to 60mm to allow adequate space for the end-windings 

and to allow for any unforeseen losses the motor was designed to have a torque of 55mNm, 

10% higher than rated. A commutation advance of 30° electrical was employed in order to 

help increase the developed torque, reduce the motor current and, consequently, ensure the 

efficiency met the specified requirement. As an example of the effect of the commutation 

advance, Figure 2.5 shows the efficiency of a 6-pole motor both with and without 

commutation advance for an over-lapping winding topology. At this point it should be noted 

that in the CAD packages the winding is always designed to have an integer number of turns, 

and this explains the 'zigzag' nature of some of the curves. In Figure 2.5, when there is no 

commutation advance it can be seen that changing the winding thickness from 10mm to 

llmm increases the efficiency. This is caused by a change of one turn per coil. A more 

detailed explanation of this is given in Appendix G. 
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Figure 2.5 - Influence of commutation advance on efficiency of 6-pole motor at 120krpm 
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A value of 100 W/m2K was used for the heat transfer coefficient, and whilst initially this 

seems large it results from the motor geometry and the particular application. As the motor is 

to operate in a vacuum, the only significant path for heat to flow from the stator, other than by 

radiation, is through the aluminium hub to one end of the motor. Consequently, the thermal 

model assumes that the motor heat is dissipated over the end surface area of the aluminium 

core. In reality, the motor will be attached to a much larger structure, as can be seen from the 

photograph of the centrifuges shown in Figure 2.2(b), and the heat will be dissipated from a 

significantly larger surface than the comparatively small surface of the aluminium core. 

The nominal minimum airgap specified by Urenco was 2.5mm at low speed, but allowing 

for a OAmm expansion of the rotor at high-speed, results in a minimum airgap of 2.9mm. As 

the dominant loss component is the copper loss then increasing the airgap length further 

would only serve to further increase the copper loss. Therefore, the airgap length was 

maintained at the 2.9mm minimum. 

2.2.3 Pole number and winding thickness 

An investigation was undertaken into the influence of the pole number and the winding 

thickness on the efficiency at the rated torque and operating speed. The findings are 

summarised in Figure 2.6, which shows that the efficiency increases with pole number. 

However, the fundamental electrical frequency also increases with pole number, and 

ultimately this limits the switching devices that can be used in the drive. Table 2.1 shows the 

capabilities of commonly available switching devices. Whilst Bipolar junction transistors 

(BJT), MOS controlled thyristors (MCT) and Gate turnoff thyristors (GTO) are limited to 

switching speeds of <10kHz for any significant power [Moh95], IGBT's can be used above 

10kHz. However, as the switching frequency increases the device needs to be derated as the 

switching loss becomes significant and the efficiency of the device drops significantly. At 

switching frequencies of around 100kHz, MOSFET's have a significant advantage as their 

switching time on average tend to be -10 times lower than IGBT's, with a corresponding 

lower switching loss, which makes MOSFET's attractive for high-speed drives. It can also be 

seen that for each pole number there is an optimal winding thickness. 
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Table 2.1 - Switching speeds and power capability of commonly available semiconductor 
devices [Moh95] 

Device 

BJT 
MOSFET 

GTO 
IGBT 
MeT 

95 

90 

85 · 

'i: 
~ 80 
:.. 
u 
c: 
Cl> 
'(j 

75 if 
w 

, G! ' 

70 

~. 

65 

60 · 

0 2 4 

Power capability Switching speed 
Medium Medium 

Low Fast 
High Slow 

Medium Medium 
Medium Medium 

•. ' -6 - •.• ~ • • •• <6 •• • • ~:: ~ ~ ~ : : ~ ~ ~ ...... + ... 

.... 

6 

· 6 ' .. .... ,..: : : ::: : 't , ... ....... 6 

.. .c
0
••• .e···. a · · · · a · · . . a ··· · G •••• ' \3 _ ••• C 

a 10 12 14 

Winding thickness (mm) 

--4-pole overlapping 

--a- 6-pole overlapping 

.. 0 - . 6-pole non-overlapping 

---.>- a-pole overlapping 

- .... - . a-pole non-overlapping 

-+- 10-pole overlapping 

- - <> - • 10-pole non-overlapping 

16 18 20 

Figure 2.6 - Influence of winding thickness and pole number on efficiency, (60mm active 
core length) 

This initial design study showed that the only feasible winding configuration within the 

avai lable space envelope that meets the efficiency requirement of 90% is the overlapping 

winding shown in Figure 2.7(a), with 180° elec. pitched coils having 60° elec. widths. 

Although the non-overlapping winding configurations shown in Figure 2.7(b) & (c) would 

have shorter end-windings, they result in a significantly lower power density due to having 

winding factors, which is defined as the percentage of the pole spanned by one coil, of only 

50% and 75% respectively, compared to 100% for the overlapping winding shown in Figure 

2.7(a), and the copper loss would have been excessive. 

It can be seen from the results of the design study displayed in Figure 2.6 that the 

efficiency of the 4-pole designs is well below the minimum efficiency requirement of 90% 

and that the efficiency of the 6-pole designs are at the lower end of the specified efficiency 

range. However, it was decided to adopt an overlapping 6-pole design, viz. Figure 2.7(a), the 

8-and 10-pole motor designs being disregarded since their fundamental frequency at 120krpm 

is 8kHz and 10kHz, respectively, which could present problems in controlling the motor 

phase currents as the PWM frequency would need to be excessively high. For the 6-pole 

40 



motor topology which was selected, it can be seen from Figure 2.6 that the optimal winding 

thickness is 10mm. Subsequent investigations were undertaken to examine how the 6-pole 

design, equipped with both overlapping and non-overlapping windings, could be further 

improved. 
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Figure 2.7 - Stator winding configurations 

2.2.4 Magnet radial thickness 

C -B 

S 

C -c 

S 

-c 

S 

The effect of increasing the magnet thickness on the loss, (ie. copper loss plus iron loss) of 

a 6-pole slotless motor, with the winding thickness optimised for the maximum efficiency, is 

shown in Figure 2.8. Throughout, the magnet remanence was assumed to be 0.11 T, and a 

commutation advance of 300 electrical was maintained. 

41 



As can be seen, a relatively small increase in magnet thickness has a dramatic effect on the 

motor performance, an increase from Imm to 2 mm increasing the efficiency to -96% for an 

overlapping winding and to -93% for a non-overlapping winding. 

However, after consultation with Urenco and despite the benefits of employing a thicker 

magnet, it was decided to employ a 1 mm thick magnet in order to comply with Urenco's 

application requirements. As stated earlier, a 6-pole motor design with an active core length 

of 60 mm was selected for prototyping. The main design parameters are given in Table 2.2, 

whilst the design details are given in Figure A.l of Appendix A. A schematic of the motor is 

shown in Figure 2.9. 
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Figure 2.8 - Influence of magnet thickness on efficiency of 6-pole motor 

Table 2.2 - Original6-pole design with overlapping winding as shown in Figure 2.7(a) 

Turns per coil 80 
Phase self inductance 1.297 mH 

Phase mutual inductance -0.49 mH 
Phase resistance 2.70.Q 
Strands per coil 2 

Torque 56.12mNm 
Peak Phase emf 115 V 

rms phase current 2.93 A 
Copper loss 70W 

Winding edqy loss 1.7W 
Iron loss 0.6W 
Efficien~ 90.7 

42 



Magneti cally 
loaded composi 

tube 

Winding 

te 

-

~ 

lX M 
lX lX .. 

20mm 

- r----

• r- Lamination 
(Transi l335) 

~ 

60mm 

10 jlm 

1 -
1~4 .5~ n 

~ r----

"""- 70mm---. 

... 119mm • 

Figure 2.9 - Schematic of 6 -pole design 

2.3 Finite element validation 

2.3.1 Back-emf calculation 

An ideal Halbach magnetisation distribution was assumed, and a finite element model of 

the motor was analysed for 20 discrete rotor positions, spanning a rotation of 120° 

mechanical, at each of which the instantaneous back-emf/phase was calculated using equation 

2.2 with <l> being the result of an integration over the coil width. 

d<l> 
e = wN) de P (2.2) 

The instantaneous open-circuit field di stribution, from the finite element analysis, is shown 

in Figure 2.10, whilst the resulting back-emf waveforms are shown in Figure 2.11. 

Figure 2.10 - Open-circuit field distribution, 6-pole, 80-turn/coil motor 
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Figure 2.11 - Comparison between analytical and finite element calculated back-emf 
waveforms at 120krpm. 

2.3.2 Inductance calculations 

For the calculation of the self and mutual inductances, the permanent magnet was simply 

assumed to have the same permeability as that of air i.e. ,ur= 1. O. As the rotor is made of 

carbon fibre and the powder loading is only 11% then ,ur will only be fractionally larger than 1 

and significantly below the value of -1.05 normally used for NdFeB magnets. Appropriate 

phase windings were then assumed to have a current density of 0.1 Almm2
, a small value <2% 

of rated current density of 5.4 Almm2
, and the self- and mutual-inductances were calculated 

as follows: 

a) Self-inductance 

In order to determine the self-inductance, one phase was energised and the magnetic field 

distribution was calculated. The inductance was then determined using equations 2.3 to 2.5. 

~ IJ' = El( = ~ If JAd< J 
L = 2E] 

12 

where I = ( ~~ J 

(2.3) 

(2.4) 

(2.5) 
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The self-inductance, neglecting the end-winding component, was calculated as l.186mH, 

the associated magnetic field distribution being shown in Figure 2.12. 

Figure 2.12 - Flux distribution with one phase excited for self-inductance calculation. 

b) Mutual inductance 

For the calculation of the mutual inductance, two phases were excited and the magnetic 

field distribution was calculated. The mutual inductance was then determined using equation 

2.6. 

M =_l EJI _L=_l (EJI -E J 
[ 2 2 [ 2 2 I 

(2.6) 

The mutual inductance, again neglecting the effect of the end-windings, was calculated as 

-0.444mH, the associated magnetic field distribution being shown in Figure 2.13. 
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Figure 2.13 - Flux distribution with two phase windings excited for mutual inductance 
calculation. 

2.3.3 Comparison of results 

As can be seen in Table 2.3, the back-emfs deduced from finite element analysis compare 

well with those obtained analytically from the CAD software. 

Table 2.3 - Comparison of back-emfs at 120krpm 

Analytical Finite element 
Peak line voltage 198.58 V 190.10 V 

Peak phase voltage 114.65 V 109.98 V 

The inductance values also agree well, as can be seen in Table 2.4, although it should be 

noted that neither of the predicted values include the end-winding inductance components. 

Table 2.4 - Comparison of inductances 

Analytical Finite element 
Self-inductance 1.297 mH 1.186 mH 

Mutual inductance -0.489 mH -0.444 mH 

2.4 Dynamic Simulations 

Prior to construction of the prototype motor, a dynamic simulation was performed using 

the parameters obtained from finite element analysis to ensure that the motor was capable of 

developing the required torque at 120krpm. 
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a) Dynamic simulation model 

The steady-state dynamic simulation model of a 3-phase permanent magnet, brushless dc 

drive is implemented in a single functional block, designated 'BLDC3' in Figure 2.14, which 

is one of a number of dynamic models for use in a system simulation package called SIMNET 

which has been developed by members of the Electrical Machines and Drives Group, 

University of Sheffield. It utilises a frequency domain analysis, full details of the simulation 

model being given in [Zhu92][Ack92]. The 'con' blocks in Figure 2.14 represent specified 

constants, the 'av-rms' blocks display the average and rms values of various input and output 

quantities, whilst the 'm-gra' block is a graphical display routine, which outputs specified 

waveforms. 

-gra 

Figure 2.14 - Block diagram of steady state dynamic simulation model of brushless dc 
drive. 

The inputs to the 'BLDC3' block are: 
1 rotor mechanical speed (mech rad/s) 

2 rotor mechanical position (mech rad) 

3 . DC link voltage (V) 

The constants, which are user-specified, are the self- and mutual-inductances, the back-emf 

constant, the phase winding resistance, and parameters related to the drive, viz switch voltage 

drop, diode voltage drop and switch and diode resistances. 

The outputs of the 'BLDC3' block are: 
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1 
2-4 

5-7 

8 
9 
10-12 

electromagnetic torque 

motor phase current waveforms 

inverter terminal voltages 

motor star point voltage 

DC Link current 

motor phase emf waveforms 

The motor phase voltages are obtained by subtracting the star-point voltage from the 

terminal voltages, whilst the DC link current is multiplied by the DC link voltage to obtain the 

total input power. 

b) Simulation results 

Dynamic simulations were performed using parameters derived from the CAD software 

and those obtained from the finite element analysis. Figure 2.15 shows the torque and current 

waveforms from these simulations. As can be seen, when the finite element parameters are 

used the average torque is higher (60mNm) than that when the simulation is based on the 

CAD design parameters (54mNm). However, as both are greater than the 50mNm required, 

construction of the prototype motor proceeded. 

Details of the prototype motor construction and of the dimensioning of soft ferrite cores, 

which are employed to contain the magnetic field produced by any high frequency 

components due to switching harmonics in the windings, are given in Appendix B and can be 

seen in Figure 2.16, where the internal diameter was reduced from 70mm to 68mm to 

accommodate the ferrite components, which could only be manufactured in limited sizes. 

-80.0 5e-05 

(a) Using CAD parameters (b) Using FE parameters 
Figure 2.15 - Comparison of dynamic simulations for 6-pole motor with 300 

commutation advance 
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2.5 Comparison of predicted and measured stator parameters 

It should be noted that, at thi s stage, Urenco decided to reduce the active length of the 

motor from 60mm to 40mm in order to overcome a predicted resonance problem that would 

have prevented the motor from running up to its rated speed of 120krpm. Accordingly, the 

rotor was shifted as shown in Figure 2.16 an attempt to avoid the resonance problem, and 

consequently the active magnet length was reduced to 40mm. However, the stator, which had 

already been constructed, remained unchanged. 
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tube 

Winding 

L'm',"'" i 
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Figure 2.16 - Schematic showing shortened rotor magnet length 

2.5 .1 Self-inductance and mutual inductance 

a) End-winding inductance 

Initially the end-winding inductance was not accounted for at the design stage. However, 

once the coils were wound it quickly became apparent, as will be seen later, that the end

winding inductances were significant and needed to be considered. Thus, a method for 

calculating the end-winding inductances was incorporated in the CAD package. For the 3 

cases Ca, b, c) illustrated previously in Figure 2.7, the end-winding self-inductance (Le) was 

calculated by a method similar to that given in [Liw61]; viz: 

(2.7) 
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Figure 2.17 - Dimensions for end-winding calculation 

Whilst for the end-winding component of the mutual inductance: 

L, cos( Z;) Ca) 

Me= 0 Cb) 

o Cc) 

b) Measured inductances 

Due to their relatively complex geometry, of the end-winding components of the self and 

mutual inductances are difficult to predict accurately. However, analytical values were 

calculated using the foregoing equations. 

The winding inductances were measured using an inductance bridge, at a frequency of 

1kHz. The predicted and measured results are shown in Tables 2.5 & 2.6. As can be seen, 

there is a reasonable agreement between the predicted and measured values. 

Table 2.5 - Comparison of measured and predicted self-inductances 

Phase self-inductance 
Phase Predicted CmH) Measured (mH) 
Red 2.39 2.59 

Yellow 2.39 2.60 
Blue 2.39 2.57 
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Table 2.6 • Comparison of measured and predicted mutual inductances 

Phase mutual-inductance 
Phase Predicted (mH) Measured (mH) 
Red -1.04 -1.33 

Yellow -1.04 -1.33 
Blue -1.04 -1.33 

However, the measurements are for the stator winding alone, without the connecting leads 

and the soft ferrite screening. The cables are routed from the top of the motor down the 

aluminium core next to the laminations, and it is thought that this routing partly contributes to 

the increases in the measured inductances, when the average measured values become: 

Phase self-inductance 

Phase mutual-inductance 

3.47mH 

-O.l04mH 

(3.46mH without leads) 

(-0.076mH without leads) 

Thus, whilst the connecting leads have a relatively small influence on the inductances, the 

addition of the soft ferrite shielding when assembling the complete stator accounts for most of 

the difference observed here. The mutual inductance on this finished assembly is measured 

across 2 phases and then calculated from 2L-M and this methodology accounts for the 

potential significant reduction in the mutual inductance. As can be seen the difference is 

dramatic and this will adversely affect the motor performance, by limiting the maximum 

achievable speed, as will be shown in Section 2.7. 

c) Revised calculation of winding inductances based on prototype stator 

Using end-winding inductance calculations previously described, the effect of the 

increased winding inductances on the motor performance was investigated. As can be seen 

from Table 2.7, the inclusion of the end-winding inductance has a dramatic effect on the 

developed torque. Consequently, the motor design needed to be further modified in order to 

generate the desired torque at the rated speed of 120krpm. Utilising the CAD software with 

the end-winding inductance incorporated then the winding was modified as shown in Table 

2.7. However, since the predictions showed that a 6-pole motor design having 80 turns/coil 

would still be able to run at the rated speed of 120krpm albeit with a reduced torque, it was 

decided to investigate its performance further. 
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Table 2.7 - Effect of end-winding inductance on motor performance 

Neglecting end- Including end- Modified design for 
winding inductance winding inductance rated torque 

Turns per coil 80 80 49 
Phase self inductance 1.30 mH 2.39 mH 0.79 mH 
inc. end-winding of - 1.09 mH 0.31 mH 

Phase mutual inductance -0.49 mH -1.04 mH -0.34 mH 
inc. end-winding of - -0.55 mH -0.15 mH 

Phase resistance 2.700 2.880 0.930 
Strands per coil 2 2 2 

Torque 56.1 mNm 29.13 mNm 54.3 mNm 
Speed 120,000 rpm 120,000 rpm 120,000 rpm 

Peak Phase emf 115 V 115 V 70V 
nns phase current 2.93 A 1.53 A 4.82 A 

Copper loss 69.8W 20.3W 64.9W 
Winding eddy loss 1.74 W 1.74 W 3.35 W 

Iron loss 0.56W 0.56W 0.56W 
Efficiency 90.7% 94.2% 90.8 % 

2.5.2 Phase resistance 

The CAD software predicts the winding resistance at the operating temperature of the 

motor (114° C), as can be seen in Appendix A. The measured resistance is compared with the 

calculated value taking into account the temperature rise and length of the end-windings, 

from: 

R' = R(1 + [Ra~T]) (2.8) 
where Ra is the temperature coefficient of resistivity. 

Table 2.8 - Comparison of measured and predicted phase resistances 

Phase resistance 
Predicted (Q) Measured Measured 

Phase 
@ 114°C (Q) @ 20°C (Q) @ 114°C 

Red 2.88 2.01 2.75 
Yellow 2.88 2.01 2.75 

Blue 2.88 2.01 2.75 

At this point, however, it should also be noted that the supply leads to the motor also serve 

to increase the effective resistance to 2.1250 @20° C per phase. 

2.5.3 Verification of NdFeB powder loading 

In order to assess the magnetisation of the magnetically loaded fibre composite rotor, a 5-

turn search coil in which each turn spanned 1 pole-pitch, and had an axial length (l) of 60mm 

was manufactured. The search coil was mounted on a non-magnetic fonner inside the 
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magnetically loaded composite rotor, the airgap being 2mm. Measurements were made on 

two nominally identical Halbach magnetised MLC rotors (designated Rotor 1 and Rotor 2) 

which were impulse magnetised by Urenco, using a 6-pole impulse magnetising fixture 

designed and manufactured at the University of Sheffield, described briefly in Appendix B, 

and the voltage induced in the search coil was measured at 2 different rotational speeds. The 

measured values were then compared with values calculated from the peak airgap flux density 

from CAD and finite element analyses, using equations 2.9 and 2.10, as shown in Tables 2.9 

& 2.10. The field distribution from which the finite element value of Bmax was obtained is 

shown in Figure 2.18 

Epeak = 2Ns xBmaxlv 
Epk-pk = 2Epeak 

where r = 60 mm 
Bmax = 4.52 mT (Finite element); 4.65 mT (CAD) 

(2.9) 
(2.10) 

Table 2.9 - Comparison of predicted and measured peak to peak emf for Rotor 1 

Speed (rpm) CAD Finite element Measured 
676 23.23 mV 23.03 mV 23.8 mV 
879 30.21 mV 29.9 mV 29.2 mV 

Table 2.10 - Comparison of predicted and measured peak to peak emf for Rotor 2 

Speed (rpm) CAD Finite element Measured 
656 22.65 mV 22.46mV 23.0 mV 
865 29.74mV 29.49 mV 29.8 mV 

The measurements confirm that the MLC rotors have the NdFeB powder loading which 

was assumed in the motor design synthesis, viz Brem=O.ll T, and that the rotors have been 

successfully impulse magnetised with the 6-pole Halbach magnetisation distribution. 
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Figure 2.18 - 6-pole open-circuit field distribution. 

2.5.4 Back-emf 

The back-emf was measured during a run-down test of the motor, the rotational speed 

being deduced from the frequency. The predicted and measured phase back-emf waveforms 

are essentially sinusoidal, as shown in Figure 2.19. Table 2.11 compares the peak phase back

emf values and emf constants, as predicted by finite element analysis and the CAD software 

assuming an active axial length of 40mm for both the stator winding and the permanent 

magnet rotor. 

Table 2.11 - Comparison of predicted and measured phase emfs (@ 5714rpm) 

CAD Finite element Measured 
Peak phase emf (V) 3.639 3.491 3.223 

Peak emf constant (V/rads- I
) 0.006077 0.00583 0.00539 
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Figure 2.19 • Measured and predicted back-emf waveform at 5714rpm 

It can be seen that the measured back-emf is slightly lower than expected, which contrasts 

with the slightly higher measurement obtained previously in 2.5.3. However, both the CAD 

and finite element models assume that the stator coils are distributed evenly over the lOmm of 

radial winding thickness of the stator coils. In reality, however, the coils needed to be retained 

on the stator prior to potting in stycast, which meant that the outer layer of conductors of each 

coil is further away from the rotor surface than calculated, which leads to a slight reduction in 

the flux-linkage, and a smaller back-emf. 

2.6 Hall sensors 

Since the flux density produced by the MLC rotor at the end of the stator is only 

:2:9.54mT, it is too low to operate commercially available Schmitt triggered Hall sensors. 

Hence, linear Hall sensors were employed together with external electronic circuitry to 

generate the required commutation pulses. The Hall sensors were located as shown in Figure 

2.16 

UGN3503 linear Hall sensors were used in conjunction with an AC coupled amplifier, 

shown in Figure 2.20, to remove the DC offset voltage and amplify the output signal - which 

is .!LlOmV per mT. 
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A test was performed by rotating the MLC rotor in order to capture the raw Hall sensor 

output signal and the output of the conditioning circuit. These waveforms are shown in 

Figures 2.20 - 2.23. 

Linear 
Hall 

sensor 

Vcc Gnd 

>---'--- Output 

Figure 2.20 - Schematic of circuit used for linear hall sensors 

Unfortunately, however, due to mechanical limitations at this stage, it was not possible to 

rotate the rotor at high speed. Hence, an input signal was generated by using a signal 

generator at frequencies up to 6kHz in order to simulate the motor running at speeds up to 

120krpm. As the signal generator was operating at very low voltages the noise on the signal is 

significant as can be seen, however, the circuit still produces the correct output. At the 

simulated rated speed of 120krpm (Le. 6kHz electrical) there is a phase lag of!!: 20° between 

the input and output signals of the Hall sensor conditioning circuit, which has to be accounted 

for when implementing the 30° electrical commutation advance, which was discussed in 

Section 2.2. 
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Figure 2.21 - Input and output signals of Hall sensor - 409rpm 
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Figure 2.24 - Input and output signals of Hall sensor -6kHz sine wave applied 

Due to the need to remove the DC offset from the Hall sensor the signal needs to be AC 

coupled, however, this means a reliable signal is unavailable on start-up. Removing the DC 

offset to produce a signal at start-up requires a hysteresis band to take account of the drift in 

the DC offset due to temperature, but due to the low field available from the rotor magnet this 

hysteresis band is comparable to the output signal and consequently Hall sensors are 

unsuitable for use with this motor. Thus, optical sensors with a 300 electrical commutation 

advance had to be employed in the prototype motor, as shown in Figure 2.25. Despite the 

need to position the optical sensors close to the rotating disc and the sensitivity of the 

orientation of both the sensors and the disc within the MLC rotor this arrangement 

successfully generated the commutation signals for the motor, as will be seen in section 2.7. 

Figure 2.25 - Optical sensor arrangement 
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2.7 Motor tests 

2.7.1 Test rig 

For obvious safety reasons, the prototype motor needed to be tested in a secure enclosure. 

There was a need to provide containment if the rotor accidentally burst during operation or 

collided with the stator during a resonance mode. A high-speed, evacuated test rig was 

commissioned as shown in Figure 2.26. The motor is located in a spin pot, shown in Figure 

2.27, which has a 2 inch thick steel wall to contain any possible fragments from the motor. As 

can be seen, the motor is also surrounded by steel rings which would serve to absorb energy 

from any fragments from the rotor, and is bolted down to the base of the spin pot. The buffer 

vessel is a large container designed to absorb small fluctuations in pressure caused by the 

motor operation . In the event of failure of the rotor or sudden heating in the spin-pot, caused 

by an electrical fault, for example, which would cause a sudden expansion in gas volume, the 

buffer vessel protects the vacuum pumps from a sudden increase in pressure since thi s could 

damage the diffusion pump. The spin pot has 2 ports to provide access for the motor electrical 

power connections and connections to the optical sensors, through special vacuum glands. 

There are 2 vacuum pumps on the test rig. One is a standard Edwards rotary pump, which 

reduces the air pressure from atmospheric down to about 1 millibar, which takes about 10 

minutes. A diffusion pump is then used to reduce the pressure down to around O.002-r 

(h=1.2mb), a process that takes approximately 2 hours. At this pressure, aerodynamic 

friction torque on the rotor is negligible, which enables the 'run-down' test described in 

section 2.7.3 to be used to determine the motor torque. 

Spin Pot 
Vessel 

Diffusio n 
.... -. Pump 

Vacuum 
pump 

Figure 2.26 - High-speed test rig 
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Figure 2.27 - Spin pot with prototype motor installed 

2.7.2 Test methodology 

The MOSFET drive, shown schematically in Figure B.13 & B.14 of Appendix B, was 

supplied from a variable DC power source, and the prototype motor was run up to a steady

state speed for a given dc link voltage, and the speed, DC link current and input power were 

measured. After the maximum speed was reached, the motor was disconnected from the drive, 

and allowed to run-down to stand-still, the torque being calculated using the method described 

in section 2.7.3. The efficiency was calculated from the measured input power and the output 

power, which is deduced from the calculated torque and the maximum rotor speed. 

The maximum rotor speed which was attained for each value of DC link voltage was 

subsequently specified as an input parameter in a dynamic simulation model, as described in 

section 2.4, which also assumed the parameters shown in Table 2.12, to enable the DC link 

current and torque to be predicted. 

Two rotors were tested. The first incorporated a bearing with conventional steel balls (SKF 

70SCC) and the second used a special high-speed bearing employing ceramic balls (C3SHDL 

C22 OJ-201). The rotor employing the steel ball bearing was limited to a maximum speed of 

-lO,OOOrpm due to the limitation of the bearings and balancing of the rotor. However, this 

rotor enabled low speed evaluation of the motor whilst the second rotor was being 

manufactured and balanced specially for high-speed operation. Both bearings required 

lubrication to ensure free running and prevent over-heating. This was accomplished by a wick 

above the bearing that slowly released oil over a period of time. However, failure to lubricate 

correctly at high-speed can result in damage to the bearings, as will be evident in Figure 2.2S. 
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Figure 2.28 - Damaged bearings caused by lack of lubricant oil at high-speed 

Parameter Value Comments 
Phase resistance 2.1250 (including supply leads) 2.010 (no leads) 
Phase self-inductance 3.47 mH (including supply leads) 2.6mH(no leads) 
Phase mutual-inductance -0.104 mH (including supply leads) -1.3mH(no leads) 
Back-emf constant 5.83 mV/rad.s·1 

Commutation advance 30° electrical 
MOSFET voltage drop 0.284 V 
Diode voltage drop 1.527 V 
Switch resistance 0.5770 for both MOSFET and diode 

Table 2.12 - Simulation data 

Inverter components 

MOSFET : 
Diode : 
Schottky Diode: 

IXTH13N 
131646 
RHR.15120 

2.7.3 'Run-down' method for determination of motor torque 

The motor torque was estimated using a 'run-down' method. Since the motor runs in a 

vacuum; the major decelerating torque on the rotor is due to friction in the mechanical 

bearings. As the flux density in the back-iron is very small and the open-circuit iron loss is 

low «0.1% at rated power) then the effect is neglected for this calculation. It has been shown 

that the deceleration of the rotor is a function of the bearing torque and the inertia torque 

[Tak91][Bor94][K.as94]. 

In [Tim91][paI59] it is shown that the friction torque of a bearing is proportional to speed 

to the power 0.66. However, with the unbalance present in the rotor, which creates additional 

radial loading on the bearings, and from their considerable experience, Urenco have found 

that a linear relationship between speed and bearing torque provides a good approximation for 

the motor torque. This also takes into account the slight windage loss on the rotor, which is 

present in the levels of vacuum obtained here. Therefore if the torque is assumed to vary 

linearly with speed then: 
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dw P. ( w ) 
Instantaneous torque T = I p'_ + -=[OS=-S -

dt (J) 

where Ploss (w) comprises of Pbearing(W) + Pdrag(w), which are effectively equal to Q. cd 

The constant Q is derived by running the motor up to the steady-state speed for a given DC 

link voltage, then disconnecting the supply and allowing the motor to run-down to standstill 

whilst recording the variation of (J) against time. From the initial slope of the resulting curve, 

the constant Q is estimated from: 

Once the function Q has been established, the torque can be measured over the whole 

operating range. 

The polar moment of inertia (Jp) for the rotor, endcap and bearing assembly was calculated 

by Urenco, to be 1.41xlO-3 kg m2 

Although from published bearing characteristics [Tim91] and from advice received from 

Urenco it was expected that the rundown curves would have a quadratic nature, since it was 

anticipated that the bearing torque would be speed dependent, it can be seen in Figure 2.29 

that the ~ term is negligible compared with the x term. It is expected that this dominant speed 

invariant friction could be due to a number of factors in the curve fit of the rundown curve 

including incorrect preload on the bearings, slight misalignment of the bearings, unbalance in 

the rotor, slipping of bearing in the housing etc. The increase in torque observed during the 

tests at different speeds could then be explained by the bearing and bearing lubricant warming 

up and thus affecting the torque. 
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Figure 2.29 • Motor run-down tests showing full curve and initial gradients 

2.7.4 Motor performance with steel (SKF 708CC) bearing 

Figure 2.30 shows the measured variation of the rotor speed with the de link voltage, 

whilst a comparison between the predicted and measured performance is shown in Figures 
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2.30 - 2.33. As can be seen, there is good correlation. However, it will be noted that a marked 

increase in the torque occurs above -10,000 rpm, due to the bearings effectively being used 

beyond their recommended operating speed, which leads to an increase in the measured motor 

current. Subsequent to these tests, the bearing performance deteriorated markedly, due to 

suspected damage of the ball race. 
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In Figure 2.34, it can be seen that the efficiency falls off dramatically as the motor speed 

exceeds lOkrpm, and a marked increase in the acoustic noise emanating from the spin-pot was 

noted as the motor approached 14krpm. It was thought that this was due to the bearings being 

damaged by use above their recommended speed compounded by a possible imbalance in the 

rotor, which was not balanced for high-speed operation, causing vibration and further damage 

to the bearings, thereby accounting for the increased acoustic noise. This is also observable as 

a marked and sudden increase in the motor torque at ~14krpm in Figure 2.33. 

2.7.5 Motor performance with ceramic (C38HDL C22 01-201) bearing 

This bearing has a speed capability up to the required rated speed of 120krpm. However, 

due to a resonance problem, which is briefly considered in section 2.7.7, the maximum speed 

was intentionally limited to 16krpm, on the recommendation of Urenco personnel who 

predicted that the first resonant frequency would occur at around 17kprm. 

From the test results shown in Figures 2.34 - 2.38, it can be seen that the bearing torque is 

reduced significantly, and, hence, the efficiency is much higher. The iron loss is negligible 

and the copper loss dominates. However, on approaching the resonant frequency the torque 

increases rapidly, and the efficiency drops off accordingly. It should be noted, however, that 

the input current, the input power and the torque are all relatively low, and susceptible to 

measurement error. Further, due to the sampling rate, there is a measurement error on the 
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motor speed of f2% @16krpm. There are also measurement errors in the DC link voltage and 

DC link current offD.IV & fI %, respectively. 
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2.7.6 Voltage and current waveforms 

The voltage and current waveforms were measured for a DC link voltage of 21 V and a 

speed of -6krpm, when the motor was equipped with the steel (SKF 708CC) bearing, and 

compared with predicted waveforms, Figures 2.39 & 2.40. It can be seen that good agreement 

is obtained, and that the phase current waveform are continuous. 
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Figure 2.40 - Predicted (red) and measured (blue) phase-neutral voltage waveforms 
(-6krpm, 21 V DC, 30° electrical commutation advance) 
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2.7.7 Natural frequency measurements ofMLC rotor 

The measurements, performed with the rotor mounted on the stator with the ceramic 

bearings, involved performing an impulse test with a modal hammer, an accelerometer and a 

dynamic signal analyser, the HP35660A. The accelerometer was attached to the rotor, and the 

rotor was struck from diametrically opposite with the modal hammer with sensor and impact 

being measured in 3 locations at the top, middle and bottom of the rotor. The resulting 

frequency spectrum was saved as a voltage, which was then converted in Excel to the same 

scale as the HP signal analyser, dBVrms, by multiplying the voltage by 20log(V/..J2), and then 

plotted as frequency against dBVrms. Typical frequency responses are shown in Figures 2.42 

- 2.44. The resonance at 120Hz (7,200rpm) was observed as a slight increase in acoustic 

noise emanating from the spin pot during the run-down test. The resonance at 280Hz 

(16,800rpm) is apparent only when the rotor is impacted at the bottom, the dominant 

resonance when the rotor is impacted at the middle or the top being 384Hz (£123,000rpm). 
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2.8 Research issues to be investigated further 

Since the research was being undertaken on behalf of a company, viz. Urenco (Capenhurst) 

Ltd, there were significant constraints on the motor design, in particular the motor topology, 

the bearing arrangement, the Imm effective magnet thickness and a subsequent reduction in 

the motor active length, from 60mm to 40mm, which had a very significant impact on the 

resultant motor performance. Despite this, the measured motor parameters agreed well with 

the predicted parameters for the limited speed range over which the motor could be tested, 

and there was a very high level of agreement between predicted and measured current 

waveforms. Most importantly, however, this initial work revealed several important research 

issues which needed to be addressed. e.g.: 

• Optimal design of high-speed, brush less DC motors for sensorless operation. 

As can be seen in the voltage and current waveforms of Figures 2.39 & 2.40, this initial 

prototype motor could never be operated using commercially available sensorless 

commutation schemes based on the detection of the zero-crossing of the back-emf waveforms. 

However, it was deemed desirable to employ a commercially available sensorless 

commutation IC, since this would result in numerous advantages induding: 

• A reduction in the component count, thus reducing the cost of the motor/drive system. 

• An improvement in reliability, since commutation sensors tend to be a weak link, and in a 

sealed motor failure of a sensor would involve an expensive motor replacement. A 

reduction in the number of connecting cables between the motor and drive would also 

simplify the system. 

• Easier manufacture, since as the number of pole-pairs is increased, discrete commutation 

sensors need to be located with increasing accuracy. Sensorless commutation eliminates 

this problem. 

• Smaller motor size, since position sensors can be relatively bulky. Their elimination 

reduces the required motor volume. 

The issue of high-speed brushless dc motor design for sensorless operation will be 

addressed in Chapter 3, in which a motor will be designed which is capable of operating from 

a sensorless IC based on the detection of the zero-crossing of its back-emf waveforms at 

120krpm, and a design synthesis strategy will be proposed. However, this motor will employ 

an internal rotor for ease of fabrication and to improve the mechanical integrity, and to 

overcome many of the problems, which were encountered during this initial design study. 
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• Iron loss and optimal ratio of rotor to stator diameter 

This motor had almost all of its leading dimensions pre-specified in advance by Urenco 

(Capenhurst) Ltd in order to comply with their particular application. However, it is clearly 

advantageous to establish an optimal motor design in order to maximise the specific torque 

capability and to minimise the losses. In the external rotor MLC motor the iron loss has been 

minimal due to the slotless nature of the machine. However, in practice most machines have 

stator teeth to help focus the flux and improve the specific torque capability. Whilst this gives 

significant advantages in terms of electromagnetic performance, however it may also create a 

significant iron loss. The iron loss and the optimal rotor to stator diameter ratio (or split ratio) 

are investigated in Chapter 4. 

• Rotor resonances 

The initial prototype motor was prevented from running at high-speed by a rotor 

resonance, which was investigated briefly in Section 2.7.7. Further it was appreciated that the 

external rotor motor topology with a bearing support at one end only is unusual, and that 

research into the natural frequencies of this type of rotor would be of limited value. However, 

little published work could be found covering the design of rotors to minimise the resonant 

modes that occur within the operating speed range of the motor. Chapter 5, therefore, 

investigates the influence of key design choices on the resonant modes of the rotor in an 

internal rotor permanent magnet brushless dc machine. The construction of the rotor is studied 

in detail, and a finite element model is used to predict the observed resonant modes, and then 

to investigate the influence of rotor design parameters. 
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Chapter 3 Electromagnetic design of high-speed, permanent 
magnet, brushless DC motor for sensorless operation 

3.1 Introduction 
In chapter 2, a 120krpm external rotor, slotless, brushless DC motor with a Halbach 

magnetised magnetically loaded composite rotor was designed and built. However, as 

discussed in chapter 2, it was not possible to attain rated speed due to potential mechanical 

resonances of the rotor at relatively low speeds, viz. 120Hz (7.2krpm) and 896Hz (53.8krpm), 

as shown Figure 3.1. This was essentially due to the rotor being supported only at one end, as 

specified by the Urenco (Capenhurst) Ltd. After many discussions with the company, it was 

deemed necessary to make some major design changes, including employing an internal rotor, 

which would be supported by bearings at both ends. With an internal rotor motor, the shaft is 

supported by bearings at both ends and the rotors have a much smaller diameter than for an 

external rotor topology. This leads to a rotor that is mechanically more robust and likely to 

have significantly higher natural frequencies, as will be shown in Chapter 5. By way of 

example, Figure 3.2 shows the measured natural frequencies of the lOOrnNm rated motor 

which will be discussed in this chapter. As can be seen, its natural frequencies are 

considerably higher than those for the MLC motor, the lowest natural frequency being 

1234Hz (74krpm) due to the frame and 2002Hz (120krpm) due to the rotor, as will be 

identified in Chapter 5. 
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Figure 3.1 - Natural frequencies of MLC motor rotor. 
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Figure 3.2 - Natural frequencies of internal rotor motor, which results in a low diode 
conduction angle, designated Al. 

In addition, the MLC motor, which was described in Chapter 2, had a very low magnet 

remanence, and consequently a low magnetic loading and a high electrical loading. This 

resulted in an almost continuous current waveform and a low back-emf, both of which make 

the motor unsuitable for sensorless operation using a simple scheme based on the detection of 

the zero crossing of the back-emf waveforms. 

The design considerations for a 2-pole diametrically magnetised interior rotor permanent 

magnet brushless dc motor to be operated from a sensorless drive at 120kprm are discussed in 

this chapter. A design methodology is presented that considers not only the primary 

consideration of a low diode conduction angle, but also a high efficiency. Two motors, which 

were designed to develop a torque of lOOmNm at 120krpm are then described, one which 

results in a low diode conduction angle and being capable of being operated from a s~nsorless 

drive based on detection of the back-emf waveform and one with a high diode conduction 

angle which, in theory, should not be capable of being operated from a sensorless drive. The 

relative merits of each motor design are discussed, prototypes are built and tested, and their 

performance is compared with predictions from dynamic simulations. A commercially 

available IC, the MLA425, is selected for use in the drive for the prototype motors. 

However, due to less torque being required to overcome the bearing friction than was 

previously anticipated, both the foregoing motors were capable of being operated by the 

sensorless drive at 120krpm. Thus, two smaller motors each capable of developing a torque of 

15mNm at 120krpm, which was the revised value of bearing torque for the previous motors, 
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were prototyped. Then only the motor with the low diode conduction angle could be operated 

at 120kprm using the sensorless drive, the other motor requiring discrete commutation 

sensors, which led to a less than ideal performance, as will be shown. 

At high rotational speeds, direct measurement of the torque is difficult due partly to 

coupling the motor shaft safely to the load. To date the only coupling found is the Rexnord 

Thomas Metal Disc Coupling model 965 size 25 obtainable from Lenze and is only suitable at 

speeds <80krpm with light loads and not for sustained use. Consequently, when torque data 

was required, the 'run-down' method, which has been used to measure the torque of magnetic 

bearings [Tak91][Bor94][Kas94], was employed. Although the method had been validated 

previously on the slotless motor with negligible iron loss in chapter 2, it was adapted to 

account for the presence of iron loss in the slotted motors which are under consideration. 

In total, 4 motors were built, and these were designated Al & BI and A2 & B2, their 

performance being summarised in Table 3.1. 

Table 3.1 - Summary of motor designs 

Designation Al BI A2 B2 
Torque (mNm) 100 100 15 15 

Diode conduction angle Low High Low High 
Sensorless operation Yes Yes* Yes No 

*Operated at reduced torque (15mNm), sensorless operation not possible at rated torque. 

3.2 Analysis of current waveform 
The sensorless commutation scheme, which will be considered in this chapter, is based on 

the detection of the zero-crossing of the back-emf waveforms. As will be shown later, the 

success of the technique depends highly on the nature of the phase current waveforms, which 

will be briefly discussed here. 

Figure 3.3 shows the 2-pole machine topology under consideration, whilst Figure 3.4 

shows typical phase winding current, voltage and back-emf waveforms [Zhu92]. 
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waveforms 

If the commutation timing on all three phases is correctly phased by 60oelectrical, the 

phase current waveform is symmetrical and consists of three 600 electrical intervals per half

cycle, each interval being sub-divided into two periods whose relative length is determined by 

the conduction time of the associated free-wheeling diodes. For example, during Period I 

when T( and Ts are on, free-wheeling diode D6 conducts in Period la (i .e. time interval ~d. 

All three phases then carry current, since there are two distinct current paths, the main one 

being from the supply through phase windings, A and B, via TJ and Ts, and the other being 

through one of these windings and phase winding C, via T 5 and D6. At the end of Period I a 

the current through D6 has reduced to zero, and diode D6 does not conduct during Period lb. 
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Because of the periodicity of the current waveforms and the symmetry of the switching 

events, 

(a) The Periods la, 2a, and 3a are identical, and similarly for Periods lb, 2b, and 3b; 

(b) The current waveform during Period 1 b is the same as that during Period 2b; 

(c) The value of the current during Period 2a is the sum of the currents which flow during 

Periods la and 3a. 

The diode conduction time, L\h is influenced by the winding resistance, the back-emf, the 

winding inductance, the load, and, in particular, by the ratio ro(L- M) I R , where (J) is the 

angular speed of rotation, and R, L and M are the winding resistance and self- and mutual

inductances per phase, respectively. 

3.3 Basic principles of back-ernf sensorless operation 

As mentioned in Chapter 1, the most common technique for the sensorless operation of 

brushless DC motors is based on the detection of the zero-crossing of the back-emf 

waveforms, in which a three-stage starting technique is generally employed, viz. 

(1) Initial rotor alignment - by exciting one or two phase windings so that the initial 

rotor position is known 

(2) Synchronous open-loop run-up - during which the phase windings are excited using 

the appropriate switching logic, until the back-emf is sufficiently high to enable the 

motor to be operated in step 3. 

(3) Sensorless closed-loop mode - when the zero-crossing of the back-emf waveforms 

of the three phases is detected during periods when they do not carry current. 

The principle of back-emf sensorless operation was illustrated in Figure 3.4, assuming 

ideal current and voltage waveforms. As can be seen, the appropriate switching devices are 

commutated 300 electrical after detection of the zero-crossing of the associated back-emf. In 

high-speed machines, however, the phase currents can flow more or less continuously due to 

the effect of the winding inductances and the finite conduction time of the free-wheeling 

diodes, thereby preventing the detection of the zero-crossing of the back-emf. 

3.4 Proposed design criteria 

From the above, sensorless commutation based on detection of the zero-crossing of the 

back-emf waveforms is only possible if the phase current waveforms are discontinuous, with 

no current flowing for a sufficiently long interval near the zero-crossing of the back-emf. This 
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demands an appropriately designed motor. Thus, a design methodology has been followed in 

which the efficiency and the conduction angle of the free-wheeling diodes are key operational 

considerations, and the flux density in the laminated stator core is an important design 

parameter. 

The design optimisation was undertaken using proprietary CAD software [How94], 

developed in the Electrical Machines and Drives Group at the University of Sheffield, which 

has been described briefly in chapter 2, with a more detailed description of the design 

software, including some of the design equations, being contained in Appendix C. 

3.5 Design for sensorless commutation 
As mentioned in the introductory chapter, in order to employ a simple sensorless 

commutation scheme based on the detection of the zero-crossing of the back-emf waveforms, 

the diode conduction angle needs to be <30°electrical. By way of example, Figure 3.5 shows 

the phase current and voltage waveforms from the two prototype motors Al & BI whose 

design is described later in section 3.5.2. Figure 3.5(a) shows waveforms for motor Al which 

results in a small diode conduction angle, and whose zero-crossing of its back-emfs can 

clearly be seen, whereas Figure 3.5(b) shows the waveforms for motor BI in which the diode 

conduction angle is significantly larger than 3 0° electrical and whose zero-crossing of the 

back-emfs is not discernable. It will also be noted that as the diode conduction angle increases 

the current waveforms tends towards a continuously on state, which results when the diode 

conduction angle reaches 600 electrical. 

Motor Al Motor BI 
'2.5.--~---------~-----. 

-1 B'-.:----~-:-:--;--::'--=----=--=-::-!. 
.0 / div Time / div Time 

1!50r-~---------~----" 

-1 .0 0.0001 0.001 div Time 0.001 

(a) Diode conduction angle - 17° (b) Diode conduction angle - 49° 
Figure 3.5 - Phase current and voltage waveforms 
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Once the diode conduction angle exceeds 30° electrical then none of the sensorless 

commutation methods described in chapter 1 can be used. However, all the back-emf based 

rotor position sensing schemes mentioned previously are relatively cheap to implement, and 

the MlA425 sensorless IC was employed for the prototype motors. Whilst some of the back

emf based detection schemes are unsuitable for operation over a wide speed range and for 

high-speed operation, there are some, namely integrated back-emf detection, which will 

function over a large speed range and at high-speed. 

3.5.1 Design considerations and constraints 

As mentioned earlier, when designing a high-speed permanent magnet brushless dc motor, 

there are a number of considerations that have to be taken into account, in terms of its 

electrical, magnetic and mechanical design. Further, the testing of prototype motors poses 

significant problems at high speeds. Consequently, the motors that were prototyped were 

tested using the 'run-down' method described previously in Chapter 2 and further in 

Appendix F. 

The motors were designed to operate at a fundamental mechanical frequency of 2kHz or 

120krpm. Two motors were originally prototyped to validate the design methodology, one 

which resulted in a low diode conduction angle that could be operated from a sensorless drive 

up to its rated speed, and one which resulted in a high diode conduction angle that, in theory, 

should not have been able to be operated from the sensorless drive. Both motors were 

designed to have the same space envelope and the same performance. The prototype motors 

were designed to have a rated torque of O.lNm, giving a rated power of 1.25kW at 120krpm. 

The motor design was also subject to the following constraints: 

• DC link voltage of 200V 

• Thermal dissipation factor of20W/m2 

• Lamination material 0.35mm silicon steel, Transil335, (Loss constants ke=lx1Q4, 

kh=1.55xl0-2
, a=2.45) 

• Rotor shaft to accommodate bearing inner diameter of 8mm 

• Packing factor 0.3 

• 2-pole parallel magnetisation 

• Magnet remanence 1.2 T (Sintered NdFeB magnets) 
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From these constraints, it will be obvious that there are some distinct differences from the 

motor that was designed in chapter 2. The DC link voltage was reduced from 570V to 200V 

to allow operation using a readily available power supply. Sintered NdFeB magnets were used 

as these had a high remanence, were relatively easy to cut to shape at the University of 

Sheffield using a wire eroding machine and were simple to magnetise using a solenoid 

impulse magnetising fixture. However, the magnet material is quite brittle. Consequently, for 

mechanical reasons, the minimum magnet thickness was set at 3mm. A minimum airgap 

length of 3mm was assumed to allow for containment of the rotor magnets. This allowed for 

2mm of carbon fibre containment, which as shown later in section 3.7, is more than sufficient 

to retain the rotor magnets. 

3.5.2 1 DDmN m motors 

The CAD software was again employed to design 120,OOOrpm motors equipped with 2-

pole parallel magnetised sintered NdFeB magnets on the rotor, and a 3-slot stator with non

overlapping coils. The motors were constrained to the same overall space envelope, viz. 

70mm diameter x 50mm axial length. Within this space envelope the motors were designed to 

meet the optimum efficiency requirements as well as to have a low diode conduction angle. 

The minimum rotor diameter for these motors was 20mm, due to the bearing shaft bore 

diameter and the requirements of the rotor laminations to carry the magnet flux. 

(a) Efficiency 

For a fixed motor volume, as mentioned previously, the airgap length, the rotor diameter 

and the stator flux density were all varied over prescribed ranges, and the result of this study 

is shown in Figure 3.6(a). The maximum efficiency locus is indicated on the graph by a solid 

line, and as can seen this occurs at an airgap length of 5mm. At this point it was noted that all 

the designs on the maximum efficiency locus had a rotor diameter of 20mm, the variation of 

the iron and copper loss along this contour also being shown in Figure 3.6(b). 

With the airgap length fixed at 5mm, the outer rotor diameter and the stator flux density 

were varied. As can be seen in Figure 3.7(a), the rotor diameter has a significant effect on the 

motor efficiency. Whilst it can be seen that a reduction of the rotor diameter below 20mm 

would improve the motor efficiency this is limited by mechanical constraints, as stated 

previously. Consequently, the rotor outer diameter was fixed at 20mm. Again, the solid line 

indicates the maximum efficiency locus and the copper and iron loss along this contour being 

shown in Figure 3.7(b). 
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Once both the optimal airgap length and the optimal rotor diameter were selected, the 

influence of the stator flux density on the efficiency was investigated. As seen in Figure 

3.8(a), the efficiency is relatively insensitive to changes in the stator flux density. However, as 

shown later, the stator flux density has a large effect on the diode conduction angle. The 

'jagged' nature of the copper loss in Figure 3.8(b) and the efficiency (dashed line) in Figure 

3.8(a) is again due to the winding being designed to have an integer number of turns, as 

discussed in Appendix G. If the number of turns is not constrained to be an integer value the 

efficiency locus has the shape indicated in Figure 3.8(a) by the solid line. It can also be seen, 

in Figure 3.8(b), that the iron loss remains relatively constant. 
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(b) Diode conduction angle 

Whilst the efficiency of the motor has been optimised, as shown previously, one of the 

motors was also designed to have a low diode conduction angle. Two motors, one with a low 

diode conduction angle, designated AI, and one with a high diode conduction angle, 

designated BI, were selected for prototyping. Motor Al has an active length of 34mm and a 

stator flux density of 0.42 T - which results in a diode conduction angle of -17°, whilst Motor 

B, has an active length of 15mm and a stator flux density of 0.91T - which results in a diode 

conduction angle of -500 elec. Figures 3.9(a) & (b) show the variation of the motor efficiency 

when the stator core flux density, and therefore the required active length, is varied, with the 

overall space envelope maintained constant, as specified earlier. As was seen previously in 

Figure 3.8, the efficiency is relatively insensitive to quite a wide variation of these parameters 

mentioned previously in this section. However, the associated self- and mutual-inductances of 

the motor windings vary significantly, Figure 3.9(c), and this has a profound influence on the 

diode conduction angle. In other words, whilst the motors have widely varying design 

parameters and exhibit more or less the same performance, the diode conduction angle can 

vary by a factor of 2 or more, Figure 3.9(d). 
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Figures 3.10 & 3.11 show the influence of the stator flux density, the rotor magnet 

diameter, and the motor aspect ratio on the diode conduction angle. It can be seen that the 

stator flux density and the motor aspect ratio both have a very significant effect on the diode 

conduction angle. Figure 3.12 shows the relationship between the stator flux density and the 

weight of the lamination and the copper winding. It can be seen that the level of the stator flux 

density can significantly change the ratio of these materials. 
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Cross-sections of both prototype motors, together with their phase back-emf, current, 

terminaf phase and line voltage waveforms at the rated speed of 120krpm and the rated torque 

of lOOrnNm, are shown in Figure 3.13, the main features being summarised in Table 3.2. The 

back-emf waveforms of both motors are essentially sinusoidal. Motor designs with a 

relatively low stator flux density and a high stator core length to diameter ratio generally use 

more iron and less copper, which results in fewer. turns per phase, and consequently Iow 

winding inductances and a Iow diode conduction angle. The motor with the lower stator iron 

flux density has a longer axial length and a lower number of turns. Inductance is proportional 

to the square of the number of turns per phase and the emf is proportional to the number of 

turns per phase, whilst both are proportional to the axial length. Therefore, the motor with the 

longer active length has a lower inductance. Therefore, although both motors exhibit a similar 

efficiency, only Motor Al appears to be suitable for sensorIess operation based on the 

detection of the zero-crossing of the back-emf waveforms and this can be seen in Figure 3.13 

where for motor Al the zero-crossing point is clearly visible. In contrast, for motor BI the 
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zero-crossing of the back-emf is not discernable due to current flowing in the free-wheeling 

diodes. 

Table 3.2 - Summary of differences between motors Al & BI 

Motor Al Motor BI 
DC link voltage, V 200 200 
DC link current, A 6.5 6.5 
Outer diameter, mm 70 70 
~xiallength, mm 50 50 
~irgap length, mm 5 5 
Rotor magnet outer diameter, mm 20 20 
NdFeB magnet thickness, mm 3 3 
flux density in stator iron, T 0.42 0.91 
Active axial length, mm 34 15 
Diode conduction angle, °elec. 16.8 49.6 
No of turns per phase 29 54 
Winding self-inductance, mH 0.254 0.467 
~opper weight, g 77.7 225 
~tator iron weight, g 713 186 
Overall weight, g 791 411 
fhase resistance, mQ 195 133 
~eak phase emf, V 101.5 82.4 
Magnet weight, g 40.5 17.9 
Copper loss, W 23 24 
ron loss, W 36 35 
~fficiency, % 95.5 95.5 
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3.5.3 15mNm motors 

As will be shown, in section 3.8, due to the bearing torque at 120krpm being significantly 

less than 100mNm both motors Al & BI were capable of being operated using the sensorless 

commutation strategy at high speed. Again, however, due to the high speed and for safety 

reasons it was not possible to couple a load to these motors to increase the torque. 

Consequently, two motors with a smaller torque rating of 15mNm were designed and built to 

validate the effect of the diode conduction angle on the suitability of the motors for sensorless 

operation. Due to the difficultly in obtaining small numbers of high-speed bearings, the only 

available bearings, without ordering 10,000+ pairs, had a 5mm bore diameter, which enabled 

a smaller overall rotor diameter to be employed than for the 100mNm motors, a lower limit of 

17mm now being available. As the motor power has reduced to -190W, from 1.25kW, the 

motor volume was reduced, the stator outer diameter being 50mm and the axial length being 

30mm. Although, further reductions would have been possible, the minimum rotor diameter 

limited the minimum motor size. 

The motors were designed using the same technique as for the 100mNm motors, but is not 

shown here in order to avoid repetition. The airgap length and rotor outer diameter were 4mm 

and 17mm, respectively. This time, varying the stator flux density, and therefore the required 

active length, had a much more significant effect on the motor efficiency, as can be seen in 

Figure 3.14(a) & (b). Again, it can be seen in Figure 3.l4(c) & (d) that the diode conduction 

angle is still very sensitive to the stator flux density. Figures 3.15 & 3.16 show the effect of 

the stator flux density, the rotor outer diameter and the motor aspect ratio on the diode 

conduction angle. Highlighted on these figures are motors A2 and B2 which were selected for 

prototyping, Motor A2 has an active length of 14mm and a stator flux density of 0.65T -

which results in a diode conduction angle of _9 0 elec., whilst motor B2 has an active length of 

just 3.6mm and a stator flux density of 1.25T - which results in a diode conduction angle of 

-420 elec. 
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Cross-sections of both motors, together with their phase back-emf, current, terminal phase 

and line voltage waveforms at the rated speed of 120krpm and rated torque, are shown in 

Figure 3.17, the main features being summarised in Table 3.3. 

Table 3.3 - Summary of differences between motors A2 & B2 

Motor A2 MotorB2 
DC link voltage, V 200 200 
DC link current, A 1.1 1.1 
Outer diameter, mm 50 50 
~xiallength, mm 30 30 
V\.irgap length, mm 4 4 
!Rotor magnet outer diameter, mm 17 17 
NdFeB magnet thickness, mm 3 3 
Flux density in stator iron, T 0.65 1.25 
Active axial length, mm 14 3.6 
Diode conduction angle, °elec. 8.6 42.1 
No of turns per phase 74 220 
lWinding self-inductance, mH 0.72 2.172 
~opper weight, g 18.4 59.5 
~tator iron weight, g 134 21.3 
Phase resistance, .Q 1.76 2.92 
Peak phase emf, V 108 82 
Magnet weight, g 14 3.5 
Copper loss, W 4.6 13 
ron loss, W 16.5 8.3 

Efficiency, % 89.9 89.8 
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3.6 Finite element analysis 

Prior to prototyping the lOOmNm motors (AI & BI) and the 15mNm motors (A2 & B2), 

finite element analyses were performed to validate their design and performance. 

3.6.1 Airgap field distributions 

The analytically predicted airgap fie ld distributions, [Zhu93a], were validated by 

performing finite element analyses . Since, the stator bore diameter, rotor diameter and slot 

openings are identical for both lOOmNm motors, only one lOOmNm motor was analysed to 

validate the airgap field, and similarly for the 15mNm motors. The airgap field distribution, 

both accounting for and neglecting the effect of stator slots, is shown in Figures 3.18 & 3.19. 

As can be seen there is a very good correlation between the analytical and finite element 

predicted results. It will be recalled that the influence of stator slotting is accounted for in the 

CAD software by using an airgap permeance coefficient [Zhu93c]. Predicted flux plots for the 

motors are shown in the back-emf calculations described in section 3.6.2. 

0.45 

--Analytical 
0.35 o Finite element neglecting slotting 

0.25 
- + -Finite element accounting for slotting 

0.15 -I--m 0.05 

Co 
ca 
~ -0 .05 30 60 150 180 210 300 330 3 ,0 

< 
-0.15 

-0.25 

-0.35 

-0.45 

Angle (deg) 

Figure 3.18 - Comparison between finite element and analytically predicted radial 
airgap flux density distributions for 100mNm motors 
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Figure 3.19 - Comparison between finite element and analytically predicted radial 
airgap flux density distributions for 15mNm motors 

3.6.2 Back-emf waveforms 

The back-emf waveforms for the 100mNm motors Al & B t , calculated analytically using 

the method described in Appendix C, are compared with finite element predicted waveforms 

in Figures 3.20 & 3.21. Again, good agreement is obtained. Figures 3.22 & 3.23 show finite 

element flux plots at the instant of maximum tooth flux density and maximum stator yoke 

flux density, respectively. There was a similar level of agreement between the finite element 

and the analytically predicted emf waveforms for the 15mNm motor with the low diode 

conduction angle, viz. motor A2, as can be seen in Figures 3.24 & 3.25. Figures 3.26 & 3.27 

show finite element predicted flux plots at the instant of maximum tooth flux density and 

maximum stator yoke flux density for motor A2. 
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Figure 3.20 • Comparison between finite element and analytically predicted emf 
waveforms for 100mNm motor with low diode conduction angle (AI) 

100 

80 

60 

40 

- 20 
> -Gl 
Cl 0 co .... 
'0 
> -20 

-40 

-60 

-80 

-100 

30 60 90 120 150 

Angle (deg) 

o Finite Element 
-CAD 

240 270 300 330 o 

Figure 3.21'· Comparison between finite element and analytically predicted emf 
waveforms for 100mNm motor with high diode conduction angle (B I ) 

94 



(a) magneti sation aligned with tooth (b) magneti sation offset 30° eJec. from tooth 
Figure 3.22 - Flux plots for lOOmNm motor with low diode conduction angle (A}) 

(a) magnetisation aligned with tooth (b) magnetisation offset 30° e1ec. from tooth 
Figure 3.23 - Flux plots for lOOmNm motor with high diode conduction angle (B}) 
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Figure 3.24 - Comparison between finite element and analytically predicted emf 
waveforms for lSmNm motor with low diode conduction angle (A2) 
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Figure 3.25 - Comparison between finite element and analytically predicted emf 
waveforms for 15mNm motor with high diode conduction angle (B2) 

(a) magnetisation aligned with tooth (b) magnetisation offset 30° elec. from tooth 
Figure 3.26 - Flux plots for 15mNm motor with low diode conduction angle (A2) 

(a) magnetisation aligned with tooth (b) magnetisation offset 30° elec. from tooth 
Figure 3.27 - Flux plots for 15mNm motor with high diode conduction angle (B2) 
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3.6.3 Winding inductances 

The self- and mutual inductances were calculated from the stored magnetic energy when a 

specified current was applied to the appropriate windings. From the stored magnetic energy, 

which was determined per metre of active length, the inductances were calculated as follows: 

(a) Self-inductance (L) 

When one phase is energised with a specified current, I, the stored energy is: 

(3.1) 

(3.2) 

where Ell is the stored energy for an active length, I, and I = lA , where 1 is the current 
Np 

density, A is the winding area ( with due account of the packing factor) and Np is the number 

of series turns per phase. 

(b) Mutual inductance (M) 

In order to calculate the mutual inductance, two phases are energised, with current of the 

same polarity and M is determined from: 

(3.3) 

where Ell is the stored energy. 

Table 3.4 - Inductance calculations from finite element analysis 

. Motor Al Motor BI Motor A2 Motor B2 
Current density, 1 (Nml') 3x106 1.6x106 5x106 3x106 

Winding area, A (m2
) 0.598xlO-4 0.223xlO-3 0.2116xlO-4 p.886162xlO-" 

Number of turns, NTJ 29 54 74 220 
Phase current, I (A) 6.191 6.604 1.43 1.2 

Stored energy, Ell (1) 3.51xlO-3 6.563xlO-3 6.952xlO-4 1.126xlO-3 

Self inductance, L (mH) 0.183 0.301 0.68 1.542 
Stored energy, El/L (J) 4.17xlO-3 7.766xlO-3 8.846xlO-4 1.366xlO-3 

Mutual inductance, L (mH) -0.074 -0.122 -0.247 -0.594 
Both inductance calculations neglect the end-winding component of inductance. However, 

since this is calculated separately in the CAD software it is possible to compare the analytical 

and finite element inductance calculations neglecting the wind-windings. The data for the 

finite element calculations is shown below in Table 3.4, where the current density was chosen 

such that I is close to the rated current of each motor. Table 3.5 compares the finite element 

and analytically predicted inductances for all four motors neglecting the end-windings, and as 
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can be seen there is good agreement. Figure 3.28 shows the flux plots associated with the 

inductance calculations. 

Self inductance Mutual inductance 

Ca) Motor Al with low diode conduction angle 

Cb) Motor BI with high diode conduction angle 

Cc) Motor A2 with low diode conduction angle 

Cd) Motor B2 with high diode conduction angle 
Figure 3.28 - Flux plots associated with inductance calculations 
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Table 3.5 - Comparison of analytical and finite element predicted inductances 
neglecting end-windings 

Motor Al MotorBI Motor A2 MotorB2 

Self-inductance 
Analytical (mH) 0.178 0.284 0.671 1.45 

Finite element (mH) 0.183 0.301 0.68 1.54 

Mutual inductance 
Analytical (mH) -0.068 -0.111 -0.224 -0.55 

Finite element (mH) -0.074 -0.122 -0.247 -0.60 

3.6.4 No-load stator iron loss 

A finite element post-processor based on the equations which were cited in Appendix C 

was used to calculate the iron loss for all four prototype motors, the results of the analysis 

being summarised in Table 3.6. Where the flux is rotational, as mentioned in Appendix C, the 

iron loss is computed from the radial and tangential flux density components and then 

summed to give the total loss density in that part of the finite element mesh. Whilst this does 

not always accurately reflect the situation it is adequate for most applications [Ata93]. After 

designing the two 100mNm motors, the CAD software was refined slightly to more accurately 

size the motor to achieve specified flux densities. This refinement resulted in a more accurate 

prediction of the no-load iron loss, as can be seen in Table 3.6. 

Table 3.6 - Comparison of iron loss deduced from finite element analysis and CAD 
program 

Iron loss (W) 
Motor Al MotorBI Motor A2 MotorB2 

Finite Element 34.1 38.7 16.0 8.5 
CAD 36.6 35.0 16.5 8.3 

Rotational 

Alternating 

( a) Motor Al with low diode conduction (b) Motor B I with high diode conduction 
angle angle 

Figure 3.29 - Alternating and rotational flux density distributions for lOOmNm motors 
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Figures 3.29 & 3.30 show the resultant flux density distributions, the yellow areas 

representing a rotational flux whilst the blue areas represent an alternating flux, with typical 

flux density loci being shown in Figures 3.31 & 3.32 for the areas marked on Figure 3.29(a) 

with an 'x'. As mentioned, in Appendix C, when calculating the iron loss the analytical 

program assumes that the rotational fluxes exist only in the two regions at the top and bottom 

of the stator teeth. In the case of motors BI & B2 with the high diode conduction angle it can 

be seen that this essentially is the case. However, for motors Al & A2 with the low diode 

conduction angle it can be seen that most of the tooth body has a rotational flux due to the 

relatively short tooth body length. 

Rotational 

Alternating 
(a) Motor A2 with low diode (b) Motor B2 with high diode 

conduction angle conduction angle 
Figure 3.30 - Alternating and rotational flux density distributions for 15mN m motors 

0.' ,----------------, 

0.2 

0.1 

E 
! 0 r-~~-~--~~---~-~ E 

.r-~---~--_r----~-~_r~ 

.Ill 

-0.1 

-0.2 

-O~ L---------------~ arm 
Angle (dog) 

(a) Br & Be vs. angle (b) Locii (Br vs. Be) 
Figure 3.31 - Rotational flux density waveform on tooth body of motor At 
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3.7 Manufacture of prototype motors 

3.7.1 Rotors 
All four rotors were manufactured using the same method, detailed information on the 

construction being given in Chapter 5, in which the resonant modes are investigated. Each 

rotor consisted of a non-magnetic stainless steel shaft, and Transil 335 laminations for the 

rotor back-iron, the laminations being held in place by an end-cheek that was pinned through 

the shaft, Figure 3.33 . The magnet arcs were spark eroded from a block ofUGIMAX34Bl , 

sintered NdFeB magnet material, and impulse magnetised using a solenoid magnetising 

fixture before being bonded onto the shaft. Two millimetres of carbon fibre were then used to 

retain the magnets on the rotor and prevent exfoliation at high speed. Using the standard 

equations for hoop stress as used in [Har59], yields a total hoop stress of 16.4MPa for the 

100rnNm motors. Table 3.7 shows that the carbon fibre containment is more than adequate to 

retain the magnets. Figures 3.34 & 3.35 show the completed rotors for all four prototype 

motors. 

Table 3.7 - Physical properties of materials (@ 20°C) 

Young's Density Ultimate Tensile 
modulus CGPa) (kgm-3') Strength (MPa) 

Mild Steel (BS 070M20)[New90] 200 7800 600 
Magnet (NdFeB) [GmbOO] 150 7600 -
Carbon Composite [Bam99] 162 1661 2138 
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Figure 3.33 - Schematic and photograph of prototype rotor At 

(a) Rotor Al (b) RotorB I 

Figure 3.34 - Completed rotors for 1 OOmN m motor 

(a) Rotor Al (b) RotorB I 

Figure 3.35 - Completed rotors for 15mN m motors 

3.7.2 Stators 
The stator laminations were spark eroded from Transit 335, Figures 3.36 & 3.38, and then 

welded at three points around the outside circumference. The lamination stacks were then 

bonded into the motor frames and wound. In order to protect the windings from the sharp 
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edges of the laminations, fibreglass end-cheeks were used on each end of the stator prior to 

winding, Figures 3.37 & 3.39. 

14---- 70 mm -----.1 
(a) Stator Al (b) Stator BI 

Figure 3.36 - Laminations for lOOmNm motors 

Figure 3.37 - Completed stators for lOOmNm motors 

14---- 50 mm • 

(a) Stator A2 (b) Stator B2 
Figure 3.38 - Laminations for 15mN m motors 
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Figure 3.39 - Completed stators for 15mN m motors 

3.8 Experimental validation 

3.8.1 Winding resistance 

The winding resistance was measured at room temperature (20°C), whilst the winding 

resistance as calculated by the analytical software is at the predicted operating temperature of 

the motor. Thus, the measured resistance was extrapolated to this temperature from: 

R' = R(1 + [RaLlT]) (3.4) 

where :Ra= temperature coefficient of resistance for copper (3 .9x lO-3
) 

Ll T= temperature rise COC) 

Table 3.8 compares the predicted and measured winding resistances for all the prototype 

motors. It can be seen that the measured resistances are somewhat lower than the values 

predicted by the CAD program. However, as seen from the photographs in section 3.7.2, the 

packing factor differs significantly from the 0.3 which was assumed in the CAD program. 
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Table 3.8 • Comparison of predicted and measured phase winding resistances 

Phase resistance (n) 
Phase CAD Measured Predicted 

@ 152°C @20oe @ 152°C 
Red 0.195 0.113 0.171 

Yellow 0.195 0.119 0.180 
Blue 0.195 0.122 0.185 

(a) 100mNm motor Al 
Phase resistance (n) 

Phase CAD Measured Predicted 
@ 113°C @20oe @ 113°C 

Red 1.76 1.126 1.53 
Yellow 1.76 1.136 1.55 
Blue 1.76 1.127 1.54 

(c) 15mNm motor A2 

3.8.2 Winding inductances 

(a) 100mNm motors (At & Bt) 

Phase resistance (n) 
Phase CAD Measured Predicted 

@ 154°C @20°C @ 154°C 
Red 0.133 0.081 0.122 

Yellow 0.133 0.079 0.120 
Blue 0.133 0.081 0.122 

(b) 100mNm motor BI 
Phase resistance (n) 

Phase CAD Measured Predicted 
@114 °e @20oe @114 °C 

Red 2.92 1.81 2.47 
Yellow 2.92 1.84 2.51 

Blue 2.92 1.83 2.49 
(d) 15mNm motor B2 

Tables 3.9 & 3.10 show the measured winding inductances, using the inductance bridge at 

1kHz, for the two 100mNm motors, whilst Tables 3.11 & 3.12 compare the average measured 

and predicted inductances. It will be seen that the measured inductances are slightly larger 

than the predicted values. This is because the motors are comparatively small, and relatively 

small differences in the disposition of the coils and end-windings can have a comparatively 

large effect. 

Table 3.9 - Measured inductances for motor At with low diode conduction angle 

Phase 
Self-inductance Mutual 

(mH) inductance (mH) 
Red 0.2238 

Yellow 0.2115 -0.1348 
Blue 0.2148 

Table 3.10 • Measured inductances for motor B t with high diode conduction angle 

Phase 
Self-inductance Mutual 

(mH) inductance (mH) 
Red 0.4281 

Yellow 0.4298 -0.203 
Blue 0.4472 
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Table 3.11 - Comparison of predicted and measured inductances for motor with low 
diode conduction angle (Motor AI) 

Self-inductance (rnH) Mutual inductance (rnH) 
Finite 

CAD Measured 
Finite 

CAD Measured element element 
Active length inductance (rnH) 0.183 0.178 - -0.074 -0.068 -
End-winding inductance (rnH) - 0.008 - - 0 -

Total inductance (mH) 0.183 0.186 0.2167 -0.074 -0.068 -0.1348 

Table 3.12 - Comparison of predicted and measured inductances for motor with high 
diode conduction angle (Motor BI ) 

Self-inductance Mutual inductance 
Finite 

CAD Measured 
Finite 

CAD Measured element element 
Active length inductance (rnH) 0.301 0.284 -0.122 -0.111 
End-winding inductance (rnH) - 0.055 - 0 

Total inductance (mH) 0.301 0.339 0.435 -0.122 -0.111 -0.203 

(b) 15mNm motors (A2 & B2) 

Tables 3.13 & 3.14 show the measured inductance values, whilst Tables 3.15 & 3.16 

compare the measured inductances with the predicted values. For motor A2 with the low diode 

conduction angle it can be seen that the level of agreement is similar to that for the 100mNm 

motors. However, a relatively large discrepancy can be observed for motor B2 with "the high 

diode conduction angle. This probably arises for 2 reasons. Firstly, in order to ensure that the 

rotor was aligned axially with the stator the stator core was extended slightly. Secondly, 

because. of the very small active length (3.6mm) compared with the comparatively thick 

laminations (0.35mm) the addition of a single lamination represents a relatively large change 

in the active length, and this is difficult to accurately control since although the lamination 

stack was welded around the periphery, the laminations had a tendency to spring open when 

they were released from the clamping fixture. Although this was minimised to some extent 

since the windings subsequently exerted axial pressure on the laminations. Nevertheless, the 

overall axial length was still difficult to control accurately. 

Table 3.13 - Measured inductances for motor A2 with low diode conduction angle 

Phase 
Self-inductance Mutual inductance 

(mH) (mH) 
Red 0.89 

Yellow 0.88 -0.54 
Blue 0.90 
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Table 3.14 - Measured inductances for motor B2 with high diode conduction angle 

Phase 
Self-inductance Mutual inductance 

(mH) (mH) 
Red 3.33 

Yellow 3.35 -1.5 
Blue 3.37 

Table 3.15 - Comparison of predicted and measured inductances for motor with low 
diode conduction angle (Motor A2) 

Self-inductance (mH) Mutual inductance (mH) 
Finite 

CAD Measured 
Finite 

CAD Measured element element 
Active length inductance (mH) 0.68 0.671 - -0.247 -0.224 -
End-winding inductance (mH) - 0.049 - - 0 -

Total inductance (mH) 0.68 0.720 0.88 -0.247 -0.224 -0.54 

Table 3.16 - Comparison of predicted and measured inductances for motor with high 
diode conduction angle (Motor B2) 

Self-inductance (mH) Mutual inductance (mH) 
Finite 

CAD Measured 
Finite 

CAD Measured element element 
Active length inductance (mH) 1.542 1.448 - -0.594 -0.552 -
End-winding inductance (mH) - 0.724 - - 0 -

Total inductance (mH) 1.542 2.172 3.35 -0.594 -0.552 -1.53 

3.8.3 Back-emfwaveforms 

(a) 100 mNm motors (AI & Bt) 

Figures 3.40 & 3.41 compare the predicted and measured back-emf waveform for each of 

the 100rnNm motors. As can be seen, there is a good agreement. The noise evident on Figure 

3.41 is due to the digitisation on the 8-bit scope used to record the waveform. 
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Figure 3.40 - Comparison of predicted and measured back-emf waveforms for motor Al 
with low diode conduction angle at -llOkrpm 
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Figure 3.41 - Comparison of predicted and measured back-emf waveforms for motor BI 
with high diode conduction angle at -68krpm 

(b) 15mNm motors (A2 & B2) 

Figures 3.42 & 3.43 compare the predicted and measured back-emf waveforms for each of 

the 15mNm motors. 
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3.8.4 Experimental method for performance measurement 

The experimental method employed is essentially identical to that which was employed in 

chapter 2. A specified DC link voltage was applied to the drive, and the motor was allowed to 

accelerate up to a steady-state speed. The DC link voltage, motor current, input power and 

speed were all captured by the data logging system described in Appendix D. Once steady

state had been achieved, the drive was disconnected and the motor was allowed to decelerate, 

whilst the speed against time curve was captured as accurately as the data logging would 

permit. Then, using the method which was first described in Chapter 2 and modified slightly 

in Appendix F, it was possible to calculate the torque. It should be noted that these tests were 

not conducted in a vacuum in order to allow the heat generated in the windings to be more 

easily dissipated. It is appreciated that this will increase the windage loss. However, as the 

rotors are relatively small with a smooth surface, it was anticipated that the windage loss 

would be minimal. 

3.8.5 lOOmNm motor (AI & BI) phase current waveforms 

When the two 100mNm motors were tested it was found that both were capable of being 

operated from the sensorless IC based drive at 120krpm. Investigations, described in 

Appendix F, confirmed that this was due to the torque measured by the 'run-down' test being 

significantly less than the rated torque. However a comparison of the motor phase currents 

shown in Figure 3.44 enables some significant observations to be made, viz., that the 

inductance of motor BI is significantly higher than that of motor Al. Consequently, the 

current waveform is significantly smoothed out during the on-period of the phase current, viz. 

periods hand 2a & 2b in Figure 3.4. Secondly, since the torque and the diode conduction 

angle are both low the current rise and decay times are comparable for both motors. 

110 



~ -c 
! .. 
:::J 
0 
GI 
11) 
Cl 
~ 
Q. 

1 . 5 ~-----------------rr------------------------------------. 

- MotorA1 
- MotorB1 

0.5 

0 
0.00005 0.0001 0.00015 0.0002 0.0 25 0.0003 0.00035 0.0004 

-0.5 

-1 

_1 .5 .1---------------------'---------....1 

Time (5) 

Figure 3.44 - Comparison of phase current waveforms at -119krpm 

2 ~--------~----------------------------------__, 

_C( ... 
c 
I!! 

1.5 

0.5 

~ O +-----~--~·~'·-~~r·---·~~·~--.-----~~~~r_----._~~~-~·-~' 

~ 0.0001 0.0002 : 0.0003 
11) 

]! -0.5 
0.. 

-1 

-1.5 

0.0005 0.0006 

.. .. . Measured 

- Simulated neg. iron loss 
- Simulated inc. iron loss 

O. 07 

_2 .L-------------------------------------________ -....I 

TIme (s) 

Figure 3.45 - Comparison of measured and predicted current waveforms for 100mNm 
motor (At) with low diode conduction angle at -126krpm and 190Vdc 

Figure 3.45 compares measured and simulated phase current waveforms, for motor A l , 

with the motor speed and output torque being input parameters to the simulation together with 

the measured motor parameters. Simulations were undertaken both with and without the iron

loss torque being included. As can be seen, the predicted current waveform when the iron loss 

is accounted for compares favourably with the measured current waveform, and, despite being 
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slightly lower, the diode conduction angle is similar to that which was measured. However, 

since both the torque and rotor inertia are relatively small, it was difficult to obtain an 

accurate value for the torque using the 'run-down' test. 

3.8.6 15mNm motor (A2 & B2) phase current waveforms 

These motors were tested at around the rated speed to highlight the difference in the diode 

conduction angle between the two motors. Figure 3.46 shows the current and voltage 

waveforms for motor A2, which was designed specifically for high-speed sensorless operation 

whilst Figure 3.47 shows the corresponding waveforms, which were obtained for motor B2, 

using a sensored drive as it was anticipated to be unsuitable for operation from the sensorless 

drive due to its high diode conduction angle. It can be seen that there is no clear zero crossing 

of the back-emf waveform for this motor and, therefore, it could not have been operated from 

the sensorless drive. In Figure 3.47, it can be seen that there is a slight phase shift between the 

phase current and voltage waveforms. However, this is due to being unable to capture the 

waveforms simultaneously on a digital oscilloscope. The scope captures channels in groups of 

2 using the same trigger signal to start both captures, and works when the system is in a 

steady-state as in Figure 3.46. However, in Figure 3.47, the motor speed was fluctuating 

slightly. Hence, the exact waveforms could not be captured. 
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Figure 3.46 - Phase current and phase voltage (to neutral) waveforms for motor A2 (Low 
diode conduction angle) at -132krpm using a sensorless drive 
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3.9 Summary 

The benefits of a sensorless commutation strategy compared with employing discrete Hall 

or optical sensors for commutation have been discussed. However, the use of a commutation 

strategy based on the detection of the zero-crossing of the back-emf waveforms requires 

careful consideration of the motor design, particularly if the motor is to be operated at high 

speed. It has been demonstrated that the diode conduction is highly dependent on the stator 

flux density and to a lesser extent the rotor diameter. In general, a lower stator flux density 

leads to a lower diode conduction angle. However, this tends to be contrary to Iow-speed 

motor design where the flux density in the iron is usually high so as to achieve good 

utilisation of the lamination material and a large slot area, which leads to a lower copper loss. 

The effect of the iron loss on the motor design is discussed in Chapter 4. 

Two prototype motors each capable of developing lOOmNm at 120krpm have been 

designed to the same space envelope in order to show the importance of the motor design 

parameters. However, due to a smaller than anticipated bearing friction torque the actual load 

torque was considerably less than the expected lOOmNm (as seen in Appendix F). 

Consequently, the diode conduction angle was less than expected. Therefore, two further 

prototype motors each capable of developing 15mNm at 120krpm were also designed and 

tested. It was shown that whilst the motor with the Iow diode conduction angle was capable of 

being operated from a sensorless drive at speeds in excess of 120krpm, the motor with the 
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high diode conduction angle could not be operated from a sensorless drive, and discrete 

commutation sensors were required. 

However, it is recognised that this additional design criteria may result in non-optimal 

machine designs in terms of other performance factors. The extent to which this additional 

criteria impacts on the designs are very specific to the particular design specification. In the 

particular case studied in this chapter, the performance specification could be met whilst 

maintaining a low conduction angle. However, this will not be the case for all designs, 

particularly for machines with a very high power density, where the scope to trade-off axial 

length and number of series turns is more limited. 

Clearly, a key consideration for emf-based sensorless operation is the diode conduction 

angle, and it was shown that this is highly dependent on the motor design and the load torque. 
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Chapter 4 Optimal split ratio 

4.1 Introduction 
The ratio of the rotor outer diameter to the stator outer diameter, i.e. the split ratio, is one 

of the most important design parameters for permanent magnet machines, as it affects the 

efficiency and the maximum torque which can be achieved within a given volume envelope. 

Clearly, it is desirable to establish factors, which influence the optimal split ratio, and ihis will 

aid the initial choice of other dimensions. Even with the advent of fast computers and user

friendly finite element packages, which are capable of analysing a large number of motor 

designs in a short period of time, it is still necessary to initiate the design process by utilising 

appropriate analytical techniques. 

[Hes87] investigated the optimum split ratio in a permanent magnet brushless DC motor 

whilst accounting for the copper loss and the influence of the winding design. Subsequent 

work [Cha93] yielded a simple expression for the optimum split ratio whilst again accounting 

for the copper loss in a distributed (overlapping) winding brushless motor topology, shown 

schematically in Figure 4.1a, but neglected the end-windings and the stator iron loss. It also 

assumed, for the slot area calculation, that the stator teeth had parallel sides, as illustrated in 

Figure 4.2(a), which also specifies the design parameters that were used in the derivation. 

However, most motors tend to have a stator geometry similar to that shown in Figure· 4.2(b), 

in which tooth tips help focus the airgap flux. The work was subsequently extended [ChaOO] 

to encompass the overall cost of a motor and the influence of the optimal split ratio assuming 

that the cost of the permanent magnets predominates. However, all the foregoing methods are 

appropriate only for brushless permanent magnet motors with distributed windings. 

Consequently, the expression for the optimal split ratio was extended in [Zhu97] for motors 

with a 2-pole diametrically magnetised rotor and a concentrated (non-overlapping) winding. 

The optimal split ratio as derived in previous work is appropriate only when the speed and/or 

pole number are low, since as these are increased the iron loss becomes significant, and will 

change the optimal split ratio. 

A C B A C B 

~ ____ N ____ ~ ____ s ____ ~1 ~I _____ N ____ ~ _____ S ____ ~ 
(a) Overlapping (b) Non-overlapping 

Figure 4.1 - Stator winding configurations 
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(a) Geometry assumed by [Cha93] (b) Usual geometry 
Figure 4.2 - Stator lamination geometries 

In this chapter, the method for determining the optimal split ratio which was presented in 

[Cha93] will be extended to cater for machines with concentrated (non-overlapping) 

windings, shown schematically in Figure 4.1 (b). In addition, rather than optimise the split 

ratio for maximum torque per volume, it will be optimised for minimum copper loss, and it 

will be shown that it results in the same optimal split ratio as that derived in [Cha93]. This 

will then be compared with the minimum copper loss motor design which was deduced by the 

CAD program described in detail in Chapter 3, which is capable of comprehensive design, 

analysis and synthesis, taking account of factors such as the presence of tooth tips, the end

windings, the winding inductances, the magnetisation distribution i.e. Halbach, radial or 

parallel, the airgap length, as well as magnetic circuit saturation. The model is then further 

developed to incorporate the influence of iron loss on the optimal split ratio, with the aid of 

CAD package. The influence of leading design! performance parameters, such as the motor 

torque, stator flux density, active length, airgap length, speed and pole number is then 

investigated. 

4.2 Simplified analytical technique for derivation of the optimal split ratio 

Previous work [Cha93] yielded a simple expression for the optimal split ratio accounting 

only for the copper loss. Whilst this method has been extremely useful, the derivation only 

accounts for motors with the distributed overlapping windings. In this section the method is 

extended to cater for non-overlapping windings. Figure 4.3 shows the idealised flux paths for 

motors having overlapping and non-overlapping windings. As will be seen, for overlapping 

windings, the peak flux in the stator back-iron occurs when a magnet pole is aligned with the 

teeth as shown and is half of the total flux per pole. For non-overlapping windings, the flux 

divides evenly in the stator back-iron when a magnet pole is aligned with a stator tooth. 
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However, the peak flux occurs when a magnet pole is displaced by 30° electrical from a tooth, 

as shown in Figure 4.3(c), and 2/3 of the tooth flux passes circumferentially in one direction 

to an adjacent pole. However, this assumes that the permeability of the iron is not infinite, 

interpole flux leakage is negligible and a radial magnetisation distribution although similar 

principles apply to other magnetisation distributions. 

1 pole-pitch 

(a) Overlapping winding 

....... 1---1 pole-pitch ----.~ 

(b) Non-overlapping winding with pole aligned with tooth T2 

....... f----l pole-pitch ----~. 

(c) Non-overlapping winding with pole offset by 30° electrical from tooth T2 

Figure 4.3 - Idealised flux paths for overlapping and non-overlapping windings 
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4.2.1 Distributed (overlapping) winding 

The standard torque equation for permanent magnet DC motors is: 

where 

1 2 
T = 21lDr l a Bg Q 

JAskpQsKw 
Q=-~--

llDr 

P=I2R=(JAk )2 p Q.la =J 2Ak pQl s p Ak s p sa 
s p 

(4.1) 

(4.2) 

(4.3) 

Assuming all the generated heat is dissipated evenly from the outer surface of a motor, 

then the temperature for a given power dissipation and a constant copper loss can be shown to 

be approximately equal to: 

p::::: hJtD)a (4.4) 

Equations 4.3 and 4.4, again assuming a given loss, can be combined to give the current 

density J: 

J = hi7lDo 

AskppQs 

where: hi = heat transfer coefficient 

kp = slot packing factor 

la = active length 

Qs = number of slots 

Dr = rotor outer diameter 

Do = motor outside diameter 

Bg = average airgap flux density 

Kw = winding coefficient 

As = slot area 

p= resistivity of copper 1.7xlO-8.Qm-1 at 20° C 

(4.5) 

Neglecting the tooth tips and assuming a constant flux density throughout the stator core 

and assuming that the teeth capture all the flux available from the rotor magnets, then the slot 

area (As) available for the winding is given by: 

A = _1 {1l (Do -2dbY -1[ D; }-w {Do -Dr -d } (4.6) 
s Q

s 
4 4 t 2 b 

B7lD 
where w

t 
::::: -g __ r (4.7) 

Bm Qs 
If the airgap flux density is Bg, then the flux per pole at the stator surface is: 
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(4.8) 

It can be shown that for motors in which Qs=6 times the number of pole-pairs, i.e. having 

overlapping windings, then the stator back-iron carries a maximum flux of'h the total flux per 

pole. 

:. B == tI>;{ 
m dbla 

reD B then d == __ s -g 
'b 4 B P m 

(4.8) 

(4.10) 

Assuming that the airgap is sufficiently small that Ds z Dr, and substituting 4.10 & 4.7 into 

4.6 gives: 

A =_1 [1!(D _!!.L lrDrJ2 _1!D;]_!!.L7lDr (Do _ Dr _!!.L 1!DrJ (4.11) 
S Qs 4 0 Bm 2p 4 Bm Qs 2 2 Bm 4p 

which can be rearranged to give: 

A, =; ~: {l-[ (::)(~ +1)](~}[(:J ~(~ +2)+z(::)-1](~:)}4.12) 
Substituting 4.2 & 4.5 into 4.1 gives: 

T =~B I t7ZQ,k p D IDA 
3 gap r " LJ 0 l"1.s (4.13) 

Using equation 4.13, a series of graphs can be drawn to show how the maximum torque 

varies as a function of the split ratio, as can be seen in Figure 4.4 & [Cha93] for a motor 

having an outer diameter of 100mm and an active length of 100mm, the thermal coefficient hi 

being 10 W/m2
• As shown, there is an optimum torque for a specified stator flux density (Bm) 

and pole number, although the actual torque will depend on the motor size and the value of 

the thermal dissipation coefficient. From this figure it can be seen that the optimum torque is 

related to both the split ratio (D/Do) and the pole number. 
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Figure 4.4 - Output torque against split ratio (Bm=1.6T, Bg=1.0T) 

The active volume of a motor is: 

V =, ~. )' I •• and the torque per volume is given as: 

If the outer diameter is fixed, then differentiating with re~pect to (D Iv 0) gives: 

d(~) 
d(Dr) 

Do Do=const 

=0 
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By analogy with ax2+bx+c=O, 

O . I (Dr) b-.Jb2 
-4a ptIma - = -----

Do 2a 

where a = 2[(!J ;;(;; +2 )+{ !: )-1] 

b ={( !J;; +1)] 
c=1 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

Although in this case c=l, it is included here to facilitate a comparison with the analysis of 

non-overlapping winding motors, which is covered in the next section. From the above 

expression, it is possible to generate curves showing how the maximum torque per volume for 

different D/Do ratios varies with the airgap flux density, the pole number and the stator flux 

density, as shown in Figure 4.5. It can be seen that a higher stator flux density leads to a 

higher split ratio, which becomes less sensitive to the airgap flux density. It can be seen that 

the optimum split ratio increases with the pole number and Bm but decreases ~ith Bg• 

However, a higher pole number results in a higher fundamental operating frequency, which, 

in turn, can have an adverse affect on the motor efficiency, as will be seen later. 
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Whilst Figure 4.5 shows the effect of Bg and Bm individually on the optimal split ratio, it is 

the ratio of BglBm in equations 4.7 to 4.19 which affects the optimal split ratio, as shown in 

Figure 4.6. 

4.2.2 Concentrated (non-overlapping) winding 

A non-overlapping winding is favoured for many permanent magnet brushless machines 

due to its simplicity. It is shown earlier that for motors in which Qs=3 times the number of 

pole-pairs then the peak flux in the stator-back iron occurs when a pole is 30° electrical offset 

from a stator tooth. The flux path through the back-iron does not divide equally, and the peak 

flux in the back iron is -2/3 of the maximum flux through a tooth. When the tooth body flux 

density is the same as the flux density in the stator back-iron then, as Qs=3pl2, the required 

radial thickness of the back-iron is given by: 

2 4 Bg 1tDr d :::::-w :::::----
b 3 t 18 B m p 

(4.21) 

(4.22) 

Using the equation for As which was specified previously, which is restated in 4.22, it can 

be rearranged to incorporate the new radial thickness of the back-iron and the tooth body 

width: 

A =_1 [1t(D _~~1lDrJ2 _1tD;]_~ 1lDr (Do _ Dr _.!~ 1tDrJ (4.23) 
s Qs 4 0 18 Bm P 4 Bm Qs 2 2 18 Bm P 

which can then be rearranged to give: 

122 



=0 

The torque per volume is then given as: 

Then, as before, differentiating with respect to (D/vJ gives: 

d(f) 
d(Dr) 

Do Do=const 

(4.24) 

2( D r J -6[(!!LJ(~ + 1)]( D r J2 + 4[(!!LJ2 ~(~ + 2) + 2(!!LJ -1]( D r J3 = 0 (4.26) 
Do Bm 18p Do Bm 18p 18p Bm Do 

O · I (Dr) b-.Jb2 
-4a ptIma - = ----

Do 2a 

where a = 2[(::)' ;;(;; + 2 )+2( ::)-1] 

b={(::)(;; +1)] 
8 

c=-
9 

(4.27) 

(4.28) 

(4.29) 

(4.30) 

The only difference between the two winding configurations is the value of the constant Cc' 

in equations 4.20 & 4.30. As was the case for the overlapping winding, the optimal split ratio 

depends on the ratio of BIBm, as can be seen from equation 4.27 to 4.29 and Figure 4.7. By 

way of example, the optimal split ratio for both winding configurations and for various pole 
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numbers are compared in Figure 4.8. It can be seen that for low values of Bg the optimal split 

ratios are almost identical, whilst a significant difference exists for higher values of Bg due to 

the slight change in the radial thickness of the stator back-iron. 
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Figure 4.8 - Comparison of optimum split ratio for motors with overlapping and non
overlapping windings 
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4.2.3 Optimum split ratio for minimum copper loss 

Whilst the expressions for the optimal split ratio that has been derived so far are useful, 

when the model is extended to cater for iron loss the complexity is such that a simple 

expression for the optimal split ratio cannot be derived. Consequently, to enable meaningful 

comparisons with optimal designs derived from the CAD software described previously in 

chapter 3, the optimum split ratio will be established in terms of the minimum loss, or 

maximum efficiency. This re-arrangement of the formulation means that the minimum loss is 

calculated for a specified motor outer diameter and torque. Effectively, an optimal split ratio 

will be found for a specified active volume. The motor can then be designed to give the 

minimum loss for a specified torque within this volume. 

Since 

and 

which can be re-arranged to give the current density J 

Q N I 
Now, the copperloss per phase Peu =]2 R = (JAJ2 P sea 

Ac 

where Ne = number of conductors 

Askp 
Ae = Cross-sectional area of conductor --

Ne 

Combining equations 4.33 & 4.35 gives the copper loss as: 

p = {2TJ2 P 
cu D;laB:AskpQsK; 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

(4.36) 

(4.37) 

Figure 4.9 shows how the minimum copper loss varies with the split ratio D/Do for a 

motor with overlapping windings, the volume envelope being the same as that which was 

assumed for Figure 4.4, as are the stator and airgap flux densities. 
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Figure 4.9 - Variation of copper loss with pole number and D,IDo 
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From inspection of Figure 4.9 and comparing with Figure 4.4, as in Figure 4.10, it can be 

seen that the minimum copper loss and the maximum torque both occur at the same split ratio. 

This is because the equation for minimum copper loss derived here is essentially the same 

equation that was established previously. This can be understood by taking equation 4.37, 

substituting for As. and rearranging to give: 

(4.38a) 

where 

A, =( ~:r {l-[ {;: X;; +l)](~: )+[(;: r ;;(;; +z)+{ ;: )-l](~:r} 
(4.38b) 

Differentiating As with respect to (D Iv 0) gives: 

Equation 4.39 is the same as given previously in sections 4.2.1 & 4.2.2, and leads to the 

same optimal split ratio when c=1 for an overlapping winding motor and when c=8/9 for a 

non-overlapping winding motor. 
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Figure 4.10 - Influence of split ratio and pole number on torque and copper loss 

From the foregoing it is possible to compare the optimal split ratio as defined by [Cha93] 

with that derived from the CAD software, in order to investigate the influence of end-winding 

length, airgap length and the stator tooth tips on the motor copper loss, and, hence, optimal 

split ratio. 

4.2.4 Comparison between optimal split ratio derived from CAD package and 
analytical expression .. 

Using the CAD software described in Chapter 3, it is possible to calculate the copper loss 

for a constant volume envelope as the rotor diameter is varied. In the example shown in 

Figure 4.11 the outer diameter and active length are constrained to be 100mm and 25mm, 

respectively, the design torque is 0.7 Nm at a speed of 120krpm, the airgap length and the 

magnet thickness are both 3mm, and the maximum stator flux density is fixed at 1.6 T. 
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Figure 4.11 • Copper loss from CAD software 
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From Figure 4.11, it can be seen that for a 2-pole motor there is minimum copper loss for a 

split ratio of between 0.4 and 0.5. However, for a 4-pole motor the optimum split ratio is less 

obvious, but appears to be nearly at a ratio of 0.6 as will be seen later. It is hard to determine 

the optimal split ratio exactly due to jagged nature of the curves in Figure 4.11, which is due 

to the fact that the windings are designed to have an integer number of conductors, as covered 

in Appendix G. 

As the CAD software takes into account the changing magnet volume as the rotor diameter 

is increased then, as can be seen from Figure 4.12, the airgap flux density (Bg) also increases 

with the split ratio for a 2-pole motor design and a constant airgap length. 
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Figure 4.12 - Variation of airgap flux density with DrlDo 

However, the simple analytical expression derived in sections 4.2.1 & 4.2.2 assumes a 

constant ratio of airgap flux density to stator flux density, which, therefore, equates to a fixed 

airgap flux density for a given stator flux density. Thus, the average airgap flux density value 

of 0.49T is assumed in the analytical calculation of copper loss using the same parameters as 

specified for the CAD software. The resulting copper loss is shown in Figure 4.13 where it 

can be seen that the minimum copper loss for the 4-pole motor occurs around a split ratio of 

0.6. 
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Figure 4.13· Copper loss predicted by analytical expression 

As can be seen by comparing Figures 4.11 & 4.13, as is done in Figure 4.14, although the 

magnitude of the copper loss predicted from the two different methods is significantly 

different, the general shape of the curves is similar, as are the optimal D/DQ ratios. The 

difference in magnitude is due mainly to the fact that the analytical method neglects the 

copper loss in the end-windings, the volume of the end-windings being considerably larger 

than the volume of the active section of the windings. 
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4.3 Optimal split ratio accounting for both iron and copper loss 
So far, the optimal split ratio has only considered the stator winding copper loss. For high

speed motors or motors with high pole numbers the fundamental electrical frequency can be 

very high (typically ~2kHz) and consequently the no-load iron loss becomes significant and, 

indeed, tends to be the dominant loss component. The iron loss is dependent on the volume of 

the laminated stator core and the stator flux density. The influence of various design 
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parameters on the iron loss and optimal split ratio were investigated, and it will be shown that 

for a high-speed application the optimal split ratio when iron loss is accounted for is 

significantly different from that deduced from the analytical method covered in section 4.2, 

which only accounted for the copper loss. For high-speed motors the torque is 

correspondingly lower than for an equivalent low speed motor of the same power rating and, 

consequently, the iron loss tends to be the dominant loss component [Hes87][Pic96]. In the 

investigations which follow, the active volume is kept constant, unless otherwise stated, to 

allow the influence of various design parameters on the optimal split ratio to be more easily 

observed. However, it is appreciated that for some designs covered here, a smaller active 

volume would lead to a higher efficiency motor, and for other designs a larger active volume 

would result in a more efficient motor, but the volume is kept constant to facilitate 

comparisons to be made. 

As the iron loss is highly dependent on the stator flux density and the volume of lamination 

material, then some additional constraints have to be defined at this stage. Unless otherwise 

stated in the sections which follow, the motor dimensions / properties are as defined below. 

For simplicity and as an example only one magnetisation distribution, diametric, is 

considered. Only the no-load iron loss is considered, details on the iron-loss calculation being 

given in Appendix C 

• Lamination outer diameter, (Do), 100mm 

• DC link voltage, 200V 

• Speed,120krpm 

• Torque, (Te), 0.1,0.3,0.5,0.7 Nm 

• Airgap length, (g), 3mm 

• Stator flux density, (Bm), 0.7,1.1,1.5 T 

• Lamination axial length, (la) 25mm 

• Copper space factor, (kp), 0.3 

• Magnet remanence, (Br), 1.2 T (sintered NdFeB magnets) 3mm thick 

• 2-pole parallel magnetisation 

• Thermal effects neglected 

• Lamination material, Transil335 

(a) Combination of iron and copper loss 

As mentioned previously in section 4.1, the iron loss is usually minimal at low speeds, as 

can be seen in Figure 4.15(a) where, for a stator flux density of LIT and a speed of 2krpm, 
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the iron loss is <10 W irrespective of the split ratio. However, the iron loss increases rapidly 

as the motor speed increases. Conversely, it can be seen in Figure 4.15(b) that apart from at 

very low split ratios, the magnitude of the copper loss is independent of the motor speed, the 

curves being for a constant torque of O.3Nm and a constant stator flux density of 1.1 T, which 

results in an output power of 62W at 2krpm, and 3.8kW at 120krpm .. Again, it should be 

noted that the 'zigzag' nature of the copper loss curves result from the requirement that the 

winding design must have an integer number of turns, as discussed in detail in Appendix G. 
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Figure 4.15 - Influence of motor speed on copper loss and iron loss (Te=O.3Nm, Bm=I.1 T) 

From Figure 4.15, it can be seen that as the motor speed is increased to about 60krpm the 

iron loss exceeds the copper loss, and consequently is the dominant factor in determining the 

optimum split ratio for maximum efficiency. Between 20krpm & 60krpm the iron loss is 

comparable to the copper loss, as can be seen in the efficiency curves of Figure 4.17, in which 
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the split ratio becomes dominated by the iron loss. As can also be seen, the iron loss 

significantly reduces the optimal split ratio at high-speed. 
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Figure 4.16 - Variation of total loss with frequency 
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Cb) Neglecting iron loss 
Figure 4.17 - Variation in efficiency with motor speed 
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(b) Variation of iron loss with split ratio 

From the previous section, it can be seen that the iron loss increases significantly with the 

split ratio, as shown in Figure 4.18 in which the stator flux density is fixed at LIT, and the 

rated torque and speed are 0.3Nm & 120krpm, respectively. 
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Figure 4.18 • Variation of iron loss with split ratio for constant stator flux density 

(Bm=1.1T) 

If the magnet radial thickness is constant the volume of magnet material increases with the 

rotor diameter, and consequently the flux per pole increases as shown in Figure 4.19. The 

tooth width and the radial thickness of the back-iron need to increase in order to maintain a 

constant flux density in the stator, as can be seen in Figure 4.20. As a result, when D/Do 

<-0.5 the lamination volume increases, as shown in Figure 4.21. 
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The increase in lamination volume, observed in Figure 4.21, closely matches the increase 

in iron loss observed in Figure 4.18. There are, however, slight differences between the two 

graphs, as can be seen in Figure 4.22, due primarily to the change in shape of the stator tooth 
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tips. The increase in stator iron volume with split ratio can be observed in the representative 

motor schematics shown in Figure 4.23. 
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Figure 4.20 - Variation of lamination dimensions with D,IDo 

(Bm=I.1T, Te=O.3Nm) 

0.9.,..----------------------, 

0.8 

~ 0,7 

l' 
Cl 1 0.8 

c 
80.5 
:! 
E !I 0.4 

0.3 

0.2 .J---~--~-~-___,--~-~--...,......-~--' 
0.1 0.15 0.2 0.25 0.3 

Or/Do 

0.35 0.4 0.45 0.5 

Figure 4.21- Variation of lamination weight with D,IDo 

(Bm=1.1T, Te=O.3Nm) 

250.,..--------------~------_. 

200 

!:150 

~lronlos8 

•••.• lamination weight 
j 
~100 

50 

O~-~--~-~--~-~--~-~--~ 
0.1 0.15 0.2 0.25 0.3 

Or/Do 

0.35 0.4 0.45 0.5 

0.8 

0.7 

0.8 ~ 

0.5 ~ 

0.4 1 
c 
0 

0.3 i 
E 

0.2 !I 

0.1 

0 

Figure 4.22 - Comparison of iron loss and lamination weight 

134 



(a) Small rotor diameter (b) Medium rotor diameter (c) Large rotor diameter 
Figure 4.23 - Motor plots showing increase in iron volume with split ratio 

Although it can be seen in Figure 4.23(a) that a small D,IDo is possible it is also clearly 

obvious that from a practical point of view this is a poor motor design as this is a very poor 

utilisation of the motor volume, and the copper loss will be excessive. However, it should be 

noted that this poor design is a result of the motor axial length being fixed. Figure 4.23(b) 

with a medium sized rotor diameter is practically a far better design of motor, despite the 

efficiency being less than for a smaller rotor diameter and when considering the optimal 

motor design this needs to be taken into account. 

In order to maximise the efficiency, an investigation was carried out into the influence of 

leading design parameters on the iron loss and optimal split ratio 

(c) Influence of stator flux density 

The stator flux density is a major factor in determining the iron loss and consequently the 

optimal split ratio. Thus, a range of stator flux densities from O.5T - 1.3T was considered. 

Whilst an increase in flux density can significantly increase the iron loss density, it also 

results in a reduction in the radial thickness of the back-iron and the tooth width, which leads 

to a larger slot area and a lower copper loss as a result of reduced current density, for a 

constant torque, as seen in Figure 4.24(b). However, the resultant stator iron loss still 

increases with the split ratio, Figure 4.24(a), and is significantly higher than the copper loss 

above a split ratio of ~O.15 and it dominates the total loss curve, as seen in Figure 4.24(c). 

Consequently, a relatively low stator flux density is desirable for high-speed motors in order 

to maximise their efficiency, Figure 4.25. As mentioned previously, the graphs are jagged in 

nature, particularly at high split ratios, due to constraints on the winding design. However, it 

can still be seen in Figure 4.25 that when the iron loss is neglected the optimal split ratio does 

not change significantly with the stator flux density and the efficiency and is relatively 

insensitive to the split ratio. However, when the iron loss is taken into account, the optimal 

split is significantly reduced and the efficiency becomes noticeably more sensitive to the split 

ratio. 
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Figure 4.24 - Iron, copper and total loss variation with stator flux density, (Te=O.3Nm) 
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(b) Neglecting iron loss 
Figure 4.25 - Variation in efficiency with stator flux density, (Te=O.3Nm) 

(d) Influence of torque density/electric loading 

An investigation was performed to examine the influence of the motor torque density on 

the optimal split ratio. When the torque per volume is increased the copper loss also increases 

as a higher torque draws more current and thereby necessitates a higher electrical loading. 

When the iron loss is neglected, the optimal split ratio is independent of the torque density as 

it corresponds to the maximum efficiency i.e. the minimum loss for a given torque. However, 

when the iron loss is taken into account the situation changes since, at low torque densities, 

the iron loss can be significantly higher than the copper loss. Conversely at high torque 

densities the copper loss can dominate. Figure 4.26(a) shows the variation of no-load iron loss 

for three stator flux densities, viz. O.7T, l.IT & l.5T. It can be seen that, as shown in the 

previous section, the iron loss increases significantly with the stator flux density. By way of 

an example, Figure 4.26(b) shows the effect of increasing the torque on the copper loss. At a 

low torque of O.lNm the copper loss is very small and the optimal split ratio is determined 

almost exclusively by the iron loss. When the torque is increased, however, the situation 

changes and at a high torque of O.7Nm the optimal split ratio is determined primarily by the 

copper loss, Figure 4.26(e), and this is more evident at low stator flux densities. 
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(e) Influence of pole number 

So far only a 2-pole motor has been considered. However, whilst this is generally the 

preferred pole number for high-speed applications, higher pole number designs may be 

preferred since they offer benefits in terms of shorter end-windings and low unbalanced 

magnetic pull due to armature reaction. However, as the fundamental electrical frequency is 

then increased, the iron loss will be significantly higher than for a 2-pole motor. Thus, the 

influence of pole number on the optimal split ratio is investigated. Figure 4.27 shows the 

effect of increasing the pole number from 2 to 4 on the no-load iron loss for a range of stator 

flux densities. As expected, there is a significant increase in the iron loss since, from 

Appendix C: 

(4.40) 

where Pt = Total iron loss 

Ph = Hysteresis loss 

Pd = Eddy current or dynamic loss 

and P. =k .f.B a ·K(B ) h h m m (4.41) 

c12 2 
P = Oi. 1l f2 B2 + 8.67 k f1.5 B 1.5 

d 6<5 m e m 
(4.42) 

Therefore, the respective loss components can be shown to be proportional to :f + 1+ /5 
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Figure 4.27 - Influence of pole number and stator flux density on iron loss 

(Bm=1.lT,la=2Smm) 

However, whilst an increase in the pole number increases the iron loss, the copper loss 

decreases, as can be seen in Figure 4.28 for a range of output torques and a constant stator 

flux density of 1.1 T. This reduction arises partly due to the stator teeth and stator back-iron 
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becoming thinner, leading to more area available for copper which results in a lower current 

density. 
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As a consequence of the increased iron loss, and the reduced copper loss, the efficiency of 

a 4-pole motor is dominated by the iron loss, as can be seen in Figure 4.29 in which the 

efficiency of 2 and 4-pole motors are compared. The optimum split ratio for the 4-pole motor 

is not only much lower than for a 2-pole motor, but the efficiency is more sensitive to the split 

ratio. However, as for the 2-pole motors, good judgement needs to be employed to make sure 

the motor volume is properly utilised. 
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4.4 Summary 
The ratio of the rotor diameter to the stator outer diameter, otherwise known as the split 

ratio, is an important parameter in motor design. Previous work [Cha93] to derive an optimal 

split ratio focus sed on a distributed, or overlapping, winding configuration and only 

accounted for the copper loss. This work has been extended to cater for concentrated, or non

overlapping, windings, and a comparison with results derived from an extensive CAD 

analysis has been made. Neglecting iron loss, the following observations were made: 

• As the ratio of BIBm is increased, the optimal split ratio decreases. An increase in 

BIBm results in wider teeth and thicker stator back-iron leading to a smaller slot area. 

Consequently, a smaller split ratio results in a larger slot area and a lower copper loss. 

• As the pole number is increased, the optimal split ratio also increases. A higher pole 

number results in thinner teeth and thinner stator back iron, and leads to a larger slot 

area. 

• Overlapping (distributed) windings tend to have a higher optimal split ratio than non

overlapping (concentrated) windings. This is due to the slight difference in thickness of 

the stator back-iron, as discussed in section 4.2. 

• Incorporation of end-winding effects and comparisons with an extensive CAD system 

indicates that the end-windings do not affect the optimal split ratio. However; they do 

affect the total loss in the motor, which can be significantly higher. 

The influence of the iron loss on the optimal split ratio has been investigated, and it has 

been shown that the iron loss causes a significant change in the optimal split ratio, which is 

proportional to the motor speed. Whereas a simple formula can be derived for the optimal 

split ratio when only the copper loss is accounted for, it is not possible to derive an equivalent 

expression when iron loss is introduced. The influence of the iron loss is as follows: 

• As the speed increases the iron loss becomes dominant and serves to significantly 

reduce the optimal split ratio. 

• An increase in the stator flux density causes an increase in the iron loss as a result of 

the optimal split ratio decreasing. A higher stator flux density results in a lower iron 

volume, a larger slot area and, consequently, a lower copper loss. 

• An increase in the torque density! electric loading serves to increase the optimal split 

ratio as an increase in the torque density causes a corresponding increase in the copper 

loss which then becomes dominant resulting in an increase in the optimal split ratio. 
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• An increase in pole number increases the frequency of the flux waveform in the stator 

iron and consequently causes an increase in the iron loss and a further reduction in the 

optimal split ratio. 

Whilst it is appreciated that using thinner and more exotic lamination materials can reduce 

the iron loss, it is likely that the iron loss will be the dominant loss in high-speed motors. 

When cost is an issue, thinner lamination material may well be beyond the price range of a 

motor. Irrespective of the lamination material, the findings described in this chapter are useful 

in minimising the iron loss, and obtaining the optimal split ratio for a motor for maximum 

efficiency. 
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Chapter 5 Rotor mechanical resonances 

5.1 Mechanical resonant frequencies 

5.1.1 Introduction 

As motor speeds become higher and higher, mechanical considerations related to the rotor, 

such as resonances and stresses, which are less important for small, low speed motors, 

become critical. Design choices in terms of the geometry of the rotor and the bearing 

arrangement increasingly affect dynamic behaviour since vibrational modes may occur near 

or in the operating speed range and design considerations, such as the length of the shaft, the 

diameter and the distance between bearings, and the choice of bearing technology becomes 

critical. An inappropriate choice can lead to problems such as excessive acoustic noise due to 

resonances, excessive bearing loss that may lead to drastically reduced bearing life and even 

failure of the bearings and distortion of the shaft. Consequently this chapter investigates the 

resonant frequencies of a high-speed rotor and the factors influencing the resonant 

frequencies. 

Two lOOmNm, 120krpm brushless, DC motors (AI & BI) were prototyped as described in 

Chapter 3. One having a low diode conduction angle and a rotor with a relatively long active 

rotor length, as shown in Figure 5.1, and the other having a high diode conduction angle with 

a relatively short active rotor length, as shown in Figure 5.2. For each rotor a model was 

generated that could accurately predict the resonant modes, and support an investigation into a 

method of moving the modes, if necessary, above the rated operational speed. Each rotor had 

a stainless steel shaft with the laminations held in place by an end-cap that was pinned at one 

end, sintered NdFeB permanent magnets and a carbon fibre over-wrap to retain the magnets. 

J8 34.1 
LI"\ 
...... 

r""\ 

'" ./' ....... 

f-
a 

t I 
J·~lal11inations I 

carbon fibre overwrap l11agnet 

Figure 5.1- Schematic of rotor with low diode conduction angle (Motor AI) 

143 



If\ 
N 

1S 
carbon fibr e 

magnet 

lami nation 

Figure 5.2 - Schematic of rotor with high diode conduction angle (Motor B1) 

In this chapter an accurate finite element model for predicting the rotor resonances, is 

employed to support an investigation into the influence of the shaft extension length, the shaft 

diameter and the distance between the bearings. Natural frequencies measured from impulse 

response tests will be compared with predicted values and, where possible, with values 

deduced from analytical models at the various stages of rotor construction. The finite element 

model will be extended to include the bearing arrangement, and the predicted natural 

frequencies will be compared with natural frequencies measured on the complete motor. Since 

the bearing stiffness was unknown, an investigation was also undertaken in order to determine 

its value. 

During high-speed operation of the prototype motor, the rotor suffered a failure as 

evidenced by the photographs in Figure 5.3. It happened whilst the rotor was accelerating, and 

the last recorded speed was 106,000 rpm, or 1766 Hz, and it is probable that this was excited 

by the cylindrical resonance mode at 1248 Hz, which as will be shown in section 5.4 causes 

significant shaft flexing. Since the rotor would inevitably have some imbalance, despite being 

balanced to better than O.lg mm, then once the shaft started to bend the centrifugal force 

would have caused the shaft to bend progressively, as can be seen. 

-
Figure 5.3 - Damage caused by suspected resonant mode 
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5.1.2 Finite element modelling of rotor resonances 

For a simple rotor geometry comprising of only one material type, e.g. steel, the 

resonances can be fairly accurately predicted with a simple analytical model. Some examples 

of the basic models are contained in [Har56]. For more complex rotor geometries still 

consisting of one material type, simple analytical models can still be developed. However, 

once the rotor comprises of more than one material type, the complexity increases rapidly, 

and finite element analysis becomes the only practical method of predicting the resonant 

modes. It will be shown in section 5.3 that for models which incorporate the bearing stiffness, 

finite element analysis is required to accurately predict the resonant modes. 

The rotors were modelled using the finite element package ANSYS, and were discretised 

using a 3D structural solid element designated SOLID45. This element type is normally brick 

shaped, each element consisting of 8 nodes, one at each corner. Each node has three degrees 

of freedom, unless otherwise constrained, in the x, y and z coordinate directions. Figure 5.4, 

shows a quarter section of the complete finite element mesh for the rotor shown previously in 

Figure 5.1. 

Carbon fibre NdFeB magnets 

(a) Cross-section 

(b) Isometric view of completed rotor mesh 
Figure 5.4 - Section of complete finite element mesh for the rotor shown in Figure 5.1. 

Apart from the rotational modes, which are hard to detect from the impulse response test 

described in section 5.1.3, the vibration modes are represented by 2 planes, XZ and YZ due to 

the shaft being cylindrical and symmetrical about the x-y axis. 
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The properties for the various materials that are used in the rotor need to be specified for 

the modelling. The shaft is made out of stainless steel Type AISI 303, whose properties are 

shown in Table 5.1. 

Table 5.1 - Material properties for stainless steel 

Density (p) 8000 kglmJ 

Young's Modulus (Ex, Ey, Ez) 1930Pa 
Shear modulus (OXy, Oxz, Oyz) 77.20Pa 

Poisson's ratio 0.3 

The laminations are M300-35A, a material that has already been characterised [Lon98] as 

shown in Table 5.2. However, these properties are specified for a laminated stack that was 

welded at 6 points around its circumference, thus giving a relatively high axial stiffness. In 

this investigation the rotor lamination stack was simply compressed and not welded. Thus the 

parameters of the lamination material have to be determined for this particular application. As 

the laminations have relatively little axial stiffness, it was suspected that the effect of their 

addition to the rotor shaft would be to reduce the natural frequencies of the measured 

vibration modes from those, which are measured for the shaft alone. From previous studies 

[Oav89] [Wi1189], it is known that the axial stiffness can be significantly reduced sometimes 

to as low as 0.25% of the value for the same material in solid form. However, as the-volume 

of lamination material employed in the rotors is very small, viz. 2mm radial thickness, 

accurate measurements may be difficult. It is also possible that there could be uncertainties 

due to the laminations not being a perfect fit onto the rotor, whilst the natural frequencies are 

subject to variations in the clamping pressure when the end-cap is applied to hold the 

laminations in place. Thus the value for the axial stiffness of the laminations, derived in 

section 5.2.3, is likely to be valid for these particular rotor configurations, and more work may 

need to be done to derive the exact parameters and the influence of clamping pressure on the 

natural frequencies. 

Table 5.2 - Material properties for M300-35A 

Solid Laminated 
M300-35A M300-35A 

Density (p) 7650 kglmJ 7305 kglmJ 

Young's Modulus (Ex, Ey, Ez) 2150Pa 2150Pa 
Shear modulus (Oxv) 82.70Pa 550Pa 

Shear modulus (Oxz, Ovz) 82.7 GPa 8GPa 
Poisson's ratio (vlill VyZ' vxz) 0.3 0.3 
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The sintered NdFeB magnet (UGIMAX 34B1) has the properties given in Table 5.3. Since 

the shear modulus was unknown, it was deduced later from experimental measurements. As 

the magnets have a relatively high Young's modulus, it was anticipated that their addition to 

the rotor would stiffen the shaft and therefore increase the natural frequencies from those for 

the shaft with the laminations alone. 

Table 5.3 - Material properties of UGIMAX 34Bl 

Density (p) 7500 kg/m
j 

Young's Modulus (Ex, Ey, Ez) 160 GPa 
Poisson's ratio 0.3 

The properties for the carbon fibre containment were difficult to ascertain since the 

material is a mixture of an epoxy resin and carbon fibre filaments. Normally it is assumed that 

the composition of the mixture will be 65% carbon fibre and 35% resin. Therefore properties 

were deduced from experimental data supplied by Urenco (Capenhurst). It was not possible to 

accurately measure the resonant modes for a carbon fibre tube as used on the rotors, as it is 

much lighter in weight compared to the accelerometer. The properties for a carbon-fibre and 

epoxy resin tube are given in Table 5.4. 

Table 5.4 - Material properties for carbon-fibre over-wrap 

Density (p) 1612.3 kg/mj 
Young's Modulus (Ex, Ez) 7.9 GPa 

Young's Modulus (Ey) 197 GPa 
Shear modulus (GXY, Gxz. Gyz) 6GPa 

Poisson's ratio (VXy, vxz) 0.3 
Poisson's ratio ( vyz) 0.0155 

5.1.3 Impulse response tests 

The tests, which were undertaken to validate the finite element analyses, involved 

performing an impulse test with a modal hammer, an accelerometer and a dynamic signal 

analyser (HP35660A). The accelerometer was attached to the rotor, which was then struck 

from the opposite side with the modal hammer. The resulting frequency spectrum was then 

saved as a voltage, which was then converted in Excel to the same scale as on the HP signal 

analyser, dBVrms, by multiplying the voltage by 20l0g(V/.y2) and plotted as frequency 

against dBVrms. 
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In the frequency spectra as recorded by the accelerometer the amplitude of each peak is 

dependent on the force that is used to excite the rotor. A better representation of the natural 

frequencies is to use the frequency response known as the transfer function, in which the 

amplitude of all the resonances have the correct relationship to each other, since it is a 

function of both the modal hammer and the spectrum recorded from the accelerometer. 

However, whilst being more accurate, and arguably a better representation of the natural 

frequencies the transfer function is not as clear or easy to interpret as the frequency spectrum, 

as can be seen by comparing Figures 5.5 & 5.6. It can be seen that the transfer function is 

noisier and, although the peaks are easily distinguishable it should be noted that this particular 

transfer function is relatively free from extraneous noise. Previous work [LonO!] showed that 

the numerical digitisation error in the transfer function is unacceptable at frequencies > 2-

3kHz. Thus in the spectra which are included in the remainder of this chapter are an average 

of 10 measurements so as to reduce the noise and prevent the likelihood of spurious readings. 

At this stage, it should be noted that the discretisation of the frequency spectrum acquired 

from the signal analyser is dependent on the frequency range that was selected. With a 

frequency sweep of 3 kHz the frequency resolution is 8Hz, whilst for 6, 12 and 25 kHz it was 

16,34 and 64 Hz, respectively. Consequently, the same test performed with different 

frequency ranges can give rise to slightly different results . 
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Figure S.S - Frequency spectrum from accelerometer 
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Figure 5.6 - Transfer function incorporating signals from both modal hammer and 
accelerometer 

5.2 Finite element analysis of resonant frequencies 

5.2.1 Rotor shaft with one end-cap 

7 5 
18 

~--~--~I------~~ 
~ __ ~~~rt--------~~ )! T 

Figure 5.7 - Rotor shaft showing flats on main section 

The stainless steel rotor shaft is shown in Figure 5.7, and has a significant extension at one 

end, of around 40mm beyond the end of the bearing, which was originally intended to allow 

the motor to be coupled to a dynamometer. Also at this stage the resonant problems associated 

with the shaft extension were not known. However, as will be seen in section 5.4.1 this 

extension caused resonance problems. Thus, new shorter rotors were later employed which 

alleviated some of the problems observed. 

The finite element model is shown in Figure 5.8 together with a photograph of the shaft. 

For simplicity the flats on the central part of the shaft, which prevent the laminations from 
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rotating, were not modelled. However, as will be shown later in section 5.2.3 this had 

negligible effect on the predicted rotor resonances. 

Figure 5.8 - Finite element mesh and photograph of rotor shaft 
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Figure 5.9 - Measured frequency spectrum for shaft 

Table 5.5 - Comparison of measured and predicted natural frequencies for shaft 

Mode 
Finite element Measured 

(Hz) (Hz) 
1st bending 3138 3200 
2011 bending 8751 8864 
Rotational 11710 -
3ra bending 15906 16032 

The finite element results are in close agreement with the measured results, as can be seen 

in Table 5.5, and the measured results of Figure 5.9 with the resonant mode shapes shown in 
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Figure 5.11. It can also be seen that the predicted rotational vibration mode at 11.7kHz could 

not be detected. Although this mode is unlikely to be excited by the impulse response test, it 

may still occur during operation of a motor. 

If the rotor of Figure 5.8 is considered as a simple circular shaft, it is possible, using a 

simple expression [Har56] to obtain approximate values for the first three bending modes to 

confirm the mode shapes. For a free-free beam: 

(5.1) 

where E is the Young's modulus, I is the inertia, J..ll is the mass per unit length, and I is the 

length of the shaft. El equates to the bending stiffness of the section, and an is a constant 

calculated from the Rayleigh method, which is dependent on the problem boundaries. For a 

free-free beam, al=22, a2=61.7 and a3=121 for the 1 st, 2
nd 

and 3rd bending modes, respectively. 

For a uniform stainless steel shaft of 8mm diameter and neglecting the mass of the end

cap: 

E = 1.93xlOll N/m2, Jp = ruf/64 = 2.01xlO-1O kg m2
, 

#1 = 1t{JciI4=0.3921 kg/m where ,o=8000kg/m3, 1=0.106m 

1.93 x 1011 *2.01xlO-1O 

0.4021 *0.1064 

= an * 869.91 

Using the coefficients for an gives: 

0)1=22*869.91=19138 rad/s 

f 1=1913812n=3046 Hz 

Repeating for Wz and ffi3 gives: 
f2=8542 Hz 
f3=16752 Hz 

The foregoing analytically predicted natural frequencies were confirmed by measuring the 

natural frequencies of a 8.0mm steel bar 106mm long: The resulting frequency is shown in 

Figure 5.10. 
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Figure 5.10 - Natural frequencies for 8mm steel bar 

A finite element analysis of the steel bar was also undertaken to confirm the analytical 

prediction and to deduce the various mode shapes, which are shown in Figure 5.12. 

The analytically predicted vibration frequencies compare very favourably with the finite 

element and measured values for the 1st, 2nd and 3rd bending modes even with the assumptions 

which were made, as can be seen in Table 5.6. However, the resolution of the signal analyser 

on the frequency range, which was used, is 64 Hz, as mentioned earlier, and also accounts for 

part of the discrepancy. 

Table 5.6 - Comparison between finite element and analytically predicted and measured 
frequencies for rotor shaft and steel bar 

Mode 
Finite element Measured Analytical Finite element Measured 

(rotor) (Hz) (rotor) (Hz) (bar) (Hz) (bar) (Hz) (bar) (Hz) 
1st bending 3138 3200 3046 3047 2944 
2nd bending 8751 8864 8542 8226 8256 
Rotational 11710 - - 14727 -
4tn bending 15906 16320 16752 15683 15168 
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1st bending mode - 3138 Hz 

2nd bending mode - 8751 Hz 

Rotational mode - 11710 Hz 

3rd bending mode - 15906 Hz 
Figure 5.11 - Vibration modes for shaft 
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1 st bending mode - 3047 Hz 

2nd bending mode - 8226 Hz 

Rotational mode - 14727 Hz 

3n1 bending mode - 15683 Hz 
Figure 5.12 - Vibration modes for steel bar 

5.2.2 Shaft with and without both end-caps 

Whilst these shaft geometries did not exist during manufacture it is useful to quantify the 

effect of adqing the end-caps on the natural frequencies. Therefore, the shaft was modelled 

both with and without end-caps, and the predictions are compared with those from the 

preceding section. Figure 5.13 shows the shaft with no end-caps, whilst Figure 5.14 shows the 

rotor with both end-caps. 
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Figure 5.13 - Finite element mesh for rotor Figure 5.14 - Finite element mesh for shaft 
shaft with no endcaps with both end-caps 

The resonant mode shapes are very similar to those for the plain rotor shaft alone and differ 

only slightly in shape. As can be seen from Table 5.7, the natural frequencies for the shaft 

with both end-caps have reduced significantly from those for the rotor shaft with one end-cap. 

The reason for the reduction is the increase in the weight with the addition of the second end

cap, whilst the stiffness of the shaft has not changed. The additional weight acts to increase 

the bending of the shaft. Consequently, when both end-caps are removed the natural 

frequencies are higher. 

Table 5.7 - Comparison of predicted natural frequencies for rotor shaft and rotor shaft 
with both end-caps. 

Mode 
Rotor shaft with Rotor shaft with Rotor shaft with 2 
no end-caps (Hz) 1 end-cap (Hz) end-caps (Hz) 

fSfbending 3464 3138 2795 
2nd bending 9649 8751 7943 
. Rotational 15465 11710 8293 
3ro bending 17721 15906 14370 

5.2.3 Shaft with laminations 

The next stage was to model the rotor shaft together with the laminations and both end

caps in place. Initial values for the Young's modulus and shear modulus for the lamination 

material were specified in section 5.1 .2. As the laminations were not welded the axial stiffness 

is provided by the shaft itself and was unknown. Consequently, Ez (Young's modulus in z 

plane) was varied until the predicted resonant frequencies converged with those, which were 

measured by the impulse response test. The finite element mesh and a photograph of the shaft 

assembly are shown in Figure 5.15. 

155 



Figure 5.15 - Finite element mesh and photograph of shaft with laminations 

In order for the finite element program to solve the generated equations, the Poisson's ratio 

in the xz and yz plane needed to be reduced from 0.3 to 0.1, so that the material had positive 

definite elastic properties. Physically this accounts for the fact that the laminations will tend to 

slide over one another rather than deform. The variation of the natural frequencies with a 

value ofEz is shown in Table 5.8 and Figure 5.16. From these it can be seen that a value ofEz 

= 8 GPa results in the closest correlation to the measured resonant frequencies shown in the 

frequency spectrum of Figure 5.17. 

Table 5.8 - Variation of natural frequency with change in Ez 

Ez Natural Fre( uency (Hz) 
(Gpa) Mode 1 Mode 2 Mode 3 Mode 4 
215 3095 11510 8805 17337 
100 3008 10149 8806 15797 
50 2920 9125 8806 15046 
20 2823 8314 8806 14427 
10 2777 8004 8806 14144 
9 2771 7973 8806 14113 
8 2766 7941 8806 14082 
7 2761 7909 8806 14082 
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Figure 5.17 - Measured frequency spectrum for rotor shaft with laminations 

Again, the third resonant mode was not detected due to its rotational nature, as can be seen 

from the mode shapes in Figure 5.18. However, from Table 5.9 it can be seen that there is a 

very good correlation between the predicted and measured results after compensating for the 

change in Ez of the laminations. The 4th mode, however, has a dual peak due to the flats, 

which were machined onto the shaft. As reported in [Tay40], this creates resonant modes that 

have 2 peaks due to the fact that the horizontal and vertical vibration frequencies of the shaft 

differ slightly. 
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1st bending mode - 2771 Hz 

2nd bending mode - 7941 Hz 

Rotational mode - 8806 Hz 

3rd bending mode - 14082 Hz 
Figure 5.18 - Vibration modes for shaft with laminations 

Table 5.9 - Comparison of predicted and measured natural frequencies 

Mode 
Finite element Measured 

1Hz) (Hz) 
1st bending 2766 2752 
2na bending 7941 7936 
Rotational 8806 -
3ro bending 14082 13568 
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On comparing Table 5.9 with Table 5.7 in section 5.2.2, it can be seen that the decrease in 

the natural frequencies is predominantly due to the addition of the second end-cap rather than 

the addition of the laminations. Although the addition of the second end-cap adds almost the 

same mass as the laminated material, viz. 18g, it does not increase the axial stiffness of the 

shaft whereas the lamination material does contribute, albeit in a relatively small way. Using 

these values, the material properties for an un-welded lamination stack are as shown in Table 

5.10. 

Table 5.10 - Material properties for M300-35A 

Solid Laminated 
M300-35A M300-35A 

Density (p) 7650 kglmJ 7305 kglmJ 

Young's Modulus (Ex, Ey) 215 GPa 215 GPa 
Young's modulus (Ez) 215 GPa 8GPa 
Shear modulus (Gxv) 82.7 GPa 55GPa 

Shear modulus (Gxz, Gyz) 82.7 GPa 8 GPa 
Poisson's ratio (VXy) 0.3 0.3 

Poisson's ratio (vyZ' vxz) 0.3 0.1 

5.2.4 Shaft with laminations and permanent magnets 

Prior to modelling the rotor with the magnet arcs in place, the shear modulus of the NdFeB 

magnets needed to be determined. This was done by measuring the natural frequencies of a 

block of the magnet material (UGIMAX 34Bl) measuring 54mm x 54mm x 26mm. The shear 

modulus was detennined experimentally by modifying the value of the shear modulus, which 

was specified in the finite element model until the predicted frequencies converged to the 

natural frequencies measured from the impulse test. 

The finite element predictions and the variation in the natural frequencies with Gxy can be 

seen in Table 5.11. The measured frequency spectrum is shown in Figure 5.19. 

Table 5.11 - Convergence of Gxy for UGIMAX 3481 

Gxy Natural frequency (Hz) 
(GPa) Model Mode 2 Mode3 Mode 4 

10 7393 17889 13751 18872 
20 10403 21823 19284 24056 
30 12729 23716 23517 27026 
40 14690 24771 27049 28879 
50 16416 25432 30121 30129 
60 17976 25882 32884 31002 
61 18125 25919 33144 31075 
65 18707 26057 34163 31350 
70 19411 26207 35387 31653 
90 21998 26644 37621 32548 
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Figure 5.19 - Measured frequency spectrum for block of UGlMAX34Bl 

As can be seen by comparing Table 5.11 and Figure 5.19 the most appropriate value of Gxy 

is 61 GPa. Predicted natural frequencies based on this value are compared with measured 

values in Table 5.12, and very good correlation is achieved. This value was then assumed in 

the finite element model for the rotor shaft with laminations and magnets. 

Table 5.12 - Comparison of predicted and measured natural frequencies 

Mode 
Finite element Measured 

(Hz) (Hz) 
1 18125 18176 
2 25919 25728 
3 33144 33408 
4 31075 30208 

The finite element model is shown in Figure 5.20, which also shows the component parts 

of the rotor, whilst the predicted natural frequencies are compared with the measured values 

in the frequency spectrum of Figure 5.21 and in Table 5.13 . 

Figure 5.20 - Finite element mesh and photograph of shaft and permanent magnets 
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Figure 5.21· Measured frequency spectrum for shaft with laminations and permanent 
magnets 

It can be seen that there is a fairly good correlation between the predicted and measured 

values. Again, however, the 3rd mode cannot be detected. The associated vibrational modes 

are shown in Figure 5.22. As stated earlier, the addition of the magnets stiffens the shaft and 

thereby increases the natural frequencies from those, which were predicted and measured for 

the shaft and laminations alone. 

Table 5.13 • Comparison of predicted and measured frequency spectrum 

Mode 
Finite element Measured 

(Hz) (Hz) 
1 st bending 3052 3008 
2na bending 12609 12160 
Rotational 15410 -
3rd bending 21201 19904 
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1 st bending mode - 3052 Hz 

2nd bending mode - 12609 Hz 

Rotational mode - 15410 Hz 

3n1 bending mode - 21201 Hz 
Figure 5.22 - Vibrational modes for shaft with laminations and magnets 

5.2.5 Complete rotor 

After the carbon fibre containment was added the natural frequencies were again measured 

prior to balancing. The measured frequency spectrum is shown in Figure 5.23 . As can be seen 

from Table 5.14, there is a good correlation between the measured and predicted values. This 
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time, however, the rotational mode has been detected, although the reason for this is not 

known. Figure 5.24 shows the corresponding vibrational modes. 
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Figure 5.23 - Measured frequency spectrum for complete rotor 

Table 5.14 - Comparison of predicted and measured natural frequencies 

Mode 
Finite element Measured 

(Hz) (Hz) 
1 st bending 3026 2944 
2na bending 12641 12352 
Rotational 15421 15296 
3ra bending 21504 20480 

The addition of the carbon-fibre containment reduces the natural frequencies because 

although the carbon fibres are relatively strong along their direction of orientation, i.e. 

circumferentially, they provide very little axial stiffness. 

5.2.6 Summary 

Good correlation has been observed between the finite element predictions and the 

measured natural frequencies, the main cause of any discrepancies being the fact that the 

finite element model assumes perfect contact between the surfaces, which in practice does not 

occur. Tables 5.15 & 5.16 summarise the natural frequencies and resonant modes at the 

various stages of construction of the rotor. 
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1 st bending mode - 3026 Hz 

2nd bending mode - 12641 Hz 

Rotational mode - 15421 Hz 

3n1 bending mode - 21504 Hz 
Figure 5.24 - Vibration modes for complete rotor 

Table 5.15 - Mode summary for finite element predictions for rotor At 

Finite element predictions of natural frequencies (Hz) 

Mode type Shaft with 
Shaft with 

Completed 
Shaft laminations and 

laminations 
magnet 

rotor 

1st bending 3138 2766 3052 3026 
2na bending 8751 7941 12609 12641 
Rotational 11710 8806 15410 15421 
3ra bending 15906 14082 21201 21504 
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Table 5.16 - Mode summary for measured natural frequencies for rotor Al 

Measured natural frequencies (Hz) 

Mode type Shaft with 
Shaft with 

Completed 
Shaft laminations and 

laminations 
magnet 

rotor 

1 st bending 3200 2752 3008 2944 
2nd bending 8864 7936 12160 12352 
Rotational - - - 15296 
3fd bending 16320 13568 19904 20480 

The finite element model developed in this section, was then validated on the rotor from 

motor BI with a shorter active length and the full details of these tests are contained in 

Appendix H and summarised in Tables 5.17 & 5.18. It is noted that the rotational mode could 

be detected, and although the reason for this is unclear at this stage it is thought that this is 

due to the modal hammer impacting the shaft at an angle and imparting a slight rotational 

force. 

Table 5.17 - Mode summary for finite element predictions for rotor BI 

Finite element predictions of natural frequencies (Hz) 

Mode type Shaft with 
Shaft with 

Completed 
Shaft laminations and 

laminations 
magnet 

rotor 

1 st bending 3373 3124 3273 3235 
2no bending 9132 8936 11537 11304 
Rotational 12804 12431 14680 14620 
3fO bending 16716 15252 19195 19182 

Table 5.18 - Mode summary for measured natural frequencies for rotor BI 

Measured natural frequencies (Hz) 

Mode type Shaft with 
Shaft with 

Completed 
Shaft laminations and 

laminations 
magnet 

rotor 

1st bending 3392 2976 3328 3264 
2nU bending 9792 9216 11136 11200 
Rotational - - 14592 14656 
3fd bending 17216 15776 18944 19200 

5.3 Derivation of bearing stiffness 

When the rotor is mounted in bearings, new resonant modes are introduced at critical 

speeds [Van88][Zhu89]. Each bearing can be considered as a spring whose spring constant 

(K) represents the stiffness of the bearing. When K is increased, the shape of the vibrational 
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mode at the critical speed changes. For example, Figure 5.25 illustrates the effect of changing 

the value of K for a uniform cylindrical shaft. The first 2 modes are referred to as the 

cylindrical and conical modes. For a symmetrical rotor the shape of these modes is as shown 

in Figure 5.26. Usually the third resonance mode encountered is the 1st bending mode of the 

shaft, which corresponds to the first mode detected on the resonance test for the unsupported 

rotor. For K=O it can be shown that this frequency should be the same as that for an 

unsupported (or a free-free) rotor, as shown in the previous section. 

Kt lK 
Mode shapes 

3rd ~ ~ ~ 
2nd ~ 
~ ~ 

~-- ~ 

1st --- ~-~ ~ 
K = 0 Intermediate value K = 00 

ofK 

Figure 5.25 • Effect of bearing support stiffness on mode shapes [Van88] . 
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Figure 5.26 • Vibrational modes for K=O [Van88] 

For a simple, 'symmetrical, rigid rotor supported by bearings as shown in Figure 5.27 a set 

of equations which describe the critical speeds for the cylindrical and conical modes can be 

derived [Van88] as shown in the matrix of Equation 5.2 
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p 

Figure 5.27 - Rigid rotor with bearings [Van88] 

(ms 2 + 2K) 0 0 0 

0 (ms 2 + 2K) 0 0 
a1 0 

I 2 KL2 a2 0 
0 0 Ip(Os = (5.2) s +-- 0 T 2 a3 

0 0 -I (Os I 2 KL2 a4 0 s +--p 
T 2 

The purely imaginary 'eigenvalues', or critical speeds of the system, are Sj= ±i(Oj, for 

j=1,2,3,4, where: 

(5.3) 

(5.4) 

(5.5) 

where lp, Ir. K and m are, respectively, the polar moment of inertia, the transverse moment 

of inertia, the spring constant and the rotor mass. It can be seen that Equation 5.3 for the 

cylindrical mode is independent of the rotor speed, whereas the conical modes (Equations 5.4 

& 5.5) are a function of the rotor speed. It can be shown that for a particular rotor there is a 

linear change in the critical speed of the conical mode. In practice however, equation 5.4 is 

not observed, as the mode tends to be negative or very small and is not excited. For a 

stationary rotor the analytical values for the conical modes reduce to give (0 = ~ KL2 121 T • 

The system shown in Figure 5.27 assumes that the rotor is supported at 2 points by 2 

springs, one on the x-axis, and one on the y-axis. In the finite element model, however, the 

springs are attached to each side of the rotor shaft, giving 4 fixing points. The reason for 

modelling the rotor in this way is so that the resonant modes lie along the axis rather than at 
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45° from the x and y-axes. The inclusion of 4 fixing points more accurately models the real 

situation, and the use of 2 springs in each of the x and y axis leads to the constant of each 

spring being half of the total constant on each axis. In the analytical model of Figure 5.27 the 

shaft is assumed to be rigid whereas in practice the shaft will flex. If the shaft can be assumed 

to be rigid then the analytical methods give very accurate values for the critical speeds. 

However, once the rotor shaft starts to flex, finite element analysis is required to find the 2 

modal frequencies. By increasing the shaft stiffness to make it effectively rigid good 

agreement can still be obtained between finite element and analytical results. Despite the 

flexure of the rotor shaft, the bearing modes will still exhibit cylindrical and conical 

behaviour. It is suspected, and is normally the case, that the first 2 critical speeds for the 

cylindrical and conical modes will be within the operating speed range of the motor [Van88]. 

From the finite element predicted results shown in Figure 5.39, the cylindrical and conical 

mode can clearly be seen with a bearing stiffness of 2x104 N/m. 

In the finite element model each bearing is modelled using the finite element 

'COMBIN14', which is a spring element connecting the shaft to the outside of the outer race 

of the bearing. The bearings are 'fixed' at the diameter of the outside race. This means that the 

outer end of the 'spring' element is fixed in the x, y & z planes, whilst still being free to 

rotate. The 'bearing' elements can be seen on the finite element meshes as radial lines from 

the shaft, the triangles at the ends representing the constraints in the x, y & z directions. It is 

also assumed that there are no axial vibrational modes. 

5.3.1 ,Rotor from motor Ai 

In order to measure the rotor resonant modes and reduce the influence of the stator on the 

rotor resonant modes an empty aluminium frame was constructed. This frame had a hole cut 

in one side as can be seen in Figure 5.28 to enable the accelerometer to be placed on the 

active length of the rotor as shown in Figure 5.33. 

Figure 5.28 - Empty stator frame for determination of bearing resonant modes 
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Firstly, the resonant frequencies of the motor frame needed to be determined in order to 

account for them when determining the bearing natural frequencies. This involved making 

measurements on the frame without the rotor installed. The natural frequencies of the frame 

can be seen in Figure 5.29 whilst Figure 5.30 shows the frequency spectrum, which results 

with the rotor in place. By comparing the two spectra it can be assumed that the resonances 

shown in Figure 5.29 at 1632Hz, 2272Hz, 3040Hz, 6784Hz, 7360Hz, 12448Hz, 13376Hz and 

14592Hz are due to the frame. These natural frequencies will change slightly when the rotor 

is in place as the dynamics of the system change slightly whilst the modes are also dependent 

on the siting of the accelerometer and, indeed on the magnitude of the applied impulse force. 

When the rotor is hit gently it is observed that the rotor modes tend to dominate the frequency 

spectrum, whilst when the rotor is hit harder the frame modes tend to dominate the frequency 

spectrum. This effect can be observed in Figures 5.31 & 5.32. 
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Figure 5.29 - Frequency spectrum for frame without rotor, 
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Figure 5.30 - Frequency spectrum for frame with rotor 
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From Figure 5.32, it can be seen that the peak amplitudes are generally larger than in 

Figure 5.31 indicating more force, and the modes due to the frame tend to dominate the 

spectrum. It is expected that there will be some interaction between the resonant modes with 

the mode peaks getting pulled together or masked by other resonant peaks. Here it is 

suspected that the frequencies at 1234 Hz are also due to the frame or frame fixings and are 

affected by assembling/reassembling the motor. 

Once the resonant frequencies due to the frame had been determined, then an investigation 

was done to determine the bearing stiffness. It was expected that the measured bearing 

stiffness would be lower than the manufacturers quoted value of around 5x107 N/m due to 

flexing of the aluminium end-caps and the fit of the bearings in the housings, which may 

allow some small movement of the bearing. 

170 



After testing the frame alone, the impulse response test was performed on the assembled 

motor (without the stator) in order to determine the bearing resonances. The accelerometer 

was located at various positions along the shaft extension, indicated by the arrows on the left 

of the figure, and on the active length of the rotor, as shown in Figure 5.33. The shaft was 

then tapped with the modal hammer at certain positions on the shaft extension to generate the 

frequency spectra shown in Figure 5.34 . 
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locations .- ..-locations 

.- -+-==-
15< ><I 
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Figure 5.33 - Location of accelerometer and impulse force locations 

In the frequency spectra of Figure 5.34, the frame resonant frequencies at around 2.2 kHz, 

are present where the accelerometer is located inside the frame even when the impulse force is 

very small. It is suspected that the resonance at 1234 Hz is the same as that which was 

detected at 1632 Hz in Figure 5.29, but which changed when the motor was disassembled and 

then reassembled between making the two sets of measurements. It should be noted that for 

these tests the rotor was hit gently in order to avoid exciting all of the frame resonances and 

crowding out the frequency spectra plot. Despite this, however, frame resonances were 

excited and detected when the accelerometer was located inside the frame. 
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Figure 5.34 - Measured frequency spectra for complete motor Al 
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When the accelerometer was placed on the shaft outside the motor it was noted that the 

frequency of the first resonant mode decreased slightly as the accelerometer was moved 

further up the shaft away from the bearing. It is thought that this is due to the influence of the 

accelerometer in that it acts like a point mass and lowers the natural frequency of the shaft. 

The effect of the shaft extension on the rotor resonant frequencies is discussed in detail in 

section 5.4.1. With the accelerometer mounted on the shaft extension the first resonant mode, 

which is a combination of both the cylindrical bearing mode and a flexing of the shaft 

extension tends to dominate the frequency spectrum and masks the other modes. Since the 

positioning of the accelerometer influences the natural frequencies when placed on the shaft 

extension, the frequency spectra, which were measured when the accelerometer was placed on 

the rotor inside the frame, as shown in Figure 5.35, were used to determine the bearing 

resonances of the rotor since the influence of the accelerometer on the natural frequencies is 

then minimal, as its mass makes little difference to the mass distribution of the rotor. 
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Figure 5.35 • Measured natural frequencies with accelerometer mounted on rotor inside 
frame 

From work done earlier in this section, some of the natural frequencies, which exist in the 

frequency spectrum of Figure 5.35 have been previously identified as frame resonant modes, 

and, consequently, can be ignored and these are listed in Table 5.19. However, it is 

appreciated that 'new' resonant modes could be introduced due to the mounting of the rotor in 

the frame. Therefore, whilst not being resonances associated with the frame modes they are 

not rotor modes, but result due to a combination of both the rotor and the frame. 
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Table 5.19 - Natural frequencies and probable sources 

Frequency Frame or 
(Hz) rotor mode 
1234 Frame 
2002 Rotor 
2258 Frame 
2834 Rotor 
3090 Frame 
3986 Rotor 
4722 Rotor 
11410 Rotor 

Now that the rotor modes have been identified, a finite element analysis was performed to 

determine the mode shapes and the equivalent bearing stiffness. The finite element mesh and 

photograph of the rotor can be seen in Figure 5.36. 

Figure 5.36 - Finite element mesh and photograph of assembled rotor of motor Al 
including bearings 

The stiffness of the bearings was varied until the predicted modes converged to the 

measured modes. The variation of the natural frequencies with the bearing stiffness is shown 

in Table 5.20, and graphically in Figure 5.37. From the data, the most appropriate value of 

bearing stiffness is 2.5 x 10 7 N/m. 

As can be seen in Table 5.21 the predicted and the measured natural frequencies are not 

exactly the same. This could be due to the aluminium end-plate, which being thin in places 

which could lead to the measured apparent bearing stiffness being lower than expected as the 

outer race of the bearing would not be perfectly constrained as in the finite element model. 

Also one of the bearings has a spring washer, which applies the correct pre-Ioad and this has 

been neglected in the finite element model. 
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Table 5.20 - Variation of natural frequency with bearing stiffness for rotor from motor 
At 

Bearing Mode free uencies (Hz) 
stiffness (N/m) Cylindrical Conical 1st bending 2na bending 

2.00xl04 76 105 3008 12533 
2.00x105 242 331 3021 12534 
4.00x106 1045 1361 3333 12556 
1.00x107 1525 1936 3892 12589 
1.20x107 1617 2071 4078 12599 
1.60x107 1745 2309 4432 12620 
2.00x107 1826 2517 4762 12640 
2.50xl0' 1892 2748 5140 12662 
3.00x107 1936 2951 5484 12685 
3.50xlO' 1967 3133 5799 12707 
4.00x107 1990 3296 6088 12729 
5.00x107 2022 3579 6605 12770 
6.00x107 2043 3819 7055 12810 
2.00x108 2115 5348 10295 13175 
6.00x108 2135 6257 12443 13838 
2.00x109 2142 6689 13046 14888 
1.60x1OJO 2144 6871 13194 15371 
2.00xlO11 2145 6896 13211 15371 
1.60x1012 2145 6898 13212 15371 
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Figure 5.37 - Variation of natural frequency with bearing stiffness 
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Table 5.21 - Comparison of predicted and measured values for a bearing stiffness of 
2.5xl07N/m for rotor with long active length 

Mode 
Finite element Measured 

(Hz) (Hz) 
Cylindrical 1892 2002 

Conical 2748 2834 
1 st bending 5140 4722 
2nd bending 12662 11410 

In order to display the resonant modes more clearly and to see the effect of the bearings on 

the rotor, the vibrational modes are presented as in Figure 5.39, which show the displacement 

in the y coordinate direction with the x-axis shown as a dotted line and the crosses 

representing the bearings. With a bearing stiffness of 2x104 N/m the bending modes which are 

visible at 3008 Hz and 12538 Hz are almost identical to the free-free modes for the complete 

rotor, as shown in section 5.2.6. 

By studying the mode shapes, some of which are shown in Figure 5.39, and performing 

some simple analytical calculations for the cylindrical bearing mode using equation 5.3 of 

section 5.3 the resonant modes can be identified. The first two modes are, respectively, the 

cylindrical and conical modes and the next two modes are the 1 st and 2nd bending modes of 

the shaft the shapes of which are dominated by the shaft extension, as will be shown in 

section 5.4.1. With a low bearing stiffness the first 2 modes are very similar as the shaft 

extension causes the rotor to behave as shown in Figure 5.38. This distorts the mode shapes 

from what would normally be expected. In order to simplify the problem it is assumed that the 

shaft is rigid and weightless, and the oscillations are purely due to the mass m, which 

represents the laminations, the magnets, the carbon fibre, and the end-caps. In reality shaft 

flexing leads to 2 distinct modes, but this simplified model does not show this. 

Figure 5.38 - Analytical representation of finite element problem 

Using the representation of this system from [Har56], it can be shown that the resonant 

frequency is: 

176 



I· .~ 11· ,~ 11·, ""'I 

--. ................... ····································1 ::J I ::3 III •••••.•••.••.•.••••••••••••••••••••••. ... _._ ...•..••.•...••..•... 

L--_____ ...:..::76.::::.::.573-.J 1892 . 2145 

I" ,~~ 11" """11" ,,-' I 

~'~M 1;;'=:1 E=- J 
I" -'11" ,,», 11" · ,~" 1 

13212 

3008 5139.8 

I' ,= 11" '-II~" ---1
15371 

E ..... ;:11 ~I ~" ---115627 

Bearing stiffness 2xl04 N/m 
Bearing stiffness 2.5xlO' 

N/m 

Bearing stiffness 1.6xlOll 

N/m 

Figure 5.39 • Vibrational modes for various values of bearing stiffness (Motor Ad 

177 



(5.6) 

where a, I and m are defined in Figure 5.38. From the geometry of the rotor: m=0.10584 

kg, 1=0.028m, a=0.056m, k = 1x104 N/m (K=2k or 2x104) 

:. 0:>=614.7 radls 

f=97.8 Hz 

Although this is somewhat higher than the 75.6 Hz, which is predicted from the finite 

element analysis, this method neglects the mass of the shaft, which would reduce the resonant 

frequency. The first bearing is not purely a pivot as assumed here, since it flexes slightly, 

which will also act to reduce the natural frequency. 

Both the cylindrical and conical modes change quite significantly as the bearings stiffness 

is increased. The shaft extension flexes while the central part of the rotor is more rigid, and 

this flexure starts to dominate the mode frequency. At a bearing stiffness of 2.5x107 N/m the 

bearings allow only a small movement, the majority being due to the flexure of the shaft. At 

this resonant frequency of 1897 Hz, or 113,820 rpm, this mode could cause problems by 

causing the shaft extension to become unbalanced and bend. 

At the other extreme, where the bearing stiffness is 2xlOll N/m and are effectively rigid it 

can be seen from Figure 5.39 that the resonance modes are quite different. Now the flexing of 

the shaft extension clearly dominates the mode shapes. 

Clamp point 

Figure 5.40 • Diagram of rotor showing where bearing is assumed to be clamped 

When the bearings are stiff, the shaft extension can be considered to be clamped at the 

bearing, as shown in Figure 5.40, with the end free to vibrate. With this approximation, the 

natural frequency of the free shaft extension can be estimated using the equation 5.1 from 

section 5.2.1, viz.: 

(5.1) 
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In this case, al=3.52, a2=22.0 from [Har56], and the remainder of the parameters are as 

defined previously. The shaft diameter is 8mm, and the shaft extension length is 43.5mm. 

E=1.93xlOll N/m, Ip=2.01xlO-1o kg m2, jll=OA021 kg/m 

(01=18274 rad/s 

f1=2908 Hz 

& f2=18177Hz 

Whilst these values are somewhat higher than predicted by finite element analysis, it can 

be seen that the bearings restrict movement in the x and y directions. Whilst allowing rotor 

rotation, the bearing exhibits some qualities of a pivot, albeit quite heavily damped, during a 

resonance mode. In practice, however, the bearing behaviour will lie somewhere between the 

case assumed here and that of a free pivot at the bearing. For a free pivot, there is no first 

frequency, i.e. al=O, whilst the second frequency is predicted using equation 5.1, but with a2 = 

1504. This predicts a resonant frequency of 12724Hz, which is closer to the value predicted by 

finite element analysis, viz. 12663 Hz. 
. 

It is generally accepted that it is the first bending mode that is the most destructive as it 

contains the most energy. Also due to its low frequency this mode often occurs with the 

operating speed range of a motor. The destructive power of the first bending mode was 

observed in the destruction of a rotor, shown previously in Figure 5.3. 

5.3.2 Rotor from motor B 1 

The same test was performed for motor Bl with the short active length. However, it should 

be noted that the bearing housing on this motor was slightly worn due to the bearing housing 

slipping at high speeds, and this may allow some slight movement and affect the resonance 

modes, and possibly introduce new modes. The measured frequency spectrum is shown in 

Figure 5041 

The bearing stiffness was deduced by the same method, which was employed for motor AI. 

In theory the bearing stiffness should be the same for both motors, but due to wear in the 

bearing housing its apparent value may be slightly different from that which was calculated 

earlier. The finite element mesh is shown in Figure 5042. 
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Figure 5.41 - Measured frequency spectrum for complete motor Bl 

Figure 5.42 - Finite element mesh for rotor from motor Bl 

The predicted mode frequencies are given in Table 5.22, and shown graphically in Figure 

5.43 . As can be seen by comparing Figure 5.44 and Table 5.22 the best fit occurs when the 

bearing stiffness is 1.4x107 N/m, for which finite element predicted natural frequencies are 

compared with measurements in Table 5.23 . 

180 



16792 2000.6 -= .......................................................... 1----------------11----------------1 

84.757 

r---_------j84.757 ~".~ .......... ~.. ~~L 
1679.2 2000.7 

126.97 2330.8 5279.8 

2331 5282.1 

128.97 

3238.6 5345.3 12830 

5345.3 12830 

3238.8 

11305 11640 14574 

11308 

Bearing stiffness 2xl04 N/m Bearing stiffness 1.4xlO' N/m Bearing stiffness 2xl012 N/m 
Figure 5.43 . Vibrational modes for various values of bearing stiffness 

181 



Table 5.22 - Variation of natural frequency with bearing stiffness 

Bearing Mode Frequencies (Hz) 
stiffness (N/m) Cylindrical Conical 1st bending 2no bending 

2.00x104 85 127 3239 11305 
2.00x105 267 398 3267 11310 
2.00x106 824 1160 3566 11360 
4.00x106 1125 1514 3906 11414 
1.00x107 1557 2071 4832 11557 
1.20x107 1627 2207 5098 11599 
1.40xl07 1679 2331 5345 11640 
1.60x107 1719 2445 5575 11680 
2.50x107 1821 2862 6442 11831 
4.00x107 1889 3334 7491 12024 
2.00x108 1979 4654 11290 12670 
1.60x109 1998 5191 12764 14052 
2.00x109 1998 5208 12778 14152 
2.00xlO lO 2000 5273 12826 14532 
2.00xlO11 2000 5279 12830 14573 
2.00x1012 2000 5280 12830 14577 
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Figure 5.44 - Variation of natural frequency with change in bearing stiffness for rotor 
with short active length 

At this stage it was not known for certain why such a large discrepancy existed between 

the predicted and measured resonant frequencies. However, it is suspected that it is partly due 

to the upper bearing moving slightly in its housing and therefore not clamping the bearing 

point as assumed in the finite element model. When the motor was run at high speed the 

acoustic noise increased and subsequent investigation indicated that the upper bearing had 

rotated in its housing, and there were signs of wear in the housing. 
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Table 5.23 - Comparison of predicted and measured values for a bearing stiffness of 
1.4xl07N/mm 

Mode 
Finite element Measured 

(Hz) (Hz) 
Cylindrical 1679 1248 

Conical 2331 2368 
1st bending 5345 5024 
2nd bending 11640 11744 

Figure 5.43 shows the vibrational modes, and again it can be seen that at higher values of 

bearing stiffness the mode shape is dominated by the shaft flexure. 

5.4 Influence of leading design parameters 

As well as modelling the existing rotors, the influence of various design parameters on the 

rotor resonances was investigated viz.: the length of the shaft extension beyond the bearings, 

the influence of the shaft diameter and the spacing between the bearings. 

5.4.1 Shaft extension 

Since the length of the shaft extension will have a major influence on the resonant modes. 

it was varied, the results being shown in Figure 5.45. As can be seen, if there is no extension 

beyond the bearing the frequency of the first bending mode is moved from 3kHz to 20kHz. 

The solid vertical line on the graph shows the shaft length of the prototype rotor with the long 

shaft extension. A reduction of the shaft extension length, from 42mm to 15mm indicated by 

a dashed line on the graph, moves the natural frequencies well above the operating speed 

range of the motor, viz. 120krpm (2kHz), and hence reduces the possibility that the modes 

will be excited. 
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Figure 5.45 • Variation in natural frequency with shaft extension, neglecting bearing 
modes 

The rotor was then re-modelled accounting for the bearing modes, which affect the 

bending modes slightly as the two bearings support the shaft in two places. As can be seen in 

Figure 5.46, the frequencies of the first two bending modes increase slightly. The first 

bending mode is now primarily determined by the vibration of the shaft extension as the 

bearings limit the flexing of the rotor shaft. 

Shortening the rotor shaft such that it does not extend beyond the bearings moves all the 

rotor shaft bending modes well away from the operational speed range, but it also prevents the 

the rotor from being coupled to a load. A second rotor was manufactured with a shaft 

extension length of 15mm, as shown on Figures 5.45 & 5.46 by a dashed line. The first 

resonance mode due to bending of the shaft is predicted to occur at 9.8kHz for the free-free 

case and at just over 10kHz when the rotor is mounted in the bearings. It is, therefore, 

considerably higher than the maximum operating frequency of the motor. As can be seen from 

Figure 5.46 the introduction of the bearings introduces 2 extra modes at a comparatively low 

frequency, which are due to the rotor bouncing and pitching on the bearings. 
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Figure 5.46 - Variation in natural frequency with shaft extension, including bearing 
modes 

The first mode is due almost entirely to the vibration of the shaft extension. A simple 

analytical model based on a cantilever was employed to predict this mode. It assumes that the 

shaft is clamped as shown in Figure 5.47. A different clamping point from that which was 

used in section 5.3.1 is assumed, as the bearings are not included in this analytical model. The 

analytical formula is the same as the one, which was described in section 5.2.1, viz.: 

0). =a.rl~ 
J.I) 

Clamp point 

Figure 5.47 • Rotor schematic showing clamping point 

In this case, only the value for al, which is 3.52 from [Har56], is required, as it is the first 

mode that is being investigated. In the model, the shaft length includes the 7mm, which is 

occupied by the bearing, and the diameter is 8mm. 

Thus the equation gives: 

E = 1.93xlOll N/m, 

JlI = npd2/4=0.4021 kg/m where p=8000kg/m\ l = shaft extension + 7mm 
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ro = 3.52~96~~76 

Figure 5.48 shows the influence of shaft extension on the natural frequency, as predicted 

by both the analytical model and finite element analysis. As can be seen, with a shaft 

extension above 15mm the analytical model yields results, which are comparable with those 

from the finite element analysis. For extensions below 15mm, however, the mode shape of the 

whole rotor shaft dominates the resonant mode, and the assumption that the shaft extension 

being equivalent to a cantilever clamped at one end is no longer valid. 
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Figure 5.48 - Comparison between analytical and finite element predicted resonant 
frequencies for first rotor bending mode 

The second rotor with the shorter shaft extension of 15mm, shown in Figure 5.49, was then 

tested and its frequency spectrum is shown in Figure 5.50. As can be seen from Table 5.24 

and Figure 5.45 the results are very close to those predicted by the finite element analysis. 

Again ,the 3rd or rotational mode is not detected during the impulse response test. 

Figure 5.49 - Rotor with 15mm shaft extrusion 
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Table 5.24 - Comparison of predicted and measured natural frequencies 

Finite Measured 
element (Hz) (Hz) 

9816 9088 
21374 21504 
23477 -
39339 35840 

The natural frequencies of the assembled motor with the new rotor having the 15mm shaft 

extension were also measured, and are shown in Figure 5.51. It should be noted that new 

bearings were used on this motor due to damage being caused to the previous bearings at high 

speeds. Therefore, there may be a slight difference in the value of the stiffness constant. 
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Figure 5.51 - Frequency spectrum for motor with shaft extension of 15mm 
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From the work, which is described previously in section 5.3 .1 it can be assumed that 

several of these resonant modes are due to the motor frame rather than the rotor. The complete 

rotor was modelled using the finite element mesh shown in Figure 5.52. Table 5.25 indicates 

the modes that are likely to be due to the frame and rotoribearing arrangement. However, it is 

appreciated that not all the modes, which are identified as rotor modes, will actually be due to 

the rotor, but will be caused by the interaction of the rotor with the frame. Also the natural 

frequencies of the frame will be increased due to the extra stiffening provided by the rotor, 

which depends to some extent on how rigidly the motor is assembled. 

Figure 5.52 - Finite element model for shaft with 15 mm shaft extension with bearings 

Table 5.25 - Identification of possible mode sources 

Frequency Frame or 
(Hz) rotor mode 
2368 Rotor 
4352 Rotor 
6400 Frame 
7680 Frame 
9792 Frame 
10304 Rotor 
12800 Frame 
15360 Frame 
22848 Rotor 

Using this data, the finite element analysis was repeated with the bearings represented. It 

was found that closer agreement between the measurements and the predictions was obtained 

at 2.25x107 N/m, which while being slightly different from the value which calculated 

previously is probably due to the new bearings. The predicted natural frequencies are 

compared with the measured values in Table 5.26, and the mode shapes are shown in Figure 

5.53 . As can be seen there is a very good correlation between predictions and measurements, 

which validates the model for both the rotor and the bearings. 
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Table 5.26 - Predicted and measured resonance modes for rotor with 15mm extension 
including bearings 

Mode Finite element Measured 
(Hz) (Hz) 

Cylindrical 2598 2368 
Conical 4301 4352 

1st bending 10184 10304 
2na bending 22143 22848 
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Figure 5.53 . Resonant modes for rotor with 15 mm shaft extension including bearings 
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5.4.2 Bearing spacing 

Since each of the prototype motors, Al & B l , were designed to have the same space 

envelope, the rotors were designed such that the bearings were spaced the same distance 

apart. Therefore, on the rotor with the longer active length (AI) the bearings could not be 

brought any closer together. However, on the rotor with the shorter active length (Bl) the 

bearings could be moved to investigate the effect this has on the resonant frequencies. Two 

investigations were performed, one with the shaft length maintained constant and the bearing 

spacing varied and the other with the shaft flush with the bearings, and the length being 

adjusted accordingly. 

a) Constant shaft length 

This investigation was based on the finite element model shown in Figure 5.54. The shaft 

was assumed to be flush with the bearings as shown. The mesh shows the rotor with the 

bearings in the original position, i. e. the same as for the rotor with the longer active length. 

Figure 5.54 - Finite element mesh showing bearing locations 

The bearings were gradually moved closer together in equal increments, the shaft length 

being kept constant to avoid any change in weight, which would affect the resonant 

frequencies. The results of the investigation are shown in Table 5.27 and in Figure 5.55. 
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Figure 5.55 • Variation of natural frequencies for change in bearing spacing, shaft 
length constant. 

Table 5.27 • Variation in natural frequencies with change in bearing spacing 

Distance between Natural frequencies (Hz) 
bearings (mm) Cylindrical Conical 1st bending 2nobending 

40.8 2581 4131 16037 21148 
44.8 2538 4476 17350 23408 
48.8 2482 4775 18305 24472 
52.8 2413 5048 19245 26511 
56.8 2335 5260 19667 27472 

As can be seen from Figure 5.55, the 3rd and 4th vibrational modes, which correspond to the 

1 st and 2nd bending modes of the shaft, reduce in frequency as the bearings are moved closer 

together. This is due to the natural frequency of the shaft extension, which dominates the 

mode shapes as can be seen from the mode shapes in Figure 5.56. 

There is very little change in the 1 st resonant mode or the bearing cylindrical mode since 

these modes are dependent mainly on the stiffness of the bearings and the mass of the rotor. In 

this investigation the change in rotor mass is minimal, the only change in weight being the 

shoulder on the shaft which locks the bearings in place. 

b) Variable shaft length 

In this investigation, the shaft was again assumed to be flush with the bearings i.e. zero 

shaft extension. As the shaft length is changed which determines the bearing spacing, then a 

larger range of spacings can be investigated. As can be seen from Figure 5.57, the natural 

frequencies for the bending modes increase dramatically as the bearings are brought closer 

together. This occurs as the shaft is effectively ,being clamped at shorter axial lengths with no 
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change in the stiffness of the shaft. Consequently, from the analytical work in section 5.4.1, as 

the length decreases the resonant frequencies rise. In addition there is a slight increase in the 

resonance modes as a result of the bearings due to the decreased rotor weight as the spacing is 

reduced. 
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Figure 5.56 . Variation in natural frequency with change in bearing spacing with shaft 

length constant 
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Figure 5.57 - Variation of natural frequencies with change in bearing spacing, shaft 
length varying. 

5.4.3 Active length 

For this investigation, the rotor that was modelled is the one, which was studied previously 

in section 5.4.1 with a 15mm shaft extension and the bearing stiffness was fixed at 2.5x107 

N/m. The active length was gradually reduced and changes in the resonant frequencies were 

calculated. There are two active lengths viz. 34.2mm and 15mm, which correspond to the 2 

rotors which were built. Once the active length has been reduced to Omm the end-caps on the 

shaft are completely removed and the resonant frequency of the shaft is obtained. Figure 5.58 

shows the rotor mesh for a rotor with an active length of 15mm, zero active length, and with 

no end-caps. 

Rotor with 15mm active length Rotor with zero active length Rotor shaft with no end-caps 
Figure 5.58 - Rotor mesh during different stages of modelling 

The results of this investigation are shown in Figure 5.59. The solid vertical line indicates 

the rotor with an active length of34.2mm and the dotted vertical line represents the rotor with 
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an active length of 15mm. The resonant frequencies for the shaft without the end-caps are also 

shown. 
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It can be seen that for the cylindrical bearing mode, the mode frequency increases as the 

active length is shortened. This is to be expected as the mass of the rotor is reducing and this 

resonance is proportional to the inverse of the rotor mass as can be seen from Equation 5.3. 

The frequency of the conical bearing increases slightly as the active length is reduced. This is 

due to the transverse inertia of the shaft decreasing as the rotor mass decreases, and can be 

anticipated from Equation 5.4. 

The 1 st bending mode decreases in frequency as the stiffness of the shaft decreases due to 

the reduction in active length, whilst the 2nd bending mode initially increases in frequency as 

the active length gets shorter and becomes comparatively stiffer, and then decreases as the 

shaft starts to flex due to a longer shaft length being exposed. 

5.4.4 . Shaft diameter 

The effect of changing the shaft diameter was investigated on both rotors, from motor Al 

and BI, but with the shorter shaft extension of 15mm. 

a) Rotor with long active length 

The bearing stiffness was fixed at 2.5x107 N/m, as calculated previously in section 5.3.1. 

The shaft diameter was increased in increments from 2mm to 10mm, and the results are 

shown in Figure 5.60, whilst the corresponding vibrational modes are shown in Figure 5.62. 
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b) Rotor with short active length 

The bearing stiffness was fixed at 1.4x107 N/m, the value calculated previously in section 

5.3.2, and the shaft diameter was increased in increments from 2mm to lOmm. The results are 

shown in Figure 5.61, whilst the corresponding vibration modes are shown in Figure 5.63. 
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Figure 5.61 - Variation in natural frequency with changes in shaft diameter (shorter 
rotor active length) 

From Figures 5.60 & 5.61, it can be seen that although there are slight differences in the 

frequencies of the first two modes due to the bearings there is a dramatic reduction in the 

natural frequency of the 1 st bending mode as the shaft stiffness decreases. This is more 

pronounced on the rotor with the short active length, as the active section is comparatively 

stiff compared to the shaft, and therefore does not flex significantly. 
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From the theory in section 5.3, it can be seen that a reduction in the rotor mass should lead 

to an increase in the natural frequency of the bearing modes, and this can be seen in Figure 

5.60 for a small shaft diameter. However, reduction of the shaft diameter makes the shaft 

more flexible and consequently the resonance mode is determined more by flexure of the 

shaft than by vibration of the bearings leading to a reduction in the bearing resonance modes 

at small shaft diameters. The changing nature of the resonance modes as the shaft diameter is 

reduced can clearly be seen in Figures 5.62 & 5.63. 
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5.5 Summary 

This chapter has described the construction of 2 rotors for a high-speed motor, and 

successfully employed finite element models to accurately predict the resonant modes. 

Results deduced from finite element analysis correlate well with the measured natural 

frequencies, and with the analytical methods, where these could be applied. From the work 

performed here the following observations could be made: 

• The lamination material reduces the natural frequencies of the rotor. The laminations 

contribute extra mass to the rotor, but contribute little in the way of axial stiffness. 
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• The magnets whilst contributing significant mass to the rotor, being nearly as dense as the 

stainless steel, are comparatively stiff in the axial direction and therefore act to stiffen the 

rotor and increase the natural frequencies. 

The carbon fibre magnet containment whilst being relatively strong along their direction of 

orientation, Le. circumferentially are very weak axially and contribute only slightly to the 

rotor mass. Whilst the carbon fibre acts to reduce the natural frequencies of the rotor slightly 

the effect is minimal. 

The models have successfully accounted for the bearing arrangements, and showed the 

effects of the introduction of the extra bearing modes on the natural frequencies. Again, good 

correlation with measured values for both rotors has been obtained. The influence of design 

parameters, such as the shaft extension, the bearing spacing and the active length on the 

resonant frequencies has been quantified as follows: 

• The shaft extension beyond the bearings has a dramatic effect on the resonant modes of 

the motor. Once the shaft length starts to increase then the natural frequencies rapidly 

decrease and any significant length of shaft extension causes the 1 st bending mode to 

occur inside the motor operating speed range. Conversely a very short shaft extension will 

not allow the motor to be coupled to a load. Based on the investigation into the effect of 

the shaft extension then two new rotors were manufactured such that the resonant 

frequencies of the shaft bending modes were moved well outside the operating speed 

range. 

• Spacing of the bearings can significantly affect the resonance modes. This is of primary 

concern where the motor end windings are quite long, and there are a number of positions 

in which the bearings can be located. Moving the bearings closer to the motor can increase 

the motors natural frequencies, but only if the rotor shaft is shortened too and this could 

prevent the motor being coupled to a load. However, if the end-windings could be 

minimised or bent in such a way as to reduce their length, then a reduction of the distance 

between the bearings would be very beneficial in making sure the 1 st and 2nd bending 

modes of the shaft occur well outside the motor operating speed range. 

• A reduction of the shaft diameter directly affects the resonance modes as it significantly 

compromises the shaft stiffness. This effect is more pronounced when the active length is 

shorter, and on motor B 1 would lead to the first bending mode occurring inside the speed 

range of the motor for a shaft diameter of 3mm or less. Also a small shaft diameter could 

permit significant flexing of the shaft. 
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• Changing the active length does not significantly influence the resonant modes for the two 

rotors studied. The rotors first bending mode, however, is subject to the most change as 

that is heavily influenced by the stiffness of the active length. Once the active length starts 

to decrease the shaft bending starts to dominate reducing the natural frequency of this 

mode. 

From the work described in this chapter some general conclusions can be drawn for 

general high-speed motor design. The shaft extension should be kept as short as possible and 

just long enough to allow coupling to a load. Extra bearings can be used to support the shaft, 

but high-speed bearings are comparatively quite expensive and require expensive lubrication 

strategies for continued operation. However, it is realised that the use of additional bearings 

can introduce new problems due to alignment and motor assembly The shaft diameter should 

be of a reasonable diameter to limit the flexing caused by· 'the resonance modes, but 

sufficiently small to allow cost effective bearings to be used as the cost of high-speed bearings 

starts to increase dramatically with the shaft diameter. Finally, for high-speed motors, analysis 

of the rotor resonant frequencies during the design stage is essential to ensure the shaft 

bending modes are well outside the motor speed range. This can be used to differentiate 

between motor designs of a similar electromagnetic performance to select the motor with the 

best resonant properties. 
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Chapter 6 General conclusions 

In this thesis, the influence of both electromagnetic and mechanical design parameters on 

the performance of high-speed (120krpm) permanent magnet brushless DC motors has been 

investigated. It has been shown that both aspects need to be considered at the design stage if a 

motor is to be designed and operate successfully at high speed. 

6.1 Design of high-speed permanent magnet brushless DC motors for 
sensorless operation 

In chapter 2, a 6-pole high-speed permanent magnet brushless DC motor with an external 

magnetically loaded composite rotor was designed to meet the specific application 

requirements of a company, and this motor highlighted issues which were addressed in the 

research that subsequently followed. The major issues were: 

• The electromagnetic design considerations for high-speed motors so that they are 

suitable for sensorless operation. Previously, this had not been a design consideration. 

• Optirnisation of the rotor diameter to stator diameter (or split) ratio, which was not 

possible due to design constraints on the initial motor. Existing methodologies for 

determining the optimal split ratio does not account for the influence of iron loss, 

which is an increasingly important consideration at high speed. 

• The mechanical design of the rotor, so as to avoid resonant modes in the operating 

speed range of a motor. 

The prototype external rotor motor was not capable of being operated from a sensorless 

commutation scheme based on the detection of the zero-crossing of the back-emf waveform 

due to the phase current waveform being continuous. It was found that· with the original 

external rotor motor design concept, such sensorless operation would not be achievable. 

Further, the motor would not have been capable of achieving its rated speed of 120krpm due 

to a resonance mode, which occurred at a speed of =16krpm. In addition there may have been 

other critical speeds below 120krpm. 

Chapter 3 investigated the design methodology for a high-speed motor for operation on a 

sensorless DC commutation strategy utilising the zero-crossing of the back-emf waveforms. 

In Chapter 1, it was shown that significant problems may exist with the use of discrete 

commutation sensors, in that they: 

• They can be relatively bulky and, sometimes, fragile. 

• They require additional components. 
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• They pose potential alignment problems, particularly in small motors. 

• They may compromise reliability. 

• They may exhibit hysteresis, which may cause a motor to operate away from optimum 

efficiency. 

The above problems can be exacerbated at high rotor speeds, when, for mechanical 

reasons, the airgap needs to be comparatively large, compared with conventional low-speed 

motors. Eliminating the need for discrete rotor position sensors, and employing a sensorless 

commutation strategy would improve both the reliability and performance. However, in order 

to employ a brushless DC sensorless commutation strategy the motor phase currents need to 

be discontinuous and the diode conduction angle needs to be <300 electrical so as to ensure 

that the zero-crossing of the back-emf is not obscured by the current free-wheeling through 

the diodes and clamping the phase voltage at the DC link voltage. 

A prototype motor has been designed to specifically result in a low diode conduction 

angle, and it was compared with a motor, which was designed to have a more conventional 

geometry, in terms of the ratio of iron to copper. Both motors were designed to have the same 

space envelope and the same efficiency. It was shown that: 

• Careful consideration needs to be paid to the diode conduction angle during the design 

stage if sensorless operation is to be realised. Neglecting this may result in a motor that 

cannot be operated as a sensorless machine using the relatively simple DC 

commutation strategies, which have been considered. 

• The stator geometry of a motor, which results in a Iow diode conduction angle differs 

significantly from a conventional stator design, in that it contains considerably less 

copper and more lamination material, which results in a low winding inductance and a 

low flux density in the stator iron. 

• The diode conduction angle is highly dependent on the load torque. Hence, designing a 

high torque motor specifically for a low diode conduction angle becomes more 

challenging if a sensorless control strategy is to be implemented. 

• The motor which was designed to have a low diode conduction angle was successfully 

operated using a sensorless control strategy up to, and beyond, its rated operating speed 

of 120krpm whilst a motor with a high diode conduction angle required discrete 

commutation sensors as the zero-crossing of its back-emf waveform was obscured at 

high speed by the phase currents free-wheeling through the diodes. 
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• If a motor which is designed to result in a high diode conduction angle is operated with 

a considerably reduced load torque then sensorless operation is still possible at high

speed, but this ceases to become possible when load torque is applied. Clearly, this 

would not be commercially viable. 

During the design stage of the prototype motors it was observed that the rotor diameter 

greatly affected the motor efficiency. The relationship of the rotor to stator diameter is 

referred to as the split ratio, and Chapter 4 investigated the influence of motor design 

parameters on the optimal split ratio for high-speed operation. Previous work [Cha93] had 

derived an optimal split ratio for a distributed (overlapping) winding motor topology 

accounting for the copper loss, and has been shown to contain mistakes. These have been 

corrected, and the analysis extended to cater for motors having another important winding 

topology, viz. a non-overlapping or concentrated winding. On investigating the influence of 

the winding design on the optimal split ratio, it was observed that motors with distributed 

windings have a higher optimal split ratio when compared with motors having concentrated 

windings and this is accentuated at high airgap flux densities. Comparisons of the results from 

the relatively simple analytical equations which were employed with those deduced from an 

extensive CAD system have shown that the simple model proposed in [Cha93] compares 

favourably in predicting the optimal split ratio, even though it neglects the end-windings, the 

form of the magnetisation, the airgap length and the winding inductance. 

This simple model also neglected the stator iron loss and whilst this might be justified at 

low speeds, where the copper loss is usually the largest loss component, at high speeds the 

iron loss can become dominant. Consequently, derivation of the optimal split ratio needs to 

consider both the iron and copper loss. Whereas a simple formula can be derived for the 

optimal split ratio accounting purely for copper loss, it is not possible to derive an equivalent 

expression when iron loss is introduced, due to the added complexity. As the operating speed 

is increased, the iron loss increases significantly and it has clearly been shown that the 

optimal split ratio changes from one that is influenced mainly by the copper loss to one that is 

determined largely by the iron loss. The iron loss serves to significantly reduce the optimal 

split ratio compared with that when only the copper loss is accounted for. However, two 

methods were proposed which resulted in a reduced iron loss and a higher motor efficiency. 

These centred on reducing either the flux density in the iron by increasing the airgap length or 

by reducing the iron volume by reducing the active length of the motor. Whilst increasing the 

airgap length served to increase the copper loss, it was still possible to achieve an increase in 

overall efficiency by a reduction of the iron loss. 
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The use of a thinner lamination material or a higher grade material, such as cobalt steel, 

will undoubtedly reduce the iron loss significantly, but these materials are more expensive. 

Since, in many applications, the motor cost can be a major issue, it is envisaged that despite 

the availability of such alternative lamination materials, the iron loss could remain the major 

factor in determining the optimal split ratio. Irrespective of the stator lamination material the 

methods, which have been considered, would still be useful in reducing the total motor loss 

and maximising efficiency. In summary, it has been shown that the incorporation of the iron 

loss into the calculation of the optimal split ratio is essential for high-speed motors. 

6.2 Mechanical resonance frequencies of high-speed brushless permanent 
magnet motor rotors 

Whilst the electromagnetic design aspects of high-speed, permanent magnet, brushless dc 

motors are clearly fundamental, the mechanical aspects of the design are of equal importance 

if a motor is not to exhibit destructive resonance modes. The consequences of overlooking 

critical mechanical aspects of motor design have been highlighted, when a resonance mode on 

a high-speed rotor was excited, resulting in the destruction of the rotor. Chapter 5 describes a 

detailed analysis of the rotor resonance and the contribution of the constituent rotor 

components to the natural frequencies of the rotor. A finite element model was constructed to 

facilitate accurate modelling of the rotor components and fine-tuning of the model parameters, 

where applicable, to ensure that the developed model accurately represents reality. The model 

was extended to cater for the addition of bearings and the influence of the bearings on the 

resonant modes of the rotor. From the investigation the following were observed: 

• The lamination material serves to reduce the natural frequencies of the rotor, since 

whilst they contribute mass to the rotor, they contribute little to the axial stiffness. The 

resultant effect is to reduce the rotor natural frequencies. 

• The permanent magnets whilst contributing significant mass to the rotor, being nearly 

as dense as the rotor back-iron, are comparatively stiff in the axial direction, and, 

consequently, act to stiffen the rotor and increase the natural frequencies. 

• The carbon fibre magnet containment whilst being comparatively weak axially, 

despite being very strong circumferentially, adds very little mass to the rotor. 

Consequently, its effect on the natural frequencies of the rotor is minimal. 

Once the finite element model had been validated, the influence of the rotor design 

parameters such as the shaft extension, the bearing spacing and the active length on the 

natural frequencies was then investigated. It was shown that a variation in these parameters 
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could have a significant effect on the natural frequencies, the most dramatic being the shaft 

extension beyond the bearings. This extension acts similar to a free beam, and if it is 

sufficiently long the first bending mode will be within the operational speed range of the 

motor. It is suspected that it was this mode, which was excited and caused the destruction of 

the rotor, which was described in Chapter 5. From the analyses, which were performed, it was 

possible-to design rotors such that all the bending modes were outside the operational speed 

range of a motor, and, therefore, were unlikely to be excited. Whilst the shaft extension was 

an important consideration, other aspects, which also significantly influenced the rotor natural 

frequencies, were: 

• The spacing of the bearings. Moving the bearings closer to the motor can increase the 

rotor natural frequencies, but only if the rotor shaft is shortened too. Clearly, however, 

this can prevent the motor from being coupled to a load. However, if the end-windings 

could be minimised or shaped in such a way as to reduce their length, then a reduction 

of the spacing between the bearings would be beneficial in taking the 1 st and 2nd 

bending modes of the shaft outside the motor operating speed range. 

• The shaft diameter directly affects the resonance modes as it significantly influences 

the shaft stiffness. This effect is more pronounced when the active length is short, and 

on motor Bl with a shaft diameter of 3mm or less it led to the first bending mode 

occurring inside the speed range of the motor, since a small shaft diameter results in 

significant flexing of the shaft. 

From the work, which has been described, it is, hopefully, evident that it is equally 

important to consider the mechanical aspects of high-speed motor design if resonance modes 

and their effects are to be avoided. 

6.3 Overall conclusion 
Whilst each chapter has focussed on a particular issue related to high-speed permanent 

magnet brushless DC motors and each of these is important it is only by considering all the 

issues that a cohesive design methodology can be established. If a motor is to be mechanically 

robust, operated using a simple sensorless commutation scheme, and make efficient use of the 

available space envelope, the design process is an integrated process which considers all 3 

research issues which have been investigated simultaneously, in order to identify the best 

possible motor design. 

For example, when the investigation into the sensorless back-emf based commutation was 

carried out it was observed that motors with a low diode conduction angle tended to have a 
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relatively long active length and quite short end-windings whilst motors which resulted in a 

high diode conduction angle had a relatively short active length, and much longer end

windings. From the investigation into rotor resonance, this can clearly have repercussions in 

respect of the mechanical design of the motor. Motors with relatively short end-windings can 

have the bearings positioned relatively close to the active volume of the rotor, which, as seen, 

tends to be axially much stiffer than the shaft alone, which helps ensure that resonance modes. 

are out of the operating speed range. Consequently, the shaft extension beyond the bearings, 

which is needed to couple a motor to its load, can be reduced, which could help move the 

resonance modes to speeds above the operating speed. The author is aware that the resonant 

frequencies will change when a load is coupled to the system, so consequently, attention to 

the overall mechanical system is critical. With a short active length and long end-windings, 

which the bearings are located further from the active volume of the rotor, which may cause 

the shaft between the active volume and the bearings to flex slightly thereby reducing the 

frequency of the resonant modes. One solution might be to inset the bearings closer to the 

motor, but this might require a comparatively long shaft extension. 

During the investigation, it was seen that inclusion of the iron loss component in the 

analysis might significantly reduce the optimal split ratio. However, realising this, say by 

mounting the rotor magnets directly onto a stainless steel rotor shaft or making the shaft 

diameter very small to accommodate laminations, results in a reduction in the flux from the 

magnets, which would reduce the motor performance. However, a reduction of the rotor shaft 

may significantly reduce the frequency of the shaft bending modes. 

From the work, which has been reported in this thesis, it is evident that both 

electromagnetic and mechanical design considerations and constraints are critical to the 

realisation of high-speed motors. An appreciation of the different aspects of machine design is 

vital for their reliable operation. 
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Appendix A MLC motor designs 

EXTERNAL ROTOR SLOTLESS MACHINE 

Rated speed 
Torque 

ST ATOR DIMENSIONS 

Outer diameter of windi ng 
Inner diameter of winding 
Winding thickness 
Yoke outer diameter 
Yoke inner diameter 
Yoke height 
Core axial length 
OvemIl axial length 

120000 rpm 
56.12 mNm 

119.0 mm 
99.0 mm 
10.0 mm 
99.0 mm 
70.0 mm 
14.5 mm 
60.0 mm 

lIS.0 mm 

PERFORMANCI<: DETAILS 

Machine type 
DC link voltage 
Torque 
Speed 
Output power 
Input power 
Phase back emf (Pk) 
Line back emf (Pk) 
Phase current (rms) 
Motor current (ave) 
Current density (wire) 
Current density (wdg) 
Efficiency 
Total loss 
Iron loss 
Resistive loss 
Winding eddy loss 
Drive ohmic loss 

STATORIRON 

DC 
SOO.OO V 
56.12 mNm 

120000 rpm 
705.20 W 
777.25 W 
114.57 V 
189.20 V 

2.93 A 
USA 
5.37 Nmm1 

1.23 Nmm1 

90.7 % 
72.05 W 
0.56 W 

69.76 W 
1.74 W 
0.00 W 

Material Transil300_16T 
Yoke flux density 7.2 mT 
Hysteresis loss factor K., l.55e-02 
Hysteresis loss factor ex 2.45 
Eddy current loss factor K, 1.00c-04 
Conductivity l.33e+06 S/m 
Lamination thickness 0.35 mm 

Output power 
DC link Voltage 

ROTOR DIMENSIONS 

Motor outer diameter 
Yoke inner diameter 
Yoke height 
Magnet Inner diameter 
Magnet height 
Airgap length 
A)(iallength 

WINDING DETAILS 

Number of phases 
Number of conductors 
Number of stmnds 
Conductor diameter 
Mean length turn 
Winding pitch 
Winding width 
Packing factor 
Conductivity 
Phase resistance 
Phase self inductance 
(end component) 
Phase mutual inductance 
(end component) 

705.20 W 
500.00 V 

126.8 mm 
126.8 mm 

0.0 mm 
124.8 mm 

1.0 mm 
2.9 mm 

60.0 mm 

3 
80 
2 

0.59 mm 
295.9 mm 
ISO.O 'elec 
60.0 'elec 
0.37 

5.SSe+07 S/m 
2.70 Q 

1.297 mH 
0.000 mH 

-0.489 mH 
0.000 mH 

Number of pole pairs 
Machine Type 

WEIGHTS & DENSITIES 

Magnet density 
Conductor density 
Slalor iron density 
Rotor iron density 
Magnet weight 
Conductor weight 
Lamination weight 
Rotor iron weight 
Overall weight 
Inertia 

MAGJIIET DETAILS 

3 
DC 

7700 kg/m) 
8900 kg/m' 
7650 kg/m l 

7650 kg/m) 
182.6 g 
1.04 kg 
1.77 kg 
0.0 g 

2.99 kg 
7.2e+02 gml 

Material USER DEFINED 
Remanence (20 'C) 0.11 T 
Temp. coeff. Br 0.000 
Est. magnet temp 20.0 'C 
Remancnce (Calc) 0.11 T 
Relative recoil permeability 1.05 
Magnetisation HALBACH-AIR 
Magnet height 1.0 mm 
Number of pole pairs 3 
Pole arc/pole pitch 1.00 

DRIVE CIRCUIT DETAILS 

Upper transistor resistance 
Lower transistor resistance 

ROTOR IRON 

Material Transil3(XU 6T 
Upper transistor voltage 
Lower transistor voltage 
Upper diode resistance 

0.00 Cl 
0.00 Cl 
0.00 V 
0.00 V 
0.00 n 
0.00 Q 

0.00 V 
0.00 V 

Yoke fl ux density 

THERMAL DETAILS 

Ambient temperature 
Dissipation area 
Heat tmnsfer cocff 
Surface temper.lture 
Est. magnet tempemture 

0.0 mT 
Lower diode resistance 
Upper diode voltage 

20 'e Lower di~e voltage 
76.98 cml Commutat~on a~gle 

100.00 W/m2'CC?mmutallon ~Idth 
J 14 'c Diode conductIOn angle 

20 'c 

30.00 deg. 
0.0 deg. 

60.0 deg. 

Figure A.I • Modified design with 80 turns per coil 

212 



EXTERNAL ROTOR SLOTLESS MACHINE 

Rated speed 
Torque 

STATOR DIMENSIONS 

Outer diameter of winding 
Inner diameter of winding 
Winding thickness 
Yoke outer diameter 
Yoke inner diameter 
Yoke height 
Core axial length 
Overall axial length 

120000 rpm Output power 
29.13 mNm DC link Voltage 

119.0 mm 
99.0 mm 
10.0 mm 
99.0 mm 
70.0 mm 
14.5 mm 
60.0 mm 

128.0 mm 

ROTOR DIMENSIONS 

Motor outer diameter 
Yoke inner diameter 
Yoke height 
Magnet Inner diameter 
Magnet height 
Airgap length 
Axial length 

PERFORMANCE DETAILS WINDING DETAILS 

Number of phases 
Number of conductors 
Number of strands 
Conductor diameter 
Mean length turn 
Winding pitch 
Winding width 
Packing factor 
Conductivity 

Machine type 
DC link voltage 
Torque 
Speed 
Output power 
Input power 
Phase back emf (Pk) 
Line back emf (Pk) 
Phase current (nns) 
Motor current (ave) 
Current density (wire) 
Current density (wdg) 
Efficiency 
Totulloss 
Iron loss 

DC 
500.00 V 
29.13 mNm 

120000 rpm 
366.03 W 
388.60 W 
114.58 V 
189.20 V 

1.53 A 
777.00 mA 

2.80 Almml 
0.64 A/mm2 
94.2 % 

Phase resistance 
Phase self inductance 
(end component) 
Pha.<re mutual inductance 
(end component) 

366.03 W 
500.00 V 

126.8 mm 
126.8 mm 

0.0 mm 
124.8 mm 

1.0 mm 
2.9 mm 

60.0 mm 

3 
SO 
2 

0.59 mm 
315.9 mm 
180.0 'elec 
60.0 'elet 
0.37 

5.S5e+07 S/m 
2.88 Q 

2.389 mH 
1.092 mH 

-1.036 mH 
-0.546 mH 

Number or pole pairs 
Machine Type 

WEIGHTS & DENSITIES 

Magnet density 
Conductor density 
Stator iron density 
Rotor iron density 
Magnet weight 
Conductor weight 
Lamination weight 
Rotor iron weight 
Overall weight 
Inertia 

MAGNET DETAILS 

3 
DC 

7700 kg/m] 
8900 kg/m) 
7650 kg/m] 
7650 kg/m) 
182.6 g 

1.11 kg 
1.77 kg 
0.0 g 

3.06 kg 
7.2e+02 gm2 

Material USER DEFINED 
Remanence (20 'c) 0.11 T 
Temp. cocff. Br 0.000 
Est. magnet temp 20.0 'C 
Remanence (Calc) 0.11 T 
Relative recoil permeability 1.05 
Magnetisation HALBACH-AIR 
Magnet height 1.0 mm 
Number of pole pairs 3 
Pole arc/pole pitch 1.00 

DRIVE CIRCUIT DETAILS 

Upper transistor resistance 
Lower transistor resistance 

Resistive loss 
Winding eddy loss 
Drive ohmic loss 

22.57 W 
0.56 W 

20.28 W 
1.74 W 
0.00 W 

ROTOR IRON 

Material TransiJ300_16T 
Upper transistor voltage 
Lower trdnsistor voltage 
Upper diode resistance 

0.00 Q 
0.00 n 
0.00 V 
0.00 V 
0.00 n 
0.00 Q 
0.00 V 
0.00 V 

STATOR IRON 

Material Transil300_16T 
Yoke flux density 7.2 mT 
Hysteresis loss fllctor K.. 1.55e-02 
Hysteresis loss factor et 2.45 
F.ddy current loss factor K. 1.00c-04 
Conductivity 1.33e+06 S/m 
Lamination thickness 0.35 mm 

Yoke flux density 

THERMAL DETAILS 

Ambient temperature 
Dissipation area 
Heat transfer coeff 
Surface temperature 
Est. magnet temperature 

0.0 mT 
Lower diode resistance 
Upper diode voltage 

20 ·C Lower di~e voltage 

76 98 z Commutation angle 
. cm C "d 

100.00 W/m2'C ?mmutatlon ~1 th 
49 'c Diode conducuon angle 

20 'c 

30.00 deg. 
0.0 deg. 

60.0 deg. 

Figure A.2 - Revised calculation for motor performance including end-winding 
calculation 
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EXTERNAL ROTOR SLOTLESS MACHINE 

Rated speed 120000 rpm 
Torque 54.33 mNm 

ST ATOR DIMENSIONS 

Outer diameter of winding 119.0 mm 
Inner diamcter of winding 99.0 mm 
Winding thickness 10.0 mm 
Yoke outer diameter 99.0 mm 
Yoke inner di:lmeter 70.0 mm 
Yoke height 14.5 mm 
Core axial length 60.0 mm 
Ovemll axiallenglh 118.0 mm 

PERl"ORMANCE DETAILS 

Machine type 
DC link voltage 
Torque 
Speed 
Output power 
Input power 
Phase back emf (Pk) 
Line back emf (Pk) 
Phase current (rrns) 
Motor current (ave) 
Current density (wire) 
Current density (wdg) 
Efficiency 
Total loss 
Iron loss 
Resistive loss 
Winding eddy loss 
Drive ohmic loss 

STATORIRON 

DC 
500.00 V 
54.33 mNm 

120000 rpm 
682.67 W 
751.48 W 

70.18 V 
115.88 V 

4.82 A 
1.50 A 
4.97 Nmm1 

1.24 A/mm2 

90.8 % 
68.82 W 
0.56 W 

64.91 W 
3.35 W 
0.00 W 

Material Tmnsil300_16T 
Yoke nux density 7.2 mT 
Hysteresis loss factor K. 1.55e·02 
Hysteresis loss factor 0. 2.45 
Eddy current loss factor Kc 1.00e-04 
Conductivity 1.33e+06 S/m 
Lamination thickness 0.35 mm 

Output power 
DC link Voltllge 

ROTOR DIMENSIONS 

Motor outer diameter 
Yoke inner diamcter 
Yoke height 
Magnet Inner diameter 
Magnet height 
Airgap length 
Axial length 

WINDING DETAILS 

N umber of phases 
Number of conductors 
Number of strands 
Conductor diameter 
Mean length tum 
Winding pitch 
Winding width 
Packing factor 
Conductivity 
Phase resistance 
Phase self inductance 
(cnd component) 
Phase mutual inductance 
(cnd component) 

682.67 W 
500.00 V 

126.8 mm 
126.8 mm 

0.0 mm 
124.8 mm 

1.0 mm 
2.9 mm 

60.0 mm 

3 
49 
2 

0.79 mm 
295.9 mm 
180.0 "elec 
60.0 'elee 
0.39 

5.85e+07 S/m 
933.00 mQ 
0.793 mH 
0.306 mH 

-0.337 mH 
·0.153 mH 

Number of pole pairs 3 
Machine Type DC 

WEIGHTS & DENSITIES 

Magnet density 7700 kg/m) 
Conductor density 8900 kg/m' 
Stator iron density 7650 kg/m' 
Rotor iron density 7650 kg/m) 
Magnet weight 182.6 g 
Conductor weight 1.13 kg 
Lamination weight 1.77 kg 
Rotor iron weight 0.0 g 
Overall weight 3.08 kg 
[nenia 7.2e+02 gm2 

MAGNET DETAILS 

Material USER DEFINED 
Remanence (20 'C) 0.11 T 
Temp. coeff. Br 0.000 
Est. magnet temp 20.0 ·C 
Remanence (Cale) 0.11 T 
Relative recoil permeability 1.05 
Magnetisation HALBACH-AIR 
Magnet height 1.0 mm 
Number of pole pairs 3 
Pole are/pole pitch 1.00 

DRIVE CIRCUIT DETAILS 

Upper tran~istor resistance 
Lower tnmsistor resistance 

ROTOR IRON 

Material TransiI300_16T 
Upper transistor voltage 
Lower transistor voltage 
Upper diode resistance 

0.00 n 
0.00 n 
0.00 V 
0.00 V 
0.00 Q 
0.00 n 
0.00 V 
0.00 V 

Yoke nux density 

THERMAL DETAILS 

Ambient temperature 
Dissipation area 
Heat transfer eocff 
Surface temperature 
Est. magnet temperature 

0.0 mT 
Lower diode resistance 
Upper diode voltage 

20 ·C Lower diode voltage 

76 98 2 Commutation angle 
. cm C ··d h 

100.00 W/m2·C ~mmutatlon ~I I 

109 ·C DIOde conductIOn angle 

20 ·c 

30.00 deg. 
0.0 deg. 

60.0 deg. 

Figure A.3· New stator design to operate at 50mNm 
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Appendix B MLC motor construction 
A schematic of the stator assembly is shown in Figure B.I the stator windings being potted 

in Stycast for mechanical strength. 

Area available for win 

Stator laminations 

o 
o 
o 
<.D 

Die ; 68.0 3.00 

Laminations 

~~~-------~~~-Sintered ferrite 
I. 26.0 1 I. 26.0 .1 

Figure B.l - Schematic of stator assembly 

Since the ferrite screening components could only be manufactured in limited sizes, the 

internal diameter of the stator was reduced from 70mm to 68mm so as to be consistent. A 

lamination from the prototype motor is shown Figure B.2, the slots being introduced to 

support strips of rigid insulation, which serve to locate and form the stator windings. 

Figure B.2 - Stator lamination 
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Stator winding 
Due to the limited space envelope, the stator winding had to be very compact, an axial 

length of 20mm being available at each end to accommodate the end-windings. 

Each coil spans 60° mechanical, which as can be seen from the lamination design shown in 

Figure B.3, embraces three slots, for which a suitable winding former was designed. All the 

coils were identical, and were preformed prior to being inserted as shown in Figure BA. Thus, 

all three phases were balanced, in terms of their resistance and inductances. 

windings 

Figure D.3 - Schematic of stator cross-section 

Figure B.4 - Schematic of coil arrangement 

The windings were formed such that the end-winding sections of both the upper and lower 

coil sides could be accommodated within the available space, Figure B.I. A photograph of the 

end-windings is shown in Figure B.5. 

Figure B.S - View of stator end-winding 
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The coils were connected in series to form the respective phases, as shown in Figure B.6, 

and the star point was brought out to enable easy measurement of the parameters of the 

assembled motor and allow the possibility of connecting a sensorless drive to the motor. 

keyslot ur-------------------------------

a c b c a b 

Figure B.6 - Winding layout showing connection of phases 

Ferrite screening components 
A simplified magnetostatic finite element analysis was undertaken to determine the grade 

of sintered soft ferrite material which is required to contain the leakage flux. The flux plot 

shown in Figure B.7, which corresponds to current flowing down a single conductor which is 

equivalent in magnitude to the actual end-winding ampere-conductors at rated load. 
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Figure B.7 - Leakage flux plot associated with end-winding 

The sintered ferrite screening components were manufactured from a grade of material 

supplied by Philips Components, viz. 3C85. A photograph of the components for one end

region is shown in Figure B.8. 

Figure B.8 - End-region shielding arrangement prior to attachment to stator 

Assembly of stator 
The preformed coils were attached to the stator, and some thermistors were mounted on the 

coils to allow for the possibility of temperature monitoring of the stator, as can be seen in 

Figure B.9. 
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Figure B.9 - Stator prior to potting in Sty cast, with thermistors attached 

Figure B.IO shows the overlapping end-windings and coil connections, the three phases 

being identified by red, yellow and blue insulation. 

Figure D.IO - Stator windings showing Phase connections 
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Potting of stator in Stycast 
The completed stator, after the windings have been potted in Stycast and the sintered 

ferrite and end-pieces have been attached, is shown in Figure B.II. 

Figure B.ll - Finished stator, with ferrite end-pieces 

Impulse magnetising fixture 

The possible designs of magnetising fixture are listed in Table B.I . The Four types of 

fixture investigated are as follows: 

• Type I has 2 conductor positions per half pole-pitch 

• Type IT has 2 conductor positions per half pole-pitch and one in the centre of the pole 

• Type ITI has 3 conductor positions per half pole-pitch 

• Type IV has 3 conductor positions per half pole-pitch and one in the centre of the pole 

It is obvious that the more positions of conductors per half pole-pitch, the higher the flux 

density in the magnet. However, the difficulty in fixture fabrication is proportional to the 

number of positions. As a compromise between the maximum flux density and degree of 

manufacture, type rn, viz. 3 positions per half pole pitch and 2 layers of conductor has been 

chosen as a final magnetising fixture as shown in Figure B.12, and is used to magnetise the 

MLC rotor. 
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Table B.1 - Comparison of Halbach magnetising fixture designs 

Conductor Resistance ~nductance 
Peak Max flux Rise Max 

Number Diameter Current density time Type of layers (mQ) (J..lH) 
emperature 

(mm) (leA) (T) (J..ls) (QC) 

1 4.5 3.24 2.87 60 2.02 144 57 

I 2 4.5 6.26 10.11 37 2.18 241 45 

3 4.5 9.3 20.32 27.15 2.1 334 38.5 

1 5 3.27 4.19 53.2 2.185 166 47 
11 

2 5 6.35 14.84 31.7 2.25 289 37 

1 4 6.12 6.19 44.6 2.48 193 59 
III 

2 4 12 22.4 25.56 2.509 347 43 

1 4 7.13 8.14 39.9 2.61 217 55 
IV 

2 4 13.6 29.5 22.5 2.624 397 41 

Figure B.12 - 6-pole Halbach impulse magnetising fixture 
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Appendix C Design equations for proprietary CAD software 
The CAD software which is described here has been developed over a period of time in the 

Electrical Machines and Drive Group at the University of Sheffield. Recent modifications 

include the implementation of alternative magnetisation distributions, viz. parallel 

magnetisation. Some finite element validation is described in this appendix, whilst validation 

of routines for calculating the winding inductances and the back-emf are contained in the 

main body of Chapter 3. 

Airgap field distribution 

In order to obtain an analytical solution for the airgap field distribution produced by the 

magnets in an internal rotor machine, the following assumptions were made in [Zhu02] which 

contains the derivations for the formulae contained in this section: 

• The magnets are fully magnetised in the direction of magnetisation; 

• The effect of the finite axial length of the machine is neglected, i.e. an infinitely long 

cylindrical cross-section is considered; 

• The rotor and stator back-iron is infinitely permeable. The influence of saturation will 

be accounted for later. 

• Slotting on the stator is neglected. This will be accounted for later. 

Then, utilising the dimensions shown in Figure C.l for either parallel or radial 

magnetisation the following equation may be derived for the airgap flux density at the stator 

surface[Zhu02]. However for simplicity only the expression for magnets with parallel 

magnetisation pattern is given, as follows: 

Figure C.I - Model showing salient dimensions 
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For np=l, 

cose (C.I) 

and for np::f:.l, 

Brl (e) = f 2/loM n np (Rm J
np

+

1 

n=l,3,5··· /lr (np Y -1 Rs 

( J
np+l (J 2np 

(A3n -1)+2 :: -(A3n +1) :: 
cosnpe (C.2) 

where: 

p = number of pole pairs 

Br remenance of permanent magnets 

Po = permeability of free space 

f.Jr = relative recoil permeability of magnets 

A3n=(np--l JM m +_1 
np Mn np 

for np::f:.l (C.3a) 

A = 2 M rt -1 3n M 
I 

for np=l (C.3b) 

where: 

(C.4) 

(C.S) 

(C.6) 

where: 
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Sin[(np+l)U p 2:] 
Aln = --=--------=-

1t 
(np+1)a p -

2p 

~n =1 

_ Sin[(np -l)ap ~] 
A2n - --=--------"'--=-

1l 
(np-1)a -

p 2p 

~ = magnet pole-arc to pole-pitch ratio 

(C.7) 

for np=l (C.Sa) 

for np=t1 (C.Sb) 

However, a simplified version of equations C.1 & C.2 was developed for a motor with a 

parallel-magnetised 2-pole magnet in [Zhu97], and is given in equation C.9 for the airgap 

field at the stator surface. This is a special case as the resultant airgap field distribution is a 

sine wave, i.e. there are no harmonics present and are of particular interest as this was the 

magnetisation employed in the motors. 2-pole parallel magnetisation is pref~rable due to a 

sinusoidal airgap field distribution, a sinusoidal stator flux density leading to a reduced iron 

loss and a higher overall stator flux density. Also parallel magnetised magnets are easier to 

manufacture and only require a solenoid fixture to magnetise when compared with a pre-built 

fixture for radial magnets. 

(C.9) 

Numerous finite element analyses have confirmed the validity of the foregoing equations, 

and with the model depicted in Figure C.1 and the dimensions shown below a good agreement 

was reached between the two methods, as can be seen in Figure C.2 where the dimensions are . 

for the prototype motor Al. 

Dimensions: Rr = 7mm, R = lOmm, Rs = 15mm, Ro = 35mm, Br = 1.13T, ~ = 1 and Pr = 

1.05 
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Figure C.2 - Comparison between finite element and analytical calculation of flux 
density at stator surface 

Slotting effects 
So far it has been assumed that the motor has a slotless topology. However, by considering . 

the permeance of the airgap due to stator slots, it is possible to account for the effect of stator 

slotting on the open-circuit field in order to calculate the resultant flux entering the stator iron 

[Zhu93c]. Figure C.3 shows the idealised model of the motor topology. For simplicity, the 

following assumption was made: 

• The permeability of the stator and rotor back-iron is infinite, i.e. f..l = 00 

Figure C.3 - Model used for calculating relative permeance of slotted airgap 
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It has been shown in the previous section that the airgap flux density can be expressed as a 

Fourier series. However, this calculation neglected the effect of stator slotting, which can be 

accounted for by employing the relative permeance of the airgap region, viz.: 

Bopen-circuit (r, a, a ma ) = Bmagnet (r, a, ama )X(r, a) (C.IO) 

where r, ~ ama and X are the radius, circumferential co-ordinate, angle of rotation of the 

rotor and the relative permeance respectively. 

The relative permeance, X, is defined as having unity maximum value, and consequently 

is obtained by dividing A, the airgap permeance, by a reference permeance, Aref, equal to the 

one-dimensional permeance of an equivalent slotless stator motor, where: 

A Ilo 
re! = h 

g + --l!!.. 
(C.ll) 

Il, 

where g and hm are the airgap length and the magnet height, respectively. Therefore, 

X(r,a)= A(r,a) 
Are! 

(C.12) 

where A(r,a) is equal to the airgap flux density distribution, B'(r,a), in the magnet/airgap 

region and is calculated as follows 

'\( ) _ {Ao [1- B(r) - B(r )cos 1t a] 
I\. r, a - 0.80.

0 

Ao 
for 0 ::;; a::;; 0.8ao 

(C.13) 

for 0.8ao ::;; a ::;; 0.(/2 

where Ao = Ilo I g', g' = g + hm Ill" and B(r) is determined by the con formal 

transformation method as: 

. (C.14) 

where bo is the width of a stator slot openings and v is determined from: 

(C.IS) 

and a' = 1 + ( 2:,')' (C.16) 

with y =r-Rs+ g' 
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To be consistent with the expression for the airgap flux density distribution expressed as a 

Fourier series, which simplifies computation, the permeance can also be expressed as : 

co 

X(a, r) = LAIl (r )cos JlQs (a + a sa ) (C.17) 
1l=0 

where Qs is the number of stator slots and asa is a coefficient of the winding pitch, which in 

the motor topology under consideration is rc/Qs and All (r) can be deduced as: 

(C.IS) 

and 

- () 2 [,/2 -( ) All r = - A r,a cosJlQsa da 
a a,/2 

t 

(C.19) 

4 { f.8ao
( () () 1t J 21t f·5a

, 21t } = -.I> 1- P r - P r cos . cos-Jla da +.1>. cos-Jla da (C.20) 
at 0.8ao at .8ao ad 

4 =-p{r)-
1tJl 

(~!: J' 
0.5+ 2 

0.78125 - {~!: J 
(C.2I) 

where Kc and 1't are the Carter coefficient and the stator tooth pitch, respectively. 

Utilising the permeance expressions deduced above it is possible to calculate the tooth 

body flux using the Fourier coefficients of the airgap flux density and permeance and 

integrating over one slot-pitch. 

Back-emf waveform 
Utilising the open-circuit field distribution and relative permeance expressions given in the • 

previous sections, it is possible to calculate the back-emf waveform induced in a phase 

winding [Zhu93d] 

The open-circuit flux density distribution at the stator bore is: 

Ropen-circuit (a,t) = Ao L Rn cos np(a - a ma ) (C.22) 
n 

where a = ro t + 80 and 80 is an initial angle. ma r 

From this, the flux linking a coil can be calculated as: 
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(C.23) 

where ay, Rs, lejf are the winding pitch angle, the stator bore radius and the effective axial 

length, respectively. 

From this it can be shown that for both slotted and slotless motors: 

- ,,<I> 
\jf = AO£..J-n K dn cosnpuma 

n np 

where 

and 

U 
Kdn = sin np-Y 

2 

. (C.24) 

(C.25) 

(C.26) 

where Ao and Kdn are the mean relative permeance and the winding pitch factor, 

respectively. Therefore, the emf induced in one turn of a coil is: 

(C.27) 

= IWr<l> nKdn sin npuma (C.28) 
n 

which can be re-written to give the induced emf per phase for a distributed mUlti-pole 

winding as: 

(C.29) 

where 

(C.30) 

where Np is the number of series turns per phase, Kdpn=KdnKpn is the winding factor, where 

Kpn and K dn are, respectively, the winding distribution factor and the winding pitch factor. 

Inductance calculation 

A. Slot inductance 
Previous work on inductance calculations usually utilises the I-d analysis which is 

normally used for induction machines in which the airgap length is comparatively small and 

the airgap component of inductance tends to dominate. In permanent magnet machines the 

magnets have a low recoil permeability, (generally ~1.1), and thus the effective airgap is 
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much larger and the slot component of inductance may be dominant. [Zhu95] presents a 

method for calculating the inductances of permanent magnet brushless machines having non

overlapping windings with 2 coils being present in the same slot, as illustrated in Figure C.4. 

For simplicity, however, the following assumptions are made: 

• The slots are rectangular, and have the dimensions shown in Figure C.4. 

• The stator teeth and back-iron are infinitely permeable. 

• Slot leakage flux passes straight across the slot openings. 

!f\y 
I 

-.j ba ~ 
r---------------~ r------~~----_, 

x 
r-~~--~--~~~ ~ ... -----------> 

phase b phase a 

Figure C.4 • Simple slot structure neglecting curvature . 

The self-inductance can be derived analytically from the total energy, viz: 

W= o LsaI/ (C.31) 

The total energy can be subdivided into 2 component parts, viz. W/ and WIl, where W/ is 

associated with the current carrying region v and Wl/ is associated with the boundary regions. 

Therefore, 

(C.32) 

, (C.33) 

where Aa and Ha are the vector potential and the magnetic field strength due to phase a • 

winding current source, aa, respectively: 

By simple substitution the self-inductance (Lsa) can be calculated as follows: 

(C.34) 

where leffi nt and p are defined, respectively, as the effective axial length, the number of 

series turns per phase and the number of pole pairs. "'sa is the permeance coefficient, and is 

defined as: 
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'\ h 2 ~ 1 (. mrd)2 8 ~ (b)4 mt. n1tWd . mtbo 
I\, = - + -- L.J -----,- SIn -- - L.J - COS-SIn --SIn--
~ 3b w~hb ,.1,2,3 (nb" r b wdhbOb "2,','.,, n" 2 b 'l.b 

( 

2nxh J 2 3 --
8 I b 1 + e b • nnbo +- - SIn--

b; b ,.2,., •• t" ) 1 _ • -¥ ( 'l.b) 
(C.35) 

The mutual inductance is also be calculated from the energy relationship, but due to 

symmetry of the slot only half of the mutual energy is considered. Therefore, 

(C.36) 

The energy W consists of components W/ & WlI as previously, where 

(C.37a) 

(C.37b) 

where Hb is the magnetic field strength due to the phase b winding current source, bb. The 

mutual inductance is then obtained from: 

n2 

M sab = - 2~ol eff _t A sab 
p 

where the permeance coefficient is given by : 

(C.38) 

'\ 1 h 2 ~ (-It (. nnWd)2 8 ~ (b)4 nn. n1tWd . nnbo 
I\, =- -+-- L.J SIn-- - L.J - COS-SIn--SIn--

"'" 2 3b w~hb ,.1,2,3 ( n; r b wdhbob ,.2,4,'." n" 2 b 'l.b 

( 

2nxh J 2] 3 --
8 b 1 + e b • mtbo 

+ b;b ,.&'.",(n,,) 1-. -¥ (SIn"2b) . (C.39) 

However, when wd=O.5b, i.e. the winding occupies the entire slot area, then the slot 

permeance coefficients become: 

A = ho +!!... + l!.-. + L 2.(1 + e 2;h J .sin -n~-b 0 
]2 

sa bo 3b 12h n=2.4.6 .... nn 1 _ e -2;h nnbo 
2b 

(C.40) 

& 
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B. Airgap inductance 

The 'effective' airgap component of inductance is given by 

where: 

q=~ 
2pm 

A =~ qT",,(KdPnKsonJ2 F (R ) 
LO 2 IL. Ins 1r 8 n n P 

1 = ~ qT ",,(KdPnKson J2 F (R) !!:... 21r 
//'MO 2 I L. n s cos 1r 8 n nIp p 3 

( J
2n 

1 Rr 

F(R)- In + li; 
n s - 8 R ( J2n 
. s 1- Rr 

Rs 

(C.41) 

(C.42) 

(C.43) 

(C.44) 

(C.4S) 

(C.46) 

(C.47) 

The effective airgap length is given by 8' = KcKs( 8 + ~r) where Ks is the magnetic 

saturation factor, the winding factor Kdpn is KdnKpn where 
a 

K =sinn-Y 
pn 2 & 

. %1r . smq-
Kdn = Qs n7r' respectively, and ay &. Kson are the winding pitch or coil span and slot 

q-
. Qs 

opening factor respectively. 

C. End winding inductance 

The equations for end-winding inductance are described in Chapter 2, section 2.5.1. 

233 



Copper loss 
Slotless permanent magnet brushless machines generally have a relatively low airgap field 

due to the large effective airgap length. Therefore, they tend to have a higher electric loading 

and a lower magnetic loading than slotted machines. At low speeds, the predominant loss 

component is the copper loss, which can be expressed as 

~u = mph /
2 

Rphase (C.4S) 

where, mph, Rphase, / are the phase number, the phase resistance and the phase current 

respectively. 

In slotted motors, the majority of the airgap flux passes down the stator teeth, and flux 

leakage, which crosses the slots and winding conductors, is generally negligible. As a result, 

the parasitic eddy current loss is negligible and the dominant copper loss is the resistance loss. 

Iron loss 
The stator iron loss tends to be dominant at high-speed, and whilst slotless motors tend to 

have a large mechanical airgap and consequently a lower flux density in the stator back-iron 

than for slotted motors. Once the airgap flux density waveform is known the total iron loss, P, , 

calculated as the sum of a hysteresis loss component, It, and an eddy current or dynamic loss 

component, Pd , can be calculated [Ata90] i.e. 

P, =Ph + Pd (C.49) 

The hysteresis loss is caused by localised irreversible changes during the magnetisation 

process, which make it dependent only on the maximum flux density. When the flux 

waveform does not cause minor recoil loops, it can be expressed as: 

(C.SO) 

where/and Bm are the frequency and amplitude of the flux density, respectively, and khand 

a are constants determined experimentally from either an Epstein ring test or a single-sheet 

test for the particular grade of lamination material. However, if the flux waveform causes 

minor loops, an empirical correction must be applied, viz.: 

Ph = kh . f· Bm a ·K(Bm) (C.St) 

where K(Bm) = 1 + O.65L Mp and M j is the change In flux density during the 
Bm 

excursion around a minor loop. 

The eddy current loss density can be expressed as: 
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Pd =Pc + Pexc (C.52) 

where Pc is the classical loss density, predicted on the assumption of a homogeneous 

lamination, and is given by: 

P = ad
2 .! r (dBCt»)2 dt 

c 128 T Jr dt 
where, 

(J is the electrical conductivity of the lamination material, 
d is the thickness of the lamination, and 
o is the mass density of the lamination material. 

For a sinusoidal time-varying flux density waveform, C.53 becomes: 

(C.53) 

(C.54) 

The excess loss Pexc, which is generated as a result of domain wall movements, and may 

exceed the classical eddy current loss, can be written as: 

P =~ r dB(t) I.S dt 
exc T Jr dt 

For a sinusoidal time-varying flux density waveform, C.5S becomes 

(C.55) 

P = 8 67k fl.S B I.S (C.56) exc • e m 

where, ke is again determined experimentally for an Epstein ring or single sheet test. 

The CAD software uses these equations and assuming the iron loss is constant in separate 

sections of the stator can make an estimate of the total loss. A diagram showing the various 

stator sections in which the iron loss was calculated is shown in Figure C.S, where the 

curvature of the motor is neglected for reasons of simplicity. In the area in which rotational 

flux exists, marked on the diagram, then these areas are counted in both the radial calculation 

of the tooth loss density and the tangential calculation of the back-iron and tooth tip loss 

density. 

Stator back-iron 
" " " / " , , , , 

-------t;.--------'i-------

Areas in which 
rotational flux exis s 

Tip edge 

Tooth 
body 

Tooth tip 

Figure C.5 - Constituent sections in the stator iron loss calculation 

The iron loss calculation is validated by finite element analyses in chapter 3 where the 

rotational nature of the flux in the above sections of the stator core is clearly evident. 
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Appendix D Data Acquisition 

In order to accurately capture the motor performance parameters and ensure sufficient data 

is available to measure the motor torque using the run-down method a suitable data capture 

and logging system was required. For the data acquisition itself a suitable Data Acquisition 

card (or DAQ card) was selected. The PCI-MIO-16EI is capable of capturing data at 1.25 

Ms/s with appropriate software and depending on the computer specifications. This was used 

in conjunction with a SCXI 1120 for the actual scaling of the data prior to sampling by the 

DAQ card. This unit also provides isolation, which is required to protect against the high 

voltages that could be present should a fault occur. Labview 5.01 was selected as the software 

to control the card being made by the same company as the DAQ card and consequently 

providing the least trouble in connecting and compatibility. 

Whilst the card was capable of sampling at 1.25Ms/s, if multiple channel capture is 

required then the actual sample rate is much lower as will be discussed later. However, 

despite this limitation it was still possible to capture the required data. 

During a test the following data is required: 

• Motor speed (measured using a hall sensor) 

• DC link voltage 

• DC link current 

• Phase voltage & current waveforms to show the diode conduction angle 

• A time reference for the run-down tests 

However, as the phase current and voltage waveforms could not be adequately captured 

using the DAQ card they were captured using a Digital oscilloscope. The data logging method 

is discussed in some detail in the next section. 

Labview Data logging 
A simplified schematic of the system is shown below in Figure D.I. The signal wires 

monitor the DC link voltage, the DC link current (via a current transducer), one of the motor 

phase currents (also via a current transducer), one motor phase voltage and the signal from 

one of the hall sensors. During motor operation these signal wires are sampled at a rate of 

50,000 samples per second per channel for 10,000 samples. This is repeated every half 

second. 
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Figure D.I - Simplified schematic of data acquisition system 

El 

Once the PCI-MIO-16E card has captured the data the following operations are then 

performed and written to a data file along with a time reference signal: 

• The DC link current and DC link voltage are multiplied together and the mean taken 

for the DC input power. 

• Using the hall sensor signal, the motor speed is calculated using the method shown 

below in Figure D.2. At each stage a check is performed to see if the sampled data is 

reached, but this check is not shown here for reasons of clarity. 

Once steady state has been reached, then the phase current and voltage waveform are 

captured and the data acquisition switches to just monitoring the motor speed. This is 

monitored at intervals of 1/lOth of a second to try and capture as much information as possible 

from the rundown test. 

The Labview model used to acquire and process the data is shown in Figure D.3, whilst the 

speed measurement routine is expanded out in Figure DA. 
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Figure D.2 - Flow diagram for speed measurement from hall sensor signal 

Figure D.3 - Main data logging routine 
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Figure D.4 - Routine to extract speed from digital waveform 

Advantages of data logging method and limitations . 
Whilst the data acquisition is capable of accurately capturing the speed signal and the 

waveforms at a relatively low sample rate, once the sample rate is moved above 50,000 

samples per second then aliasing was observed. This was caused by the bandwidth of the 

switch that changes between channels on the SCX! interface. This effectively limits the 

maximum sample rate when capturing data from multiple channels. As a result the phase 

current and phase voltage waveforms cannot be captured in sufficient detail at high speed to 

determine the diode conduction angle. Consequently this had to be captured utilising a digital 

oscilloscope. 

Despite this drawback, Labview was able to capture the DC link current in sufficient detail 

to be able to determine the motor input power, and to measure the motor speed. During the 

rundown when only a single channel was being captured the data could be captured at a much 

higher rate of 800,000 samples per second leading to a very high degree of accuracy in the 

speed measurement. 

Also as the data capture system is static it significantly reduces the chance of experimental 

error on data recording, and accurate measurement of the rundown speed would have been 

impossible using any other method. 
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Appendix E AutoCAD motor drawings for all motors 
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Figure E.4 - Frame body for motor BI 
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Motor A2 Motor B2 
Figure E.13 - 15mNm laminations 

lOOmNm Motors 15mNm Motors 
Figure E.14 - Magnet arcs 

Table E.I - Motor materials 

Magnets Ugimax 34B1 (B,.= 1.22Tp,.=l.05) 
Laminations Transil335 
Rotor shaft Stainless steel 

Frame base and body Aluminium 
Frame lid Stainless steel 
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Appendix F Further experimental investigations to determine 
load torque on lOOmNm motors (AI & B1) 

(a) "Run-down" test for torque measurement accounting for stator iron loss 
The 'run-down' test, described and validated previously in Chapter 2, is again used to 

deduce the torque when running at high speed, since coupling a dynamometer to the rotor 

shaft would present several problems, not least in the coupling. All the couplings found so far 

have been for relatively low speeds and as the speed increases then the cost of the couplings 

seems to increase dramatically. 

Previously, the 'run-down' test assumed that the stator iron loss was negligible. However, 

the iron loss is now significant, and indeed dominates the motor loss. The no-load iron loss 

can, however, be deduced using finite element analysis, and can be accounted for by 

subtracting it from the output power of the motor during the 'run-down' test. This assumption 

can safely be made as during the 'run-down' of the motor the windings do not carry any 

current and consequently the iron loss is the no-load iron loss. 

During 'no-load' operation, the drive has to overcome the friction torque of the bearings 

and the windage loss, the iron loss and the copper loss, whilst the friction and windage torque 

is the torque being measured, since it is the load, which was imposed on the motor. The iron 

loss appears as an additional torque component during operation, and once the drive was 

disconnected it manifests itself as a braking torque on the motor. Consequently, the output 

torque at a particular speed can be calculated by subtracting the calculated iron loss at that 

speed from the output power measured from the 'run-down' test, since the copper loss can be 

ignored on run-down, as the windings are open-circuited. 

(b) 'Run-down' test results for lOOmNm motor with low diode conduction angle 
The motor was tested using the rundown test described previously. Measurements were 

taken for increments of -20V in the DC link voltage. The speed, input current and power. 

were recorded by the data logging software, and the torque was deduced from the 'run-down' 

method. The test results are given in Table F.I whilst the phase current waveform, when 

running near the rated speed, is shown in Figure F.I. 
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Table F.1 - Test results for motor with low diode conduction angle 

DC Link 
Speed 

DC Link Input Calculated Iron Torque due Corrected Output 
voltage current power torque loss to iron loss torque 

Efficiency 
(rpm) 

power (%) (V) (A) (W) (mNm) (W) (mNm) (mNm) (W) 
20.3 12876 0.253 5.12 3.74 1.0 0.73 3.01 4.1 79.4 
40.1 26217 0.253 10.14 3.46 2.9 1.04 2.42 6.6 65.5 
60.3 39600 0.317 19.13 4.8 5.5 1.32 3.48 14.4 75.5 
80 52595 0.442 35.44 6.39 8.6 1.56 4.83 26.6 75.0 
100 66116 0.468 46.84 7.76 12.5 1.81 5.95 41.2 88.0 
120 79354 0.625 75.35 8.8 16.9 2.04 6.76 56.2 74.6 
140 92402 0.826 116.1 11.78 21.9 2.26 9.52 92.1 79.4 
160 105473 0.943 151.5 13.4 27.3 2.47 10.93 120.7 79.7 
180 119343 0.964 174 13.9 33.7 2.70 11.20 140.0 80.5 
190 126243 1.086 207 15.35 37.1 2.81 12.54 165.8 80.1 

2.---------------------------------------~ 

1.5 

0.00045 0.0 05 

-1 

-1.5 

-2L---------------------------------------~ 
Time (s) 

Figure F.1 - Phase current waveform at -126krpm 

As can be seen in Table F.l, with a DC link voltage of 100V there is a rather sudden and 

large increase in efficiency. However, it was suspected that this was associated with a 

resonance mode, which caused the motor to decelerate quickly from the original speed on the 

'run-down' test. An increase in the level of the emitted acoustic noise was also observed at 

this voltage, which would also suggest a resonant mode, which is investigated in detail in 

Chapter 5. 

It is appreciated that the torque on the motor. is very small, and that the measurement 

accuracy could affect the results. Also, as this is effectively the bearing torque, then small 

changes such as the pre-load on the bearings and the fit of the bearings on the shaft, will affect 

the applied torque. Such variations, due to tolerances in component manufacture, are 
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impossible to predict and control. Consequently, some differences are expected between the 

two motors. 

From the calculated torques shown in Table F.l, it can be seen that they are significantly 

less than the design torque of 100mNm. Thus, the phase current is significantly lower than the 

rated current, and the copper loss, therefore, is comparatively small. The iron loss, however, 

being speed dependent remains relatively high, which accounts for the comparatively low 

efficiency. A higher load torque would result in a higher efficiency, as the iron loss would not 

be so dominant. 

(c) Rundown test results for lOOmNm motor with high diode conduction angle 
The test results are shown in Table F.2, and a typical phase current waveform is shown in 

Figure F.2. 

Table F.2 - Test results for motor with high diode conduction angle (B.) 

DC Link 
Speed 

DC Link Input Calculated Iron Torque due Corrected Output 
Efficiency voltage 

(V) 
20 
40 

I- 60 
80 
100 
120 

i- 140 
160 

current power torque loss to iron loss torque power 
(rpm) 

(A) (W) (mNm) (W) (mNm) (mNm) (W) 
16870 0.293 5.86 3.15 1.66 0.94 2.21 3.9 
34640 0.379 15.16 4.16 4.91 1.35 2.81 10.2 
52060 0.475 28.5 5.21 9.36 1.72 3.49 19.0 
69290 0.616 49.28 6.84 14.95 2.06 4.78 34.7 
86210 0.749 74.9 8.46 21.52 2.38 6.08 54.9 
102829 0.923 110.76 9.94 29.09 2.70 7.24 77.9 
118546 1.15 161 11.3 37.01 2.98 8.32 103.3 
133191 1.5 240 13.6 45.36 3.25 10.35 144.3 

2.5,.--------------------------., 

2 

1.5 

(%) 

66.6 
67.2 
66.8 
70.4 
73.2 
70.4 
64.1 
60.1 

0.00005 0.0001 0.00015 0.0002 .00025 0.0003 0.00035 .0004 0.0 045 

-1.5 

-2 

-2.5..1--------------------------' 

Time (s) 

Figure F.2 - Phase current waveform at -133krpm 
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From Table F.2, it can be seen that the developed torque is lower than for the other 

100mNm motor. As discussed previously, this is probably due to tolerances in manufacture. 

Due to the low torque the diode conduction angle is correspondingly lower than was predicted 

at the motor design stage. 

Comparison of run-down test results for lOOmNm motors 

Figures F.3 - F.8 compare the performance characteristics of the two motors so that some 

differences become apparent. 

In Figure F.3 it can be seen that motor BI, with the higher diode conduction angle, operates 

at a significantly higher speed for the same DC link voltage. However, as seen in Figure F.4 

the phase current is generally higher than that for motor Al for the same speed, even though 

the input power is similar, as seen in Figure F.5. Despite having a higher DC link current, the 

torque is generally lower for motor Br, as can be seen in Figure F.6. This results in a higher 

output power and consequently a higher efficiency for motor Al. 
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As mentioned previously in this appendix, generally the efficiency of the motors is much 

lower than predicted. This is due to the low torque, and it is predicted that as the torque is 

increased the efficiency will increase to the predicted efficiency of -90%. 
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Appendix G Winding design methodology 
During the course of the investigation it was observed that the variation of the copper loss 

with the split ratio as predicted by the CAD software had a 'jagged' nature when the number 

of turns was low, and the developed torque also departed from the specified torque. This is 

investigated as follows. 

(a) Calculation of winding area and mean length turn 

The magnetic circuit determines the tooth width (Wt) and the radial thickness of the stator 

back-iron (db), which, in turn, determine the slot geometry, as shown in Figure G.1. 
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/S<{ 
}-",,~~~j--------

Figure G.I • Calculation of winding dimensions 

Initially the area available for the winding needs to be calculated, and certain dimensions 

need to be calculated, viz.: 

where a is the tooth tip to slot pitch ratio. 

Xb = Xa + tooth tip height (determined by tooth flux density) 

The distance between Xb and Xc is determined by the wedge angle (y), which is governed by 

the tooth flux density. 
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( 
Wt)cos(1t-y) 

Xc = xb + Yb --2 . ( ) andYc=w,!2 
SIn 1t-y 

From Xc and Ye the radius rc, and Xd can easily be obtained, rw is then calculated by: 

2 
r = r +-(r -r) 

w c 3 d c 

It is then assumed that the end-winding forms an arc between the slots on either side of a 

tooth. Hence, the axial length of the end-winding is the dotted line along rw shown in Figure 

G.1 

b . (1r J w, =rSIn---
W W Q

s 
2 

Using bw, the overall length of the motor is calculated from the lamination axial length + 

2*bw• 

Using the slot geometry calculated previously, the area of the winding enclosed by the 

lines rd and rc, the edges of a tooth, and the middle of a slot can be shown to be: 

a = 1r (r} - rc
2 
) _ {{Xd - Xc )w, + r}Bd _ W,Xd _ rc2Bc + w,Xc} 

W 2 Qs 2 2 4 2 4 

where Bc = aSin( w, J,Bd = aSin( w, J 
2rc 2rd 

The mean turn is then assumed to occur on the dotted line rw half way between the edge of 

the tooth and the middle of the slot. The angle between this point and the middle of the tooth, . . 
again using Figure G.I, is: 

ang=- --aSIn - +aSIn-1 ( 1r . [w, ]J . [w, ] 
2 ~ 2~ 2~ 

The mean length per turn is calculated as 

mlt = 2(la + 1Zrw sin (ang )) 

where la is the lamination axial length 

. . (la + 1Zrw sin {ang )) 
The mean reSIstance per turn, res,urn = 2 ok 

paw 

where cr and kp are the conductivity and the slot packing factor, respectively. 
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(b )Initial winding design 
Using the data calculated in the previous section, it is possible to obtain an initial estimate 

of the number of turns and the rated motor current. Whilst it is possible to set the number of 

turns and current to arbitrary values and then deduce the number of turns from an iterative 

process, it is initially estimated by neglecting the winding inductance. 

From the resistance per turn per coil calculated in the previous section, resistance per turn 

per phase is: 

reSphase = reStum x Coils per phase 

The initial back-emf per coil per turn is estimated from: 

em/rum = 4Bmwt1apf 

where Bm and p are the tooth (stator) flux density, number of pole-pairs. f = OJ where 0) 
21r 

is mechanical angular speed. 

The emf per turn per phase is given by: 

where nt & Kw are the number of series turns per phase and the winding factor respectively. 

If the inductance is ignored, the steady-state voltage equation is simply: 

V=E+IR 

The input power of the motor is then 

VI=EI+iR 

If P=Po+Ple (neglecting friction), where Po and Pie are the output power and iron loss, 

P 
respectively, then P=EI, and, hence, the motor current is 1= E' on a per phase basis. 

P 
However, since 2 phases are conducting at any instant then I = 2 if 

em phase 

Thus, an estimate can be made for the number of turns, viz.: 

where u is the DC link voltage 

The resistance per phase can then be calculated using 

R=rtumxN/ 

The induced back -emf and winding inductance can now be calculated from the number of 

turns. 
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(c) Final winding design 

Once the initial estimate of the winding design has been made, an iterative approach is 

used to determine the correct number of turns, using a dynamic simulation [Zhu92], to 

determine the motor torque, current, diode conduction angle, copper loss and back-emf. The 

method is summarised below. 

The required number of turns is deduced in 3 stages, viz.: 

a) The motor design is simulated and the diode conduction angle is determined. The 

number of turns per coil is then reduced until the diode conduction angle is below 60° 

electrical. 

b) The number of turns is then increased or decreased by 10% until almost the required 

torque is obtained. 

c) Finally, an iterative routine is used to adjust the number of turns by progressively 

smaller increments until the developed torque matches the specified value. 

However, at this point, the number of turns is likely to be a fractional number. For 

machines having a large number of turns, rounding off the number of turns to the nearest 

integer will make negligible difference to the performance. However, for machines with a low 

number of turns rounding can make a large difference to the performance. Hence, when the 

number of turns is rounded off to the nearest whole number then not only is the phase 

resistance and inductance recalculated, but a steady-state dynamic simulation is performed to 

determine the torque, diode conduction angle, current and back-emf voltage. Rounding the 

number of turns can change the torque significantly from the specified torque, particularly for 

motors with a small number of turns. This can best be seen by examining the influence of the 

number of turns on the torque in the graphs shown in Figure G .2. When the number of turns is 

relatively large the torque is relatively insensitive to the number of turns. However, above a 

split ratio of -0.35 when the number of turns drops below 20 the torque becomes much more 

sensitive to the number of turns. 
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Figure G.2 • Influence of integer number of turns on torque for 2-pole motor 

This effect is much more noticeable on a 4-pole motor, Figure 0.3, for the same operating 

conditions as previously due to its higher frequency and lower number of tur:ns per coil than 

those of the 2-pole motors. It can be seen that the torque variation is much more pronounced 

particularly at higher split ratios. Figure 0.4 compares the motor performance when the 

number of turns is a "fractional" number and an integer. 
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(d) Improved winding design 
One method of correcting the developed torque is by adjusting the magnetic loading by 

modifying the airgap length. For the 4-pole motor, highlighted in Figure 004, if the specified 

design torque is 0.7Nm and the original airgap length is 3mm then the "ideal" number of turns 

will be -6.3 with a current of -47 A and a peak phase emf of 99.8V. However, the actual 

number of turns can only be chosen as the nearest integer i.e. 6, the corresponding peak phase 

emf is reduced to 93.6V and the current is increased to 67 A, whilst the torque becomes INm 

which is larger than the rated torque. If the airgap length is reduced slightly to 2.67mm, then 

the peak back emf is 98.6V and the current is 48A whilst the number of turns becomes exactly 

6 and the torque is 0.7Nm. 
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Appendix H Validation of finite element analysis on rotor Bl 
After analysing the rotor from motor Al the same tests were performed on the shorter rotor 

from motor BI and the results were compared with values obtained from finite element 

analysis. 

a) Shaft with one end-cap 

The dimensions of the rotor are shown in Figure H.!, a schematic of the complete rotor 

being shown in section 5.2.1. The only significant difference between this rotor and the rotor 

of motor Al is that the axial length of the magnets and laminations is reduced. Therefore it is 

anticipated that the natural frequencies of this rotor will be similar to those for the longer 

rotor, although since its active length is shorter and the laminations and magnets are lighter 

the resonant frequencies will be slightly higher. 

105.8 
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7 12 2 308 49 

10 

00 

rotor shaft 

Figure H.t • Rotor shaft for short active length 

The measured frequency spectrum is shown in Figure H.3, and the observed resonant 

frequencies are compared with finite element predicted results in Table H.!, where it can be 

seen that there is good correlation. The vibrational modes are shown in Figure H.2. 
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1st bending mode - 3374 Hz 

2nd bending mode - 9132 Hz 

Rotational mode - 12804 Hz 

3n1 bending mode - 16716 Hz 
Figure H.2 - Vibrational modes for shaft 

Table H.I - Comparison of predicted and measured natural frequencies 

Mode 
Finite element Measured 

(Hz) (Hz) 
1st bending 3374 3392 
2nG bending 9132 9792 
Rotational 12804 -
3ru bending 16716 17216 
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Figure H.3 - Measured frequency spectru~ for shaft 

b) Shaft with laminations 

The measured frequency spectrum is shown in Figure HA, whilst Table H.2 shows that 

there is a good correlation between predicted and measured results. The vibrational modes 

being shown in Figure H.5. 
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Figure H.4 - Measured frequency spectrum for rotor shaft with laminations 

Table H.2 - Comparison of predicted and measured natural frequencies 
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Mode 
Finite element Measured 

(Hz) (Hz) 
1st bending 3124 2976 
2na bending 8936 9216 
Rotational 12431 -
3ro bending 15252 15776 

1st bending mode- 3124 Hz 

2nd bending mode - 8936 Hz 

Rotational mode - 12431 Hz 

3n1 bending mode - 15252 Hz 
Figure H.5 - Vibrational modes for shaft with laminations 
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c) Rotor shaft with laminations and magnets 

The measured frequency spectrum is shown in Figure H.6, and the predicted and measured 

natural frequencies are compared in Table H.3. The vibrational modes are shown in Figure 

H.7. 
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Figure H.6 - Measured frequency spectrum for shaft with laminations and magnets 

Table H.3 - Comparison of predicted and measured natural frequencies 

Mode 
Finite element Measured 

(Hz) (Hz) 
1st bending 3273 3328 
2nd bending 11357 11136 
Rotational 14680 14592 
3rd bending 19195 18944 
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1 st bending mode - 3273 Hz 

2nd bending mode - 11357 Hz 

Rotational mode - 14680 Hz 

3n1 bending mode - 19195 Hz 
Figure H.7 - Vibrational modes for shaft with laminations and magnets 
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d) Complete rotor 

The frequency spectrum is shown in Figure H.8, the predicted and measured natural 

frequencies are compared in Table HA. The vibrational modes are shown in Figure H.9. 
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Figure H.8 • Measured frequency spectrum for complete rotor 

Table H.4 • Comparison of predicted and measured natural frequencies 

Mode 
Finite element Measured 

(Hz) (Hz) 
1st bending 3235 3264 
2nd bending 11304 11200 
Rotational 14620 14656 
3ra bending 19182 19200 
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1 st bending mode- 3235 Hz 

2nd bending mode - 11304 Hz 

Rotational mode - 14620 Hz 

3n1 bending mode - 19182 Hz 
Figure H.9 - Vibration modes for completed rotor 
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