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Abstract

Mobius transformations have been thoughtfully studied over the field of com-
plex numbers. In this thesis, we investigate Mobius transformations over two
rings which are not fields: the ring of double numbers @ and the ring of dual
numbers ). We will see certain similarity between the cases of fields and rings
along with some significant distinctions.

After the introduction and necessary background material, given in the first
two chapters, I introduce general linear groups, projective lines and Mobius trans-
formations over several rings such us the ring of integer numbers, the Cartesian
product ring and the two rings O and D.

In the following chapters, we consider in details metrics, classification of
Mobius maps based on the number of fixed points, connected continuous one-

parameter subgroups and an application of M6bius maps.
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Chapter 1

Introduction

Mobius transformations have been studied over the field of complex numbers; see
[7, Ch.13;54;62;73, CH.8;75, Ch.9] for a comprehensive presentation. The purpose
of this work is to expand these ideas to double and dual numbers. Some new and
unexpected phenomena will appear in those cases. Relying on the four types
of continuous one-parameter subgroups of SLs(R), I built all different types of
continuous one-parameter subgroups of GLy(Q), SLy(0), GLy(D) and SLy (D),
up to similarity and rescaling. The rest of the introduction gives an overview of
this work. In the first section of this introduction, we give a brief history of double
numbers, dual numbers and Mobius transformations. Section 2 introduces the
physical meaning of double and dual numbers. In Section 3, we present a review
of Mobius transformations over the real and complex field. The fourth section
introduces the projective lines and Mobius transformations over two rings, the
ring of double and dual numbers. The last section presents the outline of the

thesis.
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1.1 A Brief History of Double Numbers, Dual
Numbers and Mobius Transformations

Double (dual) numbers form a two-dimensional commutative associative algebra
with identity. They are spanned by a basis consisting of 1 and a hypercomplex
unit ¢. The square of ¢ is 1 for double numbers and 0 for dual numbers. To place

our work into a historic perspective we provide a brief account here.

1.1.1 A brief history of double numbers

The use of double numbers dates back to 1848 when James Cockle revealed his
tessarines [20]. About thirty years later, William Clifford introduced the use
of double numbers, now called split-biquaternions, in a quaternion algebra. He
called its elements “motors”, a term in parallel with the “rotor” action of a
complex number taken from the circle group.

Since the early 20th century, the double multiplication has commonly been
seen as a Lorentz boost of a spacetime plane [3]. A further generalisation to
split-octonions was done by Adrian Albert, Richard Schafer, and others [12].

In 1935, J.C. Vignaux and A. Duranona y Vedia developed the double geo-
metric algebra and function theory in four articles in Contribucién a las Ciencias
Fisicas y Matemadticas (National University of La Plata,) Republica Argentina. In
1941, E.F. Allen used the double geometric arithmetic to establish the nine-point
hyperbola of a triangle inscribed in zz* = 1 [1]. In 1956 Mieczyslaw Warmus
published “Calculus of Approximations” in Bulletin de I’Academie Polanaise des
Sciences. He developed two algebraic systems, each of which he called “approx-
imate numbers”, the second of which forms a real algebra [77]. D. H. Lehmer
reviewed the article in Mathematical Reviews and observed that this second sys-
tem was isomorphic to the “double” numbers. At the beginning of the sixties of

the last century, Warmus continued his exposition, referring to the components
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of an approximate number as midpoint and radius of the interval denoted.

1.1.2 A brief history of dual numbers

Dual numbers were introduced in 1873 by William Clifford and were used at the
beginning of the 20th century by the German mathematician Eduard Study, who
used them to represent the dual angle which measures the relative position of two
skew lines in space. Study defined a dual angle as a + de, where a is the angle
between the directions of two lines in three-dimensional space and d is a distance
between them.

The idea of a projective line over dual numbers was proposed by Griinwald
[30]. Yaglom shows that the cycle Z = {z : y = ax?}, in the dual numbers plane
is invariant under a cyclic rotation [78, Ch.2]. The concept of cyclic rotation has
been further developed by V. V. Kisil [49].

There is a recent interest to double and dual numbers in different areas:
differential geometry [4, 8,9, 14,15, 25|, modal logic [60], quantum mechanics
[39, 40, 55, 63], space-time geometry [13,28, 33,34, 64, 78], hypercomplex analy-
sis [17,23,24,41-43,43-45,47].

1.1.3 A brief history of Mobius transformations

Projective geometry appeared in the 17th century, and its earliest inventors were
artists and architects who were interested in imaging, perspective, etc. Initially,
projective geometry was the geometry “of projections”, and this explains its
name. Mobius (17 November 1790-26 September 1868) was the first who intro-
duced homogeneous coordinates into projective geometry [65]. The approaches
related to fractional linear transformations appeared in the nineteenth century
6].

The theory of linear groups arose in the middle of the 19th century and was

developed in close connection with the theory of Lie groups and Galois theory. A
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systematic investigation of linear groups was started by C. Jordan [38].

An isomorphism of the complex Mobius group with the Lorentz group was
noted by several authors. Felix Klein (1893, 1897) worked on automorphic func-
tions related to hyperbolic geometry and Mobius geometry [59]. Gustav Herglotz
(1909) showed that hyperbolic motions (i.e. isometric automorphisms of a hyper-
bolic space) transforming the unit sphere into itself correspond to Lorentz trans-
formations [32]. Then, Herglotz was able to classify the one-parameter Lorentz
transformations into loxodromic, elliptic, hyperbolic and parabolic groups. Roger
Penrose and Wolfgang Rindler have described the relation between Lorentz trans-
formations and Mobius transformations [67]. They develop the 2-spinor calculus
in considerable detail and show how it may be viewed either a useful supplement
or as a practical alternative to the more familiar world-tensor calculus.

Among numerous applications of Mobius transformations we mention Kleinian
group. A Kleinian group is a discrete subgroup of PG Ly(C), The group PG Ls(C),
of 2 by 2 complex matrices of determinant 1 modulo its center has several natural
representations: as conformal transformations of the Riemann sphere, and as
orientation-preserving isometries of 3-dimensional hyperbolic space H?, and as
orientation preserving conformal maps of the open unit ball B? in R3 to itself.
Therefore, a Kleinian group can be regarded as a discrete subgroup acting on
one of these spaces. By considering the ball’s boundary, a Kleinian group is
defined as a subgroup of PG Ls(C), the complex projective linear group, which
acts by Mobius transformations on the Riemann sphere. The theory of general
Kleinian groups was founded by Felix Klein (1883) and Henri Poincaré (1883).
The complex dynamics, which is defined by the iteration of complex Mobius
transformation, is another interested application of Mobius maps. It is also worth

to mention continued fraction as an application of Mobius maps.
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1.2 The Physical Meaning of Double and Dual
Numbers

Double and dual numbers have physical applications. The use of double numbers
is motivated by special relativity. Since multiplication of double numbers respects
the indefinite form 22 — y? of two-dimensions Minkowski space-time.

Dual numbers find applications in physics too, where they frame one of the sim-
plest non-trivial examples of a superspace. Equivalently, they are supernumbers
with just one generator. Supernumbers are the elements of Grassmann algebra
[22, Sec.1.1].

The motivation behind introducing dual numbers into physics follows from
the Pauli exclusion principle for fermions. The direction along € is termed the
“fermionic” direction, and the real component is termed the “bosonic” direction.
The fermionic direction models the Pauli exclusion principle for fermions: under
the exchange of coordinates, the quantum mechanical wave function changes sign,
and thus vanishes if two coordinates are brought together; this physical idea is
captured by the algebraic relation €2 = 0. Gromov and Kuratov employ dual

numbers for quantum kinematics [29].

1.3 Real and Complex Projective Lines and Mobius
Transformations

Our results for dual and double numbers will be compared with the known con-
struction in R and C. For the reader’s convenience we briefly remind main points
in a suitable form, further particularities can be found in [75]. Let K be a field
of real or complex numbers. Let ~ be an equivalence relation on K?\{(0,0)}
defined as follows: (21, 22)~(z3,24) if and only if there exists a non-zero num-

ber u € K such that z; = uz3 and 2z = uzs. The set of all equivalence classes
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K2/~ is called the projective line over K, denoted by K?/~ and by P(K). The

x

point of the projective line corresponding to a vector is denoted by [z : y].
Y

There is a natural embedding x — [z : 1] of the field K to the projective line.

The only point, [1 : 0], not covered by this embedding is associated with infinity
[6;54, Ch.8;57;76]. Any additional element added to a set in order to eliminate
special cases is often called an ideal element, so infinity is an example of ideal
element added to the real line.

A linear transformation of K? can be represented by multiplication of 2 x 2-

a
matrices to two-dimensional vectors. The transformation is not degen-
c d
: N : : a b
erate (invertible) if ad — be # 0. The collection of all 2 x 2-matrices, A =
c d

such that ad — be # 0, is a group denoted by G'Lo(KK). The collection of all 2 x 2-

a b
matrices, A = such that ad — bc = 1, is denoted by SLy(K), which is a
c d

subgroup of GLy(K). A linear map K? — K2 is a class invariant for ~. Therefore,

the linear transformation of K2 produces the map P(K) — P(K) as follows:

a b
[z :y] = [ax + by : cx + dy|, ad—bc# 0,
c
a b ua ub
where a, b, c,d € K. For any u # 0, and define the same map
c d uc ud

a b
of P(K). In other words, for all A = € GLy(K), such that ad — bc > 0
c d

a b
for K =R and ad — bc # 0 for K = C, there is A’ = —- € SLy(K)
\/det(A) c d

such that both A, A" define the same map. It is clear that P(K) equals to the

orbit of [1 : 0] with respect to SLs(K). Which means S Ly(K) acts transitively on
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P(K).

For [z : 1] € P(K), its image is [ax + b : cx +d]. If cx + d # 0, then [az + b :
cx + d]w[%g : 1]. Therefore, the map [z : 1] [% : 1] can be abbreviated to
g(x) = %’ [54, Ch.2;56;57]. That means g is a map from K\{z : cx +d = 0} to
K.

In the following, this formula will be used as a notation for more accurate

discussion in terms of the projective line.

Given a Mobius map g, tr*(g) is defined as tr?(g) = (a + d)?, where the

a b
representative matrix of g is A = in SLy(K). Suppose that g is not the

c d
d+aF/(d+a)?—4
2

of the quadratic characteristic equation with (a + d)? = tr? A being the principal

identity map. Then, eigenvalues of A are solutions A\ 5 =

x

part of the discriminant. An eigenvector of A corresponds to a fixed point
Y

[z : y] of g. Then we can classify Mobius maps through eigenvalues of A.

1. A has two different complex-conjugated eigenvalues if and only if 0 <
tr’(g) < 4. That means, g fixes two distinct complex-conjugated points

in P(C) and fixes no point in P(R). Such a map is called elliptic.

2. A has a double eigenvalue if and only if tr?(g) = 4. That means, g fixes a

double point. Such a map is called parabolic.

3. A has two distinct real eigenvalues if and only if tr?(g) > 4. That means, g

fixes two distinct points. Such a map is called hyperbolic.

4. For K = C, there is an extra class as follows. A has two distinct non-real
eigenvalues if and only if tr?(g) € [0, 00). In other words, A has two distinct
complex eigenvalues if Im(y/tr?(g)) # 0. That means, g fixes two distinct

complex points. Such a map is called strictly loxodromic.

The last type of transformation is not possible for K = R. The class, which
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contains the classes of hyperbolic and strictly loxodromic maps, is called the class
of loxodromic maps.

Obviously, SLs(C) is the disjoint union of {I} and the above four classes (
parabolic, elliptic, hyperbolic and strictly loxodromic) of maps. SLs(R), which
is a subgroup of SLy(C), splits into the disjoint union of {/} and the three
classes of parabolic, elliptic and hyperbolic maps. It is important that continuous

one-parameter subgroups of SLy(K) consist only of maps of the same type [5,

Ch.4;37;54, Ch.3].

1.4 Double and Dual Projective Lines and Mobius
Transformations

The double numbers O are a two-dimensional commutative algebra over R spanned
by the multiplicative identity element 1 and another element j that satisfies
42 = 1. The dual numbers form a two-dimensional commutative algebra over R
spanned by 1 and € such that €2 = 0. [54, App.A1;74]. The set of all double (dual)
numbers is denoted by O (D) respectively. It is known that any two-dimensional
commutative algebra over R is isomorphic to either C, D or @ [11;54, App.Al].
D and O are interesting complements to the field C because they contain nilpo-
tent and idempotent elements and are the simplest models for more complicated
rings. The hypercomplex number systems are strongly connected to the theory
of Clifford algebras and Lie groups [16, 18,19, 26, 27,29, 35, 36,68, 69,71, 76]. Al-
gebraic properties of higher dimensional geometric spaces can be investigated in
terms of hypercomplex matrix representations of Clifford algebras [76]. Our main
aim is to investigate Mobius transformation over these two commutative algebras
over R. Furthermore, some of our results are true for a general ring R.

Let A be a ring of complex, double or dual numbers. Let ~ be an equivalence

relation on A?\{(0,0)} defined as follows: (z1,22)~(z3,24) if and only if there
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exists a unit (an invertible element) u € A such that z; = uzz and z5 = uzy. The

set of all equivalence classes is denoted by A?/~. The point of A%/~ corresponding

x

to a vector is denoted by [z : y]. Therefore, A%/~ contains the following
)

two types of equivalence classes.

1. [z :y], such that zA + yA = A.
2. [z : y|, such that zA + yA # A.

Equivalence classes of the first type are points of the projective line over A,
which is denoted by P(A). There is a natural embedding r :  — [z : 1] of the A
to the projective line. For @ and D, P(A)\r(A) has more than one ideal element
[78, Suppl.C].

A linear transformation of A% can be represented by multiplication of 2 x 2-

a

matrices to two-dimensional vectors. The transformation is not degen-
c d
. . . . : a b
erate if ad — be is a unit in A. The collection of all 2 x 2-matrices, A = ,
c d

such that ad — bc is a unit, is a group denoted by G Ly(A). The collection of all

a b
2 x 2-matrices, A = such that ad—bc = 1, is a group denoted by SLo(A),
c d

which is a subgroup of GLy(A). A linear map A* — A? is a class invariant for ~.

Therefore, the linear transformation of A? produces the map A?/~ — A%/~ as

follows:
a b a b
[z :y] = [ax + by : cx + dy], € GLy(A). (1.1)
c c d
a b ua  ub
For any unit u € A, and define the same map (1.1). This
c d uc ud

map is called an A-Mobius map. Recall that K2/~ is the only G'Ly(K)-orbit. In
contrast, A?/~ has more than one G'Ly(A)-orbit. The two groups GL(K) and
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SLy(K) have the same number of types of non-equivalence connected continuous
one-parameter subgroups. The two groups GLs(A) and SLy(A) also have the
same number of types of non-equivalence connected continuous one-parameter
subgroups.

A wider context for our work is provided by the Erlangen programme of
F.Klein, cf. [53,54]. Similarly to the case of SLy(R) [50, 52, 54], we want to
characterise all non-equivalence homogeneous spaces G/H, where G is one of the
groups GLy(0), GLy(D), SLy(0), SLy(D) and H is a closed continuous subgroup
of G. The natural action of G on a homogeneous space G/H is geometrically
represented by Mobius transformations. The respective conformal geometry is
intimately connected with various physical models [51;54;58;78, Suppl.C]|. Geo-
metrical language provides an enlightening environment for many related ques-
tions, e.g. continued fractions [43], analytic functions [42,43], spectral theory

[46,48, 53], etc.

1.5 Overview of The Thesis

We start in Chapter 2 by giving some background on commutative rings with
identity. As well as fixing notation, this material is needed for the subsequent
chapters. We provide a summary of useful definitions, facts and properties of
commutative rings with identity in general and we pay more attention to the ring
of double and dual numbers.

Chapter 3 is concerned with general linear groups, special linear groups, pro-
jective lines and Mobius maps for the following rings: the ring of integer numbers,
Cartesian product ring, the ring of double numbers and the ring of dual numbers.

The C-Mobius maps are continuous in a topology induced by some metric d.
Any C-Mobius map has maximum two different fixed points. In Chapter 4 we
define metric over the projective line P(A), where A is the ring of double or dual

numbers. We will also show that A-Mobius maps are continuous. Moreover, we
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show that the set of fixed points of an A-Mobius map contains maximum two or
infinity different fixed points (four or infinity different fixed points) if A is the
ring of dual (double) numbers. Finally, we provide a classification of fixed points
based on Jacobian matrices.

The final chapter gives a full descriptions of the number of connected continu-
ous one-parameter subgroups of real (double, dual) general linear groups. In the
last section, we present an application of Mobius transformations the canonical
triple of points.

Another overview of the thesis shows in the next table. The white part in the
table refers to known objects. The gray part refer to new results in the thesis.

That means our results are as follows:
1. There are three SLy(0)-orbits and two S Ls(ID)-orbits.
2. Double and dual Mobius maps are continuous maps.

3. The number of fixed points of double Mo6bius map is either 0,1,2,4 or
infinity fixed points. The number of fixed points of double Mébius map is
either 0, 1,2 or infinity fixed points.

4. There are six different types of fixed points of double and dual Mobius map.

5. There are six different types, up to similarity and rescaling, of continuous
one-parameter subgroups of SL,(Q), and three different types of continuous

one-parameter subgroups of SLy(ID).

6. There are five different canonical triples of points in P(Q), and two different

canonical triples of points in P(D).

The blue part gives some ideas for future works.
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| R | C |D
Imaginary =1 =1 =0
unit
The set of || 0 0 0 {ea : a € R}
non-zero
nilpotent
element
The set of || 0 0 (P, = 11 +10
non-trivial 7)., Po=3(1—-7)}
idempotent
element
Proper ideal {aP; : a € R}, |{ea:aeR}
{aP_:a € R}
Mdab(A) SLy(R)/{£1} | SLy(C)/{£1} | SLy(0)/{£1, +j1} | SLy(D)/{£1}
P(A) =R?/~ =C?/~ Cc0?/~ Cc D?/~
SLy(A)-orbits || P(R) P(C) P(0),P(R), P(R) P(D), P(R)
Continuity Continuous Continuous Continuous Continuous
Conformal Conformal Conformal Need investigation | Need investi-
gation
No. of distinct || 0,1 or 2 1or2 0,1,2,4 or oo 0,1,2 or co
fixed points
Type of fixed || Att.,  Rep., | Att.,  Rep., | Att., Rep., Ind., | Att., Rep.,
points Ind. Ind., Spiral | Saddle(Att., Rep., | Ind., Im-
(Att., Rep., | Ind.) proper(Att.,
Ind.), Center Rep., Ind.)
Continuous H,(t) elliptic, | H,(t) and | H, (t)Ps + | H,(t)
one-parameter || parabolic and | SL(¢) H, (at)P-
subgroups hyperbolic
Canonical {0,1,00} {0,1, 00} {0,1, 00}, {0,1, 00},
triple of {00,0,01}, {00,0,w},
points {00,0, w1}, {0, ¢, €2}
{00,0,ws},
{07 P+7 01}7
{0, P_, 05}
Kleinian Studied Need investigation | Need investi-
group gation
Continued Studied Studied Need investigation | Need investi-
fractions gation

Tablel.1: Overview of The Thesis




Chapter 2

Background

In this chapter, we briefly present fundamentals on two topics -rings and modules-
that are needed for the rest of our study. We present the essential definitions and
properties, illustrated by a collection of examples. We follow the basic notation
and terminology on algebraic structures such as rings and ideals [2, 31, 72], to

which the reader is referred for further material.

2.1 Rings and Semirings

The semiring and the ring are ones of useful and fundamental concepts that

generalise the idea of arithmetic of numbers.

Definition 2.1.1. Let R be a non-empty set and let +, - (often called addition
and multiplication) be two binary operations defined on R such that the following

conditions are satisfied:
1. (R,+) is a commutative semigroup with identity.
2. (R,-) is a semigroup with identity.
3. Va,b,c € R, wehavea-(b+c¢)=a-b+a-cand (b+c)-a=b-a+c-a.

(distributive law)

13



Chapter 2. Backgrounds 14

4. Multiplication by 0 annihilates R, which means that Va € R,a-0 =0-a = 0.
Then (R, +,-) is called a semiring.

Example 2.1.2. Let N be the set of all natural numbers with {0, co}. We defined
two binary operations addition and multiplication & and ® on N as follows:

for all n,m € NU{0, oo}
1. n® m = min{n,m},
2. n@m=mn+m.

It is easy to see that (NU{oo}, B, ®) is a commutative semiring, which is denoted
by Nuin. It is also called a Tropical semiring. Infinity is the identity element of

@ and zero is the identity element of ® [70].

Definition 2.1.3. Let R be a non-empty set and +, - (often called addition and
multiplication) be two binary operations defined on R. Then (R, +, ) is a ring if

the following are satisfied:
1. (R,+) is a commutative group.
2. (R,-) is a semi-group.
3. Va,b,ce Rwehavea-(b+c¢)=a-b+a-c,and (b+c)-a=b-a+c-a.

If (R,-) has an identity element which is denoted by 1, then (R, +, ) is called
a ring with identity, and if (R\{0},) is a group then (R,+,-) is called a field.

Hereafter, instead of a - b and a & b we may write ab.

Remark 2.1.4. The fourth axiom in the Definition 2.1.1 is melted in the third
one in the Definition 2.1.3.

Definition 2.1.5. An algebra over a field K is a set A, which is both a ring and

vector space over K in such a manner that the additive group structures are same

and the axiom A(ab) = a(Ab) = A(ab) is satisfied for all A € K and a,b € A.
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Example 2.1.6. The double numbers form the two dimensional commutative
and associative real algebra with unit spanned by 1 and j, where 5 has the prop-
erty j2 = 1.

If we define Py = 1(1+ j) and P_ = (1 — j), then we can write the set of all
double numbers by O = {a P,y +a_P_ : ay,a_ € R}, where for all a = a; + jas

there exists a. = a; = ay such that a = a; Py 4+ a_P_. Therefore, the following

properties hold:
1. P? = P, (projection).
2. P? = P_ (projection).
3. Py - P_ =0 (orthogonal).

Example 2.1.7. The dual numbers form the two dimensional commutative and
associative real algebra with unit spanned by 1 and ¢, where € has the property

e =0.

Definition 2.1.8. Let R be a ring. An element a € R is a unit (an invertible
element) if there exists b € R such that a-b=10b-a = 1 (the identity element of

multiplication).
Example 2.1.9. 1. Zero is the only invertible element in N,.

2. Every non-zero real number a is an invertible element in R, and the inverse

of ais L.
a
3. Every non-zero complex number z = a + b is an invertible element, and

a b

1 —4 )
210 @t

the inverse of z is 27+ =

4. The number a = a, P, + a_P_ is an invertible double number if and only

if ay -a_ # 0. The inverse of a is a™! = a' P, + aZ'P_ [78, Suppl.C]. In
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other words, if a = a, Py +a_P_ € O, then

a'Py +a'P_, ifay -a_ #0;

undefined, otherwise.

5. The number a = a; + €as is an invertible dual number if and only if a; # 0.
The inverse of a is a™' = a;* — e(a;")?ay [78, Suppl.C]. In other words, if

a = aj + eas € D, then

ay' — e(ay

M2ay, if ay # 0;

undefined, otherwise.

Definition 2.1.10. Let R be a ring and a,b be two non-zero elements in R. If

a-b =0, then both a and b are called zero divisors.

Example 2.1.11. 1. Let z = a+ jb be a non-zero double number. The num-

ber z is zero divisor if and only if a = +b [78, Suppl.C].

2. Let z = a + €b be a non-zero dual number. The number z is zero divisor if

and only if a = 0 [78, Suppl.C].

Definition 2.1.12. Let R be a ring. The centre of R is Cent(R) = {x € R :

a-r=ux-a,Va € R}.

Definition 2.1.13. Let R be aring. R is called a commutative ring if Cent(R) =
R.

Each one of the previous rings is a commutative ring with identity. Hereafter,

all rings are going to be commutative with identity.

Definition 2.1.14. Let R be aring. Let S be a subset of R. S is called a subring

if S is a ring in its own right, using the same operations as defined on R.
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Because not every element in the rings is invertible, we need the following

definition.

Definition 2.1.15. Let R be a ring. The set I C R is said to be a two-sided
ideal or shortly an ideal if (I,4) is a subgroup of (R,+) and for all « € R and
i€l wehaveai €l andia € I. Iisaleft ideal if (I,+) is a subgroup of (R, +)
and for alla € R, i € I, ai € I. I is aright ideal if (I,+) is a subgroup of (R, +)

and foralla € R, 1 € 1, ia € I.

Remark 2.1.16. 1. Any ring contains at least two ideals {0}, and R. They

are called trivial ideals. Any other ideal is called proper ideal.

2. The same definition of ideal is suitable for semiring and semisubgroup re-

spectively.

Example 2.1.17. Let I, = {aP; : a € R} and I_ = {aP- : a € R}, which are

two subsets of Q. I, and I_ are two proper ideals of the ring of double numbers.

Example 2.1.18. Let I = {ea : a € R} which is a subset of D. I is a proper

ideal of the ring of dual numbers.

Proposition 2.1.19. 1. Let R be a commutative ring with identity. Let I be
an ideal of R. If 1 € I, then [ = R.

2. Let (R,+,-) be a commutative ring with identity. Let a be a non-zero
element in R. If a is not an invertible element in R, then aR is a proper

ideal.
3. Let IF be a field. Let I C IF. If [ is an ideal of IF, then [ is a trivial ideal.
I omit the proofs as they are straightforward results.

Definition 2.1.20. Let R be a commutative ring with identity. R is called a
simple ring if {0} and R are the only ideals of R.
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Definition 2.1.21. Let R be a ring. An element e € R is an idempotent element

if e2 = e.

Remark 2.1.22. Any ring with identity always has at least two idempotent

elements, zero and one, which are called trivial idempotent elements.

Proposition 2.1.23. The ring (O, +, -) contains only four idempotent elements

{0,1,P.,P_}.

Proof. Let a = ay P, + a_P_ be an idempotent element in . This means that

a? = a, which in turn implies that

(a+P++a/_P_)2 = CL+P++CL_P_
a?P.+a>P. = a.Py+a_P-
ai =a; and a® =a_

so,ar =0,1 and a_=0,1.

Therefore, a is equal to 0,1, Py or P_. O

Proposition 2.1.24. Let a be a dual number. If a is an idempotent element,

then a is a trivial idempotent element.

Proof. Let a = a; + €as be a dual number. Let

@ = a

a% + €2aqas = ay + eag;
this means that a% =a; and 2aiay = as;

aj(a; —1)=0 and as(a; —1)=0

Therefore, a; =0 or 1. If a; = 0, then ay = 0. Thus, a = 0. If a; = 1, then a; = 0.

So, a = 1. That means a is a trivial idempotent element. O]
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Proposition 2.1.25. Let F be a field. Then it does not contain proper idempo-

tent elements.

Proof. Let f be a non-zero element in [F. Assume that f is an idempotent element.

Then, f? = f. Since f # 0 and F is a field then f —1=0= f = 1. O

Definition 2.1.26. Let R be a ring. An element x € R is called a nilpotent

element of R if there exists n € N such that 2™ = 0.
Any ring contains at least one nilpotent element which is 0.

Proposition 2.1.27. The ring (O, +, -) does not contain any non-zero nilpotent

elements.

Proof. Suppose that, a = a, P, + a_P_ is a non-zero nilpotent element. Then,

there exists n € N such that ¢ = 0. This means that
(ayPy+a P )" =alPy+a"P. =0

which means that a’} = 0 and a” = 0. So, a = 0 which means the only nilpotent

element is zero. O

Proposition 2.1.28. A dual number k is a nilpotent element if and only if

k = ea, for some a € R.

Proof. Zero is a nilpotent element and 0 = €0. Let k = ki + ¢k be a non-zero dual
number and n € N such that k" = 0. Therefore, (k; + €ko)™ = kT + ek} 1ky = 0.
That means, k; = 0 which means k = €k,.

Conversely, let k = ea. Clearly, k¥* = (ca)? = ¢%a® = 0, i.e k is a nilpotent

element. O

Proposition 2.1.29. Let R be a commutative ring with identity. Let a € R. If

a is an idempotent and nilpotent element in the same time, then a = 0.

I omit the proof as it is a standard result.
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Proposition 2.1.30. Let R be a commutative ring with identity. Let a € R.
If a is a proper idempotent or non-zero nilpotent element in R, then a is a zero

divisor.

Proof. 1f a is a proper idempotent element, then a(a — 1) = 0, which means that
a is a zero divisor. If a is a non-zero nilpotent element, then there exists n € N

such that a(a"™!) = 0, which means that a is a zero divisor. O

Proposition 2.1.31. Let R be a commutative ring with identity. Let e € R.
Then

1. If e is an idempotent element in R, then 1 — e is an idempotent element

too.

2. If e is a non-trivial idempotent element in R, then eR is a proper ideal of

R.
3. If e is a non-zero nilpotent element in R, then eR is a proper ideal of R.
I omit proofs as they are straightforward results.
Lemma 2.1.32. Let a =a, Py +a_P_ € O. Then
1. The conjugate @ = a; — jas of a =ay +ayjisa=a_ Py +a,P_.

2. The square root of a, that is solutions of the equation a = x2, has up to

four values:

+(/ar Py +/a_P_) or + (\/a; Py —/a_P-)
if a;,a_ > 0 and is not defined otherwise.

I omit proofs as they are straightforward results. It is easy to show that the

function f : O — O, which is defined by f(a) = a, is a ring isomorphism.
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Lemma 2.1.33. Let a = a; + eas € . The square root of a is, that is solutions

of the equation a = 22,

a2

+
(\/a_1+€2\/a_1
\/a: 0, if ap = as = 0;

I

)7 if aq > 0;

undefined, otherwise.
\

I omit proofs as it is a straightforward result.

2.2 Examples

This section presents interesting examples of rings which are more complicated

than those shown in the previous section.

2.2.1 Cartesian product rings

Let Ry, Ry be two commutative ring with identity. Let R = Ry X Rs.
For all 7y = (ay,b1), ro = (az2,b2) € R, addition and multiplication on R are

defined as follows:
1. T1+7’2:<(11+a2,b1—|—b2)
2. Tl'TQZ(Gl'ag,bl'bg)

The triple (R, +,+) is a commutative ring with identity. It is called a Cartesian
product ring. Let (R, +g,g) be a Cartesian product ring. Then

1. 0 =(0,0) is the zero element of R and 1 = (1, 1) is the identity element of
R.

2. u = (uy,us) is a unit in R if and only if u; and us is a unit in Ry and Ry

respectively.
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3. z = (z1,29) # (0,0) is a zero divisor in R if and only if at least one of z; is

zero or zero divisor in R;.

4. e = (eg,ez) is an idempotent element in R if and only if e; and ey are
idempotent elements in Ry and Ry respectively. For example, (0, 1) is anon-

trivial idempotent element in R.

5. x = (x1,x2) is a nilpotent element in R if and only if x;and x5 is a nilpotent

element in R; and R, respectively.

Proposition 2.2.1. Let Ry, Ry be two commutative rings with identity and R =
Ry x Ry. Then R contains non-zero nilpotent elements if and only if Ry or Ry

does.

Proof. For necessity. Let (a,b) be a non-zero element in R. This means that either
a# 0orb#0.Let n € N such that (a,b)” = (0,0), which means ¢ = 0 and
b™ = 0. That means, a and b are a nilpotent elements in R, and Rs, respectively.

For sufficiency. Let a € Ry be a non-zero nilpotent element such that a™ = 0,
for some n € N. Obviously, (a,0) € R and (a,0)" = (a",0) = (0,0). This means

that (a,0) is a non-zero nilpotent element in R. O

Previous results are easily generalized on R = Ry X ... X Ry, for some k£ € N. The

ring of double numbers is an example of the product ring, @ = R x R.

2.2.2 The ring of n x n-matrices

The set of all n x n-matrices, with entries from a commutative ring with identity
R, with matrix addition and multiplication, is a ring with identity. It is denoted

by (M,(R),+,-). Here we interested in 2 x 2-matrices.

a b
Definition 2.2.2. Let R be a commutative ring with identity. Let A = €

c d
M, (R). Then:
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1. det(A) = ad — be (determinant).

2. tr A = a+d (trace).

3. The element A € R is called an eigenvalue of A if det(A — AI) = 0, where
I is the identity matrix in Ms(R).

~ d —b
4. A=
—Cc a
Proposition 2.2.3. Let R be a commutative ring with identity. Let A;, As be
two matrices in Ms(R). Then, det(A; - As) = det(A;) - det(Ay).
I omit the proof as it is a standard result.

Corollary 2.2.4. Let A € My(R). Then, for some X\ € R, det(AA) = A\? det(A).

I omit the proof as it is a standard result. The following propositions prove

that A € My(R) is invertible if and only if det(A) is invertible.

Proposition 2.2.5. Let R be a commutative ring with identity. Let A € My(R).

A is an invertible matrix if and only if det(A) is an invertible element in R.

I omit the proof as it is a standard result.
There are ring isomorphisms from C,@and D to three subsets of My(R), as

the following example shows.

Example 2.2.6. The map

a b
p:C— ra,beR 3
—-b a

which is defined via

oz +1iy) = :

is a ring isomorphism.
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Example 2.2.7. The map

a b
p:0— ca,beR B
b a
which is defined via
. Yy
o(r + jy) = ,
y x

is a ring isomorphism.

Example 2.2.8. The map
a b
p:D— ca,beR 3
0

which is defined via
p(r+ey) = ,
0
is a ring isomorphism.

Proposition 2.2.9. Let R be a commutative ring with identity. Let A, B €
M, (R). Then, the followings are satisfied:

1. tr(A+ B) =trA+tr B.
2. Let r € R. Then tr(rA) = r(tr A).
3. tr AB = tr BA.

4. If R is algebraically closed, then the trace of A is the sum of the eigenvalues

of A.

I omit the proof as it is a standard result. The next definition is an important

one in our study.
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Definition 2.2.10. Let R be a commutative ring with identity. Let A, B €
My(R). A is similar to B if there exists an invertible C' € My(R) such that
C~'AC = B.

Proposition 2.2.11. Let R be a commutative ring with identity. Let A, B €
My(R). If A is similar to B, then

1. det(A) = det(B).
2. trA=trB.
3. both A and B have the same eigenvalue.

I omit the proof as it is a standard result. The converse of 1 and 2 in 2.2.11

do not hold, as shown by the next example.

11 10
Example 2.2.12. A = B = are two elements in M(R).

01/ 0 1
det(A) = det(B) and tr A = tr B but A is not similar to B.

Next, we investigate some properties of A € My(0).

Proposition 2.2.13. 1. If A,; A € MyR), then A = A, P, + A_P_ €
M, (0).

2. The identity matrix in My(Q) is [ = I, P, + I_P_, where I, = I_ is the
identity matrix in Ms(R).

3. The matrix A = Ay P, + A_P_ € M,(0) is an invertible matrix if and
only if both A,, A_ are invertible matrices in M3(R). The inverse of A is
At =A7'P, + AT'P..

4. Let A=A, P, + A_P_ € M5(0), for some Ay, A_ € My(R). Then, tr A =
trA P, +trA_P_.

I omit the proof as it is a straightforward result.
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Proposition 2.2.14. Let AL € My(R). Then A = A, P, + A_P_ € M5(0) and
det(A) = det(A; )Py + det(A_)P_.

aq b1 a9 bg
Proof. Let A, = , A= € Ms(R). So,
C1 d1 Co d2

a1 Py +asP- by1Py + by P
A=A P +Ap = """ EETEIT ) e my(0).
C1P++C2P, d1P++d2P,
det(A) = (a1d1 — Clb1)P+ + (&ng — bgCg)P_ = det(A+)P+ + det(A_)P_. UJ
Next, we investigate some properties of A € My (D).

Proposition 2.2.15. 1. Let A;, Ay € M3(R). Then A = A; + €Ay in My(D).

2. Let Ay, Ay € My(R). A = A) + €Ay € My(D) is an invertible element
if and only if A; is an invertible element in M;3(R). The inverse of A is

A7 = AT e AT (- AR ATY).

3. Let A = A; + €4y € My(D), for some Ay, Ay € My(R). Then tr A =
tr A; + etr As.

I omit the proof as it is a straightforward result.

Proposition 2.2.16. If A = A; + €Ay € My(D), where Ay, Ay € M3(R), then
det(A) = det(A;) + etr(A; Ay).

PT‘OOf. det(A) = CL1d1—b101+€(a2d1+d2a1—Czbl—bgcl) = det(A1)+€ tr(AlA\Q). ]

Example 2.2.17. Let R = Ry X ... X R, be a Cartesian product ring.

My(R) = ca,bye,d€ Ry ={(Ay,...,,A,)  A; € May(Ry)}.
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Let A € My(R). Then det(A) = (det(Ay),...,det(A,)). A is an invertible matrix
in My(R) if and only if, for all i, A; is an invertible matrix in My (R;).

2.3 Modules

Rings are the generalisation of fields C and R. There is a well known linear
algebra in vector spaces over fields C and R. Now we define an object which will

generalise vector space for arbitrary semiring and ring.

Definition 2.3.1. Let R be a ring with identity. A left R-module (or a module
over R ) is a non-empty set M, together with two operations: addition, + :
M x M — M via (my, my) — my+ma, and scalar multiplication, - : Rx M — M

via (r,m) — rm. Furthermore, the following properties must hold:
1. (M,+) is an abelian group.
2. For all ri,ry € R and m;,ms € M

(a) ri(my +mg) = rimy + rimy,
(b) (11 +ra)my = rimy + romy,
(¢) (rir2)my = ri(ramy),

(d) 1my = my.

We can define a right R-module in the same way with - : M x R — M.

A left (right) semimodule is just a left (right) module over a semiring. The
formal definition is exactly as above, but we relax the requirement that R be a

ring, and instead, allow an arbitrary semiring.

Definition 2.3.2. If a module is defined over a field, then it is called a vector

space.
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Every ring with identity is a left and right module over itself if the scalar
multiplication of the module coincides with the ring multiplication. This means

that - : R x M — M is the same as ring multiplication for elements M = R.

Theorem 2.3.3. Let R be a commutative ring with identity. Every left (right)
ideal of R is a left (right) R-module respectively.

I omit the proof as it is a standard result.

Example 2.3.4. 1. NU {00} is an Np,;,—semimodule.
2. Z is a module over the ring Z.
3. C is a vector space over the field C.

Definition 2.3.5. Let R be a commutative ring with identity. Let M be a left
R-module. Let m be a non-zero element in M. If there is a non-zero element 7 in

R such that r - m = 0, then m is called a torsion element.

Obviously, any zero divisor in R is a torsion element in a left R-module R. If
every element in M is a torsion, then M is called a torsion module. If M does

not contain any torsion element, then it is called a torsion free module.
Example 2.3.6. 1. Z is a torsion free Z-module.

2. @ and D is not a torsion free @-module and D-module respectively, but also

O and D are not a torsion @-module and D-module.
3. Let M = {aP; : a € R}. M is a torsion module over O.
The following definitions provide some properties of modules:

Definition 2.3.7. Let R be a commutative ring with identity. Let M be a
module over B. N C M is a submodule of M in case it is a module over R in its

own right.
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Remark 2.3.8. Every module contains at least two submodules, {0} and M,
which are called trivial submodules of M. Any other submodule is called proper

submodule.

Definition 2.3.9. Let N be a proper submodule of M. Suppose that there is no

proper submodule of M that contains N. Then N is called a mazimal submodule.

Definition 2.3.10. A left R-module M is simple if it does not have any proper

submodule.
Example 2.3.11. {aP; : a € R} is a proper submodule of @ over Q.

Definition 2.3.12. Let M be an R-module. Let m € M, we say that m is a
linear combination from mq, mo, ..., m, € M if there are A\{, Ao, ..., A\, € R such

thatm:)\l-ml—l—)\g-mg—{—---—l—/\n-mn.

Definition 2.3.13. The set of all linear combinations of the set
S={my,mg,...,m,} C M

is called the span of S. It is denoted by span(S). If span(S) = M, then we say

that S is spanning M.

Definition 2.3.14. The linear combination is called linearly independent if and

only if Ay -mi+Xo-ma+---+ X, -mp,=0.Then \y =X g =---= )\, =0.
Any set with torsion is linearly dependent.

Definition 2.3.15. Let M be an R-module. A set S = {my,mq,...,m,} C M

is a basis of M if S satisfies the following conditions:
1. S is linearly independent.

2. Span(S) = M.
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Definition 2.3.16. If an R-module M has a basis, then it is called a free module.
The number of elements in the basis of M is called the rank of M.

Proposition 2.3.17. Every ring with identity R considered as a module over

itself is a free module.

Proof. Since R is a module over itself then it is clear that {1} C R is a basis of

R. ]

Therefore, the previous modules Z, Z,, O and D are free modules. Next

examples give modules which do not have a basis.

Example 2.3.18. The set M = {aP; : a € R} is an ideal of Q. Therefore, it
is a left @-module by Theorem 2.3.3. The set B = {P,} is spanning M since
for all aP, € M there exists aP; + bP_ € O such that aP, = (aP; + bP_)P,.
Instead, B = {P,} is not linearly independent because there exists a non-zero
double number P_ and P_P, = 0. Thus B is not a basis for M. In the same

way, every B = {aPy} is spanning M but is not a basis.

Example 2.3.19. The set Ml = {ea : a € R} C D is an ideal of D. This means
that M is a left D-module. B = {e} is spanning M, but € -z = 0 where z € D
does not necessary imply z = 0, because we have € € D and €- € = €2 = 0. Then
B is not a basis of M, and this is true for all subsets of M, i.e. M is a non-free

D-module.

Definition 2.3.20. Let M and N be two modules over R. A function” : M — N
is called R-homomorphism in case T'(rv + su) = rT'(v) + sT(u), for all r,s € R

and v,u € M.

Definition 2.3.21. An R-endomorphism is an R-homomorphism from M to M.
The set of all R—endomorphisms of M is denoted by

End(M) ={\: M — M such that X is an R — homomorphism}.
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The set of all endomorphism with map addition and map composition makes

a ring with identity.

Proposition 2.3.22. Let M be a free module over R of the rank n. Then there
exists an isomorphism between End(M) and M, (R) (End(M) = M,(R)).

I omit the proof as it is a standard result.

The next example is a simple application of Proposition 2.3.22.

Example 2.3.23. 0? is a free O-module with the basis

End(0?) & M,(0) because if A € End(0Q?), then

Ci1 Ci12
Ae1) = cr1e1 + crze9 and A(ea) = o161 + co€9. That means M =

Ca1 C22

a b
Assume € M5(0). Thus,

c d
a b a b 1 a
61 = =
c d c d 0 c
a b a b 0 b
and ey = =
c d c d 1 d
but
a 1 0
= a +c
c 0 1
b 1
and = b +d
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a b
Therefore, for all there exists A : End(M) — End(M) such that A(e;) =

c d
aey + cey and A(eg) = bey + des.

Remark 2.3.24. Generally, if R is a commutative ring with identity, then R? is

a left free R-module.
The following notions will be relevant to our study:

Definition 2.3.25. Let R be a ring. Let M be a left R-module. Let {M; : i =
1,...,n} be simple submodules of M such that M = M; + --- + M,, and for all
i # j we have M; N M; = {0}. Then the module M is said to be semi-simple.

Example 2.3.26. Z/pZ, for some positive prime p € Z is a simple module, and

@ie1Z/p;Z, for some set I, is a semi-simple module.
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General Linear Groups,
Projective Lines and Mobius

maps

This chapter presents the relationships between the general linear groups and,
respectively, the projective lines (section one) and the Md&bius maps (section

two) of a commutative ring with identity.

3.1 General Linear Group And The Projective
Line

Through this section, R is a commutative ring with identity. By Proposition
2.3.22 R-endomorphism can be presented by matrices. We can apply it to End(R?),
and represent the endomorphism by 2 x 2-matrices. Then the following definitions

are important ones.

a b
Definition 3.1.1. Let R be a ring with identity. M = € My(R) is a

c d

non-singular matrix if and only if det(M) = ad — be is not zero nor zero divisors.

33
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Definition 3.1.2. Let R be a ring with identity.

a b
GPy(R) = A= ca,b,c,d € R, and A is a non-singular matrix
c d

The multiplication on GP(R) is defined as a usual multiplication on matrices.

Since for all two matrices A and B, det(A - B) = det(A) - det(B), GPy(R) is
closed under the multiplication. The identity matrix is the neutral element of
GPy(R). That means, for any commutative ring with identity R, (GL2(R),-) is a

semigroup. The following notation is at the core of our study.

Definition 3.1.3. Let R be a commutative ring with identity.

a b
GLy(R) = a,b,c,d € R, and ad — be is invertible p [54].
c d

The multiplication on GLy(R) is defined as a usual multiplication on matrices.

In the same way before, GLy(R) is a semigroup with identity, and for all

a b d —b

A= € GLy(R) there is B = m in GLy(R) and A - B
a

c d —c
is the identity matrix. Therefore, for any commutative ring with identity R,
(GLy(R),-) is a group. The group (GLy(R),-) is called a general linear group of

R.

Remark 3.1.4. 1. Let R be a commutative ring with identity. GLs(R) =
GP,(R) if and only if every non-zero element in R is either unit or zero

divisor.

2. Let F be a field. Then,

b
GLy(F) = GPF) = [* 7] ad—be£0
d



Chapter 3. General Linear Groups, Projective Lines and Mobius
maps 35

Example 3.1.5.

a b

GP(Z) = cad —be #0
c d
a b

GLy(Z) = rad —be = +1
c d

Here we can see that GPy(Z) # GLy(7Z) because every non-zero element in 7

except £1 is neither an invertible nor a zero divisor element.

Proposition 3.1.6. Let R be a commutative ring with identity. Let a, b € R
and aR, bR be two ideals of R generated by a and b respectively. aR + bR = R

a b
if and only if there exists ¢,d € R such that € GLy(R).
c d

Proof. Let aR 4+ bR = R. This means that there exists r{,7y € R such that

a b
1 = ary + bry. Thus € GLy(R).

—Tre M

a b
Conversely, let € GLy(R). Let ad—bc = v which means u € aR+bR.
c d

So, 1 € aR + bR. Then, from 1 in Proposition 2.1.19 aR + bR = R. m
The following notion will be relevant to our study:

Definition 3.1.7. Let R be a commutative ring with identity. The pair (a,b) €

a
R? is called admissible, if there exists ¢, d € R such that is an invertible
c d

matrix. Equivalently (a,b) is admissible if aR+ bR = R, where aR, bR are ideals
of R generated by a and b respectively [10].

Example 3.1.8. The pair (1,5) € 0? is admissible because 1,0 € O and
10

is invertible, while (P,,5P,) € O? is not admissible.
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Proposition 3.1.9. Let R be a commutative ring with identity. Let (a,b) € R?

a b
be an admissible pair and ¢,d € R. If € GLy(R), then (c,d) is an
c d

admissible pair too.

a b

Proof. Let € GLy(R). Let ad — bc = u, which means that ¢b — ad = —u.
c d
d

Therefore, € GLy(R). O
a b

Definition 3.1.10. Let R be a commutative ring with identity. We define an
equivalence relation on R?\{(0,0)} as follows: (21, 22)~(z3, 24) if and only if there

exists a unit u € R such that z; = uzz and z5 = uzy.

An endomorphism R? — R? is a class invariant for ~. By R?/~, we mean the

x
set of all equivalence classes. The point of R?/~ corresponding to a vector

Y
is denoted by [x : y].

Definition 3.1.11. Let R be a commutative ring with identity. P(R) = {[a : 0] :
(a,b) € R? is admissible } is the projective line over the ring R. Equivalently,
the projective line over R is defined as follows: P(R) = {[a : b] : aR 4+ bR = R},
where aR, bR are ideals of R generated by a and b respectively [10].

The projective line over a ring is an extension of the concept of projective line
over a field. Note that P(R) C R?/~.

Let F be a field. Let ~ be a relation over F?\{(0,0)} given in Definition 3.1.10.
Therefore, we obtain only the following two types of equivalence classes [f : 1]
and [1 : 0]. Clearly, both (f,1), (1,0) are admissible pairs. Therefore, any point
[a : b] of the projective line, P(FF), belongs to exactly one of those two classes.
There is a natural embedding = +— [z : 1] of the field F to the projective line.
The only point, [1 : 0], not covered by this embedding is associated with infinity
(ideal element) [6;54, Ch.8;57].
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Thus, F parametrises the main part of the projective line of F as [f : 1], for
all f € F, except the class [1 : 0].

In other words, F may be identified with the subset of the projective line given
by {[f : 1] : f € F}. This subset covers all points in P(F) except one point, the
one we call infinity. Therefore, oo is the only point added to F by P(F). From the
preceding, we can see that the projective lines over C, Z, where p is prime, are
P(C) = CU{oo} and P(Z,) = Z, U {oo} respectively.

The next propositions give us examples of the projective lines over several

well-known rings:

Proposition 3.1.12. The projective line over the ring of integer numbers is:
P(Z) = {[a : ] : for all a,b € Z such that gecd(a,b) = 1}.

Proof. P(Z) consists of [a : b] for all admissible pairs (a,b). A pair (a,b) is admis-
sible if and only if there exists ¢, d such that ad 4+ b(—c) = 1. The last identity is
equivalent to ged(a,b) = 1. Thus the projective line consists of all [a, b] such that
ged(a,b) = 1.

[

Notation 3.1.13. A suggestive notation for [1: 0] is co and for [a : b] is § € Q

(the set of all rational numbers).

Proposition 3.1.14. Fort = 1,--- |k, let R; be a commutative ring with identity
such that every element in R; is either unit, zero or zero divisor. Let R =
Ry X -++ X Ry be the Cartesian product ring. Then, any point [a : b] of the

projective line, P(R), belongs exactly to one of the following three different classes:

1. [z:1], for all z € R;
2. [u: x], where u is a unit in R and z is zero or zero divisors in R;

3. [z : y], where x, y are two non-units in R such that, for all 4, (z;,7;) is an

admissible pair in R?.
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Proof. Let ~ be an equivalence relation on R*\{(0,0)} given in Definition 3.1.10.
The set of all R elements is a disjoint union of the following three sets U (the
set of all invertible elements, {0} and Z; (the set of all zero divisors). Then, we

have, in R?/~, the following three different types of equivalence classes:

1. Ifa € R and b € U, then (a,b) € [z : 1], where z =a - b~
2. lf a, A € U and b= Az € Z; U {0}, then (a,b) € [u: x|, where u =a - \"'.
3. [a : b], where both a and b in Z; U {0}.

The third type of equivalence classes splits into the following two categories:

/

1. [z : 2'], such that, for all i, (x;,z}) is an admissible pair in R?.

2. [z : y], such that, there is i, (z;,y;) is not an admissible pair in R?.

We are going to show why the former belong to P(R). Clearly, any point in R?/~

belongs to one of the following four different classes:

[2:1], [u:z], [x:2], [z:9],

where z € R, u € U and z,2/,y € Z; U {0}. Recall, from Example 2.2.17,

GLy(R) = {A= (A}, -, Ay) : A; € GLy(R))},

and det(A) = (det(A;),...,det(A,)). Obviously,

€ GLy(R),

[u—
(@)
=]
—_

/

T x
and there are ¢,d € R such that € GLs(R), while for all a,b € R,
c d

Y ¢ GLy(R). This means that the three pairs, (z,1), (u,z), (x,2’) are
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admissible pairs while (z,y) is not. O

Clearly, {[z : 1] : z € R} is isomorphic to R. Also, {[1 : 2] : z € R} is
isomorphic to R. Therefore, the only extra isolated points are {[x : 2'] : x,2’ €
Z,}. For all composite numbers n, the projective line over Z,, x --- X Z,, , where
Ly, X - -+ X Ly, is isomorphic to Z,, is a special case of the ring R in the previous
proposition.

The next proposition is regarded as a particular case of the previous one, where
O =R x R. Yaglom, in [78, Suppl.C], gives the result of the proposition without

proof. Here we give it in a simple way.

Proposition 3.1.15. Any point [a : 0] of the projective line, P(Q), belongs to

exactly one of the following six distinct classes:
[1:0], [z:1], [L: APy], [1:AP_], [Py : P_] and [P- : P],

where z € O and A € R\{0}.

Proof. Let ~ be an equivalence relation on @*\{(0,0)} given in Definition 3.1.10.
The set of all double numbers is a disjoint union of the following three sets O (the
set of all invertible elements), {0} and O (the set of all zero divisors). We can also
split O into two disjoint sets {aP; } and {aP_}, where a is a non-zero real number.

Then, we have, in Q2 /~, the following eight different types of equivalence classes:
1. If a € © and b = 0, then (a,b) € [1:0].

2. Ifa € O and b€ O, then (a,b) € [z : 1], where z = .

3. Ifa=a,P,+a_P.c€0andb=0b_P_ €, then (a,b) € [l : \P_], where
A==

a_*

4. Ifa=a,P,+a_ P €0andb=>b,P, €0, then (a,b) € [1: AP,], where

A= 2
at’
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5. If both a, b € {A\P.} U {0}, then (a,b) € [a; P} : by P,].
6. If a =a1 Py, b="0,P_, then (a,b) € [Py : P_].
7. Ifa=a;P_, b=b,P;, then (a,b) € [P_: P].
8. If both a, b € {\P_} U {0}, then (a,b) € [a; P- : by P_].

Therefore, any point in @?/~ belongs to one of the following eight different

classes:

[1:0], [z:1], [L:APy], [1:AP_], [m Py : b1 Py], [Py : P_],

[P_: P,] and [ P_ : by P_],

where z € O, A € R\{0} and ay,b; € R. Here, we are going to show why
l[a1 Py : by Py, for all a;,b; € R, does not belong to the projective line P(0).
Recall,

b
L@ =dA=|" ") abecde0and det(A) is a unit

c d
Clearly,
a 1 1 AP P. P
I, , B A RO (o)
10 0 1 1 1

while for all a,b € O,
CL1P:|: bIP:I:
a b

¢ GLy(0),

because its determinant is Py (a1b— bia), which is a zero divisor. Thus, the pairs,
(1,0), (a,1), (1,A\Py), (Py,Ps), are admissible pairs while the pairs (a; Py :
by Py) are not. O

Thus, O parametrises the main part of the projective line over Q as [a : 1], for

all a € O, except classes [1: 0], [Py : P_|,[P-: Py],[1: AP_] and [1 : AP, ] for all
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non-zero A € R.

Notation 3.1.16. A suggestive notation for [a : 1] ([1 : 0], [1 : a1 P_], [1 :

a1 P.], [Py : P_], [P-: P.])isa (oo, %wl, ailwg, 01, 09) respectively, where a €

O and @, is a non-zero real number [54, Ch.8;78, Suppl.C]. In other words, P(Q) =
OU{o0, 01,02} U{aw; : a € R\{0}} U{aws : a € R\ {0}} [54, Ch.8;78, Suppl.C].

Yaglom, in [78, Suppl.C], gives the result of the next proposition without proof.

Here we give it in a simple way.

Proposition 3.1.17. Any point [a : b] of the projective line, P(D), belongs to

exactly one of the following three classes:
[1:0], [z:1] and [1 : €a4],

where z € D and a; € R\{0}.

Proof. Let ~ be an equivalence relation on D?\{(0,0)} given in Definition 3.1.10.
Let D be the set of all invertible elements in D, and D U {0} be the rest.
Then, we have, in D?/~, the following four different types of equivalence

classes:
1. If a € D and b € D, then (a,b) € [z : 1], where z = 4.
2. Ifa € D and b = 0, then (a,b) € [1:0].
3. Ifa=a;+eay €D and b=eb; €D, then (a,b) € [1 : €], where A = Z—ll
4. If both a and b in D U {0}, then (a,b) € [eA; : eXo], where A5 € R.

So, any point in D?/~ belongs to one of the following four distinct classes:

[a:1], [1:0], [1:eA] and [eA; : €)g],
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where a € D, A is a non-zero real number and \; » € R. The points [e\; : €)y] are

not points in the projective line, as we are going to see. Recall,

a b
GLy(D) =< A= ca,b,c,d € D and det(A) is a unit
c d
Obviously,
a 1 1 e
I, , € GLy(D)
10 0 1
while for all a,b € D,
6)\1 6)\2
¢ GLQ(D)a
a b

because its determinant is €(A;b — Aga), which is a zero divisor. Therefore, the

pairs, (1,0), (a,1), (1,€e)), are admissible while the pairs (e\;, €\s) are not. [

Thus, D parametrises the main part of the projective line over D as [a : 1], for

all a € D, except classes [1 : 0], and [1 : e\ for all non-zero A € R.

Notation 3.1.18. A suggestive notation for [a : 1] ([1: 0], [1: €)])isa (o0, jw)
respectively, where a € D and A is a non-zero real number [54, Ch.8;78, Suppl.C].
In other words, P(D) = DU {oo} U {aw : a € R\{0}} [54, Ch.8;78, Suppl.C].

Generally, let R be an arbitrary commutative ring with identity. It is clear
that R parametrises the main part of the projective line of R. In other words, R

can be identified with the subset of the projective line given by {[r : 1] : r € R}.

3.2 Mobius Transformations

Let R be a commutative ring with identity. In this section, we study P(R) as a

G Ly(R)-homogeneous space.

Definition 3.2.1. Let f : R — R be a transformation. We say that X C R is
an f-invariant if f(X) C X [54, Ch.2].
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Definition 3.2.2. Let G be a group acting on R. A subset X of R is called
G-invariant if f(X) C X for all f € G.

Definition 3.2.3. Let R be a commutative ring with identity. The action of

b
A= € GLy(R) on R? is amap f : R? — R? defined via:
c d

f((z,y)) = (azx + by, cx + dy).

The action of A € GLy(R) on R? can be pulled to R?/~ due to the following

proposition.

Proposition 3.2.4. Let R be a commutative ring with identity. Let M € G Ly(R)
and (2,y), (v,w) € R T (2, y)~(v, w), then M((z,4))~M((v, w).

a b
Proof. Let (x,y), (v,w) € GLy(R) and M = f (2, y)~(v, w), then there

c d
exists an invertible element u € R such that z = uv, y = uw.

M(z,y) = (ax + by, cx + dy) = (auv + buw, : cuv + duw) = uM (v, w).

Therefore, M ((x,y))~M ((v,w)).

The following lemma shows that P(R) is a G Ly(R)-invariant set.

a b
Lemma 3.2.5. Let R be a commutative ring with identity. If € GLy(R)

c d
x ) o . a b x ar +by\ .
and € R? is an admissible pair, then = is an
Y c d Y cr +dy

admissible pair too.

x a b
Proof. Let € R? be an admissible pair and M = € GLy(R) such
Yy c d
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T w1 T S1
that M = . Since is an admissible pair, there exists € R?
Y Wa ) 52
T 5 C e . .
such that M’ = € GLy(R). The multiplication of M and M’ is a matrix
Yy S2
_ wr
in GLy(R). Therefore, M - M' = € GLy(R), where t; = as; + bsy and
wy  ty
ty = csy + dss.
a b
Corollary 3.2.6. Let R be a commutative ring with identity. If €
d

c
x ) o ) a b x ax + by
G Lo(R) and € R?is not an admissible pair, then =
Y c d Y cr + dy
is not an admissible pair either.

w1 L. . T w1
Proof. Let be an admissible pair. We know that = M1
W2 Yy W2
. x . . . .
Therefore, from the previous lemma is an admissible pair. O
Y
o L a b
Definition 3.2.7. Let R be a commutative ring with identity. Let M = €
c d

GLy(R). Ty : P(R) — P(R) is a function defined by Ty ([z : y]) = M[z : y] =
l[ax 4+ by : cx + dy]. The map Ty, is called Mébius transformation.

For a commutative ring R, the set of all Mébius map is denoted by Mdb(R).

For [z : 1] € P(R), its image is [ax + b : cx + d]. If cx + d is unit, then
lax +b @ cx + d]w[% : 1]. Therefore, the map [z : 1] [% : 1] can be
abbreviated to g(x) = % [54, Ch.2;56;57]. That means ¢ is a map from R\{z :
cx +d is zero or zero divisor} to R. In the following, this formula will be used as
a notation for a more accurate discussion in terms of the projective line.

Let A be one of R,O,D. Let A, A" € GLy(A) such that A = uA’, where u

is a unit. If Mobius transformations are considered, then A and A’ define the
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same map. The algebraic structure of A shows that for any invertible matrix
A € My(A), such that det(A) = u? and u is an invertible element in A, there is
A'= 1A € My(A) such that det(A’) =1

Thus, we define an
SLy(A) ={A € GLy(A) : det(A) = 1},

which is a subgroup of GLy(A).

Proposition 3.2.8. Let A be one of R,O,D. Let 7 : SLy(A) — M6b(A) be a

map such that m(A) = T4. 7 is a group homomorphism.
By a direct check, m(AB) = Tap = T4 o Tg. We obtain the following fact:

1. If A =R then the kernel of 7 is {£/}. Therefore M6b(R) = SLy(R)/{£1}
[6,66].

2. If A = O then the kernel of 7 is {£I,+;I}. Therefore

Méb(0) = SLy(0)/{£1, +51}.

3. If A = D then the kernel of 7 is {£I}. Therefore Mob(D) = SLy(D)/{£1}.
The proof of the next lemma follows immediately from Lemma 3.2.5.
Lemma 3.2.9. GLy(R) acts transitively on P(R).

Next, we investigate G Lo(R) of several known rings, and the actions of G Ly (R)
over P(R).

Example 3.2.10. Recall from Example 3.1.5,

a b
GLy(Z) = cad —be = +1
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By Lemma 3.2.9, P(Z) is the orbit of [1 : 0] concerning G Lo(Z). By Lemma 3.2.5,
the complement of P(Z), {[a : 0] : (a,b) # 1}, is a GLy(Z)-invariant subset of
Z2)~.

Example 3.2.11. Let R = Ry %, -+, Ry.
GLQ(R) = {A = (Al, s ,Ak) : Az S GLQ(RZ)}

From Lemma 3.2.5, R?/~ is a disjoint union of the following two G Ly(R)-invariant
subsets: the projective line P(R), and the complement {[x : y] : (z,y) is not an

admissible pair }.

The previous example does not give us the exact number of disjoint G Ly(R)-
invariant subsets, which depends on the number k£ and also the rings Rj; them-

selves.
The presence of the ideal {aPy : a € R} in O makes GLy(Q)-action on O/~

not transitive.

Theorem 3.2.12. The set Q?/~ is a disjoint union of the following three G Ly(Q)-

orbits:
1. The orbit of [1: 0] is the projective line over Q.

2. The orbit of [Py : 0] is the set PR, = {[\M Py : AaPy] : Ay and \g are real
numbers and not both 0}.

3. The orbit of [P_ : 0] is the set PR_ = {[\P- : A\oP_] : A; and \q are real
numbers and not both 0}.

a b
Proof. Recall, GLy(Q) = ca,b,c,d € O, and ad — bc is a unit
c d

1. Immediate from Lemma 3.2.9.
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a b
2. For all A = € GLy(0), A[P; : 0] = [aP; : c¢Py]. Therefore, the
c d

orbit of [P, : 0] is a subset of PR, .

Conversely, let [APy : pPy] be any element in PR,. Clearly, A[P, : 0] =

AP P AP, +P_ P
AP, : uPy], where A = * or " "] . There-

uPy+ P Py Py P
fore, [\P, : uPy] is in the orbit of [P, : 0], i.e. PR, is a subset of the orbit

of [Py : 0]. So, the orbit of [Py : 0] equals to the set PR,.

a b
3. For all A = € GLy(0), A[P- : 0] = [aP- : cP_]. Therefore, the
c d

orbit of [P_ : 0] is a subset of PR_.

Conversely, let [AP_ : uP_] be any element in PR_ Clearly, A[P_ : 0] =

A\P. P, P, AP P
[AP_ : uP_], where A = or . There-

P, +uP. P uP. P,
fore, [AP_ : pP_] is in the orbit of [P_ : 0], i.e. PR_ is a subset of the orbit

of [P_ : 0]. So, the orbit of [P_ : 0] equals to the set PR_.
[

From the previous proposition, we can split @/~ into three sets: The orbit
of [1 : 0], the orbit of [Py : 0] and the orbit of [P_ : 0]. The next proposition

explains an isomorphism between the orbit of [Py : 0] and P(R).

Proposition 3.2.13. Let X be the GLy(Q)-orbit of [Py : 0]. There is a projection
pt : SLa(0) — SLy(R) defined by pi(g) = g4 for g = g4+ P + g-P_ € SLy(0)
and a bijection f : P(R) — X define by,

flz iyl =[xPs:yPy], forx,yeR.

I omit the proof as it is a straightforward result.
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To make our work easier, we present the following lemma and proposition.
Their proofs are straightforward results and the above stated properties of G Ly(0)
and SLy(0).

Proposition 3.2.14. Let A, ,A_ € My(R). A=A, P, +A_P_ € GLy(0) if and
only if both A; and A_ in GLy(R).

Clearly, A= A, P, + A_P_ € SLy(0) if and only if AL € SLy(R).

Proposition 3.2.15. The function f : SLy(Q) — SLy(0) which is defined by
f(X Py +X_ P )=X_P;+ X,P_is agroup homomorphism.

The presence of the ideal {ea : a € R} in D makes GLy(D)-action on D?/~

not transitive.

Theorem 3.2.16. The set D?/~ is a disjoint union of the following two G Ly(ID)-

orbits:
1. The orbit of [1 : 0], is the projective line over D.

2. The orbit of [ea : 0], is the set PR = {[e\; : €Xg] : A\ and )y are real
numbers and not both 0}.

a b
Proof. Recall, GLy(D) = ca,b,c,d €D, and ad — bc is a unit
c d

1. Immediate from Lemma 3.2.9.

a b
2. Let A = € GLy(D). Ale : 0] = [ea : ec|. Therefore, the orbit of
c d

[e : 0] is a subset of PR.

Conversely, let [eA : eu] be any element in PR. Clearly Ale : 0] = [eX : eul,

Ate —pu
where A = , i.e. PR is a subset of the orbit of [e : 0]. So, the

w+e A
orbit of [e : 0] equals to the set PR.
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O

As a consequence of the above proposition, we obtain that D?/~ splits into
two sets: the orbit of [1 : 0] and the orbit of [e : 0]. The next proposition explains
an isomorphism between the orbit of [e : 0] and P(R).

Proposition 3.2.17. Let X be the G Ly(ID)-orbit of [e : 0]. There is a projection
p: SLy(D) — SLy(R) defined by p(g) = g1 for g = g1 + €g2 € SLy(D), and a
bijection f : P(R) — X define by, for all [z : y] € P(R),

flz :y] = lex : ey], forz,y € R.

I omit the proof as it is a straightforward result.
To make our work easier, we present the following lemma. Its proof is a

straightforward result and the above stated properties of GLo(D).

Proposition 3.2.18. Let Ay, Ay € My(R). A= A; + €Ay € My(D) if and only if
Al in GLQ(R)

Clearly, A = A;+€Ay € SLy(D) if and only if A; € SLy(R) and tr(AlfAlg) =0.
In the following chapters, we focus on the rings of double and dual numbers. We

leave the other rings for further studies.
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Chapter 4

Metric Properties of Mobius
Maps

This chapter explores the metric properties of Mobius maps. The first section of
this chapter defines a metric on P(A), where A is one of R, C, O or D. We prove
that a Mobius map T} is a continuous map for all A € SLy(A), in the respective
topologies. The second section gives the general formula of the fixed points of T)
(if any exists). The last section provides a classification of fixed points based on

considered metrics. It is useful for iterations of M6bius maps.

4.1 Metric Space

In this section, we use the standard definition of metric, topology and continuous

maps.

Lemma 4.1.1. Let d and d’ be two metrics defined on a space X. The following

are equivalent:

1. The metrics d and d' are equivalent.

2. For each x there exists 0 < m, m’ < oo such that for every y, m'd(x,y) <

d'(z,y) < md(z,y).

51
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3. Both identity maps Id : (X,d) — (X,d') and Id : (X,d") — (X,d) are

continuous.

I omit the prove as it is a standard result.

a b
A real or complex Mobius map M = is continuous at every point

c d
except x such that cx + d = 0. The next definition provides an alteration of the

Euclidean metric, such that M : P(A) — P(A) is continuous at every point.

Definition 4.1.2. Let A be one of the field of real or complex numbers. A map
dy : P(A) x P(A) — R is defined by

1.
i

lzy' — yx

drlle b D) = T W ma (T )

i

2y’ — yx
max{|z|, [y} max{[2'|, [y'[}

de(lz -yl [2": y]) =

By using the properties of absolute value, we can prove that both dr and d¢
are metric over P(R) and P(C) respectively. Moreover, P(R) with dg is isomorphic
to the circle endowed with the Euclidean metric and P(C) with d¢ is isomorphic
to the Riemann sphere endowed with the Euclidean metric.

The technique of (P, P_)-decomposition provides a bijective map f : O — R?,
which is defined by f(aP; + bP-) = (a,b). So, we use two copies of dg to define

metric over Q.

Definition 4.1.3. A map dg : P(0O) x P(Q) — R is defined by

‘fUerﬁr —fl/+$/+‘
max{|z [, [y, |} max{|! |, [y} [}
oy —y-a|
max{|z_|, [y-[} max{|a" |, |y" |}’

do(z,2') =

where z = (x4 Py +o_P_:y, Py +y_P|, 2/ =2\ P +2" Py, P, +y P_| €
P(O).



Chapter 4. Metric Properties of Mobius Maps 53

Obviously, dg is a metric over Q. Moreover, the projective line P(Q) with the
metric dg is isomorphic to the one-sheet hyperboloid endowed with the Euclidean
metric [54, Fig. 8.1 ¢].

For any a € R, the vertical line {a + €b : b € R} is a Mobius invariant set.
Thus, we define the distance between two points in two ways. If two points do
not belong to the same vertical line, then the definition depends only on the
real parts of the points. If two points belong to the same vertical line, then the
definition depends on both the real parts and imaginary parts of the points. The

formal definition is as follows:

Definition 4.1.4. A map dp : P(D) x P(D) — R is defined by

! !/
’wlyl—ywl’ . / !
it z1y; — 17y # 0
n _ ) max{|zi|,|y1|} max{|z} |,|v} |}’
dD(Z’Z)_ ‘ /‘/| |/ ! ’

T2Y1—Y2X1 To¥Y1—YaTy :

— otherwise.
max{z?,y7}  max{(z})%(y])?} |’

where z = [z + €xo 1 Yy + €ya], 2/ = [2] + exh 1 Y} + eyh] € P(D).

By using the properties of absolute value, we can prove that the map dp is a
metric. Further more, P(D) with dp is isomorphic a cylinder endowed with the

Euclidean metric [54, Fig. 8.1 b;78, Suppl.A].

Definition 4.1.5. Let A be one of the field of real, complex or the ring of dual
numbers. A map dj : A x A — R is defined by

1. For A=R, d}(z,y) = |z —y|.

2. For A = C, d)y (1 +ixa,y1 +1y2) = /(21 — y1)? + (22 — 1),
3. For A =D, df&(ﬁl + €xo,y1 + 6?/2) = |$1 - y1| :
The map d), is a metric if A = R or C and a pseudometric if A = D.

Definition 4.1.6. A map dm : R? x R? — R is defined by

dm(:c,y) = |$1 - y1| + |372 - 3/2‘ y T = (5’717952)7 Yy = (y17y2)-
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The map dm is a metric on R?, called the product (Manhattan) metric. Recall,
O is isomorphic to R2. Thus, dm is a metric over Q.

Recall, for any commutative ring with identity A, A’ = {[z : 1] : z € A} C
P(A) is isomorphic to A.

Lemma 4.1.7. Let A be one of R, C, O, D. The restriction of dy over A’ = {[z :
1] : € A} C P(A) is equivalent to the usual metric over A if A is a real
or complex numbers, equivalent to the product metric over A if A double and

equivalent to the usual pseudometric over A if A dual numbers.

Proof. Let f: A" — A be a map defined by f([z:1]) =x. Let d : Ax A — R be
a map defined by d'(z,y) = da(f~*(z), f~*(y)). Then the calculation shows that:

1. For A=Ror C and x,y € A,

d(z,y) = ’:I;—;y’, where k£ = max {|z|,1} - max {|y|, 1}.

2.ForA=0,andr =2, P, +z_ P ,y=y,. P, +y_P_ €A,

o =yl , o =y

,  where ky = max {|z+|, 1} max {|y+|,1}.
ey ke

d'(z,y) =

3. For A=D, and x = 21 + exo,y = y1 + €y € A,

d'(z,y) = @ where k = max {|z1], 1} - max {|y|, 1}.

The map d’ is the restriction of dy on A’. Long calculations prove that d' is a
metric over A if A = R, C, O and a pseudometric if A = D. For A = R, C, let d
be the usual metric over A. For A = O, let d be the product metric over Q. For
A =D, let d be the usual pseudometric over ID. Long calculations show that the
two identity maps Id’ : (A,d') — (A,d) and Id : (A,d) — (A,d') are continuous
maps, for each commutative ring with identity. Therefore, d’ is equivalent to d

by Lemma 4.1.1. O
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Lemma 4.1.8. The inversion i : [z : y] — [y : x| is a continuous function in dy.

Proof. Clearly, regarding dy, the inversion ¢ is an isometry. So, it is continuous.

O

To prove the next proposition, I am going to use the standard definition of

continuity of maps between metric spaces.

Proposition 4.1.9. Let A be one of R,C,O,D. An A-Mobius transformation

Ty :P(A) — P(A) is a continuous map.

Proof. Given four elements a, b, ¢, din A, let f; : A — A (fo : A — A) be two
functions defined as follows fi(z) = ax + b (fa(x) = cx + d). Clearly, both fi, fo
are continuous functions in the usual metric (pseudometric) over A, if A is a real,
complex or (dual) numbers. They are also continuous functions in the product
metric if A is the ring of double numbers. Let A” = {z : fs(z) is invertible}.
Let f: A” — A be a function defined by f(z) = % The function f is also a
continuous map regarding the usual (product) metric over A if A is a real, complex
(double) numbers and it is also a continuous map regarding usual pseudometric

over A if A is dual numbers. If d, and d' are equivalent, then they determine the

same topology. Hence continuity with respect to either metric is the same. By

a b
Lemma 4.1.7, the continuity of T4 : P(A) — P(A), where A = ,on A”

c d
has been proved.

Because of inversion is continuous at [1 : z], Tx is continuous at i([1 : z]),
T4 o1 is continuous at [1 : z|. Therefore, T4 is continuous at the points [1 : z], i.e.
real, complex and dual Mobius maps are continuous. If we prove the continuity of
O-Mobius maps at o1 = [Py : P_| € P(0), then O-M&bius maps are continuous
too.

Let 2= [P, : P, z=[x Py +2_P_:y, P, +y_P_] and

A G+P++CL,P, b+P++b,P,

C+P++C_P_ d+P++d_P_
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Obviously,

TA(ZO) = [a+P+ + b_P_ . C+P+ + d_P_].
Let

ki =max{laizy +biys|, [cray + dyyy|} - max{lay |, ey}

and

k_ =max{|a_x_ +b_y_|,|c_x_ +d_y_|} - max{[b_|, |d_|}.

Note that both k4 are greater than zero, otherwise T4y would not be an @-Mobius
map. Then

do(Ta(2), Ta(z)) = Y| o]

k. k-
Let
€y lyel e
S L 4.1
€ lz_| e
— < — . 4.2
2 "k T2 4.2)

Therefore, € < do(Ta(2),Ta(20)) < €, where € = max{e,,e_}, € = min{e,,€_}.
Let I+ = max{|z4|,|y+|}. Obviously, both I, are greater than zero, otherwise

z would not be belong to P(0). From the equations (4.1) and (4.2) we obtain

0y :k+i M<k_+€_+:6+, (4.3)
2 1.2 1. .2 2
S N I i S
ST 25T ST 2T (4.4)

respectively. By adding (4.3) and (4.4), we obtain

A 5, b
5<7+?<d@(2’,20)<?+7<5,

where 6 = max{d,d_}, ¢

= min{d’,, 0" }. So, T4 is continuous at 0. O

Next, we are going to define a metric over GLy(A). This metric which is worth
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to define here, but we are going to use it in the next chapter.

Definition 4.1.10. Let A be one of R,C,0,D. A map dgr,m) : GL2(A) X
GLy(A) — R is defined by

dGLQ(A) s = dA([a : 1], [CLI : 1]) + dA([b : 1], [b/ : 1]) +

dp(c: 1), 2 1)) + du((d : 1], [d - 1)).

This metric prove the continuity of one-parameter subgroups of G Ly(A), where

A is one of R, O, D.

4.2 Fixed Points and Mobius Maps

Let A be one of R, C, @, D. Let T4 be a non-trivial map in M6b(A). Assume
that Ta[z : y] = [z : y], which means that [z : y] is a fixed point under T4. Let

a
A= be the representative matrix of 7. Thus [ax+by : cx+dy| = [z : y].

c d
This means that there exists a unit element A € A such that

ax + by = Az, (4.5)

cx +dy = \y. (4.6)

The values of A are the roots of the equation (a — A)(d — A) — bc = 0. Solving the
d+a++I
2
and VI is one of the square roots of I, if such square roots exist. The exact

quadratic equation we obtain that A = , where I = tr? A — 4 det(A),

meaning of the square root is explained in the following sections case by case. If

A =R or C, then from equation (4.7), we obtain the explicit fixed point

2 y) = [~2b: (d—a) + V],
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and from equation (4.8), we obtain the explicit fixed point
[z:y] =[(a—d)+VI: -2

[61, Ch.5]. If T4 is not trivial Mobius map, then the two previous forms provide
all fixed points of T)4.
Let A = O or D. Substituting A in the above system we get the two following

equations:

by = %(d —a+ V) (4.7)

cx = %(a—d—l—\/f)y. (4.8)

The number 22 + y? is a unit because of the pair [z : y] € P(A). The number
(d — a + VI)*> + 41 is a unite because of A € GLy(A) and I € A. Thus,

ul = z2+y?
(d—a++/T)244b2

numerator and denominator are sum of squares. Lets come back to the equation

is a unit. The square root of ©? is defined because of both the

From 4.7, we obtain

a2 = (d—a+ V)22,
AP + 40 = (d—a+VI1)%a? + 4b%?,
W+ ) = (d—a+ VI +46°)2%,
ZL‘2 +y2
(d—a+VI)2+40%

r? = 4b%u?,

22 = 4b?

r = 2bu.
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where 2bu is one of the square roots 4b*u? and

4b%y? = (d—a+\/_)2 2
(d—a+VI)P’y* +40y" = (d—a+VI)e® +(d—a+ VI
(d—a+VI)?+42)y* = (d—a+VI)?(2? —l—y)
( I)

242
d—a+VI)? ? ,
(d—a+VI)?+4b?

= (d—a+ V12
y = (d—a+V1)u,

where (d — a 4+ v/T)u is one of the square roots of (d — a + v/T)?u®. Thus, from
equation (4.7), we obtain the explicit fixed point

oiy)=[2b: (d—a)+ VI,
and in the same way, from equation (4.8), we obtain the explicit fixed point
[z :y] = [(a —d) + VT : 2.

The unit for the second form is defined by u such that u? = %. Let Ty
be a non-trivial Mobius map. If v/T is defined and

[ y] = [2b: (d—a) + V] ¢ P(A),
then T4 fixes infinite points. In the same way, if
[2:y] = [(a—d)+VI:2c ¢ P(A),

then T4 fixes infinite points.

e If A = Q, Ty is a non-trivial Mébius map and [2b : (d — a) + V1] ¢ P(Q),
then The fixed point are {[rP_ : 1],[1: rP_],[rPy : 1],[1: rPy] : r € R}.
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o If A=, T, is a non-trivial Mébius map and [2b : (d — a) + V1] ¢ P(D),
then The fixed point are {[re : 1] : r € R}.

Thus the two previous forms provide all fixed points of T4 when the number

of fixed points are finite.

4.2.1 Fixed points of an R-Mobius transformation

a b
Let T4 be a non-trivial map in M6b(R) with representative matrix A = €

c d
SLy(R). Let I = tr? A — 4. That means the square root of I is in R if tr? A > 4.

Thus, we have the following three cases:
1. If tr? A — 4 < 0, then T4 fixes no point.
2. If tr? A — 4 = 0, then T4 fixes a double fixed point.

3. If tr? A — 4 > 0, then T, fixes two distinct points.

10
Example 4.2.1. 1. Let A = . The trace square tr? A = 4. T fixes
2 1

one point, which is [0 : 1].

3
2. Let A= . The trace square tr?> A > 4. T4 fixes two distinct points,
1 2

which are [v/3 : 1] and [—/3 : 1].

3. Let A= . The trace square tr? A < 4. T fixes no point.

W= N

1
2

4.2.2 Fixed points of a C-Mobius transformation

a
Let T4 be anon-trivial map in Méb(C) with a representative matrix A = €

SLy(C). Let I = tr?(A) — 4. Thus we have two cases:

1. If tr?(A) = 4, then T fixes a double fixed point.
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2. If tr?(A) # 4, then T4 fixes two distinct fixed points.

10
Example 4.2.2. 1. Let A = . Ty fixes [0 : 1].

v 1
31 )
2. Let A= . Ty fixes [3(1£V/3) : 1].
2 1
L _3
3. Let A= f 12 . Ty fixes [+iv/3 : 1].
2 2

4.2.3 Fixed points of an O-Mobius transformation

Let T4 be a non-trivial map in Méb(Q) with a representative matrix A = A, P, +
A_P_ € GLy(0), where Ay € GLy(R) and none of Ay is the identity matrix.
Let I = tr? A —4det(A). Then, from Lemma 2.1.32, v/T has the following values:

(1 /tr2 Ay — Adet(A;) Py +/tr2 A — ddet(A-)P),

(/02 Ay — ddet(A;) Py — \/tr2 A — ddet(4_)P),

if tr2 Ay > 4det(A) and undefined otherwise.

Thus, we have the following four cases:
1. If tr?(AL) = 4 det(AL), then Ty fixes a quadratic fixed point.

2. If tr?(Ay) = 4det(A) and tr?(As) > 4det(Az), then Ty fixes two distinct

points.
3. If tr’(AL) > 4det(A4), then Ty fixes four distinct points.
4. If one of the tr?(A.) is less than 4, then T}y has no fixed points.

If tr? Ay > 4det(A,) and A_ is the identity matrix, then T4 fixes infinite

number of points.
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1 0 1 0
Example 4.2.3. 1. Let A= P+ P_. The trace square

-1 1 -1 1
tr? AL = 4. T4 fixes only one point, which is [0 : 1].

1 0 2 3
2. Let A = P, + P_. The trace square tr? A, = 4 and

-1 1 1 2
tr2 A_ > 4. T, fixes two points, which are [v/3P_ : 1] and [—/3P_ : 1].

2 3 1 0
3. Let A = P, + P_. The trace square tr? A, > 4 and

1 2 -1 1
tr2 A_ = 4. T, fixes two points, which are [v/3P; : 1] and [—/3P, : 1].
2 3 -5 =3
4. Let A = P, + P_. The trace square tr? Ay > 4. Ty
1 2 2 1
fixes four points, which are [v3P; —(34+3)P_: 1], [V3P, — (2 - L) P_ : 1],

[—\/§P+—<%+\/TE>P—31] and [_\/§P+_(%_ 5 )P 1].

5

1 0 10 . . i
5. Let A = P, + . The tr*> A, = 4 and A_ is the identity

-1 1 0 1
matrix. T4 fixes every point in the set {[AP_ : 1] : A € R}.

The following Mobius transformation fix no point.

-3 1 - _
P+ | P_. T, fixes no point because tr* A+ <

1 1
2 V2

6. Let A =

W= N
=

4.

4.2.4 Fixed points of a D-Mobius transformation

Let T4 be a non-identity map in M&b(ID) with a representative matrix A =

a; +eay by +eb
Aiteds= [ 1777 TP € SLy(D), where A, € SLy(R) and A, is not

c1 +ecy di + edy
the identity matrix.

Let I = tr? A—4det(A). Let z = 2tr A; tr Ay —4tr(A1;1\2). Then, from Lemma
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2.1.33,
(
x
+(\/tr2 A; — 4det(A)) + ¢ . if tr2 Ay > 4det(Ay);
(Vut, (A1) 2¢/tr2 Ay — 4det(A1)) ' (A1)
\/T _ 0, if tr2 Al = 4det(A1),
and x = 0;
\ undefined, otherwise.

Therefore, we have four cases:
1. If tr?(A;) < 4det(A;), then T4 fixes no point.
2. If tr?(A;) = 4det(A;) and z # 0, then T4 fixes no point.
3. If tr?(A;) = 4det(A;) and = = 0, then

(a) T4 fixes a double fixed point if a; # d;.

(b) T4 fixes points which make vertical line if a; = d;.

4. Tf tr?(A;) > 4 det(A;) then, Ty fixes two distinct points.

% +e —3+¢€2
Example 4.2.4. 1. A = € GLy(D), tr* A} < 4det(A4;).
}l + € % + €
T4 fixes no point.
1+4+€ €
2. A= € GLy(D), tr? Ay = 4det(A;) and x # 0. T4 fixes no
1 14+¢€
point.
14+¢ O
3. A= € GLQ(D), tI‘2 Al = 4d€t(A1), z = 0 and a; = dl.
1—¢ 1+c¢€

For all » € R, [er : 1] is a fixed point of T}y.

4. A = € GLy(D), tr* A; = 4det(A;), * = 0 and a; # d;. The

only fixed point of T4 is [-2: 1].
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2+¢ 3+
5. A = ‘ ‘ € GLy(D), tr> Ay, > 4det(A;). Ty fixes both [v/3 —

1+€e 24¢€
e\% : 1] and [—\/§+e\% 1.

4.3 Attracting, Repelling, Non-attracting Non-
repelling Fixed Points

Let A be one of R, C, @, . This section focuses on the types of fixed points

under a non-trivial Mobius map. So, we start with the following basic definitions.

Definition 4.3.1. Let (X,d) be a metric space and f : (X,d) — (X,d) be a
function. Let zy € X such that f(z9) = 2. Let D be a neighbourhood of z; and
zeD.

1. If, for all z € D, d(f(z),20) < d(z, z0), then z is called an attracting fixed

point.

2. If, for all z € D, d(f(z),20) > d(z, z0), then 2y is called a repelling fixed

point.
3. If, for all z € D, d(f(2), z0) = d(z, 20), then z is called a center.
4. If 2y is none of the previous, then it is called an indifferent fixed point.

Theorem 4.3.2. Let X be a metric space. Let f : X — X be a function with
attracting fixed point zyp. Then there is an € > 0 such that if d(z, zp) < ¢, then

d(f™(2), z0) < € for all positive n, and moreover d(f™(z),z9) — 0 as n — 0.
Proof. 21, Ch.5]. O

Theorem 4.3.3. Let X be a metric space. Let f: X — X be a function with
repelling fixed point zp. Then there is an € > 0 such that if d(z,z9) < €, then

there is a positive integer N such that d(fV(z), 29) > e.
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Proof. 21, Ch.5]. O

Informally, for a repelling fixed point, an orbit with an initial condition starting
even very close to zy will eventually need to move away from zy. Note that the
orbit does not have to go to infinity or anywhere in particular. It just has to

move away from z.
Example 4.3.4. Let f be an R-Mobuis map. The following hold:

1. If f is a parabolic, then the fixed point is an indifferent fixed point.

2. If f is a hyperbolic, then one of the fixed points is an attracting fixed point
and the other is a repelling fixed point.

Definition 4.3.5. Let f : R — R” be a differentiable function such that

2—2(2) %(z)
flor, .o xn) = (filzr, .o csxn), ooy fulz, oo xy)). Jo = : :
g—ﬁz(z) %(z)

is called a Jacobian matrix of f. For a fixed point 2y, the Jacobian J,, determines

its type.

Definition 4.3.6. Let f : R?> — R? be a differentiable function, and .J, its
Jacobian matrix. Let z be a fixed point of f, and let J, have two eigenvalues say

A1, Ag. Then, the fixed point z is one of the following types:

1. If A\jo are two real numbers and |A; 2| < 1, then the fixed point z is an

attracting fixed point.

2. If A2 are two real numbers and |A\;2| > 1, then the fixed point z is a

repelling fixed point.

3. If A\ 2 are two real numbers such that [\;| > 1 and |As| < 1, then the fixed

point z is a saddle fixed point.

4. If A\ 2 are two real numbers such that |A\;| = 1 and |As| < 1, then the fixed

point z is an attracting saddle fixed point.
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5. If Ao are two real numbers such that [\;| = 1 and |Ay] > 1, then the fixed

point z is a repelling saddle fixed point.

6. If A\12 are two real numbers and |\ 2| = 1, then the fixed point z is an

indifferent saddle fixed point.

7. If A1 are two conjugate complex numbers and |A;2| < 1, then the fixed

point z is an attracting spiral fixed point.

8. If A\; 2 are two conjugate complex numbers and |A; 5| > 1, then the fixed

point z is a repelling spiral fixed point.

9. If A\; 2 are two conjugate complex numbers and |A; 5| = 1, then the fixed

point z is a centre.

See Figures 4.1-4.9.
Suppose \; = Ay = A. There are two possibilities:

1. There are two independent eigenvectors corresponding to .
2. There is only one eigenvector corresponding to .

If there are two eigenvectors, then they span the plane and so every vector is an
eigenvector with the same eigenvalue A, i.e. Az = Az. If [\ <1 (J]A\| > 1, [N\ =1)
then the fixed point is an attracting (repelling, indifferent) fixed point. The other

possibility is that there is only one eigenvector, for example, any matrix of the

0
form A = , with ¢ # 0. When there is only one eigenvector, the fixed
c A

point is an improper fixed point [61, Ch.6].
Definition 4.3.7. Let f : R?> — R? be a differentiable function, and .J, its
Jacobian matrix. Let z be a fixed point of f, and let J, have only one eigenvalue

say A and there is only one eigenvector corresponding to A. Then, the fixed point

z is one of the following types:
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1. If |A\| < 1, then the fixed point z an attracting improper fixed point.
2. If |A] > 1, then the fixed point z a repelling improper fixed point.

3. If |A| =1, then the fixed point z an indifferent improper fixed point.
See Figures 4.10-4.12.

a b
Let A be one of C,0,D. Let M = € GLy(A).
c d

Let A =az+band B = cz+d be a unit. Let f : R? — R? be a differentiable

map defined by f(z) = 4. Clearly 2}(2) = q, %(z) = 1wa, 2(2) = ¢, and
%—5(2) = c. Then,

of .\ B _ A% qetM . Of
—(z) = —

B%—A%—i det M
= =y )
ox

B? B? oy ) B B

For double number, the formula will be as follow:

of ,,  detM af
%(2) Bz a—y(z)

when our technique is (P, P_) decomposition. Therefore,

of det M Of af
e o
9 det M 9 )

Thus, Cauchy-Riemann equations for complex number is

0 1 0 2 0 2 0 1
O HON (OB 26

for double number is

0 1 0 2 0 2 0 1
= 2D T =
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Ofi, . Ofa, .
a—y(z) = %(Z) =0
for dual number is
ofi, 0f, . 0f

The numbers A are a two-dimensional commutative algebra over R spanned by
the multiplicative identity element 1 and another element .. Thus, we view a
Mobius map A — A as a function R? — R2. In particular, for complex number

the Jacobian matrix is:

CAONE -0

0 d
~9() %)
where z € R?. Then:
1. If %(z) = 0, then J, is a scaling.
2. If %(z) = 0, then J, is a composition of scaling and z-axis reflection.

3. A rotation otherwise.

Clearly, A1 2 = %(z) + i%(z). Therefore, there are the following cases:

1. Let %(Z) = 0. That is, Ay = Ay = A with two independent eigenvectors. If
z is a fixed point of f and |A| < 1, (J]A\| > 1, |A| =1), then z is an attracting
(repelling, indifferent) fixed point.

2. Let %(z) # 0. If z is a fixed point of f and || <1 (|A12] > 1, [A2| =1),

then z is an attracting spiral (repelling spiral, center) fixed point.

Example 4.3.8. 1. From Example 4.2.2, [0 : 1] is an indifferent fixed point
10

v 1

of Ty, where A =
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2. From Example 4.2.2, [%(1 ++/3) : 1] is an attracting fixed point of Ty, where
31

2 1

3. From Example 4.2.2, [%(1 —/3) : 1] is a repelling fixed point of T4, where
31
2 1

A:

4. From Example 4.2.2, [iv/3 : 1] is a center fixed point Ty, where A =
3

2
1

2

N N

Example 4.3.9. Let A = . Ty fixes [L(14+iv/7) : 1]. Both [}(1£iV/7) :

= N

1] are spiral fixed points.

Let f be an O-Mé&bius map. The Jacobian matrix of f : R? — R? is

PN OR

0 %(2)

where 2z € R?. Obviously, J, is a composition of z-scaling and y-scaling.

Clearly, \; = %L F2(z) and Ay = of %y (). Therefore, there are the following cases:
if z is a fixed point of f, then z is an attracting fixed point if |\, 5| < 1, a repelling
fixed point if |A; 2] > 1, a saddle fixed point if |A\;| < 1 and |A\s| > 1, an attracting
saddle fixed point |A| =1 and || < 1, a repelling saddle fixed point if |A\| =1
and |Az| > 1, and an indifferent saddle fixed point if [\| = |[Ao| = 1.

Example 4.3.10. 1. From (1) in Example 4.2.3, [0 : 1] is an indifferent saddle

1 0 1 0
fixed point of Ty, where A = P, + P_.

-1 1 -1 1

2. From (2) in Example 4.2.3, [V/3P_ : 1] is an attracting saddle fixed point of

1 0 2 3
T4, where A = P, + P_.
2

-1 1 1



Chapter 4. Metric Properties of Mobius Maps 70

3. From (4) in Example 4.2.3, [v/3P, — %P, : 1] is an attracting fixed point
2 3 -5 =3
of T'a, where A = P, + P_.
1 2 2 1

Recall, the ring of double numbers O can be represented as two copies of the
field of real numbers. If z € O is a fixed point of a O-Md6bius map f, then the sets
z 4+ AP, and z + AP_, where A € R are f-invariant. The restriction of the map
[, flesap, © 2+ APy — 2+ AP, coincides with f, : P(R) — P(R) in Mob(R).

From example 4.3.4, if f, coincides with a parabolic, then f, fixes only one
point (indifferent fixed point). If f, coincides with a hyperbolic, then f, fixes
two fixed points (an attracting and a repelling fixed point). In the same way,
flosap. : 2+ AP- — z+ AP_ coincides with f_ : P(R) — P(R) in M6b(R).

Therefore, the classification of the fixed point of f in M6b(Q) is based on the

classification of a pair of fixed points in M&b(RR), as the next table shows:

Repelling (R) Attracting (A) Indifferent (IN)
Repelling (R) (R,R) (R,A) (R,IN)
Attracting (A) (AR) (ALA) (A,IN)
Indifferent (IN) - - (IN,IN)

Tabled4.1: Type of fixed points of f € M6b(0)

In other words, there are the following types of fixed points:

1. If a fixed point of f is from the type (A,A), then it is an attracting fixed

point.
2. If a fixed point of f is from the type (R,R), then it is a repelling fixed point.

3. If a fixed point of f is from the type (AR) or (R,A), then it is a saddle
fixed point.

4. If a fixed point of f is from the type (A,IN), then it is an attracting saddle

fixed point.
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5. If a fixed point of f is from the type (R,IN), then it is a repelling saddle
fixed point.

6. If a fixed point of f is from the type (IN,IN), then it is an indifferent saddle

fixed point.

Clearly, this is the same classification that has been derived from the real Jaco-
bian.
Using again the Jacobian matrix, next shows the types of fixed points of f,

where f is a D-Mobius map. Clearly, the Jacobian matrix is

;o %(z) 0
%) ()

where z € R2.

Then:
1. If %(z) = 0, then J, is a scaling .
2. Otherwise, J, is a composition of scaling and y-shear.

Clearly, Ao = %(z). That is, Ay = Ay = A. Therefore, there are the following

cases:

1. Let %(z) = 0. There are two independent eigenvectors corresponding to
A If z is a fixed point of f and [N < 1, (J]A| > 1, |A| = 1), then z is an

attracting (repelling, indifferent) fixed point .

2. Let %(2) # 0. There is only one eigenvector corresponding to \. If z is a
fixed point of f and |Ai| < 1, (JA1] > 1, |A1] = 1), then z is an attracting

(repelling, indifferent) improper fixed point.

Example 4.3.11. 1. From Example 4, [0 : 1] is an attracting fixed point of

1+€¢ O
Ty, where A = (%([O: 1]) = 0).
1—€ 2+4¢



Chapter 4. Metric Properties of Mobius Maps 72

2. From Example 5, [v/3 — e\% : 1] is an attracting improper fixed point and
[—V/3 + e\/ig : 1] is a repelling improper fixed point of T4, where A =

24+€ 3+e¢€ X 2 1
lhe 24¢ (%([\/3—673:1])7&0and%([\/§_67§:1])7é0)_

To sum up, we obtain the following fact:
1. The spiral fixed points appear only for complex Mobius maps.
2. The saddle fixed points appear only for double Mébius maps.

3. The improper fixed points appear only for dual Mobius maps.
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Figure4.1: An attracting fixed point.

Figure4.2: A repelling fixed point.

Figure4.3: A saddle fixed point.
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Y

Figure4.4: An attracting saddle fixed point.

Figured.5: A repelling saddle fixed point.

Figure4.6: An indifferent saddle fixed point.
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@

Figure4.7: An attracting spiral fixed point.

@

Figure4.8: A repelling spiral fixed point.

Figure4.9: A center fixed point.

Figure4.10: An attracting improper fixed point.
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Figure4.11: A repelling improper fixed point.

Figure4.12: An indifferent improper fixed point.



Chapter 5

Continuous One-parameter

Subgroups

This chapter presents the different types of continuous one parameter subgroups
of GLy(A) and SLy(A), up to similarity and rescaling. Section 1 presents several
facts on fixed points and continuous one-parameter subgroups, which will be
useful in the later sections. We consider continuous one-parameter subgroups for
real M6bius maps in Section 2. The next two sections deal with double and dual
numbers respectively. The well-known properties of Mobius maps on C or R is
three transitivity. It is absent for @ and . In the last section we introduce the
concept of canonical triple of points, which can be viewed as an adjustment of

three transitive for double and dual numbers.

5.1 Fixed Points and One-parameter Subgroups

Definition 5.1.1. A continuous one-parameter group is a continuous group ho-

momorphism ¢ : R — G, where G is a topological group and we have:

1. ¢<t1 + t2) = ¢(t1) : ¢(t2), for tl,tg € R,

2. ¢(0) = e, where e is the identity element in G.

7
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Here, we interested in ¢(R) when G = GLy(A) or SLy(A), where A = O or D.
Let g; be a continuous one-parameter subgroup. Clearly, for any z, z(t) = ¢;2 is

a continuous function of ¢. Thus, the next result has a general nature.
Lemma 5.1.2. Let g; be a continuous one-parameter group. If

1. for any t # 0, g; is not the identity map,

2. there exists tg # 0, such that g, fixes exactly k points {z1,--- , 21},
then ¢, fixes points z;, e = 1,..., k, for all £.

Proof. Let {z1, -+, 2z} C X be the set of all fixed points of ¢, : X — X, for
to # 0. Let us assume, for ¢t; # 0, g, : X — X does not fix zy. From Assumption
1, let 2" = g4, (20). Since g is a subgroup, gs,(2') = 91,91 (20) = g1, 91,(20) = 2.
Therefore, from Assumption 2, 2’ € {21, -, 2z }. That is, for any ¢, g; restricted to
{z1,-++, 2} is its permutation. So we have a homomorphism ¢ of a continuous
group ¢; to the discrete group of permutations Sy. A continuous map with a

discrete range is constant. Since ¢(g;,) = I, then ¢(g;) = I for any t. O

Definition 5.1.3. Let f, g be two maps from A to A. We say f is similar to g
if there exists an invertible map h : A — A such that ho f =goh.

Proposition 5.1.4. Let T4, T be two real Mobius maps neither of which is the
identity. T is similar to T if and only if tr? A = tr? B.

Proof. [6]. O

Definition 5.1.5. Let g; be a continuous one-parameter subgroup, for t € R. If

a # 0 in R, then g, is continuous one-parameter subgroup called the rescaling of

gt-

Recall that, from Section 2.2, there are more than one matrices in GLy(A) that
define the same A-Mo6bius map. The set of all matrices that define the identity

(the trivial) map is {A : A is units in A}. Any other map is called a non-trivial
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map. Here, we work on continuous one-parameter subgroups of GLy(A) and
SLy(A), which are associated with a non-trivial A-M&bius map, unless we say

otherwise. Our classification will be done up to similarity and rescaling.

5.2 Continuous One-parameter Subgroups of G Ly(R)
and SL,(R)

It is shown that there are only four different equivalent classes, up to similarity
and rescaling, of continuous one-parameter subgroups of SLy(R) [54, Ch.3;57].
Therefore, there are only the following four types of continuous one-parameter

subgroups of GLy(R), up to similarity and rescaling.

N A\ cosht sinht
Ay=<Xe teR S,
sinht cosht

—_
e}

N)\I GM teR y
t 1

- v cost —sint

K,=<e teR

sint cost
R N 10
and I, =< e ,

0 1

where A\ is an arbitrary real constant. To give a unified form, which works for
all continuous one-parameter subgroups of GLy(R), we use the extended set of
values for assume that o € {—1,0,1,r}, where H, means the trivial subgroups

I, and introduce the following notation [54, Ch.9):
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1.
(
cost, if o =—1,;
CoSgt = q 1, if 0 =0;
cosht, if o = 1.
\
2.
.
sin t, if o = —1;
sing t = < ¢, if 0 =0;

sinh ¢, if o =1.

\

3. The two notation cos, t and sin, t give us a uniform presentation of different
types of continuous one-parameter subgroups:
cos,t osin,t

Hyy =1 eM teR,oe{-1,0,1,r}
Singt cosgt

Therefore,
.
Ky, ifo=-1;
) Ny, ifo=0;
H)\,a = teR.
Ay, fo=1,
\I)\, if o =r.

Clearly, there are the following three types of non-trivial continuous one-
parameter subgroups of SLy(R), up to similarity and rescaling [54, Ch.3]:
cos,t osingt

H, = teR
singt cosyt
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The two map f,g : R — R such that f(z) = sin,t and g(x) = cos,t are
continuous maps. So, ¢ : R — H, is a continuous map regarding to dgr,(w) in

Definition 4.1.10. Moreover, it is a continuous one-parameter group. Therefore,

K, ifoc=-1;

Hy,=49N, ifc=0; :teR

A, ifo=1.

\

In other words, the continuous one-parameter subgroup K of SLy(R) is the set of
R-Mobius maps that fix no point, IV is the set of R-Mobius maps that fix only one
point and A is the set of R-Mobius maps that fix two distinct points. Hereafter,
we use the notion H,(t), for continuous one parameter subgroups of GLy(A) to

highlight the parameter ¢ and the scaling a.

5.3 Continuous One-parameter Subgroups of G L,(0)
and SLQ(@)

We are going to classify all different types of continuous one-parameter subgroups
in GLy(0) and SLy(0). Our main technique is (P, P_) decomposition. As can
be expected, a subgroup of GLy(0) is formed by a pair of subgroups of G Ls(R),

however, we need to take care of that.

Proposition 5.3.1. Let B, (t) and B_(t) be two one-parameter subsets of G Ly(R)
and B(t) = By (t)P. + B_(t)P- be a corresponding one-parameter subset of
GL5(0). B(t) is a continuous one-parameter subgroup of G Ly(Q) if and only if
both B, (t) and B_(t) are continuous one-parameter subgroups of G Ls(R). Fur-
thermore, B(t) is a non-trivial if and only if at least one of B, (t) or B_(t) is

non-trivial.

Proof. 1. For necessity. Let B(t) = B, (t)P; + B_(t)P- be a continuous one-
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parameter subgroup of G Ly(Q). Therefore, for any two real numbers ¢y, to,

B(ty + ty) = B(t1)B(ts). Therefore,

By (t1)By(t2) Py + B_(t1)B_(t2) P~ = By(ti +t2)Py + B_(t1 +ta) P,

B(t)B(ts) = By(t; +t2)Py + B_(t; + )P,

which means B (t1) B (t2) = By (t1 + t2) and B_(t1)B_(t2) = B_(t1 + t2).

So, both B (t) and B_(t) are continuous one-parameter subgroups.

2. For sufficiency. Let B, (t), B_(t) be two continuous one-parameter sub-
groups of G Ly(R). This means that, for any two real numbers t1, to, By (t1) By (t2) =
B (t; +t2) and B_(t1)B_(t2) = B_(t1 + t2). This leads to

Bi(t1)By(t2) Py + B_(t1)B_(t2) P~ = By(t1 + t2) Py + B_(t1 + t2) P-,

B(t1)B(t2) = By(ti+1t2)Py + B_(t1 + t2) P,

i.e. B(t1)B(ty) = B(t; + t2). Thus, B(t) is a continuous one-parameter
subgroup of GL»(0).

Let B(t) = By (t) P+ B_(t)P- be a non-trivial continuous one-parameter sub-
group of GLy(0) and both B (t), B_(t) be two trivial continuous one-parameter
subgroups of GLy(R). That means that, B(t) = I(t)P, + I(t)P_. Thus, B(t) is
a trivial continuous one-parameter subgroup of GLy(Q). This is a contradiction
of our assumption. Thus at least one of B, (t) or B_(t) is non-trivial continuous
one-parameter subgroup of GLs(R). The opposite statement is obvious as well:
if at leat one of B, (t) or B_(t) is not trivial then B(t) = B, (t)Py + B_(t)P_ is

not trivial. O

Similarity of subgroups is also formulated for the respective components.

Proposition 5.3.2. Let B(t) = B, (t)P. + B_(t)P_ and B(t) = B,(t)P; +
t)

B_(t)P_ be two continuous one-parameter subgroups of G Ly(Q). B(t) is similar
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to B(t) if and only if there exists K, K_ € GLy(R) such that KB, (t)K ' =
By(t), and K_B_(t)K~' = B_(t), in such a case

B(t) = (K4 ()P + K_()P)B()(KZ'(¢)Ps + K=\ (£)P_).

Proof. Let B(t) be similar to B(t). This means that there exists a K = K, P, +

K_P_ € GLy(0), whereK,, K_ € GLy(R), such that KB(t)K ' = B(t). Thus,
KB (t)K'P, + K_B_(t)K_'P_ = B (t)P, + B_(t)P_.

Therefore, there exists K, K € GLy(R) such that K, B, (t)K;' = B, (t)
and K_B_(t)K~* = B_(t). So, B, (t) is similar to B, (t) and B_(t) is similar to
B_(t).

Conversely, let B, (t) be similar to B, (t) and B_(t) be similar to B_(t). That
means, there exist two invertible K1 € GLy(R) such that K, B, (t)K;' = B, (t)
and K_B_(t)K~' = B_(t). Obviously, K = K,P, + K_P_ € GL,(Q) and
K='= K'P, + K_'P_. Therefore,

KB{t)K™' = (C{ Py +C_P.)(BL(t)Py + B_(t)P_)(C;'Py + CZ'P.)
= B,(t)P, + B_(t)P_.
Thus, B(t) is similar to B(t). O

It is easy to show that the function f : GLy(Q) — GLy(Q), which is defined
by
F(X:(t)Py + X_(at)P-) = X_(at)Py + X, (t)P-,

is a group homomorphism. If we replace GLy(Q) with SLy(Q), the Propositions
5.3.1 and 5.3.2 remain valid.

Theorem 5.3.3. Any continuous one-parameter subgroups of GLo(Q) has, up
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to similarity and rescaling, the following form
H (t)P. + H_(at)P_,

where H, are a subgroup similar to I:L,i, for o € {—1,0,1,r}.

Proof. 1. If B(t) is a trivial continuous one-parameter subgroup then B(t) =

I[P, +1IP_.

2. Let B(t) be a non-trivial continuous one-parameter subgroup. Then either

B, (t) or B_(t) does not equal to 1.

(a) If By (t) # I, then up to scaling it is similar to H,, (t), where o €
{—1,0,1}. Then B_(t) is either I or, up to rescaling with a # 0 and
(t), where o € {—1,0,1}.

A~

similarity, H,_
(b) The case of B_(t) # I is treated in the same way.

0

Corollary 5.3.4. Any continuous one-parameter subgroups of SLo(Q) has, up

to similarity and rescaling, the following form
H, (t)Py + H_(at)P_,

where Hy are a subgroup similar to H,, , for o4 € {—1,0,1,7}.

Proof. 1. If B(t) is a trivial continuous one-parameter subgroup then B(t) =

IP, +1IP_.

2. Let B(t) be a non-trivial continuous one-parameter subgroup. Then either

B, (t) or B_(t) does not equal to I.

(a) If By(t) # I, then up to scaling it is similar to H, (), where o €
{=1,0,1}. Then B_(t) is either I or, up to rescaling with a # 0 and
similarity, H, (t), where o € {—1,0,1}.
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(b) The case of B_(t) # I is treated in the same way.

O

Clearly, we do not lose any interesting types of continuous one-parameter
subgroups when we move from GLy(Q) to SL2(0).

Obviously, the continuous one-parameter subgroup H,, (t)Py + H,_ (t)P- of
SLy(0) is the set of O-Mo6bius maps which fix no point if one of o, _ equal —1,
the set of @-Mobius maps which fix only one point if both o, _ equal 0, the set
of @-Mobius maps which fix two distinct points if one of o, _ equals 0 and the
other equals 1, the set of O-Mo6bius maps which fix four distinct points if both
o4 - equals 1. Moreover, if o € {0,1}, then H,(t) P, + 1P is the set of O-Mobius
maps which fix infinite number of points.

Let f = [y Py + y_P_ : 1] be an arbitrary non-fixed point in P(Q). Next
proposition gives the H,, (t4)Py + H, (t_)P_-orbit of f, where t_ = at,. The
following notation is one of the objects that is used in the proof and agrees with

the two notations 1 and 2 in Section 1.

(
tant, if o = —1;

tan, t = t, if o = 0;

tanht, if o = 1.
\

Proposition 5.3.5. Let B(t) = H, (t)P; + H,_(at)P- be a continuous one-
parameter subgroup of SLy(Q), where a is a non-zero real number. If a point

[u+jv : 1] € P(O) belongs to the B(t)-orbit of a point [y, P, +y_P_ : 1] € P(0),

then
fan1 = (utv) _ L fanzt ¥ = (u—v)
Tys(u+v)—oy  a “y_(u—v)—o_
Proof. Let a be a non-zero real number.
~ [yy + oy tan, (1) y— + o_tan,_(at)

Bt)y+ Py +y-P_: 1] = P :1

+

Yy tan,, (¢) +1 y_tan, (at) +1
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Let us define,

, Yy + oy tang, (t) o Y- + o_tan,_(at)
©ygtan,, (6)+ 17 ~ y_tan, (at)+1°

A simple calculation leads us to

— _—v
-1 Yr T ,  at = tan ! Y

t = tan,! — e
tuyy —oy Tty —o_

u' = u+ v and v = u — v. Thus, we obtain

o Yr—(utvy) 1. oy —(u—v)

o_

tan .
Tylutv)—op  a y-(u—v)—o-

There are several cases which admit a simpler description.

Corollary 5.3.6. Let B(t) = N(t)P, + N(at)P_ be a continuous one-parameter
subgroup of SLy(0), where a is a non-zero real number. If a point [u + jv : 1] €

P(O) belongs to the B(t)-orbit of a point [y Py +y_P_ : 1] € P(0), then

u2—112+

(a — 1)y+y7u (a4 1)y+y—v
Yt — ay_ ys — ay_

=0.

Proof. The proof follows immediately from Proposition 5.3.5. O]

If one of the components is the identity matrix, then the orbit of [y, P, +y_P_ :

1] € P(0) is a line as we are going to see in the next proposition.

Proposition 5.3.7. Let B(t) = H,(t)P+ + IP_ be a continuous one-parameter
subgroup of GL(0Q), where a is a non-zero real number. If a point [u + jv : 1] €

P(0) belongs to the B(t)-orbit of a point [y, Py +y_P_ : 1] € P(0), then

20 =u? —v? —y_(u—v).
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Proof. Clearly,

Yy COS, t + osin, t
B(t P _P_:1| = P _P_:1].
[B(t)[y+ Py +y ] J Sing L+ cos ¢ + Ty

Let us define

COS, t + osin, t ) —u
o = % 7 which means that tan,t = Lax , and v = y_.

Yy Sin, t 4 cos, t ysu' —o

Since ' = u + v, v =u — v, therefore

11
v

and this obtains
2v u+v—y_

u? =02y (y-(u+v)

A simple calculation drives us to

20 =u? —v* —y_(u—v).

5.4 Continuous One-Parameter Subgroups of G Ly(D)
and SLQ(D>

This subsection shows that G Ly(D) (SLy(ID)) has three types of continuous one-

parameter subgroups.

Lemma 5.4.1. Let A(t) be a continuous non-trivial one-parameter subgroup of
GLy(R), and let o € {—1,0,1} such that A(t) similar and re-scalable to H,.
Let B be any constant matrix in GLy(R). Then, A(s)B = BA(s), for some s

such that sin,(s) # 0, if and only if, for some sy and a non-zero real number A,
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B = MA(sp). Therefore, B belongs to the centralizer of A(t).

Proof. 1. For necessity.

a b COSy S 0 sing s
Let B=C"! C € GLy(R). Let A(s) = Ctes

c d Sing, S COSy S
be a continuous one-parameter subgroup of GLy(R). Assume that BA(s) =

A(s)B, i.e.
a b COS, S O sing s COSy S O sing § a b
c d sing, S COSy S sing 8 €OSy S c d
Therefore,
acoS, S + bsing s = acos, s + co sin, s, (5.1)
ao sin, $ + bcos, s = bcos, s + do sin, s, (5.2)
€C0S, S + dsing s = asing s + ¢ cos, S, (5.3)
cosin, s + dcos, s = bsin, s + d cos, s. (5.4)

From equations (5.1) or equivalently (5.4), cosin, s = bsin, s i.e. b = co.

And, from (5.2) or equivalently (5.3), dsin, s = asin, s i.e. a = d.

a oc
Therefore, B = . Therefore, B = MA(sq), where tan;!(sg) =
c a

SIS

Because of A(t) is a continuous one parameter subgroup of GLs(R), B is

commuting with every element of A(t). Thus, B belongs to the centralizer

of A(t) of GLy(R).

2. The demonstration of the sufficiency is straightforward.
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O

Theorem 5.4.2. Any continuous one-parameter subgroup of G Lo(DD) has, up to

similarity and rescaling, the form H,(t) = H(t) 4+ eAH(t + to)t, where t, € R,
A € R\{0} and H is a subgroup similar to H, foroe {-1,0,1,r}.

Proof. Let B(t) = Bi(t) + €By(t) be a continuous one-parameter subgroup in
GLy(D). That means that B(t) = eB' and B'(0) = B, where B € M,(D).
Let B = Bj + €Bs, for some By, By € M(R). Therefore, the continuous one-
parameter subgroup B(t) = Bj(t) + etB;(t) By, where Bj(t) is a continuous one-
parameter subgroup of GLs(R) and By is a constant matrix in My(R). If By (%)
is a trivial continuous one-parameter subgroup of GLy(R), then B(t) = I. If
By (t) is a non-trivial continuous one-parameter subgroup of of GLy(R), then
B(t) is similar to H,(t) + eH,(t)Byt where o € {—1,0,1}. For any so,s; € R,
B(sy) = H,(s0) + €H,(s0)Baso, and B(s1) = H,(s1) + eH,(s1)Bys; are two con-

tinuous one parameter subgroups of GLy(DD). Then

B(so)B(s1) = Hy,(so)H,(s1) + e(Hy(s0)Hy(s1)Bas1 + Hy(s0)BasoH,(s0))

B(t+s) = H,(sy+s1)+e(H,(so+ s1)(Bs- (s + s1))-

Because of B(t) is a non-trivial continuous one-parameter subgroup of G Ls(ID),

B(t)B(s) = B(t + s). This means that
B1 (t)Bl(S) = Bl(t + S)

and

A

H,(so4 51)(By- (so+ 1)) = Hy(s0)Hy(s1)(Bas1) + Hy(50)(Baso)Hy(s1))

Hy(s1)(Bz - (so+s1)) = Ho(s1)(Basi) + (Baso)Ho(s1)

then F[a($1)8280 = Bgsoﬁo(sl).
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~ ~

That means BsH,(s1) = H,(s1)Bs. Therefore,by Lemma 5.4.1,there is ¢, € R
and A € R\{0} such that By = AH,(t,). Thus,

By(s1) = AH,(s1)H,(to)s1 and B(s) = H,(s1) + eXH,(s1)H,(to)s1 € GLa(D).

m
From preceding, we obtain that, for all 5 € R, there is the following types of
continuous one-parameter subgroups of GLy(D) :

H,(t) = Hy(t) + eXH,(t + to)t;

where H,(t) is similar to one of A(t), N(t), K(t) or I and X € R\{0}.

Corollary 5.4.3. Any non-trivial continuous one-parameter subgroup of SL,(DD)

has the following form:
H,(t) = H,(t) + e e (H, (t +tg) — cosy (2t + to) H,(1));

where tp € R and 0 € {—1,0,1}.

Proof. Let H,(t) = H,(t) + eNH,(t + to)t = M H, (t) + eteM T H_(t + t,) be

a non-trivial continuous one-parameter subgroup of GLy(D). Clearly,

N

det(H,(t)) = e 4 ed2te?PH0) cos, (2t + to);

det(H,(t)) = 4eMt + eate™ ) cos, (2t 4 to);

= de Mt Fertetlod) cos, (2t + tp);

H,y(t) = Hy(t) + eXte (H,(t + to) — cose (2t + to) Hy(t)).
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Obviously, the non-trivial continuous one-parameter subgroup
H,(t) = Hy(t) + eXte™™ (H,(t + tg) — cos, (2t + to) H,(t));

is the set of D-Md6bius maps which fix no point if 0 = —1, the set of D-Mobius
maps which fix only one point if 0 = 0 and the set of D-Mobius maps which fix
two distinct points if ¢ = 1. The non-trivial continuous one-parameter subgroup
;Ivc,(t) is the set of D-Mobius maps which fix infinite points if 0 = 0 and they are
not R-Md&bius maps.

Next proposition gives the sufficient conditions for the similarity between two

continuous one-parameter subgroups in GLy(D).

Proposition 5.4.4. Let Bi(t), Bi(t) be two continuous one-parameter sub-

groups of GLy(R). Then, B(t) = By (t)4+eABy(t+1o)t, B(t) = By(t)+eABy (t+to)t

are two continuous one-parameter subgroups of GLy(ID). B(t) is similar to B(¢) if

and only if there exists an invertible C' € GL,(R) such that By (t) = CBy(t)C .

Proof. Let B(t) be similar to B(t). This means that there exists an invertible
M = C + €D € GLy(D) such that B(t) = MB(t)M . This leads to

Bi(t) + eABy(t+to)t = (C 4 eD)(By(t) + eABy(t + to)t)(C™F — eC'DC™Y)
= (CBi(t) + e(DB(t) + CAB(t + to)t))(C™t —eC'DC™)
= OB, (t)C '+ €(DB,(t)C™" + CABy (t + to)tC™" —
DB, (t)C~'DC™)

A simple calculation shows that By () = CB,(t)C L.
Conversely, let By(t) = CB,(t)C~1. Therefore, By (t + to) = CBy(t 4 t,)C L.

B(t) = él (t) + 6)\31 (t + t(])t = CBl(t)Cil + GC)\Bl (t + to)Cil,
= C(Bi(t) + eABy(t +to)t)C 71,
= COB(t)C™.
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O

Recall that Proposition 5.3.5 gives the formula of H, (ty)Py + H,_(t_)P--

orbits. Similarly, the next proposition shows the formula of f{\:,(t)—orbits.

Proposition 5.4.5. Let H,(t) be a continuous one-parameter subgroup of SLy(ID).

If [u + ev : 1] belongs to the H,(t)-orbits of [a + b : 1], then

2

a—u  (b—a)(u*—o) (u? +0)(a® + o) — doau

vo— At tan, H(—— @0 a*(( @ o) cos, to
+ 20N D ) — o2 s
(s U)Ef@ i Z; <;24ia;)3 (au — o) sin, o)
(((u2 + “)Eii f 2 (;fia:))?) (au — 0)? cos, to 1 20 (a — u)(au — o)3 sing t0) = 0.

(u? —0)(a? = o)
Proof. For an arbitrary non-zero point ¢t € R and ¢y € R,

—~ acos,t+ osing t

Hy(t)f =

4 e b—a — a®cos, (2t + to) sintg — 3 sin(4t + 2ty)) '
asing t + cos, t (asing t + cos, t)? '

Let us define,
_acosyt+ osing t _a+totan,t

asin, t + cos, t atany t+1°
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a—u
au—o*

A simple calculation gives tan, t =

b—a — a®cos, (2t + to) sinty — & sin(2(2t + to))

v o= AteMfo
(asin, t + cos, t)?

Atertto
= (asimy i+ nE (b—a — a*((cos t + o sin2 t) cos, to + 20 sin, t cos, tsin, tg)
asing t + cos,

—0o((2sin, t cos, t cos, tg + (cos2 t + o sin2 t) sin, to)((cos? t + o sinZ t) cos, tg

+20 sin, t cos, t sin, tg)
Aterrto 2 1\2 2 2 2
= 1ot (atan i1 1)2((6 —a)(1—otant)” —a*((1+4 otanst)(1 — o tant)

o8, to + 20 tan, t(1 — o tan2 t) sing tg) — o((2tan, t cos, tg + (1 + o tan? t) sing ¢o)

((1 4+ o tan? t) cos, to + 20 tan, tsing o).

Substituting tan, ¢ in v with simple calculations obtains the following result.

_ Atan, ! 2=t eMP(au — o) . (u* = 0)*(@® —0)* 2
VS T @@ o T T oy (
(v + 0)(a® + o) — doau)(u® — o) (a® — o) (a—u)(u? —o)(a® — o)

CoS, tg + 20

(

(au — o)* (au — o0)?
sin, to) — 0(2;;__1; cosy to + (u® + 0)(((16; jz))Q— doau sin, fo)
((u2 —+ O')(E;fj‘oo:)é_ doau cos, to + 20;;—_1; sin, to)
_ Mt pap—1 (LY (b—a)(u®—o) 9 (u? +0)(a* + o) — doau cos
= Aetan,(——)( (@ — o) (( @ o) o to
(a —u)(au — o) i s (a —u)(au — o)? cos
R P E L e T s
(u? + o) (a® + o) — 4oau)(au — o)? i 1)
(07— o) — o)’ o
((u* + o) (a® + o) — 4oau)(au — o)? (a —u)(au—0)® |
( (@2 —0)(a® — o) CoS, o + 20(u2 o) — o) sin, to).

]
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5.5 Canonical Triples of Points

The canonical triple of points in P(C) is (0,1,00). Namely, for each triple of
points Z = (z1, 22, z3) there is a Mobius map M such that MZ = (0,1,00). In
this section, we investigate several types of canonical triples of points in P(A),

where A is O or D.

Definition 5.5.1. A symplectic form w : A? x A? — A is defined by w(z, 23) =

T1Y2 — Y1T2, where z; = (z;,y;) € A%

Proposition 5.5.2. Let A be one of C,0,D and z; = [z : 11], 2272 : y2] be two
points in P(A). z; = 2z if and only if w((z1,y1), (z2,y2)) = 0.

Proof. If z; = z,, the there exists A € A such that xo = Az; and yo = Ay;.
Therefore, w((z1,y1), (T2,Y2)) = T1y2 — Y122 = 1 Yy1 — 1 Ax; = 0.

Conversely, If w((z1,y1), (2,y2)) = 0, then x1ys = y1xe. If A = R, C or D,
then either x; or y; is a unit. If y; is a unit, then u = z—f is a unit too, otherwise
zo ¢ P(A). Obviously, o = ux; and yo = uy;. Thus, z; = 2;. In the same way
if 1 is a unit, then u = i—f Let A =0, z; = [Py : P_] and x1ys = y122. Then
yo Py = xoP_. This is valid if and only if 2o = [P, : P_] i.e. 21 = z9. In the same

way, if z; = [P_ : Py] and w((z1,y1), (z2,92)) = 0, then z; = 2. ]
Definition 5.5.3. Let z; = [z1 : y1],22 = [22 : yo] be two different points in
P(Q). We say:

1. The two points 2, zo make an arrangement of type 1, if w((z1,11), (2, y2))

is an invertible element in Q.

2. The two points zq, 2o make an arrangement of type P,, if there exists a

non-zero A € R such that w((z1,v1), (z2,y2)) = APy

3. The two points zq, 2o make an arrangement of type P_, if there exists a

non-zero A € R such that w((z1,y1), (z2,y2)) = AP-.
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Definition 5.5.4. Let z; = [21 : y1],22 = [22 : yo] be two different points in
P(D), we say:

1. The two points z1, 2o make an arrangement of type 1, if w((x1,y1), (z2,¥2))

is an invertible element in D.

2. The two points 21, zo0 make an arrangement of type ¢, if there exists a non-

zero A € R such that w((z1,v1), (x2,92)) = Ae.

Next, we show that the type of arrangement is preserved under Mobius trans-

formation.
Proposition 5.5.5. Let z; be points in P(A). Let A € SLy(A). Then, for all
i # k the types of arrangements of (z;, z;,) and of (Az;, Az;) are the same.
a b
Proof. Let z; = [z; - yi], 2; = [z, : y;] and A = . Clearly, w((z;, vi), (z;,y;)) =
d
LilYj — Yilj-
w((ax; + by;, cx; + dy;), (ax; + by;, cx; + dy;))

= (az; + by;)(cx; + by;) — (ax; + by;)(cx; + by;)

= (ad —be)(ziy; — yiwy) = w((i, vi), (25, Y5))-

]

Proposition 5.5.6. Let z; = [z1 : y1], 22 = [z2 : yo] be two different points in

P(O). Then

1. If 2, 2o make an arrangement of type 1, then there exists a an A € SLy(0)

such that Az; =[1:0] and Az, =1[0:1].

2. If 21, 2o make an arrangement of type P_, then there exists an A € SLy(0)
such that Az; = [0: 1] and Az = [P_ : Py].
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3. If z1, 20 make an arrangement of type P, , then there exists an A € SLy(Q)
such that Az; = [0: 1] and Az = [Py : P_].

Proof. The required matrix for the first point is

A =0 I W
A= , where \ = x1yo — x9y; and ¢ = 2129 + 119o.
0 A —

1 0 Y1 —T
Y P++)\P, T Y1

The required matrix for the second point is Ay =

where A\P_ = z1ys — 29y and ¥ = z129 + y19s.

: : . o 1 0 Yy 11
The required matrix for the third point is A3 = ,

9 APy + P ) \&1 w
where AP, = z1yy — xoy1 and ¥ = x129 + y1Ya.

[
Clearly, the above maps A € SLy(0) is not unique. Any two such maps A;

and A, define A; - Ay which fixes the respective canonical pairs

(([1 : OL [07 1])7 ([07 1]7 [P— : P—l—])a ([07 1]7 (P+ : P—]))
Proposition 5.5.7. Let z; = [z1 : y1], 22 = [22 : yo] be two different points in
P(D). Then

1. If z1, 25 make an arrangement of type 1, then there exists a an A € SLy(DD)
such that Az; = [1:0] and Az, = [0: 1].

2. If z1, zp make an arrangement of type €, then there exists an A € SLy(D)

such that Az; = [0: 1] and Azy = [e: 1].

Proof. The required matrix for the first point is

A =0 1 Y
A = , where A = x1ys — x2y1 and ¥ = x129 + Y1Yo.

0 1 —Y1
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The required matrix for the second point is Ay, = ,

where \e = x1ys — 2oy; and ¥ = 129 + Y1Yo.

]

Clearly, the above maps A € SLs(D) is not unique. Any two such maps A;

and A, define A; - Ay which fixes the respective canonical pairs

(([1 =01, 10, 1), ([0, 1], e = 1])),

The triple set Z = (21, 22, 23) of the type 111 if w(z;, z;) is a unit for all 7 # j.
The next proposition proves that if Z = (z1, 22, 23) of the type 111, then there
exists a unique A € SLy(A) such that W = AZ is of the type 111 too [11].

Proposition 5.5.8. Let 21, 25, 23 be three pair-wise different points in P(A), such
that any two of them make an arrangement of type 1. Let wq, ws, w3 be another
three different points in P(A). Then, there exists a unique A € SLs(A) such that

Az; = w; if and only if any two points from wy, ws, w3 make an arrangement of

type 1.

5.5.1 Types of canonical triples of points in P(Q)

This subsection shows that there are six different canonical triples of points in

P(0).

Definition 5.5.9. Let {z; = [x1 : 1], 20 = [x2 : 2], 23 = [x3 : y3]} be a set of
three pair-wise different points in P(Q). We say that (zy, 22, 23) is:

1. of the type 111, if w((z1,11), (22,92)) = A, w((@2,92), (%3,Y3)) = A2,
w((z3,y3), (T1,91)) = As,

2. of the type 11P,, if w((x1,y1), (72,72)) = A1 w((22,92), (23,93)) = Ao,
w((l‘37y3)7 (xlay1)> = )‘3P+a
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3. of the type 11P_, if w((x1,y1), (T2,22)) = A1, w((22,72), (T3,43)) = Ag,
W((xg,yg), (331791)) = >\3P—7

4. of the type 1P+P—a if w(<x1ay1)7 (l‘%y?)) = )‘17 U}((l’g,yg), ($37?/3)) = )‘QP-H
w((z3,y3), (T1,91)) = A P-,

5. of the type P, P, Py, if w((x1,y1), (22,y2)) = M Py, w((x2,42), (23,y3)) =
)\2P+7 w((ﬁfg, y3)7 (wla yl)) = )‘3P+7

6. of the type P_P_P_, if w((x1,1), (12,92)) = M P, w((z2,y2), (v3,y3)) =
)\QPfy w((x37y3)7 (33173/1)) = )\3P77

where \; 23 are units in O.

Permutations of previous types are defined in the same way. Clearly, the above
six types of points are a disjoint sets. The following examples shows that every

type is a non-empty set.

Example 5.5.10. We are calling the following triples as a canonical triples of

the respective type:
1. (0,1,00) is of the type 111.
2. (00,0,07) is of the type 1P, P_, where oy = [P, : P_].
3. (00,0,wy) is of the type 11P_, where w; = [1: P_].
4. (00,0, ws) is of the type 11P;, where wy = [1 : P,].
5. (0, Py, 0q) is of the type Py P, P,.
6. (0, P_,09) is of the type P_P_P_, where 09 = [P_ : P,].

Theorem 5.5.11. Let {z1, 22, 23} be a set of three pair-wise different points in
P(Q). Then, the triple (z1, 29, 23) is only of the one of six types from Definition
5.5.9.
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Proof. To demonstrate the Theorem we only need to show that there is no triples
of types Py P, P_,P,P_P 1P, P, 1P _P_ which are together with the defined
six types make all possible arrangements (combinations of letters 1, Py, P_), up
to permutation.

Let z; = [x; : y;], where z;, y; € O such that z; = r, Py +w; P, y; = ;P +k; P,
i =1,2,3. Let z1, 2o make an arrangements of type P, i.e. there is A € R\{0}
such that w((x1,v1), (z2,y2)) = APy. Therefore, ujky — kyus = 0, which means
[uy : k1] = [ug : ko]. Let 2z, 23 make an arrangements of type P,. In the same
way, we obtain [ug : k3] = [ug : k). So, 21 = [r1 : [1)Py + [ug : k1]P_, 29 = [r2 :
L]Py + [u1 2 ka]P- 25 = [r3 3] Py + [ur © k] P~ Clearly, w((ws,ys), (z1,51)) =
(rgly —l3r1) Py + (urky — kyuy ) P- = A3 Py, where A3 = r3ly — I3r1. Therefore, there
is no three points of type P, P, 1 or P, P, P_. In the same way, there is no three

points of type P_.P_1or P_P_P,. O]

The next proposition says that [1 : 0], [0 : 1], [P : P_] can be taken as a
canonical triple of points of the type 1P, P_.

Proposition 5.5.12. Let {z1, 22, 23} be three pair-wise different points in P(O).
If (21,29, 23) is of the type 1P, P_, then there exists an A € SLy(Q) such that

AZl = OO,AZQ = O,A,Zg = 01.

Proof. Let {z1, 22,23} be three pair-wise different points in P(Q), i.e. there are
two triple sets {ry, 72,73} and {uy, us, us} in P(R) such that z; = r, Py + w; P_.
If (21, 22, 23) is of the type 1P, P_, then ry # 1y, 19 # r3, U3 # U, u; # uz but
rp = rg and uy # ug. Clearly, there are two matrices A, € SLy(R) such that
Ayry = 00, Ayrg = 0, A rg = Ayrp = o0 and A- € SLy(R) such that A_uy =
00, A_uy = 0,A_u3 = A_uy = 0. Therefore, A = A, P, + A_P_ € SLy(0) such
that Az; = 00, Azg = 0, Azz = 0. O

Clearly A in the previous proposition is not unique. Actually, very matrix
. e 0 e 0
with the form A = APy + A_P_ maps z; to 0o, 2z to 0,
0 et 0 e*
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z3 to [Py : P_]. The next proposition shows that for two triple of points Z, W of
the type 1P, P_, there exists a map M such that MZ = W.

Proposition 5.5.13. Let Z = (21, 29, 23) and W = (wy, we, w3) be two triples of
pair-wise different points in P(Q). Let Z be of the type 1Py P_. W is of the type
1P, P_ if and only if there exists an M € SLy(Q) such that Mz; = w;.

Proof. Let Z = (z1,29,23), and W = (wy,ws,ws) be two triples of pair-wise
different points of the type 1P, P_. Therefore, there are two maps A and B such
that AZ = (00,0,01) and BW = (00,0,07) by Proposition 5.5.12. That is, A
is sending (z1, 22, 23) to (00,0,01) and B~! is sending (00,0, 07) to (wy,ws, w3),
respectively. That means, B~'A is the required map.

Conversely, let M be a map such that M Z = W. Therefore, from Proposition
5.5.5, any two different points in Z and any two different points in W make

arrangements of the same type.

]

The set (00,0, 04) is called a canonical triple of points. The canonical triple

of points depends on the type of the triple of points as the next theorem shows:

Corollary 5.5.14. Let Z = {z, 22, 23} be a pair-wise different triple of points
in P(Q). There are the only the following five types of canonical triple of points.

1. If the triple (21, 22, 23) is of type 111, then the canonical triple of points is
(0,1, 00).

2. If the triple (21, 22, 23) is of type 1P, P_, then the canonical triple of points

is (00,0, 071).

3. If the triple (21, 22, 23) is of type 11P_, then the canonical triple of points

is (00,0, wy).

4. If the triple (z1, 29, 23) is of type 11P,, then the canonical triple of points

is (00,0, ws).
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5. If the triple (21, 22, 23) is of type P, Py P, , then the canonical triple of points
is (0, Py, 01).

6. If the triple (21, 22, 23) is of type P_P_P_, then the canonical triple of points
is (0, P_, 03).

Proof. 1. From Proposition 5.5.8, the first one is proved.
2. From Proposition 5.5.12, the second one is proved.

3. By using the same way in the proof of Proposition 5.5.12, the other cases
are proved.

]

The other cases are obtained by permutation of the canonical triples of points.

5.5.2 Types of canonical triples of points in P(D)

This subsection shows that there are three different canonical triples of points in

P(D).

Definition 5.5.15. Let Z = {21 = [x1 : y1], 20 = [22 : Y|, 23 = [x3 : y3|} be a set
of three pair-wise different points in P(D). We say that (21, 29, 23) is:

1. of the type 111 if w((z1,y1), (T2, y2)) = A1, w((xa, y2), (x3,y3)) = Az,
w((x37y3)7 (xla yl)) = )\37

2. of the type 11e if lU((ZUl, y1)7 ('1727?/2)) = >\17 UJ((ZL'Q, y2)7 (':E?n ?/3)) = >\27

w((w3,ys), (T1,91)) = Ase,

3. of the type eee if w((z1,y1), (T2,92)) = M€, w((x2,y2), (3,y3)) = Aee,
w((z3,y3), (T1,91)) = Ase,

where \; 3 are unit dual numbers.
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Permutations of the second type are defined in the same way. Clearly, the
above three types of points are a disjoint sets. The following examples shows

that every type is a non-empty set.

Example 5.5.16. We are calling the following triples as a canonical triples of

the respective type:
1. (0,1, 00) is of the type 111.
2. (00,0,w) is of the type 11¢, where w = [1 : €].
3. (0,¢,€2) is of the type eee.

Theorem 5.5.17. Let {z1, 20, 23} be a set of three pair-wise different points in
P(D). Then, the triple (21, 22, 23) is only of the one of three types in the Definition
5.5.15.

Proof. To demonstrate the Theorem we only need to show that there is no triple
of type lee which are together with the defined three types make all possible
arrangements (combinations of letters 1, €), up to permutation.

Let 2y = [z; : y;], where z;,y; € D such that z; = a; + €b;, y; = ¢; + ed;,
i = 1,2,3. Let 21,29 make an arrangements of type ¢, i.e. there is A € R\{0}
such that w((z1,v1), (x2,92)) = €X. Therefore, ajcy — asc; = 0, which means
[a1 : 1] = [ag : ¢3]. Let 2o, 23 make an arrangements of type e. In the same way,
we obtain [as : ¢3] = [ag : 2. S0, 21 = a1 + €by 1 ¢1 + edy], 20 = [Mag + €by :
Aic1 + €ds), z3 = [Aaaq + €bs : A\ycy + eds), for some non-zero real numbers Aq, As.
Clearly, w((z3,y3), (z1,91)) = Aecia; — Aaaicy + €3 = €dg, where A3 = ¢1(bs —
Aoby) + aq(Aady — d3). Therefore, there is no three points of type eel. O

Proposition 5.5.18. Let z1, 29, z3 be three pair-wise different points in P(D). If
(21, 29, 2z3) is of type 11¢, then there exists A € SLy(D) such that Az = 0o, Azy =
O, A,Zg = Ww.
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Proof. Let z; = [x; : y;], where i = 1,2,3. If the triple of points (z1, 23, 23) is of
the type 11e¢, then there exist three units Ay, Ao, A3 such that:

1. Ly = 2192 — 1172 = Ay,

2. Lo = x2y3 — o3 = Ao,

3. Lz = x3y1 — Y31 = A3€.
Let us define

L. ko = 2122 + Y1Y2,

2. ks = z123 + Y1Ys3.

Let 27 + y? = u. The Dual number u is a unit because z; is in the projective
line of dual numbers. It is has a square roots because it is a sum of squares.

T
Thus A; = \/La Lo € SLy(D). The image of 2, 29, z3 under A; is [1 : 0],
—Yy1 I

Ly —k
[k2 : Ly], [ks : —Ls], respectively. Let Ay = ' 1. A, fixes oo, and takes
0 L

ALy O
Ayzy and Ajz3 to [0 : 1] and [— Ly : —L; L], respectively. Let A3 = i
0 Lo

As takes AyA z3 to w and fixes both co and zero. Let A = A3A,A . It follows
that Azy =[1:0], Az =[0:1], Azz =[1: €. O

Clearly A in the previous proposition is not unique. Actually, very matrix

et 0
with the form A4; = A maps 21 to 00, 29 to 0, 23 to [1 : €]. The next
0 et

proposition shows that for two triple of points Z, W of the type 11¢, there exists
a map M such that MZ = W.

Proposition 5.5.19. Let Z = (21, 29, 23) and W = (wy, we, w3) be two triples of
pair-wise different points in P(D). Let Z be of the type 11e. W is of the type 11e
if and only if there exists M € SLy(D) such that Mz; = w;.
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We obtain the result in the same way as in the proposition 5.5.13.

Corollary 5.5.20. Let Z = {z1, 22, 23} be a pair-wise different triple of points
in P(D). There are the only the following two types of canonical triple of points.

1. If (21, 22, 23) of the type 111, then the canonical triple of points is (0, 1, 00).

2. If (21, 29, 23) of the type 11e, then the canonical triple of points is (00, 0, w).

3. If (21, 29, 2z3) of the type eee, then the canonical triple of points is (0, €, €2).
Proof. 1. From Proposition 5.5.8, the first one is proved.

2. From Proposition 5.5.18, the second one is proved.

3. By using the same way in the proof of 5.5.18.
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Conclusion and Outlook

For several rings A, Chapter 3 defines the general linear groups GLs(A), the
special linear groups SLy(A), the projective lines P(A) and A-Mobius maps.

From Chapter 4 we restrict our work to a ring A, where A is the field of real or
complex numbers, the ring of double or dual numbers. Chapter 4 defines metrics
over P(A), such that A-Mobius maps are continuous maps in these metrics. It
also describes the number and types of fixed points of A-Mobius maps.

For A being one of the rings of double or dual numbers, Chapter 5 presents
the number of non-isomorphic types of non-trivial connected continuous one-
parameter subgroups of G'Ly(A). All possible types of canonical triples of points
of A-Mobius maps are also given.

For further study, it is worth to work on the tropical semiring Ny,i,. G Lo(Nyin),
P(Npin) and Ny,;,-Mobius maps are interesting objects of study. An equally
promising subject is Kleinian group of GLy(0Q) and G'Ly(ID). The other subject
is the definition of continued fractions in a ring A and of their relations with

A-Mobius maps, where A is the ring of double or dual numbers.
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