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ABSTRACT 

Fibre blends have the potential to improve the mechanical and sustainability credentials of steel 

fibre reinforced concrete (SFRC), but at which ratios these can work is not known a priori. This 

paper investigates the uniaxial tensile stress-strain (𝜎 − 𝜀) relationship of blended SFRC using 

Manufactured Steel Fibres (MSF) on their own, or blended with sorted steel fibres recycled from 

end-of-life tyres (RTSF), at total fibre dosages of 30, 35 and 45 kg/m3. The accuracy of two 𝜎 − 𝜀 

relations proposed by RILEM TC 162-TDF and Model Code 2010 is assessed using the 

experimental results from concrete prisms. By using nonlinear finite element (FE) analysis, it is 

found that the RILEM approach can lead to significant overestimation (up to 72%) of peak 

flexural load and energy absorption capacity (up to 39%), whilst the Model Code 2010 can 

provide a rather accurate prediction of the energy absorption capacity and some overestimation 

(less than 34%) of the peak flexural load. Inverse FE analysis is used to determine indirectly the 

uniaxial tensile 𝜎 − 𝜀 relations of the examined SFRC mixes, and a simplified trilinear relation 

for SFRC is proposed. It is concluded that the tensile strength of SFRC with RTSF at a low total 

fibre dosage is only marginally improved by fibre addition, and the post-cracking tensile 

strengths at different strains can be determined directly from residual flexural tensile strengths 

(𝑓𝑅𝑖) of prisms. 

 

This chapter consists of a “stand-alone” journal paper and includes a relevant bibliography at 

the end of the chapter. Additional information on FE mesh sensitivity analysis is presented in 

Appendix C. 
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 Introduction 

The mechanical properties of steel fibres recycled from end-of-life tyres have been studied since 

1999 at The University of Sheffield [1–8]. Recycled Tyre Steel Fibres (RTSF, see Figure 4-1), as 

randomly distributed reinforcement in concrete is now a product used in industrial flooring. It 

has been shown that RTSF can improve the flexural strength and toughness of concrete, in 

particular at the initial stage of cracking. More significantly, for sustainability, LCA studies [9,10] 

show that the production of RTSF only requires up to 5% of the energy input compared to that 

of manufactured steel fibres (MSF). However, the current design guidelines for SFRC still do not 

consider the benefits of using fibre blends or RTSF only, and this becomes a main barrier to the 

wider use of RTSF in construction applications. 

 

 

Figure 4-1: Reused Tyre Steel Fibres (RTSF) [8] 

 

For a low dosage (<0.5% by volume) of steel fibres added in concrete, many studies [8,11–15] 

have suggested that fibre addition has an insignificant effect on the compressive strength of 

concrete. Existing design guidelines (e.g. RILEM TC 162-TDF [16] and Model Code 2010 [17]) 

mainly focus on the tensile properties of SFRC, as in most applications (e.g. pavements and 

tunnel linings), the material is subjected to bending. Since tensile tests on SFRC are difficult to 

execute and interpret [17–21] flexural tests on prisms or slabs are universally adopted to provide 

the nominal tensile properties of SFRC. Based on fracture parameters determined using 3-point 

notched prism tests, RILEM TC 162-TDF [16] proposes a trilinear stress-strain (𝜎 − 𝜀) relationship 

for SFRC, whilst Model Code 2010 [17] adopts a stress-crack opening (𝜎 − 𝑤) law in uniaxial 

tension. The 𝜎 − 𝑤  relationships can be converted to 𝜎 − 𝜀  by introducing a structural 

characteristic length 𝑙𝑐𝑠 . Nevertheless, these design guidelines (i.e. RILEM TC 162-TDF and 

Model Code 2010) rely on test results from SFRC using single-type fibres (i.e. MSF) and it is not 
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certain if they are also suitable for blended SFRC mixes. Compared with typical MSF, RTSF have 

a wide range of fibre length and aspect ratio distributions, as well as higher strength (≥2000 

MPa) [5,22–26]. This paper will examine the suitability of these two constitutive models for fibre 

blends with RTSF. Comparisons are made between predicted load-deflection curves using FE 

analysis versus the experimental results. The research reported in this paper was undertaken as 

part of the FP7 EU-funded project “Anagennisi” [27], which aimed to develop uses for all tyre 

components in concrete. This numerical work is based on a previous experimental investigation 

on the fibre blends using RTSF [8], and it is found that the mechanical properties of blended 

mixes using RTSF vary depending on dosages, but are comparable with (or even better than) 

those of MSF-only mixes at the same fibre dosage.  

The following section 4.2 summarises the characteristics of the tensile constitutive models for 

SFRC, as proposed by RILEM and Model Code 2010. Section 4.3 briefly reports the mechanical 

properties of the examined 10 SFRC mixes. Section 4.4 describes details of the FE modelling 

adopted, and uses the two constitutive models to predict the load-deflection characteristics, 

which are compared against the experimental results. The tensile  𝜎 − 𝜀  relations for the 

examined SFRC mixes are then determined using inverse FE analysis, and a simplified trilinear 

𝜎 − 𝜀 relation for SFRC using RTSF (at low fibre dosage) is proposed. Key research findings are 

summarised in section 4.5. 

 Stress-strain models proposed by RILEM TC 162-

TDF and Model code 2010 

4.2.1 Concepts of flexural tensile strength (𝑓𝑐𝑡𝑚,𝑓𝑙) and 

residual flexural tensile strength (𝑓𝑅) 

EN 14651:2005 [28] follows a testing methodology first adopted by RILEM [16], to characterise 

the flexural tensile behaviour of SFRC prisms. It uses the average load-CMOD (or –deflection) 

curve from 3-point notched prism tests (Figure 4-2) to extract several fracture parameters of 

SFRC mixes. 
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Figure 4-2: Definition of 𝒇𝒄𝒕𝒎,𝒇𝒍 and 𝒇𝑹 values according to EN 14651:2005 [28] 

 

The flexural tensile strength 𝑓𝑐𝑡𝑚,𝑓𝑙 is determined as the flexural stress corresponding to the 

maximum load 𝐹𝑐𝑡𝑚,𝑓𝑙 up to a CMOD of 0.05 mm. To characterise the post-cracking behaviour 

of SFRC, four residual flexural tensile strength parameters (𝑓𝑅1, 𝑓𝑅2, 𝑓𝑅3 and 𝑓𝑅4) are obtained 

from the post-cracking part of the curve at 0.5, 1.5, 2.5 and 3.5 mm of CMOD, respectively. The 

𝑓𝑐𝑡𝑚,𝑓𝑙 and 𝑓𝑅 values are calculated using the expressions below [28], 

                                                    𝑓𝑐𝑡𝑚,𝑓𝑙 =
3𝐹𝑐𝑡𝑚,𝑓𝑙𝑙

2𝑏ℎ𝑠𝑝
2 , 𝑓𝑅𝑖 =

3𝐹𝑅𝑖𝑙

2𝑏ℎ𝑠𝑝
2                                                         (4-1) 

Where 𝐹𝑐𝑡𝑚,𝑓𝑙  (N) is the load corresponding to 𝑓𝑐𝑡𝑚,𝑓𝑙, and 𝐹𝑅𝑖 (N) is the load at CMODs of 0.5, 

1.5, 2.5 and 3.5 mm (𝑖 = 1,2,3,4), respectively. 𝑏 is the width of the specimen, 𝑙 is the span 

length and ℎ𝑠𝑝 is the effective depth of the notched section. 

4.2.2 The 𝜎 − 𝜀 relationship proposed by RILEM TC 162-TDF 

Figure 4-3 represents the trilinear 𝜎 − 𝜀 relationship of SFRC in tension proposed by RILEM TC 

162-TDF [16]. The key points in the diagram are defined by the expressions given below [16]: 

𝜎1 = 0.7𝑓𝑐𝑡𝑚,𝑓𝑙(1.6 − 𝑑), 𝜀1 =
𝜎1

𝐸𝑐
, 

                                                      𝜎2 = 0.45𝑓𝑅1𝑘ℎ, 𝜀2 = 𝜀1 + 0.1‰,                                              (4-2) 

                                                      𝜎3 = 0.37𝑓𝑅4𝑘ℎ, 𝜀3 = 25‰ 
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Where 𝑑 (in m) is the effective specimen depth, 𝐸𝑐 (in MPa) is the average modulus of 

elasticity of SFRC and 𝑘ℎ is a size factor to accommodate the size effect of various SFRC 

structural elements. For the notched prisms, 𝑘ℎ=1 is suggested.  

 

 

Figure 4-3: Trilinear 𝝈 − 𝜺 diagram for SFRC, according to RILEM TC 162-TDF [16] 

 

4.2.3 The 𝜎 − 𝜀 relationship proposed by Model Code 2010. 

Model Code 2010 provides both the 𝜎 − 𝑤 and 𝜎 − 𝜀 relationship, and the latter being derived 

by adopting a suitable structural characteristic length 𝑙𝑐𝑠. Since strain is used for design purposes, 

in this study, the models are compared using the 𝜎 − 𝜀 relationship. 

Model Code 2010 allows for both softening and hardening 𝜎 − 𝜀  behaviour. For softening 

behaviour (see Figure 4-4 (a)), the same 𝜎 − 𝜀  relationship proposed for plain concrete in 

uniaxial tension is used up to an intersection (𝜎𝑐) with the post-cracking tensile response of SFRC. 

For hardening behaviour (Figure 4-4 (b) and (c)), the 𝜎 − 𝜀 relationship is defined using four 

branches, with an enhanced tensile strength of SFRC. The key points on the  𝜎 − 𝜀 relationships 

can be determined by the following equations [17]: 

                                  𝜎𝐴 = 0.9𝑓𝑡, 𝜀𝐴 =
𝜎𝐴

𝐸𝑐
, 𝜎𝐵 = 𝑓𝑡, 𝜀𝐵 = 0.00015, 

                                 𝜎𝐷 = 𝜎𝑆𝐿𝑆 = 0.45𝑓𝑅1, 𝜀𝑆𝐿𝑆 =
𝐶𝑀𝑂𝐷1

𝑙𝑐𝑠
, 𝜎𝐴′ = 0.9𝜎𝑆𝐿𝑆, 𝜀𝐴′ =

𝜎
𝐴′

𝐸𝑐
,                    (4-3) 

                                𝜎𝐸 = 𝜎𝑈𝐿𝑆 = 𝜎𝑆𝐿𝑆 −
𝑊𝑢

𝐶𝑀𝑂𝐷3
 (𝜎𝑆𝐿𝑆 − 0.5𝑓𝑅3 + 0.2𝑓𝑅1), 

                                𝜀𝑈𝐿𝑆 =
𝑊𝑢

𝑙𝑐𝑠
= min (𝜀𝐹𝑢,

2.5

𝑙𝑐𝑠
), 𝑙𝑐𝑠 = min(𝑠𝑟𝑚, 𝑦) , 𝐶𝑀𝑂𝐷1 = 0.5 𝑚𝑚, 
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where 𝑓𝑡 is the tensile strength of plain concrete, 𝑠𝑟𝑚 is the mean distance between 

cracks, 𝑦 = 𝑑 is assumed for sections without traditional reinforcement under bending, 𝑤𝑢 ≤

2.5 𝑚𝑚 is the maximum crack opening accepted in structural design and for variable strain 

distribution along the cross-section 𝜀𝐹𝑢 = 0.02. 

 

                 

(a) 

 

(b) 

    

 (c) 

Figure 4-4: Tensile 𝝈 − 𝜺 relations adopted by Model Code 2010 [17] for: (a) softening behaviour, (b) & 

(c) hardening behaviour 
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 Experimental Programme 

4.3.1 Materials and compositions 

10 SFRC mixes at total fibre dosages of 30 kg/m3 (volume fraction 𝑉𝑓 = 0.38%), 35 kg/m3 (𝑉𝑓 =

0.45%)  and 45 kg/m3 (𝑉𝑓 = 0.57%) were examined. In these mixes, two types of undulated 

MSF (Figure 4-5 (a) and (b)) were used on their own, or blended with cleaned, classified and 

sorted RTSF (Figure 4-1). RTSF had a nominal diameter of 0.22 mm and a nominal tensile strength 

of around 2500 MPa [29]. Using a specially developed optical system [29], a length distribution 

analysis (Figure 4-5 (c)) shows that roughly 68% by mass of the RTSF had lengths in the range of 

15-40 mm. For the two types of MSF used, MSF1 (diameter: 1.0 mm, length: 60 mm) has high 

tensile strength (nominal tensile strength of 1450 MPa), whilst MSF2 (diameter: 0.8 mm, length: 

55 mm) has nominal strength of 1050 MPa. The concrete mix design comprised: 150 kg/m3 of 

cement, 1097 kg/m3 of coarse aggregates (4-20 mm), 804 kg/m3 of fine aggregates (0-4 mm), 

150 kg/m3 of GGBS and 2.25 L/m3 of plasticiser. The water cement ratio (w/c) was 0.55. More 

details of this experimental work can be found elsewhere [8]. 

Due to the large volume of concrete needed, the ready-mix concrete was cast in 5 separate 

batches. 6 plain concrete cubes and 6 prisms were manufactured for each batch. For each SFRC 

mix, either 6 or 12 prisms and 6 cubes were cast. Table 4-1 shows the details of the examined 

SFRC mixes, as well as the results of the compressive cube tests and flexural prism tests. Each 

mix is given a code based on the fibre type and dosage used. For example, 2M20R10 refers to a 

blended mix with 20 kg/m3 of MSF2 and 10 kg/m3 of RTSF. 
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                    (a)                         (b)                                                                   (c) 

Figure 4-5: (a) MSF1, (b) MSF2 and (c) RTSF length distribution [8] 

 

 

4.3.2 Compressive cube strength 

The compressive strength 𝑓𝑐𝑢 of the examined SFRC mixes ranged from 41.8 MPa to 50.3 MPa, 

whilst the strength of the correspondent plain concrete was between 37.6 and 47.5 MPa. The 

variability found is considered typical for ready mixed concrete. Overall, the compressive 

strength of concrete was not affected dramatically either positively or negatively by the addition 

of steel fibres. 

4.3.3 Results of SFRC prism tests 

The flexural tests on prisms (150 mm x 150 mm x 550 mm) were performed according to EN 

14651:2005 [28]. A notch at mid-span of each specimen was sawn one day before testing, and 

a clip gauge was used to measure the CMOD values. A yoke with two Linear Variable Differential 

Transformers (LVDTs) was used to measure central deflections. The average flexural modulus of 

elasticity (𝐸𝑓𝑚) for each SFRC mix was determined by utilising the results up to 40% of the peak 

load of the load-deflection curves. Table 4-1 reports the mean values of 𝑓𝑐𝑢, 𝐸𝑓𝑚, 𝑓𝑐𝑡𝑚,𝑓𝑙, and 𝑓𝑅 

for the examined SFRC mixes. The averaged (displacement based) load-deflection curves for the 

examined SFRC mixes are shown and discussed in section 4.4.2.  
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Table 4-1: Experimental results of the examined SFRC mixes 

Total fibre 
dosage 
(kg/m3) 

Mix code 
Avg. 𝑓𝑐𝑢 
(MPa) 

SFRC/Plain 

𝐸𝑓𝑚  

(MPa) 

𝑓𝑐𝑡𝑚,𝑓𝑙  

(MPa) 
𝑓𝑅1 

(MPa) 
𝑓𝑅2 

(MPa) 
𝑓𝑅3 

(MPa) 
𝑓𝑅4 

(MPa) 

30 

2M30 43.9/42.0 30500 3.8 3.6 3.4 2.9 2.4 

2M20R10 42.6/46.1 31500 3.8 3.7 3.6 3.1 2.5 

2M15R15 44.3/47.5 31200 3.3 3.4 3.2 2.8 2.3 

2M10R20 44.6/47.5 31600 3.3 3.1 2.7 2.4 2.1 

R30 41.8/37.6 29200 3.5 3.2 2.7 2.2 1.8 

35 1M35 42.9/42.0 30100 3.7 3.8 4.0 3.7 3.3 

45 

1M45 41.9/42.0 29400 3.4 4.2 4.4 4.1 3.8 

1M35R10 42.8/46.1 29700 3.6 4.2 4.5 4.2 3.9 

1M22.5R22.5 50.3/47.5 34600 4.2 4.8 4.7 4.1 3.4 

1M10R35 44.5/39.9 32000 4.1 4.6 4.3 3.6 2.9 

 

Although four residual flexural tensile strength parameters (𝑓𝑅1, 𝑓𝑅2, 𝑓𝑅3, 𝑓𝑅4) are determined 

according to EN 14651: 2005, strong correlations (Figure 4-6) between 𝑓𝑅1 and 𝑓𝑅2, 𝑓𝑅3 and 𝑓𝑅4 

values for the tested SFRC prisms, were found [8]. This can lead to simpler design calculation. 

 

 

Figure 4-6: Relations between 𝒇𝑹𝟏 and 𝒇𝑹𝟐, and between 𝒇𝑹𝟑 and 𝒇𝑹𝟒 [8] 
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 Numerical research 

4.4.1 FE Modelling 

In this study, the FEA package, ABAQUS, was used to perform nonlinear analysis, as it allows the 

user to define a custom 𝜎 − 𝜀 behaviour for concrete in tension [2]. A two-dimensional plane 

stress solid element (CPS4) with four nodes having two degrees of freedom, was chosen. A 

standard mesh sensitivity analysis (Appendix C) was carried out considering the influence of 

element size on the peak load and post-cracking behaviour of SFRC prisms. Figure 4-7 shows the 

variable finite element mesh adopted in the study, although the mesh may still be optimised to 

further increase computational efficiency. 

 

 

Figure 4-7: Mesh adopted for the finite element model 

 

Three material models, Concrete Smeared Cracking (CSC), Brittle Cracking (BC) and Concrete 

Damaged Plasticity (CDP) are available in ABAQUS. Although Mobasher [30] suggests that all 

those three material models can be used for members dominated by tensile cracking, serious 

convergence issues were reported by several researchers [31,32] when SFRC prisms were 

modelled using the CSC model. Furthermore, the CDP model was preferred to the BC model, 

because the latter is only available for explicit dynamic or quasi-dynamic problems. Hence, the 

CDP model, which has been successfully applied in various numerical studies for SFRC [30–34], 

was adopted in this study. 

4.4.1.1 Uniaxial compressive and tensile behaviour  

In the CDP model, it is assumed that the main failure mechanisms of concrete are compressive 

crushing and tensile cracking, which relate to different degradation of the elastic stiffness in 

compression and tension, respectively. Under cyclic loading, a single degradation variable (𝑑𝑐) 
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is used for the isotropic (scalar) stiffness reduction in compression whilst 𝑑𝑡  is applied for 

tension. In addition, two equivalent plastic strains, 𝜀𝑐̃
𝑝𝑙

 and 𝜀𝑡̃
𝑝𝑙

, are adopted in the CDP model 

to characterise the compressive and tensile behaviour of cracked concrete, respectively. Figure 

4-8 [35] shows the stress-strain relationship under (monotonic and cyclic) uniaxial compressive 

and tensile loading. 

 

 

(a) 

 

 (b) 

Figure 4-8: Uniaxial behaviour of concrete adopted in CDP model: (a) in compression, (b) in tension [35] 
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As reported in several studies [2,30,33], for SFRC prisms (with steel fibres up to dosages of 140 

kg/m3) under flexural loading, the compressive strain remains in the linear elastic region and the 

dominant failure mode is the tensile cracking of concrete. In this study, a perfectly plastic 

behaviour is considered after the peak stress, as shown in Figure 4-9. Where 𝑓𝑐𝑐  (in MPa) 

represents the SFRC mean compressive cylinder strength and 𝐸𝑐𝑚 = 𝐸𝑓𝑚  (see Table 4-1) is 

assumed. 

 

 

Figure 4-9: Compressive stress-strain relationship for concrete employed in this study 

 

4.4.1.2 Yield condition and flow rule 

The CDP model adopts a yield condition that was first developed by Lubliner et al. [36] and then 

modified by Lee and Fenves [37]. The ratio of biaxial to uniaxial compressive strength (
𝜎𝑏0

𝜎𝑐0
) and 

the ratio of the second stress invariant on the tensile meridian to that on the compressive 

meridian (𝐾𝑐), are adopted in the CDP model to characterise the failure surface of concrete. For 

plain concrete, 
𝜎𝑏0

𝜎𝑐0
 and 𝐾𝑐 are usually assumed to be 1.15 and 2/3 respectively. In accordance 

with previous work [5,30,31,34] on numerical modelling of SFRC, the 𝐾𝑐  value suggested for 

plain concrete was also adopted in this study for SFRC. However, the ratio 
𝜎𝑏0

𝜎𝑐0
 slightly increases 

for SFRC reinforced with low dosages of steel fibres (0.5% by volume) [38] and as a result, a ratio 

of 1.2 was chosen in this study. Drucker-Prager hyperbolic function is used in the CDP model for 

the determination of the flow potential [35]. The dilation angle 𝜓 and flow potential eccentricity 

𝜖 are parameters used to define the flow rule. A dilation angle 𝜓 =31° was adopted in this study 



Chapter 4 Post-cracking Tensile Behaviour of Blended SFRC 100 

as suggested in literature [33] for SFRC reinforced with RTSF or MSF at a low total fibre dosage. 

An insignificant influence of steel fibres on this parameter was reported in the literature [39]. 

The eccentricity, 𝜖=0.1, proposed by some researchers [30,31,33,34] for SFRC, was also adopted 

in this research. A small value of 0.00025 for the viscosity parameter was chosen since a small 

value was reported to provide better convergence for cracked concrete [34]. As the addition of 

steel fibres was found not to affect significantly the Poisson’s ratio 𝜈 for compressive strengths 

lower than 85 MPa [38], a value of 0.2 was used in this study. Table 4-2 summarises the values 

of the parameters adopted in the FE modelling for SFRC [32]. 

 

           Table 4-2: Parameters adopted in the FE modelling 

 

4.4.2 Evaluation of the 𝜎 − 𝜀 relations proposed by RILEM TC 

162-TDF and MODEL CODE 2010 

By using the FE model described above in conjunction with the tensile 𝜎 − 𝜀 relations proposed 

by RILEM and Model Code 2010 (see Figure 4-10), the respective load-deflection curves were 

derived for each of the tested SFRC mixes. The load-deflection curves derived using 𝜎 − 𝜀 

relations obtained by inverse analysis are also shown in the figure, as discussed later. 
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31 0.1 1.2 0.667 0.0002 0.2 
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(a) Mix 2M30 

 

(b) Mix 2M20R10 

 

(c) Mix 2M15R15 

 

(d) Mix 2M10R20 
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